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= UNG DUNG PONG DU THUC
2 TRONG GIAI TOAN SO HQC
O

A. Kién thiic can nhé
1. Dinh nghia
Cho a,b 1a cac s6 nguyén va n 1a s6 nguyén duong. Ta dinh nghia a dong du véi
b theo moédun n va ki hiéula: a=b(modn), néu a va b c6 ciing s§ du khi chia cho n.
Chii iy : a) a=b(modm) la mot dong duw thitc voi a la vé'trai, b 1a vé phai.
b) a=b(modm) < a-b:m < JteZ saochoa=b+mt.
¢) Néu a va b khong dong du véi nhau theo médun m ta ky hiéu :
a # b (mod m).
d) Néu a chiacho b du r thi a=r(modb)
2. Tinh chat
1. Tinh chat phan xa : a = a (mod m).
2. Tinh chat d6ixtng: a=b(modm) = b = a(mod m).
3. Tinh chat bac cau :
a=b(modm);b=c(modm) = a=c(modm).
4. Cong hay trtr ttng v€ ctia dong duw thirc c6 cung modun :
a=b(modm); c=d(modm) = a+c=b+ d(modm)
Tong quat: a =b (modm),i=1;2;.,k = a ta,*+..ta =b +b, £..£b, (mod m).
5.a) Nhéan hai v€ ctia dong du thirc véi mot s6 nguyeén :
a=b(modm) = ka=kb(modm) véik €Z
b) Nhan hai v&€ va modun ctia dong du thirc voi mot s6 nguyén duong:
a=b(modm) = ka=kb(modkm) vdik eN*
6. Nhan ting vé€ ctia nhiéu dong du thirc c6 cung mddun :
a=b(modm); ¢ =d(modm) = ac = bd (mod m)
Tong quat a =b (modm),i=1;2; ..,k = aa,..a, =bb,..b, (mod m).
7. Nang hai vé€ cia mot dong du thirc 1én cuing mot lity thira :

a=b(modm) = ak=b<(modm) (k eN¥)
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8. Néu hai s6 dong du vdi nhau theo nhiéu moédun thi ching dong du véi nhau theo
modun la BCNN ctia cdc moddun ay:
a=b(mod m),i=1;2;..;k = a=b(mod [m;m,;...m]).
Dgcbiét néu (m,m;)=1 (i,j=1;2..;k) thi
a=b(mod m)= a=b(mod m.m,..m).

9.Néu a =b (mod m) thi tap hop cac wdc chung clia a va m bang tap hop cac wdc
chung cua b va m.
Dacbiét: a = b (mod m) = (a, m)=(b, m)

10. Chia hai v€ va moédun ctia mot dong du cho mot wéc duong chung cta ching :

a=b(modm), k € UC(a,bm), k>0 = %EE(mOdgj

bac biét: ac = bc (mod m) = a=b | mod m
(c,m)

B. CAC DANG TOAN THUONG GAP

7~ Dang 1: St dung dong dw thirc trong cac bai toan chitng minh chia hét

* Co s6 phwong phap: Khi s§ du trong phép chia a cho m bang 0 thi a : m. Nhu vay dé
chiing té a : m ta chttng minh a = 0 (mod m)

* Vi du minh hoa:

Bai toan 1. Chimg minh réng: (2222 +5555”% ):7

Hudng dén gidi
Ta cé: 2222 =3(mod7) hay 2222 = —4(mod7) = 2222%% = (-4)™" (mod7) (*)
Mat khéc 5555 = 4(mod 7) = 55552 = 4% (mod 7) (**)
Tw () va (*%)
= (2222 +5555" ) =| (~4)™ + 4% | (mod7)
= (22227 +5555" ) = 477 (4% ~1)(mod 7)

Talaico: 4% = (4°)" =64 ma 64=1(mod7) = 4°* =1(mod 7)
= 4% 1= 0(mod7) = —4%% (4** ~1) = 0(mod 7)

Do vay (2222°% +5555% ) = 0(mod7) hay (2222 + 5555 ):7

Bai toan 2. Chimg minh réng: A=(7.5""+12.6")19
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Hudng dan gidi
Ta c6:
57" =(5?)' = 25" = A=7.25" +12.6"
25=6(mod19) = 25" =6"(mod19) = A=7.6" +12.6" (mod19) <> A=19.6"(mod19)
= A=0(mod19) = A‘19

Bai toan 3. Chting minh rang 12>+ 1172 : 133 (n € N)

Hudng dan gidi

Cich 1:Ta c6 122 = 144 = 11(mod 133) ; 112 =121 = -12(mod 133)
Dodé 122+1=12. (12%)" = 12. 11" (mod 133)

1172 =112 11" = -12. 11" (mod 133)
Do d6 1221+ 112 = 12.11"-12. 11" = 0 (mod 133).
Vay vé6in e N thi 1221+ 112 : 133.
Céch 2: Ta c6122=144 = 11(mod 133) =120 = 11~ (mod 133) (1)
Ma 12 = — 112 (mod 133) (2) Nhan v& véi vé ctia (1) va (2) ta c6 :
120,12 = 117, (= 112) (mod 133) = 122 = _1172 (mod 133)
1221+ 112 = 0 (mod 133) hay 1221+ 112 : 133.

Bai toan 4. Chiing minh ring: A=(2"" +5):7(vneN)

Huéng dan gidi
Tacd 2°=8 El(mod 7)
Ta di tim s8 dw cia 2°" khi chia cho 3 (day chinh la ¢im mau chdt ctia bai toan).
Vi 4=1(mod3) = 4" =1(mod3) = 2°" =1(mod3) hay n chia cho 3 du 1.
Gia st 2°" =3k +1(k e N)
Khi d6 taco: A=2%"+5=28+5
Vi 8“=1(mod7)= 2.8 =2(mod7)= 2.8 +5=2+5(mod7)
= A=0(mod7)
Vay A:7
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7~ Dang 2: St dung dong dw thirc tim s6 dw

* Co s0 phuwong phap: Vi hai s6 nguyén a va m, m >0 ludn c¢6 duy nhat cdp s6 nguyén q,

rsaochoa=mq+r, 0<r<m. De€ tim s6 du r trong phép chia a cho m ta can tim r sao cho
a=r(mod m)

{0 <r<m

* Vi du minh hoa:

Bai toan 1. Tim s& dw khi chia 3%°% cho 7.

Hudng dan gidi
Ta c6
3 =2(mod7)=3* =(3?) =1(mod7)
= (36 )333 =1(mod7) < 3 =1(mod7)
Mt khac 3 =2(mod7) = 3 = 3.3 =1.2(mod 7) = 3" :7 du2.

Nhén xét: D€ tim s6 du khi chia a" cho b >0, ta 18y Iy thira v6i s6 mi tdng dan cta a
chia cho b dé€ tim s0 du. Ta sé ding lai dé xem xét khi tim duoc sd dw ¢6 gia tri tuyét doi

nhoé hodc la mot gid tri ddc biét co lién quan dén bai toan.

Bai toan 2. Tim s6 du trong phép chia 5° + 7% cho 12.

Hudng dan gidi
Ta cé

52 =1(mod12) = (5?)" =1(mod12) < 5 =1(mod12)(*)
72 =1(mod12) = (7)” =1(mod12) < 7% =1(mod12)(**)

Te (*);(**) = 57 +7% cho12duw 2.

Bai toan 3. Tim s dw ctia s6 A = 3% 4+ 4%°% Kkhi chia cho 11

Huéng dan gidi
Tac6 ¥ =243=1(mod11) = (3°)" =1(mod11) = 3* =1(mod11)(1)
Mit khic 4° =1024 =1(mod11) = (4°)" =1(mod11) = 4°* =1(mod11)(2)

Tir (1);(2) = s6 dw cua s§ A =3 + 4% khi chia cho 11 13 2.

Bai toan 4. a) Tim s6 du trong phép chia 15325 -1 cho 9.
b) Tim s& du trong phép chia 2016 +2 cho 5
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Hudng dan gidi
a) Tacd 1532=9.170+2 = 2 (mod 9) do do6 1532°> = 25 (mod 9)
= 15325-1=25-1(mod 9). Vi25—1=31 = 4 (mod 9). Do d6
1532°-1 = 4 (mod 9). Vay s0 du can tim 1a 4.
b) Ta c6 2016 = 1 (mod 5) do d6 2016215 = 12015 (mod 5)
suy ra 2016218 +2 = 12018+ 2 (mod 5). Vi1l +2=3 = 3 (mod 5).
Do d6 201628 +2 = 3 (mod 5).
Vay s6 du can tim 1a 3.
7~ Dang 3: Tim diéu kién ctia bién d€ chia hét
* Co s0 phwong phap: Dua vao tinh chat caa dong du thic vé s6 du dé€ tim ra diéu kién
cua an dé biéu thirc chia hét.

* Vi du minh hoa:

Bai toan 1. Tim sO ti nhién n sao cho: a. (23n+4 + 32”“)519 b. (n.2” +1)§3

Huéng dan gidi
a.Tacd 2°"* +3"" =16.8" +3.9"
Vi 16 =-3(mod19) = 16.8" =-3.8" (mod19)
= (16.8" +3.9")i19 < (-3).8" +3.9" = 0(mod19)
< 9"-8"=0(mod19) < 9" =8"(mod19)
=n=0
vi trdi lai 9" =8"(mod19) = 9 =8(mod19) la vo ly
Vay n=0.
b.Ta xét cac truong hop sau
Trwong hop 1
Néu n=3k(ke N)=n.2":3=n2"+1{3= loai
Trwong hop 2
Néu n=3k +1(k e N)=n.2" +1=(3k +1).2%" +1=3k.2%"* + 2% 4+ 1=3k.2°%*" + 2.8 +1
=n2"+1:3< (2.8 +1):3
8=-1(mod3) = 8" =(-1)" (mod3)
= 2.8 +1:3 2,(-1) +1=0(mod3)
tuong duong véi k chdn < k=2m(meN)=n=6m+1(meN)

Trwong hop 3
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Néu
n=3k+2(keN)=n2"+1=(3k+2).2%"? +1
=3k.3%"? 1 2.2%"? 1 1=3k.2%*"? 1.8 +1
= (n2"+1):3< (-1)"" +1=0(mod3)

= k+lle k=2m(meN)=n=6m+2(meN)

Vay diéu kién can tim la m= 1(mod 6) hodc m= 2(mod 6).

Bai toan 2. Tim s0 ty nhién n ¢ 4 chit s6 sao cho chia n cho 131 thi dw 112 va chia n cho
132 thi dw 98.

Huéng dan gidi
n=98(mod132) = n =132k +98(k € N )(1)
= 132+98=112(mod131)
= k +98+33=112+33(mod131) = k =14(mod131)
= k =131Im+14(me N)(2)
Tt (1) va (2) n=131.132m +1946 = n =1946
7~ Dang 4: Tim mot chir sd tin cung
* Co s0 phuwong phap:
Néu a=r(mod10);0<r <b thi r 1a chit s6 tin cling cua a.
Ta can luu y mot s6 tinh chat sau:
Tinh chat 1
Néu a c6 chir s8 tan cung la 0;1;,5;6 thi @" cling c6 chir s8 tdn cing nhu a nghia la
a" = a(mod10)
Tinh chat 2
Né&u a c6 chit s§ tan cing bang 4;9 thi a* cd chir s§ tan cling bang 6;1.
Nghia la: Néu a =4(mod10) = a® = 6(mod10) = a** = 6(mod10)
Néu a=9(mod10) = a’ =1(mod10) = a* =1(mod10)
Do vay dé€ tim chit s6 tan cuing cuia a" ta chia n cho 2.
Tinh chit 3
Néu a ¢ chir s0 tan cung la 2;3;7;8 thi ta a4p dung mat trong cac két qua sau:

2% =6(mod10);3" =1(mod10); 7* =1(mod10);8* = 6(mod10)

Do vay dé tim chit s tdn cing ctia &" ta chia n cho 4.
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* Vi du minh hoa:

Bai toan 1. Cho s§ A= 2012°"" tim chir s§ tan cling ctia A.

Huéng dan gidi
Ta c6 2013=4.503+1
Vi 2012 = 2(mod10) = 2012* = 6(mod10)
= (2012*)” = 6(mod10) & 2012 = 6(mod10)
= 2012%% = 6.2(mod10) <> 2012°* = 2(mod10)

Vay A c6 chix s6 tan cung 1a 2.

Bai toan 2. Cho B =1978"® tim chit s& tan cling ctia B.

Hudng dan gidi
1978 =8(mod10) = 1978* = 6(mod10)
1986° =0(mod4)=1986 =4k (k € N)
= C =1978" =6(mod10)
Vay chir s0 tan cung cta B la 6.
~ Dang 5: Tim hai chit s8 tdn cung
* Co s phwong phap: Néu a=r(mod100);10 <r <100 thi r la chit s tan cling cta a.
Ta can lvu y mot sO tinh chat sau:
2% =76(mod100);3* = 01(mod100);6° = (mod100)
7° =01(mod100);5? = 25(mod100)
76" = 76(mod100); 25" = 25(mod100)(Vn > 2)
a=0(mod10) = a* = 01(mod100)
a=13;7;9(mod10) = a** = 01(mod100)
a=5(mod10) = a** = 25(mod100)
a=2;4,6;8= a”* =76(mod100)

Tt d6 ta co:

Do vay dé tim hai chit s8 tan cing ctia @" ta chia n cho 20.

* Vi du minh hoa:

Bai toan 1. Cho s8 A =2012"" tim hai chit 6 tan cting ctia A.

Huéng dan gidi

Ta cd
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2013=20.100 +13
2012 = 2(mod10) = 2012 = 76(mod100)

= (20122 )" =76(mod100) < 2012™ =76(mod100)(1)

2012 =12(mod100) = 2012° =12° (m0d100) = 2012° =84 (mod100)
= 2012° =56(mod100) = 2012 =56(mod100) = 2012%* = 72(mod100)(2)
Tir (1) va (2) = 20127 = 2012%.2012%% = 76.72(mod100) <> 2012 = 72(mod100)

Mat khac

Vay A c6 hai chit s6 tan cung la: 72

Bai toan 2. Tim hai chit s6 tan cing ctia cac sO sau

9
97 92012

a. A=7 b. B=29 o C Eg7ge

Hudng dan gidi

a. Vi 7* =01(mod100) nén ta di tim s§ dw khi chia 9" cho 4.

Ta co

9=1(mod4)=9" =1(mod4)=9" =4k(k e N)

= A=7" =7%1=7,(7*) =7.04(m0d100) = 7 =07(mod100)
Vay A c6 hai chit s0 tan cung la 07.

b. Vi 29'° = 01(mod100) = nén ta di tim s8 dw khi chia 9*** cho 10

Tacod:
=—1(mod10) = 9% =1(mod10) = 9**** =10k +1(k e N)
= B = 29" = 29,(29"°)" = 29.01(m0d100) < B = 29(mod100)
Vay B c6 hai chit s6 tan cung 1a 29.
c. Vi C =6(mod10) = C* = 76(mod100) = C*" = 76(mod100)
Mit khac
1986 = 6(mod 20) =>1986° =16(mod 20)

= C =19787%* = (1978 )".1978" =1978".76 (m0d 100)
Talaico:
1978 = ~22(mod100) = 1978‘ =56(mod100) = (1978 ) =56 (mod 100)

=1978" =76(mod100)
= C =96.76(mod100) <> C = 76(mod100)

Vay C c6 hai chit s0 tan cung 1a 76.
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7~ Dang 6: St dung dong dw thirc trong cac bai toan vé s6 chinh phwong

* Co s6 phwong phap:

S8 chinh phuong 1a s8 ¢6 dang n*(ne N)

Ta di chitng minh mot s tinh chat co ban cta s§ chinh phrong bang dong du :

1. S6 chinh phuong khi chia cho 3 chi ¢6 hai s6 dw 1a 0 hoac 1.

That vay ta di xét cac treong hop sau

Véi n =3k = n=0(mod3)= n*=0”(mod3) < n’ =0(mod3) s5 du bang 0

V6i n=3k +1=> n=+1(mod3) = n? = (+1)° (mod3) < n? =1(mod3) = s3 dw bing.
2. SO chinh phwong khi chia cho 4 chi ¢6 hai s6 dw 1a 0 hodc 1.

Chitng minh twong tu :

Véi n=4k = n=0(mod4)= n*=0?(mod4)=n=0(mod4)= s& du bang 0.

V6i n=4k 1= n=+1(mod4) = n® =(£1)’ mod4 < n? =1(mod4) = s8 du bing 1.
Véi n=4k +2=n=2(mod4)= n’=2* =4(mod4) < n’ =0(mod4) = s& du bang 0.
3. SO chinh phwong khi chia cho 8 chi c6 ba s6 dw 1a 0,1 hodc 4.

Tuwong tw ta xét cac treong hop sau :

n =8k = n=0(mod8)= n* =0(mod8)

n=8k 1= n=+1(mod8) = n* =1(mod8)

n=8k+2=n=+2(mod8)= n*=(+2)" = 4(mod8)

n =8k +3= n=+3(mod8) = n?=(+3)"(mod8) < n* =1(mod8)

n=8k +4 = n=4(mod8)= n’=4%(mod8) < n’ =0(mod8)

Hoan toan tuong tu ta c6 thé xét cac truong hop s6 dw cua s chinh phwong khi chia cho
5,7,9..

* Vi du minh hoa:

Bai toan 1. Chting minh réng s6: A=19" +5° +1995* +1996* véi k chdn khong thé 1a s6
chinh phuong.

Huéng dan gidi
Vi k chan ta c6
19" =(-1)" (mod4) = 19" =1(mod 4)
1995 = (~1)* (mod 4) = 1995° =1(mod 4)
1996 = 0(mod4) = A=19" +5" +1995" +1996“ =3(mod 4)
Hay A chia 3 du 4. Vay A khong thé la s6 chinh phuong.
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Bai todn 2. Tim t4t ca s tw nhién x,y d€ 2* + 5” 1a s6 chinh phuong.

Huéng dan gidi
Giasa 2 +5 =k? (keN)

Néu x =0 thi 1+5” =k’do d6 k chdn = k?chia hét cho 4 nhung 1+5’ chia 4 du 2.
Vayx =0, tir 1+5” =k® = k 1é va k khong chia hét cho 5. Xét hai truong hop.
+) Véiy=o0thi 2* +1=k? =(2n+1)" (viklénén k=2n+LneN).
= 2"=4n(n+1) = n=1.Khi d6 x=3; y =0 (thoa man)
Thw lai: 2 +5 =2°+5° =9 la s6 chinh phuong.
+) V6i y #0 va k khong chia hét cho 5 = k? = +1(mod5)
Tk 2 +5' =k* = 2* = +1(mod5) = X chan
Dat x=2x (x eN), taco
5 = (k + 2% )(k - 2*)

k+2h=5" .. C .
= VOi Y, +Y,=Y VvOi Y, >Y,, y1, y21a cdc s ti nhién.

k—2% =5%

=24 =5 (5" ) =52 =1=y,=0 .

=y, =Y. Khidé 2%" =5"-1.
Néuy=2t(teN) thi 2" =5-1=25'-1:3,v0ly
Vay y 1é, khi d6 2" =5" -1=4(5""+5"7 +..+5+1).
Néu y>1thi 5" +57%+..+1,1é (vO ly).
Néu y=1=x =1khiddé x=2;y=1.
Thirlai 2* +5 =22 +5' =9 1a s chinh phuong

Vay x=2;y=1hoacx=3,y=0.

Bai toan 3. Gia stt rang 2n+1 va 3n+1 la cac s8 chinh phuong. Chttng minh réng 5n+3 la

mot hop so.

Hudng dan gidi
Gid st 2n+1=a’va 3n+1=b? véi a,be N* .

Khi d6 5n+3=4(2n+1)—(3n+1)=4a’-b* =(2a—-h)(2a+h).
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Do a*=1(mod2) nén a’=1(mod 4) . Suy ra n=0(mod2) va b=1(mod 2) . Do d6 2a-b>1
va 2a+b>1.Vay 5n+3 la hop sé.

Bai toan 3. Tim nghiém nguyén dwong x dé 3* + 171 la s chinh phuong.

(HSG Lai Chdu 2015 - 2016)

Huéng dan gidi
Ta c6: 3* =13(mod8); y*=0,1,4(mod8). Ma: 3*+171=y’ = 3" =1(mod8). Do d¢6: x 6
dang 2k (keN).

Phuong trinh tré thanh A= (3" )2 +171=y? v6ik =0, 1, 2 thi phuong trinh vd nghiém nén
néu phuong trinh ¢6 nghiém thi nghiém d6 phai > 3. Do d6 theo nguyén ly kep duoc ta

2

co: |(3) 43 za>(3.

2 2 2 2
Khido: A=|(3)'+3] hogc A=|(3") +2
Gidi tirng treong hop ra ta duock =3 = x=6 =y =30. Vay x=6.
7~ Dang 7: Skt dung dong duw thitc trong cac bai toan vé s nguyén td, hgp sd
* Co s0 phwong phap: Dai véi nhiéu bai toan vé sd nguyén t6 va hop sd ngoai st dung
cac tinh chat vé s6 nguyén td ching ta con phai van dung cac tinh chat ctia dong dw thiee

va dinh ly Fermat.

* Vi du minh hoa:

Bai toan 1. Tim tat ca cac s6 nguyén t3 p sao cho p’+14 1a sd nguyén t&

Hudng dan gidi
Ta xét hai treong hop sau
Trwong hop 1
Véi p=3= p’+14 =23 lasd nguyén t§
Trwong hop 2
Vi p#3= p’ =1(mod3)= p®+14:3(p’ +14>3)= p*+14 khong phaila s5 nguyén td,
Vay p=3.

Bai toan 2. Chiing minh rang v6i moi s6 nguyén t6 p déu ton tai vo s6 s6 tw nhién n sao

cho 2"—n:p.

Hudng dan gidi
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Ta xét hai truong hop sau

Trweong hop 1

Néu p=2=2"-n:2(Vn=2k;k e N)
Trwong hop 2

Néu p>2=2""=1(mod p)

Theo dinh ly Fermat= A —(p-1)k =1+k(mod p)(Vk e N)
Do d6 vdi moi s6 tw nhién n c6 dang n= ( p —l)(hp —1)(k IS N*)

Taco 2"-n=1+(hp-1)=0(mod p) ticla 2" —nip

Bai toan 3. Cho ne N~ chitng minh rang: 19.8" +17 1a hop sd.

Huéng dan gidi
Ta xét cac treong hop sau
Trweong hop 1
Néu n=2k =19.8" +17 El.(—l)2k +2=3=0(mod3)=19.8" +17:3
Mat khac 19.8" +17 > 3= 19.8" +17 1a hop sd.
Trwong hop 2
n=4k +1=19.8" +17=19.8"" +17=19.8.64* +17 = 6.8.(—1)2k +4=52=0(mod13)Ma
19.8"+17 >3= 19.8"+17 la hop sd
Trwong hop 3
n=4k+3=19.8"+17 =19.8"** 117 =19.8.64* 117 =(-1).3.(-1)"" + 2=5=0(mod3)

=19.8"+17:5
Ma 19.8"+17>5= 19.8" +17 1a hop sO.

Bai toan 4. Cho p 1a sd nguyén t8 16n hon 8. Chitng min rang :(3p -2° —1)542 p

Hudng dan gidi
Tacé 42p =2.3.7.9 dé chiing minh A= 3P —2° —1 chia hét cho 42p ta chi cin chi ra rang
A chia hét cho 2,3,7
That vay
Tacé A=1" —0—1=0(mod2)=> Ai2
Vi p lasdnguyén td lénhon 8nén p lasslé:

p=2k+1= A=3"-2%"-1=0-42-1=-12-1=-3=0(mod3) = A3
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Mt khac A=3% —2%1 —1=3.9F - 2% 1=3.2" - 2% 1= (2" -1)(2°*** ~1)(mod 7)
Do p =2k +3 khong chia hét cho 3= k:3 hodc k +1:3

Ta xét cac treong hop sau:

Trweong hop 1

Néu k=3h(heN)=2“-1=8"-17

Trwong hop 2

Tuong tw néu k +1:3= 2" -1:7

Vay trong moi truong hop ta déu c6 A:7

Theo dinh ly Fermat ta c6 A=3" —-2° —1:(3p —3)—(2p —2)3 p

Tt d6 suy ra diéu phai chitng minh.

~ Dang 8: St dung dong duw thitc trong cac bai toan giai phuwong trinh nghiém nguyén
* Co s6 phuwong phap: Trong giai phuwong trinh nghiém nguyén viéc lya chon

modun mot cach thich hop sé giap viéc gidi cac phwong trinh khé phtic tap tro nén don

gian hon. Ddc biét 1a cac bai todn chitng minh phuwong trinh nghiém nguyén vo nghiém.

* Vi du minh hoa:

Bai toan 1. Chiing minh rang cac phuong trinh sau khong cé nghiém nguyén:

a) x?—y*=1998 b) x2 + y?=1999

Hudng dan gidi
- Nhan xét: S§ chinh phuong chia cho 4 chi c6 s du 0 hodc 1
x?=0,1(mod 4)

a) Ta co6:
y? =0,1(mod 4)

} = x?—y*=0,1,3(mod 4)

Ma 1998 chia cho 4 du 2, nén phuong trinh khong c6 nghiém nguyén.
x* =0,1(mod4)

b) Ta co:
y?=0,1(mod4)

}: x*+y*=0,1,2(mod4)

Ma 1999 chia cho 4 du 3, nén phuwong trinh khong c6 nghiém nguyén.

Bai toan 2. Giai phuwong trinh nghiém nguyén: x* =2y’ -8y +3 (1)

Huéng dan gidi
Tacod: (1) ©x° =2(y-2)" -5
- Nhan xét: S§ chinh phuong chia cho 8 chi c6 s6 du 0, 1 hodc 4
Ta co: X = 0,1,4(mod 8)
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(y—-2)"=0,1,4(mod8) = 2(y-2)’ =0,2(mod8)

~5=3(mod8) }:‘2(3"2)2—553’5(”10%)

Suy ra phuong trinh khong c6 nghiém nguyeén.

Bai toan 3. Phuong trinh z° = (x> —1).(y*> — 1)+ 2013 c6 nghiém nguyén duong hay
khong?

Huéng dan gidi
Ta co:
x> =0,1,4(mod 8) = x* —1=0,3,7(mod 8)
y> =0,1,4(mod 8) = y* —1=0,3,7(mod 8)
2013 = 5(mod 8)

} = (x* ~1)(y* ~1)=0,1,5(mod 8)

= (x2 - 1)(y2 - 1) +2013 =5,6,2(mod 8)

Ma z* =0,1,4(mod8)
Suy ra phuong trinh khong c6 nghiém nguyeén.
~7 Dang 9: Stt dung cac dinh ly (ta thira nhan khéng chitng minh)
* Co s6 phwong phap:
1. Dinh ly Fermat bé. Cho a la s6 nguyén duwong va p la s6 nguyén t6. Khi d6 ta luén

c6 a® =a (mod p). Pac biét néu (a, p) =1thi a"* =1 (mod p).

2. Pinh 1y Wilson. Véi moi s6 nguyén td p thi (p—1)! =-1(mod p).

3. Dinh ly Euler. Cho m 1a s6 nguyén duong va a la sO nguyén to cung nhau véi m;
¢(m) 1a sd cac sd nguyén duong nho hon m va nguyén td cung nhau véi m. Khi do6
a®™ =1(mod m).

Chii y: Néu s6 nguyén duong m c¢6 dang phan tich thanh thira s6 nguyén t&: m =

02 o Qa hY 1 l 1
P;t.pyE....pee thi @(m)= m(l——)(l——)...[l——] .
p1 pz pk

* Vi du minh hoa:

Bai toan 1. Cho a,be Z; (a, b) =1 Chi*n minh rf?mg -ad-2p? khong chia hét cho 19.

Hudng dan gidi
Ta chting minh bang phan chiing nhuw sau:

6 6.

Gia st (a3—2b3)519 khi d6 (a3) (2b3) (a3—2b3)519.
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6 6

Mt khéc (a°) —(2b°)" =a' —64b™ . Néu a,b khong chia hét cho 19 thi theo dinh Iy

Fermat (Dinh lj Fermat: aP = a(mod p)= a®* =1(mod p) Véi moi a nguyén va p nguyén to).

= a" =b" =1(mod19) = a'® — 64b*® =1-64 =—63 = 0(mod19) (V6 ly)
e (28 ohd): al9_ o
Néu mot trong hai so chia hét cho 19 thi tir (a —-2b ):19:> bi19 = volyvi (a,b)=1.

Vay a’° - 2b® khong chia hét cho 19.

Bai toan 2. Chitng minh rdng v&i moi s6 tw nhién n thi: 2°" +3%" +2007 chia hét cho 22

Huéng dan gidi

Theo Dinh ly Fermat bé ta c6 2!° = 1(mod 11) ; 3'° = 1(mod 11)
Tacé 34=81 = 1(mod 10) = 3**1=3. (34" = 3(mod 10)

= 3%1=10k+3, (k € N)
Mat khac2¢=16 = 1 (mod 5) =2 = 1(mod 5)
= 241=2 (2= 2 (mod 10) = 21 =10t+2, (t € N)
Do dé 2" +3%" 42007 = 2% 1 32 1. 2002 45

= 23.(210)k +32.(31°)t +22.9145 =23+ 32+0+5 = 0 (mod 11)

Ma 2% +3" +2007: 2 (vi 2°"" las6 chdn 3% lasd1é 200714 s8 1@).
Do(2;11)=1 nén 2% 437" +2007 : 22.

Bai toan 3. Cho a,;a,;...;8,,, la 2016 s§ nguyén dwong . Chiing minh rang diéu kién can
\ 2 A 5 5 5 5 : ) .
vadudé a;+a,+a;+...+a8,,,:30 la a, +a, +.... + 8y, : 30.

Hudng dan gidi
Theo dinh ly Fermat bé , do 2; 3; 5 1a cac sO nguyén t0 va a la s6 nguyén duong bat
ky taco:
a?=a(mod2) = a*=(a?)?=a?=a(mod?2) = a’= a(mod 2)
a®=a(mod 3) = a’=a’ a’= a.a’?= a’= a (mod 3)
a® = a (mod 5)

Theo tinh chat néu hai s dong du véi nhau theo nhiéu moédun thi ching dong dw véi
nhau theo m6 dun la BCNN ctia cac modun ay.

Dodo a° =a(mod2.3.5) hay a° = a(mod 30) = a°-a = 0 (mod 30)

Nghiala (] +a5+a5+...+ 8505 )= (& +8, +....+ 8y5s ) =0 (mod 30)

VAy @ +a, +...+8,,:30 < a’+aj+aj+..+a3,,:30
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Bai toan 3. Chttng minh rdng trong céc s& ti nhién thé nao ciing c6 s6 k sao cho 1983— 1
chia hét cho 10°.

(DE thi hoc sinh gioi todn cdp 2 toan quoc nam 1983).

Hudng dan gidi
Vi 1983 khong chia hét cho 2 va khong chia hét cho 5 ma 105 =255 nén (1983; 10°) = 1. Ap
dung dinh ly Euler ta c6 :
1083") =1(mod 10°).

Ta c6 ¢(10°)=10° (1—%} (1—%] =4.10" . Nghiala 1983"% -1 : 10°

Vay k=4. 10

B. BAITAP AP DUNG

Bai 1. Chiing minh 4% -7 : 9

Bai 2: Chttng minh rang véi moi s8 nguyén

A= (n“ —n?+ n—l)f(n—l)2 (VneZ,n>1)

Bai 3. Chttng minh rang: (9” +1) khong chia hét cho 100(Vne N)

Bai4.Chos6a=a,a,,..,8, (1<a,<9; 0<a,<9;i=0;1;..,n-1)

Hay xac dinh dau hiéu chia hét :
a) Cho 3; b) Cho 4.

Bai 5. Chtng minh ring: A= (19242003”‘”" +1920)5124(Vn e N*)

Bai 6. a) Hay tim chit s8 tan cling cua 9%
b) Hay tim hai chit s6 tan cling caa 3"
Bai 7. Tim sO du trong phép chia
a) 8! -1 cho1l. b) 2014%°" +2016%™ + 2018 cho 5.
c) 2°+41% cho 7 d) 1°+3°+5 +..+97° +99° cho 4.
Bai 8. Tim s6 du trong phép chia :

a) 1532° -4 cho 9; b) 2% cho 25;

¢) 2014°™ cho 13.
Bai 9. Tim s6 du trong phép chia :
a) A = 35%-35% + 35% - 35° + 35'° + 35% cho 425.

b) B = 10° +10' +10° +...4+10"° cho?7.
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Bai 10. a) Tim chit s6 tan cing cta 4%
b) Tim hai chi s6 tan cung cua 3°.
c¢) Tim ba chi s0 tan cung cua so 2°'2.
Bai 11. Chtng minh :
a) 4125617 b) 241 -2115 (n e N);
) 36— 27 113; d) 2001 : 341.
Bai 12. Chttng minh 18907 + 1945215 + 20172018 © 7,
Bai 13. a) Chiing minh 55552222 + 222255 + 155541111 : 7
b) Cho M= 220" +119%" +69%%°" 1 (220+119+ 69)'*
Ching minh M : 102.
Bai 14. Chitng minh rang 521,201 4221 3n1 1 38 (n e N¥)

Bai15. Chosda=aa, ,..a,a, (1<a,<9; 0<a,<9;i=0;1;..,n-1)

N
Hay xac dinh ddu hiéu chia hét :
a) Cho 9; b) Cho 25; ¢)Cho11; d) Cho 8.
Bai16. Cho A=2%" +19 véin e N*. Chting minh réng A la mot hop s6.
Bai 17. Cho B= (12!)”+20162%, Chiing minh rdng B chia hét cho 13.
Bai 18. Chiing minhrdng véin e N:
a) 227 +3.2"7 ;

24n+1

b) 2° +2.12°" +5.10°" :11.
Bai 19. a) Vi gia tri nao cuia s6 tw nhién n thi 3» + 63 chia hét cho 72.
b) Cho A=20"+16"-3"- 1. Tim gid tri tw nhién ctia n d¢ A:323.
Bai 20. Tim cac sO nguyén t0 p thoaman 2" +1:p.
Bai 21. Tim tat ca cac s6 nguyén td p sao cho p?+20 la sd nguyén t6 .
Bai 22. Cho p 1a s§ nguyén t3. Chtiing minh rang s8 ab® —ba’:p véi moi s§ nguyén
duwong a, b.
Bai 23. a) Chtrng minh rang tdng cac binh phuong ctia ba s8 nguyén trong phép chia cho 8
khong thé cé dula 7.
b) Chiing minh phwong trinh 4x* + y? +9z° = 2015 khong c6 nghiém nguyén.
L0

Bai 24. Tim hai chi s0 tan cung cua 201

(Dé thi Olympic Todn Singapore nam 2010)
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Bai 25. Cho biéu thitc A = (a2 + b212 + ¢2012) — (22008 + H2008 + ¢208) y i a, b, c la cac sO
nguyén duong. Chttng minh rang A chia hét cho 30.
(DE thi chon hoc sinh gioi mon todn I6p 9 TP Ha N§i nam hoc 2011 —2012)
Bai 26. Chitng minh rang khong ton tai cic bo ba s6 nguyén (x; y; z) thoa man dang thikc
x*+y* =72 +5.
(DE thi vao l6p 10 trweong THPT chuyén KHTN Ha Noi nam hoc 2011 —2012).
Bai 27. Tim hai chit s8 cudi cing cua s A= 41 + 577,
(D@ thi vao I6p 10 trwong THPT chuyén KHTN, DHQG Ha Ngi nim hoc 2012 —2013).

Bai 28. Cho a, b 1a hai s6 nguyén dwong thoa man a + 20 va b + 13 cuing chia hét cho 21.
Tim s6 du trong phép chia A=4*+9" +a+b cho 21.

(D@ thi tuyén sinh 16p 10 THPT chuyén Trin Phii Hai Phong ndm hoc 2013 —2014)
Bai 29. Cho n 1a mot sd nguyén dwong chimg minh A = 2°™* + 2°"* 11 1a hop s0.
(Dé thi hoc sinh gioi Ioép 9 TP Ha Noi ndam hoc 2014 —2015)
Bai 30. Chtiimg minh A =2012"" +2013" +2014*" + 2015*" khong phai la s& chinh phuong
v6i moi s6 nguyén duwong n.
(D@ thi tuyén sinh vao lop 10 chuyén triong DHSP TP H6 Chi Minh nam hoc 2015 —2016)
Bai 31. Chitng minh rang phuong trinh : X + y*° + 7*> =197 4 7%% 4 9% 1thong ¢4
nghiém nguyeén.
Bai 32. Tim nghiém nguyén duong ctia phwong trinh X(X + 3) + y( y+ 3) =27 ( Z+ 3) voi
diéu kién X,y la cac sd nguyén to.
Bai 33. Chimg minh  (2013%% + 2014* — 2015™* ) :106.
Bai 34. Chitng minh rang 1* + 2% + 3% + 4* khong chia hét cho 5.

Bai 35. Chitng minh rang véi mdi s6 nguyén t3 p ton tai vo s6 s8 cd dang 2" —n , (n e N)
chia hét cho p.

2001

Bai 36. Tim hai chit s6 tan cting ctia 26°

Bai 37. Tim s0 tw nhién n sao cho 3" +4n +1 chia hét cho 10.

Bai 38. Tim s8 tu nhién n nho nhat 16n hon 4 sao cho n® +4n* —20n —48:125

Bai 39. Cho s6 nguyén a khong chia hét cho 5 va 7. Chiing minh rang:
(a*-1)(a‘+15a% +1)35

Bai 40. Chitng minh rang 2" + 3" khong chia hét cho 23 véi moi s8 ty nhién m, n.
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Bai 41. Chiing minh rang trong cac s3 tw nhién thé nao ciing c6 s8 k sao cho 2017% -1 chia
hét cho 10°.

Bai 42. Tim n nguyén duong dé phuong trinh sau c6 nghiém httu ti:

X" +(x+2)" +(2-x)" =0

\ e . \ n~? 7 ~ n 2 n 1945 . \ ~? 4 ~ ~ 2 ~ . \
Bai 43. Goi a la tong cac chit s ctia sO (29) . Goi b la tong cac chit so6 cua s6 a. Goi ¢ la

tong cac chit s6 ctia b. Tinh c.
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CHU PE 5. UNG DUNG CUA PONG DU THUC
TRONG GIAI TOAN SO HOC

Bai 1.

Tac 4°=64 =1 (mod 9) = 4= (4*)" = 1(mod 9)

Miit khac 42=16 = 7(mod 9) = 42018 = 42016 42 = 1.7 (mod 9)

Vay 4% -7 =0(mod9) hay 4*%-7 : 9.

Bai 2.

Truong hop 1:

V6i n=2= A=1}(2-1)" luén ding

Truong hop 2:

Véin>2= A=n’ (n"’2 —1)+(n —1)=n*(n —1)(n“’3 +n"* +...+1)+(n -1)
=(n=1)(n"* +n"? +..+n? +1)

Mat khac

n=1(mod(n-1))= n* =1(mod(n-1))(vk e N)
=n"!'+n"? +..+n’ =n-2(mod(n-1))
=n""+..+n’ +1=n-1(mod(n-1))
n"*+..+n?+1=0(mod(n-1))(1)

= (n=1)(n"* +..+n’ +1)Eo(mod(n—l)2)

= A=(n"-n’+n-1)i(n-1)’

Bai 3.

Trwong hop 1:

V6i n=0=9" +1=2 khong chia hét cho 100.

hodc N =1= 9" +1=10 khong chia hét cho 100.

Trwong hop 2:

n>2 Ta di xét 2 kha nang sau:

Kha nang 1:

Véinchin n=2k(k e N*)=9"+1=9% +1=2(mod10)

= (9n +1) khéng chia hét cho 10.= (9n +1) khoéng chia hét cho 100.

Kha nang 2:
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Véinle n=2k+1(neN*)=9"+1=9.81" +1=2(mod4)

= (9n +1) khéng chia hét cho 4.= (9n +1) khoéng chia hét cho 100.
Bai 4.
Tacéa=a,a,,..

a)Taco 10 = I(mod 3) dodd ai. 10 = ai(mod 3) ,i=1;2;3; .., n

a8, =an10"+an1.10™ + ..+ a1.10 + ao .

Do d6 an.10" + an-1.10™! + ...+ 21.10 + a0 = (an + an1+ ...+ a1 + ao) (mod 3)
Vaya: 3 < an+anit..+ai+ao= 0 (mod 3)
& antanit..tartao: 3.

b) Tacé102=100 = 0 (mod 4) = a.. 10' = 0 (mod 4),i=2;3; .., n
= an.10" + an1.10™! + ...+ 21.10 + a0 = (a1.10 + ao) (mod 4)
Viya:4 < an1l0+ac=0(mod4) < aa, : 4.
Bai 5. Ta c6 124 = 4.31=> A=0(mod 4)
Do vay d€ chtiing minh A:124 ta di chtng minh A:31
That vay : 1924 = 2(mod31);1920 = —2(mod31) = A= 22" —2(mod31)(*)
Mit khac : 2° =32=1(mod31). Ta di tim s& du ctia 2003°*" khi chia chob.

2004" =0(mod 4) = 2004" = 4k = 20037 = 2003
2003 =3(mod5) = 2003" = 3* =81 =1(mod5)
= 2003 =1(mod5) = 2003**" =5m+1
= 22 =27 = 2,(2°)" =2(mod31)
Thay vao (*) tac6 A=0(mod31)= A:31
Bai 6.

a) Tim chi s6 tan cung ctia mot s6 1a tim du trong phép chia s6 d6 cho 10. Vi 9+ 1=
9.81" = 9(mod 10). Do 9 1a s6 1é nén so 9% 6 chit s6 tan cungla9.

b) Tim hai chit s6 tan cuing ctia mot s6 la tim du trong phép chia s6 d6 cho 100.

Tacé 3¢=81 = —19(mod 100) = 3% = (- 19)%(mod 100)
Ma (- 19%2=361 = 61(mod 100) Vay 3° = 61(mod 100)

310 = 61.9 = 549 = 49 (mod 100)

3% = 492 = 01 (mod 100)  ( do 492 = 2401 = 24.100 + 1)
Do d6 3" = 01 (mod 100) nghia la hai ch@ s6 sau cung cua 3'%° la 01.
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Bai 7. Véi nhitng bai toan dang nay, phuong phap chung la tinh toan dé di déna = b
(mod m) véi b 1a s6 ¢d tri tuyét d6i nho nhat cd thé duoc (t6t nhat 1la b = +1) tie d6 tinh
duwoc thuan loi a® = b" (mod m)
a) 8! =1.2.3.4.5.6.7.8.
Tac63.4=12 =1 (mod 11);2.6=12 = 1 (mod 11) ;7.8 = 1 (mod 11) Vay 8! =5 (mod 11)
= 8! —1= 4 (mod 11). S6 du trong phép chia 8! -1 cho 11 1a 4.
b) 2014 = -1 (mod 5) = 2014 = -1 (mod 5)
2016 = 1 (mod 5) = 2016** =1 (mod 5) ; 2018 = 3 (mod 5)
2014215 + 201625 + 2018 = 3 (mod 5).
€) 22°=1(mod7) = 2%¥=(2 4 =4 (mod?7)
41= -1 (mod7) = 41% = (-1)® = -1 (mod 7)
20+ 419 =4-1 = 3 (mod 7).
d)1°=1(mod4); 3>=-1(mod4); 5°=1(mod4) ;..;
97° = 1 (mod 4); 99° = -1 (mod 4). Paps6 :Du0.

Bai 8. a) 1532 = 2 (mod 9) = 1532% = 25 = 5 (mod 9)
—=1532°-4 =1 (mod 9)
b)25=32 = 7 (mod 25) = 210=(252 = 72 = — 1 (mod 25).
2200 = (210200 = (— 120 = 1 (mod 25).
€) 2014 = 155.13 = 1 nén 2014 = — 1 (mod 13); 20152¢=2k +1 (ke N)
= 2014%5" = (1)1 = —1 (mod 13). Dép s8: du 12.
Bai 9. a) Ta cé 35%=1225=425.3 - 50 = —-50(mod 425)
35% =352 35 = -50. 35 = — 1750 = —50(mod 425)
35%=(352) = (- 50)2 = 2500 = —50(mod 425)
Tuwong tw voi 35%; 35'¢; 35%2. Tie d6 ¢ A = -100(mod 425).
Hay s6 du trong phép chia A cho 425 la 325.
b) Ta ¢6 10° = 7.14285 + 5 = 5(mod 7); 105 =5.10 = 1(mod 7);
10"-4=99..96 = 0(mod 2) va 99..96 = 0(mod 3) = 10" -4 = O(mod 6)

n-15'9 n-15'9
= 10n=4(mod 6) va1l0"=6k +4 (k, n € N*).
Dod6 10°" =10%** = (10°)".10* =10*(mod 7)
Vay B = 104 +104+10* +... +10¢ = 10.10¢ = 10° = 5(mod 7).
Bai 10. a) Ta tim duw trong phép chia s6 d6 cho 10.
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Vi4?= 6(mod 10) nén 45 =40 = (4%)*4 = 64 = 4(mod 10) = chi sO tan cung la 4.
b) Ta tim du trong phép chia s6 d6 cho 100. Theo vi du 3 chuyén dé 26 ta da ¢ 3'%° = 01

(mod 100) nghia la hai chit s6 sau cung ctia 3'%° la 01. S6 3'%° la boi sO ctia 3 nén chit s6 hang
trdm ctia no khi chia cho 3 phai ¢6 s6 du la 2 d€ chia ti€p thi 201 chia hét cho 3 (néu s6 du la 0
hay 1 thi 001; 101 déu khong chia hét cho 3). Vay s6 3% = 31 : 3 ¢4 hai chit s6 tan cling bang
201:3=67.

c¢) Ta tim du trong phép chia s6 dé cho 1000. Do 1000 =125.8 trudc hét ta tim s6 du cua 252
cho 125. Tir hang dang thuc:

(a+Db)>=a’+5a*hb + 10a°b? + 10a?b?® + 5ab* + b° ta c6 nhan xét néu a:25 thi (a + b)> = b>(mod
125).

Vi210=1024 = - 1(mod 25) nén 20=25k -1 (k € N).
Tir nhan xét trén ta c6 2% = (210 = (25k — 1) = — 1 (mod 125)
Vi véy 2512 = (2%0)10, 212 = (— 1)1, 222 = 212 (mod 125).
Do 212=210,22=1024. 4 = 244 = 96 (mod 125). Vay 252 = 96 (mod 125).
Hay 252=125m +96, me N . Do 2%2: 8,;96:8 nénm : 8 = m=8n(n € N).
2512=125. 8n + 96 = 1000n + 96. Vay ba chit s tan cuing ctia s6 2°21a 096.
Bai 11. b€ chting t6 a : m ta chitng minh a = 0 (mod m)

a)41=42-1=-1 (mod 7). Do d6 412® = (- 1) = — 1 (mod 7)
Hay 41205 = 6 (mod 7) = 41215 6= 0 (mod 7)

b) Ta c6 2¢=16 =1 (mod 15) = 24 =1 (mod 15) = 2#—1=0 (mod 15)
Do d6 241 -2 = 2(24n — 1) =0 (mod 15).

) Ta ¢6 3°=27 =1 (mod 13) ; 37 = (3.3 =3 (mod 13)

Ta c6 24 =3 (mod 13) = 26 = 12 = — 1 (mod 13)
27 = (26)12, 24 =3 (mod 13)

Do d6 37 — 276 =0 (mod 13)  hay 37— 27 :13

d) 341=11.31
*Tac62°=32 = -1(mod 11); 20=22-2 = -2 (mod 11)
Do d6 2015 = (- 2)55= (25 = 1(mod 11)
%2015 = (252, (5% = 1(mod 31) do 25= 1(mod 31) va 5°= 1(mod 31)
Do d6 20 = 1 (mod 11.31) hay 20% = 1 (mod 341) = 2051 : 341
Bai 12. 1890 = 0 (mod 7) ; 1945 = — 1 (mod 7) ; 2017 = 1 (mod 7)
18907 = 0 (mod 7) ; 1945255 = — 1 (mod 7) ; 20172 = 1 (mod 7) = dpem.
Bai 13. a)Ta c6 5555 = 793.7 + 4 = 4(mod 7); 2222 = 318.7 — 4= — 4(mod 7)
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— 55552222 + 22225555 = 42222 + (_ 4)5555 =_ 42222(43333_ 1) (mod 7)
Do 43% — 1 = [(43 )1111 — } ;4=64 =1 (mod 7) nén (4)""! =1 (mod 7)

Hay 4% -1 = 0 (mod 7) . Do d6 555522 + 22225 = 0 (mod 7) va
15554111 = (2. 7777)1111= 2111 77771111 = () (mod 7) = dpcm.

b) Ta 6 102 =2.3.17. Ta c6 (220 + 119 + 69)'2 = 0 (mod 102)
*220 = 0 (mod 2);119 = -1 (mod 2);69 = 1 (mod 2) = M = 0 (mod 2)
*220 =1 (mod 3); 119 = -1 (mod 3) ; 69 = 0 (mod 3) = M = 0 (mod 3)
*220 = -1(mod 17);119 = 0 (mod 17) ; 69 =1(mod 17) = M = 0 (mod 17)
D€y 119% va 69%° la cacs6 1é) ; = M = 0 (mod 2.3.17). Hay M : 102
Bai 14. Dat A =521 2041 4201 3041 Ta e A : 2, Vne N*;
Taco A=2n(521,2 +2n1 3m1) =20 (2501 10 +6"1,9)
Do 25= 6 (mod 19)= A= 2 (6"1.10 +6"'.9)= 2~.6"'. 19 = 0 (mod 19)
Hay A:19. Ma 2;19)=1 = A:19.2 = A: 38.

Bai15.Tacoa=a.a

nAn_1e

a)Tacd 10 = 1(mod 9) doddai. 10' = ai(mod 9),i=1;2;3;..;,n

2,8, =an.10"+ an1.10"! + ..+ a1.10 + a0 .

Do d6 a = (an+ an1t ...+ a1+ ao) (mod 9). Vay
a:9 < antantt..tartar=0(mod9) < antanit+..tartao:9.
b) Ta c6 10?=100 = 0 (mod 25) = ai. 10' = 0 (mod 25),i=2; 3; ..., n.
= a = (a1.10 + ao) (mod 25).
Vaya:25 < an10+ao=0(mod25) < aga, : 25.
¢)Do 10 = -1 (mod 11) = ai. 10' = ai .(—~ 1)' (mod 11)
a=(a+ta +as +..)—(artas+as+.)(mod11)
Dodba: 1l < (ao+a2 +as +..)—(a1+as+as+.) =0 (mod 11)
Tiec 14 hiéu ctia tong cac chir s8 & vi tri 1é va tdng cac chit s6 & vi tri chén bang 0.
d) Taco 10°= 1000 = 0 (mod 8) = ai. 10' = 0 (mod 8),i=3;4; .., n.
= a = (a2 10>+ a1.10 + ao) (mod 8).
Vaya:8 < a. 10+ ar. 10+ao= 0 (mod 8) < a,aa, : 8.
Bai 16. Theo dinh ly Fermat bé, do 11 la s6 nguyén t& nén ta co
210 = 1 (mod 11) = 2! = 1 (mod 11)
= 210n+1=D 21 = 2 (mod 22) = 21n+1=22k +2 (k € N)
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210 n+l

Do 23 1a s6 nguyén t& ta cling 6 22 =1(mod23) = 2° =2"?=4.2%"= 4 (mod 23) =
22" $19 =4+19 = 0 (mod 23) Ttcla A 23. Ma A>23, Vn >1 nén A la hop s6.
Bai 17. Theo dinh ly Wilson : V6i moi s6 nguyén t6 p thi (p — 1)! =-1 (mod p).
Do 13 nguyén t§ nén 12! =—1 (mod 13) = (12!)" = (-1)®= -1 (mod 13).
Ta c62016=13.155+1 = 1 (mod 13) = 2016215 = 1 (mod 13).
DoddB= (12!)°+201625 = 0 (mod 13). Hay B : 13.
Bai 18. a) Theo Dinh ly Fermat bé, do 7 1a s6 nguyén t6 nén 2° = 1 (mod 7).
Tacé 4 =1(mod3) = 4" =1 (mod 3) = 24" = 2 (mod 6) . Nghia la
w1229 =2 4 =2 (mod 6) = 22+1=6k+2 , (ke N)
Miit khdc 2% = (292 =80 = 1 (mod 7) = 3.2 = 3 (mod 7).
Do d6 22" +3.2% = 26k+243 = 22 (26)k+ 3 = 221+ 3 = 0 (mod 7).

b) Do 11 la s6 nguyén t6 nén 21° = 1 (mod 11)

Tacd 16 =1 (mod 5) = 16" = 1 (mod 5) = 2.16" = 2 (mod 10). Nghiala 2 +1=2(24) =
2.16" =2 (mod 10) = 2*+1=10k+2 , (ke N)

Matkhac 12 = 1 (mod 11) = 12>*'= 1 (mod 11) = 2.12>*! = 2 (mod 11);
Do 10?=1 (mod 11) =10* =1 (mod 11) = 5.10> = 5 (mod 11).
Vithe 22" 42,125 +510%" = 21%+242 45 =22+ 7 = 0 (mod 11).
Bai19. a) Taco72=89va (8;9)=1.
*63 = 0 (mod 9); khi n=2 thi 3» = 0 (mod 9) do d6 3~ + 63= 0 (mod 9).
*Mat khac, véin=2k (ke N*) thi 3n—1=3*-1=9-1=1k-1
= 0 (mod 8) dodd 3" +63=3"-1+64 =0 (mod 8).
Vay véin=2k (keN*)thi 3n+63: 72.
b) Tac6323=17.19va (17, 19) = 1.

*A=20"-1)+(16"-3") = P+ Q.

Ta c6 20" = 1(mod 19) = P = 0 (mod 19).

Néun=2k (ke N*) thi Q=16%—3% = (~3)%—3% =3%_3%= ( (mod 19) = A=P+Q = 0 (mod
19)

*A=Q20"-3")+(16n-1)= P+ Q’
20"= 3" (mod 17). Do d6 P’ = 20" — 3~ = 0 (mod 17).
Néun=2k (keN*)thiQ =16*-1=(-1)*-1=1-1= 0 (mod 17)
=A=P+Q =0(mod17). Do (17;19)=1nén A = 0 (mod 17.19).

TU SACH CAP 21 408



BOI DUONG HOC SINH GIOI CAP 2 |

Vay véin=2k (keN*)thi A=20"+16"-3"-1 : 323.
Bai 20. Theo dinh ly Fermat bé ta ¢4 2° = 2 (mod p) nénnéu 2 = — 1 (mod p) thitac63 = 0
(modp) = p=3.
Mat khackhi p=3 thi2*+1=9 = 0 (mod 3). Vay p=31asd can tim.
Bai 21. Véip =3 thi p? +20 =29 la s6 nguyén t0.
Véip # 3thip? =1 (mod 3) nén p>+20 =21 = 0 (mod 3).
Vay p?+20 : 3 mat khac p>+20 >3 nén p>+20 1a hop s6 . Vay chi ¢6 1 s6 nguyén t6 can
timla p=3.
Bai 22. V6i a,b eN*. Néuab : p this6 abP— bar: p
Néu ab / p thi(a, p) = (b, p) =1. Do d6 a*'! = br'=1 (mod p) =

ar!l— brl=0(modp) = ab(ar'- br?!) =0 (mod p)

= abP- bar=0(mod p) hay abP— bar: p, Va, b eN*

Bai 23.a) Giastta,b,c € Z maa?+b?+c2 =7 (mod 8).
Tacda=0;£1;,£2;, £3; 4(mod 8) = a2 =0;1;4 (mod 8)
= b2+ 2 =7;6;3 (mod 8). Diéunay voly vi b? = 0;1;4 (mod 8) vac? = 0; 1;4 (mod 8)
= b*+c2=0;1;2,4;,5(mod 8).
Vay a%+b?+c2 £7 (mod 8).

b) Ap dung cdua)tacod véi x,y,z € Z

4x2 +y? + 922 = (2x)? + y2 + (3z)? #7 (mod 8).

Ma 2015=8.251+7 =7 (mod 8)

Vay phuong trinh da cho khong cé nghiém nguyeén.
Bai 24. Ta c6 2011 = 11 (mod 100) ; 112 = 21 (mod 100) ; 11° = 31 (mod 100);
11° = 21.31 = 51 (mod 100) = 11 = 512 = 1 (mod 100).
Ta co 20102 = 0 (mod 10) = 2010**=10k (k € Z)

— 2011%°°"" = 20111 = 111 = (1119 = 1 (mod 100). Do d6 hai chit s tan ciing 1253 01.
Bai 25. Bai toan c6 nhiéu cach giai. Sau day la cach giai theo dong du thic:

*Taco Vn eN*thin®—n =0(mod 30)  (vidu 8 chuyén dé 26 da chiing minh)

A = (2012 _ q2008) 4 (H2012 _ p2008) 4 (2012 _ (2008)

A =a? (a5 — a) + b2 (b5 — b) + 27 (5 — ¢)

Ta coa’—a =0 (mod 30) = a*" (a®—a) =0 (mod 30)

Tuong tw b7 (b°>-b) = 0 (mod 30) ; ¢ (c® - ¢) =0 (mod 30)

Vay A = 0(mod 30). Hay A i30.
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Bai 26. Gia st ton tai b0 ba s6 nguyén (x; y ; z) théa man x* + y*=7z*+5
o xi+yi+zi=820+5 (1),
Xét véi mot s8 nguyén a bat ky thi néu a chdn thia =2k (ke Z)

= a*=16k* = 0 (mod 8); néu alé thia*= (2k + 1)*=1 (mod 8)
Dodéxt+y* +2z4 =0;1;2;3 (mod 8). Trong khi d6 8z* + 5 =5 (mod 8) mau thuan vdi (1).
Vay khong ton tai cac bo ba s8 nguyén (x; y; z) thdéa man dang thike x4 + y*="7z* +5.
Bai 27. Ta c6 412 = (40 + 12 =402+ 80 + 1 =81 (mod 100)

414=812 = 6561 =61 (mod 100) =41° =61.41 = 1 (mod 100)

—411% =41, (415 = 41 (mod 100)
Mt khac 574= 10556001 = 1 (mod 100) = 572012 = (574 = 1 (mod 100)
Vithé A = 41+ 1(mod 100).
Do d6 hai chit s6 cudi cung ctia s A = 4110 + 572012 [3 42
Bai28.Doa+20:21 = a=1(mod3) va a =1 (mod?7)

b+13:21 = b =2(mod3) va b = 2 (mod?)

SuyraA=4"+9®+a+b=1+0+1+2=1(mod 3) = A = 10 (mod 3)
Xéta=3k+1;b=3q+2 vdik,qe Ntacd 4°=4%"1=4 64 = 4 (mod 7)
Ob=932 = 2342 = 4,84 = 4 (mod 7).
Dod6A=41+%+a+b=4+4+1+1=10(mod7) = A = 10 (mod 7)
A =10(mod 3)vaA =10 (mod 7) ma (3;7)=1nén A = 10 (mod 3.7)

Hay A = 10 (mod 21). Vay s6 du trong phép chia A cho 21 la 10.

Bai29. 23 = 1 (mod7) = (2% = 1 (mod 7) = 2%+1=2,(2%) = 2 (mod 7).
va 21 =22(2%)-1 = 4 (mod 7).

Nén A =2+4+1=0(mod7)nghiala A:7 Mavdine N*thi A>7.
Vay A lahop s0.

Bai 30.Vn eN* tacd 2012 = 0 (mod 2) ; 2013* = 1 (mod 2);

2014% = 0 (mod 2) ; 2015%=1(mod2). Dodé A =2 =0 (mod?2).
*Talaic6 2012 = 0 (mod 4) = 2012% = 0 (mod 4);

2014 = 2 (mod 4) = 20142 = 22= 0 (mod 4) = 2014%= (2014%2°=0 (mod 4)
Do 2013 = 1(mod4) = 2013* =1 (mod 4);

D02015 = — 1 (mod 4) = 2015% = (- 1)* =1 (mod 4)

Vay A = 2 (mod 4) nghiala A chiacho4du?2. TacdA:2;A [22; 21as6 nguyéntd. Vay A
khong 1a s6 chinh phwong Vn e N*.
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Ta c6
197 =(2.9+1
(-2)™° = (-2).222 = (-2).(2°)" 2 =(-4).(2*)"
Do
2°=1(mod9) = (2°)" =-1(mod9) = (-4)(2°)" =4(mod9) = 7 = 4(mod9)(2) Tir
(1) va (2) =197 + 7% + 9%% =5(mod9)(3)

)2003

=1(mod 2003)(1); 7" = (9-2)"" = 7 = (-2)""(mod 9) Mt khéc

Vi 1ap phuong cia mét sO tu nhién khi chia cho 9 chi ¢6 thé dw 1a 0,1,—-1 nén moi sd
nguyén X,Y,Z tacd: X° +y° +27° = (xf‘)3 +(y5)3 +(z5)3 =(-3);(-1);0;1;3(mod9)(4)

Tt (3) va (4) suy ra phuwong trinh khong c6 nghiém nguyén.

Bai 32.

Tacd z(z+3)=12"+3z

Mt khéc ta ludn ¢ 22 = O(mod 3) hodc z? = 1(mod 3)

Do d6 v6i moi z nguyén ta co :

z(z+3)=c(mod3);c e{0;1}(1)

Chttng min twong tw voi y,x

= X(x+3)+y(y+3)=d(mod3);d €{0;1;2}(2)

Lai d&y ring: X(x+3)+y(y+3)=(x*+y*)(mod3)(3)

Cht y rang néu p la s6 nguyén t& khac 3 thi p* =1(mod3). Do vay X,y dong thoi la cac
sO nguyén to khac 3 thi :

x* +y* =2(mod3)(4)

Két hop (1), (2), (3), (4) suy ra it nhat mot trong hai s6 x,y phai la 3. Do vai tro d6i xting ctia
X,y chon x=3

Khi x=3tacd:

18+y*+3y=2"+32118=2"+3z-y* -3y < 18=(z-y)(x+ y+3)(5)
Tez>0,y>0=>z+y+z>3=2-y>0.

Vi thé két hop voi (Z +y+ 3) —(Z — y) =2y +327 (doynguyén ton 16n hon 2). Nén ttr (5)

suy ra:
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{z+y+3:18 {y:7

z-y=1 z=38
=

Z+y+3=9 y=2

Z-y=2 z=4

Do tinh d6i xttng nén phuong trinh ¢6 4 nghiém nguyén duong :
(3,7:8):(7;3,8);(3;2;4);(2:3,4)

Bai 33. Ta phai tim s0 tu nhién r sao cho

0= r = (2013%16+ 201421 — 201521 )10 (mod 106)

Ta c6 2013 =106.19 - 1 = 2013= —1(mod 106) = 201326 = 1(mod 106)
2014=106.19 = 2014= 0 (mod 106) = 20142"¢= O(mod 106)
2015=106.19 + 1 = 2015= 1(mod 106) = 2015*¢= 1(mod 106)

Do d6 (20132016 + 2014216 — 2015216 )20= 0 (mod 106).

Bai 34. Do 5 la sd nguyén t6 nén theo Dinh ly Fermat bé ta cd: véia=1;2;3;4tacé a°
a(mod5) < a*=1(mod5) < a* =1 (mod 5).
Do do6 1% + 2% + 3% +4*%* =1+1+1+1 =4 (mod 5).
Ching tO 1%+ 2%+ 3% + 44 [ 5
Bai35.* Néup=2thi2"-n:2 vVn=2k (keN).
*Néup = 2 do(2;p)=1 nén theo dinh ly Fermat bé ta c6 :
201=1(modp) = 2r1-1=0(modp) = 2°¥ _1=0(modp).
Hayla 209" —1:ip (keN;k>2).
Mit khac (p - 1)% = (- 1) = 1 (mod p)

2k

p ip

Vay ton tai vo s s6 ty nhiénn c¢d dang n=(p-1)*, (VkeN; k> 2)saocho2"-n: p.

Bai 36. A =26%".Tacé 1000 = 8.125

Xét sO du ctia A khi chia cho 125, ta co:

6* =1(mod5) = 6" =5m+1 (meZ")
— A =26"" =26°™ = 62.(26° )”‘

Mt khéc 26° =1(mod125) = A = 26(mod125)
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= A =125k + 26 (k c z*)

Xét s8 du khi chia A cho 8, dé thay

Ai8=125k+26:8=>5k+2:8=>k=8m+6 (meZ')
= A =125(8m+6) + 26 =1000m + 776 = 776 (mod1000)

Vay ba chir s0 tan cung cta A 1a 776.

Bai37.Dat n=4m+r (m, reN, 0<r<3).Xét cic trudng hop cuar.
*r=0=n=4m

Khi dé

3" =81" =1(mod10)
= 3" +4n+1:10 < 16m+2:10 < 8m+1:5 < 3m+1:5 < m=5k+3 (ke N)

Ta dugc n =20k +12 (ke N)
*r=1l=>n=4m+1
Khi d6

3" =3.81" =3(mod10)
=3"+4n+1:10 < 16m+8:10 < 8m+4:5 < 3m+4:5< m=5k+2 (ke N)

Ta dugc n =20k +9 (keN)
Tuong tw xét cac treong hop con lai.
Bai 38. it A=n°+4n*-20n-48

Tacd A=(n—-4)(n+2)(n+6)

_ n =3(mod5)
Vi Ab=
n =4(mod5)
* n=3(mod5)

Khi d6 n—4/5 va n+6/5 nén n+2:125=n>123

* n=4(mod5)
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n—4:25

. _=>nx>19
n+6:25

Khi d6 n+225:{
Vay n =19 thoa man diéu kién dé bai.
Bai 39.
Dit A=(a*-1)(a"+15a° +1)
Ap dung dinh li Fermat ta c6:
a’ =1(mod5) va a° =1(mod7) do a khong chia hét cho 5 va 7.
Vi a‘=1(mod5)=a‘-1:5= A5
Lai co: A=a"+15a° —15a° —1=a’+15-15a° -1=0(mod7) = A7
Vay Ai5.7=35 (vi(5,7)=1)
Bai 40. Gia st 2" +3"123=8" (2" +3"):23= 2™ + 24"
Vi 24 = l(mod 23) = 24" = 1(mod 23)
Do d6 2™ +1:23

Ta chting minh 2" +1/23 VueN

Tacd 2" = 1(mod 23) . Lan luwot xét cac so dw khi chia u cho 11 ta dwoc
2" +1/23 YueN.

Vay 2" +3"123 Vm,neN.

Bai 41. Vi 2017 khong chia hét cho 2 va khéng chia hét cho 5 con 10°
(2017,10°) =1.

Ap dung dinh 1 Buler ta c6: 2017/ =1(mod10°)
Ma ¢(10°)=10° 1-1)1-1) 24100
2 )" 5

Bai 42. Phuong trinh da cho: X" +(x+2)" +(2-x)" =0
Nhén xét: D€ phuong trinh c6 nghiém thi n 1é.
*Nn=1=>x=-4€Q

555 A
=25 nén
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“n>1: Gia sit phuong trinh c6 nghiém hiru ti X =2(p,qe Z, ¢>0, (p,q)=1).
q

Thay vao phuong trinh ta c6:
p"+(p+2q) +(p-29)' =0 (1)
Ta co:
(p+2q)" +(29-p)"i(p+29)+(29—p)=4q
=p":4q = {q =1
p=2m

Thay vao (1) tacé: m" +(m+1)" +(1-m)" =0  (2)
Vi (m+1)"+(1-m)"i(m+1)+(1-m)=2=m":2=m chén.
Vinlénén (m+1)’ =m+1(mod4), (1-m)" =1-m(mod4)
Suy ra: m" =2(mod4) Vo Ii
Vayn=1.
Bai 43. Boi vi 2° =8=-1(mod9) = (2*)"" =-1(mod9)

= (2] chia 9 du 8

=a,b,c chia 9 du 8
Ta cé: 2" =8192 <10* = 2% <10% = 211 <10%**
Ta ciing c6: (2°)° <(10*)’ =10* va 2’ <10°

1945 OLT4201136+7 _ 1 ()40134+24+7 _ 4 5391

= (29)
= 56 (2°)"" khong c6 qué 5391 chi s,

= a<5391.9=48519
=hb<34+94+9+94+9=39=0c<3+9=12

€c<12;ma C chia 9 du 8 va ¢>0 nénsuy ra c=38.
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