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Loi néi dau
Vé6i muc dich gigo vién, sinh vién, hoc sinh ¢ cai nhin tong quan vé ky thi HSG toan cap tinh vong 1.
Tbi xin bao gan lam "Toan canh dé thi HSG mén toan nam hoc 2018-2019 vong 1". Loi giai trong tai liéu
do céc thanh vién nhém STRONG TEAM TOAN VD-VDC thuc hién.

Ngay 29/09/2019
Vii Ngoc Thanh Ban vang Pheo- Mudng So-Phong Thé-Lai Chau
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Chuyén de ( : l Parabol va bai toan quy hoach

Cdu 1. (HSG10 PHUNG KHAC KHOAN- HA NOI 2018-2019) Cho ham s6 y = x> + x—1 c6 db thi 1a (P)
. Tim m dé dwong thang d : y = —2x—m cat do thi (P) tai hai di€ém phan biét 4, B sao cho tam giac

OAB vudng tai O (v&i O la géc toa do).

Lo gidi
Tdc gid:Trdn Thi Hué ; Fb:Tran Hue
Xét phwong trinh hoanh do6 giao diém : x> +x—1=2x-m < x> +3x+m—-1=0 (1)
DE (d) cat (P) tai hai diém phan biét 4, B thi phwong trinh (1) phdi c6 hai nghiém phan biét x,, x,

SA>029-4m+4>0 <:>13—4m>0<:>m<$ .(

Khi d6 gia st A(x;—2x, —m) ; B(x,;—2x, —m)

L , |x+x,=-3
Theo hé thirc Vi-et ta c6:
XX, =m—1

Tam giac OA4B vudng tai O < 04.0B=0 < x.x, +(2x,+m)(2x, +m) =0
& 5x,.x, +2m(x, +x,)+m’ =0 < 5(m-1)—6m+m’ =0 <m’ -m-5=0

1+/21
m = 2

Két hop diéu kién (*) tacdé m= théa man yéu cau bai toan.

Cu 2. (HSG10 YEN PHONG 2 nim 2018-2019) Cho ham 56 y = x* —(2m—=3)x—2m+2 (1)

1)Xét su bién thién va vé d6 thi ham s& (1) khi m=0.
2)Xac dinh m dé do thi ham s6 (1) cit dwong thing y =3x—1 tai hai diém 4, B phén biét sao cho
AOAB vuong tai O (véi O la goc toa do ).

Lo giai
T4c gid: Nguyén Thi Hién ; Fb: Nguyén Hién
1)Khi m=0 ta dwgchams6 y = x* +3x+2
*) Tap xac dinh: D=R

*) Toa do6 dinh: I(?’%}

*) Sw bién thién: Vi a =1> 0 nén ham s6 dong bién trén khoang (_73, + ooj , nghich bién trén

-3
khoang | —0;— | .
i ( 2 J

*) Bang bién thién
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x | = -3 +0
gl
1 o0 +o0
4
*) Diém dac biét
x -3 -2 —_3 -1 0
9
v 2 0 -1 0 2
4

Z _3 Y e .
thang x = > lam truc doi xtrng.

y

NG 7

2)Phwong trinh hoanh do giao diém cta DTHS (1) va duwong thing y =3x-11a:
x*—(2m=3)x—2m+2=3x-1
& x7=2mx—2m+3=0 (¥)

DEDTHS (1) cit dwong thing y =3x—1tai 2 diém phén biét 4,B < phuwong trinh (*) c6 2 nghiém
m<-=3

phén biét< A'>0 <:{
m>1

. < . A . .| x+x,=2m
Goi x;,x, la cac nghiém cua phwong trinh (*) stacéd
XX, =—2m+3

Dat A(x;;3x, —1), B(x,33x, —1)
AOAB vubng tai O <> OA0B=0 < 10xx, —3(x +x,)+1=0
& —26m+31=0

Sm= 31 ( thoa man)
26
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31
Vay m=—.
1y 6

Cau 3. (HSG10 Kim Lién 2018-2019)Mo6t ciu treo cé day truyén do la Parabol ACB nhw hinh vé.
Pau, cudi ctia day dwoc gin vao cac diém A4, B trén mdi truc A4 va BB véi dd cao 30 m. Chiéu dai
doan 4B trén nén cau bang 200 m. P6 cao ngin nhit ctia day truyén trén cau la CC =5 m. Goi
O,P,H,C,I,J, K lacicdiém chia doan 4 B thanh cic phin bang nhau. Cac thanh thing ding
ndi nén cau véi day day truyén QQ', PP HH ,CC ,II',JJ ,KK goila cac day cap treo. Tinh téng do
dai ctia cac day cap treo ?

Chon hé truc Oxy nhu hinh vé.
Gia str Parabol c6 dang: y =ax’ +bx+c,a#0.

Vi Parabol di qua diém A(lOO;30) va dinh C(O;S) nén ta c6 hé phwong trinh:

10000a +100h+ ¢ =30  |a=——
) 400
2a _
c=5 ¢=

1
Vay (P): y = ——x* +5.
ay (P): y 200

Poan A B’ chialam 8 phan bing nhau, mdi phin c6 d6 dai 1a 25 m.

Khi @6, tong dd dai ctia cac day cap treo la:

OC+2y, +2y, +2y, =5+2 L a5 is]eaf 150245 ]2l 75245 =78,75 m.
400 400 400
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Ciu 4. (HSG12 huyén Lwong Tai Bic Ninh nim 2019) M6t phan xwdng c6 hai may dic ching
M,, M, san xudt hai loai san phdm ki hiéu 7;/7 . Mot t4n san phdm loai 7 13i 2 triéu dong, mot tin
san phdm loai /7 1di 1,6 triéu dong. Muén san xuit mot tdn san phdm loai / phai dung may M,
trong 3 gio va may M, trong 1 gid. Mudn san xudt mot tdn san phdm loai /7 phai dung may M,
trong 1 gior va may M, trong 1 gio. Mot may khong thé dung dé san xuit dong thoi hai san phdm
trén. My M, lam viéc khong qua 6 gio trong mot ngay, may M, mot ngay chi lam viéc khong qua 4

gi®r. TOng sO tién 13i 1a 16n nhat c6 thé dat dwoc la:
A. 4,0 triéu. B. 7,2 triéu. C. 6,8 triéu. D. 5,7 triéu.

Loi giai
Tdc gid: Trinh Thanh Hai; Fb: Trinh Thanh Hai

Gia st phan xwdng san xuit trong mot ngay dwoc x (tin) sdn phdm loai / va y (tdn) san phim
loai 1.

S6 gito lam viéc cia may M, 1a: 3x+y.
S6 gitr lam viéc cia may M, la: x+y.
S6 tién 13i ciia phan xwéng moi ngay 1a 7 =2x+1,6y (triéu)

3x+y<6
x+y<4
x>0
y=>0

Theo dé bai ta c6 hé bat phwong trinh:

Ta c6 mién nghiém ctia hé bat phwong trinh trén 1a mién t& gidic OABC

T dat gia tri 16m nhat khi n6 ndm trong mién ti gidc OABC, chi dat dwoc khi tai cac dinh.
Thir lai ta thiy 7 dat gia tri 1én nhat khi (x, y) 1a toa do cua diém B(1;3).

Vay T=2.1+3.1,6 = 6,8 (triéu)

C4u 5. (HSG10 tinh Hai Dwong nam 2018-2019)M6t xwdng san xudt hai loai sdn phdm loai I va loai
II tr 200kg nguyén liéu va mét may chuyén dung. D€ san xuit dwoc mot kilbgam sadn pham loai I
can 2kg nguyén liéu va may 1am viéc trong 3 gi¢. D€ san xuat dwgc mot kildgam san phdm loai Il cin
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4kg nguyén liéu va may lam viéc trong 1,5 gi¢. Biét mot kilogam san phdm loai I 14i 300000 dong,
mot kildgam san pham loai I113i 400000 dong va may chuyén dung lam viéc khong qua 120 gi¢. Hoi
xwdng can san xuat bao nhiéu kildgam san pham mbi loai dé tién 14i 1&6n nhat.

Lo gidi

Gia str san xuit x(kg) san phdm loai [ va y(kg) san phdm loai IL.
biéukién x>0,y >0va 2x+4y <200 < x+2y <100
Tong s gio may lam viéc: 3x+1,5y
Tacéd 3x+1,5y <120
So tién 13i thu dwocla 7 =300000x + 400000y (dong).

x>0,y>0
Ta cin tim x,y thod man: < x+2y <100 (I) sao cho 7 =300000x+ 400000y dat gia tri 16n

3x+1,5y<120
nhat.

Trén mat phang toa d6 Oxy vé cac dwong thiang d, :x+2y=100; d,:3x+1,5y=120

=

0 C\ A\x

DBuong thing d, cat truc hoanh tai diém A4(100;0), cat truc tung tai diém B(0;50).
Puong thing d, cat truc hoanh tai diém C(40;0), cat truc tung tai diém D (O; 80) :
Puong thdng d, va d, cit nhau tai diém E(20;40).

Biéu dién hinh hoc tAp nghiém cta hé b4t phwong trinh (1) 12 mién da giac OBEC .

=40
— T =22000000; {x , = T =12000000
y =

x=20

x=0 x=0
=T7=0; = 7 =20000000;
y =40

y=0 y =50

Vay dé thu dwoc téng s6 tién 1ai nhiéu nhit thi xwdng can san xuit 20kg san phim loai I va 40kg
san pham loai II

Ciu 6. (HSG12 tinh Pién Bién nadm 2018-2019) Trong mit phing toa dd Oxy cho hai diém A4(0;9),
2x—-y+a<0

. Tim tat ca cac gia tri cia a
6x+3y+5a=>0

B(3;6). Goi D la mién nghiém ctia hé phwong trinh {

dé ABc D.

Lo gii
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Phwong trinh dwong thing 4B:x+y-9=0.
Trudomg hop 1: Néu 4B 1a dudng thang.

Lo las-2x+y
Xét hé .
Sa>—-6x-3y
a<-12
_ J.
S 48 & ae

a<-12

Dé thdy diém C(7;2) e AB nhung C ¢ D vi =
S5a>-48

. . . N L. las2x+y
Trwong hop 2: Néu AB la doan thang. Ta thay y:9—x(xe[0;3]) vao hé
Sa>-6x-3y
a<9-3x 7
Ta dworc: —3x—27 = 2 <9 3y ™
GZT 5

(*) ding Vxe[0;3]<:>—2—57£a£0.

A 27 p A xe e s
Vay 5 <a <0 théa man yéu cau bai toan.
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Chuyén dé S : 2 Phwong trinh

C4u 1. (HSG10 THPT THu4n Thanh 2018-2019) Gidi phwong trinh: (x* —x-2)v/x-1=0 .

Loi giai
T4c gid:Nguyén Péng ; Fb: Nguyén Péng
biéu kién phwong trinh c6 nghia: x>1 .
=-1
X —x-2=0 ¥

(x> =x=2)x— :0:{\/;:0 S| lx=2

x=1

Déi chiéu diéu kién ta c6 tap nghiém ctia phwong trinh la: § = {1;2} .
Cau 2. (HSG10 YEN PHONG 2 nim 2018-2019) Giai phwong trinh:
V3x+3 -5 2x —x* +3x* +10x - 26 =0

Lo giai
T4c gid: Nguyén Thi Hing; Fb: Hang Nguyen
3x+3>0

& -1<x<
5-2x>0

N |

DKXD: {

V&i DKXD & trén ta co:

Bx+3-+5-2x x> +3x* +10x-26 =0.

& (V3rx+3-3)-(V5-2x -1)(x-2)(x* —x-12)=0
3(x-2) . 2(x-2)
V3x+343 5-2x+1

<:>(x—2)( = 2 (—x2+x+12)j:0

+ +
V3x4+34+3 J5-2x+1

—(x—2)(x2—x—12)=0

x=2
= 3 2

+ +
V3x4+3+3 J5-2x+1

< x=2,do —x*+x+12>0,Vxe [—l;g} nén phwong trinh (*) vd nghiém.

(- +x+12)=0(¥)

Vay tap nghiém ctia phwong trinh da chola § ={2}.

Cau 3. (HSG12 huyén Lwong Tai Bic Ninh nim 2019) Phwong trinh x* +1=23/2x—1 c6 ba nghiém
phan biét. Tinh téng cac nghiém do.
A2, B. I. C. 0. D. —1++/5.

Loi giai
Tdc gid: Mai Hoang Thai; Fb: Mai Hoang Thai
Chon C

Cach 1. Ham d3c trung

X +1=232x-1 @x3+2x=(%/2x—1)3+2</2x—1 (*)
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Xétham f(f)=r +2t, VteR.

f'(t)=3>+2>0, VteR.= f(¢t) dongbiéntrén R.
Khi do:

x=1
(Mo f=7(¥2x-1) ox=x-1 ox’-20+1=0 o| _j45

X
2

Vay tong cac nghiém 12 0.
Cach 2. Lién hop

3_
x4 1=232x -1 2(x=2x-1)+x’ ~2x+1=0 =2, Y —2xtl 1 x’ = 2x+1=0
x 33251 +(32x-1)

2

o (x'-2x+1) ~+1(=0
x2+x%/2x—1+(%/2x—1)
>0VxelR
x=1
S -2x+1=0 —li\/g
T2

Cau 4. (HSG12 tinh Can Tho ndm 2018-2019) log, vx* —x+1+log, (1-2x)+2x=1-+/x* —x+1
3

Lo giai
oA 1A 1
biéu kién: x <E
Tacé log, Vx> —x+1+log, (1-2x)+2x=1-vx* —x+1
3

& log, Vx® —x+1-log,(1-2x)+2x=1-x* —x+1

o log,Vat —x+1+3x? —x+1=log,(1-2x)+1-2x (%)

+1>0Vt>0.Suy ra ham sé dong bién véi vt >0.

Xéthén156.fﬁ)zlog3ﬁ+ht>O.D§th§y“Fa)ztl 3
n

Ta cé

1-2x20
f(\/xz—x+1)=f(1—2x)©\/x2—x+1=1—2x = xz—x+1=1—2x<:>{ *

X —x+1=(1-2x)""

<
P x_2 < x=0.

2 —x=0

Vay nghiém cia phwong trinh la x=0.

Céu 5. (HSG12 tinh Ha Nam ndm 2018-2019) Cho phwong trinh sau véi m 1a tham so thuc

2 —
(x* ~2x) 10, Vo* ~2x 42011 +1= mﬂ /xszlogzm(xz —2x+201 1)—%}
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Tim tat ca cac gia tri cda m sao cho phwong trinh trén c6 ding hai nghiém thwc phan biét théa man
1<]x—1|<3.

Lo gii

x*=2x>0
DK<, & xe(-0;0]U[2;+)
x —2x+2011>0

Taco 1<|x—1|<3 < xe[-2;0]u[24] ()

PT < i(xZ —2x)log’ 5,0 (¥ = 2x+2011) +1= m{ L7 2x 10,0, (x* —2x +201 1)—ﬂ

22
o (¥ = 2x)log? (¥ ~2x+2011)+ 4 = m[ﬁ Ax? —2xlog,, (x* —2x+2011) - 1}
bat 1 =+x” —2x1log,,, (x* —2x+2011)

[— [— 2_
=27l 1og (2 2x 4 2011) 4 ZET2NX 72
[P (x> —2x+2011).1n2019

2_ 2
(x| 10 (& ~2x 42010 N }

Jx? = 2x (x> —=2x+2011)In2019
Do d6 véi x €[-2;0] thi t'<0,véi xe[2;4] thi¢'>0

Bang bién thién

N Y/
Jé\ﬁ //// D/Jé

Tir bang bién thién ta thiy, véi mbi mot ¢ e |:0;\/§:| s& cho ta hai gi tri ciia x e [-2;0]U]| 2;4 |

Nhuw viy bai todn tré thanh tim m dé phwong trinh sau c6 mot nghiém 7 € |:0;\/§]

t2+4=m(\/§.t—1)

£ +4 1 .
Taco £ +4=m(\21-1) = m= do t = — khong la nghiém cua pt
( ) \51_1( N1 g langhié pt)
2_ —_—
m':\/zt 2 4ﬁ,m'=0c>t=2ﬁ
(2.1-1)?

Bang bién thién
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+

2.2

Tt bang bién thién ta thiy khi m € (—o0;—4]U[4;+0) thi yéu cdu bai toan dwgc thoa man.

Cau 6. (HSG12 tinh Ha Nam ndm 2018-2019) Giai hé phwong trinh sau trén tp sé thuwec:

2019 =(Va +1+x)(y +1+7) (1)

18y°
2

vy +1

25x% +9x9x* -4 =2+

(2)

Lo gii

Tdc gid:Trdn Ngoc Quang ; Fb:Quang Tran

biéu kién |x| z%

(1) < 2019° (m—x) =2019~ (\/(—y)2 +1 —(—y)j

o xln2019+ln(\/x2 1 —x) - —yln2019+1n( (=y) +1 —(—y)j(*)

Xéthamsd f(1)=rIn2019+In(N*+1-1).r e R

JAG) :1n2019—%> 0,Vt e R. Suy ra ham sé déng bién trén R.
" +1

Do dé phwong trinh (*) & x=—y.

2
Thay x =—y vao (2) tacd 25x> +9xv9x* -4 =2+ 128x1
X+

(3)

18x2

x*+1

Néu x< =2 thi(3)@25—9,/9—i2=%+ 218 (**)
3 X x° x +1

Néu x 2% thi 18x* > ,7x* >2 ,suy rapt (3) vo nghiém.
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1 9

bat u=_2,0<usz , Pt ™" tré thanh
X
18u 18u
25-9V9—-4u =2u+—| ———-12 |+ 2u—4+9v9—-4u —-9=0
u+l u+l
6(u—2) 36(u—2)
= +2(u—-2)———>=0
u+l ( ) NI—4u +1
u=2
<6 36
+2- =0(4
u+l NV9—4u +1 @
36 6 .
Vio<yv9—-4u <3=9<——<36, ——+2<8,suyraphuwong trinh (4) vd nghiém
\/9u——4+1 u+l yrap & ) &
L
1
x o
J2
Vi)c<_—2:x—_—1:>y—L
"3 NG 2

-1 1
Vay hé phurong trinh c6 nghiém la (—,—j
V272

C4u 7. (HSG12 tinh Bic Ninh 2018 - 2019 )Cho cacham s8 f, (x), f;(x), f,(x).... théa man:

fo(x)=Inx+|lnx-2019|-|lnx+2019|, /.., (x) =

fn(x)‘—l,VneN.

SO nghiém cda phwong trinh la
A. 6063. B. 6059. C. 6057. D. 6058.

Loi giai
T4c gid: Nguyén Trung Kién - Trinh Quang Hoang.
Chon B
Xétham sg f, (x)=Inx+|lnx—2019|—|nx+2019
batr=Inx,taco
fo(x)=g(t)=t+|r—2019|—|t+2019|
t+4038 khi <-2019

g(t)=1-t khi —2019<7<2019
1—4038 khi >2019
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P

403 _
i 4
/
fra (x) =]/, (x)|-12-1,Vx>0;VneN
C6 3 trwong hop can xét la
New S ()= S () =1=-1= £,(x) =0
]Fnﬂ(x):o@ f;L(X)‘—II()@ f;l(x)‘:1<:>{f‘n(x):_1:>|:f;ll(x):()
-Néu fi(x)=1 S (x)=2
‘Néu fnﬂ(x):k>0<:>fn(x):k+1
Khi dé

Sazo (x) =0= foog (x) =02
= faois (x) =0,2;4

= fooa () =0;2;4;6

= f,(x)=0;2;4;..;2018

= f,(x)=-11;3;5;...;2019
= |/, (x)|=0:2:4;..52020

= f,(x)=0;%2;+4;...;£2020

Quan sat do thi ta thay

Mbi phwong trinh f; (x) = 0;+2;+4;...;42018 ¢6 3 nghiém.
Mbi phwong trinh f; (x) = 2020 c6 1 nghiém
Vay s0 nghiém la: 2019.3+2 =6059.

Cau 8. (HSG12 Thanh Phé Pa Nang 2018-2019) C6é bao nhiéu gid tri nguyén cua tham sé
m € (—8;+) dé phwong trinh sau c6 nhiéu hon hai nghiém phan biét?
X 4x(x=1)2""+m= (2x2 —x+m).2"_)‘2 .

A 6. B.7. C. 5. D. 8.

Lo gii
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T4c gid: Nguyén Pirc Hoach, Fb: Hoach Nguyén
Phan bién: Nguyén Vin Manh, FB: Nguyén Vin Manh
Chon B

, 2 _1 2x+m
Ta co: x2+x(x—1)2"+'”+m:(2x2—x+m).2x_" <:>(x +m)-;c£2x ) =2x>—x+m

IS (x2 +m).2"2_" +(x2 —x).2"2+’” =2 —x+m & (x2 +m).2x2_x +(x2 —x).2x2+’" = (x2 —x)+(x2 +m)

e (« +m).(2x2”‘ —1)+(x2 —x),(2x2+'" _1) =0 (%)

(2 +m>0 274 51
xX=x>0 277 5
e TH1: = i nén VT(*)>O.
X+m<0 0<2°+ <1
(¥ —x<0 0<2" <1
I X +m>0 PARLES|
¥ —x<0 0<2" <1
e TH2: = nén VT(*)<O
X +m<0 0<25™ <1
| (X —x>0 7% 5
(x> +m=0 (1)
e TH3: thi (*) théa man.
2
| X —-x=0 (2)

Ta thdy, phwong trinh (2) c6 2 nghiém phan biétla x=0 va x =1.
bé phuong trinh da cho cé nhiéu hon 2 nghiém thi phwong trinh (1) c6 nghiém khac 0 va 1.

&m<0.MameZ, me(-8;+o) nén me{-7; -6;..—1} nén c6 7 gia tri théa man.

Cau 9. (HSG12 Tinh Ddng Nai 2018-2019) Giai phwong trinh 8.25° —8.10* —15.2> =0,

Lo gii

T4c gid: P6 Hoang Ti; Fb: P6 Hoang T

2x x ~ — A
2 2
8.25"—8.10"—15.22"“:O<:>8.(§j —8.(%) -30=0< g <x=1.

Viy x=1.

5 sin” x "
Cau 10. (HSG12 tinh Hung Yén 2018-2019) Gii phwong trinh (?j +5% =|x =1 +|x+95.

Lori gidi
T4c gid:Vii Thi Thuin; Fb:Xu Xu

Ta co:
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sin® x 0
5 . 5 5
0<§<l;0£sm2x£1:>(§J s(iJ =1.

5>1;—-1<cos2x<1= 5> <5' =5,

=2
sin“x=0

Vay [g} +5%%%* < 6, ddu bang xay ra khi va chi khi { osinx=0x=kz(kel).

cos2x =1

Lai ¢6 |x—1+|x+5|=[l-x|+|x+5|2[1-x+x+5/=6, ddu bing xdy ra khi vad chi Kkhi

(l—x)(x+5)20<:>—5£x£1.

Doaé[ﬁj +5°052x:|x—1|+|x+5|<:>{x:k” @[“‘”.
3 -5<x<1 x=0

Vay phuong trinh cé hai nghiém la x=7z;x =0.

Cau 11. (HSG12 Thanh Phé Pa Nang 2018-2019) T6ng tit ca cAc gia tri clia tham s6 m dé phwong
trinh 3x2—2x+1—2‘x—m‘ _ 10gx2_2x+3

A. 2. B. 3. C. 1. D. 0.

(2|x—m|+2) c6 diing ba nghiém phan biét:

Lo giai
T4c gid:Nguyén Trin Tudn Minh ; Fb: Tuidn Minh
Phdn bién: Bui Diing ; Fb: Bui Diing
Chon B

s

Ta co:

3% -2x43 ln(2|x—m|+2)
:10gx272x+3 (2|x—m|+2) g 322 = ln(xz —2x+3)

3x2 —2x+1—2‘x—m‘

2

3" in(x —2x+3) =37 In(2]x - m|+2) =

Xétham s g(¢)=3"In¢ trén (2;+o).
Cé g'(t):3’.ln3.lnt+3’.%>0 Vte(2;+%),nén g(¢) dongbién trén (2;+).

Do dé phwong trinh (1) twong dwong:
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x> +1=2m

g(x2—2x+3)=g(2|x—m|+2)c>x2—2x+3=2|x—m|+2c> 2

X’ +4x—1=2m
Xét hai Parabol: (B):y=x"+1 c6 dinh /,(0;1) va b& 1dm hwéng lén.
(P):y=-x"+4x—-1 c6 dinh /,(2;3) va bé 16m huéng xudng.

Va dé thdy hai Parabol tiép xtic nhau tai diém 4(1;2).

Vay: (1) ¢6 3 nghiém phan biét << (2) c6 3 nghiém phan biét

< DPuwong thang ndm ngang y = 2m hodc di qua /, (O;l), hodc di qua 7, (2;3), hodc di qua A(l;Z).

2m=1
< | 2m=3 @me{%;%;l}.V@y tong tat ca cac gia tri m théa dé la 3.
2m=2

C4u 12. (HSG10 tinh Vinh Phiic nam 2018-2019) Giai phwong trinh 2x”> +2x-3+3vx* +x+1=0.

Loi giai
T4dc gid: Lé Thanh Tinh - HS Thanh Long; Fb: Lé Thanh Tinh - Phu Long

2
Vix’+x+1= (x + %) +% > %, Vx € R nén phwong trinh luén xac dinh véi moi x.
Ta co6:

2% +2x-343Vx +x4+1 =0 20> +2x+2-2-3+43/x> +x+1=0

& 2(x +x+1)+3Vx +x+1-5=0 (*).

Pit t=~+x>+x+1 véi ¢ > g Liic d6 phwong trinh (*) tré thanh:

t=1

262 +3t-5=0 .
- tz—%(KTM)

=-1
Véfit=1suyra\/x2+x+1=1<:>x2+x:0<:{x :

x=0

Véy tap nghiém ctia phwong trinh 1a § ={-1; 0}.

C4u 13. (HSG12 Thanh Phé Pa Nang 2018-2019)
Cho phwong trinh 25t _ (m + 2).5“@ +2m+1=0, véi m la tham so.

Gia tri nguyén dwong 16n nhat cia tham s6 m dé phwong trinh c6 nghiém la
AS. B.26. C.25. D. 6.

Loi giai
Tdc gid: face - Bui Diing, Phdn bién: face - Euro Vii
Chon C

51+\/§ —

bat: t
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Tace: 1<1+1-x* <2=5<5" <251 e[5;25]
Khi d6 phwong trinh tré thanh: * —(m+2)¢+2m+1=0
St —mt—2t+2m+1=0 1" -2t +1=m(t-2)

P =2t+1
S ———=m

t—2
P -2t+1
SO nghiém cta phwong trinh 14 s6 giao diém cua hai d6 thi ham sé: r= t=2
y=m
t*=2t+1 2 -
Xét ham s6: y =————— lién tuc trén [5;25], co: y'= % >0 Vte [5;25]
1-2 (1-2)
m . ) n : 16 576
bé phwong trinh c6 nghiém < glg]ly <m< r[?gls)](y & y(S) <m< y(25) = 3 <Sm< >3

Vi m 1a gia tri nguyén dwong lén nhit = m =25

CAu 14. (HSG12 Ninh Binh 2018-2019) Cé bao nhiéu gia tri nguyén ctia tham s6 m dé phwong trinh
8" +3x.4" +(3x* +1)2" = (m’ —1)x" +(m-1)x c6 diing 2 nghiém phan biét thugc (0;10)?
A.101. B. 100. C.102. D. 103.

Lo giai
T4c gid: Nguyén Minh Ha3i; Fb: Nguyén Minh Hai

Chon A
Ta co

8 +3x4" +(3x" +1)2" =(m’ = 1)x’ + (m—1)x

S Q2 +3x.(2) 433725+ 2" =m’x’ =X’ + (m—1)x

o () 43027 43227 4 427 = x4+ (m—1D)x

S (27 +x) +2" = (mx)’ +(m=D)x & (2°+x)’ + 2" +x = (mx)’ +mx
Xétham s§ f(t)=t+¢= f'(t)=3¢"+1 ham s6 dong bién trén R

R 2" +x
pteo2'+x=mxom=
X
Xét ham so f(x):2 +x<:>f'(x):&22_l):0©x:ﬁ
n
BBT
X

Cau 15. (HSG12 Tin Yén - Bic Giang Nam 2019) Tim m d€ phuwong trinh
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4*—2(m+1)2" +3m—8=0 c6 hai nghiém trai diu.

A-1<m<9. B.m<§.
8
C.§<m<9. D. m<9.
Lo giai

T4c gid: Trdn Thi Kim Thu ; Fb: Thu Tran
Chon C
Phwong trinh 4 -2(m+1)2* +3m-8=0 (1) xac dinh véi moi x e R.
D3t t=2">0,Vx thi phuong trinh (1) tré thanh 2 —2(m+1)1+3m-8=0 (2).
pit f(1)=*-2(m+1)1+3m—8

Phuwong trinh (1) c6 hai nghiém trai dau khi va chi khi phwong trinh (2) c6 hai nghiém ¢, ¢, théa

£(0)>0 {3m—8>0 g
=

man 0<¢t, <1<t, & &S —<m<9.
f(1)<o0

m-9<0 3
Cau 16. (HSG12 Ninh Binh 2018-2019) Giai phwong trinh 4™ +4'~ = 2(2)‘+2 -~ 22"‘)+ 8

Loi giai

T4c gid: Nguyén Vin Binh ; Fb: Neuyén Vin Binh
4 4 1 1
inp 477 H4T =2(2 -2 )48 o 44 +—=2{ 42" —— 48 4 +—=2| 2" —— |+2
Phwong trinh ( ) 4 ( bR j 4 ( PR )
x 1 x 1 2
Pat /=2 ~7 Khide 4 *77 =1 +2
Ta dwoc phwong trinh: t2+2:2t+2<:>L:2
X 1 X
Ve =0=2 —?=O<:>2 =1 x=0

Vi t=2:>2*—%=2@2“—2.2X—1=o@2x=1+\E@x=1og2(1+\5)

Vay phwong trinh c6 hai nghiém1a * = 0 yy x=log, (1 + \/5)

Ciu 17. (HSG12 huyén Lwong Tai Bac Ninh ndm 2019) Cho phwong trinh
97"“7”".logyg (x2 —Dx+ 3) 4 3*’“2+2’“.10gl (2|x—m|+2)=0.
3

C6 bao nhiéu gia tri nguyén ciia m dé phwong trinh cé 3 nghiém?
A 1. B. 0. C. 3. D.2.

Loi giai
Tdc gid: Cao Xudn Hung; FB: Cao Hing
Chon A

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ 2% Trang 183




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

91 " logyg (x7 —2x+3)+37 log, (2[x—m| +2) =0

3

&~ 3log, (¥*—2x+3)= —3log, (2Jx—m|+2)

Z‘x—m‘ x?—2x+1
3

& 3("71)2.log3 [(x 1) + 2] = 32‘)‘7”".log3 (2 |x - m| + 2) :

Xéthamsé f(r)=3"log,(t+2), t>0. Tacod f'(t)=3 1n3.10g3(t+2)+3t.;>0, Vi>0.
(t+2)In3

Suy ra ham s§ dong bién trén [0;+0) va f[(x—l)z} = f(2|x—m|) nén

X =2x+1=2(x—m) {2m:—x2+4x—1
= .

2m=x*+1

1Y =2l —
(x ) |x m|©{x2—2x+1:—2(x—m)

Ta thdy hai parabol y=-x+4x-1, y=x"+1 tiép xdc v&i nhau tai diém c6 toa do (1;2) nén do thi

cua chung trong cung hé toa dd Oxy nhw sau.

_3

2m =3 =5

dothisuyra |[2m=2 < | m=1.
2m=1 1

m=—

L 2

VAy c6 1 gia tri nguyén cia m dé phwong trinh ¢é 3 nghiém.

Ciu 18. (HSG11 tinh Thanh Héa nim 2018-2019) Giai phwong trinh:

x+2\/7—x =2\/x—1+\/—x2+8x—7 +1.

Lovi giai
biéukién: 1< x<7.

ptosx—1-2x—1=\x-DT-x)-20T-x < \/x—l(\/x—1—2)= 7—x( x—l—2)

Cach 1: { [x-1-2=0 {x:S (n)
&

Sii=Tx lx=4 ()
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Vay tap nghiém S = {4;5} .
Cach 2:

bat T-x=u20;"/x-1=v=>0, ta cé phuong trinh:

y=2 {\/x =2 {sz (n)

v2+1+2u=2v+1+uv<:>2(u—v):v(u—v)<:>{ = & . Vay
u=vy V7 —x=+x-1 x=4 (n)

tap nghiém S = {4;5} .

Cau 19. (HSG12 tinh P6ng Nai ndm 2018-2019) Ching minh ring phwong trinh —x =/x* —6x+3
c6 dung 3 nghiém thyc phan biét x,, x,,x,. Tinh gia tri cia biéu thic

T:(xf +x7 +9)(x§ +x5 +9)(x33 +x7 +9).

Lovi gidi
Phuwong trinh da cho twong dwong x* +x* —6x+3=0.Xétham s f (x)=x"+x>—6x+3 lién tuc
trén R vaco f(-3)./(0)<0, £(0).£(1)<0, £(1).f(2) <0 nén phwong trinh c6 nghiém
X, e(—3;0)’ x, €(0:1), x, €(1,2)

Mit khac, day 1a phwong trinh bic 3 nén day 1a tat ca cdc nghiém ctia phwong trinh da cho.
Do phwong trinh c6 3 nghiém x,,x,,x; nén f(x)=(x—x)(x—x,)(x—x,).

Tacé: T =(6x,+6)(6x,+6)(6x,+6)=—6".(-1-x)(-1-x,)(-1-x,) =61 (-1) =-69

Cau 20. (HSG10 Nam Tién Hai Thai Binh 2018-2019)

1. Tinh téng cac nghiém cta phwong trinh: 3x* +15x +2+vx* +5x+1=2.

2. Giai phwong trinh (vx+3 —\/x+1)(x2 A +4x+3) — 2%

Loi giai
1. Ta co:
3x2 +15x+ 20x2 +5x+1=2

3 +15x+3+20x* +5x+1-5=0

<:>3(x2+5x+1)+2\/x2+5x+1—5:0
bit Vx* +5x+1=¢ (120), ta dwoc phwong trinh &n ¢:

3P +2t-5=0=>
t=—

=2 +5x+1=1

= x"+5x=0

{sz
—
x=-5

t=1(TM)
g (koTM)

Viy tong cac nghiém cua phwong trinh 1a -5.

2. Dbiéu kién xac dinh x>-1.
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Ta c6 vé trai phwong trinh nhan gia tri dwong nén x >0.

Ta gidi phwong trinh nay véi x > 0.

2(x2 +/x° +4x+3)
Vx+3—+/x+1

=2x

Khi d6 (vx+3 —\/x+1)(x2 Ay +4x+3)=2xc>
S +4x+3 = xJx+3 —xJx+1

<:>x(x—\/x+3)—\/x+1(\/x+3—x)20

@(x—ﬁ)(x—ﬁ)zo

1++/3
- Vx+3=x - ¥ -x-3=0 - *= 2
Jx+l=x x'—x—-1=0 x_1+\g

2

1+3 1+\/§}'

3

Tap nghiém ctia phwong trinh 1a T :{ 5 5

Cau 21. (HSG10 THPT THuan Thanh 2018-2019) Cho x, va x, la hai nghiém cta phwong trinh
x*=3x+a=0 ; x; va x, 12 hai nghiém ctia phwong trinh x> —12x+5 = 0. Biét rang b R

Tim a vab.

Lo giai
T4c gid: Nguyén Vin Phu ; Fb:Nguyén Vin Phu

Phuwong trinh x* —3x+a =0 c6 hai nghiém <:>A=9—4a20<:>a£%. (D)

Phuwong trinh x* —12x+5 =0 c6 hai nghiém < A'=36-b>0 < b<36.(2)

X +x,=3
g 1A n . KXy =a
V&i diéu kién trén, theo Viet ta cé: (1)
X, +x, =12
x.x,=b
X, =1x
X, X, X
bit 2= ==t ix, =, =1x.
X Xy X
3
X, =10x; =1°X
X, +x, =3 X, +1ix =3 (3)
) xX.tx, =a X.x, =a (4)
Thé vao hé (I) ta dwoc: 1 3 9,
tx, +t'x, =12 r(x +x)=12 (5)
t2x1-13x1 =b tle.t3x1 =b (6)

Thé (3) vao (5) taduoc £’ =4 <t =+2.

Véi t =2 thayvao (3) tadwgc x, =1=>x, =2; x; =4; x, =8.
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a=x.x,=12=2

Khi do t/m
{b:x3.x4 =4.8=32(/ )

Vé&i t = -2 thay vao (3) tadwoc x, =-3=x, =6; x; =—12; x, =24.

a=x.x,=-3.6=-18

Khi do t/m
{b =x,.x, =—12.24 = -288 (t/m)

. la=2 . |la=-18
Vay hoac .
b=32 b =-288

Cau 22. (HSG11 Thj X3 Quang Tri nam 2018-2019) Cho x, va x,la hai nghiém ctia phwong trinh:
x*=3x+a=0, x, va x, 1a hai nghiém cta phwong trinh: x> —12x+5=0. Biét riing x,,x,,x,,x, theo
th tw 1ap thanh mot cip s6 nhan. Hay tim a,b

Lo giai
T4dc gid: Pham Huyén; FB: Pham Huyén
Goi q 12 cong boi ctia CSN = x, = x,¢; X, = x,¢°; X, = X,q°
Theo viet ta co:

X +x,=3 x(1+q)=3 (1)

xXx,=a XX, =a 2)
=

X+x, =12  |xqg’(1+q)=12 (3)

x,x,=b x,x,=b 4)

Tir (1) va (3) suyra ¢° =4
+ g=2tr(3)suyra x, =1, gidiradwoc a=2;b=32 .

+ g=-2twr (3) suyra x, =-3, gidi ra dwoc a =-18;b=-288 .

Cau 23. (HSG10 YEN PHONG 2 nim 2018-2019) Giai phwong trinh v/x* —3x—1+7 = 2x

Loi giai
Tdc gid:Anh Tudn,; Fb: Anh Tuan.

Tacé \x* —3x—-1+7=2x

2x-72>0
A 2 2

x =3x-1=2x-7)

2x-720
&

3x* —25x+50=0

xzz
2
=4l x=5
10
X=—
3
=Sx=5
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Két ludn:Tap nghiém cta phuwong trinh la § ={5}.

Cau 24. (HSG11 tinh Quang Ngii nam 2018-2019) Giai phwong trinh
(x=2) +2.(x-1)" =3(x* -3x+2).

Loi giai
T4c gid: Vo Huynh Hiéu ; Fb: Huynh Hiéu
bat u=x-2,v=+/x—1vdi v=0.Khi d4,phwong trinh da cho tré thanh:

w+2v =3uw’ <:>(u—v)[u(u+v)—2v2]:0

x=>2
5+45
>2 —
Voiu=vex-2=vJx-1 <4 | x oA * > (~)
x =5x+5=0
5-+/5
x:T(L)

L. oo B _ u=v B —_
V0'1u(u+v)—2v @(u v)(u+2v) 0<:>L+2v:0<:>x 24+24x-1=0

x<2
e 2x-1=2-x | x=4+23/2(L)
x=4-2J2(N)

Két hop véi diéu kién ta dwoc: x = > +2\/§ ,x=4-242.

Vay phwong trinh c6 2 nghiém: x = #,x =4-22.

Cau 25. (HSG12 tinh GIA LAI 2018-2019) Gidi cdc phwong trinh sau trén tip hop cac sé thuec:

1) x*—6x> +6x? +9x =2v/x> —3x. 2) 7" —6log, (6x+1)-1=0.

Lo giai

4 3 g2 2 2 2 2 2
1) Tacox" —6x” +6x°+9x=24x" —3x <:>(x —3x) —3(x —3x)—2 x°=3x=0.
Détt=\/x2—3x,t20,phuo'ngtrinhdéchotré'thénh -3 -2t=01=0; =2;t=-1.
Két hop véi diéu kién ¢ >0, ta chi cé hai tredng hop sau:
Véit=0,tacé Vx* —3x =0 x=0;x=3,
Véit=2,tacod x2—3x=2<:>x2—3x—420c>x=—1;x:4.
Vay phuong trinh da cho ¢6 4 nghiém x=0,x=3,x=-1,x=4.

2) bidu kién x4c dinh: x > —%. it y =log, (6x+1),khi d6 7° = 6x+1.
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7' =6y+1

Két hop v&i phwong trinh da cho ta cé hé :
7V =6x+1

Trir vé theo vé hai phwong trinh trong hé, ta c6

7=7"=6y—-6x < T +6x=7"+6y (1).

Xétham sg f(t)=7"+6¢, tap xac dinh D=(—%;+ooj.

Tacé f'(t)=7'In7+6>0,Vte D nénhamsd f dongbién trén D.
Do do (1)<:>f(x):f(y)<:>x:y.

Suyra 7' —6x—1=0(2).

Xéthamsé g(x)=7"—6x—1 trén khoang (—%; +ooj.

Tacé g'(x)=7"In7-6; g’(x)=0<:>x=log7%.
n

Bang bién thién ctia ham s§ g(x):

X 1 1 6 +00
_2 0o
[ &7 In7
g'(x) - 0 +
g(x) HHH“&HHMK ffffffffk
(100, 6]
g logr ?J

Dwa vao bang bién thién, ta c6 phwong trinh (2) c¢6 khéng qua hai nghiém thudc khoang (—%; + ooj .
Ma g(0)=0,g(1)=0 nén x =0, x=1 1a tit ca cAc nghiém ctia phwong trinh (2).

Vay phwong trinh da cho c6 hai nghiémla x=0, x=1.

Ciu 26. (HSG12 tinh Quang Binh nam 2018-2019) Giai phwong trinh sau trén tip sé thuc R :

x* =72 +9x+12 = (x=3)(x-2+5Vx=3)(Vx=3-1).

Lori gidi
T4c gid: Pang Mai Hirong, Ngé Quéc Tuin, FB: Ping Mai Hwrong, Quéc Tuin
Cédll:x3—7x2+9x+12:(x—3)(x—2+5Vx—3)(Vx—3—1)(d@ukﬂ%1x23)
2 x—4
& (x—4 (x —3x—3) =(x-3)x-2+5Vx-3 | —/—
(x—4) (x=3)(x -2+ 5Vx =3 ) ———

x-4=0

x2—5x+6+5x.\/x—3—15\/x—3

Vx=3+1

x> —=3x-3=
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x =4(Nhan)
(x2 8x+12)Vx—-3=9-2x (1)

Gidi (1): (x* —8x+12)Yx-3=9-2x.

batr=+vx-32>0.

Phwong trinh (1) tré thanh: £ —2¢° +21* -3r-3=0 (2).

(Phén tich phwong trinh (2) nhw sau: VT = (t2 +at+ b).(l3 +ot’ +dt+ e) .Pong nhat hé s6 ).

£’ —t-1=0

(2):(£ —t-1)(F +7 +3):0<:{ .

£+ +3=0 (vo nghiem do t>0)’

145
- (Nhan) 1++/5 9++/5
= 5 SAx-3= e x=— (Nhan).
t:I_ 5<O(Loai)
2
Vay tap nghiém cia phwong trinh da chola S = { ot \/_}

Cach 2: biéu kién: x> 3.
Phuwong trinh da cho twong dwong véi:

x* —5x+6+5(x—3)\/x—3

(x—4)(x2—3x—3): 3.1 (x—4)
=4 (Nhan)
<, x*=5x+6+5(x—3)vx-3
x =3x-3= 341 (1)
Giai (1):
2_ p— p—
o33 5x+6+5(x 3)\/x 3:()

Vx-3+1
& (¥ =3x-3)(Vx=3+1)—x" +5x-6-5(x-3)Vx-3 =0
& 9-2x—(x* -8x+12)Vx =3 =0
& =" +120" ~46x+57+(x* ~8x+12) (x—4—/x=3) =

<:>—(x—3)(x2 —9x+19)+(x2 _8x+12)(x—4—m):

@—(x—3)(x—4—\/f3)(x—4+M) x* —8x+12) ( )
& (r=4=r=3) (r-3)(x—4+x=3)+(x —8x+12)} 0
Jx-3=x-4 (2)

I e [ i ] PN - S
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x=>4

5 = 7 &x= )
x " —9x+19=0 2
9-5
X=—
2

*Giai (2): Vx-3 :x—4<:>{

*Giai (3):
(3-x)Vx—3-x=0 e /(x=3)’ +x=0 (v6 nghiém do x>3)

9+\/§}.

Vay phwong trinh da cho c6 tap nghiém S = {4; 5

Cach 3: Phuong trinh da cho twong dwong véi:

(x—4)(x2—3x—3):(x—3)(x—2+5\/E)\/xx__;34+1

x=4 (Nhan)

o ﬁ—3x—3:(x—3)(x—2+5x/§)ﬁ (1)

Giai (1):

x—2+5Vx-3 - x*=3x-3 _x=2+5vx-3

x> =3x-3=(x-3 =
(¥=3) Jx-3+1 x-=3 Jx-3+1

(x=4) +5(x—-4+1 _ (x-3)+5J/x-3+1

g (x—4)+1 Jx=3+1

2
:ﬂ t>0

Xéthamsé f(1) e
+

2
>0,Vt>0,suy rahamsé f(¢)= sl dong bién trén [0;+x).

o EP42t+4
0)_ t+1

(t+1)2
x=>4

x24 x24 _9+\/§
Suyra\/x—3:x—4c>{ ( 4)2<:>{ TS :>x=9+\/§.
x_

=
x—-3= X =9x+19=0 2
x——9_\/g

2

Vay phwong trinh da cho c6 tap nghiém S = {4;

9+\/§}.

2

Cau 27. (HSG12 tinh Thai Nguyén nam 2018-2019) Giai phwong trinh

x* = 7% +9x +12 = (x=3)(x -2+ 5vx=3)(Vx=3-1).

Loi giai
T4c gid: Nguyén Thanh Bién ; Fb: BienNguyenThanh

biéu kién x—-3>20<=x>3.
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Phwong trinh da cho twong dwong véi

(x=4)(x" =3x=3) =(x=3)(x—2+5Vx=3}(x=3-1]
( x—3 —1)(x/§+l)(x2 —3x—3) :(x—3)(x—2+5\/§)(\/§—1)

Jx=3-1=0—5J/x-3=1<x=4
(m+l)(x2—3x—3)=(x—3)(x—2+5\/§) (*)

Dé thdy x =3 khong l1a nghiém clia phwong trinh da cho.
¥’ —=3x-3 _x—2+5Jx-3

x=3  Jx-3+1

Véi x >3, gidi phwong trinh (*) ta duoc

(x=4)" +5(x—4)+1 x-3+5Jx=3+1
< x—4+1 Jx—3+1 @ /(x=4) f( ¥ )
Xetham 56 £ () =~ ten (<l490), c6 /(1) =1+ —— > 0,¥1 > 1.
1+1 (1+1)

Suyra f(¢) 1a ham s6 dong bién trén (—1;+o0) ma f(x—4) :f( x—3).

x—42>0 x>4
Do dé x—4=+x-3 <:>{( ; .@{ SN L aE
X

—4)Y =x-3 X’ =9x+19=0 2
Vay phwong trinh da cho c6 nghiém x=4; x= 9+2\/§ .

Céu 28. (HSG10 HA NAM 2018-2019) Gidi phwong trinh (x+1)v6x® —6x+25 =23x—13.

Lo gidi
T4c gid: Nguyén Thj Thu Nghia; Fb: Thu Nghia

Tac6 (x+1)V6x" —6x+25 =23x—13
& (x+1)| Jor —6x+25-(2x+3) |+ 26" ~18x+16 =0 (1)

x<_—3

TH1: V6x* —6x+25+(2x+3)=0 < 2 (PTVN)

V6x* —6x+25=-2x-3
TH2: V6x* —6x+25+(2x+3) =0

(2x2—18x+16)

+2x° —18x+16=0
J6x% —6x+25 +(2x+3)

(1) = (x+1)

& (247 ~18x+16) x+1 +1]=0

J6x* —6x+25+(2x+3)
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2x* —18x+16=0 (1)
= x+1
V6x* —6x+25+(2x+3)

+1=0 (2)

Gidi (2) © V6x’ —6x+25=-3x—4

x<—
= 3 <:>X=—5—2\/7.

3x2+30x-9=0

Gidi (1) ta duoc {x

Vay tap nghiém ctia phwong trinh da chola § = {1; 8 —5- 2\/7} .

CAau 29. (HSG11 tinh Vinh Phiic nim 2018-2019) Chitrng minh rang phwong trinh

4x° +2018x+2019=0
c6 duy nhit mot nghiém thuec.

Lo giai
T4c gid: Nguyén Thi Chiic; Fb:Chuc Nguyen
Cach 1: (st dung kién thirc 16p 12).
Xétham s§ f(x)=4x"+2018x+2019 lién tuc trén R.

Tacé y'=20x"+2018>0VxeR.

Suy ra phwong trinh f(x) =0 c6 t8i da mot nghiém xeR (1).
Tacé f(0)=2019; f(~1)=-3= 7(0)f(~1)<0.

Suy ra phwong trinh f(x)=0 c6 it nh&t mét nghiém a € (-1;0)(2).
T (1);(2) suy ra phwong trinh f(x)=0 c6 nghiém duy nhét a € (-1;0).
Do vy, phwong trinh da cho c¢6 duy nhit mét nghiém thuwec.

Cach 2: (str dung kién thirc 16p 11).

Xétham s f(x)=4x"+2018x+2019 lién tuc trén R.

Tacé f(0)=2019; f(~1)=-3= 7(0)f(~1)<0.

Suy ra phwong trinh f(x) =0 c6 it nhdt mét nghiém a € (-1;0).
Gia str phwong trinh £ (x)=0 c6 nghiém b#a.

Tacé f(b)-f(a)=4(b’-a’)+2018(b-a).

Néu b<athi b° <a'.Suyra 4(b* —a*)+2018(b—a)<0.

Dovay f(b)—f(a)<0= f(b)< f(a)=0 (vo1li).

Néu b>a=b*>d’.Suyra 4(b° —a’)+2018(b—a)>0.

Dovay f(b)-f(a)>0= f(b)> f(a)=0 (v 1i).
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Vay diéu gia st 1a sai.

Do vy, phwong trinh f(x)=0 c6 nghiém duy nhit x=a (dpcm).

C4u 30. (HSG12 tinh LAm Pong nim 2018-2019) Giai phwong trinh

2
JI—x +/1+x =2—%.

Loi giai

biéu kién -1<x<1.
batt=v1-x++1+x :>—:\/1—x2 , voi OSZS\/E.

Phwong trinh theo ¢ c6 dang

2 2
7+(t2_ j
= & (t-2) (£ +4t+8)=0 <=2 (nhan).

Voit=2 tadwoc Vl-x+Vl+x =2 < 1-x*=1 < x=0.
Vay phurong trinh c6 nghiém x=0.

Ciu 31. (HSG12 tinh Thira Thién Hué ndm 2018-2019) Giai phwong trinh

2x+3+(x+1)Vx* +6 +(x+2)Vx* +2x+9 =0 (x€R).

Lo gii

it u=~x"+2x+9>0
a
v=4x’+6>0

2 2
u - —v- -3
=y -V=2x+3x=—— -

2 _ 2_1 2 _ 2+1
Phwong trinh da cho tré thanh: uz—v2+v.(% +u. % =0

c>2(u2—v2)+(u+v)(u2—v2)+(u—v)=O

u—-v=0 u=v
d 2(u+v)+(u+v)2+120<:> u+v=-I (vn)

3
Véiu=vtacd \/x2+6:\/x2+2x+9<:>x:——

Vay phwong trinh da cho ¢6 1 nghiém la x = —%.

C4u 32. (HSG10 Cum Ha Pong Ha Pirc Ha N6i nam 2018-2019)Giai phwong trinh

4x % +12x+/x +1:27(x +1).

Lori gidi
T4c gid: Pham Thi Diéu Huyén; Fb: Pham Thi Diéu Huyén

biéu kién: x +120< x 21,
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42 +12x~Nx +1=27(x +1) < 4x* +22x 3Vx +1+9(x +1) =36(x +1)

{4)(2 =9(x +1)

x =0

2 +3x +1=6x+1 [ 2x =3/
o (23 1) =36(x +1) & *Hx HI=GV {x el

TR N U T PN s 4x* =81(x +1)
_{ -1<x <0
x =3
S 81-9+/97 (théa man diéu kién).
x =2 T INIT
8

_81- 9f

Vay phwong trinh ¢6 2 nghiémla x =3 va x

Céu 33. (HSG10 YEN PHONG 2 nim 2018-2019) Giai phwong trinh
V3x+1++/4x -3 =/5x+4

Lo giai
Tdc gid:Anh Tudn,; Fb: Anh Tuan.
3x+1>0
Tacé V3x+1+v4x—3 =/5x+4 < {4x-3>0
3x+1+4x-3+2(3x+1)(4x—3) = 5x+4

ng
xX2— 2Sx£3 4
= 4 <4 Selx=1 =Sx=1

JOx+D@x-3)=3-x [1Ix’+x-12=0 12
X

Két ludn:Tap nghiém cta phuwong trinh 1a § = {1}.

C4u 34, (HSG11 tinh Quang Ngi ndm 2018-2019) Cho ham s8 y = f(x) lién tuc trén [ 0;1]. Chimg
minh phwong trinh f(x)+ [f(l) - f(O)] x = f(1) c6 it nhat mot nghiém thudc [0; 1} .

Loi giai
T4c gid: Nguyén Thanh Tudn ; Fb: Nguyén Thanh Tuin
Ta viét lai phwong trinh d@ bai: f(x)+[ f(1) - f(0)]x - f(1)=0.
Dit: g(x) = f(x)+[ S~ F(0) [x~f(D).
Ta co: g(0)=f(0)—f(1); g()=f(1)—f(0).
Nhan thdy g(x) lién tuc trén [0;1] va g(0).g(1)=~[ f(0)~ f()] <0

Vi vy phwong trinh g(x) =0 ludn c6 it nhit mot nghiém thudc [0; 1] (dpcm).

Ciu 35. (HSG10 Cum Ha Pong Ha DPirc Ha Noi nim 2018-2019) Tim m dé& phwong trinh
4
mx’ —2(m—2)x+2m—7=0 (m la tham s6) c6 hai nghiém x, ,x, théa man: |x1—x2| =—.

Loi giai
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T4c gid: TRAN TRUNG TIN; Fb: TIN TRAN

, 4
Taco |x1—x2|:§¢02>x1¢x2.

Do d6, phwong trinh mx’ —2(m—2)x+2m —7=0 c6 hai nghiém x, , x,

fa— = = .
(m=2) =m(2m=7)>0 " |-m*+3m+4>0  |[-l<m<4

2(m-2
S=x1+x2=—( )
Theo dinh i Vi-ét, ta co: n
2m—17
P=x.x,=
m
Khi dé:
2
4 16 2(m-2 -
|x1—xz|=—<:>xf—2x1x2+x22=—<:>S2—4P:E<:> 2(m=2) —4(2"1 7)=E
3 9 9 m m 9
2 m=3
m —4m+4 2m-7 4 13 ,
Dt > - =—&—m +3m+4=0& -12 .
m m 9 9 m=——
13
m=3
Két hgp diéu kién suy ra ~12 .
m=—
13

2N

Luru y: C6 thé st dung cdng thirc |x, —x,| = d
a

C4u 36. (HSG11 Thi X4 Quang Tri ndm 2018-2019)Tim m dé€ phwong trinh sau c¢6 nghiém thuec:

m(\/l+x2 1= +2)=2\/1—x4 + 142 = 1=22 .

Loi giai
T4c gid: Vinh Tin, FB: Vinh Tin

biéu kién xac dinh ctia phwong trinh: —1<x<1.

Pit £ =1+ x> —v1—x> . Khi d6 ¢ lién tuc trén [-1;1] va £20.
=1’ =2-2\1-x" <2=1e[ 02

2 +1+2

Phwong trinh tré thanh: m(t+2)=—* +t+2 < m= .
+

2 +t+2

Xét f(n)=""" ;1e[0:v2] tacs f(1) lién tuc trén [ 0,2 ]

oo =4t .
£(0) = oy <o,we(o,ﬁ)

= /(1) nghich bién trén [ 0;2 ]
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Vay phwong trinh da cho c6 nghiém thuc khi f(\/E) =2-1<m<l1= £(0)

Ciu 37. (HSG10 tinh Ha Tinh nam  2018-2019) Cho phwong trinh
(x2 + ax+1)2 - a(x2 +ax+ 1) +1=0, v&i a 1a tham s6. Biét rang phwong trinh c6 nghiém thuwc duy

nhit. Chirng minh rang a > 2.

Lovi gidi
Tdc gid: Phan Van Lam; FB: Lim Phan
Xét phwong trinh (xz +ax+ 1)2 + a(x2 +ax+ 1) +1=0 (1)
Pit r=x’+ax+1, khi dé x* +ax+1-r=0 (2) va phwong trinh d4 cho tré thanh: > +ar+1=0 (3).
Phuong trinh (1) ¢6 nghiém khi @ va 7 théamén: a® -4>0 va a’ —4+41>0.

a’-420< a<-2 hay a>2.N&u a<-2 thi (3) c6 nghiém ¢>0, khi d6 a’ —4+4¢>0, suy ra (2)
c6 hai nghiém phén biét, mau thuln véi gia thiét (1) c6 nghiém duy nhit. Néu a =2 thi phwong
trinh (3) c6 nghiém 7 =-1, khi d6 diéukién @’ —4+4¢ > 0 khong dwoc théa man.

Viy a>?2.

Ciu 38. (HSG11 Bic Ninh 2018-2019) Cho tam thtc f(x)=x*+bx+c. Chitng minh ring néu
phuong trinh £ (x)=x c6 hai nghiém phén biét va 5> —2b-3 > 4c thi phwong trinh f[f(x)} =x c6
bon nghiém phéin biét.

Lovi gidi
T4c gid:Nguyén Manh Ha ; Fb: Nguyén Manh Ha
Xét phwong trinh: f[ f(x)]=x< f7(x)+b.f (x)+c-x=0
FE)f(x)=x]+b ] f(x)-x]+x[ f(x)=x]+x* +bx+c—x=0
[ f(x)=-x][f(x) +b+x]+f —x=0
e[ f(x)- ][ f(x)+b+x+1]=0
oS )mx=0 (1)
f(x )+b+x+1—0 (2)
- Ttr gia thiét phwong trinh (1)ludn c6 hai nghiém phén biét.
- Phwong trinh (2) < x> +(b+1)x+b+c+1=0
6 A=(b+1) —4(b+c+1)=b"—2b—3-4c >0 (vitheo gi thiét b*—2b—3 > 4c)
Do d6 phwong trinh (2) ludn c6 hai nghiém phén biét.
- Gia st X, lA moét nghiém  cia  phwong  trinh (I)khi  do:
X +bxy+e—x, =0 x;" +(b+1)x, +c—2x, =0 x> +(b+1)x, + ¢ = 2x,
Khi d6  néu X, A moét nghiém  cha  phwong  trinh (2)thi

+(b+1)x,+b+c+1=02x, +b+1=0 x, =?
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Y +b b+l
- +c+

2
véi gid thiét ctia dé bai 6> —2b—3 > 4c).

Khi d6 (1) tré thanh: (_bz_lj —0e b +2b+3+4c =0 b —2b—-3=4c (tréi
Do d6 x, la mdt nghiém ctia phwong trinh (1) nhung khong 1a nghiém ctia phwong trinh (2).
Vay phwong trinh f[f(x):l = x c6 bén nghiém phan biét.

2) Cho a,b,c 1a cac s8 thwe dwong thay d6i théa man (a+5 —0)2 = ab .Tim gia tri nho nhit caa biéu

\/%Jr ¢’

thic P= > 2+(
a+b a +b a+b-c

2
J Loi giai
Tdc gid:Luu Thi Hanh ; Fb: Hanh Luu

bat a =xc,b = yc .thay vao biéu thirc (a+b—c)2 =ab ta co: (xc+yc—c)2 =c’xy & ()c+y—1)2 =Xy

véP:\/5+ 1 +L

x+y X +y° xy

(x+y—1) —xy<( 5 j
= (x+9) =4 (x+) =2(x+)+1]20

<:>3(x+y)2—8(x+y)+4£0c>§£x+y£2

Ta co:

Pt t=x+y,(§£t£2j T xy=(x+y-1) tacé xy=(t-1) .

Thay vao biéu thirc P ta dwoc

t—1)

P= (t ) += ! >+ 1 >
P =2(t-1)  (1-1)

J(e-1y’ 1 1
¢ —+4t-2 (¢-1)
B (t—1)2+ 1 1 1

6 21y A2 2(r-1)
> 2 + 4 = 2 +i222,Vte{§;2}

tle=1] - +4r-2+2(e=17) \e|e=1| ¢
Vay P, =2<a=b=c=1.

3) Lop 11 Toan c¢6 34 hoc sinh tham gia ki€ém tra mo6n Todn dé€ chon doi tuyén du thi hoc sinh gioi
cap tinh. D& kiém tra gbm 5 bai to4n. Biét rang moi bai to4n ludn c6 it nhit 19 hoc sinh giai quyét
dwoc. Chitng minh rang cé 2 hoc sinh sao cho mdi bai todn déu dwoc mot trong hai hoc sinh nay
gidi quyét dwoc.Loi giai
Tdc gid: Vii Ngoc Phdt; Fb: Vii Ngoc Phdt
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Gi& st ngwoc lai: véi mdi 2 hoc sinh bat ki, ludn ton tai it nhat mot bai todn ma ca hai hoc sinh déu
khong giai dwoc. Goi (x,y,a) 13 bd gdbm hai hoc sinh x, y va bai todn ¢ ma ca hai hoc sinh x, y

déu khong giai dwoc. Goi &k lasébo ba (x,y,a).
S cach chon hai hoc sinh tir 34 hoc sinh 1a C2,.

Vi v&i moi 2 hoc sinh bat ki, ludn ton tai it nhat mot bai todn ma ca hai hoc sinh déu khong giai duoc
nén k> C;, =561 (*).

Theo dé ta c6 mdi bai todn ludn cb it nhat 19 hoc sinh gidi quyét dwge nén moi bai toan c6 nhiéu
nhat 15 hoc sinh khong giai dwoc. Nhw vy véi mbi bai todn a c6 nhiéu nhit C7 cip hoc sinh khong

giai dwoc bai toan a. Do d6 k < Cjs =525. Mau thudn véi (*).

Vay ¢6 2 hoc sinh sao cho mdi bai todn déu dwgc mot trong hai hoc sinh nay giai quyét duoc.

Ciu 39. (HSG12 tinh Dién Bién nam 2018-2019) Cho phwong trinh
(m+2) x(x2 +1) —x’+(m—-6)x—1=0 (1). Tim c4c gia tri cia m dé& phuwong trinh (1) c6 nghiém
thuc.

Loi giai
Tdc gid: Minh Hanh; Fb: fb.com/meocon2809
1.
biéu kién: x>0.

-V6&i x =0 thi phwong trinh vo nghiém.

¥+ X+l

- V6i x>0, Phwong trinh (1) < (m +2) - m—-6=0.
X x
- t>2
< x +1 _
Datt: X t2:x2+11
x
. g . ) £ =2t+6
Ta dwgc phuong trinh méi theo 4n phu: (m+2)1—¢ +m—6=0<:>T=m (2).
+
2 2 - t=—4 (I
Xéthams§ f(1)=""2F0 p(n="F28 g 1)
t+1 (t+1) t=2
Bang bién thién
x | —o0 -4 \/5 2 +00
' + 0 - - 0 +

2\/5_2\2 /+oo

Nhin bang bién thién ta thidy phwong trinh c6 nghiém < m>2.

Céu 40. (HSG12 tinh Dién Bién ndm 2018-2019) Cho da thirc f(x)=x"+ax’ +bx* +ax+1 c6 nghiém
thwc. Chirng minh rang
a’+b’—4b+1>0.

Loi giai
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Gia str da thirc di cho c6 nghiém trong trudmg hop a’ +b” —4b+1<0.
Tacé: a* +b’ —4b+1<0 = a’ +(b-2) <3 (1).

Vi x =0 khong la nghiém ctia phwong trinh f(x) =0 nén:

2
x4+ax3+bx2+ax+l:0<:>(x2+Lj+a[x+lj+b:0c>(x+lj +a(x+lj+b—2:0

x2 X X X

bat t= x+l thi phwong trinh trén cé nghiém khi va chi khi £* +at+b—2=0 c6 nghiém théa man
X

1> 2.

Xéthamsé g(t)=1"+at+b-2

Taco: g'(t)=2t+a,g'(t)=0=1= _70. Nhw (1) trén thi %a ¢ (-2;2)

Do d6 ta c6 bang bién thién

t —o0 -2 2 +00

g(t) o \ 400
2a+b+2 2a+b+2 /

—2a+b+2<0 (2)

Phuwong trinh c6 nghiém thi
2a+b+2<0 (3)

Nhitng diém M (a;b)thoa (1) thi ndm bén trong hodc bién dwong tron tdm 7(0;2) va ban kinh bing

V3.

Nhitng diém N (a;b) thod man (2) va (3) 1a nhitng diém thudc phan khéng chira gdc tao dd ctia cac

. . —2x+y+2=0
dwong thang
2x+y+2=0
Nhitng phan do theo hinh vé 1a khong c6 diém chung, vi viy ta c6 mau thuln.
Ta c6 diéu phai chitng minh: Néu da thitc da cho c6 nghiém thi a* +5° —4b+1>0

Chu y: Bai c6 thé gidi nhanh nhw sau:
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£rat+b-2=0&1 =—at+2-b=t'=(-at+2-b) <[’ +(b-2)" |(1++)

4
— @+ (b=2) > ; 1=t2—123:>a2+b2—4b+1>0

Cau 41. (HSG12 Thanh Phé Pa Nang 2018-2019) T4t ca cac gia tri cia tham s6 m d€ phwong trinh

tan® x —

=m c6 6 nghiém phan biét thudc (—f;ﬁj la
COS™ X 22

A.m=3 B.2<m<3 C.2<m<3 D.m=2

Loi giai
T4c gid: Trin Pirc Phwrong; Fb: Phuong Tran Duc.
Phdn bién: Tudn Minh; Fb: Tuin Minh
Chon B

S Vs
biéu kién: cosx¢0<:>x¢5+k7r,keZ.

Ta co: |tan* x —

> =m<:>‘tan4x—2tan2x—2‘=m(*)
CoSs™ X

D3t £ =tan’ x, ¢ >0.Khi d6 (*) tré thanh: |¢* ~2¢ -2 =m.

Nhan xét:

@Véi ¢ =0 thi phwong trinh da cho cé 1 nghiém x=0.
AVé&i mbi ¢ > 0 thi phwong trinh da cho c6 2 nghiém x phan biét thudc (—%,%)

AVé&i mbi ¢ < 0 thi phwong trinh da cho khéng ton tai nghiém x.

Do thi cia ham s§ y = ‘tz —2t—2‘:

V=

T

tan* x — =m c6 6 nghiém phan biét thudc (_E’Ej khi va chi

Dwa vao d6 thi, phwong trinh
cos” x

khi duomg thing y =m cat dd thi ham s6 y =|¢* —2¢-2| tai 3 diém phan biét c6 hoanh dd 16n hon 0.

Liucdo: 2<m<3.
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YA

Ciu 42. (HSG12 Tinh Nam Pinh 2018-2019) Cho phwong trinh

x2+7+m\/x2+x+1 =\/x4+x2 +1+m(\/x2—x+l—2).

Biét tap hop tét ca cac gia tri cia m dé phwong trinh da cho c6 nghiém 1a (-a;b). TinhP=b+a

A -2 B.2. ¢l p. 3.
3 6 3 2
Loi giai
Chon C

x2+7+m\/x2+x+1 :\/x4+x2+1+m(\/x2—x+1—2)

S+ T7-Ax+x*+1 :m(\/xz—x+1—\/x2+x+l—2)

Déttzx/xz—x+1—\/x2+x+1 =12 =2x" - 2Ux" +xP+1+2

B 2x—1 3 2x+1
2\/)c2 —-x+1 2\/x2 +x+1

t'(x):O 2x-1 2x+1 :0<:>(2x—1)\/x2+x+1:(2x+1)\/x2—x+1

C> —
\/x2—x+1 \/x2+x+1
Q{

(2x—1).(2x+1) >0
(2x—1)2 (xz +x+1) :(2x+1)2 .(x2 —x+1)
& { 1
2 (V6 nghiém)
x=0

Xétham s6 £ =~/x> —x+1—+/x* + x+1lién tuc trén R co'(x)

1
>
2
<

X
X

2x-1 2x+1

= - <0,vxe R.
\/xz—x+1 \/x2+x+1

Mit khac #'(0) <0 = #'(x)

Bang bién thién:
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X —an +0

1'(x) -

1

£x) \
-1

2
:>te(—l;l).Tacéphuongtrinh:t2+12:2m(t—2)<:>tt+;2:2m
s £ +12 t*—4t-12 t=-2()

Xéth t)= te(-1;1), f'(t)=——=0 .
éthamsé f (1) TR e(-L;1), f'(2) = C{t=6(1)
Bang bién thién:

T - 1

F@) -

o | T3 \

£ +12 13 13 13

Phuong trinh — :2mc()nghiémte(—l;l)@—13<2m<—?<:>—?<m<—?
1

:>a=—3,b=—E:>b+a:E.
2 6 3

Cau 43. (HSG11 Nho Quan Ninh Binh 2018-2019) Véi gia tri nao ctia m thi phwong trinh
(m—5)x*+2(m—1)x+m=0

c6 2 nghiém x;, x, thda x; <2<x,?

A m=>5. B.m<§. C.§Sms5 D.§<m<5.
3 3 3
Loi giai
T4c gid: P6 Hoang Ti; Fb: P6 Hoang T
ChonD
-5%0
(m—5)x*+2(m—1)x+m=0 c6 hai nghiém phén biét < {Z 0
>
m£5 M5 m#5
= 5 = = 1-(1)
(m—l) —(m—5)m>0 3m+1>0 m>——
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Z(m—l)

S=x+x,=-

Khi d6, theo hé thitc Vi - ét ta c6: m=>3
P=xx "
17%2 m—5

-2<0
(m—5)x2+2(m—1)x+m=O c6 hai nghiém théaman x, <2<x, {xl .
xX,—2>

m__ 4(m-1 9m =24
= (x-2)(x,-2)<0 & xx,—2(x,+x,)+4<0 & m—5+ En_s)+4<0<:> Z—S

<0

§<m<5.
3

Két hop voi (1) = §<m<5.

Cau 44. (HSG12 tinh Bac Ninh 2018 - 2019 ) Tim t4t ca cac gia tri ctia tham s6 m d€ phwong trinh
x* —2mx* +(2m—1) =0 c6 4 nghiém thuc phan biét la:

A. (L+0). B. (%;+00j\{1}. C. (%;+00j. D.R.

Loi giai
Tdc gid: Phan Thanh Quynh; Fb:Thanh Quynh Phan
Chon B
b3t ¢+ =x* >0, khi d6 phwong trinh da cho tré thanh: ¢ —2mt+(2m—1)=0< (t=1)(t —2m+1) =0

(1)

Yéu ciu bai toan twong dwong véi phwong trinh (1) c6 2 nghiém dwong phan biét

< t=2m—1 phdi dwong vakhacl < %<m¢l.

Cau 45. (HSG10 Kim Lién 2018-2019) Cho phwong trinh vx+3++v/6—x =+18+3x—x" +m, (1),
(v6i m la tham s6).

a)Giai phwong trinh (1) khi m =3.

b)Tim tAt ca cac gia tri cia m d€ phwong trinh (1) c6 nghiém.

Loi giai
Tdc gid: Hai Thwong; Fb: Hii Thuong
bk: -3<x<6.

2_
Pit t=3+x+v/6-x,3<r<3v2.Suyra V18+3x—x’ ! > 2

Phwong trinh (1) tré thanh £ -2t =9-2m.

t=—1(l)

a)Khi m =3 phwong trinh tré thanh #* -2t -3=0 < L 3

=-3
t=3V3+x+v6—x=3=9+2418+3x—x> =9 <= 18+3x—x’ :0(:){)6
X

Doi chiéu diéu kién ta dwoc nghiém ctia phwong trinh la x=-3,x=6.
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b)Phwong trinh (1) c6 nghiém khi phwong trinh #* —2¢=9—2m c6 nghiém ¢ e [3;3\/5] .
Xét ham s8 f(t)=r'-2t voi tE|:3;3\/§:|. Ham s§ f(¢r) dong bién trén [3;3\/5] nén
3<f(1)<18-6v2 véite|3;342 .

94642
TSm

Phwong trinh (1) c6 nghiém < 3<9-2m < 18—632 <3.

Cau 46. (HSG10 tinh Vinh Phic ndm 2018-2019) Cho hai phuong trinh: x*-2x-a>+1=0(1) va
x*=2(a+1)x+a(a-1)=0 (2).

a) Tim a dé phwong trinh (2) c6 hai nghiém phan biét.

b) Goi x;; x, la hai nghiém ctia phwong trinh (1) va x;; x, la hai nghiém ctia phwong trinh (2) voi

x; <x,. Tim tit cd cac gid tri a d€ x;; x, €(x; x,).

Lovi giai
T4c gid:Nguyén Thj Ai Trinh ; Fb: Trinh Nguyén
a) Xét phwong trinh: x* —2(a+1)x+a(a-1)=0.
Phwong  trinh (2) c6 hai nghiém  phan  biét khi va chi  khi

A’>O<:>(a+l)2—a(a—l)>0<:>3a+l>0<:>a>_?1.

Vay voi a > _?1 thi phwong trinh (2) c6 hai nghiém phan biét.
b) Xét phwong trinh:
x=1-a

2 2x—a’*+1=0 1Y —=4® =0 -1 “1-4)=0 .
X xX—a + @()C ) a C)(x +a)(x a) @{le_i_a

-1
Tacé: f(x)=x>-2(a+1)x+a(a—1) c6 hai nghiém phan biét x,;x, khi a >?.
Theo gid thiét x;; x, € (x;; x,) hay x; <x, <x, <x, (giad s& x, <x,) khi va chi khi:

-1
{f(xl)<0 {f(l—a)<0 {4a2—3a—1<0© I<a<1

<~ f—
f(x)<0 | f(1+a)<0 ~ |-3a-1<0 .

o —<a<l.
4

-1
Vay voi T<a<1 thi x5 x, €(x;; x,).

Cau 47. (HSG11 tinh Phi1 Yén nam 2018-2019) Giai va bién ludn phwong trinh sau theo tham s m:

\/x+2\/mx—m2 +\/x—2\/mx—m2 <23/m véi m>0

Lo giai
Cach1
mx—m> >0
x + 2\ mx —m’ ZO@
x—2mx—-m’ >0

m>0

biéu kién: x>m (1)
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2 2
bat ¢t =2mx—m?;t>0. Thi x=ﬂ
dm

2
\/x+2m \/t +4m’ (t+2m) :|t+2m|
4m 2Jm

4m’ (t—2m)2 [t—2m|
Va \x =2y mx —m* \/ * = .
\/ 4dm 2\ m

Khi d6 bt phuong trinh da cho 1a |7+ 2m|+[t—2m|[<4m,m >0 (2)

Vim>0,>0 nén |t+2m|=t+2m nén
(2)<:>t+2m+|t—2m|£4m Slt-2m|L2m—t,m=0
=>t-2m<00<t<2m

Nghiala 0<2vVmx—m’ <2m < m’> <mx<2m’> & m<x<2m
Vay tip nghiém cta bat phwong trinh 1a S =[m;2m].

Cach 2
mx—m* >0

. +2 -m* >0

Diéu kién: * e <Sx2m (%)
x=2\mx—m*>0
m=0

Véi diéu kién trén, hai vé cia bat phwong trinh khong 4m, binh phwong hai vé ta dwoc

x+2 mx—m2+2\/x2—4(mx—m2)+x—2 mx—m* <4m

= \/x2 —4mx+4m* <2m—x

& m£2m—x

& | x-2ml<2m—x (**)

+) Néu x>2m thi b4t phwong trinh (**) < x-2m<2m-x < x<2m.
Két hop voi diéu kién x> 2m ta dwoe x=2m (1)

+) Néu x <2m thi b4t phwong trinh (**) < 2m—x <2m—x (luén ding).
Két hop voi diéu kién (*) tadwoec m<x<2m (2)

Tw (1) va (2) ta c6 tp nghiém ctia bit phwong trinh 13 S =[m;2m].

Ciu 48. (HSG10 PHUNG KHAC KHOAN- HA NOI 2018-2019) Tim tit ci cic gia tri cla tham s
m (m € R) d& phwong trinh: x* —(3m+1)x* +6m—2=0 c6 bdn nghiém phan biét déu lén hon —4.

Lo gidi
T4c gid:Nguyén Thiy ; Fb: Thuy Nguyen
Ta cé: x4—(3m+1)x2+6m—2=0<:>[ i:;:; ih/_
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m#1

~ \ 7 ~ A A A A 7 Ny 3m _1 i 2
bé phwong trinh c¢6 bon nghiém phan biét déu 16n hon —4 thi 0<3m-1<16< {% <m< %

Vay véi m e (%,%) \{1} thi théa man d@ bai.

Ciu 49. (HSG10 THPT PAN PHUQNG 2018-2019) . Gia st phwong trinh bic hai 4n x (m la tham
s8): x> =2(m—1)x—m"+(m+1)’ =0 c6 hai nghiém x,, x, théa man diéu kién x, +x, <4. Tim gid tri
16n nhat va gia tri nho nhat cia biéu thirc sau:

P=x +x +x2x, (3x] +3x, +8).

Loi giai
T4c gid: Trdn Nhw Td; Fb: Td Tran
Taco A':(m—l)2 +m’ —(m+1)2 =m’—4m.
Phwong trinh c6 2 nghiém x,, x, théa man x, +x, <4

' 1-4)>0 -2; ;
@{A >0 - m(m ) - me[ 2’0]U[2’+OO)<:>me[—Z;O]U[2;3]-
X +x,<4 2(m—1)S4 m<3

Tac6 P=x, +x; +x.x,(3x +3x, +8)
=(x, +x, )3 =3x,%, (X, + X, ) +3x,%, (X, + X, ) +8x,x,
=(x, +x, )3 +8x,x,
=[2(m=1)T +8[—m’ +(m+1)|
=8(m’ —3m’ +3m—1)~8m’ +8(m’ +2m+1)
=—16m" +40m

Xét P=—16m*+40m véi m €[-2;0]U[2;3].

Vay P dat gia tri lon nhat bang 16 khi m =2, dat gi4 tri nhé nhit bang —144 khi m=-2.

Cau 50. (HSG11 tinh Phd Yén nidm 2018-2019) Cho bén s6 thuwc p,q,m,n théa min hé thirc
(q—n)2+(p—m)(pn—qm)<0 (1). Chitng minh rdng 2 phuwong trinh x*+px+¢g=0 (2) va

x> +mx+n=0(3) déu cé cac nghiém phan biét va cac nghiém ctia chiing ndm xen ké nhau khi biéu
dién trén truc so.

Loi giai
Cdch 1:

Tl diéu kién(q—n)2+(p—m)(pn—qm)<0 suyra p—m#0 (4).
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Cac phwong trinh (2) va (3) déu c6 hé s6 a=1>0 nén cac parabol biéu dién déu c6 bé 16m quay Ién
trén.

Hai phwong trinh c¢6 nghiém phan biét va ndm xen k& nhau khi biéu dién trén truc sé khi va chi khi
dd thi cac ham s8 y=x"+px+q (P)va y=x>+mx+n (P') cit nhau tai 1 diém ndm dudi truc
hoanh (5).

xl ‘,V ,Q

Hoanh do giao diém ctia (P) va (P') la nghiém ctia phwong trinh

(Minh hoa hinh v§)

n—q )
—m

X Hpx+g=x"+mx+nx=

Tung d6 giao diém ctia (P) va (P') 1a

2
n— n—
p—m p—m
1

“ e =0 (o mya(p-m ]

1
:—( )2 [(n—q)2+(p—m)(pn—qm)J<O (theo (4)).
p—m
Vay (5) dwoc chirng minh, nén khing dinh ctia dé bai da chirng minh xong.
Cdch 2:

Ta co (q—n)2+(p—m)(pn—qm)<0<:>(q—n)2—(q—n)p(p—m)+(p—m)(pq—qm)<0
c:>f(q—n)z(q—n)2—(q—n)p(p—m)+q(p—m)2 <0.Vitontai p,q, m,n nén

p#Em

, . Do d6 phwong trinh (2) c6 hai nghiém phan biét
p —49g>0

A:pz(p—m)2—4q(p—m)2 >O<:>{

r s M TX =P
X,,X, théa man :
XX, =4

biat g(x)=x’+mx+n.Taco g(x).g(x,)= ()cl2 +mx, +n)(x22 +mx, +n)
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=(—px, —q+mx, +n)(—px, —q+mx, +n)

=[x (m=p)+n-q][x,(m-p)+n—q]

=x%,(m=p) +(m=p)(n=q)(x +x)+(n-q)

=q(m=p)" +(m=p)(n=q)(-p)+(n—q)’

=(g=n)" +(p=m)(pn—qm)<o.

Suy ra phwong trinh (3) c6 hai nghiém phan biét x,, x, (x3 < x4) théa man trong hai s6 x,,x, c6 mot

s6 thudc khoang (x;,x, ) va mot s6 khong thudc khoang (x;,x,). Tir d6 ta c6 diéu phai chirng minh.

Ciu 51. (HSG12 huyén Lwong Tai Bac Ninh ndm 2019) Cho ham s§ da thitc bdc ba y = f(x) lién tuc

trén R va c6 d6 thi nhw hinh vé& V&im 13 tham s§ thwc bt ki thudc doan [0;2], phwong trinh

f(x3 —2x* + 2019x) =m*—2m +% c6 bao nhiéu nghiém thuc phan biét?

A.2 B.1 D. 3.

Lo giai
T4c gid: Nguyén Vwrong Duy Tudn; Fb: Nguyén Vwong Duy Tudn
ChonD

Pit 1 =x’ —2x> +2019x = ¢' = 3x> —4x +2019 > 0Vx € R = Ham s6 dong bién trén R.

Nhw viy véi mdi gia tri x cho ta twong rng mot gia tri ¢.
3
Tacé: f(x*—2x* +2019x)=m’ —2m+% o f(t)=m’ —2m+

Vi m 1a tham s& thuc bat ki thudc doan [0;2] nén ta co:

1
g(l)zg
g(m):m2—2m+%:>g'(m)=2m—2:0<:>m:1Vé g(O):%
3
2) ==
g(2)=7

m 0 1 2

g'(m) - 0 +

g(m) \

| L2
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= F()=em)e| 53]

272

Duwa vao do thi ta thdy dwoc phwong trinh cé 3 nghiém thuc phan biét.

Cau 52. (HSG10 Cum Ha Poéng Ha Pic Ha NGi nam 2018-2019) Cho phwong trinh
x? —2(m +2)x2 +2m +3=0(mla tham s06). Tim tat ca gia tri cha tham s6m dé phwong trinh c6 4

nghiém phan biét x,,x,,X;,x, théa man x,*+x,* +x,* + x,* =52.

Loi giai
T4c gid: Nguyén Van Tai; Fb: Nguyén Tai Tai
Cach 1:
x? —Z(m +2)x2 +2m+3=0 (1)
Patr=x2,1>0.
Phwong trinh tré thanh ¢ —Z(m +2)t +2m+3=0 (2) .

Phuwong trinh (1) c6 4 nghiém phan biét x,,x,,x;,x, < Phwong trinh (2) c6 2 nghiém dwong phan
biétz,, ¢,

Ay >0 m*+2m +1>0 m % —1
SIS>0 o©im+2>0 N 3 ().
P >0 2m+3>0 m=T

t+t,=2(m+2)

Ap dung dinh 1y Vi-et, ta c6
tt, =2m+3

Pén day, do x,* +x," +x,* +x,' =52 nén 2’ +2," =52 &1 +1,) =26 & (1, +1,) ~ 2,1, ~26=0
m=1

:>4m2+12m—16:0<:>{ .
m=-4

DGi chiéu didu kién (*) ta dwoc m =1.
Cach 2:
x* —2(m+2)x2 +2m+3=0 <::>(x2 —1)(x2 —2m —3):0

x*=1=0 x =+l
= =
X

Phwong trinh (1) c6 4 nghiém phan biét x ,x,,x;,x, khi phwong trinh (2) c6 2 nghiém phan biét va
khac nghiém x =1;x =-1

- m>—5 ().

m#-—1

2m+3>0
1#2m+3

4 4
Tacd:x,'+x,' + x ' +x, =52 & () + (-1 +(V2m +3) +(—2m+3) =52

m =1 e a aea 1A
A .boi chiéu diéu kién (*) ta dwoc m =1.
m=—

& (2m+3) =25 @{
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Chuyén dé S : 2 Bat phuwong trinh

2

3
Cau 1. (HSG11 Nho Quan Ninh Binh 2018-2019) Cho ham s& £ (x) = —%+ ’";

o[

T4c gid: Nguyén Hoang Huy; Fb: Nguyen Hoang Huy

—(3—m)x+2.Tim

tap hop tat ca cac gia tri thwe cia tham s6 m dé f’(x) <0 véimoi x.

A (0], 5 (02| ¢l
5 5 5

Loi giai

ChonD

mx ’ mx :

+
3 2

Ham s6 c6 tip xac dinh: D=R.

Ta co f(x)=—

—(3-m)x+2.

f'(x)=—mx* +mx—=3+m.
TH1: m=0 = f'(x)=-3<0 (théa).
TH2: m#0

a=-m<0 >0
f'(x)<0, Vx & -mx’ +mx—-3+m<0, Vx <:>{ {m

A=m’ “smr?
=m +4m(m—3)<0 Sm”—12m <0

m>0 m>0 12
& 12 ©0<m<—.
Sm-12<0 m<? 5

Vay me [0; %j

Cu 2. (HSG12 Ninh Binh 2018-2019) Tap hogp cac gia tri thwc cta tham s6 thwc m dé

2
X =me=l 5 vxeR Ia doan [a;b]. Tinh S =ab

x*—2x+3
A S=-12. B.S=2. C.S§ =8. D.§=12
Lo gidi
T4c gid: Nguyén Thj Anh; Fb: Anh Nguyén
Chon A
2 — —
Ta co: xz—mxlg2 VxelR
x°—2x+3

c>x2—mx—1£2(x2—2x+3)<:>x2—(4—m)x+720 VxeR
SA=(4-m) -28<0 & m* —8m-12<0 & 4-2J7 <m<4+27

Dodé: 4—2v7 <m<4+2y7 hay a=4-2J7;b=4+247.VayS=ab=-12.
[ Cau 3. (HSG10 Cum Ha Péng Ha Pirc Ha N6i nim 2018-2019)Tim tit ca gia tri ciia tham s6 m dé |
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x’—4x-4
x> =2(m-1)x+16

<2 vé&imoigia tri xeR.

Lo giai
T4c gid: Nguyén Minh Thir; Fb: nguyen minh thu

. X’ —4x—4

5 <2 v&imoigia tri x € R trwdc hét can diéu kién:
x =2(m-1)x+16

¥ =2(m-Dx+16#0,VxeR

SA<0s(m-1)-16<0= -3<m<5()

Khi d6 x> —2(m—-1)x+16>0,Vx R nén

yéu cau bai todn < x* —4x -4 <2x* —4(m—1)x+32 véimoigid tri xeR
&X' —4m—-2)x+36>0 véimoigiatri xeR

SA <0 4m-2)-36<0=-1<m<5(2).
T (1) va (2) suyra —1<m <5 la tit ca gia tri cin tim.

Ciu 4. (HSG10 CAU GIAY - THWONG TIN - HA NOI 2018-2019) Tim m d& bit phwong trinh

2_
Ly <X I 3 ehiem diing VxeR ?
X245

Lori gidi
T4c gid: Vii Quéc Triéu ; Fb: Vi Quéc Triéu

+/Tacéx’ —2x+3 =(x-1)"+2>0 VxeR nén:

x*—4x+m<3x*—6x+9

x*—4x+m —2x" +4x—6 <x’—4x+m 3x* -8x +m+6>0 (1)
-2< — <3&s
X =2x+3

& .
2x*=2x+9-m>=0 (2)

+/ Yéu cau bai toan tré thanh tim m dé€ moi bat phwong trinh (1) va (2) nghiém ding

v&éimoi x thudc R.

Ta thdy : (1) nghiém dung véi moi x thudc R< Aj=4° —3(m+6)<0<:>m>—§.

(2) nghiém ding véi moi x thuéc R A, =1 -2(9-m) < 0 m < 1—7

2
2 17
Vay me| ——;—|.
y me -2:|

Cdu 5. (HSG10 tinh Vinh Phic nam 2018-2019) Cho bat phwong trinh
Vx? =2x+2>2m+1-2x" +4x, m 1a tham s6. Tinh téng tit ca cac gia tri nguyén cta m € [-5;50] dé

bit phwong trinh trén nghiém ding véi moi x thudc tip xac dinh ctia né.

Lovi giai
Tdc gid: Trdn Thi Kim Thu; Fb: Thu Tran
B4t phwong trinh Vx® —2x+2 >2m+1-2x +4x (1) xacdinh VxeR.

Ta dwoc (1) < 2(x" —2x+2)+Vx" —2x+222m+5
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o 2
Dat t=x —2x+2 =/(x~1) +1>1.Tadwoc g(¢)=20>+¢>2m+5 (2).

Bang bién thién ctia g () :

t — 0 -1/4 1 + @

o

¥ o g £ Ao + oo
glt) | \ 21773 T

2118

Do d6, (1) nghiém ding véi moi x € R khi va chi khi (2) nghiém diing v6i moi 7 [1;+0)

<:>2m+5£ming(t)

[L5+00)
< 2m+5<g(1)=3 (Vi g(r) dongbién trén [1;+e)).
Sm<s-1
K&t hop v6i diu kién m nguyén va m €[-5;50] nén c6 5 gia tri nguyén ctia tham s§ m thod man
yéu ciu bai toan 1a -5;-4;-3;-2;-1.

Vy, tong tat ca cac gia tri nguyén ctia tham s6 m 1a —15.

Ciu 6. (HSG12 huyén Lwong Tai Bic Ninh nim 2019) Biét me[a;b] thi b4t phwong trinh

x> —=2mx+2m+3>0 c6 tp nghiém chira [-1;4]. Tinh S=a+6b.
13

-

A S=17. B. §=3. C.S D. §=20.

Loi giai
Tdc gid:Pham Thi Phwrong; Fb:Phuong Pham
Chon A
Xét f(x)=x"—2mx+2m+3 c6 A =m*> —2m—3
+) TH1: A <0< —1<m<3: Bit phuong trinh f(x) >0 c6 tdp nghiém 1d R ( théa man yéu cau
bai toan)
+) TH2: A 20 < {Z i; : Khi d6 f(x) c6 2 nghiém phan biét x,,x,(x, <x,), bat phwong trinh

f(x)=0 co6tap nghiém la S = (—o; x, ] v [xz ;+00)

4<x
Yéu cau bai toan théa man khi: [-1;4]c S < <1 |
x, <—
[(f4)=0
NN {—6m+920
2 m>4
< = oSmed
f(=D=0 {4m+420
xl+x2<_1 m< -1
L 2

Véy bat phuong trinh x* —2mx+2m+3>0 c6 tap nghiém chira [-1;4] khi -1<m <3
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Suyra S=17

Cau 7. (HSG12 Ninh Binh 2018-2019) Cho ham s6 y = f(x) c6 dao ham lién tuc trén R va do thi
ham sé y = /" (x) nhuw hinh vé:

by

3

Bit phuwong trinh f'(x) < (%) +m c6 nghiém thudc nita doan [-1;+o) khi va chi khi:

A. me(—l)—% : B.m< f(-1)-2.
C.m>f(-1)-2. D.m> f(~1)+2
Loi giai
Tdc gid: Phan Tw Manh ; Fb: Phan T Manh
Chon C

Ta cé f(x)s@x rmom Zf(x)-@x

Xéthamsé g(x)= f(x)—(%)x trén [—1;+o0)

Co g (x)=1 (x) —(%J .1n% >0 Vx e[-1;+0) (Dva vao do thi)

Bang bién thién

Yéu cau baitodn < m>g(-1)o m> f(-1)-2

C3u 8. (HSG10 tinh Ha Tinh ndm 2018-2019) Giai b4t phwong trinh

3x(2x—ﬁ)22(1—x4).
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3x(2x—ﬁ)22(1—x4)
& 6x —3xx’ +3>2-2x*
22 (¥ +3)=3x/x’ +3-220
@(xﬁ—z)(zxMH)zo
wr+3z2 (1)
Nﬁs_% (2)

Giai (1):

x>0 x>0
<:>
X +3 x4+3x2—420

x>0
= x>l
x +4 >0

<~

x<0 x<0

=

xz(x2+3)2 x4+3x2—120
4

Al

x<0

< —

2

Vay bat phwong trinh da cho c6 tip nghiém S = (oo; -

Loi giai

T4c gid: Nguyén Huong; Fb: Nguyen Huong

—3+\/ﬁ

5 ]U[l;+oo)

Cau 9. (HSG10 CAU GIAY - THUONG TiN - HA NOI 2018-2019) Giai bat phwong trinh sau:

(x2 +4x)\/2x2 +5x—-32>0.

(x2 +4x)\/2x2 +5x-320 (*)

x<-3

PKXDP: 2x* +5x-3>0 < 1
xXz—
2

Loi giai

Tdc gid:Thu Hirong; Fb: HirongMua Thu
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<—4
Gﬂ¢$;ﬁ+4xzo - xi?3
V2x2+5x-3=0 .
72

So sanh diéu kién, suy ra tdp nghiém cta bat phwong trinh 1a.§ = (—0;—4]U [%;+ ooj u{-3}.

C3u 10. (HSG11 H3u Ldc tinh Thanh Héa nim 2018-2019) Giai bat phwong trinh
x+3-vx-1)-1+vJx* +2x-3) > 4.

Lo giai
T4c gid: HG Xudn Ding ; Fb:Diing HO Xuin
Giai bat phwong trinh (Vx+3 —vx-1)-(1+vx* +2x-3)>4 (¥)

biéu kién: x>1. Suyra: vx+3+vJx-1>0.

2 p—
o XAINT 42073y g s 2x -3 Vr a3+ x-1.
Vx+3++4x-1

ST+ +2x -3+ 2V +2x -3 2 x+3+x -1+ 2\/(x +3)(x = 1) .

S x*-4>0< x<-2 hodc x>2.
Két luan: Két hop véi diéu kién ta dwoc tap nghiém cla bat phwong trinh 1a §=[2;+x).

Ciu 11. (HSG11 Hiu Loc Thanh H6a nam 2018-2019) G141 bit phwong trinh

x+3-Vx=1)-(1+Vx* +2x-3)>4.

Lol glal
Xét bdt phwong trinh (Vx+3 —vx—1)-(1+vVx* +2x-3) >4 (1).
P1éuklén x>1(2). Nhidnthiy vx+3++x—1>0,Vx>1. Do d6, vé1l mo1l x théa min (2) ta co
(1)®4-(1+\/x2+2x—3)>4
Jx+3+4dx-1
SI+Vx +2x-32/x+3+vx—1
1+ +2x =34+ 20> +2x =3 > x4+ 3+ x -1+ 2/(x +3)(x =1)

x<=-2
x>2

<:>x2—420<:>{

Két hop vl d18u k1én (2) suy ra tdp ngh1ém ctia bt phwong trinh (1) 13 S =[2;+%)-

C3u 12. (HSG11 THPT H4u Loc Thanh Héa nam 2018-2019) Giai bat phwong trinh

(Wx+3-vx=1)-(1+x* +2x-3)>4.

Lo gii

Pidu kién:
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x+320
x+320
x—-1>0 = x> (ﬂ

x—120
X +2x-3>0

DEy thiy rang (\/x+3)2 —(\/x—l)2 =4 v&i moi x>1 nén bit phwong trinh viét lai la:
(Vxr3-x-1). (1+\/x +2x— 3)>( x+3)2—( x—l)2
(J;:_ J—__)@+Vx +2x— )Z(Jx+3—Jx—lix+3+Jx—q (U
Vi x+3>x—-120 véimoi x>1 nén \/m-\/;>0v()'imoix21.
Do d6 (1) & 1++x* +2x -3 >/x+3+/x -1
( ) (\/x2+2x—3—\/ﬁ)20
& (1=vx+3)=Vr-1(1-x+3)20
& (1=-Vx+3)(1-Vx-1)20 (2)

Laicéd x>21=>Vx+322=1-+/x+3<-1<0.
Khidé (2) & 1-Vx-1<0Vx-121x22.

Kéthop (*) ta dwoc tdp nghiém cta b4t phwong trinh 1a § =[2;+0).

C4u 13. (HSG10 PHUNG KHAC KHOAN- HA NOI 2018-2019) Giai b4t phwong trinh
(2x—5—\/x2 —x+25)\/x2 —5x+6<0.

Lo giai
T4c gid:Nguyén Dwong Long ; Fb: Long Nguyén

. x=>3
biéu kién x2—5x+620<:>{ -

Truwong hop 1: Néu x =3 hodc x=2 thi bit phwong trinh nghiém ding (*)
x>3

Truwong hop 2: Néu {
x<2

Bat phwong trinh d3 cho < 2x—5—-vx* —x+25 <0 & Vx* —x+252>2x-5 (1)

xX<=
2x-5<0
B4t phwong trinh (1) < | [2x—520 = ng @xs%.
)cz—x+252(2x—5)2
19
0<x<—
L 3
o [x53 | 3<xs?
Két hop véi diéu kién cua trwong hop 2 cé 3 (**)
X<
x<2
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Tt (*) va (**) ta c6 tap nghiém cia bit phwong trinh da cho la § = (—o0; 2] u[?a;%}

Ciu 14. (HSG10 THPT PAN PHUQO'NG 2018-2019) Giai b4t phwong trinh:
(x+l)(x+4)$5 X +5x+28 (xe]R).

Loi giai
Tdc gid: Mai Vinh Phu; Fb: Mai Vinh Phu
Vi x* +5x+28>0,Vx eR nén tap xac dinh ctia bat phwong trinh da chola R.

Ta cé

(x+1)(x+4)<5Vx* +5x+28 < x> +5x+4 <5¢x” +5x+28
& X +5x+28-24 <5Vx7 +5x+28 (*)
Pat a=vx"+5x+28,a>0=a’> =x> +5x+28.

B4t phwong trinh (*) tré thanh ¢’ -24<5a < a* —5a-24<0< -3<a <8 kéthop véi a >0

suyra 0<a<8< 0<yx’+5x+28 <8 <= x> +5x+28<64 < x> +5x-36<0 < -9<x<4.

Véy tap nghiém bat phuong trinh 1a § =[-9;4].

Cau 15. (HSG12 tinh Bic Ninh 2018 - 2019 ) Bit phuwong trinh

V23t 3 aa3t 7 3%
243 —J2-3% 3 N4-3% 243>

c6 bao nhiéu nghiém?
A.3. B. 2. C. Vo so. D. 1.

Loi giai
T4c gid: Nguyén Thi Uyén; Fb: Uyen Nguyen
Chon D
2-37>0
biéu kién: <4-3*>0 .

V4-3% —243% 20
a-b"=23">0

— 2 32x
pat 19TV a2, 0<b<2.Khidé da+b =4

at ,
’ _ / _12x
b=nz—3 ab=~4-3"

a 4—a’b* +ab-17 —b?
+ >

Bat phwong trinh tré thanh:

a-b a’—b’ ~ab-b’
2
a 2(—c12b2 +ab—3) -b a+b 2(—azb2 +ab—3)
= + — > IS + — >
a->b a —b a->b a—->b a —-b

& (a+b) +2(-a’b* +ab-3)20 < -2a°b’ +4ab—6+a’ +b’ 20
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& 2a’h’ +4ab-220 & 2(ab-1) 20 ab=1.

V&i ab=1=+/4-3" :1<:>34’“:3<:>x:% (tmdk).

Vay bit phwong trinh ¢ 1 nghiém x = % :

Cau 16. (HSG11 Nho Quan Ninh Binh 2018-2019) Bét phwong trinh vx* —4 > x+3 c6 nghiém

A x<-3. B.xs—% C. 3<x<2. D. —33x£—%.

Lori gidi
T4c gid: Dwong Hoang Qudc; Fb: Dwong Hoang Qudc
Chon B
Bat phwong trinh da cho twong dwong

B x<-3
x+3<0 x>2
X2—420 x< =2 x<-3
o & ~13 ©x<——.
{x+320 x>-3 —3SXST 6
2_4> ? _
X 4_(x+3) xsﬁ

Ciu 17. (HSG10 THPT PAN PHUQNG 2018-2019) Giai bit phwong trinh

Vi+x—vl—-x>x.

Loi giai
Tdc gid: Mai Vinh Phi ; Fb: Mai Vinh Phii
biéu kién: —1<x<1.Khidé

2x 2
VI+x —+1-x 2xc>—2x<:>x(——lj
Vi+x ++/1-x Vi+x ++/1-x

Ta thidy x =0 la nghiém.

Vi x#0,tacod (V1+x+41-x) =24241-x" <4=0</l+x++1-x <2

>0.(1)

—-1>0.Dodd (1) @ x>0.

2
:>—
VI+x++1-x

Suy ra nghiém ctia bit phwong trinh 13 0 < x <1.

Cau 18. (HSG10 THPT PAN PHUQNG 2018-2019) Giai bat phwong trinh

\/ms2(x+l—\/2x+3)

T4dc gid: Mai Vinh Phu; Fb: Mai Vinh Phii

Lo gidi
Vel <2(x+1-2x+3) & Vr+ 1+ 22043 <2x+2 (1)

Pidukién x>-1,dit r=x+1 = -1=x, t>0
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t<0

202120 1

Thay (1) < 2v2£ +1 <28 -1 & 4125
4 -4 -7 —4>0

(t-2)(46 +4£ +1+2)20 (2)
Thl: t<0=17=0 suyra (2) v6 nghiém.
Th2: tZ% khi do (2) < (1-2)(48 +47 +1+2)20 122 Jx+1226 x> 3

Véy tap nghiém S =[3;+x).

Cau 19. (HSG12 tinh Bic Ninh 2018 - 2019 ) T4p nghiém cda bat phuwong trinh
log, (x+1)>log, (2x-5) la

4 4
A. (%;6). B. (—=;6). C. (6;+ ). D. (-1;6).
Lo gidi
T4c gid: Minh Anh; Fb: Nguyén Thi Minh Anh.
Chon C

biéu kién: x> %

Bat phwrong trinh log, (x+1)>1log, (2x—5)= x+1<2x-5< x>6.
4 4

Két hop diéu kién = xe(6;+x).

Cau 20. (HSG12 T4n Yén - Bic Giang Nim 2019) Tim tip nghiém S ctia bt phwong trinh:

1-3x
2,
5 4

A.S =(-=31]. B.S=B;+ooj. C.S=(—oo;—J. D.S =[L;+).

Lo gidi
T4c gid: Nguyén Thj Tric Ly; Fb: Nguyén T, Triic Ly
Chon D

1-3x 3x-1 2
Tacé:(%j 2%@(%) 2(%)@3x—122<:>x21.

Vay tip nghiém cua bat phwong trinh la: S = [1;+ 00) :
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Chuyén dé S : 2 Hé phuwong trinh

X +y +2°=6

Cau 1. (HSG12 tinh Bac Ninh 2018 - 2019 ) Cho hé phwong trinh {xy+yz+zx=-3 v6i x, y, z 1a
X+ +z0=m

an s6 thwe, m 1a tham so. SO gia tri nguyén cia m dé hé cé nghiém la

A. 24. B. 13. C. 12. D. 25.

Lo giai
T4c gid: Nguyén B4 Long; Fb: Nguyén B4 Long
Chon B

Sir dung hdng déng thirc @’ +b’ + ¢’ ~3abc = (a+b+c)(a’ +b* + ¢’ —ab—bc—ca)
Taco, x° +y° +z° —3(xyz)2 =(x2 +y° +22)(x4 +y 2t =Xty -y _szz)

< x0+y°+2° —3(xyz)2 :(x2 +y° +zz)[(x2 +y° +zz)2 —3(x2y2 +y°z’ +zzx2)}
& m=3(xz)" =6 36-3(xy+ yz+ 2x) + 6z (x+ 4 2) |

<:>m—3(xyz)2 =6[9+6xyz(x+y+z)] (1)

X+ +z°=6 X +y +z° =6
Tacé: xy+yz+zx=-3 < 2xy+2yz+22x=—6:>(x+y+z)2:O<:>x+y+z=O
X+ +z20=m X+ +z=m
—-54
Do d6 tir (1) ta dwoc (xyz)2 =mT
X +y +2°=6 x+y+z=0
Nhu vy < xy+yz+zx=-3 &< xy+yz+zx=-3 (2)
64 % 420 = > m-—54
X y z m (XyZ) — 3

*Trwong hop 1: m =54 khidé xyz=0 ta dwgc x=0 hodac y=0 hodac z=0

{y=—x@
y+z=0 z=13
yz=-3 < y=\/§

o

Véi x=0 taduoc {

Hé c6 nghiém la (0;—\/5;\/5),(0;\/5;—\/5)

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 56 #*




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

Cac khad nang y =0 hodc z =0 ciling twvong ty nhw kha nang x=0
Tirc a2 m =54 thda man yéu cdu bai todn.

* Trudng hop 2: Xét nghiém ctia hé c6 dang (x;x;z) v6i x # z. Khi d6 hé (2) tré thanh

2x+z=0 z=-2x z=-2x
Ca2xz=-3 & ix’ =1 i =1 M=% 4 m=66
x422:m—54 x422:m—54 4x(,:m—54

3 3 3

Cac kha ning nghiém ctia hé c6 dang (z;x;x) va (x;z;x)véi x#zcling twong tw nhw kha ning
(x3x;2).
Tirc ld m = 66 thda man yéu ciu bai todn.

D& nhan thdy hé (2) khong thé c6 nghiém dang (x;x;x)

* Trudng hop 3: Nghiém ctia hé ¢6 dang (x;y;z) véi x=y#z

x+y+z=0
m—54

3

Khi d6 v6i m > 54 hé (2) tré thanh Sxy+yz+zx=-3  véi k==

xyz:i fm;54 s

Ap dung dinh li ddo ctia dinh li Vi-et véi phwong trinh bac 3 ta dwoc x;y;z 1a 3 nghiém cta

phwong trinh £ -3t—k=0=¢ -3t=k

Xéthams@ f(1)=r -3¢, taphdicod f., (t)<k< fy, (1) 2<k<2

Dodé —2 <+ M=%

<2&54<m<66,vi meZ nén me {55;56;...;65},c6 11 s6

Két hop cac treong hop trén ta dwoc 13 sé nguyén m théa man yéu ciu bai toan.

Cu thé m e {54;55;...;66} .

Ciu 2. (HSG12 tinh Ha Tinh ndm 2018-2019) Tim c4c gia tri cia m dé hé phwong trinh sau c6
o |10gys x+10gyy y =1
nghiém _
\/logzow X+ \/logzols y=m

Lo gii

108,015 X +108,0,9 ¥ =1 M
\/logzow X+ \/logzolg y=m (2)

biéu kién: x;y >1.

bat r=log,,, y; 0<¢<1.
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log g5 x =1-1 x=2018""
= = .
y=2019 y=2019

Phuong trinh (2) < /(1—1)log,,,, 2018 +/t10g,,, 2019 = m

Xét f(x)=1J(1-1)log,, 2018 +/tlog,, ;2019 ;0<¢<1.

_ /102552018 Jlog,, 2019

S') 2{(1-1) N
v AJlog,,2018  \flog,,, 2019
L N (T

& 1102505 2019 = (1 1) 10g,,, 2018.

3 log,,,, 2018 iy
10g,,, 2019 +log,,,, 2018 *

Tacod f(0)=/log,,,2018.
f(l) = /10g,;5 2019..

£ (t,) = \flog,y,, 2018 +log,,, 2019 .

>t

Yéu cau bai todn < \flog,,,, 2018 <m < \flog,,,, 2018 +log,,,, 2019.

Ciu 3. (HSG12 tinh Hai Phong ndm 2018-2019) b) Tim tit ca cac gia tri thwc cha tham s6 m dé hé

2%’ —(y=2)x" —xy=m
phwong trinh { (y ) 4 c6 nghiém.

¥ +3x—y=1-2m

Lo giai
25 —(v=2)x*—xy = ¥ +x)(2x—y)=m
by Tace 1% W THF W mq( )(2x-) .
¥ +3x—y=1-2m (x2+x)+(2x—y):1—2m

~ Y A = A 1
DPit a=x"+x, b=2x—y véi diéu kién a:x2+x22.

. . . ) ab=m
Hé phwong trinh da cho c6 dang .
a+b=1-2m

Suyra a, b 13 hai nghiém ctia phwong trinh /* —(1-2m)t+m =0 (*).
Hé ban dau c6 nghiém khi va chi khi phwong trinh (*) c6 nghiém ¢ > %

2
Taco (*) & m= _Ztt:It =g(1), t€|:—%;+ooj.
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(2t +1)°
t= 1= (loai)
g(t)=0=>-2-2t+1=0 <
t= ks (thda man)
Bang bién thién:
1 1+3
* ol 2 +an
g(x) + 0 -
23
_ B ~
g(x)
_E o
2-3

Tl bang bién thién trén suy ra m <

Ciu 4. (HSG11 Hiu Loc Thanh Hbéa ndm 2018-2019) Tim m dé hé phwong trinh sau c6 ngh1ém
3x—6\2x+4 =43y +18 -2y (1)
3x+2y—6-6m=0 '

Lo gii

" R x>-2
bléuklén:
y2

(£+1]+(1+2j—2\/£+1—2\/1+2 =3
2 3 2 3
= .

Ta c6 HPT (1)

e
0o | =
+
N
+
TN
w =<
+

N
~
Il

3

+

SN

a’+b*—2a-2b=3

11
a+br=m+4 ( )

bat ,d1éuklén a,b>0.Ta c6 hé phwong trinh tré thanh {

Hé phwong trinh (7)da cho c6 ngh1ém <> hé () c6 ngh1ém (a;b) vél a,b>0.
-Néu m<—4 hé (II) vo ngh1lém = hé phwong trinh da cho v ngh1ém.

- Néu m >4 . Chon hé toa d6 Oab tir hé (II) ta co:

PT (1) cho ta cung tron (Cl') 1a mot phan ctia dwong tron (C,) tam 1(1;1),R = J5 thudc géc phan
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tw thir nhatvi a,6>0.
\ AT R \ A A os 1
PT (2) cho ta cung tron (C2 ) laZ dwong tron(Cz) tam O(O;O),R2 =+/m+4 thudc goc phan tw

tht nhatvi a,6>0.

o
D& hé phwong trinh (/) c6 nghlém < (Cl' ) ,(Cz') glao nhau khac rong dwa vao hinh vé trén ta c6
OH <R, <OK <3<Jm+4 <245 = 5<m<3+210.

Vay hé da cho c6 nghlém < 5<m<3+2:310.

A \ A \ ra \ A o A N mx + y = m +1
Cau 5. (HSG10 Cum Ha bong Ha btrc Ha NGi nam 2018-2019) Cho hé phwong trinh 5
X+my =

Khi hé c6 nghiém duy nhat (xo 3V, ) , hdy tim gi4 tri nhé nhat cta biéu thirc 4=x+2y, +5.

Lo gii

T4c gid: Huynh Tén Phat: Fb: Huynh T4n Phat

i m 1 5 m+1 1 5 . m m+1
Tacé: D= =m" —-1,D_ = =m"+m-2vaD = =m-1.
1 m 2 m ol 2
Hé phwong trinh c¢6 nghiém duy nhit < D #0 < m = £1 (*).
2 _ D B
Khi d6 nghiém ctiahé la: x, = 2= tm=2_m+2 0 5 _m-l_ 1
m-—1 m+1 D m -1 m+l
m+2Y) 2 1Y 2
Tacd: A=x"+2y,+5= + 45=|1+—| +—= 46
m+1 m+1 m+1 m+1

1 4 1 ’
= >+ +6=| —+2 | +22>22, Vm#=l1.
(m+1) m+1 m+1

Diu "=" xay ra khi va chi khi

+2=0m= —E(théa man diéu kién (¥)).
m+1 2

Vay min 4 =2 khi m:—%.

Cau 6. (HSG11 Hiu Ldc tinh Thanh Héa ndm 2018-2019) Tim m dé hé phwong trinh sau c6 nghiém
3x—632x+4 =43y +18 -2y (1)
3x+2y—6-6m=0 '
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Loi giai

" xX2-—
biéu kién: .
y=-6

(f+1j+(1+2j—2\/5+1 —2\/Z+2 =3
LA . 2 3 2 3
Ta c6 hé phwong trinh (1) < :

(£+1j+(1+2j:m+4
2 3
— X 1
C14TNa T @ +b* —2a-2b=3 (1)

bat (dk a,b >0 ). Taco hé phwong trinh ™
b 1219 a’+b>=m+4 (2)
3

Hé phwong trinh da cho c6 nghiém < hé (*) c6 nghiém a,6>0

EN&u m <—4 hé (*) v6 nghiém = hé phwong trinh di cho v6 nghiém.
EINEu m >—4. Chon hé toa d0 Oab nhu hinh vé

bA
Cy)
B K
(Cy)
C))
1t 'l
0 1 A 7

Do diéu kién a > 0,5 >0 nén chi xét & géc phan tw thit nhit

Phuong trinh (1) cho ta i duwong tron (C,) tAm I(1;1),R, = J5, cit Ox va Oy lan lwot tai A(3;0),

B(0;3).
Phuong trinh (2) cho ta i duong tron(C, ) tdm 0(0;0), R, =</m+4 thay d6i theo m.

Hé (*) c6 nghiém a,b>0 < (C)) cat(C,) c6 giao diém & géc phan tu thir nhat.

Cho ban kinh R, =vm+4ting dan, dé thdy (C,) cit (C,) dau tién tai hai diém 4,B, khi d6
R,=0H =3 va (C,) tiép xtic (C,) tai diém cudi cung K.

Do d6, dé (C)cat(C,) & géc phan tw tht nhdt << OH<R,<OK

<:>3£\/m+4£\/§+\/§<:>5£m£3+2«/ﬁ.

Vay hé da cho c6 nghiém < 5<m<3+2310.
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Ciu 7. (HSG11 THPT Hiu Loc Thanh Héa nim 2018-2019) Tim m d€ hé phwong trinh sau cé

nghiém
{3x—6\/2x+4 — 43y +18-2y

3x+2y—-6—-6m=0

Loi giai

X X y y
_ ——2,=+1+==2,/[=+2=0
et {3x 6N2x+4 =43y +18 2y |2 \2 3 A3 |

+

3x+2y-6-6m=0 X Y
2 3
x
0 i AR PR
bat , diéu kién
5 b>0
b=242
2
+b_m+1
*_2a+b*-2b=3 B
Khi d6 hé trér thanh < | * ~ " & 2 (*)
a’+b*=m+4 m-—2m—15
ab=———7—
8
Hé c6 nghiém < hé (*) c6 nghiém a,b>0
a+b>0 m+1>0
= ab>0 o {m*—2m-1520 o5<m<3+2410.
(a+b) >4ab (m+1j2>m2—2m—15
2 B 2

Vay 5<m<3+2410.

Ciu 8. (HSG12 tinh LAm Déng nam 2018-2019) Tim tat ca cac gia tri cia tham s6 m dé hé phuong
trinh

x+y+4=2xy
l2"”m(x+y—|—\/x2—|—x—i—y2+y—|—5)
c6 nghiém (x;y) théaman x>1,y >1.
Loi giai
- Py t4=20 (1) -
Xét hé phwong trinh 2)‘”:m(x—|—y+\/x2+x+y2—|—y+5) (2) (voi x,y>1).

T (1) tacd x+y=2xy—4.

Thé vao (2) ta dwoc:

2”—“:m(x+y+x/x2+2xy+y2+1)<:>2"*—“ :m(x+y+ (X+y)2+1) (*)
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2
biti=x+y>2va x—l—y—i—4:2xy§M

=x+y>4=1t>4.
Do x>Ly>1nén (x—1)(y—1)>0=xy—x—y+1>0=>xy>x+y—1

42t—1:>t§6.

Suyrat
Do dé6 (*)<:>2’:m(t—|— t2+1)<:>m:2’(ﬁ—t).

Hé da cho ¢6 nghiém x>1,y>1 khi va chi khi phwong trinh m = 2' (\/12 1 —t) c6 nghiém ¢ €[4;6].

£+1]

Xétham s6 /(1) =2 (V' +1~1), € [4:6], tacs f/(t):2’(\/t2+l—t)[ln2— :

21n2—L>0 nén f’(¢)>0véi moi

Do ' +1>|>¢ va Ji +1>17,Vt €[4;6]= In2— N

1 €[4;6].

1
N+

Suy ra f(¢) 1a ham dong bién trén [4;6]. Do d6 dé phwong trinh (*) c6 nghiém thi
f(4)<m< 1 (6)16(\17 —4) <m<64(\37 —6).

Vay 16(\/ﬁ —4) <m< 64(@ —6) théa man yéu cau bai toan.

Ciu 9. (HSG12 Tinh Nam Pinh 2018-2019) Giai hé phwong trinh

2

x+l:2+y_

X

X :
In(2x—-3)+V8x* —20x+12 =Iny+2y

Lo gii
2x-3>0

8x*—20x+12>0 x>é
< 2.

biéu kién hé phwong trinh
x#0

y>0
y>0

2
s+t=2+2 (1)
Xét hé phurong trinh X

X .
In(2x-3)+v8x* —=20x+12=Iny+2y (2)

—y-1=0
Khi d6 (1) < (x—1)° = y? @(x—y—l)(ﬁy—l)=0©K+i_1:0'

1
Vi x>%,y>0 nén x+y—1>5. Do dé trweong hop x+ y—1=0 khoéng théa man.

V6i x—y—-1=0< y=x—1 thi phwong trinh (2) tré thanh

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 63 #*




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

In(2x-3)+8x* =20x+12 =In(x—1)+2(x~1),
<:>%ln(2x—3)+\/2x2—5x+3=%ln(x—1)+(x—l)

<:>%ln(2x—3)+%ln(x—l)+ (2c—3)(x—1) =In(x—1)+(x 1)

& InyJ(2x-3)(x—1) +4J(2x=3)(x—1) =In(x = 1)+ (x-1) (3).

e Xéthamso f(z)=Inz+1 voi t>%.

Ta cé f’(t)=%+l>0,Vt>%nénhém55 f(t)=Int+¢ dong bién trén (%;—FOOJ.
Nen (3)« f({f(x-1)(2x=3)) = £ (x-1)

& J(2x-3)(x-1) =x-1

x=1

2x —5x+3=(x-1)"  [x¥*-3x+2=0 {

= 3 = 3 o L*
x>— X>—

e V&i x=2 thi y=x—-1=1 (théa man).

Vay hé phwong trinh da cho c6 nghiémla x=2;y=1.

Cau 10. (T6-25-Lan-2-HSG-Yén-Diing) Giai hé phwong trinh
{(\/xz +1 +x)(\/y2 +1 —y)zl

3Jx+2y=2+x/x=2y+6=10

Loi giai
Tdc gid:; Fb:
(\/x2+1+x)(«/y2+l—y):1 1)

3Jx+2y—2+xx-2y+6=10 (2)

xX+2y-220

. Diéu kién :
x=2y+620

Xét hé phwong trinh {

Tw (1) :>w/y2+ -y=0.

2 2
Vay (1) e Vo +14rm e = VY 41y Ay L
Y 1=y (\/y2+1—y)(\/y2+l+y) y +l-y

(\/x2+1—\/y2+1)(\/x2+1+\/y2+1)

\/x2+l+\/y2+l

<:>(\/x2+1—\/y2+1)+(x—y)=0 = +(x-y)=0
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x2_y2 x-|—y
VP +1440y7 +1 (=) ( )[\/x2+l+\/y2+1 ]
Chuy \/x2+1+\/y2+1>\/x_2+\/y72=|X|+|J’|2—x—y:>1+ xry >0,vay x=y.
\/x2+1+\/y2+l

Khi d6 (2) < 3v3x—2+x/6—x =10 < 3(V3x-2-2)+(x-2)V6-x +2(6-x-2)=0

3(3x-6) 2(2-x) 9 2 )
@—+(x—2)JE+—_o @(x—z)(—m+m—mj—0 (3).

NV3x—-2+2 VO—x+2
Di‘éukién:)CS6:>\/3JC—2+2£6:>L2é Mat khac Sg:l
J3x=2+2 2 Jo—x+2 2

Do dé 6—x2§>12 2 0 6—x—#>0‘v’xe[%;6}.

9
—— — > —
V3x-2+42 2 NVO—x +2 N3x—-2+2 VO—x+2

Tlr d6: (3) < x=2 = x=y=2:thoa diéu kién. Vay hé c6 nghiém duy nhit x=y=2.

Nhén xét: C6 thé xét ham f(¢) =+’ +1+¢ va ching minh f'(1)>0V:eR, tt d6 = x =y, nhung

cach nay vwot qua kién thirc 16p 10.

Cau 11. (HSG11 tChuyénDHDB Bic B nim 2018-2019) Giai hé phwong trinh

(y+1)2+y y2+1:x+% (1)
X+NxXT=2x+5=1+2{2x-4y+2 (2)
Loi gidi

T4c gid: Nguyén Chi Thanh; Fb: Nguyén Chi Thanh
biéu kién: 2x—4y+2>0.

Tl phwong trinh (1), ta c6:

2
dx—dy+2=y +14+2pay? 1147 <:>2x—4y+2:(\/y2+1+y) .

Thay vao phwong trinh (2) va chiy rang \/y* +1+y>0.

Luc nay ta duoc:

x+Vx—2x+5 =1+2(\/y2+1+y)<:>x—1+ (x—1)2+4 :2(«/y2+1+y)

2
PN (XT_IJ +1=4y"+1+y.(3)

2

bat u:xT_l.Tfr (3)tr6’thénh u+~u +1 :\/y2+1+y
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(u—y)(u+y) _
NE +1+\/y2+1

<:>u—y+\/u2+l—\/y2+1=0 Su—-y+

Q(uy)[H Uty J=0.(4)

Ji? #1440y +1

ey ()

Do 1+ =
\/u2+1+\/y2+1 \/u2+l+\/y2+l

>0

Nén tir (4) chota u =y, hay XT_I:y:x:2y+l.

2
Thay vao phwong trinh (1) ta dwoc: (y+1)2+y v+ :2y+% <:>(«/y2+1+y) =4

S Hl+y=2 (Vi{y ' +1+y>0)

& y2+1:2—y:>y2+1:4—4y+y2@y:%:x:g.

Két luan: Hé c6 diing mot nghiém (x;y) 13 (%,%)

Ciu 12. (HSG12 tinh KonTum nam 2018-2019) Giai hé phwong trinh
{\/x1+x/x+1 :\/y—1+\/y+1

X +x+12,y+1=36

Loi giai

T4c gid: Vi Viét Tién; Fb: Vi Viét Tién

et {x/x—1+x/x+1 —Jy—1+y+1 (1)

4 x+12y+1=36 (2)
+ biéu kién: x>1; y>1.

+ Ta thdy x = y =1 khong la nghiém ctia hé phwong trinh.

+Taco (1) Vx—1-y-1=y+1-+/x+1

X=Yy
X—y y—-Xx

& = = 1 -1
\/x—1+\/y—1 \/y+1+\/x+1 \/x—1+\/y—l

:\/y+1+\/x+1

()

+ Ta thdy (*) v6 nghiém vi vé tri luén dwong, vé& phai luén dm véi Vx > 1,Vy > 1,(x;y) = (L;1)..

+V6i x =y , thévao (2) tadwoe: x* +x+12vx+1=36

SxX P+ 2x+1=x+1-124x+1+36 c>(x+1)2 :(\/x+1—6)2
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_x+1:«/x+1—6 (x+1)—\/x+1+6=0(Vf)nghiém)
&
x+l=—Vx+1+6 |(x+1)+VJx+1-6=0
Vx+1=2

= = x =3,

Vx+1l= —3(V6 nghief:m)

+ Vay hé phwong trinh da cho c6 nghiém duy nhit (x; y)=(3; 3).

Cau 13. (HSG12 tinh Lao Cai ndm 2018-2019) Giai hé phwong trinh
{(17—3x)x/5—x +(3y—14)4—y =0

2\2x+y+5+3\3x+ 2y +11 =x" +6x+13

, (x,yeR).

Lo gidi
T4c gid: Nguyén Ngoc Tam; Fb:Nguyén Ngoc T4m
5-x20
4—-y>0
2x+y+520
3x+2y+1120

biéu kién:

(*)-

pat 5-x=a>0; \/E:bzo, phuwong trinh (17-3x) 5—x+(3y—l4)\/E=0 tré thanh:
[17-3(5-a") |a+[3(4-b")-14|= 0 (3¢’ +2).a=(30"+2) b = 3a’ +2a =3+ 2b

Xéthams§ y = f(¢) =3¢’ +2¢ trén [0;+00).

Taco f'(1)=9t*+2>0, Vi e[0;+%) nénham sd y = f(¢) dong bién trén [0;+wx).

Vithévéi a>0, b>0 thi 3¢’ +2a=3b"+2b < f(a)=f(b) <= a=b.

Suy ra \/E:\/EQS—x=4—y<:>y=x—l.

Thay y=x-1 wvao phwong trinh th* hai trong hé ta dwgc phuong trinh:
2V3x+4+3/5x+9 = x" +6x+13 (1).

D@uk@nxe[—gﬁ}.

Khi dé phuong trinh (1) = (2V3x+4-2)+(3V5x+9 6] = x* + 6x+5
4(3x+4)-4 9(5x+9)-36
< +
23x+4+2  35x+9+6

=(x+1)(x+5)
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6(x+1) N 15(x+1)

= =(x+1)(x+5
N3x+4+1 5x+9+2 ( )( )
[x+1=0
< 6 + 15 =x+5
| V3x+4+1 5x+9+2
[x=-1
= 6 15
+ =x+5 (2
| V3x+4+1 5x+9+2 ()
Phuong trinh (2) twong dwong véi 6 12 -x=5.
NV3x+4+1 5x+9+2
6 15 4
bat g(x)= + -x,xe|——;5].
' g() V3x+4+1 J5x+9+2 [ 3 }
Taco g'(x)= _92 - 75 - -1<0, Vxe(—i;Sj.
(\/3x+4+1) 3x+4 2(\/5x+9 +2) A5x+9 3

Suy ra ham s g(x) nghich bién trén [—%;5}

Vi thé phwong trinh g(x)=5 c6 nhiéu nhit mot nghiém trén {—%;5} .

Talai c6 x =0 la nghiém ctia phwong trinh g(x)=>5 nén day 1a nghiém duy nhit.
Voi x=-1thi y=-2.
Voi x=0 thi y=-1.

So sanh diéu kién (*), hé da cho c6 hai nghiém (x ; y) 1a (=1;-2); (0 ;-1).

Ciu 14. (HSG12 tinh Ninh Binh nam 2018-2019) Giai hé phwong trinh:
2
N 1
(x—y)(x2 +xy+y° —2) —opn VY
x+/x*+1 -

3 2x=3"+2y+1

Lo gii

Tdc gid:Lé Thi Nguyén ; Fb: Ngoc Giang Nguyén

2 2 y+\/y2+1
x—y)x"+xy+y -2)=2In—F—— 1
( )( ) x+4x*+1 ()

3 2x=3"+2y+1 (2)
Diéu kién xac dinh: x,yeR.

Phwong trinh (1) & x° -y’ —2(x—y)=21n(y+«/y2 +1)—21n(x+\/x2 +1)
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o x —2x+21n(x+\/x2 +1) =y’ —2y+21n(y+«/y2 +1)
Xéthamsé f(7)=7’ —2t+21n(l+\/t2 +1),ta co:
f(t)=3-2+—— = =(£+1)+ L 127322720, VieR.
Vit +1 \/t +1 \/t2+1
Suyra f(¢) 1aham s6 dong bién trén R.
Do do (l)<:>f(x):f(y)<:>x:y.
Thay x = y vao phwong trinh (2) ta dwgc: 3*(2x—-1)=2x+1 (3) .
Nhan xét: x :% khong la nghiém cua (3).
Dodé (3) 3 -2+l g
2x -1
y 2x+1
Xét ham so =3" - ,ta co:
g(x) 2x—-1
g'(x)=3xln3+ 4 :>g'(x)>0, ‘v’xe(—oo;l)u(l;+oo).
(2x-1)° 272

Suy ra g(x) dong bién trén mdi khoang (—oo;%) ) (%;+oo).
Suy ra phwong trinh (3) c6 khong qua 2 nghiém.
Ma g(l) = g(—l) =0 do d6 (3) c6 dung hai nghiém la x=+1.
Vay tap nghiém ctia hé 1a: {(1;1);(-1; —1)}.
Cau 15. (HSG chon HSG quéc gia tinh PONG THAP 2018-2019) Giai hé phwong trinh:

8(x*+y’ —x")-9x=0(1)

8(y4 +x° —yx3)—9y =0 (2)

Lo giai
Néux=0=y=0
Néu y=0=x=0
8(x4y+y3 —xy4)—9xy =0
Néu xy # 0. Hé phwong trinh twong dwong véi
8(xy4 +x —yx4)—9xy =0

Trw theo tirng vé hai phuwong trinh cua hé ta dwoc:

X=Yy

8[2xy<x3—)ﬁ)—(x3—)ﬂ)]=()¢><x3_Jﬁ)<2xy_1):()cj{2xy:1
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TH1: x = y thé vao phwong trinh (1) ta dwgc:

8(x4+x2—x4)—9x=0<:>8x2—9x=0<:>ng(vi xy#0)

TH2: 2xy =1 = x = — thé vao phwong trinh (1) ta dwoc

8( ! +y2—L.y3j—i=0<:>8y6—18y3+1=0

16y* 2y 2y
3 1
vy =1 y=l=>x=—
S, 1 | 2 (théa man cac diéu kién)
Y73 y:E:>x:1

Vay nghiém cua hé la: (0;0);(%;%);(%;1);(1;%j

Cau 16. (HSG10 tinh Ha Tinh nam 2018-2019) Giai hé phwong trinh

(\/x2 +1 +x)(\/y2 +1 —y):l
3Jx+2y-2+xJx-2y+6=10
Ngwod lam: Nguyén Qudc Lan (dhbktoanngl@gmail.com)

Loi giai

(e +tex)(isi-y)=1 o

3Jx+2y—2+xx-2y+6=10 (2)

xX+2y-220

Xét hé phwong trinh .
x=2y+620

. Diéu kién {

Nhin xét (1) \/y* +1-y>0 VyeR.

2 2
Vay (1) e+l tx=——t = Nyt R\E/ b Y S P
VAR B (\/y2+1—y)(\/y2+1+y) y -y

(\/x2+1—\/y2+1)(\/x2+1+\/y2+1)

<:>(\/x2+1— 2+1)+ x-y)=0 & +x-y)=0
\/y (=7) \/x2+1+\/y2+1 ( )
Tl 3-y)=0 & (v )| 1|0,
VP #1447 +1 \/x2+1+\/y2+1
Chity Vo +1+4/37 41>V +37 =[x #y] 2 5=y = 14 o= > 0, vy =
\/x2+l+\/y2+1

Khi d6 (2) < 3v3x—2+x/6—x =10 < 3(V3x—=2-2)+(x=2)V6-x +2(6-x-2)=0
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S Gl I PN o] C k) RPN ORIP R SN res s R I
Qer(x 2)\/6_ \/a+2_0 ( 2)(\/3x——2+2 \/6— \/a+2j_o (3)

9 3 2 2
picukién: x<6=>3x-2+2<6=>—— >= Miatkhdc ——— <= =1.
) J3x-2+4+2 2 Jo—-x+2 2

Do do ————+-x 225132 ’

2
= + -—
N3x=2+2 2 No—x+2  3x-2+2 N6—x+2

Tlr d6: (3) < x=2 = x=y=2:thoa diéu kién. Vay hé c6 nghiém duy nhit x=y=2.

Nhén xét: C6 thé xét ham f(¢) =+’ +1+¢ va ching minh f'(1)>0V:eR, tt d6 = x =y, nhung

cach nay vwot qua kién thirc 16p 10.

Ciu 17. (HSG10 CAU GIAY - THUONG TiN - HA NOI 2018-2019) Giai hé phwong trinh sau :
2x° +xy—y* =S5x+y+2=0(1)
X’ +y +x+y—4=0(2) .

Loi giai
Tdc gid ; Trdn Dung ; Fb: Dung Chang.
Tt phwong trinh : 2x°+xp—1" —S5x+y+2=0 S 2x° +2xp—xy—)° —x—4x+2y—y+2=0
S —xy-0)+2xy -y =)+ (2y—4x+2)=0 < x2x-y-D+yQRx—y-1)-22x—y—-1)=0
S Rx—-y-Dx+y-2)=0

{2x—y—l=0 (3)
=
x+y—-2=0 (4)

Két hop (2) va (3) hodc (2) va (4) taco hé:

(4 +x+y—4=0 [[x¥+) +x+y-4=0 X +Q2x—1Y +x+Q2x-1)-4=0
2x—y—-1=0

= R
{x2+y2+x+y—4:0 {x2+y2+x+y—4=0 {x2+(2—x)2+x+(2—x)—4=0

| (x+y—-2=0 | y=2-x | y=2-x
- - __ 4
5x* -x—4=0 5> —x—-4=0 = 5
y=2x-1 y=2x-1 13
= = = y:_?
2x° —4x+2=0 (x=1%=0
| y=2-x ly=2-x {le
L=

Vay nghiém ctia hé §=(x;y)= {(1;1),(%;—%)} .

Cau 18. (HSG10 Kim Lién 2018-2019) Giai hé phwong trinh
¥ +x2y —-xy=1
Xy+xy-xt=-1 .

Loi giai
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2
Taco: x* + x>y’ =(x2—xy) +2x°y.

2 2

=x" - +b=1

bat =3 xy,hé phwong trinh tré thanh : ¢ .
b=xy —a+b=-1
) a=1
Suyraa +a-2=0 < .
a=-2
Véi a =1 tatinh dwoc b=0.
V6&i a =2 ta tinh dwoc b =-3.
{x=0 x=-1

tH1: I VT o N

xX’y=0 x ==l x=1

y=0 y=0
2 3 4 2
2 _ X +—==-2 X +2x +3=0

X" —xy=-2 x’ A
TH2: = = -3 (vo nghiém ).

x3y:—3 _—3 y:—3

y=== x
X

Vay hé phuong trinh d4 cho c6 hai nghiém 1a: (-1;0) va (1;0).

Cau 19. (HSG10 tinh Hai Dwvong nam 2018-2019)

(x—y)(x2 +xy+y° +3)=3(x2 +y2)+2 (1)
x’y+x'-2x-12=0 (2)
2) Giai phwong trinh (x—3)+/1+x —xv4—x =2x* ~6x -3

3) Giai bat phwong trinh x° + (3x” — 4x — 4)\/ﬁ <0

1) Giai hé phwong trinh: {

Loi giai
1) Ta cé:
(x—y)(x2 +xy+y° +3):3(x2+y2)+2 Sx -y +3x-3y=3x"+3y"+2
& X =3x +3x-1=y’ +3y" +3y+1 <::>(x—1)3 :(y+1)3 Sx-l=y+leoy=x-2.
Thé y = x—2 vao phuong trinh (2) ta dwoc phwong trinh:

=3
xz(x—Z)—Zx—IZ:O<:>x3—x2—2x—12:0 <:>(x—3)(x2+2x+4):0<:> xz .
x +2x+4=0 VN
Véy hé c6 nghiém duy nhat (x; ) =(3;1).
2) biéu kién —-1<x<4.

Ta co

(x—3)\/l+x—x\/4—x =2x*—6x-3.
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& (x=3)(VI+x—1)-x(Va-x-1)=22"~6x .

(x—3)x N x(x—3)
VI+x+1 Jad-x+1

= 2x(x—3).

x(x—3)=0, (1)
g 1 1

+ =2 ,(2
Vi+x+1 4-x+1 ()

Giai (1):x(x—3)=0<:>{x (tm).

x=3

Giai (2) ta c6 ! 1+% =2=VP.Vay (2) vo nghiém.

1
Nax+l Ja—x+1 1
Vay phwong trinh da cho c6 tap nghiém S ={0;3}
3) biéu kién x> —1.
Ta co:

X +Bx —4x—dVx+1<0 e X +3x°Vx+1 —4(x+DJVx+1<0

3
@x3+3x2Jx+1—4(Jx+1) <0 (1)
* Xét x = —1, thay vao (1) théa man.

3
* Xét x>—-1=>+/x+1>0. Chia hai vé caa (1) cho (\/x+1) ta dwoc bit phwong trinh

2

() oli) 0

< X L \ 3 2 2
batt= ,tacobatphwongtrinh £ +3t" -4<0< (t-D)(t+2) <0<t <1
Vx+1
-1<x<0 -1<x<0 —1<x<0
(<l ——<loJx+lzxe| (x20 o [x20 = 1++/5
x+1 ) 5 0<x<
x+12>2x x—x-1<0 2

1+\/§

2

< —-1<x<

2

1+\/§}

Vay tap nghiém cua bat phwong trinh (1) 1a: 7 = {—1;

Cau 20. (HSG11 Bic Ninh 2018-2019) Giai hé phwong trinh
XAxy+x=2y"+y
(x3 +3y+5)\/2x2 +5x =3y’ +5x° +2y+5.

Loi giai
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T4c gid:Trdn Thi Thuy Dwong; Fb:Thuy Duwong

XA +x=2y"+y (l)

Cau 1.
(x3 +3y+5)\/2x2 +5x =3y  +5x> +2y+5 (2)
x>0
bidu kién: 2x* +5x >0 < 5.
X< ——

X=Yy

Ta cé (1)<:>(x3—y3)+(xy2—y3)+x—y=0 <:>(x—y)(x2+xy+2y2+1):0<:> x2+xy+2y2+1=0(*)

2 2
Ma x* +xy+2y° +1= ()H%j +%+1 >0,Vx,y € R nén phwong trinh (*) vO nghiém.

Thay x =y vao phwong trinh (2) ta dwoc:
(x3 +3x+5) 2x% 4+5x =3x° +5x* +2x+5
o (x +3x+5)(\/2x2 +5x—1)=3x3 #5257 +2x+5— (¥ +3x+5)

2x* +5x—1

V2x7+5x +1

<:>(x3+3x+5)- =x~(2x2+5x—1)

2x2+5x—1=0(3)

X +3x+5= x(\/2x2 +5x +l)(4)

3
<::>(2x2 +5x—1)(w—xj:0<:>

V2x7+5x +1
5433 —5-4/33
:Tvx

== (th6a man diéu kién)

(3) < x

2
(4) = x* +2x+5=xv2x> +5x :>[x3 +(2x+5)}2 =(x-\/2x2 +5x)
& (&) +20°@x +5)+ (2x +5 =x'(2x+5)

o () +2 Qx5 +2x+5)7 =0

2 3
2x" +2x+5=0
Q(x3+2x+5j +§-(2x+5)2=0<:> rorex (khong théa man).
2 4 2x+5=0

Vay hé phuwong trinh da cho c6 nghiém (x;y) = (

—5+\/§_ —5+\/§J_(—5—x/§_ —5—@) .

4 4 4 4

Cau 21. (HSG11 Nghé An 2018-2019) Giai hé phwong trinh
X+ +2x+2 =\/y2+1—y—1
x3—(3x2+2y2—6) 2x*—y-2=0

(x,yeR).

Loi giai
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T4c gid: Nguyén Thanh Tam; Fb: TAm Nguyén

x4 2x+2 =y +1-y—-1 (1)
X = (327 +2)7 =6)2x" —y-2=0 (2)

biéu kién 2x* -y -2>0.

(1)<:>(x+1+y)+,/(x+1)2+1—\/y2 +1=0

Xét hé phwong trinh (x,y€R).

(x+1+y x+1+y)(x+1 y) —0<:> x+1+y) 1+ (x+1—y) 0
JH1) + 144y +1 JH1) + 144y +
x+1+y=0

x+l-y

Yy
=" ; .
/x+1 1+ ’—y 1 =0 JE ) #1144y +1+(x+1)-y =0 (¥

Tacé (*) < (x+1)2+1+\/y2+1+(x+l)—y>|x+1|+(x+1)+|y|—y2O
nén phwrong trinh (*) vo nghiém.

Thé y = —x—1 vao phwong trinh (2) ta dwgrc phwong trinh
X' = (5x° +4x—4)V2x’ +x-1=0
<:>x3+[3x2—4(2x2+x—1)]\/2x2+x— =0 (3)

Pit a =+/2x” + x—1 >0, phwong trinh (3) tré thanh

xX=a
X +3x*a-4d’ =0<::>(x—a)()c+2a)2 =0<:>{
x=-2a
2 x20 —1++/5 -1-+/5
+x=ao V22X tx-1=x9 &S x= =y=
x +x-1=0 2 2

x<0 242 —5+42
Sx=—"—"y=""T—"

7> +4x—4=0 7 7

—1+\/§,—1—\/3},(—2—4\/5,—“4&}

+x="2a2 2x2+x—1:—x<:>{

Vay hé phuong trinh da cho c6 tap nghiém S = {( T R

Ciu 22. (HSG12 Quang Ngai 2018-2019)Giai hé phwong trinh
(szy—7)(\/3x—2 —\/x+3xy) =5

x2(4+y2)—1= 1+4x> —xy

Lo gii

T4c gid: Nguyén Hodng Kiét,; Fb: Nguyén Hoang Kiét
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(2x2y_7)(\/3x—2—\/x+3xy):5 (1)

x2(4+y2)—1:\/1+4x2—xy (2)

Xét hé phurong trinh

2
2 xX2>—
oy A X2 3
+) Diéu kién: 3 N (%)
1
x+3xy =0 yZ—E

+) Véi dieu kién (*), tir (2):> ¥ +4 +y ,/—+4+— (3)

+) Xét ham so: f() (t +4)+z t>—§

+1>0,Vt2—1.
(t2+4) 3

BSuy ra, hams6 f (1) = (12 + 4) +¢ dong bién trén [—%;jtooj.

Mat khac f(7)lién tuc trén [—%;+ooj. Do dé, tir (3) = f(y)= f(lj oy
x

+) Thay y =~ vao (1), ta duoc: (2x-7)(VBx-2-x+3)=5 (4)
X

PINhan thiy, x :% khong la nghiém cta (4), nén (4) c6 thé viét lai:

N
=m_m

3x—

X+

3 1 10 3Vx+3-+3x— 10

g,(x):2x/3x—2_2\/x+3+(2x—7) 2Jx+3Bx-2 (2x—7)2
_ 6x+29 L 10
2x+3Bx =2 (3Vx+3+3x-2) (2x-7)

Suyra g(x) dongbién trén [%,%) va (%;+ooj.
Ma g(1)=g(6)=0,nén (4) c6 hai nghiém x=1x=6.

+) Vay nghiém (x; y) ctia hé phwong trinh 1a (1;1) va (6;%).

> >0, Vx>%,x¢1.
3 2

C4iu 23. (HSG12 tinh Bén Tre nam 2018-2019) Giai hé phwong trinh

(y=2)Vx+2-x\y =0
\/E(\/;+l)=(y—3)(l+\/x2+y—3x)

(1)
@)

Loi giai
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T4dc gid: Dong Anh T ; Fb: AnhTu

x>-1
bK:<y>0
x> +y-3x>0
a=~Nx+2 )
bat , (a>21,6>0), ta duwoc r=d . Khi d6 phwong trinh (I) tré& thanh
b:\/; y:b2

(b2—2)a—b(a2—2)=O<:>ab(b—a)+2(b—a)=0<:>(b—a)(ab+2)=0<:>a=b
(do ab+2>0)nénPT (1) < Vx+2 :\/;<:>x+2=y.Thay vao phwong trinh (2), ta duoc

Vet (Vxr2 1) = (x=1)(1+5 -2x+2)
e Vrri(1+ (x+1)+1)=(x—l)(l+1/(x—1)2+l)(3)

Xét ham s6 f(t)=t(1+\/1+tz) trén R, ta co f'(t)=1+1+7 +

2

t
NIEYS

>0,VteR, do d6 ham s6
f(¢) dongbién trén R.

x=>1

Taco 3) < f(Vx+1)=f(x-1) & x+1 :x—1<:>{

x>1
SS9, =x=3
x =3x=0

x+1=x"-2x+1

Véi x=3= y=5,tathiy x=3,y =5 thoa min diéu kién .
Vay hé phuwong trinh da cho cé nghiém la (x; y) =(3;5).

Nhéin xét: Ta c6 thé bién d6i phwong trinh (1) di theo hwéng khac nhw sau:

y—2_ X

NTS)

tlr ddy suy ra x>0. Xét ham s§ g(¢)=

Tw PT(2), ta cé y>3, nén PT(1) < (4),tacé dat y—2=a, a=1 thay vao (4), ta

duorc

@ X ! dong bién trén [0;+x), ta
Na+2 x+2 Vi+2

dwoc a=x hay y=x+2.

Ciu 24. (HSG12 tinh Hai Dwong nam 2018-2019) Giai hé phwong trinh
{(3x 1) 4y =y +4Bx+1(1)

3xy=4x+4+2Vx+3(2)

Lo giai
T4c gid:Nguyén Thi Nga; Fb: Con Meo
Cach 1:
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=0

Diéu kién: 1.
xX=——

3
(1) = (Bx+1) —43x+1=y —4fy (*).

Xét ham s6 f(t)=t4—4t(te[0;+oo));t1‘r (*) taco f(\/3x+l)=f(\/;).
fl()=4r-4; f'(1)=0ct=1.

Bang bién thién

f(t) = 0 i

1) \ /

Tlr bang bién thién ta thdy: ham s& nghich bién trén [0;1]; d6ng bién trén [1;+ ).

+ Néu+/3x+1 va /y cung thudc [0;1] hodc [1;+ ) thita cé:
x+1=.[y & y=3x+1 thay vao (2) tacé:

3x(3x+1)=4x+4+2x+3 & 9x* = x+4+2Jx+3 & 0¥ =(1+\/x+3)2

le
3
3x=+x+3+1 3x—-1>0
Rt S3x=Vx+3+1 . P x=1 ©ox=1=>y=4
3x=—J/x+3-1 Ix"=7x-2=0 5
X=——=
9

(thoa man).

+ Néu v/3x+1 va \[y khéng ciing thuge [0;1] hodc [1;+00) thi

3x -1
(\/3x+1—1)(\/}—1)so@\/3x+l+l.j;+l

SOCbx(y—l)SO.

Tir (2) & 3x(y—1)=(Va+3+1) >0 volj.

Véy hé c6 nghiém (x;y) 1a (1;4).

Cach 2:
y=>0
Diéu kién: 1.
X2 —5
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(1) @4Bx+1-4y =(3x+1) = y*.

3x+1-y

NETSEN

:>(3x+l—y)(3x+1+y)

4
I+ l—p)| Bx4ley-——0 =0
=0 y)(’“ y mw;]

VixZ—%:VP(2)>O:>3xy>O:x>O.

4 4 2 /1 3
Ty 2 =>y=—+—+—,|—+—=—>1.
() Y 3 3 3xVx x?
:3x+1+y—;>0
\/3x+1+\/;

T (*) = 3x+1-y=0< y=3x+1thay vao (2) ta co:

9x” = x+4+2x 13 <0x> :(\/x+3+1)2.

3x=+x+3+1
o TV o3r=xr3+1.
3x=—vx+3-1
le
3x—-120 3
< ) = =1 @x=1=>y=4
I9x -T7x-2=0
2
xX=——
9

Véy hé c6 nghiém (x;y) 1a (1;4).

Cach 3:
y=>0
Diéu kién: 1.
=73

Vi yZO;xZ—% nén 4x+4+2Jx+3>0=3xy>0=>x>0=>/3x+1>1.

4
M3t khac, 3xy:4x+4+2\/x+3>4x:>y>§:>\/;>l.

Déta:\/;;b=\/m , (a,b>1).

(1):a4—4a:b4—4b<:>(a—b)[(a+b)(a2+b2)—4}20(*).
a+b>2
a’+b>>2
T (*) = a=b hay \Jy =3x+1 < y=3x+1.

khi d6 ta co: 3x(3x+1)=4x+4+2Jx+3 ©9x" =x+4+2Jx+3 .

Via,b>1nén{ :>(a+b)(a2+b2)>4.
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92t =(1+x+3) .
S3x=1++vx+3 (vix>0).

3x—1>0 i1
& 5 &
1
xXz—
3
S x=1 ©ox=1=>y=4.
2
X=——=
9

Véy hé c6 nghiém (x;y)la (1;4).

Cau 25. (HSG11 tinh Thanh Héa nam 2018-2019) Giai hé phwong trinh

Yy -4y +4y:\/x+1(y2—5y+4+\/x+1)

- . , . (x;yeR)
X =3x+3+6x-7=y" (x—1) +(»* —1)v3x -2

Loi gii
Tdc gid: Trdn Thi Ha; Fb: Ha Tran

biéu kién: xZ%
Phuong trinh dau y° —4y? +4y:«/x+1(y2 —5y+4+~/x+1)

S y(r? -4y +4)=x+1()" —4y+4-y+lx+1)
@ y(y-2) =(y-2) Vr+1-(y-Vx+1)Jr+1
& (y=Va1)[ (r-2) + v+ ] =0
C{(yz)zwa:o (1)

y—x+1=0 (2)

2. y_2:0 y:2
Gidi(D:(y-2 2+\/X+ =0 =
(1: (»-2) {x+1:0 {x:—l (Loat)

T=x+1
Giai (2): y—+/x+ :0<:>{y lx
V>

Thé y* = x+1 vao phwong trinh thit hai ta dwoc:

2 =3x+3+6x-7=(x+1)(x-1)" +x/3x -2

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 80 #




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

< 2Ux? —3x+3—2+3x—2—x\/3x—2—(x+1)(x—1)2 +3x-3=0

& 2(Vx =3x+3-1)+3r=2 (Vax+2 —x) - (x=1)(x* ~4) = 0

2(x2—3x+2) 2 =3x+2
< —3x—2———(x+2)(x* —3x+2)=0
Vx? =3x+3+1 x++/3x-2 (e 2) )
2 3x-2
< (x*-3x+2 - —x=2|=0
o) e s
x?=3x+2=0 (3)
<~ —
2 V3x-2 Cr-2-0 (4)

S 3x1341 x+Bx_2

=1 (¢

Giai (3): x2—3x+2=0c{x (1m) = hé c6 nghiém (x;y) =(1,v2); (23)
x=2(tm

Giai (4) : 2 V372 0o 2 372 i

Vx? =3x+3+1 x+~/3x-2 \/x2—3x+3+1_x+\/3x—2

Ta thiy v&i moi x 2% thi VT (4) <2 <VP(4) do d6 phwong trinh (4) v6 nghiém.

C4u 26. (HSG12 Ha N¢i ndm 2018-2019) Giai hé phwong trinh
{xz +3y? +2xy—6x—2y+3=0(1)

X —y+5=2xy+3 (2)

Lo gii
T4c gid: Nguyén Hbng Hanh; Fb: Nguyén Héng Hanh
biéu kién: y>-3.
* Tir (1) taco: x° +3y” +2xy—6x-2y+3=0
o x?+2(y-3)x+(y-3) +2y* +4y-6=0
& (x+y-3)+2y* +4y-6=0

=2y’ +4y-6<0=-3<y<1l (3)

I
(e

* Tir (2) talai c6: x* —y+5=2xy+3 & x* =20y +3+y+3+2(1-y)
& (x-yr+3) +2(1-y)=0

=2(1-y)<0 y>1  (4)

Tir (3) va (4) = y=1.

Thay y =1 vao hé dwoc x=2.
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=2
Vay hé c6 nghiém la {x (théa man diéu kién).

Cau 27. (HSG12 tinh QUANG NINH 2018-2019) Giai hé phwrong trinh

1 100x x—2
—log—5-=1-—

y

Jo-2=Rx-1+y

Lo gii
biéu kién x>0 va xy>2

100x 1 x—2

2
y Y

T phwong trinh Llog < logl00x—logy® = y* —x+2 < x+logx = p* +log y* (*)
y

Xéthamsd f(¢)=r+logt,t>0 c6 f'(t)=1+ >0,V¢ >0 nén ham sé dong bién trén (0;+oo).

tIn10

Vay (*) < f(x)=f (') e x=)

Thay x = y* vao phwong trinh /xy -2 =3/x—1+y duoc \/y3 -2 :%/y2 ~1+y
Thdy y=3 12 nghiém nén bién déi thanh (,/ 2 —5) - (e/ e —2)+ -3 rbilién hop dworc

y =27 +y-3
Y =245 ./ *-1) "2 144

2
(y—3) b% +3y+9_ y+3 ‘1 —O(**)

V=245 A1) +23h 144

Do Y +3y+9 y+3y+9 y+3y+9 2y +6y+18 oy 24y—2 >2,Vy2%/5
725 45ty o eyl eyl
2
va (07— #2314 4=Y(r=1) (v +1) 237 1445 (1) +4=p+3,vy=32  neén
2y+3 Fl1<l+1=2
{/(yz—l) +23y* -1+4
y2+3y+9_ y+3

+1]>0,¥y>32

—
VYV =245 | (2 1) 423 144

Nén (**) < y=3

Vay hé s6 nghiém duy nhat (x;y) = (9;3) :

Cau 28. (HSG10 HA NAM 2018-2019) Giai hé phwong trinh
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{x3—y3+3x2+6x—3y+4=0

(x+Dyy+1+(x+6)yy+6 =x>—5x+12y

Loi giai
T4c gid:Hoang Ngoc Hué ; Fb: Hoang Ngoc Hué.
Dbiéu kién: y>-1.
Tacd x’ =1’ +3x° +6x-3y+4=0 (x+1)’ +3(x+1) =y’ +3y (D).

Xét ham s6 f(t)=£ +3t, f'(t)=3t"+3>0,VteR. Do dé6 ham s§ f(t) dong bién trén R. Ma
phuong trinh (1) c6 dang f(x+1)= f(y) nén x+1=y.Do y>—1 nén x=>-2.

Thé x+1=y vao phwong trinh (x+1)/y+1+(x+6)\/y+6 =x>—5x+12y tacd

(XHDVX+2+(x+OWx+T =x" +Tx+12 & (x +D(Wx+2 -2) + (x +6)(NWx+7 =3) =x" +2x -8

(r+D)(x=2)  (x+6)(x—2) =2
X+ X— X+ X—
= + =(x-2)(x+4) & +1 +6 )
Jx+2+2 Jx+7+3 (r=2)(x+4) al al =x+4 (%)
\/x+2+2 \/x+7+3
Giai phwong trinh (QE
x+1 x+6 2(x+2) 2 2(x+6)

+4&

+ =X ——(x+2)- + x
Vx+2+2 x+7+3 Nx+2+42 ( ) Nx+2+2 x+7+43 (

—x+2 2 —x+7-1
2 - 6)| —/——|=0 (**
© (o )(\/x+2+2 \/x+2+2+(x+ ) Nx+7+3 ¢

Dé& thay vé trai cia phwong trinh (**) ludén 4m v&i moi x > 2.

+6)=0

Vay hé phwong trinh c6 nghiém (x; y) =(2;3).
B6 sung: D€ dinh gia (*) vo nghiém ciing c6 thé xét riéng

Trueonghop 1: x> -1= VT<XT+1+X+6

:x+z<x+4
2

Trwong hop 2:

x+1 3 x+6
\/x+2+2 \/x+7+3

“1>x22=VP-VT =(x+4)-

_(x+6_ x+6 J+(2+2_xj_ x+1 50
3 Nx+7+3 3 Nx+2+2 '

Cau 29. (HSG10 PHUNG KHAC KHOAN- HA NOI 2018-2019) Giai hé phwong trinh
{ész+y+Jx2y+1=5

2\x=2y+1-5x=10y+9

Loi giai

T4c gid:Nguyén Dwong Long ; Fb:Long Nguyén
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2x+y=>0

biéu kién
x=2y+120

3\/2x+y +\/x—2y+1 =5

Ta c6 hé phwong trinh da cho <
2\x=2y+1—(5x+10y)=9

bat u=«/2x+y,(u20) va v=«/x—2y+l,(v20)

2x+y=u’ 2x+y=u’
Suy ra =
x—2y+1=1? x=2y=v' -1

, 2m+n=>5 m=4
Ta co 5x+10y:m(2x+y)+n(x—2y),suyra{ {

=
m—2n=10 n=-3
Vay 5x+10y =4(2x+y)-3(x-2y)=4u’ —3(v2 _1)_

Vay ta co hé phwong trinh

3u+v=>5 v=5-3u v=5-3u
2 2 A > < 2 < u:7—3 Trudn
2v—(4u’ =3v* +3)=9 4u? =3 —2v+12=0  |23u®-96u+73=0 23 g

104
v=——
23
u=1 2x+y=1 x=1 (théa man didu kién)
. = = 6a méan diéu kién
hop1: 1, -» x—-2y=3 y=-1 '
73
u=—
Truwong hop 2: 2?04 ( khéng thoéa man diéu kién v>0)
v=——
23

x=1

Vay hé phwong trinh da cho c6 nghiém { .
y=-

C4u 30. (HSG10 THPT THuan Thanh 2018-2019) Giai hé phwong trinh
{x3 +3x° +4x+2=y+y

4x+63x—1+7=(4x—1)y

Loi gii
Tdc gid: Qudc Vwrong; Fb: Qudc Virong

X A3 +4x+2=y"+y (1)

Ax+6x—1+7=(4x-1)y (2)

b) Giai hé phwong trinh {

Phwong trinh (1)<:>(x+1)3+(x+1):y3+y <:>(x+1—y)[(x+1)2+(x+1)y+y2+1}:O
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2 2
Sy=x+1 Wi (x+1)2+(x+1)y+y2+1=(x+l+§j +%+1>0 v, y).

Thay y = x+1 vao phwong trinh (2), ta dwoc: 4x+6Vx—1+7=(4x-1)(x+1)

3

x21 x>1 x>

= = = 2 S x=2=y=3.
(Va-1+43) =ax’ {\/x—1+3=2x e

x-1=(2x-3)

Vay hé phwong trinh c6 nghiém: (x;y)=(2;3).

Ciu 31. (HSG11 Hiu Loc tinh Thanh Héa nam 2018-2019) Giai hé phwong trinh
{\/x+l +\/y+l :\/4—x+5y

x2+y+2:,/5(2x—y+1)+\/3x+2

(x,yeR)

Loi giai

T4c gid:Nguyén Thu Hing ; Fb: Nguyén Thu Hing

Diéu kién: < y = -1
4—-x+5y=>20
2x-y+120

T phwong trinh thir nhit trong hé ta cé:

Vx+l+qfy+l=4-x+5y ©x+y+2+2/(x+1)(y+1)=4-x+5y
& 2x—4y-2+2 (x+1)(y+l):0<:>x—2y—l+ (x+1)(y+l):0
Sx+l+ (x+1)(y+1)—2(y+1)=0<:>(\/x+1—\/y+1)(\/x+1+2\/y+1)=0

SVx+l=\y+lox=y

Thay x =y vao phwong trinh thit hai trong hé ta c6 phwong trinh:

X x+2=5(x+1)+/3x+2
<:>x2—x—l+(x+2—«/5x+5)+(x+1—\/3x+2):0

x—x-1 N x—x-1 B
x+2+\/5x+5 x+1+\/3x+2

sSxl-x-1+

1 1
(P —x-1)| 1+ + =0
( )( X+2+~5x+5 x+1+\/3x+2j

x=1+2\/§ (TM):y:”Z*B (M)
Sx-x-1=0
xz# (TM):yz#(TM)
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Vil+ ! + ! >0,VXZ—§

X+2+V5x+5 x+14+/3x+2

Vay tap nghiém cda hé phwong trinh la S = {(

1+\E_1+\E],(1—\E_1—\BJ}
=, : .

2 )

Cau 32. (HSG11 THPT Hau Loc Thanh Héa nam 2018-2019) Giai hé phwong trinh
{\/x+1 +\/y+1 —\/4 x+5y

X +y+2—,/ 2x y+1 +\/3x+

xyeR).

Loi giai

2
X>2——,y>-1
3 y

biéukién: |4-x+5y>0 .
2x—-y+120

T phwong trinh (1 )ta cé:

Vx+1+\y+1=J4-x+5y & x+y+2+2(x+1)(y+1) =4-x+35y

&S x-2y- 1+,/x+1 y+1 O<:>x+1+1/x+1 y+1 y+1 =
<:>(\/x+1—\/y+1)(\/x+l+2\/y+1)=0<:>\/x+ =y+lox=y.

Thay x =y vao phwong trinh (2) ta c6 phwong trinh :

X2 4x+2=5x+5+3x+2 & x> -x - 1+(x+2—\/5x+ ) (x+1—\/3x+ )=

2 2
x“—-x-1 x“—-x-1
o x?-x-1+ + =0

VX +5+X+2 3x+2+x+1

2 1 1

& (x7—-x-1)| 1+ + =0
( )( V5x+5+x+1 \/3x+2+x+2j
1++/5 1++/5
= :}y—

X =
2 2 2
SXxT-x-1=0&
1-+5 1-5
2 2

Vil+ ! + ! >O,Vx2—§.

V5x+5+x+1 Bx+2+x+2

b6i chiéu diéu kién ta c6 nghiém clia hé: (x,y)= {[

1+\E.1+\B}[1—ﬁ_1—\6}_

2 7 2 2 7 2

Ciu 33. (HSG12 tinh Pién Bién nam 2018-2019) Giai hé phwong trinh
x -y —3(2x2 - y? +2y)+15x—10=0

x;yeR
\/2—y+\/3—x:2x—2 ( )

Lo gii
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x<3

biéu kién: :
y<2

Phuwong trinh thir nhit cia hé twong dwong véi:

(x=2) +3(x=2)=(y-1) +3(y-1) (1)

Xéthamsé f(¢)=1 + 3t,(t € ]R).

Khidétaco [ (¢)=3t*+3>0,VseR.Dodé f(f) 1aham dongbién trén R.

Nén phwong trinh (1) tré thanh f(x—2)=f(y—1)<:>x—2:y—1<:>y:x—l.
Thay y =x—1 vao phwong trinh thi hai ta dwoc:
23-x=2x-2&3-x=x-1

x2>1

x>1
= 5 SHlx=2 ©x=2.
3—x=x"-2x+1 |
xX=-

Véi x =2 thi y =1 (théa man).

Vay hé phwong trinh da cho c6 nghiém la (x;y) = (2;1).

Ciu 34. (HSG12 tinh Thira Thién Hué nim 2018-2019) Giai hé phwong trinh

¥ -y =3 +4x—y-2=0
(x,yeR)
\/2x+y+5—\/3—x—y =x’=3x*~10y-10

Lo gidi
- o |2x+y+520
a) biéu kién
3—x—-y20
Phuong trinh tht nhét ctia hé twong dwong: (x—1) +(x—1)=)>+y

<:>(x—y—l)[(x—l)z+y(x—1)+y2+1}:0
Sy=x-1

Thay y =x—1 vao phwong trinh thit hai cia hé ta dwgc phwong trinh:

Bx+4-J4-2x =x* -3x* —10x

- S5x
V3x+4++/4-2x

= x(x—S)(x+2)

x=0
(x=5)(x+2)(Bx+4+44-2x)=5 (¥)

<~

Voi x=0= y=-1.
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Do —g <x<2 nén VT(*) <0 nén phwong trinh (*) v6 nghiém.

Vay hé phwong trinh ¢6 nghiém duy nhat (x;y) la (0;—1).

Cau 35. (HSG11 Nho Quan Ninh Binh 2018-2019) Giai hé phwong trinh
{ x2+y2+1:2(xy—x+y) (1)

,yeR).
X +3y +5x-12=(12-y)V3-x (2) (x.yeR)

Loi giai
Tdc gid: Luu Trung Tin; Fb: Luu Trung Tin

Pidu kién: x<3.

(1) (x-y+1)' =0 y=x+1.

Thay y =x+1 vao (2) ta dwoc phwong trinh x° +3x* +11x—9=(11-x)v3-x (3).

(3) & x +3x* +8x=(V3-x) +3(\3—x) +8V3-x
@(x—ﬂ)[x2+x\/E+( 3—x)2+3x+3\/ﬁ+8}:0
@%(x_m)[(ﬁ 3_x+3)2+x2+(m)2+7}:o

S x-3-x=0
SA3-x=x
{xZO
-~ 2
3—x=Xx
~1+4/13
x:—.
2
Vay hé phwong trinh da cho c6 tap nghiémS:{(_Hz\/B;lJr;/B]}'

Cau 36. (HSG10 tinh Vinh Phiic nam 2018-2019) Giai hé phwong trinh:

x2+y2+ g =16

x+y .
2x° —5x+2\/x+y—\/3x—2 =0

Loi giai

Tdc gid: Phing Hang - P4 Qudc Trudng ; Fb: Phung Hang - P6 Quéc Trudng

s JXTYy>0 *+y>0
biéu kién: & 2
3x-220 ng
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4y ~16 (1)
Ta coé: X+y

27 =5x+2x+y —V3x-2=0(2)

8xy

V&i diéu kién xac dinh: (1) < (x +y)2 —2xy+
x+y

=16<:>(x+y—4)(x+y+4)+2xy( 4 —1]20.
xX+y

<:>(x+y—4)(x+y+4)—2xy(%j:0<:>(x+y—4)(x+y+4—xzf;j20.

x+y=4
2xy

x+y—-4=0
0 {

x+y+4- 4y +4(x+y)=0"

xX+y

+) TH1: x+y=4 thay vao (2) ta duoc:

(2) 2% —5x+4-3x-2 =0 2x" +x=2(3x-2)+3x-2.

2 _3x+2
& 2(x2=3x+2)+x-Br—2=02(x* —3x+2)+——2"< _p,
( ) ( ) x++/3x-2
{ x> =3x+2=0
<:>(x2—3x+2)(2+—J=0c> 1 .
+3x=2 24—~ —0(VN
x x x++/3x-2 ( )

x=1=y=3
= .
x=2=>y=2

2
+) TH2: x* + y* +4(x+y)=0 vo nghiémvi x+y >0 va ng nén x’ + > +4(x+y)>0.

Vay nghiém ctia hé phwong trinh la: (1;3) va (2;2).

Cau 37. (HSG11 THuan Thanh 2018-2019) Giai hé phwong trinh

X+44+x" +8x+17 =y ++/y° +1
Xy -y +21+1=24y—3x

Lo gidi
X4+ +8x+17 =y ++y" +1 (1)
Xty +fy+21+1=24y—3x (2)

biéu kién: y>0.

()& (x—y+4)+3x> +8x+17 —/y> +1=0
22
(x+4) -y o

S(x—y+4)+ =
( ) JxP 4+ 8x 17 44y +1
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(x+4+y)(x+4—y)
=0
\/x2+8x-|—17 +\/y2+1

& (x—y+4)+

(x+4+y)
VP 4 8x+17 +4/1* +1

S (x—y+4)(1+ )=0

S y=x+4

4 +1 4 2 41
Vi 14 (x+4+y) x4 (x4 Y+ +y>0vx’y€R

U +8xH17 4407 +1 P +8x+17 4y +1

Thay y =x+4 vao 2 ta duoc

(2)<:>x+\/x+4 +x+25+1=2x+16

@(m—2>+(x/x+25—5)+(x+8—2\/x+16 :0)

1 1 x+12
& x + + =0
[\/x—|—4—|—2 Nx+25+5 x—|—8—|—2\/x—|—16]
x=0=y=4
& 1 x+12

=0(vn)

1
+ +
Vx+4+2 Jx+2545 x+8+2Jx+16

Cau 38. (HSG12 Quang Ninh 2018-2019) Cho x, y 1a cac s thwc dwong. Giai hé phwong trinh sau

{(y+l)log4[(x+l)(y+l):|=16—(x—1)(y+1)

4x* +Txy—3x+y> =99

Lo giai
T4c gid: Nguyén Thi Chiic; Fb:Chuc Nguyen

Taco (y+1)log,[(x+1)(y+1)]=16—(x—1)(y+1)

< log, (x+1)+log, (y+1):i1—(x—1) (vi x, y dwong)
y+

<:>log4(x+1)+(x+1)—22%—log4(y+l)

<:>log4(x+l)+(x+l)—2:log4%+%—2 (1).

Xétham s§ f(¢t)=1+log, -2 lién tuc trén (0;+).

1
t-In4

Taco f'(1)= +1>0V1>0.

Suy raham s§ y = /() lién tuc va dong bién trén (0;+wx).

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 90 #*




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

Phuong trinh (1) c6 dang f(x+1)= f(%j
y+

<:>x+1:%©(x+l)(y+l):16<:>xy+x+y:lS
y+

<:>2x+y+x(y—1)=15(2).
Tacd 4x” +7xy—3x+)> =99 & (2x+y) +3x(y-1)=99(3).

Tl (2),(3) ta c6 hé phwong trinh

{(2x+y)+x(y—1)—15 @{(2x+y)2—3(2x+y)—54
(2x+y)2+3x(y—1):99 (2x+y)+x(y—1)=15

2x+y=9
2x+y=9
S 2x+y=-6 & (vi x, y dwongnén 2x+y>0)
x(y—l =6
(2x+y)+x(y—1)=15
x=1
x(8-2x)=6 y=T
(thoa man diéu kién x, y >0).
y=9-2x x=3
y=3

Vay hé phwong trinh di cho cé tap nghiém S = {(l; 7); (3;3)}.

Cau 39. (HSG12 tinh Binh Thuan nam 2018-2019)Giai hé phwong trinh
{2\/E(x+yl):x2+y2 (l)

xzy\/y2 +1—\/x2 +1=x’y—x (2)

Lo giai
pizu kién xy >0.
Tacé Vx’+1-x >0, VxeR nén y=0 khéng théa min (2). Dovéy y#0.Suyra x=0 khong théa
man (1).
Néu x,y cung am thi (1) vo1i. Do d6 x,y cung dwong.

Khi dé (2)@%(\/x2+1—x):y(1/y2+1—1)<:>l Lo ey ).
X X

X X

Xéthams8 f(r)=V1+¢* —t trén khoang (0;+o0).

2

Taco f'(t)=~t'+1+

——-1>0, V¢ >0.Suy raham s§ /(¢) ddng bién trén (0;+x).
t°+1

Khi d6 (3)<:>f(%j:f(y)<:>%=yc>xy:l.
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Thay xy =1 vao (1) ta duoc:
2(x+y—1):xZ+y2 <:>(x—1)2+(y—1)2 =0 x=y=1.

Vay hé phwong trinh da cho c6 nghiém duy nhat (x; ) =(1;1).

Ciu 40. (HSG12 THPT Thudn Thanh nam 2018-2019) Gidi hé phwong trinh

Xx+4+x> +8x+17 = y+4/y° +1
Xty +fy 2l +1=2,J4y —3x

Loi giai
X+4+3x" +8x+17 = p+4/y° +1 (1)
x+fy+fyr21+1=24y-3x (2)

Pidu kién: y>0,4y—3x>0.

()c+4)2 —y2

) (x—-y+4 X +8x+17 — PV +1=0< (x—y+4)+ =
Ohed ) \/ ( ) \/x2+8x+17+\/y2+1

(x+4+y)
VP +8x+17 +4[y? +1

(x+4+y)(x+4—y)

=0
VP +8x+17 44y +1

S (x—y+4)+ =0 o (x—y+4)| 1+

S y=x+4.

(x+4+y) ~ (x+4)2+1+(x+4)+«/y2+1+y

\/x2+8x+17+\/y2+1_ VP +8x+17 =4[y +1

(Vi: 1+ >0 Vx,y)

Thay y =x+4 vao (2) ta duoc:

(2) e x+Jx+4+Vx+25+1=2Vx+16
& (Ve a-2)+(Vr+25-5)+(x+8-2vx+16) =0

( 1 1 x+12 j
&S X + =0

+
Nx+4+2 Jx+254+5 x+8+2Ux+16

x=0=y=4 (t/m)
= 1 N 1 N x+12 B
\/x+4+2 \/x+25+5 x+8+2\/x+16

0(3)

Do x+4=y>0= x>-4= x+8>0 nén (3) vd nghiém.

Vay hé phwong trinh da cho c6 nghiém (x;y)=(0;4).

Chi y: Ta c6 thé gidi (1) nhwsau: (1) & x+4+,/(x+4)+1=y+4y* +1

Lt :\/t2+1+t>
N+ AP+
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Do dé f(z)doéngbiéntrén R nén (1)< f(x+4)=f(y) o x+4=1y.

Cau 41. (HSG12 YEN LAC 2 nim 2018-2019) Giai hé phwong trinh

{3x22x5+2x x2+1=2(y+1)\/y2+2y+2(

x,yeR)
¥’ 42y =2x—-4y+3

Lo gii

3x® —2x=5+2xVx’ +1=2(y+1)yy* +2y+2 (1)

Hé da cho tré thanh
X' +2y° —2x+4y-3=0 (2)

:>3x2—2x—5+2x\/x2+1—2(y+l)\/y2 +2y+2=x"+2y"—2x+4y-3
o xT+xdxt +1 :(y+1)2+(y+1) (y+1)2+1 (*)

Xét f(t)=r+tt*+1 (teR)

2 2 2 2 (\/t2+l+t)
f’(t)z2t+ﬁ+ t A2+

= >0

JE+1 ) J+1 £ +1
Do (\/ﬁ SIS —z)
Suyra f(¢) laham s6 dong bién trén R.
Do d6 tir phwong trinh (*) ta c6: x = y +1 thé vao phwong trinh (2) ta dwoc:
(y+1) +2y2 =2(y+1)+4y-3=0
&3y +4y-4=0
y=-2

+)V6i y=-2.Suyra x=-1

2 5
+)Véi y=—.Suyra x==
) Véi y==.Suy 3

Véy hé phuwong trinh ¢6 nghiém (x; ) la: (—1;—2);(2;2)

Cau 42. (HSG10 THPT DAN PHUQ'NG 2018-2019)Giai hé phwong trinh
{xz 412 —2y—6+22y+3 =0

(X—y)(x2+xy+y2+3)=3(x2+y2)+2 (x,yeR)

Loi giai
T4c gid:Nguyén Hoai Phiic; Fb: Nguyen Phuc

biéu kién: y > —%
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Phuwong trinh thit hai chiahé < x° -y’ +3(x—y) =3x" +3)° +2
c;>(x—1)3 z(y+1)3 Sy=x-2.

Thay y = x—2 vao phwong trinh dau cta hé ta dwoc

4 (x-2) =2(x=2)-6+2,2(x~2)+3 =0

S 2x —6x+2+242x—1=0 (%)

<:>x2—x+i:2x—l—\/2x—l+%

x—l=\/2x— 1
SR
X——=—/2x-1+—
L 2 2
- x=+/2x-1 (a)
[ 1-x=+2x-1 (b)
Gid (@): (@ {5 !
iai (a): (a) = ox=1.
X' =2x+1=0
Gidi (b): (B) =1, 2-\2
iai (0): (b)) = Sx=2-v2.
X' —4x+2=0

Vay hé phwong trinh cé hai nghiém {

x=1 . x=2-4/2
va .
y=-1 y:—\/i

Chu y: C6 thé gidi phwong trinh (*) bang cach khac nhw sau:
() < x> =3x+1 =—2x-1

= (x* —3x+1) =2x-1

o xt—6x"—11x" —8x-2=0

& (x-1) (x* —4x+2)=0

x=1
& x:2+\/§

x=2-4/2

Th lai, ta thdy x =1;x = 2 —+/2 théa man phwong trinh (*).

Cau 43. (HSG10 YEN PHONG 2 nim 2018-2019) Giai hé phwong trinh:
X +xy—x +xy—y=1
x* 4y —xy(2x—1):1

Loi giai
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Pyt —y=1 (1) (" =)+ (x? = y)+ap =1
+Taco:{, (*) « ,
x4yt —xy(2x—1)=1 (2) (xz_y) fxy=1
2 _
+ it {"‘x ¥ Hé tré thanh {afa[”b e
b=xy a +b=1

3 2 _ 2 A
+HB () & a’ +a —22a_0® a(a +a 2)—0
b=1-a b=1—42

Tird6 tatimra (a; b)€{(0; 1);(1; 0);(—2;-3)}

e V6i (a: b)=(0; tacohe |¥ VT e x=y=1
Xy =
¥ —y=1

® V6i (a; b)=(1; 0) tac6 hé 0 & (x5 ¥)=(0;,—1);(; 0);(—1 0)
Xy =

® V6i (a; b)=(—2;—3) tacé hé

3 3
2 P
—yp=-2 _= y
Y = Y X = X Sx=—Ly=3.

=3 © 4204320 |(D(¥ —x+3)=0

Vay hé c6 5 nghiém (x; y)€{(L; 1);(0;—1);(1; 0):(—1 0);(—1; 3)}.

Ciu 44. (HSG12 Tinh b6éng Nai 2018-2019) Giai hé phwong trinh
X =x’y-y"-2x+1=0 (1)
Vx-x-2=3y-2-25*(2)

Loi giai
Tdc gid: Trinh Van Piép; Fb: Trinh Van Diép

w1 n 2
biéu kién: x>0, yzg.

(e (¥ -x"y-x*)+(x* —xy—x)+(xy-x)+(1-*) =0 .
o x(x-y-D+x(x—y-1)+x(y-1)-(y-1)(y+1)=0.
& x(x—y—1)+x(x—y—1)+(y-1)(x—y-1)=0.

e (x-y-1)(x* +x+y-1)=0.

x=y+1
< ) .
X +x+y-1=0

+) Véi x =y +1 thay vao (2) ta duoc:

Jy+l-y=3=3y-2-2y" & 3y-2-y+1-(2y" - y-3)=0.
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2y-3 y:%szg
y_ — — =
<:>\/3y_2+\/erl (2y-3)(y+1)=0< i (¥
\/3y—2+\/y+1

1

Phwong trinh (*) vo nghiém vi
8 () shie \/3y—2+\/y+1

<lva y+1>1, Vyzg.

Trwong hop nay c6 nghiém (%,%)
PV ¥ +x+y-l=01-x—x"=y,vix>20=1-x—x" <1 = y<I.

’ - 1en 2
Két hop véi diéu kién ta dwoc 3 <y<lI.

—3x>=3x+1>0 -

Ta c6 —xz—x+1=y:>2£—x2—x+1S1<:> o <:>OSxS3+—\/i<O,3
3 —x*=x<0 6

Xét vé trai clia (2):f(x)=\/;—x—2 Vé’iOSxS_3+T\/ﬁ:>—%£f(x)£—2

Xétvé phditaco f(y)=+3y-2-2)" Vé’i%éyél.
3 3
Tacd f'(y)=———-4y=0=8y/3y-2=3=192)"-128y-9=0 <= y==
f(y) Zm Y Y2y Yy y y 4

Suyra —1< f(y)< —g nén phwong trinh vé nghiém.

Vay hé phwong trinh c6 nghiém duy nhat (%,%)

Cau 45. (HSG12 tinh Thai Binh nam 2018-2019)Giai hé phwong trinh

¥ (x+5)V2+x =1+3y? (1)

24+Vx? —2x+4 ++4/x* —6x+12 =y2(3\/x2 —2x+4+5x* —6x+12 +8)(2)

Lo giai
PK: x>-2
Ta thdy v6i y <0 phwong trinh (1) v6 nghiém.

Véi y>0 tacéd

() ey (x+5)V2+x =143)" < (x+5)V2+x :L3+é

yo

3
& (x+2)V2+x +3V2+x =L3+i<:>(\/2+x)3 +342+x =(lj 2

you Y y

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 96 #*




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

oloyiix =34 :2#(3) (viham g f(¢t)=¢+3t c6 f'(1)=31"+3>0,Vt €(0;+0))
y +Xx
Thé (3) vao (2) taco

24 —2x+ 44X —6x+12 = (3\/x2—2x+4+5\/x2—6x+12 +8)

2+x

o (2+x (2+\/x —2x+4+x2 —6x+12) 3Jx? =2 +4 +5Vx> —6x+12 +8

(2+x)

& (242 —2x+4+(2+x)VxP —6x+12 =3x> —2x+4 - 5x* —6x+12+2x -4 =0
& (x=2)Vxt —2x+4+(x=2)Vx* —6x+12 +x* —2x+4 —\/x* —6x+12+2(x=2) =0
& (x=2)Vx? —2x+4+(x—2)Vx> —6x+12 + dx -8 +2(x-2)=0

\/x2 -2x+4 +\/x2 —6x+12

2+x

x—2

<:>(x—2)

x=2

VR

Va2 =2x+4 +x2 —6x+12 + 4 +2j=0
VX2 —2x+4 +x* —6x+12

1

IV — x4+ —6x 112+
VX2 —2x+4 ++/x* —6x+12

+2=0(PTVN)
Véi x=2 tacé y :% (thoa didu kién dé bai).

Vay hé phwong trinh c6 nghiém duy nhat (2;%) .

Ciu 46. (HSG10 THPT PAN PHUQNG 2018-2019) Giai hé phwong trinh
(x2 +y2)(x+y)+2xy:x+y
x> —11x+6-29x—5 =\/x+y .

Loi giai

Tdc gid: Lé Van Quy; Fb: Lé Van Quy

" X2 é
biéu kién: 9 .
y=>0

Phwong trinh dau <:>(x2 +y2)(x+y)+2xy =x+y
& [(x+y)2—2xy}(x+y)+2xy:x+y

=S (x+y)3 —(x+y)-2xy(x+y)+2xy=0

& (x )| (x4 ) =1]-20(x+y-1)=0

& (x+y—l)[(x+y)2+x+y—2xy}=0

=3 (x+y—1)(x2+y2+x+y):0.
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Tw do6 tim dwoc y=1-x (do x+y >0 va ng)
Thay y =1-x vao phwong trinh thit 2 ctia hé ta dwoc: x* —11x+5-24/9x-5=0
& X =2x+1=9x-5+2J9x -5 +1

& (x-1f =(or—5+1) & x:@:y:ﬂ_

2

Cau 47. (HSG10 THPT PAN PHU'ONG 2018-2019) Giai hé phwong trinh
7% =3(y+dHx* +32 -y )x =y’ +1
2y +4=9x"—x—4 '

Loi giai
Tdc gid: Lé Van Quy; Fb: Lé Van Quy
Pidu kién y > 4.
Phuwong trinh dau ciia hé < 7x° -3(y+4)x* +3(2— 1" )x =y’ +1
& X+ +3x%y+3x)" =8x’ —12x° +6x—1
& (x+y)Y =2x-1)°
S x+y=2x-1y=x-1.

Thay y = x—1vao phwong trinh thit hai ctia hé ta dwoc 2vx+3 =9x° —x—4

x=1->y=0
2 Vx+3+1=3x

S(1+V3+x) =9 < = s 93 .

R i NS S,

18 18

Ciu 48. (HSG12 tinh Hwng Yén 2018-2019) Giai hé phwong trinh:
Yy -y —2y+1:ln(\/x2 +1 +)c)+ln(\/y2 +1 —y)

X—x=y"+y-1

Lo gii

T4c gid: Nguyén Truong An; Fb: Truong An Nguyén

y =y —2y+1:ln(\/x2+1+x)+ln(\/y2 +1—y) (1)

x3—x:y2+y—1(2)

Cong vé (1) va (2) taco:

y’ —y=ln(\/x2 +l+x)+ln(\/y2 +l—y)+x3 - X
= —y—ln(\/y2 +l—y):x3 —x+ln(\/x2 +l+x)

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 98 #




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

<:>y3—y+ln(\/ﬁ+y):x3—x+ln(m+x) (3)
(do (\/ﬁ—y)(m+y):l nén ln(\/ﬁ+y)=—ln(\/ﬁ—y))

Xét ham s6 f(t):t3—t+ln(x/t2+1+t) trén R.

t+1

f’(t)=3t2—1+—”2+1:3t2 A
N2 +1+¢ 2 +1

fr(t)=6t ————
(t2+1)
t=0
fr)=te 6y(1 +1) =1

(phwong trinh 6 (t2 + 1)3 =1 v6 nghiém vi 6 (t2 + 1)3 >6>1,VteR)

Bang bién thién:

t |- 0 400

| T~

Tlr bang bién thién ta cé f'(¢)>0,vie R = Ham 6 f(¢) dongbiéntrén R.

Ta cé: (3)<:>f(x)=f(y)<:>y:x.

Thay y=x vao (2) tacé: x¥’ —x=x"+x-1< x’ —x* —2x+1=0 (4)

3 2
bat t:x—%. Phwong trinh (4) tré thanh: (t+%} —(t+§j —2(t+§j+1=0
<:>t3—zt+i:0(5).
3 27
Véi |i| < 27 thi | 3 |<1,do do6 ton tai a €[0;7] sao cho coso::i hay t:m
3 127 207 3

Thay t=m vao (5) ta co:
5677, 147 7
——cos’ a— cosa+—=0

27 27

56\/7 cos3a +3cosa 14\/7 7 —\/7
= . — cosa+—=0< cos3ag=——
27 4 9 27 14
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1 NN Y
o =—arccos| —— [+——
3 14 3
o (keZ)
1 ﬁ k2
o =——arccos| —— |+——
3 1 3

N7 1
14) 3|3

7
arccos —
14] 2 27 [1 [ J7J 2n}
a:—'i‘zj_y_TCOS —arccos +— [+

(Phuong trinh bic ba c6 t8i da 3 nghiém nén ta khéng can xét truomg hop |1| > &)
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Chuyén dé S : 2 Bit dang thikc

Cau 1. (HSG chon HSG qudc gia tinh PONG THAP 2018-2019)

, S 1 1 1
a) Cho cacso thyc x,y,z thbaméan x——=y-—=z-—=1.
y z X

Tinh gia tri biéu thitc P=x\/y—1+y\z—1+zx-1.
b) Cho céc s6 thuc dwong a,b théa man a—a’ >b+b’. Chirng minh o’ +b°<1.

Lo gii

Tdc gid: Vo Quang Anh; Fb:Anh V6 Quang.

1
x=?+1(1)

X 1 .
a) Tl gia thiét suy ra: { y=—+1(2). Do d6, x,y,z>1.
z

1
22?4‘1(3)

Ham s6 f(t):tlzﬂ 1a ham s6 nghich bién trén khoang (1;+ ).

Néu x>y= f(y)> f(z2)=>y<z= f(2)< f(x)=z>x= f(x)> f(y)=x<y (vO 1i)
Suy ra: x=y.Chirng minh twong tu, tasuyra x=y=z.

Thay x=y=z vao gia thiét ta dwoc: x’—x’=1.

Lic d6, P=3x\[x—1 = P*=9x" (x~1)=9= P=3(P>0).

b) a—a’>2b+b’>0=a-a’<1=a €(0,1).

Voi ae(0,1) thi a—a’<1.Do d6, 1>b+b*>24bb* >2b* = be(0,1).

Gia st, a’ +b*>1. Tlr gia thiét ta suy ra

a-b>a'+b’=(a+b)(a’+b* —ab)=(a+b)(1-ab)=ab(a+b)>2 (vdli).

Vay o’ +b* <.

Cau 2. (HSG12 tinh Binh Thudn vong 2 nam 2018-2019) Cho x,y e (O;%). Chirng minh rang:

1 N 1 1 < 9

+ S .
sin” xsin® y+1 sin®xcos’ y+1 cos’ x+1 2(sin2 xsin2y +sin 2xsin y +sin 2x cos y)

Lo gii

T4c gid:Tran Viét Twong; Fb:Trdn Twong
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Dit a =sinxsin y,b =sinxcos y,c =cosx thi a,b,c>0 va a’ +b* +c° =1.

1 1 < 9

+ + < .
a+1 b*+1 *+1 4(ab+ac+bc)

Ta cin chirng minh

1 1. 1 1 1 2(a+b+c)

1
That vay, =
VY T 1 @11 (avb)ate) (brc)(bra) (cta)(crb) (arb)(atc)(bre)

Ma
(a+b)(b+c)(c+a):(a+b+c)(ab+bc+ca)—abc

2(a+b+c)(ab+bc+ca)—é(a+b+c)(ab+bc+ca)zg(a+b+c)(ab+bc+ca)

21 + 21 + 21 < ? .
a+1 b +1 ¢ +1 4(ab+bc+ca)

Nén

Pdng thirc xay ra khi va chikhi a=b=c _ L Sx= arccosi,y =z

V3 V37T 4

Céu 3. (HSG12 tinh Ninh Binh nim 2018-2019 (2)) Cho ba s6 thwc dwong a, b, ¢ . Chirng minh bat
dang thirc:

(a+b+c)(l+l+lJ+4x/§alz+bﬂ>9+4x/5.

a b ¢ a’+b’+c*
Lo giai
Tact (arbre) o] o202 BT
a ¢ a +b" +c

(a—b)2 +(b—c)2 Jr(c—a)2 Z2\/§(a—b)2+(a—c)2+(b—c)2 (*)

ab bc ca a’ +b* +c*

(a=b) _(a=c)

c

f—

IA

Khéng gidm tong quat gid st a>b>c =

Ap dung bat dang thitrc Chebyshev ta c6:

{("‘b)z +(a_c)2}(b+c)22[(a—b)2+(a—c)2}

b c

j{(ab)2+(a0)2}(b+c)22[(0b)2+(ac)z] )

b c a(b+c)

Dang thirc xay ra khi va chikhi b=c .

Mat khac theo bat dang thirc AM-GM:
2 22
2(a2 +b’ +c2)2 2a’ +(b+c)2 > 2\/§a(b+c) = (e o) > R
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2[(a—b)2+(a—0)1Zzﬁ(a—b)2+(a—c)2 2)

a(b—i—c) at+b*+c*

Suy ra

Dang thirc xay ra khi va chi khi a =b=c hodc a2 =b+c

2 2
a2+b2+czz3bc>2\/§bc(viaZch):(b_c) >2.2 Z(b_f) - (3)
bc a +b” +c

Twr (1),(2),(3) suy ra diéu phai chirng minh.

D4u bang xay rakhi a=b=c hodc a= J2b=+2¢ va cic hoan Vi.

Cau 4. (HSG11 tinh Phi Yén nam 2018-2019) Cho tam giac ABC c6 cac canh BC=a,AC=b,AB=c
.Goi I latdm dwong tron noi ti€p tam giac.

a) Chirng minh ring a.IA* + b.IB* +c.IC* = abc.

b) Chitng minh rang \/a (bc —IAZ) +\/b(ca —IBZ) + \/c(ab—ICz) <«/6abc . Hay chi ra mot trwong

hop xay ra ddu dang thirc.

Lo gidi
a) Gia st dwong tron (1) tiép xic véi BC,CA, AB theo

th tw tai D,E,F. Goi K 1a diém déi xixng cha I qua 4
AC.

AFIE SAIK

, S Al.AK  IA* F
Ta co: = = = .
S e Spe ABAC b

SBDIF — IB2 . SCEID — [C2
Sy ca S, —ab’ B § c

Twong tw

]Az + [B2 + IC2 — SAFIE + SBDIF + SCEID
¢ ca ab S e

alA® +b.IB* +c.IC* = abc.

Suy ra =1Suy ra

b) Theo BDT Bunhiacopxki ta c6:

\/a(bc—IAz) +\/b(ca—IB2) +\/c(ab—1C2) S\/(1+1+1)[a(bc—]A2)+b(ca—]B2)+c(ab—]C2)]

_ \/3[3abc—(aIA2 +bIB +cIC?)|
Theo y a) ta cé ald® + bIB* +cIC* = abc

= \/a(bc—IAz) +\/b(ca—IBz) +\/c(ab—IC2) <+6abc (DPCM)

D4u bang x4y ra khi va chi khi:
a(bc—IAz) - b(ca —132) - c(ab—ICz)c> alA® = bIB* = cIC?

Vay dé thiy c6 mot treong hop x4y ra ddu ca dang thirc 1a:
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b
¢ ¢ & A4BC latam giac déu.
IA=1B=1IC

Ciu 5. (HSG12 tinh Pong Nai nim 2018-2019) Cho a,b,c la cic s6 thwc khéng 4m thoa min
a+b+c>abc.Chirng minh rang
a’+b> +c’ >abc.

Lo giai
Néu ton tai mot trong ba s6 a,b,c bang 0 thi diéu cAn chirng minh ding.
Do d6 chung ta chi cin chirng minh cho trwong hop a,b,¢>0.
Gia st ngwoc lai a* +b> +c* <abc. Khi @6 abc>a’> =>a<bc . Twong tw b<ca,c<ab.

Do d6 abc>a” +b* +c* > ab+bc+ca>a+b+c (mau thuin). Do dé ta c6 dpem.

Ciu 6. (HSG11 HAiu Loc Thanh Héa nim 2018-2019) Cho a, b, ¢ 1a cac s6 thyc dwong théa min
abc =1. Chirng m1nh rang
b+c c+a a+b

AN

a-+ b+\/2+3

Loi gidi

b+c 2\/%
e

c+a ca a+b ab
Twong tw ta dwoc ——2>2,[—; ——=>2,[—.
8 N TR

Cong theo vé& cac bt ding thirc trén ta dworc:
b+c+c+a+a+b>2 E{_ %+ a_b
Ja b e Wa N Ne )
- vy 30 , , [bc ca bc  |ca
Cling theo bat dang thirc Cauchy talal cé ,|— + 7 >2. ) ]—- 7 = 2\/2.
a a
. ca ab ab bc
Ap dung twong tw ta dwoc ,[— +,[— 22\/;; —+, [— 22«/5.
b c c a
R W e 32 , R be ca ab
Cong theo veé cac bat dang thirc trén ta dwoc ,[— + ? +,[— 2 «/; + \/E + JE .
a c

Do d6 ta suy ra btc cta a+b>2(f+@+f)

NFENINE
Ta can chirng m1nh dwogc 2(\/;+\/B+\/E)Z\/Z+\/Z+\/E+3<:>\/;+\/B+\/EZ3.

Ap dung bat dang thirc Cauchy ta c6

DPéanh g14 cud1 cing 1a mot danh g14 dung theo bat dang thirc Cauchy va g1a th1ét abc =1.
Ba1 toan dwoc gl1a1 quyét xong. DAu bang xay rakhl vachikhl a=b=c=1.
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Cau 7. (HSG11 ChuyénDHDB Bic Bd nim 2018-2019) Cho 3 sd thuc dwong a,b,c. Chirng minh
rang:
a(a—2b+c)+b(b—20+a)+c(c—2a+b) 50,
ab+1 bc+1 ca+1

Loi giai

T4c gid: Nguyén Thj Uyén; Fb: Uyen Nguyen

a(a—2b+c) B a2+l+ac+1—2(ab+1)_ a’ +1 ac+l_

Ta co: = +
ab+1 ab+1 ab+1 ab+1

b(b—2c+a) b*+1 ba+l L c(c=2a+b) 41 ch+l
= + -2 va = + -2
bc+1 bc+1 bc+1 ca+1 ca+1l ca+1

Twong tu ta co:

a(a—2b+c)+b(b—2c+a)+c(c—2a+b)
ab+1 bc+1 ca+1

>0

Vay

a+1 b*+1 c*+1 ac+1 ba+1 cb+1
+ + + + + -620
ab+1 bc+1 ca+1 ab+1 bc+1 ca+l

a+1 b*+1 2 +1 ac+1l ba+1 cb+1
+ >6.

+ + + +
ab+1 bc+1 ca+1 ab+1 bc+1 ca+1

Ap dung bat dang thitc AM-GM cho 3 s& ta c6:

=3 (1)

ac+l+ba+l+cb+1>3'§/ac+1'ba+l'cb+1
ab+1 bc+1 ca+1 ab+1 bc+1 ca+1

a2+1+b2+1+02+1>3'i/a2+1'b2+1'02+1 3 (a2+1)(b2+1)(c2+1)
ab+1 bc+1 ca+1 ab+1 be+1 ca+l (ab+1)(bc+1)(ca+l)'

Mat khac 4p dung bat ding thirc Cauchy-Swcharz ta co:
(a2 +1)(b2 +1) > (ab+1)’
(b2 +1)(02 +1) >(be+1) = [(a2 +1)(b2 +1)(62 +1):|2 >[(ab+1)(bc+1)(ca +1):|2

2

—_~
o

(]
+

1)((12 +1) > (ca +1)

(a* +1)(p* +1)(c* +1)

(ab 1) (ber)(car])

= (a* +1)(b* +1)(c* +1) 2 (ab +1)(bc +1)(ca+1) =

>3.(2)

Suy ras 41 b2+1+c2+1>3_i/(a2+1)(b2+1)(c2+1)

+ >
ab+1 bc+1 ca+1 (ab+l)(bc+l)(ca+1)
Tt (1), (2) suy ra diéu phai chirng minh.
Diu “="xay rakhivachikhi a=b=c.

Cach 2:
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a(a—2b+c)_a2+l+ac+1—2(ab+l) a’ 1 ac+1

Ta co: = + +
ab+1 ab+1 ab+1 ab+1 ab+1

b(b—2c+a)_ b? 1 +ba+l

Twong tu ta co: = + —
bc+1 bc+1 bc+1 bc+1
—2a+b 2
VQC(C a+b) ¢ L bl
ca+l1 ca+l ca+1 ca+1
. a(a—2b+c) b(b—20+a) c(c—2a+b)
Vay suy ra + + >0

ab+1 bec+1 ca+1

a’ b* c’ 1 1 1 ac+1 ba+l1 cb+1
= + + + + + + + + 26
ab+1 bec+1 ca+l ab+1 bc+1 ca+l ab+1 bc+1 ca+1

Ap dung bat dang thitrc AM-GM cho 3 s6, ta c6:

ac+l ba+l ch+l 'i/ac+1'ba+l'cb+1:3 )

ab+1 bc+1 ca+1 ab+1 bc+1 ca+1

Mait khac 4p dung dang phan thitc clia bat ding thirc Cauchy-Swcharz, ta co:

a’ b* c? 1 1 1
+ + + + +
ab+1 bc+1 ca+l ab+1 bc+1 ca+l

(a+b+c)2 (1+1+1)2 3(ab+bc+ca)+9
> + >
ab+bc+ca+3 ab+bc+ca+3 ab+bc+ca+3

=3.(2)

Tt (1), (2) suy ra diéu phai chirng minh.

Diu “="xay rakhivachikhi a=b=c.

Ciu 8. (HSG10 Nam Tién Hai Thai Binh 2018-2019) Cho 0< a,b,c < ‘3/% vaa+b+c=239.

Chrng minh rang:
1 1 1 1
-+ i >—(1
32-3a° 32-3b° 32-3c° 8 ( )

Loi gii
Cach 1:

+ Ap dung BPT Cauchy-Schwarz dang phan thic:

2 2 > (g +a,+..+a) ,
o o', 4l (are ) (v6i a, batky vab, >0).
b b b, b+b,+..+b,
Diubingxdyra < d=%2_ -9
bl bZ bn
Do do: ! ! > 2

+ + > 2
32-34° 32-3p° 32-3¢° 96—3(a3+b3+c3)()
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+ Ap dung BDT Cauchy cho bd 3 s6 khéng am (aﬂ%,%j ta dwoc:

a3+§+§233a3.§.§=£a-(3)
3 3 33 3o

Twong tu ta ciing cé: b’ +8+§_3,3/b3 § 8 :Eb. (4)
33 33 3o

c+8+8>33388 12 ¢ (5)
33 J‘

+ Cong vé theo vé cta (3), (4), (5) ta dwoc:

@ +b +c >—(a+b+ )- 16_—2I 16=8.

b g
=96-3(a’ +b'+c') <72
= VP(2)2— =2 (dpem)
72 8
[ |
32-3a> 32-3b° 32-3¢
3
+ D4u bang xdy ra < a3=§;b3=§;c3:§ @a:b:czz‘@_
3 3 3 3
a+b+c=239
Cach 2:
" Ao KT A A 1 32-34°
+ Ap dung BDT Cauchy cho b0 2 s6 khong am T > ta duoc:
32-3a 24

1 32-34° 1 32-3¢> 1
T+ — 2 2. T > .
32-3a 24 32-3a 24 12

+ Twong tu ta cling co:

3 3
1 32-3b >2\/ 1 32-30° 1

+ 2 2. . =—
32-3p° 247 32-3h° 247 12

1 32-3¢° 1 32-3¢ 1
T+ > > 2. T >
32-3c 24 32-3¢° 24 12

Cong vé theo vé ta duoc:

1 1 1 32-34° 32-3p° 32-3¢° 1 1
T+ T+ T+ —+ —+ —23.—=—
32-34° 32-3b° 32-3c¢ 24 24 24 12 4
1 1 1 1 1 &+b°+7 1 dP+b’+¢°
< i 7 32___ 100 1> —(*)
32-34° 32-3b° 32-3c 4 6 192 12 192

+ Ta sé chitng minh: @’ +b° + ¢’ > 8.

Thatvay ta cé: o’ +b° + ¢’ :(a+b+c)3 =3(a+b)(b+c)(c+a)(**)
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Ap dung BDT Cauchy ta c6:

[(a+b)+(b+c)+(c+a)]3 B [2(a+b+c)]3

(a+b)(b+c)(c+a)£ > = >

Thay vao (**) ta duoc:

[2(a+b+c)]3

a+b+c :(a+b+c)3 —3(a+b)(b+c)(c+a)Z(a+b+c)3—3. >

(22\/—)

2 3> 7 -3
=(29) 32—
1 1 1 1 8
Do dé:(*) = + + >—_ 2 —~(d
M Bt o T 1 19 s(pcm)
1 32-3d°
32-3a° 24
1 32-3p
32-3p° 242
1 32-3¢° 239
. N = 3= > Sa=b=c=
D4u bang xay ra 32-3c 24 3
(a+b)=(b+c):(c+a)
a+b+c=2%/§

Ciu 9. (HSG11 Hiu Ldc tinh Thanh Héa nam 2018-2019) Cho a,b,c¢ 1a cac s6 thwc duwong théa man
abc =1. Chirng minh rang:
b+c c+a a+ b

AN

a-+ b+\E+3

Loi giai
T4c gid: Nguyén Dung; Fb: Dung Nguyén

b+c 2\/5 ) bc

N7

Ap dung bat dang thirc Cauchy, ta cé:

/ac a+b>2 /

N . N s 1 2 , N b+c c+a a+b bc ac ab
Cong tirng vé cac bat dang thirc trén, ta dwoc: + + 22—+ )—+.]— | (1
ong tirng g T Ua ,/b ,/CJ()

du“="xayrakhi a=b=c.

D
nglicc'):\/ghfz221/\/]9—76.,/E :2\/2.
a b a\b
Twong tu: ‘/£+‘/a—b22\/;; ‘/a_b+\/E22\/3_
b c c a
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A s N o s 1Ny a2 A bc |ac  |ab
Cong tirng vé cua cac bat dang thic trén, ta dwoc: ,[— + 5 +. = >a+b+c (2)
a C

Diu “="xayrakhi a=b=c.

Tir (1) va (2) ta duoc: b+c+c+“+a+bzz(ﬁ+ﬁ+ﬁ) (3)

Na b e
Ta chirng minh 2(\/Z+\/3+\/E)2\/Z+\/Z+\/E+3.

That vay, ta c6: Va + b ++Jc = 33\Jabe .Ma abc =1 nén Ja +b ++/c >3.
Tw d6 suy ra 2(\/2+\/3+«/E)2\/2+\/3+ c+3(4)

T (3) va (4) ta dwoc: b+c Lt a+b> a+-b+Jc+3.

RPN SN

b+c c+a a+b

o e

Diu “="xdyrakhi a=b=c=1.

Vay: a +b ++Jc +3 (Pitu phai chitng minh).

Ciu 10. (HSG11 THPT H4u Loc Thanh Héa nam 2018-2019) Cho a, b, c 1a cac s6 thyc dwong thoa
man abc =1. Chitng minh rang
b+c c+a a+ b

i e

a-+ b+\/2+3

Lo giai

b+c 2«/% 5 bc

To e Ve

c+a ca a+b ab
Twong tw ta dwoc ——2>2,[—; —— =22, [—
8 A R

Cong theo vé& cac bt ding thirc trén ta dwoc
b+c+c+a+a+b>2 b—c+ ca ab
Ja b e " Wa Vb Ve
~ p 22 . ., [bc [ca bc |ca
Cling theo bat dang thirc Cauchy talai cé ,|— + r 22— 5 =2Je
a a
. ca ab ab bc
Ap dung twong tw ta dwoc ,[— +,[— 22\/;; Zi]==2
b c c a
A X 2 vxe a2 e bc |ca |ab
Cong theo veé cac bat dang thirc trén ta dwoc ,[— + 5 + | —>~Ja+b+ec
a c

Do d6 ta suy ra btc cta a+b>2(\/;+\/3+\/2)

T

Ap dung bat dang thirc Cauchy ta c6
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Ta can chirng minh dwgc 2(\/;+\/Z+\/E)Z\/Z+\/E+\/E+3<:>\/;+\/B+\/EZ3

Dénh gia cudi cing 1a mot danh gia dung theo bat ding thirc Cauchy va gia thiét abc =1

Bai toan dwoc gidi quyét xong. DAu bang xay ra khiva chikhi a=b=c=1.

Cau 11. (HSG10 Kim Lién 2018-2019) Cho x, y, z 1a cic s6 thwc dwong théa mén:

¥ +y 4+ =4 xz.
Chirng minh rang

X+y+z>2xyz.

Loi giai
Ap dung bat dang thic Cd-si cho 6 s6 dwong x?, y*, z°, x, y, z ta duoc:
XAV A XAy +2268 X7y 2 xyz = 6.xyz .
Vi x’+y +2° =4\/E nén suy ra:
4 xyz+x+y+226\/E<:>x+y+222M.

Déng thirc xdy ra khi va chi khi x> =y* =z’ =x=y=z = x = y =z =1. Nhung cac gia tri nay khong

théa man gia thiét x° + y* +z° =4,/xyz nén dang thirc khong thé xay ra.

Vay x+y+z>2/xyz.

Cau 12. (HSG10 tinh Hai Dwong nam 2018-2019) Cho cac s thwc dwong x, y, z théa mian
xy+yz+xz=3.
Chirng minh bAt dang thirc:

2 2 2
X y z

- -+ >1.
\/x3+8 \/y3+8 \/23+8

Loi giai

Theo bat dang thirc Cauchy ta co:

2 2 2 2
(x+2)+(x —2x+4):x —x+6:> X 2x

2 2 Ji+8 X —x+6
y 2y° z 27°

> ; 2 -
P48 Y-y+6 P48 27 -z+6

\/x3+8 :\/(er2)(x2 -2x+4)<

Twong tu, ta cling cé

Twr do suy ra:

2 2 2

x v z 2x° 2y° 27°
+ + >— +— +— .
VX +8 |y +8 48 X —x+6 Y —p+6 ' -z+6

(1).

at b (a+b)2
Chitng minh b6 dé:Cho x,y >0 va a,beR tacd: —+—>=
X y x+y

(*)
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a’y+b’x N (a+b)

Tacé (*) <
Xy x+y

<:>(azywtbzx)(x+y)ny(awtb)2 <::>(ay—bx)2 >0.

Ping thirc xdy ra khi va chi khi =2
Y

X
Ap dung b6 dé ta c6:
2 2 2 x4 2 2
22x +2y +ZZ 22— 2(y) +ZZ
X'—=x+6 y —y+6 z —z+6 X +y —(x+y)+12 z"—z+6

S 20x+y+z)
T XY+ —(x+y+z)+18

20x+y+z) 51 (3)
X+ 4z —(x+y+z)+18

bén day, ta chi cin chirng minh:
Do X’ +y*+z2°—(x+y+2z)+18 :(x+y+z)2—(x+y+z)—2(xy+yz+zx)+l8
:(x+y+z)2—(x+y+z)+12>0.

Nén (3) o 2(x+y+z)’ 2x’+y’ +2° = (x+y+2)+18

SX+Y ++x+y+z26  (4).

Mit khac, do x,y,z ld cac s6 dwong nén ta c6: X +y +z 2xp+yz+zx=3 va
X+y+z23(xy+yz+2zx) =3.

Nén bat dang thirc (4) ding.

Tt (1), (2), (3) va (4), ta c6 diéu phai chirng minh.

Péng thirc xay ra khi va chikhi x=y=z=1.

Ciu 13. (HSG12 tinh Bén Tre niam 2018-2019) Cho cic s6 thwc khéng 4m a,b,c théa min
a’+b* +c* —3b <0. Tim gia tri nhé nhat cia biéu thirc

1 4 8
(a+1)2 (b+2)2 (c+3)2 '
Lo giai

Vé&i moi s6 thwe dwong x, y, z, ¢, ta co:

11 1 1_1(1 1 1 1) _1 16 Y 64
—2+—2+—2+—22— -t —+—+- > — = 7
x>y oz ot 4\x y z t 4\ x+y+z+t (x+y+z+t)
D4u dang thirc xay ra khiva chikhi x= y =z =7¢.
. 1 4 8 4 4 8
Taco: P= >+ =+ - = =+ ~+ .
(a+1)" (b+2)" (c+3)  (2a+2) (b+2) (c+3)

| P S D SR
(2a+2)" (b+2)" (c+3) (c+3)
>4 64 _ 256
B .(2a+2+b+2+c+3+c+3)2 (2a+b+2c+10)2 .

Theo gia thiét, ta c6: a’ +b° +c> —3b<0.
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Ap dung BDT C6-si cho cac s6 khong am, ta c6:
0<2a+b+2c+10=2a+4b+2c+10-3b
S(a2 +1)+(b2 +4)+(c2+1)+10—3b =a’+b*+c*-3b+16

<16
= 0<(2a+b+2c+10) <256
Suyra: P> 256 > =1
(2a+b+2c+10)
2a+2=b+2=c+3
N 32 L 2 32, 2 a=c=1
Diu dang thitrcxdyra < Ja" +b" +c -36=0 < b

a=1b=2;,c=1

Viay min P =1.
Bai tip twong ty: (L& Canh Dwong-swu tim).

Ciu 14. (HSG12 tinh Quang Binh nim 2018-2019) Chirng minh rang v&i moi s6 nguyén dwong n > 1
ta luon co6:
log, (n+1)>log,, (n+2)

Loi giai
Tdc gid:Hodng Van Phién; Fb:Phién Van Hodng
Cach1

1Ogn+l
log, (n+1)

(n+2)

+ Xét A= = \/logn+1 nlog,. (n+2).

+ Ap dung b4t ding thitc AM —GM cho hai s8 dwong log,,, n va log, ., (n+2) ta duoc:

log,, n+log,, (n+2) log, n(n+2)
2 - 2 '

\/logn+l nlog,. (n+2)<

+ Ma n’+2n<n*+2n+1 nén n2+2n<(n+1)2.

- log, ., (n2 +2n) Py log, ., (n+1)2 - log, ., (n2 +2n)
2 2 2

<1.

log,,, (n+2)

:>\/10gn+1 n'logn+1(n+2) <le logn (n+l)

<lelog,, (n+2)<log,(n+1).

Cach 2
Tdc gid:; Fb:Nguyen Trang
+ V&i moi s6 nguyén dwong n >1 ta co:

In(n+1) S In(n+2)
Inn In(n+1) '

log, (n+1)>log,., (n+2) &

In(x+1)

Inx

+ Xéthams6 y = voi x>1.
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Inx In(x+1)
v+l x _xlnx—(x+1)ln(x+l)

(ln)c)2 x(x+1)(lnx)2

+ Tacé: y'=

+Véi Vx>1thl x+1>x>1; 1n(x+1)>1nx>0 :>xlnx—(x+1)ln(x+1)<0.
=y '<0,Vx>1.

Suy ra ham sg nghich bién trén (1;+).

+ Do d6 véi moi s6 nguyén dwong n>1 thi y(n)> y(n+1).

Vay log, (n+1)>log,,, (n+2).

Cau 15. (HSG10 CAU GIAY - THUO'NG TIN - HA NOI 2018-2019) Cho ba s§ dwong a, b, ¢ théa min
a’ +b* +c* =1. Chitng minh ring

a N b N c >3\/§
P+ F+ad aA+bt T 2
Lo gidi

Tdc gid: Thu Ha; Fb: Thu Ha
Do a,b,c dwongva a’+b*+c* =1nén 0<a,b,c<lval-da*,1-b*,1-c*>0.

Ap dung bat dang thitc Cdsi cho ba s6 khéng am 2a*,1-a°,1-a’, ta dwoc:

2a2+(1—a2)+(1—a2)23{/2a2(l—az)(l—az)

23 N " " 2 \/§
L
Ta co:
« a & a’ 0 a 3B (1)
2, 2 12 _ .2\ - -
b"+c” 1-a a(l a ) \/1-2a2(1—a2)(1—a2) \/1,23 2
2 2 27
Chitrng minh twong tu, ta dwoc:
b ~ b _ bz B b2 > b2 _3\/§b2 (2)
2, 21 12 _n2) - -
c +a 1-b b(l b) \/I-sz(l—bz)(l—bz) \/123 2
2 2 27
c - c ~ Cz B C2 > CZ _3\/502 (3)
2 21 27 2\ - -
a +b- 1-c c(l c) \/1’202(1_02)(1_02) \/1,23 2
2 2 27

Cong (1),(2),(3) vé theo vé ta duoc:

a b c 3\/7
+ + 2

3
b*+c? F+at dF+b 2

(a2 +b° +cz)
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a b c 3\/§ , \/5
= + + > dpcm).Dau "="xdyra < a=b=c=——.
b*+c* P +at at+b? 2 (dpem) y ¢ ¢ 3

Cdu 16. (HSG11 Thi X3 Quang Tri ndm 2018-2019)Cho cic s6 dwong a,b,c thdéa min:
a’ +b” + ¢’ =3. Chirng minh rang:

4 4 4 ;
(a2+b2 +1j(b2 oy +1J[cz % +1j23(a+b+c) )

Pdng thirc xay ra khi nao?

Loi giai
Tdc gid: HO Van Thdo ; Fb: Thdo Thdo.
4 4
a+b> 3-¢°
Ta co 242= 42,Via2+b2+02:3
b"+c” 3-a
4 4
a’+c* 3-b°
Ap dung BPT Cauchy cho 2 s6 duong:
1 +(3-a*)22 4 (3-a*)=4 o +12d+2 & +1>d*+2
3-a’ 3-a’ 3-a’ b’ +c
24 S+12b°+2
Twong ty ta chirng minh dwoc: ¢ ta
+1>c"+2
a’+b’

Nhan vé theo vé cac bat dang thirc m&i chirng minh ta dworc:

4 4 4
(02 e +lj(b2 oy +1j(62 Ay +1)2(a2 +2)(b2 +2)(c2 +2)

Taxét: (a* +2)(b*+2)= [(cﬁ +1)+1][(b2 +1)+1} =(a® +1)(0* +1)+a® +57 +3

Ap dung bat dang thirc Bunhiacopxki:

(@ +1)(* +1)2 (a+B), a* +5 22 (a+b)

= (2 42)(6 +2)2 (@B +L (@B +3 & (a? +2)(5 +2)( +2)2B(a+b)2 +3}(Cz +2)

o (a*+2)(p7 +2)(¢? +2)23H“j§bj2 +1}[(\/§)2 +c2} 23(‘7; .\/§+1.cj2
<:>(a2 +2)(b2 +2)(c2 +2)23(a+b+c)2

4 4 4 2
Vay nén +1 +1 +1{=23(a+b+c
Y (a2+b2 J(b2+cz J(02+a2 j ( )
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Diu "=" xadyrakhi a=b=c=1.

C4u 17. (HSG12 tinh Bén Tre nam 2018-2019) Cho a,b,cla cic s6 thwec khong Am va khong dong thoi
bang 0 thay d6i théa man didu kién «* +b% +¢* <6b.
Tim gi4 tri nhé nhit cta biéu thirc

1 8 1
P= TR 5 5
(a+b+c)” (b+11)" (c+6)
Loi giai
Taco: P= ! + 8 + L _ 4 + 8 + 4

(a+b+c)  (b+11) (c+6) (2a+2b+2¢) (b+11)° (2c+12)

4 1 N B B
(2a+2b+2¢)"  (b+11) (b+11)" (2c+12)
64 256

>4, = .
(2a+2b+2c+2b+22+2c¢+12)  (2a+4b+4c+34)

Theo gia thiét, ta c6: a’ +b° +c> —6b<0.

Ap dung BDT C6-si cho cac s6 khéng am, ta c6:

0<2a+4b+4c+34=2a+10b+4c+34-6D

S(a2+1)+(b2+25)+(c2+4)+34—6b =a’+b’ +c’ —6b+64

<64
= 0<(2a+4b+4c+34)" <64’
Suyra: P> 256 =2 2526 :L.
(2a+4b+4c+34)" 064" 16
2a+2b+2c=b+11=2c+12 a=1
DAu ding thitc xay ra <> Ja’ +b*+c>—6b=0 &ab=5.

a=1;b=5,¢c=2 c=2
1
Vay min P=—.
Ay 6
(4 diém).

Cau 18. (HSG 12 Yén Lac 2 Vinh Phic nam 2018-2019) Cho » s a,,4,,...,a, € [0;1]. Chrng minh
rang:
(I+a,+a, +a, +...+an)2 > 4(a12 +a;+a; +...+a3)

Lo gii
Tdc gid: Trdn Pirc Phwrong; Fb: Phuong Tran Duc.
Phan bién: Nguyén Phwong Thu; Fb: Nguyén Phuong Thu
Xét tam thire f(x)=x"—(1+a, +a, +...+an)x+(al2 +a; +...+af)
Ta cé:
f()=1-(1+a+a,+..+a,)+(a +a; +..+a])
=a,(a,-1)+a,(a,-1)+a,(a;—1)+...+a,(a,-1)

Matkhac q,,a,,...,a, € [O;l] nén
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a, (a, - l) <0
a, (a2 - 1) <0

= f(1)<0
.c.l;(an -1)<0
Ma f(0)=aj +a; +..+a,>20= f(1).f(0)<0
Mit khac ham s8 £ (x) lién tuc trén [0;1].
Do d6 phwong trinh f(x)=0 c6 nghiém trén doan [0;1].
Suyra A=(l+gq, +az+...+an)2—4(a,2 +a22+...+aj)20

7 2
Do do: (1+a1+a2+...+an) 24(a]2+a22+...+a5).

C4u 19. (HSG10 PHUNG KHAC KHOAN- HA NOI 2018-2019) Cho x,y,z 1 cic s§ thuwc duwong.Chirng

minh rang:
x 2\/7 L

x©+y° y+z z+x x2 y2 z

Lo giai
T4c gid: Cao Pinh Pinh; Fb: Dinh Cao

Ap dung bat dang thirc Cosi cho cac s6 dwong x,y,z ta duoc:

Xy > 24x7y? :2xy.\/;
V' +222y.7 =2yz.\/;
24X 227 X :2zx.\/2

Khi d6 BDT da cho tré thanh:

Jx 2( Joo 2dx 2[ 1+1(1)

X +y? y+z z+x 2xyf 2yz\/; 2zxf xy Yz zx

Mat khac ta cé:

1 1 2 1 1(1 1

—t—=>— = —<—| —+—

oy ay xy 20lx

emrr: —<if Lyl L LD L
yzZ vz x 2\z7 «x

Twr (1) va (2) ta dwoc:

X +y2 y3+Z2 Z3+x2 _x2 yZ Z2

ﬂ ”n

Diu xayra o x=y=z=1
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Céu 20, (HSG11 Cum Ha Péng Hoai Pitc Ha Noi nam 2018-2019) Chirng minh rang véi moi sd thyc
a,b,c e [l; 2] ta luon co:

(a+b+c)(l+l+ljS10.
a b c

Lo giai
Tdc gid: Vii Qudc Triéu ; Fb: Vi Qudc Triéu
c a

+/ Bt dang thirc (a+b+c)(l+%+lj£10©£+2+£+2+Z+—£7.
a c c a a c

+/ Khong mat tinh tong quat, gid stt: a > b > c. Khi do:

(a—b)(b—c)ZO@ab+chb2+ac<:>g+12é+% (vi be>0).
C C

“w__n

Diu “="xayra < a=»b hodc b=c.

Ciing co: (a—b)(b—c)20<:>ab+bczb2+ac<:>1+£22+§ (vi ab>0).
a a

“__n

Diu “="xdyra < a=>b hodc b=c.

Dod('):£+é+é+££3+£+2:>£+é+é+£+£+££2(ﬁ+£j+2(1)
c a b ¢ a b ¢ a b ¢ a c a
+/Tacé: x==(1<x<2) nén:
c
) 2 1 1 5
(x—l)(x—Z)SO@x —3x+2<0=>x+—<3=>x+—<3——<—
X X x 2
x:l |:a=20
Dau “=" xay ra 2 &
c=2a
x=2

Tir (1) va (2) suyra: 2+ 2+ 24 €490 € <7 (dpem).
b ¢ a b ¢ a

a=b=2,c=1
D4u bang xay rakhi: |a=c=2,b=1.
b=c=2,a=1

Cau 21. (HSG10 HA NAM 2018-2019)Cho cic s& thwc dwong a, b, ¢ théa man a+b+c=3. Ching
minh rang

a’ b* ¢’ a’+b* +¢?
+ arF < .
2a+1 2b+1 2c+1 J2+b2+c2+6
Loi giai

Cdch 1: Tdc gid: Trwong Van Tam; Fb: Van Tam Truong
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B4t dang thirc da cho twong dwong véi

2 b2 CZ

a+b*+c _a B >0
Ja +b*+c2+6 2a+1 2b+1 2c+1
VT
Trong dé
2 2 2 2
-4 4 > 4 :—l.a.3a:—l.a.%/a.l.l2—l.a.a+1+1:—a——z—a.
2a+1  a+a+1  3iaal 3 3 3 3 9 9
? ¢ 2

, : b 2b c
Twong tu ta cé — > a >————.
2b+1 9 9 2c+1 9 9

2 2 2
Suyra VT > —— th e —l(a2+b2+cz)—g.
Ja* +b*+*+6 9 3
2
. 2>(a+b+c) _
a+b"+crz2——~ 3:t€|:3’\/g:|

Pitr=a’+b* +c>+6.Tacb
@ +b*+* <(a+b+c) =9

do, voi moi te [3 ; \/E} ta co

£-6 £ _9°-54-1 _ (3-1)[t(r-6)-18] o

-6 1, B o
(7" =6)-3= ) ¢

t 9 3 ¢+ 9

D4u bang xay rakhi 1=3,suyra a=b=c=1.
Cdch 2: Tdc gid: Thanh Dirc Trung; Fb: Thanh Pirc Trung

Liac

VT =

2 2 2 2
1 a 1 a a a 1 a

—. =—, = = . .
2 2a+1 2 2d*+a 2a+1 2 2 2a*+a

a a

Taco ——
2 2a+l

, b b 1 b . c c 1 ¢
Twong tw co =———.— va =————.
2b+1 2 2 2b°+D 2c+1 2 2 2c"+c

2 b? c? 3 1 a’ b* ¢’
|t :
2a°+a 2b°+b 2c¢ +c

Suy ra N +
2a+1 2b+1 2¢+1 2 2

Theo bat ding thirc Cauchy - Schwarz dang phan thirc ta c6

a2 b2 c2 (a+b+c)2 9
2 + 2 + 2 Z 2 2 2 = 2 2 2
2 +a 2b°+b 2¢ +c Z(a +b+c )+3 Z(a +bh +c )+3
2 2 2
b 31 9 3 9

a

= + + <=——. = :
2a+1 2b+1 2¢+1 2 2 2Qﬂ+b2+cﬂ+3 2 4Qﬂ+b2+&)+6

9 a’+b*+c* !

Ta can chirng minh 3
2 4(a2+b2+cz)+6 JA+b 446 '

#% Trang 118 %
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2
a2+b2+cz>w :3
Pit t=~Ja> +b* +c>+6.Tach -

a’+b*+c* =(0z+b+c)2 —2(ab+bc+ca)£9

3 9 £-6 -6 9 3
Suyrate 3;\/6 .Taco (1) —- < = + >—.
yrate|3is] O s ¢ 2(20-9) "2
4 4
Mitkhic taco 0<22 ~9=297 9<2 48l g L 9 81
9 9" 2 9 2(2#—9) 2t
Ta cin chirng minh t—§+8—142§.
22
81 ¢ t t ¢t t 81 _t 81 ¢ 5.7
tt—F=—t—F—t—+—+——2—+55 =—4+=>—
Thatvay,vi¢>3nénl 20 3 6 6 6 6 2' 3 "N2592 3 2 2
LR
t
81 _ 7 3
Suyrat——+—F2—--2=—
Y 2 2

Diu "="xayrakhi t=3,suyraa=b=c=1.

Cau 22. (HSG11 tinh Vinh Phiic nam 2018-2019) Cho ba sé thwc dwong a,b,c théa min a+b+c=1.
Tim gia tri nho nhit cua biéu thirc
(b+c—a)2 N (c+a—b)2 N (a+b—c)2

p= 2 2 2 2 2 2"
a +(b+c) b +(a+c) c +(a+b)
Lo giai
Tdc gid: Vo Quang Anh; Fb:Anh V6 Quang.
N B 2 2 B
Ta c6: (b+c—a) L1 (1-2a) o 2a’-2a 2a(a-1) )

@ +(b+c)  d+(1—a)  2a’-2a+1 1-2a(l-a)
Ap dung bat dang thitc AM - GM cho hai s6 2a;1—a ta dwoc:

(2a+1—a)2 _(cHrl)2

2a(1—a)£ 1 = (*%)

Tw (*) va (**) suy ra:

(b+c—a)2 1> Za(a—l)_ 8a(a—l) _ 8a ——8+A
az+(b-|-c)2 _1_(a+1)2_(3+a)(1—a)_ (3+a)_ 34+a

4

Chirng minh twong ty, ta suy ra:

P-3>-24+24 ! + ! + ! .
3+a 3+b 3+c
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Ap dung bat ding thirc AM - HM ta suy ra: ! + ! + ! > 2 :i.
3+a 3+b 3+c 9+a+b+c 10

Do dé, PZ%.

2a=1-a .
D4u bang xay ra khi va chikhi {a=b=c <a=b=c=-—.
a+b+c=1

Vay gia tri nho nhit cua P la % dat tai a=b=c=%.

Ciu 23. (HSG12 tinh Ha Nam nam 2018-2019) Cho cic s6 thwc dwong a, b, ¢ thda min
(a+c)(b+c)=4c’. Tim gia tri nho nhit cta biéu thirc

3 3
p=_32% ~+ 320 3+(a+b—3c).,f%+%.
(b+3c) (a+3c) a b

Loi giai
Tdc gid: Lé Pirc Hop ; Fb: Le Hoop

B6 dé: Cho m, n 1a hai s6 thwc dwong khi d6 ta cé

3 3 3

) Ly ls 8 pymin z(m”j.
That vay
a)Tac()Lz+L222.l.l=2 ! >2 4 > = 8

m n mmn mn  (m+n) (m+n)
bang thircxdyra < m=n.

m’ +n’ m+nY 3 3 3 2 2,3 3., 3 2 2
b) 5 > 5 Sdm” +4n 2m +3m n+3mn” +n S m+n —mn—man” 20

c:>(m—n)2 (m+n)>0 (ludn dung véi m, n 1a hai s8 thuc dwong ).

3 3 3
vay ;n Zﬁm;nj Vm, n>0;Pang thltcxdyra < m=n.

Ap dung vao bai toan.

Taco (a+c)(b+c)=4c <:>(£+lj(é+lj:4.

C C

Pit x=2>0; y:é>0.Tirgiéthi€ttacé (x+1)(y+1)=4.
c c
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324’ 32b°

3 b 3
1 32(“) 32() <
P= + +(a+b-3¢) |+ >—L Y y(a+b-3c). |——

(b+3c)  (a+3c) P _(b+3j3 (a+3j3 \(a+b)

c

b

. 32(‘;)3 ) 32()3 i e 32(‘0’)3 ) 32([’)3 N 6\/_

(RIS

L 320 62 x Y. (v Y 62
:>P_(y+3) (x+3) \/_ x+y_32{(y+3J +(x+3) }+2\/— xX+y
:PZS.(L+ j f— 6I

y+3 x+3 x+y

Tacd ——4 2 :x2+3x+y2+3y:(x+y)2+3(x+y)—2xy
y+3 x+3  (x+3)(y+3) w+3(x+y)+9

T (x+1)(y+1)=4 S xy+x+y=3 < xy=3-x-y.

2 4
Ta co 3=xy+x+y£@+x+y @@+(x+y)—320<:>x+y22 (vix+y>0).

batt=x+y>2.Tacod xy=3—-¢.

Khi do
2 B 3 ) B AT

P28{(x+y)+3(X+y) 2@} +2J5_6J3::&[t+3t 2(3 t{‘+2¢—_§1§.
xy+3(x+y)+9 xX+y 3—t+3t+9 t
2

:PZ&GJE;J J_Gf_u W—9£+%f
2t +12

Xét ham f(t)=(t—1)3—i+2\/_ 2 trén [2;400).

Ta co

f'(t)=3(t—1)2+6f>0 ‘v’te[2;+oo).

N 672
Vay ham s6 f(t):(t—l) ——+2\/_ 2 dong bién trén [2;+m).

Trdésuyra P> f(t)> f(2)=1-+2.

Vay P, =1— \/Exayrakhlvachlkhlx y=l<a=b=c.

min

Cau 24. (HSG12 tinh Thdi Binh ndm 2018-2019) Choa, b,c 1a cic s8 thuc dwong. Chitng minh ring:
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9 32

— >-5.
\/ab(a+c)(b+c) J4+4a% +4b* + 2

Loi giai

Tdc gid:Nguyén Dung; Fb: Dung Nguyen

Cach 1.
Ta co: \/ab(a+c)(b+c)=\/(a2+a0)(b2+bc)w§sia2 +ac+b’ +bc.
2
2 2
:>\/ab(a+c)(b+c)§a +b +20(a+b) (1.
cosi 2 2 cosi 2 2 2 b2
Lai c6: c(a+b)§#vé (a+b)2£2(a2+b2):c(a+b)g c+ (a + ) ).
a2+b2+02+2(a2+b2)
Tir (1), (2) = \Jab(a+c)(b+c) < . 2
4a* +4b* + ¢ 1 4
< LJabla+ce)(b+c) L = >
\/ ( )( ) 4 \/ab(a—i-c)(b-i-c) 4a* +4b* + ¢
9 36
< Z 2 2 2"
\/ab(a+c)(b+c) 4a” +4b" +c

Do do6: P=

- > - .
Jab(a+c)(b+c) Na+da® +db* 1P 4a’+AD +C Jar4ad vab 1+

Pit: £ =4+ 4a’ +4b> + ¢ . Vi a,b,c 13 cac s6 thuc dwong nén ¢ >2.

Suy ra:4a’ +4b”> +c* =" —4.

36

=4

Xéthamsé f (1) = —Qvé'it>2.
t

7232 32 -2 — 256 +512 (1—4)(320 +56° 321 -128)
+ == =
(P-4) © (7 -4y 7 (7 -4) 7 '

= f'(t)=

Ta c6:32¢ +561* =326 —128 = (32¢* —128)+ (561> —32¢) =32(r' —4)+4¢(14t -8) > 0 (vi 1> 2).
Dodé f'(t)=0<t=4.

Bang bién thién:
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9 ) 32
\/ab(a+c)(b+c) Ja4+4a® +4b* +

>-5.

= f(1)2-5=

Va+4a> +4b* +* =4 (124° =12 [(a=1

D4u bang x4y ra khiva chikhi Ja =5 <da=b b=
c=a+b c=2a c=2
Cach 2:
Ta cé:
\/ab(a+c)(b+c):\/(ab+bc)(ab+ac)éab+bc;ab+ac.:>\/ab(a+c)(b+c)S—zab+§c+ac.

2

2
Pong thori: Va + 4a® +4b> + ¢ 2\/4+(2a2 +26%)+24° +%+2b2 +% > 4+ 4ab + 2ac + 2bc .

:>\/4+4a2+4b2+c2 Z\/4+2(2ab+ac+bc).

9 B 32 S 18 B 32
\/ab(a+c)(b+c) \/4+4a2+4b2+02_2ab+ac+bc \/4+2(2ab+ac+bc).

Do do6:

' —4

bat t:\/4+2(2ab+ac+bc) .Vi a,b,c 1a cac s6 thwc dwong nén ¢ >2.= 2ab+ac+bc =

3632 s
t-—4 t

Xétham s6: /(1) =

72t 32 324 =726 =256 +512  (1=4)(32¢ +56r° ~32-128)

BRI (Foays (Foays

Ta c6: 326 +561° —32¢ —128 = (326 ~128) + (561> =32¢) = 32(£* = 4) + 4¢ (14t -8) > 0 (Vi 1>2).

Do dé f'(1)=0< ¢ =4.Bang bién thién:

|2 4 +90
f'(,{') - 0 +
+0
0
7(1) \_5 —
= f(1)2-5= 9 32 _5

— >
\/ab(a+c)(b+c) Ja4+4a® +4b* +

\/4+2(2ab+ac+bc)=4 126> =12 (a=1
D4u bang xay ra khi va chikhi {a =56 &da=b & <b=
c=a+b c=2a c=2

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 123 %




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

Chuyén de S : 2 Gia tri 16n nhat nho nhat

Cau 1. (HSG12 tinh TiNH VINH PHUC 2018-2019) Cho ba s6 thuc x, y, z thudc khoang (0;3) théa

2 4 ) i 2 2 2
man (——1} 3. (——1):1. Tim gi4 tri nhé nhAt cta bidu thire P="—+2—+ 2.
X y z 4 9 16

Loi giai

Tdc gid: Dwong Quang Hung ; Fb: Dwrong Quang Hung

a C

Khi dé ta cé ae[O;%),be(O;l),ce(O;%j,théa main (l—lj(%—lj(l—lj:l va P=a’>+b*+c>.

Tur: (l—lj(%—lj(l—ljzlzab+bc+ca:2abc+a+b+c—1.
a c

, (a+b+c ’
Ta co: 3 >abc.

Do do: P:(a+b+c)2—2(ab+bc+ca):(a+b+c)2 —2(a+b+c)—4abc+2
Z—%(a+b+c)3+(a+b+c)2—2(a+b+c)+2

Patt=a+b+c, te(O;%).Khi do: PZ—%t3+t2—2t+2.

Xét ham sd f(t):—%t3+t2—2t+2, te(O;%)

Ta co: f’(t):—gtz+2t—2; f’(t)zO@t:% hodc r=3.

Bang bién thién:

| W
(S
W

1) 3 /1 i
4 216

Tlr bang bién thién suy ra f(7)> %, Vvt €(0;3). Dau bang xay ra khi ¢ :%.
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3

Khit:Etadu'(_)'C:a:b:c: —,z=2.
2 2

suyra x=1,y=

,z=2.

Do dé: minP:%@lejy:

Cau 2. (HSG12 huyén Lwong Tai Bic Ninh nidm 2019) Cho x,y 1a cic s6 thwc théa min
x+y=+x-1+2y+2. Goi M, m lan lwot l1a gid tri l6n nhat va gid tri nho nhit cla

P=x"+y"+2(x+1)(y+1)+8/4—x—y.Khi do, gid tri cia M +m bang.

A 41. B. 42, C. 44.

D. 43.

Lo gii

Chon D
>1
x+y:\/x—l+‘/2(y+l); (DK: {;2_1:>x+y20]

<:>(x+y)2 s(1+2)(x—l+y+l)<:>(x+y)2 <3(x+y)
& 0<x+y<L3.
bit r=x+ye[0;3]
P=x’+y"+2(x+1)(y+1)+8/4—x—y
=(x+y)2+2(x+y)+2+8m
=12 +20+2+484—¢

Xét f(t)=1"+2t+2+8J4—1 v6i t€[0;3]

8 2
"(£)=2t+2- =2 +2|1-—
1) 241 { 4—1}

o Va-r-2) . 2(4-1-4)
- 2( Ja—t J_zt 4-1(Na=r+2)

L ) _2t(3—t+2\/4_—t)
B { _4—t+2\/E:|_\/4_—t(\/4_—t+2)
= f'(£)=0 vt €[0;3]

:r[r(gr]lf(t):f(o):2+8\/2:18 (Khix=1;y=—1)

max f(1)=f(3)=9+6+2+8=25 (Khix=2;y=1)

[03]

Vay M +m=25+18=43.

Tdc gid: Lé Phan, FB: Lé Phan
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Cau 3. (HSG12 tinh Bic Ninh 2018 - 2019 ) Chohdm s8 y=ax’ +cx+d, a0 ¢ (r_ni{)l)f(x) =1 (-2).

Gia tri 16n nhét cia ham s6 y = f(x) trén doan [1;3] bang
Ad+2a. B. d+8a . c. d-16a D.d-1la

Loi giai
Tdc gid: Bui Thi Phirong Thdo; Fb: Phuong Thao Bui
Chon C

Taco y’:3ax2+c = )y=0& 3ax’ +¢c=0 < x2:—3i_
a

Do (muol)f(x) = f(-2) nén phwong trinh ' =0 c6 hai nghiém phén biét x, =-2; x, =2 véi a <0,

—i>0 va — —C=—2 =c=-12a.
3a 3a

x, la diém cyec ti€u ctia ham s6 va x, 1a diém cyc dai ctia ham sé.

Khi d6 n[}gfcf(x):f(2):8a+2c+dzd—16a.

Cau 4. (HSG12 huyén Lwong Tai Bac Ninh nim 2019) Nha xe khoan cho hai tai xé& taxi Nam va Tién
mdbi ngudi lan lwot nhan 32 lit va 72 lit xing. Héi tdng s6 ngay it nhat 1a bao nhiéu dé hai tai xé& chay
tiéu thu hét s6 xang clia minh dwoc khodn, biét rang chi tiéu cho hai ngudi mot ngay téng cong chi
chay du hét 10 lit xing va mdi ngay lwong xang clia moi nguwoi chay 1a khong thay dai.

A. 20 ngay. B. 25 ngay C. 15 ngay. D. 10 ngay

Lo gidi
T4c gid: Nguyén Anh Dung; Fb: Nguyén Anh Dung
Chon A
Goi s6 lit xang tai x€& taxi Nam tiéu thu moi ngay 1a x lit.
Goi s6 lit xang tai x€& taxi Tién tiéu thu modi ngay 1a y lit.

Theobairatacé x+y=10

Tai x€ Nam tiéu thu hét 32 lit xing trong s6 ngay la: 32 ( ngay)
X
P x I PO ) \
Tai xé Tién tiéu thu hét 72 lit xang trong s6 ngay la: — ( ngay)

SO ngay hai tai xé chay hét s6 xang dwoc khoa la: 2+7—2 ( ngay)
X

biat M = £+2, M >10 (Vi sé lit xang hai tai xé€ nhan dwoc 1a 104 lit, méi ngay tiéu thu hét 10 lit

A
xang)

32 72 32 72 32(10—x)+72x  320+40x
M:_+—:—+ = = >
x y x 10-x x(lO—x) 10x —x
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& M (10x—x") =320 +40x

< 10Mx — Mx* =320+ 40x
& Mx® +10x(4—-M)+320=0
A'=25.(4-M) =320.M
=25.(16-8M +M*)-320.M

=400-520M +25M*

=(5M —52)" —2304
A'>0 e (5M -52)" ~2304>0

| SM —52>+/2304
|SM —52<—/2304

[5M —52>48
| SM —52<-48

[5M >100
| SM <4

"M >20

Tlm<l
5

Két hgp diéu kién M >10 tacé M >20

Vay téng s6 ngay it nhat d€ hai tai x€ chay hét s6 xdng minh dwoc khoan 1a 20 ngay.

Ciu 5. (HSG12 Tinh Nam Pinh 2018-2019) Cho 3 s6 thyc dwong x, y,z théa man
5(x3 +y° +Z3):(x+y+z)(xy+yz+zx)+15xyz.
Tim gia tri 1&én nhit cua biéu thirc
P= 2(x+y+z)—(y2 +22).

Lo gidi
T4c gid: Nguyén Van Minh; Fb:Minh Vin Nguyén
Khi x, y,z dwong thi

5(x3 +y° +z3):(x+y+z)(xy+yz+zx)+15xyz
N S(x3 +y’ +2 —3xyz)=(x+y+z)(xy+yz+zx)
c>5(x+y+z)(x2+y2+22—xy—yz—zx):(x+y+z)(xy+yz+zx)

<:>5(x2+y2+22—xy—yz—zx)=xy+yz+zx
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<:>5(x2+y2+22)=6(xy+yz+zx)
<:>5x2—6x(y+z)=6yz—5(y2+zz).
Vi6yz-5(y7 =) =4y -2) ~(y+2) <(y+2)

nén 5x° —6xA<—A> < 5x° —6xA+A> <0 (véi A=y+z>0)

@?SxSA hay%(y+z)£x£y+z.
s (+2)
Dodo6 P= 2(x+y+z)—(y2+zz)é2 y+Z—T.
batt=.y+z,t>0 khidé P£2t—%t4.
Xét ham so f(t):2t—%t4 voi t>0.
Tacd f'(t)=2-2=01=1.
Bang bién thién
X 0 1 40
f'(t) + 0 -
. 3
£t 2
3 x=y+z=1
Suyra maxP==khit=1y+z=1= 1

Cau 6. (HSG12 Thanh Phé Da Ning 2018-2019) Cho cac s& thuc dwong x, y thay d6i va théa dieu

kién x > y > 1. Gid tri nhé nh4t cta biéu thirc 7 =log’, (x*)+3log, A
B y

y
A. 19. B. 13. C. 14. D. 15.

Lo gidi
T4c gid: Nguyén Van Thing ; Fb: Nguyén Thing.

Vix>y>1néntaco: T =

+3(log, x—1)= 4 3.

~+
log® = (1-log,y) log,y
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4 3 35 +97 =5t +3 32 =2t +3
S

Z_ 3= .
(t—1)2+f t(t-1) £ =20 +1

batr=log, y=0<t<l (Vix>y>1)thi: T=

3t dr 107 1120 -3 (1=1)(B30 42 =9143) 3P 42 9r43  (Be+1)(7+3)

=>T'()= 5 ) 2 4 2 3 2 3
*(1-1) *(1-1) *(1-1) *(1-1)

T':O<:>t:l.
3

Ta c6 bang bién thién:

X 0 ! 1
3
T | - 0 +
T \ /'
15
Vay gia tri nho nhitcaa T 1a 15.
Cdch 2: Cda cé Lé Thi Hong Vin
. O<a,b<l | 3
bata=1-log y;b=log y= val=—+—-3
a+b=1 a- b
Ap dung BDT C6 - si cho 2 s6 dwong ta c6: iz+§2 2‘/% =T 2‘/%—3.
a b ab ab
a a ’
a2 —+—+b 1
Ta lai c6: Theo BDT C6 - si cho 3 s6 dwong: T'b < % = 57

:azbéi:T22,/12:i—3:15.
27 27

a,b>0a+b=1 ozzg
Diu‘="xdyra << 4 3 ¢4 & 3.
a- b2 b=§

Vay gia tri nho nhitcaa T 1a 15.

Ciu 7. (T6-25-Lan-2-HSG-Yén-Diing) Cho cac s6 thwc dwong x, y,z théa min
¥+t 4zt <2242,
Tim gia tri 16n nhit cta biéu thirc sau:

1
P=2y(x+z)+
Ea) ¥+ +2z2 +1

Lo gii

T4c gid: Nguyén Pham Minh Tri; Fb: Tri Nguyen
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Theo bat ding thirc AM - GM ta ¢4 :

a’+b>>2ab=2(a’ +b*)>a’ +b° +2ab=>2(a’ +b°) > (a+b)’

Ap dung bat dang thirc trén ta c6:

2
|:(\/§y) +(x+Z)2j| (2y2 + 2x2 +2ZZ)
V2y(x+2) < 5 < 5 =y +x’+2

1

A 1
Vay P=\2y(x+2)+ Tryirel

2 2 2
X +y +z7+1

< . . 1 C o . A
Pit t=x>+y* +z thitacé PSt+—1.Ta lai c6 danh gia sau day:
t+

2" +22x  +y 42 =2 27 48> (A + )+ (0 + )+ + ) 22X + 4y 422 = 4>+ Y+ 2

Vay taco t € (0,4]. Xét ham s6 f(t):t+%vé'i t€(0,4],tacod
t+

fi=1-

1
>0 véimoi r€(0,4] nén f(r)<f(4).Vay P<t+—<4+—=—
D oi 1€ (0,4] f(1)<f(4). Vay T+l 12

Diu ding thitc xdy rakhi: <x=z=1 = (x,y,2z)= (1,\/5, 1)

é‘

Vay P :% khi (x,y,2) = (1,+/2,1)

Ciu 8. (HSG 12 Yén Lac 2 Vinh Phiic ndm 2018-2019) Tim gia tri 16n nhit va gia tri nho nhit cha
ham so
_cosx+2sinx+3

2cosx—sinx+4

Loi giai
T4c gid: Nguyén Yén Phuong; Fb: Yenphuong Nguyen
Phan bién: Fb:Hieu Le
V&imdi xR ta co:
2cosx—sinx+4=2(cosx+1)+(1-sinx)+1>0 (vi sinxe[-L1], cosx [-11])

A

nen

_ cosx+2sinx+3

= : < y(2cosx—sinx+4)=cosx+2sinx+3
2cosx—sinx+4

& (y+2)sinx+(1-2y)cosx+(3-4y) =0 (*)

Phuong trinh (*) c6 nghiém khi va chikhi (y+2) +(1-2y)" >(3-4»)",
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2
twong duwong 11y2—24y+430<:>HSy£2.

e o L Re s 2 vl o Us e oax " 2
Gia tri 1n nhat va nhé nhat cua ham s6 da cho lan lwotla m = H,M =2.

C4u 9. (HSG12 Quang Ninh 2018-2019) Mot ho gia dinh can xay dwng mot bé chira nwéc, dang hinh
hop chir nhat c6 thé tich 24(m3). Ti s6 gitra chiéu cao ctia bé va chiéu rong bang 4. Biét rang bé chi

c6 cAc mat bén va miat day (khong c6 mit trén). Chiéu dai ciia day bé bang bao nhiéu dé xay bé ton it

nguyén vat liéu nhit.

Lo gii

Goi chiéu cao, chiéu rong, chiéu dai cia bé lan lwot1a 4, x, y (m) (Piéukién: h,x,y >0)

ﬁ_4 h=4x
Theo dé baitacd { x = 6
xvh =24 y_x_2

Téng dién tich xung quanh va dién tich mot mit day cia bé 13 S = xy + 2xh + 2yh = 8x +ﬁ

Ta di tim x dé S dat gia tri nho nhat.

Cach 1: Ap dung bat ddng thirc AM-GM :

27 2 27 2 ,
Tacé S =8x’ +—7+—7233,/8x2.—7.—7 =54.D4u ‘=’ xay ra khi y=3
X X X X 2

Vay gia tri nho nhit ciia S bang 54 khi x:% = yzg.
p L Ls A, , 54
Cach 2:Xéthamso S=8x"+—, x>0.
X
Co S'=16x—% ; S'=0<:>x=§.
X 2
Ta c6 bang bién thién :
x |0 312 +o0
s - 0 +

N 2 1A s 3
Hamsodatglatrgnhonhattalx=§ :>y:§.

A . AN s 9 ~ Z 8 \ A L. z A A A N
Vay khi chiéu dai cia bé bang 3 m thi ta xay bé ton it nguyén vat liéu nhat.

X

Cau 10. (HSG12 tinh Binh Thudn ndm 2018-2019) Cho x va y 1a cac s6 thwc théa man 2x >y >0.

Tim gia tri 1én nhat va gia tri nhé nhat ctia biéu thirc
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P:xz_xy+y2
x2+xy+y2'

Loi giai

Tdc gid: Bui Vdn Lwrong; Fb: luonghaihaubui

Taco P:tz_H_l, vo'1t=£2l.
" +t+1 y 2
Xéthamso f( )_tz—t+1 voi £+
£ +t+1 2
2y | 1(D=0
Tinh dwoc f'(t)=———, 1 ot=1
(2 +e+1) |12
2
Bang bién thién
t ! 1 +
- a0
2
o1% -0 ¥
- _r 1
[:j k g .-’"f-f
flz g
/ ~1
a 3

Suy ra gia tri nhé nhit cia P bang %, khong cé gia tri 1on nhit.

Cau 11. (HSG12 Ninh Binh 2018-2019) Cho cac s6 thyc x y z théamin x>-1 y>-1 z>-4 va
x+y+z=0.
a) Chirng minh
X +y +Axy+222+2z .
b) Tim gia tri I&n nhit cua biéu thirc
2 2
P= 2 2 =~ + y 1 2
X +y +4(xy+1) z(3+z)+x+y+2
T4c gid: Nguyén Pirc Binh ; Fb: Nhdn Dai Hoa

Loi gidi
a)Do x>-1 y>—1nén (x+1)(y+1)20 < xy+12—(x+y),
x2+y2+4xy+2:(x+y)2+2(xy+1)2(x+y)2—2(x+y)zzz+2z.

2 2 2 2
b) Tacd P=—; al + y -1 al y -1

X +y2+4(xy+l) Z(3+Z)+x+y+2 - x2+y2+4xy+2+2+z(3+z)+(x+y)+2
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2 2 2_ 2_
& P X N 2y -1 <:>PS(?C"')’)2 2(?CJ/“‘1)"'1SZ2 22+1.
z°4+2z42 z7+2z+2 z'+2z42 z'+2z+2
2
Xétf(z):% voi -4<z<2viz=—(x+y)<2.
() (22-2)(2° +22+2) (22 +2)(2 —22+1) 4224226
zZ)= =
(22+2Z+2)2 (zz+2z+2)2
z=1
Cho f'(z)=0& | 3.
T2
Ta co: f(l)=O,f(—éj:S,f(—4)=§,f(2)=i.
2 2 10

Vay P< f(z)<5 voi —4<z<2.

Hay gia tri1ém nhat P =5 khi (x; y;z) = (—1;%;—%) hodc (x;y;z) = (%;—l;—%) .

C4u 12. (HSG12 tinh Bic Ninh 2018 - 2019 )Xét ham s§ f(x)= ‘xz + ax+b‘ vOi a, b 1a tham sé. Goi
M 1a gia tri 16n nhét ctia ham s6 trén [1;3]. Khi M nhén gia tri nho nhat c6 thé dworc, tinh a+2b.
A. 4. B. 4. C. 3. D. 2.

Lo giai
T4c gid: Nguyén Trung Kién - Lé Minh Triéu

f(=D=[-a+b

; £(0)=[b

; f)=[l+a+b|=|-1-a-b

; f(2)=|4+2a+b| va
f3)=|9+3a+b|

Taco: f(3)+f(-D)+2f(1)2|(9+3a+b)+(1—a+b)+2(~1—a—b)=8

9+3a+b=2 _
Vay 4M 28 nén M, =2 xdyrakhi { 1-a+bh=2 @{Z_ |
“l-a-b=2 T

Thirlaikhi a =-2;b=-1,tacéd

f(x)=|x* =2x~1| trén doan [-1;3]

2 —2x—1 khixe[—l;l—\/i}u[l+\/§;3J
/(0= —x?+2x+1 khixe[l—\/i;l+\/§}
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2x—-1 khixe [—l;l—ﬁ)u(l+\/§;3]
“2x+2 khixe(1-v2;14472)

()=

f'(x)=0=x=1
fD=2; 1) =2; f(3)=2; f(1++/2)=0 (théa M =2).
Vay a+2b=-4.
Céach 2:
T4c gid: Ngé Minh Ngoc Bdo,; Fb: Ngé Minh Ngoc Bio
Chon C
Xéthams8 y = f(x)=x’ trén doan [—1,3].
Trén do thi ham s8 y = £ (x)1dy hai diém A(—1,1),B(3,9).

Phuong trinh dwomng thing ABla: = : - yT—l & y=2x+3.

Goi d 14 tiép tuyén ctia d6 thi ham s6 y = f (x) song song véi AB. Gia si tiép diém cta tiép tuyén

d 1a M(a,a*).Tacé: 2a=2<a=1(do d // AB).
Phuong trinh dwong thing dla: y =2(x—1)+1< y=2x—1.

Puong thang —ax — b 12 dwong thing song song va cach déu hai dwong thing d va AB, do dé:

T LT T b= 22 1)= 4
b=1 " |b=—1 7T T

Cau 13. (HSG10 HA NAM 2018-2019) Cho céc s8 thyc x,y théa man: 2(x* +y* ) =1+xy.
Goi M lagia tri 1én nhat va m 1a gia tri nho nhat cta biéu thic

P:7(x4 +y4)+4x2y2.
Tinh M +m.

Loi giai
Tdc gid: Lim Thanh Binh; Fb: Lim Thanh Binh

P:7(x4+y4)+4xzy2 :7[()62 +y2)2 —2x2y2}+4x2y2.

I+xy

2
=7(x’ +y2)2 —10x%y? =7( j —10x%)? =%(x2y2 +2xy+1)-10x°y”.

B,, 7 7
P=——Xxy"+=xy+—.
47 Ty

batt=xy,taco

1 1
1+xy=2(x2+y2)24xy<:>xyég<:>tég.
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1 1
2|:(x+y)2—2xy}=1+xy<:>2(x+y)2=1+5xy20<:>xy2—§<:>tz—§.
P=-3p 1 T site —l;l

4 2 4 53
1 7
r —_— R— —_
3 33 3

Lﬁl‘l-\-\l
s | =

’ E/ \:

25

70 7 7 20
M ="Y xayrakhit=—- hay xv=——.Khidé x>+ > = 22
33 Y 33 YT Y753

I 34 \/?
7+7
x:\/33 11
2
/%_\F
7 V33 V11
Y 2
x2+y2=§ 34_\/?
33 \
V33 Vn
2
34 2
33\
y=os

18 1 1 2
m=— xayrakhi r=—— ha =——.Khidd x*+1*==.
25 5 Y A= 5

[

xX=—

5

Tacéd 5 5 IS >
X +yt== x:_ﬁ

5 5

Y5

L 5

Vay M+m:%.
825

Cau 14. (HSG12 tinh Can Tho nidm 2018-2019) Mot xe khach chit lwgng cao di tir Cin Tho dén Ha
No6i ché dwoc nhiéu nhat 50 hanh khach trén mot chuyén di. Theo tinh todn cia nha xe, néu xe ch®

2
duwgc k khéch thi gia tién ma moi khach phai tra khi di tuyén dwong nay 1a (180—%) tram dong.

Tinh s6 hanh khach trén mdi chuyén xe sao cho téng s6 tién thu dwoc tir hanh khich nhiéu nhit.
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[ Tinh s6 tien dé.

Loi giai

Cach 1.

2
S6 tién thu duwoc trén moi chuyén xela T (k)= k(l80—%) voi keN, 0<k<50.

2
Xét ham so T(k):k(lSO—%} voi k €[0;50].

Dé thdy T (k) lién tuc trén [0;50].

2
Ta cé T'(k)z(lSO—%J +2k(180—%)(—%J=(180—%)(180—%) va

k=120 ¢[0;50
T'(k):o@(lso—%j(lso—%j:o@ : ].
2 2 k =40¢[0;50]

Ta tinh dwoc 7(0)=0, 7(50) = 551250, T(40) = 576000

Do d6 max T (k) =T (40) = 576000.

[0;50]
Vay s6 tién thu dwgc nhiéu nhat khi xe chéd 40 hanh khach va so tién d6 1la 57600000 dong.
Cach 2.

Vi k €[0;50] thi £ va (180—%} khoéng 4m nén

3
IR IR 3k+(180—32kj+(180—32kj
T(k)=k(180——j =—-3k(180——j <- =576000.
2) 3 2) 73 3

Dang thirc xay ra khi 3k:180—%c> k =40.

Vay s6 tién thu dwgc nhiéu nhat khi xe chéd 40 hanh khach va so tién d6 1la 57600000 dong.

Giai cac phwong trinh sau:

C4u 15. (HSG12 tinh Can Tho nam 2018-2019) M6t xe khach chat lwong cao di tir Can Tho dén Ha
NoOi ché dwgce nhiéu nhit 50 hanh khach trén méi chuyén di. Theo tinh todn cta nha xe, néu ché

2
dugc k khach thi gia tién ma moi khach phai tra khi di tuyén dwong nay la (1 80— %) tram dong.

Tinh s6 hanh khach trén mdi chuyén xe sao cho téng s6 tién thu dwoc tir hanh khach nhiéu nhit.
Tinh s6 tién do.

Lo giai
T4c gid:Nguyén Thi Thily Dung; Fb: Dung Nguyén
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2
S6 tién thu dugc trén moi chuyén xe la: T = k(180 —%kj ;0<k <50.

3 2
Goi T(k):k(ISO—Ekj .

2
Bai to4n tré thanh: Tim & dé T(k) = k(lSO - %kj dat GTLN, vi 0 <k <50.

Ta co: T'(k) = (ISO—gkj(ISO—ng

. k =120 ¢ (0;50)
T'(k)=0< :
k =40
Bang bién thién:
x |0 40 50
}?' + O _—

v / I(40) \

Vay s tién thu dwoc nhiéu nhat khi xe ché 40 hanh khach va sé tién thu dwoc 1a 576000 tram
dong (tircla 576.000.000 dong)

Cau 16. (HSG12 tinh Lao Cai nam 2018-2019) Cho a,b,c 1a cic s6 thyc dwong. Tim gia tri nhé nhat
cda biéu thirc

2 2 2
p_a +bc+b tea ¢ +ab—44/—a+b+c.
b+c c+a a+b

Loi giai

a’ +be . a’> +bc+ab+ac :(a+b)(a+c) - a’ +be :(a+b)(a+0)_a

b+c b+c b+c b+c b+c

Ta co

b2 +ca _(b+c)(b+a)+_b_ ¢t +ab _(a+c)(c+b)

Twong ty ta co:
c+a c+a a+b a+b

—C

po (a+b)(a+c)+(b+c)(b+a)+(c+a)(c+b)_(a+b+c)_4m

b+c c+a a+b

AP dung bat dang thitc AM-GM

(a+b)(a+c) +(b+c)(b+a)

>2 b
b+c c+a (a+ )

(b+c)(b+a)+(c+a)(c+b)

>2(b
c+a a+b ( +c)

(c+a)(c+b)+(a+b)(a+c)
a+b b+c

:>2£(a+Z)+(Zt+c)+(b+z)+(z+a)+(c+z)+(z+b)J24(a+b+c)

>(c+a)
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= P>a+b+c—4Ya+b+c
pitt=Ya+b+c>0=a+b+c—4Ya+b+c =r*—4,

Ta c6 14—41214—212+1+2(t2—2t+1)—3:(12—1)2—32—3:>P2—3

A ke a ia o X Ja+b+c=1 1
Vay gia tri nho nhat cua P la -3 khi 5 <:>a:b=c:§.
a=b=c

Cau 17. (HSG12 tinh QUANG NINH 2018-2019) Nha ban An muén dit the 1am mot bé c4, nguyén
liéu bang kinh trong sudt, khong c6 nap day dang hinh hdp chir nhat c6 thé tich chira dwoc
400000(cm3) nuwéce. Biét rang chiéu cao clia bé gip 2 Ian chiéu rong ctia bé . Xac dinh dién tich day

cta bé ca dé tiét kiém nguyén liéu nhit

Lo gidi
T4c gid: Trdn Thi Vin; Fb: Trin Thi Vin
Goi a,b,c lan lwgtla chidu rong, chidu dai, chiéu cao ctia khdi hop chir nhat (a,b,¢ > 0)

200000

a

Theo gia thiét ta c6 ¥V = abc =400000 va ¢ =2a = 2a’bh = 400000 = ab =

Ta c6 tong dién tich xung quanh va dién tich 1 mit day cia bé cala

S =ab+2ac+2bc=ab+4a* +4ab==>5. +4a

200000 » _ 1000000 AL - 4(250000 +a2j
a a

a

g 4(125000 N 125000 +a2j S 4-3#125000'125000 22 —30000
a a a a
Suyra S dat gia tri nho nhat khi 125000 _ a’=a=50=8, =ab= 200000 _ 4OOO(cm2)
a a

Cau 18. (HSG11 Nho Quan Ninh Binh 2018-2019) Mot chat diém chuyén dong c6 phwong trinh
s(t)=1 =3 +9t+2, (t>0), ¢ tinh bing gidy va s() tinh bang mét. Hoi tai thoi diém nao thi vin
toc ciia vat nhé nhat?

A. 3 giay. B. 1 giay. C. 2 giay. D. 6 giay.

Lo gidi
T4c gid: BS Vin Hiu; Fb: Ning Péng
Chon B
Tacod s(t)=1 -3 +9t+2=v(1)=5"(t) =3 61 +9=3(-1)" +6>6
D4u “=" xay ra khi va chi khi ¢ =1.

Hay tai thoi diém ¢ =1 thi van tdc cia vat nho nhit.

Ciu 19. (HSG12 HCM nim 2018-2019) Cho cac s8 thwc a,b,ce(l;+w) théa man 4" <b va
log, b+ 2log, ¢ +5log, a =12 .Tim gia tri nho nhit cta biéu thiic
P=2log, c+5log, b+10log, a .

Lo gii
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T4c gid: Phan Tran Bao Bao ; Fb: Phan Tran Bao Bao

x,y,z>0
. L lxyz=1
bat x =log, b;y =log,c;z=1log,a .Taco
x=>10
xX+2y+5z=12
Khi d6:
P:%+£+E:E+§+@—%2332.2.@—9:30—9:21
z 'y X z y Xx X zy x
x.yz=1 x=10 log, b=10
Suyra P =21 dat dwoc khi 2_5_100 y:l:> logbc:l =b=c"=d".
z 'y X 2 2
xt2y+sz=12 |, L
5 5

Ciu 20. (HSG12 tinh Pién Bién nim 2018-2019) Tim gia tri 1&én nhat va gia tri nho nhat cia ham sé

2sin’ x

fx)=

. x
sin* = + cos* =
2 2

Tdc gid: Pham Trung Khué ; Fb: Pham Trung Khué

Lo gidi

.4 X X . X X 1 . 2—sin’x
1.Tac()s1n4§+cos4—:1—2s1n25cos25:1—55m2x:—;tO,‘v’x

: 2
Khidé f(x) = 4sin"x 8

) - ) _4
2—-sin“x 2-sin"x

Vi03sin2x31:>132—sin2x32nén4s2 —_<8.Dod6 0< f(x)<4.
—SIn x

Tacd f(x)=0<sinx=0< x=kz(keZ),

f(x)=4<:>sinzx:l<:>sinx:il<:>x:i%+2k7z(keZ).

Vay gia tri nhé nhit cia f(x) 1a 0 dat dwoc khi x = kz(k € Z), gia tri 16n nhédt cta f(x) 1a 4 dat

dwoc khi x = i%+ 2k7z(k € Z).

Cau 21. (HSG12 Thanh Phg Da Néng 2018-2019)Cho ham s8 f'(x) c6 dao ham x4c dinh trén R 13
f'(x)= x(x2 —1)\/x2 +3. Gia st a,b 12 hai s6 thuc thay d6i sao cho a<b<I. Gia tri nhé nhit cia
f(a)- 7 (b) bing
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A J3-64 . 3343 - 64 NE) 11f

. . : == D.——
15 15 5 5

Loi gii
Tdc gid: Trdn Thanh Son ; Fb: Trdn Thanh Son
Phan bién: D6 Hitu Nhédn; Fb: Do Huu Nhan
Chon B

Tacod y'=f"(x)= (x —1)\/x2+3 suy ra y:f(x):jx(xz—l)\/x2+3dx.
Pit t=vx"+3 =1 -3=x"=xdx=¢df. Suyra

[x(x? =1)Nx* +3dx = [( - )tdt—_[(t4—4t2)dt:§—§t3+C,v(yiCléhﬁngsé’.
(2 +3) V2 +3 4(x*+3)Vx*+3

T do f(x)= 3 - 3 +C.DPaylahamsd chintrén R.

Mt khéc f7(x)=0< x(x* —1)x* +3 =o@{x
X

Bang bién thién

X —0 -1 0 1 +o0
Y - 0 + 0 - 0 s

+o0 - £(0)- +o0
L TN T

Dwa vao bang bién thién, ta c6 nhén xét:
BTrén khodng (—o0;—1) ham s8 nghich bién, do dé6 véi a<b<-1= f(a)>f(b) nén

f(a)-71(b)>0.
min £(¥)=7(-1)= 7 (1)

max f(x) = f(O)

xe[ 1; 1]

EXét trén doan [-11], ta c6 . Dé f(a)-f(b) dat GTNN thi f(a) dat

min va f(b) dat max. Do d6 {a— ,via<b<l.

Hay gié tri nhé nhit cia f(a)— f(b) bing

16.2 16.2}_(9\/5_12\5}: 33v3-64

<0.

f(_l)_f(o):( 5 3 5 3 15

Vay gia tri nhé nhit ctia f(a)—f(b) béng

333 - 64
15

Cau 22. (HSG12 Tinh Nam Dinh 2018-2019) Goi M, N lan lwot 1a gia tri 1on nhat va gia tri nho nhat
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ciahamsé y = |x|+cos 2x trén [—%; %} :
-2

AT N3 Bx
6 2

&

+
2 2

—_—

C.—-1. D.———.

z
4 6 2

Chon A

Ta cé y:\/x_2+cos2x.

=X 2sin2x,Vx#0.

Yy = \/x_2
+) ' khong xac dinh tai x=0.

+) y'=0<:>x—2|x|.sin2x:0.

Véi xe(O;%j: y' =0 x—2xsin2x=0 <:>sin2x:%<:>x:—.

Vi xe(—%;Oj: y' =0 x+2xsin2x=0 <:>sin2x=—% S x=——

Lo gii

T
12

T
12°

Cau 23. (HSG10 tinh Ha Tinh nam 2018-2019)M6t ngwoi ndong dan cé mot khu dat rat rong doc theo
mot con séng. Nguoi d6 mudn lam mot hang rao hinh chit E (nhw hinh vé) dé€ dwoc mot khu dat
gom hai phan dat hinh chi nhat dé trong rau va nudi ga. Poi véi mat hang rao song song véi bo
séng thi c6 chi phi nguyén vt liéu la 80 ngan dong mot mét dai, d6i véi phan con lai thi chi phi
nguyén vat liéu la 40 ngan dong mot mét dai. Tinh dién tich 16n nhit ciia phan dat ma nguoi néng
dan rao dwoc véi chi phi vatliéu 1a 20 triéu dong.
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o O
O Q)
X X X
O O
a b

Tdc gid. Lé Thdi Binh ,Face: lebinhle80@gmail.com

Lo gidi
Goi chiéu rong ctia hinh chit nhatla x(m); (x>0) va chiéu dai ctia phan dit trong rau va nudi ga lan
lwotla a(m),b(m);a>0;6>0.
Khi d6 dién tich ctia khu dat1a S = (a+b)x(m2). Mit khac theo gia thiét tong chi phi 1a 20 triéu
ddng nén ta c6 3x.40000 +(a +5)80000 = 20000000 <> 3x +4(a+b) = 500.
2
[3x+4(a+b)]  500° 15625 15625 175 250

=>S<————= MaxS=——— < ag+b=—-;x=—"—
4 3 3 2 3

Tac6 128 = 3x.4(a+b) <

Ciu 24. (HSG10 CAU GIAY - THUONG TiN - HA NOI 2018-2019) Cho tam gidc ABC. Pit a=BC,
b=AC,c= AB. Goi M1a diém tly y. Tim gi tri nh6 nhat cta biéu thirc P = MA*> + MB* + MC* theo
a,b,c.

Lo gidi
T4c gid:Nguyén Phi Thanh Phong ; Fb: Nguyén Phi Thanh Phong.
Goi G la trong tam tam gidc ABC suy ra GA+GB+GC =0.
Tacé P=MA* + MB* + MC> =MA +MB +MC .
MA' =(MG +GA) =MG* +2.MG.GA+GA
Vi \MB =(MG+GB) = MG* +2.MGGB+GB’

2

MC’ =(MG + 56)2 ~ MG +2.MG.GC+GC’

VY Ve 2 2 2 2
— MA +MB +MC =3MG +(GA +GB +Gc)

Khi d6 P =3MG” +(GA* +GB* +GC*)va P,

S MG o MG, <> M=G.
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2 2 2
GA2=gmj=g[b ;C —%j=é(2b2+2cz—a2)
4 , 4 a’+c¢? z
4

j:é(2a2+202—b2) .

Mit khac { GB® =

m,~ =—

9 2

9 2

4
9
2 2 2
GC? =gm02 :f(“ b _%j:é(zaz +2b* —c*)

T trén, ta dwoc: P

min

=GA* +GB> +GC* = %(cf +b° +02). D4u bang dién ra khi va chikhi M =G .

Cau 25. (HSG11 tinh Phd Yén niam 2018-2019) Cho x, y, z 13 3 s6 thwc théa man x* +y* +z° =1.

a) Tim gia tri nho6 nhéat cta biéu thirc P =xy+ yz+2019zx.
b) Tim gia tri I&n nhat cla biéu thivc QO =xy+ yz +2zx.

Lo giai
a) Tim gia tri nho nhit cta biéu thirc P =xy+ yz+2019zx.

Ta co: OS(X+)2+Z)2 :x2+y2+22+2(xy+yz+zx):1+2(xy+yz+zx).

| i .
Suy ra xy+yz+zx2—5. Dau dang thirc xay ra khi x+y+z=0.

2 2
Do vay P:(xy+yz+zx)+20182x2—%+20182xz—%—2018(z o ]z I 2018 _ 2019

2 2 2 2

¥ +y +zi =1

Diu “=" xdy ra < xry+z=0 <y=0 x=—z=ii.
xX=-z ’ 2
2 +xt =1
2019 1

Vay min P=———-khi y=0, x=—z=+—.
2 7
b) Tim gia tri I¢n nhit cta biéu thircQ = xy + yz + 2zx.
Xét cac gia tri dwong clia x, 3, z Vi x° +)° +z° =1 nén ta c6 thé dit

y=cosa

. .. Vd
x=sinacos f, voi a,ﬂe[o;a]
z=sinasinf

Thé thi O = y(x+z)+2xz =cosasina(cos B +sin B)+2sin’ asin S cos B

Via,fe [0;%} nénQ <2 cosasina +sin’ a(1)-

Diu “=" xay ra khi cos f=sin f=—-

S -

Bién ddi (1) v&i dang
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QS—25in2a+m=l+l(x/§sin2a—cos2a)£l+£:1+\/§.

2 2 2 2 2 2
2 -1 sin2a:§

Diu “="xayra < <sin2a cos2a = A
ﬁsinZa—cos2a:\/§ Cos2a:—T3

sina = 3+\/§
V6 . /3—@ [3+3
Suy ra jtcla y=,[——,x=z= .
f3_\/§ 6 12
CoSo = T

Vay maxQ:Mkhi y:1/3_\/§,x:z:,/3+\/§-
2 6 12

Ciu 26. (HSG11 tinh Thanh H6a ndm 2018-2019) Cho 3 s6 dwong x, y, z théa méin:
4x* +4y° +2° :%(2x+2y+z)2 .
Tim gia tri 1&n nhat cta biéu thic:

B 8x’ +8y° +2°
(Cx+2y+2)(4xy+2yz+2zx)

Lo gidi
Tdc gid:Trdn Thi Kim Xuyén ; Fb: Xuyen Tran

2x p 2y oo 2z
2x+2y+z 2x+2y+z 2x+2y+z

bat a = .Khidé a, b, ¢c>0.

*Khi d6 a+b+c=1vadiéukién 4x* +4y* + 2° :%(2x+2y+z)2tr6'thénh a+b*+c’ =1

a+b+c
ab+bc+ca

con P=

*Ta co: (a+b+c)3 =a’+b +¢ +3(a+b)(b+c)(c+a)
=a+b +¢° +3(a+b+c)(ab+bc+ca)—3abc thé vao P thi:

1-3(ab+bc+ca)+3ab
P J+3abe . 1+3abc
ab+bc+ca ab+bc+ca

Mit khéc tir gia thiét ta co: 1=S" :%+2(ab+bc+ca) = ab+bc+ca:i thé vao P thi ta duoc:

P+3=4+12abc = P =1+12abc . Ta chirng minh P:1+12ach%

* That vay khi d6 BBT < 6abc < é
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1 b
Ta co: a’+— |+ b2+—j2£+— :>l—c2+—>l(l—c)<:>—c2+lc+%20<:>—lScS2
3 3 2 3 9 3

36 18 3 3
306(0;2}
3
2 2 2 2
Xét : Q=6abc=2ab.3c£4ab:2[(a+b) —(a +b )] =2[(1_c) _(__62)}3
@2(1—2c+c2—l+c2j—lso@02_C+Zgo @lgcgg
2 9 9 3 3

BDT dlng néu ta liy c 1a s6 16n nhit thil=a+b+c<3c = % <c¢ Ta c6 diéu phai chirng minh. Viy

1

maxP=E taia=>b= ,c=l Sx=y=—1z
9 3 4

N~

Ciu 27. (HSG11 Nho Quan Ninh Binh 2018-2019) Tim gi4 tri thyc ctia tham s6 m#0 d€ ham s6
y=mx" —2mx—3m—2 cé gia tri nhé nhat bang —10 trén R.
A m=2. B.m=-2. C.m=-1. D.m=1.

Lo gidi

Tdc gid: TRUONG SON; Fb: Truongson

Chon A
a=m>0 m>0
Pé ham s@ dat gia tri nho nhit bang —10 trén R =1 52 _44¢ 1O<:> 16m% +8m 10<:> m=2.
 4a  4m

Vay m=2.

Ciu 28. (HSG11 tinh Phu Yén nidm 2018-2019) Cho x,y,z la 3 s6 thuwc dwong thdéa min
x* 4y’ +z> =1. Tim gia tri nhé nhat ctia biéu thirc
A=2 2 =
z X Yy

Loi giai

2 2 2
Ta cé Azz(ﬂj +(£j +(ﬁj +2(y2+22+x2).
z X y
Ap dung bit dang thirc X%+ y2 +z2> Xy +yz+zx.

3.

Ta dwoc 4> :(y2+22+x2)+2(y2+22+x2):3(y2+22+x2)

x—yZKZE:x:y:Zz

. 1
Pang thirc xay ra < —.
z X Yy J3

1
Vay minA:\/g datduwgckhi x=y=z=—

N

[ Cau 29. (HSG12 Cao Bing nim 2018-2019) Mbt khach san c6 50 phong. Néu mdi phong cho thué |
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vGoi gid 400 ngan ddong mot ngay thi toan bd phong dugc thué hét. Biét rang cir moi lan tang gia Ién
20 ngan dong thi cé thém hai phong bé trong khéng c6 nguwoi thué. Hoi gidm déc khach san phai
chon gid phong mai 1a bao nhiéu dé thu nhip cia khach san trong ngay 1a 1ém nhit?

Loi giai
Goi x (ngan dong) la gia phong khach san cin datra, x >400.
Gia thué phong chénh léch sau khi ting 1a: x—400 ( ngan dong).
SO lwgng phong cho thué gidam di khi chon mic gia thué phong méi la:

x—400.2: x—400

hong).
20 m (phong)

x—400 900—x

S6 phong cho thué véi gid x la: 50—
P & & 10 10

_ 2
Téng doanh thu trong ngay la: x. 90?0 - —ic—0+ 90x.

2

Xét ham 8 f (x)= —i‘—0+9ox véi x> 400,

f’(x)=—§+90:>f’(x)=0<:>x=450.

X 400 450 +a0
f'(x) + 0 _
i
f(x)

Qua bang bién thién ta thdy f(x) dat gia tri 1én nhat khi x =450,

VAy néu thué v&i gid 450 ngan dong thi khach san c6 doanh thu cao nhit trong ngay.

Cau 30. (HSG12 tinh Thai Nguyén nam 2018-2019) Cho céc sé thwc dwong x,y théa min diéu kién
8
X +2y =—.
Y73

Tim gid tri 1&n nhit cha biéu thirc

P=7(x+2y)—4\/x2 +2xy+8y° .

Lo gii

Ta c6: 4yJx> +2xy +8y% = /167 + 32xy +128)° =\/7(x—2y)2+(3x+10y)2 >3x+10y (1).

Suy ra P=7(x+2y)—4«/x2 +2xy+8y° S7(x+2y)—(3x+10y)=4(x+y).

Mit khac: x+y=(1.x+i2.\/§yjs\/(1+%j(x2 +2)7)=2=P<42=8 (2).

%
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2
7(x—2y) =0 4
x=—
D4u dang thirc xay ra & (1) va (2) khi va chi khi %:@ & ';
i3
8
X' +2yt ==
Y73
4
x=—
Vay GTLN P =8 dat dwoc khi ; .
J’:g

Ciu 31. (HSG12 Tinh Nam Binh 2018-2019) Vi a,b,c 1a cac s6 thyc 16m hon 1, dat x =log, (bc),
y=log,(ca), z=log, (ab).Tinh gia tri nhé nhat ctia biéu thirc

P=x+y+4z
A 6. B.12. C.10. D. 16.

Lo gii
T4c gid: Nguyén Thi Tuyét Hing; Fb: Hang Tuyet

Ta co:

x =log, (bc)=log, b+log,c.

y =log, (ca)=log, c+log, a.

z=log, (ab)=log, a+log.b.

bat: A=log, b, B=log,c, C=log, a v&i A,B,C>0 (do a,b,c>1)

Khi dé: P:x+y+4z:A+%+B+%+4C+%:(A+%J+(B+%j+(4€+%j.

Ap dung BPT C6-si cho hai s6 thwe dwong:

1 1 .
A+ZZ2 A.z=2.Déngthl'rcxéyrakhiA=1<:>a=b.

4 4 o ., . 5
B+EZ2 B.E:4.Dangthu’cxayrakhlB=2<:>logbc=2<:>c=b .

4C+%22 /4@%:4 . Déng thirc xay ra khi Cz%@logca:%cnz:\/;.

Suyra: P>10.

Vay min P=10 khi {
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Cau 32. (HSG10 Cum Ha Pdng Ha Dirc HA N6i nim 2018-2019) Cho hai tia Ax, By véi AB=100
(cm), xAB =45" va By L AB.ChAt diém X chuyén déng trén tia Ax b4t dau tir 4 véi van téc 32
(cm/s), cung lic d6 chdt diém Y chuyén dong trén tia By bit dau tir B v6ivan tdc 4 (cm/s). Sau

t (gidy) chit difm X di chuyén dwoc doan dwong AM , chat diém Y di chuyén dwoc doan dwong
BN . Tim gia tri nhé nhit cia MN .

Loi giai
T4c gid: Phan Nhat Hung; Fb: Hiung Phan Nhat

Sau ¢ (gidy) ta cé AM =32t (cm), BN =4t (cm).

y'A
N
M
Ko¢------
. — >
A H B x'

Dwng hé truc Descartes vudng géc Ax'y’, 4= 0(0;0) nhw hinh vé trén.

Goi H,K lan lwotla hinh chiéu cia M 1én truc Ax' va 4y'.

Véit>0 (thrcM # A) tacd AHMK 1a hinh vudng. Suy ra AH = AK =3t (cm).

= M =(31;3t), N=(100;4¢). (N6i thém la truomg hop M = 4 thitoa dd M van dung).
Khi do MN* = (100—3t)2 +1> =10¢" — 600z +10000 = 10(1—30)2 +1000>1000, VteR.

= MN >10:/10,Vz e R.

D4u "=" x4y ra khi va chi khi 7 =30.

Vay min MN = 10+/10 ¢m Khi £ =30 giay.

C4u 33. (HSG11 Ha Tinh 2018-2019) Cho tam giac ABC. Tim gia tri I6n nhét cta biéu thirc

P=+/sin 4 ++/sin B +(‘/E\/sinC .

Lo gii

T4c gid: Dang Ngoc Sang; Fb: dang ngoc sang
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Ta cé: (\/sinA +\/sinB)2 <2(sin A+sin B) =4sin A;Bcos A;B =4c0s%c0s A-B

S4c0sg
2

= /sin 4 ++/sinB <2 cos% :>PS2‘/COS%+24 %\/sinC S2\/2(cos%+?sin€}

Ta lai co6:

2 2
cos£+£sinC <2 0052£+§sin2C :1+cosC+§(1—coszC):§—3 cosC—l S§
2 2 2 4 2 3 3 3

:>cos£+£sinC£2\/§:>Ps2 4£:24{/g
2 2 3 V3 3

A=B
e L \ / 2 . :
Vay gia tri lon nhat cua biéu thirec P la 23 3 Dau "=" xay ra khi:

C= arccosl
3

Cau 34. (HSG12 Quang Ngai 2018-2019) Cho cac s6 thwec khéng 4m a,b,c thoa c¢<a,c<b. Tim gia
tri nhé nhit cia biéu thirc

Pe(a_b) (2a+cj2+(2b+cj2_ 64 8(a’+1)
b* +¢? a’ +c? ab+bc+ca a(a—b)2 '

Loi giai

Tdc gid:Pham Hitu Thanh ; Fb: Pham Hitu Thanh.

, 1 1 1 1 -1 -1
Taco: =2 T =2 T >
(a2+02) 4i (b2+02) by ab+bc+ca (a+cj.(b+cj
) 2 2 2
cY cY
Suyra P>(a—b) —+ —— +8(a+—j
pai€ ¢ (a+cj(b+cj 4

> 64 I I
it a+§:x ;b+§:y . (x>0;y>0).Taco PZ(x—y)2{4x—4+4y——6—}L16 >

4
3
Hay P24(£+X—2JK£+ZJ —3(£+Zj—16]+16.
yox yox yox

oot
it 1==+2,(r>2).Xéthams§ f(¢)=4(t~2)(¢ -3¢ ~16)
y X

Tacé f'(t)=4(4 -6t —6t—10),f'(t)=0<:>t:§
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Lap bang bién thién suyra f(7)> —%.
a=1
a=1
I 1 . | S, 1
Suyra P>—va P=—<b=2 hoac {b=—.Vay P, =—.
4 2 4
c=0
c=0

Cau 35. (HSG11 Nghé An 2018-2019) Cho ba sé thuc a,b,c thod man a’ +b° + ¢’ =3abc+32. Tim
gia tri nho nhit cua biéu thirc
P=(a2 +b +cz)(|a—b|+|b—c|+|c—a|).

Loi giai
Tacéd
a+b+c :3abc+32<::>(a+b+c)(a2 +b* +¢? —ab—bc—ca):32(*)

it t=a+b+c,tir (*) suyrat=a+b+c>0

(”‘)<:>(a—i—b+c)[3(a2 +b2+c2)—(a+b+c)2}=64
64
a+b+c

2

<:>3(a2+b2+c2): +(a+b+c)2=6t—4+t

Ta chirng minh

|a—b|+|b—c|+|c—a|2\/2[(a—b)2+(b—c)2+(c—a)1(**)

That vay, vi vai tro a,b,c binh dang nén khong gidm téng quat gid strrang a > b > ¢, khi do6

|a—b|+|b—c|+|c—a| =(a—b)+(b—c)+(a—c):2(a—c)
Tacé

()& 2(a=c)> 2] (a=b)’ +(b-c) +(c=a)
<:>(a—c)2 Z(a—b)2 +(b—c)2

<:>(a—b+b—c)2 2(a—b)2 +(b—c)2
= 2(a—b)(b—c)20

biéu trén luén ding véi a > b > ¢. Vi vay
|a—b|+|b—c|+|c—a|2\/2[(a—b)2 +(b—C)2 +(c—a)2}

<::>|a—b|+|b—c|+|c—0z|2\/4((12 +b* +c* —2ab—2bc—20a)

32 82

2 -
a+b+c \/;

Ta co
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3P=3(a2 +b* +cz)(|a—b|+|b—c|+|c—a|)

3P>(t j%—&f(i?mf}gfzm:lzgﬁ
b 1282

3

128\/_

Vay gia tri nhé nhat cda biéu thirc P 1a ——=

bat dwoc khi a = =c= va cac hoan vi cua a,b,c.

42, _4-22
3 7 3

Cau 36. (HSG12 Ha Noi nim 2018-2019)Cho céc s6 thuc a,b,c khéng 4m théa min o’ +b> +¢* =1.
Tim gia tri 1én nhat cta biéu thirc
P=a+b+c—4abc.

Loi giai

T4c gid: Nguyén Thi Phirong Mai; Fb: Phurong Mai

A e el o T - 1
Khong mat tinh tong quat giast a>b>c thltlr1=a2+b2+02:>13332:>a225.

Mat khac: 2bc£b2+02:1—a2:>OS2chl—%z§:>O£bc£%.

Ta co:

=[a(1-4be)+(b+c) 1] <[ @ +(b+e) | (1-4be) +1]=(1+2b¢c)| (1-4be) +1].

D4u bing xay ra khi =b+c (¥).

1-bc

1
Dit t:bc:>0£tS§.Suyrade(_rc P’ £(1+2t)(16t2—8t+2):32t3—4t+2.

N6
Xéthamséf(t):32t3—4t+2,te[o;ﬂ;f’(t)=96t2—4:0@ i26
f:?(l)
1) 50 6
f(0)=2;f(§J=E;f(%]z1,4556.
a:c:L
Suy ra GTLN /(¢)=2 khi t:o:{i:gg */15
a:bzﬁ
1
Két ludn: max P =+/2, dat dwoc khi ‘= zﬁ,hoéccéchoénvi cua no.
c=0
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Cau 37. (HSG12 tinh GIA LAI 2018-2019) Cho a,b,c la cic s6 thwc tuy y thoa man diéu kién
a>b>c¢>0.Tim gia tri nhé nhit cta biéu thirc

M:l b N c j+ Sa
2 a+b c+b) a+c

Loi giai
Biéndé’ile 1+1 + >
a b c
I+ 1+—| 1+—
b c a
s a2 , 1 1 2
Ta c6 bat dang thirc + > (Vx,y>0,xp2>1).
I+x 1+y 1+\/E

That vay ! + ! > 2 =
I+x 1+y 1+\/E

D4u bang xay rakhi x =y

(&—\/})2(\/5—1)20 dtng Vx,y > 0,xp > 1.

Dod(')MZl. 2 +—.D5ub5ngxéyra<:>£:é.
a c b ¢
1+,/= 1+—
c a
1 5t 5t+l1
+ —

< a . A
Datt:—.VlaZchnentZI:IZ\/; =>M > =
c I+t 1+¢ ¢+1

(tjl)z >0,Vte [1;+OO) nén f(t) la ham s6 dong bién trén

Xét ham sd f(t):stt—lel, ta co: f'(¢)=
+

[1;+00).Dodé f(¢)= f(1) Vi=1.

Vay M. =f(1)=4khit=1 ©a=b=c.

Ciu 38. (HSG12 tinh Hai Dwong ndm 2018-2019) Cho cic s6 dwong a, b, c. Tim gia tri nh6 nhat
cta biéu thirc
6

1
P= = .
a+\/ﬁ+i/abc \/a+b+c

Lo gidi
T4c gid: Ban Thi Thiét; Fb: Ban Thi Thiét

(1).

a+4b

Vi a, b 1a cdc sé dwong nén: a+4b >2+a.4b < a+4b > 4\ab <> ab <

Dbang thirc xay ra khi a =4b.
Vi a, b, ¢ 1a cac s6 dwong nén:

a+4b+16¢ >33a.ab16¢ < a+4b+16¢ > 123abe < Yabe s# (2).

DPang thirc xay ra khi a =4b=16¢.

Tw (1) va (2) suy ra:
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a+Jab +3abe Sa+a24b+a+4i)2+l6c

1 3
Pt > .
a+~Jab +3/abc 4(a+b+c)

3 6
4(a+b+c) Ja+b+c

bat: t=va+b+c (t>0).

Do d6: P>

& a++ab +3abe S%(a+b+c)

Xét: f(t):%—g(»()):\,fv(t):_%+tgz:12;3.
f'(t):O<:>t:l.
4
Bang bién thién:
f 0 1 =
4
/(@) _ 0
e +00
S 12

Tir bang bién thién ta c6: P> f(\/a +b+c) > f(i) =—12,Ya,b,c>0.

a=4b=16¢

Pang thirc xay ra khi: =
& Y \/a+b+c:%

Vay min P =-12.

Cau 39. (HSG12 Tinh Pong Nai 2018-2019) Cho ba sé thwc dwong a,b,c . Tim gia tri nho6 nhéit cta

- . b +
2b+3¢ 2c¢+3a 2a+3b
Loi giai

Tdc gid: Nhi¥ Van Hudn; Fb: Huin Nhu
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a= L(—6u +9v+4w)
35

u=2b+3c |
1) Pativ=2c+3a < b=§(4u—6v+9w)
w=2a+3b

c :31—5(9u+4v—6w)

P—L( —6u+9v+4w 4u—6v+9w+9u+4v—6wj
3

u v w

L v 4w 4u 9w 9u+ﬂj
35

v 1% w w

Soee
) ) i 2]
>(-

18+ 2416 + 2416 + 24/16 +3 12)

w|,_‘

&’|~
mlw

Vay gia tri nhé nhat cta P lé%@u=v=w<:>a=b=c.

Ciu 40. (HSG12 tinh KonTum nam 2018-2019) Cho a,b,c 1a cac s6 thwc théa man diéu kién
3a° +2b° +¢* =6.
Tim gia tri I6n nhit va gia tri nhé nhit cta biéu thirc
IRES 2(a+b+c)—abc.

Lo giai
V&ibénsd a, b, x,y taco bt dang thirc Cauchy-Schwarz (ax + by)2 < (a2 +b* )(x2 +y2) (1)
(Hoc sinh c6 thé khong can chirng minh bat dang thirc (1))

Ap dung bat dang thirc (1), ta cé

P =[a(2-be) 122 (b+c) | =(a2)) (2-be) +2(b+e) | =(a +2)(5+2)(c +2)

Lai 4p dung bat dang thirc AM-GM, ta c6
3

1 3(a2 +2)+2(b2 +2)+(02+2) 1

(2 42)( +2)(¢? +2) =23 +2) 2 (57 42) (¢ 42) < ¢ 3

Tir d6 suyra P*<36.Suyra -6<P<6.

Mit khacvéi a=0, b=-1, c=-2 thi 3¢ +2b* +c* =6 va P=-6.
Véia=0, b=1, c=2 thi 3¢*+2b* +c*=6va P=6

Vay MinP =—-6 khi a=0, b=-1, c=-2.

MaxP =6 khi a=0, b=1, c=2.
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Cau 41. (HSG10 tinh Ha Tinh nam 2018-2019)Cho cac s6 thyc khéng 4m x, y,z théa man
X+y +2 =3.
Tim gia tri nhé nhit cta biéu thirc

_xyz+(x+y+z)2_ 1

Xy+yz+zx xy+yz+zx+1
T4dc gid. Lé Thadi Binh,Face: lebinhle80@gmail.com

Loi gidi
Ta c6 cac danh gia sau:

x3+1+123x:x3+y3+Z3+623(x+y+z):x+y+zé3

X+y +27 :(x+y+z)(x2+y2 +22—xy—yz—zx)+3xyz£3(x2+y2+22—xy—yz—zx)+3xyz

:>1—xyz£x2 +y* +2° —)cy—yz—zx:>xyz+(x+y+z)2 Zl+3(xy+yz+zx)

gO<xy+yz+2x<3

1+3(xy+yz+zx) 1
Xy+yz+zx xy+yz+zx+1

@Khidotacd P>

1 1 1
30 =3+ >3—7 VyMznP-%@x y=1

P35 — 0;3|; P> -
at ¢ xy+yz+zx:>t6[ ; ], p r+1 t(t+1) 12

Ciu 42. (HSG10 THPT THu4n Thanh 2018-2019) Cho x, y la cac s6 thuc dwong thoa man

x+y=2019.
Tim gia tri nho nhit caa biéu thirc
X Y
- + :
V2019—x  2019—y
Lo giai

Cach 1:

T4c gid: Nguyén Thi Xudn Trinh ; Fb: Tic Ké Bong, thé manh
Ta co

X y 2019 y 2019-x
T2009x 19—y _2019(f \/‘] (V)

Ap dung bat déing thirc Bunhiacopxki, ta c6: vx +./y <, [(1+1)(x +y) =~/2.2019 =/4038

A N 2 a 4 4
Ap dung bat dang thirc l+ 1 > 4 ,ta cé: —

>
a b a+b [ Jx+ify V4038
—/4038 = /4038 .

Vay P >2019.

4
V4038
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Vx_Jy 2019
DA4u “=" xay ra khi va chi khi < 1 ] &x=y=——.
i =y ’
Cach 2:
Tdc gid: Co Lé Minh Hué - QTV Strong Team Todn VD - VDC.
Ta cé

X Y _ X Y

_ RN S i
_\/2019—x+\/2019—y \/§+\/§ x\/;er\/;

AN (x+y) 2019

x\/— y\/_ X y+y\/— \/_( x+\/—)

Ap dung bat déing thirc Bunhiacopxki, ta c6: vx +./y <, [(1+1)(x +y) =~/2.2019 =/4038

Ap dung bat dang thirc cong mau sé, ta co:

x+y 2019

Ap dung bat dang thitc Cauchy, ta cé: +/xy < 5 5

2
Vay P>—2009" 3038,

20219.\/4038

X

=Y
wfy  wx
Vxo Wy 2019

ﬂ ”n

1
e

Diu xay ra khi va chi khi

S -

Ciu 43. (HSG11 tinh Quang Ngii ndm 2018-2019) Cho cic sé thwc dwong a,b,c théa man
a+b+c=ab+bc+ca.
Tim gia tri nho nhit cua biéu thirc

2 2 2
a b c
P= + + +VJa+b+c.

a’*+3bc b*+3ca c*+3ab

Loi giai
Tdc gid: Chdu Hoa Nhdn ; Fb: Hoa Nhdnn

) a’ b? c? (a+b+c)2 (a+b+c)2
Ta cé: > +— +— > > > > = 5
a*+3bc b*+3ca c* +3ab (a +3bc)+(b +3ca)+(c +3ab) (a+b+c) +(ab+bc+ca)

Via+b+c=ab+bc+ca nén

a’ N b’ N c’ S (a+b+c)2 _a+b+c
a’ +3bc  b*+3ca cz+3ab_(a+b+c)2+(a+b+c) a+b+c+l

Suy ra PZLM+\/a+b+c.
a+b+c+l1
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bit t=a+b+c (hién nhién 1 >0).

“ "

(a+b+c)

Taco: a+b+c=ab+bc+ca< =a+b+c>3.Dau xayrakhi a=b=c.

Vay c6 Ple+\ﬁ v6i 123,
t+

Huéng 1: Xét ham s6 f(t):Ll+ ; voi 123,
{1+

Tacé: f'(¢) :L+

1
(r+1) 241

>0,Vt>3 vahamsé f(¢) lién tuc trén [3;+00).

= ham s6 f(¢) dong bién trén [3;+) nén f(¢) > f(3) =%+\/§, Vit>3.

Do d6 Min f ()= f (3)=%+ﬁ.

[3 +oo

.3 ja=b=c
Vay gia tri nho nhat cua P la 2 +4/3 khi Sa=b=c=1.
4 a+b+c=3

Huwdéng 2: Ta chirtng minh Ll+\/22%+\/§ (M véir=3.
t+

That vay, (*)@(:——j (\/_ \/_) 4( 3) f_f/__o

1 1
<:>(t—3)( ) \[ NG

~ ﬂ ”n

Dau xay ra khi r =3.

J>O ludén dung V¢ >3.

2 ~ 2 \ 3 = a:b:c
Vay gi4 tri nhé nhit cia P 1a = ++/3 khi Sa=b=c=1.
4 a+b+c=3

Huwéng 3: Ta chirng minh Ll+\/;2%+\/§ (*)voit=>3.
t+

Tacé: t23=+/t 23 (1)

t>3:>t+1>4:>L<l:>—L2—l:>1—L21—l:>L

3
>—(2)
t+1- 4 7 141 4 t+1 4 T+l 4

Tt (1), (2) suy ra (*) ludén dang V¢ >3. Dau “=" xay ra khi 1 =3.

.3 Ja=b=c
Vay gia tri nho nhat cua P la 2 +./3 khi Sa=b=c=1.
4 a+b+c=3

Cau 44. (HSG12 Quang Ninh 2018-2019) Cho x, y, z l1a cic s6 thwc dwong. Tim gia tri nho nhat cla
biéu thirc
3 1 B 10
16\xy +2,10yz +210xz  45+x+y+z
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Loi giai

Tdc gid: Phan Quang Son

Ta c6 164/xy + 2103z +2410xz =16,/xy +2/(21)(52) + 2/(2%)(52)
<8x+8y+2y+5z+2x+5z=10(x+y+2z).

Vaytaco P> ! ___ 10 110

10(x+y+z) 45+x+y+z T10r 1445

f(t),voit=x+y+z>0.

110 , 1 10
Xét f(t)=—- voit>0. Ta co t)=— + ;
/() 10t t+45 S® 10> (45+1)°
t=5
f (=0 (t+45) =100 | _45—="s5r=5,
11
Ta c6 bang bién thién
S(@) - 0 T
O /0
50
-9
Suy ra sz(t)zg Vt>0.
9 ¥ = _EZ X = :2
Do d6 gi4 tri nho nhit cia P1a — datdwockhi i~ 2° 12

X+y+z=35 z=

Cau 45. (HSG12 tinh Ha Tinh nam 2018-2019) Trén sa mac ¢c6 mdt khu dat hinh chit nhat ABCD c6
chiéu dai AB =70 km, chiéu rong 4D =10 km. Vin toc trung binh ctia xe may trén khu dat nay la
20 km/h, riéng di trén canh CD thi van toc la 40 km/h. Mot ngwoi di xe mdy xuit phat tir 4 lac8h
sang va muén dén B sau 3h nira. H6i ngwoi dé c6 thé dén B Kip thoi gian khong? Xy dwng phuong
an di chuyén trén khu dat tir 4 dén B dé hét it thoi gian nhit.

Lo gii
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A B

Cach 1.
Trwong hop: xe may khong chay trén CD, khi do6 thoi gian ngan nhit di tir A dén B 1a chay trén AB

70
t=—=3,5(h).
suyra¢=--=3, (h)

Truwong hop: xe may co6 chay trén CD. Gia st xe chay tir A dén B qua EF.

Piat DE=x,FC=y, 0<x,y<70 = EF =70—(x + y); AE =+/x* +100; BF =/y* +100.
Khi do6 thoi gian xe chay la:

2 1100 70-
X7 +100 3?4100 70 (“y):21_0(\/x2+102+\/y2+102—x+y+35j

20 20 40 2
Z%(m—x;y +35j (4p dung [u] +[y| 2 u+3])

Xét h(a) =d> +400—%+35; 0<a<70

N0 P ey, .}
@’ +400 2 3
Dya vao BBT 029 2o
a V3
B(a) | -0+
:h(a)2h(2J=ﬂ+35:>t2 7+2\/§(h)
NEYANG] 1
X =
t. <& ’ 20 x=Yy —E
min X+ v=ag=—2 - - 3
y=a=7 V3
Tir 2 trweong hop trén ta cé thé két ludn: Sau 3h xe c6 thé chay tir 4 dén B dwoc, voi thoi gian chay
ngan nhit ¢ = 7+2\/g(h) khi DE:CF:E.
4 V3
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Cach 2.

KN1: b€ di ttr A dén B néu chi di chuyén trén doan

AB thi hét sé gior la .
S 70 s A \ N

t=;=%=3,5 ( gio), vay trong truwong hop nay

khong thé dén B kip thoi gian sau 3 gio nhw yéu ciu

bai toan.

Vi van toc trén khu dat ( trir canh CD) la 20km/h, do b

do6 chi di theo AB khéng kip thoi gian thi moi con E F
dwong khac ma khong di trén CD déu khong kip thoi
gian.

Do dé ta xét kha nang 2
KN2: D€ di tiv A dén B va c6 di trén canh CD
Gid str ditir A dén E, tir E dén F va tir F dén B (nhw hinh vé). Pat DE =a,FC =b

V100 + @2 +J100+b2 ,J0-(a+b)

Khi @6 thoi gian dé di chuyéntir AdénBla ¢ =
20 20 40

Ap dungbdt \a* +b* +c? +d* = \J(a+c) +(b+d)

Ta

y J100 + o +J100+b2 V004100 +(a+b) _ 400+ (a+by’
2 20 20 20 '

“__n

diu “="xayrakhi a =5

2 2 _ 2 B
Véyt:\/100+a +J100+b L T0—(a+b) 400+ (a+b)*  70-(a+b)

bat a+b=x,(0<x<70)

400+ x* 70—x
+

20 40

Xét f(x)=

Foy=—= L g<x<70

204400+ x> 40

f'(x):0©m=2x<:>x:¥

BBT

23 +7

4

Vay GTNN cua f(x) 1a

Céach 3:

1 2 2 2 2 Xty 1 2 xX+y
t=— +10° + +10° ———+35|>—| /(x+ +400 ———+35].
20(\/’6 Jy 2 20 VD) 2
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2
Xét A= a2+400—%;f(20\6} 2‘6”0@370:142 =5%+400—a\/a2+400.

3

2 4

[ 2 2 2

2
:>—a\/a2+4002—5%—100:>A2 2300:>A210\/§:>t221—0(1o\/§+35):7+j‘/§.

Cau 46. (HSG12 tinh Hai Phong nam 2018-2019) Cho cac so thwc dwong x, y,z théa man diéu kién

x>y, x>z x +9yz < xz+9xy.
Tim gi4 tri nhé nhit cta biéu thirc

P, 9y —x +2y+x+2y+z+2z+x

y X+y y+z x4z

Loi giai
Tdc gid: Nhdm 5 t6 8 nhém strong team todn vd - vdc.

+/ Ta sé chirng minh:

1 1 2
+ > *
l+a 14+4b 1++/ab ©

Vé&imoi a,b dwong va ab>1 thi

That vay:
Me (\/E - \/3)2 (\/E - 1) >0 (ludn dung). Pang thirc xay ra khi a =b hodc ab=1.

+/ Ta cé: xz+9yz£xz+9xy{:}(x—z)(x—9y)£0:>x—9y£0 vix2z=>x-2z20

Pat 1 == =re[1;9]
Y

KhidéP:\3/9—t+t+2+1+ Y +1+L:39—t+t+2+2+ ! - !
t+1 y+z X+z t+1 z X

Ap dung bat dang thirc da chirng minbh, ta c6:

P2%/9—t+t—+2+#= 3’9—t+t+2+2+ 2

+2
t+1 f r+1
1+ zZx 1+\/;
yZ

2

t+ 2
Xét ha 0 =39 - 2 , 1;9]| c6
éthamsd f(1)=+ t+t+1+ +1+\/; te[1;9] c6
-1 1 1
(= - - <O,‘v’te[l;9]
R
18

tir do suyra P> f(0)>f(9)=—
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X_9g

y
o X_z x=9y [x=9y
Dau bang xay rakhi 4| —=— < , &

z Yy Xy=z z=3y

xz_,

zy

x=9
VéyminP:Ekhi{ Y

5 z=3y

Ciu 47. (HSG12 tinh LAm Pong ndm 2018-2019) Cho x, y, z l1a cac sd thwc théa mian
x=yzzvax +y +z° =5.
Tim gia tri nho nhit cua biéu thirc
P=(x—y)(y—z)(z—x)(xy+yz+Zx).

Loi giai
Cach 1:
bit O=(x-y)(y—z)(x—z)(xy+yz+zx) tacé O =-P.
+) xy+yz+zx<0 tacd 0<0.

+) xy+yz+zx>0 dat t=xy+yz+zx>0.

Ap dung BDT Cési ta ¢6 (x—y)(y—z)(x—z)< [%j (x-z)= (x=2) (1)

Ma 4(x2 +y’+2° —xy—yz—zx)=2(x—z)2 +2(x—y)2+2(y—z)2

2

Z2(x—z)2 +[(x—y)+(y—z)]2 :3(x—z)2 hay 4(5-1)>3(x-z)

T (1) va (2) suyra 0 < L (%(5—1?))3 :% [P (5=1).

Xéthams f(¢r)=1*(5-1) véi t€[0;5]

>0 (2)=>1t<5

t=2
Taco f'(t)=t(5-1) (10-5t), f'(1)=0 | t=0
(=5

£(0)=0,/(5)=0,1(2)=108.Dodé Q<4 nén GTLN ctia Q 13 4 khi x=2,y=1,z=0.
Suyra P>-4 nén GTNN ciia P la -4 khi x=2,y=1,z=0.

Cach 2:

Pitt=xy+yz+zx<x’+y +2° =1 <5.

Taco: 10 =2x" +2y° +22° =(x—y)24—(y—z)2+(z—x)2+2t:>(x—y)24—(y—z)2+(z—x)2 =10-2¢
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(z-x)° _5-1

Mé(x—y)2+(y—z)2+(z—x)2Z%(x—y+y—z)2+(z—x)2:%(z—x)zj <2

2 4 16 3

(5-1)'¢

51\ 20— 4t a4
3 327

Ta c6: P* =(x—y)2 (y—z)2 (z—x)z.(xy+yz+zx)2 S(

Xéthamsdsuyra P> <16=minP=—-4 tai t=2 khi x=2,y=1,z=0.

Ciu 48. (HSG12 tinh Thira Thién Hué nim 2018-2019) Cho x, y,z 1a cic s6 dwong théa min
1 + 1 + 1 =2018.
X y z

Tim gia tri nhé nhit cta biéu thirc

1 1 1 3029
= + + + :
2x+y+z x+2y+z x+y+2z 2

Loi giai

* Xét bat dang thirc phu:

! sl(l+lj voimoi a,b>0 .
a+b 4\a b

* Dung bt dang thirc trén ta co:

1 1 1{ 1 1 1{2 1 1
= <— + <—| =+—+—
2x+y+z (x+y)+(x+z) 4\x+y x+z) 16\x y =z

, 1 1{1 2 1 1 1{1 1 2
Twongtwtacé: ———<—| —+—+—|;, ———<—| —+—+—
x+2y+z 16\x y =z x+y+2z 16\x y =z
suyras pe 11,1, 1), 30202018 3029
4\x y =z 2 4 2
Vay gi4 tri nhoé nhat ctia P bang 2019 dat dwoc khi va chi khix:y:z:ﬁ.
Ciu 49. (HSG10 THPT THu4n Thanh 2018-2019) Cho x, y,z 1a cic s thwc dwong théa man
x+y+z=2019.
Tim gi4 tri nhé nhit cta biéu thirc
y+z X+z X+y
= + :
J2019—y—z 2019—-x—z 2019-x—y
Loi giai

T4c gid: Trin Thé Manh ; Fb: Tdc Ké Béng, thé manh
Ta cé

y+z X+z X+y _2019-x  2019-y 2019-:

P= + + = + +
J2019-y—z \2019-x-z 2019-x-y  Jx Jy Jz
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Vx+4fy +z)

—2019([ N f](

Ap dung bt déng thirc Bunhiacopxki, ta c6: vx +1fy +v/z < \J(1+1+1)(x+y+2) =/3.2019 =/6057

‘ e I 1 1 9 1 9 9
Ap dung bat dang thttc —+—+—>—————, ta c6: —
b aung 8 a b ¢ a+b+c \/— Jx + y+\/_ 6057
9
Vay P >2019. —+/6057 =6.4/673.
6057
DA4u “=" xay ra khi va chi khi < 1 1 1 <:>x:y=z=T.
r=y=+z

Vay P. =64/673.

Ciu 50. (HSG10 THPT PAN PHUQNG 2018-2019) Cho x;y >0 la nhitng s6 thay d6i théa man

2018 2019 , :
+——=1. Tim gia tri nhd nhat cia biéu thitc P=x+y.
Xy
Lo giai
T4c gid: Doan Cong Hoang; Fb: Poan Cong Hoang
Tdc gid: Pao Thi Thai Ha; Fb:Thai Ha Pao
Cich 1
+Ta c6 P:(x+y)(2018 +wJ = 2018+ 22087, 2019% 5510,
x oy x y
) o , 2018y 201
+Ap dung bat dang thirc AM - GM cho 2 s6 dwong 0 Sy; 019 ta dwoc
x y
2018y | 2019 . 5 /20182019 .
x y
x>0;y>0
Do d6 P> (2018 ++2019) , ddu bing xay ra khi 2018 2019 _,
x oy
2018y 2019x
x y
=\/2018(\/2018 +J2019)
= .
=J2019(J2019 +\/2018)
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=\/2018(\/2018 +J2019)

Vay GTNN ctia Pbing (\/2018 + \/2019)2 khi .
=+2019(+2019 ++/2018)

Cich2

Tuw gia thiét va ap dung BDBT Cauchy - Schwarz ta co

Po(xiy )(2018 2019} (\/— 2018 s 2019 j
Z(M+M) .

x>0;y>0

2018 2019

+—=1 & .
x oy »=+2019(~2019++2018)

V2018 /2019

X y

x=+/2018 (szs +J2019)

D4u bang xay ra khi

i =/2018(+2018 +2019)
Vay gi4 tri nhé nhit ciia Pbing (\/2018 + \/2019) khi

=J2019(J2019 +J2018)

Bai todn téng qudt

Cho 2n+1 s6 thwc dwong ¢ dinh a,,a,,...,a,;b,,b,,....b,;k (neN,n>2)va ns6 thuc dwong thay ddi
X, X,,...,X, thda man ax, +a,x, +...+a,x, = k. Tim gia tri nho nhit cda biéu thirc

P=ﬁ+b—2+...+b—”.
X X, X

Ciu 51. (HSG10 tinh Vinh Phic nam 2018-2019) Cho a,b,c 1a cic s6 thwc dwong. Tim gia tri nhd
nhét cta biéu thirc:
3(b+c) N 4a+3c N 12(b—c)

2a 3b 2a+3c

7F =

Lo gii

T4c gid: Hoang Gia Hing; Fb: Hoang Gia Hirng

12(b-
Taco T+5= 3b+2a + 2—a+2—a + 3—c+3—c + (—c)+4
2a 3D 3b 2a 2a 3b 2a+3c
4(2a+3b
(3b+2—a)+(2a+3c)(i+ij+w.
2a 3b 2a 3b 2a+3c

2 2
Ap dung bat dang thirc AM-GM ta c6 ;_Z+_b >2 3a 20

3a 26 3a
. 1 1 4
Ap dung BBT l+12 4 voi x,y>0tac6 —+—2=
X y Xx+y 2a 3b 2a+3b’
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2a+3c+2a+3b
2a+3b 2a+3c

Suy ra T+522+4( j >2+4.2=10.

Vay T >5.

D4u "="xay ra khi 2a =3b = 3c. Vay gia tri nho nhit cia 7 1a 5.

Cau 52. (HSG10 YEN PHONG 2 nim 2018-2019) x,y,z €[2018;2019]. Tim gia tri lén nhét cta biéu
thic:

2018.2019-xy| |2018.2019—-yz| |2018.2019 - zx
+ +

fx.y.2) = x+y)z (y+2)x (z+x)y

Lo giai
Tdc gid: Trdn Quang Tiém ; Fb:Tiem Tran
Cach 1:

Ta di chitng minh véi: Vx,y,z €[a;b],(a > 0) taludn c6

ab-xy| b-a
x+y 2
< 4(ab-xy)? < (x+y)%(b-a)*

RS [Zab —2xy — (x+y)(b— a)][2ab —2xy + (x+y)(b- a)] <0

<

RS [b(Z a—x—y)+x(a—y)+y(a— X)].[a(2b —x—y) +x(b—y) +y(b- X)] <0 (dung)

|ab—xy|<b—agb—a

Vay taco |(x+y)z|_ 2z 2a

D4u bang xdyrakhi x=y=a,z=a hay x=y=z=a

Ap dung ta cé: f(x,y,2) < b-a b-a b-a_3(0-a)
2a 2a 2a 2a

D4u bang xdy rakhi x=y=z=a.

Thay a =2018,b=2019, ta dwoc max f(x,y,z) = K?)?»GS khix=y=2z=2018

Cach 2:
2018.2019-xy| _[2018.2019 -y

(x+y) 2/xy

Dit ¢ = \xy,(2018 < t <2019), do gt x,y €[2018;2019]

Ta co (Theo BDT AM-GM).

2018.2019-¢* 2018.2019
t
Maxg(t) = g(2018) =1
[2018;2019]
= Max|g(t)| = |2(2019)| = g(2018)| = 1

Ming(t) = £(2019) =-1  [3018:2019]
[2018:2019)]

Xét ham g(t) = t, lién tuc trén [2018;2019]va nghich bién trén

(2018;2019) do d6

2018.2019 - 2018.2019 - o s , :
nén| xy's' xy'sis : ,dau bang xay ra khi x =y =2z =2018.
(X+ y) Z O /xy‘z 2z 4036

banh gia twong tw cho 2 biéu thirc con lai.
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. . 3 .
Tom lai ,y,2) =—— khix=y=2=2018.
1 max f(x,y,2) 1036 ix=y=z

Cau 53. (HSG12 YEN LAC 2 nim 2018-2019) Cho cac s6 thuc dwong a, b, ¢ théa man a+b+c=1.
Tim gi4 tri nhé nhit cta biéu thirc
7 121
A=——F——+ .
a +b +c 14(ab+bc+ca)

Lo gii

1—(a2+b2+cz)

Ta cé 1:(a+b+c)2 =a*+b* +02+2(ab+bc+ca):>ab+bc+ca:

2
Dodé A=—— 4 121 .
a’+b"+c 7(1—(a2+b2+02))
Patt=a’ +b* +c°.
Via,b,c>0vaa+b+c=1nén0O<a<1,0<b<1,0<c<]l.
Suyrat=a’+b*+c’ <a+b+c=1.
Métkhéc1:(a+b+c)2:a2+b2+c2+2(ab+bc+ca)33(a2+b2+c2).
2 TR A 1

Suyrat=a +b"+c Zg.Vayte 5;1 .
Xét ham sd f(t):z+ 121 ;te[l;lj.

i 70-0 |3

, 7 121
r=Te 2
r7(1-1)
' 2 7 - 7 .
f'(t)=0 <72t +98:-49 =0 <:>t:§ hoact:—z (loai).
Lap BBT ctia ham s& f(¢).
. 1 7
3 18 1
f'@t) - +
657 +00
t) | —
) |2 —
324
7

Dwa vao BBT suyra f(1)> f(%j :ﬁ;w € {%;lj

Vay min 4 = % dat dwockhi a =
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Chuyén dé Lwong giac

, )
Ciu 1. (HSG11 Nho Quan Ninh Binh 2018-2019)Ham s& y = ‘/:‘f—x c6 tip xac dinh D 1a:
COS X

A.D=R. B.D=0.
C.D=R\{k7r,keZ}. D.D={k27z,keZ}.
Loi giai

Tdc gid: Pham Minh Thay; Fb: Pham Minh Thuy
ChonD
biéu kién xac dinh
4+cosx#0
cosx—1 S

>0
4+cosx

Tathiy —1<cosx <1,Vx<> 3 <cosx+4 <5,Vx suyra cosx+4>0,Vx.

Xét cosx—1 >0.Taco cosx+4>0,Vx.

4+cosx

Nén cosx—1>0 < cosx>1 < cosx=1 (vi cosx<1,Vx) ©<x=k2x,k eZ.

Vay D = {k27r,k € Z} :

m —sin x —cos x —2sin x coS x
sin®"” x —cos™ x + /2

Ciu 2. (HSG11 tinh HA Nam nim 2018-2019) Tim m d€ ham sd y :\/

Lo fe . T
xac dinh v&i moi x e [—E,E} .

Lo gii

Tdc gid: Lé Pirc Lic; Fb: Lé Dirc Loc
7 . V/a N 2019 2
V&imoi x e _E;E thi 0<cosx<1= cos”” x<cos” x.

Khi d6: sin" x —cos™" x + /2 > sin®"7 x—cos? x ++/2 =sin®*"" x — (1 —sin? x) +\2

=sin® x (1+sin®" x)+v2 ~ 1212 - 1> 0 véi moi xe{—%;ﬂ .

H2 v m—sin x—cosx —2sin xcos x
amso y = . 2017 2019 \/’
sin” ' x—cos” x++2

m—sin x —cosx—2sin xcosx
sin27 x —cos®° x +/2

’ . 7. : T
xac dinh v&i moi x e [—E,E}

>0 véimoi x e [—1;1}
272
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&> m>sinx+cosx+2sinxcosx vei moi xe[——;—}

22

< : . T, T w 37 )
bat t—s1nx+cosx—x/§s1n(x+zj, xe[—z E}@)ﬁze[—z T}:te[ 1,«/5]
Suyra m> f(t)=1*+t—1 v&imoi te[—l;\/i}

e |- ~1/2 22

7(2) ‘ . J2+1
\—5;‘4 /

Vay m22+1.

Cau 3. (HSG11 Nho Quan Ninh Binh 2018-2019) Trong tip gié tri ciia ham s§ y = —S 82X+ C0S2%

sin2x—cos2x+3
c6 tit ca bao nhiéu gia tri nguyén?
A 1. B. 3. C. 2. D. 4.

Loi giai
T4c gid: Cong Phurong; Fb: Nguyén Céng Phurrong
Chon C
Phwong trinh: sin2x—cos2x+3 =0 v nghiém vi a° +b° <c”. Do @6 ham s6 di cho c6 TXP D =R.

Tacéd y= 2802 +C0S2¥ < ysin2x—ycos2x+3y =2sin2x+cos2x

sin2x—cos2x+3

< (y—2)sin2x—(y+1)cos2x =-3y

bé phwong trinh an X co nghiém thi diéu kién la:

(=2 +(y+1) 2(3y) @y —dy+4+y +2y+129y°

V)]

-7y -2y+520 -1<y<=

3

Do y€Z nén ye{—l;O} Vay c6 2 gia tri nguyén y.

Ciu 4. (HSG11 Nho Quan Ninh Binh 2018-2019) Xét ham s6 y =tanx trén khoang (77[ Ej Khing

dinh nao sau day dung?

A. Trén khoang %;OJ ham s6 déng bién va trén khoang (0;%} ham s6 nghich bién.
A 2 - T \ ~ N N N

B. Trén khoang T’Ej ham s6 luén dong bién.
A 2 —T T

C. Trén khoang > Ej ham s6 luén nghich bién.

D. Trén khoang (%,Oj ham s6 nghich bién va trén khoang (O;%) ham s6 déng bién.

Loi giai
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T4c gid: Nguyén Thj Phuong Mai; Fb: Phurong Mai.
Chon B

Ham s§ y=tanx dong bién trén mdi khoang (%+kﬂ;%+kﬂj nén trén khoang (%,%j ham s6

y =tanx ludn dong bién.

Cdu 5. (HSG12 huyén Lwong Tai Bic Ninh nim 2019) S6 nghiém cia phwong trinh
sin x.sin 2x + 2sin x.cos” x +sin x + cos x

: = /3 cos2x trong khoang (-;7) la:
sin x +cos x

A 2. B. 3. C. 5. D. 4.

Lo giai
Chon A
Tdc gid:Trin Thi Phwong Lan; Fb: Trin Thi Phuong Lan
DK: sinx+cosx#0 < x # —£+k7r(k €Z).
Vi diéu kién trén ta co

sin x.sin 2x + 2sin x.cos> X +sin x + cos x

: =3 cos2x.
sin x + cos x

sin 2x.sin x + sin 2x.cos x +sin x + cos x

=\/§COSZX.

sin x + cos x

sin 2x(sinx+ cos x) +sinx +cosx 3 5
=+/3cos2x.

sin x +cos x

(sinx+cos x)(sin 2x +1) V3 cos2
= X.

sin x +cos x

< sin2x+1=+/3cos2x (do sinx+cosx#0).

<:>—3cos2x—lsin2x:l.
2 2 2

%)
& cos| 2x+— | =—.
6 2
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Két hop v&i diéu kién trén ta c6 nghiém ctia phwong trinh la x = % +kr(kel).

Xét trén khoang (—;7) tacé —7r<%+k7r <7rc>_1—123<k<%. Do keZ=ke{-1,0}.
A pon ) R ~ . IO S B ¥/
Vay trén khoang (—72';72') phwong trinh da cho c6 2 nghiém la o 1

Cau 6. (HSG12 Tan Yén - Bac Giang Nam 2019) C6 bao nhiéu gia tri nguyén cia tham s6 m dé

2sinx—1
phuong trinh e nghiém thuéc doan [0;7].
sinx+3
A 1. B. 2. C. 3. D. 4.
Loi giai
Tdc gid: Lé Thi Thu Hong ; Fb: Thu Hong Le.
Chon A
., 2sinx-—1 . e f .
Phuwong trinh ——————=m x4c dinh v&i moi x e [O; 7[] .
sinx+3
Dit: ¢ =sinx thi £ €[0;1].
. ~ 2 s 2t-1
Phwong trinh da cho tré thanh: =m.
t+3
9 2t—-1 . ,, 7 n " R
bat f(1)=—=.Vi f'(1)= ~>0,Vte[0;1] nén f(¢) dong bién trén doan [0;1].
r+3 (1+3)

A A N\ o= 7 2 ~ - \ 2 - . <
Yéu ciu bai toan théa man khi va chi khi min f(t)<m< max Q)

Vay chi c6 mo6t s6 nguyén m =0 thoéa man yéu ciu bai toan.

Cau 7. (HSG11 Bic Ninh 2018-2019) Giai phwong trinh
4sin? %—x/gcos2x—l—2cos2 (x—?’fj

=0.
\/2cos3x+1

Loi giai
Tdc gid: Ha Qudc Vil ; Fb: Ha Qudc Vi
4sin? g—x/gcosbc—l—Zcos2 (x—?)fj

=0 (1).
v2cos3x+1 ()

DKXb: 2cos3x+1>0<:>cos3x>—% ™.
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1+cos(2x—32”j
—\/50082)6—1—2. 5 =0

1-cosx

(1)<:>4sin2§—\/§c052x—I—ZCosz(x—?’Tﬂj=O<:>4.

<:>2—2cosx—\/§c052x—1—l+sin2x=0

= sin2x—\/§cos2x =2C0sx & %sin2x—§cos2x =Ccosx & sin(2x—§j = sin(%—xj

2w-Z=Z _xtkon 3x:5—”+k27t x:5—”+k2—”
1= 32 = 56 o ;8 3 (keZ)
2x—£=7z—£+x+k27z x:—”+k27r x=—7[+k27z
3 2 6 6

So diéu kién (*), ta loai nghiém x :%+k27” (Do cos [3(?—;{+k2—”ﬂ = —? < —%). Nhan nghiém

x:5—ﬁ+k27z (Do cos 3(5—7Z+k27zj :0>—l).
6 6 2

Vay x:%+k2ﬂ (keZ).

C4u 8. (HSG11 Cum Ha Pong Hoai Ptrc Ha Noi nam 2018-2019) Gidi phwong trinh sau
sin3x ++/3 cos 3x = 2sin 2x.

Loi giai

Tdc gid:phung minh nam ; Fb:Nam phung

Taco: sin3x+\/§cos3x:2sin2x@%sin3x+73cos3x:sin2x

3x+£:2x+k27z x:—£+k27z
o sin| 3x+ 2 | =sin2x < 3 o 3 (keZ)
3 x_2_7z+k27z

3x+£=7r—2x+k27r
3 15 5

Vay phwong trinh da cho c6 tap nghiém S = {—% +k2m; ?—75[+szﬂ

keZ}.

Cau 9. (HSG11 Ha Tinh 2018-2019) Cho phwong trinh
(sinx - cosx) (sin2x - 3) —sin2x —cos2x +1
2sinx —\/E

Hoi phwong trinh c6 bao nhiéu nghiém thuéc khoang (20187;20197)?

Lo gidi
T4c gid: Nguyén Vin Hitu ; Fb: Nguyén Vin Hiru
(sinX - cosx)(sin2x — 3) —sin2x —cos2x +1

' =0 (1a)
Xét phwong trinh: 2sinx =2 :
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x¢£+k27r

Pidu kién: 2sinx —+/2 # 0 <> sin x L2 ;‘ (k,[Z).
x2 X 2n
4

Khi dé (13) tré thanh: (sin x —cos x)(sin2x —3)—sin2x —cos2x+1=0
& (sinx —cos x)(sin 2x —3) —2sin x-cos x + 2sin’ x = 0
& (sin x —cos x)(sin 2x —3) + 2 sin x(sin x —cos x) = 0
& (sinx —cosx)(sin2x+2sinx—3)=0
sinx—cosx =0 (2a)
sin2x+2sinx-3=0 (3a)

EPhwong trinh (2a)<:>sin(x—%j:0<:>x:%+k7z. Dwa vao diéu kién dau bai ta duwoc:

x=%[+k2ﬂ (keZ).

@Phwong trinh (3a) < sin2x+2sinx =3

Vi —1<sin2x <1 va -2<sinx <2 nén —3<sin2x+2sinx < 3.
D4u “=" xay ra khi va chi khi

T T
) 2x=—+k2rx x=—+kr
. . sin2x =1 2 4
sin2x+2sinx=3<14 . & & &S xed.
sinx=1 T T
x=—+[2r x=—+1[2r
2 2

Vay x=%[+k27z(keZ).

Ma x € (-20187;20197) < 2018~ <57ﬁ+k27r <20197 < 2018 <%+2k <2019.

Do keZ nén ke {—1009,—1008,...,1008} suy ra ta c6 2018 nghiém.

Ciu 10. (HSG11 Nghé An 2018-2019) Giai phwong trinh
cos2x+7cosx—\/§(sin2x—7sinx)=8

Loi giai
T4c gid: Nguyén Thanh TAm; Fb: TAm Nguyén
Phwong trinh: cos2x+7cosx— x/§(sin 2x—7sinx)=8

& cos2x—+/3sin 2x+7(\/§sinx+cosx):8
<:>lcos2x—£sin2x+7(£sinx+lcosx):4

2 2 2 2
@cos%cos 2x—sin%sin 2x+7(cos%sinx+sin%cosx}=4

& cos(2x + %) +7sin(x+ %) =4
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<:>1—2sin2(x+%)+7sin(x+%)—4:0

<:>—2sin2(x+%)+7sin(x+%)—320

; 7. 1
sin(x +—)=—
( 6)

2
=
. V4
sin(x + g) =3(vn)

. T, . T
&sin(x+—)=sin—
6 6

x+Z=Zikon
& 6 6 (keZ)
x+Z=x-Zikon

6 6

x=k2x
Rt keZ
xzz?ﬂ-+k27z( €Z)

Ciu 11. (HSG11 THudn Thanh 2018-2019) Giadi phwong trinh
2cos’ (%—2x)+ 3cosdx=4cos’x—1.

Lo gii

Ta co:
2 cos’ (%—2x)+ 3cosdx=4cos’x—1
o l+cos(%—4xj+ 3 cos4x=2(1+cos2x)-1

= sin4x+\/§cos4x =2c0s2x

= cos(4x - %} =cos2x

4x-Z = 2x+kon x=£+k—7[
= = 363 (keZz).
T Vs
4x——=2x+k2n x:E+k7z

Cau 12. (HSG11 Thi Xa Quang Tri ndm 2018-2019) Giai phwong trinh: sin’ 3x.cos2x+sin’ x =0.

Lo gidi
Cdch 1:T4c gid: Dwong Dirc Tudn ; Fb: Dwong Tuin

Ta c6: sin3x =3sinx—4sin’ )c:sin)c(?>—4sin2 x):sinx(1+2cos2x).
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Vay ta c6: sin’ 3x.cos2x +sin’x=0 < [sin2 x(1+ 2cos 2x)2]cos 2x+sin’x=0

& sin? x[(l+2cos2x)2 .cos2x+1} =0 < sin’ x(4cos3 2x +4cos’ 2x+cos2x+1) =0

sinx=0 x=hr k
<:>sin2x(c0s2x+l)(4c0522x+1)20<:> = pe o x="Z,
cos2x =-1 x=5+k7z 2

Vay nghiém cua phwong trinh la: x = ]%[ voi keZ.

Cdch 2:Tdc gid:Pham Hifu Thanh ; Fb: Pham Hitu Thanh.
Ta cé: sin”3xcos2x+sin” 2x =0

1—cos6xC l-cos2x

0S2x+ 0

< c0Ss2x—cosb6xcos2x+1—cos2x=0
< cosbxcos2x—1=0

< cos8x+cosdx—-2=0
< 2cos* dx+cosdx—3=0

<:>(cos4x—1)(20054x+3)=0

< cos4x—1=0 (2cos4x+3>0VxeR)

<:>cos4x:l<:>4x:k27z<:>x:k%,keZ.

Cau 13. (HSG11 tinh Ha Nam nim 2018-2019) Tinh tong cic nghiém clia phwong trinh sau trén

[0:10007]
2sin’ (x+ﬂ)—cos(x+3”jsin(3x—ﬂ)—3
4 4 4) " _,

2cosx—\/§ -

Loi giai
Tdc gid: Hoang Vi; Fb: Hoang Vi

Gido vién phdn bién: Lé Pirc Lic,; Fb: Lé Dirc Loc
2 V4
bK: cosx¢7<:> X # iz+k27r

2sin* (x+Zj—cos(x+3fjsin(3x—;fj—3
=0

2c0sx—«/§

&< 2sin? (x+%j—cos(x+3T”jsin(3x—%j—3:0
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2

T
1—cos(2x+2j !
=2 —E[Sin(4x+%j+sin(2x—ﬂ)}—3=0

2

o (1+sin2)c)2 —[cos4x—sin2x]—6=0
< 1+2sin2x +sin? 2x —cos4x +sin2x—6=0
< 3sin? 2x+3sin2x—-6=0

<>sin2x =1 (nhan) hay sin2x =-2 (loai)

sin2x=1 < x=%+k7r,keZ
Két hop v&i diéu kién, phwong trinh ¢6 nghiém x = ST” +k2rke.

" v A « « e v w  ien a NN L. Sz,
Tong s6 nghiém trén [0;10007[] 1a tong 500 s hang dau tién cia mot cdp so cong voi u, = R cong

sal d=2x

S= %.(2.%4—4992%} =2501257x.

Cau 14. (HSG11 tinh Quang Ngai nam 2018-2019) Giai cac phwong trinh sau:
201972'}

2¢cos’ x —sin 2xsin x = —2\/§.cos (x +

Lo giai
T4c gid: Fb: Nguyén Anh Duong

Ta co:

. —Zﬁ.cos(x+ 20297[) =—2x/§.cos(x + 5047 +3T7zj = —2\/§.cos(x +3T7[j

2

=—2\/§.(_‘/§
2

cosx—%sinxj=—2\/§._ 2 (cosx+sinx)=2c0sx+2sinx.

*2cos’ x—sin2xsinx =2cos” xcosx —2sin’ xcosx =2(1—sin2 x)cosx—Zsin2 XCOS X
=2cosx —2sin” xcosx —2sin’ xcosx =2cosx —4sin’ xcosx.

Do dé phwong trinh da cho twong dwong

2cosx —4sin® xcosx =2cosx+2sinx.

< —4sin’ xcosx = 2sin x

< 2sinx+4sin* xcosx =0

< 2sinx(2sinxcosx+1)=0
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= 25inx(sin2x+1) =0

[sinx =0

| sin2x =1

x=krx

keZ).
< x=—%+k7r( = )

Cau 15. (HSG11 tinh Vinh Phic nam 2018-2019) Giai phwong trinh cos2x —sin (% - xj -2=0.

Loi giai
cos2x—sin(%—x)—2:0 < cos2x—cosx—2=0 <2cos’x—cosx—3=0

cosx=-1

= 3 ox=r+k2z,(keZ).
COS)C:E

Cau 16. (HSG12 Cum Thanh Xuan nam 2018-2019) Giai cac phwong trinh sau:

1. 1+\/§sin2x:cos2x
2. 9sinx+6cosx—3sin2x+cos2x =8§.

Lo gii
T4c gid :Nguyén Phuwong Thu, FB: Nguyén Phurong Thu
Phan bién 1:Pham Hoang Piép ;FB: Hoang Diép Pham
Phan bién 2: Nguyén Minh Pirc; FB: Duc Minh.

1+\/§sin2x:cos2x<:> x/gsin2x—cos2x:—l

<:>—33in2x—10032x:—l<:> sin 2x—Z :—l
2 2 2 2
w-Z="Z i kon x=kr
=S 6 6 =S ' (keZ)
T T xX=—++kr
2x—g=7r+g+k27r 3

Vay phuong trinh c6 2 ho nghiém la:x=kr;x = 27”+k7z;k e
2) 9sinx+6cosx—3sin2x+cos2x =38

< (6cosx—3sin2x)+(cos2x+9sinx—8) =0
<:>(6cosx—6sinxcosx)+(1—25in2x+9sinx—8):0

= 6cosx(1—sinx)—(2sin2x—9sinx+7):0
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< 6cosx(1-sinx)—(sinx—1)(2sinx—7)=0

< (1-sinx)(6cosx+2sinx—7)=0

sinx =1 (1)
o
6cosx+2sinx=7 (2)

(1)<:>x=%+k2ﬂ';keZ

(2) v6 nghiém vi c6 a+b*=6"+2> <7 =¢?

V4
Vay phwong trinh ¢6 1 ho nghiém la: X = 5 +hk2m ke Z

-2 _ _ .
Cau 17. (HSG12 Quang Ngii 2018-2019) Giai phuong trinh 23sin’ x—y3cosx=2sinx _ -
(1-2cosx)tanx

Loi giai
Tdc gid: Vinh Tin, FB: Vinh Tin

1
COSX #—
2

biéu kién: {cosx#0
tanx # 0

Khi dé
2\/§sin2 x—+/3cosx—2sinx

) . . .
=cosx<:>2\/§sm x—~/3cosx—2sinx =sinx—2SIn xcos x
(1-2cosx)tan x

<:>2x/§sin2x— 3cosx—3sinx+2sinxcosx=0
= 3sinx(ZSinx—x/g)+cosx(2sinx—\/§):O

<:>(25inx—x/§)(x/§sinx+cosx)=0

J3sinx+cosx =0 (1)
2sinx—3=0 (2

+) (l)agsin)ﬁ%cosx:O@sin(x+%):0<:>x:%+k7r, keZ

\/7 x=£+k27r

+) (2)<:>sinx:—3c> 3 kel
2 2
xX=—+k2x
3
x=-Zikn
Két hgp diéu kién ta suy ra nghiém ctia phwong trinh la: < kel

x=—7r+k27z
3

Ciu 18. (HSG12 tinh Bén Tre nim  2018-2019) Gidi phwong trinh

\/Esin(2x+%)+ 6sin(x—%)=l.
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Loi giai
Tdc gid: Ta Minh Trang; Fb: Minh Trang
x/Esin 2x+Z ++/6sin x—Z =1
4 4
<:>sin2x+cos2x—1+\/g(sinx—cosx):0
<:>2sinxcosx—2sin2x+x/§(sinx—cosx)=O
<:>2sinx(cosx—sinx)+\/g(sinx—cosx)=O
<:>(cosx—sinx)(2sinx—\/§)20
- x=2rkn
) sin(x—— =0 4
cosx—sinx =0 4 T
o o S| x==+k2x (keZ).
2sinx—\/§=0 . 3 3
sinx =—
2 x=2?7z+k27r

Vay phwong trinh c6 3 ho nghiém x = %+ kr; x = §+ k2m;x = ZTE+ kr (keZ).

Cau 19. (HSG12 THPT Thuan Thanh nam 2018-2019) Giai phwong trinh
2 cos? (%—Zx}i- 3cosdx=4cos’ x—1.

Loi giai

1.2c0s2(%—2xj+ 3cosdx =4cos’ x—1
PT <:>1+cos(%—4xj+ 3 cos4x =2(1+cos2x)—1

= sin4x+\/§cos4x:2c0s2x = cos(4x—%)=cos2x

4x—%=—2x+k27z x:£+k—ﬂ

4x—£=2x+k27r x:£+k7r
6 12

Vay x:£+k—7[,x:£+k7z(keZ).
36 3 12

Cdu 20. (HSG11 Nho Quan Ninh Binh 2018-2019) Véi gid tri nao cia m thi phwong trinh
3sin’ x+2cos’ x =m+2 c6 nghiém?
A.m>0. B. m<0. C.0<m<lI. D.-1<m<0.

Lo gii
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T4c gid: Tridn Ngoc Diém; Fb: Trin Ngoc Diém
Chon C

3sin’ x+2cos’ x=m+2 < sin2x+2(sin2x+cosz x):m+2 < sin’ x=m (1).

Vi 0 <sin” x <1 nén phuwong trinh (1) c6 nghiém khi 0<m <1.

Ciu 21. (HSG11 Nho Quan Ninh Binh 2018-2019) S6 nghiém cha phwong trinh
sin 5x++/3 cos 5x = 2sin 7x trén khoang (0;%} la

A 2. B. I. C. 4. D. 3.

Loi giai
T4c gid: Pham Tién Long; Fb: Long Pham Tien
Chon C

Ta co:
sinSx+«/§cosSx =2sin7x
1. 3 )
= 5s1n5x+700s5x =sin7x

<> sinSx cos§+sm§cos 5x=sin7x

= sin(Sx +§j =sin7x

5x+£:7x+k27r xzz—kﬁ
o 3 (keZ)e 6 (keZ)
5x+£:7r—7x+k27z x:£+kZ
3 18 6

Vi x:%—kﬂ,kGZ:Vi xe(O;%j nén ta co:
0<£—k7r<£<:>—£<—k7r<£<:>l>k>—l.

6 2 6
Ma k €Z nén suyra k =0, suy ra nghiém cia phwong trinh la x:%.

Vé’ix:£+k£,keZ:Vi xe 0;1 nén ta co:
18 6 2

0<£+k£<£<:>—£<k£<4—7[c:>—l<k<§
18 6 2 18 6 9 3 3
. A . A \ R T 2 T
Ma k €Z nén suy ra ke{O;l;2}.Suy ra cac nghiém cta phwong trinh la: x=1—; x=7; XZEI
Vay c6 4 nghiém cua phwong trinh thoa yéu ciu dé bai la: x:%;x:%; x:%r; x:Z—g.
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Cau 22. (HSG 12 Yén Lac 2 Vinh Phiic nam 2018-2019) Giai phwong trinh:
cos 2x +(1+2cos x)(sinx—cosx) =0.

Lo gii
Tdc gid: Lé Trong Hiéu,; Fb: Hieu Le
Phan bién: Nguyén Van Manh ; Fb: Nguyén Vin Manh

Ta c6: cos2x+(1+2cos x)(sinx—cosx) =0

< cos” x—sin’ x+(1+2cosx)(sinx—cosx) =0

< (cosx—sinx)(cosx+sinx)—(1+2cosx)(cosx—sinx)=0
& (cosx—sinx)(cosx+sinx—1-2cosx)=0

& (cosx—sinx)(sinx—cosx—1)=0

{cosx—sinx:O

sinx—cosx—1=0

cosx—sinx:0<:>sinx—cosx:0<:>sin(x—%)=0<:>x=%+k7z(keZ)

YY) T
. . P s T 4 xX==—+k2rx
sinx—cosx—1=0<+2sin| x-= |=1 2 (keZ)
4 T 3r

xX——=—+k27 x=rxw+k2rx
4 4

Vay phuong trinh c6 3 nghiém :x=%+kﬁ;x=%+k27z;x:7z+k27z(keZ)

Ciu 23. (HSG11 Cum Ha Pong Hoai Pitrc Ha Noi nam 2018-2019) Giai phwong trinh
sinx+sin2x__1
sin 3x '

Lo giai
T4c gid: Nguyén Van Ti ; Fb: Tu Nguyenvan

sinx#0

biéu kién xac dinh: sin3x # 0 < 3sinx—4sin’ x 20 < sinx(4cos2 x—l) 0 1
cosx;tiz

Khi d6, phwong trinh da cho twrong dwong véi

sin x +sin 2x +sin3x = 0 < 2sin 2x.cos x +sin 2x = 0 < sin 2x(2cosx +1) =0
sinx =0(/)
= cossz(t/m)@x:%+k7z (kez).

- (]
COS X 2()
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Vay phwong trinh da cho c6 nghiém x = % +kr (keZ).

Cau 24. (HSG11 tinh Thanh Héa nam 2018-2019) Giai phwong trinh :
2sin2x—cos2x—7sinx+4++/3 B

1.
2cosx+\/§

Lo giai
T4c gid:Nguyén Thi Hién ; Fb: Nguyén Hién

Pidu kién: 2cosx++/3 #0 @xii%JrkZ;z,k ¢7 .

Véi diéu kién x;ti%[+k27z,k¢Z taco:

Phuwong trinh < 2sin2x—cos2x—7sinx+4=2cosx

&> 4sinxcosx—2cosx+2sin” x—7sinx+3=0
< 2cosx(2sinx—1)+(2sinx—1).(sinx-3)=0
& (2sinx—1).(2cos x+sinx—3)=0

1

2sinx =1 sinx =—
2

| 2cosx+sinx =3 sinx=cosx=1(l)

x:£+k27z
6

= s keZ
x:?”+k27z (1)

Vay phuwong trinh da cho c6 nghiém x = % +k2r,kelZ.

Cau 25. (HSG12 Ha N§i nim 2018-2019) Giai phwong trinh cosx=1-x",

Lo gidi
T4c gid: Nguyén Thanh Giang; Fb: Thanh Giang
Xéthamso f(x)=cosx+x’—1véi xeR.Tacd f'(x)=-sinx+2x, f"(x)=-cosx+2.
Vi f"(x)>0VxeR= f'(x) dong bién trén R. Ma f’(0)=0 suy ra phuong trinh f'(x)=0 c6
nghiém duy nhat x=0.

Bang bién thién:

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 182 #%




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

z —00 0 +00

f'(x) - 0 +

Tir bang bién thiénsuyra f(x)=0< x=0.

Vay phurong trinh da cho c6 nghiémla x=0.

2sin’ x—sinx+cos2x

Cau 26. (HSG12 tinh H3i Phong nam 2018-2019) Giai phwong trinh 0.

tan x —1

Loi giai
T4dc gid: Nhom 4 - T6 8 nhém todn team todn vd - vdc
T
—+kr
) tanx—1#0 xELT
a) biéu kién: { o 4 kel

cosx =0 4
x¢5+k7r

Véi diéu kién trén, phwong trinh da cho twong dwong véi:
2sin’ x—sinx+cos2x=0 < sinx(2sin2 x—1)+cos2x =0

& —sinxcos2x+c0s2x =0 < (sinx—1)cos2x =0

. x=Z+kor
{smx—l 2
=

cos2x=0 4 T
X=—+k—
4 2

Két hop véi diéu kién xac dinh cia phwong trinh thi phwong trinh da cho c6 nghiém x :377[+k7r,

keZ.

Ciu 27. (HSG12 tinh Thira Thién Hué nim 2018-2019) Giai phwong trinh
2x/§c052x—sin2xcos(x+37”j—4sin(x+%j =0 (xeR) )

Lo gii

a) Phwong trinh twvong dwong voi:

. . ) 1 | 1 . 1
2x/5(cosx—smx)(cosx+smx)—s1n2x[——cosx——s1nxj—4[—smx+—cosxj =0

V2 V2 V2 V2

<> 4(cosx —sinx)(cosx+sinx)+sin2x(cos x+sinx)—4(sinx+cosx) =0

cosx+sinx=0 (1)
=
4(cosx—sinx)+sin2x—4=0 (2)
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Ta co (1)<:>tanx=—1<:>x=—%+k7z (keZ)

Giai (2) : Pat t=cosx—sinx=\/§cos(x+§je [—\/5;\/5}: sin2x =1-¢>

t=1
Phuwong trinh tré thanh: 4t +1- —4=0<1 -4t+3=0< ‘
t=3 (loqz)
x=k2rx
Véit=1tacé \/Ecos(x+£j=l<:> T (keZ)
4 x:—5+k27t

Vay phwong trinh ban ddu c6 ba ho nghiém la x = —%+ kr; x=k2r; x= —%+ k2rx (k € Z)

Cau 28. (HSG12 tinh TINH VINH PHUC 2018-2019) Giai phwong trinh
(2cosx—1)(2sinx+cosx)+sinx =sin2x.

Loi giai
T4c gid: Nguyén Twong Linh; Fb: Khoisx Bvkk
Ta cé:

(2cosx—1)(2sinx+cosx)+sinx =sin 2x
<> (2cosx—1)(2sinx+cosx)=sin2x —sinx
<> (2cosx—1)(2sinx+cosx) =sinx(2cosx—1)

< (2cosx—1)(sinx+cosx) =0

x:£+k2ﬂ'
3

|:ZCOSX—1=0 cosle
= = 2

T
. Slx=——+k27
cosx+sinx=0 3

tanx =—1

x=—"tkn
i 4

x=Z+kon
3
Vay tp nghiém cta phwong trinh 1a: | x = —% +k2z (keZ).

x=-2tkr
4

Cau 29. (HSG12 Tan Yén - Bic Giang Nam 2019) Giai phwong trinh:

(2sinx —3)(4sin x - 6sinx+3) =1+36sinx— 4

Lo gii

Tdc gid: Nguyén Thi Ai Trinh ; Fb: Trinh Nguyén
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Xét phwong trinh: (Zsinx—3)(4sin2 x—6sinx+3) =1+3/6sinx—4 (1)

bat t=sinx , -1<¢<1.

Phwong trinh (1) tré thanh:

(20-3)(4r —6t+3)=1+36r - 4
< 87247 +24t -9 =1+361 -4
o (20-2) +3(2-2)=6t-4+3f6r-4 (2)

Phwong trinh (2) c6 dang: f(2t—2)=f(%/6t——4)
Véi f(u)=u3+3u, ueR
f'(u)=3uw>+3=3(u>+1)>0, VueR

:>f(u) dong bién trén R.

2

Suyra: 2t —2=R/6t—4 < 8 24> +18t-4=0 = 1 ,vi te[—l;l] nén chon t:%.
l —
2

1 x:£+k27z
Véit=—=sinx=—< 6 kel
2 2 S5
X:?‘l‘kzﬂ'

Vay tap nghiém ctia phwong trinh la: S = {% +k2r, 5?7[ + k27r} .

C4u 30. (HSG11 H3u Loc tinh Thanh Héa nam 2018-2019) Giai phwong trinh
: . 7
(1+sinx+cos2x)sin (x+4j

=——COS X
1+tan x \/5

Lo gii

T4c gid: Nguyén Hivu Nam; Fb: Nam Nguyen Huu.

4
x#*#—+kr
o~ 1 a cosx#0 cosx#0
biéu kién:
I+tanx =0 tan x # —1 T
x#——+krx
4
(1+smx+0052x)sm(x+4j !
Pt - =——CO0SX.
sin x 2
1+ ——
CcOs X

cosx(1+sinx+cos2x) cosx+sinx 1
= ——CoSx.

coSX+sinx ' \/5 \/5

f—
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. 1
sinx=——
2

< 1+sinx+cos2x=1< —2sin’ x+sinx+1=0<
sinx=1 (loai'i)

x="Zik2x
(keZ).

T

L. . 1 ) .-z
V&i sinx=——<sinx=sin| — | <
2 ( 6 j
x=—+k2rx
6

Két hop voi diéu kién ta dwgc tip nghiém cia phwong trinh la: x:%+k27r; x:%r+k27r voi

(keZ).

Ciu 31. (HSG11 H3u Loc Thanh Héa nim 2018-2019) G141 phwong trinh
) ) V4
(1+sinx+cos2x)sin (x+ 4)

=——CO0SX .
1+tanx \/5

Loi giai

(1 +sinx+ cos2x)sin(x + ﬂj

1
Xét phwong trinh =——cosx (1).
p g T 7 (1)
" . |cosx#0 cosx =0
b1léuklén (2).
l+tanx =0 tanx = —1
V&1 d1éu k1én (2) thi
(1+sinx +cos2x)sin (x + 7[)
YR=" 4 = Lcosx
L4 sinx 2

COS X

cosx(1+sinx+cos2x) cosx+sinx 1
= COSX

COS X + s1inx ' \/5 \/5

< 1+sinx+cos2x=1

f—g

} -1
, _ sinxy = —
& 2sin’x+sink+1=0 < 2.

sinx =1

V&1 sinx =1 thi cosx =0, khong théa man d1éu k1én (2).

s | o A
Vol smx=—5 thi cosx=i§¢0,tanx=i%¢—l nén (2) théa man.

-
1 x xX=—+k2rx
Taco: sinx=——<sinx=sin| — | & 6 (keZ).
2 6 T
x:?+k27z

Véy phuong trinh (1) c6 ngh1ém x = %+k27z ,x= 7?”+ k2r kel.
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Cau 32. (HSG11 THPT Hau Loc Thanh Héa nam 2018-2019) Giai phwong trinh
: : T
(1+sinx +cos2x )sin (x + 4)

——COSX
1+tanx \/5

Lo gii

. cosx # 0 2
biéu kién: = (keZ)
tanx # -1 Vs

Vé&imoi x thudce tap xac dinh, ta cé:

(1+sinx-+cos2x ) sin(x-+ ki) (1+sinx+cos2x ) 22 (sinx+cosx )

1 1
=—=COSX < - =—=C0SX
1+tanx 2 sinx+cosx 2
COSX
oz
X=—+mnr
. 2
sin x=1
= 1+sin x+cos 2x=1 <> —2sin’ x +sin x+1=0 < | 1o x=—£+m2ﬂ(meZ)
sin XZE 6
T
xX=—+m2rx
6

x=-Zimorn
(meZ)

Dai chi€u dk, phwong trinh c6 nghiém: |  _ s o
6

C4au 33. (HSG12 tinh Cin Tho nim 2018-2019) Giai phwong trinh
cos® x —~/3 cos x + 6sin x.cos x :(sinx+cosx)2 —sin* x—sinx.

Lo giai
2 . (. 2 ) .
cos’ x —+/3 cosx+6sin x.cos x = (sinx+cosx) —sin’ x —sinx

< cos’ x—+/3cosx+3sin2x =1+sin2x—sin’ x —sin x

<:>2sin2x:\/§cosx—sinx

) 3 |
< sin2x=—cosx ——sinx
2 2

2x=Z_x+k2x :£+k2_7z
<:>sin2x:sin(£—xj<:> & 9 3 kel .
Va 2
2x=m——+x+k2x x=T+k27z
Vay phwong trinh da cho c6 nghiém x =§+szﬂ;x = 2%+k27z (keZ).
Cau 34. (HSG12 Tinh Dong Nai 2018-2019) Gidi phwong trinh (1+2sin4x)tan2x =1.
Lo giai
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Diéu kién x¢%+k% (k €Z). Khi dé,
(1+2sin4x)tan2x=1 < sin2x+2sindx.sin2x =cos2x <> sin2x+cos2x—cos6x =cos2x.

< sin2x =cosb6x <> cos (%— 2xj =cosb6x.

2 ox=6x+k2r x:%Jrk%
o2 (keZ) < (kez).
T dx=—6x+k2x x=-24iZ
2 8 2
x=2 k2
Vay phuong trinh cé hai ho nghiém 164 (keZ).
x=-Z4kZ
8 2

Cau 35. (HSG12 YEN LAC 2 nam 2018-2019) Giai phwong trinh:
4cos’ x(l +sinx)+ 23 cosxcos2x =1+ 2sinx.

Lo gidi
Phuong trinh tirong duwong véi: 4cos” x + 4 cos’ x. sin x + 243 cosxcos2x =1+ 2sinx.

< 2sinx(2cos’ x — 1)+ 2+/3 cosxcos 2x + 4cos’ x —1=0

= 2sinxcos2x+2x/§cosx0032x+3coszx—sin2x =0.

< 2c052x(sinx+ 3cosx)+(\/§cosx+sinx)(\/gcosx—sinx) =0.
= (x/gcosx+sinx)(2cos2x+x/§cosx—sinx) =0.

J3cosx+sinx =0
=

2cos2x+\/§cosx—sinx:0.

+) \/gcosx+sinx=0<:>tanx=—\/§<:>x=—%+k7z(keZ).

x=—7 ykox
: Sz 6
+) 2c0s2x++/3cosx —sinx =0 <> cos2x = cos| x——— | < (keZ)
6 _ Sz K2z
18 3
Vay phwong trinh c¢6 nghiém: x :—%+k7z, X= —5—7[+2k7z, X :5—7Z+szﬂ(k € Z).

Cau 36. (HSG12 tinh Bac Ninh 2018 - 2019 ) Téng tit cAd cic nghiém cta phwong trinh
cos3x—cos2x+9sinx—4 =0 trén khodng (0;37) la:

A.Zs—ﬂ. B. 67. C.H—ﬂ. D.5rx.

6 3
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Lo giai
T4c gid: Nguyén Thanh Long; Fb: Nguyén Thanh Long
Chon B

M cos3x—cos2x+9sinx—4=0

<:>4cos3x—3cosx—(l—25in2x)+9sinx—4=0
< cosx(4cos® x— 3)+2sm x+9sinx-5=0

<:>cosx[4 —sin’ x } (2sinx—1)(sinx+5)=0
<:>cosx(1 4sin’ x) +(2sinx—1)(sinx+5)=0
(

< cosx(1-2sinx)(1+2sinx)—(1-2sinx)(sinx+5)=0
<:>(1—25inx)[cosx(1+Zsinx)—(sinx+5)]:O

< (1-2sinx)(cosx+2sinxcosx—sinx—5)=0

{1—2sinx:0
P

cosx+2sinxcosx—sinx—5=0

Vs
i x=—+k2r7
M Véi 1—2sinx = 0 <> sinx = — <> sin x = sin 2 < 6 (keZ).
2 6 T 5r
xzﬁ—g+k27r=?+k27r

M Véi cosx+2sinxcosx—sinx—5=0 < sinx—cosx =sin2x—35

25in(x—%j=sin2x—5

\/Esm(x——j [ \/_\/_] Vx e (0;37)

sin2x -5 e[-6;—4],Vx €(0;37)

Ta c6 danh gia sau

Suy ra \/Esin(x—%j #sin2x—5,Vx €(0;37).

Vay phwong trinh nay vo nghiém.

[ Trong khoadng (0;37 ), phwong trinh c6 tap nghiém: S = {E;S—E;BTE;”T”}

Suy ra tong cac nghiém trong khodng (0;37) clia phwong trinh la 6.

Cau 37. (HSG11 Nho Quan Ninh Binh 2018-2019) Giai phwong trinh cos®2x + cos2x —% =0

Loi giai

Tdc gid: Trdn Pdc Nghia; Fb: P Nghia Trin
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cos2x:% (n)
Ta cd: cos’2x+cos2x——=0< ;
cos2x:—5(l)

2x=£+k27z x:Z+k7z
1 T 3 6
c032x=5=cos§<:> o (keZ).
2x:—§+k27r x:—%+k7r

Ciu 38. (HSG12 tinh Cin Tho ndm 2018-2019) Giai phwong trinh

2 . . 2 ) .
cos’ x— 3cosx+6smx.cosx:(smx+cosx) —sin® x—sin x.

Loi giai

2 . . 2 ) .
cos” x —~/3 cos x+6sin x.cos x = (sin x +cosx)” —sin’ x —sinx

< cos® x—+/3 cosx + 6sin x.cos x = 1 +2sin x.cos x —sin” x —sin x < /3 cosx—sinx =4sinxcosx
T T 2
2x=——-x+k27 x:§+kT
= 3cosx—smx:2sm2x<:>s1n(?—xj=sm2x<:> o 5 (keZ).
T T
2x=m——+x+k2x7 x=—+k217
3 3
27 27

Vay phwong trinh c¢6 nghiém x = % + kT; x=t k2r,(keZ).

Cau 39. (HSG12 tinh Thai Binh nam 2018-2019) Giai phwong trinh:

sin 5—”—3x —16=—-15sin £+x
4 4

Loi giai

batt= % +x&x=t —%. Phwong trinh da cho tré thanh:

sin 5—”—3(z—Z +15sinf—16=0
4 4

& —sin3¢+15sinf-16=0

& 4sin’ t+12sint—16=0

& 4(sinz—1)(sin’ r+sint +4)=0
Ssint =1

<:>t=£+k27r.
. . V4
Do dé ta cé: x:2+k27z,keZ.

Vay nghiém cua phwong trinh la: x = %+ kK2, kel.
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Ciu 40. (HSG11 Nho Quan Ninh Binh 2018-2019) Trén doan [—2018;2018] phwong trinh
sinx(z cosx — \/5) = 0 c6 tat ca bao nhiéu nghiém ?
A. 3856. B. 1286. C. 2571. D. 1928.

Loi giai

T4dc gid: Pham Tran Ludn; Fb: Pham Trin Luin

Chon C
x=kr
sinx=0 .
Tacé:sinx(2cosx—\/§):0<:> \/5 Sl lx=—+k2n ,keZ.
cosx:T 6
x——£+k27r
Véi kr,keZ.Tacé kel v 8
+ x=kr,kel. =
* 1OV 018 <hr <2018 | 208 2018 mem
T T
k €{—642;-641;...;0;...;641;642} .
keZ

v V6 x=24k2r,keZ. Ta -
6 20185 +k27 <2018

k €{-321;-320;...;0;...;320;321}.

kel

T
+Véix=—g+k27z,keZ.Tac() én

n
—2018< —%+k27z <2018

k €{-321;,-320;...;0;...;320;321}.

Vay phuwong trinh c6 2571 nghiém.

Cau 41. (T6-25-Lan-2-HSG-Yén-Diing) C6 tit ca bao nhiéu s6 nguyén dwong m dé phwong trinh
cos’x +~/m+cosx =m c6 nghiém?
A2 B. 3. C. 1. D. 2.

Loi giai
T4c gid:Nguyén Thi Hwong; Fb:NguyenHuong
Chon B

bit a=+m+cosx,a>0=a’>=m+cosx  (1).Taco cos’x+a=m (2)

~ 2 _ . R ) L a+cosx=0
Thé cos” x+a=m tir (2) vao (1) ta dwoc a” —cos" x =a+cosx < :
a—cosx =
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+) Véi a+cosx=0=+m+cosx =—cosx (3)

te|-1;0
bit 1 =cosx, 1 €[-11], pt (3) tré thanh m+1¢ :—t<:>{ <l ) J
m=t —t
Lap bang bién thién ham s8 /()= —¢ trén [-1;0]
Khi d6 phwong trinh c6 nghiém khi m €[0;2],meZ, = m{1;2}
+) Véi a—cosx=1=+/m+cosx =1-cosx (4)

te[—l;l]

bit r=cosx, re[-1;1], pt (4) tré' thanh Vm+t =1-t <
m=t"+t+1

Lap bang bién thién ham s§ g(¢r)=¢>+7+1trén [-1;1]
Khi d6 phwong trinh c6 nghiém khi m [%;3},771 eZ, = me{l;2;3}

Vay c6 3 gia tri cia m théa man

Ciu 42. (T6-25-Lan-2-HSG-Yén-Diing)

Cho phwong trinh cos 2x+~/3sin 2x+5(\/§sinx—cos x)—6 =0. Tinh tong gitta nghiém dwong nho

nhit va nghiém am 1é&n nhit cia phwong trinh.
AZ B.-Z. c 2% D. Z.
3 2 3 4

Loi giai
Chon C

cost+x/gsin2x+5(x/§sinx—cosx)—6=0

. . 1 .
bat:r = J3sinx — cosx = 2(?smx—zcost = 2sm(x—%j, t| <2

=1’ =3sin2x+coszx—x/§sin2x=2—(cos2x+«/§sin2x):> cos2x+x/§sir12x=2—t2

Phwong trinh tré thanh:

X ”—”+k27r T
t=1(N e 6 N =—
( )<:>sin[x—£j=l<:> 6 6 N 3+k12ﬂ(k1,kgeZ)
t:4(L) T 5z

—t2+5t—4:0<:{
x—g:?+k227z x=72'+k227r

Nghiém dwong nhé nhatla x, =§ ng voi k, =0.Nghiém dm lén nhatla x, = -7 Gngvédi k, =-1

Do dé: x, +x, :%—ﬂ:—z?”
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Bai toan dém

Cau 1. (HSG12 Cum Thanh Xudn nam 2018-2019) Hoa c6 11 bi thw va 7 tem thw khac nhau. Hoa
can glri thu cho 4 ngudi ban, méi ngudi 1 thw. Hdi Hoa c6 bao nhiéu cach chon ra 4 bi thw va 4 tem
thw, sau d6 dan moi tem thw 1én moi bi thw dé€ gwri di?

Lo gii
T4c gid: Nguyén Thi Hong Loan; Fb: Nguyén Loan.
Chon 4 bi thw tir 11 bi thu: c6 C;| cach.
Chon 4 tem thw tir 7 tem thu: c6 C; cach.
Dan 4 tem thw va 4 bi thw vira chon: c6 4!cach.
Gwi 4 bi thr da dan 4 tem thw cho 4 nguwoi ban: cé 4!cach.

Vay c6 tit ca: C}.C2.41.41= 6652800 cach.

Ciu 2. (HSG11 Nho Quan Ninh Binh 2018-2019) Tt cic chits6 1, 2, 3, 4, 5, 6 14p cic s6 tw nhién
c6 3 chir s6 khac nhau. Tinh tong tit ca cac s6 do.
A. 120. B. 42000. C. 2331. D. 46620.

Loi giai
T4c gid: Phuong Thiy; Fb: Phwong Thily
ChonD

Twr cacchirsé 1, 2, 3, 4, 5, 6 14p dwoc tit ca cic sO tw nhién cé 3 chir s6 khac nhau la: 6.5.4 =120
(s6).

Vi vai tro cac chit s6 giong nhau nén sé lan xuat hién ctia mdi chir s6 & mdi hang 1a nhu nhau va
bang: 120:6 =20 (lan).

Tdng tdt ca cac s6 1ap dwocla: (1+2+3+4+5+6).20.111=46620.

Ciu 3. (HSG 12 Yén Lac 2 Vinh Phiic nam 2018-2019) Cho céc chit sé 0; 1; 2; 3; 4; 5; 6; 7. Tir 8 chir s6
trén lap dwoc bao nhiéu s6 tw nhién cé 8 chir s6 ddi mot khac nhau sao cho tdng 4 chir s6 dau bang
tong 4 chir s6 cudi?

Lo gidi
T4c gid: Nguyén Van Mong; Fb: Nguyén Vin Mong

Do 0+1+2+3+4+5+6+7 =28, nén dé tdng 4 chir s6 dau va téng 4 chir s6 cudi bang nhau la téng
d6 bang 14.

Talip 4 bd s cb tong la 14 va cé chir s6 0 la:

(0;1;6;7); (0;2;5;7) ; (0;3;4;7) ; (0;3;5;6) . V&i moi bo s6 c6 s6 0 trén (rng véi mot bd con lai khong cé
s6 0 va c6 tdng bang 14.

TH1: B6 c6 s6 0 dirng trude: cé 4 bd cé chir sb 0, irng véi mdi bo co:

+) Xép 4 s6 dau c6 3.3! cach.
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+) Xép 4 s6 cudi co 4! cach.

Ap dung qui tic nhan c6 4.3.3!.4!1=1728 sé.

TH2: B c6 s6 0 dirng sau: c6 4 bd c6 chir s6 0, ttng véi mdi bd co:
+) X&p bd khong cé chir s6 0 dirng trwedre cd 4! cach.

+) X&p bb cb chir s6 0 dirng sau c6 4! cach.

Ap dung qui tic nhan c6 4.4!.4!=2304 so.

Vay c6 1728 +2304 = 4032 s6 théa min yéu cau bai toan.

Cau 4. (HSG11 tinh Vinh Phiic nam 2018-2019) Tt 2018 s6 nguyén dwong diu tién 14y ra 6 sd xép
thanh mot day so c6 dang a,,q,,a,,4a,,a,,a,. Héi c6 bao nhiéu day s6 dang trén biét g,,qa,,a, theo thi

tw I14p thanh mot cip so cong.

Lo gii

T4c gid: Vo Quang Anh; Fb:Anh V6 Quang.

NN N A A a t+a, \ ; g 12
a,,a,,a, la cap so cong nén a, = T Suyra a,, a, cung tinh chan le.

TH1: a,, a, cung lé.

2

a,, a, chon trong cac s6 1,3,5,...,2017 nén sé cachla 4, .

a,+a
,=

a * nén a, c6 1 cach.

~ . . ~ A ~N 7 \ 3
a,,a,,a, chon trong 2018 so loai di ba s6 4,,a,,a, nén so cachla 4,,.
4 N7 N 2 3
Do désb cachla 4,,,.4;,;-
. AN < hY 7 2 3 7
TH2: a,, a, cung chan.Lam twong tw TH1 c6 4,,,.4,,, cach.

Vay c6 2.4.,,.4;,,. cachlap thanh diy sd théa min yéu ciu bai toan.

Cau 5. (HSG12 tinh KonTum nam 2018-2019) C6 20 ciy giéng trong d6 c6 2 ciy xoai, 2 ciy mit, 2
ciy 6i, 2 ciy bo, 2 ciy buwdi va 10 loai cdy khac 5 loai ciy trén déng thoi ddi mot khac loai nhau.
Hoéi c6 bao nhiéu cach chon ra 5 ciy dé trong trong mot khu vwedon sao cho khong c6 hai ciy nao
thudc cung mot loai.

Loi giai

T4c gid:Nguyén Huyén; Fb: Huyen Nguyen
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I,f 10 loal cay \
a6l mét \
khac nhau \

Nhom | Nhom I

Trwong hop 1: Chon 5 cAy nhom I1.S6 cach chon 1a C), =252 (céach chon).
Trwong hop 2: Chon 4 cay nhom II, chon 1 cdy nhom 1.

S6 cach chon 1a Cj.C..C} =2100 (cach chon).

Trwong hop 3: Chon 3 cay nhém II, chon 2 cay nhém 1.

S cach chon 1a Cf’O.Csz.(C; )2 =4800 (cach chon).

Trwong hop 4: Chon 2 cay nhém I, chon 3 cay nhém 1.

S6 cach chon la C;, .C;.(Cz1 )3 =3600 (cach chon).

Truwong hop 5: Chon 1 cay nhéom II, chon 4 cay nhom L.

S§ cach chon la C!,.C2.(C!)" =800 (cach chon).

Trwong hop 6: Chon 5 cdy nhém .S cach chon la C;.(C; )5 =32 (cach chon).

Vay s0 cach chon ciy théa man yéu cau bai ra la:

252+2100+4800+3600+800+32=11584 (cach chon).

Cau 6. (HSG11 tinh Thanh Héa nam 2018-2019) C6 bao nhiéu so tw nhién c6 8 chit s6 khac nhau ma
c6 mat hai chit s6 1é va ba chit s6 chin, trong d6 mbi chit s6 chdn c6 mit ding hai 1an?

Loi giai
Tdc gid:Pham Thi Canh; Fb: Pham Linh Canh

Goi cac chit s6 1é khac nhau 1a x, y thudc 4 = {1;3;5;7;9} va ba chit s6 chdn khac nhau la a,b,c thudc
B =1{0;2;4;6;8} .

+ TH1: Néu chon mot chit s6 x 1& dirng dau thi c6 5 cach chon, chit s y 1& con lai va ba chir s6 chdn

thi s8 cach chon 13 4.C; va chon lai b (a;b;c) c6 mot cach. Bay gid ta sip x€p vi tri cho bd 7 chir s&
7!

212121

nghia 1a da x&p vi tri cho x, viéc con lai 12 sp x&p vi tri cho bd 7 chit s8 con lai).

(khong ké s6 1 x ding dau) thi c6 cac cach khac nhau la: 4.C;.1.

( Tanoi x c6 5 cach chon

!
Vay treong hop 1 c6 cac s6 thda man bai toan la: 5.4.C;. o ; = 126000 (s0)
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+ TH2: Néu chon 1 chit s6 chan a ding dau thi c6 4 cach, hai chit s§ b,c ¢6 C; cach, chon lai chit s6

a c6 4 cach, chon lai cdp (b;c) c6 mdt cach. Chon hai chir s§ 1& c6 C. cach. Bay gi¢r ta sap x&p vi tri

7!
=75600
11.21.21

cho bd 7 chir s6 (khong tinh a) thi c6 cac cach khac nhau la: C;.1.1.C:.

Vay trweong hop 2 c6 cac sé thoa man bai toan la: 4.75600 = 302400 (s0)
Vay s6 cac s6 thoa man bai toan la: 126000 + 302400 = 428400 s6.

Cach 2. Goi cac chit s6 1é khac nhau 13 x,y thudc 4 ={1;3;5;7;9} va ba chit s6 chin khac nhau la
a,b,cthudc B ={0;2;4;6;8}.

+ TH1: B9 3 chit s6 chin (a;b;c) khong c6 chir s6 0.

S6 cach chon bd 3 s6 chdn C; cach. S8 cach chon 2 s 1é x,y 12 C?. Bay gio ta sé sap cac chir sd vao 8
vi tri: Chon 2 vi tri trong 8 vi tri d€ x&p chir s& chdn thit nhit c6 C; cach, chon 2 vi tri trong s6 6 vi tri
con lai d€ xép chir s chan thit 2 ¢6 C., chon 2 vi tri trong 4 vi tri con lai d€ x&p chir s chan thir 3 ¢6

C; céch, hai vi tri con lai sdp 2 chir s6 1é ¢6 2! cach.
Vay s6 cac s6 théa man trwong hop 1: C;.C;.C;.C..C;.2!=201600 (s6)
+ TH2: B6 3 chir s6 chan (a;b;c) c6 chit sé 0.

S6 cach chon 2 s8 chan con lai C; . S6 cach chon 2s6 1€ x,y 12 C2. By gid ta sé sdp cac chir s6 vao 8
vi tri: Chon 2 vi tri trong 7 vi tri d€ xép chir s6 0 (trir vi tri dau tién) b C; cach, chon 2 vi tr{ trong s6
6 vi tri con lai d€ x&p chir s6 chan thit 2 c6 C7, chon 2 vi tri trong 4 vi tri con lai d& xép chir s6 chin
tht 3 ¢6 C; cach, hai vi tri con lai sdp 2 chir s6 1é ¢6 2! cach.

Vay s6 cac s6 théa man trwong hop 2: C;.C2.C:.C;.C;.2!= 226800 (s0).

Vay s6 cac s6 thoa man bai toan la: 201600 + 226800 = 428400 so.

Cau 7. (HSG11 Nguyén Pirc Canh Thai Binh 2018-2019) Khi phan tich s§ 1000! thanh tich cac thira
s6 nguyén t6, sO cac thira s6 3 la:
A. 499, B. 500 C.501 D. 498.

Lo giai
T4dc gid:HS Thanh Nhan; Fb: Nhan Ho Thanh

ChonD

S6 cac so chi chia hét cho 313 333-111=222;
S8 cac s6 chi chia hét cho 3% 14 111-37=74;
S8 cac s6 chi chia hét cho 3° 1a 37-12=25;
S8 cac s6 chi chia hét cho 3* 14 12- 4= 8;

S8 cac s6 chi chia hét cho 3° 1a 4- 1= 3;

S6 cac s6 chi chia hét cho 3° 1a 1.

Vay so cac thira s6 3 1a: 222.14+74.2+25.3+8.4+3.5+1.6=498.
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Xac suat

C4au 1. (HSG11 Nguyén DPirc Canh Thai Binh 2018-2019) Mot hop dung 9 thé dwoc danh s6 tir 1 dén
9 (mdi thé ghi mot s§).Rat ngau nhién 3 thé va nhan 3 s6 ghi trén 3 thé d6 véi nhau. Tinh xac suat
dé tich nhan dwoc 1a mot s6 1é?
2 B. L. c D. >
42 42 42 84

Lo giai
T4c gid: Hoang Minh Thanh; Fb: Hoang Minh Thanh
Chon A
S6 cach chon 3 thé batkila:n(Q)=C,
Goi A labién cd "Tich cia 3 s6 ghi trén 3 thé 1a mot s6 1"
S6 phan tir cia 4 1a n(4)=C;

n(4d) 5

Xac suit cia bién c6 41a: P(A) = =
n(Q) 42

Cau 2. (HSG12 tinh Ha Tinh nam 2018-2019) C6 10 d6i tuyén bong da quoc gia & khu vuc Dong
Nam A tham gia thi ddu AFF Suzuki Cup 2018 trong d6 c6 ddi tuyén Viét Nam va doi tuyén Thai Lan,
cac ddi dwoc chia 1am hai bang, ki hiéu 1a bang A va bang B, mbi bang c6 5 doi. Viéc chia bang dwoc
thwc hién bang cach béc thim ngiu nhién. Tinh xac suit dé hai doi tuyén Viét Nam va Thai Lan ndm
& hai bang dau khac nhau.

Lo gidi
S6 phan ti trong khong gian mau la n(Q) =C,, =252.
Goi C la bién c8: “Hai ddi tuyén Viét Nam va Thai Lan nam & hai bang dau khac nhau”.
TH 1: Poi tuyén Viét Nam & bang A, ddi tuyén Thai Lan & bang. S6 cach xép théa man la C; = 70.
TH 2: Poi tuyén Viét Nam & bang B, doi tuyén Thai Lan & bangA. S6 cach x&p théa manla C; = 70.
S6 phan t cia bién c6 Cla n(C) =140.
Vay xac sudt dé hai doi tuyén Viét Nam va Thai Lan ndm & hai bang diu khac nhau la
n(C) 140 _5

P(C):@_zsz 9

Céu 3. (HSG11 Nho Quan Ninh Binh 2018-2019) Tir cic chirs6 1, 2, 3, 4, 5, 6 14p dwoc cac sb céd
bén chit s6 khac nhau. Ly ngau nhién mot sé. Tinh xac suat dé s6 dé cé chit s6 4.
A B.L. L. D. 2.

4 3 4 3

Loi giai
T4c gid: Nguyén Hoang Huy; Fb: Nguyen Hoang Huy
ChonD
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S6 phan tir khong gian mau 1a n(Q) = 4, =360.
Goi A 1a bién c0 “s6 dwoc chon c6 chir s6 4”.
Tacé n(A4)=4.4] =240.

Vay xac sudt ctia bién c6 4 1a P(4) = ngg)) :%:%
n

Cau 4. (HSG12 tinh Bac Ninh 2018 - 2019 ) M6t t6 hoc sinh ¢6 7 nam va 3 nit. Chon ngiu nhién 2
nguoi. Tinh xac suit sao cho 2 ngudi dwgc chon déu la nir.

Al B. L. L. D. 2.
5 15 15 15
Lo giai
T4c gid: Nguyén Thanh Hing; Fb: Hing Nguyén
Chon B

S6 cach chon 2 nguoi tir 10 nguoila: Cj, =45 = n(Q)=45.
Goi A4:“2 nguwoi dwoc chon déu la nit”.

S6 cach chon 2 hoc sinh nit tir 3 hoc sinh nit1a: C; =3 = n(A4)=3.

Vay xac sudt sao cho 2 ngudi dwoc chon déulanila: P(A)=——F~=—=—.

Ciu 5. (HSG11 Cum Ha Pong Hoai Pirc Ha N6i nim 2018-2019) Trong mét hop kin dwng 100 tim
thé nhw nhau dugc danh s6 tir 1 dén 100. LAy ngau nhién ba tdm thé trong hop. Tinh x4c suit dé 14y
dwoc ba tim thé ma ba s6 ghi trén ba tim thé dé 1ap thanh mot cip so6 cong.

Lo giai
Tdc gid: Ldm Quédc Toan; Fb: Lam Quoc Toan

S6 phin tir clia khong gian miu: |Q] = Cy,.
Goi ba s6 1ap thanh cip s6 cong lan lwot la: u,, u,, u;.
Khi d6 u,, u, phdi ciing 12 hai s6 chdn hoic ciing 12 hai s8 18.
Twr 1 dén 100 c6 50 sb chan, 50 so 18.
+ Trwong hop 1: u,, u, 12 hai s6 chdn, c6 CZ, cach chon bd {ul; u3}.
+ Trwomg hop 2: u,, u, 1ahaisd 1é, c6 C, cach chon bd {ul; u3}.
Véiméi cach chon bd {u;; u;} c6 duy nhit mot cach chon u, dé u,, u,, u, 1ap thanh cip s6 cong.
Suy ra s6 cach 1y dwoc 3 thé ghi ba s6 14p thanh cip s6 cong la |QA| =2C5, .

Xac suit 1dy dwoc 3 thé ghi ba s6 14p thanh cip s6 cong la
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o c, 66

P(4)

Cau 6. (HSG11 Ha Tinh 2018-2019) Cho lwéi 6 vuong nhw hinh vé, c6 moét con
kién di chuyén tir diém A dén diém B bang cach di chuyén trén canh dé di qua
cac diém nut cta lwdi (diém nit 1a dinh ctia cac hinh vudéng nhé), mbi budc nd
di chuyén xu6ng dwéi hoic di chuyén sang phai dé dén diém nit gin nhat. Biét
rang néu dén diém C thi kién sé bi an thi. Gia st kién di chuyén mot cach ngau
nhién va n6 khong biét tai C sé gap nguy hiém. Tinh xac suat dé kién dén dwoc B
diém B.

Loi giai

Kién mudn di dén B thi bat budc phai qua D .

Goi m 1a s6 cach di tir A dén D.

Goi n 1a s6 cach di tir D dén B.

Goi k 1a so cach di tir D dén B ma khong di qua C

Ta c6 s6 cach di tir A dén B 1a m.n ; s6 cach di tir A dén B ma khong di qua C la mk .

Ta c6 xac suit ma kién di dwoc dénBla p= mk _k

mn n
Cac cach di tir D dén B ma c6 di qua C la : DCEFB; DCIFB; DCIKB; suy ra sé cach di tir D dén B ma c6
di qua Cla 3.

Vi tinh d6i xirng ctia lwdi 6 vudng 2x2 nén so cach di tir D dén B ma khong qua C 1a 3.

Suyra k=3,n=6 .Do do p:k:%.

n

Cau 7. (HSG11 Nghé An 2018-2019) Goi S la tip hop tat ca cac sO tw nhién gom 4 chir s6 d6i mot
khac nhau dworc chon tir cac chitsé 1, 2, 3,4, 5, 6, 7, 8, 9. Xac dinh s6 phan tir cia S . LAy ngau nhién
mot sO tir S, tinh xac suit dé s6 dwoc chon 1a s6 chia hét cho 11 va tdng 4 chir s6 cia né ciing chia
hét cho 11.

Lo giai
Tdc gid : Vil Thi Thdo Facebook: Vii Thdo
S6 phan tir ctia S1a: 4, =3024 (s6).

S6 phan tir ctia khong gian mau la n(Q) =3024.
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Goi A 1abién cd s6 dwoc chon la sd chia hét cho 11 va téng 4 chir s6 ctia né cling chia hét cho 11
Goi s6 tu nhién gdm 4 chit s6 d6i mot khac nhaula: abed , (a#0,a#b#c#d).
Theo gia thiéttacé : [(a+c)—(b+d)]i11 va[(a+c)+(b+d)]:11suyra (a+c)ill va (b+d)il1.

Trong cac chit s6 1, 2, 3,4, 5,6, 7, 8,9 c6 cic b s0 gbm hai chit s6 ma tdng chia hét cho 11 Ia
{2;9};{3:8};{4;7};{5; 6}.

Chon c3p s6 (a, ¢) c6 4 kha nang, mdi kha ndng c6 2 cach.
Khi d6, chon cdp s6 (b, d)con 3 kha ndng, mobi kha ning c6 2 cach.
Vay n(4)=4.232=48(sé)

n(A)_H;ﬂi_ 1

Xacsudtcantimla P(4)= @) "3 6
n

Cau 8. (HSG11 THuan Thanh 2018-2019) Chon ngau nhién mot s6 tw nhién cé sdu chir s6 khac
nhau. Tinh x4c suit dé chon dwoc mot sb c¢6 3 chit s6 chdn va 3 chit s6 18.

Lo gidi
+) S6 phan tir cia khéng gian mau: n, = 47, — 4, =136080.
+) S8 cac s6 tw nhién c6 6 chir s8 c6 3 chir s6 chan va 3 chir s6 1é:
TH1: S6 tao thanh khong chirasé 0.
ALAy ra 3 s6 chdn c6: C; cach;
ALAy ra 3 s6 1é c6: C. cach;
21S6 cac hodn vi ciia 6 sO trén: 6!
BSuy ra s cac s tao thanh: C; - C; -6!=28800.
TH2: S6 tao thanh c6s6 0.
AL4y ra hai s6 chan khac 0: C;.
ALiy ra3s6lé: C..
2IS6 cac hoan vi khéng c6 s6 0 dirng dau: 6!-5!=5.5!
S6 cac s6 tao thanh: C; -C; -5-5!=36000.
+) Goi bién c§ 4 : “sd dugc chon c6 3 chir s6 chan va 3 chir sg 1&”
Suyra: n, =28800+36000 = 64800.

n, _ 64800 10

Xacsudtxdy rabiéncd 4: P, =— = =—.
n, 136080 21

Cau 9. (HSG11 tinh Ha Nam nam 2018-2019) M6t ngwoi 4 ding tai gbc O cda truc s6 x'Ox . Do
say ruwou nén ngwdi 4 bwéc ngiu nhién sang trai hoic sang phai trén truc toa do véi do dai moi
buwéc 1a mot don vi. Tinh xac sudt dé€ sau n buéc (n > 2) thi nguoi 4 quay tré lai goc toa do O.

Lo gii

Tdc gid: Tang Duy Hung; Fb: Tang Duy Hung
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Phadn bién: Bui Ding; Fb: Bui Diing

Trudmg hop 1: n=2k+1 (k e N") khi d6 xc sudt nguoi d6 quay trérlai O la: P=0

Trwong hop 2: n= 2k(k € N*) . Ngwoi dé quay tré vé O néu c6 k bwdc sang phai va £ budc sang
trai.

Xac suit bwéc sang phaila: 0,5

Xac suit bwéc sang trai la: 0,5

Do d6 xac sudt dé quay vé O la: P=C,.(0,5)"

Cau 10. (HSG11 tinh Quang Ngai nam 2018-2019) Goi S 1a tip hop tit ca cic s tw nhién gom nam
chir s6 dwoc chon tir cac chit s 1; 2; 3; 4; 5; 6; 7. Chon ngiu nhién mot s6 tir S, tinh xac suat dé sd
dwoc chon c6 mit dung ba chir s6 khac nhau.

Lo giai
T4c gid: Nguyén Thj Thiy ; Fb: Camtu Lan
Tacé |S|=7".
Xét phép thir: Chon ngau nhién mot sé tir tp S'.
Suy ra s§ phén tir ctia khong gian miu la | = 7°.
Goi Alabién cd: “ s6 dwoc chon cd mit dung ba chir s6 khac nhau”.
Budc 1: Ta chon ra ba chit s6 khac nhau tir tp S, c6 C; céch chon.

Budc 2: Ta chia thanh hai trwong hop sau

TH1: Trong ba chit s6 dwgc chon ra tir bwée 1, c6 mot chir s6 xuit hién ding ba l4n, hai chit s6 con

C..5!
3" cAch.

lai mdi chit s6 xuat hién ding mot 1an, vay cé6

TH2: Trong ba chit s6 dwoc chon ra tir bwde 1, c6 mét chir s6 xuat hién dung mot 1an, hai chir s6 con

. , \ C;.5!
lai moi chit s6 xuit hién ddng hai lan, viy co 23' Y cach.
, [ CL5! Cis!
Suyra |Q,|=C;.| ==+ ]=5250.
31 212!

Q.| 5250 750
o 7 2401

Vay P(A)

Cau 11. (HSG12 Cao Bang nam 2018-2019) Mot ddi ngii can bd khoa hoc gdm 8 nha Toan hoc nam,
5 nha Vit 1y nit va 3 nha Hoa hoc nit. Ngwoi ta chon ra tir d6 4 ngudi d€ di cong tac, tinh xac suit sao
cho trong 4 nguwdi dwoc chon phai c6 nit va cé da ba bo mon.

Loi giai
Chon ngiu nhién 4 nha khoa hoc trong 16 nha khoa hoc c6 Cf6 cach.

Chon 4 nguwoi di cong tac théa man yéu ciu bai todn co cac trueong hop sau:
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Chon 2 nha Toan hoc nam, 1 nha Vat 1§ nit, 1 nha Héa hoc nit c6 C;.C;.C; cach.
Chon 1 nha Toan hoc nam, 2 nha Vat Ij nit, 1 nha Héa hoc nit c¢6 C;.C;.C; céch.
Chon 1 nha Toan hoc nam, 1 nha Vat Iy nit, 2 nha Héa hoc nit c6 C,.C,.C; cach.
S6 cach chon doan cong tacla C;.C..C; + C,.C:.Cy + C;.Ci.C; céch.

CLCLC+CLCLC+CLCLCE 3
Cie

Vay, xac suat can tim la: P =

Cau 12. (HSG12 Cum Thanh Xuin ndm 2018-2019) M6t bai thi tric nghiém khach quan gdbm 5 ciu
héi, mdi cu c6 4 phwong an tra 101, trong d6 c6 1 phwong 4n tra 1o dung, 3 phwong 4n sai. Tinh
x4c sudt d€ moi hoc sinh 1am bai thi tra 1o dung dwoc it nhat 3 cau hoi?

Lo gii

T4c gid: Pham Hoang Piép ; Fb:Hoang Diép Pham

s Lo o 03
Xac suat dé mot hoc sinh tra 1oi dung 1 cau la Z,traloq sai 1 caula r

3 2
Xac sudt d& mot hoc sinh tra 1o ding ding 3 caula: C; (lj (éj = 54T52

4)\4
1N'(3) 15

Xac suat dé mot hoc sinh trd 1o diing ding 4 caula: C)| — | | = |[=——.
4 4) 1024

5
Xac suat d€ mot hoc sinh tra 1o dung ca 5 caula: C; (%j = L

45 15 1 53

Vay xac suit d€ mot hoc sinh tra 1o dang it nhit 3 ciu la: + + = :
512 1024 1024 512

Cau 13. (HSG12 Quang Ngii 2018-2019) C6 hai chiéc hop chira bi, moi vién bi chi mang mau xanh
hodc dé. Lay ngau nhién tir m6i hop dung 1 vién bi. Biét tong s6 bi trong hai hop 1a 20 va x4c suit dé

1y dwgc hai vién bi mau xanh la g . Tinh xac suat dé 1ay dwoc hai vién bi mau dé.

Lo gidi
T4c gid: Nguyén Thién ; Fb:Thien Nguyen

Giad st hop thr nhat c6 x vién bi, trong d6 c6 a vién bi xanh, hop th hai c6 y vién bi, trong d6 co
b vién bi xanh (diéu kién x, y,a,b nguyén dwong, x> y,x>a,y>b).

x+y=20 ()

Tir gia thiéttaco: {ab 55 :
L2 @
xy 84

T (2) = 55xy =84ab = xy:84, mit khac: xyS%(JHy)2 =100=xy=84 (3).

x=14

Tw (1) va (3) suyra {
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Tw (2) va 3) suyra ab=55,ma a<x<14,hb<y<6=a=1Lb=5.

Vay xac suit 14y dwoc hai vién bi do la: P= ra y_—b = L
X y 28

Cau 14. (HSG12 tinh Hai Dwong nam 2018-2019) Trong cudc thi: "Thiét ké va trinh dién cac trang
phuc dan toc" do Poan trwong THPT t6 chirc vao thang 3 ndm 2018 véi thé 18 mdi 1ép tham gia mot
ti€t muc. Két qua c6 12 tiét muc dat giai trong dé cé 4 tié€t muc khéi 12, ¢ 5 tiét muc khéi 11 va 3
tiét muc khéi 10. Ban t& chirc chon ngiu nhién 5 tiét muc biéu dién chao mirng ngay 26 thang 3.
Tinh x4c suit sao cho khéi nao cling c6 tié€t muc dwoc biéu dién va trong do c6 it nhat 2 tiét muc cla
khéi 12.

Lo giai
Goi khong gian mau cta phép chon ngiu nhiénla Q.
S6 phan tir ctia khong gian mau la: n(Q)=C;, =792.
Goi A4 1abién ¢6 "Chon 5 tiét muc sao cho khéi nao ciing c6 ti€t muc dugc biéu dién va trong do c6 it
nhat hai tié€t muc ctia khoi 12",
Chi c6 3 kha nang xay ra thuin loi cho bién c6 4 la:
+ 2 tiét muc khéi 12, hai tiét muc khéi 10, mot tiét muc khoi 11.
+ 2 tiét muc khoi 12, 1 tiét muc khéi 10, 2 tiét muc khoi 11.
+ 3 tiét muc khoi 12, 1 tiét muc khéi 10, 1 tiét muc khoi 11.

S6 két qua thuén loi cho bién ¢ 4 1a: n(A4)=C;.C;.C; +C;.C,.C: +C;.C,.C5 =330,

n(4) 330 5

n(Q) 792 12°

Xacsudtcantimla P=

Cau 15. (HSG12 THPT Thuin Thanh nidm 2018-2019) Chon ngiu nhién mdt s6 tw nhién cé sau chit
s6 khac nhau. Tinh xac suit dé chon dwoc mot s6 c6 3 chit s6 chin va 3 chit s 1é.

Lo gii
S6 phén tir cia khong gian mau: n(Q) = 4 — 4, =136080.
Goi bién cd A: “S6 duoc chon c6 3 chit s6 chdn va 3 chit s6 18”.
Truwong hop 1: S6 dwgc chon khong chira chirsé 0.
L&y ra 3 chit s6 chdn c6 C, cach.
L&y ra 3 chitsd1é c6: C; cach.
S6 cac hoan vi cia 6 chir so trénla 6!.
Suy ra s6 cac s6 tao thanh: C;.C;.6!=28800
Trwong hop 1: S6 dwoc chon ¢ chira chirso 0.
Lay ra 2 chir s8 chn khac 0 c¢6 C; cach.

Lay ra 3 chirsd1é c6: C. cach.
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S0 cac hoan vi khong cé chir s6 0 dirng dau la: 6!-5!=5.5!.
S6 céc s6 tao thanh: C;.C..5.5!=36000.

Suy ra: n(A) =28800+36000 = 64800 .

n(4) 64800 10
n(Q) 136080 21

Xac sudt xay ra bién c6 4 la: P(4)=

Cau 16. (HSG12 tinh Quang Binh nim 2018-2019) Cho sau thé, mdi thé ghi mot trong cac s6 cla tap
E ={1;2;3;4,6;8} (cdc thé khdc nhau ghi cdc s6 khdc nhau). Rat ngau nhién ba thé, tinh xac sudt dé

rut dwoc ba thé ghi ba s6 1a s6 do ba canh ctia mét tam gidc cé géc tu.

Lo gii
Cich cia Admin Nguyén Trung Kién.
Ldy ba thé tir 6 thé c6 s6 cach 14y 1a C;, nén s phan ti ciia khong gian mau 1a |Q = C; =20.
Goi bién cd A4 : “rat dwoc ba thé ghi ba s 1a s6 do ba canh cia mot tam giac c6 goc tu”.

Gia st rit dwoc bd bas6 13 (a;b;c), véi a<b<c,doddé 4<c,nén ce{4;6;8}.

a, b, ¢ laba canh cta tam gidc AABC,véi BC=a, CA=b, AB=c cb goc 6’ tu

2 2 2
cosC=LF0 ¢ a’+b*<c’ — |
2ab = =>Wa’+b’ <c<a+b,voi ce{4,6,8}.
4<c<a+b
4<c<a+b

+Xét ¢ =4 thicé bd (a;)=(2;3) thoa man.
+Xét c=6,doa<b<c, 6=c<a+b<2b,nén b=4 va a=3.Suyracébd (a;b)=(3;4) théa man.

+Xét ¢=8, do a<b<c, 8=c<a+b<2b, nén b=6 va a=3 hodac a=4. Suy ra c6é hai bd
(a;6)=(3;6)hodc (a;b) =(4;6) théa man.

Suy ra s6 phan tir ciia bién cé A4 la |QA| =4,

Q] 4

_1
o 20 5’

Nén xac sudtcan timla p =

Cau 17. (HSG11 tinh Ha Nam nam 2018-2019) Cho hinh vudng c& 9.9 tdm O dwgc tao tir 9.9 hinh
vubng don vi. Hai hinh vuéng don vi dwoc goi 1a ké bén néu chiing c¢6 cung mét canh chung. M6t con
bo ban ddu & O. Mbi 1an di chuyén con bo s& nhay ngiu nhién tir tAm hinh vudng don vi n6 dirng
sang tim hinh vudng don vi ké bén. Tinh x4c suit d€ con bo sau 4 buwéc nhay sé quay lai diém O.

Loi giai
T4c gid: Bui Diing; Fb: Bui Diing
Phdn bién: Lé Mai Hwrong; Fb: Lé Mai Hirong
Khi con bo nhay 4 bwdc thi khong gian mau 1a: 4.4.4.4 =256
&’ bwéc nhay thit 2 ta chia cac trwdng hop sau:

TH1: Buéc 2 con bo nhdy qua Bl1—-B2 c6 2 cach nhay
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Buéc 3 c6 hai cach nhdy vé Al—A42 (néutlr Bl) hodc nhay vé Al—A44 (néutr B2)

Budc 4: con bo c6 1 cach nhay vé O

C6: 4.2.2.1=16 cach

TH2: Budéc 2 con bo nhay qua B3 c6 1 cach nhay
Buwéc 3 ¢6 1 cdch nhay vé Al

Budc 4: con bo c6 1 cach nhay vé O

Co: 4.1.1.1=4 cach

TH2: Buéc 2 con bo nhdy vé O cé 1 cach nhay
Budc 3 c6 4 cach nhdy vé cac 6 Al— A2— A3 A4
Budc 4: con bo c6 1 cach nhay vé O

C6: 4.1.4.1=16 cach

16+4+16 9

Vay xac sudt dé€ con bo nhay 4 budc quay tré vé O la: =—.
256 64

Cau 18. (HSG12 Quang Ninh 2018-2019) C6é hai chuong nhot thd, chudéng thir nhat nhét 19 con tho
16ng mau den va 1 con thé 16ng mau trdng. Chudng thit hai nhét 13 con thé 16ng mau den va 2 con
thé 16ng mau trang. Bat ngiu nhién mdi chudng ding 1 con thé. Tinh xac suit dé bat dwoc hai con
tho c6 mau 16ng khac nhau.

Lo giai
Chudng thir nhit batra 1 con thé c6 20 cach.
Chudng thir hai bit ra 1 con thé c6 15 cach.
S6 cach bt ra moi chuoéng 1 con tho 1a: n(Q)=15.20 =300
Goi A 1a bién ¢8: "bat dwoc hai con thé cing mau”
+ TH1: Hai con thoé cung mau den c6 13. 19 = 247 (cach)

+ TH2: Hai con thé cing mau trang c6 1. 2 = 2 (cach)

n(A)=247+2 =249 (cach) = P(d) =4 _ 249
n(Q) 300
ot Ny S . y s a 1A . \ 249 17
Do d6 xac suat bat dwoc hai con tho c6 mau 16ng khac nhau la: 1- 300 = 100"

Ciu 19. (HSG12 tinh Bén Tre nam 2018-2019) Ban An c6 mot dong xu ma khi tung cé xac suit xuit
hién mat ngtra la % va ban Binh c6 m6t dong xu ma khi tung cé xac suat xuit hién mat ngira la %

Hai ban An va Binh lan lwot choi tro choi tung dong xu ctia minh dén khi c6 ngudi dwoc mit ngira,
ai dwgc mat nglra trude thi thiang. Cac 1an tung 1a doc 1ap véi nhau va ban An choi trwede. Xac suit

ban An thang la £, trong d6 p va ¢ 1a cac s6 nguyén dwong nguyén té cung nhau. Tim ¢ — p.
q

Loi giai

Dia chi truy cip click vao diy #8 http:/www.vungocthanh1984.blogspot.com/ #% Trang 205 #%




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

Gia st ban An thing & Ian gieo tht n, n € N,n>1 khi d6 ban An va ban Binh tung ddng xu & n—1 Ian

2 n-1 3 n-1 1 1 2 n-1
truedrc d6 déu 1a sap, xac suit dé diéu nay xay ra la (gj (gJ 373 (gj :

Do n c6 thé tién téi dwong vd clng, vdy nén ap dung quy tic cong xac sudt, ta c6 xac sudt dé An
2 m
. 1 2 2 2 .
thingla: £=—. 1+_+(_j +...+(_j folimen
qg 3 5 5 5

2 m
Trong d6 S =1+%+(2J ++(§J +--- 1a tong cua cip sé nhan vé han véi sé hang dau u, =1 va
cong

bdi ¢, == nén S =

Twdé ¢g=9; p=5Ssuyrag—p=9-5=4.

Cau 20. (HSG12 YEN LAC 2 niam 2018-2019) Mot hop dung 9 tdm thé duoc danh s6 tir 1 dén 9. Hai

phai rut it nhat bao nhiéu thé dé xac suat co6 it nhat mot thé ghi so chia hét cho 4 phai lén hon o

Lo gidi
Trong 9 thé da cho c6 hai thé ghi s6 4 va 8 chia hét cho 4, 7 thé con lai ghi s6 khéng chia hét cho 4.
Gid st rit x thé véi (1< x<9;xeN),s6 cach chon x thé tir 9 thé trong hop la C;'.
Do d6 s8 phan tir ctia khong gian mau 1a: n(Q)=C;.

Goi 4 1a bién c6: “ Trong s6 * tdm thé rit ra, cé it nhat mot thé ghi s chia hét cho 4 ”.

Suy ra 4 1a bién c6: “ Lay X tdm thé khong c6 tdm thé ndo chia hét cho 4 ”.

. oo n(4)=C
S6 cach chon twong tng véi bién cd 4 1a .
_ Cc* C*
P(A)=—L=P(4)=1-—
Ta co G G
P(A)>2e1-G 53 L (O-x)(8=x) 5
Do dé6 G 6 2 6 ©x’—17x+60<0<5<x<12

Két hop didu kien: 1 S¥<%¥eN=5<x<9,

Vay gia tri nho nhit cua ¥ 1a 6. SO thé it nhat phai rat la 6.

Ciu 21. (T6-25-Lan-2-HSG-Yén-Diing) Goi S 1a tAp hop cac sO tw nhién c6 3 chir s6 dwoc 14p tir tip
X ={0;1;2;3;4;5;6;7} .Rat ngau nhién mot s6 thudc tap S. Tinh xac sudt dé rut dwoc s6 ma trong s6
dé chit s6 dirng sau ludn 16m hon hodc bang chit s6 dirng trudec.

A2 B. > . c L D. > .

7 32 64 16

Loi giai
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T4c gid:Nguyén Thi Hwong; Fb:NguyenHuong
Chon D
+) S6 phan tir ctia khéng gian maula n(Q)=7.8.8 =448.

+) Goi A 1a bién c6: “S6 tw nhién rut dwoc c6 chit s6 dirng sau luén 16n hon hoic bang chir s6 dirng
trudc”.

Goi s6 tw nhién can 1ap 1 abc,1<a<b<cia,b,c e {0;1;2;3;4;5;6;7}

bata'=a-1b'=b;c'=c+1

Khido 0<a'<bh'<c'<8

V&i moi cach chon dwoc bd 3 s6 (a';b'¢') cho twong tng 1 bd 3 s6 (a;b;c¢)thdéa man yéu ciu bai
toan.

C6 C, cach chonbd 3s6(a';b'c¢)

Suy ra s6 phan tir ciia bién c§ 4 1a n(4)=C; =84

Vay xac suat can timla P(A4) =% = %

Cau 22. (HSG11 tinh Ha Nam nam 2018-2019) Cho hinh ldp phwong tam O dwoc ghép tir 9.9.9
hinh 14p phwong don vi. Hai hinh l4p phwong don vi dwoc goi 1a ké bén néu ching c6 chung mot
mat. Con bo ban diu & tAm O. Mdi bwéc nhay con bo sé nhay tir tAm khéi 1ap phwong don vi né
dirng sang tAm khoi 1ap phwong don vi ké bén. Tinh xac suit dé con bo sau 4 bwéc nhay sé quay lai
diém O.

Lo gidi
Tdc gid: Lé Mai Hirong; Fb:Le Mai Huong
Mdi bwéc con bo c6 thé nhdy ngiu nhién qua tAm ctia 6 hinh 14p phwong don vi khéac.
Do dé khéng gian mau 1a n(Q)=6..6.6.6=6".

A

Goi A 1a bién cd “con bo sau 4 buwéc nhay sé quay lai diém O”.
Xét hé truc toa dd khdng gian géc O v&i cac truc song song cac canh hinh I4p phwong.
Khi d6 c6 hai tredong hop sau:

TH1: Con bo nhay trén mot dwong thang (c6 3 dwong twong tng 3 truc toa do) c6 3.C; =18.

TH2: Con bo nhay khong nhay trén mot duwdng thang (trong treong hop nay né chi c6 thé nhay trén
2 truc toa do) c6 3.4!=72.

Vay xac sudt ctia bién c8 4 la: P(A4)= ngg; = 18;72 :%.
n

Cau 23. (HSG12 tinh Dién Bién ndm 2018-2019) Goi S 1a tip hop tit ca cac s6 tw nhién c6 5 chir s6
khac nhau dwoc chon tir cacs6 0;1;2;3;4;5;6;7;8;9.Xac dinh s6 phan ti cia S. Chon ngiu
nhién mot sé tir S, tinh x4c suat dé s6 dwoc chon 1a s6 chan.

Loi giai
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T4c gid: Nguyén Thanh Viét; Fb: Nguyén Thanh Viét
1. S8 phan tir ctia tap S 1a n(S)=9.9.8.7.6 =27216.
Goi s6 chan thudc tip S c6 dang M(a #0).
Néu e e {2;4;6;8}, treong hop nay ta cé: 8.8.7.6.4=10752 sé.

Néu e=0, treong hop nay ta cé: 9.8.7.6 =3024 s6.

10752+3024 13776 _ 41
27216 27216 81

Viy xac sudt cin timla: P =

CAu 24. (HSG12 Tinh Bong Nai 2018-2019) Trong mot tiét hoc mon Toan, gido vién mdi ba hoc sinh
A, B,C thyuc hién tro choi nhw sau: Méi ban 4, B,C chon ngiu nhién mét s6 nguyén khac 0 thudc
khoang (—6;6) va lan lwot thé vao ba tham s& ctia ham s§ y = ax* +bx” +¢; néu do thi ham s6 thu
dwoc c6 ba diém cuc tri déu nam phia trén truc hoanh thi dwoc nhin thudng. Tinh x4c suit dé ba
hocsinh 4, B,C dwgc nhan thuéng.

Loi giai
Tdc gid: Pham Tién Long; Fb: Long Pham Tien
S6 phén tir cia khong gian mau: #(Q)=10’.

Ham s6 ¢6 ba diém cuc tri < ab<0.

x=0
Taco: y':4ax3+2bx:0<:>2x(2ax2+b)20<:> /
x=%|-—
2a
U o s b b b b
D6 thi ham s6 c6 ba diém cuctrila 4(0;¢),B| —|-——;——+c¢ |,C| ,[-——;;——+c |.
2a  4a 2a  4a

*)Truwong hop 1:

Né&u a <0 thi 4 1a diém cuc ti€u nén d6 thi ham sé c6 ba diém cwc tri déu nam phia trén truc hoanh
a<0 a<0 ae{—S;—4;—3;—2;—l}

S3b>0 ©b>0 be{l;2;3;4;5} =6 5.5.5=125(cach).
y,>0 c>0 ce{l;2;3;4;5}

*)Trwong hop 2:

Néu a >0 thi B,C 1a hai diém cuc tiéu nén do thi ham sé cé ba diém cuc tri déu nam phia trén truc
hoanh

a>0
a>0
b<0
= <=<b<0
yp>0 b2
>0 —<c
e 4a

Suy ra dwoc ¢ >0 va 4a e {4;8;12;16;20} .
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Ta c6 cac kha nang sau:

2
Véi c:l:j—<l, b=-1=ae{l;2;3;4;5} = c6 5(cach).
a

2

Vi c:1:>j—<l, b=—2:>ae{2;3;4;5}:>c6 4 (cach).
a

2

Véi c:1:>j—<l, b=-3=ae{3;4;5} =cb 3 (cach).
a

2

Vi c=1:>4—<1, b=-4=ae{5}=c6 1 (cach).
a

2
Véi c:2:>i7—<2, b=-1=ae{l1;2;3;4;5} =c6 5 (cach).
a

2
Véi c:2:>f:—<2, b=-2=ae{l;2;3;4;5} = c6 5 (cach).
a

2

Vi c:2:>i—<2, b=-3=a e{2;3;4;5}:> c6 4 (cach).
a

2

Véi c=2:>j—<2, b=—4:>ae{3;4;5}:>c6 3 (cach).
a

2

Vi c:2:>j—<2, b=-5=ae{4;5}=cb 2 (cach).
a

2

Véi c:3:i—<3, b=-1=ae{l;2;3;4;5} = c6 5 (cach).
a

2

Véi c:3:>i—<3, b=-2=ae{l;2;3;4;5} = c6 5 (cach).
a

2

Vi c:3:>f:—<3, b=-3=a e{1;2;3;4;5}:> c6 5 (cach).
a

2

Vi c:3:>f:—<3, b=—4:>ae{2;3;4;5}:>c6 (cach).
a

2

Vi c:3:>f:—<3, b=-5=ae{3;4;5} = c6 3 (cach).
a

2
Véi c:4:>f:—<4, b=-1=ae{l;2;3;4;5} = c6 5 (cach).
a

2
Véi c:4:>f:—<4, b=-2=ae{l;2;3;4;5} = c6 5 (cach).
a

2

Vi c:4:>2—<4, b=-3=a e{1;2;3;4;5}:> c6 5 (cach).
a
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2

Vi c:4:>j—<4, b=-4=uae {2;3;4;5}:>C6 4 (cach).
a

2

Vi c:4:>j—<4, b=-5=a 6{2;3;4;5} = c6 4 (cach).
a

2
Véi c:5:>f:—<5, b=-1=ae{l1;2;3;4;5} = c6 5 (cach).
a

2
Véi c:5:>f:—<5, b=-2=ae{l;2;3;4;5} = c6 5 (cach).
a

2

Vi c:5:>f:—<5, b=-3=a e{1;2;3;4;5}:> c6 5 (cach).
a

2

Vi c:5:>f:—<5, b=-4=uae {1;2;3;4;5}:>c<') 5 (cach).
a
2

Vi c:5:>f:—<5, b=—5:>ae{2;3;4;5}:>c6 4 (cach).
a

Trong truedng hop nay c6 101 (cach).
Suy ra c6 tat ca 125+101=226 (cach).

N . 1 226 113
Vay xac suat la =—.
1000 500
a b (-3 d L] i [} h
Cau 25. (HSG12 tinh Hai Phong ndm 2018-2019) ) :
Mdt quan vua duoc dit trén mot 6 gitta ban cd vua. Mdi buéc di |, -
chuyén, quan vua dwoc chuyén sang mot 6 khac chung canh hoac

chung dinh véi 6 dang dirng

( xem hinh minh hoa).

Ban An di chuyén quin vua ngiu nhién 3 buéec. Tinh x4c suit dé
sau 3 bwéc di quan vua tré vé 6 xudt phat.

Lo gidi

Tdc gid: Nhém 4 - T6' 8 nhém todn team todn vd - vdc
Mdi buwéc di quan vua co6 thé di dén 8 6 xung quanh, tir d6 suy ra s6 phan tir ctia khong gian miu Ia
n (Q) =8.
Cach 1.
Gan hé truc Oxy vao ban c& vua sao cho vi tri ban d4u cta quan vua 1a géc toa do, mdi 6 trén ban
tng voi mot diém c6 toa do (x; ). Moi budc di chuyén clia quan vua tir di€m (x;y) dén diém c6 toa
do (x+x,;y+y,) trong d6 x;;y, €{-10;1};x,”+y,> #0. Vi du néu x,=1;, =0 thi quan vua di

chuyén dén 6 bén phai, x, =—1; y, =—1thi di chuyén xudéng 6 dwong chéo.
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Gia sk toa do ban dau la (0;0), thé thi sau 3 bwéc di thi toa do clha quin vua la
X +x,+x,=0

(X, 4%, + X350, + s + 13 )3 X0, X0, X3, Y, 0 v €{— 1051} . DE v vi tri ban dau thi { .Suy ra
Vi+y,+y;=0

cacbd {x;x,;x,} va {y;;¥,;»,} lamdthoan vi caa {-1,0;1} .
+) {x;x,;;x,} ¢6 6 cach chon, véi mdi cach chon {x;x,;x,} c6 4 cach chon {y;y,;y,} vi
(x;32,).i =1;3 khong dong thoi bing 0.

T i 2 aleai A 1o xS e s 24 3
Do do so6 két qua thuan lgi cho bién c6 bang 24 vaxacsuatcantimla p=—=—.

Cach 2.

Nhén xét d€ quan vua tré vé vi tri xut phat sau 3 buwdc thi sau bwdce I quan vua phai & mot trong 8
0 xung quanh 6 ban dau.

Trurong hop 1. Sau buwéc [ quan vua & 1 trong 4 6 chung canh véi 6 ban dau.
Tw day quan vua c6 4 cach di cho buéc I1 (di ngang hoac di chéo).

O buéc 111, quan vua chi ¢6 1 cach di vé vi tri xuit phat.

Vay so cach di & TH1: 4x4x1=16 cach.

Truong hop 2. Sau bwéc I quan vua & 1 trong 4 6 chung dinh véi 6 ban dau.
Twr day quan vua chi c6 2 cach di cho bwéc 11 (di ngang hodc di doc).

O buéc 111, quan vua chi c6 1 cach di vé vi tri xuit phat.

Vay s6 cach di & TH2: 4x2x1=8 cach.

16 +8 _ 3

Xac sudt can tim: p=— :
8 64

Cau 26. (HSG12 tinh QUANG NINH 2018-2019)Trong cudc thi vin nghé do doan thanh nién truong
THPT X t6 chirc vao thang 11 niam 2018 v&i thé 1&é mdi 16p tham gia mot tiét muc. K&t qua c6 12 tiét
muc dat giai trong dé: c¢é 4 tiét muc 16p 12, c6 5 tiét muc khoi 11 va 3 tiét muc khoi 10. Ban t6
chtrc chon ngiu nhién 5 tiét muc biéu dién chao mirng ngay 20 thang 11 (khong tinh thi tw biéu
dién). Tinh x4c suit sao cho khdi nao ciing c6 tiét muc dwoc biéu dién trong do c6 it nhat 2 tiét muc
cia khéi 12.

Loi giai
T4c gid: Nguyén Thi Minh Nguyét,; Fb: nguyen nguyet

Goi khong gian mau ctia phép chon ngiu nhién la Q

S6 phan ti ctia khong gian mau 1a n(Q)=C;, =792

Goi A 1abién ¢6: “Chon 5 tiét muc sao cho khéi nao ciing ¢ tiét muc dwoc biéu dién trong dé cé it
nhat 2 tiét muc ctia khoi 127

Chi c¢6 3 kha ndng xay ra thudn lgi cho bién ¢6 4 la:

+ 2 tiét muc khéi 12, 2 tiét muc khoi 10, 1 tiét muc khéi 11

+ 2 tiét muc khoi 12, 1 ti€t muc khoi 10, 2 tiét muc khéi 11

+ 3 tiét muc khoi 12, 1 ti€t muc khoi 10, 1 tiét muc khéi 11

S6 két qua thuan loi cho bién ¢d 4 1a n(A4)=C;.C;.C;+C,.C;.C; +C;.C;.C5 =330
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. Ne A e 1a 330 5
Xacsudtcantimla P(4)=—"—=—.
792 12

Cau 27. (HSG12 tinh Thai Binh nam 2018-2019)Cho A4 1a tip hop cac s6 tw nhién c¢6 6 chit s6. Chon
ngau nhién mot s thudc tip 4. Tinh xac suit dé s6 dwoc chon chia hét cho 13 va cé chit s6 tan
cung bang 2.

Lo giai
T4c gid: Duyén Vii; Fb: Duyén Vi
Cach 1.
S8 phan tir cia Khong gian mau 1a: [ =9.10°.
Goi B la bién ¢8 sd dwoc chon chia hét cho 13 va c6 chit s6 tan cung bang 2.

Ta nhan thiy rang: S6 nho nhat c¢6 6 chit s6 chia hét cho 13 1a: 100009, s6 1én nhit c6 6 chit sd chia
hét cho 13 1a: 999999.

Ta c6 100009 +13 =100022, do d6 s& c6 6 chir s6 nhé nhat chia hét cho 13 va c6 tin cung bang 2
chinh 1a s6 100022.

Nhan thiy rang néu hai sd tw nhién c6 6 chir s6 cung chia hét cho 13 va déu c6 chit s6 tin cung
bang 2 thi hiéu clia ching cling chia hét cho 13 va c6 chit s6 tAn ciing bang 0.

S6 nhé nhat (16m hon 0) c6 chit s6 tAn cing bang 0 chia hét cho 13 1a 130.

Diéu nay chirng té tit ca cic s6 c6 6 chir s6 chia hét cho 13 va c6 chit s8 tan cung bang 2 14p thanh
mot cap sO cong co6 so hang dau 1a », =100022, cong sai d =130.

Cong thirc s6 hang tong quat cia day la: u, =u, +(n—-1)d .

Visé can tim la sd c6 6 chir s6 khong virot qua 999999 nén ta co:

69230

100022+(n—1)130£999999<:>nS =6923,9.

Vi n 1a s tw nhién nén so6 hang 1én nhat trong day trén rng véi n=6923.

Vay s6 phan ti ctia bién c6 B la |B| =6923.

Xac sudt ctia bién 8 B la: P(B)= % = 93(9)530 )

Cach 2.
S8 phan tir cia Khong gian mau 1a: [ =9.10°.

Goi s6 chia hét cho 13 va c6 chir s6 tan cung bang 2 13 a,a,a,a,a,2.

Ta c6 a,a,a,a,a,2=10.9,a,a,a,a,+2.

Goi k 13 s6 dw ctia phép chia a,a,a,a,a; cho 13 (keN,0<k <12).

Khi d6 vi a,a,a,a,a;2 =10.a,a,a,a,a; +2:13 (k e N,0<k <12)nén ta cé:
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10k +2:13 (ke N,0<k <12)

10k +2

Do d6 ton tai sd tw nhién ¢ sao cho 10k +2=13t <t = 3 eN,(keN,0<k<12).

Ta c6 bang:

k=0 10k+2 2 Loai
13 13
k=1 10k+2 12 Loai
13 13
k=2 10k+2 22 Loai
13 13
k=3 10k+2 32 Loai
13 13
k=4 10k+2:£:4€N Théa man
13 13
k=5 10k+2 52 Loai
13 13
k=6 10k+2 62 Loai
13 13
k=17 10k+2 72 Loai
13 13
k=8 10k+2 82 Loai
13 13
k=9 10k+2 92 Loai
13 13
k=10 10k+2 102 Loai
13 13
k=11 10k+2 112 Loai
13 13
k=12 10k+2 122 Loai
13 13
Tl bang trén ta c6 k =4 la sé dw ctia phép chia a,a,a,a,a; cho 13. Nhw vay, ton tai sO ty nhién ¢ dé
aa,aa,a, =13t+4. Vi 10000 < a,a,a,a,a, <99999  nén %srs%, hay
9996 99995

~ 768,923 <¢<

~7691,923

=769<t<7691, teN.
Goi B la bién ¢8 sd duwoc chon chia hét cho 13 va c6 chit s6 tan cung bang 2.

Khi d6 s phan ti ctia bién c§ B 1a |B|=7691-769+1=6923.
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Xac sudt ctia bién c¢8 B la: P(B)= % = 933(2)30 )

C4u 28. (HSG12 tinh Thira Thién Hué ndm 2018-2019) Cho tap 4={0;1;2;3;4;5;6}. Goi S 1a tip hop

céc s6 tw nhién gom 5 chit s6 khac nhau duoc chon tir cac phan tit clia tip 4. Chon ngiu nhién mot
s6 tir tAp S. Tinh xac suit dé s6 dwoc chon chia hét cho 15.

Lo gidi
Goi n=aa,a,a,a, 1a s tw nhién can tim, trong d6 cac chit s 14y tir tap 4.
SO phén tk ctia tip S 1a sO cac s6 tw nhién c6 5 chit s6 v&i cac chir s6 khac nhau lay tir tip 4.
Tacé n(S)=64; =2160.
Do n chia hét cho 15 nén » chia hétcho 3 va 5. Suy ra a; =0 hodc a,=5.
TH1: a,=0 Snzm trong d6 4 s6 a,, a,, a,, a, 13y tir tap {1;2;3;4;5;6} )
Khi d6 d€ » chia hét cho 3 thi (g, +a, +4a, +a, ) chia hét cho 3
Do 4s0 a,, a,, a,, a, 13y tir tap {1;2;3;4;5;6} nén xay ra 2 TH sau:
i) Trong 4 s6 d6 gobm hai s6 chia hét cho 3, mét s6 chia 3 dw 1, mot s6 chia 3 dw 2.
Co tit ca A2.2.2.2=96 sb.

ii) Trong 4 s6 d6 gobm hai so chia 3 dw 1, hai s6 chia 3 dw 2.

Co tat ca 4!=24 so.

TH2: a,=5=n=aa,a,a,5 trong d6 4 s0 a,, a,, a,, a, 13y tlr tap {0;1;2;3;4;6} )

Khi d6 d€ n chia hét cho 3 thi (&, +a, +a, +4,) chia 3 du 1.

Do 450 a,, a,, a,, a, 13y tir tap {0;1;2;3;4;6} nén xay ra 2 TH sau:

iii) Trong 4 s6 d6 gobm ba so chia hét cho 3, mdt s6 chia 3 dw 1.

*Néu q, =3 thi a,,a,,a, 1a cic s6 trong bd ba s6 {0;6;1}, {0;6;4} nén cé 3+3!=12 so.
*Néu a, =6 thi a,,a,,a, 1a cac s6 trong b ba sé {0;3;1}, {0;3;4} nén cé 3+3!=12 so.
*N&u a, =1 hodc a, =4 thi a,,a,,a, 12 cic s trong bd ba s {0;3;6} nén c6 31+3!=12 sb.
Cé tat ca 36 sé.

iv) Trong 4 s6 d6 gobm mot s6 chia hét cho 3, hai s6 chia 3 dw 1, mot s6 chia 3 dw 2

*N&u a, =3 hodc a, =6 thi a,,a,,a, 12 cic s6 trong bd ba s6 {1;2;4} nén c6 34+3!=12 sb.
*Néu q, =1 thi a,,a,,a, 1a cic s6 trong bd ba s {2;4;6}, {2;4;3}, {2;4;0} nén co6 3.3'=18 sé6.

*Néu a, =2 hodc a, =4 thi twong tu déu c6 18 s6 thda man.
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Cé tatca 12+18.3=66 so.

96+24+36+66 37
2160 360

VAy xac sudt cin tinh la

Ciu 29. (HSG12 tinh Can Tho nidm 2018-2019) Mot 16p hoc trong mot trwedng dai hoc ¢ 60 sinh
vién, trong d6 c6 40 sinh vién hoc tiéng Anh, 30 sinh vién hoc tiéng Phap va 20 sinh vién hoc ca
tiéng Anh va tiéng Phap. Chon ngiu nhién 2 sinh vién cta 1¢p hoc nay. Tinh x4c suit d€ 2 sinh vién
dwoc chon khong hoc ngoai ngir. Biét rang trwong nay chi day hai loai ngoai ngit 1a tiéng Anh va
tiéng Phap.

Loi giai
Tdc gid:Mai Ngoc Thi ; Fb: Mai Ngoc Thi
Cach 1:

Str dung biéu d6 ven nhw hinh vé bén dwdi

Tiéng anh

, 10
Tiéng Phap , Toan
10 ’ bo lop
20 20/ : :

Nhw vay 1ép dai hoc da cho ¢6 10 sinh vién khong hoc ngoai ngit.

Ta xét phép thir: Chon 2 sinh vién bat ky trong s6 60 sinh vién cta 1ép hoc.

S6 kha nang xay ra ctia phép thir1a n(Q)=Cj, .

Xétbién c6 4 : Chonra 2 sinh vién khéng hoc ngoai ngir.

Nhuw viy diéu kién thuin loi ctia bién c¢6 4 1a chon 2 sinh vién trong 10 sinh vién khéng hoc ngoai
ngit. Do d6 n(A4)=Cj,.

Suy ra xac sudt dé chon dwoc 2 sinh vién khéng hoc ngoai ngir 1a

n(4) _Cy _3
n(Q) ¢ 118’

P(4)=
Cach 2:Goi 4,P ,K lan lwot la tip hop sinh vién hoc tiéng Anh, hoc tiéng Phap va khong hoc ngoai
ngit. Khi d6 n(4UPUK)=60, n(4)=40,n(P)=30,n(P)=20.

Ta cé

n(AUPUK)=n(A)+n(P)+n(K)—n(ANP)-n(ANK)-n(PNK)+n(ANPNK)

Nén 60 =40+30+n1(K)-20-0-0+0 < n(K)=10.
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Goi X labién co“ 2 sinh vién dwgc chon khong hoc ngoai ngit”.

Taco n(Q)=Cg ; n(X)=Cj, .

Dods P(x)="2)_Sw_ 2

Cau 30. (HSG12 tinh TINH VINH PHUC 2018-2019) Xé&p muwi hoc sinh gobm bén hoc sinh 1ép 12, ba
hoc sinh 1ép 11 va ba hoc sinh 16p 10 ngdi vao mét hang ngang gom 10 ghé dwoc danh so tir 1 dén
10. Tinh xac suit dé khong c6 hai hoc sinh 16p 12 ngbi canh nhau.

Lo giai
Tdc gid: Hoang Minh Thanh ; Fb: Hoang Minh Thanh
S6 cach x€p bat ky 10 hoc sinh la: n(Q) =10!
Goi 4 labién c6 "Khéng co hai hoc sinh 1&p 12 ngoi canh nhau”

SO cach xé€p 6 hoc sinh gobm 1ép 11 valép 10 la: 6!. Vi 6 hoc sinh dwgc xép & trén tao ra 7 khoang
trong (5 khoang gitra 2 hoc sinh va 2 khoang & vi tri hai dau) nén chon 4 trong 7 vi tri d6 dé xép
4 hocsinh 16p 12 ¢6 4; cach

Suyra: n(A)=6!.4;

Xac sudtciabiénco 4 la: P(4)= n(4) = 1
nQ) 6

Vay xac suit dé khong c6 hai hoc sinh 1¢p 12 ngdi canh nhau la: %

CAiu 31. (HSG12 T4n Yén - Bac Giang Nam 2019) C6 6 bi gdm 2 bi dé, 2 bi vang, 2 bi xanh (cac bi nay
d6i mot khac nhau). Xép ngau nhién cac vién bi thanh hang ngang, tinh x4c suat dé hai vién bi vang
khong xép canh nhau?

A.P:E. B.P:l. C.P:E. D.P:l.
3 3 6 5
Loi gii
T4dc gid:Dwong Hong ; Fb:Dwong Hong
Chon A

Cach 1: S phan tir ciia khong gian maula P, =6!=720.

Xép 4 vién bi gobm 2 vién bi dé va 2 vién bi xanh thanh hang ngang c6 4! cach.

Vé&i mdi cach xép 4 vién bi néi trén, ct giita 2 vién bi c6 1 khodng tréng, tinh ca khoang tréng 2 dau
hang ta c6 5 khoang tréng. Chon 2 trong 5 khoang tréng trén dé xép 2 vién bi vang vao ta c6 47 =20
cach.

Vay s0 cach x€p 6 vién bi vao hang ngang sao cho 2 vién bi vang khong xép canh nhau la 4!.20 =480
cach.

720 3

Cach 2: Dung phan bu
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S6 phan tir cia khong gian maula P, =6!=720.
Coi 2 vién bi vang la 1 nh6m, xép cung 4 vién bi con lai thanh 1 hang ngang c6 5!=120 cach.
Hoan vi 2 vién bi vang trong nhém trén c6 2!=2 cach.

S0 cach x€p 6 vién bi vao hang ngang sao cho 2 vién bi vang x€p canh nhau la 2.120 =240 cach. Vay
x€p 6 vién bi vao hang ngang sao cho 2 vién bi vang khong xép canh nhau 1a 720—240 =480 cach.

_480 _2

vay p=20_2
YT 073

Cau 32. (HSG12 Tinh Nam Pinh 2018-2019) Cho tap X = {1;2;...;8}. Goi A la tip cac sO tw nhién c6

8 chir s6 d6i mot khac nhau dwgc 1ap tir X . LAy ngau nhién mot sé tir tAp 4. Tinh x4c suit dé s6
dwoc 14y chia hét cho 2222.

B CiC2Cy g 192 c A D, 348

~8l 8 8! 8!
Loi giai

Chon B

Ta c6 n(Q)=8!.Goi s6 dwocldy tir 4 c6 danga =a,a,...qg .

’ . ) a2 ag:2
Vi 2222 =2.1111, honnita 2 va 1111 la 2 s6 nguyén t6 cung nhau néna:2222<:>{ ,1111(:){ 8,1111.
a: a:

Tw @, +a, +...+ag =1+2+..+8=36:9 nén a:9999.

Lai c¢c0 a=aua,..a;=10000.q,a,a;a, + asasa,a; =9999.a0,a,a,a, + (a1a2a3a4 + a5a6a7a8) suy ra

(a1a2a3a4 +asaga,ag ) :9999.

Nhung vi 2000 < qya,a;a, + asaga,ag < 18000 nén a,a,a,a, + asa,a,a5 = 9999 hay

a+as=a,+a,=a,+a,=a,+ag=9.

Dé thdy moi s6 tw nhién « théa man diéu kién trén va ag 12 s6 chan déu chia hét cho 2222.

Chia 8 s§ tir X thanh bdn bd c6 tdng bang 913 (1;8),(2:7),(3;6).(4:5).

ag c6 4 cach chon.

Moi cach chon aq ta c6 duy nhit mot cach chon a, .

Ba b con lai (a;;as),(a,;4s).(as;a,) c6 thé hoan vi cho nhau, d6ng thoi hai phan ti trong moi bd
c6 ciing c6 thé hoan vi cho nhau nén cé tat ca 3!.(2!)3 cach chon.

Tém lai, ta c6 n(4)=4.31(2!) =192,

n(4) 192
n(Q) 8

Vay P(A4)=
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Chuyén dé Nhi thitc NewTon

20 22
C4u 1. (HSG12 tinh Bac Ninh 2018 - 2019 ) Cho T'(x)= (x3 +lj +(x—L2J (x#0). Sau khi khai
x x
trién va rit gon 7(x) c6 bao nhiéu s hang?

A. 36. B. 39. C. 44. D. 38.

Lo gidi
T4c gid: Bui Pirc Thing; Fb: Pirc Thing
ChonD

1 20 1 2 2 0.k 1] & 1Y
T(x):(x3+—j +(x——2j =ZC§O(x3) .—k+ZC§2x22k.(—2j
X k=0 X k=0 X

x
20 22

— Z C§0x60—4k + Z C§2x22—3k — T; + ]—'2
k=0 k=0

S6 cac s6 hang ctia T'(x) chinh 1a s cac s6 mii khac nhau cta x.

Trong 7, s6 mil clia x 13 cac bdi ciia 4 trong doan [-20,60].

Trong 7, dé thdy s6 mii cha x 1a cac s8: 22;19;16;13;10;7;4;1;-2;-5;-8;—11;—14;-17;-20;....

Dé thdy c6 4 s6 mii tring nhau caa 7, va 7, 1a 16;4;-8;-20.

Vay s6 s6 hang trong 7T'(x) la 20+22-4=38.

Chon D

Ciu 2. (HSG11 tinh Vinh Phic nim 2018-2019) Cho Kkhai trién nhi thikc Newton
(x*—x)" =a,+ax+a,x" +..+a,x",(ne N').Timhé s§ aq,,.Biétrang C'' +C’* =21

Loi giai
Tdc gid:Vo Van Trung; Fb: Van Trung
Giai phuwong trinh tim n:
C'™'+C'"?=21(neN',n>2)
n = 6(nh)
n=-7(1)"

n! n! n(n—1)
= + =
(n=D! 2(n-2)!

:21<:>n2+n—42:0<:{

6 6
Taco: (x* —x)° =D Ci (x) (=)' =D Cf (-1 %
k=0 k=0

N 2 6 _ 2 2, o . 10
Ma (x - x) = ao + alx + azx +...+ alzx nen alO la he 56 cua X
Suyra: ¥’ =x""=k=2

Vay hé s6 a,, 13: C5(-1)* =15
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C4u 3. (HSG11 Nho Quan Ninh Binh 2018-2019) Cho khai trién (3x+2)" = @, + ax + a,x* +...+ a,5x".

Hé s0 1é6n nhat trong khai trién dé 1a
A a;. B. a, C. a,. D. a,.

Loi giai
Tdc gid: Pham Tién Long; Fb: Long Pham Tien
Chon C

k A15-k k _ k ols-kaqk Kk 0< k<
S6 hang tong quat U trong khai trién da cho la: 2™ (3x) = G273 _(keN,O_k_IS)

Ak < o Doy @, =CE2 3
Hé s6 cua s0 hang tong quat "4+ la ™k = ™15 .

0 A15490
-Vo*1k 0. :Taco ¢ =GC;s2 3

Vi k=15.Taco %s = =C;;2" 315

~V&i 0<k <15, % 16n nhit khi va chi khi:

k A15-k~k k+l Al4—k A k+1
{akZak+1c>{C152 3¢ >l 3

ak Z ak71 Clks 2157/(3/( Z Clksfl 2167/(3/(71

15! 15!
2157k3k 2 2147k3k+1
k!(lS—k)! (k+1)!(14—k)!
15! 15!
215 k3k > 216—k k-1
k!(lS k) (k 1) (16—k)!

2 3 43
_—>— k>—
15—k k+1 __ |5k=43 5

Rt Rt
3 2 S5k <48 48
k 16—k 5

Ma keN nénsuyra k=9.Suyrahé sd 1on nhitla a,=C,2°3.

So sanh cac hé sé q,,a, va a,; ta thdy a, 16m nhit. Vy a, la hé s6 1én nhat trong khai trién da cho.

Ciu 4. (HSG11 Cym Ha bdong Hoai Plrc Ha Noi ndm 2018-2019) Tim s6 hang chira x° trong khai

trién:
2 10
(——3x2j (x=0).

X
Lo giai
T4c gid: Hoang Thi Mén ; Fb: Hoang Mén
Huwdng 1: Trinh bay theo 16p 12 nhw sau:
4 2 2 ° > k 2 o k 10— k 3k710 2,
Taco: | =-32° | =)Ch 2| (3+) ZC 2 (x#0) v6i k=0,1,2,...,10.
X k=0 X

Khi 3k~10=5 < k =5 thi s hang chita x° trong khai trién la: C,.2°.(-3)" .x" = -1959552.x".

Huwdng 2: Trinh bay theo 16p 11 nhw sau:
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2k

) 0 10 510k
Ta c6 (——3x2) :szo.(;j (-3 ) ZC" 27 (= x)f”,(x;tO)vmk 0,1,2,...,10.
k=0

X

2k

S6 hang chita x° ng v&is6 & théa min =x" =>x*=x"" =2%k=15-k < k=5.

10—k
X

Vay s6 hang chtrax* trong khai trién 1a C3;.2"%.(-3)’ .x* = -1959552.x".

Cau 5. (HSG11 Ha Tinh 2018-2019) Cho n 1a s6 nguyén dwong théa man C.; C>; C. lan lwot 1a s6
hang th(r nhit, thit 5 va thir 15 ciia mot cip s6 cong. Chirng minh rang:

(G +(Con ) #(Ch) (€2 =5 €

Lo gidi
T4c gid: Nguyén Cong Hanh, Fb: Nguyén Céng Hanh

, CZ_cl C3_C1
a. Theo gid thiéttacé C, =C, +4d; C. =C, +14d > —+—r=—n_»

14
=7(C2-C)=2(C1-C!) ©2C ~7C2 +5C. =0 @2”(”_12(”_2)—7”(”2_1)% =0
n=11
& 2n* =27n+55=0 & 5 .
n:E(L)

Véi n=11, thir lai théa man cép s& cong.

Ta can chimg minh (C5 )" +(C5 ) +(C4 ) +..+(C3) =S¢5

Ta sé chtmg minh téng quat (C) +(C?) +(C!) +...+(C) = %C;ﬂ véin 1@,

Xét khai trién (1+x)”" = (1+x)" (x+1)" =(C} + Cpx+..+ Clx" )(Cox" + Cx™ +...+ C) ).

Pong nhat hé s§ ctia x" ctia ding thirc trénta co (C0) +(C1) +(C2) +(C2) ...+ (C) =2, (O

n—1 n+l
2 0 _ .l _ -1, 2 o
DonlévaC =C';C =C'"";..;C?* =C,

Nen (C2) +(C) +(C2) (@) o (Cr) =2((c) +(c2) +(cl) ot () ).

Thay vao (1) tacé (C°) +(C2) +(C) +...+(C) =%an (dpcm).

Cau 6. (HSG11 THuan Thanh 2018-2019) Tinh tdng S =2-1C> +3-2C> +4-3C} +---+ n(n-1)C".

Lo gii
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Ta ¢6: S§=2-1C}+3-2C +4-3C} +--+n(n-1)C" v6i s6 hang tong quat Ia

u, =k(k-1)C" :k(k—l)#ik)!
_ n(n—l)(n—2)!
(k=2)1[(n-2)-(k-2)!]

=n(n-1)C\75 (2<k <n).

T dé:
S=n(n-1)(C,+Cp,+-+C7)

= n(n —1)2”'2.

Ciu 7. (HSG11 Thi Xa Quang Tri nim 2018-2019) Cho k 1a s6 tw nhién théa man: 5<% <2014.
Chirng minh rang:
CSO-C§014 + Csl-Cfo_llzt ot C;.Cf()_li = C§019

Loi giai
Tdc gid: Dinh Thi Phuong Trdm, Facebook: trim dinh

Ta cé: (x+1)°.(x+1)*"* = (x+1)*"
Pat M =(x+1)° =CJ + Cix + Cix* + Cx* + Cix* + C2x°
N =(x+1)"" = Chy + CagpyX + Cog X+t Cho X+ + Conl 1™
P=(x+1)*" =C o+ Crprox + CopoX” + .ot Cho o x* + .0+ Coglg ™7
Vi P=M.N nén sé hang chita x* trong P c6 dang:
Chox' = Co.Ch x" +Cix .Cot X+ CI X2 Colx' 7 +..C X .Co x>

_ 0~k k 1 —~k-1 _k 2 ~k=2 _k S k=5 ko x
=C,.Chp X" +C5.Chp,x" +C.Cop 0 x" +.+C.Conx (%)

_ N % L. 0 o~k 1 k-1 5 k-5 _ ok
Thay x=1 vao (*) taco: C,.C;,, +C5.Copy +...+ C;.Crp = Copio

Cau 8. (HSG12 THPT Thuan Thanh nim 2018-2019) Tinh téng
S =2.1C}+3.2C> +4.3C! +...+n(n-1)C".

Loi giai
§=2.1C}+3.2C’ +4.3C} +...+n(n-1)C"

n! B n(n—l)(n—Z)!

k(n—k)! (k=2)1[ (n-2)-(k-2)!]

S8 hang téng quat: u, =k(k—1)C; =k(k-1)

=n(n-1)C} (2<k<n)

S=n(n-1)(C),+C,,+..+C\5) =n(n-1)2""

Cau 9. (HSG12 tinh GIA LAI 2018-2019) Tim hé s6 ctia s6 hang chtta x° trong khai trién (1 +x+ xz)n
, biét n 1a s8 tw nhién thoéa méan hé thirc C) +C; +...+ C;" =512.
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Giai:
*)Taco 0=(1-1)"=C2 —C}, +C2 —...—CE C2 .
Suyra: Cy, +Cs +..+C;' =C,, +C;, +..+C;" " .
Ma 2" = (141" =C%, +C}, 4.+ C2
=(C, +C, +. 4+ ) +(C, + G5, +. 4+ Co )
=2(C), +C, 4.4 G5
=2.512=2"(do C, +C;, +..+C;' =512).
=2n=10&n=>5
*) Xét khai trién

<l+x—|—x2) :[l—f—x l+x] ch k l—|—x

5 k 5 k
- chkxk[ C,ﬁxf] = Z[chkc,ﬁx“" (voi i, ke N,0<i<k<5(*)).
i=0

k=0 k=0 \ i=0

*) Vi s6 hang chita x° nén k+i=>5. Két hop véi diéu kién (*) ta dwoc cac trwedng hop sau:

i=0 [i=1 [i=2
k=5 |k=4" k=3

*) Hé s6 can tim la: C..CY + C,.C; + C;.C: =51.

Cau 10. (HSG 12 Yén Lac 2 Vinh Phiic nam 2018-2019) Cho » la mdt s6 nguyén dwong. Goi a,, , 1a

hé s6 cia x*"~ trong khai trién thanh da thirc ctia (x2 + l)n (x+2)". Tim » sao cho a,, , =26n?.

Lo giai
T4c gid: Nguyén Pirc Hoach, Fb: Hoach Nguyén
Phan bién: Nguyén Van Mong, FB: Nguyén Vin Méng

Tacé: (x°+1) (x+2)' (ZC"( ) J.(iCZ’x"—QOJ:(inxz"_ij.(Zn:C;”xn_QOj
m=0 k=0 m=0

(m,n,keN; OSm,kSn).

Xét s6 hang chtra x™~ thitasuyra (2n—2k)+(n—m)=3n-3 < 2k+m=3.

Do k,meN nén suyra (k,m)e{(0;3),(l;1)}.

= Hé s6 clia s6 hang chtra x> la a,, , =C’.C}.2° +C..C! 2.
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| |
" " 2—26n

3!(n;3)!'8+(n—1)!'(n—1)!

o 4”(”_13)(”_2)+2n2 =261 < 20> -3n-35=0<n=>5 (Do neN).

Theo gid thiét a,, ,=26n nén C'.C:2°+C'.C!2=26n<

Viy n =35 théa min yéu cau bai toan.

Ciu 11. (HSG12 Cum Thanh Xuin nam 2018-2019) Tim hé s6 cla s6 hang chiva x'° trong khai trién
Newton ctia biéu thirc (2+3x)" biét n 1a s8 nguyén duong théa mén hé thirc
Gy +C; =2%-1.

2n+1 2n+1

+..+C’

2n+1

Loi giai
Tdc gid:Pham Ngoc Hung; Fb: Hung Pham Ngoc
Phan bién: Nguyén Vian Mén;FB: Nguyén Van Mén

2 20 0 2 20
+ C2n+1 =2"-l& C2n+] + C2n+1 =2".

+..+C!

2n+l

+..+C]

2n+l

Tac6 C,

2n+l1

Do C?

2n+1

1 2
+ C2n+1 + C

2n+1

n _ o+l n+3 n+3 2n+l1
+.+C ,=C L +C N+ O+ 4+ C

2n+1 2n+l "

+C?

2n+1

+C!

2n+1

Suyra (1+1)*"' =C,

n n+l n+2 n+3 2n+l
2n+l +...t C2n+1 + CZrerH + CZrerH + C2;+1 +...t CZn:l :
S22 =220 S 2 =M S 2pn+1=21<n=10.

S6 hang tht k+1 trong khai trién 1a 7;,, = C 2" (3x)" = €5 2"*3 x*

Theo yéu ciu dé bai suy ra k =10. Vay hé s6 ctia x'* trong khai triénla C/;3" =59049.

Ciu 12. (HSG12 Quang Ngdi 2018-2019) Cho n la s6 nguyén dwong théaman C.}, —C.,, =7(n+3).

n+4 n+3 =

Tim hé s6 ctia s6 hang chita x* trong khai trién nhi thirc Niu-ton

P:(2x2—%j , (x;tO).

Loi gii
T4dc gid:Trdn Vdn Pitc; Fb: Dirc trdn vin
Ta co:
4)! !
I cR T\ DU God LI ) L TN
(n+1)131 nl3!
@w=7(n+3)®n+2=14©n:12 (tm)

2
3 12 12
V&in=12, P= (2x2 __3} — chkz 12—k (_3)k 245k
X k=0
S6 hang chira x* Ungvoi 24-5k=4 < k=4

Vay hé s6 chira x* 1a C}} 283"

Cau 13. (HSG11 Nho Quan Ninh Binh 2018-2019) Tim s6 hang khong chta x trong khai trién
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1 10
(x2+—3j ,x#0.
X

A. C;,. B. Cy; . C. Cy,- D. C.

Loi giai

Tdc gid: Gidp Van Khwrong; Fb: Gidp Van Khuong
ChonD

a1 R k 10-k k (20-5k
Taco(x +—3] =Zcm(x) ( J ZC

X k=0
S6 hang khong chita x tng véi k€N théaman x* ™ =x"=1<20-5k =0 k=4,

Vay s6 hang khong chira x 1a C;}. Mata co C;, = C/,, nén s6 hang khong chira x la C,.

C4u 14. (HSG11 Nho Quan Ninh Binh 2018-2019) Cho khai trién

3 8 N
(3x2 —2) (2x-3) =g, +ax+a,x’ +..+a,x". Tim a,

Lo giai
Tdc gid: Trdn Pdc Nghia; Fb: P Nghia Trin
Xét khai trién: (3x2 — 2)3 c6 s6 hang téng quat:
T=c(3x) " (-2) (ke{0:1;2;3}).
Khai trién (2x - 3)8 c6 sO hang tong quat:
T,=Ci(2x) " (-3) (ie{0:1;2;....;8}).
: . . — Cx 3 8 1
Khi d6 s6 hang tong quat cta khai trién (3x2 - 2) (2x-3) la:
T=C(3x )3*" (-2)".Cl(2x)" (-3) = CE.Ci37* (-3) 2% (=2)" x 72,
a,, 1a hé s ding truéc x'', khi d6 ta co:

—2k—-i+14=11

k=0

i=3
=

k=1

i=1

= (Y3 (-2)".C1.2%(-3) +CL3%(=2).Ch.2".(=3) = —1140480.

Cau 15. (HSG11 Nho Quan Ninh Binh 2018-2019) C6 bao nhiéu s6 ty nhién x théa min

347 - A2 +42207?
A 2. B. 0. C.7. D.5.

Lo gii
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T4c gid: Pham Trdn Ludn; Fb: Pham Trin Luin
ChonD

x=>2

biéu kién: :
xeN

|
dat__(20)! +4220 & 3x(x—1)-2x(2x—1)+42>0

Tacé: 342 — 4, +42>0
A0 A AT Q(x—Z)! (2x-2)!

S -x—x+4220 < -T<x<6=xe{2;3;4,5,6}.

VAy c6 5 sd tw nhién thoéa yéu cau bai toan.

Cau 16. (HSG12 tinh Bén Tre niam 2018-2019) Tim hé s6 cla s6 hang chitra x* trong khai trién nhi

thirc (\/; + Lj biét rang n 1a s6 nguyén dwong théa man:
24x

C,+2C. +3C. +..+(n—-1)C" +nC! = 64n.

Lo giai
Xétkhai trién (1+x)" =C) +Clx+ Cox* + CxX* +...+C/7'x" +C/x" (1) (neN")
L4y dao ham hai vé cta (1) ta cé:
n(l+x)" =Cl4+2C2x +3C % +..+ (n=1)C X"+ nClx"" (2)
Thay x =1 vao (2) ta duoc:
n2"' =C,+2C +3C. +...+(n-1)C" +nC! : T gia thiét
C, +2C; +3C. +..4(n-1)C™ +nC! = 64n

Tacé: 64n=n2""'<2°=2""<6=n-1<n=7 (théamin ne N").

7
' ] . 1
SO hang tong quat cua khai trién (\/; + —j la:
' 24/x
. (1Y 1, okl
_ - 2 4 — 4 .
T=C}(Vx) (2(*/?) Gt at= Gt 0<k<T keN

Dé& T chitra x* tacantimsd k saocho 0<k<7, ke Nva 14-3k _

2 < k=2 (thoéa man).

Vay hé s6 cia s6 hang chita x° 1a: %Cf = %

Cau 17. (HSG12 Tan Yén - Bic Giang Nam 2019) Cho nhi thirc (x—lj trong do6 tong 3 hé sd dau
x

tién cta khai trién cta nhi thirc d6 1a 36. Khi d6 s6 hang khong chta x trong khai trién nhi thirc da
cho bang:
A. 525. B. 252. C. -252. D. -525.

Loi giai
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T4dc gid: Phan Thi Quyén ; Fb: Quyen Phan
Chon C

n n k n
Ta c6 (x—lj = Cn".x”".(—lj = Y (=) .

X k=0
Do tdng 3 hé s6 dAu tién cta khai trién 1a 36 nén ta c6 phwong trinh:

C'—-C +C}=36, n>2,neN.

@1—n+"("T_1)=36.

< n'=3n-70=0.

[n =10
=
n=-7(1).

10
Khi d6 nhi thic (x —lJ c6 s6 hang tdng quat trong Khai trién la (—l)k Chox'70
X

Tatim k sao cho 10—2k =0 < k=5 .VAay sd hang cin tim la (—1)5 C;, =-252 .

Cau 18. (HSG12 tinh LAm Pdng nim 2018-2019) Tinh téng
S =22Cl 1y —32Clhy + oot (1) K2Chypo +...— 20192 C200.

Loi giai
T4dc gid: Nhom 2 - T6 8 nhém todn team todn vd - vdc
Truéc hét ta chirng minh déng thire: £°CY =n(n—1)C'5 +nC (1) (2 <k<n kneN )
Thatvay: do k°Cy =k(k—-1)Cs +kC! (2).

Ma:

1) Y
kC' =k. n! n (n-1) n (n-1) =nC (3)

KL(r=k)! (k=D)L (n=k)t (k=) ((n-1) = (k-1

Ap dung (3) hai lan ta dwoc: (k—1).k.Ct =(k-1)n.Ci) =n.(k-1).C5 =n(n-1)CL] (4)

T (2), (3), (4) tadwoc (1).

Ap dung (1) ta dwoc:

2019 2019
S=Y (1) & .Cpy = 2 (-1) (2019.2018.C5 +2019.C5., )
k=2 k=2

2017 x 2018 x
=2018.2019.>" Cy,,.(=1) =2019.)_ Cye-(-1)
k= =1

0 k
=2018.2019.(1~1 —2019.((1 -1)"" —1) =2019.

)2017

Vay S =2019.
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Cau 19. (HSG11 Nguyén Dirc Canh Thai Binh 2018-2019) Tim s& tw nhién 7 théa man:

C,+2C; +3C: +...+nC. =(n—304).2"
A. 608. B. 2019. C. 305. D. 2018.

Loi giai
Tdc gid: Tuyetnguyen; Fb: Tuyetnguyen
Chon A

n! _ (n—l)! _ |
K(n-k) " (k=1)(n—k) "

Xétsé hang k.C* =k

Do détacé: C, +2C; +3C, +...+nC) =n(Cy, +C,,+Cp, +..+Cp) ) =n2"".

Két hop véi gia thiét ta dwoc: n.2"" = (n — 304).2" Sn= 2(n — 304) < n=608

Cau 20. (HSG12 huyén Lwong Tai Bac Ninh ndm 2019) Cho khai trién

2019

2 _ 2
A+x+x)"" =a,+ax+a,x" +.....+ a,X

Tinh S=a,+a, +a,+...+ a5
A S=1. B. § =3, C. §=0. D. S =3"".

Lo giai
T4c gid: Nguyén Thi Thuyén; Fb:Thuyén Nguyén.
ChonD

2019 __ 2 4038
=a,tax+a,x" +...+a,,x  VxeR.

Theo baira ta co: (1+x+x%)
Tathay x=1vaothidwgc: (1+1+D)*" =q,+a,+a, +....+ @, -

Véy S — 32019 )

C4u 21. (HSG12 tinh Lao Cai ndm 2018-2019) Tinh tong

- o5 Che) + 5 (G -+ 228 e+ 22 )

Loi giai
Tdc gid:Mai Ngoc Thi ; Fb: Mai Ngoc Thi

Xét s6 hang tdng quat :

T . k ( k )2 N k 2019! k _ 2019! Ck _ Ck71 C20197k
£ 2020-k ) 2020k (2019 k)1 kLT (2020 — k) (k—1)1 >0 PR ’
Vk=1,2,..,2019
Suyra § = C§019 ~C22(?1198 + C21019 -C22<§)1197 tot C22<§)1197 'C21019 + szt())llg -Cgow
Xét
(1+ x)2019 (1+ x)2019 = (CS019 +CaypoX + oot Cogra ™" )(CS019 +ChyoX + oot Copg x> )
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)20]9

A N 2 . . 2019 N
Hé s6 cha x*"° trong khai trién (1+x) (1+x)"  la:

0 2018 1 2017 2017 1 2018 0
C2019 'C2019 + C2019 'C2019 +...t C2019 'C2019 + C2019 'C2019 (1)

4038 4038 _ 4038
) Clre X

XétKkhai trién : (1+x) " = Cyug + CioseX + .. Cippg X + .o+ Clg

2018 )4038

Hé s6 ctia x™"* trong khai trién (1+x)" 1a Cyye (2)

= (Ch ) et T

N \ , 1 2
Tw (1) va (2) taco S:m(CZIOW) +m(€2019

cim) + 22 i) =cim

Cau 22. (HSG12 Tinh Pong Nai 2018-2019) Chirng minh rang C; chia hétcho 3 v&i moi n nguyén
dwong.

Loi giai

o (B3n) 123.(3n-1)3n _ 123..(3n-1) _ (3n-1)!
faco C3”_n!.(2n)!_ 1.2.3..n.(2n)! _3'1.2.3...(n—1).(2n)!_ (n-1).(2n)!

=3Cr!.

Nén C}, chia hét cho 3 v&i moi n nguyén dwong.
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Chuyén dé Day s6, gidi han

Cdu 1. (HSG11l Nguyén Pirc Canh Thai Binh 2018-2019) Cho diy s6 (u,) xic dinh béi
=+/2851

5 ) , . S8 hang thtr 2020 cta day s6 (u, ) la:

(un+1) =(un) +n, nxl
A. 1427. B. 1429, C. 2019. D. 1428.

Lo giai
T4c gid: Nguyén Trdn Hiru; Fb: Nguyén Trin Hiru

Chon B

Tacé: (u,,) =(u,) +ne (u,) +(n+1) =(u,) +n* +3n+1v,, =v, +3n+1
voiv, :(un)2+n2,n21(]).
vo= (i) +1° = 2852

v.,=v +3n+lLnx1

Xét day s6 (v, )xac dinh b(’ri{ ).

Tacé:v,-v,=4;v,—v,=7;; v, —v =3n+l,n=>1.

(4+3n+1)n
Suyra:v,,, —v,=4+7+..+3n+LLn21<y -, :f,n >1
2
SV, =V, +3n +5n,n21 (3).
2 2
Tl (1), (2), (3) tasuyra: (u,,, )2 =V —(n+1)2 =y + 3 +5n —(n+1)2 =V, +%’12,n >1
2

Suy ra: (”2020)2 =2852+ 2019 +22019 2_ 2042041 = u,,, =1429 (dou, >0,n>1).

a q N ~ ~ A N u, —u, =54 N
Cau 2. (HSG11 Nho Quan Ninh Binh 2018-2019) Cho c4p s6 nhan (u,) biét 108 Tim s6

Us—Uy =

hang dau u, va cong bdi ¢ cta cdp sd nhan trén.
A u=-9;9=-2. B.u=9;¢qg=-2. Cu=9;q=2. D.u=-9; ¢=2.

Lo gidi
T4c gid: Nguyén Dung; Fb: Nguyén Dung
Chon C
Ta co:

u, —u, =54 - u.q’ —u,.q=>54 - u.q° —u.q =54
us—u, =108 q(ul.q3 —ul.q) =108

o ul.q3—u1.q=54<::> ”1-23—”1-2:54<:> u, =9
q.54 =108 g=2 g=2

u.q*—u.q° =108

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 229 #%




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

Viay u, =9, ¢=2.

Ciu 3. (T6-25-Lan-2-HSG-Yén-Diing) Cho day s6 (u,) dwoc xac dinh béi: u, =2;u, =2u, , +3n-1.
Coéng thirc s6 hang tdng quat ciia day sd da cho 1a biéu thirc c6 dang a.2" +bn+c, v&i a,b,c 1a cac s6
nguyén, n>2;ne N .Khido6 téng a+b+c co gia tri bang?

A 3. B. 4. C. 4. D. 3.

Lo gidi
T4c gid: Nguyén Phwong ; Fb: Phuong Nguyén
ChonD
u, =9

Tl cong thirc truy hoi u, =2;u, =2u,  +3n—1 tasuyra: <u, =26 .
u, =63

Ma u, =a.2" +bn+c,n>2 nén tacod hé phwong trinh:

4qg+2b+c=9 a=>5
a+3b+c=26 <<b=-3.
16a+4b+c=63 c=-5

Dodé a+b+c=-3.

Ciu 4. (HSG11 THuan Thanh 2018-2019) Cho cac s6 x+5y;5x+2y;8x+ y theo thi tw d6 1ap thanh
mot cdp s6 cong; dong thoi cac sé (y—1)%;xy—1;(x+ 2)2 theo thir tw 1ap thanh mot cAp s6 nhan. Hay

tim x, y.

Loi giai
+ x+5y;5x+2y;8x+ y theo thit tw lap thanh CSC nén ta co6:
x+5y+8x+y=2(5x+2y)<:>x:2y (1)
+(y- 1)2 sxy =1L (x+ 2)2 theo thix ty 14p thanh CSN nén ta c6:
(y=1) (x+2) =(-1) (2)

+Thay (1) vao (2) ta dugc: (y—1)°(2y+2) =(2)° —1)2 & 4(y -2y +1)=4y' —4y> +1

> 3 2
SV ===
TN
y=7:>x= 3

Cau 5. (HSG12 THPT Thuén Thanh ndm 2018-2019) Cho cac s6 x +5y;5x +2y;8x+ y theo thi tw d6
1ap thanh mot cdp s6 cOng; dong thoi cac s§ (y—1)*;xp —1;(x+ 2)2 theo thir tw 1ap thanh mot cap s6

nhan. Hay tim x, y.

Loi giai
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x+5y;5x+2y;8x+y theo th tw 1ap thanh cap s6 cong nén ta co:
x+5y+8x+y=2(5x+2y) = x=2y (1)

(y—l)2 sxy—1L(x+ 2)2 theo thit tw 14p thanh c4p s6 nhan nén ta cé:
(r=1) (x+2) =(w-1)" (2)

Thay (1) vao (2) ta dwoc:

(v-1) (2y+2) =(207 -1) o 4(y' ~2y* +1)=4)* ~4y* +1

vay (x;y>=(ﬁ;%,(x;y>=[—f ;—ﬁ}

2

C4u 6. (HSG12 tinh Ninh Binh nim 2018-2019) Xét sy hoi tu cua ddy s (x,) biét x,=2,

xn+1=£+£32,VneN.
'xn xn
Lo giai
T4c gid: Phan Thi Hién; Fb: Phan Hién
Cach 1:
+) Ta thdy x,>0,VneN.
2
x0:2;xl=%+§=l+§zl,433;x2: \/§+ \/5 > ~2,239.
1+7 [14_\/5
4 4
+) Xét f(x)=z+£3 trén (0;+) c6 f’(x):—%—£<O,Vxe(0;+oo) nén y=f(x)nghich
x X xtx

bién trén (0;+oo) .

+) Xét ddy s (x,,) 1a mot ddy con ctia ddy s6 (x, ).
Dy s6 (x,,) 1a mot ddy sd ting.

That vay:

-) X, <X,.

) Gid st x,,<x,,keN. Vi y=f(x) nghich bién trén (0;+c) nén

Xoks1 = f(x2k ) < f(x2k—2) =Xopo = Xopin = f(x2k+1) > f(x2k—1) =Xy VAY Xy, <Xy
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Theo nguyén 1i quy nap, (xZn),n eN la mét day so tang va ngoaira x,, 22,VneN.
+) Gid st 3 limx, =a =limx,, =a va a>2.

2 f

X )C

n n

B B

Do x ,VneN nén limx, —hm(£+—):>a—g+—
a

n+1

2
x, X, a

@(a—\/g)(a2+a 3+1)=0<:>a=«/§ (mau thuan véi a >2).
Vay gia s sai. Ddy sd (x, ) 1a ddy sd phén ki.

Cach 2:
+) Ta thdy x,>0,VneN.

+) Ta chirng minh x,, >2,Vn e N,(1)
That viy: Véi n=0 thi x, =2>+/3 nén (1) dungvéi n=0.
Gia st (1) ding Vn=k,keN ticla x, >2 taching minh (1) ciing dung véi n=k+1.

2,33, 43 2 NE)

Taco: x,, 22=0<x,,,, < 2+—: — > Xy, 2 + >2.

4 4 1+£ ( \/g}z

Theo nguyén li quy nap tacé x,, 22,VneN.
+) Xét day so ( ) la mot day con cua day s6 ( )
Giast 3limx, =a=limx, =avaa=>2.

2 .3 3 3

Do x —+—,VneN nén limx,,, _hm(£+—j:>a—g+—

n+l

2
X, X, x, X, a a

<:>(a—\/§)(a2 +a\/§+l):0<:>a:\/§ (mAu thudn véi a > 2).

Vay gia sir sai. Ddy s6 (x, ) 1a ddy s6 phan ki.

Ciu 7. (HSG12 tinh Binh Thuidn ndm 2018-2019) Tim s6 hang téng quat cla day so (un) biét
=2vau, =2u,+5 VYneN

Loi giai
Tdc gid: Pham Thi Thanh Thdy,; Fb: Pham Thiy

VneN, tacéu,, =2u,+5<u,, +5=2(u,+5).
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bat w,=u, +5, VneN".

Khidé w,,, =2w,, VaeN".

Do d6 (w,) la cdp s6 nhan c6 w; =u, +5="7, cong bdi g =2.
Suyraw, =w.q""' =7.2"", VneN".

Vay u, =7.2""-5,VvneN".

o u, —u, +u, =10
Cau 8. (HSG11 Nho Quan Ninh Binh 2018-2019) Cho cap so6 cong (un) voi N 17
u, +u, =

S6 hang dau va céng sai lan lwot la
A u=3;d=1. B.u =3;d=2. G =25 gl ==3, D.u,=1;d=3.

Loi giai
T4c gid: Nguyén Thdy; Fb: diephoang
Chon D

u, —u, +u;, =10 (u,+d)—(u, +2d)+(u, +4d) =10
Ta co: =
u,+u, =17 (u,+2d)+(u, +3d) =17

u,+3d =10 u, =1
= f— .
2u,+5d =17 d=3

Cdu 9. (HSG11 Thi Xa Quang Tri ndm 2018-2019)Cho diy s8 (u,) dwgc xac dinh boi:
u, =sinl; u, =u,_ +g,vé'i moi neN, n>2.
n

Ching minh rang day s6 (u, ) xac dinh nhw trén 1a mét day sé bi chan.

Loi giai
Tdc gid: Cao Hodng Nam; FB: Hoang Nam

Tacoé: -+ 12+ +—<2,Vne N,

Vi -+ 2+...+L2<1+—+L 1 = +1—l+l—l+...+L—l: —l<2

n 2.3 n.(n-1) 2 2 3 n—-1 n n
N . . . sinl sin2 sinn
Bang qui nap ta chirng minh dwoc:u, = . + > ot —
n

Suy ra: —2<—(1i2+21—2+...+’3—2js% S1l2+%+"'+’,l1_2<2’vnEN*

Vay day s6 (u,) xac dinh nhw trén 1a mot day s6 bi chan.

Cau 10. (HSG12 tinh Binh Thuin nam 2018-2019) Cho day s6 (vn) théa man
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= 1 N 2v,
b20187 14201827

z . g k
Chttrng minhrang v, ., 2v,, Vne N,

VneN,

Lo gidi
T4dc gid: Vii Thi Hong Lé; Fb: Lé Hong
Chirng minh dwgc v, >0, Vne N,
2v 2v 1 .
Khido v, ,, = L < : = , VneN .
" 1+2108v; T 242018, /2018
Mat khac, Vn e N, tacé
2 v, —2018y v, (1-2018v)

vn+1 _vn = —Z_VH - 2 2
142018y 1420182 1+2018’

A *
Vayv,,, 2v,, VheN .

Cau 11. (HSG12 tinh GIA LAI 2018-2019) Mot qua bong cao su dwoc tha roi tir do cao 4~ =18m. Sau
mdi 1an cham d4t, qua bong lai ndy lén cao bang % dd cao cda lan roi ngay trwdc dé. Gia st qua

bong khi roi va ndy déu theo phwong thang dirng. Tinh téng do dai quing dwong qua bong da di
chuyén tir lic dwoc tha dén luc khong nay nira.

Lo giai
Sau lan cham dat dau tién, qua bong nady 1én do cao 4, =%h. Ti€p theo qua bdong roi xudng trén

quang dwong ding bang A, . Lan cham d4t thi hai qua bong ndy 1én h, = %hl va ciling roi xudng trén
quang dwdng ding bang 4, ... C& nhw thé dén 1an cham d4t th n thi qua bong nay 1én dén do cao

h, = %hnl va cling roi xudng trén quing dwong dung bang 4, .
Ta thay day 4,4, h,,...,h, 1a mot cdp sO nhan lui vo han véi cong boi ¢ =% .

Tong quiang dwdng qua bong di dwoc la:

s=(h+h+h+..+h)+(h+h+..+h) :1L+1L =126m.
-9 1=9

Cu 12. (HSG12 tinh Hai Dwong ndm 2018-2019) Cho diy s6 (u,) xac dinh béi

I+u, -1
u=lu, =———,Vn=2l.X
un
ét tinh don diéu va bi chin cta (u,).
Loi giai
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, 1+u’ -1
1) Cho day s6 (un) xac dinh boi u, =1lu, ,, = L,Vﬂ >1. Xét tinh don diéu va bi chan caa (un) .
u}’l

Jl+u? —1 2
n Yy Yy ;Vne N,

u, _un(«/1+uf +1) Ji+u, +1
Uy

J1+u; +1

Tacou,, =

Mau, =1>0;gidsevédi n=k>1tacé u, = >0;VkeN".

U

J1+u; +1

1+u2_1 un(ql+uf)
+Xétu, —u =-"—"—-u=—---—-=<0,VneN =u

u, ' Jl+u +1

Do ddy s6 (u,) gidm nén u, <u,,VneN o u, <1,vneN = 0<u, <1,VvneN = diy s6 (u,) bi

Khi d6 ta c6 u,,, = >0;VkeN".

<u,,VneN".

n+l

chan.

Cau 13. (HSG11 Cum Ha Pong Hoai Pirc Ha N§i nam 2018-2019)
Cho day s6 (u,) x4c dinh béi cong thirc:

u =lLu,=4

u,,=5u,  —6u -2vn>l,neN’

X4c dinh cong thirc s6 hang tdng quét ctia day s6 (u, ).

Lo giai
T4c gid: Nguyén Quang Thdi ; Fb: Nguyén Quang Thai

Cach 1: Dw doan u, =3""' +2"" —1. That vay, ta sé chirng minh bang phwong phap quy nap.
- Kiém tra dé c6 ménh dé ddngvéi n=1;n=2 .
Gid str ménh dé dung véi moi n <k, nghiala ta cé dwoc
w,=3"+2"~1vau,_ =3"+27 -1 (.
Ta sé chirng minh ménh dé ding véi n=k+1.
Theo gia thiét ta c6:
ey =5u, —6u_, —2=5(3"142—1)=6(3 7 427 1) =531 4528 —2.3 —32 1 =38 4 2F 1.
Vay ménh dé dung véimoi ne N”.

u =Lu,=4

Céch 2: Cho day s6 (u, ) xac dinh béi cong thirc: :
=5u,,, —6bu —-2Vn2l,neN

u

n+2
Xac dinh cdng thirc s6 hang téng quat cta day s6 (u, ) .Loi giai
Tdc gid: Ngé Manh Cuong; Fb: Cuong Ngo Manh

Theo baira, u, , =5u,,, —6u, -2 Vn=1,neN,taco
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—2u,)-2 Vnz1,neN.

un+2 - 2un-%—l = 3(un+1

bat v, =u,,, —2u, (Vvn>1,neN) taco

v, =u,—2u, =2
vn+1 :3vn_2©vn+l_1:3(vn_l) anI, I’ZEN

w, =1

bit w,=v, -1 (Vn>1,neN) thi
w,.,,=3w,Vn2l,neN

Nhan thdy (w,) 1a cdp s6 nhan vé&i cong boi g=3 va w,=1.Do d6 w, =3"".Suyra v, =3"" +1 va
u,, —2u,=3"+1(Vn=1,neN).
Tordétacéu,  —2u =3 +1eu_ —3 +1=2(u,~3"" +1)

t,=u -3"+1=1
t., =2t

n+

Pat ¢, =u,—3"" +1 thi { . Nhén thdy (t,) 1a cip s6 nhan véi cong bdi bang 2 va
t,=1nén¢ =2"".

Vay u, =2""+3"" —1 (Vn=1,neN).

u, =lu,=4

Céch 3: Cho day s6 (u, ) xac dinh béi cong thirc: :
u,,=5,-6u —2Vvnxl, neN

Xac dinh c6ng thirc s6 hang téng quat ctia day s6 (u, ) Lo gidi

T4c gid: Dinh Thi Thu Hué'; Fb: HueDinh

un+2 = SunH - 6un - 2 = un+2 - 2”n+1 = 3(un+l - 2un) - 2
< v =u,—2u =2
batv =u, ,—2u, thi
vn+l = 3vn - 2
Jow . +1=30kw +1)—2 < kw . =3kw +2]-2

biat v, =kw, +1, k,I 1ahang sg, k#0 thi 2/—2
=>w,, =3w +——

w , C .
Chon k=1,/=1 thi v, =w +1 va { : e Nhan thay (w,) la cap s6 nhan cong boi ¢=3 va
w,,, =3w,

n+l

w,=1.Dodé w,=3"",v =3"+1vau, —2u =3"+1.
Pat u, =¢,+a3"" +b, a,b 1a cic hing s8. Khi d6

t,,+a3" +b=2(t, +a3"" +b)=3""+1
ot -2t =(1-a)3""+b+1

Chon a=1,b=-1 khi d6 u, =#,+3"" ~1,t,=u, =1 va t,,=21,. Nhin thy (t,) 1a cdp s§ nhan véi
Céngb@i qg=2 va t, =1.Dodd t, =21 Suy ra u, —onlyanl
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Ciu 14. (HSG11 tinh Quang Ngii nam 2018-2019) Cho diy s6 (un) thoa man y 2u

Tim cdng thirc s6 hang tdng quat u, cta diy so6 da cho.

Lo gidi
T4c gid: Pinh Manh Thing; Fb: Dinh Thang
Nhan xét: u, #0 véimoi ne N*,

, 1 u +4 1
TacHd: —=-1L =—
u 2u 2 u

n+l n n

2

1 1 1
batv , _L ta dwoc: v, =5+2vn, v=1=v +5=1+2vn =2(vn+5j.

n+l

un+1
Do do vn+1+l=2(vn+lj :22(1/”_1+lj:...=2"(vl+lj.
2 2 2 2
3 1 3 .. 1
Suyrav ,=—2"—-—hayv ==2" ——.
y n+l 2 2 y n 2 2
Viy u =—.
Y T

Cau 15. (HSG12 Cum Thanh Xuan nam 2018-2019) tam giac ABC c6 d6 dai 3 canh lap thanh mét
c4p s6 nhan. Chirtng minh rang tam gidc d6 c6 2 goc trong ma s6 do khong vwot qua 60°

Lo gidi
Tdc gid: Lé Thi Hong Vin; Fb: Hong Vin
Phdn bién : Trdn Pai L6, Fb : Trdn Pai Lo
Goi a;b;c lan lwotla d6 dai 3 canh BC,CA4, AB cla tam gidc ABC.
Khéng méit téng quat gia st 3 s6 a;b;c theo thi tw 1ap thanh cip s6 nhan khi dé »° = ac

2 2 2
\ e . a+c -b"
Ma theo dinh ly cosin ta c6 cos B=——————— nén cos B =
2ac 2ac

2 2
a +c —ac

— 2ac - 1
Mit khic theo bt dang thirc cauchy thi a” +¢* > 2ca nén cos B > g =3
ac

Do B la gbc trong cia mot tam giac va cos B> — nén 0°< B< 60°

\S)

Y a<b<c [A<B<C
Hon nita twr b~ = ac ta suyra =
< C<B<A4

. | A<B<60° L aen . .
Vay hay ta c6 diéu can chirng minh.
C<B<60°

C4u 16. (HSG12 tinh TINH VINH PHUC 2018-2019) Cho déy s6 (u,) c6 s§ hang téng quat
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1
u, :lnll—m}, (neN).

Tim gia tri clia biéu thirc H =2019.¢" .¢”...e""

Loi giai
Tdc gid: Lé Ngoc Hung; Fb: Hung Le
Tacé: u,=In|1- 1 > :lnn(n+22).
(n+l) (n+l)
! !
Do dé zuk lnH k+2 12.3...n.(1+2).(2+22...(n+2):ln n.(n+22). i n+2 '
2°3%.(n+1) [(n+1)!] 21 2(n+1)

2018

Z U, n 2018+2
Suyra H =2019.6" ¢ .. =2019.e~ =2019.¢ **"*" =2019. 2020
22019

=1010.

Cau 17. (HSG12 T4n Yén - Bic Giang Nim 2019) Cho diy s6 (u,)théa main:

log, u,.log, u; —2log, u, +2log, u; =20 va u, =2u, ,;u, >1véimoi n>2.

n—1"?

Tinh téng tit ca cac gi tri clia » théa man 2018” <u, <2018%.
A. 3542 . B. 3553. C. 3870. D. 4199.

Loi giai
Tdc gid:Phan Thi Quyén ; Fb:Quyen Phan
Chon B
Déy(un) c6 u, =2u,_, ; n>2 lacip sonhanco congbodi g=2 .
Khi d6: log, u,.log, u; —2log, u, +2log, u, =20 .
< log, u,.log, (u,.2*)—2log, u, +2log, (u,.2") = 20.
< log, u,.(log, u, +4)—2log, u, +2(log, u, +4) = 20.

< log,” u, +4log, u, —12 =0.

log,u, =2 u, =4
= = e
log, u, =—6 u =2
Do u, >1 nén u, =4 théamin. Suyra: u, =4.2""',n>2,
Khi d6: 2018” <u, <2018" < 2018 <4.2"" <2018 < 2018 < 2" <2018™.

< 29.1og, 2018<n+1<30.1log, 2018.

= ne{318;..;328}. Vay tong tat ca cac gid tri cia n 1a 318+...+328 =3553.

C4u 18. (HSG11 tinh Phii Yén nim 2018-2019) Cho ddy s8 thwc (x, ) théa méan didu kién
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O0<x, <1
1,Vn=123,
xn+1(1_xn)2_
4
SN 11
a) Chirng minhrang x, > ——-—,Vn=1,2,3,...
2 2n
b) Tim gi¢i han ciua day (xn) .
Lo gidi

a) V&i n= 1, bat dang thirc da cho ding.

Gia st bat ddng thirc dung véi n= k(voi ke N,k >1),tacé x, >l—i.
. 1 1 1 1 k+1
Vix,>———=1-x <—+—=——
2 2k 2 2k 2k
Lai cé: x (l—x)>lsu ra x,, > 2k __k —l—;.
1O A ) = SIVTE Hi 4(k+1) 2(k+1) 2 2(k+1)

Vay bat dang diing v&i n = k+1. Vay bat ddng thirc ding véi Vae N .
b) Vi 0<x, <1, Vxe N nénday (x,) bi chan.

Ap dung bat dang thitc Cauchy cho hai s6 dwong x,,, va 1-x, ta dwoc:
X, +(1—xn) >24x%,, (l—xn) 2l=x,,,2x,.

= (x,) la day tang.

Theo dinh Iy Weierstrass thi day (x,) c6 gi¢i han hitu han, gid st limx, =a.
N . 1 1 1
Tlr bat dang thirc x,,, (1-x, )ZZ cho n -+ ta duoc a(l—a)zz<:>a =7

1
Vay limx =—.
.y n 2

C4u 19. (HSG12 tinh Hwng Yén 2018-2019)Cho diy s6 dwoc xac dinh nhw sau:

u, =1
{unﬂ =J1+2uu, ,VneN

1. Tim s6 hang thir 10 ctia day s6 da cho.
2. Chirng minh rang u,,,, 12 s6 vo ty.

Loi giai
1. Tir gia thiét dé thdy u, >1,vne N".

n"n+l

. Z _ 2 _ 2 _ _ 2
Khidé u,,, =J1+2uu,, 6 <u  =1+2uu, v, —2uu, B —-1=0=u  =u +1+u",

bat u, =cota,a E(O;%:| (do u, >1,vneN" ), khidé
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a
2cos’ —

> 1 l+cosa 2 a
u,,, =cota++l+cot” o =cota +——=— = p a:COtE'
sina  sina 2sin5.c055

x T . 4 T T N < A o .
Ta thdy u, =1=cot— nén u, =cot—=cot—,u, =cot—-..., tir d6 ta tim dwoc cong thirc tong quat
4 8 2 2

. s . V1
clia day s la: u, = cot :
n 2n+1

A T
Vay Uy = COtF .

2

N + 2 ‘N ‘N . u - 1 N ~ ~ 2 N ~ 2
2. Tw gia thiét ta viét lai u, = 2”#, nénnéu u,,, htru ty thi u, htru ty.
u

n+l
T

Do d6 u,,, = cot 2020

s6 hitu ty thi 1y, hitu t§...va u, = cot% =1+~/2 hitu ty, vo 1y.

Vl\ _ 72’- Jay 2.
Ay Uy = cotzzm vo ty.

Cau 20. (HSG12 huyén Lwong Tai Bac Ninh ndm 2019) Cho day s8 (un ) thoa man

u, =1
_n+l N 3 VneN*,

u . = u
1
" n+2 " n+2

Tinh u,,.

2019 6053 2018 3029

Urois = S 1o " s Uyis =S g s Uyis =S g s Uy = o
2018 2019 2019 6053
Loi giai
Tdc gid: Cao Xudn Hung; FB: Cao Hing
Chon B
Ta co un+1:n+;un+ 32<:>(n+2)un+1:(n+l)un+3
n+ n+

< (n+2)u,,, =(n+)u, +3(n+2)-3(n+1) < (n+2)u,,, -3(n+2)=(n+1)u, -3(n+1).

n+l

bat v, =(n+1)u,-3(n+1). Khi d6 v, =2u-6=21-6=—4 va v, =v, nén suy ra
3n—1

=V, _,=..=V :—4<:>(n+1)un—3(n+1):—4<:>un = 1

~3.2018-1 _ 6053
2018+1 2019

Vay uy

Cau 21. (HSG12 tinh Bic Ninh 2018 - 2019 ) Cho diy s6 (u,) thoa man:

w, =, =11Lu, =111,..,u, =11..1 (n chir s6 1, neN"). Pat S, =u, +u, +...+u,. Gia tri cia S,,,

bang
2012
A L0710 09, B. E(102‘“9—1)+2019.
9 9
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C. 5(102‘”"—1). D. é(w—zowj.
Loi giai
Tdc gid: Trinh Thi Anh Ngoc; Fb: Ngoc Trinh
Chon D
Nhan xét:

u, =1=10.0+1;0, =11=10.1+1=102, +1;u,=111=10.11+1=101, +1

w, =11..1=10u, +1

=>u,, +l =10, +& = 10-(”,1 +lj
9 9 9
10
Khi d6 ta dit: v, =u, +é ta duoc day s6 (v,): 779 1aCSN ¢6 s6 hang dau:v, :%, cong boi:
v, =10y
q=10

g'—1_10 10" -1
g-1 9 9

Téng n s6 hang dau ctia day (v, )1a: S, =u,.

10 10" -1 I 1(10"-10
—-n—=—. -n
9 9 9 9 9

Suy ra téng n s6 hang dau cta day (u,)1a: S, =—.

Khi d6, S,y =~

1 (107 -10
9

—2019)
Céach 2:

T4c gid: Nguyén Trung Kién; Fb: Nguyén Trung Kién.

985010 =9+99+...499..9 (2019 chit s6 9) = (10-1)+ (10> = 1) +...+(10™° -1)

12019 2020
:(10+102 +...+102°19)—2019 :10-%—2019 :%—2019.

Do d6, Sy, =~

11107 ~-10
9

—2019}.

3" —(=1)" 2

Cau 22. (HSG11 Nho Quan Ninh Binh 2018-2019) Gid tri cda lim = e Ia
+ —
A. —l. B. —oo. C. 4. D. 0.
4
Lo giai
T4c gid: Nguyén Minh Quan; Fb: Nguyén Minh Quin
Chon A
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B S (—4] H(-1) (1)
se(4) s_a(4) 5

Ta c6: lim

(-

4) 7 041 1
5, 0-4 4
(—4)

3 —(-1)" 2"
se(-ay" 4

=lim

Vay lim

Cau 23. (HSG11 Nguyén Pirc Canh Thai Binh 2018-2019) Véi m 12 hing s8 dwong. Tinh gi¢i han
lim (/x> — 4mx +2019 + x)

X—>—0

ta dugc két qua bang

A. 2m. B. —. C.2m. D. ——.

Lo gii

T4c gid: Hoa Mui; Fb: Hoa Mui

Chon C
Ta co:
4y 2019
lim(\/x2—4mx+2019+x)=lim A +2019 oy x —om
x>0 >0 X —dmx +2019 —x 4m 2019
_ =y _1
X X

Cau 24. (HSG12 tinh Bic Ninh 2018 - 2019) Cho lim (\/x2 +ax+5 +x) =5.Khidé gidtri a 12

X—>—00

A. 10. B. -10. C. -6. D. 6.

Lo giai
Tdc gid: Trdn Vinh; Fb: Vinh Trdn
Chon B

bat r=—x,tacé

lim (\/x2+ax+5 +x): lim(\/tz—at+5—t)= limL+5 —lim—t T4

X—>—00 t—>+0 t—>+0 /t2 —at+5+t t—>+0 1_g+i+l 2
2
\/ t t

Theo gia thiét lim (\/x2+ax+5 +x)=5 e 2-5sa4=-10.

X—>—0 2
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Al B.2. c.2. D. 2.
2 3

Lo gii

Tdc gid: Pham Lé; Fb: Lé pham

it (2x-2)(1++2-")

=1lim =1lim

P -2-x H‘ (x* 1) (1/ 2x—1)" +32x - 1+1)

B 2(1++2-47)
) Xlgll(x+1)(3 (2x-1)’ +%/ﬁ+1)

_2
T

Cau 26. (HSG11 Chuyén Duyén Hai Pong Béing Bic B ndm 2018-2019) Cho diy s6 (u,) " bi chin
trén va théa man diéu kién u, , > %.un " +%-”n , Vn=1,2,3,... Chitrng minh réing day (u,) c6 gi¢i han

hitu han.

Lo gidi
~ ~ “+00 . - N N 2 ~ AN N 2 3
Cho ddy s6 (u,) " bi chdn trén va théa man diéu kién u,_, > 3 M + Sl Vn=1,2,3,...
Chirng minh rang day (u,) c6 giéi han hiru han.

, 2 3 3 3
Ta cé u”+22§'u”+1+5u <:>un+2—|—5 U, > "+1+5 ,Vn=12,3,... (1)

batv, =u, —|—%.un, Vn=1,2,3,..

Tir (1) tacé v,,, >v,, Vn=1,23,... (2)
Viday s6 (u, ):j bi chdn trén nén ton tai s6 M sao cho u, <M, Vn=1,2,3,...

suyra v, §M+§M :%M, Vn=1,23,.. (3)

Tl (2) va (3)ta thdy day (v,) khong gidm va bi chin trén. Do d6, day (v, )1a day hoi tu.

bat limv, =a va b :ga . Ta sé chirtng minh limu, =b.

Ar A s T . r . £
That vay, vi limv, = a nén Ve >0 nhé tuy §, 3n, € N sao cho |v, —q| <§,Vn2n0

3

g(un —b)‘ —

8b| €
un+1 +gun e <_’

~ z 3
Mit khac |un+1 - b| 5k 5] 5

< (u”+1 —b)—f—

nén taco |un b|
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Suy ra

Uy 1 _b‘<§

u, —b‘—i—i;
° 5

k
3) 1_[2] 3)
=, +k—b‘<[—] u, —bl+= <[—] u, —b[+=.
° 5) 1 5,3 “(s) 2
5
Vay, ta c6 uno+k—b‘<5 véi k da lon, tie la |un—b|<5 véi n da lén va € >0 nhd tuy y. Hay ta

chitng minh dwoc limu, =5.

Véy, day (u,) c6 gi¢i han hiru han (dpcm).

Ciu 27. (HSG12 HCM ngay 2 nam 2018-2019) Xét diy s6 (an) xac dinh béi

a=3,a,=7vaa,,=3a, —a, voi n=1,2,3,...

2 2 2
a) Chirng minh rang a—1+a—§+...+ D E, Vn=1,2,3,...
7 7 7" 3
x. < 1 1 1 . . N x L N
b) V&i moi n>1, dat b, = + +...+ . Chtrng minh rang day so (bn) c6 gi¢i han hitu han
aqa, a,a, a,a,.,

khi #n — +oo va tim gi¢i han doé.

Loi gii
Tdc gid: Ha Lé, Pham Thi Phwrong Thiy; Fb: Ha Le, thuypham
Kién thirc sit dung: Phwong trinh sai phan tuyén tinh cdp hai la phwong trinh sai phan dang: 4, =,
u,=f, au,, +bu, +cu, = f(n) véi YneN . Néu A,4, 1a hai nghiém thwc khic nhau thi
u, = AA" + BA,, trong d6 4, B dwoc xac dinh khi biét u,u, .

Tacé: a,,,=3a,,—a,<a,,—3a,, +a, =0.

n+l

3-+/5

Xét phwong trinh dic trung cta diy (a,) 1 x*-3x+1=0 v6i hai nghiém x=4 ="——,

2
3+\/§

2

xX=4 = théaman 4, +4, =3, 44, =1.
Khidoétaco a, = A" + B4, .
Voin=1taco a = A4 +BA, < AL +B2, =3 (1.

V&in=2tacd a,=AA"+BA, < AL’ +BA; =7 (2).
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Tk (1) va(2)suyra A=1,B=1vaa,=A4"+4 Vn2=1.

2
2 nan 2)" 2\"
Taco y —M=(ij +(/1—2j +7%,‘v’n21

7T 7 7

v . 22 , N 1 aj n n 2

bit ¢, :%,¢2 :72.C0 @0, €(0;1) va g, + 9, =L pp, =79’ = + ) +7—n,Vn21
, a’ a; a’ ; " 2 2 2

Ta 6 71+7—§+...+7—’;=((p1+¢12+...+(p1)+((p2+go22+...+go2)+ St

1
<P P T 0 P +l:£ Vn>1 (dpcm).
l-¢ 1-¢, 1_1 l-¢g 1-¢, 3 3

b) Trwéc hét ta chirng minh a,a a’,, =5 véimoi n>1 (bing phwong phap quy nap).

n+2
V&i n=1 ménh dé ding.

Gia st ménh dé da cho dingvéi n=k (keN, k>1),tacé a.a,,,—a;,, =5.
Ta chitng minh ménh dé ding véi n =k +1. That vay:

2 _ 2 _ 2 2
A3 =Gy = Gy (3ak+2 iy ) i =4, (3ak+l i ) —a,, =a,,,a,—a., =5 (dpcm).

2
aa. ., —a 1{ a a.
+2 +1 +1 .
L ! ——[ L J,VZZI.

Ta co ! :l.
5 a,a S\a a

ai+1a

i+2 i+2 i+l i+2

Ta c6 thé dinh nghia thém a, =2 thi ddy s6 van thda man hé thic truy hoi.

n—1 n-1
Twdo b=y —— =1 § [ G G | 1 _ 4 |y, 5
51':0 a;y 5

i=0 ;1 Qiys a.r a  a,.,

Theo caua)tacé a, = A"+ A, Vn.Suyra lim 4 _ 2 =3_\/§_
n—>+wan+1 3+\/§ 2

3.5
Vay lim b =— dpcm).
Ay =313 5 30 (dpcm)

n—>+w

1(3_3—\/5]:—5+

Vx?+4 +cosx—3

X2

Cau 28. (HSG11 Nguyén Dirc Canh Théi Binh 2018-2019) Tinh gidi han : ling

Lo gidi
T4c gid: P6 Van Duong; Fb: Duong D6 Vin

Vx?+4-2 .. cosx-—1
- + .
X

Vx*+4+cosx—3 .. Vx*+4-2+cosx—1
=lim 5 =
X

Ta c6: lim 5 lim lim >
x—0 X x—0 x—0 x—0 X
N ( x2+4—2)(\/x2+4+2) | .
im——— = —1lim =lim =—
x—>0 x> x50 Xz( [ 14 +2) x>0 Jy2 0440 4
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cosx—1 . 2 Sinzg sin x
lim —=1lim >—=,taco lim =1
x—0 X x—0 X x>0 x

_osin? X sin® sin> sin(;j sin(;) 5 sin(;j sin(;) .
lim——2 = -2lim—2.—2 = 2lim . =—"lim . =
x—0 X x=>0  x X x—0 X

VX' +4+cosx-3 1 1 1

= lim _ ——— =,
0 x 4 2 4

Cau 29. (HSG11 Ha Tinh 2018-2019) Tuy theo gia tri cia tham s6 m, tinh gi¢i han
lim (3/x3 +2x% +1 —\/4x2 +2x+3 +mx).

X—>—00

Lo gii

lim (i/x3 +2x% +1-4x2 +2x+3 +mx)
Tinh > .

EN&u Mm=-3 thi lim (%/f 21— + 2% +3 —3x)

= lim (\3/x3+2x2+1—x)—(\/4x2+2x+3 +2x)}
3 2
(\3/x3+2x2+1) -x (\/4x2+2x+3) —(2x)2
= lim _
o (3"963+2)c2+1)2-l-x-\3/x3+2x2+1+x2 4x7 +2x+3-2x

 lim X +2x+1-x° 4x* +2x+3—4x*

o) )

= lim _

T T e ] )

xX——00

AN&u m<-3 thi lim (%/x3 0% 1A + 25+ 3 +mx)

- lim [(%/;8 1o 41 —x)—(\/4x2 12x43 +2x)+(m+3)x}
= 400,

EN&u M>-3 thi lim (%/f 20 +1—Ax + 2% +3 +mx)

xX——0
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= lim [(\3/x3 +2x7 +1 —x)—(\/4x2 +2x+3 +2x)+(m+3)x}

X—>—0

= —00,

C4u 30. (HSG12 tinh KonTum ndm 2018-2019) Cho day s6 (u,) dwoc xac dinh béi

u =1, u,=3
u,,+u, :Z(u +l),neN*'

n+l

, . u
Tinh lim —
n—>+00 n

Loi giai

Tdc gid: Ngoc Thanh; Fb: Ngoc Thanh

{ﬁzLu2:3 (1) (n=1).

u +”n:2(”n+1+1) (2)

n+2

batv, =u, —u,.
Ta co (2) Su, U, =u. ,—u+2cv . =v +2.
Suy ra (v, ) 1ap thanh mot c8p s6 cong c6 s6 hang ddu v, =2 va cong sai d =2.

Nén v, =2+(n-1).2=2n.

Khi d6: u, = (u, —u, )+ (u,, —u,, )+...+(u, —u,)+u,

=V, Vv =2((n=1)+(n=2)+...+1)+1 =2n(n_1)+1:n(n—l)+l.

LU, . n(n=-D+1 . n*-n+l A g U
Do do6: lim %= lim ————= lim ————=1.Vay lim % =1.

n—>+w n n—>+w n n—>+w n n—>+0 n

108,45 (2—cos 2x)

2
X

Cau 31. (HSG12 tinh Thai Binh nam 2018-2019) Tinh lirr(}

Loi giai
Ta cé

10g2013 (2 —COS 2X) Mim 10g2018 eln(2—00s2x)

£II>I(} x2 x—0 x2

' ln(l+25in2 x) sin x V
=2log,,; e.lim — .

x>0 2sin” x b

=2log, s €

Cau 32. (HSG12 tinh Thai Nguyén ndm 2018-2019) Cho déy s& («,) , théa mén

u =2
u iy +otu u, =n'u,n>1

Tim gi¢i han lim(nzun) :
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Loi giai
Tdc gid: HoangQuyén ; Fb: HoangQuyén
Theo gia thiét ta cé :
(n+1)2 u,, :(u] +u, +...+un)+un+] =n’u, +u,,
= (n2 +2n)un+] =n’u, = (n+2)u,, =nu,
n n-—l1 n n—-1n-2
=>u, = u, = : u, = . . u, ,
n+2 n+2 n+l n+2 n+l n
n n-1n-2 321 4
= T Uy =
n+2 n+l n 543 (n+2)(n+1)
=u,= 4 = nu, :4_11: limn’u, = lim(4—nj =4
n(n+1) n+l n+l
A o . f(x)-10
Cau 33. (HSG11 Nho Quan Ninh Binh 2018-2019) Cho 111’111—1 =5,
X—> X —
-10 s
Gidi han lim f(x) bang
A. 10. B.%. Cl. D. 2.

Loi giai
T4c gid: Trinh Van Diép; Fb: Trinh Van Diép
Chon C

-1
Ta co: limM

] " =35 suy ra dwoc gi¢i han c6 dang v6 dinh 0/0.
X—> X —

Khi do ta c6 lim(f(x)~10)=0= f(1)=

= (V1) \/W”’) S x=1 o af (x)+9+3

f() 10, Jx+1 2

=lim =1.
ol x— "—’1,/4f +9+3 «/ F(1)+9+3
s . 5 e NAXT=Tx+12 _2
Cau 34. (HSG11 Nho Quan Ninh Binh 2018-2019) Cho biét lim | | 7 3 . Gia tri cua «a
xX—>—0 alx
thudc khoang nao sau day:
A (—4;-1). B. (-7;—4). C. (1;4). D. (3;5).

Lo gii

T4c gid: Gidp Van Khwong; Fb: Gidp Van Khwrong
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Chon C

Jax® —Tx+12 .|x| LA

Tacé lim =lm——~—=lim——~——=—,
o g -17 e 17) = [ 17) a
x| a— a—+—
[ [

Vay ta c6 z:§<:>a:3.V$1yae(l;4).
a

Cau 35. (HSG11 Bac Ninh 2018-2019) Cho déy s6 (u, ) x4c dinh béi

2un +u,

u, = 2019;u, = 2020;u , = L n>2n¢eN.

Tinh lim (7

Lo gidi
T4c gid:Pinh Cong Hudn ; Fb: Pinh Cong Huin

2u, +u

Ta cé: u, ,= 3 - = 3(un+l _un) = _(un _un—l) (*)

batv, =u,,, —u,, n>1. khidov, =u, —u, =1

no

(*) < 3v, =—v, , = (v,) 12 cdp s6 nhan cong bdi ¢ = —%.

Ta co:

VW =u, — U,
V, = Uy — U,
Vs =u, —
vn = Z’[n-%—l _un

-1
1_(3j 3 1Y
ViV, v,y =u U S, ) =un+1—2019<:>un+1:—{1—(——j }+2019
3
n-l1 n-1
~ =314 o205, )11 | 2010 22
Vay limu, =—8079.

Cau 36. (HSG11 Cum Ha Pong Hoai Pirc Ha N§i nam 2018-2019) Tinh
B Cou == Cone®” = Co? oot G~ =0

x—1 x_l

Loi giai

Tdc gid: Huynh Pham Minh Nguyén ; Fb: Nguyen Huynh
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_ 0 1 2 2 2018 2018 _ 2018
S; = Cong + CoprgX + CrgigX” 4o+ Crgiex™* =(1+x)

0 1 2 2 2018 2018 __ 2018
Sz _Czolx_czmsx"'czolsx _"'+C2018x _(l_x)

1
= 5= Clyy + Chg + Clyy o0 Colie™ =2 (140" 4 (1)

0 2 4 20182018 ~2017
— lim Coois + Cooig + Crpig +-- - Copigx™ =2
x—1 x_l

ol 2(x-1)
_ hm (1+ )2018 _22013 +( _1)2017
=l 2(x-1) 2

L (2 =D)[ (1) # (L) 2 (14 2)" 2244277 | )™
ol 2(x-1) 2

0 2017 2016 2015 Ao 2017 _1\2017
i (1+x)"7 +(1+x) .2;(1+x) 242" (x ;) }

=2018.2""¢

\/nz—I—n—n .

Cau 37. (HSG11 THuan Thanh 2018-2019) Tim lim

\/4n2+3n—2n.
Lo gidi
/n2~|—n—n n(x/4n2—|—3n +2n>
Tacd lim =lim
4n* +3n —2n 3n( n2~|—n—{—n)
I 4+ 12
. An* +3n+2n . n
= lim =lim—a =
2
3( n +n—|—n) 3 /1+1+1
n

3/ [ _ 2
Cau 38. (HSG12 Cum Thanh Xuan nam 2018-2019) Tinh giéi han saulim X+ 15 *
X—> x —_

Lo giai
T4c gid: Nguyén Van Mén; Fb: Nguyén Vian Mén.

Phdn bién: Hong Vén.

Ix+7-~5-x7 _lim[\3/x+72+2 5—x*
x—1

Ta cé lim

x—1

x-1 x—1 x-1
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x—1 x? -1

=lim

! (x—l)((%/ﬁ)2 +2.m+4) ' (X‘I)(%ﬂ)

: 1 x+1 1 1 7
=lim + =—4—=

S (re7) s2dxaT s 2450 | 127212

Cau 39. (HSG12 Ha N6i nam 2018-2019) Cho day s6 (a,) xac dinh béi

1 a’ -
a=—.,a,,=—————neN
2 a —a,+1

a) Chirng minh day s6 (a, ) la day s6 giam.

b) V&i moi s6 nguyén dwong n, dit b, =a, +a, +...+a,. Tinh lim b, .

X—>+0

Loi giai
T4c gid: Céng Phurong; Fb: Neuyén Céng Phurrong

2 2
A a —a (a —1
a) Xéthiéu a,, —a, =——" -a, = ;’( 4 )
a —a,+1 a —a, +1

Tw cach xac dinh day s tacéd a, >0,VneN vaa’ —a,+1>0=a, —a, <0,YneN’

Vay (a,) la day so gidm.

2
-a +1+a -1 -1
b) Ta c6 a, =% 0T g T
a, —a,+1 a —a,+1
a, -1 1 a-a, +1 1
=a,, —1=— = = =a,+
a-a+1 a,-1 a, —1 a, —1
1 1
=a,= -
an+1 -1 an -1
Suyra b, =a, +a,+..+a, = 1 L o (1)

a,,—1 al—l_a -1

n+l n+l

Lai c6: Day s0 (a, ) la day s6 gidm, bi chdn dwéibdi 0 nén c6 gi¢i han
2

Giastt lima,=a= lima,,, =a=a= = a=0 hay lima, =0 (2).

X—>+0 X—>+0 a2 —a+1 X—>+0

Tl (1) va (2) tacd lim b, =1.

X—>+0

Ciu 40. (HSG12 tinh Pong Nai ndm 2018-2019) Cho day (x,) xac dinh boi

_ _ 2 n—1
x=x,=Lx.x,,=x,+3.(-1)" .

1) Chirng minh ring moi s6 hang ctia day (x,) déula s§ nguyén

’ . X
2) Tinh lim il :
X+ X+t X,
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Loi giai

X2 +3.(-1)" x, o, =x2+3.(-1)" tir day suy ra

n+2 = n+l

1) Ta c6 tlr gia thiét x,.x

2 2 _
X, X, =X, =X, =X, _.X,,,Vn=273, ..
X=X, X, —X X, =X X, —Xx
Hay Suy ra n+2 n _ Zntl n=1 _ “n n=2 _ L= 3 1 _ 3
xn+1 xn xn—l x2
Twdoétaco: x,,,=3x,,+x,Vn=12.3,...

Ma x, =1,x,=1néntacéd x, e Z,Vn=12,3,...

2) Day da cho 1a ddy sai phan thuan nhat c4p hai nén c6 phwong trinh dic trungla x* —3x—1=0 véi
hai nghiém 7, > 0>, > -1 nén c6 cong thirc tong quatla x, = 41" + B, .

tn+1_1 tn+1_1
Khi dé, x, +x, +...+x, = 4.- +B-=

t,—1 t,—1 "
: X . At + Bt} 1++/13
Tir d6 ta c6 lim =t =lim—— 2 —1= _
X +x,+..+x, A.tl _1+Bt2 -1 2
(-1 -1

Nt +n—n
\Nan® +3n-2n .

Cau 41. (HSG12 THPT Thuan Thanh nam 2018-2019) Tim lim

Loi giai

/ 3

/ 2 _

\/m—n —limn( 4n +3n+2n) _lim\/4n2+3n+2n_lim 4+n+2 _

\4n® +3n —2n 3n(\/n2+n+n) 3(\/n2+n+n) 3( h+1+1]
n

lim

W

Ciu 42. (HSG12 tinh Lao Cai ndm 2018-2019) Cho day s6 (u, ) xac dinh nhw sau
1

u =—;u, =3
1 572
2
o, u, +1 >1'
u, ,=—"—"—,Vn2
un+1+un

Chtng minh rang day (u,) c6 gi¢i han va tim giéi han dé

Loi giai
Tdc gid: Lé Thi Nguyét; Fb: Nguyetle

. u . —1)(u -1
dwocu,,,+1= va um—l:( i) (CF )
+u u,, +u u,, +u,

n+l n n+l n

U,.» -1 _ (un+1 _1)(un _1)
1 (uyy +1) (1, +1)

(v +1) (u, +1)

u, u, +1

Tu’ un+2 =
u

n+2

y u, —1 , n
batv = tacov,,=v,v, , nén
u, +1

n

VolVail -

n+l1

vn+2| =
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bat x, = 1n|vn| tadwoc x ,,=x,, +x,.

Phwong trinh dic trung ¢* —¢—1=0 c6 nghiém ¢, = 1-45 I V5

b
Vay x, :0{14_2\/3] +ﬂ(#] .

2 2

) 145 1-/5
1 vV, =—= - I3 a+ p=-In3 ~—0.38
el "2 = 3:{x' 1) 2 2 :{a~ T
3 _1 x,=—In2 3+45 3-45 S =~0.78
u, V2 a+ p=—-In2
2 2 2
Vi%l+\/§|

>1;|1_\/§|<1 nén limx lim!a(pm/g] +ﬂ(i} ]—oo
2 | 2 | " 2 2

Suy ra lim|v,| = lim 2y _i =0.Véy day (u,) c6 gi¢ihanla 1.
u +

n

Ciu 43. (HSG 12 Yén Lac 2 Vinh Phiic ndim 2018-2019) Cho day s (u,) théa man:
u, =2019

u,, = n+l u;’ + ! - '
V 2019

Tim cdng thirc s6 hang tong quat va tinh limu, .

Loi giai

T4dc gid: Trdn Thanh Son ; Fb: Trdn Thanh Son
Phdn bién: Dwong Ha Hdi; Fb: Dirong Ha Hadi

1 1
Tacé u'll =u" + utl —u = do dé
2019" 2019"

1
Wl —ul =
272019
1
W —ul =
P 2019°
n n-1 1
un _un—l = n—1
2019
n-1
(1
0 1 1 1 2019
Suyra: u, —u; =——+——+...+ — = .
2019° 2019 2019 2018

( 1 jnl
Vay u ={/20194 2019/
2018
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Ta co
_( 1 )n—l
l<u, ={120194—209) 45050 = 4/ 1. 12000 < LHLH- 142020, 2019
2018 n n
(AM-GM cho n—1s6 1 vaso 2020).
M3t khac 1im(1+ 2019) 1. Vay limu, =1.
n
u, =1
Ciu 44. (HSG11 Ha Tinh 2018-2019) Cho day s6 (u,) théa man _ 2u, n>lneN:

A

bat S, =u’+u,” +u;’ +....+u,”. Chitng minh dy (S,) c6 gi6¢i han hitu han va tinh gi¢i han do.

Loi giai
Tdc gid: Pang Ngoc Sdng; Fb: dang ngoc sang

Bang quy nap ta dé dang chirng minh dwgcu, >0,Vne N

o, 2(5u,+1-1)

Taco: u,,, = = < Su,,, +2=2/5u,+1
Jou, +1+1 5
2 2 4
25u°,, +20u,,, +4=20u,+4 = u”, :—(un _”n+1)
5
4 2 2 2 2 2 4
Dodé: S, =u,” +u,” +u,” +....+u,” =y, +§(u1—un):g——un.

Chirng minh (u,)1a day giam.

2(V6-1)

Thatvay: u, = <u,.Gid s u, >u,, . Taséching minh u,, >u,,,

2(\f5u, +1-1) 2(\f5up, +1-1)

Uy = 5 va u,,, = 5 = Uy > Uy

Vi (u,)la day gidm ma u, >0,Vn e N nén ton tai limu, =/ (/>0 va [ hitu han). Do d6 day (S,) c6

gi¢i han hitu han.

L4y gi&i han 2 vé clia dang thirc 5u,,, +2=2/5u, +1 tacé: 5/+2=25[+1<1=0.

n+l

Vay lim S, :%.

Ciu 45. (HSG11 Hiu Loc Thanh H6a nam 2018-2019) Cho diy s6 (un) dwoc xac dinh béi
{ul =2018

(3112 +9n)un+1 :(n2 +5n+4)un, n>1"
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Tinh g161 han lim (3—2%}

n
Loi giai
Taco u,. l(n+1) +3(n+1) o u,,, _1 o,
3 n’ +3n (n+1)>+3(n+1) T3n7 430
5 1 C m x n . A I . "
bat v, =—+" V.,=—v,= (vn) la cap sO0 nhan c6 cobng bdl g=— va s6 hang dau
n +3n 3 3

u, 2018 1009 1009 (1" 1009 (1Y ,
p=l="e T oy = | su,=—— | (n’+3n).
4 4 2 2 (3 2 3

n n n—1 n
Kh1 d6 lim 3_2-%, =lim 3—2un =Ilim w(lj (1’12+3n).3—2
n n 2 3 n

. (3027 n*+3n 3027 .. 3 3027
=lim ) = lim| 1 =,

n’ n 2

Ciu 46. (HSG11 tinh Thanh H6a nam 2018-2019) Cho day s6 xac dinh béi:

=2
{unﬂ =4u +34",neN"

NI . . . g . 2n” +3n+1
Tim s6 hang tong quat u, va tinh gi¢i han lim 2L T2
u

n

Lo gidi
S6 hang téng quat c6 dang u, = 4" (an +b),n € N* that vay

Ta c6 u, =2,u, —20:>a—% bz%:un =4""'Gn-1)=u,, =u, =4"(3n+2) thay vao cong thirc

u,,, =4u, +3.4" thiy thoa man.

2
Do dé: lim 23+ _ o 2n1+3n+1 4hm(2n+1)(n+1):4hm(i+ lj(nﬂj:
" 47 Gn-1) 4'(3n-1) 4" 4" )\3n-1

n

C4u 47. (HSG11 tinh Vinh Phiic ndm 2018-2019) Cho déy s6 (u,) xac dinh béi

=2019
> +2018 -
u,, =2u”+—,‘v’n eN
u, —u, +4036
N 1 :
bitv,=) ————,VneN . Tinh limv,.
i u, +2018

Loi giai
T4c gid:Vii Thi Thuin; Fb:Xu Xu
Ta chitrng minh bang quy nap u, =2019,Vn e N.

That vay, véi n=1 thi u, =2019.
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u, +2018° 2019° +2018°

- et =2019.
ul —u, +4036 2019 —2019 +4036

V6i n=2 thiu, =

Gia st khang dinh dung v&i n = k(k >2 ke N) trc 12 u, =2019.Khi dé

u’ +2018° 2019° +2018°
Uy =— = - =2019.
u; —u, +4036  2019> —2019+4036
Vay u, =2019,VneN'.
L < 1 n .
Khi do v,,:z > = > ,VneN
—u; +2018  2019° +2018

1
2019 +2018  2019* +2018

Vay limv, =lim 400, vi lim#n = +o0;lim

n
2019* +2018
vietanhhda1983@gmail.com

C4iu 48. (HSG11 Hau Ldc tinh Thanh Héa nam 2018-2019) Cho day sd (x,) dwgc xac dinh béi

u, =2018
{(3112 +9n)un+1 =(n2 +5n+4)un, n>1"

Tinh gi¢i han lim (3—%’}

n2
Loi giai
+3(n+1
Ta Cé un+1:l z(n )un<:> 2un+1 :l zun
3 n"+3n (n+1) +3(n+1) 3n +3n
~ u 1 \ ~ ~N A 7 Y A 1 hY ~ Y
bat v, =— :>vn+1=—vn:>(vn) la cap sO0 nhdn c6 cbng bdi g=— va s6 hang dau
n°+3n 3 3
u, 2018 1009 1009 (1) 1009 (1), ,
Vlz—:—:—jvnz—_ — :>un:—' — (l’l +3n)
4 4 2 2 3 2 \3

n n n—1 n
Khi d6 lim 3—2u = lim 3—2u =lim @_(l} (n2+3n).3—2
n n 2 \3 n

. (3027 n*+3n 3027 .. 3 3027
=1lim . > = lim| 1+— |=———.
2 2 n 2

n

Cau 49. (HSG11 Nghé An 2018-2019) Cho day s8 (u,), biét

2 +n°—n-2

u, =12, — Ui _ Y 112 " voi n>1.
n +5n+6 n +n
Tim lim—"—.
2n” +1
Lo gidi
T4c gid: Nguyén Trin Quyén; Fb: Nguyén Trin Quyén
Ta co:
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u,, _u,+n’-n-2 - 2u, ., o, (n+1)(n-2)

n*+5n+6  n*+n (n+2)(n+3)_n(n+l) n(n+1)

- 2u,., _ u, . (n—2)
(n+1)(n+2)2(n+3) n(n+1)2(n+2) n(n+1)(n+2)

- 2u, ., _ u, N 2 1
(n+1)(n+2)2(n+3) n(n+1)2(n+2) (n+1)(n+2) n(n+1)

=S Wil - 2 _1 Ly _ 1 ()

(n+1)(n+2)2(n+3) (n+1)(n+2) 2 n(n+1)2(n+2) n(n+1)

u 1 1 : 1
batv, = . - ,tr (*) tacd v,,, ==v, nén (v,) la cap s6 nhan c6 cong bdi ¢ =—,
Sy ey ey ) =g en () i SPHTS

1
v, =3 suy ra

2
vn:vlq”’lzine u; ! :Ln<:>un:n(n+1)n(n+2)+n2+3n+2
2 n(n+l) (n+2) n(n+1) 2 2
Khi do
2 2
lim u, —lim n(n+1) (l’l+2) n-+3n+2

21 +1 2" (2n2+1) T

Taco 2" =C+C +C2+C 44 C' > C ="("_12("_2)(n23)

Do d6 ta c6 bat dang thirc sau

n(n+1)’ (n+2)  6n(n+1)’(n+2)

Ty (2n” +1) ) n(n-1)(n-2)(2n* +1

611(n+1)2 (n+2) _
n(n-1)(n-2)(2n> +1) 2" (20 +1)

Vi lim

o ot +3n+2 1 u 1
honnita lim————=— nén lim—;
2n” +1 2 2n +1 2

1

wmil 2

n

Vay lim

C3u 50. (HSG11 THPT H4u Loc Thanh Héa nim 2018-2019) Cho diy s6 (un) dwoc xac dinh béi
u, =2018
(3112 +9n)un+1 = (n2 +5n +4)un, n>1"

Tinh gi¢i han lim(?’—z.unj.
n

Lo gii

Ta co:
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u

un+1 n

_1
(n+1)(n+4) _3'n(n+3)'

(3712 +9n)un+1 = (n2 +5n+4)un =

Pitv = Ui y =t suyra v —lv
R P Y P S P ) N
u, 1009
) "0+ 2 1009 (1) 3027
Dé théy (v,) la cdp s6 nhan véi :vn:—.(—J = .
B 2 \3 2.3"
173
" 3027(n* +3n)
Mitkhdcy =—2 =y =—+ "/
n(n+3) 2.3"

Nhuw vay ta cé:

n n’ 2.3"

) 3
(3 ) (3 3027(n243a)) 30277 (”nj 3027
lim| —.u =lim| —.————~ |=1lim = .
2o 2n’ 2

Cau 51. (HSG11 tinh Ha Nam ndm 2018-2019)Cho d&y s8 (u, ) dwgc x4c dinh nhw sau
{ul - 2019

u,,=2u,—n+l VneN"'

2 @ rr o ~ . o~ z . u
Tim s6 hang tdng quat ctia ddy s6 (u,). Tinh lim —~.

n—+0 3"

Loi giai
T4c gid: Nguyén xuin Giao; FB: giaonguyen
Phan bién: Vi Ngoc Tan; FB: Vi Ngoc Tan
Tacé u,, =2u, —n+l<u,, —(n+1)=2(u,—n) VneN

v, =2018

Dit v, =u, —n véi n e N". Khi d6 ta c6 ddy (v, ) théa man ,
v.,=2v, VnelN
12 mdt cAp s6 nhan c6 cdngbdi g=2=v, =v.¢"" =2018.2"" = u, =2018.2"" +n.

Vay u, =2018.2"" +n.

n—1 n
Taco lim e = fim 220827 7 _ 1009 2) +7% =0
n—+o0 3" n—>+e0 3" n—>+% 3 3"

(Vi lim (Ej ~0; lim 2 =0).

n—+0\ 3

Ciu 52. (HSG11 H4u Lc Thanh Héa ndm 2018-2019) Cho day s& (u,) xac dinh
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Tinh g161 han sau lim| —+ %2 4 4 "% |
u, =1 wu;—1 u,, —1

Loi giai

U

1. Tinh g161 han lim UL ES R .
u,—1 wu,—1 u, , —1

-1
) Pat f(x)= x+%. Theo glathléttacod u,,, = f(u,), Vn21.(1)

Nhéan thdy néu x 22 thi f(x)>2,ma u, =2 néntr (1) suyra u, 22,Vn=>1.

1
=018

Dodéb u, —u u,—1)>0,Vn>1,nén day (u,) la day ting.
G1a str day (un) bi chan trén, kh1 dé day (un) c6 g161 han hitu han. bat limu, =L, tac6 L>2 do
u, >22,Vn=>1.Lay glé1 han hal vé cda (1), ta duoc

-1 L(L-1) [L=0
limu, ., = lim un+m oropHETD o (volivi L>2).
2018 2018 |L=1

Nhuw vay day (un) khong bi chan trén, do d6 limu, =+ = limL =0.
u

n

1
" 2018

*) Tacoiu,,, —u (u,f —u,,)@ u, (M,, —1) = 2018(Un+1 _”n)

-t u,(u,~1)  2018(u,, —u,) 2018((u,,—1)=(u,~1))

n+l -1 (”n+1 _1)(”n _1) (un+l _1)(un _1) (un+1 _1)(un _1)

bat S, = B T “n
u,—1 wu,—1 u,, —1
1 1 1 .
=S, =2018 - =2018| 1- = lim§, =2018.
w =1 u,, -1 Uy —1

2x+1-33x+1

2

Cau 53. (HSG11 tinh Ha Nam nam 2018-2019) Tinh gi¢i han L =1lim

x—0 X

Loi giai
T4c gid:Vii Ngoc Tan ; Fb: Vi Ngoc Tan.
Phdn bién: P6 Hdi Thu; Fb: D6 Hai Thu.
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V2x+1-3Bx+1 _hm[\/2x+1—(x+l) %/3x+1—(x+1)]
2 _x—>0 B

Tacd: L=lim > >
x—0 X

X X

. 2x+1—(x+1)° 3x+1-(x+1)

=0 (me x+1) (\/?ch+\/3x—+ (x+1)+ (x+l)2)

) —x’ —x* =3x?
=1lim

x50 (W+ x+1) (\/?;xT+\/3x—+ (x+1)+ (x+1)2)

=lim _! —x-3

0 v2x+1+x+1_(e/(3x+1)2+M.(x+1)+(x+1)2) '

=—l+1:l.
2 2

1
Viy L=—
1y 5

C4u 54. (HSG12 tinh Hai Phong nam 2018-2019) Cho day s6 {u,} xac dinh boi

u =3
u,., :%(«/uj +5u, +un),neN,n21

Ta thanh lap day s6 {v,} véi v, =—+—+...+ Lz . Chirng minh rang day s6 {v, } c6 gi¢i han va tinh
wl  u u

n

gi&i han doé.

Loi giai
Tdc gid: Nhdom 5 t6 8 nhém strong team todn vd - vdc.
Ta dé c6 u, >0,Vne N".

Ngoaira u,,, :%(Juf +5u, +un)>%(\/g+un):un,‘v’n e N". Do d6 day {u, } ting.

Gid st {u, } bi chdn, khi d6 limu, =a,a >3 =u,,a € R. Cho qua gi6i han hé thic
Uy :%(\/M,f+5un +un):>a=%(\/a2+5a +a):>a:0 vo ly.

Tir d6 suy ra {u, } khong bi chin va limu, =+, lim—=0.
u

n

7 1 2 2 2 N
Taco u, :5(‘,1’[11 +5u, +un) <2u,  —u, =\u, +5u, <4u,  —4u, u =5u, (Vi

>u, >0)

n+l
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5 1 1 1 4( 1 1 1 4(1 1
<< 3 :4 _——— = 5 =] —m— — — :}Vn:_2+_ -
un+1 un un+1 un+1 5 un un+1 ul 5 ul un

17

1
345

Suyra limv, =—+

O | —
(NN

Cau 55. (HSG11 Nguyén Pirc Canh Thai Binh 2018-2019) Trong bdn giéi han sau day, gi¢i han nao
la +00?

2
A. lim —X*4 B. lim >+ C. lim 22+ D. lim X %
x>t x—2 -2 x—2 2" x° —4x+4 F>-o )Y —
Lori gidi
T4c gid: HO Thanh Nhan; Fb: Nhan Ho Thanh
ChonD
Taco:
3+ 4
— 4 T — —
lim =X i X — 3 i X it
x40 x —7 X—>+o0 B g =2t x—=2 P x2 —4x+4
X
4
342 3+
lim S 44 = lim x.lim X — oo
xo>—o X — 2 X>>—0  x—>® 2
X
C4u 56. (HSG12 huyén Lwong Tai Bc Ninh nim 2019) Tim gi4 tri cia m d€ lim mx""l” 1,
X—> x —
A m=—4. B.m=2. C. m=0. D. m=4.
Lo gidi
Tdc gid: Lé Thi Kim Loan; FB: Kim Loan.
ChonD
Theo dé ta c4: lim mx—m+1-1 =2
x—1 X _1
= lim o m )

P (x=1)(mx—m+1+1)

— lim " =2

o Smx—m+1+1

:>E=2:>m=4.
2

Vay m=4.

C4u 57. (HSG11 Hau Loc tinh Thanh Héa ndm 2018-2019) Cho day s6 (#,) xac dinh
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u =2
ity =, ) > 1
2018
Tinh lim( e B BV j
u, =1 wu,—1 u,, —1
Loi giai

T4c gid: Nguyén Quy Thanh; Fb: Thanh Nguyén

=2 N s u u _1 N
Theo gia thiétta cé: u,_ :%4_1/% mau, =2 suyra 2=u <u, <u; <..

Do d6 day (u,)la day ting.

Gia st dy (u,) bi chin trén suy ra limu, = L véi L > 2, khi dé:

n—o0

limy, , =lim—*— < L=

u’ +2017u, L2+2017L<:> L=
! 2018 2018

0
121 (Volydo L=2).

Vay day (un) khong bi chan trén hay limu, =40 = limL =0.

u}’l
. 1
Tacéd: u,,, —u, = 2018(u,f —un)<:>un (u,—1)=2018(u,,, —u,)
u, u, (u, —1) 2018(u,,, —u,)
= = =
un+1 _1 (unH _1)(un _1) (unH _1)(un _1)
2018 —1—(u,-1
20180 1= 1) g f 11 ]
(um—l)(un—l) u, -1 wu, —1
pat s, =—4 4+ 2 4 4
u, -1 wuy—1 U, —1
:>Sn:2018[ L1 szOlS[l— j:>1imSn:2018.
ul_l un+l_1 Uy —
Véylim[ Mo j:2018.
u, -1 u,—1 u,,, —1

Ciu 58. (HSG11 THPT Héu Loc Thanh Héa ndm 2018-2019) Cho day s8 (u,) xac dinh

u =2
uml—un:L(uf—un),‘v’nZl'
2018
Tinh lim| ——+ —2— 4.+ —2 |,
u,—1 u,—1 u,, —1
Loi giai
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1 u

2
_1(+]) +3(n+1)u - U, B .

Tacou,,, 5 ., > =——
3 n +3n (n+1)"+3(n+1) 3n +3n

u 1 S K oK LA LA A | »
bat v, =—+" :>vn+1:§vn:> (vn) la cap sd0 nhan c6 cobng boi ng va s6 hang dau

u, 2018 1009 1009 (1" 1009 (1), ,
Vy=—=——=—— =y =—| = =>u,=—.|= (n +3n)
4 4 2 2 \3 2 3

n n n-1 n
Khi d6 lim 3—2u = lim 3—2u =lim @_(l} (n2+3n).3—2
n n 2 \3 n

. (3027 n*+3n) 3027.. 3) 3027
=lim . = lim| I+— |=——
2 2 n

n’ 2
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Chuyén dé S::l Ham s6 lién tuc, dao ham

Cau 1. (HSG11 Bic Ninh 2018-2019) Tim a dé€ ham s&
V3x+1-+/x+3 .
> khi x>1
f@=g X
(et 2 Kkhi x<I
4
lién tuc tai diém x =1.
Loi giai

Tdc gid: Pam Thi Lan Anh ; Fb: Pam Anh
Tap xac dinh D =R.
Ta cé:

a+2

SO ===

lim /(x) = lim (a+2)x _ a+2;
x—=1" x—=1" 4 4
. . N3x+1-+x+3 . 2(x-1)
lim f(x) = lim > = lim
1 ol x =1 U (x =D (x+DE3x+1++/x+3)
1

2
lim ==
= (x+D)3x+1+4Vx+3) 4

a+2 1
=—<a=-1.
4 4

Ham s6 lién tuc tai x =1 khi va chi khi £(1) = lim f(x) = lim f(x) <
x—1* x—1"

Viy a =—1 théa min yéu cau bai toan.

C4u 2. (HSG11 Nguyén Dtrc Canh Thdi Binh 2018-2019) Ham s8 nao sau day lién tuc trén R ?

1 x+3

B.y=—"r+—.
VX —4x+4
C. y=+x"-7x*-8. D. y= sin3x -1

2sin x —cosx — 3

Ay-——1
4 6+ tan’x

Loi gii
Tdc gid: Hupnh Anh Kiét; Fb: Huynh Kiét
ChonD
D& ham s6 lién tuc trén R thi tAp xac dinh cia ham s61a R

Ta xét:

CauA: y=————=D=R\ E+1<n}(kez)
6+ tan“x 2
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CauB: y=— 23 X p_Rri2)

Vi —4x+4 |x-2]
Cau C: y=\/x4—7x2—8=\/(x2+1)(x2—8):>D=(—oo;—2\/5]u[2\/§;+oo)

CauD: Ta cge V2 T (=1) =35 2sinx—cosx=3<2° +(~1)" =3 —/5 -3 < 2sinx—cosx~3 <5 -3

=2sinx—cosx—-3<0VxeR=D=R

Theo dinh ly thira nhan & sgk thi ham lwong giac lién tuc trén tip xac dinh cia n6 nén ciu D ham so
lién tuc trén R

2 o >
Cau 3. (HSG11 Nho Quan Ninh Binh 2018-2019) Cho ham s8 f(x)={x torlkhixl g o

ax+2 khi x<1

tham s8. Khi ham s6 lién tuc tai x=1 thi gia tri cGa a bang
A 0. B. 3. C. -1. D. 1.

Lo giai
T4c gid: Nguyén Pirc Dudn; Fb: Duan Nguyen Duc
ChonD
+)TXD: D=R.

+)C6 £(1)=3.

+) Taco lim f(x)=lim (x* +x+1)=3.

x—1* x—1

}i_l)llgf(x)zli_{ll}(ax+2)=a+2.

Ham s6 lién tuc tai x =1 khi 1ir¥f(x):lir¥f(x):f(l)<:>a+2:3<:>a:1.

Viy a =1 thi ham so lién tuctai x=1.

Cu 4. (HSG11 Nho Quan Ninh Binh 2018-2019) Biét ring phwong trinh x° +x* +3x—1=0c6 duy
nhat mot nghiém x,, ménh dé nao dwdi ddy dung?

A x, €(1;2). B. x, €(0;1). C. x, €(-1;0). D. x, €(-2;-1).

Loi gii
Tdc gid: Trdn Cong Son; Fb: Trdan Céng Son
Chon B
pit f(x)=x"+x"+3x-1.
TXD: D=R.

Ham so6 lién tuc trén R .

| /(0)=-1 _
Ta co: {f(l)=4 = f(0).f(1)=—4<0.
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Nén ton tai x, €(0;1) sao cho f(x,)=0.

Cau 5. (HSG11 Nguy&n Birc Canh Thal Binh 2018-2019)Cho him s8 y=-22*~2 Tim cAc gid tri m
SiInx—m
dé y' >0, véi moi xe(—%;Oj.
A. m<0hoac m>2. B. m<—lhoac 0<m<?2.
C. m<Ohoac1<m<?2. D. m<2.
Lo giai

T4c gid: Phan Minh Qudc Vinh; Fb: Vinh Phan
Chon B
Trudng hop |m|>1:

\ eA A a1 1a \ 2-m
Ham s6 c6 tip xadc dinhla D=Rva y'=cosx. -
smx—m)

Khi do, y'>0,Vxe(—%;O)<:>2—m >0 m<2 (vicosx>0, (sinx—m)2 >0 vé&i moi xe(—%;oj).

Két hop véi diéu kién m dang xétta co6 m<—lhodc 1<m<2.

Trudng hop |m|<1:

biéu kién sinx#m.Tacd y'=cosx. 2om =
(sinx—m)
m<?2
V4 2—m>0 ms—l 5
Khi d6, y'>0,Vxe|-=;0 | oim<-l1o (vl cosx >0, (sinx—m) >0va
2 m¢(-1;0) S0 0<m<2
m>

sinx € (—1;0) véi moi x e (—%;Oj).

Két hop véi diéu kién dang xét ta c6 m=—1hodc 0<m<1.

Tong hop két qua hai treong hop dang xét, gia tri m cintimla m <—lhodc 0<m<2.
Céch tric nghiém:

Nhan xét: Bai toan trac nghiém nén c6 thé lam theo cach:

Pit ¢t =sinx, do xe(—%;oj =te(-1;0).

t—2 —-m+2
Tacé y=——,te(-1;0),va y'= .
Yéu cau bai todn < {m # (_1;0) = {m © (_OO;_I] U[O;+OO) S me (—oo;—l]U[O;Z).
-m+2>0 m<?2

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ % Trang 266 #*




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

Cau 6. (HSG12 Ninh Binh 2018-2019) Cho ham s8 f(x)=(x"-1)(x+2)(x+3)...(x+2018) va

_S(¥)
g(x)="
Tinh g'(1)
A 2. B. —2019! C.0. D. 2019!.
Lo giai
T4c gid: Nguyén Thi Trdng; Fb: Tring Nguyén
ChonD
x.f(x)=f(x
Tacé g'(x)= 7 )22 /(x) (D).

Mt khéc f(x)=(x*=1)(x+2)(x+3)...(x+2018) suyra f(1)=0.

f’(x) :(x+1)(x+2)(x+3)....(x+2018)+(x—1)[(x+2)...(x+2018)+(x+1)(x+3)...(x+2018)
Hot (x+1)(x+2)..(x+2017)]

Suyra f'(1)=23.4....2019 =2019!

Thay vao (1) suyra g'(1)=2019!

4x -1

X ya 2 7 0y A _2 ' 2 - 1 “4 _1
Cau 7. (HSG11 Nguyen Pwrc Canh Thai Binh 2018-2019) Cho biét ( S j =( i (j+ 1)2 - ’
o

véi a,b 1a s6 nguyén. Tinh gia tri biéu thirc P=3b-2a
A P=29. B. P=-13. C. P=19. D. P =23.

Loi giai

T4c gid: Nguyén Tuong Linh; Fb: Khoisx Bvkk

Chon C
3-25 Y (3—2x)'.\/4x—1—(3—2x).(\/4x—1)
*Ta co =
( 4x—1j 4x—1

ol 2(4-1)=2(3-2x)  (<Ax—4)Er—]

4x—1 (4x—1)Vax—1 (4x—1)’

*Vay P=19

Cau 8. (HSG11 Nguyén BDic Canh Thai Binh 2018-2019) Cho ham s&
y :%(m—Z)x3 —(m-2)x*+(2m+1)x—5m. Goi S la tap hop cac gia tri nguyén ctia m trén khoang

(-3;7) sao cho y'(x) >0,V x € R. Tinh tong cic phan t ctia tip S ta dwoc két qua la
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[A 19, B. 20. C.17, D.18.

Loi giai
Tdc gid: Huynh Anh Kiét; Fb:Huynh Kiét
Chon B

TH1: m=2=y=5x-10, Do la ham s6 bic nhat va a=5>0nén y'(x)>0,VxeR.. Viy m=2
thoa man.

TH2: m#2 = y:%(m—2)x3—(m—2)x2+(2m+l)x—5m.

y=(m-2)x*-2(m-2)x+2m+1.

Ta co:

y’(x)>0,VxeR<:>{a>O N m>2 i @{m>2
A <0 (m-2)"-(m-2)(2m+1)<0 ~ |[(m-2)(-m-3)<0

m>?2
Rt =S m>2.
{m>—3

Do me(-2;7) valasé nguyén nén m e {3;4;5;6}.

Kéthop 2 THtacod S={2;3;4;5;6} = Téngla 20.

Cau 9. (HSG11 Nguyén Pirc Canh Thai Binh 2018-2019) Cho ham s ham s§ y = x.cos x . Chon khang
dinh Pung?

A. 2(cosx —y )+ x(y" +y)=1. B. 2(cosx —y )—x(y" +y)=0.
C. 2(cosx—y)+x(y" +y)=0. D. 2(cosx -y )—x(y" +y)=1.
Loi giai

Tdc gid: Hoang Minh Thanh; Fb: Hoang Minh Thanh
Chon C
Tap xac dinh: D=R
Taco: y'=cosx—xsinx
y"=-2sinx—xcosx

., |2(cosx—y")y=2xsinx
Khi do: . = 2(cosx—y")+x(y"+y)=0
x(y"+y)=—-2xsinx

Ciu 10. (HSG11 Nho Quan Ninh Binh 2018-2019)Cho ham s f (x)=x(x—1)(x—2)...(x—2018).
Tinh f'(0).
A. f'(0)=2018!. B. /"(0)=-2018!. c. f'(0)=0. D. f'(0)=2018.

Loi giai

T4c gid: Trdn Ngoc Diém; Fb: Trdn Ngoc Diém
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Chon A

f’(x) 1.(x—1)(x—2)...(x—2018)+x.1.(x—2)...(x—2018)+...+x(x—l)(x—2)...(x—2017).1
£(0)=1.(-1)(-2)...(—2018) =1.2..2018 =2018!.

2

. Tinh y(loo) (O) .

Ciu 11. (HSG11 Nho Quan Ninh Binh 2018-2019) Cho ham s6 y = lx

A. Y (0)=100!. B. »"* (0)=99!. c. " (0)=-100!. D. y"*(0)=-99!.

Lo giai
T4c gid: B6 Vin Hiu; Fb: Ning Péng
Chon A

2

iy - . X 1 i
V&i moi s6 thwe x #1thi y=1 =—-x—1+——, suyrata co:

—-X 1-x

, 1
y——1+(1_x)2

w2
Ty

w6 3l

C(1-x)' (1-x)

@) _ 24 4]
S = _

!
Ta dw doan va dé dang chirng minh dwoc y(”) - " vé6in=2vaneN,

(1 _ x)n+l ’

Khi d6: y"*(0)=100!

Ciu 12. (HSG11 Nho Quan Ninh Binh 2018-2019) Cho ham s6 y = f(x) = v/1+ cos® 2x . Chon két qua
dung.

—sin4x —sin2x
A df (x)=—————dx. B. df (x) = ———dx.
(x) 24/1+cos”2x (x) 1+ cos® 2x
—sin4x coS2x
C. df (x)=————=dx. D. df (x) = —————=dx.
( ) 1+ cos? 2x 1+ cos? 2x
Loi giai
Tdc gid: Vi Vdn Tru; Fb: Tru Vi
Chon C
' (1 + cos? 2x)'

df (x) = a1+ cos” 2 = (V1+cos? 2x ) dr =

- dx
24/1+cos? 2x
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_ 2cos 2x.(cos2x)' ~ 2¢0s2x.(—2sin2x) G —sin4x &

- 21+cos?2x - 2Wl+cos?2x J1+cos? 2x

Cau 13. (HSG11 Nho Quan Ninh Binh 2018-2019) Cho ham s8 y = -2~ Ménh d& nao duéi day
X
dung?
A2y +x0"=—xp. B.2y +x" =xp. C.y+x"=—x. D. y' +x"=x.
Lo gidi

T4c gid: Nguyén Céng Anh; Fb: conganhmai
Chon A
Tacé y= cos X = Xy =C0SX (1)

L4y dao ham 2 vé cta (1) ta duoc: y+xy'=—sinx (2).

Ldy dao ham 2 vé cta (2)ta dwoc: y'+ ) +x" =—cosx < 2y'+xp" =—xp.
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(14) Khao sit ham s§ va bai toan lién quan

C4u 1. (HSG12 Tinh P6ng Nai 2018-2019) Cho ham s6 y =2x’ —3(m +3)x’ +18mx +8, m 13 tham sé.

a) Tim m dé€ ham s6 da cho dong bién trén R.

b) Tim m A€ do thi ham s da cho c6 hai diém cwec tri nam veé hai phia ctia truc tung.
c) Tim m dé gia tri nho nhét ctia ham s8 da cho trén doan [-1;0] bang —24.

Lo gidi
T4c gid: Nguyén Thi Oanh; Fb: Oanh Nguyen
a) Tacod y'=6x"—6(m+3)x+18m.
Ham s6 dong bién trén R khi A', < 0<:>9(m+3)2 ~108m <0 m* —6m+9<0< m=3.

b) P6 thi ham s§ da cho c6 hai di€ém cwc tri nam vé hai phia cta truc tung khi ' =0 c6 hai nghiém
trai dau
< 6x>—6(m+3)x+18m =0 c6 hai nghiém trai dau < m<0.

c¢) Tim m dé gia tri nhé nhét ctia ham s6 da cho trén doan [-1;0] bang —24.

X=m

Tathdy y'=0< 6x° —6(m+3)x+18mzoc{x:3%[—1;0]

+ Néu m=3 ham s6 dong bién trén R, nén ham s6 dong bién trén [-1;0], suy ra gia tri nhé nhat

clia ham s6 da cho trén doan [-1;0] 1a y(-1)=-66 #—24,nén m =3 khong théa man.

X=m

+ Néu m#3,khidé y'=0<
x=3¢[-10]

*)TH1: m ¢ [-1;0], ta tinh dwoc »(0)=8, y(-1)=-3-21m, gi%y=min{y(0),y(—l)}.

D& gia tri nhoé nhdt ctia ham s6 da cho trén doan [-1;0] bang —24 thi

m ¢ [-1;0] m¢[—1;0]
y(-1)=-24 ={-3-2lm=-24 Sm=1.
y(—l) < y(O) -3-21lm<8

*)TH2: m € [-1;0], tir bang bién thién ctia ham s6
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x | —= 1 m 0 3 o
v S+ o - I - 0 +
:: :: -

Suy ra glay = min{y(O),y(—l)} :

D& gia tri nho nhat cia ham s6 da cho trén doan [-1;0] bang —24 (do y(0) =8 = —-24) thi

me[—l;O]
me[—l;O] i . " s s
y(— ):—24 & | do do, khong ton tai gia tri ctia m .
m =
y(=1)<x(0)
Vay m=1.

Cu 2. (HSG12 Thanh Phé Pa N&ng 2018-2019) Cho cAc ham s§ f(x)=x*—4x+m va

g(x)= (x2 + 1)():2 + 2)2 (x2 + 3)3. TAap tat ca cac gia tri ctia tham s& m dé& ham s6 g(f(x)) dong bién
trén (3;+0) 1a

A [3:4). B.[0;3). C. [4;+00). D. [3;+00).

Loi giai
Tdc gid: Lé Pirc Loc; Fb: Lé Pirc Loc
Phdn bién: Ha Ngoc Ngo
ChonD
F(x) = —dx+m= f'(x)=2x-4,
g(x)= (x2 +1)(x2 + 2)2 (x2 +3)3 =a,x” +a,x" +..+a,x’ +a,

= g'(x) =12a,x" +10a,,x’ +...+ 2a,x.

[g(f(x)):" =f’(x).g'(f(x)) =(2x—4)|:126112f11 (x)+10a10f9 (x)+...+2a2f(x)]
:(2x—4).f(x).[12a12f10(x)+10a10f8(x)+...+2a2]
Vi a5 a5 -5 @y @y >0 va 2x—4>0 Vx e(3;+%) nén

(2x—4)[12a12f1° (x)+10a,,/* (x)+...+2a2] >0 Vx e(3;+0).

Ham s6 g(f(x)) dongbién trén (3;4%0) < [g(f(x))] >0 Vx e (3;+0)
S f(x)20 Vxe(340) & x’ —4x+m>0 Vx e (3;4+0) & m> g(x) =—x" +4x Vx €(3;+0)

= m> max g(x)=3.

xe[3;+0)

[ Cau 3. (HSG12 Ninh Binh 2018-2019) Tim cic gia tri clia tham s thwc mdé ham sé |
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y =§x3 +(2—m)x*+(4-2m)x—8 dong bién trén (—%Hooj :

Lo giai
T4c gid: Nguyén Tién Hoang ; Fb: Nguyén Tién Hoang
Tacd y'=x’+2(2-m)x+4-2m
Theo yéu cau bai toan :

+2)
y'>0 Vxe(—lﬁooj <X +4x+422mx+2m Vxe(—lﬁooj C}ms(x—)v.XE(—l;-l-OOj.
2 2 2(x+1) 2

2
pit gv = 2 wnids g'(x)=

X2 +2x x=0
—— =0
2(x+1)

2(x+1) x=-2

Vay m<2.

Cau 4. (HSG12 Tan Yén - Bic Giang Ndm 2019)
Cho ham s8 y = f(x). Him s8 y= f'(x) c6 do6 thi nhw hinh y =f1(x)
bén. Ham s6 y = f(l —~ xz) nghich bién trén khoang

A (1:2). B. (—%;m) . |

T (=25=11)) D. (-1;1). 0 1 2 °

Loi giai
Tdc gid: Vii Xudn Pinh ; Fb: Vu Xuan Pinh
Chon A

Taco y=f(1—x2)2>y'=—2x.f'(1—x2).
Hamsd y=f(1-x") thi y'<0 e 2x.f'(1-x") <0< x.f'(1-x) > 0.
+ Trwong hop 1:

x>0 x>0

x?<—1

x>0
{f’(l 2)>O<:> I-¥’ <1 <{x>0 <x>0exe(0;+).
—X

1-x*>2

+ Trwong hop 2:

x<0 x>0 x>0
, 5 = , & , ©xed.
f(l—x)<0 I<l-x"<2 -1<x" <0

Vay ham s6 nghich bién trén (1;2).

Cau 5. (HSG12 Tan Yén - Bic Giang Ndm 2019) Cho ham s6
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y:%)f +(2—m)xz+(4—2m)x—m2 -3m-8 .

NP x LA an cx A ; 1
Tim cac gia tri tham s6 m dé ham s6 dong bién trén khoang (—5;+ ooj.

Loi giai
T4c gid: Hoang Gia Hirng; Fb: Hoang Gia Hirng

Ham s6 1a ham da thiérc nén ludn xac dinh trén (_%;+ ooj
Taco: y'=x>+2(2-m)x+4-2m
Ham s6 dong Dbién  trén  khoang (—%; + ooj khi: y'>20,Vxe (—%; + ooj

> 4x+4 1
c>x2+2(2—m)x+4—2mZO,Vxe(—%ﬁooj @%ZZm,Vxe(—Eﬁooj(*)
X+

2
Xét ham so g(x):w trén (—%;+Ooj

x+1
(5]
x=0€| ——;+
2

x:—2§£(—l;+ooj
2

Bang bién thién:

1

. -2

2 0 +ao0
glx) - 0 +

2 e
<l E /
\4

Bt phwong trinh (*) < g(x)=2m,Vxe (—%;+ ooj

< min g(x)=2m < 2m<4 o m<2

Vay m <2 la gia tri can tim.

2
Cachkhac:Taco * ¥4 iy b o o (xe1)—— +2=4.Suyra m<2.
x+1 x+1 x+1

Cau 6. (HSG12 tinh Bac Ninh 2018 - 2019 ) C6 bao nhiéu gia tri nguyén am cta tham s6 m dé ham
s6 y=x"+mx _SLS dong bién trén khoang (0;+).
X

A 12. B.0. C. 3. D. 4.
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Lo giai
Tdc gid: Ngo Thi Oanh; Fb: Oanh Ngo.
ChonD
D€ ham s6 y = x’ +mx—5L5 dong bién trén (0;+w0) < »' >0 Vx e(0;+0) va y'=0 tai mot s6 hitu
X

han diém

< 3x? +m+L620 Vx € (0;+0) < 3x° +L62—m Vx € (0;+00)
X x

Xétham sé f (x)=3x +L6 trén (0;+o0).
X

o6 (-1 x=1 (TM)
S1x)= b= == /() =0 L:—l (KTM)
BBT
X 0 1 +o0
1,-" — 0 +
400 o0
v

YCBT & -m<4<m>—4.Ma m lasénguyén am = m e {-4;-3;-2;-1} .

Vay c6 4 gia tri cia m thda man.

Cau 7. (HSG12 Tinh Nam Pinh 2018-2019) Goi S la tip cac gia tri nguyén ctia m sao cho ham sé
yz%x3 —x” +mx+2018 nghich bién trén khoang (1;2) va dong bién trén khoang (3;4). Tinh s8
phan t& caa S .

A.10. B.9. C.4. D.5.

Lo gidi
Chon C
Téap xac dinh D=R.
Tacd y'=x"-2x+m, VxeR.
Ham s8 nghich bién trén khoang (1;2) va dong bién trén khoang (3;4) khi va chi khi phwong trinh

¥"=0 c6 hai nghiém phén biét x,, x, thda min x, <1<2<x, <3.Diéu nay xay ra khi va chi khi

1-m>0

m<1 <1
-Jl—m<l o =" o -3<m<0.

1€41-m <2 -3<m<0
2<1+1-m <3

Suyra § = {—3;—2;—1;0} .

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ % Trang 275 #%




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

Cau 8. (HSG12 tinh Pién Bién ndm 2018-2019) Tim m d& ham s8 y =x* —3mx’ +3(m’ —1)x+m+2
dong bién trén khoang (2;+0).

Loi giai
y’:3x2—6mx+3(m2—1), vxeR.
x=m-1 N NI
y’zO@{ ( Hai nghiém phan biét v&i moi m )
x=m+l

+ Bang bién thién:

X |- m — 1 m—+1 +C
¥ + 0 - 0 4+
1

. _I/y \ y2/+d:

Ham s6 dong bién trén khodng (2;+0) < (2;+0) < (m+1L+0) & m+1<2 <& m<l.

Vay gia tri cia m can timla: m<1.

Cau 9. (HSG12 tinh TINH VINH PHUC 2018-2019) Tim tit ca cac gia tri thuc ciia tham s6 m d& ham

s y= §x3 +%(m +1)x* +3mx —m* dong bién trén khoadng (-1;+x).

Loi giai
Tdc gid: Hoang Van Lam; Fb: LamHoang
Tap xac dinh: D =R

y' =4x>+3(m+1)x+3m .

y'>0 ‘v’xe(—l;+oo) < 4x7 +3(m+1)x+3m20 ‘v’xe(—l;+oo)

2
Voi x+1>0, Vxe(-1+x) :>—3m£4x—jl3x Vx € (—1;+00)
X
4x* +3x 4x* +8x+3
Xét ham X)=— Vxe(-L+o)= f'(x)=
x:—l(tm)
& f(x)=0c 4" +8x+3 =0 i
x==20)

Bang bién thién
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1
v ~1 2 Lk
Y = 0 +
+6%
Yy \ / s
-1

Vay —3m£—1<:>m2%.

Cau 10. (HSG12 huyén Lwong Tai Bic Ninh nim 2019) Cho ham s& 5

y=f(x) c6 do thi cia ham s6 y = f’(x) dwoc cho nhu hinh bén. Ham s6

y =-2f(2-x)+x* nghich bién trén khoadng

A (-3 -2). B. (-2: -1). n R ENEENE
C. (-1, 0). D. (0; 2). =
Loi giai
Tdc gid: Phan Van Tri: Fb:facebook.com/triphanvan.3304
Chon C
Yy
3

—1/0 5/2/45 T
/é

Ta cé

y:—2f(2—x)+x2:>y':—(2—x)'2f'(2—x)+2x:2f'(2—x)+2x

V<0 f'(2-x)+x<0= f'(2-x)<(2-x)-2

bat t=2—-x suyra f'(t)<t—2.

Dwa vao do thi f'(x) ta thdy dwong thdng y =¢—2 cat do thi

y=f'(t) tai ba diém c6 hoanh dé lién tiép 1a @,3,b saocho 1<a<2;4<b<5
Do d6 cung tir d6 thi ta cé

(1)<t 2©{a<t<3 {a<2—x<3 {—1<x<2—a

= o
b<t<5 b<2-x<5 -3<x<2-b

+ Vi 1<a<2=0<2-a<l nén (-10)c(-L2-a). Do d6, ham s nghich bién trén khoang
(-1;2—a) neén ciing nghich bién trén (-10).
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+ Vi 4<b<5=-3<2-b<-2 nén (-3;2-b)c(-3;-2). Do d6, ham s& nghich bién trén khoang
(—3;2—b) thi chwa chac nghich bién trén (—3;—2) )

Vay ham s nghich bién trén khoang (—1,0).

Ciu 11. (HSG12 Tan Yén - Bic Giang N3m 2019) Cho y = f(x) c6 bang bién thién nhw sau:

X — -1 0 1 100
' - 0 + 0 — 0 +
+a0 5
¥ 2
0 0

Ham s6 y = f(x) nghich bién trén khodng nao dwéi day:
A.(—0; 0). B. (—o0;—2). C. (-10). D. (0;+).

Lo giai
T4c gid: Nguyén Thi Triic Ly; Fb: Nguyén T. Triic Ly
Chon B

Dya vao bang bién thién ta thiy ham s8 nghich bién trén khodng (—0;—1) va (0;1).

Cau 12. (HSG12 Ninh Binh 2018-2019) Cho ham s8 y=log,, (lj c6 do thi (C,) va ham sé
x

y=f(x) c6 dd thi (C,). Biét (C,) va (C,) doi xirng nhau qua goc toa do. Héi ham s6 y = ‘f(x)‘

nghich bién trén khoang nao dwdéi day?
A. (0;1). B. (-1;0). C. (—o0;-1). D. (I;+ ).

Loi giai
Tdc gid: Pang Phudc Thién ; Fb: Pang Phudc Thién
Chon B

. 1
Tacé y=log,y, (;j =—log,, x -
(C,) va (C,) ddi xting nhau qua géc toa dg, suy raham s8 y = log,,, (—x) c6 do thi (C,).

108,00 (—x), x< -1

Xét ham so y:‘l()gzozo (_x)‘:{—log (_x) ~1<x<0
2020 ’

Suy ra ham s6 dong bién trén (—oo;—1), nghich bién trén khoang (-1;0).

Ciu 13. (HSG12 Ninh Binh 2018-2019) Tim tit cd cic gid tri cia tham s6 m dé ham so
y=(2m—1)x—(3m+2)cosx nghich bién trén R.

1 1
A 3<m<——. B. 3<m<——. C.m<-3. D.mz-——.
5 5 5

Lo gii
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T4c gid: Nguyén Thi Quynh; Fb: Quynh Nguyén
Chon A
Tacé y'=(2m—1)+(3m+2)sinx.

Dé ham s6 nghich bién trén R thi y'<0 < (2m-1)+(3m+2)sinx<0 (1)
. 2 .. TR 7 N .

+) TH1: V&i m =—§ thi (1) tré thanh -3 <0, luén ding véi Vx (2)
L 2 . L

+) TH2: V&i m > -3 thi (1) tré thanh:

1=2m = 1-2m >l & sm+1 £0<:>—2<m£—l 3)

sinx < >
3m+2 3m+2 3m+2 3 5

+) TH3: V&i m < —% thi (1) tr& thanh:

1-2m 1-2m m+3
= <-

sin x > <-l1le
3m+2 3m+2 3m+2

SO<:>—3£m<_?2 (4).

Kéthop (2), (3) va (4) ta dwoc -3<m< —%.

Cau 14. (HSG12 Tan Yén - Bic Giang Nim 2019) Tim m dé ham s& sau dong bién trén (0;+x):

=X +mx—— .
4 3x
A.m<l1. B. m<0. C.m=>-1. D.m>-2.
Lo giai
T4c gid: Phing Hang; Fb: Phing Hing
ChonD

1 1
y=x'+mx——=y =3 +m+—.
3x 3x

D& ham s6 dong bién trén (0;+0) < ' >0, Vx e(0;+0) < 3x” +m +3L2 >0, Vx & (0;+0)
X

<:>m2—3x2—$,‘v’xe(0;+oo) (1)
Xét ham so f(x):—3x2—3L2,Vxe(0;+oo).
x

Ta c6: 3x° +3L22 2‘/3x2.3i2 =2 ( Ap dung bat ddng thitc cdsi cho 2 s6 dwong 3x> va 3%). Diu
x x X

bing xay ra < 3x’ :%Q)f Y U

3x 3 3
:>f(x)£—2
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Khidé (1) >m>-2,

Cau 15. (HSG12 tinh TINH VINH PHUC 2018-2019) Tim tit ca cic gia tri thwc ciia tham s& m dé
hamso y = ‘x3 —3x° +m —2‘ c6 ding nam diém cuc tri

Lo gidi
Tdc gid: Hupnh Anh Kiét; Fb: Huynh Kiét
Ham s6 y = ‘x3 -3x*+m —2‘ c6 diing ndm diém cwc tri khi va chi khi ham s6 y =x’ —3x" +m—2 cét

truc hoanh tai 3 diém phéan biét khi va chi khi phwong trinh x’-3x>+m—-2=0 (1) c6 3 nghiém

phan biét.
vl
vk
-
{J I
-
(J T
Ta co (1)<:> X =3x*=2-m
P 0 3 2 L 2 x=0
Xéthamso f(x)=x -3x"taco f (x)=3x"-6x=0<
x:
Y | = 0 2 +oa
y + 0 = 0 +
0 -
Yy /' \‘ /
—co =4

Tl bang bién thién ta c6 phwong trinh (1) c6é 3 nghiém phan biét khi va chi khi

4<2-m<0&=2<m<6.,

Cau 16. (HSG12 Tan Yén - Bic Giang Nim 2019) Biét me(a;b)véi a,bcQ thi ham s8
y=\x5—5x3+5x2+10m—1 ¢6 5 diém cuc tri . Tinh téng a+5b?
14 27 1 13

AL B.— C.—- D. ——
5 10 10 5

Lo giai
T4c gid: Nguyén Thi Yén ; Fb: Nguyén Yén.
ChonD

bat f(x)=x5—5x3+5x2+10m—1,xeR.
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Ta co f'(x):5x4—15x2+10x:5x(x+2)(x—1)2, xelR

x=-2
f'(x):0<:> x=0 .
x=1

Béng bién thién ctia ham s§ f'(x)

X —n0 -2 0 1 +a0
f'( T) + 0 — 0 + 0 +
10m +27 !

—on 10m—1

Dwa vao bang bién thién trén cia ham so f(x) ta suy ra ham sé y = ‘f(x)‘ c6 5 diém cuec tri khi va

chikhi: 10m-1<0<10m+27 < _—27<m<L.Suyra a+b=_—27+L=_—13.
10 10 10 10 5

Ciu 17. (HSG12 Téan Yén - Béc Giang Nam 2019) Cho ham s6 y=x*-3(m+1)x+m—2 dat cuc dai

tai x=-1.

Loi giai
Tdc gid: Hoang Gia Hitng; Fb: Hoang Gia Hirng

Tap xac dinh: D =R

Tacé: y'=3x"-3(m+1)

Ham s6 dat cwc dai tai x=—1khi: y'(-1)=0 <3-3(m+1)=0<m=0
Véi m=0tacod: y'=3x"-3= y"=6x.

Khi d6: y"(-1)=—-6 <0 = x=-1 la diém cwc dai ca ham s6 .Vay m = 0 1a gia tri can tim.

C4u 18. (HSG12 Tan Yén - Bac Giang Ndm 2019) Cho ham s§ y =x*—4(m—1)x" +2m—1c6 db thi
(C, ). Xac dinh tham s6 m dé do thi ham s6 c6 ba diém cyc tri tao thanh ba dinh clia mét tam giac

déu.

Loi giai
Tdc gid: Hoang Gia Hirng; Fb: Hoang Gia Hirng

Tap xac dinh: D =R

x=0

Taco: y'=4x’=8(m-1)x = y'=0 4 -§(m-1)r=0| , =2(m-1)(2)

Ham s6 c6 3 diém cuec tri khi phwong trinh y'=0 c6 3 nghiém phan biét < phwong trinh (2)c6 hai

nghiém phan biét# 0 < 2(m-1)>0 < m>1

Khi d6 @6 thi ham sé c6 ba diém cuec tri la:
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A(O;2m—1);3(1/2(171—1);—4(m—1)2 +2m—1);C(— (m-1) ;—4(m—1)2 +2m—1) ABCludn 1a tam
gidccanvi 4B = AC = \/2(m—1)+16(m—1)4 ; BC=22(m-1)

Do d6 tam gidc ABC déukhi AB = BC < 2(m—1)+16(m-1)' =2,[2(m1)

m—1=0 mzl(ktm)
o 16(m-1)"-6(m-1)=0 < , 3 ;
(m—l) =§ m:1+7(tm)
/3 .
Vay m :1+7 la gia tri can tim.
Cau 19. (HSG12 tinh Bic Ninh 2018 - 2019) 3
Cho ham s6 y = f(x) c6 dao ham tai moi x€R, ham s6 2

y=f'(x)=x"+ax’ + bx+c c6 do thi nhw hinh vé bén. 1

S6 diém cuc tri cia ham s§ y = f[f’(x)] 1a s 2 0 IESET INEST IREET
A 8. B.11. 5
C.7. D. 9. -2
£ 3
Lo giai

T4c gid: Nguyén Trung Kién - Nguyén Vin Xuit
Chon C
Do d6 thi ham s6 y = f”(x) cit truc hoanh tai cac di€ém —1;0;1.
y=f'(x)=x+ax’ +bx+c =(x+1)x(x-1)=x"—x
S(x)=3x" ~1;

y=r[r(x)] o y'=r[f(x)].S"(x)

ORI
T opr =0 ' _ x=Ux
y'zO@f’[f’(x)}f”(x):O@ f”[f (x)] = f,(X)_O x=x>1
£(x)=0 f@=1
)0 |rexd

Viy hamso y = f[f’(x)] c6 7 diém cuyc tri.

Cau 20. (HSG12 Quéng Ninh 2018-2019) Cho ham sé y = x* +2(m+l)x2 +m’ +m—1,véi m 1a tham

s6. Tim cac gia tri cia m dé d6 thi ham s6 da cho c6 ba diém cuwc tri 1a 3 dinh cia mo6t tam giac déu.

Loi giai
Tdc gid: Lé Pinh Nang, FB: Lé Nang

Ham s6 y xac dinh véi moi xeR va y'=4x3+4(m+1)x=4x(x2+m+1).
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Taco y'=0es| .
aco y'=0<
d xzz—(m+1)

Ham s6 ¢6 3 diém cuctri < —(m+1)>0< m<-1 (¥).

Véi diéu kién (*) thi d6 thi ham sé da cho c6 3 diém cuec tri la

A(O;m2 +m—1), B(\/—m—l;—m—2), C(—\/—m—l;—m—2).

AB=|(m+1)' =(m+1) = AC

BC =2v-m-1

Do d6 dé tam gidc ABC déu thi 4B =BC <:>(m+1)4+3(m+1):0 om=-1-33.

Ta co = Tam gidc ABC can tai dinh 4 véi Vim<—1.

Vay véi m=-1 —3/3 thi db thi ham s6 ¢6 3 diém cuc tri 1a 3 dinh cia mot tam giac déu.

C4u 21. (HSG12 tinh Can Tho ndm 2018-2019) Cho ham s8 y =x*—8mx’ +16m> —m+1 (meR) c6
do6 thi (C) va diém H(0;1). Tim tat ca cac gia tri cia m dé d6 thi (C) c6 3 cuc trila 4, B,C sao cho
H la truc tdm tam giac ABC.

Loi giai
T4c gid: Nguyén Manh Cuong; Fb: Cuong Nguyen

2—4m

x
TXD: D=R, y' =4x’ —16mx = 4x(x* —4m), y' =0 < {
x
D& d6 thi (C) c6 3 diém cuec tri thi m > 0.
Khong mat tinh tdng quat, gia st cac diém cwec tri cia do thi ham sé la:

A(0;16m* —m +1), B(zﬁ;l—m), C(—zﬁ;l—m)
Taco: ﬁ:(o;m—l6m2); R:(—4M;O);ﬁ:(2ﬁ;m);ﬁ:(2\/Z;—16m2)

AHBC=0 |0(~4m)+(m—-16m*).0=0
- <~

Diém H 1a trwc tAm tam gidc 4BC khi
CH.AB=0  |2Jm.2m+m(-16m*)=0

0

m

< 4dm—-16m’ =0 < . Két hop véi diéu kién m > 0 tim dwoc mzé

1
+—
2

A |
Vaymzala gia tri can tim.

Cau 22. (HSG12 tinh Cin Tho ndm 2018-2019) Cho ham s6 y =x" —8mx* +16m’> —m+1 (véi m 1a
tham s& thuc ) c6 do thi (C’) va diém H (0;1). Tim tdt ca c4c gié tri ctia m dé do thi (C) c6 ba diém

cuctri 4,B,C saocho H latryc tam cta tam giac ABC.

Loi giai
Tdc gid:Pho Vdn Giang; Fb: Giang Phd.
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Tap xac dinh: D=R

Tacé: y'=4x> —16mx = 4x(x* —4m)

2
x =4m

y':0<:>4x(x2—4m)=0c>{
Db thi (C) c6 ba diém cuec tri khi va chi khi m >0 (1)

Gia st cac diém cuc tri la A(O;16m2 —m+1), B(2\/%;1—m), C(—2\/Z;l—m).
Ta c6: AH =(0; m—16m2),ﬁ*=(—4\%;0)

(2\/% m),A—B:(2\/%;—l6m2).

CH

Do H(O;l) la trieec tam cda tam gidc ABC nén:

m=0
AHBC=0 _[0.(~4m)+(m=16m*).0=0 m=0 |
e e, 1em=——
CHAB=0  |4m-16m’=0 m=a 2
m=t
"2

Két hop v&i diéu kién (1) tacod: m = %

A g o w sy 1
Vayg1atr1mcant1mla:m=§.

Céu 23. (HSG12 tinh Ha Nam ndm 2018-2019) Cho ham s8 y = mx’ —3mx” +(2m +1)x+3-m(1), v6i
m 1a tham s6 thue. Tim tét ca cac gia tri ctia tham s6 m dé€ d6 thi ham s6 (1) c6 2 diém cuc tri 4 va

" 11 ’ . .
B sao cho khoang cach tir diém / (E’;j dén dwong thang 4B dat gia tri lén nhat.

Lovi gidi

Nhom Tic gid: Nguyén Thi Hupnh Nhw; Fb: Nhu Nguyen; Vil Kiéu Oanh; Fb: Rio Vi Vi. Trin Ngoc
Hiéu; FB: Tridn Ngoc Hiéu

TXDb: D=R.
Tacé: y' =3mx* —6mx +2m+1.

bé&ham s6 (1) c6 2 diém cuc tri < PT: )’ =0c6 2 nghiém phén biét

m=0 m=0 m<0
oy, & S ().
A'>0 3m* =3m>0 m>1

, (1 1) 2 2 1 10
Taco: y=y.|—x—=|-——mx+—x——m+—.
3 3) 3 3 3 3
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Khi d6 dwong thing di qua 2 diém cwc tri 4 va B cia do6 thi ham s6 (1) Ia
(A): yz—%(m—l)x—m_lo<:>2(m—1)x+3y+m—10=0.

Gia str dwong thing (A)ludn di qua diém M (x,; , ) ¢ dinh v&i moi gid tri ctia m

Suy ra: 2(m—1)x0+3y0+m—10=0,Vm <:>m(2x0+1)—2x0+3y0—10=0,Vm

1
2x,+1=0 —__
Stk o 2:>M(—l;3j.
2%, 43, -10=0 B 2
Yo=3

Goi H la hinh chiéu vuéng géc cia 7 1én A nhw hinh vé

I

Khid6: d(1,A)=IH < IM .

Do d6 d(I,A) 16n nhdtkhi H = M

o IM LA@W.ZzO@—?a—%(I—m):O@m:?a (théa man (¥))

i IM =(—1;—3j@ =(3;2(-m)))

Vay m=3.
Nhan xét: (Lé Thanh Binh)

X ly bai todn khodng cach tir ](%,%5) dén dwong thang AB:2(m—1)x+3y+m—10=0 bang dai s&

NN

‘m 1+—+m 10‘ ‘Z(m 1)+

\/4(— 4(m-1)’ +9
- Buw{m(i) e

bit +=2(m-1) ta duoc d([;AB): =
1> +9

nhuw sau: Ta c6 d (I;4B) =

—+

]

Dang thirc xay ra <:>%= <:>t=4<:>2(m—1)=4<:>m=3 (théa man (*))

A w|w

CAu 24. (HSG12 tinh Ha Tinh ndm 2018-2019) Cho ham s6 y =x’ —3mx” +4m” —2 c6 0 thi (C,) va
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diém C(1;4). C6 bao nhiéu gid tri nguyén ctia m d€ do thi ham sé (C,,) c6 hai diém cuc tri 4,B sao
cho dién tich tam gidc ABC bang 4?

Lovi giai
x=0
TXB:D:R.Tac():y'=3x2—6mx=0<:{ .
x=2m

D& d6 thi ham s6 c6 2 diém cwec tri thi diéu kién la: m =0 (*).
Toa d¢ hai diém cyc trila: 4(0;4m” —2), B(2m;—4m® +4m’ - 2).

Phuwong trinh dwong thdng AB:2m’x+y—4m* +2=0

6-2m’|
d(C;AB)zM ; AB =(2m;=4m’) = AB =~4m® +16m° = 2|m|\1+4m’

1+ 4m*

. 1 ; m =%l
Do d6: S, 5 = Ear(c; AB).AB =|6m—2m’|=4 < 4, ().
m=2=x

Vay c6 4 gia tri nguyén m thdéa man yéu cau bai toan.

Cau 25. (HSG12 tinh Hwng Yén 2018-2019) Cho ham s6 y =2x—2-m~ x> —4x+5 v&im 12 tham sé.
Tim céc gia tri cia m d€ ham sé co cuc tiéu.

Lo giai
Xét y=2x—2-myx* —4x+5
TXD: R
m(x—2)
Jx*—4x+5

+) Ham s6 c6 cuec tiéu thi trweéc hét phwong trinh ' =0 c6 nghiém.

2Jx* —4x+5

y’=2— ,VXER.

y'=0em="0 T
x—2
. 2Jx? —4x+5
bat g(x):—
x=2
2(x—2)

(x—2)—2vx* —4x+5

g,(x):\/xz—4x+5 = 2 <0,Vx#2.

(x—2)2 _(x—2)2\/x2—4x+5
BBT:
| _o 2 +od
g — —
- +
. \ \
P 2
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>2
Tl bang bién thién ta c6 phwong trinh (*) c6 nghiém < {m %
m<—

_2)2
Vx? _4x+5_(x7
+) yn:_m VX2—4X+5 —m ,VXER.

X —4x+5 (x2—4x+5)\/x2—4x+5

V&i m>2= y"<0:Ham s6 khdng c6 cuc tiéu.

Véi m<-2= y">0: Ham s6 c6 cuc tiéu.
Viy m <—2thi ham sé c6 cuc tiéu.

Ciu 26. (HSG12 huyén Lwong Tai Bic Ninh ndm 2019) Cho ham s8 y = £(x) lién tuc trén R va c6

_ (=) (x-2) (x-3)

daoham f'(x)= T2 .Héiham s6 y = f(x) c6 bao nhiéu diém cuc tri?
x_
A 4. B. 2. C. 3. D. 1.
Lo giai

T4c gid: Phan Thi Thanh Lé; Fb:Lé Phan;

Chon C
x=1
f'x)=0|x=2.
x=3

f'(x) khong xac dinh tai x=4.
Ham s6 y = f(x) lién tuc trén R nén ham s6 xac dinh tai x = 4.

Bang bién thién cia ham sé y = f(x):

X —0 1 2 3 4 +0
S'(x) -

0 + 0 &+ 0 |+
f(x)\/\/

Tt bang bién thién trén, suy raham sé y = f(x) ¢6 3 diémcuctrild x=Lx=3;x=4.

Cau 27. (HSG12 tinh Hai Phong nim 2018-2019)

a) Cho ham s6 y = x” +3x”> —9x +1 ¢6 dd thila (C). Goi A,B la hai diém cyec tri ctia (C).Tinh dién
tich cua tam gidc OAB, trong dé O la gbc toa do

b) Tim t4t ca cac gia tri thwc ciia tham s6 m dé ham s y = 2x + my/x* + 4x + 6 c6 cuc tiéu.

Lo gii
a)

) Tapxécdinh D=R. y =3x>+6x—-9=y =0 | .
X=—

Dia chi truy cap click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 287 #%




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

+) (C) c6 hai diém cuc trila A(—3;28),B(1;—4)

+) OA = (—3;28),0B = (,—4) = S, =%|—3-(—4) —1.28]=8

b)
X+2

Vx* +4x +6

+) Ta c6: Ham s6 c¢6 dao ham lién tuc trén R nén ham s6 c6 cyc ti€u thi phwong trinh

+) Tap xdcdinh D=R;y =2+m

y'=0 phai cé nghiém.

—2\Jx*+4x+6

+) Xét phwong trinh y'=0< m = J(x = =2)

X+2
—2Jx* +4x+6
X+2

4
(X +2)°/x> +4x + 6

tacod lim g(x)=—2; lim g(x) =2, tir d6 ta c6 bang bién thién cia ham s6 y = g(x) nhuw

X—+00

bit g(x) = ,XER\{-2}.Tacbd g(x)= > 0,Vx = —2.Ngoai ra

sau

Tt bang bién thién suy ra phwong trinh y'=0 c6 nghiém khi va chi m € (—o0;—2) U (2;+00)
+) Xét treong hop 1 m > 2
Phuong trinh y'=0 c6 nghiém duy nhat x, , khi d6 ta cé: lim y'=24+m>0; lim y'=2—-m<0

X—+00 X——00

nén ta c6 bang bién thién cia ham s6 cé dang

T — o0 X, + oo
y' S 0 +
y

\‘f(xn/

Tt bang bién thién suy ra ham s6 cé cuc tiéu.
+) Trwong hop 2 m < —2 suy ludn twong ty ta suy ra ham so chi c¢6 cyc dai, khong théa man.

Vaiym > 2

Cau 28. (HSG12 tinh Lam P6éng nam 2018-2019) Tim tit ca cac gia tri clia tham sd m dé ham so
y=—x’+3x +3(m2 —1)x—3m2 —1 ¢6 hai diém cyc tri x,;x, théa man x, +4x, =0.
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Loi giai
Tacéd y'=-3x" +6)c+3(m2 —1).

D& ham s6 c6 hai diém cwc tri thi y'=0 c6 hai nghiém phan biét
=A'>0e 3 +33(m’ -1)>0

<S9Im? >0

Sm#0. (%)

; X +x, =2
Ap dung dinh ly Vi-et ta c6: { : 21 , két hop diéu kién dé bai ta dwoc hé phwong trinh
xx,=1-m
8
X == X ==
X +x,=2 3 3
xx, =l-m’ < n=-3 xZ:—EQm:ig théa man (*)
x, +4x,=0
1-m’ __Io m’ -2
9 9
5
Vay m==+—.
Ay 3

Cau 29. (HSG12 tinh QUANG NINH 2018-2019) Cho ham s6 y = x* — 2mx” + 2m—1 véi m 13 tham s6.
Tim tat ca cac gia tri cia m dé d6 thi ham s6 da cho c6 ba diém cwec tri 1a 3 dinh clia mot tam giac
vuong

Lo gidi
Tdc gid:Trdn Thi Vin; Fb: Tran Thi Vin
Tap xac dinh D =R

y':4x(x2—m)
y'=0®4x(x2—m)20<:>

D€ ham s6 cé ba diém cuc tri thi y' =0 c6 ba nghiém phan biét tircla m>0.

Khi d6 ba diém cyc tri ctia dd thi ham s8 13 A(—/m;~m”+2m 1), B(0;2m ~1),C(Nm;-m’ + 2m 1)
Vi ham s8 da cho 1a ham s6 chin nén tam gidc ABC cantai B € Oy; A,C d6i xtrng nhau qua truc Oy .
Nén dé tam gidc ABC 1a tam gidc vuong thi tam gidc 4BC vudngva cin tai B .

m=1

Khid(’)AC:AB\/E@m“:mcmzzx/ac:{ 0
m =

Do m >0 nén chon m=1.

Kétluan m=1.

Cau 30. (HSG12 YEN LAC 2 nam 2018-2019) Cho ham s8 y = x’ —3mx’ +4m* —2 c¢6 dd thila (C,,).
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Tim m dé& d6 thi ham s6 (C,,) c6 hai diém cuc tri 4, B sao cho dién tich tam giac ABC bang 4, véi
C(1:4).

Lo giai
TXD: D=R
Pao ham y' =3x* —6mx

! 2 x=0
V=0&3x"—6mx=0 <&
x=2m

Do thi c6 hai diém cwc tri khi ' =0 c6 hai nghiém phan biét, khi m =0

Toa dd hai diém cuc trila 4(0;4m” —2); B(2m;—4m’ +4m’ —2).
Tacé AB = (2m;—4m’) = AB=~J4m" +16m" =2|m|\1+4m" .

Phwong trinh dwong thang 4B 1a: 2m’x—y—4m> +2=0

6—2m’|
Khoang cach tir diém C dén duwong thdng 4B 1a: d (C, AB)= ‘—
JI+4m?*

Suy ra, dién tich tam gidc ABC la: S = %.d (C,4B).4B = \6m - 2m3\ .

m==+l1

Tir gid thiét suy ra: |6m —2m’| =4 & .
m=

Ciu 31. (HSG12 tinh Binh Thudn ndm 2018-2019)Tim tit ca cac gia tri thuc ctia tham s6 m dé do
thi ham s6 y = x’ —3x”> —=3mx +m c6 hai diém cwc tri ndm khac phia déi véi truc hoanh.

Lo gidi
Tdc gid: Phung Dirc Cwrong; Fb: Phung Dirc Cirong
Tap xac dinh D=R.
Pao ham ctia ham s6 13 y'=3x" —6x—3m.
Yéu cau bai toan < Phuwong trinh y'=0 c6 hai nghiém phan biét x,, x, théa man y(x,).y(x,)<O0.
Phuong trinh ' =0 c6 hai nghiém phan biét < 1+m>0<m>-1 (¥).
Khi d6 d6 thi ham s da cho c6 hai diém cuctrila 4(x;5y,), B(x,5),).

Ta cé y:(g—%)y'—2(m+l)x.

Do doé y, =y(x)==2(m+1)x, y, =y(x,)=-2(m+1)x,.
y(x)p(x%)<0e 4(m+1) x.x, <0

S xx, <0 -m<0& m>0.
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Két hop véi diéu kién (*) ta c6 m >0 théa min bai toan.

Céu 32. (HSG12 tinh Thai Binh ndm 2018-2019)Cho ham s§ y =x’ +2(m+1)x* +(8m—3)x+8m—6.

Tim m dé& ham sé c6 cuwc dai, cuc tiu trong d6 ¢ mot diém cwe tri ciia do6 thi ham s6 thudc géc phan
tw thi hai, mot diém thudc géc phan tw thi tw ctia hé truc toa d6 Oxy .

Lo giai
Cach 1: Tacé y' =3x"+4(m+1)x+8m-3.
Ham s6 trén c6 cwc dai, cwc ti€u khi " =0 ¢6 hai nghiém phén biét.

4+43
m>

2

4-43

m<——-
2

AN>04(m+1) =3(8m=-3)>0

(1)

DPwong thiang di qua hai diém cuc tri ctia d6 thi ham s6 c6 phwong trinh:

y=§(—4m2 +16m—13)x+§(—8m2 +31m-24)

—4(m+1)
3

8m—3

3

X, +x, =
Goi (x,;3,); (x,5¥,) 12 diém cuec tri ctia d6 thi ham s6. Ta c6:

XX, =
y =3(—4m2+16m—13)x +3(—8m2+31m—24)
1 9 1 9

” zg(—4m2 +16m—13)x, +§(—8m2 +31m—-24)

Ham s§ y=x’+2(m+1)x*+(8m—3)x+8m—6 c6 hé s6 a=1>0 nén khdng xay ra truong hop do
thi ham s6 c6 mot diém cuec tri thudc goc phan tw thir nhat, mét diém thudc goc phin tw thi ba cta
hé truc toa do Oxy.

D& mot diém cuc tri cia do6 thi ham sé thudc goc phan tw thi hai, mot diém cwc tri cia do thi ham sé
x.x, <0

thudc goc phan tw thi tw cia hé truc toa do Oxy thi { .
V¥, <0

Véi xz.x2<0<:>m<§(2).

Vi »y, <0
[ (-4m +16m-13)x, +(~8m’ +31m—24) || (~4m’ +16m—13) x, +(~8m’ +31m—24) | <0
& (4m* +16m—13) xx, +(~8m* +31m —24)(~8m* +31m —24)(x, +x,) +(~8m’ +31m ~24) <0

(3).

m>3

<:>—m2+4m—3<0<:>{
m<1

Tir (1) (2) (3) suyra m <§ thi thoa de.
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CAch 2:Yéu cau bai toan twong dwong vdi ham s c6 hai diém cuc tri trai ddu va do thi cat truc
hoanh tai 3 diém phéin biét.

+Tacé y' =3x"+4(m+1)x+8m—3, ham s6 c6 hai diém cyc tri trdi ddu < 3.(8m-3) <0< m <%.

+ D0 thi cat truc hoanh tai 3 di€ém phan biét< x* +2(m+1)x* +(8m—3)x+8m—6=0(1) c6 3 nghiém
phan biét.
x=-2

Phuzcrngtrinh(1)c:>(x+2)(xz+2m’f+4m_3)20<:> 249 4m-3=0(2)
X +imx+4am—>5=

Phwong trinh (1) c6 3 nghiém phan biét < (2) cé hai nghiém phan biét khac -2
AN=m’—4m+3>0 m>3
=

(<2 —4m+4m-3=0 |m<1’

{m>3
Vay m<l <:>m<§.

m<—
8

Cdu 33. (HSG12 tinh Lao Cai nim 2018-2019) Cho ham s8 y=f(x) c6 dao ham
f'(x)= (x—3)2018 (ez" —e* +§j(x2 —2x). Tim tat ca cac gia tri thwc cha m dé ham sé f(x2 —8x+m)

c6 dung 3 diém cyc tri sao cho x +x; +x; =50, trong d6 x,, x,, x, 1a hoanh do ctia ba cyc tri doé.

Lo gidi
Cach 1.
x=3
Tac6 f'(x)=0<|x=0.Trongdd, x =3 la nghiém bdi chan.
x=2

Xét ham g(x):f(x2 —8x+m) co g'(x):(2x—8)f'(x2 —8x+m). Khi d¢,

_x:4 _x:4
x> —8x+m=3 x*-8x=3-m (1)

! =0 .
gx)=0e x2—8x+m=2<:> x*=8x=2-m (2)

_x2—8x+m=0 _x2—8x=—m (3)

Ta xét ham /(x)= x> —8x. Ham s6 nay c6 bang bién thién nhw sau
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*o| - 4 +o0
' (x) - 0 +
+00 +o0
h(x) \ /
-16

Néu 3—m <—16 < m >19 thi cic phwong trinh (1), (2), (3) déu vd nghiém. Do d6, ham s§ g(x) chi

c6 mot cuc tri.

Néu 2-m<-16<3-m < 18<m<19 thi phwong trinh (1) c6 2 nghiém bdi chdn hodc nghiém kép,
phuong trinh (2)v6 nghiém hodc c6 nghiém kép, phwong trinh (3) v6 nghiém. Do d6, ham s8 g(x)

chi c6 mot cuec tri.

Néu —m<-16<2-m<>16<m <18 thi phwong trinh (1) c6 2 nghiém boi chan, phwong trinh (2)
c¢6 2 nghiém boi 1&, phwong trinh (3) v6 nghiém hodc c6 nghiém kép. Do d6, ham s8 g(x) c6 ba cuc
tri. Khi d6, gid sit x, =4 thi x,, x, 1a hai nghiém cta phwong trinh (2) thoéa méan diéu kién
X +x; :34<::>(x2 +)c3)2 —2x,x, =34.

Két hop voi dinh Iy Vi-et ta c6 64—2(m—2)=34 < m=17 (thdéa diéukién 16 <m <18).

Néu —m >-16 < m <16 thi phwong trinh (1) c6 2 nghiém boi chan, phwong trinh (2) c6 2 nghiém

don, phwong trinh (3) c6 5 nghiém don. Do d6, ham s6 g(x) khéng théa man cé ba cyec tri.
Vay m =17 la gia tri cin tim.
Cach 2.

Xét ham g(x):f(x2—8x+m) co
g'()c)=(2x—8)f'(x2 —8x+m)

= (2x—8)(x2 —8x+m —3)2018 (e“zm”z’" —et b +%j[( P _8x+ m)2 —2(x2 —8x+ m)} .

D4u ctia g'(x) cung ddu véi (2x—8)[(x2 —8x+m)2 —Z(x2 —8x+m)} :

x=4 x=4
Ta co (2x—8)[(x2 —8x+m)2 —2(x2 —8x+m)}=0c> X -8x+m=0=|x"-8x=-m
X' —8x+m=2 X’ —8x=2-m

Ta xét ham /(x)=x’ —8x. Ham s nay c6 bang bién thién nhu sau

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 293 #%




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

X | = 4 +00
() - 0 "
+o0 +00
h(x) \ /
-16

Ham s6 c6 ba cuwc tri khi va chi khi -m<-16<2-m < 16<m <18.Khi d6, gid stt x, =4 thi x,, x; la

hai nghiém ctia phwong trinh x* —8x =2—m théa man diéu kién
X +x; =34 (x, +x3)2 -2x,x, =34.
K&t hop voi dinh 1y Vi-et ta c6 64—2(m—2)=34 < m =17 (théa diéukién 16 <m <18).

VAy m =17 la gia tri cin tim.

Ciu 34. (HSG12 tinh Ha Tinh nam 2018-2019) Cho ham s6 y= f(x) xac dinh trén R c6
£(=3)> 8, £(4) >§, f(2)<%. Bl&t rang ham!soly = () c6|do! thi nhi hinbve ban dwei Hal do thi

hams8 y =2 f(x)—(x - 1)2 | c6 bao nhiéu diém cuc tri?

Loi giai
Tdc gid: T6 Minh Truong; Fb: Té6 Minh Truong
o 2
bat g(x)=2f(x) —(x— 1)

Nhén xét: S6 diém cuc tri ctia ham s6 y = g(x) | bang tdng s8 diém cuc tri ctia ham s§ y = g(x) va
s6 nghiém ctia phwong trinh g(x) = 0 khong trung véi diém cuec tri.

Taco.g'(x) =2/ "'(x)-2(x—1)=2[f'(x)— (x - 1)].

Tl d6 thi ham s6 y = f'(x) va dwong thiang y = x—1 ta duoc:
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x=-1
x=1
g'x)=0=
x=2
x=3
Bang bién thién
z|_ o -1 1 2 3 e
g'(x) - 0 4+ 0 + 0 - 0 n
o 9(2\ /
g(—1) g(3)

Ta thdy ham s6 y = g(x) c6 3 diém cuc tri. Theo gia thiét
f(=3)>8=g(-3)=2f(-3)-16>0
f(2)<%:>g(2)=2f(2)—1<0
f(4)>%:>g(4)=2f(4)—9>0

T d6 suy ra phwong trinh g(x)=0 c6 2 nghiém phan biét khiac cac diém cwc tri cia ham so

y=g(x).Vayham s6 y =|2f(x)—(x—1)" | ¢6 5 diém cyc tri.

Ciu 35. (HSG12 huyén Lwong Tai Bac Ninh ndm 2019) Cho ham s y = f"(x) c6 db thi nhw hinh vé

bén.Tim s6 diém cwc tri cia ham s6 y =6 48/,

A.3. B. 4. "C.5. D. 6.

Lo giai
T4c gid: Nguyén Pang Triic; Fb: Triic Xinh
Chon B

Pit y=g(x)=6"" +8'.
Xétham sg g(x)= 6f(x) +8f(x) = g'(x) =f'(x).6f(x).ln6+f'(x).8f(x).ln8;Vx €R.

f(x)=0(1)

Ta co g'(x)=0©
6/ m6+8") mg=0(2)
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Dwa vao do thi ham s6 y = f'(x), ta thdy:
Phwong trinh (1) cé 4 nghiém phan biét va lién tuc d6i diu khi qua cac nghiém.
Phwong trinh (2) vé nghiem vi 6/ ). 1n6+87 (). 1n8 > 0,vx e R.

Vay phwong trinh g'(x)=0 c6 4 nghiém phén biét lién tuc dgi d4u khi qua cac nghiém hay ham s6

da cho c6 4 diém cuec tri.

Cau 36. (HSG12 Tan Yén - Bic Giang Nam 2019) Cho ham s6 y = f(x) c6 bang bién thién nhw sau.
Ménh dé nao dudi diy sai?

x —oo -1 0 1 +oo
70 + 0 - 0+ 0 -
4 4
£ / . / \
—o 3 —0
A. Ham s6 c6 gia tri cuc ti€u bang 3. B. Ham s0 c6 hai diém cuc dai.
C. Ham s6 ¢6 3 diém cuec tri. D. Ham s0 c6 gia tri cuc ti€u bang 0.
Lo giai

T4c gid:Dwong Hong ; Fb:Dwong Hong
Chon D

Tl bang bién thién ta thdy ham s6 c6 gia tri cuc ti€u la 3 khi x, =0. Viy ménh dé & dap an D sai.

Cau 37. (HSG12 Thanh Ph§ Pa Ning 2018-2019) Cho ham s§ f(x)=x’—4x’. Héi ham s8
g(x)=f(|x|-1) c6 bao nhiéu cyc tri?

A 6. B. 3. C. 5. D. 4.

Lo gidi
Tdc gid:Trdn Quéc An; Fb:Tran Quoc An
Phdn bién: Lé Tudn Anh
Chon C
Nhén xét: Him s§ g(x)= f(|x| —1) 12 ham s6 chan nén d6 thi cia né nhan Oy lam truc déi xing, do
d6 ta chi chi xét dd thi ciia ham s8 g, (x)=f(x—1) v6i x>0 sau d6 ldy ddi xting qua Oy ta dwgc

dwoc @6 thi ham s6 g(x):f(|x|—1).
Xét gl(x)=f(x—1)=(x—1)3—4(x—1)2,vé'i x>0,
Ta c6: gll(x)=3(x—1)2—8(x—1)

x=1
g (x)=0<(x-1)(3x-11)=0< 11 -

X=—

3
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Béng bién thién cta g(x)

x — -2 E 0 1 2 +0
b 2
g'(x) - 0 + 0 - | + 0 - 0 +
+0
" \ /\_3/ . /
’56 _ 256
27 27

Dwa vao bang bién thién cia ham sé g(x), ta thdy ham so g(x) c6 5 cuec tri.

Cach 2 : Xét @6 thihamso y = f(x) =x’ —4x’, ta c6 bang bién thién

* —0 0 § +0
3
f(x) - 0 - 0 -
flﬂ ’ \ /‘Hr
"56
27
-0

b6 thi ham s6 y = f(x—l) c6 dwgc bang cach tinh tién do thi ham s6 y = f(x) qua phai 1 don vi, ta

c6 bang bién thién cta do6 thi hams6 y = f(x—l) nhu sau :

% 11
—0 1 i +m
3
£( x) - 0 - 0 -
/() 0 \ /+3C
: | 256
27
—0

Hams6 g(x)= f(|x| —1) 12 ham s6 chdn nén db thi ctia n6é nhan truc Oy lam truc ddi xitrng, do d6 ta
chi cAn vé d6 thi ham s y= f(x—l) rng v&i x>0 sau do6 1y doi xirng qua Oy ta dwoc d6 thi ham

s6 g(x)= f(|x|—1) , ta c6 bang bién thién ctia ham s6 g(x)= f(|x|—1) :

¥ | - -1 0 1 i 40
3 3
g'(x) — 0 + 0 - | + 0 - 0 +
+0 0 0 +0
g(x) / \ . / \ /
-2
256 256
- .

Cau 38. (T6-25-Lan-2-HSG-Yén-Diing) Cho ham s6 y=x’ —3mx+2 . Tim m dé ham s6 c6 cuc dai,
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cue tiéu va dwong thang qua diém cuc dai va cure ti€u cia d6 thi ham s cat dwong tron tam 7 (1;-1),
ban kinh R =2 tai hai diém A4, B sao cho tam gidc I4B c6 dién tich 16n nhat.

1
m=—
A. 2 . B.me[l;Z]. C.m:z. D.m:l
=] 2 2
m=—
2
Loi giai
Tdc gid: Ngo Gia Khdanh; Fb:Khdnh Ngé Gia
Chon D

Tacéd: y =3x" —3m
Ham s8 c6 cuc dai, cwre tiéu khi va chi khi phwong trinh y =0 c6 hai nghiém phan biét
< x* —m =0 c6 hai nghiém phan biét < m > 0.

x=%:>y=—2m\/%+2
x=—\/z:>y=2mx/a+2

M(\/Z;—2m\/;),N(—\/Z;2m\/E).

Khidé: y =0 nén toa do hai diém cwc tri ctia d6 thi ham sé 13

Phuong trinh duwdng thang A di qua hai diém cwc tri cia d6 thi ham sd:
y==-2mx+2<2mx+y-2=0.

( Phwong trinh dwong thing A: y = r(x) di qua hai diém cuc tri cia do thi ham s6 ¢d thé tim

bdng cdch xdc dinh r(x) = —2mx +2 13 phan dw ctia phép chia y = x’ —3mx +2 cho

y =3x>=3m).

Dién tich tam giac[ABla: S = %IA.IB.sin AIB < %Rz =2. Dién tich S 1&n nhit khi va chi khi 74 1 IB

hay tam giac IAB vuong can tai I.
: R 2m—1-2]
Khi d6, khoang cach tir1dén A: d(1,A)=——=<d([,A)=2 o — -
(1.4) 2 (1.4) Jam® +1

o (2m-3) =8m* +2 = 4m’ +12m-7=0 &

R | .
Daoi chiéu véi diéu kién m >0 suyra m = 5 la gia tri can tim.

Cau 39. (HSG12 Thanh Phé Da Nang 2018-2019) Tim tAt ca cac gia tri cia tham s m dé ham s§
y=x"+4mx’ +3(m+1)x* +1 cécyc tiéu ma khong c6 cuc dai.
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3

A. me(—oo;ﬂ}. B.me _#;l}u{—l}.
3 7 ’ . ; .

3 3

Loi giai
T4dc gid: Vi Huynh Pirc; Fb: Vii Huynh Ditc.
Phan bién: Huong Nguyen; Fb: Huong Nguyen.
ChonD
Tap xac dinh R.
bit f(x)=x"*+4mx’ +3(m+1)x2 +1
S1(0) = 4% +12mx" +6(m+1)x = 2x| 22> + 6mx +3(m +1) |.

x=0
f=0e {g(x) =2x" +6mx+3(m+1)=0
Nhan xét:
1)Ham s6 f(x)=x" +4mx’ + 3(m + 1) x* +1 chi xdy ra hai trirong hop vé curc tri
+ Trwong hop 1: Co 3 diém curc tri trong do co 2 diém curc tiéu, 1 diém curc da.
+ Trwong hop 2: Co ding 1 diém curc tri, do la diém cuec tiéu.
2) Him s6 f(x) ¢d 3 diém curc tri khi va chi khi phwong trinh f'(x) = 0 ¢ 3 nghiém phan biét.
Do do, ta tim m thoa yéu ciu dé bai theo trinh tu sau
+ f(x) ¢6 3 diém cuctri < f’'(x)=0c6 3 nghiém phan biét.

< Phwong trinh 2x” +6mux +3(m +1) c6 hai nghiém phan biét khac 0.

A'=9m* —6m—-6>0
m+1=0 '

&S m e(—oo;—l)u(—l;1_3\/7]&)(1—:/7&00). (D

+ Lay phan bu két qua vira tim dwgc ¢ (1):

1-v7 1447

Ham sd f(x) céldié’mcuctri@me{ PR }u{—l}.

Vay ham s§ y=x"+4mx’+3(m+1)x’+1 c6 cyc tiéu ma khéng c6 cuc dai khi va chi khi

1—\/7'1+\/7
me{ 3 3 }u{—l}.
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Cau 40. (T6-25-Lan-2-HSG-Yén-Diing) Tim tham s6 m dé d6 thi hAm s6 y = x’ +3x” +m c6 hai diém
cuctri 4,B sao cho goc AOB =120"véi O 1a goc toa do.

Loi giai
Tdc gid:; Fb:
y'=3x"+6x
y'=0& Lx:_oz

Do thi Ham s& ludn c6 hai diém cuec tri A,B:
A(O;m); B(—2;4+m)

OA =|m|; 0B =m* +8m+20

cos AOB = 240& = m+4m !
04| [OB| " || Afm* +8m+20 2

<:>|m|.\/m2+8m+2 =-2m" —8m

2m*> —8m >
DK:{ m=8m20 gm0
m#0

Khi do:

|m|.\/m2 +8m+20 =-2m*> —8m
< m*(m* +8m+20)=4m* +32m’ + 64m*
< 3m* +24m’ +44m* =0

o m’(Bm* +24m+44)=0

m=0 (Loai)
“12+243
S|lm=—-
3
m= ﬂ (Loai)

Vay cac gia tri m can tim la: m = ﬂ

Cau 41. (HSG12 Ninh Binh 2018-2019) Tim tAt ca cac gia tri cia tham s6 thwc m d€ dwong thang di
qua hai diém cuc dai, cuc tiéu cia d6 thi ham s6 y = x’ —3mx+2 cit dwdng tron (C) cétam I(1;1),
ban kinh bang 1 tai hai diém phan biét 4, B sao cho dién tich tam gidc /4B dat gia tri Ién nhit.
+ + + +
A.m=2_\/§. B.m=2_\/§. C.m=l_\/§. D.m=2_\/§.
3 2 2 2
Lo giai

T4c gid : Nguyén Xuin Chinh, Fb: Chinh Nguyén
Chon B
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¥y =3x-3m
V=03 -3m=0=x"=m.
Ham s6 dat cwc dai, cuc tiéu < m >0,

Tacéd: y=x" —3mx+2 zéx(.’)xz —3m)+(—2mx+2) zéx.y'+(—2mx+2).

Duwong thiang A di qua hai diém cuctrila y=—2mx+2.

Duong thang A cat dwong tron (C) tai hai diém phan biét 4, B

@d(l,A)<R@M<1@4m2—4m+1<4m2+1@m>0.

Vam® +1

1 . 1. 1
Sz :E.IA.IB.sm] :Esml SE.

oo 1
Dién tich tam giac /4B dat gia tri l6n nhat bang > khi AAIB vudng cantai 7.

M 2m-1 1

2 w1 2

Do dé6: d(I,A) = ©2(4m” —4m+1)=4m’ +1< 4m* —8m+1=0

243

< m= .

2

Ciu 42. (HSG12 tinh Bic Ninh 2018 - 2019 ) Cho ham s6 f(x) c¢6 dao ham
f'(x)=x"(x+ 1)(x2 +2mx + 5). Cé tat ca bao nhiéu gia tri

nguyén ctia m dé ham sd f(x) c6 ding mot diém curc tri?

A 6. B.5. C. 0. D.7.

Lo giai
T4c gid: Kiéu Thi Thdy; Fb: Thdy Kiéu
Chon A
béham s8 f(x) c6 diing mot diém cuc tri thi f'(x) d6i ddu ding mot lan.
x’=0
Tacé: ['(x)=0<|x=-1

X' +2mx+5=0
bit g(x)=x"+2mx+5.PEhamsé f(x) c6 dung mot di€m cyec tri xdy ra cac kha nang sau:

+) TH1: g(x)=0 c6 nghiém kép, diéu kién la A'=m’-5=0 < m=+/5 khong théa man m

nguyeén.
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+) TH2: g(x)=0 c6 hai nghiém phén biét, trong d6 c6 mét nghiém bang 0 (khong thé xay ra) hodc
A>0 {mz >5
=S
0

g(—l)z < m=3.

c6 mot nghiém bang —1. TH nay xay ra < { 3
m=

+) TH3: g(x)=0 vO nghiém tic AN<0e=m —5<0< —/5<m<~5, do m nguyén nén

me {—2;—1;0; 1; 2} : ¢O0 5 gid tri cia m.Vay c6 6 gia tri m nguyén théa yéu cau bai toan.

Cau 43. (HSG11 Nho Quan Ninh Binh 2018-2019) Cho ham s y =ax’ +bx+c \ ! /x
6 do thi nhw hinh bén dwéi. Khdng dinh ndo sau day dung?’ 0 i
A a>0,b<0, c<0. B.a<0, b<0, c<0.
C.a>0,b<0, c>0. D.a>0,b5>0, ¢c>0.

Loi giai

T4c gid: Cong Phwong; Fb: Nguyén Céng Phwong

4
T

Chon A

Vi d6 thi quay bé 16m lén trén nén a >0, ta loai B
Do thi cit truc oy tai diém c6 tung dd Am nén ¢ <0, ta loai C,D

Vay A théa man.

Ghi chi: Véi diéu kién truc doi xiing x = —23 >0=b<0 (do a>0) ta cé thé loai dwoc D
a

Ciu 44. (HSG12 huyén Lwong Tai Bic Ninh nam 2019) Cho ham s8
y=f(x)=ax’+bx’ +cx+d (a,b,c,d e R,a#0) c6 do thila (C). Biét rang do thi (C) di qua gdc toa
dd va d6 thi ham s6 y = /'(x) cho béi hinh vé bén. Tinh gid tri H = f(4)— f(2)?

. "
-2 -1 1 2

A H=64. B. H=5l1. C. H=45. D. H =58.

Lo giai
ChonD

T4c gid: Nguyén Hodng Anh; Fb: Nguyén Hoang Anh
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+) Ta tinh: y' = 3az® + 2bz + ¢, do thidi qua géctoaddnén d =0 va a > 0
+) Theo d6 thi: f'(0)=1=c=1
F)=4s3a+2+1=4

fl(-)=4=3a—-20+1=4

b=0
=
a=1

+) f(4)— f(2) = 64a+ 16b+ 4c—8a—4b—2c

=56a + 120 + 2¢

=56.1+12.0+2.1 =58

V4-x°

2
X

Céu 45. (HSG12 tinh Bac Ninh 2018 - 2019 ) Cho ham s6 f(x)= c6 do thi (C). Tong sb

tiém can dirng va tiém can ngang ctia do thi (C) la
A 0. B. 3. C. 2. D. 1.

Lo gidi
T4c gid: Nguyén B4 Pai; Fb: Nguyén B4 Pai
ChonD

Tap xac dinh ctia ham sé 1a D =[-2;2]\{0} nén do thi khong c6 tiém can ngang.

/ 2 / 2
Ta c6 lim f(x) = lim f‘x =—o0 hodc lim /(x) = lim oy

x—0" =07 x° —3x x>0~ =00 x° —3x

=+o0 nén x=0 la tiém can ding.

Vay d6 thi ham s6 c6 1 dwong tiém cin ding.

Cau 46. (HSG12 tinh Ha Tinh nam 2018-2019) Cho d6 thi ham sé bic ba y = f(x) nhw hinh vé.

y

(x2 +4x+3)\/x2 +x
x[ () -2f(x)]

Ho6i d6 thi ham s6 y = c6 bao nhiéu dwong tiém can dirng?

Lo gii

Tdc gid:Lé Thi Mai Hoa ; Fb: Mai Hoa
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(x2 +4x+ 3)\/x2 +x
2
x[ 2 () =2/ (x)]

Xétham so: y =

\ <-1
Pigu kign dé vx” +x c6 nghfakhi x* +x>0 & r so O

x>
Viy: Néu x =a la dwong tiém cin dirng cia do thi ham so (1) thi: B i ;1
Xét cac phwong trinh:
1) x’ +4x+3=0<x=~-1vx=-3.(la cic nghiém cda ti thitc)
2) \/m =0 x=0vx=-1.(1a cic nghiém cta tr thirc).
3) x =0 c6 nghiém x, =0.
(xz +4x+ 3) Jx+1
Jx[ (0 -2f(x0)]
(x2 +4x+ 3)m
V=x[ /() -2/ (x)]
0= f(x) =0 .

f(x) =2
+ Xét f(x)=0 c6 2 nghiém x, =-3 (12 nghiém bdi) va x, €(-1;0) loai. Truong hop nay c6 mot

Voi x>0,taco: y= Trudng hop nay c6 mot tiém can dirng x = x;.

Vi x<—1,taco: y= . Khi d6 nghiém x, =0 (loai).

4 f7(x)-2f(x)=

tiém can ding: x = x,.

+ Xét f(x)=2 c6 3 nghiém gom x,;x; ( x;;x, #—3va x, <—l;x; <—1) va x, =—1 (loai vi ca tir va
mau thirc cing c6 nghiém x = —1). Trwdng hgp nay co hai tiém cin ding: x = x,, x = x,

Vay do thi cd 4 tiém cdn drng gbm: x =x,, x =X,, X =X,, X = X;.

Cach khac

~0
Xét phwong trinh x[fz(x) — 2f(x)} = ( )=0
f(x)=2

Dwa vao do thi dé bai ta co:
Phuwong trinh f(x)=0 c6 nghiém kép x =3 vanghiém don x =a €(-1,0).
Do f(x) laham s8 bac 3 va lim f(x)=—o Suyra f(x)=—(x+3) (x—a).

X—>+00

Phuong trinh f(x) =2 c6 ba nghiém phén biét x ={-1b;c}, véi c < -3;b e (-3;-1).
Do f(x)1lahams8bac3va lim f(x)=-w Suyra f(x)-2=—(x+1)(x-b)(x—c).

(x2+4x+3)\/x2+x= (x+1)(x+3) x(x+l)
x[fz(x)—Zf(x)] x(x+3)2(x—a)(x+l)(x—b)(x—c)

1 3 1
Khi doé: hmy—hm (x+ )(x+ ) x(x+ ) =400

x->0" x(x+3) ( a)(x+1)(x—b)(x—c)

lim y= lim (x+l)(x+3) x(x+1) L

¥>3"" x> x(x+3) (x—a)(x+1)(x=b)(x—c¢)

y:
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lim y = lim ()§+l)(x+3) x(x+1) .

¥ ¥t x(x+3) (x—a)(x+1)(x—b)(x—c)

lim » = lim ()§+1)(x+3) x(x+1) .

xob" xb" x(x+3) (x—a)(x+l)(x—b)(x—c)
(x+l)(x+3) x(x+l)

xl—igl’y :Xl—i}}}’ x(x+3)2 (x—a)(x+1)(x—b)(x—c) =0

lim y= lim (§+1)(X+3) x(x+1)
xo 1t X1t x(x+3) (x—a)(x+1)(x—b)(x_c)
(x2+4x+3)\/m
TP w-2/0)]

khong ton tai.

Vay do6 thi hams6 y = c6 4 dwong tiém can ding x =0,x=-3,x=b,x =c.

Cau 47. (HSG12 huyén Lwong Tai Bic Ninh nim 2019) Cé bao nhiéu gia tri nguyén cia tham sg
x+1—+/x"+3x
x’ +(m+l)x—m—2
A. 19. B. 18. C. 20. D.17.

m €[—-10;10] d€ do6 thi ham s8 y = (C) c6 dung hai dwong tiém can?

Loi giai
T4c gid: Trdn Xuin Hiép; Fb: xuanhiep tienthinh

Chon A
o~ ) x<-3
biéu kién: x"+3x>0<
x>0

Nhan xét: BAc trén tr nhé hon bac dwdi mau nén (C) c6 dwong TCN y =0

o x+1- x* +3x -1

y_ =
X'+ (m+1)x—m=2 (x+m+2)(x+1+\/x2+3x)

-m-2<-3 m2>1
=
-m—-220 m< =2

DE& c6 2 tiém cin, ta cin thém 1 TCD nira: suy ra {

Vay c6 19 gia tri cia m.

Cau 48. (HSG12 Ninh Binh 2018-2019) Tim tat ca cic gia tri cia tham s6 thuwc m dé dé thi ham s6
x+1

y== c6 hai dwong tiém cin dirng nam & phia bén trai truc tung.
x =2 (m — 1) x+4
\ 7 . 7 \ -3
A.m>3vam¢5. B.m>1vam¢5. C. m<—1. D.m<—1vam¢7.
Lo giai
T4c gid: Nguyén Thj Hoa ; Fb: Hoa Nguyen
Chon D
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x+1
x2—2(m—1)x+4
thi phwong trinh x* —2(m—1)x+4=0 c6 2 nghiém 4m phén biét va khac —1. (1)

c6 hai dwdng tiém cin dirng ndm & phia bén trai truc tung

D& d6 thi ham s6 y =

3
A'=(m-1) -4>0 {m>
m<-1 m<-1
. P=4>0
Tacé: (1)< Sim<l o _3.
S=2(m—1)<0 B m;t?
2m+3#0 m*E

Cau 49. (HSG12 tinh Ha Tinh nam 2018-2019) Cho d6 thi ham s bic ba y = f(x) nhw hinh vé.

y

— - - - - -

3 -

(x2 +4x+3)\/x2 +x
x[ () -2f(x)]

Hoi d6 thiham s6 y = c6 bao nhiéu dwong tiém cin dirng?

Loi giai
Tdc gid:Lé Thi Mai Hoa; Fb: Mai Hoa
(x2 +4x+ 3)\/x2 +x
x[ () -2f(x)]

Xétham so: y = (D

X2

" x<-1
biéu kién dé vx* + x c6 nghia khi x2+x20<:{ S0 @)

Vay: Néu x =a la dwong tiém cin dirng cua do6 thi ham s6 (1) thi: B i ;
Xét cac phwong trinh:

1D x*+4x+3=0<x=-1vx=-3.(lacac nghiém cia ti thirc)
2)Vx* +x =0 x=0vx =—1. (1a cc nghiém cdia ti thirc).

3) x =0 c6 nghiém x, =0.

(x2 +4x+ 3) Jx+1
x[ A -2f(x)]
(x2+4x+3) -x—1
V=x[ () -2 (x)]

Voi x>0,taco: y=

Truong hop nay c6 mot tiém can dirng x = x,.

Voi x<—-1,taco: y= . Khi d6 nghiém x, =0 (loai).

4) f(x)-2f(x)=0<
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+ Xét f(x)=0 c6 2 nghiém x, =-3 (12 nghiém bdi) va x, €(-1;0) loai. Truong hop nay c6 mot
tiém can ding: x = x,.
+ Xét f(x)=2 c6 3 nghiém gém x, ;x5 ( xy;x, #—3va x, <—1;x;, <—1) va x, =—1 (loai vi ca tl va
mau thirc cing c6 nghiém x = —1). Trwdng hop nay co hai tiém cin ding: x = x,, x = x;
Vay do thi cd 4 tiém cdn drng gbm: x =x,, x =X,, X =X,, X = X;.
Cach khac

x=0
Xét phwong trinh x| f(x) -2/ (x)|=0<| f(x)=0.
f(x) =2
Dwa vao do6 thi dé bai ta co:
Phuwong trinh f(x)=0 c6 nghiém kép x =3 vanghiém don x =a €(-1,0).
Do f(x)lahams§bac3va lim f(x)=- Suyra f(x)= —(x+3)2 (x—a).

X—>+o0

Phwong trinh f(x)=2 c6 ba nghiém phén biét x ={-1;b;c}, v&i c < -3;b e (-3;-1).
Do f(x)lahams8bac3va lim f(x)=- Suyra f(x)-2=—(x+1)(x-b)(x—c).

(x2+4x+3)\/x2+x= (x+1)(x+3) x(x+l)
x[fz(x)—2f(x)] x(x+3)2(x—a)(x+l)(x—b)(x—c)

1 3 1
Khi do: lim y = lim (x+ )(x+ ) x(x+ ) =400

x—=0° x->0" x(x+3) ( a)(x+1)(x—b)(x—c)

lim y= lim (x+1)(x+3) x(x+l) o

o3 ey x(x+3) (x—a)(x+1)(x=b)(x—c¢)

lim y = lim (x+1)(x+3) x(x+1) o

x>t xe! x(x+3) ( )(x+1)(x—b)(x—c)
lim y = lim (x+1)(x+3) x(x+1) .
ARG x(x+3) ( a)(x+1)(x—b)(x—c)
lim y = lim (x+1)(x+3) x(x+1) _o.
x>l el x(x+3) ( )(x+1)(x—b)(x—c)
lim y= fim (x+1)(x+3) x(x+l)
AnaU e x(x+3) (x—a)(x+1)(x=b)(x—c¢)
(x2+4x+3)\/x2+x
x[ 20 =2/(x) ]

y:

khong ton tai.

Viy d6 thi ham s6 y = c6 4 dwong tiém cin ding x=0,x=-3,x=b,x=c.

C4u 50. (HSG12 tinh Hung Yén 2018-2019) Cho ham s6 y =x* —mx* +2m—2(C) v6i m la tham s&.
Goi A4 1a mot di€m thudc dd thi (C)cé hoanh d6 bang 1. Tim cac gia tri cia m dé tiép tuyén ctia do
thi (C)tai 4 cat duwong tron (7):x* + »* =4 tai hai diém phan biét tao thanh mot ddy cung c6 do dai
nho nhit.

Loi giai
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Tacé A(l;m—1).
Goi d 12 tiép tuyén ctia do thi (C)tai 4. Phuwong trinh dwong thang d la:
y=(4-2m)(x-1)+m-1<(4-2m)x—y+3m-5=0.

Puong thang d ludn di qua diém c¢6 dinh 1(%;1) nam trong dudng tron.

Do d6 d ludn cat dwong tron tai hai diém M, N . Goi H 1a trung diém MN .

Ta c6: MN = 2MH =2J4—OH? > 2\J4—01* =3

4-2m -1 11
3 - em=E—_.

2
N | N L 2 AL
Vayvoqmzx thi MN dat gia tri nho nhat bang V3.

MN <o H=l<0l1ld<s

C4u 51. (HSG12 tinh Bac Ninh 2018 - 2019 ) Cho ham s6 y = f(x) xac dinh va c6 dao ham trén R

théa man [f(1+2x)]2 = x—[f(l—x)T, Vx eR. Viét phwong trinh tiép tuyén cia do thi ham s6

y = f(x) tai diém c6 hoanh d¢ bang 1.

6 18 16
A y=—xt2. B, y=——x+2. Cypoesx—2.
yETITS YT YETE Ty

18
D. y=-x——.
YT T

Lo gii

T4c gid: Trdn Vinh; Fb: Vinh Trin

Chon C

Phwong trinh tiép tuyén cta d6 thi ham s6 y=/(x) tai diém c6 hoanh do bang 1 la

y=f'(1)(x—l)+f(l).

Taco [ f(1+2x)] =x—[f(1-x)] =4/ (1+2x).f (1+2x) =143/ (1-x).[ f (1-x)] .
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2 3 f(1)=0
oot |1

S OLO=13rOLOT ) s30T

Suy

(1
{41” 1)- ()—1+3f m.Lrm] (V“)@ f(1)=-1
(

I

Vay phuong trinh tiép tuyén ctia d6 thi ham s6 y = f(x) tai diém c6 hoanh d6 bang 1 1a

II
~
—~

[e—
N—

1]

|

|

)=0
(
)=-
£(1). f(1)_1+3f O.Lro7T

y:—%(x—l)—l hay y:—%x—g.

C4u 52. (HSG12 tinh Bic Ninh 2018 - 2019 ) Cho hAm sé y = x° —(m+1))c2 +x+2m+1 c6 do thi (C)
(m 1a tham s6 thuc). Goi m,, m, 1a cac gia tri cia m d€ dwong thang d:y =x+m+1 cat (C) tai ba
diém phén biét 4, B, C sao cho téng hé s& goc clia cc tiép tuyén véi (C) tai 4, B, C bang 19.
Khi d6, m, + m, bang

A —4. B. 0. C. 2. D. 2.

Lo gidi
T4c gid: Nguyén B4 Long; Fb: Nguyén B4 Long
Chon D
Phuong trinh hoanh d6 giao diém ctia d6 thi (C) va duong thang d 1a:

X =(m+1)x* +x+2m+1=x+m+1 (1)

=1
X —(m+1)x*+m=0 @(x—l)(xz—mx—m)zo @{xz
x —mx—m=0

D6 thi (C) cat d tai 3 diém phén biét 4, B, C khi va chi khi phwong trinh (1) c6 3 nghiém phén
biét, khi d6 phwong trinh x” —mx—m =0 c6 hai nghiém phan biét khac 1.

Do d6 m¢2 @me(—oo;—4)u(0;%ju(%;+ooj (*)
A=m’+4m>0
Khong mét tinh téng quat, ta goi 4(1;m+2), B(x;;x,+m+1), C(x,;x, +m+1)

Khi d6, x, ;x, 12 hai nghiém ctia phwong trinh x* —mx—-m =0,

X +x,=m
Do do
XX, =—m

Hé s6 goc cta tiép tuyén tai 4,B,C véido thi (C) twongingla y'(1), y'(x,), ¥'(x,)
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Vi ' =3x"=2(m+1)x+1

Theo gia thiét '(1)+)'(x,)+y'(x,) =19, ta dwoc
4-2(m+1)+3x, =2(m+1)x, +143x; =2(m+1)x, +1=19

& 3(x+x,) —6xx, —2(m+1)(x,+x,)+6-2(m+1)=19 (2)

X, +x,=m .
Thay vao phuwong trinh (2) ta dwoc

X,X, = —m
2 2 m=- 5 o aeal Tia
3m* +6m—2m(m+1)—-2m—-15=0 < m’ +2m-15=0 @{ ; (théa man diéu kién (*))
m=
Vay m, +m, =-2.
Cau 53. (HSG11 Nho Quan Ninh Binh 2018-2019) Cho ham s§ y = 2x +11 c6 do thi (C). SG tiép
x+
tuyén ctia d6 thi (C) song song v&i duong thing A:y=x+1 13
A O. B. 3. C. 1. D. 2.

Lo gii

T4c gid: Nguyén Thdy; Fb: diephoang

Chon C
hY ~ 1 7 A 7 . N ’ 1
Hamso y = c6 tap xac dinh DzR\{—l} va y'= >
x+1 (x + l)
Tiép tuyén cta (C) tai diém M(Xo ; 2%, +11] song song véi dwong thing A:y=x+1 nén ta cé
X, +

1 x,=0
' =1 — =1 :
V)=t = (x,+1)° = Lo =-2

*V&i x, =0 taco M (0;1).

Khi d6 phwong trinh tiép tuyén ctia (C) tai M (0;1) 1a y =x+1 (loai).
*Véi x, =-2 taco M (-2;3).

Khi d6 phwong trinh tiép tuyén ctia (C) tai M (-2;3) 1a y=x+5.

Vay c6 1 tiép tuyén ctia (C) théa man dé bai.

Cau 54. (HSG12 Cao Bang nam 2018-2019) Cho ham s§ y =x’ —3x” +4 c6 db thi (C).
a) Viét phwong trinh ti€p tuyén cta do thi (C) biét ti€p tuyén song song v&i duwong thang co
phwong trinh y =-3x+1.

Loi giai

a) Tacod y' =3x"—6x.
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Vi tiép tuyén ctia (C) song song véi dwong thing y =-3x+1 nén hoanh d¢ tiép diém la nghiém cta
phwong trinh: 3x> —6x=-3 < x=1.

Véi x=1= y =2. Phwong trinh tiép tuyén: y=-3(x—1)+2 hay y=-3x+5 (th6a min song song
v&i duwong thang y =-3x+1).

_ .3 2
Cau 55. Cho ham s6 V=X —3X +4 6 45 thi (©),
b) Goi 4, B la cic diém cuec tri clia (C) Tim toa d6 diém M thudc Parabol (P): y = x” sao cho tam

giac AMB vuong tai M .

Lo gii

=0
y'=0<:>3x2—6x=0<:{x

Ta c6 cac diém cuc tri ctia (C) 1a: 4(0;4) va B(2;0).
Goi M(x;xz) thudc (P). Khi do: AM :(x;x2 —4) va BM :(x—Z;xz).Vi A, B khoéng thudc (P) nén

tam gidc AMB vubdng tai M@W.WzO@x(x—2)+x2(x2—4)=O<:>x(x3—3x—2)=0

x=0
<:>x(x+1)2(x—2):0<:> x=-1.
x=2

Véy c6 ba diém thudc (P) dé tam gidc AMB vudngtai M 1a M,(0;0), M,(-11), M,(2;4).

Cau 56. (HSG12 HCM ndm 2018-2019) Cho ham s§ y = (x’ —1)2 c6 do thi (C). Xét M di chuyén
trén (C) va c6 hoanh d6 m e (—1;1). Tiép tuyén cta (C) & M cat (C) tai hai diém 4, B phén biét

va khic M . Tim gia tri 16n nhit cia tung doO trung diém / cia doan thang 4B.

Lo giai
T4c gid: Lrong Thi Hwrong Liéu ; Fb: Hwong Liéu Luirong.
Tacé: y' =4x" —4x.
Phuong trinh ti€p tuyén tai tiép diém (m ;(m2 - 1)2) :
Ca L 3 ) 2 . 3 4 2
Aul.(A): y= (4m —4m)(x—m)+(m —1) Sy —(4m —4m)x—3m +2m” +1.
Cau 2.Phuong trinh hoanh d giao diém caa (C) va (A):
A 2 2 3 4 2 4 2 3 4 2
Cau 3.(x* = 1) =(4m’—4m)x—3m" +2m" +1 & x*=2x" —(4m’ = 4m)x +3m* —2m* =0

=m

2( 2 2 X
- 2 3m -2)=0 .
<:>(x m) (x e om ) < g(x)=x"+2mx+3m* -2 =0(*)
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me(-1;1)

A'=-2m"+2>0
(m)—6m2—2;r&0<:> m;aé+L '

¢ V3

Gia st (C) va (A) cat nhau tai hai diém A4(x,;y,) va B(x,;y,) v6i x,, x, 1 hai nghiém ctia phwong

trinh (*).

biéu kién: (*) phai c6 hai nghiém phan biét khac m <

A o , X +Xx
Goi 7 la trung diém ctia doan 4B.Tacé x, :# =-m.

Suyra, y, = (4m3 —4m)(—m —m)+(m2 —1)2 =—Tm*+6m’ +1= f(m).

m=0
Xét f'(m)=-28m’-12m=0 < 71 -
m=t——
7
Bang bién thién:
7 7 |
10 0 0 0

J(x) /'1—:'5\1/1—;5\

T BBT, ta 6 ma>);f(m)=§ khi m =ig.

(-1;1

A 16 . . o
Vay y1=71a gia tri can tim.

—X
2x+1
c6 phwong trinh y =x+m, m 1a tham s6. Tim m dé€ d cit (C) tai hai diém phan biét 4 va B sao

Cau 57. (HSG12 Ha Noi ndm 2018-2019) Cho ham s6 y = c6 do thila (C) va duwong thang d

cho t6ng cac hé s6 goc clia cac tiép tuyén voi (C) tai 4 va B lalén nhat.

Loi giai
T4c gid: Nguyén Hoang Huy; Fb: Nguyen Hoang Huy
—X -1

Tap xac dinh D=R\{—l}.Tac() y= =)y =—7.
2 2x+1 (2x+1)

Phuong trinh hoanh dé giao diém =x+me g(x)=2x"+2(m+1)x+m=0(1).

2x+1
AN=m’>+2m+1-2m=m*>+1>0,Ym
Ta co: 1 1 nén duong thang d ludn cit do thi (C) tai hai diém
g Y =——#0,Vm

phan biét A, B v&i moi gia tri thuc m .
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Goi x;, x, la hoanh df cia difm A va B khi d6 x,, x, la nghiém clia phwong trinh (1)

S=x+x, :—(m+1)

P=x1x2:%

Suy ra tong cac hé s goc clia cac tiép tuyén véi (C) tai 4(x,;y,) va B(x,;y,) la

2
K:{( I 1 }:_45 SSPASID (4 n)e s

+
2% +1)° (2%, +1)’ (4P+25+1)

Vay téng hé s6 géc 1on nhét clia cac tiép tuyén véi (C) tai 4 va B bang —2 dat dwoc khi m=0.

2x-3

Cau 58. (HSG12 tinh Pién Bién ndm 2018-2019) Cho ham s§ y = (C)va duong thang

x—2
d :x—y—1=0.Viét phwong trinh ti€p tuyén ctia d6 thi (C)biét tiép tuyén dé song song véi d.

Lo gidi
Tdc gid: Lé Hoan; Fb: Lé Hoan
l.d:x—y-1=0<d:y=x—-1 = d c6hésbd goc k, =1.

2x-3
x—2

Xéthamso y = co:

+ Tap xac dinh D =R\ {1}.

1
+y=——, Vx#l.

(1)

. g ’ 8 2x,—3
Goi dwong thing A 1 tiép tuyén cta (C) tai diém M(xo; %o . ] (voi x, #1).
X, —
A c6hésd gocla k, :;2 va phwong trinh A: y = ! =X — %o - +2x°_3.
(xo —l) (x0 —1) (xo —l) xo—1
2 o 1 Xy =0
+ Gidstr A//d ta dwoc k, =k, & =1 < :
()Co—l) X0=2
+ Th lai:
e x,=0=>A:y=x+3 thdaman A//d.
e x,=2=>A:y=x-1= A=d khdng théa man.
Viy tiép tuyén can tim1a A:y =x+3.
2x —1

c6 dd thi (C). Goi /

Cau 59. (HSG12 tinh Thira Thién Hué nim 2018-2019) Cho ham s6 y =
T

la giao diém hai dwong tiém cin ctia do thi (C ) Tiép tuyén tai M caa do6 thi (C ) cit hai dwong

tiém cén cta do thi (C) lan luot tai hai diém 4 va B .
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a) Chirng minh M 13 trung diém ctia doan thang 4B .
b) Xac dinh toa d6 diém M dé chu vi tam gidc /AB nhd nhat.

Loi giai

Tdc gid:Huynh Trong Nghia; Fb: Huynh Trong Nghia

a)Taco: y'=— .Goi M (a;Za_—llj(a #1) la tiép diém
a_

1
(x =1)

Phwong trinh tiép tuyén d cta do thi (C) tai diém M la: y=-

(a-1)

Gid st A,B lan lwot 14 giao diém ca d véi dwong tiém cdn dirng va tiém cin ngang.

Suy ra: 4 (l;z—alj,B (2a-1;2)

a—

X, +x, :1+(2a—1)=2a:2xM

Khi do: 2 dag—2 = M 1a trung diém cta doan thing 4B .
Ya+tyy=——+2= =2y
a-—1 a-1
. 2
b) Ta c6 14 :|—1;IB =2la—1|=14.IB =4
a_

Tam giac IAB vuodng tai / nén:

JA+IB +AB =IA +IB +~\IA2 +IB* > 2JIAIB +2I4 IB =4+ 22
Vay chu vi tam giac I4B nho6 nhat bang 4+ 2+/2 khi va chi khi:

a=0=M (0;1)
a=2=M (2:3)

=18 &> =2la-1 <
a1

Ciu 60. (HSG12 tinh TINH VINH PHUC 2018-2019) Cho ham s8 y = x* —14x2 + 20x +4 c6 db thi
(C) . Viét phuong trinh tiép tuyén ctia (C) biét tiép tuyén song song véi dwong thing
Ary=—4x+15.

Lo gidi
Tdc gid: Hoa Mui ; Fb: Hoa Mui
Tacé: y=x"—14x" +20x+4 = y' = 4x" —28x +20.
Goi M (x,;y,) 1a tiép diém.
Tiép tuyén song song v&i duwong thang A:y =—4x+15
= hé s6 goc cua tiép tuyénla: k, =4 < y'(x))=—4

x,=1=y,=11
y'(xo):—4<:>4x3—28x0+202—4<:>4x3—28x0+24:0<:> X, =2=>y,=4
X, =-3=y,=-101
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Phwong trinh tiép tuyén tai M, (1;11) 1a: y=—4(x—1)+11=—4x+15 (loai)
Phwong trinh tiép tuyén tai M, (2;4) 1a: y=—4(x—2)+4=—4x+12 (nhan)
Phwong trinh tiép tuyén tai M, (-3;-101) 1a: y =—4(x+3)—101=—-4x-113 (nhan)

Vay cac tiép tuyén thoa yéu ciula: y=-4x+12, y=—4x—-113.

Cau 61. (HSG12 tinh Ha Nam nam 2018-2019)
Trong mat phdng véi hé toa dd Oxy, cho ham s6 y:if c6 do thi(C). C6 bao
x_

nhiéu diém M thudc truc Oy, c6 tung d6 la s6 nguyén nhé hon 2019 va thdoa man tir diém
M ké duwoc 2 ti€p tuyén téi do thi (C)sao cho 2 ti€p diém twong @ng nam vé 2 phia cla

truc Ox?
Loi giai
Tdc gid: Lé Hoan; Fb: Lé Hoan
x+2 3
y= Sy=l+——.
x—1 x—1

Goi M(O;m)e Oy.
Goi tiép tuyén ctia (C)diqua M la dwongthang d:y=kx+m.

kx+m:1+i Q)]
x-1

Yéu ciu cua dé bai, diéu kién la hé phwong trinh c6 2 nghiém x,, x, #1 va thoa

-3
k= 3 (2)
(x-1)
Y x)<
man
y(x,)>
1+ 3 <0 1 <_l
; N N y(xl)<0 xl_l )Cl—l 3
Xét diéu kién & & .
y(x)>0 1+ 3 >0 1 >—l
x,—1 x-1 3
Tir (1) va (2) suyra _3x2+m:l+ 3 o 3 —+ S lem=0@3)
(x—l) x—1 (x—l) x—1

bat Ll =1 (t+ O), phwong trinh (3) tré thanh 3£ +61+1-m =0 (4)

x —
] 7 2 \ hY ~ Ay 7 A 2 ~ 1
Bai toan tr¢ thanh tim m dé phwong trinh (4) c¢6 2 nghiém ¢, ¢, théaman ¢, < —5 <t,#0

bat f(¢t)=3¢" +6t+1—m, véidiéu kién trén ta c6 bang bién thién nhw sau
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r —C I -— I +

] N /

Tt bang bién thién suy ra diéu kién la

1 2 2
f(——]<0 3 _l +6 —l +1-m<0 m>-——
3 = 3 3 & 3.

£(0)£0  |1—m#0 m1

Do mla s6 nguyén nho hon 2019 nén m e {0;2;3;....;2018}
= ¢6 2018 diém M .
Cach 2 T4c gid:Nguyén Ngoc Nhw Trang ; Fb:nhutrangnguyenngoc

x+2:y,_ -3
x—1 (x=1)

y:

Goi A la phuwong trinh tiép tuyén clia d6 thi ham s6 da cho tai K(x,;y,)

- +2
Ta co: (A):y:—3(x—x0)+x0
(x, — 2 x, —1
M € Oy = M(0;m).
-3 X, +2
MeAeom=——- (x)+
(x,=D x,—1

x, #1
<~
m(x,—1)* =3x, +(x, +2)(x, - 1)

x, =1
f(x,)=(m—-1x,’ =2(m+2)x,+m+2=0 (1)
Yéu cau bai todn < phuwong trinh (1) c6 2 nghiém phan biét x ,x, khac 1 sao cho y(x,).y(x,)<0 .

X khac 1

12772

EBphwong trinh ) cb 7 nghiém ohan bist )
m#1 1 1
* #
SIA'S0 Q{;" , O@{m i .
+ _
fM)#0 (luon dung) (m+2)> m>
X +2 x,+2

x)y(x)<0 . <0
Ox)y() <0 L
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- xx, +2(x, +x,)+4 <0

xx, —(x, +x,)+1

m+2+4(m+2)+4

m=1 _m-l < 9m+6<0<:>m>_—2(3)
m+2—2(m+2)+1 -3 3
m—1 m-—1
m=#1
T (2),(3) suyra: )
m>—

Do meZ,m<2019

nén m e{0;2;3;...;2018}. Vay c6 2018 gia tri m thoa de.

Ciu 62. (HSG12 Tan Yén - Bac Giang Nam 2019)
Cho ham s6 y=—-x’+6x>+2 ¢6 dd thi (C) va M(m;2). Goi S 1a tp hop cac gia tri thuc ctia m dé
qua M c6 hai tiép tuyén véi do thi (C). Téng cac phan ti S 1a

20 13 12 16

A —. B. —. L= D.—.
3 2 3 3

Loi gii
T4c gid:Nguyén Quan ;Fb: Quin Nguyén
Chon A
Goi A 1a duwong thang di qua M(m;2) c6 hé s6 goc k.
= Ary=k(x—m)+2.
A 12 tiép tuyén cta (C) < hé phuong trinh sau c6 nghiém:

—x*+6x°+2=k(x-m)+2 (1)
k=-3x"+12x (2)

Thay (2) vao (1) ta dwgc: —x* +6x> +2 = (—3x2 +12x)(x—m)+2 :

o x[2x2 —(3m+6)x+12m] =0.

x=0
T2 ~(3m+6)x+12m=0 (3)

Qua M ké dwoc hai tiép tuyén dén do thi (C) < hé phuong trinh (*) c6 2 nghiém phan biét <

Phuwong trinh (3) c6 mot nghiém kép khac 0 hodc c6 2 nghiém phan biét x,, x, thoéa x,.x, =0.

A=0 (3m+6)"~96m=0
+ Phwong trinh (3) c6 mot nghiém kép khac 0 < b 0 S 4643m
- #0
2a 4
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m=6
m=6

2
S im== < 2.
3 ng

m#-=2

A>0
+ Phuwong trinh (3) c6 2 nghiém phan biét x, , x, théa x,.x, =0 < <,

a

m>6

m<§ < m=0.

(3m+6)" —96m >0
<~ <~
6m=0

m=0
Suy ra S:{O;§;6}.

] . 2 2
Vay tong cac phan tir cda S 1a O+§+6=?O.

Ciu 63. (HSG12 tinh Bén Tre nam 2018-2019)

Cho ham s6 y = 2x+11 c6 do thi (C). Viét phuwong trinh ti€p tuyén (d) cta d6 thi (C) biét (d) cat

x f—
truc Ox, Oy 1an lwot tai hai diém 4, B sao cho AB= J10.04 (véi O la goc toa do).

Loi giai
A LA 1
biéu kién xac dinh: x # 5

Taco y' = _ =3 <0,Vx # 1 nén tiép tuyén cla (C)ludn c6 hé s6 goc am.
(2x-1)’ 2

Tam gidc OAB vudng tai O ma AB =+/10.04 tir d6 ta c6 OB =30A4.

Goi k 1a hé s6 géc clia tiép tuyén (4).Khidoé tacod k<0 nén k:—tan@:—%:—&

Goi m la hoanh do tiép diém cla tié€p tuyén (d) véi do thi (C).

i m=0
Ta co ——2:—3<:{ .
(2m-1) m=1
+) Néu m =0, khi d6 tié€p diém cla tiép tuyén (d)vdido thi (C)la M (0;-1).
Phwrong trinh cla (d) 1a: y=-3(x-0)-1< y=-3x-1.
+) Néu m =1, khi d¢ tiép diém ctia tiép tuyén (d)véido thi (C)la N (1;2).
Phwong trinh cla (d) la: y=-3(x—1)+2 < y=-3x+5.

Vay c6 hai tiép tuyén ctia (C) cantimla y=-3x-1va y=-3x+5.
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Cau 64. (HSG11 Nho Quan Ninh Binh 2018-2019)

Cho ham s y =% +1b c6 do thi cit truc tung tai 4(0;—1), tiép tuyén tai 4 c6 hé s§ goc k =—3. Cac
x—

gia tri cda a;b la

A a=2;b=1. B.a=1b=2. C.a=Lb=1. D.a=2;b=2.

Lo gii

T4c gid: Nguyén Thj Phuong Mai; Fb: Phirong Mai,

Chon A
Vi d6 thiham sd y = ax +1b cit truc tung tai A(O;—l) nén: —1= a60+lb < b=1.
x— _
Tacé: y'=——— . Tiép tuyén tai 4(0;—1) c6 hé s8 gocla k=—-3<)/(0)=-3=—a-b=-3<a=2.
x—
Vay a=2;b=1.

C4u 65. (HSG11 Nguyén Ptrc Canh Thai Binh 2018-2019)

3
~ \ =N ~ ki A - hY ~ x =N = AN ~ ya
SO0 phwong trinh ti€p tuyén cua dé thi ham s6 y :?—sz +3x+1, biét tiép tuyén song song voi

duwong thing d : y =8x —9?7 va cat truc hoanh tai diém c6 hoanh do dwong la:

A 0. B.2. C. 3. D. 1.

Loi giai
T4c gid: Nguyén Twong Linh; Fb: Khoisx Bvkk
Chon A

3
* yz%—2x2+3x+1 , y'=x"—4x+3.

*Tacod: x> —4x+3=8x"-4x-5=0=

* Phwong trinh tiép tuyén:

+ y=8(x+1)—?<:> y=8x+13—1.

+ y= 8(x—5)+?<:> y= 8x—% (Loai).

* Phwong trinh hoanh d6 giao diém cuta ti€ép tuyén v&i truc hoanh:

x+—=0< x:—H(Loai).
24

Cau 66. (HSG12 Ninh Binh 2018-2019)
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X’ =2mx+m

C6 bao nhiéu gia tri ctia tham sd thwc m dé do thi ham s6 y = —————— cat truc Ox tai hai diém
x+m

phan biét va cac ti€p tuyén cta do thi tai hai diém d6 vudng goc véi nhau?

A. 5. B. 2. C. 0. D. 1.

Lo giai
T4c gid:Nguyén Nam ; Fb: Jonr Nguyén Nam
Chon B

+ Dé& @0 thi cit truc Ox tai 2 diém phan biét khi va chi khi phwong trinh x* — 2mx + m = 0(*) c6 hai
nghiém phan biét khac —-m

m>1 m>1

A'>0 m> —m>0 m<0 m<0
= ) ) = 5 =

m +2m +m=#0 3m +m#0 1 1

m;tO;m;t—g m;t—g

+ Goi A(x;0); B(x,;0) 1a giao diém cia do6 thi va trucOx . Khi d6 x,;x,1a nghiém ctia phwong trinh
™.

2 _ 2_
+ Tinh dao ham y'= 2" =2m —m

(x+m)’
+ Hé sO goc cda tiép tuyén tai A:
b = X0 42mx, =2m’ —m _ 2mx,—m+2mx, —2m> —m _ 4mx,—2m’ —2m
4 (x, +m)’ (x, +m)’ (x, +m)’
+ Hé sO goc cla tiép tuyén tai B:
b = X;+2mx, =2m* —m _ 2mx,—m+2mx,—2m’ —m _ 4mx,—2m’ —2m
5 (x, +m)’ (x, +m)’ (x, +m)’

4mx, —2m* —2m 4mx, —2m’ —2m _ 1

Vi ti€p tuyén tai A va Bvudng gécléntacod k .k, =-1<

(x, +m)’ ' (x, +m)’
- 16m°x,x, — (x, + x,)(8m’ +8m*) +(2m’ + 2m)’ e 16m°x,x, — (x, + x,)(8m’ +8m*) + (2 m*+ 2m) 1
2 2
[(xl +m)(x, + m)] I:xlxz + (X +x,)m+ m2:|
- 16m*(m)—(2m)(8m’ +8m*)+(2m’+2m)’ _ e 16m° —(16m"* +16m’)+(2m*+2m)* O
[m+(2m)m+mz]2 [m+2m2+mz]2

m=0(l)
B e LT

- 16m> —(16m* +16m>)+(2m*+2m)*

- =-1<3m' +14m’ +5m° =0 < | m
[m+3m2}

3
~7++/34
m= T(C)

Cau 67. (HSG12 huyén Lwong Tai Bic Ninh nim 2019)
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Cho ham s§ y=x’-3x+2(C). Biét ring dwong thing d:y=mx+1 cat (C) tai ba diém phan biét
A,B,C . Tiép tuyén tai ba diém 4,B,C cta do thi (C)cit d6 thi (C)lan lwot tai cac diém 4',B',C’
(twong ng khac 4,B,C). Biétrang 4, B',C’ thang hang, tim gia tri ctia tham s6 m dé dwong thang
di qua ba diém A4',B',C’ song song véi dwong thang A:y=9x+1.

A.m=1. B. m=10. C.m=0. D. m=-1.

Lo giai
T4c gid: Trdn Xuin Hiép; Fb: xuanhiep tienthinh

Chon C
Xét phwong trinh: x* —3x+2=mx+1 < x’ —B+m)x+1=0 (%)
Goi ala nghiém ctia phwong trinh ta cé toa do giao diém 1a: M (a;a’—3a+2)
Phwong trinh tiép tuyén tai M c6 dang: y=(3a* -3).(x—a)+a’-3a+2=3a’-3)x—2a’ +2
Xét phwong trinh giao diém ctia (C) va tiép tuyén: x° —3x+2=(3a’ -3)x—2a’ +2
&X' -3a’x+2a’ =0 (x—a)’(x+2a)=0;
Vay tiép tuyén tai M cit (C) tai diém N khac; N(—2a;-8a’ +6a +2);

Nhan xét: —8a’+6a+2=-8a’ —(3+m)a+1]+(-8m—18)a+10=(-8m—18)a+10{vi a l1a nghiém clia
phwong trinh (*)

Ta c6 N(-2a;(-8m—18)a+10)=(—2a;(4m+9)(-2a)+10); suy ra N ndm trén dwong thing c6 phuwong
trinh: y =(4m+9)x+10

Theo gia thiéttac6: 4m+9=9 < m=0.

Cau 68. (HSG11 Nguy&n Dirc Canh Thai Binh 2018-2019)

_26 c6 do thi 1a (C). Viét phwong trinh tiép tuyén cta do thi (C) biét tiép
X+

tuyén tao vi truc tung mot géc 45°.

Cho ham s6 y=

Lo gidi
T4c gid: P6 Van Dwong ; Fb: Duong P6 Vin
Taco: f'(x,)= _—42 Tiép tuyén tao v&i truc Oy goc 45° = k =+1
(x0 +2)
. —4 A n
V6i k=1< —— =1 (V6 nghiém)
(xo +2)
— X, :0
Véi k:—1<:>—42:—1<:> ’
(XO + 2) Xo = —

V6i x,=0=y,=-3= PTTT c6 dang: y=—1(x—0)-3=-3

V6i x,=—4= y,=—7= PTTT c6 dang: y=—1(x+4)-7=-x—-11
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Cau 69. (HSG11 Nho Quan Ninh Binh 2018-2019)
Lap phwong trinh tiép tuyén véi do thi ham sé y = f(x) thoa mian [~ (1+2x) =x—f° (1—x) tai
diém c6 hoanh d6 x =1?

1 6 1 6 1 6 1 6

A. ==X —==. B. =——X+—. C. =—X+—. D. ==
g 7 7 g 7 7 g 7 7 g 7 7

Loi giai
Tdc gid: Bui Van Lwu; Fb: Bui Van Luu
ChonD
f(1)=0

T f*(1+2x)=x—f*(1-x), cho x=0 ta dugc: |:f(1):|2 :—[f(l):r = Sy =t

T f?(1+2x)=x—f(1-x), 14y dao ham hai vé ta duoc:
4f(1+2x).f (1+2x)=1+3/*(1-x).f"(1-x).

Cho x=0 tadwoc: 4f(1).'(1)=1+3£2(1).£'(1) (*).
Véi f(1)=0 thi (*) voly.

Véi f(1)=-1thi (*) tré thanh: -4 (1) =1+3f' (1)< f'(1) = —%.

Vay phwong trinh tiép tuyén can tim la: y = —%(x --ley= —%x — g

Ciu 70. (HSG10 Nam Tién Hai Thai Binh 2018-2019)

Cho ham s§ y =x* —2mx +2m’ —4m c6 dd thila (B,).

1.Tim m d€ (P,) cit Ox tai hai diém phan biét c6 hoanh do trai ddu.

2. Tim céc gia tri cia £ dé phwong trinh ‘xz — 4x‘ =k c6 4 nghiém phéan biét

Lo giai
1.L4p phwong trinh hoanh d6 giao diém gitra (Pm) va Ox:
X =2mx+2m’ —4m=0 (1)
(P,) cat Ox tai hai diém phén biét c6 hoanh d¢ trai ddu khi phwong trinh (1) ¢6 2 nghiém trai ddu
Sac<0s1(2m’ —4m) <0 2m(m-2) < 0<m<2.
Viy 0 < m <2 thda yéu ciu bai toan.

2Xét (P):y=x"—4x c6TXD D=R,dinh1(2;-4).

Phwong trinh hoanh d¢ giao diém cta (B)vaOxla x* —4x =0 < {x

Khi d6 ta c6 bang bién thién ctia ham s§ y = ‘xz - 4x‘ 1a
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V= |_'|;: —4_-.;| , ¥ 4 -~

Tl bang bién thién phwong trinh ‘xz - 4x‘ =k c6 4 nghiém phan biét khiva chikhi 0 <k <4.

Viy 0 < k <4 thoa yéu ciu bai toan.

Cau 71. (HSG12 tinh Thai Binh nam 2018-2019)
2x+1

Cho ham s6 y = (C) va dwong thang d c6 phwong trinh: y =2x+m.Tim m dé dwong thang

xX—

d cat do thi (C) tai hai diém phan biét 4, B sao cho dién tich tam gidc O4B bang % (véi O 1a goc

toa dod).
Loi giai
+ Xét phwong trinh hoanh dé giao diém:
2x+1 5 x#1 x#1
x-1 rem e 2x+1:(x—1)(2x+m)<::> g(x):2x2+(m—4)x—(m+l):0

+ Duodng thang d cit do thi (C) tai hai diém phan biét 4, B
<> g(x) =0 c6 hai nghiém phén biét khac 1

A=(m—-4) +8(m+1)>0 [A=m’+24>0VYmeR
g(1)=-3#0 g(1)=-3#0

o m’+24>0 (VmeR)
+ Goi A(x;;2x,+m); B(x,;2x,+m)

Khi d6 x,,x, 12 hai nghiém ctia phwong trinh g(x)=0

m—4
X +x, = B
Theo dinh ly Vi-et ta c6
m+1
XX, = 5

+Tacod: y=2x+m2x—y+m=0

Mit khac ta cé: d(O,d) - M

J5

m2—8m+16+4m+4j_ S(m* +24)

ABZ=5(x1—x2)2=5[(x1+x2)2—4x1x2}:5[ 1 5 2
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1 |m (m +24) |m|4/m 104
25 2

+Khi dé S,,, :%.d(O,d).AB =

Soup=— |m|\/m +24 =5

o m' +24m* -25=0
& (m*=1)(m* +25)=0
Sm=71

Vay m==1 la cac gia tri can tim.

Cau 72. (HSG12 tinh Thai Nguyén nam 2018-2019)
Cho ham s8 y =x—3x*+4 c6 dd thi (C), dwong thing (d) di qua A4(1;2) va c6 hé s6 goc m . Tim
m dé (d) cat (C) tai ba di€ém phan biét 4, B, C sao cho BC = 42

Lo giai
T4c gid: Nguyén Thé Qudc; Fb: Qudc Nguyén.

Phwong trinh dwong thing (d) di qua di€ém 4 c6hésdgocm 1a y=m(x—1)+2.
Phwong trinh hoanh d¢ giao diém gitra (d) va (C)

x3—3x2+4:m(x—l)+2 S -3 -mx+m+2=0

x=1
e (x-1)(x* —2x-m-2)=0 Q{g(x):x2—2x—m—220
Gia st g(x)=0 c6 hai nghiém x,, x,, trong d6 x,, x,lan lwot1a hoanh d¢ cta diém B va C
Theo dinh li Vi-et ta c6
{xl +x,=2
XX, =—m—2
Vi hai diém B va C thudc dwong thang (d) nén B(x,;m(x, —1)+2), C(x,;m(x,~1)+2).
Khi d6 BC? = (x, —x, )" + (3, - ») = (5, = x,) +[m (x, = 1) =m(x, = 1)]
= (x,—x ) +[m(x,—x)] = (o, —x) (m* +1) = (m? +1)[(x1 ) -4)%]
=(m* +1)[4-4(-m=2) |=(m’ +1)[4m+12] = 4m’ +12m" + 4m +12 =32
oSm=1.
Thi lai, thay m =1 vao g(x)=x>-2x-3=0< x, =—1;x, =3 (thdéa min).

Vay m=1.

[ Cau 73. (HSG10 tinh Vinh Phiic ndm 2018-2019)
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Cho a,be R va a>0.Xét hai ham s8 f(x)=2x"—4x+5va g(x)=x"+ax+b. Tim tdt ca cac gi4 tri
cia a va b biét gia tri nho nhét ctia g(x) nhé hon gia tri nh6 nhét cia f(x) la 8 don vi va do thi

cta hai ham s6 trén c6 ding mot diém chung.

Loi giai
Tdc gid: Phan Thi Quyén ; Fb: Quyen Phan
Ta c6 gia tri nho nhdt ctia f'(x) 1a: f(1)=3

2
Gid tri nho nh4t cta g(x) la: g(—%) =b —“T

Do gia tri nhé nhét cia g(x) nhé hon gia tri nhé nhét ctia f(x) la 8 don vi nén ta c6 phwong trinh:

2 2

b-L18=3b="L15(1)
4 4
Mit khac d6 thi hai ham s6 trén c6 ding mot diém chung nén phwong trinh:
2x* —4x+5=x"+ax+b c6 nghiém duy nhit.
< x’ —(a+4)x+5-b=0 c6 nghiém duy nhit.
< A=0

o (a+4) -4(5-b)=0(2)
Tir (1) va (2) ta dwoc: (a+4)° —4(5—%2+5J =0

Sat+4a-12=0

{a:2
&
a=-6

Do a>0nén g =2théamin. Thé a =2 tré lai (1) ta dwoc b=—-4.

Vay: a=2,b=—-4.

Cdu 74. (HSG12 tinh DPong Nai nidm 2018-2019) Cho hai ham sé
y=x+x"=3x-1y=2x"+2x" —mx+2 c6 do thi lin lwot1a (C,),(C,) va m1a tham s§ thuc. Tim m

dé (C,) cét (C,) tai 3 di€ém phan biét c6 tung dd 13 y,, ,,y, thoa Lt t.2
»+4 y,+4 y,+4 3

Lo gii
Gid st 4,B,C la giao di€ém cda hai d6 thi ham s6 da cho thitoa dé 4,B,C thoa hé
y=x +x’—-3x-1
y=2x +2x° —mx+2

Nén ciing théa phwong trinh hé qua ciahéla: y =(m—6)x—4.

Khi d6, ta c6: y, +4=(m—6)x,y,+4=(m—6)x,, y,+4=(m-6)x, v6i x,,x,,x; 1a nghiém phwong

trinh hoanh d¢ giao diém x* +x* +(3-m)x+3=0.
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_ L, X% F XX+ xx, =3-m
Theo Vi-et ta co
XxX,x, ==3

1 1 1 1 xx, +xx, +xX m-—3
+ + 1 T AN T A

Va tw gia thiét thi: —= = . .
»+4 y,+4 y,+4 m-6 XX, 3(m—6)

T day gidi ra dwoc m=9.

Thtt lai, m =9 thi phwong trinh x° + x* —6x+3 =0 c6 3 nghiém phan biét theo cAu 1 nén m=9 1a gia
tri cin tim.

Cau 75. (HSG12 YEN LAC 2 nim 2018-2019)

Cho ham s6 y = 2x—;14 c6 d6 thila (C) va hai diém M (—3;0), N(—1;—1). Tim trén do thi ham s6
x

(C)hai diém A4, B sao cho ching ddi xtirng nhau qua dwong thang MN .

Lo giai
Phwong trinh duwdmng thang MN la: x+2y+3=0.

Phwong trinh dwong thang 4B 1a: y =2x+m.

Khi d6 hai diém 4, B ¢c6 hoanh do théa man : 2x—

=2x+m.Diéukién: x = —1.
x+1

Phuong trinh twong dwong voi: 2x* + mx+m+4=0 (1)

Puong thing AB cit do thi (C) tai hai diém phan biét khi va chi khi phwong trinh (1) c6 hai nghiém
phan biét khac -1

m>4+43

Sm—8m—32>0< .
m<4—43

A>0
=
2—-m+m+4=0

Trung diém I cha doan thdng AB c6 toa do la [—xl —;xz

;% +x,+m|, véi x,,x, la nghiém cua

phuong trinh (1). Ma x, +x, = —% nén][—%;%] .

Hai diém A4, B ddi xtirng nhau qua dwong thang MN khi va chi khi diém 7 thudc dwong thang
MN , khi va chi khi

_%+2%+3:0 < m=—4 (théa man).

Suyra A(0;—4),4(2;0) hodc 4(2;0), B(0;—4).

Ciu 76. (HSG10 tinh Ha Tinh nim 2018-2019) Trong mit phing toa d6 Oxy cho parabol (P):
y=x>—4x+3, diém I(1, 4) va dwong thang d: y = mx+m+8. Tim tat ca cac gia tri cia m dé dwong
thang d cdt parabol (P) tai hai diém phan biét A, B sao cho tam giac IAB cAn tai |

Lo gii

Ngwoi gidi: Nguyén Thi Thdo ; Fb: C6 Vé Uu
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Phwong trinh hoanh dd giao diém cta parabol (P) va duwdng thing d 1a:

X' —4x+3=mx+m+8

Sx—(m+4)x-m-5=0 (1)

Dé dudng thing d cit parabol (P) tai hai diém phan biét A,B <> A=(m+6)’ >0
Sm#6.

Tam giac IAB can tai I khi va chi khi I, A, B khong thang hang va 14> = IB’

*1, A, Bkhong thinghang © I ¢d < 2m+8+#4 < m# -2

* 4> = IB’

S @ -D +(r 4 = (5, D> +(y, ~4)’

S (x, =1 +(mx, +m+4)’ = (x, = 1)* + (mx, + m+4)’

< (x —x2)[(l+mz)(x1 +x,)+2m’ +8m—2] =0

X, =X,
=

(I+m*)(x, +x,)+2m* +8m—2=0
S (1+m*)(x, +x,)+2m> +8m—2=0
oS m’+6m’ +9m+2=0

m=-2-/3
o m==2+3

m=-2

Vay cAc gié tri cia m théa yéu cau dé baila m=—2-3, m=—2+3

x+3

Cau 77. (HSG12 Tinh Nam Dinh 2018-2019) Cho ham s8 y = c6 dd thi (C) va diém 0(0;0).

xX+2
Tim tdt ca cac gi tri cia tham s8 m dé duong thing d: y =2x+3m cit (C) tai hai diém phan biét

A va B théa man trong tim G cta tam gidc OAB thudc duong thdng A:2x—y+m’ = 0.

Loi giai
. . \ A o e X+3 s A K
Xét phwong trinh hoanh do giao diém Ty =2x+3m (v&i x laan sd) (1).
X+

Puong thing d cit dd thi (C) tai hai diém phan biét khi va chi khi phwong trinh (1) c6 hai nghiém
phan biét.

. X #-2
o .
® 2x2+3(m+1)x+6m—3=0

Khi d6 2x* +3(m+1)x+6m—3=0 c6 hai nghiém phén biét khac —2 khi va chi khi

A=9(m+1)" -8(6m-3)>0 ) N
< 9m” —30m+33>0 luén ding véi moi m € R.

8—6(m+1)+6m-3+0
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Tac6 Ogd &m=0.
Goi x, va x, la cac nghiém cua phwong trinh (1).

3(m+1)'

Theo Dinh li Vi-étta c6 x, + x, = — 5

Giad st A(x,;2x, +3m), B(x,;2x, +3m).

2(x, + +6
Khi d6 G[xlgxz; (% ’;2) mj hayG(—mTH;m—lj.

m=0

m:i\/?

Doi chiéu diéu kién m # 0 ta dwoc tit ca cac gia tri cin tim ctia m 13 —\/5; J2 .

Ta co GeA<:>m3—2m:O<:>{

Cau 78. (HSG12 tinh Bac Ninh 2018 - 2019)
Cho ham s§ y =(m—3)x—2m+1 c6 db thi 1a dwong thdng d . Goi S 1a tip cac gid tri cia tham s8 m
dé dwong thang d cat truc Ox, Oy lan lwot tai hai difm A4, B sao cho tam gidc OAB can. S8 tap

concuatip S la
A 3. B. 2. C. 6. D. 4.

Lo giai
T4c gid: Nguyén Huong Thom; Fb: Thom Nguyen
ChonD
+) Do dwong thang d cit truc Ox, Oy tai hai difm 4, B tao thanh mot tam gidc nén m=#3 va
m# % . Véi diéu kién do ta co
m—

+) d cattruc Ox tai diém A(M;Oj

+) d cattruc Oy tai diém B(0;-2m+1)

+) Tam giac OAB can nén O4=0B.

~ 2m—-1]=0
+) OAzOB:‘M‘=|—2m+1|:{| m-]
m-3 |m—3|=1
+) |2m—1|:O<:>m=% (loai)
m—3=1 m=4
Din-y=1<] {
m-3=-1 m=2

Vay S={2;4} nénsdtip concia S la 4.

Céach 2:
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T4c gid: Nguyén Trung Kién; Fb: Nguyén Trung Kién.

PE& dwong thang d cat cac truc Ox, Oy 1an lwot tai A, B dé€ tam gidc OAB can tai O (do tam gidc OAB
vuong tai O) thi né song song véi mot trong hai dwong phan giac cia hé truc toa do.

{|m—3|:1 {m:Z
= .
2m-120 " |m=4

S ={2;4} nénc6 2* =4 tap con.

Cau 79. (HSG12 tinh Bac Ninh 2018 - 2019 ) Biét dwong thing y = x—2 cat do6 thi ham s y = 2xt1

x—1
tai hai diém phén biét 4 va B c6 hoanh d6 x,, x,. Gia tri cia biéu thirc x, + x, bang:
A 2. B. 5. C. 1. D. 3.

Lo giai
T4c gid: Nguyén Vin Liéu; Fb: Nguyen Lieu
Chon B

. o oan el 2X+] x#1
Phwong trinh hoanh do giao diém: =x-2< 5 .
x-1 2x —5x+1:0(1)

Ta thdy (1) ludn c6 hai nghiém phan biét khac 1, 4p dung dinh ly Vi-etta c6 x, +x, =5.

Cau 80. (HSG12 tinh Quang Binh nam 2018-2019)

Cho ham s6 y = 1 c6 do thi la dwong cong (C) va diém I(—%;%}. Viét phwong trinh dwdng thing
x

d diqua I vacat (C) tai hai diém M,N sao cho / la trung diém cta MN .

Loi gii
Tdc gid:Trdn Thi Thdy; Fb: Thidy Minh, Huyen Nguyen
Cach 1:

+ Goi d di qua diém I(—%;%j va co hé s6 goc k co6 phwong trinh la:

5) 5 12kx+10k +15
yv=kix+=|+=y= .
6) 4 12

+ Xét phwong trinh hoanh d6 giao diém ctia (C) va d:

1 12kx+10k+15 x#0
—= =
X 12 g(x):12kx2+(10k+15)x—12:0 (*)

+ DPuong cong (C) cat d tai hai diém M, N khi va chi khi phwong trinh (*) c6 hai nghiém phén
biét khac 0.
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k#0
k#0 k=0 Lo ~219+8446
SIA>0 & {(10k+15) +4.12%k >0 = > 50 (1).
g(0)20  [-12%0 L ~219-84V6
50

+ Véi k théaman (1), goi x,; x, 1an lwot 13 hoanh d6 cta hai diém M, N, véi x;; x, 1a hai nghiém

ctia phwong trinh (*).

—5(2k+3
+ Theo dinh ly Vi-et ta c6: x, +x, = %

+ 7 1a trung diém ctia MN Kkhi va chi khi:

~5(2k+3) 5

X, +x, =2x, < o :—§<:>2k+3:4kc>k:%(th6amén (1)).

+ Véi k :% ta c6 phwong trinh dwong thang d 1a: 3x-2y+5=0.
Cach 2:

+ M(m;lj €(C), I latrung diém ctia MN nén ta co:

m
-5 5 1 -5-3m S5m-2
N(2x,—x,,;2y, — =l ——-m———|= >
(’My’yM)(3 2mj(3 2mj
-5 -5 m=-2
X 5m—2 3 m#0;m#— m#0;m#—
+Vi Ne(C) suyra = e 3 = 3 & 1
Mmoo A (5m=-2)(=5-3m)=6m  |[3m*+5m-2=0 |73
g . ( —1) (1 j
+Véim=-2taco M|-2;,— |;N|—=;3|.
2 3
L 1 . 1 -1
+Voim=— taco M(—;3J;N(—2;—j.
3 3 2
X 2 : g A= (T T) 7 \ , n
+ Dwong thang d di qua hai diém M , nhan MN = ?5 :5(2;3) lam vecto chi phwong, hay nhan

n= (3;—2)1am vecto phap tuyén :
3(x+2)—2(y+%j =0 < 3x-2y+5=0.
Vay phwong trinh dwong thing d can tim1a: 3x-2y+5=0.
b.Chohamsé y=x+ ‘xz —2x+m|, véi m1a tham s6. Tim m d& ham sé c6 cuc dai.Loi gidi

Tdc gid:Ping An; Fb:Pdng An
Nguyén Vin Diéu; Fb Dieupt Nguyén
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Ham s6 y=x+‘x2—2x+m‘.TXD: R.
Trwonghop 1: m>1 = x> —2x+m>0 véi VxeR.
+ y =x+‘x2 —2x+m‘ =x’ —x+m, ham s6 nay cé do thi 1a mot Parabol nén chi cé cuc tiéu, suy ra

m >1 khong théa man.
Trwong hop 2: m<1

xP—x+m khixe(—w;l—ﬂ}u[l+m;+oo)
—x*+3x—m khixe(l—\/l—m;lJr\/l—m) '
2x—1 khiXE(—OO;l—M)U(l-FM;-FOO)

—2x+3 khi xe(l—Jl—m;1+J1—m)

+ y=x+‘x2—2x+m‘=

+ y' =

+) 2x-1=0< x=—.Déthdy 1+1-m >% voéimoi m<1lval-+l-m <%<:>m<%.

1
2

3 o xax 3 . .3 3
+)—2x+3:O<:>x:E.Dethay1—\/1—m<5Vo'1mc_)1m<1Va5<1+\/1—mc>m<z.
+)Vc’rim<%,tacébéngxétdé’ucﬁa '

0 1-~1-m

v - [ -

1++1—-m +00

S| | W

Ham sé dat cwc dai tai x = %
+) Vi %< m <1, ta c6 bang bién thién

1—~f1—m 1++1—m +e0

+ I + ] +

==l SR

Ham s6 khong c6 cuc dai.

Dé thay khi m = % ham s6 khong c6 cuc dai.

A VN X 2 g 3
Vay ham so c6 Cl_l’CdZ;llVO’lm<Z.

Cau 81. (HSG10 tinh Hai Dwong nam 2018-2019)
1) Cho ham s8 y=x"-4x+3 c6 dd thi (P). Tim gia tri cGa tham s6 m dé duong thing

(d,):y=x+m cit db thi (P) tai hai diém phan biét c6 hoanh do x,x, théa man —+ =2

xl xZ
2) Cho ham s6 y=(m—1)x>—2mx+m+2 (mla tham s6). Tim m dé ham s nghich bién trén
khoang (—;2).

Lo giai
1) Xét phwong trinh hoanh dg giao diém:

X —4x+3=x+mx*—5x+3-m=0 (*)
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Xét theo yéu cau bai toan thi phwong trinh (*) c6 hai nghiém phén biét va khac 0

A=4m+13>0 m>—E
< 4 .
3-m#0
m#3

Goi x,,x, 1a hai nghiém ctia phwong trinh (*) . Ta co:

1 1
—+—=2&(x,+x,)—2xx, =0 (**).
Y (% +x,) =23, (**)
. e e X TX =5 P 1 2 ~
Theo dinh ly Vi-ét: . Thé vao (**) ta dwoc:2m—-1=0< m =— (thoa man).
xx,=3-m 2

Py 1 2 ~ Py A N\ o= 7
Vay m = 5 thoa man yéu cau bai toan.

2) Véi m=1= y =-2x+3. Ham s6 nghich bién trén R nén ham s6 nghich bién trén khoang (—x;2)
.Do dé m =1 théa man.

a>0
Véi m # 1. Ham s6 nghich bién trén khodng (—oo;2) khi va chi khi b
(—00;2) c —oo;—z—
a

m—-1>0 m>1
< = — S1l<m<L2,
m ) 2 m>0 m

m-—1 m—1

Viy 1<m <2 lagia tri can tim.

Cau 82. (HSG10 HA NAM 2018-2019)

Trong mit phdng Oxy cho parabol (P):y =x* + mx+3m—2, dwong thing (d):x—y+m=0 (m 1a
tham s§ thuc) va hai diém 4(-1;-1), B(2;2). Tim m dé dwong thang (d) cat parabol (P) tai hai
diém phan biét M, N sao cho 4,B,M ,N labdn dinh cta hinh binh hanh.

Lo gidi
T4c gid: Nguyén Vin Khoa ; Fb: Khoa Nguyen
Xét phwong trinh hoanh dé giao diém cta (P) va (d):
X Amx+3m-2=x+m < x° +(m—1)x+2m—2 (1)
® Puong thang (d) cat parabol (P) tai hai diém phan biét < (1) c6 hai nghiém phén biét

m<1

o A=(m-1) -4(2m-2)>0 <:>m2—10m+9>0<:>{ :
m>9

Khi d6, (d) cit (P) tai hai diém M (x,;x, +m), N(x,;x, +m) v6i x,,x, 1a nghiém cta (1) (gia st

X, <X,).

@® Bon diém 4,B,M ,N labon dinh cta hinh binh hanh xay ra cac tredng hop sau:
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Truong hop 1: Bon diém 14p thanh hinh binh hanh ABNM .

= AB=MN <3=x, —x,.

2+m
Xl = — 5
X +x,=1-m A
Két hop vé6i dinh 1y Vi-et ta cé hé: {x,.x, =2m—2 < 1 x, =_Tm
%% =3 XX, =2m—2

Suy ra _2Em ATm e m —1om=0| "
2 2 m

2 x=-1 [M(~1;-1)=4
Véi m=0, (1) tré thanh: x* -x-2=0< = (loai).
x=2 N(2;2)EB
2 x:—6 M(_6 4
Voi m=10, (1) tré thanh: x> +9x+18=0< 3:> théa min ABNM tao thanh
x=- -3:

hinh binh hanh.
Truong hop 2: Bon diém 14p thanh hinh binh hanh ANBM .

X +X, _l
(1 1), L A 2 2
Khi d6, /| —;— | 1a trung diém cua 4B ciing la trung diém cua MN nén Sm=0
2°2 X +x,+2m 1
2 2
(loai)
Vay m =10.

Cau 83. (HSG10 THPT THuan Thanh 2018-2019)
Chohamsd y=x*-4x+4-m; (P,)

m )

a) Khao sat va vé do thi ham s6 véi m=1.
b) Tim m dé (P,) cat truc hoanh tai 2 diém phan biét c6 hoanh d¢ cling thudc doan [-1;4].

Lo gidi
T4c gid:Nguyén Thi Thay Linh ; Fb:Nguyén Linh
a) V6i m=1ham s6 tré thanh y =x* -4x+3; (B).
TXD: D=R.
b6 thi (A,) 1a mot parabol c6 dinh 7(2;-1) vahé s6 a=1>0nén bé 1dm cta parabol hwéng 1én trén.
BBT
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Do thi (B) cat truc hoanh tai diém 4(1;0),B(3;0), cat truc tung tai diém C(0;3) va nhan dwong

thang x =21am truc ddi xing.
Do thi

Y=

AN

b) Phuwong trinh hoanh d9 giao diém cta (£, ) va truc hoanh:

X —4x+4-m=0 x> —4x+3=m-1 (1)
Dwa vao do thi ta thdy, (1) c6 2 nghiém ciing thudc doan [-1;4] khi va chi khi —~1<m~—1<3 hay
O<m<4.

Cau 84. (HSG10 THPT PAN PHUQNG 2018-2019)
Cho parabol (P): y=2x>+6x—1. Tim gi tri cia k d€ dwong thing A:y=(k+6)x+1 cit parabol

(P) tai hai diém phan biét M,N sao cho trung di€m cta doan thing MN ndm trén duwong thing

3
d:y=-2x+—.
g 2

Loi gii
T4c gid:Nguyén Van Diing; Fb: Nguyén Vin Ding
Phuong trinh hoanh d6 giao diém cta (P) va (A) 1a
2x° +6x—1=(k+6)x+1 < 2x’ —kx—-2=0 (1).
Phwong trinh (1) c6 A=k +16>0,Vk € R nén né ludn cé hai nghiém phan biét. Suy ra véi moi gia

tri clia tham s6 & thi dwong thdng A ludn cat (P) tai hai di€ém phan biét M, N .

Goi x;,x, lan lwgt 1a hai nghiém cta (1). Khi d6 theo Vi-etta cé x, +x, = %

2

Taco M (x;(k+6)x +1);N(x,;(k+6)x,+1), nén toa d trung diém / ctia MN la I(E (k+6)k +1j.

k+6)k k

Diém I €d khi va chi khi ( +1=—5+%<:>k2+8k—2=0<:>k=—4i3\/§.
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Vay k =-4+32 thithéa yéu ciu bai toan.

C4u 85. (HSG11 Hiu Ldc tinh Thanh Héa nam 2018-2019)

Cho ham s6 y =x"+2x—3 (*) va duong thing d : y = 2mx—4 .Lap bang bién thién va vé do thi (P)
cia ham s6 (*). Tim m dé€ d cat (P) tai hai diém phin biét c6 hoanh d6 x;; x, théa man

X +m x,+m
+ —_—

—6.

-1 x-1 -

Lo giai
Tdc gid:Trdn Phirong ; Fb: Trdn Phurong
+ Lap bang bién thién va vé (P): y = x* +2x -3
7 2 X = _1
Ta c6 dinh / :{ = I(-1;-4)
y=—4

+ Bang bién thién:

—

+ D0 thi: Do thi 1a parabol c¢6 bé 16m huéng 1én co6 truc ddi xing 1a dudng thang x =—1 cit truc
hoanh tai diém (1;0);(-3;0) cit truc tung tai diém (0;-3).

Y

(o ]

x #1

biéu kién:
x, #1

Xét phuwong trinh hoanh d6 giao diém x* +2x-3=2mx-4 < x> =2(m—-1)x+1=0 (1)

d cat (P) tai hai diém phan biét c6 hoanh do x,; x, < Phwong trinh (1) c6 hai nghiém phén biét
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A'=(m-1)"=1>0 {m2—2m>0 {m>2
f— f—

1-2(m-1)+1#£0 4-2m+0

x;x #le
m<0

Ca . ;. . x1+x2:2(m_1)
Khi d6 theo dinh li viet ta c6 .

x.x, =1

X +m, X +m PPN x12+x22+(m—1)(x1+x2)—2m

Ta co =—6

-1 x-1 xx, —(x +x,)+1

(x,+x,) = 2%, +(m—1)(x, +x,)—2m 4(m-1) =2+2(m-1)" -2m _

_ 6 -6
g xx, —(x +x,)+1 < 1-2(m-1)+1
m=2
& 6(m=-1) —2m-2=—6(4—2m) < 3m’ —13m+14=0| 7
m=—
3

Két hop véi diéu kién ta dwoc m = %

Cau 86. (HSG11 Hau Loc Thanh Héa nam 2018-2019)
Chohamsé y=x"+2x-3 (*) va dudng thang d : y = 2mx—4.
Lap bang b1én th1én va vé do thi (P) ctia ham s§ (*). Tim m dé€ d cit (P) tal hal d1&m phan b1ét

ntm x+m__ .

c6 hoanh d6 x,,x, théa man
x-1 x-1

Lo gii
Xétham s6 y =x" +2x-3 (*) va dwong thing d : y = 2mx 4.
+ Lap bang b1én th1én va vé do thi (P) ciaham sé y =x’ +2x—3(*).

Ham s6 bac hal y=x"+2x-3(*) c6 a=1,b=2,c=-3, —2i:—1. V&1l x=-1 thi y=-4. Bang b1én
a

th1én ham s6 (*) nhu sau

X |—I -1 +ao
+oo +oo
. \ /'
4

Do thi (P) 1a parabol c6 bé 16m hwdng 1én trén, c6 truc d61 xtirng 1a dwong thing x =—1, cat truc
hoanh tal hal d1ém (1;0), (-3;0), cat truc tung tal d1ém (0;-3), va c6 dinh la 7(-1;-4) (xem hinh

vé sau).
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AY

+ Xét phuwong trinh hoanh dé d1ém chung cta d va (P)
X +2x-3=2mx-4<x*-2(m-1)x+1=0 (1).

DBuong thing d cat (P) tal hal d1ém phan b1ét c6 hoanh do x,,x, kh1 va chi kh1 phuwong trinh (1)

z N A A ' 2 m>2
c6 hal ngh1ém phéan b1ét x,x, < A'=(m-1) -1 >0<:>[ 0 ().
m <

, . Fra s , xl+x2:2(m_l) N
Kh1 do, theo dinh li V1ete, ta c6 (3). Nhw vay

x.x, =1

x1+m x2+m
—+ =

-6

x-1 x-1

x12+x22+(m—1)(x1 +x2)—2m _ 6

XX, —(x1 +x2)+1

()c1 +)c2)2 —-2x,x, +(m—1)(x1 +x2)—2m _ 6

XX, —(x1 +x2)+1

<:>4(m 1)_22(:12_(ln)1+11) 2m:_6 (do (3))
@4(m—1)2—2+2(m—1)2—2m__6
4-2m
6(m—1) —2m—2=—6(4-2m)
<:}{4—2m¢0

m=2

3m* —13m+14=0 7
= = m=—<om=—.,
m#2 3 3

m#2

Gla tri m =§ théa man d1éu k1én (2). Viy m =% la g14 tri can tim.

Cau 87. (HSG11 THPT Hau Léc Thanh Héa nim 2018-2019) Cho ham s6 y=x"+2x-3 (*) va
dwong thiang d: y =2mx—4.
Lap bang bién thién va vé do thi (P) ctia ham s6 (*). Tim m dé€ d cat (P) tai hai diém phan biét c6
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x1+m x2+m
—+ =

—6

hoanh dd x;;x, thda man
x-1 x-1

Loi giai

Bang bién thién:

Phuong trinh hoanh do giao diém ca d va (P): x* +2x-3=2mx—4 < x’ +2(1-m)x+1=0.

< . . =R N A [; 2 2 m<0
d cét (P) tai hai diém phanbiét © A'>0 < (1-m) -1>0 & m’ -2m>0 < 5
m>

s s U X+, =2(m-1)
Khi d6 ap dung hé thirc Vi-et ta c6: .
xx, =1

)c1+m+)cz+m= (x1+m)(x1—1)+(x2+m)(x2—l)_

Ta cé: -6 =-6
0 x-1 x-1 < (x,—1)(x, 1)
x12+x22+(m—1)(x1+x2)—2m PN (x,+x2)2+(m—1)(x, +x2)—2x1x2—2m _ 6
xx, —(x +x,)+1 - xx, —(x +x,)+1 -

6(m—1) —2m-2

T2 2(m)

=—6 < 6(m—1) —2m-2=-6(4-2m)

m=2 (L)

& 6m* —26m+28=0 < 7 .

A T o8 s A
Vay ngla gia tri can tim.

Cau 88. (HSG12 tinh GIA LAI 2018-2019) Cho ham s y = 2% +11 c6 do thi (H) va dwong thang

d:y= (m2 +1)x—2 (v&i m 1a tham s&). Tim tét ca cac gid tri ca m d€ d cat (H) tai hai diém phan

biét c6 hoanh d6 x,,x, sao cho biéu thirc P=12(x, +x,)+11xx, dat gia tri Ién nhat.

Lo gii

Phwong trinh hoanh d¢ giao diém cta (H) va d 1a: 20t

n =(m2+1)x—2 (l),DK: x#1.
x—

(1) = (m* +1)x" =(m* +5)x+1=0(2).

D& dwong thang d cat (H) tai hai diém phan biét khi va chi khi phwong trinh (2) c6 hai nghiém
phan biét khac 1.
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(m* +5) —4(m* +1)>0 (m+3) +120
=
(m2+l).12—(m2+5).1+1¢0 3%£0

(ludn dang véi moi me R).

Suy ra Vm e R thi d ludn cat () tai hai diém phan biét.
Khi dé x,,x, 1a hai nghiém phan biét cta (2)

2
M x = khi dé:

Taco: x, +x, =
m-+1 m-+1

2 2 2

2
P=12(x +x)+11na =12 0 [ Loy 22 <1,
m” +1 m” +1 m”+1

Do d6 P datgia trilén nhatla 71 khi m=0.

Vay m =0 1a gia tri cin tim.

Cau 89. (HSG12 tinh Hai Duong nim 2018-2019) Cho him s6 y =2 ‘11 ¢6 db thi (C). Tim mdé
X+

duomg thing d : y = —x+m ct (C) tai hai diém phan biét 4 va B sao cho APAB déu, biét P(2;5).

Loi giai

Tdc gid: Podn Thi Uyén ; Fb: Podn Uyén

1) Cach 1:
Hoanh d6 giao diém ctia dwong thdng d va do thi (C) 1a nghiém phwong trinh.
2x -1 2
. =—x+m(x#-1) x =(m=3)x—m—-1=0 (1).
X+

Duong thing d cit do thi (C) tai hai diém phan biét khi va chi khi phwong trinh (1) c6 hai nghiém

phan biétva x = -1.

2
{A>0 @{m2—6m+9+4m+4=(m—1) 1250 o ding),

= (1) +(3=m)(~)=1-m=0  |-3%0

. < A, R .| XX, =m=3
Goi x,, x, la cac nghiém cua phwong trinh (1), ta c6:
xx, =—m-—1

Gid st A(x;—x +m), B(xy;—x,+m).

Khi d6 ta co: AB=4/2(x,—x,) .

PA=\(x,=2) +(=x,+m=5)" =\(x =2) +(x, -2)’
PB=\|(x,=2) +(—x,+m—5)" =(x,=2) +(x,-2)".

Suy ra APAB cantai P.

Do d6 APAB déu < PA*> = AB*.
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<:>(x1—2)2+(x2—2)2 :2(xl—x2)2 <:>(x1+x2)2+4(x1+x2)—6x1x2—8:0.

<:>m2+4m—5:O<:>{ S.Véygiétricéntimlém=1,m=—5.

Cach 2:
Phwong trinh hoanh d¢ giao diém ctia dwong thang d va do thi (C) la:

2x—1
x+1

:—x+m(x¢ —1).

& 2x—1=-x"—x+mx+m.

o x’=(m-3)x—m-1=0 (*¥).

Puong thang d va do thi (C) cit nhau tai hai diém phan biét < phuwong trinh (*) c6 2 nghiém

phan biét x = —1.

A>0 2 _ —(m -1V
{ {m Om+O+dm+d=(m=1) +1250 (o

- (1) +(3=m)(-D~1-m= 07 =320
Vay phwong trinh (*) luon c6 2 nghiém phan biét x = —1.
Goi A(xl;—x1 +m); B(xz;—x2 +m) la giao di€ém ctia (d) va (C)

N N A ) N A 2 Al . . | xtx,=m=3
Vi x,;x, 1a nghiém cua phwong trinh (*) nén ap dung hé thirc Viet, ta co: [
XX, =—m—

Vi APAB déunén H latrung diém cia 4B . Do d6, toa dd cua H la:

X X m-—3 m—3 m-—3
AR T A
= = =
V.tV —X,+m—x,+m —-m+3+m+m m+3
yH:T 7 > Yy = > Yy = 5
DH(m—3;m+3j.
2 2
PH 1 AB o
APAB déu < J3 Vo1 4B =(x,—x:x, _xz);FH”:(L;LJ _

Do phwong trinh (1) luén ding nén hé phwong trinh twrong dwong véi:

<::>(m—7)2 =3(x, —xl)2 .
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<:>(m—7)2 =3[(x2 erl)2 —4x1.x2]

& (m=7)" =3| (m=3)" +4(m+1)).

<:>m2—14m+49=3(m2—6m+9+4m+4).

Sm*—14m+49=3m*> —18m+27+12m+12.

< 2m? +8m—-10=0.

m=1 . O
@{ 5.V:?lygiéltricantlmlam:l,m=—5.

Cau 90. (HSG10 YEN PHONG 2 nim 2018-2019) Tim tAt ca cac gia tri cia tham s6 m @& ham sé
y=~x—-m+1 L dinh trén khoang (-1;3).

N=x+2m

Lo gii

Tdc gid:Trdn Thi Kim Xuyén ; Fb: Xuyen Tran

. x-m+120 x=2m—1
Ham s0 xac dinh khi

—x+2m>0 x<2m
Véi diéu kién m—1<2m < m>—1 thi ham sé c6 tip xac dinh1la D :[m—l; 2m)

_1- _12
Véyhéms6y:\/x—m+l+i xac dinh trén khoang (—1;3)@{( ’3)C[m ’ m)

N=x+2m m>-—1
m<0
{m—ls—1<3ﬁ2m 3
Rt S<im>— A A ‘A
m>—1 2 Hé v6 nghiém.
m>-—1

Vay khong c6 gia tri nao ctia m thoa man bai toan da cho.

Cau 91. (HSG12 Cao Bang ndm 2018-2019)Tim tip xac dinh clia hAm s6 y = ln(zx _31 —3) .
X+

Loi giai
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2x -1
, - -3>0 —x-
a) Hémsc“)yzln(zx 1—3) xac dinh khi va chi khi { x+3 g o= 10>0c>—10<x<—3.Véy
x+3 1320 x+3

tap xac dinh ctia ham s§ 1a D =(-10;-3).
b) Giai phwong trinh: sin2x+1= 6sin x + cos 2x .Lo1i giai
Ta c6: sin2x+1=6sinx+c0s 2x < 2sinx.cos x +1=6sinx+1—2sin” x < 2sinx(cosx +sinx—3) =0

sinx=0 R N . . .
c{ < x = kx.Vay nghiém phwong trinh da chola x=kr.

sin x+cos x =3 (VNo)

Cau 92. (HSG12 tinh Bc Ninh 2018 - 2019 ) T4p x4c dinh ciiaham s8 y=(4-3x—x2)" I
A R\{-41}. B. [-41]. C R. D. (—41).

Loi giai
Tdc gid: Bui Thi Ngdn; Fb: Ngan Bui
Chon A

. #—4
Pidu kién xéc dinh: 4—3x—x* =0 < {x 1
X #

Véy tap xac dinh ciia ham s 1a R\{-4;1}.

Cau 93. (HSG11 Nho Quan Ninh Binh 2018-2019)

C6 bao nhiéu gia tri nguyén ctia tham sé6 m dé hamso y = Jx = 2mx—2m+3 c6 tap xac dinhla R ?
A. 3. B. 5. C. 6. D. 4.

Loi giai
T4c gid: Nguyén Thanh Giang; Fb: Thanh Giang
Chon B
Ham s6 da cho co tap Xac dinh la R

X -2mx-2m+320,Vxe R A'<0em’ +2m-3<0= -3<m<l.

Vi meZ:me{—3;—2;—l;O;l} nén c6 5 gia tri cia m .
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Chuyén dé S::l Mii, logarit

Cau 1. (HSG12 tinh Bac Ninh 2018 - 2019 ) Cho a >1. Ménh dé nao sau day 1a ding?

1 1 Ja? : 5. 1
A —< : B. >1. C.a®>+a. D.aV>—.
a2016 a2017 a aﬁ

Lo gidi
T4c gid: Nguyén Chi Thanh; Fb: Nguyén Chi Thanh
Chon D

Via>1 nén a‘ﬁ>a"ﬁ<:>a_ﬁ>—.

Cau 2. (HSG12 tinh Bac Ninh 2018 - 2019 ) Cho x, y 13 hai s& thuc dwong khac 1 va «, B 13 hai s
thuwc tuy y. Ménh dé nao sau diy SAI?

a

a -~ a-p
X X « X X
A—= [_j , B. x*.x” :x‘”ﬁ. C.x“.y" = (xy) _ D.— Z(—j .
Yy Y Y Y

Loi giai
Tdc gid: Pang Thi Ngoc Bich; Fb:Co Bich Toin PHT
ChonD
Dé thay cau D.

C4u 3. (HSG12 tinh Ladm Pbéng ndm 2018-2019) Cho a =log, 6 va b=1log,12. Tinh log, 60 theo a va
b.

Lo giai
T4dc gid:Pham Hai Dwong; Fb: DuongPham
Ta co
log, 6=a
log.6=a log,2=b-1
=
log,12=5 log;12=ab
logs2=a(b-1)
log, 60 = log, 60  1+log 12 1+ab 1+ab

log, 3 _log56—log52 :a—a(b—l) a(2—b)'

CAu 4. (HSG12 Tan Yén - Bac Giang Nam 2019) Anh Dua muén tiét kiém tién d€ sdm Iphone - X nén
moi thang déu din gii vao ngin hang mot khodan tién ¢ dong theo hinh thirc 13i kép véi 13i suit
0,7% mdi thang. Biét ring sau 2 nidm anh Dua c6 s& tién trong ngan hang 1a 40 triéu dong. Hoi s6
tién ¢ gan vdi s6 tién nao nhat trong cac s6 sau?

A. 1.500.000 dong. B. 1.525.717 dbng. C. 1.525.718 dong D. 1.525.500 dong.

Lo gii
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T4c gid: Lé Quoc Trong; Fb: Pep Trai Bim Sinh
Chon B

Ta c6 thiét 1ap cong thikc tinh: PAu moi thang khach hang glri vao ngan hang mot khodn tién a dong
theo hinh thirc 13i kép vai 13i sudt 7% moi thang thi s6 tién khach hang nhan dwoc ca von 14n 13i sau
n thang (nhan cuoi thang khi ngan hang da tinh ldi suat) 1a S, .

+ Cudi thang thir nhdt, 8 tién nhan dwoc: S, =a(l+r)
+ Cudi thang thit hai, s6 tién nhan duoc: S, = [a(l + r) + a](l + r) = a(l + r)2 + a(l + r) .

+ Cudi thang thi », s6 tién nhan dugc: S, = g[(1+ r) —1}(1 +7).(1)
r

V6i S, =a(1+r) +a(l+r)" +.+a(l+r)= a(1+r)[(1+r)n_l +(1+r)" +...+1}.

Thay vao cong thirc (1) véi n =24 ta dwoc:

a

40.000.000 =

—|(1+0,7%)"" ~1(1+0,7%) ( dong)

0

40.000.000.0, 7%

~1.525.717 ( dong).
[(1+0,7%)™ =1](1+0,7%)

Suyra a=

Viy a ~1.525.717 ( dong).

Cau 5. (HSG11 Nguyén Ptrc Canh Thai Binh 2018-2019) Ong B giri ngan hang 100 triéu dong (ky
han thang) véi lai suit khéng doi 0,5 % mot thang. Hoi sau it nhit may thang thi 6ng B rut ca von
va lai da tién d€ mua mot chiéc xe may tri gia 130 triéu dong?

A 52. B. 53. C. 60 D. 61

Lo gidi
T4c gid: Nguyén Trin Hivu; Fb:Nguyén Trin Hiru
Chon B

Goi T,1a s tién ong B c¢6 dwoc ca von 1an 13i sau & thang gii ngan hangvaéi 1ai suit khong doi
r=0,5% / thang. Ta cé:

Sau 1thang(k =1) thicé sé tiénla: T, = A+ Ar = A(1+7).

Sau 2 thang(k=2) thicosd tiénla: T, =T, + T,.r = AL+ r)+ A(l+r)r = A(1+r)2.

Sau n thang(k=n) thicés6tiénla: 7, =7, +7T, .r=A1+r)"" + A1+r)""'r=A4(1+r)".
Do d6, d€ 6ng Brit ca von va lai da tién d€ mua mot chiéc xe may tri gia 130 triéu dong thi
T >130.10° < 100.10°(1+0,5%)" >130.10° < (1+0,5%)" >1,3 (1)

Do n 1a s6 tw nhién nhé nhit théa man (1) nén ta thir tirng dap 4n bang MTCT ta dwoc n =153 thoa
man yéu ciu
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(Do h/s khoi 11 chwra hoc bpt I6garit nén ta chwa dung céng thirc nghiém duwroc).

Cau 6. (HSG12 Ninh Binh 2018-2019) Vao ngay 15 hang thang 6ng An déu dén gii tiét kiém tai
ngan hang SHB sé tién 5 triéu déng theo hinh thirc 1di kép v&i ki han mot thang, 13i suit tiét kiém
khong ddi trong sudt qua trinh giri 13 7,2%/nam. Héi sau ding 3 nam ké tir ngay bat dau giti 6ng
An thu dwoc s6 tién ca goc 1an 13i 1a bao nhiéu (I1am tron dén nghin dong)?

A. 195251000 (ddng). B. 201 453 000 (ddng).
C. 195 252 000 (dong). D. 201 452 000 (ddng).
Lo gii

T4c gid: Trdn Pham Van Hién; Fb: Tran Hién.
Chon B

0
Lai suit hang thang » = % =0,6% va ong An gdi tong cong n =36 thang.

Ap dung cong thirc 14i kép tich liy: T, = g[(1+ r)"+l —1}— a=201453 000 (dbng).
r
Chu y: Bai toan 13i kép tich liy
Hang thang, mot ngwoi glri vao ngan hang so tién 1a @ dong. Biét 1ai suat hang thang khong déila r.
Héi sau n thang, ngwoi 4y thu dugc bao nhiéu tién ca gdc 1an 13i?Loi gidi
Sau thang thir nhdt, s6 tién ca gbc 1an 13i 1a: a+ar =a(r+1). Tiép tuc giri vao a dong nén tdng s6
a

tienla: 7, =a(r+1)+a=af(r+1)+1]=2| (r+1) -1].

r
Téng s6 tién sau thang thi hai: 7] = a[(l +r) +(14+7)+ 1} - 3[(;» 1)’ —1} .
r
Sau n thang, tong sotiénla: 7, = g[(1 + r)"+1 - 1} (D& dang chirng minh dwoc bang quy nap).
r

Tuy nhién, sau n thang, nguoi dé quyét dinh rat hét tién ra (tic 1a khong gvi thém a dong vao
thang thit n+1 nita) thi so tién thwc nhan dwocla: 7, —a (dong).

Cau 7. (HSG12 huyén Lwrong Tai Bic Ninh ndm 2019) Goi x, y 1a cic s& thwc théa man didu kién

1 3x+1) 1 -2 -
ng( Y ): 0g3(y )zlog2 Y3x+y—1va il = a;\/g,vé’i a, b 1a hai s6 nguyén dwong.

2log, 3 2log;2+1 y=2
Tinh P=ab
A P=6. B. P=5. C. P=8. D. P=4.
Loi giai

T4c gid: Nguyén Thi Phwrong; Fb: Phuong Nguyen
Chon B

Gia str
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log, 3x+1) _log,(y-2) _ log, 4f3x+y—1=1

2log,3  2log,2+1

log, (3x+1)=2tlog, 3 3x+1=9'
< qlogy(y—2)=(2log,2+1)t & 1y-2=43

log, {3x+y—-1=t 3x+y—l=(2t)4

Tt d6 ta c6 phwong trinh: 9" +12" =16

SORCENOROR

3x+y—-1=9"+12
P
3x+y-1=16

Sy X:‘”‘/g(tm)
bat (—j = X (X >0), phwong trinh trén tré thanh X° +X -1=0 < 2
4 N
X = (loai)
2
3)  —1+4/5 x4l (3Y 145 —a+b [a=1
Suyra|=| = .Do do === = =
4 2 y-2 \4 2 2 b=5
Vay P=ab=5

Cau 8. (HSG12 HCM nam 2018-2019)
Giai phwong trinh: log, (x +2)+1log, x =108, (x +2015) +10g,,,, (x +2016). (1)

Loi giai
Tdc gid: Tii Tam Tang Fb:Tu Tam Tang
biéu kién: x> 0.
Véi diéu kién trén phwong trinh (D tré thanh:
logs (x+2)+1og, x —log, (x +2015) —log,,,, (x +2016) = 0.
bat f(x)=log, (x +2)+1og, x —10g,,s (x +2015) —log,,, (x +2016) véi x > 0.

1 1 1 1

/(%)= (x+2)In5  xIn3 (x+2015)n2018 (x+2016)In2019

~ 1 1 N 1
"l (x+2)In5  (x+2015)In2018 ) | xIn3 (x+2016)In2019 |’

_((n20181n5).x +2015.1n2018 —21In5 | . ( (In2019—In3).x +2016.1n2019
(x+2)(x+2015)In5.1n2018 x(x+2016)In3.1n2019

= f'(x)>0 Vxe(0;+).Suyra f(x) déng bién trén (0;+).
Tacé: f(3)=0= x =3 la nghiém duy nhit.

Vay tap nghiém ctia phwong trinh 1a S = {3}.
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Cau 9. (HSG12 HCM nam 2018-2019) Cho ham s6 f(x)=x’—3x va hai s thwca,b théa min cac
dieu kién: a >2018°" >1; f(log,,a)+2 = f(log,y,b). Tinh log,, ,(a +b).

Cau 1.Ld1 gidi
T4c gid: Ta Thi Huyén Trang; Fb:Ta Thi Huyén Trang

Dit {10g2018 a=a _
log,,0 0 =0,

Ta cd a>2018°0" > 1= 20188 > 20182’ > 2018°
Cau 2.= log,, s a >10g,,,6=0=a,>b =20.
Xétham: f(x)=x"-3x= f'(x)=3x"-3.

f'(x)=0= x=+1.

BBT:
X - 00 - ] =+ 00
f(x) + 0 - 0 o
b + oD
fx) 1 = c P
e \\\\ -
S ),

bat a, =b +m,(m>0).Tacod f(logya)+2= f(logy,b)= f(a)+2=f(bh)
Cau3.=a —3a,+2=5b"-3b = (b +m)’ =3(b,+m)+2—b'+3b =0
Cau 4.= 3b'm+3bm* +m’ —3m+2=0,

{3b12m +3bm* 2 0,Yb, > 0;m >0 {bl =0 {bl =0
Taco = =

m’ —3m+2>0,Ym

log. .b=0 (h=1
Ciu5.— { 82019 @{

log,ysa=1 |a=2018

Vay log,,,(a+b)=log,,,2019=1.

HUONG GIAI 2

bat u=log,, s =a,v=1og,,,b

Tacéd: a>2018"" = log,,,a>10g,,,b>0=u>v>0.
Laico: f(log,yga)+2= f(l0g,,b)

= f(u)+2=f(v)= f(v)> f(u) véimoi u>v=>0.
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v=0

Do d6: u,ve[0;1] . Khidé tir f(v)— f(u)=2= {“

Suy ra a =2018 va b=1.Vay log,,,(a+b)=1

Cau 10. (HSG12 tinh Cin Tho nim 2018-2019) Giai phwong trinh

log, Vx® —x+1+log, (1-2x)+2x=1-Vx* —x+1
3

Loi giai

Diéu kién: x<%
Tacé log, Vx> —x+1+log,(1-2x)+2x=1-vx*> —x+1
3

& log, Vx* —x+1-log,(1-2x)+2x =1-x* —x+1

<:>log3\/x2—x+1+\/x2—x+1=10g3(1—2x)+1—2x *)
Xéthamsd f(t)=log,t+t,t>0.DEé thdy f’(t):%+1>0 vt > 0. Suy ra ham s6 déng bién v&i vt >0.
n

Ta cé

1-2x20
f(\/xz—x+1)=f(1—2x)©\/x2—x+1=1—2x = xz—x+1=1—2x©{ *

X —x+1=(1-2x)"

<
= x_2 < x=0.

x> —x=0

Vay nghiém cia phwong trinh la x=0.

C4u 11. (HSG12 tinh Can Tho ndam 2018-2019) Giai cic phwong trinh sau

log, Vx* —x+1+log, (1-2x)+2x=1-vx’ —x+1

3

Loi giai
. 1
a)biéu kién x < )

log, Vx* —x+1+log, (1-2x)+2x=1-vx’ —x+1

3
log, Vx* —x+1+x’ —x+1 =log, (1-2x)+(1-2x)
Xéthams§ f'(¢)=log,t+1,1>0

Ta c6 f'(t):ﬁ+l>0,w>0

Suy ra ham s8 dong bién trén (0;+x)

Do d6 phwong trinh f(\/x2—x+1)=f(l—2x)<:>\/x2—x+ =1-2x
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{1—2)@0 <l
= , & 2 < x=0
x*—x+1=(1-2x) ey 0

Vay phwong trinh cé nghiém x=0 .

Ciu 12. (HSG12 tinh Ha Nam nam 2018-2019) Cho phwong trinh sau véi m 1a tham sé thyec
2 2 > x*—2x 5 1
(x* = 2x)log” 10 V" = 2x+2011 +1=m g 10ga (7 =2 +201D) -

Tim tat ca cic gia tri ciia m sao cho phwong trinh trén cé dung hai nghiém thwc phén biét théa man
1<]x-1]<3 .

Lo gii

x*=2x>0
1) & xe(-0;0]U[2;+)
x —2x+2011>0

Taco 1<|x-1|<3 < xe[-2;0]U[2:4] (*)

PT < i(xZ —2x)log’ 5,0 (¥ = 2x+2011) +1= m{ L7 2x 10,0, (x* —2x 4201 1)—ﬂ

272

& (3 = 2x)logyyy (x* ~ 2x+2011)+ 4 = m[ﬁ.\/;f “2xlog,,, (¥ —2x+2011) —1}

bat 1 =+/x* —2xlog, (x> —2x+2011)

[— [— 2_
=27l 1og (2 2x 4 2011) 4 CET2NX 2
2 —2x (x* =2x+2011).1n2019
(1) 10g,)0 (x* —2x +2011) 24/x* = 2x
Jx? = 2x (x> —2x+2011)In2019

Do d6 véi x €[-2;0] thi t'< 0 ,véi xe[2;4] thi¢'>0

Bang bién thién

N Y/
Jé\ﬂ //// D/Jé

T bang bién thién ta thdy, véi mbi mot ¢ e |:0;\/§:| s& cho ta hai gid tri ctia x €[-2;0]U| 2;4 |

Nhuw viy bai todn tré thanh tim m dé phwong trinh sau c6 mot nghiém ¢ € |:0;\/§]

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 349 %




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

t2+4:m(\/§.t—l)

£ +4
Tacd > +4=m(~21-1) = m= (d t_—khonglanghlem cta pt)
(ait)eom=p o=
2
e N R SIS
(2.1-1)
Bang bién thién
&
t 1
0 —= 22
W2
ml — p—
m -4\ +:::\. |
—m 4

Tt bang bién thién ta thiy khi m € (—o0;—4]U[4;+0) thi yéu cdu bai toan dwgc thoa man.

Cau 13. (HSG12 tinh Ha Nam nam 2018-2019) Giai hé phwong trinh sau trén tip s6 thuc:

2019 = (V¥ +1+x)(Jo7 +1+7) (1)

18y
2
¥ +1 ( )

25x% +9x9x* -4 =2+

Loi giai
Tdc gid:Trdn Ngoc Quang ; Fb:Quang Tran

biéu kién |x| 2%

(1) < 2019° (Jﬁ—x) =2019"" (./(—y)2 4 —(—y))
o x1n2019+1n(\/ﬁ—x) - —yln2019+ln( (-y) +1 _(_y)j(*)

Xéthams6 f(r)=1n2019+In(Ji +1-r).r e R

1
V2 +1

Do d6 phuwong trinh (*) & x=—y.

f'(t)=1n2019— >(0,Vt e R.Suy raham s6 dong bién trén R .

18x

Thay x=-y vao (2) tacd 25x” +9xv/9x*> —4 = (3)

18x?

,7x* >2 ,suy ra pt (3) v0 nghiém.
x 41

Néu xZ% thi 18x% >
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, _ [ 4 2 1
Néu x< =2 thi (3) ©25-9,/9-— ==+ 28 (**)
3 X x° x +1

Pt u="0<us % , Pt ) tré thanh
X
18u 18u
25-9V9—du =2u+— | — 12 |[+2u—4+9v9—4u —-9=0
u+l1 u+l1
6(u—2) 36(u-2)
= +2(u-2)-——2L=0
u+l1 ( ) NV9—4u +1
u=2
=
6 s 36 0(4)

u+l _\/9—4u+1_

o)

Vi0<4/9-4u<3=9< 3 <36,

6
Vou—4+1" u+l1

+2 <8, suy ra phwong trinh (4) vé nghiém

Vixs_?2:>x=_—1:>y:_

V2 V2

Vay hé phwong trinh c6 nghiém la (_—

Cau 14. (HSG12 tinh Bac Ninh 2018 - 2019 ) Cho phwong trinh log; x —2log, x —/m +log, x =m (*).
C6 bao nhiéu gia tri nguyén ctia tham sé m thudc [-2019;2019] d€ phwong trinh (*) c6 nghiém?
A. 2020. B. 2019. C.2021. D. 4038.

Loi giai
T4c gid: Pham Thi Thu Ha; Fb: Pham Thi Thu Ha
Chon C

x>0
biéu kién: :
log, x+m=0

Phuwong trinh log} x—2log, x—/m+log, x =m (*)

< logs x—log, x=m+log, x +/m+log, x
1Y 1Y
<:>(10g2x—5j :(Jm+log2x+5j
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1 1

10g2x_5:m+5 1og2x—l=\/m (1)
&

logzx_%:_m_% —logzx:\/mTogzx (2)

f—

a)Trwong hop (1):

biéu kién: log, x >1. Khi dé

(1) (log, x—1)" = m +log, x & m =log? x~3log, x +1.
bit 1 =log, x,t>1.Tacé: m= f(t)=1"-3t+1,>0.
f'(t)=2t-3 nén f’(t):0<:>t:% .

Bang bién thién

Trudong hop nay dé c6 nghiém thi —% <m<-I.
b)Trwong hop (2):

biéu kién —log, x>0 0<x <.

Khi d6 (2) < m =log; x —log, x

bat u =log, x,u<0

Phwong trinh (1) c6 dang: m =u' —u

Xétham g(u)=u’ —u trén (—0;0] = g'(u) =2u -1

Ta c6 bang bién thién cia ham s8 g(u) =u’ —u trén (—0;0 |

X | —w 0

r
2

+o0
.}’ \

Dwa vao bang bién thién ta suy ra diéu kién dé pt (1) c6 nghiém trén (—o0;0 ] la m>0.

0

Két hop diéu kién m nguyén thudc [-2019;2019] ta c6 m=—-1 hodc 0<m <2019.

Vay c6 2021 gia tri m nguyén thoa man. Pap an dung la dap an C.
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Nguyén ham, tich phan, tng dung

Cau 1. (HSG12 Tan Yén - Bic Giang Nam 2019) Cho haim s6 f(x) xac dinh trén R\{-1;5} va c6 dao
1

ham f'(x)=————

s ( ) x°—4x-5

3
A élnlO-ﬁ-l. B. élnlO-ﬁ-l. C. In10+1. D. 1n10§(1n(2018))2.

, f(1)=1 véf(7):_?lln2. Gia tri ctia biéu thite f(0)+ f(-3) bing

Loi giai
Tdc gid: Pham Huy ; Fb: Huypham01
Chon A

Tacé:f(x):jf'(x)dxzjﬁdx:‘[%( 1 _Ljdxzéln

x—=5 x+1

x—5
x+1

+C

TnX=54¢ khi x<-1:x>5

Suyra f(x)= 6 x+ trong d6 C,, C, 1a cac hang s8 cin tim.

Lin2=20c, khi ~1<x<5
6 x+1
, , -1 1,1 -1
+ Xét x €(—o0;-1)U(5;+%). Taco f(7)=?1n2c>gan+Cl=?ln4©C1=O.

Suy ra f(—3):%1n4 (1).
+Xét xe(-1;5). Taco f(1)=1<:>%ln2+C1=1<:>C1=1—é1n2.
Suyra £(0)=LIn5+1-1h2 e £(0)=1+1ln>  (2).
6 6 6 2
+ Tir (1) va(2) ta cé: f(0)+f(—3):1+é1n%+%1n4:1+é1n10.

+ Vay f(0)+f(—3):%1n10+ L.

Ciu 2. (HSG12 tinh Béc Ninh 2018 - 2019 ) Ho nguyén ham cia ham s8 f(x)=+2x+1 la
A. —%(2x+l)\/2x+1 +C. B. %(2x+1)\/2x+1+c.
C. %(2x+1)\/2x+1+C. D. %\/2x+l+C.

Lo gidi

T4c gid: Nguyén Hoang H3i; Fb: Nguyén Hoang Hai
Chon C
Ta dit [:I\/2x+1dx; dit 1=~2x+1 = > =2x+1 = 2rdt = 2dx

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 353 #%




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

3
Nén I:ItZdt:%+C

Vay 1=§(2x+1)\/2x+1 +C.

Cau 3. (HSG12 Ninh Binh 2018-2019) Cho ham s6 y = f(x) c6 dao ham lién tuc trén [1;2] théa man
f(1)=4va f(x)=x/"(x)-2x"-3x*. Tinh gia tri f(2).
AS. B. 20. C. 10 D. 15.

Loi giai
Tdc gid: NAT; Fb: NAT
Chon B

Xét x e [1;2], tacod

—xf'(xl;f(X) =2x+3:>{%x)] =2x+3:>%x):j(2x+3)dx:>f(x)=x3+3x2+Cx.

Vi f(1)=4 nén C=0 hayla f(x)=x"+3x*.Vay f(2)=2"+3.2" =20.

2 3
Cau 4. (HSG12 T4n Yén - Bic Giang Nam 2019) Biét I f dr a5 +b\2 +¢, v6i a,b,c 1a cac s6
x +1-1
httuty. TinhP=a+b+c.
A2 B._. c-2. D. 2.
2 2 2
Lo giai

Tdc gid: Lwu Cong Chinh ; Fb: Chinh Cong Luu

Chon A

2 X¥de AW eleDde G 2 2
+)Taco [—— = =[x(x? + 1+ 1)dx = [ xv/x +1dx + [ xdx.
!Jx2+1—1 ! X’ ! ! !

2
+) Tinh jxdxz—.
1

[\SH VS

2
+) Tinh Ix\/x2+1dx.Détt= VxP+1 = =x>+1 suyra xdx =zdz.
1

2 NA
Khi dé: J.x\/xz +1dx = j £de =¥—¥.

1 N

5
Vaiva=—,b=—,c =
1y 3 >

Suy ra P:a+b+c:§.
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Cau 5. (HSG12 Thanh Ph§ Pa Néng 2018-2019) Cho ham s y = f(x) x4c dinh trén tdp R va théa

f(x)+2f"(—x) = v&i moi s8 thuc x. Gid st f(2)=m, f(-3)=n. Tinh gié tri biéu thirc
x"+x
T =1 (-2)-1(3).
A T=m+n. B.T=n—m. C.T=m-n. D.T=-m—n.
Loi giai
Tdc gid: Ngé Ngoc Ha ; Fb: Ha Ngoc Ngo

Phan bién: Nguyén Thang.
Chon B
Tacod f'(x)+2f'(-x)= 2l (1) vxeR

x4+ x7+1

, , 2|
= ['(=x)+2f (x)=m(2)
Lay 2-(2)—(1) ta duoc: 3f’(x):A@f'(x)=z~ |x|
o x+x7 +1 3 x°+x*+1

= f'(x)=f"(-x) VxeR,

Vi j;f’(x)dx:f(Z)—f(—3):m—n

Ta c6 jf'(x)dx=f(3)—f(—2):>—jf'(x)dx=f(—2)—f(3)

Xét —j-f'(x)dx

bat x=—t=dx=-dt.

Poicanix=-2=¢t=2; x=3=1t=-3.
o [ (o)t =] £ (=0t = [ (Wt =—(m=n)=n—m.

Hay: f(-2)-/(3)=n-m.

Ciu 6. (HSG12 tinh Bac Ninh 2018 - 2019 ) Cho hai ham s6 f(x) ,g(x) c6 dao ham lién tuc trén R.

Xét cic ménh dé sau

1) k[ f(x)dv=[k.f (x)dx véik 1a hing s6 bat ki.
2) j[f(x)+g(x)]dx=jf(x)dx+jg(x)dx.

3) [[f(x).g(x)]dr=] s (x)dx[g(x)dr.

4) jf'(x)g(x)dx+jf(x)g'(x)dxzf(x).g(x).
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Tong s6 ménh dé dung la:
A. 3. B. 4. C. 2. D. 1.

Lo giai
Tdc gid: Pham Van Manh; Fb: Pham Van Manh
ChonD
Ta c6 ménh dé dung 1a ménh dé sé 2. Ménh dé nay dung theo tinh chit co ban ctia nguyén ham.
Ménh dé s6 1 sai khi £=0.
Ménh dé s6 3 sai vé tinh chit ctia nguyén ham.

Ménh d& s6 4 saivi [ f'(x)g(x)dx+ [ f(x)g'(x)dr=f(x).g(x)+C.

Ciu 7. (HSG12 huyén Lwong Tai Bic Ninh ndm 2019) Cho ham s§ f(x) c6 dao ham khong 4m trén
[0:1] théa man [f(x)][/'(x)] (x*+2x+3)=1+[f(x)] va f(x)>0 v6i Vxe[0;l], biét
/(0) =2. Hay chon khang dinh dung trong cac khing dinh sau:

A.2<f(1)<§‘. B.§<f(1)<3
C.%<f(1)<4‘. D.3<f(1)<z.
Lo gidi
T4c gid: Nguyén Thi Thuyén; Fb: Thuyén Nguyén.
Chon A
Ta LT @] (¢ +2043) =14 [ £ ()]
AIFO)] 5 ERAC] E)
= = Vxe 0;1 dx = | —==dx (1).
\/”[f(x)]S VP +2x+3 I= ! ,/1+ [fT !Jx2+2x+3 (1)

Pitr=\1+[f)] = F=1+[f®] = 2tdt =57 W[/ ()] dx.

V() 1
Sd 1 + 5 1
2tdt:j x+1) :>2t|J_V133 o) =51n(x+1+\/(x+1)2+2)
0 0

Thay vao (1) ta co:
Js[? ! (x+1) +2

[W \/—} 5|in(2+6)- 1n1+\/_}:>W 33+ —1 (“\‘//__J

L] [@ ) iﬂ = /()= \/[@ " ?j—ﬂ « (23)

Cau 8. (HSG12 huyén Lwong Tai Bic Ninh nidm 2019) Cho ham s§ f(x) lién tuc trén R va théa

man _[f dx =9. Tinh tich phan .H:f 1-3x +9:|dx
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[ A 75. B. 27. C. 21, D. 15.

Loi giai
Tdc gid: V6 Thi Thanh Thuy; Fb: Thuy Lymuc
Chon C

Ta c6 1=f[f(1—3x)+9]dx =jf(1—3x)dx+i9dx =ff(1—3x)dx+18.

Détt:1—3x:>dt:—3dx:>dx:—%dt.

DPo6ican: x=0=1¢=1.
x=2=t=-5

-5 1 1
Suy ra I:—éjf(t)dHlS :%jsf(t)dt+18 =%£f(x)dx+18 :%.9+18 =21.

1

Cau 9. (HSG12 Tan Yén - Bic Giang Ndm 2019) Cho ham s§ f(x) c6 dao ham lién tuc trén [0;1] thod

man f(0)=1, ! [ f'(x)]2 dx =%, ! (2x—1) f(x)dx = —% . Tich phan { f(x)dx bang

A—. B.LL. ¢ D. 1.
30 30 4 12

Loi giai
Tdc gid: Pham Thai Ly; Fb: Thai Ly Pham
ChonD

Xét j (2x—1) f(x)dx.

pit {u = f(x) N {du = f'(x)dx .

dv=2x—1)dx v=x"—x
= j(Zx—l)f(x)dx =(x’ —x)f(x)‘1 —j‘(x2 —-x) f'(x)dx = _L & j(xz -x) f'(x)dx =L.
) o 4 30 4 30
Ta tim hang s6 k dé j[f'(x)+k(x2 —x)]2 dx=0.(1)
1 o j;[f'(x)]z dx+2kj;f'(x)(x2 —x)dx+j;[k(x2—x)]2 dx=0 < %+ 2k.%+k2.%:0

S1+2k+k*=0 @ k=-1.

Ta Céj‘[f'(x)—(xZ—x)dezo o f'(x)-(x*-x)=0 & f'(x)=x"—x

3 2
X

= f(x)zx?—7+C.
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3 2

Theo gia thiét £(0)=1nén C=1 = f(x):x?—%Jrl.
1 1 3 2
X x 11
Va de= | =X 1 |av=—
.y{f(x)x 1(3 > jx -
Cau 10. (T6-25-Lan-2-HSG-Yén-Diing) Cho ham s6 f(x) théa maén f(2):—§ va

f'(x)= 2x|:f(x):|2 véimoi xR . Gid tri ctia f(1) bdng:

2 B. 22 c-Z. D. -2,
15 36 3 36
Loi giai
Tdc gid: Trdn Minh Loc; Fb: Trdn Léc
Chon C
Taco f'(x)= 2x[f(x)]2 @f;x)z =2x
[()]
Do d6 ta c6 I f(x)2 dy = —2 +C, va J.2xdx:x2+C2. Suyra ——=x"+C
@7 /@ @)

< . 2 , 1
Mat khac f(2)= -3 néntaco C :E'
Vay f(x)=———=——,dodé f(1)=—=.

2l 2x'+l 3

. . . > Zln(sinx+cosx) a T . L

Cau 11. (HSG12 tinh Bac Ninh 2018 - 2019 ) Biét I > dx=—In2+—vébi a, b,c 1a céc
0 cos” x b c

A, A ... be

s6 nguyén. Khi d6, — bang
a
A S B. —6. C.6. D. -3,
3 3

Lo gii

Tdc gid: Dao Hai Nam; Fb: Dao Nam

Chon D
bat:
u = In(sinx+cos x) COS X —sin x
dy=———
; 1 = sin x + cos x
y= _
cos? x v=tanx+1
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Ta co: jn(smxjcosx)dx:(tanx+1).ln(sinx+c0sx 4 j cosx— s1nx (tanx+1)dx
d cos’ x o sinx+cosx
=(tanx+1).In(sin x +cos x) F +Ismx COSY ix dx = (tanx+1).In(sin x+cos x) F +Is1nx COSY ix
0 . cosx 0 ¢ cosx
:(tanx+1).ln(sinx+cosx)‘0%—(1ncosx+x)‘0%
(2111\/_ ln£——J (Linl-In1-0) = 2102~
4 2 4
Dod('):a=3;b:2;c:—4,suyra:ﬁz—§.
a 3
; P 2 S (Ve
Cau 12. (HSG12 tinh B4c Ninh 2018 - 2019) Cho [ f(x)dx=2,khidé I = [ dx bing
1 1

NS
A 2. B. 4. C. 1. D%

Lo giai
T4c gid: Nguyén Vin Liéu; Fb: Nguyen Lieu
Chon B

Détz:&:dz:—l dx .

2Jx
Poican: Véi x=1=t=1;véi x=4=1t=2.

Khi do, I:2jf(t)dt :2J2.f(x)dx:4.

1

Ciu 13. (HSG12 tinh Can Tho ndm 2018-2019) Mot chiéc xe 6 td dang chay v&i vén toc v, (m/s) thi
nguoi lai xe dap phanh. Ké tlr thoi diém dé, 6 té chuyén dong chdm dan déu véi van toc
v(t)=—4t+v,(m/s), trong d6 ¢ (tinh bang gidy) 1a khoang thoi gian ké tir lic ngwdi 1ai dap phanh.
Tinh van téc v, (m/s), biét rang tir ltic dap phanh dén lic dirng han 6 t6 con chay tiép mot quang
dwong dai 8 mét.

Loi giai
V6i van t8c chuyén dong chdm dan deu v(¢)=—4z+v,, thi sau thoi gian %0 0 td m&i dirng han. Khi
v Vo 2
dé6 6 t6 da di duwoc quang duong s = IO4 (<4t +v,)dt =(-2t+v,t)| 4 :%(m)
0
Theo yéu ciu bai toan, 6 t0 chay thém dwoc quing duong S(m), ta c6 phwong trinh :
v02 Vo = 8

— =8 .
8 v, =—8
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Vi ban dau vat chuyén dong c6 van tdc, sau d6 méi ham phanh nén v, =8(m/s).

b)

2
Cau 14. (HSG12 tinh Hung Yén 2018-2019) Tinh tich phan 1= j
1

xVx+1+ x+1)\/— '

Loi giai

_2( 2 2 2
_J; x.(x+1) Jl‘(\/_ \/ij '1[ !J—l
(2\/5—2\/ﬁ)1 =4J2-23-2.

Cu 15. (HSG12 tinh Quang Binh nim 2018-2019) Cho tich phan I(¢) = [(xsinx)’ dx.

oc_,N

a.Tinh I(¢) khit=7

Lo gidi
T4c gid: Trdn Quéc Khang Ha Lé; Fb: Bi Trin, Ha Le
a.Khi ¢t =, ta co:

Va

+ I(7z):£x2 sin2xdx:%J;x2 (1—cos2x)dx = x?

V4 3
l —lijCOSZxdx=ﬂ——l.J.
2 29 6 2
du = 2xdx

2
F Vi J = u=x

S ey N

x” cos2xdx . Pat = 1. .
dv=cos2xdx v=Esm2x

x2
+Taco J =?sin2x

—.[xsin2xdx Ixsm2xdx bat

0 0 0

T oz { _ dul =dx

dv, =sin2x dx v = %lcos 2x

T T

=J= —(—icos2x
2

+Ilcos2xdx = Ecos2x—lsin2x
02 2 4

0 0

b. Chtrng minh rang: /(¢)+1(—t)=0 Loi gidi
T4c gid: Nguyén Thj Binh; Fb:Nguyén Binh

+ Xét I(—t) = j(xsinxfdx.aat x=-u,suyra dr=—du.
0

Poicin: x=0 = u=0; x=—t = u=t.
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Khi d6: I(~t) = —j[—u sin(—u)] du = —j(xsin x)’ dx.

Vay 1(t)+1(~t) = j(x sin x)*dx — j (xsinx)’dx=0 (dpcm).

Nhéan xét: Néu 1am trac nghiém thi c6 thé 1am nhanh hon.

0
Do ham s y = (xsinx)* 12 ham chdn nén ta c6 tinh chat: I(x sinx)*dx = I(x sinx)*dx.
—t 0

t —t t 0
Khi d6: 7(¢)+ I(~t) = [ (xsinx)*dx + [ (xsinx)dx = [ (xsin x)* dx — [ (xsinx)*dx = 0
0 0 0 —t

Ciu 16. (HSG12 tinh Can Tho nam 2018-2019) Mot chiéc xe 6 to dang chay v&i vén téc v, (m/s) thi
nguoi lai xe dap phanh. Ké tlr thoi diém dd, 6 té chuyén dong chdm dan déu véi van toc
v(t): —4t+v, (m/s), trong d6 ¢ (tinh bang gidy) 12 khodng thoi gian ké tir lic ngudi 14i xe dap
phanh. Tinh vén t6c v,, biét rang tir ldc dap phanh dén khi dirng han 6 td con chay ti€p mdt quing
dwong dai 8 mét.

Lo gii
vO

0 t0 dirng han khi v(7) =0 @z:Z

Yo

Vo 2
Khi d6 6 to da di dwoc quang dwong: s = jf(—4z +v, )t =(=26> + it ) é= %O(m).

Theo yéu ciu bai todn, 6 to chay thém dwoc quang dwong 8(m),

n . R v v, =8
nén ta c6 phwong trinh: 2 =8 < .
8 v, =—8

Vi ban d4u vin chuyén dong c6 van tdc, sau d6 m¢&i ham phanh, ta chon v, =8(m/s).

4 cosx—sinx sinx—2xcosx
Cau 17. (HSG12 tinh Ha Nam nam 2018-2019) Tinh tich phan 7 = I( +
J1+sin2x €' (1+sin Zx)

Loi giai

T4c gid: Nguyén Thanh Viét ; Fb: Neuyén Thanh Viét

dx=1+1,

T Va
, *( cosx—sin X, sinx —2xcos x cos x —sin X tsinx—2xcosx
Taco: [ = J J I
0 0 1 +sin 2x

\/1+s1n2x ¢* (1+sin2x) V1+sin2x

COS X —sin )C

V1+sin 2x

+) Tinh I, = j

Ta c6: V/1+sin2x :\/(cosx+sinx)2 =|cos x + sin x| = cos x +sin x (Vxe[o;%})

Dia chi truy cap click vao diy #8 http://www.vungocthanh1984.blogspot.com/ #% Trang 361 #%*




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

v T s
4 : 4 : 4 ; i
COS X —Ssin x cosx —sin x d(cosx+sinx F
11:I : dx:j . dx:I ( ; )=1n|cosx+smx”6‘:1n\/§
o V1+sin2x », COS X +SsIn x v COsSx+sinx
I
sin x —2xcos x
+) Tinh 7, I
0 1+s1n2x
_sinx—2xcosx
ex
bat dx dx dx
i Vs
+smZx (smx+cosx) 20032(—x)
2x—1)(sinx+cosx
g 25 (sinxeos )
e
Suy ra:

4 2 sinx+cosx

(smx 2xcosx —I1 ( D
I, = - —.tan| ——x
e 2

1 (7[ j 1 cosx—sinx
v=—§tan Zx|= =

+

X

z
j‘- cosx—sinx (2x—1)(sinx+cosx)
0

sin x +cos x €

:lj‘»(2x—1)(cosx—sinx)dx
20 e’
_lj-e"(2xcosx—2xsinx—cosx+sinx)
20 er
_l]‘»(Zsinx+2xcosx—sinx)e"—ex(2xsinx+cosx)
20 e2x
zlj(2xsmx+cosxj &
2
0
:l 2xsmx+cosx|4 \/77Z'+2\/7 l
2 e* L z 2

864

Vay I=1+1,=In

\/— \/77Z+2\/7 ;

D
ge

>

C4u 18. (HSG12 tinh Bac Ninh 2018 - 2019 ) Cho ham s6 f (x) lién tuc va c6 dao ham trén [—% %}

théa man
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; 1
2 109 . 3f(x)
J.l[fz(X)—Zf(x)(3—x)]dx=—E.T1nh ;‘;ﬁdx
2
Al B. In>. C.ln2. D.InS.
9 5 : :
Loi giai

Tdc gid: Lé Phwrong; Fb: lephuongtt1

Do d6 j‘[fz(x)—2f(x)(3—x)+(3—x)2}dx:0.

1 1 1 1
2 2 2 2

Khi d6 j%:ji——xdﬁj ! de-— | 2 dr=In2
o X —1 o X —1 o x—1 o Xx+1 9

Ciu 19. (HSG12 Thanh Phd Pa Nang 2018-2019) Cho ham s§ £ (x) lién tuc trén R va théa man

[ r(FT5—x)ax1, | /%) 4 — 3. Tinh 5 £ (x)dx.
S

X

A. —15. B. -2. C. —13. D.0.

Loi giai
Tdc gid: Lé Mai Hirong; Fb:Le Mai Huong
Phdn bién: Dwong Chién; Fb: Dwong Chién
Chon C

2

Ta cé ff(\/x2+5—x)dX:1.
-2

Pt =X +5—x(*)

Tir (*) dé thdy >0 va ¢ €[1;5], v&i vx € [-2;2].

S5 t
Knido (%) & 4+ =+/¥ +5 &1 +2mr=5&x="" @d":_[%%]dt'

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ % Trang 363 #%




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

Poican x=2=t=Lx=-2=1t=5.

o5 1 srr) . 17 15 17
DOdOlZ![?+EJf(t)dt :EI 2 dt+§!f(t)dt :?+5!f(x)dx

Vay ff(x)dx:—13.

C4u 20. (HSG12 Tinh Nam Dinh 2018-2019) Cho ham s6 f(x) c6 dao ham lién tyc trén [1;2] va

2 2 2
théaman f(2)=0, Jl‘(f’(x))zdx:%Hn% va Ide=—%+ln% . Tinh tich phan Jl‘f(x)dx.

1(x+1)2
A2iom2. B.In2. C.>-2m2. D.2+2In2.
4 2 3 4 3 4 3
Loi giai
Chon D

2 f(x) u:f(x) duzf'(x)dx

Xét [ = ~dx. Dat 1 = 11

1(X+1) dV_ zdx V=t —

(x+1) x+1 2

2
RINEL PR S
x+1 2 12 2

:>f(x)=—1n(x+1)+%x+C(Vxe[1;2]),vi £(2)=0 nén C=In3-1.

Ta c6: f(x):—ln(x+1)+%x+ln3—l, vre[L2].

2 2
vay: jf(x)dxzj(—ln(x+l)+%x+ln3—ljdx:%+2ln§.

1 1

Cau 21. (HSG12 Tan Yén - Bic Giang Nam 2019) Cho (H)Ia hinh phing gi¢i han béi parabol

y=2x"—1 va nira dwong tron cé phwong trinh y =+/2 - x> (véi —J2<x< \/5) (phan t6 dam trong
hinh v&). Dién tich clia hinh (#) bang
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” -y
V2
0 NG .l
-1
A 37r+2. - 3r-2 . C. 37r+10. D. 37z+10 .
6 6 6 3
Loi giai

Tdc gid: Lwu Cong Chinh ; Fb: Chinh Cong Luru
Chon C

2x—1>0

+) Phuwong trinh hoanh d9 giao diém: 2x* -1=/2-x* <
2x* -1’ =2-x’

)622l
2 ——1
= xr =1 @xzzlc{
. x=1
¥ =——
4

1
+) Dién tich hinh phing can tim 13 : S = 2 [\/z— 2 _ (2 —1)de
0

1
+) Tinh j\/2—x2dx. bat x=+/2sint vé6i te{—%;%}, suy ra dx =2costdt .
0

| 1 1
Khi dé: J\/2—x2dxzj2cosz tdtzj(1+cos2t)dt=%+% .
0 0 0

1
+) Tinh j(zxz—l)dx=3—1=—l.
) 3 3

Vay's = 3%;10'

Ciu 22. (HSG12 tinh Béc Ninh 2018 - 2019 ) Cho ham s6 y = f(x)1a ham da thirc bac bdn va c6 d6
thi nhw hinh vé. Hinh phang gi¢i han béi d6 thi hai hams6 y = f(x);y = f'(x) c6 dién tich bang
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-
N
)
=
P
LA

a2l B. 1Y ¢ p. 27,
40 5 5 10

Loi giai
T4dc gid: HO Binh Minh; Fb: HO Binh Minh
Chon A
bat f(x) =ax' +bxX’ +ex* +dx+e, (a,b,c,d,ee R,a# 0).
Khi d6 f'(x)=4ax’ +3bx* +2cx+d .

Theo hinh vé ta thdy do thi ham s6 y= f(x) di qua cac diém (-2;0), (-1;1), (0;1), (1;0) va
/'(1)=0 nén ta cé hé:

1
a=—
4
16a—8b+4c—-2d+e=0 b—l
a-b+c—-d+e=1 2
e=1 = c:—é
a+b+c+d+e=0
4a+3b+2c+d =0 d=-1
e=1

Xét phwong trinh f(x)= f'(x) dé thdy phwong trinh c6 ba nghiém -2; —1; 1.

’ ‘:-‘ = f’(f))lr T
v=ffi) /I /
| f |
\
yuy
/NN £
b B /1

Vay hinh phang gi¢i han boi do thi ctia f(x) va f'(x) la:
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s=—" 1164—1963—2xz+lx+2jdx+jl l)c4—1x3—2xz+lx+2jdx=12—7.
2\ 4 2 4 2 -1 4 2 4 2 40

Cau 23. (HSG12 tinh Bac Ninh 2018 - 2019 ) Cho hinh phing ( H ) dwoc gi¢i han béi dwong cong
y=~/m*—x*> (m la tham s6 khac 0) va truc hoanh. Khi ( /) quay quanh truc hoanh ta dwgc khéi

tron xoay c6 thé tich 1a 7. C6 bao nhiéu gia tri nguyén cia m dé V' <1000z .
A. 19. B. 20. C.18. D.21.

Lo giai
T4c gid: Nguyén Thi Lan Anh; Fb: Lan Anh
Chon C

X=m

X=—m

Xét phwong trinh hoanh dé giao diém: Vm’ —x* =0 < [

TH1: m=0

VZEI (Nm’ —x2)2dx:7zj (m* —x*)dx =§7rm3 .

ma 0<V<10007zc>0<§7zm3 <1000 < 0<m <9,086 = cd 9 gia tri nguyén m.

TH2: m<0

V= 7[] (Nm? —x*)dx = ﬁ_j (m* —x*)dx = —gﬂm3.

ma 0<V <10007r < 0<—§7rm3 <1000z < 0>m>-9,086 = c6 9 gia tri nguyén m.

Vay 18 gia tri nguyén thoa man yéu ciu bai toan.
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Chuyén dé S6 phirc

Cau 1. (HSG12 Ninh Binh 2018-2019) Cho s8 phtrc z théa man |(1+i)z+1-7i|=~2. Tim gia trj 16n
nhat cla |z|.
A4 B. 7. C. 6. D. 5.

Loi giai

T4c gid: Nguyén Thi Mén,; Fb: Nguyén Mén

Chon B
Cach 1:

yA

M
4 |
N

o 1 3

Taco: |(1+i)z+1-7] =2 & z+11_+7l,i =%©\Z—(3+40\=1-

Goi sO phirc z c6 dang z = x+iy (x,y eR,i’ = —1).
|z (3+4i)| =1 (x-3) +(y-4) =1.
Tap hop cac diém biéu dién z théa min ‘z -(3+ 41')‘ =1 la dwong tron tam /(3;4), bankinh R=1.

Khidé, |2| =OM =O0I+IM =0l +R=~3 +4" +1=6.

Vay gid tri 16n nhat cia |2| 13 6.
Cach 2:

N

=71 _ N2
_|1+i|

Ta c6: ‘(1+i)z+1—7i‘=\/5<:>‘z+ ‘
1+

|z (3+4i)|=1.

Khi do,

z|<[3+4i|+1 < |2| < 6. Vay gid tri 16n nhit cia || 13 6.

Cau 2. (HSG12 Tan Yén - Bic Giang Nam 2019) Cho s& phirc z=a+bi (a,beR) thoan man
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|z—8]i+|z—6i| =5(1+1). Tinh gié tri ctia biéu thitc P=a+b.
A P=1. B. P=14. C.P=2. D. P=7.

Loi giai
Tdc gid: Pham Huy ; Fb: Huypham01
ChonD
Cach1: Taco
|z =8]i+|z—6i] = 5(1+1)

& ||z -8Ji+]z - 6i] = |5(1+1)|

o \|z=6 +]z=8 =5v2

@ +(b=6) +(a-8) +b* =52
& 2a” +2b* —16a—12b+100 =50
&a’+b—8a—6b+50=0

o (a-4) +(p-3) =0

a—-4=0 a=4
= & .

b-3=0 b=3
Vay P=17.

Cach 2: Taco

|z—8i+|z—6i| = 5(1+1)

<:>\/(a—8)2+b2. i+\/a2 +(b—6)2 =5+5i
a*+(h—6)" =5
(a—8)2 +b* =5

a’+b>-12b+36=25 (1)
-
a’+b*—16a+64=25 (2)

3b+7

Ldy (1)—(2) theo tirng vé ta c6: —12b+16a-28=0<>a =

Thay a = 3b:7 vao (1) ta duoc:

2
(31”7) +B —12b+11=0
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@ng —£b+g=0
16 8 16

S b=3=a=4.

Vay P=17.
Cach3: Taco

|z—8|i+|z—6i] = 5(1+i)

<:>\/(a—8)2+b2. i+\/a2 +(b—6)2 =5+5i

a*+(h—6)" =5
(a—8) +b* =5
a*+(b-6)"=25 (1

~ {(a —5(;)2 +b)2 =25 ((2;
Xét trén hé truc toa do Oxy:
Phwong trinh (1) 1a phwong trinh dwong tron (C,)c6 thm 7, =(0;6) vaban kinh R =5
Phwong trinh (2) 12 phuong trinh dwomg tron (C,)c6 tam 1, =(8;0) va ban kinh R, =5
Tacé I,I, =R +R, =10 = (C,) tiép xic ngoai(C,) tai 1 diém duy nhit M =(a;b)=(4;3)
Vay hé phwong trinh c6 nghiém duy nhit (a;5)=(4;3)

Vay P=T7

Cau 3. (HSG12 Tan Yén - Bic Giang Nam 2019) Goi z,, z, 1a hai nghiém phic cia phwong trinh
z* ~4z+13=0.Khi d6 z. z, +|z | bing:
A. 26. B. 13+/13. C. 13. D. 13++/3.

Lo gidi
T4c gid:Nguyén Quan ;Fb: Quin Nguyén
Chon B

z,=2+3i

Tacd z°-4z+13=0 < .
z,=2-3i

Suyra z,. z, +|z| = (2+3i)(2-3i) +[2+3i| = 13+ V13

Cau 4. (HSG12 Tan Yén - Bic Giang Nim 2019) Xét cac s§ phic z=a+bi,(a,b€R) théa min
|z+2+3i|=2.Tinh P=a+b khi |z+2-5i|+|z—6+3i| dat gi4 tri 16n nhat.
A. P=3, B. P=-3. C.P=7. D. P=-17.

Loi giai

Tdc gid: Trdn Duy Thiic; Fb: Trdan Duy Thiic
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ChonD

K B

bat M(a,b) 12 diém biéu dién cta s6 phirc z=a+bi, A(—Z,S),B(6; —3) va K(2;1)lé trung

diém cta AB . Tr phwong trinh |Z +2 +3i| =2 chotadiém M thudc duomng tron (C)tam

1(-2,-3), bén kinh R =2 . Ta c6:

2 2
T=|z+2—5i|+|z—6+3i|=MA+MB§«/§.W:J§,\/@_

4(IK +R) + AB
@Tsﬁ.\/( +2>+ 5.

, MA = MB
Diu“="xayrakhi{ __ __. _ < M(-3;-4).
SMI-IK =0

Vay: P=a+b=-7.
Binh ludn.
Ta thue hién dwoc Loi gidi trén khi 14 = IB. Néu tric nghiém thi giai 5MI — IK =0 12 xong.

Trong bai toan trén ta thdy /4 = IB = 82 . Néu I4 # IB thi d4u bing s& khong xay ra.
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Chuyén dé ! Véc to va hinh hoc phang

Ciu 1. (HSG10 THPT THu4n Thanh 2018-2019) Cho tam gidc O4B. P4t OA=a, OB=b.Goi C, D,
E 12 céc diém sao cho AC =24B, OD = %@, OE = %@ . Hiy biéu thi cic vecto OC, CD, DE theo

cac vecto Zz, b. T do chitng minh C, D, E thang hang.

Loi giai
Tdc gid: Pham Thu Thudn; Fb:Bon Bin

A C

OC =20B—-0A=-a+2b.

CD=0D-0C=h~(-a+28)=a-25 (D).

N | =

BE=5E—55=%21_%13 )

T (1) va (2) ta dwoc CD=3DE. Vay 3 diém C, D, E thing hang.

Céu 2. (HSG10 PHUNG KHAC KHOAN- HA NOI 2018-2019) Cho tam gidc ABC c6 AB=c,AC =b

va E‘IE' =60". Cac diém M, N dwoc xac dinh bdi MC =-2MB vi NA = %ﬁ Tim hé thic lién

hé gitva b va ¢ d€ AM va CN vudng goc véi nhau

Lo gii

Tdc gid: Thanh Binh ; Fb: Minh Hoang

Tacé MC =—-2MB <> AC — AM = —2(AB - AM) <> 3AM =2A4B + AC
Twong tu ta ciing c6 3CN =2CA+CB

Vay: AM L CN < AM -CN =0 < (24B + AC)(2CA+CB) =0

& (2AB+ ACY(AB-3A4C)=0 < 24B> -3A4C* -54B- AC =0

= 202—3b2—%:0<:>4cz—6b2—5bc=0<:>c=2b
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Cau 3. (HSG10 THPT THuan Thanh 2018-2019) Cho tam gidc ABC vuong can tai 4, cé trong tam
G.Goi E,H lan lwot la trung diém cda cac canh 4B, BC; D la diém doi xrng véi H qua 4. Chirng
minh £C L ED.

Lo gidi
T4c gid: Nguyén Thi Hrong; Fb: NT Hirong
Cach 1:
c
H
A B

Vi AB 1 AC = AB.AC=0.

Ta cé R’:R’—TE:R’—%E.

ED=AD-AF=-Af - aB-—( 7B+ Lac|-Lap-_Lac_7B.
2 2 2 2 2

Suy ra Eé.EE:(ZE—%ZEJ(—%Z&—ZEj =—%AC2—25.Z§+%ZE.25+%AB2

=%(AB2 —AC?*)=0. Vay EC L ED.

Cach 2:

Xét hai tam gidc EHC va EAD c6:
EH = AE = % (D).

EHC = EAD =135° (2).

BC 5C

AD:AH:T va CH = 5 nén CH = AD (3).

Tir (1), (2), (3) suy ra AEHC = AEAD . Suy ra HEC = AED.Ma EH | AE = EC L ED .
Cach 3:
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Chon hé truc toa d6 Axy sao cho: 4(0;0),B(a;0),C(0;a) véi a>0.

Khi d6 E g;O H ﬁ;ﬁ ,D _ﬂ;_ﬂ .Suy ra EC = —ﬁ;a , ED = —a;—g .
2 22 2 2 2 2

ECED = —%.(—a)+a.(—%) —0.Vay EC L ED.

CAu 4. (HSG10 YEN PHONG 2 nim 2018-2019) Cho tam gidc ABC c6 AB=1, AC =x va BAC = 60°.

Cac diém M, N dwogc xac dinh boi MC =-2MB va NB=-2NA.Tim x d&é AM va CN vuong goc
v(&i nhau.

Lo giai
T4c gid: Nguyén Van Huynh ; Fb: Nguyén Vian Huynh
biéu kién: x>0
Ta co:
+) MC =-2MB < MA+ AC =-2(MA+ AB) <> -3MdA= AC +24B < 34M = AC+24B
+) NB=—-2N4 < NC+CB=-2(NC+CA) < 3NC+(CA+ AB)=-2CA < 3NC=34C - 4B
Vay: AM LCN < AM-NC=0 < (AC+24B)(34C - 4B)=0

&34C* -24B> +54B-AC=0 < 34C? —2,432+5\E\.\%\.cos(ﬁ,ﬁ)=o <:>3x2—2+§x=0

X :l (Thdéaman)
S 6 +5x—-4=0< 4
xX= 3 (Loai)

Py 1 2 ~ Pa A N\ s 7
Vay x = 5 thoa man yéu cau bai toan.

Cau 5. (HSG10 YEN PHONG 2 nidm 2018-2019) Cho tam gidc ABC . Chitng minh ring véi G 1a trong
tam tam giac ABC, ta cé

—_— _

'A.GB+GB.GC +GC.GA = —é(ABz +BC? +CA%)

Loi giai
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T4c gid: Boi Boi; Fb: Boi Boi

Do G latrong tam tam gidc ABC nén ta co:

GA.GB = GA.GB.cos(GA,GB)

=GA.GB.cosAGB

GA* + GB* — AB?
2GA.GB

= GA.GB.

GA* + GB* — AB?

2
2 2
am,  Amy _ p
9 9
2
4( AC*+ AB*> BC*)\ 4( BC*+BA* AC? 5
- +2 - — 4B
9 2 4 9 2 4
B 2
2 2
491[/15 +Bf +Asz—AB2
= ].
2 @
Twong tw ta co:
2 2
S(Bf e +BC2j—BC2
GB.GC = ()
2
2 2
3((;43 +Af +AC2]—AC2
GC.GA= 3)
2
Tir (1), (2) va (3), ta ¢
2 2 2 2
S(Af +Bf +AB2]—AB2 g[BA +Cf +BC2]—BC2
GA.GB+GB.GC +GC.GA = : + :
2 2
4/ CcB +AB +AC?* |- AC?
ol 4 4
+
2

4[3/132 3BC* 34C>
+ +

— —(AB> + BC* +CA?)
9 2 2 2
2

i(ABz +BA’ +CA’ )~ (AB’ + BA* +CA’)

2
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—;(ABZ+BC2+CA2)

2

:%I(ABZ + BC? +CA2)

Cau 6. (HSG11 Nho Quan Ninh Binh 2018-2019) Cho tam giac ABC vudng tai B, BC = a3.

Tinh AC.CB.
2 2
A B. 3d*. A CY D. 3.
2 2
Lo giai
T4c gid: Bui Nguyén Phi Hing; Fb: Bii Nguyén Phi Hing
ChonD
A
B o3 ¢

Tacé: AB | BC = AB.BC =0.

ZE.EE:—(ZE+§6)§6=—ZE.§6—§62 —0-BC* =-34".

Cau 7. (HSG12 tinh KonTum nam 2018-2019) Cho tam gidac ABC vuodng tai 4, dat BC=a,AC=b,
AB =c.Cho biét a, \Eb , ¢ theo thi tw d6 14p thanh cip s6 nhan. Tinh B,C .

Loi giai
T4c gid: Nguyén Thi Ngoc Lan ; Fb: Ngoclan nguyen

Do tam gidc ABC vudngtai 4 néntacé b=asinB, c=acosB.

. , 2 2 5. )
a, \/gb , ¢ lap thanh cap s6 nhan <:>ac=§b2<:>azcosB=§azssz < 3cosB=2sin’ B

cosB=-2

1
<:>3cosB=2(1—coszB)<:>2coszB+3cosB—2:O<:> 3 1 <:>cosB=E (vi —1=<cosB<1)
cosB=—
2

& B=60° (vi 0°< B<180°).
Vay B=60°, C=30°.
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Ciu 8. (HSG10 CAU GIAY - THUONG TIN - HA NOI 2018-2019) Gia sit a=+/6cm, b=2cm,
= (1 +/3 )cm. Tinh s6 do goc nhé nhit ctia tam gidc 4ABC va dién tich tam giac ABC .

Loi giai
T4dc gid: Hodang Thi Mén ; Fb: Hoang Mén
Do a=+/6cm,b=2cm,c= (1+ \/g)cm nén b la canh nho6 nhét trong ba canh ctia tam giac. Tt d6 goc
B 1a géc c6 s6 do nho nhit trong tam giac.
Ap dung hé qua cta dinh ly Cosin trong tam gidc ABC ta cé:

Lt b _6+(1+\/§)2—4 _\/5

cos B = = =~".Vaygéc B c6sbdola 45 .
2ac 2J€.(1+J§) 2

Dién tich tam giac ABC la: § :%ac.sinB :%\/E.(l+\/§).sin45° = 3+2\/§ (sz)_

Hodc: Goi p la ntra chu vi cia tam gidc ABC. Ta c6:

D= a+b+c _3+\/€+«@

2 2
_3+43-46
> :
J6+3-1
p-b="2TNT0
2
o Yo=3+1
> :

Dién tich tam giac ABC la: S=\/p(p—a)(p—b)(p—c) = 3+2\/§ (cmz).

Cau 9. (HSG10 Cum Ha Pdéng Ha Pirc Ha Noi nam 2018-2019)Cho tam giac ABC c¢6
BC = a, AC= b, AB= c , dd dai ba dwong cao ké tir dinh 4, B, C lan lwot 1a & ,h,,h . Biét rang
a sinA+b sinB+ c sinC = h, + h, + h_, chitrng minh tam giac 4BC déu.

Lo gii

T4c gid: Nguyén Thu Hang; Fb: Nguyén Thu Hing

Dia chi truy cip click vao diy #8 http://www.vungocthanh1984.blogspot.com/ % Trang 377 #%




VUNGQC THANH 0367884554 TOAN CANH PE THI HSG VONG 1 — NAM HOQC - 2018-2019

Trong tam giac ABC ta cé sind = 25 , SinB = é, sinC = 2
bc ac ab
va h, :§’ h, :%, h, :é, voi S la dién tich ctia tam giac ABC.
a c

Taco a sinA+b sinB+c sin C=h,+h, +h,

28 28 28 28 28 28

Sa—+b—+c—="+"+"—
bc ac ab a b c
a2+b2+cz_ab+ac+bc

abc abc

@(a—b)2+(a—c)2+(b—c)2 =0
Sa=b=c.

Vay tam giac ABC déu.

Cau 10. (HSG10 PHUNG KHAC KHOAN- HA NOI 2018-2019) Cho tam gidc ABC c6
BC=a;CA=b; BA=c vadiéntichla S.Biét S =b’ - (a-c)’. Tinh tanB?

Lo gii

T4c gid:Pham Thi Canh; Fb: Pham Linh Canh

Taco: S=b"-(a-c) @éacsinB =a’ +c’ -2accosB-a’ -c’ + 2ac
I . . I .
& EacsmB = 2ac(1 - cosB) < sinB = 4(1 - cosB) < cosB =1 - ZSMB( *)
o , .2 2 .2 1 . 2 17 .2 1 .
Mat khac: sin”B+cos”B = 1< sin B+(J-ZSMB) =l Eszn B-Esan =0
. 8 .
& sinB = ﬁ(dO sinB > 0)

" 1
Két hop véi (*) ta dwoc cosB = ]—’; = tanB = %

Cau 11. (HSG10 HA NAM 2018-2019)Cho tam gidc ABC c6 BC =a,CA=b,AB=c va R,r lan luot

T L X . e s iy . . a+b+ 2 .
la ban kinh dwong tron ngoai tiép, noi ti€ép tam gidc 4ABC thoa man T-'_f:‘l' Chirng
abc

minh tam giac ABC 1a tam giac déu.

Lo giai
T4c gid: Hupnh Nguyén Luidn Luu; Fb: Huynh Nguyén Ludn Luu
abc r

abce abc r
Taco: S=—= SP=""p— - -b —Cc)=—p.—
aco m pr= 1 pR:>p(p a)(p )(p c) 2 pR

R abc

2r (a—b+c)(a+b—c)(b+c—a)'
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