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PE1
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Dung cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Cau 1 (3 diém)
1) Chting minh rang véi moi s& tw nhién n thi n* + 2015n chia hét cho 12.
2x*+3 2=12
2) Giai hé phuong trinh sau : Z( Y +Z
x"—=xy+3y =11
Cau 2 (2 diém)

1) Tim tat ca cac cap s6 nguyén (X, y) théa man: 2y? +2xy +x + 3y — 13 = 0.

2
2) Giai phuong trinh: 214/% +4 =1+, ,3_2x

Céu 3 (1 diém)
Cho x,yla cac sd thuc khdong am. Tim gid tri I6n nhat ctia biéu thic:

p_ (¢ =y)(A=xy")
1+x°)*(1+y*)?

Cau 4 (3 diém)

Cho hai duong tron (O) va (O’) cat nhau tai A va B. Ké tiép tuyén chung CD (C, D
la tiép diém, C € (O), D e (O’)). Puong thang qua A song song véi CD cat (O) tai E, (O')
tai F. Goi M, N theo thtt ty la giao diém ctia BD va BC véi EF. Goi I 1a giao diém cua EC
v6i FD. Chitng minh rang:

a) Chting minh rang t& gidc BCID ndi tiép.

b) CD la trung truc cta doan thang Al

b) IA Ia phan giac goc MIN.
Cau 5 (1diém)

Cho 1010 s6 tu nhién phan biét khong vuot qua 2015 trong dé khong c6 s6 nao gap
2 Tan s6 khéc. Chiing minh rang trong cac s8 dugc chon luén tim dugc 3 s8 sao cho tong

cuia 2 sO bang sd con lai.

Hét
(Gidm thi khong gidi thich gi thém)
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PE 2
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Diing cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)
Cau 1. (1,5 diém)
Cho phuwong trinh ~ x* —16x*+32=0 ( v4i xeR)

Chting minh rang; x=\/6—3\}2+\/§ —\/2+\/2+x/§ la mot nghiém cta phuong trinh da

cho.

Cau 2. (2,5 diém)
2X(x+1)(y+1) +xy =—

6
(véi xeR,yeR).
2y(y+1)(x+1)+yx=6

Giai hé phuong trinh {
Cau 3.(1,5 diém)

Cho tam giac déu MNP c¢6 canh bang 2 cm. L4y n diém thudc cac canh hoéc 6 phia

trong tam giac déu MNP sao cho khoang cach gitta hai diém tuy y 16n hon 1 cm (

véin la s6 nguyén dwong). Tim n 16n nhat thoa man diéu kién da cho.

Cau 4. (1 diém)
Chting minh rang trong 10 s& nguyén duong lién tiép khong ton tai hai s§ cé wdc
chung 16n hon 9.

Cau 5. (3,5 diém)
Cho tam giac ABC khong la tam giac can, biét tam giac ABC ngoai ti€p duong tron
(). Goi D,E,F Ian luot la cac tiép diém cua BC, CA, AB v6i duong tron (I). Goi M la
giao diém cua duong thang EF va duong thang BC, biét AD cat duwong tron (I) tai
diém N (N khong trung véi D), gioi K 1a giao diém cua Al va EF.
1) Chting minh rang cac diém I, D, N, K cung thudc mot duong tron.
2) Chung minh MN 1a tié€p tuyén cua duong tron (I).

Hét

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC
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(Gidm thi khong gidi thich gi thém)

PE 3
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Diing cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Cau 1. (3,0 diém)

a) Rat gon biéu thirc:

P 2aB 2t 2B A2\ 2 2B 222 .

b) Cho x=31++/65 /65 1. Tinh Q=" +12x+2009.
Cau 2. (3,5 diém) Cho phuwong trinh a(a + 3)x?- 2x - (a+ 1)(a+2) = 0 (a la tham s6, nguyén).

a) Chting minh rang phuwong trinh ludn cé nghiém hiru ty.
b) Xac dinh a d€ phuong trinh c6 cac nghiém déu nguyén.
Cau 3. (5,0 diém) Giai phuong trinh va hé phuong trinh sau:

b) VW +9+y=9
,/y2+9 +x:9'

2 < 1
x? +2y2+3 B xy+y+1 )

a) 13x +2(3x+2)\x +3 +42=0;

Cau 4. 2,5 diéin)

a) Chting minh rang véi moix, y>0:

b) Cho 3 s6 duong a,b,c v6i abe = 1. Tim gia tri 16n nhat ctia biéu thic:
1 1 1
= + + )
a’+2b*+3 b*+2c*+3 c*+2a’+3

Cau 5. (2,5 diéin)

Cho tam gidc ABC thdéa man AB.AC = BC(AB+AC), c6 G la trong tam va BD, CE la
cac duong phan gidc trong. Chitng minh rang 3 diém D, E, G thang hang.
Céu 6. (3,5 diém)

Cho tam gidc ABC can tai A ndi ti€p duong tron tam O. Mot diém D di dong trén
cung nho AC. Trén tia ddi cta tia DB 1dy diém E sao cho DE = DC. Tim tap hop cac trung
diém M ctia doan thang BE khi D di chuyén trén cung nho AC.

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC
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Hét
(Gidm thi khong gidi thich gi thém)

PFE 4
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Duing cho tdt cd cdc hoc sinh vdo 16p 10 chuyén)

Cau 1 (1,5 diém)
a) Chttng minh rang néu s6 nguyén n 1én hon 1 thod man n2 + 4 va n2 +16 1a cac s6
nguyén to thin chia hét cho 5.
b) Tim nghiém nguyén ctia phuwong trinh: x* —2y(x—y) =2(x+1)
Cau 2 (2,0 diém)

V23+45)  2(3-\5)
2244315 242 -+3-+5

b) Tim m d€ phuong trinh: (x—2)(x—3)(x+4)(x+5)=m ¢d 4 nghiém phan biét.
Cau 3 (2,0 diém)
a) Giai phwong trinh: x*> —x—4=2Jx—1(1-x)

a) Rut gon biéu thic: A =

b) Giai hé phuong trinh: {Xz i Xyz ~10y=0
x“+6y” =10
Cau 4 (3,5 diém)

Cho duong tron (O; R) va day cung BC = R+/3 ¢8 dinh. Diém A di ddng trén cung 1on
BC sao cho tam giac ABC nhon. Goi E la diém d6i ting v6i B qua AC va F va diém d6i ting
v6i C qua AB. Cac duong tron ngoai tiép cac tam gidc ABE va ACF cat nhau tai K (K
khong trung A). Goi H 1a giao diém cta BE va CF.

a) Chting minh KA la phéan giac trong gbc BKC va tit giac BHCK noi tiép.

b) Xac dinh vi tri diém A d€ dién tich t& giac BHCK 16n nhaét, tinh dién tich 16n nhat

cua tt giac d6 theo R.

¢) Chtng minh AK ludén di qua mot diém cd dinh.

Cau 5 (1,0 diém)

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC
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~ , ~ 1 1 1 . L N e ,
Cho 3 s6 thuc duong x, y, z thoa man: — +—+— =1 . Tim gia tri nho nhat cua bieu thic:
X"y oz
y222 Z2X2 X2y2

= + +
x(y?+2%)  y(@Z*+x*)  z(:*+y?)

HO 0 t81 ERT SITI: oot S6'bdo danh: ..............

Thi sinh khong dwoc st dung tai liéu. Cian bg coi thi khong gidi thich g1 thém.

DES5
PAGE TAI LIEU TOAN HOC DPE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Diing cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

1, 3a+5 ](*/5”)2
-1 aJa-a-va+1)| 4\a

Cau1 ChoP=( (a>0,a#1)
a

a) Rut gon P
b) Dit Q=(a—+/a +1)P. Chtmg minh Q > 1
Cau2 Cho phuong trinhx* —2(m+1)x+m? =0 (1). Tim m dé€ phuong trinh ¢4 2 nghiém
x1; x2 thda man (x, —m)* +x, =m+2
Cau3
1. Giai phuwong trinh (x + 1)\/@ =x"—x—2
1 x

—=———=x"+xy-2y*(1)
2. Giai hé phuong trinh{ VX ¥

(x/)??)—\/;)(1+\/x2+3x)=3(2)

Cau 4 Giai phuong trinh trén tap s nguyénx™ = \/y(y +1)(y +2)(y +3) +1 1)

Cau 5 Cho tam giac ABC nhon (AB < AC) ndi tiép duong tron (O;R). Goi H 1a trye tdm cua
tam gidc ABC. Goi M la trung diém cta BC
a) Chitng minh AH =20M

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC
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b) Dung hinh binh hanh AHIO. Goi J la tam duong tron ngoai tiép tam giac OBC. Ching
minh rang

OL O] =R?

c) Goi N la giao diém cta AH véi duong tron (O) (N khac A). Goi D la diém bat ki trén
cung nho NC cua duong tron tam (O) (D khac N va C). Goi E la diém d6i xting vdi D qua
AC, K 1a giao diém ctia AC va HE. Chting minh rang ACH = ADK

Cau6
1. Cho a, b 12 2 s8 thue dwong. Chting minh ring/(1+a)(1+b) >1++/ab

2. Cho a, b la 2 s8 thuc duwong thoa man a + b = ab. Tim gid tri nhd nhat cua biéu thic

1 1
P= az+2a+b2+2b+\/(1+a2)(1+b2)

HO 0 1611 I SINN: vttt S6'bdo danh: ..............

Thi sinh khong dwoc st dung tai liéu. Cian bg coi thi khong gidi thich g1 thém.

DE6
PAGE TAI LIEU TOAN HOC PFE LUYEN THI VAO LOP 10 CHUYEN TOAN
MON TOAN

(Thoi gian: 120 phiit, khong tinh thoi gian giao dé)

(Ding cho tidt ca cdc hoc sinh vdo 16p 10 chuyén)

Céau 1. (2,0 diém)

1) Choa—b=+29+12/5 —2+/5 . Tinh gid trj ctia biéu thic:
A=a*(a+1)—b*(b—1)—11ab+2015

2) Cho x,y 1a hai s8 thuc thoa manxy +/(1+x*)(1+y?) = 1.

Chiing minh rang x\/l +y? +yV1+x2 =0.
Cau 2. (2,0 diém)
1) Giai phuong trinh 2x +3 +v4x” +9x+2 = 20X +2 ++/4Ax+1.

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC
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X’ —y—1=\Jdx+y+5—x+2y-2

2) Giai hé phuong trinh{

Cau 3. (2,0 diém)

1) Tim cac s8 nguyén x,y thoéa manx* +x* —y> —y+20 =0.

2) Tim c4c s6 nguyénk dé€ k* -8k’ +23k* —26k +10 la sd chinh phuong.
Cau 4. (3,0 di€ém) Cho duong tron (O; R) va day BC ¢6 dinh khong di qua tdm. Trén tia
ddi cua tia BC 1dy diém A (A khac B). Tt A ké hai ti€p tuyén AM va AN véi duong tron
(O) M va N la céc tiép diém). Goi I 1a trung diém ctia BC.
1) Chiing minh A, O, M, N, I cung thu¢c mot duong tron va IA la tia phan gidc ctia goc
MIN

2 1 N 1 .

AK AB AC
3) Duong thang qua M va vuong goc véi duong thang ON cat (O) tai diém thtt hai l1a P.
Xéc dinh vi tri cta diém A trén tia d6i ctia tia BC d& AMPN la hinh binh hanh.

Cau 5. (1,0 di€m) Cho a,b 1a cic s& duwong thoa man diéu kién (a +b)’ +4ab <12.

2) Goi K 1a giao diém cua MN va BC. Chiing minh

Chitng minh bat dang thiic 1 L +2015ab < 2016.
1+a 1+Db
-------------- 5 ] o P
HO 00 1811 I SINA: vttt S6'bdo danh: ...............

Thi sinh khong dwoc st dung tai liu. Cian bg coi thi khong gidi thich g1 thém.

DE 7
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thot gian: 120 phut, khong tinh thoi gian giao dé)
(Dung cho tdt cad cdc hoc sinh vdo 16p 10 chuyén)

Bai 1 (3,0 diém).

2x+2 xdx—-1 x2++x

Cho biéu thtec: P = +

\/; x—\/;_x X +X

a) Rut gon biéu thic P.

(x>0;,x=1)

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC
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b) Tinh gid tri ctia thirc P khi x =3-2+2
¢) Chting minh rang: véi moi gia tri ctia x d€ biéu thikc P c6 nghia thi biéu thitc % chi

nhan mot gia tri nguyén.
Bai 2 (2,0 diém).
Cho phuong trinh x2 - 2mx+ (m — 1)*= 0 (m la tham s0).
a) Giai phuong trinh khi m =-1.
b) Tim m d& phurong trinh ¢ hai nghiém phén biét trong d6 c6 mot nghiém bang binh

phuong nghiém con lai.

Bai 3 (1,0 diém).
9 2x

Gidi phuong trinh: — + ———=—=-1=0
X" \2x%+9

Bai 4 (3,5 diém).

Cho tam gidc ABC vuong tai A, dwong cao AH. Buong tron duwong kinh AH, tam O,
cat cac canh AB va AC Ian luot tai E va F. Goi M la trung diém ctia canh HC.
a) Chung minh AE.AB = AF.AC.
b) Chting minh rang MF la ti€p tuyén ctia duong tron duong kinh AH.
c) Chtng minh HAM =HBO
d) Xac dinh diém truc tAm cua tam gidc ABM.
Bai 5 (0,5 diém). Cho cac s§ duong a, b, ¢ thoa man ab + bc + ca = 3. Chting minh rang:
1 N 1 N 1 3

HO 0 111 I SINR: vttt S6'bdo danbh: .............

Thi sinh khong dwoc st dung tai liu. Can bg coi thi khong gidi thich g1 thém.

DE 8
PAGE TAI LIEU TOAN HOC DPE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoti gian: 120 phut, khong tinh thoi gian giao dé)
(Dung cho tdt cd cdc hoc sinh vdo 16p 10 chuyén)
Cau 1: (1,5 diém)

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC
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Cau 2: (1,5 diém)

Cho phwong trinh (x—2)(x*~x)+(4m+1)x—8m -2 =0 (x la 4n s6). Tim m d€ phuong trinh
c6 ba nghiém phan biét x1;x2;xs thoa man diéu kién X12 +x22 + X32 =11.
Cau 3: (2,0 diém)
x> +y? +x+y=(x+1)(y+1)
a) Giai hé phuong trinh: x Y y ?
+ =1
y+1 x+1

b) Cho cac sd duong x, y, z thoa man cac diéu kién x +y +z=2va x> +y2+z2=2.

Chting minh rang bidu thtec sau khong phu thudc vao x, y, z:

P:X\/(1+y2)(1+z2) +y\/(1+zz)(1+x2) +Z\/(1+x2)(1+y2)

1+x° 1+y? 142
Cau 4: (3,0 diém)
Cho tam gidc ABC ¢6 3 géc nhon ndi tiép dwong tron (O;R), Gia sit B, C ¢6 dinh va A
di dong trén duong tron sao cho AB < AC va AC < BC . Puong trung thuc ctia doan thing
AB cit ACvaBClan luot tai Pva Q. Duong trung truc cia doan théng AC cit AB va BC
lan lwot tai M va N.
a) Chiing minh rang OM.ON=R?
b) Chting minh rang b&n diém M,N,P,Q cling nam trén mot duong tron
c¢) Gia st hai duong tron ngoai tiép tam giac BMN va CPQ cit nhau tai Sva T, goi H
1a hinh chiéu vudng géc ctia B 1én duong thang ST . Chitng minh H chay trén 1
duong tron ¢6 dinh khi A di dong
Cau 5: (2,0 diém)
a) Cho a,b la hai s0 thay d6i thoa man cac diéu kién a >0, a +b > 1. Tim gid tri nho
8a’+b
4a

nhat ctia biéu thic A = +b?

b) Tim tat ca cdc cip s6 nguyen (x; y) thoa man x* —2x° +6x* —4y” —32x+4y +39=0

HO 0 161 HHi SINA: oot S6'bdo danh: ..............
Thi sinh khong dwgc ste dung tai liéu. Cdan bg coi thi khong gidi thich i thém.
DE 9
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN
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MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)

(Dung cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Céu 1. (2 diém)

X x+1_ x—1

x-1  Jx+1

a) Cho biéu thic A =

(véix#1;x20). Rut gon A, sau do tinh gia tri A -1

khi x =2016+2+2015
b) Cho A= 2(12015 +270 4 +n2°15) véi n 1a s8 nguyén duong. Chitng minh rang A chia
hét cho n(n + 1)
Céu 2. (2 diém)
4 7 3
9 11 ¥ x-12 "
X(x+4)(4x+y)=6

x* +8x+y=-5

a) Gidi phuong trinh sau:

b) Giai hé phuwong tr‘mh:{

Cau 3. (1 diém) Cho parabol (P): y = ax? va duong thang (d): y =bx + c véi a, b, ¢ 1a d6 dai
ba canh ctia tam giac vudng trong d6 a 1a ¢ dai canh huyén. Chitng minh rang (d) luon
cit (P) tai hai diém phan biét A, B c6 hoanh do lan luot 1a x1 va x2 thoa man xf + X§ <2

Cau 4. (2 diém) Cho tam giac nhon ABC c6 hai duwong cao BD va CE cat nhau tai H. Céc tia
phan gidc cac goc EHB, DHC cat AB, AC Tan luot tai I va K. Qua I va K Ian luot vé cac
duong vudng goc véi AB, AC chiing cat nhau tai M.

a) Chiing minh Al = AK.

b) Gia st tam giac nhon ABC c6 hai dinh B, C ¢6 dinh, dinh A di ddng . Chting minh
duong thang HM luon di qua mot diém ¢S dinh

Cau 5. (2 di€ém) Cho duwong tron (O) duwong kinh AB. Qua A va B lan luot vé cac ti€p tuyén
di1 va da véi (O). Tir diém M bat ki trén (O) vé tiép tuyén véi duong tron cat di tai C va cat
d2 tai D. Duong tron duong kinh CD cat duong tron (O) tai E va F (E thudc cung AM), goi
I1a giao diém cua AD va BC.

a) Chttng minh AB 1a ti€p tuyén cua duong tron duong kinh CD.

b) Chting minh MI vudng gdc véi AB va ba diém E, 1, F thang hang.

Cau 6. (1 di€m) Cho ba s8 thuc x; y; z thdoa man: x2+ y2 + z2< 9

Tim gid tri 16n nhat ctia bi€u thitc P=x +y +z — (Xy + yz + zx)

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC
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HO 0 161 I SINA: oottt S6'bdo danh: ..............

Thi sinh khong duwoc ste dung tai liéu. Cdan bg coi thi khdng gidi thich gi thém.

PE 10
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN

(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Diing cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Cau 1 (2,0 diém) Chiting minh:
a) A= \/7 —2J6 —\/7+2\/g la s6 nguyén.

b) B= i/l+@ +i/1—@ la mot s6 nguyén.

C) Cht’rngminhrﬁng;x=i/a+aT+1 833—1 +i/ a+1 [8a-1

3

vOi azé 1a sO tw
nhién.
Tinh x+y biét (x+'\/x2 +2015)(y+a/y2 +2015) ~2015.

X +x=y’+y

Ciu 2 (1,5 diém). Giai hé phuong tr‘mh{ (x,y €R)

x*+y? =5
Cau 3 (1,5 diém) Cho hai s6 thuc a, b thoa man a +b =3, ab = 1. Tinh gia tri ctia biéu thirc
(«/;—«fg)(az -b?)

a\/a_ + b\/lg
Ciu 4 (4,0 diém) Cho tam giac nhon ABC noi ti€p duong tron (O), AB < AC. Phan giac goc
BAC cit BC tai D. Puong tron tam I dwong kinh AD cat AB, AC Ian luot tai E va F.
a) Chting minh rang AD L EF.
b) Goi K 1a giao diém thit hai ctia AD va (O). Chiing minh rang AABD ~ AAKC
c¢) Ké EH L AC tai H. Chiing minh rang HE.AD = EA.EF
d) Hay so sanh dién tich cta tam giac ABC véi dién tich cta ti giac AEKF.

P=

Ciu 5 (1,0 diém) Cho cac s6 thuc khong am a, b, ¢ théa man a + b + ¢ = 3. Tim gia tri nho
a_ b L C
1+b? 1+¢* 1+a®

nhat cta biéu thirc : P =

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC
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HO 0 161 Hhi SINA: vttt S6'bdo danh: ..............

Thi sinh khong duwoc ste dung tai liéu. Cdn bg coi thi khdng gidi thich gi thém.

PE 11
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN

(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Diing cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Bai 1: Cho biéu thirc P =

[

N 2 1 LJ voix>0;x#9
x(x=9) x-3 Jx+3 Jx -3 '

a) Ruat gon biéu thic P

b) Tim cac gid tri cia x dé P = —i
Bai 2: Cho phuong trinh x*> —2(m—-2)x+m”-2m+2=0 (m la tham sd)

a) Giai phuong trinh khi m =-1

b) Tim m dé phuong trinh c6 hai nghiém phan biét x1, x2 théa man

12(x; +X,)+x,%, |=3

Bai 3: a) Giai phuong trinh +2x+3 —2vx+1=-1

xy® +2y° -2 =x"+3x

X+y= 3\/yTl

Bai 4: Cho AABC nhon noi ti€p duong tron (O) c6 BAC=45°, BC=a. Goi E, F lan luot 1a

chan duong vudng goc ha tir B xudng AC va tix C xudéng AB. Goi I 1a diém d6i xng ctia O

c) Giai hé phrong trinh {

qua EF.
a) Chung minh rang cac t gidc BFEOC va AEIF noi tiép duoc duong tron
b) Tinh EF theo a

Bai 5: Biét phuong trinh x*+ ax®+ bx?+ ax + 1 = 0 ¢c6 nghiém.

Chting minh rang a’ +b* > %

HO 04 111 tHT STNN: oottt S6'bdo danh: ...............

Thi sinh khong dwoc ste dung tai liéu. Cdan bg coi thi khong gidi thich i thém.
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PE 12
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Dung cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Cau 1 (2,0 diém).
Chobié’uthﬁgcA={1—a_3“/;J:{*/;_2+J;_3— 9-a J(aZO;a¢4;a¢9)
a-9 )'(Va+3 2-va a+Va-6
a) Rat gon A.
b) Tima dé A+ Al =0
Cau 2 (2,0 diém).

1. Giai phuong trinh: v29 —x +v/x+3 = x* —26x+177

x> =2y* =xy +x+y

x\/g—y\/x—l =2x-y+1

2. Giéi hé phrong trinh: {

Ciu 3 (2,0 di€m).
1. Cho hai phwong trinh: x* +bx+c=0(1);x* —=b*x+bc=0(2) (trong d6 x la an, b va c
la cac tham s0).
Biét phuwong trinh (1) c6 hai nghiém x1 va x2, phuong trinh (2) c6 hai nghiém xs va xs thda
man diéu kién x, —x, =x, —x, =1. Xacdinh b va c.
2. Chiing minh rang néu p la s8 nguyén t& 16n hon 3 thi (p + 1)(p — 1) chia hét cho 24.
Cau 4 (3,0 diém).

Cho hai dwong tron (O; R) va (O’; R’) cat nhau tai hai diém phan biét A va B. Tt
mot diém C thay doi trén tia d6i cta tia AB, vé céac tiép tuyén CD, CE v6i duong tron tam
O (D, E 1a cc tiép diém va E ndm trong duong tron tam O’). Hai duong thang AD va AE
cat duong tron tam O’ [an luot tai M va N (M va N khac A). Duong thang DE cat MN tai 1.
Chttng minh rang:

a) Bon diém B, D, M, I cung thudc mot duong tron.
b) MILBE =BL.AE
¢) Khi diém C thay d8i trén tia d8i ctia tia AB thi duong thang DE ludn di qua mot
diém c6 dinh.
Cau 5 (1,0 diém).

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC



Website: tailieumontoan.com

Cho a, b, c la cac s6 duong thoa man diéu kién a + b + ¢ = 3. Tim gia tri 16n nhat caa biéu
thiee:

5b°-a® 5c¢°-b’ 5a’-c’
= 2T >t 2

ab+3b° bc+3c” ca+3a

HO 0 181 ERT SITI: oo S6'bdo danh: ..............

Thi sinh khong dwoc st dung tai liéu. Cian bg coi thi khong gidi thich g1 thém.
DE 13
PAGE TAI LIEU TOAN HOC  PE LUYEN THI VAO LOP 10 CHUYEN TOAN
MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Dung cho tit ca cdc hoc sinh vdo 16p 10 chuyén)
Cau 1. (5,0 diém)

a) Cho biéu thtrc P=( x—4 ZX_S&_IJ(X\/;+2+§+L) voi x>0 va x:ti

x+3x—2  4x-1 Jx

Rt gon bi€u thitc P va tim x dé P< % .

b) Cho ba s6 thuc dwong a, b, ¢ thoa ab+bc+ca=3abc. Tim gia tri nho nhat ctia biéu

3 3 3
thirc A = a2+ b2+ Cz.
c+a- a+b” b+c
Cau 2. (4,0 diém)

a) Giai phwong trinh >* +y1+x +y1-x-2=0.

2 4 ox—dy=-1
b) Giai hé phuong trinh XZ’ 3+ X 2}’
Xy 4+2xy" —4x+3y =2

Cau 3. (4,0 diem)

a) Tim tat ca cac cap s6 nguyén duong (a,b) thoa man dang thirc:

a’-b’ +3(a’ —b’)+3(a—b)=(a+1)(b+1)+25.

b) Cho hai s8 nguyén a va b thoa 24a* +1=b*. Chiing minh rang chi c6 mot s3 a

hodc b chia hét cho 5.
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Cho tam giac nhon ABC can tai A va ndi tiép trong duong tron (O) dwong kinh AK; 18y
diém I thudc cung nho AB ctia dwong tron (O) (I khac A, B). Goi M 1a giao di€ém cua IK va
BC, dwong trung truc ctia doan thang IM cat AB va AC Tan luot tai D va E. Chiing minh t
giac ADME la hinh binh hanh.

Cau 5. (4,5 diem)

Cho tam giac nhon ABC (AB<AC) ndi ti€p trong duong tron (O) va c6 treee tam 1a H.
Goi D, E, F lan luot la cdc chan duong cao vé tir A, B, C cta tam giac ABC.

a) Goi K 1a giao diém cta hai duong thang EF va BC, goi L la giao diém ctia duong
thang AK va duong tron (O) (L khac A). Chttng minh HL vudng géc véi AK.

b) Lay diém M thudc cung nho BC cua duong tron (O) (M khac B, C). Goi N va P lan
lwot 1 hai diém ddi xting ctia diém M qua hai dwong thang AB va AC. Chitng minh ba
diém N, H, P thang hang.

Hét

Thi sinh khong dwoc st dung tai liéu. Gidm thi khong gidi thich i thém.

Hova ten thi Sinh: .......ooviiiiiiiie e, ; SObdodanh: .......................

DE 14
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Dung cho tdt cad cdc hoc sinh vdo 16p 10 chuyén)

Cau 1: Cho x,y,z>0 va xy+yz+zx=1.

) Tink gid tri bidu thitc PXJ(1+y2)(1+Z2)+yJ(1+Z2)(1+X2)+Z\/(1+X2)(1+yz)
' ' 1+x 1+y’ 1+2°

b) Ching minh rang: " X Y z_ _ 2xy

B Tryt 142 [100) 1y )(1e )

Cau 2: Chtng minh rang véi moi s6 nguyén n thi n> + n + 1 khong chia hét cho 9.

Cau 3: Cho phuong trinh x* —(2m+1)x+m’+1=0, v6i m la tham s8. tim t4t ca céc gia
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X%y

Xy +X2

tri m e Z d€ phuong trinh c6 hai nghiém phan biét x,,x, sao cho biéu thitc P = co

gia tri la s6 nguyén.

Cau 4: Cho tam giac AABC vuong tai A. Goi CT la duong phan giac trong ctia tam giac
(T thudc canh AB).

1). Chttng minh ring duong tron (K) di qua C; T va tiép xtic véi AB c6 tam K thudc

BC.

2). Goi giao diém ctia AC va (K) la x*, y* =1,4(mod5)= x*, y* =1(mod 5) = A:5 khéc

C, giao diém ctia DB va (K) la E khac D. Chting minh rang ABD =BCE.

3). Goi giao diém cua CE va x* =y* =1(mod5) = (x4 —y4)§5 la M. Chitng minh rang M

la trung diém ctia doan thang BT.

Cau 5: a) Cho cac s§ duong a, b, ¢ tity y. Chitng minh réng: (a+b+ c)(1 + % + lj >9
a c

b) Cho cac s8 duong a, b, c thoa m an a+b+c <3. Chiing ming rang:
1 2009

—— > 670
a“+b”°+c” ab+bc+ca
Hét
Thi sinh khong dwoc s dung tai lieu. Gidm thi khong giai thich i thém.
Hova ten thi Sinh: ....o.oviiiiiiiii e, ;SObdodanh: ...l

PE 15
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)

Cau 1. (2,0 diém)

a) Cho x=\/4+\/10+2«/§ +\/4—\/10+2\/§ . Tinh gi4 trj biéu thic:

xt—4x® +x* +6x+12
x> =2x+12

b) Cho x=1+%/2. Tinh gi4 tri cia biéu thite B=x*—2x* +x> —3x> +1942.
) Cho x=1+32+34 . Tinh gi tri biéu thirc: P=x° —4x* +x> —x> —2x+2015

P:
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Cau 2. (2,0 diém)

+2y=2m+1
1) Tim tat ca cac gia tri ctia tham s6 m sao cho hé phuong trinh XTey=am
4x+2y=5m-1

2) Tim tat ca cac gia tri ctia tham s& m sao cho parabol (P): y = x? cat duong thang d:

y =mx — 2 tai 2 di€ém phan biét A(xy;y1) va B(xz;y2) théa man y, +y, =2(x, +x,)—1
Cau 3. (2,0 di€ém)

1. Giai phwong trinh Vx> -9 —y/x* —16 =1
2. Giai hé phuong trinh {X3 * ‘jy =y’ + 126X
1+y" =5(1+x")
Cau 4. (3,0 diém) Cho tam giac ABC vudng tai A (AB < AC) ngoai tiép duong tron tam O.
Goi D,E,F lan luot la tiép diém caa (O) vdi cac canh AB,AC,BC. Duong théng BO cit cac
duong thang EF va DF lan luot tai I va K.
1. Tinh s6 do goc BIF
2. Gia st M la diém di chuyén trén doan CE .
a. Khi AM = AB, goi H la giao diém ctia BM va EF. Chitng minh rang ba diém A,0,H
thang hang, tir d6 suy ra t giac ABHI ndi tiép.
b. Goi N la giao diém ctua duong théng BM véi cung nho EF cua (O), P, Q lan luot la
hinh chiéu ctia N trén cac dwong thang DE va DF. Xéc dinh vi tri diém M dé do dai

doan thang PQ max.
Cau 5. (1,0 diém) Cho a, b, cla cac s6 duong thoa man diéu kién 1 + 1 + 1 <3 .Chung
a C
minh rang:
a >+ b S+ ¢ 5 +1(ab+bc+ca)23
1+b~ 1+c” 1+a” 2
Hét
Thi sinh khong dwoc s dung tai lieu. Gidm thi khong giai thich i thém.
Ho va tén thi Sinh: ....c..oviiiiiiiiiiiiiiiiie ;SObdodanh: ...,

PE 16
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Diing cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)
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«/; +—x+x x+6_x/;+1
Bx+2 xedx—2  JIx-1

Cau 1 (2.0 diém ) Cho biéu thtecc: P = ,voi x>0,x #1.

a) Rat gon biéu thic P.
(x+27).P

()

Cau 2 (1.0 diém ) Cho phuong trinh : x* ~2(m—1)x+m’-3=0 ( x ladn, m la tham s5).

b) Cho biéu thitc Q = , vOi x=>0,x#1,x #4 . Chting minh Q> 6.

Tim m d€ phuong trinh ¢ hai nghiém x,,x, sao cho X’ +4x, +2x, —2mx, =1.
Cau 3 (2.0 diém )

a) Giai phuong trinh : x+2\/7—x = 2\/x—1 +\/m+1.
4@— xy\j}m =0 (1)
\/m+3\/>:: xy*  (2).

b) Giai hé phuong trinh :

Cau 4 (3.0 diém )
Cho tam gidc ABC c6 BAC=60°, AC=b,AB= c(b > c) . Duong kinh EF ctia duong
tron ngoai ti€p tam gidc ABC vuong géc v6i BC tai M ( E thudc cung 1én BC). Goi 1
va | 1a chan duong vudng géc ha tit E xudng cac duong thang AB va AC. Goi H va
K la chan duong vudng goc ha tir F xudng cac duong thang AB va AC.
a) Chting minh cac tk giac AIE], CMJE ndi tiép va EA.EM = EC.EL.
b) Chting minh I,J,M thang hang va IJ vudng géc véi HK .
c) Tinh d¢ dai canh BC va ban kinh duong tron ngoai ti€p tam giac ABC theo b,c.
Cau 5 (1. diém ) Chimg minh biéu thiic S=n’(n+2) +(n+1)(n’ ~5n+1)-2n-1 chia hét
cho 120, véi n la s6 nguyén.
Cau 6 (1. di€m)

a) Chobasd a,b,c thbaman a+b+c=0 va |a|§1,

b|<1,

c| <1. Chting minh rang
at+b°+cf <2
b) Cho cac s6 thue duong x, y thoa man diéu kién: «fxy (x—y)=x+y . Tim gi tri nho

nhat ctia biéu thtee P=x+y

Heét

Thi sinh khong duwoc sir dung tai li¢u. Giam thi khong gidi thich gi thém.

Ho va tén thi Sinh: ....co.oviiiiiiiiiiiiiiiiiee ; SObdodanh: ............oooiiii
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"~ DPE17
© PAGETAI LIEU TOAN HOC PFE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Dung cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Cau 1 (2 diém). Gia thiét x,y,z>0 va xy+yz+zx=a.

Chﬁ’ngminhr.%mg: X\/(a+y2>(a+z2)+y\/(a+z)2(a+x)2 +Z\/(a+x2)(a+y2) .

a+x’ a+y’ a+z’

Cau 2 (2,5 diém). Cho parabol (P): y = -x2 va duong thang d: y = 2mx — 1 v6i m 1a tham s6.
a) Tim toa do giao diém ctiad va (P) khim =1

b) Chitng minh réng véi mdi gid tri cia m, d lu6on cit (P) tai hai diém phan biét A, B. Goi
y1, y2 13 tung d6 caa A, B. Tim m sao cho | y? —y2 =35

Cau 3 (1,5 diém). Mot ngudi di xe may tir dia diém A dén dia di€ém B cach nhau 120 km.

Van tdc trén % quang duong AB dau khong d6i, van toc tréni quang dwong AB sau
béng% van toc trén% quang duong AB dau. Khi dén B, nguoi d6 nghi 30 phut va trd lai A

véi van téc 16n hon van tdc trén% quang duong AB dau tién 1tc di 1a 10 km/h . Thoi gian
ké ttr lic xudt phat tai A dén khi xe trd vé A la 8,5 gio. Tinh van toc ctia xe may trén quang
duong nguoi do6 di tie B vé A?

Cau 4 (3,0 di€m). Cho ba diém A, M, B phan biét, thang hang va M nam giita A, B. Trén
cting mot nita mit phang bo 1a dwong thang AB, dung hai tam gidc déu AMC va BMD.
Goi P la giao diém ctia AD va BC.

a) Ching minh AMPC va BMPD 1a cac tit gidc ndi tiép

b) Chitng minh CP.CB ++DP.DA = AB

c) Puong thang ndi tam ctia hai dreong tron ngoai tiép hai tit gidc AMPC va BMPD cat PA,
PB tuong tng tai E, F. Chttng minh CDFE la hinh thang.

Céu 5 (1,0 di€ém). Cho a, b, c la ba s6 thiec khdong 4m va thoa man: a +b + c = 1. Chiing

minh rang

J5a+4 ++/5b+4 ++/5c+4>7

Heét
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Thi sinh khong duwoc sir dung tai li¢u. Giam thi khong gidi thich gi thém.

Hova tén thi Sinh: ....co.oviiiiiiiiiiiiiiiie ;SObdodanh: ..........o.oiiiiiin,

PE 18
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Duing cho tdt cd cdc hoc sinh vdo 16p 10 chuyén)

Cau 1: (2,5 diém) Cho biéu thttc :

P:[X—_4+1J:; (061 x>0,x % Lix % 1;x % 4)
x—3x +2 2x—3+/x +1 4

a) Rat gon biéu thic P.

b) Tim x sao cho P=2019.

c) Véi x 25, tim gia tri nho nhat cta T-p+10,
X

Cau 2: (0,75 diéin) Cho hai duong thang (d,):y=mx+m va (d,):y= —%x+% (voi mla
tham s6, m #0). Goi I(x,;y,)1a toa d6 giao di€ém cua hai duong thang (d,) véi(d,). Tinh
T=x;+y,.
Cau 3: (1,25 diém) Goi x,,x,1a hai nghiém ctua phuong trinh: x> +(2—-m)x—-1-m =0 (m1a
tham so).

a)Tim m dé |x1 —x2| = 2\5.

1 1

b)Tim m sao cho T= >+ >
(x,+1)" (x,+1)

dat gia tri nho nhat.

Cau 4:(1,5 diém)  a) Giai phuong trinh: v/4x +8072 +/9x+18162 =5 .
Py’ +3x° +6x -3y +4=0
b) Gidi hé phuong trinh : Xz y2 X TERTOY
X" +y =3x=1
Cau 5: (3,5 diém) Cho duong tron tam Oban kinh a va diém J c6 JO =2a.Cac duong
thang JM, N theo thit tu 1a cac ti€p tuyén tai M, tai N ctia duong tron (O). Goi K 1a truec
tam ctia tam giac JMN, H1a giao diém cua MNvéi JO.

a) Chttng minh rang : H1a trung diém ctia OK.
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b) Chting minh rang : K thudc duong tron tam Oban kinh a.

c)JOla tiép tuyén ctia duwong tron tdm Mban kinh r. Tinh r.

d) Tim tap hop diém I sao cho tir di€ém I ké dwoc hai ti€p tuyén véi duong tron

(O) va hai ti€p tuyén d6 vuong goc vdi nhau.

Cau 6: (0,5 diém) Cho X,y,z laba s6 thyec khong dm théa man :12x+10y +15z <60 . Tim

gia tri 16n nhat cia T=x"+y’ +2* —4x—4y-z.
Hét

Thi sinh khong dwoc st dung tai ligu. Gidm thi khong gidi thich gi thém.

PE 19
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Dung cho tit ca cdc hoc sinh vdo 16p 10 chuyén)

3

Cau 1 (3,0 diém). 1. Cho f(x)= . Hay tinh gi4 tri ctia bi€u thtrc sau:

1-3x+3x?

A:f(—1 j+f(—2 J+...+f(2010j+f[2011J
2012 2012 2012 2012
x—2J§+ Jx+1 +1+2x—2\/;
xx =1 xyX +x+x X2 —+x

Tim tat ca cac gia tri ctia x sao cho gia tri cua P la mot s6 nguyén.

2.  Cho biéu thitc P =

Cau 2 (1,5 diém). Tim tit ca cac cdp s6 nguyén duong (x;y) thoa man
(x+y) =(x-y-6)".
Cau 3 (1,5 diém). Cho a, b, ¢, d 1a cac 8 thiee thoa man diéu kién:
abc+bed +cda+dab=a+b-+c+d+2012
Chiing minh réng: (a® +1)(b* +1)(c* +1)(d* +1)>2012.
Cau 4 (3,0 diém). Cho ba dwong tron (O,), (O,) va (O) (ki hiéu (X) chi duwong tron c6
tam la diém X). Gia stv (O, ), (O,) tiép xtc ngoai v6i nhau tai diém I va (O,), (O,)lan

luot ti€p xuc trong véi (O) tai M, M,. Tiép tuyén cua dudng tron (O, ) tai diém I cat
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duong tron (O) lan luot tai cac diém A, A'. Duong thang AM, cat lai duwong tron (Ol)
tai diém N, dudng thing AM, cét lai dudng tron (O, ) tai diém N, .
1. Chting minh rang t& giac M,N,N,M, ndi tiép va duong thang OA vudng gbc véi
duong thang N,N, .
2. Ké duong kinh PQ ctia dudng tron (O) sao cho PQ vudng goc voi Al (diém P
nam trén cung AM, khong chtta diém M, ). Chting minh rang néu PM,, QM, khéng
song song thi cic duwong thang Al, PM, va QM, dong quy.
Cau 5 (1,0 diém) Tat ca cac diém trén mit phang déu duoc t6 mau, trong d6 moi mot diém
duoc t6 boi mot trong 3 mau xanh, do, tim. Chitng minh rang khi d6 luén ton tai it nhat
mot tam gidc can, c6 3 dinh thudc cac diém ctia mat ph:fmg trén ma 3 dinh ctia tam giadc do

cung mau hodc d6i mot khac mau.

Hét
Thi sinh khong dwoc s dung tai liéu. Gidm thi khong giai thich gi thém.
Hova ten thi Sinh: ..o, ; S0bdodanh: .......................
DE 20

PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao dé)
(Ding cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Cau I (2.0 diém).
\/x+4\/x—4 +\/x—4x/x—4)

Vx® —8x+16
a) Rutgon A.Tim x dé A dat gia tri nho nhat.
b) Tim cac gid tri nguyén ctia x d€ A cd gid tri nguyén.

u
Cho A= voi x>4

Cau II (1.5 diéin).
Gia stt phuong trinh x* +ax+b=0 c6 2 nghiém 1én hon 1. Chting minh rang:
a®-a-2b_ 24b
2 .
b-a+1 1+ \/};

Cau III (2.0 diém).
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Giai phwong trinh: x° +

Cau IV (3.5 diém).
Cho duong tron (O;R); AB va CD la hai duong kinh khac nhau ctia dwong tron. Ti€p tuyén
tai B ctia duong tron (O;R) cat cdc duwong thang AC, AD thi tu tai E va F.

a) Ching minh tt gidc ACBD la hinh chit nhat.

b) Chtng minh AACD ~ ACBE

¢) Chting minh t& giac CDFE noi ti€p dwgc duong tron.

d) Goi§, S, Sz thie twe 1a dién tich caa AAEF, ABCE va ABDF. Chttng minh:

Bz =5

Cau V ( 1.0 diém).
Cho x >y > 0. Chitng minh rang: X+—————2>3.
(x=y)(y+1)

Déng thitc xay ra khi nao?

Hét
Thi sinh khong dwoc st dung tai liéu. Gidm thi khong gidi thich i thém.
Hova tén thi Sinh: ....c...oooiiiiiiiiiiiei i, ; SObdodanh: .......................

DE 21
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN
MON TOAN

(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Dung cho tdt cad cdc hoc sinh vdo 16p 10 chuyén)

Cau 1 (2,5 diém)

a) Cho ba s6 thue duong a,b,c théa man aN1-Db? +by1-c* +cy1-a’ =§.

Chting minh rang: a’ +b* +c* = %

a) Tim c4c sO thue x,y,z thoa man diéu kién: X\/l —y? +yN2-7% +743-x7 =3.

2

Cau 2 (2,0 diém) Trong mat phang toa dd Oxy, cho parabol (P) co6 phuong trinh y = %

- Goi (d) 1a duong thang di qua 1(0;-2) va c6 hé s6 goc k.
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a) Viét phuong trinh dudng thang (d). Chting minh dwong thing (d) ludn cat
parabol (P) tai hai diém phan biét A,B khi k thay d6i.

b) Goi H,K theo thi tu la hinh chiéu vuong goc cia A,B trén truc hoanh. Chiing

minh rang tam giac THK vudng tai 1.

x> +y* + 2y =1

Céu 3 (1,5 diém). Giai hé phuong trinh: X+y

,/x+y =x’-y

Cau 4 (3,5 diém).

Cho ntta duong tron (O) ¢6 duong kinh AB = 2R. CD la day cung thay d6i ctia nira duong
tron sao cho CD = R va C thuoc cung AD (C khac A va D khac B). AD cat BC tai H, hai
duong thang AC va BD cat nhau tai F.

a) Ching minh t& giac CFDH ndi tiép

b) Ching minh CF.CA = CH.CB

c) Goi I la trung diém cta HF. Chttng minh tia OI 1a tia phan giac cia géc COD.

d) Chttng minh diém I thuéc mot dwong tron ¢d dinh khi CD thay déi

Cau 5 (0,5 diém).

Cho a, b, c1a 3 s8 dwong théa man ab + bc + ca = 3abc. Chitng minh rang:

a b C 3
2 T T <<
a“+bc b"+ca c +ab 2
Hét
Thi sinh khong dwoc st dung tai liéu. Gidm thi khong gidi thich i thém.
Hova ten thi Sinh: ....o.ooviiiiiiiiiii i ;SObdodanh: ...l

PE 22
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Diing cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

a b 1 1 2

B+—+1 b
Cau 1 (2,5 diém) Cho biéu thiic P = a - v6ia>0,b>0,a#b.
a
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1. Chttng minh P = i
ab

2. Gia st a, b thay d6i sao cho 4a+b++/ab =1. Tim gi4 tri nho6 nhat cta P.

X—my =2-4m

Cau 2 (2,0 diém) Cho hé phuong trinh { v6im la tham s§

mx+y=3m-+1
1. Giai hé phuong trinh khi m = 2.
2. Chtng minh hé luén cé nghiém v6i moi gia tri ciia m. Gid st (xo;yo) la mot nghiém
ctia hé. Chting minh dang thiec x,> +y,” —5(x, +y,)+10=0
Cau 3 (1,5 di€ém) Cho a, b 1a cac s6 thuc khéc 0. Biét rang phuong trinh
a(a—x)* +b(x—b)* =0 cb nghiém duy nhat. Chimg minh lal = Ibl.
Céu 4 (3,0 di€ém) Cho tam gidc ABC c6 cac goc ABC;ACB nhon va BAC = 60°. Cac duong
phan giac trong BBi, CCi ctia tam gidc ABC cat nhau tai I.
1. Chting minh t giac AB1ICi ndi tiép.
2. GoiK la giao diém thit hai (khac B) cia duong thang BC véi duong tron ngoai tiép
tam gidc BCil. Chitng minh tit gidc CKIB: noi tiép.
3. Chtng minh AK 1 BiCi.

Céu 5 (1,0 di€ém) Tim cac s6 thyc khong 4m a va b thoa man

2 +b+2|[b2ra+|=[2a+ 1| 241
4 4 2 2

Hét
Thi sinh khong dwoc s dung tai liéu. Gidm thi khong giai thich gi thém.
Hova tén thi Sinh: ....c...oooiiniiiiiiiiic i, ; SObdodanh: .......................

DE 23
PAGE TAI LIEU TOAN HOC DPE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thot gian: 120 phut, khong tinh thoi gian giao dé)
(Dung cho tdt cad cdc hoc sinh vdo 16p 10 chuyén)

Cau 1. (2,0 diém) a) Gia st x, y, z la cac s8 thuc dwong thoa man diéu kién:
5x+4v+3
N 2y N 3z _ xyz( X+4y+ z)
1+y2 1+ 22 (x+y)(y+z)(z+x)

b) Gia st a, b, ¢, x, y, z la cac s thuc khac 0 thoa man:

X+y +z=xyz. Chitng minh rang: T
+X
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a b c : ey Xy 2
—+—+—=0 Va§+X+E=1.Chungmmhrang:—2+y—2+z—2:1
Xy z a b c a~ b” ¢
¢) Cho 3 s0 thuc x, y, z thda mai diéu kién:
X2 y2 ZZ
x+y+z=0vaxyz#0. Tinh gia tri biéu thitc: P= ——F——+5—5—+—F5—F—
y +zt-x" 2 +x -y’ X4y -z

Cau 2. (2,0 diém) Cho Parabol (P):y=x" va duong thang (d):y =mx+4 .
a) Chting minh dwong thang (d) ludn cit &6 thi (P) tai hai diém phan biét A,B .Goi
\ \ A 2 7 o« A? N 4 . 7 Y 2 2(X1+X2)+7
X,,X, lahoanh d6 cia cac diéem A,B . Tim gia tri I6n nhat cia Q = T
Xl X2

b) Tim m d¢& dién tich tam giac OAB béng 8 .

Céu 3. (2,0 diém) Cho phuong trinh x* —2(m+1)x+m*-2m+5=0 (1) (m la tham s3)
a) Tim m d€ phuwong trinh (1) c6 hai nghiém phan biét.
b) Gia st phuong trinh (1) c6 hai nghiém phan biét xi, x2 déu khac 1. Tim gid tri nho
nhéat ctia biéu thirc: P = m +(x, +X, —6)
Cau 4. (4,0 diém)
Cho tam gidc ABC c6 ba goc nhon, voi ABC =60°, BC =2a va AB < AC. Goi (O) la duong
tron duong kinh BC (O 1a trung diém BC). Duong tron (O) cat cac canh AB va AC Tan luot
tai D va E (D khac B, E khac C), BE cat CD tai H.
a) Chung minh ti gidc ADHE ndi tiép va xac dinh tam I cia duwong tron ngoai tiép ti
giac do.
b) Chtng minh: HB.DE = HD.BC

c) Tiép tuyén tai C ctia duong tron (O) cat dwong thang DI tai M. Tinh ti s§ %

d) GoiF la giao diém cua AH va BC. Cho BF = 37:1 , tinh ban kinh dwong tron noi tiép

tam gidc DEF theo a

Hét
Thi sinh khong dwoc ste dung tai liéu. Gidm thi khong giai thich i thém.

Ho va tén thi Sinh: ....coooviiiiiiiiiiiiiie ;SObdodanh: ............o.oeiii
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PE 24
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Dung cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Cau 1 (2,0 diém) a) Cho céc s6 thuc a, b, c khac nhau d6i mot thdéa man: a’ +b’ +¢® =3abc
ab’ bc? ca’

va abc#0 . Tinh: P= + +
a’+b*—-c* b*+c*-a’ c?+a’-b?

b) Cho a la nghiém ctia phuong trinh: x> —3x+1=0 . Khong can tinh a hay tinh gia tri biéu
2

a

thitc: Q=———
Q at+a’+1

Cau 2 (2,5 diém)

a) Giai phuong trinh x* +x—4\3x+1+6=0

b) Trong hé toa d6 Oxy, cho Parabol (P): y = x2 va duong thang (d): y = 2mx + 2 (m la tham
s6). Tim m dé (d) cat (P) tai 2 diém phan biét A va B sao choS,, = 26

Cau 3 (1,0 diém)

Cho cac sO thuc duong a, b, ¢ thoa man ab +bc + ca=11. Tim GTNN

_ 5a+5b+2c

122 +11) + 12002 +11) + 2 + 11

P

Cau 4 (1,0 diém) Tim s0 ty nhién n biét n + S(n) = 2015, vdi S(n) 1a tong cac chit s6 cha n.
Cau 5 (3,5 diém)

Cho tam giac ABC nhon ndi tiép (O), ba duong cao AD, BE, CF cit nhau & H va cit (O) tai
M,N, P.

a) Ching minh M d6i xiing H qua BC.

b) Chiing minh (AHB) = (BHC) = (CHA) ((AHB) la dwong tron di qua ba diém A, H,B)

o Tinn - AM BN CP
AD BE CF
Hét
Thi sinh khong duwoc sir dung tai li¢u. Giam thi khong gidi thich gi thém.
Ho va tén thi Sinh: ....co.oviiiiiiiiiniiiiiiie ; SObdodanh: ............oooiiii
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PE 25
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Dung cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Cau 1 (2,0 diém) a) Chitng minh rang véi moi s8 nguyén duong n, ta cé:
1 1

1 1
+ +...+ <l—-—
224141 33+22 (n+1)Vn+1 +nvn Jn+1

b) Cho a, b,c 1a cac s6 thue thdéa man diéu kién: a+b+c=6; 1 + 1 + 1 =8
a+b b+c c+a

4 .7 . o« A? V4 b
Tinh gia tri biéu thic: P = c 2y
a+b b+c c+a

: 2 [y +1-2xy-2x=1
Cau 2 (2,0 diém) a) Giai hé phuong trinh: |~ VY 77~ 2Y 72X
x* —3x-3xy =6

b) phwong trinh: 5’/3x+1 +3/5—x +§’/2x—9 =3/4x—3 (4)

Cau 3 (2,0 diém) a) Tim tat ca cdc s8 x, y nguyén duong thoa man phuong trinh
1,11

x y 617

b) Tim s& ti nhién bé nhat c6 4 chir s6 biét n6 chia hét cho 7 dwoc s6 dw la 2 va binh
phuong ciia né chia hét cho 11 dwoc s6 du 1a 3.

Cau 4 (3,0 diém)

a) Cho tam gidc ABC c6 ba gbc nhon noi ti€p trong duong tron tam I. Goi H 1a tryc tam
ctia tam giac ABC. Hai duong thang BH, CH cat duong tron (I) Ian lwot tai hai diém P va
Q (P khac B va Q khac C)

1, Chttng minh IA 1 PQ

2, Trén hai doan HB va HC lan luot 1ay hai diém M, N sao cho AM L MC, AN 1 NB.
Chttrng minh A AMN can

b) Cho tam gi4c ABC c6 BAC = 2CBA = 4ACB. Chng minh—— = — 4 L
AB BC CA
Cau 5 (1,0 diém) Cho ba sd duong x, y, z thoa man diéu kién x + y + z = 1. Chtiing minh
rang
350 + 386 > 2015

Xy+yz+zx X +y’+z°
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Hét
Thi sinh khong dwoc str dung tai liéu. Gidm thi khong gidi thich gi thém.

Ho va tén thi Sinh: ....cooovviiiiiiiiiiiiiiiiie ;SObdodanh: ............oiiiiii,

PE 26
PAGE TAI LIEU TOAN HOC DPE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Dung cho tit ca cdc hoc sinh vdo 16p 10 chuyén)

4 4
Bai 1: (1,5 diém) Cho &+ = va a’ +b’ =1 . Chitng minh rang:
X Yy X+y
a) bx* =ay’
X2000 y2000 2
b) alOOO + b1000 = (a+b)1000

Bai 2: (2,0 diém) a) Giai phuong trinh: x* +1=232x—1
x’ =8x =y’ +2y
b) Giai hé phuong trinh: {Xz _3= 3(}’2 + 1)
Bai 3: (1,0 di€m)
a) Cho phuong trinh ax® +bx+c= O(a # 0) c6 hai nghiém x ,x, théa man
ax, +bx, +¢ =0 Chting minh rdng ac(a+c—3b)+b’ =0.
b) Gia st p,q 1a hai s6 nguyén dwong khac nhau. Chizng minh rang it nhat mot trong

hai phuwong trinh sau ¢6 nghiém x* +px+q=0;x"+qx+p=0.

Bai 4: (1,5 di€m) Cho x,y,zthéamanx+y+z=0;x+1>0;y+1>0vaz+4>0.
xy—1 Lz
(x+1)(y+1) =z+4
Bai 5: (3,0 di€ém) Cho ntra duong tron (O) duong kinh AB. Lay hai diém C, D trén ntra
duong tron sao cho AC = BD (C ndm gitta A va D). Goi E 1a giao diém ctia AD va BC.

Tim GTLN ctia A =
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a) Chting minh hai tam giac ACE, BDE bang nhau.

b) Chting minh t& gidc AOEC, BOED néi tiép.

¢) Puong thang qua O vudng géc AD cat CD tai F. Tt gidc AODF 1a hinh gi? Vi sao?
d) Goi G la giao diém cua AC va BD. Chiing minh O, E, G thf;ing hang.

Hét
Thi sinh khong dwoc s dung tai liéu. Gidm thi khong giai thich gi thém.
Hova ten thi sinh: ...cco.oovviiiiiiiiiiiciieieieee, ;SObdodanh: ......................

PFE 27
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Dung cho tit ca cdc hoc sinh vdo 16p 10 chuyén)

Cau 1. (2,0 diéim) 1) Véi gid tri nao ctia x thi bidu thire /x+1+/x—3 xac dinh.
2) Tinh gié tri ctia biéu thire A =+/x+3 —v3=x khi x=2+2
3) Tim toa do ctua cac diém co tung do béng 8 va ndm trén d6 thi ham s& y=
4) Cho tam gidc ABC vudng tai A, AB=3; BC =5. Tinh cos ACB.

)(x+\/; 1- \/_
«/2 1 x-1"Jx+1 x-x

Cau 2. (1,5 diém) Cho biéu thirc Q =( ) (vGix>0;x# 1)

1) Rut gon biéu thirc Q .
2) Tim cdc gia tri cua x d€ Q =—1.
Céau 3. (2,5 diéim) Cho phuong trinh x* —2(m-1)x+m*~6=0 (1) (v4i m la tham s3).
a) Giai phuong trinh véi m = 3.
b) Vi gia tri nao ctia m thi phuwong trinh (1) ¢ cac nghiém x1 ;x2, thoa man

2 2
X, +x,"=16.

IX+2(x—y+3)=
1) Gidi hé phuong trinh | VX2~V +3) it

X* +(x+3)(2x—y +5) =x+16
Cau 4. (3,0 diém) Cho tam gidc ABC vudng tai A (AB <AC), duong cao AH. Duong tron
tam I duwong kinh AH cit cdc canh AB,AC, Tan lwot tai M,N. Goi O 1a trung diém ctia doan
BC, D la giao diém ctia MN va OA.

1) Ching minh réng:
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AM. AB= AN. AC
b) Tw giac BMNC la tt gidc ndi ti€p.
2) Chiing minh rang:
a) AADI ~AAHO .
1 _ 1 N 1
AD HB HC
3) GoiP la giao diém ctia BC va MN, K 1a giao diém thit hai caa AP va duong tron
duong kinh AH. Chttng minh rang BKC = 90°.

Céu 5. (1,0 diéin) 1) Giai phuong trinh v/3x —6x—6 = 3(2—x)° +(7x—19)V2 —x

2) Xét cac s6 thue duong a, b, ¢ thda man abc =1.Tim gia tri 16n nhat cua biéu thirc

Hét
Thi sinh khong dwoc st dung tai liéu. Gidm thi khong gidi thich i thém.
Hova ten thi Sinh: .......ooviiiiiiiie e, ; S0bdodanh: .......................

DE 28
PAGE TAI LIEU TOAN HOC DE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Dung cho tdt cd cdc hoc sinh vdo 16p 10 chuyén)

Bai 1. (2,0 diém)
1) Cho da thitc P(x) =ax® +bx+c. Biét P(x) chia cho x + 1 du 3, P(x) chia cho x dw 1 vaP(x)

chiachox-1du 5. Tim cichésd a, b, c.

4 4

2) Cho cacsd a, b, x, y thbamanab#0,a+b#0, x Yy =L;x2 +y? =1. Chting minh
a b a+b
rang:
a) ay’ =bx’
200 200
b) X y 2

—+ =
alOO blOO (a + b)lOO

Bai 2. (2,5 diém)
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(y —)(y —x—4) =x" —4x
1) Gidi hé phuong trinh
X(y—4)+43x* -y =6

2) Giai phwrong trinh 3(x + 1)y>* +x+3 —3x* —4x—7 =0.
Bai 3. (3,0 diéin) Cho hai duong tron (O1), (O2) tiép xtic ngoai tai M. Mot duong thang cat
duong tron (O1) tai hai di€m phan biét A, B va tiép xtic véi duong tron (O2) tai E (B ndam
gitta A va E). Duong thang EM cat duong tron (O1) tai diém J khac M. Goi C 1a diém thudc
cung MJ khong chtra A, B cua duong tron (O1) (C khac M va J). Ké tiép tuyén CF véi
duong tron (O2) (F 1a ti€p diém) sao cho cac doan thang CF, MJ khong cat nhau. Goi I 1a
giao diém ctia cac dwong thang JC va EF, K 1a giao diém khéac A ctia duwong thang Al va
duong tron (O1) . Chiing minh rang:
1) Tt gidc MCFI la tt: gidc noi tiép va JA = J1 = (JEJM
2) CI la phan gidc gdéc ngoai tai C cua tam gidc ABC.
3) K la tam duong tron ngoai ti€p tam gidc BCI
Bai 4. (1,0 diém) Tim cac s ty nhién x, y thoa man
(20 +1)(2°+2)(2* +3)(2* +4)-5" =11879.

Bai 5. (1,5 diém)
1) Trong mat phang cho tap S gom 8065 diém d6i mot phan biét ma dién tich ctia mdi tam
giac c6 3 dinh thudc tap S déu khong 16n hon 1 (quy wdc néu 3 diém thang hang thi dién
tich ctia tam giac tao boi 3 diém nay bang 0). Chtiing minh rang ton tai mot tam gidc T ¢6
dién tich khong 16n hon 1 chita it nhat 2017 diém thudc tap S (mdi diém trong s& 2017
diém d6 ndm trong hodc nam trén canh ctia tam giéc T)
2) Cho ba s6 duong a, b, ¢ . Chiing minh bat dang thtkc

4a’ +(b-c)’ . 4b” +(c—a)’ . 4c* +(a-b)’ >3,

2a’+b’+c®  2b*+c’+a’ 2c*+a’+b’

Hét
Thi sinh khong dwoc ste dung tai liéu. Gidm thi khong giai thich i thém.
Ho va tén thi Sinh: ....c..oviiiiiiiiiiiiiiiiie ;SObdodanh: ...,
DE 29

PAGE TAI LIEU TOAN HOC DPE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Dung cho tdt cad cdc hoc sinh vdo 16p 10 chuyén)
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a 2 2
a-16 Ja-4 Ja+4
1) Tim diéu kién ctia a d€ bi€u thirc C c6 nghia va rat gon C.
2) Tinh gia tri ctia bidu thitc C khi a=9-44/5.

Cau 1: (2,0 diém) Cho biéu thie C=

Cau 2: (2,5 diém) a) Chiing minh rang néu: x = 2

Thi: (1+x)(1+y)(1+z)=(1-x)(1-y)(1-z)
b)

ay—bx ox—-az bz-cy

Cho a, b, cla ba s6 khong am thoa man: -
C a

Chitng minh réng: (ax+by + cz)2 = (x2 +y’ +2° )(a2 +b% + cz)

Cau 3: (1,5 diém) Giai phuong trinh: 5vx° +1=2(x* +2)
Cau 4: (3,0 diém) Cho tam gidc ABC vudng tai A va (C) la duwong tron tam C ban kinh CA.

Lay diém D thudc duong tron (C) va nam trong tam giac ABC. Goi M 1a diém trén canh

AB sao cho BDM = %ACD; N la giao diém ctia duong thang MD véi duong cao AH ctia

tam gidc ABC; E 1a giao diém thit hai ctia duong thang BD véi duong tron (C). Ching
minh rang;

a) MN song song voi AE.

b) BD.BE =BA?va tt gidc DHCE ndi tiép.

c) HA la dudong phan giac ctia géc DHE va D 1a trung diém cta doan thang MN.
Ciu 5: (1,0 diém) Cho hai s6 duong x, y thoa man diéu kién x +y <4. Tim gid tri nho nhat

cua biéu thtc:

P=— 2 >+ 3 +2xy
x*+y* Xy
Hét
Thi sinh khong dwoc ste dung tai liéu. Gidm thi khong giai thich i thém.
Hova ten thi Sinh: ...cco.oovviiiiiiiiiiiiiiieieiaae, ;Sobdodanh: ....................
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PE 30
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Dung cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Bai 1. (2.00 diém) Cho biéu thtic M = X\/}_’_ \/}_' - Y\/;JF \/;
1+/xy

1) Tim diéu kién xac dinh va rat gon M.
2) Tinh gi4 tri ctia M, biét réng x =(1-+/3)? va y=3-4/8
Bai 2. (2,00 diém)
2 1 2
2 oo o
X417 02X 47 1463 +3)(x% +15)

1) Giai phwong trinh: (xeR)

2) Cho ba s0 thyc a, b, c thdaman: b#c;a+b=#c va ¢ :Z(ac+bc—ab)

.a12+(a—c)2 _a-
b’ +(b-c) b-

Chting minh rang: Z
Bai 3. (2,00 diém)

1) Cho phuong trinh: x* —=2(m+1)x+m*+4=0 (m la tham s0)

a) Giai phuong trinh véi m=2.

b) Tim m dé€ phuong trinh ¢6 hai nghiém x,,x, thoa man x? + 2(m +1)x2 <3m’+16.
Bai 4. (4,00 diém)
Cho tam gidc ABC vuong tai A (AB<AC). Hai dwong tron (B; BA) va (C; CA) cat nhau
taidiém thit hai 1a D. V& duong thang a bat ki qua D cat dueong tron (B) tai M va cat duong
tron (C) tai N( D nam gitta M va N). Tiép tuyén tai M ctia duong tron (B) va tiép tuyén tai
N ctia dwong tron (C) catnhau tai E.

1) Chtng minh BC la tia phan gidc caia ABD

2) Goilla giao diém cuia AD va BC. Chitng minh: AD2 = 4BL.CI

3) Chtng minh bon diém A, M, E, N cung thudc mot duong tron.

4) Chting minh rang s6 do MEN khong phu thuoc vi tri ctia dwong thang a.

Hét
Thi sinh khong dwoc st dung tai liéu. Gidm thi khong giai thich i thém.
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Ho va tén thi Sinh: ....c..oooiiiiiiiiiiiiiiiiiee ;SObdodanh: ...,

PE 31
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Diing cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Cau 1 (2,0 diém)
‘ 2.2016
va
V20172 —1++/2016% 1

a) Sosanh N = i
M

b) Rut gon biéu thiec: B =

2
Ja-345-2425 4125
Cau 2 (2,0 diém)
Cho phuong trinh x* +ax+b+1=0 véi a,b la tham s6.
1) Gidi phwong trinh khi a=3 va b=-5.

2) Tim gia tri cta a,b d€ phuong trinh trén c6 hai nghiém phan biét x,, x, thoa man

A ‘A X1 - Xz =3
diéu kién: < © 7 .
X, =X, =9

Cau 3 (1,5 diém)
a+b c+d ac—bd
;n=——;p=
a—b c—d ad +bc
Cau 4 (3,5 diém)
Cho ntra dwong tron (O;R), duwong kinh AB, C 1a diém chinh gitra cung AB. Diém M
thudc cung AC (M # A, M # C). Qua M ké tiép tuyén d véi nira duong tron, goi H 1a giao

Chom = . Chting minh rang: m+n+p=mn.p

diém ctia BM véi OC. Tt H ké mot duong thang song song véi AB, duwong thang d6 cat
tiép tuyén d 0 E.

a. Ching minh OHME 1a t& giac noi tiép

b. Chttng minh EH =R

c. Ké MK vudng goc voi OC tai K. Chitng minh duong tron ngoai tiép A OBC di qua tam
duong tron noi tiép A OMK.

Céu 5 (1,0 diém)

Cho a, b 1a s0 cac s6 thuc duong. Tim gia tri 16n nhat cua biéu thirc:
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b a+ b3 ) 5
Hét
Thi sinh khong dwoc str dung tai liéu. Gidm thi khong gidi thich gi thém.
Hova ten thi Sinh: ...cco.oovviiiiiiiiiieieieee, ;SObdodanh: .................o...
DF 32
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN
MON TOAN

(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Dung cho tit ca cdc hoc sinh vdo 16p 10 chuyén)

a+1 a\/_l a—a\/_+\/;1
& aaa

a) Tim diéu kién ctia x d€ biéu thirc A c¢6 nghia

b)Rut gon biéu thic A

Cau I: Cho biéu thirzc M =

¢)Tim gia tri nho nhat cua A.

Cau II:
Cho parabol (P) 1y =x* va duong thang (d):y =2mx—m+1 (m #0). Tim m sao cho
duong thang (d) cat parabol (P) tai hai di€m phan biét A, B ¢6 hoanh d6 X, va x,thoa man

|x1 —x2| =2,

-3, >
127 @3 " [am+n]

Cau IV: Cho duong tron (O;R) ¢6 duong kinh AB. Diém C la diém bat ky trén (O). C # A,B.
Tiép tuyén tai C cht ti€p tuyén tai A,B lan luot tai P,Q
1) Chitng minh: AP.BQ = R?
2) Chting minh: AB la tiép tuyén ctia duong tron duong kinh PQ
3) Goi M 1a giao diém cua OP v6i AC, N la giao diém ctia OQ véi BC. Chiing minh: PMNQ
la t& gidc noi tiép.

4) Xac dinh vi tri diém C d€ duong tron ngoai tiép ti giac PMNQ cé ban kinh nhé nhat
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Cau V: Cho x, y la cac s6 thuc duong. Tim gia tri nhd nhat cua biéu thiec :

X 1 1
P= y2+(;+§)~/2(x2+y2).

x> +y

Hét
Thi sinh khong dwoc s dung tai liéu. Gidm thi khong giai thich gi thém.
Hova tén thi Sinh: ....co.oviiiiiiiiiiiiiiiiiie ;SObdodanh: ..........o.oiiiiiin,

DE 33
PAGE TAI LIEU TOAN HOC DPE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Duing cho tdt cd cdc hoc sinh vdo 16p 10 chuyén)

Bai I (2,0 dién)
1) Gidi phwong trinh: x— Ix—-8-— 3\/;+ 1=0.
2 2 — 5
2) Giai hé phuong trinh X3 Ty ,
X" +2y° =10x-10y
Bai II (2,5 diém).
1) Cho s6 nguyén duong n thoa man n va 10 la hai s6 nguyén t6 cung nhau. Chiing minh
(n* -1):40
P AN N A L p-1=2x(x+2)
2) Tim tat ca cac sO nguyén to p va cac sO nguyén duong x,y thoa méan |
p -1=2y(y+2)

3) Tim tat ca cac sd nguyén duong n sao cho ton tai cac s6 nguyén duong X, y, z thoa man
X’ +y° +72° =nx’y’z’

Bai III (1,5 diém)
Cho ba s6 thye duong a, b, ¢ thoéa méan (a +b)(b + ¢)(c + a) = 1. Chitng minh ab + ac + bc < %

Bai IV (3,0 diém)

Cho tam giac ABC nhon ndi tiép (O) . Cac duong cao AM, BN, CP cit nhau tai H. Goi Q 1a
diém bat ky trén cung nho BC. Goi E, F la diém d6i xtiing cua Q qua AB, AC.

1) CMR: MH.MA = MP.MN
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2) CMR : E, F, H thang hang.
3) Goi ] la giao diém cua QE va AB. Goi I la giao diém ctia QF va AC. Tim vi tri ctia Q trén
cung nho BC dé AB, AC nho nhat.
Q
Bai V (1,0 diém)
1
1000

Chting minh ton tai cac s6 nguyén a, b, ¢ sao cho 0 <‘a +b\/§ + c\/?_) ‘ <

Hét
Thi sinh khong dwoc st dung tai liéu. Gidm thi khong gidi thich i thém.
Hova ten thi Sinh: .......ooviiiiiiiie e, ; S0bdodanh: .......................

DE 34
PAGE TAI LIEU TOAN HOC DPE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Dung cho tdt cad cdc hoc sinh vdo 16p 10 chuyén)

Ciu L. Cho phuong trinh (m® +5)x* —2mx—6m =0(1) vi m 1a tham sd.
a) Tim m sao cho phuong trinh (1) ¢6 hai nghiém phan biét. Chitng minh rang khi d6
tong cua hai nghiém khong thé la sd nguyén.

b) Tim m sao cho phuong trinh (1) ¢6 hai nghiém x1;x2 théa man diéu kién

(X%, =X, +X,)* =16
2(1+x,Jy)? =9y+x
2(1+yVx)? =9x,Jy
2) Cho tam giac ABC vuodng tai A vdi cac duong phan giac trong BM va CN. Chitng minh

(MC+MAYNB+NA) /5
MANA

Cau II. 1) Giai hé phwong trinh {

bat dang thirc

Cau III. Cho cédc sd nguyén duong a, b, ¢ sao cho 1 +% =—
a c

a) Chiing minh rang a + b khong thé 1a s§ nguyeén t3.

b) Chting minh rang néu ¢ > 1 thi a + c va b + c khong thé dong thoi 1a s6 nguyén t§
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Cau IV. Cho diém C thay d6i trén ntta dueong tron duwong kinh AB=2R (C # A, C # B). Goi
H 1a hinh chiéu vudng gdc cua C lén AB; I va J lan luot la tAm duwong tron ndi tiép cac tam
giac ACH va BCH. Cac dwong thang CI, CJ cat AB Ian luot tai M, N.

a) Ching minh r?mg AN =AC, BM =BC.

b) Chiing minh 4 diém M, N, J, I cung nam trén mot duong tron va cac duong théng

M]J, NI, CH dong quy.

c) Tim gia tri 16n nhat cia MN va gid tri 16n nhét cta dién tich tam giac CMN theo R.
Cau V. Cho 5 s0 ty nhién phan biét sao cho tong ctia ba s6 bat ky trong chiing 16n hon
tong ctia hai s con lai.

a) Chiing minh rang tat ca 5 s3 da cho déu khdng nhé hon 5.

b) Tim tat ca cac bo gom 5 s6 thoa man dé bai ma tong ctia chuing nho hon 40.

Hét
Thi sinh khong dwoc st dung tai liéu. Gidm thi khong gidi thich i thém.
Hova ten thi Sinh: .......ooviiiiie i, ; S0bdodanh: .......................

PFE 35
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao dé)
(Ding cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

2 2 2
a-16 Ja—-4 +a+4
1.Tim diéu kién cta a d€ biéu thirc C ¢ nghia va rat gon C.
2.Tim gi4 tri ctia biéu thite C khi a=9-44/5
Bai 2: (2,0 di€ém)

Bai 1: (2,0 diém): Cho biéu thirc: C =

x+y=2
(m=Dx+y (m la tham sG)

Cho hé phuong trinh: {
mx+y=m+1

1.Giai hé phwong trinh khi m = 2.

2.Chting minh rang véi moi m, hé phuong trinh ludn c¢6 nghiém duy nhat (x;y) thoa man:
X+2y <3

Bai 3: (2,0 diém):
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1.Trong hé toa d6 Oxy, tim m dé& duong thang (d): y=mx-m+2 cat Parabol (P):y =2x" tai
hai diém phan biét nam bén phai truc tung.

3yx+2y =4—-x-2y(1)

Px+6+\2y =2(2)

Bai 4: (3,0 di€m): Cho duong tron O duong kinh BC va mot diém A nam bat ki trén duong
tron (A khac B va C). Goi AH la duong cao caia DABC, duong tron tam I duong kinh AH
cat cac day cung AB, AC tuong ting tai D, E.

1.Chting minh réng: géc DHE bang 90° va AB.AD=AC.AE

2.Céc tiép tuyén ctia duong tron (I) tai D va E cit BC tuwong ting tai G va F. Tinh s& do goc
GIF.

3.Xac dinh vi tri diém A trén duong tron (O) d€ t& giac DEFG c6 dién tich 16n nhat.

2.Giai hé phuong trinh: {

Bai 5: (1,0 di€m): Cho ba s8 thyc x, y, z. Tim gid tri l6n nhat biéu thic

G XyZ(X+y +Z+\X* +y° +2°)

O +y? +2°)(xy +yz +2X)

Hét
Thi sinh khong dwoc s dung tai liu. Gidm thi khong giai thich i thém.
Hova tén thi Sinh: ....c...oooiiniiiiiiiiiii i, ; SO'bdodanh: .......................
DE 36

PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Ding cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

3x+416x-7 x+1 Vx-3
x+2dx -3 Jx+3 Jx-1

Cau 1: (2.0 di€m) Cho biéu thtic: P = (Vi x > 0)

1.Rat gon biéu thic P

2.Tinh gia tri ctia biéu thic khi x = 2«/5 +3

Cau 2: (2.0 di€m)

1.Cho phuong trinh: 2013x* —(m —2014)x —2015, v4i m 1a tham s8. Tim m d€ phuwong

trinh c6 hai nghiém x1;x2 théa man Jxlz +2014 -x, = 4,X22 +2014 +x,
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1 1

2.Giai phwong trinh: + =3
pAtOns 2x+17  (2x+2)

Cau 3: (2.0 di€ém) Tim nghiém cta phuong trinh: x° +y° —x’y —xy” =5

Céu 4: (3.0 di€m) Cho duong tron (O) duwong kinh AB. Goi M la diém thudc cung AB (AB
# A, M #B) valla diém thudc doan OA (I# O, I# A). Trén nira mat phéng bo AB c6 chtra
diém M, ké cic tia tiép tuyén Ax, By véi duong tron (O). Qua M ké dudng thang vudng
gbc véi IM, duong thang nay cit Ax, By Ian lwot tai C va D. Goi E 1a giao diém ctia AM véi
IC, F 1a giao diém ctia BM véi ID. Chiing minh rang:

1.T® giac MEIF la t& giac noi tiép

2.EF /| AB

3.0M la tiép tuyén chung cua hai dwong tron ngoai tiép tam giac CEM va DFM.

Cau 5: (1,0 di€m) Cho céc sd dwong x, y, z thdoa man:

\/xz +y’ +\ij +27 +Z +x> =2014

2 2 2
N L4 . 2 4 2 A2 7 X V4
Tim gia tri nho nhat ctia bieu thite T = +Y
y+z zZ+X X+y

Heét
Thi sinh khong dwoc s dung tai liéu. Gidm thi khong giai thich gi thém.
Hova ten thi Sinh: ..ooooeviiiiiiiii i, ;SObdodanh: ............o.oiiii,
DE 37
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN
MON TOAN

(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Diing cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Bai 1. (3,0 diém) 1) Giai phwong trinh: v/5x—6 ++10—3x = 2x* —x—2
31 8xy* =96

2) Giai hé phuong trinh: 1 ' 0 =Y
x> + 32y2 =48

Bai 2. (2,0 diéin) 1) Cho phuong trinh x2 - 2x — 4 = 0 ¢6 hai nghiém xi; x2. Tinh S=x," +x,’
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2) Choa, b, ¢, d la cac s6 nguyén duong thoa man: a2 + ab + b?>= ¢ + c¢d + d2 Ching
minh a+b +c+dlahop so.

Bai 3. (1,0 diém) Cho a, b, c 1a ba 8 thirc dwong va c6 tong bang 1.

a—bc b-ca N c-ab _3
a+bc b+ca c+ab 2
Bai 4. (3,0 diém) Cho hinh binh hanh ABCD v6i A, C ¢d dinhva B, D di ddng. Puong phan
gidc ctia goc BCD cat AB va AD theo thit ty tai I va J (J nam giita A va D). Goi M 1a giao diém
khac A cta hai duwong tron ngoai ti€p tam giac ABD va AlJ, O la tam duong tron ngoai ti€p tam
giac AlJ.

1) Chtng minh AO la phan giac goc IA].

Chitng minh:

2) Chtng minh bon diém A, B, D, O cung thudc mot duong tron.

3) Tim dwong tron c§ dinh ludn di qua M khi B, D di dong.
Bai 5. (1,0 diéim) Chting minh rang trong 39 s6 tu nhién lién tiép bat ky ludn ton tai it nhat
mot sO 6 tong cac chit s6 chi hét cho 11
Cau 1: (2 diém) a) Giai phuong trinh: x\/2x—3 =3x—4

b) Cho 3 s6 thuc x, y, z thoa man diéu kién: x +y +z =0 va xyz # 0.

XZ y2 Zz
Tinh gia tri biéu thitcP = + +
& : y2+Z2—X2 ZZ+X2—y2 X2+y2—Z2
1 9
X+y+—=—
Cau 2: (1,5 diém) Giai hé phuong trinh: y x
cey-do%y
X X

Céu 3: (1,5 diém) Cho tam gidc déu ABC va M 1a mot diém bat ki trén canh BC. Goi D, E
[an lwot 1a hinh chi€uvudng goc ctia M trén AB va AC. Xac dinh vi tri cua M d€ tam giac
MDE ctia chu vi nho nhat

Céu 4: (2 diém). a) Cho x, y 1a 2 s& thye khac 0. Chiing minh ring: — + 2 >

2 2

a’ +3ab+b’

Jab(a+b)
Cau 5: (2 diém) Tir mot diém M ndm ngoai duong tron (O), ké cac tiép tuyén MA, MB véi
(O) (A, B la cac tiépdiém). Goi H la giao diém ctia AB voi OM, I 1a trung diém ctia MH.
Duong thiang Al cat (O) taidiém K (K khac A).

a) Chung minh HK vuéng goc AL b) Tinh sd do géc MKB

Céu 6: (1 di€m) Tim cdp s nguyén (x;y) thoa man phuwong trinh:
2015(x* +y*)—2014(2xy +1) = 25

b) Cho a, b la hai s& dwong. Tim gia tri nho nhat ctaa biéu thac: P =
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PF 38
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Dung cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Bai 1. (3,0 diém)
1) Giai phuwong trinh: JBx =6 +10-3x =2x> —x—2

2) Giai hé phuong trinh: {Xz " 8xyi =9y
X" +32y° =48

Bai 2. (2,0 diém)

1) Cho phuong trinh x2 - 2x — 4 = 0 ¢4 hai nghiém xi; x2. Tinh S=x," +x,’

2) Choa, b, ¢, d la cac s6 nguyén dwong thda man: a + ab + b2= 2 + cd + d2. Chiing

minh a+b+c+dlahogp s6.

Bai 3. (1,0 diém)
Cho a, b, c 1a ba s6 thuc dwong va cé téng bang 1.
a-bc b-ca c-ab _3
a+bc ’ b+ca ’ c+ab SE
Bai 4. (3,0 diém)
Cho hinh binh hanh ABCD véi A, C ¢d dinhva B, D di ddng. Duong phan giac cua goc
BCD cét AB va AD theo thit tu tai I va J ( nam gifta A va D). Goi M la giao diém khac A
cua hai duong tron ngoai ti€p tam gidc ABD va AlJ, O la tdm duwong tron ngoai ti€p tam
giac AlJ.

4) Chitng minh AO la phan giac goc IA].

5) Chtng minh bén diém A, B, D, O cung thudéc mot duong tron.

Chttng minh:

6) Tim duong tron c6 dinh ludén di qua M khi B, D di dong.
Bai 5. (1,0 diém)
Chting minh rang trong 39 s6 tw nhién lién tiép bat ky ludn ton tai it nhat mot s§ c6 tong
cac chir s6 chi hét cho 11

Heét

Thi sinh khong duwoc sir dung tai li¢u. Giam thi khong gidi thich gi thém.

Ho va tén thi Sinh: ....co.oviiiiiiiiiniiiiiiie ; SObdodanh: ............oooiiii
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DFE 39
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN
MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)

(Diing cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Bai 1. (2,0 diém)

Cho biéu thiic A = ( (x>0, x#4)

2 3 50x-7 ) 2Jx+3
Jx-2 +2«/§+1_2x—3«/§—2j' 5x—103x
1, Rut gon biéu thirc A.
2, Tim x sao cho A nhan gia tri la mot s6 nguyén.
Bai 2. (2, 5 diéin)
Cho parabol (P): y = x? va duong thang (d) : y =2(m + 3)x — 2m + 2 ( m la tham s&, m € R).
1, V6i m = -5 tim toa dd giao diém cta parabol (P) va duwong thang (d).
2, Chiing minh rang: véi moi m parabol (P) va duong thang (d) cat nhau tai hai diém phan
biét.
Tim m sao cho hai giao diém dé c6 hoanh d duong.
3, Tim diém cd dinh ma duong thang (d) luon di qua véi moi m
Bai 3. (1,5 diém)
Gidi hé phuong trinh: {22(2 Xy - 2272 ~o@x=y)=0
X" —=2xy-3y" +15=0

Bai 4. (3,5 diém)
Cho tam gidc nhon ABC ndi tiép duong tron (O; R). Ti€p tuyén tai B va C ctia duong tron
(O; R) cat nhau tai T, duwong thang AT cat duong tron tai diém thi hai la D khac A.
1, Chting minh rang tam gidc ABT dong dang véi tam giac BDT.
2, Chitng minh rang: AB.CD = BD.AC
3, Chitng minh rang hai dwong phan giac géc BAC, géc BDC va duwong thang BC dong
quy tai mot diém.
4, Goi M la trung diém ctia BC, chitng minh rang géc BAD bang géc MAC.
Bai 5. (0,5 di€ém)
Cho cac sd duong x, y, z thay d6i thoéa man: x(x+1) +y(y+1)+z(z+1) < 18.

1 1 1
x+y+1+y+z+1+z+x+1

Tim gia tri nhé nhat cta biéu thac: B =
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Heét

Thi sinh khong dwoc str dung tai liéu. Gidm thi khong gidi thich gi thém.

Ho va tén thi Sinh: ....cooovviiiiiiiiiiiiiiiiie ; SO'bdodanh: .......................

PE 40
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Duing cho tdt cd cdc hoc sinh vdo 16p 10 chuyén)

Caul. (1,5 diém)

Cho phwong trinh x* +2mx—-2m-6=0 (1), véi dn x, tham s6 m .

1) Gidi phrong trinh (1) khim =1

2) X4c dinh gi4 tri cia m d& phwong trinh (1) c6 hai nghiém x1, x2 sao cho X’ +x; nho nhét.
Caull. (1,5 diém )

Trong cung mot hé toa do, goi (P ) 1a d6 thi cia ham s6 y = x2 va (d) la d6 thi cila ham s0 y
=-x+2

1) Vé cac d6 thi (P) va (d) . Tt d6, xac dinh toa d6 giao diém ctia (P) va (d) bang d6 thi .

2) Tim a va b d&€ d6 thi A ctia ham s8 y = ax + b song song véi (d) va cat (P) tai diém c6
hoanh d9 bang -1

Cau III .( 2,0 diém )

1) Mot nguoi di xe dap tir dia diém A dén dia diém B, quang duwong AB dai 24km . Khi di
tr B trd vé A nguoi dé tang van tdc thém 4km so véi luc di, vi vay thoi gian vé it hon thoi
gian di 30 phat . Tinh van tdc ctia xe dap khi ditir A dén B .

2) Gidi phwong trinh Jx +41-x +\/x(1—x) =1

CaulV. (3,0 diém )

Cho tam gidc ABC c6 ba géc nhon va ba duong cao AA’, BB’ ,CC’ cat nhau tai H .Vé hinh
binh hanh BHCD . Puong thiang qua D va song song véi BC cat duong thang AH tai M.

1) Chitng minh rdng ndm diém A, B,C, D, M cuing thudc mot duong tron.

2) Goi O la tam duwong tron ngoai ti€p tam giac ABC .Chitng minh rang BM = CD va géc
BAM =gbéc OAC.

3) Goi K 1a trung diém cua BC , duong thang AK cat OH tai G . Chtiing minh rang G la

trong tam ctia tam giac ABC.
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Cau 'V .(2, 0 diém)

1) Tim gia tri nhé nhat ctia biéu thitc P = a? + ab + b> - 3a — 3b + 2014 .

2) C6 6 thanh phd trong d6 c 3 thanh phd bat ky thi ¢6 it nhat 2 thanh phd lién lac dwoc
v6i nhau . Chitng minh rang trong 6 thanh phd néi trén ton tai 3 thanh phd lién lac duoc

voi nhau.

Hét
Thi sinh khong dwoc str dung tai liéu. Gidm thi khong gidi thich gi thém.
Hova tén thi Sinh: ....cooooviiiiiiiiiiiiiiiiie ;SObdodanh: ............oiiiiii,
DE 41

PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN
MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)

(Dung cho tit ca cdc hoc sinh vdo 16p 10 chuyén)

Cau 1: (2,5 diém)

203+1 \5-23

b) Cho biéu thiic: B = 2 dx-2 (x+%) v6i x>0,x 21
x+24x+1  x-1

a) Rut gon biéu thirc sau: A = \/

3J§—4_JJ§+4

i) Rut gon biéu thiec B
ii) Tim cac gia tri nguyén ctia x d€ B nhan gia tri nguyén
Cau 2: (2,5 diém)

mx+2y=1

Cho hé phuwong tr‘mh{ v6i m la tham s6.

3x+(m+1)y=-1

a) Giai hé véi m = 3.

b) Giai va bién luan hé theo m.

c) Tim m nguyén dé hé c6 nghiém la sd nguyén.

Céu 3: (2 diém)

Cho phuong trinh: x> —2mx+m’-m-6=0 (m la tham s6). Vi gia tri ndo ctia m thi

phuong trinh c6 hai nghiém x, va x, sao cho |x1| + |x2| =87
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Cho tam giac déu ABC ndi tiép duong tron duwong kinh AD.Goi M la mot diém di dong
trén cung nho AB(M khong trung véi cac diém A va B).

a) Chiing minh MD la duong phan giac caa goc BMC

b) Cho AD=2R.Tinh dién tich ctia t¢ gidc ABDC theo R

c) Goi O la tam duwong tron duong kinh AD.Hay tinh dién tich hinh vién phan gi¢i han boi
cung AMB va day AB theo R. d) Goi K 1a giao diém cua AB va MD,H la giao diém ctua AD
va MC.Chting minh ba duong thang AM,BD,HK déng quy.

Hét
Thi sinh khong dwoc st dung tai liéu. Gidm thi khong gidi thich i thém.
Hova tén thi Sinh: ....co.ovviiiiiiiiiiiiiiiiee ; SObdodanh: ..............ooiie,

DE 42
PAGE TAI LIEU TOAN HOC DPE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)

(Dung cho tdt cad cdc hoc sinh vdo 16p 10 chuyén)
A o« N .2 ? \ J4 ~ J4 2 ~ b \
Cau 1.(1,5 diém) Gia st a, b, ¢, x, y, z 1a cac so thiec khac 0 thoa mani +—+ £ 0 va
X 'y z
i+X+E—1 Chtng minh ran X +yz +Z2 =1
a b ¢ & & a? b* &

Cau 2.(1,5 diém) Tim tat ca cac s6 thuce x, y, z thoa man
x\ll—y2 +y\/2—z2 +Z\/3—x3 =3

Cau 3. (1,5 diém) Chitng minh rang véi mdi s6 nguyén n > 6 thi sd:

a =1+ 2610...(4n-2) la mot s6 chinh phuong
(n+5)(n+6)...(2n)

Cau 4.(1,5 diém) Cho a,b,c 1a cac sd thuc dwong abc=1 .Chitng minh r::fmg
1 1 1 3
+ + <—
ab+a+2 bc+b+2 ca+c+2 4
Cau 5 (3di€m) Cho hinh vudng ABCD véi tam O .Goi M la trung di€ém AB cac diém N, P
thudc BC, CD sao cho MN//AP.Chting minh rang
1.Tam giac BNO dong dang vdi tam giac DOP va goc NOP=45°
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2.Tam duong tron ngoai ti€p tam giac NOP thudc OC.
3.Ba duong thang BD, AN, PM dong quy
Cau 6.(1 diém) C6 bao nhiéu tap hop con A cta tap hop{1;2;3;4;....,2014} thdéa man diéu

2

kién A c6 it nhdt2 phantkvanéux € A,y € A, x>y, thi: Y cA

X=y
Hét
Thi sinh khong dwoc str dung tai liéu. Gidm thi khong gidi thich gi thém.
Hova tén thi Sinh: ....c..ooiiiiiiiiiiiiiiiiiiie ;SObdodanh: ..........o.oiiiiiin,

DFE 43
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Duing cho tdt cd cdc hoc sinh vdo 16p 10 chuyén)

Céu 1(2 diém)

Cho cac s6 thuc duong a, b ; a # b.Chiing minh réng

(a—b)’ /b
(a-+by Vb +2aia 3a+3\/£:0

a a—b\/g b-a

Cau 2(2 diém)

Cho Quang duong AB dai 120 km. Liic 7 gio sang mot xe may di tit A dén B. Di dwoc % xe
bi hong phai diing lai 10 phut d€ stra ro6i di ti€p véi van téc kém van toc lac dau 10km/h.
Biét xe may dén B ltic 11h40 phdat trea cing ngay. Gia st van tdc xe may trén % quang
duong dau khong doi va van tdc xe may trén i quang duwong con lai cing khong doi .Hoi

xe mdy bi hong lic may gio ?
Cau 3 (1,5 diém)
Trong mat phang toa dd Oxy cho Parabol (P) : y=x va duong thang (d) :

y_——(m+1)x+ L (m la tham s0 )

1.Chting minh rdng véi mbi gia tri cia m dwong thang (d) cat (P) tai 2 diém phan biét .
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2. Goi x1 ; x2 1a 1a hoanh d6 céc giao diém (d) va (P),dat f(x) =x" +(m+1)x* —x
-1
CMR: f(x,)—f(x,) = 7(X1 -x,)°

Céu 4 (3 diém):
Cho t& giac ABCD noi ti€p duong tron (O) duong kinh AC =2R .Goi goi K,M theo thit twe
la chan cac duong vudng goc ha tir A va C xudng BD, E la giao diém caa AC va BD, biét K
thudc doan BE (K #B ; K #E) Purong thang di qua K song song véi BC cit AC tai P.
1.Chttng minh t& giac AKPD noi ti€p duong tron.
2.Chtg minh KP L PM.
3. Biét ABD = 60° va AK=x .Tinh BD theo R va x.
Cau 5: (1 diém) Giai phuong trinh

X(x* =56) 21x+22 _

=4
4-7x x° +2
Hét
Thi sinh khong dwoc s dung tai liu. Gidm thi khong giai thich i thém.
Hova tén thi Sinh: ....c...oooiiiiiiiiiiicieaieiaea, ; SObdodanh: .......................
DE 44

PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN
MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao dé)

(Ding cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Bai 1: (2,00 diém)

1) Khong dung mdy tinh cam tay, tinh gia tri biéu thire: A =

a N a ): \/a_+1
a-2da Ja-2" a—4a+4

1 8-410
241 2-45

voi a>0; a#4

2) Rat gon biéu thiic B =(

Bai 2: (2,00 diém)

_v=-b
1) Cho hé phuong trinh: {ax Y
x—by=-a

Tim a va b biét hé phuong trinh da cho c¢é nghiém (x;y) = (2;3).
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2) Giai phwong trinh: 2(2x—1)—3+/5x—6 =+/3x—8
Bai 3: (2,00 di€m)

2

Trong mit phang Oxy cho parabol (P): y = %X

a)Vé d6 thi (P).

b)Trén (P) 1dy diém A cé hoanh do xa =-2 . Tim toa d¢ di€ém M trén truc Ox sao cho IMA -
MBI/ dat gi tri Ién nhat, biét rang B(1;1).

Bai 4: (4,00 diém)

Cho ntta duong tron (O) duong kinh AB =2R. Vé duong thang d 1a tiép tuyén ctia (O) tai
B. Trén cung AB 1ay diém M tly y (M khéac A va B), tia AM cat d tai N. Goi C 1a trung
diém ctia AM, tia CO cit d tai D.

a)Chting minh rang: OBNC ndi tiép.

b)Chitng minh rang: NO L AD

¢)Chting minh rang: CA.CN = CO .CD.

d)Xac dinh vi tri diém M d€ ( AM AN) dat gia tri nho nhat.

Hét
Thi sinh khong dwoc st dung tai liéu. Gidm thi khong gidi thich i thém.
Hova ten thi Sinh: .......ooviiiiiiiiiiiiiiiieee ;SObdodanh: ...l

DE 45
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Diing cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Bai 1: (2,0 diéin):

1) Choa, b, cla cac so thuc thoa man: l+%+1:1 vaa+b+c=1.
a C

Chttng minh rang (a-1)(b-1)(c-1)=0
2) Véimbi sd nguyén duong 7; chiing minh (3+5)" +(3=/5)" 1a 5 nguyén duong.
Bai 2: (2,5 didin):

1) Giai phuong trinh (vVx+6 —Vx—2)(1+x* +4x—12) =8.
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2) Giai hé phuong trinh

Bai 3: (3,0 diém): Cho tam giac ABC nhon noi tiép duong tron (O). Cac duwong cao AAj;
BB1; CCictia tam gidc ABC cat nhau tai H. Duong thang AAicat duong tron (O) tai K khéc
A.

1) Chiing minh Aila trung di€ém ctia HK.

2) Hay tinh HA + HB + HC
AA, BB, CC,
3) Goi M la hinh chiéu vuong géc ctia O trén BC. Puong thang BBicat (O) tai giao
, 13 o oan: g : . T AB
diém thtt hai 1a E, kéo dai MBicat AE tai N. Chttng minh rang % = (E—Bl)2

1
Bai 4: (1,0 diém): Tim cac s6 nguyén x; y théa man x° +y° —3xy =1
Bai 5: (1,5 diém):
1) Trén bang ghi mot sd nguyén dwong c6 hai chir s6 trd 1én. Nguoi ta thiét 1ap s6 méi
bang cach xda di chir s§ hang don vi ctia s§ da cho, sau d6 cong vao s8 con lai 7 lan
s vira bi x6a. Ban dau trén bang ghi s6 6'°. Hoi sau mot sd budce thue hién nhu trén
ta c6 thé thu duoc 100° hay khong ? Tai sao ?
2) Cho cic s8 thiee dwong x, y, z théa man x> +y” +2z° = 3xyz . Chitng minh rang:

2 2 2

X z 3
4 + 4y T <5
x*+yz y +xz z +xy 2

Hét
Thi sinh khong dwoc s dung tai liéu. Gidm thi khong giai thich gi thém.
Hova tén thi Sinh: ....co.oooviiiiiiiiiiieicieaieeeea, ; SObdodanh: .......................

DFE 46
PAGE TAI LIEU TOAN HOC DPE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoti gian: 120 phut, khong tinh thoi gian giao dé)
(Dung cho tdt cd cdc hoc sinh vdo 16p 10 chuyén)
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ax+by=c
Bai 1: (2,0 di€m) a) Cho x, y 1a hai s6 thyc thoa man: {bx+cy =a
cx+ay=b

Chttng minh rang: a’ +b’ +c® = 3abc
b) Cho x, y, z la s thuc thdéa man xyz =1. Ching minh:

1 R SR

P: —+ =
1+x+xy 1+y+yz 1+z+2zx

Bai 2: (2,0 diém)
Goi d6 thi ham s y=x?1a parabol (P), &6 thj ham s8 y=(m+4)x-2m-5 la duwong thang (d).
a. Tim gia tri cia m d€ (d) cat (P) tai hai di€ém phan biét.
b. Khi (d) cat (P) tai hai di€m phan biét A va B c6 hoanh d6 lan luot 1a xi;x2 Tim céc gid
tri cia m sao cho x,° +x,> =0
Bai 3: (1,5 di€m)
Tim x, y nguyén sao cho Jx+ \,l; =18
Bai 4: (3,5 diém)
Cho duong tron (O) va mot diém P 6 ngoai dwong tron. Ké hai tiép tuyén PA, PB véi
duong tron (O) (A B 1a hai tiép diém). PO cat duong tron tai hai diém K va I (K nam giita
P va O) va cat AB tai H. Goi D la diém d6i xting ctia B qua O, C la giao diém ctia PD va
duong tron (O).
a.Chting minh t& gidc BHCP ndi tiép.
b.Chiing minh AC L CH.
c.Purong tron ngoai ti€p tam gidc ACH cat IC tai M. Tia AM cat IB tai Q. Chitng minh M 1a
trung diém ctia AQ.
Bai 5: (1,0 di€m)

1) Tim gié tri nho nhat cia ham s8: y =vx* +x+1+vx> —x+1.
2) Cho ba s6 thuc X, y, z dé 16n hon 2 va thdéa man diéu kién:
.11 Chting minh rang: (x - 2)(y - 2)(z-2) < 1.
Xy z

Déng thttc xay ra khi nao?

Hét
Thi sinh khong dwoc ste dung tai liéu. Gidm thi khong giai thich i thém.
Ho va tén thi Sinh: ....co.oviiiiiiiiiiiiiiiiie ;SObdodanh: ............o.oeiii
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N,

" DE47
PAGE TAI LIEU TOAN HOC DE LUYEN THI VAO LOP 10 CHUYEN TOAN

y
y

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao dé)
(Dung cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Ciu L. Cho phuong trinh (m® +5)x* —2mx—6m =0(1) v6i m 1a tham s0.
¢) Tim m sao cho phuong trinh (1) ¢6 hai nghiém phan biét. Chitng minh rang khi &6
tong ctia hai nghiém khong thé la s6 nguyén.

d) Tim m sao cho phwong trinh (1) ¢6 hai nghiém xi;x> thoa man diéu kién

(X%, =X, +X,)* =16
2(1+x,Jy)? =9y+x
2(1+yVx)? =9x\Jy
2) Cho tam giac ABC vudng tai A vdi cac dueong phan gidc trong BM va CN. Chitng minh

(MC+MA)NB+NA) ., 55
MA.NA

Cau II. 1) Giai hé phwong trinh {

bat dang thirc

Cau III. Cho cac s6 nguyén duong a, b, ¢ sao cho 1 +—=
a

11

c

¢) Chiing minh rang a + b khong thé 1a s§ nguyeén t3.

d) Chiing minh rang néu ¢ > 1 thia+ ¢ va b + c khong thé dong thoi 1a s8 nguyén t&
Cau IV. Cho diém C thay d6i trén ntra duong tron duwong kinh AB =2R (C # A, C # B). Goi
H 1a hinh chiéu vudng goc ctua C lén AB; I va J lan luot la tdm duong tron noi ti€p cac tam
gidc ACH va BCH. Cac duong thang CI, CJ cat AB lan luot tai M, N.

d) Chting minh rang AN = AC, BM =BC.

e) Chting minh 4 diém M, N, J, I cing nam trén mot duong tron va cac duong thang

MJ, NI, CH déng quy.

f) Tim gia tri 16n nhat cia MN va gid tri 16n nhat cta dién tich tam giac CMN theo R.
Cau V. Cho 5 s0 tu nhién phan biét sao cho tong ctia ba s6 bat ky trong ching 16n hon
tong ctia hai sd con lai.

¢) Chiing minh rang tat ca 5 sd da cho déu khdng nho hon 5.

d) Tim tdt ca cac bd gom 5 s6 thoa man dé bai ma téng cua chiing nhé hon 40.
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Heét

Thi sinh khong dwoc str dung tai liéu. Gidm thi khong gidi thich gi thém.

Hova tén thi Sinh: ....cooovviiiiiiiniiiiiiiie ;SObdodanh: ............oiiiiii,

PFE 48
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)

(Dung cho tdt cd cdc hoc sinh vdo 16p 10 chuyén)

Cau 1. (2,0 diém)

x+2J§+4+x+2J§+1 1 y)

Cho biéu thic A =( ):(3+ + )
xa/x —8 x—1 =2 Jx+1

1. Rat gon A.
2. Timgidtrichax d€ A>1.
Cau 2. (2,5 diém)

1. Giai phuong trinh: x* +2x+7 =3,/(x* +1)(x +3)

2. Giai hé phuong trinh: {Xi i Yi =3y
X +y =2
Cau 3. (1,5 diém)
Cho phuong trinh (4n x): x* —3(m+1) x+2m?*+5m +2 =0. Tim gid tri cia m d€ phuong
trinh c6 hainghiém phan biét xiva x2 théa man Ixi+xz2 =2 |x1-x2|
Ciu 4. (3,0 diém)
Cho tam giac nhon ABC (AB < AC) noi ti€p duong tron (O). Ké duwong cao AH cua tam
giac ABC. Goi P, Qlan luot la chan cta duwong vudng goc ké tir H dén cac canh AB, AC.
1. Chiing minh rang BCQP la t giac ndi tiép.
2. Hai duong thang PQ va BC cat nhau tai M. Chting minh rang MH?= MB.MC
3. Puong thang MA cit duong tron (O) tai K (K khéac A). Goi I 1a tam ctia dwong tron
ngoai ti€p t& giacBCQP. Chitng minh rang ba diém I, H, K thang hang.
Cau 5. (1,0 diém)

3 4 2014 2015

, oy 2
Chting minh rang:l+5+2—2+§ T <4
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Heét

Thi sinh khong dwoc str dung tai liéu. Gidm thi khong gidi thich gi thém.

Hova tén thi Sinh: ....co.oviiiiiiiiiiiiiiiiiee ; SObdodanh: .....................

PE 49
PAGE TAI LIEU TOAN HOC PE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phut, khong tinh thoi gian giao dé)
(Duing cho tdt cd cdc hoc sinh vdo 16p 10 chuyén)

Caul (2,0 diém)
1) Giai phwong trinh: y43—x =x-1

10Vx  2Jx=3 Jx+1
x+30x -4 Jx+4  1-x

2) Rat gon biéu thie: A =

(x=20;x#1)

Cau II (2,0 diém)
Cho Parabol (P): y=x2 va duong thang (d):y=(m-1)x+m+4 (tham s m)
1) Véim =2, tim toa do giao diém cua (P) va (d).
2) Tim m d& (d) cat (P) tai hai di€m nam vé hai phia ctia truc tung.
Cau III ( 2,0 diém)

X+y=3m+2

( tham s& m)
3x-2y=11-m

1) Cho hé phuong trinh: {

Tim m dé hé da cho c6 nghiém (x; y) thoa man x? — y2dat gia tri 16n nhat.

2) Mot 6 td du dinh di tir A dén B dai 80 km vdi van tdc du dinh. Thuec té trén nira
quang duong dau 6 td di véi van téc nho hon van téc du dinh la 6 km/h. Trong nira
quang duong con lai 6 t6 di v6i van téc nhanh hon van t6c du dinh la 12 km/h. Biét
rang 6 td dén B dting thoi gian da dinh. Tim van tdc du dinh cta 6 to.

Cau IV (3,0 diém)
Cho tam gidc ABC nhon, cac dwong cao AM, BN, CP ctia tam gidc ABC cat nhau tai H.
Dung hinh binh hanh BHCD.

1) Chtng minh: Céc t gidc APHN, ABDC la cdc tt gidc noi tiép.

2) GoiE la giao diém cua AD va BN. Chiing minh: AB.AH = AE.AC
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3) Gia st cac diém B va C ¢G dinh, A thay d6i sao cho tam gidc ABC nhon va B -AC
khong d6i. Chiing minh rang duong tron ngoai tiép tt gidc APHN c6 dién tich
khong d6i

Cau V (1,0 diém)

Cho x; y 1a hai s6 dwong thay doi. Tim gia tri nho nhét ctia biéu thic:

2 2
S:(><2+y)2 L (x+y)
X +y Xy

Hét
Thi sinh khong dwoc s dung tai liu. Gidm thi khong giai thich gi thém.
Hova ten thi Sinh: .......ooviiiiii e, ; SObdodanh: .......................
DE 50

PAGE TAI LIEU TOAN HOC DPE LUYEN THI VAO LOP 10 CHUYEN TOAN

MON TOAN
(Thoi gian: 120 phiit, khong tinh thoi gian giao deé)
(Ding cho tdt ca cdc hoc sinh vdo 16p 10 chuyén)

Cau 1 (7,0 diém).
a) Giai phwong trinh vx+1+2xy/x+3 =2x+vx* +4x+3
XZ N y2 B l
b) Giai hé phuong trinh< (y+1)>  (x+1)*> 2
3xy=x+y+1
Cau 2 (3,0 diém).

a) Tim c4c s6 nguyén x va y thoa man phuong trinh9x+2 =y’ +y
b) Tim céc chit s3 a, b sao cho(ab)® =(a+b)’
Cau 3 (2,0 diém).
Cho céc s6 a, b, c khong am. Chiing minh rang
a’+b’ +c” +33/(abc)* =2(ab+bc+ca)
Déng thttc xay ra khi nao?
Cau 4 (6,0 diém).
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Cho tam gidc nhon ABC noi ti€p duong tron (O) c6 cac duong cao AE va CFcit nhau tai H.
Goi P la diém thudc cung nho BC (P khac B, C); M, N Ian luot lahinh chiéu ctia P trén cac
duong thang AB va AC. Chttng minh rang:

a) OB vuong goc véi EF vabH _, EE
BO AC
b) Duong thang MN di qua trung diém ctia doan thang HP.

Cau 5 (2,0 diém).
Cho tam gidc nhon ABC co BAC=60°;BC = 2\/§cm . Bén trong tam giac naycho 13 diém
b4t ky. Chiing minh rang trong 13 diém &y ludn im duoc 2 diém makhoang cach gitta
ching khong 16n hon 1cm.

Hét

Thi sinh khong dwoc st dung tai liéu. Gidm thi khong gidi thich i thém.

Hova ten thi Sinh: ..o, ; S0bdodanh: .......................

PHAN 2: HUONG DAN GIAI

PE 1

Cdu 1. 1) Ching minh ring v6i moi s6 twnhién n thi n*+ 201512 chia hét cho 12.
Ta c6: n* +2015n? = n?(n? + 2015)

Néu n chan thi n? chia hét cho 4.

Néu n lé thi n2 + 2015 chia hét cho 4.

= n*+ 2015n2 chia hét cho 4.

Néu n chia hét cho 3 thi n* + 2015n2 chia hét cho 3

Néu n chia 3 du 1 hodc du 2 thi n* + 2015n2 chia hét cho 3.
Vay n* +2015n? chia hét cho 3

Vi (4, 3) =1 nén n*+2015n2 chia hét cho 12.

22x% +33xy +11y* =121

2) Giai hé phuong trinh
12x* —12xy +36y° =121

Suy ra: 10x* +45xy —25y° =0
= (2x—y)(x+5y):0

N
= 2
x=-by
. y x=1 |x=-1
Voi x == ta duoc ; .
2 =2 |y=-2
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55 [ 53

X =—— X =

g3
& B

Véi x=-5y ta duoc

3 U773

Cdu 2. 1) Tim tdt ca cdc cdp sé nguyén (x, y) théa man: 2y* + 2xy + x + 3y — 13 =0.
2y2+2xy +x+3y —13=0< 2y + 1)(x +y + 1) = 14.

=2y +1vax+y+1lacacudccua 14.

Vi2y +11as01énén ta co cac truong hop sau:
TH1:2y+1=1vax+y+1=14=(x,y)=(13,0)
TH2:2y+1=-1vax+y+1=-14= (x y)=(-14, -1)
TH3:2y+1=7vax+y+1=2= (x,y)=(2,3)
TH4:2y+1=-7vax+y+1=-2=(x y)=(1,-4)

2
2) Giai phuong trinh 2;1’% +4=1+, /3%

2
Didu kién: x>0 Ta c6 4,/%+4 =1+3?X+«/6x.

2
Do +6x SXT+6, suy ra 44/%+4 <2x+4

& 4x* +48 <3x* +12x+12
= (x - 6)2 <0
& x=6
Thtt lai x =6 vao thoa man. Vay phuong trinh ¢ nghiémx =6.

(a+Db)?

Cau 3. Taco: >ab Va,b (1). Dau ‘=" xay ra khi a=b.

5 x> +y? . 1-xy?

at: = ava =b
(1+x)(1+Y?) (1+x*)(1+y?)

2
Theo (1) ta co: P:abs@. Suy ra:

Sl Xz—y2+1—X2y2 2
4 A+x*)(1+y?)

P&{Mﬂ)(l—yﬁ}z 'y

4 (1+xP)(1+y?)

Taco:0< G yzj <1Vy
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x=1

y=0

. 1 N a=b
Dodo.Pmax=Z. Dau “=" xay ra < (1 —y2)2= (1 +y2)2<:>{

Cadu 4. Chitng minh ti gidc BCID ndi tiép (1 diém )

E C I

TH1: Diém A va doan thang CD nam vé cing mot phia véi duong OO’
Ta co
ABC=AEC=ICD
DBC=AED=1IDC
= DBA +DIC = ABC+ DBC + DIC = ICD + IDC + DIC = 180°
= Tu giac BCID noi ti€p.
TH2: Diém A va doan thang CD nam khac phia nhau so véi OO'.
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Vi t& gidc ABCE ndi tiép (O) nén BCE+BAE =180° = BCE =BAF

Tuwong tu BAF = BDI

= BCE =BDI = BCI+BDI =BCI +BCE = 180"

= T giac BCID noi ti€p.

= AICD=AACD

= CA=CIvaDA=DI

= CD Ia trung tryc cua Al

b. Chitng minh CD la trung trwc cta Al (1,0 diém)
(Hai truong hop chitng minh nhw nhau)

Ta c6 ICD =CEA =DCA = ICD=DCA

Tuwong tu IDC=CDA

= AICD=A ACD

= CA=CIvaDA=DI

= CD la trung tric cta Al

c. Chitng minh IA 1a phan giac goc MIN (1 diém)
(Hai truong hop chiing minh nhu nhau)

Taco CD L Al = AI L MN.

Goi K= AB n CD. Ta chitng minh dugc
CK?=KA.KB =KD?

= KC=KD (1)

VICD //MN nén = =20 =8
Tk (1) => AN =AM

Ma AI L MN = AIMN can tail
= IA la phan gidc géc MIN.

Ciu 5. Giasit 0<a, <a, <a, <...<a,y, <20151a 1010 s6 ty nhién duoc chon.
Xét1009s0: b, =a

0<b

1010

a,i=1,2,.,1009 suy ra:

1010

<b,s <-.-<b, <2015

1009 1008
Theo nguyén ly Dirichlet trong 2019 s6 a,, b, khong vuot qué 2015 ludn ton tai 2 s6 bang
nhau, ma cac s§ a, va b, khdng thé bang nhau, suy ra ton tai i,j sao cho:

b, =a =a a, =a; = a,,, =a, +a,(dpcm)

1010 1010

(Chu ¥ i#jdo trong 1010 s6 dwoc chon khdng c6 s8 ndo bang 2 lan s8 khéc )

PE 2.
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Céu 1. Phuong trinh da cho : x* —16x* +32=0 (vdi xeR) < (x> -8)*-32=0 (1)

V6i x=6-3\2+B —\2+ 2+ B & x=v3y2-\2+3 —\2+2+3
=% =8-242+4/3 —23y2 -3

Thé x vao vé phai cta (1) ta co:

OC —8)7 =32 = (8—=2\2+/3 =232 =3 —8)* =32 = 4(2+/3) + 43 + 122 —/3) - 32

=8+4/3+83+24-124/3-32=0 ( v& phai bing v& trai)

Vay x= \/ 632+ J3 - \/ 2+42+ J3 1a mot nghiém ctia phurong trinh da cho ( dpecm)

x(x+1)(y+1)+xy=—6 (1 _ 6
Ciu 2. Hé pt da cho{ XOer Dy +1)+xy (1) {ZX(X+1)(y+1) 6-xy

2y(y +)(x+1)+yx=6 (2) 2y(y +1)(x+1) =6 —xy
Thay x=0, y=0thi hé khong thoa . Thay x=-1 vay =-1 vao, hé khong thoa
=>(x;y)#(0;0);xy 20, x+1#0;y+120=6—-xy #0 *
—6—xy

- Chia tttng v€ ctia hai phuong trinh cho nhau : => X=
y 6-xy

Thay x =y, hé pt c6 vé& phai bang nhau, vé trai khac nhau (khong thod) =>x—y #0) (**)

< Xy(x—y)=6(x+Yy)

_ 6(x+y) 3)
X=-y
- Cong ting vé (1) va (2) caa hé ta dugc pt: 2(x +y)(x +1)(y +1) +2xy =0 4)
6(X+y))+ 6(x+y) 0
X=-y X=-y
x+y=0

=> Xy

< (x+ty)(x+ty+xy+1)+xy=0 & (X+y)(x+y+1+

o6(x+y+1) X+y+1=0
6
X-y

-Véix+y=0 < x=-y.Thévaohé =-2y?=0 < (y=0 v x=0) khong thoa (*)

o (Xry)(x+y+1+ )20 o (x+y)x+y+D)(1+—)=0
x—y

1+ =0

-Véix+y+1=0 < x=-y-1 thévao phuong trinh (1) ctia hé ta duoc:
+2=0cy=-2

2y 43y2 +y+6 =0 (y+2)2y° —y +3)=0 < |°
y +3y"+y (y+2)2y -y +3) [zyz_y+3:0(m)

Véiy =-2=>x=1Thé€ vao hé thoa, vay c6 nghiém 1: (x; y) = (1; - 2)

=0eox-y+6=0<x=y-6
X=y

Thé x =y -6 vao pt (2) cua hé:
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2y+1=0
y2 —4y-6=0

& =2+x/E
Y, :2_\/ﬁ

2y +1=0 = y3=—%

X, =—4+ \/E
Tt ba gia tri cia y ¢ trén ta tim duoc ba gia tri x teong tng: | x, = —4— J10
2

) & 2y°-7y"-16y-6=0 < (2y+1)(y2—4y—6)=0:>[

y>-4y-6=0

Thé cac gia tri (x; y) tim duoc vao hé (thoa).

Vay hé phueong trinh da cho c6 4 nghiém ( x;y):
(1;-2), (~4+10;2+10), (-4 ~10;2-10), (-2 -2).

Cau 3. (Cach 1)Tam giac déu cé canh bang 2 cm thi dién tich bing J3 cm?, tam giac déu co

M \ oA 7 M 3 . .7 A 4 N\ A 7
canh bang 1 cm thi dién tich bang R cm? . Néu tam gidc déu c6 canh > 1cm thi dién tich

Ne

> — cm?
4

Goi t1a s6 tam gidc déu cé canh bang >1cm chita duoc trong tam giac déu ¢ canh 2 cm:
1<t=<4 (vditlasonguyén duwong) => tmax= 3.

Theo nguyén ly Drichen sé c6 1 trong t tam giac déu c6 canh > 1cm d6 chira t6i da 2 diém

thoa man khoang cach gitra hai diém bat ky luén > 1 cm.

Vay s0 diém thoa yéu cau bai toan la: 2<n <4 Vay nmx =4

(Cach 2): Giai theo kién thirc hinh hoc
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Néu ta chon 3 diém ¢ 3 dinh ctia tam giac déu canh bang 2 cm vé 3 dwong tron
duong kinh 1 cm, cdc duodng tron nay tiép xtic véi nhau 6 trung diém moi canh tam giac.
=> Cac diém khdc trong tam gidc cach 3 dinh > 1em chi c6 thé nam trong phan dién tich
con lai cua tam giac (ngoai phan dién tich bi ba hinh tron che phu), dwgc gidi han boi 3
cung tron ban kinh 1 cm.
Vi 3 day cung la 3 duong trung binh ctia tam giac c6 do dai 1 cm => khoang cach

gitta hai diém bat ky nam trong phan dién tich con lai d6 ctia tam gidc ludn <1 cm.

=> trong phan dién tich d6 chi 1dy duoc 1 diém ma khoang cach dén 3 dinh cta tam giac
luon >1 cm.
Vay s6 diém 16n nhat thoa man khoang cach gitra hai diém bat ky > 1em 1a:

Nmax=3+1=4 dlévm

Cau 4. Goi a va b la hai s6 bat ky trong 10 sd nguyén duong lién ti€p véia>b (a; b
nguyén duong) =>1<a-b<9.
Goin la wéc chung ciaavab, khiddé:a=nxvab=ny (n,x y lasdnguyén duong).
Via>b=>x>y=>x-y21 :>1£n.x—n.y£9<:>lgx—ygg :221©ns9

n n n

Vay trong 10 s& nguyén dwong lién tiép khong ton tai hai s6 c6 wéc chung 16n hon 9.

Cau 5.

M B D C
1)NGiN vaF, DvaF.
- Xét AANF va A AAFD c6: ZAFN = £ ADF (vi AF 1a tt) va ZFAD chung =>A ANF-A
AN AF
AFD (2.0) =~ = 2% 5 AF? = AN.AD 1
(8-8) “F_AD (1)

- Xét AAFI c6: AF LIF (vi AF tiép tuyén, FI la ban kinh) va FK L AI (vi AF va AE tt
chung va AInditam)=> A AFI vudng tai F c6 FK la duong cao) => AK.AI = AF? (2)
- Xét AANK va A AID cé:
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+ Z1IAD chung.

+Tir (1) va (2) = AN.AD = AK AT => 2N _ AL
AK AD

=>A ANK- A AID (c.g.c) =>ZNKA = ZIDN 3)

- Tt (3) => ti gidc DIKN ndi tiép dt (vi c6 goc ddi bang gdc ké bu gde ddi)

=> cac diém [,D,N,K cung thudc mot dwong tron. (dpem).

2) Taco IDLDM (DM la ti€p tuyén, DI la ban kinh) va IK LKM ( cau 1) => t giac
DIKM ndéi tiép duong tron duwong kinh MI. Vi4 diém D, I, K, N cling thu¢c mot duong
tron ( cau 1) =>hai duong tron nay cing ngoai ti€p A DIK => hai duong tron trung nhau
=> N ciing nam trén duong tron duong kinh MI => ZINM=90° .

Vi IN la ban kinh duong tron (I), MN LIN =>MN la ti€p tuyén ctia duong tron (I) tai
ti€p diém N. (dpcm).

PE 3
Cdu 1. a) Riit gon biéu thikc:

P32 2B A2\ 2+ 2B 2221 NB

Ta co:

P e 2o o

N
Do dé: P=y2+v324\2+43 A2—2+3

—\24B4-2-3 =\24BA2-3
~J4-3=1.

Cdch khdc: Ap dung hang ding thitc (a+b)(a—b)=a>—b?, ta cd:

(2+\/_)(2+ 2+[)(2+mJ(2—mJ

(2 )(2+ 2+\/_)( —mj
-

=4-2=1
ViP>0 nénP=1

b) Tinh Q= +12x+2009, v&i x = 1++/65 — /65 -1:
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Tacd: xX° :(3/1+\/£—%/\/£—1j3
=(1+/65) (65 3J1+VF_ )(vﬁ+4r_ 365 -1 )
=2—12(3/1+J£—%/J£—1)=2—12x.

Do d6: Q =2-12x +12x + 2009 = 2011.

Cau 2. Phuong trinh: a(a+3)x?- 2x - (a+1)(a+2) =0

a) Chitng minh phwong trinh luén cé nghiém hitu ty:
- Véi a(a+3) =0 hay a=0hoaca=-3:

Phuong trinh tro thanh: -2x -2 =0 c6 nghiém la x =-1

- Véia(a+3) #0hay a #0 vaa#-3 thi p/t cho la phrong trinh bac hai.
Tacd: a(a+3)+2—(a+1)(a+2)=a’+3a+2-a’-3a°-2=0
Nén phrong trinh cho c6 2 nghiém:

x, =—1

1

_@th@+2) 2
2 a(@+3) a(a+3)

Vi a nguyén nén suy ra phueong trinh cho luén c6 nghiém httu ty.

Ghi chil : Néu thi sinh tinh A'=(a”>+3a+1)*>0,Va

Vi a nguyen nén JA =a’+3a+1 I3 s6' nguyén

Vay phwong trinh cho luén cé nghiém hitu ty.

b) Xdc dinh a dé cdc nghiém ciia phuong trinh déu la nghiém nguyén:

(1) Néu a = 0 hodc a =-3: phuong trinh c6 1 nghiém nguyén x = -1.

(2) Néua #0, a#-3: Theo cau a), phwong trinh ¢6 nghiém x: = -1 nguyén nén dé€ p/trinh c6
cac nghiém déu nguyén thi x2 cling phai la nghiém nguyén.

Nghia la: 2 phai chia hét cho a(a+3).

a(a+3)=-2 a’+3a+2=0

a(a+3)=-1 - a’+3a+1=0

a(a+3)=2 a’+3a-2=0

a@+3)=1  |a*+3a-1=0

Khi d6 ta c6 cac kha nang xay ra :

Vi a nguyén nén chi cé phwong trinh a’ +3a+2=0 cé hai nghiém nguyén

a=-1hoaca=-2.
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Vay: ae {—3; -2;-1; O} thi phuong trinh cho ¢6 cac nghiém déu nguyén.
Cau 3. Gidi cdac phwong trinh va hé phwong trinh:

a) Gidi phuong trinh: 13x +2(3x+2)\x+3+42=0

Diéu kién : x> -3 (*).

Pit t=+/x+3,t>0, suyra x=t"-3

Phwong trinh tré thanh: 65 +13#2-14t +3 =0

Giai ra ta duoc: t= %; t= %; t =-3 (loai).

Voi t=l,tacc'): x/x+3=l<:>x=_2;
2 2 4
Voi t=%,tacé: «/x+3=%<:>x=_%.

Ca hai nghiém déu thoa diéu kién (*).

Vay tap nghiém phwong trinh da cho la: S= {—E ; —2—6} .

X2 +9+y=9
1/y2+9 +x=9

X*+9=(9-y)" (1)
Yy +9=09-%)" (2)

b) Gidi hé phuwong trinh: {

Vi diéu kién x,y <9, hé da cho la: {

X=y
y=9-
+Véix=y, th€vao (1) taduoc: 18x-72=0 < x=y=4.

Lay (1) trie (2) theo v€ ta duoc: (x—y)(x+y-9)=0< [
X

+V6iy=9—x, th€ vao (2) thi phwong trinh v6 nghiém.
Vay hé phuong trinh c¢é nghiém duy nhat : (x;y)= (4;4).
2 1

Cau 4. a) Chtirng minh : < x,v>0
) & x> +2y* +3 xy+y+1( y>0)

Vix, y>0 nén x> +2y*+3>0; xy+y+1>0

Do do: — 22 S S 2Xy+2y+2<x* +2y° +3
X" +2y"+3 xy+y+1

S (x-y)Y+(y-1°>0
Bat dang thitc sau cling dung nén bat dang thitrc dau ding .
D&u bang xay rakhix=y =1.

b) Tim gia tri 16n nhat cta bi€u thirc:

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC



Website: tailieumontoan.com

1 1 1
+ +
a’+2b*+3 b*+2c*+3 *+2a°+

Ap dung bét dang thizc 6 cau a) ta co:

3 (a,b,c >0; abc =1)

1 =l 2 <l 1
a’+2b>+3 2a’+2b*+3 2ab+b+1
1 :1 2 <1 1
b*>+2c*+3 2b*+2c+3 2bc+c+1
1 :1 2 <1 1
?+2a’+3 2c*+2a’+3 2ca+a+l
:Msl( 1 + 1 + 1 j
2\ab+b+1 bc+c+1 ca+a+l1

Do abc=1 nén:

1 N 1 N 1 ca N a N 1
ab+b+1 bc+c+1 ca+a+1 ca’b+abc+ca abc+ac+a ca+a+1

ca a 1
= + + =1.
ca+a+1 ca+a+1 ca+a+l1

Do d6M < % .Dau “=" xay ra khia =b = c =1. Vay Max(M) =%.

Cau 5.
Goi M la trung diém ctia BC (1).
No6i GD, GE. Goi P, Q 1a cac diémtrén tia
GM sao cho:

BP //GE, CQ //GD (2).
Theo dinh ly Ta-1ét va tinh chat duong
phan giac:
GP EB CB GQ DC BC
GA EA CA’ GA DA BA
GP N GQ_CB N BC
GA GA CA BA

Suy ra:

o CPHCQ_BUABHAC) 4 Be(AB+AC) = AB.AC).
GA AB.AC

& GP+GQ=GA=2GM..
Do d6 M la trung diém cua PQ (3).
Két hop (1) va (3) suy ra tit gidc BPCQ la hinh binh hanh = BP//CQ (4).
Tt (2) va (4) suy ra G, D, E thang hang,.
Cau 6. a) Phan thuan:
AABC can = ABC=ACB=ADB
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= ADE = ADC (vi cung bu véi ABC).
Xét AADC va AADE co:
AD: chung ; DC = DE (gia thiét)
ADC=ADE (cmt)
Suy ra AADC = AADE (c.g.c)
Do d6 AC=AE=AB=A ABE can tai A. .

Vi M la trung di€m BE nén AMB =90°.

Hon ntta do AB ¢6 dinh nén M lwu déng trén duong
tron duong kinh AB.

b) Gidi han: Khi D= A thi M= A; D =C thi M = H (AH la d/cao caa AABC).
¢) Phin dao:
Lay diém M batky trén AH. Goi D la giao diém tha 2 cia BM va duong tron (O). Trén
tia d6i cuia tia DB 1ay diém E sao cho DE = DC.
Ta sé chttng minh M la trung diém cua BE.
Xét AADC va AADE co:
AD: chung ; DC = DE (gia thiét)
ADC = ADE (cung bu vdi ABC)
Suy ra AADC =AADE (c.g.c) = AC=AE=AB (1)
Lai c6 AM L BE (M nam trén duong tron duong kinh AB) (2)
Tt (1) va (2) suy ra M la trung diém cta BE.
d) K&t luan: Khi D di dong trén cung nhd AC thi qui tich cia M 1a cung nho AH cua
duwong tron duong kinh AB.

PE 4
Cau 1. a) Ta cd voi moi s6 nguyén m thi m? chia cho 5 dw 0, 1 hodc 4.
+ Néun? chia cho5du 1thi n®>=5k+1=>n’+4=5k+5:5;keN".
Nén n*+4 khong la s6 nguyén t6
Néu n? chia cho 5 dw 4 thi n* =5k +4=>n’+16=5k+20:5keN".
Nén n?+16 khong la s6 nguyén td.
Vayn?: 5hayn:5
b) x* —2y(x—y)=2(x+1) <=>x*-2(y + )x+2(y* -1) =0(1)
Dé phuong trinh (1) c6 nghiém nguyén x thi A' theo y phai la s6 chinh phuong
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Tacd A'=y* +2y+1-2y* +2=—y* +2y+3=4—(y-1)* <4
A'chinh phurong nén A" € {0;1;4}
+Néu A'=4=>(y-1)>=0<=>y =1 thay vao phuong trinh (1) ta c6:

) X
X" —4x=0<=>x(2-4) <=>

+Néu A'=1=>(y-1)>=3<=>y¢Z

y=3

+Néu A'=0=>(y-1) :4<:>{

+ Vi y = 3 thay vao phuong trinh (1) ta c6: x> —8x+16=0<=>(x—4)’ =0 <=>x=4
+V6i y = -1 thay vao phuong trinh (1) ta ¢6: x> =0<=>x=0

Vay phuong trinh (1) ¢6 4 nghiém nguyén : (x;y) €{(0;1);(4,1);(4;3);(0;-1)}

23+\5) | 2(3-+5)

4464245 4-\6-245

Cau2 a) A=

o 3+5 3 | [3+\/§+3—\/§]
_4+«/(\/§+1)2 4-J(5-1y 545 55
=2_(3+J§)(5—J§)+(3—J§)(5+J§) _[15-3\5+5\5-5+15+3y5-5{5 -5
(5++/5)(5-+/5) 25-5
220,
20
Vay A=2

b) Phuong trinh (x—2)(x—3)(x+4)(x+5)=m
<=> (x> +2x-8)(x* +2x-15)=m (1)
Dat x> +2x+1=(x+1)* = y(y >0) phuong trinh (1) tro thanh:
(y=9)(y—-16) =m <=>y> - 25y +144—m =0(2)
Nhan xét: Vi mdi gia tri y > 0 thi phwong trinh: (x+1)>=y ¢4 2 nghiém phan biét, do d6
phuong trinh (1) c6 4 nghiém phan biét< phuong trinh (2) c6 2 nghiém duong phan biét.
A'>0 A'=4m+49>0
&:5>0 <=>125>0 <=>¥<n<144
P>0 144-m >0

Vay véi %49 <n <144 thi phuong trinh (1) c6 4 nghiém phan biét.

Cau 3. a) biéu kién: x>1(*)
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Ta co:

x> —x—4=2Jx-1(1-x)
<=> x>+ 2x\x—1+x-1-2(x+x-1)-3=0

Dit x++x—1=y(y >1)(**), phuong trinh tré thanh y* -2y -3=0

2 () _no_ Y= -1
y —2y-3=0<=>(y+1)(y-3)=0<= 3
y =
+V6iy = —1 khdng thoéa man diéu kién (**).
+Voiy =3 ta ¢ phrong trinh:
x<3

x<3 x<3
x+x/x—1=3<=>\/x—1=3—x<=>{ <=>{ X=2<=>x=2

<=>
x—=1=9-6x+x> x> =7x+10=0 {

thoa man diéu kién (*). Vay phuong trinh c6 nghiém x = 2.
b) x* +xy? =10y =0 — X’ +xy? =(x* +6y*)y =0 (1)
x> +6y* =10 x> +6y* =10 (2)
Tt phwong trinh (1) ta c6:
x* +xy? —(x*+6y?)y =0
<=>x"+xy’ —x’y -6y’ =0
<=>x" = 2xX’y + X’y = 2xy” +3xy’ —6y° =0
<=>(x—-2y)(x* +xy +3y*)=0
=2
| T

x* +xy+3y> =0

T+ True L2 2 Y2 11}’2_ o v —y —
reong hop 1: x“ +xy +3y” =0 <_>(X+E) +T—O—>X—Y—0

Vix=y =0khong théa man phuong trinh (2).
+ Truong hop 2: x =2y thay vao phwong trinh (2) ta cé:

y=1=>x=2

4yv* +8y* =12 <=>vy? =1<=>
y rey y {y:—1:>X=—2

Vay hé phuong trinh c6 2 nghiém (x;y) €{(2;1);(-2; -1)}

Cau 4.
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a) (1,5 diém)
Ta c6 AKB =AEB (vi cing chan cung AB ctia dudng tron ngoai tiép tam gidc AEB)
Ma ABE =AEB (tinh chat d6i tiing) suy ra AKB= ABE (1)
AKC= AFC (vi cing chan cung AC ctia dudng tron ngoai tiép tam gidc AFC)
ACF= AFC (tinh chat d6i xting) suy ra AKC= ACF (2)
Mat khac ABE =ACF (cung phu v6i BAC) (3). Tt (1), (2), (3) suy ra AKB= AKC hay KA la
phan gidc trong ctia goc BKC.
Goi P, Q Tan lwot la cac giao diém cua BE véi AC va CF véi AB.

Ta c6 BC =R+/3 nén BOC=120° ; BAC = %BOC =60°. Trong tam gidc vuong ABP co

APB=90°BAC=60°=>APB=30° hay ABE=ACF=30°
T gidc APHQ c6
AQH +APH=180°=> PAQ+ PHQ=180°=> PHQ=120°=> BHC=120° (d6i dinh).
Ta c6 AKC= ABE=30°, AKB= ACF= ABE= 30° (theo chitng minh phan a).
Ma BKC =AKC +AKB= AFC+ AEB =ACF +ABE = 60° suy ra BHC+ BKC =180°
nén ti giac BHCK ndi tiép.
b) (1,5 diém)
Goi (O') la duong tron di qua bén diém B, H,C, K. Ta c6 day cung BC = R\3
BKC=60°= BAC nén ban kinh duong tron (O’) bang ban kinh R ctia duong tron (O).
Goi M 1a giao diém cua AH va BC thi MH vudng goc v6i BC, ké KN vudng goc véi BC (N
thudc BC), goi I 1a giao diém ctia HK va BC.

Ta co

1 1 1
SBHCK = SBHC + SBCK = E BC.HM + E BC.KN = E BC.(HM +KN)
S,y < %BC(HI +KI) = % BC.KH(Do HM < HI;KN < KI)
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Ta c6 KH 1a day cung cua dwong tron (O’; R) suy ra KH < 2R (khong do6i)
Nén S 16n nhat khi KH= 2R va HM+ KN=HK =2R .

BHCK
Gié tri I6n nhat S, = %R\E 2R=R*3

Khi HK la dwong kinh ctia duong tron (O’) thi M, I, N trung nhau suy ra I la trung diém
cua BC nén AABC can tai A. Khi d6 A 1a diém chinh gitta cung 16n BC.

¢ (0,5 diém)
Ta c6 BOC=120° ;BKC =60° suy ra BOC +BKC =180°
nén tir gidc BOCK noi ti€p duong tron.
Ta c6 OB=OC=R suy ra OB= OC=>BKO= CKO hay KO la phan gidc géc BKC theo phan (a)
KA a phan giac goc BKC nén K ,O, A thang hang hay AK di qua O c& dinh

Caub.Taco: P= 1 + 1 + 1
1 1 1 1 1
oty Yar) ety

=b; 1 = ¢ thi a,b,c>0 va a*+b%+c?=1
z

a b C a’ b? c?
+ + =

P= + +
b’+c*> ’+a® a’+b> a(l-a’) b(1-b*) c(1-c?)

Ap dung bat dang thirc Cosi cho 3 s6 duong ta co:

2 04 2,1 .2
a?(1-a?)? —22a(1 a?)(1-a )S%(Za 1 ;*1 aj:‘l
a’ 3\/_2
<=
33 a(l a) 2
b> 33, 33,

b by- 2 D a2 ° @

33, J_

T (1); (2); (3) ta co P>—(a +b*+c%) = 3

=>a(l-a%)<

Tuwong tu:

Déng thtic xay ra <2#>a=b=c=%hay x:y:z:\/g

3.3

Vay gia tri nhé nhat caa P 1a —
PES5

Caula)Véia>0vaa#1taco:
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Ja-1 N 3Ja+5 | (@+24a+1)-4a
(@a-D(a-1) (a-(a-1)| 4a
 4Ja+4a a-2da+1 4 (Va-1p
C(a-1P(a+n) 4 (-1 4a

1

a
b) CéQ:a‘—f‘” .XétQ_1:a—2j§+1=<Ja_E>2
a

V‘1(\/a:—1)2 >0,va>0,va>0,a #21=Q-1>0=0Q>1

P=

Céu 2. Phuong trinh (1) ¢4 2 nghiém xi; x2 <> A'=(m +1)* - m”? 20<:>2m+120<:>m2—%

. P X +X, =2m+2
Theo dinh ly Viét ta co )
XX, =m
Co(2) & x; —2xm+m’ +x, =m+2 < x, (X, —2m)+m’ +x, =m+2

—J_ v m? = X A _ — —
Thay x, -2m=2-x,;m" =x X, vao ta cOx,(2—X,)+X,X, +X, =m+2 < 2x, +X, =m+2

Ta c6 hé
m=0
X, +X, =2m+2 X, =-m ) )
=>m’ =xX,=-m(Bm+2)=4m” +2m=0< 1
2x, +X, =m+2 X, =3m+2 m=——

(thoa man)

(thoéa man dé bai)

x, =0
+Véim =0: (1)<:>x2—2x=0c{ ! )
X

+Vc’7im=—%:(1)<::>x2—X+i=0<:>x1 =X, 1 (thoa man dé bai)

A v 1 \ N, 2 14 .7 . A \
Vay m =0 hodcm =- > la tat ca cac gia tri m can tim.

Cau 3 1) (x+1)420 +4) =x> —x =2 (1)

biéu kién: x> +4 2 0 (ludn dung Vv x)

(1) & (x+ 1)y 2( +4) = (x-2)(x +1)
o (x+1 [«/2(x2+4)—(x—2)}=0
x=-1
=
V20 +4) =x-2(2)

, X2 X2 X2 )
Co(2) = ) , 9, = (loai)
2(x"+4)=(x—-2) X" +4x+4=0 xX=-2
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Vay tap nghiém cuia phuong trinh da cho la {-1}

(\/F [)(1+ X +3x) 3(2)

x>0
>0 0
Pieu kién: 4~ LS
x+320 y>0
x> +3x>0

y\/_ =(x—y)(x+2y) & (x— y)[x+2y+y\/_] 0= x=y do

X+2y+—=>0,Vx,y>0

y\/_

Thay y = x vao phuong trinh (2) ta dugc:

2 > 3
(m—&)(l+m)=3©l+m=m
S 1+Vx +3x =x+3 +Vx & Wx+3x —Jx+3 - +1=0
& (Wx+1-1)(x-1)=0
!M=1©[x=—2(m

< x =1 x =1(tm)

Vay hé c6 nghiém duy nhat (1;1)

Cau 4

X1 = y(y+ )y +2)(y+3)+1 (1)

Co y(y+1)(y+2)(y+3)=[ y(y+3) |[(y +D(y +2) | = (y* +3y)(y* +3y +2)
Dit t=y*+3y+1=y(y+1)(y+2)(y+3) =t -1 (t€ Z, 2> 1)

2015 1 >0
1) &x* 1=y -1
(X2015 _ ) — t2 _1(2)

x=y=1

Vi x, tla s6 nguyén ta cé:

(2) & (3" =1+t)(x* ~1-t) =1

2015
{ St
2015 1 t — _1
2015 _
< 2015 1 +t= _1 < X - 1
{ b1
2015 1 t= 1
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x=1
=1
Voi X =t l:{ 2 3vile1 y=0
y + y+ - y=_3
X215 _ 1 x=1 x=1
Vi o1 =3, _— 1<:> y=-1
=— y +3y+1=- y=2

Thr lai ta thdy cac cdp (1;-3), (1;-2), (1;-1), (1,0) thoa man dé bai
Vay ¢6 4 cap (x;y) can tim la (1;-3), (1;-2), (1;-1), (1,0)

Caub
A
o
H
P
s\ ¢
N F

a) Goi F 1a diém d6i xting voi A qua O = AF la duong kinh cta (O)

Ta c6 ACF = ABF = 90° (g6c noi tiép chan nira duong tron) = AC L CF, AB L BF
MaBH 1 AC,CH 1L AB = CF //BH, BF // HC

Suy ra BHCF la hinh binh hanh = Trung di€ém M ctia BC ciing la trung diém ctaa HF.
= OM la deong trung binh cia A AHF = AH =20M

b) Vi AHIO la hinh binh hanh nén OI = AH = 20M

Goi P 1a trung diém OC = PJ la trung trec OC = PJ L OC.

Co6 OM la trung triee BC = OM 1 BC. Suy ra

AOJP ~ AOCM(g.8) = - OF _ o1om=0CcoP
OC OM

= 0J.20M = OC.20P = 0].0l = OC.OC = R?

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC



Website: tailieumontoan.com

c) Ta co NHC = ABC (cung phu véi HCB) (1)
Vi ABDC la t¢ giac ngi tiép nén ABC = ADC ()

ViD va E d6i xting nhau qua AC nén AC la trung triec DE suy ra
AADC = AAEC (c.c.c)=> ADC = AEC (3)

Tuwong tw ta c6 AEK = ADK

Tix (1), (2), (3) suy ra NHC = AEC => AEC + AHC = NHC + AHC = 180
Suy ra AHCE la tt giac ndi ti€p => ACH = AEK = ADK (dpcm)

Cau 6

1. B4t déng thitc can chitng minh twong dwong véi

(1+a)(1+b) = (1++ab)’ < 1+a+b+ab>1+2+ab +ab
<a+b-2Jab>0< (Va-b)> =0

(luén dang véi moi a, b > 0)

2. Ap dung bat dang thikc trén ta c6 \/(1+a2)(1+b2) >1+ab=1+a+b (1)
Véimoi x, y >0, 4p dung bat dang thikc Cosi cho 2 s8 dwong ta co:
(1+1J(x+y)22/1.1.z xy=4:>1+lz 4 2)
Xy Xy Xy X+y
Ap dung (1) va (2) ta co:
P>— 4 5 +1+a+b=%+1+a+b

a“+2a+b”+2b a”+b”+2ab

4  a+b 7(a+b)
= + + +1

(a+b? 8 8

Ap dung bét dang thizc Cosi cho 2 s8 duong ta cé:

(a+b)?

a+b=ab< =(a+b)’>4(a+b)=a+b>4

Ap dung bét dang thizc Cosi cho 2 s8 duong ta cé:
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4 a+b a+b 4 a+b a+b 3
>+ + >33 > . =—
(a+b) 16 16 (a+b)” 16 16 4

Suy raP2%+g.4+1=%. D4u bang xay ra khi a=b = 2. Vay gia tri nho nhat cﬁaPlé%

PE 6
Cau 1. (2,0 diém)

2
1) a-b=429+125-25= (3+2\/§) _2J5=3
A=a’-b’+a’+b*-11ab+2015
=(a—b)(@®+b”*+ab)+a’+b”> —1lab+2015
=3(a’ +b’ +ab)+a*+b* -1lab+2015
=4(a”> —2ab+b?)+2015 = 4(a—b)* + 2015 = 2051

2) Xy +4/(1+x3)(1+y%) =1 J(1+x)*(1+y)? =1-xy
= (1+x3)(1+y?)=(1-xy)’
S 1+ +y? +xX7y? =1-2xy + Xy’

SX+y +2xy =0 (x+y)’ =0y =—x

:>x\/1+y2 +yV1+x% =xy1+x% —xy1+x> =0

Cau 2(2,0 diém)

1) Giai phwong trinh 2x+3+x/4x2 +9x+2 = 2\/x+2 +\/4X+1.

Pte> 2x+3+J(x+2)(dx+1) = 24x+2 +dx+1. DK:XZ—%

2_
Ditt’ =8x+4«/(x+2)(4x+1) +9<:>2x+«/(x+2)(4x+1) _t 1 2

PTTIT t*—4t+3=0<t=1 hodct=3

THI1. t =1 giai ra vo nghiém hodc két hop véi DK t> \/; bi loai

TH 2.t =3 =>2/x+2 ++/4x+1 =3. Giai pt im du’ocx=—§ (TM)

Vay pt c6 nghiém duy nhatx = —%

257 —y? + Xy —5x+y +2=Jy —2x+1-3-3x
X2 —y—1=\JAx+y+5—x+2y -2

2) Giai hé phuong trinh{

PKiy-2x+120,4x+y+520,x+2y-22>0,x<1

_ox+1=0 1 f[o0=0
1Y T TV T L (Khong TM he)
3-3x=0 y=1 ~1=+10-1

TH 2.x#1,y #1 Pua pt th& nhat vé dang tich ta duoc
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X+y-2

A Jy—2x+1+3-3x

1
Jy—2x+1+43-3x

(x+y-2) +y-2x+1|=0 .Doy—-2x+1=0
1

nén +yv-2x+1>0=x+y-2=0
Y —2x+1++/3-3x g g

Thay y =2—x vao pt thtt 2 ta dwocx® +x—3=/3x+7 —v2—x

SXPHx—2=3x+7 -1+2-/2—-x

& (x+2)(x-1) = 3x+6 2+x
3x+7+1 2+42—x
<:>(x+2){ 5 + L +1—x}=0
3x+7+1 2+42-x
Do x<1 nén 3 + 1 +1-x>0

W3x+7+1 2+4+2-x

Vayx+2=0<x=-2=y=4 (TMPK)
Céu 3 (2,0 di€ém)

1) Tim cic s6 nguyénx, y théa man x* +x*> -y —y+20=0. (1)
Tacd (1) & x*+xX*+20=y’ +y
Ta thay x* + x> <x* +x* +20 < x* +x* +20+8x*
@ X+ <y(y+1) < +4)(x* +5)
Vix, y € Z nén ta xét cac treong hop sau
+ TH1. y(y +1) = (" +1)(x* +2) < x* +x* +20 = x* +3x* +2
o2 =18 x =9 x=13
V6ix* =9 ,tacdy’ +y=9"+9+20 <y’ +y-110=0
< y=10;y =-11(t.m)
+ TH2. y(y +1) = (x* +2)(x* +3) = x* +x* +20 =x" +5x° +6

SAx=ldexX = % (loai)

+TH3. y(y+1)=( +3)(xX* +4) < 6x* =8 = x* = % (loai)

+TH4. y(y+1) = +4)(x* +5) =8’ =0 = x* =0 <= x=0
Véix*=0,tacoy’ +y=20y’ +y-20=0y=-5y =4
Vay PT da cho c6 nghiém nguyén (x;y) la :
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(3:10), (3;-11), (-3; 10), (-3;-11), (0; -5), (0;4).
2) Tim cac s6 nguyénk dé€ k* -8k’ +23k”* —26k +10 1a s6 chinh phwong,.
batM =k* -8k’ +23k* —26k +10
Ta cOM = (k* —2k* +1) - 8k(k* =2k +1) +9k* - 18k +9
= (K> =1)* =8k(k—1)* +9(k =1)* = (k=1).[ (k=3)* +1]
M 1a s8 chinh phuong khi va chi khi (k—1)* =0 hodc(k—3)* +1 la s6 chinh phuong.
THI1.(k-1)?=0k=1.
TH 2.(k—3)* +1 la s6 chinh phwong, dit(k—3)* +1=m?*(m e Z)
em?—(k-3)% =1 (m-k+3)(m+k-3)=1
VimkeZ=m-k+3e€Z m+k-3eZ nén

{m—k+3:1 V{m—k+3=—1 [m=1,k=3
0ac

= =k=3
m+k-3=1 m+k-3=-1 m=-1,k=3

Vay k =1 hodc k = 3 thik* -8k’ +23k* - 26k +10 1a s6 chinh phuong

Cau4 (3,0 di€ém) Cho duong tron (O; R) va day BC cd dinh khong di qua tam. Trén tia
ddi ctia tia BC 1ay diém A (A khac B). Ttr A ké hai tiép tuyén AM va AN véi duong tron
(O) M va N la céc tiép diém). Goi I 1a trung diém ctia BC.

1) Chtng minh A, O, M, N, I cung thudc mot dwong tron va IA la tia phan giac ctia goc
MIN

Theo gia thiét AMO = ANO = AIO =90°=>5 diém A, O, M, N, I thudc duong tron duong
kinh AO 0,25

=> AIN = AMN, AIM = ANM (Géc ndi tiép cung chan mot cung)

AM = AN => AAMN can tai A => AMN = ANM

=> AIN = AIM => dpcm

1 1

2) Goi K 1a giao di€ém ctia MN va BC. Ching minh =—t—.
AK AB AC
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2 _ 1 N 1
AK AB AC
(Do AB+ AC = 2AI)

AABN dong dang véi AANC => AB.AC = AN?

AAHK dong dang véi AAIO => AK.AI = AH.AO

Tam gidc AAMO vudng tai M c¢6 deong cao MH => AH.AO = AM?

=> AK.AI= AM?. Do AN = AM => AB.AC = AK.AI

3) Puong thing qua M va vudng géc véi duong thang ON cat (O) tai diém thit hai la P.
Xac dinh vi tri cia diém A trén tia d6i ctia tia BC d¢ AMPN 1a hinh binh hanh.

Tacd AN L NO, MP LNO,M¢ AN => AN // MP

Do d6 AMPN la hinh binh hanh & AN = MP = 2x

2
Tam giac AANO dong dang véi ANEM => AN_NO =>NE= 2
NE EM R

< 2AB.AC=AK(AB+AC) < AB.AC=AK.AI

2
TH 1.NE =NO - OE = 2%:R— R*—x* < 2x* =R? -RyR? - x?
Pit VR2—x2 =t,t>0=>x> =R? —t%.
2t=-R

PTTT2(R® -t*)=R* -Rt < 2t* Rt -R? =O<:>L_R

Do t>0=t=R<VyR*-x* =R<x=0= A =B (loai)
2
TH 2 NE =NO + OE => 2%:RJr R*—x* ©2x* =R?*+RyVR?* - x?
Pt VR -2 =t,t>0= x> =R> —t°.
2t=R

PTTT2(R*-t*) =R’ +Rt < 2t* +Rt—R* =0 <:>L_ R

R\3

Dot>0=2t=R < 2JyR* -x* =R<:>X=T=>AO=2R (loai)
Vay A thudc BC, cach O mot doan b:?mg 2R thi AMPN la hbh
3
Cau 5 (1,0 difm) Ta c612>(a+b)’ +4ab> (2\/5) +4ab . Ditt=+/ab,t >0 thi

12288 +4t° <22 +t* -3<0 = (t—1)(2t* +3t+3) <0
Do2t* +3t+3>0,Vtnént-1<0<t<1.VayO<ab<1
1,1 2
1+a 1+b 14ab’
1 1 1 1
1+a_1+@+1+b_1+@go

A

Chiing minh dwgc Va,b>0 thoamanab<1

That vay, BDT
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\/_b a \/_ b \/B— \/a_ \/a_ \/]3
<0< -
(1+a)(1++/ab) (1+bx1+J_3 1++ab J\1+a 1+b
(\/_ Jay'(Jab-1) <0. Do0 <ab <1 nén BDT nay dung
(1+VF_X1+ax1+b)
Tiép theo ta sé CM 2 +2015ab <2016,Va,b >0 thoamanab<1
1+\/£
Ditt=+ab,0<t<t ta <qu.»c_yci+2015t2 <2016

1+t
2015t +2015t> — 2016t —2014 <0
< (t—1)(2015t* +4030t +2014) <0. BDT nay dung Vt:0<t<1

VayL + L +2015ab < 2016. Dang thitc xay raa=b =1

1+a 1+b

PE 7

Caula)

P 2xX+2 X\/; 1 x+x/_( x> 0;x#1)
\/_ X — \/_ XA X + X

_2x+2 xJ_ 1 xvx+1_2x+2 hf-1Xx+J;+D (e 1)
SN RN SR Vx(Vx-1) Vx(x+1)

_2x+2 x+J§+1 x—Ix +1 2x+2+2=2x+2J§+2

N S SN N
b) Tacod x=2-2x =x=+2-1
Thay vao biéu thtrc
2(v2 +1)
P=2(2-1D+2+——=—=2J2-2+2+
f W2-1(2+D
=22 +2J2+2
P=42+2
¢) bura duoc 7 = L
2x+2+2+/x

Dmﬂ1gé2x+2+2J§26J§=>0<——335L——<Z
2x+2+2x 6

Vay % chi nhan mot gia tri nguyén dé 1a 1 khi
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\/;22 x=4

<=>
o= e

7\/;:2x+2+2\/;<=>2x—5\/;+2=O<=>

Cau 2. a) Khi m =-1 ta cé phwong trinh x* +2x-8=0

Ta co: A =1+8=9>0

Giai phuong trinh ta dwoc hai nghiém: x, =2;x, =—4

b) Tinh duoc A'=m?* —(m-1)°

Dé€ phuong trinh ¢6 hai nghiém phan biét <=>m? —(m-1)’ > 0(*)

X, +x, =2m(1)

Goi x1;x2 1a hai nghiém ctia phwong trinh, theo Viet ta cé:{ s
X, X, =(m-1)"(2)

Gia st x, =(x,)’ thay vao (2) ta dugc x, =m-1;x, =(m-1)*
Thay hai nghiém x1;,x2vao (1) ta dwgc:

m=0

(m-1>+m-1=2m <=>m2—3m=0<=>{
m=3

Khéng dinh hai gia tri m vira tim duoc thoa man diéu kién (*), két luan

2
2X +9+2 X 3.0

S \V2x* +9

Cau 3. biéu kién: x # 0, dua phuong trinh tré thanh:

bat an phu: X -, phuong trinh tré thanh:

\V2x* +9
1 t=1
t—2+2t—3:0<:>2t3—3t2+1:0<=>(t—1)(2t2—t—1):O<:> 1

Truong hop: t=1<=>x=+2x* +9(VN)

- x<0 -
Truong hop: t= ?1 <=>2x* +9 = -2x <=> {2 2 _g <=>X= 37\/5
X =

Cau4a)
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Xét hai tam giac: AEF va ACB c6 géc A chung

Ta c6 AEF=AHF ;AHF=ACB ; suy ra AEF= ACB

(hoac AFE=AHE ;AHE= ABC ; suy ra AFE= ABC)

Suy ra hai tam giac AEF va ACB dong dang

Tt ty s6 dong dang % = % ta c6 AE.AB = AC.AF

b) Xét hai tam giac OHM va OFM c6 OM chung, OF = OH.
C6 MF = MH (vi tam gidc HFC vudng tai F, trung tuyén FM)
Suy ra AOHM =AOFM (c.c.c)

Tt 46 MFO=90° , MF 1a tiép tuyén cua duwong tron duong kinh AH
¢) Xét hai tam gidc AHM va BHO c6 AHM=BHO=90°

Trong tam gidc vuong ABC, duong cao AH co

AH? = HB.HC => AH.20H = HB.2HM => AH = AM
HB HO
Suy ra AHBO dong dang véi AHAM
Suy ra HAM=HBO
d) Goi K la giao diém cua AM véi duong tron
Ta c6 HBO= HAM =MHK, suy ra BO // HK
Ma HK1 AM, suy ra BOL AM, suy ra O la triec tam cta tam giac ABM
Cau 5. Gia str a>b >c, tlr gia thiét suy ra ab >1. Ta c6 bat dang thtkc sau:
1 1 2 (a—-b)*(ab-1)

+ > <=> >0 (ludn dung).
Tral 1307 “1xab  (Ira?)1sb)lsab) o Luondung)

1 .3

1+ab 1+c* 2

Vay ta can chtiing minh:

<=>c*+3-ab>3abc’ <=> ¢’ +ca+bc>3abc® <=>a+b+c>3abc
.y , (a+b+c)*>3(ab+bc+ca)=9
Bat dang thitc hién nhién dung vi
ab +bc +ca > 33/(abc)’
Hay at+b+c > 3>3abc
D&u bang xay ra khi a=b=c=1

PE 8
Cau 1: 2015+2015x — 2014 ++/2016x — 2015 = 2016 (1)

> 2015
2016

PK:x
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(1) <=> (2015y2015x — 2014 — 2015) + (v/2016x — 2015 — 1) = 0
<=>2015(+/2015x — 2014 —1) + (2016x — 2015 1) = 0

__ 2015(2015x-2015) ~_ 2016x 2016
J2015x 2014 +1  /2016x—2015 +1

2015° 2016
<=>(x-1) + =0
\2015x-2014 +1 /2016x 2015 +1
>0V x> 2015
2016
<=>x=1

(thoa man diéu kién)

Vay tap nghiém ctia phwong trinh (1) Ia {1}
Cau 2:

(x=2)(x* =x) +(4m +1)x —8m -2 = 0(1)
<=>(x=2)(x* =x)+(4m+1)(x-2) =0
<=>(x-2)(x* —x+4m+1)=0

x=2
<=>
x> —x+4m+1=0(2)

Phuong trinh (1) c6 ba nghiém phan biét & phuong trinh (2) ¢6 hai nghiém phan biét khac
2

-3
{A=1—4(4m+1)>0 {—16m—3>0 m<7e

4dm # -3 -3
m # —

) <=>
2°-2+4m+1+#0

Goi x1, x2 1a hai nghiém phan biét ctua (2) = (1) c6 3 nghiém phan biét x1, x2, x3 =2 (¥)
Theo dinh li Vi—ét: x1 + x2 =1, xax2 =4m + 1. (*¥)
Thay (*) va (**) ta co:
X, +x,7+x,7 =11
<=>(x, +X, ) — 2x,x, +4=11
<=>1-2(4dm+1)=7
<=m=-1
(thoa man diéu kién)
Vay m =-1 la gia tri can tim.
Cau 3:
X’ +y?+x+y=(x+1)(y+1) (1)

7)) e
y+1 x+1
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Y hé phuong trinh da cho tré thanh

y+1 x+1
a+b=1 a+b=1 a+b=1 a+b=1
<=> <=> <=>
a’+b*=1 (a+b)*-2ab=1 1-2ab=1 ab=0

(a=0 x=0
<=>
b=1 y=1

a=1 x=1
<=>
{b:O {yzO

(thoa man diéu kién)
Vay hé phuong trinh c6 nghiém (0;1), (1,0)

b) P=X\/(1+Y2)(12+Z2) +y\/(1+zz)(12+x2) +Z\/(1+X2)(12+y2)
1+x 1+y 1+z

(x+y+z) = (x> +y* +2%)
2

Xét (x+y+2z)’ =x*+y° +2° +2(Xy +yzZ+2X) => Xy + yZ +2X =

Thay x+y+z=2vax?+y*+z?=2tacOxy+yz+zx=1.

Thay 1 =xy + yz + zx ta co:

) (1+y2)(12+22) :XJ(XY+yZ+ZX+y2)(Xy+yf+ZX+Zz) :XJ(y+Z)(y+X)(Z+y)(Z+X) = x(y+2)
1+x Xy+yz+zX +X (x+y)(x+2z)

Tuong tw ta co:

(1+z*)(1+x%)

. \/(1+x2)(12+y2) 2t y)
1+z

Cong tling vé& ctia ba dang thtkc trén ta cd
P=xy+xz+yz+yx+zx+zy =2(Xy +yz+2zx) =2
Vay biéu thitc P khong phu thude vao x, y, z.
Cau 4:
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a) Goil, JIan luot la trung diém AB, AC
A OAB can ¢ O ¢6 Ol 1a dwong cao ké tir dinh O nén Ol cling la phan gidc goc O, suy ra

BOI = % BOA(1)
Theo quan hé gitta géc ndi tiép va goc & tim cling chan cung AB ctia (O):
BCA = % BOA(2)

Tt (1) va (2) suy ra BOI=BCA (3)
Xét A OBI vudng tai I co goc ngoai OBM:
OBM =90° +BOI(4)
Xét A NJC vudng tai ] c6 goc ngoai ONB:
ONB =90° + BCA(5)
Tt (3), (4), (5) suy ra OBM=ONB
=> AOBM ~ AONB(g.g)
=> 8—1]3} = %—I\B;I =>OM.ON =OB’ =R?
b) Chitng minh teong tw cau a, ta c6
OQ.OP =R? => OM.ON = OQ.0P
oM _op
OQ ON
Xét A OMP va A OQN co:
MOP chung
OM OP =>AOMP ~AOQN(c.g.c)
0Q ON
=> OMP = OQN => OMP+ NQP =180°

= Bon diém M, N, P, Q cung nam trén mot duong tron.

c¢) Tachtng minh O, S, T thang hang
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Goi T’ la giao diém khéc S ctia OS véi duong tron ngoai ti€p A BMN.
Khi d6 MNST’ 1a t& giac noi ti€p, nén
OSN = OMT' => AOSN ~ AOMT'(g.g)

OS _ON _

=> >0S5.0T'=OM.ON
OM OT'

=>0S.0T'=0Q.0P
OS _0Q
OP ~OT!
Xét A OSQ va A OPT’ co:
SOQ chung
0s _0Q = AOSQ ~ AOPT'(c.g.c)
OP OT'
=>0SQ=0PT'=>OPT'+QST"'=180°

= T’SQP la t& giac noi tiép
= T’ thudc dwong tron ngoai tiép A CPQ
>T =T
Vay O, S, T thang hang
= BH 1 OH
= H thudc duong tron duong kinh OB.
Vay khi A di dong, H ludn thudc dwong tron dwong kinh OB.

Cau 5:
2
DA=3FD e i P b))+
4a 4a 4a
Vi
a>0;a+b21=>£21_—&1;a21—b:>a+£2i—b+E
4a 4a 4a 4a 4
1 3 1 1 1
=>A>(@+b*)+(—-b+I)=(a+—)+(b-2)"+=
@+b) (b ) =(a+ ) +(b—) +o

Ta co a+4i >2, ,a.% =1 (BDT Co-si cho hai s6 khong am); (b —%)2 >0
a a

:>A2E
2

D4 u bang xay ra khi a:b:%

Vay gia tri nho nhét cua A la % dat duockhi a=b =%

b)Ta co:
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x* =2x° +6x% —4y® —32x+4y +39 =0

<=>x' =2 +6x° —-32x+40 =4y’ -4y +1

<=>(x—2)’(x* +2x+10) = (2y - 1)*

Viylasdnguyénnén2y-1#0=x#2

Vi (2y — 1)? va (x — 2)? la s6 chinh phwong khac 0 nén x2 + 2x + 10 1a s6 chinh phuong.
Dit x2 +2x + 10=m?2 (M & N) suy ra

(x+1)* +9=m?

<=>(x+1-m)(x+1+m)=-9

_{x +1+m=9

( Do x+1+m>x+1-m)

<=>

ex=3=>(2y-1y?=25>y=3hodcy=-2

ex=-5>=>(2y-1)>=1225= y =18 hoacy =-17
ex=-1=>2y-1)*=81=>y=5hodcy=-4

Vay cac bd (x;y) nguyén thoa yéu cau bai toan la (3;3),(3;-2),(-5;18),(-5;-17),(-1,5),(-1,-4)
PE 9

Caul

a) Voix 20, x#1tacod

() 1 (i) R (g

QN o) R S o
- x+1—(J§—1f 5
) Jx -1 X1
EfR)
A-1=

-1 Ix-1

Ta cd x=2016+2+42015 théa man diéu kién x >0 va x # 1
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Cox=2015+242015+1=(/2015 + 1)2 —/x =+/2015 +1 . Thay vao biéu thirc A — 1 ta

duoc:

A-l=— L

2015

b) Véi 2 s6 nguyén duong a, b bat ki ta cé:

a”® +b*" =(a+b)(@"" +a*b+...+ab™’ +b*"*) = a¥* +b*i(a+b)
+ Xét treong hop nla s lé

Ap dung khing dinh trén ta cé:

2[ 1" +(n-1" |in

2[ 27 +(n-2)*" |in

n—l 2015 n+1 2015 '
ol [ =] 2= |
2 2

Suy ra
n 1 2015 n+1 2015
_ ..2015 2015 __1)2015 2015 __m)\2015 — :
A=n"42[ P +(n 1) |+2[ 2" +(n-2) ]+...+2[(—2j +( 2} }.n
Tuong tw

2015 2015 2015 2015
A=2(12°15+n2°15)+2[22°15+(n—1)2°15]+...+2[(—n;1j +[—“Z3J ]+[(—n;1) J{—“;lj ]E(n+1)

Mit khacn van + 1 nguyén t6 cung nhau nén A : n(n + 1)
Twong ty vé6i treong hop n chdn ta cling cd A i n(n + 1)
Cau 2

a) Diéu kién: x*> #8;x* #9; x> #11;x*> #12

Phuong trinh da cho twong duong véi
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6 7 )[4 3 )
x>=9 x*-8 x> =11 x*-12

6(x*~8)-7(x*-9) 4(x2—12)—32(x2—11)

(x> -9)(x*-8) ' (x* -11)(x* -12) =Y
- -x*+15 N x> -15 _0
(X -9)(x*-8) (x*-11)(x*-12)
x* =15 =0(2)
1 1 _003)

(o) -8) (e-11)(x-12)
Phuong trinh(2) < x=+15  (théa man)
Phuong trinh (3) < (x* =9)(x* =8) = (x* -11)(x* -12)
& 6x°—60=0<x* =10 < x =+/10 (thda man)
Vay tap nghiém ciia phuong trinh da cho la {++/15;+410]

b) Hé da cho tuwong dwong vdi

{(x2 +4x).(4x+y) =6

(x2 +4x)+(4x+y) =-5

Suy ra x? + 4x va 4x +y la 2 nghiém ctia phuong trinh

t=-2
t2+5x+6=0<:>(t+2)(t+3)=0<:{t_ 3
2 _ 2 __
Vay hé da cho twong duong véi X = 2(I) hodc] ™ X 3(II)
4x+y=-3 dx+y=-2

Giai (I):x* +4x =2 & (x+2) =2 & | 2=y X 2
x=-2-\2=y=-3-4x=5+42

e T2 B x=-1l=>y=-2-4x=2
Gidi (II):x" +4x+3=0<= (x+1)(x+3) =
x=-3=y=-2-4x=10

Vay he da cho ¢6 4 nghiém -2++2;5-42),(-2-V2;5+442),(-1;2),(-3;10)
Cau3
Xét phwong trinh hoanh dé giao di€m ctia (P) va (d): ax® =bx+c <> ax’ —bx—c=0(1)

Via, b, cla 3 canh cta tam gidc vuéng voi canh huyénlaanéna, b, ¢ >0, a2=b?+ 2
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(d) cit (P) tai 2 di€m phan biét & Phwong trinh (1) c6 2 nghiém phan biét
A=b*+4ac>0 (lubn dang v a, b, ¢ > 0)

Goi 2 giao di€ém cé hoanh do la xi, x2, 1a 2 nghiém cua (1). Theo Viét ta cé:

x1+x2:E

a
XX, =<
172 = a

XétP=x] +x5—2=(x; +X,)* —2x,X, -2 = +2.--2= -

b)Y ¢ b* —2ac-2a’
a a
C6 b® +2ac—2a”> =b* +2ac—(b* +c’)—a’ =2ac—c’—a’ =—(c—a)’ <0,Va,c,0<c<a
Suy ra P <0 = dpcm.

Cau 4

a) Vi HI, HK la phan giac ctia géc EHB va goc DHC nén

EHI = %EHB; DHK = CHK = %DHC. Ma EHB = DHC (d8i dinh) => EHI = DHK = CHK (1)

Co6 AIH =90° - EHI ; AKH = 90° - DHK => AIH = AKH (2)

Tt (1) suy ra EHI + EHK = CHK + EHK = 1800 => I, H, K thang hang (3)

Ttr (2) va (3) = A AlK can tai A = Al = AK

b) Goi giao IM va BH la P, giao KM va CH 1a Q, giao HM va PQ la ], giao HM va BC la N.

Ta co:

HE  EI
AHEI ~ AHDK

(g-8) => D" DK

AHEB ~ AHDC (g. )»E:@

HD DC

El EB _EI DK

>—=——D—=— 4)
DK DC EB DC

ViIPlAB,HElAB=>IP//HE=>E=E(5) Tuong tw 2k = 12 4)
EB DC HC
HP H
Tir (4), (5), (6) > H‘g PQ // BC
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Pp_H _JQ_ PI_BN

BN HN NC JQ NC

Vi HP // MQ, HQ // PM nén HQMP la hinh binh hanh = ] la trung diém PQ = PJ=]JQ
= BN = NC = N la trung diém BC

Vay HM ludn di qua trung diém BC 1a diém c6 dinh.

Cau5

Suy ra

a) ViAC 1L AB, BD 1 AB = AC//BD = ACDB la hinh thang

ViCM, CA la ti€p tuyén cua (O) nén CM = CA. Tuwong te DM = DB

Goi ] 1a trung diém ctia CD thi JO la dwong trung binh cua hinh thang ACDB suy ra JO //

BD va

:AC+BD:CM+MD:CD:IC:ID )
2 2 2

ViBD L ABnénJO L AB tai O (2)

Tt (1) va (2) suy ra AB la tiép tuyén caa duong tron (J) duong kinh CD

b) Vi CA // BD nén theo dinh ly Talét ta co: ga_cA M = IM //BD
IB CD MD

OJ

MaBD L ABnén MI L AB

Goi P, Q Ian luot la giao cua AD va (O), BC va (J)

C6 APB = CQD = 90° (gdc noi tiép chan ntta duong tron) => DPB = BQD = 90°
Suy ra BQPD la t& giac noi ti€p =>PDB = PQI

Vi AC // BD nén PDB =IAC

=> PQI=IAC = APQI ~ ACAI (g.g) =>% = % = [PJA =1ICIQ

Suy ra phuong tich ctia diém I d6i véi 2 duong tron (O) va (J) 1a bang nhau
Suy ra I nam trén truc dang phuong EF ctia 2 duong tron.

Vay I, E, F thang hang.

Cau 6
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(x+y+z)2 =(x2 +y’ +z2)+2(xy+yz+zx)£9+2(xy+yz+zx)

2
(x+y+z) -9
= Xy+yz+zx2 >
_ 2
:>P3x+y+z+9 (X+2y+z)

2 2 _
D~’¥ltx+y+z=t:>P3t+92t __t §t+1+5

=—%(t—1)2+5s5

x+y+z=1

2 2 2

chang hankhix=1,y=2,z=-2
X" +y“+z" =9,

D4u bang xay ra khi va chi khi{
Vay gid tri 16n nhat cua P la 5.
PE 10.
Caul

a) Dé thdy A <0,

2
Taco A =(\/7—2\/8—\/7+2\/€) —7 - 2J6+7+26 - 2726 7 +26 =14-25-4

Suyra A=-2.

b) Ap dunghing dang thirc: (u+ V)3 =u’+v’ +3uv(u+v). Ta cé:

o

[i/1+@+§/1—g].Hay

B® —2+3§/{1+ \/S_LlJ(l—\/S_LLJ.B@W :2+3,3,1—%B<:>B3 =2-B<B*+B-2=0

2
& (B-1)(B*+B+2)=0 ma BZ+B+2=(B+%j +£>0 suy ra B=1. Vay B la s8 nguyén.

¢) Ap dung hing dang thitc: (u+v)3 =u’+v’ +3uv(u+v)
Ta ¢ x° =2a+(1—2a)x<:>x3+(2a—1)x—2a=0<:>(x—1)(x2+x+2a)=0

Xét da thiec bac hai x> +x+2a véi A=1-8a>0

+Khia=1 ta co x=i/i+§/i=1 .
8 8 8
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+Khi a > %, tacéd A=1-8a am nén da thic (1) 6 nghiém duy nhdt x=1 Vay véi moi

=1 la s6 ty nhién.

azl tacé:x:3a+a+1 8a—1+3 _a+1 8a—1
8 3 3 3

d) Nhan xét: (\/x2 12015 +x)(\/x2 2015 —x) = X% +2015-x* = 2015.

Két hop vdi gia thiét ta suy ra vx* +2015 —x = \’yz +2015+y
= \Jy? #2015 +y +Vx2 + 2015 +x = Vx? +2015 - x+4/y? + 2015~y <> x+y =0

Cau?2
x> +x=y’ +y(1)(I)
x* +y? =5(2)

e x -y +x-y=0
< (x-y)(x+y+1)=0

N

|:y:—x—1

e y =x: Thay vao (2) ta duoc:

(2)<:>2x2=5<:>x2=§<:>x=i@
2 2

e y =—x— 1. Thay vao (2) ta duoc:
=1
(2) & X +(—x~1) =5<:>2x2+2x—4:0<:{X X
X=-
x=1l=>y=-x-1=-2
x=-2=y=-x-1=1

7

Vo m}(_m JE]

Vay hé phuong trinh (I) ¢6 4 nghiém la (1;-2),(-2; 1),( ; > ; 5

Cau3 Tacod

,_(Yab)-p) (Ja-vb)a-bia+b)
ava +byb (Va) +(vb)

(Va-vb)(Va-vb)(Va+Vb)@+b) (a+b-2vab)@+b)
(\/E+JE)(a+b—JE) " atb-+ab
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3-21).3
Thay a+b=3,ab=1 ta duoc: P:(3—1):%

Cau 4

K
a) Do E, F thudc dwong tron duong kinh AD nén AED = AFD = 90°
Xét hai tam gidc vuong AED va AFD c6
{AD(chung)

= AAED = AAFD (canh huyén — géc nhon)
EAD =FAD(gt)

= AE = AF va DE = DF (hai canh tuong ttng)

= AD la dwong trung truc cua doan EF.

= AD 1 EF.

b) Do ABKC la tt giac ndi tiép duong tron (O) nén ABC = AKC (hai gc ndi ti€p cung chan
cung AC)

Xét hai tam gidc ABD va ACK c6

{BAD = CAK(gt)

= AABC ~ AACK (g.g)
ABD = AKC(cmt)

c) Vi AEDF la t giac ndi ti€p nén EDA = EFH (hai géc noi tiép cling chan cung EA)
Xét tam giac AED va tam giac EHF ta co:
{AED =EHF =90°

= AAED ~ AEHF (g.g)
EDA = EFH(cmt)

EA AD
>—_—=—

EH EF
= HE.AD =EA.EF
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d) Trén tia AC 1dy B’ sao cho AB=AB’. VEKI L AC tai I
Xét A ABK va A AB'K co

AK(chung)
KAB =KAB'(gt) = AABK = AAB'K (c.g.c)
AB=AB'
= KB =KB’ (hai canh twong (tng)
Mat khac AK la phan gidc goc BAC nén K la di€m chinh gitta cung BC = KB = KC.
= KB’ =KC
= AKB’C can tai K
= Ila trung diém B’C
_AB+AC AB+AC

= Al
2 2
= I la trung diém B’C
S,5c =Sapp +Sacn = %DE.AB + % DFE.AC= %DF.(AB +AQ)

Vi AK la trung tryc EF nén AE = AF, EK = FK = A AEK = A AFK (c.c.c). Do d6

S oo = 2.5 e = KLAF

ViDF // KI ( cung vudng géc AC) nén theo dinh 1i Ta-lét:

% - % —S, .. =KLAF=DF.Al = DF.% =S,

Vay S,sc =Saeor

Caub5 P= a2+ b2+ C2

1+b” 1+c 1+a
a ab’
Ta co: =a— 1
1+b’ 1+b° M

Ap dung BDT C6-si cho hai s6 khong am, ta c6 1+b*>2b
a ab’ ab’ ab

Thay vao (1) ta dwoc: =a-— >a-—=a—— (2

yvaol)taduos 1oy =2 p =gy 27 @
Twong tu, ta co:
b bc C ca
>b-— 3 2Cc—— 4
1+c 2 ©) 1+a’ 2 @

Cong tirng vé'ba BDT (2), (3), (4) ta dwoc:

a b N C >a+b+c_(ab+bc+caj 5)

+ 2
1+b* 1+c* 1+a° 2

Mat khac
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(a+b+c)2 —3(ab+bc+ca)=%[(a—b)2 +(b—c)’ +(c—a)2]20
(a+b+c)* _

= ab+bc+ca< 3 (6)

Thay diéu kién a + b + c =3 va BDT (6) vao (5) ta cd
__a b L ZE
1+b*> 1+c® 1+a® 2

Déu bang xay rakhia=b=c=1.

Vay gia tri nhé nhat cua P lé% ,dat dwockhia=b=c=1.

PE 11

Bai 1:

a)

_x+2dx(Wx +3) = x(Wx =3) (x +3)(Wx =3)-x _ 9% 9

P = :
Jx(x-9) Jx-3 Px(Wx+3)(Wx-3) Jx-3

N

OUx(x +3)Wx-3) x+3

b)

Pz_zl<:>\/_x_—13:_zl<:> X +3=4<=>x=1(TM)

Bai 2: a) Khi m =-1 ta c6 phuong trinh
X2 +6x+5=0<=> (x+1)(x+5) =0 <=> tﬁ: 5
Tap nghiém cta phuwong trinh S = {-1; -5}
b)Ta cd: A'=(m-2)>—(m*-2m+2)=2-2m
Dé phuong trinh c6 2 nghiém phan biét thi
A'>0<=>m«<1
Ap dung hé thitc Vi-et ta co: {Xl = 22m 4

XX, =m” —2m+2
Do do:
(m+12-7=3

[12(x, +X,)+X.X, |=3<=Im?*+2m—-6|=3 <=>|(m+1)* -7 =3 <=
B (m+D (m+1)*-7=-3

m =-1++10(L)

Véi (m+1)> -7 —3<=>m+1=+/10 <=
m =-1-+/10(TM)
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.. ) m =1(L)
Voéi (m+1)"-7="<=>m+1=22 <=>
m =-3(TM)
Bai 3:
a) DKXD: x > -1. Phuwong trinh twong duong

x/2x+3+1=2\/x+1 <=> 2x+3+2«/2x+3 +1=4x+4
<=> \/2x+3 =X

x>0
x>0

x>0
<= <=> <=>4q|x=-1<=>x=3
{XZ—ZX—3=O {(x—3)(x+1)=0 L_3

Vay nghiém ctia phuwong trinh x =3
b)PKXD:y >1

Tt phuong trinh (1) ctia hé ta co
= y*(x+2) = (x+1)(x+2)
<=>(x+2)(y*—x-1)=0

X=-2
<=>
y?=x-1=0
+¢
Xétx=-2thayv:‘ao(2)du’ocy—2=3,/y—1<=>y2—13y+13=0<=>y=¥(véiy22)
Xét x=y>-1 thay vao (2) dugc y* +y—1=3Jy-1
bat \Jly-1=a=0=>y=a%+1
yi+y-1=3 /y_l <=>(a’+1)*+a’=3a
<=>a*+3a’-3a+1=0
1 1
<=>a*+3(a-=)"+-=0(VN
at +3(a-2)* + 3 =0(VN)
X=-2
Da6i chiéu DKXD ta cd 13++/117 langhiém ctia hé phurong trinh da cho
X=————
2

Bai 4:
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a) Ta c6 BOC=2.BAC= 2.45° =90° (Gdc ndi tiép, géc 6 tam ciing chan cung BC)
Do d6 BFC=BOC=BEC=90° suy ra dinh F, O, E cung nhin BC duéi goc 90°nén B, F, O, E, C
cung thuéc mot duong tron duwong kinh BC (Bai toan cung chita goc)
Hay tit gidc BFOC noi tiép
Ta c6 FOB=FCB (Cung chan cung BF)
EOC=EBC (Cuing chin cung EC)
Ma FCB + EBC=90° -~ABC+ 90° -ACB
=180° - ( ABC+ ACB)= BAC= 45° => FOB+ EOC =45°
Hay EOF= 135° . Mat khac vi I d6i xting véi O qua EF nén EIF= EOF= 135°=> EIF+ BAC=
180°
Do d6 ti giac AEIF noi tiép dwong tron (Tong hai géc ddi bang 180°)
b)Theo cau a tit gidc BFEC noi ti€p nén AFE =ACB (Cung bu v6i EFB) =AAFE ~AACB (g -
8)
>E=£=£=i=>EF=i=& (V1 AAEB vudng can tai E)
BC AB \LAE 2 P2

Bai 5: Dé dang nhan thay x = 0 khong phai 12 nghiém ctia phuwong trinh

Gia st x, # 0 la nghiém cta phuong trinh da cho. Chia 2 v€ ctia phuong trinh cho x,* #0
duoc

(X, +i2)+a(x0 +i)+b =0
XO XO

1 1
Dat t=x,+— =>|’c|22;x02 +—2=’c2 -2
XO 0

Do d¢6 ta c6 phuong trinh:
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Ap dung BDT Bunhia duoc
(@ +b*)(t* +1) > (at +b)* = (t* —2)

2 o -4t +4 -4 +4 4 4 5t*-24t°+16 4 (B -4)(t°-4) 4 _4
=a"+b" > 5 = > ——+—-= 5 +—== > +=>=
t"+1 t +1 5 5 5(t"+1) 5 5(t"+1) 5 5
A ltl=2 el be_2
Vay a’+b’ > . Dau “=" xayrakhivachikhi {4 p<=>{ °  => 5
5 —=— a=bt I
t ot 5
PE 12
Caul

a) Véia=>0,a#4,a#9,taco:

Az[l_a—S\/a_j.[\/a_—ZJr\/a_—B_ 9-a J:a—9—a+3\/;_(\/a_—2)2—(\/;—3)(\/;+3)—9+a
a-9 J(Va+3 2-va a+Ja-6 a-9 ' (Va+3)(va-2)
__ 9+3%a  (ha-2'-@-9-0-a)_ 3+a-3) . (Ja-2
(a-3)a+3)  (a+3)a-2)  (a-3)a+3) (a+3)Wa-2)
3 Va-2 3 a+3
“Va+3 Va+3 a+3 va-2
3

-

b) Ta co: A+IAI=0<=>IAI=—A<=>A£O<=>\/_3 s0<=>\/;—2<0<=>0£x<4
a—-2

Két hop voi diéu kién, ta c6 0 < a <4 la gi tri can tim.
Cau?2

1) V29—x+/x+3 =x>-26x+177(1)
bDK: -3 <x<29.
Véimoia, b>0, ta co:
(a—b)>=0
<=>a’+b*>2ab

<=>2(a’ +b*)>(a+b)’

<=>a+b< 2(a>+b’)

Thay a:\/29—x;b:\/x+3 ta co:
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V29— X +Vx+3 <[2(29-x+x+3) =8
x> —26x+177 =(x-13)* +8 > 8
=> 29— x +x+3 <x? —26x+177

V29 -x =/x+3 .
x—13=0

Ddu “=" xay ra khi { =>x=13

Do d6 (1) & x =13 (thoa man)
Vay tap nghiém cuia phuong trinh (1) 1a {13}.

) {xz —-2y* =xy +x+y(1) D
X2y —yx—1=2x-y+1(2)
bK:x>1,y=0
Ta co
(1) <=>x>—xy -2y’ =x+y
<=>(X+y)(x—-2y)=x+y
<=>(x+y )(x-2y-1)=0

>1+0=1>0

<=>x-2y-1=0

(1) <> x=2y+1
(2y +1)2y —y2y =22y +1) -y +1

x=2y+1 x=2y+1
<=> <=>
(y+1)y2y =2y +3 (y+1)(y2y -3)=0
9

<=> <=> 2

(thoa man diéu kién)
Vay hé phuong trinh ¢6 nghiém duy nhat (10 ; %)
Cau3

1. Vix,—x, =x,-Xx,=1=>x,=x,+L;x, =%, +1

Ap dung dinh ly Vi-ét cho phuwrong trinh (1) va phuong trinh (2) c6:
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X, +x, =b> =(x, +1)+(x,+1)=-b+2

{xx =bc=(x, +1)(x, +1) =(x, +x,) +x,X, +1==-b+c+1
b=1
b=-2
c=-1

b*+b-2=0 - (b-1)(b+2)= 0<_
betboc—120  |(+D)b-1)=0

Néu b =1 thi (1) c6 nghiém <=>A=1—4c20<=>c£i

Thtt lai:

(1) <=>x"+x+c=0<=>x=

—1++/1-4c
2

1++/1-4c
2

(2)<=>x"—x+c=0<=>x=
(thoa man)

Néub=-2, c=-1 thi

(1) <=> x> —2x-1=0<=>x=1£2
(2) <=> x> —dx+2=0<=>x=2£2

(thoa man)
Vayb=1, cﬁi hoacb=-2, c=-1.

2. DitA=(p+1)(p-1)

Vi p 1a sd nguyén td 16n hon 3 nén p khong chia hét cho 2 va 3.

ple=>p=2k+1 (ke N¥)
= A =2k +2).2k =4k(k + 1)

k va k +1 1a hai s0 ty nhién lién ti€p nén ¢ mot s6 chia hét cho 2 = k(k +1) i 2

= A:8(1)

Vi p khong chia hét cho 3 nén p=3m + 1 hodc p=3m -1 (m € N¥)

Néup=3m+1=p-1:3=>A:3
Néup=3m-1=p+1:3=>A:3
Vay A 13 (2)

Tir (1) va (2), véichta y (3;8) = 1= A i 24.
Cau 4
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a) ViDAEB la t& giac ndi ti€p nén DAB= DEB
Vi ABNM la ti gidc noi tiép nén DAB= BNI
Do d6 DEB= BNI=> BEI+ BNI =180°
= BEIN la t& giac ndi tiép
=BEN=BIN
Vi DAEB la tit gidc noi tiép nén BEN =ADB
Do d6 BIN= ADB =>BIM+ MDB = 180°
= BDMI la t& giac noi tiép
= B, D, I, M cung thudéc mot dwong tron.
b) Vi ABNM la t& giac ngi ti€p nén BAE =BMI (1)
Vi DAEB va DMIB 1a cac tit gidc ndi tiép nén
ABE =ADE va MBI= ADE =>ABE =MBI (2)
Tt (1) va (2) =tam gidc BAE dong dang vdi tam giac BMI (g.g)
_BE_AE
BI MI
c) Ta chttng minh AD. BE =AE. BD
Vi CD la tiép tuyén cta (O) nén
CDA =CBD
=>tam giac CDA dong dang v6i tam giac CBD (g.g)
_DA_CD
BD CB

=>MIBE = BL.AE
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Chttng minh teong tw ta c6 => EA _ CE

EB CB

Ma theo tinh chat tiép tuyén ta c6 CD = CE nén ];g i‘;‘ > AD.BE = AE.BD

e Ta chitng minh DE di qua diém K la giao hai ti€p tuyén tai A va B cta (O)
Goi Ki, Kz Ian luot 1a giao diém cta DE véi tiép tuyén caa (O) tai A va B.
Khi dé

AE_KE KA

K AE = K. DA => AK.AE ~ AK. DA(g.0) => 20 = iE _
! ! ! DAES) =75 KA KD

_(AEY _KE KA _KE
lAD) KA'KD KD

Chttng minh twong tw ta co:
BE) _KE
BD K,D

Ma AD.BE=AE.BD =>

AE BE KE _K,E
AD BD KD KD

Do Ki va Kz déu ndm ngoai doan DE nén Ki va Kz chia ngoai doan DE theo cac ty s& béng
nhau = Ki=Kx =K.
Vay DE luon di qua diém K ¢6 dinh.
Cau 5.
Xét

3.3 3.3 2 _
5b a2 _(2b-a)= 5b° —a (ab+3l;) )(2b—a)
ab+3b ab+3b
_5b°—a’—(2ab’-a’b+6b’-3b%a) -b’-a’+a’b+b’a

ab+3b’ ab+3b”
_—(a+b)(a-b)* _
ab+3b>
3 —

. 5b a2 <9b_a

ab+3b
Ta c6 2 BDT tuong tu:

5¢° —b?

<2c-b

Cong tung vé 3 BDT trén ta duoc
P<2(@a+b+c)—(a+b+c)=a+b+c=3
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A M 5 a:b:C
Dau bang xay ra <=> <=>a=b=c=1
a+b+c=3

Vay gia trilénnhatctaPla3 & a=b=c=1.

PE 13
Caul.

x—4 2x—5yx -1 2% +dafx +xx +2
ek +2) @R -DEd A1) 2x

-2 x5k -1 [ edx Dok +2)
20x -1 2Vx=1)(2vx +1) 2%

[ 2kt X +1)(xx +2)
| Vx-1)(2vx +1) 24

:X\/;+2
24x

+ VG x>0, ta cd: xyx +2 = xyx +1+12 3Yxvx. 1.1 = xa/x +2 > 3%

XNX +2 3\/_
2% 2J_

Dodé,dé’PS% thi x=1.

Suyra P= Z% ( ddu bang xay ra khi x=1).

Hoac trinh bay cach khac:

+Vc’rix>0,tacé:PS%<:> X+2 3 o xx =3 +2<0 ()

2x

Pit t=x, t>0.
Khi d6 (*) tré thanh: t° -3t+2<0

< (t-1)%(t+2)<0
Vit+2>0,(t-1)>>0 nén (t—-1)*(t+2)<0<=t-1=0<t=1 hay x=1.

b) Cach 1: theo dé : ab+bc+ca:3abc<:>l+l+1=3
a C
a’ (a’+ac)-ac ac
2 = 2 =a- 2
c+a c+a c+a
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ac 1 c+1
c+a?>2a\c = \/_<
c+a’

a3
Suy ra sza-———.
c+a 4

3 3
b S a+1 C S b+1
a+b? 4 " b+c? 4

Tuong tw:

3 3
S A>—=(a+b+c)——
uy ra 4( ) 1

Dung BDT C6 Si chitng minh duoc: (a +b+ c)(1 + % + 1) >9
a c

:>(a+b+c)329:>a+b+c23

Suy ra AZ%,dé’ubéngxéy rakhi a=b=c=1.

Vay minAz% khi a=b=c=1.

Cach 2 :Ta co: ab+bc+ca=3abc<:>l+l+1:3
a b c
,y,2z>0
Datx-1 y=l =—, khi do: ¥z .
a b c’ X+y+z=3

X y z
+ +
y(x+y*) z(y+z®) x(z+x%)

Biéu thitc A dwoc viét lai: A =

X _(x+y)-y' 1y
yx+y?)  y(x+y?) y x+y’

Ta cod :

X 1
2 2 2vfx = <1 _x
ma xty? 22y X+y2 N nen (X+y) y zJ_

—:12,/1.131 141 nén — > 1141
2\/_ 4 x 4 X y(x+y?) y 4 X

(ddu bang xdy ra khi x=y=1)

Tuong tw: Lzl—l[h—lj ;>1_1(1+1j

2(y+z’) z 4 x(z+x*) x 4\ z
Suy ra A=§(l 1 1J—§
4{x y z) 4

Dung BDT C6 Si chttng minh dwoc: (X+y+z)[l+l+lJ =29.
X y z
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@3(1+1+1J29<:>1+1+123 (Viz+y+z=3).
X 'y z X 'y z

Do dé AZ% , d&u bang xay rakhi x=y=z=1hay a=b=c=1.

Vay minAzg khi a=b=c=1.

Cau 2 a) Gidi phuong trinh x> +J1+x +V1-x-2=0
Céch 1:

biéu kién: -1<x<1.

Khi d6 ta c6: x* +v1+x+11-x-2=0
<:>(-\/1+x+\/1—x)2 -y o 2n1-xX +2=2-x) (1)

Dit t=\1-x2, t>0. Phuong trinh (1) tro thanh:
2t+2=(t* +1)°

St 42t -2t -1=0

S (E=D[(t+1)(F +1)+2t]=0 (2)

Vi t>0 nén (t+1)(t* +1)+2t>0.

Do d6 phuong trinh (2) ¢ nghiém duy nhatla t=1.

+Voi t=1=x=0(thoa).

Vay phuong trinh da cho c6 mot nghiém duy nhatla x=0.
Cach 2:

+Diéu kién: -1<x<1.

> HVI+X +1-x-2=0 1+ x+1-x=2-x> (¥)

2
2_
+Dat t=v1+x++1-x,t>0.Suyra t* =2+2 1—x2<:>(t 2

J +1=2-x"

Khi d6 phwong trinh (*) tré thanh:

t' -4t —4t+8=0 < (t-2)(t +2t> —4) =0 (¥)

Vi =2421-x> 22 vA t>0 nén t>+2.

Do d6 2 +2t* 4222 +4-4>0.

Suy ra phuwong trinh (*) 6 nghiém duy nhatla t=2.

+Véi t=2= x=0(thoa).

Vay phuong trinh da cho c6 mot nghiém duy nhétla x=0.
Cach 3:
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+Diéu kién: -1<x<1.

Dit V1+x=a,J1-x=b (a,b>0). Suy ra: a’ +b* =2 (1)
+ Honntta: V1-x> =ab=2-x"=a’b*+1.
+ Phuong trinh da cho tré thanh: a+b=a’b* +1 (2)

a’+b*=2 {abzl

Tt (1) va (2) ta cO hé:
Mva@ ' {a+b:a2b2+1 a+b=2

a=1
= =x=0
{b=1

2 Ix -4y =—1
b) Gidi h¢ phwong trinh Xz’ 3+ i 2y
X%y +2xy —4X+3y=2

Cach 1:
xy® +2x—4y =-1 - xy’ +(2x+1) =4y o
Xy +2xy? —4x+3y =2 |(X*y? +2xy + 1)y —2(2x+1) =2y

(lwu yj: khong nhdt thiét bién doi dwea vé'phdi cia pt thit hai vé -2y , c6 thé’ -3y )

, R 2x+1=0 1
- Xét y =0 thay vao hé (*) ta duoc: SX=—=
-2(2x+1)=0 2
=1
Suyra+” 2 lamdtnghiém cta hé.

y=0
- Xét y # 0, hé phuong trinh (*) trong dwong véi heé:
2x+1
.

2x+1 < 2x+1 ™)
x2y2+2xy+1—2[ J=—2 (xy+1)2—2( J:—Z
y y

2x+1

4 (xy+1)+ 5

Xy +

+b=5 (%)
2_2b=-2

2x+1

bat a=xy+1,b= ; khi d6 hé phuong trinh (**) tré thanh: {a
a

=2 [a=-4
+Cﬁéihé(*”)ﬁn1duoc:{a {a

b=3" |b=9 °
a=2 xy+1=2 X[2X+1J:1 x=1 X:_E
*Voi taco {2x+1 < 3 = hoac 2
b=3 =3 2x+1 y=1 y 2
y y=——— R
3 3
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xy +1=—4 x(2X+1j=—5
& a 14 9 A - A
*Voi ta co = 0 nghiém
{b_9 2X+1=9 2x+1 (vo nghicm)
y y=
9

3
1 X=-—=
- =1
Vay hé phuong trinh da cho c6 ba nghiém: =77, {X , 3 .
3

=1
Cach 2:
xy’ +2x—4y =-1 - xy’ +(2x+1) =4y
x*y® +2xy? —4x+3y =2 Xy’ +2xy? —(4x +2) = -3y

2xy” +(4x+2) =8
<:>{ Xy +(dx+2)=8y =Xy’ +xy® =5y =0

x’y® +2xy® —(4x+2) = -3y

y=0
| xy=1
Xy =-5

+Véi y=0. Suy ra dugc (x;y)=(—%;0).

+Voi xy =1. Suy ra duoc (x;y)=(1;1) hodc (X;y):(_%;_é)'

+V6i xy =-5. Truong hop nay khong ton tai cdp (X;y).
X = _l X = 1 X=-
Vay hé phuong trinh da cho ¢6 ba nghiém: {© 2, { ,
y

Cau 3.
a) Tim tdt cd cdc cdp s6 nguyén dwong (a,b) thoa man dang thirc:
a’ —b*+3(a2 —b*)+3(a—b) =(a+1)(b+1)+25.
a’-b’+3(a’-b*)+3(a-b)=(a+1)(b+1)+25
& (@’ +3a*+3a+1)— (b’ +3b*+3b+1)=(a+1)(b+1)+25
o (a+1)’—(b+1)° =(@+1)(b+1)+25 (*)
bat x=a+1,y=b+1(x,yeZx,y2>2).
Khi d6 (*) tré thanh: x° —y® =xy +25 < (x—y)(X* +xy +y°) = xy +25 (**)
+ T (*)suyra x>y =>x—-y>1, ma x* +xy+y> >0 nén:

X2 +xy+y  Sxy+25=x"+y’ <25=x<4 (D).
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+Honntta: x>y va X,y>2 nén xy >6.
Suyra X’ —y’ =xy+25>31=x">31=x>3 (2
Tt (1) va (2) suy ra: x=4.Do x>y va y=>2 nén ye{2;3}.

+ Thr lai, chi c6 {X thoa (**). Suy ra {ab 5 la cdp s6 can tim.

b) Cho hai s6'nguyén a va b théa: 24a® +1="b. Chitng minh rang chi c6 mét s6’a hodc b chia
hét cho 5.

Céch 1:

24a* +1=b* <> 25a° +1=a’ +b> = a’ +b* =1(mod5) (1)

. |a=0,£1,£2(mod 5)
Ta co:
b=0,£1,£2(mod 5)

j{a =0,1,4mod5)

b* =0,1,4(mod 5)

2 _ 2 _
Tée (1) va (2) suy ra: {a =0(mods) | {a 1(mod 5)

b? = 1(mod 5) b? =0(mod 5)
Suy ra chi mot s6 a hodc b chia hét cho 5.

Cach 2:

24a’ +1=b* < 25a° +1=a’+b’ =a’+b*=5k+1 (1)
VneZ=n=>5l+r (leZ,re{O;1;2;3;4})

=n’ =5l +17 (I, 2,1 €{0;1;4}) (2

> =5k, +1 ? =5k
Tt (1) va (2) suy ra: {a 1 hodc {a !

b* =5k, b? =5k, +1

Suy ra chi mot s6 a hodc b chia hét cho 5.

Cach 3:

24a’® +1=b* < 24a” —b” =-1 khong chia hét cho 5 nén a va b khong dong thoi chia hét
cho 5.

+ Gia st a va b déu khong chia hét cho 5.

a* =1(mod>5)

b* 51(m0d5):>(a +b?)(a* —b*) =0(mod 5)

Theo dinh ly Fermat ta c6 {

Néu a* +b” =0(mod 5) thi 25a* +1=a’ +b* =0(mod 5) ( vo li).
Suy ra a’ —b? =0(mod 5) = 23a’ +1=b* —a” =0(mod 5) (*)
Vi a khong chia hét cho 5 nén a =+1,+2(mod5).
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Vi a=+1(mod5) =>a” =1(mod 5) = 23a” +1=—-1(mod 5) ( trdi véi (*))
Vi a=+2(mod 5) = a’ = 4(mod 5) = 23a” +1 =3(mod 5) ( tréi vdi (¥))
Vay diéu gia st 1a sai. Tt d6 suy ra diéu can chitng minh.

Cau 4.

(Khong c6 hinh vé khong chdm bai)

+ Goi N 1a trung diém cta IM, F la giao diém cua DE va IB.
+Taco: I, =A =A,=F =C, = F, =B,
Suy ra t& giac BFDM ndi tiép trong duong tron.
— DMB=F, =C,
Suy ra DM // AC hay DM // AE (1)
AED =EDM =EDI. Suy ra AEDI la hinh thang can.
(Hodc tir giac BFDM va BIAC ndi tiép nén FDM =1AE;

FDM =FDI = DIA = DIA =1AE. Suy ra AEDI la hinh thang cin.)

Suy ra ADE =1ED = DEM nén AD//EM (2)
Tt (1) va (2) suy ra t gidc ADME la hinh binh hanh.
Cach khac:

+ Goi N 1a trung diém cta IM, F la giao diém cua DE va IB.
+Taco: I, =A, =A, =F =C, = tit giac BFEC noi ti€p trong duong tron.
Suy ra FBC= AED(1).

+Mat khac F, =C, = F, =B, = t giac BFDM ndi ti€p trong duong tron.
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Suy ra FBC =MDE (2).

Tt (1) va (2) suy ra AED=MDE = AE//DM (*)

Hon ntta AED =MDE = AED =IDE

Ma DE//IA. Do d6 t& giac AEDI la hinh thang can.

Suy ra ADE =IED; ma IED = DEM nén ADE =DEM = AD//EM (**)

Tte (*) va (**) suy ra tie giac ADME la hinh binh hanh.

Cau 5 a) Goi K la giao diém ctia hai dwong thing EF va BC, goi L la giao diém ciia dwong thing
AK va duong tron (O) (L khic A). Chitng minh HL vuéng géc vdi AK.

A

(Khdng c6 hinh vé khong cham bai)
Céch 1:

+ Xét hai tam gidc AKBF va AKEC cé:
K chung, KBF =KEC (vi cung bu vdi FBC)
Suy ra AKBF va AKEC dong dang.
Suy ra: KB _KE < KB.KC=KFKE (1)
KE KC
+ Tuong tu: AKBL va AKAC dong dang.

Suy ra: 5 - KL kpKC=KLKA ()
KA KC

KL

Tt (1) va (2) suy ra: KEKE =KLKA < ~XE ; hon ntta FKL = AKE.

KE
KA
Suy ra AKFL va AKAE dong dang.

Suy ra KFL=KAE.

Do dé4 diém A, L, F, E cung nam trén dwong tron.

Ma A, E, F nam trén duong tron duong kinh AH nén L cling nam trén duong tron duong
kinh AH. Vay HL vu6ng goc véi AK.

Cach 2:

+Ha HL’ vudng goc AK tai L’. Ta di chitng minh L’ thudc dwong tron (O).
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+5diém A, L', F, H, E cung nam trén duwong tron duong kinh AH.

+ Chting minh duoc AKFL' va AKAE dong dang.

= KL'KA=KFKE.

Twong tu chitng minh dwoc: KF.KE =KB.KC

Suy ra KL'.KA =KBKC.

Chting minh dwoc AL’BC noi tié€p. Suy ra L’ trung L.

Vay HL vudng gbc voi AK.

b) Ly diem M thudc cung nhé BC cua dieong tron (O) (M khic B, C). Goi N va P lin lwot la hai
diéin doi xitng ctia diém M qua hai dwong thing AB va AC. Chitng minh ba diéin N, H, P thing
hang.

(Khéng co hinh vé khong chidm bai)

. |ANB=AMB
+ Ta co: = ANB=ACB

AMB = ACB
+ Tt gidc DHEC ndi tiép nén ACB+ AHB=180. Suy ra ANB+AHB=180°.
Do d6 ti giac AHBN ndi tiép trong duong tron.
Suy ra NHB=NAB. Ma NAB=MAB nén NHB =MAB
+ Twong tu ta ciing chitng minh duwgc: CHP = MAC.
+ Suy ra NHB+BHC+CHP = MAB+BHC+MAC =(MAB + MAC)+BHC
=BAC+BHC =BAC+FHE =180°

Suy ra N, H va P thang hang.
PE 14.

Cau 1:a) D&y rang: 1+x* =x> +Xy +yz+2x = (X+y)(X+2)
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Twong tw ddi véi 1+y%;1+2° ta co:

i J<y+x><y+z><z+x)<z+y>

1+x° (x+y)(x+z)

Suy ra P=x(y+z)+y(z+x)+z(x+y)=2(xy+yz+zx)=2.

=x(y+z)

b) Tewong tw nhu cau a)

y z X + y _ V4

1+y2_1+zz_(x+y)(x+z) (x+y)(y+z) (Z+y)(z+x)

=X(y+z)+y(z+x)—z(x+y): 2xy _ 2xy
(ry)lyrz)(zex)  (ey)lyr2)(zox) - [1ee)(1ey?)(1+2)

Cau 2:*Xétn=3k (keZ) thin?+n+1=3k(k+1)+1

*Xétn=3k+1(keZ)thin?+n+1=9((k+1)+3

*Xétn=3k+2(keZ)thin’+n+1=303k>+5k+2)+1

Vay n? + n + 1 khong chia hét cho 9 v6i moin € Z.

, X
Ta co: >+
1+x

Cau 3:Taco A= (Zm + 1)2 — 4(m2 + 1) =4m -3. D€ phuong trinh ¢6 hai nghiém phan biét

<:>A>0<:>m>%. Theo dinh ly Viet ta cd: x, +x, =2m+1 va x,x, =m’+1. Do d6

2 —_
po XX mtl _2mol_ 5 g 4p-om-14 .Do m>> nén
X, +X, 2m+1 4 4(2m+1) 2m+1 4
2m+1>1

Dé P eZ thi ta phai c6 (2m+1) la wécctia 5, suy ra 2Zm+1=5<m=2
Thtr lai v6i m =2, ta dwgc P=1 (thoa man).

Vay m =2 la gia tri can tim théa man bai toan.

Cau 4.
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1).(K) tiép xuc AB tai T, nén KT L AB,suy ra KT //AB.

Chu y tam gidc AKTC can nén KCT =KTC=TCA =TCB. nén K thudc BC.

Nhéan xét. Chiing minh mét diém thudoc mot doan théng ta quy vé chitng minh ba diém
thang hang.

2). Goi (K) giao BC tai F khac C.Ta thay t& giac FEDC ni ti€p va cha y K thudc BC
nén FEC=90°.

Ttr d6 ABD=90° — ADB=90" —EFC=BCE.

3). Ttr trén, suy ra MBE = BCM do d6 AMBE ©> AMCB = MEMC = MB?.

Tt d6 chu y MT tiép xtc (K), suy ra MT? = MEMC = MB>.

Vay M la trung diém BT.

Cau 5:a) Ap dung bat dang thiec C6 si cho 3 s6 duong
a+b+c>Jabc; 1+l+123 1

a b ¢ 3abc

Suy ra (a+b+c)(l+l+lj29

a b c

B4t dang thitc dugc chiing minh. Dau déng thitc xay ra khi va chi khi a=b=c

(a+b+c)2
b)Tac6 ab+bc+ca<a’+b’+c :>ab+bc+caSTs3

Suy ra _2007 > 669
ab+bc+ca

Ap dung bat dang thiic trong cau a, ta c6

_ 12 —+ 1 + L (a2+b2+c2+2ab+2bc+2ca)29
a“+b°+c° ab+bc+ca ab+bc+ca
1 1 S 9

+ > >1
a’+b’+c® ab+bc+ca (a+b+c)2

Suy ra

Do do6 ta dwoc — 12 =+ 2009 >670.
a“+b"+c° ab+bc+ca

Vay bat ding thirc dwoc chiing minh. Dau dang thiic xay ra khi va chikhi a=b=c=1.

PE 15
Caul.
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a) Taco: x> :(\/4+»\/10+2\/§ +\/4—«/10+2\/§ jz - 8+2\/4+«/10+2\/§.\/4—x/10+2\/§
X =8+2y6-25 =8+2 (J§—1)2=8+2(J§—1)=6+2J§=(J§+1)2:>x: 5+1. Tir

dé ta suy ra (x—l)2 =5 x*-2x=4.

<X2 —ZX)2 —Z(X2 —2X)+12 42 -34+12 .
x* —2x+12 S 4412
b) Tacé x=1+32=(x~1)’ =2 x’ ~3x* +3x~3=0. Ta bién d6i biéu thirc P thanh:

Ta bién d0i: P =

P = (x* =3 +3x=3)+x(X* =3x* +3x—3)+(x* =3x> +3x —3) +1945 = 1945

¢) D&y ring: x=R/2? +3/2+1 tanhan thém 2 v& véi 2 -1 d6 tan dung hing dang
thitc: a’ ~b’ = (a—b)(a” +ab+b?). Khido tacé: (¥2-1)x=(2-1)(¥2* +32+1)

(P2 -1)x=1 Px=x+1=2x% = (x+1) = x*=3x2-3x-1=0.
(¥2-1)

Ta bith d6i: P=x" —4x* +x° —x? —2x+2015 =(x2 —x+1)(x3 —3x2 —3x—1)+2016 =2016

Cau 2.
X+2y=2m+1 0
4x+2y =5m-1
_x+2y-1
(1) <=> m=- _>x+2y—1_3x+2y+1
m_4x+2y+1 2 5
5

=>5(x+2y-1)=2(4x+2y+1)=>3x-6y+7 =0
Gia st hé phurong trinh da cho c6 nghiém nguyén (xo; yo) thi
3x, =6y, +7=0=>6y, -7 =3x,:3=>7:3 (v li)
Vay hé phuong trinh khong c6 nghiém nguyén V m.

2. Phuong trinh hoanh d¢ giao diém cua (P) va d:

x> —mx+2=0(1)

(P) cat d tai hai diém phan biét A(xi;y1) va B(xzy2) © (1) c6 hai nghiém phan biét
SA=m?2-42>0om?>8< m> 2«/5 hoécm<-2\/5
Khi d6 x1, x2 1a nghiém ctia (1). Ap dung dinh 1i Vi-ét ta c6 x1 + x2 =m; x1x2 = 2.
Do A, B €d nén y1=mx1-2vay2=mx2—2.

Ta co:
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Yy, +y, =2(x,+x,)-1
<=>mx, —2+mx, —2=2(x, +x,)-1
<=>(m-2)(x,+x,)-3=0
<=m(m-2)-3=0
<=>m’-2m-3=0
© m =-1 (loai) hodac m = 3 (thdéa man)
Vay m = 3 la gid tri can tim.
Cau 3.

1\ -9-x*-16=1(1)
PK:x2>16 © x >4 hoac x <-4.

(I) <=> x> -9 =x* —16 +1

<=>x*=9=x"-16+2x*—16 +1<=> 6 =2x* - 16

<=>3=x"-16 <=>x>-25=0

<=>x=15

(thoa man diéu kién)

Vay tap nghiém ctia phwong trinh (1) Ia S={-5;5}.
{x3 +4y =y’ +16x 0

1+y? =5(1+x)
dy =y’

2

<=>y=12

— Xét x =0, hé (I) tré thanh {

~Xétx#0, dit L=t <=y =xt. Hé (I) trd thanh
X

x® +4xt =xt* +16x — x> (£ —1) = 4xt —16x — X3 (17 —1) = 4x(t —4)(1)
14Xt =5(1+x%) X*(2 —5) =4 4=x2(t* —5)(2)

Nhan tirng vé€ caa (1) va (2), ta duoc phuong trinh hé qua

(17 —1) = 0 (t —4)(t* -5)

<=>t"-1=t>—4t>-5t+20 (Do x=0)

t=-3
<=4t +5t-21=0<=>| 7

4

+Voit=-3, thay vao (2) dugc x*=1 & x==1.

x =1 thi y =-3, thtt lai (1,-3) la mot nghiém cua (I)
x =-1 thi y = 3, thit lai (-1;3) 1a mot nghiém cua (I)

+Vdit= % , thay vao (2) duoc x* = —% (loai)
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Vay hé (I) c6 cac nghiém (0;2), (0;-2), (1,-3), (-1;3)

Cau 4.

B

1. ViBD, BF la cdc ti€p tuyén cta (O) nén OD L BD, OF 1 BF.
Xét 2 tam giac vuong OBD va OBF c6

OB chung " ,
=> AOBD = AOBF (canh huyén-go6c nhon)
OBD=0OBEF(gt)
= BD =BF
Ma OD = OF =r nén OB la trung tric cia DF = OB L DF = A KIF vuong tai K.
Ma OD = OF =r nén OB la trung truc ciia DF = OB L DF = A KIF vudng tai K. DOE =90°

Theo quan hé gitra gdc noi ti€p va goc ¢ tam cho duong tron (O), ta co:
DFE = % DOE =45°

= A KIF vudng can tai K.

=>BIF=45°

2.

a. Hinh ch nhat ADOE c6 OD = OE =r nén nd la hinh vuéng
= AO la trung tryc DE (1)

Vi AB = AM nén tam giac ABM vudng can tai A, suy ra ABM = 45°
=>DBH=DFH=45°

= BDHF la t& gidc ndi tiép (2)

Vi BDO+BFO=90°+90°=180° nén BDOF la tt giac ndi ti€p (3)
Tit (2) va (3) = 5 diém B, D, O, H, F ndm trén mot duong tron.
=>BHO=BFO=90°
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= OH 1L BM.
Mait khac ADE=ABM=45°=>DE//BM= OH L DE
Ma OD = OE nén OH la trung triec cua doan OE (4)
Tt (1) va (4) = A, O, H thiang hang.

b.

Vi DPN+DQN=90°+90°=180° nén DPNQ la tt giac noi ti€p
=>QPN=QDN (hai géc ndi tiép cung chan cung QN) (5)
Mit khac DENF la t& giac ndi tié€p nén QDN=FEN (6)

Tw (5) va (6) ta c6 FEN=QPN (7)

Tuwong tw ta c6: EFN=PQN (8)

5 (7 v PQ _NQ
Tw (7 8 ANPQ ~ ANEF(g.g) => —=—=
ur (7) va (8) suy ra Q (g-8) >EF N

Theo quan hé dwong vudng goc — duong xién, ta cd

NQSNF:>Q:N—Q31=>PQSEF
EF NF

D&u bang xay ra khi Q=F & NF L DF & D, O, N thang hang.

Do d6 PQ max khi M 1a giao diém cua AC va BN, véi N 1a diém d6i xiing v6i D qua O.
Cau 5.

Ta chitng minh BDT

(a+b+c)(1+l+1)29(*)
a b c
(*)<=>3+(E+E)+(E+£)+(£+i)29
b a c b a c

Ap dung BDT C6 - si cho hai s§ duong ta c:
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? £1+1+1£3=>a+b+c23
a+b+c a b c

Tré lai bai todn: Ap dung BDT C5 si cho hai s§ duong ta c6 1+b* >2b

=>

Ta co:
2 2
a S =a-— ab 5 Za—ﬂza—@(l)
1+b 1+b 2b 2
Tuong tw ta co:
b

1+¢?
C

1+a’
Cong tirng vé cua (1), (2) va (3) ta co:

bc
>b-——(2
@)

ca
>c——(3
c 2()

a b C
+ +
1+b* 1+c* 1+a

a b C
=> + +
1+b* 1+c* 1+a

=>dpcm

> 2a+b+c—1(ab+bc+ca)
2

> +%(ab+bc+ca)2a+b+c23

Dau bang xay rakhia=b=c=1.

DE 16
Caul
a) Taco
P \/; —X+XVX+6 \/;+1

ez xadx-2  x-1
\/;(\/;—1)—x+x«/;+6—(\/;+1)(\/;+2)
(e1)(h+2)

X x—x+xx/;+6—x—3x/;—2

e
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_ —X+X x—4\/;+4

(Fe-1){ee2)
) (Vx-1)(x-4)

(fe1)fer2)
=Jx-2.

b) Vé&i x>0,x#1,x#4, tacod

(x+27)P  x427 x-9+36

Qz(x/;+3)(\/§—2) S dx+3 Kx+3

=\/;—3+3—6 =—6+(«f;+3)+ 05 6+12=6.

«/;+3 \/;+3

36 2
DAau “=" xay ra khi \/;+3= < (Vx+3) =36 < x=9.
Y Jx+3 (e+3)

Cau2 Phuong trinh da cho c6 hai nghiém khi va chi khi
AN>0e-2m+420<m<2 (1)

e, {xl+x2=2(m—1)
Theo hé thirc Vi-ét: ,
X;.X, =m” =3

Ma Xf+4xl+2x2—2mx1:1
<:>x1(xl—2m+2)+2(xl+x2)=1
<:>—x1.x2+2(x1+x2)=1
<-m’+3+4(m-1)=1
m=2+\/5 (2)
m=2—\/§

Tw (1) va (2) suy ra m=2—\/5.
Cau 3

<:>m2—4m+2—0<:>[

a) Diéukién 1<x<7

Tacd x+27—x =20x—1++—C +8x—7 +1
& 2(V7=x x=1)+(x=1) - [(x-1)(7-x) =0

<:>2(\/7—x—\/x—1)+\/x—1(\/x—1—\/7—x):0
@(W—M)(z—M)zo
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Jx-1=2 X
‘D[J—lw—@{

Vay phuong trinh c6 hai nghiém x=4;x=5.

=5
A ( thoa man diéu kién).

x>1

2

b) Diéu kién .
X —=xy +120

, két hop véi phuong trinh (1) ,taco y>0.

Tw (1), ta co

Ax T -xy\ly? +4 =0 < 4dx+ 1 =xyyly’ +4
& 16(x+1)=xXy* (y* +4) < (y* +4y° )x* ~16x-16 =0.

s . . 4 .
Giai phrong trinh theo an x ta duwoc x=— hodc x=—;

y y +4

Véi x =i2 < xy” =4 thé€ vao phueong trinh (2), ta duoc: VX* -3 +3Vx-1=4
y

<0 (loai).

Diéu kién x > \/5 ,ta cod
VX2 =3+3Jx-1=4
<:>(\/x2 —3—1)+3(\/x—1—1)=0

x> —4 3(x—2)
= + =
U -3+1 Wx-1+1
X+2 3
= (x=2 + =0
( )(\/xz—3+1 \/x—1+1J
X+2 N 3
WA —341 x—-1+1

&Sx—-2=0(v1 >0)e=x=2.

2 _

V6i x=2 ta cd {y _02 &y =+2. Két hop véi diéu kién trén, hé phuong trinh c6
y >

nghiém (2; \15)

Cau4
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H F
a) Taco: AIE=AJE=90" nén t& gidc AIE] noi ti€p.
EMC =EJC=90" nén t& gidc CMJE ndi ti€p.
Xét tam gidc AAEC va AIEM, c6
ACE =EMI ( cing chan cung JE ctia dwong tron ngoai tiép ti gidc CMJE ).
EAC =EIM ( ciing chan cung JE ctia dudng tron ngoai tiép t gidc AIE]).

Do d6 hai tam giac AAEC dong dang AIEM = % = % = EAEM =EC.EI (dpcm).

b) Ta co IEM = AEC = AEI =CEM.

Mit khac AEI= AJI ( cing chan cung IJ), CEM = CJM ( cting chan cung CM ). Suy ra
CJM = AJI. Ma I,M nam hai phia ctia dudong thang AC nén CJM = AJI d6i dinh suy
ra I,],M thang hang.

Twong tw, ta chitng minh dwoc H,M,K thang hang.

Do t gidc CFMK noi ti€p nén CFK = CMK.

Do t gidc CMJE noi ti€ép nén JME =JCE.

Mt khac ECF =90" = CFK =JCE ( vi cung phu v6i ACF).

Do d6 CMK =JME = JMK = EMC =90° hay IJ L HK.

c) Ké BN LAC (N € AC). Vi BAC=60" nén ABN =30°
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2
:>AN=%=§:>BN2=ABZ—AN2=3%

2 2
— BC? = BN? + CN? :%J{b—gj —b?+c® —bc= BC=+b*+c* —bc

Goi O la tam duong tron ngoai ti€p tam giac ABC, R la ban kinh duong tron ngoai
ti€p tam giac ABC. Xét tam giac déu BCE co

R=OFE=2EM= 2BCY3 =l.\/3(b2 +& ~bc).
3 32 3

Caub
Ta cod

S:n(n4 +5n° +5n” —5n—6)

m[(n2 —1) (1r12 + 6) + 51r1<r12 —1)}

n(m2 —1)(n2 +5n+6)

=n(n—1)(n+1)(n+2)(n+3)
- (n-D)n(n+1)(n+2)(n+3)
Ta c6 S la tich cua 5 s6 nguyén ti nhién lién ti€p chia hét cho 5! nén chia hét cho 120.
Cau 6
a) Tu gia thiét [a|<1,[b|<1,|d<1, tac6 a* <a’,b® <b?,c* <c’. T d6
a'+b°+c® <a’+b’+c’
Lai c6 (a—1)(b-1)(c—1)<0 va (a+1)(b+1)(c+1)20 nén
(a+1)(b+1)(c+1)—(a—1)(b-1)(c-1)20
<> 2ab+2bc+2ca+2> 0« —2(ab+bc+ca)<2.
Honnita a+b+c=0<a’+b*+c* =—(ab+bc+ca)<2.Vay a*+b°+c*<2.

b) T gia thiét suy ra: x >y >0, Ap dung bat dang thizc Cauchy ta c6:

(x+y)4.

4xy+(x+y)2 —4xy 2 1
2 16

2 2 1 2 1
(x+y) =xy(x—y) =Z.4xy((x+y) 4Xy)SZ[
Do d6 x+y=4 . Vay minA=4 khi x=2+22;y=2-+2.

PE 17
CaulTacd: a+x* =x* +xy+yz+zx=(x+y)(x+z).Tuong tu ta co:

a+y’ =(y+x)(y+z);a+z’ =(z+x)(z+y).
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=x(x+y). Tuong ty:

Tir d6 ta cb: x\/(awz)(a”z) :XJ(X+Y)(Y+Z)(Z+X)(Z+Y)

a+x (x+y)(x+z)

VT =x(y+z)+y(z+x)+z(x+y)=2(xy+yz+2zx)=2a.
Cau 2

a)Khim=1tacéd:y=2x-1va(P)y=—

Phuong trinh hoanh d6 giao diém ctia d va (P) la:

Véi x=-1+2 = y=-3+22

Véi x=-1-\2 = y=-3-22

Vay cac giao diém Ia (<1+2;-3+2v2);(-1-+/2;-3-242]

b) Phuong trinh hoanh dd giao diém cua d va (P): —x* =2mx—1< x* +2mx—1=0 (*)
Phuong trinh (*) c6 A" =m?+1 >0 = (*) ludn co hai nghiém phan biét x1, x2 V m hay d luén
cat (P) tai hai diém phan biét.

. ., . | X, +x,=-2m
Ap dung Viét ta co:

=X, =, =40, =%, = (%, +X,)? —4x,X, =V4m® +4 =2Jm’ +1

y, =2mx, —

1
Khi d¢6 ta cc’){ . =ly? —y2 1=l (2mx, —1)* —(2mx, —1)* |

Yy, =2mx, —
=ly? —y2 =l (2mx, —1-2mx, +1)(2mx, —1+2mx, —1) I=l 4m(x, — x, )[m(x, +x,) —1]|

=l 4m(2m” +1)(x, - x,) = 4/m(2m” +1)[ I, =X, l=4Im | (2m” +1)24m? +1
Ta c6 |y? —y? l= 345 < 64m*(2m? + 1)2(m? +1) = 45 <> 64(4m* + 4m’ +1)(m* +m?) =45
Datm* +m® =t>0 c6 phuong tr‘mh64t(4t+1)=45<:>256t2+64t—45=0<:>t=% (vit>0)
4 2 5 4 2 1
Suy ram” +m =E<:>16m +16m —5=0<:>m=i§
1
Vaym=+—
ay >
Cau3

Goi van tdc cta nguoi di xe may trén% quang duong AB dau (90 km) la x (km/h) (x > 0)

Van t6c ctia nguoi di xe may tréni quang duong AB sau la 0,5x (km/h)
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Van t6c ctia nguoi di xe may khi quay tro lai A la x +10 (km/h)
9 30 120 1

Tong thoi gian ctia chuyén di la—+ + +==
x 0,5x x+10 2

0,00, 120 o 10, 120 o 75(x+10)+60x = 4x(x+10)

x x x+10 x x+10
& 4x? —95x—-750 =0 < x =30 (do x > 0)
Vay van t6c ctia xe may trén quang duwong nguwoi do6 di tie B vé A 1a 30 + 10 =40 (km/h)
Cau 4

8,5

a) ViCMA =DMB =60° = CMB = DMA =120°. Xét A CMB va A AMD ¢6

CM =AM

MCB =MAD
CMB = DMA = ACMB = AAMD(c.g.c) =

MBC =MDA
MB =MD

Suy ra AMPC va BMPD la cac tt gidc noi tiép

b) Vi AMPC la tt gidc ndi ti€p nén

@ _am
CM CB
— CP.CB = CM? = /CP.CB = CM. Tuong tum =DM

Vay y/CP.CB +DP.DA = CM + DM = AM +BM = AB

c) Ta c6 EF la dwong trung truc cia PM = EP = EM = A EPM can tai E
Mat khac EPM = ACM = 60° (do AMPC la t& gidc ndi ti€p) nén A EPM déu
= PE =PM . Tuong tu PF = PM

Ta c6 CM // DB nén PCM = PBD

Ma BMPD la t& giac ndi ti€p nén PBD = PMD. Suy ra PCM = PMD

Talai c6 CPM = DPM = 120° = ACPM ~ AMPD(g.g) = 2 = P—M = Q = E
MP PD PF PD

CPM =180° -CAM =120° = CMB = ACPM ~ ACMB(g.g) =
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Theo dinh 1y Talét dao ta c6 CE // DF = CDFE la hinh thang.

a(l-a)>0 |a=za’
Cau5 Via,b,ckhéngémvéc()t6ngbé“mg1nén0£a,b,c£1:> b(1-b)>0=1{b>b’
c(l1-¢)>0 c>c’

Suy ra \5a+4>+a? +4a+4 =[(a+2)* =a+2

Tuwong tw~/5b+4 2b+2;\/5c+4 >c+2

Do d6 v5a+4 ++/5b+4 +5c+4 >(a+b+c)+6=7 (dpcm)
DE 18

: [ (x=2)(/x+2) 1 (x—
Caul. a) P_[(\/;—l)(\/;—Z) +1j.(2\/; DHx-1)

2dx +1
P= 24x -1 1
Tt DD

P=4x-1

b) P =2019 <> 4x —1= 2019

X =505

0T=p 104,10 ;10,20 1B,
X X

T= (E ﬁ) 18_X_1>2,£% ?5 1=21 (Do X =5 va cOsi)
X

Vay T c6 gia tri nho nhat1a 21 khi X=5
Cau 2. Hoanh d6 diém I la nghiém ctia phuong trinh .

1 1 1-m?
— X4+ =mMX+ M X = .
m m 1+m
dox—l_m2:>y— 2m jl(l—mz_ 2m)
1+m? 1+m? 1+m? 1+ m?
1-m?, 2m
T= +
(1+m2) 1+m
Cau 3.

a) Dk X >—2018 ta c6 /4(X +2018) +/9(x + 2018) =5
2X +2018 +3/x + 2018 =5 <> /x + 2018 =1
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x=-2017
b) X =y +3x* +6Xx -3y +4=0=[(x+1)° - y*]+3(x+1) -3y =0
(X+1-Y[(X+D)* +(Xx+D)y+y*+3]=0= y=x+1

x=0
V6i y=X+1 thdvao X° +y? —3x=1tacé 2X° —x=0< 1
X==
2
A A (e (S
Vay hé c6 hai nghiém 1a (0;1), (E ) E)
Cau 4.
M
J
H
E
o)
N
I
F
a) Do MK va ON vuong goc JN (1)
NK va OM vubdng goc JM (2)
MK//ON

Nén ttr (1) va (2) c6 { = Tt gidc OMKN la hinh binh hanh(3), suy ra H la trung

NK//OM
diém OK.

b) Do OM =ON (4) . Ttx (3)&(4) ¢6 tt gidc OMKN la hinh thoi (5)
Mt khac O] =20M =2asuy ra ZMOJ =60 (6)

Tue(5)va(6) = ZMOK =60° =AOMK déu

= OK=0M =R =a =K thudc duong tron tam O.

¢) Do (M;r) nhéan O] 1a tuyén tuyén ma MH 1L JO=H=r=MH

1 1 4:r:¥

d) Ta cb = + -
MH?> OM? JM? 3a’

( hodc dung hé thirc lwong trong tam gidc vudng)
Goi IE,IF 1a hai ti€p tuyén voéi (O) tai E,F va IE LIF
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Suy ra t&t giac IEOF la hinh vuong

Tinh OI=a\2 (Khong ddi)(1)

Do O ¢6 dinh (2)

Tt (1) va (2) tap hop I nam trén duong tron tam O ban kinh a2
Cau 5.

Do x,y,zla ba s6 thyc khong am thoa man :12x+10y+15z <60.

X,y,2=0

, [x<5
Ta cé *)
y<6

z<4

Tir diéu kién trén ta cd T=x"+y’ +z° —4x—4y -z

=xX(x=5)+y(y—6)+2z(z—4)+x+2y+3z

Sx+2y+3z£12?x+2y+3z£6—50:12

x=0 x=0
Vay GTLN ctia T bang 12 dat dwockhi <y =6 or {y=0
z=0 z=4
DE 18
Cau1 a) Nhan xét. Néu x+y =1 thi f(x)+f(y)=1.
3 1—xf
That vay, ta cd f(x)= X =f(y)=f(1-x)= (
SR (X) x3+(1—x)3 (y) ( X) x3+(1—x)3
3
suy ra £(x)+£(y)=£(x) + f(1-x) =4Iy

Vay, nhan xét dwgc chitng minh. Ta c6 (%) =

N | =

Theo nhan xét trén ta co:
At 1 +f2011 A 2 +f2010 N
2012 2012 2012 2012
f 1005 +f 1007 +f 1006 =1005+f 1 =1005,5
2012 2012 2012 2
b) Diéu kién: x>0, x#1. Khi d6 ta co

\/;+2

X+x+1

Rat gon biéu thikc ta duwoc P =
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Ta co Px+(P—1)\/;+P—2:O, ta coi day la phwong trinh bac hai cua Jx. Néu

P=0=—/x-2=0 vé Ii suy ra P#0 nén d€ ton tai x thi phuong trinh trén co
A=(P-1) —4P(P-2)20

<:>—3P2+6P+120<:>P2—2P+1£§<:>(P—1)2 <

W |

Do P nguyén nén (P - 1)2 bang 0 hodc 1

+)Néu (P-1) =0 P=1<x=1 théa man

:>P=2<:>2x+\/;=0<:>x=0.

+)Néu (P-1)’ :1<:{
Két hop diéu kién suy ra khong ton tai gid tri x can tim.

Cau 2. Néu x2y+6=x+y>x—(y+6) >1= phuong trinh v6 nghiém. Do d6 x<y+6
=2<x+y<y+6-x=>x<3=>xe{l;2}

V6i x =1 thay vao phuong trinh ban dau ta duoc:

(y+ 1)3 =(y+5)’ < (y —E’))(y2 +5y +8) =0<y=3 suy ra phuong trinh c6 nghiém
(x; y)=(1; 3).

Véi x =2 thay vao phuong trinh ban dau ta duoc:

(y+2)3 =(y+4)’ ©y’+5y’ +4y -8 =0 phuong trinh nay vo nghiém do y>1.

Vay phuong trinh da cho c¢6 nghiém (x ; y) =(1,; 3).

Cau 3.

Ta co: 2012 = (abc+bcd+cda+dab —a—b—c—d)2

= ((ab-1)(c+d)+(cd~1)(a+Db))

<[ (ab-1) +(a+b)" | (cd=1) +(c+a) |

=(a’b” +a’ +b* +1)(’d* +* +d* +1) =(a” +1)(b* +1)(” +1)(d* +1)
Suy ra (a® +1)(b* +1)(c* +1)(d* +1) > 2012

Cau 4.
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2,0 diem
+) Ta c6 AM,.AN, = AM,.AN, = AT’ = AAN,N, dong dang véi AAM,M,

suy ra AN,N, =AM, M, = M N,N, + AM,M, =180° hay t& giac M,N,N,M, noi tiép.
+) Ta <6 ANN,=AMM, = 1AOM1 va tam gidc AOM, can tai O nén
2

180° — AOM,
2

Do d6 ta dugc AN,N, +M,AO =90° =OA 1 N,N

M,AO =

5
1,0 diém

Goi S la giao diém cua PM, va QM, .

Ta c6 O, O,, M, thang hang va O,I song song véi OP =I0,M, =POM, (1). Mit khac
tam giac O,IM, can tai O,, tam giac OPM, can tai O va két hop véi (1) ta duoc
O,IM, =OPM, suy ra P,I,M, thang hang. Tuong tw ta c6 Q, I, M, thang hang.

Do PQ la dwong kinh ctia dudng tron (O) suy ra PM,Q =PM,Q =90"

=1 1a tryec tAm ctia tam gidc SPQ suy ra Al di qua S hay ba duong thang

Al, PM,, QM, dong quy.

Cau 5.
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E D
Xét ngi giac déu ABCDE, ta nhan thay ba dinh bat ki cua ngti gidc ludn tao thanh mot tam
giac can.
Do dokhito5dinh A, B, C, D, E béng 3 mau xanh, do va tim sé xay ra hai kha nang sau:
+) Néu t6 5 dinh A, B, C, D, E boi da ba loai mau da cho thi ton tai 3 dinh ¢6 mau khac
nhau va tao thanh mot tam gidc can.
+) Néu t6 5 dinh A, B, C, D, E bdi nhiéu nhat 2 mau thi c¢6 it nhat 3 dinh cing mau va tao
thanh mot tam gidc can.
Vay, trong moi treong hop ludn ton tai it nhat mot tam giac can, c6 3 dinh dwgc t6 boi
cung mot mau hoac d6i mot khac mau.
PE 20
Cau I1(2d):

a) Diéu kién dé biéu thitc A xac dinhla x>4.

X[J(m 2 oy -Z)QLX(\mﬂHm_z\)

Jx-4y =4
x(ﬂ+2+‘ﬂ—2‘)

x—4

X \/x—4+2+2—\/x—4
FNGU 4<x<8 thi Vx—4-2<0 nén A = ( ) )= 4X4=4+ 164
X — X — X —

Do 4<x<8 nén 0<x—4<4=A>8.
+Néu x>8 thi Vx—4-2>0 nén

x(Vx=a+24=4-2) o 77 o

8
A= - —odx—4+ > 216 =8 (Theo bat
x—4 x—4 x—4 x—4
dang thiic Cd si). Dau bang xay ra khi va chi khi 2v/x—4 = 8 " Sx-4=4<x=8.
X_
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Vay GTNN ctia A bang 8 khi x=8.

eZ < x—4 lawdce

b) Xét4<x<8th‘1A=4+1—64,tath€{y A €Z khi va chi khi 1
X — X —

s8 nguyén duong cua 16. Hay x—4&{1;2;4;8;16} < x ={5;6;8;12;20} d6i chiéu diéu kién

suy ra x=>5 hodc x=6.

. 2 =m’+4 . ., ,
+Xétx28taco:A=—X,dét\/x—4=m:>{x me khi d6 ta co:

Jx—4 m>2

2(m*+4
m=2m+§ suy ra me{2;4;8}<:>xe{8;20;68}.
m m

Tém lai d€ A nhéan gid tri nguyén thi x e {5; 6;8;20; 68} .

A=

X, +X, =-a :
Cau I1(1,5d): Theo dinh ly Vi et ta cé: { o b Bat dang thiic can chiing minh c
X, X

17772

X X X X 2./x,x
dang: —1—+-—2_> . Hay —+1+—2—+1> L2 42
1-|-X1 1-|-X2 1+ X, X, 1+X2 1+X1 1+ X, X

24x,x

2

1 1 2(1 +24/X,X, ) ]
(x1 +X, + 1) + > . Theo bat dang thikc C6 si ta co:
2

1-|-X1 1+x 1-|-\/x1)(2
X, +X, +1>2, fxlx2 +1. D& chiing minh (*) ta quy vé chitng minh:
L 1, 2 véi x,,x, >1. Quy dong va rat gon bat dang thiec trén tuong

1+x, i T+x, 1+\/E
duong voi (M —1)(\/2 - \/Z )2 >0 ( Diéu nay la hién nhién dtng). Ddu bang xay ra khi
va chikhi x, =x, <a’*=4b.

Cau I1I(2d): Str dung HDT a’ +b° =(a +b)3 —3ab(a+b) ta viét lai phwrong trinh thanh:

2 3 2 2
NG SN . SN, S D VIR, S N Y. S PR S O SO, O) hay
x—1 x—1 x—-1) x-1

Y 2 Y 3 x> ’ x>
-3 +——-2=0< -1| =1 ~1=1<x>-2x+2=0.Suy ra
x—1 x—1 x—1 x—1 x—1

phuong trinh da cho v6 nghiém.

Cau IV(3,54):
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a) Xét tix gidc ABCD co :
AB=CD
( Brong kinh ctia dwong tron va ban kinh ctia dweong tron).
OA=0B=0C=0D
Tt gidc ACBD c6 hai duong chéo AB va CD bang nhau va cat nhau tai trung diém ctia mdi
duwong, suy ra ACBD la hinh chit nhat

b) Tk gidc ACBD la hinh chit nhat nén:

CAD=BCE =90° (1). Lai c6 CBE= % sd BC (gdc tao bai tiép tuyén va day cung);

ACD= % sd AD (gbc ndi tiép), ma BC =AD (do BC = AD canh ctia hinh ch nhat)=CBE

=ACD (2). Ttx (1) va (2) suy ra AACD ~ ACBE .
¢) Vi ACBD la hinh chit nhat nén CB song song vdi AF, suy ra: CBE =DFE (3). Tt (2)
va (3) suy ra ACD=DFE do d¢ tit giac CDFE ndi ti€p duoc duong tron.

2

d) Do CB// AF nén ACBE ~ AAFE, suy ra: % = ]‘;Ez
S, EB
= |— = —
S EF

, ,Sz BF
Tuwong tetacod |—=—
S EF

s S, IS
Ttr d6 suy ra: \/;+\/g=1=>\/§+\/§=8

Cau V(1d): Bién d6i vé trai BDT can chiing minh va ap dung BDT Cauchy ta cé:

(y+1) 4

y+1+y+1+ 4 . .
4 (x=y)y+D

22 (x=y)y+1y

Déng thitc xay rakhix=2va y=1.

VT =(x-y)+ —1244\/(x—y).

PE 21
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Caul
a) Ap dung bat dang thitc Cauchy cho hai s§ khong am ta c6

2 1 W2 W2.1..2 2,1 .2
av1-b? +by1-c? +cyf1-a? <2 +; L +; .S +; a

a=v1-b’ a’=1-b’
Déng thitc xay ra khi va chikhi {b=+1-c* & {b*=1-¢ :>a2+b2+c2:% (dpcm).

c=+1-a’ =1-a’

b) Taviét lai gia thiét thanh: 2x,/1—y* +2y2—7> +22/3-x* =6.

3
>

Ap dung bét dang thiec : 2ab <a®+b ta co:
2x\i’1—y2 +2y\/2—z2 +2z\3—x* <xX* +1-y* +y* +2-2"+2° +3-x"=6.Suy ra VI <VP.
D&u bang xay ra khi va chi khi:

I — X,y,2>0 X’ +y*+2°=3;x,y,2>0
X 1-y 2, .2 2, 2
X +y° =1 x"+y =1

y= -7 & ) 2_2<::> . <:>x=1;y=0;z=\/5
_\/3—2 y +z° = y +z" =2
Z= X zZ2+x*=3 zZ2+x*=3

Cau2
a) Puong thang (d) ry=kx-2

2

Xét phwong trinh % =kx-2< x> +2kx-4=0 (1). Tacd:A'=k*+4>0 véimoi k, suy
ra (1) c6 hai nghiém phan biét.
Vay (d) lubn cit (P) tai hai diém phan biét.
b) Gia st (1) c6 hai nghiém phan biét x,,x,
Suy ra A(xl;yl),B(xz;yz) thi H(xl;O),K(xz;O) . Khi @6
IH? =52 +4,1K* =52 +4,KH? =(x, —x, ) . Theo dinh Iy Viet thi x,x, =—4 nén

IH? +IK? =x2 +x; +8 =KH?”. Vay tam gidc IHK vudng tai I.

Cau 3 biéu kién: x+y>0.

Bién do6i phwong trinh (1):

X +y° + 2xy =1<:>(x+y)2—1+ 2xy —2xy =0
X+Yy X+y

Diat x+y =S, xy =P ta cé phuong trinh: S +%—ZP—1=O
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&S +2P-2SP-S=0<S5(S*-1)-2P(S-1)=0 < (S-1)(S* +S-2P) =0.
Vi §*>4P,S>0 suyra S +S-2P>0.Dod6 S=1
Véi x+y =1 thay vao (2) ta duoc: 1=(1—y)2—y<:>y=0,y=3

2xy
X+y

Xétx+y+1= o x+y+1=1-x*—y* & x> +y* +x+y =0 (khong thoa man diéu

kién).

Véy hé da cho c6 nghiém (x;y)=(1,0),(-2;3).

Cau 4

a) ViC, D thudc ntta duong tron duong kinh AB nén
ACB=ADB =90° = FCH =FDH =90° = FCH+ FDH =180°
Suy ra ti gidc CHDF noi ti€p

b) Vi AH 1 BF, BH L AF nén H la tric tam A AFB = FH L AB

= CFH = CBA(=90° — CAB) = ACFH ~ ACBA(g.g) = % = E—IZ = CF.CA=CH.CB

c) Vi FCH=FDH =90° nén t& giac CHDF noi ti€p duong tron tam I duwong kinh FH
=>]C =ID. Ma OC = OD nén A OCI = A ODI (c.c.c) => COI = DOI

=> Ol la phan giac cua géc COD

d) ViOC =CD =0D =R nén A OCD déu => COD = 60°

Co CAD = %COD =30° =>CFD =90° —-CAD =60°
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Xét gbéc nodi tidp va goc & tdm cling chan cung CD ctia (1), c6
CID =2CFD =120°=>OIC =OID = CITD =60°

Mat khac COI = DOI = COTD =30° => OID + DOI =90° => AOID vuong tai D

Suy raOl = Ob__2R . Vay I luén thugc dwong tron [O; %}

sin60° /3

Cau5 Tir dicu kien dé bai taco 22Pe+e@ 4 1. 1.1 4
abc a b c

Ap dung hai Tan bat dang thizc Cosi cho hai s§ dwong, ta c6:

2 1
a% +bc > 24/a%bc = 2a/bc = a_ - =
a’+bc 2avbc  24bc

;L_E_<1(E+Ej:> a <1(1+1)
Jo o 2\b ¢c) “at+bc 4\b c

Tuong tw ta co: b <1(1+1j' ¢ <1(1+1j

b’+ca 4\c a) ci+ab 4la b

a b C 1/1 1 1) 3

Suy ra — += +— <2424+ |=Z,
a“+bc b°+ca c°+ab 2\a b c) 2

PE 22
Cau 1 Ta co:
a b 1 1,
—+ =+
:(b . )(a b)

a b _a. b
a2 b a

P

b2
a? b? ab,a-b,
(ab+ab+ab)( ab )

- at . b* _(a3b+ab3)
a’h? a’® ‘a’h® a?
(a2 +b? +ab) (a—b)?

ab  a%?
a’+b*-a*bh-ab®
a’b?
(@°-b’)(a-h)
a’p®
(@°-b’)(a-h)
a’b?
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2.Ap dung BDT Cd-si cho hai s§ duong 4a va b ta cé:

4a+b>2J4ab = 4ab
=>1=4a+b+@25x/£

<=>4jab ££<:>O<ab£i
5 25

1

=>P=—2>25
ab
a_l
. b=4a>0 b=4a>0 10
Dau bang xay ra khi <=> Y 10
4a+b++ab =1 10a=1 b:g
5
1
a:—o
Vay minP=25 ] 1
2
b=2
S)

Cau 2 Cho hé phuong trinh:
1. Thay m =2, hé phuwong trinh da cho tro thanh:

~2y=-6  [2x-4y=-12  [-5y=-19
{X y <=>{ X y <=>{ y

2X+y=7 2X+y=7 2X+y=7
19 8
= — X=_
<=> 5 <=> 5
19 19

2X+—=7 =
5 y

Vay hé phuong trinh da cho c¢6 nghiém duy nhat (% ; %)

2. Ta co:
x—my=2—4m<_> X=my+2-4m
mx+y=3m+1  |m(my+2-4m)+y=3m+1

X=my+2-4m X=my+2-4m()
<=> <=
m?y+2m—4m*+y =3m+1 (M*+1D)y =m+1+4m?(2)

Phuong trinh (2) 1a phwong trinh bac nhat dn y c6 hé s a=m?+ 1 # 0 Vm nén phuong

2
trinh (2) c6 nghiém duy nhat y = w vm
m- +

Thay vao (1) ta dwoc:
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X=my+2—-4m
~ m?+m+4m® +2(m?+1) - 4m(m”® +1)
m® +1

~3m*-3m+2

m®+1
Do d6: V m, hé phueong trinh da cho c6 nghiém duy nhat (xo;yo) =
( )

3m®-3m+2 m+1+4m’
m’+1 = m?+1

*Chttng minh dang thiec X,> +Y,> —5(%, + Y,) +10=0 (*)

Vi (xo;y0) la nghiém ctia hé phuong trinh da cho nén:
{Xo_mYO =2-4m {m(y0—4)=x0—2(3)

mX,+y, =3m+1 |1-y, = m(x, —3)(4)
Xétm=0= xo=2vayo=1. Khidd (*) dung.
Xét m # 0. Nhan tung vé cta (3) va (4) ta duoc:
m(Y, =41 Yo) = m(x, —2)(X, —3)
<=>-y,/ +5Yy,—4=X,"—5X,+6
<=> X, +Y,°=5(X, +Y,)+10=0
Vay dang thitc can chitng minh ding vm.
Cau 3:
Phuong trinh da cho twong dwong véi
a(x* —2ax+a’)+b(x* —2bx+b*) =0
<=>ax’ —2a’x+a’ +bx* —2b’x+b* =0
<=>(a+b)x*-2x(a’* +b’)+a’*+b*=0
e Xéta+b =0 b =-a, phrong trinh (1) tro thanh:
-2x(a’*+a’)+a*-a’=0
<=>-4a’°x=0
<=>x=0(Do a=0)
Do d6 vdia +b =0 thi (1) ¢ nghiém duy nhat x =0.
e Xéta+b # 0. Khi d6 (1) la phwong trinh bac hai an x.
Phuong trinh (1) ¢6 nghiém duy nhat khi va chi khi
A=(a’+b*)*—(a+b)(@+b*) =0
<=>a'+2a’h*+b’ —(a* +ab’®+a’h+b*)=0
<=>2a’h*-ab’-a’h=0
<=>-ab(a-b)*=0
<=>a=Db(do ab = 0)
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Két luan: Phuong trinh da cho c6 nghiém duy nhat & b=+a < lal = |bl.

Cau4

A
B,
G
B \"“‘"—'""/_K C

1. Ta co

B1IC:=BIC (hai goc d6i dinh)
AB ACB °_

BIC=180°-IBC-ICB=180°- TC — % =180° — w =180° - M =120°

=>B1ICi+BAC=120°+60°=180°
Ma hai goc nay la hai goc d6i nhau cta t& giac ACiIB1 nén t& giac ACiIB1 la t& gidc ndi
tiép.
2.Vi ti giac BGIIK la t& giac noi ti€p (gt) nén BKI=ACI (goc trong va goc ngoai dinh d6i
dién)(1)

Vit gidc AC1IB1 la t gide ndi ti€p (cmt) nén AC1I=IB1C (gdc trong va goc ngoai dinh doi
dién) ()

Tir (1) va (2) suy ra IBiC=BKI=180°-CKI=>IB:C+CKI=180°

Day la hai goc d6i cua ti giac CKIB1 nén t gidc nay la t giac ndi tiép.

3. ViBCilK la t& gidc noi ti€p nén

BKC, =BIC, =180° —BIC = 60° => CKC, =180° — BKC, =120°

—> CKC, +CAC, =180°

Suy ra ti gidc ACIKC 1a t& gidc noi tiép.

=>C,KA=C,CA (hai goc ndi tiép cuing chan cung CiA)

Va =>C,AK =C,CK (hai goc noi tiép cling chan cung CiK)

Mit khac CCila phan giac géc C (gt) nén C,CK =CCA=>CKA=CAK

Suy ra tam gidc C1AK can tai Ci=> C1A = C:iK (3)

Tuong tw ta c6: B1A =BiK. (4)
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Tt (3) va (4) suy ra CiB1 1a trung triec ctia doan thang AK.
= AK 1 B:iCi (dpcm).
Cau5

V6i moi x, y khong am, ta co:
1 2 2 1 A M 2 1
(x— E) >0<=>X +Z > X(*) Ddu bang xay ra ©x =5

fa
(X—=y)?>0<=>x"-2xy+y°>0
<=> X>+2xy + y? > 4xy

<=> (x+Y)" 2 4xy(**)

D&u bang xay ra & x =7y.

Ap dung BPT (*) véi x = a va x =b ta duoc
az+b+§:(a2+1)+b+£2a+b+£>0

4 4 2 2
b2+a+§=(b2+1)+a+lzb+a+l>0

4 4 2 2
> (@ +b+ )% +a+o) > (@+br 1))

4 4 2
Ap dung BDT (**) ta duoc:

1 1Y 1Y 1., 1
a+b+>)=||a+=> b+=| |>4(@a+>)(b+=
(a+ +2) K +4j +( +4):l ( +4)( +4)

1 1
=(2a+=)(2b+=)(2

( 2)( 2)()

Tt (1) va (2) ta suy ra: (@* +b+ %)(b2 +a+ %) =(2a+ %)(Zb + %)

QD
Il

<=>a=b=

D&u bang xay ra khi va chi khi

Il

(=3

+
I

QD o
+ Il
N e S S

1 wo
Vay a=b= 2 la gid tri can tim.

PE 23
Caul.
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Xyz Xyz Xyz Xyz

a) Ta co:

1+x YZ+X.Xyz - YZ+X.(X+Y+Z) B X2+XY+YZ+ZX B (X+y)(Z+X)

Tuong tw ta co: 2y 5= 2xy2 32__ 3Xy2

1+y (x+y)(y+z);1+z2 (y+z)(z+x)

Do do:
X 2y 3z Xyz 2xyz 3xyz

1x 1+y? 1128 (x+y)(z+x) (x+y)(y+2) (y+2)(z+x)
B xyz(y+z+2x+2z+3x+3y) B xyz(5x+4y+3z)

(x+y)(y+2)(z+x) (x+y)(y+z)(z+x)
5x+4y+3
Vig Xy B S e %)
1+x* 1+y" 1+z (x+y)(y+z)(z+x)
b)
. a b ¢ ayz+bxz+cxy
Tacéd: O=—+—+—= . Suy ra: ayz+byz+cxy =0 .
X y z Xyz
2 2 2 2 2 2 2
Dodéil=| X442 | =X Y (2 (o XV, Y2, X2 X Y |2 4o ayz +bxz+cxy
a b c) a b & ab bc ca) a* b> Xyz
2 2 2
=X—2+y—2+z—2+2.[ij
a~ b” «c XyZz
R X2 y2 ZZ
Vay¥+§+c—2:1 (dpcm)

c)Tacé: x +y +z =0=y + z =—x<:>(y + z)2= (—x)2

2 2

Suy ra: y* +2z° — x* =—2yz Do d6: — X2 = X
y +z"-x" 2yz
2 2 2 2
. z z
Tuwong tu ta co: 5 y2 7= y F = =
Z2+x -y 2xz X +y —-z" -2Xxy
Do do:
P X2 N y2 . ZZ B X2 y2 Z2 B XS +y3 +Z3

2

V422 —xt 22+ -yt xP+yi-z' 2yz 2xz -2xy  -2xyz

(x+y+z)3 —3(x+y)(y+z)(z+x) _ 0—3.(—2).(—x).(—y) _ 3xyz _ 3
—2Xyz —2Xyz -2xyz 2

3
Vay P=——
ay >

Cau 2. a). Phuong trinh hoanh d6 giao diém cua (d) va (P) la:

x* =mx+4 < x> -mx—4=0.Tacd A=m’+16 >0, véi moi m nén phuwong trinh ludén cé
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2 nghiém phan biét, suy ra dudong thang (d) ludn cit (P) tai hai diém phan biét. Theo

+X, =m
2 tacd Q= 2rr21 7 . (dung phuwong phap mién gia tri ham so-

X, =—4 m-+8

X
dinh ly Viet ta co: { !

Xl
Xem thém phan tng dung trong bai toan GTLN, GTNN) ta dé tim duoc gia tri 16n nhat

cua Q la1l vaGTNN ctaa Q la —% dat dwockhi m=1 va m=-8.

b) D€y rang dwong thing (d) ludn di qua diém c8 dinh 1(0;4) ndm trén truc tung. Ngoai
ra néu goi A(xl;yl),B (Xz}Yz) thi x,.x, =—4 <0 nén hai giao diém A,B nam vé hai phia
truc tung. Gid st x, <0 <x, thi ta co:

1

=S +Sop = =AH.OI +1BK.OI v6i H,K Ian lwgt la hinh chiéu vudng goc cua diém
2 2

OAI
A,B trén truc Oy. Ta co OI=4,AH=|X1| =—x1,BK=|x2| =X,.Suy ra Sg,; =2(x2 —xl)

2
= SOAB

= 4(x1 -X, )2 = 4|:(X1 +X, )2 —4x1x2] Theo dinh ly Viet ta c6: x, +x, =m,x,x, =—4.
Thay vao ta c6: S, :4(m2 +16) =64 < m=0.

Néu thay diéu kién S=8 thanh dién tich tam giadc OAB nho nhat ta cling c6 két qua nhuw
trén. Vi m* 20=5* > 4(m’ +16) > 64.

Cau 3. X* = 2(M+1)x+m*-2m+5=0(1)

a) Phuong trinh (1) c6 hai nghiém phan biét
A'=(m+1)°—(m’-2m+5)>0
<=>4m-4>0<=>m>1

b) Phuong trinh c6 hai nghiém phan biét khac 1

m>1 m>1
<=>
?-2(m+1).1+m* -2m+5=0 m’—4m+4+0

m>1
<=>
m==2

) XX, =2m+2
Theo dinh ly Vi-ét: )
XX, =m~—=2m+5

Thay vao P ta cé:
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4 2
T TR

= + (X, + X, —6)
(gl o)

- 4 +(2M+3-6)°
m°—-2m+5—-(2m+2)+1

4
- (2m-4)
m* —4m+4 ( )

1 2
A

Ap dung BDT C6-si cho hai s§ khong am, ta co:
1

—(m—2)2 +(Mm-2?2?>2=>P>8

Dau béng xay ra khi (m - 2)?=1 & m =3 (thoa man) hoac m =1 (loai)
Vay GTNN cua P 1a 8, dat dwgc khi m = 3.

Cau 4.
M
4
1 E
2 < N
A z :
B L\ F o c
Y, /

a) Goilla trung diém AH.
Vi tam giac ADH vuodng tai D, c6 I 1a trung diém canh huyén nén IA =IH =1ID.
Vi tam giac AEH vudng tai E, c6 I 1a trung diém canh huyén nén IA =TH =IE
>JA=IH=ID=IE
= Tt gidc ADHE noi ti€p duong tron tam 1.
b) ViBDEC la t&t gidc ndi tiép nén:
HDE=HBC (hai goc ndi tiép cting chan cung EC) (1)
HED=HCB (hai géc ndi tiép cuing chan cung BD) (2)
Tt (1) va (2) =>tam giac HDE dong dang véi tam giac HBC (g-g)
LD
HB BC

=>HD.BC = HB.DE

c¢) VilD=IH nén A IDH can ¢ 1 =>IDH=IHD(3)

ViIH // MC (cung vuong goc BC) nén IHD=MCD (4)
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Tt (3) va (4) => IDH=MCD
Suy ra AMDC can tai M = MD = MC.
Ma OD = OC nén OM la trung truc cua CD.

=>OM LCD

MaBD 1 CD nén OM // BD

=>COM=CBD=60°

Ta co: OB = oc =c0SCOM =cos60° = 1
OM OM 2

d) Vi BDH+BFH=90°+90°+180° nén BDHF la t& gidc ndi tiép = DBH=DFH(5)
Tuong tw ta c6: ECH=EFH (6)
Vi BDEC la t& giac ndi tiép nén DBH=ECH (7)
Tt (5), (6), (7) = DFH=EFH => FH la phan giac goc DFE.
Twong tu ta c6: EH la phan gidc géc DEF.
Do d6 H la tam duong tron ndi tié€p A DEF. Vé HK 1 DF tai K. Suy ra ban kinh dwong tron
(H) noi ti€p A DEF la HK.
Tinh HK:
Ta c6: BD=BC.cosDBC=a

Vi ABDC vudng tai D nén DC =+/BC?—BD? =a\/3
Hai tam giac vuong CDB va CFH c¢6 chung gdéc C nén chung dong dang, suy ra

5
HFE CF BD.CF ;2 =5a
LI __4
BD CD CD a3 483
A BFH vudng tai F nén BH =+BF?+HF? = ia2+§a2 =a_«/]3
16 48 23
A BDH vuéng tai D nén DH =+BH?—BD? = /Eaz—az -2
12 23
co | oHF =HDK AHBF dong dang véi AHDK (g.g)
(o) => on ang vol .
HKD = HFB = 90° & dang 88
a ba
HB _HF _ . _HDHF 2343 _ 5a\/39
HD HK HB a13 156
23
Véy ban kinh duéng tron ni tiép A DEF 1a HK = 5?‘5/2_9
DFE 24
Caul
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a).Do a’+b’+c’ =3abc :>(a+b+c)(a2 +b?+c? —ab—bc—ca)zO

Do a’ +b*+c*—ab—bc—ca>0véia, b, 36 mdt khdcnhaunén: a+b+c=0
Suyrazta+b+c=0
ab? ab’ ab’ b? b? b

Khi do: a2 +b’ - a2+(b—c)(b+c) B a2+(b—c)(—a) Tat+c-b -b-b -2

bc? C ca’ a
Twong ty: ————— = - -

b’+c?-a> 2" F+a’-b> =2

Cong theo v& cac dang thiic trén ta duoc:

ab’ bc? ca’ b ¢ a 1
P= + + =—+—+—=——(a+b+c)=0
a’+b’—c® b’+c’-a’ +a’-b> 2 2 -2 2( )
b) Do a la nghiém ctia phwong trinh: x> —3x+1=0 néna’-3a+1=0=a’+1=3a.

a’ a’ a’ a’

Suy ra: Q=

a'+al+l (a2 +1)2 -a’ (3a)2 —a> 8’

0 | =

Cau 2
a) X’ +X—43x+1+6=0 (1)

DK: 3x+1>0 < xz—%
M) < (¥ —2x+1)+(3x+1—4a\/3x+1+4)=O
& (x-1) +(Vax+1-2) =0

{x—1=o
= x=1

=
V3x+1-2=0

(thoa man)
Vay tap nghiém cta phwong trinh la {1}.

b) Phuong trinh hoanh d6 giao diém cua (P) va d:
x2-2mx—-2=0(1)
Co6 N =m?+2>0V mnén (1) ludn c6 hai nghiém phan biét = (P) ludn cat d tai hai diém
phan biét A(xi; y1) va B(xzy2) v6i x1, x2 la nghiém cuaa (1).
Theo dinh li Vi—ét: x1 + x2 = 2m; xix2= -2.
Do A, B € d nén y1=2mx1 + 2; y2=2mx2+ 2
Tinh Soas: Ta co
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AB® = (% = %,)" + (¥, — ¥,)" = (% —%,)* + (2mx, —2mx,)*
= (L+4m?)(%, = %,)* = @+ 4m*)[ (%, +X,)° —4%,X, |
= (1+4m*)(4m* +8)
= AB =2,/(4m’ +1)(m’ + 2)
10-0+2| 2
Jem? 1 Jam? 1
=S, =26 2m+2=2J6 om =4 m=1+2
Vay m = +2 la gia tri can tim.
Cau 3
Thay 11 =ab + bc + ca vao P, ta co:
3 5a+5b+2c
- J12(2% +11) + 1207 +12) ++/c? +11
3 5a +5b +5¢
- \[12(a2 +ab+bc+ca) +\/’12(b2 +ab-+bc+ca) ++/c+ab+bc+ca

_ 5a+5b+5c *)
2\f3(a+b)(a+c) +23(b+a)b+c) +./(c+a)c+b)

d(O; AB)=d(0:d) =

P

Ap dung BDT C6-si cho hai s8 khong am, ta cé:

2y3(a+b)(a+c) <3(a+b)+(a+c)=4a+3b+c (1)
Tuwong tu:
23(b+a)(b+c)<4b+3a+c 2)

,/(c+a)(c+b)s%(a+b+2c) 3)

Cong tirng vé cua (1), (2) va (3) ta ¢

2\3(a+b)(a+c) +23(b+a)(b+c) +/(c+a)c+b) < %a+%b +3c (™)

Tir (*) va (**) ta c6

P2155a+ig+20 :g
—a+—b+3c 3
2 2
3(a+b)=a+c
c
. 3(b+a)=b+c =hb== a=b=1
Ddu bang xay ra < (b+a) =18 5 <:>{
c+a=c+b c=5

ab+bc+ca=11
ab+bc+ca=11

2
Vay GTNN cua P 1&‘15 ,dat dwgckhia=b=1, c=5.

Cau4
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Vin + S(n) = 2015 nén n < 2015 = n ¢6 nhiéu nhat 4 chir s6
=9(n)<9+9+9+9=36

= n =2015 - S(n) > 2015 — 36 = 1979.

Xét 2 TH:

e TH1: 1979 <n <1999. Dtn=19ab (0<ab<9)

n+S(n) = 2015 «19ab+1+9+a+b=2015 11a + 2b =105 < 11a = 105 - 2b
Ta c6 105 -2b 1é va 105 -2b>105-2.9=87 = alé va 11a > 87
=2a=9=>b=3=>n=1993

e TH2: 2001 <n <2015. Dt n=20cd (0 <c,d <9)

n+S(n) =2015 & 20cd +2+0+c+d =2015 & 11c +2d = 13
Villc<13vallc=13-2dlénénc=1=d=1

=n=2011

Vay tat ca cac gia trin can tim lan=1993 va n=2011
Caub

A
P
F
B \r
M
a) Vi2 tam giac BEC va ADC vudng nén
HBD = DAC (cung phu v6i goc C) (1)
Vi ABMC la t gidc noi ti€p nén
DAC = MBD (hai géc noi tiép cung chan cung MC) (2)
Tt (1) va (2) suy ra

HBD = MBD
Suy ra BD la phan giac ciia géc HBM. Tam giac HBM c6 BD vtra la dwong cao vira la phan

gidc, nén no la tam gidc can tai B.

= D la trung diém HM
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Ma HM 1 BC nén M d6i xting v6i H qua BC.

b) Vi M d6i xttng véi H qua BC nén HB = MB; HC = MC
= AHBC =AMBC

= (HBC) = (MBC) = (O)

Twong tu ta co:

(HAB) = (HAC) = (O)

Vay (AHB) = (BHC) = (CHA) = (O)

c) Ta co:

AM AD+DM DM HD
= =l+—=1+—
AD AD AD AD

Mait khac:

1BC.HD

Swc lpcap AD
2

HD

SHBC —

Suy ra AM =1+ Stec 3)
AD ABC
Tuong tw ta co:
BN _
BE
E =1+ —HAB (5)
CF Sasc

14 e 4)
S ABC
S

+

Cong tirng vé cua (3), (4) va (5) ta cd
:ﬂ+ﬂ+£:3+ Stec T Stica + Sins —34 S agc —4.
AD BE CF S e S pec

PE 25

Cau1l

a) D€ giai bai toan nay ta can c6 bo dé sau:

Bo dé: véi moi s6 thue duong x,y ta cé: x\/§ +yWx <xfx +y\/}_7 .
Chang minh: St dung phuong phap bién doi twong dwong

X y+Y\/;SX\/;+y\/}_IC>X\/;+y\/}_I—X\/}_7—Y\/;ZO
<:>x(\/;—\/}_7)+y(\/;—\/;)20<:>(x—y)(\/;—\/}_7)20

<:>(\/;+\/}_f)(\/;—\/}_7)2 >0.

PAGE TAI LIEU TOAN HOC
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Bo dé duoc chiing minh.
Ap dung b8 dé ta co:
(n+1)\fn+1 +nyn >nyn+1 +(n+1)\/r_1

1 1

(n+1)x/n+1 +n\/; ) n«/n+1 +(n+1)\/r_1

=

1 1 1
+ T <
22411 3B+22 (n+1)\/n+1+n\/H
1 1 1

< + +...+
W+12 324283 (1) en ]

Vi thé:

. Ma theo két qua cau 25 thi:

L L 1-— . Vay bai tosn duge ching

1
W2 32423 (nel)nendnel ol

minh.

b) Ta co:

1 1 1j a+b+c a+b+c a+b+c
+ = + +

6.8:(a+b+c) +
a+b b+c c+a a+b b+c c+a

C a b C a b
=1+ +1+ +1+ =3+ + +
a+b b+c a+c a+b b+c a+c

C a b
+

+ =6.8—-3=39
a+b b+c c+a

Vay: P =

Cau 2 (2,0 diém)

2 Jy+1-2 1)=1
2) Didu kién y > 1. Ta viét lai hé thanh: % VY 71720+
x*=3x(y+1)=6

Ta thdy cac phuong trinh ctia hé déu la phuong trinh déng cdp bac 3 d6i voi x, 4y +1
Dé thdy y =-1 khong phai la nghiém ctia hé phwong trinh.

Xét y>-1.Pbat X=t4/y+1 thay vao hé ta co:

«/ 1)’ [2-2t]=1 _
<y+)[t t] <:>t3—3t—6(t2—2t)=0<:{t_0
,/(y+1)3[t3—3t}=6

+ Néu t=0 thi x=0.Khong théa man hé

+ Néu t:3<:>27\l'g(y+1)3 —9\/(y+1)3 =6 y:%—lz x =239
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Vay hé ¢4 1 cap nghiém duy nhat (x;y) = (3/5 ; 1 —1)

&)
a— 31
b)Dat: { b=35-x = a’+b*+c*=4x-3
-8

Khi d6 tir (4) ta c6: a°+b*+c®=(a+b+c)’ < (a+b)(b+c)(c+a)=0

Y3x+1=-35-x
Tt day suy ra: 35—x =-32x-9
32x-9=-33x+1

8
Gidi ra ta dugc nghiém X=-3;X=4;X= <

Cau 3 a) Ta co

1 1 1 x+y 1
X y 617 Xy 617
& (x—617)(y—617) =617°

<Xy —617(x+Yy)=0< xy—617x—-617y+617° = 6177

Vix, y nguyén duwong nén x — 617 va y — 617 la wéc 1é6n hon —617 ctia 6172

Do 617 la s6 nguyén t6 nén xay ra 3 treong hop:

| (x—617 =617

{y—617:617

X—617=1 x=y=1234

{ | x=618;y =381306
y-617= 6172 X = 381306 y = 618
X—617 =617

_{y—617=1

Vay tat ca cac cap (x;y) nguyén duong can tim la (1234;1234) , (618; 381306), (381306; 618)

b) Goi x 1a s6 can tim (X € N,1000 < x <9999)

Vi x2 chia cho 11 du 3, nén x chia cho 11 dw 5 hoac du 6

+) Néu x2 chiacho 11 dub5nénx-5:11=>x-5+66 =x +61: 11
Laicox?chiacho7du2=>x-2:i7=>x-2+63=x+61:7

Do dé x + 61 € BC(11,7) => x + 61 = 77k => x = 77k — 61 (ke N)

Vi (X e N,1000 < x £9999) => 1000 < 77k — 61 <9999 => 14 <k <130
Ma x bé nhat, nén chon k=14 =>x=77.14 — 61 =1017

Vay s6 can tim la 1017
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a) Goi E, F lan luot la giao ctia BH va AC, CH va AB.

1, Ta c6 ABE = ACF = 90° — BAC suy ra s6 do hai cung AP va AQ cta duong tron (I) bang
nhau

= AP=AQ

Ma IP = IQ nén IA la trung trec PQ = IA 1 PQ.

2, Ap dung hé thtec lwong trong tam giéc vudng AMC ta c6: AM?= AE.AC

Tuwong tw ta c6: AN2= AF.AB.

Co6 AABE ~ AACF(g.9) = AE_AB = AE.AC = AB.AF = AM? = AN?
AF AC
Suy ra AM = AN. Tam gidc AMN can tai A.
b)
B
E

batC=a=>ABC=2a; A =4«
Goi BD la phan giac caa goc ABC (D € AC). E thudc doan BC sao cho BE =BA
Ta c6 ABD =EBD =a = ABDC can tai D = BD =DC

AABD = AAED (c.g.c) => BED = A = 4« (1)
Vi ABD = C=a =>AABD ~AACB (g.g) => ADB = ABC = 2«
= EDB = ADB = 2a => ADE = 4« )

Tt (1) va (2) = BED = ADE =4a => CED = CDE =180° - 4a. Suy ra A CED can tai C
Suy ra CE=CD = BC-BE =BD = BD =BC - BA (3)

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC



Website: tailieumontoan.com

BD AB CB.AB
Vi AABD ~ AACD ———=""=BD-= 4
1 CD (88) = o5 ~ac e W
Tt (3) va (4) suy ra
BC—BA=CB'AB:>BC_BA= 1 :i_i 1 1 1 1

_ 4
AC BC.BA AC BA BC AC:>AB BC CA

Cau 5 Véimoia, b>0vax, y, z thoa diéu kién dé bai, 4p dung bat déng thitec Cosi cho 2 s6

duong;:
a+b (—+ jZZJ_Z ——: £+1> 4 *)
a b \a a b a+b
( +Y)+( ) (z +x)>2xy+2yz+22x:>x2+y2+222xy+yz+zx

2
X+Yy+z
:>x2+y2+22+2xy+2yz+22x23(xy+yz+zx):>xy+yz+zxsu:1

3
Ap dung 2 bat déng thiic trén ta co:
P 350 - 3826 386 1 i 12 4 157
XYy+Yyz+2X X +y“ +2 2XYy+2y2+22X X +Yy +12 Xy + YZ + zX
> 386. 4 ——— + 157
2XY +2YZ+2ZX+ X"+ Y +2° XY+ YZ+IX
__ 1044 >+ 157 :1544+L>1544 157_2015
(X+y+2)" Xy+yz+2zx Xy + YZ + ZX 1
3
D&u bang xay ra khi va chi khi{x+y+z=1 & ) 1 3 (khong xay ra)
2XY +2y7+ 27X = x> + y* + 7° 373
Vay P > 2015 (dpcm)
DE 26
2
a* b 1 4 4 aZ+b?
Bai 1:a) Tt —+—=—— va a’+b*=1suy ra: a—+b—=u
X Yy X+y X Yy X+Yy

= (x+ y)(a4y+b4x) =(x+ y)(a2 +b2)2 :>(ay2 —sz)2 =0=bx* =ay’.

b) Tir cau a) bx* = ay?

:>X_2:y_2:X2+y2: 1 _ X_2 1000:(i]1000. y_2 1OOO:(LJ1000
a b a+b a+b a a+b) '\ b a+b
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2 2
000 y 000 2

Do do: + =
* 1000 1000 1000
a b (a + b)

Bai 2: a) Dat t =32x—-1 ta c6 hé phuong trinh:

X2 +1=2t X3 +1=2t X3 +1=2t
= =
t?+1=2x |X*-t*=2(t-x) |[(X-D(xX*+t*+tx+2)=0

X=t
< 3
X°=2t+1=0

-1

Giai hé nau dugc nghiém x=1va X= 5

b)
D€y rang néu nhan chéo 2 phuong trinh ctia hé ta cé:
60 +y°) = (8x+2y)(x* +3y?) day la phuong trinh ding c4p bac 3: Tt d6 ta c6 10i giai
nhu sau:
Vi Xx=0 khong la nghiém ctia hé nén ta dat y=tx. Khi dé hé thanh:
X -8x=tx+2tx (X (1-t%)=2t+8 1 g {44
@ p—
X —3= 3(t2x2 +1)

x2(1—3tz):6 T 3

1
t==
& 3(1-t7) = (t+4)(1-3) 1200 ~t-1=0e>|

T
4

. x2(1—3tz)=6 {x=13
=

T =37 X +1
_ - y:_
Y 3
1 X:i4g_8
Fle——> .
4 N
y=F+

13
Suy ra hé phuong trinh c6 cac cdp nghiém:

T m}(wmj

(X;y):(?”l);(_&_l){ 13 13 | 138 13

Bai 3:
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C3E

2
a) Vi a=0 nén ac(a+c—3b)+b3:acz+a2c+b3—3abc:a{(§j to az}(*)' Theo hé

b
thitc Viet, ta c6: % +%, =~ 1%x, = % . Khi d6 (*) thanh:

aS[xfxzz+x1x2—(x1+x2)3+3x1x2(x1+x2)}
=a3[xfx§+x1x2—(xf+x§)}=a3(xf—x2)(x§—x1)
= ac(a+c—30)+b’=a’(x’ —x,)(x; —x,)
Ma theo gia thiét ta c6 ax; +bx, +c=0 va ax +bx, +c=0(a=0)
Suy ra bx, +c=-ax; =—ax, = x, —x =0.Do d6 ac(a+c—3pb)+b*=0
b) Vi p,q nguyén duong khac nhau nén xay ra hai treong hop la p>q hoac p<gq.
Néu p>q suyra p>q+1.Khi d6A=p>—4q>(q+1)° —4q=(q-1) >0.
Vay trong trueong hop nay phuong trinh X* + px+0 =0 c6 nghiém.
Tuong tu trudng hop p<( thi phwong trinh X* +0x+ p=0 ¢4 nghiém (dpcm).
Bai 4:

X+l=a
y+l=b< a+b+c=6
bat |z14=c¢
a-1)(b-1)-1 c¢c- —a-— _ _
A:( )(b-1) ,C-4_ab-a-b+l-1 c 4:2_(1+1+ﬂj
ab c ab c a b c
sz—(iJrfjsz— 0 _, % ,8 2
a+b ¢ a+b+c 6 3 3
MaxA=—E
3
{ a+b+c=6 a=b=§ X:yzl
7 = 2 & 2
Déng thirc xay rakhi (3=b, a+b=c c=3 N
Bai 5:
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A o B

a) ViC, D thudc duong tr n duong kinh AB nén:
ACB=ADB=90° (g6c ndi ti€p chan ntra duong tr n)
= Hai tam gidc ACE va BDE vuong
=>CAE+AEC=90°,DBE+BED=90°
Ma AEC=BED (hai goc d6i dinh) nén CAE =DBE
Xét A ACE va A BDE co:

ACE = BDE =90°(cmt)
AC =BD(gt) => AACE = ABDE(g.c.9)
CAE = DBE(cmt)

b) ViA ACE =ABDE nén AE = BE (hai canh tewong ting)
Ma OA = OB nén OE la dwong trung truc ctia doan AB
=>A0OE=90°
Tt giac AOEC c6 tong hai goc d6i AOE+ACE=90°+90°=180° nén AOEC la t&¢ giac ndi ti€p
Chting minh twong ty ta c6 BOED la t gidc noi tiép.

c¢) ViEA=EB (cmt) nén A ABE can 6 E
=>EAB=EBA (1)

Vi ACDB la tit gidc noi tiép nén

EAB=ECD (hai géc noi tiép cting chan cung BD)(2)
Tt (1) va (2) = ECD=EBA

= CD// AB (3)

ViOF 1 AD, BD 1 AD nén OF // BD (4)
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Tw (3) va (4) = OFDB la hinh binh hanh
= DF=0B=0A
Ma DF // OA nén tit gidc AODF Ia hinh binh hanh

Hinh binh hanh AODF c¢6 hai dwong chéo OF va AD vudng goéc voi nhau nén né la hinh
thoi.

d) Vi A ACE =A BDE néen CAE=DBE

Ma EAB=EBA (cmt) nén CAE+EAB=DBE+EBA=>CAB=DBA
=>AGABcan 6 G
= GA =GB
= G thudc duong trung triec cia doan AB.
= GeOE
=>0,E G thémg hang.
DE 27
Cau 1. 1) VX+1+/x=3 xdc dinh <=>/Xx+1;/Xx—3 dong thoi xac dinh
\/m xacdinh ® x+1>0 & x>-1

X—3 x4c dinh &x-3 >0 & x>3
Vay diéu kién xac dinh cua biéu thirc M+ \/E lax>3
2)V6i x=242 ta c6: A=\22+3-3-242 =[(\2+1)* — (2 -1)?
AV2 41 -|V2 -1 (V2 +) - (V2D =2

3) Hoanh d6 ctia di€ém can tim 12 nghiém phuong trinh 2x° =8

<=>x=12. Vay c6 hai di€ém thoa man la: (2;8) va (-2;8).

4) Vi tam gidc ABC vudng tai A nén AC —JBC?—AB2 =/5?—3% =4
DochécosACB:ﬁzﬂ
BC 5
Cau 2.
1) (1,0 diém)
Véidiéukiénx>0vax=1,tacd
oo+l 2 |[Ix(x+y 1ok
Wx-DWx+1) x-1){ Jx+1  x@-x)

Jx+1 2 1
{W‘EJ'(&_ﬁ)

S
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2) (0,5diém) Véix>0vax=1,tacoQ= x-1

2

Do do

Q=-1<=

<=> \/;—1: —\/;

<=> 2\/; =1

<:>x:%(I'M)

Vay véi x= % thi Q=-1

Cau 4. 1) (1,5 diém)

a) (0,75 diém) Véim =3, ta cd phuong trinh (1) tré thanh x2-4x=3=0

Ta c6 atb+c =1-443 = 0 nén phuong trinh c6 2 nghiém phan biét xi=1; x>=3
Vay v6i m = 3, phurong trinh da cho c6 2 nghiém phan biét xi=1; x2=3
b)(0,75 diém) x2-2(m-1)x+m2-6=0

Phuong trinh (1) la phwong trinh bac 2 4n xc6 A'= (M —1)*—(m*-6)=7-2m

7
Phwong trinh (1) ¢6 cac nghiém xi;xe<=>A'>20<=>7-2m=0<=>m< > *)

Khi d6 theo dinh ly Viét ta c6 X, +X, = 2(M-1); X, X, =m* -6
Do dé: X +X,° = (X +X,)* —2%xX, =4(m-1)* —2(m’ —6) = 2m* —8m+16

m=0
Vay X’ +X," =16 2m* —8m+16 =16 < {m .
Két hop diéu kién (*) ta c6 m =0 la gia tri thda man.

\/x+2(x—y+3):\/y Q)

X+ (X+3)(2x—y+5)=x+16 (2)

X>-2

2) (1,0 diém)
y>0

Diéu kién: {

Véi x>-2; y>0, phuong trinh (1) <=> Vx+2(x—y +2) ++/x+2—Jy =0
<= x+2[(Wx+2)? - (Jy)1+x+2 -y =0
Wx+2 - yIVx+2(Wx+2+fy)+1]=0

>0Vx=>-2;y>0

<=>\ix+2—\ﬁ=0

<=>X+2=Y

Thay y =x+ 2 vao phuong trinh (2) ta dwgc phwong trinh:
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X2+ (X+3)(2x—(x+2)+5) = x+16
<=>X*+(x+3)* =x+16

<=>2X>+5x-7=0

x=1(TM)
<=> -7
Xx=—/(L
> (L)
Cau 4
P
B
M H
K 0
!
A N c

1) (1,0 diém)
a) (0,5 diém) Xét duong tron (I) cCAMH=ANH =90° (g6c noi tiépchan nira dwdong tron) nén
HM ,HN tweong ting la dwong cao ctia cac tamgiac vuong ABH, ACH
+) AABH vuong tai H, c6 duong caoHM nén suy ra AM.AB= AH2.
+) AACH vuong tai H, c6 duwong caoHN nén suy ra AN. AC =AH?2.
Do d6 AM. AB=AN .AC

, AM AN
,5 diém) Theo ca tac6 AM.AB=AN.AC => ——=—
b)(0,5 diém) Theo cau a) ta co AC - AB
, . , AM AN
Xét AAMN va AACB c6 A chung, AC _ Ap Densuyra AAMN-AACB (c.g.c)

Do d6 AMN= ACB=>BCN+ BMN= ACB +BMN= AMN +BMN=180°
Ma cac goc BCN;BMN, 6 vi tri d6i dién nén suy ra t& giac BMNC ni tiép.
2) (1,0 diém)
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a) (0,5 diém) Ta c6 tam giac ABC vudng tai A va O la trung diém cta canh BC nénOA= OB
=0OC=A0AC can tai O =OAC= OCA=> OAC =BCNMa AMN= ACB= BCN == nén AMN=
OAC=> AMN=DAN

Vi AAMN vudng tai A nén AMN+ ANM=90°=> DAN +ANM=90°=> ADN = 90°

Ma MAN =90°=MN la duong kinh cta duwong tron (I)=1 la trung diém cta MN nénADI

=90°.

Xét AAID va AAOH c6 ADI= AHO=90° va A chung do d6 AADI-AAHO (g.g)

b)(0,5 diem)

AD _ Al . 1 __AO

AH AO AD AH.AI

Ma AO=— Al =t ap;= 1 - BC
BC 2 AD AH

Vi AADI-AAHO =>

Caub

2
2 SA “ A 7 . - - 2
1) (0,5 diém) Diéu kién xac dinh {2)( f)(() 6=0 <=>x<1-3
—X>

Véi x<1-+/3, phuong trinh da cho twong duwong véi:
J3X% —6x—6 =3(2— x)*2—x +(7-19)J2—x

<=> 3% —6x—6 = (3% —5x-T)2—x

<=> 3% —6x—6 -2 —x = (3% =5~ T)2—x

2 — —
s K X8 g sy 7) 2=x
J3X2 —6x—6++2—x

3x* -5x-8=0
<=> (Do \3x% —6x—6 +2—x > 0¥x <1-+/3)
{1:\/2—x(\/3x2—6x—6+\/2—x)
+)3x* —5x—8=0
x = —1(TM)
<=> 8
X=—(L
3( )

L=V2=X(/3x" ~6x-6 +12-x)

<=>1=2-X+ \/ﬂ \/m

<=>x-1= MW(*)

Do x <13 => x—1<0< /2 x/3x2 —6x—6 => (*) VN

Vay phuong trinh da cho c6 nghiém duy nhat x =-1
2) (0,5 diém) Ta c6:a" +b* >ab(a’+b*)va;beR

That vay:
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a’ +b* > ab(a’+b?)

<=>a’+b*>a’v+ab’

<> (a=h)(@*—=b%) >0

<=>(a-h)*(a*+ab+b*) >0 (luén ding Va;beR)

=a'+b* +c>ab(a’ +b’) +c<=>a* +b* +c>ab(a’® +b?) +abc® > 0( vi a;b;c >0 va abe=1)
c c . c

C .
<=> < I c>0)<=> <

a’+b*+c ab(a®+b?)+abc? (Vi ¢>0) a'+b*+c ab(a®+b*+c?)
2

2

C c c C
<=> < <=> < 1
a’+b*+c abc(a®+b’+c?) a'+b*+c a2+b2+c2()
Tuwong tu:
2
()
a’+c’+b a“+b°+c
2
a __ ¢ 3

b*+c*+a  a?+b?+c?
Cong theo vé& cac bat dang thirc (1),(2) va (3) ta co:
a b c a’+b*+c’

7, 4 R a— R S 5=
b*+c*+a a"+c'+b a'+b"+c a“+b“+c
Vay T<1 Va;b;c>0 thoéa man abc=1
Vi a=b=c=1 thi T=1
Vay GTLN caaTla 1

1

PE 28

Bai 1.

Vi P(x) chia cho x + 1 du 3 nén P(x) — 3 chia hét cho x + 1.
= P(x) -3 =f(x).(x + 1)

Thay x = -1 vao dang thtic trén ta co:
P(-1)-3=1(-1).(-1+1)=0.

= P(-1)=3 (1)
Tuong tw, P(x) chia cho x du 1 nén P(0) =1 (2)
P(x) chiachox-1duw5nén P(1)=5 3)

T (1), (2), (3) ta c6 hé phuong trinh:

a.(-1)°+b.(-)+c=3 a-b+c=3 a=3
a.0’+b.0+c=1 <dc=1 <db=1
a.l’+b.l1+c=5 a+b+c=5 c=1
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= P(x) =3x? + x + 1. Thtt lai ta thay P(x) thoa man dé bai.
Vay P(x) =3x2+x + 1.

a b a+b ab  a+b
< (a+b)(x'b+y*a)=ab

2)

a) Ta co

4 4 4 4
Xy 1 <:>xb+ya_ 1

< abx* +a’y* +b’x* +aby’ —ab =0

< ab(x* + y* —1) + (ay®)? + (bx*)* = 0(*)

Mit khac X +y° =1= (X* +y*)* =1=>x* + y* —1=-2x%y?
Do d¢ (*) < —2abx’y® + (ay?)* +(bx*)* =0

< (ay’ —bx*)? =0

< ay? =bx®
b) Viab # 0 nén
2 2
ayZ:bx2:>X—:y—
a b

Theo tinh chat day ti s6 bang nhau ta c6

X yE Xty 1

a b  a+b a+b

2 100 2 100
100
a b (a+b)
XZOO y200 2

2l + b1 = @ +b)loo

Bai 2. (2,5 diém)

(Y =X)(y —x—4) = x* = 4x(1)
x(y—4)+ 4$‘/x2 -y =6(2)
Bién d6i phuwong trinh (1):

@) <= (y=2(y=4) =x(y—x) = x(x-4)
< (Y=-x)(y-4) =x(x-4+y-X)

< (y=x)(y-4)=x(y-4)
< (y=4(y-2x)=0

3
=
y =2X

e Voiy =4, thay vao (2) duoc:
(2) = 4P -4=6=3Ix* - :g<:> X2 —2x+23x*-2x-3=0
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biatt =3/x* —2x , phuong trinh tro thanh:
t?’+2t-3=0= (t-D(t* +t+3)=0

t=1
Q[t2+t+3=0(3)
Phuong trinh (3) c6 A=1-4.3=-11 <0 nén vo nghiém.
Do do
t=1=x"-2x=1 X’ -2x-1=0 x=1£+2
x=1+2 = y:2+2\/§
x=1-2= y:2—2ﬁ
Vay hé phuong trinh da cho c6 4 nghiém

(@;4}(—@;4],(“&;2+2J§),(1—J§;2—2J')

4

2) Giai phuwong trinh 3(x +1)v/x* + X +3—-3x* —4x—7=0. (1)
PK:x2+x+32>0

Pit a=x+Lb=vVx?+x+3 (b>0). Tac6 @’ +2b* = (X* +2x+1) + 2(X* + X +3) = 3x* +4X +7

Phwong trinh (1) tro thanh
3ab-a’-2b° =0
< (—a+b)(a-2b)=0

a=b
=

a=2b
Do do

X>-1
(1)<:>[x+1= X rx+3 S X +2x+1=x>+x+3
X+1= 20X +x+3 X2 +2X+1=4(x* +x+3)
X>-1
S x=2
{3x2+2x+11=0(2)
© x =2 (thoa man)
(Phwong trinh (2) c6 A" =1 -3.11 =-32 <0 nén v6 nghiém)

Do d6 x =2 1a nghiém duy nhat ctia phuong trinh.

Bai 3.
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1) Ta c6 tam gidc O1M] va O-ME can nén O:MJ = O:1JM ; O:-ME = O:EM
Mit khac O1MJ = O:ME (hai géc d6i dinh) nén

AOM]J ~ AO:ME (g.g)

=>01=0

Theo quan hé gitra goc noi ti€p va goc & tam trong mot dwong tron ta co:

JAM = %ol

MFI :%o2

= JAM = MFI

Mit khéc, vi AJCM la tt gidc ndi ti€p, nén MCI = JAM (gdc trong va gdoc ngoai dinh d6i
dién)

=> MCI = MFI

= MCFI la tt gidc ndi tiép.

=> MIC = MFC (2 g6c ndi tiép cting chan cung MC)

Mat khac xét duong tron O2 ta c6: MFC = MEF (gdc noi tiép va gdc tao boi ti€p tuyén va
day cung cuing chan cung MF)

=> MIC = MEI

M I
Do d6 AIMI - AJIE (g.g) <> = == => M JE =JI*

Tuwong tw JAM = MFE = AEJ = AJAM ~ AJEA= JM.JE = JA’

Do d6 JA=Jl ={JE.IM
2) Do O1= 0Oz (cmt) nén O1] // O2E = O1] L AB.
Ma O1A = OiB nén O] 1a trung tryc cua AB
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= Tam giac JAB can tai ]

Vi ABC]J la tx gidc noi ti€p nén ta co:

180° - AJB  180° — ACB
2

Do d6 CI la phan gidc ngoai tai dinh C ctia tam gidc ABC.

BCI =BAJ =

=90° 1 ACB
2

3) Do AJCK 1a t& giac ndi ti€p nén
ICK=1A] =KIC=>KI=KC
Ap dung tinh chit géc ngoai véi tam gidc ACI, ta co:
KAC=AC] - AIC = AB] - Al =BAJ - JAK =BAK=>KB =KC.
Do d6 KB = KC =KI = K la tam duong tron ngoai tiép tam giac BCL
Bai 4.
(2 +1)(2"+2)(2" +3)(2" +4) -5 =11879.
(27 +5.2° +4)(27 +5.2°+6)-5' =11879 (1)
Djtt =2 +5.2° +5,t e N*, ta co:
1) < (t-1)(t+1) -5 =11879
< 1? -5’ =11880(2)
Xét cac TH sau:
eTHl:y 22 =525
Tt (2) suy ra t?: 5 = t2 25. Do d6 tte (2) = 11880 : 25 (vo 1i)
eTH2:y=1
(2) © t2=11885 (loai vi 11885 khong phai la s6 chinh phuong)
e TH3:y=0
(2) © t2=11881 = t=109
=27 +5.2° +5=109 = 2°* +5.2* 104 =0
2" =8(tm)
-
2" =-13(L)
Vay x =3, y =01a cac s6 tw nhién can tim.
Bai 5.1)
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O @
C N
2 0 )
A ¥
Q D P

Goi A, B 1a 2 diém c6 khoang cach 16n nhat thudc 8065 diém da cho.

Goi a, b [an lwot 1a cAc duong thang qua A, B va vudng goc AB.

Goi C 1a diém c6 khoang cach dén duong thang AB 1a 16n nhat trong 8065 diém da cho.
Puong thang qua C va song song AB cét a, b [an luwot & M, N.

Xét 2 treong hop:

¢[JTH1: Khong ton tai diém nao thudc S ma nam khéc phia C so véi AB.

Khi d6 tat ca 8065 diém da cho déu nam trong hinh chit nhat AMNB.

That vay, néu V diém I € S khong nam trong hinh ch@ nhat d6 thi I chi ¢ thé nam trong
cac mien (1), (2),(3), (4) hodc (5).

Néu I € (1) hodcI € (4) thi dé thay Al > AB ( mau thuan véi gia str)

Néu I € (2) hodc I € (3) thi dé thay BI > AB (mau thuan véi gia st)

Néu I € (5) thi d(I; AB) > d(C; AB) ( mau thuan).

Do d6 I thudc hinh cht nhat AMNB VI € S.

Khi dé6 xét ba tam gidc AMC, ABC va BNC, ta c6

Samc< Sapc <1

Senc< Sapc <1

va ton tai mot trong ba tam gidc chira it nhat 2017 diém, vi néu khong thi ca hinh chi nhat
AMNB sé chtra it hon 3.2017 = 6051 (diém) , vo 1i.

Do d6 chon duwoc tam giac T thoa man.

oTH2 : Ton tai tap S’ cac diém nam khac phia véi C so véSi AB.

Khi d6 goi D la diém thudc S” ma c6 khoang cach dén AB 1a 16n nhat.

Qua D ké duong thang song song AB cat a, b Tan lwot & Q, P. Goi O 1a giao MP, NQ.
Chting minh twwong tw ta c6 8065 diém da cho déu nam trong hinh chit nhat MNPQ.
Theo nguyén li Di-rich-1é = Ton tai mot trong bon tam gidc OMN, ONP, OPQ, OQM
chtta it nhat 2017 diém.

1 1 1
Mat khac Somn = Sone = Soro = Soqm =2 Swneo = Z'Z'(SACB +S,08) < Z.Z.(1+1) =1
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Bai toan duoc chitng minh.

2) Ta cé:
43’ +(b—-c)® 2(2a’ +b*+c?)—(b+c)? (b+c)?

2 2, 2 2 2, 2 =2- 2 2, 2
2a°+b”+c 2a° +b°+c 2a° +b°+c

C6 hai dang thtic tuong tu.
BDT da cho twong duong véi

(b+c)? (c+a)? . (a+b)?
2a°+b%*+c®> 2b°+c*+a® 2c?+a’+b*

, 2y (x+y)
Ap dung BDT Cauchy — Schwarz cho 4 s6 duongx—+y—2( y) , ta co:
m n  m+
2 2 2
(b+c) < b N c
2a’+b’+c¢?  a’+b* a’+c?
Ta c6 hai BDT tuong tw, cong tirng vé ta co:
(b+c)’ N (c+a)’ . (a+b)?
2a® +b*+c®  2b*+c*+a’ 2c?+a’+b?
b? c’ c’ a’ a’ b?
< + + + + +
(a2+b2 a2+c2j (b2+c2 a2+b2] (cz+a2 cz+b2J
b’ a’ c’ b? a’ c’
= + + + + +
(a2+b2 a2+b2j (b2+c2 c2+b2j (a%c2 a2+czj
=3
= BDT da cho dugc chttng minh
D&u bang xay rakhia=b=c.
PE 29
Cau 1.
az0 a>0
a-16=0 a=16
1) Biéu thirc C ¢6 nghia khi: = =a>0,a=16.
x/&—4¢0 a=16
Ja+4=0 (Vazo
Rt gon C = 2 2 a 2 2

a
a-16 Ja-4 a+4 (Ja-4)(Va+4) Ja-4 a+4
_ 3—2(\/5+4)—2(~/5—4) _a-2/a-8-2Ja+8_ a-4Ja

(eaE )[R
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a(fa-4) &
_(\/5—4)(\/5+4)_\/§+4'

2) Gia trictia C khi a=9-45..
Tact: a=a=9-4V5=4-4V5+5=(2-\5) =a=[(2-\5) =52
Ya_ 52 52 4 4

i (\/§+4) J5-2+4 5+2
Cau 2.a)
1+x=1+a—_b=ﬁ;1+y=l+ﬂ=—2b ;1+z=l+—C_a:—2C
a+b a+b b+c b+c c+a Cc+a
8abc
1+x)(1 1+z)= 1
= )= o) ora) @
Mait khac:
oy @b _ 2 b-c_ 2., c-a_2a
a+b a+b b+c b+c c+a c+a
8abc
= D)= e )era) @
b) Dit ay—bx:cx;az :bz—cy:k:k:cay—zcby:bcxb—zbaz :abz—zacy
a c a
kZCay_CbX+tZCX_2abz:abZ_aCy20:>ay—bX:CX—aZ:bZ—cy:0
a“+b°+c

= (ay—bx)2 :(cx—az)2 =(bz—cy)2 =0
:>(az+b2+c2)(x2+y2+zz)—(ax+by+cz)2 =0

Suy ra: (ax+by+cz)2 =(x2 +y2 4+ 22)(a2 +b? +cz)

Cau 3.

Giai phuong trinh: 53¢ +1=2(x? +2) (Diéu kién x >-1)

PT <=> SJ(X +D(X* =x+1) =2(x* +2)

Pit Vx+1=a;Vx*—x+1=b(a,b>0)

=>a’+b? =x*+2. thay vao ta c6 PT
5ab = 2(a’ +b?)
<=>(2a—-b)(2b—a)=0

TH1: 2a-b=0=>2a=b
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2x+1=+/x—x+1
= 4x+4=%x"-x+1
<=>x*-5x-3=0
A=37>0

5++37
X = J_

2
_5-V37
)
TH2: 2b-a=0
=>2b=a

X —x+1=+x+1
=>4x* —4x+4=x+1
<=>4x*-5x+3=0
A=-23<0=>PTVN

(TM)

(T™)

5437, _5-437
2 T

Vay phuong trinh ban dau ¢6 hai nghiém : x, =

2
Cau 4.
B,
M |
D
H
F
N
A c
E
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a/ Chttng minh MN//AE
1 s A g
Xét dwong tron (C) tacd: AED = > ACD (goc ndi ti€p bang ntta goc ¢ tam cung chan cung

AD) (1)

BDM = % ACD(gt)(2)

Tt 1, 2 =>AED=BDM

=> MN//AE (Vi c6 2 géc dong vi bang nhau)

b/ Chitng minh BD.BE = DA? va t& giac DHCE ndi tiép
+ Chttng minh BD.BE = BA?

Xét ABAD va ABEA c6

ABE chung (3)

AD=BEA( cting chan cung AD)  (4)

Tt 3,4 =>ABAD ~ ABEA (g.g)

_.BD_BA_ BDBE-BA*(5) (DPCM)
BA BE

+ Ching minh DHCE ndi tiép
Xét ABAC vuodng tai A co6 AH la duwong cao =>BA?=BH.BC (Hé thitc) (6)

BD BH
Tt 5,6 => BD.BE = BH.BC=> _C BE ——(7) Ma CBE chung (8)

=>ABDH~ ABCE (c.g.c) =>BHD =BEC (Hai goc twong tng) (9)

Ma BHD +DHC =180°(10)

Tt 9,10 =>DHC+ BEC =180°=> Tt giac DHCE n¢i ti€p (b/l) (PPCM)

¢/ Chiing minh HA 1a duwong phan giac ctia géc DHE va D la trung diém ctia doan thang
MN

+ Chtrng minh HA la duong phan giac cia goc DHE

Xét ACHE va ACEB ¢6 HCE chung (11)

Xét ABAC vuodng tai A c6 AH la duong cao => CA? = CH.CB (Hg thttc)

CE CH
Hay CE?=CH.CB (do CE = CA =R) => a=E( 2)

Tt 11,12 =>ACHE va ACEB (c.g.c) =>CHE =CEB (13)
T 9.13 ==CHE=BHD

=>AHE= AHD (cung phu véi 2 goc bang nhau)

=> HA la duong phan giac cua goc DHE
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+ D la trung diém ctia doan thang MN

DM BD
T MD//AE =——=——(talet)(14
a c6 : MD//AE (cau a) EA - BE (talet)(14)

Goi giao cua DE va AH 1a F
DN FD HD
Ta c6 Ta 1ét — T/c tia phéan giac) (1
acd:E =TE =T (Talét — T/c tia phan giac) (15)
DH BD
Ta c¢6 : AHDB ~ AHCE (g.g) => ——= =——=>DH.CE =CH.BD(16)
HC CE
Ta c6 : ACHE ~ ACEB (g.g) =>=> He _RE_ > HC.BE = HE.CE(17)
CE BE
DHCE HC.BD _ HD BD
Tw 16,17 => = (18)
HECE HCBE HE BE
DM _ DN _

Tt 14.15.18 =>—— > DM =DN
EA EA

=>D la trung diém cua MN (DPCM)
35

Caub.Taco: P=———+—+2xy
X“+y° Xy
2 2 2 2
- 22 2+X +y +§+35ﬂ+2)( _u_%_xy
X“+y 32 xy 16 32 16

2 +x2+y2+§+35xy_(x+y)2_ﬁ
X*+y> 32 xy 16 32 8’

2 2 35
St dung Co6 — si cho cac cap (X el ; 22 2)Vél(ﬁ;ﬂ)taco
32 X“+y xy = 16
2 X2 +y? 2 1 2
Z +y 52 _=_I35+35xy_2 35 35
X +y 32 32 2 xy 16 16 2
1 2
Mat khac: x +y<4=>xy<4nén — X< ,MS—
8 2 32 2
1 3 1 1 , .
VayminP=E+?-E-E=17.Déu”="xéyrakh1x=y=2
DE 30
Bai 1:
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v = XY~y - yxex
1+\/E

a)DK:x>0;y>0

v XY =y e -y
1+\/ﬁ

Py + (X =y)

1+\,Ty

_ @)X =)
1+\/ﬁ
“x-y
b)Véix =(@A—-+/3)? va y=3-8=3-22 = (1/2-1)?
M =-3)? — (2 -1 =B-1-2+1=3-+2

Bai 2:

1 2

Véiab >1 ta co: + >
a) Voia Ao @ 1402 1+ab

*)

That vy, bién ddi trong duong (*) ta duoc: (ab—1)(a—b)* >0
Déng thitc xay ra khia=b hogcab =1
Bat dang thitc nay ding véi moiab >1 .
Bién d6i va 4p dung BDT (*) ta duoc:
2 1 1 1
2 t o2 - 2 + 2
X“+17  2x°+7 X“+15 1+2(x°+3)

1+
2

2 2
> - —VP
1+\/(x2 ;15)_2()(2 '3 1+/(¢ +15)(x? +3)

VT =

~ x* +15
De thay ( : J.Z(X2 +3) >1véi moi x nén phuong trinh c6 nghiém khi va chi khi
2
X +15 2 . \ oA
5 =2(x“ +3) . Gidi phuwong trinh nay ta dwgc nghiém x=1+1
b) Ta co:

a’+(a—c) =a?+c?—c*+(a—c)’ =a’+c? —2(ac+bc—ab)+(a—c)’ =2(a—c)(a—c+b)

Tuong ty: b? +(b—c)’=2(b—c)(b—c+a)
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X=2

Bai 3: a) V6i m=2, ta ¢§ phuwong tinh: x* —6X+8=0<:{X_4.
b) Xét phuong trinh (1) ta c6: A'=(m+1)° —(m’ +4)=2m-3

X + X, =2(m+1)

Phuong trinh (1) c6 hai nghiém X, X, < m=> 3 .Theo hé thttc Viet:
2 XX, =M’ +4

Theo gia thiét: X +(X +X, )X, <3m’ +16
S X2+ (% %) X, <3M* +16 < X2 + X2 + XX, <3m*+16
& (X +%) =X, <3m* +16 < 4(m+1)° —(m* —4) <3m* +16
<8m<16<m<2. Vay ESmSZ.

Bai 4:

a) C/m: AABC = ADBC (ccc) =>ABC=DBC hay: BC la phan gidc cia ABD
b) Ta cé: AB =BD (=bk(B))

CA =CD (=bk(C))

Suy ra: BC la trung triec cia AD hay BC L AD =AILB

Talai c6: BC L AD tai I = IA =1D (dli)

AD?
4
c) Ta co: DME=DAM (hé qua t/c goc tao boi tia tuyén va day cung)

=BI.Cl = AD? =4BI ClI

Xét AABC vuodng tai A (gt) co: AILBC, suy ra: AI> = BL.CI hay:

DNE =DAN(hé qua t/c gc tao bai tia tuyén va day cung)
Suy ra: DME+ DNE=DAM+DAN
Trong AMNE c6: MEN+EMN+ENM = 180°, suy ra: MEN+DAM+DAN = 180°
Hay: MEN+MAN =180°= t& giac AMEN noi tiép.
d) Trong AAMN c6: MAN+AMN+ANM = 180°, ma: MEN+MAN =180°
suy ra: MEN=AMN+ANM
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1 1 A N M
Talai c6: AND = ACB = 5 ACD, AMD = ABC = > ABD (gbc 0 tam va goc noi ti€p cung chan

mot cung)

Ma: AABC vudng tai A nén: MEN = 90°(khong d6i)

Vay s6 do goc MEN khong phu thudc vao dwong thang a.
PE 31

Cau1l

a.

(/20177 —1-+/2016% —1)(+/2017% -1 ++/2016° —1)
20172 —1++/2016% -1

Ta c6: /20152 —1—+/2014%2 -1 =

(20157 -1)—(2014*-1)  2017%—2016° _ (2017 -2016)(2017 + 2016)
J20177 —1+4/20162 =1 /20172 —1++4/20162 -1 /20172 —1++/2016% -1
2017 +2016 2.2016
= >
J20172 —14+/20167 -1 /20177 —1++/20162 -1

2.2016
20172 —1++/2016% -1
b. Dt b=45=b?=4/25,b’ = {/125,b* =5,b° =5b,b° =5b.

Vay V20172 —-1-+/2016% —1>

2
Tacod: B=
J4-30+2b% - 303
Mait khac:
1 1 _ (b +3b)+(2b% +4)

b°—2b2+30—4 (D°+3b)—(2b2+4) (b°+30)2 —(2b +4)?
b°+3b+2b°+4  (b°+2b%+3b+4)(b’—3) _b°+2b"—2b*-9b-12

—2b? -6 2(b* -9) 8
_-b*-2b-1 __(b+1j2
4 2 )
2 Y 4 4
Vay B=2 = = .
v (b+1} b+1 45+1

Cau 2 1) Khi a=3 va b=-5 ta c6 phwong trinh: X* +3x—4=0.Doa+b+c=0nén
phuong trinh c6 nghiém x, =1, x, =—4.
2) Phuong trinh c¢6 hai nghiém phan biét x,,x, < A= a’—4(b+1)>0 (¥

Khi d6 theo dinh Iy Vi-et, ta c6 {Xi TR g,

XX, =b+1
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xl—x2:3c>{x1—xz:3 c>{xl—x2:3 ?
9

Bai toan yéu cau { s s 3
X =X, =9 (X, =X,) +3%%, (X, =X, ) = XX, =~2

2

Tirhe (2) tacd: (% +%) =(% %) +4xx, =3 +4(-2) =1, két hop v6i (1) duoc {Z 122
+1=—

a=1b=-3
& )
a=-1Lb=-3

Céc gia tri nay déu thoa man diéu kién (*) nén chung la cac gid tri can tim.

Cau3 Ta co:

a+b c+d ac-bd (a+b)(c—d)+(c+d)(a-b) ac—hd

M P b "c=d Tad+be (a-b)(c-d) " ad +be
_ 2(ac-bd) +a(;_bd:(ac—bd)(z(ad+bc)+(a—b)(c—d))
(a—b)(c—d) ad+hc (a—b)(c—d)(ad +hc)

_(ac—bd)(a+b)(a+c)

“(a—b)(c—d)(ad+bc) P
Cau 4
C
M
A 1K
E J 7
A o %

a. Vi Cla diém chinh gitta cung AB nén OC 1 AB. ME 1a tiép tuyén cua (O) = ME 1L MO

=> OHE = OME = 90° => OHME la t% gidc ndi tiép (1)
b. C6 gbc ndi tiép chan nira duwong tron AMB = 90° => AMH + AOH = 180°
= OHMA la t& giac ndi tiép (2)

Tt (1) va (2) = 5 diém O, H, M, E, A cung thudc 1 duwong tron = OMEA 1a t& giac ndi tiép
=>EAQO =180° - EMO = 90°

T giac OHEA ¢6 3 goc vudng nén la hinh chi* nhat. = EH=0A =R.
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c. Goi I la trung diém BC = duwong tron (I), dwong kinh BC la duong tron ngoai tiép A
OBC

Goi J la giao cta (I) va BH.

ViOM = OB nén A OMB can tai O => OMB = OBM

ViMK 1 OC = MK // AB = OBM = KMB

Suy ra OMB = KMB = M]J la phan giac cua goc OMK (3)

Vi OJCB 1a tt¢ gidc noi tiép nén JOC = JBC (4)

C6 MOC =2.MBC (g6c ¢ tam va goc noi tiép) (5)

Tt (4) va (5) = MOC =2.JOC =>MO]J =]JOC => OJ la phan giac goc MOC (6)
Tt (3) va (6) = J la tam duong tron noi tiép tam giac MKO

Vay duong tron (I) di qua tam duong tron noi tiép A MKO

Cau5

Tacod:

(@ +b)(§+b) > (a-+bY2: (b° +a)(%+a) > (a-+b)2.

Khi do:
1 1 11
1,1 a+b+a+b a+b+g+5_i_1+i_i_1
a’+b a+b® (a+b)’ S VIS aip ab ~ ab ab
Déng thitc xdy rakhia=b=1
Vay gia tri lon nhatcataM la1 khia=b=1.
DE 32
Caul:
X+22>0
a) Diéu kién ctia x d€ biéu thirc A cé nghia :{x° +1#0 < -
X#-1
Ix+2#1
b) Rut gon biéu thirc A
xX*=2x 1 1 1 X(x —2) 1 2
= +=. + = +=.
¥+l 2 14x+2 1-Yx+27 (x+D(X°*-x+1) 2'1-(x+2)
O X(x=2) 1 x(x =2)=(xX*-x+1)
(X+D(x* =x+1) x+1 (X+D(x* =x+1)
—(x+1) -1

- (X+1)(x* —x+1) "X —x+1
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c) Tim gia tri nho nhat cua A.
1 4
X2 —x+1 (X_;)2+3

Tacd A=

4
Ta c6 A nho nhat khi (x —%)2 +% dat gia tri nho nhat

Vay: Gi4 tri nho nhat ctia 13 A 1a ‘?4 Khi x—% —0e x=%

CauII:

PT hoanh d¢ giao diém cua (d) va (P) la X* =2mx—-m+le X’ —2mx+m-1=0 (*). Cé

. 1) .3 . \ e
A'=|m ) +Z >0, Vm.Vay phuong trinh (*) luén c6 2 nghiém phan biét X, X, hay (d)
ludn cit (P) tai hai di€ém phan biét A, B.

Theo dinh ly Vi—et ta c4: X +X, =2m,X.X, =m-1.

% —%| =2 (x+ xz)z— 4%X, = 4m*— 4(m — 1) = 4<4m’— 4m = 0= m = 1 (do m=0).
Cau III:

2k+1  (k+1)°-k* 1 1

a co: = =
[kk+D)]  [k&+D] K (k+1)’

DodoMo -t ,t 1t 1 1.1 1
O do. 12 22 22 32 (n_1)2

F+F_W
1 (+)°-1 (n+D(n+D)-1_ n*+2n+1-1 n*+2n_ n(n+2)
(M+1)? (n+1)>  (+D*  (n+)?  (n+1)? (n+1)?

CaulV:
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1) Vi AP va CP la tiép tuyén cua (O) nén OA L AP, OC L PC
Xét tam gidc vuong OAP va tam gidc vuong OCP co:

OP(chung)
OA=0C=R

PC = PA())

= AOAP = AOCP (canh huyén—canh gdc vuong)

= 1
POA=POC = POC = ECOA(Z)

QC =QB(@3)

Tuong tw ta co: 1
QOC = ECOB(4)

Tir (2) va (4) ta c6: POQ = POC +QOC = % (COA+COB) = %.180" =90°

= APOQ vuodng tai O
Ttr (1), (3) va ap dung hé thirc lvong trong tam giac vuong OPQ ta co:
AP.BQ=CP.CQ=CO?=R? (dpcm)

2) Xét tam giac vuong OPQ, goi I 1a trung di€ém canh huyén PQ, khi dé: IP =1Q =10

= O thudc duong tron duwong kinh PQ  (5)

Mat khac, do AP // BQ nén APQB la hinh thang va nhén IO la dwong trung binh, suy ra OI
/1 BQ

MaBQ 1L AB=OI L AB (6)
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Tt (5) va (6) = AB la tiép tuyén cua duong tron duong kinh PQ tai O.

3) ViOC = OA =R, PC =PA (cmt) nén PO la trung triec cia doan AC = PO L AC
Tuong ty QO L BC.

Tt giac OMCN c6 ba goc vudng nén no la hinh cht nhat = OMCN la t&t giac noi ti€p
=>OMN = OCN (hai géc ndi ti€p cting chan cung ON) (7)

Mat khac, do cac tam giac OCQ va OCN vuodng, suy ra:

OCN = PQO (cung phu véi CON) (8)

Tw (7) va (8) = OMN = PQO

Mat khac OMN + PMN = 180° => PQO + PMN = 180°

= T gidc PMNQ la t gidc noi tiép.

4) Goi H, I'la trung diém MN, PQ. K 1a tam duong tron ngoai ti€p ti giac PMNQ.
Ta c6: KH L MN va KI 1 PQ

Vi OP la trung triec AC (ecmt) nén M 1a trung diém AC, tuwong tie N la trung diém BC.

AB MN AB R

ViMN // AB, OI L AB= MN 1 OL Ma MN 1 KH nén OI // KH. Ma KI // HO (cung vudng
gbc PQ) nén OIKH la hinh binh hanh.

=>KH=0I>0C=R (10)
Ban kinh dwong tron (K) 1la KN. Tt (9) va (10) ta co:

2
KN =+KH? +HN? 21’R2+(§j =RTJ§

D4u bang xay ra © Ol =0C & O=C & OC L AB & C la diém chinh gitta cung AB.
Vay ban kinh duong tron ngoai ti€p PMNQ nho nhat khi C 1a diém chinh gitta cung AB
cta duong tron (O).

Cau V:

Ta co: x? +y2 > 2xy nén : 2(x> +y?) 2 (x +y)2. Do do:

xy x4y
= 2(x? —+—)X 2
=3 +y (X+ )x/( +y? +( )( +y)= 1y >+ Xy +
4xy  x*+y? 3xy 3(x2+y2)
> + 12— >4 22 TY)
XX +y° Xy X2 +y° 4 2(x* +y?)
S6_3_9
2 2
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X2 +y? =2xy
Déu «=»xayrakhi ¢ 4xy x*+y®> & Xx=Y.
X2+y: xy

Vay minP = % khix=y.

DE 33

Bai I (2,0 diém)

1) Gidi phrong trinh: X—Xx—8-3x+1=0. (1)
bK: x>8

1) < 2x-2Jx-8-6Jx+2=0
<:>(x—8—2\/m+1)+(x—6\/;

o (x-8-1"+(x-3)*=0(2)

(Vx—8-1) >0

(&—3)220

Jx-8-1=0
Jx-3=0

Vay tap nghiém cta phueong trinh la {9}

Ta co:

= (Vx—8-1) +(Vx-3) 20

Do do (2) < { < x=9 (thdéa man)

x*+y? =5

2) Giai hé phuong trinh I
) Giaihe phuong tr {x3+2y3:10x—10y()

(I)<:>{x2+y2 =5
X*+2y° =20 + y*)(x—y)(*)

(*) & x*+2y% =2x* - 2x%y + 2xy* - 2y°
& X =2x°y +2xy? —4y* =0
< (X=2y)(x*+2y*) =0

X=2y
&
x*+2y*=0

Ta c6 x* +2y* =0 < x =y =0khdng la nghiém ctia hé.

2 2 _ 2 2 _ =1 =1
Do ds ()X TV T2 A Y =S Y=y 1Y
X=2y X=2y

Vay hé c6 nghiém (2;1) va (-2;-1)

Bai II (2,5 diém).
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1) Cho s6 nguyén duwong n thoa man n va 10 1a hai s6 nguyén td cung nhau. Chitng minh

(n*-1):40

Vin va 10 nguyén t6 cung nhau nén n khong chia hét cho 2 va 5.

= n chi c6 thé c6 dang 10k + 1 va 10k + 3 vdi k € N.

Ta c6: n* —1=(n* -1)(n* +1) = (n—1)(n+1)(n* +1)

Donlénénn-1:2;n+1:i2van®*+1:i2=n*-1:8.(1)

eNéun=10k=1=n?=(x1)P=1(mod 10)=>n2-1:10=>n‘-1:5(2)

Tir (1) va (2), cht y (5;8) = 1 suy rani—1: 40

eNéun=10k +3=n2=(+3)2=9 (mod 10) > n2+1:10=>n*-1:5 (3)

Tt (1) va (3) chury (5;8) =1 suy ran*-1: 40

Vay trong moi truong hop ta co n* -1 : 40

2) Tim tat ca cac s6 nguyén td p va cac s6 nguyén duong x,y théa man {pz— 1=2x(x+2)
P -1=2y(y+2)

Tt (1) = p— 114 56 chdn = p 1a s6 nguyeén t3 1é.

Trie tiing v€ cua (2) cho (1) ta duoc

p* = p=2y*-2x"+4y—4x < p(p-1) = 2(y - X)(y + X+ 2)(*)

= 2(y-x)(y +x+2)ip.Ma (2;p) =1nén xay ra 2 TH:

ey—-xip=>y-x=kp(k € N¥

Khido tir () = p-1=2k(x +y+2) > kp—k=2k¥(x +y +2) = y - x — k = 2k(x +y +2)

(loaivix+y+2>y-x-k>0;2k>1= 2k’ (x+y+2)>y-x-k)

ey+x+2ip=>x+y+2=kp (k € N¥)

Te(*)=>p-1=2k(y -x) > kp-k=2k¥(y -x) = x+y+2 -k =2k}y - x) (*)

Ta chttng minh k = 1. That vay néu k> 2 thi tit (*) = x +y=2kX(y -x) +k-228(y —x) (viy

-x>0)

5927y =>7y<l4x =y <2x

Do d6 tlr (2) = (p — 1)(p + 1) = 2y(y + 2) < 4x( 2x + 2) < 4x(2x + 4) = 8x(x +2) = 4(p — 1)

(Vi2x(x +2) =p -1 theo (1))

= p+1<4 = p<3, mau thuan vdi p la s8 nguyén t& 1é.

Do do k=1, suy ra

X+y+2=0p X+y+2=0p X+y+2=0p y=3x+1

{p—1:2(y—x)Q{x+y+1:2(y—x)Q{y:3x+1 Q{p—1:4x+2

Thay p—1=4x+2vao (1) ta cd: 4x+2=2xX(Xx+2) < 2X+1=X*+2x < X’ =1=x=1

=y =4, p=7 (thoa man)

Vayx=1,y=4vap=7.
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3) Tim tat ca cac s6 nguyén duong n sao cho ton tai cac sd nguyén duong X, y, z thoa man
X +yi+ 28 =nxy?z® (1)

Gia str n 1a s6 nguyén duong sao cho ton tai cac s6 nguyén duong x,y,z thoa man (1)
Khong mat tinh tong quat, gia sk x>y 2z >1.

T (1) 20< y* + 22 =x*(ny’z* -1) = ny’z* -1>0=ny’z* -1>1

=y + 28 =x*(ny’z* 1) = x*(*)

Vix>y2znén3x’ > X’ +y°+2° =nx’y’z® = ny’z* = 9x* 2 n’*y*z’

3

Két hop véi (*) ta cc’)9(y3 + 23) >9x* >n’y'z = 9[1+ %) >n’yz’

3 3
May>z :%gl: n’yz* s9(1+%J318(**)

z=1
Ta cé: (**) = z* 318:{

e Néuz=2:(*) =16n’y<18=n=y=1 (loai viy < z)

eNéuz=1:(*) =>n’y<18=n*<18=n<4

Ta chitng minh n € {2;4}. That vay,

Néun=4thitrn?y<18=216y<18=2y=1.Tk (1) = x*+2 =4x*=> x3(4 - x) =2 = x?la wéc
cua2 =

x =1 (khong thoa man)

*Néun=2thitern?y<18suyrady<18=1<y<4.
+y=1:D)=>x-2X*+2=0=>x*(x-2)=—2<0=>x<2=x=1(L)

+y=2:(1) =>x*—8x*+9=0=9=x*(8—X). Suy ra x> 1a wéc ctia 9. Ma x> > y> = 4 nén x=3
(khong thoa

man)

+ y=3:(1) = x> -18x* +28=0=> x*(18—x) =28. Suy ra x? la wdc cta 28. Ma x> > y> =9 nén
khong ton tai x thda man.

+y=4:() = x*—32x*+65=0= x* 1a wdc cta 65 (loai vi 65 khong c6 wdc chinh phwong)
Vay n & {2;4}. Do d6 n € {1,3}

Thtt lai véin = 1, ton tai bo (x;y;z) nguyén duong chang han (x;y;z) = (3;2;1) thda man (1)
véin =3, ton tai bo (x;y;z) = (1,1;1) thoa man (1).

Vay tat ca cac gia tri n thoa man bai toan lan € {1;3}

Bai III (1,5 diém) Cho ba s6 thuc duwong a, b, ¢ thoa man (a +b)(b + ¢)(c + a) = 1. Ching

minh ab + ac+ bc < %
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Ap dung BDT C6-si cho ba s8 khong am, két hop diéu kién (1) ta co:

(a+b)+(b+c)+(c+a)233/(a+b)(b+c)(c+a) =3:>a+b+c2§(2)

Ap dung BDT C6-si cho hai s§ khong am, két hop diéu kién (1) ta co:

a+b22@

b+c>2ac :>1:(a+b)(b+c)(c+a)28abc:>abcs%(3)

c+a22\/a

Bién d6i (1), chu y 2 BDT (2) va (3), ta duoc:
(a+b)(b+c)(c+a)=1

< (a+b)(bc+ba+c®+ca)=1

< (a+b)(bc+ba+ca)+ac® +bc* =1

< (a+b)(@b+bc+ca)+c(ab+bc+ca)—abc=1

< (a+b+c)(ab+bc+ca)—abc=1

1+1
< ab+bc+ca= 1+abc < 8:§

a+b+c 3 4
1

Dau bang xay rakhia=b=c= >

Bai IV (3,0 diém) Cho tam giac ABC nhon
ndi tiép (O) . Cac dwong cao AM, BN, CP
cat nhau tai H. Goi Q la diém bat ky trén
cung nho BC. Goi E, F la diém ddi xtiing
cua Q qua AB, AC.

1) CMR: MH.MA = MP.MN

1) Xét ti gidc ANMB c6 ANB = AMB =90°
nén né la t& giac noi ti€p = BAM = BNM
hay PAM = HNM (1)

Xét tir giac CNHM c6 HNC + HMC = 90° + 90° = 180° nén no 1a t& giac noi tiép
=>NHM + NCM = 180° (2)

T gidc APMC c6 APC = AMC =90° nén la t giac noi ti€p = APM + ACM = 180° (3)
Tt (2) va (3) = NHM = APM (4)

NM  HM
Tir (1) va (4) = ANHM ~ AAPM (g.g) = - == = MH.MA = MN.MP.

2) CMR : E, F, H thang hang.

Goi K 1a giao BH va QE, L 1a giao CH va QF.

T gidc AJQI ¢ AIQ + AJQ =90° +90° = 180°nén la t& giac noi ti€p =JAI +JQI = 180°
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Ma JAI + BQC = 180° (do ABQC la tt gidc ndi tiép) nén JQI = BQC =>BQE = CQF (5)

Vi E, F d6i xting véi Q qua AB, AC nén BQ =BE, CQ = CF = A BEQ va A CQF can

=> CQF = CFQ (6) . Ttz (5) va (6) suy ra CFL = BQK (7)

Ta c6 LH // QK (cung vudng géc AB); KH // QL (cung vuong goc AC) nén QKHL la hinh
binh hanh = QKH = QLH = FLC hay QKB =FLC (8)

QK _QB

Tt (7) va (8) >AQKB ~ AFLC (g.8) =~ = 1=

QB _QE_QK_QE_QK_FL
FC QF FL OF QE_FQ

Ma QK =LH (do QKHL Ia hinh binh hanh) nén I('?—E _Ft

FQ

Hai tam giac can BQE va CFQ dong dang, nén =—

ViLH’ // QE nén theo dinh ly Ta-lét ta cé: ﬁ = E
QE FQ
DodoLH=LH =>H =H=>HeEF=H,E, Fth:fmghz‘ang.

3) Goi ] la giao diém cua QE va AB. Goi I la giao diém ctia QF va AC. Tim vi tri ctia Q trén

cung nho BC d€ AB + AC nho nhat.
QJ QI

Vé QD 1 BC tai D. Trén canh BC 1ay diém G sao cho CQG = BQA =>BQG = CQA
BA AQ

Vi ABQC la t& giac ndi tiép nén BAQ = GCQ => ABAQ ~ AGCQ (g.g) —>§ == o

ViJAQ=DCQ; QJA = QDC = 90° => AJAQ ~ ADCQ (g.8) => % é‘é
BA_JQ _AB_GC

Do dé ks
GC DQ QJ DQ

Chiing minh twong tu ta cé:
AC GB
Q DQ
AB AC _GC+GB _BC
QJ QI DQ  DQ

Vi BC khong doi néng + g—(l: nho nhédt © DQ 16n nhédt © Q la diém chinh gitta cung BC

nho ctia duong
tron (O).
Bai V (1,0 diém)

1
1000
Xét ntra khoang A = (0;1]. Chia ntta khoang nay thanh 1000 ntta khoang

Chting minh ton tai cac sO nguyén a, b, ¢ sao cho 0 < |a +bv2+ C\/§|<
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1 1 2 n-1 n 999
A:(o;m},& {ﬁ;%}"’A‘ (1000 1000} Ao = (1000 1]
Xétbés6xgx5_J&mlvéi&(=[1—kJ5]+kJ§U(eFFﬂkS100D
Véimoi k ta cod k2 < [1— k\/z] <1-k2 (tinh chat phan nguyén) nén
O<[1—k\/§]+k\/§£1:> X €A

= xx thugc mot trong cac 1000 khoang A1, Ao,..., Ao

C6 1001 s6 xk ma 6 1000 nira khoang, do d6 ton tai 2 s6 X, X; thudc cing mot ntra khoang

! J

Anm 0 d60 <% — X, <
1000

Détaz[l—i\/ﬂ—[l— jﬁ],b:i— j=>%-x =a+by2+0.43
Maala sé'nguyén,b\/z la s6 vo ty néna+b\/§¢0:>| %=X >0

Do d60 < x, —X; |<—O:>O<|a+b\/§+0\/_| 1000

Vay ton tai cdc s6 nguyén a, b, c thoa man dé bai.
DE 34

Cau L.
a) Phuong trinh (1) c6 hé s6 a=m’+5>0 nén la phrong trinh bac hai 4n x. Do d6
Phwong trinh (1) c6 hai nghiém phan biét x;; X,
<=>A'=m*+(m®+5).6m>0
<=>m*+6m*+30m>0

<=>m(6m* +m+30)>0

<= m[5m2+(m+%)2+%}>0

>0Vm
<=>m>0

Khi d6 theo dinh ly Vi—ét ta co: X, +X, =
i do theo dinh ly Vi—ét ta co: X, + X, 7T

Xét m* +5-2m=(m-1%?+4>0. Mam>0 =>m?>+5>2m>0

=0<

m2+5<1=>0<X1+X2<1

Vay tong hai nghiém cuaa (1) khong thé la s6 nguyén.
b) Phuong trinh (1) c6 hai nghiém x;; X,
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A’ >O<_>m{5m +(m+—) +&}_0

4
<=>m2=>0
X+ X, = —
Khi d6, theo dinh Iy Vi-ét: o >
X, =
W= s

Ta co:

(X1X2 _\/X1+X2)4 =16
{Xixz_ X+ X, =2
<=>
XX, =4[ X+ X, =-2
THL: XX, =X +X, =2

—6m 2m
<=> - =2(2
m?+5 \m?+5 2)

2
Dit t=, /mz—Ts;t >0 phuong trinh (2) tré thanh ~3t* —t—2=0

Xét A =1’ —4(-3)(-2) =—23<0= (2) vd nghiém.

—6m 2m
TH2:x X —«/ +X, =2 <=> — =-2(3
4o =t m>+5 \m?+5 &

f 2m
bat t= poe +5;t20 phuwong trinh (3) tré thanh —3t° —t+2=0

<=>(t+1)(3t-2)=0
t=-1(L)
m=2(TM)

<=>
t =%(TM) B B S ~18m+20=0<=>(Mm-2)(4m—-10) =0 <=>

m’+5 9 mzé(TM)

~ n 2 4 L4 . AN \ \ 2
Vay tat ca cac gia trim can tim [a me<{2; 3
Cau IL.

2(1+ x\/_) _9yJ_
{2(1+ y\/_) _9x\/_
PK:x20,y=0
Dt a=x/y;b=y/x , diéu kién a >0, b > 0. Hé (I) tré thanh

D
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2(1+a)* =9b(1)
{2(1+ b)? =9a(2)
Lay (1) trix (2) ta dwoc:
2(1+a)> —2(1+b)* =9(b-a)
<=>2(a—b)(a+b+2)+9(a—b)=0
<=>(a-b)(2a+2b+13)=0

>0Va,b>0
<=>a=b

Thay a=b vao (1) ta c6

a=2=>b=ZUM)=>{X\/J¥:2<=>x=y=§/4_

yIXx =2
2(1+a)* =9a <=> 1
1 1 W= 1
2 2 1 4
yx=>
L 2
A A \ /4 oA 3 13 . 1- 1
Vay hé phuwong trinh c6 nghiém (\/4_,\/2), 31,31
2)

B c

ViBM, CN lan lugt la phan giac géc ABC, ACB nén theo tinh chat duong phan giac, ta cé:
MC BC _MC+MA . BC

—_— = 1+
MA AB MA AB
NB BC BN + NA BC
—= => =1+
NA AC NA AC
2
. (MC + MA)(NB + NA)=(1+E)(1+ BC):1+ BC +£+£
MA.NA AB AC AB.AC AB AC

Ap dung dinh ly Pi-ta—go cho tam gidc vuong ABC va BDT Cd-si cho hai s§ khong am, ta
co:
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2
BC S
AB.BC

BC? = AB? + AC2>2AB.AC =>
BC  BC ., |BC BC >2\/2
AB AC AB AC

(MA+ MC)(NB + NA)
=> >1+2+242=3+2+2
MA.NA f \F

Cau III.

a) Taco t4t=2810 1 by—ab
a b c ab ¢

Gia stir a + b la s6 nguyén t6, khi @6 tir (*) = ab i (a+b) = a i (a+b)hodcbh: (a+b)
Diéu nay mau thuando0<a<a+b,0<b<a+b.
Vay a + b khong thé'la s6 nguyén to.
b) Giastta+cvab +cdong thoila sd nguyén to.
Tt c(a+b)=ab=>ca+cb=ab=>ca+ab=2ab-ab=>a(b+c)=b(2a-c)
Sa(b+c)ib (™)
Mab + c1a s6 nguyén td, b 1a s6 nguyén duwong nhé honb +cnén (b +c¢, b)=1
Do doé tr (**) suy raa i b.
Chttng minh teong tetacoéb(a+c)=a2b-c)=>b:a
Vaya=b. Tk () > a=b=2c
Do d6 a+c=b+c=3c, khong la s6 nguyén t& véi c > 1 (mau thuan véi gia str)
Vay a + ¢ va b + c khong thé dong thoi la s6 nguyén t6.
CaulVv.

a) Ta co: HCA =ABC (cung phu véi HCB)
ViCN la phan gidc cua goc HCB nén HCN =BCN
Do d6 CAN=HCA +HCN= ABC +BCN
Mat khac, xét A BCN vdi goc ngoai ANC ta c6: ANC= ABC+ BCN
Suy ra CAN= ANC = A ACN can tai A > AC=AN.
Ching minh twong tu ta c6 BC = BM.
b) ViCM, CN Ian luot ala phan gidc ctia goc ACH va BCH nén

MCN = MCH + NCH :%ACH +%BCH :%ACB:45°
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Tam gidc ACN can tai A c¢6 Al la phan gidc ké tit dinh A, nén cling la trung truc cta day
CN.
= IC=IN.
= AICN can tai L.
Tam giac ICN can tai I c6 ICN=45° nén la tam gidc vuong can tai I
= CILIN
Chttng minh twong tw ta ¢ CJ L MJ.
T giac MIJN ¢6 MIN=MJN=90° nén la t& gidc noi ti€p
= Bon diem M, [, ], N cung thudc mot duong tron.
ViCH 1L MN, MJ 1L CN, NI L CM nén CH, MJ, NI dong quy tai triec tam cua A CMN.
c) Dat AC =b;BC =a=>a’+b*=BC? =4R?*(Pi—ta—go)
Theo cau a, ta c6 AN=AC=Db; BM=BC=b
Do d6 atb=AN+BM=BC+MN=>MN=a+b-BC=a+b-2R
Ta co:
(a—b)?>>0=>2ab<a’+b’>=>(a+b)* <2(a’+b?*) =8R?
<=>a+b<2J2R=>MN =a+b—2R<2R(-2-1)
D&u bang xay ra khi va chi khi a=b & CA = CB & C la diém chinh gita nita duong tron.
Vi C thudc ntra duong tron dwong kinh AB nén CH <R.

Do dd Seyy :%CH.MN < % R2RW\2-1)=R?(\2-1)

D4u bang xay ra & C la diém chinh gitta nita dwong tron.
Vay gia tri nho nhat cia MN la 2R(\/§ —1) va gia tri nho nhéat caa dién tich tam giac CMN
1a R*(v2-1)
déu xay ra khi va chi khi C 1a diém chinh gitra nita duong tron duwong kinh AB.
Cau V.
a) Goi5sdtynhiéndacholaa, b, c d,e.
Do ching d6i mot phan biét nén c6 thé giasta<b<c<d<e.
Theo gia thiéttacoa+b+c>d+e=>a+b+c>d+e+1
Suyraa>d+e+1-b-c
Vib, ¢, d, e la sO tu nhién nén tr
d>c=>d>c+1,c>b=>c>2b+1
Suyrad>b+2=>d-b2>2
e>d=>exd+1=>e2c+2=>e-c22
Dodéa>(d-b)+(e—-c)+1=5.5uyrab,c,d, e>5
Vay tat ca cac s6 déu khong nho hon 5.
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thuan)
Suyraa<6.Matheocauatacba=5=a=>5.
Taco5+b+c>d+e+1=>b+c>d+e-4.
Mad-2>b,e-2>c=>d+e-4>b+c.

Do dé

b=d-2
{c o2 =>a+b+c+d+e=5+2b+2c+4<40

=>b+c<3?1=>b+(b+1)£b+c<3?1=>bs7

Suyrab=6hodcb=7
Néub=6thid=b+2=8.Vib<c<dnénc=7=e=c+2=9.
Néub=7thid=b+2=9.Vib<c<dnénc=8=e=c+2=10.
c6 hai bo thoa man dé bai 1a (5;6;7;8;9) va (5;7;8;9;10).

DE 35

Cau1:

1/Tim diéu kién cta a dé€ biéu thirc C ¢ nghia, rut gon C.

a0 a0
a-16=0 a=16
+Biéu thirc C ¢ nghia khi Ja 420" \ax16 =>a2>0,a#16

Ja+420 [(vaz0

+Rat gon biéu thic C
co_a _ 2 2
a-16 Ja-4 Ja+4
2 2

a
T(Wa-4(a+4) Ja-4 Va+4
_a-2(a+49)-2(a-4)
 (a-#(a+a)
_a-2Ja-8-2/a+8
 (a-#a+e)

. a-4Ja

- (a-4(a+4)
__a(fa-9)

(Va-4)(a+4)

_ i
\E+4

(1,25d)

b) Néua26=b>a+127 Tuongtwc=8d=9,e>210=>a+b+c+d+e>40 (mau

(0,25d)
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2/ Tim gid tri cia biéu thite C khi a=9-4/5
Tacéd: a=9+4/6=4+4J5+5=(2+/5)>=>Ja=2+5

A \/5 2+«/§ 2+J§
Ja+4 2+5+4 6+5
Cau 2:
1/Giai hé phuong trinh khi m = 2.

Khi m =2 thay vao ta c6 hé phuwong trinh

(0,5d)

(2-Dx+y=2 X+y=2 x=1 x=1
<=> <=> <=> (0,75d)
2X+y=2+1 2X+y=3 X+y=2 y=1
x=1
Két luan: V6i m = 2 hé phuong trinh c¢6 mét nghiém duy nhat {y 4 (0,254d)

2/Chting minh réng véi moi m hé phuwong trinh ludn cé nghiém duy nhat (x;y) théa man
2X+y<3

(m—1)x+y=2<_> y=2-(m-1)x — y=2—-(m-1)x
mx+y=m+1  |mx+2—-(Mm-Dx=m+1  |mx+2—mx+x=m+1

y=2-(m-1)x y=2-(m-1)(m-1) y=-m*+2m+1
<=> <=> <=>
X=m-1 X=m-1 x=m-1
Vay v6i moi m hé phuwong trinh luén c6 nghiém duy nhat:
— _m?2
{y_ m? +2m+1 05d)
X=m-1
Ta co:
2Xx+y-3=2(m-1)-m’+2m+1-3=-m*+4m-4=—-(m-2)* <0
<=>2X+y-3<0
<=>2X+Yy<3 (0,5d)
Cau 3:
1/Hoanh d6 giao diém ctia dudng thang (d) va Parabol (P) 1a nghiém ctia phuong trinh:
2x> =mx—m+2
<=>2x* —mx+m-2=0(1)
A=m?—42(m-2)=m’-8m+16 = (m—4)
Dé duong thang (d): y = mx —m + 2 cat Parabol (P): y=2x’ tai hai dim phan biét ndm bén
phai truc tung thi
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BAY:
A>0 (m-4)">0 md
X +X,>0=> %>0 =im>0=>m>2,m=4
XX, >0 m—2 m>2
T>O

Két luan: D& duong thang (d): y = mx — m + 2 cat Parabol (P): y =2x* tai hai di€ém phan
biét ndm bén phai truc tung thi: m>2,m#= 4 (1d)

3/x+2y =4—x-2y(1

2/Giai hé phuong trinh: | V< 2Y =47 x=2Y()
Y2x+6+\2y =2(2)

x+2y20_>{x+2y20

Diéu kién: *
2y >0 y>0

Dat m =120, thay vao phuwong trinh (1) ta co:

t=4-t*=>t*+3t-4=0

1+ 3-4=0, nén phuong trinh c6 hai nghiém t=1 va t = -4 (loai)
Véit=1=>x+2y =1=>x+2y=1=>Xx=1-2y thay vao phuong trinh (2) ta c6

20-2y)+6+\2y=2

<=> %/4)/7+8+\/”ﬂ= 2
<:>§/4y7+8= 2—\/5
<=>-4+8=8-12[2y +12y-2y,[2y
<=>16y-12,/2y -2y\[2y =0
<:>8y—6ﬁ—yﬁ:0

<= Jy(—2y +8y -642) =0

<=> Yy -V2)2y-6)=0

520> y=0=> x=1TM ()
<=> \/y:\/f:>y:2:>X=—3(TM(*))

\/y:%:>y=18:>x=—35(TM ™)

Vay hé phuong trinh c6 3 nghiém (x;y)=(1,0);(-3;2);(-35;,18)  (1d)
Cau 4:
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1.Chttng minh DHE=90°

T giac ADHE c6: A=D=E =>ADHE la hinh chi* nhat => DHE=90°
Chttng minh: AB. AD = AC. AE

Xét hai tam gidc vuong HAB va HAC ta c6: AB.AD=AH>=-AC.AE ( 1d )

2/Tinh goc GIF
DHE=900=>DE la duong kinh =>I thudc DE
=>GF:%MH+%HE:%ME:%° (1d)

3/Tt gidc DEFG la hinh thang vuong c6 dwong cao DE = AH
1 1

Hai ddy DG=GH=GB= > BH va EF=FC=FH=E HC

=>Dién tich ti gidc DEFG la

;(HB+ HC).AH

: _BCAH | $n nhat khi AH 16n nhét vi BC = 2R khéng d6i

Ta c6: AH 16n nhdt =>AH la duong kinh => A 1a trung diém cung AB (1.0 d)
Cau 5:
Theo Bunhia:
(X+Y+2)* <3P+ Y2 +22) => X+ y+ 2 <BYx + y? + 22
o< xyz(\/§\;’x2+y2+z2 +\fx2+y2+zz) ~ xyz(+/3 +1)

- (X* + Yy +2°)(xy + yz + 2X) X+ Y2+ 22 (xy + yz + 2X)
os< xyz(\/§+1) _ J3+1

\/gslxzyzzzg x2y272 3\/5
J§+1

=>Smax=

khi x=y=z (1d)

33
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DE 36
Caul:
1.1
p_3x+V16x -7 x+1 x-3

x+24/x-3  Jx+3 JYx-1
_ Bx+4x-7  Jx+1 Jx-3 (0,250)
Wx+3)(x-1) Jx+3 x-1 ’
3+ AX =T - (Wx D)X =) - (VX =3)(Vx +3)
B (Vx+3)(Vx-1)
X+ AIX—T—X+1-x+9
(W3-
_ x+4dx+3 _(\/;+3)(«/;+1)_«/;+1
C(WxWx-) (W3- Jx-1
1.2
X = 2/2 +3= (/2 +1)? (thda man DKXD)

=Jx=v2+1 (0,5d)
\/;+l_\/§+1+1_-\/§+2:1+\/§

k-2 2+1-1 2

Cau 2:
2.1

(0,25d)

(0,25d)

(0,25d)

oy (0,5d)

Ta c6: A=(m—-2014)* +4.2013.2015> 0 v4i moi m. Vay phwong trinh ludn cé hai nghiém
phan biét véi moi m. (0.25 &)

m-2014
CRECIPT Y
Theo hé thitc Vi - et ta co:
-2015
X, = ———
2013

Tir /X +2014 —x, =[x, +2014 + X, (0,25d)
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2014 = (/%7 +2014 + X, )(/x,2 + 2014 + x,)
2014 = ([x2 +2014 - x,)(y/x,% + 2014 - x,)
2014 = (\/(xf +2014)(x,> +2014) + X, \/xf +2014 + xi\/XZ2 +2014 + XX,
12014 = ({J(x? +2014)(x,? + 2014) — X, /X + 2014 — X,\[X,” + 2014 + XX,

=> ,/xf +2014 (X, +X,) +Jx22 +2014(x, +X,) =0
=> (X, + %) (/%% +2014 +[x,? +2014) =0 (0,25 d)
=>X+X,=0
m-2014 _
2013
=>m=2014
Vay m=2014 la gia tri thoa man dé bai. (0.25 &)
1

2 + 2

(2x+1)° (2x+2)

=3(%)

2.2 Gidi phuong trinh:

1
Dk: x#-1x# 5 Dat 2x+1=t

1 1
PT(*) <=5+ =
) t? (t+1)?

s Ly 2 3.0 (0250
t t+1°  t(t+1)

v

at y

= ta co pt:
t(t+2) P

y?+2y-3=0
=1
<:>[y (0, 25d)
y=-3
Véiy=1=>
1
t(t+2)

=1=>t*+t-1=0

LR
-1-6 B
2 4

t=

- M)  (0,25d)

t

Véiy=-3 1 s +t+%:0(\/N)

t(t+1)
3+\5. _3-\5
4 P4

Vay pt c6 hai nghiém X, = (0,25d)

Cau3:
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X +y =X’y —xy’ =5

<=> (X+Y)(X* = xy +y*) —Xy(x+y) =5
<=> (X+Yy)(X*-2xy+y*)=5  (0,25d)
<=> (X+Y)(X-y)* =5

Do (x-y)?= 0 va x y thudc Z nén xay ra hai treong hop:

X+y=5 X=3
<=>
X—y=1 y=2

X+y=5
Thi: - (0,25d)
(x-y)* =1 {x+y=5 {x=2
<=>
| (X-y=-1 y=3
e YT PR 0sa)
T l(x=y)?=5  |x-y=%5 ’

Vay phuong trinh c6 hai nghiém nguyeén (X;y) €{(3;2);(2;3)}

4.1 CM: Tt giac MEIF la t gidc noi ti€p:
C/m dwoc cac té giac ACMI BDMI noi tiép (&)
l,=A

Do dé:

2= 5
(0,254)

=> EIF =EMF =90° Tw gidc MEIF ndi tiép dwoc. (0.25 d)
4.2

CM: EF // AB:

T giac MEIF noi tiép (cau 1) =>1, =F,

Tt giac ACMI ndi tiép (cau 1) =>1, = A (0,5d)

}=> LL+1,=A+B Ma A +B,=90° Va A +A +B, +B,=180° => I +i, =90°
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Trong (O) B, = A (gbc ndi tiép va gdc tao boi tia tiép tuyén va day cung cling chan cung
AM) (0,25D)

Do d6 =>B, =F, , ma ching ¢ vi tri dong vi => EF // AB. (0.25 &)

4.3

CM: OM la tiép tuyén chung cta 2 dwong tron ngoai tiép cac tam giac: CEM, DFM

Ta c6 OA=0OM=>M, = A, Ma C, = A, (cting chin cung IM) =>C, =M, =>OM la tiép tuyén
cua duong tron ngoai ti€p tam giac CME (1). (0.5 d)

Lai c6: OM = OB =>M, =B, ma D, =B, (cting chan cung IM) =>D, =M, => OM la tiép
tuyén cua duong tron ngoai tiép tam giac DMF (2). (0.5 &)

Tir (1) va (2) =DPCM

Cau 5:

bit a= x2+y2;b=\/y2+22;c:\/22+x2(*) =>a+b+c=2014(1)

a’-b*+c® , :a2+b2—c2 22 :—a2+b2+c2
2 2 2

Ap dung BDPT Cau chy ta co:

y+z<\2(y? +2%) =b\2

2+ x <[22+ X7) =c\2 (0,254)

chy < 20Ty — a3

Tt d6 ta co:

Tt (*) =>x* =

Xy 71 (az—b2+c2+a2+b2—c2+—a2+b2+cz)
Vy+z z4X X+y 242 b c a

2 2 2 2 2 2
TZ% %+%+%+%+%+%—a—b—c)(2) (0,25d)

Ap dung BDPT Cauchy ta lai cé:

T=

2 2 2 2 2 2
a

—+b22a;C—+b220;a—+cz2a;b—+c22b;b—+a22b;c—+a220 (0,25d)
b b c c a a
2 2 2 2 2 2
:>a—+c—+a—+b—+b—+c—24(a+b+c)—2(a+b+c):2(a+b+c)(3)
b b ¢ ¢ a a

Tir (2) va 3)=>T > % (a+ b+ c)(4)

22
1
T (1) va (4) =T > —=.2014.
(1) va (4) o2
2014 . 2014
Vay T,,, =——= khi xzy=z=——
y MIN 2\/5 y 3\/5
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Caul
a)x\2x—3 =3x—4 (DKXD: x > 3/2)
<=>x*(2x—3) = (3x —4)?
<=>2x%-3x* =9x* - 24x+16
<=>2x*-12x* +24x-16=0
<=>2(x-2)°=0
<=>x=2(TM)
Vay S = {2}
b)Ta co
X+y+z2=0
<=>(y+2)* =(-x)?
<=y +7° - x> =-2yz
Tuwong tu:
77+ X* —y® = -21x
X2 +y° —27% =-2yx
X2 2 22 X+yi+7
- -2yz i —sz i —2yX - —2yxyz

Ma
X+ Y+ =(x+y)? -3x*y —3xy* +7°
= (-2)® =3xy(x+Yy)+ 2> =3xy

. p_ 3xyz —_3
-2xyz 2

Cau 2

DKXD: x, y#0

x+y+£=g(1)
y X

4 4
X+y——= —2/ (2)
X X
Lay (1) trx (2) ta duwoc:

PAGE TAI LIEU TOAN HOC

Trinh Binh swu tAm va téng hop



Website: tailieumontoan.com

4y 5 1
<=>—2-——4-=

X2 Xy
<=>x’-5xy+4y* =0
<=>(x—-4y)(x-y)=0

<=>|:X: y

0

X=4y

Véix =y, thé vao (1) céZX—%=O<:>X: y=12
. s , 5 1
Véi x = 4y, thé vao (1) c05y—4—=0<=> y=i§=>x=12
y

Vay S= {(2? 2)(-2,-2); (2;%); (-2 _71)}

Cau 3:

B ‘M' H C

C,0e = MD + ME + DE = (BM +CM )sin 60° + DE

= BC.sin60° + DE

Ma BC.sin60° khong d6i nén chi vi tam gidc MDE nho nhét & DE nho nhat

Tt gidc ADME noi ti€p duong tron duwong kinh AM (ADM =AEM =90°) nén tam giac
ADEciing noi ti€p duong tron duong kinh AM, tam I la trung diém AM.

Goi K la trung diém DE, suy ra IK L DE va EIK = BAC(= %)

Goi R 1a ban kinh duong tron tam I duong kinh AM thi

KE 05DE DE DE

IE R 2R AM

=> DE = AM.sin BAC = AM .sin 60°

Vi sin60° khong doi nén DE nhé nhat & AM nho nhat © M = H (H 1a chan duong vuong
goc hattr A xuéng BC, ma tam gidc ABC déu nén H 1a trung diém BC).

Vay khi M 1a trung diém BC thi chu vi tam gidc MDE nho nhat.

Cau 4

sinKIE =
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_ =y

%
_ (x=y)¢ XY 5o
%
(x—y)* (X+1)2+3y2
2) 4
<=> X2y2 >0
(luén dung Vv x,y # 0)
b) Tim minP (a, b >0)
_a’+3ab+b?
Jab(a+b)
_(a+b)*+ab
Jab(a+b)
Lll(a+b)2+ab+j(a+b)2
B Jab(a+b)
—(a+b) +ab —(a+b) 2,/(a+b) ab 3J_ -
+4 =l4+—=—
f(a+b) ﬁ Jab(a+b)  ab 272
1 2
D&u bang xay ra <=> Z(a+b) = acp
a=b

Vay MinP :g<:>a=b

*Cach khac

_a’+3ab+b’ _(a+b)’+ab_a+b \/_ 3 a+b (1 a+b J_ _2+2\/I 5
Jab(a+b)  ab(a+b) “Jab a+b 4 Jab 4 Jab b2 4 2

Caub
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D B "

a) Keé duong kinh AE cua (O), EH cat (O) tai K/, AK’ cat EB tai D. Dé thay H 1a truc
tam tamgiac AED nén DH 1 AO
= DH// AM (1)
Ta c6 BDH= EAH =HMB nén tit gidc HMDB ndi tiép
= HM 1L MD = DM // AH (2)
Tt (1) va (2) = AHDM la hinh binh hanh.
= AD di qua trung diém I caa HM
= K’ 1a giao ctia Al vdi (O)
=K =K
= HK 1 AI
b) Ta coé IAM =ABK (cling chan cung AK)
AMI= OBA (OAMB noi ti€p)
Neén
IAM+AMI=ABK+OBA
<~ AIH=0OBK
Mait khac
AIH+KHI=90°
OBK+KBM=90°
=>KHI=KBM
= T giac HKMB ndi tiép
=>BKM=BHM=90°
Cau 6
2015(x* + y*) - 2014(2xy+1) =25
<=>2014(x—-Yy)* + x* + y* = 2039
bat t=Ix-yl, te N do x, y nguyén
Xét cac truong hop:
TH1: t =0, titc x = y = phuong trinh v6 nghiém
TH2:t=1, tdclax -y =+1
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+Voix -y =1hay x =y + 1, phuong trinh tr¢ thanh:
(y+1D)?+y*=25<=>y* +y-12=0

Véiy=3thix=4;véiy=-4thix=-3
+Vdix -y =-1hay x =y - 1, phuong trinh tr¢ thanh:
(Y- +y*=25<=>y*~y-12=0

i
<=>
y=4

Véiy=-3thix=—4;véiy=4thix=3

TH3:t>2, VT > VP = phuong trinh v6 nghiém

Vay cac cap (xy) thoa 1a (4:3), (<3-4), (~4:-3), (3:4)

Cach khéc: St dung phuwong phap bién d6i phuwong trinh vé dang vé trai 1a tong ctia cac
binhphwong. V€ phai la tong ctia cac sO chinh phuwong, hodc cach diéu kién c6 nghiém cta

phuongtrinh bac hai cling c6 thé giai ra dap so.

PE 38
Bai 1.

a)v5x —6 +10—3x = 2x* —x -2 (gSXSE)

5
<=>5X—6-2++10-3x-2=2X>—Xx—6

5(x-2) 3(x-2)

<=> — —(x=2)(2x+3)=0
JBx—6+2 \/10—3x+2( ) )
5 3
<=>(X-2 — —-2x-3)=0
N ez a2 7Y
x=2(TM)
IS 3 ox_3-0(
J5x—6+2 J10-3x+2
Vi
6 10 5 5 5
2ax<— = \Bx—642>22=>-——> <25 2 3.0
5 5 5x—6+2 2 J5x—6+2
6 10 3
SX< T > 2 2x<0
5 5 «/10—3x+2
5 3

=> — —2x—-3<0=>(*)VN
J5x—6+2 J10-3x+2 )

Vay tap nghiém cua phuong trinh (1) 1a {2}
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x® +8xy’ =96y
x> +32y° =48
x® +8xy? = 48.2y X% +8xy® = 2y(x* +32y%)(*)
(|) <=> <=>
x* +32y° =48 x* +32y° =48
(*) <=>x* —2x°y +8xy* —64y* =0
<=>x>—(4y)’ - 2xy(x—4y) =0
<=> (X—4y)(xX* +2xy+16y?*) =0

@

<=> <=>

x> +2xy+16y° =0 (x+Yy)?+15y* =0
<=> [X =4y

x=y=0

Vi x =y =0 khong thoéa man hé phuong trinh nén x = 4y

X=4y X=4y
(<=1, ) <=> , ,
X +32y° =48 16y +32y° =48

y’ =1 X=-4
y=-1

Xx=4
{x:4y y=1
<=>

Vay hé phuong trinh c6 nghiém (4;1), (—4;-1)
Bai 2.

1) Phuong trinh x>— 2x — 4 =0 c6 hai nghiém x1; x2. Theo dinh ly Vi-ét ta cc’):{

Ta co:
(X + %)% = %2+ %% +3X.X, (X, +X,)
= X2 4%, = (X +%,)° —3X,%, (X, +X,) = 2° —3.(~4).2 =32
Va
X2+ %% = (X +X,)? —2x,X, = 22 = 2.(—4) =12
X +%,0 = (X2 +%,2)% —2x°x,% =12% - 2.(—4)? =112
Khi do:
06 +%7)0¢" %) =%+ %7+ %%, + %%,
=>S=x"+%" =06 +%7) 04" + %) = (%) (% +X,)
=32.112—(-4)*.2=3712
Vay S =3172.

2) Tacod

Trinh Binh suu tim va téng hep
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a’+ab+b*=c’+cd +d*=>a*+2ab+b*=c®+2xd +d* +ab—cd

<=>ab-cd =(a+b)’—(c—d)*=(a+b+c+d)(@a+b-c—d)*)

Néu ab-cd=0: Do a+b+c+d>0=>a+b-c-d=0=>a+b+c+d=2(c+d) la hop s6doc+d e N* vac+d >
1

Néu ab -cd #0:Ttr (*) > ab-cd i (a+b+c+d).

a’+ab+b*=c’+cd +d*=>3(ab—cd)+(a’—2ab+b?)=c® —2cd +d?
=>3(ab-cd)=(c-d)*-(a-b)*=(c—d+a-b)(c-d—a+b) =0

= (c-d+a-b)(c-d-a+b):i(a+b+c+d)
Giastta+b+c+dlasdnguyén to thita co
c-d+a-bia+b+c+dhoacc-d-a+b:a+b+c+d

Diéu nay mau thuando —(a+b+c+d)<c-d+a-b<a+b+c+d;
—(a+b+c+d)<c-d-a+b<a+b+c+dva(c-d+a-b)(c-d-a+b)#0
Vay a+b+c+dlahop sé.

Bai 3.

Thay 1=a+b+ctaco:

A+bc=a(atb+c)+bc=(at+b)(a+c)

Do do:
a—bc_a+bc—2bc_1_ 2bc 1 2bc
a+bc a+hbc a+bc (a+b)(a+c)

Ta c6 2 dang thikc tuong tw
b—ca 1 2ca

b+ca (b+c)(b+a)
c—ab 1 2ab

c+ab (c+a)(c+b)

Cong ting vé& ctia 3 dang thikc trén ta co:

a-bc b-ca c-ab bc ca ab
+ + =3-2 + +
a+bc b+ca c+ab (@a+b)(@+c) (b+c)(b+a) (c+a)(c+b)

Do do:

a-bc b-ca c—ab 3 bc ca ab 3
+ + <—<=> + + >—

a+bc b+ca c+ab 2 (@a+b)(@a+c) (b+c)(b+a) (c+a)(c+b)| 4

. bc(b+c)+ca(c+a)+ab(a+b) S 3
(a+b)(b+c)(c+a) 4
<=>4(b’c+bc? +c’a+ca’ +a’b+ab®) >3(a’h +ab* +b’c +bc® +c*a+ca’ + 2abc)

<=>Db%c+bc? +c’a+ca’ +a’b +ab’® > 6abc(*)

Ap dung BDT C6-si cho ba s§ duong ta cé:
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b%c+c%a+a’h>3abc
bc? +ca’ +ab? > 3abc

Vay BDT da cho dugc chttng minh.

=>(*) dung

Dau bmeg xay rakhia=b=c :%

Bai 4.

1) Vi AI//DC (do ABCD la hinh binh hanh) nén AlJ= DC]J (so le trong)
Vi AJ // BC nén AJI=BCJ (d6ng vi)
Ma CJ 1a phan gidc goc BCD nén DCJ=BCJ=> AlJ= AJ]l = A AlJ can 6 A
Do O la tam dwong tron ngoai ti€p A AIJ can nén AO 1a trung tryc IJ dong thoi la phan
gidcgoc IA].
2) Vi]D // BC nén DJC=]JCB=]CD = A JDC can tai D
Suy ra JD =DC = AB (do ABCD la hinh binh hanh)
Ta c6 OA = OJ ( bang ban kinh (O))
Xét A OA] voi goc ngoai OJD cé:
OJD= AOJ +OA] =2AIJ+ OAJ=2DCJ +OAJ= DCB +OAJ=DAB+OAJ=0OAB
Xét A OAB va A OJD cé:
OA=0J(cmt)
OAB =0JD(cmt) => AOAB = AOJD(c.g.c)
AB =JD(cmt)
=>0BA=0DJ

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC



Website: tailieumontoan.com

= AODB la tt gidc ndi tiép
= A, O, D, B cung thudéc mét duwong tron.
3) ViAOAB=AOJD nén OB = OD. Ma O’B = O'D (biing ban kinh (O’)) nén OO’

latrung trwec cua BD.
Goi K 1a giao BD va AC = K 1a trung diém BD va AC.
= K e OO’
ViOA =0M, O'A =O'M nén OO’ 1a trung trec cuia AM
Ma K e OO’ = KA =KM =KC
= M thudc duong tron tam K ban kinh KA, hay duong tron duong kinh AC.
Vay khi B, D thay d6i, M ludn nam trén dwong tron dwong kinh AC.
Bai 5.
Xét 20 s6 dau tién. Trong 20 s6 nay co 2 sd chia hét cho 10, ching ¢6 chit s6 hang don vi la
0.
Mt khac, trong 2 s6 d6 c6 mét s c6 chir sd hang chuc khac 9.
Goi s6 d6 1a N. Xét day 11 s6 thudc 39 sd da cho:

N,N+1,..,N+9, N+19
Tong cac chit s6 cua cac s6 nay twong tng la.
s,s+1,s+2,..,,5+9,s+10

That vay, néu N c6 tdng chit s6 1a s thi mdi s6 N +1véi 1 <1<9 ¢ tat ca cac chit s6 (trie
hangdon vi) giong s6 N va chit s6 hang don vi caa N +1la i, do d6 tdng chir sd cua N +1ila
S+1.
SO N +19 ¢6 chix s6 hang don vi la 9, chit s6 hang chuc hon chir s& hang chuc ciasd N la 1,
conlai t4t ca cac chit s & hang khac ctia hai s8 bang nhau, do d6 tong chit s& ctia N + 19 1a
s + 10.
Trong 11 s6 lién ti€p s, s+1,s+2, ..., s +9, s+ 10 cé mot s6 chia hét cho 11.
Bai todn duoc chitng minh.
DE 39
Bai 1.

1. V6ix >0, x #4 ta co:
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( 3 5X —7 J 2% +3
Jx -2 2&+1 2x—3x -2 ) Bx—10x

2(24x +1)+3(Vx-2) = (5Vx = 7) 5x_10Jx
(Vx-2)(2vx+1) - 2Jx+3
a3 sUx(Vx-2)
(Vx=2)(24x+1) " 243

__ 5
2\/;+1

2.ViXx>0=5x>0:2/x +1>0=A>0

5Jx -3(2Vx+1)  _Jx_3

Mat khéac, xét A-3= = <0vx>0=A<3

' 2dx +1 2dx +1

Vay 0<A<3

Do d6 A nguyén & A =1hoac A =2.
5% 1

A=l =lobfx=2x+1e3x =1 Yx == <:>x——(thoaman)
2% +1 3
5% .

A= & il =2 5x =22Yx+1) & x =2 = Jx =2 < x =4 (loai)
X+1

VayAeZ < x= %

Bai 2.

1.Khim=-5= (d):y=—4x+12

Khi d6, phuong trinh hoanh d¢ giao diém cua (P) va (d) la:
x> =—4x+12 < x> +4x-12=0 < (Xx+6)(x—2) =0

& x=-6hoacx=2
Khix=-6=>y=36

Khix=2=y=4
Vay toa d¢ giao diém cua (P) va (d) la (-6;36) va (2;4)

2. Phuong trinh hoanh d¢ giao diém cua (P) va (d):
x> =2(M+3)x-2m+2 < x> —2(m+3)x+2m—-2=0 (1)
(d) cit (P) tai hai diém phan biét & (1) c6 hai nghiém phén biét
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S A'=(Mm+3)°—(2m-2)>0

& (M?+6m+9)—(2m-2) >0

< m?+4m+7>0

& (M+2)°+3>0

(luon dang vV m)

Vay (d) luén cit (P) tai hai diém phan biét c6 hoanh do la X, X, vdiX, X, la hai nghiém cta
phuong trinh (1)

Hai giao diém c6 hoanh d¢ duong < (1) c6 hai nghiém duwong

X, +X,=2(m+3)>0 m>-3
= =
XX, =2m—-2>0 m>1

sm>1

Vay m>1.

3. Goi (%,;Y,) la diém cd dinh ma (d) ludn di qua V m
Khi do:

Yo =2(M+3)x, —2m+2(Vm)

< m(2x, —2)+(6x, +2—-Y,) =0(Vm)

2x,—2=0 = =
= & = % =1 = %=1
6X,+2-Y,=0 6.1+2-y,=0 Y, =8

Vay (d) ludn di qua diém (1;8) vm.

Bai 3.
{sz +3xy—2y? —5(2x - y) = 0(1)

|
X2 —2xy —3y* +15=0(2) M

Ta co:
D e @2x-y)(x+2y)-52x-y)=0
< (2x—-y)(x+2y-5)=0

[y=2x
=
X=5-2y
, y =2x . |x=5-2y
Do do: (1) <17, , (11 hoac , , (1)
X°—2x.2x—3(2x)* +15=0 (5-2y)°—2(5-2y)y-3y“+15=0
y =2X x=Ly=2
n)<e ) =
-15x°+15=0 X=-1y=-2
X=5-2y y=2;x=1
UDESS ) o
5y°-30y+40=0 y=4;,x=-3

Vay hé phuong trinh (I) cé nghiém (1;2), (-1;-2), (-3;4)
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3
1. Vi TB 1a ti€p tuyén cua (O) nén

BAD = DBT (g6c noi ti€p va goc & tdm cting chan cting BD)
Xét A ABT va A BDT co:

{ATB(chung)

— AABT ~ ABDT(g.9)
DBT= BAT (cmt)

2. ViAABT ~ ABDT =

AB_AT _BT _(AB) _AT BT _AT
BD BT DT (BD/ BT DT DT

Chiing minh twong tu ta co:

(&f _AT
CD DT

2 2
Do dé AB = AC = AB = AC = AB.CD =BD.AC
BD CD BD CD

3. Goi I, I Tan luot la giao diém ctia BC vdi tia phan giac goc BAC va goc BDC.
Xét A ABC c6 tia phan giac AlL, theo tinh chat duwong phan giac ta co:

I,B  AB

IC AC
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Chttng minh tuong tw ta co: 1.B_DB
,C DC

Theo cau 2) ta c6 AB.CD =BD.AC = AB E:>£=I B
AC DC I.C I,C

Ma I, I cting thudc doan BC nén chiing chia trong doan BC theo cac ti s& bang nhau.
=>h=Dh

= Puong phan gidc géc BAC, dwong phan giac goc BDC va duong thang BC dong quy.

4. Goi M’ 1a diém thudc doan BC sao cho CAM’ =BAD . Ta chitng minh M’ = M.
ViCAM’ =BAD =>BAM’ = CAD
Vi ABDC la ti& gidc noi tiép nén ADB = ACM’ (hai goc ndi tiép cuing chan cung AB)

BD AD
Ma CAM' = BAD => AADB ~ AACM' (g.g) = — =", ==BDAC=ADCM" (1)

Chttng minh twong tw ta c6: AB.CD = AD.BM’ (2)

Tt (1) va (2) v6i chu y BD.AC = AB.CD => AD.CM’ = AD.BM’ => CM’ = BM’
>M =M

=>BAD = MAC

Bai5. Véimoia, b, c>0, ta co:

(a—b)>+(b—c)’ +(c—a)* >0 < 2a*+2b° +2c* —2ab—2bc —2ca >0

& 2(a” +b? +c¢?) > 2ab+ 2bc + 2ca

< 3(a®+b® +c¢%) > a’*+b? +c?2ab+ 2bc + 2ca

< 3(@%+b*+c®) = (a+b+c)*(*)

Vé6imoi a, b, ¢ >0, 4p dung BDT Co6-si cho ba s6 duong, ta co:

a+b+c>3%abc >0

1 1 1 1 :>(a+b+C)(l+£+1j29
Z4Z>33— >0 a b c
a b c abc
1 1 1
=4+
a b c a+b+c

**)
Ap dung BDT (*) véia=x, b=y, c=2zva tir diéu kién cta x, y, z ta co:

2
182x2+y2+zz+x+y+22W+x+y+z

= (X+Y+2)°+3(x+y+2)-54<0
= (X+y+z2+9)(Xx+y+2-6)<0
= X+Yy+2<6 (dox+y+z+9>0) (***)

Ap dung BDT (*)véia=x+y+1,b=y+z+1,c=z+x+1,tacod:
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1 1 1 9 9
= + + > =
X+y+1l y+z+1 z+x+1 X+y+1+y+z+1+z+x+1 2(X+y+2)+3

B

. 9 3
Apd ***) ta cO: B> =—
p dung (**) ta co 26+3 5

X=y=12
Dé’ubéngxéyra@ x+;//+1=y+z+1=z+x+l<:>x=y=z=2
X+y+z=6
Vay gia tri nhé nhat cﬁaBlé% ,xay rakhivachikhix=y=z=2.
DE 40
Caul. (1,5 diém)
Giai:
1) GPT khi m =1
+Thay m=1vao (1) tadugcx?+2x-8=0 (x+4)(x-2)=0®x={-4;2}
KL : Phwong trinh c6 2 nghiém phan biét x =4 hoacx=2
2) xét PT (1) : X*+2mx—2m—6=0 (1), véi an x, tham s m .
+Xét PT (1) c6 Ay =m*+2m+6=(m+1)*+5>0 (ludn ding ) véi moi m => PT (1) ludn cd
hai nghiém phan biét x1 ; x2 v6i moi m

X, +X, =—2m

+ Mat khac ap dung hé thitc viét vao PT (1) ta co :{ (1

XX, =—(2m+6)

+ Lai theo dé va (I) c6 :A =X/ +X; = (x1+x2 2—2x1x2=(-2m )2 +2 (2m + 6 ) =4m? + 4m + 12

, \ . 1
=(2m +1)2+ 11 > 11 véi moi m => Gia tri nho nhat cia A la 11 khim = -3

1 ALY N\ . /4
KL:m= -3 thoa man yéu cau bai toan.

CauIl. (1,5 diém )

Giai : 1) Lap bang gia tri va vé do thi ham s6:
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-4
v

Dua vao do thi ta c¢é giao diém ctad va (P)la2 diem M (1;1); N (-2;4)

2) Do d6 thi A cia ham s6 y = ax + b song song v6i (d) y = -x + 2

Nén ta cé: a=-1.

A cat (P) tai diém c6 hoanh dd bang — 1 nén ta thay x = -1 vao pt (P) ta duoc: y = 1
Thay x=-1;y=1vao pt Atadwoca=-1;b=0

=>Phuong trinh cia Alay =-x

Cau III .( 2,0 diém )
Giai:
1) B6i 30 phat = %2 gio
Goi x (km /h ) la van t6c nguoi dixe daptw A->B (x>0).
Van tdc nguoi do di tir B-> A la: x +4 (km/h)
Thoi gian nguoi do6 di tit A -> B la: 2—):1
Thoi gian nguoi d6 di tie B vé A la: ad
X+4

Theo bai ra ta co:
ﬁ_ﬁzia 48(x+4) 48X _ X(x+4)

X X+4 2 2x(x+4) 2x(x+4) 2x(x+4)

=>x=12 (t/m).KL: Vay van tdc ctia nguoi di xe dap tir A dén B la 12 km/h.

2_
2)PKXD 0<x<1Djt0<a= \/;+«/1—x:>a71=a/x(l—x)

2

S X2 +4x-192=0

+PTméila:a+d -l a’+2a-3=0 (a—1)(@+3)=0

~a={-3;1}=>a=1>0
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ﬁ+JL_x:1

+Néua=1 =><:>x+l—x+2\/mzl<:> X@1-x) =0

2 x={0;1}(t/m)

KL : Vay phrong trinh da cho c6 2 nghiém phan biétlax=0; x=1

CaulV. (3,0 diém )

Giai

1) Chting minh céc t gidc ABMD , AMDC noi tiép

Do BHCD la hinh binh hanh nén:

Ta c6: BD//CC’ =>BD L AB => ABD =90°

Co:AA’ L BCnén: MD L AA” => AMD =90°

=> ABD + AMD = 180°

=> t giac ABMD ndi tiép duong tron duong kinh AD.

Chting minh twong tu ta ¢ ti gidc AMDC noi tiép duong tron duwong kinh AD.

= A, B,C,D, M nam trén cung mot duong tron

2) Xét (O) c6 day MD//BC => sd cung MB = sd cung CD =>day MB = day CD hay BM = CD
+ Theo phan 1) va BC//MD => géc BAM =g6c OAC

3)Chttng minh OK la duong trung binh ctia tam giac AHD => OK//AH va OK =% AH hay

OK 1 .
an 2
. : e " . . OK 1 GK
+ Chtrng minh tam gidac OGK dong dang voi tam giac HGA =>m =5~ G = AG=2GK ,

ttr do suy ra G la trong tam cua tam giac ABC
Cau 'V .(2, 0 diém)
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Giai:
1) Gia tri nhé nhat caa P1a 2011 khia=b=1
4P=a?>-2ab+b?>+3(a2+b?>+4+2ab-4a—-4b)+4.2014 - 12
= (a-b)?>+ 3 (a + b — 2)>+8044 > 8044
=P> 2011

R . a=b
Dau “=” xay ra & =>a=b=1

a+b-2=0

Vay gia tri nho nhat caa P 1a 2011 khi va chikhia=b=1.

2) Goi 6 thanh phd da cho 1a A,B,C,D,E,F

+ Xét thanh phd A .theo nguyén 11 Dirichlet ,trong 5 thanh phé con lai thi ¢6 it nhat 3
thanh pho lién lac duoc voi A hodc c6 it nhat 3 thanh phd khong lién lac duoc voi A (vi
néu s6 thanh phd lién lac duoc véi A cling khong vuot qua 2 va s thanh phd khong lién
lac dwgc v6i A cling khong vuot qua 2 thi ngoai A , s6 thanh phd con lai ciing khong vuot
quéa 4) . Do d6 chi xay ra cac kha nang sau :

e Khandng1:

s0 thanh phd lién lac duoc véi A khong it hon 3, gia st B,C,D lién lac dwoc véi A . Theo
dé bai trong 3 thanh phd B,C,D ¢6 2 thanh phd lién lac duoc vdi nhau . Khi d6 2 thanh phd
nay cung véi A tao thanh 3 thanh phd d6i moét lién lac duoc véi nhau .

e Khandng 2:

sO thanh pho khong lién lac duoc véi A |, khong it hon ,gia st 3 thanh phd khong lién lac
duoc v6i A la D,EF . Khi d6 trong b 3 thanh phd ( A,D,E) thi D va E lién lac duoc véi
nhau (v 1D,E khong lién lac dwoc véoi A)

Tuwong tw trong bd 3 ( A,E,F) va (AFD)thiEF lién lac dwoc vdinhau, F va D lién lac
duoc v6i nhau va nhu vay D,EF 1 a 3 thanh ph6 d6i mét lién lac dugc véi nhau .

Vay ta c6 bPCM

PE 41

Cau 1: a) Ta co:

Trinh Binh swu tim va téng hep PAGE TAI LIEU TOAN HQC



Website: tailieumontoan.com

A= \/i//_%;i : \/5\/§2+j_

(33-4) 2J’ \/(J§+ 4)(5+22J§)
52—(2J§)

«/_ «/2+«/_
\/4+2J’

[ 3+1 j
<|f—1|—f— >
= %I(_Z) =2

b) B{ Vx+2 _&-ZJ(H&)

x+2J§+1 x-1

B{ ez 32 1)}(”&)

ﬁz 143 26+13f
=2
S

4"”"1|'*<""‘1|"‘

(&+1)2 (Vx+1)(Vx-
A (F )
(‘/;”)2(\/;‘1) bers) i) VGix>0,x #1 ta co:
_<x+\/;—2)—(x—\/;—2)
_ (J’+1)2 (x+X)

2% 2X
T (WD (X - 1)I(f V=
2x _2(x-D+2_, 2

= =2+
x-1 x-1 x-1

ii) Taco:B=

Do x nguyeén nén:
A 2 A o 1=+1
B nguyén S jsuyén & x- llawbccua2 & | O XE {2;0,3,-1}

Vay cac gia tri cia x can tim la xe{2;0;3;-1}
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Cau 2:

{mx+2y:1
a

X+(M+1)y=-1 @

Véim =3, hé phrong trinh (I) tré thanh:
3x+2y=1 -2y=2 y=-1 y=-1
= = =
3X+4y=-1 3X+4y=-1 x+4.(-)=-1 x=1

Khi m = 3 h¢ cé nghiém (1;-1)

b) Ta co:

1-mx
mx+2y =1 y= yzl—mx

= 2 = 2
AX+(Mm+)y=-1 1—mx )
3x+(m+1). =-1 6X— (M +m)x+m+1=-2
_1-mx

VT3 ()

(M* +m—6)x =m+3(*)

Khi m =2: (*) & 0x =5 (v0 nghiém) = Hé v6 nghiém
1+3x
2

Khi m =-3: (*) & 0x = 0. Hé phuong trinh c6 v s6 nghiém x ER, y =

m #
Khim2+m—6¢0<:>(m+3)(m—2)¢0<:>{m ) , ta co:
#*

. m+3 1
T m’+m-6 m-2
(I < L m
y= “m-2_ 1
2 2—-m

. 1 1
Hé (I) c6 nghiém duy nhat | ——;——
€ (I) co nghiém duy nha (m—Z 2_mj

Két luan: + m = 2: (I) vo nghiém
1+3x
2

+m=-3: (I) c6 vO sO nghiém x E R, y =

+m # 2 vam #-3: (I) c6 nghiém duy nhat (L,ij
m-2 2-m

c) Theo cau b, (I) c6 nghiém & m # 2.

Khi m = -3, (I) c6 nghiém nguyén chang hanx =1,y =2

1
Khi m # 2 va m # -3: (I) 6 nghiém nguyén e—— €Z < m-2laudccaal

om-2=1lhoacm-2=-1

o m=3hoacm=1
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Vay cac gia tri m can tim la m € {-3;1;3}
Cau 3:
Phuong trinh: X* —2mx+m? —m—6=0 c6 hai nghiém thi:
A'=m’—(m*-m-6)=m+6>0<>m=>-6.
Theo hé thic Vi-ét ta cé: {Xl PXe=am
XX, =m"—m-6
Ta co:
X, +[X,| =8 <= X7 +X,” +2[x,X,| =64
& (% +X,) = 2%, + 2x%,| = 64 (1)
m>—6

Truong hop 1: NéuX, va X, cling déu thi: XX, 20 < {mz —m-6=(m+2)(m-3)>0

(*)

—-6<m<-2
[m >3

Khi d6 (1) < (%, +X,)" =64 < 4m? = 64 < m =4 (théa man (¥)).

Treong hop 2:

Néu X,va X,trai ddu thi: X,X, <0< m?-m-6=(m+2)(M-3)<0<-2<m<3 ()
Khi d6 (1) < (X, +X,)° —4%,X, =64 < 4m* —4(m* —m—6) =64

< M+6=16 < mM=10 (khong thoa man diéu kién (**).
Kétludan: m =+ 4

Cau 4:
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a) ViB va C thudc duong tron duong kinh AD nén ABD = ACD =90°
Xét hai tam gidc vudng ABD va ACD ¢4 chung canh huyén AD, hai canh goc vudng AB va
AC bang nhau (do A ABC déu)

= A ABD = A ACD (canh huyén - canh géc vuong)

= BAD =CAD (1)

Vi AMBD la t& giac noi ti€p nén:

BMD =BAD (2)

Vi AMDC la t& giac ndi tiép nén:

CMD = CAD 3)

Tix (1), (2) va (3) = BMD = CMD

= MD la phan giac cua géoc BMC.

b) Ta c6: BAD =CAD = % BAC =30°

Xét A ABD vudng tai B c6: BA= AD.cos BAD = 2R.cos30° = Ry/3
Vi ABC 1a tam gidc déu nén BC = BA=Ry/3

Vi AB = AC, DB =DC nén AD la trung truc ctia BC

= AD 1 BC.

T giac ABDC c6 AD 1 BC nén

S jecp = % AD.BC = %.ZR.R«E =R%f3
c) VE OI L AB tai I. Xét tam gidc vuong OIA ta co:

Ol =0A.sinOAIl =R.sin30° =g

2
= Dién tich tam gidc AOB 1aSy,; = % ABOI = % Rﬁ.% _R f (dvdt)
Ta c6: AOB = 2A0C =120 (g6c & tm va gdc noi tiép cling chan cung AB)

7R?.120 _ 7R?
360

Dién tich hinh quat AOB la (dvdt)

Suy ra dién tich hinh vién phan can tim la

R R::/§ _R*(4r-33) (dvdt

12
d) GoiJ la giao diém cua AM va BD.

ViM, B thugc dueong tron duong kinh AD nén DM L AJ, AB 1 DJ
= Ka tric tam ctuia tam giac AJD

=]JK1AD

= JK// BC (cung L AD) 4)
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T giac AMKH c¢6 KMH = KAH (=BMD) nén la t& gidc noi ti€p

= KHA = 180° — KMA = 180° — 90°= 90°

=> KH 1L AD

= KH // BC (cung L AD) (5)

Tl (4) va (5), theo tién dé O-clit vé duong thang song song, ta c6 J, K, H thang hang.
Vay AM, BD va KH dong quy tai J.

DE 42

Cau 1.(1,5 diém) Gia st a, b, ¢, X, y, z la cac s8 thuc khac 0 thoa man — a +— b +E =0 va
X y z

X+ Y4221 Chitng minh rin X_2+y_2+z__1

a b c & & b ¢?

Hudng dan

2 2 2
z+z+£=1@(z+x+z) 1@X_+y_+_+z(xy ¥z _)=1

a b ¢ a b ¢ a? b® ¢ ab bc ac

2 2 2

x_+y_2+z_2+2£cxy+ayz+bxzj:1(*)

a? b* ¢ abc

T E+b+c 0@w=0<:>ayz+bxz+cxy=0thayvéo(*)tacé
X y z Xyz

x>y oz

2y te !

Cau 2.(1,5 diém) Tim tat ca cac s6 thuce x, y, z thoa man

x\/l— Y2 +yN2-2% +243-%° =3

Huéng dan
PKXD : | x|< 3] y[<L| z|< 2

2 2

Ap dung Bt dang thitc AB < A+

ta co dung voi moi A,B

X +1-y> y*+2-72 7*+3-x°
- +
2 2 2
Két hop voi GT ta ¢ Dau “=" xay ra khi

=3

le— Y +yV2—22 +23-x2 <
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X2 +y’ =

yo+2°=2

2 +x*=3

le— y>+yN2-2° +24J3-x2 =3

(x2=1
y? =0 x=1
e 2 &4qy=0
z=+2
x\/’l— Y +yN2—22 +243-x% =3

Cau 3. (1,5 diém) Chitng minh rang véi mdi s6 nguyén n > 6 thi sd:

=1+ 26.10...(4n-2) la mot s6 chinh phuong
(n+5)(n+6)...(2n)

Huéng dan
n - —4)1 n I n I
a =1+ 2".(1.35.....(2n=1).(n 4)'1+ 2".(n+4)! 1. 2".1.2.3..n(n+1)(n+2)(n+3)(n+4)!
(2n)! 2.4.6...2n 2"1.2.34..n
=1+(n+1)(n+2)(n+3)(n+4)
a, =(n*+5n+5)°

Cau 4.(1,5 di€ém) Cho a,b,c 1a cac s8 thuc dwong abe=1 .Chiing minh ring

1 1 1.3

+
ab+a+2 bc+b+2 ca+c+2 4

Huéng dan

Pita=>b=Y;c=2
y z X
1 1 1 yz ZX Xy
= + + = + +
ab+a+2 bc+b+2 ca+c+2 Xy+XZ+2yz Xy+YZ+2XZ XZ+YyZ+2Xy
Thi
3_p_i_ yz ZX Xy

+1- +1-
Xy + XZ +2Yyz Xy + YZ + 2Xz XZ + Yz +2Xxy

1 1 1
3-P=(xy+yz+xz) + +
XYy+XZ+2YZ Xy+YZ+2XZ XZ+YZ+2Xy

. s 1 1 1 9
Ap dung Bat dang thttc —+—+—-2>2———+
A B C A+B+C

(Do ta 4p dung bat dang thitc C6 si cho 3 s§ dwong:

1 1 1 1
A+B+C >33ABC; —+— — >33
B C ABC

Nhan theo vé& 2 bat dang thtic trén, ta duoc:
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j 1 1 1 9
>0 —+—4+—2>—
A B C A+B+C
9 9

Khi d6 Ta c63—P > (xy + yz + Xz) :—<:>Ps3—g:
Adxy+4yz+4xz 4 4

Mlw

XY+ VYZ+2XZ=XY+2YZ+XZ =2XY + YZ+ XZ
y+y Xy+2y Xy +Yy ex=y=z=1

Dau “=" xay ra khi{
xyz =1

Cau 5 (3diém) Cho hinh vuéng ABCD véi tam O .Goi M 1a trung diém AB cac diém N, P

thudc BC, CD sao cho MN//AP.Chting minh rang
A M

© P c

1.Tam gidc BNO dong dang véi tam giac DOP va goc NOP=45°

1. Dt AB=ata c6 AC=av2 Chttng minh Tam giac ADP dong dang tam gidc NBM (g.g)
2 2

suy ra y=ﬂ:> BN.DP=2 maoOBOD=2

DP AD 2 2

tam giac DOP dong dang BNO (c.g.c). tir d6 tinh dwoc ZNOP =45°

2.Tam duong tron ngoai ti€p tam gidc NOP thudc OC.

OB ON OD

DP OP DP

tam giac DOP dong dang ONP (c.g.c). suy ra goc DOP= géc ONP

Theo a ta co g6c PON = g6c ODP=45°

nén DO la tiép tuyén ctia duong tron ngoai tiép tam giac OPN

3.Ba duong thang BD, AN, PM déng quy

bit giao diém cua MN va BC 1a Qva AP la K ap dung tinh chat phan giac cho tam giac
MBN; APD

QM BM KP DP QM KP

= & _—:>Q—M=Q—N(1)tacé.GiéserPcétANtaiI.chét
ON BN'KA AD ON KA ~KP KA

MN tai H Ap dung dinh Ii ta lét HM = HN (2)
PK KA
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Tt (1) va (2) Suy ra% = g_'\l\/ll Q trung H, vay BD, PM, AN dong quy
Cau 6.(1 diém) C6 bao nhiéu tap hop con A cta tap hop{1;2;3;4;....,2014} thdéa man diéu

2

cA

kién A c6 it nhdt2 phantkvanéux € A,y € A, x>y, thi: Xy
Hudng dan

Véi mdi tap A la tap con ctia S = {1,2;3;...,2014} thdéa méan dé bai, goi a va b Ian luot la phan
tir nho nhat va 1én nhat cia A (a,b €S, a<b)

Ta chitng minh b < 2a, that vay, gia st b > 2a

2 2 2

a

Theo giéthié’tC:ba eA Mab>2a=>b-a>a>0=>c= . <~ =a , mau thuan véi a
—a —a a

la phan t& nho nhat cua A.

Vay b<2a

Goi d la phan tr 16n nhat cta tap B = A\ {b}. Ta chttng minh b > 2d. That vay gia sit b < 2d,
theo gia thiét thi

2 2

d 5 e A méb<2d=>0<b—d<d=>e>dF=d

d<b=>e=

Suyrae € Anhunge¢B=>e=b=>
d 2
b-d

(mau thuan vi VP 1a s3 chinh phwong, VT khong 14 s8 chinh phuong)

Vayb22d 2d<b<2a=d<a Maa<d (avadlanluot la phan t& nho nhat va 16n nhat
ctaB)néna=d =>b=2a

Vay A = {a;2a}. Kiém tra lai ta thay A thoa man dé bai. Via € Sva2a € Snén2<2a<2014
=>1<a<1007

=b=>d?=b’-bd =>5d° =4b* —4bd +d’ = (2b—d)’

Vay s0 tap con A thoa man dé bai 1a 1007 tap.

PE 43
Caul
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(a-b)
(«/_ J_3 bf+2af 3a+3@
ava—byb b-a
(Wa-+b)'.(Va+vb) | &,
aby OB R

~ (a-\b)a+ab+b) (Va-vb)(Wa++b)
! a+3a\/5+3b\/§+b\/5+2a\/5 3Ja_

- (a-vb)a+Jab+b)  Ja-+b

_ 3a/a+3avb +3by/a-3a\a-3avb -30va

) (Va—-b)(a++/ab +b)

=0(DPCM)
Cau 2

Goi van toc trén % quang duong ban dau 1a x (km/h) x>10
PPV S \ s

Thi van toc trén 7 duang duong sau la x-10 (km/h)
\e o oA 3 \ w1 90

Thoi gian di trén 7 quang duong ban dau la ~ (h)
o N S . . 30

Thoi gian di trén 7 quang duwong sau la ™ (h)

Vi thoi gian di ca 2 quang duong la 11h40 phut — 7h- 10 phat =% (h)

Neén ta c6 PT:

90 30 9

—+ ——
X x=-10 2

_ 180(x-10) N 60x _ 9x(x—-10)
2x(x—10) 2x(x-10) 2x(x-10)
<=>240x 1800 = 9x* —90x
<=>9x*-330x+1800=0

“ 1A . U R . 90
Giai ra x=30 thoa man diéu kién. Thoi gian di trén 2 quang dueong ban dau 20 =3(h)

Vay xe hong ltc 10 h

2

y=X
1A \ y=X
Cau 3 a) xét hé phuong trinh _ <=>
) xét hé phuong _@H% {3x2+2(m+1)x—1=0(1)

PT(1) c6 hé s6 a va c trdi ddu nén ludn c6 2 nghiém phan biét moi m nén (P) va (d ) luén

cat nhau tai 2 diém phan biét véi moi m.
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b) Theo Vi ét

Ta co
f(x)— (%) =x"—x>+(M+1)(x°—X)—X +X,
<=> 2[f (x)) — T (%,)] = 2%> —2%,° = 3(X, + X, ) (X*— X,7) — 2X, +2X,
<=> 2[F (%) = T (%)]= %7+ %" +3%%, (X, = %) = 2(%, —X,)
<= 20f (%) = T )] = %7 +%,7 + (%= %,) = 2(% = X,)
<=>2ff (%) = T ()] = =06 =%," =3%%, (% —X,))
<=> 2[f (%) = F 06)] = L0 = %) (%" +%,° = 2%,%,)]
<= 2f () = f (%)= =(% = %,)°

Nén f(x)- f(x2)=—%(x1—x2)3

Cau 4

1. Tacdé £ PAD =« PKD
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( cing bang £ CBD dong vi ) nén i gidc AKPD ndi tiép ( quy tich cung chita goc)

2.Theo phan 1 thi DP vudng géc AC nén MDCP noi ti€p suy ra: £ MPD = MCD ma £
MCD =Z ACB ( cung phu 2 £ MDC =2 ACB ) ma £ APK =£ ACB ( dong vi ) nén £ MPD
=/ APK Ta c6 £ MPD +£ MPE =90 0 =« APK +£ MPE =90° suy ra KP L PM.

3.tacé AD=R43 Pitago tam giac vudong AKD vudng tai K tinh duoc KD =+/3R* —x* tam

gidc BAK vudng tai K c6 goc ABK=600=> BK = AK.cot ABK = ——

N

BD = BK + KD = —= +\3R? — %2 (dv d6 dai)

Ve

Cau 5 (1 diém)
DKXD:X;t;;x;&%/E

bat:4-7x=b;x*+2=a; (a; b= 0)

Thi

x*—56x=Xx+2+8(4—-7x)-34=a+80—34

21x+24=-3(4-7x)+34=32-3b

Ta c¢6 phuong trinh

a+8b-34 34-3b _
b a

<=>a’+8ab-34a-34b+3b° = 4ab

<=>(a+b)(@a+3b-34)=0

{a+b:0
<=>

4

a+3b=34

V 6i a+b=0 ta c6

x*—7x+6=0

<= (X=-1D)(X-2)(x+3)=0
x=2(TM)

<=>| x==3(TM)
x=1(TM)

Véi a+3b=34 ta c6

x*—21x+20=0

<=> (X+1)(x+4)(x-5)=0
Xx==1(TM)

<=>|x=-4(TM)
x=5(TM)

PT c6 6 nghiém S ={-4;- 3,— 1,1;2,5}
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Bai 1: (2,00 diém)

1)

1 B0 V2-1 22-\B) 5 . 5
241 2-5 1 2-5 =V2-1-2=-1
2)

B=(—2 a . a+l v6ia>0; a4

(a—2J5+J£—2)'a—4J5+4

_( a N a j(\/a—z)z
la-2Ja Ja-2) Ja+1
_ara (fa-2* Va(+va) (a-2' oo o

_\/5—2' \/§+1 \/5—2 ' \/§+1
Bai 2: (2,00 diém)

ax
1)Vi hé phuong trinh: { y cé nghiém (x;y) = (2; 3) nén ta c6 hpt:

X—by=-a
2a-3=-b 2a+b=3 6a+3b=9 Ta=7 a=1
<=> <=> <=> <=>
2-3b=-a a-3b=-2 a-3b=-2 2a+b=3 b=1
Vaya=1,b=1

2)Giai phuong trinh: 2(2x—1)—3v5x—6 =3x8

<=>4(2x—1)—6+/5x—6 = 2+/3x -8

<=>[(5X—6) —6/5x—6 +9]+[(3x—8) —2/3x—8 +1] =0

<=> (\BXx—6+3)* +(\3x-8-1)? =0

. {m +3=0
J3x-8-1=0

Vay pt c6 nghiém x = 3.

Bai 3: (2,00 diém)

<=>Xx=3

, 1
Trong mat phang Oxy cho parabol (P): y = 2 X

a)Lap bang gia tri (HS tw lam)
D6 thi:
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=X

\\'\\_ M 3
4 \\‘-»:{

b)Vi A € (P) c6 hoanh dd xa=-2 nén ya=2 . Vay A(-2; 2)

Lay M(xv; 0) bat ki thugc Ox,

Ta c6: IMA-MBI < AB (Do M thay d6i trén O va BDT tam giac)

D4&u “ =" xay ra khi diém A, B, M thang hang khi d6 M la giao diém ctia duong thang AB
va truc Ox.

- Lap pt duong thang AB:

Goi phuong trinh duong thang AB c6 dang: y = ax +b

Do A, B thudc duong thang AB nén ta c6:

-1
a:

{—Za +b=2
<=>

a+b=1 b=£
3

. -1 4
Vay phuong trinh duong thang AB la: y = 3 X+ 3

- Tim giao diém ctia duong thang AB va O (y = 0)=> x = 4 => M(4,0)

Bai 4 (4,00 diém)
N
M, i
C
4 0 B
D

a)Chting minh rang: OBNC ndi tiép

Ta c6 OC L AM => OCN=90°

Puong thing d 1a tiép tuyén ctia (O) tai B nén OBN=90°
Vay Tt gidc OBNC néi tiép c6 OCN+OBN=180°

b)Chting minh rang: NO 1L AD

Trong AAND c6 hai dudng cao 1a AB va GC cat nhau tai O.
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Suy ra NO la dwong cao thit ba hay: NO L AD.

¢) Chttng minh rang CA . CN = CO. CD

Ta c6 Trong tam giac vuong AOC c6 CAO+AOC=90°
Trong tam giac vuong BOD c6 BOD+BDO=90°

Ma CAO=BOD(2 goc d6i dinh)

=>CAO=BDO

=>tam gidc CAO dong dang v4i tam giac CDN (g.g)

=> CA_CO_ >CACN =CO.CD

CD CN
d)Xac dinh vi tri diém M dé ( AM AN) dat gia tri nho nhat.
Ta c6: 2AM + AN > 2{/AM.AN (cauchy —cosi)
Ta chting minh: AM.AN = AB® = 4R%*(1)
=>2AM + AN > 2¢/2.4R? = 4/2R

. AN
Dang thttc xay ra khi: 2AM = AN =>AM= - (2)

Tir (1) va (2) suy ra: AM =R+/2
=>AAOM vudng tai O=>M la di€ém chinh gitta cung AB.

PF 45

Bai 1: (2,0 diém):

1T GT ta ¢o:

1 1 1 1 1 1 1

SHTHo= = () )=0

a b ¢ a+b+c a b c a+b+c
a+b a+b

ab +c(a+b+c)

=> (a+b)[(c(a+b+c)+ab]=0

=>(a+b)(b+c)(a+c)=0
a+b=0

=|b+c=0

c+a=0

Néua+b=0=>c=1=>c-1=0=>(a-1)(b-1)(c-1)=0
Néuc+b=0=>a=1=>a-1=0=>(a-1)(b-1)(c-1)=0
Néua+c=0=>b=1=>b-1=0=>(a-1)(b-1)(c-1)=0

Vay ta cé dpcm.

2)V6i mdi s6 nguyén duong n; ching minh (3++/5)" +(3—+/5)" 13 s8 nguyén duong.
Bai 2: (2,5 didin):
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1) Giai phuong trinh (vVX+6 —+/x—2)(1++/x* +4x-12) =8.
PbKXD x > 2, dat
Jx+6=a>0;\x—2=b>0=>a’-bh*=8
PTTT :(a-b)(1+ab)=a*-b’
<=>(a—-b)l+ab—-a-b)=0
a=b<=>x+6 =+x—2(VN)
<=> =1<=>X+6 =1(VN
L+ab-a-b=0<=> (a-1)(b—1) =0 <= | 271 VXFO=1VN)
b=1<=>x-2=1<=>x=3(TM)

PT da cho c6 nghiém duy nhat x =3
X xy’ =y +y (1)

2) Giai hé phuong trinh
P 5 =3-4x%(2)

2y +1+

x*+1
@0 <=>(x*-y?)+xy’~y* =0
<= (X=y)(X*+xy’+y* +y?) =0

X=y?

X2+ xy? +y*+y? :O<:>(x+%y2)2+%y“+y2 :O<:>{);_O(TM (2))

Véi x=y?2

Bai 3: (3,0 diém): Cho tam giac ABC

a) goc Ai=goc C2=gocCu
=> ACHK can C, CAi la d/cao + d trung triec => dpem
b) Co:
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HA HB HC .\ HA Bl)+(1_£):3_(HA1 HB,  HC,
AA BB, CC, AA BB, cC, AA BB, CC,
=3—( HBC+SHAC+SHBA):3_1:2

SABC SABC SABC
c) Tu GT =>M trung diém BC => ....=> ABiMC can tai M => géc MB:1C = g6cMCB1 = goc
ABIN
=> ACBB1 dong dang ABIAN (g-g) =>B,N L AE

)

Ap dung hé thitc luong trong tam giac vudng ta co:

2
(ABlj _ANAE AN 4

EB,) EN.EA EN
Bai 4: (1,0 diém): Tim cac sd nguyén x; y thoa man X +y-3xy=1
x*+y>-3xy=1
<=>(x+Y)® -3xy(x+y)-3xy =1
Dat x + y=avaxy =b (a, b nguyén) ta co:
a’-3ab-3b=1
<=>(a+1)(a’*-a+1)-3b(a+1) =2
<=>(a+D(@*-a+1-3b)=2
Via, b nguyén nén c6 cac TH sau :

a=0

1) a+l=1 WL
<=> _
a’-a+1-3b=2 b=?1
a+l=2 a=1 Xx+y=1
2 <= M) <=> => (X; 0:1): (%0
){a a1 {b NuD) {X IR CNE (G}
a+l=-1 a=-2 X+y=-2
3 <=> ™) <=> => (X; (%)
){a —-a+1-3b=-2 {b:3 (T™M) {x = (xy) e
a=-—

4

a+l=-2 X+Yy= -3
4 <=> M) <=> => (X; %
){az—a+1—3b:—1 {b (TM) {xy 4 (5 y)e
Vay (xy) {(0;1); (L 0)}
Bai 5: (1,5 diém):
2)Cho cac sd thuc duong x, y, z thoa man X2+ y2 +7° = 3Xyz. Chttng minh réng:

2 2 2

X z 3
4 + 4y T2 =3
X"+yz Yy 4+xz z°4+xy 2

Vix, y, z duong, ap dung BDT C6-si ta co:
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1 1 NG 1
+ 2x24/ 7 <x*+yz<=> > <=> < 1
J2XNY y 2x%\yz  x*+yz X' +yz 2 yz()

2 11 1 11 1
Nt <z

Jyz oy 2_2\/_ 4%y E)(Z)

T (1) va (2) =>:

1, 1.1 1 1 1
;)—E(g ; _)_E

Malaicod: Xy +Yyz+2x< X2 +y> +2%(4)

1 x*+y*+z° 13xyz 3
T 4 A<— =—. =—d
w (3) va (4) co: > Xz 2 %z 2 pcm

Ddu “=" xay ra khi x=y=z=1
DE 46
Bai 1: (2,0 di€m)
ax+by=c
a) Ta cé: {bx+cy =a . Cong theo vé€ cac phwong trinh cta hé ta duoc:
cx+ay=>b
(a+b+c)x+(a+b+c)y=a+b+c=(a+b+c)(x+y-1)=0
a+b+c=0
X+y=1

Véi a+b+c=0 thi: (a+b+c)(a’ +b’+c? —ab—bc—ca)=0<>a’+b° +c® = 3abc (1)

Véix +y =1 thay vao gia thiét ta dugc: a=b =c =a’ +b’+c® =3abc (2)
Tt (1) va (2) suy ra dpcm.

X X
1+y+yz - X+ Xy + Xyz :1+x+xy /

1 Xy Xy
1+z+zx Xy + XyZ + X2.yz 1+x+xy

Do dé:

b) Ta co:
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_1+1+1_1+x+xy_1+x+xy
1+x+xy 1+y+yz 1+z+z2x 14+x+Xxy 1+X+Xy 1+xX+xy 1+X+Xy

P

=1(dpem)

Bai 2: (2,0 diém)
a) Tim gia tri cia m d€ (d) cat (P) tai hai diém phan biét
Ta co: (d): y=(Mm+4)x—2m-5; (P): y=x2
Pt hoanh d¢ giao diém cuaa (d) va (P) la:
x> =(m+4)x-2m-5
<=>X*—(M+4)x+2m+5=0(1)
A=[-(M=4)] -4(2m+5)=(M+4)* -42m+5)=m’ -4 =(M-2)(m+2)
Dé (d) cat (P) tai hai diém phan biét khi Pt (1) ¢6 hai nghiém phan biét khi A> 0

m+2>0
m-2>0 m-2>0 m> 2
(m=2)(m+2)>0<=> <=> <=>
m+2<0 m+2<0 m< -2
i m-2<0

Vay: véi m > 2 hodc m < -2 thi (d) cat (P) tai hai diém phan biét.
b) Tim cac gia tri cia m sao cho X’ +x,°=0
Véim > 2 hodc m <-2. Thi Pt: X —(M+4)Xx+2m+5=0 (1) c6 hai nghiém phan biét xi, x2

+X,=m+4
Theo Viet ta cé: {Xl 2

XX, =2m+5
Ta co
X%, = (% %)% +%,)* =3%%,] = (M+4)[(m+4)* ~3(2m+5)]
=(Mm+4)(m+1)?

péx’+x°’=0&
(Mm+4)(m+1)*=0

[m =-4(TM)
<=>
m=-1(L)

Vay : m =4 la gid tri can tim.

Bai 3: (1,5 diém )

Ta co :\/§+\/§:\/1_8(x20;y20)

Pt vigt: Vx +Jy =3v2@)(0 < /x <3J2;0< [y <3V2)

Pt viét:
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ﬁzSﬁ—ﬁ20<=> (W%)? =(3\/§—ﬁ)2 <:>6\/E:y—x+18
=>ﬁ=%+186(3

a’eN(Vi2yeZ vaa>0)

<=> 2y:aeQ<:>2y=azeQ<:>{ -
a:

a=2m(meN)
=> 2y =(2m)? <=> y = 2m* <=> [y =m\2TT => (x =n\2
Pt (1) viét: W2 +my2 =342 <=> m+n=3(m;n e N)

(n=0 x=0
=>

m=3 y=18

n=1 X=2
=>

m=2 y=38

n=2 X=8
=>

m=1 y=2

n=3 x=18
=>

| (m=0 y=0

A ~ . . |X=0 [x=2 [x=8 [x=18
Vay Pt da cho c6 4 nghiém ; ; ;
y=18 |y=8 |y=2 |y=0

<=>

Bai 4: (3,5 diém)

a) Chtng minh t& gidc BHCP noi ti€p
XétA ABP c6: PA =PB
va APO=OPB (tinh giat hai tiép tuyén cat nhau)
=>A ABP can tai P ¢6 PO la phan giac
=> PO cling la duong cao, trung tuyén A ABP .
Xét tix gidcBHCP ta ¢6 BHP = 90° (Vi PO LAB)
BCP =90°
(Vi ké bu BCD =90° (ndi ti€p nita dwong tron (O))
BHP=BCP
=> Tt giacBHCP noi ti€p (Quii tich cung chira goc)
b) Chitng minh ACLCH.
Xét A ACH ta c6
HAC=B: (chan cung BKC ctia dudng tron (O))
MaB: =H: ( do BHCP ndi tiép)
=>HAC =Hx
Ma Hi+ AHC=90° ( Vi: PO L AB)
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=>HAC+ AHC =90°

=>AHC vuong tai C

Hay AC LCH.

¢)Chirng minh M la trung di€m caa AQ.

Xét tir gidc ACHM ta c6 M nam trén duong tron ngoai ti€p A ACH )
=> tt giac ACHM noi ti€p

=>CMH =HAC (chin cung HC)

Ma HAC= BIC (chin cung BC ctia duong tron (O))

=>CMH-=BIC

=>MH]//BI (vi cip goc dong vi bang nhau)

Xét A ABQ c6 AH =BH ( do PH la trung tuyén APB (C/m trén))

Va: MH//BI

=>MH la trung binh A ABQ

=>M 1a trung diém ctia AQ

Bai 5: (1,0 di€ém)

1) Tap xac dinh ctia ham s6 y 1a R . Nhan thay y > 0 vdi moi gid tri ctia x nén dé€ tim gia tri

nho nhdt cua y ta di tim gid tri nho nhat cua y2.

Ma: y? =2x2+2+2\/(x2+x+1)(x2—x+1) = 22X+ 242X X2 +1> 4,

D&u “=" xay ra khi x =0.

Véy Ymin= 4 khi x =0.

2)bPata=x-2,b=y -2, c=z-2. Ta phai chitng minh: abc < 1.
1 1 1 1

Thétvéttir:£+l+—:1:> + + =
Xy z a+2 b+2 c+2

Theo bat dang thitc C6 - si:

1 1 1 1 1 1( b c bc
— = |+ === + > @
a+2 \2 b+2 2 ¢c+2) 2\b+2 c+2 (b+2)(c+2)
1 S ca @): 1 S ab 3)

Tuong t ta co: b+2 \(c+2)(a+2) c+2 \(@+2)(b+2)

Nhan (1), (2) va (3) theo v€ ta duoc diéu can chiing minh.
Déng thiic xay rakhia=b=chay x=y=z=3.

DE 47
Cau L.

¢) Phuong trinh (1) c6 hé s6 a=m’+5>0 nén la phrrong trinh bac hai an x. Do d6
Phuong trinh (1) c6 hai nghiém phan biét X;;X,
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<=>A'=m*+(m®+5).6m>0
<=>m?+6m*+30m>0

<=>m(6m’ +m+30)>0

<= m[5m2+(m+%)z+%}>0

>0vVm

<=>m>0

Khi @6 theo dinh ly Vi—ét ta co: X, +X, =
i do theo dinh ly Vi—ét ta co: X +X, M2 +5
Xét m*+5-2m=(m-1°*+4>0. Mam>0=>m?+5>2m>0

=0<

o 5<1=>0<x1+x2<1
+

Vay tong hai nghiém cta (1) khong thé la s6 nguyén.
d) Phuong trinh (1) c6 hai nghiém X;;X;

A'>0<=> m{5m2+(m+%)2+%}20

<=>m=0

+X, =
6% m?+5
—6m
m?+5

Khi d6, theo dinh ly Vi-ét:

XX, =

Ta co:

(Xlxz_\lxl+x2 ‘=16
{Xixz_ X X, =2

<=>
X1X2_\/X1+X2:_2

THL: XX, =X +X, =2

—6m 2m

<=>— - >
m*+5 m*+5

=2(2)

2
Dit t = ,/mz—Ts;t >0 phuong trinh (2) tré thanh ~3t* —t—2=0

Xét A=1"-4(-3)(-2) =-23<0= (2) v6 nghiém.

TH2: %%, — X +%, =2 <=> —om 2m =-2(3)

m?+5 \m’+5

2
Dit t= mz—Ts;tzo phuong trinh (3) tro thanh ~3t2—t+2=0
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<=>(t+1)(3t-2)=0
t=-1(L)
m=2(TM)

2
m=g(TM)

<=> 2m 4 2
> =—<=>4m"-18m+20=0<=>(M-2)(4m-10)=0<=>
m+5 9

2
t=—(TM) =
3( )

Vay tét ca cac gia trim can tim 1a me {2; Z}

Cau II.

{2(1+ x\Jy)? =9y/x a
2L+ yVx)? =9x\fy

PK:x>0,y=0

Dt a=x/y;b=yv/x , diéu kiéna >0, b > 0. Hé () tré thanh

2(1+a)? =9b(1)
2(1+b)? =9a(2)

)

Lay (1) trix (2) ta duwoc:

2(1+a)” —2(1+ b)> =9(b-a)
<=>2(a—Db)(a+b+2)+9(a—b)=0
<=>(a-b)(2a+2b+13)=0

>0Va,b>0

<=>a=Db

Thay a=b vao (1) ta c6

a=2=>b=2(I'M)=>{X\/\/¥:2<=>x=yzi/zr

yux =2
2(1+a)’ =9a <=> 1
1 1 Y =5 1
2 2 1 4
yWrx=2
L 2
A A AY 4 A 3 .3 . 1 1
Vay hé phuwong trinh c6 nghiém (\/Z\/Z) 32,32
2)

B C

ViBM, CN lan lugt la phan giac géoc ABC, ACB nén theo tinh chat duong phan giac, ta co:
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MC BC _MC+MA _ BC

—=—= =1+
MA AB MA AB
NB BC _ BN+NA BC
—= => =1+
NA AC NA AC
2
__ (MC + MAY(NB + NA) s Bc)(1+ |3c):1+ BC®  BC BC
MA.NA AB AC AB.AC AB AC
Ap dung dinh ly Pi-ta—go cho tam gidc vuong ABC va BDT Cd-si cho hai s8 khéng am, ta
co:
2 2 2 BC2
BC®=AB°+ AC°>2AB.AC => >
AB.BC

BC+BC - ’BC BC >2\/—
AB AC AB AC
(MA+ MC)(NB + NA)
>1+2+2 3+2
MA.NA \/_ \/_

Cau III.

O Taco 411340 1 caiby—ab
a b c ab c

Gia stir a + b la s6 nguyén t6, khi @6 tir (*) = ab i (a+b) = a i (a+b)hodch: (a+b)
Diéu nay mau thuando0<a<a+b,0<b<a+b.
Vay a + b khong thé'la sd nguyén to.
d) Giastta+cvab+cdong thoila sd nguyeén to.
Tt c(at+b)=ab=>ca+cb=ab=>ca+ab=2ab-ab=>a(b+c)=b(2a-c)
Sa(b+c)ib (™)
Mab + cla s6 nguyén td, b 1a s6 nguyén duwong nhdo honb +cnén (b +c¢, b)=1
Do do tt (**) suy raa i b.
Chttng minh teong tetacéb(a+c)=a@b-c)=>bia
Vaya=b. Tk () > a=b=2c
Do dé a+c=b+c=3c, khong la s6 nguyén t& véi c > 1 (mau thuan vdi gia str)
Vay a +cvab + c khong thé dong thoi 1a s6 nguyén to.
CaulVv.
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d) Ta c6: HCA =ABC (cung phu véi HCB)
ViCN la phan giac caa goc HCB nén HCN =BCN
Do d6 CAN=HCA +HCN= ABC +BCN
Mat khac, xét A BCN voi goc ngoai ANC ta c6: ANC= ABC+ BCN
Suy ra CAN= ANC = A ACN can tai A > AC=AN.
Chiing minh twong tu ta c6 BC = BM.
e) ViCM, CN Ian luot ala phan gidc cua géc ACH va BCH nén

MCN = MCH + NCH :%ACH +%BCH :%ACB=45°

Tam gidc ACN can tai A c¢6 Al la phan gidc ké tit dinh A, nén cling la trung truec ctia day

CN.

= IC=IN.

= AICN can tail.

Tam gidc ICN can tai I c6 ICN=45° nén la tam gidc vudng can tai I

= CILIN

Chttng minh twong tw ta ¢c6 CJ] L MJ.

T gidc MIJN ¢6 MIN=MJN=90° nén la tt gidc ndi tiép

= Bon diém M, 1, J, N cung thudc mot duwong tron.

ViCH L MN, MJ L CN, NI L CM nén CH, MJ, NI dong quy tai trec tdm cua A CMN.
f) Pit AC=b;BC =a=>a’+h*=BC’ =4R*(Pi-ta—go)

Theo cau a, ta c0 AN=AC=b; BM=BC=b

Do d6 atb=AN+BM=BC+MN=>MN=a+b-BC=a+b-2R

Ta co:

(a—b)>>0=>2ab<a’+b’=>(a+b)*<2(a®+b*)=8R?

<=>a+b<2J2R=>MN =a+b-2R<2R(\2-1)

D&u bang xdy ra khi va chi khi a=b & CA = CB & C la diém chinh gita ntra duong tron.
Vi C thudc ntta duong tron dwong kinh AB nén CH <R.
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Dodé&WN=%Q+MNS%R2RQE¥D=R%J540

D&u bang xay ra & C la diém chinh gifta ntta dwong tron.
Vay gid tri nhd nhat cua MN la 2R(\E —1) va gia tri nho nhéat caa dién tich tam giac CMN
1a R°(v2-1)
déu xay ra khi va chi khi C la diém chinh gitta ntta duong tron duwong kinh AB.
Cau V.

c¢) Goi5sdtynhiéndacholaa, b, c d,e.
Do ching d6i mot phan biét nén c6 thé giasta<b<c<d<e.
Theo gia thiéttacoa+b+c>d+e=>a+b+c>d+e+1
Suyraazd+e+1-b-c
Vib, ¢, d, e 1a sO ty nhién nén tir
d>c=>d>c+1;c>b=>c>b+1
Suyrad>b+2=>d-b2>2
e>d=>ex2d+1=>e2c+2=3e-c22
Dodéax=(d-b)+(e—c)+125.5uyrab,c,d, e>5
Vay tat ca cac sd déu khong nho hon 5.

d) Neua26=>b>a+1>7 Tuongtuc>8,d=9,e>210=>a+b+c+d+e>40 (miu

thuan)

Suyraa<6.Matheocauatacba=5=a=>5.
Tac65+b+c>d+e+1=>b+c>d+e-4.
Mad-22>2b,e-2>c=>d+e—-4>b+c.
Do dé

b=d-2
{c oo =>a+b+ct+d+e=5+2b+2c+4<40

=>b+c<3?1=>b+(b+1)$b+c<3?1=>bs7

Suyrab=6hodacb=7
Néub=6thid=b+2=8.Vib<c<dnénc=7=>e=c+2=09.
Néub=7thid=b+2=9.Vib<c<dnénc=8=e=c+2=10.
c6 hai bd thoa man dé bai 1a (5;6;7;8;9) va (5;7;8;9;10).

DE 48

Caul.

1. Ta co:
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(x+2x/;+4+x+2«/;+1 1 2

xJX —8 xl)(3\/_2\/;+1

X+ 24X +4 (WX +1)? 3(( 2)(VX +1) + (WX +1) + 2(x - 2)
Lf Dx+ 24X +4) | (X +DWX-D) Wx=2)(x+)

1 ﬁ+1 3(x—Vx-2)+3Jx -3
(J’ 2" Ix- 1) (Wx-2)(x +1)

x4+ (Wx+DWx-2) . 3x-9
T E N E e
__ x-3 (Vx=2)(x+1)

S (Wx-Wx-D T 3(x-3)

B \/;+1

3(x-)

2. DKXD: x=0;x #1;x #3;x #4

«/;+1 1 J_+1 150

A>1<:>\F——1)> <=> 3(\5 D
VX131
R
A 2\/_
MEEN
2=k
MECEN
<=>1< \/; <2
<=>1<x<4
Két hop véi DKXD, ta ¢ {iijﬁ; 4 1a diéu kién can tim.
Cau 2.
1.X*+2X+7 = 3,\/(x2 +D(x+3)(2)
bK:x>-3

Nhan xét: X° +2X+7 = (X +1) + 2(x+3)
Data=+/x*+1(a>0),b=+/x+3(b>0), phrwong trinh (1) trd thanh
a’ +2b® =3ab <=> (a—b)(a—2b) =0

a=>b
<=>
a=2b
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a=b=>xX*+1=x+3<=>x?+1=Xx+3<=>(x—=2)(x+1) =0

{X:Z(TM)
<=>
x==1TM)

Véi
a=2b=>\x2+1=2x+3 <=> x?* +1=4(x+3) <=> x> —4x—-11=0
<=>{x=2+\/1_5(n\/|)
x=2-+15(TM)
Vay tap nghiém cta phwong trinh (1) 1é1{2;—1; 2—\/]3; 2+\/]3 }

X2 +y?=3-xy
> {x“+y“=2 D
(1) <> X*+y?=3-xy eyt =3-xy
(X2 +y°)? —2x°y* =2 (3—xy)> —2x’y* =2

(X+y)*—2xy =3—xy (X+y)> =3+xy
<=> <=>
9-6xy +x°y* —2x°y* =2 X?y? +6xy-7=0

I (x+y)Y =4
2 _
(X+Yy) =3+xy {xyzl
<=>q| xy=1 <=> ,
Xy =—7 {(x+y) __4(L)
L xy=-7
[(x+y=2 [ (x=1
xy=1 y=1
<=> <=>

X+y=-2 x=-1

Xy =1 Y= -1
Vay hé phuong trinh c6 nghiém (1;1) va (-1,-1)
Cau 3.

x> =3(M+1) x+2m’+5m+2=0. (1)

Ta co:

A=9(M+1)* —4(2m* +5m+2) =m* —2m+1= (m-1)?

Phuong trinh (1) c6 hai nghiém phan biét X; X, <=> A >0<=>(m-1)* >0<=>m=1
Khi d9, theo dinh 1i Vi-ét, ta co:

X, + X, =3(m-1)
X X, =2m? +5m+2

Do d6:
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|X1+X2 |:2|X1_X2|
<=> (X1+X2)2 =4(X1_X2)2
<=>3(X, +X,)? —16x,x, =0
<=>27(m+1)* -16(2m* +5m+2) =0
<=>5m’+26m+5=0
<=>(m+5)(m+1)=0

m=-5

<=> -1
m=—

AN - A s . o - A 14 \ _1 N\ 7 L4 . \
D6i chiéu vdi dieu kienm #1, tacdém=-5vam= ? la cac gid tri can tim.

Cau 4.

1. T& giac APHQ c¢6 APH +AQH=90°+90°=180° nén la t&t giac noi ti€p
=>APQ= AHQ
Ta c6: AHQ =BCQ (cung phu véi CHQ)
Do d6é APQ =BCQ
Suy ra BPQC la tt gidc ndi ti€p.

2. ViBPQC la tt giac noi ti€p nén
MBP=MQC

MB MP

AMBP ~ AMQC(g.g) = Mo~ NC ™ MB.MC = MP.MQ(L)
Vi APHQ la t& giac ndi tiép nén: MQH =BAH
Ma BAH= MHP (cung phu véi PBH )
nén MQH= MHP

MQ MH )
AMOH ~ AMHP(g.9) => —< =—— => MH?2 = MP.MQ(2
Q (9.9) SV IRV I Q(2)

Ti (1) va (2) MH? =MB .MC
3. Vi AKBC la t giac ndi ti€p nén
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MKB = MCA => AMKB ~ AMCA => MK = M8
MC MA

=> MK.MA = MB.MC

Két hop véi két qua y 2, ta cdé MH? = MK.MA

= HK la duong cao ctuia tam giac vuong AHM.

= AK L KH

Do d6 KH cat (O) tai D (D khéc K) thi AD la duong kinh ctia (O).

Goi J la trung diém HD, N 1a trung diém QC.

Khi d6 OJ la duong trung binh cia A AHD = O] // AH = OJ 1 BC.

Ma OB = OC nén OJ la trung treec BC (3)

Vi HQ // DC (cung vudng géc AC) nén HQCD la hinh thang.

= JN la dwong trung binh ctia hinh thang HQCD

=JN//HQ=]JN 1 QC

= JN la trung truc ctia QC (4)

Tt (3) va (4) = J la tam duong tron ngoai tiép t& giac BPQC (do BPQC 1a t& gidc ndi tiép)

=>J=1
Ma K, H, ] thang hang nén I, K, H thang hang.
Cau 5.
. 3 4 2014 2015
Dats=?+§+....+w+zzw
Ta co:
3 4 2014 2015
3 4-3 5-4 2015-2014 2015
=>28_S=E+ 2 + e Foet oW H20ld
1 1 1 1 2015
:>S=(1+§+?+§+....+—22013)——22014
1 2014
1-()
, 1 1 1 1 2 1
Ta co: 1+E+?+?+....+W:1—1 :Z_W
2
Do dé:

1 2015 2 3 4 2014 2015
S=2——22013 ——22014 <2:>1+§+?+§+""+—22°13 +—22014 <4
PE 49
Caul

1) Giai phuong trinh: V43—-x=x-1
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x=1>0(1
Va3 =x-1<=> {43— X =((>)<—1)2(2)
D) <=x>1
(2) <=>x* —x—42=0<=> Kz;
Két hop nghiém ta c6: x=7 ( thdéa méan), x = - 6 (loai)
Vay tap nghiém ctia phwong trinh da cho la S = {7}.
x+1:;)\/\/; 4 2\}/§_+43 ;/;:/r_l(x 20x=0)
x+1?(>)x/\/§ 4 2«}/;1:) fF(XZO;Xil)
_ o 1ovx o 2dx-3 x4l
Wx+HWx-1)  Vx+4 Jx-1
_10Jx - X =3)(x 1) - (Vx +)(/x +4)
Wx+4)(x-D
_ 10X = (2x=5X +3) — (x+5\/X +4) _ —3x+10yx -7
Wx+4Wx-D)  (Wx+Hx-D
_(Wx=(7-3Jx) _7-3x
Wx+HWx-1)  Vx+4
Cau 2
1. Cho Parabol (P): y=x? va dwong thang (d):y=(m-1)x+m+4 (tham s§ m)

2)Rat gon biéu thite: A=

A=

V6im =2, tim toa do giao diém cta (P) va (d).
m =2 ta c6 phuong trinh dueong thang (d)la:y=x+6
Hoanh d¢ giao diém ctia (P) va (d) la nghiém cta phuong trinh:

xX?=x+6
5 X=-2
<=>X"—-X-6=0<=>
X=3
+H)x=-2=>y=4
+)x=3=>y=9

Vay m= 2 thi (P) va (d) cit nhau tai 2 diém A(-2;4) va B(3;9)

2. Tim m d¢€ (d) cat (P) tai 2 diém nam vé hai phia ctia tryc tung.
Hoanh d¢ giao di€ém cua (P) va (d) 1a nghiém cta phuwong trinh:
x? = (Mm-=1) x+m+4

<=>Xx*~(M-1)x-m—4=0(*)
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(d) cit (P) tai hai diém nam vé hai phia ctia truc tung khi va chi khi phuong trinh (*)c6 2
nghiém trai dadu
1. (-m-4)<0
&S m>-4
Cau 3
X+y=3m+2
3Xx-2y=11-m
X+y=3m+2 2X+2y=6m+4 5x=5m+15 X=m+3
{3x—2y=11—m<:>{3x—2y=11—m <:>{x+y=3m+2<:>{y=2m—l
x* —y? =(m+3)*—(2m-1)* =-3m’ +10m +8
49

5
=—-3(m-2)°
3 ( 3)

1) Cho hé phwong trinh: { (tham sé m)

5 J ? . \ ? . 5

Do (m_§)2 >0 v6éi moi m; ddu “=" xay ra khi va chi khi m= 3
49 \ C oy 41 S
= X' —y? < 3 ,dau “=" xay ra khi va chi khi m= 3

Hay x2-y? 16n nhat bang 4—; ,ddu “=" xay ra khi va chi khi m= %
2. Goi van t6c du dinh ctia 6 t6 1a x (km/h) (x > 6)
Khi d¢6 thoi gian 6 t6 du dinh di hét quang duong AB la % (h)

40
X—6

(h)

40
X+12

Thoi gian thyce t€ 6 t6 di nta quang duong dau la

(h)

Thoi gian thyce t&€ 6 to di nita quang dwong con lai la

Theo bai ra ta c6 phwong trinh:

40 N 40 80
X—60 x+12 X
— 40x(x+12) N 40x(x —6) _ 80(x—6)(x+12)

X(Xx—6)(x+12) x(x-6)(x+12) x(x—-6)(x+12)

<=> 40X’ + 480X + 40x* — 240x = 80x* + 480x — 5760
<=>240x =5760
<=>X=24
Vay van téc du dinh cta 6 t6 la 24 (km/h)
Cau 4
Tt gia thiét ta c6: APH=90°; ANH =90°
=>Tw giac APHN noi ti€p duong tron duong kinh AH
Ta c6: BD//CH (BDCH la hinh binh hanh) va CH 1 AB
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= BD L AB => ABD=90°

= Twong ty ta co: ACD=90°

= Tt gidc ABDC nogi ti€p duong tron (duong kinh AD)

2. Xét 2 tam giac ABE va ACH c¢:

ABE=ACH (cung phu véi goc BAC) (1) A
Go6c BAE phu v6i goc BDA; BDA=BCA (g6c ndi tiép cung

N
chin cung AB) P
Géc CAH phu véi goc BCA =>BAE=CAH(2) o
3 C
Tt (1) va (2) suy ra 2 tam giac ABE, ACH dong dang 5 M 1\/
28 _AC . ABAH = AC.AE -
AE AH

3. GoiI 1a trung diém ctia BC =>1¢6 dinh ( do B, C ¢6 dinh)

Goi O la trung diém AD => O ¢6 dinh (do goc BAC khong d6i, B, C ¢d dinh, O la tam
duong tron ngoai ti€p tam gidc ABC)

= D¢ dai OI khong doi

T giac ABDC la hinh binh hanh =>I 1a trung diém caa HD

1
=0l = > AH (Ol la duong trung binh ctia tam gidc ADH)

= D6 dai AH khong d6i

Vi AH la duwong kinh duong tron ngoai ti€p t giac APHN, d6 dai AH khong d6i => do
dai ban kinh duong tron ngoai tiép tit gidc APHN khong doi => duwong tron ngoai tiép ti
giac APHN c6 dién tich khong doi.

Cau 5
Ta co:
2 2
S ()z:y)2 uSY)
y Xy

2Xy er2+szr2

=1+
X2 +y° Xy

2 2 2 2
34 ( 22xy +x +y )+x +y

XX+y* 2xy 2xy

Do x, y la cac s& duong nén ta cé:

2 2 2 2
22xy2+x Y 5 22xy2.x Y,
X“+y 2Xy X“+y°  2xy

Ddu “=" xay ra khi va chi khi:
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2 2

2xy X" +y
XX +y%  2xy

<=> (X +y?)? =4x°y* <=> (x* - y?)* =0

<=>x’ =Yy’
<=>x=Yy(x;y>0)

2 2

+y
2Xy
Cong cac bat dang thitc ta dwoc S > 6

S=6 < x=y.VayMin S=6 khivachikhix=y
PE 50

Caul

1) Diéu kién: x >-1
Ta c&: /X +1+2x/X+3 = 2x+/X* + 4x+3

<= 2%x+3 = 2%+ x+1—J(x +D(x+3) =0
<=> 2x(Vx+3-1) —Vx+1({x+3-1) =0

<=> (x+3-)(x+1-2%)=0

«/x+ =1(1)
«/x+ =2X(2)

Ta c6 (1) <x =2 (loai)

X2+ Y2 2 2%y = 2 >l<=>X=Y

X+1=4x?

{XZO {XZO
(2) <= =

=> <=>
4x* —=x-1=0 L+ V17

1+\i_

<=>X= (TM)

1+E

Vay phuong trinh da cho c6 nghiém x =

2) biéu kién: x =-1;y #-1

X2 N y2 1
2 2 -
Hé phurong trinh da cho twong duong véi (y+)° (x +11) 2
X L:_
y+1 x+1 4
1
X u?+v2 :E
Dat U_— V—L hé da cho tro thanh
y+1 x+1’ e

4
u®+vi+2uv=1 (U+v)* =1

<=> <=>
u’+v:i-2uv=0 (uU-v)*=0
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+1=2x
Néu u=v=1:> y <=>x=y=1TM)
2 X+1=2y
+1=-2X —
Néu u=v=—1=> y <=>x=y:—l(TM)
2 X+1=-2y 3

Vay hé phuong trinh c6 2 nghiém: x=y=1, x=y = ‘?1

Cau 2. a) Phuong trinh da cho tuwong dwong véi9x = (y —1)(y +2)(2)
Néuy-1:3thiy+2=(y-1+3:3=>(y-1(y+2):9
Ma 9x ‘9 Vx e Z nén ta ¢ mau thuan.
Suy ray -1 :3, do d6: y -1 =3k(k € Z )=>y=3k+1(k e Z)
Thay vao (1) ta c6:9x =3k(3k +3) => x=k(k +1)
x=k(k+1)

Vay phuong trinh c6 nghiém: {y 3kl (kez)

b) Tir gia thiét suy raab = (a+b)va+b(2)

Vi ab va a+tb € N"nén a+b la s§ chinh phuong.

Mit khacl<a+b<18=>a+be{1;4;9;16}

Néu a+ b=1, a +b =4, a+ b=16 thi thay vao (1) khong thoa man
Néu a +b =9 thay vao (1) ta dwocab =27

Vay a=2;b=7

Cau 3. bat

a7 - -y U 2

=a’=x%b’ =y*c? :23,a:\/x_3;b:\/y_3;c:\/z_3;x, y,2>0
Bat dang thitc da cho tré thanh:

X +y 4+ 2% +3xyz > 2(\/x3y3 +\/y323 +VZ233)(1)

Vi vai tro clia x; y ;z binh dang nén c6 thé gia stt x >y >z > 0
Khi d6

X(x=y)* +2(y =x)* +(z+x=y)(x=y)(y—2) 20

=> x>+ y* + 2° +3xyz > xy(z+Y) + yz(y+ 2) + zx(z+ X)(2)

Ap dung B4t déng thitc Cosi ta cd xy(X+Y)> 2xy\[@ = ZW (3

Twong tu ta co:
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y2(y+2) > 2|/y’7 (4)

ZX(z+x) > ZW (5)

Cong vé& theo vé& cac bat dang thiic (3), (4), (5) ta dugc
Xy(X+Y) + yz(y+ z) + 2x(z+ X) > 2(\/x3y3 + \/y3z3 +2%x%)(6)
Tir (2) va (6) ta c6

XX+ y*+2%+3xyz > 2(\/qx3y3 +\/y3z3 +2%%%)

Déng thtic xay ra khi x=y=z hay a=b =c.

Cau 4

a)

Vi AEC= AFC =90° nén t& giac ACEF noi tiép.

Suy ra BFE =ACB (cung bu vdi géc AFE) (1)

Ké tia ti€p tuyén Bx cua duong tron (O) tai B.

Ta c6 ACB= ABx (cung chan cung AB) (2)

Tt (1) va (2) suy ra BFE =ABx

Do d6 Bx// EF

Ma OB1Bx nén OBL EF

Xét ABEF va ABAC c6 ABC chung va BFE= ACB ( theo (1))
nén ABEF va ABAC dong dang.

" At gin w v e BHO s
Mat khac ABEF va ABAC lan luwot ndi tiep dwong tron ban kinh - va duwong tron ban

EF BH

nh OB nén — = ——
kinh OB nén - /==7 g

Trinh Binh suu tim va téng hep

PAGE TAI LIEU TOAN HOC



Website: tailieumontoan.com

Tor d6 ta c6 o1 =2 EF
BO °AC

b) Goi Miva Nilan luot 1a cac diém d6i xing voi P qua AB va AC.
Ta c6: AM1B=APB (do tinh chat doi xing) (3)

APB=ACB (cting chan cung AB) (4)

Tt gidc BEHF ndi tiép nén BFE= BHE (5)

Mat khac theo cau a) BFE =ACB (6)

Tt (3), (4), (5), (6) suy ra AMiB= BHE =AM:B+ AHB = 180°,

do dé t&¢ giac AHBMinoi tiép

=AHM:= ABMi1 ma ABM:= ABP nén AHM: =ABP.

Chitng minh twong tu ta c6 AHN= ACP

=AHM:+ AHN:= ABP+ ACP=180°=M),, N1, H thang hang

Mit khac MN la dwong trung binh ctia tam giac PMiN1, do d6 MN di qua trung diém cua
PH.

Cau 5

Goi (O) 1a dwong tron ngoai tiép tam giac Goi (O) la duwong tron ngoai ti€p tam giac BC,
CA, AB.
Do tam gidc ABC nhon nén O nam trong tam gidc ABC
Vi BAC =60° => MOC =60° =>0A=0B=0C = _MC =2
sin60°
Vi O ndm trong tam gidc ABC va OML BC, ON LAC,OP LAB
Suy ra tam gidc ABC duoc chia thanh 3 t& giac ANOP, BMOP, CMON ndi tiép cac duong
tron c6 dwong kinh 2 (duong kinh lan lwgt 1a OA, OB, OC).

Theo nguyén ly Dirichlé, ton tai it nhat mot trong 3 t& gidc nay chita it nhdt 5 di€m trong
13 diém da cho, gia st d¢ la t giac ANOP.
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Goi E, F, G, H Ian luot la trung diém cua NA, AP, PO, ON va I la trung diém OA, suy ra
IA=IP=IO=IN=1

Khi d6 t giac ANOP duwoc chia thanh 4 t& giac AEIF, FIGP, IGOH, IHNE ndi tiép cac
dwong tron cé duong kinh 1.

Theo nguyén ly Dirichlé, ton tai it nhat mot trong 4 t& giac nay chira it nhat 2 diém trong 5
diém da cho, gia st d6 la t giac AEIF chita 2 diém X, Y trong s6 13 di€ém da cho.

Vi X, Y nam trong t gidc AEIF nén X, Y nam trong dudng tron ngoai tiép ti gidc nay, do
do6 XY khong 16n hon duong kinh dwong tron nay, nghia la khoang cach gitta X, Y khong
vrot qua 1.
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MUC LUC

Phan 1. Dé luyén thi

Phan 2. D4p an

e Dbél: Trang ....57

e be2: Trang ....61

e Deé3: Trang ....64

e Deé4: Trang ....68

e Deéb: Trang ....72

e Déé: Trang ....77

e De7: Trang ....81

e Dés: Trang ....83
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e Dé10: Trang ....93

e bell: Trang ....97

e bel2: Trang ....100
e Deé13: Trang ....105
o beél4: Trang .....113
e Dé15: Trang .....116
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e Dbe17: Trang .....124
e beéls: Trang .....127
e beélo9: Trang .....129
o Dé20: Trang .....132
e beé2l: Trang .....134
o Dé22: Trang .....137
e beé23: Trang .....141
o Dé24: Trang .....146
e Deé25: Trang .....149
e bDé26: Trang .....153
e Dbe27: Trang .....157
e beé2s: Trang .....161
e Deé29: Trang .....167
e Deé30: Trang .....172
e Deé3l: Trang .....174
e De32: Trang .....176
e Deé33: Trang .....180
o Deé34: Trang .....185
o Dgé35: Trang .....190
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