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CHUONG ] CAN BAC HAI, CAN BAC BA

BAl 1. CAN BAC HAI

@ TOMTATLY THUYET
€) CANBAC HAI CUA MOT sO

Dinh nghia 1. Cin bic hai s hoc ctia mot s6 a = 0 12 mét s6 x khong 4m ma binh phuong ctia n6
bing a. Ky hiéu /a.

x=0
=a

, V6ia =0.

x:\/Ec){

Tong quat trén R:
(1) Moi s6 duong a > 0 c6 hai ciin bac hai 12 hai s6 d6i nhau.

— v/a > 0 goi 1 cin bac hai s6 hoc hay con goi 13 ciin bac hai duong ctia a.

— —+/a <0 goi la cin bac hai am cla a.
(2) S6 0 c6 cin bac hai duy nhét 12 0.

(3) S6 am khong c6 cin bac hai.

€) SO SANH CAC CAN BAC HAI SO HOC
Pinh li 1. Vdi hai 56 a,b khong dm, ta cé a <b < /a < Vb.

(® PHUONG PHAP GIAI TOAN
4) ViDU MINH HOA

Vi du 1. Tinh V16;y/1,44;+/(-8)2.

# Loi giai.
Ta co

@ V16=4vi4>0va42=16.
@ Vv1,44=1,2vi1,2>0va(1,2)? =1,44.
B /(-8)2=164=8vi8>0va8%=64.

A Rdt nhiéu hoc sinh nham ldn céng thiic

Va2 =a, ddn tdi cho ring \/(-8)2 = —8.

Can chii y rdng Va2 = |a|, do dé /(—-8)2 =| - 8| = 8.

Vidu 2. Tinh gid tri ciia cdc bi€u thic sau

| 4 /.1
0,16 +14/ —. 3— —+v0,36.
@ 25 @ 16

# Loi giai.

o v S (o [ 43

vl W~
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o - (- o342

O
{ Vi du 3. Trong cic s6 \/(—3)2;V32;—1/(—3)2;—V/32 s6 nao 12 ciin bac hai s6 hoc ciia 9.
# Loi giai.
Tacé V9 =3, ma
e V(-32=|-3/=3>0. o V32=3]=3>0.
o —/(-82=-]-3/=-3<0. ¢ —V32=-31=-3<0.
Vay v/(—3)2; /32 1a ciin béc hai sb hoc ctia 9. O
Vi du 4. Tim x, biét
16 1
2 2
= —, _1 ==
@ «x 5 @ (x-1) 5
# Loi giai.
16 1
@Tacéx2:? @Tacé(x—1)2=§
4\2 1)
2 2
== —12=|=
x (3) (x-1) (3
4 4 1 1
x=—=hoacx=—--. x—1:§ho£1cx—1:—§
Viy tip nghiém cta phuong trinh la 4
x:§hoécx:—
S:{_é-é}_ Vay tap nghiém cla phuong trinh 1a
3’3
4 2
sof 42l
3'3
O

Nhan xét. Nhu vdy, thong qua vi du trén chiing ta da lam quen dugc vdi viéc sit dung khdi niém cdn bdc hai

dé’tim nghiém ciia phiwong trinh. Tuy nhién chiing ta chi mdi bdt dau véi phwong trinh dang x2 = a® hodc
cdn bién doi déi chiit dé'cé dwoc dang nay hodc sit dung hing ding thite, cu thé’

16 16 4

2 2 ( P

x'=—ox"—-—=0¢%
9 9

4 4
x+—=-|=0ox==hodcx=-—-.
3 3 3

Vi du tiép theo sé ndng mikc tiép cdn cho chiing ta.

Vidu 5. Tim x, biét

@) x?2=4-2V3. @ (2x—1)? = |1 —2«].

& L gidi.
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@ Tacéx®=4-2V3
x? = (\/§—1)2

x=v3—-1hodcx=1-V3.
Viy tap nghiém cta phuong trinh la

S:{\/g—l;l—\/g}.

(2 Pit t = |2x— 1| = 0, ta ¢6 phuong trinh

t?—t=0
tt-1)=0
t=0hoac t=1.

et =0>x=-—.

et=1=>x=0hodcx=1.
Vay tap nghiém cda phuong trinh la

S:{O;l;l}.
2

Vi du 6. So sinh céc sb x =43 va y = 3V/4.

# Loi giai.

Ta co
e x=4v3=Vv42.3=/48. e y=3V4=v32.4=/36.
Vi48 > 36 nénx > y. O
Vidu 7. Tim gi4 tri clia x, biét
@) 2 < 25. @ x2+2x-3>0.
#> Loi giai.
D Tac6x? <250 x? <52 e -5<x<5.
@ Taco6x2+2x—3>0ox2+2x+1>4
o (x+1)%>22
x+1>2 x>1
<> <>
x+1<-2 x<-3.
O

A Voia >0 ta co

e x2<d?o -a<x<a.

x>a
e x?2>d?20o
x<-—a.

P . A A2 . “ 2. I DY N N - A 9 . . A X A \ A [N
Cdc em hoc sinh cdan cdn trong khi gidi bai nay vi co thé mdc phdi sai lam dan den lam mdt nghiém

(x2 > 42 © x> 4) hodc thita (x?> <5 < x < 5).

Vidu 8. Tim gi4 tri clia x, biét

@ x2+2x-3>0.

() 4x? —4x <8.

# Loi gié’li.
Ta co

D x2+2x-3>00x2+2x+1>4 o (x+1)?2>2%2 o

x>1
x < -3.

x+1>2
o
x+1<-2

Th.s Nguyén Chin Em 5
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@ 4x®> -4x <80 (2x)°—4x+1<9o(2x-12<32e -3<2x-1<3 e -1<x<2.

O
A Tir dinh nghia vé cdn bdc hai, chiing ta md rong
B=0 A=0
e VA=Bo e VA=VBo
A=B2 A=B
Vidu 9. Giai cac phuong trinh sau
@ vx-1=3. @ Va2 -3x+2=Vv2x2-3x+1
# Loi giai.
Ta co
DvVa-1=3ox-1=32 @ Vax2-3x+2=1/2x2-3x+1.
ox-1=9 x®—3x+220
S
o ?xflo- o x2—-8x+2=2x2-3x+1
Vay tap nghiém cua phuong trinh la 9
x“=3x+2=0
_ o
S ={10}. 2=1
< x=1hodac x=-1.
Viy tap nghiém cua phuong trinh 1a
S ={-1;1}.
(|
€> BAITAPTY LUYEN
Bai 1. Thyc hién phép tinh
7\? 3 \?
P RYSNENY
D5 ( 5) @ ) 100
# Loi giai.
Ta co
7\? 3 )2
—5)2.|—= . —0,252:(—)
@® (-5) ( 5) @ ( ) 100
7 \2 252 (100)?
=((—5)-—) =72 =49, :(_) (_)
(=5) 100 3
L)
“\100 3) \38) 9
O
Bai 2. Tim x, biét
@ x?=09. @) x? =(-2)%.
(3) 4x?>+1=8-2V6. @ x?>+1=6-2V6.

# Loi giai.

Ta co
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D x?=9ex2=32 @ x? =(-2)? & x = 2 hoic x = —2.
< x =3 hodc x = -3. Vay S ={-2;2}.
Viy S ={-3;3}.
3 4x®>+1=8-2V6 @ x*>+1=6-2V6
o ©2x)2=7-2V6 ox2=5-2V6
& (22)% = (V6 - 1) s &% =(V3-V2)?
B V6-1 x=V3-Vv2
X = 2 o
< 1 \/5 X = \/5—\/§
x=—0. Vay S = {v2-+3;vV3-v2}.
1-v6 v6-1
Vay S \/_; ve
2 2
O
Bai 3. So sanh cdc cip s6 sau
: 1 /1
@ 0,3 va 0,2(5). 2 4 5 va 2\/;
. 2 /2
3) 2v/3 va 3v2. @ 6 Eva7 5
# Loi giai.
1 1 1 1
@ 0,3>0,2(5). @ Vi4>2va—->-nén4y\/ - >2/=.
273 2 3
2 2 2 2
3 2v3=v22.3=V12. @\/“16<7va§<gnen6 7<7 L
3v2=v32.2=V18.
Vi 18 > 12 nén 3v/2 > 2V/3.
O
Bai 4. Ching minh ring céc bt phuong trinh sau nghiém ding v6i moi x.
@ 22 +1=2x. @ 24?2 +2x—1=-15.
@) x?(x2-1)=x2-1. @) x2 +6ax +9a®—4>0, v6i a 12 hang sb.
# Loi giai.
@ Gidstt x®+1=2x (2 Giastt 222 +2x—1=-15
ox?-2¢+120 o4x® +4x+1=-27
& (x—1)? =20 (ludn ding). & (2x+1)? = —27 (ludn ding).
Vay ta c6 diéu chiing minh. Viy ta c6 diéu chiing minh.
(B Gia st x2(x>-1)=x% -1 @) Gia stt 9x% +6ax+a?+8>0
o x?(@?-1)-(x%-1)=0 & (3x+a)? > —8 (ludn diing).
& (22— 1)? = 0 (ludn ding). Viy ta c6 diéu chiing minh.

Vay ta c6 diéu chiing minh.
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O
Bai 5. Tim gi4 tri clia x, biét
D) x2 = 25;x% < 25. @ x2+2x-5=0.
@ x?-1<9. @) x% +6ax +9a’ -4 >0, a 12 hing sb.
# Loi giai.
(@) Tacé
— x2>25 o x? =52 o x =5 hoic x < 5.
— x?<25ex?<5? e -F<x<5b.
Vay khong tim dudc x thda cic diéu kién dé cho.
x+1=V6 x=V6-1
@ x?+2x-520o(x+1)2 =6« o
x+1<-V6 x<-vV6-1
@) x?2-1<9ex2<32e -3<x<3.
x+3a>2 x>2-3a
@ x®>+6ax+9a?>-4>0< (x+3a)?>2% o o
x+3a<-2 x<-2-3a.
O
Bai 6. Tim gi4 tri nhd nhit cla biéu thic A = 8+ Va2 +3x — 4.
# Loi giai.
3\2 25
Taco A=8+ (x+—) - —=8.
2 4
. 3\2 25 [x=1
Pang thic xay ra khi x+—) =— o
2 4 x=—-4.
Vay Apin = 8. (.
Bai 7. Tim gi4 tri 16n nhit ctia biéu thic A = 11— Va2 + Tx + 4.
# Loi giai.
7\ 25
TacoA=11- (x+—) -—=<11
2 4
. 7\ 25 |x=-1
Pang thuc xay ra khi x+—) =— o
4 x =—6.
Vay Amax = 11. O

Bai 8. Tim gi4 tri nhd nhét cta biéu thiic

D A=5+Vx2-3x+9. 2@ B=vVx2-Tx+5.
3 C=vVx2-Tx+6-25. @ D =x2-6x+11.

# Lo gidi.

Ta co
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2 97 3V3

3
A=5+ ——| +—=25+——.
@ (x 2) T4 2

. 3
Déngthﬁ’cxéyrakhix—E:Oc)x:§

3v3
Vay Apin =5+ T\/_

7\2 25
@) C= (x—g) —1—252—25.

. 7\® 25
Dang thuc xay ra khi (x - 5) =

Vay Ciyin = —25.

Bai 9. Tim gi4 tri 16n nhét ciia biéu thiic
D A=15-Vx2—-4x+13.
B C=12-vVx2-2x+1.

# Loi giai.

Ta co

DMA=15-/(x-22+9<5-v9=12.

Ping thic xdy rakhix—2=0ox=2.
Vay Apmax = 12.

B C=12-/(x-1)2<12.

Dang thic xdy rakhix—1=0ex=1.

Bai 10. Giai cac phuong trinh sau
@D V2x—1=1.
@) Va2—-4=vx2-2x.

& L gidi.

@D TacoV2x-1=1o2x-1=1ox=1.

Viy S = {1}.

x+1=0

) Tacé\/x2+5:x+1©{

Vay S = {2}.

3) Taco \/x2—4:\/x2—2x©{

Vay S = {2}.

9c2+5:(x+1)2

x2—-4>0

x2—4=x2-2x

7\2 29
B= —=| =——=0.
@B=\/(e-5) -5
. 7\2 29
Dang thuc xay ra khi (x—ﬁ) =7

Vay Buin = 0.

@D=(x-32+2=2.
Ding thifc xay rakhix—3=0< x =3.
Vameinzz-

@ B = -3x%+6x — 15.

@ D =17+10x — x2.

@ B=-3(x-12-12<-12.
Pang thic xdy rakhix—1=0e x=1.
Vé_\ly Bmax = _12.

@ D = —[(x—-5)2—48] = —(x — 1) + 48 < 42.
Pang thiic xdy rakhix—1=0e x =1.
Vay Bax = 42.

@ Vx2+5=x+1.

x=-1

2x=4

o x=2.

2x=4

{x2—420
o ox=2.

a
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8Al2. CAN THU'C BAC HAI VA HANG PANG THU'C

VAZ=|A]

@ T1OM TAT Li THUYET

(1) Pidu kién dé V/A ¢6 nghia (2) Hing dang thiic VA2 =|A|
V/A ¢6 nghia khi va chi khi A = 0. AnéuA=0
gayy : VAZ=|A|= .
—AneuA<O.
(® CACDANG TOAN
4) PHA DAU TR TUYET DOI
{ Vidu 1. Tinh |x—1]. }
# Lusi giai.
x—1néux—1=0 x—1néux=>1
Tacod|lx—1| = L = B O
—(x—1néux—-1<0 l-xnéux<l.
{ Vi du 2. Bé diu gid tri tuyét ddi va rit gon biéu thiic: C = |x — 1| +2|x + 2| + 3. }
# Loi giai.
Nhianxétraingx—1=0ox=1vax+2=0cx=-2.
Do d6 dé€ bé dudc diu gid tri tuyét d6i ctia C ta cAn xét cac trudng hop sau
(1) Néux<-2tadugc C=—(x—1)—2(x+2)+3 =—3x.
(@ Néu-2<x<ltadugcC=—-(x—1)+2(x+2)+3=x+8.
(3) Néux>1tadugcC=(x—1)+2(x+2)+3=3x+86.
O
€) DIEUKIEN BE VA CO NGHIA
Vi du 3. Tim diéu kién ctia x d&€ v/—2x + 1 ton tai.
5 Lo gii,
. R R 1
bé v—2x+1tontai, dicukiénla —2x+1202x-1<0ox < >
. 1
Viy v —2x + 1 tOn tai khi va chi khi x < > O
Vidu 4. Tim céc gid tri cia x d€ cdc bi€u thiic sau c¢6 nghia
1 vV2x+1
DA=—o . @B=_—22T2
Vv5x+10 3x®—5x+2
# L gidi.
(1) P& A c6 nghia, diéu kién 1a 5x + 10 > 0 © x > —2. Vay v6i x > —2 thi A c6 nghia.
1
. X 2x+1=0 ==y
(2) P& B c6 nghia, diéu kién 1a 9 o
3x? —5x+2#0 2
x#Z1Lx#—.
1 2 3
Viy, véi x = ~3 vax#1,x# g thi B c6 nghia.
O
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Vidu 5. Tim cdc gia tri clia x d€ biéu thiic sau c6 nghia

2_
@ A=v*2—36. @ B=VxZ—4x+3. @ cC=4/22

# Loi giai.

a) D& A ¢ nghia, didu kién1ax2-36=0 o x? =62 < |x| = 6.
Vay, véi |x| = 6 thi A c6 nghia.

b) P& B c6 nghia, diéu kién 1a

x—2=1 x=3

x2—4x+3200x2—4x+421©(x—2)221©|x—2|21© o
x—2<-1 x<1.

Viy, v6i x = 3 hodc x < 1 thi B ¢6 nghia.

. e ax a1 x A2 4 14 A
¢) bé C cb nghia, diéu kién la 3 = 0. Ta 1ap bang xét dau, dya trén

x—
2—-x=0ox=2
x—3=0ox=3

nhu sau

X 2 3
2-x + 0 - -
x-3 B - 0 +
2—x
x—3
—-x
Tur d6 suy ra 20e2=<x<3.

x f—
Vay, v6i 2 < x < 3 thi C ¢6 nghia.

€ S0 DUNG HANG DPANG THUC VAT = (4|

Vidu 6. Tinh:
@ /(0,097 @ \/(v3-2)"
# Lui gidi.
a) Ta c6 1/(0,09)2 =10,09] = 0,09.
b) Taco \/(VB-2)"=1vB-21=2- V3, vi V3-2<0.

Vidu 7. Tinh:

ORZS @ VaZ-4x+4
@ x+vVaZ-2x+1 @ x+y++/(x—y)2.

.

& L gidi.
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3 .4 3 3 z
x°néux"=0 x°néux=0
@ Tacé Va :\/(x3>2=|x3|:{ 3 —{ 3

—x3néux®<0 —x° néux<0.

—(x-2)néux-2<0 - 2—xnéux<2.

(2 Taco \/x2—4x+4:\/(x—2)2:|x—2|:{

x—2néux-2=0 {x—2néux20

(3) Taco
x+Vx2-2x+1=x+ \/(x—1)2:x+|x—1|:{

1néux<1.

x+x—1néux—-1=0 2x—1néux=>1
x—(x—l)néux—1<0_

x+y—(x—y)néux—y<0_ 2y néu x < y.

@ Tacéx+y+\/(x—y)2:x+y+|x—y|:{

x+y+x—ynéux—y=0 {anéuxzy

O
Vi du 8. Chiing minh ring
2vVx—1néux=2
\/x+2\/x—1+\/x—2\/x—1: .
2néul<x<2.
# Loi giai.
Ta co
P :\/x+2\/x—l+\/x—2\/x—1
—(VamT1+ 12+ (Va—T-1)
=vVx-1+1+|Vx-1-1|
Vx-1+1+vVx—1-1néuvx-1-120
S| Va—1+1-Va—1+1néuvx—1-1<0
2vVx—1néuvx-1=1
- néuvx-1<1
_J2vx-1néux-1=1
“|2néuosx-1<1
_J2vx-1néux=2
“|2néulsx<2.
2vVx—1néux=>2
Viy ta da ching minh dugc \/x+2\/x—1+\/x—2\/x—1: x * O
2neul<x<2.
, o 9x2 —6x+1
Vidu 9. Cho biéu thic A = —— >~ "~
: 9x2 -1
(1) Tim tap xé4c dinh clia A. (2) Riit gon biéu thiic A.
s ., . 2 . ., . o ’d ]-
(3) Tinh gid tri cia A tai x = 1. (@) Tim gid tri ciax d€ A = 3
(5) Tim gi4 tri clia x d€ A < 0.

# Loi giai.
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(1) biéu kién dé€ biéu thiic A c6 nghia

9% -6x+120 [(Bx-1)%2=0 1
< SxF .
9x%-1#0 (Bx—1)(Bx+1)#0 3
(2) Tacé
A_\/9x2—6x+1_\/(3x—1)2_ 82— 1
T o92-1 9x2-1  (B3x—1(Bx+1)
néu3x—1>0
:<3x+1
- néu3x—-1<0
3x+1
1, 1
néu x > —
:<3x+1 3
1, 1
- néu x < —
3x+1 3
, 1 1
(3 Véix=1tadugc A = =-.
3-1+1 4
. 1 :
O DéAzg,tacéhal trudng hop:
1 :1 3=3x+1 9
+Tru6ngth1:Néu<3x+11 3 & 1 ex=g
x> =
>_
== ~3=3x+1 4
+Tru’6ngth2:Néu<3x+1 3 o 1 ox=——
1 x< = 3
x<—
3
Viy véi 2h” 4th‘A 1
ay Vo1 X = — hoac X = —— thi = —-.
o 3 3 3
v/ (3x —1)2 3x—1#0 1 1 1
@A<O©L<O© 9 o92-1<0ox|l<—o-——<x<-.
9x2 -1 9x“-1<0 3 3 3

1
Vay véi —— <x < —thi A <O.
3 3

A O cdu nay ta cé thé'lam cdch khdc nhanh hon nho viéc ddnh gid duoc: |13x — 1| > 0 (Tdp xdc

1
dinh: x # J_rg).

1 1 1
Dodé9x%2-1<0e|x|<=o-—=—<x<-.
3 3 3

L

Vi du 10.
(D Ching minh bét ding thic Va2 + Vb2 = \/(a + b)2.

(2) Tim gi4 tri nhd nhét ctia biéu thiic

A = /(2006 — x)2 + 1/(2005 — x)2.

# Loi giai.
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(1) Xét bit dang thiic, vi hai vé khong am nén binh phuong hai vé ta dudc
a?+b%+2Va? /b2 =(a+b)? o 2|ab| = 2ab,ludn ding.

A

Vay bét dang thiic dudgc chitng minh va diu “=" xay ra khi ab = 0, tiic 1a khi a va b cung dau.

@ Taviét A = /(2006 —x)2 + 1/ (x — 2005)2 = /(2006 — x + x — 2005)2 = 1.
Vay ta dugc min A = 1, dat dugc khi

(2006 — x)(2005 —x) = 0 « 2005 < x < 2006.

A Trong cdu a), chiing ta dd sit dung phép binh phuong dé khit cdn, réi tiv dé nhén duoc bdt ddng thiic

diing. Tuy nhién, ta ciing co thé chitng minh bdng cdch bién doi:
VaZ+vb2=+\/(a+b)2<lal+|b|=|a+bl.

Ta thdy ngay ddng thiic trén luén diing (vi da dugc chitng minh trong phdn bdt ddng thiic chita ddu tri tuyét
doi).

O
€¢)» PHUONG TRINH - BAT PHUONG TRINH
Vidu 1. Tim x, biét
@ V(x+1)2=09; @ V(x-3)2=3-x.
# Loi giai.
(1) Ta bién ddi vé dang
x+1=9 nfux+1=0 [x=8 néux=-1
lx+1=9 < B = B .
-(x+1)=9 néux+1<0 x=-10 néux<-1
Viy ta nhan dudc hai gia tri x = 8 va x = —10.
(2 Tacoy/(x-38)2=83-x<|x-3|=3-xox-3<0ox<3.
Vay nghiém cuia phuong trinh la x < 3.
A Trong l0i gidi cdu b), chiing ta da sit dung tinh chdt
la|=—a < a<0.
O
Vi du 2. Tim x, biét
@D Vx-2+2=x; @ vVx-1+1<x.
# Loi giai.
@ Piéu kién c6 nghiax —2>0 < x > 2. (%)

Bién d6i phuong trinh vé& dang

\/E:x—z@\/x—zz(\/x—2)2@\/E(\/M—1):0

\/x—2:0 x_2:0 x:2 th"’ _ ( )
< E=4 < ,thoa man (*).
Vx—-2-1=0 x—2=1 x=3

Vay phuong trinh ¢6 hai nghiém x = 2 va x = 3.
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@ Diéu kién conghiax—1=>0< x> 1. (%)
Bién d6i bt phuong trinh vé dang

\/ﬁﬂ—l@\/x—ls(\/x—1)2©\/ﬁ(\/ﬁ—1)zo

vx—1=0 x_].:() x:l th"’ B ( )
o N N ,thoa man ().
Vx-1-1=0 Ve-1=1 [x=2
Vay bit phuong trinh c¢6 nghiém x = 1 hoic x = 2.
o ~ O
(® BAITAP TV LUYEN
Bai 1. Tim tap xac dinh clia céac bi€u thic sau:
222 +3x+1
@ A = Bx+40; @B=""
x4 —4
2x+4 3x+1
®o- VBT @p- L
x%—6x+9 Va2 + 123
# Loi giai.
(1) D€ A c6 nghia thi 5x +40 = 0 < x > —8. Vay tap xac dinh Z =[-8;+00);
. x>2
(2 PEB cénghiathix>-4>0 < . Vay tap xdc dinh 2 = (—o0; —2) U(2;+00);
x< -2,
i 2x+4=0 x=-2
(3 bé C c6 nghia thi o & -2<x#3.
x>-6x+9#£0 |x#3
Vay tap xac dinh ¥ =[-2;+00) \ {3};
@) DE D c6 nghia thi x2 + 123 > 0 (ding Vx € R). VAy tap xac dinh Z =R.
O

Bai 2. Riit gon cac biéu thiic sau:

_\/x2+2\/§x+3_ _ Va?-5x+6
Va=""—5"5 OB=—r=
@ cC-= Vix-4)?2 @D- 3x+1

x2-5x+4° Vo2 +6x+1

& L gidi.

(1) Piéu kién xdc dinh: x2 -3 #0 © x # +V/3.

Va2 +2v3x+3 B \/m_ lx + V3|
2 - 2

Tacd A = = .
N x2-3 x?-3
Ta xét hai truong hop:
2 +v3 1
THI: Néux+v3>0ox>—v3thiA= x+V3 = .
(x+V3)(x-v3) x-V3
—(x+\/§) 1

TH2: Néux+v3<0<ox<—v3thi A = =— )
i ’ C+VB)(x-v3) x-V3

(2) Piéu kién x4c dinh: x = 2.

Va2 —Bx+6 VE-Dx=-3)
TacoB= V% 5’;*6: (x )"; 3 _iTs.
X — X —
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(3 biéu kién xic dinh: x2 —5x+4#0 o x #1,x # 4.

V=42 /(x-42  |x-4

Taco C = = = .
PO T b4 -Da-4) @-Dx-4)
Ta xét hai truong hop:

x—4 1

THI: Néux—-4>0<x>4thiC = = )
x—-Dx-4) =x-1
1

—(x—4) _
(x-1Dx-4) x-1

TH2: Néux—-4<0ox<4thiC =

. 1

(@ biéu kién xic dinh: 9x2+6x+1>0¢>(3x+1)2>0c>x;é—§.
3x+1 3 3x+1 B 3x+1

Vox216x+1 Bx+1)2 [8x+1|

Ta xét hai trudng hop:

TacoD =

) 1 3x+1
THI: Néu3x+1>0 o x>—=thiD = =~ =1,
i et
TH2: Néu 3x+1<0ox<—=thiD= —o' " —_
3 —(3x+1)
O
Bai 3. Giai cac phuong trinh sau:
@D Vx+2y/x+1=3; 2 V4x2-4x+1=1-2x;
3) Vx-2vx+1=yx-1; @ Vx-2Vx—-2-1=Vx-2-1.

# Loi giai.
(1) Bién ddi tuong duong vé dang
Vi+2V/x+1=8e|Vx+1ll=3eVax+1=3c/x=2ox=4.
Vay phuong trinh da cho c6 nghiém x = 4.

(2) Bién ddi tuong duong vé dang

1

V@2x-12=1-2xo2x-1=1-2x1-2x<0o x> 5
R s s 1
Vay phuong trinh da cho c6 nghiém x = 3

(3) Bién ddi tuong duong vé dang

V(vVa-1P=va-le|Vi-1l=ya-le/i-120eVx=lox=1.

Vay phuong trinh da cho c6 nghiém x > 1.

\/[\/E—l)zzx/m_1

WVx—2-1=Vx-2-1
Vi-2-1=0
Vx-2=1

x—2=1

(@ Bién ddi tuong duong vé dang

¢ ¢ ¢ ¢ 9O

x = 3.

Vay phuong trinh da cho c6 nghiém x = 3.
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O
Bai 4. Cho biéu thic A =6x—1+ Vx2—4x+4.
(D) Riit gon biéu thiic A; (2) Tinh gid tri bi€u thic A véi x = 5;
(3 Tim gid tri cla x d€ biéu thic A = 1.
# Loi giai.
(D) Diéu kién xic dinh: x2 —4x+4 >0 & (x — 2)? = 0 (ding Vx € R).
TacoA=6x—1+Vx2—-4x+4=6x—-14+/(x-2)2=6x—1+|x—2|.
Ta xét hai truong hop:
THI: Néux-2=20<x=>2thiA=6x—1+(x—-2)="T7x—3.
TH2: Néux-2<0eox<2thiA=6x—1-(x—2)=5x+1.
@ Véix=5,tac0A=7-5-3=32.
3) PEA=1,tacd
4
TH1: Vé6i x = 2 thi 7x—3:1¢>x:§,kh6ngth6am€m.
TH2: VGix <2thi5x+1=1< x =0, thda man.
Viy x = 0 thda yéu cau bai toan.
O
Bai 5. Cho biéu thiic A =x+8 — Va2 —6x+9.
(D Ruit gon biéu thiic A; (2) Tinh gia tri biéu thiic A véi x = —1;
(3) Tim gid tri clia x d€ biéu thic A = 0.
# Loi giai.
(1) biéu kién: x% —6x+9 =0, ludn ding.
Tac6A=x+8—-Va2—-6x+9=x+8—/(x—38)2=x+8—|x—3|.
Ta xét hai truong hop:
TH1. Néux-3=20ox=>3thiA=x+8-(x—-3)=11.
TH2. Néux-3<0ox<3thiA=x+8-(3—x)=2x+5.
(2) V6i x = 3, ta tinh dudgc A = 11.
. ) ) 5
3 DéA:OV61x<3,taco2x+5:0©x:—5.
5 N N
Vay x = ~3 thoa man diéu kién dau bai.
O

Bai 6. Tim x, biét:
@ vV2x—1+1=2x; 2 V3x—2+4<6x.

# Loi giai.
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N 1
(1) Diéu kién cé nghia2x—-1=0< x> 5 ().

Bién d6i phuong trinh vé dang

V2x—1=2x—-1eV2x—1=(vV2x-1) © V2 —1(VIx—1-1)=0
1

v2x—-1=0 V2x—-1=0 x

o |7 2 thda man (x).

<
V2x—-1-1=0 [V2x-1=1 |[,—1

<

=

N

Vay phuong trinh c¢6 hai nghiém x = — vax = 1.

[\VI V]

2 Diéukiénconghia3x-2=20cx== (*).

w

Bién ddi bat phuong trinh vé dang

V3x-2<2(8x-2) o V3x-2<2(v3x-2)
< V3x—2(2v3x-2-1)=0

2
V3x—-2=0 3x—-2=0 X==
o o 1© g,théamﬁn(*).

2vV3x—-2-1=0 \/3x—22§ x>
4

) 2 3

Vay bat phuong trinh c¢6 nghiém x = 3 hodc x = e

O
Bai 7. Giai phuong trinh:
@) Vx2-5x+8=2; @ Vx+1-v2-x=0;

#) Loi giai.
(1) Ta c6 thé Iva chon mot trong hai cach trinh bay sau:
Cach 1.
Giai theo kiéu dit diéu kién c6 nghia rdi bién déi.

\ 5\2 7
biéu kién: Vxe[l%dox2—5x+8:(x—§) +ZZO.

Taco Va2 —5x+8=2< Vx2-5x+8=2ox2-5x+8=4 <

x=4.
Vay phuong trinh c6 hai nghiém la x =1 vax =4.
Céch 2.
Giai theo kiéu bién ddi tuong duong.
9 9 x=1
x“—bx+8=4ox“-5x+4=0« .
x=4

Vay phuong trinh c6 hai nghiém la x =1 vax = 4.

(2) Ta c6 thé Iva chon mot trong hai cach trinh bay sau:

Cach 1.
Giai theo kiéu dit diéu kién c6 nghia rdi bién d6i.
o x+1=0
biéu kién: o -lsx<2.
2-x=20

Ta co \/x—l—\/Z—x:OQ\/xl—lz\/2—x

©x+1:2—x©2x:1©x:§.

Th.s Nguyén Chin Em 18 https://emncischool.wixsite.com/geogebra



https://www.facebook.com/groups/GeoGebraPro/ Tai liéu tw hoc Todn 9 - HKI

1
Vay phuong trinh ¢ mdt nghiém x = 2
Céch 2.
Giai theo kiéu bién ddi tuong duong.

x+1=0 xz-1
Vva-1=vV2-xox+1=2-x=20¢% = 1
x+1=2—-x x=—.
1 2
Vay phuong trinh c6 mdt nghiém 1a x = 3
(]
Bai 8. Gidi phuong trinh:
D Va2-x+1=x+1; @ Vx2-2x+3=x+5.
# Loi giai.
(1) Ta c6 thé Iva chon mot trong hai cach trinh bay sau:
Céch 1. Gidi theo kiéu dit diéu kién c6 nghia roi bién déi.
\ 1\ 3
Diéu kién VxeRdo x? —x+1= (x—g) +Z =0.
Taco Va2—x+1l=x+lox?—x+1=@x+12x?-x+1=x?+2x+1©3x=0cx=0.
Vay phuong trinh c6 mdt nghiém x = 0.
Cich 2. Giai theo kiéu bién d6i tuong duong.
x+1=0 x=-1
= < x=0.
Z-x+1=(x+172 |3x=0
Vay phuong trinh c6 mot nghiém x = 0.
(2) Ta c6 thé lya chon mot trong hai cach trinh bay sau:
Céch 1.
Giai theo kiéu dit diéu kién c6 nghia rdi bién d6i.
Diéu kién VxeRdo x% —2x+3=(x-1)?+2>0.
Tacéd Va2 —2x+3=x+5ox2—-2x+3=(x+5)>
ox?-2x+3=x2+10x+25 © 12x =220 x=——.
11
Vay phuong trinh cho mot nghiém la x = e
Céch 2.
Giai theo kiéu bién ddi tuong duong.
x+5=0 x=-5 11
o Sx=——.
x®—2x+3=(x+5)?% |12x=-22 6
11
Vay phuong trinh ¢6 mot nghiém la x = R
O

Bai 9. Giai phuong trinh:
QD 5vVx—-2=x+2; 2 3vV2x—-1=2x-5.

# Loi giai.
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Dé nghi cdc em hoc sinh gidi theo hai cach da biét.
Céch 1.

Giai theo kiéu dit diéu kién c6 nghia rdi bién ddi.
Céch 2.

Giai theo kiéu bién d6i tuong duong.

O day trinh bay theo cich dit 4n phu dé cic em lam quen.

(1) Piéu kién cé nghiax—2=0 < x> 2.
Viét phuong trinh dudi dang
x-2-5Vx—2+4=0e (Va-2) -5V/x-2+4=0. (1)
Dit t = vx -2, diéu kién ¢ = 0. Khi d6 phuong trinh (1) ¢6 dang
t2-5t+4=0<(t—1)(t—4)=0
t=1 |vx-2=1 |x=3
o = .
t=4 |Vx-2=4 |x=18
Vay phuong trinh c6 nghiém x =3 va x = 18.

i=4

A 1 <
(2) Diéu kién cé nghia2x—1=0< x> 5 Viét phuong trinh dudi dang

2x-1-8y2x—1-4=0< (V2x—1) -3V2x—1-4=0. (1)
Dit t = v/2x — 1, diéu kién ¢ = 0. Khi d6 phuong trinh (1) c6 dang
t =—-1 (loai)

t=4

17
@\/Zx—1:4©2x—1:16©x:?.

2-8t-4=0o(t+1)(t-4)=0<

17
Vay phuong trinh c6 nghiém x = 5
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Al 3.  LIEN HE GIUA PHEP NHAN VA PHEP KHAI
PHUONG

@ T1OM TAT Li THUYET
€ DINHLI

Pinhli1. Vdi A>0,B=0thi VA-B=VA-VB.

€> KHAI PHUONG MOT TiCH

Quy tdc khai phuwong mét tich: Mudn khai phuong mot tich cdc biéu thiic khong am ta cé thé khai
phuong tieng biéu thiic roi nhdn két qud voi nhau.

€) NHAN CAC CAN THUC BAC HAI

Quy tdc nhadn cdc cdn thiic bac hai: Mudn nhén cdc cdn thiic bdc hai ciia cdc biéu thiic khéng dm
ta co thé nhdn cdc biéu thiic dudi ddau can vdi nhau roi ldy can bdc hai cua két qud do.

(® CACDANG TOAN

r

Vi du 1. Sit dung quy tic khai phuong mdt tich, tinh

@D v25-49. 2 v9-16-36. (3) V27-48. @) V8la2.
L@anigiéii.
@ V25-49=+/25-/49=5-7=35.
@ v9-16-36=v9-V16-v/36=3-4-6="72.
3) V27-48=+/27-3-16=1/81-16=+/81-V/16=9-4=36.
@ V81aZ=81-VaZ=9|al.

Nhan xét. Trong cdu thit ba, néu chiing ta vdan dung mot cdach mdy moéc quy tdc khai phuong mét tich sé

khong nhdn duogc két qud gon.

O
Vi du 2. St dung quy tic nhan céc cin thic bac hai, tinh
@ v2-V18. @ v1,1-v44-V10.
B VV2-1-vV/V2+1. @ V27a-\/3a, véia > 0.
# Loi giai.
@ Vv2-/18=v2-18=/36=6.
@ vI1-V44-V/10=/1,1-44-10=v11-11-4=11-2=22.
@ Vv2-1-V/V2+1=1/(v2-1)(V2+1)=v2-1=1.
(@) Véia>0taco
vV27a-v3a=Vv27a-3a =+ 81la* =9|a| =9a.
Nhan xét. Trong cdu thit ba, chiing ta da sit dung hing ddng thitc (a —b)(a + b) = a® — b2.
(]

Th.s Nguyén Chin Em 21 https://emncischool.wixsite.com/geogebra



https://www.facebook.com/groups/GeoGebraPro/ Tai liéu tw hoc Todn 9 - HKI

Vi du 3. Rut gon cdc bi€u thiic sau
1
@ Va*B-a)?, véia=3. @ —b\/aG(a—b)2,V6ia<b<O.
a_
# Loi giai.
@ Véia=3thid—a<0,taco
VatB-a)2=vVat-vV/B-a2=a?3-al=a*@-3).

(2 Véia<b<Othia—b<0,tacé
1 1 1
a_b\/aG(a—b)2 = —a_b-\/a6-\/(a—b)2:a_b-|a3|-|a—b|

- L b-a=dd
a-b

Vi du 4. Thyc hién phép tinh
@D A=(VB+VT2-v2) V2. @B:(\/4+\/7—\/4—\/7)2.
® C=(3v5+v2)(3vV5-v2).

.

# Lo giai.
D A= (VE+VT2-v2)Va=VB-VE+ VT2 VE-VE-VE= VIB+ VIdi- Vi
=4+12-2=14.

@ B:(\/4+\/7—%4—ﬁ)2:(\/m)2—2\/4+\/7\/4—\/7+

:4+\/7—2\/(4+\/?)(4—\/7)+4—\/7:8—2\/ﬁ:8—2.3:2.

4—\/7)2

@ C=(3v5+v2)(3v5-v2)=(3V5)° ~2=45-2=43,
Nhan xét. Nhu vdy trong cdu thit ba, bang viéc sit dung hdng ddng thitc chiing ta da gidm duoc ddng ké'do
phiic tap.
O

Vidu 5.
() So sanh V16 +4 véi V16 + V4.

(2) Chiing minh ring vVa +b < v/a + Vb, v6i moi a, b khong am.

.

# Loi giai.
@ Tacé (VI6+4)° =20 va (vVI6+V4) = (4+2)2 = 36.
Cho nén (VI6+4)” < (VI6+V4)" dodé vI6+4 < VI6+ V4.

(2) Hai vé ctia bat dang thic luén khong 4m nén binh phucng hai vé, ta dudc
2 2
(Va+b) < (va+vb] e a+b<a+2vab+be2vab=0 (luon ding).

Déu “=" xdy ra khi @ = 0 hoic b = 0.
Do d6 Va +b < \/a + Vb, véi moi a, b khong am.
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Nhan xét. Cdch ddt vin dé ciia vi du trén, giiip chiing ta tiép cdn vdi bdt ddng thitc trudce khi di chiing minh
nd. Tuy nhién, néu ddt vin dé theo kiéu nguoc lai, chiing ta sé duge quyén sit dung bdt ddng thiic nay dé

dua ra ddanh gid cho phép so sdnh.

(]
Vi du 6.
@ Ching minh ring |ac + bd| < /(a2 + b2)(c2 + d2) (Bdt ding thitc Bu-nhi-a-cdp-ki).
(2 Biét x% + y% =52. Tim gid tri 16n nhit va nhd nhit ctia biéu thiic A = 3x + 2.
# Loi giai.
(1) Hai vé ctia bat dang thic luén khong 4m nén binh phucng hai vé, ta dudc
(ac+bd)® < (@®+b%)(c? +d?)
& a’c®+2acbd +b%d? <a’c® +a’d® + b%c® + b2d>
& a’d®-2adbc+b%c*20
& (ad —bc)? =0 (ludn ding).
DAiu “=" x4y ra khi bc = ad hay a = kc, b = kd.
Vay bt dang thiic dudc chiing minh.
@ Taco |A|=13x+2y| < /(32 +22)(x2 + y2).
Ma \/(32+22)(x2+y2): Vv13-52=113-13-4=13-2=26.
Do d6 |A| <26, suy ra —26 < A < 26.
Déu “=" xdy ra khi x = 3k va y = 2k, do d6
x2+y2=52 Bk + (22 =52 13k% =52 o k2 =4 o k= +2.
Vay Apax = 26 khi (x;y) = (6;4).
A min = —26 khi (x;y) = (—6;—4).
O
s, - 2 2 2 - _3 2
Vidu7. Cho biéu thifc A = —
: 2x2 —5ax + 3a?
(D) Riit gon biéu thiic A. (2) Chiing minh ring A = (@ + Va + 1)2 khi x =
a?+1.
# Loi giai.
s . 3a
(1) biéu kién x4c dinh x # a va x # TR
Ta co
A - 2x2 —ax —3a? 3 2x? + 2ax — 3ax — 3a? _ 2x(x+a)—-3alx+a)
~ 2x2-5ax+3a2 2x2-2ax—3ax+3a2 2x(x—a)-3alx—a)
_ (x+a)2x-3a) x+a
 (x-a)2x-3a) x-a
(2) Thay x = Va2 + 1 vao biéu thiic rit gon trén ta dudc
2
Val+lta ( a2+1+a)(\/a2+1+a) (a+ a2+1) 9
= = = B) 5 = (a + a2 + 1) .
Va?+1-a (\/a2+1—a)(\/a2+1+a) a*+l-a
O
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a+b—\/ab_\/c_z—\/5—1
ava+bvb a—b

(D Ruit gon biéu thiic A. (2) Tinh gid tri ctia A, biéta —b = 1.

Vidu 8. Cho biéu thic A =

L

« L gidi.

a=0
(1) Piéu kién xic dinh1a{ 5=0
a#b.
3
Tacéa\/a+b\/3:(\/5)3+(\/5) =(\/E+\/5)(a—\/ab+b).
Khi do
a+b-vVab _\/C_l—\/g—l_ 1 va-vb-1

A =

(va+vb)(a+b-vap) @b S Va+vk  a-b
\/5_\/5_\/5_\/5_1:\/5—\/3—(\/5—\/5—1) 1

a-b a-b a-b a-b’

@ Véia—-b=1,suyraA=1.

Vidu 9. Cho hai bi€u thic A = Vx2-3x+2vaB=vVx—1vVx—2.

(D Tim x d€ A c6 nghia. (2) Tim x d€ B c6 nghia.
(3) V6i gid tri nao cua x thi A = B? (@) Véi gia tri nao cua x thi chi A ¢6 nghia con
B khong c6 nghia?

\

# Lo gidi.

D) Tac6 A=Vx2-3x+2=(x—1)(x-2).
Biéu thiic A c6 nghia khi (x — 1)(x —2) = 0. Ta 1ap bang xét diu cta (x — 1)(x — 2).

—x-1=0ex=1.

—x—-2=0x=2.

Bang xét diu

x 1 2
x—1 - 0 + +
x—2 - - 0 +
(x—1)(x—2) + 0 - 0 +

Dua vao bang xét diu, ta thiy (x — 1)(x —2) = 0 khi x < 1 hoiic x > 2.
Vay A ¢6 nghia khi x < 1 hodc x = 2.

(2) Biéu thic B c6 nghia khi

Vay B ¢6 nghia khi x = 2.
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(3) Khi A =B, tiic 1a

-1=0 >1
V(e —1)(x—2 :\/x—l\/x—ZQ{x @{x o x=>2.
x—2=0 x =

Vay v6ix =2 thi A = B.

(4) Dua vao diéu kién c6 nghia ctia A va B ta c6 ngay v6i x < 1 thi chi A c¢6 nghia con B khong c6 nghia.

Vidu 10. Cho a, b, ¢ va a’, b', ¢’ 1a sb do cdc canh tuong dng clia hai tam gidc dong dang. Chiing
minh rﬁng Vaa'+vVbb' +Vee' =vV(a+b+c)a +b' +¢).

# Loi giai.
Gia st hai tam gidc dong dang véi ti sd &, suy ra

I a' =ka
L2 S pelb'=kb
b ¢ ;-

¢ =kc

Khi d6, ta bién ddi biéu thiic can chiing minh vé dang

VEa2+ VED2+VEc2=+/(a+b+c)ka+kb+Ec)

o aVk+bVE+cVE=\VE@+b+c)?
o VE(@+b+c)=VE(a+b+c) (ludn ding).

Viy ta c6 diéu phai chitng minh.
Nhén xét.

— Nhu vy, trong i gidi trén dé chiing minh ddng thitc chiing ta da sit dung cdch “Bién doi tuong dwong
ddng thiic vé ddng thitc diing”. Tuy nhién, ta ciing cé thé’sit dung cdch bién doi mot vé thanh vé con
lai, cu thé’

Vaa +Vbb' +Vee! = VERaZ+VEL2+VEZ=aVE+bVE+cVE
VE(@+b+c)= \/k(a+b+c)2 = \/(a+b+c)(ka+kb+kc)
\/(a +b+c)a +b'+c') (dpcm).

— Qua cdch bién déi trén, chiing ta thdy ngay rang viéc sit dung quy tdc khai phiwong mot tich co thé
gitip lam xudt hién nhdn tit chung trong mot biéu thiic. Nhén dinh nay sé giiip chiing ta trong viéc bién
doi biéu thiic vé dang tich va dwoc sit dung nhiéu trong dang todn “Gidi phwong trinh chita cdn bdc

hai”.

Vi du 11. Giai phuong trinh vVx2-9-+vx—-3=0.

& L gidi.
biéu kién x4c dinh la

Bién d6i phuong trinh da cho vé dang

Vx—38Vx+3-vx-3=0
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N \/x—3(\/x+3—1)=0
vx—3=0
<
vx+3=1
x=3
<
x=-2.

Két hop diéu kién xac dinh ta dugc x = 3 1a nghiém clia phuong trinh da cho.
Nhan xét. Nhu chiing ta dd biét, phwong trinh trén con c6 thé' duwoc gidi bang phuong phdp bién doi twong
duong, cu thé’

x=3

{(x—3)(x+3):x—3

{x>3
o

X

(x—3)(x+2)=0

Vdy phuong trinh da cho co nghiém x = 3.

(® BAITAPTU LUYEN -
Bai 1. Tinh

@® v49-100. @ V24 (-9)2. 3 V72-32. @ v12,1-490.
# Loi giai.

@ V49-100 = v49-v/100 = 7-10 = 70.

@ /2% (-9)2=V2%. /(92 =22.|-9| = 36.

3 V72-32=1/36-2-32=1/36-1/64=6-8=48.

@ 12,1-490=,/12,1-49-10=v121-49=1121-/49=11-7="77.

O

Bai 2. Riit gon céc biéu thiic sau

@) \/27-48(a - 3)2. @) V48-7542.

# Loi giai.
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@ /27-48(a—3)2=1/27-3-16-(a—3)2=v81-V16-/(a-3)2=9-4-|a — 3| = 36|a - 3|.
@ V48-75a2=V16-3-25-3-a2=116-v9-v25-VaZ=4-3-5-|a| = 60|al.

O
Bai 3. Ruit gon céc biéu thiic sau
@ﬁ-\/g,véia>0. @ V8a2-V18a%, vdia <O0.
# Loi giai.
@Véia>0tacé\/5-\/g: a-gzx/§:3.
@ Véia<0tacé vV8a2-vV18a% = V8a2-18a% = V14446 = V144 - Vab = 12|a®| = —12a°.
O
Bai 4. Thyc hién phép tinh
25 [7
9 /3
@c:(\/;+\/;—\/§)\/§.
# Loi giai.
@ A=v72-v/18=v36-2-9-2=36-V4-/9=6-2-3 = 36.
25 [7 25 7 25 5
@C:(\/g+\/g—\/§)\/§:\/g-\/ﬁ+\/g-\/i—\/i-\/é:\/g-zﬂ/g-z—\/ﬁ
=vV9+V3-V4=3+V3-2=1+V3.
O
Bai 5. Thyc hién phép tinh
®A=(v5+v2+1)(V5-1). @ B=(V2+1+V3)(vV2+1-V3).
®C=(va-vVB-Vai V3|,
# Loi giai.
@ A=(v5+ve+1)(vE-1)=(v5+1)(v5-1]+v2(v5-1)
=5-1+v2-V5-v2-1=4+V10- V2.
@ B=(V2+1+V3)(V2+1-V3) = (v2+1) - (vV3) =2+2v2+1-3=2/2.
@C:(\/4—\/§—\/4+\/§)2:4—\/§—2\/4—\/§\/4+\/§+4+\/§
:8—2\/(4—\/5)(4+\/§):8—2\/16—3:8—2@.
O

Bai 6. Ching minh cdc dang thifc sau
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@ V5+v3=18+2V15. @ V5+2=V9+4V5.
#r Loi gidi.

@ VP=1/8+2/15=15+2V5v3+3=/(V5+v3)’ =vB+V3=VT.

@ VP = \/9+4\/5:\/5+2\/5-2+4:\/(\/ST)2:\/5+2:VT.

(]
Bai 7. Cho a > 0. Ching minh ring v/a +1> va + 1.
# Lo gidi.
Véi a > 0, hai vé ludn duong nén binh phuong hai vé ctia bat dang thiic ta dugc
2
(Va+1)*>(vVa+1] ea+1+2va>a+1 2v/a>0 (luon ding).
Viy va+1>+va+1, véi moi a > 0. O
Bai 8. Cho a = 1. Chiing minh ring va - 1< /a.
# Loi giai.
Véia =1, tic 1a @ — 1 = 0, hai vé ludn khong 4m nén binh phuong hai vé ctia bat dang thiic ta dudc
2
( a—l) <(\/E)zc»a—1<a©—1<O(lu6ndﬁng).
Viy va—1<+/a, v6i moi a > 1. O
Bai 9. Ching minh ring v6-1> /3 - V/2.
# Lo giai.
2
Taco (V6-1] =6-2v6+1=7-26.
2
(V3-v2) =3-2v3-v2+2=5-2V6.
Dé thiy 7—2v6>5-2v6. Do d6 v6—1>v/3-2. O
Bai 10. Tinh gid tri clia biéu thiic
D A=x>+2x+16 v6ix=v2-1. @ B =x%+12x—14 véi x =5v2 - 6.
# L giai.
D Tac6A=x2+2x+16=x2+2x+1+15=(x +1)? +15.
Khix=v2-1thiA=(vZ-1+1)*+15=2+15=17.
2 TacéB=x2+12x-14=x2+2-2-6+62 50 = (x + 6)% - 50.
Khi x=5v2—6 thi B = (5v2—6+6)°~50=50—50=0.
O
Bai 11. Cho hai biéu thiic A = vV2x2 —-3x+1va B =vx—1v2x— 1.
(D Tim x d€ A c6 nghia. (2 Tim x d€ B c6 nghia.
(3) V6i gia tri nao cta x thi A = B? (@) V6i gia tri nao cia x thi chi A c6 nghia con B
khong c6 nghia?

# Loi giai.
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D) TacoA=v2x2-3x+1=1(x-1)2x-1).
Biéu thiic A c6 nghia khi (x — 1)(2x — 1) = 0. Ta lap bang xét diu ctia (x — 1)(2x — 1).

— x-1=0ex=1.

1
— 2x-1=0ox=-—.
2

Bang xét diu

1
X — 1
2
x—1 - - 0 +
2x—1 - 0 + +
(x-1)(2x-1) + 0 - 0 +

2 2 1
Dua vao bang xét dau, ta thay (x —1)(2x —1) =0 khi x < 3 hodc x = 1.

1
Vay A c¢6 nghia khi x < 2 hodc x = 1.

(2) Biéu thic B c6 nghia khi

Vay B c6 nghia khi x > 1.

@) Khi A =B, tic la

v

N[ = =
¢
K
vV
—

-1=0 x
Vix-1)(2x—-1 :\/x—1\/2x—1©{x o

2¢—1=0 x

v

Vay v6i x> 1 thi A = B.
R 1
(@) Dua vao diéu kién c6 nghia ciia A va B ta c6 ngay véi x < 3 thi chi A c6 nghia con B khong c6 nghia.

O
Bai 12. Biét x? + y2 = 117. Tim gi4 tri 16n nhat va nho nhét cta biéu thic A = 2x + 3.

# Loi giai.

Ta c6 |A| = |2x +3y| < /(22 +32)(x2 + y2).

Ma /(22 +32)(x2 + y2) = V13117 = V/13-13-9=13-3 = 39.

Do d6 |[A] <39, suyra—-39<A <39.

Déu “=" xay ra khi x =2k va y = 3k, do d6

4y =117 2k +BEk)2 =117 13k? =117 k2 =9 o k = +3.

Vay Anax = 39 khi (x;y) = (6;9). a
A pin = -39 khi (x;y) = (-6;-9).

Bai 13. Cho a, b, c 1a d0 dai ba canh ctia mOt tam giac, p la mot nida chu vi. Chiing minh rﬁng

VP<vVp—a++/p-b+p—c=<+/3p.
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# Loi giai.

Ta c6 (m+\/ﬁ+\/ﬁ)2=(1.\/m+1- p-b+1-y/p=0)

2

Suy ra
2
(\/pTa+\/p—b+\/pTc) <(12+12+1%(p-a+p-b+p—-c)
2
e (vp=a+Vp-b+yp=c| <3p
o Vp—-a++\/p-b+\/p-c<+/3p.
. Jo=a ~/p-b p—c
DPang thuc xay ra khi pl ?_ pl = pl Chaya:b:c.
Tatiéptucchl’mgminh\/p?<,/p—a+\/p—b+\/p—c.
Ta co

vP<vp—-a++/p-b+p—c
o p<p-a+p-b+p-c+2/(p-a)p-b)+2/(p-b)p—-c)+2\/(p—c)p-a)
s 2y/(p-a)p-b)+2\/(p-b)p-c)+2y/(p—c)p—a)>0 (luon ding).
Viy yP<P-a++/p-b+yp—c=<./3p. O

Bai 14. Giai cic phuong trinh sau

@ 22 _oviva @ Vax?-1-2V2x+1=0.
Vx+2

# Loi giai.
(1) Dbiéu kién x4c dinh 1a x > —2.
Bién ddi phuong trinh d cho vé dang
3x+2:2(¢m)2 ©8x+2=20x+2) ©x=2.
Két hop diéu kién x4c dinh ta dudc x = 2 12 nghiém ctia phuong trinh da cho.

(2) Piéu kién x4c dinh Ia

Bién d6i phuong trinh da cho vé dang

Vax2-1-2V2x+1=0 o /@2x-1DQ@x+1)-2V2x+1=0
& Var+1(vax-1-2)=0

[Vox+1=0
<
V2x—1=2
' 1
x:—§
< 5
X =—.
2

Z \ 1 5
Keét hgp diéu kién xac dinh ta dudc x = —3 x= 2 la cac nghi€m cua phuong trinh da cho.
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(]
Bai 15. Giai cac phuong trinh sau
2 [/25x-50
@\/x—2+\/4x—8—g\/xT:4. @ Vatd-Vi-x=vi-2x.
# Loi giai.
(1) biéu kién xic dinh 1 x = 2.
Bién ddi phuong trinh di cho vé dang
2 /25
Vx—2++/4(x—-2 —5\/Z(x—2):4
& Vx-2+2Vx-2-Vx-2=4
& Vax—-2=2
o x—2=4
< x=6.
Két hop diéu kién xac dinh, phuong trinh da cho c6 nghiém x = 6.
(2) Piéu kién xic dinh 14
x+4=0 xz-4
1
1-x=0 o{*¥=1 ©-4=x=c.
1-2x=0 xs1
2
Phuong trinh da cho dugc viét lai 1a
V1-x+V1-2x=Vx+4
o 1-x+1-2x+2/(1-x)(1-2x)=x+4
& Q1-x)1-2x)=2x+1
2x+1=0
o
(1-2x)(1-2%) = (2x + 1)
1
x=——
< 3
2% +7x =0
- 1
=73
< 4 |x=0
7
Xx=—-=
2
o x=0.
Két hop diéu kién xac dinh, phuong trinh da cho c6 nghiém x = 0.
(|
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Bil4. LIEN HE GIUA PHEP CHIA VA PHEP KHAI
PHUONG

@ T1OM TAT Li THUYET

/A A
Pinhlil. Véi A=0, B>0 thi §:\/_;

ﬁ

(® DANG TOAN
KHAI PHUONG MOT THUONG

@

< . I . A 3
Quy tac khai phuong mot thuong: Muon khai phuong mot thuong 3 cta hai biéu thic A =0, B >0, ta

c6 thé khai phuong 1an lugt biéu thiic bi chia A va biéu thiic chia B. Sau d6 liy két qua thi nhat chia cho két
qua thif hai.

€)> CHIA HAI CAN THU'C BAC HAI

Quy tac chia hai can thirc bac hai: Mudn chia hai ciin thic bac hai cla hai biéu thic khong am A cho cin
thiic bac hai ctia biéu thifc duong B, ta c6 thé chia biéu thiic A cho biéu thiic B r6i iy cin bac hai clia thuong
do.

(® PHUONG PHAP GIAI TOAN

Vi du 1. Thuc hién phép tinh
DA=VT2:V2 @ B=(V12-Vv27+V3):V3
3 C=(5v3+3V5):V15.

# Loi giai.
(1) Tacéngay A=v72:v2=172:2=136=6.

(2) Ta cé ngay:

B=(12-v27+V3):vV3=v12:3-v27:3+V3:3=vV4-v9+1=0.
(3) Taviét C dudi dang:

5v3 3v5

c:(5\/§+3\/§):\/§-\/3:\/§.¢g+¢§.\/5

=v5+V3.

Nhén xét.

— Trong cdc cdu a) va b), chiing ta thuc hién phép bang bdng viéc st dung ngay quy tdc chia hai cdn

thitc bdc hai. Tuy nhién, cdu b) cé thé thuc hién theo cdch bién doi:
V12-v27+vV3=vV4-V3-v9-V3+V3=2V3-3V3+V3=0
=B=0.

— Trong cdu c), chiing ta thice hién tdach /15 = /3 - V5. Tuy nhién, ciing c¢é thé thuc hién nhu sau:

2. 2.
C:(\/52-3+\/32-5):\/ﬁ:\/5153+\/3155 =vVB+V3.
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Vi du 2. Riit gon bi€u thuc:

_V9-4V5 _V3+V5
VA= VB="—T5—

# Loi giai.

(1) Ta cé ngay:

Ao V9-4vB_V4-22V5+(VB2 _V@-VE? _12-VBl __
 2-vB 2-5  2-V5  2-V5

(2) Ta cé ngay:

B_\/3+\/3_\/6+2\/5_\/5+2\/5+1_\/(\/5+1)2_\/5+1
B 2 4 2 - 2 2
Nhén xét.

— Trong loi gidi cdu (D), cdc em hoc sinh cdn chii ¥ tdi ddu ciia 2 - /5 < 0 dé'xdc dinh dugc diing gid tri
cho A.

— Trong loi gidi cdu (2), bang viéc nhdn cd tit va mdu véi 2 chung ta dat duoc hai muc dich:

— Mdu s6 tré thanh sé chinh phiong.

— Tit 56 dugc bién doi vé dang binh phuwong mot nhi thikc.

Vi du 3. Rut gon céc biéu thic:

a? ab . a?+6a+9
@A:,/F. ﬁ,vdlb>0. @ B=0b° —5

# Loi giai.

(1) Trude hét ta sit dung quy tic nhan hai cin bac hai, r6i bién ddi tiép:

Ao a2 a6_ a2 6_ a8_a4
N VsV o 58~ Vot o2
3)2 3
B - 3 /(a;) :b5'|ab+4 o b.la+3

_{b(a+3) néua+320_{b(a+3) néuaz-3

| Q
w

(2) Tabién déi:

—bla+b) ndua+3<0 |-b@+3) néua<-3°

([
Nhan xét. Nhu vdy, trong cdu (1) néu chiing ta vdn dung quy tdc khai phiwong mot thuong mét cdach mdy

moc sé khong nhdn duogc két qua gon.

Vi du 4. Riit gon bi€u thuc:
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_a-b _a+b—2m B x+y+2/xy
VA E v R N, TN N

# Lo gidi.
(D) Tacoé:
(Va-vb)(ya+vb) (Va-vb)?

A =
va+vb va-vb
= (Va-vb)-(Va-vb)=0.
(2) Taco:
B - x+y+2,/xy ~ (Vx+ /3>
L aVESy TR ToVE a(VE V) - y(/T+ VA
Vx+yP? (EHD) 1

WVE+t yDE—9 Vai-yDa+vy) Vai-y

Nhan xét.

— Trong loi gidi cdu (), chiing ta dd lua chon cdch don gidn tiing biéu thiic, dwa trén viéc phdn tich tie
s6 thanh cdc hdng ddng thiic. Tat nhién, biéu thiic ciing co thé duge don gidn bing quy dong mdu so,
xong cdch gidi nay phiic tap hon.

— Trong 10i gidi cdau (2), chiing ta ddnh gid duoc tit s6 la mét hing ddng thiic, tuy nhién mdu sé khong
phdi la hang ddng thiic, do dé chiing ta sit dung phuong phdp nhom sé hang dé phadn tich né thanh
tich.

Vidu5.
() So sanh v/25— 16 véi v25 — v/16.

(2) Chitng minh rang véi @ > b >0 ludn c6: vVa—b > a—Vb.

# Loi giai.
(1) Tanhén thiy: vV25-16=v9=3vav25-y/16=5-4=1.
=/25-16 > /25— /16.

(2) Hai vé clia bat déng thiic khdng 4m nén binh phuong hai vé, ta dudc:
Va-b)%>(/a-Vbleoa-b>a+b-2Va-b
< 2Va-b>2b o Vb(y/a—vb)>0,ludn déng véia > b > 0.

O
Nhan xét. Cdch ddt vin dé ciia vi du trén, giiip chiing ta tiép cdn vdi bdt ddng thite trudce khi di chitng minh
nd. Tuy nhién, néu ddt vin dé theo kiéu nguoc lai, chiing ta sé duoc quyén ding bdt ddng thitc nay dé dua

ra ddnh gid cho phép so sdanh.

1 .\ 1 +\/a?—x
Vi—1-yx Vi—1+yx Vxa-1’
(D Tim diéu kién d€ biéu thiic A c6 nghia.

Vidu 6. Cho biéu thic A =
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(2 Riit gon biéu thiic.

T S . 53
(3) Tinh gia tri cta bi€u thiic A khi x = .
9-2v7
#) Loi giai.
x—1=20 x=1
(1) biéu kién d€ biéu thiic A c¢6 nghia: { x =0 o{x=0ox>1.

Vi-1#0 (x#1
Vay, tap xac dinh cia A lax > 1.

(2) Taco:
(vx—1+\/§)+(vx—1—\/a_6)+ || (v = 1)

A
(Vx—1-vVO)(Vx—1+ /%) Va-1
= i—i:i+x:—2m+x=(x—1)—2\/95—1"‘1:(\”5_1_1)2'

(3) Trudc hét, ta di don gian biéu thiic véi gid tri ctia x, bing céch:

53 53(9 +2V7) 53(9 +2V/7)
x = = = =9+2V7.
9-2vV7  (9-2VT)9+2V7T) 81-28
Khi do:
A = (WI9+2V7T-1-12=(V/8+2V7-1)?
= (WT7T+2VT+1-12=[V(V7+12-1P=(7+1-172="7.
53
Vay, véi x = thi A="17.
9-2V7
O
Nhan xét.

— Trong 1oi gidi cdu ), é budc bién doi thit hai, ta bé duogc ddu tri tuyét doi do diéu kién x > 1 da xdc
dinh ¢ cdu (D).

— Trong loi gidi cdu 3), dé’ nhén duoc két qud A =T, chiing ta dd phdi thuc hién hai cong viéc:

— Don gidn biéu thiic gid tri cia x, bang cdch nhdn cd tit va mdu véi 9 + 2v/7. Bdn chdt ciia viéc
lam nay duogc goi la “Phép nhdn lién hop” va chiing ta sé nghién ciiu ki trong chii dé sau.

— Don gidn biéu thitc gid tri ciia A, bing cdch tach 8 +2v7 thanh 7+ 27 + 1 dé nhdn dwoc mot
nhi thiic binh phuong, tir do khut dugc can thiic.

. x—1 x—-1
Vidu 7. Cho hai biéu thiic A = 4/ vaB= :
) x—3 Vx—3
(D) Tim x d€ A c6 nghia. (2) Tim x d€ B c6 nghia.
(3) V6i gid tri nao cua x thi A = B? (@) V6i gid tri nao cua x thi chi A ¢6 nghia, con
B khong ¢6 nghia?

# Loi giai.
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. x L X—
(1) PE A c6 nghia diéu kién 1a

1
=>0.

Ta lap ban xét diu, duatrén: x—1=0< x=1; x — 3 =0 © x = 3 nhu sau:

X 1 3
x-1 - 0 + +
x—3 - - 0 +
x—1
+ 0 - +
x—3

Tu do, suy ra: =0 < x<1hodcx>3.

x f—
Vay, v6i x < 1 hodc x > 3 thi A c¢6 nghia.

., R x—1=0 x=1
(2) Pé B c6 nghia diéu kién Ia: { { ©x>3.

&
x—3>0 x>3
Vay, v6i x > 3 thi B ¢6 nghia.

x—l_\/x—l {x—lZO {le

Pé c6 A = B, tic la: = = P
® Bécs o x—3 x—3 x—3>0 x>3
Vay, v6i x > 3 thi A = B.

< x>3.

(4) Ta c6 ngay v6i x < 1 thi chi c6 A c6 nghia, con B khong c6 nghia.

O
(® BAITAPTY LUYEN
Bai 1. Thuc hién phép tinh:
O A=V72:V18 @ B=+v52:V117
@c:(\/g_\/l_}m)-\/a
# Loi giai.
@) Tacé: A=V72:V/18=172:18=V4=2.
52:13 \/’_2
@ Tacé: B=v52: V117 \/117 \/117 13 Vo9 3
(3) Ta co:
:(\/g—\/§+2\/5)\/5:\/?—\/$+2\/5-5:\/5—3\/§+2:2—2\/§.
O

Bai 2. Riit gon biéu thiic:

_3-V3 _2vV2+V6 1-vVa?
LaA=—= ®B= V="

_V6+2V5 _V5+2V6 _V7-4V3
OO R PV OF=TE

# Loi giai.
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3-v3

Tacéd: A = =v3-1.
@ 73
, 2V2+v6 V22+v3) V2
(2 Tacé: B = = -y
4+v24  22+V3) 2
(3) Ta co:
C_1—\/CF_(1—\/5)(1+\/a‘+a)_—(\/5—1)(1+\/5+a)_—(1+\/a+a)
a-1  (Va-DGe+l)  (Va-DWa+l)  Va+l
2
@TaCéOD_\/6+2\/5_\/6+2\/5_\/(\/5+1) .
' VE+1 V5+1 V5+1 '
@Tacé,E_¢5+2\/é_¢2+2\/6+3_¢(¢§+\/§)2_1
' V2+V3 V2+V/3 V2+V/3 '
o VT-4V3 V/3-2-2v3+4 /(V3-22 |V3-2
(6) Tacéd: F = = = = =—1.
V3-2 V3-2 V3-2 V3-2
O
Bai 3. Riit gon cac biéu thiic
12(a — 2)? ab
A=3. == = B=(a-b)\/ ——.
. 27 DB=lb\ Ty
#y Loi giai.
(1) Ta bién d6i
4(a —2)? 2la—2
A = 3-\/&:3- =21 _94—2
9 3
2(a—-2) nfua-2=0 [2e-2) néua =2
] -2@-2) néua-2<0 | -2@-2 néua<2
(2) Ta bién d6i
Be(a-b) vab Vab nua-5>0 vab néua>b
:a— . = =
la - b —Vab néua-b5<0 —Vab néuac<b.
O
\ e [ P 2 , .« . . v P e 2 5
Bai 4. Cho biéu thiic A = x% — x1/10. Tinh gi4 tri biéu thic A véi x = =ty
# Lui gidi.
2 /5 21
Thayx:\/j+\/jvéoA,taduQcA:—. 0
5 Vo 10
. . b b
Bai 5. Cho biéu thiic: A = (\/§—1) \/j+1 ;(9——)
b a b a
(D Rut gon biéu thiic A. (2) Cho b =1, tim a d€ bi€u thiic A = 2.

# Loi giai.
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(Y
T )
(B )2

(2 V6i b =1 dugc A =2, vay:

1
— =20 va =2ovVa=2a+1)e2a-Va+2=0. 1)
\/E+i a+1
va
Ta thay:
) 1 17
1) & (V2va)*-2-V2. \/_+ +—=0
\/_ 8
1)\ 1
o (\/Za——) +—72£>0.
2v2 8
Do d6, (1) khong théa man.
Vay, khong c6 gid tri ndo ctia a d€ véi b =1 thi A = 2.
O
Bﬁis.Chobiéuthﬁc:A:( L 2ve-2 )( L )
Ve+1l xyx—vx+x-1) \Vx-1 x-
. 1
(D Rut gon bi€u thic A. @T“lmxdeA—g
# Loi giai.
(1) Taco
A _( 1 2y/x 2 )( 1 2
v+l Vax-D+-1)) (Vx-1 (Vx-D(/x+1)
( 1 2/x -2 ) Vi+1-2
VI+l (x-DGx+1)) (Va-Dx+1)
L ox-1-2ya+2  VE+1-2 x-2/x+1  Jx-1
(x—l)(\/}+1)'(\/§—1)(\/_+1) (x-DHWVx+1) (Vx-D(/x+1)
(ve-17 1 VTl ey Vi
(x—1)(\/7c+1)'\/?c+1 (Vx + 1)2 Vx+1
(2) Ta co:
-1 1 6 9
gﬂ:5@5(\/;—1)=\/;+1o4\/;—6:o@f:Z@xzz.
1
Véy,véix:gthiA:—.
4 5
O
N . « R 2, x_l < x_]_
Bai 7. Cho hai biéu thuic: A = vaB= .
2x -3 2x—3
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(1) Tim x d€ A c6 nghia. (2) Tim x d€ B c6 nghia.
(3) Véi gid tri nao cua x thi A = B? (@) Véi gia tri nao cua x thi chi A ¢6 nghia, con B
khong c6 nghia?

# Loi giai.

x—1

(1) PE A c6 nghia diéu kién 1a > 0 ta 1ap bang xét du, dua trén:

2x —
x—l:O@x:1;2x—3:0©x:§nhUsau:

3
X 1 b
2
x—1 - 0 + +
2x—3 - - 0 +
x—1 N 0 _ N
2x—3

Tu do, suy ra

3
20©xslhoécx>§.

Vay véi x <1 hodc x > 2 thi A c6 nghia.

) . x—1=0 x=1 3
(2) D€ B c6 nghia diéu kién 1a o g ox>_.
26-8>0  |x>> 2

3
Vay v6i x > 2 thi B c6 nghia.

. _1 ~1 x—1=0 xz1 3
<jD&ﬁA:Bmua¢x _vel, o{ gex>-.
2c—=3  V2x-3 2x-3>0 x> 5 2

3
Véyvéix>§thiA:B.

(@) Ta c6 ngay, v6i x < 1 thi chi A c6 nghia, con B khong c6 nghia.

(]
0 -1 +1 1
Bai 8. Cho biéu thic: A = (\/\/a_c + \/\/D_C ) :
VvVa+l /yx-1) va-1
(1) Tim x d€ A c6 nghia. (2) Riit gon biéu thiic A. (3) Tinh gia tri ctia bi€u thic véi

x=19-8V3.
# L gidi.
x=0 x=0
(1) P& A conghiadidukién1a{ /x-1>0e{Vx>1ox>1.
x—1>0 x>1
(2) Bién ddi A vé dang
A ¢w@4ﬂﬂﬂﬁ+m) 1 pﬁ#uﬂﬁnuy 1

\/\/E+1-\/\/3_c—1 .\/9_5—1_ N x—1
VE?;;%?+1-Vx—1:2¢E
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3) Véix =19 -8v/3, ta co:

Vi=1/19-8V3 = VA2-2.4.V3+ (V32 =\ (4- VB2 =[4-VE|=4- 3

dodé: A=2(4-3)=8-2V3.
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sAl5.  BIEN DOI DON GIAN BIEU THO'C CHUA CAN
THU'C BAC HAI

@ 1OM TAT Li THUYET
€ DUA MOT THUA SO RA NGOAI DAU CAN

Ta co:

VA2B=|A|VB, v6iB=0

€ DUA MOT THUA s6 VAO TRONG DAU CAN

Ta co:

|A|VB=vA2B, v6iB=0

. Ta c6 hai truong hop:
(1) NéuA =0thi AVB=VA2B,v6i B=0.
(2 NeuA <0thi AVB=-|A|vVB=-VA2B,viB=0.

€ KHU MAU CUA BIEU THU'C LAY DAU CAN

Ta co:

/A AB
E_ 37 \/AB v6iA-B=0,B#0

€ TRYC CAN THUC & MAU

Truc cdn thitc & mdu, ta lya chon mét trong hai cdch sau:
(1) Phan tich nhan t va miu ra thita sé chung chia céin rdi riit gon thira s6 do.

(2) Nhan t va miu véi thita s6 thich hgp d€ 1am mét cin thic miu. C6 cdc dang co ban sau:

A AVB
_ﬁ —(B 0).
1 vVA-VB _VA-VB
_\/Z+\/}__?_(\/Z+\/_)(\/_ \/_) ~—5 ,v0iA>0,B>0,A #B.
1 vVA+VB

,V6iA>0,B>0,A #B.

IS

 VA-VB (VA+VE)(VA-VE]

Hai phép bién ddi dang 2 va dang 3 goi 1a phép nhan lién hop.

(® CACDANG TOAN
€) DUA MOT THUA SO VAO TRONG HOAC RA NGOAI DAU CAN

Vi du 1. Viét gon cdc biéu thiic sau:

@D A =/25-90 @ B=V75-54

& L gidi.
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1) A=v25-90=v25-9-10=5-3-v/10=15-/10.

@) B=+75-54=125-3-9-6=5-31/3-2-3=45-/2.

, . o 2
Vi du 2. Rut gon bi€u thic sau: A = 5 \/2a8 (a%2—4a+4)

a—

# Lo gidi.
Ta bién ddi A vé dang:

2 5 v/ 2a8(a —2)2

A=
a_
_2v2-a*-la-2
B a—2

2v2a* (a-2) .
Mnéua—2>0

a_
2v2a* - (a - 2) né

cua—2<0
a—2

B { 2v2a* néua > 2

—2v2a* néua <2 °

a

Nhan xét. Nhu vdy, & trong A c6 thé' dua duoc a® va (a —2)? ra ngoai ddu cdn. Tuy nhién, ta thdy ring:
— Vad =1/ (a4)2 =a?, bdi a* = 0 vdi moi a.

(@ —2)2 =|a—2|, bdi ta chua xdc dinh duoc ddu cia a — 2.

a-b a?b?

Vi du 3. Chiing minh rang: 72 S ouh 157 =lal, v6ia > b.
a?-2a

# Loi giai.
Ta c6 thé lya chon mot trong hai cach sau:
— Céch 1: St dung quy tic dua mot thira sb vao trong déu can.
a-— b
Via > b nén > 0, do dé:

(a b)2 a?b?
=vVa?=|al.
a? 2qb+b2 a2 —2ab + b2

— Céch 2: St dung quy tic dua mot thira s ra ngoai diu cin.
Ta co:

a—>b a’b? 3 _a- b |a| b2 a—b |a|~l)2_|a|
b2 \/a2—2ab+b2_ (a b)2 b2 la-b| b2 (a-b)

Nhén xét. Nhu vdy, phép bién doi dua thita s6 vao trong ddu cdn da gitip chiing ta c6 thé chitng minh

a

dugc ding thitc. Ngoai ra, nd con rdt cdn thiét trong cdc phép tinh todn, thi du:

(D) Pé’so sdnh /31 va 2v/27, ta bién doi:
2V7=v22.7=/28<31

(2 Khi tinh 3v/2:
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— Néu ta tinh V2 = 1,41 (sai chua dén 0,01) réi nhdn 3 thi sai sé sé gdp 3 ldn sai sé ciia gid tri
gdn diing ciia /2 ma ta dd ldy.
— Con néu ta thice hién 3v2 = V32-2 = /18, réi ding bdng tim gid tri gan ding ciia /18 thi sai

56 khong bi nhdn lén 3 ldn nhu lam cdch trén.

{ Vi du 4. Sip xép céc sb sau theo thif tu giam dan: 6v/2, 4v/5, 2v/13, 3/7.

# Loi giai.
St dung quy tac dua mdt thita s6 vao trong diu cin, ta viét lai diy sb dudi dang:

6v2=172,4v5=1+80,2V13 = V52, 3V7=v63.
Do dog, ta co sép xép 4\/5, 6\/5, 3\/7, 21/13. O

€ KHU MAU CUA BIEU THU'C DUGI DAU CAN-PHEP NHAN LIEN HOP

Vi du 5. Khit miu s6 ctia cic biéu thiic dudi dau cin:

7 1 1
# Loi giai.
A an 7 7 7-3 V21
(D Tabién ddi: \/ — =1/ =4/ = .
12 4-3 36 6
e 1 1 -1 -1
@Tabiéndéi:\/———2:\/a2 _va-1
a a a lal
O
Vidu 6. Tryc cin thic 6 mau
a+1 va-1+1 a? - b2 1-a
@ . 2 ——. 3 ——. @) —.
a?-1 Va-1-1 va+vb 1+ya

& L gidi.

a+1 _(a+1)\/a2—1_\/a2—1
VaZ-1  a?2-1  a-1"

Va-i+1  (Va—1+1)* (Va-1+1)° (Va-1+1)°

Va-1-1 (Va-1-1)(Va-1+1) a-1-1 ~  a-2

(1) Ta bién dai:

(2) Tabién déi:

(3) Ta bién ddi:

b (a-b)a+b) (a-b)a+b) (Va-VB|[Va+VB)@+b)
va+vb  va+vbh  Ja+vb va+vb
= (va-vb)@+b).

hoic ¢6 thé bién d6i:
?—p?  (@®-b?)(va-vB) (a®-b?)(va- V)
va+vb (ya+ve|(va-vB)  a-b

=(a+b)(\/5—\/5).
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(4) Ta bién doi:
l1-a (1-a)y/1+ya (A-a)/1+Va-(1-va) (A-a)/1+ya-(1-a)
Vitva  l+va  (1+ve)(1-va) l1-a

=v1+va-(1-Va).

O
Nhén xét. Trong loi gidi cdu ), chiing ta phdi di truc cdn thiic hai lan. Cdc em hoc sinh c6 thé thuc hién

theo chiéu nguoc lai.

i N 2, A 2 ~ a c ~ v 2, 2, X > g 2,
Vidu7. Cho a, b, ¢ la ciac sO duong thoa man 3 = 7 Hay truc can thic 6 mau cia bi€u thuc:
1

P= Va+Vb+e+Vd

# Lo giai.

- a c ~
Dattzz:g,tadu’(jca:btvac:dt.
Khi d6, biéu thifc dugc viét lai dusi dang:

1 1 (\/B—\/E)(\/Z—l)

P:\/E+\/5+\/a+\/3:(\/5+\/3)(\/2+1) (b-d)(t-1)

Ve-va)(/5-1) vo(vs-va)(va-v)

(b_d)(%_l) - (b—d)(a—b)

O
Nhan xét. Trong cudn todn ndng cao 8 chiing ta dd timg thdy khdng dinh ciia Pé-li-a rdng yéu t6 phu nhw
mot nhip cdu dé’ndi ndi bai todn cdn tim ra cdch gidi vdi bai todn da biét cdch gidi va & ddy chiing ta co
thé'khdng dinh thém rdng viéc dua yéu t6 phu con cé tdc dung nhw mot chiéc don bdy, giiip ta gidi bai todn
nhe nhang hon.

€ sU DUNG CAC PHEP BIEN DOI CAN THIC BAC HAI CHO BAI TOAN RUT GON VA
CHUNG MINH DANG THU'C

4 N 3
Vi-VB VBB

Vi du 8. Riit gon bi€u thic: A =

# Loi giai.
Ta cé:
A= 4 N 3
V7i-V3 V5+V3
AWVTHVE) | 2(/5-)
(V7-V3)(VT+v3) (VB+V3)(V5-V3)
_4(\/7+\/§)+2(\/5—\/§)

7-3 5-3
=V7+V3+V5-V3
=V7+ V5.

a
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Nhén xét. Néu thuc hién theo phwong phdp "quy dong mdu sé", ta dugc:
4(vV5+v3)+2(V7-Vv3)  4V5+2V3+2V7
(VI-VB)(V5+vB)  (VI-v3)(v5+VA)

bai todn sé dung lai J dady.

ava+bvb

2 P
Jaivh —\/E:(\/E—\/E) ,vGia,b>0.

Vi du 9. Chitng minh ring:

# Loi gidi.
Nhan xét ring: av/a + bvb = (\/6_1)3+(\/5)3 = (\/C_l+ \/5) (a—\/cE+b).
Tir do, suy ra:
R
va+vb (\/6+\/5)
=a—-Vab+b-Vb
=a—-2Vab+b
= (va)® -2Vab + (\/5)2

= (va-va)".

~Vab

O
Nhan xét. Trong 0i gidi trén, chiing ta dua trén hing ddng thitc dé’ phdn tich tik sé ra thita sé chung tic do
riit gon duogc cdn thitc 6 mdu. Tat nhién, chiing ta cé thé’ lya chon phép nhdn lién hop xong cdch gidi nay

phiic tap hon.
Vi du 10. Ching minh ran t 1 . ! =+/2009 -1
. inh rang: -1
‘ & "1ev2 Varva 2008 + /2009
#y Loi giai.
Nhan xét rang:
1 2-1 2-1
- V27l
1+v2 (1+v2)(v2-1) 2-1
1 3-v2 3—-v2
V3-v2 V3-v2 _ /3-3
VE+vE (Va+vB)(VB-vD)  3-2
1
=v2009 - v2008.
2008+ v2009
Thuc hién phép cong theo vé va riit gon, ta dugc:
1
=+v2009 -1 (dpcm). O

+ et
1+v2 V2+V3 V2008 + /2009

Nhan xét. Trong 0i gidi trén, dé chitng minh ddng thitc chiing ta lwa chon phép nhan lién hop dé'khit cin
thitc & mdu cho titng phdn so. Va & ddy chiing ta st dung phép bién doi cuc bé.

. 3 3
Vidu 11. Cho biéu thic: A =(vV1—-x+ ):(1+ )
) Vit+x V1-x2

(D) Tim diéu kién dé A c6 nghia. (2 Rut gon A.
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V3

(3 Tinh gia tri ctia A khi x = 5
+

@) Tim x dé VA > A.

=

# Loi giai.
(1) biéu kién d€ A c6 nghia:
1-x=0 x=<1
1+x>0 o< x>-1 o-1<x<l1. (*)
1-x2>0 -1<x<1
Viy, didu kién ton taicia A la —1<x < 1.

(2) Bién d6i biéu thiic vé dang:
A VA-x)1+x)+3 vV1-x2+3 V1-x24+43 V1-x2 Jisx
= : = . =v1-x.
V1+x V1-x2 Vitx  V1-x2+3

(3) Trudc tién, ta viét lai x dudi dang:
V3(2-v3)  2v3-3
“rVaE-vE) | 43

Khi d6, ta suy ra:

A=1/1-(2v3-8)=v1-2v8+3=1/(1-v3)’ =[1-V3|=v3-1.

@) PEVA>A, didukitnli: A<leVi—-x<lel-x<lex>0.
Vay, v6i 0 < x < 1 thi VA > A.

=2v3-3.

O
Vi du 12. Cho biéu thic: A = (x—3)1/ ——.
9—x
(1) Tim diéu kién d€ A c6 nghia.
(2) Riit gon rdi tinh gid tri biéu thic A khi x = 1.
& Loi gidi.
x x
R . =0 —_— =
(1) biéu kién d€ A c6 nghia: { 9- x2 = { (B8—x)(3+x) .
—x2#£0 B-x0)EB+x)#0
Lap bang xét diu tir d6 thu dudc x < —3 hodc 0 < x < 3.
Vay, diéu kién ton tai ctia A 1a x < —3 hoic 0 < x < 3.
(2) Tir két qué cau a), suy rax — 3 < 0, do d6:
x(x — 3)? x(3 — x)
— 3 3 — .
=3 e '\/ 2 \V@-0G+n  V 3+x
13-1 2 2
Thay x = 1 vao A, ta dudc: A = —1/ ( ):—\/j:—ﬁ.
3+1 4 2
(]

Nhén xét. Bai todn sé cé mét két qud sai néu cdc em hoc sinh khong ddnh gid diéu kién 0 < x < 3, ddn dén
sai lam trong qud trinh bién doi.
x(x — 3)? x(3 - x)
(3—x)(3+x) 3+x

A=(x-3)

Véi bién déi nhw vdy thi két qud cdu b) sé la A = ?
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¢ sU DUNG CAC PHEP BIEN DOI CAN THU'C BAC HAI GIAI PHUONG TRINH

Vi du 13. Véi gid tri nao cla x thi ta co:

@D v3x2=xv/3. 2 Va(l-3x)%2=(8x—-1)ya (véia >0).

# Loi giai.

(1) Tabién déi tuong duong: V3x2 =xv3 < |x|V3 e x| =x © x> 0.
Viy, v6i x = 0 ta c6 ding thiic da cho.

(2) Tabién ddi tuong duong:

Va(l-3x)2=Bx-1)vVa
< [1-3x1vVa=Bx-1)va
<|1-3x|=3x—-1 (doa>0)
©1-3x=0
1

SX = —.

1 .
Vay, v6i x = 3’ ta ¢6 dudc dang thuc da cho.

a
-2
Vi du 14. Giai phuong trinh: \/4x 9\/ a1 =6.
# Loi giai.
Ta bién d&i phuong trinh vé dang:
3 x—2
§v4x—8—9\/ 92 =6
3 1
@5-2\/35—2—9-5\/90—2:6
©3Vx—-2-Vx—-2=6
©2Vx—-2=6oVx—-2=3
ox—2=9
ox=11.
Vay, phuong trinh ¢6 nghiém x = 11. O

Nhan xét. Nhu vdy, véi phiong trinh trong cdu trén, chiing ta sit dung quy tdc dua mét thita sé ra ngodi
ddu cdn dé’bién doi no vé dang \/7 = g. Tdt nhién, chiing ta ciing co thé sit dung quy tdc dwa mot thita sé

~ A 9 A e 9. A?
vao trong dau cdn dé gidi, cu thé:

\/4x —(4x 8)=3vx
3 81(x 2) —
9\/ TE \/ 31 =Vx-2.

Xong cdch bién déi kiéu nay rdt thu dong.

Vi du 15. Giéi cac phuong trinh sau:
D 1 1
VaZ+l+x Va2+1l-x

& L gidi.

+2=0. ) 2x—5a\/x—a+2a®—2a =0, véia > 0.
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(1) Bién d6i phuong trinh vé dang:

\/x2+1—x—(\/x2+1+x)

+2=0
(\/x2+l+x) (\/x2+1—x)
—2x
Pr1a2 270
& —-2x+2=0
&2x=2
sx=1.

Vay, phuong trinh c¢6 nghiém x = 1.

@ bitt=\x—a,ditukitnt=0.Suyrat’?=x—aox=t>+a.
Khi d6, phuong trinh c6 dang:
2[t2+a) —5at+2a®-2a =
o2t —5at+2a2=0
©(t—2a)(2t—a)=0

N t—2a=0
2t—a=0
t=2a

<2
2
Vi—a=2a

© \/ng
x—a=4a?

= a2 (d0a>0)
x—a=—

4
x=4a’+a

< a?+4a
x =

4
a?+4a

Vay, phuong trinh c¢6 hai nghiém x = 4a® +a va x =

4

Nhan xét. Nhu vdy

(D) Véi phuong trinh trong cdu a), chiing ta st dung phép quy dong cuc bé vi nhdn thdy mdu sé ciia phédn

s6 thit nhdt la lién hop ciia mdu sé ciia phdn sé thit hai.

(2) Viéi phuong trinh trong cdu b), chiing ta sit dung phép dct dn phu dé’ nhén duoc mét phuong trinh bdc
hai, tiv do sit dung kién thiic vé phdn tich da thitc thanh nhédn i dé"bién doi né vé dang tich va nhdn

a . . )
duoc hai nghiém t =2a va t = 3 (luu ¥ rang cd hai nghiém nay déu théa man t = 0 do gid thiéet a > 0).

(® BAITAPTY LUYEN

Bai 1. So sanh cac cap so sau:

@ 4v7 va3v13. 3 Z‘/EVQS\/?
4 .
@ 5v11 va 3v21. @ A
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# Loi giai.
(1) Ta c6:
4/7=v42.7 \/11

3v13=v32.13 = V117.
Véy,taduoc4\/_<3\/_.

) Tacé: 5v/11= V52 = /275,
3v21=v32.2 \/18
Vay, ta dudc 5\/_ 1>3v21.

(3) Ta co:
3 3)\2 45
V5= —| -5=4/—,
4 4 16

4 4)2 112
—VT=y/|=]| - T=1/=.
9‘/_ (9) 81

3 4
Vﬁy, ta dlIQC Z\/g > 5\/7

(@) Ta co:
4(v7 3 4(v7 3
4 (V7+V3) :(\/_+\/_):\/7+\/g
VivB (VI-VB)(Viiv3) 1-3
3(v6 3 3(v6 3
3 _ (vV6+v3) :(‘/_+‘/_):\/é+\/§_
V6-v3 (V6-B)(V6+v3)  6-3
4 3
Vay, ta dudc > .
SAVE G SV RN
(]
P 15 4 12
Bai 2. So sanh cic cip sb sau: A = + vaB= +v6.
P Ve+1 ve-2 " 3-vE
# Loi giai.
Ta co:
_ 1 4
V6+1 V6-2
. 15(v6-1) . 4(v6+2)
(Ve+1)(v6-1) (V6-2)(v6+2)
_15(\/6—1)+4(\/6‘+2)
- 6-1 6-4
=3(v6-1)+2(v6+2)
=5v6+1.
12
B= +v6
3-v6
_ 12(3+V6)
(5-V6)(3+ V6)
_12(3+V6)
. 9-6
=4(3+8).
Vay, ta dugc A < B. a
Bai 3. Truc cin thiic § mau:
Th.s Nguyén Chin Em 49 https://emncischool.wixsite.com/geogebra



https://www.facebook.com/groups/GeoGebraPro/ Tai liéu tw hoc Todn 9 - HKI

1-ava va+3++va-3
A= . _
© 1-va ®c Va+3-va-3
- __ V2
®B_\/E+\/§—z\/§' @D_1+\/§—\/§'

# Loi giai.
l-ava (1-va)(1+va+a)
1-ya 1-Va

1 1
VI8+V8-Vv22.2 VI8

=1+\a+a.

(@) Taco: A=

(2 Taco:B=

(3) Ta co:

(Va+3+va-3)(vVa+3+va-3)
(Va+3-va-3)(vVa+3+va-3)
(Va+3+va—3)
(a+3)—(a—-3)
a+3+2vVa+3vVa-3+a-3
- a+3—-a+3
_2a+2Va%-9
6

(@) Ta co:

p._ V2
1+v2-v3
V2(1+v2+V3)
(1+v2-V3)(1+v2+V3)
_V2(1+V2+v3)
(1+v2)°-3
_V2(1+v2+V3)
(1+2v2+2)-3
V2(1+v2+V3)

B 22
_1+v2+V3
=

Bai 4. Riit gon biéu thiic:

1 @B:\/iu_\/ﬁ—z
VT-2V3 VT+2V3 V2-1 1-v2

# Loi giai.

DA

D Taco: A= VT+2V3+VT-2v3 _ 2VT  2V7
T (V7T-2v8)(VT+2v8) T-43 5
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(2) Ta co:

CV2+1+V2-2 2V2-1 (2v2-1)(V2+1) 2.2+2V2-V2-1
o VE-1 o V2-1 o (V2-1)(VE+1) 2-1
=3+V2

B

Bai 5. Véi gia tri nao cta x thi ta co:
@ VT7x2=-xV7. @2 Valx—2)2=(2-x)ya (véia > 0).
# Loi giai.

(1) Ta bién d6i tuong duong:
VTx2=—-xVT o |x|VT=-xVTo|x|=-x o x<0.

Vay, v6i x < 0 ta c6 dudc dang thifc da cho.

(2) Ta bién d6i tuong duong:
Vax—-22=2-x)Vae|x-2|yV/a=2-x)V/ae|x-2/=2-x2-x<0x=0.

Vay, v6i x = 2 ta c6 dudc dang thifc da cho.

Bai 6. Chiing minh rang:

va 3 Vb _a+b

a-vb arvh a-b

®(aﬁ+b)(\/ﬁ+ﬁ) ab+ b2~ 2Vab?
a-b a(a+2\/5)+b

®

viia,b>0vaa#b.

=b,v6ia>b>0.

# Loi giai.
(1) Thuc hién phép quy dong mau sb cho vé trai (VT), ta dugc:
B G VAR R VG
va-vb va+vb  (ya-vb)(va+ve) @b

(2) Nhén xét rang:
o 8)_Vilo )2

a—b a—b
abib_avaps ||V -2vave+ (‘/5)2]

a(a+2\/3)+b ) a2+2a\/5+(\/5)2
Do do:
’ 0\/5(a+\/5(\/5+\/5) \/5(\/5—\/5) b(\/a+\/5 \/5—\/5)

VT = . = =b.
a-b a+vVb a-b

vb(va-vo)
a+vbh

Bai 7. Giai cac phuong trinh sau:
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1
@ \/4x—16+\/x—4—§\/9x—36:4. @ V9x—9-V4x—4+v16x-16-3vVx—1=16.
# Loi giai.

(1) Bién ddi phuong trinh vé dang:
2Wx—4+Vx—-4-vVx—-4=4o2Vx-4=4oVx—-4=20x-4=4x=8.

(2) Bién ddi phuong trinh vé dang:
3Vx—-1-2Vx—-1+4vVx-1-3Vx-1=162Vx-1=16vVx—-1=8

ox—1=64 o x=065.

([
Bai 8. Giai cac phuong trinh sau:
1 1 2x 2x
- +2=0. - =Vv5+1.
®\/x+1+1 Va+1-1 ®\/5—\/§ V3+1
# Loi giai.
(1) Bién ddi phuong trinh vé dang:
Va+1l-1—-(vVx+1+1 -2 2
° WVeritl) o pe 12=0e-=26x=1
(Vx+1+1)(Vx+1-1) x+1-1 x
Vay, phuong trinh ¢6 nghiém x = 1.
(2) Nhan xét rang:
2 2x (V5 +v3 2x(V5+3
s 2(EeVE) 2B oo
V5—v3 (V5-3)(v5+v3) 5-3
2 2x(v3-1 2x(v3-1
o251 2(VEen) oo
vV3+1 (V3+1)(v3-1) 3-1
Do d6, phuong trinh dudc chuyén vé dang:
x(VB+V3)-x(V3-1)=vh+1lox(VE+vV3-V3+1)=V5+1
@x(\/5+1):\/5+1<:>x:1.
Vay, phuong trinh c6 nghiém x = 1.
O

Bai 9. Giai cac phuong trinh sau:
@ 2x—TyZ+5=0. @ x—-6vVx—3-10=0.
# Lo gii.

D Pitt = +/x, diéu kién t = 0.
Khi d6 phuong trinh c6 dang: 2t2 — 7t +5=0< (¢t - 1)(2t-5)=0

f-1=0 [tzl [\/97:1 x=1
2%-5=0 f=2 _2 _ 20
2 VE=g YT

Vay, phuong trinh c6 hai nghiém x=1vax = R

) bitt=vx-3,diéukiént>0.Suyra: t?=x—-3 o x=t2+3
Khi d6 phuong trinh c6 dang:
t+1=0 (vOnghiém)

24+3-6t-10=0t2-6t-7T=0o(t+1)(t-7=0< o0
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ot=TeoVx—-3=Tox-3=49 © x=52.
Vay, phuong trinh c6 nghiém x = 52.

O
. 24 2x +
Bai 10. Cho biéu thiic: A = 1 V*__ 28T VX
x—yx+1 Vx
(1) Tim diéu kién d€ A c6 nghia. (2) Riit gon A. (3) So sanh |A| v6i A, biét x > 1.
@) Tim x d€ A = 2. (8) Tim gi4 tri nhé nhét cia A.
# Loi giai.
x>0 x>0
(1) Piéu kién dé A c6 nghia: S 1\2 3 < x>0.
x—yx+1#0 (\/_——) + =
2 4
(2) Nhén xét rang:
x2+\/9_c:\/9_c(x\/§+1):\/o_c[(\/3_c)3+l]:\/a_c(\/a_c+1)(x—\/a_c+1).
2x+vx = x(2vx +1).
Do d6, biéu thiic A dudc bién ddi vé dang:
VE(Vx+1)(x—vx+1) Vx(2vx+1)
A= - +1= +1)-(2Vx+1)+1=x—/x.
e D = R ) - (V) = VR
(3) Nhan xét rang, v6i x > 1, tacongay: x> /x o x—/x >0 A>0=>|A|=A
@ PEA =2, didukitnla:x—y/x=2ox—/x—-2=0.
bit ¢ = /x, diéu kién £ = 0.
Khi do, phuong trinh c6 dang:
9 t+2=0 (vOnghi€m)
t“—t-2=0(+1)t-2)=0< ot=2
t—2=0
o Vx=2ox=4.
Vay, diéu kién 12 x = 4.
12 11
Taco: A=x— = - —==—-.
(5) Tacéd x—/x (\/_ 2) 1271
1 1 1
Do d6 Ay = ——; dat dugc khi: /x—=—=0ox=-.
4 2 4
O
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a6,  RUT GON BIEU THUC CO CHUA CAN BAC HAI

@ TOM TAT Li THUYET

DPé riit gon biéu thitc co chita cdan bdc hai ta thuc hién theo cdc budc:
BuGc 1: Thuc hién cac phép bién ddi don gian:

(1) Pua mot thira s6 ra ngoai dau cin.
(2) Pua mot thira s6 vao trong diu cén.
(3) Khit mAu ctia biéu thiic duéi diu cin.
(@) Truc cin thic ¢ mau.

Budc 2: Thuc hién phép tinh.
Tacé két qua: aVA—bVA+cvVA+d=(a-b+c)VA+d v6iA=0vaa, b, c,d€R.

(® CACDANG TOAN
€) THYC HIEN PHEP TINH RUT GON BIEU THU'C CO CHUA CAN BAC HAI

Vi du 1. Thuc hién phép tinh:

2 1 2
® 88~ VT-5/3 + VB0 AR

& L gidi.

(1) Ta bién dai:

3\/§—\/E—5\/§+\/%:3\/ﬁ—\/ﬁ—5\/22:2+ 25-2
:6\/5—3\/_—2\/§+5\/§
5
:(6—3—§+5)\/§

_11V2
===

(2) Tabién déi tiing thanh phan trong biéu thic:

2
%=%=\/§;/fidﬁ):/tisﬁdungpil/é_pptjftichti s6.
1 3+Vv2 3+Vv2
B2 (BvaWErvm 82 VTV
2 _3-1 _(\/§—1)(\/§+1):\/§+1‘

V3-1 §/§—1_1 V3-1
Nhu vay: — —

2
V2 V3-v3 V3-1

=v2-(V3+v2)+v3+1=1.

O
Nhén xét. Nhu vdy, vdi yéu cau "Thuc hién phép tinh" ciia cdc biéu thitc chita cdn bdc hai chiing ta cdn
linh hoat sit dung bon quy tdc bién doi da biét, cu thé"

— O cdu (), chiing ta da si dung quy tdic dua mét thita sé ra ngoai ddu cdn cho 3v/'8, V18, v/50. Con
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3 ]- A 7 A 5 A7 N 2 A . ~ . P 2
doi voi 5\/; ta bién doi no vé dang mau so binh phuong la 51/ % tat nhién ciing co thé bien doi:

— O cdu @ méi thanh phdn déu cé nhiéu cdch bién doi, cu thé’ngoadi cdch da trinh bay trong 1oi gidi

trén chiing ra con cé thé thuc hién nhu sau:

2 2\/‘ 2\/‘

1 3 2 3—v2 3+v2
A A va-va V2
2 2(V3+1) _(v3+1)

V3-1(v3-1)(vV3+1)

Vi du 2. Thuc hién phép tinh:

@A:15(\/§+\/§). @ B \/\/_+\/§ \/ﬁiﬁ

# Lo giai.

3 5 1 1 8

() Taco: A= 15(\/j+ \/j) = 15(—\/15+—\/15) =15.-—+v15=8v15.
5 3 5 3 15

(2) Ta c6 thé lam theo hai céch:

— Cich 1: St dung phuong phap quy dong mau sd, ta co:

VIi-VB  [VI+VB _VVI-VB V7+V6
Vieve Y VI-v6 /VT+V6 /VT-V6
(VY- V8) - (VVi+ o)

= =-2v6.
VVT+V6-\/ V-6
—— Céch 2: St dung phuong phép truc cin thic 6 mau, ta co:
2 2
Vi-ve  [Vieve_ | (VI-vB) (V7+V8)

ViV \Vi-ve || (Vi+VB)(VI-VE) | (Vi+V8)(VT-V6)
(V- V8] ~ (VI +VE)} = V- VE— VT~ VG = 216

(]
Nhén xét. Cdc em hoc sinh cdn phdi linh hoat trong viéc lua chon cdch bién déi. Trong nhiéu bai todn viéc

truc cdn thiic & mdu sé lam cho cdc buoc quy dong don gidn hon nhiéu.

Vi du 3. Rut gon cdc bi€u thiic sau:

@) A =2v3x+v27x — vV8x +v50x + /x. @B:\/7+,/_+ \/y v6i x, y > 0.

& L gidi.
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(1) Ta bién dai:

A =2V3x+3V3x—2v2x+5V2x +/x
=(2+3)V3x+(-2+5)V2x + Vx
=5V3x+3V2x +vx
:(5\/§+3\/§+1)\/9_c.

(2) Véi x, y > 0 ta bién d6i:

xy x [xy
B=\/—5+Vxy+-1\/—5
Y yvx

= VB VB
|l ]y

1 x
= = VEy+ VA + —EY
y Xy
1 1
= (—+1+—)\/x_y
y y
3 (y+2)/xy
—y .

O
Nhén xét. Nhu vdy, vdi yéu cdu "Riit gon" cdc biéu thiic chita cdin bdc hai chiing ta vén linh hoat sit dung
bén quy tdc bién doi da biét. Tuy nhién trong cdu b) chiing ta luu ¥ téi Va2 = |a|, tie do thuc hién thém viéc
phd ddu tri tuyét doi.

2 2
, . S 5+2v6 5-2v6
Vidu 4. Ching minh rang: ( ve ) ( ve

i) m) =4V6.

# Loi giai.

Nhan xét rang:
5+2v6= (V3] +2v8v2+(va) =(vB+va|
5-2v6=(V3) ~2v8va+(va) =(v3- V3

2

Suy ra:
5+2v6 (V3+ \/_) ) 2
(IM) (VL) < (v e -5e2
5-2v6 (V3-v2) )2 AR
(\/_\/_)(\/_\/_ (V3-v2) =5-2v6.
Dodé VT =5+2v6—(5-2v6) =46. O

Nhén xét. Doi vdi biéu thiic da cho, néu khong khéo léo ddnh gid dugc 5+2v/6 = (V3 + \@)2 va5-2v6 =
(V8- \/5)2 ma thuc hién phép nhadn lién hop dé’khit mdu thi sé nhdn duogc két qud rdt phitc tap.
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Vidu5. Choa, b, c,d, A, B, C, D la cic sb thuc duong thda man:
a b ¢ _c
A B C D
Chiing minh rang: vVaA +vbB+VcC+VdD =\a+b+c+d)(A+B+C+D).

.

& Loi gidi.

a=At
DVt_a_b_C_C b =Bt
at —Z—E—E—E,suyra c=Ct -
d =Dt

Khi d6 dang thiic dugc viét lai dudi dang:

VA2t + /B2t +/C2t+\/D2t =/(At + Bt +Ct + DtYA+B+C + D)
S(A+B+C+D)Wt=(A+B+C+D)Vt (ludn ding).

Vi du 6. Cho ba s duong x, v, z thda man x + y + z = xyz. Chiing minh rang:

VA+y2)A+22)— /1+y2 - V1+22 . VA +22)(1+42)— V1+22 - V1 +a2 .
yz zZx
VA +x2)(1+y2) - V1itaZ—/1+y2
xy

=0.

C

& L gidi.

1 1 . R
bita = —, b = —, ¢ = —. Ta dugc dang thiic diéu kién la:
x y z
1 1 1 a
—4+—+-=——obc+ca+ab=1 1).
a b c¢ abe

Va khi d6 dang thic can chitng minh c6 dang:

VA 4521 +e2)+ V(L +e2)(1 +a2) + V(1 +a2)(1+b2)
=(b+c)V1+a2+(c+a)V1+b2+(a+b)V1+c2.
Nhan xét rang:

1+a?=bc+ca+ab+a®=(a+b)a+ec).
1+b2:bc+ca+ab+b2:(b+c)(b+a).

1+czzbc+ca+ab+02:(c+b)(c+a).

Tir d6 suy ra:

VA +82)1+e2)=(b+e)/b+a)c+a)=b+c)V1+a2  (2).

Tuong tu ta co:

VA +e)1+a2)=(c+a)V1+b2.  (3)
VA +a2)(1+b2)=(a+b)V1+c2  (4)

Cong theo vé (2), (3), (4) ta nhan dugc dang thiic can chiing minh. O

, . 2 3x+3) (2vVF-2
Vidu7. Cho bi€u thc: P = [ 2Y%_ , VX 3% ;( v —1)
: Vx+3 Vx-3 x-9 Vx-3
] , 1
(D Ruit gon biéu thic P. @T‘lmxdéP<—§.
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(3 Tim gi4 tri nho nhét cda biéu thic P.

# Loi giai.

(@ Piéukién: 0 <x #9.
Ta co:

p_ 2VEGE-B)+Va(/x+3)-3x-3 2VZ-2-E+3

x—9 ' Vx—3
_2x—6yx+x+3y/x-3x-3 x+1
B x—9 Vx-3
_ -3yZ-3 Vx+1 -3(JZ+1) yi-3 -3
 x-9 Vx-3  x-9 Vi+l x+3
1 -3 1 -3 1
TacoP<—— < <——o© +—-<0
@ Tacs 27 Jx+3 2 Ji+3 2
—6++/x+3
o ————<0eoyVx-3<0oV/x<30<x<9.
2(y/x+3) ve ve
1
VéyvéiOSx<9thiP<—§.
3) Taco P 3
acoP = .
Vx+3
1 1
Nhanxét:x20©ﬁ20©ﬁ+323¢>\/3_C+3S§
o \/3_:4_3 >—-1< P =>-1. Vay, suy ra P,;,;,, = —1 dat dugc khi x = 0.
O
Vidu 8. Tinh gi4 tri cua biéu thiic: S atl t do6 a la nghiém duoc la phuong
1du 8. Tinh gia tri cua biéu thuc: S = , trong d6 a la nghiém ng cua phuon
Va*+a+1-a?
trinh: 4x2 + v2x-v2=0. (1)
# Loi giai.
Phuong trinh (1) ¢6 hai nghiém trdi diu nén ta c6: 4a%+v2a -2 =0, véia >0.
9 l1-a 1-2a+a?
Suyraa“® = vag* = ——
2v2 8
Khi dé:
a+1 1-2a+a%2+8a+8 1-a
S = :\/a4+a+1+a2:\/ +
Va*t+a+1-a? 8 2v/2
a+3 1-a
= —+ :\/5_
2V2  2v2
(]
. 1- 1+
V1’du9.Chobiéuth1’Ic:P=( “‘/a+\/a)-( “‘/E—\/a).
: 1-va 1+a
(D Riit gon biéu thiic P. (2 Tima d€ P <7-4V3.

# Lo giai.

(1) Piéukién: 0 <x # 1.
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Ta co:

P:(l—a\/ah/a)_(ua\/a_\/a)

1-va 1++va
(A= Va)1+a+a) 1+Va)1-Va+a)
_( 1-va +\/E)-( 1+\a ~Va

=(a+va+a+va)l-va+a-+a)
=(1+2Va+a)1-2va+a)=1+va)(1-va)l=(01-a)

@ Tac6P<T-4vV3o(1-a)?<4-2-2V3+(V3)2 o (1-a)?<(2-V3)?
o -2+V3<1-a<2-V3oV3-1<a<3-V3.
Viy vi vV3—-1<a<3—-v3thiP<7-3.

O
o 2 1 1
Vi du 10. Chobiéuthl’rc:A:I:(x+ pYERL Ve
i xvx—-1 x+yx+1 x-1
(1) Tim tap xéc dinh cua A. (2) Riit gon biéu thiic A. (3 So sianh A véi 3.
# Lui gidi.
x=0
(1) biéu kién dé biéu thiic A cé nghia: { xv/x—1#0 @{ x>0 )
x#1
x—1#0
(2) Taco:
A1 x+2 N Vva+l - Va+l
x/x—-1 x+yx+1 x-1
_1. x+2 N vVa+1 Ve+1
WD+ v+l x+vx+1 (Vx+DGVa-1)
_1. x+2 N Ve+1 1 ]
T Va- D+ Va4l x+vx+l Jx-1
1. 2+2+Gx+1DHx-1D)—(x+x+1)
T (Va—1Dx+yx+1)
_1. x+2+x—-1-x—yx-1
T WE-D+ VE+1)
L xvE
(V=D +Va+ 1)
_1. Va(yx—1) _x+yx+1
Tl WE D+ VE+D] T vaE
@XéthiéuA—S——x+\/§+1—3—x+\/§+1_3ﬁ—(\/a_€_1)2
' VX vx Ve oo
(Vx-12=0 PN 2
Nhén thdy: { x>0 @{ (Vx 01) =0 @W—I)EO.
O<x#1 V> v
Dod6A-3=0oA=3.
O
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Nhan xét. Ta c6 thé thuc hién riit gon biéu thiic A vdi cdch khdc nhu sau:
Ddt Vx=a,0<a #1. Ta duoc

a?+2 a+1 a+1
A = 1: + -
at-1 a?24+a+1 a2-1
1 a®+2 ,_a+l 1 ]
- T @-D@®+a+1) a?+a+1 a-1
[ a’-a
= 1:
[(@-1)(a2+a+1)
B a?+a+1
B a
x+yvx+1

Thay a = v/x vao biéu thitc A, ta dugc A =
VX

Chiing ta da biét

(A+B+C)2=A2+B2+C2+2(AB+BC+CA).

. Viéc chiing minh xin danh cho ban doc, con trong muc nay ta sé di vao khai thac nd, cu thé:

(1+1+1)2 1+1+1+2(1+1+1)
a b ¢ a2 b2 (2 ab bc ca

1 1 1 a+b+ec
—2+ﬁ+—+2-—

, (D)

a c? abce
Nhu vy, néu c6 diéu kién @ + b + ¢ = 0, ta sé nhan dugc
(1+1+1)2_1+1+1©1+1+1_ 1+1+1 @)
a b ¢c)] a? b2 2 |a b ¢ a? b2 c?

Khi d6

— Néu thay ¢ = —(a + b), ta sé€ nhan dugc

1+1 1] 1+1+ 1 3
a b a+b| a2 b2 (a+b)?

%

— Néu thay a, b, ¢ bdi bd ba s , ta s& nhan dugc

O>
Q|-
S| =

|
—_——

| =

+

| =

ab a?b?
a+b- :\/a2+b2+(a+b)2. (4)

Yéu chu: Cic em hoc sinh sit dung y tudng trén dé khai thac cho cic hing dang thiic:
(A+B-C)2=A%2+B?>+C?+2(AB-BC-CA).
(A-B-C)?=A%2+B2+C?>+2(-AB+BC-CA).
(A+B+C)®, (A+B-0)%.

Vi du 11. Ruit gon biéu thic

S = 1 + 1 + i+i+;
a2+ (@+b)2 | at b* (aZ+b2)
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# Loi giai.
St dung (2) bing céch thay @, b, ¢ bdi bd ba sé a2, b2, —(a? + b?), ta sé nhan dugc

1+1+ 1
at b% (aZ+0b2)

1,1 1|1 1 1
a2 b2 a2+b2| a? b2 aZ+b2°

Khi d6 S dugc chuyén vé dang

»n
|

1 N 1 +1+1 1
a2+b2 (a+b)? a2 b2 a?2+02

1 N 1 N 1
a2 b%2 (a+bd)?

1 1 1

a b a+b

, theo(3).

Vidu 12. Cho a,b,c 1a cac s6 hitu ti d6i mot khac nhau. Chiing minh ring

g 1 1 1
“\V@-b)2 (b-¢)? (c-a)

1a sb hitu ti.

;én Loi giai.

St dung (2) bﬁng cach thay a, b, ¢ bdi bd ba sé (a — b),(b — ¢),(c —a), ta sé nhan dudc
1 N 1 N 1 .

a-b b-c c-a

Vay S 1a s6 hitu ti do gi thiét a, b, ¢ 1a cac sb hitu ti d6i mot khac nhau. O

-

Vi du 13. Cho biéu thiic

S—\/1+1+1+\/1+1+1+ +4/1+ ! +1
" 22 32 32 42 (n-12 n?

@ Tinh 82016.

(2) Chitng minh rang véi moi n = 3 thi S, 1a s6 hitu ti nhung khong thé 1a s6 nguyén.

.

# Loi giai.

@ Tinh Sg9p16.
St dung (2) bang cach thay a, b, ¢ bdi bd ba sd 1,(n — 1), —n, ta sé nhan dudc

1 1 1 1 1 1
1+ +—==1+—-—|=1+——-—
(n—1)2 n2 n-1 n n-1 n
Tur d6 suy ra
1 1 1 1
Sn:(1+———)+ 1+———)+ +(1+———)
2 3 3 4 n-1 n
1 1 1 1 1 3
=1+14+--+1+--—=n-2)-14-——=n————.
2 n 2 n n 2

1 3 2010513

Suy ra Sog16 = 2016 — 2
oy 18 52016 2016 2 1003
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(2) Ching minh ring véi moi n = 3 thi S, 12 s6 hitu ti nhung khong thé 1a sé nguyén.
Dé thiy ngay dudc khang dinh “S, 1a s6 hitu ti nhung khong thé 1a sb nguyén”

(]
€> GIAI PHUONG TRINH
, . 1
Vi du 14. Giai phuong trinh 3v/2x — v'18x3 + 4\/§— Z\/ 128x = 0.
# Loi giai.
biéu kién x = 0.
Bién d6i phuong trinh vé dang
3V2x—3xV2x+2V2x-2V2x =0 3vV2x(1-x)=0
V =0 R
20 = N thda man diéu kién.
1-x= 0 x=1 i
Vay phuong trinh ¢6 cac nghiém x =0 vax = 1. a
, L 2y/x=T 3Vx-5
Vi du 15. Giai phuong trinh \/_% +yx— \/_% =1.
# Loi giai.
biéu kién x = 0.
Phuong trinh da cho tuong duong
2 7 3 5
3 x——+\/_——\/3_c+—:1
2 7 5
= +1-— 1+—--=
(3 ) vas 3 2
1 5
& —Vx=-
6 6
o Vx=5ox=25.
Nghiém cuia phuong trinh 1a x = 25. a

Vi du 16. Tim tit ca cic sb hitu ti x d€ s6 P = Va2 + 19x + 93 12 s6 hitu ti.

£ Lo gidi.
Ta c6 két qua “Néu x,y € Q thi x — y € Q”, tlr d6 suy ra

Vax2+19x+93-x=y€eQ.
Khi do, ta dugc

VaZ+19x+93=x+y = 22+ 19x+ 93 = 2% + y% + 2xy = x(19 — 2y) = y* - 93.

Ta xét hai trudng hop

19
. 5 L 2 A
e Trudng hgp 1: Néu 19 — 2y = 0, khi d6 ta dugc , hé nay v6 nghiém.
( ) ~93
e Trudng hop 2: Néu 19 — 2y # 0, khi d6, ta dudgc x =
19—2y
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o y?-93 19 )
Th lai, v6i x = =———, va y # —, ta cé:
19-2y 2

2 2 2
—93\% 19(y2-93
V2 +19x+93 = \/(y )+ 7=93) g3

192y 192y
_ |y*—388y%+547y? - 353y + 8649
- (19-2y)?
(y2—19y+93)2
(19-2y)?
2 _
y 19y+93€@.
|19 —2y]
) y?-93 .
Vay, véi cac sO x ¢ dang x = , va y # — thda méan diéu kién da cho. O
19 -2y 2
(® BAITAP TV LUYEN
Bai 1. Thuc hién cac phép tinh:
_ _Ja_ 2
® A=16+2/5-/6-2/5. @0:12(\/g+\/g).
D=V72+4,5 922 _ /51 2V27
@ B=\T+4/3-7-4/3. @ D=vT12+454/25-1/55+2V2T.
# Loi giai.
(1) Ta co:
A = \/1+2\/5+5—\/1—2\/5+5
= Va+ver-ya- vy
= 1+V5-(vV5-1)
= 2.
(2 Tacod
B = \/7+4\/§—\/7—4\/§
= \/4+2-2\/§+3—\/4—2-2\/§+3
- Ve+var-ye-vay
= 2+V3-(2-V3)=2V3.
(3) Taco

C = 12(\/;“/5)

4v3 +12V3 = 16V3.

Bai 2. Riit gon biéu thiic
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1 1

A= - +1.
@ Va-1 x+1
10—«
B=\x-2+ .
@ v Va+2

# Loi giai.
(1) Piéu kién xdc dinh 0 <x # 1.

A =

2 1 NE
T /x+3 vi-3 9-vx'

@D:\/@—\/§+\/%_y+2\/%

® C

(Vx+1) - (Vx-D+(/x-1)(yx+1)

(Vx-D(Vx+1)

2+x-1 _x+1

x—1

(2 Piéu kién xic dinh 0 < «.

T x-1

C10-x+(/x+2)(Vx-2) 10-x+x-4 6

VI+2 VI+2  Jx+2
(3) Piéu kién xdc dinh 0<x #3
C = 2__ + v
 VZ+3 Vx-3 B-v2)B+ V)
23— Vx)+(B+vx)+x
(B—vx)(3+ /x)
3 9
9«
(]
N e A 2, x—3\/.9_(2 9_x \/E_?) ﬁ+2
Bai 3. Cho biéu thic A = -1/: - .
ai o biéu thic ( P ) ((\/a_c+3)(\/o_c—2) +\/3_c—2 ii3
(D Rut gon biéu thiic A. (2 Tim x d€ A < 1.
# Loi giai.
x=0 x=0
@ Picukién{x—-9#0 <<{x#9
Va—2#0 x #4.
Ta co
A = x=3vx—(x—-9) 9-x+(/x—3)(Vx+3)—(Vx+2)(yx—2)
- x-9 ' (Vx +3)(y/x —2)
_ 9-3Vx 9-x+x-9-x+4
o x-9 T (Va+3)(Vx—-2)
_ =3(V/x-3) 4-x
B =9 T (Vx+3)(/x-2)
3 Vi+3_ 3
Vx4 3 Vx+2 Jx+2
@ béA<le 5 <leVx>leox>1
\/g_c+2 X X .

Vayvéix>1vax#9thi A<1.
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O
. 15y/x—-11 3v/x-2 2 3
Bai 4. Cho biéu thitc A = 2V¥—11  3ve-2 2vx+8
x+2y/x-3 1-yx x+3
. . 1 . 2
(D Ruit gon biéu thic A. @ Timx dEA = 5> (3) Chiing minh A < 3
# Loi giai.
o x=0
bicu kién
x #£ 1.
(@) Tacod
A 15ya-11  3yZ-2 2Va+3
S (WE-DVx+3)  1-vx  Jx+3
152 -11-(8vx-2)(vx+3) - (2yx +3)(yx - 1)
(Vx—-1(y/x+3)
B+ Tyx—2
(vVx—1)(vVx+3)
_ (Vx-1)(-5yx+2)
(vVx—-1)(y/x+3)
_ —byx+2
 Vx+3
0 1 -5vx+2 1 1 A
@DéA:—,tacéL:—éll\/Ezlox:—(théaméndléuklén).
2 Ji+3 2 121
1 1
Vay véix = ——thi A= —.
121 2
-5Vx+2 2 -17
® Xéthigu DYEr2_2_ LTVx
CVx+3 3 3(Vx+3)
Nhan thiy 3(v/x +3) > 0.
Dodéﬂ§0:>Asg.
3(vx+3) 3
O

Vva 1 )2(\/5—1_\/a+1
2 2va) \Va+1 a-1)

(D) Ruit gon biéu thiic A. 2 Tima d€ A = -2. (3) Tima dé A <0.

Bai 5. Cho bi€u thic A = (

# Loi giai.
a>0

(1) Diéu kién
a#l.

Ta co

A - (a—l)z_((\/a—1)(\/6—1)—(\/a+1)(\/a+1))
- \2va (Va+1)(ya-1)
(a—l)z_(a—Z\/a_+1—a—2\/E—l)

a—1
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l1-a

2 PEA<Oo

<0el-a<0eax<l.
a

Két hop v6i diéu kién, suy ra0 <a < 1.

va=1+v2
va =1-v2 (loai).

3) PEA=-2,tacod _a:—2®a—2\/5—1:0©
va

Vay a = (1+Vv2)°.

O
Bai 6. Chiing minh rang biéu thiic sau 1 hing s6 v6i moi gid tri x va y
P:( JE _2\/?c+\/§).x\/§—y\/7c
VEY =y Ay —x ) (Vx+5)?
# Loi giai.
Ta co
P Y S N M e Ve
VIVE=VD) VEGT-VE) (EryaR
B x+2‘/xy+y_
(Vx+/y)?
([
Bai 7. Giai cac phuong trinh
3 3
@D (Vx-3)4—vx)=9-x. ®) + =0.
( ) x+V2x3+1 x—-VvV2x3+1
Vd+x Vx+3
Vi+5 Vx-2
# Loi giai.
D) Piéukiénx=0.Tacod —x+7y/x—12=9—-x & T\/x =21 © x = 9 (thda man).
3 /1
N 2x°+1=0 x>—4/=
(2) Diéu kién ) 5 = 2
o204 120 (o +a+ 1) 20,
Ta c6, phuong trinh da cho tuong duong 6x = 0 & x = 0 (thda man).
R ) 23
(3) biéu kién xdc dinh x > 2, binh phuong hai ve, ta dugec x = 5 (khong thdéa man).
Vay phuong trinh da cho vo nghiém.
(]
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BAl7. CANBACBA - CANBAC N
@ TOM TAT Li THUYET
CAN BAC BA

e

Pinh nghia 1. Cin bic ba ctia mot sb a, ky hiéu ¥/a, 12 mot s6 ma liy thira bac ba clia né bing a.
x=vVaex®=a (suyra(Va)®=a).
Téng quat, v6i moi a € R ludn ton tai {/a.
— Néua>0thi ¥/a>0.
— Néua<0thi ¥a<0.
— Néua=0thi ¥a=0.

A Ta déu biét rang a® = b3 & a = b, do do, ta ghi nhdn két qud nhu sau

\3/5-% \/_bva% Z voi b #0.

Pinh nghia 2. Cin bic n (n € N,n = 2) ctia mdt s6 a, 12 mot ddy ma ldy thita n bing a.
Tong quat:

— Doi véi cin bac 1é n = 2k + 1: Moi sd déu c6 mot cin bac 1& duy nhit. Ciin bac 18 ciia sd duong
12 s6 duong, cia s6 012 0, ctia s6 am 12 s6 am.
Ky hiéu ?**/a la gid tri cta cén bac Ié.

— P3i voi cian bac 1é n = 2k: S6 am khong ¢6 cin bac chin. S8 0 ¢6 ciin bac chin 1a 0. S6 duong
c6 cian bac chan 1a hai s6 d6i nhau.
Ky hiéu %/a va — %/a (trong d6 %/a = 0) 1a gia tri clia cic cin bac chin clia mot s6 a khong
am.

(® PHUONG PHAP GIAI TOAN

€) THYC HIEN CAC PHEP TiNH V31 CAN BAC 3 VA BAC N

Vi du 1. Thuc hién phép tinh

@® —%-S/E—é/—_& @ (V-2+1)(V4+V2+1)

# Loi giai.
@ ,3/_%.3@_\3/__: 3 _%.18.(_3):3/ﬁ:3,
@(\/_+1)(\/_+\/_+1)—(\/_+1)[ \/_+1] (¥’ +1=-2+1=-1.
Nhan xét. Nhu vdy

1. Trong loi gidi cua cdu (), chiing ta sit dung két qud

Ya-Vb-{c=Vabe
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2. Trong loi gidi ciia cdu @), chiing ta dd sit dung hdng ddng thiic
a®+b% =(a+b)a®-ab+b% =(a+b)’-3abla+b)
Nhd rdng, ngodi ra ta con co:

a®-b2=(a-b)a®+ab+b%) =(a-b)®+3abla—0b)
(a+ b)3 =a® +3a%b +3ab? + b3

(@a—b) =a® —3a%b + 3ab? - b3

Vi du 2. Thuc hién cac phép tinh

@ (V3+ V2) (V9 - V6 + V4). @ (1-V3)2+1+V3)3.

# Loi giai.
@ A=(V3+V2)(V9-V6+V4)=(V3P+(V2)’=3+2=5.
@

B=(1-V3?+1+V3)3
=(1-V3+1+V3)2-301-V3)1+V3)(1-V3+1+V3)
=23 -3[1-(V3)*1-2=8-6+6V9
=2+6V9

Vi du 3. Thuc hién phép tinh

@ A= /81- 2T @ B=V7-4V/3+V2-3.

# L gidi.
@D A=V81-V27=V3-3-3-3-V3-3-3=0.

@ B=+v4-2-2V/3+3+v2-V3
B=1@2-V32+V2-v3=1V2-v3+V2-V3=2-1/2-3.

. VB-1
Vi du 4. Chiing minh ring ‘/_2 =/ V5-2.

# Loi giai.
3
5-1 5v5-15+3v5-1 8v5-16 5-1
’(\/_2 = \/_ 3 \/_ = \/_8 :\/5—2<3\/_2 :3 \/5—2.

Ta co

3
Vi du 5. Biét ring néu a = b thi a® = b3 va ngudc lai a® = b3 thi @ = b. Chiing minh ;/—E = i/%, véi

b#0.

Vb

# Loi giai.

Ta c6 (%)3 = E%;Z = % < \z/_;_l = i/% (dpcm).

=
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Vidu 6. Tinh gid tri bi€u thic

B= 3/1620+ 12V 17457 + §/1620— 12v'17457

# Loi giai.
D€ phép bién ddi dugc gon ta dit

= b1by = v/ 16202 — 12217457 = 48.

{bl = {/1620+ 12vI7457
by = 1/1620 — 12V17457

Khi d6
B= bl +bz
©B? = (b1 +b2)> = b3 + b3 +3b1ba(by +by)
<B3=3240+3-48-B = 3240 + 144B
<B3-144B-3240=0
<(B-18)(B?>+18B+180)=0<B—-18=0
<B =18.
Vay B = 18. a

Nhan xét. Nhu vdy, trong 10i gidi ciia bai todn trén dé'tinh gid tri ciia biéu thiic B, ching ta sit dung phép
liiy thita trong truong hop B la tong ciia hai biéu thitc lién hop. Phuong phdp dé dugc téng qudt nhu sau
Véi hai biéu thitc lién hop dang

Mi=+\a+bycviMs=1\a—-byec

Khi do, dé’tinh gid tri biéu thiic B = M1 + My, chiing ta thuc hién nhu sau

B3 = (M1 + M) = M3 + M3 + 3M1Ma(M1 + Ms)
—a+byet+a—-bve+3va2—b2¢-B
& B*-3Va?2-b%c-B-2a=0. (%)
T6i ddy, chiing ta thuc hién viéc gidi phuong trinh (%) sé nhdn duoc gid tri biéu thiic B.
Phuong phdp trén dugc md rong tuong tu voi B = M1 — M.
Véi két qud tim duoc B = 18, chiing ta thdy ngay vi du trén con cé thé dugc phdt biéu dudi dang “Chiing
minh rdang B la mot sé tw nhién.”

Chiing ta sé minh hoa bang bai todn sau

, ) ) N ; 125 125 . . ...
Vidu7. Chu’ngmlnhrangsoxz§/3+\/9+W—v-3+\/9+2—71amotsohufuty.
# Loi giai.

125
x1=3+1/9+—
27

= X1X9 = —.
=-3+14/9+ 125 3
¥2= V=" 97
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Khi do
x=x1—x—2
3 _ 3_.3 .3 _
©x” =(x1 —x2)” = x] — x5 — 3x1x2(x1 — x2) =6 —5x
ox3+5x—6=0
ox-DEX+x+6)=0
ox=1.
Vay ta dugc x = 1 1a sb hitu ty. O

r

Vidu$. Ch i/ a+1 /8a 1 \/ a+1 [8a—1
ox = .

Chiing minh rang véi moi a = g thi x 12 mot s6 tu nhién.

L

# Li gidi.

3 a+1 8a-—-1
20 -1

= X1X9 =

i/ a+1 [8a—1 3

Khi d6 x = x1 +x2 o x8 —(x1 +x9)3 :x‘?+x§—3x1x2(x1+x2):2a+(1—2a)x
ox3+@2a-1x-2a=0o(x-1x%+x+2a)=0
x=1

x’+x+2a=0"

=
Lt 22 <A 1 A A N 2 2 1A A 2
Véi gia thiet a = 3’ ta nhan thay phuong trinh x* 4+ x + 2a = 0 ¢6 biét s0 A = 1—-8a, do d6
.1 :
— Véia = 3 thi A = 0 nén phuong trinh ¢6 nghiém la x = 1.
— Véia > 3 thi A < 0 nén phuong trinh vd nghiém.

1 )
Viya = 3 thi phuong trinh ¢6 nghiém x = 1 la so tu nhién. ([

Vidu 9. Tinh gi4 tri bi€u thic

A=x3+15x taix= v/5(/6+1)- 4/5(/6-1).

# Loi giai.
3/

bat . , 5(\/g+1) =>ai1ag = \3/25(6—1 =5.

=V5(vV6-1)
Khi do
x:a1+a2©x3:(a1—a2)3:a:i—ag—Salaz(al—ag):10—3-5-x:10—15x
< x%+15x=10 & A =10.
Viay ta dugc A = 10. a

r

Vi du 10. Véi |a| > 2, hdy rit gon biéu thiic

P §/a3—3a+(a2—1)\/a2—4+ sla®—8a—(a?2-1)Va2-4

2 2

L

& L gidi.
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§/a3—3a+(a2—1)\/a2—4

bat 2 > MM, =1.
§/a3—3a—(a2—1)\/a2—4
2:
2
Khi do

P =M +Mjy < P3 =My +Ms)? = M3+ M3+ 3M1Mo(M1 + Ms) = a® - 3a + 3P
©P3-3P-a’+3a=0o(P-a)P?+aP+a®-3)=0 (%)
Véi gidi thiét |a| > 2, ta cé

2 3
P2+aP+a2—3:(P+g) +Z@?-4)>0
2 4

do d6, phuong trinh (x) tuong duong véi P —a =0 < P =a. Viy ta dugc P = a. a

Vi du 11. Chiing minh ring céc s sau 12 s6 vo ty

@D a=V4+ V2. @ b=1V3+ V2.

# Loi giai.
D a=Vi+V2oa®=(Va+ V2 = (V43P +(V2)2 -3V4-V2(V4+V2)=6+6a.
<a®-6a-6=0. (%),
S6 a 1a sb vo ti vi gid st tréi lai @ 12 s6 hitu ty thi @ phdi 1a s6 nguyén bdi né 1a nghiém ctia mot da thiic vé6i hé
s6 nguyén va hé sd bac cao nhit bang 1.
Mt khic ta thiy ngay
2<V4+V2<402<a<4=>a=3

tuy nhién, @ = 3 khong phai la mot nghiém ctia phuong trinh (x).

(2) Gia st trai lai b 1a sb hitu ty. Ta c6
b% =(V3+V2)’ = (V3)+(v2)’ ~3V3- VA(V3+ v2)=5+3V6b
o V6= b -

Diéu d6 ching td b 1a mot sb vo ty.

12 mot sb hitu ty - Vo Iy.

Nhén xét. Qua i gidi ciia bai todn trén, chiing ta thdy
1. Vdi cd a va b ta déu sit dung hdang ddng thitc dang

(x+ )2 =23+ —3xy(x +y).
2. Trong loi gidi ciia cdu a) chiing ta sit dung két qud “Moi nghiém hitu ti ciia da thitc vdi hé sé nguyén
a1 T+ taix+ag

déu la so nguyén.

3. Ta c6 dugc ménh dé tong qudt sau
“Néu a va b la cdc s6 tw nhién thi ¢ = /a + /b hodc la mot sé tw nhién hodc la mét sé vo ti.”
Thdt vdy, dé dang kiém tra duoc rang ¢ =
sqrt[3la+ Vb la mot nghiém ciia da thiic voi hé s6 nguyén dang
(x®—a—b)% - 27abx®

Do do, cdu b) co thé duoc trinh bay theo cdch sau

3
1<V3<=
Nhdn xét sau 222<\3/§+\3/§<3.
3 3
1< \/§<§

Gitta hai sé tw nhién 2 va 3 khong co sé tw nhién nao, do do suy ra a la sé vé ty (theo két qud trén).
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4. Chiing ta da biét cdc s6 \/2,/5,--- la cdc s6 vo ti. Tuy nhién, dwa vao nhdn xét thit 2 chiing ta co thé’
chitng minh dugc mot két qud tong qudt hon dwgc trinh bay trong bai todn sau.

Vi du 12. Chiing minh ring néu a va n 12 hai sé tu nhién, n > 2 thi {/a hoic 1a sé nguyén hoic 1a

mot sO VO ti.

# L gidi.

Gia st {/a khong phai 1a s6 nguyén. DE thiy ¢ = {/a 1a mot nghiém cia da thic v6i hé sd nguyén x™ — a.

Da thtic nay néu c6 nghiém hitu ty thi nghiém d6 phai 1a s6 nguyén. Nhung theo gia thiét {/a khong phai 1a s6 nguyén,
do d6 ¥/a phaila sb vo ty. O

A Dua vao két qud ciia dinh Iy trén chiing ta mdi cé thé khdng dinh dugc tinh diing ddn trong 10i gidi

cua nhiéu bai todn.

Vi du 13. Tim s6 xyz biét ring {/xyz = (x +y +2)*".

# Loi giai.
Ching ta xét hai truong hgp
Truong hop 1. Véin =1 vavix =1 nén
— Néuy=z=0thi {/xyz =100 ¢ N, trong khi (x +y +2)* e N- Vo ly.
— y+z=1lthix+y+z=2,suyra
(x+y+2)* =22¥=16>10= V1000 > {/xyz — Vo ly.
Viy, v6i n = 1 khong thda man.

Truong hop 2. Véi n = 0 ta dugc,

\3/W:x+y+zémz(x+y+z)3 (1)
Miit khéc ta thdy ngay
64 <xyz <1000 © 64 < (x+y+22)% <1000 © 4 <x+y +2z < 10. (2)

Ta c6 két qua “Néu a € N thi a® chia hét cho 9 ¢6 s6 dw la 0,1,8”, tit d6 suy ra

(x+y+2)2 chiacho9c6s6dula0,1,8

© Xyz chiacho9c6s6dula0,1,8.

& x+y+zchiacho9c6sddula0,l,8. (3)

Tu(2)va(3)suyrax+y+z=8hoacx+y+z=9.
Voix+y+z=8suyraxyz=(x+y+2)°>=8=512=(5+1+2)3 (thda man).

Véix+y+z=9,suyraxyz =(x+y+2)>=9%=729#(7+2+92)% (mau thuan).

Vay, ta dugc xyz = 512. O
Nhén xét. Loi gidi trinh bay tuong déi dai véi muc dich gitip cdc em hoc sinh khi tham khdo dé hiéu.
Pé’ly gidi “Tao sao em lai biét cdch chia hai truong hop n =1 va n =0 "chiing ta chi can ddnh gid don

gidn nhu sau

99 < xyz < 1000 (15t hon la 64 < xyz < 1000)
o 4<V/xyz <10

¢>4<(x+y+z)4n<10.
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Vi du 14. V6i mbi s6 tu nhién & > 0, chiing minh ring
(V2 +V3)%

ludn viét ducc dang ay + by V6 V6i ap, by nguyén duong.
Tim hé thuc xac dinh day (ap), day (bp) v6i k=1,2,3,...
Chitng minh rang v6i moi & = 2 thi ap_1-aps1 — 6b% 12 mot hang sb.

L

# Loi giai.

(D) Ta ching minh (vV2+ v/3)2k =y, + b, V6.
e V6i k = 1, ménh dé diing.
o Gi4 st ménh dé ding véi &, ta c6

(V2 + V3R D=0V VE VR _ (g, 1 ) V/B)(5 + 2V/6).

Do /6 12 s6 vo ty nén suy ra

aps1=5ap+12bp,1 =5ap,1+12(2a +5b;)

5
—Bay,q+12(2a, +5W = 10a).1 —ap Voial =5, as = 49.

Tuong tu ta cd bpo = 10bp 1 — by v6i b1 =2,bg = 20.
Tt d6 ta c6 cac hé thiic truy hoi xac dinh (az), (bp).

@ Tu (1), (2)tacé ap_1 =5ap —12by,.
Vay
ap-1-ap1—6b; = (5aj, —12b;)(5ay, + 12b;) — 6b2 = 25(a} — 6b%)
= 25(ap — V6by)ap + V6by)
=25(vV2 - V3)* (V2 +V3)* = 1% =

Nhu viy aj-1-aj41—6b2 =25, VE = 2.

O
4
I o2 ., _2
Vidu 15. Cho biéu thuc A = v
. W—l
(1 Tim x d€ A c6 nghia.
(2) Tim moi gia tri nguyén cia x dé A nhan gid tri nguyén.
# Loi giai.
@ A c6 nghia khi va chi khi =0 ©=0 {xEO O<x#1
¢6 nghia khi va chi khi = =8 o0=<x#1.
¢ Ye-120 " |Va#1" la#1
vVx—1-1 1
@TacéA:LZI— .
vx—1 vx—1
Tit 46, mubn A 12 mot sd nguyén thi ——— \/_ la mot s6 nguyén,
khi d6, V/x—1laubcsdclial © yx—1= il@x:IG,x:O.
Vay x = 16,x = 0 thi A 1a s6 nguyén.
O
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Nhan xét. Cdu héi hdn sé dugc ddt ra & day la “Tai sao can phdi sit dung dinh 1y thi 10i gidi mdi chinh
xdc?”. DEtrd 16i cdu hdi nay cdc em hdy bdt dau vdi truong hop
‘ 1 1 1
Néu {/x—1== hodc v/x—1=~=, --- thi
2 3 V-1
Vay tai sao trong loi gidi cua vi du trén khong xét nhitng truong hop nay, rat don gidn vi “néu x la so tw
nhién thi /x khong thé'la sé hitu ty.”

€> KHU MAU CHUA CAN BAC BA

van la so nguyén, do do A nguyén.

Phuong phap
— a+bcéliénhop 1a a? —ab + b2 va ngudc lai.

— a—bcdlién hop 1a a? + ab + b2 va ngudc lai.

Vi du 16. Khit cin thic § mau

1 6
@ 3 35" @ 3 3
V3-32 V25-V5+1
# Loi giai.
Thuc hién phép nhan lié€n hgp, ta co

1 V9+V6+ V4 _V9+V6+ V4

_ — :39 36 34'

V- - Voer Ver VD 3-2 Vo+ o+ Ve
3 3

® 6 6(V5+1) _6(\/5+1):%+1

Ve5-¥5+1 (VB+D(W/ZB-¥6+1) 5+l
O
Nhan xét. Nhu vdy, trong 10i gidi ciia vi du trén dé'thuc hién khit ccin thitc 6 mdu chiing ta sit dung phuong
phdp nhdn lugng lién hop. Tuy nhién, ta con cé thé trinh bay theo phuong phdp tdch, cu thé’
1 3-2 (V3-V2)(V9+V6+V4)
Ve VTR DERET
€) GIAI PHUONG TRINH CHUA CAN BAC BA

=V9+ V6 + V4.

Vi du 17. Giéi cac phuong trinh sau

@ V2x+1=3. @ Vx+1=vVx2-1.

# Lo giai.

D V2x+1=3o(V2x+1)2=332x+1=27T<x=13.
Vay nghiém cta phuong trinh la x = 13.

@ Va+l=Va2-lo@x+1)B3=(V22-1)

-_1
oxtlorl-lo@x+Da-1-1)=0e | ,
X =

Vay nghiém cla phuong trinh lax = -1 vax = 2.

Vi du 18. Gidi cac phuong trinh sau

@) x5 —5x3 -24=0. @ V2x+1-1=2x

« L gidi.
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3 3
X" =—- = —
D x6-523-24=0025+3x3 825 -24=0 0 (3 +3)®-8)= 0o | , . X . Viy phuong
x° = x =
trinh ¢6 nghiém 1a x = vV/—3;2.
@ V2x+1-1=2xo V2x+1=2x+1o(V2x+1)2=(2x+1)3
o 2x+1=2x+1)° o Q2x+D[(2x+1)2-1]1=0.
9% +1=0 2x+1=0 x:—§
= 9 12_1<» 2x-1=1 < x=0
(@x+1)" = 2 +1=-1 _
x=-1
. 1
Vay phuong trinh c6 nghiém la x = —5;0; -1.
O

(® BAITAPTU LUYEN
Bai 1. Thyc hién phép tinh

@D A = V64— /1000 - /8. 2 B=+V/-125- V128 - V2. 3 C=+V81-V27-3V3.
# Loi giai.

1) A=v64—-v1000—v/8=4-10-2=-8.

(2 B=+V-125- V/128—V2=-4+4V2-V2=3V2-5.

3 C=V81-v27-3V3=3V3-3-V3=-3.

Bai 2. Thuc hién phép tinh

D A=V(V2+1)3+2V2). @ B=(¥3-1B3+(V3+1)3.
@ C=(V3-1D)(V9+V3+1). @ D =(V3-V2)(V9+V3+V4)
# Lui gidi.

(@) Tacé

A= 3/(\/§+1)(3+2\/§): i/(\/§+1)(2+2\/§+1)

= %/(\/§+1)(\/§+1)2: i/(\/§+1)3
=v2+1

(2) Tacé
B=(3-1P2+(¥3+1)?°
=(V3-1+V3+1°-3(V3-1D)(V3+1)(V3-1+V3+1)
=(2V3)°-6V3(V9-1)=24-18+6V3=6+6V3.
@ C=(V3-1D)(V9+V3+1)=(V33>?-1=3-1=2.
@ D=(V3-V2)(V9+V3+V4)=(V3?-(V3)P°=3-2=1.

a
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Bai 3. Thuc hién phép tinh

@D A=(Ya+1?—(¥a-17° @B:E/_;;;_l. ® C=4{/1-x%+3x(x—1).
a‘“—+va+

# Loi giai.
@ A=[(¥a+1)—(Ya-DP+3(Ja+1)(¥a-DI(Ya+1)—(Ya-1D]=2°+6(Va2-1)=2+6Va>.

_ l+a A+ Va)VaZ-Ya+1)
VaZ-Ya+1 VaZ-Ya+1
B C=Y1-x3+3x(x-1)=V1-3x+322—23={/(1-x)3=1—-x.

2 B =1+ {a.

Bai 4. Giai cac phuong trinh
@® 2+ Vx+5=0. 2 3-V2x-T7=0.
B Vab+6xt=x2+2. @ Vx-1+1=x.
® Vx+5-Vx-5=1.

# Loi giai.

@D 2+Vx+5=00(Vx+53=(-2° ox+5=-8ox=-13.
Phuong trinh c6 nghiém la x = —13.

2 3-V2x-T=0=(V2x-12=3202x-T=27Tx=17.

Phuong trinh c6 nghiém la x = 17.

@ Vab+6xt=22+2 o (Vab +62%9)° = (22 +2)°
< x5+ 6x% =18+ 6x% + 1242 + 8 © 1242 + 8 = 0 (v0 nghiém).
Phuong trinh vd nghiém.

@ Ve-1l+l=xeox-1=x-12 o (x-D(x-1)2-1=0]
x=1
x—1=0
<> < x:2
x-12%=1
x=0.

Vay phuong trinh c¢6 ba nghiém x = 0;1;2

® Vx+b-Vx-5=1
o (Vx+5)2 =1+ Vx—5)3
ox+5=1+(x—-5)+3-1-Vx—-5(1+ Vx—5)
o Vx-5-Vx+5=3
< (x—-5)x+5)=27
o x?=52
< x=+v52.
vy nghiém ctia phuong trinh 13 x = +/52.
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CHUONG 2 HAM SO BAC NHAT

sit 1. NHAC LAI VA BO SUNG KHAI NIEM VE HAM
sO

@ TOM TAT Li THUYET

€ KHAINIEM HAM $O VA DO TH]
Pinh nghia 1. Mot ham s& f tir tip hop s6 X dén tip hop s6 Y 1a mot quy tic cho tuong

ting mdi gia tri x € X véi mot va mot gid tri y € Y. Ki hidu 12 f(x), x 1a bién sd, y = f(x) 1a gia

tri cua ham so f tai x.

€ TAP XAC PINH CUA HAM sO
Dinh nghia 2. Tip xac dinh cta ham s6 1a tap hop cic gia tri cia x sao cho biéu thiic £(x) c6 nghia.

Xuét phat tir dinh nghia trén ta c6 quy tic:
Mubn tim tap xdc dinh ctia ham s6 ¥ = f(x) ta phdi di tim tat c4 cdc gid tri cdia x sao cho biéu thiic f(x) c6
nghia.

€ HAM SO DONG BIEN, NGHICH BIEN
Pinh nghia 3.

(@ Ham s6 dong bién Ham sb y = £(x) 12 ham s dong bién trong khoang (a; ) néu véi moi x1;xs
thudc khoang (a;b) ma x1 < xg thi f(x1) < f(x2).

2 Ham s6 nghich bién Ham sb y = f(x) 12 ham s ddng bién trong khoang (a;b) néu véi moi

x1;x2 thudc khoang (a;b) ma x1 < xg thi f(x1) > f(x2).

A Trong dinh nghia trén, néu (a;b) la tdp xdc dinh ciia ham sé, ta noi rang ham sé dong bién

(hodic nghich bién) trong tdp xdc dinh ciia no.

(® CACDANG TOAN
€) SU XAC PINH CUA MOT HAM SO

Muén xét xem méi quan hé f tir tdp X vao tdp Y c6 phdi la ham sé khong, chiing ta thuong sit dung dinh
nghia ham sé dé dua ra 10i két ludn.

r

Vidu 1. Cho f 1a mdt quan hé ti tdp R dén tap R. Héi f c6 phai 1a ham s khong, néu:

(1) Béng cdc gid tri tucng Ung cta chung la:

x |—-4|-2,0 |1]3|5] 7
fx)| -9|-5|-1]1|5|9|13

(2) Bang cdc gia tri tuong ting cta ching la:

x |-6|-2|-1|0|1]1|3
fx)| 8 | 4| 2 |-1|1]86

(3) C6 cong thiic y? = 4x.

\

& L gidi.
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(1) C61a ham sb, béi vi mbi gia tri ctia x ta luon xac dinh dude chi mt gia tri tuong ting.
(2) Khong 1a ham s6, vi v6i x = 1 ta xdc dinh dugc hai gid tri khdc nhau ctia £(x) 12 1 va 6.

(3) Khong 12 ham sb, vi véi x = 4 ta dudc y? =4-4 = 16 & y = +4. tiic 13, v6i x = 4 ta xdc dinh dugc hai gid tri
khac nhau cua y la 4 va —4.

]
Vi du 2. Cho ham sb y = f(x) dudc cho bdi cong thiic f(x) = |2x — 3|.
@ Tinh f(-2);f(8).
(2) Tinh cac gia tri cia x ting v6i y = —1;y = 3.
# Loi giai.
(D) Talan lugt cé:
f(=2)=12(-2)-3|=[-4-3|=|-7|=1,
f(8)=|2x-3|=12-8-3|=]16—-3| =13.
(2) Talan lugt co:
— V6i y =—1thi |2x — 3| = —1, vd nghiém bdi |2x — 3| = 0.
Véi 3 thi [2% — 3] = 3 2x-3=3 2x=6 x=3
e e 2x-3=-3 |(20=0  |x=0.
O
Vidu 3. Cho ham s6 y = 3x — 1. Tim cic gi4 tri clia x sao cho
(@ y nhan gid tri am. (2) ¥ nhan gid tri 16n hon 5.
# Loi giai.
. \ 1
(1) D€ y nhan gid tri am didu kién A 3x—1<0 o 3x<lox< 3
1
Vay, véi x < 3 thi y nhan gid tri am.
(2) D€ y nhan gia tri 16n hon 5 diéukién1a3x—1>5 < 3x>6 < x > 2.
Viy, v6i x > 2 thi y nhén gia tri 16n hon 5.
(|

€ TIMTAP XAC DINH CUA HAM SO
Dé tim tap xéc dinh ctia ham s6 y = f(x), ta lya chon mot trong hai phuong phép sau:

— Phuong phap 1. Tim tap & cla x d€ x c6 nghia, tic 1a tim Z = {x € R|f (x) € R}.
— Phuong phap 2. Tim tip E cla x dé f(x) khong c6 nghia, khi d6 tap xac dinh ciaham s61a Z =R\ E.

A Thong thuong f(x) cho bdi biéu thitc dai sé thi

e e
@ Vi £ =1 gidu kign 10 { 1112 0 mhia
) fo@) £ 0.

f1(x) co nghia

(2 Vidi f(x) = %/ f1(x) (k € Z) diéu kién la
fl(x) >0.
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Vi du 4. Tim tip xdc dinh ctia cic ham s6 sau.

Dy=

x x
x2+1 @y=

# Lo gidi.

(1) Ham s6 xdc dinh khi 2% + 1 # 0 luon diing.
Vay tap x4c dinh ctia ham s6 12 Z = R.

, 0 0
@Hams()xécdinhkhix2—2x7£0©x(x—2);£0©{x¢ ©{x¢

x—2#0 X #2.
O
Nhan xét. (1) Cdc ham sé trong cdu a),b) déu c6 i s6 luén co nghia, do dé chi cdn thiét ldp diéu kién

cho mau so khdc 0.

(2) Trong cdu b), néu cdc em hoc sinh bién doi ham sé vé dang y =
khix—2#£0ox#2
Va do do tdp xdc dinh la 2 = R\{2}. Ddy la loi gidi sai vi phép bién doi ham sé khong phdi la phép

7 roi khdng dinh ham sé xdc dinh

bién doi tuong duong.

Vidu 5. Tim tip xdc dinh ctia cic ham s0 sau.

D y=v2-x. @ y=v3+x+v6—x.

# Loi giai.

(1) Ham s6 xdc dinhkhi 2—x >0 < x < 2.
Vay, tap xdc dinh ctia ham s6 12 & = (—o0;2].

. C]13+x=0 x=-3
(2) Ham s6 xdc dinh khi o & -3<x<6.
6-x=0 x<6
Vay, tap xdc dinh ctia ham sd 1a 2 = [-3;6].

(|
Nhan xét. Nhu vdy, vi du trén da minh hoa viéc tim tdp xdc dinh ciia ham sé c6 chita cdn bdc hai dang don
gidn (gom viéc gidi cdc bdt phuong trinh bdc nhdt). Vi du tiép theo sé minh hoa cho cdc biéu thiic phiic tap
hon, va ¢ ddy chiing ta can sit dung.

— Tinh chdt:
- A-B=0< A,B cung ddu.

- A-B<0 e A,B trdi ddu.

— Hodc ldp bdng xét ddu.

Vidu 6. Tim tip xdc dinh cla cc ham sd sau.

@D y=vV—-22+4x-3. @ y=vVx+1+vVa2-3x+2.

& L gidi.
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(1) Ham sb xic dinh khi

—x’+4x-3200x’-4x+3<0o —x’-x-3x+3<0e (x—1)(x—-3)<0

x—1=0 x=1
x—3<0 x<3
o o
x—1=<0 x<1
x—3=0 x=3.
Vay, tap xdc dinh ctia ham sé 1a 2 =[1;3]
(2) Ham sb xic dinh khi
x=-1 x=—
x—1=0
x+1=0 x=-1
9 o == x—2=0 ==
x“-3x+2=0 x-1)(x-2)=0
x—1=<0 1
x—2<0 <2
x=-1 x>
y|x=2 < —-1l=sx=<1
x<1

Vay, tap xéc dinh ctia ham s6 Z = [-1;1]U[2;+00).

Nhén xét.

— Nhu vdy, trong loi gidi ciia vi du trén, dé gidi cdc bdt phwong trinh bdc hai chiing ta st dung phuong
phdp phadn tich da thitc thanh nhédn tit va vén dung diéu kién dé’A-B>0,A-B <0.

— Cdc hoc sinh hdy kiém tra lai két qud do bang viéc ldp bang xét ddu.

Vidu 7. Tim tdp xac dinh ctia cac ham s6 sau

-1
@y:ﬁ_él. @ y=Vx+3+2Vx+2+V2—22+2VI— 2.

# Loi giai.

< 0=<x#4.
x| -4 #0 x—4#£0

Vay, tap xdc dinh ctia ham s6 134 2 = [0; +o0] \ {4}.

o 1x=0 x=0
(1) Ham sb xic dinh khi <

(2) Bién d6i tuong duong ham sb vé dang

y= Vr+2+2Vx12+1+V1-22+2V1—22+1

\/(Vm+1)2+\/(m+1)2

[Vx+2+1|+|V1-x2+1|
= Va+2+vV1-x2+2.
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Ham s6 xac dinh khi

x=-2 x=-2
1-x=0 x<1
x+2=20 ©x2—2 "y 142>0 o dNx=-1
1-x2=0 1+x)(1-x)=0
1-x<0 x=1
1+x<0 1
o — x<1

Vay tap x4c dinh ctia ham s6 12 & = [-1;1].

Nhan xét. Nhu vdy

(D Trong loi gidi ciia cdu (D), ngoai diéu kién dé’MS # 0 chiing ta con can tdi diéu kién dé’ \/x cé nghia.
Va trong hé bdt phuong trinh diéu kién, sé di ta co bién doi |x| —4 #0 o x—4 #0 la do diéu kién &

trén ta co x = 0.
(2) Trong loi gidi cau (1), vdi cdc em hoc sinh chua c6 kinh nghiém sé thiét ldp ngay diéu kién ¢ nghia la
x+2=0
1-x220
x+3+2Vx+2>0
2-x2+2v1-x220.

Vidu 8. Tim tip xdc dinh cia cic ham so sau:

1 vV4—x
= -1 . =
Oy=vx-1+ = @y P

# Loi giai.
(1) Ham s x4c dinh khi
{x—lZO {le {le
o o < x>3.

x2-9>0 (x—3)x+3)>0 x-3>0
Vay, tap xdc dinh ctia ham s6 14 2 = (—o0; 3).

(2) Ham sb x4c dinh khi { x —3 #0
x # 3.

x—1>0.
Vay, tap xdc dinh ctia ham s6 1a & = (1;4]\ {3}.

4—-x=>0
X {1<xs4
<

(]
Nhan xét. Nhu vy, trong 1oi gidi ciia vi du trén, doi vdi cdc biéu thiic x* -9 va x — 1 ngoadi diéu kién dé' no
c6 nghia trong cdn bdc hai chiing ta con ghép thém diéu kién dé'no cé nghia khi la mdu ciia mot ham phdn
thitc, do do phdi thiét ldp x> —9>0 va x —1> 0.

, N A + 1 ~ N A ~ . A
Vidu 9. Chohamso y = ad 5" Tim m dé ham so xac dinh trén [—1;1).

xX—m+

# Loi giai.
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Ham s6 xac dinhkhi: x—m+2#0o x#Zm—2.
Do d6 tap x4c dinh ciia ham s6 2 = R \ {m — 2}.
P& ham s6 x4c dinh trén [—1;1) diéu kién la:

9¢[-1.1) m-2<-1 m<1

- - =

m ’ m-2<1 m=3.

Viy, v6i m < 1 hoic m > 3 théa man diéu kién dé bai. O
x+1

Vidu 10. Cho ham s6: y = Tim m d€ ham sé xdc dinh trén (0, 1).

x2-2m-1Dx+m2-2m

# Loi giai.
Ham sb xac dinh khi
x2—2(m—1)x+m2—2m¢O©x2—2mx+m2+2x—2m#O@(x—m)(x—m+2)750
x—m#0 XZm
< <
x—m+2#0 x#m-—2.
Do d6 tap xac dinh ctia ham s6 124 2 =R\ {m — 2,m}.
P& ham s6 xac dinh trén (0;1) diéu kién 1a

m=<0 m=0
m-2,mé¢0;1)eo m-2=1 o |m=3
m-2<0<l<sx<2 lsm<2.
Vay, v6i m < 0 hoiic 1 < m < 2 hoiic m = 3 théa man diéu kién dé bai. O

Nhén xét. Nhu vdy, trong l0i gidi vi du trén, dé’m —2,m ¢ (0;1) ta xdc dinh duoc ba truong hop la do ddnh
gid duwoc m —2 < m vdi moi m, tir do thiét ldp:

— Hai diém m — 2 va m nam bén trdi (0;1) va trong truong hop nay chi cdn m < 0.
— Hai diém m —2 va m nam bén phdi (0;1) va trong truong hop nay chi can m = 0.

— DPiém m —2 ndam bén trdi (0;1) va diém m nam bén phdi (0;1) va khodng cdch giia hai diém m —2 va

m bdng 2 don vi.

. 1 . .
Vidu 11. Cho ham s6 y = vV—x +2m — 1 — ————. Tim m d€ ham s6 xdc dinh trén (0;1].

x—m+2

# Loi giai.

Ham s6 x4c dinh khi
—-x+2m-1=0 x<2m-1
x—m+2>0 <

Do d6 tap xé4c dinh ctia ham s6 2 = (m —2;2m — 1]

P& ham s6 x4c dinh trén (0; 1] diéu kién 1a

0;1]lcs(m-2;2m-1leom-2<0<1<2m-l1lelsm=<2.

Vay, v6i 1 < m < 2 thda min diéu kién dé bai. O

€)  XETTINH CHAT BIEN THIEN CUA HAM sO
DE xét tinh chit bién thién ctia ham s y = f(x) trong (a;b), ta Iva chon mdt trong hai phuong phép sau:

om-2<x<2m-1.
x>m-—2

— Phuong phap 1: St dung dinh nghia.
— Phuong phap 2: Thuc hién theo cac budc.
fx1) - f(x2)

X1 —X2

— Budc 1: Liy x1,x92 € (a;b) v6i x1 # xg ta thiét 1ap ti sd A =

— Budc 2: Khi do
* Néu A > 0 v6i moi x1, %9 € (a;b) va x1 # xo thi ham s6 dong bién trong (a;b).
* Néu A < 0 v6i moi x1,%2 € (a;b) va x1 # xg thi hAm s6 nghich bién trong (a;b).
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Vi du 12. Xét su bién thién ctia ham sb: y = f(x) = x — 2.

# Loi giai.
Ta c6 th€ trinh bay theo hai cich sau:
— Cdch I: Ham s6 xac dinh trong R.
Cho x céc gia tri thuc bat ki x1,x9 sao cho x1 < xg (ta dudc x1 — x2 < 0), ta di so sanh f(x1) véi f(xg) bing
cach xét:
fx1) = flxg) = (21 -2) — (x2 = 2) = x1 —x2 <0 & flx1) < f(wp).
Vay ham s6 da cho dong bién trong tip xac dinh cia nd.

— Cdch 2: Ham sb x4c dinh trong R.
fr)—flxa)  (x1-2)—(x2-2) _

X1 — X2 X1 —Xx2

VGix1,x0 € Rvaxy #xgtaco A = 1>0.

Vay, ham s6 da dong bién trén R.

O
A Tong qudt: Xét su bién thién ciia ham s6 y = f(x) = ax + b, vdi a # 0.
# Loi giai.
Ham sé xdc dinh trong R.
x1)—fx ax1+b)—(axg+b
Véixl,xQERvdxl#xztaco'A:f( D=/ 2):( 1+0)~(ax; ):a
X1 — X9 X1 —X2
Khi do:
— Néu a > 0 thi ham sé dong bién trén R.
— Néu a < 0 thi ham sé nghich bién trén R.
O

Vi du 13. Xét sy bién thién ctia ham sb: y = f(x) = x2.

# Loi giai.
Ta c6 thé trinh bay theo hai cich sau:
— Cdch 1: Ham sb xac dinh trong R.
Cho x céc gia tri thuc bat ki x1,x2 sao cho x1 < xg (ta dudc x1 — x2 < 0), ta di so sanh f(x1) véi f(x2) biang
cach xét:
f(x1) = fxg) = 67 — x2 = (1 — x2)(x1 + x2).
Khi doé:
— Néu x1,x9 > 0 (tic 1a x € (0; +00)) thi:
x1+x2>0= (61 —x9)(x1 +x9) <0 fx1)— fx2) <0 f(x1) < f(x2).
Vay ham s6 dong bién trong (0; +00).
— Néu x1,x9 < 0 (tic 1a x € (—00;0)) thi:
X1+x2<0=>(x1 —x2)(x1+x2) >0 f(x1)— fx2) >0« f(x1) > flx).
Vay ham sb nghich bién trong (—oo;0).

— Cdch 2: Ham s xéc dinh trong R.
fln) —flxp) _2%—a

X1 —X2 X1—X2

V6i x1,x9 € R va x1 # x2 tacé A = =Xx1+Xx9.

Khi do
— Néu x1,%2 > 0 thi A >0 = ham s ddng bién trén (0; +00).
— Néu x1,%2 < 0 thi A < 0= ham sd nghich bién trén (—o0;0).

a
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A Ham s6 y = f(x) = ax?, vdi a #0. Ta co
(@ Véia>0.

— Néu x1,x9 >0 thi A >0 = ham s6 dong bién trén (0;+00).

— Néu x1,x9 <0 thi A < 0= ham sé nghich bién trén (—00;0).
(2 Vdia<O.

— Néu x1,x9 >0 thi A <0 = ham s6 nghich bién trén (0;+00).

— Néu x1,x9 <0 thi A >0 = ham s6 dong bién bién trén (—oo;0).

Vi du 14. Xét sy bién thién ctia ham sb: y = f(x) = —«3.

# Loi giai.
Ta c6 th€ trinh bay theo hai cich sau day:
— Cdch 1: Ham sb xac dinh trong R.
Cho x céc gia tri thuc bat ki x1,x2 sao cho x1 < xg (ta dudc x1 — x2 < 0), ta di so sanh f(x1) véi f(x2) bang
cach xét:
f(?cl)— f(x9) = (—xi’)—(—xg) = xg —x“;' =(x9 —x1)(x§ +x1%9 +x?) >0 < f(x1) > f(x2) © ham s6 nghich
bien trong tap xac dinh cda no.

— Cdch 2: Ham s6 x4c dinh trong R.
V6i x1,x9 € R va x1 # x9 ta co:

fx1)— f(x2) (—x‘;’) - (—xg) x? —xg (x1 —xg)(xf +x1%9 +x§)
x1— X9 X1 — X2 X1 — X2 x1— X2
= —(x% +x1%9 +x%) <0.

A

Vay, ham s nghich bién trén R.

O
A7 ‘. . A . A 2 \ A _ _ 3 2.
A Tong quat: Xét sy bién thién cua ham so y = f(x) = ax®, vdi a # 0.
# Loi giai.
Ham sé xdc dinh trong R.
Vi x1,%x9 € R va x1 # x9 ta co
fx1)— f(xz) axi’ - axg alxy — xz)(x? +x129 + x%) 9 9
A= = = = a(xj +x1x2 + x7).
. xX1—X X1 — X2 x1— X2
Khi do
— Néu a > 0 thi ham sé dong bién trén R.
— Néu a <0 thi ham s6 nghich bién trén R.
O

Vi du 15. Xét sy bién thién cia ham s6 y = f(x) = Va2 + 1 trong (0; +00).

# Loi giai.
Ta c6 th€ trinh bay theo hai cdch sau:

Th.s Nguyén Chin Em 84 https://emncischool.wixsite.com/geogebra



https://www.facebook.com/groups/GeoGebraPro/ Tai liéu tw hoc Todn 9 - HKI

— Cdch 1: Cho x céc gia tri thuc bat ki x1,x9 € (0;+00) sao cho x1 < x2 (ta dudc x1 —x2 < 0), ta di so sanh
f(x1) véi f(x2) bang cach xét

( x3+1- x§+1)( xF+1+ x§+1)

(\/x§+1+\/x§+1)
B (x%+1)—(x§+1) B x%—x%

- x%+1+\/x§+1_ \/x§+1+\/x§+1

fx1)—f(x2) = x%+1—\/x§+1:

<0.

Suy ra f(x1) < f(x2).
Viy, ham so dong bién trén tdp xac dinh cua nd.

— Cdch 2: V6i x1,x2 € (0;+00) va x1 # x9 ta ¢

L fa—fa) _VErIoVgel ) - (1)
X1~ X2 X1—Xx2 (xl—xg)(\/x%+1+\/x§+lj
X1 +Xx2
= > 0.

2 2
x1+1+ x2+1

Vay, ham s6 da cho dong bién trong (0; +00).
O

A Trong loi gidi trén, chiing ta dd sit dung diéu kién x1,xz € (0;00) dé'nhdn duwoc két qud x1 + x9 > 0.

Vi du 16. Xét su bién thién ctia ham sb: y = f(x) =

ad trong (1;+400).
x—1

# Lo gidi.
Ta c6 thé trinh bay theo hai cdch sau

— Cdch 1: Cho x cic gia tri thuc bat ki x1,x9 € (1;+00) sao cho x1 < x2 (ta dudc x1 — x9 < 0), ta di so sanh
f(xq1) véi f(x2) bﬁng cach xét
X1 X9 X2 —X1
x1)—f(x2) = — = >
f( 1) f( 2) x1—1 x2—1 (xl—l)(xz—l)
Suy ra f(x1) > f(x2).
Vay, ham s6 da cho nghich bién trong (1;+00).

— Cdch 2: V6i x1,x92 € (1;+00) va x1 # x9 ta ¢

X1 X9
A_f(xl)—f(xz)_xl—l xg—1 _ 1 3
X1 — X2 X1 — X2 (x1=D(x2—1)

Vay, ham s da cho nghich bién trong (1;+00).

A Trong loi gidi trén, chiing ta sit dung diéu kién x1,x3 € (1;+00) dé'nhdn duoc két qud x1—1>0,x9—1 >
0.

O
(® BAITAPTY LUYEN
Bai 1. Cho X ={-3,-2,-1,0,3}, f 12 mot quan hé tir tdp X dén tap R. Héi f c6 phai 1a ham s6 khong, néu
bang gia tri tuong ung cua chung la

fx)| -6 | -4 | -2
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# Loi giai.

£ 12 mot ham s6 vi v6i mdi x thudc tap X chi cé mot gid tri f(x) tuong dng thudc tap R. a
Bai 2. Cho X ={-4,3,5,7}, f 1a mot quan hé tif tap X dén tip R. Hdi £ c6 phai 12 ham s khong, néu bang
gia tri tuong ung cua chung la

x |—-413|5]|7
f(x) | 8

# Loi giai.

£ 12 mot ham s6 vi v6i mdi x thudc tap X chi cé mot gid tri f(x) tuong dng thudc tap R. a
Bai 3. Cho X ={-4,-2,0}, f 1a mot quan hé tif tip X dén tip R. Hdi £ c6 phai 1a ham sb khong, néu bang
gia tri tuong Ung cia chung la

x |-4]-4]-2]0
fx)| 4 | 12| 6

# Loi giai.
f khong phai 1a mot ham sb vi véi x = —4 thudc tip X c6 hai gid tri f(x) tuong dng thudc tip R 1a 4 va 12.
O

.. .z pe A . 36
Bai 4. Ham s0 y = f(x) dudc cho bdi cong thic f(x) = —.
X

(1) Hay dién cac gia tri tuong ing cia ham s6 y = f(x) vio bang sau

x -9|-6|3| 12
y=f) 1
(2) Xdac dinh f(-12), f(72).
# L gidi.
(1) Tacé két qua
x -9 -6 3 |12 | 36
36
y=221_4|-6/12| 3 | 1
36 36 1
_19)= 2 =3, f(12)= = = .
@ f(-12) 19 3, f(72) 759

Bai 5. Cho ham s6 y = f(x) dudc cho bdi cong thiic f(x) = 2x + 9.

a) Hay dién cic gid tri tuong ting ctia ham sd y = f(x) vao bang sau.

x |=-3|-1|12]|6
y=fkx) 27

b) Xdc dinh £(-8),f(7).
# Loi giAi.

a) Ta c6 bang két qua nhu sau
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y=f)| 3 7 | 13|21 |27

b) — f(-8)=2-(-8)+9=-T7.
— f(NH=2-7+9=23.

(]
Bai 6. Cho ham s6 y = f(x) dudc cho bdi cong thiic f(x) =x2—9.
a) Tinh f(-4),f(=2),£(0),f(1),f(5).
b) Tinh cac gia tri ctia x ung v6i y = -8,y =—-5,y =0,y = —10.
# Loi giai.
a) — f(-4)=(-4>-9=17.
— f(=2)=(-2-9=-5.
— f(0)=0%-9=-9.
— f(1)=12-9=-8.
— f(5)=52-9=16.
. x=1
b) — Véiy=-8,tac6x?*-9=-8ex’=1e
x=-1
. x=2
— Véiy=-5,tac6x’-9=-Hoxrx’=4o
x=-2
x=3
— Véiy:O,tacéx2—9:0©x2:9©
x=-3
— Véiy=-10,tacé x> -9=-10 & x2 = —1.
Vay khong ton tai gid tri cia x d€ y = 10.
O
Bai 7. Cho ham s6 y = 2x — 6. Tim céic gi4 tri clia x sao cho
(@ v nhan gid tri duong. (2) ¥ nhan gid tri nhé hon 3.
# Loi giai.
(1) y nhan gid triduong © y>0<2x—-6>0 < x> 3.
Vay véi x > 3 thi y nhén gia tri duong.
9
©) y<3©2x—6<3©x<§ .
9
Véyvéix<§ thi y < 3.
O

Bai 8. Cho ham s6 y = 6 —5x. Tim cédc gi4 tri clia x sao cho
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(1) y nhan gid tri Am. (2) ¥ nhan gi4 tri 16n hon 1.

# Loi giai.
a) Diéu kién d€ y nhan gia tri 4m 1a
6
6-5x<0ex> =
A .6 A n
Viy voi x > £ thi y nhan gia tri am.
b) Diéu kién d€ y nhan gid tri 16n hon 1 1a
6-5x>1leox<l

Véy v6i x < 1 thi y nhén gia tri I6n hon 1.

(]
Bai 9. Cho cic ham s6 f(x) =2x% —3x+1 va g(x) =x2 - 1.
(@) Tinh f(-1) Vég(%). ) Tim s6 a d€ f(a) = g(a).
# Loi giai.
1) (1)\? 3
@ f(—l):2-(—1)2—3-(—1)+1:6;g(§):(5) ~1=-3
@ f@)=gla)e2a®-3a+1=0a?-1<a%2-3a+2=0 a:2
a=2.
O
Bai 10. Tim tip xdc dinh ctia cac ham sb sau
2 _ _
®r=lrr ®y-Fs
# Loi giai.
(1) Ham s6 x4c dinh khi
2+1#0 (ludn dung).
Vay tap x4c dinh ctia ham s6 1a Z = R.
(2) Ham s6 x4c dinh khi
x2—x+37£0©x2—2-1x+1+H¢0®(x—l)2+H750(1u6ndling).
2 4 4 2 4
Vay tap x4c dinh ctia ham s6 1a 2 =R.
O
Bai 11. Tim tap xdc dinh ctia cac ham sb sau
@ y= x—-1 @y 2x+1

2% -6 T2 _x-1

# Loi giai.
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(1) Ham s6 x4c dinh khi
2x—-6#0 o x#3.

Vay tap x4c dinh ctia hAm s6 14 2 = R\ {3}.

(2) Ham s6 x4c dinh khi
xZ£1
2x2—x—1750<;> 1
x;é—§

. 1
Vay tap xac dinh cia ham so 1a Z =R\ {—5,1}.

Bai 12. Tim tip x4c dinh ctia cac ham s6 sau
D y=vx+2. @ y=v2-x+VT+x.
# Loi giai.

(1) Ham s6 x4c dinh khi

x+2=200x=-2.

Vay tap x4c dinh ctia hAim s6 1a 2 = [-2; +00).

2—-x=20 x<2
o
T+x=0 x=-1.

Vay tap xac dinh ctia ham s6 1a 2 = [-7;2].

(2) Ham s6 x4c dinh khi

Bai 13. Tim tip xac dinh ctia cac ham s6 sau
@D y=vV-x2+5x—6. @\/x+\/x2—x+1.

# Loi gidi.

(1) Ham sb xac dinh khi —x2+5x-6=20ox2-5x+6<0e (x—-3)(x—-2)<0o2<x<3.
Vay tap xac dinh ctia ham s6 12 2 =[2;3].

(2) Ham s6 x4c dinh khi

9 . —-x<0
x“—x+1=0 x>0
oVil-x+1=z—=xo -x=>0 =4
x+Va2-x+1=0 0 0 x=0.
x“—x+1l=x

Vay tip x4c dinh claham s61a Z =R

Bai 14. Tim tip xac dinh ctia cac ham so sau

1 v5—-2x
=v1- . =,
Wy=vi=er o= Ve
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& L gidi.

x=<1
. 1-x=0 x<1
Ham s0 xac dinh khi = ol |lx<-2 ©ox<-2.
?-4>0 |(x-2)x+2)>0
x>2
Vay tap x4c dinh cia ham s 1a 2 =(~00;2) .
5
5-2x=0 X< — 5
) 2 l<x<-—
Ham s0 xdc dinh khi{ x-2#0 < {9 © 2
x-1>0 Loy XFZ
. 5
Vay tap xac dinh cua ham so lé.@:(l;i \ {2}. O
Bai 15. Tim tap xdc dinh clia cdc ham s6 sau
VX 4 — x2
Oy=——. @ y=- :
Valx| -1 Va+1
# Loi giai.
. x=0 x=0 x=0 x=0
Ham s6 xac dinh khi © o o
x|lx|-1>0 x-x—1>0 (x-Dx+1)>0 x—1>0
o x>1.
Vay tap xé4c dinh ciahaim s 14 2 =(1;+00) .
) 4-5"20 |x-2(x+2)<0 |-2<x<2
Ham s0 xac dinh khi = = .
x+1#0 xZ-1 x#£-1
Vay tap xdc dinh ciaham s61a 2 =[-2;2]1\{-1} . O
) N A +1
Bai 16. Cho ham so y = f(x) = vx .
Va-1
(1) Tim tap x4c dinh ctia ham sb. (2) Tinh gia tri ctia f(4+2v/3), f(a®) v6i a < 2.
@) Tim x dé f(x) = V3. @ Tim x dé f(x) = f(x2).
# Loi giai.
. ) |x=0 x=0 x=0
(1) Ham so xac dinh khi & o ©0=x#1.
Vx—1#0 Vax#1 x#1
Vay tap xac dinh ctia hAm s6 12 Z = (0;+00) \ {1}
@

F442vF) = V4+2V3+1 V(V3+12+1 V3+1+1 V3+2

Vir2vi-1 V(B+12-1 V3+1-1 V3

vaZ+1l Jal+1 -a+1 a-1

2y _
f(a)_\/a_z_1_|a|—1_—a—1_a+1'
3 DPE f(x) = V3 thi
f(x):\/géﬁ+1:\/§©\/o_c+1:\/§-\/a_c—\/§
x_

V3+1 4+2V3
3_1 = 3 1 = = .
& (V3-Dyx=v3+le Vx 17 10av5
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@ DE f(x) = f(x2) thi

\/a_c+1_x—1©\/§+1_(\/3_c+1)(\/9_c—1)

- - ox+l=(vx-12? < V/x=0<x=0.
Vi1 x+1  yz-1 xtl srl=(Ve-17e va *

fx)=f(® o

a

. o +1
Bai 17. Tim m dé ham sb y = —

# Loi giai.
Ham sb c6 nghia khi vachi khix-2m+1#0 < x #2m - 1.
Suy ra, ham s6 xdc dinh trén [0;1) khi va chi khi

xac dinh trén [0;1).
x—2m+

1
2m—-1<0 m<—

2m—-1¢[0;1) & o
2m-1=1 m>1.

Bai 18. Tim m dé ham sd sau x4c dinh trén (1;3). .

y=v-x+2m-1- .

2x—m

# Loi giai.

m

) —x+2m-120 [x=2m-1
Ham s0 ¢6 nghia khi va chi khi o
x> —.
2

2¢—m >0

Suy ra, ham s6 xac dinh trén (1;3) khi va chi khi

%51<352m—1©{ om=2

Bai 19. Xét su bién thién ctia cac ham s6
D y=flx)=2x+3; @ y=f(x)=1-3x;
@ y=f@x)=m?+1x-2; @ y=f(x)=mx+4, v6im #0.
# Loi giai.
(1) Via=2>0nén ham sb dong bién trén R.
2 Vi a = -3 <0 nén ham s6 nghich bién trén R.
3 Via=m?+1>0,Ym nén ham s6 dong bién trén R.

@ V6i m >0, ham sb dong bién trén R, m < 0 ham s nghich bién trén R.

Bai 20. Xét su bién thién cia cdc ham s6
@ y = f(x) = 2x? trong (0;+00); @) y = f(x) = —6x? trong (0; +00);
@ y=fx)=x>+2x+3; @ y=fx)=—x2+4x+1.

# Loi giai.
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(1) V6i x1,x9 € (0;+00) va x1 # xg ta co
o FED—f ) _ 20— 205

X1 —X9 X1 —X9
Vay ham so dong bien trén (0;+00).

=2(x1+x9)>0,Vx1,x9 € (0; +00).

(2) V6i x1,x2 € (0;+00) va x1 # xg ta cO
flx1) = fxg) —6] +623
X1 - xg ) X1 — X9
Vay ham so dong bien trén (0; +00).

A=

= —6(x1 +x2) < 0,Vx1, %9 € (0; +00).

(3) Vi x1,x92 € (—1;+00) va x1 # xg ta co
A= fx1)—f(x2) _ x%+2x1+3—x§—2x2—3

=x1+x9+2>0,Vx1,x2 € (—1;+00).
X1 — X9 X1 —X2

Vay ham s6 dong bién trén (—1;+00).

V6i x1,x9 € (—o0; —1) va x1 # x9 ta cO

A= fx1)—f(x2) _ x% +2x1 +3—x§ —2x9 -3
X1 - X9 / X1 — X9

Vay ham so nghich bien trén (—oo; —1).

=x1+x9+2<0,Vx1,x2 € (—o0;—1).

(@) Vi x1,x9 € (2;+00) va x1 # x2 ta cO
flx)—flxg) —x%+4x1+1+x§—4x2—1

A= =—x1—x9+4<0,Vx1,x9 €(2;+00).

X1 X2 X1—X2
Vay ham so dong bien trén (2; +00).

V6i x1,%9 € (—00;2) va x1 # x9 ta co

Ao f(x1)— f(x2) B —x%+4x1+1+x§—4x2—1

=—x1—x9+4>0,Vx1,x9 € (—00;2).
X1 —X2 X1 —X2

Vay ham s6 nghich bién trén (—o0;2).

Bai 21. Xét su bién thién ctia cac ham sb

@ fx)=

# Loi giai.

x+1 X
t ]. . =
rong (1;+00) @ f(x) 513

trong (—oo;—2).
x—1

(@) V6i moi x,y € (1;+00),x #y. Lap ti 1&
x+1 y+1
_f@)-fly) x-1 y-1_ -2

A =
x—y x—y (x—1)(y-1)

<0(dox>1,y>1nén(x—1)(y—1)>0).

Do d6 ham sb nghich bién trén (1;+00).

(2 V6i moi x,y € (—o0;—2),x # y, Lap ti 1&

x Yy
_f@)-f(y)2x+3 2y+3 3 >0
 x—y x—y T (2x+3)(2y+3)

B

(do x < —2,y < —2 nén (2x +3)(2y + 3) > 0.

Do d6 ham sb dong bién trén (—oo; —2).

Bai 22. Xét su bién thién ctia cac ham s6
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@f(x)=vx—1. @y: 2—x.
# L gidi.
(D Tap xac dinh ctia ham s6 [1;+00).
V6i moi x,y € [1;+00),x # y, lap ti 1€

A f@=f» _ VEmI-/y-d

xX—y xX—y
x—y
Vx—1++/y-Dx-y)
= 1 > 0.
Va—-1+/y—-1

Do d6 ham s dong bién trén tip x4c dinh.

(2) Tap xdc dinh ctia ham s (—o0;2].
V6i moi x,y € (—o0;2],x # v, 1ap ti 1€

_f@-f@») _ V2ox-2-y

A =
xX—=y xX—=y

_ y-x

(V2=x+/2-y)x—y)
-1

= <0.

V2—x++/2-y
Do d6 ham sb nghich bién trén tap xac dinh.
O
Bai 23. Xét su bién thién ctia cac ham s6
@ f(x)= Vx? +3 trong (0;+00). @ f(x) = x2% +4x +5 trong (—oo; —2).

# Loi giai.
(D) V6i moi x,y € (0;+00),x # y, lap ti 1€

fl)-f(y) VaZ+3—/y2+3
B xX—=y xX—=y
(x—y)x+y)
(\/x2+3+\/y2+3)(x—y)
x+y

= > 0.
VaZ+3+/y2+3

A

Do d6 ham s dong bién trén (0; +oc0).
(2) V6i moi x,y € (—o0;—2),x # v, 1ap ti 1€

A f@-f») (x2 +4x+5)—(y2 +4y +5)
xX=y xX—y
(x—y)Nx+y+4)
x—=y
x+y+4.

Dox<-2,y<-2nénx+y+4<0.Do dé ham sd nghich bién trén (—oo; -2).
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O
Bai 24. Xét su bién thién ctia cac ham s6
@ f(x)=3x3. @ f(x)=x%-3x2+6x+1.
B flx)=x2+x+1. @ f(x)=x%+2x%+3x+ 1.
# Loi giai.
(1) Ham s6 x4c dinh trén R.
V6i moi x,y e R,x # y, lap ti 1€

) -f(y) 3x3 —3y3

T ox-y  x-y

3(x— y)(x? +xy+y2)
x=y

2 +xy+y>2.

A

2 3 . N
Do x?+xy+y? = (x+g) +Zy2 >0Vx,y € R (x,y khong dong thoi bang 0) nén A > 0.

Vay ham s6 dong bién trén R.

(2) Ham s6 x4c dinh trén R.
V6i moi x,y e R,x # y, lap ti 1€
fx)—f(y) (x3-3x2+6x+1)—(y®>-3y%2+6y+1)
B x=y B x—=y
((x-13P+3x+2)-((y—1)3+3y+2)
x—y
(x-12-(y-1)3)+3x -y
xX—=y
-y (x-D2+@x-Dy-D+(y-1?+3)
x=Yy
= (@-D*+@-Dy-D+(y-17°+3.

A

1 2 3
Do (x—12+(x—-1)(y-1)+(y—1)?+3 = (x—1)+§(y—1) +Z(y—1)2+3>OVx,y€RnénA>0.

Vay ham s6 dong bién trén R.

(3) Ham s6 x4c dinh trén R.
V6i moi x,y e R,x # y, lap ti 1€

A:f(x)—f(y) _ @B+x+1D-2+y+1)
xX—=y xX—=y

3 (x— ) +xy+y%+1)
- p—

x2+xy+y2+1>0.

Vay ham s6 dong bién trén R.
(@) Ham s x4c dinh trén R.
V6i moi x,y e R,x # y, lap ti 1€

f@-f@» P +2x%+3x+ 1) - (3 +2y2+3y+1)

x—y x—y

A
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[(x+1)% - 221 - [(y + 1)® - 2]

x—y
[+ 1P = (y+ DPI- (% - y?)
= pr

-+ +x+Dy+D+@+12%+x+y]

x—y
a+12+ @+ Dy +D+y+12—(x+y)

= x2+xy+y2+2x+2y+3

o Y

( 2) 1( 2\12 3( 2)2 5
x+-|+=|y+=|| +=-ly+=) +=.
3) 2 3 4 3) 3

5
+_
3

Biéu thic cubi ludn duong véi moi x,y € R. Do d6 haim s6 dong bién trén R.
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sAl2.  HAM SO BAC NHAT
@ TOMTAT LY THUYET
DINH NGHIA

@

DPinh nghia 1. Ham s6 bac nhit 12 ham s dudc cho bdi cong thiic y = ax + b, v6i a # 0, trong d6 a
va b 1a cac s6 thuc xdc dinh.

A Néu b =0, ham s6 cé dang y = ax la ham sé biéu thi sy tuong quan ty 1é thudn.
Tinh chéit 1. Ta cé:
— Ham s6 y = ax + b xac dinh v6i moi gi4 tri x € R.

— Trong tap x4c dinh R, ham s6 y =ax+b
- Pong bién néu a > 0.

- Nghich bién néu a < 0.

(® PHUONG PHAP GIAI TOAN

2_x+1.

Vidu 1. Cho ham sé y=mx-m
(1) Tim m d€ ham sb da cho 12 ham s bac nhit.

(2) Tim m dé€ ham s6 nghich bién trén R.

(3 Tim m d€ d6 thi ham s6 di qua gbc toa do.

# Loi giai.
Viét lai ham dudi dang y = (m — 1)x —m? — 1.

(1) Ham s6 trén 12 ham s bac nhét khi va chi khi m —1# 0 < m # 1. Viy v6i m # 1 ham s6 da cho 13 ham sb
bac nhit.

(2) Ham s trén nghich bién trén R khi va chi khi m — 1 <0 < m < 1. Viy v6i m < 1 ham s6 nghich bién trén R.
(3) Tabiét gbc toa do O(0,0), do d6 do thi ham sb di qua gdc toa do khi
0=(m-1).0-m?+1em?=1em=1+1

. Vay v6i m = £1 thi do thi ham sb di qua gbc toa do.

A Trong loi gidi cdu Q), khi m = 1 ham sé khéng con la ham sé béc nhdt.

-

Vidu 2. Cho ham s6 y = mx—+v1-m.

(D Tim m d€ ham s6 da cho 12 ham sb bac nhat.

2 Tim m d€ ham s6 dong bién trén R.

L

# Lo giai.

(1) Ham sb trén 12 ham s bac nhéit khi va chi khi:
m#0 m#0

=
1-m=0 m=<1

Vay v6i 0 # m < 1 ham s6 da cho 12 ham sb bac nhit.

0#m<=<1. ()
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(2) Ham sb dong bién trén R khi m > 0. Két hop véi diéu kién (*) ta dugc 0 <m < 1.

Vay, v6i 0 < m < 1 ham s6 dong bién trén R.

Nhan xét. Trong loi gidi trén:
— O cdu Q) nhiéu em hoc sinh mdc sai ldm khi chi thiét ldp diéu kién m # 0.

— O cdu @ nhiéu em hoc sinh mdc sai lam khi thiét ldp diéu kién m > 0 nhung lai khong két hop véi
diéu kién (%) & cdau (D).

Vidu 3. Cho ham s6 y = f(x) = ax, véi a # 0.
(D Chitng minh rang f(kx1) = kf(x1) va f(x1 +x2) = f(x1) + f(x2).
(2) Céc hé thiic trong ciu a) con ding v6i ham sb y = g(x) = ax + b, v6i b # 0 hay khong?

L J

2 Loi gidi.

(D) Tacé f(kx1) =a(kx1) = k(ax1) = kf(x1), dpcm.
f(x1+x2) =alx1+x2) =axi +axg = f(x1)+ f(x2), dpcm.

(2) Talan luot xét

— V6i hé thuc: g(kx1) = kg(xq).
s alkx1)+b=Fk(ax1+b)eoakx1+b=akx1+bkoblk—-1)=0<k=1(b #0).
Vay hé thic chi ding véi k& = 1.

— V6i hé thic g(x1 + x9) = g(x1) + g(x9).

< alxy+x2)+b=(ax;1+b)+(axe+b) ©axi+axe+b=axi+axe+2b < b=0.Taco b #0, viy
hé thic khong ding.

a

s 2

Vi du 4. Cho hai ham s6 f(x) = (m? + 1)x — 4 va g(x) = mx + 2, v6i m # 0. Chiing minh rang:

(1) Cac ham sb f(x), f(x) + g(x), f(x) — g(x) 12 cdc ham dong bién.

(2) Ham sb g(x) — f(x) 12 hAam nghich bién.

.

# Loi giai.

(1) Talan lugt xét:
— Ham sb f(x) c6 hé s6 a =m2+1>0dodénélaham dong bién.
— Ham s f(x) + g(x) = (m% + Dx — 4+ (mx +2) = (m? + m + D)x — 2, ¢6 hé sé:
a:m2+m+1:(m+§)2+z>O,d0dénéléhémd6ngbién.
— Hamsd f(x)—gx) =(m?2 +Dx—4—(mx+2)=(m% —m+1)x— 6, c6 hé sb:
a:mz—m+1:(m—§)2+z>O,d0d6néléhémd6ngbién.
@ Ham s6: g(x) - f(x) = (mx +2) — [(m? + Dx —4] = —(m% —m + D)x + 6, c6 hé s6:

1\ 3 .
a=—(m2—m+1):—(m—§) — — <0, do d6 n6 l1a ham nghich bién.

a
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Vidu 5. Cho ham s6 y = f(x) = ax + b, vi a # 0.

(D Chiing minh ring véi mot gid tri xo tly y cho trudc, bao gid cling tim dudc hai sé m va n sao

cho £(m) < f(xo) < f(n).

(2) Chiing minh ring ham sb bac nhit khong c6 gid tri 16n nhét va nho nhét.

# Loi giai.
(1) Ta biét ring v6i mdi x¢ tity y cho trudc, bao gid ciing c6: x9 — 1 < x9 < x¢ + 1.
Ta xét hai trudng hgp

Trudng hop 1: Véi a > 0, khi d6 ham sb dong bién, do d6 f(xg — 1) < f(xg) < f(xo + 1). Tt d6 ta chon
m=xo—1,n=x9+1.

Trudng hop 2: Véi a < 0, khi d6 ham sb nghich bién, do d6 f(xg— 1) > f(xg) > f(xg + 1). Tt d6 ta chon
m=xo+1,n=x9—1.
(2) Gia st trai lai ham sb c6:
— Gié tri 16n nhit f(x1) Gng véi x1.
— Gi4 tri nho nhit f(xg) Ging véi xs.
Theo két qua cau a., ludn tim dudc hai sé m va n sao cho:
f(x1) < f(n) = f(x1) khong phii Ia gia tri 16n nhat.
f(x2) > f(m) = f(x2) khong phai 1a gia tri nhd nhét.
O
(® BAITAP LUYEN TAP
Bai 1. Mot 6 t6 van toc 50 km/h khdi hanh tif bén xe phia Nam cach Ha Noi 5 km va di vé phia Nghé An
(Bén xe nam trén dudng Ha Noi - Nghé An). Héi sau khi khdi hanh x gid, xe cach Ha Noi bao nhiéu?
# Loi giai.
Goi y 1a khoang cach tir 6 to dén Ha Noi sau x gid. Ta c6 khodng cach ban dau khi xe chua khéi hanh 12 5
km vi bén xe cach Ha Noi 5 km. Hon nifa, sau mbi gid xe di vé phia Nghé An sé cach Ha Noi thém 50 km.
Vay sau khi khéi hanh x gid, khodng cach tir 6 t6 dén Ha Noi 1a y = 50x + 5.
O

Bai 2. Cho cic ham sb

@ y=5x+V3. 2 y=2- V5x.
@y:—%x+6. @) y=3(x—2)+x.
@y:—%+3. ® y=2yx+8.

Trong cac ham so trén, ham nao la ham s6 bac nhat? Xét su bién thién ctia cac ham so bac nhat do.
# Loi giai.

(1) Ham s6 y = 5x + v/3 1a ham sb bac nhit va vi né ¢6 @ =5 > 0 nén no 1a ham s6 dong bién.
N A 3 N N A A A N N 2 2 3 A 2 1N N A . < A
(2) Ham s6 y = 2— v/bx 12 ham s6 bac nhét va vi n6 c6 a = —v/5 < 0 nén n6 1a ham s6 nghich bién.
N A 1 N N A A A N N 2 2 1 A 2 1N N A . « A
(3) Ham so6 y = —§x + 6 1a ham sO bac nhat va vindé cé a = 3 < 0 nén no la ham so6 nghich bién

(@) Ham s6 y = 3(x —2) +x = 4x — 6 1a ham s6 bac nhét va vi n6 ¢6 a = 4 > 0 nén n6 1a ham sb6 dong bién.
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(5) Ham s6 da cho khong 12 ham s6 bic nhét vi khong ding dang y = ax + b.

(6 Ham s6 da cho khong 12 ham sb bic nhét vi khong ding dang y = ax + b.

Bai 3. Cho ham s6 y = (m — Dx + /m.
(1) Tim m d€ ham s6 da cho 12 ham s6 bac nhit.
(2) Tim m d&€ ham s6 nghich bién trén R.
# Loi giai.
(1) Ham s6 da cho 12 ham s6 bac nhét khi va chi khi

m—-1#0 m#1
o < 0=m#l. @)
m=0 m=0
Viy v6i 0 < m # 1 ham sb da cho 12 ham sd bac nhit.
(2) Ham s6 da cho nghich bién trén R khi m —1 < 0 & m < 1. K&t hop véi diéu kién (*) ta dugc 0 <m < 1.

Vay véi 0 < m < 1 ham sb nghich bién trén R.

O
Bai 4. Tim m d€ cac ham sd sau 12 ham bac nht.
@D y=mx+6. @ y=m?x+v3-x.
@ y=mx+vm+2. @ y=(m2-m)x®+mx+8.
# Loi giai.
(1) Hé s6 bac nhit m #0.
2 Viétlai y=(m?-1)x+v3. Hé sd bic nhdt m?2 - 1#£0 o m # +1.
m#0
(3 Taco & -2=m#0.
m+2=0
(@) Ham s6 da cho 1a ham s6 bac nhit khi va chi khi:
m?2-m=0 m(m-1)=0
= sm=1.
m#0 m#0
Vay véi m = 1 ham s da cho 13 ham s bac nht.
(]

Bai 5. Cho hai ham sb f(x) = (m? + 5)x — 3 va g(x) = 2mx + 1, v6i m # 0. Chiing minh ring
(1) Cac ham f(x), f(x)+ g(x), f(x) — g(x) 12 cdc ham dong bién.
(2) Ham s6 g(x) — f(x) 12 hAm nghich bién.

# Loi giai.
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(D) Ham f(x) c6 hé s6 a = m? +5 > 0 nén n6 1a ham s6 dong bién.
Ham f(x)+ g(x) c6 hé sb a = m? +2m +5 = (m + 1)2 +4 > 0 nén né 1a ham sd dong bién.

2

Ham f(x)— g(x) c6 hé sb a = m? —2m +5 = (m — 1)2 +4 > 0 nén né la ham sd dong bién.

(2 Ham g(x) — f(x) c6 hé s6 a = —m? +2m —5 = —(m — 1)?> — 4 < 0 nén nd l1a ham s6 nghich bién.

O
Bai 6. Cho ham sb y =(m —1)x +2m — 3.
(1) Tim m d€ ham s6 1a ddng bién, nghich bién, khong ddi.
(2) Chiing t6 rang khi m thay d&i d6 thi ham s ludn di qua mot diém cb dinh.
# Loi giai.
(@) Tacod
— Ham s6 1a dong bién khi va chi khi: m-1>0< m > 1.
— Ham s 1a nghich bién khi va chi khi: m-1<0e m < 1.
— Ham s6 12 ham hing khi va chi khi: m -1=0o m = 1.
) Gia st diém M(xo; yo) 12 diém do thi ham sb ludn di qua véi moi m.
. . . x0+2=0 xo=-2 )
Khi do6 ta cé m(xg +2) + (xg + yo +3) = 0 v6i moi m. & = Viay khi m thay
xX0+vy0+3=0 yo=-1
ddi thi d6 thi ham sb ludn di qua diém M(—2;—-1) ¢b dinh.
O
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sAil3. DO THI CUA HAM SO BAC NHAT

@ TOMTAT LY THUYET

€ DPOTHICIAHAMSO Y = AX VOI A #0
Db thi ctia ham s6 y = ax(a # 0) 1a mot dudng thang di qua gdc toa do va diém A(1;a). Nhu vay, dé vé dd thi
ham s6 y = ax(a # 0), ta thuc hién:

— Xéc dinh vi tri diém A(1;a).

— Nbi O vé6i A ta dugc d6 thi ham s6 y = ax.

y Yy
y=ax
al--—/A
j 1
Ta c6 minh hoa: o 1 ® | *
al---\A

y=ax
Puong thing
Puong thang y = ax (a > 0) nim trong géc vy =ax (a < 0) nam trong géc phan tu (1)

phan tu (I) va phan tu (III) va phan tu (IV)

A Ta c6 mét sé chii y sau:
— D06 thi ham s6 y = x chinh la duong phdn gidc cuia goc phan tw thit I, I11.

— Do thi ham sé y = —x chinh la duwong phdn gidc cua goc phan tw thit 11, IV.

€ DOTHICIAHAMSO Y =AX +B, A#0
Db thi ctia ham s6 y = ax + b, a # 0 1a mot duong thang cit truc tung tai diém co tung do bing b. Puong
thang nay:

— Song song v&i dudng thang y = ax néu b # 0.

— Trung v6i duong thang y = ax néu b = 0.

Tir két qua trén ta thdy: Néu di c6 dd thi ham sb y = ax thi dd thi ham s6 y = ax + b, b # 0 dudc suy ra bing
cach:

— Xdc dinh vi tri diém M(0;d).

— DPuong thang di qua M song song véi dudng thang y = ax chinh 1a d6 thi ham sb y = ax + b.

€ CACH VE DO THI HAM s& BAC NHAT
Vi dd thi ham s6 bac nhat 1a mot duong thang nén mudn vé ta chi cin xdc dinh hai di€ém phan biét bét ky trén
dudng thang do.

Khi vé do thi ham sé y =ax+b,a #0:

A . « A7 )2 A o3
— Ta nén chon hai diém co toa do chan.
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4 b 4 2 N . 2,0
— Thong thuong ta chon hai diém A(0;b) va B (——;O) theo thu tu la giao diém cua do thi vdi
a

truc Oy va Ox néu hai diém do khong nam qud xa goc toa do (thi du y = x +2005) hodc toa do
ciia chiing khong qud phiic tap trong tinh todn (thi du y = V/2x +/89).

(® PHUONG PHAP GIAI TOAN

-

Vidu 1. Cho ham s6: y = —x +3.
(1) Xac dinh giao diém ctia d6 thi ham sb véi truc tung va truc hoanh. V& d6 thi ham sb.
(2) Goi A va B theo thii tu 13 hai giao diém néi trén. Tinh dién tich AOAB (O 1a gbc toa dd).

() Goi a 1a géc nhon tao bdi dod thi ham s6 véi truc Ox. Tinh tana, suy ra s6 do goc a.

(@) Bing do thi, tim x &€ y >0, y <0.

.

# Loi giai.
(1) Db thi cat truc Oy tai A co:
x=0=>y=-0+3=3= A(0;3)
Do thi cat truc Ox tai B c6:

y=0=>0=-x+3 < x=3=B(3;0)

(2) Tacé:

1 1 9
S =-0A.0OB=-33=—-
AOAB =5 B B

(3) Trong AOAB, tacé AOB = a, suy ra:

OA 3
t =—=-=1 =45°
ana=-p=_=1l=a

d) T d6 thi suy ra:
— y>0 < x <3, dng véi phan do thi ndm phia trén truc Ox.

— y <0< x >3, ting v6i phan dd thi phia dudi truc Ox.

Vidu 2. Cho ham s6: y =ax-3a

(1) Xéc dinh gia tri cia a@ d€ do6 thi ham s6 di qua diém A(0;4). V& dd thi ham sd v6i a vira tim
dugc.

(2) Tinh khoang céch tit gbc toa d dén duding thang tim dudc trong a).

.

& L gidi.
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(1) Do thi ham s6 di qua diém A(0;4) khi va chi khi:

4
4:a.0—3a©3a:—4©a:—§.

) 4
Vay ham s0 c6 dang y = —gx +4.
DE vé d6 thi ham sb ta lay thém diém B(3;0).

(2) Goi H 1a hinh chiéu vudng goc ctia O 1én duvng thang.
Trong tam giac AOAB vuong tai O, ta c6:

11 . 1
OH2 (0A2 (B2
OA.OB 4.3 12

QOH: = = —,
VOA2+0B2 42432 5

Vi du 3. Vé trén cling mot hé truc toa do Oxy do thi clia cac ham s6 y = 3x va y = —3x. C6 nhén xét

gi vé do thi cua hai ham so0 nay?

# Loi giai.
DE vé dd thi ham sb y = 3x, ta thuc hién:
— Xac dinh thém mot diém A(1;3).
— Nbi O v6i A ta dudc dd thi ham sb y = 3.
Pé vé d6 thi ham s6 y = —3x, ta thuc hién:
— Xac dinh thém moét diém B(—1;3).
— Nbi O véi B ta dugc do thi ham s6 y = 3x.

Nhan xét rang, do thi ctia hai ham s6 nay d6i xiing véi nhau qua O'y.
O

A Ta co mot so nhdn xét sau:

3x khi x=0
—-3x khi x<0

(D) Ta biét rang: |3x| =

Do do, néu ldy hai phdn do thi la:

— Phdn do thi ciia ham s6 y = 3x trong géc phan tw thit I.

— Phdn do thi ciia ham sé y = —3x trong goc phadn tw thit I1.
ta nhdn duwoc doé thi ciia ham sé y = |3x].
(2) Tir do, dé’vé do thi ham sé vy = |ax| ta thuc hién nhu sau:

— Vétia OA, vdi A(xa,a-x4),x4 > 0.
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— Veétia OB, voi B(—x4,a-x4).

Hodic chi cdn vé tia OA sau do ldy déi xiing OA qua Oy.

, s 2 X 1
Vidu 4. Cho hai ham so: y = 2x Vay:—E.

(1) Vé trén ciing mot hé truc toa do Oxy dd thi cia cdc ham sb6. C6 nhan xét gi vé do thi cia hai

ham so nay?

0 X s L & 1
(2) Xéc dinh toa do di€ém B thudc do thi ham s0 y = —§x sao cho xgp =4yp +2.

L J

# Loi giai.
(1) Pé vé do thi ham s y = 2x ta thuc hién:

— Xac dinh thém mot diém A(1;2). y
— Nbi O v6i A ta dugc dd thi ham sd y = 2x.

Nhan xét rang d6 thi ctia hai ham s6 nay vudng goéc v6i nhau.

N P 1 1 ,2,,,‘ A
(2) B thuoc do thi ham s6 y = —5%. suy ra yp = —5ap (*). Thay xg = |
4yp + 2 vao (*), ta dugc: N 1/ |
1 1 | 1
yB=—§(4yB+2)©yB=—§ . :
-2 -1 1 2 X
= 4( 1)+2 1
XR = _— = ——
B 3 3

. 1 1 . a
Vay, diém B (—g; —g) la diém can tim.

Vidu 5. Cho céc ham sb:
y=f(x)=2x,y=gx)=2x-1,y=h(x)=2x+2.
(D Vi x = —2;0;1;2;3 hay tinh cac gia tri tuong ung cua f(x), g(x), h(x).

(2) C6 nhan xét gi vé gid tri clia cdc ham s6 f(x), g(x), A(x) ing véi cing mot gid tri clia bién sb x,

tir d6 dua ra két luan vé do thi cac ham sb y = g(x) va y = h(x).

L

# Lo gidi.

(1) Talap bang:

x |-2] 0 1]2]3
f) | -4 0 246
gx) | -5|-1]1|3]5
hx) | -2| 2 |4]6]8
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b) Tut bang, ta nhan thiy vé6i bit ky hoanh do nao thi

— Tung d0 tuong dng cta diém trén d6 thi ham sb y =2x—1
ciing nho hon tung do tucng ving ciia diém trén dudng thing
y =2x1a 1 don vi.

— Tung d6 tuong dng cta diém trén do thi ham sb y = 2x + 2
ciing 16n hon tung dd tuong ting cia diém trén dudng thing
y =2x1a 2 don vi.

Vay ta thiy:

— D0 thi ham s6 y = 2x — 1 12 mot dudng thing song song
véi dudng thang y = 2x va cit truc tung tai diém c6 tung
do bang —1.

— D0 thi ham sb y = 2x + 2 12 mot dudng thing song song
véi dudng thang y = 2x va ct truc tung tai diém c6 tung

do6 bang 2.
O
Vi du 6. Cho cic ham sé:
y=2x-1,y=2-x,y=3—-2x.
(D V& do thi ctia ba dudng thang dé trén ciing mot hé truc toa do.
(2) C6 nhan xét gi vé dd thi ctia ba ham sb nay?
# Loi giai.
R Yy
(1) Talan lugt vé:
— V6i do thi y = 2x — 1 lay hai diém A(0;—-1) va Ag 5;0 )
Néi A va A dugc do thi can dung.
—— V6 db thi y = 2 — x 14y hai diém B(0;2) va Bo(2;0). Néi
B va By dudc d6 thi can dung.
R ) . 3
— VGéi d6 thi y = 3 — 2x lay hai diém C(0;3) va Cy (5;0). .
Néi C va Cg dudgc d6 thi can dung.
(2) Db thi ctia cac ham s6 nay dong quy tai diém I(1;1).
O

Vidu 7. Vé do thi cac ham sb sau:

@ y=lxl. @ y=Ix-2l.

3 lx-1]+2.

# Loi giai.
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(1) Tabién dai

_xl=d ¥ néu x>0
V==Y —x néu x<0 ’ )
y=x y=-x
Do d6 dd thi ham sb 1a hai tia OA véi A(1;1) va y

OB v6i B(-1;1).
b) Ta bién déi

2—x néu x=2

y:Ix—ZI:{ x—2 néu x<2

Do d6 d6 thi ham sb 1a hai tia TA véi 1(2;0) va ’ D
A(4;2) va IB véi B(0;2). /

¢) Ta bién d6i

x+1 néu x=1

y:Ix—1|+2:{ 3-x néu x<1

Do d6 d6 thi ham sb 1a hai tia TA véi 1(1;2) va ,/O
A(2;3) va IB véi B(0;3).

(® BAITAP LUYEN TAP

Bai 1. Vé d6 thi cac ham sb:
@ y=4x. @ y=x+3.

@) y=—-x+6. @) y=-3x-3.

1
@y:—§x+1.

# Loi giai.
(D Xéc dinh hai diém O(0;0) va A(1;4). Pudng thang di qua hai diém O, A 1a d6 thi ham s6 can vé.
(2) Xac dinh hai diém A(0;3) va B(-3;0). Pudng thing di qua hai diém A, B 1a dd thi ham s6 can vé.
(3) Xac dinh hai diém A(0;6) va B(6;0). Pudng thang di qua hai diém A, B 1 d6 thi ham sd can ve.
() Xéac dinh hai diém A(0;-3) va B(—1;0). Pudng thang di qua hai diém A, B 12 d6 thi ham sb can Vé.

(8) Xac dinh hai diém A(0;1) va B(2;0). Puong thang di qua hai diém A, B 1a d6 thi ham s6 can veé.
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Hoc sinh tu vé hinh. a
Bai 2. Cho ham s6 y = ax. Hiy x4c dinh hé sb a, biét:

(D Do thi ham s6 di qua diém A(1;8).

(2 D6 thi ham s6 di qua diém B (2, —3).

(3 D6 thi ham s6 1a dudng phan gidc clia géc phan tu thi I, I11.

Vé d6 thi ham s6 trong mdi trudng hop.
# Loi giai.

(1) Vi diém A(1;8) thudc do thi hAm sbnén 8.a=1<a =8.
Vay ham s6 c6 dang y = 8x.
4 3 A X . N A A 3
(2 Vidiém B Z;—3 thudc do thi ham so6 nén -3 = a.Z S a=-4.
Vay ham s6 c6 dang y = —4x.
(3 Do thi ham s6 1a dudng phan gidc clia géc phan tu thi I, I11, ta c¢6 ngay a = 1.
Hoc sinh tu vé hinh. a

Bai 3. Cho ham s6 y = (2a — 3)x. Hiy xé4c dinh a, dé:

(1) Ham s6 luon dong bién? Nghich bién? (2) Do thi ham s6 di qua diém A(2;3).
~ 2 2 5 1 X . N A N N A ., , P
(3 Do thi ham so di qua di€ém B(Z; —5). (@) D6 thi ham s0 1a dudng phan gidc géc phan tu
thu II, IV.

Vé dbd thi ham sb trong méi trudng hop 2), 3), @).
Lo gidi.

. N . 3
(1 Ham s0 ludén dong bien khi va chi khi 2a —-3>0 < a > 5
. ) 3
Ham s0 ludn nghich bién khi va chi khi 2a -3 <0 s a < 3
o N N A A 9
(2) Vi diém A(2;3) thudc do thi ham sOnén3=(2a-3)2<©4a=9<a= 7
AU A 9
Vay ham so c6 dang y = Zx
o 5 1 A A e ra A A
(3) Vidiém B Z; -3 thudc do thi ham so nén:

1 5 13
——=2a-3)-©10a=13©a=—.
2 4 10

. 2
Vay ham s0 c6 dang y = —gx.
@ D6 thi ham s6 1a dudng phan gidc géc phan tu thi 11, TV, ta c6:

20—-3=-1v2a=2<a=1.

Vay ham s6 c6 dang y = —x.

Th.s Nguyén Chin Em 107 https://emncischool.wixsite.com/geogebra



https://www.facebook.com/groups/GeoGebraPro/ Tai liéu tw hoc Todn 9 - HKI

Hoc sinh tu vé hinh. a
Bai 4. Cho ham sb y = 2ax — 3a.
(1) Xéc dinh a biét rang d6 thi ham sb trén di qua diém M(2;3).
(2) Vé dd thi ham s6 tim dudc trong a).
(3 Tinh khoang céch tir gbc toa d6 dén duving thang tim dudc trong a).
# Loi giai.
D Vi diém M(2;3) thudc dd thi haim sd nén: 3=2.4.2-3a © a = 3.
Do d6 ham sb c6 dang y = 6x —9.
(2) Talay hai diém A(0;-9) va B (2;0).
Puong th.%mg ndi hai diém A, B 1a dd thi can vé. Hoc sinh tu vé hinh.

(3) Goi H la hinh chiéu vudng goc ctia O 1én dudng thang.

Trong tam giac OAB vuong tai O ta c6:

3
1 _t 1 ... 0A0B _ %3 9
OH2 O0A? OB2 T VOAZ:O0BZ 32 V37T
92 —_
+(2)
Vay khoang cach tit gbc toa do dén dudng thang ban )

Bai 5. Cho ham s6 y = ax +b.

(1) Xac dinh a va b biét rang d6 thi ham s6 cat truc tung tai diém c6 tung dd bang —4 va cat truc hoanh

tai diém c6 hoanh do bang 1.
(2) Vé dd thi ham s6 tim dudc trong a).
(3 Tinh dién tich tam gidc dudc tao bdi do thi ham sb trong @) va cic truc toa do.
# L giai.
(1) Giao diém ctia do thi véi truc tung 12 A(0,—4), v6i truc hoanh 12 B(1,0). Ta c6:
a-0+b=-4 a=4
o )
a-1+b=0 b=-4
(2) Xac dinh cic diém A(0,—4) va B(1,0). Puong thang di qua hai diém A,B 1a dd thi ham s cin vé.
Hoc sinh tu vé hinh.

(3 Tam gidc tao bdi dd thi ham s va céc truc toa dd 124 AOAB vuodng tai O.

1
Vay S = EOA-OB = 2 (dvdt).

Bai 6. Cho ham s6 y = |a — 1|x. Hay x4c dinh a biét:
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N £ 2 A . N A . [ 1
(D DO thi ham s6 di qua diem A(1;3). (2) Do thi ham s6 di qua diém B (—5;8).
VEé dd thi ctia ham s6 trong mbi trudng hop.
# Loi giai.
a=4

a=-2

a—1=3
o

(1) Vi diém A(1;3) thudc dd thiham sénén3=la—1| & -3
a-1=-

Vay ham s6 c6 dang y = 3x.
0 1 X et A A 1) . n . A
(2) Vi diém B(—§;8) thudc do thi ham so nén: 8 = |a — 1] - (—5) vo nghi€ém. Vay khong ton tai a.

Hoc sinh tu vé dd thi ham s6 y = 3x, 1a dudng thang di qua O(0;0) va A(1;3). a

Bai 7. Vé do thi ctia cdc ham sb sau:

@ y=lxl. @ y=2lx|-1.

3 1
= |x|+2. =|=x+=|.
® y=la @y=|1x 4‘
x
= ——+2).
®y ’ 5
# Loi giai.
Hoc sinh tham khao vi du 7 O
Bai 8. Tim tip hop cic diém M(x;y) sao cho:
D y<x+2. @ y<-x+1.
y<x
Q) y=-2x+2. @] y<-2x+4
y=z—x+1

# Loi giai.
Hoc sinh ty vé hinh.
(@) Thuyc hién vé do6 thi ham s6 y = x + 2.
Khi d6 tap hop cac diém M (x;y) thda man y < x + 2 nam phia dudi dd thi ham sb.
(2) Thuc hién vé d6 thi ham s6 y = —x + 1.
Khi d6, tap hop cac diém M(x;y) théa man y < —x + 1 nam phia du6i d6 thi ham s6 ké ca dd thi ham sd.
(3) Thuc hién vé d6 thi ham s6 y = —2x + 2.
Khi d6, tap hop cac diém M(x;y) théa man y = —2x + 2 nam phia trén d thi ham sb ké ca dd thi ham sb.
(@) Thuc hién vé cac ddthihamsé y =x, y=—-2x+4, y = —x+1.
Khi d6, tap hop cac diém M (x;y) thoéa man hé thudc phan mit phang gidi han bdi ba do thi trén.
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sAld. DUONG THANG SONG SONG VA PUONG
THANG CAT NHAU

@ TOM TAT Li THUYET

(1) Hai dudng thang y=ax+b (@ Z0)vay=a'x+b' (@’ #0) la:
— Song song véinhaunéua =a’ va b #b’.
— Trung nhaunéua =a’ vab =1b'.
(2) Pbuong thang cit nhau
— Hai duong thang y = ax +b va y’ = a’x + b’ cit nhau khi va chi khi a # a’.
— Picbiétnéua #a’ va b = b’, ching cat nhau tai mot diém trén O'y.
(3) Vi tri ctia hai duong thang trén mit phang toa do
Cho hai duong thang (d1): y =a1x+b1, (d2): y = asx + bs, ta c6 cac két qua sau:
— (d1)=(dg)eai=agvabi=bos.
— (d1) | (d2) © a1 =ag vab; # bs.
— (dn(dg)={A} © a1 #as.
— (dpL(d9)ear-ag=-1.

(® PHUONG PHAP GIAI TOAN

-

Vidu 1. Cho ham s6 y = ax +2
(D) Xac dinh a, biét dd thi ham sb song song véi dudng thing y = —x.

(2) Vé dd thi ham s6 tim dugc trong cau a). Tinh dién tich tam gidc dudc tao bdi do thi ham sb trong
cau a) va cac truc toa do.

.

# Loi giai.

Ay
(1) Vi d6 thi ham sb song song vdi dudng thing y = —x+2néna = —1. 37
Vay ham sb c6 dang y = —x + 2. \ A
N . . . 2
@ DE vé d6 thi ham s6 ta lay hai diém A(0;2) va B(2;0).
Néi A va B ta dudc do thi can vé. Khi d6 ta c6 1
1 1
Snoap =5 0A-0B=2-2:2=2. % % B . x
-1 |0 1 2\3
Chu y. Ta c6 céc két qué sau: 14

— V6i diém A(0;y4) thi OA = |yal.

— V6i diém A (x4;0) thi OA = |x4].

— V6i diém A (x4;y4) thi OA = /2% +y2.

Vi du 2. Cho hai dudng thazmg d1):y=2x+1,(d9): y=x+1.

(D Chiing to riang hai dudng thang (d1) va (dg) cat nhau. Xéac dinh toa do giao diém I ctia chiing
va vé hai dudng thing nay trén cung mot hé truc toa do.
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(2) Lap phuong trinh dudng thang (d) di qua I va song song véi dudng thang y = —4x + 1.

. . 1
(3 Lap phuong trinh dudng thang (d’) di qua I va song song véi dudng thang y = PR +9.

# Loi giai.

(1) Nhan xét rang:

— DPuong thing (d1) c6 a1 =2va by =1. A

— Duoing thang (dg) c6 ag =1va by =1. 31
Suy ra aq # ag va by = by = (d1) cit (dg) cit nhau tai 9l
diém I trén Oy.
Gia st giao diém ctia hai duong thing c6 toa do I (0;y) vi 1
I thudc (d1) nényg=2-0+1=1=1(0;1).

A X
-2 Al B|O 1 2 3 4

-1+

(2) Pudng thing (d) song song véi duvng thang y = —4x + 1, ¢6 phuong trinh (d): y = —4x + b.
Vile(d)nénl=-4-0+bob=1
Viy phuong trinh duong thing (d): y = —4x + 1.

(3) Puong thang (d') song song vé6i duvng thang y = %x +9 c6 phuong trinh (d'): y = %x +b,v6i b #9.
V‘lIEd’nénlzé-O+b©b:1.
Vay phuong trinh dutng thang (d'): y = %x +1.
Nhan xét. Trong loi gidi cua vi du trén

— O cdu a) dwa trén nhdn xét (d1) va (ds) cdt nhau tai diém I trén Oy nén ta mdi gid sit 1(0; yo).
Trong truong hop tong qudt voi hai duong thcfng (d1):y=a1x+b1, (d2): y=asx+bo vii (a1 #as),

ta gid sit toa dé giao diém I(xg;yo) roi nhdn xét:
- I€(d1)3y0:a1x()+b1 (1)
- I€(d2):>y0 =agxg+ b (2).

Tir (1) va (2) suy ra
bo—by

ai—as’

a1x0+b1 :a2x0+b2 <> X0 =

Thay xo vao (1) hocic (2) (tity theo viéc thay nao dé hon) ta nhdn dugc gid tri ciia yo, tit do suy ra toa
do diém 1.

— O cdu b) va cdu ¢), ta c6 thé khdng dinh dugc b = 1 thong qua nhan dinh "Puong hdng (d) va (d')
luén cdt (dy) tai diém I thudc Oy".

O
Vi du 3. Cho dudng thang (A): y = x + 6. Lap phuong trinh dudng thang (d) song song véi dudng
thang (A) va

(1 Pi qua diém M(1;2).
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(2) Khoang cach tit O dén (d) bang 2v/2.

# Loi giai.
Puding thang (d) song song véi dudng thang A c¢é phuong trinh (d): y =x + b.

@D ViM(1;2)e(d)nén2=1+b<b=1.
Viy ta dudc phuong trinh dudng thang (d): y =x + 1.

(2) Goi A, B theo thi tu 12 giao diém ctia (d) véi céc truc Oy, Ox, ta dugc:

— V6idifmA: x=0=>y=0+b =0, do d5 A(0;).
— V6idiemB: y=0=>0=x+b © x=-b, do d6 B(-b;0).

Goi H 1a hinh chiéu vuong goc ctia O 1én duong thang (d). A
Trong AOAB vuong tai O, ta ¢6 y
1 1 1 OA-OB
= + ¢ OH=—"-— A
OH? O0A? OB? VOA?+0B?
o 2V2= _bl- -0 - 16l H
VbZ+(-b)2 V2 11

< |bl=4<b=414. B X

Khi d6 o 1

— V6i b =4, ta dugc dudng thang (d3): y =x+4

— V6i b = —4, ta dudc duong thiang (d4): y = x — 4.
Vay ton tai hai dudng thang (d3) va (d4) thda man diéu kién dé bai.

Nhan xét. Qua loi gidi ciia vi du trén, ta ghi nhdn két qud "Moi duong thdng song song vdi duong thing
y = ax +m luon cé phuong trinh y = ax +b". Khi do, dé xdc dinh phuong trinh duong thdng chiing ta chi
cdn xdc dinh b.

a

Vi du 4. Lap phuong trinh dudng thang (d) biét (d) di qua di€ém M(1;2) va chin trén hai truc toa do
nhitng doan bang nhau.

# Loi giai.
Puong thang (d) ¢6 phuong trinh (d): y = ax +b.
ViM(1,2) thudc (d)nén2=a+boa=2-5. 1)
Goi A, B theo thif tu 12 giao diém ctia (d) v6i cac truc Oy, Ox, ta dugc A(0;b) va B (—9; 0).
Véi diéu kién OA = OB suy ra ¢

b b
= |—— = | — _2 —
1) ’ a‘ o |b| ‘b—2'©|b(b ) =|b]

b=0
b?-2b=b b*-3b=0
2_gp-—p < |p2op=0 |01
b"-2b=- I b=1
Khi dé:
— V6i b =0 thay vao (1) suy ra a = 2, ta dugc phuong trinh dudng thing (d1): y = 2x.

— V6i b = 3 thay vao (1) suy ra @ = —1, ta dudc phuong trinh dudng thang (dg): y = —x + 3.
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— V6i b = 1 thay vao (1) suy ra @ = 1, ta dugc phuong trinh dudng thang (d3): y =x + 1.

Vay ton tai ba dutng thang (d1), (d2), (d3) thda man diéu kién d& bai.

Tong quat

Cho diém A(xo; yo), ta d& dang chiing minh dudc ring moi duding thang (d) di qua A ludn c6 phuong trinh (d): y =
a(x —x9)+ yo. O

-

m-1 m+1

Vi du 5. Cho ho dudng thang (d,,,) ¢6 phuong trinh (d,,): y = — x+ .
) 2m-3 2m-3

1) Xdc dinh m dé

(a) (d,) diqua A(2;1).
(b) (d,) c6 hudng di 1én (ham s dong bién).
(c) (d,) song song v6i dudng thang (A): x— 2y +12=0.

2) Tim diém cb dinh ma ho (d,,) luon di qua.

# Loi giai.
Viét lai phuong trinh ho dudng thflng (d,) dudidang (d,,): (m—1Dx+(2m —-3)y—m—-1=0.
1) Talan lugt co6

(a) (d,) diqua A(2;1)khi vachi khi 2(m—-1)+(2m -3)-m—-1=0.
(b) (d,,) c6 huéng di 1én khi va chi khi n6 c6 hé s6 géc duong

m-1 -1
s - >0« <0
2m -3 2m -3
m>1
{m—1>0 3
2m-3<0 m<y
o
m-1<0 m<1
2m-3>0 3
m>—
2
3
S l<m<-—.
2
) -1 1 5
(c) (d,) song song véi dudng thang (A) khi va chi khi — n ——om=-.
2m -3 2 4

2) Gia stt M (x0;y0) 12 diém cb dinh ma (d ;) ludn di qua, khi d6, v6i Vm thi
(m—-1Dxo+2m—-3)yg—m—-1=0
< (xo+2y0—1)m—-x9—3y0—1=0
{xo +2y0—1=0

x0+3y0+1=0
{x0:5
<
Yo=—2.

Vay (d ) ludn di qua diém cb dinh 1a M(5;-2).
Chu y: Véi bai toan vé su ddng quy clia ba dudng thang (d1): y =a1x+b1;(d2): y =asx+ba va(ds): y =
asx + bg ta thuc hién theo cdc budc sau
— Budc 1. X4c dinh toa do giao diém I ctia hai dudng thfflng (dq1) va(d9).
— Budc 2. Véi yéu cau
— DE chiing minh ba dudng thfmg (d1); (d2) va (d3) dong quy, ta di chiing minh I € (d3).
— D& nhan dudc gid tri ctia tham s6 dé€ ba dudng thing ddng quy ta thiét 1ap didu kién I € (d3).

a

Th.s Nguyén Chin Em 113 https://emncischool.wixsite.com/geogebra



https://www.facebook.com/groups/GeoGebraPro/ Tai liéu tw hoc Todn 9 - HKI

Vidu 6. Cho ba dutng thezlng (d1): y=2x—1,(d2): y=2—-x; (d3): y = ax+ 1. X4c dinh a d€ ba

dudng thang trén dong quy, rdi vé dd thi clia ba dudng thang d6 trén ciing mot hé truc toa dd.

# Loi giai.
Gia st giao diém I ciia hai dudng thang (d1) va (d2) c6 toa do Y
I(x0;50).

. (ds)
Khi do
\ (d1)
3

— Vi I thudc (d1) nén yg = 2x¢ — 1. 1)
— Vi I thudc (d2) nén yg = —x¢ + 2. (2)

Te (D) va(2)suyra2x9—1=-x9+2x9=1=>y9=1.
Vay (d1) va (d3) cat nhau tai diém I(1;1).

D€ ba duong thang (d1), (dg2) va (d3) dong quy thi I(1;1) €
d3g)=>1=a+3ca=-2. _9

Vay v6i a = —2 thi (d1), (d2) va (d3) dong quy, khi d6 dudng /
thfmg (d3) c6 phuong trinh (d3): y = —2x + 3. —1/ A

\ A3

4
(d2)
Vé db thi

— DE vé do thi ctia (d1) ta liy thém diém A(0;—1).
— DE vé do thi clia (dg) ta 1y thém diém B(0;2).
— Dé& vé db thi ctia (d3) ta liy thém diém C(0;3).
(® BAITAP LUYEN TAP
Bai 1. Lap phuong trinh dudng thang (d) song song véi dudng thang (A): y = —3x va di qua diém M(1;3).
Vé db thi cta (d).
# Loi giai.

a

(@ Vi (d) song song vdi (A) nén ¢6 phuong trinh (d): y = —3x + b.
ViM(1;3)e(d)nén3=-3-1+b=>b=6.
Vay phuong trinh dudng thing (d): y = —3x +6.

(2) V& d6 thi cta (d), ta lua chon hai diém A(0;6) va B(2;0) thudc
(d).
N6i A va B ta dudc do thi ctia (d).

Bai 2. Cho dudng thang (A): y = —x + 2. Lap phuong trinh dudng thang (d) song song véi dudng thang (A)

va
(1) Di qua diém M(1;-2).

(2) Chan trén hai truc toa do mot tam gidc c6 dién tich bang 8.
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(3) Khoang cich tir O dén (d) bang 9v/2.

# Loi giai.
Pudng thang (d) song song véi dudng thang (A) nén c6 phuong trinh (d): y = —x +b.

@ ViM(1;-2)e(d)nén -2=-1-1+b=>b=-1.
Vay phuong trinh dudng thang (d): y = —x — 1.

2 Goi A, B theo tht tu 1a giao di€m clia (d) véi cic truc toa do Oy, Ox, ta dudc

— V6idiém A, x=0=>y=0+b=b, do d6 diém A c6 toa do (0;d).
— V6idiém B, y=0=0=—x+b = x=b, do d6 diém B c6 toa do (b;0).

Dién tich AAOB dudgc tinh bdi cong thic

1 1 b2
SAAOB:5-0A-OB©8:§-|b|-|b|:5©b2:16@b=i4.

Khi do
— V6i b =4, ta dudc dudng thang (d1): y = —x +4.
— Véi b = —4, ta dudc duvng thang (ds): y = —x —4.
Viy ton tai hai duong thang (d1) va (dz) thdéa man yéu cau dé bai.
(3) Goi A, B theo thi tu 12 giao diém cta (d) véi cdc truc toa dd Oy, Ox, ta dudc

— V6idiem A, x=0=y=0+b=b, do d6 diém A c6 toa do (0;b).

— Véidifm B, y=0=>0=—-x+b = x=b, do d6 di€ém B c6 toa do (b;0).

Goi H 1a hinh chiéu vudng géc ctia O 1én dudng thang (d).
Trong AOAB vuong tai O, ta c6

11 1 _ OA-OB
oH? oAz 0B °© OH‘,/—OA2+OB2

gyz- Iol-bl _ 16l
VBZ+(=b)2 V2
& |b|=18 o b==18.
Khi d6

— Véi b = 18, ta dudc dudng thang (ds3): y = —x + 18
— Véi b = —18, ta dudc dudng thang (d4): y = —x — 18.

Viy ton tai hai dutng thang (ds) va (d4) thda man diéu kién dé bai.

Bai 3. Xét vi tri tuong d6i ciia hai duong thang (d1) va (ds) biét
@ (d1):x+y+1=0va(ds): 2x+2y+3=0.

@2 (d1):3x—y+1=0va(dg):4x—y+1=0.
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3 (d1):x+2y+1=0va(dg): x+4y+3=0.
@ (d1):2x+3y+1=0va(dy): 4x+6y+2=0.

Trong trudng hdp cat nhau, hay tim toa do giao diém.
#) Loi giai.

3
@) Tacd(dy): y=—-x—1va(ds): y=-x-g suyra(dy) || (de) via=a' vab #b'.
) Tacoé(dy): y=3x+1va(dy): y=4x+1suyra(di)cat(ds)via#a'

-1 1 -1 3 ,
(3) Tacd(dq): yE5rTy va(ds): y= 2571 suy ra (dq) cat (dg) via #a'.

-2 1 -2 1
(@) Taco(dy):y= 2573 va(ds): y= X gsuyra (dq) tring (dg) via=a/,b=10'.
Bai 4. Cho hai dudng thang (d1): y=2x—1va(dg): y = —x +2.

(D Chiing t4 rang hai dudng thang (d1) va (dg) cat nhau. Xdc dinh toa do giao diém I ctia ching va vé

hai dutng thang nay trén cing mot hé truc toa do.
(2) Lap phuong trinh duong thang (d’) di qua I va song song vdi dudng thang y = 5x + 7.
# Loi giai.
(1) Nhan xét ring

— Puong thang (d1) cé6 a1 =2 va by = —1.
— Pudng thang (dg) c6 ag = —1va by =2.
Suyraa; #ag vaby #bg = (d1) va(da) cit nhau tai diém I.
Gia st giao diém ctia hai duong thang c6 toa dd I(xo;yo), khi dé
— Vi I thudc (d1) nén yo = 2x9 — 1. (1)
— Vi I thudc (d2) nén yg = —xo + 2. (2)

Tu () va(2)suyra2xg—1l=-xp+2ex9=1=>y9=1.

(2) Puong thang (d') song song véi dudng thang y = 5x + 7, ¢6 phuong trinh (d'): y =5x + b, véi b £#7.
Vi I thudc dudng thang (d')nén 1=5-1+b = b = —4.
Vay phuong trinh dudng thang (d'): y = 5x — 4.

.. s R B2-1  k*+1
Bai 5. Cho hai duong thang (d1): y=kx+k va(ds): y= 7 X+ o7 , Vi k #0.

(1) Chiing minh ring khi % thay d6i (d1) ludn di qua mot diém cb dinh.
(2) V6i mbi gid tri clia £ # 0, hdy xac dinh giao diém I clia (d1) va (ds).

# Loi giai.
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(1) Gia st (d1) di qua diém cd dinh M(xo; yo), khi d6 yo = kxg + & véi moi k.

Sk(xog+1)—y9=0 VEk

x0+1=0 x0=-1
= =
¥0=0 y0=0.
Viy dudng thang (d1) ludn di qua mot diém cb dinh M(-1;0).

1-k2 2k

(2 Giao di€m I c6 toa dod (m, 1172

a

Bai 6. Cho ba dudng thang (d1): vy = 2x+3, (d2): y = 3x+2 va (d3): y = ax +a + 3. Xdc dinh a dé ba
dudng thang trén dong quy, rdi vé dd thi clia ba duding thang d6 trén cing mot hé truc toa do.
# Loi giai.
Xéc dinh giao diém ctia hai dudng thing (d1) va (ds) la
A(1;5).
D€ ba dudng thang ddng quy thi (d3) di qua A.
Thay toa do clia A vao phuong trinh dudng thang (d3) ta
dugc

5=a-1+a+3=2a+3oa=1.
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ssl5.  HE SO GOC CUA DUONG THANG

@ 1OM TAT Li THUYET

Puong thang y = ax + b c6 hé sb goc a va
— Néua >0 thi @ <90°.

— Néua <0 thi @ > 90° (khi d6 @ = 180° - ABO).

(® PHUONG PHAP GIAI TOAN
€ HE SO GOC CUA PUONG THANG

Vi du 1. Cho duong thang (d): y =x +8.
(1) Vé duong thang (d).

(2) Tinh hé s6 géc ciia dudng thang (d).

\

& L gidi.

(1) Taldy hai diém thuoc (d) 1a A(0;8) va B(-8;0).
N6i A va B ta nhan dudc dd thi cta (d).

(2) Ta c6 ngay, duong thang (d) c6 hé s6 bang 1.

Vi du 2. Cho hai diém A(3;2) va B(5;8) thuoc dudng thang (d).

(@) Tinh hé s6 géc clia dudng thang (d).

(2) Xac dinh dudng thang (d) d6.

. J

# Loi giai.

(1) Gia st phuong trinh ciia dudng thang (d) c6 dang y = ax +b.
Ta co
— A(3;2)e(d)=>2=3a+b (D).
— B(5;8)e(d)=>8=5a+b (2).

Lay (1) trtr (2) suy ra: 2a =6 => a = 3.
Vay hé s goc cia (d) bing 3.

(2) Thaya =3 vao (1)tadugc 3-3+b=2<b=-17.
Vay phuong trinh dudng thang (d): y = 3x — 7.
Tf;ng quat. Cho hai diém A (x1;y1) va B (x2;y2) thudc dudng thiang (d) , trong dé x1 # x2.
Ta dé dang chiing minh dugc

Y2—¥1
xXg— X1

— Hé s6 goc clia duong thang (d) la: a =

Y=y _y2-y
Xg=X1  Xg— X1

— Phuong trinh (d) dugc xac dinh bdi cong thuc:

(%).

Trong nhiéu bai toan viéc st dung cong thiic (*) d€ xac dinh dudng thang (d) dé dang hon nhiéu.

a
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€ LAP PHUONG TRINH BUONG THANG BIET HE SO GOC

Phuong phap.
Ta ghi nhin két qua: "Moi duong thang c6 hé sb goc & ludn cé phuong trinh y = kx + b".
Khi d6 d€ xac dinh phuong trinh dutng thang ta chi can xac dinh b.

r

) . . 4
Vi du 3. Lap phuong trinh duong thang (d) c¢6 hé s goc bang 3 va
(1) Pi qua diém M(-1;-1).

(2) Chan trén hai truc toa do mot tam gidc c6 dién tich biang 24.

.

# Lo giai.

. ) . 4 4
Puong thang (d) ¢6 hé s6 goc bang 3 ¢6 phuong trinh 1a y = gx +b.
4
@) Vi M(-1;-1) thuoc (d) nén —1 = 3 (-D+beb=1.
4
Vay, ta dugc (d): y = §x+ 1

(2) Goi A, B theo thi tu 12 giao diém ctia (d) véi céc truc Oy, Ox ta dugc

4
—V6idiémA,x=03y=§-0+b=b,d0d()A(0;b). A
y
e 4 —-3b
—ledlémB,y2030:§-x+b@x:T,dodé
A
-3b
B(—;O).
4
10
Dién tich AOAB dudc cho béi
B x
1 1 ~3b| 3b2 0 ’ >
S =—-0OA-OB 24=—-1b|-|—|=— 1
AOAB= 3 e 3 1b] ‘ 1 3

o b?=64b=148.

Khi d6
" X : 4
— V6i b = 8, ta dugc dudng thang (d1): y = §x+8.

. 4
— V6i b = -8, ta dugc duong thang (dg): y = gx—S.

Viy ton tai hai dudng thang (d1) va (d2) thda man bai toan.

|

. 2 . 4 . N
Vi du 4. Lap phuong trinh dudng thang (d) c6 hé s6 goc bang 3 va khoang cach tir O dén (d) bang
12
=

#y Loi giai.

. ) . 4 4
Pudng thang (d) c6 hé s6 goc bang 3 c6 phuong trinh 1a y = gx +b.
Goi A, B theo thif tu 1 giao diém ctia (d) v6i cac truc Oy, Ox ta dudc

. 4
— VéidiémA,szzy:§-O+b:b,dod(’)A(0;b).

. 4 -3b -3b
— ledlémB,y2020:§x+b¢>x:T,d0déB(T,O)
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Goi H 12 hinh chiéu vudng géc ctia O 1én dudng thang (d). A
Trong AOAB vuéng tai O, ta c6 y
1 1 1 OA-OB
= + © OH= ——— A
OH? O0A? OB? VOAZ + OB2
-3b
bl | —— H
12 4 35| 17
< 5" 5 5
-3b B x
2 >
4 (0] 1
& |bl=4eb=+4.
Khi d6
. X 2 4
— V6i b =4, ta dugc duong thang (d3): y = gx +4.
" X 2 4
— V6i b = —4, ta dugc duong thang (d4): y = gx -4,
Vay ton tai hai dudng thang (d3) va (d4) thda man bai toan. O

Vi du 5. Lap phuong trinh dudng thang (d) biét (d) cit Ox, Oy theo thi tu tai A(a;0), B(0;b) véi
a,b#0.

# Loi giai.
Gia st phuong trinh dudng thang (d) c6 dang y = kx +m.

— ViB(0;b) thuoc (d)nénb=k-0+m < b =m.

— ViA(a;0) thuéc (d)nén0=ka+m s ka=-m=-bok=—.

a
) . . b x Yy
Vay phuong trinh (d) c6 dang: y=——x+b & — + 5= 1.
a a
Nhan xét. — Qua 1oi gidi ciia hai vi du trén, ta ghi nhdn két qud "Moi duong thing di qua hai diém

A(a;0), B(0;b) vdi a,b # 0 luon co phuong trinh z +% =1"
a

— Phuong trinh trén duogc goi la phwong trinh doan chdn.

Vi du tiép theo sé minh hoa viéc st dung phuong trinh doan chin dé giai toan.

Vi du 6. Trén mit phang toa do, cho diém M(4;1). Mot dudng thang (d) ludn di qua M cét Ox, Oy
theo thif tu tai A(a;0), B(0;b) véi a,b > 0. Lap phucng trinh dudng thang (d) sao cho

(1) Dién tich AOAB nhd nhit.

(2) OA + OB nhd nhit.

1 1 A
@ W + W nho nhat.

L

# Loi gidi.

Tut gia thiét, ta dudc (d): ud +% =1.
a
4 1 4b

ViM(4;1)thudoc (d)nén —+—-—=1oa=——,v6ib>1 (%).
a b b-1
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1
(1) Dién tich AOAB dudgc cho bdi S = 5 -OA-OB = 5
Tu (), st dung bat dazlng thuc Cosi ta co

4 1 4 1 4
l=—+-22{/——=——<ab=16 S =8.
a b a b ab

4 1
Suy ra, ta dudc Spin = 8, dat dugc khi — = 3
a

Viy phuong trinh dutng thiang (d) ¢6 dang

(2 Tacé

4p 4
OA+OB =la|+|b|lz=——+b=——+b+4
b-1 b-1

_ 4 +b-1+5=24/ 4 b-1)+5=9
T b-1 V-1 e

Suy ra, ta dudc (OA + OB)pin =9, dat dudc khi

4 —b-1o (b 1)2—4®[b_3 =>b=3,0a=6
b—1 - b=-1(loai) =~ 24

Vay phuong trinh dutng thang (d) ¢6 dang

x Yy
d:=+>-=1oy=—x+3
(d) st 3 y=5x
o1 1 1 1
@TaCOQA%-Fm:g-Fﬁ.
Theo bat dang thic Bunhiacopxki, ta ¢
(42+12)(1 s 1)> 4+1)2_1:> 1,11
a2 b2) \a b) a2 b2 17

1

1
Suy ra, ta dudc | ——= + ——= = —, dat dudc khi

17
4 1
—4—-=1 :H
a b & 4
4

a=>b b=17

) min

Viy phuong trinh duong thang (d) c6 dang

A A __-
d): E+17—1®y— 4x+17.
4

Chu y. Sai 1am thudng giip cla hoc sinh trong cau b) 1a ding 1ap luan:

OA+OB=a+b=2Vab=8.

Khi d6 (OA + OB)yin = 8 dat dugc khia = b = 5.
O
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Vidu7.

(D Lap phuong trinh dudc thang (d) di qua diém A(-5;5) sao cho (d) tao véi tia Ox mdt goc a cb
1

tana = —.
2

(2 Tim trén dudng thang (d) di qua diém M (xp7; yy) sao cho x5, + y3, nhd nhét.

L

& Loi gidi.

(1) Gia st phuong trinh dudng thang (d) c6 dang vy = ax + b.
1 1
— (d) tao véi tia Ox mdt géc a cé tana = 3 néna =tana = 3
1 15
— Vi A(-5;5) thuoc (d)nén5=a-(-5)+b=—=-(-5)+bo b= X
15

. 1
Vay phuong trinh duong thang (d) c6 dang (d): y = §x + CR

1 15
(2 Vi M (xp1;ym) thude (d) nén ypr = M + 5 © xy = 2yy — 15. Khi d6

a2 4y =Qym— 157 +yy
=5y%, —60yy +225
=5(yy —6)% +45 = 45.

Suy ra, ta dugc (xJZW + yzzw)
Vay ta tim dugc M(—3;6).

=45 dat dugc khi: yyy =6=>xy=2-6—-15=-3.

min
Nhan xét. Trong loi gidi cua vi du trén

— O cdu a), ta sit dung két qud " Néu duong thing (d): y = ax +b tao vdi tia Ox mdt géc a cé
tana=a".

— Diém M duoc tim trong cdu b) chinh la toa dé hinh chiéu vuéng goc ciia O lén (d).

® BAITAPTY LUYEN
Bai 1. Lap phuong trinh dudng thing (d) , biét (d)

(D) di qua diém M (1;2) c6 hé s goc bing 3.

(2) di qua diém A(-3;2) va tao vdi tia Ox mdt goc 45°.

(3) di qua diém B(3;2) va tao véi tia Ox mdt goc 60°.
# Loi giai.
Gia st phuong trinh dudng thang (d) c6 dang y = ax +b.

(D Vi dudng thang (d) c6 hé sb géc bing 3 nén a = 3.
Vi di€ém M(1;2) thuoc (d) nén2=a-1+b=3-1+b o b=-1.
Vay phuong trinh dudng thang (d): y = 3x — 1.

(2) Pudng thing (d) tao vdi tia tia Ox mot goc 45° nén a = tan45° = 1.
Vi di€m A(-3;2) thudc diém (d) nén 2=a-(-3)+b=1-(-3)+b < b =5.
Viy, phuong trinh dudng thing (d): y = x + 5.
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(3) Ta xét hai trudng hgp
— Truong hop 1. Pudng thang (d) tao véi tia Ox mdt géc 60°, ta dugc
a =tan60° = V3.

Vi diém B (3;2)thudc diém (d) nén2=a-3+b=v3-3+b o b=2-3V3.
Vay, phuong trinh dudng thang (d1): y = v3-x+2-3V3.

— Truong hop2. Pudng thang (d) tao véi tia Ox mot gée 60°, ta dudc
a=-tan60° = —v/3.
Vi di€m B(3;2) thudc di€ém (d) nén
2=a-3+b=-V3-3+bob=2+3V3.
Vay phuong trinh dudng thing (d2): y = —v3-x+2+3V/3.
Két luan, c6 hai dudng thang (d1) va (dz2) thda man diéu kién dé bai.
Bai 2. Lap phuong trinh dudng thang (d) ¢ hé sb géc bang _?4 va
(1) Di qua diém M(1;-1).
(2) Chan hai truc toa do mot tam gidc c6 dién tich bang 54.
(3) Khoang cich tir O dén (d) bang g
# Loi giai.
Puoing thang (d) c6 hé sb goc biang %‘ c6 phuong trinh 1a (d): y = %435 +0.
(D Vi diém M(1;-1) thuoc (d) nén -1 = —%1 +beob=1.
Vay, phuong trinh dudng thing (d): y = —%x +1.
2 Goi A, B theo thit tu 1a giao di€ém ctia (d) véi cac truc Ox, Oy, ta dugc
— V6idifm A, x=0=>y= —%-O+b =b, do d6 A(0;b)
— VdidiémB,y:O:>O:—§~x+b Sx= %,do déB(%;O).

4
Dién tich AOAB dudc cho bdi

1 1 3b| _3b?
=—0A-OB& = |b|-|—|=—"—ob?’=144 0 b==+12.
S AOAB 2O 0 @2 |b| ‘4 3 b ob=+
Khi do

. . 2 4

— V6i b =12, ta dugc duong thang (d1): y = —3* +12.
. 4

— V6i b = —12, ta dudc duong thang (d1): y = —3% 12.

Viy, ton tai hai dudng thing (d1) va (dz) thda man diéu kién dé bai.
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(3) Goi A, B theo thi tu 12 giao diém cta (d) véi cic truc Ox, Oy, ta dudgc

) 4
— Vi diémA,x:Ozy:—g-O+b:b, do d6 A(0;b).
. 4
— VOidiémB,yzOzO:—g-x+b©x:%,dodéB(%;O).

Goi H 1a hinh chiéu vudng goc ciia O 1én dudng thang (d).
Trong AOAB vuong tai O, ta c6

11 1 _ 0A-0B
om oaztop © 0H= 7
VOAZ+ OB
bl-|32
_ 3. 5| 3l
5 2 5
%
1

& |bl=1eb==1
Khi do
o . 2 4
— V6i b =1, ta dugc duong thang (d3): y = —§x+ 1.
o 4
— V6i b = -1, ta dugc duong thang (d4): y = —gx— 1.
Vay ton tai hai duong thang (ds) va (d4) thda man bai toan.

a

Bai 3. Lap phuong trinh dudng thang (d) song song véi dudng thang (A): y = —3x va di diém M(1;3). Vé
dd thi ctia (d).

# Loi giai.

Puong thang (d) song song v6i dudng thang (A): y = —3xnén(d)cédang y = -3x+b vy
(b #0). 6
Vi (d) di qua diém M(1;3)nén -3+b=3 < b =6.
Viy (d): y=—-3x +6.

°
%
&
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CHUONG ] HE THUC LUONG TRONG TAM GIAC
VUONG

il 1. MOT SO HE THU'C VE CANH VA DUGNG CAO
CUA TAM GIAC VUONG

@ TOM TAT Li THUYET
€ HETHUC GITA CANH GOC VUONG VA HIiNH CHIEU CUA NO TREN CANH HUYEN

Pinh li 1. Trong mét tam gidc vuéng, binh phuwong ciia mét canh géc vuéng bdng tich ciia canh huyén
va hinh chiéu ciia canh goc vuong do trén canh huyéen.

Nhu vay, trong AABC vudng tai A, ta nhan dugc
AB?=BC-BH & c?=a-¢/,

AC?2=BC-CHo b’ =a-b'.

€ MOT SO HE THUC LIEN QUAN TGI BUONG CAO

Pinh li 2. Trong mét tam gidc vuoéng, binh phuwong duong cao iing véi canh huyén bang tich hai hinh
chiéu ciia hai canh goc vuéng trén canh huyén.

Nhu vay, trong AABC vudng tai A, ta nhan dudc

AH?=BH-CH < h?®=b"-¢'.

Pinh li 3. Trong mét tam gidc vuéng, tich hai canh goc vuéng bang tich cia canh huyén va duong
cao tuong ung.
Nhu vay, trong AABC vuédng tai A, ta nhan dugc

AB-AC=AH-BCesb-c=a-h.

Pinh li 4. Trong mot tam gidc vuéng, nghich ddo binh phuong duong cao iing véi canh huyén bang
téng cdc nghich ddo ciia binh phuong hai canh géc vuéng.

Nhu vay, trong AABC vudng tai A, ta nhan dudc
1 1 1 1 1 1

= —+ —_— = — 4
AH? AB? ACZ  RnZ b2 2

(® PHUONG PHAP GIAI TOAN
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€ GIAI CAC BAI TOAN DINH LUQNG

Vidu 1. Cho AABC vuong tai A, AB = 3ecm,AC = 4cm,AH la dudng cao. Tinh do dai cac doan
thang BC,BH,CH,AH.

# Loi giai.
Ta lan luct c6

— BC=VAB2+AC?=5cm.

AB%? 9
— BH=—+=-cm
BC 5 ‘bc’& 5’0,2]
AC? 16
— CH=——+=—
BC 5" E c
144 12
—AH:\/BHCH: g—?cm
O
4 A . N A 16
Vidu 2. Cho AABC vudng tai A, duong cao AH, biet BH =3cm,CH = gcm.
(1) Tinh do dai cdc canh cia AABC.
(2) Tinh d6 dai AH.
# Loi giai.
A
16 25
@ — BC=BH+CH=3+—=—cm.
3 3
25
—AB2:BH-BC:3-?:25<»AB:5cm. 16
—cm
16 25 400 B/ 3cm 3
— AC?=CH-BC=— -—=— - c
90 3 3 9 H
< AC=—cm.
3
9 16
2 AH :BH-CH:3-§ =16 © AH =4cm.
a
Vidu 3. Cho AABC vudng tai A, AB = 6cm,BC = 10cm. Tinh d6 dai dudng cao AH.
# Loi giai.
Tacé AB=vBC2-AB2 = /100 - 36 = 8cm. A
S 1 1 N 1 1 N 1 255
uy ra = =4+ —=—
d AH?”AB2TAC? & 8 576 o
< AH = —cm. Sy
24
B
—>C
-1 10cm----77
a

€> GIAI CAC BAI TOAN DINH TiNH

Vidu1l. Cho AABC vudng tai A, AH la dudng cao, H,F lan ludt 1a cic dudng cao cia
AAHB,AAHC. Chiing minh ring

(1) BC2=3AH?+BE?+CF?2, @ VBEZ?+ V/CF2?=VBC2.

L
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& L gidi.

C
(@) Taco
SAH? +BE%?+CF?=3AH?+BH?-HE?+CH?-HF?
=3AH?-EF*+(BH +CH)*-2HB-HC P =
=2AH?+BC?-2AH? = BC?.
(2) Trong AAHB tacé A B
BH? , BH* BH* BHS F
BE=—"-=BE = = 1).
BA " T“BA? BH.BC BC ()
Trong AAHC tacé
CH? CH* CH* CH?
CF = CF? = = = 2).
- CAZ CH-BC BC @)
Tu (1) va (2) suy ra
BH CH BC
V/BE2+\/CF2= v/ BC2.

, 4 1 . . .
Vidu 2. Cho AABC, biet S = 1 (a+b-c)-(a—b+c) (1). Ching minh AABC vudng.

# Loi giai.
St dung cong thitc Hérong, ta co
1
We Vpp-a)(p-bp-0=7-@+b-c)@-b+o)

Vo (p-a)-(p-b)-(p—c)=(p—c)-(p—b)
p(p-a)(p-b)-(p-c)=(p—-c)* (p-b)* O
p(p—-a)=(p-c)-(p->)
(a@a+b+c)-(b+c—a)=(a+b—-c)-(a+c—-0b)

a?+b%=c2

¢ ¢ ¢ 0 9

(® BAITAPTU LUYEN
Bai 1. Cho AABC vuong tai A, AB=15,AC =20, AH la dudng cao.

@) Tinh BC. () Tinh BH. 3) Tinh CH. @ Tinh AH.

#) Loi giai.
Trong AABC vudng tai A, ta co: c

1) BC =vVABZ+AC2?=25.

2 H
AB?2=BC-BH >BH =—— AB =9.
BC

AC? .
3) AC2=BC-CH=CH~= B% 16. 4 B

AB-AC
BC

=12.

(4 AC-AB=AH-BC= AH =

6v13
\/3_cm, BC =+v/13cm.

Bai 2. Cho AABC vuong tai A, AB < AC, biét rang dudng cao AH =

(@) Tinh AB. @) Tinh AC. 3) Tinh HB. @ Tinh HC.

# Loi giai.
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Goi d6 dai cac canh AB,AC (AB < AC) lan luct 1a x, y v6i x > y > 0.

AH-BC=AB-AC x-y=6 (1)
Khi dé ta Cé hé 1 1 1 P =1 xZ + y2 13
= + =— (2
AH? AB? AC? (xy)? 36
x=AB=2
Giai hé (1) va (2) suy ra
y=AC=3.
Do do
AB?
— AB?=BC-BH=>BH="—"—" = icm.
BC 13
AC? 4
— AC? :BC~CH:>CH:—C =—cm.
BC 13

.. . . 3 ..
Bai 3. Cho AABC vudngtai A, tanC = 1 va duong cao AH = 12cm.

(@ Tinh BH. (@ Tinh CH. 3 Tinh AB.
# Loi giai.
BH
(1) tanC =cotB=—— = BH = AH -tanC = 9cm.
AH
AH AH
@ tanC=——-=>CH =

CH tanC
©) AB?2=BC-BH =(9+16)-9=144= AB = 12cm.

= 16cm.

(@) AC?=BC-CH =(9+16)-16 =400 => AC = 20cm.

Bai 4. Cho AABC vudng tai A, dudng cao AH, biét BH = 1ecm, AC = 2v/5em.

@) Tinh BC. (@ Tinh AB.

# Loi giai.
Goi do dai canh CH 1a x v6i x > 0.

) x =4 (nhin)
Khidotac6 AC2=CH-BC o x(x+1)=20 .
x = —5 (loai).
Do vay BC =BH + CH = 5cm.
— AB2=BH-BC=5= AB =+/5cm.
AB-A
— AH-BC:AB-AC:AH:TC:%m.

C
H
A ¢ B
O
@ Tinh AC.
C
H
A ¢ B
O
3) Tinh AH.
C
H
A ¢ B
O

Bai 5. Cho AABC vudng tai A, AB = 3cm,AC = 4cm, dudng cao AH. Piém I thudc canh AB sao cho

IA =2IB, CI cit AH tai E. Tinh do dai canh CE.

# Loi giai.
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Trong AABC vudng tai A ta co C

— BC=VAB%2+AC2=5cm, CI =VCAZ+AI?=2\5cm.

 AH.-BC=AB-AC— AH-AB-AC_12 E
BC 5 F

— KE8IF LBC=1IF | AH. A 1 B
BI BF 1 9
> ABFI ~ABHA nén — = —>=>BF =—-—-BH = —cm.
BA BH 3 15

_CE CH CH-CI CH-CI 16V5
:>ACHE~ACFInena_C—F:>CE— CF - BC_BF_ 11

cm. O

2 2
Bai 6. Cho AABC vuong tai A, AD la dudng phan giac trong cua goc A, khang dinh AD = b\/_

ding hay sai?

-be la

+c
# Loi giai.
Vi AD la dudng phan giac cua goc A nén C

DB_ABj DB AB E
DC AC ~DB+DC AB+AC

a-c a-b
DB = aDC = .
- bic b+c D

Ta phai chiing minh AD? = AB-AC -DB-DC.
That vay, trén tia déi AD 13y E sao cho CBE = DAC =DAB
= ACED ~ AABD (g.g) suyraDB-DC =AD -DE va ABD = AEC
= AABD ~ AAEC (g.g)suyraAB-AC=AD-AE
Do d6 AB-AC -DB-DC = AD(AE —-DE) = AD?
Khi d6
AD?>=AB-AC-DB-DC

b
=be- (ba-l-cc).(ba+c)

o2
—be-|1-
¢ ( (b+c)2)
b2+cz+2bc—a2)
(b +c)?

=0cC

Theo gia thiét AABC vudng tai A nén b2+ ¢? = a?.

2b2¢2 V2
AD = . 0
B1oZ prcle

Do d6 AD? =

Bai 7. Cho AABC vuong tai A, dudng cao AH, r,r1,r9 lan lugt 1a ban kinh cic dudng tron ndi tiép tam
gidc vuong ABC, AHB, AHC. Chiing minh ring

b
—-. @ ri+r3=r2
a

c
O ri=r-—varg=r-
a

# Loi giai.
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B
K.
E 0
1
A .
N P
) in S - ON IP:> T2 c (1)
a) eslN— =-—2 =2 = 2= Pre=roox.
""2-oc 1c~gc 1c~ """ oc
« ACHI ~ACAO = = =25 (g
g ag
« AHAC~AABC =~ =22 (3
AR
o T (1),(2 _p 22
(1),(2),(3) suy ra ry rae ="
Hoan toan tuong ty MK ¢
o Hoan toin tUone tu Suy 1a 71 = 7+ —— = - =
gursuyrary =r--om =1
b2 2
b) Tacori+rs=r? +20 2
a

a

Bai 8. Cho AABC vudng tai A, D 12 hinh chiéu ctia A trén BC, E va F 1an luct 12 hinh chiéu ctia D xudng

AB va AC. Céc khang dinh sau la ding hay sai?
@ (AB)2 _ DB ® (AB)3 BE
AC) DC’ AC
(3) AD®=BC-EB-CF.
# Loi giai.

Tét ca cac khang dinh trén déu ding vi:

(1)

AB®=DB-BC _ (AB)z_ AB? DB-BC DB
AC2=DC-BC \AC) AC? DC-BC DC’

DB?’=BE-AB (DB\® DB?2 BE-AB
= = = (2)

DC2=CF.-AC \DC] DC?2 CF-AC’
Tu (1) va (2) suy ra

(D_B)z_(AB)“_BE-AB:)(AB)‘g_lE
Dc) \Ac) cCcF-Ac " \Ac) CF
AD?=DC-DB=AD*=DC?-DB? (3)
DC?=CF-AC 4)

DB?2=BE-AB (5)

AC-AB=AD-BC (6)
Thay (4),(5),(6) vao (3) tasuy ra AD® = BC-BE -CF.

3 <

=R
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sl 2. Ti SO LUONG GIAC

@ T1OM TAT Li THUYET
€ 150 LUONG GIAC

Cho AAOB vuong tai O, ta c6 B
. canh d6i OB : canh d6i OB
— sina=——F5=—. — tana = = :
canh huyén AB canhke OA
canhké OA . canhké OA 0 A
— cosa = —= . — cota = —= :
canh huyén AB canh d6i OB

€ GIATRI LUQNG GIAC CUA CAC CUNG DAC BIET

P do | 0° 30° [45° [60° |90°
sina | 0 1 @ ﬁ 1
2 2 2
cosa |1 @ @ 1 0
2 2 2
tana | 0 1 1 V3 [l
V3
cota | | V3 1 1 0
V3
€ HAM SO LUONG GIAC CUA HAI GOC PHY NHAU
() sin(90° — a) = cos a. (2) cos(90° — a) = sina.
(3) tan(90° — @) = cot a. (@) cot(90° — @) = tana.
(® PHUONG PHAP GIAI TOAN
€ GIAI CAC BAI TOAN DINH LUQNG
Vidu 1. Tinh gid tri ctia bi€u thiic
(1) A =4-sin?45° +2cos?60° — 3cot® 45°.
(2) B =tan45°-cos30°-cot30°.
# Loi gidi.
Ta co
2 2
@A:4—(§) +2(%) -3=1 @le(?)\@:g.

, ) 2 . NP
Vidu 2. Cho AABC vudng tai A, tanC = 3 va duong cao AH = 6. Tinh do dai cac doan
HB,HC,AB,AC.

& L gidi.
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Ta thily AAHB va ACHA dong dang, do d6

AH AB 3
BH AB 2

Trong AABC, ta c6
— AB2=BH-BC < AB=vBH-BC =2V13.
— AC?2=CH-BC & AC=+vCH-BC =3V13.

(]
Vidu 3. Cho AABC can tai A. BPudng cao BH = a,m = a. Tinh cac canh va dutng cao con lai.
# Loi giai.
BH BH
Trong AHBC, ta dugc sina = — < BC = — = ‘a . A
BC sina sina
Trong AKAB, ta dugc
BC
B BK o
— cosa=—<AB= -2 __¢ . H
AB cosa cosa 2cosa ] o
AK B K c
— siha=—© AK =AB-sina = #sina: a4 .
AB 2-sinacosa 2cosa 0
€ GIAI CAC BAI TOAN DINH TiNH
Vi du 4. Cho hai tam gidc vuéng AABC va AA1B1C1 vudng tai A v A; va dong dang. Chiing
minh rang
1 1 1
=bby+ccj. —_— =t —.
D aar=bbi+cey @ T by e
# Loi giai.
(@) Trong AABC c6 b =acosa, c=asina.
Trong AA1B1C1c6 b1 =aicosa, c1 =aisina.
Tu dosuyrabbi +ccy1 =aaq cos?a +aaq sin?a = aaq.
h h
(2) Trong AABC c6b=——, c= .
sina cosa
Trong AA1B1C1¢c6 b1 = — ! ,C1= ! .
ina cosa
T dg 1.1 1,1 sinfa+cos?a 1
osuyra — —_— = = = .
Y bby  cer  hhi | hhy hhy hhi
sina  cos?a
A . O
(® BAITAPTY LUYEN
Bai 1. Tinh gid tri clia c4c biéu thiic
D A =3acos0°+bsin90° —a.
2 B = 4a?sin®45° — 3(atan45°)? + (2a cos 45°)2.
# Loi giai.
Q1) A=3a+b-a=2a+b.
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2 2
@ B=4a2'(§) —3a2+(2a-g) =2a2%-3a2+2a?% =a?.

(]
Bai 2. Tinh gia tri ctia biéu thific A = 8 — cos230° + 2sin?45° — v/3tan® 60°.
) Livi gidi.
2 2
3 2 3
TacéAzS—(%) +2-(§) —\/§(\/§)3:_1_ O

Bai 3. Tinh gid tri ctia biéu thiic A = (a® + 1)sin0° + b cos 90°.

# Lo gidi.

Tac6 A=(@?+1)-0+b-0=0. O
a?sin90° — b2 cos 0°

acot45° —b —2acot90°

Bai 4. Tinh gi4 tri ctia biéu thiic A =
# Loi giai.
a? - b?
a-b
Bai 5. Cho AABC vudng tai A, biét AB = 3cm, AC = 4cm. Hay gidi AABC.
# Loi giai.

Taco A= =a+b. O

Ta co c
— BC=VAB2+AC?=5cm.
AC 4
— tanB=cotC=—=—.
anB = co 4B 3
A B
([
Bai 6. Cho AABC vuong tai A, biét AB = 6ecm, BC = 10. Hay gidi AABC.
# Loi giai.
Ta co c
— AC=VBC?2-AB?=8cm.
AC 4
— tanB=cotC=—=—.
anB =co 4B "3
A B
(]
Bai 7. Cho AABC vuong tai A dudng cao AH, biét BH = 4cm,CH = 1cm. Hay giai AABC.
# Loi giai.
Ta co B
— BC=BH +HC =5cm.
— AC?=BC-CH=5= AC =/5cm. i
— AB?2=BC-BH =20= AB=2v5cm. N c
AC
— tanB=cotC=— =2.
anB =co B .
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Bai 8. Cho AABC vudng tai A dudng cao AH, biét BH = lem,AH = 9cm. Hiy gidi AABC.
# Loi giai.
Ta co B

2

AH
— AH?2=BH-CH=CH = i =81=BC =BH +CH = 82cm.

— AC?=BC-CH=81-82= AC =9v82cm. H
— AB2=BC-BH =82= AB =+/82cm. Al c
AC
— tanB =cotC = — =9.
AB -

Bai 9. Cho AABC vuong tai A dudng cao AH, biét BH = 4cm,AB = 6cm. Hiy giai AABC.
# Loi giai.
Ta co B

AB?
— AB?2=BH-BC=>BC= BH =9cm.

— AC=VBC2-AB2=45= AC =3V5cm. H
AC V5
— tanB=cotC = — = —. A c
an co AB 2 0
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CHUONG 2 PDUONG TRON

il 1. SU XAC DINH DUONG TRON - TINH CHAT BOI
XUNG CUA DUONG TRON

@ TOM TAT Li THUYET

€ NHAC LAI VE BUONG TRON

Pinh nghia 1.
DPuong tron tim O ban kinh R (v6i R > 0) 12 hinh gom cic diém cach
O mot khoang bing R.

Puong tron nhu vay duge ky hiéu (O;R), trong trudng hop khong can chd ¥ dén béan kinh c6 thé st dung ky
hiéu (O).

Cho duong tron (O;R) va diém M, ta c6
— Néu OM < R < M nim trong dudng tron.

— NéuOM =R < M nim trén dudng tron.

M
— NéuOM >R < M nim ngoai dudng tron. ‘

€> CACH XAC DINH BUONG TRON

Theo dinh nghia mot dudng tron sé hoan toan dudc xac dinh khi biét tim va ban kinh, vay v6i cau hdi “Hdy
xdc dinh tdm O cia duong tron”, biét
@
Pudng tron di qua di€ém A va c6 ban kinh bang R. Khi d6,
OA =R © O €(A;R) - Duong tron tim A, ban kinh R. ’Q
‘/'
/
@

139
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DPuong tron di qua hai diém A va B. Khi do, B
OA = OB < O thuoc dudng trung truc cia doan AB.

(3) Pudng tron di qua ba diém A, B va C khong thiang hang. Khi do,
OA = OB < O thudc dudng trung truc cia doan AB.
OA =0C < O thudc dudng trung truc cia doan AC.
OB = OC < O thudc duong trung truc cia doan BC.

Vay tdm O la giao diém cla ba dudng trung truc cia AABC.

A Truong hop ddc biét: Néu AABC vudng thi tdm ciia dudng tron ngoai tiép AABC la trung

diém cua canh huyen.

Hé qua 1.
(1) Mot diém O cho trudc va mot s6 thuc R > 0 cho trude xac dinh mot dudng tron (O;R).
(2) Mot doan thang AB cho trude xdc dinh mot duong tron dudng kinh AB.

(3 Ba diém khong thing hang A, B, C xic dinh mot va chi mot dudng tron di qua ba diém do, ki
hiéu (ABC).

€ 1AM BOI XUNG - TRYC DOI XUNG

Ta c6 két qua:
(1) Tam ctda dudng tron 1a tim ddi xting ctia dudng tron do.

(2) Bét ky dudng kinh bao ciing 1a truc dbi xiing ctia dudng tron.

(® CACDANG TOAN
€ CHUNG MINH NHIEU DIEM CUNG NAM TREN MOT BUONG TRON

Phuong phdp

Ta lua chon mot trong hai cdch sau

Cdch 1: Su dung dinh nghia, ta chiing minh cdc diém nay ciing cdch déu mét diém.
Cdch 2: St dung két qud “Néu ABC = 90° thi B thuéc duong tron duong kinh AC”.
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Vidu 1. Cho AABC va diém M la trung di€ém ctia BC. Ha MD,ME theo thi tu vudng goc véi AB
va AC. Trén tia BD va CE lan ludt lay cc diém I,K sao cho D Ia trung diém ctia BI, E 1a trung
diém ctia CK. Chiing minh ring bbn diém B, I, K, C cung nam trén mot dudng tron.

# Loi giai.
Ta c6 thé lua chon mot trong hai cach trinh bay sau

Céch 1: (St dung dinh nghia) Ta c6 A
1
— M la trung diém BC nénMB:MC:EBC. 1) I

— MD la trung truc cau BI nén MI = MB. (2) E
— ME latrung tryc cia CK nén MK = MC. (3) B C

1
Tu (1), (2), B)suyraMB=MC =MI = MK = §BC.

. e . 1
Vay bon diém B, I, K, C cung nam trén dudng tron tim M, ban kinh §B C.
Céch 2: Taco

— MD la trung tryc cua BI nén:

1
MI=MB = EBC < ABCI vuodng tai I.
< I thudc duong tron dusng kinh BC. (4)

— ME la trung tryc cia CK nén:

1
MK =MC = §BC < ABCK vuong tai K.
< K thudc duong tron duong kinh BC. (5)

Vay bén diém B, I, K, C cung nam trén dudng tron tam M, duong kinh BC. O
Nhén xét. Trong i gidi trén, dé chitng minh bon diém B, I, K, C ciung thudc moét duong tron, ta co thé sit
dung cd hai cdch va

— Ocdch 1, ta khéng dinh diém M (dd cho sdn) cdch déu bon diém B, I, K, C dua trén tinh chdt duong

trung truc.

— O cdch 2 ta khéo léo chitng minh BIC =BKC =90° dua trén két qud “Trong tam gidc vuong trung
tuyén iing voi canh huyén bang mot nita canh huyén va nguoc lai”. Tuy nhién cdch 2 dugc dé xudt

thong qua két qud cuia cdch 1.

Vi du 2. Chiing minh ring qua ba diém thang hang khong thé c6 mot dudng tron.

# Loi giai.

Ta chitng minh bang phan ching.

Gia st ton tai dudng tron (O) di qua ba diém thing hang A, B, C.
Ta co

A,Be(0)= 0A =0B = O thudc trung truc Ex cia AB.
B,C €(0)= OB =0C = O thudc trung truc F'y cia BC.

suyraO=ExnFy. (%)
Mit khéc, vi A, B, C thang hang nén:
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Ex||Fy, diéu nay mau thuin véi (¥).
Viy qua ba diém thang hang khong thé c6 mot dudng tron. O

A Chii y: Tit két qud “Ba diém khong thang hang A, B, C xdc dinh mot va chi mét dwong tron di qua ba

diém do”, chiing ta co thé khai thdc thém nhu sau:

1. Néu cdc diém A, B, C, D thudc duong tron (O) va A, B, C, E thudc duong tron (0') thi (O) = (0O"), hay
noi cdch khdc ” Nam diém A, B, C, D, E cung thudéc mot duong tron ”.

2. Mo réng hon “Néuta cé A, B, C, D thudc duong tron (O1) va A, B, C, E thudc duong tron (O2) va A,
B, C, F thuéc duong tron (O3) thi (01) = (02) = (03) = (0) va (0) la dudng tron ngoai tiép ADEF”.

€) QUY TiCH PIEM LA MOT DUONG TRON

Phuong phdp
Vi yéu cdau “Tim tdp hop cdc diém M théa mdn tinh chdt K 7, ta cdn trinh bay 10i gidi gém ba phdn:

—— Phan thuan: Gia st c6 diém M thoa man diéu kién K, ta khéo 1éo suy ra rang M thudc mot dudng tron
(0), thi du:
Chiing minh OM = r- khong doi.
Chiing minh AMB =90°, véi O 1a trung diém AB.

— Phan dio: Lﬁy M € (O) va di chiing minh M ¢ tinh chit K.

— Két luan.

Vi du 3. Cho doan thang AB, tim tap hop cic diém M sao cho AMB =90°.

L J

& L gidi.

Goi O la trung diém AB, khi d6 v6i diém M thda man AMB =90°, ta dugc: M

1
AABM vuong tai M = OM = EAB

1
< M thudc dudng tron (O; EAB). A B

YAN Chii ¥

1. Cdch trinh bay trén chi c6 tinh minh hoa, con dé cé duwoc 1oi gidi ding ciia mot bai todn quy tich can
thiee hién ba budc.

2. Tir nay, chiing ta dugc quyén sit dung két qud “Néu AMB =90° thi M thuéc duong tron duong kinh
AB”.

Vi du 4. Cho dudng tron (O) dudng kinh AB = R. C 1a mot diém chay trén dudng tron do. Trén tia
BC lay mot diém M sao cho C 1a trung diém ctia BM. Tim quy tich cla diém M.

# Loi giai.
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Phan thuan: Gia st ¢6 diém M sao cho C 1a trung diém ctia BM.

Vi C thudc duong tron dudng kinh AB

= ACB=90° < AC LBM

= AABM can vi c6 AC viia 1a dudng cao, vita 1a trung tuyén. > AM =
AB=R & M¢€(A;R).

Phan ddo: Liy mot diém M bt ky trén dudng tro (A;R), BM cit (O) tai C. Ta phai chiing minh C 1a trung diém
cia BM.

Thay vay,
— AM=AB=R=>AABM cantai A.
—  Ce(0)>ACB=90° < AC | BM.

suy ra AC 12 dudng cao dng vdi canh ddy nén dong thdi 12 trung tuyén.
Vay C la trung diém ctia BM.
Két luan: Quy tich cta diém M 1a dudng tron (A;R). O

Nhén xét. Trong loi gidi trén, dé’tim tdp hop diém M chiing ta da tudn thi diing luot doé ciia bai todn quy

tich, cu thé"
— Phdn thudn: Ta gid sv cé diém M sao cho C la trung diém ciia BM, tir do suy ra duoc M € (A;R).
— Phdn ddo: Ta ldy diém M € (A;R) va di chitng minh M théa man diéu kién C la trung diém ciia BM.

— K¢t ludn.

Vi du 5. Trén dudng tron (0) liy hai diém B, C cb dinh. Piém A di chuyén trén dudng tron, D 1a
trung di€ém ctia BC. Goi M 1a hinh chiéu ctia B trén dudng thang AD.

(D Tim tap hop di€ém M khi A di chuyén trén (O).

(2 Tim vi tri ctia di€ém A trén (O) &€ BM c6 do dai ngan nhét.

C J

# Loi giai.

@
Huéng dan:
BM 1 DM < BMD =90°
< M di chuyén trén dudng tron dudng kinh BD trut diém B.

(2) Ta ¢, trong dudng tron cé duong kinh BD thi BM < BD (dudng kinh 1a diy cung 16n nhét).
Do d6, BM ¢6 d6 dai 16n nhét bang BD, dat dugc khi M =D < AD | BC & AABC can tai A.
& A 1a giao diém cta dudng tron tim O véi dudng trung truc cia BC.

a
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Nhén xét. Trong loi gidi b), dé chi ra dugc vi tri can tim ciia diém A sao cho BM [6n nhdt chiing ta da bdt
ddu bdng bdt ding thitc

BM < BD, trong dé BD la dé dai khong doi.
= BM 4 = BD, dat duoc khi M =D = vi tri cua A.

Nhu vy, ldp ludn do dya trén tinh chdt “Puong kinh la ddy cung 6n nhdt cia dudng tron”, tuy nhién, néu

mudn, chiing ta cé thé'ldp ludn theo cdch khdc nhu sau:
BD?=BM?+DM? = BM,,,,. khi DM ,;,.

Twr do, suy ra BM 4, = BD dat dugc khi DM ,,;, =0 < M =D.

€ DUYNG DUONG TRON

Phuong phdp
Dé dung mot duong tron ta cdn biét tdm va bdn kinh va hdy nhé lai “Tam ciia duong tron di qua hai
diém A va B cho trudc nam trén duong trung truc ciia doan AB 7.

dé'trinh bay 1oi gidi ciia mot bai todn dung hinh, ta lam nhu sau

— Phdn tich: Gid su dd dung duoc duong tron (O), tw ddy suy ra vi tri tdm va do dai ban kinh cua

no.
— Cdch dung: Dua vao két qud ciia budc phdn tich chiing ta suy ra phép dung hinh.
— Chitng minh: Chitng minh duong tron dugc dung ¢ budc dung hinh théa man diéu kién dau bai.

— Bién ludn: S6 duong tron théa man diéu kién ddu bai.

Vidu6. (1) Hay dung mot doan thang AB = 6¢m va ba dudng tron phan biét nhan AB lam mot
day cung.

(2) Trong tt ca cac duong tron nhan AB 1am diy cung thi dudng tron nao c¢é dudng kinh nho nhét?

Giai thich tai sao?

.

# Loi giai.

®

Ta lan ludt thuc hién:

— Dung doan thing AB = 6cm.

— Dung trung truc d ctia AB. Trén d liy b6n diém (O1), (O2), (O3), I (I
la trung diém AB).

— Dung bén dudong tron ung tric d cta AB. Trén d lay bbén diém
(01;01A),(02;024), (03;03A) va (I;1A).
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(2 Goi (0) 1a mot dudng tron nhan AB lam mot diy cung.
Vé duong kinh AC, ta cé:

AC = AB vé6i AB 1a hing s6

Do d6, ACp,in = AB, dat dugc khi C = B.
Vay dudng tron c¢6 dudng kinh nhd nhét 12 dudng tron dudng kinh AB.

Vi du 7. Dung mot dudng tron (O) c6 ban kinh R cho trudc va di qua hai di€ém A va B cho trudc.

# Loi giai.
Phan tich: Gia st dd dung dugc dudng tron (O) théa min diéu kién bai todn, ta cé: LT TN

— A€(O;R)=>0A=R=0¢c(A;R). | B ‘
— Be(0:R)=>0OB=R=0¢c(B:R). Y

Vay tam O 1a giao di€m cia hai dudng tron (A;R) va (B;R). R AN

Céch dung: Ta lan lugt:
— Dung cic dudng tron (A;R) va (B;R) va goi O la giao diém clia hai dudng tron do.
— Dung dudng tron (O; R).

Chung minh: Theo cach dung tac6: OA =OB =R = A,B € (O;R).
Bién luan: S6 nghiém hinh ctia bai todn phu thudc vao sb giao diém ctia hai dudng tron (A;R) va (B;R), ta co:

— Néu 2R > AB thi bai toan c6 hai nghiém hinh.
— Néu 2R = AB thi bai toan c6 mdt nghiém hinh.

— Néu 2R < AB thi bai toan khong c6 nghiém hinh.

Néu 2R > AB Néu 2R = AB Néu 2R < AB

(® BAITAPTY LUYEN

Bai 1. Cho AABC déu. Goi M,N,P theo thd tu 13 trung di€ém ctia ciac canh AB,BC,CA. Chiing minh
rﬁng cac diém B,M,P,C thudc mot dudng tron.

# Loi giai.

Ta c6 thé Iya chon mot trong ba céch trinh bay sau:
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Cdch 1: Vi AABC déu nén trung tuyén sé 1a dudng cao, do do:

— CM 1L AB & BMC = 90° = M thudc dudng tron dudng
kinh BC.

— BP 1 AC & BPC =90° = P thudc duong tron dudng kinh
BC B C
: N

Vay bbn diém B, M, P,C thudc dudng tron dudng kinh BC.
Cdch 2: Ta co:

— ABMD vudng tai M va c6 MN 1a trung tuyén nén MN = NB=NC (1).
— ABPC vuong tai P va cé PN 1a trung tuyén nén PN = NB=NC (2).

Tu (1) va(2)suyyra NB=NC=NM =NP < B,C,M,P thudc duong tron (N; NB).
Cdch 3: V6i AABC déu c6 canh a, ta co:
a
— NB:NC:E (3).

1
~— MN la dudng trung binh nén MN = ZAC = g ).

1
— PN I dudng trung binh nén PN = ZAB = % ).

Tit (3),(4),(5) suy ra NB=NC = NM = NP = g & B,C,M,P thudc dudng tron (N; g) O

Bai 2. Cho AABC can tai A, dudng cao AH =1 cm, BC = 4 cm. Pudng vuong géc véi AC tai C cat
dudng thang AH & D.

a) Chiing minh ring cic diém B, C thudc dudng tron dudng kinh AD.
b) Tinh do dai AD.
# Loi giai.
a)
Xét hai tam giac AADC va AADB, ta c6:

A
— AD chung.
2|1
— A1 =A,, vi AABC can nén AH la phan gidc.
B C
— AC=AB, vi AABC cantai A.
Do d6 AADC = AADB = ABD = ACD = 90°.
Vay B, C thudc duong tron duong kinh AD.
D
b) Trong tam giac ABD vudng tai D, ta co:
B 2
AH? + BE
AH-AD =AB%=AH?+BH? & AD = T4 =5cm,

Vay ta dugc AD =5 cm.

Th.s Nguyén Chin Em 146 https://emncischool.wixsite.com/geogebra



https://www.facebook.com/groups/GeoGebraPro/ Tai liéu tw hoc Todn 9 - HKI

a

Bai 3. Cho tt gidgc ABCD c¢6 C +D =90°. Goi M,N,P,Q theo thit tu 12 trung diém ctia AB,BD,DC,CA.
Chiing minh rang bén diém M,N,P,Q cung nim trén mdt dudng tron.
# Loi giai.

Gia sit AD cit BC tai E. Khi d6 tir gia thiét C +D = 90°, suy ra E
E =180°—(C +D) =90°.
\ MN | AD | PQ 4
Ta lan luct co: do do, dua trén tinh chat ctia goc / B
MQ |BC| PN A
c6 canh tuong ting song song ta dugc NMQ =NPQ =E =90°. ,%
Viy bon diém M,N,P,Q cung nam trén dudng tron dudng kinh NQ. D C
P

a

Bai 4. Cho ti giac ABCD c6 hai duong chéo AC va BD vudng goc véi nhau. Goi M,N,P,Q theo thi tu la
trung diém cta AB,BC,CD,DA. Chiing minh ri”mg bon diém M,N,P,Q clng nam trén mot dudng tron.
# Loi giai.

Vi M,N,P,Q theo thd tu la trung diém cla A
AB,BC,CD,DA nén theo tinh chit cla dudng trung A E
MN || AC || PQ
binh ta c6 M §
M@ |BD | PN. I,’ \
Mit khdc, theo gia thiét AC va BD vudng géc véi nhau B z | D
nén NM@ = NPQ = 90°. \
Viy 6n diém M,N,P,Q cung nam trén dudng tron dudng N ]
kinh N@. N T
C
(|
Bai 5. Cho t gidc ABCD c¢6 B =D =90°.
a) Chiing minh ring b6n dinh ciia ti gidc cung thudc mot dudng tron.
b) Ching minh ring BD < AC. Ti gidc ABCD c6 thém diéu kién gi &€ BD = AC.
# Loi giai.
a) A,B,C,D thudc duong tron duong kinh AC.
D
b) Taludén c6 BD < AC vi day cung nhd hon duong kinh.
Pé c6 BD = AC © BD la dudng kinh & A = C =90° & ABCD
1a hinh chit nhat. A C
B
(]
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Bai 6. Cho dudng tron (O;R), diém A cb dinh trén dudng tron, diém B di chuyén trén dudng tron. Tim quy
tich trung diém M cua AB.

# Loi giai.

Phan thudn: Gia sit c6 M 1a trung diém ctia AB.

Xét AOAB,tac6: OA=0B=R & AOAB céan tai O.

Suy ra OM vira 1a dudng cao, vita 1a dudng trung tuyén.
Do d6 AMO = 90° < M thudc dudng tron dudng kinh OA.

Phdn ddo: Liy mot diém M bit ky trén dudng tron (OA), AM cat O tai B. Ta phai chiing minh M 1a
trung di€ém cta AB.
That vay, M € (OA) & AMO =90° < OM L AB.
Khi d6, trong AOAB can tai O ta c6 ngay OM 1a trung tuyén < MA = MB.
Két ludn: Quy tich ctia diém M 1a dudng tron (OA). O

Bai 7. Cho dudng tron (O;R). Hai di€m A, B di chuyén trén dudng tron sao cho do dai AB = 2¢ khong doi
(¢ <R). Tim quy tich trung diém M ctlia doan AB.

« L gidi.

Phan thudn: Gia sit c6 M la trung diém ctia AB.

Xét AOMA vuodng tai M, ta c6 OM? = OA%2 —MA? =R? - (%2 = OM =
vVRZ -2,

Vay M thudc duong tron (O, \/W)

Phan ddo: Liy mot diém M bét ky thudce dudng tron (O, VR2 - 62), duong thang qua M vudng goc véi
OM cit (O;R) tai A va B. Ta phéi chiing minh M 12 trung diém AB vi AB = 2¢.
That vay, ta thAy ngay M 1a trung diém AB, ngoai ra

AB=2AM =2\/0OA%-OM?2 =2,/R2 - (R2 - () = 2¢

Két ludn: Quy tich ciia diém M 1a dudng tron (0, VRZ- 42). O

Bai 8. Cho hinh binh hanh ABCD c6 canh AB cb dinh, dudng chéo AC =2 cm. Tim quy tich diém D.

# Loi giai.
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Goi O la giao diém ctia AC va BD. B

Phan thudn: Gia st c6 diém D sao cho ABCD la hinh o

binh hanh. 1

TacéOAz%ACzlcm. Dod6é Oe€(A,1). A

Gia st (A,1) cat dudng thezmg AB tai 01 va Oy (cb C

dinh). Q2

Goi B; va By theo thif tu 1a diém d6i xing v6i B qua

01va0y b
01003 =90°, géc chan nita dudng tron

Ta c6 ngay: { DB | OO1, tinh chit dudng trung binh B,

DBs || 001, tinh chat dudng trung binh.
Suy ra, BiDBy = 90° < D thudc dudng tron dudng

kinh Ble.
Phdn ddo: Liy mot diém D bit ky trén dudng tron (B1Bg), BD cit (A, 1) tai O, liy C ddi xiing véi A

qua O. Ta phai chiing minh ABCD la hinh binh hanh va AC =2 cm.
That vay, ta co ngay AC =2A0 =2 cm.

. 0,003 = 90°
Mait khéc, dua trén hinh vé cung v6i nhan xét ¢ nén DB1 || O0.
B1DBs =90°
BO;=B10;
Trong ABB1D, ta co: nén OO0 la dudng trung binh = OB =0D.
DB; 100,
Khi do, tif gide ABCD c6 hai dudng chéo cit nhau tai trung diém ctia mbi dudng nén né 1a hinh binh hanh.
Két ludn: Quy tich ctia diém D 1a dudng tron (B1Bs). O

Bai 9. Cho dudng tron (O;R) dudng kinh BC. Di€ém A di dong trén (0), goi P, Q theo thi tu 12 trung diém
cua AB va AC.

a) Chiing minh ring PQ c6 d6 dai khong d6i khi A di dong trén (O).
b) Tim quy tich trung diém M clia PQ).
# Loi giai.

1
a) Trong AABC c6 PQ la duong trung binh, do d6 PQ = §BC = A

1 )
5-2R = R (khong d5i). A

b) Tirkét qua trén suy ra A, M, O thang hang va M 1a trung diém OA.

1 R R B ;) ¢
Do d6 OM = §OA =3 < M thudc duong tron (O, E) U

a

Bai 10. Cho AABC cé ba géc nhon, dudng cao AD. Dung diém M thudc dudng thang AD sao cho BMC =
90°.
# Loi giai.
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Phan tich: Gia st da dung dudc diém M thdéa min diéu kién dau bai.

A
Ta ¢6, BMC =90° = M € (BC).
Vay M la giao diém ctia dudng thang AD véi dudng tron (BC). M,
Cdch dung: Talan lugt
— Dung (BC).
B / C

— Pudng thang AD cit dudng tron (BC) tai M. D

Khi d6, M 1a diém can dung.
M,
Chiing minh: Ta thdy ngay BMC = 90°.
Bién ludn: Vi dudng thang AD cit dudng tron (BC) tai hai diém M7 va Mz nén bai toan c6 hai nghiém
hinh, d6 1a M; va M. O

Bai 11. Cho dudng thang d va mot diém A cach duong thang d la 1 cm. Dung dudng tron (O) c6 ban kinh
1,5 cm di qua diém A va c6 tim nam trén d.

# Loi giai.

Phan tich: Gia st da dung dudc dudng tron (O) thda man diéu kién

dé bai.

Tacé, OA =1,5cm = 0 € (A;1,5cm). 7

Vay, tim O la giao diém cua dudng thang d véi dudng tron

(A;1,5cm).

Cdch dung: Talan luot 01
— Dung dudng tron (A;1,5 cm).
— d cat duong tron (A4;1,5cm) tai O. /

2

— Dung dudng tron (O;1,5 cm).

Chitng minh: Ta thiy ngay (O;1,5 cm) thda mén diéu kién dé bai.
Bién ludn: Vi dudng thang d cit duong tron (A;1,5 cm) tai hai diém O va Oz nén bai todn c6 hai nghiém
hinh, dé6 1a hai duong tron (O1;1,5 cm) va (O2;1,5 cm). O

Bai 12. Dung mot dudng tron (0) di qua hai diém A va B cho trudc va cé tim & trén dudng thang d cho
trudc (A, B khong thudc d).

#) Loi giai.

Phdn tich: Gia st da dung dudc dudng tron (O) thda man diéu kién dé bai. a

Ta c6: A,B € (0) = O nam trén dudng trung truc a ctia AB.
Vay tam O 1a giao diém clia a va d.

Cdch dung: Talan luot

— Dung duong trung truc a cua AB.

— d cata tai O.

— Dung duong tron (O,0A). \ .
Chirng minh: Ta thay ngay (O,0A) thoa man dicu kién dé bai.
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Bién ludn: Vi v6i hai duong thang d va a ta c6 ba trusng hop vé vi tri tuong dbi nén:
— Néu a =d © d 1a trung truc clia AB thi bai todn ¢ vo sd nghiém hinh.
— Néua | d © AB 1 d (d khong la trung truc clia AB) thi bai todn vo nghiém.

— Néu a cit d thi bai todn c¢6 nghiém hinh duy nhét.

([
Néu d la trung truc Néu AB 1 d va d khong Néu AB khéng vudng
cua AB la trung truc cua AB goc véi d
a
a
0
d

Bai 13. Cho nim diém A,B,C,D,E. Biét ring qua bon diém A,B,C,D c6 thé vé dudc mot dudng tron,
qua bbn diém B,C,D, E ciing vé dugc mot duong tron. Hoéi qua ca nim diém A,B,C,D,E c6 thé vé dudc
mot duong tron khong?

& Loi gidi.

Goi (0) la dudng tron ngoai tiép AABC.

V6i gia thiét:

— Bén diém A,B,C,D thudc dudng tron (O1), suy ra (O1) = (0).
— Bbén diém B, C, D, E thudc dudng tron (O2), suy ra (O2) = (0).

Vay ca nim diém A,B,C,D,E cung thudc dudng tron (O). a
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~ -, ~ ~ ? ~
BAl2. DUONG KINH VA DAY CUNG CUA BUONG
o TRON
@ TOMTAT Li THUYET
€) 50 SANH DO DAI CUA DUONG KiNH VA DAY
Dudong kinh 12 diy cung 16n nhét ctia dudng tron.
€> QUAN HE VUONG GOC GIA DUONG KiNH VA DAY

Ta c6 cac két qua sau:
— Dudng kinh vudng géc véi mot ddy thi chia dy Ay ra 1am hai phan biang nhau.
— Pudng kinh di qua trung diém ctia mot day (khong di qua tdm) thi vudng géc véi day Ay.

(® PHUONG PHAP GIAI TOAN
€) GIAI BAI TOAN DINH TiNH VA DINH LUQNG

Vidu 1. Cho dudng tron (O;R) va mot day cung AB = 2a (a < R). Goi I 1a trung di€ém cta AB. Tia
OI cit cung AB tai M. Tinh d6 dai ctia day cung MA.

# Lo giai.

Trong AAMI, tacé: M

AM? = AI* + MI? =a®+ MI*. ey A _~T~_B
Mit khac: MI =OM -OI =R -O0OlI.

Trong tam giac OAI, ta cé : ‘

OI?=0A%2-AI?=R%?-4?2=0I =\/R2-q2

>MI=R-\VR?-qa? (2)

Thay (2) vao (1), ta dugc:

2
AM? = AIZ+M12:a2+(R—\/R2—a2)
= a’?+R?>-2R\V/R2-a2+R?-a®=2R?>-2R\/R2-q2
=>AM = \/2R2—2R R2-a2,
Vay do dai day cung AM = \/2R2 — 2RVRZ — aZ. O

Nhan xét. Trong loi gidi trén dé'tinh do dai ddy cung AM chiing ta lya chon phuong phdp trinh bay theo
huéng phdt sinh yéu cdu réi thie hién yéu cau nay dé dat dugc muc dich cudi cing la AM, cu thé

AM? =AI? + MI? = a? + MI? = cdn xdc dinh M1.
MI=0M -0I =R -0I = cdn xdc dinh OI.
OI duogc xdc dinh dwa vao tam gidac OAI

Tir do thay nguoc lai két qud dé nhén dugc AM.
Cdch trinh bay nhu vdy sé rdt dé hiéu, tuy nhién né lai t6 ra dai dong, chinh vi Iy do nay ma cdc em hoc

sinh hdy luu trit né trong suy nghi con khi trinh bay loi gidi thi trinh bay theo kiéu nguoc lai, cu thé:
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Suy nghi Trinh bay
1. Bé'tinh AM can xdc dinh M1 Trong tam gidc OAI, ta co
2. Bétinh M1 cdn xdc dinh OI. OI? =0A%-AI?=R?-q?

3. OI duoc xdc dinh dia vao AOAI | = OI = VR2-a?

Suy ra MI =OM —OI =R - VR2 - a?2.
Trong ANAMI, ta co:

AM?=AI? + MI?

a2+ (R-VET-a)

= AM =\/2R? - 2RVR?® — 2.

Cdc em hoc sinh c6 thé' luyén tdp bdng viéc gidi lai vi du trén trong truong hop R = 5cm va a = Scm.

,

L

Vi du 2. Cho dudng tron (0), ddy AB = 2a va khoang céch tif né t6i tim bang 4. Goi I 1a trung diém
clia AB. Tia OI cit dudng tron tai C.

(D Chiing minh ring AABC la tam gi4c can.

(2) tinh khoang céch tit O dén BC.

# Loi gidi.

(@) Tacé:
Al=IB=a=0I L AB.

Suy ra AABC c6 trung tuyén CI 1a dudng cao nén 1a tan gidc can.
(2) Ha OH vuong géc véi BC, ta co:
1
HB=HC= §BC .

Trong tam giac OIB, ta c6:
OB?=10”+IB?>=h*+a®=> OB = a2 +h2

Ta co:
IC=10+0C=I0+0B=h+V\a2+h2.
Trong AIBC ¢6:
2
BC2=1C%+IB?= (h+ Va2 +h2) ta? = 2(a2 +hVaZ T h2 +h2)

=BC = \/2(a2+h\/a2+h2+h2)
1
=>HB = 5\/2 (a2+h\/a2+h2+h2). Trong tam giac OHB, ta c6

on? - ogz_ngz(m)z_[%¢2(a2+h¢m+hz)]2
= %(a2+h a2+h2+h2)

\/az—wa2+h2+h2
2

=>O0H =

a
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Nhan xét. Trong loi gidi trén :

1. O cdu a) ta chi sit dung két qud “Puong kinh di qua trung diém ciia mot ddy cung thi vuong goc vdi ddy

cung dy”, tir do ddn tdi tam gidc co trung tuyén la duong cao do do né la tam gidc cdn.

2. O cdu b) chiing ta dd lua chon phuong phdp trinh bay nguoc sau suy nghi kiéu phdt sinh yéu cdu, cu thé’
ta nghi:

— Dé'tinh OH can xdc dinh BH va OB.
1 P
— BH = §BC va BC duoc xdc dinh thong qua AIBC neu biet OC (tic la OB).

— OB duoc xdc dinh théng qua AOIB.

3. Tat nhién cé thé'tinh OH théng qua sw dong dang ciia hai tam gidc vuéng la AOHC va ABIC. Ban
doc tu lam.

Cdc em co théluyén tdp bang viéc gidi lai cdc vi du trén trong truong hop a = 24cm va h = Tem.

Vi du 3. Cho mdt dudng tron (O) va diém P & bén trong dudng tron. Chiing minh ring trong tit ca

cdc day cung di qua P thi diy cung vudng géc véi ban kinh qua P 1a dy cung ngan nhét.

# Loi giai.

Goi AB 1a day cung qua P va vuong géc véi OP va CD la day bat ky di qua P.

Ha OH vubdng goc véi CD, ta c6 ngay:

OH < OP, vi trong tam gidc vudng canh géc vudng nhoé hon canh huyén = AB < CD =
AB ngin nhit.

€ GIAI BAI TOAN DUNG HINH

Vidu 4. Cho mot dudng tron (O) va mot diém P khac O & bén trong dudng tron. Dung mot day cung
AB di qua P sao cho PA = PB.

& Lo gidi.
Phan tich: Gia sit da dung dudc diy AB di qua P sao cho PA = PB, ta cé:

PA=PB=0OP 1 AB

Cach dung: Dung dudng thing (d) qua P va vudng géc v6i OP cit (O) tai hai diém A, B.
Ching minh: ViOP L AB= PA =PB.

Bién luan: Bai todn c6 mot nghiém hinh.

Luu y: Néu P = O, bai todn c6 vo sb nghiém hinh.

€ GIAI BAITOAN QUY TiCH

Vi du 5. Cho dudng tron (O;R). Tim quy tich trung diém M ctia diy AB sao cho AOB =120°

& L gidi.
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Phan thuén: Gia st ¢6 diém M 1a trung di€m cta day AB sao cho AOB = 120°.
Trong tam giac OAM, ta co:

AOM =60° => OAM = 30°

= OleOA:}—esMe(O;}—B).
2 2 2

N ? % 2 % R
Phan dao: Lay mot di€ém M bat ky trén dudng tron (O; 5), dung day cung AB qua M va vuong goc v6i OM.
Ta phai ching minh AOB = 120°.
That vay, trong AOAM vudng tai M, ta co:
1 — —
OM = QOA = 0AM =30° < AOM =60°
& AOB=2A0M =120°.
2 R
Két luan: Quy tich di€m M 1a dudng tron (O; 5) O
(® BAITAPREN LUYEN
Bai 1. Cho dudng tron (O;R) va hai ban kinh OA, OB. Trén céc ban kinh OA, OB 1an lugt liy cic diém
M, N sao cho OM = ON. Vé day CD di qua M va N (M nam giita C va N)
(1) Chiing minh rang CM =DN.
(2 Gia su AOB = 90°, hay tinh OM, ON theo R sao cho CM = MN =ND.
# Loi giai.
@
Ha OE vudng géc véi AB cat CD tai F.
Trong tam giac OAB can tai O, ta co:
OM ON

—=—>MN| AB F 1 MN vaMF =NF.
OA OB:> N | <0 N va N

Ta nhan xét thém:
OF 1Ll MN < OF LCD < CF =DF.

Khid6:CM =CF -MF =DF —NF =DN (dpcm).

(2 bit MF =x, suy ra
CF=CM+MF =MN +MF =3MF =3x.
OF =x,vi AOMF vudng can tai F.

Trong tam giac OCF, ta co

R
OF2=0C%2-CF?ox?=R?-9x?2 o 10x2=R?ox=——.
V10
Khi d6 ta dudgc:
ON—OM—OFf—i- 2—£
V10 V5

R R
Vay v6i ON = OM = — thoa man dieu kién bai toan.
V5
O

Bai 2. Cho dudng tron (O;R) dudng kinh AB. Goi M va N theo tht tu 1a trung diém ctia OA va OB. Qua
M va N lan lugt vé cac day cung CD va EF song song v6i nhau (C va E cung nim trén mdt nita dudng
tron duong kinh AB).

Th.s Nguyén Chin Em 155 https://emncischool.wixsite.com/geogebra



https://www.facebook.com/groups/GeoGebraPro/ Tai liéu tw hoc Todn 9 - HKI

(1 Chitng minh t&t gidc CDFE 1a hinh chit nhat.
(2) Gia st CD va EF cung tao véi AB mot géc nhon 1a 30°, tinh dién tich hinh chit nhat CDFE.
# Loi giai.

(1) Ha OP vudng géc véi CD cat EF tai @, suy ra:
CP = DP, tinh chit dudng kinh vudng géc véi diy cung.
OQ LEF ViEF | CD.
= EQ = FQ, tinh chit dudng kinh vudng géc véi diy cung.

Xét hai tam giac vudbng AOPM va AOQN, ta co:

OM = %OA = %OB =ON

MOP = NOQ (vi dbi dinh)

do d6: AOPM = AOQN (canh huyén va géc nhon) = OP =
0OQ < CD =EF.

Khi do, ti gidc CDFE c6 CD | EF vaCD =EF nén CDFE la
hinh binh hanh.

Trong hinh binh hanh CDFE, ta cé: F
P@Q 1a duong trung binh = PQ |CE = CD L CE

= CDFE la hinh chit nhat.

(2) Ta co:
ScprE=CD -CD. (1)

Trong AOPM vudng tai P, véi OMP = 30°, suy ra:
1 11 R
P=="0OM==-=0A = —.
0 20 2 20 4

CE:PQ:2OP:§. (2)
Trong tam gidc OPC vudng tai P, ta co:
R? RV15
CP=vOC?-0P?= R2—1—6:T\/_.
RV15
CD =2CP = ?\/_ 3)

Thay (2), (3) vao (1), ta dudc:
R RvV15 R%/15

ScpEr=—-
CDEF 9 2 4

a

Bai 3. Cho AABC c6 ba géc nhon. O phia ngoai tam gidc vé& cic nita dudng tron c6 dudng kinh theo thit tu
la AB, AC. Qua A va dudng thang (d) cit cac nia dudng tron trén theo thi tu & E va F. Chiing minh rang

(1) Néu (d) song song véi BC thi BEFC 1a hinh chif nhat.
(2) Néu (d) vuodng goc véi trung tuyén AM cia tam giac ABC thi AE = AF.

# Loi giai.
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(1) Ro6 rang néu (d) | BC = EF || CD nén ti giac BCFE 1a

hinh thang.
Mit khac, EFC = FEB = 90° nén BEFC 1a hinh chit
nhat.

(2) Rorang néu(d) LAM = AM | EB | FC vi cung vudng
gbc vii (d).
Vay AM la dudng trung binh cua hinh thang BEF C nén
A 1a trung diém cta EF hay AE = AF.
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Al3. LIEN HE GIJA DAY VA KHOANG CACH TU
TAM DEN DAY

@ TOM TAT Li THUYET

Ta c6 cac két qua sau:
(1) Trong mdt dudng tron hai diy bang nhau khi va chi khi chiing cach déu tam.

(2) Trong hai diy khong bing nhau ctia mot dudng tron diy 16n hon khi va chi khi né gin tim hon.

Ca hai két qua trén van ding véi moi trudng hop hai dudng tron c6 ban kinh bang nhau (goi 1a hai duong tron
bing nhau) va né to ra rat hidu qua trong bai todn cuc tri.

(® PHUONG PHAP GIAI TOAN

Vi du 1. Cho mét dudng tron (0O) va diém P & bén trong dudng tron. Chiing minh ring trong tt ca

cic day cung di qua P thi diy cung vudng géc véi ban kinh qua P 1a ddy cung ngan nhét.

# Loi giai.

Goi AB 1a day cung qua P va vuong géc véi OP va CD 1a day bt ky di qua P.
Ha OH vuédng goc v6i CD, ta c6 ngay:

OH < OP, vi trong tam gidc vuong canh géc vudng nhd hon canh huyén

= AB < CD = AB la diy cung ngin nhit.

(® BAITAP LUYEN TAP
Bai 1. Cho dudng tron (O) va hai ddy AB, AC sao cho AB < AC va tim O nam trong géc ABC. Chiing
minh ring OAB > 0AC.

# Loi giai.

Ha OE, OF theo tht tu vudng goc v6i AB va AC.

Tur gia thiét: AB< AC < OE > OF.

Trén OF 13y F' sao cho OF' = OF, ta thiy ngay diém F' nim gita O va E, suy ra:
OA > OAF' = OAF, vi AOAF' = AOAF (canh huyén va canh géc vudng)

< OAB>0AC (dpcm).

Bai 2. Cho dudng tron (0). Tim quy tich trung diém M ctia cic diy AB sao cho AOB =60°.

& L gidi.
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Phan thuén: Gid st M la trung di€ém cta day AB sao cho AOB =60°.
Trong tam giac OAB,tac6: OA=0B =R, AOB = 60°.

= AOAB déu = OM = 0Av3 = R;/§
=>Me (O;RT\/g).

X aw ) o . . A RV3 . © A .
Phan dao: Lay mot diém M bat ky trén dudng tron (O; T\/_), dung day cung AB qua M va vudng goc

v6i OM. Ta phai ching minh AOB = 60°.
Thét vay, trong tam gidc OAB cén tai O, taco :

A . S—
OM = R;/§ = 0 2\/§ = AOAB déu = AOB =60°.
2 . Rv3
Két luan: Quy tich cia diém M la dudng tron (0; T\/_) O

Bai 3. Cho dudng tron (O) va mot diém A & bén trong dudng tron d6 (A # O). Dung hinh thoi ABCD sao
cho B, C, D nam trong duong tron (O).

# Loi giai.

Phan tich: Gia sit da dung dugc hinh thoi ABCD théa min diéu kién B,

dau bai, ta cé:

AC la duong trung truc cia BD = 0O € AC.

Cach dung: Ta l1an lugt thuc hién:

Co Cy
— Nbi AO cit dudng tron (O) tai C, 14y I 1a trung diém ctia AC. \
— Dung duding thang d qua I va vudng géc véi AC cat dudng tron
(0) tai B va D. D2 v

Khi d6, ABCD 12 hinh thoi can dung.

Chitng minh: Vi t gidc ABCD c6 hai dudng chéo vudng géc va cit
nhau tai trung diém ctia moéi dudng nén nd 1a hinh thoi.

Bién ludn: Vi OA cit dudng tron (O) tai hai diém C; va Cg nén bai

toan c6 hai nghiém hinh.
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sil4. VI TR TWONG DOI CUA BUONG THANG VA
PDUONG TRON

@ TOMTAT LY THUYET

Vi tri tuong ddi ciia duding thang (d) va duong tron (O) duge danh gia thong qua sd diém chung cia (d) véi
(0).
Bang tom tat ba vi tri twong doi cia duong thang va duong tron

Vi tri tuong doi S6 diém chung | Hé thic gitta d va R
1. Pudng thang va dudng tron khong giao nhau 0 d>R.
2. Puong thang tiép xiic véi dudng tron 1 d=R.
3. Puong thang cat dudng tron 2 d<R.

(® PHUONG PHAP GIAI TOAN

s 2

Vi du 1. Cho dudng thing (d) va diém O khong thudc (d). Hiy néu cich dung mot dudng tron tim

O sao cho
@ (d) khong cit (0).
@2 (d) tiép xiic (0).
3 (d) cit (0).

;fn Loi giai. / J

Goi H 1a hinh chiéu vudng géc cua O 1én (d).

(d) d) (d)

(1) Liy diém A nim giita O va H, r6i vé dudng tron (O;0A). Khi d6, dudng thing (d) khong cit dudng tron
(O;0A)b6i R =0A <OH =d.

@ Vé dudng tron (O;OH). Khi do, duong thfmg (d) tiép xic vé6i duong tron (O;0H) béi R = OH =d.

(3) Ly diém B nim trén tia d6i cta tia HO, rdi vé dudng tron (O;OB). Khi d6, duong thang (d) cit dudng tron
(O;0B)b6i R =0B >0H >d.

Chii y: Nhu vay, d€ xdc dinh dudc vi tri tuong dbi ctia duong thang (d) véi dudng tron (O;R) cho trudc, ta can thuc
hién cac buéc sau

— Budc 1: Ha OH vuong goc v6i dudng thang (d).

— Budc 2: Tinh d6 dai doan OH.

— Budc 3: Thuc hién so sanh OH véi R, tit d6 dua ra két luan.
Ngoai ra

1. Néuta cé A € (d) va A nam trong (O;R) = (d) cat (O;R) danh gid nay cho phép chiing ta nhan dudc 15i gidi
don gian hon nhiéu.
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2. Ae(d),A€(O;R)va0OA L (d) thi (d) tiép xiic véi (O).
3. Ae(d),A €(O;R) va OA khong vudng géc véi (d) thi (d) cat dudng tron (O).

a

Vidu 2. Cho xAy khic gbc bet. Dung dudng tron (O;R) sao cho tia Ay qua O, dudng thang Ax cat
(O) tai hai diém B va C sao cho BC =2a véia <R.

# Loi giai.
Phan tich: Gia st da dung dugc dudng tron (O; R) théa min diéu kién.
Ha OH 1L BC,tac6

OH? =0C?-HC?=R?-d?

= OH = VR?2 - a? (khong d6i)
= O thudc dudng thang song song va cach Ax mot khoang bang OH.
Cach dung: Ta lan lugt thyc hién

— Dung tia Az qua A va vudng géc v6i Ax (vé phin mit phang chiia tia Ay).
— Trén tia Az 14y diém A’ sao cho AA' = VR2 —a?2.
— Dung dudng thing (d) qua A’ va song song v6i Ax, cittia Ay & O.

— Dung duong tron (O; R).

Chirng minh: Truéc hét theo cach dung ta c6 (O;R) va O thudc Ay, ta phai chiing minh BC = 2a.

Thay vay, ha OH 1 BC, ta c6

OH =AA'=vVR?2-qa2

BC=2CH =2v0OC?2-0H?=2\/R2-(R2-a?)=2a.

Bién luan: Bai toan ¢c6 mot nghiém hinh.

Yéu cau: Céc em hoc sinh hay thyc hién lai vi du trén cho céac trusng hdpa =R, a > R. O

,

Vi du 3. Chiing minh ring

(1) Néu duong thang xy khong cat dudng tron (O;R) thi moi diém clia xy & bén ngoai dudng tron
do.

(2) Néu duong thang xy di qua mot di€ém bén trong dudng tron (O;R) thi phai cat dudng tron nay

tai hai diém phan biét.

(3) Néu dudng thang xy cat dudng tron (O;R) tai hai di€ém phan biét A, B thi moi di€ém nim gitta
hai diém A va B déu nam bén trong dudng tron, cic diém con lai (trit A,B) nam bén ngoai
dudng tron do.

# Loi giai.
Goi H 1a hinh chiéu vudng géc ctia O 1én dudng thing xy.
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a) T gi4 thiét suy ra OH > R.

Goi A 1a di€ém bién bat ki trén xy, suy ra

OA = OH (canh huyén 16n hon canh géc vudng)

= OA > R < A nim ngoai dudng tron.

Viy, moi diém bt ki ctia xy & bén ngoai dudng tron (O;R).

d R 0
A
xy
b) Goi A 1a diém & bén trong dudng tron (O;R) ma dudng thang xy di qua,
tac6 OH <OA <R < xy va (O;R) cit nhau tai hai diém phan biét.
d (0]
xy
¢) Goi C 1a diém nam giita hai diém A va B déu nam bén trong dudng tron. xy
Goi D 1a diém bét ki ndm ngoai doan AB, ta c6
HD >HA <0OD>0A=R B

D nam ngoai dudng tron (O; R).

Vay, moi diém nam ngoai doan AB déu ndm bén ngoai dudng tron.

Nhén xét: Trong 15 gii trén ngoai viéc st dung két qua vé vi tri tuong dbi ctia dudng thang véi
dudng tron, chiing ta con st dung két qua vé vi tri tuong ddi ciia diém véi dudng tron, cu thé véi
duong tron (O;R) va diém M, ta c6

— Néu OM <R < M nim trong dudng tron.

o o Qm

— Néu OM =R < M nam trén dudng tron.

— Néu OM > R < M nim ngoai dudng tron.

(® BAITAP LUYEN TAP

Bai 1. Cho géc xAy khéc gdc bet.

(D) Dung dudng tron (O;R) c6 tim O thudc Ay va tiép xiic véi duong thang Ax.

(2) Dung dudng tron (O;R) tiép xtic v6i Ax va Ay.

# Loi giai.
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a) Ta thuc hién theo cac buéc

Phan tich: Gi st di dung dugc dudng tron (O;R) thda man diéu kién dau
bai. Ha OH 1 Ay, ta c6 OH = R = O thudc dudng thang (d) song song va
cach Ax mot khoang biang OH ((d) thudc nita mit phang chiia Ax c6 bd Ay).
Cach dung: Ta lan lugt thiic hién

— Dung tia Az qua A va vudng goc vi Ax (vé phan mit phang chita A y).

— Trén Az liy diém A’ sao cho AA'=R.

— Dung dudng thing (d) qua A’ va song song véi Ax, cit Ay & O.
— Dung dudng tron (O; R).

Chitng minh: Trudc hét theo cach dung ta c6 (O;R) va O thudc Ay, ta phai chiing minh (O;R) tiép xtic vi
Ax.

Thay vay, ha OH 1 Ax taco

OH = AA' =R & (O;R) tiép xic v6i Ax.

Bién luan: Bai toan c6 mot nghiém hinh.

b) Ta thuyc hién theo cac budc

Phan tich: Gi st da dung dudng tron (O;R) thda min diéu kién dau bai.
Vi (O;R) tiép xtc v6i Ax va Ay nén tdim O thudc tia phan gidc At clia géc
xAy.

Ha OH 1 Ay, ta c6 OH = R = O thudc dudng thang (d) song song va cich
Ax mot khoang bang OH ((d) thudc nifa mit phang chita Ax c6 bs Ay).
Cach dung: Ta lan lugt thuc hién

— Dung tia phan gidc A¢ clia xAy.

— Dung tia Az qua A va vudng géc v6i Ax (vé phan mit phing chiia
Ay).

— Trén Az liy diém A’ sao cho AA’ = R.
— Dung duding thing (d) qua A’ song song véi Ax, cit tiao At 6 O.
— Dung duodng tron (O; R).

Chitng minh: Trudc hét theo cach dung ta c¢6 (O;R) va O thudc At, ta phai chiing minh (O;R) tiép xic véi

AxvaAy.
That viy, ha OH 1. Ax,tac6 OH=AA'=R < d(0,Ax) =d(0,0y) =R < (O;R) tiép xiic v6i Ax va Ay.
Bién luan: Bai toan c6 mot nghiém hinh. O

Bai 2. Cho géc nhon aa\y, diém C thuoc tia Ax. Dung dudng tron (O) tiép xiic v6i Ax tai C tim O thudc
tia Ay.

# Loi giai.
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Dung dudng thang (d) di qua C va vudng goc véi tia Ax, (d) cit tia
Ay tai 0. Khi d6 O 13 tAm dudng tron tiép xuc véi Ax tai C.

£

a

Bai 3. Cho trudc goc xAy khic g6c bet va mdt diém B trén canh Ax. Hiy dung dudng tron (O) di qua B va
tiép xtic v6i Ay tai A.

# Loi giai.

Dung dudng thang (d) qua A va vudng goc véi Ay.
Dung dudng thang (d') 1a dudng trung truc ctia AB, (d’) cit (d) tai O. Khi
d6 dudng tron tim O di qua B va tiép xiic véi Ay tai A.

Bai 4. Cho dudng thiang (d), diém A thudc dudng thang, diém B nim ngoai dudng thang. Dung dudng tron
(0) di qua B va tiép xiic v6i dudng thang (d) tai A.

# Loi giai.

Dung dudng thang (d') di qua A va vudng goc véi (d). "
Dung dudng thang trung truc ctia AB cat (d') tai O.
Khi d6 dudng tron tim O di qua B va tiép xic v6i dudng thang (d) tai
A. BY ¥
0]
I
A (d)

Bai 5. Cho AABC vudng cén tai A. VE phan giac BI.

(1) Ching minh rang dutng tron (I;1A) tiép xic véi cic duong thing AB va BC.

(2) Cho biét AB =a, tinh I A tli d6 suy ra tan22°30' = v/2—1.

# Loi giai.
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a) Tacé IA L BA & IA = d(I,BA) o (I;IA) tiép xiic véi BA A
tai A.

Mat khac BI 1a tia phan giac goc ABC do d6 (I;1A) tiép xtic BC.

b) St dung tich chét ciia tia phan giac trong AABC, ta c6

IA _IC AC-IA IA a-IA

== 5 = o V2[A=a-TA o IA=
BA BC BAVZ a a2 V28

Khi do, trong AABI vudng tai A, ta co

a(v2-1)
a

tanABI = —— © tan22°30' = =v2—1.(dpcm)

a

Bai 6. Cho nifa dudng tron tim O dudng kinh AB. Liy OA 1am dudng kinh vé nita dudng tron ciing nim
trén mot nita mit phang bd AB vdi nita dudng tron (O). Trén nita dudng tron dudng kinh OA 1dy mot diém
C (khic A va 0). Tia OC cit nita dudng tron (O) tai D. Ké DH vudng géc AB. Chiing minh ring tif gic
AHCD la hinh thang can.

# Loi giai.

Goi I 1a thm duong tron duong kinh OA D

=>IC=IA=10= %OA = AACO vudng tai C.

C6 AHOD va ACOA biang nhau, suy ra OH = 0C

0C OH
— =~ 22 HC| AD = AHCD 12 hinh thang can. ¢

A IH O B
O

Bai 7. Goi p,a,r va S lan ludt 12 nia chu vi, canh huyén, ban kinh dudng tron ndi tiép va dién tich ctia mot

tam gidc vudng. Chiing minh ring

O r=p-a.
@ S=p-r.
# Loi giai.
C
A/
! .
B kl
A C’ B

Tacor=AB'=AC'.batb'=CB'=CA’; ¢'=BA'=BC'".

@D 2p=a+b+c=c'+b' +r+c'+r+b' =2r+(b'+c)=2r+2a=>r=p-a.

1 1 1 1
@ SAABCZSAIAB+SA[BC+SAICA:§r~c+§r-a+§r~b:§(a+b+c)-r:p-r.
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sAtG.  TIEP TUYEN CUA BUGNG TRON

@ T1OM TAT LY THUYET

Pinh nghia 1. Mot duong thang dudc goi 1a mot tiép tuyén ciia dudng tron néu né chi c6 mot diém
chung voi duong tron do.

Nhan xét. Nhu vdy, ta cé: (d) la tiép tuyén ciia (0) & (d)n(0) = {H}, khi dé ta néi “duong thing
(d) la tiép tuyén cia duong tron (O) tai H”.

€) CACTINH CHAT CUA TIEP TUYEN

Tinh chit 1. Néu mot dudng théng 12 mot tiép tuyén clia mot dudng tron thi né vudng géc véi ban

kinh di qua tiép diém.

Tinh chit 2. Néu dudng thang vudng géc véi ban kinh tai mit nam trén dudng tron thi dudng thang

d6 12 mot tiép tuyén clia dudng tron.

Nhén xét.
Nhue vdy, ta co: (d) la tiép tuyén cia (O) tai H < (d) L OH. ()

| NéuHe(O)vaHe(d) . .
hodc viét & (d) la tiep tuyén cua (O) tai H.
(d)LOH R

(® PHUONG PHAP GIAI TOAN
€) DUNG TIEP TUYEN CUA BUONG TRON

Phuong phap
Cdc yéu cdu dung tiép tuyén cua duong tron () cho trudc thuong gdp phdi gidi quyét mét trong ba

dang sau

Dang 1. Dung tiép tuyén di qua diém A cho trudc.

Dang 2. Dung tiép tuyén song song véi duong thing a cho trudc.
Dang 3. Dung tiép tuyén vudng géc véi duong thing a cho trudc.

Phuwong phdp thuc hién cdc dang todn trén dugc trinh bay trong ba dang todn sau
Dang 1. Tir mot diém A cho truéc, hdy dung tiép tuyén véi duong tron (O) (d)
cho trudc, biét

(@) Piém A nam trén duong tron. 0 t A

(2 Piém A nam ngoai duong tron.

Phuong phap dung
@ Vi A ndm trén duong tron nén tiép tuyén la duong thing qua A va vuong goc véi OA.

(2) Ta thue hién bon phin
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Phan tich: Gid sit da dung duoc tiép tuyén qua A véi duong tron (O) va c6 B
tiép diém B, ta cé ABO = 90° = B thudc duong tron duong kinh OA.

Cach dung: Ta thuc hién

— Dung duwong tron duong kinh AO, ki hiéu (AO), duong tron nay cdt
(O)tai Bva B'.

— Dung dwiong thiang AB va AB', dé chinh la cdc tiép tuyén can dung.
Chung minh: Trong duong tron (AO) ta co ngay
ABO =90° = AB la 1iép tuyén cia duong tron (O).
AB'O =90° = AB' la tiép tuyén ciia duong tron (O).
Bién luan: Bai todn cé hai nghiém hinh (tiic la, qua A luén ké duoc hai tiép tuyén tdi (O)).
A Néu diém A nam bén trong duong tron (O) thi qua A khong thé ké duoc tiép tuyén tdi
duong tron (O).

Vidu 1. Cho AABC vuong tai A. Hiy néu cach dung tiép tuyén véi dudng tron ngoai tiép AABC,
biét tiép tuyén di qua

(D) diém A.

(2) diém B.

# Loi giai.
Vi AABC vuong tai A nén dudng tron ngoai tiép AABC c6 tam O 1a trung diém ctia @
BC.

(1) Tiép tuyén qua A 1a dudng thing (a) qua A va vudng goc véi OA. \

(2) Tiép tuyén qua B 1a dudng thang (b) qua B va vuong géc véi OB. \

()

tron sao cho tiép tuyén nay song song vdi duvng thang (d).

Phuong phap dung

Phan tich: Gia st da dung dudc tiép tuyén (¢) ctia dudng tron (O) va tiép tuyén
song song véi (d), goi H 1a tiép diém, tacé OH L (t) © OH L (d).

Viy, véi diém H 1a giao diém ctia dudng tron (O) v6i dudng thing qua O vudng géc
véi (d).

Dang 2. Cho duong tron (O) va mot dudng thang (d). Dung tiép tuyén ctia dudng H
(o/
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Cach dung: Ta thuc hién H
— Dung duvng thang xOy L (d) va cit (O) tai H. (d)/
— Dung dudng thang (¢) qua H va vudng géc véi OH, d6 chinh 1a tiép tuyén can  (¢;)

dung.

Chirng minh: Ta c6 ngay: (£) L OH va (d) L OH = (t) || (d) = (¢) 1a tiép tuyén
can dung.
Bién luan: Bai toan c6 hai nghiém hinh.

Ho

(t2)

Vidu 2. Cho dudng tron dudng kinh AB. Hay néu céc dung tiép tuyén véi duong tron, biép tiép
tuyén song song v6i AB.

# Loi giai.

Goi O la trung di€m AB, ta thuc hién @ Hy

— Dung dudting thang (d) qua (O) va vudng géc véi AB. Dung dudng thang nay cat
dudng tron tai hai diém Hy va Ho.

— Dung hai dudng thing (a),(b) theo thit tu di qua hai diém Hy,Hs va song song 4 B
véi AB.
Khi d6 (a),(d) 1a hai tiép tuyén can dung.

(b) Hg
O

Dang 3. Cho dudng tron (O) va mdt duong thang (d). Dung tiép tuyén ctia dudng tron sao cho tiép tuyén nay vuong
géc v6i dudng thing (d).
Phuong phap dung

Phan tich: Gia st da dung dugc tiép tuyén (¢) cia dudng tron (O) va tiép tuyén vuong goc @
véi (d), goi H 1a tiép diém, ta c6 OH L (t) < OH | (d).

Vay, véi diém H 1a giao diém cia dudng tron (O) véi dudng thang qua O song song véi
(d).

@®)

Cach dung: Ta thyc hién @ (t1) Hq

— Dung duong thé“ing x0y || (d) vacit (O) tai H.

— Dung dudng thing (£) qua H va vuong goc véi OH, d6 chinh 1a tiép tuyén can
dung. o

Chirng minh: Ta c¢6 ngay: () L OH va(d) || OH = (¢) || (d) = (¢) 1a tiép tuyén can
dung.
Bién luan: Bai toan c6 hai nghiém hinh. (t2) Hy

€> GIAI BAI TOAN PINH TiNH VA DINH LUONG
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Phuong phap

(1) Véi bai toan cho trude dudng thang (d) 1a tiép tuyén ctia duong tron (O) tai H, ta sé nhan dudc ngay cic
kétqui (d) LOH vaOH =R.

(2) Véi bai toan cho tru6c AM va AN 12 hai tiép tuyén clia dudng tron (O), ta sé nhan ngay dugc cic két
qua
+AM L OM vaAN LON,
+AM =AN vaMAO =NAO.

Dua va cac két qua trén ta thuc hién cac yéu cau cda bai toan.

Vi du 3. Cho dudng tron (O;R) va diy AB = 2a. V& mot tiép tuyén song song vii AB, né cit cic tia
OA va OB theo tht tu tai M va N. Tinh dién tich AMON.

# L gidi.
Goi H 1a tiép diém va OH cat AB tai I, tac6 OH 1. MN vaOH 1 AB.

AB

TrongAOAI,tacéIA:Tza.OIZZOAZ—IA2:R2—a2
= O0I = VR2-a2. L 5
VigOoALp AOMHE e R 9a-R
A g2t G yN=oHM =22
HM OH o1 R2 _ g2 RZ _ 42

1 1 2¢-R ‘R? N
Tacé Spyon = ~OH-MN = =R . —= 2 __¢ .

2 2 VR2-q2 VR2-g2

0

Nhan xét: Trong 16i gidi trén ching ta da lya chon phudng phdp trinh bay ngudc sau suy nghi theo kiéu phat sinh yéu
cau, cu thé ta nghi:

. 1 \ .
— Dé tinh Sapon = §OH-MN can xac dinh M N, tic la can xac dinh HM (vi MN =2HM).
— HM dugc xic dinh thong qua su dong dang cia AOAT va AOMH, tit d6 can x4c dinh TA va OI.

1
— Al = EAB con OI duge xac dinh thong qua AOTA.

Vi du 4. Cho nita dudng tron (O) v6i dudng kinh AB. Tit A va B ké hai tiép tuyén Ax va By. Qua
mot diém M thude nita dudng tron nay, ké tiép tuyén thit ba cit céc tiép tuyén Ax va By lan lugt 6 C
va D. Céc duong thang AD va BC cat nhau 3 N. Ching minh rang

1 MN || AC @ CM-DB=CD-MN

\

# Loi giai.

N

A 0 B

(1) Theo tinh chét tiép tuyén ta c6 ngay ADBO = ADMO (ch—cgv)=DB=DM.
Tuong tutaco AC = MC.
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Miit khéc, vi Ax || By nén hai tam giac AANC va ADNB dong dang, suy ra
ND DB DM

NA AC CM

CM MN

Tur két t MN |BD=> —=——CM-DB=CD-MN (a .
(2) Tukét qui cau trén suy ra I => D - BD (dpcm)

= MN | AC (dinh li Ta-1ét ddo).

Nhan xét. Trong loi gidi trén
@ O y ddu, dé chitng minh MN || AC, ta suy nghi theo diéu kién twong duong, ticc la gid sit ¢6
ND MD yp-pgDB

MN||AC©N_A_MCMC ACAC

luon ding vi Ax || By.
Do vdy khi trinh bay 1oi gidi chiing ta xudt phdt tir két qud DB = DM, CA = CM cung vdi gid thiét
Ax || By.

(@ O y thit hai, vén véi suy nghi nhu trong ¥ ddu tién, ta gid sit ¢é

CM MN
CM-DB=CD-MN & D - BD < MN |BD |AC

Do vay, khi trinh bay loi gidi chiing ta xudt phdt tir gid thiét Ax || By cung két qud vica thu duoc J y
thit nhdt dé’co nhdn xét MN || BD.

€ CHUNG MINH MOT DUONG THANG LA TIEP TUYEN CUA BUONG TRON

Dé chiing minh dudng thiang d 1 tiép tuyén ctia dudng tron (O;R) ta c6 thé lua chon mot trong hai cach sau
Cach 1: Néu biét mot giao diém A ctia d va (O) thi ta chiing minh OA 1 d.

Cach 2: Ha OA vuong géc véi d, ta di chitng minh OA = R.

Vidu 1. Cho AABC can tai A ndi tiép dudng tron tim O. V& hinh binh hanh ABCD. Tiép tuyén tai
C ciia dudng tron cat duong thang AD tai N. Ching minh ring

(D) Pudng thang AD la tiép tuyén ctia dudng tron (O).
(2) Ba dudng thang AC, BD va ON cung di qua mot diém.

. J

# Loi giai.
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(@) Vi AABC cantai A nén OA L BC.
Vi ABCD la hinh binh hanh nén AD | BC = AD 1 OA.
Diéu nay chiing t6 AD 1a tiép tuyén ctia duong tron (O).

(2) Goi I 1a giao diém ctia AC va BD, suy ra I 1a trung diém AC => OI 1 AC.
Mat khac, AAON = ACON = 0A=0CvaNA=NC.
Do d6 NO la trung truic AC = ON 1L AC.
Vaynén I € ON, suyra AC, BD, ON cung di qua diém I.

([
(D) Nhu vdy, trong vi du trén dé chiing minh AD la tiép tuyén ciia duong tron (O), ta chi can
chiing minh AD 1. OA bdi A € (0).

Nhén xét.

Q) Vi yéu cdu nguoc lai “Tim diéu kién dé dwong thing d la tiép tuyén ciia duong tron (O;R)” ta cdn
cod(0,d)=R.

Vi du 2. Cho dudng tron (O), dudng kinh AB. V& CD vudng géc véi OA tai trung diém I ctia OA.
Céc tiép tuyén véi dudng tron tai C va tai D cit nhau & M.

(1) Chiing minh ring ba diém M, A, B thang hang.
(2) Ti gidc OCAD la hinh gi?

(3) Tinh CMD.

@) Chiing minh riang dudng thang MC la tiép tuyén clia duong tron (B;BI).

L

# Loi giai.

(@ Tac6 AB la dudng kinh vudng géc véi CD nén AB 1a duong trung truc ctia CD.

Talaic6 MC =MD (do AMDO = AMCO) nén M thudc trung truc cia CD, ticla M € AB.
Do d6 M, A, B thing hang.

(2) Tit gidc OCAD c6 hai dudng chéo vudng géc véi nhau tai trung diém mdi dudng
nén OCAD la hinh thoi.

(3) Trong AAOC tac6 OA =0C =CA & AOAC la tam giac déu.
Do d6 AOC =60°=>CMO =30°=CMD =60°.

(4) Ha BK vuong géc v6i MC, ta c6 MCA=DCA=30°=>CAl phén gidc cta goc MCD.
Talai c6 AC L BC nén CB la phan giac goc KCD = BI = BK.
Do d6 M C 1a tiép tuyén ctia duong tron (B;BI).
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Nhan xét. (2 O cdu a), dé’ chitng minh M, A, B thing hang chiing ta xdc dinh vi tri ciia chiing ddi vdi

CD va cu thé chiing ndam trén duong trung truc ciia CD do do xudt phdt ti nhdn xét AB la trung truc
ciia CD chiing ta chi can chitng minh M ciing thudc trung truc cia CD, diéu nay chi xdy ra khi va chi
khi MC = MD.

(@ O cdu b), chiing ta sit dung két qud “Hinh thoi c¢é hai dudng chéo vudng goc vdi nhau tai trung diém
moi duong”.
@ O cdu c), chiing ta sit dung két qud cdu b) va tinh chdt ciia tiép tuyén duong tron.

@ O cdu d) chiing ta sit dung két qud vé vi tri twong ddi ciia duwong thing véi duong tron dé dua ra két
Iudn cho tiép tuyén MC va dé thay MD ciing la tiép tuyén ciia (B;BI).

() Cdc két qud & cdu a) va cdu d) van diing néu thay diéu kién “trung diém I ciia OA” béi “I nam giita
O va A”. Trong truong hop nay ta chiing minh MCA = ACD bang nhdn xét MCA phu voi ACO,
XC\Dphu VOl m, ma ACO = CAO.

O

¢ sU DUNG TiINH CHAT TIEP TUYEN BE TiM QUY TiCH

Viéc st dung tinh chit ctia tiép tuyén dé€ tim quy tich diém M ducc hiéu 1a viéc khai thic cac tinh chit d6 dé
chi ra tinh chét ctia di€ém M trong phan thuin ctia bai toan quy tich.

C

Vidu 1. Cho dudng tron (O;2 cm) va mot diém A chay trén dudng tron d6. Tir A vé tiép tuyén xy.
Trén tia Ax liy diém M, trén tia Ay lay diém N sao cho AM = AN = 2v/3 cm. Tim quy tich cic
di€ém M va N.

# Loi giai.

Phan thuin: Véi hai diém M, N diém A théa man didu kién ddu bai.

Trong AOMN tac6é OA la dudng cao va trung tuyén nén AOMN can tai O. Suy ra OM = ON.
Trong AOAM vuodng tai A, tacé6 OM = VOAZ+ MA2 =4 cm.

Do d6 M, N cung thudc duong tron (O;4 cm).

Phan dao: Ly diém A bt ki trén (0;2 cm).

Tit A vé tiép tuyén xy véi dudng tron (O;2 cm) cat dudng tron (0;4 cm) tai M va N.

Chitng minh AM = AN = 2v/3 cm. That vay, OA L MN nén

AM =AN=VOM?2-0A%=23 cm.

Két luan: Quy tich cta cac diém M, N 1a dudng tron (O;4 cm). O

Vidu 2. Cho dudng tron (O;R). Tim quy tich cia diém A ma tir d6 ké dudc hai tiép tuyén AB, AC
dén (O;R) sao cho BAC = 60°.

& L gidi.
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Phan thuén: Gia st tn tai diém A théa man diéu kién diu bai.
11—
Trong AOAB tac6 BAO = §BAC =30° (do AOAB = AOAC).

Do d6 OB:%OA:OA:ZOB:2R.

Véy nén A thude dudng tron (O;2R).
Phan dao: Liy diém A bt ki trén dudng tron (O;2R). -
Tut A vé hai tiép tuyén AB, AC véi dudng tron (O;R). Ta can chiing minh BAC = 60°.

Trong AOAB, tac6 OB = %OA = BAO =30° = BAC =2BAO =60°.

Két luan: Quy tich cta di€ém A 1a dudng tron (O;2R). O

Nhan xét. () Trong loi gidi trén, dua vao dang ddc biét ciia AOAB vuong tai B, chiing ta tinh dugc do
dai doan OA bdng cdch sit dung hé thiic luong gidc cho goc BAO.

(2 Chiing ta sé di gidi bai todn tong quadt la
“Cho duong tron (O;R). Tim quy tich ciia diém A ma tiv do ké duoc hai tiép tuyén AB, AC dén (O;R)
sao cho BAC =2a”.
Ta sé lan luot thuc hién:
Phan thudn: Gid sit ton tai diém A théa mdn diéu kién ddu bai.

—_— 1 —
Trong AOAB ta co BAO = §BAC =a (do AOAB =AOAC). Dodo OB =0Asina = 0A =

sina’

R
Vdy nén A thudc duong tron (O; - )
sina

Phdn ddo: Ldy diém A bdt ki trén duong tron (O ;
sina

). Tir A vé hai tiép tuyén AB, AC vdi duong
tron (O;R). Ta cdn chitng minh BAC =2a.

— OB R S —
Trong AOAB, ta co sinBAO = OA =—f = sina > BAO =a = BAC =2a.
sina R
Két ludn: Quy tich ciia diém A la duong tron (O; —)
sina

(® BAITAPTY LUYEN

Bai 1. Cho AABC can tai A. Hiy néu cach dung tiép tuyén a cta dudng tron ngoai tiép AABC tai A.
Chiing minh ring a || BC.

# Loi giai.
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]\Ij/c
Céch dung: Dung dudng thang qua A va vudng goc v6i OA.
Vi AABC can tai A nén tim O clia dudng tron ngoai tiép AABC thudc dudng cao AH.

Do d6 AO L BC.
Mait khac, a L OA néna | BC. O

Bai 2. Cho AABC vudng can tai A.
(1) Hay néu cach dung tiép tuyén a ctia duding tron ngoai tiép AABC tai A. Ching minh ring a || BC.

(2) Hay néu cach dung cic tiép tuyén b, ¢ clia dudng tron ngoai tiép AABC tai B va C. Chiing minh ring
bllec.

# Loi gidi.

(D Cach dung: Dung duong thang qua A va vudng géc véi OA.
Vi AABC vudng cin tai A nén tdim O ctia dudng tron ngoai tiép AABC 1a trung di€m BC va
AO 1L BC.
Mat khéac, a L OA nén a || BC.

(2) Cach dung: Dung dudng thang b qua B va vudng géc véi OB. Dung dudng thang ¢ qua C va vudng
gbc v6i OC.
Ta c¢6 b qua B va vudng goc véi BC va ¢ qua C va vudng goc BC.
Do do b | c.

Bai 3. Cho AABC déu.

(1) Hay néu cach dung tiép tuyén a ctia dudng tron ngoai tiép AABC tai A. Ching minh ring a | BC.
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(2) Hay néu cach dung cac tiép tuyén b, ¢ clia dudng tron ngoai tiép AABC tai B va C. Gia st b va ¢ cat
nhau tai D. Chiing minh ring ABCD déu.

# Loi giai.

D

(1) Cach dung: Dung dudng thang qua A va vudng géc véi OA.
Vi AABC déu nén tam O cuia dudng tron ngoai tiép AABC thudc dudng cao AH.
Do do AO 1 BC.
Mait khac, a 1. OA néna || BC.

(2) Cach dung: Dung dudng thang b qua B va vudng géc véi OB. Dung dudng thiang ¢ qua C va vudng
gbc v6i OC.
Xét ABCD, taco
BD =DC (do AOBD = AOCD)
va CBD = OBD - OBC = 90° - 30° = 60°.
Do d6 ABCD déu.

a

Bai 4. Tir mot diém A niam ngoai dudng tron (O;R), vé hai tiép tuyén AB, AC v6i dudng tron. Trén cung
nhé BC liy diém D. Tiép tuyén tai D clia dudng tron cat AB tai M, cit AC tai N. Cho biét hinh tinh clia
AABC va tinh chu vi cia AAMN trong cac truong hgp sau:

(D OA =2R. 2 OA=RV2.

# Loi giai.
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Taco6 AB=AC (do AOAB = A0OAC)nén AABC cantai A.
Talai c6 MD = MB (do AOMD = AOMB) vaND =NC (do AOND = AONC).
Chu vi AAMN la

P = AM+AN+MN

= AM+AN+MD+ND
= AM+AN+MB+NC
= AB+AC
= 2AB
_— OB
Neoai inOAB = —.
goai ra sin OA

_——— R 1 _— .
(1) V6i OA =2R tac6 sinOAB = =3 OAB=30°=CAB =60°
nén AABC déu.
Khi d6 P =2AB =2V0OA2-0OB?2 =2V4R? - R? =2R /3.

_— RV2 V2 _— J—
@VaiOA:R\/étacésinOABz%:§30A3:45°:CAB:90°

nén AABC vudng can tai A.
Khi d6 P =2AB =2V0OA2-0B2=2V2R2 - R2 =2R.

a

Bai 5. T mot diém A & bén ngoai dudng tron (0), ké hay tiép tuyén AB va AC vé6i dudng tron. Tit mot
diém M trén cung nhd BC ké mot tiép tuyén thi ba cat hai tiép tuyén kia tai P va Q. Khang dinh khi diém
M di dong trén cung BC thi chu vi AAP@Q c6 gia tri khong ddi 1a ding hay sai?

# Loi giai.

Tacé AB = AC (do AOAB = AOACQ).
Ta lai ¢6 PM = PB (do AOPM = AOPB) va QM = QC (do AOQM = AOQC).
Chu vi AAPQ 1a

AP+AQ+PQ = AP+AQ+MP+MQ
= AP+AQ +PB+QC
= AB+AC
= 2AB la khong déi.

a
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Bai 6. Cho niia dudng tron tAm O dudng kinh AB. Tir mot di€ém M trén nita dudng tron ta vé tiép tuyén xy.
Vé AD va BC vudng goc voi xy.

(1) Khang dinh MC = MD la diing hay sai?

(2) Khing dinh AD + BC c6 gia tri khong ddi khi M chuyén dong trén duong tron 1a ding hay sai?

(3 Khang dinh dudng tron duong kinh CD tiép xic vdi ba dudng thang AD, BC va AB 1a diing hay sai?
(@) X4c dinh vi tri ctia diém M trén nita dudng tron (O) dé dién tich ti gidc ABCD 16n nhit.

# Loi gidi.

(D) Xét ti gidc ABCD c6 AD || BC (do cung vudng goc véi xy)
= ABCD Ila hinh thang vuong.

OA =0B
Mat khac, ta lai c6 < OM la dudng trung binh.
OM | AD

Dodo MC =MD.
(2) Theo cau trén ta c6 AD + BC = 20M = 2R khong ddi.

(3 Ha M H vuong goc v6i AB, ta c6 ngay MH = MC.
Vay duong tron dudng kinh CD tiép xidc v6i ba duding thang AD, BC va AB.

(@) Tacbé Sapep = %(AD +BC)-CD=R-CD.
Do d6 S spcp 16n nhit khi va chi khi CD 16n nhét.
Trong hinh thang vuong ABCD, ta c6 nhan xét CD < AB = 2R = CD 4, = 2R dat dugc khi ABCD
1a hinh chit nhat.
Diéu nay chi x4y ra khi M 1a diém chinh gifta ctia cung tron duong kinh AB.

a

Bai 7. Cho AABC vuong tai A, dudng cao AH. Goi O la tam dudng tron ngoai tiép tam gidc ABC, d 1a
tiép tuyén clia duong tron tai A. Cac tiép tuyén clia dudng tron tai B va C cit d theo thi ty 6 D va E.

@ Tinh DOE.

(2) Khang dinh DE = BD + CE la ding hay sai?

(3) Khang dinh BD - CE = R? 1a ding hay sai? (R 13 ban kinh dutng tron (O))
(® Khang dinh BC 1a tiép tuyén clia dudng tron dudng kinh DE 1a diing hay sai?

# Loi giai.
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Vi AABC vudng tai A nén O la trung di€ém BC.

DA=DB
DOA=DOB
EA=EC
EOA=EOC

@ Tacé AODA =AODB = {

AOEA = ANOEC > {

—_— 1 —— — 1
Suy ra DOE =DOA+EOA = §(AOB +AO0C) = 5 180° =90°.

(2 Tucautrén DE=DA+EA=DB+EC.

B BD
(3 Tacéd AOBCmAECO:g—C:%3BD-CE:OC-OC:R2.

@ Goi I 1a trung diém DE, suy ra I 1a thm dudng tron dudng kinh DE.
Trong hinh thang vuéng BCED ta c6 OI la duong trung binh
nén O! | BD = OI 1 BC (do BC L BD).
Do d6 BC 1a tiép tuyén ctia dudng tron dudng kinh DE.

a

Bai 8. Cho AABC cin tai A, cic dudng cao AD va BE cit nhau & H. Goi O la tAm dudng tron ngoai tiép
tam giac AHE.

(D Khang dinh BC = 2DE la ding hay sai?
(2) Khang dinh DE 1a tiép tuyén cta (O) la ding hay sai?
(3 Tinh d6 dai DE biét DH =2 cm, HA =6 cm.

# Loi giai.
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A

Vi AABC can tai A, dudng cao AD, do d6 D 1a trung diém BC.
(1) Trong ABCE vudng tai E ¢6 ED la trung tuyén nén BC = 2ED.

(2 Do AOHE céan tai O va ADCE cén tai D nén ta c6

——

o — — —— — o —— N

Dod6 DEH+OEH =DEH +DEC =HEC =90°. Tu d6 c6 dicu phai ching minh.

3 TaccHA=6=>0H=3=0D =5
ma OE =3 nén DE = VvOD?2-0E? =4 (cm).

a

Bai 9. Tir mot diém A nim bén ngoai dudng tron (O;R), vé hai tiép tuyén AB, AC v6i dudng tron. Pudng
thang vudng goéc véi OB tai O cit tia AC tai N. Pudng thang vudng géc véi OC tai O cit tia AB tai M.

(1) Xdc dinh hinh tinh cta td gidc AMON.
(2) Diém A phai cich O mdt khoang 14 bao nhiéu dé€ M N 1a tiép tuyén cta (0)?

& L gidi.

AM ||ON (cung vudng goc voi OB)
AN ||OM (cung vudng goc v6i OC)
Do d6 AMON 1la hinh binh hanh.

Mat khéc, xét hai tam giac vudng AOBM va AOCN ta cé
{OB:OC:R

(1) Xét tit gidc AMON ta cé

MOB=NOC (cung phu véi goc MON)
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Do d6 AOBM = AOCN = OM =ON.
Vay AMON 1a hinh thoi.

2 D& MN tiép xic v6i (O;R) thi d(O;MN)=R < OI =R < AO =2R.
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sal®.  TINH CHAT CUA HAI TIEP TUYEN CAT NHAU

@ TOMTAT LY THUYET

V6i hai tiép tuyén ké tit mot diém, ta c6 két qua “Néu hai tiép tuyén ciia mot dwong tron cdt nhau tai mot
diém thi giao diém nay cdch déu hai tiép diém va tia ké tir giao diém do qua tém cia duong tron la
tia phdn gidc cua goc tao bdi hai tiep tuyen”.

Nhu vay:

AB va AB' 1a hai tiép tuyén ctia (O)
{AB =AB’

=

OAB=0AB"

€) DUONG TRON NOI TIEP TAM GIAC

Pinh nghia 1. Dudng tron noi tiép tam giac 1a dudng tron tiép xiic v6i ba canh clia tam gidc.

Khi do,
(1) Tam gidc d6 goi 1a tam gidc ngoai tiép dudng tron.
(2) Tam ciia dudng tron ndi tiép tam gidc 1a giao diém
ctia ba dudng phan gidc clia tam gidc (trong thuc té

ta chi can Iy giao diém ctia hai dudng phan gidc bsi
trong mot tam gidc ba dudng phan gidc dong quy).

€ DUONG TRON BANG TIEP TAM GIAC

Dinh nghia 2. Dudng tron tiép xtic véi mot canh cla tam gidc va cac phan kéo dai clia hai canh kia

goi 1a dudng tron bang tiép tam giac.

Nhu vay, v6i AABC tdn tai ba dudng tron bang tiép va tim ctia mot dudng
tron bang tiép 12 giao diém ctia mot dudng phan gidc trong vdi hai phan gidc
ngoai.
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(® PHUONG PHAP GIAI TOAN

Vidu 1. Cho AABC, biét BC = 6. Lay E, F theo thd tu thuoc AB, AC sao cho EF song song véi
BC va tiép xiic v6i dudng tron ndi tiép AABC. Tinh chu vi AABC, biét EF =2 cm.

# Loi gidi.
EF AE

Tacé hai AAEF va AABC dong dang, do d6: — = —.
(la)co ai va C dong dang, do do BC - AB

Ta co:

{c:AB:AM+MB:AM+NB.
b=AC=AP+PC=AM+NC.
=> b+c=2AM+BC =2AM +6.

1
= AM:AP:E(b+c—a):p—a. (2)

AM=AE+EM =AE +EQ.
{AM:AP:AF+FP:AF+FQ.
= 2AM=AE+AF +EF.
< AMZAPZpAAEF. (3)

2 -6
Thay (2), (3) vao (1), ta du’cjc:a = p-° ©p=9cm.
b

Viy chu vi cia AABC bing 18 cm.

Vi du 2. Cho AABC c6 d6 dai ba canh a,b, ¢ va dién tich biang S. Pudng tron ndi tiép AABC tiép
xuc v6i cac canh BC,CA,AB theo tht tu tai A, By, C1. Gia st AA1B1C1 c6 do dai ba canh tuong
ting 1a a1, b1, ¢1. Ching minh ring

ay by ( . ) . C
— +—=2[|sin— +sin—|.sin—.
a b 2 2 2
# Loi giai.
Trong AA1B1C1 tacé:
BLIC; —A A
a1=B1C1=2r.sinA1 =2r.sin 1 1:2r.sinn :2r.cos§.
B
Tuong tu ta dugc b1 = 2r.cos 3
Trong ABIC, ta co:
. B+C A
B sin 5 r.cosE
a:BC:BA1+CA1:r.cot§+r.c0t§:r. B = B ok

sin—.sin—  sin—.sin —
2 2 2

2
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Tuong ty ta dugc

B A

COSE
b= .
: . C
S —.8S1n —

2 2
Tur do:

Cl B
ai bl C '

. B . C A ( ) ) )
—+—=2s8In—.8In —+2sin —+sin— = 2|sin — +sin — | .sin —.
a b 2 2 2 2 2 2 2

Ay
a

Vi du 3. Cho dudng tron (0), con B la diém di dong trén (0). Céc tiép tuyén ctia (O) tai A va B cit
nhau tai C. Tim tap hop tdim dudng tron ndi tiép AABC.

# Loi giai.

Goi I 1a giao diém ctia OC véi (C), ta c6 ngay AT 1a phan gidc
g6c A, tir d6 suy ra I 1a tam dudng tron ndi tiép AABC. B
Vay tap hop tam I thudc dudng tron (C) ngoai trit ba diém
A,Aq1,Aq, trong d6 A1A¢ la dudng kinh vuong géc véi OA.

(® BAITAP LUYEN TAP
Bai 1. Cho AABC déu.

(1) Hay néu cach dung tiép tuyén a clia dudng tron ngoai tiép AABC, biét tiép tuyén di qua diém A.
(2) Khang dinh d | BC diing hay sai?

(3) Hay néu cach dung céc tiép tuyén b, ¢ cia dudng tron ngoai tiép AABC, biét ring céc tiép tuyén nay
theo thif tu di qua diém B, C. Gia st b cit ¢ tai D.

(@) Khang dinh ABCD déu la ding hay sai?

Bai 2. Cho AABC vuong tai A, AB =6 cm, AC = 8 cm. Pudng tron (I) ndi tiép AABC tiép xiic véi AB,
AC theothitu 6 D, E.

@ Tinh BIC.
(2) Tinh dién tich ti gidc ADIE.

Bai 3. Cho AABC cén tai A, I 1a tam dudng tron ndi tiép, K 1a tim dudng tron bang tiép trong géc A, O

1a trung di€m clia IK.
(D) Khang dinh bén diém B, I, C, K cung thudc mdt dudng tron tim O 1a ding hay sai?
(2) Khang dinh AC 1a tiép tuyén ciia dudng tron (0) 1a diing hay sai?

Bai 4. Cho (O;R) . Tim quy tich ctia diém A ma tlt d6 ké dudc hai tiép tuyén vudng goéc véi nhau t6i (O;R).
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Bai 5. Cho dudng thingd va mot diém A & trén dudng thang d6. Tim tap hop tim céc dudng tron tiép xiic
v6i dudng thang (d) tai diém A.

Bai 6. Cho dudng thang (d). Tim tip hop tim cdc dudng tron c6 ban kinh bing R va tiép xic v6i dudng
thang (d).

Bai 7. Cho hai dudng thang cit nhau @ va b. Tim tip hop cac dudng tron tiép xiic véi hai dudng thang do.

Bai 8. Cho dudng tron (O;R) va diém A c¢b dinh trén dudng tron d6. Qua A, ké tiép tuyén xy. Tt diém M
trén xy vé tiép tuyén MB v6i dudng tron (0). hai dudng cao AD VA BE ciia tam gidgc MAB cét nhau tai
H.

(D Khang dinh ba diém M, H,O thang hang 12 diing hay sai?
(2) Xdc dinh dang cua ti gidc AOBH.
(3 Tim quy tich ctia diém H khi M chay trén xy.

® HUGNG DAN - PAP sO

Bai 1. # Loi giai.

Ta c6 ngay:
o Tiép tuyén qua B 1a duong thang b qua B va vudng géc véi OB.

o Tiép tuyén qua C la dudng thang ¢ qua C va vudng goc véi OC. Xét
ABCD, ta co:

< < P B
BD = DC, tinh chat hai tiép tuyén véi duong tron cung di qua D. v C
CBD = 0BD - OBC = 90° — 30° = 60°. V
D
O

Do d6 ABCD déu (tam gidc can c6 mdt géc bang 60°).

Bai 2. 4 Loi gidi.

®

Trong AIBC, ta cé:

A
BTC =180° - (IBC + ICB) A
1.~ A b E
=180°~ (B +C)
1 A
= 180° - -.90° = 135°. B A
2 c

(2 Goi r 12 ban kinh dudng tron ndi tiép AABC.

Xét tu giac ADIE, ta co:
A=D=90° va ID=IE=r=ADIE lahinh vuong.

Do do SAADIE = ID2 = rz.
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Trong AABC, ta co:

SaABC = %AB.AC = %p.r = %(AB +AC+BC).r
AB.AC 6.8
& r= = =2 cm.
AB+AC+vVAB2+AC? 6+8+V62+82
Vay ta dudc: Saprg =22 =4 cm?. a
Bai 3. # Loi giai.
Dung. d
Bai 4. # Loi giai.
Ta thuc hién theo céc phan sau:
Phan thudn: Gia st ton tai diém A thoa man diéu kién dau bai. o
Trong AOAB, ta c6: ,/'/ \\‘\

m:%m:%":BA:OB:R.

OA =+ OB2+BA2=RV2.

= A thudc dudng tron (O;RV/?2).

Phan ddo: Ly diém A bat ky trén dudng tron (O;2R).
Tir A vé hai tiép tuyén AB,AC v6i dudng tron (O;R). Ta phdi chiing minh ABAC = 60°.
Trong AOAB, ta co:

OB R V2

sinmz O_A:_R—\/Q = 7 zsin45°:>B/A\O:45°:>m:2m:90°.
Két ludn: Qiy tich ciia diém A 1a dudng tron (0;v/2). O

Bai 5. # Loi gii.
Pap s6 trac nghiém C.
Pudng tron (0) tiép xic v6i d tai A = OALd.

Vay quy tich tim cac dudng tron tiép xic véi d tai A 1a duong thang
di qua A va vudng géc véi d. m m
\y 4

W
([
Bai 6. # Loi giai.
Dip s tric nghiém C. m /\
Pudng tron (O) tiép xiic véi d néu d(0,a) = R. a
Vay quy tich tAm cac dudng tron c6 ban kinh R tiép xic vdi d 12 hai U R b
dudng thang a, b song song va khoang cach ti chiing dén d bang R. / R /\
NAVAZANA
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(]
Bai 7. # Loi giai.
Diép sb trac nghiém D. ds
Pudng tron (0) tiép xiic v6i a va b thi d(0,a) = d(0,b).
Vay quy tich tAm céc dudng tron tiép xic véi a va b 1a hai dudng phan ,// N
gidc dq va dg clia géc tao bdi a va b. a ! ‘.
Y\ 0] I‘
sl Y gy
b ,// \\\‘ <
([
Bai 8. # Loi giai.
@
Dip s trac nghiém D.
e Vi MA, MB la tiép tuyén nén M, O, I thang
hang.
e Vi AMAB can tai M nén M1 la duong cao.
Do d6 M, H, I thang hang.
Vay ba diém M, H, O thing hang. Y
(2) Pap sb trac nghiém B.
Xét t giac AOBH, ta co:
AO | BH, vi cung vuong goc véi MA.
AO || OB, vi cung vudng goc véi MB.
Do d6 AOBH la hinh binh hanh.
Mait khac, ta c6 ngay OA =OB =R.
Vay AOBH 12 hinh thoi (vi n6 13 hinh binh hanh c¢6 hai canh ké bﬁng nhau).
(3 Pip s6 trac nghiém A.
Theo két qua ciu a), ta co:
AH=0A=R=>He(A,R).
O

Han ché quy tich: Hoc sinh tu lam.
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8A'7. VI TR TWONG DOI CUA HAI DUONG TRON

@ TOMTAT LY THUYET

Hai dudng tron phan biét khong thé cé qué hai diém chung, bdi vi qua ba diém thing hang khong thé c6 mot
dudng tron, con qua ba diém khong thing hang chi c6 mot dudng tron duy nhét.
Nhu vay, hai dudng tron phan biét chi c6 thé:

— C6 hai diém chung.
— C6 mot diém chung duy nhit.

— Khong c6 diém chung.

A Hai duong tron néu cé nhiéu hon hai diém chung thi chiing tring nhau.

€) HAI DUONG TRON CO HAI BIEM CHUNG
Cho hai dudng tron (O;R) va (O';r) v6i R > r va d = OO'. Truong hdp nay goi la hai dudng tron cit nhau,
mdi diém chung goi 12 mot giao diém.

St dung bét dang thiic tam gic trong AAOO' ta c6
OA-0'A<00'<0A+0'A,

tir d6 suy ra diéu kién

R-r<d<R+r.

A Nhdn xét.

Hai duong tron cdt nhau

_7
(ﬁi

— C6 hai tiép tuyén chung va chiing dong quy véi duong thing 00’

— Néu bai todn can vé duong phu, ta thuong vé thém ddy chung ciia chiing.
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Bai todn: Cho hai duong tron (O;R) va (O';r) véi r < R cat nhau tai A va B. Hay dung tiép tuyén chung
ctia hai dudng tron d6, biét 00’ =d.

Lui gidi
M ’
N/ ‘
Phan tich.

Gia st da dung dudc tiép tuyén chung cia hai dudng tron va M, M' theo thi tu 1 tiép diém ctia tiép tuyén
chung véi (O;R) va (O’,r). Goi A 1a diém dong quy ctia hai tiép tuyén véi O0’, ta c6
AO" O'M'" r rd

= A0 = (A0’ — < AO0' = .
0-O0M R o (O+OO) 0 o

= Xéc dinh dugc vi tri diém A. Khi d6

— Tiép diém M’ 1a giao diém ctia (O’) va dudng tron duong kinh AO’.
— Tiép diém M la giao diém ciia dudng thang AM' va duvng tron (O).
Cdch dung: Ta thuc hién
rd
R-r
— Dung dudng tron dudng kinh AQ’, dudng tron nay cat (O”) tai M.

— Xdc dinh diém A trén tia OO’ sao cho AO' =

— Dung dudng thang AM’, d6 chinh Ia tiép tuyén chung can dung.
Chirng minh. Ta c6 ngay AM'O=90°=AM'la tiép tuyén clia dudng tron (O). Ngodi ra, ta cling c6

rd
AO' A0 Ry _r_ oM
AO AO'+0'0 rd +d_R_0M'
R-r

SuyraOM | O'M' = OM | AM = AM' 1a tiép tuyén ctia duong tron (O').
Bién ludn. Bai toan c6 hai nghiém hinh (tiic 12 ton ta1 duy nhét hai tiép tuyén chung cta (O) va (O')).

Q HAI PUONG TRON CHi CO MOT DIEM CHUNG
Cho hai dudng tron (O;R) va (O’;r) v6i R > r va d = O0'. Truong hop nay goi 1a hai dudng tron tiép xiic
nhau va di€ém chung duy nhét dugc goi 1a tiép diém. Ta c6 hai kha ning tiép xic:

— Tiép xtic ngoai: d =R +r.
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— Tiép xtic trong: d =R —r.

A Nhdn xét:

— Hai dudng tron tiép xiic ngodi vdi nhau co ba tiép tuyén chung.

— Hai dudng tron tiép xiic trong véi nhau c6 mot tiép tuyén chung.

— Hai duong tiép xiic véi nhau ma cdn vé duong phu, ta thuong vé thém tiép tuyén chung ciia
chung.

€) HAI DUONG TRON KHONG CO BIEM CHUNG
Cho hai dudng tron (O;R) va (O';r) vé6i R > r vad = OO'. Trudng hop nay goi 12 hai dudng tron khong giao
nhau. Ta c6 hai kha nang

— Ngoai nhau: d >R +r.

— Trong nhau: d <R —r.
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I\ chy.
— Hai duong tron phdn biét cung tdm (d = 0) goi la hai duong tron dong tam.
— Hai dudng tron ngodi nhau cé bon tiép tuyén chung, trong do

+ C06 hai tiép tuyén chung cdt doan OO,

+ C6 hai tiép tuyén chung khong cat doan 00,

— Hai duong tron d trong nhau khéng co tiép tuyén chung.
€> MOT SO TiNH CHAT
Tinh chéit 1. Pudng ndi tam 1a truc dbi xding ctia hinh tao béi hai dudng tron.

Tinh chat 2. Néu hai dudng tron cit nhau thi diy cung vudng géc v6i dudng nbi tim va bi duong
nay chia 1am hai phan bing nhau. Cu thé, theo hinh vé ta c6: 00’ L AB va IA = IB.

Tinh chat 3. Néu hai dudng tron tiép xiic nhau thi tiép diém niim trén dudng ndi tim. Cu thé, theo
hinh vé sau ta c6 O, O’, A thiang hang.
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Of @)

(® PHUONG PHAP GIAI TOAN

r

Vi du 1. Hai dudng tron (O) va (O') cit nhau tai A va B. Tir A vé dudng kinh AOC va AO’D. Chiing
minh ring ba diém B, C, D thiang hang va AB vudng géc CD.

.

# Loi giai.

Goi I 1a giao di€ém ctia AB va OO’, suy ra I 1a trung diém cta AB.
— Trong tam gidc ABC, ta ¢6 OI la dudng trung binh nén OI || BC.
— Trong tam giac ABD, ta c6 O'I1a dudng trung binh nén O'T || BD.

Suy ra OO’ | BC || BD, nén ba diém B, C, D thang hang.
ViAB 10O = AB 1CD.

A Nhdn xét:

— Trong loi gidi cia vi du trén chiing ta da tdn dung dady dii tinh chdt ciia hai dudng tron cdt nhau.

— Vi du tiép theo sé minh hoa viéc sit dung tinh chdt ciia hai dwong tron tiép xiic nhau.

a

Vidu 2. Cho hai dudng tron (O;R) va (O';r) tiép xuca ngodi v6i nhau tai A. VE tiép tuyén chung
ngoai BC (B thudc duong tron (O), C thudc duong tron (O').

(1) Ching minh rang AABC la tam gidc vuong.
) Tinh sb do goc OMO'.
(3) Tinh dién tich t gidc BCO'O theo R var.

@) Goi I 1a trung diém OO’. Chiing minh ring BC 1a tiép tuyén ctia duong tron (I,IM).

L

& L gidi.
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(1) Qua A vé tiép tuyén chung trong, cat BC tai M, ta c6

MA = MB tinh chit tiép tuyén ctia (O;R)
MA = MC tinh chét tiép tuyén cta (O',r).

1
Suyra MA=MB=MC = EBC.
Tiic 1a AABC c6 trung tuyén AM tng véi canh BC bing nifa canh d6 nén la tam gidc vuong.

(2) Theo tinh chit hai tiép tuyén cit nhau, ta c6

— MO la phéan giac caa goc AMB.

— MO/’ 1a tia phan gidc ctia géc AMC. Suy ra OMO’ = 90° (vi né hgp bdi hai tia phan gidc cta hau goc
k& bi).

(3) T giac BCO'O c6 OB || O'C (vi ciing vudng géc v6i BC) nén tii gidc nay 12 hinh thang, do d6
1 :
SBCO’O = E(OB +0O'C)BC.

Ha O'D vudng géc v6i OB, suy ra ti gidc BCO'H 1a hinh chit nhat nén BC = O'H.
Trong AOO’H ta cé

O'H?>=00?-0H?=R +r?>-(R-r)?>=4Rr = O'H =2VRr.
Vay ta dugc

1
SBcoo = §(F+R)-2\/R =VRr(R +r).

(@) Tacé ngay IM 1a dudng trung binh ctia hinh thang BCO'O, do @6 IM | OB = IM 1 BC.
Vay BC 1a tiép tuyén ctia dudng tron (I, IM).

A Nhdn xét:

— Ta ciing c6 OO0’ la tiép tuyén ciia duong tron cé dwong kinh BC.

— Chiing ta dd biét rang “Néu duong thing d di qua mot diém ¢ bén trong duong tron (0) thi né cdt
duong tron nay” va cdu héi duoc ddt ra & ddy la néu thay duong thing d bdng mot dwong tron thi két

Iudn dugc gi vé vi tri tuong doi ciia hai duong tron nay. Vi du tiép theo sé minh hoa nhdn dinh nay.

a

Vi du 3. Chiing minh ring néu mot dudng tron di qua mot diém bén trong va mot diém bén ngoai

mot dudng tron khéc thi hai dudng tron cit nhau tai hai diém.

# Loi giai.
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Gia st dudng (O) di qua A va B, trong d6 A & ngoai (O'), B & bén trong (O'). Goi R, r theo thif tu 12 ban kinh cic
dudng tron (0), (0'). Tac6 OA=0OB=R,0'A>rvaO'B<r.

Xét AOO'Btac6 O0'<OB+O'B<R+r. (1)
— Néu R =r thi trong AOO'B,tac6 O0'>OB-0O'B<R +r. )
— Néu R <r thitrong AOO'A,tac6 00'>0'A-0A >r-R. 3)

Tir d6, ta dude |R —r| < OO0’ < R + r < Hai duon tron (O) va (O') cit nhau.

A Nhén xét. Nhu vdy trong 1oi gidi trén chiing ta da sit dung cdc kién thiic
— Vi tri tuong doi ciia mot diém véi duong tron.
— H¢é thiic lién hé ginta cdc canh cua tam gidc.

Dé'tir dé nhdn duoc bdt ddng thic |IR —r| <00’ <R +.
O

Vi du 4. Cho doan thang AB va mdt diém M khong trung véi A va B. V& céc dudng tron (A;AM)
va (B;BM). Hiy xac dinh vi tri tuong d6i ctia hai dudng tron nay, tit d6 suy ra sb tiép tuyén chung

cua ching.

# Loi giai.

Dé xét vi tri tuong dbi clia hai dudng tron (A ; AM) va dudng tron (B; BM), ta phai xét cic trudng hop vi tri clia diém
M dbi v6i doan thang AB.

Truong hop 1 Piém M nam giita A va B, ta c6

AB=AM+MB<d=R+r.

Vay hai dudng tron tiép xiic ngoai v6i nhau va do d6 chiing c6 ba tiép tuyén chung.

Truong hop 2: Piém M nim trén tia d6i ctia AB (hoic tia d6i ctia BA), ta c6

AB=BM-AM &d=R-r
AB=AM-BM<d=r-R’
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Vay hai dudng tron tiép xidc trong v6i nhau va do d6 chiing c6 mot tiép tuyén chung.
Truong hop 3: Piém M nam ngoai dudng thang AB, ta c6

IMB-—MA|<AB<MB+MA < |R-r|<d<R+r.

Viy hai dudng tron cat nhau va do d6 chiing c6 hai tiép tuyén chung.

<

Nhan xét: D€ tranh bd sot trudng hop, cac em hoc sinh hiy nhé lai vi tri tuong dbi clia di€ém va dudng thang, cu thé
véi diém M va dudng thang AB (M khong triung véi A, B) cho trudc, ta cé

— Néu M thuoc dudng thang AB, khi d6
+ M nim giita A va B.
+ A nim giita M va B.
+ B nim giita A va M.
— M khong thudc dudng thang AB.
a

Vi du 5. Cho hai dudng tron (O;R) va (O';r) tiép xiic v6i nhau tai A. V& mdt cét tuyén qua A cit hai

dudng tron tai B va C. Ching minh rang céc tiép tuyén tai B va C song song vdi nhau.

# Loi giai.

Xét hai kha niing tiép xiic ctia (O;R) va (O',r).

Truong hop 1: Néu (O;R) va (O'; R) tiép xtic trong v6i nhau. Trong tam giac OAC, ta c6
OB r OA
OC R OA

Nén céc tiép tuyén tai B va C song song v6i nhau vi chiing vudng géc véi O'B va vudng géc véi OC.

N

= O0'B| OC.

C
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Truong hop 2: Néu (O;R) va (O, r) tiép xiic ngoai v6i nhau. Ta c6

OB r OA

) !
0C " E-0A =>O'B|OC.

Nén cdc tiép tuyén tai B va C song song v6i nhau vi chiing vuong géc v6i O'B va vuong géc véi OC.

A Nhén xét: Ciing véi nhdn xét nhu trong vi du trudc, cdc em hoc sinh hdy nhd rang vdi gid thuyét ”Hai
duwong tron tiép xiic véi nhau” chiing ta cdn xét hai truong hop, do la

— Hai duong tron tiép xiic trong vdi nhau.

— Hai duong tron tiép xiic ngoai vdi nhau.
O
(® BAITAP LUYEN TAP
Bai 1. Cho ba duong tron tim O1, Og, O3 cé cung ban kinh R va tiép xuc ngoai v6i nhau déi mét. Tinh
dién tich tam gidc c6 ba dinh 12 ba tiép diém.
# Loi giai.
Xét AO10903, ta cd

0102 =0203=0103=2R

nén AO10203 déu va c6 canh bang 2R.

« (2R)*V3
Vay SA010203 = T :Rz\/g.

Bai 2. Cho doan thang AB = 2a. goi M 1a trung diém AB.
(1) Veé cac dudng tron (A;a) va (B;a). Chiing minh rang hai dudng tron nay tiép xic ngoai vdi nhau.

(2) Vé mdt dudng tron tam M cat hai duong tron (A) va (B) lan lugt tai C, D, E, F (C va F cung thudc
mot nia mit phang bd AB). Chiing minh ring td gidc CDEF 1a hinh chit nhat.

(3) Xéc dinh ban kinh ctia dudng tron (M) dé cho td gidc CDEF 1a hinh vudng.

Th.s Nguyén Chin Em 195 https://emncischool.wixsite.com/geogebra



https://www.facebook.com/groups/GeoGebraPro/ Tai liéu tw hoc Todn 9 - HKI

# Loi giai.

¢) D& CDEF la hinh vuong diéu kién 1a

CE L DF & AMC = 45°. c F
Khi dé, trong tam gidc ACM can tai A véi
AMC = 45°, ta dugc CM =av/2. R SR ol ety e

Bai 3. Cho dudng tron tim O dudng kinh AB. Vé dudng tron (B;OB) cit dudng tron (0) 6 C, D.
(D Xac dinh dang td giac OCDB.
(2) Xac dinh dang tam gidac ACD.

# Lo gidi.

(@ Ta ¢6 ngay OC = OD = OB va BC = BD = BO. Suy ra OC =
CB =BD =DO < OCBD la hinh thoi.

1 —
(2) Trong tam gidc ABC vudng tai C, tacé BC = EAB suyra BAC = A

30° => CAD = 60° nén AACD déu.

a

Bai 4. Hai dudng tron (O) va (O') cit nhau tai A va B, trong d6 OA 12 tiép tuyén ctia dudng tron (O'). Tinh
day cung AB biét OA = 2cm, O’A = 15cm.
# Loi giai.

Goi I 1a trung diém AB, suy ra AB =2AI va AI 1. 00'.
Trong tam giac vudng OAO’, ta c

1 1 1
Sroao = 5OA-OA’ = 5AI-oo' = 5AI- OA2+0'A?
suy ra
A-O'A 20-1
Al = 0A-0 = 0-15 =12cm.
VOA2+0'A%2 V202 +152
Viy AB =12 cm. O
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Bai 5. Cho hai dudng tron (O;17cm) va (O’;10cm) cit nhau tai A va B. Biét OO’ = 21cm. Tinh AB.

‘é
Goi I 1a trung di€m AB, suy ra AB = 2AI va AI 1 OO'.
1
Trong tam gidc OAQ', ta c6 Sa0a0' = /P(p~a)p~b)p—c) = SAI-00'. Suy ra

# Loi giai.

_2V/p(p-a)p-bp—c) _2v243.147

Al
oo’ 21

cm

Viy ta dugc AB =16 cm. a

Bai 6. Hai duong tron (0) va (O') cét nhau tai A va B. Goi M 1a trung diém ctia O0’. Qua A ké dudng
thang vudng goéc véi AM, cét cac dudng tron (O) va (O’) tai C va D. Chitng minh rang AC = AD.

# Loi giai.

Goi E, F theo thif tu 1a trung diém AC, AD, suyraOE 1 AC

va AE =CE; O'F L AD va AF = DF, do d6 OE | MA |
O'F. C
Khi d6, ti gidc OO'FE ¢6 OE L O'F = OO'FE 1a hinh
thang. Tit d6 AM la dudng trung binh cia OO'FE, suy ra

EA=FA ©2EA=2FA < AC=AD.

. 1
Bai 7. Cho duong tron (O;0A), diém I thudc ban kinh OA sao cho AT = §OA' VE dudng tron (I;1A).
(1) Xéc dinh vi tri ctia cdc dudng tron (O) va (I).
NN 2 G . X s .. 2 AB
(2) Ké mot duong thang qua A, cat ciac dudng tron (I) va (O) theo thid tu & B va C. Tinh ti s0 —.

AC

# Loi giai.
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(1) Tac6 OI =0A-IA, suyra(O)va(I,IA)tiép xic trong
v6i nhau.

2 Ké OH vuodng goc v6i CA, ta c6 ABD = 90° nén BD L
AB,suyraBD | OH. Suy ra

AB_AD_2©AB_ 2 @AB_l
AH AO 3 2AH 2.3 AC 3

a

Bai 8. Cho dudng tron (O) va mot diém A trén dudng tron d6. Trén ban kinh OA 13y diém B sao cho
1
OB = gOA. Veé duong tron duong kinh AB.

(1) Chiing minh ring dudng tron dudng kinh AB tiép xic véi dudng tron (O) cho trudc.

(2) Vé dudng tron dong tim O v6i dudng tron (O) cho trude, cat dudng tron dudng kinh AB tai C. Tia
AC cat hai dudng tron dong tam tai D va E (D nam giita C va E). Chiing minh ring AC = CD = DE.

# Loi giai.
(1) Goi I 1a trung diém AB, tac6 OI = OA —1A nén (O) va
duong tron dudng kinh AB tiép xiic nhau.
2 KEOH 1 CD,tac6CH=DH va AH =EH, do d6
AC=AH-CH=EH-DH=ED.
Mait khac, ta c6
ACB=90°BC 1LAC=BC|OH
AC _AB

. 1
nenC—H—B—O——suyraAC—QCH—CD.

Vay ta da ching minh dugc AC =CD =DE.

a

Bai 9. Cho dudng tron (O) va dudng thang a khong giao nhau. Goi H 1a hinh chiéu ctia O trén a. Tia dbi
clia OH cat duong tron tai A. V& duong thang b L a tai diém B trén dudng thang a. Poan thing AB cit
dudng tron tai C. Tia OC cit b tai I. Chiing minh rang dudng tron (I;IB) tiép xiic véi duong thing a va
duong tron (O).

# Loi giai.
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Nhan xét rang OA || IB vi cling vudng goc véi a, suy ra

AOAC ~ AIBC = % = % hay

B OA IB IC
E :/,O_C =1 IB=1IC.Khidé, vi IB 1L a nén (I,IB) tiép
xuc véi a.

ViIO=IC+0C =0C+1B nén (I,1B) tip xic vdi (O).

Bai 10. Cho hinh vuéng ABCD. Vé dudng tron (D;DC) va dudng tron dudng kinh BC. Chiing cit nhau
tai mot diém thi hai 1a E. Tia CE cat AB tai M, tia BE cit AD tai N. Chting minh ring M 1a trung diém
AB, N la trung diém AD.

# Loi giai.

Goi I 1a trung diém AB. Xét hai tam gidc vuong ACDI va ABCM, ta c6
CD = BC, vi hai canh hinh vudng, CDI=BCM (gbc cb canh tuong tng
vuong goc). Do do, ACDI = ABCM (canh goc vudng va goc nhon).

1 1
:BM:CI:EBngAB

nén M la trung diém AB.

Ching minh tuong tu ta cing c6 AABN = ABCM (canh goc vudng va
1 o

goc nhon). Suy ra AN =BM = EAD < N la trung diém AD.

Bai 11. Cho dudng tron (O) va mot diém A nam trén dudng tron d6. Vé dudng tron (I) di qua O va tiép xiic
trong v6i dudng tron (O) tai A. Qua A vé tiép tuyén chung xy véi hai dudng tron. Day AC ciia dudng tron
(0) cét duong tron (I) tai M. Tia CO cat dudng tron tim I tai N. Puong thang OM cit xy va tia AN lan
luot tai B va D. Chiing minh rang

@ MA=MC.

(2) Tit gidc ABCD 1a hinh thoi.

# Loi giai.
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(1) Nhan xét ring OMA = 90°
=OM L AC = MA =MC.

@ Nhan xét ring OMA = 90° = DM 1 AC;
ONA =90° = CN L AD. Suy ra O la tryc tdm
AACD, do d6

CD1AO=CD| AB.

Xét hai tam giac vuong AMAB va AMCD, taco
MA = MC, MAB = MCD (so le trong), do d6
ACDI = ABCM (canh huyén, géc nhon).
Suyra AB=AD.

Nhu vay t¢ giac ABCD ¢6 AB=CD va AC L

BD nén no 1a hinh thoi. -

Bai 12. Cho doan thang AB cb dinh. Vé dutng tron (O) tiép xiic v6i AB tai A, vé dudng tron O’ tiép xiic
v6i AB tai B, hai dudng tron nay luon ludn thudc ciing mot niia mit phang bd AB va ludn tiép xiic ngoai
v6i nhau. Tim quy tich di€ém M cta hai dudng tron.

> Lui gidi.

Phan thuén: Dung tiép tuyén chung d tai M ctia hai dudng tron, gia st d cit AB tai I.
Trong tam gidac MAB, ta co

IA=IM,viIA, IM déu latiép tuyén cta (O).

IB=IM,viIB, IM déula tiép tuyén cua (O).

SuyralM = %AB.

= AMAB vudng tai M (vi c6 trung tuyén bang nita canh huyén).

= M thudc duong tron (AB).

Phan dao: LAy diém M bat ki trén dudng tron (AB). Ta thuc hién dung

— Dung dudng thang m qua M vudng géc véi IM.

— Dung tia phan giac Ix ctua goc AIM, tia Ix cit m tai O. Dung dudng tron (O,0M), ta thay ngay
AOMI = AOAI(c.g.c) = OAI =OMI =90° = OA L AB hay (O,0M) tiép xtic vii AB tai A.

— Dung tia phén gidc Iy ctia géc BIM, tia Iy cit m tai O'. Dung dudng tron (O',0'M) ta thiy ngay
AO'MI = AO'BI(c.g.c)= O'BI = 0'M1 = 90° < OB L AB hay (0',0' M) tiép xic v6i AB tai B.
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Trong cach dung trén, ta thiy ngay (O) va (O’) tiép xic vé6i nhau.
Két luan Quy tich diém M 12 dudng tron (AB).
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