Scu thmvali&n sopm : NTAT&WJ»T&M -THPTNbe Qo C C’a?uq; e todn THOT
Lop 10

b A
Parabol y=ax’ +b:L‘+c(a¢O) Pinh I| —;——
2a 4a

a>0: Bé lom quay lén a<0: Bé lom quay zuong

b b
1 & — -—— + 00 X — 0 = + 00

Phuong trinh oz’ +bz+c=0 (a # O
C6 hai nghiém phan biét khi A>0, c6 nghiém kép khi A=0,vo nghlem khi A<0O

Néu phuong trinh c6 hai nghiém z,,z, thita cé dinhli Vi-et: S =z + 1, = b va P=x .2, =—
a a
Phuong trinh c6 hai nghiém trai dau khi P <0< ac<0
) ) . . |A>0
Phuong trinh c6 hai nghiém cung dau khi P
>

A>0 A>0
Phuong trinh ¢6 hai nghiém phéan biét duong khi {S > (0 ,hainghiém phan biét am khi {S <0

P>0 P>0
2
N : , A>0
Phuong trinh ¢6 hai nghiém phan bi¢t z,z, théaman z, <a<z, <
(xl - a)(x2 - a) <0
A>0
Phuong trinh c6 hai nghiém phan biét z 2, théa man 7, <7, <a < ( ) + (ZL“2 ) <0
(2, ~a)(z, ~a)>0
A>0
Phuong trinh c6 hai nghiém phan biét z ,z, théoa man a <z, <, < (Ztl - a) + ($2 - a) >0
(x1 —oz)(x2 —a) >0

Chii §j: o chita tham s6 thi xét rieng a =0. Néu yéu cau hai nghiém (khong phan biét) thi A >0
Phawong trinh chita tri tuyét doi

— oz g(a:)ZO alflz)xoblglz)=hlz
G R O R E o) o
flz)=—g(z hgp dé giai

Phuong trinh chia can
W:W g(az)ZO a.f(x)+b.m+c:o
@{f(a:)z()(or 9(z)=0) f(x)zg(a:)@{f(x)z (o) Dit t=/f(z) 2
f(a:):g(x) Dua vé pt bac 2 an ¢
WJFWZ}L(ZE) \/f \/g \/f(aj)g(;[;):h(x) Mot s6 dang khac c6 thé st

S aa a1 dung nhan lién hgp, dua ve

PP:Tim dieu kién va binh phuong PP- Ds ng P
. R ; tt= A1 e o4l iy

2 vé, dua ve phuong trinh hé qua 24 vatt (a:) I (:z:) he hogc danh gia...

4
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= (x)g(x) theo t, dua phuong

trinh da cho vé bac hai theo an t.
Phuong trinh trang phuong az® +bz® +c = O(a # 0) (1)
PP:Dat t=1">0=>at’ +bt+c=0 (2)
1) v6 nghiem < (2) vO nghiém, hodic ¢6 2 nghiém am
1) c6 dang 1 nghiem < (2) c6 nghiém kép bing 0, hodc c6 1 nghiém bang 0 va 1 nghiém am

5

(1)
(1)
(1) c6 dang 2 nghiém phan biét < (2) c6 nghiém kép duong, hodc ¢6 1 nghiém am va 1 nghiém duong
(1) c6 ding 3 nghiém phan biét < (2) c6 mot nghiém duong va 1 nghiém bang 0

(1)

1) ¢6 4 nghiém phan biét < (2) ¢6 2 nghiém phan biét duong

Hé phuong trinh
Doéi xing logi I Heé dang cap bac 2
f(:v;y) =0 Déi ziing loai IT {"’11;2 +hzy+ey’ =d,
g(x;y)zo f($§y)=0 a’2$2+b2zy+czy2 =d,
6 .
. {f(:v;y)=f(y;:v) R .f(éy”f):i - + Giai %hi £=0
N PP: Trit hai vé ctia phuong trin - St o — A
g(x,y) B g(y,x) cho nhau, sau d6 dua vé phuong + thx ;t 0, dit y t:z,\ chia ve
PP:bat S=z+y,P=zy véi trinh tich véi ve cua 2kphu’dng tI‘l\nh chAo
. ‘ nhau, dua vé phuong trinh bac
diéu kien 5% >4P hai theo #
Bat phauiong trinh chita tri tuyét dbi
‘f(a:)‘ g(z) <0
>0
, #(2)>[o(=) g<$)>o )y [
=)l O 1(2)> ()
<
ke L7t

Cédc dang khdc: Dung dinh nghia tri tuyét doi, chia khoang dé giai
Bét phuong trinh chia can

g(x)<0
f(x)>\/m©{g($)20 f(x)>g(x)© {{jg;:g f(x)<g(m)© g(x)>0
’ )>4°(2) 9

Cidc dang khdc: Dat an phu, nhan lien hgp, danh gia. ..

Ung dung dau tam thiie bac hai

az’ +br+c>0,VreR az’ +br+c>=0,VreR az’ +br+c<0,VreR ar’ +br+c<0,VreR
a>0 a>0 a<0 a<0
& o o &
A<0 A<0 A<0 A<0
Cong thic luong giac
G 3
cos(—oz)zcosa Sin(ﬂ'—a):sjna sin 5—04 =cosq
9 sin(—a)z—sina cos(w—a)z—cosoz T Sln(OH'W):—SHlOé
cos| ——a |=sina B
tan(—oz)z—tana tan(w—oz)z—tanoz COS(Oé+7T)——COSC¥
cot(—a)z—cota cot(w—oz)z—cotoz tanig_ajzcota tan(a+7r)=tana
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™ Cot(a+7r)=cota
cot 5—@ =tana

cos(a + b) =cosa.cosb—sina.sinb sin2a = 2sina.cosa
sina+cos’ =1 ) ) cos2a = cos’ a—sin’a
cos(a—b)=cosa.cosb+s1na.s1nb , -
1+tana = =2cos"a—1=1-2sin"a
- cos? o sin(a+b)=sina.cosb+cosa.sinb 9tana
5 1 sin(a—b) =sina.cosb—cosa.sinb tan2a = 2
1+cot” a=— > : : l1-tan”a ‘
Slln «a tan(a+b)— tana +tanb sin3a =3sina —4sin® a
tana.cota = 1-tana.tanb cos3a=4cos’ a—3cosa
— 3
tan(a—b)z—tana tanb tan3a=3tana_tan a
1+tana.tanb 1-3tan’a
9 1+ cos2a
cos g =————
2
.o 1—cos2a 1
sin a—T cosa.cosb—g[cos(a—b)+cos(a+b)]
1—cos2 1
tan? g = ——o%@ sina.sinb=—[cos(a—b)—cos(a+b)}
1+ cos2a 2
1
cos,?’azM sina.cosb=—[sin(a—b)+sin(a+b)]
4 2
. 3 Jdsina —sin3a
sin"g=—4——
4
a+ a—b
cosa+cosb=2cos coS 5
COS&—COSbZ—QSina Sina;b Sina+cosa=\/§sin(a+%]
sina+sinb=281na;bcosa;b sina—cosa=\/§sin(a—gj
sina —sinb =2sin Cosa;rb
Vecto va cdc tinh chat
AB+BC=AC AB-AC=CB
Néu ABCD la hinh binh hanh thi I 13 trung diém ctia doan AB thi
1 AC=AB+AD IA+IB=0 va MA+MB=2MI
¢ la trﬂg ta_m tagglaf ABC th Ba diém phan biet A, B,C thing hang
GA+GB+GC =0 va _— -
oarabrbb = va & AB=kAC (k#0)
MA+MB+MC=3MG
Cho a=(xl;y1),g=(a:2;y2), keR
2 - - - -~ = T, =T
aibz(xlixQ;ylin) k.az(kxl;kyl) a=b<:>{ b
Y =Y,
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Vectob cung phuong véi a#0

AB (2, 1,11, -
b U (x yQ;tO) (xB Tar¥p yA) z,
1‘2 y?
lat tam t iac AB . P
G 1a i(_)ng +am am glac+ f Diém M chia doan AB theo tisd k
T+, Yyt Y —
Ty =y = < MA=kMB
3 3
el . N
‘a‘.‘b‘cos(a,b) cos(a b) x,T, ?J1@/2
2
=4,T) +Y,Y, ‘ Hb‘ x +y1 I Y

Mot s6 két qud can nhd

= Yy

Gsuql ke toin THOT

Ila trung diém ctia AB

IA+LL'B

_YatYs

2 2

-l 2 2
=

3L5©x1x2+yly2=0

H 1a tryc tam cta tam giac ABC

A, B,C 1ap thanh mot tam giac _—
L AH.BC=0
] < AB va AC khong cung phuong < BEAC -0
I 1a tam dudng tron ngoai tiép tam gidc ABC AFE la duong phan giac trong cia AABC
IA* = 1B’ EB
- EB__ap
IA* =IC? EC AC
Heé thuc luong trong tam giac vuong Heé thic luong trong tam giac thuong
) ) ) b2 + 2_ 2
a’=b>+c> —2bc.cos A cosA=21¢ "2
2bc
2 2 2
b m? = b +e _e a = b = € =2R
¢ 2 4 sind sinB sinC
1 1
Y S, pe ==ah, =—bc.sinA=a;bC=pr
4 c 2 2 4R

a =p(p=a)(p-1)(r-c)

Vé6i m, : Dudng trung tuyén xuat phat tir A
a’=b"+c ah=bc; h*=0b.c . £ At
, : h, : duong cao xuat phat tir A
+b+
1 1 1 p:a b . nita chu vi tam giac ABC
b°=al =a.c' Ezb—z >
c

Phuong trinh duong thing

R,r: ban kinh duong tron ngoai tiép va noi tiép

Phuong trinh tham s6 duong thing A qua M, (a:o;yo) c6 vtep u= (a;b) la: {

x=x0+at

y=y,+bt

5 Phuong trinh chinh tic duong thing A qua M, (xo;yo) co6 vtep u= (a;b) la:
a

T—T

0 _ Y—Y
b

Phuong trinh téng quat clia dudng thing A qua M, (zo;yo) c6 vtpt n= (a;b) 1

Dudng thing az +by+c=0 co vtpt ;L((L;b) va cb vtep u= (—b;a)
Dac biét: Truc Oz:y=0, truc Oy:z=0.

a: a(:z:—:vo)+b(y—y0)=0

Cho A :ax+by+c, =0;A, :a,x+by+c,=0 ;MO(%QZIO)

b
A=A e b Al o=l 0
6 a? b2 C? 2 b? C?
R =y
A LA, < aa,+bb, =0 COS(AI,AQ):cos(nl,%) —
n,[-|n,

d(MO;A1)=|

A, cit A,

@alzblzcl;ta?:bZ:c?

a,z, +bx0+ca§|

1
1/af+b2
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— |
Phan gidc ctia goc tao bdi A va A, 1a Cho A: f(:v;y) =ar+by+c=0

ar+by+c | ar+by+tc, + A,B cung phia véi A< f,.f, >0

=+
daf +b12 w/as +b22 + A,B khéac phiavéi A< f,.f, <0

Phuong trinh duong tron

i;%) va c6 ban

, , ' +y’ +ax+by+c=0 cbtam IL
7 (x—a) +(y—b) =R’ c6tam I(a;b)vac()

P P 2 2 2 2
ban kinh R kinh R=,|* Zb iy (“ Zb —c>0]

Phuong trinh duong elip
x—z+Z—z=1 (a>b>0; b =a’ —02)
8 a
F (—C;O),F2 (0;0) : Cac tieu diém A (—a;O),A2 (a;O) B, (O;—b),B2 (O;b)
FF,=2c: Tiéu cu A A, =2a: Do dai truc 16n B B, =2b: Do dai truc bé
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Lop 11

Phuong trinh luong gidac

sinu=1<:>u=2+k:27r

= 2
sinuzsinv@{u v+ R2m (keZ)

u=m—v+k2mw sinu=—1<:>u=—3+k27r

sinu=0u=km

Phuong trinh co ban cosu=1<u=~k2m
COSU = COSU & u=v T (k:eZ) cost u=n a
u=—v+k2m &

cosu=0<:>u=§+k7r

tanu =tanv < u=v+km
cotu=cotvu=v+kmr

1
, Dat t =sinz (—1 <t< 1) , duta vé gidi phuong trinh bac hai
asin”x+bsinz+c=0 e 2 o S aex1en
( tuong tu dbi v6i cosz, néu dit tan,cot thi khong can diéu kien ¢ )
. 2 . A 2 2 2 PN 2
4Sin T+ beosT = ¢ Chia ca hai vé cho va” +b° sau d6 dua vé PTLG co ban
Chi f: Phuong trinh c6 nghiem <> a” +b° > ¢’
Xét 2 truong hop
o . ) + THI: cosz =0=>sin’x =1. Thay vao phuong trinh va két luan
asin” x +bsinzcosx +ccos” ¢ =d o R ) N
+ TH2: cosz #0: Chia c hai vé clia phuong trinh cho cos” z , dua ve
phuong trinh bac hai cia tanz
. . bat t=sinz tcosz (—\/5 <t< \/5) , biéu dién sinzcosz theo ¢, dua
a(sinz +cosz)tbsinzcosz=c
phuong trinh da cho vé bac hai theo ¢
Phuong trinh dang dang khdc  Phan tich thanh nhan t hodc danh gia
Hoan vi - chinh hop — to hop
Quy tdc cong Quy tdc nhan
Mot cong viec duge hoan thanh béi mot trong hai ~ Mot cong viéc duge hoan thanh béi hai hanh dong
hanh dong. Néu hanh dong nay c6 m cach thic lien tiép. Néu c6 m cach thie hién hanh dong thi
hién, hanh dong kia c6 n cach thyuc hién khong nhat va ting v6i moi cach dé c6 n cach thyc hién
trung v6i bat ¢t cdch nao cia hanh dong thi nhat hanh dong thit hai thi c6 m.n cach hoan thanh
thi c6 m+n cach hoan thanh cong viéc do cong viéc do
2 Hodn vi Chinh hgp T6 hop

Chon k phan ti ti
S&p xép (ddi chd) clia n phan tit khéc n phan ti sau do6 Chon k phan ti ti n phan ti ta c6 s6

nhau cé P =n! cich sap thit tu chiing co cach chon la C*

" k 2 n
nlzn(n—l)...l A, céch k n!

n! Cn = 171

Quy uéc: 0!'=1 A= (n—k)k

! (n—k)!
Mot s6 két qud can nhd

Cho n diém S0 dudng thang di qua hai diém: |C?

trong khong . - I S
gian, trong dé S0 vecto khac 0 noi hai diem bat ki 4

‘iﬁhéniq co ‘Sj S6 tam giac tao thanh:
diém nao thang n
hang Néu trong n diém khong c6 4 diém nao dong théng thi s6 ti dien dugc tao thanh:

S6 duong chéo ctia da giac: |C* —n

n
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Néu khong c6 3 dusng chéo nao dong quy thi s6 giao diém giita cac dusng chéo ma

Cho da gidc 1o

n dinh

Cho da gidc
déu n dinh

Cho da gidc
déu 2n dinh

(n > 2)
Cho da gidc

giao diém ném trong da giac 1a|C!

S6 tam gidc c6 3 dinh 1a dinh ctia da giac:

S6 tam gidc c6 dang 1 canh ciia da giac, 2 canh con lai 14 dudng chéo:

GM; ke toin THOT

n(n—4)

S6 tam gidc c6 2 canh ciia da giac, 1 canh con lai 14 dudng chéo:

S6 tam giac c6 canh déu 1a dudng chéo clia da giac:

4C

S6 tam gidc vuong dudc tao thanh:

2

n.C?

" n-2

S6 tam giac tu duge tao thanh:

n

v6i n chin; bang

Cs—n(n—ll)—n

hodc|—-C

v6i n chin; bang @Véi n 1é

n.C*

vl n 1é
n-l
2

S6 tam gidc nhon = s6 tam giac — ( s6 tam giac vudng + s6 tam giac ti)

S6 hinh chit nhat:

S6 tam giac vuong{4.C?

S6 tam giac deu:

déu 3n dinh

(nzl)

4 n(A) : 6 phan ti ctia bién c¢6 A
n(Q) : 86 phan tit khong gian mau
P(A) : Xéac suat ctia bién c6 A

(a + b)n = ZC:a"_k’bk
5 k=0

S6 hang tht k+1: T, =C'a""b"

S6 tam gidc can khong déu:

vGi n chin; bang v6i n 18

0<P(A)<1
P(2)=0,P(Q)=1
P(4) =1—P(Z)

A :b/cb dbiciia A

Hai bién c6 1a xung khic néu
AnB=0J
Néu A, B xung khic thi
P(AuB)=P(A)+P(B)

Hai bién c6 doc lap néu viéc xay ra ciia

bién ¢b nay khong 4nh hudng dén bién

c6 khac. Néu A,B doc lap thi
P(AB)=P(A).P(B)

Tex
P(AuB)=P(A)+P(B)-P(AB)
Nh;i thitc Niuton
- OoF = ot C'+C +..+C"=2"
Cr M =M C'-Cl+C+..+(-1) CI =0
k _ k 0 2 2n __ 1 3 2n-1
A =EkICT c, +C, +..+C,)"=C, +C, +..+C}"
Cap sb
Cap 56 cong Cap so nhan
+
u, =U + (n _l)d U, = — 2 -l Uy =0 U, =Y 'qnil Uy =y Uy

u  =u +d

n

Tong ctia cap s6 nhan lii vo han: S =u + U, Fotu +=—

Ham so lién tuc

Ham s6 y = f(:l:) lien tuc tai z, néu

lim f(x) =f(x0)

T,

[07’ /lirg f(x) = hmf(x) = f(xo )]

1-¢q

Ham s6 y = f(z) lien tuc trén doan [a;b] néu né

lién tuc trén khodng (a;b) va

im () = (o) i £ ()= 1 (1)

r—>a”
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Néu ham s6 khong lién tuc tai z, thi z, dugc goi la
diém gian doan ctia ham sb6 f (z)
Ham s6 y = f(z) lien tuc trén [a;b] va f(a)f(b) <0 thi phuong trinh f(:l:) =0 c¢6 it nhat mot nghiém
thudc khoang (a;b)
Cong thicc dao ham

(C)' =0 (u + v)r =u' £ (u.v)r =u'v+v'u (%j = u'vv—z v
Ham thuong Ham hop
(ke) =k (ku) =k
(x )l =n.g" (u )l =nu""
0o 1w
z) 2 u) Wl
- -

( Vu) =57
8 (sinx)' =COoST (sinu)' =u'.cosu
(cosx)' =—sinx (cosu)' =—u'.sinu
! ! u,
(tanx) :1+tan2x:cos2x (tanu) =C082u
' 1 ' u'
(cotrc) =—(1+Cot2:L“)=—Sin2qu (cotu) :_sin2u
(6’ )I =e (6" )I =u'e
( (
( (

u.lna
Phuong trinh tiép tuyén

Phuong trinh tiép tuyén ctia do thi ham sy = f (a:) Tiép tuyén co6 hé s6 goc k, ta gidi phuong trinh

tai diém M(xo;yo) ty= f'(xo)(a: —x0)+ Y, f'(x) =k=z vay,

Tiép tuyén song song véi duong thing y=ax+b Tiép tuyén vuong goc vi duong thang

9 :>f'(a:)=a:>xo va ¥, y=ar+b= f’(z)z—i:xo va ¥,
Tiép tuyén di qua diém A(:Eo;yo) c6 hé s goc k

k=f'(z)

f(:z:)zk:(:z:—xo)erO

Tiép tuyén cé6 hé s6 goc k tao v6i dudng thing

d:y=ax+b mot gbc a: =tana

1+ka

théa man hé {
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l Quan hé song song l
Néu a khong nam tren (P) va song song v6i b nam trén (P) thi aII(P)
Néu d || (P) thi moi mit phing (Q) chita a ma cit (P) thi cit theo mot giao tuyén song song véi a
Néu hai mit Phéng cit nhau ciing song song véi mot dudng thing thi giao tuyén ctia chiing song song
vGi duong thang dé

1 Bamat phing doi mot cit nhau theo ba giao tuyén phan biét thi ba giao tuyén dé hodc dong quy, hoiic
song song v4i nhau

Néu (P) chita hai duong thing a,b cit nhau va cling song song v6i mat phang (Q) thi (P) I (Q)
Néu mot duong thing ndm trén mot trong hai mat phing song song thi né song song véi mat phing kia
Néu hai mit phéng (P) va (Q) song v6i nhau thi moi mat phéng (R) da cat (P) thi phai cit (Q) va
giao tuyén clia chiing song song v6i nhau

Quan hé vudng géc
Mot dusng thing duge goi 1a vuong géc véi mot mit phing néu né vuong géc véi moi dudng thing nim
trén mit phing dé

Néu duong thing d vuong goc véi hai duong théng cit nhau a va b ciing ndm trong (P) thi d L (P)
Dinh i 3 duong vuong géc: Cho dusng thang a khong vuong goéc véi (P ) va dudng thang b nidm trong
(P), diéu kién can va dt dé b vuong goc véi a 1a b vuong goéc vai hinh chiéu o’ clia a trén (P)

(P) 1 (Q) néu trong (P) chita mot duong thing d va d L (Q)

Néu hai mit phang vuong goc véi nhau thi bat cit duong thing ndo nim trong mat phing nay ma vuong
goc véi giao tuyén thi vuong goc véi mit phang con lai

Néu (P) J_(Q) va A e( ) thi dudng thang a di qua diém A va vuong goc v6i (Q) thi ac (P)
Néu hai miit phdng cit nhau va ciing vuong goc vdi mit phing thit ba thi giao tuyén ciia ching cling
vuong goc véi mit phing thi ba
Goc gitta duong thang va duong thang, mat phdang, géc giita hai mat phdng
Géc gitta dusng thing a va b 1a goc gitta dudng thang o’ va b’ ciing di qua qua mot diém va lan Iugt
song song vGi a va b
2 QGoc giita duong thing a va (P) 14 géc gitta @ va hinh chiéu vuong géc a’ ciia a lén (P)
Goéc gitta hai mit phing la goc gitta hai dudng thing lan lugt vuong goc véi hai mit phing do
Cong thic tinh khodng cdch gitta hai duong thing chéo nhau

5

Cho hinh chép S.ABC' c¢6 duong cao SH . Khi do
1 1 ¢

& (54,BC) & w’

Trong do:
d=d(A,BC)
m=S5H
diém chan  AH
diém cit  AM
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Lop 12

Phép suy do thi: Cho ham s6 y = f(z) c6dd thi (C), a>0

y=f(a:+a) yzf(a:—a) y=f(x)+a yzf(a:)—a y=— (x) yzf(—x)
Tinhtién (C) ~ Tinhtién (C) = Tinhtién (C)  Timhtién (C) 14y dsixing Ly déi xing
sang trai a don = sang phai a len trén a don  xudng dudi a (C) qua Oz (C) qua Oy

vi don vi vi don vi
D6 thi f(|z]):
B1: Giit nguyén phan do thi (C ) nam bén phai
Oy, b6 hét phan do thi ben trai Oy.
B2: Lay dbi xing phan do thi (C ) nam bén phai
Oy qua Oy.
Sé6 diém cuc tri ctia ham chia déu gid tri tuyét doi
S6 diém cuc tri ciia ham S6 diém cuc tri cia

s6 y= ‘f(a:)‘ chinh bang ham s6 y = f(‘x‘)

s6 didm cuc tri ctia ham chinh bing 2n +1,

Do thi ‘f(x)‘:
B1: Giit nguyén phan do thi (C) nam trén Oz
1 B2: Lay dbi xing phan do do thi (C) nam phia
duéi Oz qua Oz, bd hét phan do thi phia dudi Oz.

Néu ham s6 y = f(x) c6 n diém cuc tri thi do thi
ham s6 y = f(a:) va dudng thang y=0 c6 t6i da
trong d6 n 1a s6 diém
cuc tri duong ctia ham

O f(x)

Yy =f(:1;)= az® +bz® +cx +d(a # O) (O’)
Diéu kién dé ham s6 c6 hai diém cuc tri: Al = b* —3ac>0

s f(v) cong véisd n+1 giao didm. Tit d6 ham sb y = \ f(x)‘ c6 t6i da
nghiém don cta phuong

2n+1 diém cuc tri
trinh f(x) =0.

e L _|[a>0(a<0)
Ham s6 dong bién (nghich bién) trén R khi: 0
A<
Y

|:1:2—x1|=l

I'(2)"(2)

18a

R ) . R a< O(a > O)
Dong bién (nghich bién) trén doan c¢6 do dai ding bang [ khi:

Phuong trinh dudng théng di qua hai diém cuyec tri: [y = f (ac) -

C e e a2 . 2b| .
Dinh If vi-et doi v6i 2 diem cyc tri: |z, + 7, =——|va|z,z, = £

3a 3a
Trong cac tiép tuyén ciia (O ), tiép tuyén tai diém uén la tiép tuyén cé he sd géc nhé nhat khi a >0, va

13 tiép tuyén co6 he sd goc 16n nhat khi a <0

Dieéu kién dé ham so c6 haidiém cuc tri z,x,

Trdi dau Cung dau Cung dau duong Cung dau am

y'=0 c6 hainghiem 3 =0 ¢6 hai nghiém phan y'=0 c6 hai nghiém y'=0 c6 hai nghiem

phan biet trai dau biet cing dau phan biet cung duong phan biet cing am

e X PN P Fe P . 302 .
Diéu kién dé ham so cé haidiém cuc tri

s e S . nam bén phéi truc O niam khac phia so véi
nam cung phia véi nam bén trai truc Oy 1a P i y P

4 truc Oy la phuong
trinh ¢ =0 ¢6 hai

la phuong trinh 3" =0
¢6 hai nghiém phan
biét duong

phuong trinh y'=0 c6 hai
nghiém phan biét am

10
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nghiém phan biét
cling dau

nam cung phia duéi

nim ciing phia véi ~ nam cung phia trén Vi truc truc Oz 1a phuong ndm khéc phia véi truc

truc Ox 1a phuong Oz la phuong trinh trinh f (x) =0 cod Oz la phuong trinh
trinh f(:z:) =0 c6 f(fb“) =0 c6 nghiem duy nghiém duy nhét va f(zr) =0 c6 bao nghiém
nghiém duy nhat nhat va y, >0 Yy, <0 phan biét.

Ch4i yj: Hoanh do diém ubn 7, la nghiém ctia phuong trinh dao ham cap hai ctia ham bac ba
Phuong trinh bac ba c6 3 nghiém lap thanh
£ A ~ S P ~ PN ~ b z z Z

cap so cong neu c6 mot nghiem 1a = = —3— cap so nhan néu c6 mot nghiém 1a z = —i/g

a a
Xdc dinh déau ctia cdc hé s6 ham sé bac ba theo thittw a —>d >b— ¢
a: Nhin nhanh ngoai ciing bén tay phai, néu dilen  d: Quan sét giao clia d6 thi v6i Oy, c&t Oy phia
thi ¢ >0, di xudngthi a<0 trén thi d >0, cat phia dudi thi d <0

o . o, b Z e £ 2 . . A P £ 2
5 b: St dung vi-ét z, + 7z, = ~3 két hgp v6i dau c: st dung vi-ét zz, =3i, két hgp véi dau cta a
a a

clia a suy ra dau cia b. suy ra ra dau ctia c.

Dinh I vi-ét cho phuong trinh bac ba y = az® + bz’ +cx +d

b c
T, 4T, T, =—— T2, +T,T, + .0, =— 2,1, =——
1 2 3 a 172 2773 371 a 1772773 a
Yy =f(x)=cm;4 + bz’ +c(a ¢0)
Diéu kién dé ham s6 c¢6 3 diém cuc tri 1a ab <0, dé c6 mot cuc tri la ab>0.

Ham s6 c6 ding mot ~ Ham s6 ¢6 ding mot cuc Ham s6 ¢6 hai diém cuc Ham s6 ¢6 mot diém
cuc tri va cuc tri 1la tri va cuc tri la cuc dai: tieu va mot diem cuc dai: | cuc tiéu va hai diem
2 a>0 a<0 a>0 . la<0

cuc tieu: cuc dai:
b>0 b<0 b<0 b>0

. . ) A A .
Gi4 st do thi ham s6 c6 3 diem cyc tri A(O;c),B -, f—i;—— ,C J—i;—— va 3 diém cuc tri nay
2a  4a 20 4a

6
ludn tao thanh tam giac can tai A. Goi S 1a dién tich AABC va BAC =q, khi dé
8a + b’ tanQ%ZO 32a°S* +b° =0
D06 thi ham s6 cit truc hoanh tai bén diém c6 hoanh do lap thanh cip s6 cong néu 9b° =100ac.
D4 thi ham s6 cat truc hoanh tao thanh ba mién dién tich c¢6 dién tich phan trén va dién tich phan duéi
bing nhau la 50 = 36ac
. N N iz <22 |2 A 2 A
Phuong trinh dudng tron ngoai tiép AABC la z° +y" —| =——+c¢ |y+c| ——— |=0
b 4da b 4da
Chi 9j: C6 thé dyta vao do thi ham s6 bac bon triing phuong dé dé dang nhé cac cong thitc hon
ax +b
= c#0,ad-bc#0) (C
cx+d ( ’ ) ( )
Tinh chat ciia tiép tuyén (goi I la giao ctia hai duong tiém can)
7 I3 £ . ~ 2 Z N P
T:ep .t“?/en tai M t/h uoéc Khoapg cach tit M t6i Khoang cach tit M t6i tiém can ngang
do thi ham phéan thitc cat tiém can ding
cactiém cantai A va B 1 d= ‘ad B bc‘ 1
thi M la trung diém ciia d= _‘CxM + d‘ ‘c‘ "cx + d‘
AB ‘C‘ "

11
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Tdng khoang céch ngén o g i
nhét tit diém M dén hai Dién tich tam gidc Khoang cach ngin nhat gitta hai diem P,Q bat ki

du’ﬁing tlém can IAB kh@ng dél va ‘ad B bc‘
[ad—bd g - E‘Gd “bd.  thuoc hai nbanh ciia d3 thi PQ,, = 22, [——
dmin = 2 2 e C2 ¢
C

Diém M théa man mot trong cdac tinh chat: Téng khoang cach dén hai dudong tiem can dat gia tri nhé
nhat, khodng caAch IM ngéin nhat, khoang cach tit I dén tiép tuyén tai M dai gia tri 16n nhat, tiép
tuyén tai M vuong goc véi IM, tam gidc TAB vudng can, chu vi tam gidc JAB nhoé nhat, AB nhd
nhat, ban kinh dudng tron nai tiép tam giac IAB 16n nhat, ban kinh dudng tron ngoai tiép tam giac
IAB nho nhat thi diém M phai thda mén tinh chat A =IB < ‘y'(zM )‘ =1

, ) . M,N thuoc hai nhénh khac nhau ciia (C') sao cho
M,N thudc hai nhanh khac nhau cta (C ) sao cho ) )
MN nhé nhét Ia thi hoanh do diém M,N théa  L.cP tuyen cia (?) tai M, N song song va khoang
cach gitta hai tiép tuyen la 16n nhat thi hoanh do

diém M,N thda méan |y'|=1.

Cdch nhan dang do thi ham phan thic bac nhat/ bac nhat

man |y'| =1.

Tiom ca . b
1O Can ngang Tiém can ding z = —1: . b . . Giao Oz :x=——.
O oz c Giao Oy:y=—. Néu giao a
y=—: Neu tiém can Lo N d P .2 N
c Néu tiém can ding nam didm nav nim tren O Néu giao diem nay
ngang nam trén Ox bén trai Oy thi cd >0, 161 nay iam tren nam bén trai Oy thi
X N L N ~ .. . thi bd >0, ndm dudi Ox N . y-
thi ac >0, nam dudi nam bén phai Oy thi b1 bd <0 ab >0, nam bén phai
Ox thi ac<0. ¢d <0 th bd <0 Oy thi ab<0.
Cho ham s6 y = f(z) c6 gid tri lon nhat va nhé nhat trén D lin higt la M va m
0 khi M.m <0
8 mM‘f(gj)‘:|M+m|+|M—m| min‘f(x)‘: ‘M+m‘—‘M—m‘
D 2 b 5 khi M.m >0
Co lap m gidi phuong trinh, bat phuwong trinh
- 5 ie & i <m<
f(x) m c¢6 nghiém trén D < lenf(a:) <m< mgxf(x)
9 f(:l;)>m nghiém dang VxeD©m<mDinf(x) f(:l;)>m c6 nghiém trén D©m<mgxf(x)
f(:z;) <m nghiém dang Vee D < m > mgxf(x) f(:c) <m c6 nghiém trén D < m > mgnf(x)

Chii 5j: Néu c6 dau bang trong cac bat phuong trinh thi ta thém dau bing & diéu kién tuong tng (nén xét
riéng tai ddu bing xem c6 xdy ra khong). Mot sé bai ta vé bang bién thién va diing tuong giao dé giai

Db thi ham liy thita

a¢Z: Diéu kien 1a f(a:)>0 yNE<0 [ o1
a=1
. a=0,aeZ : Dicukienla f(z)#0
y:[f(m)] . ) . O<a<l
o € Z: Diéu kién ctia ham s6 1 dieu kiénf(x)

1 0.=0
D6 thi ham s6 y =2* luon di qua diém I(l;l) - .

X
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1 |
Do thi ham s6 ma
y=a" cotap xac dinh D=R, tap giatri T = (0;+oo).
D06 thi ham s6 y =a” luon di qua diém I(O;l) va c6 tiem

2 can ngang la truc hoanh

Vé dudng thing r=1dé so sanh a,b,c,d ( trén hinh vé la
O<b<a<l<d<c)

Do thi ham sé logarit
y=log z c6tap xdcdinh D= (0;+oo)7 tapgiatri T =R

y=log,x

D6 thi ham s6 y =log, z luon di qua diem I(I;O) va ¢6 tiem

y=log,x

3 can dung la truc Oy.

(&}
y=log. x

Vé duong thing y =1dé so sanh a,b,c,d ( trén hinh vé la
b>a>1>d>c>0 )

m
a"at =a™™" a =g (ab)m —a" " (E] _ a

Cong thic ma a" b b
(a’b > O) n 1 m 1
log b=a<a"=b log=log,,; In=log, log, 1=0
y ,
1
log a=1 log b" =nlog b 1 b=—log b
Cong thite logarit 8 S S 8 070, 08
a,b>0,a#1 log b 1
( ’ ’ ) log b =log b—log ¢ log b= 8 (c;tl) log, b= (b:tl)
“Le ¢ ! log, a log, a
log, (bc) =log b+log, c a%b =p Q%8¢ = 80
Bai todn lai sudt

Léi don: S6 tién lai ctia ki han trude khong dudce tinh vao von dé tinh 1ai cho ki han tiép
Lai kép: S6 tién 1ai ctia ki han trude néu ngusi giti khong rit ra thi duge tinh vao von dé tinh lai cho ki
han sau do

Bai todn 3: Gtti ngan hang T dong véi lai kép r% /
Bai toan 1: Giti vao ngan hang T dong véilai  thdng, hang thang rat ¢ dong, sb tién con lai sau n

kép 7% / ki han, s6 tién nhan duge sau n ki thang 1a
han f T T(l (7 )11, " (1 + 'Iﬂ%)n -1
— " = +7r -
5 T =T(1+r%) 0 %

Hét tienkhi T =0
Bai todn tuong duong: Vay ngan hang s6 tién T dong
v6ilai kép 7% / thang, hang thang trad ¢t dong. S6 tién

Bai todn 2: Hang thang gti ¢ dong vao ngan
hang véi lai kép 7% / thang, tong s6 tién nhan
con ng sau n thangla

. (1+r%) -1

(1+7“%) -1 T’L=T(1+r%) —t.—( )
T% _ T%

Tra het ng khi T =0.

dugc sau n thang la

T =t(1+7’%).

n
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Tinh chat nguyén ham

Néu F(x) 14 mot nguyén ham cia f(x) thi F'(m):f(a:)
L [ieerE)e [ (e)ie=1{o)c (e)is) =110
jkf da; kjf k;tO) I[f(a:)ig(x)}dz:jf(x)dxijg(x)dx If(u)du=F(u)+C

Nguyén ham can nhé

fodz=cC [kdz=kz+C.
. i 1 (az+b)""
I:c dx—n+1+0(n¢—1) I(ax+b)d aT+C
Ild$=1n|x|+c _[ 1 dm:lln|ax+b|+0
x ar+b a
1 1 1
I—zdzz—;+0 J.(ax+b)2d$:_g.ax+b+0
je”’d:sze" +C je”’“bdlee"’”b +C
a
J.azdmza—m+0 J.am‘”"dat:i A +C
Ina m Ina
jsina:dw=—cosx+0 Jsin(ax—i—b)dm:—lcos(ax+b)+0
a
2
jcos zdr =sinz+C .[cos(ax +b)dx = lsin(a:v +0)+C
a
1 dx __l
Isinzxdzz—coterC Jm— aCOt(a$+b)+C
1 dz 1
’[cos xdxztanx+C jm—atan(a:ﬁ+b)+0
1
dx =1 C =—=
jtana: x n‘cos:z:‘+ jtan(ax+b)dm aln‘cos(aw+b)‘+0
. 1
dz =1 C - Zlnlsi
jcota: x n‘smx‘+ jcot(ax+b)dm aln‘sm(ax+b)‘+0
I dx =In tan£ +C I— dz zlln tan—aerb +C
sinx 2 sm(az+b) a
j dz — _InlecotE s Id—xz—llncotax+b +C
COST cos(a,x+b) a
Nguyén ham md rong
dx 1 |ax+b| dx 1. la+z
I(ax+b)(cx+d> ad— bc1 |c:1:+d| v J.GZ_ﬁ:%lna_x +C
dz d 1
5 Imzln(x+\/x2+a2)+0 J.azfngarctanngC
f dr — arcsin—+ C j =—arccos il W)
a2 - ‘a‘ N z? -
. 2
J.\/az—ﬁdngxlaz—:f+a—2zarcsin§+0 J.x\/%:_glnﬁ— “ZHLJFC

Phuong phdp doi bién

14
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Thuong dat dusi mau, dusi mi, dudi cin, mot s6 truong khac dit nang cao khac nhu sau

Déu hiéu nhan biét Cach dat
a? =12 x =|a|sint,t € {—g,g}
4 a
G oo 2] o
Ja? + 22 z =‘a‘tant,t € L—g,g}
‘I(H—I hosc Ja—ac T =acos2t
a—x a+z
1/(:v—a)(b—x) x=a+(b—a)sin2t
Phawong phap tieng phan
judv =uv —jvdu Thit ty vu tién dit w: Log— da— lugng — mi
Mot sé tinh chdt can nhd
axr+b _ A N B ar’ +br +c _ A N B N C
5 (z_fl)(fﬁ_%) T—=T, T-X, (x—zl)(x—z2)(x—:v3) rT-x T-I, T-T,
ar’ +br +c __ A4 N B N C ax’ +bx+c __ 4 Bz +C
(x—xl)z.(x—%) r—= (z—x1)2 T = (x—ml)(mx2+na:+p) (x—xl) ma® +nx +p
Nguyén ham ham an
f'(z)dz=d(f(z)) [f/(z)dz=f(z)+C [f(x),f'(z)]:f”(g)f(x).p[f’(;p)]z
2
()] _ree)-lrel G A(/(=)) _
[f(x)}: fQ(x) _[f (m)d(f(x)): n+(1)+0 j f(:v) —1n‘f(ac)‘+0
6

!

f'(x) + p(x)f(:v) = h(x) : Nhan cd hai vé véi ejp(x)dw , dang thac tré thdnh[f(x).ejp(ﬂ;)dx} = ejp(m)dx.h(x)

b—a b—a
cy=y+——uy', CALC z=a,y=m
20 Y=y 20 Y )

an "=" lien tuc dén khi z =0 ta dugc gia tri
y(b)
Chai 4j: Chuyén hét f'(:v) va f(x) sang vé phai, bac clia f’(a:) phai 1a bac maot
Mot sé tinh chat cia tich phan

j #(a)dz = F(5) - F(a)

T=T+

Cho y'=Ay+B, y(a)zm, tinh y(b)?

ij(:v)dx:O !f(:l:)dx:O if(x)dxz_if(t)dt:...
7 ikf(x)dx:kjf(x)dx j[f(x)ig(x)]dx=if($)dxiig(a:)dm .{[f(fﬂ)dx —(;[f(a:)dx)+.[f(x)dx
' ' ' ! ! a<b<c
f(x) >0,Vzre [a;b] = jjf(z)dx >0 f(x) > g(m),Vw e[a;b] = jjf(:c)d:v > jg(:v)d:l:

f(:p) 14 ham chén va lién tuc trén [—a;a] thi jf(x)d:v = 2.(‘1 f(x)dx = Z.Tf(x)dm

15
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f(z) 1a ham 1& va lien tuc trén [ —a;a | thi if(x)dxzo va Tf(x)dx:—jf(w)dx
Za 0

f(x) 13 ham s6 chin va lién tuc trén [—a;a] thi

f(x) lién tuc trén [a;b} thi jf(x)dz = .[f(a + b—x)d:r

f(x) lién tuc trén [a;b} va thda man f(a+b—x)=f(x),Va:e[a;b] thi jjxf(x)d:rz a;bjjf(x)dz

b

f(z) lien tuc va f(a+b—z)=—f(z) thi jf(x)dz =0

0

f(x) lién tyc trén [O;Qa] thi Tf(x)dx =j‘[f(z)+f(2a—z)}dx

; Z’f+g+\f+g\d$
2

f,g lién tuc trén [a;b} thi J-ma,}{{f,g}dl‘:-“ J[’-f+b—2‘f—9‘dz

, jlmin{f,g}dx =

2
Bét ding thtic tich phan (Holder véi p=q=2): ﬁf(:v)g(x)dx} < jf2 (l‘)d(l?.jlf (a:)d:v

K7 thudt chon ham co ban trong tich phan
c

b—a

Néu dé bai cho jf(:v)dx =(C = chon f(w) =

mot diéu kién thi chon f(m) =ax

Néu dé bai cho hai diéu kién thi chon f (m) =azr+b
8 ba diéu kién thi chon f(x) =az’ +br+c
Néu dé bai cho ham 1é c6 mot didu kien thi chon f(m) = ar

hai diéu kién thi chon f(x) =ax’ +bx
Néu dé bai cho ham chén c6 mot didu kien thi chon f( x) =az’
hai diéu kién thi chon f(:n) =ax’ +b

Mot sb ki thudt ndang cao
Diéu kién dé bai Phuong phap gidi
Néu f(x) lien tuc trén [a;b] thi
jf(a+b—x)dx=jf(x)dx
Néu u(a) =a, u(b) =b thi
b 1 b
:[f(:v)dx = A+B+C!g($)d$
Néu u(a) =b, u(b) =a thi
b 1 b
.[f(ac)dxz A_B+C.{|:g(x)dx

B Dit t =u vh t =v dé giai gidi phuong trinh hai an
Af(u)-l—Bf(v)—g(x) (Néu u =2 thichicandat t=v)

9 A.f(x)+B.u'.f(u)+0.f(a+b—$)=g(:1:)

16
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5 j ¢ do _b-a
f(x).f(aer—a:):k: _',[kJrf(x)_ o
g[f(x)] =z v6i g(t) don diéu trén R Tinh jf(x)dx ,tadat y= f(:l:) == g(y)
Ténh dién tich hinh phang
Theo Oz Theo Oy
Diéu kien: y= f(x) Diéu kien: e (
- f s | = f =)
Zm | y(i)o Diéu kien: |y = g(z) Zy | :v(i)O Diéu kien:{z = g(y)
r=a,r=">
r=a,x=">0 b y=a,y=>b y=a,y=>b
S = —g(z)d 0
S =j“f(z)‘da: ;[‘f(l") g(fﬂ)‘ x Szjl‘f(y)‘dy .{ﬂf(y)—g(y)‘dy
a Tinh thé tich khoi tr6:1 zoay
Theo Ox Theo Oy
Diéu kien: y= f(fﬂ) Diéu kien: T= (?J)
y= f(iU) Diéu kien:{y = g(m) T = f(y) Diéu kién:{z = g(y)
2 Oz:y=0 r=a,r="> Oy:r=0 y=a,y=">b
r=a,x=">0 y=a,y=b

ol
(f(iﬂ),g(ﬂ?)Z(S)OVze(a;b)) o =) 1 W)y

Thé tich vat thé c6 dién tich thiét dién béng S(z): V = J'S(x)dx

V,, = 7rjf2 (az)da:

Mot sé6 cong thite tinh nhanh

Duong thing y=n cit dudng cong ,
y=az' +bz’ +c tai 4 diém phan biet va hinh \ J‘
- N . |
phang giéi ]aan béi hai ‘duf@ng nay‘) gom ph?n phia \\ |
trén va phan phia duéi duong thang c6 dién tich “ ‘

\\ jl
béing nhau khi va chi khi 56" =36a(c—n) \ / \ J

Duong thing y=mz +n cit duong cong
y=az® +bz’ + cx +d tai ba diém phan biét va hinh
phéng giéi han b6i hai dudng nay gom phan phia

trén va phia dusi dudng thing co dién tich biang
nhau khi va chi khi diém uén ctia dudng cong bac
ba thuoc dudng thang y =mz+n

17



S Tom vad&n copn : NT*%?»»WJ»T&M —WTWW Quauc 094441; e %ﬁwWT

Dién tich hinh phang giéi han bdi duong thing
y=mx+n vi parabol y=az’ +bxr+c 1a

A? ((b—m)2 —4a(c—n))3

S? = =
36a* 36a’ < /

O &

Trong d6: A la ctia phuong trinh hoanh do
( Ttic 1a ctia phuong trinh ax® + bz +c=mz+n )
S6 phitc z =a +bi (a,b € ]R)
z lasd thuec < b=0

1
a: Phan thuc, b: phan o, i: don vi 4o, i° =—1 z 1a 80 thuan 40 < a=0
S6 0 vira 1a s6 thuc vira 1a s6 4o
Tinh chat sé phitc :z=a+bi, 2’ =a' +b'i
e a=a' M (a;b) 1a diém bidu dién z=a—bi: 136 phitc
e b="b' s6 phiic z lien hgp cta
2 |z|:\/a2+b2 2 1ash thiue < z=2 21asbho o z=—z
ses =2 wtn-nin ez <[ P
z _ 2 _
_=H i (_J:= [l =lza] <[z £ 2| < a2
Dang luong gidc sb phiic
z= r(coscp +4sin gp) (r > ()) la dang lugng gidc cia z=a+bi
¢: la mot acgumen cia z, p= (Om,OM) va r=+a’ +b°, cosy =2, sinp =£
r r
3
z—: = :—:[cos(cpl -, ) + isir1(<p1 -, )]
“4=h (COS% +z'sing01), KR (COS% " iSin%) F1%y =TTy [COS(% "'902) + ism(% + 902)]
[r(cosgo +4sin go)}n =r" (cos ne +isin ngo)
Mot s6 dang thic modun quan trong
‘mz1 + nzz‘2 =m’ ‘zl‘z +n, ‘22‘2 + mn(zlg+222) v6i m,neR
o+ ]+l —af =2(|af +[a.f 2, +2,2, =20M OM
4 1 2 1 2 1 2 2%y + %1%y 1 2
|z +2z |= Mz +Mz Vi 2,2, 20 |z+z |2 +|z+z |2 =9 |2+ 2 +Z2|2 +|z1 _22|2
S R 1 e 1 o 2 1] 2|
Cdc cong thite thé tich co bdn
Theé tich chop P Thé tich chép cut
1 1 Theé tich lang tru 1
V=-Bh V =Bh V=§h(B+B'+ B.B)
Cong thic tinh nhanh thé tich khéi chép ddc biét
) Nhan dang Cong thic tinh nhanh
T4 dién déu canh a V= a31\2/5
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S v thmvit L o : Nyt T T ~ THDTNo Quan 2 g e tod DT
1 |
T dién gan déu cé do dai cdc canh doi la \/
a,b,c 6\/—

Chép c6 ba mdt phdng (SAB),(SA C’),
(SBC) dot mot vuong goc va co dién tich V= @

a +b2—c b +02—a2)(a2+c2—b2)

N 3
lan lugt la S,,S,,5,

Tt dien AB/C’ZMSI’SAABD =5,, V_251.52Sin04
AB=aq vd((ABC),(ABD))za Y

T dien ABCD ¢6 AB=a,CD =0
d(AB,CD) =d;(AB,CD) =

Chép S.ABC ¢6 SA=a,SB=0,5C=c¢
Chép S.ABC ¢6 SA=a,SB=0,5C=c

ASB=a,BSC =B,CSA=¢
Chop S.ABC ¢6 BC=a,CA=bAB=c

V= %abdsina

V= %Csina.sinﬂ.singo

Vv =%bc\/l-i-ZCOSOz.COS,B.COSQO—COS2 a—cos’ 3—cos’ p

((s30) (4BO)=a((s40)(4BC)) =6 v~ 255

3(a.c0ta +b.cot3 +c.cotg0)

(515} 750)-

T% s thé tich
M,N,P lan luot thuoc SA,SB,SC':

Ch?ﬁ%mcgmc Ve _SM SN SP
VS.ABC SA SB SC

M ,N,P.Q lan lugt thuoc SA,SB,SC,SD

VSMNPQ _rt+y+z+t

Chop ti gige S.ABCD

C6 ABCD 1i hinh binh hanh Vouser  dayzt
 SA4 SB SC SD
VOl o =——y=——iz=——it=—— var+z=y+l
sM’Y TSN TSP 50

Thé tich ti dién tao bdi 4 dinh bat ki khong dong phing

3

Thé tich chép tit gide duge tao thanh tit cac dinh ctia ling

3
tru la ﬁ
Lang tru tam gidc 3
ABC.A'B'C" thétichla V Goi M,N,P lan lugt thuoc AA',BB',CC"
Viscame _Try+tz
VABC.A'B'C' 3

AM_ BN __CP
447 "B T oo

vOl x =

Thé tich tit dién tao bsi 4 dinh bat ki khong dong phéng

|V

Hinh hop ABCD.A'B'C'D' la
cé the tich la V Thé tich clia tit dién tao bdi 2 dudng chéo clia 2 miit

phéng déi dien ctia hinh hop 13 %

19



S thmvicdiem oo : N Thaods T - BIPTNbe Quan Qoni i 10t DT
1 |
Goi M,N,P,Q lan lugt thuoc AA',BB',CC",DD'. Khi dé6

VABCD.MNPQ _z +y+z+t
4 4

ABCD.A'B'C'D'

AM BN CP _ DQ
FVIT 0 cc' "o
Non — Tru — Cau

vliz = va z+z=y+t

Non Non cut Tru Cau
R=r?ip? R,r: ban kinh day lén va S =2nrl véil=h
day nho N S —dnp?
Sq =7l S =rl(R+T) S, =271l + 27r? :
T Tp P
4
Stp =ral+7r’ Stp =7T(R2+7’2+Z(R+7’)) V=nr’h
Vé6i AB,CD 1a hai dudng bat ki 4
& g4 N V==mar
trén hai diy th
V=l7rr2h V=l7rh(R2 +7? +R7’) 1 ren flal day tht
3 3 Visen =5 ABLCD.OO sin(4B.0D)
Cdc vdt thé tron zoay trong khong gian
S =2nRh =7r(1“2 +h2)
q
Chém cau L "
Verh'| R-5 =22 (n* +30)
3 6
S, =mR(h +h,)
Hinh tru cut
V|
2
_ . 2 .
Hinh ném loai 1 Vv =§R tan o
5

Hinh ném loai 2

S =£Rh
3
3 3
Parabol i: S .
S, R h
V=l7rR2h
2
Elip S =mab

20



st% ﬁm Vﬁfr@wmaf» : NTMP»W“&T@” —WTNQW Quahc OQMI M udn'ﬂ—PT

4
2
V =—mab
quay quanh 2a 3
a

_ = 2
quay quanh 2b - 3 ma b

Dién tich hinh vanh khan
S = 7T(R2 - 7’2)

Hinh zuyén Thé tich hinh phao

2
Vv =7TZ(1LB+T)(R—7»)2
Bdn kinh mdt cau ngoai tiép (Rc) va noi tiép (rc) cta hinh chop, lang tru

Hinh lap phuong c6 canh bang z:|R = x;/g

Hinh hop chit nhat ¢6 cac kich thudce la z,y, 2 :

2
Chop ¢6 chiéu cao h va c6 canh bén vuong goc véi ddy thiR =, |R? + {ﬁj

. . . IS
Chop deéu co chieu cao h, canh bén bang | thi|R = o

‘ 2

] 2
Chép 6 mit ben vuong goc véi day thifR = \/ R +R’ - [w]

R,,R, lan lugt la ban kinh dudng tron ngoai tiép day va mat bén (mit vuong goc véi day)
Tong qudt: chép cé chan dusng cao H,I 1a tam dudng tron ngoai tiép ddy, goi TH =d thi

B2+ d? —Rjj

2h

R = Rj+[

Mit cau ngoai tiép ti dién déu: R = canh. e

N ..z . N N 2
Mt cau ngoai tiép ti dién gan dew:|R =§\/a2 +0* + ¢

7

mit cau noi tiép ti dien gan deéu: |r. = canh. )

Miit cau noi tiép hinh chopir = =— Trong do: ZSm : tong dién tich tat ca cac mat ctia chép

Cdch tinh R,

Néu day 13 tam gidc thuong
thi &p dung mot trong hai

2 PN .. Néu déy la hinh cong thiic
Ne}l dat}il\la tam glac Néu day la tam giac vudng hodc hinh chi abcg
vuong thl ) 3| nhat thi Ea/p(p—a)(p—b)(p%)
R 1 canh huvén deu thi|R, =canh.— 1

gt Y 3 R, =—.dudng chéo hodc

© 2 a b c
= = =2R
sinA sinB sinC
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S o vidi@n coge : NM@W%T% -THPTNE Qe C (394«41 oiie toin THOT

Toa do diém va vec to
Hé toa do trong khong gian gom ba truc Oz, Oy, Oz doi mot vuong goc véi cac vec-td don vi tuong ting

trén ba truc 1an lugt 1a i =(1;0;0),=(0;1;0),k =(0;01)
;:(x;y;z) —_— - Sl 22 2
1 e, ABz(a:B—:z:A;yB—yA;zB—zA) uz(x;y;z):‘u‘z T +yY 4z
Su=xi+y.J+z2.k

I la trung diém ctia AB thi G latrong tam AABC' thi

ABCD la hinh binh T, +zT, Y, +Y, 2, +2 T, 4, T, Y, +Y,+y., 2, +2,+2
. A 7| 2a %8 YaTIp Za T % G| AT e JaTIp e Fa TP TR
hanh < AB=DC [ 2 2 2 J ( 3 3 3 J

Cho ’ZL= (:cl;yl;zl),z = (xz;y2;z2)

UV=TT, Y Y, + 22 N
172 v1Tr T =u.v.sm(u,v)

&

ww =
vlveouv=0
. Al 2l wJ_u,wJ_v:wz[u,UJ .- )
[u,v}z( ho& IR Y j - B u,v,w dong phang
Yo 2| |72 Tyl | %y Yy u va v cling phuong o [&’;}J'EZO

1771772

2 :(y1z2 T Y232 Ty T 2T 1Y, _x2y1) <:>|:;L’ﬂ=0
A,B,C,D 1abbén dinh clia tit dien < A—B,A—C,E khong dong phéng < [A_E,TCJE 20

Dién tich, thé tich mot s6 hinh

Dién tich tam gidc Dign t{;}f h;;nh binh Thé tich khoi hop Thé tich tii dien
an
1 =1 e —— ——
S = 5‘[,43,,40] - ‘[ T D] Vi cmen = ‘[AB,AD].AA ‘ Vi = g‘[ AB.AC A D‘

Phwong trinh mat cau
Py + 2 tar+by+cz+d=0

= Tam Iii;i;ij,

3 (x—a)2+(y—b)2+(z—c)2=R2 YD
= Tam I(a;b;c), ban kinh R _ a2+lz+c2 y [a2+b2+02 _d>0j

Phwong trinh mdt phdang
Phatong trinh mdt chdn: Mat phang (a) di qua

Mat phing di qua M (xo;yo;zo) c6 vipt n= (A;B;C
A(a;O;O),B(O;b;O),C(O;O;c) ¢6 phuong trinh

A(J;—x0)+B(y—yU)+C’(z—z0)=0

(P):Ax+By+C’z+D=0 co vtptﬁp) =(A;B;C’) TV 2 (abc:tO)
a b ¢
4 Vay dé viét phuong trinh mdat ph(fng ta can tim mot vtpt va mot diém thudc mat ph(ing
(mot cap vtep clia mit phéng tao thanh mot vtpt ciia n6 bing viéc lay tich c6 huéng)
(Oxy) 12=0
(Oa:z) 1y=0

Cadc phuong trinh mdt phang dac biét
(Oyz) :x=0

Vi tri tuong doi: Cho (a):Ax+By+Cz+D=O va (a'):A’:c+B'y+C'z+D'=0
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.~ A B C D . A B C D
)= )= 550D L)) 550"
(a)cz“it(a')A:B:C’;tA':B':C" (a)L(a’)@AA’+BB’+CC'=O
Khoang céach tit diém M(mo;yo;zo) dén mit phéng(a) Az +By+Cz+D=0

Az, + By, +Cz, + D
o) P

Phuong trinh duong thing A di qua diém M(xo;yo;zo) co vicp ’;:l, = (a;b;c)

T =1, +at C6 phuong trinh chinh tic 1a
C6 phuong trinh tham s61a A:{y=y +bt(teR T—1 — 2—2
P 5 ¥=% ( ) A: 0 Y% _ O(abci())
z=2z,+ct a b c

Vay dé viét phuong trinh duong thang ta can tim mot vtep va mot diém thude duong thing
Vi tri tuong doi: Duong thing d, diqua diém M, vacovtep u,, d, diqua diém M. , vacovtep u,.

d, va d, dong phing < | uy,u, [M,M, =0 d, chéo d, < | ug,u, [M,M, %0

[ i [0

d citd, &<
|:ul,u2:|M1M2 =0

Khodng cdch, goc: M, e A ,M, €A, ut,uj lan lwot la hai vtcp clia ALA,

[s07.4] [ Jan,
d(M,A1)= — d(A17A2)=T
. 2
‘ __ s ol
cos(Al,A2): cos(ul,uZ) = cos((P),(Q))z cos(n(P),n(Q))‘zt
u,|-|u, My .‘n(Q)‘
sin(A,(P)) = COS(&;n—(P“)) _ }.rﬂ
Uy
Hinh chiéu vuéng géc, diém doéi zing déic biét
(Oxy) la H(:vo;yo;O)
(Omz) la H(xO;O;zO)
Hinh chiéu vudng géc ctia diém (Oyz) la H ((); yo;zo) Nho ni‘Lan/h: )
M(z Y52 ) lén 5 () Khl.lyét v tr} nao
0770270 Oz la H(zO,O,O) thi vi tri d6 bang 0
Oy la H(O;yO;O)
” Oz la H(O;O;zo)
(O:Ey) 1a M'(:Uo;yo;—zo)
(Oxz) l1a M'(xo;—yo;zo)
Dt i g i (55 (002) 10 M'(25%)  Kiuuyit v
o Gorme VL oty ) i Oz 1a M'(z,;-y,5-7, ) thi vi tl("ji;(‘ié bing
ol
Oy la M'(—xo;yo;—zo)
Oz la M'(—xo;—yo;zo)
8 Mt sb cong thic gidi nhanh (a,b,c lan luot la do dai 3 canh tam giac ABC')
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HA.BC =0
Toa do tryc tam H cia tam giac ABC 1a nghiém hé: HB.AC =0
[A—B,R‘} AH =0

IA=1IB
Toa do tam I dudng tron ngoai tiép tam gidc ABC' 1a nghiém he: [ IA=1IC
[E,TC} IA=0

Toa do chan dudng phan giac trong D ciia goc A théa méan dang thiic: b.DB +¢.DC =0

Toa do chan dudng phan gidc ngoai E clia goc A théa man dang thiec: b.EB—cEC =0
Tam I dudng tron noi tiép tam giac ABC thdéa man dang thiic: a.IA+bIB+cIC =0
Toa do hinh chiéu vuong goc H cia A len (P):ax+by+cz+d=0 la H(at+xA;bt+yA;ct+zA)

N _axA+byA+czA+d

voi t=

o’ +b +c
M latrong tam AABC' thi a=3x,,,b=3y,,,c=3z2,

M 1a truc tam tam giac ABC' thi OM = )
% nho nhat khi M 13 trong tam AABC

0.ABC

1 1
+ -
04> 0OB> 0cC?

(P) di qua M cat cac truc toa do tai
A(a;O;O),B(O;b;O),C(O;O;c)
(phuong trinh m&t chin)

nhé nhat khi M 1a tryc tam AABC

|

Ban kinh mét cau ngoai tiép O.ABC 1a R, = %\/@2 +b* +¢

9 I

N | o
N o

Tam mit cau ngoai tiép O.ABC 1a I[%

Cuce tri hinh hoc Oxyz

Viét (P) chita d thoa man (d2,(P)) 13 16n nhat thi: ?P) =[u7,[u7,ujﬂ

Viét d, chia trong (P) sao cho (dl,dz) nhé nht thi: |u. =[? [? u,

1 P)’ P)’ 2_

| I—

Viét (P) chita d, sao cho (M) nho nhat thi: %:[“‘17[“‘1’%}}

9 Viét d nam trong (P) va qua A sao cho d(M,d) nhé nhat thi: |u [n(P),[n(P),AMﬂ

Viét (P) chita d sao cho d(M,(P)) 1on nhat thi: —"—[&;,[Z[ MH 6i diém Abét ki thuoe d

n(P) - d?

Viét d nam trong (P) va qua A sao cho d(M,d) 16n nhét thi: |u =[ﬁ,A_M]

Tam ti cu: Diém I thoéa man: all"A:+a21?A:+...+anﬁl:=6 dgl tam ti cu ciia he diém ALA,.LA

Lo (1;1117/11 +a2$/12 +...+anxAn a’ly/ll +a2yAz +...+anyA” (1,1,2/11 +(1,2Z/12 +...+(InZA”
Khi do: z, = y Y= y 2=
a1+a2+...+a a +a,+...+a a +a,+...+a

n 1 2 n 1 2 n

Gido vién: Nguyén Thanh Tan
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