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Loi néi dau
N&m hoc 2021 - 2022 13 nd&m hoc dién ra trong bdi canh ca
nudéc dang tich cuc tham gia céng tdc phong chbéng dai dich COVID
19; ndm hoc dai da sb hoc sinh phai tham gia khai giadng va hoc
truc tuyén; ndm hoc khéng nhitng nganh gido duc ma tdt ca céac
nganh nghé dugc du bdo 1la mét ndm gdp rdt nhiéu khé khin.

M6t trong nhting trd ngai 1én nhdt cho thdy cbé gido trong
thoi gian téi 1a viéc day hoc truc tuyén. P& gidi quyét mdt phén
khé khdn trong day hoc, Nhém sé& cé nhitng huéng dadn co ban cho
quy thdy cé vé cac céng cu, phdn mém hd tro cho day hoc Online,
tai liéu phuc vu day hoc trong thdi gian nay NHOM GIAO VIEN TOAN
VIET NAM xin tradn trong gidi thiéu, ra mdt cung quy thiy cd va
cdc em &n phdm Tap san sé 03.

Hy vong Tadp san sé& la san choi dé quy thidy cbd trao ddi kinh
nghiém day hoc cung cdc déng nghiép théng qua cac bai viét cua
minh; cdc em hoc sinh nd&m chdc cédc kién thGc trong chuong trinh
THPT; tiép can dugc véi cidc bai toadn méi, hay va la. bPdc biét,
rén luyén tbt k¥ ndng lam bai thi trdc nghiém mén Toan.

Pé hoan thanh Tap san, BQT chan thanh cam on tdt cd cac thanh
vién cta nhém da rit tam huyét tham gia, x4y dung Tap san.

Tai liéu tuy d& dugc nhém td chtic lam cdn than, phadn bién
nhiédu 1lan, nhung khéng thé tradnh khéi thiéu sét. Chung téi rit
mong nhan dugc y kién déng gdép tich cuc tir quy thdy cbé cling cac
em hoc sinh. Cac y kién déng gép chan thanh cua quy thay cbé 1la
ngudn déng luc dé ching téi tiép tuc viing budc trén con dudng méi
va x4y dung tdp san ngdy cang chidt luong hon. Moi y kién déng
gbép, bai viét gui d&ng xin gui vé theo dia chi:

mail: nhomGVTVN@gmail.com

BQT NHOM GIAO VIEN TOAN VIET NAM!
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Cac thanh vién tham gia Tap san

Ban quan tri NHOM GIAO VIEN TOAN VIET NAM
Cb6 gido: Ngb Tu Hoa, Lai Nhat Hoan
Thdy gido: Truong Qubc Toan, Nguyén Khai, Lé& Thao,
Ta Minh PGtc, Nguyén Ngoc Chi, Ngé Nguyén Qubc Man
Nam Phuong, Nhan Lé.
Cung cac thay, cb gido tham gia viét va phan bién:
Nguyén S¥, Binh Hoang, Hoang Minh Qué&n, Nguyén
Minh Nhién, Ta Minh Ptc, Nguyén B& Nam, L& Thao,
L& Anh Dfing, Phong Do, Huynh Vdn Anh, Nguyé&n Khic
Thanh, Hoang An Dinh, Tradn Ptc N6&6i, Lé Thanh Binh,
Truong Ptc Thinh, Nguyé&n Thanh Hai, V& Minh Tu,
Nguyén Ngoc Héa, Pham Tudn, PucThanh Pham.

Tran trong!
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NHOM GIAO VIEN TOAN VIET NAM Gap san S603
9 -2021

Trao déi kinh nghiém day hoc theo dinh
huéng tiép cadn nang luc nguoihoc

Ung dung mot so tich chat dédc biét cua ham so de giai
phuong trinh, bat phwong trinh

Ths NGUYEN SY
Gido vien Truwong THPT chuyén Lé Hong Phong, Nam Dinh.

Phwong trinh, bit phwong trinh, hé phwong trinh la mot mang kién thirc khd
quan trong cua chwong trinh todin THPT, né dong vai tro quan trong trong viéc rén
luyén kij nang gidi todn va phat trién tw duy cho hoc sinh, chinh vi thé'bai tdp phwong
trinh, bat phwong trinh, hé phwong trinh xudt hién nhiéu trong cdc ky thi TN THPT
va ky thi HSG cdp tinh. Cdc kij thuit gidi phwong trinh, bat phwong trinh rdt phong
phii va da dang. Tuy nhién, kij thudt sir dung tinh chit ddc biét ciia ham s6'co rat nhiéu
wu thé'trong viéc giup cdc em tim toi, phat hién, tao hirng thii trong qud trinh hoc bg
mon Todn, va hon nita la g6p phin ndng cao chat lwong giang day vi thé'toi viét chuyén
dé “Ung dung mot sé tich chat dic biét ciia ham s6 dé gidi phwong trinh, bat
phuwong trinh ”’.

1. Co s6 ly thuyét
1.1. Kién thirc ciin nim
1.1.1. Dinh nghia ham so chdn, ham so'lé

Cho ham sd f (x) xac dinh trén tap D.

VxeD=-xeD
f(—x)=f(x), Vx e D.
VxeD=-xeD
f(—x)=—f(x),‘v’xeD.

Ham s8 f(x) dwoc goi la ham s6 chan trén tap D néu {
Ham s6 f(x) duwoc goi 1a ham s6 1é trén tap D néu {

1.1.2. Mot so'két qua thwong dung
Pinh Ii 1
Cho ham s6 y = f(x) c6 dao ham trén khoang X .
Néu f'(x)>0VxeK thihamsd y= f(x) dongbién trén K .
Néu f'(x)<0VxeK thihams6 y= f(x) nghich bién trén K .

Luu y: Néu f'(x)>0Vxe(a;b) va ham s6 y= f(x) lién tuc trén doan [a;b] thi
ham s§ y = f(x) dong bién trén doan [a;b].
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Caul.

%@m S6° 03
9-2021

0 f lién tuc va don diéu trén khoang K, khi do

.. luekK
PTf(u):f(v)<:>u:v vOl1 {veK.

Tinh chit 2. Choham s§ f lién tuc va dong bién trén khoang K, khi d6
uek

ve K.

Tinh chit 3. Choham sd f lién tuc va nghich bién trén khoang K, khi dé
uek

ve K.

BPT f(u)> f(v) = u>v V(’)?i{

BPT f(u)> f(v) e u<v Véi{

Mot s6" ham s6"co mot vai tinh chat dic biét:
+) Vi a>1 ham s§ f(x)=a"—a™ la ham s6 1¢, dong bién trén R.

X

a

a"+\/;

+) Véi a>1, ham s6 f(x)= dong bién trén R, va thoa man

f(x)+f(1—x):l VxeR.
1
+) V6i a,b>1, ham s8 f(x)=log, x+b*—b* dong bién trén khoang (0;+w) va thoa man

f(%]:—f(x) V> 0.

+) Véi a>1 ham s6 f(x):loga\/x+\/x2+a2 dong bién trén R va thoa man
f(x)+f(—x)=1 VxeR.
+) V6i a,b >0, ham s§ f(x):a(e"—e"‘)+bln(x+\/x2+1) 1a ham s8 1¢, dong bién trén R .

+)Ham s6 f(x)=x+ I +1 dong bién trén R va théa man f(x).f(-x)=1VxeR.
Viéc chiing minh céc tinh chat trén kha don gian (xin danh cho ban doc).
2. Bai tap ap dung;:
Cho ham s8 f(x)=2021"-2021"". Gia tri nguyén 16n nhat cta m d€
f(m)+ f(2m+2019)<0 l1a
A. -673. B. —674. C. 673. D. 674.
Loi giai

Chon B
Ta c6 f'(x)=2021"In2021+2021"In2021>0, Vxe R, suy ra ham s& f(x) dong bién trén
R.
Do f(—x)=-f(x),vxeR=hamsd f(x) laham s 1é trén R.
BPT:
£(m)+ f(2m+2019) <0< £(2m+2019) < —£(m)

& f(2m+2019) < f(-m)

< 2m+2019<-m

<& 3m<-2019 < m<—673.
ay gia tri nguyén 16n nhat cuia m 1la -674.
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Cau 3.

Cau 4.

=2020" —20207". Gia tri nguyén l6n nhdt ctia tham sd m
trinh £ (log, x—m)+ f (log} x) =0 c6 nghiém x&(1;16).
A. 65. B. 67. C. 68. D. 69.

Loi gii

Chon B
Ta c6 f'(x)=2020"In2020+2020""In2020 >0, VxR, suy ra ham s& f(x) dong bién trén
R.
Do f(—x)=-f(x),vxeR=hamsd f(x) lé trén R.
Dit 1 =log, x, DK 1 €(0;4). PT tré thanh
f(t=m)+f(£)=0= f(£)=-f(t-m) = f(£)=f(m-1)
Stf=m-tot+t=m.
Xétham s§ g(t)=1+1 voi 1€(0;4), tacd f'(¢)=31"+1>0Vre(0;4). Ma f(¢)lién tuc trén
[0;4].Suy ra g(0)<g(r)<g(4)Vie(0;4), hay 0<g(t)<68,Vie(0;4).
Vay PT da cho c6 nghiém xe(1;16) khi va chi khi 0<m <68. Suy ra gi4 tri nguyén I6n

nhat cia tham s6 m 1a 67.
1

Cho ham s8 f(x)=Inx+e' —e*. C6 bao nhiéu nghiém nguyén dwong cta phuong trinh
sau f(log(gm) 10)+f(10g(2+x3)) =07?
Al B. 0. C. 3. D. 2.
Loi giai
Chon A

1
Tacod: f'(x)= l+e" +Lze" >0,Vx>0, suy raham s§ f(x) dong bién trén khoang (0;+x).
x x

1 1
Véi x>0, taco f(lj =]n(lj+e" —e =—{lnx+ex —ex} =—f(x).
x X
Véi x e Z',, phuong trinh

f(log(gm) 10)+f(log(2+x3)) =0 f[mj+f(log(2+x3)) =0
<:>—f(log(9x+2))+f(log(2+x3))=0<:>f(log(2+x3)) = / (log (9x+2))
x=0

x=13"

Dai chiéu diéu kién dang xét. Vay phuong trinh ¢6 nghiém duy nhat x=3.

Cho ham s§ f(x)=—
9" +3

f[3m +%sin x) + f(cos2 x) =1 c6 nghiém la

& log(2+x") =log(2+9x) < x(x’ —9):0@{

X

. Tap tat ca cac gia tri thuc cta tham s6 m d€ phuwong trinh

A. —LSmsé. B. —L<m<§. Q._—ISmSi. D. —L<m<i.
192 4 192 4 192 12 192 12
Loi giai
Chon C
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%ﬁpm S6° 03
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Cau 5.

.Tacéd f’(x)=Ll'02.9x.1n9>O,‘v’xeR.

9% +3 (9x+3)

9x
9% +3
, 9* gl—x 9* 3
Tacod: F(x)+ F(1-x)= + = +
S(x)+ 1 (1=x) 9¥+3 9™¥ 413 9¥ 43 9¥ 43

Do d6 f(cos2 x) = f(l—sin2 x) =1—f(sin2 x).

Suy raham sd f(x)= dong bién trén R.

=1:>f(x)+f(l—x)=1‘v’xeR.

Nén PT da cho < f(3m +%sin xj = f(sin2 x)

1. . 9 . 9 1.
<:>3m+zsmx:sm x < 3m=sin x—Zsm X

bit t=sinx,te[—1;l];g(t)=t2—%t:>g'(t)=2t—%;g'(t)=0<:>2t—é=O<:>t=%.

t -1 1/8 1

g'(1) - 0 +

z(7)

\ s
. ~ . A 1 5 -1 5
Phuong trinh da cho c6 nghiém < -—<3m<— << —<m<—.
64 4 192 12

Cho ham s§ f(x)= . Tap tat ca cac gid tri thuc ctia tham s6 m d& phuong trinh

442
f (m —%sin xj +f (cos2 x) =1 c6 dung 8 nghiém phan biét thudc doan [—ﬂ; 272’] 1a

A. —L<m<§. B. —i<mS0. C. —L<m<0. D. —i<msi.

64 4 64 64 64 " 4

Loi giai
Chon B
Xéthéms6f(X)=4x+2,taC(’)
.\ 247In4 o o
f'(x)==——"—>0,vxeR= hams§ f(x) dong bién trén R . (1)
(47 +2)
4 4 2

i 5: 1— = = =
Talaico: f(1=0)= 4 = " oh s
Suyraf(l—x)+f(x)— 2 + 4 =1=>f(x)=1—f(1—x)_

412 4742
Twe d¢6, PT f(m—%sinxj+f(cos2 x)=1<::>f(m—%sin)cjzl—f(l—sin2 x)

@f(m—%sinx]=f(sin2 x). (2)

Tir (1) va (2), tac6 PT (2) < m—%sinx =sin’ x < m =sin’ x+%sinx (*)
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1
c6 8 nghiém phan biét thudc [-7;27] khi va chi m=¢ ! c6 2 nghié

phan biét thude (—1;0].
Xét ham s6 y =1 +£
Bang bién thién:

t -1 8 0

\‘61—4/ 0

Vay (*) c6 8 nghiém phan biét thudc [-7;27] khi —é <m<0.

e

t
=242
Y +4

1

Cau6. Chohamsd f(x)=log,x+3" 3. Tong binh phuong cac gid trj cia tham s§ m dé phuong

trinh f _ +f (x2 —4x+ 7) =0 c6 dting ba nghiém thuc phan biét bang
4 |x - m| +3
A. 14. B. 13. C. 10. D. 5.
Loi giai
Chon A

1 1
Ta c6: f(lJ:10g3l+3" -3 :—(10g3x+3x—3xJ:—f(x)‘v’x>O
x x

1
+3".1n3+xL2.3x.1n3 >0Vx>0=Ham s6 f(x) dong bién trén (0;+)

Laicé: f'(x)= 3

_
4|x—m|+3

Do d6 f( ]+f(x2—4x+7)=0 & f(4x-m|+3)=f(x* —4x+7)

. . dm=—-x"+8x—4
= 4|x—m|+3—x —4x+7 < 4|x—m|—x —4x+4 <
Am=x"+4

Vé hai parabol y =—-x’+8x—4 va y=x’+4 trén cuing mot hé truc

12| = 12

\8 A y=38
.:\y=4

[\
(V24\ T

Hai parabol y=-x*+8x—4 va y=x’+4 tiép xtic voi nhau tai diém A(2;8).
Parabol y =-x’+8x—4 cd dinh [, (4;12); parabol y=x*+4 c6 dinh 1,(0;4).
4dm =4 m=1
Phuong trinh da cho c6 dung ba nghiém thyc phan biét< |4m=8 < |m=2.
4m=12

m=3
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Cau 8.

%@m S6° 03
9-2021

=log, Vx+x*+4 . C6 bao nhiéu gia tri thic ctia tham s6 m dé ba

phuong trinh f((x+1)4 —4x—5)+f(x2 +6m—m’ —m4) >1 nghiém dung véi moi xeR?

A. 1. B. 2. C.0. D. V0 so.
Loi giai
Chon A
Xét ham s& f(x)=log2\/x+\/x2+4 :%logz(x+\/x2+4).
TXD: D=R
1+ 2x
Tacéd f'(x)= Vx +4 >0, VxeR nén f(x) dongbién trén R.

1
2(x+\/x2+4)1n2 2Jx*+41n2
Mit khéc f(—x) =%log2 (—x+ (—x)2 +4) - %10g2 (w/xz 4 —x)

1 4
=—log, ——
2 2\/x2+4+x

Do d6 bat phwong trinh da cho twong duong
f((x+1)4—4x—5)+f(x2+6m—m2—m4)21 <::>f((x+1)4—4x—5)21—f(x2 +6m—m2—m4)

=1—%10g2(\/x2+4+x) =1-f(x) VxeR.

<:>f((x+1)4—4x—5)2f(—x2—6m+m2+m4)
<::>(x+1)4—4x—52—x2—6m+m2+m4
<:>(x+1)4+(x+1)2—6(x+1)2m4+m2—6m.

Dt ¢ = x +1;¢ € R. Bt phuong trinh tro thanh ¢+ -6t > m* +m’ —6m.
Xéthamsd g(1)=t'+1*—6r,teR.

Tacod g'(t)=4r+2:-6; g'(t)=0 <48 +2t-6=0 <t=1.

Bang bién thién

X —00 1 +00
g'lt) - 0 +
+00 +00

glt) \ /

—4

B4t phuong trinh da cho nghiém diang véi moi xeR < m* + m*> —6m < -4
< g(m)<—4 < g(m)=—4 < m=1 (Suy ra tit bang bién thién).
Vay co 1 gia tri thuec cia m thdéa man.
Cho ham s§ f(x)= (ez" —e’zx)+ ln(x+ Vx? +1)+ x*. Cé bao nhiéu gid tri nguyén cta tham
sO0 m d€ bat phuong trinh f(|3x2 +m|)+f(x3 —12) <0 nghiém dung voi moi x e[-2;1].
A.21. B. 22. C. V0 s0. D. 20.
Loi giai
Chon A
Xétham s6 f(x)= (ezx —e_z")+ln(x+\/x2 +1)+x3.

f https://www.facebook.com/groups/toanvd.vdc Trang 8




> > - > " %@wsm Sé° 03
NHOM GIAO VIEN TOAN VIET NAM 92021

X

1+
Taco f'(x)=(2e" +2¢7 )+ —Y = AL g (267 +2¢7)+
x+x’ +1

Suy ra ham s6 f ( ) don g bién trén R . Ta c6

+3x2>0VxeR.

x*+1

=(e_2x—6“)—ln(\/m+x)—x3
=—f(x) VxeRR.
Suyra f(x)lahamsdlétrén R.
BPT £ (j3%° +m)+ 1 (¥ ~12) <0 £ (j3° +m) <  (12-%)

X +3x*+m-12<0, (1)

<:>|3x2+m|312—x3<:>x3+|3x2+m|—1230<:> s 5
x*=3x"-m-12<0, (2)

+) bat g(x):x3+3x2+m_12:>g'(x):3x2+6x=3X(x+2):0<=>{ x:OZ-
x:_
Ta c6 BBT:
X -2 0 .
gx) | o -

¢() \ /

Do d6 (1) thoa méan v6i moi xe[-2;1] ©m-8<0 < m<8.
+) bat h(x)=x3—3x2—m—12:>h'(x):3x2—6x=3x(x—2)=0<:>x=0.

Ta c6 BBT:
x ) 0 1
h'(x) + 0 _
h(x) -m-12

Do d6 (2) théa man véi moi x €[-2;1] <:>1}{12§11)]<(h(x)) <0 -m-12<0em=2-12.
Vay —12<m<8.Suy raco 21 gia tri nguyén ctia m thoa man yéu cau.

Cau9. Cho ham s§ f(x)=In(v4x" +1+2x)+

X

- 1 A A, - ’ .7 . 2 ~ A 1A,
. Tap tat ca cac gia tri caa tham s6 m dé bat

phuong trinh f(\/x—4—m(x—1))+f(m+1)20 c6 nghiém la
<1+\/§ ~1+43 1
S Y

B. m<0. C. m<

Loi giai
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47 -1 1 1-4°

f(=x =1n(\/4x2+1—2x)+T=1n( j+ -
(=) 2 Jax’ +1+2x) 2

=1n[(\/4x2 +1+2x)_1j_4;:1 =—ln(\/4x2 +1+2x)—4;_1 =—f(x).vxeR.

Do dé f(x) laham sdlé trén R.

2
Jax? +1
Xét bat phuong trinh f(vx—4 —m(x=1))+ f(m+1)>0, DKXD x>4.
& f(Vx=4=mx-1)=zf(m+1)

& f(Nx=4=m(x=1))> f(-m-1) (do (x) la ham s5I¢)

S Nx—4-m(x—-1)>-m—1 (do f(x)ddngDbién trén R)
<:>m(2—x)2—1—\/xT4

<M+l'

<=0

vx—4+1
x_

Talaico f'(x)= +2"'In2+27In2>0, VxeR = f(x) dongbién trén R.

6—x—2Jx—4
=2\/m.(x—2)2'
x<6
g'(x):0<:>6—x—2\/xT4=0<:> x=8+2/3 <= x=8-2./3.
x=8-23

Xét g(x)= Taco g'(x)

Bang bién thién:
x |4 8 —2V3 +o0

g'(z) T 0 -

N =

Tt BBT, bat phuong trinh (*) c6 nghiém < m < 1+4\/§ .

Cach khac: Dit 1 =+/x—4,:>0, khi d6 (*) tré thanh m <

t+1
P2+2°

1
tl;+ 2trén khoang [0;+x) ta duoc
+

maxg(t)=g(\/§—1)=\/§+l 1+4\/§.

max I ttr d6 suy ra bat phuong trinh (*) c6 nghiém < m <

Cau10. Cho ham s6 f(x)= XX 41, Tong binh phuong cac gia tri ctia tham s m dé€ phuong
(2 |x - m| + 1)

f(2 x> =2mx+m’ +1)

Lap bang bién thién cua ham s6 g(7)=

trinh (—x2 +2x— 2) f (—x2 + 2x—2) + =0 ¢6 dung 3 nghiém phan biét
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Bai 1.

.2,

"2 2
Loi giai
Chon B
Ta co: \/x2—2mx+m2=|x—m; f'(x)=1+ Al x2+1+x>0 va
V41 e 41
f(—x)=—x+\/x2+1:>f(x).f(—x)=1<:>f(x)=f( )VxeR
—x
2 o 1
= f(—x"+2x 2)_—f(x2—2x+2)'
Phuong trinh da cho < 2|x—m|+1 = x22—2x+2 (D).
fQx—m|+1)  f(x*—2x+2)
Xét ham s&
t+ t2+1—t—72
t AORIAQ) V] 1
H=——(@t>0 )= = = >0
S5 E 0Ty 70 N

Vay ham s6 g(r) dong bién, khi d6 phuong trinh (1) twong duong véi pt
X' =2x+1=2(x—m) - 2m=—x"+4x-1
X' =2x+1=-2(x—m) 2m=x"+1 '

Ta thdy hai parabol y=—x’+4x—-1, y=x" +1 tiép xtic v6i nhau tai diém c6 toa d6 (1;2) nén

X =2x+2=2|x-m|+1 & x* - 2x+1=2|x—m| <:>[

do thi ctia chuing trong cung hé toa dd Oxy nhu sau.

Yy
3 y=3
\ 2 N\ y=2
V=1
\
0 il

3

2m=3 m_E

phan biét, tit d6 thisuyra |2m=2 < | m=1.
2m=1 1

m=—

L 2

Vay téng binh phuong cac gi tri ctia m bang %
3. Bai tap tu luyén:
Cho ham s6y = f(x) lién tuc trénR va c¢é d6 thi nhu hinh vé bén. C6 bao nhiéu gia tri

m’ +5m

NS ()+1

= f2(x)+6 c6 dung bdon nghiém thuc

nguyén cua tham s6 m d€ phuwong trinh
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Bai 2.

Bai 3.

Bai 4.

Bai 5.

Bai 6.

Bai 7.

Bai 8.

Bai 9.

Bai 10.

A. 3. B. 2. C. 4. D. 1.
Goi S la tap hop gia tri thwc cta tham s6 m sao cho phuwong trinh

x*+2-m=33x> +4x+m cd dtng hai nghiém thuc. Tich tt ca phan ti cta tap hop S

bf?mg.
A.é. B. 0. C.1. D.i.
27 27

Cho ham s8 f(x)=x"+x+2. S0 gia tri nguyén cua tham sd m d€ phuwong trinh
f(e/f3(x)+f(x)+m) = —x' —x+2 cé nghiém xe[-1;2] 1a
A. 1746. B. 1750. C. 1747. D. 1748.

Cho phuong trinh 4‘x+x—1og4(m—x)—2m—%=0, (meR). S8 gia tri nguyén ctia m d€

phuong trinh da cho cé nghiém thudc doan [-2;2] la

A.3. B. 6. C.5. D. V6 s0.

C6 tat ca bao nhiéu s6 nguyén duong a voéi a <2021 d€ phuong trinh

(ax+alna).In(ax+alna)=e"" cénghiém x>2

A. 1199. B. 2003. C. 1001. D. 1802.

Cho ham s8 y = f(x)= Jx* +1+x. Tim gi4 tri nho nhat ctia tham s8 m d& bat phuong

N 1+1-x"
f (1 + m )

A 1++2. B. 2./2. C.3-1. D. 1.

C6 bao nhiéu cdp s6 nguyén duong (x;y) v6i x <2021 thoa man

2(3x—y)=3(1+9")~log, (2x~1)?

A. 2020. B. 1010. C. 3. D. 4.

Cho ham s6 f(x)=x"—15x> +78x~141-m~5Y2x~9+m véi m la tham s3. C6 bao nhidu

s6 nguyén m thudc doan [-2020; 2020] sao cho f(x)<0 véimoi x thudc doan [2;4] ?

A. 2020. B. 2024. C. 2021. D. 2022.

Cho ham s8 f(x)=log,y,, (\/m + x) +x*' +x* | Tap nghiém cta bat phuong trinh

f(27)+f(-x-3)<01a
A. [-1;400). B. (-1 +x). C. (—oo;—1]. D. (—o0;-1).

trinh (x—m) f(x— <0 nghiém dung véi moi x € [-1;1].

t

Xét ham s& [ ()= o véi m la tham s6 thuc. Goi S la tap hop tét ca cac gia tri cta
+m
tham s6 m sao cho f(x)+ f(y)=1 véi moi x,y thoa man ™’ <e(x+y). Tim s8 phan tt

cua S.
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Loi két: ay la bai viét nho st dung tinh chat ctia ham s6 d€ giai quyet mé
bai toan vé PT-BPT bai viét duoc tham khao, tong hgp tir nhiéu cau héi duoc déng trén FB
NHOM GIAO VIEN TOAN VIET NAM vdi cdc ky thuat nhu trén ching ta c6 thé tao ra
cac 16p bai toan thu vi hon.

Do kinh nghiém chwa nhiéu va thoi gian han ch€ nén chuyén dé con nhiéu thi€u
sot. Rat mong nhan duoc su déng gop y kién cua cac thdy, ¢ va ban be dong nghiép dé€
bai viét dugc hoan thién hon. Chuc cac thay c6 va cac em stec khoe, thanh cong!
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9 -2021

Trao déi kinh nghiém day hoc theo dinh
huéng tiép cadn nang luc nguoi _ho€

Phuong phap tinh khoang cach giita haiidieong thang chéo nhau
nho ki thuit dung song song giita’‘duwong thang va mat phang

HOANG XUAN BINH
GV Truong THPT chuyén Bién Hoa, Ha Nam

Trong bai todn thudc chu dé khoang cdch thi ta thdy thwong xuit hign bai todn
tinh khodng cdch giita hai dwong thang chéo nhau. Do d6, minh viét chuyén dé nay dé
Qitip cdc thiy c6 va cic em hoc sinh ¢6 mgt hwdng tiép can khi gidi quyét bai toin nay.
I. Kién thttc co ban can nhé:
1) Dinh nghia: Khoang cach giita hai duong thang chéo nhau la ¢o dai doan
vudng gdc chung ctia hai duong thang doé
2) Nhan xét:
a) Khodng cich giita hai dwong thang chéo nhau bing khodng cdch giika mét trong hai
dwong thiang dé dén mdt phing song song v6i né va chira dwong thang con lai.
b) Khodng cdch giita hai dwong thing chéo nhau bing khoiang cich giita hai mdt phing
song song lin lwot chiza hai dwong thang dé.

/45//’\;H>‘\ /////

3) Pinh huéng;:

Dé tinh khoang céch giita hai duong thang chéo nhau ta thuong st dung mot
trong hai huong sau:

- Huong 1: Str dung dinh nghia.
- Huéng 2: Str dung nhin xét trén.
4) Céc kién thitc bé tro:
Chung ta can luvu y mét sO dinh ly, tinh chét va cong thikc sau:
- Puong thang song song v6i mp:
Néu dwong thang d khong nim trong mit phing (a) va d song song v6i dwong thing
d' nam trong (@) thi d song song v6i mét phiang ().
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- Cach duyng mp mit phang chita dwong thing b va song song véi dwong thing a (
v6i a va b 1 hai dwong thang chéo nhau):

+ Cho hai dwong thang chéo nhau. C6 duy nhit mot mat phing chita dwong thing nay va
song song vdi dwong tha”’ng kia.

+ Cdch dung: Lay diém M bat ki thugc a. Qua M ké dwong thing b' J/ b. Goi (a) Ia
mat phing xdc dinh bdi a va b'. Khidé b ) b',6' < (a),bz (a)=b /().

- K/c dwong thang va mp song song: Cho duong thing a song song véi mit phing (a).
Khodng cich giita dwong thing a vi mit phing (a) 1d khodng cdch tie mgt diém bét ki cia a
dén mat phing (), ki higu 1o d (a;(er)).

+ Nhdn xét: néu AB [/ (a) thi d(A;(a))=d(B;(a))

A B a

/ A B /
a)

- Cong thirc ti s6 khoang cach:

dl A4;
Néu ABm(a)=I:>M=£.
d(B;(a)) BI
- Chay: Cho tam dién vudng dinh O c6 04,0B,0C d6i mot vudng goc.
Gia str: i =d(0;(ABC)) va OA=a,08=b,0C = ¢ thi ta ludn cd | = —+ -+
h™ a b° ¢
B
b
0&== c
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deé nghi ban doc tw tim hiéu va c

. Noi dung chuyén dé:
Dé€ gitip hoc sinh va cac thay c6 c6 mdt cach ti€p can vé loai bai tap nay, toi xin trinh
bay: Phuong phdp tinh khodng cdch giita hai dwong thing chéo nhau nho ki thudt dung song
song gitta dweong voi mt.

a) Phuong phap: Dé tinh khoang cach gitta hai duong thang chéo nhau trong chuyén

dé nay, ching ta sit dung phuong phap duong song song véi mat.

Cho a,b 12 hai duong thing chéo nhau thi ta ludn c6: d (a;b)=d(a;(P)) v6i b (P)

va a J/ (P).

To—

b) Cdc tinh chdt hinh hoc phing thuong duoc st dung:

- Loai 1: Khai thac tinh chat hinh binh hanh ( hodc trong cic hinh hinh thoi, hinh chir nhat,
hinh vuéng): trong mot hinh binh hanh thi hai cdp canh d6i dién ludn song song voi
nhau.

P

- Logi 2: Khai thac tinh chdt dwong trung binh ctia tam giac.
Chu y:

+ Dé'khai thic tinh chit dwong trung binh trong tam gidc, ta chil y t6i cdc yéu o' trung
diém c6 sin trong dé bai tir d6 xdy dung thém mot trung diém moi dé'thiét lgp duong trung
binh tir 4o xdc dinh dwoc yéu t6'song song ma ta sé chuyén doi dwoc khodng cdch giira dwong
v0i dwong vé dwong voi mat.

+ Vi bai todn co lién quan t61 bai todn vé hinh hop hodc lang tru tam gidc thi ta chil y mot
tinh chdt quen thudc cuia lang tru la: tdm cia cdc mdt bén ciing chinh la trung diém ciia hai
dwong chéo ctia mdt bén do.

III. Bai tdp minh hoa:
Trong chuyén dé nay, toi xin chia cac bai toan ap dung duoc phuong phap nay thanh
2 dang:

- Dang 1. Cdc bai todn tinh khodng cdch giita hai dwong thang chéo nhau trong cdc bai

todn vé hinh chop

- Dang 2: Cdc bai todn tinh khodng cdch giita hai dwong thang chéo nhau trong cdc bai

todn vé lang tru.
D& lam rd hon viéc tinh khoang céch gitta hai duong thang chéo nhau bang ki thuat
dung duong song song véi mat , chung ta sé di tim hiéu cu thé trong cac bai toan sau
day.

1) Dang 1: Cdc bai todn tinh khodng cdch giita hai duong thing chéo nhau trong cdc

ALY
2,
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Cau 2:

%ﬁpsm S6 03
9-2021
] , nam hoc 2020-2021) Cho hinh chop §.4

inh vuéng tim O canh a, SO vudng goc véi mat phang (ABCD) va

SO =a. Khoang cach giita SC va 4B bang

A. 2“‘/5. B. 2“‘/5. C. "*/g. D. @.
15 5 5 15
Phan tich:

+ Trong bai todn nay,ta thay ngay la bai todn thudc logi 1.

+ Theo gid thiét bai todn thi ABCD la hinh vuéng nén AB [/ CD = AB [/ (SCD) do d¢
d(AB;SC)=d(4B;(SCD))

Tir d6 ta c6 thé’ tinh duwoc khodng cdch giika hai dwong thang AB,SC nhw sau:

Loi giai

Chon B

Vi ABCD 1a hinh vudng nén 4B /| CD=> AB [/ (SCD) do d6 d(AB;SC)=d(AB;(SCD))
=d(4;(SCD))=2d (0;(SCD))=2h.

Khi d6 O.SCD la tam dién vudng dinh O nén ta co:
1 1 1 1 1
= )

T ezt 7T 2 - +£2+£2:iz
h SO~ O0C- 0D a- a a a

2a\/§
s

Do doé: h=-—==d(4B;SC)=

o= (48:5C)
(SGD&DT Thdi Nguyén, nam hoc 2020-2021) Cho hinh chép S.ABCD c6 day ABCD la
hinh thang c6 day 16n 1a 4D , cic duong thang S4, AC,CD d6i mdt vudng goc voi
nhau biét S4=AC=CD=+2a va AD=2BC . Khoang cach giita hai dwong thing SB
va CD bang

A, W10 . A0 C. "*/g. D. "*/g.
5 2 2 5
Phan tich:

- Trong bai todn nay, ta thay cé dir kién: ABCD la hinh thang ma day l6n AD =2BC . Tt dir
kién nay, givip ta ndy ra y twéng néu goi M la trung diém AD thi BC [/ DM ,BC = DM do
dé BCDM Ia hinh binh hanh.
- Khodng cich ciin tinh: d (SB;CD) = d(CD;(SBM))

Loi giai
Chon A
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Cau 3:

SALAC
: { = S4 1 (4BCD).

tacolsa1cp
GoiM la trung di€ém 4D thi BC /) DM,BC = DM do d6 BCDM 1a hinh binh hanh.
Suy ra: CD//BM = CD//(SBM )= d (CD;SB)=d (D;(SBM))=d ( 4;(SBM ))

Do S4=AC =CD =+2a nén tam gidc 4CD vudng can tai C suy ra CM L AD,
1

AD=~2AC=2a, CM = AM =_AD=a.
Ma BC /| AM,BC = AM, ABC =90°, AM = MC =a nén ABCM 1a hinh vuéng do d6
AB=a.
Tt d6 ABCM 1a hinh vudng suy ra 4B 1L AD.
Xét A.SBM la tam dién vudng dinh 4 nén d(4;(SBM))=h thi
I B 11 1 1 _ 5

—= + + = +S+—==—
h S4* AM*  AB* 24° aF aF 24°
Do d6 h = “*éw = d(SB;CD)=" 510 .

(THPT Luong Thé Vinh, Ha Noi, ndm hoc 2019 - 2020) Cho hinh chép S.ABCD c6 day
ABCD 1a hinh ch nhat véi 4B =2a,4D =3a ( tham khao hinh vé). Tam giac SAB can
& S va nam trong mit phang vudng géc véi mat day, goc gitta mat phang (SCD) va
mat day la 45°. Goi H la trung diém canh 4B . Tinh theo a khoang cach gitta hai
duong thang sp vaCH .
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Cau 4:

%ﬁp sanw S6 03
9-2021

ONg oan nay dé chuyén doi khodng cdch giita hai dwong thang di cho vé khodng cdch
Qiita dmmg va mét phing song song, ta dwng thém hinh binh hanh CDEH .
+ Khi dé: CH /| DE = CH /| (SDE) = d (CH;SD) =d(CH;(SDE)).

Loi giai
Chon D
E g B
D
A
H
B c B c
Dung hinh binh hanh CDEH .
Khi d9, ta co:

DE [/ CH = CH [/ (SED) = d (SD;CH ) =d(CH;(SED))=d (H;(SED)).

Theo gia thiét: tam gidc SAB can & S va nam trong mit phang vudng goc véi mat day,
H latrung diém canh 4B = SH 1 (ABCD).

Ké HM 1L CD,M eCD

Khi d6: CD L SH,CD L HM = CD 1 (SHM )= CD L SM

Suy ra géc gitra hai mit phang (SCD) va mat phang (4BCD) la goc SMH = 45°

:>tanSMH—S—:>SH MH .tan45°=3q.
MH

Ké HF L ED (FeED), HK LSF.
Tacé SH L ED = ED 1 (SHF) :>EDJ_HK:>HKJ_(SDE):>d(H;(SDE))=HK

AE.AD  a3a 6a
Ké Al 1 ED(I e ED)= Al = = = HF =2A4] =—.
( ) ED a\/ \/ V10

SH.HF J— 3a14

JSH? + HF? 3a\/— 7

3a\/_
—

= HK =

Vay d(SD,CH)=

(SGD&DT Ha Nam, ndm hoc 2020-2021) Cho hinh chép S.ABCD c6 day la hinh
vudng canh bang 2a; S4 vudng goc véi mit phang ddy va S4 = a/5. Goi M,N lan
luot 1a trung di€ém cta S4 va CD (tham khdo hinh vé). Khoang cach gitta hai duong
thang MN va SC bang:
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=
=
-

pmmm—————

AY

B c
LN B. &, c a5 D, 2a¥5.
3 3 6 3
Phan tich:

- Trong bai todn nay, tie diéu kién ciia bai todn cho ta thdy M ,N la trung diém SA,CD do dé
dé’tinh khoing cich giita hai dwong thing MN va SC ta c6 thé'goi thém O la tém ciia hinh
vudng ABCD tir d6 ta khai thic duwoc tinh chat dogn thang OM la dwong trung binh cia tam

gidc SAC.

Khi d6: OM /| SC=> SC /| (MNO) va ta chuyén ddi dwoe d (SC;MN) = d (SC;(MNO)).
Loi giai

Chon A

e mmm—————
v
’

§~
=
’

~
Lo
-
—-’—

~
= .
,

’

1

A==

A

-
-

-
S

B c

Goi E la trung diém ctia 4B ; O la tdm hinh vudng 4BCD .
Ta c6: OM la dwong trung binh ctia tam giac SAC.
Do d6: OM [/ SC = SC J/ (MNO) .

Suy ra: d (SC;MN)=d(SC;(MNE)) = d (C;(MNE)) =d (4;( MNE)).
Trong (SAB):Ké AH L EM tai H.
Tacd: SA L EN va AB L EN nén EN 1 (SAB)= EN L AH .
Do d6 AH L(MEN)=>d(4;(MNE))= AH
| AJILI2 :AJ:/12+A;52 = AH =5

5
3

Vay d(MN;SC):AH:%.
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h'bang a. Goi M,N lan luot la trung diém cac canh BC va SD. Khoang cach gitra
ha1 duong thang MN va SB la

A. “‘/6. D. &.
2 2
Phén tich:

- Trong bai todn nay vdi diéu kién M ,N la trung diém ciia hai canh BC,SD ta lai thily c6 mét
diéu diic bigt la MN [/ (SAB).

Thdt vdy, néu ta goi P la trung diéim ciia canh SA thi ta c6 NP la dweong trung binh ciia tam
gidc SAD nén ta suy ra dweoc NP || AD, NP = %AD va twe do ta co6 NP J| BM ,NP = BM do do

BMNP la hinh binh hanh = MN /| BP = MN /| (SAB).
Loi giai
Chon B

i,‘
plat S
R

—ePgmm———

&

Goi P la trung diém S4. Khi d6 NP 1a duwong trung binh trong tam giac SAD

= NP /| AD, NP = %AD.

Talai cO MB = %BC = %AD.

Do d6 BMNP 13 hinh binh hanh = MN // BP = MN /| (SAB).

1

Khi d6 d (MN;SB)=d(MN;(SAB)) =d (M;(SAB)) = ~d (C;(84B)) = d (0:(54B)).

Tt 0 ké OH | AB(H € AB) va OK | SH(K € SH).

Khi dg |12 +9H = AB 1 (SOH)= AB L OK. Talaic6 OK L SH
ido 4B 1 SO = . Talaico
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Cau 6:

f https://www.facebook.com/groups/toanvd.vdc

CéAB:a:»OAz%.MéSA:a:»SO:JSAZ—OAZ:%.
Talai 6 0 = A2 @ xnido ok ——S00H__ _ a6

22 Jso'vom® 6
Vay d(MN,SB)=OK = "66.

Dang 2: Céc bai todn tinh khodng cdch giita hai duong thing chéo nhau trong cdc bai
todn vé ling tru

(THPT Chuyén Nguyén Thi Minh Khai, S6c Trang, nim hoc 2019 — 20202) Cho hinh
hop chit nhat ABCD.A'B'C'D' c6 ddy ABCD 1a hinh vudng canh a, 44’ = a2 . Khoang
cach gitra hai duong thang BD va CD' 1a

A. "m. B. ‘“/E. C. a. D. a2.
10 5
Phan tich:

- Trong bai todn vé hinh hp, ta chii y toi diéu kién la cdc canh ddy twong 1tng song song voi
nhau, cic dwong chéo ciia cic mat doi dién song song voi nhau.

- Ap dung trong bai toan nay, ta thdy CD' /| A'B vi la hai dwong chéo twong tbng ctia hai mdt
bén doi dién nhau do d6 CD' /| (A'BD) nén d(CD'; BD)=d (CD';(A'BD)).

\e e
Loi giai
Chon B
B’ '
1
1
’ 1
A 1 D.
I
<
‘\\Xs~ -
Vo, 1
AT NS
NSO
LS P
\‘ “~ 1~~
. If' S
SO TS
\( [N S
AN DR
’ \\l ‘~ N3
4 ~
¢/ B Bemme—dgemodqmmmmmafmmcaaao C
’ - =2 <
R4 B L Y,/ - SS
e mmmam==mT O "=« S
4,2 mmmm===m T O Tl S
A D

Ta co: CD' /| (A'BD) nén d (BD;CD')=d(CD';(A'BD))=d(C;(A'BD))=d(4;(4'BD))
Goi O 1a tam hinh vudéng ABCD thi A0 L BD,AA' | BD=(A'AO) L(A'BD)

Ma (4'40)N(A'BD)=A4'0

Ké AH 1 A0 = AH 1 (A'BD)=> AH =d(4;(A'BD))=h

Ta cé A'A =a2;40 = “22

Xét tam giac vudng A'A0, ta c6 ! ~ = ! —+ ! ~= AH = a\/m'
AH® A'A° AO 5

Vay d(BD;CD')=d(4;(A'BD))= AH = a 510
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Cau 8:

a3 B, 25 ¢, 221 p, 217,

2 5 21 17
Phan tich:
- Trong bai todn nay, dé’ tinh khoang cdch giita hai dwong thang AB' va A'C ta sé khai thic
tinh chit: mdt bén cia lang tru déu la cdc hinh binh hanh nén tdm cia cic mat bén dy chinh la
trung diém ciia hai dwong chéo.
- V6i y twéng nhuw vdy, ta goi thém M, N la trung diém cia AB' va BC khi do MN la dieong
trung binh cua tam gidlc A'BC nén MN ) AC do dé ACJ(ABN)
=d(A4'C;AB')=d(A'C;(4ABN)).

Loi giai
Chon D

Goi M latam matbén 4BB'A’ va N la trung diém BC.

Ta cé: A'C /| MN = A'C | (ANB).

Khi d6: d (AB'; 4'C)=d(A4'C;(ANB'))=d (C:(ANB'))=d (B:( ANB')).

Keé BH 1 B'N khi dé vi {AN +a¢
AN L BB’

Do d6 BH 1 (ANB')= d(B;(ANB'))=BH.

11 1 BH:Z“‘/ﬁ.

2 2+ 12:>
BH BN® BB 17

= AN L (BCC'B')= AN L BH.

Xét ABNB':

(SGD&DT Cao Bang, ndam hoc 2019-2020) Cho hinh lang tru ABC.A'B'C’ ¢6 cac mat
bén déu la hinh vuéng canh a. Goi D la trung diém cta canh BC. Tinh khoang cach
gitta hai dwong thang 4'B va DC'.

A 43 B. a2 c. &> D, a3
6 6 5 4
Phan tich:
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Caul:

Cau 2:

Cau 3:

%@psm So" 03
9-2021

hat cac mat bén cia ling tru la hinh 1t
1 trung diém D' ciia canh B'C'. Khi dé ta c6 tit gidec BDC'D' la hinh binh hanh nén

Bb' // C'D=C'D [/ (A'BD'). Do dé: d(A'B;DC")=d (DC’; (A’BD’))
Loi giai

Chon C

Goi D' la trung diém ctia B'C’ thi ta ¢6 BDC'D’ la hinh binh hanh.
Do d6: C'D J/ BD'= CD' /| (A'BD') nén d(A'B;DC")=d(DC";(A'BD'))=d(D;(A'BD"))
Vé DH1BD'. Ta cb AD J_(BCC'B') = A'D' | DH = DH J_(A'BD') do do

d(D;(A'BD'))=DH .

Tacs pH——22PB V5 g0 46 d(A4'B;DC")=
JDD"?+DB* 5

IV. Bai tap tw luyén:

Dé'c6 thé'lam 6 thém cich dp dung phweong phdp dwgc diea ra trong chuyén dé nay, t6i dwa ra

mot s6'bai tdp dp dung nhw sau:

(Dé thi thir VIV7, lin 2, nam hoc 2020 - 2021) Cho hinh chép S.ABCD c¢6 day ABCD
1a hinh thoi canh a va AC=a. Biét tam gidc SAB can tai S va nam trong mat phang
vudng goc v6i mat phang ddy; goéc gitta duong thang SD va mat day bang 60°.
Khoang cach gifta hai duong thang 4D va SC béang
A“ 609- B. 4 609. c @ 600‘ D. ¢ 906.

19 29 29 29

(Quéc hoc Quy Nhon, nam hoc 2019-2020) Cho hinh chép S.4BCD c6 day 1a hinh chiv
nhat AB=a, AD=2a, SA vudng gbc v6i mat phang ddy va SA=a.Goi M la trung
diém 4D . Tinh khoang céach gitta hai dwong thing BM vaSD .

A 205 B.%. c.@. D.%.

av/s
s

5
(THPT Ly Thuong Kiét, Bic Ninh, ndm hoc 2019-2020) Cho hinh chop S.4ABC c6 day
ABC 1a tam giac déu canh a, S4 1 (4BC), goc gitta duong thang SB va bang 60°. Tinh
khoang cach gitra hai duong thang ACva SB

a15 a2 a1

A. . B. . C. . D. 2a.
5 2 7
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e Ninh, nam hoc 2019-2020) Cho hinh chop §.
ruong canh a, SA vudng goc véi mat day va S4=2a . Goi M la trung di€ém cua
AD. Tinh khoang céch gitta hai duong thang BM va SD.
A 96 B, 2L c @3 D. 2.
6 7 3 5
Cau5: (THPT Yén Phong 2, Bic Ninh, nim hoc 2019-2020) Cho hinh chép S.4BCD c6 day

ABCD la hinh ch nhat véi 4B =a,AD =2a. Hinh chiéu vudng goc ctia S trén mat

phéng ddy 1a trung diém H cta 4D, géc gitta SB va mit phiang day (4BCD) la 45°.
Tinh khoang cach gitta hai duong thang SD va BH theo a.

2 a 2a 2
A al—. B. —. C. —. D. a\/:.
\fs V3 NG 3

Cau6:  (Chuyén KHTN, ndm hoc 2020-2021) Cho hinh chop §.ABCD c6 day ABCD la hinh
vuong canh a2 . Canh bén S4 vudng gdc véi day. Géc gitta SC va mat day bang 45°
.Goi E la trung diém ctia BC . Tinh khoang cach gifta hai duong thang DE va SC.

Za@ a\/ﬁ a~10 2a\/5
. s s

B C. D.

19 19

Cau7: (THPT Nguyén Diic Canh, Thdi Binh, ndm hoc 2019 — 2020) Cho hinh chdép S.4BC c6
day la AABC vudngtai B, 4B =BC =2a, (SAB) L(A4BC) va (SAC) L (4BC).Goi M
1a trung diém doan 4B, mit phang () qua SM va (a)// BC cit AC tai N, géc giita
hai mit phang (SBC) va (4BC) bang 60°. Tinh theo a khoang c4ch gifra hai dwong
thang 4B va SN .

A.

A 2a~156 | B a~13 . o a156 DL a~13 |
13 156 13 13

Cau8: (SGD&DT Lai Chdu, ndm hoc 2020 — 2021) Cho hinh lap phwong 4BCD.A'B'C'D'c6
canh AB=a. Goi Ola tam cua hinh vudéng 4ABCD. Tinh khoang cach gitra hai duong
thang 4’0 va BC.

A D'

"

R

B’ : K '

(Y

Y

! \

] |

1 A

] \

1 \‘

1

i 5

1 1

1 “

p- 3 - N e D

ETmm—- Nmm=emmmmemcheee e,

G Tem [ ol
‘r' _____ O I:_
2 mmmm == O "S=~l__
B c
a\/i a~/'5 a Za\/g
A. . B. —. C. —. D. .
2 5 2 5

Cau9: (THPT Chuyén Phii Tho, nam hoc 2020 — 2021) Cho hinh lang tru ding ABC.A'B'C'co
day la tam gidc déu canh a va 44'=2a.Goi M,Nlan luot la trung diém cta 4B, AC.
Khoang cach gifta hai duong thang 4'B va MN bang
& B, Y37 c. a3 D, 2457
4 19 2 19
au 10:  (Chuyén Vinh Phiic, nam hoc 2018-2019) Cho hinh lang tru tam gidc déu ABC.A'B'C’
4B.= a, A4’ =2a. Tinh khoang cach gitta hai dwong thang 4B’ va_4’

a

A.
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D. —2\/ﬁ a

17

Bang dap 4n tham khao phan bai tap tw luyén

B B A A A A C B

V. Loi két:
- Ddy la mot s6'tong két cua toi trong qud trinh day hoc sinh, mong dwoc sw g6p y cua dong
nghiép va cic em hoc sinh gitip cho chuyén dé hoan thi¢n hon. Toi xin chin thanh cam on!
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Trao ddi kinh nghiém day hoc theo dinh

huéng tiép céan nidng luc ngugilhoc

Veé dep loi giai hinh hoc gtia cac bai toan lwong giac
Ths. HOANG MINH QUAN
GV Trirong THPT chuyén Nguyén Hué, Ha Ngi

Trong chwong trinh toin THPT, dé chitng minh m@t sé hé thikc luong gidc, ta thuong
str dung cic bién 461 lwong gidc. Cdu hoi dit ra, ngoai cdc cich bién doi lugng gidc thi ta co cich
tiép cdn nao khdc dé’ gidi quyét vin dé khong? DéE tra 10i cdu hoi nay, bai viét sau ddy moi ban

doc cung dén v6i hwong tiép can hinh hoc cho chitng minh mot so'hé thirc lwong gidc.

I. CAC PANG THUC LUONG GIAC
Bai 1. Chttng minh rf!mg vOl X+Yy<7z,taco
sin(x+y)=sinxcosy+cosxsin y.

Chitng minh 1. Goi zla goc thoaman X+y+z=x.Tacd x,y, z laba goc cia mot
tam gidc. Khong mat tong quat, gia st tam gidc d6 noi ti€p duong tron ban kinh

1
r==.
2
L c 1 . .
Ta co smz:E:E:c,tu’ongtu sinx=a, siny=Dh.

Tt cong thitc c=acosy+bcosx, ta cd

sin z =sin XCcos Y + Cos Xsin y

[ )

<> sin(x+y)=sinxcosy+cosxsiny.
Chiing minh 2.

Vé tam gidc ABC vdi H la chan duong
cao ha tir dinh A 1én canh BC. bat
BAH =x;CAH =y va
AB=a; AC =b; AH =h.

Ta cd Syppc = Saasn + Sanc

B

1 . 1 . 1 .
& —absin(x+y)==ahsinx+=bhsin
2 ( y) 2 2 y
1 . 1 . 1 .
<:>§absm(x+ y) :Eabcos y.sin x+§bacos X.siny

< sin(x+ y) =SiN XCOS y +COS XSiNn y.
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B C D
Vé tam giac ABC v&i D la chan duong cao ha tit dinh 4, E' 1a chan duong cao ha tir dinh C,
ﬂ':x,,@:y.Khidé A/éT):x+y.

CE.AB _CE.(AE+EB)

Taco AD.BC =CE.AB < AD = .
BC BC

— CE(AE+EB
Mat khéc, lai ¢6 sin(x+y)=sin ACD = AD _ ( ) _AE . CE + CE . EB
AC AC.BC AC BC AC BC

hay sin(x+ y)=cosxsin y+sinxcos y.
Bai 2. Chting minh rang véi x;y e (0;%} vax>y tacod

sin(x—y)=sinxcos y—cosxsin y.

Chitng minh 1. Dung tam giac ABC vudng tai 4, goi D 1a diém thudc canh AC sao cho
ABC =x, ABD = y.

B B acosx A

becosy
bat BC=a;BD=b.Taco AB=bcosy=acosx; AD=asinx=bsiny.

1 1
Mat khacta cd S, zp =Sume —Sausp = EAB.AC—EAB.AD

& BD.BC.sin(x~y)= AB.AC — AB.AD

< b.a.sin(x—y)=bcos y.asinx—acosx.bsin y

< sin(x—y) = cos y.sinx —cos x.sin y.
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A4

Vé tam giac ABC vudng tai 4, dd dai BC =1. Trén canh ACldy diém D,

dat ABC =x; ABD = y = DBC = x—y. Goi E la hinh chiéu ctia D 1én canh BC. Dat
BD=h;DE=d.

Ta co COS)C:Q@AB:COSX;COS)/=£<:>]1: AB =COSx.
BC Cosy Cosy

Trong tam gidc vudng EBD ¢6 d =hsin(x—y).
Mat khac, CD =CA—AD =sinx—hsin y. Do d6 trong tam giac vuong EDC, ta cd
sinC:CjiD@d — CD.sin C = CD.cos x = (sin x—/sin y)cos x.

Vay ta c6 d = hsin(x—y)=(sinx—hsin y)cosx

< hsin(x—y)=(sinx—hsin y)cosx < cosx
cos y

sin(x—y)= [sinx— cosx

sin y |cos x
cosy

< sin(x—y) = cos y.sinx —cos x.sin y.
Bai 3. Chitng minh r?mg voi x;y € (0;%}, ta co

cos(x—y)=cosxcosy+sinxsin y. 3)
Chiing minh 1. Dung tam gidc ABC c6 duong cao AH , dat AB=a; AC=b va goc

@zx;ﬁm:y:@:%—x+y:£—(x—y).
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Ta o Sy e = Sus + Same < %AB.A C.sin BAC = %HA.HB + %HA.HC

& absin(%—(x—y)j =acosx.bcos y+asinx.bsin y

= cos(x—y) = COS X.COS y +sin x.sin y.

Chitng minh 2.

A D 1 ¢

Vé tam giac ABC vuong tai 4, trén canh AC ldy diém D, dat ABC = x; CBD = y= DBA=x— ).
Goi E 1a hinh chiéu cua D 1én canh BC.Dat CD=1;BD=h; AB=d .

EB
Trong tam giac BDE vudng, ta co cosy = D < BE=hcosy.
Trong tam gidc CDE vudng, ta co

sinC=g—§<:>DE=CD.sinC=CD.cosx=cosx.

Trong tam gidc ABD vudng, ta cé cos(x—y)= % < d=hcos(x—y).

Bai 4. Chting minh cong thttc nhan doi

sin2a =2sina cosa; cos2a =2cos’ o —1.

Chitng minh.

5 C'(cos 2a; sin 20
208 o ‘
A
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Trén duong tron luong gidc voi di€ém 4(-1;0); B(1;0) va diém C sao cho BAC =« . Goi H la
chan duong cao ha tit dinh C dén canh 4B . Ta c
CH =0C.sin2a =sin2a;0H = OC.cos2a =cos2«x .

Khi d6 C(cos2a;sin2a). Vi AACH <~ AABC nén ta c6

CH BC - sin2a _ 2sina
AC AB 2cosa 2

& sin2a =2sina cos a.

Mat khac, tt AACH -~ AABC nén ta cling cd

AH AC l+cos2a  2cosa

= = & cos2a=2cos’ a—1.
AC AB 2cosa

Bai 5. Chttng minh cong thitc nhan ba

a) sin3x=3sinx-4sin’x ; b)  cos3x=4cos’ x—3cosx.

Chitng minh1

af2 F a2
V& AABC can v6i AB= AC =1,BC = a, BAC = 2x.

Lay diém D trén canh AC sao cho BD=BC=a.Goi E la hinh chiéu cta D 1én 4B, G lahinh
chiéu cua B 1én ACva F la trung diém canh BC.

Ta cd DE =acos3x,BE =asin3x = AE =1-asin3x va

AD =AE? + DE* = \[(1-asin3x)’ +(acos3x)’ =1+a* —2asin3x .

y A - BF .
Trong tam giac vuong ADE, cO sinx = B % = a=2sinx. (1)
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B 1—\/i+a2 —2asin3x
BC 2BC 2a '

Tir (1) va (2), ta co

2 .
%=1 \/l+a2 2asm?’x:>az=1—\/1+az—2asin3x
a

:>(1—a2)2 =14+a’ —2asin3x
=a" -3a’ +2asin3x=0
=a’—3a+2sin3x=0

= 8sin’ x—6sin x+2sin3x =0

= sin3x =3sinx—4sin’ x.
Chiing minh?2.

Dung hinh chit nhat 4BCD véi cac diéu kién nhw hinh vé.

A 2cosxcos2x B
[ x
2x
Zsinvcosly Zco
H
1 .
sindx
F 2x
sy 1
D '—l X 3x I_“ C
COSX E cos3x

Ta cé sin3x=25inxcos2x+sinx=2sinx(1—2sin2 x)+sinx=3sinx—4sin3 X.

b) cos3x=2cosc052x—cosx=2cosx(2cos2x—l)—cosx=4cos3x—3cosx.

J5-1
=

Bai 6. Khong st dung lwong gidc, hay chitng minh sin18° =

4
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AB BC 1 «x . 1445

—=— o -—=—"Sx +tx-1=0x= )

BC CD X lx 2
SuyraCD=1—x=1—_1;\/§=3_2\/§:>DH=—3_4\/§.

DH _3-\5 2 _ 3-\5 _5-1
BD 4 5-1 (J‘_l) 4

Ta co sinl8° =

1. BATPANG THUC LUONG GIAC

Bai 7. Véi géc @ nhon. Chitng minh rang _1 L : ! >4,
sina  cosa sinacosa
Chiing minh
c
1
A D B

V& tam gidc ABC vudng & C, c6 ABC =a,CD =1v6i D 1a hinh chiéu cia C 1én canh 4B.

Ta cé BC = _1 ; AC = ,suy raAB =+ AC? + BC* = \/ =— !

Smo cosa Sll’l 0! COS a Smacosa

Tacd AB=— 2 >2. Ap dung bat ding thitc tam giac, ta c6

sin 2«

BC+AC+AB>24B < _1 + ! + ! >2AB >4.

sina@ cosa sinacosa

Véyl+l+ ! > 4.

sina cosa sinacosa

Bai 8. Véi goc a, 5,y e( 2jthoa man cos’ @ +cos’ f+cos’ y =1. Chting minh rang

tan ¢ tan ftan y > 272,

Chitng minh

22
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A B
Duyng hinh hop ch@t nhat 4BCD.A'B'C'D' v6i AB=a;AA'=b;BC =c va
m'za,B/-'BB'zﬂ,C@=y

NI Jat+¢?
—,tanﬂ :T
a

Ta co tana = Jtany =

C

\/b2 +c? \/a2 +c? \/b2 +a’

Tk d6 tana tan Stany = o
c

Ap dung bat dang thitc Cauchy, ta c6

\/b2+c2 \/az+c2 \/b2+a2 >«/2bc \/2ac \/2ba _2\/5
a ’ b ’ c T a b ¢ '

Déng thtic xay ra khi va chikhi ¢ =b=c < a = =y =arctan V2.

Bai 9. Cho x,y,zeR, cdcgoc a, B,y €(0;7)thodman 0<a+f+y <27 vala—pl<y<a+p.
Chting minh rang

\/x2 —2xpcosa + 7y’ ++/x° —2xzcos B+ 2 >\/y2 —2yzcosy+z°.

Chitng minh

B

Dung hinh chép 0.4BC véi OA=x,0B =y,0C =z, d4t AOB=a,A0C =, BOC =y .

x> —2xycosa+y*; AC = \Jx* — 2xzcos B+ 2°; BC =
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facO AB+ AC > BC hay

\/x2 —2xycos @+’ ++/x° —2xzcos B+ 2 >\/y2 —2yzcosy+z°.

Bai 10. Cho goéc o e {%,%) Chting minh rang

l+sina —cosa
: >./2.
sin o

Chitng minh

C
5 E

Dung hinh vuéng 4BCD canh bang 1 va 1dy diém E trén canh BC, goc AEB=a .

. s , 1 cosa sina—cosa
Khidoétacd 4E=——;BE =cota . Suyra EC=1- = - .
sin  sina sina sin o

Xét tam gidc AEC, theo bat dang thitc tam gidc, ta c6

AE+EC> AC =2 & L, Sina=cosa p

sin o sin

Suy ra I+ s1n.a —cosa J2. Déng thitc xay ra khi va chi khi o = %

Sina

II. BAITAP TU LUYEN

Bai 1. Khong st dung bién d6i luong giac, hay tinh gid tri S =

+tan10° .
cos50°

Bai 2. St dung hinh hoc chitng minh réng c0s36° —cos72° = %

Bai 3. St dung hinh hoc, chitng minh cot = -t cotZT - cos = -1

Bai 4. Cho cac géc a, 8,7 thoa man cos’ a +cos” f+cos’ y = 1 . Chting minh rang

2
cotacotﬂcosyST.

—\/_ 2-sina 4+\/_

2 cosa 3

Bai 5. Cho géc a € R. Chitng minh rr?mg
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Ky thi tét nghiép THPT mén Toan dot 2

LOI GIAI CHI TIET CAC CAU VD - VDC TRONGPE THI TOT

NGHIEP THPT DOT 2 NAM.2021 _ MA DE 102

Nhén Lé va NHOM GIAO VIEN TOAN VIET NAM

Budi thi mon Todn ki thi tot nghiép THPT dot 2 ndm 2021 dién ra vao chiéu ngay 6/8/2021.
Bai thi mon Todn gom 24 ma de, dwoc ldy tir 4 ma dé goc la: Ma dé 101, 102, 103, 104. Ngi dung
dé thi nam trong chwrong trinh THPT, chii yéu chweong trinh 16p 12, trong d6 38 cdu diu & mikc
do nhin biét, thong hiéu dwoc ra trong cdc ma dé nham kiém tra kiéh thikc co ban ctia l6p 11, I6p
12; trong cdc ma dé tir cdu 39 dén cdu 45 kiém tra kién thitc hoc sinh & mitc d¢ vin dung, tie cdu
46 dén cau 50 6 mikc dY van dung cao dd thé'hién 1o tinh phin hod bang cich sir dung téng hop
cdc kién thirc trong chwong trinh THPT.

NHOM GIAO VIEN TOAN VIET NAM xin giri t6i quyj thity co va cic em 10i gidi chi
tiét cac cau VD — VDC trong dé thi TN THPT dot 2 nam 2021_Ma dé 102.

Hy vong bai viét sé gitip quy thiy ¢ co thém tai ligu tham khdo; cic em hoc sinh co tai li¢u
on tdp cho ky thi tét nghiép THPT nam 2022.
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KY THI TOT NGHIEP TRUNG HQC PHO THONG NAM 2021 - PQT 2
Mén: Todn — MA PE : 102
Thoi gian: 90 phiit (Khong ké thoi gian pht dé)

* % % k k

Cau 1. Cho hai s phitc z=4+3i va w=1-i. S§ phirc z—w bang

A. 5+2i. B. 7—i. C. 3+4i. D. -3-4i.
Cau2. Cho capsd cong (u,) v6i u, =3 va u, =5. Cong sai clia cap s cong da cho bang

A. -2, B. 2. c 2. D. 2.

5 3

Cau 3. Tiém can ngang cia do thi ham s6 y = Syl 1a duwong thang c6 phuong trinh

A. y=35. B. y=1. C. y=-5. D. y=-1.
Cau4. Tap xéc dinh cia ham s6 y =log, (x—4) 1a

A. (—0;4]. B. [4:+). C. (4;+0). D. (—0;4).
Cau 5. Cho khdi chop c6 dién tich ddy B va chiéu cao A. Thé tich V' ciia khdi chop da cho duoc tinh

theo cong thirc nao duédi day?

A, V:%Bh. B. V=§Bh. C.V=Bh D. V =3Bh,
Cau 6. Diém nao dudi day thudc dd thi ctia ham s6 y = x* +x—2?

A.Dbiem M (L1). B.Diém N(;2).  C.Piém P(1;3). D. biém O(1;0).
Cau7. Vi n 13 sd nguyén duong bat ki, n >3, cong thirc nao sau day dang?

-3)! 3!(n-3)! ! !
A. CS:M. B. CSZM. c.c’=—"_. D.C=—"
n! n! (n=3)! 3l(n—3)!
Cau8.  Tap nghiém cia bat phuong trinh log, (2x)>2 1a
9 9

A. (0;4). B. §;+oo ) C. 0;5 ) D. (4;+ ).
Cau9. Trong khong gian Oxyz, cho mit cau (S):(x—1)"+(y+3)" +2* =9. Tam ctia (S) co toa do 1a

A. (1,-3;0). B. (1;3;0). C. (-1;3;0). D. (-1;-3;0).
Céu 10. Ham sb nao dudi ddy c6 dd thi nhu hinh bén?

Yk
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cho hai vecto i =(-1;2;0) va v =(1,—2;3). Toa dj cua vecto u

A. (-24,-3). B. (2;—-4;3). C. (0;0;3). D. (0;0;-3).
Cau12. Chohamsb y= f(x) c6 bang bién thién nhu sau:
Tz |—o0 1 5 +oc
f(x) — 0 + 0 —
+00

S6 diém cuec tri cua ham sb 1a
A. 1. B. 3. C. 0. D. 2.
Céu 13. Trong khong gian Oxyz, mt phang di qua O va nhan 7i =(2;—1;4) lam véc-to phép tuyén cia
phuong trinh 1a
A.2x+y—-4z+1=0. B.2x+y—-4z=0. C.2x—y+4z=0. D. 2x—y+4z+1=0.

Céu 14. Cho khbi ling tru c6 dién tich ddy B =54 va chiéu cao 4 = a. Thé tich cua khdi lang tru da cho
bang

A. §a3. B. 54°. C.=a. D. =4’
Cau 15. Phan 4o cta s6 phic z=3—4i bang
A. 4. B. 3. C. 4. D. 3.

Cau 16. Diém nio trong hinh bén 14 diém biéu dién cua sd phic z=-2—i?

Yk
Pyoueead M
=21 0 2 7
Qe "Iy *N
A. Piém Q. B. Piém P. C.Dbiém N. D. Piém M.
Cau 17. Dao ham ctia ham s6 y =4" 1a
A,y =x4"" B. y'=4"1n4. C. )= L D. y' =4~
In4
Cau 18. Thé tich ctia khdi cau ban kinh 2a bang
A. i7ra3. B. 27zc12. C. 327a’. D. §7m3.
3 3 3
Cau19. Chohamsb y=f(x) c6 bang xét diu dao ham nhu sau:
z |—o0 -2 0 2 +oC
() + 0o — 0 4+ o0 -
Ham sb da cho dong bién trén khoang nao dudi day?
A. (—o0;-2). B. (-2;2). C. (-2;0). D. (0;+ ).

au 20. Cho hinh noén c6 ban kinh day » va do dai duong sinh /. Dién tich xung quanh S_
i thirc nao dudi day?
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Cau 21.

Cau 22.

Cau 23.

Cau 24.

Cau 25.

Cau 26.

Cau 27.

Cau 28.

Cau 29.

C.S. =4xrt. D. S. =2xrl.
3 Xq Xq

Véi moi s6 thuc a duong, log, (3a) bang

A. 3log; a. B. 1-log,a. C. log; a. D. 1+log, a.
Nghiém cua phuong trinh 5" =2 1a

A. x=log, 5. B. x =log; 2. C.x=% D. x=4/5.
Cho ham s6 f(x)=2+cosx. Khang dinh ndo dui day ding?

A. _[f )dx =2x+sinx+C. B. If dx=2x+cosx+C.

C. jf(x)dx:—sinx+C. D. If dx=2x-sinx+C.

Trong khong gian Oxyz, dudng thing di qua diém M (-2;1;3) va nhan vecto i =(2;—3;4) lam
vecto chi phuong c6 phuong trinh la

AL x+2=y—1=z—3. B. x—2=y+1=z+3.
= 2 3 4 2 3 4
C. x—2=y+3=Z—4. D. x+2=y—1=z—3.
-2 1 3 2 3 4
Cho ham s6 f'(x)=4x"—2. Khing dinh nao duéi day ding?
A. [f(x)dr=x"-2x+C. B. [ f(x)dy=4x"—2x+C.
C. [f(x)dr=124"+C. D. [ f(x)dr=x"+C.

Cho ham s6 y =ax*+bx” +¢ (a,b,c € R) c6 dd thi 1a duong cong trong hinh v& bén. Diém cuc

tiéu cua ham so da cho la

—_y—— - — - ———

A x=-1. B. x=2. C. x=1. D. x=0.
Néu jf(x)dx=5 va jf( dx=2 thi jf )dx bing

A. 100. | B. -3. C. 3. D. 7.

Cho f 1a ham s6 lién tyc trén doan [1;2]. Biét F la nguyén ham cta ham f trén doan [1;2]
théa man F(1)=-2 va F(2)=3. Khi d6 if(x)dx bang

1
A. 5. B. 1. C. -1. D. 5.
Cho hlnh lap phuorng ABCD.A'B'C'D’ ¢6 canh bang a (tham khdo hinh bén). Khoang
BDD'B') bing
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A™ B
A. \a. B. %a. C. ga. D. \2a.
Cau 30. Trong khong gian Oxyz, cho diém A(1;2;—1) va mit phang (P):2x+y—3z+1=0. Mt phang
di qua 4 va song song v6i (P) c6 phuong trinh 1a
A. 2x+y-3z-7=0. B.2x+y-3z+7=0. C. 2x+y+3z-1=0. D.2x+y+3z+1=0.
Cau31. Véia>0, dat log,(2a)=b, khi d6 log,(4a’) bing
A. 3b+5. B. 3bh. C. 3b+2. D. 3b-1.
Cau 32. Chon ngiu nhién dcing thoi hai sO tir tap hop gom 17 s nguyén dwong dau tién. Xac suat dé
chon dugc hai s chan bang
Céu 33. Cho sb phirc z =4~ 2i, mddun ctia s phirc (1+7)z bing
A. 2410. B. 24. C. 24/6. D. 40.
Chu 34. Tréndoan [-4;—1], ham s§ y =—x" +8x’ —19 dat gi4 tri 16n nhét tai diém
A. x=-3. B. x=-2. C. x=-4. D. x=-1.

Céu 35. Cho hinh chop S.4BCD ¢ tat ca cac canh bang nhau (tham khdo hinh bén). Goc giita hai duong
thang SB va CD bang

A. 60°. B. 90°. C. 45°. D. 30°.
Céu 36. Trong khong gian Oxyz, cho hai diém M (L1;—1) va N(3;0;2). Puong thing MN c6 phuong
trinh 1a
AL x+1 _ y+1 _ z-1 B. x—1 _ y—1 _ z+1
4 1 1 - 2 -1 3
C x—1_y-1_z+1 x+1 _y+1 _z-1
T4 1 1 T2 -1 3

Cau 37. Ham sb nao dudi day dong bién trén R?

A. y=x"+4x. B. y=x"—4x. C. y=x*-2x". D.
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dx =2 thi I[2x—f(x)]dx bang

0 0
A. 2. B. 8. C. 6. D. 0.
Cau 39. Chohamsd y=f(x) lién tuc trén [-1;6] va c6 d thi 1a duong gap khiic ABC nhu hinh bén.
Yk

Biét F languyén ham cia f thoaman F(-1)=-2. Gid tri cua F(4)+F(6) bing

A. 3. B. 4. C. 8. D. 5.
Loi giai
Chon A
Yk
A 1 B
Sl g\ 6

—1 0 2 4‘_5
— ]t =

Ta co: S, = jf(x)dx: F(4)-F(-1)=4< F(4)=2.

Talai co: S, =—if(x)dx:>—F(6)+F(4):l:>F(6):1.

4

Suy ra: F(4)+F(6)=3.

Céu 40. Co bao nhiéu sé nguyén x thoa mén [log3 (x2 + 1) —log, (x+ 21)}(16—2"‘1) >0?

A. 17. B. 18. C. 16. D. V6 sb.
Loi giai
Chon B
Diéu kién: x >-21.
Cho: log, (x” +1)—log, (x+21)=0 < x’ +1=x+21©[:_4 Va16-2""=0 x=5.
Bang xét dau:
z|-21 —2 5 +00
VT + 0 — 0 —

Nghiém cta bat phuong trinh S = (—2 I,— 2] v {5} Suy ra c6 18 gia tri nguyén thda ycbt.

Cau4l. Chohamsd f(x)=ax'+bx’ +cx’ (a,b,ceR). Him sd y = f(x) c6 dd thi nhu hinh bén. S6
nghiém thuc phan biét ciia phuong trinh 3/ (x)-4=0 Ia
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A. 1. B. 2 C. 3. D. 4.
Loi giai
Chon B
x=a<0
Cho f'(x)=0<|x=0  va f(0)=0.
x=b>0
Bang bién thién:
T |—oc a 0 b 400
f(z) - 0 + 0 — 0 +
400 +0oo
7() /0\ /
) f(b)
4

Dya vao bang bién thién, suy ra f(x)= 3 c6 2 nghiém phan biét.

Ciu 42. Cit hinh tru (T ) boi mat phang song song véi truc va cach truc mot khoang bang 3a, ta duoc

thiét dién 1a mt hinh vudng c6 dién tich bang 164°. Dién tich xung quanh cta (T') béing

A. @ﬂaz. B. 41274’ C. @ﬂaz. D. 8V137a>.
Loi giai
Chon D

-~ e ~.
ol 4

—
B

Thiét dién 1a hinh vuéng ABCD va d(00';( ABCD))= OH.

Tacé: S,,., =16a> = BC =h=4a va OH =3a, suyra: R=vBH*+0H* =/13a.
ABCD

Dién tich xung quanh: S, =27Rh = 87134,
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ay doi thoa man |z| =|w|=4 va |z—w|=4\/5. Gia tri nho nha

=|z=1-i|+|w+3—-4i| bing
A. /41 B. 5-24/2. C.5-2. D. +/13.

Loi giai

Chon D

Goi z(M) la diém biéu dién cua z, va w(N) la diém biéu dién cua w.
Theo dé bai ta cé: M, N thudc dudng tron tam O(0;0), ban kinh R=4 va M = Q.50 )( )-

Khi do: P=MA+BN >MU+BN' =5—4+4—-2 =5-+/2.

Téi ddy, ta chon ngay dap an C, va quén kiém tra xem hai vecto OA vi OB ¢6 vuong goc nhau
khong va ro rang hai vecto do khong vuong goc.

Cach 1:
Dit: = =x+ yi (x,yeR). Vi z =H:1 nén /x> +y° =1.
w w |w|
Ta lai co: i—l‘ k= W|—|Z w| J2 nén J(x= 1 )+ -2.
wo || ow ]

=—iw

x=0
X+t =1 {x2+y2=1 {y=1 z=1iw
Khi do: = = :{
Jey ey =12 :

¥ +y -2x=1 {x=0
Néu z=iw thi P=|z—1-i|+|w+3—4i|=|iw—1-i|+|w+3-4i|

| y=-1

=|w—1+i|+|—w—3+4i|2|w—1+i—w—3+4i|=\/ﬂ (1).
Néu z=—iw thi P=|z—1—i|+|w+3—4i|=|-iw—1-i|+|w+3-4i
=|-w—1+i]+|w+3-4i| 2 |-w-1+i+w+3-4i] =13 (2).

Sosanh (1) va (2), suy ra: [z—1—i|+|w+3—4i|> V3.
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Cau 44.

Cau 45.

_2-9V23 34623

Déu bang xay ra khi 13 13 . Vay gia tri nho nhit cia P bang J13.
__3+6y23 249423
13 13
Cach 2.
2
Dit z=uw, ta c6 |u|=1va 2= W =|u—1|2=(u—1)(u—1)=|u|2—u—;+1 hay uu=1 va
w

u+u=0. Vay u’ =-1, tic 1a u e {—i; i}.
Khi d6: P=|z—1—i]+|w+3—4i| =|z—1—i|+|-u||w+3 - 4il

= |z =1 |+ |~uw—3u +4iu| 2|z =1 —i —uw—3u + 4iu| = |4iu —1—i —3ul.
Thay u € {~i; i}, vo ta cd |z —1—i|+|w+3—4i|>V13.

Cho hai ham s6 f(x)=ax* +bx’ +x” +3x va g(x)=mx’+nx’ —x, v6i a,b,c,m,n € R. Biét
ham sb y = f(x)—g(x) c6 badiém cyc tri 1a ~1, 2 va 3. Dién tich hinh phang gi6i han béi hai
duong y=f'(x) va y=g'(x) bing

A2 B L. c. 1 p. %
3 -9 6 9
Loi giai
Chon B

Taco: f'(x)=4ax’ +3bx* +2cx+3 va g'(x)=3mx’ +2nx—1.

Suy ra: 4'(x)=f"(x)—g'(x)=0 c6 3 nghiém phan biét 1a —1, 2 va 3.
Nén f'(x)-g'(x)=4a(x+1)(x—2)(x=3) (*).

Thay x=0 vao hai vé ctia (*) ta duge: f'(0)-g'(0)=4<a :%.

=i§(x+l)(x—2)(x—3)dx:%1.

C6 bao nhidu sd nguyén duong y sao cho tén tai sO thuc xe(L5) théa man
4(x—1)e"=y(e"+xy—2x2—3)?
A. 14. B. 12. C. 10. D. 11.
Loi giai
Chon B
Taco: 4(x—1)e" =y(e"+xy—2x2—3)<:>4(x—1)e"—y(ex+xy—2x2—3):0
Xéthamsé: f(x)=4(x—1)e" —y(ex+xy—2x2—3) voi x e(1;5).
Dao ham: f’(x)=4e"+4(x—1)ex—y(ex+y—4x)=4x.ex—y(e"+y—4x)

Y

=(4x.e"+4xy)—y(e"+y)=(e"+y)(4x—y)=0<:>4x—y=0<:>x= e
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Bang bién thién:

T |—o00 1 y/4 5 +00
f'(z) - 0 +
f(5)
f(z) f()
\ y
f(Z)

Do: f(l) =—y(e+y—5)<0, ‘v’ye(4;20) nén dé phuong trinh di cho c6 nghiém xe(l;S), suy
ra: 16¢° = y(¢’ +5y-53) 20 < 5" —(e’~53) y+16¢’ 2 0 < —33,3< y < 14,2,

Két hop dicu kién (1) suyra 4 <y <14,2= y={5;6;7;...;14}. C6 10 gié tri nguyén duong cuia

y thdéa man.
TH2:xS1<:>£Sl<:>ISyS4 (2).

Bang bién thién:

f'(=) +

f(5)
f(z)

f()
16¢° —y (e’ +5y—53)20

Dé phuong trinh da cho ¢6 nghiém x & (1;5) thi
—y(e+y—-5)<0

-5y —(e’=53)y+16e’ >0 -33,3<y<14,2
<:>{ 7 (e )y © <:>{ Y & 5-e<y<14,2.

e+y-5>0 y>5-¢
Két hop diéu kién (2), suyra 5—e< y<4. Ma y nguyén duong nén y={3;4}. C6 2 gid trj
nguyén duong ciia y thda man.

TH3:x25<:>%25<:>y220.

Bang bién thién:
T [—oo 1 5 400
f'(z) —
f(1)
f(z)
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vy =20 nén phuong trinh da cho v6 nghiém x € (1;5).

Cau 46.

Cau 47.

Vay két hop 3 truong hop trén ta c6 12 gia tri nguyén duong ctia y thoa man ycbi.

x=1 'y z+1

Trong khong gian Oxyz, cho diém A(3;1;1) va duong thang d == . Puong thing
di qua 4, cittruc Oy va vudng goc véi d co phuong trinh 1a
x=3+t¢ x=—1+t¢ x=3+3¢t x=-3+3¢
A.Jy=1-t. B.<y=4-2¢. C.qy=1-t . D.{y=5-2¢t.
z=1+t¢ z=-3+3¢ z=1+t¢ z=—1+t

Loi giai
Chon D
i . ) TB=(—3;b—l;—l)
Goi A 1a dudng thang can tim. Goi B=AN0Oy = B(0;0;0)= .
i, =(1;2;1)
Tacd:A Ld = AB Lii, = ABii, =0=b=3= AB=(-32;-1) = ii, =(3;-21).

Cho khdi ling tru tam giac déu ABC.A'B'C' c6 canh bén bang 4a, goc gitta hai mit phing
(4'BC) va (ABC) bang 30°. Thé tich ctia khéi lang tru da cho bang

A. 6434°. B. @a% C. @cﬂ D. @f.
3 27 9
Loi giai
Chon A
AI < Cl
\\:\\\\ B/
AkgmX 3007 @
T
B

Goi I 1a trung diém cua BC = BC L AI (vi AABC déu).

BC 1 Al , ,
Ta co: = BC L(A'AI)=BC L Al
BC L A4

Suy ra ((4'BC),(4BC)|= (AT, 41) = AT4 =30°

Tam gidc A'AI vuong tai 4 co tan AAT =L = a1 =44 __34 _4 P,
Al tan 30° \/5

3

Vi AABC déu nén Alzi\/g:BC:ﬂ:M:ga,
2 NN

2 2
BC J§=64a \/5216\/—(12_

3
4 4

Dién tich AUBC 13 S, =
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= AA'S, ;. =4a.16a*\3 = 643,

Ciau 48. Trén tap hop cac s6 phirc, xét phuong trinh z° +4az +5> +2=0, (a, b 14 cac tham sd thuc). Co
bao nhiéu cdp sO thuc (a;b)sao cho phuong trinh d6 c6 hai nghiém z,z, théa man
z,+2iz, =3+3i?

A. 4. B. 1. C. 2. D. 3.
Loi giai
Chon D
) A |z tzy,=—4a
Theo dinh ly Vi-ét, ta c6: , .
2z, =b"+2

Theo yéu cau bai toan, phuong trinh di cho c6 hai nghiém z,, z, thoa man

z,+2iz, =3+3i & z,+2iz,-3-3i =0 < (z, +2iz, —3-3i)(z, + 2iz, -3-3i) =0

© 37,2, (1+2i)(3+30)(z,+2,) +18i +2i(z} + 25 ) =0

& =3(b7 +2)+(3-90)(~4a) +18i+2i (2, +2,) ~22,2, | =0

& =3(b" +2)+(3-9i)(4a)+18i+2i[ 16a* ~2(b" +2) |= 0

-3(b”+2)-12a=0 [P r2=da [P r2=4a
36a+18+32a2—4(b2+2)=0 36a+18+32a*+16a=0 32a*> +52a+18=0
b’ +2=—4a : {
1 a=—5;b=0 a=—5;b=0
a=——
= 2 = = .
9 a=—2;bz=é a=—2;b=i@
a——g 2 8 2

Vay ¢6 3 cip s6 thuc (a;b ) théa man bai toan.
Cau49. Cho ham sé f(x)=x"-12x’+30x*+(3—m)x, v6i m 1a tham so thyc. C6 bao nhiéu gi tri
nguyén ciia m dé hamsd g(x)=f (|x|) c6 dung 7 diém cuc tri?
A. 25. B. 27. C. 26. D. 28.
Loi giai
Chon B
Ta co: f'(x)=4x’—36x" +60x+3—m.
Ham s6 g(x)= f(|x|) c6 ding 7 diém cuc tri khi va chi khi ham s6 y = f(x) c6 dung 3 diém
cyc tri duong phan bit, hay phuong trinh f”(x) =0 c6 ba nghiém duong phéan biét.
Khi do f'(x) =0 4x’ —36x" +60x+3—m=0<> 4x’ —36x° +60x+3=m (l)
Yéu cau bai toan 1a phuong trinh (1) c6 ba nghiém duong phan biét.

Xét ham sd h(x)=4x"—36x" +60x+3, Vx € (0;+ ).
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Cau 50.

2 ’ X
x)=12x* =72x+60, cho /'(x)=0<
Bang bién thién:

|0 1 5 400
W(x) + 0 — 0 +

+o0
/31 e m /

h(x) " \ /
—-97

Duya vio bang bién thién, suy ra phuong trinh (1) c6 ba nghiém duong phan bié¢t khi va chi khi

3<m<31. Vay c6 27 gia tri nguyén ctia m thoéa yéu cau bai toan.

Trong khong gian Oxyz, cho mit cau (S): (x—2)2 +(y—3)2 +(z—1)2 =1. C6 bao nhiéu diém

M thude (S) sao cho tiép dién ctia mit cau (S) tai diém M cét céc truc Ox, Oy lan lugt tai céc
diem A(a;00), B(0;5;0) ma a, b 1a cac sb nguyén duong va AMB = 90°?
A. 4. B. 1. C. 3. D. 2.

Loi giai

Chon D

Goi K 1a tAm mit cau va / 1a trung diém AB

Ta c6 tam gidc AMB vuodng tai M va I 1a trung diém 4B suy ra MI = %AB =0l.
Taco: OI° =MI* < OI’ =KI* -MK* < KI* —0I° = MK’

& (x,=2) +(y,-3) +(z-1) =(x] +y; +2] ) =1 6x, +4y, +2z, =13

< 6x,+4y, =13 3x,+2y, =13 3a+2b=13 (do z, =0)

Ma a, b nguyén duong suy ra chi co hai cap thoa (1;5), (3;2).

Goi H la hinh chiéu ciia K 1én mp(Oxy) = H(2;3;0).

Suy ra: KH =1=R nén mit cau () tiép xtic véi mp(Oxy).

Véi A(1;0;0) va B(0;5;0) tacd 2 mit phang tiép xtic véi mét cau (S) trong d6 cé mp(O
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;0;0) va B(0;2;0) c6 1 mit phang thoa dé bai.
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Ky thi tét nghiép THPT mén Toan dot 2

PHAN TiCH MOT SO CAU TRONG PE THI TOT
NGHIEP THPT POT 2 NAM 2021

Ths NGUYEN MINH NHIEN
Phé truwéng phong GDTrH — GDTX, Sé GD&DT Bic Ninh

Budi thi mon Todn ky thi tot nghiép THPT dot 2 nam 2021 dién ra vao chiéu ngay
06/8/2021. Bai thi mon Todn gom 24 ma dé. Noi dung dé thi nam trong chwong trinh THPT,
chit yéu chwong trinh 16p 12, trong dé 38 ciu diu ¢ mirc d nhdn biét, thong hiéu dwgc ra
trong cdc md dé nham kiém tra kién thikc co ban cia I6p 11, 16p 12; trong cdc ma dé tir cdu 39
dén cdu 50 kiém tra kién thirc hoc sinh & mirc d¢ vin dung, vin dung cao da thé hién ro tinh
phdn hod bang cich sir dung téng hop cdc kién thirc trong chieong trinh THPT. So v6i dé thi
dot 1, deé thi dot 2 c6 nhiéu cdu quen thudc, mgt so cdu, dang bai dia xudt hién trong dé thi dot
1. Bé’tgo diéu kién cho quyj thily cd cung cdc em co tai lidu on tdp trong ndm hoc 2021-2022,
chiing toi xin Qiki t6i quy thidly 6 va cdc em bai viét “Phdn tich mdt s6 cdu trong dé thi tot
nghiép THPT dot 2 nam 2021".

Hy vong bai viét sé gitlp quyj thidy c6 c6 thém tai lidu tham khdo; cdc em hoc sinh nam
chic cdc kién thikc trong chwong trinh THPT; tiép cdn dwoc v6i cdc bai todn méi, hay va la.
Dic biét, rén luyén tot kij ning thi trdc nghiém mon Todn.
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Céu 40: Cho ham s6 y = f(z) lién tuc trén doan [— 1;6] va c6 d6 thi la duong gap khiac ABC
trong hinh bén. Biét F' 1a nguyén ham cta f thdaman r(—1) = —2.Gidtrictia £ (5) + F(6) bang

C
A. 19. B. 17. C. 22. D. 18.
Loi giai
Chon B
Cach1
Ya
A, 2 B

C
TacoF(6)-|—F(5) 2F )z]f(a: dx—|—jf(x)dx
-1 -1
=S your TS amour — Sy = 25gpy T Sppp =21

= F(6)+F(5) =17.

Cach 2

o . Qnéﬁxe[—l;él]
Tu’dothltacohamsoy:f(x)z 9410 né’uxe[ﬁl'ﬁ]

5 4

[1(z)dz = [ f(a dx—l—ff da:_fzdx+f10 2¢)dz = 11

-1 -1
6

ff dx—jf d:z:—l—ff dx—f2dx—|—f10 2:1: 10

Do dé 21:£f(x>dx+£f(a:)dx:F(6)—|—F(5)—2F(—1).

= F(6)+F(5) =17

NHAN XET:
Day la bai todn ¢ mttc van dung, hoc sinh nam vung dinh nghia ti
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b
£ (x) trén [a:b]. Knids [ f(r)do = F(:z:)‘b — F(b)—F(a).
+Dién tich Scta ;inh phang gi6i han boi: DY thi ham s§ y = f () lién tuc trén doan

b
[a; b] ; Truc hoanh; Hai duwong thing z = a,z = b 1a S = f |f (a:)|dx
Viéc xudt hién cac yéu to F(—l),F(5),F(6) ta nghi dén jf(x)dx,f f(a:)d;z,‘
1

va Zf(:z)dx di dén ]‘f(:c)dx —l—jif(x)dx = F(6)+ F(5)—2F (-1)

Hoéc jf(a:)dx + 2]f(x)da: = F(6)+ F(5)—2F (-1).
BAI TAP le’ LUYEN R

4
Céu 1: Cho ham s6 f(2) lién tuc trén doan |- 1;4] nhu hinh vé bén.Tich phan f f(z)dz bing
—1

Ya

C.5. D. 3.

>
DO | o

!

|

Loi giai
Chon A

Cach 1: Xac dinh ham s8 f (ZE) trén ting doan, r6i tinh tich phéan ta co:
0

]f(w)dx=f(2x+2 $—|—J2d:c+]<—2x—|—4 a:—|—](—x—|—2 :1:—|—](—1)d:1;

-1
4

ff(x)dx:g.

Cach 2: Ung dung dién tich hinh phang
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Goi cac diém A(—L 0) ; B(O, 2)7 C(L 2): ZXQQ 0)> E(3§ 0) ) F (3; _1)’ G(47 0) .

4
Vay [ f@)de =S, + Sppep = _ Ll AF22 @4DL_5

OAB OBCD DEFG 2 2 2 2 :

Céau 2: Choham s6 y = f(z) = az® 4+ b2” + cx + d (a,b,c,d € R,a= 0)
c6 do thi la (C) . Biét rang &6 thi (C ) di qua goc toa do va d6 thi ham s6
y = f'(®) cho boi hinh vé bén. Gia tri f(4) — f(2) 1a

A —2. B. 2.
c 2. D. 2.
3 3
Loi giai
Chon D

Tt d6 thi ham s6 ¢ = f’(a:) suy ra f’(a:) = —(a:—l)2 +4.

Vayf ff d:c—f[ (37—1)2—|—4}d:c:—§.

Cau 3: Chohamsd y = f ( ) xac dinh va lién tuc trén tap

: YA
s0 thuc. Mién hinh phang trong hinh vé dugc gidi han boi

d6 thihams6 y = f/ (x) va truc hoanh dong thoi c¢6 dién
1
\ 5 b
tich S=ua. Biét rang f 2:(;-|-1 dx:E va

f(3)= ¢ . Tinh L:ff(x)dx

A.a—b+ec B.a+b—c
C.—a+b—c D. —a—b+c
Loi giai
Chon A

bat t = 2x = dt = 2dx
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dt=b s [(o+1)f(z)de=b

D lu=z2+1 du = dx
[ i[vfw

1

f d:c(z)ff =2f (1)~ £(0)

0 0

3

a:Jf’(xﬂx—ff’(mﬁx@a:f(l)—f(0)+f(1)—f(3)@2f(1)—f(0)=a+c

Dods [ f(x)dr =27 (1)~ 7(0)~b=ab+e

Céu 4: Choham s y = f () c dao ham lién tuc trén R. D6 thi ham s6 y = f'(x ) nhu hinh bén

duéi. Biét dién tich hinh phang (H) bang % va f(— 1) = f( ) —% Tinh J = ]‘f'(2x)da:
|
AT=2 B.I=—. cr==. D.I=—.
24 13 13 26

Loi giai
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YA

A2 B. 2. c.2,
6 6 3
Loi giai
Chon B
Cach 1:

=Y

%ﬁp saw So 03
9-2021

>
o | o

Dién tich hinh phang gi6i han béi mot parabol va mot dwong thang cé phwong song

2
song voi truc Ox dwgc cho bdi cong thirc: S = Eday.cao

[ x1 T\ oz

Ap dung cong thiic nay ta giai nhanh bai todn nay nhu sau:
vk
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Oa=1.
Taco f(=1)+f(1)=[/ (=)= (B3)J+[S ()= (3)]= S+ (5, +5,+S,).
. 4 1 1 3
V6i S, =321=7, §,=212=1, 5, = (1+2).1=7.
Suy ra f(—l)+f(1)=%.
Cach 2:
Ta xac dinh biéu thtec ctia ham s8 y = f'(x). Tir hinh vé ta thay trén [-3,2] d6 thi gom 3
nhéanh:

© Nhanh parabol y =a,x* +bx+c, xac dinh trén [-3,-1] di qua 3 diém (-3,0), (-2,1) va

(-1,0).
o Nhanh duong thang y = a,x +b, xac dinh trén [-1,0] di qua 2 diém (-1,0) va (0,2).
© Nhanh duong thang y = a,x+ b, xac dinh trén [0,2] di qua 2 diém (0,2) va (2,0).
T day, giai cic hé phuong trinh twong tng ta suy ra biéu thitc ctia f(x) la:
—x” —4x-3 khi -3<x<-1
f'(x)=42x+2 khi -1<x<0 .
—x+2 khi 0<x<2
f(x) 1a modt nguyén ham ctia f'(x), do @6 biéu thiec cia f(x) c6 dang:
3

—%—2x2—3x+C1 khi -3<x<-1

f(x)=4x"+2x+C, khi -1<x<0 .
2

—%+2x+c3 khi 0<x<2

3
Vi f(-3)=0 nén ta co: —%—2(—3)2—3(—3)4'6'1 =0=C=0.

Do f lién tuctai x=-1 néntacé: lim f(x)= lim f(x), suy ra:
x—-1" x—>—1"

3
_%_z(_l)z_3(_1):(_1)2+z(_1)+c2@q:%.
Tuwong tu, f lién tuc tai x =0 nén ta cé:

2
02+2.0+1=—0—+2.O+C3 =3 -7
3 2 3

. 2 7 1’ 7| 31
Vay f(-1)+ /(1) =| (1) +2(-1)+= [+| ——=+2.1+= |=—.
3 2 3 6
Cau 6: Choham s y = f (x) Hams6 y = f’ (x) c6 d6 thi nhu hinh vé bén.
Biét rang dién tich hinh phéng gi6i han béi truc Oz va &6 thi ham s8y = f <x ) trén
doan[—Z : 1} va [1 ; 4] lan gt bang 9va 12. Cho f (1) — 3. Gid tri cta biéu thtc
—2)+ 7 (4)

bang
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=y

-2

Loi giai
Chon C

Ttr d6 thi ham s6 y = f’(x) = f’<x> < 0 trén moi doan [—2 : 1] va [1 : 4].
Dién tich hinh phang gi6i han boi truc Oz véi @6 thi ham s§ y = #/ (:1:) trén doan

2

1

S = £ f’(:z:)‘dx - —If’(m)dx =f(-2)-f(1)=12= f(-2) =9+ f(1) =12

Dién tich hinh phang gi6i han béi truc O d6 véi d6 thi ham s6 ¢y = f/ (:1: ) trén doan
[1;4] la

4 4
S, = f f’(m)‘dx - —ff’(x)da: = f(1)-f(4)=-9= f(4)=r(1)-12= 0.

1 1

Vay f(-2)+ f(4)=12-9 =3,
Céu 7: Cho dudng cong (C'): y = 8z — 272" va dudng thing § =m cat (C) tai hai diém phan

biét ndm trong gdc phan tu thit nhat cua hé truc toa dd O zy va chia thanh 2 mién ph:fmg co dién
tich S,5, bang nhau. Ménh dé nao dudi day ding?

A.O<m<l. B.l<m<1. Q.1<m<§. D.§<m<2.
2 2 2 2
Yy
y=m
0 =

Loi giai
Chon C
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16 giao diém 8z —27%° =m. Gia st nhu hi

— 3 —
giao diém 14 0 < a < b.Tacohe |50~ 270 =™ (1)-
8b —27b° = m

Goi F(x) la mét nguyén ham cua ham sd f (x) =8z —27z" —m.

Khi @6 cac dién tich

5= J ok =~ leis = (0] Pl
5.~ Jlrops = J (oya = 0 lo).

4
Theo gia thiét thi S, = 5, < F(b)— F(0) « 4 — 200 b =o.
Suyrabzéém:g.
9 27
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Cau 41: Choham s8 f(z) = az’ + bz’ + c2*(a,b,c € R). Ham s8 Y = f'(2) c6 @6 thi nhu trong
hinh bén. S8 nghiém thuye phan biét caa phuong trinh 2f(2) =3 =0 1a

yl\

A. 4. B. 3. C. 2 D. 1.
Loi giai
Chon C
/
Goi hoanh d¢ giao diém ctia d6 thi ham s6 Y = f (517) voi truc hoanh la m,0,n voi

m < 0 < n.KhiddtacéBBT

Tt BBT suy ra duong thang y = g cit d6 thi ham s8 ¥ = [ (:1:) tai hai diém phan biét.

Do d6, phuong trinh 2f(2) —3 =0 ¢6 hai nghiém thuc phan biét.
Nhan xét
Day la bai toan st dung su bién thién cua ham sd d€ giai bai toan vé twong giao gitta hai do

thihamso Y = f (33) valy=4g (m) (m latham s0). V4i dang toan nay ta can xac dinh duoc tinh

chat va su bién thién cua [ (33) thi c6 thé giai quyét bai toan. Diém quan trong nhat chinh la tim

cac diém cuec tri.
BAI TAP TU LUYEN
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6 f(z) c6 dao ham trén R, do thi ham s&

y = f (x) nhu trong hinh vé. Héi phwong trinh f (x) _ (0 cb tat

ca bao nhiéu nghiém biét f (a) >0> f (c) ? /\

A. 3. B. 1 4 >
C.2 D. 0 0 e a
Loi giai
Chon C
Tt gia thiét ta ¢ BBT
T — a b C +OC

!/

y 0 -

- 0 + 0 +
-I-OC\ +0ocC
/ /
| . \ (¢
fle

Ma f (a) >0> f (c) nén phuong trinh f (a;) = 0 c0 hai nghiém phan biét.

Cau 2: Cho ham s f(x) = az’ + bz’ + cx +d voi a =0 cb cdc diém cyc tri z = 1;2 = 3. Tap
hop tat ca gia tri cua tham s6 m dé€ phuong trinh f (;v) =f (m) c6 3 nghiém phan biét la
A. (f(l);f(?))). B. (0;4). C. (1;3). D. (0;4)\ {1;3}
Loi giai
Chon D
Tir gia thiét ta c6 J’ (:E) = 3a(x - 1) (:E - 3) = a(3x2 — 12z + 9)
:>f(x) :a(:c3 —62° —|—9x) +d zag(x)—l—d véi g(x) = 2% — 622 + 9z.
Ham s6 y = g(a;) c6 cac diém cuc trila z = 1;2 = 3 nén d6
thi c6 diém udn 1(2;0) va g(0) = g(3),9(1) = g(4) Y,
Tact 1(s)= 1) & o(e) = o(m).
Nén phuong trinh f (a;) =f (m) c6 3nghiém phan biét khi va 4
chi khi

010 =) <o) <o) = o(0) 1 / \/_.

0] 1 3
Cau 3: Cho ham s& f(x) = az' + bz’ + cz® + dz + m,. Ham s6 A
! x) c6 d6 thi nhw hinh vé bén dwdi:
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[\

_2
1

)
firy
]y

-3

Tap nghiém cta phuong trinh f (x) = 48ax + m ¢ sO phan tw la:
A. 1 B. 2. C. 3 D. 4.
Loi giai
Chon B
Tacd f'(z) = 4az® + 3ba’ + 2cx + d (1).
Duwa vao do6 thi ta Céf’(g:) =a (:1: - 1)(4:1: + 5)(:1: + 3) =4az® +13ax” —2ax—15a (2)
vaa=0.
Tt (1) va (2) su rab—Ea - vad=—15a
i (o) sayrab =, o va =0
Khi dé:
f (x) = 48az + m s’ 40’ +cr’ +de =48ax

&a x4—|—?x3—:132—63x =0

z =20

z =3

<3 +137° — 327 —1892 =0 =

Vay tap nghiém ctia phwong trinh f (x) =48az +m la § = {0;3}.
Céu 4: Choham sGy = f(z) = ma' + na® + pa’ + gz + r, trong d6 m, n, p, ¢, r € R. Biét ham
s8 y=f'(z) c6 d6 thi nhu hinh bén dudi. S§ nghiém cua phuong trinh
f(a:)=16m+8n+4p+2q+r la

Ya

2/ D\ :

Y

A.4. B.5. C.2. D.3.
Loi giai
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= 4mz® —16mz* — 4mx + 16m.

*Ma fl(x): 4mz® + 3nz® + 2px + ¢ . Suyra {p = —2m
q=16m

* Phuong trinh f(x) =16m +8n+4p +2q+r

@mx4—%mx3—2mx2+16mx+r:16m—%m—8m+32m+r

& m x4—§x3—2x2+16x+§ =0

T =2
=
7’ —Exz —Ea:—é: 0
3 3 3
Phuong trinh z* — ?mz — ?.’E —% = 0 ¢6 3 nghiém phén biét khac 2.

Vay phuong trinh f <:1;) = 16m + 8n + 4p + 2¢ + r c6 4 nghiém.
Céu 5: Cho ham s8 y = f(x) =az' + b2’ +cx’ +dz+ k Vi (a, b, ¢, d, k € R). Biét ham s6
y = f' (x) c6 d6 thi nhu hinh vé, dat cuc tri tai diém O (0; 0) va cdt truc hoanh tai A (3; 0). Cé
bao nhiéu gid tri nguyén ctia m trén [—5; 5] dé phuong trinh f (—l‘2 +2r+ m) =k c6 bon

nghiém phan biét?

./
N w

P

H=

C. 5. D. 7.
Loi giai

A. 0.

I
[\

Chon B
Tl d6 thi ta thdy f’ (x) khong thé cé bac nhé hon bang 2, do d6 a = 0.

Ta suy ra f’(x) = azr’ (:1: — 3), d6 thi ctia né di qua A(2;1) nén

1
=—&Sa=——.
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4 3
X X

i
Tacéf(x)zk@—ﬁ+z+k=k(:> Ly

— 224224+ m=0

Suyra f(—z>+2z+m|=Fk < .
Y f( ) —2’ 4+ 2r+m =4

Phuong trinh —7 +20+m=0 c6 hai nghiém phan biét khi

A =14m>0em>-1.

Phuong trinh —2° +2+m =4 c¢ hai nghiém phan biét khi

Al =1+m—4>0<m>3.

—x02—|—2x0+m =0

) =4=0.
—x, —|—2x0—|—m=4

Hai phuwong trinh néu nhu c6 nghiém chung z,, thi [

Do vay dé€ phuong trinh f (—582 +2z+ ’m) =k c6 4nghiém phan biét thi

m > —1

s m > 3.
m > 3

Do m nguyénva m € [—5;5] nén m € {4;5}.Véy co 2 gid tri cua m .
Cau 6: Cho ham s6 y = f (.7,‘) c6 do thi y = f'(a;) cat truc hoanh tai ba diém c6 hoanh d6
a < b < ¢ nhu hinh vé. S6 nghiém thuc cua phuwong trinh f (a; — a) =f (c) la

YA
0,
a b c T
A.2. B. 0. C.3. D.1

Loi giai

Chon D

+) T do thi y = f! (x) ta c6 bang bién thién cua y = f (;p)

z — 00 a b c —+00

y/ + 0 - g + 0 -
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+) T dd thi y = f'(x) ta co:

b ¢
5,<8, & [~r'(ehe < [ 1(ehe o 7(o)- £(b) < F(e)= £(8) & 7o) < (o
+) S8 nghiénf cta phuong tr‘inh f <x — a) = f <c> la s6 giao diém cua d06 thi
y=1f (:1: - a)vé duong thang y = f (c) trong d6 duong thang y = f (c) la duong song
song hodc trung v6i truc hoanh, cit truc tung tai diém c6 tung do b.%mg f (c ) , con do thi
ham s8 y = f(z — a) 6 dwoc 1 do tinh tién d6 thi ham s8 y = f () sang tréi theo
phuong cta truc hoanh (—a) don vi.
Tt ba diéu trén suy ra phuong trinh f (x — a) =f (c) c6 duang mot nghiém.
Cau 7: Cho ham s0 f(ac) =ax’ +bz' 4+ cx’ +dz® fex 47 (a,b,c,d,e,r € R). Ham s&
y = f'(z) 6 do thi nhw hinh bén. Phuong trinh f(z) = r c6 bao nhiéu nghiém?

Ya

4

-2\.70 1\/2 g

C. 5. D. 4.
Loi giai

=
[

A. 2.

Chon B
Tacod y = f’(m) 1a ham s6 bac 4.
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z) cat Oz tai bdn diém A(—2;0), B{—1;
suy ra f’(ﬂC) Zk($2 —1)($2 —4), k>0.
Lai c6 diém E(O;4) thudc d6 thi ham s6 y = f’(m) =k=1.
Véyf’(x):$4—5x2+4.

Mat khac ff’(m)dm:f(m4—5x2+4)dx=%m5—§x3—|—4x—l—r
#f(x)z%x5—§m3+4x+r.

Cau8:Chohamso f(z) = az* + bz’ + cz®> +dz +m,.HamsO y = f'(z) c6 d6 thi nhw hinh vé
f ; y=1/

bén.
Y
f(@)
2
o \J
/ ,
1 ~ A \
Tap nghiém cta phwong trinh f (:U) =f [5 c6 s8 phan tr la
A. 5. B. 2. C. 4. D. 3.
Loi gii
Chon C
y
2 f'(x)

S
=7 1 2 xT

\&/

—_
Lo
N —

Goi S 1a dién tich hinh phéng gidi han boi d6 thi ham so f/ (x), truc hoanh Oz va cac
duong thang * = —1; x =1.
S| 1a dién tich hinh phang giéi han béi d6 thi ham s& f/ (g;), truc hoanh Ox va cac

. 1
duong thang © = % =1

S, 1a dién tich hinh phang giéi han boi d6 thi ham sg f’ (), truc hoanh Oz va cac
duong thang x = 1; £ =2.
Dwra vao do thi ta co:
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S<S:>ff dx<f( (2))do = £(1)~ 1|

Trén khoang (—1; 1), ham sd f (z) dong bién nén f(— ) < f < f( )

Ham s6 f (g;) c6 bang bién thién nhu sau:

1
Tl-o -1 3 2 +00
y 0+ 0 - 0 +
: (1)
fl= 1) f(2)

Vay phuong trinh f(x) =f [%] c6 tat ca 4 nghiém thuc.
Cau 9: Cho cidc ham s6 f(x) =mz' +nz’ + p2’ +qx +71; g(x)= ar’® + b2’ +cx+d
(m,n,p,q,r,a,b,c,d c R) thoa man f(()) = g(O). Cac ham sO = f’(x) va y = g/(:z:> c6 do

thi nhw hinh vé

Ty

a'x)

.
!
:

.
!
i
!
!
!
!
!
.
1vv
/1 noo2
P
P
P
P
P
P
Lo
‘
‘
!
!
‘

Goi 5 la tat ca cac nghiém clia phuong trinh f (z) =

g (x) . Khi 6 ménh dé nao sau day

dung?
A.S € —é;—l]. B.S € —2;—§]. C.se(o-1). D. S =2.
2 - 2 ’
Loi giai
Chon B

Quan sét dd thi ham s8 y = f' () ta thdy m=0vaxét f(0)=g(0)= r=d = 0.

wr d6 thi c6

Trang 66
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T)— g'(m) = 4mz’ — 8mz® — 4mz + 8m (1)

Mat khac f’(a:)—g'(a:)zmx3+3(n—a)x2+2<p—b>x+q—c (2)
3(n—a)=—8m

T (1) va (2) chota 12(p—b) = —dm .

qg—c=8m

Xét phwong trinh f(x) =g (m) & ma' +nz’ + pr’ + qr = az’ + b2’ + cx

@x[mf —I—(n—a)ac2 —I—(p—b)x-l-q—c} =0

& T m3—8?mx2—2mx—|—8m =0

z=0

& mo x3—§x2—2:1:—|—8 =0« 8 .
3 x3—§m2—2x—|—8=0

_z_ﬁ}
2

_Z_§}
2

Phuong trinh 2° — g z* — 2z + 8 = 0 6 ding 1 nghiém thucla 7, €
3

Vay phuong trinh f (g;) =g (x) c6 tong cac nghiém S = 0 +z, = S e
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Ciu 42: C6 bao nhiéu sd nguyén duong Y sao cho ton tai s6 thuc T € (,5) théa man
Az —1)e" = y(e”” + 2y — 227 —3)?
A. 14. B. 11. C. 12. D. 10.

Loi giai
Chon C
Ta c6 4(z —1)e’ :y(e’” +zy —22° —3) & (dz—4—y)e' —y(xy—2x2 —3) =0.

Xétham 8 f(z) = (47 —y —4)e" — y(wy o — 3) ta 6

f() =4e" +(4a—y— e’ —y(y—43) =€ (4w —y) +y(y—4z) =(¢" +) (s ).
fle)=0&a= % (do €' +y>0,Vxe(1;5),yeN*),

1(1) ==y(y+e—5); £(5) = —5¢* —y(e" —53) +16¢".

+ TH1: %z 5>1 ey >20= f(r) <0,z e(15)

Suy ra f(a:) nghich bién trén (1;5) hay f (a:) <f (1) = —y(y+e—5) <0,Vzx € (1;5),
Do dé6, phuong trinh f (a:) = 0 v6 nghiém.

+ TH2: 0<%§1<x¢>0<y§4:>f’(:£)>0.

Suyra f (m) dong bién trén (1;5) hay f (1) <f (a;) <f (5)

Talaicé f(5) =€’ (16 —y) + y(53 —y) > 0,Vy < 4.

Do d¢, phuong trinh f (x) = 0 c6 nghiém khi va chi khi

<0 —ye+y—5H)<0<=et+y—5>0&y>b—e.
Do yENk vay < 4 nén y€{3;4}.

+ TH3: % € (1;5) & 4 < y < 20, ta c6 bang bién thién

w 1

/

¥y
4
Y - 0
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—yle+y—5)< 0,Vy € (4;20).
Do d6, phuong trinh f (:c) = 0 6 nghiém khi va chi khi
f(5)> 0 5y’ —y[e” —53) +16¢” > 0

2 2
53—e5—\/(e5—53) + 320¢° 53—65—|—\/(e5—53) 1 320¢°
<y<
10 10

Doy €N vad <y <20nénye (56 :14}.

& (-333~) (~14,2).

Vay ¢6 12 gia tri nguyén ctia y thdéa man bai toan.
Nhan xét:

Day la dang todn da dwoc dé cap t6i trong dé thi Tt nghiép THPT nam 2021 dot 1. Y
tuong van 1a huéng dén khao sat ham s8 f () trén (1;5). Nhung viéc giai n6 phai mét rat
nhiéu cong tinh toan (phai dung dén mdy tinh cam tay) vi cac biéu thitc cong kénh. Mot diém
khong hay ntta trong bai nay chinh la viéc ta c6 thé bién doi gia thiét vé phuong trinh bac hai
an yla xy2 —I—y(e”” — 277 —3) —4(x—1)e" =0.

Phuong trinh nay ludn c6 hai nghiém trai ddu nén tim duoc

—e" +22° +3 —I—\/(e’” — 277 —3)2 —|—16($2 —:1;)69”

V= 4o - g(:c)

Ham nay don diéu trén (1;5)

&
@

Y

T e---
8

Ot 1
Nén g(1) < y < g(5) tir d6 tim dwoc y € {3;4;...;14}.

Nhu vay, néu ban dau chi can thw

2
53—¢° + \/ (65 —_ 53) +320€
10

—l=y=b—e~n22%r=5=y= (z14,2
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Céu 44: Xét cdc s6 phiic - va v thay doi thoa man |2| = |u| = 4 va [z —u| = 42 Gié tri nho
nhétctia P = |z + 1+ [+ |w — 3 + 4i| bang
A.5-2V2. B.5—+/2. C. a1, D. 13,
Loi gii
Chon D

Cach 1.
Goi M, N, A(—1;—1),B(3;—4) lanluotla céc diém biéu dién s8 phirc z,w, —1 — 7,3 — 4i. T

gia thiét ta c6 M, N € (0:4), MN = 4y/2,P = MA+ NB.

y“ y“

Tacs Q(O,—90°) (A) =4 <_1;1)’ Q(0,90°) (A) -
*THL Q, (M)=N

Khidé,P = MA+ NB = NA + NB > AB = J41.
D&u bang xay ra khi va chi khi N = (O, 4) NAB.

+ TH2: Qo,goo) (M)=N

(
Khidé,P = MA+ NB = NA, + NB > AB = 13.
D4u bang xay ra khi va chikhi N = (0, 4) NAB.
Nhu vay, P = V13
Cach 2.
Goi M, N Tan luot 1a cac diém biéu dién s8 phtrc 2,w.
Tir gid thiét ta co6 OM = ON = 4, MN = 442 = AOMN vuéng can.
Do dé Qoﬁgoo (M ) = N hoadc Q(O’goo) (M ) = N hay w = 12 hoac w = —12

(o)

+TH1: w = 12
P:|z+1+i|+|iz—3+4z'|:|z+1+z'|+|z+4+3z’|=|z+1+i|+|—z—4—3z’
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z+1+1;|+|—1;z—3+4i|:|z+1+z'|+|—z+4+3z’|2‘1+i+4+3i‘=

Nhu vay, P = \/E .
Cach 3.

z—uz‘zélx/é (:)‘u—l‘:\/é,

bat w = uz(u¢ 0) ta co ‘UZ‘=4<=>‘U‘:1;

Khi d6
Pz‘z—l—l—l—i‘—l-‘uz—?)—l—élz"=‘z+1+z"+‘u‘z—3;4i =\z+1+z‘\+—z+3u4i‘
Zl—l—z’—|—3_4i.

u

|u|=1 a>+b' =1 0 —

Bitu = +bifabcR)taduoe |u—1|=\/§<:> (a1)2+b2:2©[b=:|:1
Véi u=1 thi 1+7;+3_i4i :\3—2@'\=\/E.
3 ol 34 .
Véi u=—1 thi|l+7i+ — =‘5+z‘:\/ﬁ.

Nhuvay P = V13

NHAN XET:

Tt gia thiét ta ¢ thé chi ra M,N € (O, 4) ,MIN = 4\/§,P = MA+ NB nhung viéc st dung
phép quay dé dwavé NA + NB va NA, + NB sé gay kho khan voi nhiéu thi sinh, dong thoi c6
thé méc 18i khi chon phuong an gia tri nho nhat la AB = \/E . Mot tinh chat khac da dwoc st
dung la
Néu Q(Oa) (M) = M véi m, M Tan luot bicu didn cac s& phtic 2,2’ thi 2/ = 2 (cosa + i sin a)-
Véi bai todn nay, a = 90° V a = —90° nén dan dén w = iz hodc w = —iz.

Khi d6, bai toan trd vé dang quen thudc: “Tim di€ém M thay d6i trén duong | sao cho MA + MB
nho nhat, véi A, B cho trude, AB cit [ tai mot diém thudc doan AB”.

Vi cach lam nhu vay ta di tdi 101 giai tht 3 va bai toan tdng quat nhu sau:

= mnlk,k € (0:4]. Tim

,VOia? + 02 < m*n? < c¢? +d°.

Xét cac s6 phirc » va w thay d6i thoa man |z| = m;|w| — n ;|nz —ma

gia tri nho nhat cia P = |nz—a—bi|+|mw—c—di

Loi giai

:L‘u—v‘ :\/%,k G(O;4].Tungié

Dit 2 = mu,w = nv (uv = 0) bai toan tré thanh ‘u‘ =1y

:‘mnu—a—bi‘—l—‘mnv—c—dz":mn U
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BAI TAP TU LUYEN
Cau 1: Cho - 14 8 phttc théa mén H = |z +2i]. Gié tri nho nhat cta |5 — 1+ 24] + s + 1+ 3] la
A. 542 . B. 13 c.+29. D. 5.

Loi giai
Chon B

batz=a+b (a, bE]R).
=|e+2] & Va* +1° =,/a2+(b+2)2 e dh+4=0ob=—1
= 2z =a—1.Talaico

|z—1—|—2i|~|—|z—|—1+3i|: |a—1—|—z'|—|—|a—|—1+2i|: \/(1—a>2+12 +\/(1+a)2+22.
Ap dung BDT Mincopxki:

\/(l—a)2—|—12+\/(1+a>2+22 2\/(1—a+1+a)2+(1+2)2 = J1+9=113.

Suy ra |z — 1+ 24 + |z + 1+ 3i] datGTNNlé\/Ekhi2(1—a):1—|—a(:)a,:%.

4

Ta co:

Cau 2: Trong cac s6 phtrc 2, z, thoa man |z1 -3- 47;| = |z2 —-3- 4z'| =2 va |z1 — z2| = 1. Gia tri
nho nhét cia |z, —|7,| bing
A —10. B. —4—3V5. C. 5. D. —6—2v5.

Loi giai
Chon A

4
bat [zl iii(lz (a,b,c,d € R).Theod‘étacé: <<c—3>2 —|—<d—4>2 =14 (2)
, =
1

Khid6 o? 45 — ¢ —d = 6(a—c)+ 8(b—d).

Két hop str dung bat dang thirc Cauchy — Schwarz va st dung ta cé:
2 2

‘zl‘ —‘zz‘ =a’+b - —d* = 6(a—c)—|—8(b—d)

> —\/(62 +8)|(a—c) +(b- d)Ql = —10.
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Vay gid tri nho nhét cta |7, — [z, 1a —10 khi |

Zl
Z2
Ton tai 2 cap s6 phtic thoa man la:

&

2

Ciu 3: Xét cac s6 phtic z, w thda man |z| =2,

( +

(c—3) +(a—4) =4
(a—c)2—|- b—d)2:1 .
agc: b;d k<0

2715 144412415
N 10 40
_ 33—4\/E+176+12\/Ei

10 0
2T+ 415 | 14412415

10 10
33+ 415 17612415

10 40

iw — 2 + 5i| — 1. Gia trinho nhat ctia ‘22 —wz — 4‘

bang
A 4 B. 2 (\/2 _ 3). C.8 D. 2 (\/2 _ 5).
Loi giai
Chon C
Cach 1:
Av
y 4
2
¢,-0—-\\
// ? B AN
ll \\
' 4 \
1 ‘= -
3 O 1 T
\ 1
\ II
\\\N- _—2—”,/
Y~
o—4

Ta co: ‘iw—2—|—5z"=1(:)‘z"- w—+
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9 2
z —wz—‘z‘

= |z —wz—4‘=

=‘z2—wz—z-2‘z‘z‘-‘z—E—w‘:2‘z—E—w
y
bat z = a + bi. Suy ra: z—7z =2bi. Vi |z|: 2 nén —4 <2h < 4.

Goi A, B Tan luot 1a diém biéu dién ctia w va 2bi. Suy ra:
+ A thudc duong tron (C) cotam J (—5;—2), ban kinh R =1.

+ B thudctruc Oy va —4 <z, <4.
Tt (¥) suy ra: T = 24B > 2MN = 2-4 = 8
Ddu “= ”xayrakhivachikhi A = M (—4;-2) = w = —4 — 2i va

BEN(O;—Q)#ZM:—2@':b:—1:>z:a—i=>a2—|—1:4:>a::|:\/§

= =43 —i.
Vay ‘zz—wz—zl‘ c6 gi4 tri nho nhét bing 8.
Cach 2:
bat z=a+bi, w=c+di (a, b, ¢, d € R). Tx gia thiét, ta co:
@ b =4 a.b €[22
2 2 = .
(c+5) +(d+2) =1 |ee[-6:—4|.d € [-3—1]
Ta co:

2
T=‘z2—wz—4‘= zz—wz—‘z‘ :‘zQ—wz—z-z‘:‘sz—z—w‘:Q‘z—z—w‘

- T:2‘2bz’—(c+dz’)‘:2\/(2b—d)2+c2 22\/6—2=2|c|22'4=8.

c=—4
Dau “= ” xay ra khi va chikhi {26 —d = 0

(c+5) +(d+2) =1

c=—4
Suy ra mot nghiém théamanla {d = —2.
b=-1

Vay 2 —wz — 4‘ c6 gia tri nho nhat bang 8.
Cau 4: Cho hai s§ phirc 2, 2, thoaman |z, — 3i+ 5| = 2 va |iz, — 1+ 2i| = 4.Tim gi4 trj 16n nhét
cua biéu thiec 7 = |2iz1 + 3z2|
A. 313 B. /313 + 8. C. V313 +16. D. V313 +2v5.
Loi giai
Chon C

— 3i 4 5| = 2 & [2iz, + 6+ 10i] = 4(1)
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Goi A la diém bi€u dién s& phtc 2iz,, B la di€m biéu dién s6 phirc —3z,
T (1) va (2 ) suy ra diém A nim trén duong tron tam [, (—6; — 10), bankinh R = 4,
diém B nam trén dudng tron tam 1, (6; 3), ban kinh R, =12

LN :
Taco T =iz, + 32| = AB< LI, + R + R, =12 +13" +4+12 =313 +16
Vay max T = 313 +16.

Cau 5: Cho hai s6 phtic >, thoaman |z — 3\/5‘ — 2,

gid tri nho nhat khi z = 2, w = w,. Tinh 3, — w, |-

A 242 . B. 442 C.1. D. 62 .

Loi giai

'w—4\/§i

= 22 Biét réng |: — u| dat

Chon D

Ta co: +

z— 3\/5 ‘ = \/5 , suy ra tap hop diém biéu dién M biéu dién s& phtec - 1a duong
tron c6 tam 7 (3\/5;0), ban kinh = /2.
w — 4\/5@'

trdn ¢ tAm J(O;4J§),bénkinh R=2\2.

+ — 24/2, suy ra tap hop diém biéu dién N biéu dién s8 phitc » 1a duong

Ta co min|z— w| = min MN .

s I =52 IM = r =2 NJ = R=22.
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Mait khac

IM + MN + NJ >1J = MN >1J—IM — NJ = MN25\/§—\/5—2\/§:2\/5.
Suy ra min MN = 2\/5 khi I, M, N, J thang hang va M, N nam gitta 1,/ .
TacéFVz3I7\Zz>3I7\Z—FV=6.

Do do

32, )| = ‘3074—0_1'\7 = ‘3(5+ﬂ) —(51'+Fv)‘ = ‘20_1" =200 =232 = 62.

Cau 6: Cho hai s6 phttc 2,2, théa man |z1 —1+ z| =1 va 2z, = 2iz,. Tim gid tri nho nhat P
cua biéu thtec P = |2z1 - z2|.
AP =2-\2. B.P =8-2. CP =2-22. D.P_=4-2V2.
Loi giai
Chon D

Tw z, = 2iz ta duge P = |2z1 _ z2| = |2z1 _ 2¢z1| :‘(Z—Zi)zl

=2 -2 ]| = 2@.‘4‘
Goi M (a; b) la diém biéu dién hinh hoc ctia s6 phtic z, .

Tir gia thist |5, 1+ i| = 1 taduoe|[a=1)+(b+1)i =1 & (a—1) +(b+1) =1.
Suy ra M thudc dwong tron (C) co thm I(l;—l) ban kinh R = 1.
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nén P dat gid tri nho nhat khi OM 1anhdnl
Giastt OI cat duong tron (0) tai hai diém 4, B véi A nam gitta O va 1.
Tacdo OM + MI > OI < OM + MI > 0A+ Al & OM > OA
Nén OM nho nhétbing OA khi M = A va OM = Ol — R =2 —1.

Knido P, =2V2(V2 1) =4-22.

Cau 7: Cho s6 phtic : thay do6i théa man |z —gi = % Gia tri 16n nhat cua biéu thuc
3
P = |z—|—1|—|—|z—1|+ z—\/gi bang
4 8 16 32
A —. B. —. C. —=. D. ——.
V3 V3 V3 V3
Loi giai ,
Chon B

Goi M 1a diém bicu didn ctia -, A(—l ; 0),

B(l;o), C(o;\/E).
2
KhidéME(C)::c?—l— y—ﬁ] :é cé
3 3
tam | o;f,bénkinthivéA,B, #
3
Ce (C), AABC la tam giac déu.
Ta co:

P:|z+1|+|z—1|—|—‘z—\/§7j — MA+ MB + MC'.

Gia st M thudc cung nhd AB. LAy E € MC saocho ME = MA.
Vi AMC = ABC =60° nén AAME 1a tam giac déu.

= AM = AF va MAFE = 60°
= CAE = BAM = ACAE = ABAM (c.g.c) = EC = MB.

z—\/gi
MA+ MB+ MC = ME+ EC+ MC =2MC .
P, < MC c6dddailénnhdt < MC la duong kinh ctia duong tron (C )

~ P, =2MC =22R = >

R

Dodc’):P:|z+1|+|z—1|+
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< M Tan luot la dié

gitra cung nho BC', AC.
Viy P, = —.

Max \/g
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Céu 45: Trén tap hop céc s§ phtic, xét phuong trinh 2° —2az +b" +2=0 (4,b la cc tham

s0 thuec). C6 bao nhiéu cap so thuc (a; b) sao cho phuong trinh d6 c6 hai nghiém 2, z, thoa

man z, —|—2i22 =3+ 31?2

A. 2 B. 1. C. 4 D. 3.
Loi giai
Chon D
9
Z =3 zl+z2:2a:2 a=—
THI: 2,2, € R, taco z, +2iz, = 3+ 3i & 3= 2oy n
ZQZE z1z2=b2+2:§ b::I:—2

TH2: 2,2, £ R, dat 2, = w—l—yz’(:c,y € ]R>:> z, =T —yi

Tac 2, +2iz, = 3+ 3i & z+yi+2i(z — yi) = 3+ 3i = |

a=1 a=1
= =
b*=0 [b=0
Vay c6 3 cap s6 (a, b) thoa man.
NHAN XET
Day la dang toan tuong tu da duoc gap trong dé Tt nghiép THPT ndm 2020, 16i phd bién khi
giai bai toan 1a xét thidu truong hop dan dén két qua la 1 va 2 cgp.

T+2y=3 «le
=

BAI TAP TU LUYEN
Cau 1: Cho céc s6 thuee b, ¢ sao cho phuong trinh 2° + bz + ¢ = 0 c6 hai nghiém phtic Z,52,

thoa man |7, —3+3i| = V2 va (2, +2i)(2,~2] 1a 56 thuian 0. Khi d6 b + ¢ bing;
A —1. B. 12. c.4 D. —12.
Loi giai
Chon C

TH1: 2,2, € R, khi d6 ‘z1—3—|—3i‘= /(z1_3)2+9 > /2 mAu thuln vdi gia thiét.
TH2: 2,2, £ R, d4tz, =x+y =2z, =2 =x—y.

Ta co

5 —3+3i|=\2 & (s=3) +(y+3) =2 (1)
(z1—|—2z')(z2—2):[x-l—(y—l-Q)iH(x—Q)—yi ::172—|—y2—2x+2y+[(m—2)(y+2)—xy]i
la mot s8 thuén ao khi va chikhi 2” +y* — 2z +2y =0 (2).

(:zc—3)2+(y+3)2=2:> r =2
2’ +y’ —2r+2y =0 y=—2

T (1) va (2) ta co

—2i; 2z, =2+4+2.
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Cau 2: C6 bao nhiéu gié trj duong ctia s thuee o sao cho phuong trinh 2° + \/gz +a*>—2a=0
c6 nghiém phtrc z, thoa ‘ZO‘ = \/5 ?
A. 3. B. 2. C. L D. 4.
Loi giai
Chon B
Phuong trinh 2* -I—\/gz—l—a,2 —20a=0(*)cd A = —4a” 4+ 8a + 3.

Xét 2 treong hop:
THl:AZO@—4a2+8a+3ZO<:)2_2\/? 2+2\/?

<a<

(D).
Khi d6, phurtong trinh (*) c6 nghiém 2, thi z, € R.

Theo dé bai: | |—\/_(:> K _\/_

=

*z, = ~J3 , thay vao phuong trinh (*) ta duoc o® — 20 <

Tz, = J3, thay vao phuong trinh (*) ta dwgc o — 2¢ + 6 = 0 (vO nghiém).
Két hop diéu kién a > 0 va diéu kién (1) suyra a = 2.
9 _
_2-47

a
TH2Z A <0< —44°+81+3<0< 2 (.
2+ 7

Khi d6, phuwong trinh (*) c6 nghiém phurc 2 thi 20 cling la mot nghiém cua phuong
trinh (¥).
a=-—1

, - 2
Tacozo.zo:a2—2a<:>|z0| =a¢’—2a=0a’-20—-3=0& 5
a =

Két hop diéu kién a > 0 va diéu kién (2) suy ra a = 3.
Vay ¢6 2 gid tri « duong thbamanla a =2; a = 3.
Cau 3: Trén tap s phtrc, xét phuong trinh 92* + 62 + 1 — m = 0 (m 1a tham sO thuec). TOng tat
ca cac gia tri caia m d€ phuong trinh c6 nghiém thoa man |z| =1la
A. 20. B. 12. C. 14. D. 8
Loi giai
Chon B
92 4 62+ 1-m =0 (. A'=9-9(1—m)=9m

2 =
TH1:A’20¢>m20.Khidé|z|=1(:>
2 =
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0 & m < 0.D3t z = a+bi(b=0)
Khi d9, -, z1a cac nghiém cua phwong trinh 92 + 62 + 1 —m = 0.

Tacé|z|:1<:>|z|2=1<:>z.2=1<:>1_Tm=1<:>m:—8.

Vay téng can tim bang 12.
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NHOM GIAO VIEN TOAN VIET NAM Gép san 56 03

9-2021
Cau 46: Cho hai ham s§ f(z)=az' + b2’ +cz* +2z va g(z) =ma’ + na’ —2x; voi
a,b,c,m,n € R.Bi€thamso y = f(z) — g (a:) c6 ba diém cuc tri — 1;2; 3. Dién tich hinh phang

gidi han boi hai duong ¥ = () va y = ¢(z) bing

A. Q B. E C. % D. E
3 9 9 6
Loi giai
Chon B

Tr gia thi€t ham s6 h (z) = f(z) — g (x)c6 bac 4 ¢d ba diém cuc trila —1;2;3. Do do

h'(x) = f'(z) - g'(a:) = daz” + 3(b - m):l:2 + 2(0 - n)x +4 = 4a (J; + 1)(:1: - 2)(w — 3)
1 2

= h’(())=24a=4:>a=g=> h’(m)=§(x+1)(a:—2)<x—3).

Dién tich hinh phang giéi han béi hai duong Yy = f/(x) vay= g’(:):) bang

S = f[f(x }dx——f :1:—|—1 :1:—2)(:1:—3)da::%.

NHAN XET

Day la dang toan tuwong tu da duoc gép trong dé THPT qudc gia nam 2018, diém mau chdt cua
bai toan la phan tich f'(z) — ¢’ (:1;) = 4a (;1; + 1)(;1; — 2)(:,; - 3) dé tim o qua h'(O).
BAI TAP TU LUYEN
Cau 1: Cho cac ham s6 f (a:) = az’ + bz + ¢ va g(m) = mx +n cb d6 thi [an luot la duong cong
(C ) va duong thang d (nhu hinh vé). Biét AB = 5. Dién tich hinh phang gi6i han boi d6 thi (C )

va duong thang d (phan t&6 mau) la S = P (trong d6p,q € N'; (p;q) = 1). Khing dinh nao sau
q

day dung?
A.p—q=20. B.p>11q. C. pg=69. D.p+q=35.
Loi giai
Chon D
B(O;n)edva AB=5<c—n=5(c>n)

Ta c6 A(0;c) € (O),

do giao diém cua (C va d
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ai cO hoanh d6 giao diém caa (C) vadlaz=1va x=5
nén (*)cd dang a(z — 1)(z —5) =0

Pong nhat hé so ta duoc a =1

Dién tich hinh phang gi¢i han boi (C') va dla

5 5
S:f|(x—l)(:1:—5)|dx:f‘x2—6:1:+5‘d:1::3—32
1 1

Suyra p=32q=3=p+q=35.
Cau 2: Cho hai ham s6 f(x) =az’ + bz’ +cx +d va g(ac) =mz+n
(a.b,c,d,m,n € R). Biét rdng d0 thi ham s8 y = f(z) va y = g(a)
cat nhau tai ba diém c6 hoanh do —1;2;3 (tham khao hinh vé phia
bén dudi); dong thoi dién tich S, = 45 (phan hinh phang t6 mau
xanh). Tinh dién tich S, (phan hinh phang t6 mau do).

7 7 128
A%:g B. 82:1—. C. SZZT.
7
D. S =-.
6
Loi giai
Chon A

Ta c6 phuwong trinh hoanh d6 giao diém f(x) = g(x) & a(:c + 1)(95 - 2)(95 - 3) =0
2
Cé S, zfa(x+1)(x—2)(x—3)dx:45<:>%a:45(:)a:él.

-1

3
7
Vay S, =— [ 4z +1)(z —2)(z —3)dz = —.
iy 8= o+ )2~z =
Cau 3: Hinh phang duoc td mau & trong hinh vé bén duoc gidi
han boi mot @6 thi ham s& bac 3 véi mot duong thang A cling
v6i truc hoanh va truc tung. Dién tich hinh phang d6 bang

4
A4 B. —.
3
1
C. —. D. 2
3
Loi giai

Chon A

Ta c6 do thi ham s8 bacba y = az’ + b’ +cx +d cé:
+ Giao véi 0y tai diém c6 tung dd bang
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+Di qua diém (—2;0) = 8a+4b—2c=-2=—4a+20—c=-1
+Co6 z =1 la diém cuec tri cia ham s6 nén la nghiém ctia phuong trinh
y'=0=>3a+2b+c=0

T dda=1b=0c=-3

Vay ham s8 bacba la: y = 2° — 3z +2
Ta c6 duong thang di qua hai diém (—2;0);(0;2) lay=z+2

Giao diém ctahai do thila z = —2;2 = 0;2 = 2

2
Vay dién tich hinh phéng gi6i han v6i hai do thi trén 1a: § = [ (42 —2°)dv = 4
0

1 .
Cau 4: Cho hai ham sd& f(SB) =az’ + b2’ +C$—§ va g(x) =dr’ +er+1 (a,b,c,d,e € R).Bié’tréng

dd thi ham s6 y = f(z) va y = g(x) cat nhau tai 3 di€m c6 hoanh d¢ Ian luot 1a —3; —1; 1 (tham
khao hinh v&). Hinh phéang gi6i han boi 2 d6 thi da cho c6 dién tich bang
A

Yy

N o

A. 5 B. C.8 D. 4

Loi giai
Chon D
Tt giao diém hai d0 thi ta cd f(:r) -9 (x) =a (ac + 3)(x + 1)(x - 1).

Suy ra a(:c—l—3)(a:—|—1)(m—1):ax3 —I—(b—d)x2 +(C_d)x_g

A 3 1
Xét hé sd tw do suy ra —3a,:—§:>a=§,

Do do /() - g(x) = (o +3)(z + 1) -1).

-1

Dién tich bang Sz%f(:c-i—i%)(x—kl)( )d:c:4.

x_l)dx_%i(x+3)(x+1)(x_1
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a,b,c,d € R ¢4 d6 thi nhu hinh vé bén, trong dé duwong cong
dam hon 1a d thi ctia ham 6 y = f (). Dién tich hinh phing gii 4
han béi hai duwong cong y = f (:c)vé y=g (x) gan nhat voi két qua
nao dudi day?

A. 45. B. 4,25.
C. 3,63. D. 3,67 . ]
Loi giai 0
Chon A /

T do thisuyra f(z) = a(z — 3)*z Va fI) =4 =>a=1
= f(z) = (z - 3)'2

g(«) 12 ham s6 bac ba nén g(z) = m(z —=)(z —3) va

) =4=m=-8=>gx)= —8(96—%)2(33—3)

3

Vay S = j; ‘f(x) —g(:zc)‘.da: 22 =45
Cau 6: Cho hai ham s0O f(x) =ar’ +bx* +cx+1 va
g(x) =dz’ +ex—1 voi a; b; c; d; e 1a cdc s thuc. Biét rﬁmg do thi
ciahamsd y = f(a:) vay = g(a:) cit nhau tai ba diém 4, B, C' ¢6
hoanh d6 [an lwotla —1; 1; 2 (tham khao hinh vé). Hinh phfmg gidi
han bédi hai d6 thi da cho c6 dién tich béng

37 27 8
A —. B. —. C. —.

12 12 3

5

D. —.
12
Loi giai

Chon A
Ta co

fz)—g(z)= (a:c3 + bz’ +cm+1)_(dx2 +ea:—1)= az* + (b—d)a’ + (c—e)z +2

Vi db thi ctia ham 8 y = f(z) va y = g(z) ct nhau tai ba diém A, B, C' c6 hoanh do
lan lwgtla —1; 1; 2 nén phuong trinh f (a:) = g(x) co banghiémla —1;1; 2.

Két hop voi diéu kién gia thiét suy ra f(z)— g(z) = a(z +1)(z — 1)(z - 2).

Dong nhét hé s6 tu do hai dang biéu thirc f(z) - g(z) ta duoc 2a=2=a=1.

Vay f(a:)—g(x) = (:c+1)(x—1)(:c—2)= b — 22" —x +2.

x3—2x2—x+2‘dx:£.
12

2
Dién tich hinh phéng can tim 1a:5 = [
-1
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bo1 do thi cua hai ham so
A bon y = f(z) va y = g(z). Biét rang do thi ctia hai
ham s& nay cit nhau tai ding ba diém phan biét c6 hoanh do lan
lwotla -3;-1;2. Dién tich ctia hinh phéng (H ) (phan gach soc trén

hinh vé bén) gan nhat véi két qua nao dudi day?

A. 311 B. 2,45.
C. 3,21. D. 2,95
Loi giai
Chon A
Tai diém c6 hoanh d¢ z = —3 hai d6 thi ham sd nay tiép xtc vdi nhau.
2
C6 f@) —g(x) = alz+3] (z+1)(—2),
\ -3 (=3) 9 9 —1
M _ =2 |2l=ZL =a91l(2)=—=a=—.
" fO-e0=~ [2 10 D=1 20
2 2
) B o ) 37133
Vivay S5, = _f3|f(x) - g(x)| = _f3 —2—0(:1: + 3) (x4 1)(z —2)|dx = To00 3,11.
Ciu 8: Cho ham sG bacba y = f(z) vaham s6 bachai y = g(z) 1
c6 d6 thi nhu hinh vé. Biét rang phan dién tich S, giéi han |
boi d6 thi ctia hai ham s8 bang 4. Tinh phéan dién tich S, gidi
han boi hai d6 thi ham so. !
A. S, =4, B. S, =2. |
3 !
C. 32 =1. D. Sz 25 l
Loi giai y=g()
Chon A !
Duta vao do thi ctia hai ham s6 ta thay hai d6 thi cat 1 3;

nhau tai cac diém cé hoanh d6 [an lwotla —1, 1, 3 nén

f(x)—g(x)z a(x+1)(x—1)(x—3) va a>0.

[I
‘I

Mat khac dién tich
| H“
Sl=4éfa(x—lrl)(x—l)(a:—?»)da::él@a:4 y=f(z)
-1
T do suy ra
3 3

S, = [ (9(@)— f@))de = = [ 4 + 1) (@ = 1)(& — 3)dz = 4

1 1
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h va lien tuc tréen doan |—5;3|. Biet ra

+8.,5, gioi han boi d6 thi ham s6 y — f(z) va duong thing y = g(x) = a2z’ 4 bz + ¢ lanluot la

3
m,n,p. Tich phan [ f(z)dz bing
-5

A m—n+10+E B.m—n+ +E C.m—n+ +% D. m—n+ —i—ﬁ
. 15 B. p a5 . p 5 . p 5
Loi giai
Chon B
D06 thi ham y = g(m)di qua cac diém O(O;O),A(—Q;O),B(3;2) nén
2
c=0 =15 5 A
4a—2b=0 <:><b:i :>g(:c)=—m2—|——a:,
15

9@+3b:2 c=0

m—n+p= f[f(m)—g(x)]dx—:z‘[g(x)—f(a:)]dm—i—j{f(a:)—g(m)]dx

3 3

=ff(x)dx—fg(:1:)dx.
:>1Zf(:1:)dx:m—n—l—p—i—:z‘g(az)dxzm—n—l—p—l—%
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Cau 49: Trong khéng gian Ozyz, cho mit cau (9): (z —3)° + (y —2)° + (2 +1)° =1. Cé bao
nhiéu diém M thuoc (S) sao cho tiép dién cua (S) tai M cat Oz,0Oy Tan luot tai cac diém

A(a;0;0), B(0;b;0) M a,b 1a cac sd nguyén duong va AMB = 90°?
A. 4. B. 3. C. 2 D. L.
Loi giai
Chon B
S cotam [(3;2;—1) bankinh R = 1.
ViIM L (MAB) = IM 1 MA,IM 1 MB nén
MA® = [A* — IM? = (a—3)2 +4MB? = IB* — IM* = (b—2)2 +9.

Ta lai co A/]\/[\B = 90° nén

MA* + MB* = AB* & (a—3) +4+(b—2) +9=a’+V’ & 3a+2 =13.

Ma a,b € N nén c6 hai cip s6 (a;b) thoa man la (1;5),(3;2).
Nhan xét:

Ta co6 thé duya theo tinh chat (S) tiép xtic véi mit phang (O g;y) dé xay dung cac bai toan

twong tur va bai todn tong quat (Néu (S ) cit (Oxy) hodc (S) khong cat (Oacy) thi sao nhi?).
Bai todn tong quit:
Trong khong gian Oxyz, cho mdt ciu (S): (x —Cl)2 +(y —5)2 +(z —i—C)2 = (a,b S N*) C6 bao
nhiéu diém M thudc (S) sao cho tiép dién ciia (S) tai M cit Oz,0y lin lwot tai cdc dién

—_—

A(m;0:0),B(0;n;0) ma M,n la cic s6' nguyén dwong va AMB = 90°?
Ttr cach giai nhu trén ta di dén phuong trinh am + bn = a® + b* (1)
Goi d = (a;b),a = a,d;b = bd thi (a;b,) = 1.Khi dé
(1)@ a,(:c—a)z b(b—y)@ a1d<x—a)= bld(b—y)@ a,1<a:—a)= bl<b—y) (2)

—a
Khi do <x—a)fb1.Dét x—a:blt:>$:a/+b1t:>t>b—
1

b
Tir (2) ta lai co alblthl(b—y)@altzb—yéy:b—alt>0$t<a—,
1

b

Nhu vay chi can xac dinh sd gid tri nguyén cta t € [— —] la xong.
a
1

ao
PR
bl
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Cau 50: Cho ham s8 f(z) = z' —102° +242° + (3 —m)z, véi m la tham s8 thwc. C6 bao

nhiéu gia tri nguyén ctia m dé& ham s6 g(x) =f (‘x‘) c6 dung 7 diém cyec tri?
A. 22. B. 21. C. 25. D. 4.

Loi giai
Chon B
Ham s6& g(m) =f (‘LBD c6 dung 7 diém cuc tri < f’(CU) =0c63 nghiém duong phan biét
& 4z* — 30z + 48z + 3 = m ¢6 3nghiém dwong phan biét.
Xét ham s8 h(z) = 42” — 302° + 48z + 3

z=1
Ta c6 h'(:c):12x2—60x+48=0(:)' 4[.Tac()BBT

: |0 1 4 +0oC
y' + 0 - 0 +
—+oc
25
, / \ /
3
—29

TuBBTsuyra 3 < m < 25 = m € {4;5;...;24} = CO 21 gid tri m thoa man.
NHAN XET:
Day 1a dang toan quen thudc c6 xuat hién trong nhiéu dé thi. Ta ¢ thé xét bai toan tong
quat nhu sau: Choham sd y = f (1;) lién tuc trén R va c6 dao ham

f’(x):(x—xl)(a;—x2)...(x—xn)ji(x)
V6i f(z)> 0,z € R (hodc f (z) < 0,Yz € R)va 1, <z, <..<z,.
Hoi ham s6 ¢ = g(x) = f(‘x + m‘) c6 bao nhiéu diém cuyc tri?
Loi giai
Ta co
1= e ol ol i
+)Néu z <0 thi ‘x + m‘— z,>0,Ve e R,i= 1,n.Dod6, ham y = g(:v) chi c6 1 diém cuc
tl‘i laz=-m.
+)Néucd k ¢ {1;2;..;n} sao cho x, =0 thi
g'(w)z (a:—l—m)(‘:r—i—m‘—xl)...(‘x—|—m‘—xk_lmx—i-m‘—ka)...(‘x—i-m‘—x")fl(‘x—i—m‘)
|:v+m|—xi>0,V:v€R,i<k.
|a:—|—m|—:c],=0<:)a:::|:xj—m,véik+1<j§n.

Khi @6, ham g(a:) co 2<n —k) +1 di€m cyc trila —my £z, | —mi.. £, —m.
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ao cho z, <0 <z, thilam twong tw trér

co 2(n — k)+1 diém cuee tri la —m;j:kar1 —m..;x —m.

+Néu z, > 0 lam tuong ty trén ta dwgc ham ¢ (a:) c6 2n +1 diém cuc tri.

K&t luan: S6 cuc tri cua g (x) phu thudc vao s6 gia tri z, (k =1 n) khong am ma khong phu

thudc vao m .
BAI TAP TU LUYEN
Cau1: Chohamsd y = f(x) =2 — (2m - 1)902 + (2 - m):l: + 2. Tim tat ca cac gia tri cha m d€ do

thi ham s6 y = f(ja|) c6 5 di€m cyc tri.

A-%<m<2- B-%§m§2- C-—g<m<2- D-—2<m<%

Loi giai
Chon A
Tap xdc dinh D = R . Ta ¢6 f’(x):3x2—2(2m—1)w+<2—m)
Ycbt « f'(z) =0 c6 2 nghiém dwong phan biét
A>0 |2m-1) =302-m)>0  [4m—m-_5>0
S>0 &i2m—-1>0 <11 &S —<m<2.
P>0 2—-m>0 §<m<2 4

4 5 3

Cau 2 Cho ham s8 /(z) c6 dao ham f'(z)=(z+1) (¢ —m) (z+3] . C6 bao nhiéu gi4 trj
nguyén ctia tham sd » trong doan [—5; 5] dé€ s6 diém cuee tri cia ham s6 f (‘x‘) la 3?
A. 5. B. 3. C. 4. D. 2.

Loi giai
Chon A
Déham sd f (‘x‘) c6 3 diém cuc tri thi ham s6 f (x) phai c6 hai diém cyc tri trdi dau < m > 0.
Vim€Z vame|-55 nén m nhancacgidtr 1, 2, 3,4, 5.
Céu 3: Choham s8 y = f(z) xac dinh trén R va ham
s8 y=f(¢) c6 do thi nhw hinh bén. Dit
g(z) = f(‘x‘ + m) C6 bao nhiéu gia tri nguyén ctua

y“

tham s m d&ham s8 g(z) c6 ding 7 diém cuc tri?

>

2. B.3.
1.

D. V6 s6. / /\

Loi giai .
-3 -1 o1 2 5

Chon A \/ x

, fg;-|-m ,khz’xZO
Ta c6 g(x)=f(|x|+m)= fE_x+31),khix<0

Dohams6 y = f (x) xac dinh trén R =Ham s6 ¢ (:v) xac dinh trén R

@
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Xirng qua truc Oy.
Hamso y =g (x) cd 7 diém cyc tri<oHam so y = ¢ (x) c6 3 diém cuc tri duong, 3 diém cuec tri

am va mot diém cuec trji bang (

=-3
\ A% . \ ~ / 4 ! x:—]‘
Duwa vao d6 thi ham s6 y = f (a:),taco: f (a:)zO@ .
T =
Xét trén khoang (O; —|—oo) , ta duocg(:v) = f(a: + m)
+Ta cég’(w): f’(x—l—m)
r+m=-3 r=-m-—3
,( ) 0o a:—i—m:—l(:) r=—-m-—1
+ =
g\ r+m=2 r=-m-+2
T+m=25 T=-m-+5
+Nhan thdy —-m -3 <-m—-1<-m+2<-m+5
™ S A b tod —-m—-1>0 g ) m € 7
t ~ = — m<—1<=
eo yéu cau bai toan m—3<0 < me{—3;—2}

Céu4: Chohams8 y = f(z) lién tuc trén R va c6 do thi y = f'(z) nhu hinh vé& bén. Hoi c6 bao

nhiéu gid tri nguyén cia » d€hamsd g(z)= f (‘x + m‘) c6 5 diém cuec tri.

A
Y
N\ 5
-2 0] 1 \2 x

A. 3. B. 4. C.5. D. v0 s0.

Loi giai
Chon D
Ttr d6 thi ham s8 y = f/ (x) suy ra d6 thi ham s8 y = f (:1:) c6 ba diém cuec tri ¢6 hoanh dé 1a
r=-2, z=1, =2 trong &6 hai diém nam bén phai va mot diém nam bén trai truc tung, ma
ham s6 y = f(‘x‘) 1a ham s chén = y = f(‘x‘) conam diém cuctri z = -2, v = —1, =0,

r=1vaxz=2.
D6 thiham sd y = f (‘x + mD 1a anh ctia d6 thi ham s6 y = f (‘x‘) qua phép tinh tién theo véc to

—

—m ; 0] suy ra s6 di€ém cuc tri cia ching bang nhau véi moi gia tri ctia tham s6
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cue tri voi moi gid tri ctia tham sO m .
Cho ham y=f(z)

f’(a:) = (:L' - 1)3 ($2 + (4m — 5)3: +m’ —Tm+ 6),V$ € R. C6 bao nhiéu s6 nguyén » dé ham s6

co dao ham

sO

g(m) = f(‘x‘) c6 5 diém cuc tri?

A. 2. B. 3. C. 4. D. 5.
Loi giai

Chon B

Nhan xét:

+) 2 =1 1a nghiém boi ba ctia phuong trinh (z —1) =0

+) Ham ¢ (q;) =f (‘x‘) 1a ham chan nén d6 thi nhan truc Oy lam truc d&i xeng.

Do dé ham ¢(z) = f (‘x‘) c6 D diém cuc tri < Hamsd y = f (a:) chi c6 hai di€ém cyc tri duong <
Phuong trinh z° + (4m - 5):5 +m® — Tm + 6 = 0 c6 nghiém kép dwong khac 1 (*) hoac phwong
trinh z° + (4m — 5)x +m* —7Tm + 6 = 0 ¢ hai nghiém trai dau khac 1 (* *)

A=(4m—5) —4(m? —Tm+6)=0
Giai (*) < _((4m_)5)( ) <:>m=3i\/g¢z.
0<T¢1 6
me(l;ﬁ)

m>*—Tm+6<0
Giai (* *) , & qm=1
1+(4m—5)+m ~Tm6=0 |

Ma m €Z nén m € {3;4;5}.
Vay c6 3 gia tri m nguyén thoa man yéu cau bai toan.
Cau 6: Cho ham s6 f(w) = (m — 1):1:3 —5z% + (m + 3):v + 3. Co tat ca bao nhiéu gia tri nguyén
cua tham s6 m d€hams6 y = f (‘x‘) c6 dung 3 diém cuc tri?
A. 4. B. 3. C. 5. D. 1.
Loi giai
Chon A
Tap xacdinh: D = R .
f'(z)=3(m—1)2* =10z + (m + 3).
+) Treong hop 1: m =1
Khi d6 ham s6 tro thanh f(:c) = —52° + 4z + 3. Ham s0 c6 mot diém cuc dai la , = % khi d6

ham s6 y = f(‘x‘) c6 3 diém cuc tri: 5 — _%;x — 0;z = = nénnhan m=1.

ot | o

w

+) Truong hop 2: m = 1. Ham s6 y = f(x) = (m —1)x —5z” + (m —|—3)x + 3 ¢b 2 cuc tri thoa
0=z <u=,.
Khi d6 £=0 1a nghiém ctia phuong trinh: f’(x) =04 m=-3 khi m=-3 d6 thi ham s6

r)co 2 cuctri: x = 0;2 = _ 5.
6
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rc tri: £=0, loai m =—3.
xong hop 3: m =1 Hémsf)'yzf(x)z(m—l)m3—5x2+(m+3)x+3 cd 2 cuec tri thoa
r, <0<z, Khi d6 phuong trinh [ (x) =0 ¢ 2 9nghiém trai dau
(m—l)(m+3)<0(:>—3<m<1.

Vay c6 4 gia tri nguyén cua tham sd n .
Cau 7: Xét cac sO thuc ¢>b>a>0. Choham s6 y = f (a;) c6 dao ham lién tuc trén R va co

bang xét ddu ctia dao ham nhuw hinh vé. Pat g(z) = f (‘!L’g‘) S6 diém cyc tri ctia ham s6 y = g(z)

la
o | —oo 0 . b . o
y' - g + 0 - 0 - 0 +
A. 3. B. 7. C. 4. D. 5.
Loi giai
Chon D

Xét ham s6: h () = f(ﬁ).
Ta co h’(x): 3x2.f’(m3).

I

o
8
I

8
I

Duya vao bang xét dau ctia dao ham ta c4: A’ (a:) =0&

w
I
S
8
I
SEHT

I
o
8

Ta thay, ddu ctia ham s& »’ (x) chinh 1a ddu ctia ham s8 f’ <x3) .

Mit khac ham s8 y = 2’ 1a ham dong bién trén R nén d&u ctia ham s6 (xf‘) trén mdi khoang
(mn) chinh 1a d&u ctia ham s& f/ (a:) trén mdi khoang (m3; n3) :

Tir d6 ta c6 bang bién thién ctia ham s8 h (z):

0 0 Ja b Je +on

X

) 0  + o - o - o =
h(x) \ / \ /

h(z) khiz >0
h(—z) khi z <0

Chu y rang g(z) = { . Do d6 tir bang bién thién cua ham s8 i(z) ta suy ra dugc

bang bién thién ctia ham s ¢(z) nhu sau:

x -0 e b —fa 0 ia i Jo 4w

29 -0 - o0+

o NS
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