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LJo1 no1 dau

Hinh hoc 1a mo6t phan quan trong trong Toan hoc va rat phat trién tai Viet Nam. Toi
da thay rat nhiéu nguoi giéi Hinh hoc nhung nguge lai thi lai ¢6 nhiéu ngusi van dang rat so
bo mon mang tén Hinh hoc phing nay. Bing su dong luc va dam mé nén t6i da quyét dinh
bién soan mot tai lieu vé hinh hoc ciAp THCS danh cho nhitng ban nao dam mé Hinh hoc
hoiic chua dam mé thi mong qua cudn tai lieu nay cac ban sé tim dude thay vé dep an chita
trong d6. Cudn tai lieu nay bat ngudn tit "[TOPIC] HINH HOC ON THI VAO THPT
CHUYEN 2018-2019" do toi sang lap & trén dién dan Toan hoc véi tai khoan 13 Khoa
Linh. Lic d6 1a vao dip toi dang on thi vao 16p 10 THPT, mac dut kha 14 nhiéu viéc nhung
dude sy cho phép ctia ban DHV THCS MoMo128 va si ung ho ciia rat nhiéu ban nén toi
da sang lap ra TOPIC nay. Trai qua mot thang TOPIC duge thanh 1ap thi da ¢6 hon 100 bai
toan dudc dua lén v6i phong trao gidi bai rat soéi noi, nhiét tinh ctia cac ban. D6 ciing 1 noi
giao luu hoc hoéi thém vé nhiéu bai toan hay trong hinh hoc phing. Khi két thic TOPIC cta
minh thi t6i da c6 dy dinh trong he g6 lai tat cd nhiing bai todn cé trén dé nhung do sb luong
bai kha nhiéu va ciing rat nhiéu bai chua c6 10i gidi nén toéi da nho dén sy trg gitp ciia ban
Ta Céng Hoang - THPT chuyén Lé Khiét v6i tai khodn trén dién dan la taconghoang. Toi
muoén gii 10i cAm on t6i cac ban da tham gia déng gép rat nhiéu bai toan hay, 10i gidi dep
cho TOPIC, dac biét 1a cac ban ¢6 tén tai khoan sau: Minhcamgia, conankun, MoMo123,
BunhiChySchwarz, buingoctu, Korkot, phamhuy1801, khanhdat1, Tea coffee... T6i
ciing diic biet cAm on anh Nguyén Phiic Tang- Khéa 9 THPT chuyén Nguyén Quang Diéu
da gitp ching toi thiét ké bia, cac khung bai tap dé cho tai lieu hoan thien hon. Mot s bai
toan van chua c6 1oi giai thi toi da cho vao muc khéac va thay vao dé l1a nhitng bai toan do toi
hodc nguoi khac dé xuat. Mac dit da c¢d gang rat nhiéu nhung sai s6t trong tai lieu 1a khong

the tranh khoi va trong qué trinh go tai lieu thi toi ciing da gip phai rat nhiéu 16i bien soan
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nén c6 thé tai lieu nhin chua duge dep nhu ¥ mudn. Mong moi ngudi déng goép ¥ kién them tai
hom thu: khoanguyen17112003@gmail.com.
Chic cac ban tim duge sy dam mé v6i mon hoc nay. Xin chan thanh cam on!
Phii Tho, ngay 17 thang 8 nam 2018

Nguyén Dang Khoa - Khoa 36 THPT chuyén Hung Vuong



Chuong 1

Mot sb bo dé va ki hiéu, thuat ngi s

dung trong tai liéu

1.1 Cac ki hiéu, thuat ng@

(ABC) : Duong tron ngoai tiép tam giac ABC

Rapc) : Ban kinh dudng tron ngoai tiép tam giac ABC

Sapc : Dién tich tam giac ABC

A, B,C, D dong vien: A, B,C, D ciing nam trén mot duong tron

dpcm: Diéu phéai chitng minh

1.2 Mot sé bd dé dung trong tai liéu

Sau day la cac bo dé hay gip duge ching to6i sit dung trong tai lieu va khong dua ra phép
chitng minh, ban doc sé phai tu chitng minh. Ngoai ra con rat nhiéu tinh chéat, b6 dé quen

thuoc ban doc sé dudc tiép can qua cac bai toan.
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B6 dé 1: Cho tam gidgc ABC noi tiép (O), phan giac goc A cit (O) tai D khac A. I thuoe AD
va J thuoc tia doi ctia tia DA. Khi d6 I, .J 1a tam duong tron noi tiép va bang tiép géc A khi

va chi khi DB = DC = DI = DJ.

B6 dé 2: Cho tam gidc ABC ¢6 tryc tam H. M la trung diém BC. Duong théng qua H cit
AB, AC lan Tudt tai P,Q khi d6 MH | PQ < HP — HQ

A

Nhan xét. Day la truong hgp dac biét ctia bai toan con budm.
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Bo6 dé 3: Tir diém M nam ngoai (O) ké hai tiép tuyén M A, M B. Ké cat tuyén MCD t6i (O).

AC BC
] A A P —
Khi do ta c6 =

Nhan xét. Tt giac ACBD nhu trén duge goi 1a tit gidc dieu hoa. Trong bac THCS ta chu yéu
nghién citu tinh chat trén.
Bo6 dé 4: Phép dong dang tuong ting (khong c6 dinh nghia).

Vi du: Cho hai tam giac ABC va A’B'C’ dong dang c6 cac phan giac AD, AD' va dudng cao
BD BD AB AB" R R —_—

= : = ; (4BD) _ “HADO) i ADB = A'D'B’ va
DC D/C/ HD H/D/ R(A/B/D/) R(A/D/C/)
ta c6 hang loat cac ti s, cac goc bang nhau sao cho chiing c¢6 tinh tuong ting.

AH,AH'. Khi dé6 ta c6

A

M A’
/%C'
H D ¢ B

’ [-If D’

Nhan xét. Phép dong dang tuong ting khong c6 trong chuong trinh hoc va day nhung ching
ta hoan toan chiing minh dugc bang phép dong dang. N6 gitp chiing ta nhin hinh dé hon va

1i gidi sé dep, gon hon rat nhieu.
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B6 dé 5: Cho tam gidgc ABC noi tiép (O). Tiép tuyén tai B, C ctia (O) cit nhau tai P. Goi

M 1a trung diém ciia BC. Khi d6 BAP = CAM.

Nhan xét. Duong thing AP dugc goi la dudsng ddi trung trong tam gidc ABC va da cé rat
nhiéu bai toan dé cap t6i duong thang nay, ban doc sé thay & trong tai licu.
B6 dé 6: Cho ti giac 16i ABCD. Goi M la trung diém AC. Diém N thudc doan thing DA

hodc DC sao cho BN chia dién tich t1 gidc thanh hai phan bang nhau. Khi d6 ta c6 M N || BD.

B
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B dé 7: Cho ba dudng tron phan biét doi mot cit nhau tai hai diém, khi dé ba day cung

chung ctia ba duong tron dong quy.

Nhan xét. Day 1a noi dung ctia dinh 1y truc déng phuong, trong bac THCS thi ta chi xét
truong hop hai dudng tron c¢6 day cung chung.
Ngoai ra cac ban nén doc thém céac dinh 1y hay dung trong bac THCS nhu Menelaus, Ceva,

Potoleme... dé c6 them nén tang vimg chic.
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Chuong 2

Cac bai toan da coé 1oi giai

—{Bai 1)
Cho tam gidc ABC ngoai tiép dudng tron tam (O). Trén doan BC lay diém M, trén doan
BA lay N, trén doan CA lay P sao cho BM = BN va CM = CP.

a, Chitng minh O 1a tam duong tron ngoai tiép tam giac MNP
b, Chitng minh tit giac ANOP noi tiép

¢, Tim mot vi tri cia M, N, P sao cho do dai doan NP nho nhat

(Dé thi TS ldp 10 Su Pham 2000-2001)

Lai gidi

13
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a, Ta ¢c6: BM = BN;CM = CP suy ra BO la trung truc M N va CO la trung truc M P suy
ra O la tam (M NP)

b, Theo tinh déi xitng ta c6: APO + ANO = OMC + OMB = 180° suy ra tit gidc ANOP noi
tiép

¢, Ta c6: NOP = 180° — BAC (khong ddi) ma ON = OP nén dé NP nhé nhat thi ON =
OP = OM nho nhat khi d6 M, N, P la diém tiép xtc ctia duong tron noi tiép tam giac ABC

vGi 3 canh ciia tam giac.

HBé\i2i

Tit diem A ngoai duong tron (O) ké hai tiép tuyén AB va AC va cat tuyén ADE. BC' cat

DFE & K. Chting minh hé thic sau:

1+1_2
AD AE AK

(trich dé thi TS I6p 10 tinh Phi Tho 2017-2018)

Lai giai

Goi giao ctia AO va BC 1a H ta c6: AH.AO = AD.AE = AB? suy ra tit giac DHOE noi tiép

— DHA=OED = ODE = OHE
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Suy ra HK, HA la phan giac trong va phan giac ngoai DHE

DK KFE ) P’ R
= D= AE (Theo tinh chat phan giéc)
AK  AK DK EK 1 1 2
Ma S22 4 22 —— -

AD T AE T AD T AE ~?T AD TAE T AK
Nhan xét: Day chinh 1a hé thic Descartes

HBéi?)i

Cho dudng tron (O) va diém A, B ¢6 dinh, trong d6 A nim ngoai va B nim trong (O).

Day CD di dong va di qua B. AC, AD lan lugt cit (O) tai diém tht 2 1a E va F. Chiing

minh EF di qua mot diém c6 dinh.

(Dé zuat béi Khoa Linh)

Lai gidi

ABN(0) = {K,LY; EFNAB = {M}; (ACD) N AB = {A, I}
Ta c6: AB.BI = CB.BD = BK.BL(khong déi) = I ¢6 dinh.
Mit khéc: AEM = FDC = MIC = MECT noi tiép

= AM.AI = AE.AC = AK.AL (khong ddi)

= M c6 dinh. Vay EF di qua diém M c6 dinh.



Ta Coéng Hoang - Nguyén Dang Khoa 16

HBé\iéli

Cho tam gidc ABC c¢6 dudng cao BE,C'F cit nhau tai H. Goi M la trung diém EF va

dung hinh binh hanh AETH. Ching minh: BM vuong goc véi [F.

(Dé zuat bdi Tuw Cuong)

Lai gidi

Cach 1:

Goi N la trung diém BE. Khi d6 ta chitng minh duge: AMNB ~ AFHI(c.g.c) suy ra diéu
phéi chiing minh.

Cach 2:
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Lay T déi xtng véi I qua diém H thi ta c6 ngay ETI = ETH = EAH = ATHE noi tiép.
Tu do A, T, F, H, E cing thuoc mot duong tron nhan ET la ducng kinh.

Suy ra ATFH ~ AEFB(g.9) kéo theo AIFT ~ ABME(c.g.c) suy ra dpcm.

HBéiE’)i

Cho tam giac nhon ABC noi tiép dudng tron (O). I 1a diém chinh gitta cung 16n BC. Goi

H va K lan lugt 13 hinh chiéu ctia I lén phan gidc goc trong tai B va C.

Chitng minh ring trung diém G ctia HK thudc trung triyc BC

(Dé zuat bdi Khoa Linh)

Lai giai

Goi M la trung diém BC. Khi d6 ta c6 IM vuong goc véi BC. KC N BH = J

Ta co: IKC = IMC = 90° suy ra IKMC nai tiép va THM B nai tiép.
BAC ABC + ACB
2
Tu dé: TKM + KTH = 180° suy ra KM || IH. Tuong tu thi ta ¢c6: IK M H la hinh binh hanh

suy ra: MKC = MIC = va KIH=HJC =

Suy ra G thudc IM hay ta c6 diéu phai chiing minh.

f—iBéi6i

Cho AABC nhon c6 AB > AC. Céac duong cao AD, BF,CE ciat nhau & H. BC cat EF

& K. Goi M 1a trung diém ctia BC. (O), (0’) lan lugt 1a tam duong tron ngoai tiép 2 tam

giac AEF, BKE. Ching minh H la tric tam cia tam giac AM K.

(Dé zudt bdi conankun)
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Lai giai

Goi L la giao diém thit 2 ciia (O) va (O').

Ta co: ALE = AFE = EBC = 180° — KLE. Suy ra A, L, K thang hang.
HLA=HFA=90° = HL L AK.(1)

Ta lai co:

EMD = 2MBE = AFE + CFD = 180° — DFE suy ra tit gisc DFEM noi tiép.

Suy ra: KL.KA=KF.KE = KD.KM = ALDM noi tiép = MLA = MDA = 90°

= ML 1 AK(2).

Tit (1) va (2) ta c6: M, H, L thiang hang va H la tryc tam tam gidc AK M.

Nhan xét. Bai toan nay 1a bai toan hay c¢6 nhiéu 10i giadi bang cac dung cac dudng tron ngoai

tiép khac nhau.

Bai 7}

Cho tam gidac ABC noi tiép duong tron (O). Phan gidc trong goc ABC cit (O) tai D va

cat AC tai E. Goi (w) 1a dudng tron ngoai tiép tam gidc AEB. F 1a giao BC va (w), DF
MA NB  AB?
MD'NC — DC?*

cat (w) tai G, EG cat AD, BC tai M, N. Chting minh réng:

(Dé zuat bdi Nguyén Tang Vi)
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L&i giai

Dé dang chiing minh DA 1a tiép tuyén ctia (w) = DC? = DA? = DG.DF Tu day suy ra

/GFC = /GCD ma Z/GFC = /BEG. Tt day suy ra GEDC ndi tiép

/BAG = /BEG = /DCG; ZABG = L/GEC = ZGDC

AB  BG AG

CD DG CG

Mat khac, ta ¢c6 LZAGE = ZABE = /ZECD = ZEGD suy ra GE la tia phan giac ZAGD
AM  AG

= VD - CD Tuong tu ta ciing chiing minh duge GN la phan giac ZBGC

= ABAG ~ ADCG =

:>NB_GB:>MA NB  AB?
NC GC ~ MD NC (CD?

Bai 8
Cho (O) va dudng thang d c6 dinh va (O); d khong c6 diém chung . M la diém di dong
tren d. V& 2 tiép tuyén M A, M B phan biét va cat tuyén MCD cta (O) (C nam gitta M

va D) . Vé day DN ciia (O) song song véi AB. Goi I 1a giao diém ctia CN va AB. Chiing

minh rang
1C  BC
a, m—ﬁV&]A—]B

b, Diém I thuoc mot duong ¢ dinh khi M di dong trén duong théng d.

(Dé rudt bdi MoMo123)

Lai gidi
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a, Ta thay:
ICA = BCD;TAC = BDC = AICA ~ ABCD = ;Z gg (1)
Tuong tu ta co: AICB ~ AACD = ¢l _ AC (2)
IB ~ AD’
Déyt ’BC AC(bd3)
ey taco o =0 (bodé
(1) va (2) ta c6 I 1a trung diém AB.

b, Ha OH vuong goc véi d cat AB tai K.
Ta c6: OK.OH = OI.OM = OA? suy ra K c6 dinh.

Suy ra I thuéc duong tron duong kinh OK.

HBéiQi

Cho dudng tron (O), dusng kinh AB. Trén duong tron lay diém D khac A, B va Z/DAB >
60°. Trén duong kinh AB lay diém C (C khac A, B) va ké CH vuong géc v6i AD tai H.
Phan giac trong cla DAB cit dudng tron tai F va cit CH tai F. Duong thang DF cét
duong tron tai diém thit hai N.

a, Ching minh AFCN nai tiép va 3 diem N, C, E thang hang.

b, Cho AD = BC, chting minh DN di qua trung diém AC.

(Dé zuat bdi MoMo123)

Lai gidi
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a, Ta c6: NAC = NDB = NFC = Tt gidgc AFCN noi tiép

— FNC = FAC = DAE = DNE = C, N, E théng hang

b) Ké CG song song AD (G € DN)

Ta c6: CGD = ADN = ABN = Tt giac BOGN noi tiép

-~ CGB=CNB = EAB = FNC = CBG

= ACGB can tai C = CG = CB = AD = ADCG la hinh binh hanh

= DN di qua trung diém AC

—Bai 10i

duong tron noi tiép AABD

Cho tit giac ABC'D noi tiép trong (O), AC cat BD tai J. Duong tron (O') tiép xtic véi

JA, JB tai E, F va tiép xtic trong véi (O), Chitng minh ring duong thang EF di qua tam

(Dinh ly Lyness)

Lai gidi
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Goi T 1a tiép diem ctia (O) va (O'), TF cat (O) tai N, AN cat EF tai I.

Ta c6: O'F L BD nén ON L BD do d6 N la diém chinh gitta cung BD nén AN la phan giac

/DAB.
D& dang ching minh BN2 = NF.NT(1) (ANFB ~ ANBT)

1 1 .
va LNAT = §ATON = §ATO’F = /IET nén tt giac IEAT noi tiep = LAIT = LAET =

ZIFT néen ANIF ~ ANTI suy ra NEENT = NI%(2)

Tu (1) va (2) suy ra NI = NB = ND nén [ la tam noi tiép tam giac ABD.

—1Bai 11i

Tt 3 dinh ctia mot tam giac ha cac duong vuong géc xudng mot dudng thing ¢ ngoai tam

giac d6. Chitng minh ring tong do dai ciia 3 duong vuong goc dé gap 3 lan do dai clia

doan thang vuong géc ha tit trong tam ciia tam gidc xubéng ciing duong thang do .

(Dé zuat bdi thanhdatqu2008)

Lai gidi
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Dung céc diém nhu hinh vé (M déi xtng v6i trong tam G qua D)
Theo tinh chat duong trung binh hinh thang ta co:
(AH+CL)+ BN =2DJ+ BN =Gl + MK + BN =Gl + (MK + BN) =3GI

Suy ra diéu phai chitng minh.
f Bai 12i

Cho AABC c¢6 tryc tam H. Ching minh ring duong tron ngoai tiép cla
AHBC,AHAB, NHC A c6 ban kinh bang nhau.

(Dé zuat bdi Lao Hac)

Lai gidi

N

_—

Goi D la giao diém thit 2 ctia AH véi (ABC).
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Dé dang chimg minh dugce D d6i xing véi H qua BC. Suy ra Rpucy = Rspcy = Rapo)-

Tuong t ta ¢6 ban kinh duong tron ngoai tiécp AHBC, AHAB, AHC A bang nhau va cliing

bang ban kinh dudng tron ngoai tiép AABC.

—1Bai 13i

Cho tam gidc ABC c6 duong tron noi tiép (I). Goi D, E, F la diém tiép xic ciia duong

. . 1
tron bang tiep dinh A véi ba canh tam gidc. Chiing minh rang: Sgrc > ZSDEF

(Dé zudt béi NguyenHoaiTrung)

Lai gidi

Ta dé dang ching minh duge: BI || DE;IC | DF = ABIC ~ AFDE(g.9) = Jp10 _

SDEF
BC\?
EF
BC

2
Mat khac 2BC = BC + BE + CF > EF = (ﬁ) >

1
1
Suy ra dpcm.
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—Bai 14 i
Cho dusng tron (O; R) va diém A ¢b dinh véi OA = 2R, dudng kinh BC' quay quanh O
sao cho 3 diém A, B, C khong thing hang; Dudng tron (ABC) cit OA tai diém thi 2 1a
I. Dudng thang AB, AC cat (O; R) lan luct tai D,E v6i D # B , C # E. N6i DE cat
dudng thing OA tai K.

a) Ching minh: OI.OA = OB.OC va AK.Al = AE.AC
b) Tinh do dai OI; OK theo R
¢) Chitng minh: duong tron (ADE) luon di qua 1 diém c6 dinh (khac A) khi BC' quay

quanh O.

(TS ldp 10 dai hoc Su Pham ngoai ngt 2001-2002)

L&i giai

OA cat (O) tai M, N.
a, Tuong tu bai s6 3
b, OI.OA =2R.0OI = OB.OC = R? suy ra OI = E

2
4
Ta c6: AK.AI = AD.AB = AM.AN = 3R? suy ra AK.gR =3R? = AK = gR = OK = gR.
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c) Goi (ADE) giao AO tai S khac A.
Do K ¢6 dinh nén KD.DE khong doi vi KD.KE = KA.KS nén KS khong ddi nén S ¢6 dinh

Vay (ADE) di qua diém S 1a diém c6 dinh.
Bai 15
Cho AABC nhon noi tiép (O; R) va ngoai tiép (I;7). Goi x,vy, 2z 1a khoang cach tur (O)

xubng ba canh ctiia tam giac ABC. Chiing minh hé thic z +y+2=R+r

(Dinh lyj Carnot)

L&i giai

Goi M, N, P la trung diém BC,CA, AB.

p b
Ap dung dinh Iy Ptolemy ta c6: OB.MP = OM.BP + OP.BM & R. = xg n z%
Thiét lap cac dang thic tuong tu roi cong lai dugc.
Ra+b+c b+ c +a+c +a+b
. = X . 2z
2 2 o T
Dé y ring 2Sapc = 2r(a+b+c) = ar + by + cz
S Ra+b+c+a+b+c b+c _I_a—l—c +a—|—b n a+ b+ c
ra R. = . . . —+y=-+z-
o —Eb—i— ’ ' —Eb—f 2 2
a c a c
Suy ra dpcm

Nhan xét. He thitc trén chi ding khi AABC nhon. Néu AABC tu tai A thi ta c¢6 heé thic

R+r=y+ z—x. Tuong tu véi goc B, C tu thi ta c6 cac hé thitc con lai.
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—1Bai 16i

Cho tam gidc nhon ABC noi tiép (O) ¢6 cac duong cao BE, C'F. Cac tiép tuyén tai B,C
ctia (O) cit nhau & K, goi M la giao diém ctia OK v6i BC.

1, Chiing minh: AAEB ~ ACMK

2, Ching minh: BAK = MAC

3, Goi G la giao diem ctia AM va EF, H la giao diém ctia AK va BC. Chiing minh ring

GH | OM

(Dé zudt béi BunhiChySchwarz)

Lai giai

1, Ta c6: AAEB ~ ACMK (g.g)

2, Ta c6: OM.OK = 0C? = 0A? = AOMA ~ AOAK (c.g.c) = OAM = OKA = DAH (1)
Mit khac OAC = DAB (2)

Tit (1), (2) ta c6: MAC = BAK
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3, Ta c6: NAGE ~ AAHB va AAEM ~ AABK (g.g)
AG AE AM
AH ~ AB  AK

Suy ra = HG||OM

Bai 17
Tu M nam ngoai (O) cho trude dung hai tiép tuyén M A, M B. C' Chay trén cung nhé AB.
D, E,F la hinh chiéu cta C tréen AB, MA, M B. S,T 1a giao ctia DE,DF vé6i CA,CB.
Chitng minh rang:

a, ST || AB.

b, Chitng minh ST 1a tiép tuyén chung ctia (TFC) va (SCE)

¢, Goi I 1a giao diém thit 2 ctia (TFC) va (SCFE). Chitng minh: CT di qua diém c6 dinh
khi C' di chuyén trén cung AB

(Dé zudt bdi Minhcamgia)

Lai giai

a, D& dang chiing minh dugc tit gidc CDAE va CDF B noi tiép nén ta co:
£LSDT = LCAB + ZCOBA = 180° — £SCT

Tu day suy ra ti giac SCT'D noi tiép = LCOST = /CDT = /CBF = ZCAB
Suy ra ST || AB

b, Ta c6 : CST = CAD = CED = ST la tiép tuyén ciia (SEC).
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Tuong t ta ciing ¢6 ST 1a tiép tuyén cta (TCF)
¢, Goi P, lan luct 13 giao diém cta IC v6i T'S va AB.
Vi ST la tiép tuyén chung ciia (TFC) va (SCE) nén TP? = PS*> = PC.PI = PT = PS ma

TS || AB nén Q la trung diém AB (c6 dinh) Suy ra dpem.

—Bai 18 i

Cho duvng tron (O) hai diém A, B nim trén dudng tron, diém C nim trong dudng tron

(O). Duong tron (O') tiép xuc trong véi (O) tai R va tiép xic véi C'A, CB theo ti tu 6

P, Q. Goi I 1a tam duong tron ndi tiép tam giac ABC'. Chiing minh : A, P, R, I dong vién.

(Bo dé Sawayama)

Lai giai

Kéo dai BC cat (O) tai diém thit hai 1a D. Goi K la tam dudng tron noi tiép tam giac DAB
va L la diém chinh giita cung BD.

Theo bai s6 10 thi ta c6: P, K, (Q thang hang.
ROO  ROL
2 2
Mat khéc: TKQ = CQP — QBE = 90° —

Ta co: @ =

= RAK nén tit gidc RAPK noi tiép.

ACB _ CBA _ CAB :fA\I
2 2 2

Suy ra ti gidc PKIA noi tiép. T d6 ta c6: P, I, R, A dong vieén.
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—1Bai 19i

Cho tam giac tit M nam ngoai (O) vé tiép tuyén M A, M B, goi MO giao AB tai H, I 1a
trung diém M H, K 1a giao ctia TA va (O).
a, Chiing minh /A | HK.

b, Tinh MK B.

(Dé thi TP.HCM 2014-2015)

Lai gidi
A
K
M
o 7 T
D B

a, Ké dudng kinh AD ctia (O). Ta c6: AAHM ~ ADBA(g.9)

Vi H 1a trung diém AB va I 1 trung diém HM nén ADBH ~ AAHI(c.g.c)

Suy ra BDH = HAK = BDK nén D, H, K thang hang.

Ta c6: AKH = ABD = 90° nen AI L HK

b, Vi AT | HK nen KHI = HAK = KBM. Tit d6 ta c6 ti giac K HBM noi tiép.

SuyraB/ﬁi:B/f-—IT/[:%o

—1Bai 20i

Dudng tron (O;) va (Oy) cat nhau tai P va Q. Qua P vé dudng thang d; bat ky cit (O;)
va (O,) tai A vi B. Dudng thang dy qua P cat (Oy) va (O,) tai C' va D. BD cat AC tai
X. Ve day PY || BD (Y € (), PZ || AC (Z € (O,)). Chiing minh réng : XY, Z, Q

thang hang.

(Dé zudt bdi taconghoang)
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L&i giai

Ta c6: Q/D\B = Q/P\B = L/C’\Q nén ti giac LDQC noi tiép.
Suy ra: D/IZQ = D/CE = P/Y\Q ma DL || PY nén Y, L,Q thang hang.
va @ = C/D\Q = P/Z\Q nén L, Q, Z thing hang.

Vay suy ra Y, L, ), Z thang hang.

f Bai 21 i

1, Cho zAy = 90° va duvng tron (O) tiép xtic voi Az va Ay lan lugt tai P, Q. Duong

thang (d) 1a mot tiép tuyén thay ddi ctia (O). Goi a, p, ¢ 1a khodng cach tit A, P, Q xudng
2

duong thing (d). Chiing minh: a khong dodi khi (d) dich chuyén
pq

2, Khing dinh trén con ding khong khi J:/A\y khong phai géc vudng.

(Dé thi PTNK 2000)

Lai gidi
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Goi B, C la gia di¢m ctia (d) v6i AP, AQ. Dat AB = ¢; AC = b; BC = a vam = %IHC =
AP = AQ
Ta co:
pg _ BPCQ (m—c)(m—=0b) m*—m(+c)+bc _m?>—m(b+c) 1
a2 AB.AC bc B bc B be
(@a+b+c)*—2(a+b+c)(b+c) a?—b* —c* —2bc a?—bv—-c* 1
4bc + 4bc * 4bc + 2
;. 2o 1 1 .
1, Néu 2Ay = 90° thi % +5 = 5 (khong ddi)
, = 22— 1 1 A .
2, Neu x Ay khong phéi goc vudng thi % + 53=3~ co; (khong doi)
c

2
Vay tit do suy ra L khong ddi (dpem)
pq

—1Bai 22i

Cho dudng tron (O), dudng kinh AB, goi C la trung diém AO. Qua C ké dudng vuong

gbc v6i OA cat (O) tai 2 diem M va N.Trén cung M N 16n lay diém K. Giao diém ciia
AK v6i MN la H

a, Tim vi tri K dé cho khoang céch tit N dén tam dudng tron ngoai tiép tam giac KM H
nhé nhat

b, Véi K thuoc cung M B, 1ay I trén KN sao cho KI = KM. Chitng minh: NI = KB

(Dé zudt bdi buingoctu)
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Loi giai

a, Goi O’ la tam duong tron ngoai tiécp AMHK Ta co: AMC = MKH (do cung M A bang

cung NA) néen M A 1a tiép tuyén ctia dudng tron ngoai tiecp AMHK.
Ma MA L MB nén (0') thuoc MB. Ké NH | MB suy ra H ¢b dinh.

Ta c6: NO' > NH. Vay khoang cach tit N dén tam duong tron ngoai tiép AM H K nhé nhat

khi K = B
b, Vi C la trung diém AO nén AMNB déu = AMIK déu.

Suy ra AMNI = AMBK(c.g.c) = NI = KB (dpcm)

Bai 23
Cho tam giac ABC véi AD, BE,CF la cac dudng cao tuong tng. EF cat BC tai P, O 1a

trung diém BC. Biét ring OP = BC'. Ching minh DB = DO.

(Dé zudt bdi Minhcamgia)

Lai gidi
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Ta c6 tinh chat quen thuoc 13 tit gidc FEOD noi tiép. Két hgp tii giac FECDB nai tiép

Suy ra: PD.PO = PE.PF = PB.PC. Tu d6 suy ra dugc DB = DO.
—1Bai 24i

Cho tam giac ABC, M, N, P la cac diém bat ki trén cac canh BC,CA, AB. Chiing minh

rang trong cac tam giac ANP, BMP,CMN ton tai mot tam gidc c6 dién tich khong vugt

1
qua 1 dién tich tam giac ABC.

(Dé zuat bdi Minhcamgia)

Lai giai

Savp  AP.AN

Ta ¢6: _
G e AB.AC

Semn  CN.CM Sgyp BP.BM

Sipc CACB’ Sipc BA.BC




Ta Coéng Hoang - Nguyén Dang Khoa 35

S pa: SANP-Scun-Spup _ APBP CN.AN CM.BM _ 1
Y (Sapc)?  AB?2 T AC? T BC? ~ 64

R 1
Vay trong 3 tam giac ANP, BM P,C' M N ton tai mot tam giéc c6 dién tich khong vugt qua 1
dién tich tam giac ABC.

—1Bai 25i

Cho tit gidc ABC'D nai tiép (0). ABNCD = {E}; AD N BC = {F}. Phan gi4c trong

@ cat AB,CD lan ludt tai P va Q.
a, Chiing minh: APQF can.

b, Ching minh: EF? = FA.FD + EC.ED

(Dé thi Quoc hoc - Hué 2001)

Lai gidi

a, Ta co: E/P\Q:P/@—l—ﬁB\F:@—l—m:F@\Enén AFEPQ can tai E.
b, Dudng tron ngoai tiép tam giac ABF cat EF tai M.
Khi d6 BMF = BAD = BCOE nen ti giac C BME noi tiép.

Suy ra FA.FD+ EC.ED = FB.FC + EB.EA=FM.FE + EM.EF = FF?
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—1Bai 26i

Cho tit gidc ABCD, phan gidc ZDAB va ZABC cat nhau tai M, phan gidc ZADC va
ZCBD cat nhau tai N, phan giac ZBDA va ZADC cat nhau tai P, phan giac ZABC va
ZBCD cat nhau tai Q.

1. Chiing minh t gidc M PN(Q noi tiép.

2. M' N', P’ Q' la cac tam noi tiep MAB, NCD, PAD,QBC, M, Ny, P;,Q; 1a giao clia

MM',NN', PP',QQ' v6i (MNPQ). Chiing minh M; N, = P;Q;

(Dé thi tinh Thdi Nguyen 2015-2016)

L&i giai

_— DAB+CBA __— ADC+DCB
a, Sit dung phép cong goc ta co: QMP:+VE% QNP:+.

Suy ra Q/]\J\P + Q/]\ﬁD = 180° nén ta c6 tit giac MPN(Q noi tiép.

b, Ta ¢c6 MM, NNy, PP;,QQ; 1a cac phan gidc tuong tng nén M; la diém chinh gita cung

QP. Tuong tu véi cac diém con lai 1di ta c6: My Ny; PiQ; 1a duong kinh nén suy ra dpcm.
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—1Bai 27i

Cho dudng tron (O), tit mot diém A nim ngoai (O) ké hai tiép tuyén AB, AC. Ké dusng
kinh BD, lay F la trung diém OB. Qua A ké duong thang vuong géc vé6i AB cat OC tai

E. Ching minh: AD | EF

(Dé zuat bdi BunhiChySchwarz)

Lai giai

B

Goi G 1a giao ctia AD va EF, H la trung diém OA.

Ta co: 1714\0 = B/O\A = E/O71 nén AFOA can tai F.

OF _OH _OD _0A _OD_FH

FH HE  FH HE  OA HE

Suy ra AFHE ~ ADOA(c.g.c) = HEG = HAG = GHAE noi tiép. Suy ra EF L AD

Ta c6: AOFH ~ AOHE(g.9) =

—Bai 28i

Cho tam giac ABC vuong tai A. Tt diém I thuoc mién trong ciia tam giac vé IM, IN, IK
1a cac duong vuong goc t6i BC, CA, AB. Tim vi trf ctia diém I sao cho IM? +IN? 4+ I K?

bé nhét.

(Dé thi tinh Binh Dinh 2017-2018)
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Loi giai
A
N
K
I
B H M

Ké duong cao AH cia AABC.

Ta c6 tit giac AKIN la hinh chit nhat nen Al = KN

(AL +1IM)* _ AH?
2 =2

Suy ra: [K? + IN? + IM? = KN? +IM? = [A2 + IM? >

Vay dé TK? + IN? + IM? dat gia tri nhé nhat thi I 1a trung diém ctia AH

—1Bai 29i

Cho tam gidac ABC nai tiép (O), (I) 1a dudng tron noi tiép ctia tam gidc ABC. Al cét
(O) tai A va J. E la trung diém ctia BC. Tiép tuyén tai B va C cat nhau tai S. AS cit

(O) tai A va D. DI cét (O) tai D va M. Ching minh M.J chia doi [E.

(Dé thi Ba Rija-Ving Tau 2017-2018)

Lai gidi
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Goi T 1a tam bang tiép ddi dien goc A.
Ap dung Bai 16 ta co: BAD = EAC

Suy ra AABD ~ NAEC(g.g9) va AABI ~ AATC(g.g) Tt d6 ta ¢6: AD.AE = AB.AC =
AI.AT

Suy ra ATAD ~ AEAT(c.g.c) = ETA = ADI = AJM = MJ || ET

Mat khéc ta c6 tinh chat quen thuoc: JI = JB = JC' = JT nén JM la dudng trung binh

AIET

Suy ra diéu phai ching minh.
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—1Bai 30i

Cho tam gidc ABC' ¢6 ba goc nhon noi tiép duong tron (O) . Goi M 1a trung diém ctia
canh BC va N la diém déi xitng v6i M qua O. Qua A vé duong thang vuong géc véi AN
cat dudng thang qua B vudng goc BC tai D. Ké dudng kinh AE ctia (O). Chitng minh
rang:

1, BA.BC =2BD.BE

2, CD di qua trung diém ctia duong cao AH clia tam giac ABC.

(Dé thi TP.HCM 2015-2016)

Lai gidi

1, Kéo dai AN cat BC tai F. Ta ¢6: ANEM la hinh binh hanh nén MFE || AF = BME =
180° — EMC = 180° — AFB = BDA

Mt khéc: MBE = OAC = 90° — ABC = DBA

Suy ra: ADBA ~ AMBE(g.9g) = 2BD.BE = BA.BC

2, Kéo dai BD cat CA tai G, OD cat AH tai I.
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Ta ¢6: ABDA ~ ABME = ABDM ~ ABAE(c.g.c) = BMD = BEA = BCA = MD ||
GC

Suy ra D la trung diém GB ma AH || GB nén I la trung diém AH. Suy ra dpcm
—Bai 31 i

T A nam ngoai (O) ké AB, AC' 1a tiép tuyén, ké dudng kinh BD, goi F 13 hinh chiéu ctia

C trén BD, F la giao ciia CE va AD. Chitng minh ring F 1a trung diém CE.

(Dé zudt bdi Minhcamgia)

Lai gidi

Goi M 1a giao diém ctia OA va BC, khi d6 M la trung diém BC
DFE OM

Ta c6: AOCA ~ ADCB(g.g) ma CM,CE la hai duong cao tuong ting nén BE — AM

DE_DF:>OM_DF
BE FA =AM FA
Bai 32

Mat khéc:

= MF || BE = F la trung diém EC

Cho tit giac ABCD noi tiép (O), AB < BD biét AC' = C'D. Goi I 1a tam dudng tron noi
tiép AABD. Goi giao diém ctia dudng tron ngoai tiép ABIC v6i AB la F. E la trung

diém AD. Ching minh ring: Al vuong géc véi EF

(Dé zuat bdi MoMo123)

Lai giai
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Goi J la diém chinh gita cung nhé AD.
Ta c6: ICF = IBF = ACE < ICJ = FCA
Ta lai c6: JI? = JD? = JE.JC = AJEI ~ AJIC ~ ANAFC

Suy ra: FI.AF = JE.FC, talai c6: AIFC ~ AJEA(g.g) nén JE.FC = AE.FI

AF IF
Vay ta c6: AF.El = AE.FIl & — = —
Ay fa o < AE IE
o N o IF _AF _FK _
Gia sit AI cat EF tai K thi d4p dung tinh chat duong phan giac ta co: TE = AE — KE "°

I K ctng la phan giac EIF = AAEI = AAFI(g.c.g). Suy ra dpcm

—1Bai 33i

Cho AABC nhon noi tiép (O), duong cao BE, CF cat nhau tai H. Vé day BD cat CH

tai K nam gitta H va C. CD cat BE tai G. Chiing minh: EF di qua trung diém GK

(Dé zudt bdi MoMo123)

Lai gidi
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Goi M la giao diém cta FFE v6i GK.

Ta c6: ABFK ~ ACEG(g.9) va ABFH ~ ACFEH(g.9)

FK BF FH
GE CE HE

Suy ra:

Ap dung dinh 1y Menelaus vao AGHK ta co:

GE FH KM

EH.FK.MGzl:MK:MG

Suy ra dpcm.

—1Bai 34i

M. Chiing minh: M@ 1 PO

Cho tit gide ABCD noi tiép (O) . AD cat BC tai P, AC cat BD tai Q. AB cat C'D tai

(Dinh lyj Brocard)

Lai gidi
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Goi J 1a giao diém ctia (AQB) va (DQC), khi d6 M, Q, J thang hang.

Ta c6: AJD = AJQ + QJD = ABQ + QCD = AOD nén tit gidc AJOD noi tiép.
Tuong tu ta c6: J € (BOC). Suy ra P,.J,O thang hang.

Ta ¢6: AJQ + ODA = ABD + ADO = 9(0°

Suy ra: CjJ\O = 90° nén ta c¢6 dpcm.

—Bai 35i

Cho tam giac ABC noi tiép (O) c6 phan giac AD. (ADC)NAB = {A,F}; (ABD)NAC =
{A, E}. Chiing minh réng: OD L EF

(Dé zuat béi Khoa Linh)

Lai gidi
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Kéo dai AD cét (O) tai I. CINAB ={M}; BINn AC = {N}.
Theo dinh Iy Brocard ta ¢6: OD 1. MN.

—_— —_— B/1-4\Cv
Mat khac ta c6: ECD = CBI = —— = BN | CE va BF | CM
AF AF AC AB AE AFE
AN AC AN AM AB AB
Vay suy ra OD 1 EF.

Suy ra: = MN || EF

—1Bai 36i

Tit diem M ngoai (O), vé tiép tuyén M A, M B. Duong tron (I) noi tiép AABM tiép xtic
v6i AB, AM lan lugt tai H,G ; (I) cit (O) tai P, R (P nam trén nita mit phang bs OM
chita A), AR cat (I) tai Q. Chimg minh PR, AI, HG dong quy va AAPQ can.

(Dé zuat bdi phamhuy1801)

Lai gidi
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Dé dang chiing minh [ 1a giao ctia OM véi (O), H 1a giao cia OM va AB

Theo tinh chat 2 tiép tuyén cit nhau ta c6: AI di qua trung diém ciia HG (1)

Goi giao ctia PR v6i AM 1a S thi ta c6 SA? = SG? = SP.SR suy ra: SA = SR

Ma PR || AB suy ra PR di qua trung diém ctia HG (2)

T (1), (2) suy ra dpem

Ta c6: PTA = PRQ = ;PIQ = PIA = 41Q

Vi T 1a diém chinh gitta cung PQ cita (O) nén PAT = TAQ = AAPI = AAIQ(g.c.g)
= AP = AQ

Vay hoan tat chiing minh.
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—Bai 37 i
Cho diém A c¢6 dinh nam ngoai dudng tron (O). Ké cac tiép tuyén AE, AF cta (O)(E, F
la céc tiép diém). Diém D di dong trén cung 16n EF sao cho DE < DF, D khong trung
véi E va tiép tuyén tai D ctia (O) cit cac tia AE, AF lan luot tai B, C.

a, Goi M, N lan lugt 1 giao diém ctia dudng thang EF véi cac duong thing OB, OC.
Chitng minh t giac BNMC noi tiép mot duong tron.

b, Ké tia phan giac DK cua EDF va tia phan giac OI cta BOC (K thudoc EF va I
thuoc BC'). Chiing minh ring OI song song v6i DK.

¢, Chiing minh duong thang 7K luon di qua mot diém c6 dinh.

(Dé thi chuyén Phan Boi Chau 2017-2018)

Lsi giai

o BA e _—— .
a, Ta c6: CFM = EFA = 90° — TC = OBC + OCB = COM nén ti giac COF M noi tiep

— BMC = 90°

Tuong ti ta co: BNC = 90° = BN MC 1o tiép.
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b, Ta ci: OIC = OBC + BOI = _(ABC + BOC) = -(ABC + 180° — OBC — OCB) =
90° + i(@ — ACB)

N —_— —_— 1 —_— —_—
Bang phép cong goc thi ta cing ching minh duge: CDK = CI10 = 90° + Z(ABC — ACB) =

10 | DK
¢, G 1 giao diém ctia AO va (O) khi d6 G nam chinh gitta cung EF nén D, K, G thang hang.

Goi H la giao diém ctia OA va EF

GK HG HG

Ta c6: AGHK ~ AODI(g.9) = 0l ~ 0D - OF

HG HE EO _HG AG

Ta dé dang c6: EG la phan giac HEA nén AG:EA_OA:>EO_OA

GK GA B R
Suy ra: Ol — 04 = AGKA ~ ANOIA = I, K, A thang hang.

Suy ra IK luon di qua 1 diém c6 dinh 1a A.

—Bai 38i

Cho tam giac ABC c6 ba goc nhon va noi tiép duong tron (O). Goi H la tryc tam ctia tam

gidc ABC va P la mot diem trén doan BC' (P khéac B, C). Duong thang AH cat (BHCO)
tai T khac H. Duong thang PT cit (BHC) tai K khac T. Gia st BK cit AC tai M va
CK cit AB tai N. Goi X, Y lan luot la trung diém ctia BN, CM.

a, Chitng minh rang tit gidc AN KM noi tiép duong tron.

b, Chitng minh ring goc X PY c6 s6 do khong doi khi P di dong tren BC.

(Dé zudt bdi khanhdat1)

Lai gidi
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a, Ta co: PKC =THC = ABC nen tit gidc M K PB nai tiép, tuong tu ta c6 ti gidc NKPC
noi tiép

Suy ra ti gidc AM KN noi tiép.

b, Goi L la trung diéem BC

Ta c6: BAC = NKC = NPC = NPC ~ ABAC(g.g) ma PY, AL 1a hai dudng trung tuyén
tuong ing nén YPC = LAC nén APLY noi tiép.

Tuong tu ta c6: ALPX noi tiép suy ra AXPY noi tiép = XPY = 180° — B//E'(kh()ng doi)

Vay ta c6 dpcm.

—Bai 39i

Cho tam gidc ABC noi tiép (O) c6 cac dudng cao BE,CF. M la trung diém BC, AM

cit BF tai N. Ké NX 1. BC, XY 1L AB, XZ 1 AC. Chiing minh N 1a tric tam clia

tam giac AY Z.

(Dé zudt bdi taconghoang)

Lai gidi
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Ké MK 1 EF khi dé6 ti giac MNKX noi tiép va K 1a trung diém EF

Ta c¢6: ANAEF ~ AABC(g.g) va c¢6 hai dudng trung tuyén tuong tng la AK va AM nén
AKE = AMX. Tit d6 ta c6: A, K, X thang hang.

. R . NE BX
Ba 0 i é da 0! —— = ——

ang dong dang tuong tng ta dé dang co NF - xXC
. BX BY EZ

My e =vr = 70

Suy ra: YN || BE; ZN || CF = N la truc tam tam giac AYZ

—Bai 40i

Tt A ndm ngoai (O) ké hai cat tuyén ABC va ADE. Chiing minh rang I 14 giao cia BE

va CD chay trén mot dudng cb dinh khi cat tuyén thay doi.

(Dé zudt béi Minhcamgia)

Lai gidi
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Ké hai tiép tuyén AM, AN. AONMN = {H}. (BIC)N(DIC) ={K}
Ap dung bai 34 ta c6: A, I, K thing hang va OK L Al
Ta c6: AI.AK = AM? = AH.AO = NAIH ~ ANAOK (c.g.c) = ITH 1 AO

Suy ra: M, I, N thing hang. Tt d6 ta c6 I chay trén doan M N c6 dinh.

—1Bai 41i

Cho tam gidc ABC va cac diém nhu hinh vé. Gia stt dién tich ctia cac tam gidc t6 mau doi
mot bang nhau. Ching minh dién tich ctia cac t giac khong to mau ciing doi mot bang

nhau.

(Dé zudt bdi Korkot)

Lai gidi



Ta Coéng Hoang - Nguyén Dang Khoa

52

Goi J la giao cuia AK va LC.

Ta ¢6: Sipx = Skpe = IE || LC = JL = JC

Mit khac: Sipa = Siix = FL || AK = K la trung diém CF
Suy ra: Srprx = Scpkx = SriLB = SLpCK

Tuong tu thi ta hoan tat ching minh.

—1Bai 42i

Cho (O) va day cung BC c6 dinh, iy diém A trén cung 16n BC. Ké BD 1. AC,CE 1 AB.
BD cét duong thang ké tit A vuong goc véi AB tai I, ED cat dudng thing ké tit A song

song v6i BC tai M. Chiing minh M1 di qua tam mot duong tron c¢6 dudng kinh c6 dinh.

(Dé zuat bdi phamhuy1801)

Lai gidi
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BDNCE = {H}; MINAH = {T}. Ké AK L IM, ON L BC

Ta c6: MK.MT = MA? = MD.ME = tit gisc TKDE nai tiép.

Ta lai c6: AKT = ADI = 90° = tit gide AK DI noi tiép.

Suy ra: TED = DKI = DAI

Ma AED = DAM = [AM = TEA < TEA = TAE

Suy ra T la trung diém AH.

Mit khac AH = 20N (khong doi khi A di chuyén trén cung 16n BC).

Vay suy ra M I di qua tam mot duong tron c6 duong kinh c6 dinh.

—Bai 43i

Cho AABC nhon, dudng cao BD,CE cat nhau tai H. Duong tron duong kinh AB cat
CFE tai G, duong tron duong kinh AC cat BD tai F. CF cat BG tai I, DG cat EF tai
K.

a, Chitng minh 3 diém A, I, K thang hang.

b, Gia stt BF cat BG tai M, DG cat CF tai N. Ching minh HI, EN, DM dong quy.

(Dé zuat bdi phamhuy1801)

Lai gidi
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a, Ta c6: AF? = AD.AC = AE.AB = AG? = AF = AG = AAIG = NAIF(ch — cqv) =
AF = AG;IF = IG ; AFG = AGF(1)

Mit khac: AFE = ACE = ABD = @(2)

T (1), (2) suy ra: GFK = FGK = KF = KG

Vay ta c¢6 A, K, I thing hang

b, Day la noi dung cta dinh 1y Pappus, cac ban doc tham khao trén mang.

—Bai 44 i
Cho tam gidc ABC nhon, M thay d6i trén canh AB. (BMC)N AC = {C,N}.

a, Ching minh: AAMN ~ AACB. Tinh ]\]\j—g dé Suyn = SAQBC

b, Goi I 1a tam (AMN). Chitng minh I thuoc mot duong c¢d dinh khi M di dong.

¢, J la tam (BMC). Chitng minh do dai I.J khong doi khi M di dong.

(Dé zudt béi Korkot)

Lai gidi



Ta Coéng Hoang - Nguyén Dang Khoa

55

a, Ta c6: AAMN ~ ANACB(g.9)

1 SAMN AM. AN AM? 2 MA 9
Ta c6: = = = = = AM = XZ2AC = — _
2 S AB.AC AC? 2 MB
e AB — \/;Ac
AC
V2AB — AC

b, Goi O la tam (ABC).

Béng phép cong goc ta dé dang c6: AO L MN;IJ L MN = AO || MN

va Al 1| BC;0J L. BC = Al ||OJ

Suy ra tit gidc AIJO la hinh binh hanh. Vay I thudc duong thing qua J 1a song song véi AO
¢, Ta c6: IJ = AO (khong déi khi M di dong).

Vay ta hoan tat chiing minh.

—1Bai 45i

Cho 3 diém A, B, C thang hang theo thit ty. Duong tron (O) di qua B va C. Tit A ké tiép

tuyén AM, AN v6i (O). Goi I 1a trung diém ctia BC. NI cat (O) tai D. Chitng minh
rang: a, Khi (O) thay ddi di qua B,C thi N, D luon thudc mot dusng tron ¢b dinh

b, Tam dudng tron ngoai tiép AAIO chay trén mot dudsng thang ¢ dinh.

(Dé zuat bdi MarkGot7)

Lai gidi
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a, Ta c6: AN? = AB.AC = N € (A; m) (cb dinh)

Qua D ké dusng thang vuong géc véi OD cat BC tai K

Ta co:

MIA = AIN = DIK = MOA = DOK = AMAO = ADKO(g.c.q)
Suy ra: OA = OK < CK = AB tit d6 ta ¢c6 K ¢6 dinh.

Mit khac: KD? = KC.KB= D € (K; m) (c6 dinh)

b, Ta d& thay tam (AJO) la trung diem AO nén tam (AIO) thuoc dudsng thang di qua trung

diém ctia AI va vuong géc véi BC

—1Bai 46i

Cho hai dudng tron (O) va (O’) cat nhau tai A va B . Trén tia déi clia tia AB lay diém

M tt M ké hai tiép tuyén MC, M D vé6i (O'), AC, AD cat (O) tai E, F. Chting minh rang
a, Chting minh ring C'D di qua trung diém ctia EF.

b, EF luon di qua mot diem c6 dinh khi M di dong trén tia déi clia tia AB.

(Dé thi tinh Nghé An 2017-2018)

Lai gidi
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M
C y ‘ E
H ‘\ D 0
o K
F
a, CDNEF ={N}
) BD DF
Ta c6: ADBF ~ ACBE(g.9) = CBE_CE b oAb oAb DE
Mt khéc: AADM ~ ADBM (g.g);E ?VAgi\f Z CACMB(g.g) =5 =c1~ 1= gt
p dung dinh Iy Menelaus ta c6 NF DA CE =

b, CDNOO' = {K}; MO'NCD = {H}; ABNOO' = {I}

Ta c6: 0'C* = O'H.O'M = O'1.0'K = K c6 dinh nén ta c6 dpem.

—1Bai 47i

Cho tam gidc ABC ¢6 ba géc nhon noi tiép duong tron tam O ban kinh R ¢6 dinh va D 1a

chan duong phan gidc trong goc A clia tam gidc. Goi £ va F lan lugt 14 tam duong tron
ngoai tiép ciia tam giac ABD va tam giac ACD.

a, Chitng minh ZAFO = ZADC va tit giac AEOF 1a tit giac noi tiép.

b, Chitng minh tam gidc FOF la tam giac can.

¢, Khi BC' ¢6 dinh va A di dong trén (O), chiimg minh tt gidc AEOF c6 dién tich khong

doi.

(Dé thi tinh Thanh Héa 2017-2018)

Lai gidi
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a, Tac():A/E\O:A/DTC:%O—I—B/ATE
AFO = ADB = 90° — FAC

Suy ra: AEO + AFO = ADC + ADB = 180° nén tit giac AEOF noi tiép.

AOB BAC

b, Tacé:@:T:@:@:ﬁE:T
Tuong tu ta co: F/A?): BTAC
Suyra,:E/\AO:F/ATO:>OE:OF

¢, ADN(0)={A,1}

5: . Sapo  Saro  AO?
Ta c6: AAEO ~ ABDI; NAFO ~ ACDI = = = 5
Sepr Scpr IB

2

R R ..
Suy ra: Sapor = SBIC'W (khong doi)

Vay hoan tat chiing minh.

—Bai 48i

Cho tam gidc ABC va dudng tron noi tiép (O) tiép xtuc véi BC, CA, AB lan lugt tai
D,E,F. Duong tron (A; AE) cat dudng cao AH cta tam giac ABC tai M (M nam
gitta A vi H). Dudng thang OM va DM cat dudng tron (A; AE) lan lugt tai K va N.
MONBC ={I}

a, Chitng minh réng ba diém A, I, N thang hang.

b, Chitng minh rang duong tron duong kinh AI tiép xic véi (O).

(Dé zudt bdi khanhdat1)

Lai gidi
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a, Ta c6: NDI = HMD +90° = 90° + AMN = MKN = tit gisc NK DI noi tiép.

— DNI = DKT.

—

Mit khac: OM.OK = OF? = OD? = AOMD ~ AODK(c.g.c) = ODK = ODM =
AMN = MNA

Suy ra: DNI = MNA = A, N, I thang hang.

b, Qua A dyng duong thang song song v6i DN cat DE tai J. Kéo dai ED cat AH tai L = AJ
la phan giac HAT

. ~ AE DC LH HD AE AM JD o
Ap dung Menelaus ta c6: PO HD IA - 1< TH - TA- AL — JL = H.J la phan

gidc AHD

Suy ra J 1a tam noi tiép AAHI ma D, .J, E thing hang. Ap dung bai 10 ta c6 dudng tron (O)

tiép xuc véi (AHT) =dpem
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—1Bai 49i

Cho tam gidc ABC c6 canh BC ¢6 dinh va diém A thay doi sao cho tam gidc ABC nhon
khong can. Goi D la trung diém ctia BC v E, F tuong tng la hinh chiéu ctia D trén
AC, AB.

a, Goi O la tam dudng tron ngoai tiép tam gidac ABC. Duong thang EF cit AO va BC
theo thit ty tai M va N. Chitng minh rang duong tron ngoai tiép tam giac AMN luon di
qua mot diém cb dinh.

b, Céc tiép tuyén tai E, F cia dudng tron ngoai tiép tam giac AEF cit nhau tai 7. Chiing

minh ring 7" luon thudc mot dudsng thang cd dinh.

(Dé zudt bdi khanhdat1)

Lsi giai

K

a, Ta c6: AMN = OAC + MEA = 90° — ABC + ADF = FDB + ADF = ADB

= AMDN noi tiép hay (AMN) di qua diém D c6 dinh.

b, EDNAB={K}; FDNAC = {L}. Khi d6 D la truc tam AAKL

Goi T" 1a trung diem K L. Ta dé dang chiing minh duge T'E; T'F 1a tiép tuyén cta (O) = T
la trung diéem K L.

Mat khac: DB = DC nén TD 1 BC. Vay T thuéc mot duong théng c6 dinh di qua D va

vuong goéc véi BC.
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—1Bai 50i

Cho tit gidc ABC'D noi tiép trong 1 duong tron va ngoai tiép mot duong tron khac, cac

tiép diém lan luot 1a E, F, G, H. Chiing minh: EG vuong goéc véi FH.

(Dé zuat bdi thanhdatqu2008)

Lai gidi

_—  _—  _—  _— 180°—-BAD 180°— BCD
Ta c6: EGH + GHF — AHE + FaC = 220 . 4 180 5 D _ g

Suy ra: EFG 1. FH

—Bai 51i

Tim kich thude ctia tam gidac ABC ¢6 dién tich 16n nhat noi tiép duodng tron (O; R) cho

trudce.

(Dé zudt béi Korkot)

Lai giai
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Goi D la diém chinh giita cung BC chtta A. E la trung diém BC.

Ta co:

Sapc < Sppc = DE.CE =+/R2 —OE?.(R+ OE) = \/(R+ OE)3(R — OF)
V(R+OE)(R+ OE)(R+ OE)(3R — 30E) - 3v/3R?
V3 = 4
Vay dé Sapc 16n nhat thi tam gidac ABC la tam giac déu noi tiép (O).
—Bai 52}

Cho diém A thuoc dudng tron tam O duosng kinh BC' (A khac B va C). Vé dudng tron

tam A tiép xtc v6i BC tai H, cit duong tron (O) tai E va F. Goi I 1 trung diém cia
HC', D la hinh chiéu ctia I tréen EF. Dudng tron duong kinh AH cat duong tron (O) tai
G.

a, Chitng minh ring cic dudng thang AG, EF, BC dong quy.

b, Chitng minh ring ba diém A, D, C théng hang.

(Dé zudt bdi khanhdat1)

Lai gidi
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a, K& duong kinh AK, AH kéo dai cat (O) tai L. EF cat AH, AO 1a lugt tai M va S.
AGNCB ={T}

Ta c6: AM.AL = AS.AK = AE? = AH? & AM2AH = AH?> = AM = MH = MG = MA
Suy ra: OM 1 AG = M la tryuc tam AATO = TM 1L AO

Ma EF 1 AO = T, E, F thang hang. Suy ra AG, EF, BC dong quy.

b, Ké HD' 1 AC. Bang phép cong goc ta c6: MD' 1. AO = D' € EF.

Mit khac: MD' = MH; ID' = [H = MD'T = MHI =90° = ID' | EF = D= D'

Vay hoan tat chiing minh.

—1Bai 53i

Cho duong tron tam O. Tt diém M nam ngoai dudng tron vé tiép tuyén M A, MC (A, C

la tiép diém), B thuoc cung 16n AC sao cho M B nam gitta MO va MC. Tia M B cat
duong tron tai Q khac B, cat CA tai N.

a, Goi T la trung diém ctia BQ. Chiing minh ring MQ.MB = MN.MT

b, Goi K la diém ddi xing v6i C' qua B. Qua Q ké dudng thing song song véi BC' cét

CM tai H. Ching minh ring QH, AC, MK dong quy.

(Dé zudt bdi khanhdat1)

Lai gidi
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K’ T

QHNAC = {S}; MSNCB = {K'}; OM N AC = {I}
a, Ta c6: MQ.MB = MA2 = MI.MO = MN.MT
b, Ta co: MI.MO = MQ.MB = IQBO noi tiép = QIM = OBQ = OQB = OIB = IN,

IM lan lugt 1a phan giac trong va phan giac ngoai ctia AIBQ
QH QM _ QN _ QS
BC ~ MB BN  BC
MK, AC, HQ dong quy.
Bai 54
Cho tam giac ABC, M, N la trung diém ctia AB, AC, dudng tron (AMC) cit duong tron

Suy ra: = QS = QH = BK' = BC = K = K'. Suy ra

(ANB) tai G khac A, D la trung diém ctia BC. Chitng minh /DAC = /G AB.

(Dé zuat bdi Minhcamgia)

Lai gidi

AG N (ABC) = {A, P}
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BP MG BM _AB
PC ~ GC ~ NC AC

Ta c6: AGBM ~ AGNC(g.9); ABPC ~ AMGC(g.9) =

= AC.BP = AB.CP.
BP _ DC

Ap dung Potoleme ta c¢6: BP.AC+AB.CP = AP.BC < 2BP.AC = 2AP.DC & e

= APBA ~ ACDA(c.g.c) = £LDAC = ZGAB(dpcm)

f*‘#BéiSBi

Cho tam giac ABC noi tiép (O), D, E la trung diem AB, AC, duong tron (ADC) cat

duong tron (AEB) tai J khac A, trung tryc BC cat DE tai G. Ching minh AJOG noi

tiép.

(Dé zudt béi Minhcamgia)

Lai gidi

Goi L 1a giao diém ctia ED vé6i (AEB). LB cét tiép tuyén tai C cta (O) 6 K.
Ta c6: LBA = LEA = ACB = LB la tiép tuyén ctia (O). Suy ra: A,J, K va G,0, K thang
hang.

Ta c6: OBL = OGL = 90° = KO.KG = KB.KL = KJ.KA = AJOG noi tiép.
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Tit diém M nam ngoai duong tron (O) ké hai tiép tuyén M A, M B (A, B 1a cac tiép diém).
Lay E bat ki thuodc cung 16n AB. Tren M E, MO lay C, D sao cho MB = MD = MC.
OM N AB = {H}. Chiing minh: C'D 1a phan giac ZOCH

(Dé zudt bdi Minhcamgia)

Loi giai

CH HM HM BH

Ta c6: MC? = MB? = MH.MO = AHCM ~ ACOM(c.g.c) =

—— BH DH
V\lMD:MB:BDIEEphangiéLCOBH:O—B:O—D
H DH —

Suy ra: g_C’ =0D = C'D la phan giac OCH.

—Bai 57i
Cho AABC c6 I la tam duong tron noi tiép. Duong trung tryc doan IC cat
AI,BI, AC, BC lan luct tai D, E, H, F. Goi T 1a tam duong tron ngoai tiép AAIH.

a, Ching minh (T) di qua E va 5 diem A, B,C, D, E cing thuoc mot dusng tron.

b, Chitng minh IT 1 BD.

(Dé zuat bdi phamhuy1801)

OoC CM BM OB

Lai gidi
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a, Ta c6: AIE = TAB + IBA =90° — ICA = FHC = AHE = AIHE noi tiép = E € (T)
Ta c6: HIC = HCT = ICF = IH | BC = AEI = AHI = ACB = AECB ndi tiép.
Tuong tu ta c6 ABDC noi tiép tit d6 5 diem A, B, C, D, E thuoc mot duong tron.

b, Ké tiép tuyén I L cua (T).

Ta ¢6: LIA = AE] = ADB = IL | BD = IT L BD (dpem)

—Bai 58i

Cho AABC vuong tai A, duong cao AH. HD, HE lan luot 1a phan giac goc BHA va
CHA (D, E thuoec AB, AC). I 1a trung diém DE. BI cat DH,CD lan lugt tai M, P; C1
cat FH, BE lan lugt tai N, Q. BE cat CD tai K. Chiing minh:

a, T giac APKQ noi tiép.

b*, MN || DE va MN cit AH tai K

(Dé zudt béi phamhuy1801)

Lai gidi
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a, Ta c6: DHE = DAE = 90° = tit giac ADHE noi tiép va HA 1a phan giac DHE = AD =
AE.
BD AE

Talai 6: 51 = 5 = BD.CE = AD.AE = DE.IE = ABDE ~ AIEC = DBE = EIC
= t1t gisc IQBD noi tiép = EQ.EB = EI.ED = EA? = AQ | BE & AQK = 90°.

Tuong tu thi ta c6: APK = AQK = 90° = tit gide APKQ noi tiép.

b, Truéc hét bang dinh 1y Ceva ta c6: CD, BE, AH dong quy tai K.

Ta c6: AIE = AQE = 90° = AIQE noi tiép

Suy ra: E/Q\C — FHC = KHN = 45° = ti gidc KQNH, HQEC noi tiép

= QKN = QHN = QCA = AEI — EIC = 45° — QAE

Tuong tu ta co:

MKD =45° — DAP = MKD + QKN = 90° — DAP — QAE = PAQ = 180° — PKQ

Vay ta c6: M, K, N thiang hang.

Mit khic: INK = KHQ = 90° — QHC = 90° — AEQ = QAE = QIE = DE | MN

Vay hoan tat ching minh.



Ta Coéng Hoang - Nguyén Dang Khoa

69

—Bai 59 i
Cho dudng tron (O) c6 duong kinh BC' va A 1a mot diém nam trén nita duong tron. Duong
tron (I;7) tiép xic véi BC,CA, AB theo thit tu tai D, E, F. Goi M la trung diém canh
AC. Duong thang M1 cit AB tai N, dudng thing DF cit duong cao AH tai P.

a, Chiing minh tam giac AN P la tam giac can.

b, Goi T la hinh chiéu ctia D trén EF. Chiing minh rang: TB.CD = TC.BD

(Dé zudt bdi khanhdat1)

Lai giai

b c—
Diit AB=c: BC =a: CA=b=r=ID=IE=IF="1¢"¢%
b+c—a a—c
b b+c—a a—-c EI EM 9 9
Ta c6: EM = AM — AE = — — = = =
a0 2 2 2 AN AM T AN b
2
_ 2 _ 22 _ _
:>AN:<b+C a)b:a ¢ —bla c):b—i-c a
2(a—c¢) 2(a—c) 2
Qua A ké AK || BC (K € DF)
. B AP BD _btc—a

Suy ra: AANP can tai A.
b, Goi R, S lan lugt 13 chan duong cao ké tit B, C' xudng EF.

Ta co:
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RT BD BF _
= 2 2 ARTB~ ASTC(cg.c) = RTB = STC
ST~ CD CE

BT BD

& TD la phan gidgc BTC = 76 = po = BI.DC=BD.CT
—Bai 60|
Cho tam giac ABC nhon noi tiép duong tron (O) c¢6 ba dudng cao AG, BD,CE cit nhau

tai H. Goi I la giao diém ciia DE va AH. Duong thang qua I va song song v6i BC' cét
tia AB, tia DB lan lugt tai P va Q. Goi M la trung diém ctia AH.
a, Chitng minh rang IP = IQ va I 1 tryc tam ciia tam giac M BC.
b, Tt A vé cac tiép tuyén AS, AT vé6i dudng tron dusng kinh BC' (S, T 1a cac tiép diém).

Chting minh ring ba diém S, H, T thing hang.

(Dé zudat bdi khanhdat1)

L&i giai

a, Ta dé dang ching minh duge: DH va DA lan ludt 1a phan giac trong va phan gidc ngoai

cia AIDG.

IQ IH ID Al IP
BG HG DG AG BG
Ta c6: AMID ~ AMDG(g.9) = MI.MG = MD? = MH?

= [Q=1IP.

Suy ra:

= MG.IG = MG* — MH? = HG.AG = BG.GC = ANBGM ~ NIGC(c.g.c) = CI L. MB

va BI 1L MC = 1 la truc tam AMBC
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b, Ta c6: AS? = AT? = AE.AB = AH.AG = ANAHS ~ AASG; NAHT ~ NATG =
AHS + AHT = ASG + ATG
Mit khac: ASN = ATN = AGN = 90° = ASGT noi tiép nén suy ra: ASG + ATG = 180°

Vay ta c¢6: S, H, T théng hang.

—1Bai 61i

Cho (O; R) va (Oq; Ry) cat nhau tai A, B, tiép tuyén tai A ctia (O) va (Oy) cét (0y), (O)

tai D,C, AB cit CD tai E, M la trung diém DFE.
EC R?

DI

2. Ching minh /ZMAC = Z/BAD.

1. Ching minh

(Dé zuat bdi Minhcamgia)

Lsi giai

BA BD AD R
BC  BA AC R

EC BC BC BA R’
ED BD BA'BD R?

1, Ta c6: ABAD ~ ABCA(g.9) =

Métkhéctacé:z@:A/@éﬁB\E:ﬁB\Ei

2, Goi N la trung diém AC. Ta co: ANM = 180° — NAD = 180° — BAD — BDA = ABD

NM AD BD

NA :AC—AB:>AANM~AABD:>MAC:BAD

Ta lai co:
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—1Bai 62i

Cho (O) va (O') cat nhau tai A, B, tiép tuyén chung ngoai CD, (C € (0), D € (0')). Mot
duong thang d bat ki qua B cat (0),(0') tai E, F, CE cat DF tai G, M la trung diém

FF. Ching minh ZMGF = ZAGC.

(Dé zuat bdi Minhcamgia)

Lai giai

Kéo dai BA cat C'D tai H. Khi d6 ta c6: HC? = HA.HB = HD? = HC = HD.

Ta c6: ABCD ~ AGFEF(g.g) ma hai tam gidc ¢6 hai dudng trung tuyén tuong ting nén
MGF = HBD = ADC.

Mit khéc ta dé dang c6 ti gidc GCAD noi tiép nén ADC = AGC

Vay suy ra: MGF = AGC.
—1Bai 63i
Cho AABC nhon (AB < AC), dudng cao BD, C'E cat nhau tai H. M, N lan lugt 1a trung

diém BD,CE. Goi I 1a truc tam AADE. Ching minh MN L HI

(Dé zuat bdi phamhuy1801)

Lai gidi
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Goi P la giao diém ctia DE va TH. Ta cé: t1t gidc HEID la hinh binh hanh

Dura vao tinh chat duong trung binh thi ta dé dang ching minh duge M 1a tryc tam AHPN =
MN 1 HI

—1Bai 64i

Cho tam giac ABC noi tiép duong tron (O). Duong tron (O') tiép xtc trong véi dudng

tron (O) va tiép xic vé6i cac canh AB, AC lan lugt tai R, P,Q. Goi I 1a tam dudng tron
noi tiép tam giac ABC.

a, Chting minh rang BRI = CRI.

b, Duong trung tryc ciia Al cit AC, AB theo thit tu tai F, F. Chiing minh ring duong

tron tiép xtc véi AC, AB tai E, F tiép xtc véi duong tron ngoai tiép tam giac BOC

(Dé zudt bdi khanhdat1)

Lai gidi
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a, Theo bai 18 ta c6 tit gidc PIRB, QI RC noi tiép nen BRI = APQ = AQP = CRI
b, (EIB)N (FIC) = {I,G} Goi T la tam dudng tron tiép xic véi AB, AC tai E,F Ta co:
BGC = BGI + IGC = BEI + IFC = 2EAT + 2FAI = 2BAC = BOC = G € (0)
BAC ETF
2 2
Mit khic: FGC' = FIC = FIQ + QIC = FEI + IBC = GEF + GBC

Ta c6: EGEF = EBI + ICF = 90° — = G e (T)

Suy ra: (T') tiép xuc véi (O) tai G.

—Bai 65i

Cho tam giac ABC noi tiép (0), M la trung diém cung nhé BC. Lay K, L lan lugt thudc

AB, AC sao cho OK | MB va OL || MC. ML cit (O) tai diém thi 2 14 G .Chitng minh

BG chia doi K L.

(Dé zudt bii kekkei)

Lai gidi
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Kéo dai MO cat (O) tai J. Goi P, @, I lan lugt 1a trung diém KM, LM, KL.

Ta c6: AJM = ACM = ALO = J € (AKOL).

Suy ra: AJLC = AJKB(g.c.g) = KB = LC.

Trén tia d6i clia tia BA lay R sao cho BR = BK = CL

= AMBR =/ AMCL(c.g.c)= ML=MR=2BP = MQ =QL=BP = PI.

Tuong tu ta c6: MP = PK =(CQ

Suy ra ta ¢c6: AMBP = ACMQ; ACLQ = AKBP(c.c.c)

— BPI = KPB + KPI = PBM + PMB + PMQ = BMC = BIP = BCM = BGM.

Vi PI | MG = B, I,G thang hang nén ta c6 dpcm.

—1Bai 66i

Cho AABC nhon c6 duong cao BG,CI cat nhau tai H. Trung truc ctia AH cat AB, AC
lan luot tai D, E. OD,OF cat IG lan lugt tai S, 7. Chitng minh: AO di qua trung diém
ST.

(Dé zudt bdi viethoang2002)

Lai gidi
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Ta c6: AADH ~ AAOC(g.g) = AADO ~ AAHC(c.g.c) = AOD = ACH.
Tuong tu ta co: AOFE = ABH = OA la phan giac DOE.

Mat khac dé dang ching minh: OA | IG = AOST can tai O hay ta c¢6 dpcm.

—1Bai 67i

Cho géc Ay vuong tai A va hai diem B, C trén Az, Ay. Dyng hinh vuong M N PQ c6
M tréen AB, N tren AC va P,Q trén BC. Biét ring B,C dich chuyén va théa man

AB.AC = k? (khong ddi). Tim gia tri 16n nhat ctia dién tich hinh vuong M N PQ.

(Dé zudt bdi Korkot)

Lai gidi
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B
M 0
4 H
N P
c
D&t do dai canh hinh vuong la x va AH = h, BC' = a.
Ta o6 MQ+MN BM+AM 1<:>:v+x 1o ah k2
a cO: = — T T = _
AH  BC AB AB h «a a+h a+h

Ta ¢6: a2 = AB? + AC? > 2AB.AC = 2k? = a > /2k

a a ah.a 3 2k?
: h=—+4—-+4+h>3¢{ > —k R
Suy ra: a + 2+2+ > 34/ TG =2 < 5

. 2
Vay gia tri 16n nhat ctia Syypg = §k2 khi AB = AC = |k|

—1Bai 68i

Cho tam gidc ABC nhon noi tiép (O). M la trung diém BC, E la diém chinh gitta cung
nhé BC. Lay F déi xting v6i E qua M. Goi I 1a tam dudng tron noi tiép AABC va P
thay doi trén (I BC) sao cho P, O, F khong thang hang. Chiing minh tiép tuyén tai P cia

(POF) ludng di qua 1 diém c6 dinh khi A di chuyén trén cung 16n BC.

(Dé zuat bdi Korkot)

Lai gidi
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Kéo dai EM cit (O) tai diém G.
Ta c6: MI = MB = MC. Suy ra: EP? = EC? = EM.EG = EM.2EO = EF.EO

= EP la tiép tuyén ctia (POF). Suy ra dpem.

—Bai 69 i
Cho tt gisc ABCD 6 ABC' = ADC = 90° noi tiép duong tron (O). Lay diém M tren
doan thang AB sao cho AM = AD. Dudng thang DM cat BC tai N. Goi H 1a hinh chiéu
ctia D trén AC va K 13 hinh chiéu cia C trén AN.

a, Chiing minh réng MHN = MCK. (USMO 2009)

b, Goi T la giao diém ctia AB vad CK. Lay cac diéem E, F lan lugt tréen doan AT va CT
sao cho EF song song véi AC va tam duong tron ngoai tiép tam gidc TEF nam trén
AC. Chiing minh réng duong tron ngoai tam giac TEF va dudng tron ngoai tiép tam gidc

NAC tiép xtic v6i nhau.

(Dé zudt bdi khanhdat1)

Lai gidi
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_,.—-—-""_-
ne

a, Ta c6 AM?* = AD* = AH.AC = NAMH ~ NACM.

CND =90° — AMD = 90° — ADM = NDC = CN = CD = CN2 = CH.CA

= ACNH ~ ACAN = MHN = MHA—NHA = AMC —~ BNA = AMC — MTC = MCK.
b, Vi AC || EF nén dé dang chiing minh (T'AC) va (TEF') tiép xtc v6i nhau.

Mat khéc dé dang chi ra (ANC) va (TAC) ddi xing qua AC, AC 1a truc do6i xing cta (O),

(TEF)

Suy ra (TEF) tiép xic (ANC) theo tinh ddi xting.

—Bai 70i

Cho AABC noi tiép (O), phan giac goc BAC' céat (O) tai D. Goi N, K lan lugt la chan

cac duong vuong goc ké tir O, D xudng AC. Chiing minh AB = 2NK.

(Dé zudt bdi phamhuy1801)
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Ké DH | AB.

Ta c6: ADCK = ADBH(g.c.g) = BH =CK

AC —2CK  AB

Vi AK = AK = AC=AB+2CK = NK=NC-CK = 5 5

Suy ra dpcm.

—1Bai 71i

Cho tam gidc ABC noi tiép (O). M 1a diém bat ki thuoc trung trie ctia BC. R, S lan lugt
I3 tam noi tiép cac tam gidc ACM, ABM. Chitng minh (ARS) qua 1 diém c6 dinh khéc
A khi M thay doi.

(Dé zudt bdi taconghoang)

Lai gidi
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Q

Goi K la diém chinh gitta cung l6n BC. (MRC) N KM = {M,P}; (MRC)N KC = {C,Q}
Ta c6: AKPQ ~ AKBM(g.9)(1)
Talai c6: SNR = *C = BMP = BMS = PMR

RCW +KCA  KBM + ABRK  ——

Miit khac: KOR = 5 5 — SBM
= APRQ ~ ABSM(g.9)(2)
BAC

Tit (1), (2) ta c6: AKRP ~ AKSB = SKR = BKP = = SAR = K € (ASR).

Vay (ASR) di qua diém K c6 dinh khi M di dong.

—1Bai 72i

Cho tam giac ABC noi tiép duong tron (O) c6 BC ¢b dinh va A di dong sao cho tam giac
ABC ludén nhon. Goi H la tryc tam cta tam giac ABC. Duong tron tam H ban kinh AH
cat AB, AC theo thi tu tai M, N.

a, Chiitng minh ring dudng thang ké tit H va vuodng géc véi M N ciing di qua mot diém
cb dinh.

b, Goi D va E theo thit ti 1a giao diém ctia AB, AC véi tiép tuyén tai O clia dudng tron
ngoai tiép tam giac BOC. Goi Q la diém déi xting v6i A qua DE. Chitng minh rang dudng

tron ngoai tiép tam giac QDE tiép xtc v6i duong tron (O).

(Dé zudt bdi khanhdat1)
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L&i giai

4, N
:/

a, Ta c6: BMH = BAH = BCH = BHCM noi tiép. Tuong tu thi ta co 5 diém M, B, H, N, C
cung thudc 1 duong tron.

Lay K d6i xtng v6i O qua BC' = AHKO la hinh binh hanh. Ké tiép tuyén Az cta (O).

Ta c6: MAz = BCA = BMN = Az || MN. Vi Az L AO < Az | HK = HK 1 MN.

Vay dudng thang qua H va vuong géc véi MN di qua diém cb dinh 1a K.

b, Ta c6: DE | BC = (ADE) tiép xiic véi (O).

Ma (ADE); (QDE) dbi xtng qua DE va DFE la truc déi xing cia (O)

= (QDE) tiép xic véi (O).

—1Bai 73i

Cho tam gidc ABC can tai A nai tiép (O). D la diém chinh giita cung nhé BC. Lay I

bat ki tréen doan BC, dung hinh binh hanh /KDL (K € BD, L € CD). Chiing minh:

Al 1 KL

(Dé thi chuyén Lé Quy Don 2016-2017)

Lai gidi
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AINKL = {E}.

Ta c6: KD = IL = LC; OL = OC; OCL = ODC = ODK = AOLC = AOKD(c.g.c)
é@z@éOKDLnOitiépé@z@z@.

Mit khéc ta c6: AAOC ~ ATLC(g.g) = AOLC ~ AAIC = LOC = TAC

Suy ra: KLD = IAC = AELC noi tiép. Tit d6 ta c6 dpem.

—Bai 74 i
Cho diém A c6 dinh thuoc (O; R). Hai day cung thay ddi AB, AC théa man AB.AC = 3R2.
Ching minh:

a, BC tiép xtc vdi 1 duong tron cd dinh.

b, Xac dinh vi trf cac day AB, AC dé dien tich tam gidc ABC dat gia tri 16n nhét.

(Dé zuat bdi eLecouQ Taz)

Lai gidi
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Goi AH la duong cao cia AABC, ké duong kinh AD.

Dé dang chiing minh AHAB ~ ACAD(g.9) = AB.AC =2R.AH = AH = gR

= BC tiép xtc v6i (A; gR)

Sapc 16n nhat < BC 16n nhat <& OM nho nhat = M = L. Trong d6 L 1a giao ctia AD va
(A; ;R) .

Cho tam gidc ABC nhon ¢c6 AB < AC, noi tiép duong tron (O) . Dudng tron tam P

duong kinh BC cit AB, AC lan lugt tai F va E. Goi giao diém ctia BE va CF la H. Vé
HD vuong goc v6i BC tai D. Goi K la giao diém ctia EF va AH. Goi I 1a trung diém
cia AH. IC cat duong tron (P) tai M khac C. Chiing minh ring :

a) A, H, D thang hang v& B, K, M thang hang.

b) Goi T la giao diém clia cac tiép tuyén tai B, C ctia dusng tron (O) . Goi S la diém dbi
xtng T qua BC'. Goi J, N theo thit tu la giao diém ctia EF véi SB, SC. Ching minh ring

duong tron ngoai tiép tam gidac BHC' tiép xtc véi duong tron ngoai tiép tam giac SJN.

(Dé zudt bdi khanhdat1)

Lai gidi
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a) Vi E,F € (P, BTC) nen BEC = BFC = 90° hay BE,CF la cac dudng cao cua tam giac
ABC. Suy ra : H la tryc tam cua tam giac ABC = AH 1 BC.

Ma HD 1 BC nén A, H, D thing hang.

Dé dang ta chiing minh duge IF 1 tiép tuyén cia (P) nén TEK = ABE.
Métkhéctacé:@:@:m)o:>AEDBnOitiép:>1@:@. Suyra:I/E?(:
IDE.

Do d6 : AIDE ~ AIEK(g.g) = IE* = IK.ID. (1)

Ngoai ra do IE 1a tiép tuyén cta (P) nén dé c¢6 [E* = IM.IC. Két hop véi (1) ta duge :
IK.ID = IM.IC = AIMK ~ AIDC(c.g.c) = IMK = IDC = 90° = KM 1 IC.

B .
Ma M € (P, TC) nén BM | IC hay B, K, M thang hang.
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b) Tacé: NCF = SCB—BCH = TCB— BCH = BAC — BAH = CAH = NFC = ANCF
can tai N = ONE = 180° — 2NFC = 2ACB = BPE = CPEN ndi tiép.

Tuong tu ta cling ¢c6 BEFJP noi tiép.

Goi X la giao diém thit 2 ctia (BPF) va (CNE). Khi d6 : BXC = BXP+CXP = BFP +
CEP = ABC + ACB = 180° — BAC = BHC = BHXC noi tiép.

Do tinh chat déi xitng ctia S va T nén SNXJ cling noi tiép.
Talaicé:@:@:@:m+m:ﬁ+m.

T d6 suy ra (BXC) tiép xtc véi (NXJ) hay (BHC) tiép xic véi (SNJ).
1 Bai 76i

Cho tam gidc ABC véi AB = AC va D la trung diém AC.Phan gidc BAC cit (BOD) tai

FE 6 mién trong tam gidc. BD cat (ABE) tai F(Khac B).AF cat BE tai I va CI cat BD

tai K. Chting minh rang : I 1a tam dudng tron noi tiép tam giac KAB.

(Dé zuat boi BurakkuYokuro11)

Lai gidi
A
E
D
H
K
G C

Vi AF la tia phan gidc ctia tam giac ABC' can tai A nén EBA = ECA.
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Ma ECA = EBD nén EBD = EBA hay BI la tia phan giac cua ABK.
Ta di ching minh A7 la tia phan giac BAK.

Goi G 1a trung diém BC, H la giao diém thit 2 ctia IC véi (BDC).

Ta ¢6 : DG | AB = AGD = BAE = EFD = DEFG noi tiép.

Do d6 : AFG = AFE + EFG = ABE + 180° — EDG = ABE + ADE + GDC = ABE +

EBC + BAC = 180° — ACB = AFGC noi tiép.

Laico: IHIC =IE.IB =IFIA = AHFC noi tiép hay A, H, F, G, C cing thuoc mot duong

tron dudng kinh AC = DH = DC = BD la tia phan giac HBC.
Suy ra : ACKD ~ ABCD (g.g) = CD? = DK.DB = AD* = DK.DB
= AADK ~ ABDA(c.g.c) = KAD = ABD.

Do d6 : IAB = IEF = BED — DEF = (180° — ACG) — (180° — DGF) = DGF — ACG =
(90° GDF) (90— BAC) _ BAC GDF BAC ABD BAC DAK KAB
2 2 72 2 2 2 2 2 2

= AI la tia phan giac clia KAB. Suy ra I 1a tam duong tron noi tiép tam giac AKB.
<. \
Bai 77 J

Tiép tuyén clia dudng tron (O) tai A va B cit nhau tai P. Trén cung nhé AB, lay diém

C sao cho khong phai 1a diém chinh gita cung d6. Tiép tuyén tai C' cit OP tai F va cét
PA, PBlan lugt tai D va E. Chiing minh rang (PCF); (PAB); (PDFE) dong quy tai mot
diém khac P.

(Dé zuat bdi Badong2211)

Lai gidi
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Gié st C, B nam cung phia so véi OP. Goi {P,T} = (PCF) N (PDE).

Ta c6: CTE = FCT — CET = (180° = FPT) — (180° = DPT) = DPF = —— = —

DC_C’E@AD_BE
DT ET DT ET

= TC la phan giac goc DTE = = ABET ~ AADT(c.g.c)
:@:E/B\T:TE(PAB)

Suy ra diéu phai ching minh.

—1Bai 78i

Cho tam gidc ABC noi tiép (O) c6 duong kinh AZ. Lay D bat ki tren BC va lay X, Y
trén OB, OC' sao cho BXD+ ABC = CYD + ACB = 180°. Chtng minh: X2ZY khong

ddi khi D di chuyén trén BC.

(Dé zudt bdi Fabffriver)

Lai gidi
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Goi {D,T} = (BXD)n (CY D)

Ta ¢6: BTC = BTD + DTC = OXD +OYD = ABC + ACB = 180° — BAC
éTe(ABC):@:a/\D+ﬁﬁ:@+ﬁ:ﬁ:@

= 0,Y, Z,T dong vien. Tuong tu ta c6: X, 0, Z, T dong vien = XZY = 180°—§O\C(const)

Vay ta c6 dpem.

—1Bai 79i

Cho tam gidc ABC ngoai tiép (I) va (I) tiép xtic v6i BC tai D. Qua D ké duong thang

vuong goc véi AD cat BI,CT lan lugt tai M, N. Ching minh: AAMN can.

(Dé zuat bdi Nguyén Minh Ha)

Lai gidi
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Goi K 1a giao diém thit 2 ctia AD véi (I). E, F lan lugt la cac tiép diem ctia AC, AB véi (I).

Bing phép bién ddi goc ta c6: AKFD ~ AIDM; ANIDN ~ AKED(g.9)

_ DM _ DF DN _DE
ID ~ FK' ID ~ EK’

< L 1x s , DF  DE B
Mat khac dé dang chi ra dugc: K- BR = DM = DN.

Suy ra AAMN can tai A.

—1Bai 80i

Cho hinh binh hanh ABCD. Dusng phan giac BAD cit canh C'D va dudng thing BC

tai M, N.Vé duong tron tam O ngoai tiép tam giac CM N.Vé day cung CK cta (O) sao

cho CK song song BD. Chiing minh rang : B, K,0,C, D cung thuoc mot dudng tron.

(Dé zudt bdi Tea Coffee)

Lai gidi
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Goi E la giao diém ctia AC va BD.

Do AN la tia phan giac ciua DAB nén DNA = NAB = DAN = ADAN can tai D = DN =

AD = BC.

Mt khac : CMN = DAN = DNA = CNM = AOMN can tai C = CN = CM = OC la

trungtru’ccﬁaMN:m:O/C\N:O/]—V\C:@:lTJ—V\O.

Ma O la tam (CMN) nén OC = ON. Suy ra : AOND = AOCB (c.g.c) = ODN = OBC =

ODBC noi tiép.(1)
Vi AOND = AOCB nén OD = OB = OF la trung truc cta BD.

Ta lai ¢6 : CK || BD nén OF cing la trung tryc cia CK hay OF 1a truc ddi xiing ctia hinh

thang BOCK D = BCKD la hinh thang can = BCK D noi tiép.(2)

Tu (1) va (2) suy ra : B, K,O,C, D dong vien.
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—1Bai 81i

Cho tam giac ABC noi tiép (O). Duong tron (O;) qua B.C cdt canh AB, AC tai D, E.

Duong tron (O) qua A, D, E cat (O) tai K (K khac A).Goi M, N lan lugt 1a trung diém

BD,CE. Ching minh rang A, K, N, O, M cung thuoc mot dusng tron.

(Dé zuat bdi Tea Coffee)

Lai gidi

Vi O; la tam (BDEC) ma M, N lan lugt la trung diém ctia BD, CE nén OT]\Z‘l = m =
90° = AMO; N nai tiép.

Taco: KDA=KEA= KDB = KEC va KBD = KCA.

Nen AKBD ~ AKCE (g.9).

Ma KM, KN la cac trung tuyén tuong ing nén KMA=KNA = AKMN noi tiép.

Do d6 : A, K, M,O;, N dong vién.
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—1Bai 82i

Cho tam gidc ABC khong can noi tiép (0), BD la phan gisc ABC.BD cét (O) tai E.
DUong tron (O;) dudng kinh DFE cat (O) tai F.

a) Chitng minh : duong thang déi xiing v6i BF qua BD di qua trung diém ctia AC.

b) Gia stt tam giac ABC vuong tai B, BAC = 60° va ban kinh ciia (O) bang R. Tinh ban
kinh (Oy) theo R.

(Dé zuat bdi quynhanhlh7)

Lai giai

Goi M la trung diém BC, ké dudng kinh ET ctia (O) suy ra I, D, F thang hang.
Ta co: IMD = TAD = 90° = AIMD noi tiép.

Tu do ta co:

FAE = FIE = DAM = dpcm.

b)
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B
D 0
4 C
F
E

DC  BC
Ta c6: — = =V3e —\/_+1:>AD (V3-1)R=0D=R—AD = (2—V3)R

AD ~ AB
. 8 — 43R
Ap dung Pythagoras ta c6: DE? = DO?* + OE? = (8 — 4V/3)R* = Ro,) = #\/_

—Bai 83 i
Cho (I, R) va (J,r) 1a hai duong tron bang tiép trong BAC va ABC ctia tam gidc ABC.
Duong tron (I) tiép xtic AB tai N,BC tai P,AC tai H.Duong tron (J) tiép xtc BA tai
K,BC tai Q,NM la duong kinh ctia (I). Chiing minh rang BC, AH, KM dong quy.

(Dé zudt bdi Tea Coffee)

Lai gidi
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(J) tiép xtc véi BC tai L.

Tac6: KL L AJ & KL||Al & KL L NH < KL || HM.

HM [H CH

Mt khic: HIM = NAH = AJL = AJKL ~ ATHM — — -
at khac JL = AJ :>KL N L

Suy ra ACHM ~ ACLK (c.g.c) = K,C, M thing hang.

T do ta c6 dpem.

—1Bai 84i

Cho tam gidc déu ABC va M la diém bat ky tren BC.Goi H, K 1a chan dudng vuong goc

ké tit M xudng AB, AC Xac dinh vi tri M dé diéen tich tam giac HM K 1én nhat.

(Dé zuat bdi Tea Coffee)

Lai gidi
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Ta co : HMK = 120° khong déi nen dé Syax 16n nhat thi MH. MK phai 16n nhét.

Talaicéo: MHMK = £BM \/_MC = —MC.MB < %.BC’Z.

Vay v6i M la trung diém BC' thi dién tich tam gidac HM K 16n nhat.

—Bai 85i

Cho tam giac ABC' (AB < AC) noi tiép (O). Phan giac goc BAC cat (O) tai D khac
A, E dbi xting D qua O. Goi F 1a mot diém trén cung BD khong chita A, C' cta (O); FE
cat BC tai G, H thudoc AF sao cho GH song song v6i AD. Chiing minh HG la phan gidc
BHC.

(Dé zudt bdi Diepnguyencva)

Lai gidi
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Goi [ la giao cia HG va DE.
Tacé: FHI = FAD = FED = FHEI noi tiép = GH.GI = GF.GE = GB.GC = BHCI
noi tiép.

Suyra:B/Ef:@:gB\]:C/’fﬁﬁHGIAtiaphangiécB/}R’.

—1Bai 86i

Cho t1t giac ABCD nai tiép duong tron tam O c6 cac duong chéo AC va BD vuodng goc

v6i nhau. Cac diem M va N lan lugt 1a diém chinh giita cac cung ADC vi ABC. Duodng
kinh qua D ctia (O) giao day cung AN tai G. Duong thing qua G song song véi NC' cat
CD tai K. Chitng minh ring BM | AK.

(Dé zudt bdi quangminhltv99)

Lai gidi
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Ta c6: ADC'N noi tiép va NC' || GK nén AGK D noi tiép .
Suyra]@:@mé@:m:]@:@.
Talaicé:m:m):mﬁwzw.

Tu do ta c6 dpem.

—Bai 87i

Cho (O) va day AB khong di qua tam. Day PQ vuong goc véi AB tai H (HA > HB). M
13 hinh chiéu ctia Q trén PB, QM cat AB tai K. Tia M H cat AP tai N. Tt N ké duong

thang song song v6i AK cit QB tai I. Chiing minh : P, I, K thang hang.

(Dé zudt béi MarkGot7)

Lai gidi
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Goi {I'} = QBN PK.

Taco: PHK = PMK = Q/@ = Q/]W\B = 90° nén céc ti gihc HBMQ, HPK M noi tiép.

= MQB = MHB = MPI' = PI"'MQ ndi tiép = PI'Q = PMQ = 90°.

Tam giac PAB noi tiép (0) c6 QM 1L PB , QH 1. AB ma M, H, N thang hang nén theo tinh
chat ctia duong thang Simson ta c6 : QN L AP.
Laicé:]\TK\H:@:Q/A\BéAQAKcantaiQiﬁQ\A:fQ-T(.

Ma NQA = T'QK = 90° — PKQ = 90° — PAQ nén PQN = PQT'.

Mat khéac : Q/P\N = @’ nén PQ la trung truc cia NI' hay PQ L NI' = NI || AK = ' =

I = P,I, K thing hang.

—Bai 88 i

Cho tam gidac ABC nai tiép (O). M la diém chinh giita cung 1én BC. Lay D, E thudc tia

déi ciia tia AB, AC sao cho BD = AC va CF = AB. Goi K la diém d6i xing véi M qua

BC. Chitng minh: D, K, E thang hang.

(Dé zuat bdi Phan Qué Son)

Lai gidi
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Dung hinh binh hanh ABFC. T d6 ta ¢6: ABDF va ACEF can tai B va C.

BAC

Ta co: CFE = BFD = 90° — va BFC = BAC = D, F, E thing hang.

Mit khéc: BFC = BAC = BKC = BKFC ndi tiép.

— BKC BAC ——— 7
Suy ra: BFK:BC’K:90°—T ZQOO_T = BFD = D, K, F thang hang.

Tuong tu K, F, E thing hang nén ta c6 dpcm.

—1Bai 89i

Cho tam giac ABC, phan giac AD, trung tuyén AM. Duong vuong goc véi AD tai D cat

AB, AM lan lugt tai X,Y. Duong vuong goc véi AB tai X cat AD tai Z. Chiing minh

Y Z vuong goéc véi BC.

(Dé zudt bdi viaaiv)

Lai gidi

Cach 1 :
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Kéo dai DY ciat AC tai I.

Suy ra ZI L AC.

Tt Y ké duong thiang vuong goc véi Y Z cit AB, AC tai P,Q.

Ta ¢6 hai tt gisc ZY PX va ZYIQ noi tiép.

Két hOpvéiZ/X\Y:Z/IT/thitacé: ﬁ/:@

Suyra YP =YQ ma MB = MC tit d6 ta ¢c6 PQ||BC. Suy ra dcpem.

Cach 2 :
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Ta c6 : AD cat dudng tron ngoai tiép tam giac ABC tai I.

BAC

Ké I K vuong goc véi AB suy ra t1t gidc I M BK noi tiép nén TKM = TBM = — KAl =

KM L Al = KM||XY = YZ||MI = dpem.
—{Bai 90)

Cho tam gidac ABC noi tiép (O) c6 AB < AC. Goi M la trung diem BC.AM cit (O) tai
diém tht hai 1d D. Dudng tron ngoai tiép AMDC' cét AC tai E. Dudng tron ngoai tiép
AMBD cit dudng thing AB tai F.

a) Chitng minh ACED ~ ABFD va E, M, F thang hang.

b) Phan gidc /BAC cat EF tai N. Phan giac ZCEM cat CN tai P. Phan giac ZBFN
cat BN tai Q. Ching minh PQ || BC.

(Dé zudt bdi MoMo123)

Lai giai

a) Vi tit gidgc ABC'D noi tiép nen FBD = ECD. (1)
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Mat khéc t gisc BMDF va DMEC noi tiép nen BED = DMC = DEC. (2)
Tu (1) va (2) suy ra: ACED ~ ABFD(g.9)
= BDF = CDE = BMF = CME = FMC + CME = BMF + FMC = 180°.

= E,F, M thang hang.

N FN
b) Tam giac BF N c6 tia phan gidc F'QQ nén : g_B = %5
PN EN
Tam giac CEN c6 tia phan giac EP nén : P—jg = 1@
N
T idc AEF c6 tia phan giac AN nén : — = —.
am giac cO tia phan giac neén : s =

Ap dung dinh 1i Menelaus cho tam gidgc ABC' ¢6 cat tuyén FME, ta c6 :

EC MB FA
EA'MC'FB
. . EC FB
Theo gia thiet ta ¢6 : M la trung diem BC nén M B = MC'. Suy ra : A T4
FA FB NF FB FN EN N PN
= = = QN _ = PQ || BC.

“EA EC NE EC FB EC QB PC
—{Bai 91)

Cho hinh chit nhat ABCD noi tiép (O). Lay diém E thudc cung nhé AB. AE cit BC

tai H. AB cat CFE tai F. AE cat DC tai K. Chiing minh rang : duong tron ngoai tiép

AFBE tiép xtic v6i duong tron ngoai tiep AKED.

(Dé zuat bdi MarkGot7)

Lai giai
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Ta sé di chtiing minh OF la tiép tuyén chung cta (KDE) va (EF B).

That vay, ta c6 : OEC = OCE = ACE = ABE = OE la tiép tuyén ciia (EFB). (1)
Tuangtutacﬁngcé:@:@:@:@.

Ma ABCD la hinh chit nhat nén AB || KC = BAE = DKE. Suy ra : OED = DKE hay OF
1a tiép tuyén ctia (KDE). (2)

Tu (1) va (2) suy ra : OF la tiép tuyén chung ctia (KED) va (EFB). Do d6 :(K ED) tiép xtc

(EFB).
—Bai 92}

Cho 7Oy vuong va hai diém c6 dinh A, B trén Oz (A ndm gitta O va B). Diém M chay

tren Oy (M khac O). Duong tron duong kinh AB cat M A, M B lan lugt tai C, E. Tia OF

cat duong tron tai F'. Xac dinh vi tri ctia M dé ti giac OCF' M la hinh binh hanh.

(Dé zuat bdi MarkGot7)

Lai giai

Goi D=MCNOF.
Ta 6 : AOM + AEM = 180° ma hai g6c nay nam 6 vi tri déi nhau nén tit giac OAEM noi

tiép. Suy ra : OEA = OMA. (1)
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Mat khac, ti giac MOCB ¢6 : MOB = MCB = 90° ma hai goc nay cung nhin canh M B nén

tt gidgc MOCB nai tiép. Do d6 : CBO = CMO. (2)

Theo gia thiét ta c6 ti gitic AFEB noi tiép nen ABF = AEF. (3)

T (1), (2) va (3) suy ra : CBA =CMO = AEO = ABF = BA la tia phan giac FBC.
Ma BA la duong kinh cia duong tron qua A, F, B,C nén BA la trung truc cua C'F.
Suyra: CF L AB= CF || MO = MOCF la hinh thang.

Gia st OCFM la hinh binh hanh = D la trung diém OF.

Ngoai ra BA 1a trung tric ctia CF nén OA la trung tuyén cia AOCF. Suy ra : A la trong
CA 2 CA 1

ta 1a t 14 F —_— = = —_— ==,

am cua tam giac O C:>CD 3:>AM 5

2

. AM
Vit giac MOC'B noi tiep nén CA.AM = OA.AB = = 0A.AB = AM? = 20A.AB =
AM = 20A.AB. Vay v6i M chay trén Oy thod AM = /20A.AB thi tit gidc OCFM la hinh

binh hanh.

—Bai 93}
Cho tam giac ABC nhon va can tai C. Duong tron tam O duong kinh BC cat AB va AC
lan lugt tai £ va F. Goi H 1a giao diém BF va CE. Dudng tron duong kinh EC cat AC

tai M. Goi K la giao diém ctia BM va (O). Chiing minh KC' di qua trung diém HF.

(Dé zudt bdi Diepnguyencva)

Lai gidi
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Goil =CKNME.

Ta ¢6: MEA =90°—CAB = 90° —~CBA = ECB = MEA+OEB = BCE + CBE = 90° =
MEO = 90° = ME la tiép tuyén ciia (O) = MEK = KCE.

Suy ra AIEK ~ AICK(g.9) = [E*=IK.IC.

Ap dung he thic lugng vao tam gide IMC vuong tai M c¢6 dudng cao MK ta c6 :

IM? =IK.IC

Do d6: IM =IE ma HF || EM nén KC di qua trung diém ctia HF.

—1Bai 94i

Tit diém A nim ngoai dudng tron (O) ké 2 tiép tuyén AB va AC; cat tuyén ADE sao cho

BD < CD;AD < AE. Goi H 1a giao diém ctia OA va BC'. Goi I 1a trung diem DE. Kéo
dai TH céat (O) tai K sao cho H nam gitta I va K. Goi S 1a tam duong tron ngoai tiép

tam gidc OK A. Ching minh OS 1 IK.

(Dé zudt béi Diepnguyencva)

Lai gidi
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Goi F la giao diém thit hai ctia IH v6i dusng tron (O).
Vi ti¢ gidgc FBKC noi tiép nen : HFE.HK = HB.HC
Ma tit gidc BOC A noi tiép nén : HB.HC = HO.HA

Suyra: HFEHK = HO.HA = AKOF noi tiép. Do d6 : FK 1a day chung ctia hai duong tron
(O) va (S) nén OS L FK hay OS L IK.

—1Bai 95i

Cho dudng tron (O) va day BC c6 dinh khong di qua tam , diém A di dong trén cung 16n

BC, (I) noi tiép tam gidc ABC tiép xtc véi AB, AC tai D, E. Chiing minh rdng FD luon

tiép xtic v6i mot duong tron c6 dinh khi A di dong.

(Dé zudt bdi Minhcamgia)

Lai gidi
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Goi M la trung diém BC. Ké BP, MPng vuong goc véi PQ).
WBCcédinhnénﬁB\P:@:BTAC:a:const.

Hinh thang BPQC c¢6 M H la duong trung binh ctia hinh thang nén : M H = w
Ma BP = BD.cosDBP = BD.cosa; CQ = C’E.COSQ/C’\E = CFE.cosa

Nén BP + CQ = (BD + CE).cosa = BC.cosa = const = M H = const.

Vay DE luon tiép xuc (M, MH) ¢6 dinh.

—Bai 96i

Cho tam gidc ABC nhon nai tiép (O) va P la diém nam trén cung nhé BC, , trung tric

AB, AC cat AP tai E,F, BE cat CF tai Q. Chting minh rang AP = BQ + CQ

(Dé zudt béi Minhcamgia)

Lai gidi
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Goi {D} =CQN(0).

Vi F' thuoc trung tryc cia AC' nén FA = FC = AFAC can tai C' = FAC = FCA.

Ma DAP = ﬁC\P( cung chan cung DP cia (O)) nén DAC = PCA = ADPC la hinh thang
can. Do do : AP =CD.
Tac():®:®+®:E@+@:m+m:@:@$A3DQ
can tai Q = BQ = QD.

Do dé: BQ+CQ =QD+CQ =CD = AP.

—1Bai 97i

Cho tam giac ABC nhon noi tiép dudng tron (O). M 1a mot diém thay ddi trén cung nho

BC. Goi N la diém dbi xiing v6i M qua trung diem I ctia AB.
a) Chitng minh truc tam K ctia tam giac ABN thudoc mot duong tron ¢d dinh.
b) Gid st NKNAB =D, ha KE 1 BC. H la tryc tam cta tam gidc ABC'. Chiing minh

DE di qua trung diém J clia HK.

(Tuyén sinh 16p 10 PTNK 2004-2005)

Lai gidi
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N
K,
D
K
T 0
H, ¢
H
B E C
H,
M
K,

a) Vi ANBM la hinh binh hanh nén : ANB = AMB.

Ma K la tryc tam cta tam giac ABN nén AKD = ANB = (90° — [TBTV)

Suy ra : AKB = AMB hay AKM B la tit giac noi tiép. Do d6 K € (O) c6 dinh.

b) Goi Hy, Hy lan lugt 1a giao ctia CH va AH véi (O), Ky, K, lan lugt 1a diém déi xing ctia K
qua AB va BC.

Dé dang ta ching minh duge : BC' la trung truc cia H Hy va AB 1a trung truc ctia H Hy.
Theo tinh chat trung triyec ta co : B/Hﬁf = B/H?l va B/HQ\K = B/H?g.

Do d6 : BHK, + BHEKy = BH, K + BHoK = 180° hay K, H, K2 thing hang.

Tam giac K K1 K, ¢6 DE 1a duong trung binh nén DFE || K Ks.

Goi J =DENHK.Tacé DJ || Ki1H = DJ la dudng trung binh cta tam giac KKy H. Do d6

J 1a trung diém ctia HK hay DE di qua trung diém J cia HK.
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—Bai 98i

Cho tam giac ABC déu. P nam trong tam gidc. Ha PA;, PB;, PC, vuong gbéc xudng
BC,CA, AB. Tim quy tich diém P dé tam giac A;B,C, can

(Dé zudt béi Korkot)

Lai giai

Gia st tam giac A; B1C] can tai A; thita c6 A B, = A,C}
Xét 2 duong tron duong kinh BP va C'P nhu hinh vé:
Ta théy 2 dEALy AlBl = AlCl va @1 = @1 = 60°

Suy ra 2 dudng tron bing nhau hay BP = C'P suy ra P thuoc trung truc BC

Chitng minh tuong tit ta c6 quy tich diem P dé A;B;C; can la 3 dudong trung tric ctia tam

giac ABC

Cho tam giac ABC' ¢6 ACB = 45° va ACB + BAC = 2ABC. Duong trung truc cia AB
cat BC tai M.
a) Tinh MAC.

b) Goi I 1a tam duong tron (AMC'). Chitng minh t1t gidc ABCT ndi tiép.

(Tuyén sinh 10 PTNK 2005-2006)
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L&i giai

a) Theo gia thiét ta c6 : ACB = 45° va ACB + BAC' = 2ABC. Suy ra : BAC = 75°, ABC' =
60°.

Ma M thuodc trung tryc ciia AB nén MBA = MAB = 60° = ]\7A\C’ = 15°.

b) Goi D bat ki nam trén cung l6n AC cia (I).

Ta c6 : AIC = 2ADC = 2(180° — AMC') = 120°.

Do d6 : ABC + AIC = 180° = AIC'B noi tiép.

—Bai 100i

Cho tam gidc ABC va duong thang d song song v6i BC' va khac phia v6i A. Ly M thuoc

d sao cho tit gihc ABMC 16i. Diém N trén M B hoic MC sao cho AN chia dién tich ti

giac ABMC thanh hai phan bang nhau. Tim quy tich diém N khi M di dong.

(Dé zuat bdi Korkot)

Lai gidi
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Kéo dai AB, AC' cit d tai D, E. Goi K, I, L, P 1an luct 1a trung diém CD, BE, DE, BC

Gia st N thuoc doan MC'. Ap dung bd dé 6 ta c6: Sapyn = Sanc = PN || AM
MN PQ ML
NC PC LE
Twong tu véi N thudc doan BM thi N € IL

Suy ra:

= NL||CE= N e KL.
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Chuong 3

e P 0

Mot s6 bai toan chua cé 15i giai

Sau day la nam bai toan van chua cé 101 giai trén dién dan Toan hoc. Ban doc hay thi tu
tim 10i giai cho riéng minh nhé.
Bai 101. (Diepnguyencva) Cho dudng tron (O); AB = 2R. Lay C thuoc duong tron (AC >
BC). Tiép tuyén tai A va C ctia (O) cit nhau tai D, DB céat (O) tai E. Ké CH vuong goc
AB. DH cat AFE tai I; CI cat AD tai K. Lay F d6i xiing véi E qua AB.
a, Ching minh KFE la tiép tuyén ctia (O)
b, Qua F ké duong thang song song AB cit KB tai S. OS cit AFE tai ). Chting minh: D, Q,
F théng hang.
Bai 102. (phamhuy1801) Cho AABC nhon. Dusng tron (O; BTO) cit AB, AC thi ty tai B, D.
Céc tiép tuyén ké tit E, D cia (O) cat nhau tai I va lan lugt cdt tiép tuyén ké tut B, C cla
(0) tai F,G. FG cat Al tai H va cat (O) tai M, N. Chting minh H 13 tryc tam cia AABC
va M A, NA lan lugt cac tiép tuyén cia (O)
Bai 103. (khanhdat1) Cho tam gidac ABC noi tiép duong tron (O) c¢6 E, F thuoc doan C'A
va BA sao cho EF song song véi BC. Duong trung tric ctia doan thing BC cit AC tai M,
duong trung truc ctia doan EF cat cat AB tai N. Duong tron ngoai tiép tam gidc BC'M cat
CF tai P khac C, dudong tron ngoai tiép tam giac EFN cat CF tai Q khac F.
a, Chitng minh ring duong trung tric cia PQ di qua trung diém ctia MN.
b, Goi L la diém chinh gitta cung 16n BC ctia dudng tron (O) va I la mot diem bat ki tren
doan AL. Goi J 14 hinh chiéu ctia I tréen BC. Duong tron tam I ban kinh I.J cat AB, AC theo

thit tu tai X, Y. Chitng minh ring dudng tron ngoai tiép tam giac AXY va duong tron tam L
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ban kinh LB tiép xtc vdi nhau.

Bai 104. (khanhdat1) Cho tam gidc ABC nhon noi tiép dudng tron (O) c6 tryc tam H, duong
cao AF va M la trung diém ctia BC. Dudng tron duong kinh AH cit HM tai Q khac H. Lay
diém X thudc BC sao cho X H vuong goc véi QM. Goi L, P lan lugt 1a trung diém cta QH
va QA. Dudng thang qua @ song song v6i LX cit M P tai N. Vé dudng tron tam X béan kinh
X H cat duong tron (O) tai K sao cho K cung phia véi A so véi BC

a, Chting minh réng ba diém K, @, N thing hang.

b, Chitng minh rang (M NF) tiép xtc v6i duong tron dudng kinh QH.

Bai 105. (khanhdat1) Cho duong tron (O; R) ¢6 duong kinh AB va mot diém M bat ki nim
trong (O) nhung khong nam trén dusng kinh AB. Goi N la giao diém clia dusng phan giac
trong ciia goc AM B v6i dudng tron (O). Duong phan gidc ngoai ciia goc AM B cét duong
thing NA, NB lan lugt tai P va Q. Dudng thing M A cat dudng tron duong kinh NQ tai R,
dudng thang M B cat dudng tron duong kinh NP tai S(R, S khac M). Qua R ké dudng thang
song song v6i PQ cit AN tai C, qua S ké duong thing song song véi PQ cit BN tai D. Goi
I 1a trung diém ctia C'D.

a, Chitng minh ring ba diém N, O, I thang hang.

b, Chitng minh ring ba diém R, S, I thing hang.



Chuong 4

Bai tap ren luyén

Bai 1. (Nguyén Van Linh) Cho AABC nai tiép (O). Lay E, F bat ki tren AB va AC. Goi
M, N, P lan lugt 1 trung diem CE, BF, EF. K la chan dudng cao ha tit O xuéng EF. Ching
minh M, N, P, K dong vién

Bai 2. Cho AABC noi tiép (O) va ngoai tiép (I). Gia st AB + AC = 2BC.

Ching minh AIO = 90°

Bai 3. (VMO 2011) Cho dudng tron (O) dudng kinh AB. Lay P trén tiép tuyén tai B cua
(0). PA cat (O) tai diém thit hai 1a C. K& dudng kinh C'D ctia (O). PD cat (O) tai diém thi
hai 14 E. Chitng minh rang AE, BC, PO dong quy.

Bai 4. Cho AABC khong can noi tiép (0). Ké duong kinh AD, tiép tuyén tai D cat BC tai
P. PO lan lugt cat AB, AC tai E, F. Chitng minh rang OF = OF

Bai 5. Cho AABC ¢6 AB < AC < BC va noi tiép (O). Tréen tia BA, BC lay D, E sao cho
BD = BE = AC. (BDE) cit (O) tai diém thit hai 12 P. Chiing minh ring BP = AP + CP.

Bai 6. Cho AABC nai tiép (O) c¢6 duong cao BD, CE. Tiép tuyén tai B va C' cit nhau & P.
Chitng minh AP di qua trung diém DE.

Bai 7. Cho AABC nai tiép (O) c6 trie tam H. Goi M 1a trung diém AH, F tréen AC sao cho
OFE || BC. F la diém d6i xing ctia E qua O. Chitng minh ring: BM 1 ME va BF la phan
gisc MBE

Bai 8. Cho AABC noi tiép (O) va ngoai tiép (I). Ké duong kinh AD ctia (O). AI cat (O) tai
E. Tia DI c¢&t (O) tai K. KE c¢&t BC tai L. Chting minh réng: /L L BC.

Bai 9. Cho tam gidc ABC ngoai tiép (I). BC tiép xic véi (I) tai D. Goi K 1a chan dudng cao
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ha tit I xuéng AD. Chiing minh K D 1a phan giac BKC.

Bai 10. (IMO 2018) Cho AABC noi tiép (O). Tren AB, AC lay D, E sao cho AD = AE.
Trung tric cia BD, CE lan lugt cit cung nhé AB, AC tai F,G. Ching minh GF || DE

Bai 11. (Russian MO 2015) Cho tam giac ABC nhon khong can. Ké duong cao AH va trung
tuyén AM. Lay Q, P nam trén AB, AC sao cho QM 1L AC, PM 1 AB. Dudng tron ngoai tiép
APMQ cit BC tai diém thit hai 1a X. Chitng minh BH = CX

Bai 12. Cho AABC can tai A. Trén AB lay D sao cho BD = 2AD. Ké BE L CD, lay F la
trung diém C'E. Chitng minh: AFB = 90°

Bai 13. (Stan Fulger) Cho tam giac ABC vuong tai A. Ké hinh vuong M NPQ v6i M € AB,
N e AC va P,QQ € BC. NB cat MQ tai R, MC cat NP tai S. Chitng minh AR = AS

Bai 14. Cho dudng tron (O) c6 day cung AB. Lay D la diém chinh gitta cung nho AB, C' 1a
diém bat ki trén cung 16n AB. Vé dudng tron (1) tiép xtc véi dudng (O) tai C' dong thai tiép
xtic AB tai F. Ké tiép tuyén XA, XC clia dudng tron (O). Goi giao diém XD va AB 1a M.
Chitng minh M 13 trung diem AF.

Bai 15. Cho tam gidc ABC noi tiép (O) c6 I 1a tam noi tiép. N 1a diém chinh giita cung BAC
ctia (O). NI cat BC tai D. Qua D ké duong thang vuong goc véi Al cat IB, IC lan luot tai
K va L. Ching minh DK = DL.

Bai 16. Cho AABC vuong tai A c6 phan giac BE va CF cat nhau tai 1. Goi K la trung diém
EF. Chiing minh KT 1 BC.

Bai 17. (Tap chi Kvant) Cho AABC nai tiép (O) c6 duong cao AH. Qua H ké duong thang
song song vii OA cat OA tai D. Chiing minh D thudc dudng trung binh AABC.

Bai 18. (China TST) Cho hai dudng tron (O) va (O') cat nhau tai C, D. Ké tiép tuyén chung
ngoai AB sao cho C' gan AB hon D. Lay E thuoc OO’ sao cho AE 1 BC. Chiing minh
ACE = 90°.

Bai 19. Cho AABC khong can c¢6 duong cao AD, BE,CF. EF cat BC tai I. Qua D ké dudng
thang song song v6i EF cat AB, AC lan lugt tai K, L. Chiing minh (IKL) luon di qua mot
diém c6 dinh khi A di dong va BC' cb dinh.

Bai 20. (Nguyén Ddang Khoa) Cho luc giac ABCDEF ngoai tiép (O). AENBD = K,

BFNCE =1, ACNDF = L. Chimg minh K, I, L thang hang.
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[1] Tai lieu chuyén Toan trung hoc co sé - Vi Hitu Binh (Cht bién). Nxb Gido duc Viet Nam
[2] V& thém yéu t6 phu dé gidi mot sd bai toan hinh hoc 7,8,9 - Nguyén Ditc Tan. Nxb Giao
duc Viét Nam

[3] Bai tap Hinh hoc chon loc cho hoc sinh trung hoc co s6 - GS. Nguyén Tién Ding, GS.Dd
Ditc Thai (Cht bién) - Nxb thong tin va truyén thong

[4] Nang cao va phat trién toan 6,7,8,9 - Vii Hitu Binh. Nxb Gido duc Viét Nam

[5] Cac chuyen dé chon loc Toan 8,9 - Ton Than (Chu bien). Nxb Gido duc Viet Nam

[6] Cac chuyen dé boi dudng hoc sinh gidi Toan 16p 9, tap hai: Hinh hoc - Nguyén B4 Dang.
Nxb Gido duc Viét Nam

[7] Tap chi Toan tudi tho 2, Tap chi Toan hoc va Tudi tré, Tap chi Pi.
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