Tap chi va tu liéu toan hoc suu tam va tong hop

Ngay 14 thang 12 nam 2019

Tém tit noi dung

Trong chuong trinh toan 16p 9, chiing ta da dugc tim hiéu dén mot dinh 1y cuc ki ndi tiéng do 1a
dinh ly Viete, tuy nhién tng dung ctia né khong chi c6 1a biéu dién mbi quan hé ctia cdc nghiem
trong phuong trinh da thiic, ma con tng dung trong nhidu mang khéc nhu sé hoc, da thic,... O bai
viét nay, chiing to6i sé gidi thieu cho ban doc mot s6 céc bai todn s6 hoc c6 st dung dinh 1y Viete va
nang cao hon nita 14 phuong phap buée nhéy Viete - Vieta Jumping - dé giai quyét cac bai toan sd
hoc hay va kho. Trong bai viét c6 tham khao céc tu lisu trong va ngoai nudc, cic ban xem & muc
tai lieu tham khéo & cudi bai viét. Moi ¥ kién thic mic, dong gép vui long giii vé dia chi.

1. Doan Quang Tién. fb.com/profile.php?id=100016406718327
2. Nguyén Minh Tuéan. fb.com/tuankhmt . fpt

1 Nha toan hoc Francois Viete.

Francois Viete (1540-1603) 14 nha toan hoc Phap vi dai. Ong la ngusi dau tién dua ra céc ki hi¢u bing
chit, do thé, ngudi ta goi ong la ngudi cha ciia mon Dai s6. Tén tudi cia ong gan lien v6i mot dinh 1i vé
nghiém s6 ctia phuong trinh ma hoc sinh 16p 9 déu biét d6 1a dinh 1i Viete, nhung cong lao clia 6ng to
16n hon nhiéu.

Ong vén la mot trang su, ting lam “cé van co mat” cho cac triéu vua Henry IIT va Henri IV. Gitta
nhitng bon ron clia cong viéc 6 cung dinh, hé c6 it phit ranh réi 1a ong lai gidi trf bang cach... nghién
cttu Toan hoc! Trong cudc chién tranh Phap... Tay Ban Nha thoi ay, quan Tay Ban Nha thuong lién
lac v6i nhitng ké noi phan trong nuéc Phap biang cac mat thu. Vi duge viét bing cdc mat ma gom
toan céac chit s6, nén cac mat thu Ay hau nhu khong thé kham phéa dugc.

Biét vi “cd van” Viete thich toan, vua Henry III da nhd ong thit do tim “chia khéa” cac mat thu
nay. Nhan 10i, su6t hai tuan 1&, ong lam viéc quén an quén ngt. Cudi ciing, chinh Viete da xé tung
tam man bi mat: ong da tim ra quy luat thay thé cac chit va sd trong cach viét mat thu. Doc duge
cdc mat thu, quan Phap da lam that bai hoan toan nhitng muu do ctia Tay Ban Nha. Vé phia dich,
chiing gang do tim nguyén nhan: cudi cliing chiing biét duge nhitng ki hiéu da bi phoi tran, dit nhiéu
lan thay déi mat ma, va ké tim ra bi mat 14 Francois Viete! Quan Tay Ban Nha tuyén bd Viete 1a
ké t thut va da xit 4n hoa thiéu ving mat 6ng, nhung ban an da man dé khong bao gis thyc hien
duge. Khong chi quan tam sau sic dén Dai s6; nghién cttu cac phuong trinh, Viete con nghién ctu
ca Hinh hoc va Lugng gidc. Ong ciing da khao citu ki ludng nhiéu cong trinh ciia cac nha toan hoc thai cd.

Phan 16n cudc dsi ctia Viete bi cac cong viec phap li clia nghé trang su chiém méat nén khé cé thé
tudng tuong ong da lay dau ra thoi gian dé lam nén nhitng cong trinh toédn hoc ctia minh. Bi quyét
ctia ong chinh 1a kha nang tap trung cao do khi lam viec. Ngusi ta con ké lai, lic gip dudc mot van dé
thd vi, ong c6 thé ngdi ¢ ban lam viéc sudt ba ngay dem lién.
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2 Dinh ly Viete.

Dinh ly Viete dugc trinh bay trong sach gido khoa toan 9 - tap 2, cho ta méi quan hé gitta caAc nghiém
clia phuong trinh bac hai va cic hé s6 clia n6. Sau day ta sé nhac lai no.

Dinh ly Viéte. Néu phuong trinh bac hai az? 4 bx + ¢ = 0 (a # 0) c6 hai nghiem x; va zo thi
tong va tich ctia ching la

a

S =z +x

P = I1.292 =

ISHINeY I

Ngudc lai néu c6 hai s6 1 vA 22 théa man S = 1 + 29 vd P = 1.7 thi 21 vA 22 12 hai nghiem
ctia phuong trinh ¢ — St + P = 0.

Cht y réng trong khi gidi toan, doi khi ta khong quan tam tdi gia tri clia 27 vA 22 ma chi can quan
tam dén 2 gia tri tong va tich clia ching, tit d6 ta c6 nhitng danh gia can thiét. Ngoai ra ciing tit dinh
li Viete ta nhan thiay néu mot phuong trinh bac hai ar? 4+ bxr + ¢ =0 ¢6 mot nghiém 1 thi n6 sé cé
thém mot nghiém z» nita. Ngoai ra ta c6 thé md rong dinh 1y cho phuong trinh da thitc bac n bat ki.
Cho phuong trinh ag + a1z + agz® + ... + anz"™ = 0, a, # 0. Goi 1, x9, . .., , 13 n nghiém clia phuong
trinh trén, khi dé thi

ap 4+ a1 + asx® 4 ... + apr” = a(x — x1)(x — x2)...(x — x,)
Nhan toan bo vé phai ra, chiing ta sé c6 cong thiic Viete, duge phat biéu nhu sau

a=ap

—a(xy +xo+ ... + ) = ap-—1

(- La(xiz9..20 1 + T172... 0y 2Ty + ... + T223...7,) = a1

(—=D)"a(z122...70) = ag

va trong hang k bat ky, vé phai ciia déng thic 1a a,_pa,_j; con vé trai duge tinh theo cong thic
(=1)*a nhan vdi tong cia cdc tich timg cum (n — k) cdc nghiém ctia phuong trinh trén. \Y

3 Cac bai toan co ban.

Sau day ta sé di tim hiéu mot vai vi du trude khi di tim hiéu vé phuong phap budce nhay Viete.

Bai toan 1. Tim tat ci cac gia tri ctia m dé phuong trinh 22 — ma +m + 2 = 0 ¢6 cac nghiem
déu nguyen.

Loi gidi
L&i giai 1. Diéu kien dé phuong trinh ¢6 nghiem 1a A = m? — 4 (m + 2) > 0. Phuong trinh dau c6
nghiém nguyén thi A phai la s6 chinh phuong, tiic 1a ton tai s6 nguyen k sao cho m? — 4 (m + 2) = k.
Ta c6
m?*—4(m+2)=k*e (m—-2+k) (m—2—k) =12

Dén day ta c6 mot chi ¥ réng, theo dinh 1i Viete, ta ¢6 z1 + 29 = m, do vay ma m sé 1a s6 nguyén. T
day do m va k 1a cac sd nguyén nén ta tim dudc m = —2 hodc m = 6. Ta xét cac truong hgp.

1. Véi m = —2 thi ta dugc phuong trinh x? + 2z = 0, khi d6 tim dugc hai nghiém nguyeén 1a z; = 0
va 19 = —2.
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2. Véi m = 6 thi ta dugc phuong trinh 2 — 62 + 8 = 0, khi d6 ta dugc hai nghiém nguyén la x; = 2
va x9 = 8.
Nhu vay dén day bai toan da dugce giai quyét. O
Lai giai 2. Theo dinh ly Viete v6i hai nghiém x1; xo thi ta cé

{azl—i—xg:m ()

xr1.x9 =m + 2

Do d6 néu ta tim dugc cac nghiém nguyén ciia phuong trinh thi ta sé tim dugde gia tri cia m. Diéu nay
lam ta c6 ¥ tudng gidi phuong trinh nghiém nguyén 2 an x1 va xo. T (1) ta duge

r1.xe— (r1+22) =2 (11— 1) (2 —1)=3

Khi d6 x1 — 1 va x5 — 1 1a cic ude cia 3, lai ¢6 3 = 1.3 = —1.(—3). Dén day viéc tim hai nghiém z1; xo
hoan toan don gidn va qua dé ta tim duge cac gia tri m la m = —2 va m = 6. ]

Nhan xét. O 1oi gidi 1 s6 ¢6 mot s6 hoc sinh méc sai 1am la chua chi ra duge m la s6 nguyen vi
dé bai khong c6 dé cap. Do dé ta phai st dung dinh 1i Viete dé chi ra diéu nay.

Y +yz +zx =8

Bai toan 2. Tim nghiém nguyén ctia hé phuong trinh { sty+z=5

Loi giar
Trudc tién ta sé dua bai todn vé viéc gidi phuong trinh nghiém nguyéen. Ta bién doi

zy+ (y+ax)z=28 zy+(b—2)z=38 xy=8—(5—2)z
- =
r+y=95—=2 rT+y=95—=z r+y=95—2

Theo dinh li Viete thi 2 v& y 1 hai nghiém ctia phuong trinh bac hai t2 — (5 — 2)t+8 — (5 — 2) 2 = 0,
trong d6 z 1a tham s6. Phuong trinh c6 nghiém thi A > 0 hay ta dugc

322-10247<0&e1<2<

Wl

Do z nguyén nén z = 1 hoéic z = 2. Ta xét cac trudng hop sau.

e V6i z = 1, khi d6 phuong trinh trd thanh 2 — 4t +4 = 0, dén day ta tim dugc z = y = 2 théa
man.

e V6i z = 2 khi dé phuong trinh tré thanh ¢2 — 3t + 2 = 0, dén day ta tim duge = = 2;y = 1 hoiic
x = 1;y = 2 thdéa man.

Vay hé phuong trinh c6 cac nghiém nguyeén la (z;y;2) = (2;2;1),(1;2;2), (2; 1;2). O

Bai toan 3. Giai phuong trinh 22 — ma +n = 0, biét phuong trinh c¢6 hai nghiém nguyén ducng
phan biét va m,n 1a hai s6 nguyén t6.

Loi gidi
V6i bai toan nay néu dimg cong thiic nghiem dé xac dinh nghiém ciia phuong trinh thi sé gay cho ta
nhiéu khé khan do phuong trinh c6 dén hai tham s6. Do vay ta sé st dung dinh 1y Viete. Goi x1; 29 1a
cac nghiem nguyen duong ctia phuong trinh da cho (z1 < x2). Ta biét ring mot s6 nguyen t6 khi viét
thanh tich hai s6 thi mot thira s6 1a 1 va mot thira s6 1a chinh né. Dé ¥ ta lai thay theo dinh Ii Viete
thi z129 = n. Do d6 rat ty nhién ta nghi dén st dung dinh 1i Viete gid quyét bai toan. That vay theo
dinh 1i Viete ta dugc

r1+T2o=m

{ T1T2 =N
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Do n 1a mot s6 nguyén td nén ta duge x1 = 1;29 = n, suy ra m = n + 1, do vay m va n 1a hai sb tu
nhién lién tiép nén ta duge n = 2;m = 3, thit lai ta thay tdéa man yéu cau bai toan. O

Bai toan 4. Cho phuong trinh 222 + max + 2n + 8 = 0, trong d6 m va n la cdc tham s6 nguyen.
Gia st phuong trinh c6 céc nghiem déu la s6 nguyen. Chiing minh ring m? + n? 1a hop s6.

Loi gidi
Dé ching minh duge m? + n? 1a hop sé thi mot suy nghi hét stc ty nhién d6 1a xay dung biéu thic
m? +n? theo cac nghiém ctia phuong trinh dé roi tit d6 phan tich biéu thitc nghiém thanh nhan ti. C6
hai ¥ tudng dé xay dyng biéu thic m? 4+ n? dé6 1a ap dung cong thiic nghiem dé tim cac nghiém ciia
phuong trinh rdi tit dé tinh m? + n? hoiic 4p dung dinh li Viete. R6 rang trong hai ¥ tudng dé viec ap
dung dinh li Viete gitp ta xay dyng biéu thitc nghiem ma khong chita céc cin bac hai.
Goi 1,22 1a hai nghiém ctia phuong trinh trén, theo dinh i Viete ta dugce

m
{ 1‘1-1-1162:—5

T1.x2=n+4
Khi d6 ta co
m? +n? = (201 + 222)* + (w129 — 4)* = 42? + 4z22? + 2222 +16 = (m% +4) (23 + 4)

Do z1; 72 12 cic s6 nguyén nén a2 + 4; 22 + 4 1a cac s6 nguyén duong 16n hon 1.
T d6 ta duge m? + n? 1a hgp s6. O

a? + b2

Nhan xét. Xét 2m = a + b;2n = a — b, khi d6 tit m? +n? = , ta c6 bai toan sau.
Bai todn. Cho phuong trinh 422 + (a + b) 2 + 2 (a — b) + 16 = 0, trong d6 a va b 1 cic tham s
2 32

nguyén. Gia st phuong trinh c¢6 cac nghiém déu la s6 nguyén, chiing minh rang 13 hop s6.

Bai todn twong tw. Gia st phuong trinh bac hai 22 + ax + b+ 1 = 0, trong dé a, b la cac tham
s6 nguyén, dong thoi b # —1 c¢6 hai nghiem déu la s6 nguyén khac 0, chitng minh ring a? + b% 1a
hgp sb.

Bai toan 5. Tim céic s6 nguyen duong a va b, trong d6 (a > b) sao cho phuong trinh bac hai
22 —abz +a+ b = 0 c6 cic nghiém déu I sé nguyen.

L&i gidi

Diéu kien dé phuong trinh c¢6 nghiem 1a A = (ab)? — 4 (a + b) > 0, gid sit phuong trinh ¢6 hai nghiem
nguyen z1; s (1 < z2), khi d6 theo dinh li Viete ta dugc

1+ 29 = ab
T1.09 =a+b

Do a va b 1a céc sd nguyén duong nén suy ra cac nghiém x1; zo ciing l1a cac s6 nguyén duong. Ta chi ¥
rang véi hai s6 16n hon 2 thi tich ctia chiing bao gis ciing 16n hon téng ciia ching. Do d6 ta nghi dén
chitng minh mot trong bén sé duong trén khong vigt qua 2.

That vay, néu a > 2;b > 2 thi ta c6 ab > 2a;ab > 2b nén 2ab > 2 (a + b) hay ab > a + b.

Néu ca bon s6 duong z1; x9; a;b déu 16n hon 2 thi x1.200 > 21 + 22 vi ab > a + b, khi d6 dinh 1i Viete
trén khong thé xay ra. Nhu vay trong bén s6 duong x1; z2; a; b ton tai it nhat mot s6 khong vust qua
2. Theo gia thiét va theo cach chon hai nghiém z1; x9 thi trong hai s6 z1 va b ¢6 it nhat mot sd khong
16n hon 2. Do vai tro ctia hai sé 21 va b 13 nhu nhau nén khong méat tinh téng quat ta gia sit ring
0 < 71 < 2, dén day ta xét ting truong hop cia z1.
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T, + x9 = ab 1+x9=ab
ta suy ra

r1.29 =a+b To=a+b

suy ra (a — 1) (b—1) = 2. Cha § @ > b nén ti phuong trinh trén ta dugc a = 3;b = 2, khi d6 ta

tim dugce zo = 3.

1. Néuazlzl,khid(’)tfr{ , tt d6 ta dugc ab —a — b =1,

2. Néu x1 = 2, tuong tu nhu truong hgp trén ta tim duge cac cap s6 nguyén duong (a;b) théa man
la (a;b) = (5;1),(2;2).

Bai toan dugc giai quyét hoan toan. O

Bai toan 6. Tim tat ci cac sd nguyén t p, g sao cho ton tai s6 tit nhién m théa man

pq m?+1
p+q m+1
Lot gidi
pg  mP+1 L . ) .
Quan sat hé thirc = thi hai dai lugng pg va p + g lam ta lién tudng den hé thic Viete.
p+q m+1
., m?2+1 PR .
Neéu T 1a phan so t0i gian thi tir hé thitc clia bai todn ta dudgc
m
ptg=m+1
pg=m?+1
. m*+1 o . s N R
Con néu 7 chua toi gian thi chi can rat gon ta ciing duge mot hé dieu kién tuong tu. Van de la

2

Sz . 1
ta can kiém tra xem phan so 1 c6 rat gon duge hay khong.

2
. 1
e Néu p = ¢ thi tu pe _mT ta dugc
p+q m+1
2 (m?+1) 4
= =2m -2+ ——
P m+1 m +m—l—l

Do m € N va p la s6 nguyen t6 nén (m+1) | 4 = m = 0;m = 1;m = 3. Tu d6 ta tim duge
p = 2;p =5 théa man yéu cau bai toan.

e Néu p # ¢ thi pg va p + ¢ 1a nguyén t6 ciing nhau vi pq chi chia hét cho cac wéc nguyen to6 1a p
va ¢ con p + ¢ thi khong chia hét cho p va khong chia hét cho ¢. Goi r 14 mot uée chung ctia
m? +1 va m + 1. Khi dé ta c6

rl[(m+1)(m—1)]=r]|(m?-1)
Dodor| [(m*+1)— (m?—1)] = r|2suyrar =1 hodcr=2.

p+qg=m+1

pg=m?+1 khi d6 p va ¢ la hai nghiém ctia phuong trinh

1. V(’jirzlsuyra{

22— (m+)z+m?+1=0
Taco A=—-3m?+2m—3=—(m— 1)2 — (2m2 + 2) < 0 nén phuong trinh trén v6 nghiém.

2pqg =m? +1

2p+q)=m+1 khi d6 p va ¢ la hai nghiém cta phuong trinh

2. Véiersuyra{

202 —(m+ 1Dz +m?>+1=0
Taco A=—-Tm?>+2m—7=—(m — 1)2 — (Gm2 + 6) < 0 nén phuong trinh vo nghiém.

Vay bo céc s6 nguyen t6 can tim 1a (p;q) = (2;2),(5;5). O
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I Bai toan 7. Tim s6 nguyén t6 p dé p> — p + 1 1a lap phuong cia mot s6 nguyeén t6 khac.

Loi gidi
Do p la s6 nguyén t6 nén ta duge p | ¢ — 1 hodic p | ¢ + ¢+ 1. Dén day ta sé chitng minh p | ¢ — 1

khong xay ra. That vay. néu p | ¢ — 1 thi ta dugc ¢ — 1 = kp,k € N, do d6 ¢ = kp + 1. Khi do6 tir
p? —p+1=¢q ta dugc

P-pt+l=(kp+1)P op?—p+1=5p+3k%% +3kp+1
Nhan thay véi k > 2 thi hién nhien
P2 —p+1<k3p+3k%% +3kp+1

Tu doé suy ra duge k < 1.

1. V6i k=0, khi d6 ta dugc p> —p+1=1<p(p—1) =0, dicu nay vo li do p la s6 nguyen to.

2. Vé6i k = 2, khi do6 ta dudc

P2+ Ap=0cp’—2p+4=0
khong ton tai p théa man.

Vay v6i p | ¢ — 1 thi khong ton tai s nguyen t6 p thdéa man yéu cau bai toan.
Nhu vay ta phai co p | ¢ +q+ 1, khi dé (p,g—1)=1vacé (¢—1) |p(p—1)nén qg—1|p— 1. Dat

2
1 P
p=(q—1)k+1vé6ikeN, khidétfip]q2+q+1tasuyraduqe(q—i_l)qk:_llasénguyéndUGng
q_
hay ta dugc
2
+qk+k 3k —q—2
L:q+2+7q
gk —k+1 gk —k+1

14 s6 nguyén duong. T d6 ta phéi ¢ |3k — ¢ — 2| > gk — k + 1. Ta xét cac truong hgp sau
e Néu 3k —q—2 > qk—k+1, khi d6 ta dugc k(4 —q) > ¢+ 3. Tt d6 néu ¢ > 4 thi ta duge
k(4 —q) < q+ 3, diéu nay mau thuan. Do d6 ta suy ra dugc g < 4, ma ta lai c6 ¢ > 1 nén ¢ = 2
hodc g = 3.
1. Khi ¢ =2 thi tit p> — p+ 1 = ¢ ta dugc p (p — 1) = 7, phuong trinh vo nghiém.
2. Khi ¢ = 3 thi tit p> — p+ 1 = ¢ ta duge p (p — 1) = 26, phuong trinh vo nghiem.
e Néu3k—k—2< —(¢gk—k+1) thi ta suy ra dugc
24q—-3k>2qgk—k+1=k(qg+2)<qg+1
Diéu nay vo li.
e Néudk—q—2=0=q=3k—2,khidotitp= (¢ —1)k+1tadugcp=3k(k—1)+1 = 3k?—3k+1
va dong thoi c6
CHqg+1=06k—2)72+Bk—-2)+1=9k>—9k+3
Tu do suy ra
P+q+1l  9k2P—9k+3
P C3k2—-3k+1
Do d6 tu p(p—1) = (¢—1) (q2—|—q+1) ta dugc p — 1 = 3(¢—1) nén suy ra ra dugc
(k—1)(k—3)=0. Tu do ta dugc k = 1 hoac k = 3.

3

1. V6i k=1 thi p = ¢, khi d6 ta dugc p* —p+1=p* < p(p? —p+1) =1, diéu nay vo Ii.

2. Véi k = 3 thi p = 3¢ — 2, khi d6 ta dugc 9¢°> — 15¢+7=¢> < (¢—1)(¢—7) =0nén g =1
hosic ¢ = 7. Thit tryc tiép ta dugc ¢ = 7 thoéa man yéu cau bai toan. Khi dé ta duge p = 19.

Vay p = 19 1a s6 nguyén t6 duy nhat théa man yéu cau bai toan. O
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Bai toan 8. Chox =a+b—cy=c+a—b;z2 =b+c—a Vvéi a, b, c 14 cac sd nguyén t6. Gia st
rang #2 =y vd /z — /¥ 1a binh phuong ctia mot s6 nguyen t6. Tim gia tri ctia biéu thic

T = (a+2)(b—10)(c+2)

Loi gidi
Bién ddi gia thiét tuong duong
2a=x+y 20 =z + 22
2b=x4+2z =< 2b=x+=z
2ce=y+=z 2c=1x?+ 2

Xét phuong trinh bac 2 1a 22 4+ = 2a < 22 + 2 — 2a = 0. D& thay A = 8a + 1 > 0 nén nén phuong
trinh c6 hai nghiém phan biét. Goi hai nghiém ctia phuong trinh 14 1 vA x5. Nhu vay néu mot trong
hai nghiém 13 s6 nguyén thi nghiém con lai ciing nguyén. Cht y rang a 14 s6 nguyén t6 nén ta nghi
dén st dung dinh li Viete dé xéc dinh céc nghiém. Theo dinh 1i Viete ta cé

r1+x0 = —1
T1.29 = —2a

Do 2 va a la sb nguyen t6 nén tit x1.79 = —2a ta duge z1 € {—2; —a;2;a}. Ta xét cac truong hop sau.

e Néu x1 = —2, khi d6 ta tim dugc a = 1 khong phai 1a sé nguyén to.

e Néu z; = —a, khi d6 ta dugc a® — 3a = 0, do a 1 s6 nguyén t6 nén a = 3. Tt d6 ta tim dugc hai
nghiém ctia phuong trinh la z; = —3 va o = 2.
e Néu x1 = 2, khi d6 ta tim dudc a = 3, tit d6 ta tim dudce hai nghiem 14 z1 = 2 va 29 = —3.

e Néu x = a, khi d6 ta dugc a? —a =0 nén a = 0 va a = 1, loai vi khong phai la s6 nguyén t6.

Vay phuong trinh trén c6 hai nghiém nguyén 13 z = 2 va x = —3, dong thdi ta c6 a = 3. Bay gio ta sé
xac dinh cac s6 nguyén to b, ¢ ing v6i mdi truong hop.

1. Vé6i = 2 khi d6 ta dugc y = 4. Do dé /z — 2 = p? véi p 1a s6 nguyen t6. Do x 1a s6 chin va
2b = + z nén z 1a s6 chin. Khi d6 p 1& s6 chin, dan dén p = 2. Khi d6 ta dudc z = 36, suy ra
¢ = 20, loai do ¢ khong phai 1a s6 nguyén to.

2. Véi x = —3, khi d6 ta dugc y = 9. Do d6 /z — 3 = p? véi p 1a s6 nguyeén t6. Do z 1 s6 18 va
2b = x + z nén z la s6 chin. Khi d6 p 1a s6 chan, dan dén p = 2. Khi d6 ta dudc z = 49, suy ra
c =29 va b= 23 la cic s6 nguyeén to.

Nhu vy ta tinh duge T = (a + 2) (b — 10) (¢ + 2) = (34 2) (23 — 10) (29 + 2) = 2015. O

Bai toan 9. Tim céc cip s6 nguyéen (a;b) sao cho hai s6 a? 4 4b v& b? + 4a déu la s6 chinh
phuong.

Loi gidi
Ta sé chitng minh cac cap s6 sau thdéa man yéu cau bai toan
(aab) = (07k2) ) (k;270)’(_4a_4)7(_57_6)’(_6_5)7(k71 _k)v(l _kak)7k €Z

That vay, do vai tro ctia @ va b nhu nhau nén khong méat tinh téng quét ta co thé gia sit

al > [b|.
e Néu b = 0, khi d6 dé a® + 4b va b? + 4a déu la s6 chinh phuong thi a = k? v6i k 1a s6 nguyen.

e Néu b # 0, khi d6 biéu thic a® + 4b 1 ta lien tudng dén biet thic A céia phuong trinh
2?2 +ar—b=0.
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Do A = a? + 4b 1 s6 chinh phuong nén phuong trinh trén sé c6 hai nghiém nguyén la z1 v& xo. Theo
dinh 1i Viete ta dudc
1 1

EIRRE

1 1

ryr X2

Tit d6 suy ra mot trong hai nghiem nguyén ctia phuong trinh trén, chiang han x1 théa méan |x1| < 2.
Tu do ta duge z1 € {—2; —1;1;2}. Dén day ta xét cac truong hgp sau.

1. Néu z; = 2, khi dé tit phuong trinh 22 + az — b = 0 ta duge b = 2a + 4. Suy ra
b? + da = (2a + 4)? + 4a = 4a® + 20a 4 16 = (2a + 5)* — 9

Ia s6 chinh phuong. Dit (2a 4+ 5)* —9 = 32 véi y € N, tir d6 ta duoe (2a +5 — y) (2a + 5+ y) = 9.
Lic nay tim dugc a = —4 va a = —1.

e Vi a = —4, khi d6 a = —4. T d6 ta dugc (a;b) = (—4; —4) thdéa man yéu cau bai toan.
e V6i a = —1, khi d6 b = 2. Truong hgp nay loai do khong théa man |a| > |b].
2. Néu x; = —2, khi d6 tit phuong trinh 22 + az — b = 0 ta duge b = 4 — 2a. Suy ra
b2 +4a = (4 —2a)? +4a = 4a> — 120+ 16 = (2a — 3)> + 7

Ia s6 chinh phuong. Dit (2a — 3)>+7 = 32 véi y € N, tir d6 ta duoe (y — 2a — 3) (y — 24+ 3) = 7.

Giai phuong trinh trén ta duge (a;b) = (3; —2),(0;4), trong dé nghiém (0;4) bi loai do khong

théa man |a| > |b|. Cha y la (3; —2) c6 dang (k;1 — k).
3. Néu z; = 1, khi d6 tit phuong trinh 22 4+ ax — b = 0 ta dugc b = a + 1. Suy ra

P +4a=(a+1)2+4a=a’>+6a+1=(a+3)?—8

1a s6 chinh phuong. Dat (a +3) —8 = 42 v6i y € N, tir d6 ta duge (a+3 —y) (a+3+7y) = 8.

Giai phuong trinh trén ta duge (a;b) = (—6;—5), (0;1), trong d6 nghiém (0;1) bi loai do khong

théa man |a| > |b|.
4. Néu x1 = —1, khi dé tit phuong trinh 22 + az — b = 0 ta duge b = 1 — a. Suy ra

P4+da=01-a)’+4a=a>+2a+1=(a+1)*
13 s6 chinh phuong va
A?+4b=a>+4(1-a)=a®>—4a+4=(a—2)>
ciing 1a s6 chinh phuong. Do d6 (a;b) = (k;1 — k) v6i k 1a s6 nguyen théa man yéu cau bai toan.
Chu ¥ véi (a;b) thoa man yéu cau bai toan thi (b;a) ciing théa mén yéu cau bai todn. Do vay két hop
cac truong hop lai ta duge céc cip s6 nguyen (a;b) nhu trén thdéa man yéu cau bai toan. O

Bai toan 10. Cho a,b, ¢, d 1a cac s6 thiyc théoa man

a?—1 -1 -1 d*-1

oa 5b 4c 4d

trong d6 p 1a s6 nguyen duong. Chitng minh rang (a — ¢) (b —¢) (a + d) (b + d) 1a mot s6 chinh
phuong.

L&i gidi
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Bién ddi gid thiét tuong duong
a?+5pa—1=b+5pb—1=0;2 +4dpc—1=d?>+4pd —1=0

Xét hai phuong trinh bac hai an x 1a 22 + 5px — 1 = 0 va 22 + 4px — 1 = 0. Khi dé ta thay a, b 1a hai
nghiém ctia phuong trinh 22 4+ 5pz — 1 = 0 va ¢, d 13 hai nghiém ctia phuong trinh 22 + 4pz — 1 = 0.
Theo dinh 1y Viete ta dugc

a+b=-5p c+d=—4p
{ab:—l Va{cd:—l

Ta c6 (a—c)(b—c)(a+d)(b+d) = [ab— (a+b)c+c?*] [ab+ (a+b)d+ d?]. Ap dung céc he thic
Viete trén ta dugc

[ab— (a+b)c+c*] [ab+ (a+b)d+ d*] = (¢* + 5pc — 1) (d* — 9pd — 1)

Cht ¥ réng (¢? + 5pc — 1) (d? —9pd — 1) = (¢* + 4pc — 1 + pc) (d* + 4pd — 1 — 9pd), va dong thoi két
Vi ¢ +4pec — 1 = d? + 4pd — 1 = 0 ta duge

(a—c)(b—c)(a+d)(b+d) = —9pcd = 9p? = (3p)*

Vay (a —c¢) (b—c¢) (a+d) (b+d) 1a mot s6 chinh phuong. O

4 Phuong phap budc nhay Viete - Vieta Jumping.

Day la mot phuong phap manh dé xit 1y 16p phuong trinh Diophantine bac hai tré len. Sau day ta sé
tim hiéu vé phuong phap giai ciia né.

Phuong phap. Ta tién hanh qua 2 budc sau.
1. Buéc 1. C6 dinh mot gia tri nguyén ma dé bai cho, roi gia st ton tai mot cip nghiém
thoa man mot vai diéu kien ma khong lam mat tinh téng quét ctia bai toan.
2. Buéc 2. Dua vao dinh 1y Viete dé tim cac mdi quan hé va sy mau thuén, tit d6 tim duge
két luan ctia bai toan.

Mot trong cac bai toan néi tiéng nhat dé minh hoa cho phuong phap nay va luon xuét hién trong bat
ki c4c tai lieu néi vé van dé nay, ma mdi khi nhic t6i hoc sinh chuyén toan khong thé khong biét do
chinh 1& bai toan trong ki thi IMO 1988. \Y%

Bai toan 1 [IMO 1988]. Cho a,b la cac s6 nguyén duong théa man ab + 1 | a® + b2. Chiing
2 b2
a — la 56 chinh phuon.

minh rang
ab +

Loi gida
Ban luan. Day chinh 13 bai toan khé nhat ki thi nam do6, va chi c6 mudi mot hoc sinh cho 15i giai
hoan chinh ctia bai toin. Trong s6 11 hoc sinh gidi dugce bai toin d6, Viet Nam ching ta c6 mot dai
dién chinh 1a Gido su Ngo Béo Chau. Sau day 1a 16i gidi cho bai toan nay.
2 412
a“+b

Loi giai. Dat k = khi d6 theo phuong phap da dé cap tdi § trén, ta co dinh k, sau do6 xét tat

ab+1’
cé cac cap (a,b) nguyén duong théa méan phuong trinh
o a4 b?
ab+1
a’® + b ,
Hay c6 nghia la ta xét tap S = { (a,b) € N* x N* | k = b1 [ Vi S la tap cac cip s6 nguyén duong
a

nén luon ton tai mot cap (ag, bp) trong S ma ag + by thda méan ag > by dat gia tri nhé nhat.
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Xét phuong trinh
2%+ b3
xbg + 1

koo —krb+b:-k=0
la mot phuong trinh bac hai an z. Ta da biét ring phuong trinh trén c6 mot nghiém 1a ag. Nhu vay
theo dinh 1y Viete thi ton tai nghiém a; théa méan phuong trinh bac hai véi an = trén va

b2 — k

ao

alzkbo—a[):

Tit day ta c6 ai ciing 1a sd nguyén. Ta chiing minh a; khong am. That vay, néu a; < 0 thi
a? —kboay + b3 —k>a? +k+b3—k>0

diéu ndy mau thuan. Do d6 ta c6 a; > 0. Dén day ta xét a; > 0 thi (a1, bp) 1a mot cap thuoe S.
Theo dinh nghia cta (ag, by) ta cod

ag+by <ay+by=ag<ar
Mait khac ciing theo dinh 1i Viete thi
2 32 2
ap < apay = by —k < by = ap < by

diéu nay trai véi gia thiét ban dau. Do d6 a1 = 0, vi vay suy ra k = b3 14 mot s6 chinh phuong, ta c6
diéu can chitng minh. O

Nhan xét. Trong bai todn nay, ta da st dung t6i nguyen Ii cyic han: Trong tap hop cac s6 nguyén
duwong thi ludn ton tai s6 nguyén duong nhé nhat. Ménh dé trén khong nhitng hitu dung trong
céc 16p bai toan nay ma con trong nhiéu bai toan té hop, td hop s6 hoc va s6 hoc. Bai toan cac
ban sé tim hiéu sau day ciing 13 mot két qua rat noi tiéng.

Bai toan 2 [Phuong trinh Markov]. Giai phuong trinh nghiém nguyén

z? + y2 + 22 = 3xyz.

Lot giadi

Ban luan. Day 1a mot phuong trinh cuc ki néi tiéng, xuat hien trong luan an tién si tai truong Dai hoc
Saint Petersburg véi chti dé “Dang toan phuong xac dinh duong” clia nha toan hoc Andrei Andreevich
Markov (1856 - 1922) - nha toan hoc noi tiéng ngusi Nga. Luan an tién si ctia Markov da gidi quyét
duge mot s6 van dé khoé trong “Ly thuyét s6” va md ra mot hudng nghién cttu trong toan hoc, dé 1a “Ly
thuyét xap xi Diophant”. Phuong trinh Markov - mot phuong trinh Diophant bac hai dac biét déng vai
tro chit dao trong cac nghién citu ctia Markov vé cac dang toan phuong.

Lai giai. Ta thay ring phuong trinh Markov ¢6 mot nghiem (1,1,1). Dat

S={(z,y,2);2,y,2 € Z" | 2® + y* + 2% = 3ayz}

14 tap hogp tat ca cadc nghiém nguyén duong ctia phuong trinh Markov thi S # @. Do vai tro clia x,y, 2
trong phuong trinh 1 nhu nhau, khong mat tinh téng quat ta cé thé gia st ring z < y < 2. V6i mdi
cap (z,y,2) € S;(2',y,2') € S ta dinh nghia (z,y,2) > (2/,y,2') néu x +y + 2 > 2’ +y + 2. Markov
da ding ¥ tudéng “thong minh”sau dé chitng minh c¢6 vo han bo ba s6 nguyén duong (x, v, 2) théa man
phuong trinh trén. V6i moi nghiém (x,, yn, 2,) € S ta xay dung bd nghiém mdéi nhu sau: Ta coi x,, 1a
an va cac bién con lai 1a cac tham s6 thi ré rang phuong trinh bac hai

2% — 3ynznr + Y2 + 22 =0
c6 mot nghiém 14 z,,, nén né c6 nghiém thi hai 14 2. Theo dinh 1y Viete, ta c6

Tp 4 2 = Bynzn VA o2’ =y2 + 22 (1)

10
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Tu day ta duge 2’ 1a mot s6 nguyén duong, két hop véi gia thiét z, < y, < z, va (1) ta duge

2 2 2
+ z 2z

x/ yTL n 2 n
Tn, T

= 2T, > Tp.

Dat (n41, Ynt1s 2nt1) = (@, Yn, 2n) thl (i1, Ynt1, 2ne1) 12 mOt nghiem ctia phuong trinh Markov.
Cach xay dung nay cho ta mot diy vo han cac nghiém ctia phuong trinh Markov vi cac nghiém tiép
theo 16n hon cac nghiém truée theo dinh nghia thit tu & trén. Do d6 phuong trinh Markov c¢6 vo s6
nghiém. Ta thay § tudng ctia Markov trong chitng minh trén 1a coi mot bién 1a nghiém ctia tam thitc
bac hai khi ¢6 dinh cac nghiém con lai dé tit d6 xay dung nghiém méi tit mot nghiem da biét bing céc
dinh 1i Viete. Cu thé ta xét phuong trinh Diophant 1& phuong trinh bac hai déi véi mot bién nao do,

chang han z? + G(xa,z2,...,2,) # 0 1a phuong trinh bac 2 an x1. Néu phuong trinh nay c¢6 nghigm
(x1,22,...,2,) = (a1,a2,...,a,) thi 16 rang a; 14 nghiém phuong trinh X2 + G(ag,as,...,a,) = 0.
Phuong trinh trén phéi con mot nghiém nita 1a a}. Két hop véi dinh 1y Viete va dit kién ctia dau bai ta
sé xay dung bo (a},as,...,a,) 1a nghiém cta phuong trinh trén. O

Nhan xét. Thong qua 2 bai toan dau tién, ta da phan nao hiéu dudc ¥ tudng ctia phuong phap
nay, bai toan thi 3 sau day 1a bai toan tong quét ciia bai todn nay, né sé tra 15i cho ta cau
hoi “Néu tong cac binh phuong S ba sé nguyen duong chia hét cho tich P ctia ching thi khi dé

;S
thuong so Iz bang bao nhiéu?”.

Bai toan 3. Tim tit ci cac s6 nguyen duong k dé phuong trinh 22 + y? + 22 = kzyz c6 nghiem
nguyén duong.

Loi giai
Loi giai 1. Tru6e tien ta thay rang v6i k = 1 phuong trinh da cho c¢6 nghiem (3;3;3) va v6i k = 3
thi phuong trinh ¢6 nghiém (1;1;1). Nhu vay v6i k£ = 1 hodic k = 3 thi phuong trinh luon ¢6 nghiém
nguyén ducng. Bay gis ta can kiém tra xem véi k # 1 va k # 3 thi phuong trinh c6 nghiém nguyén
duong khong. Gia st véi k # 1 va k # 3 phuong trinh da cho ¢6 nghiém nguyén duong 1a (zo; yo; 20)-
Khong mat tinh tong quét ta gia st zo < yo < 20 VA o + Yo + 20 c6 gia tri bé nhat. Ta xét cac truong
hgp.

1. Néu yg < 2, ta xét phuong trinh bac hai 22 — kzoyoz + l’% + yg = 0. Khi d6 phuong trinh c¢6 mot
nghiém 1a zy. Theo dinh li Viete thi phuong trinh ¢6 mdt nghiém nita 1a z;. Nhu vay thi

)

{ zo + 21 = kxoyo
2021 = .’E(Q) + y(g)

tr d6 suy ra
2,2
o+ Yo
20

21 = kxoyo — 20 =

Ta thay z; nhan gia tri nguyén duong nén (z¢;yo; 21) 1a mot nghiém nguyen duong clia phuong
trinh ban dau. T diéu gia st ta c6

To+ Yo+ 20 < xo+ Yo+ 21
nén zg < z1. Do do6 ta dugce
xf +yg — kwoyo = 2021 — 21— 20 = (21— 1) (20— 1) =1 > y5 — 1

Suy ra 1 > zg (kyo — z0) = xo (kxo — x0) = xo. Do zo 1a s6 nguyén duong nén ta duge zg = 1.
Tt day ta dua phuong trinh ban dau vé thanh y? + 22 + 1 = kyz. Dén day ta can chi ra ring
phuong trinh y? + 22 + 1 = kyz c6 nghiem nguyen duong khi va chi khi & = 3, tuy nhién diéu nay
don gidn néu ta st dung phuong phap buéc nhay Viete. Do d6 diéu nay mau thudn véi k # 3.

11



Huéng t61 VMO 2020 Tap chi va tu liéu toan hoc

2. Néu yo = 2o thi ta c6
2y3 — k:;rgyg + :U% =0= x% = y% (kxg —2) > x% (kxo — 2)

Tit d6 dan dén 3 > kxg, ma ta lai c6 kxg > 2 nén kxg = 3, suy ra k = 1 hodc k = 3, diéu nay
trai v6i k # 1 va k # 3.

Vay v6i k # 1 va k # 3 thi phuong trinh da cho khong ¢6 nghiém nguyén duong. Nhu vay véi k =1
hodc k = 3 thi phuong trinh da cho c6 nghiém nguyén duong. (I
Loi giai 2. V6i z,y, 2 € ZT, ta viét phuong trinh da cho dudi dang

a? — kryz +y* + 22 = 0. (1)

Gid st k 1a s6 nguyen duong sao cho phuong trinh (1) ¢6 nghiém nguyén duong. C6 dinh k& va xét tap
hop
S = {(z,y,2);2,y,2 € ZT | 2* — kayz + y* + 22 = 0}.

Theo diéu gia st § trén thi S # &, khi d6 theo nguyen 1y sap thuy ty t6t ton tai (zo, yo,20) € S sao
cho xg + yo + 2o 12 nhé nhat. Ta thay rang, néu (zo, yo, 20) € S thi cac hoan vi clia n6 ciing thuoe S,
khong méat tinh tong quét ta c6 thé gia st g > yg > 2. Phuong trinh

f(x) = a® = whyozo + g + 20 = 0
hién nhién ¢6 mot nghiem xy. Goi nghiém con lai 1a 1, theo dinh 1y Viete, ta ¢

) 2 9
xo + o1 = kyozo0; Tor1 = Yy + 2-

Tu day, ta duge z; khong am, do d6 (z1, yo, 20) € S, theo cach xac dinh ctia bo (g, Yo, 20) thi ta thu
dugc x1 + yo + 20 = xo + Yo + 20 hay x1 > xg. Do do ta co

1= To = Yo = 20- (2)
Theo dinh ly vé dau ctia tam thitc bac hai va tir (2) ta dugc
0 < f(yo) < g — kyoz0 + 2u5 = y5(3 — kz0).

Suy ra k20 <3 =k <kzo<3makeZ" nenke{l?23}

1. Néu k = 1, phuong trinh (1) ¢6 nghiém nguyén duong z =y = 2 = 3.

2. Néu k = 2, thi tit kzp < 3 ta dugde 2o = 1 khi d6 ta c6 (2o — yo)2 + 1 = 0, mau thun.

3. Néu k = 3, phuong trinh (1) ¢6 nghiém nguyén duong z =y = z = 1.
Vay véi k € {1,3} thi phuong trinh ¢6 nghiém nguyén duong. O

Nhan xét. Trong 16 giai 1 ta c6 dé cap t6i mot két qua do6 1a Phuong trinh y? + 22 +1 = kyz ¢6
nghiém nguyén duong khi va chi khi k = 3, day 1a bai toan trong dé thi HSG toan 9 Tinh Thanh
Hoa 2015 — 2016. Sau day ta sé cung xét t6i bai toan nay.

Bai toan 4. Tim céc s6 nguyen duong m dé phuong trinh 22 — may + 2 + 1 = 0 ¢6 nghiem
nguyén duong.
Loi giai
V6i cac nghiém nguyén duong (z;y) théa man phuong trinh, gid st (zo;y0) 1& mot nghiém thdéa man

xo + yo nhoé nhat. Do vai tro clia x va y trong phuong trinh 1a nhu nhau nén khong mat tinh téng quat

12
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ta c6 thé gia st zo < yo.
Xét phuong trinh bac hai ¢6 an y 1a
yQ—mxoeraz%Jrl:O

La ¢6 yo la mot nghiém cia phuong trinh trén. Ta goi nghiém con lai 1a y;. Khi d6 theo dinh 1i Viete
ta co
{ Yo + Y1 = mxo
Yoy = x5+ 1
Dé dang nhan thay y; c6 gia tri nguyén va tit cach chon (z¢;yo) ta suy ra dudce yo < y1. Dén day ta
xét cac truong hgp sau.

. . 1 .
1. Neéu zg = yo thi tit phuong trinh ban dau ta dugc m = 2 + —. Nén dé m va zg c6 gia tri nguyén
Zo

thi zg =1 va m = 3.
V6i m = 3 ta thay (z; y) = (1; 1) 1a mot nghiém nguyén duong clia phuong trinh da cho.

2. Néu yo = y1 thi tit yo.y1 = 22 + 1 hay

(Yo — 7o) (Yo + z0) = 1

Yo —xo =1 N Yo =1
Yo +xo =1 29 =10

Truong hgp nay loai vi (zp; yp) nguyén duong.

T do ta suy ra duge

3. Néu z¢ < yo < y1 khi d6 ta duge
Yo = xo+ Liy1 =2 xo + 2
Két hop véi yo.y1 = 3 + 1 ta duge 23 +1 > 23 + 320+ 2 = 320+ 1 < 0, didu nay vo Iy vi z¢ > 0.

Nhu vay dé phuong trinh da cho c6 nghiém nguyén duong thi m = 3 va khi d6 phuong trinh c6 nghiém
nguyén duong l1a (z; y) = (1; 1). O

Bai toan 5. Tim tat ci cac sé nguyén duong k sao cho phuong trinh 22 + y%> + z + y = kzy 6
nghiém nguyén duong.

Loi gida
Goi (g, yo) 1a bo nghiem nguyen duong clia phuong trinh théa méan zg + yo nhé nhat. Khong mat
tinh téng quat, ta gia st xg > yo > 1. Xét phuong trinh bac hai an «

2 +yd +x+yo=kayo & 2® + (1 —kyo) +yg +yo =0

Phuong trinh bac hai nay hién nhién c6 mot nghiém zg, goi nghiém con lai 1a x;. Theo dinh 1i Viete ta
co
{wo +x1=kyo—1 (1)
zor1 =y3 +y  (2)
T (1) ta c6 x1 nguyen, tit (2) ta ¢6 x1 duong. Nhu vay (z1,yp) cing 1a mot nghiém théa man phuong
trinh, mat khac, do tinh nhé nhat ciia tong o + yo ma ta c6 x1 > x. Do dé tit (1), ta c6
2 1
kyo — 1> 210 = —0 4 — <k
Yo Yo
Ta c6
T 1 1 T 1 1 1 k 1
R <°+>+y°++<+1+1+
Yo 2% ro xo 2y 2 2
=k<b=ke{l;2;3;4;5}
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1. V6i k =1, ta c6 22 + y? + 2 + y = zy, phuong trinh nay vo nghiém nguyén duong vi

z? +y +rx+yz2xy+r+y >y

2. V6i k = 2, tuong tu nhu trén, ta cing lap luan dugc phuong trinh nay vo nghiém nguyén duong.
3. Véi k = 3, phuong trinh c¢6 nghiém nguyén duong (2;2).
4. V6i k = 4 thi phuong trinh c6 nghiém (1;1).
5. V6i k = 5, dau bing phai dong thai xay ra & cac diém
Dé thay khong ton tai cac s6 nguyén duong x,y thdéa man tat ci cic dieu trén. Trudng hop nay
bi loai.
Vay céc gia tri cta k thoa man 1a k € {3;4}. O

Bai toan 6 [IMO 2007]. Cho trudc a,b la hai s6 nguyen duong. Chiing minh réang néu 4ab — 1
1 wéc s6 ctia (4a® — 1) thia = b.

Loi gidi
Theo gia thiét thi 4ab — 1| (4a® — 1)? nén ta c6 4ab — 1 1a uéc clia
b?(4a® — 1)% — (4ab — 1)(4a®b — 2ab + a?) = (a — b)2.

(a—b)

Dén da atk=-—"—
en day ta dat k iab— 1

thi k € Z*. C6 dinh k va xét tap hop

S={(a,b);a,b € Z ;a #b| a® —2ab(2k + 1) + b*> + k = 0}

Gia st S # @, khi d6 theo nguyeén 1y sap thi ty t6t ton tai cip s6 (ag,by) € S sao cho ag # by va
ao + bp nhd nhat. Chu ¥ rang, néu (ag, bo) € S thi (bg,ag) € S, do vay khong mat tinh téng quat ta c6
thé gid sit ag > bg. Phuong trinh T2 — 2Tbo(2k + 1) + b(z) + k = 0 c6 mot nghiém hién nhién 1 ag. Goi
nghiém con lai 1a a1, theo dinh ly Viete ta c6

ag+ a1 = 2b0(2k + 1) (1)
aga] = b% + k.
Suy ra a; la s6 nguyen khong am, do d6 (a1, bg) € S, theo cach xac dinh (ag, bo) thi
a1+ by = ag+ by < a1 = ag.
Két hop véi (1) ta duge
B+k  bR+k
ag = 0t < 0t sk>ad b
ai ag
Nhu vay ta suy ra
M =k = a% - b(% = (CLQ — bo)(ao +b0).
4a0b0 —1
Mat khac lai do ag > bg nén ag — bg = 1, vi vay
ag — by > (ao + bo)(4apbg — 1) > ag + bo,
diéu nay 1a mau thuan, do dé diéu gia sit 1a sai hay S # @. O
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a® + b?
ab—1

Bai toan 7. Chitng minh rang néu a, b 14 cic sd6 nguyén duong sao cho k = 14 s6 nguyen

thi £ = 5.

Loi giai
L&i giai 1. Dang thiic dé bai tuong duong vé6i a? — kab + b? + k = 0. Khong mat tinh téng quét gia sit
a >b. Do a,b la cac s6 nguyén duong va ab # 1 nén ta xét a = 2;b = 1 thi dugc k = 5.
Nhu vay ta can ching minh 14 v6i a + b > 3 thi k = 5, gia sit cip s6 duong (ag; bp) ¢ tong nho nhat
thoa man bai toan. Khi dé ta dugce

ag — kaobo + b5 +k =0

Xét phuong trinh bac 2 an z 1a

a’ —kab+ b+ k=0
Ta thay rang ag 13 mot nghiém ctia phuong trinh. Nhu vay theo dinh 1i Viete thi phuong trinh trén con
c6 nghiém 1a aq, khi d6 ta c6 a = kbg — ap hay ta c6 cip s6 (kbg — ap; bg) thoa méan yeu cau bai toan.

R k 2 1 p?
Theo dieu gia sit ta c6 ag < kby — ag hay a0 <=.Tuk= @t ta suy ra
bo 2 ab—1
b k
% % — k.

bo  ao agby

k k k
DO%<§Vaa0b0>3nénk<§+1+§haykéfi.Métkhéctalaicé
0
@_*_@22
bo ap

nén k > 3. Nhu vay ta duge 3 < k < 6.

1. V6i a = 3;b=1 ta tim dugc k = 5.

2. V6i a =b=2hay a =4;b=1 thi khong tim dugc gia tri cta k.

3. Véi ab > 5, lai dimng danh gia tuong tu nhu trén ta c6 k < 3. Xét k = 3 thi a® + 3ab + b> = 3, ta

thay khong c6 cap s6 duong (a;b) thoa man.

Do dé6 suy ra ab > 6. Thit véi a = 6;b = 1 hodc a = 3;b = 2 déu khong thdéa nén ta lai duge ab > 7.
Lai dung danh gid nhu trén ta dugc suy ra k < %, diéu nay mau thuan véi k nguyén va 16n hon 2.
Vay chi c6 k = 5 théa man bai toan. O

2rp? 8
Loi giai 2. Dat k£ = a4 b+ 1 thi k£ 1& s6 nguyen duong. Theo bat dang thiic AM — GM thi
a J—

2 2
k_a +b> 2ab 91 2

_ab—l/ab—lz ab—1>2

hay k > 3. Néu a = b thi ta duge k =2 + < 3, mau thuan.

a2 -1
Ta sé chitng minh k& = 5. That vay, ¢6 dinh k va xét tap hop

a® + b?
ab—1

S = {(a,b);a,b€Z+|k5:

Theo gia thiét S # @, khi d6 theo nguyén 1y sap thit tu tot ton tai cap s6 (ag,by) € S sao cho ag # by
VA ag + by nhé nhat. Ta thay rang néu (ag,bg) € S thi (bg,ap) € S, khong mat tinh téng quat ta c6 thé
gid st ag > bg. Nhan thay rang phuong trinh

T2 + b}
Thy — 1

—keT?—kTbhy+b2+k=0
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c6 mot nghiém hién nhién 1a ag. Goi nghiém con lai 1a a1, theo dinh 1y Viete ta c6
ap + a1 = kbg; aga = b% + k.

Tu day, ta dugc a; € Z*, do d6 (ay,bp) € S, theo cach xac dinh (ag,bg) thi a; + by = ag + by hay
a1 = ag. Viag > by nén ag = by + 1, tr dé ta thu duge:

b(2)+k:fk‘b0:a0a17agfa1:(aofl)(a171)712b371.

Do d6 k(bp — 1) < 1. Néu by # 1 theo chiing minh trén thi k(bg — 1) > 3 > 1, vi vay ta phai c6 by = 1.
Khi d6 ag + a1 = k va aga; = k + 1, suy ra

a0a1faofal71:O<:>(a071)(a171):2
ma aj = ag nén ag = 2,a1 = 3, tur day ta dudgc
k=ag+a =5.

Nhu vay, ta c6 diéu phai chiing minh. O

Bai toan 8. Tim tat cd céc gid tri k sao cho phuong trinh (z +y + 2)2 = kxzyz c¢6 nghiém
nguyén duong.

Ldi gidi

Ta goi k 1a gia tri can tim va (z0;yo; z0) nghién nguyén duong clia phuong trinh (z + y + 2)2 = kayz
¢6 o + Yo + 2o nho nhat. Khi d6 khong mat tinh tdng quét, ta co thé gia st ring xo > yo > 2o. Phuong
trinh da cho dudc viét dusi dang

2 — (kyz—2y —22)z+ (y+2)>=0

Theo dinh li Viete ta c6
(yo + 20)°
T

21 = kyozo — 2yo — 220 — 20 =

ciing 14 nghi¢m ctia phuong trinh trén, suy ra (z1;yo; 20) 12 nghiém ctia phuong trinh dau. Ngoai ra ta
ciing suy ra dugc x; nguyén duong, hay néi cach khac (z1;yo; 20) 14 nghiém nguyén duong ctia phuong
trinh dau. T tinh nhé nhat cta zg + yo + 20 ta c6 dude z1 > xg, suy ra

(yo + 20)*
0

kyozo — 2yo — 220 — 29 = xo VA > xo

Tt bat ding thitc thi 2 ta c6 yg + 20 = xo, ap dung bat ding thitc thit nhéat ta dude kyozo = 4xg. Chia
2 vé cla
xg + Yo + 25 + 2xoy0 + 2y0%0 + 22070 = kxoyozo
cho zgyozo ta thu duge
) Yo 20 2 2 2

+ 4+ —4+—4+—=k
Yozo  Tozo  ToYo 20 o Yo

Nhu vay ta dugc §+1+1+2+2+22khayk‘< %, suy ra k < 10. Chu ¥ ring néu zo = 1 thi
Yo =20 = Ll suy ra k = 9. Néu k # 9 thi 2o > 2 va danh gia & trén trd thanh §+1+%+2+1+22k,
nhu thé thi ta suy ra duge k < 23—6 nén k < 8. Gia tri k = 10 bi loai. Ta xét cac truong hop sau.

1. V6i k = 1 phuong trinh c¢6 nghiém, ching han (9;9;9).

2. V6i k = 2 phuong trinh c6 nghiém, chang han (4;4;8).
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V6i k = 3 phuong trinh c6 nghiém, ching han (3;3;3).
V6i k = 4 phuong trinh c6 nghiém, chang han (2;2;4).

(

(2

V6i k = 5 phuong trinh c6 nghiém, chang han (1;4;5).

Véi k = 6 phuong trinh c6 nghiém, chang han (1;2;3).
(

)
)
)
)
)
)

V6i k = 8 phuong trinh c6 nghiém, chidng han (1;1;2).

© N Gt W

V6i k = 9 phuong trinh c6 nghiém, chang han (1;1;1).

Bay gio ta can chiing chitng minh dudc rang trudng hop k = 7 phuong trinh khong ¢6 nghiém nguyéen
duong. That vay, gid st véi k = 7 thi phuong trinh da cho ¢6 nghiém nguyén duong (zo; yo; 20) ¢ cac
tinh chat nhu trén. Khi dé ta co

(zo + Yo + 20)* 0 Yo 20 2 2 2

7= = + + =+ —+ =
ZoYozo Yozo 2020 ZoYo Zo Yo 20
1 +z 2 2 2 10
c—4—4PTHL 22T
Yo 20 Yoz0 Zo Yo 20 20

10
Do d6 ta c6 zp < - nén zo = 1, khi do6 ta cé

3 3 4 1 1 2
T<—4—F-=l<—+—<— =y <2
o Yo 1 o Yo Yo

Tw do6 tai duge yg = 1. Nhu vay ta cod

2
2 4 4

7 @otyotzo) (w+2) 4 Lo 2\/70+4:8
ToY020 Zo Zo 0

Nhu vay khi & = 7 thi phuong trinh khong ¢6 nghiém nguyén duong.
Vay cac gia tri k can tim 1a k € {1;2;3;4;5;6;8;9}. O

Bai toan tuong tu.
1. Cho céc s6 nguyen duong z, v, z thoa man diéu kien (z + y 4 2)? chia hét cho zyz. Tinh
(z +y+2)°
Y2 ’
2. Ching minh rang phuong trinh (z + y + z)2 = Txyz khong c6 nghiém nguyén duong.

cac gia tri cia A =

Bai toan 9. Ching minh ring phuong trinh (x +y + 2)2 = Txyz khong c6 nghiém nguyén
duong.
Lot giai

Goi (2';y; ') 1a mot nghiém théa man phuong trinh véi 2’ 1a s6 nhé nhat. Khong mét tinh tong quét,
ta gid st 2’ <y < 2/, khi d6 ta co

Z/ ’ ($/+y/+2,)2 = Z‘ (:L‘/+y/)2—|—22'($/+y/)+zl2 :>Z/ | ($/+y,)2
Ta xét phuong trinh bac hai an z 1a 2% — (72'y’ — 22’ — 2y/)z + (2 +3')? = 0, hién nhién phuong trinh

/ N2
W;y)ez_

nay c6 mot nghiém 2/, nén theo dinh 1i Viete thi nghiém con lai ctia n6 1a

Nhu vay (m’; Y (:Et/y)) cling 1a mot bo s6 théa man phuong trinh. Néu gid st

2+ )2
l‘/+y/<2,:>( ,y) <Z/
z
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thi vo 1i vi (2/;9/; 2’) cling 1a mot bo s6 thdéa man phuong trinh va vi tinh nhé nhat ciia 2’. Do d6 phai
c6 2/ < 2/ +9/. Khai trién phuong trinh ban dau va chia hai vé cia n6 cho z'y/%’ ta dugc

@,y P2 2 2 11 dty 2 2 2
~ y’z’ oyt x/y/ ! y/ o ~ o ! x/y/ ! / o
_ 4 i—l—éégé;ﬂégéaz’:l
x oy 2 T 7

Khi d6 ta dugc v/ <2/ <y +1= 2 =yVvz =9y + 1. Xét cac truong hop
1. Néu 2’ = %/ thi ta c6 phuong trinh

247
3

(1422 =7"e3"7-4/-1=0s7=

truong hgp nay loai.

2. Néu 2/ = ¢/ + 1 thi ta c6 phuong trinh

4
2+2)2 =T/ +1) 3% -2 -4=0sz2¢ {1;3}

Nhu vay khong ton tai nghiém nguyén duong ctia phuong trinh da cho. (I

Bai toan 10 [VMO 2012]. Xét cic s ty nhién 1é a,b thda man a | b +2 va b | a® + 2. Ching
minh rang a, b 1a cac s6 hang ctia ddy s6 tu nhién (v,) duge x4c dinh bdi cong thiic

V1 =V = 1
VU = 4Vp_1 — Up_2, VN > 2

Loi gidi
Dau tién ta sé di chiing minh réing b | a®> +2 Aa | b? +2 < ab | a® + b? + 2. That vay, ta c6
bla®+2 Na|bP+2=ab| (a®+2) (b*+2) = ab|2(a®+b*+2)
Do a,b 1é nén ab | a® 4 b? 4 2. Ngugc lai néu c6 ab | a® + b + 2 thi dé dang suy ra ngay dugc b | a? + 2
va a | b2 + 2. Tir d6 gia thiét dé bai twong duong vé6i viec ton tai sé nguyen duong k sao cho
a® +b* + 2 = kab.

Stt dung phuong phap bude nhay Viete ta sé di chitng minh k = 4. C6 dinh k va xét tap

240242
s={ave @) k=" e

Trong S ta chon ra cip (A4, B) sao cho tdong A + B 1a nhé nhat. Khong méat tinh tong quét, ta gia

st A > B. Xét phuong trinh bac hai an t, t? — ktB + B? + 2 = 0. D& thay phuong trinh nay c6 mot
nghiém 1a A, goi nghiém con lai 1a ty3. Theo dinh It Viéte ta co

to+ A=kB
toA:BZ—FQ

T day suy ra dugce to nguyén duong. Chi ¥ vi A + B 1a nhd nhat nén ta duge to > A.
Ak

Suy ra tg + A = kB > 2A hay B < 5

Néu c6 mot trong hai s6 a,b bing 1, gid st b = 1 thi ka = a® + 3, dé suy ra k = 4.

Néu cd haisé a,b>2. Taco A > B > 2. Thi

A B

k
k=547 +

2 <-+1+ 2 k<3
AB T 2 2.2 =

18



Chinh phuc olympic toan Ung dung dinh 1i Viete trong cac bai toan sé hoc

Theo bat dang thitic AM — GM ta co
kab=a*>4+b*+2>2(ab+1) = k>3

lac nay ta duge k = 3. Khi d6 A% + B? +2 = 3AB. Tu ding thitc nay dé dang suy ra phai c6 mot
trong hai s6 chia hét cho 3, gid st 3| A thi A > 3. Néu B =1 ta gip mau thuan, do d6 B > 2. Trc

AB > 6. Tuy nhién
s A, B 2 3 0
B A AB "2 6

Diéu nay vo li. Vay k = 4 1a gia tri duy nhat can tim. Ta chiing minh xong viéc céc s6 a, b thda gia
thiét thi ciing phai théa man phuong trinh

a’ 4+ b? 4+ 2 = 4ab (1)

Bai toan sé hoan tat néu ta chi rang néu cip (a,b) bat ky théa man (1) thi sé luon ton tai s6 tu nhien
n sao cho a = T, b = xp41. Gid st (ug,u1) 1a mot cap sd nguyen duong bat ky thoéa (1). Ta hoan
toan c¢6 quyen gia st ug > uq. Néu ug = 1 thi u; = 1, tidc ton tai n = 1 dé ug = vi, u1 = vo. Tuong tu
khi xét u; = 1. Do d6 ta chi can xét ug,u; > 1. Khi d6 ta chon cap (u1,u2) = (u1,4u; — up), dé thay
u1,u2 nguyén duong va (up,us) cing théa man (1). Lic nay ta chi § du; — ug < up vi

2
2 2— —

ury+2 o = (uo — u1)(uo + u1) <o.

uo uo

dup —ug =

Suy ra uj + ug = up + (du; — ug) < uy + ug. Tuong tu ta cing chon duge cap (ug,uz) = (ug, dug — u)
ciing théa us, ug nguyén duong, ciing thoéa (1) va us + ug < ug + us < ug + ug. Ctt tiép tuc qua trinh
nay, ta dugc

v < U U < o <up FHug < Uty

Thé nhung u1 + up > 2 nén phai ton tai k sao cho uy + upy1 = 2, suy ra u, = upy1 = 1. Tic 1a ta c6
Uk = V2, Ug+1 = V1. Ta co thé thay dudc cach xac dinh u, 1a nhu sau

Upt2 = Upt1 — up hay up = dupy1 — upyo.

Tu do ta co
Ug—1 = dup — Up41 = 4va — V1 = U3
Up—2 = dup_1 —up = 4vz — v = vy
up = 4ug —uz = 4vp — Vp_1 = V41
Nhu vay ton tai n =k + 1 dé véi cap (uo,u1) bat ky thoéa (1) thi ta c6 (ur, up) = (Vei1, Vkt2)- O

Bai toan tuong tu [Canada MO 1998]. Cho m 1a mot s6 nguyén duong. Day s6 (uy,) véi
n > 0 duge x4c dinh nhu sau
{ ug =0,u1 =m

—
Un+1 = M Up — Up—1

v6i moi n > 1. Chiing minh réng, cac cip s6 (a,b) v6i a,b € Z,a > b, 1a nghiém clia phuong
2, 12
a”+b

trinh
BTN

= m? khi va chi khi (a,b) = (un, up11) v6i moi s6 tu nhien n.

Bai toan 11 [Vietnam TST 1992]. Tim tat ca cac nghiem nguyen duong (z,y) ctia phuong
trinh
z? —5zy +9y°>+5=0. (1)

L&i gidi
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Loi gidi va binh luan bai toan nay ching t6i xin dugc trich tit chuyén dé buéc nhay Viete ctia thay Ha
Tuin Diing - Khoa Toan - PH Suw Pham Ha Nai 2.

Dau tien, ching ta ching minh bd deé.

B6 dé. Xét hai day s6 (u,) va (vy,) duge xac dinh nhu sau

ug = 1,u1 = 2, Upt2 = DUpt1 — Un, VR =0,1,...;
vo = 1,v1 = 3, Upya = HUnt1 — Un, VR =0,1,...

Khi d6, véi moi n € N cac cap s6 (U, Upt1) va (vn, vpe1) 12 nghieém nguyen duong cia (1).

Chitng minh. Ta sé chitng minh ménh dé sau bang phuong phap quy nap toan hoc.

Véin =0, ta c6 ui + u2 — Supu; = —5. Do d6 (up, 1) 14 nghiém ctia phuong trinh (1). Nhu vay, ménh
dé dung véi n = 0.

Gia st ménh dé ding véi n = k > 0, tiic 1a

uz + Uerl — dupug4+1 +5=0.
Khi doé
2 2 _ 2 _ 2 2
Upy 1 + Upyo — DULL1UR42 = Upg2(Upyo — DUp41) + Uy = Upy g + U — DURUL41.
Tt gid thiét quy nap, ta dugc
L tuii,—5 +5=0
U1 T Uy — OUk41Uk4-2 =0

Do d6 (ugy1,ups2) cing la nghiém ctia phuong trinh (1). Theo nguyén 1§ quy nap toan hoc thi ménh
dé dang v6i moi n € N. Chitng minh tuong ty, ta cling thu duge v6i moi n € N thi (vy,, v, 41) 12 nghiem
ctia phuong trinh (1). T cong thitc xac dinh s6 hang tong quat ciia hai day s6 (u,) va (v,) ta dugc
cac s6 hang ctia hai day déu 1a céc s6 nguyén duong. Do d6, cac cap s6 (un, Un+1) VA (Un, Upt1) 12
nghiém nguyén duong ciia phuong trinh (1). Nhu vay bé dé duge chiing minh. v
Quay lai bai toan. Xét tap hgp

S ={(a,b);a,b € Z" | a* — 5ab+ b* +5 = 0}.

Véi (a,b) € S néu a = b thi ta c6

5
3&2—5:0:>a2:§,

diéu nay mau thudn. Do dé a # b. Ta thiy ring (a,b) € S thi (b,a) € S, khong gidm tinh tdng quat ta
c6 thé gid st ring véi moi (a,b) € S thi a < b. V6i (a,b) 1a mot phan ti bat ki thuoc S. Xét day s6
(an) duge xac dinh nhu sau

ag =b,a1 = a,ant2 = Sapy1 — an, Vn € N.

Ta c6 b(5a — b) = a® +5 > 0 = 5a > b. Tt cong thiic xac dinh s6 hang tong quét ciia day s6 (a,) ta
duge ap, € ZT v6i moi n € N. Ta ¢6 (ag,a1) = (a,b) € S, gia st (ag,axr1) € S v6i moi k > 1, khi d6
2 2 _ 2 _ 2 2
Ujy1 + Qhyn — DAg410k12 = Apyo(Apyo — Sagr1) + ajpyq = g g + ag — 5akag41.

T day ta dugce (ags1,axsr2) € S, theo nguyén 1y quy nap toan hoc thi (a,,a,y1) € S,Vn € N. Néu
a =1 thi tit (1) ta duge b> —5b+6 =0 < b € {2,3}..

1. Néu b= 2 ta c6 (a,b) = (ug,u).

2. Néu b = 3 thi (a,b) = (vg,v1).
Ta xét trudng hop a > 1, khi d6 (4a —b)(a —b) = 3a®> —5 > 0, ma a < b nén 4a < b, ma ag > a; nén tit
day ta dugc a,, > an1 v6i moi n € N. Nhu vay véi a > 1 thi day (a,) 1a mot day gidm ngit, nén phai
ton tai mot chi s6 k sao cho ag > aj > -+ > agy1 = 1. Do (ag,ags1) 1a mot nghiém ctia phuong trinh
(1) nén ta c6 ar € {2,3}. V6i ar = 2 thi ta ¢6 axr1 = ug, ax = uy, khi dé ap_1 = bax — agy1 = ug, t
d6 ta duge a; = ugy1_;. Tuong ty véi ax, = 3 thi (a,b) la cac s6 hang lien tiép trén day (v,). Nhu vay,
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cac bo (Un, Un+1) VA (Un, vpy1) (V6i moi n € N) 1a tap tat ca cac nghiem nguyén duong ctia phuong
trinh (1). O

Nhan xét. Ta thiét 1ap quan he thit tu trén S nhu sau néu (z,y) € S, (z/,y) € S thi
(z,y) > (@ y) x> vay >y

T mot nghiém bat ki ctia phuong trinh (1) bang phuong phap budc nhay Viete ta thiét lap dugc
mdi nh6 hon nghiém (a,b) theo quan hé thi tu n6i trén. Tt nghiém mdéi vita thu duge nay ta lai
xay dung nghiém méi nhé hon, cit tiép tuc qua trinh nhu vay dén khi khong thé xay dung dugc
nita. Khi d6, ta thu dugc nghiém nhé nhat. Day (a,) da mo ta cac nghiém clia phuong trinh (1)
dudce xay dung tit qua trinh trén va duge xay dung dua vao cac tinh chat: a, b 13 hai s6 hang dau
tien cia day: (a;,a;+1) 12 mot nghiem ctia phuong trinh (1). Dé xac dinh duge cong thic truy
hoi ctia day (a,) ta da st dung phuong phap buée nhay Viete. Xét phuong trinh

T? - 5Tapt1 +a2,; +5=0
¢6 mot nghiém 1a ay,, goi nghiém con lai 1& a,4o thi theo hé thitc Viete ta co

{ an + an+2 = 5an+1 (2)

_ 2
nQnt2 = Qi1+ 5

Tu day, ta c6 api2 1& 86 nguyén duong, do d6 (an,an12) cliing 14 mot nghiém ctia phuong trinh,
va ti (2) ta dugce anio = 5apt1 — a,. Sau khi thu duge nghiém nhoé nhat, ta xay dung cdc nghiem
ctia phuong trinh tit nghiém nhé nhat dé thong qua hai day (uy,) va (vy,).

Bai toan 12 [VMO 2002]. Tim tat ca cac gia tri nguyén duong k sao cho phuong trinh
(x+y+2z+1)? = k2zyzt
c6 nghiém nguyén duong.
Loi gidi
Bién déi phuong trinh ban dau vé dang
22+ 2y +22+2t—kPyzt)z+ (y+2+6)%=0

Trong cac nghiém nguyén duong ciia phuong trinh, ta chon ra bo nghiém (xg,yo, z0,t0) c6 tong
2o + Yo + 20 + to nhoé nhat. Khi d6 dé thay xo 1& mot nghiém ciia phuong trinh bac hai

z® + (2yo + 220 + 2to — k*yo20to)T + (Yo + 20 + t0)*> =0 (*)
Goi nghiém con lai cia (%) 1a z1, theo dinh li Viete ta c6

To+T1 = k2y0z0t0 —2yg — 220 — 2ty (1)
z0-r1 = (Yo + 20 + to)? (2)

Tu (1) ta c6 z1 nguyén va tir (2) ta c6 z; duong. Nhu vay (21, yo, 20, to) cling 1a mot bo sd thoa (),
nhung vi tinh nhé nhat ctia tong zo + yo + 20 + to ma ta cé x1 > xg. Do do tit (2) ta suy ra

+ 29+ to)?
$1=(y0$00)>$0=>y0+20+t02$0
0

Két hop véi (1) ta duge

k2yozoto — 20 — 220 — 2tg — w0 = To = k*yozoto = 230 + 2(yo + 20 + to) > 4.
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Chia hai vé ctia dang thtc x% + yg + 2(2) + t% +220y0 + 22020 + 220to + 2y020 + 2yoto + 220t0 = k2xoyozoto
cho zyyozoto, ta duge

x Z t 2 2 2 2 2 2
0o % 2 b + + = k?
Yozoto  Tozolo  ToYolo  ToYozo  2oto  Yolo  Yozo  Xolo  Tozo  LoYo
Khong mat tinh téng quét ta gia st ring zo > yo > 20 > to > 1. Khi dé suy ra
2
LI | NP N T P I
Yozolo 4 " 2otoro  2oto ZoYoto  Zoto ToYozo  ToYo
Nhu vay ta dudc
k2 k2
RS H1+ 1+ 1424242424242= - +15= K2 <20 = k€ {1,2,3,4)

1. Néu k = 1, phuong trinh ¢6 nghiém (4, 4,4,4).
2. Néu k = 2, phuong trinh ¢6 nghiem (2, 2,2, 2).
3. Néu k = 3, phuong trinh c¢6 nghiem (1,1,2,2).
4. Néu k = 4, phuong trinh ¢6 nghiem (1,1,1,1).

Nhu vay dé phuong trinh c¢6 nghiém nguyén duong thi tap hgp tat ca cac gia tri nguyen duong cta k

Ia ke {1,2,3,4). 0
) ) a®
Bai toan 13 [IMO 2003]. Hay tim tat ca cac cdp so nguyen duong (a; b) sao cho 2 P 1
14 mot s6 nguyén duong.
Loi gidi
2
Gid stt ton tai cip s6 nguyen duong (a,b) thoa man diéu kien bai toan. Dat k = M)Qil—b?’—i—l thi &k 1a

mot s6 nguyen duong. C6 dinh k va xét tap hop
S ={(a,b);a,b € Z* | a® — 2akb® + k(b*> — 1) = 0}.
Nhu vay ta ta c6 S # @. Do k € Z* nén véi (a,b) € S ta c6 2ab> — b +1 > 0 suy ra
b?(2a — b) > —1 = b*(2a — b) > 0.
Do d6 2a = b hoac 2a > b. Néu 2a > b thi do k£ > 1 nén ta dugc
a? > 2ab* — b + 1 > b*(2a — b) > V°.

Tt d6 suy ra néu (a,b) € S thi 2a = b hodc a > b. Goi (ag,bg) 1a mot phan tit bat ki thuoc S. Xét
phuong trinh T2 — 2Tkb2 + k(b3 — 1) = 0 la phuong trinh bac hai an T ¢6 mot nghiem 1a ag. Goi
nghiém con lai a1, theo dinh 1i Viete ta c6

ag + a1 = Qk}bg (1)
apal = k (bg — 1)

Nhu vay ta duge a1 € Z va a; > 0. Néu a; = 0, thi tt (1) ta c6 by = 1 vd ap = 2k, nhu thé thi (2k, 1)
13 mot cip s6 thoa man diéu kién bai todn. Néu a; € Z* thi (a1,bg) € S. Khong gidm tinh tdng quat
ta c6 thé gia sit a1 > ag. Chu ¥ rang, theo nhan xét & trén thi 2ag = by hoiic ag > by. Néu ag > by thi
ta c6 ngay a; > ag > bg, két hop véi (1) ta thu duge

k(B3 —1) - k(b3 —1)

kb%<a1= B

kb2
ag bo < M

Diéu nay mau thuan. Véi 2ag = by thi ta duge (k,2k) 1a mot cip s6 théa man diéu kien bai toan. T
hé thiic aga; = k(b3 — 1) ta thu dugc (8%k® — 1,2k) 1A mot cap s6 can tim. Vay céc cap sb (a,b) thoa
mén diéu kién bai toan (2k,1), (k,2k) va (8k% — 1,2k) v6i k 1a s6 nguyén khong am.
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Bai toan 14. Cho phuong trinh 22 4y + 22 +t? — Nayzt — N = 0 trong dé N 1a mot s6 nguyéen

duong cho trude.

a) Chitng t6 riang, c6 vo s6 gia tri nguyén duong N dé phuong trinh trén c6 nghiém nguyéen
duong (nghia 13 mdi nghiém gom 4 s6 nguyén duong z,y, 2, t).

b) Cho N = 4%(8m 4 7) v6i k, m la céc s6 nguyen khong am. Chitng minh ring, khi d6 phuong
trinh trén khong c¢6 nghiém nguyén duong.

Loi gidi
a) Bién déi phuong trinh tuong duong
2 +y? + 22 +t* — Nayzt — N =0 (1)
& t(t — Nayzt) = N — (22 + ¢y + 27) (2)

V6i ba s6 nguyen duong bat ky a,b,c va N = a? + b? + ¢? thi dé thay phuong trinh (2) c6 nghiem
xoza,yozb,z():c,tozNabc:(a2+b2+02)abc *)

Chu y rang khi hoan vi bon s6 a,b, ¢, Nabc ta lai duge nghiém (1, y1, 21,%1) cta phuong trinh (1).
b) Gia st phuong trinh (1) ¢6 nghiém nguyén duong, chon (zg, yo, 20, to) 1& nghiém nguyén duong cia
(1) sao cho tong zo + Yo + 20 + to 14 s6 nguyén duong nhé nhat. Khong lam mat tinh chéat tong quat,
gid st rang o < yo < 20 < to. Ta sé chitng minh rang v6i N > 7 thi nghiém nguyén duong ciia phuong
trinh (1) v6i zg < yo < 20 < to néu ¢6 phai ¢6 dang (%) nhu tren.

Theo gia thiét o 1a nghiém ctia phuong trinh bac hai

t2 — Nxoyozot + 28 + y2 + 22 = N =0 (3)
Phuong trinh (3) ¢6 nghiém tha hai ¢; thod man

t1+to = N (zoyo20)  (4)
tirto=at+yi+22-N (5)

Tu (4) suy ra t1 € Z. Lai theo gid thiét ta c6

N(l —f—xoon()tl) = t% -l-l‘g +y§ —f—Z% >0

nén ta dugce t1 > — , Vit] € Z nén t; > 0. Gia sit t; > 0 khi d6 (xo, yo, 20, t1) 1& nghiém nguyén

ZoY0z0
duong ctia (1). Do céach chon (xg, yo, 20, to) thi
To+Yyo+zo+t1 Z2To+Yo+2z0+to=7191 =%

Tt d6 theo (5) ta co
2 <titg=ad+12 + 22— N <a+y2+22 <32
Ta c6
N (1 + xoyozg) < N (1 + zoyozoto) = JJ% + yg + ZS + t(% < zg + zg + ZS + 328 = 6z3
T dé, do N > 7, nén ta suy ra dugc
N (1+ moyozg) <625 < N2§ = 1+ 2oy025 < 23
Dicu vo 1y nay chiing t6 ¢1 > 0 1a sai, suy ra t; = 0. Tu (4), (5) suy ra

{ N =2 +y2 + 22
to = Nxoyozo

la nghiém (*) ctia phuong trinh (1). Véi N = 4¥(8m+7) > 7, 4p dung két qua trén thi N = 22 +y% +22.
Do d6 néu chitng minh duge phuong trinh 22 + 32 4 22 = 4%(8m + 7) khong c6 nghiém nguyén duong
thi phuong trinh (1) cing khong c¢6 nghiém nguyén duong. Ta xét cac truong hgp sau.
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1. Khi k=0 ta c6 22 + y? + 22 = 8m + 7 hay 22 + y? + 22 = 7(mod8). Trong ba s x,y, z phai c6
mot s6 1é hodc ca ba s6 18. Néu s6 a 18 thi a? = 1 (mod 8), do dé 22 + y? + 22 # 7(mod8).
2. Khi k>0 ta c6
2y’ 422 =4 Bm+7) (*%)
hay 22 + y? + 22 = 0(mod4). Trong ba s6 x, %, z phai c6 mot s6 chan hosic ba s6 chan. Néu c6
mot s6 chin, con hai s6 a, b 18 thi a® + b = 2(mod4), suy ra 22 +y% + 22 # 7(mod8). Néu z,y, z
déu chén, dit z = 2x1,y = 2y1, 2 = 221 thi (xx) tuong duong véi

2?4yt =4 8m 4 T)
Sau k lan bién déi nhu thé ta c6 22 + 32 + 22 = 8m + 7, nhung phuong trinh nay vo nghiem
nguyén duong nhu khi xét £ = 0.

Bai toan dugc giai quyét. O

5 Céac bai toan téng hap.

5.1 Dé bai
a? + ab + b?

bl Chitng minh rang k 1a mot s6

Cau 1. Cho a,b, k 1a cac s6 nguyén duong théa méan k =
chinh phuong.
ab(5a% + 5b* — 2)

T € Z. Chitng minh rang a = b.

22 +y% + 30
Ty

Cau 2. Cho cac s6 nguyén duong a, b thdéa man

Cau 3. Cho cac s6 nguyén duong x,y, A théa man hé thic A = . Chitng minh réng A 1a

Iy thita bac nam ctia mot sd nguyén.

. o _ N S AN . )
Cau 4. Cho céc s0 nguyén duong z,y, z thoa man W nhan gia tri nguyén duong. Ching
22 + 42 + 22

Tyz + 1
Cau 5. Cho a, b, ¢ 1a cac s6 nguyen duong théa man 0 < a?+b? —abc < c. Chitng minh ring a®+b> —abe
14 s6 chinh phuong.

Cau 6. Cho m > n la céc s6 nguyen duong 18 va n? — 1 chia hét cho m? — n? + 1. Chitng minh rang
m? —n? + 1 1a mot s6 chinh phuong.

Cau 7. Cho z va y la cac s6 nguyen duong théa man diéu kien 22 + 42 + 1 chia hét cho 22y + 1. Chiing
minh ring x = y.

Cau 8. Cho a,b 13 géc s§> nguyéen duong 1 théa man a? + 2 chia hét cho b va b? + 2 chia hét cho a.
Chitng minh rang A +c§)b 2 12 s6 chinh phuong.

Cau 9. Cho céc s6 nguyen duong a, b, c,d thda man b?> + 1 = ac va ¢ + 1 = bd. Ching minh ring
a+c=3bvab+d=3c

Cau 10. Gia sit phuong trinh 22 4+ y? + x +y + 1 = zyz c6 nghiém nguyén duong. Tim tat ca cac gia
tri cua z.

Cau 11. Tim céc s6 nguyén duong x va y sao cho x + 1 chia hét cho y vA y + 1 chia hét cho =.

Cau 12. Tim cac s6 nguyén duong x,y dé 22 4+ 2 chia hét cho zy + 1.

Cau 13. Tim tat ca cac s6 c6 ba chit s6 chia hét cho 11 sao cho thuong s6 cia phép chia s6 d6 cho 11
bing tong binh phuong ciia cac chit s6 ctia s6 do.

Cau 14 [Kiran Kedlaya]. Cho cac s6 nguyén duong a, b, ¢ 14 théa man (ab+ 1) (be + 1) (ca + 1) la
s6 chinh phuong. Chiing minh rang ba s6 ab + 1;bc + 1;ca + 1 déu la s6 chinh phuong.

Cau 15. Ton tai hay khong nam s6 nguyeén duong ai; as; a3; as; as théoa man he dieu kien

minh rang c6 thé biéu dién dude thanh téng clia hai s6 chinh phuong.

a3 +1= (a1 +1) (a3 +1)
a2 +1=(ag+1)(as+1)
a?+1=(az+1)(as+1)
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5.2 Huéng dan giai - Loi giai

, a? + ab + b? : .

Cau 1. Cho a, b, k 1a cac so nguyén duong théa man k = ol Ching minh rang £ la
a
mot s6 chinh phuong.
Loi giai. Tru6e tien ta sé c6 dinh k va xét tap
2 2
a“*+ab+b
S = ,0)ENXN | k= ———
{(a ) | ab+1 }

Gia st phan chiing k khong 1a s6 chinh phuong, khi d6 trong cac phan tit ctia S ta chon ra cip (A, B)
théa méan diéu kien A + B 1a nhé nhat. Khong mét tinh tdng quat, ta gia st rang A > B > 0. Xét
phuong trinh bac hai an z

2 B BZ
= TIPS 2 (B kB + B —k=0
B +1

Phuong trinh nay hién nhién c6 hai nghiem 1a A va xg, khi d6 theo dinh 1i Viete ta c6

SUQ+A:]<JB—B (1)
xo.A:BQ—k (2)

Tu (1) ta suy ra dugce xo 1a s6 nguyen.

1. Néumg < 0thizg < —1= 22— (Bk—B)zr+ B>~k > 2%+ (Bk — B) + B> — k > 0, diéu nay la
mau thuln.

2. Néu zo = 0 thi £ = B? 1a mot s6 chinh phuong, trudng hgp nay loai.
3. Néu zp > 0 thi (zo, B) € S.

Nhu vay ta duge

B —k B? A?
B = B<—+B<—+B=A+B
wo + L TB< T AB< T+ +
diéu nay mau thuin véi tinh nhé nhat clia tong A + B. Do d6 gia thiét phan chiing la sai, tit d6 ta c6
k phai 14 mot s6 chinh phuong. O

2 2 _
ab(5a” + 5b° — 2) € Z. Ching minh ring a = b.

Cau 2. Cho céac s6 nguyén duong a, b théoa man

Hab — 1
5a% + 5% — 2 5a% + 5% — 2 .
Loi giai. Vigcd(ab,Sab—l)zlnéntacéLEZ. D:itL:kEZ, ta dé dang
5ab — 1 5ab — 1
c6 duge
5a% + 5b% — 2
5(a2+b2)—2>1Oab—2>5ab—1:>k::a5+T>1:>k>2.
a_

5a* + 5b* — 2
dab—1
chon ra cip s6 (A, B) nguyén duong théa méan tong A + B nhé nhat. Gia st A # B, khong mat tinh

tdng quat, xét A > B. Xét phuong trinh bac hai an z
5x% + 5B% — 2
5cB —1
Dé thay phuong trinh nay c6 mot nghiem 1& A, goi nghiém con lai 14 xg. Theo dinh li Viete, ta c6

2 —
Az = w (2)

Xét tap S = {(a,b) ELT XZLT | k= € Z}. C6 dinh k va trong cdc phan tit clia S, ta

=k 522 —5xBk+5B>+k—2=0

T (1) ta c6 xo nguyen.

25



Huéng t61 VMO 2020 Tap chi va tu liéu toan hoc

1. Néu z¢ < 0 thi g < —1 = 523 —529Bk +5B%+k —2 > 5+ 5Bk +5B% + k — 2 > 0, diéu nay la
mau thuin.

2. Néu zo > 0 thi (29, B) € S. Khi d6 do tinh nhé nhit ciia tdng A + B ma ta c6

5B2 +k—2 5A%2 +5B% — 2
> - "> - " _92> —
zg = A= P >As FAB —1 2>5(A-B)(A+ B)
A — B)?
u>5(A—B)(A+B)

5AB—1 7
& A— B> (A+ B)(bAB —1).

R6 rang diéu nay vo li.

Nhu vay phéi ¢6 zg = 0, suy ra 5B2 =2 —k >0, lai ¢c6 k > 2, do dé k = 2. Suy ra

5a% + 5b% — 2
S T 9s(@-b’=0ca=b
Bab — 1 (a=b) ¢
Bai toan dugc giai quyét. O
) 22 4+ 9% +30 .
Cau 3. Cho cac so nguyén duong z,y, A théa man hé thic A = ———————— Chitng minh rang
Ty

A 13 lity thita bac nam ctia mot sd nguyén.

L&i giai. Goi (zo;y0) 1a cip s6 thda man dé bai va c6 tong x¢ + yo nhd nhat. Ta gid st zo < yo. Xét
phuong trinh bac hai an y
y? — Axoy+ 22 +30=0 (*)

Vi (z0; o) théa man dé bai nén yg la mot nghiém ctia phuong trinh (). Goi nghiém con lai 14 y;. Theo
dinh 1i Viete ta c6
{yo +y1=Azo (1)
yoy1 = 5 +30 (2)

Ta ¢6 x0, Yo, A € Z nén tir (1) suy ra y; € Z. Céac cap (wo; o) ; (wo;y1) déu théa man (x) ma xg + yo
nhé nhit nén ta duge
o+ Yo < To+ Y1 Yo S Y-

Nhu vay g < yo < y1. Ta xét cac truong hgp sau.

e Trudng hop 1. Néu zg = yo khi d6 ta thay vao A thi ta duge

30
A=2+ 5 €ZL=r=1=A=32
o

e Trudng hgp 2. Néu yy = y; thi tur (2) ta dugc
3+ 30 = y5 < (yo + o) (yo — x0) = 30
Dé thay yo + zo;yo — xo cung tinh chin 1& ma 30 = 1.30 = 2.15 = 5.6 = 3.10. Trudng hop nay
khong xay ra.
e Trudng hgp 3. Néu xy < yo < y1, thi ta suy ra

Yo = xo + 1
Y1 = xo + 2

Do do6 tur (2) suy ra
22430 > (w9 + 1) (zo+2) © 20 <9

Khi zg = 9 thi tit (2) suy ra yoy1 = 92 + 30 = 111, vi yo < y1 = (yo;v1) = (1;111); (3;37). Didu
nay 14 vo Ii vi phai c6 xg < yo. Tuong tit khi xét = = 1;2;3;4;5;6;7;8. Tat cd déu dan dén vo li.
Truong hop nay loai.

Do d6 ta luon c6 A = 32 = 2° 1a lity thita bac nam ciia mot sé nguyen. O
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x2+y2+z2

nhan gia tri nguyén duong.
zyz + 1

Cau 4. Cho cac s6 nguyén duong z,y, z théa man

. N a:2+y2+z2 21 .2 x 2 . R
Chitng minh rang ST IR c6 the bieu dién duge thanh tong ctia hai s6 chinh phuong.
xyz
. s Ayt 22 . . L y
Loi giai. Ta dat n = R khi d6 ta sé chitng minh n la tong ctia hai so chinh phuong. Viet
TYz

lai ddng thic tren thanh 22 + 32 + 22 = n (zyz + 1). Gia st (20;yo; 20) 1 mot bo s6 nguyen duong
théa man yéu cau bai toan, diéu dé c6 nghia 1a
3 +y3 + 25 = 1 (zoyozo + 1)

Hay ta viét lai dugc
x%—nxoyozo—i—y%—i-zg—nzo

Xét phuong trinh bac hai 2 — nzyozo + y3 + 23 — n = 0, khi d6 ta thiy xo 12 mot nghiém ctia phuong
trinh. Theo dinh 1i Viete thi ngoai nghiém zy phuong trinh con ¢6 mot nghiém nita, ta goi nghiém dé
12 z;. Nhu vy theo dinh li Viete ta c6

1+ Xo = NYozo
T1X0 :yS—Fzg—n

Tt hé thiic trén ta suy ra duge x1 nhan gia tri nguyén. Khong mét tinh tong quét ta chon xg + yo + 20
bé nhat va x¢ = yo = 29. Ta xét cac truong hgp sau

e Trudng hgp 1. Néu y2 + 22 < n, khi d6 z1 1a s6 nguyen am. Tt d6 suy ra
0=z —nyozor1 +¥ +28 —n=ai+n+yl+zi—n=ai+yi+25>0
diéu nay vo Ii.

e Trudng hgp 2. Néu y2 + 22 > n, khi d6 1 1a s6 nguyén duong. Khi d6 (z1;yo; z0) 12 mot bo s6
nguyén duong thdéa man yéu cau bai toan. Theo cach chon (zg;yo; 20) ta suy ra duge xo < 7.
Khi d6 tu dinh li Viete ta c6

R+ —n—nyz=(ro—1)(x1—1)—1> (zg—1)* =1
Ta lai xét 2 kha nang sau.
1. Néu o > yo thi ta duge (zg — 1) — 1> y3 — 1. Do dé
Yo + 25 —n — nyozo = yp — 1
T doé suy ra zg—i-l 2ny0z0+n>n(z§+1), nhu vay ta c6 n = 1.
2. Néu xg = yo, khi d6 ta duge 2y2 + 22 =n (ygzo + 1). Do d6
22 =yd(nzg —2) +n > 28 (nzo —2) +n > 25 (nzo — 2)

T day ta suy ra dugc nzg < 3nénn = 1 hoiic n = 2, chi ¥ rdang n = 1 = 02 + 1% va
n=2=1%+12%

e Trudng hgp 3. Néu y2 + 22 = n thi ¢6 nghia la n viét duge thanh tdng clia hai s6 chinh phuong.

Vay bai toan dugc chiing minh xong. O

Cau 5. Cho a, b, c 14 cac s6 nguyen duong théa man 0 < a? + b — abe < c. Chiing minh ring
a® + b? — abc 1a s6 chinh phuong.
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Loi giai. Gia st ton tai cac s6 nguyéen duong a, b, ¢ thda man 0 < a? +b% —abc < ¢ ma k = a®+b* —abe
khong phai 1 s6 chinh phuong. Khi d6 ta c6 0 < k < c. Khong mat tinh tong quat ta gia sit a > b. Xét
phuong trinh bac hai an z 1a

z* —bex +b* — k=0

Khi d6 a 1a mdt nghiém ctia phuong, khi dé theo dinh 1i Viete thi phuong trinh con ¢6 mot nghiém
nta la £ = a;. Tu do6 ta dugce
a+a; =bc
{ a.a; =b%—k

Nhu vay ta suy ra a; 1a s6 nguyén.

1. Néu a; = 0, khi d6 tit hé thic a.a; = b? — k ta duge k = b? 1a s6 chinh phuong, diéu nay mau
thuén véi gid st & trén.

2. Néu a; < 0, khi d6 k = a? +b? — aybc = a? + b* + bc > ¢, mau thudn do 0 < k < c.
Nhu vay ta duge aq 1a s6 nguyén duong. Ciing theo dinh 1i Viete ta c6

v —k

ayp =

a
b2 —k
<a

= a1 <a

a

Ta thay cap s6 (a1;b) cling 1a mot nghiem. Khi d6 ta c6 a; + b < a + b, diéu nay sé vo li khi ta chon
cap s6 (a;b) v6i a + b bé nhat. Nhu vay khong thé ton tai k dé k = a® 4 b> — abc khong phai 1a s6
chinh phuong. Nhu vay a? + b?> — abc phai 1 s6 chinh phuong. O

Cau 6 [Taiwan MO 1998]. Cho m > n la cic s6 nguyen duong 1é va n? — 1 chia hét cho

m? —n? + 1. Chting minh ring m? — n? + 1 1a mot s6 chinh phuong.

Lai giai. Theo gié thiét ta c6 n? — 1 chia hét cho m? — n? + 1 nén ta dugc m? — (m* — n? 4 1) chia
hét cho m? —n? + 1. Tit d6 suy ra
(m2—n2+1) | m?

T didu trén ta suy ra ton tai k dé
m2:k( 2—n2+1)

2
O day ta chi ¢ ring m? = m+n+m n VamQ—n2+1:4.m+n.m " _1. Do m van la céc sb
Y yrans 2 2 2 2
~ .o . m+n m-n__ R _ m-+n m—n
nguyén duong lé, lai c6 m > n nén 5 la cac so0 nguyén duong, dat x = 5 Y= "5

khi do ta dugc
(z +y)* =k (4oy + 1)

Bay gio ta sé di chiing minh rang 4xy + 1 1a s6 chinh phuong, tuy nhién trudc tién ta can phai ching
minh k 14 s6 chinh phuong. That vay, gia st cap s6 nguyén duong (zo;yo) v6i 2o + yo nhé nhat thoa
man théa ding thitc trén, khi do ta c6

(xo + y0)2 =k (4zoyo + 1)

Xét phuong trinh bac hai an x 1a 22 — (4k — 2) yoxr + v — k = 0. Khi d6 7 14 mot nghieém ctia phuong
trinh trén. Nhu vay theo dinh li Viete thi phuong trinh con c¢6 mot nghiém nita 1a x1, ldc nay ta céd

zo +x1 = (4k — 2) yo
zo.x1 = y2 — k

Tu hé thiic thit nhat zo + x1 = (4k — 2) yo ta suy ra dudc x1 1a s6 nguyen. Ta xét cac truong hgp sau
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e Néu x1 < 0 thi tit he thic tht hai z9.21 = y% — k ta dugc yg —k<0= y(Q) < k, ta suy ra
o] — (4k = 2) yor1 + v — k = (21 +0)* + k (—4z1 — 1) > 0

diéu nay mau thuan vi z; 1a nghiém ciia phuong trinh.
e Néu z; = 0, khi d6 tit z9.71 = y3 — k ta dudc y2 — k = 0 = k = y2 1a s6 chinh phuong.
e Néu z1 > 0 thi ta duge y2 — k > 0=k > y2. Khi d6 (z1;90) 13 mot nghiem ctia phuong trinh

(x +y)* = k (4zy 4+ 1). Theo cach chon cip s6 (zo;yo) ta co

To+Y S T1+Yo = Yo < To < X1
Kéo theo y2 — (4k —2)y2 + v — k = (4 — 4k) y3 — k > 0, didu nay vo 1i vi k 14 s6 nguyén duong.
Vay ta dugc k 14 s6 chinh phuong nén dan dén m? — n? + 1 14 s6 chinh phuong. O

Cau 7. Cho z va y la céc s6 nguyén duong théa man diéu kien =2 4+ y2 + 1 chia hét cho 2zy + 1.
Chitng minh rang z = y.

.7)2 4 y2 +1
2zy + 1
khi x = y thi k¥ = 1 va ngugc lai van ding. Do d6 ta di ching minh k& = 1. Gid sit cip s6 nguyén duong
(ao; bo) V6i ag + by bé nhat thda man yeu cau bai toan. Khong mat tinh tdng quét ta gia st ag > bo.

Xét phuong trinh

L&i giai. Do 22y + 1 | 22 + 4% + 1 nén ta dit k = v6i k 1a s6 nguyen duong. Nhan thay

P4+

2 2
&t — 2kb b 1—-k=0
b +1 " 0%+ 0+

Khi d6 ta c6
AN =bk*—b5—1+k=(k—1)[bj(k+1)+1] >0

Do dé6 phuong trinh luoén c6 nghiém. Dé thiy ag 14 mot nghiém ctia phuong trinh nén theo dinh Ii
Viete thi phuong trinh con c6 thém mdt nghiém nita 1a a;. Khi dé ta co

ag + a1 = 2kby
ag.a1 :b(z)—k'—{—l

Tt hée thitc thit nhat ta duge aq 1a sd nguyen. Gia sit a; < 0, khi d6
a? —2kboay + b3 +1—k > a3 +2kbg + b3 +1—k >0

didu nay vo i vi a1 1a mot nghiém ctia phuong trinh 22 — 2kbox + b3 +1 — k = 0, suy ra a3 > 0. Ta xét
cac truong hgp sau.

e Trudng hop 1. Néu a; = 0, khi d6 ta dugc ai;by = 0, diéu nay dan dén zy = 0.

e Trudng hop 2. Néu a; > 0, khi d6 néu ag > by thi ta dugc

¥—k+1 2-1+1
T eI S T
ag a

a1 + by = + by = ap + bo

Déu nay mau thuan véi cac chon (ag; by) véi ag + by bé nhat.

2a% +1
Nhu vay ag = by, suy ra k = -— = 1. Do dé ta dugec z = y. O
2a5 + 1
Cau 8. Cho a, b la cac s6 nguyén duong 1é théa man a® + 2 chia hét cho b va b + 2 chia hét cho
a4 +2
a. Ching minh rang % la s6 chinh phuong.
a
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L&i giai. Ta thay ring a, b 14 2 s6 nguyen t6 ciing nhau. That vay néu d = (a,b) thi do b | a® 4+ 2 nén
d|a?+2,laic6 d|anéend|2 Mt khic a,bla sd1é nén suy rad = 1. Do b|a®+2 va a | b® 4 2 nén
ab| (a® +2) (> +2) & ab | 2a® + 20 +4

Do a v& b 1a s6 18 nén suy ra ab | a® +b? 4 2. Khi d6 ton tai s6 nguyen duong k sao cho a® +b? +2 = kab.
Bay gio ta sé di chitng minh k 1& s6 chinh phuong. Trudc tién thit mot vai gia tri diic biét ta nhan thay
dudc k = 4. Dén day thi tu tudng giébng nhu cac vi du tren do la st dung dinh 1y Viete dén chiing
minh k = 4 théa mén bai toan. Gia sit cip s6 duong (ag; by) v6i ag + by nhdé nhat théa man yéu cau
bai toan, tic la ta sé co

a%+bg+2—kaob0=0

Khong méat tinh tong quét ta gia sit ag > bg. Xét phuong trinh bac hai an a
a? — kbpa 4+ b3 +2=0

Khi d6 ta thay ag 1a mot nghiém ctia phuong trinh trén. Khi d6 theo dinh 1 Viete thi phuong trinh
trén con ¢6 mot nghiém nita, ta goi la a1, tit dé ta cé

ap + ay = kb
a0+a1:b(2)+2

Tt he thitc trén ta thu duge a; 14 s6 nguyen duong. Nhu vay cip s6 (a1;bg) cling thdoa man yéu cau
bai todn. Theo cach chon cap s6 (ag; by) ta dugce

ag+by <ayr+by=ap<aq

Tu do ta co

aozkbo—al kbg—aoi%g g
Mat khac tit dieu kién a% + bg 4+ 2 — kagby = 0 ta lai dugc
2
Go by 2y

bo ag aobo
nén k < i + 2 + 1 hay k < 6. Theo bat dang thitc AM — GM ta c6

ao—i—bo 2a0bg = k > 2
Dén day ta xét cac trudng hop sau

1. Néu k = 3, khi d6 ta dudc a2 + b2 + 2 = 3agbg. Tit d6 suy ra 3 | a2 + b2 + 2 Do s6 chinh phuong
chia 3 du 1 nén trong hai s6 chinh phuong a2 va b3 phai c6 mot sb chia hét cho 3 va mot sd
khong chia hét cho 3. Tt d6 suy ra vé phai chia hét cho 9 con vé trai khong chia hét cho 9. Diéu
nay dan dén mau thuin.

b 2
2. Néu k # 4, khi d6 tit -2 + -2 + —= — k ta dugec (ap;bo) # (1;1).
b aq aobo
k
Nhu vay ta duge k < 3 + 1+ 1 hay k <4, do d6 kK =5 va k = 6 khong thdéa mén ba toan. Vay ta suy

ra dugce chi c6 k = 4 thdéa man yéu cau bai toan. O

Cau 9. Cho cac s6 nguyén duong a, b, ¢,d théa man b?> + 1 = ac va ¢ + 1 = bd. Chiing minh
ring a +c=3bva b+d = 3c.

Loi giai. T gid thiét ta thay (b,c) = 1. That vay, goi (b, ¢) = k khi d6 ta co

b=k _ [ kac| k2% + 1
c="Ck kdb' | k2% +
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Tit d6 ta duge k2adb'c | (k2b/2 + 1) (k20/2 + 1), suy ra
k2 | (k%’2 + 1) <k2c’2 + 1) = k2 R 2 R R 1 kY 1 k=1

V¥ +1=ac bl +1

+1=bd c|b?*+1"

Nhu vay ab | b2 + ¢® + 1 hay b% + ¢® + 1 = mbc v6i s6 nguyen duong m nao d6. Dén day st dung két
qui ciia bai toan 4 trong phan buéc nhay Viete ta c6 dugc m = 3, khi d6 thi b? 4+ ¢ + 1 = 3be. Tt
day suy ra

Hon nita tit gid thiét ta lai c6 { do vay ta dudc {

b2 +1=ac B+c2+1=c2+ac ac + ¢ = 3be
2 +1=bd 4+ +1=0+bc b2 4 bd = 3bc

a+c=3b

Haytadlr(jc{ b+ d—3c

, vay bai toan dugc chiing minh. O

Cau 10. Gia st phuong trinh 22 + y? + 2 + y + 1 = zyz c6 nghiém nguyen duong. Tim tat ci
cac gia tri cta z.

L&i giai. Trude tién ta gid sit cip s6 nguyen duong (zo;yo) Vi 2o + yo nhé nhat thoa man théa ding
thitc tren. Khong méat tinh tong quat ta gia st zo > yo, khi dé ta dugc

:z:g—i-yg—i-xo—i-yo—i-l:z:cgyg

Xét phuong trinh bac hai an z 13

Y2+ (1—za0)y+ a2 +20+1=0

Khi d6 yg la mot nghiém ctia phuong trinh trén, ma theo hé thitc Viete thi phuong trinh con c6 mot
nghiém ntta 1a y;. Do dé ta dugce
{ Yo +y1 = zxo — 1
Yo-y1 = x5+ w0+ 1

T cac hé thic trén ta suy ra duge y; 6 gia tri nguyen duong. Khi d6 xip s6 nguyéen duong (yi; o) 1a
mot nghiem clia phuong trinh da cho. Theo cach chon cip s6 (x;yo) ta suy ra duge yo < y1. Ta xét
cac truong hgp sau.

e Néu z9 = 1 thitfr:vg+yg+xg—|—yo+1:zwoyo ta suy ra
293(2)+29:0+1:zx(2)

T doé ta duge x9g = yo =1 va z = 5.

e Néu xo > 1o thi ta dudc yo < zo < y1, khi d6 ta dugc

g+ (1 —zz0)20+25+20+1<0=>2<2+ —+ —
Dén day ta xét cac gia tri z¢ > 2 déu khong tim dudc z théa man.
Nhu vay z = 5 1a gia tri théa man yéu cau dé bai. O

I Cau 11. Tim céc sd nguyén duong x va y sao cho z + 1 chia hét cho y va y + 1 chia hét cho .

Lai giai. Do x + 1 chia hét cho y va y + 1 chia hét cho x nén ta duge (x + 1) (y + 1) chia hét cho zy.
Tw do6 suy ra
wy | (@+y+1)=ay| (@+y+1)>°
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Dén day bién déi tiép ta dudc zy | (z? + y? + 22 + 2y + 1). Khi d6 t6n tai sd nguyen duong k sao cho
22 + 9% + 2x + 2y + 1 = kxy. Gia st cap s6 nguyen duong (xo;yo) v6i o + yo nhé nhat théa man yeu
cau bai toan. Khi dé ta dugc

x%+y§+2xo+2yo+1—kxoyo =0
Khong méat tinh téng quét ta gia st zg > yo. Xét phuong trinh bac hai an z 13
2%+ (2= kyo)z + (yo + 1)* =0

Khi d6 zg la mot nghiém ctia phuong trinh. Nhu vay theo dinh 1i Viete thi phuong trinh trén con co
mot nghiém khac 1a x1. Do dé ta dugc

{ xo+x1 = kyo — 2
z0.71 = (yo + 1)

Tu he thic zg + z1 = kyg — 2 ta suy ra duge z; 1a s6 nguyen. Tu he thic xg.x1 = (yo + 1)2 ta suy ra
dugc z7 1a s6 nguyén duong. Chu y riang ltc nay cip s6 nguyén duong (z1;y0) théa man bai toan. Ta
co
o+ Yo S 21+ Yo = %o < X1
do vay ta dugc yp < 29 < 21. Dén day ta xét cac truong hgp sau
1. Néu zg = yo, khi dé ta dudgc

1 4
205 +dwo+1=kaf = k=2+—+ —
J?O i)
Do k la s6 nguyén duong nén ta suy ra dugc xo = 1 théa man, do dé suy ra zg = yo = 1 thda
man bai toan.
2. Néu zg = o1 > yo = 1, khi d6 tit zp.x1 = (yo + 1)2 ta dugc x¢9 = yo + 1. Thay vao hé thic
xo + x1 = kyo — 2 ta dugce
4
To— 1

2x0:k(x0—1)—2<:)k:2+

Do k va zg 1& cic sd nguyén duong nén ta tim dude zg = 2, zg = 3 va x¢ = 5, tuong tng thi
Yo =1, yo = 2 va yo = 4. Tuy nhién khi thit vio bai toan thi ta thay c6 hai cap s6 nguyén duong
théa méan dé la (2;1),(3;2).

3. Néu z1 > x9 > yo > 1, khi d6 ta dude 1 > 29 + 1 = yo + 2. Tt d6 ta duge
vo.x1 > (Yo +2) (Yo + 1) > (yo + 1)°
Do dé truong hgp nay khong théa méan.

Vay cac cap s6 nguyen duong théa man bai toan la (z;y) = (1;1),(1;2),(2;1),(2;3),(3;2). O
I Cau 12. Tim cac s6 nguyén duong x,y dé z? 4+ 2 chia hét cho zy + 1.

L&i giai. Ta bién déi gia thiét thanh 22 — maxy +2 —m = 0, khi d6 gid sit cap s6 nguyen duong (zo; yo)
v6i 29 + yo bé nhat théa man yéu cau bai todn, tic 1 ta c6 23 + 2 = m (xoyo + 1). Xét phuong trinh
bac hai an z 1a

22 —mayg—m+2=0

Khi d6 zp 14 mot nghiém ctia phuong trinh trén. Theo dinh 1i Viete thi phuong trinh trén con c6 mot
nghiém ntta, goi nghiém doé la z;. Khi dé6 ta ¢6

To + X1 = myo
To.x1=2—m

32



Chinh phuc olympic toan Ung dung dinh 1i Viete trong cac bai toan sé hoc

Tt he thitc zg + x1 = myo ta suy ra x7 la s6 nguyén. Mat khac néu z; < 0, khi d6 ta duge x1 < —1.
Do dé
x%—mxlyo—m+2>x%+my0—m+2>0

Diéu nay mau thuan véi z; 14 nghiém ctia phuong trinh trén. Nhu vay z1 > 0 hay x1 14 s6 nguyén
khong am. Do dé tu hé thic zg.x1 = 2 — m ta duge

2-m>=20=me{l;2}

Ta xét cac truong hgp sau
1. Néu m = 1, khi d6 ta dugc x (x —y) = —1 nén ta dugc z = 1;y = 2 thda man yéu cau bai toan.

2. Néum = 2, khidé z(x—2y) =0. Laidoxr #0nénsuy rax —2y = 0 & z = 2y. Do do
x = 2k;y = k v6i k 13 s6 nguyén duong théa man yéu cau bai toan.

Vay cép s6 nguyén duong théa man 1a (z;y) = (1;2), (2k; k) v6i k 1a s6 nguyén duong. O

Cau 13. Tim tat ca cac s6 c6 ba chit s6 chia hét cho 11 sao cho thuong s6 ciia phép chia s6 do
cho 11 bing tdng binh phuong ctia cic chit s6 clia s6 do.

Loi giai. Goi s6 c6 ba chit s6 théa man yéu cau bai toan 1a A = abe. Trong do6 cac chit s6 thda man
a€{1;2;..9};b,c € {0;1;2;...9}

Do A chia hét cho 11 nén ta dugc a —b+c chia hét cho 11. Két hgp véi a € {1;2;...9};b,c € {0;1;2;...9}

ta suy ra dugc a — b+ ¢ =0 hodic a — b+ ¢ = 11. Nhu vay ta di xét hai truong hgp sau
e VGia—b+c=0,khidétadugecb=a+c. Tacé A=100a+10b+c = 99a+10b+a+c = 99a+ 11b.
Khi A chia 11 thi thuong s6 ctia phép chia bing téng binh phuong céc chit s6 ciia A nén ta duge

A
ﬁ:a2+62+62<:>9a+b:a2+b2+02

Két hgp v6i b = a + ¢ ta duge

9a + (a+¢) = a> + (a4 ¢)* + & & 10a + ¢ = 2a® + 2ac + 2¢?

Do a > 1 nén suy ra

25
10a+c>2a2+2c+202:>202+c<10a—2a2§?

Do vay ma 2¢® + ¢ < 12 = ¢ < 2. Ciing tit 10a + ¢ = 2a® + 2ac + 2¢? ta suy ra dudc c 1 sb chin.
T doé ta duge ¢ = 0 hoac ¢ = 2. Ta xét 2 kha nang.
1. Véi ¢ = 0, khi d6 ta dudc a = b nén s6 can tim c6 dang A = aa0. Do d6

A
ﬁ:50:2a2:>a:5:>a=b=5

T do6 ta tim duge A = 550.

2. Vé6i ¢ = 2, khi d6 tit 10a + ¢ = 2a® + 2ac + 2¢? ta duge
10a+2=2a>+4ac+8<a®>—3a+3=0

Nhan thay phuong trinh trén khong c6 nghiém nguyén duwong nén khong ton tai s6 A thoa
méan bai toan.
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e V6ia—b+c=11, khi d6 ta dudc b+ 11 =a+c. Do a,b,cla cac chitsdnén tit b+ 11 = a+c ta
suy ra dugc a > 2. Ta cb

A =100a +10b+c = 99a + 10b + a + ¢ = 99a + 11b + 11

Ta xét cac kha niang sau.
1. Xét a =2, khi d6 ¢ = 9;b = 0. Ta dugc A = 209 khong théa man bai toan.
2. Xét a = 3, khi d6 ta dugc ¢ = 8;b =0 hodic ¢ = 9;b = 1. Ta dugc A = 308 hodac A = 319
khong théa méan.

3. Xét a > 4, khi d6 A chia 11 thi thuong s6 ciia phép chia bing tong binh phuong cac chit s6
cta A nén ta dudc

A
ﬁ:a2+b2+62<:>9a+b+1:a2+b2+62

Két hop v6i b= a + ¢ — 11 ta duge

9a+(a+c—11)+1=a*+ (a+c—11) + 2
& 10a + ¢ — 10 = 2a® + 2ac + 2¢® — 22 (a + ¢) + 121
& 32a + 23c — 131 = 2a? + 2ac + 2¢2

Do a > 4 nén suy ra
32a + 23¢ — 131 > 2a® 4+ 8¢ + 2¢? = 2¢? — 15¢ < 32a — 2a® — 131 < -3

Do d6 suy ra 2¢2 —15¢ < =3 = ¢ < 7. Tt 32a + 23¢ — 131 = 242 + 2ac + 2¢2 ta suy ra
duge ¢ 1a s6 18. Do d6 ta dude ¢ = 1;3;5;7. Dén day xét cac trudng hgp ciia ¢ thi duge
b =0;a = 8 thdéa man.

Do d6 s6 can tim la A = 803.

Vay cac s6 théa man yéu cau bai toan 1a 550 va 803. O

Cau 14 [Kiran Kedlaya]. Cho cac s6 nguyén duong a, b, ¢ 1a théa man (ab+ 1) (bc + 1) (ca + 1)
14 s6 chinh phuong. Chitng minh rang ba s6 ab + 1;bc + 1;ca + 1 déu 1 s6 chinh phuong.

Lai giai. Tir gia thiét ta nhan thay dé ching minh ab + 1;bc + 1;ca + 1 déu la s6 chinh ta can chi ta
duge ba s6 ab + 1;bc + 1;ca + 1 nguyén té v6i nhau theo ting doi mot. Tuy nhién véi lugng thong
tin han ché tir gia thiét ta khong thé chiing minh dugc nhan dinh trén. Véi ¥ tudng st dung dinh 1i
Viete, ta can tao ra mot phuong trinh bac hai c6 nghiém nguyén va cé biét thiic A cé chiia biéu thitc
(ab+1) (be + 1) (ca + 1). Ngoai ra do ta can ching minh ab + 1;bc + 1;ca + 1 déu 1a s6 chinh phuong
nén khi bién déi phuong trinh bac hai thi can chia cac dai luong ab + 1;be + 1; ca + 1. Xét phuong
trinh bac hai an ¢ sau

t2 4+ a® + 0%+ —2(ab+ be+ ca + ta + th + tc) — dabct —4 =0
o t?—2t(a+b+c+2abe) +a* +b* +c* —2(ab+bc+ca)—4=0

Ta nhan thiy phuong trinh bac hai trén tuwong duong véi ba phuong trinh sau

(a+b—c—t)> =4(ab+1)(ct+1)
(a+c—b—1t)> =4(ac+1) (bt +1)
(b+c—a—t)>=4(bc+1) (at +1)

Giai phuong trinh bac hai trén ta duge

t1 =a+b+c+2abc+2y/(ab+1) (bc+ 1) (ca+ 1)
to=a+b+c+ 2abc—2+/(ab+ 1) (bc + 1) (ca + 1)
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Do (ab+ 1) (bc + 1) (ca + 1) 1a s6 chinh phuong nén ¢ nhan céc gia tri nguyén. Tt ba phuong trinh
trén ta dugc
43 (ab+ 1) (ac + 1) (be + 1) (ct + 1) (bt 4+ 1) (at + 1)

14 86 chinh phuong, do d6 (ct + 1) (bt + 1) (at + 1) 1a s6 chinh phuong, ta lai c6
at+1>20;bt+1>20;¢ct4+120
nén at +1 > 0;bt +1 > 0;¢t + 1 > 0. Trong cac bo s6 nguyén duong (a;b; ¢) thoa man bai toan ta xét

bo $6 (a; b; ¢) sao cho a + b+ ¢ nhd nhat. Khong mat tinh tdng quat ta chon ¢ = max {a; b; c}. D& thay

a = b= c =1 khong théa méan bai toan nén ¢ = max {a;b;c} > 1, do d6 ¢t > —1. Ta

_— >
max {a; b; c}
xét cac truong hgp sau

1. Néu t = 0, khi d6 tit phuong trinh bac hai ta dugc
(a+b+c)=4(ab+bc+ca)+4< (a+b—c) =4(ab+1)

Suy ra ab + 1 1a s6 chinh phuong. Chitng minh hoan toan tuong tu ta duge be + 1;ca + 1 1a cac
s6 chinh phuong.

2. Néu t > 0, khi d6 do a + b+ ¢ ¢6 gia tri nhé nhat nén ta dude ¢ > ¢ va t chi nhan mot trong hai
gia tri

t1 =a+b+c+ 2abc+2+/(ab+ 1) (be + 1) (ca + 1)
to=a+b+c+ 2abc — 2+/(ab+ 1) (bc + 1) (ca + 1)

Ma theo dinh li Viete ta c6
titg=a?> +b*+c2 —2(ab+bc+ca) —4 < —a(2c—a)—b(2c—b) <
Diéu nay dan dén mau thuan. Nén truong hgp nay khong cé gia tri ¢ thoa méan.

Nhu vay bai toan da dudc giai quyét hoan toan. O

Cau 15. Ton tai hay khong nam s6 nguyén duong ai; as; as; as; as théoa man hé dieu kién

a2 +1=(a1+1)(az+1)
a3 +1=(ag+1)(ag+1)
a?+1=(az+1)(as+1)

Loi giai. Trude hét ta kiém tra tinh chin 1é cia cac s6 da cho trude khi ¢6 cidc danh gia hgp li. Gia
stt ay 1a s6 18, khi d6 ag 14 s6 18 nén a3 + 1 chia 4 du 2, tit d6 suy ra ag + 1 14 s6 18, dan dén a3 1a s6
chén. Didu nay vo 1y vi ag + 1 1a s6 chiin nén khong thé 1a wdc ctia s6 18 a3 + 1. Do vay a; phai la sb
chin. Lap luan hoan toan tuong ti ta dudc as; as; as; as cing 1a s6 chén. Dat as = x;a3 = y. Khi do
tir he diéu kien trén ta duge (y* +1):(z+ 1) va (22 + 1) :(y + 1). Ta sé chiing minh réing khong ton
tai cap s6 chdn x va y théa man diéu trén.

Gid stt ton tai cdp s6 nguyen duong (z,y) théa man (y? +1):(z+1) va (22 +1):(y + 1), khi d6 ta
dugc

(V+1+2-1)i(z+1)= (2> +y?) i (z+1)
Tuong tu ta ciing ¢6 (2% +y?) i (y +1). Goid = (z + 1,y + 1), khi d6 d 1a u6c ctia 22 +1; y2 + 1; 22 + 2.
Do do6
(22 + 1+ 92 +1— (22 +y%)] id = 2id
Nhu vay thi d = 1 hodc d = 2. Ma x + 1;y + 1 1 cac s6 18, do d6 ta dude d = 1 hay = + 1;y + 1 nguyén
t6 cting nhau. T d6 dan dén

(®+y*) i (@z+1) (y+1)
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Khi d6 ton tai sé6 nguyén duong k sao cho
Pty =k(@+1)(y+1)

Trong cac cap s6 nguyén duong (z;y) thda man ta chon cap s6 nguyéen duong (zo;yo) v6i zo + yo bé
nhat. Khong mét tinh tong quét ta gia sit zg > yo. Xét phuong trinh bac hai an x 1a

2 —k(yo+ D)o+t —k(yp+1)=0

Khi d6 ¢ 14 mot nghiém ctia phuong trinh. Theo dinh Ii Viete thi con ¢6 mot nghiém ntta 1a x1. Khi

do ta co
{ w0+:c1:k(yo+1)
m03131Z’yg—k’(?/0+1)

Néu z1 = 0, khi d6 tit zom1 = y3 — k (yo + 1) ta dudc y3 = k (yo + 1) nén suy ra y3: (yo + 1), didu nay
vo 1 vi yo va yo + 1 nguyén t6 cting nhau. Do dé z1 # 0. Mat khéc ta c6

(x0+1)(3:1+1):x0m1+xo—|—x1+1:y3+1
nén x1 + 114 86 18. Do d6 1 > 0 1a s6 chén. Dong thai ta ciing c6

_ vl _ g+l
ro+1  yo+1

1 +1 < Yo < Xo

Nhu vay cap s6 (yo; z1) 13 mot nghiem clia
P4y =k 41 5+ )

Cap s6 (yo; x1) thdéa man yg + x1 < yo + xo, dieu nay vo li vi ta da chon zg + yo bé nhat. Vay diéu
ta gia sit 14 sai hay khong ton tai cac sd chén z,y théa man. Nhu vay khong ton tai nam sd nguyén
duong théa man yéu cau bai toan. O

Nhan xét. T bai toan nay, ta c6 thé gidi duge cac bai toan tuong tu sau.
1. Cho cac s6 nguyén duong z,y théa man 22 + 1 chia hét cho y + 1 va 32 + 1 chia hét cho
x + 1. Chitng minh ring z va y 1a céac so 1é.
2. Tim s6 nguyén duong k dé phuong trinh 22 + y? = k(x + 1) (y + 1) ¢6 nghiém nguyén
duong.
3. Tim s6 tu nhién n bé nhat sao cho ton tai s nguyén duong ag;as; ...; a, théa man

az = (ak,1 + 1) (ag+1 +1)

v6i cdc s6 2< k< n—1.

6 Bai tap tu luyén.

Cau 1. Tim tat ca cac s6 ti nhién a, b, ¢ sao cho ton tai s6 nguyén duong n,m, k théa man cac diéu
kién sau

m2+b n2+c k2 +a
; = ;C:
2k

2m 2n
Cau 2. Tim nghiém nguyén ctia phuong trinh sau 2 + 22y + zy? + > = 8 (x2 +zy +y? + 1).

a =

Cau 3. Tim nghiém nguyén ctia phuong trinh 3 (2% — 2y + y?) =7 (z + y).
Cau 4 [Putnam 1998]. Chiing minh réng v6i méi s6 thyc N thi phuong trinh

2 2 2 2
T] + x5 + T3+ Ty = T1T2T3 + T1X2T4 + 12324 + T2T324

c6 nghiem (a1, as,as, ays) v6i ay,as, as, as 1a cac s6 nguyen lén hon N.
Cau 5. Gia stt bon s6 nguyeén a, b, ¢, d doi mot khac nhau va thod man hé diéu kién sau

a2 —2c—5d=0%—2bc—5d =0
2 —2ca—5b=d*—2bd—5b=0
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Chitng minh rang a + b + ¢ + d 14 mot hgp s6.
Cau 6. Tim céc s6 nguyen duong z,y sao cho vz +y — vz —/y+2=0.
Cau 7 [Turkey National Olympiad 2015]. V6i m,n la cac s6 nguyén duong sao cho

(m + n)?
dm(m —n)? +4

k=

ciing 13 s6 nguyén. Chitng minh réng % 1& s6 chinh phuong.
Cau 8. Cho p la mot s6 nguyéen duong. Gia st phuong trinh z2 + pz + 1 = 0 ¢6 hai nghiem 1a a1; as
va phuong trinh 22 + gz + 1 = 0 ¢6 hai nghiém b;; bo. Chitng minh rang

(a1 — b1) (a2 — b1) (a1 + b2) (ag + bo)

12 hiéu ctia hai s6 chinh phuong.

Cau 9. Tim céc cip s6 nguyen (a;b) sao cho hai s6 a? + 4b va b? 4 4a déu la s6 chinh phuong.

Cau 10. Tim céc chit s6 a, b, ¢, d, e thda man diéu kien ab + cde = Vabede.

Cau 11. Cho a, b la cac s6 nguyen duong thoéa man a? + b? chia hét cho ab. Tinh gia tri ctia biéu thitc

a® + b?

A=
ab

Cau 12 [Dé thi trudng Dong phia Bac 2015]. Tim tat ci cac sd nguyén duong k sao cho phuong
trinh 22 — (k? — 4)y? 4 24 = 0 c6 nghiém nguyén duong.

Cau 13. Chiing minh ring tat ci cic nghiém nguyén duong clia phuong trinh 22 +y? + 1 = 32y 1a
(z,y) = (Fop_1, Fory1) v6i F, 1a s6 Fibonacci.

Cau 14. Tim tat ci cac s6 nguyén duong n sao cho phuong trinh sau c6 nghiém nguyén duong

2 +y? =n(z+1)(y+1).

Cau 15. Gia stt a, b 1a cac s6 nguyén duong théa man b+ 1| a?+1,a+1 | b+ 1. Chiing minh ring a,
b déu la cac s6 18.

Sne né . a’ +b* +6
Cau 16. Chting minh rang néu a, b 1la cac so nguyén duong sao cho k = — nguyén thi k = 8.
a
N . . 1 b4+1
Cau 17. Chung minh rang c¢6 vo s6 cap sd nguyen duong (a;b) théa man ot + RE 4.

a

CHUC CAC BAN THI TOT!
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