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Chuyén dé ( : Z Can bac hai va bai toan lién quan

Cau 1. (Trwong chuyén tinh Binh Thuin ndm 2019-2020) Cho biéu thirc

_ Vx Al 5-9x
Jx+5 5-Jx x-25

P oi x>0,x#25.

a) Rut gon biéu thirc 2,
b) Tim tat ca cac gia tri clia x dé P< 1.

Lo giai
P Jx _\/}H_5_9\/;_\/;(5—\/;)—(\/;+1)(5+\/;)+(5—9\/;)
CJx+5 5-Jx  x-25 (Vi +5)(5-Vx)
e ME A Sy SN Vo BV
S e B e R e o N
2/x 2/x 2V -(Vx -5) Jx +5
b)P<1<:>\/;_5<1<:>\/;_5—1<0<:> N <O<:>m<0

<:>\/;—5<0©\/;<5©03x<25

Vay 0<x <25

Ciu 2. (Trwong chuyén tinh Binh Dinh vong 2 ndm 2019-2020) Rit gon biéu thic:

_ V2(3+45) ) V2(3-+5)
224345 22—\3-5

Lo gii

. (2\/§+\/3+J§)(2ﬁ—m)zs—zJé—zﬁ +2V6+245 -9—5

:8—2\/(\/3—1)2 +2\/(J§+1)2 —2=6-2J5+2+2J5+2=10.

. \/E(3+\/§)(2J5—\/—7J§):4(3+J§)—(3+J§)m:4(3+£)—(3+ﬁ)(ﬁ—1)
—12+4445-2J5-2=104245.

@ V2(3-5)(24Z + V345 | = 4(3-5) + (3 V5|6 +-25 =435+ (3-5)(+5 +1]
=12-435+25-2=10-25.
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bo do:

A:ﬁ(3+£)(2ﬁ_m)+ﬁ(3_ﬁ)(2ﬁ+m):10+2J§+10—2J§:E:2
(2@%/@)(2&-@) 10 T

Viy A=2.

Cach khac:

ege BB 6ia5 6125 6425, 4

2\/5—1-\/3—1-\/5_4+\/6+2\/§_4+\/(\/§+1>2_ 5+\/§ N 5+\/§

. V2(3-5) _ 625  6-2V5 _6-2J5 , 4
NN NN e N SR V- NGRS

2.

Do dé. A:4_[ 4 4 ]:4_20—4\E+20+4£:4_40:

+ _
5445 545 25-5 20
Viy A=2.

Céau 3. (Trwong chuyén tinh Bac Liéu ndm 2019-2020) Rt gon biéu thikc:

B :(13—4\/5)(7+4\/§)—8\/20+2\/43+24\/§ .

Loi giai

B=(13-43)(7 +4J§)—8\/20+ 243+ 2443

- 91+52x/§—28x/§—48—8\/(\/13—4\/§+\/7+4\/§)2

- 43+24\B—8(\/l3—4\/§ +\/7+4\@)

- 43+24J§—8(\/(2J§—1)2 +\/(2+J§)2j
= 434243 -8(23-1+2+3)

=35

Cau 4. (Trudng chuyén tinh Bic Giang chuyén toan nim 2019-2020)

Cho x, y 1a cac s6 thwc dwong va Pz\/x+%/x_2+\3/x2y +\/y+{/y72+43/y2x +ofx +3y +1.

Chirng minh ring VYx +3[y +1=3/P.

Lo gii

pit a=3/x; b=3[y (a,b>0),tacé
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P=Nd*+a* +a*b +~ b +b* +ab* +Ja+b+1
=(a+b+1)Ja+b+1 .

%/?=a+b+1=%/;+{/;+l..

Cau 5. (Trudng chuyén tinh Bac Ninh vong 2 ndm 2019-2020) Tinh gia tri cia biéu thirc

4 3 2
z —2z° + 3z 38x+5khix=2+\/§.

A=
\/172—4x+5

Loi giai

Ta c6 x—2:\/§:>(x—2)2:3:>m2—4x+1:0.

Vit —dz+5 =1 —dz+1+4=2..

' —22° +32° — 38z +5

:(x4—4x3+x2)+(2x3—8x2+2x)+(10x2—40x+10)—5:—5:A=_75.

Céu 6. (Trwong chuyén tinh Bén Tre vong 2 nam 2019-2020) Tinh gia tri ctia biéu thirc:

1—x/§_1+\/§
A:1+x/§ 1-5
7 .

Lo gii

Cau 7. (Trudng chuyén tinh Cao Bang vong 2 ndm 2019-2020)

1 2x j:[l_zﬁ

Cho biéu thitc P = -
[\/;—1 XVx +vVx—x-1 x+1

jvc’yixZO,x;tl.

a) Rut gon biéu thirc P.
b) Tim tit cic gia tri cia x dé P >1.

Lo gii
a).
Bién doi dwoc
1 2/x 1 2x
\/;—l_x x+x—x-1 :\/;—1_(\/;—1)()(+1)

Bién doi dwoc

2x x+1-2x

1
r-1 (Va-1)(x+1) (Va-1)(x+1)
1_2\/; B x+1-2x

x+1_ x+1
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1
P=
Jx -1
b).
P>le 2 [

1
NSRS

- 2-Jx>0 [Jx<2 {xS4
: = =
Jx=1>0 Jx >1 x>1

o {2 Jx <0 {J§zz {x24

Slkx<4

(khong xay ra).

=
Jx-1<0 Jx <1 x<1

Viy cacgiatri x cantimla I<x <4.

Ciu 8. (Trwong chuyén tinh Can tho chuyén toan nam 2019-2020)

Cho biéu thitc 4 =

X —4(x 1)

a)Rut gon biéu thirc 4
b)Tim cac gia tri nguyén cua x dé gia tri biéu thirc 4 1a s6 nguyén.

\/x_\/ x 1 \/X+V4x 1 ( lljtrongd()x>l,x¢2.
—

Loi giai

j_\/x—4/4(x—1)+\/x+,/4(x—1) .(1_ 1 j

x2—4(x—1) x—1

\/x 2\/_1+\/x+2\/— (x 2}
Vx*—4x+4

‘\/— 1‘+1+\/— (x 2]

x—1

|x 2| x—1
A, . 2
Néu l<x<2 thi A=—
1-x
A, . 2
Néu x>2 thi 4=
x—1

b)
- Néu 1< x < 2thi khdng c6 gia tri nguyén.

-Néu x>2 thi 4=
x—1

+Vx-l=1x=2 Z)
+Vx-1=2x=5 (n)

Ciu 9. (Trwong chuyén tinh DAK NONG vong 2 ndm 2019-2020) Cho biéu thirc

P:{1+ 3Wa+5 JF&#N_@
a-1 a\/g—a—\/g+1 . 4\/5 '
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| Tim di8u kién x4c dinh va rit gon biéu thirc P.

Loi giai

L, 3Wa+5 (\/5—1)2
a-1 (a—l)(JE—1)' 4Ja

P=

biéukién: a>0,a#1.

 4(Va) (\/2—1)2
(a-1)(Va-1)" 4a

1

-

Cau 10. (Trwong chuyén tinh Gia lai chuyén tin ndm 2019-2020) Rut gon biéu thirc

3z+V16z -7 Nz+1 r-3

P = (x =20,z #1).
:1:+2\/_—3 \/;+3 x—1

Ciu 11. (Trwong chuyén tinh Gia Lai khong chuyén nam 2019-2020)
. -4 —4+a +4
Rut gon biéu thitc P = a : a \/;
Ja+2" 2Ja-4
C4u 12. (Trwong chuyén tinh Gia lai vong 2 ndm 2019-2020) Rt gon biéu thirc

A=4+23 ++/6 - 2J§+J_+\/_

,voia>0,a=4.

Loi giai

2 _1\2 L
A—\/(\EH) +\/(\E 1) +\/§+\/§

=BHl+5-1+———

\/—+\/_
= 3+\/§+M
2

=25

C4u 13. (Trwong chuyén tinh Ha Giang vong 1 ndm 2019-2020) Cho biéu thirc

M=[ 3Jx 3x 1 J X— 1(\/_ \/_)

xy+y x\/— y\/_ Jx - \/_ 2x+2xy +2y

a) Rut gon biéu thirc M.
b) Tim cic s6 nguyén xsao cho biéu thirc M c6 gia tri nguyén.

Lo gii

a).biéukién: x>0, y>0; x# y; x =1
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M=3\/;(\/;—\/;)—3x+x+ xy+y 2(x+\/5+y).
xx=yy (x-D(Vx-fy)’

X=2Jxy+y 2(x+ xy+y)

() ) G0 )

M =

M=_2
x—1
b).D€ M co gia tri nguyén khi x-1 13 wéc cia 2.

Cac wécnguyén cua 2 1a +1;£2.

x—1=1 x=2
i L lx—1=-1 x=0

Do do6 ta co
x—1=2 x=3

x-1=-2 |x=-1

Vi x>0; x#1 nén co6 x=0; x= 2; x= 3 thdéa man bai ra.

Ciu 14. (Trwong chuyén tinh HA Nam chuyén todn nam 2019-2020) Cho biéu thic:

\/§+3+\/E+2+ Jr +2
r—2 3-r z-5Jz+6

4= r+24

T—Nz —2 '
1. Rat gon biéu thirc A4.
2. Tim z dé biéu thirc A dat gia tri nhé nhit.

,(voiz >0, x =4,2=9).

Lo gii
1. Rat gon biéu thirc 4.

X424 .(\/;+3)(\/;—3)—(J§+2)(\/}_2) 42

S (=2)(e-3
x| (9) (42
(v +1)(vx-2) _ (vx-2)(Vx-3)

Ao x4 Jx-3
(Vx+1)(Vx-2) | (Ve -2)(Vx-3)

\/;+1

2) Tim x dé A dat gia tri nho6 nhét.
M:x+24_x—1+25:&_1+il:\/;+1+i_2

\/;+1_ \/;+1 \/;+ \/;+1

Ap dung bit d&ng thtrc Cauchy cho 2 s6 ta c6 V/x +1+

25 >10

Jx+1

Dodoé M >8 .
2
Ping thikc xay ra khi (J}+1) =25 x+1=5x=16
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Vay gia tri nhé nhat cia M bang 8, dat dwoc khi x=16.

Céau 15. (Trwong chuyén tinh Ha Nam thi chung nam 2019-2020) Rut gon cac biéu thirc sau:

1. A = 43 — 227 + 12,
\/E—i—l_i_ 2a

a—1 a+\/g

2. B =

,(voia > 0,a = 1).

a—1

Loi giai
1. A= 43 =227 + V12
— 4363 +23

=0

\/;+1+ 2a

\/g—l a—i—\/;

\/;+1+ 2a
Ja-1 a(a +1)

_ (x/EJrl)2 +2\/E(\/E_l).(a—1)
(\/;—1)(\/;+1)

=3a+1

2. B =

: voia>0,0a=1
a—1

(a-1)

Ciu 16. (Trwong chuyén tinh Hoa Binh Chuyén Tin nam 2019-2020)

1)Tim didu kién xac dinh: 4= _ 2
x—1 x-2
2)Rat gon: B =512 /27
3) Rut gon: C = a1l
a-—1
Lo giai

x>1
1..bK: {

xX#2

2.B=103-33=73
>0
3.PK: {a N C=Ja+l-1=+a

a+

Ciu 17. (Trwong chuyén tinh Hoa Binh Chuyén Toan nim 2019-2020) Cho biéu thitc:

3a++/9a -3 f—2+ 1

A —

 a+da-2 Ja-1 Ja+2

-1

1)Rut gon biéu thirc A.
2)Tim gid tri cha a dé

A=2.
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Lo giai
1).biéukién a>0vaa=1

g arNa-n Na-2 1
(Na +2)Na-1) ~a-1 a+2
, 3(a+ﬁ—l)—(\/a_—2)(\/a_+2)+\/g—l—(\/;+2)(\/;—l)

(Va + 2)(\a - 1)

S = Va +1
Ja -1
2).|A|=M dé A|:2<:>M:2
a1 Ve -1
a=3
Hoc sinh gidi phwong trinh va tim ra gia tri caa 1
a=—
9

Ciu 18. (Trwong chuyén tinh Hoa Binh danh cho tit ca cic thi sinh nam 2019-2020) Rit gon:

A=H5-3)5+3)+6

Lo gii

a) Tim dugc giao ctia(d) vdi Ox,Oy 1an lwot tai A( 1; 0) va B(0;-2) . V& dwgc duong thang (d)

b) (d) | (d") @{’"‘1:2 =3
2m # —2

Ciu 19. (Trwong chuyén tinh Hwng Yén Vong 2 nam 2019-2020)

a+l

2
+ 3
a—1 .a +1 2a
2 ) - :
- a-1 a-1
a 1] +3

a) Cho a la s6 thwc khac 1 va —1. Rut gon biéu thirc P = (

a+l

b) Cho cac sé thuc x, y, @ thoan man \/x2 LA 4 \/y2 +3/y*x* =a.Chirng minh rang

Lo gii

[u—

)
=

4(a2—a+1) (a+1)2 (a—l)(a2+a+1) 2a _a+l 2a l-a
4(a2+a+1)'(a—1)2'(a+1)(a2—a+1) a-1 a-1 a-1 a-1

—

2
a+
+3
a-— ;a3+1 2a
2 ; -
“1 s

a) Taco Pz(
[

Vay P=-1.
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b) Dt s =3/x* va r=3/y? thi ding thirc d& bai c6 thé viét lai thanh s* + 5%+ + %5 =a.
Do s5,t>0 nén s’ + s’ =s\s+t, N +1°s =t/s+1.
T dbtacod (s+1)Vs+7=a hay (s+1) =a’.

Suyra s+¢=</a’ . Day 1a két qua cin ching minh.

Cau 20. (Trwong chuyén tinh Hai Dwong chuyén toan nam 2019-2020)

2x+x/;—1_2x\/;—x/;+xJ x—\/;

1
. voi x> 0,x#1,x#—.
l-x 1-xvx 2Wx -1 4

Cho P:1+[

a) Rat gon P.

4
b)Tim cac gia tri cua x sao cho P = =

Loi giai

Wx+D2Vx -1 Jx@Vx-Dx+D) ) VxWx -1
A=) 1+/x)  A=Vx)x+/x+1) | 2Jx-1

x++x+1

P=1+ _\/;erj

_ (=)@ +Vx + D)+ x(x +1)

P
x+vx+1
_(1—\/;)x+1—x+x\/;+x_ x+1
x++x+1 x++vx+1

4 x+1 4
P:—:>—:_

S x++x+1 5
x=7-43 (thoa man)

S x—4Jx+1=0
x=7+43 (thda man)

Vay dé P:% thi x=7+43

Ciu 21. (Trwong chuyén tinh Hai phong vong 2 nim 2019-2020) Cho biéu thirc

Wy Ny 1) Va3
x\/;—H x—\/;—H \/;—I—I'x—\/;—l—l

Rut gon biéu thirc P. Tim cac gia tri cia x dé P > =

P= (véi x> 0).

Loi giai

1 x+3
x—\/;—f—l'x—\/;—l—l.

P
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1

Jx+3”

f—

P> > <:>\/7<2<:>x<4

f+3

Vay 0 <x <4 théa man bai toan..

Ciu 22. (Trwong chuyén tinh Hiu Giang chuyén toan nim 2019-2020) Cho biéu thirc

A:\/2x+15—8\/2x—1.

a) Tim diéu kién ctia x dé€ biéu thirc 4 cé nghia.
b) Tim = dé A = 3.

Lo gii

TacéA:\/2x+15—8\/2x— :\/2x—1—2.4.v2:v—1+16
:\/( 27 —1 — 4Y’ :‘\/233— —4‘.

Biéu thirc A cé nghiakhivachikhi2z—-1>0< z > %

N2r—1—-4=3 N2z —1="17
A:3<:)‘\/2 — —4‘:3@ <
! N2r—1—4=-3 N2z —1 =1

Tz =25
= .

Ciu 23. (Trwong chuyén tinh Hau Giang chuyén toan nam 2019-2020)
Cho z =1+ %2 + /4. Tinh gia tri ding cta biéu thitc A = 2° — 42" + 2° — 2° — 22 + 2019.

Loi gidi
Tacdz=1+32 +¥1 o (2 -1z = @2 1)1 +3L + )
s@2-1w=10r=01+1ss" 32> —32-1=0.
Khidé A =2° —dz' + 2" — 2 — 20 — 1+ 2020

= (2" —z+1)(z° — 32" — 3z —1) + 2020 = 2020.

Ciu 24. (Trwong chuyén tinh Kon Tum cho tt cd cdc thi sinh nam 2019-2020)

N ey fea o e . x+1
a) Tim diéu kién ctia x dé biéu thirc +3
x J—

_a+al,
)l

c6 nghia.

0
\/— 1

b) Chirng minh dang thirc

] 1—a (aZO,a¢1).

Lo gidi
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A A 2 ~ .4 d x 1 7 ~ \
biéu kién cua x dé biéu thirc + conghiala x—3=0.

x_

S x = 3.

a+\/_ a—\/;
Vi) Ve

o a| |, Nalar)|[ alJa-1)
\/5—1]:1_ B

b).Chitng minh ding thirc |1

]zl—a (aZO,ail)..

L _a+vall
i

(1- \/E)(Hf)

=1-

Ta cé

Ja+1 Ja-1 |

Ciu 25. (Trwrong chuyén tinh Kon Tum vong 2 ndm 2019-2020)

V3—5.(3++5)
J10 ++2

tai x =2020 —2+2019

1) Khéng duing may tinh cAm tay, hiy tinh gia tri biéu thirc P =

2x—3x -2
Jx =2

2) Rat gon roi tinh gia tri cia biéu thirc Q =

Lo gii
iy

V3—5.(3+15)
J10 ++2

Khong dung may tinh cdm tay, hiy tinh gia tri biéu thirc P =

33+ 45)42(\5 -1

8
\/6—2\@.(3\/54—5—3—\/3) (6—1)2.(2\£+2)
B 8 - 8

(V5-1).2(V5+1)

2)

Rut gon roi tinh gia tri cta biéu thirc Q = M tai x =2020 —2+/2019

Jr =2
Ta c6 x = 2020 — 2+/2019 = 2019 — 24/2019 +1 = (\/201 1)2
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= Jx =+2019 -1

0 2x—3Jx-2 (2\/;“)(&—2)
- 2 k2

Q=2Vx+1
= Q=2(+2019-1)+1=212019 -1

Céau 26. (Trwong chuyén tinh Lao Cai Vong 1 nam 2019-2020) Tinh gia tri cic biéu thirc sau:

a) N4 +3
b) /5 ++/(6—+/5)

Lo giai
a).J4+3=2+3=5
B). V5 +4/(6-5)" =5 +/6 /3]
=V5+6-v5=6

C4u 27. (Trwong chuyén tinh Lao Cai Vong 1 nim 2019-2020) Cho biéu thikc
2x% +2x 1 1

+ —
=1 Jx+1 Jx-1

H = (voi x>0;x#1)

a)Rat gon biéu thic H .
b) Tim t4t c4 cac gié tri cia x d€ v/x—H <0

Loi giai
2x% +2x 1 1 2x(x+1) 1 1 2x 1 1
a).H: 2 + — = + _ — + _
-l x4l Jx-1 x=DA+x) Vx4l Jx-1 ox—1 x4l Jx-l
C2xx—1-(x+1)  2x-2
x—1 x—1

2D,
x—1

b).Ta cé Vx-H<0eoJx-2<0e/r<2ox<4

Ma x>0;x#1,suyra: 0<x<4; x#1

Vay: Voi 0<x<4; x#1 thl Vx+H <0

Ciu 28. (Trwong chuyén tinh LAm Pong vong 2 nim 2019-2020) Tinh gia tri biéu thic

T=(243+1)(3v2-1)y13-4319+6v2 .

Loi giai
Tinh dwoc v/13-44/3 =23 -1

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 13 %




VUNGQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN —NAM HQC —

2019-2020

vaJ19+6v2 =342 -1
Dua dwoc vé dang T = [(2«/5 ] —12}[(3\/5 ] —12}

Tinh ding két qua T = 187

Cau 29. (Trwong chuyén tinh Nam Dinh cho 16p chuyén KHTN nam 2019-2020)

Tim diéu kién xac dinh cta biéu thirc P = 2019 3 :
\/; -3 x-9
Loi gidi
x>0
Biéu thirc x4c dinh khi {+/x =3 #0 .
x#9
x>0
& :
x#9.

Cau 30. (Trwong chuyén tinh Nam Dinh cho 1ép chuyén KHTN nam 2019-2020)

\/Z+l \/; 1 4\/—J (a +ax/_

Ja—1 Ja+1 Ja+1

1) Rut gon biéu thirc P.
2) Tim cac gia tri nguyén cia a dé P nhin gia tri 1a s6 nguyén.

Chobié’utht’rch( Jvéia>0,a¢l.

Loi gidi

2
crada_ o
\/5+1

it a1, o ) () () )

1).Véia>0,a=1 tacd

Vi

a
Ja-1 Ja+l ' (Va-1)(Va+1)
_4ax/;
a-1""
Dods potave 1 _ 4
a-1 a\/; a-1
fa—-1=—4
a—-1=-2
. A s os e |@71=71
2).V6i a nguyén thi Pnhan gia tri la s0 nguyén khi va chi khi {1
a—1=
a-1=
la—1=
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-3
-1

Doi chiéu véi diéu kién ta c6 a=2,a=3,a=>5 (thdéa man)..

I
hn W NN O

a

a

a
=

a

a

L a

Cau 31. (Trwong chuyén tinh Nam Pinh chuyén toan nam 2019-2020)

Cho x=\/3+\/5+2\/§ +\/3—\/5+2\/§ . Tinh gi4 tri cta biéu thirc P=x(2-x).

Loi giai
2
+Co X =(\/3+\/5+2\/§ +\/3—\/5+2J§j =6+2\/32—(5+2J§) =6+24-23

=6+2(V3-1)=4+23= (ﬁ+1)2.

+ Do x>0 nén x=\/§+1.

+ Suy ra (x—l)2 =3 hay x’—2x=2,dodé6 P=-2.

Ciu 32. (Truong chuyén tinh Nam Dinh 16p chuyén KHXH nidm 2019-2020) Tim diéu kién x4c dinh cta biéu thirc
2019 3
P=

x—3 x-9

Lo1 giai
x=3>0

Biéu thirc xac dinh khi {
x#9

{x>3
= .
x#9.

Ciu 33. (Trwong chuyén tinh Nam Binh 16p chuyén KHXH ndm 2019-2020) Cho biéu thitc

Ja+1 Ja-1
Pz(x/;—l_\/ZH 4\/—J

voia>0,a=#l.
aa

1) Rat gon biéu thirc P.
2) Tinh gid tri cia P khi a =+/9+4+/2.

Loi gidi
\/E+1_\/;_1+4\/;_(\/Z+1)2—(\/_—1)2+4\/Z(\/Z—1)(\/Z+1)
Ja-1 Ja+1 - (Va-1)(Va+1) '

_a+2Va+1-a+2Ja-1+4Ja(a-1)

a—1

1).Véi a>0,a#1 tacd
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_4ax/g

a-1
Dod6P=4a\/;. L _ 4
a-1 a\/g a-1

2).Taco a=+9+4v2 = (V2 +1) =242 +1..

Dodé P=+2. .

Ciu 34. (Trwong chuyén tinh Ninh Binh chuyén todn nam 2019-2020) V&i x > 0, xét hai biéu thirc

2+x/§VéB Jx =3 2\/_+9
Jx Jx x+3\/—

5

Tim t4t ca cac gia tri cia x dé —>—.

A=

Loi gidi
Bz(\/;—3)(\/;+3)+(2\/;+9):X_9+2\/;+9
) )

x4k _‘/;(‘/;Jrz) Jx 2
CVx(Vx+3) Vxxe3) Vxas”

5 2+f 2+f E \/;+3>§
Tk k43 37 k3

A
Va&i x >0 ta co: >

< 3Jx+9>5Vx (vi 3Jx >0 VX>O)<:>2\/;<9<Z>O<X<%.

Vay voi 0<x<ﬂ thi é>E
4 B 3

Ciu 35. (Trwong chuyén tinh Ninh Binh chuyén toan nim 2019-2020) Rit gon biéu thic

5\/6\/7—\/33+\/ﬁ—1
3-42 '

Loi gidi

, 5\/6\/7—\/33+ V128 -1 5\/6\/7—«/(4ﬁ+1) -1

Taco:C=
3-2 3-2
_5y6v6-4v2 -1 5\/6 Je-2y -1
3-2 3-2

Cs1l1-6V2  5y3-2)
o320 32

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 16 #*




VUNGQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN —NAM HQC - 2019-2020

_53-42)
32

=5..

Céiu 36. (Trwong chuyén tinh Phia Yén Vong 2 ndm 2019-2020) Cho biéu thirc

e ) )

a)Rut gon biéu thirc 4.

. 1 ,
b)Tim x dé P =24 —— datgia tri lom nhat.
X

Lo giai
a) Rit gon biéu thirc 4.
biéu kién: x>0, x#4,x#9-
Ta co:

Jx+3 \/;+2 Jx+2 «/;+3 \/;+2 Jx+2
-2 3 Jx  x-sdx+6 f23f(f )(&—3)

:(x/;+3)(x/;—3)—(\f+2)( X — ) (\/;+2)

2 x-2-(x-Vx-2) Jx |
x—\/;—2 x—x/;—2 Cx— x—2_(\/;+1)(\/;—2)

1 Jx _xl
Ve-2 (Va+1)(Va-2)

Dodb6 A=

b) Tim x d€ P=2A4— 1 dat gia tri 1én nhit.
X

Wx+2 1 21
__:2_|____

N N

:—(%—1j2+3£3.

~ ﬂ ”n

1
Diu xayrakhi ——=1< x=1.

Jx

Vay maxP =3 << x=1.

Taco P=
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Cau 37. (Trudng chuyén tinh PTNK ( VONG 1) nim 2019-2020) Tim a, biét:

(\/EH)Z—(\/Z—I)Z (V2a+1+a+1)(v2a+1-Va+1)

4\/5(\/5—1) a(x/5+1)

Loi gial
biéukién: a >0 va a#1.Tacé:
(Va+1) ~(Va-1) =(a+1+2Va)~(a+1-2Va) = 4Ja
va

(V2a+1+va+1)(V2a+1-a+1)=(2a+1)~(a+1)=a.

1 1

Ja-1 Ja+1 =1
(Va+1)~(Va-1) 5

Phwong trinh nay twong dwong véi =1 hay —=1.

(Va+1)(Va-1) a-1

Nhuw thé, tacé a—1=2 hay a =3 (théa man).

Do d6, phwong trinh da cho cé thé dwoc viét lai thanh

Vay c6 duy nhit mot gia tri @ thdéa man yéu cau dé baila a =3.

Ciu 38. (Trwong chuyén tinh Quang Nam Vong 2 ndm 2019-2020) Cho biéu thirc
o[ xr2 2Vx48) X oxxrx -l
x—x+1 x/x+1 Jx+3

Rut gon biéu thirc Ava tim xdé€ 4 =6.

vhi x>0.

Loi gidi
Véi x>0, ta co:

Jx+2  20x+8) ¥ —xlx+x-1
x—Jx+1 xfx+1 Jx+3

:(J§+2XJ§+Q—2J¥—8ijXJQ—Q+(J¥—Q
(Vor+1)(x=x +1) Jx+3

_x+3J}+2—2J§—8(x X+1X¢;—0
- x\/;+1 \/;+3

Jro
:(x+3\/;—2x/;—6)-\/;+;
(Vr—2)(7 +3) 2]
(Vr-2)(x-1)
x—3Jx+2

A=

by

+3
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A=6x-3Jx+2=6=x-3Jx-4=0
Sx+fx-dfx-4=0o (Vx-4)(Vx+1)=0

oJx—4=0 (Vi\/;+1>0 szo)

& x =16 (TMDK)
Vayvoi x =16 thi 4=6.

Cau 39. (Trwong chuyén tinh Quang Ngii chuyén todn nim 2019-2020) Cho biéu thirc

2x+3 x\/;—l x2+\/;

P= + - voi x>0,x#1.
\/_ x—\/; XVX+Xx

Rut gon va tim gia tri nho nhit caa biéu thirc P

Lo gii

2x+3 X\/;—l x2+\/;

Cho biéu thirc P = + - vGi x >0,x # 1. Rat gon va tim gia tri nho nhat cia biéu
Jx o ox=Jx  xJx+x

thirc P

2x+3 x\f 1 x+\/;:2x+3+(\/;_1)(x+ x+1)_\/;(X\/;+1)
\/7 xX— \/7 XVx +x \/; \/;(\/;—1) x(\/;+1)

2x+3+x+f+1 ( x+1) _2x+3+x+\/;+1_(\/;+1)( x+1)
NN N ! 31 RN N SN N Y
2x+3+x+f+1 ( x+1) _2x+3+x+\/;+1_(\/;+1)( x+1)
N N o ) Y RN N )

_ 2043 xVaal x-xrl 2w420x43 o 3
Jx Jx Jx Jx Jx

Ap dung bit ding thitc Cauchy, ta c6 2+/x +—=>2J6 = P>2+26

f_

P=

+2

D4u bing xay ra khi x = %(tmdk)

Céau 40. (Trwong chuyén tinh Quang Ninh Vong 2 ndm 2019-2020) Cho biéu thirc

4y — 9\/}+3 Jx -1 2Jx -1
x+3\/;+2 \/;+1 «/;+2

A=

(véi x=0).

a) Rut gon biéu thirc 4;
b) Tim gia tri ln nhit cia A4.

Ax—9Jx 43 +(\/§—1)(\/§+2)_(2J§—1)(J§+1)
(\/;+1)(\/;+2) (\/;+1)(\/;+2) («/;+1)(\/;+2)

(-5 (Vr+2) 1osa
(Vr+1)(Vx+2)  Ja+l

a). A=
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b).A:ﬂ:—5+L.Vé’iinxZOtacé:\/;+121nén 6 <6
Jx+1 Jx+1 Jx +1
Dod6oA=-5+ <1.Gia tri lén nhit cia 4 1a 1 dat dwoc khi x=0.

x+1

Ciu 41. (Trwong chuyén tinh Son La Vong 2 nam 2019-2020)
a)Rat gon biéu thirc:

el Jx \/;+3 \/;+2 Jx +2

Jx+1) \/_2\/_3x5\/;+6
(3 -DV10+6+3 hay tinh B = (x* + 4x — 2)™"
V214445 +3

](v@ixzo; x#4; x#9)

b)Cho x =

Lo gii

D) A=|1- Jx \/;+3 \/_+2 Jx+2
T )\ VR 2 Vxos xosvxa6

1 (rea)(Vr=3) - (Ve 2) (v -2) e+ 2

JVc’ri x>0 x#4;x#9.

) (Ve -2)(Vx-3)

4o 1 _x—9—x+4+\/;+2_ 1 Jx -3
NEh (Vx—2)(vx-3) Jx+1 (Vr=2)(vx-3)

o Lot x-2

i+l Jx=2 Jx+1

b) Ta co
10463 =(1+3) =1+43
V214445 = (245 +1)° =245 +1

V3-DW3+) 2 o
25+4  2J5+4 =52

Véy B = (x2 + 4x_ 2)2019 — (_1)2019 — _1

Nén x =

Ciu 42. (Trwong chuyén tinh Thai Binh vong 1 ndm 2019-2020) Cho biéu thitc:

PZ{ 2 +l+1}\/5(x+y)—xy
X x+y\/;

\NXYy Xy
1. Rut gon biéu thirc 2.
2. Biét xy =16. Tim gia tri nho nhat cta 2.

(voi x>0;y>0).

Loi giai
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1.
(2 ) )
P(@ x yJ xx+ply
_ N ty+x \/E(XJFJ’_\/E)
o (endy)(rer o)
V)
xvo Ax+y
_Nredy
T

Vay P=—\/;+\/;
o

2.Ap dung bat ddng thirc Co-si, ta co:

Jx+y 2 2\ =216 = 4

4
=>P>—=1
J16

véi x>0;y>0.

“w__»

Diu“="xdyra < x=y=4

Vay minP=1tai x=y=4.

Ciu 43. (Trwong chuyén tinh Thai Nguyén chuyén tin nam 2019-2020) Cho

x =370 /4901 + 370 — /4901

Khong st dung may tinh cAm tay, hay chirng minh x 1a s6 nguyén to.

Lo gidi
Ta co:
x:i/70+\/m +3/70—\/m
= x° :140+3g/(70+@)(70—@)(%/70+m+%/70—M)
& x° =140 -3x

S X +3x-140=0

& (x=5)(x* +5x+28)=0

2
= x=5 (d0x2+5x+28:(x+§j +%T7>0VxeRj

Viviy x la sd nguyén to..

Ciu 44. (Trwong chuyén tinh Tién Giang chuyén tin nim 2019-2020)Rut gon biéu thirc:

A= 44104245 +4—10+245 .
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Lo gii

Taco A>0= 4 :8+2\/(4+\/10+2\/§)(4—\/10+2\/5).

A :8+2\/16—(10+2J§) —8+2y6—-245 =8+2 (\/3—1)2 .
A =8+2(\/§—1):6+2x/§=(\/§+1)2.

= A=/5+1..

Ciu 45. (Trwong chuyén tinh Tién Giang Vong 2 nim 2019-2020) Cho
x=2+23 +3Y2-243 -1.

3
Tinh g4 tri biéu thirc P=x" (x* +3x+9)

Lo gii
x=32+423+32-23 -1 = x+1=32+23 +32-23

= (x+1) =4-6(x+1)=x* +3x +9x=-3

P:x3(x2 +3x+9)3 z(x3 +3x7 +9x)3

P=-27

Ciu 46. (Trwong chuyén tinh Tuyén Quang chuyén todn nim 2019-2020) Tinh tong
1 1 1 1

+ + ot
B+l 5443 JT+45 J2019% ++/2019° -2

Lo gii
1 1 1

|

+ + +ot
1+V3 B+Y5 5447 V20192 =2 ++/2019?
1B -5 5-VT 2019 -2 -2019°

Taco: S=

=S > >
-3 3-5  5-7 2019° —2-2019
:>S_1—\B+\E—\E+\E—\ﬁ+...+\/zm92—2—\/20192
-2
— 2 —
g 1-V2009° 1-2019 oo
-2 -2
Vay S =1009

Ciu 47. (Trwong chuyén tinh Tay Ninh Vong 2 ndm 2019-2020) Rt gon biéu thirc

(@—2\/5)(0—1)
a—\/2—2

T= voia>0,a#4.

Lo gii
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(\/5—2\/5)(61—1)
a—\/2—2

(V2a-2v2)(a=1)=+2(Va-2)(a-1)
(o)) oo
a=a-2=(Ja+1)(Ja-2)

Vay 7=+2(a-1).

Rut gon biéu thirc T = voi a>0,a+4.

Cau 48. (Trwong chuyén tinh Vinh Long vong 2 nam 2019-2020)

1,1 j Jx+1
Jx-1 x—+x '(\/;_1)

a) Cho biéu thirc: P :( —. Tim diéu kién xac dinh cla P va gia tri cia x dé

P=—,
2

b) Rit gon biéu thirc 4= 3/46\/5—61 +\/69—28\/§.

Lo gidi
a) Diéu kién: x>0; x=1.

P:( Lo, 1 j 1 | L (\/;—1)2
Jx-1 x=+x '(\/;_1)2 Jx -1 \/;(\/;—1) Cdx+1

el ()
G e

P:l@@=1@2.(\/}—1)=\/§@J§=2@x=4(th6adi‘éukien).
2 Jx 2
Vay gia tri can tim la x=4.

b)

346561 = i/(zﬁf —3.(2\6)2 1432405.5-F = g/(zﬁ—lf ~2J5-1.

J69 285 =\/49—2.7.2\E+(2ﬁ)2 =\/(7—2ﬁ)2 —7-25.
A=3465-61+69-285 =25 14725 =6.

Cau 49. (Trwong chuyén tinh An Giang Vong 2 nam 2019-2020) Ruat gon

(152 Y (1= 2 Y
U2 1443 2 1-3)

Loi giai
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(1B 2 Y (1= 2 Y
L2 1443 2 1-3

(1+\/§)2—4 2_ (1—@)2—4 2.
2(1+43) 2(1-3)

(%) %)

(1+43) _(1_@)2 T 4428 4-23

_12-63-12-6V3 _ 123, =

16-12 4
Vay 4=-33.

(1+\B 5 J(1+\/§)24 23 NG

2 143 2(1+J§) _2(1+\/§):1+\/§

3 2 ) (-84 L V3
2 1-43)

OA:(J?I_(_\/?J: 33
)BT  -6
3 3 _12-6V3-12-6V3 _ 123

T4123 4-23 16-12 4

Vay 4=-33.

2(1-+53) _2(1—J§)__1—J§'

C4u 50. (Trwong chuyén tinh Ba Ria Viing Tau thi chung ndm 2019-2020)Riit gon biéu thikc

A=(3\/§—x/f—\/%)\/§+3\/ﬁ.

Loi gidi
A=(3V5-27 =20 )5 + 3415 g
=(3v5-3v3-2J5 )5+ 3415.
=(V5-3V3)V5+3415.
=5-315+34/15 =5.

Ciu 51. (Trwong chuyén tinh Binh Phwéc chuyén todn ndm 2019-2020) Cho biéu thikc

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/

#% Trang 24 #*




VUNGQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN —NAM HQC - 2019-2020

_ xVx-3 2(Vx-3) | Vx+3
~ x-2Vx-3 Vx+1 3—Vx

a)Rut gon biéu thirc A.
b)Tinh gid tri ctia biéu thirc A khix = 4  2+/3.
Loi giai
a)Rat gon biéu thirc A .
w 1aa (X220
biéu kién: {x 29
Ta co

xvx 3 2x+12vVx 18 x 4Vx 3
Vx+DHx 3)

_ (Vx 3 +8)
S (x DHEr+D
x+8
=\/§+1

b)Tinh gi tri ctia biéu thirc A khix = 4 2+/3.

A=

Taco:

x=(4 2V3)=(3 1?=2Vx=V3 1

A _4=2V218 _ 12.2V3 _ 44/3 2
V3-141 V3

Cau 52. (Trwong chuyén tinh Long An chuyén toan dy bi nam 2019-2020)
x—2Vx—-3 xvJx+8 Vx—1 Jx+1 L.
+ - — (x—l) voi x>0,x#1.
Vx +1 Nx+2 vx+1 Jx -1

a) Rut gon biéu thirc P.
b) Tim tit cd s6 nguyén t6 x dé P<1.

Cho biéu thitc P =

Loi giai
a)
LM:J;_3
\/;4-1

XVx +8

\/;+2

Jr-1 Jx+l —4x
\/;+1 \/;—1_ x—1

P=x-5Jx+1

=x—2/x+4

b) Tim tit cd sO nguyén to x dé P <1
P<le0<4/x<5

x=2,x=3,x=5x=7,x=11,x=13,x=17,x=19,x = 23.
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Cau 53. (Trwong chuyén tinh Long An chuyén toan nam 2019-2020)
Xx  2x—x 2x-2) 1
x—x +1 Jx Jx+1) x—x+1

a) Rut gon biéu thirc P.
b) Chitrng minh: P <3.

voi x> 0.

Cho biéu thirc P = [

Loi giai

Y
)x \/_-1—1 \/_(\/;4_1)

2’?}& - \2/’;21 = (2vx=1)-2(Vx -1)

x2+\/; +2x—\/;_2x—2
x—+x+1 \/; \/;+1

x+vx+1

x—+/x+1
b).PS3<:>x+\/;+1S3(x—\/;+1)

=x++x+1

pP=

@2(\/}—1)2 >0

Ciu 54. (Trwong chuyén tinh Quang Tri Vong 2 ndm 2019-2020) Cho biéu thic

2(x—1)+ x% ++/x _2x—2x/;
Jx+1  x=Jx+1  Jx-1

Tim t4t ca cac gia tri ciia x dé A <0.

A=

voi x>0, x#1.

Loi giai
A=2(x =) +x+Jx -2Vx
=x+x =2 =(x-D)/x+2)
Wx-Dx+2)<0Vx-1<0=0<x<1.

Doi chiéu diéu kién gia tri cAn tim 0 < x <.

C4u 55. (Trwong chuyén tinh Thira Thién Hué vong 2 ndm 2019-2020) Rt gon biéu thirc

3x+49x -3 Jx+1 Jx-2
x+vx -2 x+2 Vx-1

P=

Tim x dé P =3.

Loi gidi
biéukién: x >0,x #1.Tachd

3x+3Vx =3 - (Vx +)(Vx =) - (Vx +2)(Vx -2)
Vx -D)(x +2)

P=
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_ X +3/x +2 :(\/§+l)(\/;+2):\/§+1_
Wx-DEx+2) (x-DHEx+2) Jx-1

Jx +1
Jx -1

P=3c =3 < /x =2 < x =4 (théa man didu kién).

Céau 56. (Trwong chuyén tinh Yén Bai vong 2 nim 2019-2020) Cho biéu thic

[ 1 j Jx -1 1

A= x+ . = .
Vi Jlx=Vx+1 Jx+1

1. Tim diéu kién ctua x dé biéu thirc 4 c6 nghia. Rat gon biéu thirc 4.

2. Tim céc gié tri nguyén clia x dé A c6 gia tri nguyén.

Loi giai

biéu kién: x> 0.

ORI I

A_(X \/;j'[x—\/;ﬂ \/;-FIJ

() [ e
\/; ' (x—\/;+1)(\/;+1)

(xx+1) [ Vx-2) Jx-2
- \xdx+1) Jx

Jx =2 2

1

NN

Suy ra 4 nhan gia tri nguyén khi va chi khi Jx lawée nguyén cua 2.

2.Tac6 A=

Hay \/; € {—1;1;—2;2}.
Ta cé: Vx =—1 (V6 nghiém).
Jx=lex=1 (thda man).
Jx=2cx=4 (théa man)
Jx=-2 (V6 nghiém).

Viy dé A nguyén thi x € {1;4} :

Ciu 57. (Trwong chuyén tinh Chuyén PHSP vong 1 nam 2019-2020)

Cho cac sé thuce x, y, a thodn man \/x2 A 4 \/y2 +3y*x* =a.

Chting minh ring Ix* +3/y* =/a> .

Loi giai
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Pit s=x* var=4y" thi ding thirc d& bai cé thé viét lai thanh v/s* + s +37F +25 =a.
Do 5,t>0 nén Vs’ +s5°t =s\s+t,NE +12s =ts+t .
Tir dé taco (s+1)Vs+7=a hay (s+t)3 =a’.

Suyra s+t= Yar . bay la két qua can chirng minh.
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\ ’ ?
Chuyen de S : 2 Bat dang thirc-Min-Max

Ciu 1. ( Trwomng chuyén tinh Binh Dwong chuyén todn ndm 2019-2020) Gia st ba s6 thuca,b,c thda

1423

man diéu kiéna >0,b=3a>,a+b+c=abc. Chirng minh rang: a > 5

Lo gii

Ta thay 34’ = bc = 3d’ = abc = o’ =aTbc

Ap dung bat dang thirc Co-si:

b+cY 3@’ —a ’
3a2:bcﬁ( J =
2 2

2

(3613 —a)

=3a’ <
=12a* < (3¢’ ~a)

= a* (3’ -1) 2124

= (3a*-1) ~(243) 20

= (3a*=1+243) (3¢’ -1-243) 20

32 -1-2/3>0
302 -1+2/3>0
{3a2—1—2x/§S0

302 —1+2/3 <0

a’ 21_2\/5
3
a221+2J§
3
=
a’ S1_2\/§
3
a2S1+2J§
i 3
=a* > 1+§\/§
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1+23

3

az

(Do a>0)_

Cau 2. ( Truwong chuyén tinh Binh Thuin chuyén todn nam 2019-2020) Cho cic sé dwong x,y,z

thoa xy :%.

Chirng minh rang: z 2 B Xy + yz + zx.

(y+z) Y(z+x) Z(x+y)
DAu “=" xay ra khi ndo ?

Loi giai
vz zx xy >lxy+yz+zx

Ta s& chimg minh .
e e T

1 1 1 poae
bat a =—,b =—,c =— thi bat dang thirc tré thanh
X y z
2 2 2
b 1
¢ 4 + - >—(a+b+c).
b+c c¢c+a a+b 2

a’ b+c b? c+a c* a+b
+ >a; + > b; + >

Ta co: >a; > b; >
b+c 4 c+a 4 a+b 4

Cong vé theo vé ta dwoc dpcm.

x , Cox i 1
Dau “="xdyrakhivachikhi x=y=z= i/;

Cau 3. ( Trwong chuyén tinh Binh Thuédn vong 2 nam 2019-2020) Cho cic sé dwong Z,Y,2 thda

1
TYz =—.
2
. s y= L LY
Chirng minh rang: + + 22y + Yz + 2T.

ZE2(y+Z) y2(z+x) 22($+y)

Diu “=" xay ra khi nao ?

Lo gii

z 2T T 1
Ta sé chirng minh Y + + i > 5

LUQ(y'f‘Z) y2(2+$) Z2($+y)

Ty + Yz + 27
Yz '

1 7
,C = — thi bit dang thikc tré thanh

a b’ c

1
+ + >—(a+b+c).
b+c c+a a+b 2

2 2 2

a b+c b c+a C a+b
Ta co: + 2 a; + 20, + 2 C.
b+c 4 c+a 4 a+b 4
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Cong vé theo vé ta dwoc dpcm.

' 1
Dau “="xayrakhivachikhi z=y=2= i/;

Cau 4. ( Trwong chuyén tinh Bic Giang chuyén todn ndm 2019-2020) Cho céc s8 thuc x, y,z thoa
min 0< x<1; 0< y<1; 0< z <1.Chitng minh rang
x(y +2° +xyz
x+y+2 <l+yz+ (y y)~
yz

Loi giai
OS(l—x)(l—yz)(l—z3):l—x—y2 —Z 4t +y 2 +xr —x
Suyra x+y* +2° <l+x° +y’ 2’ +x2° —xp°2’ <1+ xy° + 1’2’ +x2° <1+ xy+ yz + 2x (1) .

y3+z3 Z(y+z)yz
x(y3 +z° +xyz)

Zl+yz+w
yz yz
21+xy+yz+zx (2)

=>1+yz+ +x =14+xp+yz+zx+x°.

3 3
X +z +Xxyz
T (1) va(2)tacd x+y>+2° <1+ yz+ (¥ y),
yz

Déng thitc xay ra khi (x; y;z) =(0;1;1)..

Cau 5. ( Trwdong chuyén tinh DAK LAK vong 2 ndam 2019-2020)
X +1 27 2.5

1)Cho s6 thyc dwong x, chirng minh >—x"+—.
x+2 18 18

2)Cho ba s6 thuc dwong a,b,c théa man a” +b° +c* = 3. Chirng minh rang:

a+b b+ C+a’
+ +

a+2b b+2c c+2a

>2.

Loi giai

Céu 6. ( Trwong chuyén tinh Ha Nam chuyén toan niam 2019-2020) Cho cic s6 thwc dwong a,b,c.

Chl'rngminhg—i-g—i-g—i- CRRURRE > 4.

b ¢ a \/5.\/a2+b2+02_

Loi giai

+—=—+—+—>—-———> (b4t ding thitrc B.C.S)

b ¢ a’ b & _(atb+e)
c a ab bc ac ab+bc+ac

a
b
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a b ¢ a+b+c (a+b+c)’ a+b+c
S=—+—4+—+ > +
¢ a 3 a2+b>+c> ab+be+ca f3ial+bl+c

1

—=—-+V3|(a+b+
_(a+b+c)2+@(a+b+c>+(ﬁ fj(a C)
ab+bc+ca ya®+b’+c? Va’+b’ +¢?
_(a+b+c)2+\/§(a+b+c)_ 2(a+b+c)
ab+bc+ca JaZ+b +c® 3a’+b2+c

Theo bat ding thirc Cauchy, ta c6
(ab+bc+ca)’ (a2 +b* + cz)

2(ab+bc+ca)+a’+b*+c’ ’ (a+b+c)6
< _
3 27
(a+b+c)2 +\/§(a+b+c)
ab+bc+ca a2 +b?+c2

>24f3. (a+bre) >24B427 =6
(ab+bc+ca)\/212+b2+c2
b+c
a+b+c) <3(a+b 4= at <1
( ) ( ) \/g.\/a2+b2+c2
=S>6-2=4.

D4u bing xay ra khiva chikhi a=b=c.

Ciu 7. ( Trweong chuyén tinh Ha Nam thi chung ndm 2019-2020) Cho céc s6 thyc dwong a,b,c thdéa
man 1 + 1 + 1 <1. Tim g& tri nho nhit cha biéu thirc
a+1 b+1 c+1
B a3 + b3 + C3
@’ +ab+b0 b +be+c S +eat+a’
Loi giai
x . ~ 1 1 1 \ o \ ‘e o
Cho ba s6 thwc dwong a,b,c thoa man + + <1. Tim gia tri nho nhat cua
a+1 b+1 c+1
a’ b’ ¢

= + + .
a +ab+b> bV 4+bec+c F+ca+al

T gia thiét: 1 — L > L + ! >2 ;(CésiZSé')
a+1 b+1 c+1 b+1)(c+1)

Twong ty: 1 — 1 > 1 + L >2 1 ;
b+1 a+1 c+1 (a+1)(c+1)
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RS SEPCU RN S 1

c+1 a+1 b+1 \(a+1)0O+1)

Nhén vé v&i vé cac bat phwong trinh ta dwoc:

a b c >3 1
a+1b+1 c+1 " \(@+1?0+172(c+1)

= abe > 8 = abc > 8

(a+1D)b+D(c+1)  (a+1)(b+1)(c+1)

Véi a,b,c >0 taco: (a+b)(a—b)’ >0« a® +b> —a’b—ab® >0

3
a Z2a—b
a® +ab+0b° 3

& 3a® > (2a—b)(a® +ab+b°) =

3 3
b Z2b—c; c Z2c—a
b + be + ¢ 3 ¢+ ca + d? 3

Twong tu:

Cong vé theo vé& clia cac bat ding thitc trén, ta dwoc:

a’ b? c? a+b+c
2 2+ 2 2+ 2 22
a +ab+b b +bec+c ¢ +ca+a 3

Theo bat dang thitc Cosi a + b + ¢ > 33abc > 6 nén P > 2
Vay gia tri nho nhit cia P bang 2.

D4u dang thirc xdy rakhi a = b = ¢ = 2.

C4iu 8. ( Trwdong chuyén tinh Hoa Binh danh cho tit ca cac thi sinh ndm 2019-2020) Cho hai s6 thyc
dwong a, b théaman a+b=4ab.

. a b 1
Chtrng minh rang: + >—
. E 4b* +1 4a*+1 2
Loi giai
Tw a+b=4ab
Ap dung BDDT (AM- GM ) ta c6 abz%
a N b B a’ N b*? S (a +b)’
Ta c6 4b> +1 4a’+1 4ab’+a 4a’b+b 4dab(a+b)+(a+b)
_a+b  4ab - 1 >1_
dab +1 4ab +1 4ab+1 2

D4u dang thirc sdy ra khi a= b= % :

C4u 9. ( Trwdong chuyén tinh Kon Tum cho tit ca cic thi sinh ndm 2019-2020) Chirng minh
e 1 <38.

1 1
S
2 4B Ja00
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Loi giai

Chirng minh L—I—i+...+L <38.

J2 3 J400

1 1

1,1 1 1
$+ﬁ+...+m=2[@+ﬁ+ﬁ+@+‘“+m]'

1 1

1
&¥ﬁ+ﬁ+ﬁ+ﬁﬁﬁjaﬂ.

<2

1

1 1
&+ﬁ+@+ﬁ+”7Ei7@]
=(ﬁ—ﬁ+\/§—\/§+...+@—@).

—=2(~/1+/400) = 38

Taco:?2

Vay

B T S
V23 Y400 '

Ciu 10. ( Trwdong chuyén tinh Kon Tum vong 2 nam 2019-2020) Cho sé thwc xthéa min —1<x <1.
Chtrng minh rang v1+x ++1—x >2—x°.

Loi giai
Cho s6 thwc xthéa mian —1< x <1. Chirng minh rang \/H——x—f—\/az 2—x%.
Voi —1<x<1tacs 0> x> 2+21-x >2-x* +2J1—+*
@(x/1+7x+\/§)2 2(1+\/§)2 efTrx+1I—x>141-2
Laico: 0<1—x* <1,¥xe[-L1=> V-2 >1-x o 14+1-x* >2-¥
Vay \/H—er\/EZﬁzZ—xz,Vxe[—l;l].

—x*=0

V1—x* =17 Fx=h

DPang thirc x4y ra khi va chi khi : l

Ciu 11. ( Trwong chuyén tinh Nam Pinh cho 16p chuyén KHTN nidm 2019-2020) Cho x, y, z 1a cic s6 thuc
dwong théa man x+ y+z =2019xyz. Chirng minh rang

x> +1++/2019x" +1 +y2 +1+4/2019y% +1 +22 +14++4/2019z% +1
X y z

<2019.2020xyz.

Loi gidi
1

x L1
T gia thiét ta c6 —+—+—=2019.
Xy yz zx

B4t dang thirc da cho twong dwong voi
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x+l+‘/2019+L2 +y+l+ 2019+L2+z+l+,/2019+i2 <2020(x+y+z)
X x y \] v z z
1 1 1 1 1 1
< —+,/2019+— +—+ 2019+ — +—+,/2019+— <2019(x+y +2z) (1)
X x° oy v oz z

Theo bat dang thirc Co si ta co

VT(l)—l+ /2019+—+ + /2019+—+ +‘/2019+—
X
\/ 1 1 1\/ 11 1\/1 1 1 1
:—+ +—+— — +—+ —+—+—+—2+—+ —t—t—+—
x Xy yz oz x° Y Xy yz zx Yy  z Xy yz zx z
e ) e R 9 )
=—+ —+—|+— — —+—+—+ | =+ || —+—
X z) y y z z z xX)\z Yy

s3(l+l+lj.
x y z

Ta cin chirng minh

3(l+l+l]32019(x+y+2)
X y z

< 3(xy+yz+2x) < (2019xyz)
@3(xy+yz+zx)£(x+y+z)
@0S(x—y)2+(y—z)2+(z—x)2.

Diéu phai chirng minh..

Cau 12. ( Trwong chuyén tinh Nam DPinh chuyén todn nam 2019-2020) Cho cic so thwc a,b,c théa
min (a4 +b* )(b4 + c“)(c4 + a4) = 8. Chirng minh rang
(a2 —ab+b2)(b2 —bc+cz)(c2 —ca+a2)21.

Loi giai
+ Ta chitng minh két qua 2(a2 —ab + b2)2 >a*+b* (1).
Thatvay, (1) 2(a* +b* +a'b* +2a°* ~2ab(a* +1*)) 2a* +b* & (a* +b* = 2ab)” >0
<:>(a—b)4 > (), bat ding thirc dling, ddu bang xay ra khi va chi khi a=b.

+ Twong tw c6 (2): 2(b2 —bc+cz)2 >b* +c*, (3): 2(c2 —ca+ a2)2 >ct+at.
+ Thiy cac vé cia (1), (2), (3) déu khong 4m, nhan theo vé& cac bt dang thitc nay ta dwoc
8(a2 —ab+bz)2(b2 —bc+cz)2 (02 —ca+c22)2 > (a4 +b4)(b4 +c4)(c4 +a4) =38

hay (a2 —al)+l)2)2(b2 —bc+cz)2(02 —ca+612)2 >1(*).

Dia chi truy cép click vao diy # http://www.vungocthanh1984.blogspot.com/ % Trang 35 #%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

Do @’ —ab+b’, b* —bc+c*, ¢ —ca+a’ >0 nén tr (*) suy ra

(a2 —ab+b2)(b2 —bc+c2)(c2 —ca+a2) >1, c6 Ppcm.

Cau 13. ( Trwong chuyén tinh Nam Binh 16p chuyén KHXH nam 2019-2020) Cho x, y,z 1a cic s6 thyc khong 4m

théaman x+y+z= E Chirng minh rang

X+2xy+4xyz <2.

L giai
2
Theo bit dang thirc Co si ta c6 x+2xy+4xyz:x+4xy(z+5ij+4xf:x+x(2—x)2. :

Véi x,y,z khongamva x+y+z=—=0<x<

N | W
N | W

Ta cin chimg minh x+x(2-x) <2& (x=2)+x(2-x) <0 1+x(x-2)>0& (x—1)°>0 (ludn

dung).

Ciu 14. ( Trwong chuyén tinh Ninh Binh chuyén toan ndm 2019-2020) Cho ba sé thyc dwong x, y, z.

I 1 1 | 1 1 .
Chirng minh —+—+—2> 3( + + j . bang thirc xay ra khi nao?

X y z Xx+2y y+2z z+2x
Loi giai
o , 11 1 n’
Cho n s6 thyc dwong x,,x,,...,x,.TacO —+—+...+—2 :
X, X, X, X +tX,t+..+X,

Dang thirc xay ra khi x, =x, =...=x

(Hoc sinh khong phdi chirng minh, theo Céng van 1234).

2
Apdung,tacél+l+12 > ) .Pang thircxdy rakhi x =y..
X y y XxX+y+y x+2y

Twong tw ta co:

* l+l+lz .Pang thirc xdy rakhi y==z.
y z z y+2z

* l+l+lz . Dang thirc xay ra khi z=x..
Z X X z+2X

Cong theo tirng vé& ba bat dang thirc trén ta duoc

1 1 1 1 1 1 I 1 1 1 1 1
3| —+—+— (29 + + S—+—+—23 + + .
X y z X+2y y+2z z+2x X y z X+2y y+2z z+2x

Pang thircxdyrakhi x=y=z..

C4u 15. ( Trwedng chuyén tinh Phi Yén Vong 2 ndm 2019-2020) Cho a,b,c1a cic s6 thwc dwong théa
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man ab +bc + ca =1. Chirng minh rang a\/b2 +1 +b\/c2 +1 +C\/a2 +1>2.
DAu “=" xay ra khi nao?

Lo gii

2
B4t dang thirc da cho twong dwong (a\/b2 +1 +b\/c2 +1 +C\/(12 +1) >4 (6)

2
bat S:(a\/b2+l+b\/cz+l+0\/a2+l) .Taco

S=a’ (b2 +1)+b2 (c2 +1)+c2 (a2 +1)+2ab\/(b2 +1)(c2 +1)

+2ac\/(b2 +1)(a2 +1) +2bc\/(c2 +1)(a2 +1).

Ap dung bat dang thirc Cauchy, ta c6

\/(b2+1)(c2+1) b+ b+ +12be+1 (6.1)

\/(bz +1)(a2 +1) P +a +b  +1>ab+1 (6.2)

\/(a2 +1)(c2 +1) V&P +a* +7 +1>ac+1 (6.3).

K&t hop (6.1), (6.2) va (6.3) ta duoc

S > az(b2 +1)+I)2(c2 +1)+c2<a2 +1)+2ab(bc+1)+2ac(ab+1)+2bc(ac+1)
=(ab+bc+ca) +a* +b* +c* +2(ab+bc+ca).

Mit khac, talai c6 a® +b> +¢° > ab+bc+ca. Suy ra

S >(ab+bc+ca) +3(ab+ac+ca)=4

Vay bat dang thirc (6) ding.
1

NeE

Pang thitcxdyra < a=b=c=

Cau 16. ( Trudng chuyén tinh PTNK ( VONG 2 ) ndm 2019-2020) Cho « va b 13 hai sd thyc phan biét
théa man diéu kién a* —4a=5b" —4b.

a) Chtrng minh rang 0<a+b<2.
b) Biét ring a* —4a =b* —4b =k >0. Chirng minh ring —k <ab<0.

Lo giai
a) Ta c¢6 a'-b"=4(a-b), ma a4—b4=(a—b)(a+b)(a2+b2) nén dang thirc dwoc viét lai thanh

(a—b)(a+b)(a2 +b2):4(a—b).

Ma a#b nén (a+b)(a’+b)=4.Vi a*+b*>0 (do a,b khdng thé dong thoi bang 0) néntacé a+b>0.

(a+b)
2

2
Ngoai ra, ta cling c6 danh gia a* +b* > (dang thirc khong xay ravi a #b)
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3
Nén 4>(a+Tb)c>(a+b)3<8©a+b<2.

Vay ta dwoc O0<a+b<2.

b) R0 rang ab # 0, ta sé chirng minh a,b trai ddu. Ta xét hai trueong hop:

BNéu «>0,h>0 thi o* —4a=a(a3 —4)>0 nén a></4>1. Twong tw thi 5>1. Khi d6 a +5>2, mau thuin
véi a).

AINEu a <0,h<0 thi a+b<0, cling mau thudn véi a).

Do d6 a,b trai dduva ab<0.

Khong mat tinh tong quat, gia st a<0<b thi dit c=-a>0, ta viétlai ¢* +4c=b*—4b=k>0. Tlr diy dé
thay (b—c)(b2+c2)=4 va b#c. Ta cin chitng minh —/k <ab < —Jk <—bc < be <Ak .

Ciu 17. ( Trwong chuyén tinh Quang Ninh Vong 2 ndm 2019-2020) Cho cac sé thwc a, b, ¢ thda
mén: |a|<1, [b|<1, |¢|<1 va a+b+c=0.

Chtrng minh: @™ +5%" + <2,

Lo gii
Tir gia thiét ta cé: (a+1)(b+1)(c+1)20va (1-a)(1-b)(1-¢)=0
suyra (a+1)(b+1)(c+1)+(1-a)(1-b)(1-c)=0
Rut gon ta dwoc: —2(ab+bc+ba)<2.
Mit khic: (a+b+c) =a* +b* +c* +2(ab+bc+ca)=0
=a’+b*+c* =-2ab+bc+ca)=a’ +b>+c* <2.

Vi |a|$13 a® <a?,

b <1= ™" <p?,

c|$1:>c2019 <c?

Nén: a®™® +p™° + ™ <a®> +b* +* <2.

D4u “=" xay ra khi chdng han a =0,b=1,c =—1.

Ciu 18, ( Truong chuyén tinh Son La Vong 2 nam 2019-2020) Cho ba sé thwc dwong a, b, ¢ thoa
man: a +b+ ¢ <3. Chitng minh rang:

1 362
———— >121
a +b"+c ab+bc+ca
Loi giai

Cho ba sé thuc dwong a, b, ¢ théaman: a+b+c <3. Chitng minh rang:

> 12 >+ 362 >121.
a +b"+c” ab+bc+ca
Ap dung bat dang thirc l+l+l > % (*)
a b c (a+b+c)
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(hoc sinh chirng minh (*) bang cach nhan chéo va ap dung BDT cauchy)

1 362
A: 2 2 2+
a +b"+c° ab+bc+ca
1 1 1 360
=2 2 > T + +
a +b"+c¢- ab+bc+ca ab+bc+ca ab+be+ca
Ta co: 5 12 =+ ! + ! > — 5 5 9
a +b"+c¢- ab+bc+ca ab+bc+ca a +b +c”+2ab+2bc+2ca
—— > (a+bee<3) (1)
(a+b+c) 9

D4u bang (1) xay rakhiva chikhi a=b=c=1.

360 S 3.360
ab+bc+ca (a+b+c)

2
- >120 vi Lab+bc+ca£MJ (2)
3

D4u bang (2) xay rakhivachikhi a=b=c=1.
Twr (1) va (2) suyra

P 362

=+ >120+1=121.
a - +b " +c ab+bc+ca

1 362
Va + >121. (docm
ad a’+b*+c* ab+bc+ca (dpem)

D4u bang xay rakhivachikhi a=b=c=1.

C4u 19. ( Truomg chuyén tinh Thai Nguyén chuyén toan nim 2019-2020) Cho 4 =—a’ +4a—5.
Chitng minh 4 <0 Va e R.

Loi giai

Tacs: A=—a’ +4a-5==|(a=2) +1]|=—(a=2) ~1<0VaeR.

Cau 20. ( Trwong chuyén tinh Tay Ninh Vong 2 nam 2019-2020) Chitng minh

(x +y+ z)3 +9xyz 2 4(x +y+ z)(xy +yz+ zx) vGi x,y,z 1a cAc s6 thwc khdong Am. Dang thirc xay ra khi

nao?

Lo gidi
Chirng minh (x+y+z)3 +9xyz 2 4(x+y+z)(xy+yz+zx) (*) vGi x,y,z 1a cac s6 thwc khong Am. Dang
thirc xay ra khi nao?
(*) Sy + 7 F3xyz—x’y—x'z—yx—yz—-x -7y >0.
c>x(x—y)(x—z)+y(y—x)(y—z)+z(z—x)(z—y)2O (**)

Khong mét tinh téng quat, gid st x>y >z>0.

Khi d6 (¥*) < z(z—x)(z—y)+(x—y)[x(x—z)—y(y—z)} > 0 ( hién nhién dting)
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D4u bang x4y ra khi va chi khi x = y = z hodc hai trong 3 s6 bang nhau, sd con laila 0.

Ciu 21. ( Trwong chuyén tinh Ba Ria Viing Tau thi chung nam 2019-2020) Cho cac sd thuc dwong
x, . Tim gia tri nhé nhit cua biéu thirc

L, A
P— —2 —2 +—.
v ox x+y
Loi giai
Ap dung BDT cb si ta cé:
2
P= \/_ x +y \/_y :()C-I—y) +4+@_6
y X x+y xy x+y Xy xX+y

o () st o

xy x+y Xy X+y

Gy N 15eey) o G A 1520w
Tafo xer 4l o rey afw

bang thirc xay rakhi x=y.

|
N |

Vay min P:%.

Cau 22. ( Trwdng chuyén tinh Long An chuyén toan nam 2019-2020) Cho cac sb thwc a,b sao cho

a >4;b > 6. Chirng minh: \/2a—4+\/3b—9+11a+7bSab+24.
Loi giai
a—-2+2 b-3+3
2a—4=2(a-2)< 3b-9 = 3(h-3) <
V2a=4= 2{a=2) <2 Bh-9 = B(b-3) s 7

a+b

V2a-4+3h-9 <

(a—4)(b—6)>0 < 6a+4b<ab+24

Suy ra diéu phai chirng minh.

Cau 23. ( Treong chuyén tinh Phi Tho vong 2 nam 2019-2020) Cho a,b,c 1a cac s6 thwc dwong,
chirng minh rang a4 b > 4a :
b ¢ a+c

Loi giai

>

g+é 4a <:>(ac+b2)(a+c)24abc
b ¢ a+c

Theo cosi
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ac+b* >2\ab*c >0
a+022\/E>0

= (ac +b2)(a +c¢) > 4abe.

Ciu 24. ( Truwong chuyén tinh Pha Tho vong 2 ndm 2019-2020) Chitng minh rang ton tai vd s6 s6

R n>or 1
nguyén duong n sao cho > < M
Lovi giai
Ta chtrng minh 7 =1000000000 théa man
That vay

21000000000 - 21000000000 21000000000 - 21000000000 - 2999927316 < 2020
Tiép theo ta chitng minh nhan xét:
Néu n=a >1000000000 théa man, thi n = 2a ciling théa man

That vay

2019
2019 2019 2019 2019 2019 2019
n (2a)" 2" 4 2 a a 1

2n 22a 2a . 2a < 21000000000 : 2a < 2a < 2020 .
Tl nhan xét trén két hop véi quy nap, ta thiy # = 2°.10° théa man bai toan véi moi k € N.

Vay tbn tai vo s6 s6 nguyén dwong n

Cau 25. ( Trwong chuyén tinh Quang Binh chuyén toan nam 2019-2020)
Cho x,y,z lacacsodwongthéamin x+ y +z = \/5 Chrng minh rang:
201957 +2xy+2019)7 +1/201937 +2)z +20192% ++/20192> + 2z +2019x° >24/2020.

Lo gii

Dt §=1/2019x +2xp+2019) +/2019y7 +2)z +20192% ++/20192> + 2z +2019x°

Tac6 2019x% + 2xy +2019y% =1009(x — y)’ +1010(x + y)* >1010(x + y)’

Suy ra y/2019x% + 2xp + 2019y >1010 (x + y)
D3u “="xay ra khivachikhi x =y .

Twong tw

\/2019)/2 +2yz+2019z2° 21010 (y + 2).

\/201922 +2zx+2019x% > \/1010(z+x).

Dodé S 22x/1010(x+y+z):2\/2020.
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2

Dang thirc xdy rakhivachikhi x=y =z = 3

Cau 26. ( Trwong chuyén tinh Quang Tri Vong 2 nam 2019-2020)Cho a, b, ¢ 1a cic s6 dwong thda
man a+b+c+2=abc.
1 1

1 3
Chrng minh + + <—.
8 NJab Abc Nca 2

Lo giai
1 1 1
+ + =1.
a+l b+1 c+1

a+b+c+2=abc =

1 1 1

2t X = , V= ,Z= .
bat a+1 Y b+1 c+1

y+z

1 + +
Taco x+y+z=1vaa=—-1= ,b:Z x,c:x Y
X X y z

2
+

2 N 2 _ Xy N yz . Xz
B e ome ey

X z X z
< 22y + + =3.

Xtz y+z Y+Xx z+x x+y z+y

Cau 27. ( Trwong chuyén tinh Thanh héa chuyén toan nim 2019-2020) Cho ba sé dwong a, b, c théa
min abc= 1. Chitng minh rang ;

a b c
+ + =1
ab+a+1 bc+b+1 ca+c+1
Loi giai
Taco
a b c a ab abc
+ + = + +
ab+a+1 bc+b+1 ca+c+1 ab+a+1 abc+ab+a a’bc+abc+ab
a ab ! =1 (Doabc =1)

= + +
ab+a+1 ab+a+1 ab+a+1

Ciu 28, ( Truong chuyén tinh Thira Thién Hué vong 2 nam 2019-2020)

Cho ba s6 dwong x, y, z thda mdn xyz = 2. Chirng minh

X 2y 4z 1
%2 2 t o t 32 2 S5
X"+y +5 6y +z°+6 3z°+4x"+16 2

Loi giai

Ap dung bat dang thirc Co-si cho hai s6 khong am, ta cé
2X° Y 4S5 = (X +y)+ (XD + 42 2xy +2x +4 = 2(xy + X + 2),
6y’ +72°+6=(4y° +2°)+2(y’ +)+4>4yz+dy+4=4(yz+y+1),

327 +4x° +16= (2" +4x°)+2(z° +4) + 8> 4zx + 8z + 8 = 4(zx + 2z + 2).
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X < X
2xX*+y* +5 2(xy+x+2)

Suy ra

2y . y
6x’+z*+6 2(yz+y+1)’

4z < z
327 +4x> 416 zx+2z+2)

Cong cac bat dang thirc theo vé, ta dwoc

P< X y z

< + +
2(xy+x+2) 2(yz+y+1) zx+2z+2

1 X N y . 2z
2\ xy+x+2 yz+y+1l zx+2z+2

_ 1 X N Xy N 2z
2\ xy+x+2 Xyz+Xxy+Xx zx+2z+Xyz

_ 1 X L Xy 2
2\xy+x+2 xy+x+2 x+xy+2

1
>

Cau 29. ( Trwong chuyén tinh Vinh Phiic vong 2 nam 2019-2020)

Cho cac s6 nguyén dwong a,b,c théamin abc > 1. Chirng minh rang:

a b C 3
Joivoe  Neidab ot 2

Loi giai

Cau 30. ( Trwong chuyén tinh Yén Bai vong 2 nam 2019-2020)
Cho 3 s8 thwc dwong a,b,c théa man abc = 1. Chirng minh rang:

a’ N b’ N c’ >E
(1+b6)(1+¢) (1+c)(1+a) (1+a)(1+b) 4
Lot giai
a—3+l(l+b)+l(l+c)23—ada”lub:‘?mgxéiyrakhi b=c
(1+b)(1+¢) 8 8 4 2a=1+b
b’ 1 1 3b . . . a=c
—+—(1 —(1 > — dau ba J khi
(1+c)(1+a)+8( +c)+8( +a) 7 ddubling xdyra 1{2bz1+c
L+l(l+a)+l(l+b)23—cdﬁubﬁngxé{yrakhi a=b
(1+a)(1+b) 8 8 4 2c=1+b

Cong theo vé& 3 bat dang thirc trén ta duoc
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a3 b3 C3 3 1 ;
(1+b)(1+c)+(1+c)(1+a)+(1+a)(1+b)+Z+—(a+b+c)zz(a+b+c)

3 3 3 3/
= ¢ + b + ¢ Zl(a+b+c)—§23 abe —E:EDé{u bang x4y ra khi
(1+b)(1+¢) (1+c)(1+a) (1+a)(1+b) 2 2 4 4
a=b=c=1.

Cau 31. ( Trwong chuyén tinh Binh Pinh vong 2 ndm 2019-2020) Cho x, y, z la cic so thyc dwong
va théa man xy + yz + zx — xyz = 0. Tim gia tri nho nhit cta biéu thirc sau:

2 2 2
x i y i z

P= .
y+z z+x x+Yy

Lo gii
DE gidi quyét bai toan trén ta cin chirng minh va st dung hai b dé sau:
1 1 1

B& dé 1.Véi a, b, ¢ 1a cac sO thwc dwong, khi d6 (a+b—|—c)[—+—+—]29.
a c

DPang thirc xay ra khivachikhi a=b=c.

—~ . . 2o m+n+p)
Bo dé 2.Véi a, b, ¢ 1a cac so thwe dwong m, n, p 1a sé thuc, khi d6 m__}_n__l_gz(—p).
a b ¢ at+b+c

DPang thirc xay ra khi va chi khi m_ g =2 (B4t dang thirc Cauchy-Schwarz dang Engel).
a c

e Ta co: (*)(:}l—i—l—l—lzl, theo b3 dé 1 suy ra: (x+ y +z)
Xy z

>9——x+y+2z2>9.

1 1 1
x y z

2 2 2

y_ . z >(x+y+z)2:x+y+z>9

e Theo b6 dé 2, ta c6 danh gid sau: P =

y+z z4x x+y_2(x+y+z) 2 2
x Yy oz
yt+z z+4+x x+y
Pang thirc xay ra khi va chikhi {x =y =2z Sx=y=z=3.
1 1 1
—+—+—=1
x ¥y z

Vay gia tri nho nhit cia P bang % khi x =y=2z=3.

Cau 32. ( Trwdng chuyén tinh Bic Ninh vong 2 ndm 2019-2020) Cho cic s6 thwc khong am z, y, 2
théa man = + y + z = 3. Tim gia tri 1&n nhét, gia tri nho nhit cta biéu thic

M =22 — 62 +25 +y? — 6y +25 + 2% —62+25.

Lo gidi
Tw gia thiét suy ra 0<my;z<3. Ta co

9(:1;2 —6:z+25) — (:z? —30:2—1—225)—1—83;2 — gy = (15—;1;)2 +8z(z—3) < (15—;1;)2 véi Vz,0 <z <3
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(do0<z<3= Sx(x—?)) <0, d4u bang xay rakhi z = 0 hodc = = 3).

Do d6 \/9(:1;2—6:1:+25> <15 —z hay Va2’ — 6z + 25 §153_”3 véi Vz,0 <z < 3.

Twong tw 'y — 6y + 25 < 15_?/;\/22 —62+25 < 153—z voi Vy,z:0<y,z < 3.

3

15—-z+15-y+15—-2 45-3

Dodo, M <
3 3

=14.

D4u bang xay ra khi va chi khi (x;y;z) = (3;0;0) hoac (x;y;z) = (0;3;0) hoac (x;y;z) = (0;0;3) .

Ta c6 5(:]52 —6:1:+25):

—

22 — 222 + 121) + (4952 ~ 8z 4+ 4)
=(11—2) +4(z—1) >(11—2) véi Va,0< e <3

2
(do 4(:1:—1) > (0, d4u bang xady rakhi z = 1).

Do dé \/5(332 —6:1:+25) > 11—z hay 2° — 62 +25 > 11\/__

5

Twong tw +/y° — 6y + 25 > 11\/__11;\/,22 — 62425 > HT_Z voi Vy,z:0<y,z <3.
5 5

HU-stll-y+ll-z 33-3 &
= = 6v5.
J5 J5

D4u bang xay rakhiva chikhi z =y = 2z =1.

X

voi Vo,0 <z < 3.

Do d6, M >

Vay GTLN cua M la 14 dat dwoc khi (x;y;z) = (3; 0;0) hoac (x;y;z) = (O; 3;O)hoéc <J;;y;z> = (0;0;3) va

GTNNcua M la 6\/5 datdwockhi x =y=2=1..

Cau 33. ( Truwdng chuyén tinh Cao Bang vong 2 nidm 2019-2020) Cho a, b, ¢ 12 cic s6 dwong thoa
a_ b L ¢
1+b6> 1+c” 1+ad*

man diéu kién a + b+ ¢ =3. Tim gia tri nho nhat cta biéu thirc R =

Loi giai
Cho a, b, ¢ 1a cac s6 dwong théa min diéu kién a+b+c=3. Tim gia tri nho nhit cia biéu thirc

a b c
= ~+ ~+
1+ 1+¢ 1+a

5

. a ab® ab’ ab
Ta co S=a- sZ2a-——=a——
1+b 1+b 2b 2
bc c ca
Twong tw >2b——; S2C——
1+c¢ 2 l+a 2
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Suy ra R2a+b+c—%(ab+bc+ca)=3—%(ab+bc+ca)

3? :(a+b+c)2 =a’+b*+c* +2ab+2bc+2ca

5 2 2 2 2 2 _
:a+b 2ab+b tc 2bc+c +a 20a+3ab+3bc+3ca

2 2
2 2 2
Mt khéc =(a_b) +<b_c) +(C_a) +3(ab+bc+ca)
2 2 2
23(ab+bc+ca)

=ab+bc+ca<3
Suy ra RZ3—1.3:§.
2 2

D4ubangxdyrakhi a=b=c=1

. 3
Vay gia tri nho nhat cta biéu thire R 1a 5

Cau 34. ( Trwong chuyén tinh Chuyén PHSP vong 1 nam 2019-2020)
Cho céc s6 thuc x, y thay doi. Tim gia tri nhoé nhit cia biéu thirc
P=xy(x—2)(y+6)+13x2 +4y> —26x+24y+46.

Loi giai
Biéu thitc P c6 thé dwoc viét lai dudidang P=x(x—2)y(y+6)+13x(x—2)+4y(y+6)+46.
Pt a=x(x-2) =(x—1)’ =1 va b=y(y—+6)=(y+3)’ -9 thitacd
P=ab+13a+4b+46=(a+4)(b+13)-6
=[(x=1) +3][(y+3) +4]-6234-6

=6.

D4u ding thirc x4y ra khi va chikhi x=1 va y=-3.Vay minP=6.

C4u 35. ( Trwong chuyén tinh Can tho chuyén todn nam 2019-2020)

a)Cho a,b,c 1a cac s6 thwc batkiva x, y,z 1a cac s6 dwong. Chirng minh:

2 2 2 2
a b C a+b+c
—+—+—2—( )
X Yy z @ Xx+y+z
b)Tim gia tri nho nhit cua biéu thirc

a’ +8 b +8 c+8

P= + + véi a,b,c 13 s6 dwong thoa man abc=1.
a3(b+c) b3(a+c) c3(a+b) ¢
Lo giai
a)
2 p? +b)
Ta co a_+b_ > (a—) bang thirc xay ra khi va chi khi . >
X y xX+y X y
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2y 2 (a+b+e)
:>a—+b—+c—2¥9éngthfrcxﬁyra khi va chikhi £=2 =€
x y z xX+y+z x y z

b) Ta co
3a N 3b N 3¢ S 3(atb+bc+ca)2
a3(b—%c) b3(a—%c) c3(a—kb)_- Z(a—Fb—%c)
3(ab—%bc—%ca)2
>
2(a+b+c)

+3(bc+ca+ad)2%;

Vay GTNN la 277 Khi a=b=c=1

Cau 36. ( Trwong chuyén tinh DAK NONG vong 2 nam 2019-2020) Cho hai sé thyc a, b théa man

1<a<2,1<bh<2.Tim gié tri lén nhat va gia tri nho nhat cia biéu thicc P = (a + EJ (b + EJ

Loi giai

a
v e 4 4
Bién doi P=ab+—+42>22,lab— +4 =8
ab ab

ab=2

DAu “=" xay ra khi :
1<a,b<2

Mitkhic 1<a<2,1<h<2 suyra 1<ab<4 < (ab—1)(ab—4)<0 < (ab) <5ab—4.

(ab)’ +4ab+4 _5ab-4+4ab+4 _

Khi d6 P= 9.
ab ab
ab=1
N« 2 . a:b:2
Dau “="xayrakhi <|ab=4 < .
a=b=1
1<a,b<2

Vay P

min

=8 khiab=2val<ab<2vaP, =9khia=b=1hodca=>0=2.

Cau 37. ( Trwong chuyén tinh Gia lai vong 2 nam 2019-2020) Cho cac s6 dwong x, y, z thod man

digu kién xy + yz + zx = 5. Tinh gi4 tri nhd nhat cda biéu thirc 3x* +3y° + z°.

Lot giai
Véi hai s6 dwong x, ytacod (x—y)* >0.
2 2

Suyra x?+y72xy, dang thirc xay rakhi x=y.

2 2
. z z 7 <2 7 2 . z
Twong twtacéd y° +?Zzy; ?+x2 > zx, cac ddng thirc xay ra khi x=y=2

2 2 2
3 .
Suy ra - +—)2; +—Z2 > xy+ yz + zx, dang thirc xay ra khi x=y=§

Hay 3x”>+3y° +2z°>10, dang thirc xay ra khi x=y=1,z=2. Vay GTNN can tim 1a 10, dat dwoc khi
x=y=1z=2.

Dia chi truy cép click vao diy # http://www.vungocthanh1984.blogspot.com/ % Trang 47 %%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

Cu 38. ( Trwdng chuyén tinh HCM ném 2019-2020) Cho x,y,z 1a cic s8 thyc thudc doan | 0;2] théa

man diéu kién x+y+z=3.

a)Chtrng minh rang x> +y* +z7° <6.

b)Tim gia tri lén nhat ctia biéu thirc P = x* +y’ +7° —3xyz.

Lo giai
a)Do x,y,z€[0,2] néntacé x* <2x;y* <2y;z> <2z,suyra
X'+ yi+z’ S2(x+y+z)=6

X,V,Z € {0,2}

, tuy nhién diéu nay lai khéng thé xay ra, do dé ta dwoc
xX+y+z=3

DAu “=" xay ra khi va chi khi {
¥’ +y'+z° <60

b)Ditt = xy + yz+zx. Ap dung hing ding thitc quen thudc
x3+y3+z3—3xyZ:(x+y+z)[(x+y+z)2—3(xy+yz+zx)}
Suyra P=9(3-1) (1)

Mat khac, do x,y,z €[0,2] néntacé
(x—2)(y—2)(z—2)£0
:>xyz+4(x+y+z)—2(xy+yz+zx)—8SO

=>xz+4<2t (do x+y+z=3)

=t22 (do x3z20) (2)

Twr (1) va(2) suyra P<9

D4u “=" x4y ra khi va chi khi (x,y,z) 1a hoan vi ctia (0,1,2).

Vay gia trilén nhatcta P 12 9 o

Cau 39. ( Trwong chuyén tinh Ha Giang vong 1 nam 2019-2020)
Gia st xva yla hai s6 théaman x > yva xy= 1.
X+ y°

xX—y '

Tim gia tri nhé nhat cta biéu thirc M =

Loi giai
_xz+y2 _x2—2xy+y2+2xy_(x—y)2+2xy
X=y X=y X=y

M

(x—y) N 2xy 2.1
xX=y =y xX=y

Do x>yvaxy=1nénM =
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*~y>0 2.1 2
Vix>y= 2 doddo M =x-—y+— 22\/(x—y)( J:z\/i
>0 X—y xX—y
xX=y

Pang thirc xay ra khi va chi khi x—yzic)x—yzx/z
X=Yy

Jo-2 Je+2
y YT

2

Giai hpt Y :ﬁta dwoc x =
xy=1

VAy Mcé gia tri nhd nhatla 24/2 khi x =

Vo2 Jo+2
2 07 '

2

Ciu 40. ( Trwdng chuyén tinh Ha Noi chuyén tin nam 2019-2020)

Cho céac sd thuc dwong a, b, ¢ thay d6i va thod man ab + be + ca + abe = 4.

1 1
+ + =
a+2 b+2 c+2
2) Tim gia tri 1én nhit cha biéu thirc

P = L + L + L

2(a2+b2)+4 2(b2+02)+4 2<c2+a2)+4.

1) Chirng minh

Loi giai

1 1 1

Co: + + =
a+2 b+2 c+2

<:>(a+2)(b+2)+(b+2)(c+2)+(c+2)(a+2):(a+2)(b+2)(c+2) (1)
VT=ab+bc+ca+4(a+b+c)+12

VP:8+4(a+b+c)+2(ab+bc+ca)+abc

Tw dé: (1) < ab+bc + ca+ abe = 4. Suy ra dpem.
2..Tim gid tri Ion nhat cia biéu thitc

P = L + L + L

2(a2+bg)+4 2(bg+c2)+4 2<cz+a2)+4.

Co: 2(a2+62)2(a+b)2 :>1/2(a2+b2) >a+b
Do doé 1 < 1
‘/2(a2+b2)+4 a+b+4
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Chirng minh twong tw suyra P < ! + ! + 1 .
a+b+4 b+c+4 cH+a+4
Mé\tkhé\c:;él 1 +L7
a+b+4 4la+2 b+2

1 1 1 1 1
Chirng minh twong tw suyra P < — + + =—.
2la+2 b+2 c+2 2

bang thitc xdy rakhi a = b =c = 1.

1
Vay P dat gia tri lén nhatla 2 khia=b=c=1.

Ciu 41. ( Truwong chuyén tinh Ha ndi chuyén todn nim 2019-2020) Cho biéu thirc
K = ab+ 4ac — 4bc, v6i a,b, c 1a cac s6 thwe khdong 4m théa man a + b + 2¢ = 1.

1
1) Chitng minh K > —

2) Tim gia tri 1én nhit cha biéu thirc K.

Loi giai

1
1..Chitrng minh K > -3

K > —4bc (vi ab > 0,ac > 0)

2 2
N K2—25.202—2.(b+26) :_(1_a)
4 2

Chirng minh dwgc 0<a <1 = (1—&)2 <1

2
=>K2—(1_2a) > —

N | =

2..Tim gid tri I6m nhdt cia biéu thifc K.
K <2ab+4ac (vi ab <2ab; —4bc <0)
2
(a +b+ 2(:) 1

KSQa(b+2¢)S2.T:§.

K=l<:>c=0; a:bzl
2 2

GTLN cua K=%,khi a=b=—,c=0

1
2

Cau 42. ( Trwdng chuyén tinh Ha Tinh vong 2 nam 2019-2020) Goi a,b,c 1a d6 dai ba canh ctia mot
tam giac c6 chu vi bang 6. Tim gia tri nhé nhit cta biéu thirc
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P=§(a3 +b’ +c3)+a2 +b*+c’ —(a+1)(b+1)(c+1).

Lo1 gidi
Tacé: a>>a’—(b—c)’ =(a—b+c)a+b—c)=(6-2b)(6—-2c)>0 (do a,b,cla ba canh cia mdt tam giac).
Twong tw c6: b>>(6-2c¢)(6—-2a)>0; c¢*>(6—2a)(6-2b)>0.

Do d6 ta c6 abc >(6—2a)(6—2b)(6—2c)=216—72(a+b+c)+24(ab+bc+ca)—8abc

< abe > —24+§(ab+ be+ca).

Pz%(a3+b3 +03)+a2+b2+c2 —(a+1)(b+1)(c+1)
>2abc+a’ +b’ +¢’ —(abc+ab+bc+ca+ta+b+c+l)

—abc+a’+b’ +¢’ —(ab+bc+ca)—7=abc+(a+b+c)2 —3(ab+bc+ca)-7.

PZ—24+§(ab+bc+ca)+36—3(ab+bc+ca)—7 =5—%(ab+bc+ca).

Mit khac 3(ab+be+ca) < (a+b+c) :>ab+bc+ca£?=l2.

12 . s , |la+b+c=6
Suy ra PZS—?:I.Daubangxayrakhl b &a=b=c=2.
a=b=c

Gia tri nh6é nhit ciaPbang 1 khi a=b=c=2.

Cau 43. ( Trwong chuyén tinh Hoa Binh Chuyén Tin nam 2019-2020)

Cho cac s thwc dwong x; y théa man x+ y <1.Tim gia tri nho nhat cta biéu thic:

P:(lJrl]\/lerzyz

X Yy

Loi giai

Twr gt suy ra 12x+y22\/5:>xys%

Ta co: P=[l+l}/1+x2y2 Ziw/l+x2y2 =2 i+xy
rJ Jo \ xy

1 xy
=2 |xy+ —4 2/ = =17
\/y 16xy 16xy \/ 16xy

Pang thircxdyra < x=y= 5

Vay min P=+/17 khi x:y:%
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Ciu 44. ( Trwong chuyén tinh Hoa Binh Chuyén Toan nam 2019-2020) Cho céic s6 dwong X, V, Z
théa man: xy+xz+4yz=32
Tim gi4 tri nhé nhit cta: P=x" +16y” +16z°

Loi giai

X

2
Vay x> +16y° +16z° > 4(xy +xz +4yz) =4.32=128

2 2

Tacod +8)° 22, 22y =4xy; - +822> 2. 22z =4xz;8(z* + y*) > 16xp
2 2 2

=2x/§Z

z

D4u dang thirc xay ra khi

Sl S

<
Il

Ciu 45. ( Trwong chuyén tinh Hwng Yén Vong 2 ndam 2019-2020) Cho céc s6 thwc x, y thay d6i. Tim
gia tri nho nhat cia biéu thirc
P=xy(x—=2)(y+6)+13x" +4y° —26x+24y+46.

Loi giai
Biéu thitc P c6 thé dwoc viétlai dwdi dang P=x(x-2)y(y+6)+13x(x—2)+4y(y+6)+46.
Dit a=x(x-2)=(x-1) -1 va b=y(y—+6)=(y+3)" -9 thitaco
P=ab+13a+4b+46=(a+4)(b+13)-6
=[(x—1)2+3J[(y+3)2+4}—623.4—6

=6.

D4u dang thirc xay ra khiva chikhi x=1 v y=-3.VAay minP=6.

Ciu 46. ( Trwong chuyén tinh Hai Dwong chuyén toan nam 2019-2020) Cho a,b, c 1a cac s6 thyc
khong &mthdéa man diéu kién a + b + ¢ = 3.Tim gia tri 1&n nhat cta biéu thic
P=avb’ +1+bJ* +1+ca* +1.

Loi giai
Vi a,b, C la cac s6 thuc khong Aamnén ta cb
b+1+b’>-b+1 _  ab’

ab +1=aJ(b+ ) -b+1) <a. : —a+

Twong tu:

2
b\/c3+1£b+%

2

ca
eNa® +1 Sc+7
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2 2 2 2 5 5
toc + +bc’” +
DOdé:P£a+b+c+ab b; ca =3+ab b; ca

Vi vai tro cta a, b, c nhw nhau nén gia str
a<b<c=(b-a)b-c)<0< b>+ac<ab+bc

= ab’ +a’c < a’b+abc

= ab’ +a’c+bc’ <a’b+abc+bc’ =b(a’ +ac+c?)

Vi ac >0 nén

= ab’ +a’c+bc’ <b(a’ +ac+c*)<b(a® +2ac+c’)=b(a+c)

at+c a+c
b+ +

atc atc 2 2 a+b+c,
b(a+c) =4.b. <4, =4, =4
(a+ey 2 2 ( 3 Ve 3 y

Suyrz;1ab2+a2(:+bc2 <4=P<5

Vay gia tri 1&6n nhat ctia P bang 5 khi a=0, b=1, c=2 va cac hoan vi.

Cau 47. ( Trwong chuyén tinh Hai phong vong 2 ndm 2019-2020) Cho x;y;z 1a ba s6 thuc dwong

théa man x(x —z)+ y(y —z) = 0. Tim gia tri nho nhit cta biéu thic
P B x3 y3 x2 +y2 +4
L2 2 + 2 2 '
X +z y +z xX+y

Lo gii
3 2 2

A dung bat dang thirc Cosi —— =x———— .
P 5 8 X —l—zz X+ 2xz 2

3

Y
2

2 2
4
Twong tw zy—g.Suyra P2x+y—z+m..

2 2
Theogtz:x Y =P>x+y+
x+y x+y

>4.

Vay P

min

=4 x=y=z=1..

Cau 48. ( Trwong chuyén tinh Khanh Hoa Vong 2 nam 2019-2020)

a) Chirng minh rang v&i moi s6 thic a,b ludn c6: a” +b’ Zé(a +b)" va ab Si(a+b)2
b) Cho x,y,z 1a cic s6 thuwc dwong théa man 5(x2 +y’ +zz)—9x(y+z)—18yz =0.

2X -y —z

Tim gia tri 1én nhit cta biéu thirc Q =
y +Zz

Lo giai
a)Ta chirtng minh bang phép bién d6i twong dwong

Xét:a? +b? Zé(a +b)2
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< 2a’ +2b* >a’ +2ab+b?
<a’—2ab+b*>0

= (a - b)2 >0 (luon dung)

Vay: a’ +b’ 2%(a+b)2 .D4u “="xay rakhi a=b
, 1 2

Xét:ab SZ(aer)

< dab<a’ +2ab+b?
<a’—2ab+b* >0

o (a- b)2 >0 (luon dung)
Vay: ab Si(a +b)". Dau “=" xay ra khi a=b

b) Co: S(X2 +y’ +ZZ)—9X(y+Z)—18yZ=0

& 5x° +5(y2 +Zz)—9x(y+z)—18y2=0 & 5x° —9x(y+z)=—5(y2 +Zz)+18yz

Ma theo ciu a. Co: y* +7° 2%(y+z)2 <:>—5(y2 +ZZ)S_75(y+z)2
N 1 2 9 2
va yzSZ(y+z) & 18yz£5(y+z)

Nén: —5(y2+zz)+18yzs2(y+z)2

& 5x2-9x.(y+2)<2(y +2)

& 5x2-9x.(y+2z)-2(y+z) <0
c>5x2—10x.(y+z)+x.(y+z)—2(y+z)2 <0
o (x-2(y+2)).(5x+(y+2))<0

< x-2(y+2)<0 (do 5x+y+z>0)
Hay x <2.(y+2)

2X—y—z: 2X _1S2.2.(y+z)_

Cé:Q: 1=3
y+z y+z y+z
~ « » 2 . y:Z
=Q,.. =3.Dau “=" xay ra khi: o x=4y=4z
x=2.(y+z)

Vay Q,,. =3 khi x=4y=4z

Ciu 49. ( Trwong chuyén tinh LAm Pong vong 2 niam 2019-2020) Cho a, b, ¢ 1a ba sé thwc théa min

diéu kién a + b + ¢ =10. Tinh gi4 tri nhé nhit cta M =a” +b*> +c°.

Loi giai
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Bién doi dwoc biéu thirc M vé dang:

M =(a+b+c)” —2(ab+bc+ca)

Ching té dwoc: ab+bc+ca<a’+b* +c°
Suy ra dugc M >10> -2M

Tinh dwoc M, = % datdwockhi a=b=c= ?

Cau 50. ( Trwong chuyén tinh Nghé An chuyén toan nam 2019-2020) Cho cac s6 thuc dwong a,b,c
1 1 1

théa man abc = a + b + ¢ + 2. Tim gia tri I&n nhit cia biéu thirc P = + + )
\/a2 +b \/b2 +c? \/02 +a’

Loi giai

Tl‘rdﬁngthl'rcabc=a+b+c+2<:>i+L+i+i:1
ab bc ca abc

1 1
=== (1, 0,2>0)
y+z b z+x c x+y

1 1 1 1 1 1
= + + < + +
Ja +b2 P+ N +ad N2ab 2be  N2ca

Mit khac: —— — ald

e
V2ab (x+Z)(y+Z).\/§_2 x+z y+z)2

Twong ty thi ta cling cé:

Ly =)L
2be 2 y+x z+x \/5

! <1(z . xj_L
J2ca 2 y+z y+x \/5

Cong vé theo vé ta co: PS%Dﬁubingxéyrakhix:yzz:l.Haylé a=b=c=2

Cau 51. ( Trwong chuyén tinh Quang Nam Vong 2 nam 2019-2020) Cho ba sé thwc dwong a,b,c
thoa man abc = 1. Tim gia tri nh6 nhat cia biéu thirc
(1+a) +b*+5 s (1+b) +c* +5 .\ (1+c) +a®+5

ab+a+4 bc+b+4 ca+c+4

P=

Loi giai

Dé chirng minh cac b4t ding thirc:

I 1
XY 22y —4+—2>
X y Xx+y

voi x,y >0

Diu“="xdyra < x=y

Ap dung cac bt dang thirc trén, ta cé:
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(I+a) +6°+5 _a’+b*+2a+6 _ 2ab+2a+6 _2(ab+a+4)-2
ab+a+4 ab+a+4  ab+a+4 ab+a+4

2 1 4 1 1 1
=2-——=2——" >22——| —+—
ab+a+4 2 (ab+a+1)+3 2\ab+a+1 3

11 1 1

:E 2 ab+a+1

Twong tu:

(Leb) +c*+5 11 1 1

bec+b+4 6 2 be+b+l
(1+c)2+a2+5 11 1 1
>

catc+4 6 2 catc+l
:>P2£—l 1 + ! + 1
2 2Vab+a+1 be+b+1 ca+c+1

Vi abc =1 nén:

1 _ a _ a
bc+b+1 abc+ab+a ab+a+1
1 B ab B ab
ca+c+1 a’*bc+abc+ab ab+a+1
1 1 1 1 a ab
+ + = + +
ab+a+1 bc+b+1 ca+c+1 ab+a+1 ab+a+1 ab+a+1
=1
:qu—l:S
2 2

Diu “="xay ra

a=b=c
Slab+a+l=be+b+l=ca+c+1=3<a=b=c=1
abc =1

Viy minP=5<a=b=c=1

Cau 52. ( Trwong chuyén tinh Thai Binh vong 1 nam 2019-2020) Xét cac s6 thwc a;b;c (a #0) sao

cho phwong trinh béac hai ax’ + bx + ¢ =0 c6 hai nghiém m;n théaman: 0<m <1;0<n <1. Tim gia

tri nho nhit cta biéu thirc:

B 2a* —ac—2ab +bc

0

a’ —ab+ac

Loi giai
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Vi phwong trinh bac hai ax’ +bx+c=0 c6 hai nghiém m;n nén ap dung hé thtc Vi-ét, ta cé:

m+n=-——
a

C
mn =—
a

Vi a # 0 nén:

b c
1-212-¢
Q_2a2 —ac—2ab+bc (a-b)2a—c) _( aj( aj _ (I+m+n)(2—mn)
a’ —ab+ac a’ —ab+ac b ¢ l+m+n+mn
a a

Vio<m<1,0<n<l1
=>mn<m;,;mn<n;mn<l;l+m+n>0

:>2—mn21;mn£%(1+m+n)

l+m+n 1 3
s 2 = = —
Q 4

1+m+n+;(l+m+n) 1+;

Dé{u"z”xéyra<:>m=n=1<:>a=c=—5

Vay minQ:%©a=c=—§

Cau 53. ( Trwong chuyén tinh Thai Binh vong 2 nam 2019-2020)
1
7 ~ 9 =7 O<a7bac<_ N .z q 9 ~ 5 . /.
Cho cac so thuc a, b, c théa man 2 . Tim gia tri nho nhat cua biéu thirc:
2a+3b+4c=3
2 9 8
P= + +
a(3b+4c—-2) b(4a+8c—-3) c(2a+3b-1)

Loi giai
Ta cé:
P= 2 + 3 + 4
a(l1-2a) b(1-2b) c(1-2c)
2a 3b 4c
= + +
a’(1-2a) b*(1-2b) c*(1-2c)

Ap dung bat dang thirc AG - GM, ta c6:

a+a+l—20¢}3 1

a (1—2a)£{ 3
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1 1
Twong tu: b*(1-2b) < —:c*(1-2¢) < —
gty ( ) 7 ¢ (I-2¢) 77

Suyra: P>27(2a+3b+4c)=81.D4u “="xay rakhi a =b=c =~ .Vay gia tri nh6 nhit clia P bang 81

[SSRIT

Ciu 54. ( Trwong chuyén tinh Tién Giang Vong 2 nim 2019-2020)
Cho hai s6 dwong x, y thoa man x(x3 + y3) + 6xy(x +y— 2) = (x + y)2 (xy + 4) :

T:l(£+l+lj
2\y x

Tim gia tri nhé nhat cia biéu thirc

Lovi giai
bit S=x+y,P=x.y,S>0,P>0

2 2
T:l RN _L S—2P+1 = P= S
2y «x 2 P 2T +1

2(x3+y3)+6xy(x+y—2):(x+y)2(xy+4)
<:>2S3—12P:S2(P+4)

2 2
<28 -12 S 52( S +4j

T+1 - |\ 2T +1

& §”=2(2T +1)S +8T +16=0(1)
(1) ¢6 nghiém <:>A'20<:>4T2—4T—1520:>T2%

S=6 [x=3+3  [x=3-3

) 5
Vay m1nT=—<:>{ & hoac
2 P=6 y=3—\/§ y=3+x/§

Ciu 55. ( Trwong chuyén tinh Tuyén Quang chuyén todn nim 2019-2020) Cho cac s6 dwong a, b, ¢
thoa man a + b + ¢ = 4. Tim gia tri nho nhit cua biéu thirc:

a\/g N b\/E N c\/z
Ja+3b b+3Jc Ne+3a

Loi giai
a’ N b’ N c?
a+3Jab b+3Jbe c+3Jea

Theo bat ding thirc Bunhiacpxki (dang phan thirc). Ta cé:

Taco: P=

2 b? 2 (a+b+c)2

a C
P= + + >
a+3Jab  b+3Jbe  c+3Jca a+b+c+3(@+«/§+@)
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2 b2 2 16

a c
= + + 2
a+3Jab  b+3Jbec  c+3Jca 4+3(\/£+\/E+ ca)

P

(doa+b+c=4)

Theo bat ding thirc Co-si. Ta co:
a+b=>2Vab; b+c22\/E; c+a22\/a

= 2a+2b+2¢>2Jab + 2Jbe + 2Jca

:>\/E+\/E+\/ESa+b+c=4:>P2 =1
4+34
a;b;c>0 A
Diu "="xdyra < a+b+c:4<:>a:b:c=§
a=b=c

’ 4
Vay gid trinhdo nhatcaaPlalkhi a=b=c =§

Cau 56. ( Trwong chuyén tinh Vinh Long vong 2 nam 2019-2020) Cho x, y,z 1a cac s6 thyc dwong
a) Chitng minh rang x° +y*> +2z° > é(x+y+z)2.

b) Tim gia tri 16n nhit cta biéu thitc P=x+y+z.Biét x(x+1)+y(y+1)+z(z+1)<18.

Lo giai
a)Tacd x*+y" +z° 2%(x+y—|—z)2 <:)(x—y)2 —i—(y—z)2 +(z—x)2 >0 ludn ding.
Diu “=” xdyra & x=y=z.
b) Tir gia thiét ta c6 dwoc: (x2 +y° +zz)+(x+y+z)£18.

Mait khac x>+ y* +2° 2%(x+y+z)2.

T d6 ta dwoc: %(x+y+z)2+(x+y+z)$18<:>0<x+y+z£6.

Viy MaxP=6 < x=y=z=2.

Cau 57. ( Trwong chuyén tinh Binh Phwéc chuyén toan nam 2019-2020)

a)Cho x, y 1 cac s8 thuwc dwong théa man xy < 1. Chirng minh rang:
1 1 2

1+x  1+y — 1+/xy

b)Cho x, y 1a cac s6 thuc dwong théa man diéu kién (x + y)3 + 4xy < 12.

Tim gia tri lén nhit cua P = — et 2018xy.
1+x 1+y

Loi giai
a)Cho x, y 1a cac s6 thwc dwong théa man xy < 1. Chirng minh rang:
1 1 2

1+x  1+y — 1+/xy

, 1 1 2 1 1 1 1
Taco—+—< o —
1+x 1+y 1++/xy 1+x 1+/xy 1+y 1++/xy

<0
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wox  w oy
(1+x)(1+J_) (1+y)(1+Jx_y) N
IR ¥
1 + \/_ 1 +x 1+y
o Gy V& ) (S ) _
(1 +0)1+y(1+ \/_)

B4t dang thirc nay luén dung véi x,y > 0: xy < 1. Do d6 bit déng thirc ban dau luén dung.

b)Cho x y 12 cac s6 thuc dwong théa man diéu kién (x + y)3 + 4xy < 12. Tim gia tri 1é6m nhit cta P =
F + — + 2018xy.

Tacd 12 = (x+y)3 +4xy = (2\/x_y)3 + 4xy (Ap dung bat dang thitc AM-GM cho hai s6 khéng am
X, V).
bitt = \/xy,t > 0,khi dé6 ta cé

12283 +4t* =2t3+t* 3<0e(t D*+3t+3)<0.
Vi2t?+3t+3>0véimoitnént 1<0&t<lhay0<xy<1
Ap dungya) tacé
+ 2018xy

2
S—
1+, /xy

pitt = /xy,0 < t < 1tadwocP < — + 2018t

Ta chirng minh GTLN cua P = 2019, that vay ta chirng minh BDT sau luén ding

2
T H2018° 2019<0e (¢ 1)(2018t° + 4036t +2017) < 0

B4t dang thirc sau luén dung véi 0 < t < 1.

Xoomo__n 2 . t_]‘ _ _
Dau" = Xayrakhl{x:y@x—y— 1.

Vay GTLN cta P = 2019 dat dwockhix =y = 1.

Cau 58. ( Trwong chuyén tinh Long An chuyén toan dw bi nam 2019-2020) Tim gia tri nhé nhit cla
x+16

\/;-1-3

P=

Loi giai
x+16

\/;+3

Tim gia tri nhé nhat ctia P =
biéukién: x>0

p= x+16 \/— 3. —6

\/—+3 \/—+3
\/;+3+%22\/(\/;+3).\/;213:10
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Suyra P>4

Kétluin gia trinho nhitcia P la4 (P=4<x=4)

Cho hinh vudng ABCD c6 canh bang 12a, goi E 1a trung diém ctia CD, goi F 1a diém thudc canh CB
sao cho CF =4a.Cac diém G va H theo thi tw di chuyén trén cac canh 4B va AD sao cho GH song
song EF .Xac dinh vi tri cia diém G sao cho tir gidc EFGH c6 dién tich 16n nhat.
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Chuyén dé S : 2 Phwong trinh

Ciau 1. (Trwong chuyén tinh Binh Dwong chuyén toan nam 2019-2020) Gidi phwong trinh:

(x2+x+l)(13/(3x—2)2 +%/3x——2+1) =9

Loi giai

Ta co:
(*x+1)(3f(3x-2)" +3Bx=2 +1) =9

:>(x2+x+2)[(%/3x—2)2 +3Bx-2 +1}=9

:>(x2+x+2)(%/ﬁ—1)[(%/3x—2)2 +3hBx-2 +1}=9(M—1)
= (v r42)| (B2 -1 =9(¥Bx=2-1)

= (x%+x+2)(3x-3) =9({Bx—-2-1)

= (x*+x+2)(x—1)-3(Bx—2-1) =0

= x ~1-3B3x-2+3=0

=x-3Bx-242=0 (¥

Pat P3x—2=r=r =3x-2.

X =3t+2=0
*) =
() { £ =3x-2

{;f ~3t+2=0 (1)

A -3x+2=0 (2)

Ldy (1)-(2), ta dwoc:

=1 =3t+3x=0

= (x—t)(x" +xt+6)+3(x—1)=0
:>(x—t)(x2+xt+t2+3)=0
:>(x—t)[x2+t.x+(t2 +3)]=O

x=t=x=33x-2

+)
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=x’=3x-2

=X’ -3x+2=0
=x’—x-2x+2=0

= x(x’ =1)-2(x-1)=0

= x(x=1)(x+1)=2(x=1)=0
= (x=1)[x(x+1)-2]=0

:>(x—1)(x2+x—2):0

N x=1(kép)
x==2

x2+t.x+(t2+3):0
A=t -41(F+3)=-3-12<0
Vay x* +t.x+(t2 +3) =0 vO nghiém.

Vay S :{—2; 1}.

Cau 2. (Trwdong chuyén tinh Binh Thuan ndm 2019-2020) Giai phwong trinh x* + iz —4x+ 8_ 9.
X X

Lo gii

Vé&i diéu kién x = 0, ta viét lai phwong trinh thanh:

e
7%

N

x*+

Véi t 2=1,tacod x—gz—lc>x2+x—2=0<:>{ B
£o 5 81 oudnG vin Hon X x=-2
BINH MINH
+
Véit=5,taco x—%=5<:>x2—5x—220<:>x=5_;/§
X
+
Vay phwong trinh cé cdc nghiém —2;1;#.

C4u 3. (Trwong chuyén tinh Bac Liéu ndm 2019-2020) Gidi phwong trinh: 2()62 + 2) =5Vx’ +1.

Loi giai

PK: X’ +1>0
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2(x?+2)=5Jx3+1

o 2(x2—x+1+x+1):5\/(x+1)(x2—x+1)
o 2 x+1 _s x+1 220
X =x+1 NxP—x+1 B
[xr
x—x+1
[ x+l 1
VX —x+1 2

x+1

x—x+1

* Trwong hop 2: ‘/zx;l:l o X' =5x-3=0
x —x+1 2

x_5—¢ﬁ'

2
x_5+x/§
2

* Trwong hop 1: =2 < 4x* —5x+3=0 (vb nghiém)

2 2

537 54437

Vay phwong trinh cé nghiém : x =

Cau 4. (Trwong chuyén tinh Bic Giang chuyén todn nim 2019-2020) Gidi phwong trinh

X =5x+1+Jxt+7x2 +1=0.

Lo giai
Nhan xét x>0

Chia cd hai vé cho x>0 ta dwoc

1 ) 1 1 1Y
X+—=5+,[x"+7+—= =0 | x+— [-5+,[| x+—| +5=0..
X X X X

Pit P (1>2) ta dwoc phwong trinh ¢ —5++r* +5=0.
x

t<5

St=2.
F+5=(5-1)

12+5=5—t<:>{

Giai x+l= 2 dwoc nghiém x =1. Két luan..
x
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Cau 5. (Trwong chuyén tinh Bén Tre vong 2 ndm 2019-2020) Gidi phwong trinh: AR P .
Vx+10
Loi giai

Cdu 6. (Trwong chuyén tinh Cin tho chuyén todn nam 2019-2020) Gidi phwong trinh
V257 +3x+2 +44x% +6x+21 =11

Lo giai
Pat t =+/2x* +3x+2,t>0

Phwong trinh tré thanh ¢ ++/2¢° +17 =11

r<11
<9, =t=4
t°+22t-104=0
Véit=4

taco 2x2+3x+2:4<:>x:2,x:7

Tap nghiém S = {_?7;2}

Cau 7. (Trwong chuyén tinh DAK LAK vong 2 nam 2019-2020) Tim tit ca cac gia tri chia tham s6 m
dé phuong trinh x* —(m—1)x* +m’ —m—1=0 c6 ding ba nghiém phén biét.

Lo gii

Ciu 8. (Trwong chuyén tinh DAK LAK vong 2 nam 2019-2020) Gidi phwong trinh:

x+2\/7—x :2\/x—1+\/—x2+8x—7 +1.
Loi giai

Cau 9. (Trwong chuyén tinh DAK NONG vong 2 nam 2019-2020) Gidi phwong trinh
(x=2) (x-1)(x-3)=12.

Lo gidi
PT bién d6i thanh (x* —4x+4)(x* —4x+3)=12.
Pit £ =x* —4x+4=(x-2)" >0, phwong trinh tré thanh

t:4(n)

£ —t-12=0 .
= t=-3(1)

X
Voi t =4, ta duoc x2—4x+4:4<:>x2—4x:0<:>[
X

Vay phwong trinh da cho c6 hai nghiém x =0, x =4.

Cau 10. (Trwong chuyén tinh Gia lai vong 2 ndam 2019-2020) Giai phwong trinh

Jx=1+45-x-2=2{(x-1)(5-x).

Loi giai
PK: x-1>20;5-x>0.
Pit t=x—1++5-x,6>0.Khid6 > =4+2/(x-1)(5-x).

Phuwong trinh tré thanh -2 =¢> —4
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Giai phwong trinh, két hop 7 >0 ta nhin nghiém 7 =2

=1
Dodb Jx—1+4+5-x=2 @{x
X

Két hop diéu kién, ta dwoc nghiém can timla x=1;x=35.

Ciau 11. (Trwong chuyén tinh Ha NOi chuyén tin nam 2019-2020) Gidi phwong trinh
2
r—1=~z+1.

Loi giai

bKXb: = > —1.

x2—1=x/m@\/ﬁ[(x—1)\/ﬁ—1}=o

TH1:Vz+1=0< z =-1 (TM bKXD)

TH2 : =l
Al

z>1 z2>1

x2—2x+1)(x+1):1<:>{x3—x2—3::OC> :1:(:1:2—:1:—1) 0

> (TM DKXD)

) T
z—z-1=0 2

= =

1+JE}
e

Vay tip nghiém cla phwong trinh1a S = {1;

Cau 12. (Trwong chuyén tinh Ha Tinh vong 2 nam 2019-2020) Cho phwong trinh
(X—1)4+(X—3)4+8(X—1)2(X—3)2—2m=0 (m 13 tham s6). Tim cic gid tri cha m dé

phwong trinh c6 nhiéu hon hai nghiém phén biét.

Loi giai
bata=x-2=x-1=a+;x-3=a-1.
Phuwong trinh trér thanh: (a+1)" +(a—1)' +8(a+1)" (a—1)" ~2m =0
4 3 2 4 3 2 2 2
& (a*+4a’ +6a’ +4a+1)+(a' —4a’+6a’ —4a+1)+8(a’ —1) —2m =0
<10a* 42> +10-2m=0 < 5a* —2a> +5-m =0 (1).

Dit a® =t >0 khi d6 (1) tré thanh 5t° -2t +5-m =0 (2).

Phwong trinh da cho cé nhiéu hon hai nghiém phéan biét khi chi khi phwong trinh (2) c6 hai nghiém
phan biét t,, t, khong am

Dia chi truy cép click vao diy # http://www.vungocthanh1984.blogspot.com/ % Trang 66 %%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

A'=1-25+5m>0
Sm-24>0
& S——E—%>O = & —<m<S
a 5 2Mso 5 T
c 5—-m 5
P=—= >0
a 5

Vay phwong trinh cé nhiéu hon 2 nghiém khi % <m<S.

Cdu 13. (Trwomg chuyén tinh Hai Dwong chuyén todn nam 2019-2020) Gidi phwong trinh:

8x’ —12x—1=+/8x+5.

Lo giai
Giai phwong trinh 8x” —12x —1=+/8x+5 (1)
biéu kién: x > ——

Taco

8x° —12x—1=+/8x+5 < 16x* —24x -2 =2/8x+5
16X —16x+4=8x+5+2J8x+5+1
& (4x—2)" =(V8x+5+1)°

4x—-2=~8x+5+1
=
4x—-2=—8x+5~-1

+) 4x—2=~8x+5+1<=/8x+5=4x-3

T4 @x_2+\5
2+4/3 2

<L

X=>
+) dx-2=—8x+5-1=V8x+5=1-4x < 4

16x* —16x—4=0

1
x<—
PO I il
142 2
X =
2
2+\/§' 1-+/2
Vay phwong trinh da cho c6 hai nghiém * = 5 A= 5

Ciu 14. (Trwong chuyén tinh Hiu Giang chuyén toan nam 2019-2020) Giai phwong trinh

' —22° +22° —z =22’ —z+1-1).
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Lo giai
Viét lai phwong trinh da cho thanh: z* —22° + 22> — 2 +2 =22 —2+1 (¥
M ed(@® —20+D)+2" —z+1-201" —24+1+1=0 & @* -2+ {2z’ —z+1 -1 =0 (**)
Pitt=+2> —2+1>0. Tasuyra z* —z =t — 1.
Khi @6, (**) tré thanh (£ —1° +(t—1° =0

P —1=0
& <t =1 (nhan)
t—1=0

t=leoJr’—r+1l=12"-2=0<2=0hoicz=1.

Ciau 15. (Trwong chuyén tinh Khanh Hoa Vong 2 nam 2019-2020) Gidi phwong trinh:

2x2—3x+10_3 /x2—2x+4
X+2 X+2
Loi giai
2 2 2 _
2% 3X+10:34/X 2XJr4DK:x+2;t0 véﬂzo *)
X+2 X+2 X+2

Phwong trinh twong dwong:

2x -7+ 24 =3.,/x—-4+ 12
X+2 X+2
& 2x -8+ 24 +1=3.,/x-4+ 12
X+2 X+2
batt=x-4+ 12.
X+2

(%) =2t +1=34/t

>

2t+1>0 (> 2 5 1
R = 2 <{[t=1 < t=1hodc t=—.
It=4t"+4t+1 4

47 —5t+1=0 1
4
12
xX+2

=1

Khi t=1 thi x-4+

:>(x—4)(x+2)—(x+2)+12=0
x=2 (n)
x=1 (n)

Khi t=L thi x—4+ 2 =1L
2 12 4

<SxP=3x+2=0 @[ (do DK (*))
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:>4(x—4)(x+2)—(x+2)+48=0
& 4x* —9x +14=0 (VO nghiém)

Vay S={1;2}

Cdu 16. (Trwomg chuyén tinh Nam Pinh chuyén todn ndam 2019-2020) Giai phwong trinh

X+ (x+1)3 =9x+38.

Lo giai
+ Diéu kién xac dinh: x > —1.
x=-1

X —x—8+x+1=0

+ Phwong trinh cho twong dwong véi (x+1)[x2 —x—8+\/x+1] =0 c{

+Tacd x> —x—8++/x+1 =0<:>(x—3){x+2+

1
— |=0
\/x+1+2} ()

Do x+2+;>O,Vx2—l nén (1)<:>x=3 :

Vx+1+2

+ Tap nghiém cta phwong trinh la {—l; 3} :

Cau 17. (Trwong chuyén tinh Quang Nam Vong 2 nam 2019-2020) Gidi phwong trinh

x* —+/x* —4x =4(x+3).

Loi giai

x” —/x* —4x =4(x+3)<:>(x2 —4x)—\/x2 —4x-12=0(1)
Pit Vx* —4x =y (y > O) . Phwong trinh (1) tré thanh:
Y =y-12=0(2)
Giai phwong trinh (2) dwoc:
¥, =4 (TMbK); y, =-3 (loai)
Véi y =4 thi:

X odx=do ¥ —4x=16 (x-2)> =20 x=2+2./5

Vay nghiém cua phuwong trinh da chola x =2+ 245,

Cau 18. (Trwong chuyén tinh Quang Ngdi chuyén toan nam 2019-2020) Giai phwong trinh

2x% ++/x* —2x—-19 = 4x+74

Loi giai
piéukién x> —2x—-19>0

2(2x2—2x—19)+ x> —2x-19-36=0

Pat r=/x*-2x-19,t>0
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t= 4(n)
Phwong trinh twong dwong véi 2¢° +t-36 =0 < )

’2—5(1)

—7
t=d e —2x—19 =4 < —2x—19=16<:>x2—2x—35=0c>{x

x=-5
Thay vao diéu kién ta thiy hai nghiém théa man
Vay S ={-57)

Ciu 19. (Truong chuyén tinh Qudng Ninh Vong 2 nam 2019-2020) Gidi phwong trinh:

Vx+l+34—x—J(x+1)(4-x) =1.

Lo gii

Vx+l+Va4—x - J(x+1)(4-x) =1 (1) Ditukién ~-1<x<4

2
Pat Va1 +vA-x=r20= Jfx+1)(d-x) =2

2

Pt (1) tré thanh: r—-—> =1.Tinh dwoc 1, =1 (loai), £, =3 (TM).

2
t, =3 bién d6i pt dwoc/(x+1)(4—x) =3T_5=2c>—x2+3x=0

Tinh dwoc x, =0; x, =3 (tmdk). Vay tdp nghiém ca pt1a § = {0;3}.

Cau 20. (Trwong chuyén tinh Son La Vong 2 nam 2019-2020) Gidi phwong trinh:

VXt =3x+5+x*=3x+7

Lo gidi
Gidi phwrong trinh : \Nx* =3x+5+x> =3x+7.
PK: x* —3x+520. Dat r =vx* —3x+5 (£20)

t=3

Phwong trinh tré thanh: > +¢1-12=0 <
t=-4 (KTM)

x=-1
Véit=3 tacod x2—3x+5=3<:>x2—3x—4=0<:>{ 4 (TMDK)

Vay phwong trinh da cho cé hai nghiém x=—-1va x=4.

Ciau 21. (Trwong chuyén tinh Thai Binh vong 2 ndam 2019-2020) Gidi phwong trinh:

Vx+2-2vx-1=3x-3-\/(x+2)(x-1)

Loi giai
biéu kién: x > 1
Vx+2-2vx—-1=3x-3-{/(x+2)(x-1)

SANx+2-2Vx—-1=(x+2)+2(x—-1)-3-/(x+2)(x—1) Ta dwoc phwong trinh:
Dita=~x+2;b=~x—1(a;b>0)
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a-2b=a*+2b*-3ab
< (a—-2b)(a-b-1)=0

a=2b
=

a=b+1
Véia=2b=>Vx+2=2Ux-1x=2
Véia=b+1

=SVx+2 =vVx-1l+lSx+2=x+2Vx-1x=2

Vay phwong trinh cé nghiém x = 2.

Cau 22. (Trwong chuyén tinh Thai Nguyén chuyén toan nam 2019-2020) Giai phwong trinh

X +2=333x-2.

Lo giai
Pit 3/3x —2 =¢. Ta c6 hé phwong trinh:

{x3+2=3t

S na :>x3+3x=t3+3t<:>(x—t)(x2+tx+t2+3)20
I'+2=5x

2 2 2 2
<:>(x—t) (x+£) +3L+3 =0 x=t¢ (Vi(ﬁij +3L+3>0J
2 4 2 4

=1
Véi x =t ta co: x3—3x+2:0<:>(x—1)2(x+2):0<:{x N
x=-

Vay phwong trinh da cho c6 hai nghiém phan biétla x =1 va x = -2.

Ciu 23. (Trwong chuyén tinh Tién Giang chuyén tin nidm 2019-2020)Gidi phwong trinh:

10— 22 (x+\/10—x2):12.

Loi giai
bit y=+10-x",y>0.

xy(x+y)=12

Ta co hé
)62+y2 =10

bat S=x+y,P=xy

sP=12 (1)
Hé tré thanh
§?-2P=10 (2)
n r LA A 12
S =0 khong théa hé nén (1)<:>P=E.

Thay vao (2),tac6 S —% =10..
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<5 -105-24=0<S5=4= P=3.

x,y 1a nghiém phuwong trinh X* -4X +3=0, suyra (x;y)=(1;3) hodc (x;y)=(3;1). Vay tap nghiém la
S ={1:3} ..

Ciu 24. (Trwomg chuyén tinh Tuyén Quang chuyén toan nim 2019-2020) Gidi phwong trinh

V2x—1+/5-x=x-2+2=2x +11x-5;

Loi giai

Giai phwong trinh: v2x —1+/5—x =x—2+2J-2x* +11x =5 (2)

2x-1=20

Phwong trinh xac dinh <
5-x<0

<:>le£5
2

Khi d6 phuong trinh (2) & +2x —1++/5-x =x -2 +2,/(2x - 1)(5 - x)

NV2x—1=
Pat T (b2 0) >+ > x—2=d +H —6
VS5—x=b
Tacéphu’ongtrinh:a+b=a2+b2—6+2ab©(a+b)2—(a+b)—6=0
< (a+b-3)(a+b+2)=0=a+b-3=0 (do a+b+2>0,Va;b>0)

Sa+b=3cad+h +2ab=9<=x+4+2 (2x—1)(5—x)=9

& 2(2x-1)(5-x) =(5-x) =0 V5-x(2V2x -1 -5 -x) =0

V5—-x =0 < x =5 (tholia madn)
4(2x—1)=5-x < 9x=9 < x =1 (tholia madn)

Vay phwong trinh c6 tap nghiém S = {1;5}

Ciu 25. (Trudng chuyén tinh Tay Ninh Vong 2 nim 2019-2020) Giai phwong trinh x* +x>-20=0

Lovi giai
Giai phwong trinh x* + x> -20=0
Pit 1= x,t >0, phwong trinh da cho tré thanh 7 +1-20=0 (1)
A=b>—4ac=81
Phwong trinh (1) c6 hai nghiém phan biét 7 =4 (nhan); r = -5 (loai)

Vi t =4 tim duwoc x =12, Vay phwong trinh da cho c6 2 nghiémla x =12

Cidu 26. (Trwomg chuyén tinh Vinh Long vong 2 nam 2019-2020) Gidi phwong trinh
4x2+2x+#=9
4x° +2x+1

Lo gii
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21

4x2+2x+2—
4x" +2x+1

=9

t=6
bat t =4x* +2x, t#—1.Tacd (*)<:>t+£=9 c>tz—8t+12:0c{

t+1 =
[x=1
1=64x°+2x-6=0 3
X=——
x=-1
=24 +2x-2=0< 1
X=—
L 2

3 1
Vay tap nghiém S =< ——;—-1;—;1;.
apngnim s - 211,

Cau 27. (Trwong chuyén tinh Ba Ria Viing Tau thi chung nam 2019-2020) Gidi phwong trinh

42X 3.0,
Vx*+1+x
Loi gidi
42X 39,

VxP+1+x

o 4y +2x(\/x2+1—x)—3:0<:>2x2+2x ¥ +1-3=0.

2 +Ux*+1=2
<:>(x+\/x2+1) =4 TN .
x+\xl+1=-2

- x<2
x<2 3
X +l=x’—4x+4 Y= 3
& & Sx==.
x<=2 x<=2
P H1=x"+4x+4 M
4

Cau 28. (Trwong chuyén tinh Binh Phwéc chuyén toan nam 2019-2020) Gidi phwong trinh x +
V4 x?2=24+3xVv4 x2

Loi giai
bieukién: 2 <x <2 (.
2_
bitt=x++V4 x?2=>xV4 x?= t24.
Phwong trinh (1) tré thanh
t=2
3t 2t 8=0e| _ 4
3
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Voit =2taco

7 _ x <2 x=0_ ., _ . *
x+v4 x 2®{2x2 4x=0<:>[x:2(thoamandk()).

.. —4 .
Véit =?taco

_ X=— o
x+Vd 2="o 8 320 ox=2 m(th(’)amén dk (*)).
3 2x24+-x ==0 3
3 9

Ciu 29. (Truwong chuyén tinh Long An chuyén todn nam 2019-2020)

X 3x
Giai phwong trinh: + St
P s x¥—x-2 xX+x-2
Loi giai
x =0 khong phai 1a nghiém ctia phwong trinh
2x 2+23x 2:2<:> 12+ 32:2
X X

bat t:x—g (t#1,t#-1) ,timdwoc t=0;t=2
X

Tim dwoc nghiém cia phwong trinh da cho:

xX= 2;x:—x/§;x:1—\/§;x:1+\/§

Cau 30. (Trwong chuyén tinh Quang Binh chuyén toan nam 2019-2020) Giai phwong trinh

xz—x—4=2\/x—1(1—x).

Lo gidi
Piu kién x >1.
X —x—4=2x—1(1-x) & x(x—1)+2Jx —1(x = 1)=4=0 (1)
it y=+x—1,y>0.
Phwong trinh (1) tré thanh
(VDY +2y)’ —4=0 " +2y° +)* —4=0
SH-DO+3y’+4y+4)=0&y=1vi y>0.

Suyravx—1l=1&x=2.

Vay phwong trinh da cho c6 nghiém duy nhat x = 2.

Ciu 31. (Trwong chuyén tinh Quang Binh chuyén todn nam 2019-2020) Gidi hé phwong trinh

¥ —=5y+34+6yy  —Tx+4=0

y(y—x+2)=3x+3

Lo gii
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X =5y +3+64y —Tx+4=0()

y(y—x+2)=3x+3 (2)
pidu kién: y* —7x +4>0.

(2)(:)(y+3)(y—x—l):O<:>[y:_3
y=x+1

Véi y=—3,tr (1) tacé x* +18+6+13—7x =0 (vb nghiém)

Voi y=x+1,tir (D tacd (x —5x+5)+6yx’ —5x+5-7=0

x*—5x+5=-7
5 -~
x"—=5x+5=1

x> —=5x+12=0(VN)
5 -~
X" =5x+4=0

x=1
= .

x=4

V6i x =1= y =2 (TMDK), véi x =4 = y = 5 (TMDK).

Vay hé da cho c6 2 nghiém (1;2) va (4;5).

Cau 32. (Trwong chuyén tinh Quang Tri Vong 2 nam 2019-2020) Gidi phwong trinh

x6+(x3—3)3 =3x"-9x” —1.

Loi giai
(0 =3) =327 907 e (¢) (¥ -3) +1=3¢ (¥ -3)

bat: x> =a, x> -3=b

Ta c6 phuwong trinh: @’ +b° +1=3ab (:)(a+b)3 +1-3ab(a+b)—3ab=0

& (a+b+1)[ (a+b) ~(a+b)+1]-3ab[(a+b)+1] =0

<:>(a+b+1)(a2+b2—ab—a—b+1):0

+) a*+b*—ab—a—b+1=0& (a—b) +(a-1) +(b-1) =0 a=b=1

=x'=x-1=1 (VN)

+) a+b+1=0= 2" +x -3+1=0< (x-1)(¥* +2x+2)=0 = x=1.

Vay phwong trinh cé nghiém x=1.

Cau 33. (Trwong chuyén tinh Vinh Phic vong 2 ndam 2019-2020) Giai

X2 —2x—24x*—=2x+2—-1=0

phwong trinh

Loi giai

Cau 34. (Trwong chuyén tinh Vinh Phic vong 2 ndam 2019-2020) Giai

1 3 10
2 + 2 - 2
2x°—x+1 2x"—x+3 2x"—x+7

phwong trinh

Dia chi truy cép click vao diy # http://www.vungocthanh1984.blogspot.com/

2% Trang 75 %




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

Loi giai

x—y+xy=1

2

Cau 35. (Trwong chuyén tinh Yén Bai vong 2 nam 2019-2020) Giai hé phwong trinh { ) 5
X +y =

Loi giai
x—y+xy=1

2

Giai hé phwong trinh 5
X +y =2

x—y=S8§
bat Y hé phwong trinh da cho tré thanh
xy=P

S+P=1 P=1-§ P=1-§
2 And 2 At 2
S?+2P=2 S*+2(1-8)=2 S*-25=0

§=0
P=1-§

P=1
o {S:O o Gs
S=2 B
{P:—l

Suyra (x;y)=(L1),(-L-1)
o |S=2 x—y=2 |y=x-2 y=x-2
Véi = = =
P=-1 " |xy=-1 x(x=2)=-1 " [¥*-2x+1=0

@{yzx—2<:>{y:—l Suyra (x;y)=(1-1)

x=1 X =

Vay hé phurong trinh cé nghiém

() =(51),(-1-1),(-1)

Ciau 36. (Trwong chuyén tinh Chuyén DHSP vong 2 nam 2019-2020) Cho cic da thic
P(x)zmlx2 +nx+k, Q(x) =m,x> +n,x+k,, R(x)=m3x2 +nx+k,

véi m,, n, k; 1a cac s6 thwe va m, >0,i=1,2,3. Gid str phwong trinh P(x)=0 c6 hai nghiém phan biét
a,, a,; phwong trinh Q(x)=0 c6 hai nghiém phan biét 4, b,; phwong trinh R(x)=0 c6 hai nghiém
phan biét ¢, ¢, théa man

P(cl)+Q(cl)=P(cz)+Q(cz),
P(b)+R(b)=P(b)+R(b,),

Q(a1)+R(al)=Q(a2)+R(a2).
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Chtirng minh rang a, +a, =b, +b, =¢, +c,.

Lo gii

St dung dinh ly Vieta, ta co6 S, =4, +a, :—i, S,=b+b, :—ﬁ, S, =¢ +c¢, =

m e my
Tacd P(c)-P(c,)=m, (cl2 —(:22)+nl(c1 -¢,) =(c1 —c,[m (¢, +c2)+n11) =m (¢, —¢,)(S;—5,)-
Twong tw, ta cling c6 O(c,)-0(c,)=m’ (¢, —¢,)(S; = S,).
Do P(¢,)-P(c,)+0(¢;)-0(c,)=0 va ¢ #c, nén tir hai bién doi trén, ta suy ra
m, (S;—=8,)+m,(S;-S,)=0. (1)
Chirng minh twong tw ta cling c6
my (S, —8,)+my(S,—-5,)=0.(2)
my (S, =8, )+m (S, -S,)=0. (3)

Tir (1), (2) va (3), c6 thé thay vai tro cla S, S,, S; 1a nhw nhau. Khong mat tinh tong quat, ta c6 thé gia
s §,=max{S,, S,, S} . Khidé,tacé S, -5,20 va S-S, 20.Lai c6 m,, m; >0 nén VT, >0. D€ xdy ra ddu
dang thirc nhw (2) thi d4u bang trong cac danh gia phai xay ra, t ta phai c6 S, =S, =S,. Pay chinh la

két qua can chirng minh.

C4u 37. (Trwong chuyén tinh Binh Thuin nim 2019-2020) Tim tit ca cac gia tri cia tham s6 m dé
phwong trinh x* —2mx +m* —m+1=0 c6 hai nghiém x,,x, théa x; —2x; + 6mx, =19.

Loi giai
Phuwong trinh cé nghiém khiva chikhi A'>0& m>1 (1).
Ap dung dinh 1y Viet ta c6:
X +x,=2m
XX, = m’ —m+1
Dong thoi x1 1a nghiém nén x7 — 2mx, = -m* + m—1.Khi d6

x; —2x7 +6mx, =19 < x5 +x7 —3x7 + 6mx, —19=0

< (x erz)z—2x1x2—3(xl2 —2mx,)—-19=0
m=2

S 5m'-m—-18=0< 9oom=2
m=——

5

Viay m= 2.

Cau 38. (Trwong chuyén tinh Bac Liéu nam 2019-2020) Cho phwong trinh
2018x* — (m — 2019)x —2020=0 ( m la tham s6). Tim m dé phwong trinh cé hai nghiém x,,x,

théa man:

X7 +2019 —x, = /x> +2019 +x, .

Lo gii
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Do a,c < 0 nén phuwong trinh luén c6 hai nghiém phan biét véi moi gida tri cia m. Ta cé:
VX +2019 —x =/x,> +2019 +x, .

= \/xl2 +2019 —\/3622 +2019 =x, +x,

2 2
X

p—
Jx2+2019 —/x,? +2019

X

=X, Tt X

x+x,=0

< \/2 _ 2 o
X2 +2019 —/x, +2019 = x, — x,

*Trwonghop 1: x, +x, =0

< m-2019=0

< m=2019
* Trwong hop 2: Khong xay ra do: 4/x,” +2019 >|x1 ;x> +2019 >|x2|
Vay m = 2019.

Cdu 39. (Trwong chuyén tinh Bén Tre vong 2 nam 2019-2020)Cho phwong trinh
x*=2(m—1)x+m*-2m—-3=0(1), véi ma tham sé.

a) Chirng t6 rang phwong trinh (1) ludn c6 2 nghiém phan biét v&i moi m.
b) Khi phwong trinh (1) c6 hai nghiém x, va x, sao cho biéu thitrc x +x; +5x,x, dat gia tri nho nhit
Prq

p+q

thi tham s6 m 1a mot phan sé toi gian 4 (p,q la cac s6 nguyén, ¢ #0). Hay tinh T =
q

Lo gii

Cau 40. (Trwong chuyén tinh Cao Bang vong 2 nam 2019-2020) Cho phuwong trinh
x> —=(m+2)x+m=0(véi m 1a tham s8). Tim tit ca cic gia tri cia m dé phwong trinh c6 hai
nghiém phan biét x , x, théa man diéu kién

xf +(m+2)x2 —5x,x,=6.

Lo gidi
Cho phwong trinh x* —(m+2)x+m =0 (véi m 1a tham s8). Tim tat ca cac gia tri cia m dé phwong
trinh c6 hai nghiém phan biét x,, x, théa man diéu kién xf + (m + 2))62 —5x,x,=6 (3)
vi A= (m + 2)2 —4m =m’* +4>0,Vm nén phwong trinh di cho ludn cé hai nghiém phan biét X5 X,
Khidé x7 —(m+2)x,+m=0< x =(m+2)x,—m
Thay vao (3) ta dwoc
(m+2)x1 —m+(m+2)x2 —5xx,=6

<::>(m+2)(x1 +x2)—5x1x2—m=6 (4)
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Theo dinh li Vi-ettaco x, +x, =m+2, xx, =m

Thay vao (4) ta dwoc (m +2)(m +2)—5m -m=6

m=1-3
m=1+\/§

Vay mzl—\/g va m:1+\/§ la cac gia tri cin tim

oSm-2m-2=0&

(tm)

Ciau 41. (Trwong chuyén tinh Chuyén DHSP vong 1 nam 2019-2020) Cho cic da thic
P(x) =x"+ax+b, Q(x) =x"+cx+d v0Oi a, b, ¢, d 1a cac s6 thuec..

a) Tim tat ca cac gid tri cla a, b d€ 1 va a la nghiém ctia phwong trinh P(x)=0.

b) Gia sir phwong trinh P(x)=0 c6 hai nghiém phan biét x, x, va phwong trinh O(x)=0 c6 hai
nghiém phan biét x;, x, sao cho P(x;)+P(x,)=0(x,)+0(x,). Chitng minh rang |x, — x,| =|x, - x,|.

Lo giai
a) D€ 1 va a langhiém thita phadicé P(1)=1+a+b=0, P(a)=a’+a’ +b=0.

Rut b =-1-a tir phwong trinh d4u, thay vao phwong trinh sau, ta dwoc 2a° —a-1=0.

Twrdoé a=1 hodc a =—%, twong ng b =-2 hodc b:—%.

Vay ¢6 hai cp (a.b) thoa mén dieu kién dé bai I (1;-2) va [—%;—%) .

b) Do x, x, 1a hai nghiém phan biét ctia phwong trinh P(x)=0 nén P(x)=(x—-x)(x—x,).
Twong tu, ta cling c6 O(x)=(x—x;)(x—x,).

biéu kién dé bai c6 thé viét lai thanh (x, —x,)(x, —x, +x, —x, )+ (x, —x, +x, —x;)(x, —x,) =0.
Hay (x; —x, +x —x,)(x;—x +x,—x,)=0.

Mot cach twong dwong, ta cd (x, —x,) =(x, —x,)" hay |x —x,|=|x, —x,].

DPay chinh la két qua cin chirng minh.

Binh ludn. Pinh ly vé khai trién da thitc theo cac nghiém ma ta da dung P(x)=(x-x)(x-x,) la mot
tinh chit quan trong cua da thirc. Néu khong biét dinh ly ndy, ta van gidi dwgc bai toan bang cac phép
bién déi, nhwng sé vt va hon.

O cau a), dé bai khéng néi @ khac 1 nén néu thi sinh ding dinh ly Vieta sé bi thiéu nghiém.

Ciu 42. (Trwong chuyén tinh DAK NONG vong 2 nidm 2019-2020) Tim m d€ phwong trinh
x*=2(m+1)x+4m=0 (x la4n, m 1a tham s8) c6 hai nghiém x,,x, théamin x; —x/ = x; —x] .

Loi giai
Phwong trinh c6 hai nghiém x,, x, khi

A'=(m+1)2—4m=(m—1)2 >0 melR.
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. X +x, =2m+2
Theo Viet ta co:
xx, =4m

w3 2_ .3 2 3 3.2 2
Theodé x; —x;, =x; —x; © x —x;, =x; — X,

<::>(xl—x2)[(xl +x2)2 —xx, —(x, +x2)}:O

x—x,=0

(x1+x2)2—x1x2 —(x1+x2):0

_AIZO |:m:1

5 = Sm=1
(2m+2) —4m-2m-2=0

Am* +2m+2 = O(vo nghiem)

Vay m =1 théa man bai toan.

Ciu 43. (Trwong chuyén tinh Gia lai chuyén tin nam 2019-2020) Cho phwong trinh bac hai
> —=mx+m—1=0,vdimla tham sé.
a) Giai phwong trinh da cho khi m = 4.
b) Tim cac gid tri cia m dé phuwong trinh da cho c6 hai nghiém z,z, thda man hé thic

i i:x1+az2

T 2019

1 2

Ciu 44. (Trwong chuyén tinh Ha Nam thi chung nam 2019-2020) Gidi phwong trinh
22> —3z—5 = 0.

Lo gidi
Gidi phwong trinh 22° — 3z —5=0.

Tacba—b+c=2+3-5=0

Vay phwong trinh ¢c6 nghiémla z, = -1, z, = g

Ciu 45. (Trwong chuyén tinh Hoa Binh Chuyén Tin nam 2019-2020) Gidi phwong trinh:

x—=5Vx-1-7=0

Loi giai
xX=5Vx-1-7T=0 Wx-1+1)(Hx-1-6)=0
SAx-1=6=x=37

Cau III

Ciu 46. (Trwong chuyén tinh Hoa Binh danh cho tit ca cac thi sinh nim 2019-2020) Cho phwong
trinh 2x* —6x+2m-5=0

1) Giai phwong trinh véi m=2.
] 1
2) Tim m dé phwong trinh c6 hai nghiém x,, x, théaman: —+-—=06.
X X

Loi giai
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biéu kién dé phuwong trinh c6 2 nghiém 1a:A' =19-4m>0 < m < g :

X +x,=3
Theo hé thirc Vietta co om—5 -

X;.
1%
2

Ta co l+L:6:>xl+x2=6xlx2 =3=32m-5=>m=3 (TM)
XX

KL:....

Cau 47. (Truong chuyén tinh Hung Yén Vong 2 nam 2019-2020) Cho cac da thitc P(x)=x*+ax+b,
O(x)=x"+cx+d v6i a, b, ¢, d la cac sb thuec..
a) Tim tat ca cac gid tri clia a, b dé€ 1 va a la nghiém cla phwong trinh P(x)=0.

b) Gia sir phwong trinh P(x)=0 c6 hai nghiém phan biét x, x, va phwong trinh O(x)=0 c6 hai

nghiém phéan biét x;, x, sao cho P(x,)+P(x,)=0(x)+0(x,).Chitng minh rang |x, —x,|=|x, - x,|.

Lo giai
a) D€ 1 va a langhiém thita phdicé P(1)=1+a+b=0, P(a)=a’+a’ +b=0.
Rt »=—-1-a tir phwong trinh d4u, thay vao phwong trinh sau, ta dwoc 2a* —a—-1=0.

Twrdoé a=1 hodc az—%,tu’O’ngl'rng b=-2 hoac b:—%.

Vay c6 hai cdp (a,b) thda man diéu kién dé baila (1;-2) va (—%;—%) :

b) Do x,, x, 1a hai nghiém phan biét ctia phwong trinh P(x)=0 nén P(x)=(x-x)(x-x,).
Twong tu, ta cling c6 O(x)=(x—x;)(x—x,).

biéu kién dé bai c6 thé viét lai thanh (x; —x,)(x; —x, +x —x, ) +(x, —x, +x, —x; ) (x, —x,) =0.
Hay (x;—x, +x —x,)(x; —x +x,—x,)=0.

Mot cach twong dwong, ta ¢6 (x, -x,)" =(x, —x,)” hay |x, —x,|=|x, - x,].

DPay chinh la két qua cin chirng minh.

Binh luan. Pinh ly vé khai trién da thitc theo cac nghiém ma ta da dung P(x)=(x-x)(x-x,) la mot
tinh chit quan trong clia da thirc. Néu khong biét dinh 1y nay, ta van giadi dwoc bai toan bang cac phép
bién doi, nhwng sé vat va hon.

(' cau a), dé bai khong néi « khac 1 nén néu thi sinh diing dinh 1y Vieta sé bi thiu nghiém.

Ciau 48. (Trwong chuyén tinh Hai phong vong 2 nam 2019-2020) Cho phwong trinh
X +4x—m=0 (1) (m 1a tham s6). Tim cac gia tri cia m dé€ phwong trinh (1) c6 hai nghiém phin

1 1
_+_

(xl2 + xf) =4(m +2).
xl ‘xz

biét x;;x, théa man

Lo gii
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PT da cho c6 hai nghiém phan biét < A'=44+m>0< m > —4.

1 Al YT X +x,=—4
Ap dung hé thirc Vi-et: .
XX, = —m
4(16+2
gtﬁwzqmjuz) (m=0).
m

esm=l6em=14.

Két hop véi diéu kién m > —4;m = 0 ta dwoc m = 4 thdéa man..

Cau 49. (Trwong chuyén tinh Hiu Giang chuyén todn nim 2019-2020) Tim tit ca cic gia tri cta
tham s6 m dé phwong trinh 2* + 2mz +m 4+ 2 =0 c6 hai nghiém phan biét z, z, théa man

‘xl — x2‘ = 2\/5.

Loi giai
Phwong trinh z* 4 2mz 4+ m + 2 = 0 ¢6 hai nghiém phéan biét khi va chi khi

A=m>—m-2>0.

A 1l 3
slm-= —Z>0am-=->2

2| 4 2l 2

1
m—§> m> 2 1)
=

3 m < —1

m—=<—=

2 2

Véidiéu kién (1), gia st z; va z, la hai nghiém cua phwong trinh da cho.
Theo hé thirc Vi-et, ta co 1 ! ?
x

Khi dé ‘xl —$2‘ — 210 & (z, —z,) =40 & (z, +,) —4dzx, —40=0

& 4m® —4m — 48 = 0 & m = 4 (nhan) hodc m = —3 (nhan).

Ciu 50. (Truong chuyén tinh Kon Tum cho tit cd cdc thi sinh ndm 2019-2020)Cho phwong trinh
x> —2mx+4m—4=0 (1), m 1a tham s6

a) Tim diéu kién m dé€ phwong trinh c6 hai nghiém phan biét.

b) Tim gia tri cia m dé phwong trinh (1) c6 hai nghiém phan biét x;, x>thoa man diéu kién

xf +2mx, —8m+5=0

Loi giai
a) A'= (—m)2 —(4m—4) =m’—4m+4= (m—Z)z.
Phwong trinh c6 hai nghiém phan biét khivachikhi: A'>0< m=2

b)V&i m = 2 thi phwong trinh c6 hai nghiém phan biét x , x,
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A , .z / x1 + xz = 2m
Theo hé thirc Vi ét ta co : .
x,.x, =4m—4

Do x71a nghiém ctia phwong trinh nén théa xl2 +2mx, +4m—4=0
= x] =2mx, —4m+4 (*).
Ta co xf+2mx2—8m—|—5:O<:>2mx1—4m+4+2mx2—8m+520 (do (%))

& 2m(x, +x,)—12m+9 =0« 2m2m—12m+9 =0 (hé thirc vi év).

<:>4mz—12m—|—9:O<:><2m—3)2 :O<:>2m—3:O<:>m:% (théa man)

A S N
Vay m = 5 la gia tri can tim..

Cau 51. (Trwong chuyén tinh Lao Cai Vong 1 nam 2019-2020)
a)Giai phwong trinh x> —3x+2=0
b) Tim céc gia tri cia tham s6 m dé phwong trinh x> —2(m —1)x+m” =0 c6 hai nghiém phan biét

. A N2 .
X,; X, théaman: (x, —x,)” +6m =x, —2x, .

Loi giai
a).Gidi pt: x*—3x+2=0
Taco: A=(-3)"-42=9-8=1>0
Suy ra pt c6 hai nghiém phan biét: x, = % =2;x,= 3-1 =1

b).Tacé: A'=[~(m—1)]" —=m* = (m—1)* —m* = 2m+1
Pt c6 hai nghiém phan biét <:>A>0<:>—2m+1>0<:>m<%

p . L x+x,=2m-2 (1)
Ap dung hé thirc Vi ét, ta co: ,
x.x,=m" (2)
Theo dé bai, ta co:
(x, = x,)* +6m=x, —2x, < (x, +x,)° —4x,.x, +6m = x, —2x,
< dm—1) —4m’ + 6m = x, - 2x,
< x —2x,=-2m+4 (3)

. _4m-6
tx,=2m—2 2 =
T (1) va (3) tacéhépt:4 1 2~ " o 3
X, —2x,=-2m+4 . _2m
2
3

Thay vao (2), ta duoc:
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4'”3_6.2?"1 —m oI =8m  —12m <= m>+12m =0

S mm+12)=0<<m=0;m=-12 (thdaman m<%)

Viay:m=0; m=-12

C4u 52. (Trwong chuyén tinh LAm Pong vong 2 ndm 2019-2020)
Cho phwong trinh x* +2(a +b)x+4ab =0 (x1a 4n s8; a, b 12 cac tham s6). Tim diéu kién ctia a va b dé
phwong trinh da cho c6 hai nghiém phéan biét, trong dé c6 it nhat mot nghiém dwong.

Lo gidi
Tim dwoc diéu kién dé phwong trinh c6 hai nghiém phén biét.
Trong dé:
Tinh dwgc A" = (a-b)’
Suyra: a#b
Lap luin dwgc trweong hop thir nhit: Phwong trinh ¢6 hai nghiém trai diu, suy ra: ab < 0;

ab>0

Lap luan duoc treong hop thir hai: Phwong trinh c6 hai nghiém cung dwong, suy ra: { <0
a+b<

Két luan dwoc & ca hai treong hop 1a a # b va trong hai so a, b ¢6 it nhit mot s6 Am

Cau 53. (Trwong chuyén tinh Nam Dinh cho 16p chuyén KHTN ndm 2019-2020) Cho phwong trinh
x> +2(m—2)x—m*>—=5=0 (v6i m 1a tham s6).

a) Gidi phwong trinh véi m = 0.

b) Tim tit ca cac gia tri cia tham s6 m d€ phwong trinh c6 hai nghiém phéan biét x,, x, (gid st x, <x,) thoa

man | x, |—|x, +1|=5.

Loi giai
a).V&i m =0, phwong trinh tré thanh x> —4x-5=0 .

Phwong trinh c6 hai nghiém x=-1,x=35..
b).Tacé A'=(m- 2)2 +m” +5>0 Vm nén phwong trinh da cho c6 hai nghiém phan biét véi moi m. .
Mt khac x,.x, =—-m?> —5<0, x, <x, = x, <0< x,. .

Khidé |x |- |x,+1|=5&—x-x,-1=5cx+x,=—6-2(m-2)=—6m=5..

Cau 54. (Trwomg chuyén tinh Nam Dinh 16p chuyén KHXH nam 2019-2020) Cho phwong trinh
x* =2(m—1)x+2m—6=0 (véi m 1atham s6).

a) Gidi phwong trinh véi m = 3.
b) Tim tAt ca cac gia tri ctia tham s6 m d€ phwong trinh c6 hai nghiém phan biét x,, x, thdaman x> + x,” = 32.

Loi giéi

a).Véi m =3, phwong trinh tré thanh x° —4x=0. .
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Phwong trinh c6 hai nghiém x=0,x=4..

b).Ta c6 A'=(m—1)’ =2m+6=(m-2) +3>0Vm, nén phwong trinh d cho c6 hai nghiém phan biét

x,, X, voimoi m. .

ey £ . xl+x2:2(m—1)
Theo dinh li Vi-ét ta co .
xXx,=2m—06

Khi d6 x> +x,’ =32 (x, +x,) —2xx, =32. .

<:>(2(m—1))2—2(2m—6):32<:>{m KL.

m=4.

Cau 55. (Trudng chuyén tinh PTNK ( VONG 1) nidm 2019-2020) Cho phwong trinh (4n x, tham sé
m):

x° —(2m+1)x—12:O. (1)

a)Véi cac gia tri nao cda s6 thwc m thi phwong trinh (1) c6 hai nghiém phan biét x,,x, sao cho
X +x,—2xx,=257

b)Tim tat ca cac gia tri clia s6 thwe m d€ phuwong trinh (1) c6 hai nghiém phan biét x,,x, théa man
X —x; —7(2m+1):0.

Loi giai
Phuwong trinh (1) 1a phwong trinh bac hai &n x c6 cac hé s twong ing a=1, b=—(2m+1) va c=-12.
Do a va c¢ trai ddu nén phwong trinh (1) ludn c6 hai nghiém phan biét x,,x, trai ddu nhau. Theo Viet,

L, X +tx, =2m+1
ta co: :
xx, =—12

a)Do x, +x, —2xx, =25 néntacod 2m+1+24=25,trc m=0.
Vay c6 duy nhit mot gia tri m thda man yéu cau nay la m =0.
b)Ta ¢ x; —x; =(x +x,)(x, —x,)=(2m+1)(x, —x,). D6 d6, d€ thoéa man yéu ciu déu bai thi ta phai c6

(2m+1)(x,—x,-7)=0, tirc m=—% hodc x, —x,=7.

O trwdng hop thix hai, do x, +x, =2m+1 néntacé x, =m+4 va x, =m-3.

Tl ddy, do x,x, =—12 nén (m+4)(m—-3)=-12, tlec m(m+1)=0.Suyra m=0 hodc m=-1.

Ao e kA w \ 1
Vay c6 ba gia tri m théamanyéu caunayla m=0, m=-1 va m:_§'

C4u 56. (Trirdng chuyén tinh PTNK ( VONG 2 ) ndm 2019-2020) Cho phwong trinh ax’ +bx+c=0 (1)
thoa man cac diéu kién: a >0 va2,/ac| < \/ﬂ <a+c.
a) Chirng minh rang phwong trinh (1) 6 hai nghiém x, x, va

(1-x)(1-x,)>0 va (1+x)(1+x,)>0.
b) Biét rang a > c. Chirng minh rang —-1<x,, x, <1.

Lo gii
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a) Co: |b| > 2,/|ac| nén b* > 4ac.
Suy ra A =5’ —4ac>0.Vay phuwong trinh c6 hai nghiém phéan biét.

, a+b+c>0
Co |p|<a+c o —-a-c<b<a+c o
a-b+c>0

Suyra (1-x)(1-x,)=1-(x +x,)+xx, b _atbie
a a a

Va (1+x‘)(1+x2):1+(x1+x2)+x1x2:1—2+£=a_b+c>0.
a a a

b) C6 (1-x)(1-x,)>0

, . )C1>1 c
Xét trueong hop: =>xx>1=>—->1=c>a
x, > a

Mau thuin véi gia thiét a>c.
Vay x,, x, <l1.

Co (1+x)(1+x,)>0

X <= c
=>xx,>l=>—>1=c>a
x, <-1 a

Xét trrong hop: {
MAu thuln véi gia thiét a>c.

Vay x,, x, >-1.

Ciu 57. (Truong chuyén tinh Son La Vong 2 nim 2019-2020) Cho phwong trinh: x* —mx+m—1=0.
Y]
a)Tim m dé phwong trinh (1) c6 hai nghiém dwong phan biét.
4x,x, +6
x7 +x7 +2(1+ x,x,)

b)Gia str x,, x, 1a hai nghiém cta phwong trinh (1), dat 4 =

V&i gia tri nao cua m thi biéu thirc 4 dat gia tri nho nhat.

Loi giai
Cho phirong trinh:x* —mx+m—1=0.
a)Tim m dé PT co hai nghiém dwong phan biét

a#0

(m—2)2>0
>0
PT c6 hai nghiém dwong phan biét khi p O<:> m—1>0
>
m>0
S>0

m#=2
Sim>1 S lsm#2.
m>0
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4x,x, +6
2 2
X +x; +2(1+x.x,)

b) Gid s x,, x, 1a hai nghiém cua phuong trinh. Pat A = . Voi gid tri ndo cia m thi
biéu thirc A dat gid tri nhd nhat?
Tacod: A= (m—Z)2 >0;Vm.

X tX,=mo 4m+2
b , tir d6 biéu thirc viét thanh 4 = >
xx, =m-1 m-+2

Theo hé thirc Vi-et: {

+2)
/1:4”’;”:('"2 ) 1>
m+2 m+2

Vay gia tri nho nhit cia 4 1a —1 dat dwoc khi m = -2.

Ciu 58. (Trwong chuyén tinh Tién Giang chuyén tin nidm 2019-2020) Cho phwong trinh:
x*=2x+4m=0 (1), véi m 1a tham s6. Tim t4t ca cac gid tri cia m dé& phuwong trinh (1) c6 hai

nghiém phan biét nho hon 4.

Loi giai
A>0

Phuwong trinh (1) c6 hai nghiém phén biét nhé hon 4 < {
x <x,<4

A>0
& qx+x,-8<0
(xl —4)(x2—4)>0

A>0
=<5-8<0
P—-45+16>0

1-4m >0
=<-6<0
dm+8>0

m<— 1
= 4 <:>—2<m<Z..

m>-2

Cdu 59. (Trwong chuyén tinh Tién Giang chuyén tin nidm 2019-2020) Cho phwong trinh
x*=2(m=3)x+m’>—=1=0 (1), véi m la tham s6. Tim gid tri cia m dé& phwong trinh (1) c6 hai

nghiém x,,x, théa man x; +x; = x’x, + x,x .

Lo1 giai
Cho phwong trinh x*—2(m—-3)x+m*—1=0 (1), v&i m 1a tham s8. Tim gia tri cia m dé€ phwong trinh

, . A 2 ~ 3 3.2 2
(1) c6 hai nghiém x,,x, théaman x; +x; = x/x, +xx; ..

Phuwong trinh (1) c6 hai nghiém x,,x, ©A'20& -6m+1020< m< 2.
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S=x+x,=2(m-3)
Theo dinh ly Vi-et: .
P=xx,=m" -1

§=0

X+ =X +xx <& S -3PS=PS < S’ -4PS=0& S _ap—o

m=
m=3

=
{—24m+40=0 m=

3

. n 5
5,loai m=3.Vay ng..
3

Cdu 60. (Trwong chuyén tinh Tién Giang Vong 2 nam 2019-2020) Cho phwong trinh
X +5x+4-9m=0 (1), véi m 1a tham s8. Tim gi4 tri cia m dé& (1) c6 hai nghiém xi1, x» théa man

X, (xl2 = 1) =35, (8x22 + 1) =5

Loi giai
. A 1
Phwong trinh (1) c6 hai nghiém <> A>0<& m > _Z

X +x,=-5
Theo dinh li Vi-et
x.x, =4-9m

xl(xlz—l)—xz(8x22+1)=5<:>x13—8x23—(x1+x2)=5<:>x13—8x23=0<:>x1:2x2
10
X =——
X +x,=-5 3
5
Suyra: yx,.x, =4-9m & )c2:—E
x, =2x, xx, =4—9m

Suyra 4—9m = 59—0 =>m= —;—j (thoa diéu kién)

Vay m=——
1y 31

Ciu 61. (Trwong chuyén tinh Tuyén Quang chuyén todan nim 2019-2020) Cho phwong trinh
x> —2mx+m—4 (1) (m1a tham sé).

a) Chirng minh rang phwong trinh (1) ludn cé hai nghiém phan biét véi moi gia tri ciia m.

b) Vé&i gia tri nao ciia m thi phwong trinh (1) c6 hai nghiém x,; x, théa man:

2
X +x, =1+
X, X

2
%

Loi giai
a)

Phuwong trinh: x* —2mx +m—4 (1)
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Phwong trinh (1) la phwong trinh bac hai cta x cé:
A'=(-m) ~1(m-4)=m’ - m+4

2
:A':(m—lj +E>O v&i moi m
2 4

Vay phwong trinh (1) ludn c6 hai nghiém phéan biét véi moi m
b)

Vé&i moi m phwong trinh (1) luén cé hai nghiém phan biét x;; x,.

. A .| %X, =2m

Theo dinh li Vi-ét, ta co:
xx,=m—4
Ta lai co:
2 2
Iz x22 x,3 -I—x; (xl +x2)(x| — XX, +x2)
XN +x,=—+—=x +x, = S X +X, =
Xy X XXy XXy

2 2 )
@(xl+x2)(%_lj=o@(wz>.M=o
172

(x, —x, )2

XX,

< x, +x, =0 hodc
e THL: x, +x, =0 2m=0&m=0

(xl_x2)2 X=X A'=0 A A
e TH2: ——— < = (vb nghiémvi A'>0,Vm)
XX, xx, #0 xx, #0

Vay véi m =0 thi thi phwong trinh (1) c6 hai nghiém x,; x, théa man:

2 2
X

X +x, =—"+>
X X

Ciau 62. (Trwong chuyén tinh Tay Ninh Vong 2 nam 2019-2020) Cho hai phwong trinh
x> +6ax+2b=0 va x* +4bx+3a=0 v6i a,b 1a cac s6 thuc. Chitng minh néu 3a+2b >2 thi it nhat
mot trong hai phwong trinh da cho c6 nghiém.

Lo gidi
Cho hai phuwong trinh x> +6ax+2b=0 va x* +4bx+3a=0 v&i a,b 1a cac s6 thuc. Chirng minh néu
3a+2b>2 thi it nhat mot trong hai phwong trinh da cho cé nghiém.

Al =9a* —2b,A), = 4b* —3a

2 2
AL+ A =(3a—1) +(2b-1) +3a+2b-2
Do 3a+2b>2 nén Al +A) >0

7 7 ~ A . e . ’ ’ A n ’ ~ A . \ ~
Suy ra c6 it nhat mot trong hai gia tri A\,A} khong am hay it nhat mot trong hai phwong trinh da cho

c6 nghiém.
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Ciau 63. (Trwong chuyén tinh Vinh Long vong 2 nam 2019-2020) Cho phwong trinh
x*=(3m—2)x+2m’ -5m-3=0, x 1a dn, m 1a tham s6. Tim t4t c4 cac gia tri cia m dé phwong trinh

c6 it nhat mot nghiém dwong.

Loi giai
A=(3m-2) —4(2m* —5m-3)=m" +8m+16=(m+4)" = 0,Ym.
Do d6, phwong trinh ludn c6 nghiém.
Giai tim dwoc cac nghiém la x, =2m+1;x, =m-3.

. A A T g ( 2m+1>0 1
Phwong trinh c6 it nhat mot nghiém dwong khi va chi khi =

x,>0

Cdu 64. (Trwong chuyén tinh An Giang Vong 2 nam 2019-2020)Phwong trinh
x? - (\/3 + \/E)x ++/6 =0 c6 cac nghiém déu 1a nghiém ctia phwong trinh x* +bx” + ¢ =0 (*). Tim b;c

va gidi phwong trinh (*) Gng véi b;c vira tim dworc.

Lo gidi
Xét phwong trinh x° — (\/g + \/E)x +J6=0
Dé thay phwong trinh c6 hai nghiém x = ix=2
do tdng S =+/3++/2 vatich P=+32 =46
(hodc gidi phwong trinh bac hai)
Thay hai nghiém vao phuong trinh x* +bx* + ¢ =0 ta duwoc hé

9+3b+c¢=0
4+2b+c=0

3b+c=-9 b=-5 b=-5
= =
2b+c=-4 —-10+c=-4 c=06
Vay b =-5, ¢ =6 thi nghiém ctia phwong trinh bac hai Ia nghiém cia phwong trinh (*)
Vi b=-5,c =6 tacéd phwong trinh 1a x* —5x* +6 =0(*).

bit 7 = x*,(PK 1> 0) ta dwoc phwong trinh (*) tré thanh
1*=5t+6=0

=>t=2t=3

t=2=x'=2=x=12

t=3=x*=3=x=13

Phuwong trinh x* —5x* + 6 =0 c6 b6n nghiém phan biétla

x=i\/§;x=i\/§
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Cau 65. (Trwong chuyén tinh Ba Ria Viing Tau thi chung nam 2019-2020) Gidi phwong trinh
x’—6x+5=0.

Loi gidi
x*—6x+5=0..
A'=b"—ac=(-3)"-1.5=4 (A=16)

Phuong trinh c6 hai nghiém x, =1,x, =5..

Cau 66. (Trwong chuyén tinh Binh Phuéc chuyén todn nim 2019-2020) Cho phwong trinh x2
(m+2)x+3m 3 =0(1) véi m la tham sé. Tim cac gid tri cia m dé phwong trinh (1) cé hai
nghiém phan biét x,, x, sao cho x;, x, la d6 dai hai canh géc vuéng cia mot tam giac vuéng véi canh
huyén c6 do6 dai bang 5.

Loi giai

Yéu cau bai todn suy ra phwong trinh (1) c6 hai nghiém dwong phan biét x;, x, théa min va x? + x5 =
25

>0
P>0
< $>0
x? +x2 =25
(m 4)2>0
3m 3>0
Y m+2>0
m? 2m 15=0
m+ 4
o m > 1 & m = 5 (thir lai thdy théa m3
m> 2 m = 5 (thi lai thay thoa man).
m=>5hodcm= 3

Viy m = 5 théa yéu cau bai toan.

Cau 67. (Trwong chuyén tinh Long An chuyén toan duw bi nam 2019-2020) Cho phwong trinh
(m—l)x2—2(m—3)x+m—4=O.

Tim tat ca gia tri clia tham s6 m d€ phwong trinh c6 hai nghiém x,, x, bé hon 2.

Lo giai
Cho phwong trinh (m—l)x2 —2(m—3)x+m—4 =0.
Tim tAt ca gia tri cia tham s6 m dé€ phwong trinh c6 hai nghiém x,, x, bé hon 2.
A'=[—(m—3)]2 —(m—l)(m—4)=—m+5
m#1
A'>0
(x1—2)+(x2—2)<0
(x1 —2)(x2 -2)>0

Phwong trinh da cho ¢6 hai nghiém x,, x, bé hon 2 <
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(m#1
-m+52>0
(x1—2)+(x2—2)<0
(x,—2)(x,-2)>0
(m=1
m=<35
—2(m+1)
m—1
m+4

<0

>0

m—1
m#1
m<5

m<-—1
=
{m>1

m+4

>0
m—1

m#1
m<5
m<—1
m>1

m<—4

_m>1

m<—4
=
l<m<5

Ciau 68. (Trwong chuyén tinh Long An chuyén todn nam 2019-2020) Cho phwong trinh:

x> —x+m—2=0 (mlatham s).

a) Tim tat ca tham s6 m d€ phwong trinh c6 hai nghiém phan biét x,, x,.

1

. R L A A N " o 1 5
b) Khi phwong trinh c6 hai nghiém phan biét x,, x,, tim tat ca tham s6 m dé —+— = 7"

XX

Lo gii
a).A=9—4m

Phwong trinh c6 2 nghiém phéan biét < A >0

9
om<—
4
b)
Lﬁ_L_é (x1+x2)2—2x1x2 _5
X12 x22 4 (xlx2)2 4
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1-2(m-2) 5
&S —Ft==
(m-2)" 4

& 5(m=2) +8(m-2)-4=0

m=0
& 12
m=—

5

Kétluan:m=0

Ciu 69. (Trwong chuyén tinh Quang Binh chuyén toan nam 2019-2020) Cho abc 1a sé nguyeén to.

Chtng minh ring phwong trinh ax® + bx + ¢ = 0 khong c6 nghiém hitu ti.

Lo gii
Gia sit phwong trinh ax” + bx + ¢ = 0 ¢6 nghiém hitu ti, khi d6 A =b* —4ac=m’,(m e N).
Suy ra b> > m” hay b>m. (1)

Ta c6 4a.abc = 4a(100a +10b + ¢) = 400a* + 40ab + 4ac

(4004 +40ab + b ) - (b* — 4ac) = (20a +b) -’
(ZOa +b+ m)(ZOa +b— m)

Do abc 1a s6 nguyén t8 nén (20a+b+m)f% hoac (20a+b—m)5%, suy ra
20a+b+m > abe (2)

T (1) tacé 20a+2b=20a+b+b>20a+b+m

T (2) tacd 20a+b+m=>100a +10b+c >100a +10b

Do do

20a +2b>100a+10b < 2(10a+b) >10(10a +b) < 2 >10 (v ly)

Vay A khéng thé 1a s6 chinh phwong nén phwong trinh ax>+bx+c=0 khong c6 nghiém hitu ti.

Cau 70. (Trwong chuyén tinh Quang Tri Vong 2 nidm 2019-2020) Tim tat ca cic gia tri ciia tham sé
m dé phwong trinh x> —2(m+1)x—2=0 c6 hai nghiém phan biét X;, X, sao cho x, <x, va

|x1|_|x2 |:_4-

Loi giai
Vi ac=-2<0 nén PT c6 hai nghiém phan biétvavi x, <x, nén x, <0<x,
do d6 —x,—x, =—4 < x,+x, =4. Theodinhli Viet x, +x, =2(m+1).

Nén 2(m+1)=4 < m=1.

Cau 71. (Trwdong chuyén tinh Thira Thién Hué€ vong 2 nidm 2019-2020) Cho phwong trinh (4n x)
x*+ (m-1)x+m— 6=0. Tim tat ca cic gia tri cla m dé phwong trinh c6 hai nghiém X,, X, sao

cho biéu thitc A = (x] —4)(x3 —4) c6 gié tri 1&6n nhat.
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Loi giai
A=(m-1"-4(m-6)=m’-6m+25=(m-3)"+16>0 Vm. Suy ra phwong trinh luén cé hai

nghiém phan biét x,,X,.

Vietlai A =x] x;—4(x;+x3)+16 =X x2—4(x, +X,)’ +8x,x,+16.

Theo dinh ly Vi-ét, ta c6 x, +x, =—(m-1), x,x, =m-—6.

Do d6 A =(m—6)>—4(m—-1)°+8(m—6)+16=-3m’ +4m.
2
Taco A :—3(m—§j +§S§. DAu “=" xay ra khi va chi khi ng.

2 s 4
Vay khi m = 3 thi A c6 gia tri lén nhat bang 3

Cdu 72. (Trwong chuyén tinh Yén Bai vong 2 nidm 2019-2020) Tim m dé phwong trinh

x* + 2mx —2m —6 =0 c6 hai nghiém x,,x, théaman x; +x; =11.

Loi giai
Ta c6 : Phuong trinh x” + 2mx —2m — 6 = 0 c6 hai nghiém khi va chi khi
A’:m2+2m+6>0<:>(m+1)2+5>0 véi moi m.
Khi d6 phwong trinh c6 hai nghiém phan biét x,, x,.
Taco: xt+x2 =116 (x +x,)" —2xx, =11
<:>41112+2(2m+6)=11<::>4m2 +4m+1=0

1
Sm=——.
2

1
Vay m=——.
y 5

Cau 73. (Trwong chuyén tinh Hoa Binh danh cho tit ca cac thi sinh ndm 2019-2020) Tim x biét:
4x+2=0

Lo1 giai
-1
a) 4X+2=0<:>X=7

A=(5)7-3+6

b)
—5-9+6=2

Ciau 74. (Trwong chuyén tinh Thanh héa chuyén toan nam 2019-2020) Giai phwong trinh :
\/2x2+x+1+\/x2—x+1 =3x

Lo gii

DoVT >0suyraVP>0 = x>0
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\/2x2+x+1+\/x2 —x+1=3x
x> +x+D)—(x"—x+1) B
\/2x2 +x—i—1—\/x2 —-x-1

2
X~ +2x _ 3y

Py =
\/2x2 +x+l—\/x2 —x-1

3x (DoN2x> +x+1—-+x> —x+1#£0,Vx > 0)

x+2

c>\/2x2 +x+l—\/)c2 —x+1=

K&t hop: V2 +x+1+4/x> —x+1=3x

2 g1 = 10xH2

S22+ x+1=5x+1

< 92x* +x+1)=25x> +10x +1

Gidi phwong trinh trén ta dwoc: x = 1 (thoéa man dk)

Vay phwong trinh c6 nghiém duy nhitlax =1

Cau 75. (Trwong chuyén tinh Phd Tho vong 2 nam 2019-2020) Gidi phwong trinh
1 1

+ =1.
Jx+1 Jx-1

Loi giai
x>0

biéu kién xac dinh .
x#1

2x —l<=>x-2Jx—-1=0.

Phwong trinh da cho twong dwong véi

Dét&:t(tzo;t;tl) tac 2 —2t—1=0<t=1++/2 (do 1>0).
Khi d6 x:(1+\/5)2:3+2\/§.

=> Phwong trinh da cho c6 nghiém duy nhat x =6+ 24/5.

Ciu 76. (Truong chuyén tinh Thira Thién Hué vong 2 nadm 2019-2020) Giai phwong trinh

JX+3+3V2x -3 +x —1+2x—3 = 24/2.

Lo gii

o 3
biéu kién: x > —.

(1) & \2x + 6+ 632X =3 +4/2x =2+ 2/2x -3 = 4
e 2X—3+62x -3 +9++/2x—-3+22x 3 +1 =4
e JW2x=3+3) +(2x -3 +1)* =4
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S A2x-3+3+/2x-3+1=4

< 2402x-3=0

& X = % (théa man diéu kién).

Cau 77. (Trwong chuyén tinh Binh Pinh vong 2 nam 2019-2020) Giai phwong trinh sau:

3V8x* +3—8x=6+2x*—2x+1—1.

Lo gii

3(8x—1)

—(8x—1)=0
V8x2 +3+22x% —2x +1 ( )

C6 (x) > 3(v8x* +3-242x" —2x 1)~ (8x 1) =0

3
V8x? +3 42424 —2x +1

@(Sx—l)[

—1]=0 (1).

2
Vi: /8x% +3 2\/§>1,7 va 2 2x2—2x+1:2\/[\/§ —%] +%:\/§>1,4 , suy ra

\/8x2—|—3+2\/2x2—2x+1>3 3 -1<0

V8x2 4+3 424247 —2x +1

Do doé (1)<:>8x—1:0<:>x:%.

Vay phwong trinh da cho c6 nghiém la x = %

Cau 78. (Trwong chuyén tinh HCM nam 2019-2020) Giai phwong trinh: 5vx—-1—-vx+7 =3x—4.

Lo gidi
PKXD: x>1.

Khi dé, ta cé:

S5Vx—1-x+7=3x-4
25(x—1)—(x+7)
SVx—1+~/x+7

8

®(3X_4)(5«/x—1+\/x+7 _1]20

[3x-4=0

= 8

NN
4

73
SVx—1+/x+7=8 (*¥)

Xét phwong trinh (*):

—(3x—4)=0

1=0
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(*)<:>25(x—1)+x+7+10 (x—l)(x+7):64
< 5UxP+6x—7 =41-13x

41-13x>0
= 25(x" +6x-7)=(41-13x)’

41
x<—
= 13
144x* —1216x+1856 =0
41
< —
13
S<x=2
_s8
9

X

X

Sx=2

Thtr lai, ta dwoc tap nghiém cia phwong trinh 1a S = {§;2} m|

Cau 79. (Trwong chuyén tinh Ha ndéi chuyén toan nam 2019-2020) Gidi phwong trinh

(\/E—\/;)(l+m):5.

Loi giai

DKXD: z > 0; Phwong trinh & 1+\/x2+5x =\/:17+5+\/;

o (\/ﬁ—l)(ﬁ—l):o

TH1: Vz+5-1=0 < z = —4 (loai)
TH2: vz —1=0 < 2 = 1 (TM DKXD).

Tép nghiém cua phwong trinh1a S = {1} .

Ciu 80. (Trwong chuyén tinh Hai Dwong chuyén toan nam 2019-2020) Gidi hé phwong trinh:
X+ -2y-14-22y+1=0
(x— )X +xy+ > +12)=6(x" +y°)+16

Loi giai

{x2+y2—2y—14—2./2y+ =0;(1)

(x—P)(X* +xp+ 3 +12) =6(x" + y*) +16;(2)

bK: 2y+120<:>y2—%
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(x= (X +xp+ Y +12) =6(x> + y*)+16

S (x— ) +xy+y)+12(x =) =6(x" +y*) +16

S X =Y +12(x—y)=6(x>+y*)+16

S X —6x"+12x-8=1"+6)° +12y+8 = (x—2) = (y +2)’
Sx-2=y+2x=y+4

Thé vao phwong trinh (1), ta c6:

(y+4) +y*=2y-14-22y+1=0

2V +6y-22y+1+42=0 y* +3y -2y +1+1=0,(*)
Pitt =42y +1,(t>0)=2y=¢ -1

(*) tré thanh t

(=1 +6(>-1)-4t+4=01" +4> -4 -1=0
S(E-D)E++5t+1)=0

Vit>0nént=1
Voit=1 = 2y+1=1<y=0=>x=4

Vay hé phwong trinh da cho c6 nghiém (x;y)=(4;0)

Ciau 81. (Trwdong chuyén tinh Hai phong vong 2 nam 2019-2020) Gidi phwong trinh

2x2—|—3x—2=(2x—1)\/2x2 +x—3.

Loi giai
. 3
PKXD: x>1 hoac xS—E.

2x—1=0

PT < (2x—1)(x+2)=2x—1)2x* +x—-3 & ..
(2x=1)(x+2) = (2x—1) S

2x—1=0&x= % (khong thoa man DKXD)..

X
2 2 = 2 )
2x"+x—-3=x"+4x+4 x*—3x—7=0

x+2=+2x"+x-3 <:>{

>_2 {xZ—Z

34437 _3-437
>7v2

! (théa man DKXD)..

2 2

Vay phuong trinh c6 hai nghiém la x, =

Cau 82. (Trwong chuyén tinh Nam Dinh cho 16p chuyén KHTN ndam 2019-2020) Giai phwong trinh

(Vx+4-2)(Va-x+2)=-2x

Loi giai

biéu kién xac dinh -4 < x<4. .
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x(\/E+2)

Khi d6 phwong trinh da cho twong dwong véi =-2x .

@x(m+2+2(\/x+—4+2)):0 .

©x=0(tm) (Vi VA—x+2+2(Vx+4+2)>0 véi -4<x<4).

Vay phwong trinh cé nghiém x =0. .

Cau 83. (Trwomg chuyén tinh Nam Dinh lép chuyén KHXH nam 2019-2020) Giai phwong trinh

2xm:5(x—1).

Loi gidi
biéu kién xac dinh x>1. .

Vx—=1=0
sJx—1=2x

Khi d6 phwong trinh da cho twong dwong véi

9

(@)

. Béi chiéu diéu kién, phwong trinh da cho c6 ba nghiém x=1, x=5,x= % :

Ciau 84. (Trwong chuyén tinh Nghé An chuyén toan nam 2019-2020) Giai phwong trinh
X —x’ +12xJx—1+20=0.

Lovi gidi

biéu kién: x >1
(1) & x* (x—1)=12x/x~1+20=0
@(xm—Z)(xx/xT—IO):O

xNx-1=2
= xx—1=10
TH1:xVx—1=2 < x’ —x* =4 < x =2 (thda mén didu kién)
TH2: xVx—1=10 < x* —x* =100 < x = 5 (théa man diéu kién)

Vay phwong trinh cé hai nghiémla x=2 va x=5.

Ciu 85. (Trwong chuyén tinh Ninh Binh chuyén todn nam 2019-2020) Giai phwong trinh
X% +7x +14 = 3/ (2x + 5)(x> +3x +4) .

Lo gii

Cach 1: biéu kién: x > _75 . Phwong trinh da cho twong dwong véi
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(x*+3x+4)+2(2x+5) =3/(2x+5) (x> +3x +4)..

Dit: u=vx’+3x+4
- v=4/2X+5

Phuwong trinh tré hanh: u’® +2v* =3uv

(u,v>0).

u=v

<:>u2—3uv+2V2:O<:>(u—v)(u—2v)=0<:>{ .
u=2v

Véiu=v,taco

—1+
VX +3x+4 =/2Xx+5 © X +3x+4=2x+5 X +x-1=0x = 1_2\/5 (N)..

V&éiu=2v,taco

Frrrd =2 e - t=0 e x =2 ),

Tap nghiém ctia phwong trinh da cho S= {

—1—\/3.—1+\/§.5—\/@.5+\/@}

2 2 2 2

Cach 2: biéu kién: x > _75 :

Ta cé: X2+7X+14=(X+Z)2+Z>0 VXZ_—S.
2 4 2 .

Tacé: x> +7x +14 = 3\/(2x +5)(X7 +3x+4) < (7 +Tx+14)° =9(2x +5)(x” +3x +4)

o xt—4xP - 22x3 -11x+16=0.

x+x—-1=0

S X +x-D(x*P=5x-16)=0 < N
( X ) Lz—SX—16:O

—1++/5

2

5+4/89
2

*x?4x—-1=0x =

(N).

*x2-5x—-16=0<x =

(N).

Tap nghiém ctia phwong trinh da cho S= {

—1—\/3.—1+\/§.5—\/@.5+\/@}

2 2 2 2

Cau 86. (Trwong chuyén tinh Phd Yén Vong 2 nam 2019-2020) Giai phwong trinh

XX +6x+8=3Jx+2.

Loi gidi
biéu kién xac dinh: x > -2.

Vé&i diéu kién xac dinh trén, phwong trinh da cho dwgc viét lai nhw sau
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x2+6x+5=3<\/x+2—1)
3(x+1)

izl
<:>(x+1)[(x+5)—ﬁ}=0

x=-1

< (x+1)(x+5)-

@lease—2 (9

Jx+2+1
Vi —1> -2 nén x =—1 la moét nghiém cua phwong trinh da cho.
x+52>3,
Xét phwong trinh (*), véi x> -2, ta ¢ 3 <3 Do d6, phwong trinh (*) c6 nghiém duy nhéat
Jx+2+1°
x=-2.
Vay phwong trinh c6 hai nghiém x=-1,x=-2.

Cau 87. (Trudng chuyén tinh PTNK ( VONG 1) nim 2019-2020)

Giai phwong trinh: (\/m —x)(\/Zx—S —1) =0.

Loi giai
biéu kién: x> % . Tir phwong trinh da cho, ta thiy c6 hai treong hop xay ra:
BTruong hop 1: Vx+2—-x=0. Trong trwong hop nay, ta ¢6 x+2=x>, hay (x+1)(x-2)=0, tic
x=-1 hodac x=2,vo0 ly vi xZ%.

ATrwong hop 2: v2x—5-1=0. Trong trwong hop nay, tacod 2x—-5=1, tlrc x=3.
Vay phwong trinh da cho c6 nghiém duy nhat x =3.

Ciu 88. (Trwong chuyén tinh Tién Giang Vong 2 nim 2019-2020) Giai phwong trinh:

X +6x+5=~/x+7

Loi giai

(Pitu kién x > —7)
X +6x+5=x+7 & (x-3) —(x+7)+x+3-Jx+7=0
<:>(x+3—x/x+7)(x+3+\/x+7 +1):0

x+3—-+x+7=001)

e

X+3+Vx+7+1=0(2)

X+7=x"4+6x+9 2

x=>-3 _
D x+3=+x+7 <:>{ :>x=5+—\/ﬁ
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<-4 7
2 Vx+7=—x-4 @{x :>x=7—\/B

X +7x+9=0 2

Phuwong trinh c6 nghiém la x =

S5N17 713
s

2

Cau 89. (Trwong chuyén tinh Yén Bai vong 2 nam 2019-2020) Gidi phwong trinh
8x” +3x+7=6xvVx+8.

Loi giai
8x? +3x+7=6x/x+8

SIx? —6xJx+8+x+8=x"-2x+1
<::>(3x—\/x+8)2 =(x—1)2

3x—Vx+8=x-1 - Vx+8=2x+1
3x—-vVx+8=—x+1 Vvx+8=4x-1

=

V6i Jx+8=2x+1 < x+8=(2x+1)" BK (2x+120<:>x2—%)

x=1

S4x° +3x-7=0<
xz—z (loai)

Véi Jx+8=4x—1 < x+8=(4x—1)° BK (4x—120<:>x2%j

x=1

S16x*-9x-7=0
x:—ﬁ (loai)

Vay phwong trinh c6 nghiém x =1.

Cau 90. (Trudong chuyén tinh Chuyén PHSP vong 2 ndm 2019-2020) Cho hai s thwc phén biét a va
b théa man diéu kién o’ + b’ =a’b* (ab-3). Tinh gia tri clia biéu thirc T=a+b—-ab.

Loi giai
Néu a=0 thitacé »’=0 suyra b=0=a,voly vi a#b.Do d6 a=0.Chirng minh twong ty, ta ciing cd

b#0. Twr d6 gia thiét cia bai toan c6 thé dwoc viét lai thanh L3+ % _-2

bat le va y:% thitaco x#y va x’ +y’ =1-3xy.
a

St dung két qua quen thudc 4’ + B’ +C° =(4 +B+C)(A2 +B*+C* - 4B —BC—CA) , ta dwoc

0=x"+y —1+3xy=x"+’ +(—1)3—3.x.y.(—1) =(x+y—1)(x2 +y° +1—xy+x+y).
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Mt khdc talai 6 x* + 37 +1-xp+x+ y = (r+1 + (p+1) + (x- )" ]>0.

Nén tir két qua & trén, tasuyra x+y=1,tlcla a+b=ab.Vay T=0.
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N\
Chuyen de S : 2 Hé phuwong trinh

Ciau 1. (Trwong chuyén tinh Binh Thudn vong 2 nam 2019-2020) Gidi hé phwong trinh

(2° +ay+y°)\z" +y° =185
X :
(2" —zy+y° W' +y* =65

) (2° +ay+y° W2 +y* =185 (1)
\(mQ —xy+ YT +yE =65 (2)

Cong (1) va (2) theo vé, ta duoc: 2(x2 - y2 )\/:L‘Q + y2 =250 < 2% + y2 =25

Lo gii

Thay lai vao phwong trinh (1), ta dwoc: (25 + 2y)v25 =185 <> xy =12

2
144 =9
s 9 P +—=25 ' —252° +144 =0
{x +yt =25 7 22 =16
Ta c6 hé: = = 12 <A
:Ey:12 y:E y=— 12
T T y:—
L x
(r=3,y=4
r=-3,y=-4
=
r=4,y=3
z=-4,y=-3

Vay hé phwong trinh c6 cac nghiém: (3; 4) ,(—3; —4), (4; 3) ,(—4; —3) (3;4)

3T —y =95
Cau 2. (Trwong chuyén tinh Ha Nam thi chung nam 2019-2020) Giai hé phwong trinh 5a -+ Z ]
T A A =
Loi giai
o . 3r—y=2>5
Giai hé phwong trinh .
or +2y =1
11z =11
&
or +2y=1

r=1
<~
or+2y=1
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=1

&
y=-2

Vay hé phwong trinh c6 nghiém 1a (z;y) = (1;,—2)

Ciu 3. (Trwong chuyén tinh Binh Thuin chuyén todn nam 2019-2020) Gidi hé phwong trinh
{(x2 +xy+ Y O)yxt +y* =185

(xz—xy+y2) xz+y2 =65

Loi giai

(X* +xy+y)Jx*+y* =185 (1)
(x2—xy+y2)«/x2+y2=65 (2)

Cong (1) va (2) theo v&, ta duogc: 2(x° + y*)Wx* +y* =250 & x> +y° =25

Giai hé phwong trinh {

Thay lai vao phwong trinh (1), ta dwoc: (25+ xy)\/g =185< xy =12

144 ¥ =9
Paiogs | =25 0 [x 2507 +144=0 { )
Ta c6 hé: P N < 12 ol =le
xy=12 12 y=— 12
y=— b y=—
X \] X
\\VZ
x:—3’y:—4 -\\s @ {/
P ] Y —
x=—4,y=-3 0 5 831 oUnG VAN Han

Vay hé phwong trinh c6 cac nghiém: (3;4),(—3;—4),(4;3),(—§!WMBH

Cau 4. (Trwong chuyén tinh Bac Liéu nam 2019-2020) Giai hé phwong trinh:
\/7x+y+\/2x+y=5

2x+y+x—y=2
Y y

Loi gidi i Y‘( —
Tx+y=>0 |
oA LA *
biéu kién: { 2x+y>0 ( ) £ i 61 DUING VAN oA
BINH MINH

Pitu=+7x+y ,v=42x+y (véiu,v>0

Hé phwong trinh da cho tré thanh:

u+v=> Q)]
v+x—y=2 (2)
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, ) S—x
Ta thdy: u° — v’ =5x Kéthop véi (1) suyra: v= — thay vao (2) ta dwoc x=2y—1 (3)

Thay (3) vao (2)tacod /Sy —2=3—-y

y<3 y<3
< , &9,
5y-2=(3-y) y —=1ly+11=0

y<3

y:M 11-77

2 & y=——"— = x=10—-+/77 (thoa (¥))
2
y_11+\/77

2

-

11-~77
Vay hé phwong trinh da cho c6 nghiém duy nhat la: [10 —77 ,T)

Céu 5. (Trwong chuyén tinh DAK LAK vong 2 ndm 2019-2020) Tim tit ca cac cip s6 hiru ti (x; )
45’ =y’ +x+4y=0

thoa man hé phwong trinh
10x” —7xy+2y° =9

Lo gii

Ciau 6. (Trwong chuyén tinh DAK NONG vong 2 nam 2019-2020) Giai hé phwong trinh
xy+3y°+x=3
x> +xy—2y° =0

Lo1 gidi
Phwong trinh (2)<:>(x2 =y )+ y(x=y)=0 < (x-y)(x+2y)=0,

tadwoc x =y hoac x=-2y.

*Véi x=y,thévao (1) tacéd: 4x° +x-3=0 < x=-1 hoic x:%.

Khi do x:y:—l,x:y:%.

*Véi x=-2y,thévao (1)tacé y*—2y-3=0<«< y=-1hodc y=3

Néu y=-1=x=2.Néu y=3=x=-6.

Vay hé phuong trinh c6 bn nghiém: (-1;-1); (%,%j, (2;-1); (-6;3).

Cau 7. (Trwong chuyén tinh Gia lai chuyén tin nam 2019-2020) Giai hé phwong trinh
{xz +tr=y"+y

2y =5 (z,y e R) .
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2(x + y) -xy=4
Cau 8. (Trwong chuyén tinh HCM nam 2019-2020) Giai hé phwong trinh: :
xy(x+y—4) =-2

Loi giai
Pit S =x+y,P=xy (57 24P)
Hé da cho tré thanh

2S-P=4 P=25-4 P=25-4 pP=2
R S S
SP-4P=-2 |S(25-4)-4(25-4)=-2 " [28*-125+18=0 |S=3

t=1

Khi d6 x,y 1a hai nghiém cta phwong trinh: > -3t+2=0 < L 5

Vay hé da cho c6 nghiém (x,y)=(1,2); (x,y)=(2,1) O

Ciau 9. (Truwong chuyén tinh Ha Giang vong 1 nam 2019-2020) Giai hé phwong trinh:

1 3
x—=2 y+l1
2
1 5
+——=16
x—-2 y+l1
Loi giai
Noi dung
1
u= D)
Pidu kién: x #2;y # —1. Pit xl ;
pe
y+1

, u—3v=_8 8v=8 v=1
Hé da cho tré thanh & &
u+5v=16 u+5v=16

2:11 x—2—L x—E
Thay tré lai phép dittacé { | o Tlled 11
— =1 y+l=1 y=0

y+l:

Doi chiéu véi dk, hé da cho c6 nghiém la (%;OJ .

Cau 10. (Truwong chuyén tinh Hoa Binh Chuyén Tin nam 2019-2020) Giai hé phwong trinh:
3x+5 3

x+1 y—4=
4 +y+1=24
x+1 y-4

Lo gii
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3x+5_i__2 L_i__5
+1 -4 +1 y-4
x4 y 1 < x4 y5
IR S VR e S B
x+1 y-4 x+1 y-4
1 1
bat X+ , tim dwoc ; tim duoc 2 ,KL ...
1 _p = 13
_ = y:_
yv—4 3
Ciu 11. (Trwomg chuyén tinh Hoa Binh Chuyén Toan nam 2019-2020) Giai héphwong trinh:
x*+y° =10
x+y+xy=7

Lo gii

2 2 _ 2 _ — 2 _ -
{x +y =10 <:>{()c+y) 2xy 10(1)@{(x+y) 2xy =10

x+y+xy=7 |((x+»)+xy=7(2) (x+y)=T-xy

{x+y:4
TH1: ; = x»)=G;(x;y)=(1;3)

Xy =

x+y=-6
TH2: I

xy=13

Hé phuong trinh (II) v6 nghiém

Cau 12. (Truwong chuyén tinh Hau Giang chuyén todn nam 2019-2020) Giai hé phwong trinh
\/4:1:—|—y—|-\/:1:—|-2y =5

5 1 :
—x—gy—h/:z:—i—Qy =2

3
Loi giai

it u=+4rx+y >0
a )
' v=+z+2y >0

5 1 1 1
Tacé —x——y=—4z+vy)——(x+2y).

STV 2( y) 3( y)

u+v=>5 1)

Hé phuwong trinh da cho tré thanh 11 1
§u2—§v2+v:2 (2)

Tw (1), tasuyra u =5 — . Thayuz5—UV30(2),tac()%v2 —41}—|—%:0

< v =3 hoac v =21.
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Véi v =21= u=—16 (loai).

1
Jadr +y =2 {43}—1—7/:4 33:_?

Véiv=3= u=2. Tacdéhé = = .
'[\/x-I—QyS T+2y=9 y 32

Ciau 13. (Trwong chuyén tinh Kon Tum vong 2 nam 2019-2020) Giai hé phwong trinh
x> —y*—6=0

2
(1)
<x+y—ﬂ{{ ]—3:0
A=
Loi giai
x*—y*—6=0
Giai hé phwong trinh 2 (I
(x+y—1) - ]—3:0
x—y
(x=y)(x+y)=6
Taco (1) & (x—i— _1)2_ 4 _3=0
(x~v)
pate{" Y (b=0)
b=x—-y
ab=6 %:% 1)
khidé (I) & 2 4
(a—1) ——=-3=0 2 4a°
a—1) ——=3 2
b (a—1) o (2)
, a=3
Tl (2) ta c6 phwong trinh < 9(a—1) —a* =27 < 84° ~18a—-18=0<|  _3
a=—
4
5
N , y=3 |"72
Véia=3tacé b=2suyra
x—y=2 :l
/ 2
—35
-3 xry=—_1"""8
Vé’ia:T tacé b=—-8suyra 4 &
x—y=-8 y=—
-35 29 51
Vay hé da cho c6 hai nghiém (x;vy)=|—:;—|;(x;y)=|—;—
iy hé ghiém ( y)[ —ig (%) 22]

|Céu 14. (Trueong chuyén tinh Nghé An chuyén toan nam 2019-2020) Gidi hé phuwong trinh|
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(x+D(xy+1)=6
xz(y2 +y+1)=7.

Loi giai
2
X y+xy+x=5
Hé phuwong trinh (1) & y
xzy—i-xzy2 +* =7

bat xy=a, x=5b.Taco:

ab+a+b=>5 ab+a+b=>5
Hé phwong trinh tré thanh

=
ab+a*+b* =7 (a+b)2—ab:7

= (a+b) +a+b-5=7= (a+b) +(a+b)-12=0
a+b=3

b-3 b+4)=0
< (a+b-3)(a+b+4) <:>L+b:_4

TH1l:a+b =3 suyra ab=2

= a,b 13 nghiém ctia phwong trinh X*> -3X+2=0< {

= (a:0) =(1;2);(2:1)
:(x;y):(2;%j;(l;2)
TH2: a+b=-4 suyra ab=9

= a,b la nghiém ctia phwong trinh: X* +4X +9 =0 (phwong trinh vé nghiém)

Ciu 15. (Trwong chuyén tinh Ninh Binh chuyén todn nam 2019-2020) Giai hé phwong trinh
2 2

X y 8

2 + 2
y +2y+1 x"+2x+1 9.
Sxy—4x—-4y=4

Loi giai

Cach 1: biéu kién: x = —1;y = —1.

2 2 8 2 2 8
y4+2y+1 x> +2x+1 9 ly+1 x+1 9&

2 8
Sxy—4x—-4y=4 9xy:4(x+1)(y+1) (x+1)X(};+l) 9
bata=——:b= L, ta duwoc hé phwong trinh
y+1 x+1

a2+b2=§ a’+b’=2ab  [(a-b) =0 a=b=§

SN 8 SN g o .
§ 2ab:_ 2ab:— a:b:—g
9 9 9 3
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X _2
T3 (3x=2y+2
Véia=b=2m YTl 3 X7 o x=y=2 (N).
y 2 dy=2x+2
x+1 3
X 2
T3 [3x=-2y-2
Véiachbo—2= YTl 3 e x=y=——(N)
y 2 3y=—2x—2
x+1 3

2 2 2 2
Cach 2: bitukién: x #-Ly#-1. 1y’ +2y+1 x*+2x+1 94| y+1 x+1) 9
Sxy—-4x—-4y=4 x(Sy—4)=4y+4 (*)
2 2
(L] {Lj _8
o y+1 x+1 9.
4
= y+4
S5y—-4

iy =% thi pt (*) tré thanh 0x = % ( vo nghiém) nén hpt khong c6 nghiém (x;%)) .

4 Y (5y-4YV 8
4 +(y_—j _8
(5y—4j 9 9

= .

X=4y+4
Sy—4

2 —
[ 4‘] 2t .sy—4+[5y_4]2:o G520 (Gy-47 =36
o J\Sy—4 5y-4 9 9 y - x—4Y+4

4y +4
_dy+4 x=2Y S5y—4
" sy_4 Sy—4 Y
[(x=2
y=2 { _2(N)
] y=
PN A RN =2
_4y+4 Z(N)
Sy—-4 y:_—
L 5
R \ ~ . in 2 2
Hé phwong trinh da cho ¢6 2 nghiém (x;y)e4(2;2), S

|Céu 16. (Truong chuyén tinh Phd Yén Vong 2 nam 2019-2020) Giai hé phwong trinh|
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x2+y2+2x+2y:(x+2)(y+2)

2 2
al +(yj:1
y+2 x+2

Loi giai
n A 7 . 2 ~ \ X i _2’
biéu kién xac dinh ctia hé phwong trinh
y# -2
Véi diéu kién xac dinh trén, hé phwong trinh da cho twong dwong véi

x+y—1

y+2 x+2

2 2
al +( Y j =1
\y+2 x+2

bit a = Y p=—2" Kni dé, hé phwong trinh (2.2) tré thanh

(22)

y+27  x+2
=
at+b* =1 (a+b)2—2ab:1

a=0

a+b=1 b=1

= = .
ab:O {a:l

_b=0
X
=0
=0
Véia=0,b=1,tacd y+2 <:>{x .
y o =2
x+2
x2:1 ,
x:
Véia=1, b=0,taco y+ <:>{ .
y _og W=0
x+2

Vay hé phwong trinh da cho c6 hai nghiém (0;2),(2;0).

Ciau 17. (Trwong chuyén tinh Vinh Long vong 2 nam 2019-2020) Gidi hé phwong trinh
x*—2xy—6=6y+2x
3x?

y+1

=4-x

Lo giai

pidu kién y = -1

Dia chi truy cép click vao diy # http://www.vungocthanh1984.blogspot.com/ #% Trang 112 #%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

2

x’—2xy—6=6y+2x x+1—2x:6
Ta co 2
3x =4-x x’
y+1 3. +x=4
y+1

2

X
A A =2 jx=-2
Giai hé trén, ta duoc < y+1 & :
y:
x=-2

Cau 18. (Trwong chuyén tinh Long An chuyén todn dy bi nam 2019-2020) Giai hé phwong trinh
1 1

— )
x y+2

1 _324
x+2 vy

Lo giai
biéu kién:x #0;x -2,y #0; y = -2

ot _
x y+2 3x-5y=2
&
1 _3_4 3x+y+2xy=-2
x+2 y
x:2+5y
= 3

59" +11y+6=0

y=-1
57 +11y+6=0 < 6
y=—§

Hé phwong trinh da cho c6 hai nghiém (—1;—1), (_?4,_?6)

Cau 19. (Trwong chuyén tinh Thanh héa chuyén toan nam 2019-2020) Giai hé phwong trinh :

1 9
X+y+—+—==
x y 2
xy+—+£+z 5
Xy y X
Loi giai
1 9
x+y+—+—=§
Ta cé Y (Piéu kién: x,y #0)
XY
xy+—+—+==5
Xy y X
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2x°y+2xy° +2x+2y-9xy =0

<:>{x2yz +x2 4y +1-5xy=0
2xy(x+y)+2(x+y)-9xy=0 (1)

<:>{()c+y)2+)c2)/2—7)g/+1=0 2)

Trir tirng vé cia phwong trinh (2) cho phwong trinh (1) ta dwoc:

(x+ ) =2xp(x+y)+x>y* =2(x+y)+2xp+1=0
Sx+y-xy-1°=0
Sx+y—xy—1=0
=1
<:>(x—1)(y—1)=0<:>{x
y=1

+)Véi x=1=y =2 hodc y:%
iy 5 1
HVoéiy=1=>x=2 hoacx:a.

Cac gia tri X,y tim dwoc déu thda méan diéu kién.

Vay nghiém cua hé phwong trinh la (x;y) € {(l;2);(1;%);(2;1);(%;1)}

Ciu 20. (Trwong chuyén tinh Thira Thién Hué vong 2 nim 2019-2020) Gidi hé phwong trinh
X (x—-y)+xy =1
xz(xy+3)—3xy:3.

Lo gidi
4 3 2.2 3 2 2 3
X' =2Xy+xX vy +xy=1 X —xy) +x’y=1
Viét lai hé { Y Y Y = {( y) Y

X'y +3(x* —xy) =3 Xy +3(x’ —Xy):3'

_ |u=x*—xy o utv=1 ()
bat ,tacé hé .
v=xy v+3u=3 (2)

T (2) tacé v=3-3u. Thay vio (1) tadwoc u’ -3u+2=0=u=1u=2.

_ x*—xy=1 x==1
Véiu=1thi v=0. Tacé &

X3y:O y:O .

Hé c6 hai nghiém (x;y) = (1;0), (—1;0).

x*—xy=2 X2+%=2 {X4—2X2+3:0
p— .

Véiu=2 thi v=-3. Tacd X = X
Xy=-3 2 3

Hé nay vo nghiém.
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Vay hé phwong trinh da cho c6 hai nghiém la (x;y) =(1;0), (—1;0).

Cau 21. (Trwong chuyén tinh Gia Lai khong chuyén nam 2019-2020) Khong st dung may tinh b tui,
N . 2x+y=4
giai hé phwong trinh .
3x-2y=-1

Cau 22. (Trwong chuyén tinh Lao Cai Vong 1 nam 2019-2020)
x+y=35

a)GﬁihéphwongUﬂﬂ’{zx_),zl

X—y=a
b) Tim tham s6 a dé hé phwong trinh {7x—2y 541 c6 nghiém duy nhat (x; y) théa man
y=2x.
Lo giai
+y=35
a).Gidihépt: I 7
2x-y=1
3x=6
y=5-x
x=2
&
y=3
Vay: Hé pt c6 nghiém duy nhatla (2; 3)
X—y=a 2x-2y=2a
& &
Tx—-2y=5a-1 Tx—-2y=5a-1
b). ~3a-1 _3a-1
5x=3a-1 = 5 = 5
= & &
y=x—a _3a—1_a _—2a-1
Y 5 7 5

—2a-1__ 3a-1

Tacé:y=2x < 2. 5 <:>—2a—1=6a—2<:>a=%

Cau 23. (Trwong chuyén tinh Ba Ria Viing Tau thi chung nam 2019-2020) Giai hé phwong trinh
3x—y=5
x+2y=18"

Lo giai
3x—y=5
x+2y=18

6x—-2y=10 Tx =28 x=4
= = = .
x+2y=18 x+2y=18 y=17

Cau 24. (Trwong chuyén tinh Quang Ngii chuyén toan nam 2019-2020) Giai hé phwong trinh
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x*+3y—-6x=0
9x* —6xy> +y* =3y+9=0

Lo giai
Cong vé theo vé hai phwong trinh ta dwoc
=3
9x* —6xy” + y* +x° —6x+9:0<:>(3x—y)2 +(x—3)2 :O<:>{x2 ;
y*=3x
= (x;¥)=(3;3) hodc (x;»)=(3;-3)

Thtt lai ta thdy nghiém (x;y) =(3;3) théa man hé phwong trinh.

Cau 25. (Trudomg chuyén tinh Bic Giang chuyén todn nidm 2019-2020) Gidi hé phwong trinh
{x2—2y2+xy+2x+4y20

\/5x+1+3\/y—1:x2—y+6

Lo giai
1 1
biéu kién xz—g;yzl..
X =2y +xy+2x+4y =0 (x+2y)(x—y+2)=0 (1)..
Tir diéu kién suy ra x+2y >0 nén (1)< x—y+2=0..

Thé y = x+2 dwgc phwong trinh

\/5x+1+3\/x+1 =x*—x+4..

\/5x+1+3\/x+1 =x’—x+4
o X’ —3x+[(x+l)—\/5x+1}+[(x+3)—3\/x+1}:O

2 2
x°—3x x°—3x

< xP-3x+ + =0
x+1+\/5x+1 x+3+3x/x+1
1 1
< (x*=3x [1+ + J:o 2).
( ) Xx+1++/5x+1 x+3+3Vx+1 ( )

1 1
+
x+1+\/5x+1 x+3+3\/x+1

Nhan xét 1+

>0, VxZ—% nén twr (2) dwoc x2—3x=0c{

Két luan dwoc hai nghiém (x; y)cda héla (0;2) va (3;5).

Chii y: Néu sau bwoc (*) hoc sinh gidi phwong trinh, nhan lién hop chi tim dwoc mét nhan tiv x hodc x-3
va két luin luén nghiém thi phin con lai chi chdm 0,5 diém..

Ciau 26. (Truwdmg chuyén tinh Bic Ninh vong 2 niam 2019-2020) Giai hé phwong trinh
Y’ +2xy +4 =2z + 5y

5% + Ty —18 =+Jz' +4°

Loi giai
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y2+2xy+4:2x+5y(1>

527 + Ty — 18 =z +4(2)
bK: z,y € R.

y=1

ey -y+2(y-1)+4(1-y)=0e(y-1)(y+22-4)=0« ) — i 20

Vé6i y = 1 thay vao (2) ta duoc

11
2>_
5 —1l=vz' +4 =17 T 5

24z — 1102 +117 =0

55 + 217

= y|——.

2 95 + 217 o 1
4 24

T

Véi y = 4 — 22 thay vao (2) ta dwoc 52° + 28 — 147 — 18 = /2" + 4

<:>(x2+2x+2)+\/(x2+2x+2)(x2—2x+2)—6(a¢2—2x+2):0

Ji? 422 +2 = 20/2? — 22 +2

= sS4+ 2 +2=4(2" -2z +2
Nt +22 42 =-3Jz* -2z +2 ( )
57 L 2+ 07

T =
&3 -102+6=0< 3 3 .
5+N7 2 —27

Vay hé phwong trinh c¢6 bén nghiém la:

55 + /2 740l /55+\/2 7. 5_ﬁ.2+2\/?
24 [ 24 'l 3 7 3

Cau 27. (Trwdng chuyén tinh Cao Bang vong 2 nam 2019-2020) Gidi hé phwong trinh:
X —y=y—x
X —x=y+3

)

5+ﬁ_2—2ﬁ]"

3 3

Lo gii

X—y=y'-x (1)

Giai hé phwong trinh: ,
x—=x=y+3 (2)

Phwong trinh (1) twong dwong véi (x —y)(x +y+ 1) =0& y==
y=-x-1
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x=-1

Véi y =x thévao (2): x* —2x—-3=0 @{ 3
X =
ta dwoc hai nghiém cda hé la (— I;— l) va (3;3)

x=—2
x=42

ta dwgc hai nghiém cta hé la (—\/5;\/5 — 1) va (\/5, —\/5 — 1)

Véi y=—x—1thévao (2): x* =2 @{

Vay hé da cho c¢6 bén nghiém la (—1;—1), (3;3), (—\/5;\/5 — 1) va (\/5, —2- 1)

C4u 28. (Trwong chuyén tinh Cin tho chuyén toan nim 2019-2020) Giai hé phwong trinh
Xy +ay=1
x+y—xy=2y*—x*

Loi giai
X +y +xy=1 (1)
x+y—xy=2y"—x (2)
(2)<:> x+y—xy:2y2—x2<:>(x+y)(x—2y+1):0
{x+y=0
=
x-2y+1=0
Ta két hop véi (1) ta co

4y xy=1 x=1 x=-1
THl{x yrEl g v
Yy

x+y=0 =-1 [(y=1
x—3

2 2 — :1 - _
TH2 Y T =l =l T
Xx—2y+1=0 y=0 5
y=7

Ciau 29. (Trwong chuyén tinh Gia lai vong 2 nam 2019-2020) Gidi hé phwong trinh
(x> + 1) (x+y+2)=4(y+2)
P+ +2)(x+y+2)=4(y+2)

Lo giai
(X + ") (x+y+2)=4(y+2) (D
x2+y2+(y+2)(x+y+2):4(y+2) (2)

2 2
+
Te (1) taco y+2=>—2

(x+y+2),thayvao (2) ta duoc

X"+’

x2+y2+ (x+y+2)2:(x2+y2)(x+y+2)
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+3y7=0
@+ (x+y+2 -4 +y+2)+4=0]| " T
x+y+2=2

TH1: x* + y* = 0 hop véi (1) ta suy ra hé phwong trinh vo nghiém.

=1 )
TH2: x+ y = 0 hop véi (1) ta suy ra hé phwong trinh c6 hai nghiém{x . ; {x 5
y=- y=

Cau 30. (Trwong chuyén tinh Ha Nam chuyén toan nam 2019-2020) Giai hé phwong trinh
ry’ +4y* + 8 = z(x + 2)

z+y+3=3y2y—1

Lo gidi
xy2+4y2+8:x(x+2)(1)
x+y+3=32y-1(2)

\ 1
biéu kién: y > —
iéu kién: y 5

X
Phuong trinh (1) < (x+4)()° —x+2)=0 <:>[ )
X=y +2

y=>1
(y=D*=92y-1
Véi x = y* +2, thay vao phwong trinh (2) ta duoc:
YV Hy+5=3L2y-1(3)
YV +y+5=0"—-y+D)+Ry-D+5>2y-1)+5
Ap dung bt ddng thirc Cauchy ta c6
2y —1)+5>252y-1) >32y 1
Do dé phwong trinh (3) v6 nghiém
Vay hé phwong trinh c6 nghiém (-4;10+3/10)

Thé x= -4 vao (2) taduwoc y—1=3 2y—1<:>{ < y=10+3410

Ciau 31. (Trwong chuyén tinh Ha No6i chuyén tin nam 2019-2020) Giai hé phwong trinh
{2x2—3xy+y2+x—y—0

P +r+l=y

Loi giai

2:172—31:y+y2+x—y:0<:>(2:1:—y+1)(x—y):0

y=x
= .
y=2x+1
Y=z =z
Tle{2 Qa{y Sao=y=-L
T+zrz+l=y z=-1
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{y:2x+1 {y=2x+1 {x(),yl
TH2: = =

P +r+l=y° 322 +3z=0 r=-1y=-1

Vay hé phuong trinh ¢6 tap nghiém 1a S = {(0; 1), (-1 —1)} .

Cau 32. (Trwong chuyén tinh Ha ndi chuyén toan nam 2019-2020) Giai hé phwong trinh
TP+ 7 =4y +4y
2 +3zy+2y° +2+y=0

Loi giai
TP+ 7 =4y +4y

Hé phuong trinh & {(:v + ?/) (CL’ +2y + 1) =0

r+2y+1=0
TH1: . Hé phurong trinh vo nghiém.

8=0
T ==y
x+y=0 - _
TH2: <, Y o ilT="1
3z°—-4x-7=0 7
T =—
3
7
r=-1 =
Vay nghiém cia hé phwong trinh la ] va 37‘
y:
y=—-=

Cau 33. (Trwong chuyén tinh Ha Tinh vong 2 nam 2019-2020) Giai hé phwong trinh
2, .2
X"+y =5

x’ +2y3+(x—5)2+(y+5)2 =355.

Loi giai
x*+y’ =5

HPT da cho twong dwong
X +2y + x> +y> —10x +10y +50 = 55

X’ +y> =5 X’ +y* =5 X +y* =5 @
< 3 3 < 3 3 = 3 3 2 2
X2y =10x-10y (X 42y’ =25.(x-y)  |X’+2y’ =2(x—y)(x*+¥’) ().

x—2y=0

Tw (2) tacd: x° —2x°y+2xy° —4y° =0 < (x=2vy)(x* +2y* ) =0 <
(2) y+2xy’ —4y (x—2y)(x* +2y*) L2+2y2=0.

xX*+y* =5 xX*+y’ =5 A
TH1. = vO nghiém.
x> +2y° =0 y>=-5
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b

X:2 X:2 X=2
TH2. Y & y<:>

5  |5y*=5 y=-1

X =-2.

A1 | X=2x=—2
Vay hé phuong trinh cé nghiém la : va |
y= y=-1L

Ciu 34. (Trwong chuyén tinh Hai phong vong 2 niam 2019-2020) Gidi hé phwong trinh
x + y\/; =9

x2—|—2y:x—|—4\/; .

Lo gii

PKXD: y > 0. Ly phwong trinh thit nhit trir di ba lan phwong trinh thi hai:

X3 43x—1=8—12y +6y—pfy & (x—1’ =2—y) ex—1=2—y..

~ s /. ~ 3 3 2 X =
+ Thé \/y =3—x vao PT thitnhat: X’ +3—x) =9 x" -3x+2=0%
X

Vay hé phwong trinh da cho c6 hai nghiém (1;4), (2;1) (TMDKXD).

Cau 35. (Truwong chuyén tinh Nam Dinh cho 16p chuyén KHTN nam 2019-2020) Giai hé phwong trinh
(x—y)2 +4=3y—-5x+2 (x+l)(y—1)
3xy—5y—6x+11

Vxd +1

5.

Loi gii

(x—y) +4=3y—5x+2/(x+1)(y-1) (1)

3xy—5y—6x+11=5 2
\/x3+1

x>-1

Pidu kién
y>1.

Phuong trinh (1) & (x—y+2)" +(Vxt1-y—1) =0 y=x+2.

Thé vao phwong trinh (2) ta c6

30t = Sx+1=5(x+1)(x* —x+1)

<:>(\/x2—x+1—2\/x+1)(3 xz—x+1+x/x+1):O

x_5+\/§

SV —x+1=2Jx+1 2
x_s-ﬁ
S
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5+\/§.9+\/§] (5—@9—@}
S , .

D6i chiéu diéu kién ta c6 nghiém (x;y) ctia hé phwong trinh 1a ( 2 2 02

Cau 36. (Trwong chuyén tinh Nam Pinh chuyén toan nam 2019-2020) Giai hé phwong trinh
1
— ——3+x ¥’
Xy
1 1
—+—+3=x
x3 y3 y
Loi giai
I 1
— —2—3+x2y2 (1)
Xy
1 1
X y

+ biéu kién xac dinh: x #0 va y #0.

11 . (1Y (1Y ;
+Tacd —+—+3=xy o|—| +| —| +(—xp) =3.
X

Xy y ().

11
X.y

X . +b+
Str dung hing ding thitc @’ + b’ + ¢’ —3abc = u[(a —b)2 + (b —0)2 + (c — a)2] ta thu dwoc

2
[

@)=,

1 1
—+——xy=0

X y

I 1 xX=y x=-1
+ Truong hop 1:—=—=—x) <& , & . Thitr vao (1) thay khong théa mén.
Xy -y |(r=-1

. 1 1 1 1 2
+ anangbapZ:—+——xy=O<:>—+—=xy<:>x+y=(xy) .
Xy x y

Co (1) = x*+ ) =3x"y" +x*y* <:>(x+y)2 —2xy=3x"y* +x*y* hay c6

2
x'yt = 2xy =3xy* +x*y* <:>xy(3xy+2)=0<:> Xy =—§ (do c6 diéu kién xy = 0).

2 4
x+y=(xy) x+y=g PR
Vay o) = 5 din dén x, y 13 cac nghiém cta phwong trinh £ ——¢—==0 hay
Xy =——

Xy =——
3 V=73

phéi c6 (x; ) 1a (

2+\/—2 \/_J oic [2—@_2+\/§J
. 5 :

9 9
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. [2+\/§_2—x/§j [2—\/5.2+\/§].

+ K&t luan: Hé cho c6 ding hai nghiém (x; y)Ia
in: Hé g hai nghiém (x;y) 5 5 5 5

Cau 37. (Trwong chuyén tinh Nam Dinh 16p chuyén KHXH nim 2019-2020) Giai hé phwong trinh
Y —4y+3—xy+x=0
Jy=25-y +x*+3y-13=0.

Loi giai
Y —4y+3—xp+x=0 1)

Xét hé
Jy=25-y+x*+3y-13=0 (2
biéu kién xac dinh 0< y <5,

=1
Khi d6 phwong trinh (1)<:>(y—1)(y—3)—x(y—1):0©[y ;
x=y-3.
Véi y =1 thé vao phwong trinh (2) ta dwoc x° =13 < x =++/13. .

Vé&i x = y—3 thé vao phwong trinh (2) ta dwoc

Jy-25-y+y*-3y-4=0

(Vi;+y+1>0 véimoi 0<y<5)

NEEEN

P§i chiéu didu kién vay nghiém (x, y) cia hé phwong trinh 12 (iJB : 1), (1;4)..

Ciau 38. (Trwong chuyén tinh Quang Nam Vong 2 nam 2019-2020) Giai hé phwong trinh
X+ +4x+2y=3
x> +7y" —4xy+6y=13.

Lo gii
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X’ +y +4x+2y=3
{x2+7y2—4xy+6y=13
X +4x+4+)y° +2y+1=38
<:>{x2—4xy+4y2+3y2+6y+3:16
(x+2) +(y+1)> =8 Q)
<:>{()c—2y)2+3(y+1)2 =16
2(x+2) +2(y+1)* =16
Q{(x—Zy)2+3(y+l)2 =16
=2(x+2) - (x=2y) ' =(y+1)°*=0
Sx+2) - (x=2y) +(x+2) —(y+1)’=0
S 2x-2y+2)2y+2)+(x+y+3)(x—y+1)=0
Sx-y+DH)dy+4d)+(x+y+3)(x—y+1)=0
Sx-y+D)(x+5y+7)=0
x=y-1 (2)
<:>Lc:—5y—7 3)
Thay (2) vao (1) dwoc:
(V=1+2) +(y+1) =8 2(y+1) =8 (y+1)’ =4
y=1 =x=0
<:>L/=—3:>x:—4

Thay (3) vao (1) dwoc:

(-5y-7+2 +(y+1)’ =826y +1)’ =8 (y+1)° -4

13
10
=l o x=2———
Y 3 NE
=
T N S |
Y NGB NE

Vay nghiém cia hé phwong trinh da cho la

(x:y) e {(0;1),(_4;_3),[_2_ j%;_u J%M_% \}10_3;—1— J%j}

Ciau 39. (Trwong chuyén tinh Thai Binh vong 1 nam 2019-2020) Gidi hé phwong trinh:
¥ =y +(x=-1)y —(y+Dx* =0
X +4Jy+4=2x+y+7

Loi gii
¥ -y +(x-1)y' -(y+Dx*=0 (1
yoA+x=Dy =+ ()(BK:y2_4)
X A4y +4=2x+y+7 (2)
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Dex’ -y +(x-1y" —(y+)x* =0
Sy -+hx*+(x-1)y" =y’ =0
Sy (x—y-D+1y(x=1-y)=0
S +y)x-—y-1)=0

_x2+y2 =0

x—y—-1=0

(x=y=0
e

x=y+]

Dé thiy x = y = 0 khong 1a nghiém clia phwong trinh (2)
Thay x =y + 1 vao phwong trinh (2) duoc:

G+ +4y+4=2(y+1)+y+7
o P r2y+1+4fy+d=2y+2+y+7
<:>y2=y—4\/m+8
<:>y2=y+4—4\/m+4
<:>y2=<\/m—2)2
_y= y+4-2

| y=—y+4+2

y+d—Jy+4-2=0

=

| y+4+y+4-6=0

(¢y+4+1XJy+4—2):o
(J}IZ+3X¢§IZ—2)=0

S \Jy+4-2=0
SL\y+4=2

< y=0 (TMPK)
Véi y=0=>x=1

Vay nghiém cua hé phwong trinh la (x; y) = (1; 0)

Ciu 40. (Trwomg chuyén tinh Thai Binh vong 2 nam 2019-2020) Gidi hé phwong trinh:

y+24x" +y =4x+3
(x=3)Jyy+4+(y—-4)vx-1+2=0

Loi giai

*Piéu kién: x >1;y > —4;x> + y >0 . Bién d6i phwong trinh (1):
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(D P +y+2 X +y+1=x>+4x+4
o (W2 +y+1)? =(x+2)

X +y =x+1
|V ry=x

\Jx*+y =—x-3 (loaiido x>1)

Véi \x* +y =x+1< y=2x+1 thay vao (2) ta dwoc:

(x—=3)V2x+5+2x—-3)Vx-1+2=0
< (x-3)W2x+5-3)+(2x-3)(Wx—-1-1)+5x-10=0
- (x—3)(2x—4)+ (2x—3)(x—2)+5

X
V2x+5+3 Vx—=1+1 (

~2)=0

o (x-2) 2x—6 + 2x—3 +5}:0
| V2x+5+3 Jx—1+1
[ 2x-6 2x-3
S x-2)))—m——+2+—+3 (=0
( ) | V2x+5+43 Vx—1+1 }
o (x-2) 2x+2\/2x+ 2x+3\/
| V2x+5+43 Vx—=1+1
Sx=2
Do 2x+22x+5 +2x+3\/x—l > 0,Vx>1

NJ2x+543 Jx—=1+1

x=2

Vay hé phwong trinh cé nghiém < { s
y =

Cau 41. (Tru’(‘)'ng chuyén tinh Tién Giang Vong 2 nam 2019-2020) Giai hé phwong trinh:

3x Y- w/y+ +3x—1=y3x—

x*+y*=5

Loi giai
3x y— «/y+ +3x—-1=y3x—y()
x> +y* =5(2)

biéukién 3x -y >=0;y 20

(1)<:>(«/3x—y—1)( y+1+1)(\/3x—y—\/y+1+2)=0
- J3x—y—-1=0(03)

J3x—y —y+1+2=0(4)

(3) & y=3x—1 thévao (2), ta duoc
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x=1l=>y=2
2 2 2

X +(3x-1) =510 -6x-4=0 < 0) 11

X=——D y=——->
5 5
L n 2 11
Loai nghiém (x;y) = —g;—?

3—y
4)= 3x — —=0(5
() g y+2+ y+1 ()

Tir (2), ta c6: || <+/5 <3=3 -y >0=>(5) vo nghiém

Vay tip nghiém S = {(1;2)}

Ciu 42. (Trwong chuyén tinh Tuyén Quang chuyén toan nam 2019-2020)Giai hé phwong trinh sau:

{2\/x+y +2\/x—y =4+ x* -y

\/;+\/;=2
Lo giai
2Jx+y +2\x—y =4+x" -y’
Giai hé phwong trinh: \/x Y \/x 4 roy
\/;+\/;:2
a=+x+
BKXD:nyZO.Bét{ y(aZbZO).Tacé:2a+2b=4+ab
b=\x-y

<:>(ab—2a)—(2b—4):0<:>a(b—2)—2(b—2):0<:>(a—2)(b—2):0
a-2=0x+y=2&x+y=4

=
b-2=0=yx—-y=2cx—-y=4

x+y=4 {x+y:4 {x=4

x+y=4
TH1:
) {mﬁzz@{ﬁwz@:ﬁ Jo=0"

(dox>y>0)

x—y=4 x=y+4 x=y+4 =4
OTHZ:{ 4 2@{ 4 { 4 {x

ity xtyt =4 |yido=0"

(dox>y>0)

y=0

’ =4
Vay hé phwong trinh cé nghiém duy nhat {x 0
y =

Ciau 43. (Trwong chuyén tinh Tay Ninh Vong 2 nam 2019-2020) Giai hé phwong trinh

x°=5xy+x-5y" =42
Txy+6y° +42=1x '
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Loi gidi
X’ =5xy+x-5y> =42 1
Giai hé phwong trinh ( ) .
Txy+6y> +42=x (2)

Lay (1)+(2) ta duoc (ery)2 =0 x=-y
Thay x =-y vao (1) ta dugc x° +x-42=0

Giai phwong trinh trén ta dwoc x =-7,x=6
Véi x=-7 tacd y=7;Véi x=6tacd y=-6.

Vay hé da cho c6 hai nghiém la (—7;7) va (6; —6) .

Ciu 44. (Trwong chuyén tinh Binh Phwéc chuyén todn nam 2019-2020) Giai hé phwong trinh
{ZX?’ +2x%y xy=y% x y
2x3 xy+x?=4 '

Lo gii

Ta co

y= X
2 _
MDe (x+y)(2x y+1)—0(:>y:2x2+1
Alyeiy = x

Qe x DE*+2x+2)=0ox=1=2y= 1

BBygiy = 2x* + 1

1++vV17 1 17
Q)ex? x 4=0ox= X =
2 2
1++v17
x=———"5y =10+ V17
1 17
x=———=y=10 V17

Vay hé da cho c6 nghiém la

(1; 1)<1+2\/_ 10 + \/_>< zm 10 \/_>

Cau 45. (Trwong chuyén tinh Vinh Phiic vong 2 nam 2019-2020) Gidi hé phwong trinh

{2\/x+3y+2—3\/;—\/x+2

V +xy+x°=4y+1

Loi giai

Cau 46. (Trwong chuyén tinh Binh Dinh vong 2 nam 2019-2020) Giai hé phwong trinh sau:
2 +xy+y =13
x4+x2y2+y4=91'

Lo gii
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6 2’ +xy+y* =13 Xty =13—xy o X'+t =13-xy
¥4ty =91 (224 y?) —xPyP =91 [169—26xy+ 2%y —x7y? =91

x*—=10x*+9=0

(7).

x> +y* =10
& & 3
xy =3 y=— (x:tO)
X

Giai hé (I) ta tim dwoc (x;y)=(1;3), (—1;—-3), (3;1), (—-3;—1).

Ciu 47. (Trwong chuyén tinh LAm Pong vong 2 nim 2019-2020)
x+y=4

4y =444y 12

Giai hé phwong trinh: {

Lo giai
Bién d6i duwgc phuong trinh x° + ) =4x” +4)> —12 vé dang
(x+y)(x*+y* —xy)=4x"+4y* —12
Suy ra dwoc: xy = 3
Qui viéc tim x, y vé gidi phwong trinh: t* —4t+3=0

Tim duwoc 2 cdp nghiém: (x=1;y=3); x=3;y=1);

Ciu 48. (Trwong chuyén tinh PTNK ( VONG 1 ) nidm 2019-2020) Giai hé phuwong trinh:
\/x+y+3:\/2x+3y+1
x(y+1)—4(x+y)+54:O'

Lo gii
biéu kién: x+y+3>0 va 2x+3y+12>0.
Tl phwong trinh thi nhat cda hé, tacéx+ y+3=2x+3y+1,tlrc x=2-2y.
T day va cac diéu kién x+y+3>0,2x+3y+1>0,taphdicé 5-2y>0va 5-y >0, tic ys%

Bay gid, thay x =2 -2y vao phwong trinh thit hai ciia hé, ta duoc:
(2—2y)(y+1)—4(2—y)+54:0 hay —2(y+4)(y—6):0.

Do y S% nén tir diy, ta c6 y =—4 (twong &ng x =10). Viy hé phwong trinh da cho c6 nghiém duy nhat

(x,y) = (10,—4).

Cau 49. (Trwong chuyén tinh Quang Ninh Vong 2 nam 2019-2020)
x'=(2-y)(2+

Giai hé phwong trinh: ( y)( y) .
2x° =(x+y)(4-xp)

Loi giai

{x2=(2—y)(2+y) @{x2+y2=4 (1)

2x =(x+y)(4-xy) [2X'=(x+y)(4-x) (2)

Thé 4=x"+ ) tir phwong trinh (1) vao phuong trinh (2) ta duoc:
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2x3:(x+y)(x2—xy+y2)<:>x3:y3<:>x=y.
Thay x =y vao phwong trinh (1) ta dwoc: x* =2 < x=1+2 .

Hé phuwong trinh c6 nghiém (x; ) 1a: (ﬁ,ﬁ) ; (—\/5; —\/5)

Cau 50. (Trwong chuyén tinh Quang Tri Vong 2 nam 2019-2020) Gidi hé phwong trinh
x+6y=13
2x* =(x+2y-3)(2-x)

Loi giai
_13—x
{x+6y:13 YT %
, =
2x :(x+2y—3)(2—x) ) 2=(x+2 13—x_3j(2_x)
:13—x
- 6
2x2:2(4_x2)
3
_13-x
& r= 6
x==1

Vay nghiém (x; y) cta hé phwong trinh 12: (1; 2), (—l; %j

Ciu 51. (Trwong chuyén tinh Thai Nguyén chuyén tin nam 2019-2020) Giai hé phwong trinh
8x —y=3%-2x
X +yP=x+2y .

Lo giai
Ta co
(1) 8% —y* = y+2x =0
<:>(2x—y)(4x2+2xy+y2+l)=0
<:>(2x—y)[(x+y)2+3x2+1}=0
& y=2x (do (x+y)2+3x2+1>0)

Thay y =2x vao (2) ta c6 phwong trinh: x* +4x”> =x+4x < 5x° -5x =0 < [ B

Vi x=0taco y=0

Vi x=1tacéd y=2.
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Chuyén dé Ham so

Cau 1. (Truwong chuyén tinh Binh Dwong chuyén todn nam 2019-2020) Cho parabol
(P):y=2ax’(a>0) va duwong thing d : y =4x—2a". Tim a d€ d cit (P)tai hai diém phan biét
8

L A 1 B
M ,N c6 hoanh do x,,,x, sao cho K = + dat gia tri nhé nhat.
X, Xy 2x,xy

Lot giai
Phuong trinh hoanh dd cta (P) va d la:
2ax* =4x-2a° < 2ax’ —4x+2a’ =0 (*)
D& d cat (P) tai hai diém phan biét M, N thi (*) phai c6 hai nghiém phén biét, nghia 1a
A>0=(-4) —4.2a.2a” >0

=16-16a’ >0
=1-a’>0

:>(1—a)(1+a+a2)>0

= (-a) [as4] 3|0

=0<axl

Ngoai ra, ta c6:

_4+416-16a" _1+41-d’

X
M 2.2a a
4-J16-16a> 1-+1-4°
XN= =
2.2a a
1+Vl-a® 1-+1-a> 2
Xy + Xy = + ==
a a a
_ 3 . _ 3
2xM.xN:2.1+\/1 a .1 Vi-a =2a
a a

BDT Co—si
Mak=—ob o L 8 1 4 17 2,/4a.i=2ﬁ
X, Xy, 2x,x, 2 2a 2a 2a
a

Do d6 K dat gia tri nho nhit, ngia la

4a+2L=2\/§©8a2—4\/§a+1=0©a=g
a
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2 W AW L
Vay a = e thi théa man yéu cau dé bai.

Ciu 2. (Trwong chuyén tinh Bac Giang chuyén toan ndm 2019-2020) Cho parabol (P): y =2x* va
duong thang d :y =2x+m—1, véi m 13 tham s6.

a) Khi m =2, hay vé parabol (P)va duong thing 4 trén cing mdt mat phing toa dg; dong thoi tim
toa dd cac giao di€ém cua hai d6 thi trén.

b) Tim tat ca cac gid tri ctia tham s6 m dé parabol (P) cat dwong thang d tai hai diém phan biét c6
iy

V2

hoanh d6 x,,x, théda man Hx1|—|x2H =

Loi giai

a).

Vé dang hai do thi, parabol di qua it nhit ba diém cé toa d6 cu thé (trong d6 cé toa dd dinh), dwong
thang di qua it nh4t hai diém c6 toa dd cu thé.

Chii y: Néu hoc sinh vé diing d4ng diéu parabol va dwong thing nhung khéng ghi dii toa do theo yéu
cdu thi méi do thi thiéu toa dé trir 0,25 diém..

Phwong trinh hoanh dé giao diém cua hai do thi: 2x* =2x+1<2x* —2x-1=0..

l+\/§ 1—\/5_
3 ..

Giai phwong trinh dwoc nghiém x, =

X, =

2

1+2\/§;2+x5];3(#;2—ﬁj.

Két luin toa do giao diém A(

b).Phwong trinh hoanh d6 giao diém 2x* —2x-m+1=0; A=2m—1>0<:>m>%._
1 ) 1
Hxl|_|x2”:$<:>(xl+x2) _2x1x2_2|)€1x2|:5~.

Ap dung Viet, dwoc phwong trinh 1+(m—1)—|m—1|= % :

Giai phwong trinh dwoc m = % -
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C4u 3. (Trwdng chuyén tinh Bic Ninh vong 2 nim 2019-2020) Cho hai ham s6 y = 2° va
Yy = (m — 1):16 — 1 (véi m la tham s6) cé d6 thi lan lwot la (P) va d . Tim m dé (P) cit d tai hai

diém phan biét A(:L’l;y1>, B<x2;y2) sao cho yf’ — ys = 18(:1513 = :U;’)

Loi gidi
Phuwong trinh hoanh do giao diém cta d va (P) la 2° — (m - 1)x +1=0 (1)
(P)ct d tai hai diém phan biétA(z,;y,), B(z,;y,) khi va chi khi phwong trinh (1) c6 hai nghiém
phan biét T, T,

m >3
m < —1

-

2
<:>A:(m—1) —4>O<:>‘m—1‘>2<:>

Ap dung DL Vi-ét ta c6 T, +z,=m—1;zz, =1.

Tir gia thiéttacé y, = a7 ,y, = ;.

Khid6 o} — o) = 18(a} —af) & 2) — 2) =18(a) —al) & (2} — ] )(a) + 2] —18) = 0 (2).
Do z, = z, nén (2)<:> z, 42 —18=0« (xl +x2)3 —3x1x2<x1 +x2)—18: 0.

Do dé,

(m—1>3—3(m—1)—18:0<:>(m—1—3>[<m—1)2+3<m—1)+6]:0(:>m:4(t/m(*))..

Cau 4. (Trwong chuyén tinh Gia lai chuyén tin nim 2019-2020) Cho (P) 13 d5 thi ciia ham s8 y = 2°
va (d) la d6 thi claham sé y = —z + 2. Tim ava b dé do thi (A) cia ham s6 y = ax + b song song
véi (d) va cit (P) tai diém c6 hoanh dé biing —1.

Cau 5. (Trudmg chuyén tinh Gia lai vong 2 nim 2019-2020) Cho parabol (P): y = x* va dwong

thang d : y =2x+m—2,véi m 1a tham s6. Xac dinh gia tri cia m d€ d cat (P) tai hai diém phén
bist.

Loi giai
Phwong trinh hoanh do giao diém ctia (P) va dla x* =2x+m -2
(P) cét dtai hai diém phan biét khi x* —2x—m+2 =0 c6 hai nghiém phan biét
Hay A=4m—-4>0

<Sm>1.

C4u 6. (Trwong chuyén tinh Ha Nam chuyén todn ndm 2019-2020) Trong mit phing toa dd Oxy, cho
duwong thang (d) c6 phwong trinh y = 4max — 3m” — 2m + 3 va parabol (P) c6 phuong trinh

2 N N 2 7 -z q A 5 o < 0 . 3R A ‘A , N A
y = 2" . Tim tat ca cac gia tri nguyén ctia m dé (d) cat (P) tai hai diém phén biét c6 hoanh d6 =, ,

Dia chi truy cép click vao diy # http://www.vungocthanh1984.blogspot.com/ #% Trang 133 #%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

4x1.x2 —2m

c6 gia tri nguyén.
T+, +2

saocho P =

Loi giai
x> =4mx -3m’ -2m+3 < x* —4mx +3m’ + 2m—-3=0

Xét phwong trinh hoanh dé giao diém
A'=m’—2m+3=(m-1)" +2>0Vm
Suy ra (d) ludn cét (P) tai 2 diém phan biét.

X, +X, =4m
Theo dinh ly Viet, ta c6 5

XX, =3m" +2m-3

_4x,x,—-2m _4(3m’+2m-3)—2m

P
X, +Xx,+2 4m + 2
_12m2+6m—12_ 6m” +3m-—6
dm+2 2m+1
P=3m- 6
2m +1

PeZ << (2m+1)|6

Ma2m+11as81é = 2m+1) e {£1;+3}
2m+1=12m=0=>P=-6
2Zm+1l=-1=Dm=-1=P=3
2m+1=3=>m=1=P=1

2m+1=-3=>m=-2=P=-4
vay m e {0;-1;1;-2}.

Cau 7. (Truwdng chuyén tinh Ha Nam thi chung nidm 2019-2020) Trong mit phang toa d6 Ozy, cho
parabol (P) cé phuwong trinh y = 2” va dwong thang (d) cé phuong trinh y = ma + 3 (véi m 1a

tham s0).
1. Chtrng minh dwong thang (d) ludn cat parabol (P) tai hai diém phan biét A va B.

2. Goi z,,z, lan lwotla hoanh dg cia A va B. Tinh tich cic gia tri cta m dé 2z, +z, = 1.

Lo gidi
1. Chirng minh dudng thang (d) ludn cat parabol (P) tai hai diém phéan biét A va B, Ym € R.
Phwong trinh hoanh do giao diém: z° —mz —3 =0
A=m’+12
Do m®> >0,Ym € R nén m* +12 > 0,Ym € R.
Vay (d) ludn cat (P) tai hai diém phan biét.

2.Goi 2, z, lan lwot la hoanh d6 ctia A va B. Tinh tich cac gia tri cia m dé 2z, + 2, = 1.

z, +x,=m (1)

Theo Viet ta cé
Tz, =—3 (2)
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. ) x =1—m
Két hop (1) voi 2z, + z, =1 ta duoc
T, =2m—1

Thay vao (2) ta dwoc (1—m)(2m —1) = -3
2 1
< =2m" +3m+2=0&m, :—§,m2 =2

Vay m m, = —1. (Hoc sinh c6 thé dung Viet)

Cau 8. (Trwong chuyén tinh Hoa Binh Chuyén Toan nam 2019-2020) Trong hé truc toa dd Oxy, cho
parabol (P): y = 2x” va dwong thang (d): y = 3x + 2m —1.Tim m dé& (d) cét (P) tai 2 diém nam vé 2 phia cia
dwong thang Oy.

Loi giai
Hoanh dd giao diém cta (P) va ( d) 1a nghiém ctia phwong trinh 2x° —3x—2m+1=0

Dé (P) va (d) cit nhau tai hai diém ndm vé hai phia ctia duwong thing Oy

Khi va chi khi —2(2m—1)<0<:>—4m+2<0<:>m>% .

C4u 9. (Trwdng chuyén tinh Khanh Hoa Vong 2 ndm 2019-2020) Trén mit phang toa dé Oxy, cho
(P) y=x* va duong thang (d) y=2mx +2m+3

a) Chirng minh dudng thing (d) luén cit (P) tai hai diém phan biét

b) Goi y,,y, 1an lwot 1a tung do cac giao diém cta dwong thang (d) va (P). Tim tat ca cic gia tri m dé
y, +y,<5.

Loi giai
a) Phwong trinh hoanh d6 giao diém cta (P) va (d)
x> =2mx +2m+3
S x'-2mx-2m-3=0 (¥)
C6: A'=m’+2m+3=(m+1)’ +2>0,vmeR
Vi thé: phwong trinh (*) ludn c6 hai nghiém phan biét
Hay: (d) ludn cit (P) tai hai diém phan biét
b) Goi x,,x, 14n lwot 1a hoanh d6 hai giao diém cda (d) va (P)

=2m.x, +2m+3
Khi dé: 1" ! va x,,x, chinh Ia hai nghiém cta (*)
Yy, =2mXx, +2m+3

L., |x+x,=2m
Theo Vi-ét, co:
X;.X, =—2m-3

Coiy, +y,<5
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<2mXx, +2m+3+2mx, +2m+3<35
< 2m(X, +X,)+4m+6<5

< 2m2m+4m+6-5<0

< 4m’ +4m+1<0

S (2m+1)° <0

& 2m+1=0 (do 2m+1)*>0,vmeR )

-1
<om=—
2

-1
Vay m=—.
y 5

Cau 10. (Trwong chuyén tinh Kon Tum vong 2 nam 2019-2020) Cho parapol (P) :y = x* va duwong
thing (d):y =2x+m* +1, m 1a tham s6. Tim m dé

N 2 < . . . A _38
dwong thang (d) cat parapol (P) tai hai diéem A(xA;yA),B(xB;yB) sao cho i—A—i—Z—B:T.

B A

Loi giai
Cho parapol <P) :y = x” va dwong thing (d) :y =2x+m’ +1, m1a tham s8. Tim m dé dwong thing (d)

y_A+h_—38'

cit parapol (P) tai hai diém A(xA;yA),B(xB;yB)sao cho " -

B A
Phuong trinh hoanh dg giao diém gitra <d) va (P) la

X =2x+m +1ex* —2x—m’ —1=0

Phwong trinh bac hai cé ac = —m”* —1< 0 v&i moi mnén ludn cé hai nghiém

phan biét khac 0 véi moi m. Do dé (d) luébn cat parapol (P) tai hai diém phan biét

A(xA;yA),B<xB;yB)V(’)’i moi m

x ,; x, 12 cic nghiém khac 0 ctia phwong trinh x* —2x—m*—1=0.

1 A il . .| %a +XB:2
Ap dung hé thirc Vietta c6 : )
XX, =—m" —1
—38
Do Z—A+Z—B:—<:> 5<yA.xA +yB.xB): —38.x,.x,

B A

& 5(x2 —l—xZ): —38.x,.x, < 5|(x, —l—xB)3 —3x,.2,(x, +x,)|=-38x,.x,

& 5[8—6(—m2 —1)] = —38.(—n 1)

S8mP =32 m=+2

Vay m = 2va m = -2thoa man diéu kién dé bai.
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Cau 11. (Trwong chuyén tinh Lao Cai Vong 1 nam 2019-2020)
Cho dwdng thing (d): ¥ = x —1 va Parabol (P): y = 3x’
a) Tim toa do diém A thudc Parabol (P), biét diém A c6 hoanh d6 x = —1.

1
b) Tim b d€ dwong thang (d) va duwdng thang (d'): V = EX +b citnhau tai mot diém trén truc

hoanh.

Loi gidi
a).Vi diém A thudc Parabol (P): y =3x” c6 hoanh do x=-1
thay x=-1 vao ham s§ y =3x", ta dugc: y =3(-1)* =3
Vay: Diém A(-1; 3)
b).Xétdt (d):y = x—1
Cho y=0=>x-1=0=>x=1
=> dt (d) cit truc hoanh tai diém (1; 0)

P& duwong thang (d) va dwong thang (d'):y = %x +b cat nhau tai mot diém trén truc hoanh thi diém (1;

0) thudc dudng thing (d@): y = %x b
1 1
Taco: —.1+b=0=b=——
2 2

1
Vay: b=——
y >

Cau 12. (Trwong chuyén tinh LAm Pong vong 2 ndm 2019-2020) Choham s6 y = 2x* ¢6 dd thila
(P) vahams8 y = 6x+m+4 c6 dd thi1a (d). Tim m d& (P) va (d) tiép xtic véi nhau.

Lo giai
Viét dwoc phwong trinh hoanh do giao diém:
2x> =6x+m+4
S 2x'—6x-m—-4=0
Lap luan d8 c6 A'=0=> (=3)* —2(-m—-4)=0

Tinh dwoc m = _717

Cau 13. (Trudng chuyén tinh Quang Nam Vong 2 nim 2019-2020) Cho parabol (P): y = —x va
dwong thang (d): y =x+m—2. Tim tit ca cac gia tri ctia tham s6 m d€ (d) cat (P) tai hai diém

phan biét lan lwot c6 hoanh dd x,,x, théa man x; +x; <3.

Loi giai
Xét phwong trinh hoanh dé6 giao diém cua (P) va (d):

X =x+m-2&x+x+m-2=0(1)
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Taco: A=1-4(m—-2)=9—-4m
(d) cat (P) tai hai diém phan biét
< Phuwong trinh (1) c6 hai nghiém phan biét

<:>A>O<:>m<%(2)

‘ AL s £ X, =-1
Ap dung hé thirc Vi-ét, ta co:
Xx,=m-—2

Theo dé bai:
2 2 2
X +x, <3 (x,+x,) —2xx,<3

=>1-2(m-2)<35-2m<3<<m>1(3)

9 .
Tr(2)va(3) =>1l<m< 2 la gia tri can tim.

Ciu 14. (Trwong chuyén tinh Thai Binh vong 1 ndm 2019-2020) Trén mit phiang toa dé Oxy, cho hai
duwong thing (d,): y =(m* +1)x—2m va (d,): y = (m+3)x—m—2 (mlatham s6).

1. Tim m dé (d,) song song véi (d,).

2. Chtrng minh: véi moi m dwdng thang (d,) ludn di qua mot di€m c6 dinh.

3. Tim m d€ (d,),(d,) catnhautai M(x,,;y,,) théamin 4=2020x,,(y,, +2) datgia tri nho nhit.

Loi gii
‘+l1=m+3 2 2=0 m=-l
1.(d,) song songvéi (d,) < " BARRES L PN m=2 S m=-1
—2m#-m-2 m#2

m#2
Vay m = —1 la gia tri cin tim.
2.Gia str dwong thing (d,) ludn di qua diém c8 dinh T'(x,; y,)
Khi dé:
Vo=(m+3)x,—m—-2Vm
&y, =mx, +3x,-m—-2Vm
Sy, = 3x,+2=mx,—m Vm
S Yy —3x,+2=(x,—1)m Vm

x,—1=0
=
Vo —3x,+2=0
x, =1
<:>{ 0
y0=1

Vay dwong thang (d,) ludn di qua diém cg dinh T'(1;1) (dpcm)
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m#—1

3.(d1)c§t(dz)<:>m2+1¢m+3<:>m2—m—2¢0<:>{ 5
m =
Vi (d,),(d,) catnhautai M(x,,;y,,) nén x,, la nghiém cta phwong trinh:

(m* +1)x,, —2m=(m+3)x,, —m—2
o m -m=2)x, =m-2

S m+)(m-2)x, =m-2

<:>xM:L (dom#—-1;m=#2)
m+1

Thay x,, = ml-i-l vao phuong trinh (dz2) dwoc:

m+3 2 2
= -m=-2=l+—-m-2=———-(m+1)=2x,, ———
Y m+1 m+1 m+1 ( ) "o,

Do do:

Xym

A=2020x,, (2xM 1, 2) =1010(4x;, —2+4x,, )

- 1010[(2xM 1) —3] >1010.(=3) = ~3030

D4u “=" xay ra

(2x, +1) =0 = x,, =—%<:>ﬁ=—%<:>m=—3 (TMPK)

Vay min 4 =—3030 < m =3

Cau 15. (Trwong chuyén tinh Thai Nguyén chuyén todn nam 2019-2020) Cho ham sd
y=f(x)= (—m2 +4m— 5)x2. Hay so sanh f(2019) va £(2020).

Lo giai
Theo yatacé: —m” +4m—5<0 VmeR.
Vayhamsd y = f(x) = (—m2 +4m — 5))(?2 nghich bién véi x >0, dong bién vai x <O0.

Dodé £(2019)> £(2020).

C4u 16. (Trwong chuyén tinh Tién Giang chuyén tin nim 2019-2020)Trong mit phing toa d6 Oxy,
cho parabol (P):y = %x2 va dwong thing d, : y = 2x.

a)Tim toa d¢ hai diém 4, B thudc (P) (x,>x;) sao cho tam gidc OAB vudng can tai O.
b)Viét phwong trinh clia dwdng thing d,, biét d, song song véi d, va d, c6 duy nhit mot diém

chung véi (P).

Lo gii
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Trong mat phing toa dd Oxy, cho parabol (P): y = %xz va dwong thing d, : y =2x.

a) Tim toa d¢ hai diém 4, B trén (P) (x,>x,) sao cho tam gidc OAB vudng cin tai O..

2

Lay A[a;%),a >0 thudc (P)..

2
Vi tam gidc OAB vudng cin tai O nén B d6ixingvdi 4 qua Oy. Do dé B(—a;%}..

4

Ta c6 OA* +OB* = AB® <:>2(a2+%J:4a2 oat—44* =0.

= a=2.Viy 4(22),B(-2:2).

b) Viét phwong trinh cia dwdng thing d,, biét d, song song véi d, va d, c6 duy nhit mot di€ém chung
voi (P) .

d,//d :y=2x=d,:y=2x+b,b#0..

Phuong trinh hoanh d giao diém cta d, va (P):
%xz =2x+beox’—4x-2b=0 (1).

d, c6 duy nhit mét diém chung véi (P) < (1) c6 nghiém kép < A" =0.
< 4+2b=0< b=-2 (nhan)

Vay d,:y=2x-2..

Cau 17. (Trwong chuyén tinh Tién Giang Vong 2 ndm 2019-2020) Cho parabol (P): y = 2x?, cac

. 1 , 7 , .
dwong thang (d1): y = —Zx. Viét phwong trinh dwong thang (dz), biét d2 vudng géc véi di va dz cat

(P) tai hai di€ém phan biét A, B sao cho \/gAB =+/170I, véilla trung diém cha doan AB.

Lo gidi
Vidz vubng géc véidinéndz: y =4x+b
Phuwong trinh hoanh do giao diém gitra d2 va (P) :
2x" =4x+b < 2x" —4x—-b=0(1)
dz cat (P) tai hai diém phan biét A, B < (1) c6 hai nghiém phan biét
SA'=4+2h>0D0>-2

Goi A(xl;yl),B(xz;yz) voi x,,x, la nghiém cda (!)

Tacé: x, +x,=2=x, =Ly, =¥=2(xl+x2)+b=4+b
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vay I(1;4+b)

Suyra: OI* =b* +8b+17,AB=17(x, —x, )’ =/17(4+2b)
J54B =\1701 = 5(4+2b)=b> +8b+17

b=
b -2h-3=0 { (théa dieu kién)

Viyd2:y=4x-1hodcdzy=4x+3

C4u 18. (Trwdng chuyén tinh An Giang Vong 2 ndm 2019-2020)Cho ham s§ y = ax*(a # 0) c6 do thi
(P).

a) Xac dinh hé 8 a biét db thi (P) di qua diém A(\B /50 ) Vé do thi ham s6 &ng véi a vira tim
duorc.

b) V&igid tri a vira tim & trén, cho biét di€ém M (m;n) thudc d6 thi (P). Hoi diém N (n;m) c6 thudc

do thi (P) dwoc hay khong? Tim diém d6 néu c6 (m,n 13 hai s6 khac 0).

Lo giai
a)
D6 thi ham s6 y = ax’ di qua diém A(\/g,\/%)
J50 =ar5 o a=+2
Vay a =2 = y=~2x>.(d0 thi 0,5d)

Bang gia tri

X -1 0

[

y=~2x" 2 0 2

Do thi nhw hinh vé

b) Piém M (m;n) thuc dd thi = n =~/2m* (1)

Gia st diém N (n;m) thudc do thi = m = J2n? (2)
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Lay (1) trir (2) ta dwoc n—m = \/E(mz —nz)
(n—m)(l+\/5(n+m))20

+ TH1: Néu n—m =0 < n=m thay vao (1) ta dwoc

N2

n=\/§n2:n=0;n=7.

+TH2: N&u 1+~2(n+m)=0=1++2n+2m =0

S>n=———-m
2

Thay vao (1) ta dwoc
_%_m:ﬁmz — 2m? +m+g=0

Phuwong trinh vo nghiém

Viy m=n= % thi diém M (m,n) thudc d6 thi (P) khi d6 di€ém N (n;m) thude (P).

Cau 19. (Trwong chuyén tinh Ba Ria Viing Tau thi chung ndm 2019-2020) Cho ham sé y = —%xz co
do thi (P) va dwong thing (d): y =(m—1)x—m—3 (v6i m 1a tham s8).

a)Vé (P)
b) Tim tét c& c4c gia tri cta tham s m dé (P)va (d)cdt nhau tai hai diém phan biét 4, B c6 hoanh

do twong ng x,,x, sao cho biéu thirc Q = x’ + x; dat gia tri nhé nhét.

Lot giai
a).Ldy ding toa do 3 diém thudc (P) (Hodc ldp diing bdng gid tri)
Vé ding do thi di qua cac diém da chon.
b).Xét pt hoanh dd giao diém cta (P)va(d):

—%xz :(m—l)x—m—3<:>x2+2(m—1)x—2m—6=0.

A'=(m=1) =1(=2m-6)=m* +7 > 0,Ym
Vay (P)va (d) ludn cit nhau tai hai diém phén biét 4, B véimoi m ..

Theo dinh ly vi-ét ta cé:

X, +x,=—2m+2
{A B :>Q=xj+x§=(xA+xB)2—2xAxB =4m* —4m+16 .

XXy =—2m—6

=(2m-1)’ +15215
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Vay Min(Q =15 dat dwoc khi m 2_71.

Cau 20. (Truwong chuyén tinh Quang Binh chuyén toan nam 2019-2020) Cho parabol (P) 1y = X’ va
duong thing d di qua diém M(O;l) c6hé s6 goc k.
a) Chirng minh rang dwong thang d ludn cit (P) tai hai diém A, B phan biét véi moi gia tri k.

b) Chitng minh AOAB 14 tam giac vudng v&i moi gia tri k(012 goc toa do).

Lo giai
a)
Phwong trinh dwong thing d di qua diém M (0;1) cohésdgock y=hkx+1.
Phwong trinh hoanh d6 giao diém ctia d va (P) cxt —kx—1=0 (D).
Phwong trinh (1) c6 A=k +4>0,Vk.
Vay phwong trinh (1) ludn c6 hai nghiém phan biét hay dudng thang d ludn cét (P) tai hai diém
A, B phan biét véi moi gia tri k.
b)
Goi A()cl;xl2 )Vé. 19()62;)622 ) .Khi d6 x;,x, 1a nghiém cta phwong trinh (1), suy ra x,.x, = —1.
Phwong trinh dwong thang 04: y = x,.x
Phwong trinh dwdng thang OB y = x,.x

Do x,.x, =—1 nén OA 1L OB.Vay AOAB latam giac vudng.

Ciu 21. (Truong chuyén tinh Thiva Thién Hué vong 2 nam 2019-2020) Trén mit phang toa do Oxy,
cho parabol (P):y = %Xz va dwong thang (d):y = %X +3. Goi A(X,;Y,), B(Xg5yp) (voi x, <X3)

1a cac giao diém cta (P) va (d), C(X.;y.) 1a diém thudc (P) sao cho X, <X.<Xg. Tim gid tri 16n nhat

cua dién tich tam gidc ABC.

Loi giai
Phwong trinh hoanh do giao diém cta (P) va (d):

lXz:lx+3<::>X:—2,X:3.
2 2
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Cac giao diém 1a A(-2;2) va B(3;%j..

2
Goi C(XC; XTCJ voi =2 <X <3. Goi A’,B’,C’ theo thix ty 1a hinh chiéu ctia A, B, C trén truc hoanh.

Taco

1 9 1 X;
Sasc = Saspar ~Sacea ~Speew = 5(2 +_j -5 __(2 +—

2 A
N S
47 47¢ 27
) 125 5 1Y 125
Ta co SABCZE—Z(XC—EJ SE

o 125 1
Vay dién tich tam gidc ABC 16n nhat bang T6 khi x. = I3

Ciu 22. (Trwong chuyén tinh Bén Tre vong 2 ndm 2019-2020) Tim cac gia tri cia tham s6 m sao

cho y= ( m—5 — 2)x+ 3 1a mot ham s6 nghich bién.

Loi giai

C4u 23. (Trwong chuyén tinh Can tho chuyén toan ndm 2019-2020) Trong mit phing toa do6 Oxy,
2

cho hai dwong thang (d,): y=m’x—m*+2 va (d,):y = x +2 ( m1a tham s& thuc khéc 0). Tim

2
m +1
tdt ca gia tri ctia tham s6 m d€ (d,) va (d,)cat nhau tai mot diém 4 duy nhét sao cho dién tich hinh

thang 4BHK bang % Biét B(—1;2) va hai diém H,K lan lwotla hinh chiéu vudng géc ctia B va 4

lén truc hoanh.

Loi giai
Ta c6 phwong trinh hoanh dé6 giao diém
2
x+2=m’x-m*+2 < x=m"+1

m* +1

Ta c6 diém A(m2 +1;m? +2)
BH =2,AK =m* +2,HK =m* +2

. 1
Ta c6 SAAHK:?s@m4+6m2—7:O<:>m:il

C4u 24. (Trwong chuyén tinh DAK LAK vong 2 ndm 2019-2020) Trong mit phang toa dé Oxy, cho

duong thang (d):y=(m—2)x+2 v6i m latham s6 va m# 2. Tim tit ca cac gia tri cia m dé€ khoang
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cach tir géc toa dd O dén duong thing (d) bang % :

Loi giai

C4u 25. (Trwong chuyén tinh Gia Lai khong chuyén ndm 2019-2020) Cho dwdng thang
(d):y=2x—-1.Xac dinh gia tri cia a va b dé dwong thiang (A): y =ax+b di qua diém A(1;-2) va
song song v&i dwong thing (d).

Giai phwong trinh /x> +3 =5-3x.

(2,0 diém)

Cho phwong trinh x* +2(m —2)x+m’ —3m—1=0,véi m 1a tham sé.

a) Giai phwong trinh da cho khi m =1.

b) Xac dinh gia tri cia m d€ phwong trinh da cho c6 hai nghiém phan biét x,,x, sao cho

X, —xx, +x; =9,

(1,0 diém)

Quang duomg 4B dai 180 km. Cing mot luc, hai 6 t& khéi hanh tir 4 dén B. M6i gior 6 to thir nhit
chay nhiéu hon 6 t6 thir hai 10 km nén 6 t6 thit nhat dén B trwdc 6 t6 thi hai 36 phut. Tinh van toc
trung binh ctia méi 6 to.

(3,0 diém)

Cho dwong tron (O) va diém A4 nam ngoai (O). Dwong thang 40 cat dwong tron (O) tai hai diém
B va C (AB < AC).Qua A4 vé mot dudng thang khong di qua diém O, cat dwong tron (O) tai hai
diém D va E (AD < AE). Duwong thang vudng goc voi AO tai A cat dwong thiang CE tai F.

a) Chirng minh t& giac ABEF nbi ti€p dwong tron.

b) Goi M 1a giao di€ém ctia dwong thing FB va dwong tron (O) (M khoéng tring B). Chirng minh
AC 1a duwong trung truc ciia doan thang DM .

¢) Chitng minh CE.CF + AD.AE = AC”.

Ho va tI;; tthisinh: ......................................... ; SBD............ ; Phong thi sé........
Chi¥ ky cia gidm thi 1...............cc.e...... ; Chi¥ ky cua gidm thi 2..........................
SO GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 CHUYEN
GIA LAI NAM HOQC 2019 - 2020
Mon thi: Toan (khong chuyén)
PE CHINH THUC Thoi gian 1am bai: 120 phuit

HU'ONG DAN CHAM VA BIEU PIEM

(Hwéng dan chdm c6 02 trang)

I.Hwéng dan chung.

EIN&u hoc sinh giai cAch khac hwéng dAn chAm nhwng giai ding thi van dugc diém tdi da.
EIPiém toan bai cta thi sinh khéng lam tron.

ILD4p 4n - Thang diém.

Cau Pap 4n Diém
2x+y=4 dx+2y=28

1 a. ! < g 0,25
3x-2y=-1 3x-2y=-1

2 ______________________________________________________________________________________________________________________

(_A, Tx=17

diém) = 0,25
3x—2y=-1 ’
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= 0,25
3x—2y=-1 ’
o fx=r e ]
=S { __ - Véay hé c6 nghiém duy nhat (x; y)=(1;2) 0,25
_(a+2)(a-2) (Ja-27
b. P= ; 0,25
Ja+2 2(Ja-2)
=(J5—2):J;2 2 0,25
a2 025 |
Ja-2
=2, 0,25 |
a.Taco A//d nén a=2 (1) 0,5
A qua 4(1;-2) nén 2=a+b (2 0,25 |
T (1) va(2) tadwoc a=2b=—4. | 025 |
2 b. Vx*+3=5-3x=x’+3 =(5-3x)’ 0,25
T e 0,25 |
diém) |
o 0,25
x=11/4 ’
“Thir lai chi c6 x=1 théa man phwong trinh da cho. Viy phwong trinh c6 mét 025 ]
nghiémla x=1. ’
a. Khi m =1 phwong trinh da cho tré thanh x* —2x-3=0. 0,25
Taco A=16 0,25
3 Nén phwong trinh c6 hai nghiém la x =—-1;x =3. 0,5
2 b. Phuong trinh da cho cd hai nghiém phan biét x,,x, khiA'=5-m >0 < m<5. 0,25
diém) | A dung dinh 1§ Viét, ta duoc x, +x, =— 2(m—2); x.x, =m’ —3m— 1. 0,25
Taco x\ —xx, +x; =9 &m’ —=Tm+10=0. 0,25
= {mzs . Két hop véi diéu kién m< 5, tadwocgiatricintimla m=2. 0,25
m=
4 Goi x (km/h) 1a van toc trung binh cta 6 to thir nhit. Diéu kién x > 10.
0,25
(1 Van t6c trung binh cda 6 t6 thi haila x—10 (km/h).

Dia chi truy cép click vao diy # http:/www.vungocthanh1984.blogspot.com/

# Trang 146 #%




VUNGQC THANH 0367884554

— NAM 2019-2020

9€m) | 113 gian 6 to thie nhat di tir 4 dén Bla 150 ().
x
0,25
Thoi gian 6 t6 thir hai di tivr 4 dén Bla 18?0 (h).
x —
"""""""""""""""""""""""""""" 180 180 36 [x=60 | |
Theo dé ra ta c6 phwong trinh —_—e— . 0,25
& 2 x—10 x 60 L =-50
'Vay vén tdc trung binh ctia 6 to thir nhat 13 60 (km/h), vin tdc trung binh ctia 025 ]
6 t6 thir hai 1a 50 (km/h). '
{ a.Ta c6 BAF = BEF =90° 0,5
'Vay tir gidc ABEF néitiép dwongtron. | 05 |
E
D P h ™
.I,-". hY
A B 0 lc
\ /
M \\\ ///
5 b.Tacé AFB = AEB (gbc nodi tiép cung chidn mot cung).. 0,25
& AEB = FMD (gbc nodi tiép cung chian mot cung). 0,25
d]é‘}ﬂ) """" jstlalaininiellsloi=taluiuininteiieiniete i iletete ittt ettt ittt ittt Attty
Nén AFB=FMD.Suyra AF//MD. 0,25
‘Ma AF 1 AC nén MD L AC.Vay AC la duong trung truc cia doan thing | . _ |
0,25
DM .
c. ACAF dong dang ACEB nén A€ _CF hay CE.CF = CA.CB 0,25
EC CB
AABE dong dang AADC nén AB _AE hay AD.AE = AB.AC 0,25
AD AC
‘Dod6 CECF+AD.AE =CACB+4B.AC | 025 |
= AC(CB+4B)=4C> ] 025 |
.......... Hét..........

Cau 26. (Trwong chuyén tinh Ha Giang vong 1 ndm 2019-2020) Xac dinh ham s6 y = ax + b biét do
thi ham sé di qua diém A(1; 1) va c6 hé s6 goc 1a -6.

Loi giai

Theo gia thiét c6 a = -6.

D6 thi ham s6 di qua diém A(1; 1) nénc6 1 =-6.1+ b, suyra b=7.

Vay ham s6 d61a y=—6x+7.
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C4u 27. (Trwong chuyén tinh Hoa Binh Chuyén Tin nim 2019-2020) Tim m d€ dwong thang
(d):y=3x+2m cit truc hoanh tai diém c6 hoanh do bang 2.

Loi giai

Thay x=-2,y=0 tim duwgc m=3

Cau 28. (Trwong chuyén tinh Hoa Binh danh cho tit ca cic thi sinh ndm 2019-2020) Cho dwong
thing (d):y=2x-2
a) Vé duwong thang (d) trong hé truc toa do Oxy.

b) Tim m dé€dwongthang (d'):y = (m—1)x + 2m songsong vdi duong thang (d).

Loi giai
Véim=2 =2x*—6x-1=0 :>x1:3_;/ﬁ;x2=3+;/ﬁ :

Ciu 29. (Trurong chuyén tinh Kon Tum cho tit cd cdc thi sinh ndm 2019-2020)Xac dinh hé s6 ava b
clia ham s8 y = ax +b biét do thi cta n6 1a dwong thang (d) song song véi duwong thing

y=—3x+2019 va di qua diém M(2;1).

Lo gidi
Vi dwong thang (d) song song véi dwong thang y =—3x+2019 nén a=—3,b=2019.
Med:y=-3x+b=1=-32+b.

= b=7 (théa man).

Cau 30. (Trwong chuyén tinh Nam Pinh cho 1ép chuyén KHTN niam 2019-2020) Tim tat ca cac gia tri
clia tham s6 m dé dwong thing y = (m2 - l)x +7va dwong thing y =3x+m+5

(véi m #+£1) 1a hai dwdng thing song song.

Lo gidi
V&i m#+1, ta c6 dwong thang y = (m2 — l)x +7 va dwong thang y =3x+m+5 12 hai dwong thing song

m?*—1=3

song khi va chi khi .
T#m+5.

Tim dwgc m =-2 (thoéa man)..

Ciu 31. (Truong chuyén tinh Nam Binh 16 chuyén KHXH ndm 2019-2020) Tim tit ca cic gia tri clia tham s6 m dé

duong thang y = (m2 - 1) x+7 vaduong thang y = 8x+m + 4 (voi m # £1) 12 hai dwong thang song song.

Lo gii
V&i m#+1, ta c6 duwong thang y = (m2 — l)x +7 va dwong thang y = 8x+ m+4 1a hai dwong thing song

m*—1=8

song khi va chi khi .
T#m+4

Tim dwgc m =-3 (thoéa man)..

C4iu 32. (Trwong chuyén tinh Quang Ngai chuyén todn ndm 2019-2020) Trong mit phang toa do
Oxy, cho hai dwong thing (d):y=(m+2)x—m+1 va (d'):x+(m+2)y=m+2 trong d6 m 1a tham

s6. Chirng minh rang giao di€ém ctia hai dwong thing néi trén thudc mot duwdng cd dinh khi m thay
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Lovi giai
Trong mat phing toa dd Oxy, cho hai duwong thing (d):y=(m+2)x-m+1 va
(d'):x+(m+2)y=m+2 trong d6 m 1a tham s&. Chtirng minh rdng giao diém ctia hai dwong thang néi
trén thuéc mot dwong co dinh khi m thay doi.
Nhanxét 4(1;3)e(d); B(0;1)e(d")
BVGi m=-2 thi: (d):y=3va (d'):x=0 vudng gbc véi nhau

BVEi m = -2 thi: (d'):yz— ! x+1
m+2

Khi d6 ta c6 a.a'=(m+2)(— j=—1:>(d)L(d')

m+2
Vay (d)L(d') véimoi m

Vay giao diém ctia hai dwong thing néi trén nhin doan AB c6 dinh dwdi mot géc vudng nén thudc
dwong tron dwong kinh 4B khi m thay dai.
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Chuyén dé _G Giai bai toan bing cach 1ap pt hé pt, toan thuc t&

Ciu 1. (Trwong chuyén tinh Binh Thuin nidm 2019-2020) Tong cta chit s6 hang trim va chit so hang
don vi ciia mdt sO c6 ba chir s6 1a 14. Néu viét s6 d6 theo thir tw ngwoc lai thi dwoc s6 méi nhé hon
sO ban dau 1a 396. Tim s8 d6 biét rang chit s6 hang chuc nhé hon chit s6 hang don vi la 1 don vi.

Lo giai
Goi s6 can tim 13 abc (a,b,c € N;1<a <9;b,c <9).

Ta c6é hé phwong trinh:

a+c=14 a+c=14
abc — cba =396 <> 4 (100a +10b + ¢) — (100 + 105 + a) = 396
c—b=1 c—-b=1
at+c=14 a=9
<499a —99¢ =396 < {b =4
b—c=-1 c=5

Vay s0 cin tim 1a 945.

Cau 2. (Truwdong chuyén tinh Bac Liéu nam 2019-2020) M6t ngwoi mang trieng ra che ban. Tong s6

trirng ban ra dwoc tinh nhw sau: Ngay thir nhit ban dwgc 8 trivng va g s6 trirng con lai. Ngay thi hai

| 1,
ban dwoc 16 trirng va g sO trirng con lai. Ngay thir ba ban dwoc 24 trirng va g sO trirng con lai. Cr

nhw vay cho dén ngay cudi ciing thi ban hét trirng. Biét s6 trirng ban dugc moi ngay déu bang nhau.
Hoi téng so trirng ngudi dé ban dwgc 1a bao nhiéu va ban hét trong miy ngay ?

Lo gii
Goi x 1a s6 trirng ban dwoc (x eN,x> 8) , thi:

, I x—38
SO trixng ban dwoc trong ngay thirnhitla: 8 + T

x—(16+8+xg8)

SO trivng ban dwoc trong ngay thirhaila: 16 +

Theo bai ra ta c6 phwong trinh :

. x—(16+8+xg8j
8+x; =16+

Giai phwong trinh ta dwoc: x = 392.

Vay tong s6 trirng ban dwoc la 392 trirng
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56

S6 trirng ban duwgc moi ngay la 8 +

SO ngay la 392 : 56 = 7 ngay

Cau 3. (Trwong chuyén tinh Cao Bang vong 2 ndm 2019-2020) M6t nha toan hoc tré chwa dén 40
tudi, khi dwgc hoi: bao nhiéu tudi, da tra loi nhw sau: “Tong, hiéu, tich, thwong cda tudi toi va tudi
con trai tdi cdng lai bang 216”. Héi nha todn hoc tré bao nhiéu tudi?

Loi giai

Mot nha toan hoc tré chwa dén 40 tudi, khi dwgc hoi: bao nhiéu tudi, da tra loi nhw sau: “Tdng, hiéu,
tich, thwong cla tudi tdi va tudi con trai tdi cong lai bang 216”. Héi nha toan hoc tré bao nhiéu tudi?

Goi a 1a s6 tudi cua nha toan hoc tré va b 13 s6 tudi ctia con trai 6ng. Piéu kién a,b € N*, a < 40.
Theo bai ra ta c6 phwong trinh (a+b)+(a—b)+ab —I—% =216
& 2ab+ab* +a=216b
2
sa(b+1) =216b (1)
Vi (b+1,b)=1 nénachiahétchob
= a = kb, k € N* thay vio (1) ta dwgc < kb(b+1)’ =216b < k(b+1)" =216

= (b 4—1)2 vira 1a s6 chinh phwong 16n hon 1 viva 1a wéc cda 216 = 6.4.9 = 6.36

Ta c6 bang sau

( b +1)2 4 9 36

b 1 2 5

k 54 24 6
a="kb |54 (loai) 48 (loai) 30 (tm)

Vay nha toan hoc tré 30 tudi.

Cau 4. (Trwong chuyén tinh Chuyén PHSP vong 1 nam 2019-2020) Trén quang dudng dai 20 km, tai
cung mot thoi diém, ban An di bd tir 4 dén B va ban Binh di bd tir B dén 4. Sau 2 gi¢ ké tir luc
xudt phat, An va Binh gdp nhau tai ¢ va cung nghi lai 15 phat (vin t6c cia An trén quing duwong AC
khong thay déi, van tdi cua Binh trén quing dwong BC khéng thay do6i). Sau khi nghi, An di tiép dén
BvGi van téc nhé hon van toc cda An trén quang dwong 4C la 1 km/h, Binh di ti€p dén 4 v&i van
téc 16m hon van toc cla Binh trén quang dwong BC 1a 1 km/h. Biét rang An dén B sém hon so voi
Binh dén 4 la 48 phut. H6i van téc cia An trén quing dwong AC la bao nhiéu?

Lo gii

Goi a (km/h) la vin t6c cia An khi di trén quiang dwong 4C, » (km/h) la vin t6c cia Binh khi di trén
quang dwong BC .Rdrang a>1,b>0.

Ta thiy, d6 dai quang duwong AC 1a 2« (km) va do dai quang dwong BC 1a 26 (km).

Dia chi truy cép click vao diy # http:/www.vungocthanh1984.blogspot.com/ #% Trang 151 #%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

Do AC+BC=4B néntacd 2a+2b=20,thc a+b=10 (1)
N A ~ \ .26
Thoi gian An di trén quang duong BC la — (gio).
a—
Thoi gian Binh di trén quang duong AC la % (gio).

Do An dén B sém hon so véi Binh dén 4 la % (gio) (48 phut= % gio)

Nén 2a 2 2 hayi+1—l— b =Z.
b+1 a-1 5 b+1 a-1 5
Mot cach twong duong, ta co atb+l atb-1_2 (2)
b+1 a—1 5
T (1),tacé b=10-a.
11 9

Thay vao phwong trinh (2), ta duoc = % ,hay (a+44)(a—6)=0.

l-a a-1
Do a>1 néntacd a=6,suyra b=4 (théa man).

Vay van tdc cia An trén quang dwong 4C la 6 (km/h).

C4iu 5. (Trwong chuyén tinh Cin tho chuyén todn nim 2019-2020) Anh Binh vira t6t nghiép dai hoc
loai xult sdc nén dwoc nhidu cdng ty mdi vé 1am viéc, trong dé c6 cong ty A va cong ty B. D€ thu hit
ngudi tai, ca hai cong ty dwa ra hinh thirc tra lwong trong thoi gian thir viéc nhw sau:

Cong ty A: Anh Binh dwoc nhan 1400 USD ngay sau ki hop dong thit viéc va méi thang duoc tra
lwong 1700 USD.

Cong ty B: Anh Binh dwoc nhan 2400 USD ngay sau ki hop dong thir viéc va mdi thang dwoc tra
lwong 1500 USD.

Em hay tw vAn gitp Anh Binh lwa chon céng ty thir viéc sao cho tong sé tién nhin dwoc 1a nhiéu nhat.
Biét thoi gian thir viéc ctia ca hai cong ty déu tir 3 thang dén 8 thang.

Lo giai
Goi x 1a s§ thang thir viéc ctia anh Binh(x e N,3<x <8)
Congty Atrala f(x)=1400+1700x
Congty Btrala g(x)=2400+1500x
Ta c6 1400+1700x =2400+1500x < x =5
Vé biéu do ta thay
Thir viéc 5 thang thi cong ty A va cong ty B déu duorc.
Thir viéc tir 3 dén 5 thang chon cong ty A
Thr viéc tir 5 dén 8 thang chon cong ty B

Cau 6. (Trwong chuyén tinh DAK NONG vong 2 nam 2019-2020) Quing dwong tir Gia Nghia dén
thanh phé Buén Ma Thudt dai 120 km. Mot ngwoi dw dinh di xe may tir Gia Nghia dén thanh pho
Budn Ma Thudt v&i van toc khéng doi. Sau khi di dwoc 45 phit, ngwoi 4y dirng lai nghi 15 phat. Dé
dén thanh ph6 Buon Ma Thudt ding thoi gian da dw dinh, ngwoi dé phai ting van toc thém 5 km/h
trén quing dwong con lai. Tinh vin toc cia ngudi di xe may theo dw dinh ban dau.

Lo giai

Goi x (km/h) la van téc dw dinh; x > 0.
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Thoi gian di dy dinh : g(h)
X
~ \ : 3
Quang dwong di dwoc sau 45 phut : Zx (km).

Quang dwong con lai: 120 —%x (km).

120—§x

Thoi gian di quang duwdng con lai : —g(h)
X+

120—§x
4 _

Theo d® bai ta c6 PT: >+~ + _120
4 x+5 X

x:40(n)

< xP+20x-2400=0 <
x:—60(l)

Vay van téc dw dinh : 40 km/h.

Ciu 7. (Trwong chuyén tinh Gia lai chuyén tin nim 2019-2020) Nim nay tdng s6 tudi cia Nam va me
1a 36 tudi, hai ndm sau tudi cia me gip 3 Ian tudi cia Nam. H6i nim nay Nam bao nhiéu tudi ?

C4u 8. (Trwdng chuyén tinh Ha Giang vong 1 nim 2019-2020) Hai voi nwéc cung chay vao bé khong
c6 nwdc va chdy diay bé mat 1 gior 48 phut. Néu chay riéng, voi thir nhit chdy day bé nhanh hon voi
thir hai 1a 1 gio 30 phut. Héi néu chay riéng, mbi voi sé chdy day bé trong bao 1au?

Lo gii

Goi thoi gian voi thir nhit chay riéng lam diy bé 1a x (x> %, gio)

thi thoi gian voi thir hai chay riéng lam day bé la x+ % (gio).

Do dé6 trong 1 gi¢r voi thir nhit chay dwoc 1 bé, voi thir hai chay dwoc =
X 3 2x+3

Ca hai voi cung chay lam day bé trong 1 gio 48 phut hay % gi¢r thi trong 1 gio chay dwoc g bé. Theo

béiratacéphwo'ngtrinh:l+ 2 .3
x 2x+3 9
x=3

S 10x° -21x-27=0< 18
X=——

20

Doi chiéu véi diéu kién ta thiy x= 3 théa man.
Vay thoi gian voi thi nhat chay riéng lam day bé 1a 3 (gio)

thoi gian voi thir hai chay riéng lam day bé 1a % (gio) hay 4,5 (gio).
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Ciu 9. (Trwong chuyén tinh Hoa Binh Chuyén Tin nim 2019-2020) Cho mét hinh chit nhit, néu ting
moi canh ctia n6 1én 2cm thi dién tich ca né tang 1én 44cm?, néu gidm chiéu dai di 2cm va giam
chiéu rong di 1cm thi dién tich ctia n6 gidm di 26cm2. Tinh dién tich cia hinh chi¥ nhat da cho.

Lo giai
Goi chiéu dai ctia hinh chir nhatlax (cm, x>2)
Goi chiéu rong cta hinh chir nhatlay (cm, y >1)

(x+2)(y+2) =xy+44

Lap dwoc hé
(x=2)(y—-1) =xy-26

x=12

Giai dwoc nghiém {
y=8

Két luan: ...

Cau 10. (Trwong chuyén tinh Hoa Binh Chuyén Todan nam 2019-2020) M6t doan xe vén tai nhan
chuyén ché& 84 tdn hang. Hom lam viéc do c6 7 xe dwoc bé sung thém vao doan xe nén mbi xe dwoc
ché b6t di 1 tdn hang so véi du dinh ban dau. Biét khéi lwong hang mdi xe chuyén ché nhw nhau, héi
doan xe ban dau c6 bao nhiéu chiéc?

Loi giai
Goi x 12 s6 lwong xe ban dau cia doan (xe N” ) : x ( chiéc)

W R v xax 1 s 84
Ban dau moi xe phai ch¢ s6 tan hang la — ( tan)
X

Sau khi b6 xung thém 7 xe, mdi xe phai ché sd tdn hang l1a 47 (tin)
+
Theo bai ra ta c6 phwong trinh 84 84 =1
x x+7

Hoc sinh gidi phwong trinh va két ludn dwgc so lwgng xe cua doan lic ban dau la 21 ( chiéc)

Ciu 11. (Trwong chuyén tinh Hoa Binh danh cho tit cd cic thi sinh nim 2019-2020) Bac Binh dw
dinh trong 300 cdy cam theo nguyén tic trong thanh cac hang, méi hang c6 s6 ciy bang nhau. Nhwng
khi thwc hién bac Binh di trong thém 2 hang, mdi hang thém 3 ciy so véi dw kién ban dau nén da
trong dwoc tit cd 391 ciy. Tinh s6 ciy trén mot hang ma bac Binh dw kién trong ban diu.

Lo gidi
Goi s0 hang ciy la y va so ciy trong mot hangla x .

N oA . xy =300 xy =300 x=20
Twr gia thiét ta c6 hé phwong trinh

= = .
(x+3)(y+2)=391  |3y+2x=85  |y=15

KL....

Cau 12. (Truwong chuyén tinh Hueng Yén Vong 2 nam 2019-2020) Trén quang dwong dai 20 km, tai
cung mot thoi di€ém, ban An di bd tir 4 dén B va ban Binh di bd tir B dén 4. Sau 2 gio ké tir ldc xuit
phat, An va Binh gdp nhau tai C va cung nghi lai 15 phit (van t6c cia An trén quing dwong 4C
khong thay ddi, van t6i cia Binh trén quing dwdrng BC khong thay d6i). Sau khi nghi, An di ti€p dén
Bvéi van téc nhé hon van toc ciia An trén quang dwong AC la 1 km/h, Binh di tiép dén 4 véi van
téc 16n hon van tdc cda Binh trén quing dwong BC 1a 1 km/h. Biét rang An dén B sém hon so v&i
Binh dén 4 la 48 phut. Hdi vén toc clia An trén quang dwong 4C la bao nhiéu?
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Loi giai
Goi a (km/h) la vn téc cua An khi di trén quang dwong 4C, b (km/h) l1a van toc cia Binh khi di trén
quang dwong BC.Rdrang a>1,b>0.

Ta thiy, d6 dai quang dwong AC la 2¢ (km) va d6 dai quang dwong BC 1a 26 (km).

Do AC+BC=4B néntacé 2a+2b=20,tlc a+b=10 (1)
e o ~ \ . 2b A
Thoi gian An di trén quang dwong BC la — (gio).
a —
Thoi gian Binh di trén quang duwong AC la % (gio).

Do An dén B sém hon so véi Binh dén 4 13 % (giy) (48 phiit = ? giy)

Nén 2a _2b 4 hayLH—l— b =%.
b+l a-1 5 b+1 a-1 5
Mot cach twong dwong, ta co atbtl_a+tb=1_2 (2)
b+1 a—1 5
Tir (1),tacéd b=10-a.
R . 11 9 2
Thay vao phuwong trinh (2), ta dwoc T o5 hay (a+44)(a-6)=0.

Do a>1néntacd a=6,suyra b =4 (théa man).

Vay vén téc ciia An trén quang duwong 4C 1a 6 (km/h).

Cau 13. (Trudng chuyén tinh Kon Tum cho tit ca cic thi sinh nidm 2019-2020) Ong Khoi sé hitu mét
manh dit hinh chit nhat c6 chu vi 1a 100m. Ong ta dinh ban manh dit d6 véi gia thi trwong 1a 15
triéu dong cho mot mét vuéng. Hay xac dinh gia tién cia manh dat dé biét

rang chiéu dai gip bén lan chiéu rong.

Loi gidi
Goi chiéu rong ciia manh datla x (m, 0 < x < 50)
Chiéu dai cia manh datla 4x (m).

Chi vi manh dét1a 100m: (x+4x).2 =100 < 5x =50 < x =10

Vay chiéu rong ctia manh dat 1a 10m, chiéu dai manh datla 40m.
Dién tich manh ditla: 40.10 = 400m?
Gié tién clia manh dat : 400x150000000 = 6000000000 ddng = 6 ty (ddng).

Ciu 14. (Trwong chuyén tinh PTNK ( VONG 1 ) nim 2019-2020) Tir ngay 1/1/2019 dén ngay
20/5/2019, gia ban 1é xang RON 95 c6 ding bén Ian ting va mot lan gidm. Cac thoi diém thay doi
gia xang RON 95 trong nam 2019 (tinh dén ngay 20/5/2019) dwoc cho béi bang sau (gia xang
duoc tinh theo don vi dong, gia dwoc niém yét cho 1 lit xing):

Ngay 1/1 2/3 2/4 17/4 2/5 17/5
Gia 17600 18540 20030 21230 21590

Dia chi truy cép click vao diy # http:/www.vungocthanh1984.blogspot.com/ # Trang 155 #%




VUNGQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

Tl 16 gio chiéu 2/5/2019, gia ban 1é 1 lit xdang RON 95 ting thém khodng 25% so v&i gia 1 lit xang
RON 95 ngay 1/1/2019. Néu 6ng 4 mua 100 lit xaing RON 95 ngay 2/1/2019 thi cling v&i so tién
d6 6ng A sé mua dwoc bao nhiéu lit xang RON 95 vao ngay 3/5/20197? Ciing trong hai ngay dé (
2/1 va 3/5), 6ng B dia mua tong cong 200 lit xang RON 95 v&i tong s6 tién 1a 3850000 dong, hoi
ong B da mua bao nhiéu lit xang RON 95 vao ngay 3/5/20197?

Loi giai

O truwong hop ctia 6ng A : Theo gia thiét, ta thiy gia ban 1é mot lit xing RON 95 tir 16 gior chidu ngay
2/5/2019 1a 17600(1+0,25) = 22000 (d6ng). Khi 6ng 4 mua 100 lit xding RON 95 vao ngay 2/1/2019
thi do trong khoang thoi gian gian chwa cé diéu chinh gia nén gia mot lit xding RON 95 chinh 1a gia
niém yét ngay 1/1/2019, suy ra s tién 6ng 4 da bé rala 17600.100 =1760000 (déng).
Twong ty nhw trén, gia xang RON 95 vao ngay 3/5/2019 chinh la gia niém yét lic 16 gi¢ chiéu ngay
2/5/2019. Do d6, v&i cung s6 tién di bo ra dé mua 100 lit xang RON 95 vao ngay 2/1/2019 thi vao
ngay 3/5/2019,6ng A4 chi c6 thé mua dwoc 176000 +22000 = 80 lit xing RON 95.
O trong hop 6ng B: Goi x 1a s6 lit xing RON 95 ma dng B d3 mua trong ngay 2/1/2019, y 1a 58 lit
xdang RON 95 ma 6ng B d3a mua trong ngay 3/5/2019. R6 rang x,y>0. Theo dé bai, ta co:

x+y=200 x+y =200

17600x + 22000y = 3850000 4x+5y=875"
Do 4x+5y=4(x+y)+y=800+y néntacé y=75, tir d6 suy ra x =125 (thoéa man). Vay s& lit xang
RON 95 ma 6ng B da mua vao ngay 3/5/2019 la 75 lit.

. Hé phwong trinh twong dwong véi {

Cau 15. (Trwomg chuyén tinh Thai Binh vong 1 nam 2019-2020) Hai 16p 9A va 9B cia mot trueong
quyén gop sach tng hd. Trung binh mbi ban 1é6p 9A ting hd 5 quyén, mdi ban 16p 9B ing hd 6 quyén
nén ca hai lép tng ho 493 quyén. Tinh s6 hoc sinh mdi 16p biét téng s6 hoc sinh ciia hai lép 12 90.

Loi gidi
Goi s6 hoc sinh ctia 16p 9A va 9B lan lwot la x, y.
PK:x,y € N'; x,y < 90.
Vi tong s6 hoc sinh cda hai 16p 1a 90 nén ta c6 phwong trinh: x + y =90 (1)
SO sach 16p 9A ting ho 1a 5x (quyén)
SO sach 16p 9B ung ho 1a 6y (quyén)
Vi cd hai 16p Gng ho 493 quyén nén ta c6 phwong trinh: 5x + 6y = 493 (2)

x+y=90

Tw (1) va (2) ta c6 hé phwong trinh:
(Bva(2) F PRTone {5x+6y=493

7
Giai hé phwong trinh dwoc { 3 (TMDbK)

Vay 16p 9A ¢6 47 hoc sinh, 1é6p 9B c6 43 hoc sinh.

Ciu 16. (Trwong chuyén tinh Ba Ria Viing Tau thi chung nam 2019-2020)Mét thira ruéng hinh chir
nhit c6 d6 dai dwong chéo la 40m, chiéu dai hon chiéu rong 8m. Tinh dién tich thira ruéng do.

Lo giai
Goi x (m ) 1a chiéu rong cta thira rudng(x > 0).

Chiéu dai cta thitra ruéngla x+8.
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Theo dé bai ta c6 phwong trinh:
x*+(x+8)" =1600

x =24(n)

<P +8x-768=0<= .
x=-32(])

Vay chiéu rong la 24m ; chiéu dai 32m.

Dién tich ctia thira rudng la: 24.32 =768(m’) .
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Chuyén dé Hinh hoc

Ciu 1. (Trwong chuyén tinh Binh Dwong chuyén todn nim 2019-2020) Cho diém M thudc nita
duong tron (O) dwong kinh 4B (M # A,M # B,MA < MB). Tia phin gidc clia gbc AMB cit AB tai
C.Qua C vé duong thang vudng goc vdi AB cat cac duwong thang AM, BM theo thi tw tai D, H .
a)Chirng minh rang: CA=CH .

b)Goi E la hinh chiéu vudng goéc cia H trén tiép tuyén tai 4 cta (O), F la hinh chiéu vudng géc
cua Dtrén tiép tai B cta. Chitng minh rang: £, M, F thang hang.

c)GoiS,,S,theo thir tw la dién tich cua cac tr gidlc ACHE va BCDF. Ching minh rang:

CM? <.[S,-S, .

Lo giai
) _ -7
g
I _ - F
M —
. /E’;T"’ ZINNSLH
A ! B
c 0

)Tt gidc AMHC noi tiép dwomg tron (Vi AMH = AMH =90°)

— HAC = CMH = 45° ( Hai géc cling chin cung HC)

= AACH vudng can.

= AC=CH

b)T& giac MHCA thudc dwong tron dwong kinh AH , ma EACH la hinh vudng.
= FACH thuc duwdong tron duwong kinh 4H

= FACHM noi ti€p dwong tron

Vi EACH la hinh vuéng nén CE = AH

= EC cling la dwong kinh.

= EM 1L MC (1)

— e~ e~

Talai c6: HMI = HDI = HAC = CMH (do cac t& giAc MHID, MACH nbi tiép)

— CMH = HMI = 45°
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= MC LMl (2)

Twr (1),(2)= M,I,E thang hang.

Chirng minh twong tw, ta dwoc M, I, F thang hang.
Vay M,I,E,F thing hang.

c)Cac tr giac EACH, FDCB la hinh vudng.
=S,-S,=4C*-CB*> = /S,-S, = AC-CB

= AC-CB=(A40-0C)(0OB+0C)=(R-0OC)(R+0C)=R*-0C* =0M*-0C* =CM*<OM*-0C’
(ding vi AMCO tutai C)

Vay CM* < /S, S, .

Cdu 2. (Trwomg chuyén tinh Binh Thudn chuyén toan nam 2019-2020) Cho AABC can tai
A(Z < 90") néi tiép duomg tron (O). Goi D 1a diém trén

cung AB khong chita C (D khac A va B).Haidiy 4D va BC kéo dai cit nhau tai E. Pwong thing
qua E va songsong véi CD cit AB kéo daitai F. Vé tiép tuyén FG véi dudng tron (O) (G 1atiép
diém).

a) Chirng minh FG = FE.

b) T trung diém / cta canh BC ké IJ L AC(J € AC). Goi H la trung diém ctia ZJ . Chirng minh
AH | BJ.

Lo giai
a) Do EF //CD nén FEB = ECD (sole trong)
= BAD (t gidc ACBD ndi tiép)
= AEBF ~ AAEF (g.g) = % = % = EF’ = AF BF (1)

Twong tw, AFBG ~ AFGA(g.g) = FG* = AF.BF (2)
Tir (1),(2)= FG=FE

b) Goi K la giao diém cua AH va BJ.

Ta sé chirng minh AAIH ~ ABCJ

Ma @:B/al(cﬁngphu :171??)

: Al B
Nén can chirng minh — = BC
IH CJ

hay can chirng minh A1.CJ = IH.BC < AI.CJ = %IJ.ZIC & ALCT =1J.IC

Al 1J . —
&> — =—, diéu nay dung vi cung bang tan ACT .
C CJ y g g g
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Do d6, ta dd c6 AATH ~ ABCJ(c.g.c)= IAH = JBC = ABIK 1 tik gidc noi tiép.

Suy ra AKB = AIB = 90° hay AH 1 BJ.

Cau 3. (Trwong chuyén tinh Binh Thuin vong 2 nim 2019-2020) Cho AABC can tai
A(A < 900) ndi tiép dwong tron (O) Goi D 1a diém trén
cung AB khéng chita C' (D khac A va B). Hai day AD va BC kéo dai cit nhau tai F.

Puwong thing qua £ va song song véi CD cit AB kéo dai tai F'. Vé tiép tuyén F'G véi dwong
tron (0) (G 1atiép diém).

a) Chirtng minh F'G = FE.
b) Tir trung diém [ ctacanh BC ké IJ 1 A C(J cA C). Goi H 1a trung diém ctia IJ . Chirng

minh AH | BJ.

Loi giai
a) Do EF' //CD nén FEB=ECD (so le trong)
— BAD (tir gisc ACBD néitiép)

FF BF
AF  EF

Twong tu, AFBG ~ AFGA(g.g) = FG* = AF.BF(Q)

= AEBF ~ AAEF(g.9) = = EF® = AF.BF (1)

T (1),(2) = FG = FE
b) Goi K 1 giao diém cia AH va BJ.
Ta sé chirng minh AAIH ~ ABCJ

MémZECT](cungphu :1712*)

Al _ BC
Nén cdn chitng minh — =

IH CJ
hay can chitng minh AI.CJ =1H.BC < AI.CJ = %[J.QIC S AICT=1J.1C
= }4—01 = é—J diéu nay dung vi ciing bang tan A CI.

Do d6,tadacéo AAIH ~ ABCJ(C.g.C) = 1717‘] = J/BZ' — A BIK 1at giac ndi tiép.

SuyraA/@Z@ZQOO hay AH 1 BJ.

Ciu 4. (Truong chuyén tinh Binh Thudn ndm 2019-2020) Cho tam giic nhon ABC(4B < AC) ndi
tiép duong tron (O). Cac dwong cao AD,BE,CF ciia tam gidc ABC cat nhau tai H .
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a) Chirng minh t& gidc BCEF ndi tiép.

b) Goi I la trung diém cta canh BC , K la diém doi xirng cia H qua I. Chirng minh ba diém
A,0,K thang hang.

¢) Chirng minh 4K 1 EF.
d) Chirng minh rang néu tam giac ABC c6 tan B.tanC =3 thi OH //BC.

Loi gidi
a) Ta co: BEC = BFC =90° nén t& gidc BCEF noi tiép.
b) Vi 7 la trung diém cia BKCH la hinh binh hanh nén
BKC = BHC = BKC + BAC =180° = K (0).

Hon nita, BKCH 1a hinh binh hanh nén KC//BH = KC L AC = AK la duwdng kinh cia dwdng tron
(O) hay 4,0,K thang hang.

c) Ké tiép tuyén Ax ctia dwong tron (O) nhuw hinh vé.

Ta c6: xAB = 1@(1) (gbc gitra tiép tuyén va day cung)

Mit khac, ti giac BCEF noi tiép nén AFE = ACB(2)

T (1),(2)= XAB = AFE , ma chiing & vi trf so le trong nén Ax / /EF .

Do Ax latiép tuyén nén Ax L AK.
Twrdé EF 1 AK.
d)

Ta co: tanB.tanC=3:>A—D A—D=3

BD CD

BD HD
 ABHD ~ ACD(g - o) = 22 - 12
Ma (e-8)="7=0p

= BD.CD = AD.HD

nén AD.AD =3= AD=3HD = AH =2HD.

AD.HD

Hon nita, AH =201 (OI la dwong trung binh tam giac AHK ).
do d6 HD = Ol = HOID la hinh chtr nhat, suyra OH / /DI hay OH //BC.

Cau 5. (Trwomg chuyén tinh Binh Pinh vong 2 nam 2019-2020) Cho dwdng tron tam O, ban kinh R
va duong tron tdm 7 bankinh r (r < R) tiép xuc trongtai 4. Puong thing ndi hai tim cit duong
tron tdm 7 tai B va dudng tron tAm O tai C.Puong trung truc cia doan thang BC cdt dwong tron
O tai M, N vacat BC tai P. N6i AM cat dwdng tron tdm I tai E.

a) Chirng minh t& gidc MEBP ndi tiép va AMO = NMC.

b) Chirng minh N, B, E thanghangva IP=R, 0P =r.
c) Chitng té PE la tiép tuyén ctia dwong tron tim 7.
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Lo giai
a) Vi: MPB =90° (do MP L AC).
AEB = 90° (g6c noi tiép chin nira dudng tron).
Suy ra MPB+ AEB=180° = tit gidc MEBP noi tiép.
b) e C6 CM // BE (vi CM L AM va BE L AM) (1).
Chirng minh dwoc ti gidc BMCN 1 hinh thoi = MC // BN (2).
Tw (1) va (2) suyra N, B, E thing hang.
eC6IO=R—-rvaBC=2R—-2r=CP=R—-r,suyra OP=r.
COIP=I0+0OP=R—r+r=R.

M
E
B
¢ P O I “
N

¢) Chitrng minh dworc: PEB = AEI ,ma IEA + IEB = 90° nén PEB+ IEB = 90° hay PE 1 EI .

Do d6 PE latiép tuyén cia dwong tron tim 1.

Céu 6. (Truwdng chuyén tinh Bac Liéu nim 2019-2020) Cho A4ABC khong cén, biét AABC ngoai
tiép dwong tron (I) . Goi D, E, F Ian lwot 1a cic ti€p diém cda BC, CA, AB véi dwong tron (1) .Goi M
12 giao diém clia dudong thing EF va dwong thang BC, biét AD cit dwong tron (1) tai diém N
(N = D) , g0i K 1a giao diém ctia Al va EF.

a) Chirng minh rang AK.AI = AN.AD va cac diém [, D, N, K cling thuéc mot dudng tron.
b) Chirng minh MN la ti€p tuyén ctia dwong tron (I ) :

Lo giai
a) Ta c6: AE, AF 1a hai tiép tuyén cia dwong tron (I) , suy ra: AE = AF, Al la phan giac cia géc EAF.
AAEF can tai A, Al 1a dwdng phan giac do d6 Al 1a duwdng cao ciia tam giac AEF

AEAI vubdng tai E, EK 1a dwong cao suy ra AE> = AK.Al

Xét AAEN va AADE c6 EAN chung.

—

AEN = ADE . ( Hé qua gbc tao bdi tiép tuyén va diy cung)
Do d6: AAEN #AADE (g.g)
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AE AN

= —=— = AE’=AN.AD
AD AE

Ta c6: AK.AI = AN.AD ( cling bing AE* )
Xét AANK va AAID cé:

Kz/;[]\\f chung.

AN AK

—— =—— (Do AK.Al = AN.AD)
Al  AD

Do d6: AANK #AAID (c.g.c)

= AKN = ADI

Do d6: DNKI néi tiép

Vay bén diém I,D,N,K cuing thuéc mot dwong tron.

b) Do MD la tiép tuyén cta (I) nén MD L ID.

T giac MKID c¢6 MKI + MDI =90° +90° =180°

Do d6: MIKD noi tiép, suy ra M,N,K,I,D cing thuéc mét dwong tron.
Suy ra: MNI = MKI =90’

Taco:MN LIN (N €([))

Vay MN la tiép tuyén cia duong tron (I )

Céu 7. (Trwdmg chuyén tinh Bac Liéu ndm 2019-2020) Cho dwdng tron (O;R) va hai diém B, C ¢8

dinh sao cho goc BOC =120 . Piém A di dong trén cung 1én BC sao cho A4BC nhon. Goi E 1a
diém doi xirng véi B qua AC va F 1a diém do6i xirng véi C qua AB. Cac dwong tron ngoai ti€p tam giac
ABE, AACF catnhau tai K (K # A) . Goi H 12 giao diém ctia BE va CF.

a) Chirng minh KA 12 phan giac trong goc BKC va tir giAc BHCK noi tiép.
b) Xac dinh vi tri diém A dé dién tich t& gidc BHCK 1&n nhét, tinh dién tich 1én nhat cta tir gidc BHCK
theo R.

Loi giai

a) Taco: AKB = AEB ( cung chdn AB ctia dwong tron ngoai tiép tam gidc AEB

Ma ABE = AEB ( tinh chit d6i xing ) suy ra AKB = ABE (1)
Ta cé: AKC = AFC ( Cung chan cung AC ciia dwong tron ngoai tiép AAFC )
Ma A/C?' = A/F?j ( tinh chat doi xrng) suy ra A/K\C = A/@ (2)

Mit khic ABE = ACF ( Cing phu BAC ) (3)
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Tir (1), (2) va (3) suy ra AKB = AKC hay KA 1 phan gic tron cta BKC

Goi P, Q Ian lwot 1a giao diém ctia BE v&i AC va CF véi AB

Ta cé: BOC =120° nén BC = R\3 | ETC:%B/O\C:W.

Trong tam giac vudng ABP c6: APB = 900,@ =60", suyra @ =30" . Hay 14/37? = A/C?' =30’

Tt gidc APHQ c6: AQH + APH =180
Suy ra @4—@21800 = P/I—[\Q=1200 — BHC =120’ ( @i dinh)

Tacé: AKC = ABE =30° , AKB = ACF = ABE =30" .

Ma BKC = AKC + AKB = AFC + AEB = ACF + ABE =60°

Suy ra: B/H\C+§K\C=1800 :

Do dé tir gidc BHKC néi tiép.

b) Goi (0') 12 dwong tron di qua bdn diém B,H,C,K. Ta c6 day BC = R\/E BKC = 60" = BAC nén
bén kinh dudmg tron (O') béng ban kinh R ctia dwdmg tron (O) .

Goi M la giao dién AH va BC suy ra MH L BC; K& KN vuéng géc BC (N € BC) , goi 12 giao diém HK va
BC.

1 1 1

Taco: Sy =Sy +S :EBC.HM+5.BC.KN:5BC(HM+KN)

BHCK BHC BCK

BHCK —

S <%BC(HI+KI) =%BC.KH (Do HM < HI,KN <KI )

Ta c6: KH 1a diy cung clia dwong tron (0';R) .

Suyra KH <2R (khéng déi),nén S, .. 16n KH = 2Rva HM + KN = HK = 2R.

BHCK
Gfa trilén nhat S, = %R\/? 2R =3R’

Khi HK la dwong kinh cia dwong tron (O') thi M,N,I triung nhau; suy ra I 1a trung diém cda BC nén
AABC can tai A; Khi d6 A 1a diém chinh gitta cia cung 16m BC.

Ciu 8. (Trwong chuyén tinh Bac Giang chuyén todn nim 2019-2020) Cho dwong tron (O) va dwong
thiang d khong c6 diém chung. Goi A 1a hinh chiéu vudng gbc ctia O trén d. Tir diém M trén d
(khac diém H ) ké cac tiép tuyén MA, MB v6i dwong tron (O) (4, B 1a cac tiép diém, tia MB nam
gitra hai tia MA va MH). Goi C,D Ian lwgt 13 hinh chi€u vudng géc cia H trén cac dudng thing
MA, MB.
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a) Goi E 1a giao di€ém clia hai dwong thing 4B va OH. Chirng minh OE.OH = OB’.

b) Goi 7 1a hinh chiéu vuéng géc cha H trén dwong thang AB. Chirng minh ba diém 1,C,D
thidng hang.
AM B _MB.

c¢) Chirng minh =
HC HI HD

Lo gii

a). ABN MO = J . Chitng minh hai tam gidc OJE; OHM d6ng dang. .
Suyra OE.OH =0J.OM .

Theo hé thirc lwong trong tam giac vuéng MBO c6 OB’ = 0J.OM .
Vay OE.OH = OB"..

b). Tk gidAc AMBO ndi tiép dwong tron dwong kinh MO;

Tw gidc AMHO ndi tiép dwong tron dwong kinh MO; .

Do dé tir gidc AMHB ndi tiép.

Suy ra CMH :ﬁ(l)..

Tt gidc CMHD néi tiép nén CDM =CHM.

Tw gidc BDHI noi tiép nén BDI = BHI..

Xét hai tam gidc vudong MCH va BIH ,kéthop (1) suy ra CHM = BHI..

Do d6 CDM = BDI , kétluan C,D,I thing hang..

¢).Liy diém K trén doan MB sao cho MHK = AHB..
Chirng minh hai tam gidc MHK; AHB d6ng dang. .
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Tw (1) va (2), thu dwoc A—M+£ _AM + KB _MB , diéu phai chirng minh..
HC HI HD HD HD

Cau 9. (Trudong chuyén tinh Bic Ninh vong 2 ndm 2019-2020) Cho tam gidc ABC' c¢6 ba géc nhon,
AB < AC. Cac duwong cao AD,BE,CF ctua tam gidc ABC cat nhau tai diém H . Goi (O) la
dwong tron ngoai tiép tir giac DHEC', trén cung nho EC' cua dwong tron (O) lay diém I (khac

diém E) sao cho IC > IE.DPwong thang DI cat dwong thang CE tai diém N, dwong thang EF
cit dwong thang CI tai diém M .

a) Chitng minh rang NI.ND = NE.NC'.

b) Chirng minh rang dwong thang MN vudng goc véi dwong thang CH .

c) Puong thdng HM cit dudng tron (O) tai difm K (khac diém H ), dwong thang KN cat duong
tron (0) tai difm G (khac diém K ), dwong thang MN cit dwong thang BC' tai diém T . Chirng
minh rang ba diém H,T,G thang hang.

Lo gii

a).

Vé hinh dung y a).
Xét ANDE va ANCI c6:

—

END = INC (déi dinh)

ﬁ\f = ]/C]\V (cung chin cung l/i—)

ND NFE
Suyra ANDE S ANCI (g.g) nén — = —.
y (g2 NC -~ NI

= NI.ND = NE.NC ..
b).
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Do cac tir gidc BFEC ,DEIC, ABDEFE ndi ti€p nén:

AFE = ACB = DIE.

—

MEC = ABC = DEC = DIC = T giAc MENI noi tiép..

—

— DIE = EMN = AFE = EMN = MN / /AB.
Ma CH L AB= CH L MN .

C)..
Xét AENM,ATNC cb

EMN = EIN = NCT,ENM = TNC = AENM S ATNC (gg).

NE NM
= —=—

= NC.NE = NMU.NT (1)
NT NC

Xét AENK,AGNC ¢6 KEN = CGN,ENK = GNC = AENK S AGNC (g.g).

= NE _ NE = NC.NE = NG.NK (2) ;
NG NC

Tt (1),(2) suyra NM.NT = NG.NK = MK _NM _ATGN ~ AKMN .
NT NG

—_—

— KMN = TGN (3)

— L —

Ma KMN = HCK (cing phuvéi KHC') = KMN = HGN (4).

—

T (3) va (4) taco TGN = HGN = H,T,G thang hang..

Ciu 10. (Trwong chuyén tinh Bén Tre vong 2 niam 2019-2020)Cho dwong tron (O) dwong kinh
AB =2R va C 1a mét diém thudc dwong tron (0) (C khac A vakhac B). Trén nira mit phang bo
1a duwong thing AB c6 chira diém C ké tia Ax tiép xtic véi (O) tai A vatia By tiép xlc véi (O) tai
B. Tiép tuyén cia (O) tai C cittia Ax, By lanlwottai M va N.

a) Chirng minh rang CM.CN = AM .BN.

b) Trén tia BC 14y diém D sao cho B4A=BD.Tia AD catcungnhé AC tai I. Chitrng minh rang dién
tich tam giac ABD gip doi dién tich tam gidc 4BI.

c¢) Tinh ti s6 gitra dién tich tam gidc 4Ol va dién tich t& giac IOBD, biét dién tich tam gidc IBD
2

. R
bang —.
& 2

d) Tim dién tich nho6 nhét ctia cac hinh thang vudng 4BNM khi C thay déi trén duong tron (O).

Lo giai

Cau 11. (Trwong chuyén tinh Cao Bing vong 2 nam 2019-2020) Cho tam gidc nhon ABC c6 ba
dwong cao AA', BB', CC' va truc tAm H . Liy diém D sao cho tir giAc BHCD 1a hinh binh hanh.
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Chirng minh rang:
a) ABDC latir giac noi tiép.
BC.HA'+CAHB'+“ AB.HC' 1

b S
) BC.AA'+ CA.BB'+ AB.CC' 3

c) H latdm dwong tron ndi ti€p tam giac 4'B'C".

Loi giai

a).

Hoc sinh vé dung hinh

CD || BH —
Vi = CD 1 AC = ACD =90" (1)

BH | AC

BD||CH —
Vi = BD 1 AB = ABD =90" (2)

CH L AB

Tt (1) va (2) suyra ABD+ ACD =180°.
T giac ABDC noi ti€p duwong tron dwong kinh AD.
BC.HA'+ CA.HB'+ AB.HC' 1

b)

" BC.AA'+CA.BB'+ AB.CC' 3
Goi S la dién tich ctia tam giac 4BC.

Khi d6 BC.AA'+ CA.BB'+ AB.CC'=2S+2S+2S = 6S
BC.HA'+ CA.HB'+ AB.HC'=28 ;.50 + 28\ jicx T 28 ss1in

S, ise + Saned +Saps =S = BC.HA'+ CAHB'+ AB.HC'=2S

yay BCHATCAHB' ABHC' 25 1
Y BC.AA'T CABB'+ ABCC' 65 3
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c). H 1a tAm dwong tron noi ti€p tam giac A'B'C".

Trwéce hét ta chitng minh AA4' 1a dwong phéan gidc cia goc B'A'C'
T giac HA'CB' 1a tir giac ndi tiép (vi c6 hai goc doi dién cuing 1a goc vudng)

= HA'B'= HCB' (3) ( hai géc noi tiép cung chin cung HB")

Twong tw HA'BC' cling 1a t gidc ndi tiép

= HA'C'= HBC' (4) ( hai g6c noi tiép cung chdn cung HC")

L ———

Vi HCB'= HBC' (5)( ciing phu véi géc BAC)

Tir (3), (4), (5) suyra HA'B'=HA'C'

= AA' la dwong phan giac cua goc B'A'C'

Twong tw BB' ciling la dwong phan gidc cua géc A'B'C'.
= H la giao diém cda hai dwong phan giac trong cia tam giac A'B'C".

Vay H la tim dwong tron noi tiép tam gidc A'B'C".

Cau 12. (Trwong chuyén tinh Chuyén DHSP vong 1 ndm 2019-2020) Cho dudng tron (0), ban kinh
R, ngoai ti€p tam gidc 4BC c6 ba goc nhon. Goi 44,, BB,, CC, la cdc dwong cao cla tam gidc ABC
(4, thudc BC, B, thudc C4, C thudc 4B). Puwong thing AC, cit duwong tron (0) tai A' va C' (4

nam gitta 4' va C,). Cac ti€p tuyén ctia duwdng tron (O) tai A' va C' cat nhau tai B'.

a) Goi H 1a trwc tAm cda tam gidc 4BC . Chirng minh rang HC,.4,C = AC,.HB,.

b) Chirng minh rang ba diém B, B', O thiang hang.
c) Khi tam giac 4BC la tam giac déu, hay tinh 4'C' theo R.

Lo gii

a) Hai tam gidc ABH va AAC c¢b ZABH = ZA4,C =90° va chung géc ZHAB, nén dong dang véi nhau

HB, AH
-g). Tr déo suyra —=—. (1
(g-g). Tlr d6 suy 4C - AC (1)

T& gidc AC,4C cb6 LAC,C=LA4,C=90" nén ndi tiép.

Suy ra ZHC 4 =/CAH (cung chan cung 4C cta dwong tron (4AC,AC)) va HAC, =

cung AC, cia dudng tron (4C 4C)).

HC  HA
Tw do, tacé ACAH# AACH (g-g).Suyra —=——. (2
4 (g-g)- Suy ac AC()
Tt (1) va (2), ta duoc HB _HG hay HB,.AC, = HC,.AC.
AC  AC,

DPay chinh la két qua cin chirng minh.
b) Theo tinh chét cta tiép tuyén, ta cé OB'L 4'C". (3)

Ta sé chirng minh OB 1 4'C', hay OB 1 AC,.

ZHCA (cung chin
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0 0 _
180" — ZBOC _ 180° —2/BAC =90° — /BAC.

Do tam giac OBC cantai O nén ZOB4, =
Mit khéac, do ti gidc AC,AC ndi tiép nén £C A4 B=/BAC (cungbuvéi £CAC).
Két hop véi két qua & trén, ta dwgc LOBA, = ZC,AB=90" — ZBAC=90".

Do d6 OB L AC,, hay OB L A'C'.Kéthop vé6i (3), tasuyra B, B', O thang hang.

¢) Khi tam giac 4BC déu thi BO diqua B,, B, latrung diém clia AC va 4'C'1 BO.
Goi K lagiao diém BO va A'C, thi K la trung diém cia 4'C'.
Do tam gidc AB,C, déuva OB L AC, nén K ciingla trung diém cta AC,.

Do tam giac 4BC déunén O ciing la trong tim cda tam giac. Suy ra OC, = %OC = %R .

Mat khac, st dung hé thirc lwgng trong tam gidc OC,B vudng tai C, c6 CK la dwong cao, ta cd

2
OC! =OK.OB . Suy ra OK _9G _1g
OB 4

T day, st dung dinh ly Pythagoras trong tam gidc 4'K0O vuong tai K, ta c6

A'K =04~ O0K? = |R? —iR2 =R—JE.

16 4

R15

Vay A'C'=2A'K=T.

Cau 13. (Truwdng chuyén tinh Chuyén PHSP vong 2 nam 2019-2020) Cho tam gidc ABC c6 ba goc
nhon noi tiép duong tron (0) va 4B>AC. Goi D, E lan lwot 1a chan dwong cao clia tam gidc 4BC
hatir 4, B. Goi F 1a chin dwong vudng goc ha tir B 1én dwong thiang 40.

a) Chirng minh rang B, D, E, F 12 bdn dinh clia mét hinh thang can.

b) Chirng minh rang EF di qua trung diém ciia BC .
c) Goi P la giao di€m thir hai ciia dwong thang 40 va dwong tron (0), M va N lan lwot 13 trung
diém cta EF va CP.Tinh s6 do gbc BMN .
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Lo gidi.
a) Tacod LAFB=/ADB = Z/AEB=90° nén nam diém 4, B, D, E, F cung nam trén mot dwong tron.

180° - ZAOB 180" —2/ACB
2

Lai c0 ZDAE =90° — ZACB va LFAB=/0AB = =90" - ZACB

Nén LFAB=/DAE. Pay 1a gbéc ndi ti€p chin cac cung twong ng 1d BF va DE cla dudng tron
(ABFDE), do d6 FB=DE. T gidc BFDE ndi ti€p va c6 BF = DE nén la hinh thang can.

b) Goi 7 1a giao diém ctia EF va BC. Do t& gidc BFDE 1a hinh thang cin nén BI =IE. Suy ra tam giac
BIE cantai I.Twdo,tacd LIBE = ZIEB.

Lai c6 ZIBE =90° — ZICE va ZIEB=90" - ZIEC nén /ICE = /IEC . Suy ra tam gidc [EC cin tai I, tic ta
c6 IC=IE=1IB.Viy EF diquatrung diém /cta BC.

¢) Do t gidc ABFE noi ti€p nén /BFE =180° — ZBAC.
Lai c6 ZBPC =180" — ZBAC (do tir giac APBC ndi ti€p) nén £BFE = /BPC. (1)
Do BFDE la hinh thang can nén DF // BE.Ma BE 1 AC nén DF L AC.

Lai c6 PC L AC nén DF //PC.Suyra ZBCP = /BDF = ZBEF (2)

T (1) va (2), tasuy ra ABEF# ABCP (g-g).

Lai c6 M la trung diém cla EF va N la trung diém cua CP nén tir két qua trén, ta cling suy ra
BN BC (4)

ABEM # ABCN . Twr d6, tacd ANBC# AMBE. (3) va —=—.
BM  BE

Tir (3), tasuy ra ZCBE=/ZMBN .Kéthop véi (4), ta dwoc ABMN # ABEC.

Do d6 Z/BMN = /BEC =90°.

Ciu 14. (Trwdong chuyén tinh Can tho chuyén toan nim 2019-2020) Cho tam gidc nhon ABC khong
cdn AB< AC, tryc tim H va dwong trung tuyén AM . Goi K la hinh chiéu vuéng géc cia H 1én
AM , D 1a diém déi xirng ciia 4 qua M va L 13 diém doi xirng cia K qua AC

a)Chirng minh t& giAc BCHK va ABLC noi tiép.

b)Chiérng minh L4B = MAC"
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¢)Goi 7 1a hinh chiéu vuéng géc cia H 1én AL, X lagiao diém ctia AL va BC.
Chirng minh dwong tron ngoai tiép tam giac LXM va dwong tron ngoai ti€p tam gidc BHC tiép xic
nhau.

Lori gidi
a) Tt gidc ABCD 14 hinh binh hanh = HBD = 90°
Twong tw = HCD =90°
Vay tir giac BHKC noi tiép.
Ta c6 BLC = BKC = BHC =180° — BAC
Suy ra BLC + BAC =180° nén t& giac ABLC noi tiép.
b) Ta c6 KBC = KDC = BAD
Ma KBC = LBC = LAC
= BAD = LAC = LAB = MAC
Ta c6 IKMX nditiép hay K e (IXM)
Goi Y 1a diém d6i xing cia 4 qua BC ,suyra K, X,Y thinghang.
=YD // EM va KYD =90° . Vay Y thudc duwdng tron dwong kinh DH .
c) Goi Kt 12 ti€p tuyén tai K cta duwong tron (KXM ) . Ta co (KX = KMX = KDY
Suy ra Kt la tiép tuyén cta (KYD) .

Vay dwong tron ngoai ti€p tam gidc IXM va dudng tron ngoai tiép tam giac BHC tiép xic v&i nhau.

Cau 15. (Trwdng chuyén tinh DAK LAK vong 2 nam 2019-2020) Cho hinh vuéng ABCD véi tam O.
Goi M 1a trung diém cta canh 4B. Cac diém N,P theo thi& tw thudc cdc canh BC,CD sao cho

MN //AP. Chirng minh rang:

1)Tam gidc ADP dong dang v&i tam giac NBM .

2)BN.DP=0B"

3) DO la tiép tuyén ctia dwong tron ngoai ti€p tam giac OPN .

4)Ba dwong thing BD, AN, PM dong quy.

Cau 16. (Trwdng chuyén tinh DAK NONG vong 2 ndm 2019-2020) Cho dwong tron (O;R) duwong
kinh AB.Ké hai dwong thing d va d' Ian lwot 12 hai tiép tuyén tai cac tiép diém 4 va B cla duong
tron (O).Piém M thudc dwong tron (O) (M khac 4 va B), tiép tuyén tai M cla duwong tron (O)
cit d, d' lanlwottai C va D.Pudngthing BM cit d tai E.

a) So sanh do dai cac doan thang CM, CA, CE.

b) Pudong thang EO cat hai dudong thang d’, AD lan lwot tai / va J. Chitrng minh cac diém

A, B, I, J cung thudc mot dwong tron.
c) Gia stt AE = BD, tinh d6 dai doan thing AM theo R.

Loi giai
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E

a) Tac6 CM = CA (tinh chat hai tiép tuyén cat nhau) (1)
Suy ra AACM cantai C = CAM =CMA.

CME + CMA = 90°

. . nén CME = CEM suyra ACME cantai C = CE=CM . (2)
CEM +CAM =90

Mt khac {

Tw (1), (2) suyra CM =CA=CE.

b) AOAE = AOBI (g.c.g)

Suy ra AEBI 1a hinh binh hanh = A7 //BE.
Taco OD L BE = OD 1 A, ma AB 1 DI.

= O latrwctam cda A ADI .

= OI 1 AD = AJI =90°

Ma ABI =90° nén tir gidc AJBI ndi tiép.

¢) Tam giac COD vudng tai O (vi OC, OD la hai phan giac cda hai goc ké bu), c6 OM la dwong cao
nén OM* =CM.MD .

Theoa)tacé CM =CA=CE = 2CM = AE, ma BD =MD va AE =BD (gt) = 2CM =MD

= 2CM* =R* (do MO =R va OM*> =CM .MD).

R2

= CMzTZ:AEzR\/E(do AE =2CM).

1 1

Vitam giac AEB vudng tai 4 nén =t
AM*~  AE° AB

g AEAB :2RJ§_

JAE? + AB? 3

| Ciu 17. (Truong chuyén tinh Gia lai chuyén tin ndm 2019-2020) Cho nita dwong tron tim O dwong |
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kinh AB =2R va diém C di dong trén nra dwong tron (C' khong trung véi A, B). Tiép tuyén voi
dwong tron tai C' cit cac tiép tuyén tai A va B cla nira dwong tron (O) 1an lwgt tai P va Q Goi
M 1a giao diém cua AC v6i OP, N 1a giao diém cta BC véi OQ .

a) Chirng minh t& giac M N QP ndi tiép mot dwong tron.

b) Chitng minh AP.BQ = R*.

c¢) Goi I la tAim dwong tron ngoai tiép ti giac MNQP va S la dién tich cua tir gidcOPIQ . Tim gia
tri nho nhit cua S theo R.

Cau 18. (Trwong chuyén tinh Gia lai vong 2 ndam 2019-2020) Cho dwong tron (O;R), DC 1a mot
day cung c6 dinh khéng qua O. Goi S 1a diém di dong trén tia doi cia tia DC (S khoéng trung D).
Qua S ké hai tiép tuyén SA, SB véi dwong tron (O;R) (A4, B 1a hai tiép diém). Goi / la trung diém
ctia doan thang DC.

a) Chitrng minh ndm diém S, 4,B,1,0 cung nam trén mdt dwong tron.

b) Goi H la giao diém cia SO va AB.Chirng minh DHC = DOC.
¢) Chirng minh dudng thang 4B ludn di qua mot di€ém cd dinh khi S di dong.

Loi giai
E a. Ta c6 SIO =90" (dwong kinh qua trung diém cta day thi
vuong géc voi day)
SA0 = SBO = SIO = 90"
y ; ¢ Suy ra nam diém S, 4, B, /, O cung nam trén dwdng tron
dwong kinh SO.
. 2 b. ASAD dbng dang ASCA nén SD.SC = SA®
o 0 SH.SO = SA*> (hé thirc lwong trong tam gidc vudng). Suy ra
SD.SC =SH.SO
B ASDH dong dang ASOC (do 5D _ &; CSO chung) nén
SH SC
DHS =DCO.

T gidc DHOCn6i tidp (DHO+ DCO = DHO + DHS =180°) nén DHC = DOC .
c. Goi E'la giao diém cla ABva OI;ASIO dong dang AEHO nén OI.OE = OS.OH

OS.OH = OB*> = R* (hé thitrc lwong trong tam giac vudng)

2

Suyra OE = % khéng doi (do O, /c6 dinh, Rkhong doi) nén £c6 dinh

Vay dwong thang AB ludn di qua diém c6 dinh £khi Sdi dong.

Ciu 19. (Trwong chuyén tinh HCM nam 2019-2020) Pwdng tron néi tiép tam gidc ABC tié€p xic véi
cac canh BC,CA,AB lan lwot tai M,N,P. Goi K 1a hinh chiéu vuéng géc cia M 1én NP. Chirng
minh rang KM 13 phan giac géc BKC.

Loi giai
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A

B M e

Chirng minh KM [a phan gidc ciia goc BKC
Goi 7 1a tAm dwong tron noi tiép ctia tam giac ABC.
Khi d6: NIC = %1711\7 = MPN , IN vuéng géc AC.
Suy ra: AINC# APKM (g-g)
:ﬂ :N—C:> IN.KM = PK.NC

PK KM

. . . \ A KN KP
Chirng minh twong tu, ta c6: IP.KM = NK.BP ma [P = IN nén PK.NC = NK.BP = NC = 2P

Lai c6: AP=AN = AAPN cantai 4 = APN = ANP = BPK = CNK

Do d6: ABPK# ACNK (c-g-¢) = BKP=CKN ma KM vuong goc NP nén KM la phan giac trong clia
BKC o

Cau 20. (Truong chuyén tinh HCM nam 2019-2020) Cho tam gidc déu ABC. Goi M,N 1a hai diém
nam trén canh BC sao cho géc MAN bing 30° (M nam gitta B va N). Goi K 1a giao diém cta hai
duong tron (ABN ) va (ACM ). Chiing minh rang:

a)Hai diém K va C d6i xtrng véi nhau qua AN ;
b) Puwong thing AK di qua tAm duwdng tron (AMN )

Lo gii
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a) Chitng minh: C, K d6i xitng nhau qua AN

Goi K’ la diém déi xirng cua C qua AN, D la trung diém cua BC.

Khi d6: AK'= AC=AB, AK'N = ACN = 60° = ABN (tam giac ABCdeu)
Do dé: tix giac ABK’N néi tiép dwong tron.

Ta c6: BAD =30° = MAN => BAM = DAN

Mit khac: DAM = CAN (do CAD =30° = MAN ) = NAK' = MAK '= DAN

Do dé: MAK'=I§42\\/I, lai c6: AK'= AB, AM chung nén AABM = AAK'M (c-g-c)
Suy ra: MK'A=ABM =60° = ACN = ti giac ACK'M noi tiép duwong tron.
Vay K =K’.Do d6 C, K d6ixirng nhau qua AN O

b)Chitng minh: AK di qua tim cia dwong tron ngoai tiép tam giic AMN

Goi (O) latam (AMN)

Ta c6: MKA = MCA = AKN = 60° nén MKN =120°

Ma MON =2MAN = 60°

Nén t&r gidc MONK néi tiép

Lai c6: OM = ON nén OKN = OKM =60° va AKN = 60°
Suyra: 4,0,K thang hang

Vay dwong thang AK di qua tAm dwdng tron o

Ta c6: 225=9.25
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Cau 21. (Truwong chuyén tinh Ha Giang vong 1 nam 2019-2020) Cho dwong tron tam 0, dwdong kinh
AC. Trén doan OClay diém B (sao cho B khdc €) va vé dwong tron tim O’ dwong kinh BC Goi M1a
trung diém cua doan thang 45. Qua Mké mdot dy cung DEvudng goc véi AB: DC cat dudong tron (0)
tai /

a) Chirng minh t& gidc ADBE1a hinh thoi.

b) Chitrng minh ba diém / B, £thang hang.
c¢) Chitng minh rang M/12 tiép tuyén clia dudng tron (0’) va MF = MB.MC.

Loi gidi
Vé hinh:
D
|
C
M O o'
E

OA L DE = MD = ME ; MA= MB (gt)nén ti gidc ADBE1a hinh binh hanh.
Hinh binh hanh ADBEc6 DE 1 AB nén tir gidc ADBFE1a hinh thoi.

ADC =1v (g6c noi tiép chan nira dwdng tron dwong kinh AC)nén AD 1 DC
BIC =1v (g6c ndi tiép chan nira dwong tron dwong kinh BC)nén BI L DC

Do d6 AD//BI; AD//BE (vi ADBE 1a hinh thoi), ma qua B ngoai 4D chi dung dwgc mot va chi mot
dudng thang song song véi ADnén BI = BE

Hay / B Ethang hang (dpcm).

Trong tam gidc EID thi /M 1a trung tuyén di t&i canh huyén DEnén M/ = ME do d6 AMEI cén, suy ra
MEI = MIE (1)

Trong tam gidc vuong AMERB thi MEB + MBE = lv,

ma MBE = IBO' (géc d5i dinh) nén MEB + IBO'=1v (2)
Theo (1) va (2) ¢é6 MIB +IBO'=1v (3)

Tam giac O’/B can nén IBO'=0'IB (€))

Tix (3) va (4) cOMIB+O0'IB = MIO'=1v = MI 1 O'I nén M/a ti€p tuyén ciia dudng tron tam 0,
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AMIB dong dang véi AMCI (g.g vi cé goc M chung va MIB = A@)

Ciu 22. (Trwong chuyén tinh Ha Nam chuyén todn nam 2019-2020) Cho tam gidc ABC ndi tiép
dwong tron (O) (AB < AC'), diém M 1a trung diém cua canh BC'. Duong phén giac trong cla

goc BAC cat canh BC tai D va cat dwong tron (O) tai diém P (Pkhac A). Goi F 13 diém ddi
xtrng véi D qua M . Qua D ké dwong thing vudng goc véi BC' cat dudong thang AO tai H . Qua
E ké duong thang vudng goc voi BC' cat duong thang AD tai F'. Goi K 1a giao diém clia PE va
DH .

1. Chi*rng minh t giAc DEFK 1a hinh chi* nhit.

2. Chirng minh DB.DC = DA.DP = DH.DK, tlr d6 suy ra t& gidc BHCK noi tiép dwong tron
().

3. Goi T' 1a giao diém cua AD va (I) (T khac F'). Chirng minh dwong thang HT' vudng goc voi
dwong thang AD .

4. Puong tron ngoai ti€p tam giac MTP cat dwong thang TH tai diém () (() khac T'). Chirng minh
dwong thing QA tiép xic véi duwomg tron (O).

Lo gidi

1. Chitrng minh t& gid\c DEFK 1a hinh chit nhit.

DK //EF ( cing vudng goc véi BC).

DK = 2.MP ( tinh chit dwdng trung binh)
EF = 2 MP ( tinh chit dwong trung binh)
Suy ra DEFK la hinh binh hanh

Ma EDK =90° do d6 DEFK 13 hinh chit nhat.
2. Chitng minh DB.DC = DA.DP = DH.DK , tlr d6 suy ra t& gidc BHCK noi tiép dwong tron (7).
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ADAB dbdng dang véi tam gidc ADCP (g.g) DA.DP = DB.DC (1).

— e~~~

Chira duwgc OAP = OPD = OPE = HKP, suy ra tir giAc AHPK noi tiép
ADAH dbng dang véi tam giac ADKP (g.g) do d6 DA.DP = DH .DK (2).
T (1) va (2) suyra DB.DC = DH .DK

ADBH dbng dang véi tam giac ADKC (c.g.c) = HBD = CKD

= tir gidc BHCK noi tiép.

3. Goi T 1a giao diém cta AD va (I) (T khac F'). Chieng minh dwong thang HT vudng goc véi
dwong thang AD .

4+ Tt giac BHCK noi tiép. Vay BHC + BKC = 180° (3)

+ Chiradwgc K va F' ddi xtrng nhau qua trung truec MP cia doan BC, do d6 BKC = BFC (4).
T (3) va (4) ¢ BHC + BFC = 180°, do d6 bén diém B,H,C,F cing nim trén duomng tron (1)
HKF = 90°, suy ra HF 13 dwongkinh cta (1), suyra HT 1L AD.

4. Puong tron ngoai tiép tam gidc MTP cit duong thang TH tai diém () (@ khac T'). Chitng minh
dwong thang QA tiép xic vai duong tron (O).

+ HAD = OPD = @, suy ra tam giac HDA cantai H nén A,D d6i xtrng nhau qua HT .

Kéo dai TH cit dwdng thing BC tai Q' thi Q'AH =Q'DH =90°, suy ra O'A 12 tiép tuyén cia
(0).
+ Chira dwgc HQ'D =TDH =TPM nén t& giac TQ' PM noi tiép

trdosuyra Q'= Q. Vay QA tiép xtc véi dwong tron (O)

Dia chi truy cép click vao diy # http://www.vungocthanh1984.blogspot.com/ #% Trang 179 #%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

Ciu 23. (Trwdng chuyén tinh Ha Nam thi chung nim 2019-2020) Cho dwong tron (O; R) va diém A
sao cho OA = 3R. Qua A ké hai tiép tuyén AB va AC cua dwong tron (O), véi B va C' 13 hai
tiép diém. Ké cat tuyén AMN cua dwong tron (O) (M nam gitra hai diém A va N). Goi H 1a giao
diém ctia OA va BC'.

1. Chitrng minh t& gidc ABOC noi tiép.

2. Chrng minh AM.AN = AH.AOQ.

3. Chirng minh HB la dwong phan giac ctia goc MHN .
4. Goi I, K lan lwot 1a hinh chiéu cia M trén AB va A C. Tim gia tri 16n nhit caa MI.MK Kkhi cat
tuyén AMN quay quanh A.

Lo gidi
B
I
N
'
A F OH /o
K
C

(Hoc sinh khéng vé hinh khéng dwoc chdm bai)
1. Chitrng minh t& gidc ABOC ndi tiép.

—

Xét tir gidc ABOC c¢6 AB 1. OB nén ABO = 90"

—

Twong tw ACO = 90°

ABO + ACO = 180"
Vay t& gidc ABOC noi tiép dwong tron.
2. Chitng minh AM.AN = AH.AO.

Vi ABM = ANB va Am chung, nén AABM Y AANB

AB AM
==
AN AB

Chirng minh BH | OA va AABO vudng tai B

— AB® = AM.AN (1)

Suyra AB> = AH.AO (2)
Tir (1) va (2), tac6 AM.AN = AH.AO.

e —

3. Chtrng minh HB la dwong phan giac ctia goc MHN .
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Tirg 2 suyra 2 = A0 A4HM O AANO = AHM = ANO (3)
AH  AM

Suy ra ti giac OHMN noi tiép

= OHN = OMN (cung chdn cung ON) (4)

Ma OMN = ANO (vi AOMN can tai 0) (5)

T (3), (4), (5) ta c6 OHN = AHM

e

Suyra BHM = BHN

—

Vay HB la dwong phan gidc cia goc MHN (dpcm).

4. Goi I, K lan lwot 1a hinh chiéu cia M trén AB va AC. Tim gia tri 1én nhit cia MI.MK Kkhi cat
tuyén AMN quay quanh A.

MCE — MBI = AMCE 9 AMBI — ML _ MB
ME _ MC
MBE = MCK = AMBE ® AMCK — MK _ MC
E  MB
Suyra L ME vk = ME
ME ME

Ma ME < HF,do @6 MI.MK dat gia tri 16n nhat bing HF* khi M trung véi F' (trong d6 F' 13 trung
diém cung nho B(C)

2
Tacé OH.OA = OB? :OH:R—:E.
3R 3

4R?

Gia tri 16m nhat cia MI.MK 1a HF® = (R — OH)’ =

Ciu 24. (Trwong chuyén tinh Ha N6i chuyén tin nam 2019-2020) Cho tam giac ABC cé ba géc
nhon (AB < AC), noi tiép dwong tron (O). Hai dwong cao BD va CFE cta tam gidc ABC cit
nhau tai difm H. Pwong tron (O) cat dwong tron dwong kinh AH tai diém thit hai F' (F khac
A).

1) Chitng minh tam giac BEF' d6ng dang véi tam giac CDF.

2) Goi N 1a diém chinh giita ctia cung nho BC' caa dwong tron (O). Pwong thing FN cét canh
BC( tai diém K. Chitrng minh tia HK la tia phan giac ctia goc BHC.

3) Hai tia phan giac cia goc ABH va goc ACH cat nhau tai diém I. Goi P 1a giao di€ém ctia doan
thang ON va canh BC. Goi () 1a trung diém cua doan thing AH. Chirng minh P, I, () 1a ba diém

thang hang.

Lo giai

1..Chitng minh tam gidic BEF déng dang voi tam gidac CDF'.
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Chirng minh dwoc }7371 = P@ = P@ = @ (D)
Chirng minh dwgc FEA = FDA

Suyra FEB = FDC (2)

Tir (1) va (2) c6:

ABEF dong dangvéi ACDF(g—g).

2.Goi N 1a diém chinh gitra cia cung nho BC' cta dwong tron (O). Duong thang FN cit canh BC
tai diém K. Chirng minh tia HK 1a tia phan giac ctia goc BHC.

FB BE

C6 ABEF dbéng dangv6iACDF = — = —— (3)
FC CD
Chirng minh AHBE d6ng dangvéi AHCD = bBE = HB 4
CD HC

C6 N la diém chinh gitra cia cung nhé BC' cta dwong tron (O) nén tia FN 1a tia phan gidc cta

FCc KC
KB HB
Tw (3), (4) va (5 —=—=d .
u’()()va():>KC HC:> pcm

3.Hai tia phan giac ctia goc ABH va goc ACH cat nhau tai diém I. Goi P 1a giao diém cta doan
thang ON va canh BC. Goi ) 1a trung diém cta doan thang AH. Chirng minh P,[,() 1a ba diém

thang hang.
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Co @D = QFE =%AH,PD =PE=%BC

= P(Q 1a duwong trung tryc ctia doan DE. (6)

— e~~~ -

CoDBA ECA:>EBI IBD = ECI = ICD

= B6n diém B, E,I,C cung thuéc mot duong tron va 4 diém B, E,D,C cung thudc mot duong
tron.

= Nam diém B, F, I, D,C cung thuéc mot dwong tron.
Ma DBI = ICE = ID = IE = I thudc duwong trung trwc cia doan DE. (7)

Tw (6) va (7) suyra P, I, ()laba diém thang hang.

Ciu 25. (Trwong chuyén tinh Ha ndi chuyén toan nam 2019-2020) Cho tam gidc ABC c6 ba géc
nhon (AB < AC), noi ti€p dwong tron (O). Goi diém I 1a tAm dwong tron ndi tiép tam giac ABC.
Tia Al cat doan thang BC' tai diém J, cat dwong tron (O) tai diém th hai M (M khac A).

1) Chirng minh MI° =MJ.MA.

2) Ké dwong kinh MN cta dwong tron (O). Puong thang AN cat cac tia phan gidc trong clia goc
ABC va goc ACB lan lwot tai cac diém P va (). Chitng minh N 13 trung diém cta doan thang
PQ.

3) Ly diém E bit ky thudc cung nhé MC' cta dwong tron (O) (E khac M ). Goi F' 1a diém ddi
xtrng v&i diém [ qua diém E. Goi R 1a giao di€ém cla hai dwong thang PC' va QB. Chirng minh bén
diém P,Q, R, F' cung thudc mét dwong tron.

Lo gii

1.Chitng minh MI* = MJ.MA.
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Chirng minh: ]\/ﬂ?? = %(54\0 + A/l-?\C)

Chéng minh: MBI = %(EEJ N @) — MIB = MI = MB.

Chirng minh: AMBJ d6ng dang véi AMAB (g.g)

S MB_MI e A

MA MB
2Ké dwong kinh MN clia dwong tron (O). Duong thang AN cét cic tia phin gidc trong ciia goc
ABC vagéc ACB lan lwot tai cic diém P va (). Chifng minh N I3 trung diém P().

4

Chitng minh BQ) 1 BP
(Q latdm bang tiép AABC)

= ti gidc BCP(Q) noi tiép.

BNQ = BCA = 2BCQ = 2BPQ
= ABNP cantai N.

Twong tw: ABN(Q) cantai N

= NP = NQ(= NB) = dpem

3L3y diém E bit ky thudc cung nhé MC cta dwong tron (O) (E khac M ). Goi F' 1a diém d3i xing
véi diém [ qua diém FE. Goi R 1a giao diém ctia hai dwong thang PC' va QB. Chung minh bén diém
P,Q,R, F cung thuéc mét dirong tron.

Dia chi truy cip click vao diy # http://www.vungocthanh1984.blogspot.com/ # Trang 184 #%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

PC cat BQ tai R

= ba diém A, M, R thing hang.

BP,CQ cat (O) tai diém thtr hai H,K.

Chirng minh: K 1a trung diém /Q (ching minh twong tw, A va M 1an lwotla trung diém I[P va IR)

Theo tinh chat dwong trung binh:

HKM = POR; HEM = PFR.

T& gidc KMEH noi tiép = tir gidc PQRF noi ti€p = dpcm.

Ciu 26. (Trwdong chuyén tinh Ha Tinh vong 2 nam 2019-2020) Cho dwong tron (O ; R) dwong kinh
AB, M 12 m6t diém nam trén doan AB (M khéng trung A, B). Qua M ké dwong thang (d) vudng géc véi
AB, trén (d) 14y diém C nam ngoai dwdng tron. Ké cac tiép tuyén CE, CF v&i dwong tron (E, F 1a tiép
diém). Goi H, K 1an lwgt 1a giao diém cua CA, CB véi dwdng tron, 114 giao diém cta AK va BH.

a) Chirng minh MC la tia phan giac cua goc EMF.

b) Chirng minh rang ba diém E, |, F thiang hang.
c) Xac dinh vi tri di€ém C dé tAm dwong tron ngoai tiép tam gidc ABC nam trén dwong thing EF.

Loi giai

Dia chi truy cép click vao diy # http://www.vungocthanh1984.blogspot.com/ #% Trang 185 #%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

a) Theo tinh chat tiép tuyén va gia thiét c6 CEO = CFO = CMO = 90".
T d6 5 diém O, C, M, E, F cing nam trén mdt dudng tron duwdng kinh CO.
Tir d6 ¢6 EMC = CMF (do hai géc noi tiép chin hai cung bing nhau).
b) Xét hai tam giac vuong CKI ; CMB, c6 gbc C chung nén ching déng dang

K _ Sl ckCB=CMCI (1),
CM CB
Xét hai tam giac CKF ; CFB c6 goc C chung va KFC =CBF (chdn cung KF) nén ching dong dang

K _CF L cRCB=CF (2).
CF CB

T (1) va (2) = CM.CI=CF’ = % =§—15[ nénA CIF dong dang véi A CFM

— CFI=CMF (3).
Lai c6 CEF = CMF (chin cung CF) va CEF = CFE (tiép tuyén ké tir )
— CFE = CMF (4).

Tir (3), (4) = CFI = CFE nén 3 diém [; E; F thang hang.
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A

D

c) B6 dé : Trong mdi tam giac trong tAm, tryc tAm, tAm dwdng tron ngoai ti€p 1a ba diém thing hang.
Chirng minh

Xét tam gidc ABC c6 tric tAm, tAm dwong tron ngoai ti€p Ian lwot 1a H, O (hinh vé). Goi M trung diém
BC, dwong kinh AD. Ta c6:

- Tt gidc BHCD la hinh binh hanh nén M trung diém DH. Suy ra OM 1a dwdng trung binh tam gidc DAH.

- Goi G giao AM va OH ¢6 % = % =2=AG=2GM nén G la trong tam tam giac ABC hay O, G, H

thang hang.

Ta cé 11a tryc tdm cua tam giac ABC, theo cau (b) c6 [ € EF.

Goi 71a tim dwong tron ngoai tiép tam gidc ABC, G 1a trong tAm tam giac ABC.
Gid sit T € EF nén G € EF (theo b6 dé). Tir d6 1a G giao diém cia CO va EF.

Ap dung hé thitc lwong trong tam gidc vuéng CEOta cé:

OE> = 0G.0C :§OC2 & 0C?=3R> = 0C=R3.

Nguwoc lai néu OC = R+/3, ta can ching minh 7T € EF < cin chtmg minh G e EF (theo b d8).

Goi G’ 1a giao diém cua OC va EF.Theo hé thirc lwong trong tam gidc vuéng EOC, ta cé

_OE_ R _R_1
OC RJ3 3 3

Vi OC 1a trung tuyén cta tam giac ABC va G’ nam gitra A va C nén G’ 1a trong tAm tam giadc ABC suy ra
G'=G=>GeEF.

OE’ =0G'0C =R’ < OG' ocC.

Vay tAm duomng tron ngoai ti€p AABC nim trén dwong thing £Fkhi diém C thudc (d) va OC = R/3.

Ciu 27. (Trwong chuyén tinh Hoa Binh Chuyén Tin nam 2019-2020) Cho dwong tron (O;R), A 1a mét
diém c8 dinh nim ngoai dwong tron, qua A ké duwong thing d vudng goc véi OA. Tir diém B thudc
dwong thang d (B khac A) ké cac tiép tuyén BD, BC véi dudng tron (0) (D, C 1a cac tiép diém). Day
CD cat OB tai N, cat OA tai P.

1) Chitng minh rang: OA.OP = OB.ON = R’
2) Goi E 1a giao diém cta AO véi duwong tron (0) (O nam gitra A va E). Khi B di chuyén trén dwong
thing d, chitng minh trong tdm G clia tam gidc ACE chay trén mot dudng tron c6 dinh.
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Loi giai
B
c
N >% G
E
0 P\ K I A

1.Chira ONP =90’ tir dé suy ra AONP déng dang tam giac AOAB
Suy ra OA.OP = OB.ON
Xét tam giac OCB vuong tai C c6 dudng cao CN nén OB.ON =OC* = R*

2. TacbE, O, A c6 dinh, goi I 1a trung diém AE suy ra diém I ¢d dinh
. , . IK 1 , ... o e
Twr G ké GK song song vé&i OC suy ra 10 = 3 nén dieém K c6 dinh

ma K 1o g 8
oc 3 3

Vay diém G thay déi ludn thudc dwong tron tAm K ban kinh g khong doi

Ciu 28. (Trwong chuyén tinh Héa Binh Chuyén Todn ndm 2019-2020) Cho dwong tron (0) c6 duwong
kinh AB=2R, I 1a trung diém ctia doan OA va diy CD vuéng goéc véi OA tai 1. Goi M 1a diém tuy y

trén cung nho BC, E 1a giao diém ctia AM va CD.
1)Chtrng minh rang: AE.AM = R’

2)Tinh s6 do goc BCD
3)Xac dinh vi tri cia M dé tong (MB + MC + MD) dat gia tri l6n nhit.

Loi giai
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1.Ta cé AAIE ~ AAMB(g - g) = AL = AL 4p apg = apar =22 - g2
AB AM 2

2.Villatrung diém ctia CD ma Bl L CD ={I} suyra ACBD can tai B

Tac6 Cl = RT\B :Bl = %Véyg:ﬁztan@:ﬁ)zmo

3..Hoc sinh 14p luan dé chi ra MC < MD
Trén doan MD 14y diém P sao cho MC = MP

Ta c6 tam gidc MCP déu (CBD = CMP =60° )

Xét ACMB va ACPD ¢6 CM = CP, MCB = DCP = 60° — BCP ;CB = CD
Suy ra ACMB =ACPD (c-g-c) nén DK = BM.

Khi d6 MB +MC +MD = MD +MK +DK =2 MD < 4R

D4u dang thirc x4y ra khi D,0, M thang hang.

Cau 29. (Trudng chuyén tinh Hoa Binh danh cho tit ca cic thi sinh ndm 2019-2020) Cho dwong tron
(O) dwong kinh 4B, diém I nam gitra hai diém 4 va O (I khac 4 va O). Ké dwong thang vudng

goc vioi AB tai I, dwong thang nay cit dwong tron (O) tai M va N. Goi S 1a giao diém cta hai
dudng thang BM va AN, qua S ké dwong thing song song v&i MN , duwdrng thang nay cit cac duong

thing AB va AM lanluottai K vaH.
1)Chirng minh rang tir gidc SKAM noi tiép.
2)Chirng minh rang SA.SN = SB.SM

3)Chirng minh rang KM 1a tiép tuyén cta dwdng tron (O).
4)Ching minh rang 3 diém H, N, B thang hang.

Lovi gidi
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H

1).Xét ti gidc SKAM c6 SKA =90°, SMA = AMB =90° => SKA+ SMA =180

vay tir gidc SKAM noi tiép dwong tron dwong kinh SA.
2).Xét tam ASAB va ASMN cé goc S chung, c6 goc SBA = SNM :%sd;l—]\z

Vay ASAB ~ ASMN (g-g) = 4= _ g4 N = sB.SN.

SB SN

3).Ta c6 MBA = MNA = ésd;m;m = NSK (slt)

Lai ¢6 m:@:%sdasuym@:@:@

Ma OMB + OMA =90° = KMA+OMA =90 chimg t6 KM 14 tiép tuyén ctia (0)
4).Ta c6 H d6i xtrng v&i S qua BK, N déi xirng véi M qua BK
Ma S, M, B thang hang

Suy ra H, N, B thing hang .

Cau 30. (Truwdong chuyén tinh Hung Yén Vong 2 nam 2019-2020) Cho dudng tron (0), ban kinh R,
ngoai ti€p tam gidc ABC c6 ba géc nhon. Goi 44, BB, CC, la cac dwong cao clia tam giac 4BC (4,
thudc BC, B thudc C4, C, thudc 4B). Puong thing AC, cat duong tron (O) tai 4' va C' (4 ndm
gitta 4' va C,). Cac ti€p tuyén ctia duwdng tron (O) tai 4' va C' citnhautai B'.

a) Goi H 1a tryc tAm cla tam gidc 4BC . Chirng minh rang HC,.4,C = AC,.HB,.

b) Chirng minh rang ba diém B, B', O thiang hang.

c) Khi tam giac 4BC la tam gidc déu, hay tinh 4'C' theo R.

Loi giai
a) Hai tam gidc ABH va AAC c6 ZABH = ZAAC=90" va chung géc £HAB, nén dong dang véi nhau
AH

(g-g). Tr d6 suy ra %ZA_C (1)
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Tk gidc AC,AC cb6 LAC,C=LAAC=90" nén ndi tiép.

Suy ra ZHC 4 =ZCAH (cung chin cung AC cua duong tron (ACAC)) va HAC, =£HCA (cung chan
cung AC, cia duong tron (4C 4,C)).

HC, HA

Tw do, tacé ACAH# AACH (g-g).Suy ra L
4 (g-8)- Suy ic AC()
T (1) va (2), taduoc %:H—q hay HB,.A4C, =HC,.AC.

1 11
DPay chinh la két qua cin chirng minh.
b) Theo tinh chat cta ti€p tuyén, tacé OB'L 4'C". (3)
Ta sé chirng minh OB 1 4'C', hay OB 1L AC,.

180° - ZBOC 180° —2/BAC

Do tam gidc OBC cantai O nén ZOB4, = =90" - ZBAC.

Mit khac, do ti gidc AC,AC néi tiép nén £C 4 B=/BAC (cungbuvéi LCAC).
Két hop véi két qua & trén, ta dwgc LOBA, = £C,AB=90" — ZBAC=90".

Do d6 OB L 4C,,hay OB L 4'C'.Kéthop véi (3), tasuyra B, B', O thang hang.

BV

¢) Khi tam gidc 4BC déu thi BO diqua B, B la trung diém ctia 4C va 4'C' L BO.
Goi K lagiao diém BO va A'C, thi K la trung diém cta 4'C".

Do tam giac 4AB,C, déuva OB L AC, nén K ciing la trung diém cua 4C,.
Do tam gidc 4BC déu nén O ciing la trong tim cda tam giac. Suy ra OC, =%OC =%R .

Mat khac, st dung hé thirc lwgng trong tam gidc OC,B vudng tai C, c6 CK la dwong cao, ta cd

OCf_lR

OC? =0K.OB .Suy ra OK =
OB 4

Dia chi truy cép click vao diy # http://www.vungocthanh1984.blogspot.com/ #% Trang 191 #%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

T day, st dung dinh ly Pythagoras trong tam gidc 4'K0O vuong tai K, ta c6

A'K =N OA”-0K? = |R? —iR2 =R—JG.

16 4

Viy A'C'=24'K =———

R15
.

Cau 31. (Trwdong chuyén tinh Hai Dwong chuyén toan nam 2019-2020)Cho dwong tron (0) dwong
kinh AB. Trén doan thang AO 13y diém H bat ki (H khong trung véi A va 0), ké dudong thang d vudng
gbéc voi AB tai H, trén d 14y diém C ndm ngoai dudng tron (0), tir C ké hai ti€p tuyén CM va CN véi
dwong tron (0) (M, N 1a cac tiép diém va M thudc nira mat phang bo d c6 chira diém A). Goi P va Q
Ian lwot 12 giao diém cla cac dudng thing CM, CN véi dudng thang AB. Pwong thang di qua O va
vudng goc véi AB cat MN tai K. Qua K ké dwong thang song song vdi AB, cat CP va CQ 1an luot tai D
va E.

1) Chirng minh t& gidc OMDK la t& gidc nodi tiép va HC 1a tia phan gidc cia MHN

2) Puong thang CK cat dwdng thang AB tai I. Chirng minh 113 trung diém ctia PQ.
3) Chirng minh ba dwong thang PN, QM va CH dong quy.

Loi giai

1) Chirng minh t& gidc OMDK la t& gidc nodi tiép va HC 1a tia phan gidc cia MHN
Vi CM la tiép tuyén ctia dwong tron (0) taiM = OM 1 CM

= OMD = 90°. Twong tw ta c6 ONC = 90°

ViOK L ABmaAB //DE = OK L DE = OKD =90°

Xét tir gilc OMDK c6 OMD + OKD = 180"

= T giAc OMDK la t gidc noi tiép.

Chrng minh t& giac OCMH va ti gidc ONCH la cac t& giac ndi tiép

= 5diém O, H, M, C, N cuing thuéc mot dwong tron

= MHC = MNC va NHC =NMC

Ma CMN = CNM (vi A CMN can tai C)

= MHC = NHC = HC la tia phan gidc caa MHN

Dia chi truy cip click vao diy # http://www.vungocthanh1984.blogspot.com/ # Trang 192 #%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

2) Puong thang CK cat dudng thing AB tai I. Chirng minh 113 trung diém cta PQ.
Vi tir gidc OMDK 1a t& gidc néi tiép = OMK = ODK

—_—

Chirng minh t& gidc OKNE la t& giac noi ti€ép = OEK = ONK

Ma OMK = ONK (Vi A OMN c4n tai 0) = ODK = OEK

= A ODE can tai 0 ma OK L DE = Ka trung diém cta DE.

CK DK
VIDK//Pl = —— = ——
CI PI
VEK//QI:>CK ER
1 —_— =
CI QI
EK DK
= —=—— maEK=DK = QI =
QI PI

= Ila trung diém cua PQ.

3) Chirng minh ba dwong thang PN, QM va CH dong quy.

Goi QM cat CH tai J. Qua C ké dwong thang song song v&i PQ, cit dwong thang QM tai F. Goi duong
thang PJ cat dwong thang FC tai G va cat dwong thang CQ tai N’. Ta chitng minh N = N'

Xét A PMO va A PHC c6 CPH chung va PMO = PHC = 90"

PH _CH
oM

= APMO ~ APHC =

Twong tw tac6 A QON ~ A QCH

ON QN

= AQON ~ AQCH =
Q Q CH OQH

Ma OM = ON, CM = CN nén

PH QNCM PH QN CM CH ON CM _

1(4)
HQ CN'MP PM QH CN OM CH CN
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PH HQ QN' PQ CM CF

VIFG//PQ = - —12. % _ T .V
CG CF'N'C CG'MP PQ

_ PH QN'CM _ CG PQ CF _
HQ N'C MP CF CG PQ

1(5)

PH QN CM _ PH QN' CM _,
HQ CN MP HQ N'C MP

_ =" 4 _
CN N'C ~CN N'C CN N'C

= CN=CN' = N=N'

Twr (4) va (5) suy ra

= PJ di qua N ma CH, QM cung di qua ]
= PN, QM, CH dong quy tai J.

Cau 32. (Trwong chuyén tinh Hai phong vong 2 nam 2019-2020) Cho tam gidc 4BC nhon ndi tiép
dwong tron (0) (AB < AC). Ké dwong cao AH(H € BC) cia tam gidc ABC va ké dwong kinh

AD cta duwong tron (0)

a) Goi M 1atrung diém ctia doan thang DH . Chirng minh OM 1a dwong trung truc ciia doan thang BC.

b) Goi S,T 1a cic giao diém ctia dwong tron (O) vGi dwong tron tAim A bankinh AH; F' 1a giao diém cla
ST va BC. Tir A ké dwong thing vudng géc véi DH tai E. Chitng minh FB.FC = FH* va ba diém

F.,E, A thang hang.

¢) Chirng minh dwdng tron ngoai ti€p tam giac BCM ti€p xtic véi dwong tron tdim A4 ban kinh AH .

Lo gidi
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a)

Tacé OM //AH (Tinh chit dwong trung binh). Ma A4H | BC = OM 1 BC.
= OM la duong trung tryc doan thﬁng BC (dpcm)..

b)

AFTB” AFCS(g.g)= M _IB . FBFC=FTFS (D..
FC FS

FH 1atiép tuyén clia dwong tron tdim A bankinh AH = FT.FS=FH’(2)..
T (1) va (2) = FB.FC = FH"..

Goi E'la giao diém ctia FA v&i (O)= FE'FA=FH* = AFE'H” AFHA(c.gc)

= FE'H=FHA=90" = HE' | AF.Ma DE' | AF = E',H;D = E =E'; dpcm..

c)

Goi 7 1a diém d6i xtrng véi H qua E. Ta c6 AF 1a trung truc clia doan thang HI nén FH = FI va
AH = Al ,nghiala I thudc duong tron tam 4 ban kinh AH ..

AAFI = AAFH (c.cc)= AIF = AHF = 90° = FI tiép xtc véi dwong tron tm A bén kinh AH tai [
2).
AHBE” AHDC (g.g)= % = Z—i = HB.HC = HD.HE = 2HM%H1 = HM HI

= AHBI" AHMC (c.g.c)= HBI = HMC = ti gidc IBMC ndi tiép..
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Lai ¢c6 FI’ = FB.FC (cung bang FH*)= FI tiép xdc v&i dwong tron (IBMC) tai 1. Két hop véi (2)

suy ra dpcm..

Cau 33. (Trudng chuyén tinh Hau Giang chuyén to4n niam 2019-2020) Cho dwdng tron (O') tiép xiic
trong véi dwong tron (0) tai diém A. Cac day cung BC, BD cla dwdng tron (O) tiép xic véi (O')

theo thirtwtai F va F. Goi I 1a giao diém ctia EF véi tia phan gidc cia CAD.

a) Chirng minh rang DAF = %DCB.

b) Chitrng minh rang 7 1a tAm dudng tron noi ti€p tam giac BCD.

Lo gii

a) Goi N la giao diém th hai cia FA va (0).

Dé& thdy O FA = ONA (do AO'FA cantai O' vaido AOAN can tai 0).
Suy ra O F song song v&i ON.

Ma O'F L BD (do BD latiép tuyén cia (O')) nén ON L BD.

o —_

Suy ra N la diém chinh gitta cia cung BD nén DON = BON (1)

Tacé DAF = %DON 2)

Twr (1), tasuy ra BC’\B :% sd Z/)E = D/O]\V 3)

Tir (2) va (3), tasuy ra DAF = %lﬁ (diéu phai chitng minh)
b) Pat CBD = .. Ta c6 CAD =180° —a va 14D = 90° —%.

Tam giac BEF cantai B nén BEF = BFE = 90" —%.

Do dé 127):125:900—%.

Talai c6 EAF = BFE (cung c6 s6 do bang nira s6 do cta cung EF ) nén IAD = EAF.
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Suy ra DAF = IAE.

Do IAC = BEF nén IACE lati giac noi tiép.

Suy ra IAE = ICE (D
Theo két qua trén, ta cé DAF = %lﬁ va DAF =IAE (2)
Tir (1) va (2) suy ra ICE :%EC\B

Do d6 CI la tia phan giac cia géc DCB.
Twong tw, DI la tia phan gidc ctia géc CDB.

Vay 7 la tAm dwong tron nodi tiép tam giac BCD.

Cau 34. (Trwong chuyén tinh Khanh Hoa Vong 2 ndam 2019-2020) Cho hai dwong tron (O) va (O')
khong cung ban kinh, cit nhau tai hai di€m phan biét A va B. Céc tiép tuyén tai A cta (0) va (O')
cat (0') va (0) lan lwot tai C va D. Trén dwong thing AB 14y M sao cho B 1a trung diém doan AM .
a) Chirng minh hai tam gidc ABD va CBA déng dang

b) Chirng minh MB* = BD.BC
¢) Chitrng minh ADMC la ti¥ giac n0i ti€p

Lo gii

a) Xét AABD va aCBA. Cé:

ADB =CAB (Goc ndi tiép va goc tao béi tt va day chin AB ctia(0) )
DAB = ACB (G6c ndi tiép va goc tao bai tt va diy chin AB cla (0Y)
—=AABD dong dang aCBA (g.g)

b) Vi ~ABD dong dang aCBA (ciu a)

Nén: AB_BC hay AB’=BD.BC
BD AB

Ma: B la trung diém AM = MB’ = AB’ =BD.BC (dpcm)
c) Co: MBD = BAD + BDA (G6c ngoai aABD)
MBC = BAC + BCA (G6c ngodi sABC)

Ma: BAD =BCA va BDA =BAC (& ciu a)
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MB_ BC

Nén: MBD =MBC. Lai c6: MB? =BD.BC < — =
BD MB

Suy ra: aABDM « aBMC (c.g.c)

= BDM = BMC.

Xét tir giac ADMC c0:
A+M=BAD+BAC+M

& A+M=BAD+BDA +M

— -

& A +M =DBM + BMD + BMC
& A+M=180° — BDM + BMC
= A+M=180"

Vay: ADMC la ti giac ndi tiép.

C4u 35. (Truwdng chuyén tinh Kon Tum cho tit ca cac thi sinh nim 2019-2020) Cho duwdong tron (O)
duong kinh AB. Trén dwong thang AF 13y diém C sao cho B nam gitra 4, C. Ké tiép tuyén CK vdi
dwong tron (O) (Kla tiép diém ), tiép tuyén tai 4 ciia dwong tron (O) cat dwong thang CK'tai H. Goi
/1a giao diém OHva AK, /1a giao diém cia BHv&i dwong tron (O) (/khong trung véi B).

a) Chirng minh A/ HB = AH.AB.

b) Chirng minh 4 diém B 0, [, /cing nam trén mot duwdng tron.
c) Pudng thing vudng goc véi ABtai O cat CHtai P. Tinh IIL}I—I; — % :

Loi giai

Hinh vé

a)
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Chirng minh : Chirng minh AJ.HB = AH.AB.

AAHB vubng tai A (gia thiét AH1a tiép tuyén ctia dwong tron)

AJB =90° (gbc néi tidp chin nita dwomg tron (0)).

suy ra A/la dwdng cao cla tam gidc AHPB.

Ap dung hé thitc vé canh va dwdng cao trong tam giac vudng AHBta c6
AJ.HB = AHAB.

b).Chitng minh 4 diém B, 0, I, ] cing ndm trén mét dwong tron.

Vi OH1a duwdng trung tric clia doan thing AK (tinh chat hai ti€p tuyén cit nhau) nén OHvudng goc véi
AK = HIA =90

Talai c6 HJA =90° => ti gidc AJJHndi tiép duong tron

— JAH = JIH (gbc nodi tiép cung chin cung /H).

Mt khac JAH = ABH (do ciing phu véi géc AHB)

= JIH = ABH .

Ma JIH +JIO =180° = ABH +JIO = 180"

Vay 4 diém B, 0, [, /cung nam trén mot duwdng tron..

¢).Pwong thang vuong goc vdi AB tai O cat CH tai P. Tinh —?f; — % .

Tacé OP// AH (vi cung vudng goc voi AB)

— AHO = HOP (so le trong)

Ma AHO =OHK (tinh chit hai tiép tuyén cit nhau) = OHK = HOP
Suy ra tam giac HOPcan tai H=> HP = OP (**).

, AH CH
Ap dung dinh 1y Ta let trong tam gidc AHCtacd: ——=—.
p dung dinh ly g g OP _ CP
:>AH—OP_CH—CP

op Ccp
:>AH_1:HP:>AH_HP:1(G,0(M)}

OP CP HP CP

Céu 36. (Trudng chuyén tinh Kon Tum vong 2 nim 2019-2020) Cho dwdng tron (O;R) c6 dwong
kinh AB c6 dinh va dwong kinh CDthay d6i sao cho €D

khong vudng goc ciling khong trung véi AB. Goi dla ti€p tuyén tai 4 clia (O; R) . Cac duwong thang BC

va BD céat dtwong ing tai Eva F
1. Chitng minh rang CDFE1a t gidc noi tiép.

2. Goi M1a trung diém cia EFva K13 tim dwong tron ngoai ti€p ti gidc CDEF, Chirng minh
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rang tir giAc KMBO1a hinh binh hanh.
3. Goi Hla truc tAm tam gidc DEF, chirng minh Aludn chay trén mot dwong tron cd dinh.

Loi giai
Hinh vé
OV
W -
RN
B
s 0
O
M L. : o F
| D Al A T
K:

1).Vi CD la dworng kinh nén CBD = 90°

Do d6 BEF = ABF (gbc c6 canh twong trng vudng goc cung nhon)
Ma ABF = ODB (OB =0D =R)

Nén BEF =ODB .Do d6 ti& gidc CDFEnoi tiép dwong tron

2).Goi Qla giao diém cia BMva CD

Tam giac BEFvubng tai Bnén BM = ME = MBE = MEB (D

Tam gidc BCDvuodng tai Bnén BCD + BDC =90° ma BDC = BEF
(chtrng minh ciu 1) nén BCD+ BEF =90° (2)

Tir (1) va (2) : BCD+ MBE =90°= BOC =90° hay BM 1 CD

K1a tAim dwong tron ngoai ti€p t giac CDFE, O 1a trung diém €D, nén KO 1 CD = KO//MB (cung
vudng goc vai CD) (3)

Ta c6 M1a trung diém EF,nén KM | EF va BA 1 EF
— KM //AB hay KM / BO (4)
Twr (3) va (4) suy ra KMBOla hinh binh hanh
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3).Hla trwc tam tam gidc DEF,dodé HD 1 EF ,suyra HD//AB

Twong tw BH //AD (cung vudng goc BF)

Do d6 BHDAla hinh binh hanh nén BH = AD

Mat khac BDACIa hinh chit nhat nén AD = BC= BH = BC (5)

Liy 0’d6i xirng véi Oqua Bta c6 BO’= BO (6) vdi O’cd dinh vi 0, Bcb dinh
Twr (5) va (6) suy ra HO’CO la hinh binh hanh nén O'H = 0C =R

Vay H chay trén dwong tron c6 dinh (O’; R)

Ciu 37. (Trwong chuyén tinh Kon Tum vong 2 nam 2019-2020) Cho hinh chit nhit ABCD cé
AB=24a,BC = a+/2 . Liy doan AB 1am duong kinh, dung vé

phia ngoai hinh chit nhat nira dwong tron. Piém M thudc nira dwong tron dé. Cac dwdong thang MD,
MC

AL’ +BN*

B 1.

cit AB Ian lwot tai N, L. Chirng minh

Loi giai

Cho hinh chit nhat ABCD c6 AB=2a,BC =av2. Lay doan AB lam dwong kinh, dwng vé phia ngoai
hinh chit nhat ntra dwdng tron. Diém M thudc nita duwdng tron dé. Cac dwong thang MD, MC cit AB lan
ALZ +BN?

AB*

lwot tai N, L. Chitng minh 1.

Goi A, Qlan lwot 1a giao diém cia CDvéi MAva MB.
batPD=x,;CQ =y
Tacé: APD = Q/Bz“ (gbc co cap canh twong rng vudng goc)

PD BC x a2
= C} =
AD OC a2y

= AAPD ~ AQBC = & xy=2a’

PC’ + 0D’ :(x+2a)2+(y+2a)2 :xz+yz+4a(x+y)+8a2
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:(x+y)2 +4a(x+y)+8a2 —2xy
(ery)2 +4a(x+y)+4a2 =(x+y+2a)2 = PQ’ (1)

MN ML MA MB AL BN _AB
MD MC MP MQ PC QD PQ

Ap dung dinh Iy Tales, ta c6 :

. AL BN® AB* AL’+BN® AL+ BN’
PC* QD> PO’ PQ*+0D’ PO’

(do (1))

AL + BN’

= AB* = A’ + BN* = 1.
BZ

Cau 38. (Trwong chuyén tinh Lao Cai Vong 1 ndm 2019-2020) Cho dwdng tron (0) va diém M nam
ngoai dwong tron (0). Ké hai tiép tuyén MB, MC (B va C 1a cac tiép diém) v&i dwong tron. Trén cung
lom BC 14y diém A sao cho AB < AC. Tir diém M ké dwong thang song song véi AB, duwong thiang nay
cat dwong tron (0) tai D va E (MD < ME), cat BC tai F, cat AC tai .

a)Chirng minh t& gidc MBOC ndi tiép.
b) Chirng minh FD. FE = FB. FC; FI. FM = FD. FE

c) Puong thang OI cit dwong tron (0) tai P va Q (P thudc cung nhé AB). Pudong thang QF cit dwong
tron (0) tai K (K khéac Q). Chitng minh 3 diém P, K, M thing hang.

Lo gii

a).Ta c6: MB; MC thr tw 1a cac tiép tuyén caa dwong tron (0)

= MBO = MCO = 90"

Xét ti gidc MBOC c6 tdng hai géc d6i: MBO +MCO =90° +90° =180°
Suy ra tr giac MBOC noi tiép.

b). AFEC ~ AFBD (g.g) = L. % — FE.FD = FB.FC

FC

Vi AB//EM=> FIC = BAC ( 2 gbc dbng vi)

Trong dwong tron (0), ta co: CBM =BAC (= %sdl}_&’)

Suy ra: CIF = CBM
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FI FB .
AIFC ~ ABFM (g.g)=—~=—-= FLFM = FB.FC ma FE.FD = FB.FC (cmt)

Suy ra: FI. FM = FD. FE
©)

Xét tr giac CIBM, c6 hai dinh I va B ké nhau cung nhin canh MC dwéi mét géc khong doi:
CIM = CBM (cmt)

= tir giac CIMB ndi tiép
Ma t& gidc COBM ndi tiép
Suy ra: 5 diém C, I, O, B, M cung thuéc mot dwong tron.

— OIM = OBM =90°

FO FB
AFOC ~ AFBK (g.9) = —==-""= FO.FK = FB.FC
(@) (g.2) FC-FK (@)

Ma FI.FM = FB.FC (cmt)

Suy ra: FI.FM = FO.FK
= AFIQ ~ AFKM (c.g.c) = FKM = FIQ = 90"
Lai c6: PKO=90" ( goc ndi tiép chin nira dt (0))

Ta c6: FK@+ FKM =90° +90° =180° = 3 diém P, K, M thang hang.

Ciu 39. (Trwong chuyén tinh Lim Dong vong 2 nam 2019-2020)

Cho dwong tron (0) dwong kinh BC. Piém A thudc dwong tron (0). Ké AH 1 BC(H € BC). Goi I, K
theo thir tw 12 tAm dwong tron ndi ti€p cla cac tam gidc AHB, AHC. Pwdng thang IK cat AB, AC lan
lwot tai M, N.

a) Chtirng minh tam gidc AMN vudng can.

b)Chirng minh S ,,,, < %SABC (S » S 1an lwot la dién tich cac tam giac AMN va ABC).

Loi giai
a)
Chtng minh dwoc BAC = 90°
Suy ra tam giac AMN vuong tai A
Goi J 1a giao diém cuia BI va CK.
Chirng minh dworc AJ la tia phan giac ciia goc MAN
Chirng minh dwgc tam giac ADC can tai C, suy ra duwoc KJ L AI
Chirng minh dworc ] la truc tam tam giac AIK
Suy ra dwgc AJ 1 MN

Chirng minh dwoc tam gidc AMN vudng can tai A
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Chting minh dwoc AAMI ~ AAHI(MAI = IAH; AMI = AHI = 45°)
Suy ra dwgc AM = AH

Chirng minh dwoc AH < AO; AO = %BC

Tinh dwoc S, =%AM.AN:%AH2

S isc =1AH.BC
2
1
Suyraduwoc S, < ESABC
A
B - C
Do H

C4u 40. (Trwong chuyén tinh LAm Pong vong 2 ndm 2019-2020) Cho dwong tron (0; R). Hai day AB,
CD song song vé&i nhau sao cho tAm O nam trong dai song song tao bdi AB va CD. Biét khoang cach
gitra hai day d6 bing 11 cm va AB =10~3cm, CD = 16 cm . Tinh R.

Loi giai

Ké OM 1 AB,ON 1 CD .Ching minh dwgc M, O, N thang hang
Str dung tinh chat dwong kinh va day tinh dwoc:

MB =53 cm; ND=8 cm

Goi OM = x;

Dung dinh ly Pytago dworc hé thirc:

R =53 +x* =8 +(11-x)’
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Tim dwgcx=5cm

Suyra: R =10cm

Cau 41. (Trwong chuyén tinh Nam DPinh cho 16p chuyén KHTN nam 2019-2020) Cho hinh binh hanh 4ABCD
(BD < AC). Puong tron(O) dudong kinh AC cdt cac tia AB, AD lan lwot tai H, I khac A. Trén day HI
14y diém K sao cho HCK = ADO. Tiép tuyén tai C cla duong tron (O)cat BD tai E (D nam giita B, E
). Chitng minh rang:
AO.KC

OB

2) K latrung diém cia doan HI.
3) EI.LEH +40B’ < AE”.

1) ACHK# ADAO va HK =

Loi gii

C

1).Xét ACHK va ADAO, c6 HCK = ADO va KHC = DAO .
nén ACHK# ADAO (g-g)..

HK KC
Suyra —=—-..
AO DO
Ma OB =0D suyra HK.OB = AO.KC = HK = AOo.gC. .

2).Ttr ABCD 1a hinh binh hanh va O 1a trung di€ém ctia AC suy ra B,0,D thang hang, tir d6 suy ra
AOD+ AOB =180° (1) .

Ma IKC + HKC =180° va AOD = HKC (vi ACHK# ADAO ) két hop véi (1) ta suy ra dwoc AOB = IKC

Chirng minh dwoc AAOB# AIKC (vi AOB = 17(??,1;-4?) = 1?1?7)

AOKC

Suyra K7 =
OB

(2) .

AO.KC
OB

Tirciu 1, tacé HK =

3).

Tl (2) va (3) suy ra HK = IK hay K latrung diém ctia doan HI. .
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3).Chirng minh dwoc IKC = AOB = COE .

Taco

AOB = COE, COE + OEC =90

— OKC +OEC = OKI + IKC + OEC = OKI + COE + OEC = 180°

Chirng minh t& giac CKOE noi tiép dwong tron..

Suy ra dwoc OKE = OEC =90° tlr d6 suyra EK | OK, kéthop voi IK L OK.
Nén 4 diém H,K,I,E thiang hang..

Chirng minh AECI# AEHC (vi HEC chung, ECI = fﬁi‘)

Twr d6 suy ra

EI.LEH = EC?
= AE* - AC?
= EI.LEH + AC? = AE*

Ma BD < AC,0B=0D nén EI.EH +40B’> < AE* (dpcm)..

Ciu 42. (Trwong chuyén tinh Nam Pinh chuyén todn nim 2019-2020) Cho tam gidc nhon ABC (véi

—

AB < AC) noi tiép dwong tron tAm O. Pwong phén gidc trong va dwong phan giac ngoai cia BAC
cit duong tron (O) lan lwot tai D va E (cung khac 4). Goi G 1 hinh chiéu vudng géc cla E lén

canh AC, goi M va N twong rng 1a trung diém cda cac doan thang BC va BA. Goi K 1a trung
diém cua doan thang GM , H 1a giao diém cia dudong thang 4B va duong thang MG, F 1a giao

diém ctda dudong thang MN va dwong thing AE.
a)Chirng minh rang hai duwomg thang 4D va GM song song.
b)Chirng minh FH = MC'.

¢)Chtitng minh KE + KN < J2.EN .

Lo gii

=1

a)
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+ C6 AD, AE la cac phan gidc trong va ngoai ctiia géc Z?AY? nén chung vudng goc, suy ra ED la dwong
kinh cta (0)

+ Lai c6 D 1a diém chinh giita ciia cung nhé BC cua (0) nén c6 OD vudng géc véi BC tai trung
diém M .Vay D,M,O, E thdng hangva DE 1 BC.

+ Xét tir gidc EGMC c6 EGC = EMC =90° nén EGMC 1a tix giac ndi tiép.
+ Suy ra @\Gzl%\G,laicé ECG = EDA nén E%zbflil,suyra GM || AD.
b)

+ AE 1L AD va MG || AD nén MG L FE .Laicé EG L AC va MF || AC nén EG L MF . T d6 suy ra
G la tryc tam tam giac MFE ,do d6 FG L ME hay FG 1 DE.

+ C6 FG||MC (vi cung vudng goc véi DE), FM ||GC nén FMCG la hinh binh hanh, suy ra
FG=MC.

+ T AE la phan gidc cta ]-m va HG 1 AE suy ra duong thang AE 1a duwdng trung truc clia doan
HG.

Suyra FH = FG .Vay FH = MC'.
©)

+ TirEZBz@ (vi cung cong voi ECB ra 180" ), ABE = GME (vi cung bang @), suy ra
AEAB # AEGM (g-g).

+ C6 N va K la cac trung diém cuda hai canh twong tngla AB va GM nén Eﬁ(?? = m, suy ra ti
gidc EKNH la t giac noi tiép.

+ Lai c6 AHE = AGE =90’ (do H,G d6i xtrng nhau qua AE ) nén dan dén NKE =90".

C6 NE’=EK’+KN’. Ti 2(KE*+KN*)2(KE+KN) 6 2NE’>(KE+KN)  hay
KE+ KN < NE\/E, vay c6 Ppcm.

Cau 43. (Trwong chuyén tinh Nam Pinh 16p chuyén KHXH ndm 2019-2020) Cho tam gidc ABC vudng tai 4, dwong
cao AH (H € BC). Buomg tron (O) dwongkinh HC cat canh AC tai N. Tiép tuyén voi duong tron (O) tai
N citcanh AB tai M. Chirng minh rang:

1) T gidc BMNC lat giac noi tiép.

2) AMH =90

3) BMNHC +CNVBH = AHVBC.

Loi gidi
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B
i)
M
0
A N ¢

1).Tacé HNC =90° = HN || AB= AMN = MNH (1).
Lai c6 BCN = MNH (2).

Tir (1) va (2) suy ra AMN = BCN .
Do d6 t& gidc BMNC ndi ti€p dwong tron..

2).Chira AH latiép tuyén ctia dwong tron (O) tai H = AHN = HNM .

— AHN = AMN. Suy ra tir gidc AMHN noi tiép. .

Nén ANH + AMH =180° .

Lai c6 ANH =90° = AMH =90'. .

3).Tam gidc ABC vudng tai 4, dwong cao AH nén tacéd
CH.BC = AC* va BH.BC = AB’.

BM~CH +CN~NBH = AH\BC

< BM~NCH.BC +CN~NBH.BC = AH .BC.
< BM.AC+CN.AB = AH.BC

Chirng minh dwgc AMHN la hinh cht nhat nén AM = HN, AN = MH do dé
BM.AC+CN.AB = (AB—AM).AC+(AC—AN).AB
=2.AB.AC— AM .AC - AN.AB

= 4SAABC - 2SAAHC - 2SAABH
= 2SAABC

Laic6 AH.BC =2.5, .- Suy ra diéu phai chirng minh..

Cau 44. (Trwong chuyén tinh Nghé An chuyén toan nam 2019-2020) Cho tam gidc nhon ABC
(AB < AC) noi ti€p dwong tron (0) Goi E la diém nam chinh giita ctia cung nhd BC. Trén canh
ACldy diém M sao cho EM = EC, dwong thiang BM cat duong tron (O) tai N (N khac B). Cac
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duwong thing EA va EN cat canh BC lanlwottai D va F .
a)Chirng minh tam gidc 4EN dong dang v&i tam giac FED.

b)Chitrng minh M la tryc tam cda tam gidc AEN .
c)Goi / la trung diém ctia AN, tia IM cat dwong tron (O) tai K. Chirng minh dwong thang CM la

ti€p tuyén ctia dwong tron ngoai ti€p tam giac BMK .

Loi giai
a)
Co6 EDF = 180° BDE (hai goc ké bu)
= EDF=180°-DEC DCE=ANC DCE =ANC ENC = ANE (Do cung DE = EC)

Suy ra ADEF dong dang véi ANEA

b) Ta c6 EB = EC = EM do E la diém chinh gitra cung BC va theo gia thiét EM = EC . Mdt khac AE
12 tia phan gidc BAM suy ra AE 1a trung truc doan thang BM hay vudng goc véi tia NM

Chirng minh twong tw thi NE 12 tia phan gidc ctia BNC, suy ra NE 1a dwong trung truc cia doan thang
MC hay NE vudng gocvoi AM .

T hai diéu trén ta c6 M 1a trwc tAm ctia AAEN

c)

Goi giao diém clia AM véi EN1a X, cua BN voi AE1aY

Goi giao diém ctia /M véi dwong tron (O) 1a T. D& thdy rang ATNM 1a hinh binh hanh nén 7N vudng
gbcvoi EN suyraET 1a dwong kinh dwong tron (O)

= EKT=90°hay MKE=90°hay K thudc dwong tron dwdng kinh EM , suy ra nam diém X, Y, M K, E
cung thudéc mot dwong tron

Tac6 KMC = KMX = XEK = NEK = NBK(do tit gidc MEKX noi tiép)

Suy ra CM la tiép tuyén dwong tron ngoai ti€p tam gidc BMK

Ciu 45. (Trwong chuyén tinh Ninh Binh chuyén todn nam 2019-2020)Cho dwdng tron tam O ban
kinh R. Day cung BC c¢& dinh, khong di qua tAm O. Piém A di chuyén trén cung lén BC sao cho tam
gidc ABC nhon. Cac dudng cao BM, CN clia tam gidc ABC cit nhau tai H, goi 1 1a trung diém cta BC.

1. Chitrng minh AH =2.0I.
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2. Chirng minh khi A di chuyén trén cung I6n BC sao cho tam gidc ABC nhon thi H di chuyén trén mot
cung tron co dinh, hay chi ra tim va ban kinh cta cung tron doé.

3. Khi BC = R+/3, chitng minh AM.NH + HM.NA = OLBC.

Lo gii
B'
M
.G
I
C
Q
K

1.

Ké dwong kinh AQ cta (0). Ta cé A/B\Q:A/-CT):%O (géc noi ti€p chan nira duwong tron). Suy ra:
AB 1. BQ,CQ L AC.

Ta c6 BH L AC,CQ L AC= BH//CQ.

Twong tw ta c6 CH//BQ. Suy ra BHCQ la hinh binh hanh. .

Ma I la trung diém ctia BC nén [ dong thoi l1a trung diém cta HQ.,

Xét AAQH c6 Ol la dwong trung binh. Do d6 AH =20I (d.p.c.m).,

2.

Cach 1: Ly K doi xtrng v&i O qua I suy ra OK =201=AH ..

Lai c6 OK//AH (cung L BC) nén suy ra AHKO la hinh binh hanh.

Do d6 KH = OA =R khéng doi..

Do O, I ¢c6 dinh nén K ¢6 dinh. Do d6 H di chuyén trén dwong tron tim K ban kinh R..

Gi¢i han: Ké cadc dwong kinh BB’, CC’ ctia (O;R). D€ tam giac ABC nhon thi A thudc cung nhé B'C’ (trir
B,C").

Khi A =C' thi tam gidc ABC vudng tai B, H =B.
Khi A =B’ thi tam giac ABC vuéng tai C, H=C.

Vay H di chuyén trén cung BC cta dwdng tron (K; R) thudc nira mit phang bo BC chira diém A (trir hai
dau mit B, C)..

Cach 2: Goi giao diém ctia tia AH véi BC va BC nhd lin lwotlaDvaE.

ViH la tryc tam tam giac ABC nén AD 1 BC.

Ta c6: BEA = BCA (hai g6c noi tiép cuing chan AB ctia (0)).
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Ma BCA = BHE (ciing bu MHD).

Nén BEA = BHE => AHBE cén tai B

= Puwong cao BD dong thoi 1a dwong trung trwc cia HE

= H va E d6i xitng nhau qua BC ..

Khi A di dong trén BC 16n clia (O;R) sao cho AABC nhon thi E di dong trén BC nhé ciia (O;R) (trw
hai diém Bva C). Do d6 H di dong trén BmC dbi xirng voi BC nhé ciia (O;R) qua dwong thang BC.

Goi Kva r I4n lwot 1a tAm va ban kinh cia BmC ta cé: r = R va K 1a diém déi xirng cua O qua dwong
thang BC..

Gi&i han: Ké cac dwong kinh BB’, CC’ cia (O;R). D€ tam gidc ABC nhon thi A thudc cung nho B'C' (trir
B,C").

Khi A =C' thitam gidc ABC vuéng tai B, H=B.

Khi A =B’ thi tam giac ABC vuéng tai C, H=C.

Vay H di chuyén trén BmC cua dwong tron (K; R) thudc nira mat phang bo BC chira diém A (trir hai
dau mut B, C)..

3.

Cach 1:Taco BI:%:RT\E.

Bl 3

Xét tam giac BIO vudng tai [ c6 sin BOI= BO = X Suy ra BOI = 60°.

Tam gidc BOC cin tai O c6 OI la dwong cao nén OI dong thoi la dwong phin giac cua
BOC = BOC =120° = BAC === = 60°.

Xét tam giac ABE vuong tai M, BAM = 60".

Suy ra AM = AB.cosA = AB.cos60° = %

Twong tw c6 AN = AC.cosA = AC.cos60’ = ATC

Do d6 AM.NH+HM.NA = AB'NH;HM'AC (D).

Goi giao diém ctia AH va BC1a D, vi H 1 trwc tAm tam giac ABC nén AD 1 BC
Do d6: AB.NH+ ACHM =28, ;s +2.S,,sc =AH.BD+AH.CD = AH.BC (2).

Twr (1) va (2) suyra AM.NH +HM.NA = AHZ'BC .

Ma AH =2.10 nén AM.NH+HM.NA =OIBC.
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—  BI 3

Cach 2: Xét tam giac BIO vuéng tai I c6 sin BOI = BO = - Suy ra BOI = 60°.

Tam gidc BOC cin tai O c¢6 OI la dwong cao nén OI dong thoi la dwong phin giac cua
BOC = BOC =120° :>]§A\C=¥=60°..

T gidc AMHN noi tiép nén dp dung dinh ly Ptolemy ta co:

AM.NH + HM.NA = AH.MN.

Ma AH =20I nén AM.NH + HM.NA =20LMN (1)..

MN:AM'MéAM

AAMN <> AABC nén =COsA = l, suy ra BC=2MN (2)..
BC AB 2

Twr (1) va (2) suyra AM.NH+HM.NA =0OLBC..

Cau 46. (Trwong chuyén tinh Phi Yén Vong 2 nim 2019-2020) Cho hai dudng tron (O) va (O') cit
nhau tai M, N .Ké day MA cua dwong tron (O) tiép xtc vai (0') va day MB cta dwong tron (0')
ti€p xic véi (O) Puwong tron ngoai tiép tam gidc MAB cat dwong thang MN tai P (P khac M ).
Chirng minh rang PN = MN..

Lo gii
oI 1 MA

Goi /1a tim dwong tron ngoai ti€p tam gidc MAB . Khi dé, .
O'l L MB

OI|0'M

Xét t giac MOIO' c6 .
O'l||OM

Suy ra. t gidc MOIO' 1a hinh binh hanh..

Goi J=0O'ONMN,K=MINO'0O.

Vi MOIO' 1a hinh binh hanh nén KM = KT .
MN =(0O)N(O'

Ta co, ( ) ( )
J=MNNOO'

Suy ra, KJ la dwdng trung binh cta tam gidc MIN . Do do,
KJ||IN = IN L MN .

= J la trung diém MN .
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Tam giac IMP cantai [ c6 IN L MP,suyra N latrung diém MP.

Cau 47. (Trwong chuyén tinh PTNK ( VONG 1 ) nim 2019-2020) Hinh chit nhat 4BCD néi tiép
duong tron (7°) ¢6 tdm O, ban kinh R =2a. Tiép tuyén ctia (7) tai C cit cac tia AB,AD lan lwot
tai E,F.

a)Chtrng minh rang AB.AE = AD.AF va BEFD 1a t giac ndi tiép.

b)buong thang d qua 4, d vubng géc véi BD va d cat (T), EF theo thi tw tai M, N (M = A).
Chirng minh rang BMNE 1a tir gidc ndi tiép va N 1a trung diém cta EF .

¢)Goi 7 la tAm dwong tron ngoai tiép tam giac BEF . Tinh IN theo a.

Lo giai
a)Theo tinh chit ctia goc tao badi ti€p tuyén va diy cung va gdc ndi tiép, ta c6 ZDCF = ZDAC (cung
chin cung DC cta dwdng tron (7)). Lai c6 £ZDAC=/ADB (tinh chit hinh chi nhat) va
ZDCF = ZAEF (ddngvi) nén ZAEF = /DCF = /DAC = ZADB.
Xét tam giac ADB va tam giac AEF, ta c6 goc DAB chung va ZAEF = ZADB (chirng minh trén) nén
AADB -~ AAEF (gbc - goc). T d6 suy ra j_l; = %, hay AB.AE = AD.AF .

Bay gity, do Z/BEF = /AEF = Z/ADB nénta c6 ZBEF + /BDF = /ADB + /BDF =180°.
Tt d6 suy ra tir gidc BEFD ndi tiép.

b)Theo tinh chit cta géc noi tiép, ta c6 LAMB = ZADB (cung chin cung AB cua dwdng tron (T)). Lai
c6 LADB = ZAEF nén ZAMB = ZAEF .

Tir day, ta c6 ZBEN + ZBMN = ZAEF + Z/BMN = ZAMB + /BMN =180°. Suy ra ti gidc BMNE ndi tiép.
Bay gi®, do AN L BD nén ta c6 ZNAE =90~ ZABD = /DBC = ZADB = ZAEF = ZAEN . Do d6 tam
gidc NAE cintai N,suyra NA=NE(1).

Mit khac, do ZNAE =/AEN,/NAE =90°—-/NAF va ZAEN=90"—-ZAFN nén ta ciling c6
ZNAF = ZAFN , suy ra tam gidc NAF cantai N.Tir d6tacoé NF = NA(2).

Ti (1) va (2) tasuyra NE = NF, tirc N 12 trung diém cta doan EF .

c)Do N la trung diém cia EF va I 1a tim dwong tron ngoai tiép tam gidc BEF nén NI 1 EF . Lai c6
EF 1atiép tuyén tai C ctia dwong tron (7) va AC 1a dwdng kinh ctia dwong tron (7)) nén AC L EF .
Tir d6 suy ta AC//NI, tirc AO//NI(3).

Do t& gidc BEFD ndi tiép nén D thudc dwdng tron ngoai tiép tam giac BEF . Talai c6 O la trung diém
cida BD va [ la tAm cta dwong tron ngoai tiép tam gidc BEF nén /O L BD.Ma NA L BD (theo gia
thiét) nén 1O //NA(4).

Tir (3) va (4) ta suy ra tir gidc ANIO 13 hinh binh hanh. Tir d6 IN = 04 =2a.
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Cau 48. (Trwong chuyén tinh Quang Nam Vong 2 nam 2019-2020) Cho tam giac nhon ABC
(AB< AC) noi tiép dwong tron (0) va co truc tam H.
Ba diém D, E, F Ian lwot 1a chin cac dwong cao vé tir A, B, C cia tam giac ABC. Goi I 1a trung diém cia
canh BC, P 1a giao diém cta EF va BC. Pudng thang DF cat dwdng tron ngoai tiép tam giac HEF tai
diém th hai 1a K.

a) Chirng minh PB.PC = PE.PF va KE song song véi BC.

b) Puong thing PH cit duwdng tron ngoai ti€p tam gidc HEF tai diém thi hai 1a Q. Chirng minh tir giac
BIQF noi ti€p dwong tron.

Lo gii

a).Tw giac BCEF cé:

BEC = BFC =90° (GT)

= BCEF la t gidc noi tiép

= Ci =E

APBE va APFC cé: EPC chung ; Ei =G
— APBE ©® APFC (g-g)

= PB_PE = PB.PC = PE.PF
PF C

Tw giac BDHF co:

BDH = BFH = 90° (GT)
= BDH + BFH =180°

= BDHF la t giac ndi tiép

:>]§1=1’51
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: X 0 RN . AH
Goi ] 1a trung diém cda AH. Dé thay A HEF noi ti€p dwdng tron (J;Tj

T gidc HEKF noi ti€p dwong tron (J)

— F, = HEK (:1800—@\1()

Ma B, = F) = B, = HEK

— KE // BC

b).Trudc hét, ta chirng minh DIEF la t gidc ndi tiép
Cdch 1:

Tt gidc BCEF ndi tiép = Bi = HFE

Ma B, = F; = DFE = 2B, (1)

A EBC vudng tai E, dwong trung tuyén EI

:>IB:IE=%BC:>AIBE cantail

—1,=2B (tinh chat gc ngoai cla tam giac)(2)

Tir (1) va (2) = 1, = DFE
= DIEF la t giac noi tiép

Cdch 2:
Chirng minh dwoc IEH = B, = HFE = [EH = %sdl,{—l::

= EI 12 tiép tuyén cua ())

e~~~

= IEF = EAF = BHF = D,

= DIEF la t gidc ndi tiép

Dé chitrng minh APDF ¢? APEI (g-g)
= PD.PI = PE.PF

Dé chirng minh APHE ¢ APFQ (g-g)
= PE.PF = PH.PQ

PD PH
— PD.PI=PHPQ = - —=-—
PQ PI

— APDH © APQI (c-g-c) = PHD = PIQ
Lai cé PHD = A/H\Q = A/F\Q

= AFQ =PIQ
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= BIQF la t gidc noi tiép.

Ciu 49. (Trwong chuyén tinh Quang Ngi chuyén toin nim 2019-2020) Cho dwdng tron (O;R)cé
hai dwong kinh 4B va CD vudng goc vdi nhau. Goi M 1a diém di dong trén doan thang OB ( M
khac O va P).Tia CM cat duong tron (O) tai N; DB cit CN tai P; AN cit CD tai Q

a) Chirng minh PQI 4B

b)Chirng minh ACAQ d6ng dang véi AAMC, tir d6 suy ra dién tich ti gidc ACMQ khong d6i khi M
di dong trén doan thang OB
2
¢)Chirng minh hé thirc — o (CNJ
AM \ AN
d)Xac dinh vi tri cia difm M trén doan thing OB dé NQIa ti€p tuyén ctia dwong tron ngoai tiép
tam gidc CPQ.Tinh OM theo R trong trwong hop dé

Loi giai
—_ —_ —~ —~ A A_ 0
a)Vi 4B1CD nén CA=CB= D,=N, nén tir giac PODN noi tiép = PND+POD =180" |5
PND=90" = POD =90 = PQ L CD = PQII AB_

b)Xét hai tam giac CAQ va AMC

ACQ = MAC = 45°
CAQ = AMC (do sd AC +sd BN = sdBC +sd BN)
Vay ACAQwAMAC(g—g)

4 _Co_

= AM.CO = AC* =2R?
AM  AC

AM.CQ _AC* 2R _ .,
2 2 2

c)TacéACAQmAMAc(g—g):CA 0_49 _, 0 (AQJ (D

T gidc ACMQ c6 AM 1 CQO = SACMQ

AM  AC MC AM  \ MC

ACOM - ACND(g—g) (vi DCN chung, COM = CND =90")

Suy ra M _CO _ cM.CN=2RR=2R"
CD CN

Twong tw: AQ.AN =2R’

40 _CN
Vay CM.CN = AQ.AN =
g o e an @
. . co (CN
Tw(1)va(2)suyra —==| —
(1) va @) suyra <2 (ANJ
d)Ta c6 tir giac TCPN noitisp = PON =PDN

Ma PDN = BCN nén FQTV = BCN

NQ la tiép tuyén clia dwong tron ngoai ti€p ACPQ khi FQTV = @
Do dé B/C’]\V=@ hay BN =ND

Suy ra CN la phan giac ctia géc OCB

Tan giac BOC vudéng can tai O = BC = OB\2 =R\2
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oM oC R 1

MB CB RV2 2

Vi CM la phan gidc cia tam gidc BOC nén

Ta cé 0M+MB=R:>0M=R(J§—1)

Vay khi OM = R(\/E - 1) thi NQla tiép tuyén ctia dwong tron ngoai ti€ép ACPQ

C3u 50. (Trwong chuyén tinh Qudng Ninh Vong 2 nam 2019-2020)Cho dwong tron (O; R), duwong
kinh 4B, diém M ndm trén doan OB (M khac O va B). Tl M ké dwdng thang vudng goc voi AB
cdt (O)tai hai diém C va E. Goi F 12 hinh chiéu ctia C trén AE va I la hinh chiéu ctia M trén CF

. buong thang A/ cat (O) tai diém thir hai H .

a) Chirng minh t& giac CIMH ndi tiép;

b) Tiép tuyén tai C cta (O) cat duong thing 4B tai D. Goi (O,) la dwong tron ngoai tiép tam giac
CHD (diém O, 1a tim dwdng tron). Chirng minh dwong thing BD 1a tiép tuyén cia (O, );

R2

c) Goi O, la tam dwong tron ngoai ti€p tam giac HMD . Biét OM == tinh dién tich tam giac

00,0, theo R.

Lo gii
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o1

02

a)

Chira IM //AE suyra Aﬁ=§4ﬁ,
Mém:ﬁlnén@:]\ﬁ,
Suy ra ti gidc CIMH ndi tiép.

b).Chi ra dwoc ED la ti€p tuyén ctia (O) suy ra HED = HCE. (D

Do ti gidc CIMH néi tiép nén CHM =90°suy ra HCM +HMC =90°. Ma HMD + HMC =90° nén
CHM = HMD . (2)

Tir (1) va (2) suy ra HED = HMD nén t& gidc EMHD noi tiép.

Do d6 HDM = HEM ma HEM = HCD nén HDM = HCD.
Tl d6 chitng minh dwoc BD 1a tiép tuyén ctia (O,).

¢).S& dung tinh chit dwong noéi tdm vudng goc véi day chung ta ¢6:00, L HE, 0,0, L HD va do
EH 1 HD suyra OO, 1 O,0,.

Chira COM =45" suy ra CAE = 45" nén 0,00, = 45°. Tam gi4c 0,00, vudng can tai O, .
Chi ra t& gidc OCDE 1a hinh vudéng canh Rva O, la trung diém cta DE .

5R? 5R?

Tinh dwoc 0,0° = .Vdy dién tich tam giac 00,0, la =

C4iu 51. (Trwong chuyén tinh Son La Vong 2 nam 2019-2020) Tt mot di€ém / ndm ngoai dwdng tron
(0) ké hai tiép tuyén [4vaIB dén duong tron (A, B 1a cac tiép diém). Tia Ix nam giita hai tia /4
va IBva Ix khong di qua tAm O, tia Ix cat dwong tron tai hai difm C va E (E nam gitra C va [),
doan /O cat doan thang AB tai M. Chirng minh rang:

a)T& gidc OMEC noi tiép duoc trong mot dwong tron.

b) AMC = AME

MBY IE
O 2= | ==
MC) IC

Lo gii
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Tty mot diém I nam ngoai dwong tron (0) ké hai tiép tuyén IA valB dén dwong tron (A, B la cdc
tiép diém). Tia Ix ndam giita hai tia IA va IB va Ix khéng di qua tim O, tia Ix cadt dwong tron tai hai
diém C va E (E nam gitta C va I ) doan 10 cat doan thang AB tai M. Chitrng minh rang:

B
a)Tw giac OM,
+ Xét tam giac
M (4]

ZIE chung, LT
= AIAE dong F

+ Tam giac vu C “hung)

— IM IO = IA" (*%)

Ti (*) va (**) suy ra JE.IC = IM.10 nén AIEO va AIMC dong dang. Tir d6 ta c6 ECM = EOI. Tt
giac OMEC c6 hai goc ECM = EOI nén Tt gidc OMEC noi ti€p dwoc trong mot dwong tron

b)Chirng minh AMC = AME.

Do OI L AB nén viéc chirng minh AMC = AME dua vé chirng minh IME = OMC.

Ti gidc EMOC ndi tiép dwong tron, ta c6 IME = OCE ; va CEO = OMC (1)
Va CEO = OCE (do OC = 0E) (2)
Tir (1) va (2) = IME = OMC Tix d6 suy ra AMC = AME.

IE

MBY
c)Chirngminh| —— | =—.
) /4 ( ) c

MC
+) Xét tam gidc ABCM va AECA c6:

CEA= MBC (cung chan cung AC ) (l)
BMC =90° + OMC =90 + OEC ma

1

0_/\
M:ISOO—EstAE

OEC = OCE = BMC =90" + OEC =90° +

BMC = %(3600 ~sdCAE)=CAE (2)

MB AE
T (1) va (2)=> ABCM déngdang véi AECA—=> ——=—— (*
(1) va (2) g dang VC = A (*)

+) Ta c6 tam gidc AIEA va AIAC dong dang

AE _IE 1A __(AEY IE 14 _IE
AC 14 IC AC 4 IC IC
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MBY IE
Theo (M va(**tacé | — | =— (dpcm
(*) va (**) [MC) c (dpcm)

Cau 52. (Trwomg chuyén tinh Thai Binh vong 1 nam 2019-2020) Cho tam giac ABCnhon c6 AB< AC
ndi ti€p dwong tron tAm O ban kinh R, vé AHvudng goc véi BCtai H, vé dwong kinh AD cat BCtai J
trén canh AC14y diém Msao cho /M song song v&i CD.

1. Chitng minh: T gidc AHIM ndi ti€p mot dwdong tron.
2. Chtrng minh: AB.AC = AH.AD.

3. Chitng minh: HM1a tiép tuyén cua dwong tron ngoai ti€p tam gidc ABH.
4. Chitng minh: AB.CD+ AC.BD < 4R’ .

Loi giai
A
1| \2
E
(0)
M
1
1 2

1.Ta c6: ACD =90° (g6c ndi tiép chan nira dwdong tron)
— AMI = ACD =90° (dbng vi, IM // DC)

T giac AHIM c6:

AHI+ AMI = 90° +90° = 180°

= AHIM la tir giac ndi tiép.

2.AAHB va AACD co:

AHB=ACD=90° : B =D, (:%sdAACj

— AAHB © AACD (g-g)

AB _ AH

=>— = AB.AC = AH.AD
AD AC

Dia chi truy cép click vao diy # http://www.vungocthanh1984.blogspot.com/ #% Trang 220 #%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

. B .
3.Vi AAHB vuong tai H nén A AHB ndi ti€p (E,ch , voi E la trung diém BC.

AAHB @ AACD = A, = A,

AEAH cintaiE = A, = H,

Tt giac AHIM ndi tiép = A, = H»
Do dé: ﬁ1 = ﬁz

— EHM = AHC =90° = HM L EH
= HM la tiép tuyén cua (E) (dpcm)
4. AAHB © AACD

AB _HB
AD CD

= AB.CD = AD.HB

Chirng minh twong tw dwgc AC.BD = AD.HC
= AB.CD + AC.BD = AD(HB + HC) = 2R.BC
Vi AABC nhon = BC < 2R

= AB.CD + AC.BD < 4R? (dpcm)

Ciu 53. (Trwdong chuyén tinh Thai Binh vong 2 nam 2019-2020) Cho hinh vudéng 4ABCD ndi tiép
dwong tron tAim O, ban kinh R. Trén cung nhd AD 14y diém E batki (E khong trung véi 4 va D).
Trén tia EB cat cac dwong thang 4D, AC lan lwottai 7 va K. Tia EC cat cac dwong thang DA, DB
lan lwottai M va N .Hai dwong thang AN,DK catnhautai P.

1. Chitng minh : T& gidc EPND noi ti€p mot dwong tron

2. Chtrng minh : EKM = DKM
3.Khi M 1atrung diém cia 4D, tinh dd dai doan thang AE theo R

Lo gidi
4 B
y .
K
1| S
E 1 P
M X0

D (

1.Ta c6: PNE = NAC + NCA = 2NCA = sd EA

— e~~~

Ta thay PDA ABE Suy ra: PDE = PDA+ ADE = ABE + ADE = 2ABE =sd EA
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Xét tir gidc EPND c6: PNE = PDE va hai dinh N;D 12 hai dinh lién tiép nén EPND 1a t& giac ndi tiép
dwong tron.

2. Ta thay tr gidc AKME 13t gidc ndi tiép do MEK = MAK = 45" . Suy ra MEA = MKA = 90°

— — —

Do d6: MK || BD = MKD = KDB = KBD = EKM

3. Chtrng minh dwgc AMDC ~ AMEA (g.g)

2
suy ra: X2 _ME _ yic.mE =MD -MA = mp* = €2
MC MA
2 2
Miit khac ta c6: MC? =CD* + MD* = cD? + 2 =5C4D
Suy ra: MC=@:>ME=@
2 10
, EA _AM EA_AMCD_£CD_£R
cD MC MC

Cau 54. (Trwong chuyén tinh Thai Nguyén chuyén tin nam 2019-2020) Cho tam giac ABC c6 ba géc
nhon noi tiép dwong tron tAm O. Cac dwong cao 4D, BE, CF cat dwong tron (0) lan lwot tai cac

diém M,N,P. Chirng minh AM BN+ P _
AD BE CF
Loi giai
A N
P
B\ C

Goi H latryc tam tam giac 4BC . Ta co

BHM = AHN =90° — HAC I
BMH = BMA = BCA=90" — HAC

Do d6 tam giac BHM can tai B suy ra DH = DM . Chirtng minh twong tw ta c6 HE = EN,FP = FH .

Khi do:

AM BN CP AD+ DM BE+EN+CF+FP

+—
AD BE CF  AD BE CF
N DM EN FP 3 HD HE HF

+—+—=3+ +—
AD BE CF AD BE CF

Mit khac:
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HD HE HF SHBC N Siic N S
AD BE CF SABC SABC SABC

=1

AM +BN cpP
AD BE CF

Do dé

Cau 55. (Trwong chuyén tinh Thai Nguyén chuyén tin nam 2019-2020) Cho tam gidc ABC vuong
can tai C ndi tiép duong tron tim O. M 1a diém thudc cung nhé AC(M # A,M #C). H la giao
diém clia BM va AC. K 1a hinh chiéu cua H 1én A4B.

a. Chirng minh C4 la dwong phan giac ctia goc MCK.
b. Trén ti€p tuyén clia duwdng tron tdm O tai 4 14y diém P sao cho C va P nam cung phia so v&i

AP.MB AB
— — Chirng minh BP di qua trung diém ctia HK.

dwong thang AB dong thoi thdoa man

Loi gidi
C
E
P
|
B
A K (0]

a.Ta c6 MCA= MBA (1) ( Hai g6c noi tiép cung chan cung AM )

Do HCB = HKB =90° nén tt gidc CHKB ndi tiép dudng tron

tir d6 ta c6 ACK = HCK = HBK = MBA (2)

Twr (1) va(2) tacod MCA=ACK nén C4 1 dwong phan giac ctia goc MCK.
b. Goi E la giao diém ctia AP va BM.

Ta co: AP.MB :ﬁ - AP.MB _ OB & AP _ OB (3)

2 MA MA MB
M3t khac PAM = %s@@ = OBM (4)

Tt (3) va (4) suy ra tam gidc PAM vatam gidc OBM dong dang
Vitam giac OBM can tai O nén tam giac PAM can tai P (5)
Ta co
PEM + PAM = 90"
PME + PMA=90" = PEM = PME nén tam gidc PME cn tai P.(6)
PMA = PAM
T (5) va (6) suyra P la trung diém cua AE
Goi [ la giao diém cia HK va BP.Vi HK song song vGi AE nén:
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HI Bl IK
—— =——=— (Theo dinh ly Talet)
EP BP PA

Tl d6 suy ra HI = IK hay BP di qua trung diém cua HK..

Cau 56. (Trwong chuyén tinh Thai Nguyén chuyén todn nim 2019-2020) Tir diém M nam ngoai
duong tron (O), ké hai tiép tuyén MA

va MB véi dwong tron (4, Bla hai ti€p diém). Ly diém / thudc doan thing AB (I # A, IA< IB),
ké diy cung BN cta dwong tron (O) sao cho BN song song vai MI. Goi C 1a diém chinh giita cua
cung lén BN va D 1a diém chinh giita cia cung nhé BN. Hai dwong thing MI va CD cat nhau tai
H.

a. Chirng minh nam diém M, A, H, O, B cung nam trén mot dudng tron.

b. Ké day cung CE cta dwong tron (O) diqua /. Chirng minh /E vuéng goc voi ME.

Loi giai

CB=CN
a. Theo bairata cé: < DB = DN = badiém C, O, D thinghangva CD 1 BN.
OB =ON

MH / /BN
= MH 1 CD.

CD 1 BN

04 1L MA S
(Tinh chat tiép tuyén).

OB 1 MB
Vay nam diém M, A, H, O, B cung nam trén dwong tron dwong kinh MO.
b. i 5 diém M, A, H,O,B cung nam trén duong tron duong kinh MO nén

— —

IMB = HMB = HAB = HAI ( cac gbcnoi ti€p cung chan cung HB ).
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Xét hai tam giac IMB va IAH ta cé:

AIH = MIB
= AIMB dongdang AIAH (g.g) = IA.IB = IM .IH (1).
IAH = IMB

—

Trong dwong tron (0),tacod: ACI = ACE = ABE = IBE ( cac goc noi tiép cung chan cung AE ).

Xét hai tam gidc ICA va IBE ta c6:

AIC = BIE
= AICA dongdang AIBE(g.g) = IA.IB=IC.IE (2).
IBE = ICA
IM T
Tir (1) va (2) suy ra IMJH = IC.IE < 2L _ 1€
IE IH
Hai tam giac IME va ICH ta c6:
M _IC
IE IH — AIME dbong dang AICH = MEI = [HC = 90"

MIE = CIH (d6i dinh)

Vay HE 1 ME (dpcm).

Céu 57. (Trwong chuyén tinh Thai Nguyén chuyén toan niam 2019-2020) Cho tam gidc ABC c¢6 ba
géc nhon véi H 13 truc tAm. Mot dwong tron di qua hai diém B va C cit cac doan thang AC, AB
1an lwot tai hai diém B', C' (B'#A, B'#C, C'# A, C'#B). Goi H' 1a truc tAm cta tam giac
AB'C'. Chitng minh c4c dwong thang BB', CC', HH' dong quy.

Lo gii
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A

Goi O = BB'"CC". Ta dung hinh binh hanh BHCI va OHCM.

{OM //HC //BI
Ta co

— T giac BOMI 1a hinh binh hanh.
OM = HC = BI

BAC =B'AC'
Xét AAB'C'va AABC ¢6:9 — —
AB'C'= ABC (Vi cling bil véi C‘B'C)
= AAB'C' dong dang voi AABC (g.g)
B'H' B'C' B'H' B'C'
= = =S = .
BH BC Cl BC

(D

C'OB' = BOC (hai goc doi dinh)
Xét AOB'C' va AOCB cé:

C'B'B=C'CB (hai géc noi ti€p ciing chan cung BC')

= AOB'C' dbng dang véi AOCB (g.g)

ocC CB
B'H' OB'
Tw (1) va (2 : =——. @3
(1) va(2)suyra I OC 3)

— — e~ e~
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Tw (3) va (4) suyra AOB'H" dong dang voi AOCI

— H'OB'=COI. (5)

— — — _—

Tacé: MIC =OBH = ABH — ABO = ACH - ACO =0OCH =MOC.

= T gidc OMCI ndi ti€p dwong tron.

3174?:1/0-2' LaicéB/-O?I:de\C nénB/O7]=I/O-Z'. (6)

L —

Tir (5) va (6) suy ra BOH = B'OH' = H, O, H' thing hang.

Vay BB', CC', HH' d@6ng quy tai O (dpcm).

C4u 58. (Truwomng chuyén tinh Tién Giang chuyén tin nim 2019-2020) Tir difm 4 ndm ngoai dwong
tron (O), vé hai tiép tuyén 4B, AC (B,C 1a hai tiép diém). Goi H la giao diém ctia 04 va BC.Ké

duong kinh BK cta (0), 4K cit (O) tai E, AB cat CK tai P.
1.Chirng minh 4B’ = AE.AK vatlr giAc OHEK ndi tiép.

2.Chtrng minh CE | HE va OKH = OAE .
3.Tia BK vatia AC catnhautai F,ké CI L BK (I eBK), AK va CI catnhautai M. Goi N la
trung diém clla 4B . Chirng minh ba diém F,M,N thang hang.

Loi gii
B
N
A
H o
|
K
P
C

1. Chtrng minh AB’* = AE.AK vati giAc OHEK noi tiép..
Tac6 ABE = AKB (cung chan ,BE“)

BAE = BAK . Do d6 AABE ~ AAKB.

L AB_AE | p - 4B K.
AK 4B

Ta c6 AHB = AEB =90° = ABHE nbi tiép = AHE = ABE .
Ma ABE = AKB (cung chin BE)

— AHE = AKB = EKO . Do dé, ti gidc OHEK néi tiép..
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2. Chtng minh CE L HE va OKH = OAE ..
Ta c6 HEK = ABC ( ABHE noi ti€p).

CEK = CBK (cung chin CK )

— — e~ e~

Tacé OKH = OEH (OHEK nbi tiép)
OEB = OBE = BAE (cung phu 1@).
Ma BEH = BAH = OEH = OAE . Suy ra OKH = OAE ..

3.Tia BK vatia AC catnhautai F,ké CI L BK (I €BK), AK va CI catnhautai M .Goi N latrung
diém cta 4B .Chirng minh ba diém F,M,N thang hang..

Taco AO//CK (cungvudng gocvoi BC)

O latrung diém BK nén A latrung diém BP.

Ma CI//BP = AK qua trung diém cta CI = M la trung diém cta CI ..
Goi N' la giao diém cia FM va AB

Taco CI//AB (cungvudng géc BK )

_CM _FM _ M
AN' FN' NB

Ma CM =MI = AN'= N'B= N' latrung diém cla 4B = N'=N.
Vay ba diém F,M,N thang hang..

Ciu 59. (Truong chuyén tinh Tién Giang Vong 2 nim 2019-2020) Cho dwong tron (0) dwong kinh
AB. Trén ciing mat phang b& AB, vé céc tiép tuyén Ax, By caa (0). Trén (0), 14y diém C (CA < CB) va
trén doan thang OA 14y diém D (D khac O, A). Puong thang vudng goc véi CD tai C cat Ax, By Ian luot
tai E, F. AC cat DE tai G, BC cat DF tai H, OC cat GH tai L.

1. Chirng minh hai tam gidc AGE, FHC dong dang va I 1a trung diém cta GH.

2. Goi ], K1an lwot 1a trung diém cta DE, DF. Chirng minh [, ], K thang hang.
3. Goi M 1a giao diém ctia JO va DK. Chirng minh tam giac JOK vudng va ba dudng thang DE, IM, KO
dong quy.

Lo gii

Hinh vé:
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Y

1. Chirng minh hai tam gidc AGE, FHC dong dang va I 1a trung diém ctia GH.
Ta c6: CAE = ABC (cung chan cung AC)

CDBF noi tiép = ABC = CFD (cung chdn cung CD)

Suy ra: C/'A\E = C/F?) (1)

ADCE ndi tiép = AED = ACD (cung chan cung AD)

@ = ﬁ (cung phu B/-CT))

Suy ra: @ = B/ﬁ' (2)

Ttr (1) va (2) suy ra: hai tam gidc AGE, FHC déng dang

Ta cé: CGD = AGE = CHF = CGDH nbi tiép = CGH = CDH
CDH = CBF (CDBF ni tiép)

Suy ra: CGH = CBF .Ma CBF = CAB = CGH = CAB = GH / | AB

Gl IH . .
Suyra: ——=——ViAO = 0B nén Gl =IH = Ila trung diém GH

AO OB
2. Chirng minh |, ], K thang hang.

Vil, ] lan lwot 1a tAm cta dwdng tron ngoai tiép hai tir gidc CGDH, ADCE nén 1J 1. CD

Vi ], K14n lwot 12 tAm ctia dwdng tron ngoai tiép hai tir gidc ADCE, BDCF nén JK | CD

Suy ra: I, ], K thang hang.
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3. Chitng minh tam giac JOK vudng va ba dwong thang DE, IM, KO dong quy.
Ta c6: ] 12 tAm dwong tron ngoai tiép t& gidc AOCE = OJ 1 AC

= 0J //BC(BC L AC)

Mat khac JK / /EF (tinh chit dwong trung binh)

Do d6: MJK = BCF

Ma BCF = BDF (BDCF noi tiép)

Suyr: ]\7.]7( =ﬁ' = O/DT{ = JDOK noi tiép

Suy ra: .707( = J/DT(

Ma: JDK =90° (CGDH néi tiép va GCH =90)

Suy ra: JOK =90". Suy ra tam giac JOK vuéng tai O

Goi N 1a giao diém ctia ED va OK
Ta c6: M 1a truc tAm tam gidc JNKnén NM 1 JK (3)

——

MOI = JOC = OCB = OBC = CFD (vi 0]//BC)

Ma CFD = IKD (JK//EF) = MOI = IKM suy ra IMOK ndi ti€p
Suyra: IM 1 JK (4)
Tl (3) va (4) suy ra ba dwong thiang DE, IM, KO dong quy.

Ciu 60. (Truong chuyén tinh Tuyén Quang chuyén toan nim 2019-2020) Cho dwong tron (0) c6
dinh va diém A c6 dinh & ngoai dwdng tron (0). Tir A ké dwong thang tiép xtic véi dwong tron (0) tai
B. Mot tia Ax thay d6i, nam trong mién OAB, cat dudng tron (0) tai hai diém C, D (C & gitra A va D).
T B ké BH vudng gdc véi AO tai H. Chirng minh rang:

a) Tich AC.AD khong doi;

b) CHOD la t& giac ndi tiép;

c) Phan giac cia CHD ¢ dinh.

Loi giai
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B

Hoc sinh vé hinh ddng; ghi gia thiét, két luin
a)

Xét AABC va AADB c6: BAD chung; ABC = ADB :%sﬁfc

= AABC #AADB (g6c-goc)

= % :% = AC.AD = AB* (3)

Do dwong tron (0), A ¢6 dinh = 4B khong d6i = AC.AD khong doi
b)

AABO vudng tai B, dwdrng cao BH= AB*> = AH.AO (4)

AC A __
Tir (3) va (4) = AC.AD = AH.A0 = 2 ~ A9 113 O4D chung
AH  AD

= AAHC #AADO (canh-gdc-canh)

— AHC = ADO (5)= Ti gidc CHOD ndi tiép

c)

Tt giac CHOD néi tiép = OHD = OCD (6)

ACOD cantai O — OCD = ODC hay OCD = ADO (7)
Tir (5); (6) va (7) = AHC = OHD

Ma AHC + BHC = OHD + BHD = 90° = BHC = BHD

= BH la phan giac cua CHD, BH c6 dinh = DPCM

Cau 61. (Trwong chuyén tinh Tay Ninh Vong 2 nam 2019-2020) Cho tam gidc ABC vuong tai A ndi

ti€p dwong tron (0) cé tam O.

a)Trén cung nho AB ciia dwong tron (0) 14y diém D (khac A,B). Goi K la giao diém thi hai cia

dudng tron tim A ban kinh AC véi dwong thing BD. Chirng minh AD 1a dwdng trung truc cua

CK.
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b)Lay P la diém bat ky trén doan OC (khac O,C). Goi E,F lan lwot 1a hinh chiéu vudng goc cua P
trén AB va AC. Goi Q 1a diém ddi xirng ciia P qua duong thing EF. Chirng minh Q thudc dwong
tron (0)

Lo gidi
Cho tam gidc ABC vudng tai A noi ti€p dwong tron (0) cé tam O
a)Trén cung nho AB clia dwong tron (0) lay diém D (khac A,B). Goi K la giao diém thir hai cua

dudng tron tAim A ban kinh AC véi dwong thing BD . Chirng minh AD 1a duwdng trung truc cia CK .

BKC = BAC = 45 (1)
2

BDC =90" = KDC =90 (2).
Tw (1)(2) suyra aKDC vuong can tai D nén DC = DK

Talai c6 AC = AK do d6 AD la trung tryc cua CK .

b) Liy P la diém bat ky trén doan OC (khac O,C). Goi E,F lan lwot 1a hinh chiéu vuéng goc cua P
trén AB va AC. Goi Q 1a diém ddi xtrng cia P qua duong thang EF . Chirtng minh Q thudc dudng tron

(0).

Goi I 1a giao diém cia AP,EF.Tac6 IP =1Q =IA nén ~AQP vudng tai Q (1)
Tacod FP=FQ va aPFC vudng cin tai F nén F la tim dwong tron ngoai tiép aPCQ
, o /1 .
Do dé PQC =—PFC=—.90" =45 (2).
2 2
Tir (1),(2) suyra AQC = AQP + PQC =135°

Suyra AQC + ABC =135 +45 = 180'.

Vay tir gidc ABCQ noi tiép, nén Q thudc duwong tron (0)

Cau 62. (Trwomg chuyén tinh Vinh Long vong 2 nam 2019-2020) Cho hinh vuéng ABCD c6 canh
bang 4cm. E 12 trung diém canh BC. Dwong thing qua B vudng goc véi DE tai H va cit duong
thing CD tai F.Goi K 1a giao diém ctia AH va BD.

a) Chirng minh t& giac DKHF noi ti€p dwoc dwong tron.

b) Tinh dién tich t& gidc BKEH .

Loi giai
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A B

D C F

a) Taco BAD = BHD =90° suy ra ti gidc ABHD n0i tiép = AHB = ADB = 45°.
Xét tt gidc DKHF c6 KHB = KDF =45°=> KDF + KHF =180° nén DKHF 14 ti& gidc noi tiép.
b) E latrung diém BC thi EB=2cm

Taco E:cotB/ET{:cotle\C:E—C:l:>BH=2EH.
BH DC 2

25 45

Ma BH* +EH” = BE* hay 4EH* + EH’ =4 < EH =~——= BH =——.
5 5
Dién tich tam giac BEH bing %cmz.
DKHF la t giac ndi ti€p suy ra DKF = DHF =90° = FK la dwong cao tam giac BDF . Ma E la tryc
tAm tam gidc BDF = F,E,K thang hangsuyra EK 1 KB

Mat khac tam giac BKE c6 KBE = 45° = ABKE vuong can tai K .
Tam giac BKE vudng can tai K nén KB =KFE = V2. Dién tich tam gidc BKE bang 1 cm’. Vay dién tich

tir gidc BKEH bing %cmz.

Cau 63. (Truwong chuyén tinh Vinh Long vong 2 nam 2019-2020) Cho tam gidc 4BC nhon
(AB < AC) noi tiép dwdng tron tAm O. Cac duwong cao BD, CE cit nhau tai H, BC cat DE tai F,
AF cat dwong tron tAm O tai diém thit haila K.

a) Chtrng minh FK.FA=FE.FD=FB.FC.

b) Vé dwong kinh A/ cta dwong tron (O) va goi M 1a trung diém cta BC. Chirng minh H 1a tryc

tam cua tam giac AMF .

Lo gii

a) Chtrng minh FK.FA=FE.FD=FB.FC.
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Tt gidc BEDC i tiép = FEB = FCD = AFEB dbng dang AFCD
suyra FE.FD=FB.FC

T& gisc AKBC ndi tidp = FKB=FCA = AFKB dbong dang AFCA = FK.FA=FB.FC
— FK.FA=FE.FD = FB.FC

b) V& dwong kinh Al ctia duwong tron (O) va goi M 1a trung diém ctia BC. Chirng minh H 1a truc
tam cua tam giac AMF .

FK.FA=FEFD=> % = %, AFE 13 gbc chung = AFKD dbng dang AFEA

— FDK = FAE = AKED noi ti€p dwoc dwong tron.

Ma t& giAc ADHE noi tiép duoc dwong tron.

— T giac AKHD ndi tiép = AKH = ADH =90° = HK L AF

Mat khac IK | AF = I, H,K thang hang.

BICH 1a hinh binh hanh = I, H,M thang hang= K, H,M thang hang

=>MK L AF,ma AH 1 MF = H la trwc tam cta tam giac AMF .

Cau 64. (Trwong chuyén tinh Ba Ria Viing Tau thi chung nam 2019-2020) Cho tam giac ABC nhgn
vOi AB < AC. Pudng tron (O) dwong kinh BC cat cac canh AB, AC lan lwot tai F,E (F khac Bva
E khac C ). BE cat CF tai H, AH cat BC tai D.

a)Chtrng minh AEHF va AFDC la cac t giac noi tiép.

b)Chirng minh DA la tia phan giac ctia géc EDF.

c)Goi K 1a giao diém ctia duwdng thang EF va dudng thang BC.
Chirng minh KE.KF = KD.KO.

d)Goi P, Q lan lwot1a hinh chiéu vudng géc ciia B va C 1én dudng thang EF.
Chrng minh DE + DF = PQ.

Lo giai
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A
Q
E
N
F
H
P
K c

B D 0
M

Vé hinh hét cAu a-0.25
Vé hinh hét ciu c-0.5.

a).ﬁ? =90° ( gbc nt chdn nika dtron) = HFA = 90° (1) .
BEC =90° ( gbc nt chin niva deron) = HEA = 90° (2)
Tw (1) va (2) suy ra AEHF 1a tir giac noi tiép..

H 1a trwc tAm cda tam gidc ABC = ADC =90,

Ma AFC =90°(cmt) = AFDC 14 tit giac ndi tiép..
b).Ta c6 FDA=FCE ( cling chin AF)..

Vi DHEC i tiép=> FCA = ADE .

Suy ra ADF = ADE = DA latia phan giac cia FDE .
¢). ADF = ACF = 2ADF =2 ACF .

— EDF = EOF

= tr gidc OEFD noi tiép.

= FEO = FDK = AKDF ~ AKEO = KE.KF = KD.KO..
d).Goi M 1a giao diém ctia FD véi (O).

— e~

Ta ¢6 ECD = DHB = DFB = BCM mit khac EDC = FDB = MDC

Suy ra ADEC =ADMC = DE = DM = DF + DE = DF + DM = FM (3).
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Goi N 1 giao diém ctiaQC véi (O) . D& thdy BNOP1A hinh chit nhat= PO =BNva BF =EN;
BM =BE (vi EC=MC)
— BM + BF = BE+ EN = FM = BN = FM = BN = PQ (4)

Twr (3) va (4) suyra DE + DF = PQ..

Ciu 65. (Truwong chuyén tinh Binh Phwéc chuyén todn nam 2019-2020) Cho dwong tron (O; R) va
dwong tron (0'; R") cat nhau tai hai di€ém phan biét A va B. Trén tia ddi cta tia AB 14y diém C. Ké tiép
tuyén CD,CE véi duwong tron (0O; R), trong dé D, E 1a cac tiép diém va E nam trong duong tron
(0’; R"). Puong thang AD, AE cat dwong tron (0'; R") 1an lwot tai M va N (M, N khac A). Tia DE cat
MN tai I. Chirng minh rang:

a)T& gidc BEIN noi tiép.

b) MIB dong dang véi AEB.
¢)0'I vubng géc véi MN.

Lo gii

a)Chirng minh t gidc BEIN ndi tiép.

Tt gidc MNBA ndi tiép dwdng tron (0') cho ta MNB = BAD (1)
Tt giac BEAD noi tiép duong tron (0) cho ta BAD = BED (2)
Tir (1), (2) suyra MNB = BED
Suy ra tr giac BEIN ndi tiép.
b) MIB dong dang véi  AEB.
T& gidc MNBA noi tiép dwong tron (0') cho ta
BMN = NAB ()
MNA = MBA (3)
Theo a) ta c6 INBE noi tiép nén MNA = INE = IBE (4)
Tir (3),(4) suy ra MNA = IBE = MBA
Ta c6 IBE = IBM + MBE va MBA = EBA + MBE
MaIBE = MBAsuyralBM = EBA( )
Tw(),( )suyra MIB déngdangvéi AEB (g-g).
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c)0'I vudng goc véi MN.

Do CD la tiép tuyén cua dwong tron (0) nén CDA = CBD

suyra CDB dongdang CAD suyra % = %.
. . e an x . CE _EB
Chirng minh twong tw véi tiép tuyén CE ta cd =2

Ma CD = CE (tinh chit tiép tuyén) nén % = % (5

Theo chitng minh b) tac6 MIB doéng dang AEB nén % = % (6)

Tac6 ABD = AED = IEN .

Theo chitng minh a) ta c6 tir giac BEIN ndi tiép, suy ra [EN = IBN

suyra ABD = IBN.

Ma theo chtrng minh trén ta c6 INB = DAB suyra DBA dong dangvéi IBN suyra % = % (7

Twr (5),(6),(7) suy ra % = % < MI = NI suyra I la trung diém MN suy ra O’ vudng goc véi MN.

Cau 66. (Trwong chuyén tinh Long An chuyén toan dy bi ndm 2019-2020) Cho dwong tron tim O
va ki hiéu la (0) Goi T 1a diém nam ngoai (0) Tw T vé hai tiép tuyén cta (O) voi A, B lan luot
la cac tiép diém. Goi H la giao diém ctia 4B va OT .

2
a) Chirng minh: 40H = 48 .
TH

b) Mot dwomng théng di qua H va cit duomg tron (O) tai hai diém M, N sao cho MTN =30° Tinh s6
do MON .

Loi giai
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A
o
T H
N
B
AB?

a) Chirng minh: 40H =
) g TH

OT la duong trung tric cia doan 4B
Ap dung hé thitc lwong cho tam gidc OAT vuéngtai 4,
duwong cao AH tacé: TH.OH = AH*

2
Vi AH=ﬁ nén 40H = 4B
2 TH

b) Tinh s6 do MON .

T gidc AMBN ndi tiép nén MAH = BNH

Vi MAH = BNH nén tam gidc MAH dong dang tam giac BNH

2
Suy ra: MH.NH = HB.HA = A5

Suy ra: MH.NH = HO.HT
Vi HO.HT = MH.NH

nén tam gidc ONH dong dang tam gidac MTH
Vi tam gidc OHN d6ng dang tam gidc MHT nén ONH = MTH
Vi ONH = MTH nén t& gidc OMTN noi tiép

Suy ra: MON = 150"

Cau 67. (Trwong chuyén tinh Long An chuyén todn nam 2019-2020)

Cho tam gidc ABC nhon c6 BAC > ACB . Duong tron tdm O ndi ti€p tam gidc ABC ti€p xic vdi cac
canh 4B, BC,CA lan lwot tai cac diém M, N, E . Goi K 1a giao diém cia BO va NE.

a) Chirng minh: A0B = 90" —|—%.

b) Chirng minh: ndm diém A4,M,K,O,E cung thuéc mot dwong tron.

¢) Goi T la giao diém cia BO vGi AC.Chlitrng minh: KT.BN = KB.ET .

Lo gii
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AOB + OBA + OAB = 180"

B e e - e
AOB+—ABC+—BAC+—ACB=180"+—ACB
2 2 2 2

ACB

AO0B =90° +

b).Tt gidc AEOM noitiépvi AEO + AMO =90° +90° = 180°

0/E7<=(7C7v:>0EK+90°=%A/(:73+90°:>A/ET<=@

T& gidc AEKO noi tiép vi AEK + AOK =180"

Vit gidc AEOM ndi tiép, tir gidc AEKO noitiép nén A, M,K,O,E cung thudéc mot dwong tron.

C).

AAKT dong dangAOET = KT _AK
ET OF
AAKB d6ng dang AONB = KB _ 4K
BN ON
Vi OE = ON nén suy ra: E=ﬁ .
ET BN

Suyra: KT.BN = KB.ET

Cau 68. (Trwong chuyén tinh Phu Tho vong 2 nam 2019-2020) Cho tam giac 4ABC vudng tai B,
dwong cao BH(H € AC). Goi (a)) la dwong tron tAim C ban kinh CB. Goi F' 1a mot diém bat ki
trén doan thang BH (F khac B va H). AF cat (a)) tai hai diém D,E (D nam gitta 4 va E).
Goi K la trung diém DE.

a) Chirng minh rang FKCH 1a t& giac noi tiép.

b) Chirng minh rang AD.AE = AH.AC = AF .AK;

¢) Chitng minh rang duwdng tron ngoai ti€p tam gidc BFK tiép xtc v&i (a)) tai B.

Loi giai
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a) FKC = FHC =90° => FKCH 1a ti gidc noi tiép.
b) Xét hai tam giac ADB va ABE c6 géc A chungva ABD = AEB.
Do d6 tam gidc AADB ~ AABE (g.g).

Suy ra AD _ 4B hay AD.AE = AB’.
AB  AE

Mit kha AB* = AH.AC.
Do d6 AD.AE = AH.AC

Tacé AAFH ~ AACK (g.g)suyra AF.AK = AH.AC
=> AD.AE = AH.AC = AF . AK.
¢)Tacé AH.AC = AB* nén AF.AK = AB’.

Tacé AAFB ~ AABK (c.g.c) suyra ABF = AKB hay AB latiép tuyén cia dwong tron ngoai ti€p tam
giac BFK,

=> AB latiép tuyén chung => Dwong tron ngoai ti€p tam gidc BFK tiép xic véi (a)) tai B.

Cau 69. (Trwong chuyén tinh Quang Tri Vong 2 nam 2019-2020)Trén dwdng tron (O) dwong kinh
AB 14y diém C (C khac 4 va B), difm D nam trén doan thang 4B sao cho BD = AC. Ké DE
vudng goc voi AC tai E, dwong phan gic trong cia goc BAC cat DE va (O) lanlwottai G va F
(F khac A). Puong thang CG cat AB va (O) theo thit tw tai / va H (H khac C). Chirng minh
rang:

a) T gidc AGDH noi tiép dwong tron.

b) Badiém H,D va F thang hang.

c¢) Piém [ 1a trung diém cta doan thang A4D.

Lo gii
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F

a) Vi DE//BC nén

ADE = ABC = AHC = AHG do d6 tt gidc AGDH noi tiép.

b) Tw t& gidc AGDH ndi ti€p, ta co: DHG = DAG = BAF = FAC = CHF = FHG
Suy ra hai tia HDva HFtrung nhau.

Vay H, D, Fthang hang.

Goi M la giao diém ctia CD va AF.

IA MD EC

Ta c6: —.——.——=1 (Pinh ly Ceva)
ID MC EA

MD =A—D (Phan giac)

MC AC

EC _DB _AC (Talet)

EA DA DA
1A AD AC 14

Suyra: ——.—=1<—=1.
ID AC DA ID

Vay I latrung diém A4D.

Cau 70. (Trwong chuyén tinh Thanh héa chuyén toan nam 2019-2020) Cho tam gidc nhon ABC néi
ti€p dwong tron (0) véi AB < AC. Goi M1a trung diém ctia BC, AM cat (0) tai diém D khéac A Puong
tron ngoai ti€p tam giac MDC cat dwong thing ACtai £khac € Pwong tron ngoai tiép tam giac MDB
cat duong thing ABtai Fkhac B.

1.Chirng minh rang hai tam gidc BDF, CDE dong dang

2.Chtirng minh rang ba diém £, M, Fthing hang va O4 L EF

3.Puwdong phan giac ctia BAC cét EF tai diém N. Pwong phan giac cta CEN cit CN tai £, duwong phan
giac clia BFN cét BNtai Q. Chtrng minh ring PQsong song véi BC,

Loi giai
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1. Do cac tir giac MECD, MBFD ndi tiép nén DEC = DMC = DFB (1)
Tw gidc ABDC néi tiép nén DCA = DBF hay DCE = DBF (2)
Tw (1) va (2) suyra ABDF @ ACDE (g.g) (dpcm).

— e~~~

2. Theo ciu 1, ABDF « ACDE = BDF = CDE ma BDF =BMF,CDE = CME (do cac t& gidc
MECD, MBFD nbi ti&p) nén BMF = CME

Lai c6: BMF + FMC = 180° = CME + FMC = 180" = E,M.F thing hang.
Ké tia ti€p tuyén Ax cua dwong tron (O) Ta c6: BAx = ACB hay FAx = ECB 3

AB-AF =AM-AD

Vi cac tir gidic MECD, MBFD néi tiép nén
AE-AC=AM-AD

= AB- AF = AE - AC = BECF Ia tit giac noi tiép = ECB = EFA (4)

Tir (3) va (4) suy ra: FAx = EFA = EF / /Ax

Ma OA L Ax = OA L EF (dpcm).

3. Vi EP,FQ, AN Ian lwot la dwong phan giac trong cac tam gidc ENC,FBN, AFE nén theo tinh chat
dwong phan giac trong tam giac, ta co:

PN EN QN FN EN AE
PC EC QB FB FN AF

(5)

AF _AM

Do AABM « AADF (g.g) = =
(g.2) DFE - BM
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Do AACM @ AADE (g.g) = & = AM
DE  CM

Ma BM = CM(gt) = AF _AE _ AE _DE EN_DE[d EN AE eo(S)j

DF DE AF DF FN DF FN AF

Mat khac, theo cau 1, ABDF «» ACDE = EC DE
DF
Do dé: EN = EC hay EN = FN néntr (5) => — PN QN = PQ //BC (dpcm)
FN FB EC FB PC QB

Ciu 71. (Truwong chuyén tinh Thira Thién Hué vong 2 nim 2019-2020) Cho tam gidc nhon ABC c6
AB < AC va trec tAm 1a T. Goi H 13 chan dwong cao ké tir A cia tam gidc ABC va D 1a diém d6i xirng
véi T qua dwdng thang BC; I va K 1an lwot 13 hinh chiéu vudng géc ctia D trén AB va AC; E va F lan
lwot 14 trung diém ctia AC va IH.

a) Chitrng minh ABDC la t gidc noi ti€p va hai tam giac ACD va IHD dong dang.

b) Chirng minh ba diém I, H, K thang hang va DEF la tam giac vudng.

¢) Chirng minh BC AB AC
DH DI DK
Loi giai
A
P E
T
\ K
/ H o
sl
B T C
I

D
a) Chirng minh ABDC la tit gidc ndi tiép va hai tam gidc ACD va IHD dong dang.
Tia CT cit canh AB tai P.
Ta c6 DAB = TCB (cung phu véi 1@), TCB = DCB (T va D d6i xirng qua BC).

Do d6 DAB = DCB. Vi A va C nim cung phia déi véi BC nén ABDC 1a tir gidc noi tiép.
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T gic IBHD c6 BHD = BID = 90° nén noi tiép.

Suy ra DIH = DBH = DAC va IHD = IBD = ACD.

Do d6 hai tam gidc ACD va IHD dong dang.

b) Chitng minh ba diém I, H, K thang hang va DEF 12 tam giac vudng.

Ti giéc IBHD ni tiép nén BHI = BDL

T& giac DHKC c¢6 hai dinh H va K cung nhin doan DC dw&i mot géc vuébng nén noi tiép. Suy ra
KHC = KDC.

Céc ti& giac ABDC va AIDK ndi tiép nén IDK = BDC (ciing b véi BAC).

Suy ra BDI = KDC. Do d6 BHI = KHC. Vi I va K nim khac phia d8i véi dwong thing BC nén ba diém
I, H, K thang hang.

Hai tam gidc ACD va IHD dong dang véi nhau ¢ DE va DF lan lwot 1a cic dwong trung tuyén nén
DC _DE
DH DF

Hai tam gidc DCE va DHF dong dang nén EDC = FDH. Suy ra HDC = FDE.
Do d6 hai tam gidc HDC va FDE déng dang suy ra DFE = DHC = 90°.
Vay tam giac DEF vudng tai F.

BC _AB AC
DH DI DK’

c¢) Chirng minh

Liy diém Q trén canh BC sao cho (i)\C — BDA. Lai c6 BAD = BCD nén hai tam giac DBA va DQC

dong dang. Suy ra AB = Q

CQ CD’
Hai tam giac AID va CHD dong dang nén AD = E

CD DH
Suy ra AB _ DI hay AB CQ ).
CQ DH DI DH
BQ

Vi QDC BDA nén HDC BDQ Suy ra hai tam gidc BDQ va ADC dong dang do d6 E = ﬁ (2).

Ta ¢6 BAD = BCD = HKD. Mit khiac ABD =180° — [BD, KHD =180° — THD. Vi IBD = IHD nén

DB DH
ABD = KHD. Suy ra hai tam gidc ABD va KHD d6éng dang. Do dé DA = DK (3). T (2) va (3) suy ra

BQ_DH  AC_BQ

= ay (4.
AC DK ~ DK DH

AB AC_CQ_ BQ_BC
DI DK DH DH DH'

Twr (1) va (4) suy ra
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Cau 72. (Trwong chuyén tinh Vinh Phic vong 2 nam 2019-2020) Cho tam gidc nhon ABC ¢6 AB < AC. Pwong
tron tAm /noi ti€p tam gidc ABC tiép xlc v6i cac canh BC, CA, ABan lwot tai cac di€ém D, E, F. Goi M1a trung
diém cta doan thang BC, goi Na giao diém clia hai dwong thang /Dva EF. Qua Nké dwong thang song song véi
BC cat hai dwong thang AB, AClan lwot tai cAc diém @ P. Qua diém A ké duwong thang song song v&i BC cit
dwong thang EFtai diém K

a) Chirng minh cac t& giac /NQF, INEPnoi tiép dwong tron va tam giac /PQ can.

b) Chérng minh JAM = FKI .

¢) Chirng minh hai dwong thang /M, DKvudng goc véi nhau.

Cau 73. (Truwong chuyén tinh Yén Bai vong 2 nam 2019-2020) Cho tam giac 4BC nhon ndi tiép
dwong tron (0), tia phan giac BAC cit canh BC tai D va cat dwong tron (0) tai /. Cac tiép tuyén
tai B va C cla (0) cit nhau tai 7. Goi P,Q 1an lwot 1a diém thudc TC,TB sao cho DP//AC va
DQ//AB.

a) Chirng minh t& gidc BDIQ néi tiép.

b) Chitng minh AD vuéng géc véi PQ.

¢) Puong thang CQO cat duong thang 4B tai M, dwong tron ngoai ti€p tam gidc ACM cat TC tai
N (N khac C). Chirng minh MN //BC.

Loi giai

a) Do ABIC nbi tiép (0) va BT latiép tuyén, suy ra BAI = Q/\BI

Do DQ//AB suy ra BAI = é\DI (gbc dong vi)

Suy ra Q/\BI = Q/\D[ ma hai géc nay & hai dinh lién ké cung nhin canh /0.
Suy ra BQID noi tiép.

b) Cach 1

Do tir gidc BDIQ nén ID/\Q = IB/\Q

Do AB//DQ nén E\AI:Q-\DI ma ]@z@

Suy ra @ = @ hay AIDQ can tai /
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Do DQ//AB, suy ra BAD :éD\I

Do AC//DP,suyra CAD = IDP ma BAI = DAC ( AD 1a phan giac géc ]§4\C)
Suy ra Q/\Dl - IDP hay DI la tia phan giac goc éﬁ’

Twong tw ta chirng minh dwoc AIDP cantai /.

Xét AIDP va AIDQ ¢6 10 =IP=1ID, ID chung, QDI = IDP

Suy ra AIDP = AIDQ (c_g_c), suy ra DP = DQ.

Suy ra APDQ cantai D ma DI la phan giac goc @3, suyra Al L PQ.
Cach 2.

Do DQ//AB, suy ra BAD :@

Do AC//DP ,suyra CAD = IDP ma BAI = DAC (AD 1aphan giac goc Z?Rf)
Twong tu ta chirtng minh dwgc DCIP nbi tiép.

Xét AIDQ va AIDP c6 ID/\Q - IDP, canh ID chung

—_—

10D = IBD = ICD = IPD
Suy ra AIDQ = AIDP (g_c_g) nén DQ = DP suyra AQDP cantai D.
Ma DI la phan giac goc Q/li’, suyra A L PQ.

Cach1
¢) Goi dwong thang DQ cat MN tai H .

Do DQ//AB = AMH = DHN (gbc dong vi)

Ma AMN + ACN =180° (Tt gidc AMNC ndi tiép)

Do AC//DQ = ACN = DPN (gbc dong vi).

Suy ra DHN + DPN = AMN + ACN =180° ma hai g6c nay & vi tri d6i dién.
Suy ra ti giac DHNP noi tiép.

Tac6 DHN = DPC (cung bu géc lj-'ﬁ\\/).

Ma tir giac DIPC ndi tiép, suy ra DPC = DIC (g6c ndi ti€p chan cing mot cung). ma DIC = ABC
(gbc nodi tiép cung chan cung AC)

Suy ra: BDH = DHN ma hai goc nay & vi tri so le trong, suyra MN //BC.
Cach 2

Trong dwong tron ngoai ti€p tam giac AMC AMN + ACN =180
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—

I . ' '
Trong dwong tron (0) : ACN = 5 Sd AC (goc gitra ti€p tuyén va day cung)

Suyra ACN + ABC =180°
Suy ra: ABC = AMN ma hai goc nay & vi tri dong vi
Suyra MN //BC.

Ciu 74. (Trwdong chuyén tinh Binh Pinh vong 2 ndm 2019-2020) Cho tam giac ABC . Cac diém
D, E, F theo thir tw thudc cac canh BC, CA, AB sao cho titgidc AFDE ndi ti€p. Chirng minh rang:

2
SDEF

S e 4.AD

. Trong d6 S, S,z 1an lwotla dién tichcac tam giac DEF va ABC.

Lo giai
DE gidi quyét bai toan nay ta cin chirng minh va st dung 3 bé dé sau:

e B3 dé 1. Bit dang thirc tam giac: " Trong mot tam giac téng hai canh bat ki bao gi¢r cling 16n hon canh
con lai ". (Khong can chirng minh)

e B3 @@ 2. Cho a, b 1a cac s6 thwe dwong thi l—kl > % Dang thirc xay ra khiva chikhi a = 5.
a a

e B3 d& 3. Cho tam gidc ABC,khi d6 S,z = %AB.AC. sin A = %BA.BC. sin B = %CA.CB. sinC

Taco: S0 =8 ,p5 +Sipe = %AD.AC. sinﬁR’—l—%AD.AB. sin DAB

2

> 4 (sinﬁ/ﬁ‘—i—sin@).
, 1 == 1 - o= 28,
Co: Sy = =EF.FD.sin DFE = —EF .FD.sin DAC = sin DAC = —=—=—,
2 2 EF.FD
. 1 o= 1 e == 28
va Sy = = EF.ED.sin DEF = — EF .ED.sin DAB = sin DAB = —=-—.
2 2 EF.ED
F
E
B D C
S S 1 1
Dod6 S, > AD?| —LREL 4 “DIF &g >8 .ADZ.[ - :
ABC = [EF.FD EF.ED] ABC = TDEE EF.FD EF.ED
Lai co + ! :1[1+1]21. 4 242.
EF.FD EF.ED EF\FD ED) EF FD+ED EF

2
4 <:>SDEF < EF (Ppcm).

Suyra S,..>S... . AD>. .
y 4BC = O DEF EF? S e 4 AD?
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Cau 75. (Trwong chuyén tinh Hoa Binh Chuyén Toan nam 2019-2020) Cho hinh binh hanh ABCD cé

ABC > 90°, ha DE, DF, DK lan lwot vuong goc véi AB, BC, AC. Goi I 1a giao diém ctia AC va BD. Chitng
minh rang cac diém E, F, I, K ciing thuéc mot dudng tron.

Lo gii

T gidc AEDK ndi tiép nén AKE = ADE = %sda

Talai c6 ADE =90° — EAD =90° — ABC =90° — (ABD + DBC)

Vi tt giac EBFD néi tiép nén EBD = DFE = %sdl/)—b\“; FBD = DEF = %sdl/)-]\?

= ADE =90° —(DFE + FBD)

Villa trung diém cta BD, tam gidc DFB vudng tai F suy ra IF = IB hay tam giac IBF can tai |
Suy ra IBF = BFI < FBD = BFI

Vay = ADE =90° — (DFE + IFB) = EFI = AKE

Suy ra tir giac EKIF noi tiép .

Ciu 76. (Trwong chuyén tinh Hau Giang chuyén toan nam 2019-2020) Cho hinh thang ABCD
vudng tai A va D, CD =2cm, ABC = 60" va CA vudng goc véi CB. Tinh dién tich S clia hinh
thang ABCD.

Lo giai

D C

A H B

—

Tacé CAD = ABC = 60" (cung phu véi CAB)
Trong tam giac vuong ACD, tacdé AC =2AD.

Ap dung dinh 1y Pythagore:
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AC* = AD* + DC* hay 4AD* = AD? —|—4<:>AD:% cm.

Ké CH L AB,H € AB.
Tacé AHCD 1a hinh chit nhatvi A =D = H = 90".

Suyra AH =CD =2cm va CH:AD:% cm.

Tam giac ABC vudngtai C, tacé CH* = HAHB = HB = % cm.

Ta c6 ABzAH+HB=§ cm.

143,
cm .

9

Vay S = %CH(AB +CD) =

Cau 77. (Trwong chuyén tinh LAm Pong vong 2 ndm 2019-2020) Tam gidc ABC c6 C-B=90" va AH
1a dwong cao ctia tam giac. Chirng minh rang AH* = BH.CH .

Lo gii

Chirng minh dworc B =CAH
Ching minh dwoc ABAH ~ AACH (g-g)

Suy ra hé thicc AH*> = BH.CH

Ciu 78. (Trwong chuyén tinh LAm DPéng vong 2 nim 2019-2020) Cho tam gidc ABC cin tai A

(;1 <90°), dwdng vudng goc véi AB tai A cit dwdng thang BC tai D. Dung DE vuong goc véi AC
(E € AC). Goi H 1a trung diém ctia BC. Chitng minh rang AH = HE.

Loi giai

Dia chi truy cép click vao diy # http://www.vungocthanh1984.blogspot.com/ #% Trang 249 #%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

™ ¢
)
9)

Chrng minh dwgc 4AH 1 BC

Chirng minh dwoc t& giac AHED ndi tiép
Chirng minh dworc HAE = HEA

Suy ra: HA = HE

Cau 79. (Trwong chuyén tinh Nam Dinh cho 1ép chuyén KHTN nam 2019-2020) Cho tam giac 4BC vuong tai
A c6 AB=6cm, BC =10cm. Tinh d6 dai dwong cao ké tir 4 xudng canh BC.

Loi giai
Tinh dwoc AC =8cm. .

Tinh dwoc duwong cao 4,8cm..

Cau 80. (Truong chuyén tinh Nam Dinh 16p chuyén KHXH nam 2019-2020) Cho tam gidc ABC vubng tai 4 cé
AB =6cm, BC =10cm. Goi H 13 hinh chiéu vudng goc ctia diém A4 trén canh BC. Tinh d6 dai BH.

Loi gidi

2
Tacé AB> = BC.BH = BH = AB .
BC

Tinh dwoc BH =3,6cm. .

Cau 81. (Trwong chuyén tinh Phd Yén Vong 2 nam 2019-2020) Cho tam gidc ABC vudng tai A.
Trén tia d6i cda tia BC 13y diém D sao cho BD=BA. Goi M,N lan lwot 1A trung diém cha
AC, AD . Puwong thang qua B va song song véi AD cit MN tai E.

a)Chirng minh tr gidc NAEB 1a hinh chit nhat.

b)Chirng minh rang ACE = DCN .

Loi giai
a) Chirng minh tir giac NAED la hinh chit nhat.

Theo gia thiét, ta c6
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D

= MN || DC ..

NA = ND A M c
MA=MC

NE || BD
T giac BDNE cé {DNllll RE nén BDNE la hinh binh hanh. Suy ra BE = ND, NE = BD ..

BE || N4
Tt giac AEBN c6 < BE = NA= ND nén
AB = NE

AEBN la hinh chi¥ nhat..

b) Chirng minh ACE = DCN..

= EAM = ANM.

— e~

EAM = BAN =90°— BAE =~ — —_
Tacéd
BAN = BDA = ANM

Hai tam gidc AEM , NAM c6

BGoéc M chung,

B EAM = ANM
Do vay AAEM DO ANAM .

AE _AM __ AE _AC

Suy ra = = =
AN MN DN DC

Hai tam giac AEC, DNC c6

@ NDC = EAC
g AL _AC
DN DC

Do vay AAEC O ADNC . Suy ra ACE = DCN .

Cau 82. (Trudng chuyén tinh PTNK ( VONG 1) nidm 2019-2020) T gidc ABCD cé chu vi 18cm,

AB = %BC, CD :%BC va AD =2AB. Tinh d6 dai cac canh cuia t& gidAc ABCD. Biét AC =CD, tinh

dién tich t& gidc 4BCD.

Lo giai

Theo dé bai, tacé AD=2A4B = %BC.
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Do AB+BC+CD+DA=18 nén %BC+BC+%BC+%BC:18, hay %BC:IS. T day, ta tinh duwoc

BC = 4(cm) , AB = 3(cm), CD= 5(cm) va D4 = 6(cm).
Do AC=CD nén ta c6 AC=5(cm). Suy ra AB’>+BC?>=3’+4>=5"=A4C*. T d6, theo dinh ly
Pythagoras ddo, tam giac ABC vuong tai B.

ol
Do AC =CD nén tam gidc ACD can tai C. Goi E 1a trung diém ctia 4D thita c6 CE L AD. Ap dung
dinh ly Pythagoras trong tam gidc AEC vudng tai E, ta cé

CE=\AC? - AE* =\/5*-3* =4,

Tir ddy, ta tinh dwoc: S, =S e +S,0p = %.AB.BC + %.AD.CE

:1.3.4+1.6.4=18(cm2).
2 2

Cau 83. (Trwong chuyén tinh PTNK ( VONG 2 ) nim 2019-2020) Cho tam gidc 4BC c6 4B < AC . Goi
d,, d, lan lwgt 1a cac dwong phan gidc trong va ngoai goc £BAC. Goi M, N lan lwot 1a hinh chiéu
vudng goc clia B lén d,, d,. Goi P, O lan lwotla hinh chiéu vudng géc ctia C 1én d,, d, .

a) Chitrng minh rang MN va PQ lan lwot di qua trung diém clia 4B, AC.
b) Chirng minh rang MN va PQ cat nhau trén BC.

c) Trén d, 18y cac diém E va F sao cho ZABE = /BCA va ZACF = Z/CBA. (E thudc nira mit phing
BE AB

bd 4B chita C; F thudc nira mat phang bor 4C chita B). Chitng minh rang Fac

d) Cac dwong thang BN va CQ lan lwot cit AC va 4B tai cAc diém K va L. Chitng minh rang cac
dudng thang KE va LF cit nhau trén dudng thang BC.

Lo gii

Cau 84. (Trwong chuyén tinh Quang Nam Vong 2 nam 2019-2020) Cho hinh binh hanh ABCD c¢6 géc
A nhon. Goi H, K Ian lwot 13 hinh chiéu vudng géc cia C 1én cac dwong thang AB, AD.

a) Chtrng minh AB.AH + AD.AK = AC”.
b) Trén hai doan thang BC, CD lan lwot 14y hai diém M, N (M khac B, M khac C) sao cho hai tam giac

> Y, \A N 7 . BM DN
ABM va ACN c6 dién tich bang nhau; BD cat AM va AN lan lwot tai E va F. Chitng minh E + E =1

va BE + DF > EF.

Loi giai
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a).Ké BP L AC,DQ L AC

Dé chirng minh AAQD = A CPB (canh huyén - géc nhon)
= AQ=CP=AQ+AP=AC(1)

AAPB ® AAHC (g-g)

= % = % = AB.AH = AC.AP (2)

Twong ty: AD.AK = AC.AQ (3)

T (1), (2) va (3)

= AB.AH + AD.AK = AC.AP + AC.AQ = AC(AP + AQ) = AC’

b).Hai tam gidc ADN va ADC c6 chung chiéu cao ké tir A

- % _ S apn

DC S,
Twong tu: BM _ Samm
BC S,;c

Ma Sasm = Sacn (GT) va Sasc = Sapc (vi ABCD Ia hinh binh hanh)

_ BM _S.
BC S,y
BM DN — SACN + SADN — SACN + SADN

= + = =1
BC DC S S S

ADC ADC ADC

Goi I la giao diém cia ACvaBD = [A=1IC

Ta co:

SamcN = SacMm + SacN = Sacm + SaBm = Sagc = ESABCD = SaBD
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ViIA =IC nén:

Sagr = Salg + Sair = Scie 4 SciF = Scer < SEMCNF

1 1
= Sarr < ESAMCN = Sarr < ESABD

= EF< %BD

Ma BE + DF + EF = BD
= BE+DF > EF (dpcm).

C4u 85. (Trwong chuyén tinh Son La Vong 2 nam 2019-2020) Trong cac tam gidc c6 canh day bang
a, chiéu cao &ng v&i canh day bang /4 (a,h cho truéc, khong déi). Hay tim tam gidc c¢6 ban kinh
dwong tron ndi ti€p 1¢n nhat.

Loi giai

Trong cdc tam gidc cd canh ddy bang a, chiéu cao ung vdi canh ddy bang h (a ,h cho trwdc, khong doi).
Hay tim tam gidc cé ban kinh dwong tron noi tiép lon nhat.

A" I

Céc tam giac théa man deé bai c6 thé sap x€p sao cho c6 day 1a BC =a , dinh A4 trén duwdng thing (d)
song song BC cach BCmdt khodng bang A.

B ah B ah
AB+BC+CA AB+a+CA

Ta co 2S:a.h:r(AB+BC+CA):>r

(7 1a ban kinh dwong tron noi tiép tam giac)

Do d6 r 16m nhat khi va chi khi (4B + BC + CA) nhé nhdt<> AB+ AC nhé nhit.
Dung diém D déi xirng véi Cqua (d), BD cat (d)tai A khi dé6

A'B+A'C=AB+ AD=BD < AB+ AD = AB + AC.

(véi moi diém A thudc (d))

AB+ AC > BD =~ a* +4h’

Viy AB+ AC nho nhit khi va chi khi 4= A' khi d6 Ala trung diém cta BD

Nén tam giac ABC can tai A.

Vay trong cac tam giac thoa man diéu kién dé bai tam giac cé ban kinh dwong tron noi ti€p 1on nhat la
tam giac can.
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Ciau 86. (Trwong chuyén tinh Tay Ninh Vong 2 nam 2019-2020) Cho hinh thang can
ABCD (AB / /CD) c6 CD =2AD =2AB =8. Tinh dién tich ctia hinh thang can dé.

Loi giai
Cho hinh thang can ABCD (AB / /CD) c6 CD =2AD =2AB =8. Tinh dién tich ctia hinh thang can do.
Ta c6 aADH =aBCK do AHD = BKC =90°;ADH = BCK vi AD = BC nén DH = CK

CD-HK _

Mat khac ABKH 1a hinh chit nhat nén AB = HK suyra DH = 2

Do d6 AH = AD? —DH? =23

AH(AB+CD
Vay Sascp = ( ) ) = 12\/5

Cau 87. (Trwong chuyén tinh Tay Ninh Vong 2 nam 2019-2020) Cho tam gidc nhon ABC cé
BAC =60° va AB < AC . DPuwong tron tim [ ndi ti€p tam gidc ABC tiép xtc véi AB,AC lan lwot tai
D va E.Kéo dai BI,CI lan lwot cat DE tai F va G, goi M 1a trung diém BC . Chirng minh tam giac
MFG déu.

Lo gidi
Cho tam giac nhon ABC c6 BAC =60° va AB < AC . Pwong tron tdm [ ndi ti€p tam giac ABC tiép xtc
véi AB,AC lan lwottai D va E.Kéo dai BI,CI 1anlwot cit DE tai F va G, goi M 1atrung diém BC.
Chirng minh tam giac MFG déu.

| — — . —_— 1 —_ —_
Ta ¢6 t& gidc CIEF ndi tiép vi CEF = AED = 60° ( aADE déu) va CIF = E(ABC t ACB) ~ 60"
Suy ra ﬁ’E‘zITZE‘=90° nén FM = MB =MC (1)

Mit khac t& gidc BDGI noi tiép vi ADE = 60 (aADE déu) va BIG = CIF = 60°

Suy ra 1673=ID/\B=90° nén GM = MB =MC (2)
Lai c6 GMF =180° ~CMF ~ BMG =180° ~ ABC — ACB = 60" (3)

Tw (1)(2) va (3) suyra MF =MG va GMF = 60° nén aMFG déu

C4u 88. (Trwdong chuyén tinh An Giang Vong 2 nam 2019-2020)Cho hinh chit nhit 4BCD, hai diém
K, P thudc hai canh AD va BC sao cho tam giac DKP déu va c6 canh 18cm. Biét dwong chéo BD di

qua trung diém N cla doan KP.Dwong thing qua 4 song song véi KP cat BC tai M .

a) Tinh dién tich hinh chit nhat 4BCD.
b) Chitng minh rang t gidc AKNM ndi tiép.

Lo1 giai
a)
Tam gidc CDP vuéng tai C ¢6 CDP = 30"
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CD V3 o3

cosCDP === = CD = DP.cos30° =18.> =
DP 2

Tam gidc DKP déu c6 N 1a trung diém KP nén DB vudng gbéc KP va la dwong phan giac cua goc
ADP = CDB = 60"

tan CDB = tan 60" =lé—g:> BC = CD.tan 60° = 93/3 /3 = 27

Dién tich hinh chit nhat ABCD

S sep = BC.CD = 27.94/3 = 2433 (cem’)

b)

Do AM songsong KP nén KAM = DKP = 60° (dbng vi)
Taco AK =27-18=9cm = MP =9cm = NP

Ma MPN = NKD = 60’ (so le trong). Viy tam gidc MNP déu
@ MNP = 60°

@ MNK =120° (k& bl)

Vay KAM + MNK = 60° +120° = 180°

Vay tir gidc AKNM ndi tiép

Cau 89. (Trwomg chuyén tinh Long An chuyén toan dw bi nam 2019-2020) Cho hinh vuéng ABCD
c6 canh bang 12a, goi E 1a trung diém ctia CD, goi F 1a diém thudc canh CB sao cho CF =4a. Cac
diém G va H theo thi tw di chuyén trén cac canh 4B va AD sao cho GH song song EF . Xac dinh
vi tri cia diém G sao cho t& gidc EFGH c6 dién tich 1¢n nhat.

Loi giai

G B
A o
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2(12a -x) 12a+2x

AAGH dong dang ACEF suyra: AH = : DH =

S =38 5ep0 =Suc —Sser —Scrr ~Sprn
=1444’ —%.(12a—x)2 —4ax—12a* —a(12a+2x)

2

S= —%+2ax+72a2 - —%(x—3a)2 +754% <754

Piém G cin tim 1a diém trén canh 4B sao cho BG =3a

Ciu 90. (Trwong chuyén tinh Long An chuyén todn nam 2019-2020)

Cho tr gidc ABCD c6 O la giao diém cia AC va BD sao Cho;ﬂ;%;&;i_ Goi K la diém cé
CO 5 DO 4

dinh bén ngoai tr gidc ABCD. Goi d 1a duwong thang di qua K va khong cat t gidc ABCD. Goi
M ,E,F,N lan lwot 1a hinh chiéu cia 4,B,C,D 1én duwong thang d . Tim vi tri cia dwong thang d dé
5AM +4BE +2CF +3DN dat gia tri l&n nhat.

Lo gii

Goi H 1a hinh chiéu vudng goc ctia O 1én dwong thing d

Xét hinh thang AMFC, vi % =§ nén 70H =54AM +2CF

Xét hinh thang BEND , vi g—g =% nén 70H =4BE +3DN

Suyra 5AM +4BE +2CF +3DN =140H
Vi OH < OK nén khi d vuéng géc OK thi thoa yéu ciu dé

Céu 91. (Trwdong chuyén tinh Quang Binh chuyén todn nim 2019-2020) Cho hinh chit nhat ABCD
c6 AB=2AD =4a (a > 0). Puong thiang vudng goc véi AC tai C cat cac dwdong thang AB va
AD lanlwottai E va F.

a) Chirng minh t& gidc EBDF noi tiép.

b) Goi / 1a giao diém ctia cadc dwdng thang BD va EF . Tinh do dai doan thiang ID theo a.

¢) M 1a diém thay ddi trén canh AB (Mkhac A, Mkhéac B), dwong thing CM cat dwong thing AD tai
N. Goi S, 1a dién tich cia tam giac CMEva S, la dién tich ctia tam gidc AMN. Xac dinh vi tri ctia Msao
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cho izé

S, 2

Loi gidi

N4 D F

a) Chirng minh t& gidc EBDF néi tiép.

Do ABCD I3 hinh chit nhét nén BDA = CAD.

Mit khéc CAD = AEF (cling phu véi AFE )

Suy ra @ = A/ﬁ .

T& gidc EBDFcé B/E77 + B/D77 = B/Djél + B/D77 =180". Vvay ti gidc EBDFnoi tiép.

b) Goi / 14 giao di€ém clia cic dwong thing BD va EF . Tinh d6 dai doan thang /D theo a.
Tam gidc ACEvuéng tai Cva CB L EA néntac6 CB*> = BE.BA

CB*  (2a) _ .
BA  4a

Suyra BE =

Tacé BD* = AB* + AD*> = (4a)’ + (2a)2 —20ad*> = BD = 2a/5.

. . IB BE a 1
Do BE songsongvéiCDnén —=—=—=—
ID DC 4a 4
4
Suy ra IDZEBD. Vay ID = S\é’ga.

¢) M 1a diém thay d6i trén canh AB (Mkhac A, Mkhéc B), dwong thiang CM cit dwdng thang ADtai M.
Goi S, 1a dién tich ctia tam gidc CMEva S, 1a dién tich clia tam giac AMN. Xéc dinh vi tri ctia M sao cho

o 3
S, 2
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bat AM =x,0<x<4a.Suyra MB=4a— x,ME =5a — x .

. ., AN _MA MA.BC 2ax
Do BC song song voi AN nén —— = = AN = =
BC MB MB 4a—x

Suy ra

S, = %CB.ME = %.2a.(5a —x)=a(5a— x)

1 1 2ax ax’

S, =—AM.AN = —x. =
2 da—x 4da—x

Dods D=3 o CATN@A=Y) 3 2840 404> =0
S, 2 X 2

& (x—2a)(x+20a)=0< x=2a (vi(0<x<4a).

: . S, 3
Ké&t luan: Khi M1a trung diém ctia ABthi — = —
2

Ciu 92. (Trwong chuyén tinh Yén Bai vong 2 ndm 2019-2020) Cho tam giac déu ABC . V& cac tia Bx
, Cy cung phia v&i A d6i véi BC sao cho Bx//AC, Cy//AB. Mot duwong thing d di qua A4 cat
Bx, Cy theo tht tw & D, E. Goi I 1a giao diém cia CD va BE . Xac dinh vi tri cia dwong thang d
dé tam gidc BIC co dién tich 16n nhit.

Lo giai
Cho tam giac déu ABC. Vé cac tia Bx, Cy cung phia véi A d6i véi BC sao cho Bx//AC, Cy//AB.
Mot dwong thang d di qua A4 cat Bx, Cy theothittw & D, E. Goi I 1a giao diém cta CD va BE . Xac
dinh vi tri cia dwong thang d dé tam gidc BIC c¢6 dén tich 16n nhat.

L/
E

B C

Xét AABD va ACEA c6 DBA = ACE = 60° va ADB = AEC (dong vi)

Suy ra: ABAD & ACEA (g_g), suy ra 8D = AD nén 8D BC
CA CE BC CE

mit khac DBC = BCE =120° tit d6 ADBC & ABCE (c.g.c)
Suy ra lﬁ = ﬁ’

Tacé BIC = ICE + IEC = ICE + DCB = 120°

Suy ra diém / thudc cung chivra goc BC ma BC khong déi, suy ra AIBC c6 dién tich 16n khi va chi khi
I 1a diém chinh gitra ctia cung chivra goc BC hay d//BC.
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Ciu 93. (Trwong chuyén tinh Gia lai vong 2 ndm 2019-2020) Tinh thé tich cia mdt hinh ciu, biét
dién tich mit ciu bing 367 cm’.

Loi giai

Ban kinh cia mit ciula R = 16—” =3 cm
r

Thé tich hinh caula V = gﬂ'R3 =36z cm’

Ciu 94. (Trwong chuyén tinh Kon Tum cho tit ca cic thi sinh ndm 2019-2020) M4t hinh tru cé chiéu
cao bang 5m va dién tich xung quanh bang 207’ . Tinh thé tich cta hinh tru.

Loi giai
Dién tich xung quanh cta hinh tru : qu =2mnrh.

& 20m =27r.5 4 r =2(m).

V =7r’h= 207r<m3).

Cau 95. (Trwong chuyén tinh Nam Dinh cho 16p chuyén KHTN nam 2019-2020) M4t hinh tru c6 dién tich hinh
tron day 1a 97 cm®, d6 dai dwong sinh1a 6 cm. Tinh thé tich hinh tru dé.

Loi giai

Thé tich hinh trula ¥V =54zcm’..

Cau 96. (Trwong chuyén tinh Nam Dinh 16p chuyén KHXH nam 2019-2020) M6t hinh tru c6 ban kinh day 1a 3cm,
do dai dwong sinhla 6 cm. Tinh dién tich xung quanh cta hinh tru dé.

Loi gidi

Dién tich xung quanh §, =367 cm’. .

Ciu 97. (Trwong chuyén tinh An Giang Vong 2 nim 2019-2020)Mét chiéc bt chi cé dang hinh tru c6
dudng kinh ddy 8mm va chiéu cao bang 200mm . Than but chi dwoc 1am bang gb, phan 16i dugc 1am
bang than chi. Phin 16i c6 dang hinh tru c6 chiéu cao bang chiéu dai but va day 1a hinh tron cé ban
kinh 1mm . Tinh thé tich phan 16i va phan gb ctia bt chi.
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Lo giai
Ta c6 cong thirc tinh thé tich hinh tru
V =nRh
Thé tich phén than chi ¢6 dang hinh tru chiéu cao 200mm ban kinh day r =lmm.

vV, . =nx12200= 2oo;z(mm3)

Thé tich bt chi cé chiéu cao 200 mm ban kinh day R = 4mm
Vi = 142200 =32007 (mm’)
Thé tich phan gob but chi

Vao =V = Vianess = 32007 = 2007 = 30007z (mm’ ).
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Chuyén dé S6 hoc

Cau 1. (Trwong chuyén tinh Binh Thuidn chuyén todn nim 2019-2020) Chirng minh rang s6
M =(n+1)*" +n* +1 chia hét cho mot s6 chinh phwong khéc 1 véi moi s6 # nguyén dwong.

Lot giai
Ta c6:
AKB = AIB = 90°
=2(n* +n+1)°.
Do d6 M luén chia hét cho s6 chinh phwong (n° +n+1)°.

X =n'x+n+1=0

Cau 2. (Truwomg chuyén tinh Binh Thuin vong 2 nam 2019-2020) Chirng minh rang sé
M=(n+ 1)4 +n" +1 chia hét cho mot s6 chinh phwong khac 1 véi moi s6 12 nguyén dwong.

Lo giai
Ta co:
M=(n+1)"+n"+1=2n" +4n" +6n° +4n+2=2(n" +2n° +3n> +2n +1)
=2(n* +n+1)>.
Do dé M luén chia hét cho s& chinh phwong (n” +n +1)°.

2 —-nz+n+1=0

Cdu 3. (Trwong chuyén tinh Binh Pinh vong 2 nam 2019-2020) Goi #n so
%; X%y; %33..; &, (n€Z, n>3) thoa man: mdis6 x, (i =1,7) bang 2019 hodc —2019va

X%, +%,%;, +...+x, x, + x,x, = 0. Chirng minh rang » la mét boi cua 4.

Loi giai
Tir dé suy ra mdi tich x,x,; x,x,;...; ¥, ,x, ;x,% nhan mot trong hai gia tri 2019” hodc —2019°.

Ma xx, +x,%, +...+x, x, +x,x, =0 nén sé tich c6 gia tri 1a 2019 bang véi s6 tich co gid tri 1a
—2019%,do d6 7 chdn. Goi n=2g, khi d6 cé g s6 2019* vacéd g s6 —2019

Khi d6 (x,x,).(%,%;).....(x, %, ).(x,%,) = %] x; x5 .....x. =2019*" >0, suy ra c6 chdn s6 —2019” nén
g:2.Dodbé n=4k. Suyra n:4.

Vay #n lamot boi cua 4.

Cau 4. (Trwong chuyén tinh Bac Liéu nam 2019-2020) Chéng minh rdng s8 c6 dang
A=n°—n"+2n’ + 2n° khong phai 12 s8 chinh phwong, trongdé ne N,n>1.

Loi giai
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Taco: A=n’—n'+2n’ +2n°

=’ n*(n=1)(n+1)+2(n+1)]

=’ (n+1)(n’ =n" +2)]

= n+l[n +1)—(n —1)}
=n’(n+1) (n’ —2n+2)

Véi ne Nyn>1thi n’ =2n+2=(n—-1) +1>(n-1)
Van'-2n+2=n"-2(n-1)<n’

Vay (n — 1)2 <n’=2n+2<n’ nén n° —2n+ 2 khong 1a s§ chinh phwong.

Do d6 A khongla sd chinh phwong véi ne Nyn>1

C4iu 5. (Trwdong chuyén tinh Bén Tre vong 2 ndm 2019-2020)Cho a,b,c la cic s6 nguyén théa min

2019 | 52020 20+ p*2 + ¢ cling 12 bi s6 cha 6.

a +c*”'1a boi s6 clia 6. Chirng minh ring a

Lo gii

Cau 6. (Trwong chuyén tinh Chuyén PHSP vong 2 ndm 2019-2020) Cho ba sé nguyén dwong a, b, c

théa man &’ +b’ +¢’ chia hét cho 14. Chirng minh rang abc ciing chia hét cho 14.

Lo gii

Do @’ +b’ +¢* chdn nén trong cac s8 a, b, ¢ c6 it nhat mot s6 chan. Tir d6 suy ra tich abe chia hét cho 2.
(1)

Gia st trong ba s6 a, b, ¢ khdng c6 s6 nao chia hét cho 7. Ta thdy rang, véi moi x nguyén khong chia
hét cho 7 thi x=+1,+2,+3(mod7), suy ra x’ =+1(mod7).

Do d6 @’ =+1(mod7), b’ =+1(mod7), ¢’ =+1(mod7).

Suyra @’ +b +c’ =-3,-1,1,3(mod7), titc @’ +5’ +¢’ khong chia hét cho 7, mau thuan. Vay trong ba sd

a, b, ¢ phai c6 it nhat mot s6 chia hét cho 7.
Tir d6 suy ra tich abe chia hét cho 7. (2)

Tir (1) va (2) v&ichay (2;7)=1,tacé abc chia hét cho 14.

Ciu 7. (Trwong chuyén tinh DAK LAK vong 2 ndm 2019-2020) Tim cac s6 ty nhién » théa man
4**" +3" ¢ chir s6 tan cung 1a 7.

Lo gii

C4u 8. (Trwong chuyén tinh HCM nam 2019-2020) Cho m,» 13 hai s6 nguyén. Chirtng minh rang néu
7 (m + n)2 +2mn chia hét cho 225 thi mn ciing chia hét cho 225.

Loi giai

PI'Ta chitng minh mn chia hét cho 9.
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Ta c6: 7(m+ n)2 +2mn="7(m —n)2 +30mn chia hét cho 225, do d6 chia hét cho 3. Lai c6 30mn chia hét
cho 3,do d6 7(m- n)2 ciing chia hét cho 3. Do 7 va 3 nguyén t6 ciing nhau nén (m - n)2 chia hét cho 3,
dan dén m—n chia hét cho 3 (vi 3 1a s6 nguyén t6). Khi do, (m - n)2 chia hét cho 9 vi vdy 30mn ciing

chia hét cho 9. Ma 30 chi chia hét cho 3 cht khong chia hét cho 9, cho nén mn phai chia hét cho 3, suy
ra cé it nhat 1 trong 2 s6 m,n chia hét cho 3, gid st 1a m. Lic nay, do m va m—n cung chia hét cho 3

nén n=m—(m—n) ciing chia hét cho 3, vi vdy mn chia hét cho 9.

EIChirng minh hoan toan twong tw, ta c6 mn chia hét cho 25.

Do 9 va 25 nguyén td cung nhau nén mn chia hét cho 2250

Ciu 9. (Trwdong chuyén tinh Ha Nam chuyén toan nim 2019-2020) Tim tit ca cic sO tw nhién n sao
cho 7" + 147 1a s6 chinh phwong.

Lo gii
Déthdyn = 0thi 7" +147 =148 khéngla s6 chinh phwong.
Xétn>0Neéunlé ditn=2k+ 1 (keN).
Taco 77" = (=1)*""' (mod4) = —1(mod 4), 147 = 3(mod4)
= 77" +147 = 2(mod4)

Ma mot s6 chinh phwong hodc chia hét cho 4 hoic chia cho 4 dw 1, suy ra 7" +147 khong 1a s6 chinh
phuong.
Néu n chén, ditn = 2k (ke N").

Gia st ton tai s6 nguyén a sao cho 7" +147 = a* thi a7, dita=7m (meZ). Khi d6
7" +147 = a* < 7 +147 = 49m’
om -7 =3 m-7""m+7")=3
m—-7"=1 m=72
= = =>n=2
m+7"=3 k=1
Véin=2, 7 +147=196 =14,
Vay khin = 2 thi 7" +147 1a s8 chinh phuong.

Cau 10. (Trwdng chuyén tinh Ha N6i chuyén tin nam 2019-2020) Cho biéu thirc P = ab (a + b) +2,

vGi a,b 1a cac s6 nguyén. Chirng minh néu gia tri cia biéu thirc P chia hét cho 3 thi P chia hét cho

9.

Loi gidi
Ta co ab (a + b) + 2 chia hét cho 3, suyra ab (a + b) chia cho 3 dw 1.
Suy ra hai s6 a,b khong chia hét cho 3 va phai cé cung s dw khi chia cho 3.
Gia st a,b déu chiacho 3 dw 1 thi ab (a + b) chia cho 3 dw 2 (traigia thiét) .

Suy ra a,b déu chia cho 3 du 2.

_ la=3x+2
bat b= 3y+2 (m,yeZ).
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Suyra: P = (32 +2)(3y +2)(3z+3y +4) +2

= [18($2 +y2)+27xy(:c+y)+72xy+36(:1:+y)+18}9

Cau 11. (Trwomg chuyén tinh Ha ndi chuyén toan nidm 2019-2020) Cho biéu thirc
P =abc (a — 1) (b + 4) (c + 6), voi a,b, c 1a cac s6 nguyén thoa man a + b + ¢ = 2019. Chirng minh

gia tri clia biéu thirc P chia hét cho 6.

Lo gii
Vi a(a—l)fZ = P:2.
TH1 : Trong ba s a,b,c c6 it nhat mot so chia hét cho 3 thi P:3.
TH2 : Trong ba s0 a,b,c khéng c6 s6 nao chia hét cho 3.
Vi a+b+c¢=2019:3 = Cacsb6 a,b,c chia 3 cung du 1 hodc cung dw 2.
+) Néu a,b,c chia3 cungdw 1 =(a-1):3 = P:3
+) Néu a,b,c chia3 cungduw 2 =(b+4):3 = Pi3.

Ma UCLN (2;3) =1 = P:6.

Cau 12. (Trwong chuyén tinh Ha ndi chuyén todn ndm 2019-2020) Tim tit ca s0 tw nhién n d€ gia tri cia

biéu thitc Q = Vn + 2 +Vn +vn + 2 1asd nguyén.

Lo gidi

batt =Vn + 2.
Q=t+Vt'+t-2e ' +t-2=0Q -t

S8 +t-2=0Q" -2t +1"= (2Q+1)t = Q* +2
Q* +2 Q*+2Y)
t= >n+2= .
2Q +1 2Q +1

2
Vin,QeZ:Q+2eZ:>2Q—1+ ) € 7.
200 +1 200 +1

ViQ>1nén2 ) 1EZ:>Q:4:>t:2:>n:2.

Thirlai n = 2 thoa man.

Cau 13. (Trwong chuyén tinh Ha Tinh vong 2 ndm 2019-2020) Cho a, b, ¢ 1a cic s6 nguyén doi

mot khac nhau théa man: a’ + b’ + ¢’ =3abc. Chimg minh 2(214 +b* + 04) 12 s6 chinh phuwong.

Loi giai

Tacd a’ +b’ +¢’ —3abc = (a+b)3 —3ab(a+b)+c’ —3abc
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=(a+b+c)3—3(a+b)c(a+b+c)—3ab(a+b+c) :(a+b+c)[(a+b+c)2 —3ab—3bc—3ca}
=(a+b+c)(a2+b2+cz—ab—bc—ca)
:%(a+b+c)[(a—b)2+(b—c)2+(c—a)2}:0<:>a+b+c=0 (do a, b, c phan biét).

Tacd: a+b+c=0<(a+b+c)’ =0 a’ +b*+c®> =—2(ab+bc+ca)

= (a’+b’ +c?)’ =4(a’b> +b’c’ +c’a’ +2abc(a+b+c)) =4(a’b’ + b’c’ +ca’)
=a*+b' +c* =2a’b* +2b°c’ +2c%a® & 2(a* +b* +c*)=a* +b* +c* +2a°b* +2b°c® + 2c%a’
& 2@t +b*+ct)=(a’ +b* + %)’

Via, b, cla cdcs6 nguyén nén a’ +b’ +c” 1a s6 nguyén.

Do d6 2(a* +b* +¢*) 1a s6 chinh phwong.

Ciu 14. (Trwong chuyén tinh Hoa Binh Chuyén Tin nam 2019-2020) Tim tit ca cic s0 chinh phwong
O 4 chir s6 sao cho 2 chir s6 dau giéng nhau va hai chir s6 cuéi giéng nhau.

Lo gidi
Goi s8 chinh phwong cin tim c6 dang aabb (a,be N,0<a<9,0<5<9)
Ta cé w=1000a+100a+10b+b=1100a+11b=11(100a+b)
Ta thdy aabb:11 ma aabb 12 s§ chinh phwong nén (100a+5):11=> (a+b)’11

Ma b c6 thé nhin cac gia tri 0, 1, 4, 5, 6, 9. Thit trwec tiép cac tredng hop suy ra chi c6 1 s6 thoa min la
s0 7744.

Cau 15. (Trwong chuyén tinh Hai Dwong chuyén toan niam 2019-2020) Cho hai sd tw nhién a, b théa
min: 2a” +a =3b + b . Chtrng minh ring: 2a + 2b + 114 s8 chinh phwong.

Lo gii
Tacé 2a’ +a=3b"+b < (a—-b)(2a+2b+1)=b,(*)
Via,blacacs6 twnhiénnén a>b.
Dodé (a—b;2a+2b+1)=d (deN¥)
Ta co

(a—b):d
(2a+2b+1)id

= (a—b)2a+2b+1):d> = b*id* = bid
Ma (a—b)id = aid = (2a+2b)'d =1id =d =1.
Dodé (a—b;2a+2b+1)=1

Tt (*) suy ra a-1 va 2a +2b+1 la cic s6 chinh phwong.
Vay 2a+2b+1 1a s6 chinh phwong.
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Ciu 16. (Trwong chuyén tinh Hai phong vong 2 nam 2019-2020) Tim cac sd nguyén t6 p;q théa
man dong thoi hai diéu kién sau:

i) p°q + p chiahétcho p*> +g4.

ii) pg®> + ¢ chia hétcho ¢° — p.

Loi giai
Pa+pip’+a=q(p’+q)—(P’a+pr)=4-pip’+q.
pd +a:d—p=(pi*+a)-p(’—p)=p" +4iq"—p.-
+¢' —p=—(p*+q)© ¢ +q+p —p=0(VN).
+¢'—p=p'+qe(g+p)qg—p-1)=0g—p—-1=0&g=p+1.

Ma p,q la hai s6 nguyén té nén p =2,q =3 (théa min bai toan)..

Ciu 17. (Trwong chuyén tinh Hiu Giang chuyén toan nam 2019-2020) Cho trwéc sd nguyén dwong
m. Tim mot s6 nguyén dwong n sao cho m +n +1 la sé chinh phwong va mn +1 1a 1ap phwong
ctia mot so tw nhién.

Lo gidi
Chon n =m’ 4 3m + 3.
Tacé m+n+1=m’+4m + 4 = (m + 2)* 1a s6 chinh phwong

mn+1=m’+3m’ +3m+1=(m+1)".

Cau 18. (Truwdng chuyén tinh Nam Dinh chuyén todn nim 2019-2020) Chirng minh ring néu 7 1a s6
5

n +
nguyén thi T ciing 1a s6 nguyén.

Lol gidi
5 S _ -1 -1 1)(n* +1
n+29n _n n+n:”(" )+n:(” )n(n+ )(n + )

30 30 30 30

+ Tacod

+n.

+ V&i n nguyén thi n—1, n, n+1 la ba s6 nguyén lién tiép nén trong ba s6 nay phai c6 sé chia hét cho
2 va c6 s chia hét cho 3, suy ra (n —1)n(n+1)f6, do d6 (n5 —n)f6.

+ Néu n:5 thi (n5 —n)fS; néu n chia cho 5 c6 dw 1a mot trong cac s6 1, 2, 3, 4 thi #* chia cho 5 du 1,
suy ra n(n4 —1)55.

n’+29n  n’—n

\ 5’6 :1 A - , h do
+V1( ) nensuyra(n n) 30, theo d6 30 30

+n 1a s6 nguyén.

Cau 19. (Trwong chuyén tinh Nam Pinh chuyén todn nam 2019-2020) Tim tat ca cic cidp so tw nhién
(x;y) sao cho 2(x2 +y*—3x+ 2y) —1va 5()c2 +y +4x+2y+ 3) déu la cac s6 chinh phwong.

Loi giai
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+ Gid st tén tai cdp s6 tw nhién (x;y) thda min yéu ciu. Khi d6 c6 a,beN ma

2(x*+y* =3x+2y)-1=d’
(x 4 g y) ¢ ,suyraa2+b2:7[(x+1)2+(y+1)2].
5(x2+yz+4x+2y+3)=b2

Néi cich khac phwong trinh (1): 4°+B*=7(X*+Y*) c6 nghiém (X;Y;4B) voi X,YeN' va
A,B € N.Tacoi (X; Y; A;B) la b nghiém cta (1) théa man diéu kién X + Y nho nhit.

+ T (1) c6 (A2 +Bz)f7. Nhan thidy mot s6 chinh phwong chia cho 7 chi ¢6 thé chos6 dwla 0, 1, 2, 4
nén (A +B*):7 khi va chikhi 4:7 va Bi7; dantéibidu dién 4=74,B="TB, véi 4,B, N .Khidé
(1) tré thanh X* +Y* =7(4 +B;).

Lap luan twong tw din dén X =7X,,Y=7Y véi X,Y e N".

+ Ta cé (X1§Yl3A13Bl) la bd s6 nguyén duwong thoa man 7()(12 + le) = A’ + B}, tirc 1a thoa mén (1), lai
c6 X, +Y :%(X+Y)<X+Y nén mau thuan véi cach chon (X;Y;A;B). Viy diéu gia st 1a sai,

khong cé cédp s6 tw nhién (x;y) nao théa min yéu ciu bai toan.

Cau 20. (Trwong chuyén tinh Nghé An chuyén toan nam 2019-2020) Tim cac cdp s0 nguyén dwong
(x;») sao cho x*y+x+y chiahét cho xp* +y+1.

Lo giai
Ta c6:
Xy+x+yixy +y+l
@y(x2y+x+y)—x(xy2—y+1)§xy2 +y+1
Sy —xixt+y+1
y=m

2
X=m

TH1: y* =x= { :V&i moi m 12 s6 tw nhién khac 0

Thr lai thiy théa man
TH2: y2 > x, ta co:

' +y+1<y’ —x

<:>(x—1)y2 +y+x+1<0
(volido x,y>1)
TH3:@y* < x

' +y+l<x—y°
Ta c6:2 5 5
<:>x(y —1)+y +y+1<0

PEEERRRRRRREEREEREEEEERRRRRRRRRERVS lido X,y >1)
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vay, (x;y) = (mz;m) véi m thudc tap s6 tw nhién khac 0

Cau 21. (Trwong chuyén tinh PTNK ( VONG 2 ) nim 2019-2020)

a) Tim tat ca nhitng s6 tw nhién » sao cho 2" +1 chia hét cho 9.

b) Cho » 1a s6 tw nhién »>3. Chitng minh rang 2" +1 khong chia hét cho 2" —1 v&i moi s6 tw nhién
m saocho 2<m<n.

Lo giai
a) n=3k suyra 2" +1=8"+1=(-1)" +1(mod9). Suy ra k 18, k=2¢+1.
Suyra n=3(2¢+1)=6t+3.
Néu n=3k+1tacé 2" +1=3.8" +1=(-1)" 3+1(mod9) suyra 2" +1 khong chia hét cho 9.
Vay véi n=6t+2,vdi ¢ 1a s6 tw nhién la cac s6 can tim.
b) Cach 1: Ta c6 2 —1:2" —1. Tir 2*" =(2" +1)(2" -1).
bat 2n=km+q (0<g<m).
Khi dé 22"—1:2"’””—2"+2q—1:2q(2"’”—1)+2q—1 chia hét cho 2" —1, suy ra 27 -1 chia hét cho m ma
0<27-1<2"-1,suyra ¢g=0.
Do dd 2" =km.

Truong hop 1: Néu m 1é, suy ra k chdn, k=2k', suyra n=k'm,2" +1=2"" +1=2"—1+2 chia hét cho

2" —1,suyra 2 chia hét cho 2" -1 vo ly.

Truong hop 2: Néu m chdn m=2m' nén n=km', suy ra 2" +1 chia hét cho 2" -1, ma 2" -1 chia hét
cho 2" —1 nén 2" +1 chia hét cho 2" -1, suy ra 2 chia hétcho 2" -1 vo ly vi m'>1.

Cach 2: Tac6 2" (2" -1):2" -1, suyra 2" —=2""i2" -1, ma 2" +1i2" -1 suyra 2" +1 chia hét cho 2" -1.
Ly ludn twong tw ta c6 2" +1 chia hét cho 2" -1.
Gidstt n=km+q,0<g<m.

Chon & nhwtrén, tac6 27 +1 chiahétcho 2" -1.Ma ¢g<m nén 2/ +1=2" -1, gidira g=1,m=2 (vo ly).

Ciu 22. (Truwomg chuyén tinh Quang Nam Vong 2 ndm 2019-2020) Chirng minh rang véi moi sé
nguyén dwong n, s6 M =9.3*" —8.2*" + 2019 chia hét cho 20.

Lovi giai
M =93"-82"1+2019=9.81"-8.16" +2019
Ta co:
81=1(mod4) = 81" = I(mod4) = 9.81" = 9 = I(mod 4)
8.16" = 0(mod 4)
= M =1-0+2019=2020 = 0(mod 4)
hay M:4(1)

Lai cé:
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81=1(mod5) = 81" =1(mod5) = 9.81" =9 = 4(mod5)
16 =1(mod5) = 16" =1(mod5) = 8.16" =8 = 3(mod5)
=M =4-3+2019=2020=0(mod5)

hay M:5(2)

T (1) va (2) = M :BCNN(4,5) hay M :20 (dpcm)

Cau 23. (Truwong chuyén tinh Quang Ngii chuyén toan nim 2019-2020) S6 tw nhién n=111°c6 tat ca
bao nhiéu wéc s6 nguyén dwong phén biét? Tinh tich ctia tit ca cac wéc s6 do.

Lo gii
n=111°=3°37°
M&i wée s6 nguyén duong ctia n c6 dang 337" trong d6 x €{0;1;2;3;4;5;6} va y €{0;1;2;3;4;5;6} . Do
x c6thé nhin 7 gia triva y ciling c6 thé nhan gia tri 7 nén n c6 tit cad 7x7 =49 wdc sé nguyén dwong
phan biét

by PaY 7 n Py 2 Y n ~ by Py 7 n JaY 2
Néu a 1a mot wéc s6 nguyén dwong clia n,a # 111° thi 5=~ ciing 1a mot wéc s6 nguyén dwong clia
a

n,b#a.Khido6 a va b tao thanh mot cip wéc s6 nguyén dwong ciia n va ching co tich dung bang n
Trong 49 wéc s6 nguyén dwong phan biét ctia 7, ngoai trir 111° con 48 wéc s6 con lai dwoc chia thanh
24 cap woc s6 6 tinh chat nhw cdp wéc (a,b)

Vay tich tit ca cic wéc nguyén dwong phan biét cua n 1a (1 11° )24 A1 =111

Ciu 24. (Trwdong chuyén tinh Thai Nguyén chuyén toan ndm 2019-2020) Cho a la s6 tw nhién
khong chia hét cho 5 va 7. Chirng minh

(a4 - 1)((14 +154° + 1) chia hét cho 35.

Loi giai
bat P = (a4 —1)(a4 +154° + 1).
Vi akhong chia hét cho 5nén a =5k +r(k e N) véi r e {1, 2, 3, 4}
Suyra a* chiacho 5 dw 1 hay (a4 —l) :5nén P:5. (1)

Mitkhac, P =a® +15a° —15a° —1.

Vi akhéng chia hét cho 7nén a =Tm+n(meN) véi ne{l,2,3,4,5, 6}
Suyra a® chia cho 7 du 1 hay (a6 —1) t7 va (a8 —az) =a2(a6 - 1)57
Dodo | P—(a’ +15-15a" ~1) |7

| P-(-14a>+14) |7

=Pi7. (2

Vi (5, 7) =1 nén tir (1) va (2) suy ra Pchia hét cho 35.
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Céu 25. (Trwong chuyén tinh Thai Nguyén chuyén todn nim 2019-2020) Cho P(x)la da thirc bac
bon va cé hé s6 cla bic cao nhit la 1. Biét rang
P(2016)=2017, P(2017)=2018, P(2018)=2019, P(2019)=2020.  Ching  minh
P(2020) 1a mot s6 tw nhién chia hét cho 5.

Lo giai
Ta c6:  P(2016)—(2016+1)=0, P(2017)—(2017+1)=0,  P(2018)— (2018 +1)=0,
P(2019)—(2019+1)=0. (1)

bit O(x) = P(x) — (x +1).Khi d6, O(x) 1a mdt da thirc bac 4 va c6 hé s§ ctia bac cao nhit bang 1.

Tw (1) ta c6: Q(2016)=0, Q(2017)=0, Q(2018) =0, O(2019)=0. Do d6: 2016, 2017, 2018,
2019 la cac nghiém cta da thire O(x).

Suy ra O(x) :(x—2016)(x—2017)(x—2018)(x—2019).
Vay P(x):(x—2016)(x—2017)(x—2018)(x—2019)+x+1.
Khi d6: P(2020)=4.3.2.1+2020+1=2045 chia hét cho 5 (dpcm).

Ciu 26. (Trwong chuyén tinh Vinh Long vong 2 nam 2019-2020) Chitng minh rang véi moi s6 tw
nhién nthi #’ +9n+1 khong chia hét cho 6.

Lo giai
Tacé n’ +9n+1=m—-Dn(n+1)+10n+1

Vi (n—1)n(n+1) la tich ba s6 nguyén lién ti€p nén chia hét cho 6
10n+1 1a s6 1é nén khong chia hét cho 6
Suyra n’ +9n+1 khong chia hét cho 6.

Cau 27. (Trwdong chuyén tinh Phii Tho vong 2 ndm 2019-2020) Vé&i méi s6 thye x, ki hiéu [x] 1a 6

nguyén l&n nhat khong vweot qua x. Vidu [\/5] = 1;[—%} =-2

a) Chirng minh rang x—l<[x]£x<[x]+1=[x+1] véimoi x € R.

b) C6 bao nhiéu s6 nguyén dwong »n < 840 thdoa man [\/;] lawédcecia n?

Loi giai
a) Taco ngay[x] < Xx (theo dinh nghia)
G/s [x]+1 <x thi [x]+1 la s6 nguyén ma [x]+1 > [x];

ma theo dinh nghia thi [x] 12 s6 nguyén 16n nhat khong vwot qua x (mau thuin do [x] < [x] +1). Do

dé x<[x]+1

=> x—1<[x]
Lt cd [x]+1£x+1 [x]+1£x+1
Ao [x+1]£x-|—1:> [x-l—l]—le
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[x]+1<[x+1]

[x+1]—1£[x]:>[x]+1:[x+1] (4).

Mat khac do [x] +1 va [x + 1] —1 déu la cac s6 nguyén nén {

Véyx—1<[x]£x<[x]+1:[x+1]

b) Gia st n 1a s6 nguyén dwong théa man

Pat k=] n | thi 1<k <28 va k> <n<(k+1)" hay k* <n<k”+2k
=>n=k>+r v6i 0<r <2k,

Mat khac n:k hay (k2 +r)fk nén r =0;k;2k voi 1<k <28

Lai c6 840 =28° +2.28

Ma n cé dang k*;k° + k;k* + 2k déu thoa man yéu cau bai toan.

=> S0 nguyén dwong n théa min yéu ciu bai toan la 3.28 =84.

Cau 28. (Trwong chuyén tinh Quang Tri Vong 2 nim 2019-2020) Cho s& t nhién c6 3 chit s6 abc.
Chirng minh rang: abc chia hét cho 21 khi va chi khi a —2b + 4c¢ chia hét cho 21.

Lo gii
Ta cé 4.abc =21(19a+2b)+(a~2b+4c)
Vi 21(19a+2b)=0(mod21), nén 4.abc:21 khi va chi khi (a—2b+4c):21

ma (4,21)=1 nén abci2l & dabci2l < (a—2b+4c)i2l

Ciu 29. (Truong chuyén tinh Thanh héa chuyén toan nam 2019-2020) Cho hai s6 nguyén dwong
X,y véi x> 1 vathéa min diéu kién 2x> —1=y" . Chirng minh ring x chia hét cho 15.

Loi giai
Vix,yeN;x>1va2x’-1=y"=yl18 y>1.
bit y’ =a (aeN*,aZ2,a>1)

Khi dé :
2 —1=y" =2x’ -1=d’ ©2x* =a’ +1
< 2x° =(a+1)a’> —a+1)
@xZ:“T“-(aZ—aH) (1)
_ 5 a+l:d
Goi d=UCLN(a+la—-a+1)= , ]
a”—a+1:d
P 2 . d:1
Laico a” —a+1=(a+1)(a-2)+3=3:d = de3
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-Néu d=1= UCLN(a+1,a* —a+1)=1:>U’CLN(aT—i_l,a2 —a+1)=1.

Do d6, tir (1) suy ra a* —a + 1 13 s6 chinh phwong.

Piéu nay vo ly do (a—l)2 <a’—a+l<a’,VaeN,a>1
-Néu d =3 thi 2x*19= x*19=x:3

Mat khac:

Pit y ' =b (beN',b/2,b>1)

Khi dé6 :
2x° =b" +1
& 2x° =(b+1)(b* —b’ +b* —b+1)
o x :%.(b“ ~b+b*-b+1) (2)

_ D s b+1ik
Goi k=UCLN(b+1,b*-b’ +b* -b+1)= )
b*—b’+b’ —b+1:k
Lai co:
b*—b +b*> —b+1=(b+1) (b’ —2b* +3b—4)+5

k=1

=5k=>
s

-Néu k =1= UCLN(b+1,b*-b* +b* —b+1)=1:UCLN(%,b4 -b*+b*-b+1)=1.

Do dé6, tir (2) suy ra b*—b’+b>—b+11a s6 chinh phwong hay 4b*—4b> +4b*> —4b+4 13 s& chinh
phuong.

e as 2 2 4 3 2 2 2 #
Piéu nay vo 1y do (2b° —b) < 4b* —4b’ +4b° —4b+4 <(2b* —b+1) ,VbeN',b>1
-Néu k =5 thi 2x%:25= x*125= x:5

Vi x:3,x:5,(3,5) =1=x:15. (dpcm)

Ciu 30. (Trwong chuyén tinh Yén Bai vong 2 ndm 2019-2020) Chirng minh 4=11...122...25 1a s6

2019 2020
chinh phuwong.
Loi giai
Tac6 A=11....122..25=11...1.10**" +22..2.10 +5
2019 2020 2019 2020
:1.99....9.102021 +g.99...9.10+5
9 2019 9 2020

:5(102“9 ~1).10™ +§(102"2° ~1).10+5
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_ $<104040 1022 49 102 _20+45)

2020 2
- 1(10‘“"‘0 £10.10™ +25) = 107" +5
9 3

2020
Do 10°* chia cho 3 dw 1, suy ra 10°* +5 chia hét cho 3 hay —3 la s6 ty nhién. Viy 4 la so6

chinh phwong.

Ciu 31. (Trwong chuyén tinh Binh Dwong chuyén todn ndm 2019-2020) Tim tat ca cic s6 nguyén x

cho X=> 1 mot s& nguyén.
x +1
Loi giai
_ . -3)(x+3 ,
Vi x2 3 la s6 nguyén nén w cling la s6 nguyén.
x"+1 x +1
. (x=3)(x+3 7 2
Tathély(x J(x+3) _x*-9 _x*+1 10 10

X’ +1 P L
Do d6 10:x” +1= x* +1e U(10)={+1;+2;+5;+10}.

) X+l==l=x*=2 (vé li)

+) X+l=1=2x*=0=>x=0

) X +l==2=x" :—2(v6 Il')

+) X+l=2=x=1=x=1lvx=-1

) X+l=-5=x=-6 (vé Il')

+) X+l=5=x'=4=>x=2vx=-2

) X +l==10=x* =-11 (vé li)

+) P+l=10=>x*=9=>x=3vx=-3
Th lai:

x-3 0-3

~72 - 3ez
+) Thay x=0 vao x2+1,tatha”1y 0% +1

x-3 1-3

2 ez
+) Thay x =1vao x2+1,tatha”1y 1 +1

x2—3 , ta thay L;3=—2€Z
x +1 (-1)" +1

+) Thay x=-1 vao
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x=3 2-3 -1

+) Thay x=2 vao x2+1,tatha”1y 2'+1 5

+) Thay x=-2 vao x_3,tathé’y#=—lez
x +1 (-2) +1
x=3 2-3 -1
. 2 S i
+) Thay x=2 vao * +1 tathay 2°+1 5
+) Thay x=-3 vao )Cz—_?’,tathé’y#:igz
x°+1 (-3)+1 5
x 3 —3_3 =0eZ

+) Thay x =3 vao x2+1,tathé{y 3% +1

x-3

2

la mot s6 nguyén.
x +1

Vay x e {-2;-1;0;1;3} thi

Cau 32. (Trwong chuyén tinh Binh Thuin chuyén toan nim 2019-2020) Tim tit ca cic s0 tw nhién n
dé phuong trinh x* —n’x+n+1=0 (4n s x) c6 cac nghiém 12 s6 nguyén.

Lo gii
Véi n=0;n=1 kiém tra dwgc phwong trinh vé nghiém.
Véin=2thi x¥’-4x+3=0<x=1;x=3 nénnhan n=2.
Xét n=>3,
A =n*—4(n+1), dé phwong trinh c6 nghiém nguyén thi A =n" —4(n+1)=¢ véi ¢ nguyén duong.
Taco: > <n?,
hon nita #* >(n2 —1)2 <t —4(1’1+1)>n4 —2n*+1 20" —4n-5>0
©2n(n—2)—5 >0 (luébn dang voi n>3)
Suyra n’ —1<t<n’ (voli)

Vay chi cé n =2 thoda deé.

Ciu 33. (Trwong chuyén tinh Binh Thudn vong 2 ndm 2019-2020) Tim tit ca cic s6 tw nhién n dé

phuwong trinh 2> —n°2 +n+1=0 (4n s6 x) c6 cdc nghiém 13 s& nguyén.

Lot giai
Véi n=0;n =1 kiém tra dwoc phwong trinh vo nghiém.
Véin=2thi2° —4z+3=0<z=12=3 nénnhan n=2.
Xétn =3,

A=n"- 4(n + 1), d& phwong trinh c6 nghiém nguyén thi A=n" — 4(n + 1) =1’ véi t nguyén

dwong.

Tacé: t* < n4,
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hon nira ¢ >(n2—1)2 = —4(n+1)>n4 ' +1<2n*—4n-5>0
<:>2n(n—2)—5>0 (Iuén dang véi n > 3)

Suyran’ —1<t<n® (voli)

Vay chi c6 n =2 thda de.

Cau 34. (Trudng chuyén tinh Bic Giang chuyén toan nim 2019-2020) Tim tAt ca cac s6 nguyén t6
x,y,z théaman (x+2)(y+3)(z+4)=8xyz

Loi giai
(x+2)(y+3)(z+4)=8xz (1)
Xét z=2 thi (1)< 3(x+2)(y+3)=8xy.Suy ra x hodc y phai chia hét cho 3.
Néu x =3 thi 5(y+3)=8y=y=5.B0 (x;;2)=(3;5;2).
Néu y=3 thi 3(x+2)=4x=x=6 (loai).
(

Xét z=3 thi (1)< 7(x+2)(y+3)=24xy.Suyra x hodc y phai chia hét cho 7.
x . 9 .
Néu x =7 thi 9(y+3):24y:>y:§ (loai)

Néu y =7 thi 5(x+2)=12x:>x:% (loai).

Xét z>5,

8xyz=(x+2)(y+3)(z+4)<2z(x+2)(y+3)=4xy <(x+2)(y+3) (2).

X . 10 |x=2 ., .
Néu y=2 thi 8x<5(x+2)=>x<—= . Thi¥ loai.
3 x=3

Néu y>3 tir (2) tacod 4xy<(x+2)(y+3)£2x.2y:4xy (loai).

Két luan..

Cau 35. (Trudng chuyén tinh Bic Ninh vong 2 ndm 2019-2020) Tim tit ca cac cip s6 nguyén dwong
(x;y) thoa man (:cy +z+ y)(az2 +9° + 1) = 30.

Loi giai
Vi 2,y nguyén duwong va <x,y) = (1;1) khéong théa man phuwong trinh nén
2° +1y* +1>3zy+2+y>3.Suyra zy + 2 + y 1a wéc nguyén dwong lém hon 3 cda 30 gom: 5:6.

Néugy+2+y=5<« (x +1)<y + 1) = 6 ta duoc cac treong hop

r+1=2 r=1 " .
+) & (théa man diéu kién dau bai)
y+1=3 =2
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r+1=3 T =2 " ,
) & (théa man diéu kién dau bai)
y+1=2 y=1

Néuazy+z+y=6< <J;+1)<y—|—1): 7 khong thoa man

Vay cac cap sb (z; y) théa man la (1;2),(2;1) .

Ciu 36. (Truwong chuyén tinh Chuyén PHSP vong 2 nam 2019-2020) Tim tat ca cac cip s6 nguyén
(x;y) thoa man x*y”> —4x’y+y’ +4x° -3y* +1=0.

Lo giai
Phwong trinh da cho cé thé dwoc viét lai thanh x*(y-2)° +)* -3y +4=3
hay ();—Z)Z(x2 +y+1)=3.

Suy ra (y-2) =1 va x*+y+1=3. Gidi ra, ta dwgc x=+1 va y=1. Vay c6 hai cip s6 nguyén (x;») thoa

man yéu cau ctia dé baila (1;1) va (-11).

Ciu 37. (Trwong chuyén tinh Can tho chuyén todn nam 2019-2020) Tim tit ca cip sO nguyén
(x;y) théaman 2020(x* +y*)-2019(2xy+1) =5

Lo giai
Ta c6 2020(x* +y*)-2019(2xy+1)=5
& 2019(x—y) +x% +y* =2024

+ Néu x =y thi x=42253

+ Néu x=y+1thi y=1,y=-2
Vay cap s6 can tim 1a (2;1),(-1;-2)
+ Néu x=y-1thi y=-1,y=2
Vay cdp s6 can tim 1a (-2;-1),(1;2)

Cau 38. (Trwong chuyén tinh DAK LAK vong 2 nam 2019-2020) Tim cic by s6 tw nhién
+a,+a,+...+ >2019°

(ay3a,355...;a5,4 ) thoa man: a12 a22 a32 “2(;19 o

a, +a; +a; +..+ay,, <2019 +1

Loi giai

Cau 39. (Trwong chuyén tinh DAK NONG vong 2 nam 2019-2020) Tim tit ca cidc nghiém nguyén
dwong clia phwong trinh 2x°y —1= x> +3y.

Lo giai

2(2x°y—x" =3y-1)=0< (22" =3)(2y-1)=5 (9

. . | 2y-1=1 y=1
Suyra 2y -1eU(5)={+1;+5} ma 2y—-1>-1,Vy >0 nén o

2y—1=5 "|y=3
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x:2(n)

Véi y =1 thay vao (*) ta dwoc 2x° -3=5<x’ =4 <
x:—2(l)

Véi y =3 thay vao (*) ta duwoc 2x° -3=1<x’ 2o x=t2 (loai).

Vay cac s6 nguyén duwong théaminla x=2,y=1.

Cau 40. (Truwong chuyén tinh Gia lai vong 2 nam 2019-2020) Tim nghiém nguyén cia phwong trinh
x> =3y  +2xp—2x—10y+4=0.

Loi giai

x*=3y"+2xp-2x-10y+4=0 < (x— y-3)(x+3y+1)=-7

x—y-=3=7 x=17 x—y-3=-7 x=-3
TH1: = 3;TH2: = .

x+3y+1=-1 y=- x+3y+1=1 y=1
x—y—3:1 x=1 x_y_3:_1 x=3
TH3: = : TH4: = .
x+3y+1=-7 y=-3 x+3y+1=7 y=1
N ‘A "™ R N )C=7 x:—3 x:l x:3
Vay nghiém can tim la ; ; ; .
y==3 ly=1 |y=-3 [y=1

Ciu 41. (Trwong chuyén tinh Ha Tinh vong 2 nam 2019-2020) Tim nghiém nguyén ctia phwong
trinh x” +x -3 :(x—l)(2y2 +y).

Loi giai
Tir gia thiét
X +x=3=(x-D2y" +1) & (x=D(x+2) = (x=1)(2y" + y) =1

S (x-D(x+2-2y"—y)=1.

x—1=1 0
x+2-2y"—y=1

e 2)
x+2-2y"—y=-1 .

Do X,y nguyén nén phwong trinh (x —1)(x+2-2y° - y)=1<

x=2
) x-1=1 x=2 y=1 x=2
Hé (1) 5 = 5 = = (théa man).
x+2-2y"—y=1 2y"+y-3=0 3 y=1
y===
x=0
x—-1=-1 x=0 = =0
Hé (2) 2 =1 7T 277 (thea man).
X+2-2y"—-y=-1 2y"+y-3=0 3 y=1
y===

Vay phuwong trinh c6 nghiém nguyén (x;y) la: (2;1) va (0;1).
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Cau 42. (Trwong chuyén tinh Hoa Binh Chuyén Toan nam 2019-2020) C6 5 d6i bong da A, B,C, D, E
thi d4u trong mot bang theo thé thirc vong tron (moi doi gap nhau 2 tran, tran lwot di va tran luot
vé). Trong mbi tran dau, doi thiang dwoc 3 diém, doi thua khong c6 diém, doi hoa duoc 1 diém. Két
thiic vong bang, s6 diém cta moi doi dwoc thdng ké nhw sau:

P6i.A.B.C.D.E

Piém.15.14.10.5.4
Hoi trong tit ca cic trAn d4u da dién ra c6 bao nhiéu tran hoa?

Lo gidi
Goi x 1a s6 tran hoa sau khi két thic vong bang (xe N )
Tong s6 tran dau la 20 (tran)
Tong s6 diém cua cac doi dat dwoc sau khi két thuc bang dau 1a 48 (diém )
Vi s8 tran thang va s6 tran thua 1a bang nhau nén ta c6 phwong trinh
2x+(20-x)3=48= x =12

Vay tong s6 tran hoa trong bang djula 12 (tran)

Ciu 43. (Trwong chuyén tinh Hai Dwong chuyén todn nim 2019-2020) Tim cac cidp s6 nguyén (X;y)
théa man diéu kién: x* — 6xy +10y”> = 2(x—5y).

Loi giai
Ta co
x*—6xy+10y”> =2(x—5y) < x* =2(1+3y)x+10y° +10y = 0;(1)
Pé ton tai x théa man (1) thi A'=(1+3y)> —10y> —10y > 0;(2)
(1+3y)*=10y* =10y >0 <> —y* -4y +1>0
) +dy-10e (y+2) <5 |y+2 <5
<:>—2—\/§£y£—2+\/§
Viy la s6 nguyén nén
ye{—4;—3;—2;—1;0}
+ V&iy=-4tacéd

x=-12

X +22x+120=0 <
x=-10

+ Véiy=-3taco
5 X
x"+16x+60=0<
X

+ Véiy=-2taco
XX +10x+20=0< x=-5++/5

+ Véiy=-1taco
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x=-4
x=0

x2+4x=0<:{

+ Véiy=0taco

5 X
x-2x=0&
X

—~

(x;y)e (—12;—4),(—10;—4),(—10;—3),(—6;—3),(—4;—1),(0;—1),(0;0),(2;0)}

Két luan:

Ciu 44. (Truwong chuyén tinh Ninh Binh chuyén todn ndm 2019-2020) Tim tit ca cic cip sé nguyén
dwong (X;y) thdaman x* —xy+y’ =x+y+3.

Lot giai
Cichl: X’ —xy+y’ =x+y+3 < 4x’ +4y’ —4xy—4x -4y =12

o4 —ax(y+1)+(y+1) [+3(y’ ~2y+1) =16

S 2x—-y-1)?+3(y=-1)*=16 (*)..

Do 2x-y-1)>>0;(y=1)>>0 nén 3(y-1)’ <16 < (y-1)° g?.

Do y nguyén dwong nén (y—1)* € {0;1;4} ..
+ Néu (y-1)’=0<y=1.

x—-1=2 x=3 (N
Thay y =1vao (*) ta duoc (2x—2)2=16@(x—1)2=4@[ @{ )

x-1=-2 "|x=-1(L)

+ Néu (y—1)’ =1 thay vao (¥) ta dugc (2x— y—l)2 =13 ma 13 khong phai 14 s6 chinh phwong nén suy

ra khong c6 gia tri nguyén duwong nao cua x,y théa man.

=3 (N
+ Néu (y—1)2=4<:>{y ( ).
y=-1(L)
2= =3 (N
Thay y=3vao (*) ta duoc (2x—4)2=4<:>(x_2)2=1<:{x [X ( )“

Vay c6 3 cap s6 nguyén duong (x;y) thoéa man ycbtla (3;1);(1;3);5(3;3)..
Cach2: x> —xy+y’ =x+y+3 & xX*—(y+D)x+y —y-3=0 (¥).
Tacd A=(y+1)° —4(y’~y-3)=-3y" +6y+13..

s3+;‘ﬁ.

IA

Phuwong trinh (*) c6 nghiém < A>0 < -3y’ +6y+13>0 <

y

3-443
3

Vi y nguyén duwong nén y e {1;2;3} ..

+ Néu y =1 thay vao (*) ta dwoc: x> -2x-3=0 (1)
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Ta c6: 1-(-2)+(-3) =0 nén pt (1) c6 hai nghiém x, =-1 (loai)

X, =3(N)

+ Néu y =2 thay vao (*) ta dwoc: x> —3x-1=0 (2)

Pt (2) c6 A =13 khong la s6 chinh phwong nén pt (2) khong c6 nghiém nguyén.
+ Néu y =3 thay vao (*) ta duogc: x> —4x+3=0 (3)

Ta c6: 1+(—4)+3 =0 nén pt (4) c6 hai nghiém x, =1 (N)

X, =3 (N).

Vay c6 3 cap s6 nguyén duong (x;y) thoéa man ycbtla (3;1);(1;3);5(3;3).

Ciu 45. (Truwong chuyén tinh Phi Yén Vong 2 nam 2019-2020) Tim tit ca cac cdp s6 nguyén (x, y)
x*+ y2 B 8_5

théa man =
x+y 13

Lo gii

Goi (x,y) la cdp s6 nguyén thoa yéu ciu bai toan, rd rang x+y > 0.

170 _2(x+5")  (x+)°
x+y x4y

Khi do, ta c6 =x+y. Suyra 0<x+y<I3 (4.2).

85(x+y):13(x2 +y2)

Mait khéc, theo gia thiét bai toan, ta c6 { = x+yi13 (43).

(85,13) =1
Tir (4.2) va (4.3) suy ra x+y=13. Két hop v&i gia thiét, ta nhin dwoc hé phwong trinh
x+y=13
A (4.4).
X +y =85

Giai (4.4), ta thu dwoc hai cdp s6 nguyén thoa yéu ciu bai todn (6;7),(7;6) :

Ciu 46. (Truwdong chuyén tinh Quang Ngii chuyén toan nam 2019-2020) Tim nghiém nguyén dwong

cia phwong trinh ,/x+y+3+1:x/;+\/;

Loi giai
Tim nghiém nguyén dwong ciia phwong trinh Jx+y+3+1= Jx + \/;

\/m+1:\/;+\/;

S x+y+3+2x+y+3+1=x+2{xp+y

o Ty i3 =2

c>x+y+3:xy—4\/5+4

@\/E:xy—x4—y+1

Néu xy la s6 khong chinh phwong thi VT 1a s6 v6 ti con VP la s6 hiru ti, vo ly
Vay xy=k> =y =k

Ta co x+y+3=xy—4\/5+4<:>x+y+2\/5=xy—2\/5+1<:>(\/;+\/;)2 :(\/5+1)2
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o +\/; = \/E—l ™
ofy=k-1-Vxoy=(k-1) -2(k-1)Jx+x
(k—l)2 +x-y

2(k-1)
Néu x 1a s6 khong chinh phwong thi VT 14 s6 v6 ti con VP 1a s6 hiru ti, vo ly
Vay x la s chinh phwong, Ly ludn twong tw thi y 1a sé chinh phwong

Pit x=a’;y=b"
Tir (*) a+b=ab+1 (a—1)(b—1)=2
Ta tim duoc (a;0) =(2;3);(3;2) < (x7) =(4:9):(9:4)

oAy = vi(k>2)

Ciu 47. (Trwong chuyén tinh Quang Ninh Vong 2 nim 2019-2020)Tim cic s6 nguyén khong dm a,
. |n*=a+b
b, n théa man: .
w+2=a’+b

Lo gidi
Co: (a+b)2 £2(a2 +b2) suyra n' 32(113 +2),hay n’(n-2)-4<0.
Néu n>3 thi n*(n—2)—-4>n’-4>0 (Loai). Dod6é n=0; 1; 2.
Véi n=0; 1 chi rakhong tén tai a;b théa man dé bai.

Véi n=2 chira a=1,b=3 hoidc a=3;b=1 théa man dé bai r6i két luin.

Cau 48. (Trwong chuyén tinh Thai Binh vong 2 nam 2019-2020) Tim cic nghiém nguyén (x,y) clua
phwong trinh Vx + \/y = v2020.

Lo gii

biéu kién: x>0;y>0

(1)  Vx =42020 —fy < x =2020+ y—2,/2020y
< x=2020+y—-44/5.101y

Do x; y la cac s6 nguyén nén /5.101y nguyén hay 5.101y 1a s6 chinh phwong
Suyra: 5.101y =k> = y=5.101.a> =505a” ( a1a s6 nguyén)

Twong tw: x =5.101.b> = 505b" (b 1a s6 nguyén)

Thay x; y theo a; b vao (1) ta duoc

lalVv505+ 1514505 =2V505 <lal+1bl=2

lal o] x =505b> y =5054>
0 2 2020 0

1 1 505 505

2 0 0 2020
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Vay phurong trinh cé cac nghiém la (2020;0);(505;505);(0; 2020)

C4u 49. (Trwong chuyén tinh Thai Binh vong 2 nim 2019-2020) Trong mit phang toa d6 Oxy, diém
M (a,b) dwoc goi la di€ém nguyén néu ca a va b déu l1a s6 nguyén. Chirng minh rang ton tai diém 7
trong mit phang toa do va 2019 s6 thwc dwong R;R,;... R, sao cho c6 ding k& diém nguyén nam

trong duong tron (I; R, ) véimoi & 13 s6 nguyén dwong khong vrot qua 2019.

Lo giai
Xét diém I(\/E,\/g) . Ta chirng minh khoang cach tir I dén hai diém nguyén khic nhau la khac nhau.
Xét hai diém nguyén M(a;b); M (a';b')

IM=IM'sIM*=IM"
& (a2 +(b—B3Y =(a —V2) +(b —3)
sSat+bt—-at-b° +2(a' —a)\/E+2(b' —b)x/§20

Nhén xét néu cac s6 nguyén m;n; p thdéa man m+n\/§+p\/§ =0thim=n=p=0

V253346 € O;m,n, p e O
2mn\/§:3p2 -m* =2n’
2mpx/§=2n2 -m*=3p°
2pn\/g=m2 —2n*-3p°

_m+nx/§+p\/§=0

mn=np=pm=0
= =>m=n=p=0

m+n\/§+p\/§:0

a’+b*—a”-b" =0 b
Tacé: IM =IM < IM* =IM* <<2(a'-a)=0 @{ L eoM=M
2(b'-b)=0

Xét tit ca cac khodng cach tir diém nguyén dén diém 7, cic khodng cach nay déi mot phin biét. Goi S
12 tAp hop céc s6 thuc bang cac khodng cach tir tit ca cac diém nguyén dén 7. Ta cé thé chon dwoc
2020 s& dwong nhoé nhit thudc S va dwoc sdp theo thit tw ting dan, nghia I1a ton tai cac s6 dwong
$155,5---35,05 thudc tdp S thoa man s, <s, néu p<gq, cac s6 thudc S\{s;;s,;...5,0,} déu lén hon

+
81585338500 - DAt R, :S"—;M,kzl;2;3;....2019 . Ta c6 diéu phai chitrng minh.

Ciu 50. (Trwong chuyén tinh Tién Giang Vong 2 nam 2019-2020) Tim tit ca cic cip s6 nguyén
(x;y) thoa man (2x +5y+ 1)(2X_1 +y+x*+ x) =65

Loi giai
Vi651énén 2x+5y+116va 287 + p+ 37 + x 16

Ma 2x +11é nén 5y chn, suy ray chdn

Mit khac X H+x= x(x + 1) chin nén ZM_I 1, suy ra |x| -1=0 < x=+1
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Véix=1 :>(5y+3)(y+3):65:>y:2

Voi x = -1 :>(5y+3)(y+3)=65<:>5y2+4y—66=0 Phwong trinh nay khong c6 nghiém

nguyeén.

vay: (x;»)=(1;2)

Ciu 51. (Trwdomg chuyén tinh Tuyén Quang chuyén toan ndm 2019-2020) Tim tat ca cic gia tri
P +x+2

nhén gia tri 1a mét s6 nguyén.
x'+3x° +7x* +3x+6

nguyén cia x dé 4 =

Loi giai

x4+x2+x+2 XZ(X2+1)+(X+2)

Ta co: A:x4+3x3+7x2+3x+6:(x4+x2)+(3x3+3x)+(6x2+6)

L xz(x2+1)+(x+2) _ x2(x2+1)+(x+2)
xz(x2 +1)+3x(x2 +1)+6(x2 +1) (x2 +1)(x2 +3x+6)

Do A; x nguyén = xz(x2 +1)+(x+ 2) chia hét cho (x2 +1)(x2 +3x+ 6)
= x*(x* +1)+(x+2) chia hét cho x* +1=> x+2 chiahét cho x* +1
= (x+2)(x—2) chiahét cho x*+1 = x* —4 chia hét cho x* +1
:>(x2 +l)—5 chia hét cho x* +1 =5 chia hét cho x* +1

= x> +1 lawdc duong clia 5= x* +1e{1;5} = x* € {0;4} = x €{0; 2}

Thtt lai: V&i x = -2 thi A nguyén

Vay v&i x = -2 thi A nhin gia tri la mot s6 nguyén.

Ciu 52. (Trwong chuyén tinh Vinh Long vong 2 nim 2019-2020) Tim cac nghiém nguyén cuda
phwong trinh x* —xy—9x—3y+3=0.

Loi giai
Tacé x3—xy—9x—3y+3:0<::>y()c+3):x3 -9x+3
V6i x=-3=0.y =3 = phwong trinh v6 nghiém.

3
Véi x # -3 ta duoc y=w=x2—3x+i
x+3 x+3

. . x+3=43
Dé x,yeZ thi 3i(x+3) <
x+3==1
x+3=3x=0=y=1
x+3=-3&x=-6=y=53

x+3=1lox=-2=y=13
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x+3=-lox=-4=y=25

Vay phuong trinh c6 c4c nghiém nguyén (x; ) 1a (0;1),(-6;53),(-2;13),(—4;25)

Ciu 53. (Trwdng chuyén tinh Binh Phwéc chuyén toan nam 2019-2020) Giai phwong trinh nghiém
nguyén 4y? =2 ++v199 «x2 2x.

Lo gii
Ppieu kién xac dinh: 199 x2 2x >0
S@+1)?<200=xe{ 15 14 13;.;1213)
X

Tac64y? =2+V199 x2 2x=2+,200 (x+1)2<2+10V2
Suyra0 <y?<4,y€Zsuyray =+1hoacy = +2
Véiy =1suyrax = 15hodcx =13

Véiy= 1suyrax= 15hodcx =13
Véiy =2suyrax = 3hodacx =1
Véiy= 2suyrax= 3hodacx=1

Vay c6 cac cdp soO sau théa man
S={(_151),(13;1),( 15, 1),(13; 1),( 3;2),(1;2),( 3; 2),(1; 2)}

Ciu 54. (Trwdong chuyén tinh Quang Tri Vong 2 ndm 2019-2020) Tim tAt ca cic s6 nguyén té x,y,z

théaman x” =z-1.

Lo giai
Tacoé z=x"+1,ma x,y lacacsé nguyéntdnén x>2,y>2=z>5. Dodo6 z las6 nguyén té lé.
Vi x’ =z—1 nén x’ 1as6 chdn,vdy x=2.Khid6 z=2"+1
Néu y lé thi 2 =2(mod3)= 2" +1:3= z:3 v Iy vi z 1a s6 nguyén to.
Néu y chin,ynguyéntdsuyra y=2 va z=2"+1=5.

Viy cicsOcantimla x=y=2,z=5.

C4u 55. (Trudong chuyén tinh Thanh héa chuyén todn nam 2019-2020) Tim tit ca cac cip s6 nguyén
(xy)thodman: y’ +y=x"+x’+x> +x

Loi giai
Tacod: y’ +y=x"+x’+x> +x
S 4y +4y +1=4x" +4x° +4x° +4x +1
(2y +1)" =(2x> +x) +(3x +1)(x+1) (1)
(2y+1) =(2x* +x+1) —x(x+1)  (2)
Ta thdy : Néu x <—1 hodic x >2 thi (3x+1)(x+1)>0 va x(x—2)>0 nén tir (1) va (2) ta suy ra :
QX" +x+1)7 > 2y +1)7>(2x" +x)° (%)
(loai vi khdng c6 s6 nguyén y nao thoa man (*))

T désuyra -1<x<2=xe{-1;0;1;2} (doxe€Z)
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Vi x:2:>y2+y:30:>ye{5;—6} (t/m)
Voi x=1= y* +y =4 (loai)

Voi x=0=)’+y=0=ye{0;-1} (t/m)

Voi x=—1= )y’ +y=0=ye{0;—1} (t/m)

Vay phwong trinh da cho c6 nghiém nguyén la :

(x3y) € {(2:5)3(2:-6):(0:0)3(0:=1)s (= 1:0)s(~:-1)

C4iu 56. (Trwong chuyén tinh Thira Thién Hué vong 2 ndm 2019-2020) C6 bao nhiéu s6 nguyén x sao
2020

cho la s6 nguyén ?

3x +1

Loi giai

2020

Cho x la s6 nguyén. Ta c6 12 s6 nguyén khi 2*°!(3x+1). Suy ra 3x+1=42" véi

3x+1
b=0,1,...,2020.
Xétb1as6 chan, tiecla b=2k (ke N).
+ Xét phwong trinh
3x+1=2"=3x=4"-13x=34"++) o> x=4"+..-+1.
Vi 0<2k <2020 < 0<k <1010 nén trweong hop nay c6 1011 nghiém.
+ Xét phwong trinh 3x +1= 2" < 3(x +1) =2 —4"
Vi (2-4¢ )/3 nén treong hop nay khong c6 nghiém nguyén nao.
Xétblas6lé tircla b=2k+1 (ke N).
+ Xét phwong trinh 3x +1=2.4" < 3(x +1) = 2(1+4%).
Vi 2(1+ 4" )/3 nén nén treong hop nay khong c6 nghiém nguyén nao.
+ Xét phwong trinh 3x +1=-2.4" < 3x =-1-2.4"

—1-2.4F

Vi (—=1-2.4"):3 nén phwong trinh c6 nghiém x = 3

Taco 0<2k+1<2020= 0<k <1009 nén trweong hop nay c6 1010 nghiém.

2020
Vay c6 tat ca 1011+1010 =2021 s6 nguyén x dé

1a s6 nguyén.
3x+1 s

Ciu 57. (Trwong chuyén tinh Vinh Phuc vong 2 ndm 2019-2020) Tim tit cd cic s6 nguyén x,y théa min
Ox* —3xy —24x—2y" +y+28=0

Loi giai
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Ciu 58. (Trwong chuyén tinh Yén Bai vong 2 nam 2019-2020) Tim cac s0 x,y nguyén thoéa main:

X -y —-2y"-3y-1=0.

Lo gidi
Taco x’ =y —2y"-3y—-1=0=x" =" +2y" +3y+1 (1)
Do »* >0,suyra y3+2y2+3y+1£y3+3y2+3y-|-1:(y.|.1)3

Do 5y°+2>0,suyra y3+2y2+3y+1>y3+2y2+3y+1—(5y2+2):(y—1)3

Suy ra (y—l)3 <x S(y+1)3 do X,y nguyén, suy ra {x:y
x=y+1
y=-1
Véi x =y thay vao (1) taco: 2y° +3y+1=0< 1
== eai)

Suy ra (x;y) =(1,1).
Véi x = y+1 thay vao (1) ta duoc (y+1)3 =1’ +2y"+3y+1< )y’ =0 y=0
Suy ra (x;y):(l,O).

Vay c¢6 hai cap (x,y) = (1;1),(1,0) thoa man dé bai.

Ciu 59. (Trwong chuyén tinh Binh Thudn chuyén todn nam 2019-2020)Trong mét budi té chirc
tuyén dwong cac hoc sinh c6 thanh tich hoc tip xuit sac cia mot huyén, ngoai trir ban An, hai ngwdi
bat ki déu bat tay nhau, An chi bat tay v&i nhitng ngwdi minh quen. Biét rang mot cap (hai nguoi) chi
bat tay nhau khong qua mot 1an va c6 tong cong 420 lan bat tay. Hoi ban An c6 bao nhiéu ngwoi quen
trong budi to chirc tuyén dwong d6?

Loi giai

Gia st ngoai An thi con » ban va An quen m ban (m < n)

PR s n(n—l)
So cai bat tay la 3 +m =420

:>n(n—1)+2m:840:>n(n—l)+2n2n(n—1)+2m:840
=n*+n>840=n>29
Khi » =29 thi m =14

Khi n>30 thi n(n—1)>870 (loai)

Vay An quen 14 ban.

£ e

Cau 60. (Trwong chuyén tinh Binh Pinh vong 2 ndm 2019-2020) Tai mdi dinh cta da giac déu 2020
canh ta danh mot sé bat ki trong cac s6 tw nhién tir 1 dén 1009. Chirng minh rang ton tai 4 dinh cua
da giac da cho (ki hiéula 4, B, C, D véi cac s6 dwgce danh twong tngla a, b, ¢, d ) sao cho ABCD
l1a hinh chi* nhitva a+b=c+d.
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Lo giai
Goi O 1a tam dwong tron ngoai tiép da gidc déu da cho.
Vi da gidc déu 2020 canh noi tiép trong (O), nén c6 dung 1010 dwdng kinh khac nhau ma cac dau mit
cla cac dwong kinh nay déu la cac dinh cua da gidc déu 2020 canh cho trudc.
e Gid sit AB la mot trong cac dwong kinh dy va gid sit A twong ing véi s6 a, B twong ng vdi so b.

Bay gi¢ ta gan cho dwong kinh AB s6 |a — b| :

Do a, b€{1;2;...;1009} nén dé thdy: 0 <|a—5|<1008. Nhw vdy mbi mot trong 1010 dwdng kinh vira
xét twong rng véi mot trong cac sd 1; 2;...; 1008. Theo nguyén 1i Dirichlet cé it nhat hai dwong kinh
(trong s6 1010 dwong kinh) dwoc dat twong &ng véi cung mot sé.

e Khong mét tinh téng quat, c6 thé cho d6 la duwdong kinh AC va BD. Ciing khong mét tinh téng quat
c6 thé cho la cdc dinh 4, B, C, D twong &ng v&icacsd a, b, ¢, d trongdd ¢ <a va b<d (Néukhéng
phai nhw thé thi chi viéc ddi tén cadc ddu mut ciia dwong kinh). Theo gia thiét thi dwong kinh AC Gng
véi s0 a—c, con dwong kinh BD tng v&éi s6 d—b. Nén tik gidc ABCD 1a hinh chir nhat
via—c=b—d<a+b=c+d.

Cau 61. (Trudong chuyén tinh Bic Ninh vong 2 ndm 2019-2020) Cho 2020 cai keo vao 1010 chiéc
hop sao cho khéng c6 hdp nao chira nhiéu hon 1010 cai keo va mbi hop chira it nhat 1 cai keo.
Chirng minh rang c6 thé tim thdy mot s6 hop ma téng s6 keo trong cac hop d6 bang 1010 cai.

Loi giai

TH1: T4t c& cac hop c6 s6 keo bang nhau va bang 2, khi d6 18y 505 chiéc hop bat ky ta sé c6 tong s6 keo
la 1010 ..

TH2: Ton tai hai hdp c6 s6 keo khac nhau, khi d6 ta sdp xép cac hop thanh mot hang ngang sao cho hai

hop dau tién khéng cé cling s6 keo. Ky hiéu a, 1a s6 keo trong hop thir ¢, 7 = 1;2;...;1010. Xét cac s6

S =a;S, =a +a;.;5,,=a¢ +a, +..+a

1010’

+) Néu ton tai hai s6 trong S;5,;...;5,,,

c6 cung s6 du khi chia cho 1010, gia sit1a S, S (i < j) thi
$ -5 =(a,, +..+a)i1010.

Do1<$ -8 <2019(S, — 5 )i1010 nén S, — S, = 1010 hay a,, + ...+ a, = 1010.

+) Néu trong S;5,;...;5,,, khong cé hai sé nao c6 cling s6 du khi chia cho 1010 (1)

7771010

Xét 1011 s6 S;;S.;...;S  .a , theo nguyén ly Dirichlet tén tai hai s6 c6 cuing s6 dw khi chia cho 1010.

1777277771010 27

Ma S =a, #a,1<a,a, <1010 nén S ,a, khdng ciing sé dw khi chia cho 1010 (2)

T (1) va (2) suy ra ton tai k = 2;3;...;1010 sao cho S, ,a, cung s6 du khi chia cho 1010. Khi d6
S, —a,=a +a, +...+a,:1010.

Mal<a, +a,+...4+a <2019=a +a, +..+aq =1010.

Suy ra diéu phai chirng minh..
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Cau 62. (Trwong chuyén tinh Ha Noi chuyén tin nam 2019-2020) Trén ban cé hai tudi keo : tui
thr nhat c6 22 vién keo, ti thit hai c6 29 vién keo. An va Binh cung choi mot tro choi nhw sau :
mbi lwot choi, mot ban sé chon moét ti keo va 14y it nhat 1 vién keo trong tui keo dé. Hai ban luan
phién thwc hién lwot choi cia minh. Ban diu tién khong thé thwc hién dwoc lwot choi ciia minh 13
nguoi thua cudc. Néu An 1a nguwoi 14y keo trwdce, hdy chi ra chién thuit choi dé An luén 1a nguwoi
thang cudc.

Lo giai

Chién thuat choi nhw sau : Goi /ot choi chién thangla lwot choi ma sau khi thwce hién lwot choi nay thi
sO keo & hai tdi bang nhau. Nguoi thang cudc 1a ngudi thwce hién dwoc /wot choi chién thang Lwot choi
dAu tién, An 14y 7 vién keo & tui thi hai nén sau lwgt choi nay ctia An thi s6 keo & hai ti sé bang nhau
va bang 22. Nhw viy An di thuc hién dwoc luot choi chién thang.

Dén luot choi clia minh, Binh 1dy 2, vién keo mét cach ty y (véi x, la twnhiénbétkiva 0 <z, < 22) ¢batki
ti ndo thi sau lwot choi ndy, s6 keo & hai tui khong thé bang nhau. Do d6 Binh khong thé thuc hién dwoc luot
choi chién thang Sau d6, An ldy z, vién keo & tii con lai thi sau lwot choi d6 s6 keo con lai & ca hai i déu bang

22 — x .Nhuw vay An da thyc hién dwoc lupt choi chién thing.

Cr tiép tuc qua trinh choi nhu trén, An ludn thuec hién dwoc lirot choi chién thang.

Vi s6 keo 12 hitu han nén sau mot s6 lwot choi thi An thuece hién Juot chot chién thing € dwa s6 keo trong ca hai
tui vé bang 0. Khi d6, dén lwot Binh 14y keo thi Binh khong thé 14y dwoc vién keo nao nén An ludn 1a nguoi
thing cudc.

Cau 63. (Trwong chuyén tinh Ha ndi chuyén todn nim 2019-2020) Mbi diém trong mdt mit phing
dwoc to bédi mot trong hai mau xanh hodc do.

1) Chirtng minh trong mit phang do6 ton tai hai diém dwoc td béi cing mdt mau va c6 khodng cach
bang d.

2) Goi tam gic c6 ba dinh duwoc to béi cling mot mau 1a tam gidc don sdc Chimg minh trong mat phang do ton tai

hai tam gi4c don sdcla hai tam gidc vudng va ddng dang véi nhau theo ti sé & =

2019

Lo giai
1) Xét mot tam giadc déu canh biang d = theo nguyén li Dirichlet, ton tai hai dinh clia tam giac d6 c6
cung mau va c6 khoang cach bang d .

2) Buwéc 1: Chirng minh ton tai mot tam gidc “ntra déu” (tam giac c6 ba goc 30°,60°,90"), cé6 canh
huyén bang d va la tam giac don sac.

Gia st hai dinh A4, D - cung c6 mau xanh.

Dung hinh luc gidc d8u ABCDEF c6 AD la dwong chéo chinh do dai bang d

TH1. M6t trong bén dinh B,C, E, F mau xanh. Gid st B mau xanh

= AABD la tam giac nira déu c6 ba dinh xanh. (1).
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TH2. Bon dinh B,C,E,F déumau doé = ABCE latam gidc nira déu c6 ba dinh dé. (2)
T (1) va (2) suy ra: ludn ton tai mot tam giac nira déu 1a tam gidc don sdcva c6 canh huyén bang d .

Budc 2: Cho d =1 va d =2019 = c6 hai tam gidc nira déu, 12 hai tam giac don sdcva dong dang theo ti
18 1:2019.

CACH 2.

Nhin xét. Ton tai mot hinh chit nhat cé 4 dinh cung mau. That vay, xét mot lwdi vudng 27 diém gom 3
hang va 9 cot. M&i cot c6 2° = 8 cach td mau nén ton tai hai cot c6 cach td mau giong nhau. Mat khac
trong mdi cdt c6 2 dinh ciing mau nén tir d6 ta ¢ mot hinh chit nhat c6 4 dinh ciing mau.

B C
>
al aZI a3[000 .
>
[ ]
b2
A T bl D

Xét hinh chir nhat ABCD c6 bén dinh ciing mau nhuw hinh vé. Chia moéi canh 4B, AD thanh 2019 phan

bang nhau va tir dé chia ABCD thanh 2019° hinh chit nhat nhé bing nhau. Ta chi cin chitng minh
ton tai mot hinh chi* nhat nho c6 3 dinh cung mau, khi d6 c6 mot tam gidc vuéng cé ba dinh cing mau
(1a mot niva cua hinh chir nhat dé) dong dang v&i tam giac vudng cé ba dinh cing mau (1a mot nira cia
ABCD) theo ti1é 1:2019.

Gia st phan chirng, khong ton tai hinh chit nhat nhé c6 ba dinh cing mau. Goi méi canh cia mét hinh
chit nhat nhé 1a mot doan. Poan c6 hai ddu mut cing mau dwoc goi l1a doan don sdc. Do A, B cing mau

va 201912 56 1é nén trén AB ton tai mot doan don sic, ki hiéu 1a a,. Xét cac doan a,,a,,...,a,, theo

thi ty tir trai sang phai c6 hinh chi€u vuéng gécla a trén AB. T gid thiét phan ching a ,a,, ceey Qoo

déu don sic va c6 mau xen ké nhau theo thi tw. (1)

Twong tw trén AD ta cling c6 mot doan b, don sac. Xét cac doan b,,b,,..., b, theo thit tw tir dwéi lén
trén, c6 hinh chiéu vuong gécla b, trén AD. Khidé b,,b,,...,b,, déula don sacvacé mau xen ké theo
th tw. (2)

Xét hinh chir nhat R c6 hinh chi€u vuong géclén AB,AD la a ,b. T (1) va (2) ta thdy cic dinh cta

R khong c6 cach t& mau phi hop. Mau thuin nay dan t&i diéu phai chirng minh.
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Ciu 64. (Trwong chuyén tinh Hai phong vong 2 nidm 2019-2020) Viét 1én bang 2019 so:
1 1 1 1

I;—; — ——;———. Tir cic sb da viét x6a di 2 s6 bat ki x; y roi viét 1én bang so6 A
273’ 2018 2019 x+y+1

s6 con lai trén bang gilr nguyén). Tiép tuc thwc hién thao tac trén cho dén khi trén bang chi con lai

ding mot s6. Hoi s6 d6 bang bao nhiéu?

(cac

Lo gidi

I 1 1 1 1 1 1
Bétz:Li—:——i———i——é——l—l:[——l—l].——i—l}(l)..

x+y+1l z x y xy z X y

V&i mbi tap cac s6 dwong {x;;x,;...;x, } tly ¥y, xét bidu thirc

P(xl;xz;-..;xn):[iﬂ]. i+1]___[i+1]_
X, X,

X

T (1) suy ra mbi lan xé6a di 2 s6 bat ki x;y roi viét 1én bang sé 24 1 cac s6 con lai trén bang gitr
X+y+
nguyeén thi gia tri biu thirc P cla cic sé trén bang khong déi..
Goi s cudi cungla a = P(a)=P 1;l;l ; L
1273777 201872019
1 1 1 1 1
:>—+1=[—+1].—+1 +1 +1|=2020==a=—"..
a 1)L I 1 202011
2 2018 2019

Cau 65. (Trwong chuyén tinh Khanh Hoa Vong 2 nam 2019-2020) Huyén KS c6 33 cong ty, huyén KV
c6 100 cong ty. Biét rang, mdi céng ty ciia huyén KS hop tac véi it nhat 97 cong ty huyén KV. Chirng
minh rang c6 it nhat mot céng ty cia huyén KV hop tac véi tat ca cac cong ty ctia huyén KS.

Lo gidi
Quy wérc, ta xem sy hop| Loibinh: Tu duy tur nguyén ly Dirichlet ) k&t mot chiéu tir A vao B. Va hién
nhién, cling sé c6 lién két mot chiéu nguwoc tir B vao A.

Vi mdi cong ty ciia huyén KS hop tac it nhat 97 cong ty huyén KV. Khi dé, s6 lién két t&i thiéu tir KS
vao KV la: 33.97=3201 (lién két)

Gia st: tit cd m6i mot cong ty huyén KV déu c6 t6i da 32 lién két vi cac cong ty huyén KS. Khi d6, s6
lién két t6i da tir KV vao KS 1a: 100.32 =3200 <3201 (lién két) (MAU THUAN N

VAY TON TAI IT NHAT MOT CONG TY HUYEN KV €O 33 LIEN KET VOT CAC CONG TY HUYEN KS.
(dpcm)

Cau 66. (Truong chuyén tinh Kon Tum vong 2 nam 2019-2020) Cho tip hop 4 gom 41 phan t 1a
cac sO0 nghuén khac nhau théa man téng cua 21 phan tir bat

ky 16n hon téng cia 20 phan tir con lai. Biét cac s6 401 va 402 thudc tip A. Tim tit ca cac phan ti
cua

tap hop 4.

Loi giai

Cho tap hop 4 gbm 41 phan tir 1a cidc s6 nghuén khac nhau théa min tong cia 21 phan tr bit ky 1én
hon tong ctia 20 phan t con lai. Biét cic s6 401 va 402 thudc tip A. Tim tit cd cAc phan ti cta tip hop
A
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Gid st A:{al;az;a3;...;a41} voia;a,;a,;..;a, € vaa <a,<a, <..<da,
Theo gid thiéttac6 a, +a, +a,+...+a,, >a, +a,, +...+4a,

& a, >0y — a4, + a4y, —a, +...+a, —a, (1)

Mat khacvéi x;y € Z vanéu y>xthi y >x+1

= a,, —a, >20,a,, —a, >20,..,a, —a, >20 (2)

Nén tir (1) suy ra a, >20+20+20+...420 =400

Ma a,nhé nhatva 401 € A= a, =401

Tac6 401> a,, —a, +a,, —a, +...+a, —a, >400

=y, —a, + 0y, —a, +...+a, —a, =400

Két hop véi (2)

—a, =20 (3)

=y — 0, =0y, — 0, = .=, —

3 41

=20=a, —a, :<a22—a21>+<a21 —a20)+...+(a3 —az)ZZO
=y — My =0y — Oy =...=0a;,—a,=1 (4)

Tacé a, =401 ma 402 € A = a, =402

Kéthop (3) va (4) suyra A ={401;402;403;...;441}

Cau 67. (Trwong chuyén tinh Nam DPinh chuyén toan nam 2019-2020) Trwéc ngay thi vao 16p 10
chuyén, thay gido dung khong qua 49 ciy but dem ting cho tit ca 32 ban hoc sinh 16p 9A sao cho ai
cling nhan dwoc bt cha thiy. Chitng minh rang ¢ mot s6 ban 1ép 9A nhan dwoc s6 lwgng but téng
cong la 25.

Lo gidi
Goi a; 1a s6 but ma hoc sinh thi 7 (trong 32 hoc sinh) nhédn dwoc (i =1,2,...,32). Nhw vdy a, € N va

a +a,+a,+-+a, <49. Taki hiéu:

S =a

=,
S, =a, +a,,
S,=a+a,+a,+---+a,
Vi m6iie{1;2;...;32} taco: 18,49, S, +25<74; S, +50<99, S, +75<124.
Xét 128 s6 gdm:32 s6 nhém (1) 1a S,,S,....,S,,,
32s6nhém (2)1a S, +25,5, +25,...,S,, +25,

32 s6 nhém (3) 1a S, +50,S, +50,...,S,,+50,
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32 s6 nhém (4)1a S, +75,8, +75,...,8,, +75.

Thay 128 s0 nay lay gia tri nguyén dwong trong pham vi tir 1 dén 124, theo nguyén li Dirichlet ton tai
hai s6 ndo d6 trong chiing bang nhau. Vi S, <5, <...<.S,, nén day 32 gia tri trong mdi nhém & trén

tdng dan ké tlr trdi qua phai. Suy raton tai j >i>1ma S, +k.25=S5, +£,.25 véi k,k, € {0,1,2,3} va

k, # k, (do hai s6 bing nhau thi khong cing nhém).
Vi §,>S§, nén 0<S§ -S§, =25k —k,), suy ra k—k,e€{1,2,3}. Lai c¢ §,—5,<S5,<49 nén

25(k —k,) <49, suy ra k —k,=1. vay S;—=S,=25 hay a,, +a,,+---+a; =25, nghia la nhém goém

cac hoc sinh tir hoc sinh thir i + 1 dén hoc sinh thi j nhin dwoc tong cong 25 ciy but.

C4u 68. (Trudong chuyén tinh Nghé An chuyén todn ndm 2019-2020) Cho 12 diém trén mit phang
sao cho 3 diém nao ciing 1a dinh ciia mdt tam gidc ma moi tam gidc do6 ludn ton tai it nhat mot canh
c6 d6 dai nhé hon 673. Chirng minh rang c6 it nhit hai tam gidc ma chu vi cia mdi tam giac nhé hon
2019.

Lo giai
Ta td6 mau cac doan thang c6 ddu mut 1a 2 trong 12 diém da cho:
-Td d6 cac doan thang c6 dd dai nhé hon 673
-T6 xanh c4c doan thang con lai

thi mdi tam giac c6 it nhat mot canh mau dé. Ta sé chirng minh ¢4 it nhit 2 tam gidc c6 3 canh déu Ia
mau do.

+Xét 6 diém trong 12 diém da cho. Tir mot di€m A ndi dén cac doan thing con lai tao thanh 5 doan
thang, dwoc to téi hai mau xanh, nén ton tai 3 canh cling mau. Gia st d6 1a 4B, AC, AD

Néu AB, AC, AD td dé (nét lién, h1) thi tam gidc BCD phai c6 1canh t6 do(h1)., chdn han BC thi tam
gidc ABC c6 3 canh t6 dé(h2). Néu 4B, AC, AD t6 xanh (nét dirt, h3). Do mdi tam gidc phai cé it nhit
mot canh dé nén BC,CD, BD va tam giac BCD c6 3 canh do(h1).

Suy ra trong 6 diém nay ludn ton tai it nhat mot tam giac ¢6 3 canh mau do
+Xét 6 diém con lai, chirng minh twong tw

Vay trong 12 diém ludn ton tai it nhat 2 tam gidc cé hai canh déu mau do. Suy ra tbn tai it nhit hai tam
gidc ma chu vi mdi tam giac bé hon 2019

(T trai qua phai lan lwot 1a h1,h2,h3,h4)

Ciu 69. (Trwong chuyén tinh Ninh Binh chuyén todn nam 2019-2020) Trong hinh tron cé dién tich
bing 1009cm” 14y 2019 diém phan biét bt ki sao cho khéng c6 ba diém nao thing hang. Chirng
minh rang trong 2019 diém d6 ludn tim dwgc ba diém tao thanh mot tam giac c6 dién tich nhé hon

lem?.

Loi giai
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Chia hinh tron thanh 1009 hinh quat bing nhau, mi hinh quat c6 dién tich bing lem’ . Theo nguyén li
Dirichlet, ton tai it nh4t mot hinh quat (M) chira it nhét [%}+1 =3 diém trong s6 2019 diém da
cho..

Ba diém d6 khong thang hang nén tam giac c6 ba dinh 1a 3 diém nay nam tron trong hinh quat (M)

nén tam giac dé c6 dién tich nho hon dién tich hinh quat (M), tirc 1a c6 dién tich nh6 hon lem®..

Cau 70. (Trwong chuyén tinh PTNK ( VONG 2 ) nidm 2019-2020) Trong mot budi gip g& giao Ivu
gitra cac hoc sinh dén tir » qudc gia, ngwoi ta nhan thdy rang cr 10 hoc sinh bt ky thi c6 it nhat 3
hoc sinh dén tir cing mot quoc gia.

a) Goi & 1asd cac qudc gia cé ding 1 hoc sinh tham dw budi gdp g&. Chirng minh rang » < k+10.

b) Biét rang s6 cac hoc sinh tham dw budi gap gor1a 60. Chirng minh rang c6 thé tim dwoc it nhat 1a
15 hoc sinh dén tlr cing mdt quoc gia.

Lo gii

+10

a) Gia st nguoc lai rang n> k thi 2n—k>0.Goi 4 la tip hop cac quoc gia c6 ding 1 hoc sinh tham

dw budi gip g& va B 1a tAp hop cac qudc gia con lai. Khi d6, mdi qudc gia trong B sé& co it nhit 2 hoc
sinh.
Ta chon tat ca hoc sinh trong 4 va méi qudc gia trong B, chon 2 hoc sinh thi ¢é k+2(n—k)=2n-k hoc
sinh.
Cac hoc sinh nay cé dic diém la: khong c6 3 hoc sinh nao dén tir cing cung qudc gia. Do 27—k >10 nén

c6 thé chon ra trong d6 10 hoc sinh nao d6 khong théa man dé bai.

b) Theo cau a) ta c6é 2n—k <10 nén 2n—k£9©n£k;9.

Do sé hoc sinh téng cdng la 60, dé chi ra c6 15 hoc sinh dén tlr cing quoc gia thi theo nguyén ly

215« 15n—-14k <60.

Dirichlet, ta chi can chi ra rang
n—

Nl a0 i A ag an o _k+9 W oy
Ta sé& chirng minh danh gia trén ding véi moi (n;k). Vita dd cé n< nén ta s€ dwa vé chirng minh

15(%) -14k <60 < k> % .Do do, vdi k >2 thi khing dinh dung. Tiép theo, ta xét hai tredng hop:

EINéu k=0 thitheo (*), ta phai c6 n<4 nén 15n-14k =152< 60, ding.

EINEu k=1 thi theo (*), khi d6 loai trir hoc sinh & nwéc d6 ra thi con lai 59 hoc sinh, dén tir 4 qudc gia.
Theo nguyén ly Dirichlet, ton tai 15 hoc sinh dén tir cing qudc gia.

Cau 71. (Trwong chuyén tinh Quang Ngai chuyén toan nam 2019-2020) Trén mot bang 6
vudng, & mdi 6 ngudi ta dién toan bd d4u +. Sau d6 thuc hién qua trinh déi ddu ( ddu + sang
diu -, diu - sang dau +) lan lwot theo cac bwdc sau:

Bwéc 1: Cac 6 & dong thi i déu dwoc doi diu i 1an, i=1,2,...,2019.

Buéc 2: Cac 6 & cot thiy j déu dwoc doi diu 3/ +114an, j=1,2,...,2019.

Tinh s6 diu con lai trén bang 6 vudng sau khi thwc hién xong qua trinh doi diu trén.

Loi giai

Dia chi truy cip click vao diy # http://www.vungocthanh1984.blogspot.com/ # Trang 294 #%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

Theo qua trinh d6i d4u trén thi 6 vuéng & dong i coét j dwoc d6idiu i+3;j+114n

Ma i+3,+1va i+ hais6 khong cing tinh chan1é (vi (i+3/+1)—(i+j)=2/j+11as518)

Do d6 nhitng 6 vudng & dong i cdt j ma i+ j 1as6 1é sé d6i d4u mot s6 chdn Ian va diu & 6 vudng dé
van 1a d4u +, con nhitng 6 vudng & dong i c6t j ma i+ j 1a s8 chan sé d6i ddu mot s6 1é 1an va du & 6
vuong do la diu -

Ma tir 1 dén 2019 c6 1009 s6 chdn va 1010 s6 1é nén s8 cap (i; /) ma i+ j bang
1009.1010+1010.1009=2038180

Vay s6 cac 6 vudng con lai mang d4u + bang 2038180.

Ciu 72. (Trwong chuyén tinh Quang Ninh Vong 2 nim 2019-2020) Cho trwdc pla s6 nguyén t6. Trén
mat phang toa do Oxy, 14y hai diém A(pS;O) va B(pg;O) thudc truc Ox. C6 bao nhiéu tir giac

ABCD noi tiép sao cho cac diém C,D thudc truc Oy va déu cé tung do 1a cac s6 nguyén dwong.

Lo giai
Xét tir gidc ABCD théa man dé bai. Goi C(0;¢),D(0;d)thi ¢>d >0,
T gidc ABCD noi tiép khi va chi khi OC.OD = 0A.0B suyra cd = p*.p’ = p'" . (1)
Do p nguyén t8 va c¢,d nguyén dwong nén c6 9 cip (c;d) véi c¢>d théoa man (1) la
(P751).(p'5p),o( P75 2°)-

Vay c6 9 t giac thoa man dé bai.

Ciau 73. (Trwomg chuyén tinh Thai Nguyén chuyén tin nam 2019-2020) Hai ban Thai va Nguyén
cung choi tro 14y keo trong mot hop c6 2019 chiéc keo. Cach choi nhw sau: “ Méi ngwoi dén ot
minh dwroc I3y mot sé keo bat ky 13 liy thira véi s6 mid tw nhién cida 2, ai 1dy dwroc chiéc keo cudi
cung Ia ngwoi thang cudc”. Ban Thai 1a ngudi dwoc 14y keo trude. Hay chi ra mot chién thuat giup
cho ban Nguyén ludn 1a ngui thang cudc.

Lo giai
Ta c6 nhan xét sau:
+) Néu n las6 twnhiénlé < n=2k+1(keN) thi 2" =2°""" =2.4* =2(mod3).
+) Néu 7 12 s6 tw nhién chdn < n=2k (keN) thi 2" =2°* =4 =1(mod3).
+) 2019 chia hét cho 3.
Khi ban Thai 14y keo xay ra cac trweong hop sau :
+) Trwong hop 1: Ban Théi lay s6 keo c6 dang 2" v&i m 1a s6 tw nhién 1é.

Khi d6 ban Nguyén sé 14y s6 keo c6 dang 2” v&i p 1a s6 tw nhién chan, nhw vay s6 keo con lai sé 12 s&
tw nhién chia hét cho 3.

+) Trudong hop 2: Ban Thai 1y s6 keo c6 dang 2" v&i m 12 s6 tw nhién chdn. Khi d6 ban Nguyén sé 14y
s6 keo c6 dang 2” véi p 1a s6 tw nhién 1é, nhw vAy s6 keo con lai sé 1a s6 tw nhién chia hét cho 3.

T6m lai : Khi nao ban Thai l1ay s6 keo c6 dang 2" thi ban Nguyén sé 14y s6 keo c6 dang 27 véi m, p la
hai s tw nhién khac tinh chén, 18. Khi d6, s6 keo con lai trong hop luén 1a s& chia hét cho 3 va nhu vay
ban Thai khong thé 14y dwoc vién keo cudi cing nén ban Nguyén sé 1a ngwoi chién thang..

| Cau 74. (Truwomg chuyén tinh Thai Nguyén chuyén tin nim 2019-2020) Cho 19 diém ndm trong hay |
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nam trén canh ctia mot luc gidc déu canh 3cm. Chirng minh c6 it nhit hai trong sé cac diém da cho c6

khoang cach khong vwot qua J3em.

Lo gii

A

» D A o B
+ Gia st 19 diém da cho nam trong hodc ndm trén canh cua luc gidc déu ABCDEF ndi ti€p dwong tron
tam O

+ N&i O v6i 6 dinh cua luc gidc tao thanh 6 tam gidc déu. Khi dé sé c6 it nhit 4 diém nam trong hay
trén canh cia mot tam giadc déu trong s6 6 tam giac dé (theo nguyén ly Dirichlet)

+ Gia st 4 diém trong 19 diém d6 cung nam trong hay nam trén canh clia tam giac déu OAB c6 trong
tam G .

+ Goi M, N, P lan luwot 1a trung diém cua cac doan thdng 4B, OB, OA. Tam giac OAB déu va
2 2 2 3’
0A=03=AB=3cmnéntacé:BG:OG:AG:EANz?/OAz—ONz=g ?—(i):J&m

Khi dé ba t& gidc BMGN, ONGP, AMGP 1a cac t& gidc ndi tiép cac duong tron c6 dwong kinh
BG =0G = AG =3cm

+ B6n diém nam trong hay nam trén canh cla tam gidc OA4B s& c6 it nhit hai diém nam trong mot

trong ba hinh tron dwong kinh Vem. Khodng cach giita hai diém dé khong qua V3em

Ciu 75. (Trwong chuyén tinh Long An chuyén toan dy bi nam 2019-2020)

C6 m6t nhém ban di hai nAm. S6 nAm ctia ban hai dwoc it nhit bang — tong s6 nAm hai dwgc. SO nAm
7

cda ban hai dwoc nhiéu nhat bang — tong s6 nim hai dwoc. H6i nhém ban dé c6 bao nhiéu nguoi?
5

Lo gidi

7 Py 7 = Y . N 2 &) z ~ ¥ 1 ~ ~ ~ &) ~ ~

C6 mot nhém ban di hdi ndm. S6 ndm cta ban hai dwoc it nhat bang — tong s6 nidm hai dwoc. S6 nAm
7

2 & A Y 1 ~ ~ s 2 7 7 7 A \

cda ban hai dwoc nhiéu nhat bang —tong s6 nim hai dwoc. H4i nhém ban dé c6 bao nhiéu nguoi?
5

Goi s6 ban trong nhom di hai ndm 1a # ; téng s6 ndm hai dwgcla y

Ta c6 :n 1a s6 nguyén dwongva y >0
Ban hai dwoec it nhat hai duoc: % %

L4

Suyra: <
y 7 y

Ban hai dwoc nhiéu nhat hai dwoc: % y
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Suy ra: %>y

Suyra: 5<n<7

K&t ludn so6 ban trong nhom di hdi ndim 1a 6

Ciu 76. (Truwong chuyén tinh Long An chuyén toan nam 2019-2020)

Cho cac sé6 tw nhién 1,2,3,4,5,6,7,8,9. Tlr cac s6 tw nhién trén ta thanh 1ap so6 tw nhién gébm ba chit s6
khac nhau va so tw nhién dwgc thanh 1ap phai chia hét cho 3. Ta thanh 14p dwogc tit ca bao nhiéu so
tw nhién nhw vay?

Lo gidi
Ta chia cac s6 thanh 3 nhém :
+Nho6m 1 gbm céc s6 chia hét cho 3. Nhém nay gdém cac sé 3,6,9.
+Nhoém 2 gbm céc sd chia cho 3 dw 1. Nhdm nay gém cac s6 1,4,7.
+Nho6m 3 gbm céc s6 chia cho 3 dw 2. Nhém nay gébm cac sé 2,5,8.
TH1: Chon ba sé thuéc nhom 1.
Talap dwoc 6 s6 thdoa dé bai
TH2: Chon ba sé thuéc nhom 2.
Talap dwoc 6 s6 thdoa dé bai
TH3: Chon ba sé thuéc nhom 3.
Talap dwoc 6 s6 théa dé bai
TH4: Chon mét sé thuéc nhém 1, mot sé thudc nhom 2, mot sé thudc nhom 3.

U'ng v&i mot s6 thudc nhém 1, ta chon duwoc ba s6 thudc nhém 2, tng véi mot s6 thudc nhém 2 ta lai
chon dwoc ba s6 thuéc nhém 3. Nhw vay treong hop nay ta lap dwoc 27.6 =162 s6 thoa dé .

Tong cong : 180 s6

Ciu 77. (Trwdng chuyén tinh Phu Tho vong 2 nam 2019-2020) C6 15 ban hoc sinh nam va 15 ban
hoc sinh nit ngdi quanh mot ban tron. Chirng minh rang luén ton tai mot hoc sinh ma 2 ban ngoi
canh ban d6 déu la nir.

Lo giai
Gia st ton tai mot cach xép 30 ban 1én ban tron sao cho khong c6 ban nao ngbi giira hai ban nir. Goi cac
ban theo thtt tw 1a 4;4,;...;4;,. Ching ta chia 30 ban sang hai ban tron gom (A4;4,;...;4,) va

(A4,54,;...54;) va giit nguyén thit tu.

Khi d6 & ca hai ban m&i, khong cé hai ban nit nao ngo6i canh nhau.
=> S0 ban nit & moi ban sé& khong vwot qua ER

Suy ra tong s6 ban nit & ca hai ban nhé hon 15 (trai gia thiét).

Vay ludn ton tai mot hoc sinh ma 2 ban ngoéi canh ban d6 déu la ni.

Cau 78. (Truwomg chuyén tinh Thanh héa chuyén todn nidm 2019-2020) Trong mit phang, ké 2022
duong thang phan biét sao cho khong c6 hai dwdng thang ndo song song va khong c6 ba dwong
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thing ndo déng quy. Tam giac tao bdi ba duwdng thang trong s cac dudng thang da cho goi 1a tam
gidc dep néu n6 khong bi dworng thang nao trong sd cac dudng thing con lai cit. Chirng minh rang sd
tam gidc dep khong it hon 674.

Lo gii

Goi cic duwong thang da cho la d.d,.d,,....d,,;A; 1a giao diém cGa duwong thang
d.d;(i,j=1:2022,i# A = A, )

i ] ] ]
Xét dwong thang d_ bat ki trong s6 2022 dwong thang da cho. Do khéng c6 ba dwong thiang nao dong
quy nén céc giao diém A, (n #* i,j) cta cac cap dwong thang d,;,d; khong ndm trén d, . Do s8 giao diém
1a hitu han nén ton tai mot giao diém gan d, nhat, gid sirla A, (néu c6 nhiéu giao diém nhw vay thi ta
chon 1 giao diém bat ki trong s do).
Ta s& chirng minh tam gidc A A /A 1a tam giac dep.
Thét vy, néu tam gidc nay bi dwong thing d_ nao d6 trong 2019 dwdng thang con lai cat thi d_ phai
cat it nhat mot trong hai doan thang A A, A A .. Gid sit d  cat doan thang A A  tai diém A  thi
A, gan d hon A;.Diéu nay trai v&i gia thiét A, gan d, nhét,
Suy ra, véi moi dwong thang d_ludn ton tai mot tam gidc dep c6 canh nam trén d_.Trén mdi duwong

thing d_ ta chon 1 canh cia tam gidc dep thi ta thu dwoc 2022 canh cua cac tam giac dep.

Vay s6 tam giac dep khong it hon: 2022 :3 =674 (dpcm)

Cau 79. (Trwong chuyén tinh Vinh Phic vong 2 nam 2019-2020) Ban Binh c6 19 vién bi mau xanh, 21 vién bi
mau dé va 23 vién bi mau vang. Binh thwc hién mét trd choi theo quy tic sau: Moi [an Binh chon 2 vién bi c6
mau khac nhau, roi son chiing bdi mau thit ba (Vi du: Néu Binh chon 2 vién bi gobm 1 vién bi mau xanh va 1 vién
bi mau dé thi Binh son 2 vién bi nay thanh mau vang). Hoéi sau mot s6 hitu han l1an thwe hién tro choi theo quy
tac trén, ban Binh c6 thé thu dwoc tit cd cac vién bi cing mdt mau hay khong ? Tai sao ?

Loi gidi

C4u 80. (Trwong chuyén tinh Yén Bai vong 2 nam 2019-2020) Tt mét da giac déu 15 dinh, chon ra
7 dinh bat ky. Chirng minh rang c6 3 dinh trong s cac dinh da chon 1a ba dinh cia mdt tam giac can.

Loi giai

Ky hiéu cic dinh lién tiép cta da giac déu 15canhla 4,,B,,C,, 4,,B,,C,,..., A, B,,C, khi d6, ta c6 3 ngi
giac déuroinhaula 4,4,4,4,4,, B,B,B,B,B,,C,C,C,C,C;.

Theo nguyén ly Dirichlet trong 7 dinh da chon c6 it nhat 3 dinh thudc 1 trong 3 ngii gidc déu ké trén.

Mit khac trong mot ngii gidc déu thi 3 dinh bat ky ludn 1a ba dinh cia mdt tam giac can.
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Vay trong 7 dinh da chon lu6n ton tai 3 dinh 1a 3 dinh cia mot tam giac can.

(Chti y: Hoc sinh co khéng cin vé hinh minh hoa cho cdu ndy)

Ciu 81. (Trwdong chuyén tinh Ha N6i chuyén tin nim 2019-2020) Tim tit ca s6 tw nhién x dé gia tri
ctia bidu thitc P = 2° + 32° + 2 + 3 12 lity thira ctia mdt s§ nguyén té.

Loi giai
Néu z = 0 thi P =3 = 3' (théa min)
Néu z =1 thi P = 8 =2’ (théa min)
Néu z = 2 thi P =25 =5 (théa min)
Néu = > 3, gid st (:I?2 +1)(£E + 3) =¢" voi n € N* va ¢ 1a s6 nguyén té.

x2+1=q“

Tac6 °+1>2+3 suyra ,

véi a,b e Nyn>a>b>0.
r+3=¢q

2 +1

el =>x—-3+

Do doé,
T+ 3 z+3

eZ:>105(a:+3):>x+3=10:>x=7.
Thirlaivéi ¢ =7 = P =500 (khong théa man).

Vay tip cac gia tri can tim cta xla {0; 1; 2} .

Ciu 82. (Trwong chuyén tinh Binh Phwéc chuyén todn nam 2019-2020) Tim tit ca cac cip s6
nguyén td (p, q) sao cho p? 2g? = 41.

Lo giai
Tacop? 2q? =41suyrap? =41+ 2q?suyrap?lasdlésuyrap lé.
Viplé nénp = 2k + 1 (k 1a s6 nguyén dwong) . Thé vao (*) ta c6
q*> =2k(k+1) 20suyragq chan.
Ma g nguyén t6 nén q = 2.
Thé g = 2 vao (*) taco p? =49 suyrap = 7.

(Hoc sinh dodn dwoc nghiém ma khéng I3p ludn khéng cd diém)

Ciu 83. (Trwong chuyén tinh Vinh Phic vong 2 ndm 2019-2020) Tim tit ca cac s6 nguyén dwong p,m,n thda

min 2" p> +1=n’,trongdé p 13 sd nguyén t6.

Loi giai

Cau 84. (Trwong chuyén tinh Bic Ninh vong 2 nim 2019-2020) Cho 72 13 s6 nguyén dwong thdéa
min v12n® +1 1a s6 nguyén. Chitng minh riing 24/12n” 4+1 + 2 14 s8 chinh phwong.

Lo giai
Vi12n® + 1 14518 nén dé y12n® + 1 la s6 nguyén thi 12n° + 1= (2m + 1)2 ,meN,

Suy ra, m(m - 1) = 3n’.
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m=3u";m+1=1

Vi (m;m + 1) = 1 nén xay ra hai truedng hop ) Ju,vEL ..

m=1v";m+1=3u

Néu m = v*;m +1 = 3u® thi v = 3u* —1 hay ¢’ 1a s6 chinh phwong chia 3 du 2. Piéu nay khong xay

ra vi moi s6 chinh phwong chia 3 dwla 0 hodc 1. Do dé chixayra m = 3u*;m + 1= v*.

Tacé 2412n° +1+2 =2 (2m + 1) +2 = 4m + 4 = 4v” 12 s6 chinh phwong (diéu phai chitng minh).

C4u 85. (Trwong chuyén tinh Thai Nguyén chuyén todn ndm 2019-2020) Tim tit ci cic s6 nguyén to

p sao cho p2 +59 c6 ding sdu wéc s6 duwong.

Lo giai
+)Véi p=2tacod p° +59 =63. 5663 c6 sau woc s6 dwong la:
1;3;7;9; 21; 63. Vay p =2 thoa man.
) Véi p=3taco p° +59 = 68. S6 68 c6 sau woc s6 dwong la:
1;2; 4;17; 34; 68.Vay p =3 thdéa man.
+) V6i p>3. Khidé p 12 s6 tw nhién 1& va khong chia hét cho 3 (vi p1a s6 nguyén t8) do d6 p° chia
cho 3 duw 1va p’ chia cho 4 dw 1. Vdy p° + 59 chia hét cho ca 3 va 4. Ma 3 v 4 13 hai s8 nguyén t5

ciing nhau nén p* +59 chia hét cho 12. p* +59>12 nén p* +59 c6 it nhit cac wée s6 dwong 1a: 1;

2; 3; 4; 6; 12; p° +59. Trong truong hop nay p° +59 c6 nhiéu hon sau wéc sé dwong nén p >3

khong thoa man.

Témlai p=2; p=3.

Cau 86. (Trwong chuyén tinh Chuyén DHSP vong 2 nam 2019-2020) Cho tap hgp X théa man tinh
chat sau: Ton tai 2019 tip con 4, 4,,..., 4,,, cia X sao cho mdi tip con 4, 4,,..., 4,,, c6 ding ba

phén tir va hai tap 4, 4, déu c6 dling mot phén tir chung véi moi 1<i< j<2019. Chitng minh rdng

a) Ton tai 4 tip hop trong cac tip hop 4, 4,,..., 4,,, sao cho giao ctia 4 tdp hop nay cé dung mot
phan ti.

b) S6 phan tir cia X phai lon hon hodc bang 4039.

Lo gidi

a) Xét tp hop 4 co6 ba phan ti a,b,c. M6i mot tp hop 4 véi i=2,..,2019 sé& phai c6 chung vdi 4
ding mdt phan t. Ta chia cac tdp hop 4, véi i=2,..,2019 tao thanh ba nhdm. Nhém thir nhat gom cac
tip hop chira phin tt «, nhém th& hai gdbm cac tip hop chira phan tir » va nhém thir ba gobm cac tip
hop chita phan tr ¢. Ba nhém nay tong hop lai c6 2018 tip hop, do d6 phai c6 mot nhém chira it nhit
673 tap hop. 673 tap hop nay cung véi 4, sé tao thanh 674 tp hop c6 ding mdt phan tir chung. Chi
can 1ay 4 tip hop trong ching ra sé dwoc 4 tip hop théa man yéu ciu bai toan. (Chu y, giao ctia bén
tap hop khong thé c6 qua mot phan tir).

b) Xét bon tp hop 4, 4,, 4;, A, c6 chung phin tlt «. Ta chitrng minh tat cad cac tip hop con lai déu cé
chung phan tr «. That vay, gid st ton tai tip hop 4 khong chira «. Khi d6 mdi mot tip trong cac
A, A, A, A, sé c6 chung véi 4 mot phan t& (khac a). Vi 4 chi c6 ba phan t& nén theo nguyén ly
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Dirichlet, s& c6 hai tdp hop trong chung cé chung phan t& chung v&i 4. Ching han 4, 4, c¢6 chung
phan tr » véi 4. Nhwng lic ndy ta c6 diéu mau thuan vi khi d6 4, 4, c6 chung hai phan t&¥ « va b.
Vay tat ca cac tip hop déu cé chung phin tr «. Do giao cla hai tip hop bit ky c6 ding mot phin ti
nén tit cad cidc phin tk Kkhdc « con lai déu ddi modt khadc nhau, suy ra
|4, U 4, 0.0 Ay 2142019 %2 = 4039 .

Tlr d6 suy ra sO phan tr cia X khong it hon 4039.

Ciu 87. (Trwong chuyén tinh Binh Thuin vong 2 ndm 2019-2020)Trong mét budi té chirc tuyén
dwong cac hoc sinh c¢6 thanh tich hoc tip xuit sac cia mot huyén, ngoai trir ban An, hai ngwdi bat ki
déu bat tay nhau, An chi bat tay v&i nhitng ngwdi minh quen. Biét rang mot cdp (hai nguoi) chi bat
tay nhau khong qua mot lan va c6 téng cong 420 1an bat tay. H6i ban An ¢ bao nhiéu ngudi quen
trong budi to chirc tuyén duwong d6?

Loi gidi
Gia str ngoai An thi con 7 ban va An quen M ban (m < n)
o n(n-1)
SO cai bat tay la T+m =420
:>n(n—1)+2m=840 = n(n—1)+2n2n(n—1)+2m=840

=n’+n>840=n>29
Khi n =29 thi m =14

Khi 7> 30 thi n(n—1) =870 (loai)

Vay An quen 14 ban.

Cau 88. (Trwong chuyén tinh Bic Giang chuyén todn nim 2019-2020) Cho tap hgp 7 gdm 2019 sé
nguyén dwong d6i mot khac nhau va sé 16n nhat thudc 7 1a 4036. Chirng minh rang trong tp hop
T c6 hai s6 phan biét ma s6 nay 1a boi ctia s6 kia.

Lo giai
Mbi s6 nguyén duwong a déu cé thé viét dwoc dwdi dang a =2°.m véi s € N,m 12 s6 nguyén duong 18..

Viét 2019 s6 nguyén dwong da cho dwédi dang 2°.m va do sé 1én nhit 1a 4036 nén m chi c6 thé thudc
tdp gobm 2018 s81é {1,3,5,...,4035} ..

Do tap hop 7Tc6 2019 s6é nguyén dwong déi mot khac nhau nén theo nguyén ly Dirichlet ton tai hai s6
a,beT sao cho a =2"my; b=2"m,,véi m,€{1,3,5,...,4035} s, peN,s > p.

Khi d6 ala boi cda b. Diéu phai chitrng minh..

Cau 89. (Trwong chuyén tinh Khanh Hoa Vong 2 nim 2019-2020) Cho A=2°+2"+2*+..+2*" va
B=2". Chitrng minh rang: A,B 12 hai s6 tw nhién lién tiép.

Lo giai
COA=2"+2"+2% +.. . +2%"
2A=2"+2% 42 4. 420

Trir vé theo vé, ta duoc:
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2A—A=(2‘ +224+2° +...+22°2°)—(2° +2' 422 +...+22°19)

= A — 22020 _1
Lai c6: B=2""" &N (lly thira 2020 theo co sd 2)
Nén: A=2""-1 eN

Va B-A =1.Vay A,B la hai s6 tw nhién lién tiép.

C3u 90. (Trrong chuyén tinh Lim Pong vong 2 nam 2019-2020)
Biétrang 1111...15555...5 1a tich ctia hai s8 1é lién tiép. Tinh tong hai s6 1& do.
—_

2018 chl {sogl 2018 chl {so®

Lo gidi
Viét dwoc so vé dang:

1111...15555...5=1111...1. 100...05
—_— — —

2018 chl {sogl 2018 chl {so$ 2018 chl {sogl 2017 chl {sod)

=1111...1.3. 3333...35
-— et

2018 chl {sogl 2017 chl {so8

=3333...3 . 3333...35 latich cta 2 sé 1é lién tiép

2018 chl {so8 2017 chl {so8

Tinh dwgc téng hai s6 12 6666...68
%,—J

2017 chl {so®

Ciu 91. (Trwdong chuyén tinh Tién Glang chuyén tin nim 2019-2020) Tim mot s6 tw nhién c6 4 chit
sO dang abcd , biét tich hai s6 ab va cd bang 380 dong thdi néu ting s6 ab thém 1 don vi va giam

s6 cd di 1 don vi thi tich vAn khong dai.

Lo gidi
ab.cd =380
Tacd{,_ _ .
(ab—l).(cd+1)=380
Pit x=ab,y=cd ,v6i x,yeZ va10<x,y<99.
xp =380 =380
Hé tré thanh | VT
(x—l).(y+1):380 x—y=1
=19
<:>y(y+1)=380<:>y2+y—380=0<:>{y o
y=-

= y=19=x=20.V4ay s6 can tim la 2019..

Cau 92. (Tru'o'ng chuyen tinh Tay Ninh Vong 2 nam 2019-2020) Tim s6 tw nhién c6 bén chit s6 c6
dang abcd sao cho abcd =k (k eN ) va ab—cd =1 (céc chir s6 tw nhién a,b,c,d c6 thé giong nhau).

Lo gii

Tim s& tw nhién cé bén chit s6 c6 dang abed sao cho abed =k* (k € N*) VA ab—cd =1 (c4c chir s8 tw

nhién a,b,c,d co6 thé gibng nhau).
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abed =K (keN')= & =100a_b+£=100(1+5)+£
— k> =100+101cd < 101cd = k* =100 < 101J=(k—10)(k+10)

Do k<100(vi k> chi c6 4 chit s6)=k-10<101 va do 101 1a s6 nguyén t&
:>(k+10)3101:>k+10=101c>k=91

Suy ra abcd =91° =8281.
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Chuyén dé Bi€u thitc

Ciu 1. (Trwomg chuyén tinh Binh Dwong chuyén toan nam 2019-2020) Tinh gia tri biéu thic:
P=(4x" +4x* =5x +5x-2)  +2019 tai

1 [V2-1

2\V2+1

Loi giai

. 1 N2-1 1 J2-1) 1 ]
Taco: x:E\jmzngzE‘ﬁ_l‘zg(ﬁ‘l)

Pat A=4x" +4x" —5x° +5x-2
Ta thay:

A:4x3(x2+x+1)—x3+5x—2
=x* (447 +4x—1)—x(4x2 +4x—1)+(4x2 +4x-1)-1
=(4x* +4x-1)(x’ —x+1)-1

Ma 4x2+4x—1=4-[l(\/§—1)}2+4'l(\/§—1)—1=0.
2 2

Thay 4x° +4x—1=0 vao 4,tadwocd =-1.

Vay P=(-1)" +2019 =2020
Ciu 2. (Trwdong chuyén tinh Bén Tre vong 2 nam 2019-2020) Cho céc s6 thuc dwong a,b,c,d théa
a_b_c_ i Tinh gia tri clia biéu thirc
b ¢ d a
B 2a+6b+2019¢+2020d —43
2a+3b+4c+5d '
Lo gii

Cau 3. (Trwdong chuyén tinh Cao Bang vong 2 ndm 2019-2020) Cho a, b, ¢ 1a cic s6 théa mian diéu

kién a’ +b’ + ¢’ =3abc va a+b+c=1.Tinh gia tri ctia biéu thitc O = 5a + 6b+2019c .

Lo gidi
Cho a, b, ¢ 12 cic s6 théa man didu kién @’ +b° + ¢’ =3abc va a+b+c =1. Tinh gia tri cia biéu thirc
O=5a+6b+2019c.
a’ +b’ +c =3abc
& (a+b) —3ab(a+b)+c* —3abe =0

<:>(a+b)3+c3—3ab(a+b+c)=0
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<:>(a+b+c)3—3(a+b)c(a+b+c)—3ab(a+b+c):0
<:>(a+b+c)(a2+b2+c2—ab—bc—ca)=0

s a+b+c” —ab—bc—ca=0
<:>(a—b)2—|—(b—c)2—i—(c—a)2 =0

Sa=b=c
| .
:>a:b:c:§(v1a+b+c:l)

vay =516 2019122080

Ciu 4. (Trwong chuyén tinh HCM ndam 2019-2020) Cho a,b,c 1a ba s6 thwc théa man diéu kién:
a+b+c=1.Tinh gia tri biéu thic:
A:a3+b3+c3—3(ab+c)(c—l).

Loi gidi
A=a’ +b +c° —3(ab+c)(c—l)

:(a+b+c)3 —3(a+b)(b+c)(c+a)+3(ab+c)(1—c)
(1—a)(1—b)+3(ab+c)(1—c)
[(1-a)(1-b)—(ab+c)]
(I—a—b+ab-ab-c)

I:l—(a+b+c):|
(

Viy A=1 0O

Cau 5. (Truwdng chuyén tinh Ha Tinh vong 2 ndm 2019-2020) Cho a, b, ¢ 12 ba s6 thwc khac 0 thoa
I 1 1

min cic diéu kién: a+b+c¢=0 va —+—+—=3. Tinh gia tri cha biéu thic

a b ¢
2 2 2
M:(1+1j +(1+1j +(l+1j .
a b c
Lo giai
2 2 2 2 2 2
Ta co M:(lj +(lj +(lj +2(l+l+lj+3:(lj +(lj +£lj +2.3+3.
a b c a b c a b c
2 2 2 2
T gia thiét cé: 32:£l+l+lj :ﬁlj +(lj +£lj +2(L+i+ij
a b c a b c ab bc ca
B 6) ()22 ) () o=l <60
==+ =+ = | +—————L=— | +| =] H = | +0=| =] +| =] +|—|.
a b c abc a b c a b c
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Dodé M=3+23+3%=18.

Ciu 6. (Trwdong chuyén tinh Hai Dwong chuyén todn nim 2019-2020) Cho cac so thuc a, b thoa min
a’+b’ N a’ b’

a’-b* a’+b*

a+b* o -b°

a’ #b”.Pat M =

Lo gii

+ —y  2(x*+y°
Détxzaz,yzbzthisz y+x Y (362 );)
X-y x+y x -y

4 4 4 4

+ —
_ Xyt x-y

4 4
X =y

Y et ROy WSS

N

x*t+yt

1
x4_y4 5 (x2+yz)(x2_y2) 2
:l(%+ij:M2+4

xz_yz x2+y2

2\ 2 M 4M

x4—y4_ 4M
' +yt M +4

M2+4+ AM  M*+24M° +16
aAM  M’+4  AM(M®+4)

Ciu 7. (Trwong chuyén tinh Hiu Giang chuyén todn ndm 2019-2020)Cho ba s6 thwc dwong a, b va
¢ théamin ab + ac + bec = 1. Tinh gia tri cda biéu thirc
2 2 2 2 2 2
T:a\/(l—l—b )(L+ ) +b\/(1+c )(1+ ) +c\/(1-l—a )(1+b%)
1+ad’ 1+ 1+¢

Lo giai
Taco

@ +1=a’ +ab+ac+bc=a’+ac+bla+c)=ala+c)+ba+c)=(a+b)(a+c).

Twongtw b +1=(a+b)(b+c)vac’ +1=(c+b)(c+a).

Khi d6

a\/(1+b2)(1+02) :a\/(a+b)(b+0)(a+0)(b+0) b+ 0)
e (a+b)(a+o)

b\/(1+02)(1+a2) :b\/(a+c)(b+c)(a+0)(a+b) ~ba+ o)
1402 (@ +0)(b+c)

Dia chi truy cép click vao diy # http://www.vungocthanh1984.blogspot.com/ #% Trang 306 %




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

c\/(1+a,2)(1—|—b2) :C\/(a+b)(a+c)(a+b)(b+0) — c(a+b).

1+ ¢ (a+c)(b+c)

Vay T =a(b+c)+bla+c)+cla+b)=2.

Ciu 8. (Trwong chuyén tinh Nam Pinh chuyén toan ndm 2019-2020) Cho ba s6 a,b,c théa min
ad-bc b-ca -ab 0

ab+bc+ca=2019. Chirng minh F— t— =0.
a+2019 b +2019 & +2019

Lo gidi
+ T ab+bc+ca=2019 suyra a’ +2019=a’ +ab+bc+ca=(a+b)(a+c).
Twong tw c6 b +2019 =(b+c)(b+a), ¢ +2019 =(c+a)(c+b).

a’ —bc N b —ca N ¢ —ab
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b)

+ V& trai ctia dang thirc cAn chitng minh tré thanh

(a2 —bC)(b+C)+(b2 —ca)(c+a)+(02 —ab)(a+b)
(a+b)(b+c)(c+a)

Khai trién va lIam gon biéu thic trén ti ta dwoc két qua 1a 0 nén c6 Ppcm.

Ciu 9. (Trwdong chuyén tinh Phii Yén Vong 2 ndm 2019-2020) T6n tai hay khong ba sé thuc a,b,c
b c 1

thoa man 2a =— =— = ?
b"—ac ¢ —ab a " —bc 2019

Lo gii

Gia st ton tai ba s6 thuc a,b,c thoa yéu ciu bai toan. Khi do,

abc#0
2 2 2 (41)
b*—ac#0,a—bc#0,c"—ab=0
a 1
b*—ac 2019 (p*_4c=2019a [(b*a—a’c=20194°
Khi do, ta c6 2b = ! =c*—ab=2019b = {c*b—ab® =2019b*
¢ —ab 2019 , 5 5 R
c 1 a —bc=2019¢ a‘c—bc"=2019¢
a’—bc 2019

Suy ra,

2019(a2 +b° +cz) = (bza —azc)+(czb—ab2)+(azc—bcz) =0
Sa=b=c=0.
Piéu nay méu thuin véi (4.1).

Vay khéng ton tai ba s thuc a,b,c théa yéu ciu bai toan.

Ciu 10. (Trwong chuyén tinh Quing Ngii chuyén todn ndm 2019-2020) Cho hai s6 thwc a,b thda

Dia chi truy cép click vao diy # http://www.vungocthanh1984.blogspot.com/ #% Trang 307 #%




VU NGOQC THANH 0367884554 TUYEN SINH VAO LOP 10 CAC TRUONG CHUYEN - NAM 2019-2020

2a—b+3a—2b
a—b a+b

min a’ +4ab—7b* =0 (a#b va a #—b). Tinh gia tri cha biéu thirc O =

Lovi gii
Cho hai s6 thwc a,b théa man a’+4ab-7b°=0 (a#b va a#-b). Tinh gia tri clia biéu thirc
Q:2a—b+3a—2b
a-b a+b

2a-b 3a-2b 2a*+ab-b’>+3a*—-5ab+2b*> 5a*-4ab+b*
0= a->b " a+b - a’—b* B a’—b*
Vi ¢’ +4ab—-7b* =0 néntacod

6(a2 —bz)—(a2 +4ab—7b2) 6(a2 —bz)

0= a’—b’ - a’—b’ =6
Ciu 11. (Trwong chuyén tinh Thai Binh vong 2 ndm 2019-2020) Cho cac s thwc a,b khac 0 théa
~ 1 1
man —+—=1
a

e g P4

1. Tinh gia tri cGa biéu thitc 4 =-—F—"—+—
a'b ab
2. Chirng minh rang: (a+b-2)’ —(a—1) —(b-1)’ -3(a+b)+6=0
Loi giai

1. Ta co:

2. Ttr gia thiét l+é:1:>a+b=ab:>ab—a—b+1:1<:>(a—l)(b—l)zl
a

Ap dung hiang déng thitrc (x+y)’ =x* + y° +3xp(x + y)

[(a=D+(b-DJ
=(a-1+b-1)+3(a-D)b-D[(a-1)+(b-1)]
=(a+b-2) =(a-1Y +(b-1 +3[a+b-2]

< (a+b-2)Y —(a-1-=(b-1-3(a+b)+6=0

Cau 12. (Trwong chuyén tinh An Giang Vong 2 nam 2019-2020)Cho x; y 13 hai s6 théa min x+ y =1.
Hay tinh
A=x"+y" -2 -2x"y* +x* =2y + y..

Lo giai

A=x"+y*=2x = 2x*y* +x* =2y’ +?
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=(x*+yt =20y = 2(x0 47 )+ Py

(- -2 )
=(x+y) (x=») —2[(x+y)2 —?wcy}L()Hy)2 —2xp
=(x-y) =2(1-3x)+1-2xy

=(x+y) —dxy—2+6xy+1-2xy=0

Vay 4=0

Cau 13. (Trwong chuyén tinh Phd Tho
vong 2 ndm 2019-2020) Cho s6 thuc x

1 ’
théa man x+—=3. Tinh gia tri biéu

X
1
thitc P = x* +—. A D
X B0 B,
Loi gidi
& M
1Y 1 1
Tw gt co (x+—j =3 hay &0y x3+_3+3(x+_j:27
X X X
B M P c

=> x3+i3+3.3:27.
X

=>P=x3+L3=27—9=18.
X

Ciu 14. (Trwong chuyén tinh Thanh héa chuyén toan nim 2019-2020)Cho cic s6 thwec dwong 4, b, ¢
bc ca ab

khéc 0 thod man 2ab + bc + 2ca = 0. Hay tinh gia tri ciia biéu thirc: A = 8_2+b_2+_2
a c
Lo gidi
. . f s 21 2
Vi a,b,c khac 0 théaman 2ab+bc+2ca=0=>—-+—+—==0
c a

Ta chirng minh dwgcnéu x +y+z=0 thi x’ +y’ +2° =3x)z

Do dé véi l+g+z=0 thi %
a b c

3

Ta co:

E ac ab abc N abc abc

+—+ +
8a> b & 84 b e’

abe 1 8 &
A=—n(+—5+—
8 (a3 b’ c3)
_abe 12 12 3
8 abc 8 2
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C4u 15. (Trwong chuyén tinh Thira Thién Hué vong 2 nidm 2019-2020) Cho x, y 14 cac s6 thuc thdéa

man diéu kién (X+\/X2 +1)(y+\/y2 +1) =2. Tinh gia tri cia biéu thitc Q = x4/y” +1+ yvx’ +1.

Lo gii

Taco 2= xy+(x + (> +1) +xyJy> +1+ yVx® +1 =xy ++/(x> +1)(y* +1) +Q

:>(2—Q)2 :[xy+\/(x2 +1)(y2 +1)J2

= 4-4Q+Q =257y’ + X7 +y? + 1+ 2xyy (x> + 1)(y* +1).

Talaicé Q* =x’(y' +D)+y (x> +1) + 2xy\/(x2 +1)(y* +1)

=Q  =2x"y’ +x*+y* + 2xy\/(x2 +1)(y* +1).

Do dé 4—4Q:1:>Q:%-
Cau 16. (Trwdong chuyén tinh LAm Péng vong 2 nam 2019-2020) Cho cac sd a, b, ¢, %, y, z déu khac 0
2 2 2
va thoa mian cac diéu kién £+Z+ =1va 24_ b +_—0 Chirng minh rang : —+y—2+Z—:1.
a b c X y z a b c
Lo giai
T diéu kién XYL E suy ra duwoc
a b c¢
x* y2 z? xy yz
—t5+—5+2 =1
a- b ¢ ab ac bc

R 5 x* oyt 2 xyc + xzb+ yza
Qui dong biéu thirc trong ngodc dwoc — + -+ — 2.
a c abc

=1

Tl diéu kién £+2+£:0 suy ra dwoc xyc + xzb+ yza=0

X y z
2 2 2
A z
Ketluanduqc—2+y—2+—2:1
a- b° ¢

Cau 17. (Trwong chuyén tinh Nghé An chuyén toan ndm 2019-2020) Cho da thitc P(x) = ax* +bx +c
(a € N*) théamén P(9)—P(6)=2019.
Chirng minh P(10) - P(7) la mot sg 18,

Loi giai
P(9) —P(6) =2019
Tacd: (8ba +9b+c)—(36a + 6b+c) =2019
< 450+ 3b = 2019(1)
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Lai c6: P(10)— P(7)=(100a +10b+c)—(29a +7b +c) = Sla+3b

pat P(10)—P(7)=1=> 5la+3b=1(2)

Trir vé& theo v& (2) cho (1) ta c6: 6a =¢—2019, ma 6a chdn, 2019 1é nén ¢1é, ta c6 diéu phai ching
minh

Cau 18. (Trwong chuyén tinh Ninh Binh chuyén to4n ndm 2019-2020) Cho P(x) 12 mdt da thirc bac
n v&i hé s6 nguyén, n> 2. Biét P(l).P(2) =2019, chirng minh rang phwong trinh P(X) =0 khong

c6 nghiém nguyén.

Lo giai
Gia st phwong trinh P(x)=0 c6 nghiém nguyén x =a,aeZ.
Theo dinh Iy Bézout: P(x)=(x—a)Q(x) véi Q(x) la mot da thrc v&i hé s8 nguyén.
Ta cé: P(1).P(2)=(1-a)(2-a).Q(1).Q(2)=2019..

Do Q(1).Q(2)€Z,1-a va 2—a la hai s6 nguyén lién ti€p, nén P(1)P(2) 1a s nguyén chin. Ma 2019 1a

mot sé 1€, suy ra vo 1y.

Vay phwong trinh P(x)=0 khéng c6 nghiém nguyén.k

Cau 19. (Trwong chuyén tinh LAm DPong vong 2 nim 2019-2020) Tinh sé do géc nhon a biét
10sin® o + 6¢cos’ o = 8.

Lo giai
Bién d&i dwoc vé ding thirc:

6(sin® a +cos” @) + 4sin’ o = 8

Suy ra duoc: sin’ a =%

Lap luan dwoc sina >0 suyra sina = 72

Tinh dwoc a =45’

Lwu y: Hoc sinh khéng 13p luin dwoc sina >0 thi triv 0,25 diém

Cau 20. (Truwong chuyén tinh Hoa Binh Chuyén Tin nam 2019-2020)1) Phan tich da thitc sau thanh
nhantlr: D=x"+x>-10x+8

Lo gidi
D=x"—x"+2x"-2x—-8x+8=(x—1)(x*+2x-8)

D = (x-1)(x=2)(x+4)

| Ciu 21. (Trwdng chuyén tinh Chuyén PHSP vong 1 ndm 2019-2020) Cho a 13 s6 thwc khac 1 va 1.
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(a+1)2+3

3
Rut gon biéu thirc P = a-l . +a3+1— 2a_
a—l] 3 a -1 a-1

a+l1
Loi giai
a+1V (a+1)’ +3(a-1)
Ta cé Pz(a—l] " @+l 2a _ (a-))  (a+D)(’-a+l) 2
a_lj2+3 a-1 a-1 (a—1)2+3(a+1)2 (a—l)(a2+a+1) a-1
a+l (a+1)
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