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LOI GIOI THIEU

Viéc d6i mdi chuong trinh va sach giao khoa o bac Trung hoc co
s da hoan chinh tir 16p 6 dén 16p 9. Dé gitip hoc sinh nim dugc
nhimg kién thitc co ban cua chuong trinh, nang cao kha nang tu
hoc, tut rén luyén trong qua trinh hoc tap, déng thdi co kién thiic
vimg vang dé tiép tuc hoc & bac Trung hoc phé théng.

Chiing t6i bién soan cuén sach " On luyén Toan THCS va thi vao
16p 10 ", gbm cac phan chinh sau:

Phéan I: Pai s6

Phén II: Hinh hoc

Phan III: Bai tap nang cao
Phéan IV: Hudng dan giai

Trong méi phan ching t6i ¢6 géng soan theo tinh than bam sat
kién thirc sach giao khoa. Trong timg don vi kién thic viét theo b6
cuc nhu sau:

1. Kién thitc cAn nhd: Tom tit cac kién thitc co ban

2. Nhitng diém cén luu y:

- Néu phuong phap giai
- Nhan manh céc sai lam hoc sinh c6 thé méc phai va cach
khic phuc

3. Bai tap vi du: Theo hudng bam sat

4. Bai tap tu luyén: Cé ca bai tap trdc nghiém khach quan va tu

ludn

Trong qua trinh bién soan, ching t6i da c6 ging trinh bay dé hoc
sinh dé tiép can va ndm vimng kién thic cia chuong trinh theo
hudng d6i mdi, tuy vay khong tranh khdi thidu sét. Xin dugc tiép
thu y kién gop y phé binh tir phia ban doc.

Xin chian thanh cam on!



PHAN THU NHAT.

PAI SO

1. BN DOl DONG NHAT
I.1. 1ang dang thic
1. Kién thitc can nho
(A+B)=A"+2AB+B.(A-B)’=A'-2AB+ B’
A'-B' =(A-B)(A+B). (A+B)' =A"+3A’B+ 3AB’ + B'
(A-B)'=A"-3AB+3AB°-B. A'-B' =(A-B)(A’+ AB+ B)
A'+B' =(A +B)(A’- AB+B’)
(A+B+C)P=A’+B+C+2AB+ 2AC + 2BC
A'+B'=(A+B)'-3AB(A+B). A'-B' = (A-B)' - 3AB(A - B)
2. N hitng diém cdn luu y
~ Khi giai cdc bai todn van dung cdc hang ding thirc, chiing ta phai van dung céc
hang dang thirc theo ca hai chiéu khai trién va thu gon mot cach linh hoat.
- Hai da thitc bang nhau v6i moi gid tri clia biéu thifc khi tat ca cic hé s6
cla chiing tuong img bing nhau.
Mot da thirc bang da thirc khong khi tat ca cac hé s6 cua ching déu bang 0.
3.Cdic vidu
Vi du 1: Thu gon biéu thifc sau:
P=(2x -3 +(6-4x)2x +5)+ (2x+ 1)’+8 (2x + 1) + 16
Giai
lacé: P=(2x -3’ -22x-3) 2x+35) +[(2x + 1)’ + 8 2x + 1) + 16]
P=(2x - 3)’-2(2x - 3) 2x + 5) + (2x + 5)°
P=(2x+5-2x+3) =64
Vidu2:Cho a+b+c=0va abc= —l—
J3
Tinh gia tri biéu thtc M= a' +b' + ¢’
siai
aco: M =a ' +b'+c'=@+b)'-3aba+b) +c’
=(a+b+c)[(a+b)y—-(a+b)c + c’]-3ab(a+b)
= —3ab (a + b) = 3abc =+/3
_’IZE\ taco: Néwa+b+c=0thia +b'+c' = 3abe
Léw nguoce lai thi sao ?




Vidu3: Chox+ —=4.Tinhx'+ -
X X’

Giai

(x + —l-)zzx"'+l2 +2=16.nén x’+i2 =14

1 ] 1
X" + —?=[X3+-—3-)[X2+'—2 -
X X X

4. Bai tdp tu luyén

Bai 1: Dién céc biéu thirc thich hop vao 6 tréng :
a. x+3y@Od+0O+0)=8'+271
b. 4x-3y)O-0+0)=64 -27y
c. 2x-1 20 xd+0+[))=4
d 2-3x)Y+2[] x[d+d+2%=16

Bai 2: Cho a I nghiém ctia phuong trinh: x* - V/5x +1=0

Tinh gié tri biéu thic:

A=a'+ —%—2_(a3+L3J+3(a2+L2]-—4(a+l)
a a a a
Bai 3: Cho cédc s6 a, b € R thoa man: |
(@a-3)(b-a)+(a-b)(b-3)+ (a-3)3-b)+3=0
 Tinh gi tri biéu thitc: /(a—b)2 +(a—3)2 +(b-3)?
Bai 4: Cho a, b, c 12 ba s6 do6i mot khdc nhau thoa man: ab+ac+bc=1.
(a+b)2(b+c)2(c+a)2+2
(1+a?)1+b*)1+c?)

(x+—-)=52.l4—4=724
X

Tinh gid tri biéu thic: A =

1.2. Ph. n tich da thirc thanh nhan tu

D€ phan tich da thirc thanh nhan tir, chiing ta ¢6 nhiéu phuong phdp nhr: dat
nhan tir chung, dung hing ding thic ding nhé, nhém nhiéu hang tir, tich cac
hang tir thanh nhiéu hang tir, thém bét cing mot hang tir, dat 4n phu, diing
phuong phédp hé 56 bat dinh, phuong phdp xét gid tri riéng.v.v. Sau day :a méu
chu yéu moét s6 phuong phdp thudng dung.
1. Phuong phdp ddt nhdn tit chung:

Vi du 1: Phan tich da thic sau thinh nhan tir: 3x*(y - 22) - 15x(y — 227

Giai
Ta c6 3x*(y - 2z) — 15x(y - 2z)
=3x(y - 2z)[x — S(y — 22)] =3x(y — 2z)(x — Sy + 10z)



Vidu 2: Phan tich da thue A= 2x(v - 2z) + (2 v)ix +y) thanh nhan tr
Gaind
A=2X(y —72)+1(z yUx+VI=2x(y - 2) (v 7NX+Y)
=(y—2)2x (X + 9] =(yv  ZN2Xx - X -y)=(y -ZAX-Y)
Cha y: Nhiéu khi can dor dau dé xuat hién nhan tr chung
. Phuong phap dung hang dang thi :
Vidu 3: Phan tich da thire  x'y’ + 8x’y — 16 thanh nhan tir
Giai
Tacd: —x'y’ + 8x’y 16 = —(x'y’ - 8x’v -16 )= —(x’y — 4)*
Cha y: C6 nhitng tricmg hop phai doi ddaw man dp dung duge hdang dang thiec
dang nhe dé phan tich da thiee thanh nhan i .
Vi du 4: Phan tich da thic sau thanh nhan tr; 4b’c” — (b? + ¢? - a%)’?
Giai
Taco: 4b’c? - (b'+ '~ ')’
=(2bc)’ - (b*+c¢ - a’) =(2bc + b+ ¢?— al) (2bc - b= c?+ aY)
=[(b+c) -a’]la’ - (b-c))
=(b+c—-a)b+c+a)a-b+c)a+b-c¢)
. Phuong phdp nhom nhiéu hang tu
Str dung tinh chat giao hodn va két hop cua phép cong, ta két hop nhiéu
hang tir clia da thic thanh cic nhém thich hop, réi dp dung céc phuong phéap
khdc dé phan tich thanh nhén tir d6i véi timg nhém
Vidu 5: Phan tich da thic sau thanh nhan tr: P =x'z + x’yz - x’2* - xyzZ’
iai
Tacé: P=x'z+ X'yz - X7 —xyz’ =(x'z - X'7)) + (X'yz — xyZ’)
P =x’2(x — 2) + Xyz(x - 2) = Xz(X — (X + Y).
Vidu 6: Tim tat ca cic gia tri ctia X, ysaocho: xy+1=x+y
Giai
Taco:xy+l=x+ycoxy—x-y+1=0(xy-x)-(y-1)=0
S x(y-D-(y-1DN=0e(y-1)x-1)=0
+ Hoicx-1=0=x=1
+ Hoacy-1=0=y=1
Vaycicgidtricantimcuaxvayla: x=1,ytuyyy=1, xtuyy
. Phdn tich da thitc thanh nhan tir bang cdch phéi hop nhiéu phuong phdp
Bai todn phan tich mot da thitc thanh nhan tir nhiéu lic ta phai van dung
linh hoat cic phuong phép trén déng thoi sir dung cdc tinh chat giao hodn,
két hop cla phép cong va phép nhan , tinh chat phan ph6i cta phép nhan d6i
vGi phép cong cic da thic.



Vi du7: Phan tich da thirc thanh nhan ur:

M = ab(a + b) = bc(b + ¢) — ac(c — a)
Giai
M = ab(a + b) — be(b + ¢) — ac(c — a) = a’b + ab’ - blc — bc? - ac(c --a)

= (a’b - be?) + (ab’ - b’c) + ac(a - ¢)
=b(a’-c?)+b*a-c)+ac(a-c)=(a—c)[bla+c)+b +ac]
=(a-c)[ba+cb+b’+ac)= (a-c)[(ba+b?)+ (ac +cb)]
=(a—-c)[b(a+b)+c(a+b)= (a—c)a+b)b+c)

Ngoai cdc phuong phédp trén, ta con ding mot s6 phuong phdp khac nira,

ching han:
1. Phuong phdp tdach moét hang ti thanh nhiéu hang tie réi nhéom cdc hang ti
thich hop
Vi du 8: Phan tich da thic thanh nhan tlr: A =x*+ x'+ x' - x -2

Giai
A= x*+x'+x3-x-2 =(x*-x) + (x'-x) + (2x*-2)
=X} =-D+x(x* =D +2x* -1 =" - (X’ +x +2)
=(x=Dx+ DX+ x+2)
Vi du 9: Phan tich da thitrc thanh nhan ti: B =2x" + x? + x - |
Giai
B=2x+x"+x-1=2x"-x +2x* - x + 2x -1
=x’2x-D+x2x - D+ 2x = 1) =2x -1)(x*+ x + 1)
2. Phuong phdp thém bor ciung mét hang tu
Ta c6 thé thém bét cing mot hang tir vao da thitc da cho dé lam xuat hién
nhimg nhém s6 hang ma ta c6 thé phan tich da thic thanh nhan tir bang céc
phwong phép: dat nhan tir chung, dung hing ding thitc, nhém céc hang tir...
Vi du 10: Phan tich da thitc C= x* + x + 1 thanh nhan tir
Giai
Tacé:C =x"+x+1=x"-x?+x2+x+1
=x*(x'- D+ X+ x+ D=x* x-DO3E+x+ D+ x2+x+ 1)
=(xX+x+ DX -D+1]=x+x+ Dx'-x*+1)
Vi du 11: Phan tich da thic D = 4x* +1 thanh nhan tr
Giai
Tacé: D=4x"+1 =4x*+4x+] - 4x°
=(2x3+ 1)) = (2x) = (2x7+ 1 = 2x)( 2x7+ 1 + 2x)
3. Phan tich da thicc thanh nhan ti bang plweng phdp dat bién phu
Trong mot s6 truong hop viéc dat bién phu thich hop gitp cho phén tich da
thiic thanh nhan tr dugce thuan loi.



Vi dl,l 12: Phan tich da thaee thanh nhan ure A= (v + x)" +4x + 4x - 12
Csiani
A=(X+X) 7+ #4012 =0+ %)+ EN) - 12
Dat:y=x"+x.
Tacd: A=y +4y 12=v +dyv+d [6=(y+2) - &
=(y+2 Dy +2+d) =1y -y +6) = (X +x - 2)( X’ + x +6)
5. Bai tap ap dung
Phan tich cac da thue sau thanh nhin ur:
Bai 1:
a) (x°+ y'=2)" = (2xy - 2)
b)(a-b)a’'—c¢’) (a-c)pa’ - b)
c) 2x = 5xy + 2V
Bai 2:
a) x'+4x* -5 d) 3x"+2x7 +2x -1
by x'+2x+3 e) x'+x'-2x-8
c) x'+x*+4 fyx*+x'=x-1
Bai 3:
a) X'+3x% 44 b)) x*+xV+yvt c) 64x' + 8] d) *+x*+1
e) X*+x+1 f) x"+x +1 g)x"+x + 1 h) x* + 4y’
Bai 4:
a) X"+ 2xy +y +2x+2y- 3
b) (x = D(x —3)(x - 4)(x - 6)-72
c) (X +Xx+T7)NX"+8X +15)+15
d) @x+ 1)(12x - Iix+2)x+1)-4
1.3. Phan thirc dai so
I. Kién thitc can nho
5 S N A C
- Hai phan thirc bang nhau: = = |—)

— Né€u M khic da thie 0 thi : ol
BM

AD = BC

)

AL AM
B B:M

x>

- Céac phép tinh :

+ Phép cOng: YCI - —ra-= A;d B Var M la da thie khac da thiace O

( Néu hai phén thitc khac mau thi phai quy déng mau thirc )



Y . 2 _ .
+ Phépric D £=ﬁ+(—£] bit V" ~4a¢ i —S 1 piidn thie
B D B D 2a D
d6i cia phan lhuc:C i—E=—'§—-—[—3~. Véi M la da thirc khic da
D MM M '
thic 0
+ Phép nhan: 9 E AL Véi B, D la cac da thic hhac da thuc O
B'D BD
+ Phép chia: A, E—é -[—)=A—[3 Véi B, C, D la cic da thic khic da
B D BC BC
thiac 0

2. Mot s diém cdn luu y
— Truée khi quy déng mau thic hay thuc hién cédc phép tinh, néu cé thé thi
nén rit gon phan thic truée. Két qua sau khi bién déi céc biéu thic himu ti
cling can dugc rit gon.
— Céc phép tinh vai da thic ciing c6 ddy du cac tinh chat cua cic phép tinh
v@i céc so thuc.
— Khi giai cdc bai todn lién quan dén gid tri cta phan thic. Ta phai tim dliéu
kién xdc dinh cta phan thic.
3. Bai tdp vi du
Vi du 1: Riit gon biéu thic sau va tim gid tri nguyén cta x dé biéu thic c6

x% —2x 2x? ( ] 2}
id tri én: M= - Tx X2 ]
gid tri nguyén [sz +8 8—4x+2x% - X
Giai
X —2Xx 2x o —¥-e
Tacé: M = [2(:& +4)_4(2-x)+x(2"‘)} .
_fxi-2x 2x? (xz_.z)(ml)
2(x2+4) (x2+4)("_2) . J

x? (x—2)2 +4x> '(x =2)(x+1)
2(x - 2)(x2 + 4) x?
x(x2 —-4x +4+4x).(x _2)(_,( +1)
2(x2 +4)(x - 2) x?
(¥ +4)  (x-2)(x1) _xe

A0x-2)(x2+d) K 2




bl

x4 820
[x#0

W\IZ

D M xae dinh thic § (v 4+ 4)x - 2040 (*)
] o2l
Khi do M nguyén thi 2 M nguven hay E2 nguyen.
\
X +1 ]

Ma — =1+- € Z <xelh={-1:1}
X AN

Vix=-lthoamin(* )vaM=0¢€e Z
 V&ix=1thoamin(*)vaM=le Z
Vay x =1 ; x = - | thoa man dié¢u kién bai ra .

5.2 | 3
Vidu2: Chobicuthic: M=| =21 % [ X+l
X -1 x+x+1

a) Riatgon M
b) Timxdé M =3

¢) Tim gid tri nho nhat clia biéu thic P= x"~ M

Giai
a) Taco:
2% +1=-%x(x~1 . 2,
M= 3 ( )'(l"zx*'x-):x‘_zi*‘_l(?i-l)z:x—l
x -1 x -1
’ x=1=3
b)'{)éM=3 thi 3 o x =4
x =120
L (1Y 3 ¥ 3.3
C)‘ Ta('d: X.z—M_Xz-—*x f-l_—x:_-:’_x. +1 - +_=[K—— S S
2 L2 4 2 4 4
|
. .3 Ix===0 |
VayPnho'nhﬁlhang-ikhl 2 oa=-—
¥
X' =10

. Baii tap tue luyén
B:ai 1: Cho x. y, z doi mo6t khidc nhau. Tinh gid tri cla biéu thic:

M

_ Xy P 2 ., XZ
C(v=o)(z-x) (z-x)(x-y) (x-¥)(y-2)



Bai 2: Ruit gon biéu thifc :
3x?

| ) 2 |
A=l + - 2 __ 5 =
2+x 4-x* 4-2x°| 4-2x°

Bai 3: Ruit gon biéu thic :
2 _ Ty _
M = xz Sx_l: 225 X _x+3+x f
x-—25 x“+2x-15 x+5 x-3
vatimgidtrictax dé M < |

A
Bﬁld:Rﬂtgqnbiéuthﬁc:Bz(x_'l - + L ]:[I-—h_2
3Ix—-1 1+43x 9x% -] 3x+1) -

Tim céc gi4 tri cﬁaxdéB:%
Bai 5: Tinh gi4 tri biéu thirc
1 ] 2x 2 (x—3)2+12x
P= 5 +—3 #— e
X“+5x+6 x“4+3x+2 x“+4x+3 4
v6i x = V2006 + /2007

Il . BIEN D8I CAN THUC
I1.1 Cac phép tinh can thic
1. Kién thic cdn nhé
* JA t6n tai (c6 nghia) khivachikhi A > 0
i AVv6iA20
-AVviiA<O0

* Héng ding thic J:F:lAI = {

2. Nhitmg diéu cdn luu y
Mu6n tim c4c gi4 tri ctia x dé can thic VA c6 nghia ta phai giai b4t plueng
trinh: A > 0 (Xem phén bat phuong trinh)

3. Cécvidu
Vidu 1: Tim céc gi4 tri cia x dé cdc biéu thiic sau c6 nghia:

a) V3x-2 c) Vx2-5x—-6 e) Vx2 -2
PR d) Vx*+3

2x -1

Giai
a) V3x-2 conghia <& 3x-22 0 & x 2

| W

10



4 i ) _‘_\ !,‘>” I
by == conghia ¢>J >N\ >
\,f’m. 1 |2y - 120 g

oy

e —— | *
) J.\‘ -5x—6 conghit <> v Sx+6 0 <x>(x+D(x - 6)20
Lap bang x¢ét dau ta diroc « < 15 x = 6 thoa man diéu Kién bai ra
d) Tacox’ 2 OVxXx »x  +3>0¥xnen vy +3 conghiavéi V x.
. N ‘ ;
e) \[\" -2 conghia &% -22 0 &' 22 x| 2 J2

hay x =2 V2 hoac x < - J2
Vidu 2: Tinh:

a) 3-242 by V5-2v6

Giai
2) Tacs: 3-242 = J(V2-1)F = V2-1l= V2-1 (i V251)
b) J5-26 = (V2 -\3) = V2-\3[=V3-12 (iVB3>V2)

Vi du 3: Khoanh tron vao chir cai dau két qua ma em cho la ding
a) Biéuthiic 3 — V2 - 6x ¢6 nghia khi:

A. x>3 C. x>3 B. x<- D x< -

L
3

b) Gié tri cia biéu thic {6275 bing:
A 1-J5 B V2-3 C. f5-1 D. 3-\2
Dip so6: a) b) C
. Bai tap tu luyén
Bai 1: Tim gi4 tri cta x dé biéu thic sau ¢6 nghia:

a) v6x -3 c) vb—h—xz_ e) :

x._

| B |
b) d) Vx-2+Jx+3+Jx-5 ) ——
J6x -3 S R SRE I & =1

Bai 2: Tinh:
a) V6-2V5 + 6+ 245
b) V7 +4y3 +J7-43

c) \/6+2J;—\/I3+4J§

11



Bai 3: Riit gon céc biéu thic:
x—-49

a)
Jx -7
b) \/az+6a+9+\/az-6a+9

2
Jx -6x+9

3
Charareanl A6

I1. 2 Lién hé gitra phép nhan, phép chia va phép khai phuong
1. Kién thitc cdén nho
+ Khai phuong mot tich: NEu A; A,, ... ; A, 20

Thi JA| A As.cAy = JAJA) A A,

+ Khai phuong mot thuong: Néu A > 0; B > 0 thi \/% =

(x=0; x#49)

2. Mot 56 van dé cdn luu y
+ A>0thi(VA ) = VAZ =A
+ VG6iA, B>0thi: VA+B<JA +J/B

D4u bang xay ra khi A hoic B bang 0

+ V6i A>B thi: VA-B2+/A - B Diu bing xay ra khi A =B
+ N&u chua khiang dinh duoc A va B khoéng am thi ta vdn c6 thé khai can
mot tich hodc thuong nhung phai 1ay gid tri tuyét doi:

JE:M\AE] va E=%

3. Cac vidu
Vi du 4: Tinh:

V6 +/14
a) V9- 1749+ 17 b) W p

¢) Vaa-3)* @>3) d)b2(b-1)? (b<0)

e) __45"]_“2— (m‘
J20m '

n>0)
Giai
a) O-17 9+ 17 = J(O-V17)X9+V17) = /BT=17 = J64 =8
\/_*\M _-..:\'T: ':\.“_ (\;3+\/7) JE

) 2B3+V28 283 +Vad7 243+4T) 2

12



c) y4a-3)" =4 Ja-237 =2]a-3= 2 - HVia>3)
[, .2 [ > f )

d) ybo(b=D" =vVh Jib- 1) =lbl.lb -1 =b(h 1)
Vay yb*(b-1)" = b(b i

[ 2 ‘ 2 fou?  Jusl  JoJaF
e) 45mn _ 45mn ~ Un B Von _ YYyan B 3|n‘ B 3n
J20m \ 20m V 4 J4 2 2 2

(vin>0)
4. Baitdp tu luyén
Bai 1: Tinh:

a) (V32 -V50+8): V2 b) 2J2(J3 -2)+(1+2v2)* -2J6
\;2-\/_‘_4 F'IL__)—_—()J:—-JE

c) d)
V2 V3
&) (V5-2v6 +v2)./3
Bai 2: Rit gon:
S ITYENIYNY (%, y20)
J;—J;+3
Bz(x\/§+y\f;).(\/_—\/;) (x,y>0)
Jxy
—2x-a
C = X —2J2x i (x>4)
J2

= =2 )?
D= x-1 11y ‘/;r (x#ly# L:y>0)
J)—!—I (x=1

Bai 3: Tim x biét:

a) x2-9-3\/;-_3-=() b) \[x—i‘:;+2\/x+2=0
I1. 3 Cac phép bién doi don gian can thirc bac hai
1. Kién thitc cdn nho
+ Dua mot thira s6 ra ngoai dau can: J;:B = |A]\[§ (B=0)

+ DPua mét thira s6 vio trong dau can:

AB=vAB v3i A>0:B>0: AVB =-VAZB v6i A<0;B>0
|

+ Khir miu cia biéu thire lay can: | " VAB voi a 20:B#0
Vi B B

13
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+ Truc can thic ¢ méu:

+) —A—=A—JE (B>0)
JB B
A  AWBEO)
Y Bic B.C
A _AGBZC)
JBtJC  B-C

2. Nhitng vdn dé cdn luu y
Khi truc can thic cla biéu thic ta nhan ca tir va miu ctia biéu thac 1ay cam
vGi lién hop clia mau
Vidu 5 : Truc can thirc & méu

o
F E‘-=—— (Véiab>0)

2\/5+3J_ _ 2\/54-3\[5
2\/— W5 (2v3-3V5) (23 +3V5) 33

Viéc dua mot thira s6 ra ngoai dau can doi khi ta phai bién d6i biéu thirc 1ay
can vé dang thich hgp réi mdi thuc hién duoc.

Vi du 6: V2827 = V4a2.7ab = \/(2a)?.7ab = 2Ja|y/7ab (Véiab> 0)

(B=20;B#C)

(B=20;:C=20;B#C)

3. Cdc vidu
Vidu7:
a) Chocic s6 3v/12 va 2426 . Chon két qua ding trong cdc két qua sau:
A. 32 >2V26; B. 3V2<2V26: C. 3V2=2J26

b) Cho céc s6: l\[—!_l 3 %Jﬁ . Chon két qua ding trong céc két qua sau:

’ 1 ’ll 1 /1 1
\/ B. —.[—>—=+19 C. —J—==v19
2V2 3 2V2 3

Pap so: a) B b) A
c) Chon két qua diing trong cac két qua sau:
A. x.ﬁ:ﬂ B. x.‘jz=~ﬁ; véi x>0
X X
2 .
{5k x.J:=J2_x vai x>0
X
Pap so: ¢) C



Vidu 8: Ruit gon ciac bicu thire <au

2 2 \—JIMJ:."'
a) . C) : - (x >20)
B-1 -1 xVx + 33
S S-S 2 1L ER |
+—\[— \[ d)D = \(Sx4(l—4x+4x2)(x £ =)
5_J§ 545 2x -1 2
Giai
2 2 23+h 23-h _2{3+42-2V3+2
) e —— = - =2
J__ Jg+] 3-1 -—-1 2
" 5+v5 5-V5 (5450 L (5-V5)’
5- \/— 545 25-5 25/=3
_ 254105 +25-10V5+5+5 _
20
c) —\/ﬂ+3 B x-\fﬂ+3 B x-\ﬁ:+3 |

xvx + 33 (\'r;\}‘Hﬁ?_(J;+\5)(x—\/?;+3)=(\/;+x/§)

d) D= ——2~—J5x4tl-4x+4x2}= ——2—\/(.?x2)2(1—2x)2
2x 2x -1

x2|1-2x|.V5

2x—l
Vay D= 2x2J§ . Néu x >% ;D=~2x2\/§ Né’ux«:%

4. Baitdp tu luyén
Bai 1: Tinh gid tri clia biéu thic sau:

2 2
B = e
31422 3-2\2

3 2

B s =
W3=3 23

2 3
€) XY [ XTHYT (xy20:y£0)taix=2y=1
Y Y x=+42xy 4y~

| 1 1
d) —=——=+— +
\[i-l-\ﬁ ﬁ"'\r{i \/Z-Fﬁ
1 1 |

e) + F ot
1+42 2443 J2006 + V2007
Bai 2: So sanh:

-

zf{sf e b) V30 - 29 véi 29 - /28

]

15



Bai 3: Ruiit gon cic biéu thiic sau:

Ja Jb 2b
) - - (a2 0;b>0;a#b)
Ja-Jvb Ja+Jb a-b
2.4
b) azb\'fz LY. = (b#0;a#b)
b a“—2ab+b
Bai 4: Tim x biét:
3) YBx =2 =+3 =2 b) x—7JYx-34+9=0

I1. 4. Thuc hién phép tinh. Rit gon biéu thifc c6 chira can bac hai
1. Kién thitc cdn nhé:

+ Véim,p,q,r € R; A €Q’ thip\/x:q\/x;r\fx duoc goi la c:idc: can
déng dang.
+ pJK+qJK+r A+m=(p+q+r)\/x+m

2. Cdc vidu
Vi du 9: Thuc hién cic phép tinh sau:

a) 3\2a -+18a> +4J§-%J1283 véia>0

2
b) + E--—J > E v6im>0; n>0

c) J_ J;+4 SJ:.’_‘+2J_

2+J-—J2 V3
42+J_

e)4
J'J'zfs

Giai
2) 3v2a - V18a® +4 ———Jiz_
=3J2_a—m+4-iﬁ——zm
- 3J2_n—3aJ2:+2J2:—-i'.8J2_a (via>0)
=3J_-3aJ_a+2\/_—2J_=3\/—(l-a)
b) — —-—J_ hucl® —-=—J: -—in—'“—‘l(viwm

bYn

16



"
abJymn —ab'Jmn + a4 Jmn a/mnib -b° +a)

h'n h” n

' . 16 8
2 - f 45,22 42427 = 602 ! +4.5,{—+2 g
C) \/_ \ 3 N\ VO \ 3 3

hﬁf—-—\h%l%"\: +23J3 =642 - ﬁ 9J- 6\,[_
=642 456 4 ﬁ
S ‘F WP (B (o

d)
\12+J_ \ +\.Hl
TP YN s
4 1 6 4{\,1—11 J3+2 6(/3+3)
€) + +
JI#1 J3=2 f 3 3-1 3-4 3-9

= 903 1)~ B+ 2 =B 13} = 9B~ 28 =23 -3=_7

Vi du 10: Giai cac phuong trinh sau:

a) 4,5 +/50x — V32x +/72x -5,/%x—|2=0 (1)

b) 2J9x -2 —%Jﬁx—75—%\/49x—147=20 2)

Giai
a) DKXD:x 2 0

PT (1) 1’-9-21 +25.2x - 16.2x + /36.2x —S,H-z—:- -12=0

Q%Jz_nsﬁ—-m/ihwz—-gﬁi-lz:o

3 5
o (E+5_4+6‘5"/z—":'2

& 6V2x =12 & V2x =2¢> 2x =4 &5 x =2 (Ym)
Vay S= {2]

b) PT(2) & 2J9(x-3)--;-J25(x-3) —%.{49(:{-—3) =20; DKXD: x> 3

< 2.3Vx -3 —-2-.5~JX—3--_I;.7JX—3 =20

17
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S Vx=3(6-1-1)=20 & JVx-3=5x-3=25
< x-3=28(t/m)

Viy S= {28}
Vi du 11: Chimg minh céc dang thic sau:
S+2\f— 3 2\/_ 47
NP L B
b) XJ—_)F.:—V*\T):) (J;+J;)3=l(x:-tl;v>n’):x#y)
Jx -y
Giai

a) Bién doi v€ trdi ta c6:
S+ ﬁzJ?sz[(thﬁ)J [ V3 - J_)]
Gz B J3+4z | v3-2
= (v3+42) = (/3 -2)
= (VB+2-B+V2)B+V2+V3-2)=22.243=4/6

So sanh VT va VP ta thdy ding thic di cl'o lubn ding.

b) Bién d6i ve trdi ta duoc: ( -y\/‘ i-\j'(y) (J- J_)

R
(J;\/)j:(j‘;) J_J (Jx+ |y)?

-(J— J}(i*\‘/_\/—)fﬂ’ ﬁ‘:hf;+\/;)z

= (x+xy +y+Jxy): (x+y)? = (Ix +Jy)? :(J;+J;12 =1

So sdnh VT va VP ta thdy dang thitc da cho luon diing.
Vi du 12: Cho biéu thiic: B = ( ,._._+J1 ary S

vi+a V1+a?
VB

a) Riit gon B b) Tinh gia tri cia Bnéu: a =
4 g 2 +\E‘.

+1)

Giai
a) Diéukién: -1 <a<|

Khid6-3=.3+V"“2.3+~/1"“2=3+\/1-a2 J1-a
| JI+a \[l_——di Vita 34.1-a°

'IHH‘ Jl-a.VayB= Jl-a




J.- .V.'h" XA

b) a= —— 2%

2+ﬁ 4 3

Khido: | -a=1-2y3+¢3 1

33 <3 =1y

B= J(r\/i—h" V3-1 (31

3. Bai tap tu luyén:
Bai 1: Thuc hién cic phép tinh sau:

V3-1 J3- SS-B3 B+ S+
a) (l-————)i(—4+2) d) e =
2 2 JS+N3 o —\!/i \/g—-l
— N2 2
— 9-2J14 9+ 214
) V15=646 +\33-12¢ g | 22V | ) et
o [Jv—ﬁ] (ﬁh@]
I 6 J71-5

c) b -

4=l 3+JT 12

Bai 2: Chimg minh cic dang thic sau:

a) V2+v3 +42-3 =6
23-J6 216

b = (—)=
a b+bf |
c) - b
NS N
a+J_ - - J_
d 1+ ){l—-——-— =] =
} O J§+1 f—l)

| a+b
"’r f & b

Bai 3: Giai cac phuong trinh sau.

a) X—vd4x—-20 =20 by x -3J/x+2=0 c)

Bai 4: Riit gon cdc biéu thirc sau:

a) JS l3+

Bai 5: Cho biéu thic: A = (

a) Rit gon
b) Tim gi4 tri ctia x dé A >0

)
ra

=1,$

(a.b>0;a#b)

-a (a>0;a#1l)

=
AR

b)\/;+4\/x—4 +yx-adx-4 (x> 4)

0-x
J— 2+l )
pi J;+2

fJI+
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Bai 6: Cho biéu thirc: B = ( L J_ \/— .(\/_ J—) +\/—
J—'J_ y—x Jx +\fy
a) Ruiit gon

b) TinhBkhix=3-2v2;y=3+2J2
c) Chimg minh: b2>0

Bai 7: Cho biéu thic: P= {

34x 3-Vx 4x}( 5 4J§+1J

3-Jx 34k 3+Jx 3V +x
Bi€t v6i x >0, x# 9, x# 1 thi P ¢6 nghia.
a) Riit gon P.
b) Goi x, 12 nghiém ctia phuong trinh: x* - 11x + 18 =0
Tinh gi4 tri coa P tai x,
- - A
. HAM s6 VA pO THI y
1. Ham s6 bac nhat va qui vé bac nhat 201
1.1. Kién thirc cdn nho: 157 y=ax+b
a. Dinh nghia: 10 1

Ham s6 bac nhat 12 ham s6 dugc 5 1
cho bdi cong thiicy =ax +b ——t—t
trong d6 a, b 12 cdc s6 cho truéc va -20 -15-10-5 A

5 1015 20

a#0 -10
b. Tinh chdt: Him s6 y =ax + b (a #0) =15
+ TXD: VxeR -20

+ Né&u a > 0 ham s6 déng bién trén R
Néu a < 0 ham s6 nghich bién trén R.

+ D@ thi cia ham s6 12 mot dudmg thing di qua M(0, b) va N( —E ,0)
a

1.2. Nhimg diéu cdn luu y:
* Neéub=0tacéhim s6y = ax c6 db thi 1a mot dudng thing di qua O(0, 0)
va M(1, a).
* Néua=0 tacéhims6y=>bla ham hdng.
* PG thi ham s6 y = ax + b 1a dudng thing song song v6i du’émg thing
y = ax va cit truc tung tai diém c6 tung do bing b (b 12 tung do géc)
* Pudng thingy=ax +b(a#0)c6heés6 géclaa

+ a>0 0" <a <90

+ a<0s 90° <a<180°
a - Géc tao bdi d6 thi ctia ham s6 va chiéu duong ciia truc hoanh

20



31 /y=ax+b 13
(a>10)
b 2
23 O(0:0) |
23 0(0:0) x 3y

14
24
34

Chii y: Néu b =0 ta c6 duong thang y = ax, a cing dugc goi 1a hé s6 goc cla
dudng thing y = ax
* 4+ Nhimg di€ém c6 hoanh d6 bang 0 ndm trén truc tung.
+ Nhimg diém c6 tung do bang 0 nam trén truc hoanh.
+ Nhimg diém cé hoanh d6 bang tung do nam trén dudng phan gidc cla
g6c vuong tha I va tha IL
+ Nhimg diém c6 hoanh d6 va tung do doi nhau nam trén dudng phan gidc
chia géc vuong tha 11 va tha V.
* (C6 nhimg ham s6 phai qua mot s6 phép bién d6i mdi dua vé dang ham s6 bac
nhat.
1.3. Cac vi du
Vi du 1: Trong cac ham s6 bién x dudi day, ham s6 nao la ham s6 bac nhat?
Tai sao?
a) y=3x-1 d)y=mx-m*+ 2 —x

3 -1
b) y=x(3x-1)-(Gx x)+2 ¢ y=

) y=(m*+ V2)x-2V2 +1
Giai
a) Ham s6 y = 3x — | lamot ham s6 bac nhat vi n6 c6 dang:
y=ax+bja=34£0
b) Taco:y=x(3x —1)-3(x* - x) +2
=33 - X -3x7+3x+2=2x+2
Vay y = 2x + 2 nén ham s6 da cho |2 ham sé dua dugc vé dang ham s6
bac nhat.
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¢) y=(m’ + +2 )x — 22 + 1 1a ham s6 bac nhat vi né c¢6 dang y = ax + b
véia=mi+ V2 #0

d) y=mx-m?+ V2 - x
y=(m-x—-m?+ 2
Ham s6 nay chua hin da 12 hAm s6 bac nhat vi néu m = | thi ham s& c6
dangy = V2 - 1 12 ham hang.

2
-1 - . i A
e)y= x -l khong phai 1a ham s6 bac nhat vi n6 khong c6 dang:
X

y=ax+b
Vidu2: Chohams6:y=(a—1)x +3
a) Tim a dé ham s6 d6ng bién? nghich bién?
b) Tim a biét ring khi x =v2 thi y=1

Giai

a) Him s6 dong bién <> a-1>0 < a> |

Ham s6 nghich bién < a-1<0 & a<|

b) V6ix=+v2 ;y=ltacé6l=(a-1) V2 +3
c::»(a—l)=3_§— < a=l—-J5.Vaya=l— J2

Vi du 3: Trén mat phing toa d6 Oxy cho hai diém A(1; 2) va B(3; 4).
X4c dinh ham s6 biét dé thi clia n6 1a duémg thing di qua A va B.
Chi ra hé s6 géc cuia dudng thang.
Giai
* Goi phuong trinh dudmg thing di qua A va B c6 dang:
y=ax+b(a # 0) (¥
Vi dudmg thing di qua A(l;2)tacé: 2=a.l +b < a+b=2 (l)
Vi dudng thing di qua B(3;4)tac6: 4=a3+b < 3a+b=4 (2)

a+b=2 a=1
Tacéhe :
1O {3a+b=4”{b=1

Vay dudng thing cAntim la: y=x+l c6héss géclaa= |
Vidu4: Chohams6y = (k + 1)x + k. Biét dé thi ham s6 cét truc tumg tai
diém c6 tung do 1a 3.
a) Xdc dinh ham s6 trén
b) Vé d6 thi ham s vira tim duoc.
c) Tinh goc tao boi dudmg thang va truc Ox (K&t qua 1am tron dén phii)
Giai
a) Vidé thi ham s6 y = (k + 1)x + k cit truc tung tai diém c6 tung do 1a 3
Taco:3=(k+1)0+k =>k=3



Vay d6 thi ham so can tim codang: y = 4y + 3
b) V& d6 thi ham <0y =dx + 3

¥ ox=0thiy=3y=0thi »

A . . . 3
*  Biéu dién cac diem AO; 3y, B -i: 0)

trén mat phang toa do
* V& dudmg thang di qua A va B
dugc d6 thi hamséy=4x +3

-~

3 _
c) Taco: igB = —3' =4 > B = 75°5%’
}' 4
1.4. Cac bai tap tu luyén:
Bai 1: Xac dinh ham s6 v = 2x + b biét rang dé thi clia né di qua diém
M(3, -5)
Bai 2: Choham so: y=(a— 1).x +a
a) Tim a dé ham s6 déng bién, nghich bién.
b) Xac dinh ham so biét do thi ham s6 cat truc tung tai diém c6 tung do
bang -2.
¢) V& do thi ham so vira tim duoc.
Bai 3: Choham s6: y=ax + 6 (d)
a) Xdac dinh a biét rang duomg thang (d) cat truc hoanh tai diém c6 hoanh
do béng 2.
b) Vé dé thi ham s6 vira tim duoc.

¢) Tinh gid tri cua ham $6 tim dugc ¢ cau a biét x = 3

d) Tinh x biét y = V2 theo ham s6 da xdc dinh & cau a.
Bai4: Choham s6: y=(m - 1).x+m
a) Xac dinh m d¢ duomg thang trén di qua goc toa do? Cét truc tung tai
diém c6 tung do bang 1 —v2
b) V6i gid tri nao ctia m thi géc @ tao bai duomg thang (1) véi tia Ox 1a
g6c bang 45" 2
2. Ham s6 bac hai:
2.1. Kién thirc cin nho:
Ham s6 bac hai ta ¢l xéttrong truomg haop yv=ax’ (a # 0)
* TXD = ¢ K
“ Tinh chat:
+) a > 0: Ham 56 déng bién véi x > 0, nghich bién véi x < 0, bang 0 véi
x=0
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+) a < 0: Ham s6 déng bién véi x < 0, nghich bién véi x > 0, bang 0 vai

x=0

* PO thi: DS thi cia ham s6 y = ax’ (a # 0) 12 dudmg parabol v6i cic dac
diém sau:

-

Dinh: O(0; 0)

Truc d6i ximg: Oy

Néu a > 0: parabol quay bé 16m lén phia trén nhan O(0; 0) lam diém
th4p nhat (diém cuc tiéu)

Néu a < 0: parabol quay bé 16m xu6ng phia duéi nhan O(0; 0) 1am diém
cao nhit (diém cuc dai)

* Céch vé d6 thi ham s6: y = ax’ (a # 0)

Pat dinh tai O(0; 0)
Xic dinh cac diém (1; a); (-1; a); (2; 4a); (-2; 4a); (3; 9a) ; (-3; 9a)
VEé parabol di qua cdc diém trén.
AY
gl

-4 -3 2 -1 |9G9

2.2. Cac vi du:
Vi du 1: Cho ham s6: y = -3x*
A. Ham s6 déng bié€n khi x < 0; nghich bi€n khi x <0.
B. Ham s6 déng bién khi x > 0; nghich bi&n khi x > 0.

Chon két quia diing trong hai két qua trén.
Pép so: A

Vi du 2: Cho ham s6 y = f(x) = %x’

a) Tinh f(5); f(-5); f(3); f(—3) va rit ra nhan xét.
b) Tinh x khi f(x) = 1; f(x) =3; f(x) =9

Giai

I o2 25 25

1, . 28
f(5)= =.5%= =2, f(=5) = —.(-5)? === = f(5)=f(-5
a) f(5) 3 3 (=3) 3( ) 3=>() (-5)
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I .
f(3) = 1.32:1: (3= (-3 =3 =i =((3)

: I 5 . _ N
by f(x)=1 <> —x~ ~3enx =Y en | MV
3 _K: \'l
l 2 2 —\_—_1\
f(x’=3 <> —X :3 <=5 x':l) &= p
3 [ x=-3

f(x)=9 < —l—x3 =) ¢ V=27 [-‘ =3
3 X =-3J3
Vidu 3: Cho ham so v = (m” - 2).x%(2)
a) Xac dinh m dé do thi cia ham s6 (2) di qua diém A(1; 2)
b) Vé dé thi ham s6 vira tim dugc & cau a.
Giai
a) Vidé thi ham so y =(m’ - 2)x’ di qua diém A(l: 2) nén ta cé:

3 5 =7
2=(m-2.l'em -2=2 oml =4 ['“

m=-2

Vay m = £ 2 thi ham s6 (2) diqua A(l; 2)
b) Néum = 2 ta ¢6 ham s6: y = 2x°
Néu m = -2 ta c6 ham s6: y = 2x’
Vay ta ¢6 ham s6 y = 2x’
* Ve do thi ham s6 y = 2x°
Véix=1thiy=2

; 1
V(S‘lx=—l-th‘1y=—
2 2

Biéu dién cdc diém: A(1; 2) va B[%EJ

trén mat phang toa do
L4y A’ d6i ximg A qua truc Oy; B’ d6i ximg véi B qua truc Oy
V& Parabol dl qua A', B’, O, B. A ta dugc d6 thi ham s6 y = 2x’

Vidu4: Choham s6 y = ——;-xz (3)
a) V& d6 thi ham s6 (3)
, -3 .
b) Tim m dé A(v2r; m): B(~+/2 : m); C(m ; 7 ) nam trén parabol trén.
Giai

2

a) V& do6 thi ham s6: y = —-%x : x=lth‘1y=-%:x=2th‘ly=-2

Biéu dié&n cdc diém E(1: —% ) va F(2: -2)

Trén mat phéng toa do. Lay F", E’ déi ximg véi F.E qua truc Oy.
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V& parabol di qua E’, F', O, F, E ta dugc d6 thi ham s6 y = -%xz

>V

b) A(Ji;m)e parabol c:m:—-;—(ﬁ)z &S m=-1

B(—ﬁ; m) € parabol <> m = —%(—»/5)2 S m=-]

3 3 1,
C(m;-=) € parabol <& - =—=——
(m; =) € par 4 2"

J6

3 2 Jvb m=——

o —=m’o|ml=-——« 2

2 2 J6

m=y

V6 V6

Vay m ==~ va m=-7 thi C € parabol

2.3. Bai tap tu luyén
Bai 1: Cho ham s6: y = f(x) = -1,5x*
a) Tinh f(1); f(2); f(3) réi sdp x&p ba gi4 tri nay theo thir tu tir I6n dém .
b) Tinh f(-3); f(=2); f(~1) réi sip x&p ba gi4 tri nay theo thit ty tir bé* dén lon.
Bai 2: Tim ham s6& c6 d6 thi 1a Parabol ma dinh O(0; 0), truc d6i xumg 1a Oy
va di qua diém A(3; 2).
Bai 3: Cho ham s6: y = ax’
a) Xéc dinh hé s& a biét ring d6 thi cia ham s6 trén di qua diém A(-1; 2).
V& d6 thi him s6 vira tim dugc.
b) Tim céc diém thudc Parabol néi trén c6 tung do bang 4.
Do thi va tuong giao cua cac do thi:
3.1. Kién thirc cin nhé:
— Hoanh do giao diém cua hai d6 thi ham s6 y = f(x) va y = g(x) La ighiém
cua phuong trinh f(x) = g(x)
— Cho 2 dudng thing (d): y=ax+b va(d'):y’'=ax’+b’' (d’) (a; &' = 0)



+ (d) catud’) <> a fa
+ () //(d) <> {;' - "'.
b= ly

+ (d)=d) < {“ =1

h = h'
+ W) L@d)=aa = 1|
Cho Parabol (P) y =ax” (a £ 0) (1) va duomg thang (d):
y=mx+n(m#0)k)
+ (k) cat (1) ¢<» phuong trinh hoanh d6 ax’ = mx +n
&5 ax’- mx - n = 0c¢6 2 nghiém phan biét tai 2 diém.
+ (k) ti€p xic véi (1) < phuong trinh hoanh d6 ax>=mx + n
&> ax’ - mx - n =0 c6 nghiém kép.
+ (k) khong cat (1) <> phuong trinh hoanh do ax’=mx + n
&> ax’ - mx - n=0vo nghiém.
3.2. Cic vi du:
Vidu 1: Cho dudng thing y=(a- I)x +2vay=(3—a)x + 1
a) Tim a dé hai dudn2 thang trén song song.
b) Tim a dé hai dudng thang trén cat nhau.
Giai
y=(@-Dx+2 (d): y=C-ax+1 (d)

a) Bé (d) // (d’) thi [;;11=3"‘ S=4¢ a=2

b)PDé(d) N(d)thia-1# 3-a<>a#?2

Vi du 2: D6 thi ham s6 y = 12x + 5 — m cat do thi ham s6 y = 3x + 3 + m tai
mot diém trén truc tung li:

A.m=-1| B.m=l| C.m=4

Pap so: B

Vi du 3: Xdc dinh ham s06 y = ax + b biét do thi di qua A(-2; 3) va song
song vdi dudng thing y = 3x - 5

siai
Vi dé thi ham s6 y = ax + b song song voi duong thing y = 3x - 5
= {" N (1)
b#5

Lai do d6 thi ham s6 y = ax + bdi qua diém A(-2; 3) néntacé: 3 =-2a+ b,
Kéthopvoi(l) >3=-23+b=>h=9=% 35
Vay ham s0 cin tim co dang: y = 3x + 9

27



Vi du 4: V& d6 thi ham s6y = 3x + 6 (d) va y = x + 2 (d°) trén cimg mt
phang toa do. Goi giao diém cua (d) véi Oy la A cua (d’) véi Oy la
B. Goi giao diém cua (d) va (d’) la C.
a) Xdc dinh toa do cic diém A, B, C.
b) Qua A ké dudmg thing song song vdi truc Ox cit dudmg thing (d') tai D.
Xdc dinh toa do diém D. Tinh chu vi va dién tich cia A ACD.
Giai
a) ViA nam trén truc tung, Oy N (d) = {A} = A(0; 6)
Tuong tu B(0; 2) . Vi(d) N (d") = {C}; C € Ox = C(-2; 0)

y 4

3x+6
84 y=x+6
_ Y A©:6)
,B(/z)

2468
00:0) X

b) * Tur D ké dudng thing song song Ox cit Oy tai A = y, =6
* Tur D ké dudmg thing song song véi Oy cit Ox tai E = x,= 4
Vay D (4; 6)
Tacé: AD = OE =4 (dvdt)

AC*=0A?+OC? = 6 +2?=40 = AC = 40 = 210 (dvdy)
DC? = DE*+ CE*= 67 + 6 = 2. 36 = DC = 6+/2 (dvdt)

Vay chu vi AABC 1a AD + DC + AC=4 + 210 +6+/2 (dvdr)
* TYCkéCK L AD (K € AD) = CK = OA = 6 (dvdt)

Siaco) = %CK AD =% .6.4=12= S =12 (dvdt)

Vi du 5: Cho Parabol y= x* va dudng thing y =x +n
a) Véi gi4 tri ndo cha n thi dudng thing cit Parabol tai hai diém phan bié.
b) X4c dinh toa do giao diém clia Parabol va dudng thing nfun=2
Giai
=x*(P); y=x+n(d)
a) D€ (d) cét (P) tai hai diém phan biét thi phuong trinh hoanh do:
x* =X +n c6 2 nghiém phan biét
Xét phuong trinh: xX’=x+n < x’-x+n=0
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Co A=)V Jd1lin)=1+In

Phuong trinh co 2 nghiem phan bict
|
S A=l+dn>0wia=1theeno>
4
X ) R YT S I
Vay (d) cat (P) t 2 diem phan biet < n >

b) Khin=2thitd): y=x+2

Toa do giao diem cua (P) va (d) la nghiém coa hé phuong trinh:
y = xz (1)
y =x+2 (2)

Thay (1) vio (D) tacod: X' =x+2 <> x'-x-2=0 (3)

Giai phuong trinh (3) ta duoc: x, =-1; x,=2

Véix=-1thiy=1

Véix=2thiy=4

Vay dudmg thang y = x + 2 cit (P) tai hai diem A (-1, 1) va B(2; 4)

3.3. Bai tap tu luyén:

Bai 1: Viét phuong trinh dudng thang di qua A(-1; —4) va song song vdi
duong thang y = -3x + |
Bai 2: Cho dudmg thang y = (m - 2)x + 3 (d,)
va dudng thang y = 2mx - 5 (d,)
a) Tim m dé duomg thing (d,) va (d,) song song v&i nhau
b) Tim m dé dudng thang (d,) cat dudng thing (d,)
¢) Tim m dé dudng thing (d,) vuong goc véi dudmg thing (d,)
2
Bai 3: Cho Parabol y = %— Lap phuong trinh dudmg thing di qua A(-1; -2)

va ti€p xiic vdi parabol. Tim toa d6 tiép diém.

Bai 4. Cho parabol y = -;—xz va dudng thing y = mx + n. X4c dinh cdc hé s6

m va n dé dudmg thing di qua A(-1; 0) va tiép xiic véi parabol. Tim toa
do tiép diém.
IV . PHUONG TRINH o
IV.1- PHUONG TRINH BAC NHAT MAT AN - GIAI VA BIEN LUAN
1. Kién thitc co ban

— Phuong trinh bdc nhat | an c6 dang: ax + b=0 (a#0) vGia, b 1a 2 s6 da
cho.

— Gidi va bién luin phuong trinh bdc nhat | dn:
Xét phuong trinhax +b=0< ax=-b
+ Néu a = 0; b =0 = Phuong trinh c6 vo s6 nghiém
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+ Néua=0; b #0=> Phuong trinh v6 nghiém
+ Néua # 0, Phuong trinh c6 | nghiém la x = — é

a
2. Bai tdp vi du
Vi du: Giai va bién luan phuong trinh sau véi m la tham sé
m*(x—-1)=x-2m+1 (1)
Giai
Phuong trinh (1) © m’x -m’ =x - 2m + |
S mx-x=m’-2m+1 (m-1)(m+1)x=(m-1)
m - |

— Né&um # = | thi phuong trinh c¢6 nghiém la x = l
m +

— 'Néum = | thi phuong trinh la Ox = 0 = Phuong trinh ¢6 v6 s6 nghié¢m
— Néum = -i i phuong trinh 12 Ox =4 = Phuong trinh v6 nghiém
3. Bai tdp tu luyén:
Bai 1: Gidi cac phuong trinh sau:
a) 2x-1Y-(2x-2)(2x+2)=x(2x-1)-(2x* + 5x - 3)
3x+1 3x+2 3x+3 3x+4
b) + = +
2005 2004 2003 2002
x—l()SO"_x—1055+ x —1060 _ x-1065+ x—lO70+ x—1075
956 951 946 941 936 931
X+3 x+4 x+6 _

d) + + -6
201 100 66
1 | | 1 148 49
e) (——+—+——+...+-———).(x—l)+x=——x—-—
1.3 35 5.7 97.99 99 99
X 2x 3x 4x
W S S S S
BB i+d5 -2 J1+:3

Bai 2: Giai va bién luan céc phuong trinh sau (véi x 12 4n s6):
m(x—1) _m+x

a) dm’ (x-1)=x—-4m+ | b 2
) (x-=1) m ) 5 3
'c) x+a—2+x—-a+x+2a=0
a-1 a+l 1-at
d) a+b—x+a+c—x+b+c—x=l_ 4x
c b a a+b+c

IV.2 PHUONG TRINH BAC Il

HE TH(PC VIET AP DUNG CHO PHU'ONG TRINH BAC I
1. Phuong trinh bac hai mét an:
— La phuong trinh ¢6 dang: ax’+ bx + ¢ =0, (a# 0).
Trong d6 x 12 4n; a, b,c € R
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Cach giai:
Cach 1> Duang phurong phip phan tich da thire thanh nhan ur, dua vé phuong
trinh tich.
Cach 2: Dung cong thire nghiem cui phiromg trinh bac hai.
Vidu I: Giai phuong trinh: 3x  7v + 4 =0 i)
Cach I: Phuong trinh (1) ¢ 3x 30 dx + 4= ()
'X\ -4 =) X =

¢>3x-d)(x-1)=0es| & 3
Xx-1=0

. , 4
Vay phuong trinh co 2 nghiem: x, = 2% = I

Céach2: A=49-48=1: VA =1
7404 =

X, - X4 = |
6 3 = fy

i 4
Vay phuong trinh ¢6 2 nghiém: x| = 5 ki = I
Vidu 2: Cho phuong trinh: m(x* - 4x+ 3)+ 2(x - 1)=0 (1)

B N ;5 |
a) Giai phuong trinh véim = - <

b) Chimg minh ring phuong trinh luon ¢6 nghiém véi moi gia tri ctia m.
¢) Tim cdc gid tri cua m dé phuong trinh (1) ¢6 tat ca cic nghiém déu
nguyeén.
Giai
Phuong trinh (1) <> mx* =2x(2m - 1)+ 3m -2=0
a)Vdoim= - % . phuong trinh (1) la: x* - 8x + 7= 0.

Phuong trinh ¢6 2 tighiém «, =1, x, =7
b) Vi m =0, phuong trinh (1) la: 2x -2 =0; PT ¢6 nghiém x = |
Voim #0,A"=d4m’ -dm+ 1 -3m’+2m=m’-2m+ 1 =(m- 1) >0
Va6i V. m => Phuong trinh luon ¢o nghiém.
Vay phuong trinh (1) luon ¢o nghiem vai moi m.
¢) Voim =0, phuong trinh conghiém lax =1 € Z
V@i m # 0, phuong trinh co 2 nghié¢m phan biét
2Zm-l+m-1_ 3m-2

X =——— e
m m
2m—1-m+| E
Xz = =l.Vix“eZ
m

01
va
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Nén dé phuong trinh c6 t4t ca cdc nghiém déu nguyeén thi

M2 e z2e3-Lezeoimom=11:+2
m m
- Vay v6im =0; £1;£2 thi phuong trinh (1) lu6n c6 nghiém nguyén.
Vi du 3: Giai phuong trinh: x* + x" - 3a’x? - 2a’x + 2a*=0 (1)
Giai
Phuong trinh (1) < 2a* -a’3x* + 2x) +x' +x' =0 (2)

Coi phuong trinh (2) 12 phuong trinh véi 4n a, tham s6 x.

Piat a’ =t (1 2 0) ta dugc phuong trinh:
20-Cx*+2x)t+x'+x'=0 (3)
A=(3x*+2x)' -8 (x* +xY
x* +4x' +4x* = (x* + 2x)* 20

=> Phuong trinh lu6n c6 nghiém

3x? +2x —(x2 + Zx) 2x2  x2
t = = =

! 4 4 2
3x? +2x +(x2 +2x)
t, = = =x2+x
2 2

* Véi t, =% tacéd; a’= % o x!=2a

- Néua=0= x,=x,=0
- Néua#z0= x5,= :I:a\E
* Véi,=x"+xtacé:a’=x>+x x*+x-a’=0
A=1+4a’>>0v6imoia
Phuong trinh luén c6 2 nghiém phan biét:

—1+1+4a2 ~1-v1+4a?
xs = . x6=
2 2
Vay néu a = 0, phuong trinh ¢6 2 nghiém la: x,=0; x, = -1
Néu a # 0, phuong trinh c6 4 nghiém la:
_ 2
iz :t:a\E: Ry 1+V1+4a

2
* Quan hé giita cdc nghiem cua phuong trinh bdc 2:

Vi du 4: Tim céc gia tri cia m dé 2 phuong trinh sau ¢6 it nh&t mt 1ghiém

chung.
X*+(m-8)x+m+3=0 (1)
XX+(m-2)x+m-9=0 (2)



Griai
Gia sur x,, 1a nghiem chung cua 2 phaong trinh. thé thi
X +(mM-8)x +m+3 =00 (]
X +(M-=2)x, 4m-9 =0 (2
== 6Xa+ 12=0%3x,=2
Thay vao (17) tim duogc m = 3
Vaé&im =3 thi phuomg trinh (1) e v - Sx+ 6 =0
S (X-2)(X=HN=0=> x,=2:x,=13
Phuong trinh (2) la: X' +x - 6=0<>(x - (x+HN=0=> x,=2:x,=-3
Khi doé nghiém chung cta 2 phuong trinh la x = 2
Vay vdi m = 3 thi 2 phuong trinh ¢6 nghiém chung la x = 2
2. Hé thuc Viét ap dung cho phuong trinh bac hai.
a) Hé thic Viét:
+ Néu x,, x, la cac nghiém cua phuong trinh ax” + bx + ¢ =0 ( a # 0) thi

+  Nguwoe lai: Néu co 2 $0 X3 x; saocho X, + X, =S, Xx,.x, = P thi x;; x, 12
cdc nghiém cta phuong trinh: X ~SX+P=0
b) Mot 56 dp dung:
He thirc Viét thuomg duge img dung dé giai mot s6 dang bai tap sau:
b,) Tinh nham nghiém ciia phwong trinh bac hai :
Cho phuong trinh bac hai: ax* +bx +¢c=0(a = 0)

-~ Neéu a + b + ¢ = 0 thi phuong trinh ¢6 2 nghiém: x, = 1; x, = =
a

- Ne'ua—b+c=()lhix,=—I:xz:—-E
a
Vi du 5: Tinh nham nghiém cua cac phuong trinh sau:
a) \/E.x"-—(l'»—\/i}xﬂ\&--l)’:() (1)
b) mx’ - (1-m)x-1=0 (2)
Giai
a) Phuong trinh (1) Ia phuong trinh bac hai dang ax’ + bx + ¢ =0,
¢6: a+b+c =2 —(3—\/5)4»(\/2 -1y

=2 -3+42 +3-242 =0
2
[ (.2_1) 32 -4

=> Phuong trinh ¢6 2 nghiém: x, = I; x,= — =

a ﬁ 2
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b) + Vaim =V, phuimgtrinhla: -x-1=0& x =-1
+ V& m 2 0, phuong trinh (2) la phuong trinh bac hai co
a-b+c=m+i m-1=0
. . . : 1
Phuong trinh ¢6 2 nghiém: x, =-1:x,= ===
a m
b,) Xét dau cdc nghiém cuia plucong trinh bdc hai.

Cho phuong trinh: ax’ + bx +¢=0(a # 0)

Goi S=x, + x,: S=—E;P=x..x2:P= ¢
a d
Diéu kién dé phuong trinh:
C6 2 nghiém trdi dau: P < O (khi d6 hién nhién A > 0)
A20

P>0
Az20
C6 2 nghiém cung duong: <P >0
$>0
A=()
C6 2 nghiém cung am <P >0
S<0)
Vi du 6: Cho phuong trinh: X’ +2(m -2)x -2m+ 1 =0 (1)
Tim gid tri cua m dé phuong trinh ¢6 2 nghiém cung duong ? 2 nghiém rdd daw
Giai
Phuong trinh (1) ¢6 2 nghiém duong khi va chi khi :

I

C6 2 nghiém cung dau {

1

. ( 2
A20 (m-2) -(-2m+1n20

¢P>0 © <«-2m+1>0
S>0 -2(m-=-2)>0

(mP—2m+320  [(m-1)’+220TM véimoim

<m<]+ <::><m<l S m< -

2 2 2

m <2 m<2

|
Vay véi m < 3 thi phuong trinh c6 2 nghiém duong.

i

*  Phuong trinh ¢6 hai nghiém trdi diu khi va chi khi £ <o
a
Hay 2m+ 1 <0 c:>m>%



b Tinh gictri cua hé thare giita cae nghiém cua phieong trinh.
Trude hét, kiém tra diéu kién ¢o nghiém cha phuong trinh.

Sau dd tinh S = x, + X,; P = x,.x, va bién doi heé thire can tinh theo S va P.

Vi du 7: Cho phuong trinh x> - 5x +3=0 (1)
Got X2 X, 1a 2 nghiém coa phuong trinh. Khong giai phuong trinh, hay tinh:
* 3 Rl b} l I
a) X7+ X, b) X" =Xy )= * =
X, X,
Giai

Phuong trinh (1) ¢6: A =25 - 12 = 13 > 0 — Phuong trinh ludn co 2

nghiém x,: x,. Theo dinh ly Viéttaco: x, + X, =5 x,.x, =3
a) X" X =X, #X,) = 2% X: = 5§ =-23=19

b¥(x, =% =Xy =X -4 %% = 5 -4 3= 13> %) = X, = +J13.

Ta.co:x,’ = %5 = (%, =Xa)(x, # X3) = +513

| x1"+x|3_(x_,+x,)(x22+xl3—xzx,)_S(l()d?x)

-___._.i__—_-
c) 3

X x'; x;xf x;xl" ¥
80 80
3 27

b,) Xdc dinh hé so cua plucong trinh, biét hé thiee gitta cae nghiém
Vi du 8: Cho phuong trinh: X’ - 3x + (k- 1)=0 (1)

Xdc dinh hé s6 k dé phuong trinh ¢6 2 nghiém x,; X, thoa man | trong céc

diéu kién sau:
a)2x|‘—'5xZ=“8 b)X|z“.‘12=15 C)X|2+X3"=3
siai
Diéu kién dé phuong trinh (1) ¢6 nghiém la: A >0
A=9—-4(k-1)=9-4k+4=13-4k
3
A20 13-4k 20k < !_—‘ (2)
Goi 2 nghiém cua phuong trinh (1) la x;: x,
Ap dung hé thirc Viét taco: x, + X, = 3

X|.x:=k“l (3)
S . X, +X,=3
a) Giai hé phuong trinh:
2x, =5x, =-8
2x, +2x, =6 7x, =14 Xy = 2
== = - = -
2x, — 5%, = -8 X, +X%,=3 X, =1

Khi do, thay vao (3)taco: 1.2 =Kk -1 => k=3 (Thoa man (2))
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b) Giai hé phuong trinh:

X, +X,=3 X, +X, =3 X, +X, =3 x, =4
2 2 < Aad e
Xy -x;=15 (X, =%, )X, +x%,)=13

xl—xz=5 X, =]
Thay vao (3) ta c6: 4.(-1) =k — | <> k = -3 (Thoa man (2))
X, +x,=3
c) Giai hé phuong trinh: xf +x§ =3
X, X, =k-1

Tacé: X2 + X, = (X, + X,)* — 2X,X,
= 3=3-2(k-1) © k=4, khong TMDK (2).
Vay khong t6n tai s6 k dé thoa man x,* + x,2 = 3.

bs) Tim hé thicc giita cac nghiém déc ldp véi tham sé.

Vi du 9: Cho phuong trinh bac 2: (m = 2)x» =2(m + 2)x +2 (m - 1) =0 (1)
Khi phuong trinh ¢6 nghiém, hay tim | hé thirc giita cic nghiém khong
phu thudc vao tham s& m.

Giai
Vi phuong trinh da cho la phuong trinh bAc hai nénm # 2
A'=[-(m+2)]’ -2(m-2) (m - 1) =—m’? + 10m
Phuong trinh da cho c6 nghiém khi va chi khi:
A20 o m’-1I0m< 0 m(m-100£0 < 0<m<10
Goi x,; X, 1a cdc nghiém cua phuong trinh (1).

X 4%, = 2(m+2)

X, = 3 (1)
Theo hé thirc Viét ta c6: ” m_l)
m-—-
X, X, = 2
X2 =T 5 (2)
- X, +Xx,)=-2
Tir (1): x,+x,=M=2+ 8 =5, I =( 1 %,) 3)
m-—2 m—-2 m-2 8
= _ B )
Tu @) xop,= 2MT2_2m=4+2 2 L _xpx

= = (4)
m-2 m-2 m-2 m-2 2

e X, +X,—2 XX, =2 _
Tu (3); (4) = 3 = 5 = 4x%,.X, = (X, +X,)=6
Vay hé thic cin tim la : 4x,X, — (X, + X,) =6

bs) Lap phuong trinh bac hai biét 2 nghiém cua né
Vi dul0: Goi m, n la cdc nghiém cta phuong trinh:

C-(1+vy2)x+J2=0 (1) (m<n

. : 1 1
Lap phuong trinh béc 2 ¢6 cic nghiém la: x, =




Gia
Phuomg trinh (1)cora v b+c=1 (1] + J21+ 42 =0
—> Phuong trinh ¢6 2 nghiém 1a v 2
Goi m, n la cac nghiém cua phirong irinh (1) vaim < n
> m=1:n=1>2
"me2 120 P en 1o
: +—l ==X @ XXy ——l—. l
1+v2 12 T e 21-42

=> X,i X, 12 2 nghiém cta phuong trinh: x* + 2x - 1 =0
3. Bai tap tu luyén
Bai 3: Giai cac phuong trinh sau:
a) 23X —(V3+Ix—- 3 +1=0
b) V2 X2+ Q2V2-3)x+2-3=0

o (x-1)° +(x—z)(H3)=x_I
2 3

X, +Xx;=

Bai 4: Chimg minh rang phuong trinh sau c6 nghiém véi moi m.
m-2)x>—(5m*+4m-1)x-m+2=0
Bai 5: Goi x,; x, 1a cdc nghiém clia phuong trinh: X’ = x—1=0
a) Tinh x,? + x,’
b) Chimg minh: Q = (x> +x," + X, +x;") : 5
Bai 6: Tim m dé phuong trinh: X’ - mx + m’ - 7 = 0 ¢6 nghiém nay gip d6i
nghiém kia.
Bai 7: Cho phuong trinh: x> ~mx +m’ - 3=0
a) Tim m dé phuong trinh ¢6 2 nghiém duong phan biét.
b) Tim m dé phuong trinh chi ¢6 1 nghiém |3 duong,
Bai 8: Cho phuong trinh: x> = 2(m+ 1) x +m* 4+ 3m +2 =0
a) Tim m dé phuong trinh ¢6 nghiém x,, X, thod man: x,* + x,* = 12
b) Tim hé thirc lién hé giira x, va x, khong phu thu6c m?
Bai 9: Cho phuong trinh: (m+ 1) x* -2(m-1)x+m-2=0
a) Xdc dinh m dé phuong trinh ¢6 2 nghiém phan biét.
b) Xdc dinh m dé phuong trinh ¢6 | nghiém béng 2 va tinh nghiém kia.
c¢) Xdc dinh m dé phuong trinh ¢6 2 nghiém x,; x, thoa man hé thirc
1 1 7

X, x24

d) Tim gid tri nho nhat ciia biéu thic A = 2x,” + 2X,° + XX,
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Bai 10: Cho phuong trinh bac hai: x" - 2(m+ 1) x+2m+ 10=0 (1) (n la
tham s0)
a) Tim m dé (1) c6 nghiém.
b) Cho biéu thitc A = 6x,x, + x,” + Xx,” (X;; X, 12 nghiém ctia (1). Tim m
sao cho A dat gia tri nho nhdt. Hay tim gid tri 4y.
Bai 11: Cho phuong trinh: (m — 1) x* = 2mx+ m + 2 = 0 (v6i m la tham s0)
a) Tim m dé phuong trinh trén c6 2 nghiém phan biét x,; x,. Khi dé6 tim
hé thirc lién hé gita x,; x, khong phu thudc vao m.
b) Tim m dé phuong trinh trén c6 2 nghiém phan biét x,; x, thod man he
thire: il-+h+6=0
X2 X
Bai 12: Cho phuong trinh bac hai d6i véi x: x> -2(m-1)x +m-3=0(1)
a) Giai phuong trinh (1) véim=0
b) Chimg minh rang phuong trinh (1) luén ¢6 2 nghiém x,; X, véi moi m
¢) Tim 1 hé thirc lién hé gitra x,; x, khong phu thudéc m.
d) Xdac dinh gia tri cia m sao cho phuong trinh c6 2 nghiém bang nhau vé
GTTD va trdi dau nhau.

IV.3- MOT SO DANG PHUONG TRINH THUONG GAP VA CACH GIAI
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1. Phuong trinh tich:

Bing cac phép bién d6i dai s6, ta c6 thé dua mot s6 cac phuong trinh bac cao
vé dang: A(x). B(x) ... =0 (1) trong d6 A(x), B(x) ... 1a cdc da thic.
D€ giai (1), ta chi cdn giai timg phuong trinh A(x) = 0, B(x) = 0... r6i lay tat
ca cdc nghiém cta ching. '
Vi dul: Giai cic phuong trinh sau:
a)2x'+x’-13x+6=0
b)Bx+4)(x+ 1) (6x+7)P=6
)@x+5)'+2x-7)'-(6x-2)'=0
Giai
a) 2"+ X - 13x+6=02x"-4x + 5’ - 10x - 3x +6=0
S2X(X-2)+5x(x-2)-3(x-2)=0=(x-2)(2x* +5x-3) =0
S(x-2)2x-x+6x-3)=0 & (x-2)2x-1)(x+3)=0

x=2=0 “=f'

S 2x-1=0 & X=-2"
x+3=0

_x=—3

Vay phuong trinh c6 3 nghiém: x, = 2; X, = % s Xy==3

b) 3x+4) (x+1)(6x+7)?=6
&S 123x+4)(x + 1) (6x +7)2=6.12



EH(6X + 8)(ON + Oyt ¢ 74 =72
¢ (36X° + 84X 4+ A8) (360 +8dx 4 49 T2 -0
Pat 36x" + 84x + 48 = o phiemg trinhs 1t 0+ 1) -72=0
AP H-T=0cx1,= 91.=8
VAL =-9.t@aco: 365+ Rdx+ K=Y
>3 +84x + 5T =0¢ 12 + 28x + 19=0)
A=14-1219= 32<0 > Phuong trinh vo nghiém
FOVEIL =8 taco: 308+ 84x + 48 = 8
36X +8IX +A0 =039 + 2lx + [0=0

A=21P-4910=81 > J\ =9

=21+Y9 =12 =2 =21=-9Y =30 =5
xl = —= - = -- : x-l = — = s
2.9 I8 3 2.9 B 3
2 -5
Vay phuong trinh da cho co 2 nghicm: x, = - 1 x, = 3
3 3

¢) Apdung hang dang thite: Néna+ b + ¢ =0thia' +b' + ¢’ = 3abc.
Phuong trinh: (4x +5)" +(2x - 7)" -~ (6x - 2)" =0
SEx+5)'+2x -7 +(2-6x)=0 (1)
Taco: (dx+5)+(2x-T7)+(2-6x)=0
=S @x+5)"+2x -1 +(2-6x)' =3(4x+5) (2x - 7) (2 - 6x)
Phuong trinh (1) twong duomg véi phuong trinh:
34x+5)2x-7)(2-6x)=0

-5

X =—

4x+5=0 74
SOI2x-7=0 © X ==
2-6x=0 I

X ==

3

2. ?huong trinh chira an ¢ mau

- Cidc bude giai phuong trinh chita an & méu thic:
+ Tim DKXD cuia phuong trinh.
+ Quy déng roi kKha méau thie ¢ 2 vé cua phuong trinh.
+ Giai phuong trinh vita nhidn duoc.
+ D6i chidu gid tri tim duge cia an vai DKXD dé két luan nghiém cta

phuong trinh (GT cua an phai thoa man diéu kién xidc dinh).

- Vai mét 56 bai todn, viée tim DKXD kho khan, ta giai binh thuomg dé tim

ra gid tri cla an. Sau d6 thay gid tri cla an tim duoce vao mau thie dé kiém
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tra diéu kién mau thic khdc 0. Néu gi4 tri clia 4n thoa man diéu kién xdc
dinh (mdu khic 0 ) thi gia tri d6 1a nghiém cua phuong trinh.
Vi du 2: Giai cdc phuong trinh sau:

2 x-1 x*+4x-5_

a - - l |
‘ 2x+3 2-x 2;(2_-x._6 th
b) 2 + l + l + l = (2)
x2+5x+6 x*+7x+12 x*+9x+20 x*+11x+30 2
Giai
a) DPKXD: x #2; x# :23:
— 2 —
Phuong trinh (1) & 2 e 2 -3 =
2x+3 x-2 (2x+3)(x-2)
=S2x-2)+(x-1)2x+3)-(x*+4x-5)=2x-x -6
S2x-4+2x7 +3x-2x-3-x"-4x+5-2x*+x+6=0
X +4=0 X'=4x,=22x,=-2
x, = 2 khong thoa mdan DKXD
X, = —2 thoa man PKXD.
Vay phuong trinh c6 1 nghiém la x = -2
b) Phuong trinh (2)
1 1 | 1 D =
(x+2)(x+3) (x+3)(x+4) (x+4)(x+5 x+35)x+H) 2

PKXD: x#-2;-3; -4, -5, -6 (%
Phuong trinh (2’)
| 1 | 1 1 | 4 | |

-—

|
+ - + - - =—
x+2 x+3 x+3 x+4 x+4 x+5 x+5 x+6 2

: - : =l<:>2(x+6)—2(x+2)=(x+2)(x+6)
X+2 x+6 2

& 2x+12-2x-4=x*+8x+12x*+8x+4=0
A =16-4=12JA =\12=23
x,=—4—-2\5 (Thoa mén (*))
%;=—4+ 2y/3 (' Thoa man (*))
Vay phuong lrinhcé?ngkﬁ@m:x,=—4—-2~6 X =—-4+ 2-/5




¥~

Vidu 3: Giai phiong trinh: = 1)
X"+ 3+ 7
Giiai
Tiw(l) tacd: Ix -l =x"#Ix+Tesx'= §eng= =2
Vaix=-2thi x'+3x+7=(-2'+3(-+7= 720

Vay nghiém cua phitong trinh [a x = 2

Vi du 4: Giai phuong trinh: b I-x (1)(mlatham s6 )
I + mx
Giai
DKXD: x # -t
m

Tur phuong trinh (1) => (1 + x)* = (1 - x) (1 + mx)
Sl+2x+x=l+mx—-x-mx eom+x +3x-mx=0
x=1()

O x[m+1)x-(m-3)]=0
m+hx-(tm-=3)=0

- Gidigix=0thodmin DKXD:x #=—
m

Nén x = 0 la nghiém ctlia phuong trinh
— Xétphuong trinh: (m+ I)x-(m-3)=0 <> (m+ )x=m-3 (¥)

5 a m-— 1 . . 4 .
+ Néeum+ 1 #0<>m#-]thi x= la nghiém ctia phuong trinh

m + |
. 4. . = . im va 1 » - m _"3 l
Nghiém phai thoa man diéu kién x # —— wfc lay —— # ——
m m+ 1 m
oSm-3mz-m-lem -2m+ 1 # 0
, . m-3
Sm-1)'20omzl=>m# t]thix=-——
m+ 1
+ Néum+ 1 =0<>m= -1 thi phuong trinh (*) la Ox =—4: PTVN
——— " < . : m -3
Két luan: Voim # +1, phuomg trinh ¢6 2 nghiem: x, =0; x, = o
m

m = +1, phuong trinh c6 | nghi¢m: x =0
3. Phuong trinh chira an trong dau gia tri tuyét doi
D€ giai cdc phuong trinh chira in trong dau gid tri tuyét d6i ta phai khir du
gid tri tuyét déi .
Hai bién phap thuomg dung dé khir ddu gid tri tuyét doi la:
~ Ta xét gid tri cha bién lam cho bi¢u thitc trong dau gid tri tuyét d6i am

- - A A . . . = e | 4“\ né’u A 2 0
hay khong am dé khir dau gid tri uyet doi: A = -
(=A néu A<0
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— Binh phuong hai vé€ ctia phuong trinh dé khir ddu gid tri tuyét doi

IR LOR O
6) ™ gy 20

f(x)

Ngoai ra ta c6 thé danh gia hai v& cla phuong trinh dua vao cac ba dang
thic vé gid tri tuyét d6i (Xem bat dang thic)
Vi du 5: Giai cdc phuong trinh:

a) [S-2x|+3=x+1 (1)
b) 3x-—2|+|3x—5|=3 (2)
o) [2x]-3|=2x+5 (3)

Giai
a) Cdch 1

5
+ Vais5-2x 2 0% SE
Phuong trinh (1) la: 5-2x+3=x+1 & x= %(lho&méndiéukiml

+ Vais5-2x<0ox >§
Phuong trinh (1) la: -5+ 2x + 3= x + 1 < x = 3 ( thoa man diéu kén)

G L 7
Vay tap nghiém cua phuong trinh la: S= {3—1}

2 _ (. 9\
Cdch2 :Tacé (1)@|5-zx|=x_2¢,{(5‘2") =(x-2)

x-220

[[x=3 3

3x2 —16x+21=0 7 *=
= S <lx== & 7
x22 3 X=—
h ]

‘ (X 22
b) Cdch I:

¥ Vaix < % ,phuong trinh (2) 1a: -3x +2 -3x + 5=3
2 i . ; .
< 6x=4x= 2 khong thude khoang dang xét.

Y 5 . .
* VGI;SKS—_; phuong trinh (2) [a: 3x -2 -3x+5=3&0x =)

Phuong trinh nghiém ding véi moi x thuoc khoang dang xét



D <
[ite la: - < x <
3
. . b
* Vi x > . phiromg tnnh (20 las 3x 24 3x 5=3

[
¢26x =10 <xx = (khong thuoe kKhoang dung xét)
3

? 5
Vay phuong trinh co vo so ngliem thoa man . <x< 3
Cach 2:
Do |3x—2|2 Ix=2 Din“="xayracx x -2 20 x 2—3—
] | & e 2 _ 5
I.’ix - 5| =|5-3x|25-3x Dau"="xayrn >3 3x 2 0ex s;

Do d6: [3x -2/ +/5 - 3x/ 23 -2+ 5-3x =3
Theo bai ra, phai xay ra dau dang thue,
x-220 2 5

Bicu nay xay ra khi : & -<x<-
§=3x 210 3 3

2|x|-3|=2x+5
# Xét khoang x =0, phuong trinh (3) ¢6 dang: }2.\' - 3‘ =2x+35 (3)

5, - -
- Véix 25,1"] (3)codang: 2x -3 =2x+35<0x =8 = PTVN

- Vaéi 0<x < —; phuong trinh (3") co dang: -2Xx+3=2x+ 5

rd |

| _
Ddx=-2 = = Khong thuoe khoang dang xét.

# Xét khoang x < 0 phuong trinh (3°) ¢ dang:

|-2x-3|=2x+5 ¢ 2x+3=2x+5 (3"

; 3 A .
- Véi0>x 2 - 5 + phuong trinh (37) Ta: 2x + 3 =2x + 5

—

< 0x=2=> PI'VN.

- Vaix< -, phuong trinh (37) [a: -2x-3=2x +5

<> 4x = -8 <> x = -2 thuoc khoang dang xét.
Vay phuong trinh ¢6 1 nghiem la x = -2
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4. Phuong trinh c6 heé sé doi ximg

Phuong trinh ¢6 hé s6 déi ximg la phuong trinh ¢6 dang f(x) = O trong do6 f(x)
1a da thirc bic n ¢6 tinh chat hai s6 hang c6 t6ng cdc s6 mi cia bién bang n
thi bang nhau, nghia la:

ax"+a, x"'+.+ax+a,=0vdia=a,,(i=0,1,2,...n)

a) Phuong trinh: ax"+bx3+éx2+bx+a=0(a¢0) (1)
La phuong trinh hé s6 d6i ximg bac 4.

Cdch giai:
x = 0 khong l1a nghiém clia phuong trinh.

Chia 2 vé& cho x?, ta duoc: a(x2+%)+h(x+—l-)+c=0 )
X X

=|x|+i22

o

1
X+—

bat x+l =1(3). Dox va = cimgda’u=>|l|=
X

X X

2
| 1

= (x+—] =t2:>x2+—§—=t2—2
X

X
Phuong trinh (2) trd thanh: at’ + bt + ¢ - 2a = 0.
Néu phuong trinh (2) v6 nghiém = Phuong trinh (1) v6 nghiém.
Néu phuong trinh (2) c6 nghiém t thi thay vao (3) gidi (3) dé tim x
b) Phuong trinh: ax*+ bx* + cx'+cx’+bx+a=0 (4)
La phuong trinh hé s6 d6i ximg bac 5.
Cdch giai:
Cadch I: x = -1 la | nghiém ciia phuong trinh (4).
Dat x + 1 1am nhan tir chung thi nhan tir con lai 1a da thic d6i ximg bac 4. Tir
d6 din dén giai phuong trinh hé s6 d6i ximg bac 4 nhur trén.
— Chu y: Cic phuong trinh hé s6 déi ximg bac 1é c6 nghiém x, = -1 va viéc
giai n6 chuyén vé giai phuong trinh hé s6 d6i ximg bac n — 1 chan.
Vi du 6: Giai cdc phuong trinh sau:
a)2x'-5x'+4x*-5x+2=0 (1)
b)2x' -3x*—-x'-x*-3x+2=0 (2)
Giai
a) Vi x =0 khong la nghiém cta phuong trinh (1). Chia ca 2 vé€ ctia phuong
trinh nay cho x* ta duoc:

S
2x’—5x+4——+i=0<::>2 :r.z+i -5 x+l +4=0 (1)
X x2 X2 X



1 _ , ;
bat x + - =1 (||._>2)t'. > ok BRI DRE — =02
X X’ X

Phuong trinh (1") la- 200 20 St+4=0
| =0 Khong TMDK (*)

S 2W=-51=01(2A-5=00 5
L= TMBK(*)

J
o 5 , , | 5 :
Véi t= — thayvao (*)tacod: x+ —=- <> 2x"=5x+2=0
2 x 2
: 543 5-3 1
A=25-16=9 VA =3 x, = =2 x, ==
4 -4 2
- - - l
Vay phuong trinh (1) ¢6 2 nghiém: x, = 2: x, = 5

Cach 2:
Ta c6 thé giai phuong trinh (1) bang phuong phiap nhdm nghiém.
Do x = 2 la nghiém cta phuong trinh (1) nén VT phan tich thanh tich c6 1
thira s6 la x — 2. Tir dé ha bac dan cua tich.

b) 2x* - 3x*-x'-x"-3x +2=0 (2)
S 2x +2x - 5x -5 A+ A - 5T - 5x+2x+2=0
S(x+D)Rx -5x"+4x' - 5x+2)=0

Sir dung két qua cdu a, phuong trinh (2) ¢6 3 nghiém la: x, =-1; X, =2; X, = %

. Phuong trinh bac 4 c6 hé so doi ximg léch

Phuong trinh: ax’ + bx' + cx’ = bx +a=0 (a # 0) (1

Goi la phuong trinh bac 4 ¢6 hé s6 déi ximg léch.

Cach gidi: Phuong trinh (1) khong nhan x = 0 la nghiém nén chia 2 vé cho

x% taduge: (1) <> (1) <a(x' + —17)+b(x—l~)+c-_-'0 (2)
X~ X

Di}ll=x-—l (*):>x2+—!— =t'+2
X x‘?
Khi d6 phuong trinh (2) tré thanh: at’ + bt +c+2a=0  (3)
Néu phuong trinh (3) vo nghiém thi phuong trinh (1) vo nghiém.
Néu phuong trinh (3) ¢6 nghiém t. Khi d6 thay vao (*) ta tim duoc x.
Vi du7: Cho phuong trinh: 3x* —4x' + mx’ +4x +3=0 (1)
a) V@i gid tri nao cua m thi phuong trinh vo nghi¢m?
b) Giai phuong trinh véi m = -5
siai
a) Phuong trinh (1) khong nhan x = 0 la nghiém.
Chia 2 vé cho x’, ta duoc:

45



46

4 3
3x’—4x+m+—+-‘—;=n<:>3(x2 +--l;,-]—4(x—lJ+m=()
X X~ X- X
1 0, 1 _ 02
Patx-—=t(*) >x'+ —=1°+2
X xz
Phuong trinh trén trd thanh: 3t ~4t+m+6=0 (2)
Phuong trinh (2) v nghiém < A’'=4-3m - 18 <0

S3m+14>00 m>—-%

Khi dé phuong trinh (1) vo nghiém.
b) V6i m = -5, phuong trinh (2) 1a: 3¢ —4t+ 1 =0

Phuong trinhnaycéa+b+c=3-4+1=0>1, = 1;[2=.;.
* Véit= 1, thay vao (*) taco: x — l =]

1+J§

X
Sx-x-1=0=>x,= X, =

-5

2 '

¥ Vait= -};.thayvéo(*)lacé:x A =% < 3x*-x-3=0

k: X
1+/37 1-/37
5 W= Tg

Vay véi m = -5 phuong trinh da cho ¢6 4 nghiém nhu trén.

-

X3

6. Phuong trinh bac 4 ¢6 hé sé doi ximg ti lé

Phuong trinh: ax* + bx' + cx? + bkx + ak’ =0 (1

(a #0,k # 0) goi 1a phuong trinh bac 4 c6 hé s6 doi ximg ti 1é.
Cadch giai: x = 0 khong 1a nghiém ctia phuong trinh (1).

Khi dé6 chia 2 V& ctia phuong trinh cho x?, ta dugc:

2
a[x2+k—]+b[x+£J+c=0 (2)
x? X

k , kP
Patt=x+— (*)=>x + — =t" -2k

X xz
Phuong trinh (2) tr& thanh: a® + bt + ¢ - 2ak=0 (3)
Néu phuong trinh (3) vo nghiém thi phuong trinh (1) v nghiém.
Néu phuong trinh (3) ¢4 nghiém t thi thay vao (*) ta tim duoc ngh#gm x
Vi du 8: Giai phuong trinh x* - 7x" + 18x* - 21x+9=0

Giai

x = 0 khong phai 1a nghiém cia phuong trinh. Chia 2 v€ cho x’, ta fuoc



. 21 Y ( 9o 3
x - Tx+ 18 j e X THHx+ —-|+18=0 (2)
AN \‘ | X |I_ X

s _ 3 3 . LI ,
bicu kien: jl‘ = I\ X 4 * /Y (yivva - cung ddu)
! \ X LS
3 ; ' Y .
PDax+ ==t (*) x5+ . =t 6
X N\

Phuomg trinh (2) Lot - 6 Tu+ 18 =0

; t=3=0 1=3
=TI+ 12=0 (1~ )t =d)y= )& &
1-4=0 (=4

Vi t = 3 khong thoa man DK ;. Vait = 4, thay vao (¥) ta dugc:

3 5
X4 —=4OX -4x+3=05(x-x-3=0
X

Xx=1=0 x =]
& o
x-3=0 x=3
Vay phuong trinh da cho ¢6 2 nghiém: x; = 1: x, =3
Cha y : Cdc dang phicong trinh 4, 5 . 6 bac 4 ¢6 thé khdi qudt chung trong

. 3 2
plucong trinh dang ax? +bx exT +dx+e=0

2
Trong dé (g) =2 khi do vait nhan xét x #0 . Chia ca hai vé cua phuong

¢
. . a | d( b | (s
trinh cho ex” ta ditoc | — x> + — [+—=| =x+=|+—=0
¢ x- ) € xX) €
- b | R | 2 b . - G
Ddr —x+—=t1hi —x"+—=1 -2 3 ta dita dwge phuong trinh da cho vé
X C .

phucomg trinh bac hai voi dn t
7. Phuong trinh vo ti
Phuong trinh vo ti la phuong trinh chira An trong dau can.
Mot s6 phuong phip giai
a) Phuong phdp 1: Phuong phap nang lén luy thica:

Vi du 9: Giai phuong trinh: Vx + 4 —J1-x =1 - 2x
Gidi

x+420 X2 -4
Piéukién: {1 -x>0 &<{x<l o -4<x<
1-2x20

I
= (1)
5 (

xsl
2

.
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Phuong trinh vi€t lai dui dang: Vx +4 = V1 -2x +v1-x

= J(l—2x)(l—x)=2x+l (*)

DK:2x+120:>x2—% (2)

Hai v€ khong 4m. BP 2 v€ clia phuong trinh (*) ta c6:
(=20 -x)=@x+1)

x=0 (TMDK(1)& (2)
oS +Tx=0 7 i
X= -3 (K"TMDK(2)
Vay phuong trinh ¢6 | nghiém: x =0
Vi du 10: Gidi phuong trinh: ¥3x—1+Jx+1=3Y-2x (1)
Ap dung hing ding thirc: (a + b)' =a' + b’ + 3ab (a + b)
Lap phuong 2 vé&€ cua (1) ta c6:

3x—l+x+l+3%/3x—l.'3/x+l(s%x—l+{fx+l)=-2x

@3.3/3x—1.yx+l(3/3x—l+§‘/x+l)=—6x (2)

Thay (1) vao (2) ta duoc: 3.y3x -—l.'?fx +1= ?/—2:& =-6x

o Px-13Yx+132x =2x & B3x - 1) (x + 1). 2x = 8%
»
S2x[Bx-1)(x+1)-4x1=0 x(x*-2x+1)=0

x=0 x =0 x=0
|, = 3 o

x“=2x+1=0 (x=-1)"=0 x=1
Thay x = 0 vao phuong trinh (1): Thoa mén
Thay x = 1 vao phuong trinh (1): Khong thoa mén

Vay phuong trinh ¢6 |1 nghiém duy nhat la x =0
b) Phuong phdp 2: Dua vé phuong trink chita dn trong ddu GTTD:

Vi dull: Gidi phuong trinh: Vx+v2x—1 +Vx—v2x—1=v2 (1)

Giai

DKXD: x 2%.th2v€cﬁaphucng trinh (1) véi ﬁ.mduqr::
J2x—l+2m-4-l+\/2x—l—2\/2—xj+l=2

aJ(M+1)2+J(M-1)2=z

o Vax-1+1+2x-1-1=2 (%)

* Néu V2x-121o2x-121ox21




. - e r_-_—-
Phuong trinh (*) la: Vax-14142x-1-1=2
«» J2x -1 =1. Hai v& khong 4m. binh phuong 2 vé ta duge: 2x - | =
<> x =1(2) (Thoa man DKXD va thudéc khoang dang xét).

¥ Néu J2x~l<l<:>2x—l<lc:>x<l

Phuomg trinh la: ¥v2x =1 +1-v2x-1+1=2

Phuong trinh ¢6 vo s6 nghiém thoa man: —<x <1 (3)

to | —

Két hop (2) va (3) ta c6:

; . s __ .o
Phuong trinh ¢6 nghiém la moi x thoa man —<x <1

[ 8%

¢, Phuong phdp 3: Dat dn phu.

Vi dull: Giai phuong trinh: 6x* + 15x + \foz +5x+1 =1 (1)
Giai

Pa \Ex2+5x+l:l(*) (t20)= 2x’+5x+ 1 =0
6x>+15x =6x7 + 15x +3-3=32x*+5x +1)-3=3-3

Ta c6 phuong trinh (1) [a: 38 +t-4=0 = 3t+4)(t-1)=0
H+4=0 =
[—1—-0 et
== t=1

Tathayt = —% khong thoa man diéu kiént 2 0

Véit = 1. Thay vao (*) ta c6: \(2.1:2 +5x+1=1
o 2 +Sx+1=12x"+5x=0

x=0

< x(2x+5)=0 < 5
X=—=
2

Vaix=0vax= —-g TMDK: 2x2 +5x +1>0

5
Vay phuong trinh ¢6 2 nghiém: x, =0; x, = =

¢. Phuong phip 4: Dung bdt ddng thirc:
Vi dul2: Giai phuong trinh:

\/8x2 -8x+3+\/12x2 -12x+7 =2(—2x2+21+1) (1)
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Giai

VT = V’Z(—If —4x « i) Pl ‘JB[Qla -4y 4")4'4

= \/2(2.&—1)"1+I+Vq2x—l)2+42\ﬁ+ﬁ=3
VP=2(-2x"+2x+1)==4x"+4dx -1 +3=-2x- 1)+ 3<3

Ca 2 v& déu bang 3 khi va chi khi x = %

Vay phuong trinh ¢6 nghiém Ia x = .;_

. Mot so phuong phip giai phuong trinh nghiém nguyén

Phuong phap 1: Phat hién tinh chia hét cia mét 4n
Vi du 13: Giai phuong trinh véi nghiém nguyén: 3x + 17y = 159 (1)
Giai
Gia str x, y la cic s6 nguyén thoa man phuong trinh (1) ta thay 159 va 3x déu
chiahétcho3nén 17y : 3,dod6y: 3 (vil7va 3 nguyén to cung nhau)
bat: y =3t (t € Z) thay vao pt (1) taduge: 3x + 17. 3t =159
Sx+171=53 ©x=53-1T
Dodo: x=53-17t = y=3t (teZ)
Dao lai: Thay cdc biéu thic cia X va y vao (1) phuong trinh duoc nghiém
ding
Vay phuong trinh (1) ¢6 v6 s6 nghiém nguyén (x, y) dugc biéu thi bdi cong

, {x=53—n . .
thic: (t la s6 nguyén tuy y)

y =3
Phuong phap 2: Pua phuong trinh vé udc so
Vi dul4: Tim nghiém nguyén cia phuong trinh: xy -x-y=2

Giai

Bi¢n d6i phuong trinh thanh: x (y - 1) -y =2
oOx(y-D-(y-D=3(y-I)x-1)=3
Ta goi phuong trinh trén 1a “Phuong trinh udc $6™: V€ trdi la mot tich cédc
thira s6 nguyén, v€ phai 12 mot hang s6. Ta ¢6 X va y la cdc sO nguyén nén
x — 1 vay - 1]acdc sO nguyén va la udc cta 3.
Do vai trd binh dang ctia x va y trong phuong trinh nén c¢é thé gia thiét ring
x>y khidéx-1>y-1
Ta c6:

x -1 3 -1
y -1 I -3




1o don

| X | 4 _
s
\ |2 )
Vay nghiem cua phuomg trnh b 0 s Do 290 20

Phuong phap 3: Tach cac g v neuven

Vi du IS: Tim nghiem nguyen cus plurone mnh: sy 8 v =2
(ITHY

Bieu thy x theo y tir phuong trimh dachotadiee: v )=y + 2

i thay v # Ivinéuy =1 thitaco Oy = 3 vo pghiem. '

: y+2 .. Vit 2 S
Dodo: x= - cTach ra phanthie = CAc SO neuYenL g ¢o;
y—1 vl
w+d y=143 \
X = - 1 4

y-1 y -1 v = |

Do x [ so nguyeén nen Lo songuven, Dodoy -1 [a ude cua 3
¥ -

Ma uoc cua (3)y= #1:+ 3 lan luot choy 1 bang cic ude cua 3 ta duoe ket
qua nghiem cua phuong tinh L 4 200020 40,000 2y (-2:.0)
Phuong phip 4: Xét so du cua tung ve
Vi du 16: Chimg minh rang cic phuong trinh ssu khong ¢6 nghiem nguyén:
a) X - y'=1998 bl x +3y =1999
Criai

a) Ta chimg minh x°, y* chia cho 4 chico o dulaOva |

Do vay x* — y*chia cho 4 cosodu: 1,3,

Con vé phai 1998 chia cho 4 du 2.

Vay phuong trinh khong ¢o nghicm ngu.¢n
b) x%, v* chiacho 4 ¢6s6 du0: 1 nen X + v chia cho 4 ¢6 6 dur 0; 1; 2.

Con vé phai 1999 chia cho < dur 3

Viy phuong trinh khong co nghiem ngu.¢i
Phuong phap S: Dung bat dang thire
Vi du 17: Tim 3 s6 nguyén duong siao cho tong ctia chiing bang tich cua

chiing.
Giai

Goi cdc s6 nguyen duong phai tm L x, v, 2. Taco: x+y+2z=xyz (1)
Chii y rang cic an x. y, z ¢6 vai tro binh dang trong phuong trinh nén c6 theé
“Sip thi trcic an™. Changhan: 1 - x <y <z
Dodé: xyz=x+y+2z< 3z
Chia 2 vé ctia bat dang thirc xyz < 37 cho so dvong z ta duge: xy < 3
Do do: xy € {1:2: 3]
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¥ Voixy=I,tacéx=1;y=1. Thay vao (1) dugc: 2 + 2=z (loai)
* Véixy=2,tacéx=1;y=2 Thay vao(l)duoc:z=13
* Véixy=3,tacox =1;y=3. Thay vao (1) duogc: z = 2 (loai)
Vivé trdi sdp xépy <z
Vay 3 s6 phai tim la: 1, 2, 3
Phuong phap 6: Chi ra nghiém nguyén
Phuong phdp xét timg khodng gid tri ctia 4n cdn duoc thé hién duéi dang: Chi
ra moOt vai s& 12 nghiém nguyén cua phuo*ng trinh, r6i chimg minh phuong
trinh khang cé nghiém khic.
Vi dv 18: Tim cé4c s6 tu nhién x saocho: 2* + 3* = 5"
Giai

2 X 3 X
Viét phuong trinh dudi dang: (E) +[—) = (1)

Véi x = 0 thi vé€ trdi cta (1) bang 2 (loai)
Véi x = | thi v€ trdi cua (1) bang | (ding)

fa\ 2\ X
Véi x> 2 thi: 3 < 2 S (E) <% nén

) 3 5
(Y (1)
2 + 2 < E+§=l (loai)

Nghiém duy nhat ctia phuong trinh: x = |
Phuong phép 7: Sir dung diéu kién c6é nghiém cua phuong trinh
Ta viét phuong trinh: F(x; y) = 0 du6i dang phuong trinh bac hai déi véi 1 4n,
chidng han dé6i véi x, khi d6 y 1a tham s6. Diéu kién cdn dé phuong trinh c6
nghiém 12 A > 0 (dé c6 nghiém nguyén con c4n A 12 s6 chinh phuong)
Vi du 19: Tim cidc nghiém nguyén ctia phuong trinh:
X+y+xy=x'+y (1)
Giai

Viét (1) thanh phuong trinh bac 2 déi vai x:

XX=(y+Dx+y'-y=0 (2)
Diéu kién cdn dé (2) c6 nghitmIa A2 0
Taco: A=(y+ 1) -4y -y)=-3y’+6y+1>0

&3y -6y-1<0 ©3-(y-17< 4
Do dé: (y - 1)* < 1. Suy ra:
y—1 -1 0
y 0 | 2




¥ Vaiy=0thayvao (20 duocy (=0 =>x,=0ix;,=1

* Vaiy=1thayvao2iduse v 2x = =>x,=0; x4 =]

* Voiy=2thay vao (0 dine v X 42 20 > x=0;x,= 1
Thir lai cac gid tr ven nehiem doe g phoong trinh (1), Vay phuong trinh
da cho ¢6 6 nghiem: (0: 03 vl O O 10 €2; 1) (15 2):(2: 2)

9. Bai tap van dung cac dang phuong trinh thuimg gap:

Bai 13: Giai cdc phuong trinh sauw.
a) X*-2x'=x"+ 85— 12=0
b) 2x' =3x? - 1Ix+6=0
¢) (K =2x+3P-2(x+3(x -3 =36(x+3)
d) x* - 2x* = 400x + 9999
&) 2x— V5 +x+ VT +(V5-V7-3x)'=0
g) (4x + 1)(12x - )(3x + D)(x+]) =4

Bai 14: Giai cdc phuong trinh sau:

l-x x+1 21

a) = =2
x+2 3‘3 x"_.x,_(}
" 3 x -2 (3x—2)(3x+2)
) + =
x—=2 x?+2x+4 x -8
2 X+2 10
c) -

x+3 3x—x’ ) x(x2 -9)
Bai 15: Giai cac phuong trinh sau:
a) 3x - 2.]3-x|=1
b) Ix+1l+|2x—3]=5
c) “x|+3|+2x=4
Bai 16: Giai cac phuong trinh sau:
a) X*—2x' +8x’-2x+1=0
b) x* - x*+6x'+6x -x+1=0
c) 2x* -3x'-9x’+3x+2=0
d) 2x* - 21x"+ 34x* + 105x + 50=0
Bai 17: Giai cac phuong trinh sau:
a) V3x-5=v2x+1
b) Jx-1-vx+2=2

&) Jax?—12x+9+2x=9
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d) Vx}-ax+4+Vax2 +4x+1=5
e) Jx+2\/;——3—2+\fx—2\/x_—_j—2 =3
g) J2Ix—1+Vax—3 +V2x—1-Jax-3 =42
f) V3x+2-5=x
h) V2x+9=v25-x-+3x+4
k) J6—»+Vx—4=x>-10x+27
Bai 18: Tim cdc nghiém nguyén ctia cic phuong trinh:
1) 2x + 13y =156 2) Ixy+x-y=1
3) 2x’+3xy-y=1 4) x'-y'=9l
5) x’-xy=6x — 5y - 8
Bai 19: Cho da thirc f(x) c6 cac hé s6 nguyén. Biét rang f(1). f(2) = 35.
Ching minh rang f(x) khong cé nghiém nguyén.

V- HE PHUONG TRINH
1. Hé phuong trinh bac nhat 2 an

1. Dinh nghia: Mot hé 2 phuong trinh bac nhat 2 an c6 dang:

ax+by =c¢ (D
Ol

a'x +b'y (2)
trong d6 ax + by =0 va a'x + b'y = ¢' 1a nhimg phuong trinh bac nhat 2 4n.
2. Cdch giai: Thong thudng ta giai hé phuong trinh (I) bang phuong phép cong
hoac phuong phép thay thé.

Vidul: Cho hé phuong trinh: {x =k 3)y =0
(m-2)x+4y=m-1

a. Giai hé phuong trinh véi m = -1.

b. Giai va bién luan hé phuong trinh trén véi m 1a tham sé.
Giai

a. Véim = -1, hé phuong trinh la:

x=2y=0 2x -4y =0 X=2 X
= L= L=l
-3x+4y=-2 3x -4y =2 x=2y=0 y

Vay véi m = -1, hé phuong trinh ¢6 nghiém duy nhat la: {x -

i

"
Ll
I

Il

x—(m+3)y=0 (1
b. Xét hé phuong trinh: (l){(m—")x34y=m—l )
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Tirthtaco: x=mm+ 3y (3). Thay (3) vao (2) ta duoc:
(M =2)m+3)y +4y =m+ | S (m” +m- Oy +dy =m+1
> (m” 4+m- 2y =m-l&m -DHim+2)y=m-—| ()
Neum = 1, phuong trinh (%) [a: Oy = 0.
> Phuong trinh vo so nghicm = heé phuong trinh (1) vo so nghiém.
Thay m = 1 vio phuong trinh (1) ta duge:

|
‘_4_\':“@‘\ :4}'c>'\,':1_x

Khi do nghiem tong quiat cua he phuong trinh (1) la: (x € Ry 2—;,&1

# Nceum = -2, phuong trinh (%) la: Oy = -3
= Phuong trinh vo nghi¢m = hé phuong trinh (1) vo nghiém.

“ Neum # Iy m # -2 tht phuong trinh (*) ¢6 nghiem la: y = - thay
m+ 2
. . m + 3
Vo (3) taco: x =

m+ 2

m+ 3

2 X = =

- — : : ST +2

khi do hé phuong trinh (1) ¢6 nghiem la; m
1
-\.l' —
m+2

Két luan:
.. . - i - 2 » - - I
Varm = |, hé phuong trinh ¢6 VSN : nghiém tong quidt [a: (xe Ry = 1:()

Vi m = -2, hé phuong trinh vo nghiém.

m+ 3
X =--—
m+2

m+2

Voim # 1 ;m # -2, h¢ phuong trinh ¢6 nghiém duy nhat:

2. Hé phuong trinh hai an doi ximg loai 1:

Ta 6 thé hiéu hé phuong trinh doi ximg loai 1 d6i vai an x va y 1a hé cd
tinh chat: khi trio doi vi tri ciic an x va y cho nhau thi méi phuong trinh cua hé
khong doi.

Cach giai:

* Pat: {"‘ g s (5* - 4p>0) bién doi h¢ di cho vé hé véi 2 dn Sva P.
x.y=P

* Giai h¢ phuong trinh mai dé tim S, P.

* V@i moi cap (S, P) thi x va y la nghiém cua phuong trinh: X* - SX + P = 0.
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Chu y: Néu hé phuong trinh ¢6 nghiém (x,; y,) thi (y,: X,) cling 12 n,, clia he.
X+y+2xy=7
Vidu2: Giai he phuong trinh: (I)e>{ , =
X“+y" =5
Giai

X+y+2xy=7
(x+y)2-2xy=5
PDit: x+y=S:xy=P (v6i $-4P>0)
S+2P=7 (*)
§?-2P=5

He phuong trinh: (1) & {

Ta 5 hé phuong trinh: {

S=+4
=>S?'+S—12=0¢_>(S+4)(S-3)=0<$[S 3

+ Thayvao(¥)tacé: S=4=>P= 1—21 khéng thoa man diéu kién :

$$-4P>0
S =3 = P =2 (thod man diéu kién S? — 4P > 0).
Do d6 x; y la nghiém cua phuong trinh:

X2-3X+2=0(X-1)(X-2)=0

X=1 = X=2
<:>|: . Vay ta cé: [X : hay [

Y=1

Heé da cho c6 2 nghiém: (1; 2); (2; 1).

). Hé phuong trinh 2 4n déi ximg loai II
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Heé 2 phuong trinh chua 2 4n x; y dugc goi 1a hé d6i ximg loai II néu tréo d6i
vi tri clia x; y thi phuong trinh ndy tré thanh phuong trinh kia va nguoc lai.
Phuong phdp gidai:
Trir vé€ v6i v€ cdc phuong trinh da cho, bao gid ta ciing thu duge phuong trinh
tich: (x-y)f(x.y)=0 c:[:(: y )=0 khi d6 ta giai hé cho timg trudmg hgp.
: X,y)=
Chi y: Néu hé c6 nghiém (xq; y,) thi (y,: X,) cung 12 nghiém cta he.
2x%* -3x = y"' -2
2y? -3y =x?-2
siai
Trir timg v€ hé phuong trinh ta duoc:
26 -y) - 3(x - y) =—(x’ - y)
S2AX =YX +Y)-3Ix-y)+(x-y)x+y)=0

Vi du3: Giai hé phuong trinh : {



; XxX=y
S (X -y)3x+3y-3)=0 <73(xy)(x+y—l):()co[ ’
y=1l=x

+ V@i x =y, heé phuong trinh twong duong vai

1{:)’ ,‘(:y x:y:l
, R &> < <>
2% =Ix =X~ =2 X==3x#2=0 X=y=2
+ Voiy =1 - x, hé phuong trinh twong duong vai
y=1-x y=l-x
bl 3 & Y.
2x‘—3x=(l—x) -2 X“-x+1=0

=> heé phuong trinh vo nghiém.
Vay he phuong trinh ¢6 2 cap nghiém la: (x;y) =(1; 1); (2; 2).

4. He phuong trinh dang cap.

ax” +bxy + ¢y’ =d,

Ay 2 2 _
a4,X" +byxy +¢;y° =d,

Hé phuong trinh dang cdp bac 2 la hé ¢6 dang: {
Cach giai:
Cach 1:

- Khir x* (hay y°), ta tinh dugc x theo y (hay y theo x).

- Su dung phép thé ta duge phuong trinh tring phuong theo y (hay theo x).
Cach 2:

- Giai hé voi x =0.

- Khi x # 0, dat y = tx, ta duoc hé theo t va x.

-~ Khir x ta duge phuong trinh bac hai theo t.

2x? +3xy +3y* =3 |
Vidu 4: Giai hé phuong trinh sau: (l) ( )

x2+xy+y2=l (2)
Giai
Cach 1: Néu (x; y) 1a nghiém cta hé thiy = 0. Hé (I) tvong duong véi :
2x? +3xy +3y* =3 (1)
{sz +2xy +2y° (2)
l—y2

Trirtimg vé 2 phuong trinh trén, ta duge: xy + yz =l x=

Thay (3) vao (2) ta duoc:

—2Y 1oy _ 2 et
_L +[ Y y+y2=|c>.l_.%¥_}_+_).r__+l_y2+y2=l
y y y
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(-1 =0 y=¢tl

x =1)
* Vaiy =1, thay vao (2) ta co: x2+x+l=l<::>x{x+l)=(lc>l: I
X=-

3 x:”
* Vgiy=-Il,thayvao(2)tacé: x" —x+l=1 & x(x=-1)=0 co[

Vay hé phuong trinh da cho ¢6 4 nghi¢m:

(x: ¥)=(0; 1); (=15 1) (0 =1): (1: =1).
5. Bai tap (v luyén hé phuong trinh
‘Bai 1: Giai cac hé phuong trinh sau:

2x = 3)y + S5)=2xy Sx+2y=3
G {( X =3)y+5)=2xy h.{ y

(x =33y +1)=3xy 3x|-7y =1
| | 2% X .
LRV . — =2

2x 3y d <2v+3 y—1

3 —
z‘c+—y:2 S =]

5 4 y-1 2y-3
(1 (3y+5 2x+43_,

e‘3x y 4 * y+1 X +2
15,12 T2 e
6x y 3 ly+l x-2

2x -4y +z2=-17
Sx-3y+62=13
3x + Sy + 27 =21

Bai 2: Giai hé phuong trinh

\ . . | Xx=my=0
Bai 3: Cho hé phuong trinh (v&i m la tham s6): )
mx-y=m+]|
a. Giai hé phuong trinh véi m = 3.
b. Tim gia tri nguyén ctia m dé hé phuong trinh c61 nghiém nguyen.
¢. Xdc dinh gid tri ctia m dé hé ¢4 | nghiém la cap s6 duong.
Bai 4: Cho hé¢ phuong trinh(m la tham $0):
o SO
X-2 y-m

2x-my=2-m

a. Giai hé phuong trinh vagi m = —1.
b. Giai va bién luan hé phuong trinh.



Bai 5:Cho hé phaﬁnghmh (v61 m la tham 9;3,.

(1 —-mix
= my + |

2mx +im-Ly=m -1
a. Gial va bién luan he phuong trinh trén.
b. Tim gid tri ¢ta m dé he phuong trinh ¢6 nghiém duy nhat thoa man
x <0 y<O.
Bai 6: Giai cic hé phuong trinh:

42y =4 LI
a. {4 ) b.sy x 6
X" +4y" =8
| X+y=35
r y
X+y+xy=11] x—3y=4.—x-
.y 5 5 d. <
X“+y +3(x+y)=28 y_,3,(=4.i
L y

2x% + Xy =3x
[
2y2 + Xy =3y

V. GIAI BAI TOAN BANG CACH LAP PHUONG TRINH VA HE
PHUONG TRINH
1. Kién thitc co bdn: Tom tdt cac bucce gidi bai todn bang cdach lap phong
trinh:
Bue I:
~ Chon an s6 va dat diéu kién thich hop cho an.
— Biéu dién cdc dai luong chua biét theo dn va cdc dai luong da biét
— Lap phuong trinh biéu thi méi lién hé giira cac dai luong.
Burere 2: Giai phuong trinh
Bucre 3: Doi chiéu cdc nghiém clia phuong trinh véi diéu kién cta an roi két
luan.
Luru y: Fa c6 thé chon an truc tiép (dai lugng bai todn bat tim) hodc gidn tiép
(dai luong trung gian chua biét)
2.Bai tdap vi du:
Dang 1: Todan chuvén dong
Vi dul: Mot ngudi di xe dap, mot ngudi di xe may va mot oto di tir diém A
dén diém B. Ho khoi hanh tir A theo thit tu néi trén lic 6 gio, 7 gio va 8
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gio. Van toc trung binh cua ho theo thi tu trén la 10 km/h; 30 km/h va 40
km/h. Hoi may gitr 610 cach déu ngudi di xe dap va xe mdy.
Giai
Goi x 12 thai gian 616 d1 dé dén vi tri cdch déu ngudi di xe dap va ngudi di xe
mdy (x tinh bang gi¥, x > 0). Trén hinh cdc diém D (chi vi tri ngudi di xe
dap), chit O(chi vi tri ngudi di 6t6), chit M (chi vi tri ngudi di xe mdy) thoa
man diéu kién ddv bai. Ta c6 bang tém tit sau:

—_—

Gio khoi Tlfc‘ri gian da di dé Vin 16 Q'mﬂ‘:g duong da di
hanh dén vi tri nlwe h.Vi ' dé dén vi tri nhu h.vé
Oté 8 gidy X giv 40 km/h 4x km
Xe dap 6 gio (x +2) gio 10 km/h 10(x + 2) km
Xe mdy 7 gid (x+1) gid 30 km/h 30(x + l)mJ

Theo ddu bai ta ¢6 phuong trinh: 40x — 10(x + 2) = 30(x + 1) — 40x

Giai ra tim duogc: x = % gi® (thoa man diéu kién)

Két luan: 8 gid + % gio = 9gid 157 thi 616 ciach déu ngudi di xe dap va

ngudi di xe mdy.

Vi du 2: Mot 616 di tir A dén du dinh B lic 12 gids trua. Néu xe chay v6i van
téc 35 km/h thi sé dén B cham 2 gid so v6i du dinh. Néu xe chay v6i van
téc 50 km/h thi thi s& dén B sém | gios so v6i du dinh. Tinh d6 dai qudng
dudng AB va thdi diém xuat phat cia 610 tai A.

Giai
Ta phan tich bai todn bang bang tém tit sau va lap hé phuong trinh:

S (km) V (km/h) (gid)
Du dinh X y
Néu xe chay chim X 35 y+2
Néu xe chay nhanh X 30 y-1
PK:x>0,y>1=>x=35(y+2) (1)
=>x=50(y-1) (2)
— x=35(y+2)
Keét hop (1) va (2) ta ¢6 hé phuong trinh:
x=50(y-1)
. =350
Giai hé phuong trinh ta duoc: { 2 (t/m d/k)
y —
Vay quang dudng AB la 350 km va diém xuat phat chia 616 tai A la:

12 - 8 = 4(gid)
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Dang 2: Toan lam chung lam riéng

Vidu 3:

Hai voi nude cling chay vao mot bé nudc can (khong ¢é nude) thi sau

4 z g1 day bé. Néu hic dau chi mai mo voi thir nhat va 9 gio sau mdi mo voi

L & A 0 i e s wEd agw
tha 2 thi sau = gio moi day bé. Néu ngay tir dau chi ma voi thir hai thi sau

bao lau mdi day bé ?

Giai
I.ap bang phan tich:
__t i Thoi gian ddy bé Nang sudt chay | gio
T 24 L
Hai voi — (h) 2 (bé)
Voi | x (h) LI
X
- .. [
Voi ll y (h) ; (bé)
PpK:x,y> 2—4-
S
l 1 5
— __53 (1)
Lap hé phuong trinh: { © 7
9 i 6 (2)
| X 24 5
Giai hé phuong trinh ta duoc: { (t/m dk)

Vay ngay tir ddu chi mé voi thit hai thi sau 8 giy ddy beé.
Dang 3: Dang todn ndng suat

Vi du 4: Mot ngudi mua 2 loai hang va phai tra t6ng cOng 2,17 triéu dong, ké ca
thu gia tri gia tang (VAT) v6i mic 10% d6i v6i loai hang thi nhat va 8%
d6i v&i loai hang thi hai. Néu thué VAT la 9% d6i véi ca 2 loai hang thi
ngudi d6 tra 16ng cong 1 2,18 trieu déng. Hoi néu khong ké thué€ VAT ngudi

d6 phai tra bao nhiéu tién cho méi loai hang.

(trieu dong) (DK x, y > 0)

Giai
Goi s6 tién phai tra cho méi loai hang khong ké thu€ VAT l4n luot 1a x va y
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.. ti
V3ay lagi Aang thi nhat véi mite thu€ 10% phai trd lng (trién dong)

~ . 108 .
Loai hang thu hai véi muc thye 10% pha tra T (trieu dong)

110 N8
Ta ¢é phuong trinh: —Xx + —vy =217 (1)
ac p g rin |00 lOOy

- e 9
Ca 2 loai hang vdi murc thué 9% phai tra: %(x +y) (2)

Tir (1) va (2) ta c6 hé phuong trinh:
{lle+108y=217¢${lle+108y=217

109(x+y)=218 x+y=2
. x=0,5
Giai hé phuong trinh ta dugc: LS (t/m dk)
y=L.

Vay s6 tién phai tra cho médi loai hang 1a 0,5 triéu va 1,5 triéu.
Dang 4: Dang todn sé
Vi du 5: Tim 2 s6 ty nhién, biét ring t6ng clia chiing bing 1006 néu 1ay s& 16n
chia cho s6 nho duoc thuong 1a 2 va s6 du la 124,
Giai
Gois6lénlaxvasénholay(x,y € N; y> 124)
Theo d4u bai téng 2 s6 bing 1006 ta c6 phuong trinh: x + y = 1006 (1)
Vi 14y s6 16n chia cho s6 nho dugc thuong la 2 va s6 du la 124 ta ¢6 phiuong
trinh: x=2y+ 124 (2)

x +y = 1006

Tur (1) va (2) ta c6 hé phuong trinh: {x =2y + 124

x=712

Giai hé phuong trinh ta duoc: {y=294 (t/m dk)

Vay S6 16n 1a 712
S6 nho l1a 294

Dang 5:. Giai cdc bai todn vé nhiét luong.
Biét ring m kg nudc giam 1'C thi toa nhiét luong Q = m.t (KCal); m kg nudc
tang t"C thi thu vao nhiét luong 1a Q = m.t (KCal).
Vi du 6: Phai ding bao nhiéu lit nudc s6i 100°C va bao nhiéu lit nuéc lanh 20°C

dé c6 hén hop 100 lit nudc & 40°C.

Giai

Goi khoi luong nudce so6i la x (0 < x < 100, tinh bang kg;



| 1t nuae ¢o kKhoi luong 1kg).
Khoi luong nude lanh la 100 - x (kg).
Khi x (kg) nuée tir 100°C ha xuéng 40°C thi toa ra nhiét hrong la:
100 - 40) = 60.x (KCal)
Kai (100 - x) kg nudc tang tir 20°C 1én 40"C thi thu vao nhiét luong la:
(100 - x).(40 - 20) tre la 200100 — x) kcal.
Vi nhict luong thu vao bang nhiét lugng toa ra nén ta c6 phuong trinh:
0x = 20(100 - x) <» 80x =200 = x = 25 (TMPK)
Viy khoi luong nude soi la: 25kg.
khoi luogng nude lanh la: 100 - 25 = 75kg.
V' 1 lit nuoc c6 khéi luong la | kg nén phai dung 25 lit nude soi va 75 lit
nvde lanh 20"C
Dang 6. Giai cac bai todan vé nong do:

Bi¢t rang m lit chat ta trong M lit dung dich thi néng dé phan tram la =

Vi da7: Khi thém 200kg axit vao dung dich axit (géom nuoc va axit) thi dung
dih m&i ¢6 ndng do axit 1a 50%. Lai thém 300g nudc vao dung dich mdi ta
dvge dung dich axit ¢6 noéng do 1a 40%. Tinh néng do axit trong dung dich
déu uén.

Giai
Goi khot luogng nude ¢6 trong dung dich dau tién 1a x gam (x>0).
khoi lugng axit cé trong dung dich ddu tién la y gam (y>0).
Siu khi thém 200g axit vao dung dich thi néng do ciia dung dich la 50% nén
200

—yi—~=—l~:>x—y=200 (1)

X+y+200 2

Sau khi thém 300g nudc vao dung dich méi thi néng do cua dung dich la

4(% nén ta c6 phuong trinh:

0
g4 2 =3:92x—3y=0 (2)
<+y+200+300 5

Tu (1) va (2) 1a c6 hé phuong trinh:
x—y= 3x-3y=6
X—y 200::> x -3y =600
2x-3y=0

Thay vao (1) ta duoc: y = x — 200 = 600 - 200 = 400 (TMDK)
_ 400 4 _
400+ 600 10

taco phuong trinh:

=x =600 (TMDK)

Viy néng do axit trong dung dich diu tién la: 40%

D:p so: 40%.
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3. M¢t s6 dang todn khdc :

Vi du 8: Mot hinh chir nhat c6 dudng chéo bang 15cm. Néu gidp doi cthiéu
rong va giam chiéu dai di | nira thi dugc hinh chit nhat méi c¢6 chu vii 16n
hon chu vi hinh chir nhat ban ddu 12 6cm. Tinh dién tich hinh chir mhat
ban ddu.

Giai
Goi chiéu rong hinh chi nhat ban ddu la x
chiéu dai hinh chit nhat ban ddu ld y ( x, y > 0 tinh bing cm).
G4p doi chiéu rong, ta duge chiéu rong méi 1a 2x.

Gim chiéu dai di 1 nira ta duoc chiéu dai méi 1a : %

Theo bai ra ta c6: 2xl+32-=x+y+3 (*)

OAx+y=2x4+2y+6 ©2x-y=6 (1)

dudmg chéo hinh chit nhat 1a 15cm.

Ta c6 phuong trinh: x? + y? =152 ()
2x-y=6{} ()
x2+y?=225 (2

w(l)=>y=2x-6 3)

thay (3) vao (2) ta dugc : x* + (2x - 6)° = 225 & x* + 4x” - 24x + 36 = 225

& 5x? - 24x— 189=0. A" =122 +5.189 = 1089 = VA’ =33

e 12+33 —9  (TM) x, _12-33
thay vao (1) ta dugc y = 12 (TMDK)

Vay hinh chif nhat ban ddu cé chiéu rong la 9cm.

Chiéu dai Ia 12cm. Dién tich 12 9.12 = 108 (cm?).

4. Bai tdp tu luyén

Bai 1: Mot 616 du dinh di tir Adén B véi van téc 60km/h. Di duge 18 phuit thi
gap dudng x4u nén van téc trén quang dudng con lai 1a 50km/h. vi vay, da
dén noi cham 12 phiit. Tinh quéang dudng AB.

Bai 2: MOt nha mdy dat k€ hoach san xudt 3500 chi ti€t mdy trong 1 thdi
gian nh4t dinh; 5 ngay ddu ho thuc hién diing tién do. Nhimg ngay sau d6
do ci ti€n k§ thuat, mi ngay vuot 10 chi tiét nén ching nhing hoan
thanh sém | ngdy ma con vugt mirc 50 chi ti€t nita. Tinh nang sult du
kién theo k& hoach ban d4u? ,

Bai 3: Hai vdi nuéc ciing chay vao 2 bé (khong c6 nudc) thi 4 gidy ddy bé.
Ngudi ta cing m& 2 vdi trong 2 gid, sau do tat voi 1, vdi 2 ti€p tuc chay
trong 6 gid nita thi ddy bé. Hoi médi voi chay 1 minh thi sau bao lau ddy
bé ?

Tir (1) va (2) ta c6 hé phuong trinh: {

<0 (Khong thoa man)



Fai 4: Mot ngudi di xe dap, mot ngudi di xe mdy va mot 6t6 dI tir diém A
dén diém B. Ho khoi hanh tir A theo thir tu noi trén lic 6 gio, 7 gio va 8
g1¢s. Van 16c¢ trung binh cua ho theo thit tu trén 1a 10 km/h; 30 km/h va 40
km/h. Hoi may git 616 cach déu nguoi di xe dap va xe may.

Fai 5: Mot 616 di tir A dén du dinh B lic 12 gio trua. Néu xe chay véi van
t6¢ 35 km/h thi s€ dén B cham 2 gio so vdi du dinh. Néu xe chay véi van
t6c 50 km/h thi thi sé dén B sém | gio so véi du dinh. Tinh d6 dai quang
duong AB va thai diém xuat phat ctia 616 tai A.

Fai 6: Hai voi nudc cuing chay vao mot bé nudc can (khong c6 nudc) thi sau

4 ™ gio day bé. Néu lic dau chi méi mo voi thir nhat va 9 gio sau méi mo

vOl thir 2 thi sau 7 gio mdi diy bé. Néu ngay tir ddu chi md voi thit hai

thi sau bao 1au mai diy bé ?

Fai 7: Mot ngudi mua 2 loai hang va phai tra t6ng cong 2,17 triéu déng, ké
ca thué gia tri gia tang (VAT) voi mic 10% d6i véi loai hang thia nhat va
8% d6i vai loai hang tha hai. Néu thué€ VAT la 9% d6i véi ca 2 loai hang
thi ngudi d6 tra téng cong la 2,18 triéu dong. Hoi néu khong ké thué VAT
ngudi d6 phai tra bao nhiéu tién cho méi loai hang.

Fai 8: Tim 2 s6 tu nhién, biét rang tong clia ching bang 1006 néu lay s6 16n
chia cho s6 nho dugc thuong la 2 va s6 du 1a 124.

VIl. BAT DANG THUC, BAT PHUONG TRINH, CYC TR| DAI S

VIL1 -BAT PANG THUC
1. Kén thirc can nhé

a Dinh nghia: Chohais6avabtacé a>b<a-b>0

b Mot s6 bat déng thifc co ban:

- Céc bat ding thirc vé luy thira va can thic:
A’ >0Vn e N v6i A 1a mot biéu thic bat ky , ddu bing xiy rakhi A =0
WA >0; VA20;Vne N ;dﬁub&ngxéyfakhiA:O
JA+JB2JA+B V6i A20:B=0
d4u béng xay ra khi c6 it nhat 1 trong hai s6 bing khong
VA-B<JA-VB v6i A2B2o d4u bang xay rakhi B=0

- Céc bat ding thircvé gi tri tuyét d6i
|A|20 V6i A bat ky , du bing xay ra khi A =0
|A|+|B|2|A + B| diu bang xay ra khi A va B cing d4u
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|Al - |B| <|A - B| Dau bang xay ra khi A va B cing dau va A> B
- Bat ding thitc Cauchy ( Cosi ) :

2 5 a, +a, +...+ i,
+ Chocdc 86 a;,a5.....a, 20=> Yaja,..a, < A A
n

(Trung binh nhan cta n s6 khong am khong Iém hon trung binh cong cta
ching )

Dau bang xay rakhi a,=a,=..=a,
+ Bat dang thirc Cosi cho hai s6 c6 thé phat biéu dudi cac dang siau :
a+b

>Jab Véiavab lacic so khong am
(a+b)’ 24dab Véiavabla cic s6 bat ky

a+b)
al+bh?2 (T) Vi a va b 1a cic s6 bét ky
Didu biang xay rakhia=b
— Bt ding thitc Bunhiacopsky (Con goi 1a bat ding thitc Cosi - Swac ) :
+ Cho hai bo cic s6 thuc: a,.a,,...,a_ va b;,b,,...,b
Khi dé:

(aby +ayby +.+agb, )’ <(af +a3 +...+a2)(b] + b} + ..+ b)

P

D4u bang xay ra khi:

+ Hoac % =:—2 =...=:—" v6i a, , b, khdc 0 v néu a, = O thil b, tuong
D
img ciling bang 0
+ Hodac c¢6 mot b trong hai bo trén gébm toan s6 khong
+ Bat dang thirc Cosi — Svac cho hai cap s6:

(ax + bg,r')2 < (a2 +b? )(x2 + yz) D4u béng xay ra khi ay = bx

n

— Bat déng thirc x+—l-22 Véix>0; x+ls—2 Véix< 9
X X

¢) Céc tinh chat clia bat dang thic:
— Tinh chat bic cdu: Neua>bvab>cthia>c
— Tinh chat lién quan dén phép cong:
Cong hai vé€ clia bat dang thic véi cing mot s6:
Néu a>bthia+c>b+c
Cong hai bat ding thirc cling chiéu:
Néu a>bvac>dthia+c>b+d
— Trir hai bat dang thirc nguoce chiéu:



Neuw a>b vac<dthia ¢>b -d
Cac unh chat hen quan dén phep nhan .
+ Nhan 2 v¢ cua bat dang thiic vér mot so.
Neéu a >bvac > 0thi ac > be
Néu a>bvac <0thi ac < b
+ Nhan 2 bat dang thire cung chiéu,
Néua>b>0vie >d>0thi ac > bd
Neva<b<Ovaic<d<Othi ac > bd
+ Luy thira hai vé cta mot bat dang thuc:

] 3 s %
a2b=a*™' > Véimoi ne N

» ‘ - -
a>b>20=a"">b™" Vaimoi ne N

) b S ;
a<b<0=a"2b"" Véimoi ne M

O<a<] 24" <a™ Vain>m

= Vdin>m

a> ] =xa" >a
2. Mot s0 diém can luu y:
Khi thuc hién cic phép bién doi trong chimg minh bat dang thic , khong
duoc trir hai bat dang thic cung chiéu hoac nhan ching khi chua biét
dau cia hai vé. Chi duge phép nhan hai vé cia bat dang thitc v6i cung mot
biéu thitc khi ta biét rd dau cta bicu thice do
- Cho maét 86 hiru han cic s6 thue thi trong do bao gio ta cing chon ra duge
50 1on nhat va s6 nho nhat . Tinh chat nay duoc dung dé sap thi ws céc an
trong viéc chimg minh mét bat dang thic
3. Mot so phuong phap chimg minh bat dang thirc:
3.1. Str dung cdc tink chdt co bdn ctia bdt ddng ihire

e s C 3x? +4x +11
Vidu 1: Ching minh rang véi moi so thirc x thi: e - : 22

X" —x+1

Giai

-

) 3 —
Taco:x® - x+l=(x—-—li—J +Z>ﬂ Vai moi x

2
INT+4x+11
Do vay: ﬂ >2
X" =x+1|

b hl ] ]
& 3x2 +4x 4 nz:(x- —x+|)<:>3.\"‘+4x+l122x“—2x+2

9
SxP+6x+920 (x + 3) > (). Ping vét moi x

Dau bing xay rz khi x = -3
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a“"+b5

a+b

>a’b?

Vidu2: Choa,be Zvaa+b#0.Chimg minh ring
Giai

5 25
a’+b

>a’bl e ——
a+b a+b

a’ +b> —a’b? (a + b)
>0
a+b
Xét tirclia M: a® +b° —a’b? ~a”b’ = (a* —a’b") - (a"b? - b?)

= az(a3 —b3)—b2 (a" -b3)
(a3 - b:‘)(a2 - b2)= (a —.b)(32 —ab+ bz)(a = b)(a + b)

=(a+b)(a-b)’ [az —ab+%sz+%bz]

ais +b°

Ta c6: —a’bt20

SM=

~

=(afb)(a -b)° (a —ib)z +-§b2]

2 1

2
Vi a+b # OnénM= (a—b)z[(a—%b} +%b2] >0 doa, bkhong thé

déng thoi bang 0
3.2. Phuong phdp phdn chitng:
Vidu 3: Chobas@a, b, ¢ thoa mén:
a+b+c>0

ab+ac+ bc> 0. Chimg minh ring cé ba s6 d6 déu duong
abc>0
Giai

Gia sir c6 mot s6 khong duwong: a <0
Tir abc>0tacé: bc<0 (*)
Tra+b+c>0tacé: b+c>-a>0
Tir ab+bc+ac>0tacé:bc+alb+c)>0= bc>-a(b+c)>0 (**
Ta c6 (*) va (**) méu thudn nhau = dpcm.

3.3. Phuong phdp siu dung cdc bdt ddng thirc co bdn:
Vi du 4: Chimg minh rang: Véi x, y > 0.

Tacé: (1+x)(1+y)2(1+ Jxy )



Giai
Cdch 1: Ap dung bit ding thitc Bunhiacopsky ta c6:
aeneyn =4 (R) )2+ () )2 (1)

Cdch 2: Theo bat dang thitc Cosi ta c6:

2
TIPS 0y v ol L 5o 4

— : +
l+x  I+y  Ja+x)I+y) L+x l+y  (I+x)1+y)

5ins 2{xy +1 - \/)—(;-I»l
CJux)d+y)  Jd+x)1+y)

2
& 4+ fxy s JI+0A+y) & (+x)0+y)2(1+xy)
Dau bang xayrakhix =y
Vidu 5: Choa,b € Rva 3a+4=35. Ching minhring a’+b’> 1

<l

Giai
Cdch 1 Ap dung bt ding thirc Bunhiacopxky ta cé:
52 =(3a+4b)’ 5(32 4,42)(::.2 +b2)<:>32 1221

3a+4b=35 a=§
Dau bang xayrakhi: {3 b = i
L. b4
3 4 5

Cach2: Tu3a+4b=5tacda= 2=4b

2
Vay a’ + b’ 21@(5'—3‘"’-) +b221¢525-40b+16b% +9b% >¢

& 25b% —40b+16 2 0 <> (5b-4)’ 20. Diing véi moi x
Vi du 6: Chimg minh rdng véi moi géc nhon x ta cé:

. |
a)smx+cosxs5 b) tanx + cotanx > 2

Giai
a) Ap dung bat ding thirc Cosi cho hai s6 duong ta c6:
: sin?x +cos’x |
Sin X + Cosx < ==
2 2

D4u bing xay ra khi sinx = cosx hay x = 45°
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b) Vi tanx , cotanx > 0. Ap dung bat dang thitc Cosi cho hai 80 ta ¢6:
tanx + cotanx 2 2 /tgx.cotgx =2 ( Vitgx.cotgx=1)

Dau bang xay ra khi tanx = cotanx hay x= 45"
Vidu 7: Cho a 2 4. Chimg minh rang: a + ! P -157-
a
Giai
a | I5a

o I
facéd: a+-—=-—+—+—
a 16 a 16

Ap dung bit dang thitc Cosicho hai s6 duong —l% va 1 ta co:
a

s
oL /_.. J’ D oM asass 152,15, 1S
16 a 16 a 16 2 16 16 4

Viy a+— ZT Dau bang xay ra khi a = 4
a

Vi du 8: Chimg minh rang véi moi s6 thuc x , y ta'cé :
5x% +2y? -2xy—-4x-6y>-10
Giai
Bat ding thifc can chimg minh tuong duong véi:
5x° + 2}'3 -2xy —4x -6y >-10
<:>(4x3 -4x 4+ l)+(y2 —ﬁy+9)+(x2 —2xy+y2)2()
4::»(2:&-1)2 +(y—3)2 +(:(—y)2 >0
Piéu nay ding vi (2x 1) 20;(y-3)" 20:(x-y) 20
va khong dong théi xdy ra (2x — 1)’=(y - 3V =(x—y)’'=0
3. 4. Phuong phap su dung diéu kien c6 nghiéem cua phicong trinh:
Vi du 9 : Chimg minh rang néu phuong trinh:
2v' 4 (x +a)’ + (x + b)’ = ¢*. Co nghiém thi 4" 2 3(a + b))’ - Bab
Giai
Taco:
x4 (x+a) +(x+b) = erdxi+2(a+b)xral 4 b4 -7 =)
Dé phucng trinh ¢6 nghiém thi:
A'20e (a+h) —4? +b )20 4c? 23(a* 4 07) 2

& 4¢t 23(a + h)2 ~ 8ab



3.5. Phuwong phap lam troi:

. . _ . | | | |
Viduo 10: Chimg minh varn € N thi: S = ! t.o.+ >
I ) )
n+l n+2 2n 2
Giai
e I I I
[ co: > =
n+l n+n 2n
I |
— =S
n+2 2n
+
] |
In=-1 2n
(.
2n  2n
] | | | 1
G e D
n+l n+2 2n 2 2

4. Cac bai tap tu luyén:
Bai 1: Trong tam gidc vuong ABC ¢6 canh huyén bang 1, hai canh goc
vuong la b vic. Chimg minh rang : b'+ ¢' < |
Bai 2 : Chimg minh cic biat dang thic sau

s
Ix" =15x+12 e
— = >3 V@i moi X

a) -
X~ -x+1
b) Néua+b<Othi a +h'< ab(a + b)
¢) Néux'+y =-2thi -2<x+y<0
d) Néeux'+y'=16thi0<x+y < 4
Bai 3 : Chimg minh cic bat dang thie sau :
a)Néua +b'=13thia’+b’ >2a+3b
b) 5(:4:2 +y2)-4(x —y)+2(xy+1)20.Véimoix,ye R

Bai 4:

e . . : 11 4
a) Cho hai 6 thuc duong a va b . Chimg m:nh rang: —+ —2
a b a+b
M ChoO<x<2vax # |.
| 5
Chimng minh rang: - — +—; >4 x°
(K'—])“ X(E—X)

Bai ©

b) Ap duny o~ lliil 17 -\ 2006 vit \."I?.(}(l() -- \/._'Zl-}l}:,
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VIL2 GIA TRI LON NHAT VA GIA TRI NHO NHAT CUA BIEU THUC

72

1. Kién thifc cdn nho:
Cho céc biéu thic A va B
— Néu A < atrong dé a |a mot gid tri clia biéu thic A
Thi a dugc goi la gid tri 16n nhdt cia A (GTLN cua A ), duoc ky hiéu la
MaxA hay Ay,
-~ Néu B2 b trong d6 b 1a mot gid tri cua B
Thi b Quoc goi la gid tri nhd nhét ctia B (GTNN cia B ),duge ky hiéu 1a
Min B hay B,
— Céc cdch bién d6i thudng diing dé tim GTLN va GTNN.
Cachl: a) TimGTLN: f(x) < g(x) <a
b) Tim GTNN: f(x) 2g(x) =2 a
Cach2: a) Tim GTLN: f(x)=h(x) + g(x) (h(x) <0; g(x) < a)
b) Tim GTNN: f(x) = h(x) + g(x) (h(x) = 0; g(x) = a)
Véi biéu thitc nhéu bién c6 cdch lam tuong tu
2. Mot s6 diém cén luu y
— Khi tim gid tri 16n nh4t va nhd nh4t ciia mot biéu thirc . Néu bién 14y gid tri

trén toan tap R thi vdn dé da khong don gian . Khi bi€n trong biéu thic chi

14y gié tri trong Q, Z, N hoac mot khoang gia tri nao d6 thi vdn dé cang

phttc tap va d& méc sai 14m .

— Mot sai 14m thudng méic phai d6 1 khi bién d6i cc biéu thifc theo c4ch 1
hoac cdch 2 . Ta két luan gi4 tri 16n nhat hodc nho nhat cua biéu thic 12 a
nhumg d4u bing khong xdy ra ddng thdi

Vi du 1: Tim gi4 tri nho nh4t cha biéu thirc: P =4x*+ y*+ 2xy + 3x + §

Lo giai 1:

P=x2.+2xy+y2+2x2+4x+2+x2—x+3
=(x+y)2+2(x—l)2+x2—x+32x2-x+3 V6i moi x

2
Ma x2~x+3=(x—-l-) +—2—
2 4

11 .. | |
NéenMinP= — khix=—vax+y=0nény=-——
n Min 7 Khix : vix+y=0nény 5
Ta thdy 10i gidi nay sai 14m & ché d4u bang khong xay ra dong thdi .
Khix=% thi(x-12#0



Loi giai 2:

Ta co:

2
2 2 2 7 717
P=x‘+2xy+y“+3(x“+x+i—)+%:(x+y)2+3[x+%] +1_.21__

4 4
Xx+y=0 ——l
R A =73
Viy Min P=— Khi | =
4 X+§=U )'_*!'

2

Vidu 2: Choa > 2 . Tim gi4 tri nho nhat clia biéu thic P= a + L
a

Loi giai 1:
Theo bat dang thic Cosi cho hai s6 duongtacé P=a + L 22, ’ai =2,
a a

Viy P dat gia tri nho nhat bang 2
L&i giai nay sai 1am ¢ ché P =2 = a = | khong thoa man diéu kién a > 2

Loi giai 2:
Tacé P:a+l=3+l+2az2 9—.—1-+§a22+2a2—7—
a 4 a 4 4 a

Vay Min P= % khia=2

3. Bai tap vi du:

- V& ban ch4t bai todn tim gi4 tri 16n nhat hoic nho nhét cua biéu thic va
bai todn chimg minh b4t ding thic c6 thé coi 1a twong duong nhau . Bai
todn tim gi4 tri 16n nh4t hoic nhd nhét cia biéu thitc néu ta phan doin
dugc keét qua thi bai todn tré thanh chimg minh bat ding thitc

Vidu3:Chox,y,z€ Rthoaman x> +y’ +Z' = |
Tim GTLN ctia P =|x + 2y + 3¢
Giai
Thed bat ding thirc Cosi — Bunhiacopxki ta c6:
P= x+2y+32) < (I’+27+3)(xX*+y’ +2) =14
Nen P < V14 . Ddu = xay ra khi:

=

Xy z X2 yz 22
— R = —_——— = — 2 4
1 2 3 =91 4 9 =2y ==
xX*+yt 42t =1 |xPay?a?= o
y = zz—i
| 14
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(1

147 14 " 14

Vay(x‘y’z):[m_zmgm]

Hoac (x,y,z) = | - * :
3C{% ) ( 14 14 14

JiZ,-zJﬁ_-:&JE]

Jﬁ_zJﬁ_g\/ﬁ]

Vay P... = V14 khi(x.y,2) = : :
o ¥ {14 14 14

Jia —2V1a -3\/1_4)

14 14 14

Hoac (x.y,2) = (-

; . a b
Vidu 4: Cho a, b, x, y la cdac s6 duong thoa man : .22
Xy

Tim gié tri nho nhat cda cic biéu thic sau:
a) P=xy b)Q=x+y
Giai

f b
a) Theo bat dang thic Cauchy ta cé: 2 ab s +—=1=xy2>4ab
: 4

a b x=2s
Viy P, =dabkhi 2= 2=l { ;
y 2

b) Ta c6: (;+—)(x+y)— [—J‘/;]l [%T [(J;)z+(\/§))
(‘fﬂf\” - (VE + )

(Bat déng thiic Bunhiacopxki)

Vay: Q= x+y 2(\/5+\[!_1.)2
Qua = (Va +B) khi x = -+ Vabiy = b+ Vab

X

Vidu5: TimGTLN cua P= ~
(X+a)"



Giai
Preu hien: x 72 -l Ta co:
Viix =0 =spP=0
. , X .
Vanx 201 ¢o: P= - &> x =Py
(X + )

Cnpx o +2apy +pd =X e pxT +(2ap 1) x+a’=0
D¢ phuong trinh €6 nghiem thi: A= 0 <> (2ap - 1)" - 4pa’ > 0
x> da’p - dap+l -dap20s Jap -daa+r p+ 1 20
Ciar bat phuong trinh bae 2 thu duge P, < P < P,
4. Bai tap tu luyén:
Bai 1: Tim gid tri nho nhat cla cdc biéu thic sau:
a) A=x - 6x +l
b) B=10x"+ 5y’ — 4x — 6y —12xy + 2020

|'___- ’ -
¢) C= \j_ X N ,hx+l
2x + 1 X.

d)D=3x2+ 5y’ véi 3x =5y +2
Bai 2: Tim gia tri 16n nhat cua cdc biéu thirc sau:
a) M=-x"+4x+7
b)N=2003 - 2x* — 8y’ +2x + 4xy + 4y
c) P=(x+1)(2-x)

Ix -1

X +1

Bai 3. Tim gid tri 16n nhat va nho nhat cua biéu thic: P =

VIL3 BAT PHUONG TRINH
1. Kién thire can nho :
Bat phuong trinh bac nhat: ax +b=0(a=0)

. , . ) : b
+ Né&u a > 0 bat phuong trinh ¢6 nghiém x > ——
a

. : : b
+ Néu a <0 bat phuong trinh ¢6 nghiém x < ——
a
Tuong tu cho bat phuong trinh ax + b< 0
* Ta c6 thé nhé cdach ldy nghiém cua bat phuong trinh bac nhit theo qui tac
" Lon ciing bé khdc * .

S s S b
Nghia la nhi thae bac nhat f(x) =ax +b (a#0) ¢6 nghiém x = ——
a
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Khi x > 2 thi f(x) va hé s6 a cung dau ,
a

Khi x <—2 thi f(x) v he s6 a khéc ddu
a

— Bét phuong trinh tich :
’-{A(x)>0 F{A(x)-:O
B(x)>0 B(x)>0
AX)B(x)>0 & AX)B(x) <0 ©
A(x)<0 A(x)>0
| [B(x)<0 | |B(x)<0

trong d6 A(x) va B(x) 1a c4c biéu thirc clia bi€n x
— Bét phuong trinh chita d4u gid tri tuyét d6i : Ta lam mat dau gid tri tuyét
d6i dé giai bang cich xét khoang gi4 tri clia bién hoac binh phuong hai vé&

cia bt phuong trinh

B(x)<0
|A(x)| 2 B(x) & | [B(X)>0 |A(x)| < B( )Q{B(x)zo
X X H X X 2 2
A(x)) < )
{(Au))”z(mnf (Ao & (Bex)
Ax)20
~ Bt phuong trinh v ty: y/A(x) 2 yB(x) & {B(x)2 0
A(x) 2 B(x)
'{A(x)zo
A(x)20
B(x)<0
\/A(x)ZB(x)ﬁ B(x)> 0 ;JA(x)SB(x)ﬁ B(x)=20
| A(x) 2 .
—{A(X)Z(B(x))z (x) (B(XD)

2. Bai tap vidu:
Vi du 1: Giai cdc bt phuong trinh sau :

a) -3(x+2)+2x-D24x-3  b) (m+1)’xs2m(x+1)
Giai

a) Tacé: -3(x+2)+2(x-1)4x -3

&-3x-6+2x-124x-3 & —x-4x2-3+7

¢:>—5x24axs—%
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b ) Tacé: (m+l)2x52m(x+l)¢$(m2+2m+l)x$2mx+2m

&> (m‘ + I)x <2m

Vi m? +1>0 véi moi m nén bat phuong trinh ¢6 nghiém x 2 —

m-+1
Vidu 2: Giai cac bat phuong trinh:
a) X2 -5x+620 b) —x*4+4x-320
Giai
a) Taco:
B )
x"—Sx+620c:>x‘—2x-3x+620c:>x(x—-2)—3(x—2)20
] x—=220 i X2
x-320 x>3 [xZB
o

@ (=2)(x-3)20 & {x—ZsO < {xsz x<2
| (x=3<0 | [x<3
b) Tacé:
X2 +4x-3200 x> +x+3x-320 & -x(x-1)-3(x-1)20

—x—120 -le
3-x20 x<3

@(x—l)(B—x)zoe:: x-lsOQ {xsl
| 3-x<0 | x23
Chiiy:

~ Ta c6 thé két hop nghiém trén truc s6
~ Ta c6 thé so sdnh A(x) va B(x) trong bat phuong trinh tich dé giai
nhanh hon :

Vi du: (x—l)(3—x)20<:>(x—l)(x—3)50 dox-1>x-3

S1<x<3

& &Sl<x<3
x-3<0

Vi du 3: Giai cac bat phuong trinh:

. x=-120 x21
nén chi xay ra
x<3

a) Vx2 -3x+22x-2 b)|3x+2]$2x-—l
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Giai

—
a) Tacod: Vvx  =3x+22>2x-1

'{:8—3“220 F{(xhl)(x«?.)zn (x-1<0

x-1<0 Xx—-1<0 <|\(—2$;(_)

N

x=1>0 x> 1 {‘wl
X2 -3x+22(x-1)° x?=3x+22x" -2x+1 [Ix=]

&S x<2
Chu y: Tranh bién doi sai ldm nhur sau:

Ve -axe22x-16 [(x-1)(x-2) 2y(x-1)}

@\/x—22\[x-l oOx-22x-1-120
Két luan phuong trinh v6 nghiém
b) Cdch 1: Ta cé: |2x +1|<3x -1

1

3x+120 X2—
Lo 2 2 Lo’
(2x+1)" <(3x-1) dx2+dx #1€0xT = 12x:41
'le

I 1

X2— ’ X2— 3 |
3 & 3 &< x20 cszz-?-’-

—5x2-16x<0  |x(5x+16)20 16

Cdch 2: Nghiém cia bat phuong trinh da cho néu c6 phai thoa man:
3x-1 ZOQxZ%(l). Xét: 2x+1 20¢:>x2-—~% (2)
Bat phuong trinh trd thanh: 2x +1<3x -1 & —x<2 & x2-2

Két hop véi (1) va(2)tacé x 2 % la nghiém cuia bat phuong trinh ddcho

Xét2x#M <0 c:>x<-—% (3)

Bat phuong trinh da cho tr¢d thanh: -2x-1<3x-1¢>-5x <0<x20
Khong thoa man (3).

Viy bét phuong trinh da cho c6 nghiém x 2 %



3. Bai tap tu luyén:

Giar cac bat phuong trinh sau

Bai1: a)2(3x -1)-3(x-2)<5(1-2x)+4
b) (m - 2)2 (x+1)=4m(3-x)
c) 6x>=7x+220
d) 9% +18x-5<0

Bai 2:
aWJ+422x*l m1+2h—q53x—5

) Vx2 =Sk 46 >3x42 d) Ux? ~3x.42 < Y2x? =Sx 43

e) \/3—xz+2x—ISx+l
Bai 3:
2X X

a) X —6vx +8<0 b) - <0
2x+1 x+2
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PHAN THU HAL.

HINH HOC

l. DINH LY TALET - TAM GIAC DONG DANG

Trong chuong nay, chiing ta sé 6n lai cdc kién thitc chung vé tam gidc, céac
trudng hop bang nhau ctia tam gidc, cdc dang tam gidc dac biét, cic dudng
dac biét trong tam gidc, cdc dang tir gidc va tinh chat cua ching. Vi ly do dé,
chiing t6i chi nhic lai cdc ki€n thic nay du6i dang ly thuyét, cdc bai tap van
dung chiing sé dugc gén vao trong cic bai tap vé dinh ly Talet va tam gidc

80

déng dang
NHAC LAI MOT SO KIEN THUC CO BAN d
. Tam giac A
Trong mot tam giac:
- Ba dudmg cao déng quy, diém déng qui \
goi la truc tdm cua tam gidc. B | C

Ba dudng trung .tuyén déng quy, diém H DM

dbng qui goi la trong tdm cuia tam gidc

Ba dudng phan gidc déng quy, diém déng qui 12 tai tdm dudng tron noi tiép
tam gidc

Ba dudmg trung truc déng quy, diém déng qui 12 tAm dudng trdn ngoai tiép
cua tam giic. A

Xét tam gidc ABC':

Néu AABC c6 AB = AC hoic B=C
thi tam gidc can tai A.

Néu AABCc6é AB=AC=BC

hoac A =B = C thi tam gisc ABC déu. B— g €
Néu A ABC cén va c6 mot géc bing 60°

thi tam gidc ABC la tam gidc déu.
Duong trung binh cua tam gidc: Trong tam gidc ABC

Néu MA = MB ; NA = NC thi MN duoc goi la dudmg trung binh cia A ABC.

Néu MN la dudng trung binh thi: MN// BC va MN = % BC.

NA = NC
MN//B
Néu { .

= 1
MA =MB MN=-2—BC



%

Ktong suy ra duge

MA = MB A

ruy: Tir I
MN = EBC M N

MN //BC
MA =NC B C

1.2, T gidc — cdc dang ti gidc dac biét .

1.

2.

Tir giac

Téng 4 goc trong | i gidc: C
A+ B+ C+D=360"

- Téng cac goc ngoai cua wr gidc bang 180" A

(ac dang tir giac dac biét

[. Finh thang: D

+

2

+

Tir giac ABCD la hinh thang néu c6 hai canh d6i song song (AB//CD)

- ABva CD dugc goi la 2 diy AH 1a dudng cao. 5 B
- Hai géc ke 1 canh bén cua hinh thang bu nhau.
- Dudng trung binh cta hinh thang: N
N¢u MA = MD va NB = NC thi MN la / \
duémg trung binh cta hinh thang ABCD . D H C
AB+CD
2
Néu MA = MB va MN // AB // CD thi MN ciing la duong trung binh cta

hinh thang ABCD do d6 NA = NC va MN = 5'%9 B

Khi d6 MN//AB//CD va MN =

Néu hinh thang c6 | géc vubng
thi cé it nhat 2 géc vudng.

Khi d6 né duoc goi 1 hinh thang vuong. 5 C
Hinh thang ABCD (AB//CD)

a hinh thang can néu c6: A N B

“{fl gczc ké mQ: dé{ bang nhau ” /_\_\ \
A =B hoic C=D). \ \

Hai dudng chéo bang nhau (AC = BD) 1

Nhan dudng thing di qua trung diém cpa 2 ddy
(MN) lam truc doi ximng..

Hiih bish: fiditl B C

D M C

Tt giac ABCD la hinh binh hanh néu:

Zdc canh doi song song
AB// CD, BC// AD)
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+

Chu y: Giao diém cua hai duomg chéo la

3. Hinh chit nhat: )

-~

Cic goc doi bang nhau : ( A=C:B=D)

C6 mot cap canh d6i song song va bang nhau

(AB// CD va AB = CD hoac BC// AD va BC = AD)

Hai dudmg chéo cat nhau tai trung diém ctia moi ducng
(OA=0C;0B=0D)

Cac canh doi bang nhau: AB = CD: BC = AD. A\ B

tam doi ximg cua hinh binh hanh

Tir gidc ABCD 1a hinh chir nhat D C

khi va chi khi:

+

+
"
+
+

+

4. Hinh thoi.
T\ gidc ABCD la hinh thoi khi va chi khi:

+
+

+ + + +

5. Hinh vuong:
Tt gide ABCD la hinh vudng néu va chi néu:

+ + + + + 4+

Cé ba goc vuong (A =B=C=90")

La hinh binh hanh c6 | géc vuong.

La hinh binh hanh ¢6 2 duong chéo bang nhau.

L.a hinh thang cdn c6 | géc vudng.

La hinh thang can c6 2 duong chéo bing nhau

vi cdt nhau tai trung diém ctia nira dudmg.

Nhan cidc dudng thang di qua trung diém cua cédc cap canh déi laum truc d6i
xumg. B C

Cic canh bing nhau: AB=BC=CD=DA  ,
Hai dudng chéo vuong goc véi nhau

va cit nhau tai trung diém cla nira dudmg.

Hinh binh hanh c6 2 canh ké bang nhau.

Cic dudng chéo la tia phan gidc cia cdc goc.
Hinh binh hanh c6 moét dudng chéo la tia phan gidc cta 1 géc.
Céc duong chéo la cdc truc d6i ximg.

B C

C6 4 g6c bang nhau, 4 canh bing nhau. o)
Hinh chir nhat c6 2 dudng chéo vuéng goc.
Hinh thoi ¢6 2 duong chéo bang nhau.
Hinh chir nhat ¢6 2 canh ké bang nhau.
Hinh thoi c6 | géc vuong.

Hinh chir nhat ¢6 | dudng chéo la tia phan gidc cua | goc.




1.3 Mot so khai niéem khac:

I. Duimg trung truc cua doan thang: AMm
Pucmg thang dla dutmg trung trire ~ i
g 8 & £ gin / S
ctia AB néu: A g

d I AB va di qua trung diém cia AB
Taco: M e de> MA=MB
2. Tia phan giac cua goc:

0Oz la ta phan gidc ciia xay
khi va chi khi: H
+ xOz= yaz

va Oz nam gitra Ox va Oy. M

+ t’azﬁrzl@ K
b 5 R

+ Vdidiém M bat ky, M € Oz thi MH = MK
I1. Pinh ly Talet - Tam giac dong dang
d M N

1 Kién thic can nho:

- Dinh ly Talét: Cho A ABC,
dudmg thing d cat AB, AC tai M, N B C
AM _ AN

Ta c6: MN // BC < =
AB AC
AM _AN _ AM _AN _MN
AB AC AB AC BC
Tam gidc dong dang: AABC dong dang véi AA'B’C’
AB AC BC
= |AB AC BC

—

A=A“B=B"C=C
- AABC va AA'B’C’ dong dang néu:
+ (€6 2 g6c bang nhau (g.g.)
+ Hai cap canh tuong (mg ty & va géc xen giita badng nhau: (c.g.c)
+ Ba canh tuong (mg ty Ié (c.c.c)

—  Céc truong hop dong dang cta tam gidc vuodng:
+ Hai canh goc vuong tuong timg ty lé (c.g.c)
+ Hai géc nhon bang nhau (g.g)
+ Canh géc vuong va canh huyén tuong img ty lé.
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2. Nhimg diém cén luu y

— Trong khi giai cac bai tap vé dong dang nén quen nhin A ABC va A AMN
déng dang & céc hinh vé sau:

A
A

M

M N N
B NE 9 C

c C

" _

A N
B
M A%
B

~s N

Néu hai tam gidc déng dang: .
— Ty s6 chu vi bing ty s6 déng dang A 1
— Ty s6 dién tich bing binh \
phuong ty s6 déng dang.
- Ty s6 céc dudng cao, trung X
tuyén, phan gidc tuong img
bing ty s6 déng dang.
VD: AABC d6ng dang véi
AA’B’C’ theo ty s6 k thi
AB+AC+BC _ k: Spasc =2 AH AH
AB'+A'C'+B'C’ ' Sype  A'H’
3. Bai tap vi du i
Vi du 1: Cho A ABC, hinh vu6ng MNPQ dugc goi 12 ndi ti€p A ABC néu né

=k

¢6 hai dinh ndm trén hai canh cia A va canh con lai ctia hinh vudng 1dm trén

canh thirbacua A.
a) Hay néu cdch vé€ mot hinh vudng nhu vay véi A ABC cho trude.

b) Tinh canh hinh vudng VGiM € AB; N € AC P va Q thuoc canh BC theo

BC = a va dudmg cao AH =h.
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Giai A

a Ve hinh vuong EFGK

saocho Ee AB; K va GG npam trén BC

Noi BF cat AC tai N.

Qua N vé NM //EF cat AB tai1 M.

Vé MQIMN; MP 1 MN cat BC tai Q va P.

Ta co MNPQ la hinh vuong. That vay. E: F

Vi MN// EF// BC, MQ 1L BC; NP L BC 1

Neén MNPQ 1a hinh chir nhat. BKQG P C

BP _ EF
Mat khic EF//MN = . FG//NP
Ak Bhe BN MN O A

M N

BF FG
Nén -B—\I-—ﬁ— (Pinh ly Talét)
_, EF _FG
MN NP
ma EF = FG = MN = NP.
Vay MNPQ la hinh vuong
AM _MN x BYQH a P
AB BC a
BM MQ X
AB AH h

b) Vi MN//BC nén

MQ//AH nén — (Dinh ly Talét)

x x AM BM 1 1 1 ah
Dovay: 4+ —=——+—=1—=—+—2x =
a h AB AB x a h = a+h
Vi du 2: Cho hinh thang ABCD (AB //CD).C6 AB=a;CD=b(a<b).Hai
dudmg chéo cit nhau tai O.
Qua O ké dudng thang song song v6i han ddy cét cdc canh bén tai M va N.
a) Chimg minh: OM = ON.

b) Tinh MN theo a va b.

a) VI MN//AB Nén % - 29 M N

DB 0
—(El— = 92 (Dinh ly Talét)

AB CA 5o b s o)
Ma AB// CD nén — = — (Dinh 1y Talét ‘
B// CD nén o T (Dinh ly )

AB AB
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Dé chimg minh hai doan thang a va b bang nhau. Ta c6 thé dung doan co dio

dai ¢ lam trung gian va chimg minh 2. B =a=b
c ¢

OM DO ON _BO

b) Ta c6: = . =
) Taco 2 B ~DB' CD_ BD
DalO’M=ON~xlacéz1+1=l:>l=l+l:>‘x= ab
a b x a b a+b
Vay MN = 2ab
a+b

D& tinh x theo a va b ta ¢6 thé diing ty 1€ suy ra — +% =k khong déi. Tt d6
a

suy ra x
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Vi du 3: Cho AABC c6 A =2B. Chimg minh ring: BC? = AC* + AC.AB
Giai

Trén tia d6i cta tia AC ldy D sao cho AD = AB

Khi d6 A ABC can tai A nén: BAC = 2ABD = 2ADB

Xét AABC va A BDC cé: B

BDC = ABC = %BACK

C chung nén A ABC déng dang véi ABDV (g.g)
- BC_AC _, Bc? - ACCD = AC(AC + AD)
CD BC B C

= AC(AC + AB) = AC” + AC.AB

Bai tap tu luyén

Bai 1: Cho A ABC, dung ra phia ngoai ciia né cdc tam gidc vuodng can BAD va
CAE (vuong tai A). Chimg minh ring dudng cao AH cia A ABC di qua
trung diém M cia DE.

Bai 2: Cho A ABC can tai A, phan gidc CD. Trén tia CB 14y M sao cho CM =
2 BD. Chitng minh ring A CDM vudng tai D.

Bai 3: Cho A ABC, biét ring ngudi ta c6 thé chon duge diém M sao cho AM
chia A ABC thanh hai tam gidc con déng dang va ty s6 déng dang bang
3. Tinh céc goéc cia A ABC.

Bai 4: Cho A ABC nhon céc dudng cao AA’, BB’, CC’ d6ng quy tai H. Chimg
minh ring: |
a) HA, + HB, + I =1 b) HA.HA' = BH.HB' = CH.HC’
AA'" BB' CC'
Bai 5: Cho AABE_M [a | diém bat ky trong A N&i M W8 cic dintt A. B.C
c4t cic canh doi dién lan luot tai A’, B', C' qua M ké Suong Thang song
song véi BC cdt A’B"; A’C’ tai K va H. Chimng minh rang: MK = MH




Bai 6: 'Iren dudmg phan gidc cna xOy lay 1 diém M. Qua do vé mot duong

thang bat ky dinh ra trén hai canh cua goc cic doan thang ¢6 do daia va b

_ . [ L _ ; o
Chimg minh rang: — + b khong phu thuoe vao vi i cua dutmg thang ma ta ve.

i

Bai 7: Cho A ABC. Trén ABva AC lav cac diem M va N sao cho BM = CN.
Chimg minh rang: Khi M. N chay trén AB va AC thi trung di¢m K cia MN
luon nam trén 1 duong thang co dinh.

Bai 8: Cho hinh binh hanh ABCD. Mot duong thang d bat ky cat AB, AC, AD
tar M, N, P. Chimg minh rang: f\—l—j— le AC

AM AP AN

Bai 9: Goi | la tam duong tron noi tiép cua A ABC. Trén AB va AC lay cic
diem M, N sao cho CN.CB = CI°; BM.BC = BI°
Chimg minh rang: M, 1. N thang hang.

Bai 10: Cho A ABC can tai A. Tir trung diém H cua BC ké HK | AC. Goi M
la trung diém cuia HK. Chimg minh rang: AM L BK

Hé thic luong trong tam gidc vuong:

. Kién thirc can nho:

- Ty s0 luong gidc cua goc nhon:

siNB = cosC = —: cotanC = cotan B =

sinC =cosB =

B le | T
clarzie

: cotanB = cotan C =

- Tam giac ABC vuéng tai A khi va chi khi :

1) a* = b’ +¢’ ( dinh ly Pitago )

2) ¢’=ac'; b’ =ab'

3) hi= b'e’
1.1 1

4) S +—5=— B
b> ¢ h?

S) ah =bc

Ngoai ra ta thdy cdc tam gidc ABC, HBA; HAC luon dong dang vGi nhau
timg doi mot
Bai tap vi du:
Vi du 1: Cho tam gidac ABC vuong tai C, c6 duong cao CK. Dudng phan giic
g6c ACK cii BC tai E. Chimg minh BC = BE.

Giai
Xét ACBE c6 BEC = CAB + ECA ¢ gdo¢ ngoai clia tam gidc)

e ¥ _ A — -
maECA-K‘g& 9(2 2 ECAB 90’ -B
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- A
nén BEC =180" —(90“ - g + B}

~

~90" - B _3Ec
2 B C

Vay tam gidc CBE cAn tai B,dod6 BC=BE. E H

Vi du 2: Cho tam gidc ABC can tai A (A <90" ), CD la dudng phan gidc
trong ctia géc C. Qua D ké dudmg thing vudng géc véi CD cit duomg thing
BC tai E. Chimg minh: CE = 2 BD.

Giai
Goi M Ia trung diém ctia CE, ta cé6 CE = 2CM = 2DM ( tinh chat tam gidc
vuong).

WACDMcannenlﬁEf)=m=i§E A

Vay DMB = MCD + MDC = ACB

(g6c ngoai tam gidc ). Ma ACB = ABC

(do tam gidc ABC can)

Nén DBM = DMB,, do tam gidc BDM can tai D

Nén DB = DM. Vay CE = 2 BD. B c
Vidu 3: Cho tam gidc ABCc6 AC=2BCva C=2A.

Tinh cdc géc cia AABC.
Giai

Trén tia d6i cia tia BC 14y diém M sao cho MMB = BAC .

Khi d6 MAC = BAC . Nén MA = MC. M
BM MA 2BM2BM
_ BC CA 2BC AC B
Vay tam gidc MCA can tai A nén AM = AC.
Do d6 tam gidc CAM déu.
Vay C = 60";CAB = 30";CBA =90".
3. Bai tap tir giai _
Bai 1: T6ng céc géc & ddy clia mot hinh thang bing 90°. Hai ddy c6 d0 dai a,
b. Goi E va F 12 trung diém cia hai ddy. Tinh EF.
Bai 2: Cho tam gidc ABC vuong tai A c6 dudmg cao AH va phan giac AD.

Goi HM, HN la dudng phan gidc cua géc BHA va géc CHA. Chimg minh
ring: A, D, M, N la cédc dinh ctia mot hinh vubng.

Vi AB la phan gidc nén:

C A
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Fai 3: Cho tam gidc ABC vuong tai A ¢6 duomg cao AH. Dudng thang noi
tam dudmg tron noi tiép ciac tam giac AHB va AHC cat AB, AC lan lug
tai M va N. Chimg minh rang AM = AN.

Rai 4: Giai tam gidc ABC biét AB=c, AC=bva BAC =x

Bai 5: Giai tam gidc ABC biét BC = a, ABC = x;ACB = y

IIl. PUONG TRON

I.1. DINH NGHIA VA SU XAC BINH DUONG TRON .
1. Kién thuc co ban:

Pinh nghia:

« Tap hop cac diém cich diém O cho trude mot khoang cach R(R > 0)
khong doi duge goi la duomg tron tam O ban kinh R.

+ Ki hiéu( O; R) hoac (O)

Vi tri tuong doi cua mot diem véi mot duong tron.

* Cho trude: (O;R) va diém M: goi OM = d:
Néu: d <R <> M nam trong (O; R)

d =R Me(0O:R)
d >R < M nam ngoai (O; R)

Mot so khai niéem khac:

- Giasir A va B la 2 diém phan biét thuoc (O; R) dudng tron thi:

- Poan thing AB duoc goi la day cung.

- NéuO € ABthi AB duoc goi Ia duomg kinh:

- Phén dudng tron nim trén cing mot nifa mat phang bd AB dugc goi la
cung tron: ki hiéu AB

Su xac dinh dudng tron:
Mot dudng tron hoan toan duge xac dinh khi va chi khi

- Biét tam O va bdn kinh R

- Qua diém A; B; C phan biét khong thiang hang.
Pudng tron di qua 3 dinh cia tam gidc ABC. Goi la dudng tron ngoai ti€p
AABC

TAm dudng tron ngoai ti€p tam gidc 12 giao diém cha 3 trung truc ca
tam gidc.
2. Céc diém can lou y: ,

<h4i niém tuong durong véi dinh nghia dudng tron:

Tap hop nhimg diém M tao v6i 2 diém phéan biét A, B cho truéc mot géc
AMB béing 90" la duong tron dudng kinh AB.

Fam gidc ¢6 mot canh 1a duong kinh cia mot dudmg tron thi tam gidc dé la
am gidc vuong. Tam dudng tron ngoai tiép tam gidc vuong 12 trung diém cua
:anh huyén
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3. Cac vidu:
Vidul: Cho hinh thang can ABCD (AB//CD). Goi M la trung diém cua CD
a. Chimg minh 4 diém A;B:C:D cung nam trén mot duang tron tam O,

b. Ching minh rang: Néu AB = BC =% CDthiM B L AC

Giai
a. Dung dvad' lan luot la duong trung truc cua AB va BC .
Goi O la giaochad va d'
Ta c6 dciing la trung truc cua CD
Nén OB=0B=0C=0D
Do d6 4 diém A, B. C, D cling nam trén
dudmg tron tam (O).

b. Neu AB=BC= % CD

goi M la trung diém cua CD.
Tacé AB//CM A B
Nén O ABCM, 1a hinh binh hanh
ma AB = BC
= & ABCM la hinh thoi
= MB L AC. D - C
Ta thdy : MB = MC = MD = MA nén
M =0. Hinh thang can ABCD khi do
chinh la mor mita ciia luc gide déu va
CD la mot ditomg kinh cua (0O)
Vidu 2: Cho ut giac ABCD c6 AC L BD.
Goi M, N, P, Q l4n luot la cic trung diém cia AB; BC; CD va DA. Ching
minh 4 diém M, N, P, Q ciing nidm trén mot dudmg tron.
Giai

Ta c6: MN la dudng trung binh ctia ABAC = MN = % AC (1)

Tuong tv PQ = % AC : (2)

Tiur (1) va(2). Tacé MN =PQ B N
Nén MNPQ la hinh binh hanh:

Talaic6: ACLBD = MN LBD M

VaNP//BD= NM L NP= MNP = %' P
= OMNPQ la hinh chif nhat: A

Goi O 1a giao diém cua NP Va NQ Q
=>0M=0ON=0P=0Q

Hay 4 diém M; N; P; Q cling ndm trén dudng tron tam O.
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4. Bai tap tur fnven

Bai 1 Cho duong tron tam O duong kinh AB. Trén tia dén cua ta AB lay diém
¢ batky M la dicm tuy vy trén duong tron O duomg Kinh AR

Chdng minh- CA<CM - BC

Bai 2: Cho tam gidc nhon ABC goi H L true tam cha tam  gidac ABC. Cac diém

), k. F tan luot i cac diém déi ximg cia H qua BC, CA va AB.

Chimg minh cac diem D, E, F nam trén duong tron ngoai tiép AABC.

Bai 3: Cho AABC co cic goc déu chon noi ticp dudmg tron (O) duong cao AA,
cat duomg tron (O) tai M. AN 1a mot dudng kinh ctia (O)

.. Chumg minh BM = CN.
. Gor Hova G lan luot la true 1am va trong tam cua AABC.

Ching minh rang: H: O; G thing hang.

I1... Tinh chat doi xing cua duong tron:
1. Sien thie co ban:

Tam doi ximg: Tam duong tron i tam déi ximg cua duong tron do.

Truc doi ximng: Puimg kinh cua dudng tron 1a truc doi ximg cta duong
tron do: (Duomg tron ¢ vo so6 truc déi ximg)

Moi quan hé gitra cac duong kinh va day cung Ién nhat:

Duomg kinh vuong goc voi mot day thi cit day cung d6 tai trung diém cua
day cung do.

Puong kinh cat day cung tai trung diém cta day cung( khong phai la dudmg
Kinh) thi vuéng goc vai day cung do.

- Day cung va khoang cach dén tam:

)

Trong mot duone tron hai day bang nhau khi va chi khi ching ciach déu
tam.

Trong 2 day knoéng biang nhau ctia mot dudng tron: day lon hon khi va chi
khi ching gan taim hon:
“ac diém can hru v:

['dt ca cac dinh 1y nay yéu cdu hoc sinh phai hiéu duoc 1di chimg minh dinh
ly dé nam vimg hon ndi dung kién thic

Phan biét ro cic dinh 1y ¢é du 2 chiéu thuan va dao gitp hoc sinh tranh sai
sot khi van dung giai todn

3. Cacvidu:
V dul: Duimg tron tam O va mot day cung AB . diém M ndm bén trong
drong tron do.

a.

b

Neéu cich xic dinh day cung AB dé diay cung AB ¢6 d6 dai ngidn nhat.
Chimg minh rang khi AB thay d6i qua M. thi trung di€ém [ cua AB luon nam
trén mot dudng tron ¢6 dinh.
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Giai
a. Ké day cung ABdiqua M .Ké Ol L ABthitacé O <OM
Vay AB nho nhat khi va chi khi OI Idn nhat
Khi OI=OM &1 = M,
Vay day cung cdn xdc dinh la day cung qua M va
vuong géc véi OM. (day cung nay la duy nhat) ‘ B
b. Goil la trung diém cua AB
Xét 2 trudng hop: A
1. Néu I = M. thikhidé 1 € (O; OM)
2. Neul#Mtac60l L AB
Neén [ ndm trén dudng trdon dudng kinh OM c6 dinh.
Vi du 2: Cho dudng tron tam O va mot day cung CD = 8 cm duong kinh AB
vuong géc vai CD tai H. Biét AD =5 cm.
Tinh bédn kinh ctia dudng tron (O)
Giai
Xét tam gidc AAHD ( vuong tai H).
C6AD=5cm;HD=4cm;
AH?’=AD’-HD?’= 25-16=9=AH=3cm
Do D nim trén dudng tron dudng kinh AB
= AADB vuéng tai D.

2
— AD*= AHAB — AB= AD" _25
AH 3
25
Bénkfnhdll'bngﬂ'bﬂ:R= ——=—ng

4. Bai tap tu luyén

Bai 1: Cho nira dudng tron tam O dudng kinh AB va day cung CD khong qua
tam O. Hai diém M va K thit tr 12 hinh chi€u vudng géc cua hai diém A; B
lén CD. Goi I 1a trung diém cta CD.

a. Chimg minh: I 12 trung diém cua HK.
b. Chimg minh: S,xp = Sacs + Savn

Bai 2: Cho nira dudmg tron tam O dudng kinh AB = 2R. Ta c6 thé 14y trén nira
dudng tron cdc diém C va Dsaocho AC=CD =4 J3 (cm) va DB = 10(cm).
Tinh ban kinh R.

Bai 3: Cho géc xOy, trén tia Ox va Oy ldy 2 diém B va C ¢6 dinh khic diém O.
I 1a diém thay doi trén doan thing BC ké 1 D LOx; I E 1Oy; (D € Ox;
E € Oy)
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Cie diem M va N tha ty 1a diém doi ximg cia O qua D va E.

Chimg minh duong tron di qua 3 diem (O. M. N )luon di qua mot diém co
dinh khic diém O.

Bai 4: Cho tam giac ABC can & A ndi tiép duong tron tam O. Goi D la trung
diém cla AB. Goi E la trong tam cta tam giac ADC .Chimg minh OE LCD
I1.3. Vi tri twong doi cua duong thang voi duong tron
Tiép tuyén cua duong tron.
1. Kién thic co ban:
+ Vi tri twong déi cua duong thang va duong tron:

~ Cho (O;R) va duong thang a. Tir O vé OH L a (H € a), dat OH =d.
ba vi tri tvong déi cla dudng thang véi dudmg tron:

| Vi tuong d6i So diém chung | Hé thitc gittad va R
Puong thang va duong tron
khong cat nhau 0 429
Putmg thing ti€p xic Vai | d=R
| dudng tron( ti€p tuyén) B
t
Ducrng hing cit duong tron 5 d<R
( cdt tuyé€n)

— Tiép tuyen cua dudmg tron
Cho (O; R) va dudng thing a cit dudng tron tai A.
a la ti€p tuyén cua (O; R)
trong duong OA L a.
(A dugc goi la tiép diém)
HaOH L (H €a); OH=d A B
a la tiép tuyén ciia (O; R) <> d =R.
~ Dudmg thiang xy cat dudng tron tai A, B 0O
thi AB 1a mét day cua (O; R)

& XAE = ~sdAB .

r

)
- Hai tiép tuyén PA va PB cioa mot dudmg tron (O) cit nhau tai P. thi:
+ PA =PB.

+ PO la phan gidc cua APB va.
+ PO la dutmg trung truc ciia AB.
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Puong tron noi tiép tam giac:

+ Dudng tron tiép xic vai 3 canh cua tam gidc goi la duomg tron nd1 i€p
tam gidc ( tam gidc ngoai Li€p dudng tron)

+ Tam dudng tron noi ti€p tam gidc 1a giao diém cla 3 duong phan gidc
trong cua tam gidc.

+ Bin kinh dudmg tron la khodng cach tir giao diém cua cic dudong phan
gidc 16i canh clia tam gidc.

Dudng tron bang tiép tam gidc:

+ Dudng tron ti€p xiic véi mot canh cla tam gidc va phan kéo dai cua 2
canh kia goi 1a duong tron tiép tam giac.

+ Dudng tron ti€p xiic vé&i canh BC va phan kéo dai clia canh AB va AC
goi la duong tron bang ti€p géc A. Tam dudng tron bang ti€p 12 giao
diém cua 2 dudmg phan gidc ctia géc ngoai dinh B, C va dudng phin
gidc cia goc trong dinh A.

+ Trong médi tam gidc c¢6 3 duong tron bang tiép.

2. Cac diém cén hru y:

04

Phén nay khéi luong kién thirc 16n yéu cdu la hoc sinh phai nim vimg cdc
tinh chat va d4u hiéu nhan biét cua tiép tuyén cac hé thic lién quan.

— M6t s6 tinh chat, ddu hiéu nhan biét, cic nhan thitc ma phéan chimg minh

c6 lién quan dén phédn géc véi dudng tron sé dugc trinh bay O phdn saw:

Bai tap vidu :
Vidu 1: Cho hinh thang vuéng ABCD A B

(A=D=90"), tia phan giic ciia géc C di qua

trung diém [ cia AD: K Hi

a.
b.

Chimg minh BC la tiép tuyén ctia (;1A) I

Goi H 12 giao diém cia BC vdi dudmg trdn (1);

K 1a giao diém cta AC véi BD

Chimg minh: KH // DC D C
Giai

Ha IH L BC; (H € BC) = IH = ID = -%a. (dat AD = a)

= BC la tiép tuyén cua (I; IA)
Ta co: AB cing 1a ti€p tuyén cua (I;

[IA) do AB// DC
o BK _AB aaB=pH > on=BF L xuypC
KD CD KD HC



Vi du 2: Cho nia duomg tron tam O duong kinh AB = 2R. Tir A va B ké 2 tia
LEp tuyén Ax va By vai (O). Duémg thing d thay déi cat Ax va By lan luot tai
CvaD.
a. Chimg minh rang d la tiép tuyén cua duong tron O khi va chi khi
COD = 90"
b. Khi d la ti€p tuyén cia (O). Tinh ——l—2 + l—j
oc® 0OD-
Giai
a. * Chung minh CD la tiép tuyén thi COD = 90"
That vay theo tinh chit cua ti€p tuyén ta co:
0,=0, va 0,=0, . Dodé:0C L OD
( Buong phan gidc ciia hai goc ké b ) A
Hay COD = 90"
* Chimg minh néu COD = 90"
thi CD la tiép tuyén . That vay
Ké OH L CD; H € CD. Goi giao diém cia DO K
vai tia d6i cia Ax la K.
Tacé: ADOB=AKOA = OD =0K
Do OC L DK = ACKD cén tai C.
. Do d6 AAOC = AHOC = OH = OA = R = CD La tiép tuyén cta (O)
b. Tam gidc COD vuéng tai Ol ¢6 OH la dudng cao.

C

1
- - doHe(O;R)=OH=R
OH® O0D* 0cC?
| | |
= —t—

Vidu 3: Cho duong tron tam I ndi ti€p tam gidc ABC ti€p xic véi BC tai D
Biét BC=a; CA=b; AB= ¢c; BD=x
a. Chimg minh 2x =a+c-b. A
b. Chimg minh be = 2x(a - x) khi va chi khi A = 90"
Giai

a. Goiti€p diém cua (1)
Véi AB; ACthirw 1aE vaF
Ta c6: B
2BD + 2CF + 2AE = AB+ AC + BC D C
= 2BD = AB + BC + AC - 2CF - 2AF (vi AE = AF)
=>2BD=AB+BC-AC = 2x=a+c-b.
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b. Ta chimg minh:
Néu bc=2x(a—-x)thi A =90"
Tacé: 2x=a+c-b. A
2a—x)=a+b-c F
, E
= 4x(a-x)= a’—(b-c)=a’- b’ —c? +2bc
Thzo gia thiét ta c6: 4x(a — x) = 2bc
a’ - b’ —c?+ 2bc =2bc
& al=b+c? B D C
= AABC can vuong tai A. Nén A =90"

Chimg minh néu A = 90" = be = 2x(a - x)
Tacé:a’=b*+c’=a’-b’ -c?=0
= a’-b’—c? +2bc=2bc = a’-(b-c)’ =2bc
= 4x(a - x) =2bc = 2x(a - x) = bc.

4. Bai tap tu luyén

Bai 1: Cho géc vuong xOy. diém A; B 14n luot trén Ox va Oy sao cho :

OA=0B=a.

M la diém di dong trén AB khéc diém A va B.

Pudmg tron (O,) di qua M va ti€p xtc véi Ox tai A.
DPuong tron (O,) di qua M va ti€p xiic véi Ox tai B.
Dudmg tron (O,) cét (0,) tai diém thi 2 tai N.

a. Chimg minh O, N Ia tiép tuyé€n cta duong tron (O,)
b. Xéc dinh vi tri cha M dé 0,0, ngin nhat.

Bai 2: Cho tam gidc ABC vuéng tai A, Puong cao AH. HB = 3 cm;
HC = 12 cm. Vé dudng tron tdm A bdn kinh AH, ké céc ti€p tuyén BM, CN
véi dudmg tron (A; AH) (M; N) la tiép diém khéc H
a. Xéac dinh giao diém ctia CN véi HA.

b. Tinh dién tich OBMNC.
c. Tinh AK va KN. _

Bai 3: Cho hinh vudéng ABCD c6 canh bing a. Hai diém M va N di dong trén
canh BC va CD sao cho chu vi tam gidc MCN bing 2a. chimg minh MN
ludn ti€p xic véi mot dudng tron c6 dinh.

-~ -~

Bai 4: Cho tam gidc ABC can tai A, B=C =« goi I 1a trung diém ciia BC

Goi ;—l; = o thay déi quhnh I sao cho 2 tia Ix va ly cit cdc canh AB vi AC

theo thir turtai M va N.

a. Chimg minh rang dudng thing MN thay ddi luon tiép xic véi mot dumg
tron ¢6 dinh.

b. Tim vi tri cia tiép tuyén M dé (BM + CN) nho nhat.



Bai 5: Cho nira duong tron duimg kinh AB. M la diém trén nira duong tron ke
MH vuong goc vai AB; H € AB.. tim vi tri cia M dé AH + HM luon lén
nhat.

Bai 6: Cho nua duong tron (O) duong kinh AB = 2R. Bin kinh OC vuong goc
vor AB. Goi d L tép tuyeén tai A coa nita duong tron qua M ke tiép tuyén voi
ducmg tron tép tuyén nay cat d tai E va cat duomg thang OC tai D. Goi F la
giao diém cua BD vai d. Chimg minh AE.EF khong doi.

I1.4. Vi tri twong doi cua hai duong tron:

A
Kien thire co ban:
Cho 2 duong tron(O; R) va (O3 R') 4‘\
Gid sit R > R\, 00’ =d. "”
Ba vitri wrong doi cua hai duong tron.
— Hai duong tron cat nhau tai 2 diém phan biét. B
+ Diau hicunhan biét: R-R'<d<R + R’
+ Tinh chat: (O:R)cat (O'; R') tai A va B
+ Duimg thing OO’ la trung truc cia day AB.
+ Duong thing OO di qua diém chinh gilta cia cac cung cua 2 dudng
tron nhan AB la cdc day cung,
+ €06 2 uép tuyén chung ngoai:
— Hai duong tron tiép xac nhau:
(O; R) Va (O'; RY) tiép xtic nhau tai A.
+ Hai duong tron tiép xic ngoai:
- Dau hiéu nhian biét: d =R + R’
~ Tinh chat : 3 diém O;0',A thang hang:
C6 3 tiép tuyén chung: 1 ti€p tuyén chung trong la dudmg thang vuong géc
vai OO tai A. _
Hai ti€p tuyén chung ngoai.
+ Hai duong tron ti€p xic trong:
~ Dau hiéu nhan biét: d=R - R’
~ C6 mot tiép tuyén chung 12 dudmg thang qua A vuong géc v6i 00

- Hai duong tron khong cit nhau:
+ Hai duong tron ngoai nhau: Diu hiéu nhan biétd 2R + R’
C6 4 1iép tuyén chung gém 2 tiép tuyén chung trong va hai ti€p tuyén
chung ngoai.
Cic tiép tuyén chung trong; cét nhau trén doan néi tam OO',
Céc tiép tuyén chung ngoai cat nhau trong duong néi tam OO'.
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— Hai duomg tron dung nhau:
+ Dau hiéu nhan biét: d > R - R' hoac d = 0 (d6éng tam).
+ Khoéng c6 ti€p tuyén chung
2. Cac vidu:
Vi du 1: Cho hai dudmg tron ( O; R) va (O', r) ti€p xiic ngoai nhau tai A. Ké
ti€p tuyén chung ngoai BC (( B € (0); C €(0"))
a. Chimg minh BAC = 90"
b. Tinh BC theo R var.
c. Goi D la giao diém ciia CA véi dudng tron (O; R) va D # A. Chimg minh 3
diém B; O; D thdng hang
Giai
a. Ke tiép tuyén duong tron védi 2 dudng tron (O) va (O') tai A. Ti€p tuyén
nay cit BCtai l. Tacé IA =B =IC = AABC
Vuong tai A = BAC= 90"
b. Néi IO; IO
cit AB; ACtaiEvaF
= QIEAF Il hinh chil nhat

- 010’ = 90",

do 3 diém O, A, O' thing hang
= OOIO' vuong tai [ ¢6 IA LOO'
= IA?’=0A.AO' = IA’=Rrr

= IA = VRr mz‘:lA=%BC = BC=2vRr

¢. Vi BAC=90" = BAD= 90" = BD I dudng kinh ciia (O; R) = 3 diém
B; O; D thing hang.

Vi du 2: Cho nira dudmg trdn tam O dudmg kinh AB, dudmg théng d tiép xic
v6i nita dudng tron tai C. goi D va E thi tu |a hinh chi€u cia A va Blénd

a. Xét vi tri tuong tuong ddi cua (A; AD) va (B; BE)

b. Chimg minh AB tiép tuyén cua dudmg tron dudng kinh DE
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Giai
a. Noi OC = OC | DE ()
=» AC la duong trung binh cua hinh thang vuong ADEB

> OC = % (DA + EB)

- DA + EB=20C = AB
—> (A; AD) tiép xdic ngoai (B: BE) A B
b. K¢ CH 1 AB(H € AB) tacod OC // AD H O

= (;ETA = DE;E“ (so le trong) ma (:E;A =CAO

— DAC=CAO =>ACHA = ACDA = CH=CD = %DE.

Vay H nam trén duong tron duong kinh DE
Hay AB la tiép tuyén cta duomg tron duong kinh DE
Bai tap tu luyén
Bai 1; Cho (O; 36 cm) va (O"; 9 cm) tiép xiic ngoai vai nhau. Goi AB la tiép tuyén
chung cha hai duong tron ( 4 € (0); B€(0')). Tinh ban kinh duong tron tam
I ti€p xuc véi duomg thang AB va tiép xic ngoai véi hai dutmg tron da cho .
Bai 2: Cho hai duong tron(O: R) (O',R"). Ti€p xiic ngoai tai A.
Goi BC va DE la cac tiép tuyén chung cua hai dudong tron: véi B va D
thudc dudng tron (O) C va D thudc dudng tron (O'). Tinh dién tich tr gidc
BDEC.

Bai 3: Cho hai duong tron (O) va (O') ngoai nhau K € ti€p tuyén chung
ngoai AB va ti€p tuyén chung trong EF, vdi A va E thuéc (O); B va D
thude (O')
a. Chimg minh AE L BF.
b. Goi M la giao diém clia AB va EF. N la giao diém cta AE va BF
Chimg minh 3 diém O; N; O' thang hang.
I15. Goc vii duong tron
1. Kién thirc co ban:

Y

~ Goc 0 tam: Géc c6 dinh ¢ tam ctia duong tron duoe goi la gée & tam.
—  Goc noi tiép:
+ Dinh nghia: Géc noi ti€p la géc ¢6 dinh ndm trén dudng tron va hai
canh cua goc chira hai day cung cua dudng tron.
+ MB6i quan hé gira goc ndi tiép va cung bi chén.

Cho BAC noi tiep trong duong tron (O) th sd BAC = % sd BC
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— Cac heé qua:
+ Trong mot dudng tron cdc gée ndi ti€p cung chan mot cung hoac cic
cung bing nhau thi bang nhau
+ Trong mot dutng tron moi géc n6i tiép khong qua 90" co so do bing
mot nira s6 do géc & tAm cung chan mot cung.
— Géc tao boi tia tiép tuyén va mot day cung.
+ Néu xy la ti€p tuyén véi (O) tai A, AB la day cung clla dudng tron dé.
Thi xABIa goc tao bai ti€p tuyén Ax va day cung AB.
Sd XAB = —;— sd AB
+ S0 do cla goc giira ti€p tuyén va mét day cung va géc ndi ti€p cung
chidn mot cung thi béng nhau.
+ S8 do ciia géc tao bdi tia ti€p tuyén va mot day khong qua 90" bang mot
nira s6 do clia géc & tam cung chén cung 4y.
— Goéc co dinh ¢ trong hay bén ngoai duong tron
+ Goéc c6 dinh bén trong dudng trdn cé s6 do bang nira tdng s6 do cua 2
cung bi chan.
+ Goc c6 dinh nim ngoai dudng tron c6 s6 do bang nira hiéu s6 do hai
cung bi chén ( hiéu s6 do cung I6n va s6 do cung bé )

2. Cacvidu:
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Vi dul: Trong hinh vuéng ABCD. V& dudng tron dudng kinh AD va (D)
ban kinh DA. N6i D v6i diém P bat ky trén cung nhd AC cia (D) ; DP cét
nira dudng tron dudng kinh AD & K. I 12 chan dudng vubéng géc ke tir
diém P lén AB. Chimg minh rang PK = PL

Giai
Goi giao diém ctia PA véi dudng tron dudng kinh AB la F
NGi FD tacé AFD= 90" (géc noi tiép chin nira duémg tron)

—_—— e

= FD 1APma ADAP cantaiD= D, =D, . B

A
— — \
Tac6é D, = IAP (hai géc nhon c6 canh A
¢

tuong img vudng goéc )

PAK = FDK (g6c noi tiép cuing chdn Eﬁ )
= AP a phan gidc cia IPK = PI = PK



Vidu 2: Cho 2 duong tron tim (O v (0) )
bi¢t duomg tron nay di qua tan dicmg ron ki Qua mot giao diém clha 2
duomg tron ké mot cat tuyen bat kv cat (0 ) tan Cva (0,) tar D.
Tinh goc tao bai hat uép tuyen v 2 diemg tron to Cva D.
Criad
Noi ADva AC
Chimg minh duoe AO,0,B la hinh tho E
>AOB=A0,B = 120"

Viy SAADC = £ S4A0 B = 60’

Sd ACD = - SIAO,B =60
nén AACD la tam gidac déu:
Ta lai co: DCE = C‘:Zé ( cung chan (ﬁé ).
CDE = DAB ( cung chan BD )
-> DCE + CDE = CAD =60 = CED = 120" A
Vidu 3: Goil vaJ la tam dudng tron noi t€p va
tam dudng tron bang tiép goc A cuaAABC .
Pudmg tron ngoai ti€p AABC cat doan thing
[S tai K. Chimg minh KI = KJ.
Giai
Ta ¢6 4 diém A, I, K, J thang hang:
Goi giao diém cia BI véi dudng tron ngoai tiép 1a B'

Ta c6: /TB=I;'_(-Z";’}§3=!’(_C‘";

Sd Bﬁ:%%(ﬁ-ﬂsl_{; =%Sdﬁ}

=3 Eﬁi:é‘fﬁmh Bl _L BJ hay BIJ - 90"

Tur d6 chimg minh ducxe KI =KJ

. Bai tap ty luyén

Bai 1: Cho duong trom (O) tir mot diém M nam ngoai dudng tron ké hai ti€p
tuyén MA va MB véi (O), A:B la cdc ti€p diém. C 1a mot diém bat ky trén
dudng tron tam M bdn kinh MA va nam trong duong tron (O). AB va BC
cit (0). AC va BC cat(0) lan luot tai P va Q chimg minh 3 diém P; O; Q
thing hang;
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Bai 2: Cho hai duong tron (O) va (O') cét nhau tai A va B. Qua A ké dudng
thang vuong géc vai AB cit (O) tai C; cat (O') tai D. Tia CO cat (O') tai F
va tia DO’ cit (O) tai E. Chimg minh AB 1a phan gidc cua géc EAF.

Bai 3: Cho hai dudmg tron (O,) va (O,) cit nhau tai M va N dudng thang O,
M cit (O,) va (O,) thif tr tai A, va A, Dudng thing O,M cit (O,) va (O,)
thit tr tai B, va B,. Chimg minh 3 dudng thing A, B,; A,B,; MN d6ng quy.

Bai 4: Cho tam gidc nhon ABC, I la tAm dudmg tron n6i ti€p; O 1a tam dudng
tron ngoai ti€p, phan gidc cia géc ACB cdch dudmg tron ngoai ti€p O, K;
biét IK = R (R 1a ban kinh cta dudng tron ngoai ti€p). Goi D va E 1a chan
dudng cao ctia AABC ha tir A va B, goi P 1a giao diém cia OK véi AB,
chiing minh ADEP la tam gidc déu.

Bai 5: Cho hai dudng tron (O) va (O') ngoai nhau dudng ndi tam OO’ cit (O)
tai A va B cét (') tai C va D (V6i B va C nam gira A va B) ké ti€p tuyén
chung ngoai EF; E € (O); F € (O') c4c dudng thing EB va PC tai N; AE
cét DF tai M chimg minh: |
a. AMENF la hinh chir nhat.

b. MN vubng géc véi AD.

Bai 6: Cho hai dudng (O) va (O') cit nhau tai A va B sao cho 0AO' = 90",
Diém C thuéc dudng tron (O') va ndm ngoai dudmg tron (O); CA va CB
cit (0) D"D va E chimg minh ring khi C thay d6i thi DE luon di qua mot
diém c6 dinh.

Bai 7: Cho hai dudng tron (O) va (O') cit nhau tai A va B. Dudng thing d
thay d6i qua A cét (O) cét tai C va cét (O') tai D. Tir C va D vé hai tiép
tuy€n véi hai dudng tron (O) va (O') hai ti€p tuyén véi hai dudng tron (0)
va (O') hai ti€p tuyén na cit nhau tai M. Chimg minh ring CMD luén
khong déi.

Bai 8: Cho CABCD ndi ti€p dudng tron (O)

Cich diém O,; O;; O, O, theo thi tu 12 tam dudmg dudng trdn ndi tiép chc
tam giéc AABC; ABCD; ACDA; ADAB. Chimg minh ©0,0,0,0, 1a hinh
chi nhat.

Bai 9: Cho géc xoy va mot dudng tron ti€p xic véi hai canh cua géc tai A va
B. Qua A ké dudng thing song song v&i OB cit dudmg tron tai C. Goi K 1a
trong diém clia OB. Dudng thing AK cit dudmg tron tai E.

a. Chimg minh diém O, E, C thang hang.

b. Putmg thiang AB cit OC tai D chimg minh. Ok D&
OC DC



Bai 10: Cho tam gidc déu ABC noi uép duong tron (0), lay diém Pty yy
tren cung nho BC, AP cat BC o Q. dat PB=a: PC=b: PQ =c¢.
a. Chimg minh rang : ! + : = !
a b ¢
I1.6. T giac noi tiep
1. Kién thire co ban:
binh nghia:
Tur giac noi tiép la ur gidc ¢o bon dinh nam
trén mot duong tron.
Khi do duong tron duoc goi la duomg tron
ngoai Lép ur gidc.
Cho O ABCD; ABcat CD o P: AC cat BD g M.
Tir gide ABCD noi tiép (O) khi va chi khi
+ 4 dinh cich déu diém O
+ Téng hai goc doi dién bang 180"
Hay goc ngoai cia moét dinh bang
goc trong cta dinh doi dién.
(Hai goc doi déu bang 90" 1a truomg hop dac biét nhumg hay gap trong cac
bai todn )

+ Hai dinh ké nhau cung nhin mot canh dudi moét géc bang nhau

+ PA.PB=PD.PC

+ MA. MC = MD.MB

2. Cacvidu

Vi dul: Cho dudng tron (O) duong kinh AB: Mot diém M nam trén cung AB
va diém C trén dudng kinh AB sao cho CA < CB. Trén cung mot nira mat
phing bd AB ké hai tiép tuyén Ax va By véi (O) . Duong thing qua M
vuong goc véi MC cit Ax va By theo thir v tai P va Q. Goi R; S 1a giao
diém cua AM vai CP; BM véi CQ.

a. Chimg minh cic ur giic APMC va PQMC noi ti€p

b. Chimg minh RS// AB

c. Tit gidc ARSC c6 thé 1a hinh binh hanh
duoc khong? Tai sao?

Giai

a Tacé PAC = PMC =90" = OPMCA

noi tiép. Tuong tr O PQMC noi tiép
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b. Do OAPMC noi tiép PCA = PMA
(g6c nodi tiép cung chan I”; ) X
Tuong w: 6&’. = (SN—_lﬁ ma p v
AMB = 90" (Géc noi ti€p chin nira
dudng tron)
= (m + m = 90" R Q

:>l;‘(‘fjﬂ\+(ﬁ =90" A

= RCS = RMS = 90"
Nén ORMSC noi tiép do dé
RMC = RSC (ciing chin PC)
Ta lai c6: AMC = APC (clung chin AC )
APC = BCQ ( G6c ¢6 canh tuong img vuong g6c)
Nén fié?: = ﬁEg => RS//AB (dpcm)
c. Giasit OARSC 12 hinh binh hanh thi ta cé
AM 1 PC = OMRSC 14 hinh chit nhat => AR =RM =CS
NénR 1a trung diém ctia AM ma AM L PCnén PC diquaO
Hay C = O (trdi gia thi&t CA<CB)
Vay AARSC khong thé 1a hinh binh hanh.

Vidu2: Tirmot diém M ndm trong géc xOy (0 < ;E); <180°)
Ha cdc dudng vuodng géc MP va MQ xub6ng Ox va Oy. Ké OK L PQ;
K € PQ. Chimg minh ring: POM = EE)E

Giai

Ta cé: hﬁ=§[_65=900
Nén OPMQ noi ti€p = POM = PQM
(Cung chidn PM ) . Mit khéc l—(BE) = P‘Eﬁ
( Ciing phu véi OQP)

Do dé: POM = KOQ (dpem)

Vi du 3: Cho AABC duong tron(I; r) ndi ti€p tam gidc ABC ti€p xic véi
canh AB va BC thit wv tai E va F. Goi M va N lan luot la trung diém cla
AC va BC. Duong thing MN cat Al tai K.



a. Chimg minh rang CK -\

b Chimg minh 3 diem K: [ | thane hane

¢ Goi giao diém cha Al van d o ton neogs tep VABC Ta .
Chimg minh IB.IC = 21 1]

(THT

a. Theo (gr) ta co:
MN//AB = AKM = BAK - KAM
Tam giac AMK can tai M
nén AM = MK = MC
Nén AKC vuong tai K = KC | Al

t Taco IF LBC
=> IFC = IKC = 900 (ciing chan KC)
= FI, CK néi tiép duoc —» CIK = (TK
Ta lai co: AIC =900+ 200 — 9o~ 22

= CFK = 900—1\%(—‘. Do AEF cantai B = EFB = t\)OO—--{‘I—:—(—:
=5 CFK = EFB = 3 diém K F; E thang hang.
¢ Tachimg minh dugc: JI=JB =>BlJcantaiJké JH L BI(H € BI)

= BJH = % sd ABva ICF = %sd AB = BIH = ICF = AIHJ ~ AIFC

> U vam= lprvaipsr - BUIC
IF IC 2 2
3. Bai tap tu luyén:

Bii 1: Cho tam gidc ABC c6 cic goc nhon, cic duémg cao AD; BE; CF cit
nhau tai H. Goi I K thur tr L hinh chiéu vuong goc coa B va C 1én dudng
thing EF
a. Diém H c6 vi tri gi d6i vasi tam gidc DEF
b. Chimg minh DE + DIF = IK

Bii 2: Cho tam gidic ABC noi tiép duimg tron va dutmg thang d 1a ti€p tuyén
clia dudmg tron tai C. Goi AH va BI la cac dudmg cao cua tam gidac ABC.
a. Chimg minh HI1//d
b. Goi MN va EF lan luot la hinh chiéu clia cdc doan thing AH va BI lén
duomg thing d chumg minh MN = EF.

=R.J = BIIC=2r.1J
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Bai 3: Cho dudmg tron tam O, duomg kinh AB. Trén dudng tron lav diém D
khiac A va B. Trén duomg kinh AB lay diém C, ké CH vuong goc vdi AD
tai H phan gidc trong ctia goc DAB cat dudng tron tai E va cat CH tai F.
Puémg thiang DF cat dudmg tron tai N. Chimg minh rang:
a. 3 diém N, C, E thang hang.
b. Néu AD = BC thi DN di qua trung diém cuia AC.

Bai 4: Cho tam gidc ABC noi ti€p duomg tron O. mot duong tron tam | tuy y
di qua B va C cat AB va AC tai am va N . Duong tron tam K ngoai tiép
tam gidc AMN cat duomg tron (O) tai diém thir 2 1a D. Chiimg minh rang;:
a. T gidc AKIO la hinh binh hanh.

b. Géc ADI bing 90"

Bai 5: Cho hinh binh hanh ABCD ¢6é géc B tu. AC cédt BD tai O. Hinh chiéu
vuong goc cua D lén AB; BC: CA lan luot 1a A"; D'; C' chimg minh diém
O ndm trén dudng tron ngoai Li€p tam gidc A'B'C’

. HINH HOC KHONG GIAN

1. Kién thitc can nhé:

Hinh Dién tich xung | Dién tich toam | Thé tich
quanh phan
B
E C
Attt
Bl
J'“ T C.
Ak 2
— Ldng tru dirng : Hinh cé S,y =2ph Sip=S.q+2Susy V=Sh
cdc mat bén 1a nhimg hinh _ - S - Dién
chit nhat , ddy 12 mot da gidc ﬁ ~ :::l é;hcl;: ady S,=2(ab+bc+ac) | tich d{ly‘
. Lfmg tru tfiu‘: Lang tru S.,= 2(a + b)c L, h — Chiéuy
dimg c6 ddy la da gidc déu ab. o= cdiccanh S, = 6a cao
~ Hinh hp chix nhat : cua hinh hop chir
Hinh c6 sdu mat la nhimg nhat
hinh chir nhat
— Hinh lap phuong : Hinh
hop chir nhat ¢é ba kich
thudc bang nhau S,, = 4a’ V =abc .
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a4 — canh cua hinh | V=a'
) lap phuong
-

‘Hinh cxop déu la hinh chép | So=pd | I
¢cO mat Jiiy la da giac déu , p- nura chu vi day S,F= S,q +S, V&= i Sh
cdc ma ben lanhimg tam | 4 _ chiéu cao clia S: Dién
glic Cfll‘ bang nhau c6 mat bén (Trung tich ddy
chung finh doan ) h: Chiéu

- cao
| Hinhru Sy=27rh Sp=2mrth+27c | V= nrh
Hinh rén Sy=27rl S,=2nrl+ 7P | V=
: nrh
3
Hinh ciu S=4nr 4
V=-§ nr

— Trong khong gian . Dudi cdc goc nhin khac nhau cic doan thang , géc c6
s6 do bang nhau c6 thé ¢6 d6 dai khdc nhau . Do vay khi vé hinh ta lva
chon géc nhin phil hgp dé vé sao cho hinh 1am ndi bat cdc dic diém va
cdc yé&u 10 ta dang xét . Tuy vay khong duge thay déi ty s6 cia cdc doan
thing ciing nim trén mot dudng thing vi dudi cdc géc nhin khdc nhau ty
s6 nay vdn dugc bao toan

~ Mot trong nhimg cdch dé€ don gian hod bai todn trong khong gian 12 dua

n6 vé xét bai todn hanh hoc phang

— Trong khong gian hai dudngthing khong c6 diém chung khong cé nghia
1A chiing song song v6i nhau nhu trong hinh hoc phang ( D€ song song

chiing phai ciing nim trén mot mat phing )
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2. Bai tap vi du:
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Vi du 1: Mot khéi g hinh 1ap phuong duge duc mot 16 xuyén qua hai mat
déi nhau cua hinh lap phuong c6 cic kich thudc

cho trén hinh vé. Tinh thé tich va dién tich tat

ca cac mat cua khoi gé
Giai

/]
Thé tich ciia hinh 1ap phuong 16n 1a ; 6cmv
V, = 60* =216000cm* 60cm
Thé tich ctia 16 duc (La mot hinh hop chir nhat 13):
V, = 6%.60 = 2160cm’

Thé tich clia khéi gbla: V =V, = -V, = 216000 - 2160 = 21384)cm’
Dién tich tat ca cac mat cta khoi gb la :
S=6.60" +4.6.60 - 2.6.6 = 23016 cm’

Vi du 2 : Tinh thé tich va dién tich toan phin clia mo6t hinh chép cut déu c6
ddy 16n 1a hinh vuong canh 6¢cm . Pdy nho 1a hinh vuong cam bang 3
cm . Dudng cao bang 4 cm

Giai
Gia sir cdc canh bén cua hinh chép cit nhau tai S.
Goi H va H’ l4n lugt la tam dudng trong ngoai ti€p cdc hinh vudng ABCD va
A’B'C’'D’. Thi S, H ,H’ thing hang va SH , SH’ l4n luot lacic dudng cao ciia
cac hinh chép S.ABCD va S.A’B'C’'D’
Goi P 12 trung diém clia BC, P’ 1a trung diém ctia B'C’ S
Ta c¢6 SP va SP’ 1a cic trung doan cuia cdc hinh chép
déu S.ABCD va S.A'B’C’'D’ . Xét tam gidc SHP vuong

tai Hnen: SP=vSH? + HP? =3 +42 =5(cm)

ViB'C'//BC va B'C’ =%BC

nén B’C’ 1a dudng trung binh ciia ASBC

Dodé:SH‘=%SH=2 (cm) e VC
""" P

|
vaSP’ =-SP=2,5(c
5 (Lm) A




_ i e S s [P )
The tich cua hinh chop S. ABCD la: V) = -1.'~.II.B( v = }_4_(:' = -1)»‘(:;111 ‘)

; o R o I‘,,,ul bl
he tich cua hinh chop SA'BCD™ la: V, = -}-.\H AB" = ;,‘.2.3" = (\(cm)

The tich cua hinh chopcut la: V=V, -V, =48 -6 =42 (cm")
Di¢n tich xung quanh cua hinh chop cut la:

i , o PP(ABAB) L, 25(6+3) .
S, = AB’ +A'B" 4+ 4. - — =6+ 3 +4.- P— =l){l(cm')

=
Vi du 3 : Cho hinh vuong ABCD ¢6 canh bang a. Goi M N lan luot la trung
diém cua cic canh AB va CD. Cho hinh nay quay quanh truc MN .
a. Hinh vuong ABCD va hinh tam gidc DMC quay quanh truc MN sinh ra
hinh gi ?
b. Chimg 10 rang ty so thé tich cdc hinh nay khong phu thuoce vao a?
Giai
a. Khi hinh vuong ABCD quay quanh MN tao thanh hinh tru co la duong

tron tam M N : bin kinh —. Puong sinh AD = a. Khi tam giac DMC

ra | =

quay quanh MN tao thanh hinh nén c¢6 ddy . La [N%]

b

duong cao MN = a A M B
2 1
b. Thé tich cta hinh tru la: V, = n(%] a =£§—~ :
|
1 [a ’ na’ :
Thé tich cia hinhnén la: V, =—n| — | a=—
€ 3 K2 12 D L C
N
na’
: A
Ty 56 thé tich clia hai hinh la: :,L =—4_ =3 Khong phu thudc vao a
» ma
12

3. Bai tap tu luyen
Bai 1: Tinh thé tich. dién tich xung quanh va dién tich toan phan cta hinh
chop tam giic déuco ddy la tam gide déu canh a va trung doan la 1.
Bai 2: Cho hinh chop tam gidc déu c6 tat ca ciac canh déu bang a

a. Tinh thé tich vi duén toan phan cua hinh chép
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b. Ta goi hai canh khong ¢6 chung dinh nao cua hinh chép la hai canh
doi nhau. Ching minh riang cdc doan thing ndi trung diém cilia céc
canh d6i vuong géc v6i nhau timg doi mot va cét phau tai trung
diém cia mdi duong

Bai 3: Cho ntra duong tron (O; R ) duong kinh AB. Tir A va B ke cac tiép
tuyén Ax va By véi nira dudmg tron . Trén Ax laydiém M sao cho

R

Ch
gioi han bai nira dudng tron tdm O va hinh thang vuéng ABMN khi chiing
cung quay theo mot chiéu va tron mét vong quanh MN

Bai 4: Cho tam gidc déu ABC canh a ¢6 O la tAm duong tron noi ti€p tam
gidc. Cho tam giac AOB quay quanh OA .Hay tinh dién tich cua hinh
dugc sinh ra

Bai 5: Cho hinh chép tam gidc S.ABC. Goi M , N l4n luot la trung diém cia

SA va BC . Chimg minh rang : AC va MN khong thé cung ndm trong mot

mat phing

AM = — . Qua M ké ti€p tuyén véi dudng tron cit By tai N . Tinh thé tich



HUGNG DAN GIAI BAI TAP
PHAN THU NHAT: DAI SO

. BIEN DO DONG NHAT
1.1 Dung hiang ddng thirc
Bai 2:

Tacé: A=a'+ %—2[33+L‘)+3(32+%]—4(a+1)
a a a a

Tiraz—\/ga+l=0:>a+-l-=\/§::'az+—lz-=3

a a
2
1
Va a]+-l1-=(a+l](az+—-li-—l]=2~/5: a4+i4=(a2+—2) -2=1
a a a a a

Bai 3:
Pat x=a-3;y=b-a;z=3-btacéxy+yz+xz=-3vax+y+z=0
Dodé: x? +y? +2° =(x+y+z)2—2(xy+yz+xz)=6

Bai 4:
Tuab+bc+ca=1

Tacé: a® +1= a’ +ab+bc+ca
= (a2+ab)+(bc+ac)=a(a+b)+c(a+b)=(a+b)(a+c)

Tuong ty b? +1=(b+a)(b+c): c?+1=(c+a)(c+b)

Vay A= |
Bai S:
2
Ta cé: i+—12-+-12- =(l+l+l) _2[_l_+l+i)
a? b ¢ a b c ab bc ac
2 2
=(-l—+_i_+l] _ng(l+l+1]
a b c abc a b c

Vay M la binh phuong clia mot s6 hitu ty
1.2 Phan tich da thirc thanh nhan tu

Bai L
a) (x+y+z)(x+y-2z)(x-y)
b) (a-b)a-c)(c-Db)
c) (x—=2y)2x-y)

111



Bai 2: Sir dung phuong phdp nhAm nghiém . Dép s6

b) (x+1)x*-x-3) c) (x+2)x*-x+2)
d) Gx-Dx*-x+1) e) (x —2)(x*+ 3x +4)
f) (x+1)(x-1)(x* +x +1)

Bai 3:

a) (XX -x+2)x*+x+2)
b) (8x* — 12x +9 )( 8x* + 12x + 9)
c) (X +xy+y ) x—xy+yd)
d) (X*+x+1)(x"+x+2)
e) (XP+x+1)(x*-x*+x'-x+1)
) +x+ DX —x"+x -x*+x'-x+1)
g (+x+1)(x -x'+x'-x+1)
h) (x? - 2xy + 2y?)( x*+ 2xy + 2y?)
Bai 4:
a) Pat x+y=a=>@-1)a+3)=(x+y+ 1) (x+y+3)
b) Dat: xX-Tx +9=y '
S(y=-3)y+3)-N= - =x(x-T)(x*-Tx+ 18)
c) Dat: x*+8x+7=y
= yy+8)+15=(y +3)(y+5) = (x + 2)(x + 6)(x* + 8x + 10)
d) Pat: 12x*+ 11x-1=y
= Yy +3)—4=(y-1)Xy+4)=(12x* + 11x - 2)(12x* + 11x + 3)
1.3 Phan thiic dai s6 |
Bai 1:

Tacé:(@a+ 1)b+1)c+1)=(@-1)b-1)c-1)
< (ab+a+b+1)(c+1)=(ab-a-b+1)(c-1)
& abc+ab+ac+bc+a+b+c+l=abc-ab-ac—-bc+a+b+c-I

& ab+ac+bc=1. nénM=ab+bc+ca=1
Bai2: A= 4x+8

Bai3: M= =
x+3

2
Bai4: =X 1%
3x-1

Bai 5: Ruit gon duge P = 1 khong phu thudc vao x
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Il . BIEN DOI CAN THUC

1.1 Cac phép tinh can thirc
Bai 1:

] x> 1
- c)-3<xx<2

B B ® (x <1
[x > |
b)yx> — d)x>5
X g) _x;¢2
Bai 2:
a) 245
b) 4

c) J6+2\/5‘-—\}l3+4\f =\&)+2J57-—(2J§+1) =J6+2[J§—l)=\/§+l

Bai 3: Riit gon céc biéu thic:
a) 1

-2a khia<-3
b) [a+3|+]a-3|={6 khi-3<ax<3
2a khia>3
1 ’
) ﬁ—l ) —-2-kh|x>3
23=%) —;-khix<3

I1.2 Lién hé giira phép nhan, phép chia va phép khai phuong
Bai 1: Tinh:

a) 1 b) 9 c) -J%

& VG3-2V2) 342 _ ,
7 -

0 [J(JE-JE)"- +J§].J§=3

Bai 2: Ruit gon:

A=J;+J;
B=x-y ‘
V2x-22V2x-4 J(W2x-4-2 J2x-4-2
C= = = (x=4)
2 2 2
o
. Wy -1 =mkh1v>l.x¢l
(x=Dy -1)

1 khi D<y<lix#1
1-x
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Bai 3: Tim x biét:

Fx =
a) Viét vé dang Vx-3(Vx-3-3)=0 vdi(x23)¢aL:;g (t/m)

b) DKXD: x > 2; Vit vé dang Vx+ 2(Vx-2+2)=0=Jx+2 =0
(vi \/;—_2 +2#20).
Ma Vx+2>2 véi Vx 22 = khong tim duoc gid tri clia x.
I1.3 Céc phép bién ddi don gian can thirc bac hai
Bai 1: Tinh gi4 tri cha biéu thic sau:

a) -8J2

b) -1
¢) Vi€t biéu thic khir vé dang: >~ .Jil\/xu +y)
y Xx+Yy
V6ix =2; y=1=>x+y=3>0neén biéu thic trén 1a: /x(1 + y)
Thay x = 2; y =1 taduge: J2(1+1) =2

PN S 1\/_(\/’\/‘\/‘\/'l
2+l Bz JaedB 1 1 1

e) V2007 -1
Bai 2: So sdnh:
B Tace: 3 _V3GVT-5/2) 3/35-5/10 36-53_3
J‘7+5f 9.7-25.2 13 13 13
b) V30 -v29 = ————: V29-V28= ==
JB30+29 J'_ J_ V28
Ma V30 + 29 > /29 + V28 = /30 - /29 <29 - /28
Bai 3: Riit gon cdc biéu thic:
la| khi a>b
a)l b) b= _
~|a| khia < b
Bai 4: Tim x biét
a)DKXD:xE%

Binh phuong 2 vé€tadugc: 3x -2=15 - 2.6 <:>x=7_§JE (t/m)
b) PKXD: x > 3
Bién d6i vé dang: (Vx-3)> -7Jx-3+12=0 Pat Vx-3 =120

t=2
Tacé:[2—7l+l2=OC>[ (t/m). Hodc Vx-3=2&x=7
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I1. 4 Thuc hién phép tinh. Rit gon biéu thirc c6 chira can bac hai
Bai 1: Thuc hién cac phép tinh sau:
a) .
by J3-V6)? =J2J6-37 =3-6 +2J6 -3=16
5 _ 7 _
3(4+_\/!—_ll 3 ﬁ_ﬁ(ﬁ+:l_ﬁ2 5___4+m_3ﬁ

5 2 3
g V-3 (543 (54113445
2 2 4 2
€e) 'ﬁ~ﬁ)2+(ﬁ+ﬁ)2=18
Bai 2: Chimg minh cdc dang thirc sau:
a) 3i€n doi v€ trdi ta duoc:

Jar23 +Ja-23 2B _ g
V2 2
= dang thic da cho luon ding.
JB(Z—JE)_G\/B]_L= B ke
Loz 3 [ 2
Vay dang thitc da cho lu6n diing

. . Jab(/a ++b) 1
) 3i&n d6i vé trii: : =(Wa+JVb)Va-Jb)=a-b
c) 3ién doi vé trai Jab A (vVa )N(Va )=a

Vay dang thic di cho luon diing

d) 3ién d6i VT: [l+f—a5_;f—-ifﬁ].[l—[%ﬂ]=(l+ﬁ)(l—ﬁ)=l—a

= dang thiic di cho luén ding.
e) 3ién d6i VT:
2 ab __a+b (Va - \{—)
Jab (Ja-vb) (Ja-vb)  (Ja-vb)
Bai 3: 3iai cdc phuong trinh sau:
a) DKXP:x>5
Phuong trinh da cho <> x-5-2Jx-5-15=0

pat Vx-5=120=>x-5=1?

“acépt: ' =2t — 15 = 0. Giai pt nay tacé: t = 5; t = -3 (loai)
t=5e Jx-5=5x=30(t/m)

Vay S= {30}

MI-—

b) 3i€n dbi v& lr:ii:[

&l -
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b) DKXD: x>0; Pat Vx =120

Phuong trinh di cho & t? —3l+2=()<:[ (t/m)

l=l@\/;=lax=l(tlrn): t=2<:>\f—=2ax=4(t/m)
Vay S=1{1; 4)
c) DKXD: x>0;x = 16; x #49

PT da cho & (Vx =2)(Vx = ) = (Vx = 6)(Vx —4) & Vx =10 & x =100 (t/m)
Bai 4: Ruit gon céc biéu thiic sau:

2) Y5— 13+ 48 =\5—(2V3+1) =\/4-243 =B -1
b) Vx—4+4Vx -4 +4 +x-4-4Jx—4+4 (véix>4)
¥ x-—4+2+|sfx-—4—2|={2'M_4 S

4khid<x<8
Jx 2

1
P 7Y
x-4 2-Jx Jx+2

Bai 5: Cho biéu thifc: A = (

10—x
(VX =2 4 ——
) J;+2)

DKXD: x>0;x#4

1
a) Ruiit gon duoc: A =
. 2-Jx

1
2-Jx
Kéthop v6i DPKXD thiA>0¢0<x<4
3 3
Bai 6: Cho biéu thitc: B = (—— _+‘/"_-Jy_):(\/§—i§)2+\[ﬂ
x-\y y=3 x+y
DKXD:x>0;y>0:x # y
Jxy

X—=yXy+y

b) A>0 & >02-Jx >0 x<4

a) Ruit gon duoc: B=

b) x=3-2V2:y=3+22 :{ '

Thay vao biéu thirc Bta duge: B=——=
c) V6ix20;y>0 = Jxy 20

2 2
3
X = X)'+)’=(~/;--%J§) +%yc6 (ﬁ—%ﬁ) >0 :—:;yzo vy 20)

(vi X, y khong déng thai bing 0)
= X—Jxy+y20;Vx20;y20;x#y.Vay B>0 (dpcm)
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Bai ~: _ho biéu thirc.
po3tVx 3=V ax 5 adx+l

- bl Wl 7 S O e
3I-Vx 3+Jx x=9" 3+Jx 3Ux +x

a Fkut gon
_ B+ -3-Vx) -ax S 4Jx +1

[ x-9 '(3+J;_J;(3+J;))
_ B3+Vx) -3-Vx)? —4x 5Jx-4Jx -1
%9 - Vx(3+Jx)
_12dx-ax x- 0 alka-Vx) x@+Vx) | —4x
x-9  TkGHVx) G-V0GHY0T Vx-1 Jx-d

2 ~11x+18=0= x =2: x=9 (khong thod min DK)

"Ul r”"zlhip_—hﬁzl:_ﬁg l

M. HAM SO VA DO THI
1. Him so bac nhat va qui vé bac nhat

Bai 1: Viham s6y=-2x + b diqua diém M(3; -5)
néntaco: -5=-23+beob=1
Ham s6 can tim c6 dang: y = -2x + |
Bai2: y=(a-1)x +a
a) Ham so6 dong bién khia > 1; nghich bién khia < 1

b) Vi dé thi ham s6 cit truc tung tai diém c6 tung do bing —2 nén hoanh do

bang O
Taco-2=(a-1)0+ae>a=-2
Ham s6 codang: y = -3x -2

¢) Ve do thi ham so: y = -3x - 2

- Xx=0thiy=-2; y=0thix=

(PSS

- Biéu dién A(0: - 2) va B( -——i— : 0)

Trén mat phang toa do

- Ké dutmg thang di qua A, Bta duoc dé thi ham s6y = -3x — 2

Bai 3: Hams6y =ax + 6 (d)

a) /i duong thing (d) cit truc hoanh tai diém c6 hoanh do bing 2 nén wng do

vang 0. Thay vao cong thie tim duge: a = -3
b) /& d6 thi (HS tr vé)
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c) a=-3tacohams6:y=-3x+6
Khi x = 1 tacé: y = —3.1+6=5
3 3

d) y=+2 thi x= 6“3‘5
Bai4: Chohams6: y=(m-1)x+m
a) +) Dudmg thing di qua g6c toa do nénm =0
+) Dudmg thing cit truc tung tai diém c6 tung d6 bing 1-v2 <> m=1-2
b) +) Géc tao bdi dudmg thing (1) v6itiaOx lagécti<>m-1<0< m< |
+) Géc tao bdi dudng thing (1) v6i tia Ox 12 géc bing 45" <> m —~ 1.= 1 nén
m=2
2. Himsé y = ax’ (a # 0)
Bai1: y = f(x) = -1,5.x
a) f(1)=-1,5;f(2) =-6; f(3)=-13,5. Tacé f(1) > f(2) > f(3)
b) f(-3) =-13,5; f(-2) = -6; f(-1) =-1,5. Ta c6 f(-1) > f(-2) > f(-3)
Bai 2: Vi Parabol c4n tim c6 dinh 12 O(0; 0) nhan Oy lam truc d6i ximg
Neén Parabol c6 dang: y = ax’ (a # 0)

Vi Parabol di qua A(3; 2) tacé: 2=9a <> a= %

Parabol cén tim c6 dang: y = %xz

Bai 3: Cho ham s6: y = ax?
a) Vi Parabol di qua A(-1;2)tacé: 2=a.(-1)’ <> a=2
Parabol cédn xic dinh 12: y = 2x?
Vé d6 thi: HS tu vé.

x =42
x=—v2 -

Vay c6 2 diém thudc Parabol 1a: B(v/2 ; 4) va B'(-V2 ; 4)

b) Goi B € Parabol y = 2x*tadugc: 4 = 2.x* & x*=2 <:>|:

3. D4 thi va twong giao cua cédc dé thi :

Bai 1: Phuong trinh dudng thing c4n tim c6 dang: y=ax + b (a # 0) (d)
a=-3
b=
Vi(d)diqua A(-1; 4)tacé: 4=-3.(-1)+be=>b=-7T = 1
Vay(d):y=-3x-7
Bai 2: Cho dudng thing y = (m - 2)x + 3 (d,) va dudmg thing y = 2mx -5 (d,)
a) d)/(d)em-2=2m (vid # -5)&m=-2
b)d)Nn(d)em-2#2m & m # -2
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c) (d) L (dy) & 2m(m-2) =-1&

2
Bai3:y= v (P):

Goi phuong trinh dudmg thang cdn tim c6 dang: y = ax + b (a # 0) (d)
Vi(d)diqua A(-1; -2)tacé: -2=a(-1)+b << a-b=2 (1)
Vi (d) tiép xuc vai (P)

2
=> phuong trinh: ax + b= x? co nghiém kép

Xét phuong trinh: x> - 4ax —4b=0 c6 A’ =(-2a)’ + 4b
Phuong trinh ¢6 nghiém kép<> A' =0 4a’+4b=0 (2)
Tiu (1) = a=2+ bthay vao (2) 1a dugc: 4(2 + b)> +4b=0
b+ 5b+4=0(%)
Giai phuong trinh (*)tadugc: b=-1; b= -4
Véib=-ltacéa=2+(-1)=1khidétaduoc (d): y=x-1
e Vdib=-4tac6a=2+(-4)=-2khidétaduoc (d,): y=-2x-4
* Tim toa do ti€p diém
— Gia sir dudng thang (d,) tiép xic (P) tai A(Xa; Ya)
2
Thi x,la nghiém cia phuong trinh: x — 1 = — =>x = 2.

Khidéy,=x,-1=2-1=1.VayA(2; 1)
— Gia sir dudng thing (d,) ti€p xic (P) tai B (Xs ys) tuong ty ta tim
dugc: B(—4; 4)
Bai4: Vi dudngthing y=mx +ndiqua A(-1;0)tac6:0=-m+n<>m=n

2

Vi dudmg thiang y = mx + n tiép xic Parabol y = %x ta c6 phuong trinh

hoanh do: %xz =mx +n c6 nghiém kép.

Xét phuong trinh: %x2=mx+n & x2-2mx -2n=0mam=ntacé

phuong trinh: x> - 2mx —-2m =0. A’ =m? -2m
m=0
Phuong trinh ¢6 nghiém kép < A'=0¢>2m+m’ =O<:>[ 5
m=-—
e m=0=>n=0tacéduong thingy=0
m=-2=>n=-21ac6 duong thing y = -2x - 2
+) Tim toa do ti€p diém
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Pudmg thing y = 0 ti€p xiic véi Parabol y = %xz tai O(0; 0)
Dudng thing y=-2x—2ti€p xiic véi Parabol y = %xz tai di€m Q(xc3¥c)
= Xc la nghiém clia phuong u"mh:%x2 =-2x-2&x=-2hay x¢c = -2

Ye 1a nghiém cua phuong trinh: y= %(—2)2 =2=yc=2.VayC(-2:2)

IV. PHUONG TRINH
IV.1 Gidi va bién ludn phuong trinh bdc nhat.
Bai 1: Giai cdc phuong trinh sau:

a) 2x-1)2 -(2x-2)2x+2)=x(2x - 1)-(2x? + 5x - 3)
& 4x? —4x+1-(4x? -4)=2x? —x - 2x* - 5x +3
S -4x+5-346x=0 © 2x+2=0=22x=-2=>x=-1
Vay phuong trinh ¢6 nghiém x = 1.
3x+1 3x+2 3x+3 3x+4

2005 2004 2003 2002
3x +1 3x+2 3x+3 3x+4
= +1+ +1= +1+ +1
2005 2004 2003 2002
- 3x+2006+ 3x + 2006 _ 3x+2006+ 3x + 2006
2005 2004 2003 2002
I 1 1 -

2005 2004 2003 2002
1 1 1 1 1 1 1 1
< va < = + - -

2005 2003 2004 2002 2005 2004 2003 2002

b)

< (3x +2006)(

0

=>3x+2006=0=> x=—£;ﬁ.Vayphuongtrinhcénghiem x=2006
x-1050 x-1055 x-1060 x-1065 x-1070 x-1075
C) + + = + +
956 951 946 941 936 931
c}(x——IOSO_l)_'_(x—lOSS_l)+(x—1060_l)
956 951 946
_ (x-—lOﬁS_l)+(x—1070_l)+(x-1075_”
941 936 931
x-2006 x-2006 x-2006 x-2006 x-2006 x-2006
=1 + - = + +
956 95 1 946 941 936 931
& (x - 2006)( : N N )=

9‘56 951 946 941 936 931
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d)

e)

g)

Bai 2:

a)

Ta ¢co:
_l_ _ _l | ] I

= TN, S S <R I 200 3% 20060 - 0= x =2006

+
US6 951 946 941 936 Ui

43 x+4 x+6 X+ 3 x + -3 X +6
+ # =

==0 < b1+ p )+ (

201 100 66 0] e 66
x-|—204+x+2()4 X+ 204

ey —_—

+ O e ix+ AMN-—F—+
201 100 66 2001 100

| I
S Xx+204=0=>x=-204 ( Do } . l 20))

2001 100 66
\ay phuong trinh ¢6 nghiém x =~ 204
1 | 1 1 148x 49
(—+ L Wx=hH+x=
1.3 5.7 97.949 99 99

=
2 2 2 2 I4M -99x 49
1373 |

— ‘.. — e p—

& 25
2 3.5 5. 7 97 .99 Y 99
|

&> —(1—~—l-
2

| 49x 49

| T

e it i i e Y =) = - —

3 5 5 7 97 Yy 99 99
| 49 | | 49

l{l~~—)(x——l)——(*&—Il«::)m—IJ{—--——— —)=

2 99 99 2 299 99

44
:>xel—():>x-l(D<l——l—-- ):t()_)
2 299 Yy
\ay phuong trinh c6 nghiém x = 1.
X 2X 3x 4x
_ _ P e |
f J— sﬁ+xf— ﬁ \f: /7+f
x(ﬁh/_) 2x (V7 - \/_) ‘\t\/"+\/-) 4x(N7 = 3)

| 7-5 5~2 7-3
[ﬁ+\/_ J7+5- J5=2 +47- \/_]=—~/_::>x0

\ay phuong trinh da cho O ngliici.
Giai cdc phuong trinh sau (vdi x [a an s0)

t-mz(x-l)=x—4m+l<:>4m:t~4m"’ -x=1-4m

&> x(ﬁim2 —l):4m2 —dm+1e>x2m-=-H2m+ l}=(2m—l)2

‘ m - F)

* Néu 2m-1)2m+ 1)=0 = -
m-—-——

2

\G61t m= 5 = 25 — 1 =0 phuong trinh ¢6 vo 6 nghiém

=7
—J7 (vol1y)
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b)

122

m= —% —> 2(—-;-)— 1 # 0 = phuong trinh v6 s6 nghiém.

* Néu (2m—l)(2m+l)#0=>m;e—% va

m # % = phuong trinh ¢6 nghiém

e (2m-1)? _2m-1
2m-1)2m+1) 2m+1

Két luan: m = % => phuong trinh ¢6 vo s6 nghiém.

m = —% => phuong trinh v6 nghiém.

1 1
m#——;m#—
2 2
2m-1 = 2m-|

2m+l . 2m+l

=> phuong trinh ¢6 nghiém: x =

m(x—l)_m+x
2 3
=>3mx-3m-2m-2x=12=>x(3m-2)=12 + 5Sm

* Néu 3m-2=0—)m=—§

khid6 12+ 5m=12+ 5.—§- # 0 — phuong trinh v nghiém.

=2=>3m(x-1)-2(m+x)=12

12+5m
3m-2

* Néu 3m—2¢0=>m-f§ => phuong trinh c¢6 nghiém x =

Két luan: m = —;— = phuong trinh v6 nghiém.

124+ 5m
Im-2

m ¢% => phuong trinh c6 nghiém x =

XxX+a—-2 x—a x+2a
+ +
a-| a+l |-a?
(x+a-2)a+D+(x—-a)a-1)-(x+2a)
= 5 =
a“ -1
c:)x(a+l)+a2—a-2+x(a-l)—a2+a—x-2a'=0
S x(a+l+a-1-1)-2a-2=0= x(2a-1)=2(a+1)

' a=l
=0 (dk: (l-—a)(1+a)¢0=>{
a#-|

0

* Néu 2a-l=0=>a=—;-:>2(a+l)=2(%+l)¢0



=> phuong trinh vé nghiém. 2a—-120> . 2
a#tl

2(a+1)

2a—1

=> phuong trinh ¢6 nghiém x =

I

. a=—

két luan: 2 Phuong trinh v6 nghiém.
a=+%|

# —
> phivong:teinhc6 nghism =201

a=xtl

2a-1

a+b-x a+c-x b+c- 4
dy LXOTX AFCTX O¥CTX 1k az0:b#0ic#0
¢ b a a+b+c

b- - -
a+ 1+l+a+c x+l+b+c x+l=4_ 4x

¢ b a a+b+c
a+b-x+c¢c a+c-x+b b+c-x+a a+b+c—x
o> — + + =4
C b a a+b+c
c>(a+b+c—x)(-l—+l+l— 2 )=0
¢ a b a+b+c
Vay véi _l-+l+l_ 4
a b ¢ a+b+c
e T T | 4
VoI —+—+——
a b ¢ a+b+c

1V.2 Phuong trinh bdc hai — Hé thicc Viét va ing dung
Bai 3:
a) WaxZ-(V3+Dx-V3+1=0
Phuong trinh ¢6 dang a + b + ¢ = 0 nén c6 hai nghiém :
=L x,= 1-3
7

= phqong trinh c6 2 nghiém x, =

<

=0 Phuong trinh nghiém ding véi moi x € R

# () Phuong trinh cé nghiém duy nhdt x =a+b+c¢

B1-V28 _J3+1+V28
a3 43

b) V2x2 +(2V2 -3)x +v¥2-3=0
-2
Jo a - b + ¢ =0 Nén phuong trinh ¢6 hai nghiém x, =-1; x, =%

/4y phuong trinh ¢6 2 nghiém:
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(x-1)° L (X=2)(x+3)
2 3
& 3(x2—2x+l)+2(x2+x—-6)—6(x—l)=0

x-1

& 5% -10x-3=0=>A"=25+15=40>0

: -V4 5++40
= phuong trinh ¢6 2 nghiém: x,=¥;x2= +;/_.
Bai 4:
+ V6im-2=0=>m=2
Khi d6 phuong trinh <> (54 +44-1)x-2+2=0=>x=0
+ V6i m-2#0; A=(5m* +4m-1)* +4m-2)>20 Vm
Vay v6i Vm phuong trinh c6 nghiém.
Bai 5: Goi x,; x, 12 c4c nghiém clia phuong trinh x> —x-1=0
a) A=1+4=5
Nén phuong trinh luén c6 2 nghiém x,; x,
x’+x2 =l

Ap dung dinh ly Viet ta cé: {
xlxz =-]

Khi d6: x? +x3 = (x; +x,)? =2x,x, =12 +2=3.
b) Q=x2+x2+(x2 +x2)? -2x?x2=3+9-2=10:5
Bal 6: Taco: :§=mz—4u(mz—7)=28-3m2

D¢ phuong trinh c6 2 nghiém cén: 28 - 3m? >O=>—J2?—8<m<\[-?

: x| + xz =m
Theo hé thirc Viet ta c6: , .-Ma:x; =2x, nén

3x, =m m =3x, {xz =+]
= =
2x§=m2—7 2x§ =(3x2)2—7 m=13

thoa man —JZT_B<m<JzT_§

Vay m =13 |2 gid tri cén tim.
Bai 7: a) D€ phuong trinh ¢6 2 nghiém duong phan biét thi :

(12-3m?2 >0

= -2<m<2
m<~V3 = =J3<m<2
m>\/§ m>\/§

m>0

A>0 |[m?-4m?-3)>0
{P>0=>{ m?-3>0 =4 [
S>0 m>0

L .

Vay v/3 <m <2 => phuong trinh c6 2 nghiém duong phan biét .
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b) D¢ phuong trinh chi ¢ | nghicn divme thy
P<( :>m3—3<ﬂ:> —\!"L» me< 3
Bai 8: D¢ phuemg trinh ¢ nghiem v owoth AT > 0
<> (m+l)2 —(m2 +3IM+2)20 <>m +2m+l m =3m=-220
o-m=-120=>m<-|
X 4+ Xa=2m+]) (3)

Ap dung hé thic Viet ta co: ,
X Xy =m~ +3Im+2  (4) ,

a) Taco: xf+x§=12c:>(x| +X,5)7 =2Xx, =12
2 o)
S 4m+D)?-2m’+3m+2)=12 = 2m> +4m+2-m?* -3m-2=6

) m+3=0 m=-3
om +m-6=0 o (m+3)Hm-2)=0 =>

m-2=0 m=2

Vi m < -1 phuong trinh ¢6 2 nghiém nén chi ¢cé m = -3 thoa man.

Vay vdi m = -3 phuong trinh c6 nghiém x;; x, thoa man: xf + x§ =12

XI+XE—2

(*
5 )

b) T¥(3): X, +X, =2m+2 <> m=

Tur(4) tacéd: x;.x; =(m+1)(m+2)

X +X, X|+XZ+2

K&t hop vdi (3) va (*) taduge: & XX, = : ~

X+ X5 )X + X5 +2)
o x,x, = Zt X)X + X
4

YAy hé thic lién hé giita x, va x, khong phu thuéc m

< 4x,.Xy = (X, 4}-)&2)2 +2(x; +x,)

4x,.x; = (X, 4-)(2)2 +2(x; +X3)
Bai 9: Phuong trinh (m + 1)x* -2(m-1)x+m-2=0
a) D€ phuong trinh c6 2 nghiém phan biét thi;
T A'>0 m—1)? - (m+ >0 [-m+3>0 m<3
lm+1¢0©{( ! (r:];tjll(m ? <:>{ m=#-1 ‘b{m#—l
Vay dé€ phuong trinh c6 2 nghiém phan biét thi m <3;m #1

b) D€ phuong trinh ¢6 nghiém x = 2 thi (m +1).2> =2(m+1).24m-2=0

Hay m = -6
Khi d6 nghiém con lai 1a x, thi
- - 4
2x2= m_zsz =M=_
m +1 2(-6+1) 5
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c¢) Taco
D€ phuong trinh ¢6 hai nghiém phan biét thi: m <3;m # | ( Theo cau a,

Khi dé:
2(m-1)
1.1 7T . %5*% 7 . m+l 7. 2m-0) 7
X, X, 4 X,x, 4 m-2 4 m-2 4
m+ 1

= 8m-8=7m-14 > m=-6.
Vay v6i m = — 6 phuong trinh ¢6 nghiém x,,x, thoa mén: A + i = ;j-
x.l x;_-
d) Tim GTNN cuia biéu thirc:

A = 2x} +2x3 + XX, = 2(x, +x2)2 -3x,X,

4(m-1)° m-2 Sm?-13m+14

TmA?:  mAl (m41)

= Am+1)?*=5m?-13m+14= Am? +2Am+A =5m? - 13m + 14
= m>(A-5)+mQ2A+13)+A-14=0*%)

=2 3

V6i A =5thi m=—9—
23
V6i A # 5 dé (*) c6 nghiém d6i v6i m thi: A>0
111

= 2A+13)* -4(A-5)(A-14)20 < 128A- 11120 A2 o

D4u bang xay ra khi ng%.vay gid tri nhd nhét cia biéu thic 12 -ll—;%
Bai 10:
a) Dé phuong trinh (1) c6 nghiém thi A’ 20
m<-3
m23
Vay v6i m £ -3;m 2 3 phuong trinh (1) c6 nghiém.

= (m+l)2—(2m+10)20=>m2—920=>[

b) A= 6X,Xy + X2+ X5 =(X; +X,) +4x,x, =4(m+ 1)’ +4Q2m +10)
= 4m? +16m + 44 =(2m +4)* + 28
A=4(m+2)" +28
Vim<-3;m 23nénm+1<-I;m+ 124

Dodé:m+121 =>(m+)’21=>A=4m+1)>+28 >3
Vay Min A =32 khim =-1
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Bai 11:
a) P phuang trinh ¢6 2 nghicem phan ety thee
Jm—lxll m s | [m:l

v = <
l A >0 m- —=(m - lwge e 20 »10) ]IH".:’

Vay vaim < 2 :m # | phuony trimh co 2 nghiem phan biét x,:x, .

.-\p dung he thie Viet ta cor

2m Jime2)-4 2(im+2) 4
m - ' m ) m — m -
= <>
m+ 2 in+2 m+2
m -1 m =1 m -1
m+ 2
[rx Xy =——— =M=, =m+2=3my x> - XX =m+2
m - | ) i
= 2 + XX
<O miXxa—N=2+xXx,S>m= =
m + 2 1 4

Khidotr x,x, = —— =3 Xy Xy =2K Xy =

4(x;%, - 1)
& Xy +H Xy = 2% %, ——-—'—i"--- ¢ 30X, +x,) = 2%, +4

» 2

: 2
Xj + X5 (X; +X2)" —2X;X5

2+ XX,

R ¢ X ,
b) Ta co: A2 46=01""C s6=0
Xy X, XX, XX,

l < : 2 =
P o SR IS + 6= ¢ {]l*_—_lq_{ﬂ]_-{_ Am _l!=0

m+2 (m+2)m-=1)

[ 1-J17
m = ———
— 4 _
=14 \."17
ms=———
L 4

Doi1 chi¢u vai dicu kvén phuong trinh ¢o 2 nghiém thi
-1+17

m=——— thoa min,
4
L -1£J17
Vay vdi m= = can tim.

+6

0
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Bai 12: Phuong trinh: x> =2(m-1)x+m—=3=0 (1)
a) V&i m = 0 phuong trinh (1) trd thanh:
x242x-3=0(x+3)Hx-D=0=>x=-3x=1
Vay v6i m = 0 phuong trinh ¢6 2 nghitmx=-3; x = |
b) Ta cé: A'=(m-1)? —(m—3)=m2 --B}m+4=(m——;—)2 +% >0 Ym
Vay phuong trinh (1) ludn c6 2 nghiém x,;x, véi Vm.
. o . {x,+x2=2(m—l) {x,+x2=2m—2
c) Ap dung hé thirc Viet ta c6:
XX =m-3 21X, =2m —6€
S X +Xy =2XX, +6 -2 X, +X, =2X,X, +4
d) D€ phuong trinh ¢6 2 nghiém béng nhau vé gia tri tuyét d6i va trai déu nhau
thi cdn diéu kién: x, +x, =0=>2(m-1)=0=>m =1
Vay véi m = | thi phuong trinh ¢6 2 nghiém thoa man diéu kién.
IV.3 Mot s6 dang phuong trinh thudng gap '
Bai 13: Giai cic phuong trinh sau:
a) x'-2x7 - x?+8x-12=0 x*(x-2)-x(x-=2)+6(x-2)=0
& (x—2)(x3-x+6)=0 o (x-2)[x3 +8-x-2]=0
& x=2)[(x+2)(x*=2x+4)-(x+2)]=0 |
o (x—-2)(x+2)[(x—l)2 +2]=0
> x-2(x+2)=0vi x-1)*+2>0 (V¥x)
x-2=0 x=2
@[x+3=0 = [x=—3
Vay phuong trinh ¢6 nghiém: x=2; x=-3.
b) 2x> -3x2-11x+6=0 < 2x* +4x> - 7x? -14x+3x+6=0
& 2x3(x+2) - TX(x +2) +3(x +2)=0 & (x+2)(2x* = Tx+3)= 0

==2
x+2=0 x

S x+2)2x-Dx=-3)=0=2|2x-1=0=} x=
x—3=0

1 x=3

Vay phuong trinh da cho ¢6 3 nghiém: x = -2; x

) (x*-2x+3)?-2(x+3)x-3)=3-(x+3)?
' (x2 —2x+3)2—2()&2—9)=3t’)—(x2 +6x+9)

128



" L 7 ’ el
X" =2X+ )" =X hx -9 -0 gy RANNEE (x—3)" =0

¢>(x?—21+3—x+.ht\ N F3an -1
1 9 }'\ ":
> (X7 =3X+0)X" =X)=10) e |ix ) Iniv =10
2 4
, Iy |5 K
Eox(x—=1)=0 (vi(x= ) > wx) o
2 4 % == ]

Vay phuong trinh da cho co nghiene: v = 00 x = |
1) x* - 2x7 =400x + 9999

&> x¥ #2x7 # 1=4x7 +400x + 10000 <> (x> 4 1) =12x Jr]()(})2
xP+1=2x+100 | X =1lx,=-9

:, | c:b |
x“+1==-2x-100 (X+1) +100=0 (voly)

=X, =1Lx, =-9

Vay phuong trinh da cho co nghiém: x, =11:x, = -9
D 2x =YY +(x+ V)Y +(V5-VT-3x) =0

Ban doc tu chimg minh bai toin:

"Néua+b+c=0thi a'+b'+¢' =3abe”

Tacé: 2x—5)+(x+ VT +(/5-J7-3x)=0

= 2x-V5) +(x+VT) +(V5-J7-3x)°

=3.2x = V5)(x + V)5 -7 = 3x)

Do vay phuong trinh da cho tuong duong vai:

32x - VS)(x + V5 - V7 -3x)=0
’ 5
2x-J5=0 =7,

o x+J7=0 o x3=—ﬁ
J5-J7-3x=0 5=\

T

I L 3

Js-417

5 y
Vay phuong trinh ¢6 3 nghiém: x, ==Ky =—JT:x, =- z

 @x+DUI2x-1)3x+2)x+1)=4

< (Ax+ DBXx+2)(12x = 1)(x + 1) =4 & (12x° +llx+2)(l2x2 +1Ix-1)=4

Pat 12<% +11x =t phuong trinh tr& thanh: (t+ 2)(t - 1) =4
t+3=0 [l=—3
(

S H1-6=01+3)(1-2)=0 = =
1-2=0 [ 1=2
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+ VOil=-3212¢ +#1Ix=-3=12x>+11x+3=0
Co A=11"-12"<0= phuong trinh vo nghiém.

+ Vaitl=212x2 +11x=2=12x> +11x=-2=0

~11-4217 _ -11+4217

M=y et T

Bai 14: Giai cac phuong trinh sau:
I-x x+1 21 - X +1 21

Jxrl, A e lox xrll =2 (1)
X+2 3-x x°—-x-6 x+2 3-x (3-x)}x+2)
x+2%0 {x#—?.

-x+3z0 X#£3

a)
Diéu kién: {
Khi d6 phuong trinh (1) & (1-x)(3=-x)—(x+1)(x+2) =21 = 2(6 +x —2?%)

[ 94337

X

4
. 9-/337
4
94337

4

S2xT-9x-32=0

Vay phuong trinh ¢6 nghiém: x,, =

3 . x-2  (3x-2)(3x+2)
x—2 x2+2x+4 x' -8
3 =2 9x? -4
" ’x _ xj )
X—2 x“+2x+4 (x=-2)(x"+2x+4)
x—-2#0 {X#Z
=
Vx

b)

L=

Diéu kién: { s =>x#2

X“+2x+4=20
phuong trinh (1) = 3(x? +2x +4)+(x -2)? =9x? — 4
=32+ 6X+12+x2 —4x+4=9x> -4 =5x*-2x -20=0

[ 1-Ji01
X| S————
= 5
1+ /101
Xy =——
. 5
1 -101 + V101
Vay phuong trinh da cho ¢6 nghiém: x, == % ____l____{l____
x#0 x#0

¢) Diéukién: {x-320=>¢ x#3
X+3#0 X#-3
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=

£: L 10 2 X+ 2 10)
Khi i —— = ——— = —— &5 —— g g .
v+EI Iy -—-x Xy -9) x#3 %X =3x x(x=3x+3)

SN =)+ (N2 +3) =10 & 2x° —6x + x> +5x +6=10

X =1

A -x-4=0 J .
X = =
3

: ' - 4
Viy phuong trinh co nghiem: x = -1 x ==
Bai 15: Siai cic phuong trinh sau:

A =23 -x|=1 e23-x/=3x-1

+ Néu x < 3 phuong trinh tra thanh

7 ;
203—-x)=3x-1=6-2x=3x-1 5x =7:>x=; (thoa man x < 3)
+ Néu x > 3 phuong trinh tro thanh
2(-3+x)=3x—-1¢>-6+42x=3x-1le>x=-5
(Khong thoa man vix > 3)
_ 7
Viy phuong trinh da cho ¢6 nghiém x = F
b) L:p bang xét 1ong:
- 3
x P—
B 2
|x + 1 -x - | 0 X+ 1 X+ 1
[2x = 3] -2x +3 -2x+3 0 2x -3
vT -3x+2 -x+4 3x -2

D» dé 1a ¢6 cdc truomg hop :
THI: Néu x < -1 phuong trinh tro thanh -3x+2=35
<> -3x =3 = x = | (loai) => phuong trinh v6 nghiém.

. 3 .
TH2: Néu -1<x< 3 phuong trinh tro thanh

-X+4=5=3-x=1->2x=-1 (thoa man)
= phuong trinh ¢é nghiém: x = -1

; 3 3
TH3: Néu xz'; phuong trinh tro thanh

3x~2=5¢»3x=7:¢x=% (thoa man)

=> phuong trinh c6 nghiém: x =

|~

Vay phuong trinh da cho c6 nghiém: x =-1; x=

W)
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c) [x|+3[+2x=4

Xét cic trudng hop
THI: Néu x < 0: phuong trinh tro thanh

|-x+3|+2x=4¢3-x + 2x=4=>x=1 (loai vix<0)
TH2: Néu x > 0: phuong trinh tris thanh

|X+3|+2x=4¢:>x+3+2x=4=>x=% (thoa man)
. |
=> phuong trinh c6 nghiém: x =3

1
Vay phuong trinh da cho ¢6 nghiém: x = 3

Bai 16: Giai cdc phuong trinh sau:
a) x*—2x3 +8x2 -2x+1=0
nhan thdy x = 0 khong phéi la nghiém cua phuong trinh. Chia ca 2 v€ :la
phuong trinh cho x? ta duge:

x? —2x+8——2-+—15=0<::>x2+—17—2(x+i)+8=0
X X X X

l
Dit x+l=l=>x2+——5-=t2—-2
X X
phuong trinh dé cho tr¢ thanh:
t2—2—2t+8=0c>12-—2|+6=0:>(1-l)2+5=0
=> phuong trinh vo nghiém vi (t-1)> +525
Vay phuong trinh da cho vo nghiém.
b) x> —x*+6x* +6x> —x+1=0
oxd+xt -2t -2t +8x - 2x? - 2x +x+1=0
o xfx+D)=-2x"(x+ D+ 8x2(x + )= 2x(x + I)(x + 1) =0
o (x+1)(x* -2x" +8x* -2x+1)=0
=>x +1=0 (vi x* =2x +8x% -2x+1#0 theocaua) =x =1
Vay phuong trinh di cho c6 nghiém = x =1
c) 2x*-3x? -9x2 +3x+2=0
Nhan thay x = 0 khong phai 12 nghiém cua phuong trinh: chia ca 2 wé€cua
phuong trinh cho x* ta duoc:

b

2x? —3x—9+§+ E_ =0 2x* + l—,)——3(x—1)—9=0
X X~ X° X

| y
Pat x——=1=3x" + — =t +2
X X"
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d)

Phuong trinh trathanh: 2007 + 20 % 9 e 0 i =5=0= ; 5
2
5 | :
Vaitl==-I=22x——=-1=5x" - |- ¥
X
s
X=-
3 ]
SOx +x-1=0 -
—]+\IS
X =—
L 2
1
an l s b ] x—_
Vol l=—D2X——=—2D2X -2=5x &2 -%x+2=0¢& 2
X 2
x=2
.
- . . -1 V5 |
Vay phuong trinh da cho co 4 nghiém x, , = S X% =5;x4 =2
2x* = 21x? +34x% +105x + 50 =0
Nhan thay x = 0 khong phai la nghiém cua phuong trinh.
Chia ca 2 v€ clia phuong trinh cho x* ta duoc:
) 1 50 5 25 5
2x°=21x+34+105—+—5=02x"+—)-2l(x-=)+34=0
X x- X~ X
5 2 25 .,
Pat t=x-—2x"+—=5=1"+10
X X"
phuong trinh da cho tr¢ thanh:
202 +10)-21t+34=0 20 - 211+ 54=0=> 9
lzz"‘
2
5 x=3-J14
Vi t=6=3x-—=6x-5=6x’-6x-5=0¢ Vi4
X x=3+14
| _9-\I6l
Véil=2=>x—§=2:>2x2—l0=9xc::~2x2—9x—10=0=> 2
2 x 2 x“9+le
4

Vay phuong trinh da cho ¢6 4 nghiém: x;, =3+ Jl_4;x3;4

94161
T4
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Bai 17: Giai cac phuong trinh sau:

3x-520 X > -
o
3Ix=-5=2x+1

a) VIx-5=V2x+1 &

>
1}
o WRASH RS )
Y
e
1]
o)

Vay phuong trinh ¢6 nghiém x =6

b) Vx—-1-Jx+2=2
VX=1=2+Vx+2 c:a{

x+220

x—l=(2+\/x+2)z

X2-2 X2>-2
Q{x—l=4+4M+x+2@{4JxT=—7
Vay phuong trinh da cho vo nghiém
¢) VaxZ—12x+9+2x=9 &> J(2x -3 +2x =9 [2x-3|=9-2x (1)

+ Néu ng phuong trinh (1):2x -3=9-2x =>x =3 (thoa mam)

+ Néu x<% phuong trinh (1): 2x+3=9-2x=3=9(vo 1y)

Vay phuong trinh da cho ¢6 nghiém x = 3
d)  Yx2-4dx+4+Vax2+4x+1=5

o J(x-2) +J2x+ 1) =5 |x—2|+[2x +1|=5 2)
Lap bang xét t6ng
1
X —5 2
x-2| 2-x 2-x 0 x -2
2x + 1 -2x -1 0 2x + 1 2x +1
vT -3x+1 x+3 Ix. —1

+ Néu x<—% phuong trinh (2) la: —3x+l=5::'x=-% (TM)

+ Néu —%Sx<2 phuong trinh (2) la: x+3=5=>x=2 (loai)
+ Néux22phuongtrinh(2)1a:3x-1=5=>x=2 (TM)
4
Vay phuong trinh da cho c6 2 nghiém x = -3 P X=2

&) Vx+2Vx-3-2+x-2Jx-3-2=3
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[ ) [ S
c:»\/wx—.‘#-ll'+\flxw LI U -nli'.x/x—.’ﬁ—l‘:.?

dicukién:; x - 320 »>x >3

+ Neux >4 phuong trimh (3) Ja: o Yol v 3 - 1=3
 — 2
AV =I3=34(x -3 -3 i IND

+ Neéu 3 < x < 4 phuong trinh ( %) Ly

VX =3 +1=yx=3+41=3=2- 3 (valy)
R

Vay phuong trinh di cho co nghiem x = "4

g) \,flx—-li-\/él_x ﬁ_3-+\!2x- | - J4x -3 =42

2x =1+ vdx-320

Pieu kién: {2x—-1—=J4x-=32>0 %)
4x-320

~

Binh phuong 2 vé cua (1) ta duoc:
2x 1+ JAx -3+ 2x -1 - Jax -3 + 2V4x? —Bx+4 =32

S ax-2+4J(x-1)’ =32 2x-1|=17-2x

. v .
+ Néu x_>_l:2x-2=l7—2xc>4x:l‘):>x=-:‘-ngh|em x=~l;

thoa man diéu kién trén.
+ Néux<1:2-2x=17-2x < 0=15 Vo nghiém
: 19
Vay phuong trinh da cho c6 nghiem x = —4— :

D V3x4+42-5=x & JV3x+2=x+5

X+520 £2=9
=4 2 = vO nghiém
3x+2=x"+10x+25 X"+ 7x+23=0

Vay phuong trinh da cho vé nghiém

) V2x+9=V25-x—3x+4 & V2x+9 +3x+4 =25«

9

X 2=~

2x+920 i
diéuki¢n43x+420¢94x2—i:>—25x£25

25-x20 X <25

(3).

(1)
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Binh phuong ca 2 vé cua phuong trinh ta duoc
22X +9)(3x +4) +2x +9+3x +4=25—x

&5 I6x% +35%x +36 # Sx+13=25—x <>\6x? +35x+36 =6— 3

6-3x20 x<2 Xx<2
71 =x =0

9, 2 9., =
6x° +35x + 36 =(6-3x) Ix“-T7Ix=0 x=0;x==-%—

Vay phuong trinh co nghiém x =0

k) V6-x+Jx-4=x"-10x+27 (3)
L 6-x20 x<6

Prlu kién: =1 < 4<x56
x—420 x24

A lung bat ding thic Bunhiacopxky cho 4 s6: 1;v/6 — x:1;+/x ~4 7 Ta c3:
Wo-X +Vx-4)2 <26-x+x-4)=4 > J6-x +Vx-4 <2

Dau "=" xdy ra <> Jo-x=Jx-4

Matkhic: x° ~'0x 4 27=x2 —10+25+2=(x-5)2 +222
Diu"="Xe:tvnnix- 5=0

[\a‘rﬁ--x =Jx—-4

De phuone 1t () Kay ra thi ) =>x=3
. x=-35=0
Vave aamg trinh co nghiém x = 3.
Bai 18: v < ac nghiem nguyén cua cac phuong trinh:
1y 2x + a3y = 156
Dung phuong phap | - Dipso: x=13y=12 -2ttt e Z
2)3xy+x-y=1

Dung phuong phép II - Dép s6: (1; 0); (0; -1)
3) 2x*+3xy-y=1
Diing phuong phép II - Ddp s6: (3; —1); (-3; 1)
4) x'-y'=91]
Dung phuong phap II - Dép s6: (6; 5): (-5; —6); (4: -3): (3; —4)
5) x}—xy=6x-5y-8
Duing phuong phép Il - Dép s6: (6; 8); (4; 0); (8; 8); (2: 0)
Bai 19: Cho da thic f(x) co cic hé s6 nguyén. Biét ring f(1). f(2) = 35.
Chimg minh rang f(x) khéng c6 nghiém nguyeén.
Dung phuong phap phan chimg, r6i dung phuong phép II
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V- HE PHUONG TRINH

Bai 1: a1 cdc hé phuong trinh sau

{2X—3)[}’+5_]:2‘(} rj\\ P Iy =By IS _-:)_xy
i o : :
(X =3)(3y +1)=3xy % Xy + X 9y 3 =3xy
42
10x -3y =15 YTy ... 42 5
=4 = _Vay heé ¢o nghiém (—;——)
X—-9y=3 _ ' 29 29
T2

Sx +2y =3 (*¥%) 3S5x+ 14y =21 (1)
b) =1 :
3x|-T7y =1 6/x|- 14y =2 (2)

Cong (1) vor (2): 35x + (1|x\ =23 «*)

5
= Neux 20 pbiong i h (70 dx =23 x = :l—l (thoa man x > ()

Thay vao . ) i duoc: s

; 23
- Néu x <0 phurong trinh (). 29x=23 =X = 3—9 (lhaivin e Q)
. ] : 23 4
Vay hé phuong trinh Ji cho coonghiem {il : 4-1—1
—l-x--l— =4 (2" X - (3
¢ 12 37 4’
2 3 2 1 2
x4y = ZX+-y=- 4
Taan et gy W
61 Il 440
ong ) voi(4): —x=—Dx=—-
g (DVA@: T55% =3 61
s . . 24
Thay vao phuong trinh (2') ta duoc: y = 6l
44() -
Vay ' ¢ phuong trinh da cho c6 nghi¢m: (—6—1— : —(g?-)
)
3
dl)-)l(XD:y#l:y#-E
f r '_5
22:_?;‘ "l=2 - %--'1)=2 . 3):‘ ==2 ()
| <y s );' _— ‘-Yl’f- )’j— <:><(Y+ y-1
O TP R VIR S BV ———=1 (2)
y-1 2y-3 | y-1 2y-3 |2y =3)(y-1)
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Hr(2) = — =2y -3 thé vao (1) ta duoc

y—1
512y -3
A2 =N 2 eaiy = i yimor
2y +3 2
5 21 21
thay yvao(l): =-Q2.—-=-3)(—-1)=-10
6 6

7 .
Vay hé phuong trinh c6 nghiém (—l();—z-) thoa man DK

.

1 1 11
= === (I)
4 3x 3y 4
&> 4 DK:x#0;y #0
2 5 1 2
= ———z— ()
3 (18x 3y 9

1
3x§;

L]

y

e) <«
: 5

| 6x
5 1
Trir timg vé cua phuong trinh (1) cho phuong trinh (2): %— =g = x=2
X
thay x =2 vao (1) ta dugc: y = 4.
Vay hé co6 nghiém (2; 4). thoa man DK
g) DKix#+2,y#-1(%),

3y+5_'_2x+3=l 3!’-__2_4_2___1_=
i y+l  x+2 y+l X+2
ta co: S 7 5-2 Le=2 | |
Y32, 28kl |lp——e i =3
ly+! x-2 | y+! Xx-2
[ 2 1 2 1
San = S (D
y+l. x+2 Cly+l x+2
11 12 2
—— =-2 —+——=-4 (2)
y+1 x-2 ly+1l x-2
. . I 3x +2
LAy (2) trir (1) theo vé: =0=>——=0
X-2 x+2 x- -4

=>3x+2=0:>x=—§ ( Thoa man (*))

thay vao (1): —2—=—4+ =Yy =:?—] ( Thoa man (*))
y+1 13

—g+2
3
w - . _'2 _2]
Vay hé phuong trinh ¢6 nghiém: (7:1—1)
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B:i 2: G he phuong trinh
2x Ay +2==17 (Iy
I =y #6s=3 (2)

3X+8v + 27 =21 (3

Nhan (1) vai (-6) ror cong var phurcse oy 20 thee ver nhan (1) vai (-2) ron

cong v phuong trinh (3) theo v¢ ot din
2x-dy+z7=-17 2x=dy ¢ 17 14)
7%+ 2ly =108 &> ¢x -3y = -5 (3

-x + |13y =55 X+ 13y = 55 (6y)

Cong (5); (6) ta duagc: 10y
thay vao (5):x=-15+12=

thavy =4 x=-3vio(4) 2=
Vay he ¢o nghicm (-3 ;4. 5).

0wy =4

L T

X—my =0 (i

Il

Bii 3: Cho hé phuong trinh
mx-y=m+1| (2

SR o T I O
a) Vaim = 3 he da cho tra thanh ,
v =4 (2

I
tr(l'): x =3y thay vio (2'): By =4 =>v = ~=>x=

3
2

I 3
Ay vi m = 3 he 2 trinh ¢ nghiem ( _
Vay vai m = 3 h¢ phuong trinh ¢ nghiem (| ;)

b) Tur(1): x = my thay vio (2)
mzy-)-' =m+]| :)_v{m2 -D=m+l

D¢ hé ¢o 1 nghiém nguyeén thi me—1z0=>m#+l
khidour(3): y= -l—]l,—il = - LI
T oomt =1 m-|

déy ¢ Zthi m— 1 phai ld ude cua | Do do:

+ Neum-l=1=>m=2 >y=] »x=2

+ Neum-Il=-l=->m=0=>2y=1 »x=0

Vayvoim=0:m=2he co | nghici la cap so nguyen.
¢) Tir(3), dé hé co | nghiém la cap so duomyg thi

mz—-l#() m# ]
x=my>0 &S<m>0) <<sm>|
m + | m > |
ys———->0

Vay dé hé co 1 nghiem i cap so duome (x; y) thim > 1.



Bai 4:

S S (1')
a) V6éim = -1 hé phuong trinh tré thanh: { x -2 y+1
2x+y=3 (2")

DK: x#2;y#-1
Tu (2'): y=3-2x thay vao (l):
X 3-2x 2x 3-2x 3
- =0 + =0&
x—-2 4-2x 2x—-4 2x-4 2x -4
Vay hé phuong trinh da cho v6 nghiém.
b) Diéukién: x#2;y#m

=0 (vO nghién)

Ttr(z):x=_2—_mm_y_
2

Thay vo (1): lI-m+my vy =0@2—m+my__ y
2-m+my y-m my-m-2 y-m
2(~-——~—2 -2)

:>4y—m2y-2m+m2=0c:>(m2—4)y=m2——2m (*)

+ Neum?’-4=0->m=+2
Véi m = 2 phuong trinh (*): 0 = 0 ding véi moi x
R
Vay m = 2 hé phuong trinh ¢6 v6 56 nghiém { *ER
P y=X
Véi m = -2 phuong trinh (*): O = 8 v6 nghiém
Vay m= -2 hé phuong trinh di cho vé nghiém.

+ Néu m? -4 #0— m # 2. phuong trinh (*) c6 nghiém:

_m2—2m_ mm-2) ~ m
y m? -4 (M+2)(m-2) m+2
( m
y=m+2
Dé « la nghiém cta hé thi
_2-m+my
L 2
r m . r ,
m+2 —-m —m¢0 m # 0 20
4 m? —{ m+2 =dlme=1=24 "
2-m+—, — 2 _» [ mel
2m +2#2 | m+2 m #

x€eR

Vay: + m=2 hé cé vo sO nghit‘;’:m{
y=x
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Bai5:Cohe{ 2

a)

m

m+2
3

-

X = —
m+ 2

+ m#£+2.m#0,:m ¢ | hic congliren duy nhat

+m=-2:m=-1:m=0 hewonghiem.
(I —m)x

=my +| (1)

(2)
2Zmx+(m-y=m - |

Vit m =0 hé ¢é nghiém duy nhat: {\ Ih
'\ i

Vim £()
(1 -m)x

Ti(l) =2y =( *l)—l- thay vio  (2):
m

| = =
2nx+(— m)x_”m I:m—l
2 m

n (l—m)zx I-m
e 2Zmy - + =m -1
2m m

ed4m'x —(1-2m+m?)x +2-2m =2m’ - 2m

o3’ +2m-x =2m’ -2

c(m+HBm-=-D)x=2(m~-1)(m+1) (3)
m = -1

T.thiy (m+1)3m-1)=0¢ |

m = -
3

Vi m= -1 phuong trinh (3) tro thinh: Ox = 0 ding véi moi x
x€R

Viy m= -1 hé (I) c6 vo so nghiém {v l
= =1—=X

o 16
Vii m= 5 phuong trinh (3)trg thanh - 0x = -(I;—) Vo nghiém

Mym= % hé (I) vo nghiém.

m# —|
~-Néu(m+D)Bm-1D)=0> I
m # -
3
i tais ; ) . . 2(m-1)
Kii dé phuong trinh (3) ¢6 nghicm duv nhat  x = 1——{—
Im -
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"2tmvli

Im-1|

He (1) ¢co nghiém duy nhit
m + 1

y_
1 -3m
- ’ . , x€eR
Vay: Vdim = -1 hé (I) ¢6 vo 50 nghiém { l
y=i=x
B . , . |x=2
Véi m = 0 hé ¢6 nghiém duy nhat: { :
y:
Véi m =% hé (I) vé nghiém.

. |
Vai m #0; m;t; vam# -1

2(m —=1)

X = —
Im-=1
_om+l1
|-3m

hé (I) ¢6 nghiém duy nhat:

. . I
b) D¢ phuong trinh ¢6 nghiém duy nhat x <0 ; y<Othi m# 0; n# 3 va

2(m -1 —<mx<|
—-( )<n 3 |
m#-1 va Im -1 Sme-1 @ —<m«l
m+ 1l 3
<0 |
l-3m m>-1-

y 5 : I
Vay dé hé c6 nghiém duy nhit x < 0: y < 0 thi 3 <mc<|.

Bai 6: Giai cic hé phuong trinh sau:
X+2y=4 Xx+2y=4 X+2y=4
a) 5 5 =4 » o
X" +4y° =8 (x+2y)" —4xy=8 2xy =4
= X : 2y la nghiém ctia phuong trinh: X* -4X+4=0
< (X-2Y=0eX=2
_ x=2 =2
Khi d6 ta c6: =
2y =12 y=1
Vay hé phuong trinh di cho ¢6 nghiém (2: 1)
b) DK:x#0:y#0 tacé ,

x y 13 4yl 13 Xx+y) —2xy 13

L X 4y =L. (X+y) \_\=l Xy = 6

y x 6 ¢ Xy 6 & Xy .
X +y=.

X+y=35 X+y=5 xX+y=35

142



> X, ¥ la nghiém cua phuome tomh v SN

Do do he co 2nghiem la

X+y+xy=1II
L‘} 1 6
(X" +y )+ AUx+y)r=28
Tir(l): x4y=11-xy  thevao (2

-

NV #33-3xy =282 (N +4)7 - 3y =)
Thay x + y =11 - xy vao (3

(1 =xy)y —Sxy==5=>x"y - 27y +126 .—n_>[

X=2
5
(h
(2)
(3)
xy =21
xv =06

+ Vai xy =21=>x+y=-10=x.v langhiem cua phuong trinh:

y X=3
X“+10X+21=0=|

T x=7
hoac

X .=
Neén hé co nghiém
y — 7 '\-‘ = 3

+ Vi xy=6=>x+y=5=x.y langhi¢m cua phurong trinh:

X=2

=> he¢ cd nghiém {

X3—5X+6=():>[

Vay hé phuong trinh di cho ¢6 4 nghiém (x: y) i
(3: 1 (7: 3): (2: 3);(3::2)

) DK: x £#0:y #01tacé he dacho <> [

Trir (1) cho (2) vé vai vé ta duoc:
XZ-')’E=4y—4x€:>(.’<~*ylfx+§1~4(x-y}:t}
X =y
<::>(x—y)(x+y—4)=()¢:>[ ]
X+y=4
+ Vaix =y thay vao (1): x? —3x? = dx

& -2x2=4x & 2x> +4x =0
O2X(x+2D)=0x==-2. dox 20

X=-2
Nén hé ¢o nghiém
y=-2

+ Vaix+y=4=>x=4-v thayvao (1)

y=3

2
hoac

{

x=3
y=2
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=345 .
(4-y)? —3d—y)y=dy &4y} —24y +16=0e |
i y=3+\/$

x=l+J_ {x—l—\/_
y—3—\f._ y—3+\f.-

Vay hé phuong trinh da cho ¢6 3 nghiém (x; y) dé la:
x=1+V5 x=I-J§.{x=—2
y=3-V5 |y=3+J5 [(y=-2

{2){2 +xy=3x (l)
e)

Tir dé6 ta c6 hé c6 nghiém {

2y +xy=3y (2
trir (1) cho (2) ta duogc:
2x-y)(x+y)=3(x-y) > 2(x-y)x+y)-3x~-y)=0
x-y=0
- 2x+2y-3)=0
Q(x Y)( o ) Q[2x+2y=3

+ V6ix =y thay vao (1) ta co: 2y2 +y2 =3y<::>[§_

Hé c6 nghiém (0;0)va(l; 1).
3-2y
2

+ VG6i 2x+2y=3>x=

y=0
y=3

Thay vao (2) ta duoc : 2y2+3-22yy=3y oyl -3y=0¢:>[

Heé ¢6 nghiém (% ;0)va (-% 2 3).
Vay hé phuong trinh da cho c6 4 nghiem (x; y) la:
0:0)::1); (- 0); (—— 3).
VL. GIAI BAl TOAN BANG cAcn _Lép PHUONG TRINH VA HE PHUONG
TRINH |
Bai 1: D6i 18 phiit = l% gid.
12 phit = % gio.

Doan dudmg di véi van téc 60km/h la: 60.-1% =18 (km)
Goi quang dudmg AB 1a x (x > 18); tinh bang km.
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e g . X
[on gian du dinh la g
60
Poan duong di von van toe Stiko b 1y

T gran di doan duang con L 1

R . ooy
I"on gian di trong thue e la: i )
| D St
. U TR
Vi xe dén not cham — @i nen taco phivemng trmly
R
x—3 x| . G A
—— e = — 4 — & OX =8 =S\ 4+l = v =T8N (TMDK)
S0 60 5

Viy quang ducmg AB dai 78%km
Bai 2: Joi nang suat du Kién theo ke hoach ben dao la x chi uét may/ngay

(dk x & N ). So chi tiét may san xuat trong 3 neay dau la 5x.
Ning sudt nhimg ngay sau la x + 10,
T gian san xuat s6 chi tiét may con lar va them 50 chi tét vuot mie la:
3500 - 5x + 50

x+ 10
35-(_){}_3550 5x . | 500 3610

T1 ¢6 phuong trinh:

e — 3 S=: | &=

X X+ 10 X x+10
3500x + 35000 = x2 +3610x => x* + 110x ~ 35000 = ()

A =557 +35000 = 38025 = VA’ = 195

x ==110+195=95 (TMbK)

X, ==110-195<0 (khong TMDK)

V1y nang sudt dy kién theo k& hoach ban dau 3 95 chi ti€t may/ ngay.
Bai 3: Coi thoi gian voi | chay | minh day be la x.
Goi thoi gian voi 2 chay | minh day beé la v (x 1y > 0)

- l ' ot s l Py . e - "
Toong | gids, voi | chay dugc — bé, voi 2 chay duoc — bé. Hai voi cung chay
X y

thi 4 gio bé day nén 1 gid ci 2 voi chay duge % bé. Ta ¢6 phuong trinh:

1 1 1
= == (n
X y 4
Tong 2 gio, voi 2 chay duoc: 2. ! + — )hé.
X oy

Tong 6 gio, voi 2 chay duoc: 6. —1 be.
y



Ta ¢6 phuong trinh: 2.(! + ! ) + 0 =1 ()
Xy y
(1 1 1
-4 —=— (1)
N ; : ; x y 4
Tir (1) v (2) ta i e phuong trinh: < L1 6
A—+—)+—=| (2)
Xy Y
: ; 1 6 6 |1
Thay (I)vao (2)taco: 2.—+—-=]23 —=—=>y =12 (TMDK)
1y y 2
g = 1 1 Il
Thayvao()tacé: —+—=— —=—=>x =6 (TMDK)
x 12 4 x 6

Viy thoi gian dé voi | chay | minh ddy bé 12 6 gio.
thavi gian dé voi 2 chay 1 minh ddy bé la 12 gio.

Bai 4: Goi x la thai gian 016 di dé dén vi tri cich déu nguoi di xe dap va ngudi di xe
mdy (x tinh bang gid. x > 0). Trén hinh cdc diém D (chi vi tri ngudi di xe
dap), chit O(chi vi tri ngudi di 6to), chir M (chi vi tri nguai di xe may) thoa
min diéu kién dau bai.

Ta ¢6 bang tém tat sau:

T f)ua‘mg duong da
Givkhdihanh | 0o gian did di A€ | v o | i & dén vi g
dén vi tri nhr h.vé -
_ nhurhvé
Oto 8 giv X gio 40km/h | 4x km_
Xedap |6gio (x + 2) gics L 10km/h | 10(x +2) km |
Xe mdy | 7 gio (x +1) gio 30 km/h | 30(x + 1) km

Theo ddu bai ta c6 phuong trinh: 40x — 10(x + 2) = 30(x + 1) — 40x

Giai ra tim duge: x = ;— gi®r (thoa man diéu kién)

Két luan: 8 gio + 7 gity = 9 gidy 15’ thi 016 cich déu ngudi di xe dap va

ngudi di xe may.
Bai 5: Ta phan tich bii todn bang bing tém tat sau va lap hé phuong trinh:

S (kin) V (km/h) t(gid)
Dy dinh ] X Y
| Néu xe chay cham X 35 y+2
Néu xe chay chim X 30 y -1
bK:x>0;y> 1
=>x=35(y+2) (1)
=>Xx=30(y-1) (2)
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2 £} . ]i

ket hop (1) va (2) taco he pharone 1 I - o ¥
N s

\ ) i
/s |
L

Cral he phurong tinh ta duree:
vVooa

\ay quang duomg AB 1 350 kv dhenn suat phot cua oto tar AL
12 - 8=Jdgnn

Bai 6:
I a» bang phan tich:

Nang sut chay 1 oge '

_— - ]tl’lu_Ti_g_i;}ndJ} be
24 3 .
Hi v — (h) 2 (he¢)
..‘ -—
r _.__?._ _____‘ ‘ D
Vol X (hi (he)
¢
- Voull Y (h ; (bhé)
L 24 _ -
PK:x,y> —
5
! ! i ;—4 (1)
: x y 2
L.sp hé phuong trinh: 5 'q ;
Zptd @)
x 245

(x =12
< (t/m dk)
ly -8

Viy ngay tir diu chi md voi thir hai thi sau 8 gio diy be.

Gai h¢ phuong trinh ta duoc:

Bai 7:
Goi 56 tién phai tra cho méi loai hing khong ké thué VAT ldn luon [a x vay

(tnéu dong) (DK x,y > 0)
Viy loai hang thir nhat véi muae thu¢ 10% phat tra T x (triéu dong)

Lcai hang th hai véi mute thué 10% phai tra -l—(ﬁiy (tricu déng)

110 108
Tuac6 phuong trinh: —x+ — vy =217 (1)
100 100

. ; N P L 1oy
Cé2 loal hang véi mire thué¢ 9% phai tra: I—{—"—](x +y) (2)

TU(1) vit (2) ta c6 he phuong trinh:
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{1 10x + 108y =217 - {I 10x + 108y =217

109(x +y)=218 X+y=2
x=0,5
Giai hé phuong trinh ta dugc: { LS (t/m dk)
y=»L.

Vay s6 tién phai tra cho méi loai hang 12 0,5 triéu va 1,5 triéu.
BaiB: Gois6lonla x vasonho lay(x,y € N v> 124)
Theo ddu bai tng 2 50 bang 1006 ta c6 phuong trinh: x + y = 1006 (1)
Vi lay s6 16n chia cho s6 nho duge thuong la 2 va s6 du 1a 124 ta c6 phuong
trinh: x=2y+ 124 (2)
x+y=1006

x=2y+124
=712

X (t/m dk)

y =294

Vay s6 16n 1a 712; s6 nho la 294

Vil. BAT DANG THUC, BAT PHUONG TRINH, CYC TR| DAI 56

VIL1 - Bat dang thirc
Bai 1: Theo dinh ly Pitagotac6 l=b’+c?val>b; 1 >c. Vay I=b? +¢?> b' + ¢’

Tir (1) va (2) ta c6 hé phuong trinh: {

Giai hé phuong trinh ta duoc: {

2
| 3 ; ’
Bai2:a) Vi xX’-x +1 = [x-E) +Z>0 véi moi x

2._-
7x l:i:c+122

5 3 7x2—15x+1223x%2 -3x +3

Nén —
X“—x+1

& 4x?-12x+920¢(2x-3)’ 20 (Ding)
D4u bing xay ra khix=% )
b) Tacé: a® +b* <ab(a+b) <> (a+b)(a? ~ab+b?)saba+b)
& (a+b)(a? -2ab+b?) <0 (a+b)(a-b)’ <0
Pingvi a+b<0va (a-b)’20
c) Tacé: 0> —2=x3+y3=(x+y)(x2—xy+y2)

2
Ma x* —xy +y’ =[x—%) +%y’20 Nénx+y<O
Mat khic: (x—y)’ 20 & x* —xy +y* 2 xy
@(x+y)(x’ —xy+y2)5xy(.-x+y)

o xy(x+y)2-2e Ixy(x+y)2-6
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Sx +y +3xy(x+y)z -8 (v i) o Nedx+y2-2
Pau bang xay ra khi x =
d) Tuong urcau ¢
Bai 3:

a) +p dung bat dang thirc Bunhiacopsby e

(2a+3b)° (o +67)(27 v ) 3(a’ e n7) - (a3 +h2)2
&> [2a + 3b| < a +h’ =>2a+3h<a +h
Dau bang xay rakhia=2.bh=3
b) Ta co: 5()(2 +y")—4(x —y)+2(xy+1)z0
~:>(4x3 —-4x + I)+(4y3 +4v 4 ]) +(\3 + 2Xy + _\':)20
a(2x=1) +Qy+1) +(x+y) 20

o X e , | 1
Diéu nay luon luon ding. Dau bang xay ra khi x= 1y = -3

Bai 4:

o 4 a+bh 4 .
a) "aco: —+—2 o 22— (*)
a b a+b ab a+b

Via,b>0; a+b>0neén: (*)e>(a+b)’ 24ab (Bat ding thitc Cosi cho 2 56)

Vay _l_+-l_2

a b a+b

b) Pat(x - 1=t thit>0vax(2-x)=-x" +2x=1-(x=1)’=1-1
Vio<x<2nénl -t>0

Ap dung bat ding thic ¢ cau (a) cho hai s6 duong tva 1 —t ta duge
1 1 11 1

+ = — - =
;x—l)z x(2-x) t I-t t+l-t

vdimoia,b>0

Ma4-x? <4do 0<x<2 Vay: — I—~ ——l——->4—x2

(x h|)3_+ x(2-x)

Bai 5:1) Taco \/52» Ja+b:\/a_l1c32\/;>\/u+b+s/a—b

e

Binh phuong hai v& chia bat dang thic ta dugc:

ta>2a+2Va’ —b? o a>Val-b oal>al-bl & 0>-b® Diing
b) Apdung cAua véia=2006vab=11acé:

12006 > V2007 + 2005 > V2006 - /2005 > V2007 - V2006
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VIL.2. Gia tri lon nhat va gia tri nho nhat Cua biéu thic :
Bai 1:
a) A=(x-3)Y-8nénmin A = -8khix=3
b) B=(x -2) +(y — 3)" + (3x - 2y)’ + 2007
Nén Min B=2007 Khix=2:y=3
¢) Diéukién: x < —% hodc x > 0 (*).

-

Ap dung bat ding thiic Cosi cho hai s6 duong ta c6:

Csz J»m N Jmu
2x +1 2x +1

Viy MinC = 2khl\/ 2 =\/x+l & x- ~(2x+1)

2x + | X
Xx=-1
o +ax+1=0 1
X=—=
3

baoi chiéu vai (*) ta duge x = -1. Vay Min C =2 khi x = -1

d) Tir \/ix=\/§y+2:>\/5x-\/§y=2

Theo bat dang thic Bunhiacopxky ta cé:
(ﬁx. 1-/5y. l)- < (3x: +5y2)(l +1) & 3x* +5y° 22

] ]
VayMinD=2khi x= —= viy= ——

Ay N y 7
Bai2:a)M=11-(x-2)>. Nén MaxM=11khix =2
b) N=2005-(x — 1 2= 2y + 1)*= (x - 2y)’

1

Nén MaxN = 2005 khi x = 1; y-—E

x—!-l«i-]!—x)Z

c)P=(x+l)(2-x)s( >

= 3— (Bat dang thic Cosi cho  s0)

Vay MasPs & iixs =
4 2

3x -1
x' +1

Tathay P=0khi x = %

Bai3: Taco: P=

<:>P(x:+l)=3x—l<:>Px3-3x+P+ 1=0 (*)

V@i P # 0 thi gid tri ctia P phai thoa méan cho phuong trinh (*) ¢3 nghi@&n v :
Diéu nay tuong duong véi:

A=3"-4P(P+1)20&4P* +4P-9<0 (2P +1)° <10
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<> -NIO0S2P + ] < V10 &> _ je -

1o 1 | “ s | 110
(F i 1 4 —
Vay Max(Py = , Ko7 Mini o khi \ =

VI3 Bat phuong trinh
Bai I:

S IO m 4
a) + < by = —
13 m o+
N2
¢) <x<| A |
|\ <

Bai 2: [x-2>2x-|

|
2x-1<0 YU 1
Ty )
<> AIx=1>0 &N f _ | P | o x <
i . N2 2 X >
(x-2) 2(2x-1) - .
W -3<0) | -1 £ xS

b) Treo: 142x=1[<3x =528 -1 <3x -0

x—-220 x22
<> (2?&—2)3 5(3.\ _(.,)3 < {(3\ -0O-2x + 3)(3\—(»-&-2){—2)2()
x=.2
x22 X 24
<>{ B 5 —8)>U¢M x>
(x-4)(5x-8)> ot
D

i1 2<0

—

{x: ~5¢+620
¢) Tieo: Yx* —=Sx +623x + 2 ¢>

X4 2>0
X" - Sx 4 (\2(3\ +2)‘

(x-2)(x-3)20 (x<€2:x 23
< 2 5 2
VS-S X$-—
3 k 3
&> Yoy XS —-—
2 2
N> —-— XD
4 3 4 3 (*)
[V =5x4629x7 +12v+4 |8 - 17241020

(Ké (*) vo nghiém do bat phuong trinh 8x°-17x 410 vo nghiém )
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d) \/xz =3x+2 < J2x3 —-S5x+3
Ti 667 V52 =3x+2<V25% -5 +3

F s x<l1
X“=3x+220
Lo

P B X222

[x* -3x+2<2x? - 5x +3

b
X“=8x+1>0

e

x <1
@4:"22 ¢>|:XS4_JE
x>4+J15 x24+4/15
__x$4—JE

3x?+2x-120
e) Tacs: J3x? +2x—1<x+1{x+120

Ix2+2x-1<x?+2x+1

| [x < -1
(x+1)(3x-1)20 xz% x =1
Six2-1 &4 N — S |
) x2-1 —<x<I
x“ <1 3
—1sx<1

Bai 3:
a) Diéukién x >0. Ta cé:

x—6vx +8<0o (Vx - 2)(J' 4)SO¢:>ZSJ—S4¢:4S~1516

by Ta c6: 2x X <Om2:1:(x+2)—x(2x+l)<0 ™
2x+1 x+2 (x+2)(2x +1)
3x
0
Q(x+2)(2x+l)< o x(x+2)(2x+1)<0

Ta c6 thé 1ap bang xét ddu hoac xét tu‘ng khoang gi tri dé giai
—Vdi x >0 thi (*)@(x+2)(2x+ l)<0¢:>—2<x<—5 khong thod man x>0

K<-2 »

—Vdix(Othi(*)c:»(x+2)(2x+l)>0¢:>|: 1
X> ==
2

X <=2
két hop véi x < 0 ta duge
—5<x<0
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PHAN THU HAI: HINH HOC

I. DINH LY TALET - TAM GIAC PONG DANG

1.2. binh ly Talet — Tam giac dong dang \
Bili l " A
héo dai AM lay F saocho A =2\\M .
hhi do ADFE la hinh binh hanh /
> DFF = AE= AC /
CF=AD=AB /
ADE + DAE = 180" L C
- ADL + AED = BAC
Cac A ADF va A BAC bang nhau.

Suy ra DAM + ABC F

Do vay ABC+ BAx + DAM =090)"
day Ax L BCuic [a Ax = AH. Hay AH di qua M.

Bai 2: I'r D ké duong vuong goc vai CD cat CB tan M
Goi N la trung diém ciia CM’ D
/1 A CDNcantai N

——— —

1n DBN =2DCN = ACB = ABC
> A DBN can tai D nén DB = DN

>DB= -;—CM‘ dodée M" = M

day DM 1 CD.
Bai 3: Ti A ABM va A ACM dong dang thi AM L BC.

Vi ty s6 dong dang bing 3 #1
1en B=C
Do vy B=CAM; C = BAM = A = 90"

Iy s6 déng dang bing V3 = _i% _A MB N

= B=60";C=30" A
Vay 3 g6c cia AABC la: 30"; 60" va 90",
Bai 4: '
HA' _ Sysc
AA'  S,pc C
HB' _ Syac . HC _ Shas
BB’ Sysc CC' S,uc B A
b. AAB'H déng dang ABA'H => AILHA’ = HB.HB’

Tuong tu suy ra: HA.HA® = HB. HB" = HC. HC'
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Bai 3:

K cat AB, ACti P, Q
‘1a co: Theo dinh ly Talét
MH _CA’ MQ_ BC
MP CB MK BA’
MP _ BA'
MQ CA’
MH MQ MP CA' CB BA’
MP MK~ MQ CB BA' CA’
MH

= —>=]=>MH=MK

Bai 6:

Bai 7:

Bai 8.
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MK X
Qua M vé ME // Oy: MF // Ox. A

CitOx.Oytai EvaF

Thi OEMF la hinh thoi.

Theo dinh 1y Talét: E
OE BM OF AM M
OA AB OB AB .
OE = OF e
OE OE 0 F B
Suyra: —+—=1
Y™ 0a " 0B R

Q
= OE(—+ LW I = : + LI 8 khong phu thudce vao d.
a b a b OE

Goi D, E, K Ia trung diém ctia BC, MN, CM.

A
Tac6EK //AC. EK = %NC

DK // AB; DK = BM ( t/c duong TB)
= EK = DK = A DEK can.

Vay DE tao vai

AB, AC cic géc biang nhau

Hay DE // Ax (Ax la phan gidc cia A ). D ¢6 dinh. g
Do dé DE c6 dinh \ W
Hay E luon nam trén 1 duémg thang ¢6 dinh.
Tir B, Dké BB'// DD'// d
AM AN AP AN
AB AB''AD AD'
_, AB AD _AB'+AD'
AM AP AN M
mi AABB'= ACDD’ = CD'=AB" | L
_,AB AD _AC
“AM AP AN

Cat ACtai, tacé:




Bai 9: Vi BNLBC = Bl

Vi IBM = IBC
= AMBILdong dang van VTG
» MIB = ICB

Tromg ur NIC = [BC
NIB 4 NIC + BIC = 1BC + BIC + BCL 180
Flay ML LN thang hang
Bai 10: Ke BP 1 AC,
A BPC dong dang A AKII
AHHK  HP P

— e E
BC CP CK Q \K
> A AHM dong dang A BCK

Gor B, Q la giao cua AN va BK. AN va BP. B H
Xét ABQE va AAPE ¢o
EAP = EBQ; BFQ = AEP

> APE = BQE = 90" Hay AM L BK.
1.3 He thire luvomg trong tam giac vuong:
Bai 1: Kéo dai DA va CB cat nhau tai M
- Chimg minh M |, E . F thang hiing
- Tam gidic DMC vuong tai M
bh-a

Tirdo tinh duge EFF = -

Bai 2: Ap dung tinh chat duomg phan gide vdi cic duimg phan gigc AD, HN, HM
Vi hé thice trong tam gric vuong ABC van duomg cao AH ta duge
NC _HC  BCHC

e s A
NA HA BCIIA N
_AC?AC_DC
ABAC AB DB M
. TWAN
MB DB it D ¢
MA  DC

Do do: ND7AB . MD // AC ( Dinh 1y ta lén)
Nen AMDN La hinh chir nha

Lai ¢6 AD 1 phan gidc cia A nen AMDN [ hinh vuong
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Bai 3:

Lay M, N thuéc AB. AC A

sao cho AM = AN = AH
Ké phan gidc géc BAH
cat MN tai P. M

Y ' 3 P Q \
Chimg minh P a tam . /_V c

dudng tron ndi ti€p tam gidac ABH H
Dua vao hai tam gidc AMP va AHP bang nhau

Il. DPUONG TRON

Il.1. Dinh nghia va su xic dinh duong tron

Bai 1:

Bai 2:

Bai 3:
a)

b)
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N6i OM, Ta c6: C m B

CO-OM<CM < CO+OM
hay CA< CM < BC
Ta chimg minh dugc 3 dudng cao
cia AABC ciing 1a 3 dudng phéan
gidc cua ADEF tir d6 suy ra
D, E, Fe dudng tron ngoai ti€p AABC

Ta c6: D& dang ching minh duge A
BD =CN

Ké trung tuyén AM ;
COx(0)=E

Ta c6: EBC = 90° G
nén BE L BCma AA, L BC B

= BE // AA, K M

Tuong tu: AE // BH
= O AEBH la hinh hinh hanh nén AH = BE
DA L BC = OM // BE nén OM la dudmg trung binh cia A EBC

= OM = % BE. Vay OM = %AH

D

Tace 2051 _ L iGal =GOM soile tong)
AH GA 2
Do dé: A AGH = A MGO (g.g)
= g A hay GH = 2GO va AGH =MGO.V
GH 2

Vay 3 diém H, G,O thang hang



[1.2. Tirh chat doi xung cua dirmg tron
Bai 1:

Tico: AH// DI J/BK

Nt Ol ' ‘

(vicung vuong goc van O

Theo unh chat duong trung binh

IH = IK hay I la trung di¢m cua Tk

Q1a | ke duamg thang

seng song vai AB cat A va BK i bova b,
ce¢ duong vuong goc van ABIa CC . DD I oC: D 1 € AB).
Trco: AE + BF =KB+ AH

> Syikn = Saprs = ABUII (1)
D § CC'AB . DD AB
D Sy = _'—‘2‘_ s D\ —5
C a "
Ma Il' la duong trung binh ctia © CC'D'D nén 11 = -—(—%D—D—
(CC+ DD
= Sanet Savn = AB. - : (2)

-

T (1): (2) suy ras Sypxp-Sacn - San

Bai 2: Ké OC x AD = [. Do OI la dutmg trung binh cua
AADB =»> 0l = % BD = 5cm
vOA=R=>CI=R-5

Bai 3:

Ticé: (4V3) = (R -5\ =R*-25=AF

I
©R*-25=23-R"+ I0R
o (R-8)(R+3)=0=R=8cm
Vay ban kinh R= 8cm
Fudng tron di dong U

K ¢6 dinh la giao cla
(C; BC) va (B; OC) ¢6 dinh

Bai 4: Goi G la trong tam ciua AABC

ke trung tuy€n CM; DN (McA; Ne AC)

.. CE_CG_2

Ticé: —= —= -
CM CD 3

= EG//AB; OD LABnén EG 1 OD (1
ra OG 1.BC va DN //BC
=0G L DE
Tr(1): (2)suy ra: G la trire tdm cua \()DI
Lo do OE L GD hay OL: | CD




IL3. Vi tri twong doi cua duong thang voi duong tron tiep luyen cua duimg
tron
Bai I:
a. Taco: AOMB vuong cian tai O,

= O,MB = 45"
i ——— ) A ()) [)
lwong tuv O,MA = 45'
nén O,MO, = 90"

N
Ma AMO,0, = ANO,O, 0,
Nén O,NO, =90" N\ { y
Do dé: O)N la ti¢p tuvén (O,) O 3
b. Goi R, R, la d¢ dai bin kinh O,; O,
Ta c6: & O,MO,D la hinh chitnhat nén 0,0, =R+ R, vaR,+ R, = a
(R, +R, )2 _ a’ a

Nén0,02> 122 - % —0,0,> —
2 2

)

Vay 0,0, ngan nhit bang 73._2-@ R,=R,= ~ => M la trung diém AB

N

Bai 2:

a. M, A, N thing hang
OBMNC Ia hinh thang
Ta ¢6: Spune = 2Sanc
ma AH = 6cm
= Spune = 90cm’

b. Tacé:
AKNA déng dang
vdi AKHC (g.g)
= AK _ KN _AN

CK KH CH
AK KN 2

= = =—=>AK =168cm; KN=192cm
KN+12 AK+6 3

- Bai 3:

MN luon di qua dicm 1 co dinh
thuoc cung BD cua (A; a) M va MN
I tic¢p tuyén M



Bai 4.
A Pat IMB=IMN=p:
rNﬁ =INC = Q. ABC -
OBMNC c6: 2 + 23 + 20 = 300

o+ B+ = 180"

ma AMIN ¢6: MIN + B+o=180

> MIN=a
nén: ABMI dong dang vai ACIN (g.¢)
Ml BM Ml BM
v~ NI ¢ NI BI
Do dié: ABMI déng dang voi AMIN (c.g.c) > BMI = IMN
Ta co: MI la tia phan gidic BMN = IH = [l: = MN la tiép tuyén (I; IH)
Vay MN thay doi ludn tiép xic véi mot duimg tron ¢ dinh
b. Theo ciu a: m =a = ABMI dong dang vai AIMN (g.g)
AIMN déng dang vai ACIN (g.g) => ABMI dong dang véi ACIN
> L = BN.CN = BL.CI = a’ (a la do dai EE)
ClI CN 2
Do tich BM.CN khong déi nén tong BM+CN nho nhat
<» BM = CN khi d6 MN // BC
Bai 5:
Lla')f D' la diém d6i ximg ctia D qua AB

Ve (D), [lzg‘ ) Ilé‘p xuc voi AB tai H. L r V
Vé ti&ptuyén ctia D'K cat ABtai M Ia '

diém cda x4c dinh

Chimg minh dugc: DMH = D'MH

va HMD' = D'MK ma AMC = BMK

Nén AMC =2BMD

—Néu Cva D a2 phiacia AB,

dung (D) ti€p xiic
véi /B, tir C ké ti€p tuyén véi (D). A M

cit ABtai M la diém cén xdic dinh /
C

C

/

>

)
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Bai 6.
Ké tiép tuyén tai B cit ED tai K
Taco: EF = BK; BK = MK; AE =ME
Do dé: AE.EF = ME.MK = OM’ =R’
(khong d6i) = dpcm

I1. 4 Vi tri tuong doi cua hai duomg tron:
Bai 1.

Goi R, r l4dn luot la bdn kinh (O; 36); (O'; 9)
x 1a bdn kinh (I)
Xét 2 trudng hop:

Truong hop I: H thuoc doan AB Tacé: AH=2vVRx :BH=2 vrx

Ma AH + BH = AB nén: 2VRx + 2 Jrx = 2JRr

::»x:——B-r—-——-i.'lhayR=36cm;r=9cm = X = 4cm

(VR +r)
Truong hop 2:
H thudc tia déi ctia tia BA; H=H' Tacé: HA - HB= AB
Tuong tuta cé: I'H' = 36cm
Bai 2:
Theo tinh chat déi ximg BD L O0'; CE L OO’ ; BD // CE
<BDEC la hinh thang tiép tuyén chung
tai Acat BCvaDE taiM vaN
Ta c6: MN = 24; BC = 2JRR'
Ké CH 1 BD;CHNOB=F
Trong ABFC vudng cd:
BC'=CK .CH =» 4RR' = (R+R") CH

4RR'
= HC = R+R'

Do MN la duong trung binh hinh thang BDEC

4RR' \RR’
= Swec=MN.CH=2RR' .z & =8RR' . o g
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Ba 3:
-laco: MO L AR D MO BI
it MO L MO (ua phin e 2 coc he bur Nen N BE
L ONTeat ALt |
Fa co: AAOM dong dang von ABNIOY (o)
Nen Al va BK Lo cic
duromg cao nromg img
_ Ol MK
T ONM T MO
Ma MK = IN
0L NK
e oM T MO
> ADIN dong dang vair NONO (g o)

Do do: l_(_s?\a' = Kﬁ)' » O, N, O thang hang

I1. :Goe voi duimg tron

Bai': Ta co: ABC = i— AMC = ' AOP
CM tirong u: QOP = CMB (2)
Tirdo chimg minh dugc: AMB = AOP 4 (ﬁi

Suy ra BOA + AOP + QOB = 180"
Nen P, O, Q thang hang
Bai : Chimg minh: BCE = BAL:BDF = BAI:BCE = BDF = BAE = BAF
Bai iz Chimg minh A,B, , A,B, . MN dong qui vi la ba dutmg cao cta tam gidce
\,MB,
Bai: Chimg minh tir gidc AEBD nouep
Keét hop vai EP = DP suy ra tam giie DEF déu
Bai &
a.Chimg minh MENF Ja nr gide ¢6 ba goc vuong dura vio gée noi tiép
b Chimg minh AMN + MAD = 90"
Bai ¢ Chimg minh D, O, E thang hiing suy ra DE luon di qua O ¢6 dinh
Bai * Ve cdc tia Ay va Ay lan luat [a tiép tuyen ctia (O) va (O') tai A

Vi 2 canh Ay va Ay co dinh nén yAy' khong doi.

Xét ACMD co: Chimg minh CMD = \J’*: khong doi.
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DAB + DCB _

-

90"

Tuong tu cho cos géc khdc suy ra duge O,0,0, 1a hinh chir nhat
Bai 9:
a) Ta c6: AEKB va AKAB déng dang suy ra

=5 X8 KA = KB’ = KE.KA=> OK’ = KE. KA
KE KB
OK KA
KE OK

= AKCD va AKEO déng dang

—— — —

Suy ra OEK = OAK =CEA . Nén O, E, C thing hang
b) Qua E ké dudng thing song song véi OB cit AO tai I va cit ABtai F.
. OE _EI DE _ EH
"OC AC ' DC AC
OE DE
Suyra: —= —
OC DC

Bai 10: Trén AP l1ay PN = PB; PM =PC

Ta c6: APB = APC (vi chédn cung AB=AC)

= ACQP va ABQN déng dang

CP_PQ _CP_NB__BP _ BP
BN ON PQ NQ PN-PQ BP-PQ
BP BP-P

~cr BP?

Ta ¢6: EI = EFt"

1 1 1 1

' 1
hia 2 v&€ ch ta duge = h —
chia 2 vé&€ cho PQ ta duc PQ PB+CP ay b

I1.6 Tir gidc noi tiép

Bai 1:
a. H la tam dudng tron ndi ti€p AABC

b. B; C la tAm dudng tron bang ti€p ADEF.
Theo tinh chat cia ti€p tuyén ké dén cdc dudng tron.

2El = EF + DF + DE=2FK = EF + DF + DE
=> Chu vi DEF = EI + EK
=>DE+DF=IF+EF+FK= DE+DF=IK
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Bai 2
Taco: OAIHB noi uép dicmg 1o S0 HIC - N0y > ITH/NE
b. Theo cau a ta duoc: CIHUNE [ unh e nhat = VN = TE (1
Taco: CICFB noi tiep duomg tron v AHNNT non nép
Suy ra: AMNH = AFEI = MN = ||
Bai 3:
A. Chimg minh OFCAN nonuép = FAC = DNC
Mat khdc: DE = BE=> EAB = D\
Tir d6 suy ra: N, C, E thang hang
h. Ke CK// AD (K € AN)
Chimg minh O ADCK la hinh binh hanh
Suy ra: DN di qua trung diem cua AC
Bai 4:
a. Chimg minh duge OA L MN
IK L MN = OA//IK
Tuong ur: AK // 10
Vay ¢ AKIO la hinh binh hanh
b. Goi E la giao diém 2 dudmg chéo cua hinh binh hanh AKIO.
Taco: EA =EI
Ta lai ¢6: OK la trung truc cia AD nén EA = ED = El = ED.
Nen ADI =90"

BD
Bai 5: Tu gidc BA'DC noi tiép (0; 5~ ) = A’ OB’ =2A

Bl r— o~
Ti gide: QAA'CD noi tiép (0: 57 ) = 'B'C'=2A

Viay O € dudng tron ngoai tiégp AA'B'C
Ill. HINH HOC KHONG GIAN:
Bai 1:

; : avy3
Tirtam giéc ABC déu tinh duge AM = “_f

:w3
6

OM =

2 ]
a”

Tir d6 tinh duoe SO = J 8 =

Tiurdo tinh duge V:S, iS,
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Bai 2:
a3

5

el

a) Tuong tubai | vai l =

b) Vi cac canh cua hinh chép déu biang
nhau nén ta chimg minh duoc MNPQ
12 hinh thoi

Do vay MP L NQ va MP ; NQ cit
nhau tai trung diém cta méi dudng

Bai 3: Nira dudmg tron quay quanh AB tao ra khéi cdu tam O |, ban kinh R
- Hinh thang vuéng ABMNquay mot vong quanh AB tao ra hinh nén cut
C6 ban kinh cdc diy la AM, BN , duong cao la AB
- Chimg minh AMON vuong suy ra : CM .CN = CO’= R?

Ma AM =CM ;BN =CN N
nén AM .BN = R? nén BN = 2R l
Dutng cao cita hinh nén ddy NB 12 h thi g \v

Thé tich ctia hinh nén cut la :

2
V=1n(2R)2§R-ln[E] 2R=1mR?
3 3 312)3 2 _
C
Bai4: Vitam gidc ABCdéunenAH=a—2\§:

Khi AAOB quay tron mot vong quanh
AOthé tich cia hinh dugc sinh ra bing ’

Thé tich clia hinh nén dudng cao AH ddy 1a | T
dudng tron dudng kinh BC trir di

Thé tich cta hinh nén c¢6 dudng cao 1a OH c6 cuing ddy
Do vay :

aﬁ_aﬁ)zna3ﬁ

a\? 2
v=_in[2] (AH-OH)=Z
3702 2 2 6 36
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Bai3: Chimg minh biang phan chimg
Grae s MIN va AC cang thuoe mion mt phang S
Thi M nam trong mat phang di qua V0N
do do A va M nam trong ma
Phang di qua (A, C N ) M
Nen S cling nam trong mat phang nay
Ma B e (A.C.N) €
Vay A . B, C. S cung thuoc mot matphang .
Diéu ndy mau thudn vai S.ABC la hinh chop

Vay AC va MN khong thuoc cling mot mat phang
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BAI TAP NANG CAO

I. PHAN PAI SO

. . |2x+3|-|x|
Bai 1: Giai phuong trinh: ———— =
|2x+3|-5
Bai 2: Cho phuong trinh: —— = @
Il-mx 1-x

a) Giai phuong trinh véi m =3
b) Tim céc gid tri nguyén cia m dé phuong trinh chi c¢6 nghiém nguyén .
Bai 3: Giai cdc phuong trinh sau:

a. Ix2 +2x+3’=2x—l.

b. [3x +2|=2x* -3x -4

3
C. x3—x—l|=x' +x+1

1 N 2 _ 6
x2-2x+2 x*-2x+3 x?-2x+4
Bai 5: Cho phuong trinh: 3x* —4x* + mx*? +4x +3 =0

a) Gidi phuong trinhv6im=-35
b) Véi gid trj nao cua m thi phuong trinh v6 nghiém.
Bai 6: Giai cdc phuong trinh sau:
a(x+3)'+(x+5'=16
b.2x'+x* - V3 x+1=0
c.x'-5x’+18x-5=0
Bai 7: Giai phuong trinh: (x — 2005)° + (x — 2006)* = 1

Z\EX

Bai 8: Giai phuong trinh: x + =]
V1+x2

Bai 4: Giai phuong trinh: T

Bai 9: Giai phuong trinh:

2) Jx+s/2x+3+2=-—\[2-—(;i!-)- b) —2"—+Jl+_‘-=

1+x 2 2x

Bai 10: Giai cdc phuong trigh sau

a) 4’ +y - 12x+2y + 10=0

b) X! +y'+x-y+xy+1=0

c) X’ +Sy?+4xy-2y-2x+2=0
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Bai 11: Tim 1at ca cic cap so (v vy nghien dune phirone tinhe
(16X + Dy (y' + 1) = 1oy

Bai 12: Tim ciic 6 nguyeén n de cac nghien oo plirone ninby sau la cde s6 nguyén
X -2n+ Dx+4(n-2)= 0
Bai 13: Cho phuong trinh: X 2tm + Ly« 2m (5 = 0 Gor cic nghiem cia
phuang trinh la x,. X,
a) Tim m sao cho x, + 5\, =
e i v I ,
b) Tim so nguvén m sao cho [ = ) + . cung la so nguyen.

Bai 14: Cho phuong trinh: x - m =3 —v2  myy 2 (1)
a) Tim tham 50 m dé phuong trinh ¢6 nghienn duy nhat. Tinh nghiém do va

m=\/5+l.

b) Tim cdc gid tri ciia m dé phuong trinh (1) nhan x = sV2-61a nghiém.
¢) Goi m;; m, la hai nghiém cua phuong trinh (1) an m. tim x dé m,; m, la s6
do 2 canh géc vuong cua | tam gidc vuong co canh huyén bang \f4\5 -2
Bai 15: Giai phuong trinh: x* - 10x' = 2(a - 11)x" + 2Sa+6)x +2a+a’ =0
Bai 16: Gii phuong trinh: x* - 22 x° -
Bai 17: Giai cac hé phuong trinh

i X+ 2y—-1 5

3 4K+2 - 52x - =2 + - —

) | Wax+2y-5(2x-y b. \)Zy—l \jx+l 2
X

X+ 3—\.‘? =)

k'?\/r4x +2y + 2\/2)( -y=32

_\::1

\/4x2—4x+l=x+2

3x-2y=4

Bai 18: Cho x > 2; y2 ¥z, Chimg minh ring: (x +y) (x* + y*) < x* +y*
Bai 19: Choa,b,¢c > 0.

b c : a b c
p———t ——< < + +
I1+a° 1+b° 1+¢2 b+tc c+a a+b

Bai 20: Chimg minh rang:

Chimg minh ring:

12 | Wl

1 1 l 1 2001
. — e+ — <
34V2) 562443 1B3eVa T s003 2001 + J2002) 4006
Bai 21: Choa,b,c>0;a+b+c=0.
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Chimg minh rang: I+L l+—l— l+—l— 222
' b ¢') 512

2
Bai 22: Cho abc = 1; a' > 36, Chimg minh rang: % +b’+c?>ab+be+ca
Bai 23: Chimg minh rang .
Néux,y,z20thi x(x-y)(x-2)+y(ly-2)(y-x)+z(Z-Xx)(z- 920
Bai 24: Choa.b,c € [0;2] coa+b+c=3.CMR: a’+b* +c?’< 5
Bai 25: Cho cic s6 thuc duong a , b, ¢ thoa man abc = 1.

, ) ; ab be ca
Chimg minh rang: 5 3v 3 e <]
a +b +c¢ b>+¢ +bc ¢ +a +ac

Bai 26: CMR. néu x,y € Z" thi mot trong hai bat ding thifc sau 12 sai:

SIS IO U I IS
xy  Jfs{x? y? x(x+y) 5| x2 (x+y)
Bai 27: Cho a, b, ¢ > 0 va abc = 1. Chimg minh rang:

b+a c+a a+b

+ + 2\/;+\/E+\/E+3
va b Ve o

Bai 28: Chimg minh rdng: Moi a, b, c, d, p, g > 0ta c6:

1,1 1, p+q _ P+q p+q
a b c pa+gb pb+qc pc+ga

Bai 29: Cho x, y thay d6i saocho0 < x £ 3;0<y < 4
Tim MaxctaP=(3 -x) (4 -y)(2x + 3y)

Bai 30: Tim GTLN va GTNN cta xy véi x, y 12 nghiém cua phuong trinh:
x'+y'-3=xy(l -2xy)

Bai 31: Giai bat phuong trinh: (x +1)(x +2)(x +3)(x+4)-320

Bai 32: Cho abc = 1, biét bjéu thirc sau duge xéc dinh.

1 1 l

+ +

ab+a+l bc+b+l ca+c+l

Tinh gi4 tri clia biéu thic: P=

Il. PHAN HINH HOC

Bai 1; Cho hinh binh haih ABCD véi O 1a giao diém cia hai dudong chéo. Ldy E
trén AD sao cho AD = 3DE. Ty s6 dién tich cia tam gidc DEO va tt gidc ABOE
la:
a) 1:2 b) 1:3 c) 1:5 d) 1:7 e) 1:6
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Bai 2: I'rong hinh vé cho goc BAD bang voc BDC Bict AD = dem, AB = 6¢m,
BID = Sem. DC = 7,.5em. Do dan cua B 1
a) Khong tinh duge ¢) S50m
b} J¢m d) 6 G ) 623 om

Bai 3: 0 dat cac canh cua tany eeie ABC Ta 1A T4 15 Gor H A true tam cia tam
giac Néu AM L duong cao iy vor canh co dodag T 14 thi i so HM - HA la
a) | b) S:11 1Y (e, d) 2:3
e) 2%33

Bai 4: Mot hinh thoi noi uép tam gric ABC (co mot dinh 1a A, hai canh nam trén
A B a AC, dinh dot dién var dinh A nam trén BC). Bét AC = 3, AB=6, BC = 4.
P Lo canh cua hinh thot la:

a) | b) 1.5 ey 1.5 d) 2
e) IS5
Bai 5: Cho ur gidac ABCD, trén tia doi cua ta BA lay diém E sao cho BE = BA.
Dié ACE = 90" thi tf gidic ABCD I
a) Finh chir nhat b) Hinh thoi ¢) Hinh binh hanh
d ) (6 mot cap canh bang nhau ¢) Co mot cap géc bang nhau.,

Bai 6: Mot hinh chir nhét ¢6 chiéu dai bang 5, chiéu rong nho hon 4. Néu gip hinh
clhirnhat lai sao cho hai dinh doi dién cua n6 trung nhau thi chiéu dai cta nép
gapla J6 . chiéu rong cua hinh chir nhat la:

a) \E b) ﬁ c)2 d) \E
0
) V2

Bai 7: Do dai cic canh ctua tam giic ABC ti 1¢ vai 2: 3: 4. Biét duong phan gidc BD
cit ;anh ngan nhat AC cia tam gidc tai D. Khi AC =10 thi do dai cua doan 1én
hon trong hai doan AD va CD li:

4
a) 3.5 b) 5 ¢) —_;—) d)6

€)id
Bai 8: Cho ut gidic ABCD c6 cic duong chéo cat nhau tai O. Biét BO =4, DO =6,
AO= 8, CO = 3, AB = 6. Do dai ctuia canh AD la:

a) ¢ b) 10 WA d) 82
e) /166
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Bai 9: Liy cac diém D, E, F 1an luot trén cac canh AB, BC, CA cua tam giac ABC

saocho AD: DB=BE : EC=CF: FA = l Ty s6 dién tich cua tam grac DEF

n
va tam gidc ABC Ia;

n>-n+l 2n?
a) T c) -
(n+1) (n+1)

3 -

b) | : d) n 1 &) n(n-1)

(n+1) (n+1) n+l

Bai 10: Cho tr gidc ABCD. Kéo dai AD va BC cét nhau Tai E.

Pit : x = CDE + DCE;y = BAD + ABC v k=2 . Ta cé:
y

a) k>1 b) k <1 c) O<kx«l d) k> 1
e) k =1

Bai 11: Mot tam gidc déu va mot luc gidc déu ¢6 chu vi bang nhau. Néu dién tich
ctia tam gidc bang 1 thi dién tich cua luc gidc déu la:
a) | b) 1,5 c) 2 d) 3
e) 6

Bai 12: Mot tam gidc c6 hai géc bang 30" va 45°. Néu canh dé6i dién vai goc 45" ¢6
do dai bang 4 thi canh d6i dién véi géc 30" c6 do dai la:

a) 2 b) 2v2 c) 243 d) 2V6

e) 3

Bai 13: Gia sir ¢6 hai manh bia 1a hai tam gidc vuobng bing nhau, cé canh huyén
béng 12, cdc géc nhon bing 30" va 60". Ta dat sao cho chiing khong tring nhau
ma chi c6 canh huyén trung nhau va c6 mot phdn chung. Dién tich phdn chung
cua chiing 1a :

a) 63 b) 83 ) 93 d) 123
e) 24
Bai 14: Cho tam gidc ABC. Goi D, E , F 14n luot 12 trung diém cua AB, BD , BC.
Biét dién tich tam gidc ABC 1a 96 . Dén tich tam gidc AEF Ia :
a) 16 b) 24 c) 32 d) 36
e) 48

Bai 15: Trong tam gidc ABC cé A=70" > L4y cdc diém D, E |F ldn lugt trén céc

canh BC, CA , AB sao cho CE = CD ; BD = BF . S6 do EDF Ia :
a) 40" b) 45" c) 50" d) 55"
e) Dap so khic
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Bai 16: Tinh canh ctia hinh thoir ABCD biet ban kinb o rong tron ngai tiép cac tam
grac ABC va ABD lan Tuont 1 3 va 4
Bai 17: Cho tam giic nhon ABC can i A buomy cvo B

S AR [ AC
Chimg minh rang : SCH ‘ BC J
Ed \ J

Bai 18: Cho tam giac ABC cantwi Aco A 207

o AB  BC~
Chimg minh rang : 2 t =3
l‘j( .:\lj'

Bai 19: Cho tam giac ABC vuong tai A

Chimg minh rang: tan A?( +1= ;,p'%kg(_ v p linira chu vi cta tam giac ABC

Bai 20: Cho géc nhon xOy. Trén hai canh Ox va Oy lan luot 1ay hai diém M va N
sao cho OM + ON = 2a khong doi .

a) Chimg minh rang : Khi M, N chay trén Ox , Oy thi trung diém ctia MN
luén nam trén mot doan thang co dinh
b) Xdc dinh vi tri cia M va N dé tam giac OMN co dién tich 16n nhat

Bai 21: Cho AABC noi tiép duomg tron (O). Goi D; E: F thit wr 1a trong diém cula
BC; AC va AB. Ké cdc dudmg thang DP' // OA; EE'//OB; EF//OC. Chimg minh
ciic duong thang DD'; EE"; FE' déng quy.

Bai 22: Cho dudng tron (O) va mot diém A bén trong duong tron dé ké cét tuyén
BAC bt ky. Goi (P) 1a duimg tron di qua A va tiép xic véi (O) tai B, (Q) 1
dudng tron di qua A va tiép xuc voi (O) ta1 C
a) T giac APOQ la hinh gi?

b) Goi giao diém thir hai cta (P) va (Q) la E: (E # A). Tim tap hop diém E khi
cit tuyén BAC quay quanh A.

Bai 23: Cho géc vuong xOy. Cic diém P, Q thir ur di chuyén trén tia Ox va Oy sao

cho OP + OQ = 2007. Vé duomg tron (P; OQ) va (Q; OP)

a) Chumg minh hai dudmg tron (P) va (Q) a trén ludn cat nhau

b) Goi M, N la giao diém cua hai dudng tron (P) va (Q) chimg minh dudng
thang MN luén di qua mot diém ¢6 dinh khi P va Q thay d6i .
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HUGNG DAN GIAI BAI TAP NANG CAO

I. PHAN DAI SO

. "4 |2x+3|_|x|
Bai 1: Giai phuong trinh : —————=2 (1)
2x +3]-5

bk: [Ex+3]—5¢()c>'2x+3{¢5::>x¢1:x1:—4

. 3 s A
+ Néu x <-— phuong trinh (1) tro thanh:

=

T2 3K, X3

Dy =3=5 _2x -8

13
:>x+3:4x+l(1:>3x:—l3::>x=-—-_*—

3 i
+ Néu —;ch() phuong trinh (1) tr¢ thanh:

=

2x+3+x 3x+3 )
————— =2 —— =223 +3=4x -4=>x =7 (loai)
2x+3-5 2x+2 '

+ Néu x 2 () phuong trinh (1) tr¢ thanh:

2x+3-x . X+3

-= L&
2x+3-5 2%—~2

7
:2:>x+3=4x—4=>x=; (thoa rnan)

3
Vay phuong trinh da cho ¢6 2 nghiém: x = % iX= —%
-~ " - m
Bai 2: Cho phuong trinh: = .
l-mx 1-x
: - #() x#|
Didukien: { T ={™
l-x#0 x#l
» : - I 3
* V@i m = 3 phuong trinh tro thianh =
1-3x 1-x

| N
:>l-x=3—-9x:>8x=2:>x=z (thoa man)

Tur phueong trinh di cho ta duge: 1-x =m - mix o mx—x+ l-m=0
oxim-Dm+)-m-H=0m-Dim+)x=(m-1)

Pé phuong trinh chi ¢6 nghiém nguyén thi can phai ¢6:



m# |
(vrm - ophetene tnleco e VYxe R)
m+lzs0

[ m £ |
\ Khi donetiem
l"l 7 'I Iy i
Pe xeZ thim+ | pha lowie cu |
* ntl=l=m=0=0x -1 *=m+! | ~»mn d=x ==l
Vay vor m=0; mo= 2 the phuong tinhche conghiem ngayen.

Bai X: G cac phuong triinh saue

b |
a) [CH+2X+3=2x-1
|

) | . ; )
DU FI +A=2x-1en+r s 2= Jedx" +#2x#3=2x =1

|
R, - -
287 == (volyiy & phuong winh vo nghiem
Viay phtremg trinh da chovo nghien

by x+2]=2x"=3x -4

- N¢u x 2 v—':i phueme trinh tra thinh 3y + 2 =2v" 3x - 4
3-421 ‘
X=———— (loai)
& X" —6Xx—6=0=3x" =3 —-3=0 = - .
- 3+ J21
X = —

= X [a nghiem cua phuong trmh di cho.

_3+Jﬁ
=

—

p 2 ; G i
- Néu x £ —=— phuong trinh tro thinh

L A ) A
=X =2=2Xx" -3 -4 =23x" =]

~

x=1loaivi x <- ; “»x = | Linghi¢m cua phuong trinh.,

3+Jﬁ

Viy phuong trinh da cho conghiem: x= 1 = x= ——~2~ =

3 | 3
¢ X -x—l!zx‘ +X+1 ().
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St ex+) =+ x4V o s x+ D -0 +x+1)2 =0

¢:>(x3+x+l+x3—x—l)(x3+x+l-x3+x+l)2=0

=)
¢::—4x"(x+l)=()::>[x |
X=-

Vay phuong trinh da cho cé | nghiém: x = 0; (vi x = -1 loai vi khong thoa
man DK(*))

Bai 4: Gidi phuong trinh : ————— + ——
X°—=2x+2

xZ —-2x+2#0

6
xz-—2x+3“x2—2x+4

(x=1)2+120

Diéu kién: x2-2x+320= (x—l)"+2#0=>VxeR

x> =2x+420 |(x=12+3=0

pat: x2-2x+2=t (t21). Phuong trinh da cho tr& thanh :
1 2

—=—— =+ D+ + 21+ 2) =61t + 1)
t t+1 42

o 3-1-2=0>

l=—-§; loaivit21.

Véit=1=x?-2x+2=1=2(x-1)2=0=>x =1
Vay phuong trinh c¢6 nghiém: x =1

Bai 5: Cho phuong trinh: 3x* —4x* + mx? +4x +3=0. Nhan thay x = 0 khong

phai 12 nghiém clia phuong trinh. Chia ci 2 v€ clia phuong trinh chox’ta
duoc:

3
3x? —4x+m+i+—z=0::>3(x2+—12-)—4(x—-l—)+m=0
X X X X

1 1
Dat x——=l=>x2+——2=tz+2
X X

Phuong trinh di cho trd thanh: 3(1* +2)-4t+m=0

=32 -4t+6+m=0 (*)
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a) Vaim = --5 phuong trinh trorthanhe o0 o=y

[ 1=+
1 ==
V(rit=l:bx——:lr>x3—l XEPXT =X~ = — -
X l+\/5
x:
i 2
1=
| I , ) 6
Vi I=— DX ——=—233IX" =3=x O =-x-3=0>
3 X 3 x_].{.,/ﬁ
i 6
Vay voi m = -5 phuong trinh da cho ¢6 4 nghiém:
I £ SO £ 2T
1.2 2 L] 1.4 6

b) D€ phuong trinh da cho c¢6 nghiém thi phuong trinh (*) c6 nghiém = A} >0

14
:34—3(6+m)20:>—3m—l420:>ms-——;

Vay véi m < - % thi phuong trinh da cho cé nghiém.

Bai 6: Giai cac phuong trinh:
a) (x+3)' +(x+5)"'=16
Ppat t = x +4 . Phuong trinh da cho trd thanh:
a=-D*+@+ =162 +120-4=0*+612-7=0
SW+NW-D=0=3~-1=0 Kit'+7>0 = t=4]

Vait=-I22x+4=-232x=-5; Vait=1=2x+4=1>>2x=-3
Vay phuong trinh da cho c¢6 nghiém véi x =-3;x = -5

b) 2x* +x* =3x+1=0

A

| ’ 3 g | 3,
oxtr—+xl-Yx+-=0ou'+-+(x-—)?=0(
X 2 \/_x 2 X 7 (x 2) (D

A

Vi (x —-33—)2 >0, 2x* + % >0 = phuong trinh (1) vé nghiém hay phuong

trinh da cho vo6 nghiém.

175



c. xP=5x2 4+18x-5=0
x4 ax2+4-9x% - 18x+9) =0 (x2 +2)  =(3x-3)> =0

SXE+3x-D(x2=3x+5)=0. = x2+3x-1=0

~3+ 413

Wi x2=3x+5>0 ¥x). :oxu:*T'
-3-v -3+413
Vay phuong trinh da cho ¢6 2 nghiém: x| =—%~—5—13~;x2 = +2 £

Bai 7: Gidi phuong trinh: (x —2005)" +(x 2006 =1 (1)
Nhan thady x = 2005; x = 2006 1a nghiém cua (1)
Xét cac gid tri con lai cuia x.
X <2005 - (x-2005)" >0
+ Neéu: "
[x = 2006|> 1 - (x - 2006)" > |
+ Néu 2005 < x < 2006
= 0<x—2005 < 1= (x —2005)° <|x — 2005| = x — 2005

— VT >1 = (1) vd nghiém.

0 <2006 - x < 1= (2006 - x)* <|2006 - x| = 2006 - x

VTcta (1) > 1 = (1) vo nghiém
Vay phuong trinh da cho c¢6 nghiém x = 2005; x =2006

Bai 8: Giai phuong trinh: x + 22x =] (D
\h+x2
22
Tacé: (1) <::>--\.{;i==l—x
\ﬁ-rx"'
2l—xZO <l
=3
_ A 8x2 = (1+x2)(1-2x+x%) (%)
1+x '

Giai (*): g8xZ=1+2x*-2x-2x"+x‘ © x;' ~2x} —6x%2 =2x+1=0
Nhan thdy x = 0 khong phai 1a nghiém cta phuong trinh .

Chia ca 2 vé€ cho xztaduqc: x2+%-2(x+i)-6=0
X

bat x+l=l phuong trinh trd thanh: 2 -2-21-6=0
X
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- N =-8=0&> it =dy « 2y =thedr At

ey |
1 | Iy, & 43
Vet l=4 =3 x+ - =4 =1 S b oy
\ v o
A loarvix<)
f g I ! ) o 2
Vi i==22x4-==2=v 1 2x4 | O xalr=0>x==]
x
Viay phuong trinh dd cho conghiem v -2 03 tv= -

Bai': Giai cac phuong trinh

N ‘;— ; V2(x = 1) idu k 2x+320
o YVx+V2x+3+2=——— (1 dicu kien
2 X+V2Xx+3+4220
dat V2x+3=1 =>x= — =0
thay vao (1) ta co:
- =3 | e
\F‘z-3+l+,_ 5 +-<_> (4D -1 el _a=ha+
2 V2 Vo2 V2 f 2\r

L-1 t+1
<> — =1 (Vi —=>0Vi20) =3 1=3 2 x=3

V2

Nghiém x =3 thoa man di¢u kién. Vay phuong trinh da cho c6 nghiém

x=3.
2
b\[?* \[ o2 [,
| + 2 | + X 2x
Diéu kién: ——~>()<:>x<*lx>()
X +1

Ap dung bat déing thitc cosi cho 2 56 dumg ta ¢6:

j {l+x { 2x 1+x_
l+x 2X l+x -

Dau =" xay ra khi —2-’-‘-:1_*_'§
I+x 2x

]
<:>4x2=x2+2x+l¢:>3x3—2\—l=():>x:l;x:—~i

-

bai chidu diéu kién: x = | thoa min. Viy phuong trinh ¢6 nghiém x = 1.
Bai I: Giai cac phuong trinh sau:
)X +y = 12x+2y+10=0
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SAaxT-12x+9+y +2y+1=0 (2x-3) 2 +(y+1)> =0

232
Do {4~ 20:)(2x—3)2+(y+l)220

(y+1)> 20
2x-3=0 |x=2
= 2

D4u "=" xay ra khi
(y+1)*=0

Vay phuong trinh c6 nghiém: x = %: y=-1

b x2+y?+x-y+xy+1=0
& 2(x? +y2 +X=-y+xy+1)=0
Sx2+2xy +yH)+ (X2 +2x+ D)+ (y2 -2y +1)=0
=:'(x+y)2 +(x+l)2+(y—l)2 =0
'(x+y)2 20
=>Do{(x+1)? 20 > (x+y)? +(x+1)2 +(y-1)* 20
(y-1>20

Xx+y=0 l
Dau bing xay ra khi: = x+l=0=>{x-_

=1
y=-1=0 y
x=-1

y=1

c. x2+5y2+4xy~2y—2x+2=0 ¢:&x2+2x(2y—l)+5yz—2y+2=0 (2)

Vay phuong trinh cé nghiém {

Tacé: A'=Qy-1)? -5y’ +2y-2=4y* -4y +1-5y> +2y -2
=—y2—2y—l=—(y+l)2$0
Neén dé phuong trinh (2) ¢6 nghiém d6i véi x thi A} =0 y=-1

Khi d6 phuong trinh (1) ¢6 nghiém kép: x,, = _—(2)'1—_1)— =—(-2-)=3

Vay phuong trinh da cho ¢6 nghiém: x=3; y=-1
Bai 11: Ap dung bt ding thitc Cosi cho hai s6 duong ta c6:

16x* +122\{16x4.l =2J16x4 =8x%. Diu"="xdyra & 16x* =l
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S (6xt + iy + 2161

. 1 I

. iy o Lo =1 ¥ X=%—

Dau "=" xay ra Khi va chi kKh: J 1 R L6 <> 2
) .. I | [ | .
Viy co ciac cap sO (x; v) ol =l o R 1—5;—1) thoa man

phuong trinh da cho x* - 2(2n+ Lix + 4 (n - 2)=0
Bai12: A'=(2n+1)* —4(n-21=4n" +9>0
Vi n nguyén nén dé phuong trinh ¢o nghiem nguyen thi A la s6 chinh phuong
Pa: 4n* +9=k* (keZ)

o kz —4n° =9 (k-2n)k+2n)1=9 ma k.ne Z neéntaco:

. |k=2n=1 k=5 | k=2n=-1 k=-5

- Néu =5 - Néu =
k+2n=9 — k+2n=-9 n=-2
k-=2n=3 ;=3 _ k-2n=- k=-3

- Néu = = . — Néu f 3:>
k+2n=3 n=>0 k+2n=-3 n=0
- Néu k-2n 9:> k - Néu " 9:) e
k+2n=1 n=-2 k+2n=-1 n=2

Phuong trinh ¢6 2 nghiém : x; =2n+1- \/4n“’ +9

X5 =2n+l+\/4n2+9
L.uon la cdc s6 nguyén khi n nguyén va A la s6 chinh phuong
Vaygidtricdntim la: n=12; n=0
Bai 13: D€ phuong trinh da cho ¢6 nghiém thi A" >0
Sm+D)’-2m-1520em? +1620
Piing véi moim .

. L X, +X, =2(m+1)
Ap dung hé thic Viet ta c6: =
X;-X, =2m-15
X, +Xy =2(m+| (*)
Giai hé phuong trinh: { X, +5x, =4 (*%)
X;.X, =2m~15 (***)
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l-m

X = ==
! )
Tir (*) va (**) ta dugce: -
3+5m
Xy =°
- 2
5 I-m 3+5m
Thay vao (***) ta duoc: 3 5 =2m-15
. m=23
©3+2m-5m’ =8m -60 < 5Sm’ +6m-63=0= 21
m=——-
5

Vay véi m =3 hoac m = = thi phuong trinh ¢6 cac nghiém x,: x, sao cho

-

X, +5x, =4

| | X ¥Xy 2 | 2m-=15+17 17
b. Tacé: F=— 4+ —=—-1—"2= okt R -

X, X, XX, " 2m-15  2m-15 Im-15
Vi m nguyén nén dé F nguyén thi 2m - 15) e U(17) = {~17,~1.1,17}
+ Vai2m-I15=1=22m=16=>m=8§
+ Véi2Zm-=-15==-1=22m=14=>m=7
+Voi 2m-15=17=22m=32=>m=16
+Va 2Zm-15=-17=22m=-2=>m=-I

I 1 ) i
Viyvoim=-1l:m=7,m=8 m=16thi F=—+— la s6 nzuyén,
X, X,

Bai 14: Phuong trinh: X — m-=3- \/:—mx\E (1)
¢>x+mxﬁ=3—ﬁ+m2c:>x(l+mﬁ)=3— 2 +m?

. ) L 1
a) Dé phuong trinh ¢6 nghiém duy nhat thi |+ m\E z20=>m#-—

J2
Vai m=\5+l=>x[l+(\6+l)ﬁ]=3— 2+(\E+l)2

=>x(3+\/5)=6+\/5=>x=6+"6

3+\5
b) D¢ phuong trinh (1) nhan x = 5v2 -6 1a nghiém thi ta ¢c6:
(Sﬁ—ﬁ}(l+mﬁ)=3— 2+m:’«c::»ii\[z_—(wlOm—fn/Em=3-»,/f’,+m3
om+2m3V2-5+9-6y2 =0
A= (32 =57 —(9-632) =34 - 242 = (32 - 4)?

180



"huomg trinh ¢o 2 nghiem
(1M

my=5-32 4302 -4 -
O 2 (1A
6o la

!
ms =5 - ’r\ﬁ =324 4=
Vivvan m=1; m=Y-652 1h phueme trinh (1) nhdn X = ‘3\/" =

nghiem.
2 B
=3=/L =mxy2

Ta ¢o phuong trinh: X = m
P=x=1()

=>m’ —mx\F-b 3-2
2 nghi¢m phan biet m im, thi A>0

Pé phuong trinh ¢6 2

3233-40—\5—.\)}()
c:>2\':—12+4\/2_+4x>n<::>2\3+-l\'+4 rEv—l">()
:>x<—I—\f?—.‘l\ﬁ.:\>—l+\-‘:—2\.¥3

m, +m, =X \.P
[r —x

m,-%—\

Ap dung hé thite Viet ta co
m

Theo bai ra ta co:
3 o _ e 4 1
mp +m3 = (V42 -2)" & (m + m,)” = 2m;m, =42 -2
il
< x Yy —

”(1—&—.\}:4\5—2@.& J\—{"+\!r—)-(1

o 2.&: -
A=1+8+42 =(1+242)
1+ 14242
w2 5

-
= [r=llise 3J2
CRN AP

> X, = ——
2

Vay x = ﬁ la gid tri phat tim.
A i
X" —-10x -

’1.z—llm3 + ASa+6)x+2a+a" =0

(1)

F22xT 2% =0

I I”\‘
cua a4, co:

Bii 15: Xét phuong trinh :
¢:>;13 + 2{l+5x—x3)u+\

Xem phuong trinh (1) Ia phuong trinh bic 2
A=(1+5x-x") = (x* = 10x* + 22

x'+12x}=(x—l)‘

d4=x" —4x—2 (3)
u=x3—(xx ()
P Ax-Q+m=0coO A =3+2+a=6+a

phurong trinh (3) x
Néu a+ 6<0—a< -6 phuomg trinh (3) vo nghiém

Néu a+ 6=0-a=-6 phuong trinh (3) co nghiem kép: x; = x
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Néu a+ 6> 0 — a> -6 phuong trinh (3) c6 2 nghiém phan biét:
| =2—m; X, =2+Ja+_6
phuong trinh (4) x2-6x—-a=0c6 A =9+a
Néu 9 +a <0 — a < -9 phuong trinh (4) v6 nghiém.
Néu 9+a=0-»a=-9 phuong trinh (4) c6 nghiém kép x,;=x,=3..
Néu 9+a >0 — a>-9 phuong trinh (4) c6 2 nghiém phan biét:

x3=3—\)a+9; x4=3+\/a+9

Vay: n€u a < -9 phuong trinh da cho v6 nghiém.
a = -9 phuong trinh da cho c6 nghiém kép béng 3.

-9 < a < —6 phuong trinh da cho c6 2 nghiém x=3-\/a+—9'. x=31+vVa+9
a = —6 phuong trinh da cho c¢6 3 nghiém: x=2;x=3—-v(?—:;x=3+-/§
a > —6 phuong tr‘mhdﬁchoc64nghiem.x=2:tm;x=BtJ;E
Bai 16: Giai phuong trinh: x* - 2v2x? —x +2-v2 =0
Dat J5=a,phu0ngtrinhlé: x?—2ax’ -x+a’-a=0
& a? —a(lx2 +l)+x‘—x=0
A=(2x2+l)2-4(x‘ —x)=4x2+4x+l=(2x+l)2

_@xP 4D+ (2x 1)
' 2
thay a=+/2,1tacé: x2+x+1-2=0

—11y4aV2 -3

2

*a Sx+x+1-a=0

A=1-4(1-2)=4y2-3; ot R

- (2x2 + 1)2—(21 ., 2

*a ~x-a=0

l:s]l-hﬁ

lhaya=\/5.tac6: xz-x—ﬁ=0.A=l+4\E; Xy4= 2

Vay phuong trinh da cho ¢6 4 nghiém:

_-1:ya2-3

xI‘I.Z 2
. = l:t\]l+4\/?.T
34 2
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Bai 17: Giai cic hé phuong tninh

b)

(11

3Jax+2y -5f2x v 2
7ﬂ+7)+2Jx y = 32

5 ) 4x + 2y > () Ix 4+ v >0
Piéu kién: { ’ --:3{ :

2x—y 20 2x >y

P
64X +2y —10y2x —y = 4 (1)
Tir (1) = - \{-- -
35(4x + 2y +I(l\/2x—y =160 (2)
Cong (1) vai (2) |
= 414x + 2y =164 = J4x + 2y =4 = 4x + 2y = 16

thay J4x+2y =4 vao(l): JEJ—( :y =2 2x-y=4
4x+2y=16 {4“2_\/:1() {x=3
=2 =5

tr (3) va(4): =
{ dx -2y =8 y=2

2x-y=4

Vay hé c6 | nghiém (x: y) la (3; 2).

Diéu kién Al

>0 (%)
2y -1
-] 5
. Xdl +J2y l='—(ll
Taxét: {\2y-1I x+1 2
X—-y=2 (2)

Binh phuong 2 vé& cua (1) ta duoc:

~1 25 .
x+l+2+2y l.—__._::, x+l+_2_y___l=B
2y ~1 x+l 4 2y-1 x+1 4
Tir(2) :x =y + 2 thay vao phuong trinh trén ta duogc:

y+3 2y—l___7_ y+6y+9+4y ~4y+1 _17

2y—l+y+3 4 2y? +5y -3 4
y=1
=14y +77y-91=02y* +1ly-13=0= 13
T

Vi y=1=>x=3 ( Thoa man *)

3
Véi y=~—12—:>x:-g ( Thoa man * )

3
Vay hé c6 nghiém (3; 1): (-(—; —l—)

(3)
(4)
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\ {Jixz—4x+i:x+lc{\j(2x—lll:x+2¢j{!?“l|:-“+3 (1)

Ix-2y=4 Ix=-2y=4 Ix -2y =4 (2)

. | . y
+ Néux2—:tur(l):2x=-1=x+2=>x=3 (thoa man)

rJ

3
thay vao (2): y = - —>hé c¢6 nghiém (3 ; =)

TJIJ‘!

+ Néu x<%:lix(l):l—2x=x+2:>x=—% (thoa man)

5 . I 5
thay vao (2): y = -5 —>héco nghiém (—?_3)

—

5 5
Vay hé phuong trinh da cho ¢6 2 nghiém (x; y) la: (3 : —2-] : (—1 == ) :

Bai 18: Vix 2V2:y2V2 = x4y 24 =7 .

x+y5x2+y2 X+Yy ___b‘_lx+ysun(“+y3

= 2. 1
2 2 2 2 2

= 2.(x+y)(x2 +y3)3 s(x"+y3)(x2 +y2)sx5_+y5

Bai 19: Taco: — Tuong tucho b, ¢ ta duoe

l+a”

i b 3 _ . .
‘,+ ~+ czs—. Diu bang xayrakhia=b=c=1
I+a~ 1+b l+¢° 2

i . a b C 3 | | | 9
*  Mat khdc: + + 22— (a+b+e) + +—|2=
b+c a+c¢c a+b 2 b+c a+c¢ a+b) 2

Data+b=x:b+c=y:c+a=ztaco
(x+y+z)[—l—+-l~+ 1Jz%c:‘:»(x-y)z+ly—z)2+(z—x)2 20 (Ping )
X y 7

| f)erTJ_l(llJ

Bai 20: Xét = e— T
(2n+l)(\ffn +Jl'l+l) J4n +4n+l z\fn{n*‘l) \/_ I+ l

l I I l I I
Vay S, <o = 4= = 4 b = — e | =
o 3( Vi 3 ﬁ Jn Jn+l)

n
28, <l——p ---<1—— ; =] et § e

f 2 T b
4n+ 4 NS +—ln+ n+2 2n+2)
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.‘t " ; 2“”'

R b1 (] <

Mihy s S A006

Bi 21: Dat A = [1 y d" H T 1~I' Hl - ._'_

; | | I | | | |
laco A= 1+[ 4 b |4 } T + -
- . A o4 .01 1
a b ) Laht b a0 a he

3 3 |
A2 |l+—+ - 4 — |+

vin = 2000 oo 28 L)

Bt dang thiee Cosicho 3 56 duong )

abe u:h"c: ;1‘I‘-:y: ab
. _ ' : ., Lt h t L | l
I'heo bat dang thire cosi: aby < . | = N> ubc<8=>- h_ > ;;
‘ 3 , abc

| 729
Vay A2 | | +- = (Dau bane xavrma=b=c=2)
’ 8 512 ‘ '

3
. PO | ) .
Bi22:Taco: -?+ h™ 4 ¢ >ab + b +ae

E: . . ||" -
e % +b +c =-ab+c) be>0<s . + (b + ¢ — alb+c) =3bc > 0 (*)

3

I ; a , 3
Thay bc = = taduge: (%) <> ¥ (b+¢r —ath+c)- = >0
i : a

1
hl h ] ;l
¢ alb+c)y —w(b+c)+ ‘—3:»15

1
il

Palb+c=x taco:ax’ —a'x + S -3>0 V& moi x

i
I d
Piéu nay twong duong: A =a’ - Ja( = 3H<0

4
4a 1 ; < it
¢ al = T+12;|<ll an 120036 ah<Oding via > 36

B:i 2.3: Do vai tro binh ding cua x. v, znénco thé giasirz =y 2 X
Khi do: x(x =y)(x - 72) =0 (1
Mat khic: z(z - x) 2 y(y - 2). Dovayv: z(z -x)(z -y) 2 y(y = X)(z-y)
= Z2(Z2-X)(Z-yY+yy-2)(y-x)20 (2)
Tir (1) va (2) = dpem.
B:24: Doa,b,ce [0:2lnen (2 ) 2-0)(2-¢)=0
o8 -4(a+b+c)+2@ab+be+ac)-abe =0
>2(ab+ac+be) = da+b+c)+abe -8
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<> 2(ab+ac+bc)=24+abc > 4

S@+b+c) —@+b+cH)2 4o @+b+c)<S

D4u "=" xay ra khi a, b, ¢ ¢6 mot s6 bang 2; mot s6 bang 0; mot s bang 1.
Bai25: Taco: (a' -bY) (@> -b) 20 < (@' +b')=a’b’ (a+b)

2

Do dé6 : = al: < = Ab xc—2= ¢ (1)
a’>+b’>+ab a‘b’(a+b)+ab ¢* a+b+c

Tuong tr: — b: < g (2)
a’+b’+ab a+b+c
pves ree e ®
c>+a’+ac a+b+c

Tir (1); (2) va (3) ta c6 diéu cdn chimg minh
Bai 26: Gia sir ca hai bat dﬁng thirc déu diing khi dé:

Jg xy > x* +y’va \/g X(X +y) 2 x3(x +y)
= 5 (X2 4 2xy) > 3x*+ 2xy + 2y* :>2y1—2(J§— l)xy+(3-\/§)x350
=4y~ 4 (V5 -1)xy + (6-3/5)x <0
=@y -2.2y(J5- Dx+[(V5- D <0
= 2y - (/5- DxP <0
Diéu nay khong xay ra vi (\/f_!— 1)x 1a s6 vo ty khong thé bang 2y khi

xyeZ'
Bai 27: Theo b4t ding thirc Cosi cho hai s6 duong ta c6:

e PR )
ab£c+c}ga+aijZ[J%+JL'EJ+[E+J¥]+[J.%+E]

"}c “F‘ “j-bzthE+JE+J’)zJ§+JE+JE+3F

= J;+JE+\/::+3

(Bt dang thifc cosi cho 3 s6). Dau bing xay ra khia = b=c =1
Bai 28: Theo bat ding thitc Bunhiacopki ta c6:

(p+a)’ ((Jp_ﬂ(\/_] [ )(Pa+qb)
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'[‘u_mgn_r(p “l)l‘ I L i_].i-. e [ .f] L q](pc+qa)

i
. b L L a

2 | I | | | |
Dedo (p + : ; F<(p e +—4 -
’ (P L]) [pu t b ' ph o pooega | (i I)[a b c)

L1, p+g  pHy Pty
b ¢ pa+gbh ph+ge petya

iy
—

|
—+
a

Bai 29: Taco: P= %(6 - 2X) (12 = 3y) (2x + 3y)

1
6FS(_{‘>-2x+lZ-}3y+2x+3yJ _6': P< 36

Pu=6< {0<x<3

6—2x=12-3y=2x+3y
Q{
O<sy<4

Bai 30: Tacod: x*+y* -3 =xy(1-2xy) e> xy +3=x"+y'+2x*y’
e xy+3=(x*+y)". Do(x*+y") > 4’y dodi: xy+3 2 4x’y’

Pit xy =ttaco: 4x’y’ —xy-3 < Ohaydt' -1-3<0e —-%Slsl

V3

. O
VIY (XY)me = | Khix =y =21 (xy)m.n=-zkhlx=y= t >

Bai 31 Ta c6:

(x+l)(x +2)(x+3)(x +4)-320c>[(x + l)(x +4)][(x +2)(x +3)]-—320

¢>(x2+5x+4)(x2+ﬁx+6)—320

Pitx2+Sx+4=1tthi xX>’+5x+6=1+2
Bit phung trinh trg thanh: 2 +20-3 20¢:>(t+3)(1—l)20c:> L2l
t<-3

2
. 5 7 y
Vits-3 tach: x*+5x + 8 SOC)(K+5) +2S0 Vo6 nghiém

2
o 5 13
Vit 21 tacé: x2+5x+421¢:x2+5x+320¢9(x+5J 27
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le
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X+

S——=  |xg-—=
2 L 2

| : | . |
ab+a+1l bc+b+l ca+c+l1

X+

Bai 32: P =

c ac |
= -+ = +
abc+ac+c¢ abc” + abc+ac ca+c+1

_ ¢ p_ac | ___ca+c+l=
ca+c+l ca+c+l ca+c+l ca+c+l
Il. PHAN HINH HQC

Bai tap triac nghiém

Bai |1(2|3|4[5]|6|7|8[9|10[11|12[13][14]15

Pspan |C|E[B[D|[D|[D|[C|E|A|E|[B|B|D|D|D

1.

Bai 1: Ty s6 dién tich ctia hai tam gidc ¢6 chung mot goc bing ty s6 cua tich cdc
canh ké géc dy

Bai 2: Suy ra tir tam gidc BDA va tam gidc CBD dong dang

Bai 3: Dt BM=x,CM =ytacé x’ -y’ = AB'- AC’ =>x-y=4 kél hop v6i
x+y = 14 tinh dugc x va y . Tir tam gidc BHM va tam gidc ACM déng dang

HM 5§
suyra — =—
HA 1 .

Bai 4: Suy ra tir tam gidc BDE va tam giac BAC déng dang
Bai 5: CB 1a trung tuyén img vGi canh huyén cia tam gidc ACE ; CB= -;— AE = AB

Bai 6: Gia sir hinh chit nhat duge gap theo chiéu EF sao cho A trung véi C. Dat
BE=x1thi AE=IC=5-x.
Ta lap duoc phuong trinh: 4x° - 30x +44 =0 =>x =2 (Vix<4)

Bai 7: Ap dung tinh chit dudng phan gidc

x4 y2 =67

Bai 8: Ké AF L BD.Dbat BF=x, AF =y 1a lap dugc hé ) ;
(x+4)" +y’ =8*

T dé suy ra AD’ = (x + 10)2 +y’ =166
Bai 9: Tuong tu bai |
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Bai 10: x =y = 180" l‘-

Bai 11: Canh cha lue grac den bang nita b cun tam e dés Chia lue grie déu
thanh 6 tam giac déu suy a0 dien tich cua Tue s bang N dien tich cua tam
glac

Bai 12: V¢ duomg cao AH sau doap dung cong thie tv o liemg gide cua goe nhon

Bai 13: Gia strhai canh goc voong cat nhau to N, ve then duomg cao NM

Bai 14: Tuong tur ban |

Bai 15: Dung tinh chat cia tam giie can ¢o har poc o iy bang nhau va tong ba goc
trong tam giac bang 180"

Bai 16: Tam duong tron ngoai tuep ciac tam giac ABD. ABC la giao cua duong
trung truc cua AB va BD. AC. Cic tam gric O AM va ABO ; O,BM va ABO
dong dang (0,,0,. O la tam dudng tron ngoai ti¢p ciae tam gidc ABD va ABC,
giao diém hai dudmg chéo cia ur giic ABCD )

Bai 17: Lay E doi ximg véi C qua A thi tam giic BEC vuong tai B ¢6é BH 1a dudng
cao

Bai 18: V& tia Bx sao cho ABx = 60" cat AC tails . Tir A ke AD L Bx thitam gidc
ABC va BEC déng dang va tam gidc BEC can tai B

Bai 19: K¢ phan gidac BD . dung tinh chit coa tia phan gidc

Bai 20: a. Trén Ox , Oy 13y cdc diém A va B sao cho OA = OB =a . Goi I la giao
cia MN va AB. Tiur N ké NC // Ox cat ABtai N . Chimg minh ANCM Ia hinh
binh hanh suy ra I 1a trung diém clia MN .

b. Tir cau a suy ra dién tich OMN Ian nhat khi OM =ON = a

Bai 21: Lay H la truc tam cua AABC.

Ta c6 DE // BH; OD // AH: DE // AB

=> AODE va A HAB dong dang nén
OD DE | .
AH-AB "3 = 2DE = AH

LAy K 1a trung diém AH

=>0D=AK =KH=0D \ ;

ma OD // KH = & OKHD la hinh binh hanh & --.h___,,/

Do dé DD’ di qua trung di¢m I cha OH

¢/m tuong tu: EE'; FF ciing di qua |

Vay DD': EE'; FF déng quy.
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Bai 22:
a) Chimg minh.

—— e ——

BAP = ABO = OCA Dua vao cie tam giic can

Suy ra AP // QO

Tuong tr: AQ// PO

Do d6: APOQ 12 hinh binh hanh.
b. Tacé: AE LPQ

Goil K

La giao cua PQ va AO ;

PQva AE. Thil,K la

trung diém clia AO , AE

Do d6 OE // IK hay OEA = 90"
Vay tap hop diém E
1a dudmg tron dudmg kinh AO c6 dinh
Bai 23:
a) Tacé:
100, - 00,/ < 0,0 + 0,0
nén (O,) va (0,) cét nhau
b. Goi C Ia giao diém ciia
(O,) va tia Oy.

Ta c6: OC =00, + 0,C
=00, + 00, = 2007
= C c¢6 dinh.
Ké dudmg vudng géc véi O,C tai C, cit Oy 6 K
Ta cé: 0,0,0 = CKM (vi cuing bu véi O,0,0)
Ké O|N cit CK tai I nén
<00,IC 1 hinh chil nhat
= 00, =IC va AO,00, = ANIK = 00, = IK.
Do d6: CK = IC + IK = 00, + 00, = 2007 (khong d6i).
Vay MN lu6n di qua diém K c6 dinh.
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