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CHUONG

]- PHEP NHAN VA PHEP CHIA DA THUC

BAl 0 NHAN DA THUC

O LY THUYET

VI DU 1. Tinh gia tri ciia biéu thic A = z* — 1723 + 1722 — 172 + 20 tai z = 16.

# LOT GIAL
— Cach 1 Chi ¥ réing = 16 nén z — 16 = 0, do d6 ta bién déi dé biéu thiic chita nhidu biéu thiic
dang = — 16.
A=a"—162° — 2° + 162> + 2° — 16z — 2 + 16 + 4

= 2°(x — 16) — 2%(x — 16) + 2(x — 16) — (v — 16) + 4
=4.
— Cach 2 Trong biéu thic A, ta thay céc s6 17 bdi z + 1, con 20 béi = + 4.

A=2* =23+ D)+ 22 +1) —2(z+1)+2+4

=t -t -+ —arta+4
= 4.
O
Vi DU 2. Tim ba sb tu nhién lién tiép, biét riing néu cong ba tich ctia hai trong ba sb iy, ta
dugc 242.
# LOI GIAL
Coi x — 1, z, x + 1 1a ba s6 tu nhién lién tiép. Ta c6
vz -1 +z@+1)+(@—1)(v+1) =242 < 327 — 1 =242 & 2* = 81.
Do x 1a s6 tir nhién nén x = 9. Ba s6 tit nhién can tim 1a 8; 9; 10. 0
() BAITAP
1. Nhan don thic véi da thic
BAI 1. Thuc hién phép tinh
@ 37 (6272 4+ 1) — 227 (92773 — 1).
@ 5! — 4.5
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® 6> 6*—4° (35 -1).
# LOI GIAL
O 3276273 + 1) — 22™(92" 3 — 1) = 18223 4 32" — 18223 + 2™ = 5a™.
@® 5! — 45" =55 — 45" = 5",
@ 626 —43(3°—1) = (3.2)° — (22)3(3° — 1) =36 .26 — 20. 36 4 26 = 26,

O
BAI 2. Tim z, biét
O 4(18 —5z) — 12(3z — 7) = 15(2x — 16) — 6(z + 14).
® 532 +5) —4(2x —3) =5z +3(2x + 12) + 1.
® 2(50 —8) — 3(4r — 5) = 4(3x — 4) + 11.
O 50— 3[4 — 2(4x — 3(bx — 2))] = 182.
# LOI GIAL
0
4(18 — 52) — 12(3z —7) = 15(2z — 16) — 6(x + 14)
72 — 207 — 361 + 84 = 30z — 240 — 6z — 84
156 — 56z = 24z — 324
156 + 324 = 24z + 562
80z = 480
r = 6.
(2
53z +5) —4(2x —3) = br+3Q2x+12)+1
152 4+25 —8r+12 = 5x+6x+36+1
Trx+37 = 1lz+37
4r = 0
z = 0.
(3
2(bx —8) —3(4x —5) = 43z —4)+11
10z —16— 12z +15 = 122 — 16+ 11
—2r—1 = 122 -5
5—1 = 12z + 2z
ldr = 4
: = 2.
7
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o
bx — 3[4x — 2(4x — 3(bx — 2))] = 182
51 — 3[da — 2(4z — 152 +6)] = 182
5o — 3[dx — 2(—11lx +6)] = 182
br — 3dx + 222 — 12] = 182

br —T8x +36 = 182
—73x = 182 —36

r = —2.
O
BAI 3. Tinh gi4 tri cia cac biéu thic
@ A-=2°— 302231z +1 tai v = 31.
@ B =2"— 152" + 162> — 2922 + 13z tai x = 14.
® C=1"— 102" 41022 — 102" + -+ + 1022 — 102 + 10 tai z = 9.
# LOT GIAL
@ Vizr=231nénz—31=0do dé ta bién doi
A=2"-302" - 3lz + 1
=% +2? - 312 - 3lz + 1
=2%(x—31) +a(z—31)+1=1
@® Viz=14nén z — 14 =0 do d6 ta bién ddi
B = 2° — 152" + 162* — 292% + 132
= 2" — 1da* — 2* + 142 + 20° — 2827 — 2® + 4o — =
=2tz —14) —2*°(14 —2) + 22%(x — 14) + 2(14 — 2) — =
= —xr = —14.
@ Trong bicu thiic C, ta thay cac s6 10 bdi z + 1.
C=a"—(2+ D)+ @+ —(@+ D2+ -+ @+ D)2 = (z+ D+ (z+1)
e S A |
=1.
]
BAI 4. Tinh gi4 tri cia bidu thic sau bing cach thay s6 béi chit mot cach hop 1y
1 1 1
Al 1L o0 44
315 651 105 651 315-651 = 105
# LOI GIAL
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Ll 110 4 4
~“315 651 105 651 315-651 ' 105
_ 231541 1 3 361460 4 43
~ 315 651 315 651 315-651 | 315
1 1 1 1 1 1 1
:(2+—)-—— —(4——)—4-—-—+12-—
315/ 615 315 651 315 651 315
1
a=—
Dit 3115.
b= —
651

Khi dé bicu thiic c6 dang
A=(24a)b—3a(4—b) —4ab+ 12a

= 2b+ ab — 12a + 3ab — 4ab + 12a

o= 2
651
U
2. Nhan da thtc véi da thic
BAI 5. Thuc hien phép tinh
QA= - +2*+22+ 22+ +1).
O B=>C+1)a* -2+t -2+ -z +1).
# LOI GIAL
O Taco
A= -DE@°+o* +2° + 22 + 2+ 1)
=@+ +at+ 2P+ +) - @+t + P+ 1)
=20 -1
® Taco
B=(x+1)a’—2"+2" -2 +2> -2 +1)
=@ =2+t )+ (@ -2t - -2 1)
=27 4 1.
U
BAI 6. Tim z, biét
O +2)(x+3)—(r—2)(z+5)=6.
O Br+2)2r+9) — (2 +2)(6x+1)=(z+1)— (r—6).
® 32 - 1)Br—1)—(2r-3)(92-1) =0
# LOI GIAL
o
(x+2)(z+3)—(z—2)(x+5) = 6
(2> +52+6) — (2 + 32z —10) = 6
20 +16 = 6
2¢ = —10
r = -5
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(2
Bx+2)(2z+9)— (z+2)(6zx+1) = (x+1)—(x—06)
(622 + 31z +18) — (62* + 132 +2) = 7
18r+16 = 7
18 = -9
1
r = 2.
®
32 —1)Bx—1) — 2z —3)(9z—1) = 0
3(62° — 5z +1) — (182> =292 — 3) = 0
(182% — 152 + 3) — (182> — 292 — 3) = 0
14 = 0
z = 0.

O

BAI 7. Cho a+b+c = 0. Chiing minh réing M = N = P v6i M = a(a+b)(a+c); N = b(b+c)(b+a);
P=c(c+a)(c+D).
# LOI GIAL

a+c=-b

Via+b+c=0=><{b+c=—a

a+b=—c.
Do do6
M = a(a+b)(a+ c) = a(—c)(—b) = abc (1).
N =bb+c)(b+a) =0b(—a)(—c) = abe (2).
P =c(c+a)(c+b) =c(—b)(—a) = abe (3).
T (1),(2) va (3) suyra M =N = P. O

BAI 8. Chting minh réing cic hiing ding thic
O z+a)z+b) =22+ (a+b)x+ ab.
O r+a)x+b)(r+c)=23+ (a+b+c)ax? + (ab+ be + ca)z + abe.
# LOI GIAL
Thuec hién phép toan nhan da thic bién déi VT thanh VP. O

BAI 9. Cho a + b+ ¢ = 2p. Chiing minh himng hing ding thic

2bc + b* + ¢ — a* = 4p(p — a).

# LOT GIAL
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Ta ¢6 4p(p — a) = 2p - (2p — 2a)
=(a+b+c)a+b+c—2a)
=(a+b+c)b+c—a) O
=(b+c)?—a’
= 2bc + b + % — a’.

BAI 10. Xét cac vi du 53 - 57 = 32021, 72 - 78 = 5616.

Hay xay dung quy tic nhan nham hai s6 c6 hai chit s6, trong d6 cac chit s6 hang chuc bing nhau, con
chit s6 hang don vi c¢6 tong bing 10.

# LOI GIAL

Ta xét hai s6 ab vh ac théa man b + ¢ = 10. Khi d6

(10a + b)(10a + ¢) = 100a® + 10ac + 10ab + be
= 100a” 4 10a(b + ¢) + be
= 100a® + 100a + be
= 100a(a + 1) + be.

Quy tdc: Nhan chit s6 hang chuc vdi chit s6 hang chuc thém 1 101 viét vao sau tich do tich cia hai

chit s6 don vi (tich nay viét bang hai chi so ). O

BAI 11. Cho biéu thitc M = (x —a)(x — b) + (z — b)(z — ¢) + (x — ¢)(x — a) + 2% Tinh M theo a,b,c
o111
biet rang x = 2a—|— 2b+ 5C

# LOT GIAL
Tacéo M= (z—a)(x—b)+(x—0b)(z—c)+ (z—c)(x —a)+2°

= (2* — ax — bz + ab) + (2% — bx — cx + be) + (2° — ax — cx + ac) + 2°
=42? —22(a + b+ c) + (ab+ be + ac) (1).
. 1 1 1
Theogiéthiétx:—a+§b+—c<:>2x:a—|—b—|—c.

2 2
Do d6 thay vao (1) ta duge M = 42? — 422 + ab + bc + ac = ab + be + ac. O
N . 1 . . . .
BAI 12. cho day so0 1,3,6,10,15,--- | @, -++. Chitng minh rang tong hai s6 hang lién tiép cia
day bao gio ciing 13 s6 chinh phuong.
# LOT GIAL
n(n+1)

Xét day sb c6 s6 hang tong quat u, =

, 1 1) n?—n4n?

Vay tong hai s6 hang lien tiép ctia day bao gio ciing 1a s6 chinh phuong. 0

BAI 13. cho a gom 31 s6 1, s6 b gobm 38 s6 1. Chitng minh ring ab — 2 chia hét cho 3.
# LOI GIAL

Vi a gom 31 s6 1 nén s6 a chia cho 3 du 1.
vi b gom 38 s6 1 nén s6 b chia cho 3 du 2.

™= Suu tam & bién soan Trang 8/477 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 8 Nam hoc 2019-2020

a=3n+1
Dat véi m,n € Z. Khi do6
b=3m-+2
ab—2=Bn+1)(3m+2) —2
=9mn+6n+3m+2—2

= 3(mn + 2n +m):3

BAI 14. S6 3% + 1 ¢6 1a tich ctia hai s6 tu nhien lien tiép khong?

# LOT GIAL

Vi tich ctia hai s6 ty nhién lién tiép 14 mot s6 chdn va c6 s6 tan cuing 12 0, 2, 6.
Do d6 phan du ciia tich ctia hai s6 tu nhién lién tiép chia cho 3 1a 0 hodc 2.
Mat khac 3°° + 1 chia cho 3 du 1.

Tit (1) va (2) suy ra s6 3°° + 1 khong theé 1 tich clia hai s6 ty nhién lien tiép.

BAI 15.

@ Thuc hien phép tinh A = (27 427 4 1)(228 — 221 219 _ 917 | 914 _ 210 | 99 _

@ S6 2°2 + 1 ¢6 1a s6 nguyen t6 khong?
# LOI GIAL
O Taco

A— (29+27+1)(223_221+219_217+214_210+29_27+1)
— 932 4 (223 492 _ 224) + (218 _9l7 _ 217) + (29 +99 _ 210) +1
=2°2 4 (2.2% = 2%) 4+ (218 —22'7) 4+ (2.2° = 2"9) +1
=22 41
o\ (2% 4+1)42°+27+1)
(232 + 1) ;(223 _ 92 4 919 _9lT 4 gld 910 4 99 _ o7 1)‘
nén (232 + 1) khong 1a s6 nguyén to.

27 +1).

™ Suu tam & bién soan Trang 9/477
Th.s Nguyén Chin Em

K1 GeoGebraPro


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

o @ CAC HANG PANG THU'C DANG NHG

O LY THUYET

Thuec hién phép nhan da thic, ta duge cac hing dang thic dang nhé sau
. (a+b)? = a* + 2ab + V*.

I
S
w
+
(V]
IS
[\
S&
+
w
=
S
[$%)
+
S8
w
Il
IS
w
+
S¥
w
+
Qo
IS
>
—~
IS
+
S
\._/

a+b)(a® —ab+ b*) = a® — b>.

(a+b+c)® =a*+ b+ + 2ab + 2bc + 2ca.

Téng quét clia cac cong thiic 3 va 7, ta c¢6 hing déng thic
a” —b" = (a—b)(a" +a" b+ a" b — - —ab" 2 + ") v6i moi s6 18 n.

Téng quat ctia cadc hing dang thiic 1,2,4,5, ta c¢6 cong thitc newton. (xem chuyén dé Tinh chia hét

doi vdi so nguyén).

VI DU 1. Ching minh ring 3599 viét duge dudi dang tich ctia hai s6 tu nhién khac 1.

# LOI GIAL
Ta ¢6 3599 = 3600 — 1 = 60% — 12 = (60 4 1)(60 — 1) = 61.59 O

VI DU 2. Chitng minh ring biéu thiic sau viét dudi dang tdng céc binh phuong ciia hai biéu
thic 2% 4+ 2(z + 1)? + 3(z + 2)® + 4(z + 3)?

# LOI GIAL

Ta co
242+ 1) +3(x+2)2 +4(x+3)2 =22 +2(2® + 20+ 1) + 3(2® + 4w +4) + 4(2* + 62 +9)

= 2%+ 227 + 4w + 2+ 327 + 120 + 12 + 42 + 242 + 36

= 102” + 40z + 50 O
= (2% + 107 + 25)(92° + 30 + 25)

= (z+5)*+ 3z +5).

VIDU 3. Cho z +y + 2 = 0 vd 2y + yz + zz = 0. Ching minh ring z = y = =.

# LOI GIAL
Taco (x+y+2)? =2+ + 22+ 20y + 22+ 222 & 0= +¢y* + 22 = v =y = 2(=0). O
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Vi DU 4.
@ Tinh A= —12+22 32442 ... —992 4+ 1002
@ Tinh A= -12+22-324+42 — ... 4 (=1)".n2%
# LOT GIAL
O Taco

A=—-12+22-32+4*— ... — 99 + 100
= (22 —1%) + (4% — 3%) + - - - + (100* — 99?)

=14+2+3+4+---4+99+ 100

:%:5050_

@ Xét hai truong hop

e Néu n la chin thi A = (22 — 1%) + (4> — 3*) + - - - + (100* — 99?)

=1+2+3+4+--+n—-1)+n
n(n+1)

2

e Néunlalé thi A= (22 —1%) + (4% — 3%) 4 --- + (100 — 99?)

=14+24+3+4+-+(n—-1)—"n

n(n—1) 5

=——7=-n

2
n(n+ 1)
2

/N Hai k6t qud trén c6 thé viét chung trong mot cong thiie (—1)" 5

‘n(n—i-l).

VIDUS. Choz+y=a+b
PyP=a*+ 0
Chitng minh rang 23 + y® = a3 + 1°.

# LOI GIAL
Ta c6 23 + 3 = (v +y) (2 — vy + ¥°)
T (1) suy ra (z +y)* = (a + b)*.
Tic 1a 2% + 22y + y? = a® + 2ab + b2
Do 2% + y? = a® + b? nén 2xy = 2ab, suy ra xy = ab.
Thay cac két qua (1), (2), (4) vao (3), ta dugdc
= (v +y)(@? +y? —ay) = (a+b)(a®+ b — ab) = a® + b°.

VIDU 6. Cho a+b=m, a —b=n. Tinh ab va a® — b® theo m va n.

# LOI GIAL

Cach 1. Tha+b=m,a—b=mn, tatinhduocb:m_n,a:m;n.
Dodéab:m+n-m_n :m2—n2;
2 2 4
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a3—b3:<m+n> _(m—n) :(m+n) — (m —n)

2 2 8
N 3 2 3
Rt gon bieu thic trén, ta duge %—i—n
Cach 2. Ta c6
m? —n?
4ab = (a + b)? — (a — b)> = m* — n® nén ab = 1
Ta co
a® = b =(a—0b)(a®+ab+b*) = (a—0b)[(a+b)*— ab]
- <m2 B m? — n2> ~ n(3m*+n*)  3m’n+n’
B 4 B 4 B 4 '
O
1. Bai tap
BAI 16. Tinh gi4 tri clia cac biéu thic.
632 — 472 437 — 3632
a) — b) o
2152 — 1052 5372 — 4632
# LOI GIAI
o 3 —47  (63-47)(63+47)  16-110 1
2152 — 1052 (215 —105)(215+105)  110-320 20’
o 437* —363° (437 —363)(437+363)  T4-800 4
5372 — 4632 (537 — 463)(537 +463)  74-1000 5
O
BAI 17. So sanh A = 26% — 24 va B = 272 — 252,
# LOT GIAL
A= (26— 24)(26 + 24) va B = (27 — 25)(27 + 25) = (26 — 24)(26 + 24 + 2) > A. O
BAI 18. Tim z, biét
Yz +1)*+ 20 —1)2 =8z —1D(z+1) =11
# LOT GIAL
Ta c6 4(2? + 22+ 1) + (42? — 4o + 1) — 8(z* — 1) — 11 = 0.
1
Rt gon tadugc 4 +2 =0 0= —= ]

2
BAI 19. Rt gon biéu thrc:

@ 2222 —1)* - 3z(z + 3)(z — 3) — da(x + 1)

O (a—b+c)?—(b—c)?+2ab— 2ac;

® (3z+1)2—2(3z+1)(3z +5) + 3z +5)%

O C+rHB2+1)B*+1)(3+1)(3% +1)(3%2 +1);

O at+b—0c)+(a—b+c)?—2(b—c)

O a+b+c)’+(a—b—c)?+(b—c—a)’+(c—a—0b)?%
0

a+b+c+d?+(a+b—c—d?+(a+c—b—d)*+ (a+d—b—c).
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# LOI GIAL

O 2022 —1)? - 3x(x + 3)(x — 3) — da(z + 1)?
=2z(42? — 4z + 1) — 3z(2* — 9) — da(2* + 22 + 1)
= 23 — 1622 + 252;

@ (a—b+c)2—(b—c)*+2ab—2ac = (a® +b*>+c2+2ac—2ab—2bc) — (b* +c® —2bc) +2ab—2ac = a?;

® Dita=32+50b=3v+1.

Biéu thitc da cho trd thanh b* — 2ba + a* = (a — b)? = 4% = 16.

@ Nhan biéu thitc da cho véi 3 — 1, ta duge 354 — 1.

Gia tri ctia bidu thic 1a % (354 —1).

O a+b—0c)+(a—b+c)?—2(0b—c)?
= (a® + b* + & + 2ab — 2ac — 2bc) + (a* + b* + ¢* — 2ab + 2ac — 2bc) — 2(b? + ¢* — 2bc)
= 2a%;

O a+b+e)’+a@a—b—c)?+(b—c—a)’+(c—a—0b)?
= (a® +b*+ 2+ 2ab+ 2ac+ 2bc) + (a? + b + 2 — 2ab — 2ac + 2bc) + (a® + b + ¢ — 2ab+ 2ac — 2bc)
= 4(a® + b* + );

@ c+b+c+d)?’+(a+b—c—d?+(a+c—b—d)?+(a+d—b—c)?
=[a+b)+(c+d)+[(a+d) —(c+d)+[(a+c)—b+d] +[(a+d) —(b+c)
=2(a+b)?*+2(c+d?+ (a+c)*+ (b+d)*+ (a+d)*> + (b+c)*> — 2(ad + be + ac + bd)
=4(a® + b + 2 + d?).

O
BAI 20. Cho x 4+ y = 3. Tinh gia tri ctia biéu thic
A=2?42zy+y> — 4o — 4y + 1.
# LOI GIAL
Taco A=(z+y)?—4(z+y)+1=32—-4-3+1=-2. O
BAI 21. Cho a? + b* + ¢ = m. Tinh gia tri cta biéu thic sau theo m.
A= (2a+2b—c)? + (2b+ 2c — a)* + (2¢ + 2a — b)*.
# LOI GIAL
bat r =a+ b+ c thi
A = (22 —3c)* + (22 — 3b)* + (2z — 3a)?
= (42® — 12xc + 9¢%) + (42® — 122b + 9b%) + (42 — 1270 + 9a?)
= 122 —12(a+b+c) +9(a® +b* + *)
= 122° — 122° + 9m
= 9m.
O
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BAI 22. Hay viét céac sb sau day dudi dang tich clia hai s6 tu nhien khéc 1.
a) 899; b) 9991.

# LOI GIAL
@ 399 =900—-1=302—12=(30—1)(30+1) =29 - 31;
@ 9991 = 10000 — 9 = 1002 — 32 = (100 — 3)(100 + 3) = 97 - 103.

O
BAI 23. Chiing minh réing hiéu sau day 13 mot s6 gdm toan cac chit s6 nhu nhau.
7778% — 22237
# LOI GIAL
Ta c6 7 7782 — 2 223% = (7 778 — 2 223)(7 778 + 2 223) = 5 555 - 10 001 = 55 555 555. O

BAI 24. Chiing minh cac hing ding thic:
O ct+tv+e)+a?+b0+E=(a+b)?+ (b+c)+ (c+a)?
@ ' +yt + (v +y)t =202 +ay +y7)%
# LOI GIAL
O Taco(at+b+c)?+a+0?+c=(a®+ b+ 2+ 2ab + 2bc + 2ca) + (a® + b + c2).
(a® 4 2ab + b*) + (b* + 2bc + ) + (> + 2ca+a®) = (a + b)* + (b+ ¢)* + (c + a)*;
@O Tacoat+yt+ (v +y)t =a* +yt + (2 + 32 + 22y)?
= 2(zt +yt + 2%y? + 223y + 2%y + 2293) = 2(2t + yt + 2022 + 223y + 2293) = 2(2? + 2y + y?)2.

U
BAI 25. Cho a® — b* = 4¢?. Chiing minh hing déng thic
(5a — 3b + 8¢)(5a — 3b — 8¢) = (3a — 5b)>.
# LOT GIAL
(3a —5b)> = 9a* + 25b* — 30ab = 25a° + 9b* — 30ab — 16(a* — b°)
= (5a)? + (3b)? — 2 - (5a)(3b) — 16 - 4¢?
= (5a — 3b)* — (8¢)? = (5a — 3b — 8¢)(5a — 3b + 8c¢).
U
. . , b
BAI 26. Chiing minh ring néu (a? + b*)(2? + y?) = (azx + by)?* v6i z, y khac 0 thi % =
# LOT GIAL
(a® +0*) (2 +y?) = (ax + by)? & a’2® + b*y* + a®y® + b*a? = a®2® + b2y? + 2abxy
& a’y® — 2abry + b2 =0
& (ay —br)> =0 ay —br =0
b
e 2= Giz,y4o0.
r y
U
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BAI 27. Chitng minh ring néu (a? + b% 4+ ) (2 + y* + 22) = (ax + by + ¢2)? véi z, y, z khac 0 thi
a b ¢

T y B z

# LOI GIAL
(a® + b* + &) (2 + 1y + 22) = (azx + by + c2)?
& (a*y? — 2abry + b*2?) + (a®2* — 2acxz + ?2?) + (22 — 2bcyz + *y?) =0
& (ay — bx)* + (az — cx)* + (bz — cy)* =0
Say—br=0,az—cxr=0,bz—cy=20

#%zgzgvc’iix,y,z%o.
0
BAI 28. Cho (a + b)? = 2(a® + b?). Chting minh ring a = b.
# LOI GIAL
Ta co
(a+0b)* =2(a® +b%)
& a® + 2ab + b* = 2a* + 2b*
&0 =a®— 2ab + b*
0= (a—0b)?
S0=a—-0
Sa=0b
0
BAI 29. Ching minh ring a = b = ¢ néu ¢6 mot trong cac diéu kién sau:
O v+ =ab+be+ca;
O (ac+b+c)?=3(a®+b+A);
® (¢c+b+c)?=3(ab+bc+ ca).
# LOT GIAL
O+’ +c=ab+bc+ca
& 2a? + 20% + 2¢% = 2ab + 2bc + 2ca
& (a® = 2ab+1?) + (b — 2bc+ ) + (¢ —2ca+a®) =0
Sa—b*+0b—c)?+(c—a)P?=0
<a—b=0b—c=0,c—a=0
Suy raa=b=c.
O (a+b+c)?=3>+0+c3)
& a2+ b? + 2+ 2ab + 2bc + 2ca = 3a® + 3b* + 32
& ab+be+ ca = a® +b? + ¢ theo cau a) suy ra a = b = c.
® theo cau b) (a+b+c)? =3(a® + b? + %) = 3(ab + be + ca).
Suy ra a® + b* + ¢ = ab + bc + ca, theo cau a) a = b = c.
0
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BAI 30. Hay viét cac biéu thitc sau dudi dang téng ctia ba binh phuong:
O (a+b+0)+a®+b+ %
® 2(a—b)(c—0b)+2(b—a)(c—a)+20b—c)la—c).
# LOT GIAL
O® a+b+c)+a?+b+
= (a® + b* + 2 + 2ab + 2bc + 2ca) + (a® + b* + )
= (a® + 2ab + b*) + (a® + 2ab + b*) + (b* + 2bc + ?)
=(a+0b*+ (a+b)?*+ (b+ )%
@ Dit zr=a—b,y=0>b—c,x=c— a thi biéu thic tré thanh
2oy —2rz—2yz =2+ + 22— (v +y+2)°2=(a—0>*+(b—c)?+ (c—a)

0
BAI 31. Tinh gia tri ciia biéu thic a* + b* + ¢*, biét réing a + b + ¢ = 0 va:
a) a +b* + = 2; b) a®> + 0> +c* = 1.
# LOI GIAL
S thie qd 4 gt d = @ HEHET
Theo cong thic a* + 0* + ¢* = 5 , ta co
a)a4—|—b4+c4:2—2:2' b)a4—|—b4—|—c4:1—2:1
2 ’ 2 2
0

BAI 32. Cho a + b+ ¢ = 0. Chiing minh a* + b* + ¢* bing mdi biéu thiec:
O 2(a%? + v’ + Pa?);
@ 2(ab+ be+ ca)?;
(a* +b* + ¢?)?
e\ 2 2 ‘
# LOI GIAL

@ Binh phuong hai vé ctia a + b + ¢ = 0, duge
a’?+ b0+ c*+2(ab+be+ ca) = 0 < a® +b* + * = —2(ab + be + ca) (1)
Binh phuong hai vé ctia (1), dugc
at + b+ 4 2(a?0? + VA + 2a?)
= 4[a*b® + b*c* + *a® + 2abc(a + b + ¢)]
= 4(a®b® + V*c* + *a?)
Suy ra a* + b* + ¢t = 2(a?b? + b2 + 2a?)
@ Binh phuong hai vé cia (1), duge

a* + bttt 2(a2b2 + 022 + Czag) — 4(ab + be + ca)2 o)
44pt 4t 1 2(a2b? + B2 + 22
Tfl’(?)suyra2(ab+bc+ca)2:a to+c+ (‘12 + b*c® + *a®) @)

T (3) va cau a) suy ra a* + b* + ¢* = 2(ab + be + ca)?.

® Binh phuong hai vé cia (1), chia cho 2, dugc
(a® +b* + ¢?)?

= 2(ab+ bc+ ca)* = a* + b* + .

2
O
BAI 33. Chting minh réing céc biéu thiic sau luon luon cé gia tri duong véi moi gia tri ciia bién:
™= Suu tam & bién soan Trang 16/477 K1 GeoGebraPro

Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 8

Nam hoc 2019-2020

a) 912 — 6z + 2; b) 2>+ +1;
# LOI GIAL
@92 62+2=(32)2-2-3r+1+1=Bx—-1)>2+1>0;
1 1 3 1\* 3
2 1=22492.2 - _:< _) 2 )
@ a2+ x°+ 2x+4+4 x+2 +4>07
O 2 +2+1=0+(2?+224+1) =2+ (z+1)2>0.

BAI 34. Tim gia tri nhé nhét ciia cac biéu thic:

) 2z + 2z + 1.

a) A=1x?—3z+5; b) B = (2z —1)* + (z + 2)*.

# LOT GIAL

0A2172—3$+5:x2—2-§x+1+zz

P 11
Gié tri nhé nhat cia la A = vy khi z = g
O B=(20— 1)+ (x+2)?=52+5> 5.
Gia tri nhé nhat cta la B =5 khi z = 0.

3911(3)211
>

BAI 35. Tim gia tri 16n nhét ctia cac bidu thic:

a) A=4— 2%+ 2z; b) B = 4z — 2.

# LOT GIAL
O A=4-2"+2r=5—-(22-22+1)=5—(z—1)2<5.
Gi4 tri 16n nhat ctia biéu thite la A = 5 khi z = 1.
O B=dr—2>=4—(2>-2-20+2)=4—(z-2)? <4
Gi4 tri 16n nhat cta biéu thic 1a B = 4 khi z = 2.

BAI 36. Ching minh ring:

@ Néu p va p? + 8 1a cac s6 nguyen t6 thi p? + 2 ciing 1a sé nguyen to.

@ Néu p va 8p? + 1 la cac s6 nguyen t6 thi 2p + 1 ciing 1a s6 nguyén to.

# LOI GIAL

@ Xét p=3k+1, (k nguyen) thi p? 4+ 8:3, 1a hgp s6.
Xét p =3k + 2 thi p? +8:3, 14 hop so.
Vay p = 3k, ma p 1a s6 nguyén t6 nén p = 3.
Khi d6 p? + 2 = 11, 1 s6 nguyeén to.

@® Xét p=3k+ 1, (k nguyen) thi 8p% + 1:3, 1a hop sb.
Xét p =3k + 2 thi 8p? +1:3, 1a hop sb.
Vay p = 3k, ma p l1a s6 nguyén té nén p = 3.
Khi d6 2p + 1 = 7, 14 s6 nguyeén to.

BAI 37. Ching minh céc sé sau 1a hop s6
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a) 999991. b) 1000027.

# LOT GIAL
@ T- 6999991 = 1000000 — 9 = 10002 — 32 = 1003 - 997 nén 1a hop sb.
@ Ta c6 1000027 = 100% + 3% : 100 + 3 nen 1a hop sb.

BAI 38. Thuc hieén phép tinh:
O (23 —z(x+1)(xr—1)+6z(x - 3).
O (v —2)(2? — 22 +4)(x+2)(2% + 2z + 4).

# LOI GIAL
@ Taco
A = (z-2P°—z(@+1)(z—1)+6x(x - 3)
= 22 —62°+ 120 —8 —2® +x + 622 — 18z = —Hx — 8.
@ Taco

B = (z=2)(2°-22+4)(z+2)(2* + 22 +4) = (v +2)(2® — 20 +4) - (v — 2)(2® + 27 + 4)
= (2* +8)(2* — 8) = 2° — 64.

O
BAI 39. Tim  biét:
O +-3)2?+3x+9) +z(xz+2)2—-2) =1
O (r+1)3—(r—1)3-6(x—1)%2=-10.
# LOI GIAL
@ Taco
(z-3)(2*+32+9) +a(z+2)2—2)=1
& 2P-3F+z4d-2*)=1
& x=T.
@ Taco
(x+1)P°—(x—1)°*—6(x—1)*>=-10
& 627 +2—-6(z"—22+1)=—10
1
O
BAI 40. Rat gon cac biéu thrc:
O ctv+e)P—(b+c—aP—(a+tc—b)3—(a+b—c)
O +b)P+b+c)P+(cta)-3a+b)(b+c)(c+a).
# LOI GIAL
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@ Taco
(a+b+e)—(b+c—a)—(a+c—b)>—(a+b—c)
= fat @+ —[0+c)=af~la=(b-cf ~[a— (-
= 6(b+c)a+2d® —2a® — 6a(b— c)?
= 24abe.
® Taco

(a+b0)>*+ (b+c)*+ (c+a)* —3(a+b)(b+c)lc+a)
= 2a° + 26> +2¢° + 3(a®b + ab® + a’c + ac® + b*c + be®) — 3(a”b + ab® + a’c + ac® + b*c + be® + 2ab,
= 2(a® +b* + & — 3abce).

0
BAI 41. Ching minh céac hing ding thic:
O ctrvt+e)P—a®——-c=3a+b)(b+c)(c+a).
@O 3+ + A —3abc = (a+b+c)(a*+ b+ * —ab—be — ca).
# LOT GIAL
O Taco
(a+b+e)P—a*—b - =[(a+b+c)® —a’] — [b* + ¢
= (b+o)a+b+c)’+ala+b+c)+a’] — (b+c)(b* — be+ c?)
= (b+¢)(3a* + 3ab+ 3ac + 3bc) = 3(a+ b)(b+ c)(c + a).
@ Taco
a® +b* + ¢ — 3abc = (a +b)* + & — 3ab(a + b+ ¢)
=  (a+b+o)(a+b)?—cla+b)+c* — 3abl
=  (a+b+c)(a®+ b+ —ab—be— ca).
0
BAI 42. Cho a + b+ ¢ = 0. Chiing minh a® + b* + ¢* = 3abc.
# LOT GIAL
Tit gia thiét a + b+ c =0 = ¢ = —(a + b), thay vao ding thiic can chiing minh ta dugc
a®+b* — (a+b)® = —3ab(a + b)
& —3ab® — 3a’h = —3ab® — 3a%
Vay ta c6 diéu phai chiing minh. O
BAI 43. Cho x4+ y = a va zy = b. tinh gia tri cla cac biéu thic sau theo a va b.
a) 2 + 2. b) 3 + 3. c) z* +yt. d) 2° + ¢°.
# LOI GIAL
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O Tacor?+9?=(z+y)?—2zy=a®—2b
@O Tacor®+9°=(v+y)?—3ay(z+y) =a® — 3ab.
@ Taco 2t + ¢yt = (22 4+ 9?)? — 222%y% = (a® — 2b)? — 20 = a* — 4a®b + 2b%.

O Taco
2’ +y° = (2®+9°) (2 +°) — 2P (z + )
= (a® — 3ab)(a*® — 2b) — b*a = a° — 2a’b — 3a°b + 6ab® — ab®
= a® —5a®b + 5ab?

[
BAI 44. @ Cho z +y = 1. Tinh gia tri ctia biéu thic =3 + y* + 3zy.
® Cho 2z — y = 1. Tinh gi4 tri cia bicu thitc 2* — 3> — 3xy.
# LOT GIAL
O Tacor®+9y°+3oy=(v+y)—3zy(x+y) +3zy =1— 3wy + 32y = 1.
® Tacor®—y®—3zy=(v—1y)°+32y(r —y) —3zy =1+ 3wy — 32y = 1.
]
BAI 45. Cho a + b= 1. Tinh gia tri ctia biéu thitc M = a® + b* 4 3ab(a® + b%) + 6a%b*(a + b).
# LOI GIAL
Ta co
M= (a+b)>—3ab(a+b)+ 3ab[(a + b)* — 2ab] + 6a°b*(a + b)
= 1—3ab+ 3ab— 6a’h” + 6a°b* = 1.
O
BAI 46.
@ Cho z +y=2via2?+y? =10. Tinh gid tri ctia bicu thitc 2® + 13
@® Cho 2 +y = a va 2?2 + 4% = b. Tinh gia tri ctia biéu thitc 23 + > theo a, b.
# LOI GIAL
@ T gia thiét ta co 2 +y = 2va (v +y)? — 22y = 10 suy ra zy = —3 nén 2° + 3 = (v + y)® —
3zy(z +y) = 26.
2 b
@ T gia thiét ta co 2 +y = ava (v + y)? — 2vy = b suy ra oy = a4 nén 22 + % = (v +y)° —
3ab — a®
[
BAI 47.

@ Néu s6 n la tong clia hai s6 chinh phuong thi 2n ciing 1 tong ctia hai s6 chinh phuong.
@ Néu s6 2n 1a tong cia hai s6 chinh phuong thi n ciing 14 tong ctia hai s6 chinh phuong.
@ Néu n la tong ciia hai s6 chinh phuong thi n? ciing 14 tong ctia hai s6 chinh phuong.
@ Néu mbi s6 m va n déu la tong clia hai s6 chinh phuong thi tich mn cling 1a tong clia hai s6
chinh phuong.
# LOT GIAL

™= Suu tam & bién soan Trang 20/477 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 8 Nam hoc 2019-2020

@ Ciisin=a®+b*(a,beN). Khidé
2n = 2a* + 2b* = (a + b)? + (a — b)*.
@ Gia st 2n = a® + b? (a,b € N). Khi d6
a® + b? (a—l—b)2 (a—b>2
n = = + .
2 2 2

a-+b a—>

N

Vi a? + b? 1a s6 chén nén a va b cuing tinh chin, 1&. Do do, 5 VA déu 1a s6 nguyen.

® Gidsin=a®+b* (a,b€N). Khidé

n? = (a® + b*)* = (a® — b*)* + (2ab)%.
O Gia st m =a’>+ b, n=c?+ d? Khi do,

mn = (a®+ b)) (P +d*) = d’c? + a’d® + b + V*d?
= (ac+bd)? + (ac — bd)*

O
BAI 48. Mai s6 sau la binh phuong ctia s6 tu nhién nao?
a) A=99...900...025. b) B=99...9800...01.
) 0= 48,80 VD=L 12,25
n n—1 n n+1
# LOI GIAL
(1) Dat a =99 .9 tac 10" = a+ 1. Do do,
A = (a-10")-100 + 25 = a(a + 1) - 100 + 25
= 100a® + 100a + 25 = (10a + 5)* = (%_/.1._95)2.
® Dit a:wtacé 10" = a + 1. Do do,
B = w-10”+2+8w1 =a(a+1)-100+80(a + 1)+ 1
_ 2 _ 2 _ 2
= 100a® + 180a + 81 = (10a + 9)* = (&n.:l;g) :
® Dit a=11._1t%ac6 10" =9a+ 1. Do ds,
C = 4a-10"+8u+1=4a(9a+1)+8a+1
= 36a®>+12a+ 1= (6a+1)* = (@n.:.l._@?)?
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O Dita=11...1taco 10" =9a+ 1. Do do,

n

D = a-10"?+420(10a + 1) + 5 = a(900a + 100) + 200a + 25
— 2 _ 2 _ 2
= 900a* + 300a + 25 = (30a + 5)* = (33...35)%

n

O
BAI 49. Chiing minh réing céc biéu thic sau la sé chinh phuong:
a) A=11...1-22...2. b) B=11...1+44...4+1.
T &= j,_/ ——
« LOI GIAL
bata=11...1ta c6 10" = 9a + 1.
—
— — — — . — f— frnd 2
QA_11;.1 22...2=11...100...0-2-11...1=a(9a + 1) + a — 2a = (3a)?.
_ _ _ 2
@B—ll;.l—l—44...4+1—a(9a—l—1)+a+4a+1—(3a+1).
O

BAI50. @ Choa=11...1,b=100. .1. (5. Ching minh rang ab + 1 1a s6 chinh phuong.

@® Cho mot day s6 c6 s6 hang dau 1a 16, cac s6 hang sau 1 s6 tao thanh bing cach viét chen s6

15 vao chinh gitta s6 hang lién trudc:
16,1156, 111556, . . .

Chitng minh moi s6 hang ctia day déu la s6 chinh phuong.
# LOT GIAL
@ Tac69%a+1=10"b=10"+5=9a+6. Do do6

ab+1=a(9a+6)+1=09a>+6a+1=(3a+1)>

@ Ta can ching minh moi s6 ¢6 dang A = 11...155...56 déu la s6 chinh phuong. That vay, dit
\“,_/\\,1_4

11...1 =¢a thi 10" = 9a + 1nén

n

_ . n — et 2
A=11...1-10"4+55...56 =a(9a+ 1) +5a+ 1= (3a+ 1)°.

n n—1
O
BAI 51. Chitng minh rang ab + 1 1a s6 chinh phuong véia=11...12, b=111...14.
# LOT GIAL
Tanhan thdy b=a+2nénab+1=ala+2)+1=(a+1)% O

BAI 52. Ching minh véi moi s6 tu nhién a, ton tai s6 tu nhién b sao cho ab+ 4 14 s6 chinh phuong.
# LOT GIAL
V6i moi s6 tu nhién a, ta chon b =a + 4 khi d6 ab+4 = a(a +4) +4 = (a + 2)% O
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BAI 53. Cho a 14 s6 gom 2n chit s6 1, b 1a s6 gom n+ 1 chit s6 1, ¢ 1a s6 gdm n chit s6 6. Chiing minh
a+ b+ c+ 814 s6 chinh phuong.

# LOT GIAL

Dt k= 11...1 Khi do,

n

_ _ _ _ 2
a_112.)..1_11...100...0+11...1_k(9k+1)+k_9k + 2k

b=11...1= 10k + 1;
—

n+1
c=66...6=0k
Suy ra a + b+ ¢+ 8 = 9k* + 2k + 10k + 1 + 6k = (3k + 2)%. O

BAI 54. Ching minh ring biéu thitc sau khong 1a lap phuong ctia mot sé tu nhien

1019 +5.10°° + 1.

# LOI GIAL
Ta co
(10°)7 < 10" 4+ 510 + 1 < 10" + 3+ (10°)* +3-10% + 1 = (10 + 1)%.
Vay 109 4 5. 105 4- 1 khong 1a lap phuong ctia mot s6 tir nhién. O
BAI 55. Chiing minh ring tich ba s6 nguyén duong lién tiép khong 1a lap phuong ciia mot sb tu
nhién.
# LOI GIAL
Gia stt ba s6 nguyeén lién tiép lan — 1, n, n+ 1. Ta ¢
n—1°<m-Dnn+1)=n®n*>-1)=n>-n<n’
T d6 ta thay (n — 1)n(n + 1) khong la lap phuong ctia mot s6 tu nhien. O
3 > . S £ _ 1 N ~ 2. ~ S PN
BAI 56. Chiing minh rang so A = 3 (11 ...1—33...300... O) la lap phuong ctia mot so tu nhién.

n n n

# LOI GIAL
DE BAI CO VAN DE O
BAI 57. Chia 27 qué can c6 khéi luong 10, 20, 30, ..., 270 gam thanh ba nhém c6 khéi luong bang

nhau.
# 1L,OI GIAL

Trude hét ta thay
n+n+5)+Mn+7) =3n+12=A4;
n+1)+(n+3)+(n+8)=3n+12= A4
n+2)+(n+4)+(n+6)=n+12=A.

Ap dung nhan xét tren vao chia chin qua can 10, 20, 30, ..., 90 thanh ba nhém nhu trén, khéi luong
cac nhom déu bang nhau. Lam tuong tir cho hai nhom 100, 110, 120, ..., 1800 va 190, 200, 210, ...,
270. OJ
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BAI 58. Chia 18 qué can c¢6 khéi luong 12, 22, 32, ..., 182 gam thanh ba nhém c¢6 khéi luong bing
nhau.

# LOI GIAL
Trude hét ta thay

n® + (n+5)% =2n? 4+ 10n + 25 = A + 12;
(n+1)2+(n+4) =20 +10n+ 17 = A+ 4;
(n+2)?+(n+3)*=2n*+10n+ 13 = A.

Ap dung cac ddng thic tren: Lan thit nhét, chia sdu qua can 12, 22, ..., 62 thanh ba phan: A + 12,
A+4, A
Lan thit hai, chia sau qua can 72, 82, ..., 122 thanh ba phan: B, B + 12, B + 4.

Lan thtt ba, chia chin qua can 132, 142, ..., 182 thanh ba phan: C' + 4, C, C + 12.

Nhém thit nhat gom cac phan: A + 12, B, C + 4. Nhém thit hai gom cac phan: A+ 4, B + 12, C.
Nhém thit ba gom cac phan: A, B + 4, C' + 12. Khéi lugng mdi nhém déu bang A+ B+ C +16. O
BAI 59. Chia 27 quéa can c6 khéi lugng 12, 22, 32, ..., 272 gam thanh ba nhém c6 khéi luong bing
nhau.

# LOI GIAL
Trude hét ta thay

4+ m+52+n+7)2=3n+24n+ T4 = A+ 18;
(n+12+(n+3*+(n+8)*=3n?+24n+ 74 = A+ 18;
(n+2)*+ (n+4)*>+ (n+6)* = 3n* + 24n + 56 = A.

Ap dung céc ding thic tren ta chia cic qui can thanh ba nhém nhu sau

Nhoém thtt nhat gom cac phan: A, B + 18, C' + 18. Nhém thit hai gom cac phan: A + 18, B, C' + 18.
Nhém thit ba gom céc phan: A + 18, B + 18, C'. Khéi lugng moi nhém déu bang A+ B+ C + 36. [
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BAI 9 PHAN TiCH DA THUC THANH NHAN TU

@ TOM TAT LY THUYET

Phuong phap
Dé phan tich da thiic thanh nhan ti, ta thuong ding cac phuong phap
— Dat nhan t chung: AB+ AC = A(B + C).
— Dimg cac hing déng thitc dang nhd.
— Nhoém hang t1i: viec nhém cac hang ti mot cach thich hop nham lam xuat hien dang hing déng
thitc hoac xuat hién nhan ti chung méi.
— Tach hang t1.
— Thém bét hang tit.
— Dt an phu.
— Phoi hgp nhiéu phuong phép.
Trong pham vi bai viét nay sé trinh bay ba phuong phap dau. Bén phuong phap con lai sé trinh bay

6 noi dung sau.

© PHAN LOAI CAC DANG TOAN VA PHUONG PHAP GIAI

Vi DU 1. Phan tich da thic sau thanh nhan ti

e+ 202 4+ + 1.

# L,OT GIAL
Cach 1:
2t 20+ e+1 = A+ + 22+ 2+ 41
= 2@ +r+1)+ (@ +z+1)
= (@®+ax+1)(2*+1).
Cach 2:

2t o+l = (2t 227+ 1) + (2P o)
= (®+ 1) +2(2*+1)
= (2 + D) (2* +x+1).

0
VI DU 2. Cho a + b+ ¢ = 0. Rat gon biéu thic
M = a® + b + c(a® + b*) — abe.
# LOI GIAL
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M = @+ +c(a® +b*) — abe
= a*+ b’ +a’c+ b’c—abe
= (a®+a’c) + (b’ + b°c) — abe
= a*(a+c)+b*(b+c) — abe
= a*(=b) + b*(—a) — abc
= —abla+b+c)
= 0.

Vay M = 0. O

VIDU 3. @ Phan tich da thitc sau thanh nhan ti
a® + b + ¢ — 3abe.
@ Phan tich da thiic sau thanh nhan tit biang cach ap dung cau a)
(z =y’ +(y—2°+ (2 —2)

# LOI GIAL
o

a® + 0> +c* —3abc = (a+b)* - 3a%b — 3ab® + ¢ — 3abc
[(a+b)°+c*] —3abla+b+c)
= (a+b+c)[(a+b)”—cla+b)+c*] —3abla+b+c)
(a+b+c)(a®+2ab+ b — ac — be + ¢ — 3ab)
(a+b+c)(a®+ b+ —ab—ac—be).

@O Dita=2—y,b=y—z,c=2z—xthia+b+c=0.Do do theo két qua ctia cau a) ta c6

a+ b+ —3abc=0
= &+ + = 3abe
= (=9’ +W—2"+E—-2)°=3E-yy—2)(z—).

/N Can nhd két qud cia cau a) dé van dung vao gidi toan dé duge két qud nhanh nhat.

Vi DU 4. Phan tich da thitc sau thanh nhan ti
O a+b+cP—ad® -0 -
@8z +y+2°—(r+y)’—(y+2)°—(z+2)

# LOT GIAL
@ Ap dung nhiéu lan cong thitc (a +b)* = a® + b + 3ab(a +b), ta c6

(a+b+e)P—a*—b"—c = [(a+b)+c*—a*—b* -
= (a+b’*+c+3a+belat+btc)—a*—b—c*
= @+ +3abla+b)++3(a+belat+bte)—a®—b -
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O Ditr+y=a,y+2=0b2+x=cthia+b+c=2(x+y+2). Dathic da cho c6 dang

= 3(a+b)(ab+ ac+ bc+ )
= 3(a+b)la(b+c)+c(b+¢)]
= 3(a+b)(b+c)(c+a).

(a+b+c) —a®>—b -2

Ap dung két qué clia cau a), ta dudc

8(x+y+2)° —

(z+y)° -

(y+2)° =

/\ Can nhd két qud cia cau a) dé van dung vao gidi todn dé duge két qud nhanh nhdt.

(z+2)°=3(x+2y+2)(z+y+22)2z +y+2)

P=a*(y—2)+y°(2

Vi DU 5. Phan tich da thitc sau thanh nhan ti

)+ 2%z —y).

# LOI GIAL

Khai trién hai hang tit cudi roi diing phuong phap nhém céac hang tit dé lam xuét hién nhan ti chung

y— z.

2) + 2y — a4 w2 -yt
2 22)

2)(y + 2)

2y —
2y —z) +yz(y — 2) —x(y
wQ(y—Z)erZ( z)—a(y —

(y —
(y —
(y —

VI DU 6. Xét hiing ding thic (z + 1)® = 2° + 322 + 3z + 1. Lan lugt cho x bing 1, 2, 3, ..
roi cong ting vé n dang thic trén dé tinh gia tri ctia biéu thiic

S=124+224+324+...+n2

W

# LOI GIAL

T hing dang thic da cho, ta co
93
33
43

= (14+10P=1+3-1*+3-1+1
= (2410 =22+3.-22+3.2+1
= B3+1)P=3+3-32+3-3+1

(n+1P°=n"+3-n*+3-n+1

Cong titng vé n dang thiic trén r6i riat gon, ta dudc

m+1P2=13+312+22+3+--.

+n?)+3(1+24+34---+n)+n.
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Do doé
312+ 22+ 32+ +n?)
39
39
35
Vay § = én(n +1)(2n+1).
(® BAI TAP TU LUYEN
BAI 1. Phan tich thanh nhan tit
a) (ab—1)*+ (a + b)%
¢) ¥ — 4a? + 122 — 2T;
e) ot + 223 + 222 4+ 22 + 1.
# LOI GIAL
o
(ab—1)* + (a +b)*

@ 222 +20+1= (2 +1)+ (222 +22) =

2° — 42% + 120 — 27

=2 420 —1

= 20D
(o Di(n+ 1) = 2 1]
(n+1)(n —i—g)
(n+1)(2n+1)
U
b) 3 + 227 + 22 + 1;

d) 2t — 22% + 22 — 1;

a’b® — 2ab+ 1+ a* + 2ab + b
(a*b® + a®) + (b* + 1)
a®(b* + 1)+ (b* + 1)
(b + 1) (a® 4+ 1).

—27) —
—3)(2* + 31 +9) — da(z — 3)
—3)(z* + 3z +9 — 4x).

(42 — 12)

(z+1)(2*—z+1)+2z(z+1) = (x+1)(a* + 2+ 1).

-3)(2* -z +9).
—1) — (22° — 27)
2—1)(2+1) — 2z(z* = 1)
—1)(z® +1—22)
— (e + (e~ 1)?
+ 1) (e —1)%,
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2+ 20+ 202 + 20 + 1

BAI 2. Phan tich thanh nhan ti
a) 2% — 2x — 4y? — 4dy;
c) (1 — z?) — 4 — 4a?;
e) x> +y* —2?y* + a1y —x —v.
# LOI GIAL

(z* +22% + 2°) + (2* + 22 4+ 1)
(2 + 2z + 1)+ (z +1)?
(x4 1)* 4 (z + 1)?
(z+1)%(2* +1).

b) z* + 22% — 4o — 4;

d) (1+22)(1—2z) —x(z+2)(x — 2);

@ 20— 4y —dy= (2% — 2z +4y) = (z+2y)(z —2y) —2(x+2y) = (z+2y)(x — 2y —2).
@O ' +22° —dr—4= (2" —4)+ (22% —4dx) = (22— 2) (22 +2) + 22 (22 - 2) = (22— 2) (22 + 22+ 2).
© (12244 =22 -2 442> =22 - (22 +2)? = (v — 2® - 2)(x + 2% + 2).

(14+22)(1 —2z) —z(x+2)(z—-2) =

By -ty oy —x—y

1 —42? — z(z* — 4)

= 1—4da®—2°+4a

= (1—2°) — (42* — 42)

= (1-2)1+ 2+ 2% +42(1 — z)
= (1—a)(2® + 52 +1).

(2% — 2) + (v — 2°y%) + (zy — v)

z(z—1)+y*(1—2%) +y(z—1)

w(x—1) —y*(z—1)(z+1)+ylz—1)
)

BAI 3. Chting minh riing 199 — 199 chia hét cho 200.

# LOI GIAL

Ta c6 199% — 199 = 199 - (1992 — 1) = 199 - (199 + 1) - (199 — 1) = 198 - 199 - 200 : 200.

Vay 1992 — 199 chia hét cho 200.

0
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BAI 4. Tinh gié tri ctia biéu thitc sau, biét 23 — z = 6
A=a8 —22t + 23+ 2% —

# LOT GIAL
Taco A=a 22+ +a?—x = (28— 22+ 2B+ (2® —2) = (P —2)? + (2* —2) = 6°+6 =42. O

BAI 5. Phan tich thanh nhan tit
@ (0 + A+ be) + b( + a® + ac) + c(a® + b* + ab);
® (a+0b+c)(ab+ be + ca) — abe;
c*) a(a+ 2b)® — b(2a + b)3.

# LOI GIAL
o
a(b® + ¢ + be) + b(c® + a* + ac) + c(a* + b* + ab)

= ab® + ac® + abc + bc* + ba® + abe + ca® + cb® + abe
= (ab® + abc + ba?) + (ac® + abe + ca?) + (bc® + abe + cb?)
= ab(b+c+a)+ac(c+b+a)+be(c+a+0b)
= (a+b+c)(ab+ bc+ ca).

(2]

(a+b+c)(ab+bc+ ca) —abc = (a+b)(ab+ bc+ ca) + c(ab + be + ca) — abe
(a + b)(ab + bc + ca) + abc + c(be + ca) — abe
(a+0b)

= (a+b)(ab+bc+ ca+c?)
(a+ b)[(ab+ ac) + (be + c*)]
(a+b)[a(b+c) + c(b+ )]
(a+b)

a+b)(b+c)(c+a).

(
(
(ab+ be + ca) + *(a + b)
(
[
[

c*)
ala+ 2b)* — b(2a + b)* = af(a +b) + b]* — bla + (a + b)]?
= a[(a+0b)*+3b(a+ b)* + 3b%(a + b) + b°] — bla® + 3a*(a + b) + 3a(a + b)* + (a + b)’]
= afa+b)® + 3ab(a + b)* + 3ab*(a + b) + ab® — ba® — 3ba*(a + b) — 3ab(a + b)* — b(a + b)?
= (a—"b)(a+0b)’+ 3ab(a+b)(b—a)+ ab(b — a)(b+ a)
= (a—1b)(a+0b)[(a+b)?*— 3ab— ab]
= (a—1b)(a+0b)(a* — 2ab+ b?)
= (a—b)(a+b)(a—10)*
= (a+b)(a—0b)>
U
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BAI 6. Phan tich thanh nhan ti
O ab(a+b) —be(b+c) + acla — c);
@D (1’ + A) + b(? + a?) + c(a® + b*) + 2abc;

® (a+b)( —0?) + (b+c)(b? —

)+ (c+a)(c® —a?);

O 30— +0*(c—a)+c(a—b).
# LOI GIAL
[ 1
ab(a +b) —be(b+c) +acla—c) = abla+b) —b*c—bc* +a*c — ac®
= ab(a+b) + (a®c — b*c) — (ac® + bc?)
= ab(a+0b) +cla® —b*) — F(a+b)
= abla+b) +cla—0b)(a+b) —c*(a+b)
= (a+b)(ab+ac—bc—c?)
= (a+0b)[(ab— bc) + (ac — )]
= (a+b)[bla—-c)+cla—-c)
= (a+b)(b+c)(a—c).
(2
a(® + ) +b(c* + a®) + c(a® +b*) + 2abc = ab® + ac® + bc® + ba® + c(a® + b* + 2ab)
= (ab® + a®b) + (ac® + bc®) + c(a + b)*
= abla+0b) + *(a+b) +c(a+b)?
= (a+0b)(ab+  + ac+ be)
= (a+b)[(ab+ ac) + (bc + )]
= (a+b)a(b+c)+ c(b+ c)]
= (a+b)(b+c)(c+a).
® Nhan thiy v* — ¢ = —[(a® — b%) + (2 — a?)] nén
(a+b)(a* = b*) + (b+c)(b* — ) + (c + a)(c® — a?)
= (a+b)(a®—b*) — (b+o)[(a® —b*) + (> —a®)] + (c + a)(* — a?)
= (a+b)(a®—b*) - (b+c)(a* —b*) — (b+c)(c® —a®) + (c+a)(c? — a?)
= (a—c)(a®—b*)+ (a—b)(c* —a®
= (a—c)(a—b)(a+b)+ (a—0b)(c—a)(c+a)
= (a—=0d)(a—c)(a+b)—(a—c)c+a)
= (a—=b)(a—c)(b—1c)

O Nhan thay c —a = —[(b—c) + (a — b)] nén

a*(b—
= a*(b—

c) +b*(c—
c) —b*[(b—rc)+

a) +c*(a—b)
(a—0b)]+

(a —b)
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= a*(b—c)=b*(b—c)—b*(a—0b)+c*(a—0b)
= (b—c)(a’ = V") = (a=b)(b* = ")
= (b—c)(a—0b)(a*+ab+b*) — (a—b)(b—c)(b* + bc+ )
= (b—c)(a—0b)(a®+ab+b* —b* — bc—?)
= (b )(a—b)[(a® — ) + (ab— be)]
= G—o)a=b)la—c)atc)+ba—c)
= (b=cdla=b)a=c)la+b+o).
U
BAI 7. Phan tich thanh nhan ti
O at+b+e)P—(at+tb—cP—(b+c—a)—(c+a—b)
® abc— (ab+be+ca)+(a+b+c)— 1.
# LOI GIAL
@ Dbitat+b—c=2,b+c—a=y,c+a—b=z Khidé
r+y+z=a+b—c+b+c—a+c+a—-b=a+b+c
Ap dung hing ding thiic (z +y +2)> — 2% —9® — 22 =3z +y)(y + 2)(z + x). Ta c6
(a+b+c)P—(a+b—c)P—(b+c—a)®—(c+a—0)?
= 3a+b—c+b+c—a)b+c—a+ct+a—-b)(cta—b+a+b—c)
= 3:2b-2c-2a
= 24abc.
(2]
abc — (ab+bc+ca)+ (a+b+c¢)—1 = abc—ab—bc—ca+a+b+c—1
= abc—bc—ab+b—-ca+c+a—1
= be(a—1)—bla—1)—cla—1)+ (a—1)
= (a—=1)(bc—=b—c+1)
= (a—Dle(b—1) = (b—1)]
= (a—=1)(b=1)(c—1).
U

BAI 8. Ching minh riing trong ba sb a, b, ¢ ton tai hai s6 biing nhau, néu

a?(b—c) +b*(c—

# LOI GIAL

a’(b—c) +b*(c —a) + c*(a —b)

= a’b—
= (a*h—
= abla —b) —c(a —b)(a+b) +c*(a—b)

a)+ c*(a—b) = 0.

a’c+b*c — b*a+ *(a —b)
ab?) — (a*c — b*c) + *(a — b)
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= (a—b) [ab— ac —bc+ 7]
= (a—>b)[bla—c)—cla—c)
= (a—"b)(a—c)b-c).
Theo gia thiét a*(b — ¢) + b*(c — a) + ¢*(a — b) = 0 nén
a—b=0 a=1"
(a—b)la—c)b—c)=0< la—c=0< |la=c
b—c=0 b=c.
Vay trong ba s6 a, b va ¢ ton tai hai s6 bang nhau. O

BAI 9. Ching minh ring néu a® + b = 2ab thi a = b.

# LOI GIAL

Tacoa*+ b =2ab<a>—2ab+ 0" =0 (a—b0)*=0&a—-b=0&a=0.

Vay néu a? + b? = 2ab thi a = b. 0

BAI 10. Ching minh réing néu m = a + b + ¢ thi
(am + be)(bm + ca)(cm + ab) = (a + b)*(b + ¢)*(c + a)?.

# LOI GIAL
Ta c6 am + bc = a(a+ b+ c) + bc = a(a +b) + ac+ bc = a(a + b) + c(a+ b) = (a + b)(a + ¢).
Tuong tw bm 4+ ca = (b+¢)(b+ a) va em + ab = (c+ a)(c+ b). Khi do6

(am + be)(bm + ca)(em + ab) = (a + b)(a + ¢)(b+ ¢)(b+ a)(c+ a)(c + b) = (a + b)*(b+ ¢)*(c + a)*.

O

BAI 11. Cho a®?+b*> =1, 2+ d? = 1, ac + bd = 0. Chting minh réng ab + c¢d = 0.
# LOI GIAL
Doa?+b?>=1vac®+d?>=1nén

ab+cd = ab-14cd-1
= ab(+ d*) + cd(a® + b?)
= abc® + abd® + cda® + cdb®
= (abc® + cdb*) + (abd® + cda?®)
= be(ac+ bd) + ad(bd + ac)
= (ac+ bd)(bc+ ad)
= 0 (do ac+bd =0).

O

BAI 12. Xét hing ding thiic (z + 1)2 = 22 4+ 2z + 1. Lan lugt cho = = I,n 1di cong timg vé n ding
thiic trén dé tinh gia tri clia biéu thic

S=1424+3+--+n.
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# LOI GIAL
Tit hing dang thic da cho, ta co

22 = (1+1)=1*+2-1+1
3 = 2+1)P2=2"4+2-2+1
42 = B3+1)P2=3"+2-3+1

(n+1)?*=n*+2-n+1.
Cong titng vé n dang thic trén 16i rat gon, ta dudc

(n+1)*=1*+2(1+2+3+---+n)+n.

Do d6
20+2+43+-+n) = (n+1*—(n+1)
25 = (n+1D[(n+1)—1]
25 = (n+1)n
n(n+1)
S = 5
VayS:n(n; 1). 0

BAI 13. (*) Phan tich thanh nhan tit
O a(b+0)%b—c)+blc+a)c—a)+cla+b)?(a—Db);
® a(b—c)+blc—a)+cla—0b)?
© *bv*(a—b) + b2 A (b —c) + *a®(c — a);
O (1’ + )+ (P + a?) + c(a® + b%) — 2abe — a® — b — ¢
@ b +btc—a)+cta—0).
# LOI GIAL
@ Tac6c—a=—[b—c)+ (a—10)]. Khidés

a(b+¢)*(b—c) +b(c+a)*(c—a) + c(a+b)*(a —b)
= a(b+c)P*(b—c)=blc+a)’[(b—c)+ (a—b)]+cla+b)?*(a—10)
= a(b+c)*(b—c) —blc+a)*(b—c)—b(c+a)*(a—b) + cla+b)*(a—10)

= (b—c)[a(b+c)* = blc+a)’] — (a—1b) [b(c+ a)® — c(a+b)?]

= (b—c) [a(b® + 2bc + ¢*) — b(c® + 2ac + a®)] — (a — b) [b(c® + 2ac + a®) — c(a® + 2ab + b7)]
= (b—c)(ab® + ac® — bc* — ba®) — (a — b)(bc® + ba® — ca® — cb?)

= (b—c)[c*(a—b) —abla—b)] — (a —b) [a*(b—c) — be(b— c)]

= (b—c)(a—b)(c* —ab) — (a —b)(b— c)(a® — be)

= (b—c)(a—b)(c* —ab—a* + bc)

= (b=o)(a=b)[(c=a)(c+a)+b(c—a)

= (a—=b)(b—c)(c—a)(c+b+c).
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@O Tacoc—a=—[(b—c)+ (a—b). Ap dung cong thiic (z +y)* = 2° 4 3zy(z + y) + 3°. Ta duge

a(b—c)® +blc—a)® +cla—b)

= alb—c)® =b[(b—c)+ (a—b)]* + c(a—b)?

= alb—c)’=b[(b—c)’+3(b—c)(a—b)(a—c)+ (a—b)?*] +c(a—0b)°

= (a—0b)(b—c)*—=3b(b—c)(a—b)(a—c)—(b—c)(a—b)?

= (a=b)(b—c)[(b—c)*—3b(a—c)— (a—b)?]

= (a—"b)(b—c) [b* —2bc+ ¢ — 3ab+ 3bc — a® + 2ab — b’]

= (a—0b)(b—c) [~2bc+ ¢ — 3ab+ 3bc — a® + 2ab]

= (a—0b)(b—c)[(¢* = a®) — (2bc — 2ab) + (3bc — 3ab)]

= (a—=b)(b—c)[(c—a)(c+a)—2b(c —a)+ 3b(c — a)]

= (a—=b)(b—c)(c—a)(c+a—2b+ 3b)

= (a—=Db)(b—c)(c—a)la+b+c)

® Tacob—c=—[(a—0b)+ (c—a)]. Khido

a’b*(a — b) + b*c*(b — ¢) + *a*(c — a)
= a®(a—0b) =V’ [(a—b)+ (c—a)l + Fa’(c - a)
= a’b*(a —b) — b*c*(a — b) — b*c*(c — a) + *a*(c — a)

0‘

B(a? — &) — (e )P — o)

b?(a —c)(a+c) — (a—c)c*(a—b)(a+Db)
(a —c) [P*a+ b*c — Fa — Pb]
(a—c)la(b—c)(b+c) + be(b—c)

(a —c)(b—c)(ab+ ac + be).

(a =)
(a—b)
= (a0
(a—b)
(a =)

a(b® + ) + b(c® + a*) + c(a® + b*) — 2abc — a® — b* — &
= a(b®+ ¢ —2bc — a®) + b(c* + a* + 2ac — b*) + c(a® + b* — 2ab — )
= a[(b—c)?—d’] +b[(c+a)’ = V] +c[la—b)?® -]
= alb—c—a)b—c+a)+blc+ta—-b)(cta+b)+cla—b—c)la—b+c)
[—a(b—c+a)+bla+b+c)+cla—b—c)

@ Tac6c—a=—[(b—c)+ (a—0b). Khido

a*(b—c) +b*(c—a) +ct(a—1D)
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= a'(b—c) = b*[(b—c)+ (a—b)] +c*(a —b)

= a*(b—c) = b*b—c)—b*(a—0b) +c*(a—0)

= (b—o)(a" =) = (a=b)(b" = ')

= (b—c)(a* — b} (a® + V%) — (a — b)(b* — &) (b* + ¢?)

= (b )a—b)a+ )@ +17) — (a—b)b— )b+ + )

= (a—0b)(b—c)[(a+b)(a®+b*) — (b+c)(b* + )]

= (a—0b)(b—c) [0’ + ab® 4 ba® — bc® — cb® — ¢’

= (a—b)(b—c)[(a® =)+ b*(a—c) + bla® — )]

= (a—0b)(b—c)[(a—c)(a®+ac+ ?)+b*(a—c)+bla—c)(a+c)
= (a—=b)(b—c)(a—c)(a®+b*+c* +ab+ ac+ be).

BAI 14. (*) Chiing minh ring néu a® + b° + ¢ = 3abe va a, b, ¢ 1a cac s6 duong thi a = b = c.
# LOI GIAL
Theo vi du 3 6 noi dung nay. Ta c6

a® 4+ b+ —3abe = (a+ b+ c)(a® + b* + 2 — ab — ac — be).

Do d6 néu a®+b*+c = 3abe thi (a+b+c)(a*+b*+c*—ab—ac—bc) = 0 hay a®+b*+c*—ab—ac—be = 0
(do a, b, ¢ 1a cac s6 duong nén a + b+ ¢ > 0).
A+ +c—ab—ac—bc=0
& 2a% 420 + 2¢° — 2ab — 2ac — 2bc = 0
& (a—b*+(b—c)+(c—a)*=0
a—b=0 a=>
& b—c=0<b=c
c—a=20 c=a
& a=b=c.
Vay néu a® + b* + ¢ = 3abc va a, b, ¢ 1a cac s6 duong thia = b = c. O
BAI 15. (*) Chtng minh ring néu a! + b* 4+ ¢* + d* = 4dabed va a, b, ¢, d 1a céc sb duong thi
a=b=c=d.
# LOI GIAL

a* +b* + c* + d* = dabed
& a'+ b+t dt —dabed = 0
a* — 2a%? +b* + ¢t — 22d? + d* + 2a*D* — dabed + 2¢7d2 = 0
& (A=) + (A —d*)* +2(ab—cd)?* =0
a>—b*=0 a==+b
& {F—d*=0 e {c==d
ab—cd =0 ab = cd

(3
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& a=b=c=d (doa,b, c va dla cic sé6 duong).
Vay néu a* + b* + ¢* + d* = 4abed va a, b, ¢, d 1a cac s6 duong thia =b=c = d. O
BAI 16. (*) Bing phuong phap tuong tu & vi du 6 va bai tap trén. Hay tinh gia tri ciia biéu thic
Sg=1°+2% 435 ... 4 n’.

# LOI GIAL
Tit hiang déng thitc (v + 1)* = 2* + 42 + 622 + 4 + 1, ta c6

2 = 1+1)'=1"+4-1°+6-1>+4-1+1
3" = 2+1)'=2"+4-2°4+6-22+4-2+1
4* = B+ 1)*=3"+4-324+6-32+4-3+1

(n+1)'=n*"+4-n*4+6-n*+4-n+1.

Cong ting vé n dang thiic trén roi riat gon, ta dudc

(n+1)?' = 1'+4-(P+2°+- +nP)+6- (P+2°+- +nH)+4(1+2+---+n)+n
= 1+453+652+4S1+n.

. 1 1
Ta da biét Sy — @ Sz = =nln+1)(2n+1). Do g
453 = n+1)*—=1—n—nn+12n+1)—2n(n+1)
4S3 = (n+1D)[(n+1°*=1—-n2n+1) — 2n]
453 = (n+D[(n+1)> - (2n+1)(n +1)]
4S3 = (n+17*m*+2n+1—-2n—1)
n?(n +1)>2
- MrD
2 2
Vay S5 = 1T 0
4
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BAI @ CHIA DA THUC

@ TOM TAT LY THUYET

Véi A(x), B(z), Q(z) va R(x) la céc da thic. Ta c¢6
— Da thitc A(x) duge goi la chia hét cho da thic B(z) khac da thiic 0 néu ton tai da thic Q(z)
sao cho
Af) = B(2) - Q(a).
— Ngudi ta ching minh duge rang: Vi moi cap da thic A(z) va B(z), trong d6 B(x) # 0, ton tai
duy nhat cap da thic Q(z) va R(z) sao cho
A(x) = B(z) - Q(z) + R(z).
Trong d6 R(x) = 0 hodc bac cia R(x) nhé hon bac cia B(x).
- Néu R(x) = 0 thi A(x) chia hét cho B(z).
- Néu R(z) # 0 thi A(x) khong chia hét cho B(z). Khi d6 Q(z) 1a thuong va R(z) 1a du ctia phép
chia A(z) cho B(z).

( PHAN LOAI CAC DANG TOAN VA PHUONG PHAP GIAI

VI DU 1. Cho hai da thitc A = 32" 9% — 52" 'y* vi don thic B = 223y
@ Tim s6 ti nhien n dé da thiic A chia hét cho don thiic B.
@ Tim thuong A : B trong trudng hop dé.

# LOI GIAL
@ Dicu kien dé da thiic A chia hét cho don thic B 1a

'n—123
n >4
n+1>3 n>4
Sin>2 & S n =4,
6>n n <4
4>n
\4271

Vay véi n = 4 thi da thitc A chia hét cho don thic B.
@ Véin =4 thi A=32%5—52°y* vai B = 223y*. Khi dé
3 )
A B = (32%° — 5z°yt) : (223y*) = §y2 - 51’2.

O
VI DU 2. Xac dinh céc s hitu ti @ va b dé da thitc 2° + ax + b chia hét cho da thic 22 + x — 2.
# LOI GIAL
Cadch 1: Dat tinh chia
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x3 + azx +b|laP+ax—2

— 3 — 2 + 2z ‘:c—l
— 22+ (24 la)z +b
x? +z -2

B+ 1la)z+ (—2+1b)

D@ chia hét thi da thitc du phai biang 0 v6i moi gia tri clia x nén

a+3=0 a= -3
=
b—2=0 b=2.
Vay v6i a = —3, b = 2 thi da thiic 23 + ax + b chia hét cho da thiic 22 + z — 2, thuong 1a # — 1. Cdch
2: (Phuong phap he s6 bat dinh)
Da thiic bi chia c6 bac ba va da thic chia c6 bac hai nén thuong 13 mot da thitc bac nhat, hang ti
bac nhat 1a 23 : 2?2 = z.

Goi thuong ctia phép chia la x + ¢, ta co

P tar+b = (2°+1-2)(z+0)

P rar+b = 22+ (c+ D)2+ (c—2)x —2c
Do hai da thtic trén bang nhau nén

c+1=0 c=—1
c—2=a<{a=-3
—2c=15b b=2.

Vay v6i a = —3, b = 2 thi da thiic 22 + ax + b chia hét cho da thic 22 + x — 2, thuong 1a x — 1. Cdch
3:(Phuong phap xét gia tri riéng)
Goi thuong khi chia da thitc 2% + az + b cho da thiic 2? + z — 2 1a Q(z), ta c6

P tar+b=(22+1-2)Q(z) = (v — 1)(x + 2)Q(z).
Vi dang thic ding v6i moi = nén lan lugt cho z = 1, x = —2, ta dudc
l1+a+b=0 a+b=-1 a=—-3
= =4
—8—2a+b=0 —2a+b=28 b=2.
Vay v6i a = —3, b = 2 thi da thiic 2% + ax + b chia hét cho da thic 22 +x — 2, thuong la 2 — 1. [

(® BAI TAP TU LUYEN

Chia don thitc cho don thuc
BAI 1. Thuc hién phép tinh

915 . 258 . 43
a) 812 . 46, b) 276 . 92, C) W
# LOI GIAL
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0 812 : 46 — (23)12 . (22)6 — 236 . 212 — 224_

@ 270 :97 = (3%)0:(3%)2 =318 .31 = 3!

9 915_253‘43 _ (32)15‘(52)3‘(22)3 _ 330‘56‘26 _ 320‘1.1 :3_20
310 . 506 310 . (2 . 52)6 310 . 96 . 512 1-1-56 56 ’

BAI 2. Chiing minh ring biéu thitc sau khong am véi moi gia tri ciia bién
A = (—1523y5) : (—bzy?).

# LOI GIAL
Ta c6 A = (—1523y5) : (—=bzy?) = 3x2y*.
Vi 22 > 0 v6i moi s6 thue  va y* > 0 v6i moi s6 thie y nén 32%y® > 0 v6i moi x, y.
Vay biéu thitc A = (—152%y5) : (=5xy?) khong am véi moi gia tri clia bién. O
BAI 3. Chitng minh riing gia tri ciia biéu thiic sau khong phu thudc vao gia tri ctia bién y (z # 0;
y #0)
2, . (1
B = 30y |\ 3y +2z(y — 1)(y + 1).
# LOI GIAL
V6i x # 0; y # 0, ta ¢6
2 ,, (1
B = 3Ty (T3 +2z(y — Dy +1)
= 2y +2x(y* — 1)
= —2xy® + 2xy° — 22

= —2x.

Vay gia tri ctia biéu thitc B khong phu thudc vao gia tri clia bién y. O

BAI 4. Tim s6 tu nhién n dé don thic A = 42"t1y? chia hét cho don thitc B = 323y L.
# LOI GIAL
Dé don thitc A chia hét cho don thitc B thi

n+1>3 n>2
& s 2<n<3.
2>n—1 n<3

Ma n € N nén n = 2 hoac n = 3.
Vay v6i n = 2 ho#ic n = 3 thi don thitc A chia hét cho don thitc B. O

Chia da thitc cho don thic
BAI 5. Thuc hien phép tinh

1 4 2 2
(1) (—a2x4 + —az3 — —(m:2> : (——aa:2);

2 3 3 3
e 4 (23: — 1) + (1222 — 3z) : (—3z) — (2z + 1).
# LOI GIAL

1 4 2 2 -3
(1) (§a2x4 + §a.:1:3 - gaﬁ) : <—§a$2) = Taa:Q —2r+ 1.
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3
() 4<Z:ﬂ—1>+(12x2—3x):(—3x)—(2x+1):3m—4—4x+1—2x—1:—3x—4.

BAI 6. Thuc hien phép tinh roi tim gia tri nhoé nhat ctia bidu thiic
A = (9zy* — 62%y) : (=3xy) + (62%y + 22) : (22?).
« LOI GIAL

A = (929 — 62%y) : (=3zy) + (62°y + 22*) : (227)
= —3y+2z+3y+a’
= 2+ 2
= 2242 2-14+12 12
= (z+1)° -1

Vi (z+ 1) > 0 v6i moi z nén (z +1)> —1 > —1 hay A > —1 v6i moi x. Do d6 gid tri nhé nhét cta
biéu thiic A bing —1 khi x = —1. O
BAI 7. Tim s6 tu nhién n dé da thic A = 72" 145 — 5z3y* chia hét cho don thic B = 5z%y".
# LOT GIAL : :
Xét thuong A : B = gx”_1_2y5_” — gyt = Sx”_3y5_” — gyt
Dé da thitc A chia hét cho don thitc B thi
n—3>0 n>3
5—n>0<n<is3<n<4
4—n>0 n<4
Do n € N nén n =3 hoiac n = 4.
Vay v6i n = 3 hosic n = 4 thi da thiic A chia hét cho don thic B. O

Chia da thic cho da thic
BAI 8. Rit gon biéu thtc
(2% +4%) = 2(2® — ) + 3(x +y)?] : (z +y).
# LOI GIAL
[(2® + %) = 2(2® — y°) + 3(x +y)?] - (x +y)
= [z+y)(@® —zy+y°) =2 +y)(z—y) +3@x+y)°]: (+y)
= 2’ —ay+y* -2z —y) +3(x +y)
= 2 —ay+yP—20+2+3x+3y
= x2—my+y2+x+5y.

BAI 9. Chia cac da thric
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O (32' —22° — 222 + 42— 8) : (2% - 2);
@O (203 — 260 —24) : (22 + 4x + 3);
® (22—7r+6): (z+3).

# LOI GIAL
O 34 —22° 202 4+4x—-8|22—-2
— 324 + 622 ‘3x2—2m—|—4

— 223 + 42% + 4o
223 — 4z
4o? -8
— 422 +8
0

Vay (3z* — 223 — 222 + 42 — 8) : (2% — 2) = 32% — 2z + 4.

O 2 — 260 — 24 |22 +4x+3
— 243 — 82% — 6x 120 -8
— 82— 32z — 24
8?2 + 320 +24

0
Vay (22° — 262 — 24) : (22 + 42 + 3) = 2z — 8.

® 4 —Tx+6|x+3
— 3 — 322 ‘x2—3x—|—2
— 322 - Tx
322 + 9z
2 4+ 6
—2r—6

0
Vay (23 =72 +6) : (v +3) = 2* — 3z + 2.

BAI 10. X4c dinh hing s6 a sao cho

@ 42 — 62 + a chia hét cho z — 3;

@® 222 + x + a chia hét cho z + 3;

® »° + ax? — 4 chia hét cho 2% + 4z + 4.
# LOI GIAL

@ Xét phép chia

42° — 6w +am
— 4% + 122 4246
6x +a
— 6z +18
(18 4 1a)

Dé 422 — 62 + a chia hét cho x — 3 thia+ 18 =0 < a = —18.
Vay véi a = —18 thi 42® — 6x + a chia hét cho x — 3.
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@ Xét phép chia

212 +x +alx+3

—22% — 6x ‘2x—5
— 5 +a
T +15
(15 + 1a)

Dé 222 + 2 + a chia hét cho x +3thia+15=0< a = —15.
Vay v6i a = —15 thi 222 + o + a chia hét cho = + 3.
® Giai tuong tu cau a), cau b) ta duge a = 3. .

O
BAI 11. X4c dinh hing sb a sao cho
@ 1022 — 7x + a chia hét cho 2z — 3;
@ 212+ ax + 1 chia cho  — 3 du 4;
® a2’ + 52* — 9 chia hét cho = — 1.
« LOT GIAL
@ Xét phép chia
1022 — 7x +a|2x—3
— 1022 + 152 |5z +4
8w +a
— 8w + 12
(12 + 1a)
Dé 1022 — 7z + a chia hét cho 2r —3thia+12=0 & a = —12.
Vay v6i a = —12 thi 102? — 7z + a chia hét cho 2z — 3.
@® Giai tuong tu cau a) ta duge a = —5.
@ Giai tuong tu cau a) ta duge a = 4.
]

BAI 12. X4c dinh céc hing sb a, b sao cho
@ '+ ax + b chia hét cho 2% — 4;
® ' + ax® + bxr — 1 chia hét cho 2% — 1,
® »° + ax + b chia hét cho 22 + 22 — 2.
# LOI GIAL
@ Xét phép chia

x? + ax +b|2?—4
— 2t 422 ‘x2—|—4
4% + ax +b

— 422 + 16

ax + (16 + 1b)
Dé z* + ax + b chia hét cho 22 — 4 thi da thic du ax + b + 16 phai dong nhat 0. Do d6 a = 0,
b= —-16.
Vay v6i a = 0, b = —16 thi 2* + az + b chia hét cho 22 — 4.
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@ Giai tuong tu cau a) ta duge a +b = 0 (tic 1a a tiy ¥, b = —a).
@ Giai tuong tu cau a) ta dugc a = —6, b = 4.

BAI 13. Xac dinh céc hing s6 a, b sao cho
@ '+ ax? + b chia hét cho 22—z + 1;
@ oz’ + bx? + 5z — 50 chia hét cho 22 + 3z — 10;
@® oz’ + ba® + 1 chia hét cho 22 + ax + b;
O ' + 4 chia hét cho 22 + ax + b.
# LOI GIAL
@ Xét phép chia
x? + ax? +bl2t—az+1

—at 28 — ‘x2+x+a

— 3 + 22 —
ax? —x +b
—ax? +ax —a

(—1+1la)x+ (—la+ 1b)
Dé z* + ax? + b chia hét cho 22 — x + 1 thi da thitc du (@ — 1)z + b — a dong nhat da thiic 0 nén
a=1vab=a=1.
Vay v6i a = b =1 thi 2* + ax® + b chia hét cho 2? — x + 1.
@® Giai tuong tu cau a) ta dugc a = 1, b = 8.
@ Giai tuong tu cau a) ta dugc a = 3, b = —4.
O Taco
44 =o'+ 422 +4 —42% = (22 + 2)? — (22)? = (2® + 22 + 2) (2% — 22 + 2).
Do d6 dé z* + 4 chia hét cho 22 +az + b thi a = £2 va b = 2.

U
BAI 14. Tim cac hing s6 @ va b sao cho 23 + az + b chia cho z 4+ 1 thi du 7, chia cho z — 3 thi du
—5.
# LOI GIAL
Vi3 +azx +0bchiachox+1thidu7nén 2®+ar+b=(x+1) Plz)+7.
Véix=—-1thi-1—-a+b=T7haya=0>b-8. (1)
Tuong tu z* + ax + b chia cho z — 3 thi du —5, tic 1a z° + ax + b= (v — 3) - Q(x) — 5.
Khi d6, v6i z = 3 thi 27 + 3a + b = —5 hay 3a + b= —32. 2)
Tu (1) va (2) suy ra a = —10, b = —2. O

BAI 15. Tim céc hing s6 a, b, ¢ sao cho az® + bx? + ¢ chia hét cho 2 + 2, chia cho 22 — 1 thi du z + 5.
# LOI GIAL

Ta c6 az® + bz? + ¢ chia hét cho x + 2 nén az® + bz? +c = (z +2) - A(x).

Khi do, véi = —2 thi —8a +4b+ ¢ = 0. (3)
Tuong t, ax® + bw? + ¢ chia cho 22 — 1 thi du = + 5, ttic 1a

ar® +br?* +c=(x+1)(z — 1) B(x) + = + 5.
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Lan lugt chox =1,z =—-14 tadusca+b+c=6va —a+b+c=4. (4)
Tu (3) va (4) suyraa=1,b=1vac=4. O
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CHUONG

2

PHAN THUC PAI SO

B 0 TINH CHAT CO BAN CUA PHAN THU'C, RUT GON PHAN
THUC.

@ TOM TAT LY THUYET

Phan thic dai s6 1a mot biéu thic c6 dang %, trong d6 A va B la cac da thic, B # 0.

Phan thitc dai s6 ¢6 cac tinh chat co ban sau:

- Néu nhan ca tt thic va mau thitc cia mot phan thic véi cing mot da thie khic 0 thi duge mot
phan thitc bang phan thic da cho.

- Néu chia ca t1t thitc va mau thiic cia mot phan thic cho cing mot nhan ti chung ctia ching thi
dude mot phan thitc bang phan thic da cho.

Mubn rit gon mot phan thic dai s6, ta c6 thé:

- Phan tich t1t thic va mau thic thanh nhan ti;

- Chia ca t1t thic v mau thiic cho nhan tit chung.

G vibu

VI DU 1. Cho phan thic

(@®+ 4 ) (a+b+c)* + (ab+ be + ca)?

M:
(a+b+c)?— (ab+ bc+ ca)

@ Tim cic gia tri a, b, ¢ dé phan thitc duge xac dinh (titc 1a dé mau khac 0).
@® Rt gon phan thitc M.

# LOI GIAL
O Taco

(a+b+ec)?—(ab+bc+ca)=0 ©a®+b*>+c*+ab+bc+ca=0
& 2a” + 20% 4 2¢® + 2ab + 2bc + 2ca = 0
S (a+b)?+(b+c)+(c+a)*=0
Sat+b=bt+tc=ct+a=0

Sa=b=c=0.

V6i diéu kieén dé phan thitc M dugc xac dinh 1a a, b, ¢ khong dong thdsi bang 0.
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@ Chi y ring (a +b+¢)? = a®> + >+ 2 + 2(ab + be + ac). Do do6, ta dat a® + b* + 2 = «,
ab+bc+ ca=1y. Khi d6 (a+b+c)? =+ 2y. Ta cb
Cx(z4+2)+y? 2 2xy+y° (v4y)? s
T+2y—vy T+y T+y 4
=a’+ b+ &+ ab+ be + ca.

VI DU 2. Ruat gon biéu thic

_ b=+ (c—a)P’+(a—b)
a?(b—c)+b*(c—a)+ 2la—10b)

# LOI GIAL
Phan tich mau thitc thanh nhan tu:

a?(b—c)+b*c—a)+E(a—0b) =a*(b—c)+b*c—ab®+ac® — bc?
a’(b—c) + be(b — ¢) — a(b® — )

(b —¢)(a® + be — ab — ac)
=(b—c)lala—b) — c(a —b)]
(b—c)(a—b)(a—rc).

b—cP+(c—a)®+ (a—0b)3

—(a=b)(b—c)(c—a)
Ta c6 nhan xét: Neuz+y+2=0thi 2 +9y3+ 23 =3ayz. Datb—c=z,c—a =y, a— b=z thi
x4+ 1y + z = 0. Theo nhan xét trén

DodéA:(

23+ 4 23 _ 3wyz

A= = —3.
—xyz —xyz
0
. . ) . nd+2n .
VI DU 3. Chiing minh rang v6i moi so nguyén n thi phan s6 ——————— la phan so0 toi gian.
nt+3n2+1
# LOI GIAL
Dé chitng minh phan s6 da cho la ti gian, ta sé ching t6 rang ti va mau chi c6 uée chung la +1.
Goi d 1a uée cia n® + 2n va n* + 3n? + 1. Ta co:
n®+2n:d=n(n*+2n) d=n*+2n%1d, (1)
430241 — (nt 42 =n24+1id= (n2+1)° =n*+2n2+11d, (2)
T (1) va (2) suy ra
(n*+2n°+1) — (n*+2n°) id=1id = d = +1.

349
Vay % la phan sb t6i gidn. O
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VI DU 4. Chiing minh ring:

l+o+a+2°+ .+ =1+2)(1+2%) (1+2") (1+2°%) (1+2"%). (1)

« LOT GIAL

Goi vé trai ctia dang thitc (1) 1a A, vé phéi 1a B.

Ta c6 (1 —x) - A=1— 2% theo hing déng thiic 8.

1-2z)-B=(1-2)14+2)1+2)1+2*) (1 +2%01+2'6)=1—2%

Néu z # 1 thi A va B déu bang phan thic — ;2. Do d6 A = B.

Néu x = 1 thi hai vé cia (1) déu bang 32. Do d6 A = B.

Trong ca hai truong hgp, dang thic (1) déu ding. O

BAI 1. Tim gia tri ctia 2 dé cac phan thitc sau bing 0:

4t +ar+1 ‘ b) xt — b2+ 4
-3 +222 -+ 1’ x4 —102249°

a)

# 1LOI GIAL

4 3 1
© Phan thie — I
x

d—p3 4222 -+

: bang 0 khi ti thiic bang 0 va mau thitc khéc 0.

Ta cb
4+ +r+1 =0
e+ +(x+1) =0
(x+1)(z*+1) =0
T = —1.

Thay x = —1 vao mau thic ta duge (—1)* — (=1)> + 2(=1)*> — (=1) + 1 #£ 0.
Vay z = —1 thda yéu cau bai.

4_52 4
@Phantht’rcx Tt

10249 bang 0 khi ti thitc bang 0 va mau thic khac 0. Ta ¢6

=52 +4 =0
(22 =1) (22 —4) =0.

V6i 22 = 1 thay vio mau thiic, ta duge 1 — 10 4+ 9 = 0 nén loai.
V6i 2% = 4 thay vao mau thiic, ta dugc (4)? —10-4+ 9 # 0 nén x = +2 thda yéu cau bai.

([l
BAI 2. Rut gon cac phan thic:
1235 - 2469 — 1234 4002
a) A= ; b) B = .
1234 - 2469 1000 - 1002 — 999 - 1001
# LOI GIAL
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@ Dit x = 1234. Ta c6

(e +1)Rr+1) -2
Coxr+ D)4+l

_2x2+2x+1
2224241
=1.
@® Dit 2 = 1000. Ta c6
4o + 2
B =
r(x+2)—(r—1)(x+1)
O 202e+1)
2420 — (22— 1)
222+ 1)
2041
= 2.
U
BAI 3. Rt gon cac phan thiec:
203 — a2 — 4o+ 3 x — 6y ’
0 2?2+t 4 22— 20y + 202 — 2y2
2?2 —2xy +y? — 22 '
# LOI GIAL
o3x —Tr*+5r—-1 (Bzx—-1)(x—1)* 3z-1
203 — 22 —4x+3 (20 +3)(x —1)2 22+ 3’
(2
(z—y)’ —3zy(x+y) +y* _ 2° — 32y +3ay® —y° — 32%y — 3wy’ + ¢
x — 6y x — 6y
_a? (x—6y)
-z —6y
:x2‘
9x2+y2+22—2xy+2xz—2yz_ (xr —y+ 2)? r—y+z
22 — 2zy + y? — 22 S (r—yt+ ) r—y—2) T—y+z -
BAI 4. Rit gon cac phan thic véi n 1a sé tu nhien:
1)! ! - 2)!
) (n+1) ; b) n ; 0 (n+ 1! —(n+ )
nl(n+ 2) (n+ 1)l —n! (n+ 1)+ (n+2)!
# LOT GIAL
o (n+1)! naln+1) n+1
nln+2) nl(n+2) n+2
) n! B n! 1
(n+1)!'—=n! nln+1-1) n’
o n+)!=m+2)! G+ —n+Dn+2) O+(-—n-1) -n-1
m+IN+n+2) +DI+n+D(n+2)  (n+1)(n+3) n+3 "
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0
BAI 5. Rt gon cac phan thiec:
2) a?(b—c)+b*(c—a)+*(a—b) b) 22 — Ta® — 120+ 45
ab?—acz—bi%%m2 ’ 323 — 1922 + 33z — 9’
0 — 3+ 2%+ 3ayz . Q) o3 4+ y3 + 23 — 3xyz
(:L“+y) +(y+2?2+ (2 —2) =y +y—27+(=—2)?
# LOI GIAI
o a2(b — ¢) + b*(c — a) + 2(a — b) (a=b)(b—c)la—c) a—c
ab? — ac® — b3 + be? T a—b)b—c)btc) b+c
9 208 —Ta? =120 +45 (¢ —3)*(2x+5) 22045
—19:62—1—339[;—9_( —3)2(3z—1) 3z-—1
— 3+ 23+ 3ayz 1
® (af—i-y) —l—(y—i—z) +(z—x2)? 2(1’ y+z)
23+ P + 22— 3zyz 1
O PP 2T
0
BAI 6. Chting minh réing cic phan sé sau t6i gian véi moi s6 tu nhien n:
3 I 12 1 342 2 1
a) 20T n b) —ent ) n+—n; d) “nrl
5n+2 30n + 2 nt+3n?+1 2n? — 1
# LOI GIAL
@ Giastt 3n+1,5n+2) =d.
Ta c63(5n+2) —5(3n+1)id=1:d=d = +1.
. 3 L L2
Vay phéan so 5Z+2 la phan so toi gian.
@® Giasit (12n+1,30n+2) =d.
Ta ¢6 5(12n+ 1) — 3(30n +2)id = —1:d = d = +1.
Va ha % 12n+1 15 pha 4t;. .2
8y phan s oo-—— 1a phan 56 toi gién.
® Giast (n*+3n2+1,n*+3n2+1) =d.
Taco (n* +3n*+1)—nn®+2n)=n*+1:d.
Do d6 (n*+3n2+1) — (n2 +1)° = n21d.
Suyra l:d=d=+1.
O Giaside (O)2n+1,2n2 - 1) =n2n+1) - 20> —1)=n+1id=2n+2:d
S @n+2)—@2n+1)=1id=d= =L
0

R . o nT4+n?+1
BAI 7. Chw inh ra han s ———
ng minh rang phan so6 e ——]

# LOI GIAL
Tacon™+n+l=n24+n+1) 0 —n*+n2—n+1),n84n+tl =0 —n®+n3 —n2+1) (N2 +n+1).
7 2 1
T va mau cung chita thit 6 n? +mn + 1 16n hon 1 n phan s6 noEntt
n®+n+1

nguyén duong n. 0

khong t6i gidn véi moi sd nguyén duong n.

khong t6i gidn véi moi s6

BAI 8. Viét gon biéu thic dudi dang mot phan thic:

(x —a:—l—l) (ZL‘ - +1) (ms—x4—|—1) (le—:E8+1) (m32—m16+1).
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# LOI GIAL
Dit A= (2?2 —a+1D)(@*—22+1)(@® -2+ 1) (21 — 28+ 1) (23 — 216 + 1).
Nhan biéu thiic A v6i 22 + x + 1, ta dudc

(P +2+1)- A= (" +22+1).

64 .32
1
Dom2+x+17é0nénA:w. U
?+x+1
s ) b 2 b
BAI 9. Cho biét z, y, z khac 0 va (aa:z—:_ 3/2—:_0,2;) = a? + b* + 2. Chitng minh a_°_°
T Y z r Yy =z
# LOI GIAL
Ta co
(ax + by + cz)? o o o
e =a " +b" +c
(az)* + (by)? + (c2)* + 2abzy + 2acxz + 2bcyz = (a® +b* + %) - (2 + y° + 27)
(ay — bx)* + (az — cx)* + (bz — cy)? =0
ay —bxr =0
Do d6 ta duge: < az —cx = 0.
bz —cy =0
b
Suy ra . [
r oy oz

be(y — 2)? + ca(r — 2)% + ab(x — y)Q.

BAI 10. Cho biét az + by + cz = 0. Rt gon A = 0 + b + o2

# LOI GIAL

Ta c6

B =be(y —2)* +ca(z —x)* + (bz —cy)* =0
= bey? + bez? + cax® + abx® + aby® — 2(beyz + acxz + abry). (1)

Tit gia thiét ta suy ra a’z? + v?y? + ?22 + 2(beyz + aczz + abzy) = 0. (2)
T (1) va (2) suy ra

B =az®(b+c) 4+ by*(a+c) + cz*(a + b) + a’x® + b’y + *2°
=az’(a+b+c)+by*(a+b+c)+c2*(a+b+c)
= (a+b+c) (aa® + by + c2?) .

B
Do d6 A = = b . U
0 do ar® + b 1 o2 a+0+c

224+ 9y? + 22

BAI 11. Riit gon biéu thiic A =
Rt gon bieu thiic (y_z)2+(z—x)2+(x—y)

5, biét rdng x +y + 2 =0,
# LOT GIAL
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Ta co
T+Yy+z =0
22yt 22 2ey+ 2224+ 2yz =0
2+ y? + 22 = —(2zy + 2xz + 2y2).
Do do6
4 - 2+ y? + 22
(y =22+ (-2 +(r—y)
B 2?42+ 22
C 202 + 22 + 222 — (22y — 222 — 2y2)
Pyt
322+ y? +22)
1
=3
O
BAI 12. Tinh gi4 tri ctia bidu thic A = i _T_ y’ biét 22 — 22 = xy (y # 0; x +y # 0).
rry
# LOI GIAL
Ta co
P —ay—22=0 o’ +ay—2y—2y°=0
szr+y) —2ylxz+y)=0
& (x+y)(r—2y) =0.
D0x+y7é0nénx:2y.\/ayA:Qy_y:izl. 0
20+y 3y 3
X . <z c 9 ~ . 3xr — 2y £ > 2 2 N
BAI 13. Tinh gia tri ctia phan thiic A = Py bict rang 9x° + 4y° = 20zy va 2y < 3x < 0.
z )
# LGOI GIAL
o 927+ 4y — 122y 20zy — 122y S8y 1
Ta co A° = = = = .
922 +4y? + 12zvy  20zy + 122y 322y 4
1
D02y<3:B<O:>393—2y>0,3x+2y<O:>A<O.VayA:—§. O
A . . e a1z . 2% — 2xy
BAI 14. Cho 3z —y = 3z va 2z + y = 7z. Tinh gi4 tri ctia bieu thic M = Fav (x #0,y #0).
Ty
# LOI GIAL
3r—y =3z r =2z )
Ta c6 he & . Thay vao bieu thiic M ta dugc:
20 +y="7z y =3z
M- 422 —2-22-32 B —822 8
S 4224922 1322 13
O
BAI 15. Tim s6 nguyén z dé phan thic sau c¢6 gia tri 1a sé nguyen:
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3 5 7
3) 2¢ — 1’ )x2—|—1’ C)x2—x+1’
x? — 59 x+2
d) ———; _
) r+8 "’ ) x2+4

# LOT GIAL
®ni >

® bé
PDé ——
® exi—z—l—l

, £°— 59 . ] ' .
o Déx 3 c6 gia tri 1a s6 nguyén thi 22 —59:x +8 < 22 — 64+ ‘v +8 & 5ix + 8.
T

Do d6 = € {—13;-9; -7; —3}.
, T+ 2
D&
® D¢ x4

5 . c6 gia tri 1a s6 nguyen thi 2x — 1 € {—3;—1;1;3}. Do d6 = € {—1;0;1;2}.
l’_

) .
T c6 gia tri 1a s6 nguyen thi 2% +1 € {1;5}. Do d6 = € {—2;0;2}.
x

c6 gia tri 1a s6 nguyen thi 2> —x +1 € {-7;—1;1;7}. Do d6 = € {—2;0;1;3}.

c6 gia tri 1a s6 nguyéen thi

r+2°+4= (24+2)(z-2) it +d4 =" +4 -8 +4=82" + 4

e Xét 22 +4 =4 < 2 =0 (khong thoa).
o Xét 22 +4 =8 & x = £2; thit lai ta thay x = —2 thoéa yéu cau bai toan.

]
BAI 16. Tim s6 hitu ti 2 dé phan thuc T c6 gia tri 1a s6 nguyéen.
T
# LOI GIAL .
10 10 —
Dat =k €7, taco kx?+k=10nén 2> = .
2+ 1 01 k
Ta phai c6 _ " < (Onén c60< k<< 10. Ta c6 bang sau:
k 1 2 3 4 5) 6 7 8 9 10
) 10—k 0 A 3 ) 2 3 1 1 0
YTk 3| 2 3 7| 4 9
1 1
reQ +3 +2 +1 :|:§ :i:g 0
~ 1 1
Vay ¢ = %3, £2, £1, £, £, 0. 0

BAI 17. Ching minh ring nén cic chit s6 a, b, ¢ khac 0 théa man diéu kien ab : c¢be = a : ¢ thi
abbb : bbbc = a : c.

# LOI GIAL

Ta c6 abbb : -¢ = (1000a + 111b)c = 1000ac + 111bc = ac + 111¢(9a + b). a - bbbc = a(1110b + ¢) =
ac + 1110ab.

Ta can chiing minh 111¢(9a + b) = 111ab, tic 1a ¢(9z + b) = 10ab.
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Theo gia thiét ta co

BAI 18. Diém trung binh mon Toan clia cac hoc sinh nam va nit hai 16p 8A va 8B dudc théng ke &

ab-c=bc-a = (10a+b)c= (10b+ c)a

= 10ac + bc = 10ab + ac

= 9ac + bec = 10ab
= ¢(9a + b) = 10ab.

bang sau
Lép 8A Lép 8B C4 hai 16p 8A va 8B
Nam 7,1 8,1 7,9
N 7,6 9,0
Ca l6p 7,4 8,4

Nam hoc 2019-2020

Tinh diém trung binh mén Toan ctia cac hoc sinh ca hai 16p 8A va 8B.
# LOI GIAL

Goi s6 hoc sinh nam va nit ciia hai 16p 8A theo thi tu 1a a va b, s6 hoc sinh nam va nit ctia 16p 8B

theo thi tu 1a ¢ va d. Ta can tim w Ta ¢o6:

7,1la+ 7,60

H2AT LY my 1
81a+3d | v
y le+

—— =284 2
s e ?
M:zg (3)

a+c
Tu (1) suy ra b= 1,5a. Tt (3) suy ra ¢ = 4a. T (2) suy ra d = 0, 5¢, do d6 d = 2a. Ta dugc:

7,6b+9d 7,6-1,5a+9-a
b+d  1,5a+2a

Vay diém trung binh phai tim 1 8, 4. O

=8,4.
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" @ CAC PHEP TiINH VE PHAN THUC

@) TOM TAT Li THUYET

Mudn cong cac phan thitc, ta quy dong mau thiic, cong cac ti thic v6i nhau, gitt nguyén mau thic
chung, roi rat gon phan thic vita tim dudc.

Muén trit di mot phan thiic, ta lay phan thitc bi trit cong véi phan thiic déi ctia phan thic trir.

Muén nhan cac phan thic, ta nhan cac ti thic v6i nhau, cac mau thiic v6i nhau, réi rat gon phan
thtc vira tim duge.

Muén chia cho mot phan thitc khac 0, ta lay phan thitc bi chia nhan véi phan thitc nghich dao clia
phan thic chia.

(® CAC DANG TOAN

VIDU 1. Cho a+b+c =0 va a, b, ¢ déu khéac 0. Rat gon biéu thitc

B ab N be . ca
_a2—|—b2—02 b2 4 2 — g2 02+a2—b2‘

# LOI GIAL

Tera+b+c=0suyraa+b=—c.

Binh phuong hai vé, ta dugc a? + b* + 2ab = ¢* nén a® + b* — ¢ = —2ab.
Tuong tu, b + ¢ — a® = —2bc va ® + a®> — b* = —2ca.

1 1 1
Do do, A = ab + be + c@a _ 1 _2_:Z __3

= = ——, O
—2ab  —2bc  —2ca 2 2 2 2

Vi DU 2. Rut gon biéu thiic

1 1 2 4 8

A= )
1—x+1—|—x+1+w2+1+$4+1—|—$8

# LOI GIAL

Do dic diém ctia bai toan, ta khong quy dong mau tat ca cac phan thitc ma cong lan lugt titng phan
thec.

A=-2_, 2 . 1 .8
S 1—a? 1422 142 1428
4,48 8 8 16
Cl—at 142t 1428 128 1428 1 —gl6
0]
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VI DU 3. Rut gon biéu thitc

B = 3 + 5 +...+£
(122 (2-3)72 [n(n +1)1*

# 1L,OI GIAL

Duong nhién khong thé quy dong mau tat ca cac phan thiic. Ta tim cach tach mdi phan thiic thanh

hiéu ctia hai phan thic roi dung phuong phap khit lién tiép. Ta c6

2k+1  (k+1P2—k* 1 1

RE+1)2  k2(k+1)2 k2 (k+1)2

Do do6

IRESE U B S 1

1222 22 3 n2  (n+1)2

9 I nn+2)

(n+1)2  (n+1)2°
0
VI DU 4. Xac dinh céc b a, b, ¢ sao cho
1 ar +b c
= ) 1
@+ 0@—1) Z+1 z-1 (1)
# LGOI GIAL
Thuec hién phép cong & vé phai ctia (1) ta duge
(ax+b)(x —1)+c(@*+1)  ar?—ar+br—b+ca’+c
(22 4+ 1)(x—1) N (24 1)(x—1)
_(a+c)x*+ (b—a)zr+ (c—D)
(22 4+ 1)(x —1) '

Dong nhat phan thic trén v6i phan thic CESEESE ta dugc

a+c=0

) c+b=0 1 b 1

_a:O:> C_b: :>C—§’ ——5

c—b=1

1 1 1
Do do L Nhu va, ! _éx_é—i— 2 0]
odéa=—-. = :
2 V’y(:v2—|—1)(a:—1) 2?2 +1 r—1
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VIDU5. Cho A= — C%— ),

2 1
oopin (i)
(x+y)®> \a? g2
Thuyc hién phép tinh A+ B+ C.

# LOI GIAL
Ta co
4 _oyt=t (P4 —e?) P+ )y — o)
rlyt(z +y)? ztyt(z +y)? zhyt(z + y)?
2 11 1 oy 372)
Bro =2 (- .
" (x+y)* \a? v ary 2
B 2 (1 1 y—x)_ 2 yP — 2 +ayly — x)
Syt \ed B a2 (ty)! w3y
2 (ymo)y 2y +a?) 2y )
~ (z+y)! z3y? (w4 y)PatyS
Do do,

Wty —2) 20 -2

A+B+C
e iyt (z +y)? (z +y)2x3y3

(y* +2°)(y — x) + 22y(y — x)
iyt + y)?

_ (= 2)(y® + 2% + 2ay)
wtyt(z +y)?

_Yy-=
o zhyd
U
(® BAI TAP TU LUEN
BAI 1. Thuc hién cac phép tinh
r+3 2r—-1 x-3
oxill_x—ll_xz—l;l .
gxx(wﬁy) Tyary ey )
# LOI GIAL
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o r+3 2xr—1 x-3 (w3 —-1) -2z -1)(z+1)— (v —3)
t+1 z-1 22-1 B x?—1
a1 _ 1
x?—1
1 1 1 1 Tty y—x
® Wty yety)  ae-y) v wlery  wy-y)
1 1
S —)
Ty xy
0
BAI 2. Thuc hie? phép tinh X X
0 1= (a—b)(la—c) * (b—a)(bl—c) * (c—a)(cl—b);
Q= ofa=Dia—c) T —at—0 e —ba)(c—b);
® - —b)(2a—c)+(b—al))gb—c)+(c—a)gc—b);
Q\D: (@ 0a—0 b-ab-0 (c-al—b
# LOT GIAL 1 1 1 c—b+a—-—c+b—a
L gy s A e gy Rl e Rl g s PR
® Taco
1 1 1
B = a0 Thh=a)t=0 " de—a)c=0)
_ be(b — ¢) — ac(a — ¢) + ab(a — b)
abe(a — b)(b—¢)(a—¢)
_ c(t? —bc—a’ +ac) + abla — b)
abc(a —b)(b—c¢)(a—c)
_ c[(b—a)(b+a)—c(b—a)] +abla —b)
abc(a — b)(b—c¢)(a—c)
~ (a—b)(—cb—ca+c®) 4 ab(a —b)
B abc(a —b)(b—¢)(a — ¢)
_ (a—=b)(=cb—ac+c*+ab)
abc(a —b)(b—¢)(a—c)
_ (a—"b)(b—c)(a—c) 1
abc(a —b)(b—c)(a—c) abc
® Taco
be ac ab
T N T at-a Toae D
_ be(b — ¢) — ac(a — ¢) + ab(a — b)
abc(a —b)(b—c)(a — ¢)
_ c(t? —bc—a’ +ac) + abla — b)
(a—"b)(b—c)(a—c)
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c[(b—a)(b+a)—c(b—a)] + abla — )
(a—0b)(b—c)(a—c)
(a — b)(—cb — ca + c?) + ab(a — b)
(a—=b)(b—c)(a—c)
(@ — b)(—cb — ac+ c® + ab)
(a—0b)(b—c)(a—c)
(a—b)(b—c)(a—c)

= Gobb—o=o -

O Taco
a? N b? N ?
@ D0 B-ab- - ae b
a*(b—c) —b*(a—c)+c*(a—10)
(@ D00
a*(b—c) — b*a + b’c + *a — b
DRI
a?(b—c) — a(b* — ¢*) + be(b — ¢
(a—0b)(b—c)(a—c)
(b—c)(a* — ab — ac + cb)
(a—"b)(b—c)(a—c)
(b ) [afa — ) — cfa — b)
(a—0)(b—c)(la—rc)
- dahe-0
(a—0b)(b—c)(a—rc) '

O

BAI 3. Cho a, b, ¢ la cac s6 nguyén khac nhau doi mot. Ching minh réing biéu thitc sau c6 gia tri 1a

mot s6 nguyén:

a® b’ I
P = .
a—Da—0 =—a)b—0 (c—ajfc—b)
# LOT GIAL
Ta ¢co
a® b’ c?

T a=ba—0 " G=ab=0  lc=ajc—b)
a}(b—c)+b(c—a)+c(a—D)
(a—b)(b——c)(a—rc) '

Phan tich tit thanh nhan t

adb—c)+b(c—a)+cfa—b) = a’b—a’c+bc—ba+cP(a—0b)
= (a’b—b’a) — (a®c — b%c) + *(a — b)
= ab(a —b)(a+b) — c(a —b)(a® + ab + b*) + *(a — b)
= (a—b)(a®b+ ab® — ca® — cb® — abc + %)
= (a—10b)[(’ = cb®) = (abc — ab®) + (a°b — ca®)]
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= (a—"0b)(b—c)(—cb—c*+ab+a?)
= (a—b)(b—c) [(ab—cb) + (a® — )]
= (a—=b)(b—c)la—c)(a+b+c).

Vay P=a+b+c. O
. , 2x — 3
BAI 4. Cho 3y —  — 6. Tinh gié tri bidu thitc A — x2+ i 6y.
y— x —
# LOI GIAI.2 5 a6 9 ;
A= 2 27 W70 D 3124 O
y—2 x—6 y—2 x—6
S S = Ve - R L L
BAI 5. Ti biét rang — + =— 4 — = —————.
\ 1r13:13,y,z 1€ rang2+3—|—4 5
“ Lgl G;é“' 22 24 y2 + 22 22 72 y2 yQ 2 2
W et (2 2 () (D)
> T3 5 W\ T35/ T\ 5T \T T
322 2% 22
h én — —_— — = D H = = = (). |:|
Cho nén 10+15—|—20 0. Dod6, z=y=2=0
N N < L > 2 2 1 ]-
BAI 6. Tim z, y biét rang z° +y* + — + — = 4.
T Yy
# LGOI GIAL
Ta co
2 1 1 2 1 2
1\2 2
R
T Y
1
LU—EZO $2:1
= 1 =19,
y——=20 y =
Y
C6 bon dap an nhu bang sau
T 1 1 —1 -1
y | 1| =1 | 1 | =1
O
N 2 1
BAI 7.  Cho biét -+ -+-=2 (1)
a c
1 1 1
¥+ﬁ+g—2 (2)
Chitng minh rang a + b + ¢ = abc.
“ LOT GIAL
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1 1 1 1 1 1
Tfr(l)suyra——l—2+ —|—2< —|——+—):4.

b ab  be
1 1 1
Do(2)nen—b+b—c+——lsuyra%:1.
Do dé6 a + b+ ¢ = abc. O
BAI8. Cho —+2+Z=y, (1)
a b ¢
b
w2424 fo 2)
r Yy oz
2 2 2

Tinh gid tri biéu thic 5 + — + .
2y oz
# LOI GIAL
T (1) suy ra bex + acy + abz = 0.
b? 2 b b
T (2) suyraa—+—+c—+(a +—C+ﬂ) =4.
2y Ty  yz 2w

b? b b
. a c avz + acy + cx:4' O

x?  yr o 2? Tyz
BAI 9. Cho (a+b+¢)* =a®+ b + 2 va a, b, ¢ khac 0. Chiing minh riing
1 1 1 3

a3+b3+c3_@'

# LOI GIAL

b
Tu gid thiét Suyraab+bc+ca—0:>b+0———c
a
b+ b 1 1 1
Dodémzo,tﬁcla—+—+—:0. Suy ra
abc a b ¢

1__<1+1> N 1__<1+1>3_ 1_1_3<1+1>
a b ¢ a3 b ¢/ B 3 b%c  bc?
11 1 3(b+c)  3bc 3

= —_ —_— _— = — — = —
51 b3 + b2c? ab?c?  abe

U

R b b . . . PN
BAI 10. Cho % + -+ . + a4 + g Chiing minh rang trong ba so a,b,c ton tai hai so6 bang nhau.
c a c

a
# LOI GIAL
Tu gid thiét suy ra
a’c+b%a+ b =bc+a*b+cta = a*(c—b)—alc® —b*) +belc—b) =0
= (c—b)(a®* —ac—ab+bc) =0
= (c—0b)(a—c)(a—0b)=0.

Ton tai mot trong céc thita s6 ¢ — b,a — ¢,a — b bang 0. Do d6, trong ba sb a, b, ¢ ton tai hai s6 bang
nhau. 0
BAI 11. Tim cac gi4 tri nguyén ciia « dé phan thitc sau c6 gia tri 1a s6 nguyeén:

203 — 62 + 1 — 8
A= -
o 3 ;
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x4—2x3—3x2—|—8x—1.

® 5=

. x§—2x2—|—1 ’
x* + 3x° + 22° + 6 — 2
- : |
. . T2+ 2
@JLOIGI]%I?) 62 . -
| Y L s R SV S .
z—3 r—3

A nguyén khi x nguyén, r — 3 nguyén va né la uéc cia 5.

Suy ra x —3 =1 hoac r — 3 = —1 hoéic x — 3 = 5 hodic x — 3 = —5.

Hay z = 4 hoac x = 2 hoac x = 8 hoac x = —2.
xt —22% — 322 +8r —1 3
B = =22 -4+ ——.
© 22 —2rx+1 v +(q:—1)2

B nguyén khi x nguyén, (z — 1) nguyén va né la uée ctia 3.

Suy ra (z — 1)*> =1 hosc (x — 1)? = 3.

Hayq:4—1:3—1 h%acx—lzlhayx:Ohoécx:Z
PQEEES TS T R
C nguyeén khi z nguyén, x? + 2 nguyén va né la uée clia 2.
Suy ra 22 +2 =2 hay = 0.

O
BAI 12. Rt gon biéu thitc sau véi z =
3a + 2
A_:C+3a+x—3a 2a n
T2 2 24z 44— "
# LGOI GIAL
A_x+3a+x—3a 2a N _6ax+4x—2a+ ~ 22(3a+2) —2a B O
2—z 24+x 4 —x? “= 4 — 22 “= 4 — a2 -
BAI 13. Rat gon biéu thitc
A= 2 N 2 N 2 (@a—0)*+ (b—c)*+ (c— a)?
a—b b—c c—a (a—0b)(b—c)(c—a)
# LOI GIAL
bita—-b=xb—c=y,c—a=zthie4+y+2=0.
2 2 2 2 2 2 2
TacéAz——l———i——%—x ty te :(x+y+z) = 0. ]
xr oy oz xyYz xyYz

BAI 14, Cho bigt 4F0—¢ bre—a cta—b

= (0. Chitng minh rang trong ba phan thitc & vé

. a . be ca
trai, c6 it nhat mot phan thic bang 0.
# LOI GIAL
Ta co

a+b—c b+c—a c+a-—2>b

=0 & cla+b—c)—alb+c—a)—blc+a—>b)=0

ab bc ca
& a*+b*—2ab—c* =0
s (a—b*-c2=0
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& (a—b+c)la—b—c)=0.
Vaya—b+c=0hoaca—b—c=0. ]
BAI 15. Xac dinh cac sb a, b, ¢ sao cho:

0 1 _a_i_bx—l—c.
v(z2+1) o 2241’
1 a b
gx2—4_x—2+x+2’
) 1 a n b n c
(:C—i—l)(:c—l—Q) r+1 (z4+1)? x+2
# LOI GIAL , (1) 4 (b ) (a + b)a?
a r+c alxz®+ 1)+ (0x+c)x at+ov)r"+cr+a
T H — = fr
o acoz+x2+1 zr(x? +1) z(z? +1)
a+b=0 a=1
Dong nhat véi phan thiic @ 1) ta ducgc { ¢ =0 =<¢b=-1
a=1 c=0.
a b a(r+2)+bx—2) (a+b)x+2(a—>b)
Ta x6 = = .
o axox—2+x+2 x?—4 x?—4 )
a+b=0 a=—
Dong nhat véi phan thitce ta duge 1= 4 1
e = a—b=— h— ——
2 4
® s co “_ b L_C :a(.:t+1)(x+2)—|—b(x+2)+c(:x—|—1)2
r+1 (r+1)? z+2 (x+1)%(x+2)
_ (a+c)a? +(3a+b+2c):c+a+2b+c
N (x 4+ 1)%(x 4+ 2)
a+c=0 a=—1
N ) 1
bo hat v6i phan thi ta dug =0= =
ong nhat v6i phan C<x+1)2($+2) adudc ¢ 3a+b+2c=0 b=1
a+2b+c=1 =1.
[

BAI 16. Rat gon biéu thitc

# LOT GIAL

B = (ab+ bc + ca)

1 1 1 1 1
B = (ab+ bc + ca) (E+E+E>_abc< +b2+

<1+1+1> b<1—|—1+1>
a b ¢ ave b2

(ab+ be + >bc+ca+ab b6262+02a2+a2b2
= (a ¢+ ca) ———  — abe
abc a2b?c?

~ (be+ca+ab)? b+ Fa® + a’b?
a abe abe

2 b b

abe(a + +c) a+b+e).
abe

2)
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N 1 1 1 )
BAI 17. Cho a, b, ¢ khac nhau doi mot va — + 7 + — = 0. Rt gon cac bieu thiec:
a c
1 1 1

M = :

o a? l—)}— 2bc + b% + 2ac + c2 —i-anb7
c ac a

N = :

o a? 4—22bc + b2 + 2ac * c2 %—22ab7

@er-_“ . b? L_c
a?+2bc b2 +2ac 2+ 2ab
« LOT GIAL
Tu gid thiét suy ra ab + bc + ac = 0 nén
a® + 2bc = a® + be + (—ab — ac) = a(a — b) — c(a — b) = (a — b)(a — ¢).
Tuong tit, b* + 2ac = (b —a)(b —¢) va ¢* + 2ab = (¢ — a)(c — b).

1 1 1
M =
L a2—|—2bc+b2+2ac+02+2ab

1 n 1 n 1
(a—b(a—c) (b—a)b—c) (c—a)(c—Db)

_b—c+c—a+a—b_

S @b —a—o
be ac ab
o N :a2—|—2bc+b2—|—2ac+02+2ab
B be i ac . ab
C(a=b)la—c) (b—a)b—c) (c—a)(c—b)

_ be(b—c) +ac(c—a) + abla — b) —c(a? — b%) + (a — b) + ab(a — b)

(a—0b)(b—c)(la—c) N (a—b)(b—c)(a—c)

_ (@ —Db)(—ac—cb+c*+ab) (a—>b)[—cla—c+bla—-c)

(a—0b)(b—c)(la—c) N (a—0b)(b—c)(a—c)

a’ b c?
® r :a2+2bc+b2+2ac+02—|—2ab
- a2 . b2 ) 2
“(a—b)a—c) (b—a)(b—c) (c—a)(lc—0D)
_a(b—c)+b(c—a)+c*a—b) abla—b)—c(a®—b?)+c*(a—1D)
(a—b)(b—c)(a—c) (a—0b)(b—c)(a—c)
_ (a — b)(ab — ac — be + ?) _ (a—b)(b—c)(a—c) 1
(@a=b)(b—c)(a—c) (@a=b)(b—c)la—c)
0
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a+b_b+c_c—|—a
c  a b

= (1+3) (1) (1+9).

BAI 18. Cho céc sb a, b, ¢ khac nhau doi mot va . Tinh gia tri bidu thic

# LOI GIAL
ca+b b+c c+a a+b+b+ctct+a 2(a+b+c)
Ta co = = - _ ‘
c a b a+b+c a+b+c
Néu a + b+ ¢ # 0 thi ti s6 trén bang 2. Suy ra a + b = 2¢,b + ¢ = 2a.
Do d6 a — ¢ = 2(c — a) nén ¢ = a, trai véi dé bai.
at+b b+c cta —c —a —b ] B

b c a b ¢ a
BAI 19. Cho a® + b® + ¢® = 3abc va a + b+ ¢ # 0. Tinh gia tri ciia biéu thiic

Vaya+b+c=0. Taco M =

A+ b+
(a+b+o)?

# LOT GIAL
Ta c¢6 a® + b + & — 3abc = (a+ b+ ¢)(a* + b* + * — ab — bc — ca).
Do a® + b® + ¢ = 3abc va a + b+ ¢ # 0 nén dang thiic trén tré thanh a® + b* + ¢ — ab — be — ca = 0.

Lai c6

a?+b+c*—ab—bc—ca = (a®—2ab+b*) + (b* — 2bc+ c®) + (¢ — 2ca + a*)
= (@a—b*+(b—-c)+(c—a)

Nhu vay tit a®> + b? + ¢ —ab—bc — ca =0 suy ra a = b = c.

) 3>  3a® 1
Dodo,N:(ga)Q:@:g O
A . 2 . 1 1 1 1
BAI 20. Rutgonbleuthu’cA:<1—2—2> (1—3—2> (1—4—2)-~<1—¥).
# LOI GIAL
Ta co
D)) e e
_1-2:3.--(n—-1) 3-4-5---(n+1) 1 n+1 n+l
2:3-4---n 2:3-4---n n 2 2n
O
2 2 2 2
BAI 21. Rit gon biéu thﬁ’cB:221_1~423_1'625_1~~~<27(12$;)?_1.
# LOI GIAL
Ta co
B - 12 . 32 ‘ 52 (2n + 1)? _ 12 ‘ 32 ‘ 52 (2n + 1)?
22—-1 42-1 62°-1 (2n+2)?2—-1 1-3 3:5 5-7 (2n+1)(2n+3)
12.32.5%... (2n + 1)? 1
T 1-32.52---(2n+1)2-(2n+3) (2n+3)
O
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. . 1 1 1 1
BAI 22. Rut gon biéu thiic + + 4+

1-2 2.3 3.4 (n—1n
# LOI GIAL

Ta co

1 1 1 1

i s

\ 7 |
BAI 23. Riit gon biéu thit .
tgon e e S e e T L T T Ba 2B )

# 1LOI GIAL ,

Ta c6

_1< 1 1 )
(Bn+2)3n+5) 3\3n+2 3n+5/

Do do

1 1 1 1

S TR T Bnr )BT

1 1 1 1 1 1 1 1
(“5*5—§+§—ﬁ+”'+%+2—&H4>
1 3n+5-2  n+l
3 203n+5)  2(3n+5)

7 N
(NN
|

(O8]

3

+ —

ot

N——
I

BAI 24. Rt gon biéu thic 1 ; 5 +

@JLOIGIAI

Ta co —1{ ! — ! }
(n—1)n (n+1)_2 (n—1n nn+1)1"

Do do

1

2.3 2.3-4 345 " (n=1Dnln+1)

{1 1 1 L1 L] 1
3-4 3-4 4.5 (n—1)n n(n+1)

3
1 nn+1)—2 (n—1)(n+2)
2

2n(n+1) dn(n+1)

BAI 25. Chting minh réng véi moi s6 tu nhién n > 1, ta luon c6

# LOI GIAL

Ta co

A=+ —+— 4+ = to ot

1 1 1 1 1(1 11 1)
22 g2 @2 (2n)2 ~ 4\12 " 22 " 32 n2)
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1 1 1 1
SuyraA<Z<1+—+—+ +—>.

1-2 2.3 (n—1)n
1 1 1 1 1 1
L 14+ — e =4 =2,
R A T S o s i n
1 1 1
DodéA<—<2——),suyraA<—. U
4 n 2
BAI 26. Ching minh ring véi moi sé tu nhién n > 1, ta luon c6
1+1+1+ n 1 <1
32 5T Cn+1)2 4
# LOT GIAL
Ta co
B = 1+1+1+ -+ ! < ! + ! + ! + + !
32 5T 2n+1)2 " 32—-1 5”-1 7-1 Cn+1)2—1
Lai ¢6
1 L 1 L 1 n N 1
321 -1 7-1 2n+1)2—1
1
T 2T I 6 6T Tt
B 1(1 1 1 1+1 n 1 1 )
- 2\2 4 4 6 6 8 2n 2n+2
B 1<1 1 )
2\2 2m+2/°
1/1 1 1
Do d6 B —(—— ) B < -. U
0d6 B <3 |3 o 13 S ra <7

BAI 27. Chitng minh rang véi moi sé tu nhién n > 2, ta luon cé
1 1 1 1 2

A=gtmtsp <z
tEtE Tt <3

# LOI GIAL

. 1 4 1 1
Nhan xét, v6i moi so ty nhién n > 2 ta luén co s < o1 =2 (2n— 1~ ST 1).
Khi do6

1+1 1+1 1+ n 1 1 )
5 5 7 7 9 n—1 2n+1/"
Lai o6 +1 1+1 1+ N 1 1 1 1

alch = ——4+—-—=+—-— =4 ... — = - — .
) 3 5 5 7 7 9 2n—1 2n+1 3 2n+1

1 1 2
Doc’[()A<2<—— ),suyraA<§. O

3 2n+1

1
A 2(-
<°\3

1 1

BAI 28. Chiing minh réing v6i moi sé tu nhien n > 3, ta luon c6

Bty il L]
33 43 53 nd 12
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# LOI GIAL

Vé6i moi s6 tu nhién n > 3, ta luon c6
i< 1 _ 1 :1_(n+1)—(n—1):1 1 B 1 }
n? nd—-n (n—1nn+1) 2 m-Dnnr+1) 2Ln—-1n nnh+1)]

Khi d6

B<1{ 1 1 n 1 1 . 1 1 T 1 1 }
2123734734 2.5 45 56 (n—1n nn+1)l
Lai cd 1 1 n 1 1 n 1 1 P 1 1 1 1
ai ¢6 — — — — =— - —.
' 2-3 34 34 4.5 4-5 5.6 (n—1)n nn+1) 6 nn+1)
111 1 1
Do d6 B —{———} B < —. U
0do B <y |z AT csuy ra B < o5

BAI 29. Ching minh ring véi moi sé tu nhien n > 1, ta luon ¢6

A= (1) (14 5) (1+%)--.(1+m)<2.

# LOT GIAL , Dt n2 o 1 2
Vé6i moi s6 ty nhien n > 1, ta c6 1 + :n(n—l— )+ _mrentl (n+1) )
n(n+ 2) n(n +2) n(n+ 2) n(n+2)
Khi do
Lo 23 £ (1) 2:34--(nt]) 2:3-4--(nt])
- 1-3 24 3.5 nn+2  1-2:3---n  3-4-5---(n+2)
1 2 —
_ n+l :2‘77,—1—2 1:2<1_ 1 )
1 n -+ 2 n -+ 2 n—+ 2
Do do A < 2. O
BAI 30. Ching minh ring véi moi sé tu nhien n > 2, ta luon ¢6
2 2 2 2 1
(- 0-2) (-2 (- )
6 12 20 nn+1)) 3
# LOI GIAL ) Ny ) ' )
Vé6i moi s6 tu nhien n > 2, ta c6 1 — :n(n—l— ) - _nmrn— :(n— J(n + )
n(n+1) n(n+1) n(n+1) n(n+1)
Khi do
2 2 2 2 1-4 2- . —
B — (1__)(1__>(1__>'“<1_ >: 536 (n—-1)(n+2)
6 12 20 n(n+1) 2-3 3-4 4-5 n(n +1)
0 1-2:3--(n—1) 4:5-6---(n+2) 1 n+2_1(1+2)
B 2:3-4-n 3-4-5---(n+1) n 3 3 n/’
1
DOd()B>§. ]

3¥—-1 7?—-1 11°—-1 43 -1
52-1 92—-1 132-1 452—-1

BAI 31. Rt gon biéu thic A =

# LOI GIAL
Ta co
L1 TPo1 1P-1 41 2.4 6.8 10-12 424 2 1
52—-1 92—-1 132-1 452 -1 4-6 8-10 12-14 44 -46 46 23’
0
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. ) N 2+1 3+1 42441 9$+1
BAI 32. Chu’ngmmhrangA:23_1.33_1.43_1...93_1

# LOI GIAI
. nP+1  (n+1)(n*—n+1) (n+1)[(n—0,5)*>+0,75]

<3
5"

T = = .
OB 1T DM tn+l)  (n—1)[(n+0,5)2+0,75]
Khi doé
1 3(1,524+0,75) 4(2,52 +0,75) 5(3,52+0,75)  10(8,5% +0,75)
1(2,52 4+ 0,75)  2(3,52 4+ 0,75) 3(4,52 + 0,75) 8(9,52 + 0,75)
_3-4.5---10 1,5°+40,75 9-10 3 390
1-2-3---8 9524075 1-2 91 2 91’
) 3
Do dé A < 5 O

BAI 33. Chting minh réing véi moi s6 ty nhién n > 2, luon c6

22 -1 3P -1 43-1 n®—1 2

= . . > —,
2241 33+1 43+1 n+1" 3

# LOT GIAL o1 (2 X X 0512 4075
V6i moi s6 ty nhien n > 2, ta ¢6 ——— _ (=D +n+l)  (n—1[n+05)"+075)
nd+1 (m+1)n2—n+1) (n+1)[(n—0,5)2+0,75]

Khi dé
B 1(2,52+0,75) 2(3,52+0,75) 3(4,52+0,75)  (n—1)[(n+0,5)% + 0,75
3(1,52 + 0,75) 4(2,52+0,75) 5(3,5240,75)  (n+1)[(n —0,5)2+ 0,75]
_ 0 1.2.3--(n—1) (n+05*+075 1.2 n+n+1 2 n*4+n+1
- 3-4-5---(n+1) 1,524+0,75  n-(n+1) 3 3 nZ4n
2

(14 +4) (5* +4) (9* + 4) -+ (214 + 4)
(37 +4) (TA+4) (114 +4)--- (237 1 4)°

BAI 34. Rat gon biéu thic P =
# LOI GIAL

Ta c6

nt+4=m"+27 -4’ =" —2n+2)(N*+2n+2) = [(n—1)* + 1] [(n + 1)* +1].

Khi do
P o_ 0+1)(2°+1) @+1)6*+1) (8+1)(10*°+1) (202 +1)(22° +1)
(22+1)(42+1) (62+1)(82+1) (1024+1)(122+1) (222 +1)(242 + 1)
0411
Co242+1 BT
0
BAI 35. Rat gon biéu thitc
1 1 1 1
M = :
a2—5a+6+ a? — Ta + 12 + a? — 9a + 20 * a? — 11a + 30
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# LOI GIAL
Ta cb
1 1 1 1
M =
(a—2)(a—3) (a—3)(a—4)+(a—4)(a—5) (a—5)(a—6)
B 1 1 1 1 1 1 1 1
- a-3 a—-2 a—-4 a-3 a-5 a—-4 a—6 a-5
1 I 4
- a—6 a—2 (a—2)(a—6)
O
BAI 36. Rt gon biéu thic
<n—1+n—2+n—3+ n 2 n 1 )‘<1+1+1+ +1)
1 2 3 n—2 n—1/"\2 3 4 n/
# LOI GIAL
Ta co
n—1+n—2+n—3+ . 2 1
1 2 3 n—2 n-—1
B n—1+n—2+n—3+ n—m—2) n—(n—1)
1 2 3 n—2 n—1
n n n n n
= et —1—1-1—=1-1
1+2+3+ + —2+n—1
n
— . —  _(n-1
n+2+3+ t— (n—1)
R + =
2 3 4 n—1 n
= <+1+1+ - +1>
- "\9T3Ty —1
Do do
<n—1 n-2 n-3 2 1 )(1 1,1 +1)
1 2 3 n—2 n-1)"\2"3"1 n) "
O
BAI 37. Rt gon biéu thic
R I I S —
A 1-2n—-1) 3-(2n—3) 5-(2n—15) (2n—-3)-3 (2n—1)-1
E_ 1 1 1 ’
14— =1 ...
tyty ot T
# LOI GIAL
e L (1, 1)
a c6 nhan xét ———— = — | — )
P T on 8 " 20 \k " 20—k
Khi do6
2= lGram) Gras) o s ra) (G o)
oon L\1  2n—1 3 2n—3 on—3 3 om—1 1
- 2<1+1+1+ T )—1(1+1+1+ - )—B
2 3 5 on—1/) n 3 5 onm—1/ n’
A 1
Do d6 — = —. O
0 OB -
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R 1 1 1 . . R .
BAI 38. Choabc=1vaa+b+c=—-+ 7 + —. Ching minh rang trong ba so a, b, ¢ ton tai mot so
a c

biang 1.

# LOI GIAL
Tﬁdéngthﬁca+b+c:é+%+%Suyraa+b+c:
Ma abc =1 nén a 4+ b+ ¢ = ab+ bc + ca.

Dé chitng minh trong ba s6 a, b, ¢ ton tai mot s6 bing 1, ta can chiing minh

ab -+ be + ca
abc '

(a—1)(b—1)(c—1)=0.
Ta co

(a—1)b—-1)(c=1) = (ab—a—-b+1)(c—1)=abc—ab—ac+a—bc+b+c—1
= (abc—1)+ (a+b+c) — (ab+ bc+ ca).

Viabc =1 va a+b+c=ab+ bc+ ca nén biéu thiic trén bing 0.
Do d6, ton tai mot trong ba thita sé a — 1, b — 1, ¢ — 1 bang 0.

Vay ton tai mot trong ba sb a, b, ¢ bang 1. O
N N ) 1 1 1 1 . .
BAI 39. Ching minh riang néu z +y + 2 = a va — + — + — = — thi ton tai mot trong ba s0 z, y, z
xr Yy z a
bang a.

# LOT GIAL
Tu gid thiét suy ra a # 0. Khi do

1 1 1 1 Ty +yz + 2w 1
—+—-+—-=———hay vy = :
T Yy z x+y+z TYZ rT+y+z

Suy ra (zy +yz + zz)(x +y + 2) — zyz = 0. (1)

Ta c6

(wy +yz+za)(z+y+2)—zyz = 2*y+ oy +ayz +oyz +yiz +y2 2’z oyr + a2t — ayz
= 2’y +ay® +ayzr +yie + oyz +y2t a2 + xd?
= aylx+y)+yz(zr+y) +yz(z+2) +zz(x + 2)
= ylx+y)(r+2)+2(x+2)(x+y)

= (z+y)(y+2)(z+2).
Tt (1) suy ra (z +y)(y + 2)(z +2) = 0. Do d6 x = —y hoac y = —z hoac z = —x.
1 1
— Véixr=—ythitt —+—-+-=—-suyraz=a.
r Yy z a
1 1 1 1
— Véiy=—z2thitt —+ -+ —-=—-suyraz =a.
r Yy z a
y o1 1 1
— V6iz=—zthitt —+ -+ - =—suyray = a.
r Yy z a
Vay ton tai mot trong ba s6 z, y, 2 bang a. O

< , 1 1 1 ) s
BAI 40. Cac bieu thic z + y + 2z va — + — 4+ — ¢6 the cung c6 gia tri bang 0 duge hay khong?
x Yy z
# LOT GIAL
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1 1 1
Giastrzr+y+z=0va —+—-+—-=0.
xr Yy z
1 1 1 1 1 1
Tacé—+—+—=W.Ma—+—+—=Onén:1:y+yz+zx:O.
xr Yy oz rYz xr Yy =z

Tiz+y+z=0suyra(z+y+2)?=0hay 2? +y* + 2° + 2(xy + yz + zx) = 0.
Vizy+yz+zz=0nén 2> +y?+22=0,suyraz =y = z = 0. Diéu nay vo Ii vi khi d6

? ?

SN
[SE

S

khong xac dinh.

O

1 1 1 . N
Vay x +y + z va — + — + — khong the cung c6 gia tri bang 0.
x Yy oz

1 1 1

biét ra
x—|—2+y—|—2+z—|—2’ 1et rang

BAI 41. Tinh gia tri ctia biéu thic M =

2a =by+cz; 2b=axr +cz; 2c=axr+by vaa+b+c#0.

# LOI GIAL
Cong theo ting vé ba ding thiic 2a = by + cz; 2b = ax + cz; 2¢ = ax + by ta dugc

a+b+c=ar+by+cz=ar+2a=a(r+2).

a
r+2 a+b+bc'
Tuong tu,

Suy ra
1 c

y+2 a+btc z+2 atbte

Do dé M = 2FbFe O
a+b+c

a n b n 2c
ab+a+2 be+b+1 ac+2c+2

BAI 42. Cho abe = 2. Rit gon biéu thiec M =

# LOI GIAL
Vé6i abc = 2, ta co

a b 2¢ a ab 2¢

ab+a+2+bc+b+1+ac+2c+2 - ab+a+2+abc+ab+a+ac+26+abc
a ab 2 a-+t+ab—+2

a+ab+2+a+ab+2+a+ab—|—2_a—l—ab—|—2:

M =

a n b n c
ab+a+1 bec+b+1 ac+c+1

BAI 43. Cho abc = 1. Rit gon biéu thic N =
# LOI GIAL
V6i abc = 1, ta c6

a b c a ab c

ab+a+1+bc~|—b+1+ac~l—c~l—1 - a+ab+1+abc~|—ab+a+ac+c+abc
a ab 1 _a+ab+1

a+ab+1+a+ab+1+a+ab+1 a4 ab+1 -

N =

BAT 44. Cho & — ¢=°

)
C — C

a#0,c#0,a—b#0,b—c+#0. Ching minh ring
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# LOI GIAL

Tu gid thiét suy ra a(b —¢) = c(a — b). (1)
Ta co
1 1 a—b+c
Z = . 2
c i a—b cla—D>) 2)
1 1 a-b+c
b—c a alb—c)’ (3)
Tu (1), (2), (3) suy ra diéu phai ching minh. O

a? b P

BAI 45. Choa+b+c=0(a#0,b#0, c#0). Rﬁtgonbiéuthﬁ’cA:E—l—ca s
# LOT GIAL

Ta co
a ¥ AP+ (a+b+ o) (@ + b+ E —ab—be — ca) + 3abe
A= —4+—+—= =
bc  ca ab abc abc
B 3abc_3
 abe
O
BAI 46. Choa +b+c=0 (a#0,b#0, c#0). Rt gon bicu thrc
a? b c?
B:a2—b2—02+b2—02—a2+02—a2—b2‘
# LOT GIAL
T a+b+c=0suyrab+c= —a. Khidéb*+ 2bc+ c® = a® hay a® — b*> — ¢* = 2bc.
Tuong t, b> — ¢ — a® = 2ca, ¢ — a® — b*> = 2ab.
Do d6
B _ a? N b? N ¢ A+ +E (a+b+c)(a®+ b+ —ab—be — ca) 4 abe
~ 2b¢  2ca  2ab 2abc N 2abc
~ 3abc 3
- 2abc 2
O
BAI 47. Cho biét a + b+ ¢ = 0, hay tinh gia tri cia biéu thic
A_(a—b+b—c+c—a)< c n a n b )
N c a b a—b b—c c—al’
# LOI GIAL
Dat M = &= L R
c a b
c c (b—c c—a c b —bc+ ac— a?
M. _ ( ) =1 .
a—>b +a—b a + b +a—b ab
¢c  (a—=0b)(c—a—0) 2¢? 203
= 1 . =1+—=1+—.
+a—b ab +ab +abc
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2a3 b 2b3
Twong tw, M - ¢ :1+i,M- =14+ —-.
b—c abc c—a abc
Do do
4 - 3+2(a3+b3—|—03):3+2(a—|—b+c)(a2—|—b2+02—ab—bc—ca)+6abc
abc abc
Gab
— 3422 _346=0.
abc

0

BAI 48. Chitng minh riing, néu (a? — be)(b — abe) = (b* — ac)(a — abe) va cac s6 a, b, ¢, a — b khac 0
it lcatbre

a b ¢
# LOI GIAL

T gid thiét suy ra
a®b — a’bc — b*c + ab*c? = ab® — ab’c — a*c + a*bc?
= ab(a —b) + c(a® — b*) = abc*(a — b) + abc(a® — b?)
= (a—"0b)(ab+ ac+ bc) = abe(a —b)(a+ b+ c).

Chia ca hai vé cho abc(a — b) # 0 ta duge dicu phai chitng minh. O
R b N
BAI49. Choa+b+c=0,2+y+2=0 2+ 2+ % =0 Chiing minh ring
Ty oz

az® + by* + cz* = 0.

# LOI GIAL
Toz+y+z=0suyraz’=(y+2)>% y*>=(z+2)% 2 = (x +y)
Do d6

az® + by +cz* = aly+2)* +b(z +2)* + c(z + y)?
= a(y? +2yz + 2%) + b(2* + 222 + 2%) + c(a® + 22y + ¥?)
= 2*(b+c)+y%(a+c) + 22 (a+b) + 2(ayz + bzx + cxy). (1)

Thay b+ ¢ = —a,a+c¢c= —b, a+b= —c (doa+b+c=0) va thay ayz + bzz + cxy = 0 (do

b
E+_+E:0> vao(l)tadu’dc
Z

Ty
az? + by? + ¢ = —ax® — by? — 2.

Cho nén 2az? + 2by® + 2c¢z? = 0 hay ax? + by? + cz? = 0. O

BAI 50. Cho :Ey;— ! = yz:— 1 = za:; 1. Chiing minh ring = y = z hodc z%y?2? = 1.

# 1L,OI GIAL

. . 1 1 1
T gia thiet suyyraz+—-=y+ - =2+ —. Do d6
Y z x
1 1 y—=z 1 1 z—-=x 1 1 z—y
z oy Yz xr oz xz y xy
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Suy ra (o= )y = 2)(z ) = LG22,
Cho nén (z —y)(y — 2)(z — z)(2%y*2? — 1) = 0.

Vayrz—y=0y—2=0;2—2=0; 2%y*22 —1=0hay . = y = 2z; 22y?2% = 1.

. a b c ) N a® b? c?
BAI 51. Cho + + = 1. Chiing minh rang + + =
b+c c+a a+bd b+c c+a a+bd

# LOI GIAL
a b c

Nhan ca hai vé cua + + =1 v6ia+ b+ c ta ducc
b+c c+a a+b

a?+a(b+c) +b2—|—b(c+a) +02—|—c(oz+b)

=a-+b+c
b+c c+a a-+b

2 b2 02 CLZ b2 C2
+a+ +b+ +c=a+ b+ chay + + =
b+c c+a a+b b+c c¢c+a a—+bd

Suy ra

BAI 52. Cho ; G + ;= 0. Chting minh rang

# LOI GIAL

TfJ_’a—i—b—i—C—Osuraa— +
b—c c—a a—b Y e T a—¢ b—a (a—0b)(c—a)

. PR | a b* — ab+ ac — ¢?
Nhan hai vé véi - ta ducce b= o) = @D c—a)
T ot b B c® — be + ba — a? ‘ c B a?® — ca + cb — b?
TR T T b= ole—a)a—b) (a—=b2  (c—a)a—b)(b—c)
Cong titng vé ba dang thic trén ta dugce dieu phai ching minh. O

b c b? —ab + ac — c?

~ 1 2
BAI 53. Cho z + — = a. Tinh céc biéu thtic sau theo a
T
2 1 . b 3 1 . 4 1 . d 5
a)x_l_ﬁa )x_‘_ﬁv C):L'_‘_E’ )ZL‘-{—-
# 1,01 GIAL

1 1 1
@ Tir+-—=qsuyraa?+2+ — =ahay 2>+ = =a’*—2.
x x? x?

o, 1 1\° 1 1 .
@ Tacox —l—;z x—l—; —3:1:-; $+E =a’ — 3a.

1 1)? 1
@Tac()x‘l—i-y:(x?—i—ﬁ) —2x2-ﬁ:(a2—2)2—2:a4—4a2—|—2.
1

1 1 1
9Tacé(as2+ )<x3+—):x5+—+x+—.
x? x3 x xd
Suy ra
5 1 2 1 g 1 1 2 3 5 3
'+ ==+ |2+ 5 ) - |r+=)=(a"—2)(a" - 3a) —a=a" - 5a” + 5a.
x x T

U

™= Suu tam & bién soan Trang 76/477 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 8 Nam hoc 2019-2020

BAI 54. Cho (mz — iz) : (:102 + —) = a. Tinh gi tri ctia biéu thiic
x

# LOI GIAL
T gid thiét suy ra a # 1 va
11 1
T :a:>x4—1:ax4+a:>(1—a)x4:a+1:>x4:a+ .
zt+1 1—a
Thay vao M ta dugce
(a—|—1 1—a) (a—i—l 1—a) (a+1)*—(1—a)? 4a 2a
M: — : —I— — — — .
l—a a+1 l—a a+1 (a+1)2+(1—a)? 2a®>+2 a®+1
]
4, .2
< . 1
BAI 55. Cho 2% — 4z + 1 = 0. Tinh gid tri cita biéu thie A =~ = "~
x
# LOI GIAL
Cach 1. Ta ¢6 ) .
P dril=0=2—o+l=3z=" T _3
x
Mat khac
A_:I;4—|—x2+1_x2—x+1 332—1—1'—1—1_3 224+ r+1
N x2 N x x N x '
P 2 1 2 _ 1 2
Tathiy -T2 T ZEHL gy
x x x
Vay A=3-5=15.
4 2 1 2 12_ 4 2 _ .2
Céch 2. Taco A= T2 *1_ (I zr (o) —a7 5 O
x x x
X x x?
BAI 56. Cho ——— = a. Tinh M = ———— theo a.
. ot —a+1 zt+ 22 +1
# LOI GIAL
Trudng hop 1. Vi z = 0 thi a = 0 vi M = 0.
Truong hgp 2. Vé6i x # 0 thi a # 0. Ta c6
22 x x
M = = . ) 1
r+224+1 22—x2+1 2242+1 (1)
Lai ¢6
?4+r+1 22—24+1 2z 1 1+ 2a
= +—=—-+4+2= : (2)
x x r  a a
Tit (1) va (2) M a o
va (2) suyra M =a - = .
) Y 1+2a 1+ 2a
Vay M = . U
a 1+ 2a
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. b2 42— g2 2 _ (h— )2 7
BAI 57. Cho z = u, Y= LC)Q. Tinh gié tri ctia bieu thic z + y + zy.

2bc (b+c¢)?—a
# LOI GIAL
Ta xét biéu thitc z +y +ay +1=z(y+ 1)+ (y+1) = (z+ 1)(y + 1).

o e 1z (b+c¢)*—a® 4bc
Tu’glathletsuyrax—l—lz2—l)c7y+1:m.
Do d6, (z +1)(y + 1) = 2.
Vayzx+y+aoy+1=2suyraz+y+ay=1. O
BAI 58. Tim hai s6 tu nhién a va b sao choa—b:%.
# LOI GIAL
Dat
a—b=n, (1)
a
g:n, (2)

trong d6 a,b,n € N, b # 0.
T (1), (2) ta c6 bn —b=n nén b(n — 1) = n.
— Néu n =1 thi @ = b. Khi do6, theo (1) thi n = 0, loai.
— V6in # 1, ta co
n 1

b= =1 .
n—1 +n—l

Vibe Nnénn—1laude cia l, suy ra (n —1) € {—1;1}.

o Véin—1=—1hay n=0,tu (3) suy ra b =0, loai.

o Véin—1=1hayn=2, ti(3), (2)suyrab=2,a=4.
Thii lai ta théy4—2:%l.

Vaya—4, b=2. 0
BAI 59. Tim hai s6 tu nhién a va b sao cho a — b = %.
# LOI GIAL
Dat
a—b=n, (1)
a
R 2
o, 2)

trong d6 a,b,n € N, b # 0.
Tu (1), (2) ta ¢6 2bn — b =n nén b(2n — 1) = n, suy ra

n
b= .
2n — 1 (3)

— V6in =0, ti (3) suy ra b = 0, loai.
— Véin>1,tathAyn<n+n-—1=2n-—1.
VibeNnen o

n —

1EN,suyran:2n—1hayn:1.Tfr(3), (I)suyrab=1vaa=2.

. 2
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Vay a =2, 0= 1. O
BAI 60. Cho hai s6 nguyen duong a va b, trong d6 a > b. Tim s6 nguyén duong ¢ khac b sao cho

a® + b3 a+b

a4+ a+c

# LOI GIAL
ad+b  a+b

Doa+b+#0, a+ c# 0 nén tu = suy ra
7 7 a4+ a+c Y

3 3 3 3
a b a c
+ = * o d?—ab+ b =a®>—ac+
a+b a+c

s V¥-c=ab—ac

& (b+c)(b—c)=a(b—rc).
Dob—c# 0nénb—+c=a.
Vay ¢ =a —b. 0
BAI 61. Cho day sb ay, as, as, . .. sao cho

. &1_1'a az— 1 . Ap—1 — 1
9 = 3 = =
al 1’ ) ) n

@ Ching minh ring a; = as.

@® Xic dinh nam s6 dau ciia day, biét rang a0 = 3.
# LOT GIAL

O Taco

1—1 a1—1 —2 2@1 1
as = —-1]): +1) = : = ——.
ar+1 a;+1 ar+1 a;+1 ai

” :(_i_1>:(_i+1>:—1—a1:a1—1_1+a1'

a a ap a l-—a
1 1 2 2 2
as :< +al—l):( +a1—|—1>: @ : :ﬂ:al.
1—CL1 1—CL1 1—(11 1—6L1 2
@ Theo cau trén tasuy ra a; = as = ag = - -~ = 1001 = 9
1
T do ta tinh dude aq = 3; as = 5; az = —5; ay = —2; a5 = 3.
O
h N ~ Pl P N . P m m—l—k;
BAI 62. Tim phan s6 — khac 0 va so ty nhién £, biét rang — = o
n n n

# LOT GIAL
T gid thiét suy ra mnk = mn + nk. Chia hai vé cho n, ta dugc mk = m + k. Do d6 m = k(m — 1).
Nhu vay m chia hét cho m — 1. Tt d6 ta tim duge m = 0 (loai) va m = 2. Khi d6 k = 2.
. 2
Vay phan so phai tim ¢6 dang — va k = 2. O
n
BAI 63. Cho hai s6 ti nhién a va b (a < b). Tim téng cac phan s6 téi gidn c6 mau bing 7, mdi phan

s6 16n hon a nhung nhoé hon b.
# LOI GIAL
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Téng phai tim bing A — B, trong dé

O s RO

_ %[(7a+1)+(7a+2)+---+(7b—2)+(7b—1)}
- ﬁ[(7a+1)+(7b—1)][(7b—1)—(7a+1)+1]
_ %(a+b)(7b—7a_1).
B = (a+1)+(@+2)+---+(b—-2)+(b—-1)
= Sl )+ =161~ (a+1)+1)
_ %(a+b)(b—a—1).
Tinh hieu A — B ta dugc 3(b* — a?). d

BAI 64. Mic san xuit ctia mot xi nghiép nam 2001 ting a% so véi nam 2000, nam 2002 ting b% so
v6i nam 2001. Mitc sdn xuat ciia xi nghiép dé nam 2002 tang bao nhiéu phan tram so véi nam 20007
# LOI GIAL

2 o P o £ o , PN - N N - 2 £ 19 IS a P 2
Gia st mitc san xuat cua xi nghiép nam 2000 1a 1 thi mitc san xuat nam 2001 la 1 + 100’ miuc san

<1+i1)<y+ll>:1+—£~+iL+ b

xuat nam 2002 1a

100 100 100 * 100 ' 10000’
t5 6inam 2000 “T0 L 2y ( Fb+ ab)w 0
ang so nam a a —_— .
g 50 VAl 100 10000 Y \® 100/ 7°

BAI 65. Mot s6 a tang m%, sau d6 lai giam di n% (a, m, n 1a cac sd duong) thi duge s6 b. Tim lién
hé gitta m va n dé b > a.
# LOT GIAL
Tacébza(l—i—ﬁ) (1—i> nénb—aza[(l—Fﬁ) (1—i> —1].

X i 100 7”1/100 n 100 100
&%k@nﬁb>ah(L%—»<l—ﬂE)>L

100
Rut gon diéu kien trén ta duge 100(m —n) > mn. O

BAI 66. Ching minh téng sau khong 1a s6 nguyen véi moi sé tu nhien n > 2
1 1 1

1
A= 4+ 44
stgtytots

# LOT GIAL

Goi k 1a s6 nguyeén 16n nhat sao cho 2¥ < n. Chon mau chung 1a 2FP trong d6 P la tich céc sb 1é
khong vugt qua n. Chi ¢6 duy nhat mot thita s6 phu (cﬁa phan s6 2—1k> 12 s6 1&, con moi thita s6 phu
khac déu chén.

Nhu vay, sau khi quy dong mau, mau 1a s6 chén, ti 1a s6 18. Do d6 A khong la s6 nguyén. O

BAI 67. Chting minh téng sau khong 1a s6 nguyen v6i moi sé tu nhien n > 1

S
3 5 7 2n+1
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# LOI GIAL

Goi k 1a s6 nguyén 16n nhat sao cho 3% < 2n + 1. Chon mau chung 1 3*P trong d6 P la tich cac thita
s6 nguyén t6 1é khong vugt qua 2n + 1. Chi c¢6 duy nhat mot thita s phu (Cﬁa phan s6 3%) khong
chia hét cho 3, con moi thita s6 phu khac déu chia hét cho 3.

Nhu vay, sau khi quy dong mau, mau 1a s6 chia hét cho 3, tit 14 s6 khong chia hét cho 3. Do d6 B

khong 13 s6 nguyen. U
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BA @ MOT SO PHUONG PHAP PHAN TICH DA THU'C THANH
NHAN TU

@ PHUONG PHAP TACH MOT HANG TU' THANH NHIEU HANG TU

Vi DU 1. Phan tich da thic thanh nhan ti:

3x2 — 8x + 4.

# LOI GIAL
Da thtic trén khong chita nhan ti chung, khong c6 dang mot hing déng thiic dang nhé nao, ciing
khong thé nhom cac hang tit. Ta bién doi da thiic 4y thanh da thitc c6 nhiéu hang ti hon.
Cach 1. (Tach hang tt thi hai)
322 —8x+4 =322 —6r — 20 +4=3x(xr —2) - 2(z —2) = (z — 2)(3z — 2).
Cach 2. (Tach hang ti thit nhat)

322 —8x +4 =42 —8x +4 —2° = (22 — 2)® — 2?
=2r—24+2)2z-2—2) = 3z —2)(z — 2).

Nhan xét. Trong cich 1, hang ti —8x dugc tach thanh hai hang ti —6x va —2x. Trong da thic
322 — 6z — 22 + 4, hé s6 clia cdc hang ti la 3, —6, —2, 4. Cdc hé so thit hai va thi tu déeu gap —2 lan

hé s6 lien trudc, nho dé ma wudat hién nhan ti chung x — 2.

Mot cach tong quat, dé phan tich tam thiic bac hai ax? + bx + ¢ thanh nhan ti, ta tach hang ti bx

C
thanh b,z + by sao cho — = o tite 1 byby = ac.
a 2

Trong thuc hanh ta lam nhu sau:

Buéce 1: Tinh tich ac.

Bué6c 2: Phan tich ac ra tich ctia hai thita s nguyén bang moi cach.

Bude 3: Chon hai thita s6 ma tong bang b.

Trong vi du trén, da thitc 322 —8x +4 c6a =3, b= —8, c = 4. Tich ac = 3 -4 = 12. Phan tich 12 ra
tich ctia hai thita 6, hai thita s6 nay cting dau (vi tich ctia chiing bang 12), v cting am (dé tdng ciia
chiing bing —8) : (—1)(—12), (—=2)(—6), (—3)(—4). Chon hai thita s6 ma tong bang —8, d6 1a —2 vi
—06. [

Vi DU 2. Phan tich da thic thanh nhan ti:

422 — 42 — 3.

# LOI GIAL
Cach 1. (Téch hang tit thi hai)
4o —4r —3=42* + 22 — 6r —3=22(2x + 1) — 312z + 1) = (2x + 1)(2z — 3).
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Cach 2. (Téach hang tit thi ba)
4 —dr —3 =42 —dr+1—4= (20— 1)* -2 = (22 + 1)(27 — 3)

Nhan xét. Qua hai vi du trén, ta thay viéc tach mot hang ti& thanh nhiéu hang t& khdc thudong nham
muc dich:
— Lam zuat hién cdc hé so ti l¢, nho dé ma xuat hién nhan i chung (cdch 1);

— Lam zuat hién hiéu cia hai binh phuong (cach 2).

V6i cac da thiic c6 bac tit bac ba trd len, dé dé dang lam xuét hién cac heé ti 1¢, ngudi ta thuong ding
cach tim nghiém cia da thic.

Ta nhic lai khai niem nghiem ctia da thtic: s6 a duge goi la nghiem ctia da thic f(z) néu f(a) = 0.
Nhu vay, néu da thic f(z) ¢6 nghiém z = a thi né chita nhan ti = — a.

Ta chitng minh duge rang nghiém ctia da thiic, néu c6, phai 1a wdc ctia hé s6 ti do.

Ta chiing minh dude rang nghiém nguyén ctia da thiic, néu c6, phai 1a u6c ciia hé s6 tu do.

That vay, gia st da thic apaz™ + a1a™ ' + -+ + a,_1x + a, v6i cac hé s6 ag, ai, ..., a, nguyén, co
nghiém z = a(z € Z). Thé thi

apr" 4+ ara™ o Fap 1+ an = (2 —a)(bor" Tt by by g).

trong do6 by, by, ..., by_1 nguyén. Hang tit ¢6 bac thap nhat ciia tich 6 vé phai bang —ab,,_;, hang ti

c6 bac thap nhat ctia vé trai bang a,. Do d6 —ab,_; = a,, tic a 1a u6c cua a,,. O

Vi DU 3. Phan tich da thitc thanh nhan ti:

flx) =2% — 2% — 4.

# LOI GIAL

Lan lugt kiém tra véi x = 41, £2, +4, ta thay f(2) = 23 — 22 — 4 = 0. Da thiic c¢6 nghiem r = 2, do
d6 chita nhan ti x — 2.

Ta tach cac hang tit nhu sau:

Cach 1.

-2 —4=2" 22+ — 22+ 20— 4
=2z —2)+2(r —2) +2(x—2) = (z —2)(2* + 2+ 2).
Céch 2.
-t —4 =28 —2*+4
= (z—-2)(@* +22+4) — (z+2)(x —2)
= -2)@*+22+4—2—-2)=(z—2)(2® +z +2).
O
Nhan xét. Khi xét nghiém nguyén cia da thic, nén nho hai dinh li sau:
@ Néu da thiic f(x) c6 tong cac hé 56 bang O thi 1 la nghiém ciia da thiic, do dé da thiic chita nhan
tix—1.
Chang han, da thic 2> — 52> +8x —4 c6 1 —5+8—4 =0 nén 1 la nghiém cia da thic, da thic
chita nhan tu x — 1.
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® Néu da thic f(x) c6 tong cic hé s6 clia hang ti bac chdn bing tong cic hé s6 ciia hang i bac
lé thi —1 la nghiém cua da thuc, da thic chua nhan ti x + 1.
Chang hang, da thic 23 — 52> +3x+9 c6 9—5=3+1 nén —1 la nghiém cia da thic, da thic
chia nhan ti x + 1.
Nhan xét. Dé nhanh chong loai tri cdc udc cia hé so tw do khong la nghiém cia da thie, cé thé

dung nhan zét sau:

. 1 —1 . .
Néu x la nghiem nguyén cia da thic f(z) va f(1), f(—1) khdc 0 th cf<—)1 va J;(+ 1) deu la so
nguyeén.

« LOTI GIAL
S6 a la nghiém cia f(x) nén

flz) = (z —a) - Qz). (1)
Thay x =1 vao (1), ta c6 f(1) = (1 —a)Q(1).

. 1 1 .
Do f(1) #0 nén a # 1, vi the Q(1) = lf(—), tie la L)l la so0 nguyeén. O
“a a—
Lay mot vi du: f(x) = 42 — 1322 4+ 9z — 18.
Céc ude ciia 18 la 41, 42, +3, +6, +9, +18.
F)=4-13+9— 18 = —18, f(-1)=-4-13-9— 18 = —44,
—18 —18 —18 —18

Hién nhién 41 khong 1a nghiém ctia f(z). Ta thay khong nguyéen

nén —3, 6, +9, £18 khong la nghiém cia f(x).
. —44
Ta thay ——

241
nghiém cta f(x). Do d6, ta tach cac hang tit nhu sau:

3—1"4+6—-1"4+9—-1"+18 -1

khong nguyén nén 2 khong la nghiém ctia f(x). Chi con —2 va 3. Kiém tra thay 3 la

42 — 1322 + 92 — 18 = 42> — 1222 — 2% + 32 + 62 — 18
= 4r*(x —3) —z(x — 3) +6(x — 3) = (v — 3)(42* — v +6).

VI DU 4 (Triéu Minh Ha, dy 4n EX-C2-L8). [8D1K9] Phan tich da thiic sau thanh nhan ti:

3x2 — 72?2 4+ 172 — 5.

# LOT GIAL

Cac s6 1,45 khong 1a nghiém ctia da thitic. Nhu vay, da thitc khong c6 nghiém nguyén. Tuy vay,

da thtc c¢6 thé c6 nghiem hitu ti khac. Ta ching minh duge ring trong da thic cé cac hé s6 nguyen,

nghiém httu ti (néu c6) phai c6 dang b trong d6 p la wéce ctia hé s6 tir do, ¢ 1 u6c duong ctia hé s
q

cao nhat.

., .1 5 .1 .
Xét cac so :I:g, :I:g, ta thay 3 la nghiém cta da thiic, do d6 da thtc chita thita s6 3z — 1. Ta tach

cac hang t nhu sau:
3% — 7o + 172 — 5 = 32% — 2% — 622 + 22 + 152 — 5
= 2Bz —1)—22(3z — 1) + 522 — 1) = (3z — 1)(2* — 2z +5).

U
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( PHUONG PHAP THEM VA BOT CUNG MOT HANG TU

1. Thém va b6t ciing mot hang t& 1am xuat hién hiéu ctia hai binh phuong

Vi DU 5. Phan tich da thic sau thanh nhan ti:

4% + 81.

# LOI GIAL
Thém va bét 36x2:

4z* + 81 = 4z* + 3622 4 81 — 3622
= (22° +9)? — (62)* = (22> + 9+ 62)(22° + 9 — 67).

0
VI DU 6. Phan tich da thifc sau thanh nhan ti:
64zt + %
# LOT GIAL
Thém va bét 1622y
64x* +y* = 642 + 1627y + y* — 162%yy* = (822 + y*)? — (day)?
= (827 + y* + 4wy)(82* + y* — 4ay).

0

2. Thém va b6t cuing mot hang tit 1am xuit hién nhan ti& chung

VI DU 7. Phan tich da thic thanh nhan ti:
2+ —1.
# LOI GIAL
Céach 1.
P+r—1 =2 -2t +22 2P+ -2’1
=2 —r+ )+ 222 —2z+ 1) - (P —2+1)
=@ -+ 1)(2* +2+1).
Céach 2 Them va b6t z2:
Prr—1 ="+ -2 +r-1=22@"+1) - (2®—x+1)
=@ -+ D)@ +1) -1 =@ -2+ 1)(2* +2° - 1).

0
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Vi DU 8. Phan tich da thitc thanh nhan ti:

z(x +4)(x +6)(x + 10) + 128.

# LOT GIAL
Dt 2% 4+ 10z + 12 = y, da thiic da cho c6 dang:
(y—12)(y+12) +128=¢y* — 16 = (y + 4)(y — 4)
= z(z+4)(z +6)(z + 10) + 128 = (2% + 102 + 16)(z* + 102 + 8) = (z + 2)(z + 8)(z* + 10z + 8).
O
Nhan xét. Trong vi du trén, nho phuong phdp doi bién, ta dua da thic bic bon vdi x thanh da thic
bac hai doi vdi y.

Vi DU 9. Phan tich da thitc thanh nhan ti:

A=z*+ 623+ 722 — 62 + 1.

# LOI GIAL
Gia stt z # 0. Ta viét da thic dudi dang:

(x2+%>+6(a;—é>+7}

6 1
A:xQ(:BQ—i—G:E—I—?——Z—{——Q):mz
T T

1 1
Datx——:ythix2+—2:y2+2. Do dé
T T
A =22 (PP +2+46y+7) =2"(y+3)° = (zy + 32)°

1 2
x<:c——>+3:c} = (2° + 3z — 1)
T

(® PHUONG PHAP HE SO BAT DINH

Vi DU 10. Phan tich da thic sau thanh nhan ti:

xt — 623 + 1222 — 142 + 3.

# LOI GIAL

Cac s6 +1, +3 khong 1a nghiém ctia da thiic, da thiic khong c6 nghiém nguyén, ciing khong c¢6 nghiém
hitu ti. Nhu vay néu da thiic trén phan tich duge thanh nhan t1t thi phai c6 dang (22 +az+b) (2% +cx+d).
Phép nhan nay cho két qua z* + (a + )23 + (ac + b+ d)z* + (ad + be)z + bd. Dong nhat da thic nay
v6i da thiic da cho, ta dude he diéu kien:

(04 c=—6

ac+b+d=12

< ad 4+ bc = —14

[ bd = 3.
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Xét bd = 3 v6i b,d € Z, b € {+1,+3}. V6i b = 3 thi d = 1, he diéu kién trén trd thanh:

a+c=—6

ac =8

a—+ 3c = —14.
Suy ra 2¢c = —14 — (=6) = —8. Do d6 ¢ = —4, a = —2.

Vay da thiic da cho phan tich thanh (2% — 2z + 3)(22 — 42 + 1). O

I\ Ta trink bay loi giai cua vi du trén nhu sau:

r* — 62 + 1202 — 142 + 3
= gt 4+ 2P — 222+ 8P — 20+ 32— 122+ 3
= 2%(2? 4w +1) —22(2® — 4o + 1)+ 3(2* — 4z + 1)
= (2* — 4w+ 1)(2* — 22 + 3).

(® PHUONG PHAP XET GIA TRI RIENG

Trong phuong phap nay, trude hét ta xic dinh cdc nhan ti chita bién ctia da thiic, 16i gan cho cac

bién céc gia tri cu thé dé xac dinh nhan ti con lai.

Vi DU 11. Phan tich da thic sau thanh nhan ti:

P=x*(y—2)+y°(z—z)+2*(x—y)

# LOI GIAL

Thit thay = béi y thi P = y*(y — 2) + 2%(z — y) = 0. Nhu vay P chia hét cho z — y.

Ta lai thay néu thay z bdi y, thay y bdi z, thay z vdi x thi P khong ddi (ta néi da thitc P c6 thé
hoan vi vong quanh z — y — z — ). Do d6, néu P da chia hét cho z — y thi cling chia hét cho y — z

va z —z. Vay P c6 dang

k(x—y)(y —2)(z —2).

Ta thay & phai 1a hing s6 (khong chita bién) vi P c6 bac ba doi véi tap hop cac bién x,y, z con tich
(x —y)(y — 2)(z — z) ciing c6 bac ba d6i véi cac bién v, 2.
Vi dang thitc 2%(y — 2) + ¥%(z — ) + 2%(x — y) = k(2 — y)(y — 2)(z — x) ding véi moi z,y, x nén ta

gén cho céac bién z,y, z cac gia tri rieng, chang han z = 2, y = 1, z = 0, ta dudc:
4-14+1-(-2)+0=k-1-1-(-2) < k=—-1.
Vay P=—(z —y)(y — 2)(z —2) = (z —y)(y — 2)(z — 2). O

O BAITAP

Phan tich da thic sau thanh nhan t
BAI1. @ 622 — 11z +3.
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@ 2:2 4 3z —27.

® 222 — 5ay — 32
# LOT GIAL

O (3r—-1)(2z-3).

O (22 +9)(z—3).

O (v - 3y)(2z +y).

BAI2. @ 2°+2x—3.
@ - 7x+6.
® 5%+ 8+ 4.
O ° 9%+ 62+ 16.
@ 22—z -2
@ 3+ —z+2
@ ° 62—+ 30.
# LOT GIAL
O - 1)2?+z+3).
O v 1)(x—2)(z+3).
O (v+1)(z+2)
O ++1)(z—2)(x-38).
@ Viét da thic dudi dang 2° — 1 — (22 + 2+ 1) = (z — 2)(2® + = + 1).
@ 2 1a nghiem. Dap s6: (v + 2)(2? — 2 + 1).
@ 2 1a nghiem. Dép s6: (z + 2)(z — 3)(x — 5).

BAI 3. 23 — 7z — 6 bing nhiéu céch.
# LOT GIAL
Dap s6: (z + 1)(z + 2)(z — 3).
O 7x-6=2>+1-Tx-T.
@ P 7r—-6=2%—2—6x—6.
@ Tt —-6=2%—22+2%>—2—62—6.
O 72 —6="72%—T7r—62%—6. Cha ¥ ring —2 13 mot nghiém, ta c6 cac cach bién doi:
@ P 7r—-6=2%—42— 3z —6.
O Tr-6=234+8—-7r—14.
@ °— 7 —6=2%—9222 —6.
® -7 —-6=20%—27—Tx+21.

BAI 4. @ 2723 — 2722 + 18z — 4.
® 213 — 22 + 52 +3.
® (»*-3)2+16.
# LOI GIAL
(1) % 13 mot nghiem. Bién ddi: 2723 — 1 — 2722 + 182 — 3 = (3x — 1)(92% — 62 + 4).
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—1 B
(2] 5 12 mot nghiem. Dap sb: (2x + 1)(z? — z + 3).
© (-3 +16=2a—622+94+16 = (2® + 42 +5) (2> — 42 + 5).

BAI5. @ (2®+2)2—2(2®+x) — 15.
® 2+ 2y +yP—az—y—12.
© X+r+1)(a®+ax+2) 12
O (v+2)(x+3)(z+4)(x+5)—24.
# LOI GIAL
O Dit 22 +2 =y Dapsd: (22 +2 —5)(z2 +2+3).
@® Dit v +y=a Dapsd: (v +y+3)(x+y—4).
® Dit 22 +2+ 1=y Dapso: (22 +2+5)(z+2)(z —1).
@ Bién d6i: (22 + Tz +10)(2? + Tz + 12) — 24.
Dat 2% + 7z + 11 = y. Dap s6: (22 + Tz + 16)(z + 1)(z + 6).

BAI6. @ (z+ a)(x+2a)(x + 3a)(x + 4a) + a*;
O P+ +2)(x+y+2)?+ (zy+yz+ 22)%
O 20+t ) — (2P 2?22+ P ) (e y ) (e y 4 o)t
# LOI GIAL
@ D:it 22 + 5ax + 5a® = y. Dap sb: (2% + Sazx + 5a?)2.
O A=+ +22) (@ +y+2)+ (vy +yz+ 22)%
Dat 22+ y?> + 22 =a, 2y + yz + 22 = b,
A=ala+2b)+b*=(a+b)?*= (2> +y*> + 2° + vy + yz + 22)°.

O M =20+t +2) - (P + P+ -2+ P+ )ty )+ (o y+ )t
Dé ¥ ring cac biéu thic « + y + 2, 22 + y? + 22 xuat hién nhiéu lan trong biéu thitc M. Ta dit
4yttt =a, 2+ +=brtyt+z=c
Ta c6 M = 2a — b? — 2bc® + ¢* = 2a — 20? + b? — 2bc? + ¢* = 2(a — b?) + (b — ?)2.
Ta c6 a — b* = =2(z%y? + 2222 + 4?2%), b — ¢ = —2(zy + yz + 27). Do d6

M = —4(2%y* + 2°2° + y*2%) + 4(zy + 22 + yz)°
= 8x%yz + 8w’z + Sxyz? = Sayz(vr +y + 2).

0
BAI 7. (a+b+c)® —4(a® + b + ¢*) — 12abc bing cach déi bién: dat a +b=m, a — b = n.
# LOT GIAL
Dat a +b=m, a — b = n thi 4ab = m? — n?,
m? — n?
a® +b* = (a+b)[(a —b)? + ab] :m<n2—|—T>.
Ta co
3 3 2
A =(m+ec)P— 4m—i—Tmn —4¢® — 3¢(m? — n?)
= 3(—c® +mc® —mn® + cn?)
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Bién doi dau ngodc thanh (m — ¢)(c +n)(c — n).
Vay A=3(a+b—c)(c+a—>b)(c+b—a).

BAIS. @ 42* — 3222+ 1.
® ¢ +27
® 3 +22+1) - (22 +x+1)%
O 222 -4)%+0.
# LOI GIAL
O (222 +6x+1)(22% — 62 +1).
O (v2+2)(2%+ 3z +3)(2® — 3z + 3).
® 2(r—1)}(2*+2+1).
O (22° + 67+ 5)(222 — 61 +5).

BAIO. @ 42*+1.
@ 42* + 4L
® ' +324.
# LOI GIAL
@ Thém va b6t 422, Dap s6: (222 + 2z + 1)(22% — 22 + 1).
@ Théem va bot 422y2. Dap sb6: (202 + 22y + y?) (222 — 22y + 3°).
@ Them va bét 3622 Dap s6: (22 + 6z + 18)(2? — 62 + 18).

BAI10. @ 2° + 2%+ 1.
@D °+x+1.
@ 5 +a27+1.
O -1
@ " +2°+1.
O +2"+1.
# LOI GIAL
@ Them va bét 3.

Pat+l ="+t +2° -7 +1
=2+ +1)—(r—1)(2*+2+1)
=@ +z+1)(a® -2 +1).

@® Them va bét 22. Dap s6: (22 + 2+ 1)(2® — 22+ 1).
@ Them va bot 22 + . Dap s6: (22 + 2+ 1)(2® — 2t +2° — 2+ 1).
@ Them va bét 22 + 2. Dap s6: (22 — 2+ 1)(2® — 2 — 1).
@ Them va b6t 22 + 2. Dap s6: (22 + o+ 1)(2° — 2t +2° — 2+ 1).
@ Thém va bét z*. Dap s6: (2 — 22 + 1) (2?2 + 2+ 1)(2? — 2 + 1).
U
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BAI11. @ 28+ 142* +1.
® % +982% + 1.
# LOI GIAL
@ Thém va bot 4% (2 + 1) dugce

A = (2 + 227 + 1) — 42? (2% — 1)?
= (2* +22° + 227 — 22 4+ 1)(2* — 22° + 22% + 20 + 1).

® % +982* +1=(2*+ 1) + 962"
= (z* +1)* + 162 (z* + 1) + 64a* — 162 (2* + 1) + 322*
= (2 4+ 82% + 1)? — 162%(2% — 1)?
= (2% + 423 + 82% — 4w + 1) (2* — 423 + 82 + 4z + 1).

BAI 12. Diung phuong phap xét gia tri rieng:

M=alb+c—a)’+blc+a—b)?+cla+b—rc)
(a+b—c)(b+c—a)(c+a—D).

# LOT GIAL

Kiém tra véi a = 0 thi M = 0. Do vai tro binh dang cia a, b, ¢ nén M c6 nhan tit abe, nhan ti con
lai 1a hang s6 k.

Choa=b=c=1 dugc k =4. Vay M = 4abc. O
BAI 13. Ching minh réng tich bén sé tu nhién lien tiép cong them 1 1a mot sé chinh phuong.

“ LOT GIAL

Bién d6i n(n+ 1)(n+2)(n+3) + 1 = (n® 4+ 3n + 1) O
BAI 14. Chting minh réing s6 A = (n+1)* +n*+ 1 chia hét cho mot s6 chinh phuong khac 1 véi moi

s6 n nguyeén duong.
# LOI GIAL

A =n+)'+n'+1=0"+2n+1>—n*+ (" +n*+1)
= +3n+ )P +n+ D)+ @ +n+1)n*—n+1)
=>4+ n+1)2n* +2n+2) =2(n* +n + 1)%

O

BAI 15. Cho A = a? + b? + ¢, trong d6 @ va b 1a hai s6 tu nhién lién tiép, ¢ = ab. Chting minh ring
VA 1a mot s6 tu nhien 16

« LOI GIAL

A=a*>+0P+c*=d*+(a+1)?+a*(a+1)*=2a*+2a+ 1+ a*(a+1)?
=a*(a+1)*+2a(a+1)+1=[a(a+1)+ 1%

Ta c6 VA =a(a+1)+ 1, 1asb 1&. O
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Bl @ TiINH CHIA HET CUA $O NGUYEN

Tinh chia hét déi véi s6 nguyen da dude trinh bay & cudn Nang cao va phdt trién Todn 6, Nang
cao va phdt trién Toan 7. Nho st dung cac hing diing thiic dang nhé va phan tich da thiic thanh nhan
t & 16p 8 ta c6 kha nang gidi quyét nhiéu bai toan vé chia hét phiic tap hon & cac 16p dudi.

@ CHUNG MINH QUAN HE CHIA HET

Goi A(n) 1a mot bicu thitc phu thude vao n (n € N hodic n € Z).

/\ D¢ chitng minh biéu thic A(n) chia hét cho mot s6 m, ta thuong phan tich biéu thitc A(n) thanh
thita 56, trong dé c6 mot thia so la m. Néu m la hop so6, ta phan tich né thanh mot tich cdc thia s6
doi mot nguyén to cung nhau, roi chiing minh A(n) chia hét cho tat cd cic so dé. Nén luu j nhan xét:

Trong k s6 nguyén lién tiép, bao gid ciing ton tai mot boi so cia k.

Vi DU 1. Chiing minh ring A = n® (n? — 7)* — 36n chia hét cho 5040 vi moi s6 ty nhien n.

# LOI GIAL
Phan tich ra thita s6 nguyen to: 5040 = 24 .32.5. 7.
Phéan tich

A = n[n2 (n2—7)2—36}:n[(n3—7n)2—62]
= n(n3—7n—6)(n3—7n+6).

Ta lai co

n*—mm—-6 = (n+1)(n+2)(n—3),
n*—T+6 = (n—1)(n—2)(n+3).

Dod6 A=(n—-3)(n—2)(n—1n(n+1)(n+2)(n+3).
Day 1a tich ctia bay sd nguyén lien tiép. Trong bay s6 nguyen lién tiép:
— Ton tai mot boi s6 ciia 5 (nén A chia hét cho 5);
— Ton tai mot boi s6 clia 7 (nén A chia hét cho 7);
— Ton tai mot boi s6 ctia 3 (nén A chia hét cho 9);
— Ton tai mot boi s6 clia 2, trong d6 c¢6 mot boi s6 ctia 4 (nén A chia hét cho 16).
A chia hét cho cac s6 5,7,9,16 doi mot nguyén t6 ciing nhau nén A chia hét cho 5-7-9 - 16 = 5040.
/N Khi chitng minh A(n) chia hét cho m, ta cé thé xét moi truong hgp vé so6 du khi chia n cho m.

U
VI DU 2. Ching minh riing v6i moi s6 nguyén a thi
a) a® — a chia hét cho 2; b) a® — a chia hét cho 3;
¢) a® — a chia hét cho 5; d) a” — a chia hét cho 7.
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# LOT GIAL

® o> - a=a(a—1), chia hét cho 2.

® P -a=0a(a®>—1)=(a—1)a(a+ 1), tich nay chia hét cho 3 vi ton tai mot boi ctia 3.

O A=d-a=a(a®+1)(a®-1).
Néu a = 5k (k € Z) thi a chia hét cho 5.
Néu a = 5k £ 1 (k € Z) thi a® — 1 chia hét cho 5.
Néu a = 5k +2 (k € Z) thi a®> + 1 chia hét cho 5.
Truong hop ndo cing c6 mot thita sé cia A chia hét cho 5.
Céch 2: Phan tich a® — a thanh mot tdng ctia hai s6 hang chia hét cho 5: Mot s6 hang 1a tich

clia ndm s6 nguyén lién tiép, mot s6 hang chita thita s6 5.
a—a = a(aQ—l)(aQ—i-l)
= a(az—l)(a2—4—|—5)
= a(aQ—l)(a2—4)+5a(a2—1)
= (a—2)(a—1ala+1)(a+2)+5a(a® —1).

S6 hang thit nhat 13 tich clia ndm sd nguyeén lién tiép nén chia hét cho 5, s6 hang thit hai ciing
chia hét cho 5. Do d6 a® — a chia hét cho 5.
Céch 3: Giai tuong ty nhu cach 2: Xét hieu gitta a® — a va tich nam s6 nguyén lien tiép (a —
2)(a — 1)a(a + 1)(a + 2), dugc 5a (a* — 1). Do d6 a® — a chia hét cho 5.
O A=d"-a=a(a®+1)(a®-1).
Néu a = 7k (k € Z) thi a chia hét cho 7.
Néu a =Tk + 1 (k € Z) thi a® — 1 chia hét cho 7.
Néu a =Tk —1 (k € Z) thi a® + 1 chia hét cho 7.
Néu a = 7k +2 (k € Z) thi a® — 1 chia hét cho 7.
Néu a = 7k — 2 (k € Z) thi a® + 1 chia hét cho 7.
Néu a =7k + 3 (k € Z) thi a® + 1 chia hét cho 7.
Néu a = Tk — 3 (k € Z) thi a® — 1 chia hét cho 7.
Truong hop ndo ciing c6 mot thita sé ctia A chia hét cho 7.
Vay a” — a chia hét cho 7.

VI DU 3. Chitng minh réing mot s6 chinh phuong chia cho 3 chi ¢6 thé ¢6 s6 du bing 0 hodc 1.

# LOI GIAL
Goi A 1a s6 chinh phuong A = n? (n € N). Xét cac truong hop
— n =3k (k € N)= A = 9k?, chia hét cho 3.
— n=3k+1 (ke N)= A=09k*=+ 6k + 1, chia cho 3 du 1.
Vay s6 chinh phuong chia cho 3 chi ¢6 thé c6 s6 dut bang 0 hoac 1. O

VI DU 4. Chiing minh ring mot sb chinh phuong chia cho 4 chi ¢6 thé ¢6 s6 du bing 0 hodc 1.

# LOI GIAL
Goi A 1a s6 chinh phuong A = n? (n € N). Xét cic truong hgp
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— n =2k (k € N)= A = 4k?, chia hét cho 4.

— n=2k+1(keN)= A=4k*+4k+1=4k(k + 1) + 1, chia cho 4 du 1.
Vay s6 chinh phuong chia cho 4 chi ¢6 thé c6 s6 du bang 0 hoac 1.
I\ Tir bai todn trén ta thay

— 86 chinh phwong chdn thi chia hét cho 4.

— 86 chinh phuong Ié thi chia cho 4 du 1 (hon nita, chia cho 8 cing du 1).

VI DU 5. Cac s6 sau ¢6 la s6 chinh phuong khong?

M = 1992% + 19932 4 1994>;
N = 19922 4+ 19932 + 1994% + 1995
P = 1+9"% 4941 419941

# LOI GIAL

Cac sd 19932,19942 1a céc s6 chinh phuong khong chia hét cho 3 nén chia cho 3 du 1, con 19922 chia
hét cho 3. S6 M 1a s6 chia cho 3 du 2, khong 1& s6 chinh phuong.

Cac s6 1992%,19942 1a s6 chinh phuong chan nén chia hét cho 4. Céac s6 19932, 19952 1 cac sd chinh
phuong 18 nén chia cho 4 du 1. S6 N 1a s6 chia cho 4 du 2, khong 1& s6 chinh phuong.

Cac s6 941901994190 13 s6 chinh phuong chén nén chia hét cho 4. Con 9'% 14 s6 chinh phuong 16 nén
chia cho 4 du 1. S6 P 1a s6 chia cho 4 du 2, khong 1a s6 chinh phuong. 0

VI DU 6. Trong day sau c6 ton tai s6 nao 1a sé chinh phuong khong?

11,111, 1111, 11111, . ..

# LOI GIAL

Moi s6 ctia day déu tan cting bdi 11 nén 1 s6 chia cho 4 du 3. Mat khac, s6 chinh phuong 1é thi chia
cho 4 du 1.

Vay khong c6 s6 nao ctia day 1a sé chinh phuong.

I\ Khi chitng minh vé tinh chat chia hét ciia cdc liy thia, ta con st dung dén cic hang dang thic
8, 9 ¢ bai 2 va cong thic Niu-ton sau day:

(a+b)" =a"+c1a" b+ ca™ 20> + -+ + cpqab™ b

Trong cong thic trén, vé phdi la mot da thiic c¢6 n+1 hang ti, bac clia moéi hang ti doi vdi tap hop cdc
bien a,b lan (phdn bién s6 ciia moi hang ti c6 dang a'b*, trong dé i+k =nvdi 0 <i<n,0<k < n).

Céc hé so ci,ca, ... ,cpn_1 dudc xdc dinh bdi tam gidc Pa-zcan:

Trong hinh 1, cdc so6 doc theo mot canh géc vuong bing 1, cic so6 doc theo canh huyén bing 1. Cong

moi so vdi so lien sau bén phdi thi dugc so dimg ¢ hang dudi ciia so lién sau Gy, ching han & hinh 2.
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Ap dung cdc hing ddng thic dé vao tinh chia hét, ta ¢6 vdi moi s6 nguyén a,b va sé tu nhién n:

a” — V" chia hét choa —b (a # b)
a®" ™ — b chia hét cho a4 b (a # —b)
(a+b)" = BSa + b"(BSa la boi cia a).
Ddc biét nén luu v dén:
(a+1)"=BSa+1;
(a —1)*" = BSa + 1;
(a—1)*""" = BSa — 1.

O

VI DU 7. Chiing minh ring v6i moi s6 tut nhién n, biéu thiic 16™ — 1 chia hét cho 17 khi v& chi

khi n 1a s6 chin.

# LOI GIAL

Néu n chén (n =2k, k € N) thi A =16%* — 1 = (162)k — 1 chia hét cho 162 — 1 theo hing dang thiic
8, ma 162 — 1 = 255, chia hét cho 17. Vay A chia hét cho 17.

Néu n 18 thi A = 16" 4+ 1 — 2, ma 16™ + 1 chia hét cho 17 theo hing ding thic 9, nén A khong chia
hét cho 17.

Vay A chia hét cho 17 khi va chi khi n chén.

Cach2: A=16"—-1=(17—1)" — 1= BS17+ (—1)" — 1 (theo cong thic Niu-ton).

Néu n chén thi A= BS17+1—1 = BS17.

Néu n 1& thi A = BS17 — 1 — 1 khong chia hét cho 17.

/\ Nguoi ta con dung phuong phdp phdn ching, nguyén li Di-rich-1é dé ching minh quan hé chia
hét.

O
VI DU 8. Chimg minh ring ton tai mot boi ciia 2003 ¢6 dang
20042004 . .. 2004.
# LOI GIAL
Xét 2004 sb:
a; = 2004
as = 20042004
ag004 = 20042004 . .. 2004 (nhém 2004 c¢6 mat 2004 lﬁn).
Theo nguyeén li Di-rich-lé, ton tai hai s6 ¢6 ciing s6 du khi phép chia cho 2003.
Goi hai s6 d6 1a a,, va a, (1 <n <m < 2004) thi a,, — a, : 2003. Ta c6
A — @ = 2004 . .. 20040000 . .. 0000 = 2004 . .. 2004 -10*".
—_—
m—n nhém 2004
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Do 10*" va 2003 nguyén t6 cing nhau nén 2004 . ..2004 chia hét cho 2003. U
—_—

m—n nhém 2004

O 1iMsd bu

Vi DU 9. Tim s6 du khi chia 219:

a) Cho 9; b) Cho 25; c¢) Cho 125.

# LOI GIAL

@ Liy thira clia 2 sat véi boisd cia 91422 =8 =9 — 1.
Ta 6210 =229 =2(9-1)* =2(BS9—1)=BS9—2=BS9+7.
S6 du khi chia 2'%° cho 9 1a 7.

@ Liy thira ciia 2 sat véi boi s6 clia 25 1a 219 = 1024 = BS 25 — 1.
Ta ¢6 2100 = (219" = (BS 25 — 1)'° = BS 25 + 1.
S6 du khi chia 2'%° cho 25 14 1.

@ Ding cong thiic Niu-ton:

50 - 49

2100 — (5 - 1) =50 —50.5% 4 ... 4 5?50 5+ 1.

Khong ké phan hé s6 ctia khai trién Niu-ton thi 48 s6 hang dau da chita lity thita ctia 5 v6i s6
mil 16n hon hodc bang 3 nén chia hét cho 125. Hai s6 hang tiép theo ciing chia hét cho 125, s6
hang cudi cting 1a 1. Vay 219 = BS 125 + 1.

/\ Tong qudt hon, ta ching minh duge rang néu mot so tu nhién n khong chia hét cho 5 thi chia

n'% cho 125 ta duoc so du la 1.

That vay, n c6 dang bk + 1 hodc 5k + 2. Ta co

100 - 99

(5k £ 1) = (5K)1 0 4+ ... + (5k)*> £ 100 -5k + 1 = BS 125 + 1.

100 - 99

(5k +£2)"° = (k)10 + ... ¢ (5k)% - 2% £100 - 5k - 2% 4+ 2! = BS 125 + 2!

Ta lai ¢6 2% = BS 125 + 1 (cau c). Do dé (5k & 2)1%° = BS 125+ 1.

VI DU 10. Tim ba chit s6 tan ciing ctia 2'%° khi viét trong he thap phan.

# LOT GIAL

Tim ba chit s6 tan ciing ctia 2'% 1a tim s6 du khi chia 2'% cho 1000. Truéc hét tim s6 du khi chia 21%°
cho 125. Theo vi du trén ta c6 2'%° = BS 125 4+ 1, ma 2'% 13 s6 chn, nén ba chit s6 tan cing ciia no
chi ¢6 thé 1a 126, 376,626 hodc 876.

Hién nhien 2'% chia hét cho 8 nén ba chit s6 tan cling ciia né phai chia hét cho 8. Trong bén sb trén
chi ¢6 376 théa man dicu kién nay.

Vay ba chit s6 tan cung ctia 2% 13 376.
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/\ Ban doc tu chitng minh ring néu n la so chdan khong chia hét cho 5 thi ba ch@ so tin cung ciia
n'% g 376.

Vi DU 11. Tim bén chit s tan cing ctia 519 khi viét trong hé thap phan.

# LOI GIAL

5% = 625. Ta thay s6 tan cuing bang 0625 nang lén lily thita nguyén duong bat ki van tan cting bang
0625 (chi can kiém tra: ... 0625 x ...0625 = ...0625).

Do doé

51994 = 51+2 = 95 (5%)" = 25(0625)" = 25(... 0625) = ... 5625.

Cach khéac: Tim s6 du khi chia 599 cho 10000 = 24 - 5%.

Nhan zét: 5*F — 1 chia hét cho 5* — 1 = (52 + 1) (5% — 1) nén chia hét cho 16.

Ta ¢6 5994 = 56 (51988 _ 1) 4 56,

Do 5° chia hét cho 5%, con 5'%%® — 1 chia heest cho 16 (theo nhan xét trén) nén 5% (598 — 1) chia hét
cho 10000. Tinh 5°, ta duge 15625. Vay bon chit s6 tan cung ctia 5994 13 5625.

/N Néu viét 5199 = 52 (51992 — 1) + 52 thi ta c6 51992 — 1 chia hét cho 16, nhung 5% khong chia hét
cho 5%.

Nhu thé trong bai todn nay, ta can viét 59 dudi dang 5" (519947 — 1) +5" sao chon > 4 va 1994 —n
chia hét cho 4.

0
(® TiM DIEU KIEN DE CHIA HET
VI DU 12. Tim s6 nguyén z dé gia tri ciia bidu thitc A chia hét cho gia tri ctia biéu thic B:
A=a%422* — 3z + 2, B =2%—u.
« LOI GIAL
Dat tinh chia: 4202 -3 +2|22 -2
— a3 + 2P ‘ x+3
3z — 3x
— 3% + 3z
2
Mubn chia hét, ta phai c6 2 chia hét cho n(n — 1), do d6 2 chia hét cho n.
Ta c6
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n 1 —1 2 -2
n—1 0 —2 1 -3

n(n —1) 0 2 2 6
loai loai

Vay n = —1;n = 2.
/N Chii y:
@® Khong thé néi da thic A chia hét cho da thic B. 0 day chi ton tai nhing gid tri nguyén clia n
dé gid tri cua biéu thic A chia hét cho gid tri cia biéu thic B.
©® Co thé thay viec dat phép chia bang cach bién doi:

2’ +21° = 3w+ 2=z (2> —x) +3(2° —2) + 2

0
VI DU 13. Tim s6 nguyén duong n dé n® + 1 chia hét cho n® + 1.
# LOI GIAL
Bién doi
n+1in°+1 & n?(n’+1)—(n*-1) in’+1
& (n+1)(n-1)n+1)(n*—n+1)
& n—1:n"—n+1(vin+1#£0).
Néu n = 1 thi ta dugc 0 chia hét cho 1.
Néun>1thin—1<n(n—1)+1=n%—-n+1,dodé n— 1khong thé chia hét cho n®> —n + 1.
Vay gia tri duy nhat ctia n tim dugc 1a 1. 0
VI DU 14. Tim 6 nguyén n dé n® + 1 chia hét cho n® + 1.
# LOI GIAL
Bién doi
n+1inP+1 & nz(n3+1)—(n2—1) ‘n® 41
& (n+1)(n-1)n+1)(n*—n+1)
& n—1:in*—n+1
n—1in —n+l=nh-1)n -n+l=n>-nin*-—n+l
=M -n+1)—-1nP—n+l1=1n>—n+1
C6 hai truong hop:
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—n’—n+1l=1&nn—-1)=0%n=0;n=1. Cac gid tri théa man dé bai.
—n?—-n+1=-1&n?>—-n+2=0, vo nghiem.
Vay n = 0;n = 1 13 hai s6 phai tim.
I\ Taun—1:n2-n+1 suy ra n(n — 1) i n?> —n + 1 la phép kéo theo chit khong la phép bién doi
tuong duong. Do do sau khi tim dugc n = 0,n =1, ta phadi thi laz.

0
Vi DU 15. Tim s6 tu nhién n sao cho 2 — 1 chia hét cho 7.
# LOT GIAL
Néu n = 3k (k € N) thi 27" — 1 =23 — 1 = 8" — 1 chia hét cho 7.
Néun=3k+1(keN)thi2"—1=2%"_1=2(2%—-1)+1=BS7+1.
Néun=3k+2(keN)thi 2" —1=2%?2_1=4(2"*-1)4+3=BS7+3.
Vay 2" — 1 chia hét cho 7 < n = 3k (k € N). O
() BAI TAP
BAI 1. Chting minh réing véi moi sé nguyen n ta co:
@ »° + 3n% + 2n chia hét cho 6.
@ (n2+n—1)° — 1 chia hét cho 24.
# LOI GIAL
@ Bién ddi n® + 3n? +2n = n(n + 1)(n + 2), day 1a tich ctia ba s6 nguyén lién tiép.
Do dé6 n? + 3n? + 2n chia hét cho 6 véi moi nguyeén n.
Suy ra diéu phai ching minh.
@ Bién ddi: (n>+n—1)°—1=(n—Dn(n+1)(n+2).
Day la tich ctia 4 s6 nguyen lien tiép, do d6: (n* +n — 1)2 — 1 chia hét cho 24.
0
BAI 2. Chting minh ring:
@ ° + 6n% + 8n chia hét cho 48 v6i moi s6 chin n.
@® »' — 10n? + 9 chia hét cho 384 v6i moi s6 18 n.
# LOI GIAL
@ Bién d6i n® + 60 +8n = n(n+2)(n+4).
Vi n 1a s6 chin nén ta thay n = 2k v6i k € Z, ta co:
n? + 6n* + 8n = 2k(2k + 2)(2k + 4) = 8k(k + 1)(k + 2) chia hét cho 48.
Suy ra diéu phai chiing minh.
@ Dit A=n*—10n* +9.
= A=n'—10n*+9=n*-1)n*-9) =(Mn-1n+1)(n—3)(n+3).
™= Suu tam & bién soan Trang 99/477 E1 GeoGebraPro

Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

Vin la s 1é suy ra n = 2k + 1 v6i k € Z, thay vao biéu thic ta cé:

A =n—-1)n+1)(n—-3)(n+3)=
=(2k+1-1)2k+1+1)(2k+1-3)(2k+1+3)
= (2k — 2)2k(2k + 2)(2k + 4)

k—1)-2k-2(k+1)-2(k+2)

k—1k(k+1)(k+2)

2(k —
Vi (k — 1D)k(k + 1)(k + 2) 1a tich ctia 4 6 nguyeén lien tiép nén (k — 1)k(k + 1)(k + 2) chia hét
cho 24
Suy ra A chia hét cho 384.

BAI 3. Ching minh ring n% + n* — 2n? chia hét cho 72 v6i moi sd nguyen n.
# LOI GIAL

Dit A = n% 4+ n* — 2n?, ta co:

A =nS+n'—2n°
=n*(n* +n?—2)
=n?(n® - 1)(n*+2)
=n’(n—1)(n+1)(n*—4)+6n*(n—1)(n+1)
=n-n-n—1)Mn+1)(n—-2)(n+2)+6n-n(n—1)(n+1)
=n—-2)(n—1)n-nn+1)(n+2)+6n-nn—1)(n+1)

(n —2)(n — 1)n la tich clia ba s6 tu nhién lién tiép suy ra (n — 2)(n — 1)n chia hét cho 3.

n(n+ 1)(n + 2) 1a tich clia ba s6 ty nhién lien tiép suy ra n(n + 1)(n + 2) chia hét cho 3.

= (n—2)(n —1)n-n(n+1)(n + 2) chia hét cho 9.

Ma trong 5 s6 ty nhién lién tiép c6 it nhat 1 sd chia hét cho 2 va 1 s6 chia hét cho 4 suy ra:
(n—2)(n—1)n-n(n+1)(n+ 2) chia hét cho 8.

Suy ra (n —2)(n — 1)n-n(n+ 1)(n + 2) chia hét cho 72.

Dé dang chitng minh duge 6n - n(n — 1)(n + 1) chia hét cho 72.

Suy ra A chia hét cho 72. O

BAI 4. Chiing minh ring 32" — 9 chia hét cho 72 véi moi sé nguyen duong n.
# LOI GIAL

Bién d6i B=3"—-9=9" -9 nén B 0.

Dé chiimg minh B : 8 ta viét B dudi dang:

B=(3")2-1-8=3"-1)(3"+1) -8

Vi3" —1va 3"+ 1 1a 2 s6 chin lien tiép nén (3" — 1)(3" + 1) chia hét cho 8.
Suy ra: B chia hét cho 8.
Vay 3%" — 9 chia hét cho 72 v6i moi sé nguyén duong n. O

BAI 5. Chiing minh ring v6i moi sé tu nhién a v n thi:
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@ 7" va 7" ¢6 hai chit s6 tan cting nhu nhau.

® o va o’ c6 chit s6 tan ciing nhu nhau.

® o v a"** c6 chit s6 tan ciing nhu nhau (n > 1)
# LOI GIAL

@ Xét hicu A = 7" — 7" ta co:

A = 7td
=77 - 1)
= 7" - 2400
= A:100

Vay 2 s6 7" va 7" ¢6 hai chit s6 tan cting nhu nhau.
@® Xét hicu B=a® —a=a(a®+1)(a®-1).
Dé dang chiing minh B : 2 va B : 5 suy ra B : 10.
Vay a va a® c6 chit s6 tan cuing nhu nhau.
® Xét hicu C =" — a" = a™(a® + 1)(a® - 1).
Dé dang chiing minh C': 2 va C': 5 suy ra C : 10.

Vay a™ va a"** ¢6 chit s6 tan cling nhut nhau.
O
BAI 6. Tim diéu kién ctia s6 tu nhien a dé a® + 3a + 2 chia hét cho 6.
# LOI GIAL
a’+3a+2=(a+1)(a+2) luon chia hét cho 2.
a?+3a+2:3 < a? chia 3 du 1 < a khong chia hét cho 3.
Vay néu a khong chia hét cho 3 thi a® + 3a + 2 chia hét cho 6. U

BAI7. @ Cho a la s nguyen t6 16n hon 3. Ching minh rang a® — 1 chia hét cho 24.
@® Chiing minh ring néu a va b 1a cac s6 nguyén to 16n hon 3 thi a? — b? chia hét cho 24.
@ Tim diéu kién ctia s6 tu nhien a dé a* — 1 chia hét cho 240.
# LOI GIAL
@ Ta c6 a? 1a s6 chinh phuong 1é nén chia cho 8 du 1, a? 1a s6 chinh phuong khong chia hét cho 3
nén chia cho 3 du 1.
Suy ra a® — 1 chia hét cho 8, chia hét cho 3, do d6 chia hét cho 24.
@ Ap dung ¥ a) ta c6 néu a va b 1a céc s6 nguyen t6 16n hon 3 thi:
a? — 1 chia hét cho 3 va b — 1 chia hét cho 3.
S (@-1)—-0*-1):3<a®>—-b*:3.
Suy ra diéu phai ching minh.
® Taco: 240 =2*.3.5.
ViAd:i240=a*—-1:2vaa*—-1:3;a*—1:5.
Dé thay a* —1:2 < a la sd 18.
Dé thay a* — 1 : 3 & a khong chia hét cho 3.
Dé thay a* — 1 : 5 < a khong chia hét cho 5.
Ta sé chitng minh néu a khong chia hét cho 2, 3 va 5 thi a* — 1 chia hét cho 240.
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That vay:

A =d"—1=(a*-1)(a®>+1)
=(a—1)(a+1)(a®+1)

Néu a 16 thi a = 2k + 1 vé6i (k € N).
Khi do6 ta co:

A =(a—1Da+1)(a®+1)
= (2k+1-1)2k+1+1)- [(2k+1)*+1]
= 2k(2k + 2)(4k* + 4k + 2)
= 8k(k+1)(2k* + 2k + 1)

= A:16

Néu a khong chia hét cho 3 thi @ = 3k + 1 véi (k € N).
Khidétacoa?—1:3= A:3.

Néu a khong chia hét cho 5 thi @ = 5k + 1 hodc a = 5k + 2 v6i (k € N).
Suyraa®—1:5hosica®+1:5= A:b.

= A 240.

Vay néu a khong chia hét cho 2, 3 va 5 thi a* — 1 chia hét cho 240.

l
BAI 8. Tim ba s6 nguyeén t6 lién tiép a, b, ¢ sao cho a? + b*> 4 ¢® ciing 1a mot sé nguyen t6.
# LOT GIAL
Xét 2 truong hop:
@ Trong a, b, ¢ c6 mot sd bang 3.
Khi dé: 2% + 3% + 52 = 38, 14 hop s6, loai.
Con 3% + 5% + 72 = 83 1a mot s6 nguyen to, thoa man.
@® Céa, b, c déulén hon 3.
Khi dé a?, b?, ¢ déu chia cho 3 du 1 nén a? + b + ¢? chia hét cho 3, 14 hop s, loai.
Vay ba s6 nguyén t6 lien tiép a, b, ¢ 14 3, 5, 7 thi a® + b 4 ¢? ciing 13 mot sd nguyeén to. O

BAI 9. Cho bén s6 nguyen duong a, b, ¢, d théa man a2 + b2 = ¢ + d2. Ching minh ring a+b+c+d
13 hop s6.

# LOT GIAL

Taco:a’>+ =+ =>a®+ 0P +A+d* =2+ d?%) : 2.

Xét:

A =@+ + +d*) —(a+b+c+d)
(a®* —a) + (6> = b) + (¢ —¢) + (d* — d)
=ala—1)+bb—1)+c(c—1)+d(d—1)

Via(la—1):2;0(b—1):2;¢(c—1):2;d(d—1):2.
=A:2&a+b+ce+d:2
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Ma a, b, ¢, d 1a cac s6 nguyén duong suy ra a+b+c+d > 2 = a+ b+ c+ d 1a hgp s6 (diéu phai
chiing minh). O

BAI 10. Cho bén sb nguyen duong a, b, ¢, d théa man ab = cd. Ching minh ring a® + b° 4+ ¢ + d° 1a
hop so.

# LOI GIAL

Goi UCLN(a,c) = k, ta ¢6: a = kay, ¢ = key va (aq,¢1) = 1.
Thay vao ab = cd dugc ka b = kcid nén: a1b = c1d O

BAI 11. Cho céc s6 tu nhién a va b. Ching minh ring:

@ Néu a? + b? chia hét cho 3 thi a va b chia hét cho 3.
@ Néu a? + b? chia hét cho 7 thi a va b chia hét cho 7.

# 1LOI GIAL

@ Mot s6 chinh phuong chia cho 3 chi ¢6 thé du 0 hozc 1.
Xét cac trusng hop tong ctia 2 s6 du: 0+ 0; 04 1; 1+ 1 thi chi ¢6 0 + 0 I chia hét cho 3.
Do d6 dé a® + b? chia hét cho 3 thi a?: 3 va b?: 3.
=a:3vab:3=a+0b:3.
Suy ra diéu phai chiing minh.
@® Nhan xét: Mot s6 chinh phuong khi chia cho 7 chi ¢6 thé du 1a 0; 1; 2; 4.
Ta c6: a® + b? chia hét cho 7 nén chi c6 truong hop 2 s6 du 1a 0 + 0 théa méan.
=a2 Tvab?iT=>a:Tvab:".
Suy ra diéu phai chiing minh.

[
BAI 12. Cho céc s6 nguyén a, b, ¢. Chting minh ring:
@ Néu a + b+ c chia hét cho 6 thi a® + b® + ¢® chia hét cho 6.
@ Néu a + b + c chia hét cho 30 thi a® + b° + ¢ chia hét cho 30.
# LOI GIAL
@ Xét hicu:
A =@+ +)—(a+b+e)
=(a®>—a)+ (b’ =b)+ (¢’ —¢)
=(a—1)ala+1)+(b—=1)b0b+1)+ (c—1)c(c+1)
= A:6
= A+ +306
Suy ra diéu phai ching minh.
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@ Xét hieu:

=@+ +c°)—(a+b+c)
:(a5 a)+ (b° = b) + (® —¢)
=a(a* = 1) +b(* — 1) +c(c* — 1)
=a(a® = 1)(a*+ 1) +b(b* = 1)(b* + 1) +c(c® = (P +1)
=ala—1)(a+1)(@®+ 1) +bb—1)(b+ 1)(b> + 1) + c(c — 1)(c+ 1)(* + 1)
=a(a—1)(a+1)(a* —4) + 5a(a — 1)(a+ 1) + b(b — 1)(b+ 1)(b* — 4) + 5b(b — 1)(b+ 1)
tc(c—D(ec+1)(c* —4) +5c(c—1)(c+1)
=ala—1)(a+1)(a—2)(a+2)+bala—1)(a+1)+bb—1)b+1)(b—2)(b+2)
+5b(b —1)(b+1) + c(c — 1)(c+ 1)(c — 2)(c + 2) + 5e(c — 1)(c+ 1)
=(a—2)(a—Dala+1)(a+2)+5(a—1)ala+1)+ (b—2)b—1)b(b+1)(b+2)
+5(b—1)b(b+ 1)+ (¢ —2)(c—De(e+1)(c+2) +5(c — 1)e(e+ 1)

Nhan xét: (a — 2)(a — 1)a(a+ 1)(a + 2) la tich ctia 5 s6 nguyén lién tiép

= (a—2)(a—1)a(a+1)(a+2) : 30.

Ma dé thay 5(a — 1)a(a +1) 130 = (a — 2)(a — 1)a(a+1)(a +2) + 5(a — 1)a(a+ 1) : 30 .
Tuong tu ta c6: (b—2)(b—1)b(b+1)(b+2)+5(0b—1)b(b+1) :30

va (¢ —2)(c—1)c(c+1)(c+2) +5(c — 1)c(e+ 1) : 30. = A : 30.

Ma a + b + ¢ chia hét cho 30 suy ra a® + b° + ¢ chia hét cho 30.

Suy ra diéu phai chitng minh.

U
BAI 13. Cho céc s6 nguyén a, b, ¢ théa man a + b+ ¢ = 0. Ching minh ring:
@ o+ + A chia hét cho 3abc;
@ «° + 1 + @ chia hét cho babe.
# LOI GIAL
O@autbtc=0=c=—(a+b).
Do d6: a® + b + ¢* = a® +b* + —(a+ b)* = —3ab(a + b) = 3abe : 3abe.
Hay a® + b + ¢ chia hét cho 3abc (diéu phai chiing minh).
ODautbtc=0=c=—(a+b).
Do do:
a®+0°+c =ad®+b — (a+b)°
= —5a"b — 10a’b* — 10a’b* — 5ab’
= —5ab(a® + 2a*b + 2ab® + b*)
= —5ab [(a® + b°) + (2a°b + 2ab”)]
= —5ab [(a + b)(a® — ab+ b*) + 2ab(a + b)]
= —5ab(a + b)(a* + ab + b?)
= babc(a® + ab + b?)
= a® + b° + ¢ | babe, suy ra diéu phai chitng minh.
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O

BAI 14. @ Viét sé 1998 thanh téng clia ba sb tu nhien tiy §. Ching minh ring téng cac lap
phuong ctia ba s6 tu nhién d6 chia hét cho 6.
@ Viét s6 1995'9% thanh téng ctia nhiéu sé tu nhien. Tong cac lap phuong clia ba s6 tu nhién dé
chia cho 6 du bao nhiéu?

# LOI GIAL

@ Ap dung cau a) bai 197 chi ¥ ring 1998 chia hét cho 6.
@ Dit 19959 =a=a; +as+ -+ + a,.
GoiS=al+ai+ - +a=(a}—a)+ (a3—a)+ -+ (ad —a,) +a.
Maéi dau ngodc deu chia hét cho 6, do d6 s6 du ctia a khi chia cho 6 chinh 1a s6 du ciia S khi
chia cho 6.
Ma 1995 1a s6 1é chia hét cho 3, suy ra 199599 chia 6 du 3.
Suy ra S chia 6 du 3.

BAI 15. Ching minh réng véi moi s6 nguyén a va b thi:
@ 3b — ab® chia hét cho 6.
@ «°b — ab® chia hét cho 30.
# LOI GIAL
@ 30— ab® =a®b—ab— ab® + ab = b(a® — a) — a(b® - b).
Biéu thitc trong mdi dau ngoac chia hét cho 6.
Suy ra a®b — ab® chia hét cho 6 (diéu phai chiing minh).
® b — ab® = a’b — ab+ ab — ab® = b(a® — a) — a(b® —b).
Dé thiy a® — a va b° — b chia hét cho 30, suy ra b(a® — a) — a(b® — b).
Hay a®b — ab® chia hét cho 30 (diéu phai chiing minh).
0

BAI 16. Ching minh ring véi moi s6 tu nhién déu viét duce dusi dang b + 6¢ trong d6 b va ¢ 1a cac
s6 nguyen.

# LOI GIAL

Goi a 1a mot s6 ti nhién tuy ¥, ta dé dang chiing minh dudc a® — a chia hét cho 6.
=a®—a=06k=a=a®—6kvéikeclZ.

Vay moi s6 tu nhién déu viét duge dudi dang b® + 6¢ trong d6 b va ¢ 1a cac sd nguyen. 0

BAI 17. Ching minh ring néu céc sé tu nhién a, b, ¢ thda man diéu kien a® + % = ¢ thi abe chia
hét cho 60.

# LOT GIAL
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Ta co:

n=3k+1l =n*=3m+]1
n=>5k+1 =n*=5m+]1
n=>5k+2 =n*=5m+4=>5r—1
n=4k+1 =n*=8m+1
n=4k+2 =n*>=8m+4

Néu a, b cing khong chia hét cho 3 suy ra a® +0* = 3a; + 1+ 3by + 1 = 3(a; + by) + 2.

Ma ¢? ¢6 dang 3¢; hodc 3c; + 1 = a? + b2 # 2 (loai).

= trong 2 s6 a, b phai c6 it nhat 1 s6 chia hét cho 3 = abc : 3.

Néu a, b, ¢ déu khong chia hét cho 5 thi a?, b2, ¢® chia cho 5 du 1 hodc 4.

Khi d6 a* + b? chia 5 du 0, 2, 3 con ¢? chia cho 5 du 1 hodc 4 = a® + b # ¢* (loai).

= trong 3 s6 a, b, ¢ phai c6 it nhat 1 s6 chia hét cho 5 = abc : 5. Néu a, b, ¢ déu khong chia hét cho
4 thi a?, b?, ¢ chia cho 8 du 1 hosc 4.

Khi d6 a* + b? chia 8 du 0, 2, 5 con ¢? chia cho 8 du 1 hodc 4 = a® + b # ¢* (loai).

= trong 3 s6 a, b, ¢ phai c6 it nhat 1 s6 chia hét cho 4 = abc : 4.

Vay abe chia hét cho 3; 4; 5 = abc : 60 O

BAI 18. Chiing minh ring tdng céc lap phuong ctia ba sé nguyen lién tiép thi chia hét cho 9.
# LOI GIAL
Goi ba s6 nguyeén lién tiép d6 1a n — 1; n; n + 1.

Ta co:

n—124+n*+n+13 =n*-3n*+3n—1+n>+2°+3n> +3n+1
= 3n® + 6n
=3(n*—n)+9In

Co3(n*—n)4+9n:9=n—-172+n%+(n+1)>:9.
Vay tdng céc lap phuong clia ba s6 nguyén lién tiép thi chia hét cho 9. O

BAI 19. Ching minh ring néu téng lap phuong ciia ba sé nguyén chia hét cho 9 thi ton tai mot trong
ba s6 d6 1a boi cta 3.

# LOI GIAL

Nhan xét: Lap phuong clia mot s6 nguyén bat ki khi chia 9 ¢6 s6 du 14 0; 1 hoac 8.

Xét 3 s6 nguyen a, b, ¢ déu khong chia hét cho 3. Khi d6 a® + b3 + ¢® chia cho 9 s& ¢6 1 trong cic s6
dusa: 1+141=3/9:14+14+8=10791+8+8=17 /9;8+8+8=24 /9.

Trong cac truong hop trén a® + b3 + ¢ déu khong chia hét cho 9.

Suy ra dé a® + b + ¢ chia hét cho 9 thi it nhat mot trong ba s6 a, b, ¢ phai chia hét cho 3.

Vay néu tong lap phuong ctia ba sé nguyén chia hét cho 9 thi ton tai mot trong ba s6 dé 1a boi ctia 3

(diéu phai chiing minh). O
BAI 20. Cho day sb 7, 13, 25, 43, ... , 3n(n — 1) + 7. Chting minh réng:

@ Trong niam s6 hang lién tiép ciia day bao gid ciing ton tai mot boi s6 clia 25.
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@ Khong c6 s6 hang nao ctia day 1a lap phuong cia mot s6 nguyen.
# LOI GIAL
@ Nhan xét: az chia hét cho 5. Ta sé chitng minh céc s6 as;43 chia hét cho 25.
That vay:

ask+s = 3(bk+3)(Bk+2)+7
= 3(25k* + 25k + 6) + 7
= 3(25k* + 25k) + 25

= a5k+3 : 25

Vay trong ndm s6 hang lien tiép clia day bao gio cling ton tai mot boi s6 ciia 25 (diéu phai
ching minh).
® n(n — 1) chia 3 du 0 hogc 2 = 3n(n — 1) chia cho 9 du 0 hosc 6.
= 3n(n — 1) + 7 chia cho 9 du 7 ho#c 4.
Ma lap phuong ctia mot s6 nguyén chia cho 9 chi ¢6 thé dula 0, 1, 8.
Vay khong c6 s6 hang nao ctia day 1a 1ap phuong clia mot s6 nguyén (diéu phai chiing minh).
0]

BAI 21. @ Ching minh ring néu sb tu nhién a khong chia hét cho 7 thi a® — 1 chia hét cho 7.
@ Ching minh rang néu n 1a lap phuong ctia mot s6 ty nhién thi (n — 1)n(n + 1) chia hét cho 504.
# LOI GIAL
@ Bai toan 13 truong hop dac biét ciia dinh 1f nhé Phéc-ma: a?~! — 1 chia hét cho p véi p = 7.
Chitng minh triye tiép: a® — 1 = (a® + 1)(a® — 1).
Néua=Tk+1v6i k€N thia®=DBS7T+1.
Néua =Tk £2 v6i k € N thi a® = BS7T £ 8.
Néu a = 7k £ 3 véi k € N thi a® = BS7 + 27.
Vay ta luon c6 a® + 1 hoac a® — 1 chia hét cho 7.
Do dé6 a® — 1 chia hét cho 7.
Vay néu sb tu nhién a khong chia hét cho 7 thi a® — 1 chia hét cho 7 (diéu phai chiing minh).
@ Ta c6: 504 = 32 - 7-8. Dt n = a®, ta can chiing minh: A = (a® — 1)a®(a® + 1) chia hét cho 504.
Néu a chén thi a® chia hét cho 8.
Néu a 16 thi a® — 1 va a® + 1 1a 2 s6 chén lien tiép nén (a® — 1)(a® + 1) chia hét cho 8.
Do do A : 8.
Néu a chia hét cho 7 thi A chia hét cho 7.
Néu a khong chia hét cho 7 thi 4p dung cau a) ta ching minh duge A : 7.
Suy ra A: 7.
Néu a chia hét cho 3 thi a® chia hét cho 9. Néua =3k + 1 v6i k € Nthia®+1=DBS9+ 1.
Suy ra a® + 1 hoac a® — 1 chia hét cho 9.
Suy ra A : 9.
Vay A chia hét cho 8, 7, 9 hay A chia hét cho 504.
Suy ra néu n la lap phuong ctia mot s6 tu nhién thi (n — 1)n(n + 1) chia hét cho 504 (diéu phai
chiing minh).
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O

BAI 22. Chting minh réing néu A chia hét cho B véi:
@ A=13+22+3+---4+99°+ 1003,
B=1+2+34---4+99+ 100;
@O A=13+2243 4+ 498 + 993,
B=1+2+3+---4+98+99;
# LOI GIAL
@ Tac: B=1+2+3+---4+99+100=100-101:2=50-101.
Dé chitng minh A chia hét cho 101 ta ghép cap 1° + 100?; 23 4+ 993; - ... Dé chitng minh A chia
hét cho 50 ta ghép cap 503 4 1003; 13 4 993; 23 + 983 - .; 493 4 513,
@ Giai tuong tu cau a).

O
BAI 23. Céc s6 sau c¢6 chinh phuong hay khong?
@ A=22---24(c6 50 chit s6 2);
@ B =44---4(c6 100 chit s6 4);
@ A=1994"+7,
O B =144---4 (c6 99 chit 86 4).
# LOI GIAL

@ Tong cac chit s6 ctia A 1a 50 -2 44 = 104 = A chia 3 du 2.

Ma 1 s6 chinh phuong chia 3 du 0 hoic 1 nén A khong la s6 chinh phuong.
@ B=44---4(c6100 chits64) = B=4-11---1.

100
Dé B 1a s6 chinh phuong thi 11--- 1 phai la s6 chinh phuong.
100
Ma 11---1 c6 tan cung la 11 chia 4 du 3, khong phéai & s6 chinh phuong.
100

Do d6, B khong la s6 chinh phuong.
® A =19947 + 7 chia 4 du 3 nén khong la s6 chinh phuong.
O B=144---4(c699 chits64) = B=4-3611---1.

97
3611 97 1 chia 4 du 3 nén 36 11 97 -1 khong phai 1a so chinh phuong.
Do d6, = B =4-3611---1 khong phai la s6 chinh phuong.
97
O

BAI 24. C6 thé dung c nam chit s6 2, 3, 4, 5, 6 lap thanh s6 chinh phuong ¢6 nam chi s6 duge
khong?

# LOT GIAL

S6 ¢6 nam chit s6 tao béi cac chit s6 2, 3, 4, 5, 6 c6 tong cac chit s6 18 2+ 3+ 4+ 5+ 6 = 20 chia 3
du 2 nén n6 khong phai 1a s6 chinh phuong.

Vay khong thé dimng ca nam chit s6 2, 3, 4, 5, 6 lap thanh s6 chinh phuong c¢6 nam chit s6 duge. [

BAI 25. Chiing minh réing tdng ciia hai s6 chinh phuong 1¢ khong 1 s6 chinh phuong.
# LOT GIAL
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Moi s6 1é déu chia cho 4 du 1 nén téng ctia chiing chia cho 4 du 2 nén khong 1a s6 chinh phuong. [

BAI 26. Ching minh ring moi s6 1¢& déu c6 thé viét duge dudi dang hiéu ciia hai s6 chinh phuong.

# LOI GIAL
Moi s6 1& déu c6 dang 2k + 1 v6i k € N.
Taco: 2k+1=(k+1—k)(k+1+k) = (k+1)% k2 O

BAI 27. Chting minh ring:
@ A=1%2+224+321+4%+ ... +100% khong la s6 chinh phuong.
@® B=1%+2%+3%24+4%+ ... 4 56 khong la s6 chinh phuong.
® C=1+3+5+7+--+nlasd chinh phuong (n 18).
# LOI GIAL
@ A=12+224+32+4%4 ... +100% gdm 50 s6 chinh phuong chin, 50 s6 chinh phuong 18.
Mbi s6 chinh phuong chin déu chia hét cho 4 nén tong ciia 50 sé chinh phuong chin chia hét
cho 4.
MB&i s6 chinh phuong 1é déu chia cho 4 du 1 nén tong ctia 50 s6 chinh phuong 1é chia cho 4 du 2.
Suy ra A chia 4 du 2. Suy ra A khong 1a s6 chinh phuong.
@ B=124+22+32+42+... +56% c6 thé viét dusi dang tong ctia 57 s6 chinh phuong lién tiép 1a
B=02+124+2243%+42+ ... + 56
Xét tong clia 3 86 chinh phuong lien tiép (n — 1)2 +n? + (n + 1)? = 3n2 + 2 chia 3 du 2.
Suy ra tong ciia 3 s6 chinh phuong lién tiép chia 3 du 2. Ta co:

B =0"+12422+32+4%+ ... +56
= (0% + 1% +2%) + (3> + 4> + 5%) + - - - + (54® + 55 + 56%)
=19 (BS3 +2)
= BS3 + 38
= BS3 +2

Mot s6 chinh phuong chia 3 chi ¢6 du 1a 0 hodc 1 nén B khong 1a s6 chinh phuong.
@® Ditn=2k—1v6ikeN.

Ta co:

C =14345+---4+(2k—-1)
14 (2k-1)
B 2

k
= k2

= (' 1a s6 chinh phuong.

Vay véin 1é thi C =143 +5+ 7+ ---+n la s chinh phuong.
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Al @ TiINH CHIA HET DAI VI DA THUC

@ 1iM DU CUA PHEP CHIA MA KHONG THU'C HIEN PHEP CHIA

1. Da thiic chia c6 dang r — a (a 1A hing)

Vi DU 1. Chitng minh riing s6 du khi chia da thitc f(x) cho nhi thiic 2 — a bing gié tri ciia da
thic f(z) tai z = a.
Dinh 1i Be-du (Bézout, 1730-1783, nha toan hoc Phap).

# LOT GIAL
Do da thiic chia z — a ¢6 bac nhéat nén s6 du khi chia f(z) cho  — a 1a hing s6 r.
Ta co

f(z) = (z —a)-Qz) +r.

Ding thic trén ding v6i moi « nén véi x = a, ta cé

f(a) = 0-Q(x) +r hay f(a) =r.

A Tw dinh li Bé-du ta suy ra
Da thic f(x) chia hét cho x — a khi va chi khi f(a) = 0 (tic la khi a la nghiém cia da thic).

4

VI DU 2. Chiing minh réing néu da thitc f(x) c6 tong céc heé s6 bing 0 thi da thitc ay chia hét

cho z — 1.

# LOT GIAL

Goi f(x) = apz"™ + a2 ' + ...+ ap_1T + ay,.

Theo gid thuyét, ag +a; + ...+ a, = 0. (1)
Theo dinh ly Beé-du, s6 du khi chia f(x) cho x — 1 1a

r=f1)=ay+ar+... +an1+ an. (2)

T (1) va (2), suy rar = 0.
Vay f(z) chia hét cho = — 1. O

Vi DU 3. Chiing minh riing néu da thiic f(x) c6 téng cac hé sb ciia cac hang tit bac chiin bing
tong cac hé s ciia cac hang ti bac 1é thi da thitc ay chia hét cho = + 1.

# LOI GIAL
Goi f(z) = apx® + a12* '+ aex® 2 + ...+ agp 2% + a2 17 + a9y, trong d6, ag c6 thé biang 0. Theo

gid thuyét, ag + ag + .. + ag, = a1 +az + ...+ ag,—1 nén

(a0+a2+...—|—a2n)—(a1+a3+...+a2n_1):0. (1)
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Theo dinh 1f Bé-du, s6 du khi chia f(z) cho z + 1 bang

r:f(—l):ao—a1+a2—a3+...+a2n_2—a2n_a+a2n

:(ao—i—ag—i—...—l—agn)—(a1+a3+...+a2n,1) (2)

T (1) va (2), suy rar = 0.
Vay f(z) chia hét cho x + 1. O

2. Da thitc c6 bac t tiw bac hai tré 1én

Vi DU 4. Tim du khi chia
x4+ 25+ 22+ 1 cho 2% — 1.

# LOI GIAL

Dé tim du trong truong hop nay, ta thuong ding cac cach sau:

Cédch 1. (Tach ra & da thiic bj chia nhiing da thic chia hét cho da thic chia).

Ta biét rang 2™ — 1 chia hét cho  — 1 v6i moi s6 ty nhién n nén 22" — 1 chia hét cho 2% — 1.
Do dé6 z* — 1, 25 — 1,... chia hét cho 2% — 1.

Ta cb

24+t 4+l = T+ -+ —r+3r+1
= z2(@® -~ 1) +a2@*—1) +z@@® 1)+ Bz +1).

Du khi chia 27 + 25 + 2% + 1 cho 22 — 1 1a 3z + 1.
Cdch 2. (Xét gid tri riéng).
Goi thuong 1a Q(x), du la ax + b. Ta ¢

T l= (e + D) (2w — 1) Q(x) + av + b, Va.

Déng thitc ding véi moi  nén véi z = 1, ta duge 4 = a + b. (1)
Véi x = —1 ta dugc —2 = —a + b. (2)
Tu (1) va (2), suyraa=3,b=1.

Du phai tim la 3z + 1.

/N Dé tach ra cic da thic chia hét cho #2 — 1 hodc 2% + 1, can nhd lai cac hing ding thic 8 va 9:

a™ —b" chia hét cho a —b (a #b);
a™+b" (n 1é) chia hét cho a +b (a # —b).

O 5O PO HOOC-NE
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1. Vi du

Vi DU 5. Chia céc da thic
a) (z* — 5z +8x —4) : (v — 2); b) (23 — 922 4+ 62 + 10) : (z + 1);

c) (23 =Tz +6): (v + 3).

# LOI GIAL

Dat tinh chia da thic, ta dugc két qua
@ Thuong la 22 — 3z + 2.
@® Thuong 1a 22 — 10z + 16, du 1la —6.
@® Thuong la 22 — 3z + 2.

2. S¢ d6 Hob6c-ne

Ta c¢6 thé tim duge két qua khi chia da thic f(z) cho nhi thitc 2 — a (a 12 hing s6) bing mot cach
khac.

Tré lai cau a) ¢ vi du trén (2% — 522 + 8x — 4) : (z — 2). Cac hé s6 ctia da thiic bi chia thit tu la 1,
—5, 8, —4; hang s6 a trong vi du nay bang 2.

@ D:t cac he s6 clia da thiic bi chia theo thit tu vao cac cot clia dong trén.

1 -5 8 —4

a=2

@® Trong 4 cot dé trong ¢ dong dudi, ba cot dau cho ta cac hé sé ctia da thitc thuong, cot cudi cling
cho ta s6 du.
- S6 6 cot thit nhat clia dong dudi bang s6 tuong ting & dong trén.

1 ) 8 —4

a=2 1

- K@ tit dong thtt hai, méi s6 ¢ dong dudi dugc xac dinh bing cach 1y a nhan véi sé cling dong

lién truée , 16i cong véi s6 cling cot & dong trén.

1 -5 8 —4
a=2 1 2.1+ (=5)=—3
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1 -5 8 —4
a=2 1 2-14(=5)=-3 | 2-(-3)+8=2
1 -5 8 —4
a=2 1 2-1+(-5)=-3 | 2:(=3)+8=2 | 2-24(-4)=0
So do
+
X

Ta c6 thuong bang 22 — 3x + 2, s6 du bang 0.
So do ciia thuat toan trén duge goi 1a so do Hode-ne.
Ban doc hiy ding so dd trén dé kiém tra lai két qua ciia cac cau b) va c).
Nhu vay néu da thitc bi chia 1 a,2® +a, 22 +asx+as, da thiic chia la 2 —a, ta duge thuong bz +b12+bs,

du 7. Theo so do Hobc-ne, ta c6

Qo a1 a2 as

a bo = ag b1 = aby + a1 by = aby + as r = aby + as

3. So d6 Hobc-ne

Tong quét v6i da thite bi chia 1a agz™ + a1z ' + asax™ 2 + ... + a,_17 + a,, da thic chia la z — qa,

thuong 1a box™ ' + bia" 2+ ...+ by_ox + b,_1, du r. Ta can chitng minh rang

bo = dyp
bl = CLbo +a
b2 = Clbl + as

bn—l - abn—Z + an—1
r  =ab,_1 + a,.
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That vay, thuc hién phép tinh
(z—1)(boz™ "+ b1z 2+ . A byox b)) T
roi rat gon, ta dude
box™ + (b1 — abg)x" ' + ... 4 (bp_1 — ab,_2)T — abp_y + 1.

Dong nhat da thic nay véi da thiic bi chia, ta duge

b() = Qo
b1 — ab() = a1
b2 — ab1 = a2

bnfl - abnf2 = Qn—1
r—ab,_1 = a,

Tt d6, suy ra diéu phai chiing minh.

4. Ap dung so d6 Hobc-ne dé tinh gia tri ciia da thic f(x) tai 4z = a

So do Ho 6c¢-ne cho ta thuong va du khi chia da thic f(z) cho nhi thic # — a. Chu § rédng theo dinh
1i Be-du, s6 du khi chia f(z) cho x — a bang f(a). Do d6, dung so d6 Ho6c-ne ta ciing tinh duge gia
tri cia da thic f(z) tai z = a.

VI DU 6. Tinh gid tri ciia da thitc f(z) = 2° + 322 — 4 tai z = 37.

# LOI GIAL
Theo dinh 1y Bé-du, f(37) 1a s6 du khi chia f(x) cho z — 37. Ta lap so ddo Ho6c-ne

1 3 0 —4

a =37 1 37-14+3 =40 37-40 + 0 = 1480 37 - 1480 — 4 = 54756

Vay f(37) = 54756. U

(@ CHUING MINH MOT DA THI'C CHIA HET CHO MOT BA THU'C KHAC

Ta chi xét cac da thic mot bién, thuong cé cac cach sau:

1. Cach 1.

Phéan tich da thiic bi chia thanh nhan ti, trong dé c6 mot nhan tit 1a da thiic chia.

Vi DU 7. Ching minh ring % + 2*" + 1 chia hét cho 22" 4+ 2™ + 1, v6i moi s6 ty nhién n.
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# LOI GIAL

Ta c6

Bl = 2422 41— ™ = (21 4 1) — (o)
= (2" + 27" + 1) (2™ — 2*" + 1).

Tiép tuc phan tich

l,4n_|_l,2n_|_1 — x4n+2x2n+1 _IQn _ (x2n+ 1)2 _ (xn)Q
= (@ + 2"+ 1)z — 2"+ 1).

Vay %" + %" 4 1 chia hét cho %" 4+ 2" + 1, v6i moi s6 tu nhién n. O

2. Cach 2.

Bién ddi da thiic bi chia thanh mot tong cac da thic chia.

VI DU 8. Ching minh ring z3 ! 4 z3+2 41 chia hét cho 22+ 2 + 1 v6i moi sé ty nhién m, n.

# LOI GIAL

Ta cb

pAMAL B2 L Bmel g a8nd2 g2 2

=a(x® — 1) + 222%™ — 1) + (2 + = + 1).

Ta thay 2™ — 1 va 23" — 1 chia hét cho 2® — 1, do d6 chia hét cho 2% + z + 1.

Vay 23+ 4 237+2 1 1 chia hét cho 22 + 2 4 1 v6i moi s6 ty nhién m, n. O

Vi DU 9. Chitng minh ring véi moi s6 tu nhién m, n thi

28+ o 267%2 4 1 chia hét cho 22 — x + 1.

# LOI GIAL

x6m+4 + xbn+2 1 = x6m+4 _ 1’4 + $6n+2 _ 1’2 + .’134 + 1’2 +1

= 22" — 1) + 222 — 1) + (2* + 2% +1).
Do x5 —1:2% -1, 2% —1:206—-1vwa

1= +1)@*-1) 22 -2+ 1;
2+ l=(2+ 1) -2 it -+ 1

Neén suy ra diéu can chiing minh. O
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3. Cach 3.

Stt dung cac bién doi tuong duong, chang han dé chiing minh f(z) : g(z), c6 thé chitng minh f(x) +

9(x) : g(x) hoac f(z) — g(z) : g(x).
Xem bai tap 268.

4. Cach 4.

Chiing t6 rdng moi nghiém ciia da thitc chia déu 1a nghiém ctia da thiic bi chia (ta cong nhan réng
diéu nay dan dén da thiic bi chia chia hét cho da thic chia).

VI DU 10. Cho f(z) = (#* 4+ 2 — 1) 4 (2> — x + 1)'° — 2. Chitng minh ring f(z) chia hét cho

x? — .

# LOI GIAL

Da thiic chia c6 hai nghiéem x = 0 vd x = 1. Ta sé chiing t6 ring z = 0 va x = 1 ciing la nghiém cta
da thic bi chia.

Taco f(0)=1+1—2=0mnén f(x) chia hét cho z. Talai c6 f(1) =1+ 1—2=0neén f(x) chia hét
cho x — 1. Cac nhan tt x va x — 1 khong chita nhan tit chung.

Do d6 f(z) chia hét cho z(x — 1). O

() BAI TAP

BAI 1. Khong dit tinh chia da thic, hiy xét xem da thic 23 — 922 + 62 + 16 ¢6 hay khong chia hét

cho
a) r+1; b) x — 3.
# 1,01 GIAL

a) Co; b) Khong.

BAI 2. Tim du khi chia cac da thic sau
a) (22 +1); b) z*: (2% + 1).

# LOI GIAL
O =" -2+ r=202"—-1)+2 Tathiy 2 — 1 = (2*)!° — 1 nén chia hét cho 2* — 1, do dé
chia hét cho 2% + 1.

® Du —=.

0
BAI 3. Tim du khi chia z + 2° + 2° + 2?7 cho
a) r —1; b) 2% + 1.
# LOI GIAL
™= Suu tam & bién soan Trang 116/477 K1 GeoGebraPro

Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 8 Nam hoc 2019-2020

a) Du 4; b) Du 4z.

BAI 4. Tim du khi chia 2% + 2% + 21! + 2 + 7 cho
a) x+1; b) 2% + 1.

# LOI GIAL
® =f-1)=-1-1-1+7=3.Du3.
O P+l a4+ T=0@%+ 1) 2@+ 1) + 2@ +1) 22+ T.
Chi y rang (z2)% + 1, (22)?" + 1, (22)® + 1 chia hét cho 22 + 1 (theo hing ding thitc 9). Nhu
vay du can tim 1a —2z + 7.

0
BAI 5. Tim du khi chia da thitc f(z) = 2% + 2% + ... + 22 + x4+ 1 cho 2 — 1.
« LOT GIAL
Goi thuong khi chia f(z) cho 22 — 1 1a Q(x), du 1a ax + b. Ta c6
f(z) = (2*—1)-Q(z) + ax + 0.
Déng thic trén dang véi moi z. Lan lugt cho x =1 va z = —1.
Dap: Du khi chia f(z) cho 2% — 1 1a 25z + 26. O

BAI 6. Tim da thitc f(z), biét ring f(z) chia cho x — 3 thi du 7, f(z) chia cho z — 2 thi du 5, f(z)
chia cho (z — 2)(x — 3) thi duge thuong la 3z va con du.

# LOI GIAL

Trude hét ta tim du khi chia f(x) cho (x — 2)(x — 3). Xét

f(x) = (x=3) - Alz) +7, (1)
f(x) = (r=2)-B(x) +5. (2)

Cach 1. Xét
f(z) =3z(x —2)(x — 3) + ax +b. (3)

Tu (1), (2), (3) bang cach cho z = 2, z = 3 ta tim dugc a = 2, b = 1. Du ctia phép chiaf(z) cho
(x —2)(z —3) 1a 2z +1.

Do d6 f(z) = 3z(x — 2)(z — 3) + 22 + 1 = 32 — 152% + 20z + 1.

Cdch 2. Tu (1) suy ra

(x—2)f(z) = (x —2)(x = 3) - A(x) + 7(x — 2).. (4)
T (2) suy ra

(x —3)f(z) = (x — 2)(z — 3) - B(x) + 5(x — 3). (5)
Lay (4) trut (5) duge f(z) = (x — 2)(x — 3) [A(z) — B(z)] + 2z + 1.
Du khi chia f(z) cho (z — 2)(z — 3) 1a 2 + 1. Giai tiép nhu cach 1. O
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BAI 7. Tim da thic f(z), biét ring f(z) chia cho z — 3 thi du 2, f(z) chia cho = + 4 thi du 9, con

f(x) chia cho z? + x — 12 thi duge thuong 1a 22 + 3 va con du.
# LOT GIAL
Dap s6: 2t + 23 — 922 + 22 — 31.

O

N 1 L
BAI 8. Khi chia don thtic 2% cho = + 5 thi duge thuong la B(z) va du 1a s6 . Khi chia B(z) cho

T+ %, ta dugc thuong 1a C(z) va du 1a s6 ro. Tinh rs.
# LGIlGIAI.

Dat 5= taco 28 = (x —a)- B(z) + 1.

Cho x = a thi r = a®, do d6

®—a® = (x—a) B(z)

B(z) = = (2" + a")(2® + a®)(x + a).

Ta co
(z* + a*)(2* + a®)(x + a) = (v — a) - O(x) + 7.

Cho z = a, ta dudc 2a* - 2a® - 2a = 74 nén ry = 8a’.

Thay a = —l, ta dugc ry = —i.
2 16
BAI 9. Ching minh ring
@ 2+ + 2% + 1 chia hét cho 2% + 20 + 1;
@ 22— 2% — 2'9% chia hét cho 22 —z + 1;
® +° — 102 + 9 chia hét cho (z — 1)
O 3:° — 92% + 1 chia hét cho (z — 1)
# LOI GIAL
@ Them b6t 220 vao da thiie bi chia.

@ Bién ddi a2 — 2% — 2P = (22— + 1) — (2% + 1) — (9% — 2).

O - 100+9=>@"°"-1)-10z—-1) =@ - +28+2"+...+2+1-10).
Biéu thitc trong dau ngogc thit hai bing (% — 1) 4+ (2 — 1) +... + (x — 1), chia hét cho z — 1.

O T2

827 —92® +1=8(2" — 1) — 9(2® — 1)

=(@-1)[BE"+a"+.. . +x+1) -9 +2°+ ... +z+1)].

Bieu thiic trong dau ngodic vuong bang
88— —ab — 2 —at— P -2t - —1,

chia hét cho x — 1 vi tdng cac hé s6 bang 0.

BAI 10. Chitng minh ring f(x) chia hét cho g(z) véi

flx) = 22 +28+ 27+ .+ +1;
g(z) = 2°+ 28 +2"+ .. +a+1.
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# LOI GIAL
Trude hét chitng minh rang f(x) — g(z) chia hét cho g(z). Ta c6

f@)—g(x)=a% -2 + 28 -2+ . +2'' -2

=272 -~ 1)+ 2852 - 1)+ ..+ 220 - 1).

Céac biéu thitc trong dau ngodc déu chia hét cho x1° — 1 ma 2'° — 1 chia hét cho g(z). O

BAI 11. Chiing minh ring da thiic (z + y)® + (z — y)° chia hét cho da thiic 2% + 32

# LOI GIAL

(z+y)f+ (z—1)° = [(z+y)3* + [(z — y)?]® chia hét cho (z + y)® + (z — y)?, tic 1a chia hét cho
2(x? + y?), do d6 chia hét cho x? + y. O

BAI 12. Chting minh réing véi moi s6 tu nhien n
@ (v +1)™— 2 — 22 — 1 chia hét cho z(z + 1)(2z + 1);
@ "2 + 222" + 1 chia hét cho (x + 1)%
® (v + 1)*"*+2 4 (z — 1)*2 chia hét cho 22 + 1.
« LOT GIAL
@ Ching minh ring moi nghiém ctia da thiic chia déu l1a nghiém ctia da thiic bi chia.
@ Da thiic chia bang (x2"+1 + 1)2, chia hét cho (z + 1)2.
@O (z+ 1)1 (2 —1)"2 = [(z+ 1) + [(z — 1)} chia hét cho (z 4+ 1) + (z — 1)2, tidc
14 chia hét cho 2(x2 + 1).
0

BAI 13. Chting minh riing v6i moi s6 ty nhién n thi (2" — 1)(2"+t" — 1) chia hét cho (z + 1)(x — 1)2.
# LOI GIAL

Vin van+ 1 13 hai s6 tir nhién lién tiép nén c6 mot sd chin va mot s6 1é. Da thiic bi chia c6 dang

(2% — 1)@ —1) = (2> = 1)- A(z) - (z — 1) - B(z)
= (x+1)(z —1)*- A(x) - B(z).

O

BAI 14. Ching minh ring v6i moi s6 tu nhién m, n thi x84 + 2672 4 1 chia hét cho z* + 22 + 1.
# LOI GIAL

Tru6e hét, ta chitng minh 26™* 4+ 2%7+2 11 chia hét cho 22 4+ 2 + 1. Gii tuong tir nhu vi du 58.
Da thic 2%+ 4+ 257+2 11 chia hét cho 22 + x + 1 va chia hét cho 22 + x + 1, hai da thiic nay khong
¢6 nhan tt chung bac nhat. Do d6 z%" ™ + 22 + 1 chia hét cho tich (z? + 2+ 1)(2? — z + 1), tiic 1a
chia hét cho o + 22 + 1. O

BAJ 15. Tim s6 tu nhién n sao cho 22" + 2" + 1 chia hét cho 22 + z + 1.

# LOI GIAL

Xét n =3k, n=3k+1van=3k+ 2 Trong truong hop dau, sé6 du phép chia bang 3. Trong hai
truong hop sau, s6 du phép chia bang 0. Vay s6 can tim n khong chia hét cho 3. U
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BAI 16. Xac dinh s6 k dé da thitc A = 2° + ® + 2° + kayz chia hét cho da thic x + y + 2.
# LOT GIAL
Goi thuong khi chia da thic A cho x +y + 2z 1a Q, ta ¢6

PP rkryr=(r+y+2)-0Q.
Ding thic trén ding v6i moi z, vy, znén véiz =1,y =1, 2 = —2 ta co
T+14+ (=2 4+k(-2)=1+1-2)-Q=—6—-2k=0=k = —3.
V6i k = =3, ta c¢6 2° +y> + 2% — 3xyz chia hét cho x +y+ 2 (thuong bang 2%+ y? + 2% — vy — yz — 2x).

Vay k = —3. O

BAI 17. Cho da thiic f(x) ¢6 cac hé s6 nguyen. Biét ring f(0), f(1) 1a cac s6 1é. Chitng minh ring
da thic f(x) khong c6 nghiém nguyeén.

# LOI GIAL

Gié st a 1a nghiem nguyén cta f(z). Véi moi x, ta c6 f(z) = (z —a) - Q(z), trong d6 Q(x) la da thic
c6 hé s6 nguyeén, do do

f(0) = =a-Q0); f(1) = (1—a)-Q(1).

Do f(0) la s6 1& nén a 1a s6 1é, do f(1) 1a 86 1é nén 1 — @ 14 s6 18, mau thudn véi nhau. O
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CHUONG

PHUGNG TRINH BAC NHAT MOT AN

oAl 0 KHAI NIEM VE PHUONG TRINH. PHYONG TRINH BAC
NHAT

@ Ta goi hé thiic dang A(z) = B(z) 1a phuong trinh véi an 2. Gidi phuong trinh A(z) = B(z) 1a
tim moi gia tri clia x dé cac gia tri tuong ting clia hai biéu thitc A(x) va B(z) bang nhau.
Tap hop cac gia tri do goi la tap nghiém ctia phuong trinh da cho, va thuong duge ky hiéu 1a S.
@® Hai phuong trinh dudc goi 1a tuong duong néu chiing c6 cling mot tap nghiem.
@ Khi gidi mot phuong trinh, ta c6 the
e Chuyén mot hang ti tit vé nay sang vé kia va ddi dau hang tit do.
e Nhan (ho#c chia) c& hai vé v6i cing mot s6 khac 0.
Khi d6 phuong trinh méi tuong duong véi phuong trinh da cho.
@ Phuong trinh bac nhat 1a phuong trinh ¢6 dang ax + b = 0 trong dé « 1a an s6, a va b 1a cac s6
da cho, a # 0.
Khi gidi phuong trinh c¢6 hé sé chit trong muc nay, ta ciing xét cac phuong trinh c6 dang
ar + b =0 trong d6 a = 0.

VI DU 1. Giai phuong trinh sau, véi a 1a hing s6 (ta con goi a la tham s6)

alax +1) =x(a+2) + 2

# LOI GIAL
Bién déi phuong trinh da cho thanh

a’rx —ar —2x=2—x

sr(a®—s5—-2)=2—a
Sla+1)(a—2)x=2—a. (1)

Ky hiéu S la tap nghiém cta phuong trinh da cho, ta c6

. 1
U
eu a # a # i ]
Néu a = —1 thi (1) ¢6 dang Oz = 3, v0 nghieém, S = &.
Néu a = 2 thi (1) ¢6 dang 0z = 0, phuong trinh nghiem dung v6i moi z, S = R. O
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VI DU 2. Giai phuong trinh véi @ la tham sb

— 3
X a:a—l— _ 9 (1)
3 a

# LOI GIAL
Diéu kién x4c dinh ctia phuong trinh 14 a # 0.
Bién doi phuong trinh

(1) e a(zr —a) =3(x+3) — 6a
Sar—a®=3z+9—6a
Sar—3r=a>—6a+9
& (a—3)z = (a—3)? (2)

Néu a # 3, phuong trinh c6 nghiém = = a — 3.

Néu a = 3 thi (2) ¢6 dang 0z = 0, suy ra v6i moi x déu la nghiem.

Két luan

Néu a # 0; a # 3 thi (1) ¢c6 mot nghiem x = a — 3.

Néu a = 3 thi (1) nghiém dang v6i moi z.

Néu a = 0 thi (1) vo nghiém. O

VI DU 3. Ching minh riing ton tai cac hiing s6 a, b, ¢ dé phuong trinh sau ¢6 vo sé nghiem

r—ab x—ac x—bc
a+b a+tc b+c

=a+b+c (1)

# LOI GIAL
Diéu kién xac dinh clia phuong trinh

a+b#£0;a+c#0; b+c#0

Khi do,

—ab — —b
(1)<:><x a4 —c)+<$ ac_b>+<x C—CL>:0
a+b a+c b+c

z—ab—ac—bc x—ac—ab— be x—bc—ab—ac_

+ + 0
a+b a+c b+c
1 1 1
(:)(x—ab—ac—bc)( + + >:0.
a+b a+c b+c
(1)”A‘h“<:>1—|—1 = 0 (2)
¢6 vo s0 nghiem = 0. :
. St at+b a+c btc
Chang han ta chon a = 1; b = 1, de (2) x4y ra ta chon ¢ sao cho
VR I S DR S 5
— = = — C = —9.
2 14c¢c 1+c¢ 1+¢ 2
Nhu vay (—1) ¢6 vo s6 nghiém, chang han khi a = 1;b = 1;¢ = —5. O
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VI DU 4. Giai phuong trinh

x—a+x—b_ 2ab
a+b a—b b2 —a?

(a,b hang s6).

# LOI GIAL
Diéu kién xac dinh clia phuong trinh 13 a # £b.
Bién ddi phuong trinh

(x —a)(x —b)+ (x —b)(a +b) = —2ab
sar — br — a4+ ab+ ax + bx — ab — b* = —2ab
<2ax = a® + b2 — 2ab

&2ar = (a — b)>

) — b)?
Néua#Othix:(a )
2a

Néu a = 0 thi (1) ¢6 dang 0z = b?. Do a # b nén b # 0, phuong trinh vo nghiem.
Két luan ,
Néua#0, a # +b thi S = {(“;ab> }
Con lai, S = @. O
BAI 1. Giai cac phuong trinh
O ++2°3— (x-283=120(x—1) —8;
O z+5x+2)-34r—-3)=(5—-12)%
® 3z-1)2-52x+1)+ (6z—-3)2z+1) = (z —1)%
« LOI GIAL
O +23—(r-2P3=120(2—-1) -8 1222+ 16 =1222 - 12z — 8 & 1 = —2
O r+5)r+2)-34r-3)=0(B-a2)?c2?2-5r+19=22—-10r+25 &z = g

1
(3) (395—1)2—5(2x+1)2+(6x—3)(2x—|—1):(x—1)2<:>$2—26:U—7:x2—2x+1<:>x:—§.
0

BAI 2. Giai cac phuong trinh
0 x—5+x—4+x—3_x—100+x—101+17—102.
100 101 102 5 4 3
29—x 21—x 20— 23—z 21—z
12 + + + + = —5;

R 25 27 29
« LOI GIAL

O Taco

r—>5 +a:—4 1+:1c—3 1_:v—lOO 1_’_:10—101
100 101 102 5 4

@x—105+x—105+x—105_3:—105+:E—105+x—105
100 101 102 5 4 3

11 1 1 1 1
s (o 2 2P bl —0
el ) (100 10T 102 5 1 3)

r — 102

1+ 1

<x = 105.
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® Taco
29—z 27 — x 25—z 23—z 21 —x
1 1 1 1 1=-—
TR e e T 545
(50 )<1+1+1+1+1>—0
WI\21 T3 o5 a7 Ta9) T
Vay x = 50.

BAI 3. Giai cac phuong trinh véi tham sb a, b
a) alar +b) = b*(z — 1); b) a*x — ab = b*(x — 1);
# LOI GIAL
O Taco
alazx +b) = b*(x — 1)
&(a® — bz = —bla +b).

) b
Néua#ibthiw:b—.
Néu a = b thi phuong trinh nghiém dtang v6i moi = (néu b = 0) hodic vo nghiém (néu b # 0).

) b
Néua%ibthix:b—.

Néu a = b thi phuong trinh nghiém ding v6i moi .
® o’z — ab = V*(r — 1); Bién ddi phuong trinh thanh (a? — b?)z = b(a — b) 1di giai tuong ty nhu
cau a.

O

BAI 4. Giai cac phuong trinh véi tham s a, b

r—a x—1 2a
oa+1+1a—1_1—a2’

r+a— r—a T—a
o a+2 L R ’
®3x+§_ 3a__ 4ax (2a+ 1z 3a? '

a a+1 (a+1)? ala+1)? (a+1)3

# LOI GIAL L

r—a T — a
0a+1+a—1—1—a2’ )

Diéu kien 14 a # +1. Bién doi phuong trinh thanh 2az = (a — 1)

Néua #0 (vaa#+£1) thi S = {(a—l)Q}'

2a

Néua=0th S=9.
) x—l—a—1+x—a+ T —a
a+2 a—2 4—a? )
Diéu kien 1a a # £2. Bién d6i phuong trinh thanh (2a — 1)z = 2(2a — 1). Néu a # 5 thi x = 2.

) 1 .
Néu a = 3 thi Ox = 0, v so nghiém.
r  3a dax (2a + 1)z 3a?
x4 = — = - -
® $+a a+1 (a+1)2+a(a+1)2 (a+1)3
Diéu kién 1a a # 0;a # —1. Bién do6i phuong trinh thanh
3a(a® —a+1) 3a(a? —a+1)
Tr =
a(a + 1)? (a+1)3
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Doa#0,a# —1,a*>—a+ 10 (chiing minh dé dang) nén z = il'
a
O
BAI 5. Giai phuong trinh véi cac tham sb a, b, ¢
ox—a+x—b+x—c_3_
b+¢ c+a a+bd
gx—a+x—b+x—0_ 3z '
b+c¢ c¢+a a+b a+b+c’
a+b—z a+c—x b+c—z 4z
(3) + + =1-—
c a a+b+c
20+b+c—3x a+2b+c—3x a+b+2c—3x 9z
0o + + =6— ——.
. . a b c a+b+c
# 1LOI GIAL
@ Taco
r—a x—b xz-—c
- - =3
b+c c+a a+b
_ —b _
A S S T )
b+ c c+a a+b
1 1 1
ctemai—of ) <o
(v—a 2 b—l—c+a—|—c+a—|—b
Né ! + = + # 0, phuong trinh ¢6 mot nghie +b+
eu ng trinh c6 mot nghiém = = a c.
b—lkc a—ll—c a+b » P & YL BENIS
Néub+c+a—|—c+a+bzo’ phuong trinh c6 tap nghiém la R.
gz—a+x—b+x—c_ 3r
b+c¢ c¢c+a a+b a+b+c
Tuong ty cau a) ta c6
1 1 1 3
Ca—b— ( _ >:0.
(z—a 2 b+c+a+c+a+b a+b+c
Né + ! + ! 5 # 0, phuong trinh c6 mot nghie +b+
é — c6 Mo é = .
ub—il—c a—ll—c a—li—b TThic , phuong trin mot nghiém x = a c
Né — = (), phuong trinh c6 ta hiém 1a R.
eub+c+a+c+a+b it bre , phuong trinh ¢6 tap nghiém la
9a+b—x+a+c—x+b—|—c—x_1 dor
c b a N a+b+c’
Lam tuong ty cau a), ta ¢
1 1 1 4
el )
(a+b+c—u) c+b+a at+b+c
20+b+c—3x a+2b+c—3x a-+b+2c—3z 9z
(1) + + =6— ————.
a b c a+b+c
Diéu kién a;b;c;a + b+ ¢ # 0. Khi do
2a+b+c—3z a+2b+c—3xr a-+b+2c—3x 9x
- - =6 ——
a b c a+b+c
2a +b+c— 3x a+2b+c— 3z a+b+2c— 3z 9x
& — 14+ — 14+ - 1=6— ——— -3
a b c a+b+c
1 1 1 3
<:>(a+b+c—3:1:)(——|———l————):0
¢c b a a+b+ec
™= Suu tam & bién soan Trang 125/477 E1 GeoGebraPro

Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

L, 1 1 1 3 b
Néeu % + ? + % — WW # 0, phuong trinh ¢6 mot nghiem x = %_I—C.
Néu - + 3 + Pl 0, phuong trinh c6 tap nghiém 1a R.
0
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oAl @ PHUONG TRINH TiCH

Phuong trinh tich (mot an) 1a phuong trinh dang c6 dang
A(z)B(z)...=0 (1)

trong d6 A(z), B(x), ..., la cac da thiec.

Dé giai (1), ta chi can giai titng phuong trinh A(z) = 0; B(z) = 0,... rdi liy tat cd cac nghiém ciia
ching.

Cac phuong phap phan tich da thitic thanh nhan ti chung c¢6 vai tro quan trong trong viéc dua mot
phuong trinh vé dang tich roi phan tich. Cach dat an phu ciing thuong duge st dung dé trinh bay loi
giai dugce gon gang.

VI DU 1. Giai phuong trinh

(x+3)° = (z+1)° =56

# LOI GIAL
Cach 1.

(x+3)° = (z+1)° =56
e’ 4922 + 270 + 27 — 2° — 322 — 32 — 1 = 56
6% + 24z + 26 = 56
&6(x* +4r —5) =0
&6(2> — 2+ 52 —5) =0
sr(x—1)+5x—-1)=0
e(x—1)(x+5)=0.

Két luan S = {1; —5}.

Cdch 2. Chu y rang = + 2 13 trung binh cong ctia x + 3 va x + 1, ta dit = + 2 = y, phuong trinh tré
thanh

(y+17°—(y—1)° =56
Sy +3°+3y+1—9° +3y* —3y+1=756
S6y P +2=56y =9 <y ==+3.

V6iy=3thix=1. V6iy=—-3thiz=->5.
Két luan S = {1; —5}. O

VI DU 2. Giai phuong trinh

4+ (z—1)° = (22 —1)% (1)

™= Suu tam & bién soan Trang 127/477 E1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

# LOI GIAL
Ta thiy z 4+ (r — 1) =2z — 1. Dat z — 1 = y thi (1) ¢6 dang

24y’ = (r+y)’
sr® +yP =2+ + 3zy(x +y)
sry(r +y=0)
-

= |y =

x=0 x=0 =0

) 1

VI DU 3. Giai phuong trinh

(z+ 1%z +2)+ (x—1)*(x —2) = 12. (3.1)

# LOT GIAL
Rt gon vé trai clia phuong trinh, ta dugc

20° + 10z =12 & 2° + 52 — 6 =0
e @ —-1)+5@x—-1)=0
S @-1)(2*+2+6)=0

Dé dang chiing minh duge 22 + 2 +6 # 0. Do d6 S = 1. d

VI DU 4. Giai phuong trinh

(2% — 1)(2* + 4z + 3) = 192. (3.2)

# LOT GIAL
Bién d6i phuong trinh thanh

(2> =Dz +1D)(x+3) =192 (z — 1)(z+ 1)*(z +3) = 192.
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bat z + 1 = y, phuong trinh tré thanh
(y — 2)y(y +2) = 192 & > (y* — 4) = 192.
Dat y? — 2 = z thi 2z + 2 > 0, phuong trinh tré thanh
(24+2)(2—2) =192 < 22 =196 & » = +14.

Loai z = —14 vi trai véi dieu kien z + 2 > 0.

V6i z = 14 thi y* = 16, do d6 y = +4.

Véiy=4thix+1=4nénx=3.

V6iy —4 thi z+ 1= —4nén z = —5. Két luan S = {3; —5}. O

VI DU 5. Giai phuong trinh

(z —6)* + (v — 8)* = 16. (3.3)

# LOT GIAL
Dat x — 7 = y, phuong trinh tré thanh

(y+1)°+(y—1)* =16
Rit ngon ta dugc

2t + 1202 +2=16<y* +64°+1=38
sSyt+6y7—7=0.

Daty? =2>0,tac6 22 +62—T=0& 2, = 1;20 = —7 (loai).
V6iz=1,tacoy?* =1nény = =*1.

, b
I\ Khi gidi phuong trinh bic 4 dang (x + a)* + (z +b)? = ¢, ta thuong dat an phu y = x + a—g .

VI DU 6. Gii cac phuong trinh
O ' +32° +422 + 30+ 1 =0; (1).
@ °— 2 +3°+3062—2+1=0 (2).

# LOT GIAL
@ ' +32° +422+32+1=0 (1).
Ta thay z = 0 khong la nghiém ctia phuong trinh (1). Chia hai vé ctia (1) cho 22 # 0, ta dugc
3 1
??4+3r+4+—-+—5=0

r

, 1 1

Sl +5 | +3(z+- ) +4=0.
x x

1 1
Datx—i-—:ythixz—l——Q:y2—2,taduf(jcy2—i-3y+220.
x x
Do d6 y; = —1; yo = —2.

V6iy =—1,tacé z+ — = —1nén 2°> +z + 1 = 0, vo nghiém.
T
1 .
Véiy=—-2,tacor+—=—-2nén (z+1)>=0,do d6 z = —1. Két luan S = {—1}.
x
™= Suu tam & bién soan Trang 129/477 E1 GeoGebraPro

Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

/\ Cling c6 thé gidi phuong trinh (1) bing cdch bién doi vé trdi thanh
(z+1)%*(2* + 2 +1).

® 5 +33+322—2+1=0 (2).
Ta thiy # = —1 la mot ngiém clia phuong trinh (2) vi tong céc hé s6 clia hang tit bac chin bing
tong cac hé s6 cia hang tit bac 1é. Bién do6i phuong trinh (2) thanh

(z + 1)(z* — 22° 4+ 52? — 22 + 1) = 0.

Giai phuong trinh
vt —22% + 527 22 +1=0 (3)

Ta thiy x = 0 khong la nghiém khong 1a nghieém ctia (3). Chia 2 vé ctia (3) cho 2% # 0, ta duge

2 1
LL’—2I+5— +—2_O

(x62—|— ) ( ) 5=0.

1 1 )
Dat « + — =y thi 2 + — = ¢* — 2, ta dugc y* — 2y + 3 = 0, v0 nghiém. Két luan S = {—1}.
x x

/N Tu goi cdc phuong trinh (1) va (2) la phuong trinh doi zing: cdc hé so ciia da thiic & 2 vé trdi cé
tinh chat doi xing qua hang ti ding gita.

Phuong trinh (1) la phuong trinh doi zing bac chdan, phuong trinh (2) la phuong trinh doi ming bac Ié.
Phuong trinh doi ming bac 1€ bao ¢io ciing nhan x = —1 lam mot nghiém, do dé bing cdach chia hai
vé cho x + 1, ta thu dugc phuong trinh doi ziing bac chdn 2n.

Phuong trinh doi zing bac chdn 2n doi vdi x dua duge vé phuong trinh biac n doi vdi y bing cach dit
an phuy =x + —.

Ta c6 nhan xét s%u dé kiém tra lai nghiem cia phuong trinh doi xing: Néu a la nghiém phuong trinh
thi é cung la nghiém cua phuong trinh.

U
VI DU 7. Chiing minh ring cac phuong trinh sau vo nghiem
O+ P+22P—2+1=0; (1)
O+ +1=0; (2)
# LOI GIAL
Q- P+222—2+1=0; (1)
Bién dbi phuong trinh (1) thanh
(2 +1)? —z(z> +1)=0.
C4 hai nhan tit 6 vé déu duong.
Két luan S = @.
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O+ +1=0; (2)
Cach 1 Nhan hai vé caa (2) véi z — 1, ta duge

(z—D(a* +2° +2° +2+1=0)
e —1=0
1’ =1. (3)

Phuong trinh (3) c6 nghiém z = 1, nhung gia tri nay khong théa man phuong trinh (20+)).
Két luan S = @.
Cach 2 Chitng minh 2* + 23 + 22 + 2+ 1 > 0.

/N Cic phuang trinh (1) va (2) cing la phuong trinh déi zing. Do dé ciing cé thé gidi chiing bing

. 1
cach dat an phuy =z + —
x
0
BAI 1. Giai cac phuong trinh sau
a) ® +22°+1+2=0 b) a4+ 22? —x — 2.
c) x3 — 2% — 21z + 45. d) 2% +32* + 4z +2 = 0.
e) zt + 2% + 62 — 8 = 0. f) (z2 +1)* =42z — 1).
g) (x —1)3 + (22 + 3)3 = 2723 + 8. h) 62 — 2% — 722 + 2+ 1= 0.
# LOI GIAL
Q@ 22 +2+2=0% (v+2)(2? +1) = 0. Nghiem z = —2.
® °+2:—2-24 (v+2)(2? —1). Nghiem z = —2; —1; 1.
® °— 2? - 2lx+45 5 (v —3)*(x +5) = 0. Nghiem x = —5; 3.
O 32 +42+2=0«s (z=1)(2*+ 22 +2) =0. Nghiem z = —1.
@ '+ +62-8=0« (v —1)(x+2)(2? —x+4) =0. Nghiem z = —2;1.
O *+1) =422 —-1) & (x —1)*(2? + 22+ 5) = 0. Nghiem z = 1.
2 1
@ (v 173+ (20 +3)° =272 + 8. Nghiem z = ~3 7 3.
11
O 6P -T+r+1=0% (22— 1)(2z — 1)(3z + 1) = 0. Nghiem z = —1; —3iy 1.
U
BAI 2. Giai cac phuong trinh sau
a) (22 — 5z)? 4+ 10(x? — 5z) + 24 = 0. b) (2% + 5x)? — 2(2? + bz) = 24.
c) (*+x+1)(2*+x+2)=12. d) (22 +z—2)(z* +2—3) = 12.
e) x(x +1)(22 + 2+ 1) =42. f) (2 + 2+ 1)? = 3(z* + 22 + 1).
# LOI GIAL
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O (»?—52)%+10(2* — 5z) + 24 = 0.
Dit y = 2% — 5x. Ta duge y? + 10y +24 = 0, ti d6 y; = —6; yo = —4.
Vé6i y = —6 ta duge x1 = 2; x9 = 3.
Vé6i y = —4 ta duge x3 = 1; x4 = 4.
@ (22 +52)% —2(2 4 5z) = 24.
Nghiém x = —6; —4; —1; 1.
® P+z+1)(2®+a2+2) =12
Dity=a2?>+x+1. Tadudc y> +y —12=0, tu do y; = 3; y» = —4.
Vé6i y = 3 ta duge x1 = 1; 29 = —4.
V6i y = —4 Phuong trinh voé nghiém.
O +r-2)(2>+2-3) =12
Nghiém x = —3; 2.
@ (v +1)(2®+2+1) =42
Nghiém x = —3; 2.
O P+r+1)?2=3@a*+22+1).
Chayrang 2 + 22+ 1= (2> + 2z + 1)(2* —x + 1).
Phuong trinh ¢6 dang (z? + 2 + 1)(z* — 2z + 1) = 0.
Nghiém x = 1.

BAI 3. Giai cac phuong trinh sau
a) z(z +1)(z — 1)(z +2) = 24. b) (z — 4)(x — 5)(z — 6)(x — T) = 1680.
¢) (z +2)(z + 3)(z — 5)(z — 6) = 180. d) 22(8z — 1)2(4z — 1) = 9.
e) (12 +7)(3z +2)(2x + 1) = 3. f) (22 4+ 1)(z 4+ 1)2(2¢ + 3) = 18

# LOT GIAL
O :(z+1)(x—1)(z+2) =24
Nghiém x = —3; 2.
O (v —4)(x—5)(x—6)(z—7)=1680.
Nghiém z = —1;12.

® Taco

(x+2)(x+3)(x —5)(z —6) =180
&(2* — 3r — 10)(2* — 3z — 18) = 180

Dit y = 22 — 32 — 14. Tim dudgc y = £14.
Vé6i y = 14 ta duge 1 = 7; x5 = —4.
Vé6i y = —14 ta dugc x5 = 0; x4 = 3.
O 2:87—1)*(4r —1) =09.
Nhan 8 vao hai vé, ta duge 8z(8x — 1)?(8z — 2) = 72.
Daty =8z —1tadude (y+ 1)y’ (y—1) =72 (y¥* —9)(y* +8=0) & y* =09.
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Truong hop y = 3 suy ra x =

DO | —

1
Truong hgp y = —3 suy ra x = 1

® (122 +7)*(3x +2)(2z + 1) = 3. Nhan 24 vao hai vé, ta duge (122 + 7)%(12z + 8)(12x + 6) = 72.
1
Dat y = 122 + 7 ta duge x = —5; —é

O 22+ 1)(z+1)%2r+3)=18. °

PN 1 5
Nhan 24 vao hai ve, roi dat y = 2z + 2, ta duge x = 5; —5
O
BAI 4. Giai cac phuong trinh sau
a) (22 — 6z +9)* — 15(x* — 6z + 10) = 1. b) (22 4+ 1)? + 3z (2? + 1) + 2262 = 0.
c) (2 —9)* = 12z + 1.
# LOT GIAL
@ (»?—62+9)?2—15(z%—6x+10)=1.
Dit y = 22 — 62+ 9 > 0, ta dugc y; = —1 (loai); yo = 16..
Nghiém x = —1;7.
O (2 +1)%+3x(2®+1) + 2262 = 0.
Diat y = 22 + 1 ta duge y* + 3zy + 22> =0 & (y + 2)(y + 2x) = 0.
Nghiém z = —1.
© (-9?%=122+1.
Thém +36x% vao hai vé. Dap s6 v = —4;2.
O
BAI 5. Giai cac phuong trinh sau
a) (z+3)*+ (z +5)* = 16. b) (z —2)*+ (x —3)1 =1.
c) (x+ 1)+ (z — 3)* = 82. d) (x —2,5) + (z —1,5)* = 1.
# LOI GIAL
@ (»+3)"+ (z+5)" =16.
Dat y = 2 + 4, khi d6 phuong trinh tuong duong (y — 1)* + (y + 1)* = 16, ta duge y = +1.
Vé6i y =1 thi z = —3.
Véi y = —1 thi x = —5.
O -2+ (x-3)"=1.
5
baty =2 — =.
ity =a -3
Nghiém x = 2; 3.
® (z+1)+ (x—3)*=82
Nghiém x = 2;0.
O 25 +(r-1,5)"=1.
3
Nghie =—:—.
ghiem = = o; 0
O
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BAI 6. Giai cac phuong trinh sau
a) (4—1x)° + (v —2)° =32, b) (x —1)° + (z + 3)° = 242(z + 1).

# LOT GIAL
Q (4—2)°+ (x—2)° =32
Dit y = x — 3 roi rat gon duge y* + 292 —3 =0.
Nghiém x = 2;4.
O (z-1)°+ (x+3)5 =242(x + 1).
baty=2+1.
Nghiém x = —2; —1;0.

BAI 7. Giai cac phuong trinh sau
a) (x+ 172+ (z —2)° =2z —1)3. b) (z —7)* + (x — 8)* = (15 — 2x)*.

# LOI GIAL
O G+1)P+@-2=2r-1P e (@+1)3+(x-27>+1-22)*=0.
bData=z+1, b=2x—-2;, c=1—-2xthia+b+c=0.
Do d6 a® + b3 + ¢® = 3abc. Vay abe = 0.
Nghiémx:—l;%;Z
O z-7+ (z—8)*= (15— 21)*
Dat a =2 —7; b = x — 8 ta dugc

3
a4—|—b4—(a+b)4:0@4ab(a2+§ab+b2> = 0.

3 3\ 7 PN
Xét a® + Eab + b = <a - Z_Lb> - 0 > 0 nhung dau bang khéng xay ra.
Nghiém x = 7;8.

BAI 8. Giai cac phuong trinh sau
a) xt —3x3 + 42 — 3 +1=0. b) 3z* — 13z 4+ 1622 — 13z + 3 = 0.
c) 6z + 53 — 38x% + 5z + 6. d) x° + 22% + 323 + 322 + 22 + 1 = 0.
e) 6z + 2523 + 122% — 252 + 6 = 0. f) 62 + 252% + 122% — 252 + 6 = 0.

# LOI GIAL
@ 32 +422 32 +1=0.
Daty:x—l—l,tadu’dcyQ—?)y—FQ:O.
Nghiémlex.
® 3% — 1323 + 1622 — 132 +3 = 0.
Dat y::c—l—i, ta duge (y — 1)(3y — 10) = 0.
1

Nghiém x = 5; 3.
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® 62 + 523 — 3822 + 5 + 6.
< 1 5 10 . 11
bat y =2+ —, tadudc y3 = =; y» = ——. Nghiétm z = —3; —-; =; 2.
x 2 3 3 2
O »° 22"+ 3573 +322+ 20 +1=0.
Nghiém z = —1.
@ 624+ 2523 + 1222 — 252 +6 = 0.
1
bDaty=2— —.
x
11
—=;=; 2.
2°3
@ 62 + 2523 + 1222 — 252 + 6 = 0.
Chia hai vé cho 2.

1
Nghiém x = 1; 5; 2.

Nghiém x = —3;

0]
BAI 9. Giai cac phuong trinh sau 2° = 24 + 2% + 22 + 2 + 2.
# LOI GIAL
R N N T o)
@ -1 - (@' +2*+22+z2+1)
S-2)@*+2* +22 +2+1)=0
Sr—2=0
Vi phuong trinh z* + 23 + 22 + z + 1 = 0 v6 nghiém.
Vay nghiém x = 2. O
BAI 10. Ching minh céc phuong trinh sau vo nghiém
a) ot — 223 +42° —3x +2=0. b) xS +2° + 28+ 22+ 2+ 1=0.
# LOI GIAL
@ 2% +422 32 +2=0.
Dua phuong trinh vé dang (22 —z + 1)(2? — 2 +2) = 0.
@D+ +2P+22+2+1=0.
Dua phuong trinh vé dang 27 — 1 = 0.
O
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BAI @ PHUONG TRINH CHUA AN & MAU THUC

@) TOM TAT Li THUYET

Céc budc giai phuong trinh chita an ¢ mau thiic:
— Tim diéu kién xac dinh (DKXD) ctia phuong trinh.
— Quy dong mau thiic ¢ hai vé ctia phuong trinh roi khit mau thie.
— Giai phuong trinh vita nhan dugce.

— Nghiém ciia phuong trinh la céc gia tri tim duge clia an thoéa méan diéu kien xac dinh.

G CAcViDu

Vi DU 1. Giai phuong trinh:

x—1+x+3_ 2
r—2 x—-4 (r—2)4-2)

(1)

# LOT GIAL
DKXD ctia phuong trinh la « # 2, x # 4.
Bién doi phuong trinh (1):
(x—1)(z—4)+ (z+3)(x —2) = —2.

Thu gon phuong trinh, ta dugc
2x(z —2) = 0. (2)

Nghiém cta (2) 1a 2y = 0, 29 = 2. Trong d6, z; = 0 théa man DKXD, x5 = 2 khong théa man DKXD.
Két luan: S = {0}. O

VI DU 2. Giai phuong trinh véi cac tham sb a, b:

1 1 1 1

- -t —=— (1
a+b+x a+b+x (1)

# LOT GIAL
DKXD ctia phuong trinh la: a # 0,0 # 0, x # 0, v # —a — b.
Bién déi phuong trinh (1):

1 _l_a—l—b@ a+b _a+b
a+b+x x  ab —z(a+b+x)  ab

(1) &

Néu a + b =0 thi (1) ¢6 vo s6 nghiem: x bat ky khac 0.
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Néu a + b # 0 thi

—z(a+b+x)=abs ab+ax +br+2°=0
& (r+2)(x+b) =0

Dé —a théa man DKXD, ta phai cé:

—a#0 a+#0
= .
—a# —a—0» b+#0
Cac diéu kien nay da co.

Dé —b théa man DKXD, tuong tu ta phai co: a # 0, b # 0.

Két luan:
Néua=#0,b#0,a+b=0thi (1) c6 vo s6 nghiem: x bat ky khac 0.
Néua#0,b#0,a+0b%#0thi (1) c6 nghiem: x = —a va x = —b. O
Vi DU 3. Giai phuong trinh:
r+a -3
= 2. 1
T+ 3 * Tr—a (1)
trong d6 a 1a hang s6.
# LOI GIAL
DKXD ctia phuong trinh 1a z # -3, x # a.
Bién do6i phuong trinh, ta dudc
2(a — 3)x = (a — 3)*. (2)

4 a — 3 sz . N N PN 2 N ~ A
— Néu a # 3 thi x = — Gia tri nay la nghiém cta phuong trinh da cho néeu

a—3

2
a—3

2

#-3 (3)
#a (4)

Giai diéu kien (3), ta dudc a # —3. Giai diéu kién (4), ta cing duge a # —3.
Vay néu a # —3 thi z = e

la nghiém cta phuong trinh da cho.
— Néu a = 3 thi (2) ¢6 dang 0x = 0, nghiém ding véi moi x thoa man diéu kien (1), titc 1a x # —3

va x # a (do a = 3 nén diéu kien nay la x # 3).

Két luan:

Néu a # +3 thi S:{a;?’}.

Néu a = 3 thi S = {z|r # +3}.

Néu a = —3 thi S = 0. O
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(® BAI TAP TU LUYEN

BAI 1. Giai cac phuong trinh:

+ 2
(| P

3 3

z+1

x—2 x2—x—2+ ’

gm—i—G r—5  22°+23x+61

xgE) x+623_ :B2+1$8—30 ’
x 4+

ex—5 r—8 (r—5@8—-z)
zr—4 x+4

9:vgl :v—{—l ' 0

® r—2 (@+1)2-z)
22— x? Tx? — 3x

@ T
_x+3 r—3 99—z

# LOI GIAL

@ DKXD ctia phuong trinh la: 2 # —1, 2 # 2.
Bién déi phuong trinh, ta dudc

(x+2)(x—2)+3(zx+1)=3+(x+1)(xz—-2)

+
1

1
v s— 11
ay 5
@® DKXD ctia phuong trinh la:  # —6, z # 5.
Bién d6i phuong trinh, ta dudc

(x +6)* + (z — 5)* = 22% + 232 + 61
& 2r =237
& x = 0.
Vay S = {0}.
@ DKXD ctia phuong trinh la: o # 8, x # 5.
Bién d6i phuong trinh, ta dudc
6(x —8)+ (x+2)(x—5)=—-18— (x —5)(x — 8)
& 22° — 100 =0
x=0
= .
T =95

Vi z =5 bi loai nén S = {0}.
@ DKXD ctia phuong trinh la: z # £1.
Bién d6i phuong trinh, ta dudc
(z—D@+1)+(z+4)(z—1)=22> -2

& —2=0.

Vay S = (.
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@ DKXD ctia phuong trinh la: z # —1, x # 2.
Bién déi phuong trinh, ta dudc

3r—2)—(x+1)=—9
& 2r= -2

< = —1.

Vay S = 0.
@ DKXD ctia phuong trinh la: z # +3. Bién d6i phuong trinh, ta dugce

(2 —2)(x —3) —2*(x +3) = —T2* + 3z

< 0=0.

Vay phuong trinh c6 vo s6 nghiém: = bat ky khac 43.

BAI 2. Giéi cac phuong trinh sau:
r+1 x—1 3

2 +r+1 22—z+1 :x(x4+x2—|—1);
) t+2 =2 6
2420 +4 22 —-20+4  x(rt 442+ 16)
# LOT GIAL
@ DKXD ctia phuong trinh 1a z # 0.

Bién doi phuong trinh, ta dugdc

(3
VayS—{Q}.

@® DKXD ctia phuong trinh: z # 0.
Bién ddi phuong trinh, ta dudc
v(z+2)(2® — 20 +4) —x(r —2)(2* +2v +4) =6
& 162 =6

Gr=>
i8.

3
Vays_{s}'

BAI 3. Giai phuong trinh sau:

1
—l—a:l_a

trong d6 a 1a hing s6.
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# LOI GIAL
DKXD ctia phuong trinh: x # 1.
Bién déi phuong trinh, ta dudc

l+a=(1—-a)(l—2x)

S ar—xr = 2a

< z(a—1) =2a.

Néu a = 1 thi phuong trinh vo nghiem.
. 2
Néua # 1 thix = ¢

a—1
Gi4 tri nay 1a nghiém clia phuong trinh da cho néu:
2a
1
a—1 7
S2a#a—1
& a# —1.

Két luan:
Néu a = +1 thi S = 0. )
Néua%ilth‘lS:{ ¢ }

a—1

BAI 4. Giai cac phuong trinh sau:
T 20+ x 8a?
0

a— —2a
=0.
o xr —2a + x —3b
trong do6 a, b 1a cac hing s6.

# LOI GIAL
@ DKXD ctia phuong trinh la: z # +2a.
Bién doi phuong trinh, ta dudc

r(2a — ) + (2a + z)* = —8a®

< 124 + 6ax = 0

& 6ar = —124>.

Néu a = 0 thi phuong tinh c6 vo sé nghieém: x bat ky khac 0.

—12a?

Néu a # 0 thi z =
@® DKXD ctia phuong trinh 1a: x # 2a, x # 3b.
Bién doi phuong trinh, ta dudc

(2a — 3b)(x — 3b) — (2a — 3b)(x — 2a) =0
< (2a — 3b)(z — 3b) = (2a — 3b)(z — 2a).

Néu 2a = 3b thi phuong trinh c6 vo sé nghiem: z bat ky khac 2a.

= —2a (loai). Suy ra phuong trinh vo nghiém.

Néu 2a # 3b thi x — 3b = v — 2a < 3b = 2a. Suy ra phuong trinh vo nghiém.
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O
BAI 5. Giéi cac phuong trinh sau:
r—a-+ r—0+ a
° 1 b+1 .
r—a r—b  (zr—a)(z—0)
a a—1 1
° x+a_:c—1+a:+1'
trong d6 a, b 1a cac hang so.
# LOI GIAL
@ DKXD ctia phuong trinh 1a z # a, x # b.
Bién dé6i phuong trinh, ta dudc
(x—a+1)(x—=b)—(z—b+1)(z—a)=a
& —bt+a=a
& b=0.
Két lugn: Néu b = 0 thi phuong trinh c6 vo sd nghiém: x bat ky khac a va 0.
Néu b # 0 thi phuong trinh vo nghiem.
@® DKXD ctia phuong trinh 1a x # —a, ¢ # +1. Bién doi phuong trinh, ta dugc
a@? = 1) = (a— 1)@+ 1)z +a) + (& + a)(z — 1)
sadr+a®—2r+ar—a=0
s z(a—1)(a+2) =a(l —a)
< z(a—1)(a+2) = (a—1)(—a).
Néu a = 1 thi phuong trinh c6 vo s6 nghiém: x bat ky khac £1.
Néu a = —2 thi phuong trinh vo nghiém.
Né 1 va a # —2 thi ) =—as r=—".
dua#1vaa# 1z(a+2) ae T=
Dé z = a2 la nghiém ctia phuong trinh thi
( —a
1
a+2 7
—a
—1
a+ 2 7
—a
\a+ 2 7 —a
Giai ra ta dugc a # —1, a # 0.
Két lugn: Néu a = 1 thi phuong trinh c6 vo s6 nghiém: = bat ky khac +1.
Néu a = —2, a = —1 hoiic a = 0 thi phuong trinh vo nghiém.
Néua#1l,a# —2,a# —1,a#0thi S = { ¢ }
a+2
O
BAI 6. Gii cac phuong trinh sau:
o ol 1,11
at+b—x a b 2z
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o > 2 _ 1 1
alb—z) bb—2) alc—xz) blc—x)
trong dé a, b, ¢ 1a cac hing s6, a # 0, b # 0.

# LOT GIAL

@ DKXD ctia phuong trinh 1a  # 0, x # a + b. Bién déi phuong trinh, ta dugc

abr =br(a+b—1z)+axr(a+b—2x)—abla+b—x)
& (—a —b)z* + (a* + 2ab + b*)z = a*b + ab®
& (—a—b)z* + (—a — b)*r = —ab(—a — b).

Néu —a — b =0 & a = —b thi phuong trinh c6 vo s6 nghiém: x bat ky khac 0.
Néu —a — b # 0 < a # —b thi phuong trinh tré thanh

22+ (—a—b)x = —ab
< (xr—a)(x—0b)=0

Dé 2 = a la nghiém ctia phuong trinh thi a # 0 va b # 0.
Tuong tiy, dé = = b 1a nghiém ctia phuong trinh thi a # 0 va b # 0.
Két luan: Néu a = —b thi phuong trinh c6 vo s6 nghiém: = bat ky khac 0.
Néu a = 0 hodic b =0 thi S = 0.
Néua# —b,a#0,b+#0tht S=1{a,b}.
@® DKXD ctia phuong trinh 1a x # b, x # c. Bién doi phuong trinh, ta duge

2b(c —x) —2a(c—x) =b(b—z) —a(b—x)
s20b—a)(c—z)=(b—a)(b—2)

Néu b — a = 0 < a = b thi phuong trinh c6 vo sd nghiém: x bat ky khac b, c.
Néu b — a # 0 < a # b thi phuong trinh tré thanh

20c—x)=b—ax < x=2c—0b

i 2
Deée x = 2¢ — b la nghiém cua phuong trinh thi { S c#Fb

Két luan: Néu a = b thi phuong trinh c6 vo s6 nghiém: x bat ky khac b, c.
Néuc=>bthi S=0.
Néua #bvac#bthi S={2c—b}.

U
BAI 7. Giai phuong trinh sau:
1 1 1 1
+ = +
(x+a)2—-1 (z+12—-a> 22—(a+1)? 22—(a—1)?
trong d6 a 1a hang so.
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# LOI GIAL

DKXD ctia phuong trinh 1a 2 # +(a — 1), z # £(a + 1).
Bién dé6i phuong trinh, ta dudc

1 1 B 1 1

(:U—|—a~|—1)(a:+a—1)+(a:+1—a)(:c+1+a) B (x+a—|—1)(:z:—a—1)+(a:—a+1)(x+a—1)
= x+l-a)z—a-1)+(@@+a—-1)(z—a—-1)=(@x+a—-1)(z—a+1)+(z+a+1)(z—a—1)

& —2ax —2x = —2a° — 2

srla+l)=a*+1.

Néu a = —1 thi phuong trinh vo nghiém.

2
. 1
Néua;é—lthix:a + :
a+1
2 0/2 + 1 N PN 2 N N
be x = 1 la nghiém cta phuong trinh thi
a

Giai ra ta dugc a # 0.
Két lugn: Néu a = —1 hoac a = 0 thi phuong trinh vé nghiém.

. 241
Néua%—lvaa%OthiS:{a+ } 0
a—+1
BAI 8. Ching minh phuong trinh sau ¢6 ba nghiém phan biét:
r—a N r—b b n a
b a x—a x—0b
trong d6 a,b 13 hang 6, a # 0, b # 0, a + b # 0.
# LOT GIAL
DKXD ctia phuong trinh 1a z # a, x # b.
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Bién ddi phuong trinh, ta dudc

— b —b
T —a x a 0

b _x—&+ a _x—b:
(r—a)? =0 (r—0b)*—ad?
bx — ba axr — ab
z—a-+b :E—b+a)
<:><x_a_b>(bm—ab+aa:—ab =0

(v =a+b

=0

=
(a+b)z? = (a®+ ")z =0
—x:a+b
& [v=0 :
a® + b?
xr =
L a+b
a’+v?
Vay phuong trinh ¢6 ba nghiém phan biet 1a S = {a—i— b; 0; D } O
a
BAI 9. Giai phuong trinh sau:
x — )(x—c)+(x—b)( —9 _4
b—a)b—c)  (@=b)a—0)
trong d6 a, b, ¢ 1a cac hang s6 va khac nhau doi mot.
# LOT GIAL
Ta ¢6 x = ¢ khong phai la nghiém cta phuong trinh, do dé xét x # c.
(x—a)(x—c)  (z—>0)(x—rc) 1
(b—a)b—c) (a—Db)(a—c)
L r-e :U—a_:v—b) _q
b—a\b—c a+c/
r—a x—b b-—a
R — =
b—c a—c x—c
(r—a)la—c)=(x—=b)(b—c) b-a
(b—c)(a—c) oz
r—(a+b)+c —1
b—c)a—c) x—c
= (x—a—-b+c)(x—c)=—(b—c)la—c)
& (x—a)(x—0)=0
r=a
54
r=>
Két lugn: S = {a; b}. O
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BA @ GIAI BAl TOAN BANG CACH LAP PHUONG TRINH

Budc 1. Lap phuong trinh
— Chon an va dat diéu kien thich hop cho an.
— Biéu dién cac dai lugng chua biét theo an va cac dai lugng da biét.
— Lap phuong trinh biéu thi sy tuong quan ctia céc dai luong.
Budc 2. Giai phuong trinh.
Budc 3. Chon két qua thich hop va tra 1oi.

VI DU 1. Vao thé ki tht IIT trude cong nguyen, vua xtt Xi-ra-cit giao cho Ac-si-met kiém tra
xem chiéc mii bang vang ctia minh c¢6 pha thém bac hay khong. Chiéc mil ¢6 trong lugng 5
niuton (theo don vi hién nay), khi nhiing ngép trong nuée thi trong lugng giam di 0,3 niuton.

Biét rang khi can trong nudc, vang gidm 20 trong lugng, bac giam m trong Iugng. Hébi chiée

mii chita bao nhiéu gam bac? (vat c¢6 khoi lugng 100 gam thi trong lugng bang 1 niuton).

# LOI GIAL

Goi trong lugng bac trong mui la x (niuton) (0 < x < 5). Trong lugng vang trong mi 1a 5 —z (niuton).

Khi nhing ngap trong nude, trong lugng bac giam 1:17_0 (niuton), trong lugng vang giam — (niuton).
Ta c6 phuong trinh
r S—=x
— =0,3
10 20 ’
r=1
Trong luong bac trong mi 14 1 niuton. Chiéc mil chita 100 gam bac. O

I\ Khi gidi todn bing cach lap phuong trinh, ngoai an da chon, doi khi nguoi ta con biéu thi nhing
dai luong chua biét khdac bang chit. Dieu lij thi la cdc chit dé tuy tham gia vao qud trinh gidi bai todan

nhung ching lai khong cé6 mdat trong ddp so cia bai todn. Ta xét vi du dudi day:

VI DU 2. Mot ngusi di mot niia quang duong AB vé6i van téc 20 km/h, va di phan con lai véi
van toc 30 km/h. Tinh van tdc trung binh clia ngudi d6 trén toan by quang dudng.

# LOI GIAL

Goi van téc trung binh phai tim 1a  (km/h), (x > 0). Ta biéu thi mot nita quang dusng AB 1a a km
(a > 0). Thoi gian nguoi dé di nita dau ctia quang duong 1a % gio, thoi gian di nita quang duong la
N

— £10.

30 &

Ta c6 phuong trinh

a n a  2a
20 30
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Giai phuong trinh trén, ta dugc

Van toc trung binh 1a 24 km/h.
Luu y:
@ Néu van toc trén nita dau clia quang duong 1a a km/h, van téc trén nita sau 1a b km/h thi van
£ N ~ 2 ~ N > 2
toc trung binh trén ca quang duong bang T km /h.

a b
Dai lugng nay dudce goi la trung binh diéu hoa ctia a va b.

@ Trung binh diéu hao ctia hai s6 duong a va b nhé hon hodc bang trung binh cong ctia hai s6 ay.

That vay
2 2ab b
:aibgﬁ;vmmgm+m2

1+1
a b

1. Bai tap tu luyén

BAI 1. H5i khach qua dudng, cho hay Di-6-phiing tho bao nhieu tudi?
Biét thoi tho au clia 6ng chiém G cuoc doi.

% cudc doi tiép theo la thoi thanh nién séi noi.

Dén khi lap gia dinh thi lai them ; cudc doi.

5 ndm ntwta tréi qua, va mot cau con trai da duge sinh ra.

Nhung s6 ménh buoc con chi séng bang nita doi cha.

Ong da tit tran 4 nam sau khi con mét.

Di-6-phang tho bao nhiéu hay tinh cho ra?

# LOT GIAL

Goi 6 tudi ctia Di-6-phang 1a z, (x > 0). Khi dé, ta c6 phuong trinh:

L 45+ 44
— JE— — — =
6 12 7 2

Giai ra ta ducgc x = 84. vay Di-6-phang tho 84 tudi. OJ

BAI 2. Tim s6 tu nhién ¢6 bén chit s6, biét ring néu viét them mot chit s6 1 vao ding trude va mot
chit s6 1 vao diang sau thi s6 d6 tang gap 21 lan.
# LOI GIAL
Goi s6 tu nhién c6 bon chit s6 1a 2 = abed, (x > 0). Sau khi them chit s6 1 vao ding trudc va chit s6
1 vao ding sau thi sé méi la: labedl, ¢6 gia tri 1a 100001 + 10 - abed = 100001 + 10z.
Theo dé bai ta c6 phuong trinh

100001 + 10z = 21x.

Giai ra ta dugc x = 9091. Vay s6 can tim 1a 9091. L]
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BAI 3. Tim mot sé tu nhién c6 sau chit s6, biét ring chit s6 tan ciing ctia né bing 4 va néu chuyén
chit s6 4 d6 len vi tri chit s6 dau tién thi sd phai tim ting gap 4 lan.

# LOT GIAL

Goi s6 tu nhién c6 sau chit s6 can tim 1a x@, (z > 0). Sau khi chuyén chit s6 4 lén vi trf dau
abcded — 4

tien, ta dugc sd6 mdi 1a 4abede c6 gia tri 1a 0

_ 4
+ 400000 = % + 400000.

Theo dé bai ta c6 phuong trinh

r—4
+ 400000 = 4zx.

Giai ra ta dudc o = 102564. Vay s6 tu nhién can tim 1a 102564. O

BAI 4. Tinh tudi cia hai me con hién nay, biét ring cach day 4 nam thi tudi me gp 5 lan tudi con,
sau day 2 nam thi tudi me gap 3 lan tudi con.
# LOT GIAL

Goi s6 tudi clia me hién nay la z, (z > 0). Cach day 4 nam, s6 tuoi ctia me la z — 4.

N . 2. ° o . N T — Z 2. 2 o ~ L 2,0 [N
Theo dé bai, ta c6 tuoi cua con 4 nam trudc la . 50 tudi ctia con sau 2 ndm ntta (d6i véi hién
xr — 7z 2. ° - ~ Z . se [N . N
tai) la + 4 4 2 va s0 tudi clia me sau 2 nam nita (d6i véi hién tai) 1la x + 2.
Theo dé bai, ta lai ¢6
r—4 x4+ 2
—+4+2=
5 3
Giai ra ta dudgc x = 34. Vay tudi clia me 1a 34 vi tudi ctia con la 10. ]

BAI 5. Mot hinh chit nhat ¢6 chu vi bing 320 m. Néu ting chiéu dai 10 m, téng chiéu rong 20 m thi
dién tich tang 2700 m?. Tinh do dai mdi chicu.
# LOI GIAL
Goi chiéu dai hinh cht nhat 14 z (m), (160 > z > 0) tit d6 suy ra chiéu rong la 3—30 —x =160 — .
Sau khi tang chiéu dai va chiéu rong, dién tich ctia hinh chit nhat méi la (z + 10)(160 — x + 20).
Theo dé bai ta co6

( + 10)(160 — 2 + 20) = (160 — 2) + 2700.
Giai ra ta dugc x = 90. Vay chiéu dai hinh chi nhat 1a 90 m, chiéu rong hinh chit nhat 14 70 m. O
BAI 6. Mot ca no tuan tra di xudi khic song tit A dén B hét 1 gio 10 phat va di ngude dong tit B vé
A hét 1 gio 30 phat. Tinh van t6c rieng clia ca no, biét rang van tdc dong nude 1a 2 km/h.
# LOI GIAL
Goi van toc riéng clia ca no 1a z(km/h),(z > 0), suy ra van toc ctia ca no khi xuoi dong la x + 2, khi
ngudgc dong la z — 2.
gio.

NN GV

g 7
DGi don vi: 1 gi 10 phiit = - giy, 1 gi 30 phiit =

Vi quang dudng di va vé 1a nhu nhau nén ta cé

7 3
é(x +2)= §(x —2).

Gidi ra ta duge x = 16. Vay van toc riéng ctia ca no 1a 16 km/h. O
BAI 7. Mot nguoi di tit A dén B véi van toc 24 km/h 16i di tiép tit B dén C véi van téc 32 km/h.
Tinh quang duong AB va BC, biét rang quang dudng AB dai hon quang dusng BC 1a 6 km va van
toc trung binh clia ngudi dé trén cd quang duong AC 1a 27 km/h.
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# LOI GIAL
Goi quang duong AB la z (km) (z > 6).
Quang duong BC'la z — 6.

z—06

Thai gian ngudi d6 di hét doan duong AB 1a %, thoi gian di hét doan duong BC' 1a 5 thoi gian
. -6 R
di het doan duong AC la i Theo de bai ta c6 phuong trinh
r+x—06 r x—6
—_ = +
27 24 32
Giai ra ta dugc x = 30. Vay quang duosng AB dai 30 km, quang duong BC' dai 24 km. U

BAI 8. Quang duong tit A dén B gdom doan len déc AC, doan nim ngang C'D, doan xudéng déc DB,
tong cong dai 30 km. Mot ngusi di tit A dén B 16i tit B vé A hét tat ca 4 gio 25 phat. Tinh quang
duong ndm ngang, biét rang van toc len doc (ca lic di 1an lac vé) 1a 10 km/h, van téc xudéng doc (ca
lac di 1an lac vé) 1a 20 km/h, van téc trén dudng nam ngang la 15 km/h.

# LOI GIAL

Goi do dai quang duong AC, CD, DB lan lugt 1a a, x, b (km), (a,z,b > 0).

Xét lac di tit A dén B, thoi gian nguoi do di len doc AC 1a 1(1—0, di trén doan nam ngang C'D la %,

. . b

di xuong doc DB la —.

i xudng doc N b

Xét lac di tit B vé A thoi gian nguoi d6 di len doc DB 1a 0 di trén doan nam ngang C'D 1a 1%, di

) . a

ong doc AC la —.

xuong doc & o5 .

D3i don vi 4 git 25 phit = o
Thoi gian di tit A dén B trd vé A la

b b x a 53

a i
00 0B 0 12

a+b+a+b+2x_53
10 20 15 12
<:>30—x+30—$+2x_53
10 20 15 12

=4

Giai ra ta dugc x = 5. Vay do dai quang dudng nam ngang 1a 5 km. O

BAI 9. Liic 8 gid, An roi nha minh dé dén nha Bich véi van téc 4 km/h. lac 8 gio 20 phat, Bich ciing
roi nha minh dén nha An véi van téc 3 km/h. An gip Bich trén dudng, r6i cd hai cing di vé nha Bich.
Khi tré vé dén nha minh, An tinh ra quang dudng minh da di dai gap bén lan quing duong Bich da
di. Tinh khodng cach An dén nha Bich.

« LOI GIAL

Goi quang dudng tit nha An dén nha Bich 1a  (km), (z > 0).

Vi An dén nha Bich, 16i quay trd vé lai nha minh, nén quiang duong An da di 1a 2z. Suy ra quing
duong Bich di la g va quang duong Bich di tit nha minh dén noi hai nguoi gap nhau la %

. 3
Do do, quang duong An di tir nha minh dén noi hai ngusi giap nhau la Zx
3z

Thoi gian An di tit nha minh dén noi hai ngusi gap nhau %
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x
Thoi gian Bich di tit nha minh dén noi hai ngusi gip nhau %

1
An di sém hon Bich 20 phut = 3 gid nén ta c6 phuong trinh

3x x
4 _4 1
4 3 * 3
Giai ra ta dugec = 3,2. Vay quang dudng tit nha An dén nha Bich dai 3,2 km. O

BAI 10. Mot ngusi di xe dap, mot ngudi di xe may vh mot ngusi di 6 to cing di tit A dén B, khéi
hanh lan lugt lac 7 gio, 8 gid, 9 gid v6i van toc theo thit tu bang 10 km/h, 30 km/h va 50 km/h. Dén
may gio thi 6 to & vi tri cach déu xe dap va xe may.

# LOI GIAL

Goi x 1a thoi gian xe dap di, (z > 2). Suy ra thoi gian xe may va 6 to di lan lugt la x — 1 va z — 2.
Quéng duong xe dap, xe mdy, xe 6 to di duge lan luot 1a 10x, 30(x — 1), 50(x — 2).

Ta xét thoi diém ma xe 6 t6 cach déu xe dap v xe may, tic la:
150(x — 2) — 102| = |50(z — 2) — 30(z — 1)|.

Truong hop 1: 50(z — 2) — 102 = 50(x — 2) — 30(x — 1). Giéi ra ta duge z = 1,
Truong hop 2: 50(x — 2) — 10z = —50(x — 2) 4+ 30(x — 1). Giai ra ta dugc = =

5 (loai).

17

5

Daéi don vi %7 gid = 2 gig 50 phit.

Vay vao lac 9 gio 50 phit, xe 6 t6 & vi tri cach déu xe dap va xe may. ([l
BAI 11. Ngudi ta pha 3 kg nuéc néng ¢ 90° C vé6i 2 kg nuée lanh ¢ 20°C. Tinh nhiet do sau ciing ctia
nuée (bd qua syt mat nhiet).

# LOT GIAL

Goi nhiét do sau cuing ciia nuée la z (do), (20 < x < 90), nhiét dung riéng clia nude la c.

Nhiét lugng 3 kg nuéc néng tdéa ra dé gidm xudéng con x do la: Q) = 3¢(90 — ).

Nhiét lugng 2 kg nuée lanh thu vao dé tang lén = do 1a: Qo = 2¢(z — 20).

Ap dung dinh luat can bing nhiet luong, ta c6

3¢(90 — z) = 2¢(x — 20)
Giai ra ta dugc x = 62. Vay nhiét do sau cung ctia nuéce la 62° C. O

BAI 12. C6 hai loai dung dich mudi I va mudi II. Ngudi ta hoa tan 200 gam dung dich mubi I va 300
gam dung dich mudi II thi duge mot dung dich c6 nong do mudi 1a 33%. Tinh nong do mudi trong
moi dung dich I va II, biét rang nong do mudi trong dung dich I 16n hon nong do mubi trong dung
dich IT 1a 20%.

# LOI GIAL

Goi nong do mudi trong dung dich I 1a z, (z > 0), suy ra nong do mudi ctia dung dich IT 1a x — 20%.

Khdi lugng chét tan trong dung dich I va IT 1an lugt 1a 200z va 300(z — 20%).
200 + 300(z — 20%)

Nong do mudi trong dung dich sau khi hoa tan hai dung dich trén la 500 T 300 = 33%.
Giai ra ta dugec x = 0,45 = 45%. Vay nong do mudi trong dung dich I va II lan ludt 1a 45% va 25%.
L]
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BAI 13. Hai doi cong nhan ciing lam mot cong viec thi hoan thanh cong viéc d6 trong 24 gis. Néu
doi thit nhat lam 10 gio, doi thit hai lam 15 gio thi ca hai doi lam dude mot nita cong viec. Tinh thoi
gian mdi doi lam mot minh dé xong cong viéc.

# LOI GIAL

Goi s0 gio doi I lam xong cong viéc 1a x (gig), (x > 0). Suy ra 1 gio doi dé lam duge — cong viéc.
x
24
Sau 24 gig, doi I lam duge — cong viéc.
x

Sau 24 gig, doi II lam duge 1 — — cong viéc.

94
1— ==
X

Trong 1 gio, doi II lam dugc
Theo dé bai ta c6

cong viéc.

24
I=-—

10 1+15 L —
x 24 2

Giai ra ta dugc z = 40. Tt do6 suy ra doi I hoan thanh cong viéc trong 40 gio, déi /I hoan thanh cong

viéc trong 60 gio. U

BAI 14. Cho n sb nguyen dwong (khong nhit thiét khac nhau) trong d6 c6 sé 68. Trung binh cong
ctia n s6 d6 bang 56. Khi bo s6 68 d6 di thi trung binh cong ctia n — 1 s6 con lai bang 55.

O Tinn.

@ S6 16n nhit trong n s6 da cho c6 thé bang bao nhieu?
# LOT GIAL

@ Tong ciia n — 1 s6 con lai 1a 55(n — 1),
55(n — 1)+ 68

n

Trung binh cong ctia cd n s6 1a 56.
Giai ra ta dugc n = 13.
@ C6 1356 1a ay, as, as,..., ara, 68.
Gia sit 6 16n nhat 1a aq2, s6 nay dat 16n nhat c6 thé khi aq,...,a1; déu dat gia tri 1.
Tacol+14+...+1+a+68=56-13=T28<< ax =728 —11 — 68 = 649.
Vay s6 16n nhat c6 thé 1a 649.
O

BAI 15. Trong mot budi hop miit giita hai 16p 8A va 8B, c6 tat ca 50 hoc sinh tham gia. Cac ban 16p
8B tinh s6 ngudi quen & 16p 8A va thay rang ban Anh quen 11 ban, ban Bac quen 12 ban, ban Chau
quen 13 ban,... v ctt nhu vay dén ban cudi cuing 1a ban Yén quen tat ci cac ban ctia 16p 8A. Tinh sb
hoc sinh mdi 16p tham gia hop mit.

# LOI GIAL

Goi 6 hoc sinh 16p 8B la x, (z > 0). S6 hoc sinh 16p 8A 1a 50 — z.

S6 ngudi quen & 16p SA ciia cac hoc sinh 16p 8B lan luot 1a: 11, 12, 13,..., 50 — z.

Lép 8B ¢6 x hoc sinh, nén ta c6 phuong trinh

0—xz—-11+1==zx

Giai ra ta duge z = 20.
Vay 16p 8B ¢6 20 hoc sinh, 16p 8A ¢6 30 hoc sinh. 0
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A P 1
BAI 16. Mot nong dan mang cam ra chg, ban cho ngusi khach thi nhat 3 sO cam va thém 5 qua,
1 1 .
ban cho ngusi khach thi hai 3 sO cam con lai va thém 3 qua, ban cho ngusi khach thit ba 3 SO cam

con lai va thém 3 qua... Cu tiep tuc nhu vay cho den khi ngusi khach thit sau mua xong thi s6 cam

vita hét. Tinh tong s6 cam ma ngudi nong dan dem ban.
# LOI GIAL

Goi  1a s6 cam ban dau clia ngudi nong dan, (z > 0).
. . 1 —1
Sau khi ban cho ngusi thit nhat, so6 cam con lai la z — g —5= L 5
1

Sau khi ban cho ngudi thit hai, s6 cam con lai 1a z ; L :pT—l 5= - 3.
Sau khi ban cho ngudi thit ba, s6 cam con lai 1a =3 %_3 — % i 7.

Sau khi ban cho ngudi thit tu, s6 cam con lai 1a a g T xl—_67 — % 2 1615'
Sau khi ban cho ngusi thit nam, s6 cam con lai 1 * 1615 2 ;215 — % 2 ;231

. T
kh. . h . h P L P ~ 1 . l\ S —_—— .
Sau khi ban cho nguoi thit sau, so6 cam con lai 1a 39 64 2 64

Sau khi ban cho ngudi thit sau thi vita hét s6 cam, c6 nghia I3
xr — 63
64

=0= z=063.

Vay s6 cam ban dau ngusi dé c6 1a 63 qua. U

BAI 17. C6 ba canh dong ¢6 nhu nhau, ¢é ciing luon moc déu nhu nhau trén toan bo mdi canh dong.
Biét rang 9 con bo an hét s6 ¢d ¢6 sdn va s6 cé moc thém clia canh dong I trong 2 tuan, 6 con bo an
hét s6 c6 ¢6 san va s6 ¢d moc thém clia canh dong II trong 4 tuan.

— Tinh xem trén mdi canh dong, s6 c6 moc thém trong mot tuan bang may phan ctia s6 ¢ c6 sian

lac dau?

— Bao nhiéu con bo an hét s6 c¢6 ¢6 sdn va s6 c6 moc thém clia canh dong III trong 6 tuan?
# LOI GIAL

@O Goi lugng c6 ba dau 1a a, ti 1é c6 moc théem trong mot tuan so véi lugng co ba dau la z, (x > 0).

Lugng c6 sau 2 tuan 1a a + 2az = a(1 + 2x).

, N 1+2
Lugng ¢6 1 con bo an trong 1 tuan (dit kién 1) 1a a(%ga:)‘
Luong c6 sau 4 tuan 1a a + 4azx = a(1 + 4x).
. N 1+4
Lugng c¢6 1 con bo &n trong 1 tuan (dit kién 2) 1a %.
a(l+2z) a(l+ 4x) 1
Ta c6 phuong trinh = ST =-.
a c6 phuong trin 181 51 T=
Vay ti Ié ¢4 moc thém la 7
R )
@ Sau 6 tuan, lugng cé 1a a(1 + 62) = 7%
P N 1
Luogng ¢6 1 con bo an hét trong 6 tuan 1a 6 - 2%1(1 +4- Z_L) = g.
5
—a
Vay s6 bo can c6 dé an hét lugng cb trén 1a 27 =5 (con).
2
U
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BAI 18. Bai todn ctia Niu-ton. Mot canh dong ¢6 moc day nhu nhau, ¢4 luon moce déu nhu nhau trén
toan bo canh dong. Biét rang 12 con bo an hét cé trén 3 acro trong 4 tuan, 21 con bo &n hét cd trén
10 acro trong 9 tuan. Hoéi bao nhiéu con bo an hét ¢6 trén 24 acro trong 18 tuan (1 acro = 4047 m?).
# LOI GIAL

Goi ti 1e ¢6 tang so véi lugng ¢6 ban dau 1a z, (z > 0).

. . 10
Sau 4 tuan, soO cO trén 3 acrd la 3 + §4x.
10 40
— 4+ —=x
Lugng ¢6 1 con an trong 1 tuan (di kien 1) la %
Sau 9 tuan, s6 ¢ trén 10 acro 1a 10 + 90.
) - N R, . 10+ 90z
Lugng ¢6 1 con dn trong 1 tuan (di kién 2) 1a 1.9
10 n 40
3 T3 10490 1
Ta c6 phuong trinh 3 483 = 2? 9:6 S x = 13

. N 1
SO ¢o trén 24 acro sau 18 tuan 1a 24 +24 - 18 - T3 = 60.

Luogng ¢6 1 con #n trong 1 tuan la — acro.

Lugng c¢6 1 con an trong 18 tuan la 18 - 13 acrd.
. . 60
S0 bo can tim la + =36 (con). O
3

BAI 19. Mot khéach du lich di tit A dén B nhan thay ci 15 phat lai gip mot xe buyt di cliing chidu
vugt qua, cit 10 phut lai gap mot xe buyt chay ngugce lai. Biét ring cic xe buyt déu chay véi cling
mot van toc, khdi hanh sau nhitng khodng thai gian bang nhau va khong ding lai trén dudng (trén
chiéu tit A dén B ciing nhu trén chiéu nguge lai). Hoi ¢t sau bao nhiéu phit thi cac xe buyt lai 1lan
lugt roi bén?

# LOI GIAL

Goi x 1a thoi gian ngudi do di tix A dén B, (z > 0).

S6 lan nguoi d6 gap xe buyt ciing chiéu va ngugde chiéu lan lugt 1a 5 f—o

Gia st nguoi do di tit A dén B roi tit B trd vé A, sd xe buyt nguoi d6 gap 1a 1% + %

Thoi gian nguoi dé di tit A dén B 16i tit B trd ve A la 2z.

Khoang thdai gian cac xe buyt lan lugt rdi bén 13 xQ—xx = 12 (phit). O
510

BAI 20. Trén quang duong AB ctia mot thanh phd, cit 6 phit lai ¢6 mot chiée xe buyt theo chiéu tir
A dén B, va cling ¢t 6 phit lai c6 mot chiée xe buyt theo chiéu nguoc lai. Cac xe nay chuyén dong
déu véi ciing van toc nhu nhau.

Mot khach du lich di bo tit A dén B nhan thay ci 5 phut lai gdp mot xe di vé phia minh. Héi cit bao
nhiéu phit lai ¢c6 mot xe di tit A vugt qua ngusi d6?

# LOT GIAL

Goi x,y lan lugt 1a van toc clia xe buyt va vi khach du lich, (z,y > 0).

Ctt 6 phit 1a ¢c6 mot chiée xe buyt nén khodng cach gitta hai chiéc xe 1a 6.

Van téc clia xe di tit A dén B dbi véi vi khach 1a 2 — y vA van toc clia xe di tit B vé A doi véi vi
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khach la x 4+ y.

2 N 6
Thoi gian de xe di tit B vé A vugt qua vi khéach 1a f =5 & =hHy.
rTy
N, . 2 . N Z . L N 655 30y .
Thoi gian dé xe di tit A dén B vugt qua vi khach 1a = = 7,5 (phut). O
r—y Y
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CHUONG

4

BAT PHU'GNG TRINH BAC NHAT MOT AN

BA 0 LIEN HE GITJA THU TU VA PHEP CONG, PHEP NHAN

@) TOM TAT Li THUYET

1. Bat dang thic

Ta goi he thiic dang a > b (hoic a < b, a > b, a < b) 13 mot bat dang thitc.

Dé chitng minh bat déng thtic a > b, ta thudng xét hiéu a — b va chiing minh hiéu dé 1a s6 duong.
Céc cach khac chitng minh bat déng thiic duge néu trong chuyen dé Bat ding thic.

2. Mot s6 tinh chat

Tinh chat 1. Tinh bic cau:
a>bb>c=a>c

Tinh chat 2. Cong hai vé ctia bat ding thiic v6i cing mot so:
a>b=a+c>b+c
Tinh chat 3. Nhan hai vé ctia bat dang thitc v6i ciing mot so:

a>byc>0= ac> bc

a>bc< 0= ac<bc.

Céc tinh chat khac duge néu trong chuyen dé Bat dang thatc.

O MOT 56 Viby

Vi DU 1. Chitng minh céc bat déng thuc:

# LOI GIAL

— Xét hiéu
2 2 2 2 2
T+ 20° 4 2y* — x* — 22y —
2?4yt — (r+y)” _ y y—y
2 2
2 2 A
_ v -yty (@-y)
2 2 -
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2

Vay 22 + y* > @ Xay ra déng thitc khi va chi khi z = y.
— Xét hiéu:

2 2 2 _ —_ )2
(wHy) o, T F2yry -y (poy)
2 2 2
2
Vay @ > 2zy. X4y ra dang thitc khi va chi khi x = y.

Nhan xét.

— Bat dang thitc 2* + y* >

2
(x —; y) cho lién hé gitta tong binh phuong cia hai s6 x, y va binh

phuong ciia tong hai s6 do.

(z+y)°
2

2
Z ? x ? £ 2
— Bat dang thic > 2xy hay (%) > xy cho lién hé gitia tong hai so x, y va tich cua

T+

hai s6 do. Vi x, y khong am, bat dang thite nay duge viét dudi dang Y > (trung binh cong

hai 56 ldn hon hodc bing trung binh nhan cia ching), dé la bat ding thic Co-si vdi hai s6 khong

am.

VI DU 2. Chitng minh cac bat déng thiec:
1
0x+—22v6ix>0;
X
1 1
—F >
@ ;2.3

véia>0,b>0.

# LOI GIAL
@ Xét hieu:
1 2 +1-2c (v—1)

vt 2= 5 = >0, vi(z—1)2>0,z>0.

X3y ra dang thiic khi va chi khi z = 1.
@ Xét hisu:

11 4 b(a+b)+ ala+b) — 4ab

a b a+b ab(a + b)
_a®—2ab+b?
ab(a + b)
B (a —b)’

=——>0,via,b>0.
abla +0) — G

X4y ra dang thitc khi va chi khi a = b.
Nhan xét.

Z ? 1 zZ
— Bat dang thic x + — > 2 (vdi x > 0) cho lién hé gitta mot so duong vdi nghich ddo cia né.
X

P 1 1
— Bat dang thic — + — >
at aang Ca+b_a—|—b

duong va nghich ddo cia tong hai s6 do.

vdi a >0, b >0 cho lien hé gitia tong cic nghich ddo ciia hai so

U
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1. Bai tap tu luyén
BAI 1. Chting minh cac bat ding thic:
a) 4% +4x +5 > 0; b) 2?2 — x4+ 1> 0; c) ¥? 4+ ab+ b* > 0.

# LOI GIAL
Q42 +42+5=022+1)2+4>0.

) 1\* 3
O 22—z +1=(z—=) +=>0.

2 4
b\?  3p?
@ a2+ab+b2: <CL+§> +T ZO
O
h g . £ 2 P $2 +1
BAI 2. Chiing minh bat dang thiic R < 1.
x—ax?—
# LGOI GIAL
Xét hiéu
r—a2+1 —2
—— —1l=—<0
r—a%—1 x2—x+1< ’
1\* 3 r—a?+1
122 — 1:<_—> = . Do d6 ———— < 1. U
(Viz?—z+ T-5 +4>0) Odox—x2—1<
BAI 3. Rut gon 1oi ching minh riing biéu thiic sau khong am véi moi gia tri clia :
e+t o+l
rt—ad+ 222 —x+1
# LOI GIAL
Ta co
e+l (4120 —x+1)  (z+1)? -0
2t -3 4202 —x+1  (22+1)(a2—z+1) 22+1 — 7
Diang thitc x4y ra khi va chi khi = —1. O
BAI 4. Ching minh cac bat ding thic:
O &+ >abla+b) véia,b>0;
@ o'+ vt > ab(a®+b?).
# LOI GIAL
@ Xét hicu
a® +b* —ab(a+b) = (a+b)(a —b)*> >0 (do a,b > 0).
Do d6 a +b® > ab(a + b) v6i a,b > 0. Dang thiic x4y ra khi va chi khi a = b.
@ Xét hicu
a* +b* — ab(a® +b*) = a*(a — b) — b*(a — b) = (a — b)*(a® + ab + b*) > 0.
Do d6 a* + b* > ab (a® + b%). Dang thiic x4y ra khi va chi khi a = b.
O
BAI 5. Chting minh cac bat ding thic:
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@ (> +0°) (22 +12) > (ax + by)’
(bat dang thiic Bu-nhi-a-cop-xki véi hai cap s6 a,b va z,7).
(

@O (> +V+A) (22 +y?+2%) > (ax + by +cz)’
(bat déng thitc Bu-nhi-a-cop-xki v6i hai bo ba s6 s6 a, b, c va 1.y, 2).
# LOT GIAL
O Taco

(a* +b%) (2° + y*) — (az + by)?
= a®2® + a*y? + b*2® + b*y? — a*2® — 2abxy — bPy?
= (ay — bx)* > 0.

Xay ra dang thiic khi va chi khi ay = ba.

@ Taco

(> + 0"+ %) (® +y* +2%) > (az + by + cz)?
= (ay — bx)? + (az — cx)® + (bz — cy)? > 0.

Xay ra dang thic khi va chi khi ay = bz, az = cz, bz = cy.

O
BAI 6. Cho a va b cing ddu. Chimg minh ring
1 1 b
)Neua>bth1—<5 b)%+522
# LOI GIAL
O Taco
1_1_b—a<0
a b ab
1
(Vib—a<0,ab>0). Dodo— <5
@ Taco
a b a2+ b —2ab  (a—0b)°
T — >
b+a ab ab =0
b
(viab>0).Dodé%+a22v<’jiab>0.
O

N 2 R ‘ . N ,
BAI 7. Goi T 1 la trung binh dieu hoa ctia a va b. Chiing minh rang trung binh diéu hoa cta hai
, ' \ .
s0 duong a va b nhé hon hodic bang trung binh cong ctia hai so ay.

# LOI GIAL

Ta co
a+b 2 a+b 2  (a+b)?—4ab (a—0b)?
2 1+1_ 2 at+b  2a+b)  2@+b) ~
a b
N p 2 a+b . P R E R
(via,b>0). Do dé 1 < 5 Dang thiic xay ra khi va chi khi a = b. O
a b
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BAI 8. Ching minh céc bat ding thiec:

@ 2> +1?) > (a+b)

@O 3>+ +A) > (a+b+c¢)” > 3(ab+ be+ ca).
# LOI GIAL

O Taco

2(a2+b2)—(&+b)2:a2—2ab+62:(a—b)220.

Do d6 2 (a® + b%) > (a + b)*. Dang thitc xay ra khi va chi khi a = b.

@ Taco
3(a>+*+%) —(a+b+c)
=3 (a® + 0" + %) — (a® + b* + ¢ + 2ab + 2bc + 2ca)
=(a—b2+(b—-c)+(c—a)*>0
:>3(a2+b2+02)2(a+b+c)2. (1)
Ta c6

(a+ b+ c)® — 3(ab + be + ca)
= (a® 4+ b* + ¢ + 2ab + 2bc + 2ca) — 3(ab + be + ca)
=(a—b?+(b—-c)+(c—a)P>0
= (a+b+c)* > 3(ab+ bc+ ca). (2)

Tit (1) va (2) ta c6 3 (a® + 0%+ ) > (a+b+c¢)® > 3(ab + be + ca). Déng thiic xdy ra khi va
chi khia=b=c.

[
BAI 9. Chiing minh cac bat ding thic:
a® + b? <a+b>2 a' + b (a+b)4
> : > :
W2 ) b =)
) a? + b + 2 > <a+b+c)2'
3 3
# LOI GIAL
@ Taco
a® + v <a—|—b>2_ 2(a*> 4+ b*) — (a+b)*>  (a—0b)? -0
2 2 B 4 4 T
2 72 2
Dods =0 > (“ i b) _Déng thic xay ra khi vi chi khi a = b,
@ Ap dung cau a) hai lan ta c6
4 4 2 2\ 2 4
a*+b >(a +b> ><a—|—b) .
2 - 2 - 2
Diéng thic xay ra khi va chi khi a = b.
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® Taco
@+ + (a+b+c>2
3 3
3@+ + ) —(a+b+0)?
B 9
AT N2 N2
_ (a—=b)*+(b—0c)*+(c—a) -
5 >
24 p2 2 b 2 X
Do d6 - TS (“3“) . Déng thifc xéy ra khi va chi khi a = b = .
]
™= Suu tam & bién soan Trang 160/477 K1 GeoGebraPro

Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 8 Nam hoc 2019-2020

BAl @ BAT PHUONG TRINH BAC NHAT MOT AN

€D TOM TAT Li THUYET

1. Khai niém vé bat phuong trinh bac nhit mét an

Bat phuong trinh bac nhat mot an 14 bat phuong trinh c6 dang ax+b > 0 (hodic ax+b < 0, az+b > 0,
ax +b < 0), trong d6  1a an, a va b 1a cac s6 da cho, a # 0.

2. Hai bat phuong trinh tuong duong

Hai bat phuong trinh duge go 1a tuong duong néu ching c6 cing mot tap nghiem.

3. Mot s6 chu y khi giai mot bat phuong trinh

Khi giai mot bat phuong trinh, ta c6 thé:
— Chuyén mot hang tit tit vé nay sang vé kia va d6i dau hang tit do.
— Nhan (ho#c chia) ca hai vé v6i cing mot s6 duong.

— Nhan (hoic chia) ca hai vé v6i cting mot s6 am va doi chiéu ctia bat phuong trinh.

(® CAC DANG TOAN

VI DU 1. Giai bat phuong trinh véi m 13 hing:

mz+1>m?+x.

# LOT GIAL
Bién déi tuong duong

mr+l1>m*+remr—az>m?—1e (m—1Dz>m?—1. (1)
— Néu m > 1 thi nghiém ctia bat phuong trinh 1a z > m + 1.

— Néu m < 1 thi nghiém ctia bat phuong trinh 1 2 < m + 1.
— Néu m =1 thi (1) ¢6 dang Ox > 0: nghiém ctia bat phuong trinh 1a moi .

O
VI DU 2. Giai bat phuong trinh v6i a 13 hing:
r+1 x+2
+ ax > — 2.
a a
# LOI GIAL
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Diéu kién xac dinh ctia bat phuong trinh 1a a # 0. Bién dbi bat phuong trinh:

r+1 T+ 2 z 1 r 2
+axr > —2r& —+—+ar>—-—+—-—2z
a a a a a a
2 1
S ar+2r > - — —
a a
1
S (a+2)x > —. (1)
a
A N PN 2 S ~ N 1
— Neéu a > —2, a # 0 thi nghiém ctia bat phuong trinh la > ——.
ala + 2)
— Néu a < —2 thi nghiém ctia bat phuong trinh 1a 2 < ———.
ala +2)

) 1
— Néu a = =2 thi (1) ¢6 dang 0z > ~5 nghiém ding véi moi x.
U

VI DU 3. Ki hiéu [a] (phan nguyeén ctia a) la sé nguyén 16n nhat khong vugt qua a. Tim 2 biét

==

rang

# LOI GIAL

R . . 3r —
Theo deé bai, z la s0 nguyén 16n nhat khong vugt qua L . Do dé
3r —5H
3z -5 0<% <, (1)
{ 7 } e
r € 7. (2)

Giai bat phuong trinh (1):

<3x_5—x§1<:>0§#<1<:>0§—4x—5<7

0

5
<:>5§—4:B<12(:)—12x>—3.

Theo (2), z € Z, do d6 x = —2. O

1. Bai tap tu luyén

BAI 1. Tim gia tri clia  théa méan ci hai bat phuong trinh:

2x+3—2$>31‘+2 x 3—2x>3x—5
— a— .
5 3 ~ 2 2775 776
# LOI GIAL
oo 2 3—2 3 2

§+ _3"”2 m; & 122 +10(3 — 22) > 15(3z + 2) & z < 0. (1)
Mat khac 3—2 3 ) 43

T —2r _ 3 —

- > — > — < —.

Sz T e 1r+6(3-21) 2530 —5) e w < T 2)
T (1) va (2) taco x < 0. O
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BAI 2. Tim s6 nguyén z théa man ca hai bat phuong trinh:

3r—2 _ «x 20 —5 33—z
>2 108wl — .

5 — g Uev 6 4
# LOI GIAL
Ta c6 5 5

x; Z§+0,8<:>2(3x—2)25x+8<:>x212.
Mat khac ) -
1- x6_ > ;x<:>12—2(2:c—5)>3(3—x)<:>x<13.

Tu (1) va (2) tacd —12 <z < 13. Vix € Z nén = = 12. O
BAI 3. Tim s6 nguyén x thoa man c hai bat phuong trinh:
2(31 — 4) < 3(4z — 3) + 16 va 4(1 + ) < 3z + 5.
# LOI GIAL
Ta c6 -
2(33:—4)<3(4x—3)—1—16(:)63:—8<1233+7<:)x>—5. (1)
Mat khac
d(14+2)<3z+bedr+4<3z+bex <. (2)
5
Tfr(l)va(Q)tacé—§<:U<1.VixEZnénxe{—Q;—l;O}. O
BAI 4. Cho biéu thic
A—< 1 N 2 5—x>'1—2x
T \l—z z+1 1—22) 22-1
@ Rt gon biéu thic A.
@® Tim x dé A > 0.
# LOI GIAL
(] JERES
1 2 dD—w 1 -2z
A—( — >:
1—ZL‘+I+1 1—22/) 22-1
Cltz+2(l-a)—(5—-x) 1—2a?
B 1—a? 2r — 1
=2
S 2r— 17
" 1
vdlx#gva:cgé:l:l.
—2
5 1>0 1
O A0 v <:>—17éac<§.
x;«é§;x7éj:1
0
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B—(1+ 3 >< x2 n 1 )
S \3 " 22-3x/) \27—322 1+ +3/°

BAI 5. Cho biéu thiic

@ Rt gon bicu thic B.

@® Tim x dé B< —1.
# LOI GIAL

O Taco

B—(l—i— 3 >< 2 N 1)
\3  22-3z/ \27—322 1 +3

_(2? =3z +9)\ 7 3(3 —x)

B (3(x2—3x) > ‘ (3(3—x)(3+:1:) * 3(3—x)(3+x)>
2 =3x+9 33—12)3+x)

30(x—3) 42—3r+9

__x+3
=——
véi x # 0;x # +3.
3 -3
i 220 (—z>0
®OsB<-1s x sl &
x40z £ +3 x £ +3 T 7 3.

BAI 6. Giai bat phuong trinh
r+2 x+5_ x+8 x+11
+ > + .

&9 86 83 80
# LOT GIAL
x+2+x—|—5 - x+8+x—|—11 o <x+2+1> +(x+5+1> - <x—|—8+1> N <x—|—11 +1>
&9 86 83 80 89 86 83 80
1 1 1 1
& (z+091 <— ————— ) >0
@+ 5+ 5 "8 80
&< —91.
OJ
BAI 7. Giai cac bat phuong trinh véi a 1 hing:
O 2 +2) <ala+x);
® oz —a)<z-1;
9 2x B 1 - 4qr — 1 n a— 2ax
a>—a+1 2a+2  2a®>—-2a+2 1+a3 "
# LOI GIAL
O Taco
2z +2) <ala+1) & (a+2)x < a® -4
— Néua>-2thiz<a-—2.
— Néua< —2thiz>a-—2.
— Néu a = —2: V6 nghiém.
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@ Taco

alr—a)<z—-1&(a—1r<a®—1.

— Néua>1thiz<a-+1.

— Néua<1lthiz>a+1.

— Néu a = 1 thi 0z < 0, nghiém ding véi moi .
@ Dicu kien: a # —1. Ta ¢6

2z 1 - 4r — 1 +a—2a:v
a?—a+1 2a+2  2a2—-2a+2 14 a3
a a
& — (4o — <0& — (42 — < 0.
2(1+a3)(x a) a+1(m a)

— Néu a = 0 thi bat phuong trinh vo nghiém.
— NéuL>O(t1’rcléa<—1hoaca>0) thiz < 2.
a+1 4

— Néu 2 <0 (thela 1 <a<0)thiz> 2.
a+1 4

BAI 8. Tim gia tri cia m dé nghiém ctia phuong trinh sau 1a sé duong:

m+1_
r—1

1—m.

# LOT GIAL

Dieu kién xac dinh: z # 1. Dua phuong trinh vé dang (1 — m)z = 2.
Néu m = 1, phuong trinh vo nghieém.

Néum # 1 thi z = ﬁ Giai dieu kien x # 1 ta duge m # —1.

Nghiém cua phuong trinh la z = 1 v6i m # +1.

) m <1,
Phuong trinh ¢6 nghiém la s6 duong < O
m # —1.
BAI 9. Tim gia tri ciia m dé nghiém ciia phuong trinh 4ma > z + 1 1a
a) x> 9; b) z < —5.
# LGOI GIAL
Ta c6
dmr > x4+ 1< (dm— 1)z > 1. (1)

. 1
Neu m = 1 thi (1) vo nghiém.

. 1
Neu m > ) thi nghiém cia (1) 1a z > yr——r

. 1
Neu m < 1 thi nghiém cia (1) la x < R

@ D¢ nghiem cia (1) 1a 2 > 9, can va du la:

1 1
m>1 m>1 5
1

:9 =
4dm — 1 m
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@® Dé nghiem ciia (1) 1a # < —5, can va du la:

1 1

m — m —

4 4 1
1 __5@ _1©m—5.

Am—1 m=5%

4

2

N . . . 7
BAI 10. C6 bao nhiéu so6 ty nhién n nam gitta 1 va 2000 sao cho phan so n :4
n

khong phéai la phan
sO t6i gian?
# LOT GIAL

Taco 247 4 4 23 23
A:n—ir :(n—l— )(n—4)+ 4+ .
n—+4 n+4 n+4

A rat gon duge < 23 va n + 4 ¢6 ude chung khac +1 < n + 4:23, hay néi cdch khac n = 23k — 4 véi
k € N*.
Tacol<n<2000 <1 <23k:—4<2000<:>2i3 <k:<87233. Do k € N* nén k nhan 87 gia tri (la
1,2,3,...,87). Vay c¢6 87 s tu nhién n phai tim. O
BAI 11. Cho mot déy sb tu nhién bit dau tir 1. Ngusi ta x6a di mot s6 thi trung binh cong ciia céc
s6 con lai bang 351—7. Tim s bi x6a.
# LOI GIAL
Gia st ta c6 n s6 tir nhien lien tiép tit 1 dén n.
Néu x6a s6 1 thi trung binh cong clia cac sd con lai 1a

24+3+--+n _ (2+n)(n—-1) 2+n

n—1 2(n—1) 2

Néu x6a s6 n thi trung binh cong clia cac s6 con lai 1a

142+--+(n—-1) nn-1) n

n—1 T 2n—-1) 2
oo 7 2 14 14 14
n n -+
M35l < SN <T0— <n4+2e 68— <n< 70—,
9 =77 = ns O snt 17 =" =7

Do n € N nén n = 69 hodc n = 70. -
— Véi n = 70, téng ctia 69 s6 con lai la: 35ﬁ 69 ¢ N, loai.
— Véi tong ctia 69 s6 con lai la: 351—77 - 68 = 2408.
S6 bi x6a 1a s6: (1+ 2+ -+ +69) — 2048 = 2415 — 2408 = 7. O
BAI 12. Tim cac s6 nguyén a va b sao cho: a> — 2ab 4 2b*> — 4a + 7 < 0.
# LOI GIAL
Do a va b nguyén, ta cong 1 vao vé trai ctia bat phuong trinh da cho va dugc:
a’? —2ab+20® —4a+8<0
& 2a° — 4ab+ 46> —8a+ 16 < 0
& (a—20)2+(a—4)*<0
Sa=4,b0=2.
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Céch khdc. Bién d6i thanh: (a — b —2)2 + (b—2)% < 1.

BAI 13. Tim z biét ring [%} =2r+ 1.
# LOT GIAL
Ta co
34z + 19 OSM—(2x+1)<1,
{T} =2r+1& 11
2v+1 € Z.

Giai bat phuong trinh (1):
1)e0<12z+8< 1l —8<12x <3

= 4<2 <1<:> 1<2 +1<3
—= rT< - & —= x —.
3 2 3~ 2

1
Theo (2),2e+1€Z,dod62x+1=0hodc2x+1=1. Vay z € {—5;0

3

O
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’

BAI PHUONG TRINH CHA AN TRONG DAU GIA TRI TUYET
pdI

@ TOM TAT Li THUYET

Dé giai cac phuong trinh chita an trong dau gia tri tuyet déi, can khit dau gia tri tuyet doi. Ta nhé
lai: Gia tri tuyéet ddi ctia mot biéu thiic bang chinh né néu biéu thic khong am, bang s6 doi ciia n6
néu biéu thic am:
AnéuAd >0
Al = ,
—Aneu A <0

Do dé, dé khtt dau gia tri tuyet ddi, can xét gia tri ctia bién lam cho bicu thitc khong am hay am.

Néu biéu thiic ndm trong dau gia tri tuyet doi 1a nhi thitec bac nhét, ta can nhé dinh 1 sau:

Dinh 1i 1. Dinh li vé dau ciia nhi thic bic nhat ax + b(a # 0)
Nhi thite ax + b(a # 0)
— Cung dau vdi a vdi cac gid tri ciia x lon hon nghiém cia nhi thic;

— Trdi dau vdi a vdi cdc gid tri cia x nhé hon nghiém cia nhi thiec.

b
Chiitng minh. Goi o 1a nghiém ctia nhi thitc az 4+ b(a # 0) thi zg = ——. Xét
a

ar+b b
=r+— =2 — X.
a a
£ N Cl,l'—l—b N £ 4,0
Neuz >axgthix — 29> 0= > (0 = ax + b cung dau véi a.
a
x+b

Néuz <zpthiz—20<0= < 0= ax + b trai dau vdi a.

Ching han: Xét dau ctia nhi thitc —2z + 1 va z + 5 10i viét két qua vao mot bang, ta co:

T -5 1
2
—2z+1 + + 0 -
z+95 - 0 + +
Vi DU 1. Giai phuong trinh:
|z — 5|+ |z + 3| =3z — 1. (1)
# LOT GIAL
Lap bang xét dau cic nhi thic x — 5 va z + 3:
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r+3

Xét ba khoang gia tri cia bién x:
© 1 < —3: phuong trinh (1) c6 dang:
(b—2)—(x+3)=3z—1,
3
tim duge x = —, loai vi gia tri nay khong thuoc khoang dang xét.

® -3 < < 5: phuong trinh (1) c6 dang:
G-—z)+(x+3)=3r—1< —3z=-9

tim dugec x = 3 thudc khoang dang xét.
® 5 < z: phuong trinh (1) c6 dang:
(x=5)+(z+3)=3r—1 —ax=1

tim duge x = —1, khong thudc khoang dang xét.

Két lugn: S = {3}.

VI DU 2. Giai phuong trinh:
|22 — 1| + |22 — 5| = 4. (1)

# LOT GIAL

Cach 1. .
@ Xét khoing = < 7 (1) ¢6 dang:
1—2x+5—2x =4,

1
tim duge x = 37 khong thuoc khoang dang xét.
, 1 5
@ Xét khoang 5 <zx< 2 (1) ¢6 dang:
1-22+5—-2r =4 0x=0.

Phuong trinh nghiém ding v6i moi x thuoc khoang dang xét, tic 1a

DN | Ot

<z<

N | —

5
©® Xét khoang z > 2 (1) ¢6 dang:
20 — 1+ 2x+5 =4,

5 f
tim dugec x = =, khong thudc khoang dang xét.

1< <5}
—<zx< .
2- 72

Két lugn: S = {:c
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Cach 2:
Ap dung hai 1an bat déng thiic |A| > A (xAy ra ding thiic khi va chi khi A > 0), ta co:

20 — 1|+ |5 —2x| > 2z —1)+ (b —2x) =4

Theo dé bai, phai x4y ra dang thic, do do6

1
20 —1>0 rZg o 5
& 5 S -—<z< -
5—21>0 L2 2 2
-2
U
VI DU 3. Giai phuong trinh
lz| =3[ =z +1 (1)
# LOI GIAL
@ Xét khoang X >0, (1) c6 dang
lz—3|=2+1 (2)
Lai xét hai truong hop:
Véi > 3, (2) ¢6 dang v — 3 = x — 1, vO nghiém.
V6i0 <z <3, (2) codang 3 —x =2 — 1< x =1, thuoc khodng dang xét.
@® Xét khoang z < 0, (1) ¢6 dang |-z — 3| =z + 1 tiic 1a
lr —3|=z+ 1. (3)
Lai xét hai truong hop:
Vé6i =3 <z <0, (3) ¢ dang =z + 3 = x + 1, vd nghiém.
Véi x < =3, (3) ¢6 dang —z —3 =z + 1 < = = —2, khong thudc khoang dang xét.
Két lugn: S = {1}
O
1. Bai tap tu luyén
BAI 1. Giai cac phuong trinh
a) 2|z — 3|+ (br + 1) = 0; b) | — 1| = |z — 5];
&) Jo— 1] = |32 — 5]; d) 2fo] o+ 1] = 2
e) |z —4|+ |z +1=9; f) |lx =3|+ |z —5|=2.
# LOI GIAL
@ Xét x > 3 ta duge x = 1, loai.
Xét r < 3 ta duge x = —3
. -5
bap s0: x = —.
ip 80: & = —
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@ Cich 1. Chia hai truong hop

|z — 1| = |z -5

r—1=x—5
=
r—1=5—-x
[0z = 4
=
22 =06
s =3

Cdch 2. Binh phuong hai vé:
lz—1]=]z -5 ©2>-2r+1=2>—-102+25
& 8r =24

s = 3.

® 2w ;;

O 13

@ Xét z < —1ta duge z = —3. Xét —1 < x < 4, phuong trinh vo nghiem.
Xét © > 4 ta dugc x =6. S ={-3; 6},

@O 3<z<5.

BAI 2. Giai cac phuong trinh

a) |x| — 2|z — 1|+ 3|z — 3| =4 b) |z| — 2|z + 1| + 3|z + 2| = 0;
¢) x| — |z — 1|+ 3|z —2| = 4; d) |z + 1]+ |z + 2|+ |z + 3] = 4x.
# 1L,OI GIAL
0 gvé ?
4 2
9_27

@ =40<z<1.
O Khong nén may moéc xét cac khoang gia tri ctia . Chi ¥ vé trude phuong trinh khong am nén
vé phai khong am, do d6 > 0. Phuong trinh tré thanh z +14+2+2+2+3 = 4z. Tu dé x = 6.
Tap nghiem S = {1; —2}. O

BAI 3. Giai cac phuong trinh
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a) |z|jz+ 3| — |22+ 2+ 1] =1; b) |z — 3]z| +2 = 0.

# LOI GIAL
@O Chiyring 22 +2+1>0. Dapsé: =1,
® Dit y = |z| > 0. Dap sd x = £1. Tap nghiem S = {1;-2}.

BAI 4. Giai phuong trinh sau ||z| — 1| = 2 + 1.

# LOI GIAL

Khit dau gia tri tuyét doi trit trong ra ngoai: trude hét xét z > 0, z < 0.

Dap s6: —1 <2 <0 O

BAI 5.
a) |r — 4] — x = 2a (a 13 hdng $6); b) |z — 3|+ |5 — x| = 2a (a la hing sb).

# LOI GIAL
O Néur>4this—4—2=2as0r=a+2.
— Néu a # —2: vo nghiém.
— Néu a = —2: v0 s6 nghiem (z > 4).
Néur<4thid—zrv—r=2a2=2—a,
taphdic62—a<4<sa> -2
Két luan: Néu a > —2 thi z = 2—a; néu a = —2: vo s6 nghiém x > 4; néu a < —2: vo nghiém.
® — Néua=1thi3<a<5h.
— Néua>1thizy,=4—a, 290=4+a,
— Néu a < 1 thi vo nghiém.

BAI 6. Giai phuong trinh sau:

2|+ a| — |z — 2a| = 3a (a 12 hing s6).

# LOT GIAL
— Néu a > 0 thi —a < 2a. Xét cac trudng hop x < —a, —a < 2 < 2a, > 2a ta dudce cac nghiém:
r=—Ta, r = a.
— Néu a < 0 thi 2a < —a. Xét cac truong hop = < 2a, 2a < z < —a, v > —a ta dugc nghieém:

r = —aQ.

U
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B @ BAT PHUONG TRINH CHI'A AN TRONG DAU TR TUYET
poI

O TOM TAT Li THUYET

Dé giai bat phuong trinh loai nay, ta ciing khit dau gia tri tuyéet déi nhu v6i phuong trinh chia an
trong dau gia tri tuyéet doi.

VI DU 1. Giai bat phuong trinh

| —z+2< 2|z —4]. (1)

# LOI GIAL

Lap bang xét dau cac biéu thic z va z — 4.

@ Xét khoang z < 0, (1) c6 dang:
—r—r+2<2(4—-1x) < 0z <6,

nghiém ding v6i moi z thuoc khoang dang xét x < 0.
@® Xét khoang 0 < z < 4, (1) c6 dang:

r—r+2<8-2r&zx<3.

Nghiém ctia bat phuong trinh (1) thuoc khoang dang xét 0 < z < 3.
@ Xét khoang x > 4, (1) ¢6 dang:

r—r+2<2r—8& x>5,

thoa man diéu kién z > 4.
Két luan: Nghiém ctia bat phuong trinh da cho la: # < 3; > 5.
[
Nhan xét. Trong cdch gidi trén, ta khi dau gid tri tuyét doi bang cach xét ting khodng gid tri cia
bién. Trong mot s truong hop, cé thé gidi nhanh hon cich phuong phdp chung ndi trén bdi cdc bién
doi tuong duong sau:
Dang 1:

@ Vi a duong, ta co: |f(7)| <a & —a < f(z) <a.
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@ f(2)] <g(z) & —glz) < flz) < g(x).
Dang 2:

@ Vsi a 1 s6 duong ta co:

@® Ddi v6i ham g(x)

Dang 3
()] > lg(x)] & [f(@)]” > [g(=)]".

VI DU 2. Giai bat phuong trinh
320 — 1| < 2z +1 (1)

# LOI GIAL
Cach 1:
1
@ Xét khoang = < 3 (1) c6 dang:

3(1—2z)<2z+1 & 3—6x<2x+1;
& —8r < —2

= >1
:L‘ f—
4

. ) , 1 1
Nghiém cua bat phuong trinh thudc khoang nay la 1 <x< 3

[ 1
@ Xét khoang x > o1 (1) c6 dang:
32r —1)<2x+1 & 62 —3<2r+1;
Sdr <4

S x<].

. 1
Nghiém ctua bat phuong trinh thudc khoang nay 3 <z <l
. . 1
Ket lugn: Nghiém ctia bat phuong trinh da cho la 1 <z <l
Cdch 2: Bién doi thanh bat phuong trinh tuong duong theo dang 1b)
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31 -2z <2241 &

1. Bai tap tu luyén

BAI 1. Giai cac bat phuong trinh sau:

a) |3z — 2| < 4
# LOI GIAL

) 2< <2
a) ——<x ;
3 Y

BAI 2. Giai cac bat phuong trinh sau:

a) |3z — 1| > 5;
# LOT GIAL

—4
a)x<?;x>2;

BAI 3. Giai cac bat phuong trinh sau:

a) |z + 1] > |z —2];
c) |z =3[+ |z +1] <8.

# LOT GIAL

Jo> o
a) -
27

BAI 4. Gii cac bat phuong trinh sau:

32z — 1) (2x+1)
a:—l <2zx+1

=
6r —3 < 2x+ 1.

8x > 2

i

U
{6x—3> —27 — 1
e

b) |3 — 2z| <z + 1.

2
b)§<x<4

b) [2? +1] > @ + 1.

b))z <0; x> 1.
b) |z —1| > |z + 2| — 3.

b) z < 1.

= Suu tam & bién soan
Th.s Nguyén Chin Em

Trang 175/477

K1 GeoGebraPro


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

a) |l — 1| + |z — 5] > 8; b) |z = 3|+ |z + 1] <8.
# LOT GIAL
a)r < —1;x>T; b) -3 <z < 5.
0]
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B @ BAT PHUONG TRINH TiCH. BAT PHUONG TRINH
THUONG

VI DU 1. Giai bat phuong trinh
v~ 20 +1<9

# LOI GIAL
Cach 1:
2 —2r4+1<9 & (xz-1°<9
Slr—1/<3
& 3d<r—-1<3
& —2<r <4
Cach 2:

Bién déi thanh bat phuong trinh dang tich:
2?22 -8<0& (z+2)(z—4)<0.

Lap bang xét dau cac nhi thic z + 2 va x — 4:

Nghiém ctia bat phuong trinh da cho la: —2 <z < 4

0
VI DU 2. Giai bat phuong trinh
1 -5z
>1
r—1
# LOI GIAL
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Diéu kién xac dinh: z # 1.

1 -5z 1 -5z
1 &

—1>0
rz—1 T — -

1—5x—x—i—1>

0
x—1 -
2—-6
& ° >0
r—1
1 -3z
0.
r—1 =
Lap bang xét dau:
z 1 1
3
1—-3z + 0 - -
x—1 - - 0 +
1—-3z _ 0 n B
z—1
. s oo 1
Vay nghiém cta bat phuong trinh 1a 3 <z <l U
1. Bai tap tu luyén
BAI 1. Giai cac bat phuong trinh sau:
a) 4z’ — 4z +1>9; b) (23 —27) (23 — 1) (22 + 3 — 22) > 0;
23 — 42 + 51 — 20 > +2r+2 2> +4x+5
c) > 0; d) > - 1.
23— 22 —10x — 8 r+1 x+2
# LOI GIAL
@ Cich 1. Bién doi bat phuong trinh tich
4(x+1)(x—2)>0.
Cach 2. Dua bat phuong trinh vé dang
|2z — 1| > 3.
Dap s6: & > 2; o < —1.
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@® Hai nghiem —1, 3.
®r<-2 -l<ax<4 z>4
O <2 s> -1

O
BAI 2. Tim diéu kién ctia = dé biéu thic sau c6 gia tri am:
s (1—35 x+3> _ (x—i—?) x—l)
C\z+3 -1/ " \a—-1 x+3/°
# LOI GIAL
PR +2r+5
 d(z41)
A <0< 2> —1 dong thoi z # 1. O
BAI 3. Tim diéu kién ctia z va y dé bidu thic sau c¢6 gia tri duong;
2 _ 2 _ .2 2 1
= (e (F )
v2+ay x4 ay 3 —xy?  x—y
# LOI GIAL
Y
A>0y>0,2#0, x #y. O
BAI 4. Tim diéu kién ctia = va y dé bidu thic sau l6n hon 1:
A:< x +x—y>:( y? n 1>:£
y2+axy 22+ ay —ay? x—y/) vy
# LOI GIAL
x x
A>1lerzy<0;, x+y#0. O
BAI 5. Tim diéu kién ctia & dé biéu thitc sau 16n hon 1:
x 2
r—2 x-—3
“ LOT GIAL
2 <z <3 ([
BAI 6. Tim gia tri ctia m dé phuong trinh sau c6 nghiem am
2
=4—m.
r—1 m
# LOI GIAL ;
Nghiém cua phuong trinh: z = 1 —™ 6im #+ 4.
Phuong trinh c6 nghiém am, vay 4 < m < 6. 0
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oA @ CHUYEN DE CHNG MINH BAT DANG THU'C

@ CAC TiNH CHAT CUA BAT DANG THU'C

Ngoai cac tinh chat ctia bat dang thic dude néu 6 §11, ta con sit dung cac tinh chat sau:

1. Cong timg vé hai bat dang thic cung chiéu, dudc bat dang thic méi
cting chiéu véi cac bat dang thic da cho:

a>bc>d=a+c>b+d.

/\ Khong duogc tric timg vé ctia hai bat dang thic cing chiéu.

2. Trir titng vé ctia hai bat ding thitc ngudc chiéu dudc bat ding thiic méi
cung chiéu véi bat dang thic bi tri:
a>bc<d=a—c>b—d.
3. Tinh chit don diéu ctia phép nhan
@ Nhan hai vé ctia bat ding thic v6i cing mot s6 duong:
a>b,c>0=a-c>b-c
@® Nhan hai vé clia bat ding thiic véi cling mot s6 am va ddi chiéu clia bat déng thic:
a>b,c<0=a-c<b-c
4. Nhan hai vé ctia bat ding thiic ciing chiéu ma hai vé khong am

a>b>0,c>d>0= ac > bd.
5. Nang lén liy thita bac nguyén duodng hai vé ctia bat ding thiic:

a>b>0=a">0b"
a>b<sa” > 00" véin lé;

la| > |b| < a" > b" v6i n chén.

6. So sanh hai liiy thira ciing co sb véi s6 mil nguyén duong:
Néum>n>0thia>1=a" >a™;
a=1=ad"=ad"

O<a<l=ad" <a".
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7. Lay nghich dao hai vé va d6i chieéu cua bat dang thitc néu hai vé cung

dau:

1 1
a>b,a~b>0=>—<5(Xemba1325a).
a

VAN Ngoai cic bat dang thitc chat, ching han a > b, ta con gap cdc bat dang thiic khong chat, ching
han a > b (tic la a > b hodc a = b). Trong cdc tinh chat trén, nhiéu dau > (hojc <) cé thé thay bdi
dau > (hodc <).

@ CAC HANG BAT DANG THUC

1. Ngoai cac hing bat dang thiic > > 0; —a®> < 0, can nhd cic hing bat
diang thic lien qua dén gia tri tuyst dbi:

la] > 0. Xay ra dang thitc khi a = 0;

la| > a. Xay ra dang thiic khi a > 0;

la + b < |a| + |b|. Xay ra déng thiic khi ab > 0;

la — b > |a| — |b|]. X&y ra dang thiic khi ab > 0 va |a| > |b]

(cac diéu kien nay con c6 thé dién dat 1d a > b > 0 hoic a < b < b < 0),
Chitng minh bat dang thitc |a + b| < |a| + |b| nhu sau:

|a +b] <a] +[0] (1)
& a? + 2ab+ b* < a® 4 2|ab| + b* (vi hai vé cia (1) khong am) Bat dang thic (2) ding, vay (1) la
< ab < |ab| (2)

ding.

Chitng minh bat dang thitc |a — b| > |a| — [b]  (3) nhu sau:

Néu |a| < |b] thi (3) hién nhien ding.

Néu |a| > |b| thi (3) tuong duong vdi:

la —b)* > (Ja|] — b))* & a® — 2ab + b > a® — 2ab + b* & |ab| > ab (4)
Bat dang thitc (4) ding, vay (3) ding.

2. Ciing can nhé thém mot sé6 hang bat dang thiic khac dé khi giai toan
c6 thé sit dung ching nhuw mot bo dé, chang han:
a® + b > 2ab;
a+ b 2 2 Z 2 P ~ .
hay (a + b)” > 4ab (bat dang thic Co - si);
1

v6i a, b> 0 (vi du 77);

v
N

v6i a,b < 0 (bai 325).
(a® 4 b?) (2® + y?) > (az + by)® (bat ding thic Bu-nhi-a-c6p-xki, xem bai 324).

1

a b a+b
b
a

@ CAC PHUONG PHAP CHUNG MINH BAT DANG TH('C
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1. Dung dinh nghia

Dé chitng minh A > B, ta xét hieu A — B va chiing minh ring A — B 14 s6 duong.

Vi DU 88. Chitng minh ring

(x—1)(x—2)(x—3)(x —4) > —1.

# LOT GIAL

Xét hieu (z — 1) (x —2) (x — 3) (. —4) — (=1) = (2* — 5z + 4)(2? — 5x + 6) + 1.

Dit 22 — 5z + 5 = y, biéu thtic trén bang (y — 1)(y +1) + 1 =y> > 0.

Vay (z — 1) (z —2) (z — 3) (z — 4) > —1. O

2. Diing cac phép bién doi tuong duong

VI DU 89. Cho cac s6 duong a va b théa man diéu kien @ + b = 1. Chimg minh ring
1 1

<1+—> (1—|——) > 9.
a b

# LOI GIAL

Ta cb

(D) o

1 b+1
a+ .%29(:)ab+a—|—b—l—129ab(v‘1ab>0)
a

a+b+1>8ab<2>8ab (via+b=1)
1>4dab< (a+b)*>4dab (via+b=1)

(a—b2>0. (2

(R R

Bat ding thitc (2) ding, ma cic phép bién déi trén tuong duong, vay bat dang thiic (1) duge chiing
minh.
Xay ra ding thitc khi va chi khi a = b. Cédch gidi khdc

() (5) = (e 57) (i) = (2o D) e

. b
Thuce hién phép nhan va cha § rang % +—-2>2doa>0,b>0.
a
O

/N Khi st dung phép bién doi tuong duong, can chi i cdc bién doi tuong duong cé diéu kién, chding
han:

a’>b < a>budia, b>0;

m >n < a™ > a” vdi m,n nguyén duong, a > 1.

Can chi 16 cic dieu kién Gy khi bién doi tuong duong.
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3. Dung cac tinh chat ctia bat dang thic

, N 1
VI DU 90. Cho a + b > 1. Chitng minh ring a* + b* > 3

# LOI GIAL
Ta co
a+b>1>0. (1)

Binh phuong hai vé :
(a+b)?>1=a*+2ab+b* > 1 (2)

Mat khac
(a—1)>>0=a*—2ab+b* > 0. (3)
Cong ting vé cta (2) va (3):
1

2(a2+b2)>1:>a2+b2>§ (4)

Binh phuong hai vé ctia (4):

1
a* +2a%0* +b* > ) (5)

Mat khac
(a2—62)2 >0=a"—2a°0* +b* >0 (6)

Cong ting vé cta (5) va (6):

1 1
2 (a* + ) > Z:>G4+b4> 5
O
Vi DU 91. Chimg miinh bat ding thic
a2+l)2+c2 c+b+a
B 2 a®> " b a c
# LOT GIAL
Ap dung bat ding thitc 22 4 y? > 2zy (x4y ra déng thiic khi 2 = y), ta co:
a? b a b a
Sy 9.2, 9.2
b? + - b c c
2 2
Tu0ngtu’—2+c—2 22-g
2 a a
c? N a? P
a/2/ b2 N Z b 2
Cong tting vé ctia ba bat dang thic trén :
2<a2+ 2+c2>>2<a+b+c>:>a2+ 2+02 >a+b+c
2 2 a?/ 7 \c¢ a b 2 2 a® " c a b
[
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VI DU 92. Chiing minh cac bat ding thic véi a, b, ¢ la cac sb6 duong:

1 1 1 a b c
1L -122)>0 > 1.5.
a>(a+b+c)<a+b+c>_9’ b)b+c+c+a+a+b_ X
# LOI GIAL
@ Taco
1 1 1 b b
A = (a+b+c)<—+—+—)=1+9+9+—+1+—+5+5+1
a b ¢ b ¢ «a c a b
(a b) a c b ¢
= 3+(-+- —I—<—+—>+ -+ -
b a c a c b

Dé chitng minh — + £ > 2 véi z, y duong (bai 325).
Yy Xz

Dod6 A>3+2+2+2=9.Vay A > 9.
Xay ra dang thitc khi va chi khia = b = c.
@ Ap dung bat déng thic & cau a:
1 1 1
(x—l—y—l—z)(——i———l——)29trongdéx,y,z>0.
x Yy oz
Véix=b+c,y=a+c, z=a+ b ta dugc:

1 1 1
2(a+b+c) + + >9
b+c¢c a+4+c a-+b

1 1 1
= (a+b+c0) + + > 4.5
b+c a+c a-+b

a+b+c a+b+c a+b+c
- -

b+c a+c a+b

a b c
= + + > 1,5.
b+c a+c a+bd

X3y ra dang thiic khi va chi khi a = b = c.

> 4.5

Vi DU 93. Cho a, b, ¢ 1a do dai ba canh ctia mot tam gidc. Ching minh ring

1 . 1 n 1 >1+1+1
a+b—c b+c—a c+a—b"a b ¢

# LOI G11AI. , L .
Xét + va chil ¥ rang cdc mau déu duong, ap dung bat thic — + — > véi
a+b—c b+c—a x

Y Tty
x,y >0 (vidu 77), ta dugc:

1 1 4 2
+ > — = —.
a+b—c b4+c—a 20 b
1 2
Tuong tu > .
ne 'b+c—a+c~|—a—b_c
1 n 1 2
c+a—b a+b—c  a

Cong timg vé ba bat dang thiic trén rdi chia cho 2 ta duge diéu phai ching minh.
Xay ra dang thiic khi a = b = c. 0
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VI DU 94. Cho 2 > 0, y > 0, z > 0. Ching minh ring:

(z+y)(y+2)(z+z)>8zyz. (1)

# LOI GIAL

Hai vé ctia (1) déu khong am nén dé chiing minh (1), ta sé chitng minh ring

(2 +9)" (y+2)" (z+2)" > 642”2,
Ta c6

(z+y)* > dzy
(y+2)° > 4yz
(z+2)* > 4zz.

Hai vé ctia ba bat dang thic trén déu khong am, nhan ting vé ta duge:

(x+ )" (y+2)" (z +2)° > 642°y*2?
= [(z+y) (y+2) (z 4+ 2)]* > [8zy2]*.

Céc biéu thiic trong dau ngodc vuong khong am nén
(x+vy)(y+2)(z+z) > 8zryz.

Xay ra dang thiic khi va chi khi z =y = z.

4. Dung phuong phap phan ching

Vi DU 95. Cho a? + b < 2. Chitng minh ring a + b < 2.

« LOI GIAL
Gid slt a + b > 2, binh phuong hai vé (hi vé déu duong), ta duge:

a® + 2ab + b* > 4.

Mat khéac ta co
2ab < a? + b* :>a2—|—b2+2ab§2(a2+b2)

ma 2 (a? 4+ b*) < 4 (gia thiét), do do6
a® +2ab+b* < 4

mau thuan véi (1).
Vay phai c6 a+ b < 2.
Cach giai khdc. Ta c6
a+ b2 <2

(1)
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Mit khéac 2ab < a? + b nén
2ab < a? 4+ b* < 2 (2)

Cong (1) v6i (2):
a?4+2ab+0*<4=(a+b)°<d=>-2<a+b<2

® BAT DANG THU'C VSI SO TU NHIEN

Vi DU 96. Chiing minh rang véi moi s6 tu nhién n > 2 ta c6

1
SR TR BE

# LOT GIAL

Goi A la vé trai clia bat dang thitc trén. Ta st dung tinh chat bic cau ctia bat dang thitc dusi dang
phuong phdp lam troi: dé chiing minh A < B, ta lam troi A thanh C (A < C) rdi chiing minh ring
C < B (bic¢u thiic C' déng vai tro trung gian dé so sanh A va B).

Lam troi moéi phan s6 6 A bang cach lam gidm cac mau, ta co:

L1 1 B 1
B Tk —k k(k2-1) (k—1)k(k+1)
Do dé:
A<t o 1 N S I !
25-2 33-3 nd—n 1-2.3 2.3-4 (n—1Dnn+1)
bat C + ! +oe ! han xét ra
o) = nnan xet rang :
' 123 2.3.4 (n—Dnm+1) &
1 I 2
(n—1)n nn+1) (m-nn+1)
o 1{ 1 Lo 1 Lo 1 1
nen _— — J— — PSS j—
211-2 23 2.3 3.4 (n—1n n(n+1)
_1{1 1 }_1 1 .
212 an+Dl 4 2n(n+1) 4
VAY & 4 < 2 O
a —_— —_— e —_— -
Vo3 T3 nd

A Khi lam troi mot biéu thic, cé truong hop ta phai chia biéu thitc thanh nhiéu nhém roi lam troi

trong tung nhom. Xét vi du sau

Vi DU 97. Chitng minh ring v6i moi s6 tu nhién n > 2, ta c6

11
I+ -4+ + <n.

2 3 2n —1
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# LOI GIAL

Goi vé trai ciia bat dang thitc tren 1a A, ta co:

A—1+<1+1>+<1+ +1>+<1+ +1)+ +<1 4ot 1)
N 2 3 922 7 23 15 on—1 om 1)

O méi nhém ta lam troi bang cach thay cac phan s6 bdi phan s6 16n nhat trong nhém, ta duge:

1 1 1 1
A<cl1+2.940 — .44+ —. cee—— ol 114 1 =0
<1452+ 5 d+ 58+ 5 +1+--+1=n
O
@ VAI PIEM CHU Y KHI CHUNG MINH BAT PANG THUC
Cha y 1. Khi chitng minh bat ding thic, nhiéu khi ta can déi bién
VI DU 98. Cho a + b+ ¢ = 1. Chimg minh ring
2 2 2 1
a”+b"+c > -
3
# LOI GIAL
1 1 1
Data:§+x,b:§+y,c:§+z.Doa+b+c:1nénx+y+z:0.Tacé
1 21 271 2
o= (gae) (5ru) 4 (5+2)
a”+0"+c 3—|—a: + 3—|—y + 3—|—z
= (1+2 + 2>+<1+2 + 2>+(1+2 + 2)
— \gT3"T? g 3TV 93"~
= l+2(ag+y+z)+a;2+yz+z2:1+:z:2+y2+z2>1
33 3 =3
2 2 P 1
Xayradangthuc@x:y:z:O@a:b:c:g. 0

VI DU 99. Ching minh bat ding thic
abc > (b+c—a)(a+c—b)(a+b—c)

véi a, b, ¢ la do dai ba canh ctia mot tam giac.

# LOI GIAL
Cich 1. Pat b+c—a =2, a+c—b=1y,a+b—c= zthi z,y, 2 > 0. Theo bat ding thiic
(x+y)(y+ 2)(z +z) > 8xyz (vi du 94) ta co:

2a-2b-2c>8(b+c—a)la+c—Db)la+b—c)
= abc> (b+c—a)la+c—b)(a+b—c).
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Xay ra dang thitc khi va chi khi a = b = c.
Cach 2. Ta c6

(b+c—a)bta—c)=b—(c—a)? <V’
(cta—bc+tb—a)=c"—(a—0b)*<c?
(a+b—c)latc—0b)=a*—(b—c) <d’

Nhan timg vé clia ba bat dang thic trén ta dugc
[(b+c—a)(a+c—Db)a+b—c) < [abe]®.
Cac biéu thiic trong dau ngoac vuéng déu duong nén
(b+c—a)la+c—b)(a+b—c) < abe.

Xay ra dau dang thiic khi va chi khia = b = c. O
Chii y 2. Véi cac bat dang thiic ma cic bién cé vai tro nhu nhau, ta cé thé sip thi tu

cac bien.

Vi DU 100. Ching minh bat d?mg thie duge néu 6 vi du 99:
abc> (b+c—a)(a+c—b)(a+b—c) (1)

trong d6 dieu kién a, b, ¢ 1a do dai ba canh ciia mot tam giac dudc thay béi a, b, ¢ 1a cac sd

duong.

# LOI GIAL
Céch 1: Do vai tro clia a, b, ¢ ngang nhau, ta gid st ring a > b > c. Xét hai truong hop:
a) b+c < a. Khi do vé tréi ctia (1) 14 s6 duong, con vé phai khong duong. Bat dang thiic duge chiing
minh.
b) b+ ¢ > a. Khi d6 hai vé ctia (1) déu duong. Giai tiép nhu vi du 99.
Cach 2: Trong ba s6 b+c—a, a+c—b, a+b— ¢, khong c¢6 qua mot sé6 am. That vay, ching han néu
b+c—a<0,a+c—b<0thi2c<0,trai v6i gia thiét.
Néu ding mot sd am thi vé phai ctia (1) 14 s6 am, bat dang thitc (1) hién nhién ding.
Néu khong c¢6 s6 nao am thi vé phéi ctia (1) 1a s6 duong. Giai tiép nhu vi du 99.
O]
Chi y 3. Khi chitng minh bat dang thiic, trong nhiéu trudng hop ta can xét titng khoang

gia tri caa bien.

Vi DU 101. Ching minh ring
-T2 +1>0

# LOI GIAL
Goi A la vé trai clia bat ding thic.
Cdch 1: Néu z > 0 thi ta viét A du6i dang 27(z — 1)+ 2(x — 1)+ 1. Doz > 0 nén A > 0.
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Néu z < 1 thi ta viét A dudi dang 2® + 2%(1 —2°)+ (1 —z). Dox < 1 néna—2° > 0, do d6 A > 0.
Cach 2:
A=2"z-1)—(z-1)+2°=(x—1)(2" - 1) +2°
Néuz > 1thiz" >1,dodé (z—1)(z" —1) >0, con 22 > 0 nén A > 0.
Néuz < 1thiz” <1,do d6 (x —1)(z" — 1) > 0, con 2> > 0 nén A > 0. O

® AP DUNG CHUNG MINH BAT DANG THIC VAO GIAI PHUONG TRINH

C6 nhiéu trudng hgp dé gidi phuong trinh f(z,y...) = 0, ta lai chiing minh bat dang thic f(z,y...) >
0 hodc f(x,y...) <0 va chi ra diéu kién can va di dé xay ra ding thiic.
VI DU 102. Giai phuong trinh

Pyt =2y +2)
# LOI GIAL
Truée hét, ta ching minh rang

224yt + 2% > oy +az (1)
Bat dang thiic (1) tuong duong véi:

2% + 2y2 4222 — 20y — 222 > 0
S@—y)?+@—2>*+y*+22>0 (2)

Xay ra dang thitc & (2), tidc 1a & (1), khi v& chi khi = y = 2z = 0. D6 1a nghiém ctia phuong trinh.
/N Chi y: Cling c6 thé bién doi phuong trinh da cho thanh:

2% +2y% + 222 — 20y — 202 =0
e (r—y)+@—2> 4+ +22=0
&S r=y=2=0.

BAI TAP

Ching minh bat dang thic
Chatng minh cdc bat dang thic (tu bai 358 dén bai 371):
BAI 358.

a) a® + b* + ¢* > ab + bc + ca; b) at +b* + ¢ + d* > 4abcd.

# LOT GIAL
a) Ta co: a® + b% > 2ab, b + ¢ > 2be, ¢ + a® > 2ca. Cong ting vé cac bat déng thitc trén.
b) Ap dung bat ding thitc 22+ y? > 2y, ta co:

a* + bt > 24?0 A+ dP > 224

Do d6: a* + b* + ¢ + d* > 2[(ab)? + (ed)?] > 2 - 2abed = dabed.
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U
BAI 359.
a) at + bt + ¢t > abe(a + b+ c); b) a® + b® + & > a?b*c*(ab + be + ca).
# LOI GIAL
a) Ap dung 2® +y® + 22 > xy + yz + 2z (cau a) (1)
Ta co:
at + b+t > @b + b2 + Pa’
Lai 4p dung (1), ta co:
a’b? + b*c? + *a® > ab’c + bcta + a*be = abe(a + b + c).
b) Giai tuong tu cau a)
U
BAI 360.
a) a® + b* > ab; b) 2% + xy + 3> > 0;
c) ala+b)(a+c)la+b+c)+ b3 > 0.
# LOI GIAL
) s o b\  3b°
a) Cdch 1: a®+b° —ab= a—5 )+ > 0.
Cdach 2: a®> +0* —ab >0 2a> + 20> —2ab > 0= (a —b)?> +a®> + 1> > 0.
Cdch 3: Ta c6: a® + b? > 2ab, a® + b* > 0. Cong titng vé hai bat dang thitc trén 16i chia cho 2.
b) Giai tuong tu cau a).
c)
A=ala+b)(a+c)(a+b+c)+b*c?
= (a* + ab + ac)(a® + ab + ac + be) + b*c*.
Dat a® +ab+ ac=m, bc =n tht A=m(m+n) =m? +mn +n? > 0.
U
BAI 361.
a) (a® + b*)(a* + b*) > (a® + b3)% b) (a+b)(a® + b3) < 2(a* + b%).
# LOI GIAL
a) Bién doi tuong duong thanh a?b*(a — b)? > 0.
b) Bién ddi tuong duong thanh 0 < (a — b)%(a® + ab + b?).
U
BAI 362.
a) 2(a® +b*) > (a + b)(a® + b?) véi a,b > 0; b) 4(a® +b*) > (a +b)? v6i a,b > 0.
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# LOI GIAL
a) Chia hai vé cho s6 duong a + b. Bién d6i tuong duong thanh

(a — b)2 > 0.

4(a® + %) — (a+b)* = (a + b)[4(a® — ab + b*) — (a + b)]
=3(a+b)(a—b)?*>0

0]
BAI 363. a® 4 b + abc > ab(a + b+ ¢) v6i a,b, ¢ > 0.
« LOI GIAL
Hieu: a® + b + abc — ab(a + b+ ¢) = (a + b)(a — b)* > 0. O
BAI 364.
a) 8(at + b*) > (a + b)%; b) (a® + b?)? > ab(a + ).
« LOI GIAL
a) Tu a* + b* > 2a2b?, cong a* + b* vao hai vé dugc:
4 ga< Lo oy
at+b" > 5(@ + )
2 2o L 2 P g 4 s L 4
Tuong tu a? + b* > §(a—|—b) . T d6 suy ra a* + b* > g(a—l—b) )
b) Xét hieu (a® + b?)? — ab(a + b)? dugc
a* —a®b+b* — ab® = a*(a — b) — b*(a — b) = (a — b)*(a* + ab + b?) > 0.
U
BAI 365.
a) a®> + >+ > a(b+c); b)a? + 0>+ +d* > alb+c+d).
# LOT GIAL
a)
a’ + b+ > alb+c) < 2a/62 + 26 + 2¢% > 2ab + 2ac
s (a—b2+(a—c)P+b"+c*>0.
b) a*+b* + 2+ d* > ab+ ac + ad
& 4a® + 40 + 4% + Ad? > 4ab + dac + 4ad
& (a—2b)? + (a—2¢)* + (a—2d)* + a* > 0.
0
BAI 366.
™= Suu tam & bién soan Trang 191/477 E1 GeoGebraPro

Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

1
a) 2t —4x +5 > 0; b)x4—x—|—§>0.

# LOI GIAL
a) 2t —dor+5=a—4dr? +4+42? — 4o+ 1= (2 —2)* + (22 — 1)2 > 0.
Khong xay ra dang thic. Do d6 2 —4x + 5 > 0.

1 1 1)* 1)’
b) x4—x+§:x4—x2—l—zz<x2—§) +<x—§> > 0.
. 1
Khéng xay ra dang thitc. Do d6 x4—x+§ > 0.
U
BAI 367.
a) a2+bQ+c2+Zza+b+c; b) a* 4+ b* + 2 > 4ab.
# LOT GIAL ;
a) <a2+b2+02+1)—(a+b+)
1 1 1
(.2 _ : 2 37 2 _ .4
—<a a—|—4)+<b b—|—4>+<c c~|—4>
) (3) < (3)
—(a—= b= ) >o.
<a 2) + 5 +\lc 5 >0
b)
a* +b* +2—4ab = a* + b* — 2a°V* + 2a°b* — 4ab + 2
= (a® = b*)* +2(ab—1)* > 0.
U
BAI 368. 2% + 4z + 1 > 327 v6i z > 0.
# LOT GIAL
+4r+1-3=z(x—2)*+22+1>0 (viz >0). O
BAI 369.
a) (x —1)(x —3)(z —4)(z —6) +9 > 0; b) a® + 4b* + 4c* > 4ab — 4ac + 8be.
# LOT GIAL
a) (x—1)(z—=3)(z—4)(x —6)+9 = (22— Tz +6)(2* — To + 12) 4+ 9.
Dit 22 — 72 + 9 = a, biéu thiic trén bing:
(a—3)(a+3)+9=0a*>0.
b) (a® + 4b* + 4¢*) — (4ab — 4ac + 8bc) =
= (a* — dab + 4b*) + 4¢* + (4dac — 8bc)
= (a — 2b)% + 4c* + 4c(a — 2b)
= (a—2b+2¢)* > 0.
U
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at+b c+d
+ 2

BAI 370. ( >2z (a+c)(b+d).

# LOI GIAL
Ap dung bat ding thitc (z + y)? > 4zy ta duge:

a+b c+d\> [(a+c)+ OB+
( > T2 ) - 4

v

(a+c)(b+d).

BAI 371.
a) 8(a® + 0% +¢*) > (a+ 0>+ (b+¢)* + (c+a)® véi a,b,c > 0.
b) (a+b+c)® > a®+ b3+ A + 24abc v6i a,b,c > 0.

# LGOI GIAL
a) ap dung bat dang thitc 42 +4y® > (z +y)? v6i x,y > 0 (bai 363b), ta dugc: 4a® + 4b® > (a + b)?,
463 + 4¢3 > (b+¢)3, 4¢3 + 4a® > (c+ a)3.
Cong titng vé ba bat dang thiic trén.
b) (a+b+c)® > a®+ b+ & + 24abc
& (a+b)(ab + be + ca + ) > 8abe (ban doc tu bién ddi)
& a’b + a’c+ ac? + ab?® + b*c + bc® — 6abe > 0 (ban doc tut bién doi)
& (a®c + bc® — 2abe) + (a®c + b* — 2abc) + (ac?® + ab® — 2abc) > 0.
& bla—c)?+cla—b*+alb—c)?>0.

[
BAI 372. Cho a + b + ¢ = 0. Ching minh riing ab + be + ca < 0.
# LOI GIAL
at+tb+c=0=(a+b+c))=0=a>+0*+*+2(ab+bc+ca)=0
= ab+ bc + ca < 0. O
BAI 373. Cho a, b, ¢ 1a do dai ba canh clia mot tam gidac. Chiing minh ring:
a) a®+b* + c* < 2(ab + be + ca);
b) a N b L c _
b+c—a a+c—b a+b—c =
c) a\+b’ bv—ciic’c—l—admg la do dai ba canh ctia mot tam giac.
# LOI GIAL
a) Nhan hai vé clia a < b+ ¢ v6i s6 duong a, ta duge a® < ab + ac.
Tuong tu b* < ba + be; ¢ < ca + cb. Cong ting vé cac bat ding thic tren.
b) Patb+c—a=xz,ct+a—-b=y,a+b—c=zthi2a=y+2z,2b=x+ 2z, 2c=2x +y. Ta co:
2 2b 2 + +
4 po e _yrE rAE v y:<g+§)+<3+§)+(z+y>26
b+c—a a+c—b a+b—c x Yy z x Yy Tz y oz
Suy ra diéu phai chiing minh.
c) Tacoa+b>c,b+c>a,a+c>b.
Xét
1 L 1 - 1 L 1 B 2 - 2 1
a+c b+c a+b+c bH+c+a a+b+c a+b+a+b a+b
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1 1 1 1 1

Tuong tu > ) > .
& 'a+b+a+c b+c a+b+b+c a+c

BAI 374. a) Cho cac s6 duong a, b, ¢ ¢6 tich bang 1. Chitng minh rang
(a+1)(b+1)(c+1)>8.
b) Cho cac s6 a va b khong am. Chitng minh rang
(a+0b)(ab+ 1) > 4ab.
# LOT GIAL

a) Nhan ting vé cac bat dang thiic (a + 1)% > 4a, (b+1)2 > 4b, (c+ 1) > 4c.
b) Nhan ting vé cdc bat dang thic (a + b)? > 4ab, (ab+ 1)? > 4ab.

BAI 375. Cho céc s duong a, b, ¢, d ¢6 tich bing 1. Ching minh ring:

A+ v+ +d?+ab+ed > 6.

# LOI GIAL

Ta c6: a® + b* + ¢ + d* + ab + cd > 2ab + 2cd + ab + cd = 3(ab + cd).

Ta lai ¢6 ab—i—cd:ab—i-% > 2.

Suy ra diéu phai chiing minh. 0
BAI 376. Cho cac s6 duong a va b théa man a® + b® = @ — b. Ching minh ring;

A+ 4+ab<1

# LOI GIAL
Theo dé bai: a — b = a®+b*, ma a® + b > a® — b* (do b > 0) nén a — b > a® — b*. Chia hai vé cho
a—b(chiyringa—b>0via—b=a®>+0>0). O
BAI 377. Ching minh céc bat ddng thiic sau bing cach xét timg khodng gié tri ctia bién:
QA=+ +22+2+1>0;
ODC=2-"+2'—x+1>0
# LOT GIAL
a) Cdch 1: A(x — 1) = 2° — 1. Ta biét rdng néu z > 1 thi 2% > 1, néu x < 1 thi 2° < 1. Do d6:

2 \x‘:’—l
— Néu z > 1 thi 1>O:>A>()
x_
. crd—1
— Néu z < 1 thi 1>O:>A>O
.Q’/'_
— Néu z = 1 thi hién nhien A > 0.

Cach 2:

A=+ 2 +a+1=2>3@+ 1)+ (v +1) +2°
=@+ )@+ +2>=(x+1)*@* -z +1)+2°>0.

Dau “=" khong xay ra.
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b) Giai tuong tu vi du 101. Xét z > 1 va z < 1.

0
Giai cac bai tir 378 dén 384 bang phuong phip phan ching:
BAI 378. Ching minh ring néu a+b+c¢ >0, abc > 0, ab+bc+ca > 0thia>0,b> 0, ¢ > 0.
# LOT GIAL
Gid st a <0:
Néu a = 0 thi trai véi abe > 0.
Néua<0:Doa+b+c>0nénb+c>0.Doabc> 0 nén be < 0.
Suy ra a(b+ ¢) + be < 0, mau thuan véi ab + be + ca > 0.
Vay a > 0. Tuong tu, b > 0, ¢ > 0. 0
BAI 379. Ching minh ring néua >3,6>3,a2+b>>25thia+b> 7.
# LGOI GIAL
bita=3+2z,b=34+ythiz>0,y>0. Tacéa+b=06+ (r+y). Ta sé ching minh = +y > 1.
Giast0<c+y<1th 22+ 2zy+y*<1nenz?+y* <1 (do2zy > 0).
Khidé a®? +b* =B+ 2)’+ B3 +y)?=18+6(x +y) + (2> +¢y*) < 18 +6 + 1 = 25.
Trai v6i gia thiét a? + b* > 25.
Vayx+y>1,suyraa+b>7. U

BAI 380. Cho ba sb a, b, ¢ khac nhau doi mot. Ching minh ring ton tai mot trong cac sé 9ab, 9be,
9ca nhé hon (a + b+ c)?.

# LOI GIAL

Gia stt 9ab > (a + b+ ¢)?, 9bc > (a + b+ ¢)?, 9ca > (a + b+ ¢)*.

Cong titng vé cic bat dang thiic trén roi chia cho 3 ta dudc:

3(ab+bc+ca) > (a+b+c)* = ab+be+ca > a* + b + & (1)

Mat khac dé dang chitng minh duge a? + b? + ¢ > ab + be + ca véi a,b, ¢ khac nhau doi mot, mau
thuan véi (1). O

N . . ‘ P 1
BAI 381. Chiing minh rang khong c6 ba so duong a, b, ¢ nao théoa man ca ba bat dang thic: a+ 7 <2

1 1
b+-<2;a+—<2.
C a

# LOI GIAL
L 2. X . ~ A N 1 1 1 N 1 1 1
(Gi& st ton tai cac so du’dnga,b,cmaajtg <2,b+-<2,c+ - <2th1a+g+b+—+c+— < 6.
c a c a
Hay chting minh diéu vo 1y. O

BAI 382. Chiing minh ring khong c6 cac s6 a, b, ¢ nao thda man ca ba bat ding thie: |b— ¢| > |al,
lc —al| > |b], |a —b] > |c].

# LOT GIAL

Gia st |b—¢| > |a|, |c —a| > |b], |a — b] > |c| thi (b—¢)* > a?, (¢ —a)* > b%, (a —b)? > ¢*. Do do:
(b—c+a)b—c—a)>0,(c—a+b)(c—a+b)(c—a—>b)>0,(a—b+c)la—b—c)>0.

Nhan timg vé ba bat déng thic trén sé dan dén diéu vo Ii. O

BAI 383. Chiing minh ring khong 6 cac sb6 duong a, b, ¢ nao théa man cac bat déng thic 4a(1-b) > 1,
4b(1 —¢) > 1, 4¢(1 —a) > 1.
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# LOI GIAL
Gid st 4a(1 —b) > 1, 4b(1 — ¢) > 1, 4¢(1 — a) > 1 thi nhan ting vé ta duge

64abc(l —a)(1 —b)(1 —¢c) > 1 (1)

Mait khac, ta lai co:
4a(1 —a) = 4a —4a®> < 1 (2)

(vi 1+ 4a® 4+ 4a = (2a + 1)? > 0. Tuong tu
4a(l1 —-0) <1 (3)

de(l—¢) <1 (4)

Tt gid thiét phan ching va tit a, b, ¢ duong suy ra 1 —a, 1 — b, 1 — ¢ cling duong. Do d6 ta nhan ting
vé cac bat dang thiic (2), (3), (4) va dugc:

64abc(l — a)(1 —b)(1 — ¢)

Mau thuan véi (1). O

BAI 384. Cho a?® + b* = 2. Chiing minh réng a + b < 2.
# LOI GIAL
Cach 1: Giasta+b>2. Data=x+y, b=x —y, ta co:

at+b=2r>2=a>1 (1)

Ta ¢6: a® +0* = (2 +y)* + (x — y)* = 227 + 6ay®.

Do (1) nén 2z® > 2; 6zy® > 0. Vay a® + b > 2, trai véi gii thiét.

Cach 2: Gia st a+ b > 2. Ta co:

(a+0)>8=a®>+ b+ 3ab(a+b) >8 =2+ 3abla+0b) > 8

= ab(a+b) > 2= abla+0b) > a®+b> (vi a® + b* = 2).

= ab > a*® — ab + b* (chia hai vé cho s6 duong a + b)

= 0> (a—0b)? voli. O

Gidi cdc bai tiw 385 dén 389 trong doé sdp thit tu cdc bién:

BAI 385. Cho a, b, ¢ 1a do dai ba canh clia mot tam giac. Ching minh ring:
b
a) L S < 2;
b+c c+a a+b
b) a® 4 b+ ¢* 4 3abe > ab(a + b) 4 be(b + ¢) + ac(a + ¢).

# LOI GIAL

a) Gldsta>b>c>0thia+b>a+c>b+ec.

c < c b b a  a
a+b " b+c c+a " b+c b+e b4c
Cong ting vé:

Ta co

a n b N c <
b+c c+a a+b " b+c

+1<1+1=2.

. b 3
Chi g : Ta cting chiing minh duge: Néu a, b, ¢ > 0 thi a + + ¢ > — (xem vi du 92b).
b+c cH+a a+b~ 2
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b) Sipxtpa>b>b>c>0=cla—c)(b—c) > 0=+ abc > ac® + bc>.
Ta can phai ching minh
a® + b + 2abc > ab(a + b) + b*c + a’c.

Bat dang thitc nay tuong duong véi (a — b)%(a +b —c) > 0.

0
BAI 386. Ching minh bat ding thic:
a) <a8 +b8) > (CL3 +b3)(a5 +b5)‘
b) 3(a® +0* + &) > (a® +0* + &) (a® + V° + ).
# LOI GIAL
a) Hieu 2(a® 4 b%) — (a® + b3)(a® + V°) bang (a® — b*)(a® — °).
Gidsta>bthia®—0>0vaad® —0b°>0.
b) Theo cau a) ta co:
2(a® +b%) > (a® + %) (a® + b°)
2(6% + %) > (b + ) (b + °)
2(c® +a®) > (® + a*)(® + @)
Cong titng vé ba bat dang thic tréen, ta dugc:
4a® + 05+ F) > (a® + 05+ F) +a(a® + b+ )+ b*(a° +b° 4+ ) + P (a® +° + )
= 3(a®+V* + &) > (a® +0° + P)(a® + b° + °)
0
BAI 387. Cho a + b = 2. Chimng minh ring a® 4+ b® > a7 + 7.
# LOT GIAL
Chu y réng a + b = 2, ta xét hieu
2(a® + %) — 2(a” +b7) = 2(a® + %) — (a + b)(a” + ")
Bién ddi higu nay thanh (a — b)(a” — b7).
Gidsta>bthia—b>0vaa” —0b" > 0. O
BAI 388. Chiing minh bat ding thic sau véi a, b, ¢ > 0:
a) a(a—b)(a—c)+bb—c)(b—a)+c(c—a)(c—b) >0;
b) a® + 0%+ c® > a®b+ b°c + Pa (a,b,c > 0).
# LOI GIAL
a) Sap xépa>b>c> 0.
ala—0b)(a—c)+bb—c)(b—a)+c(c—a)(c—Db)
= ala—0b)[(a—b)+ (b—c)]—bla—0b)(b——c)+cla—c)(b—rc)
= a(a—b)*>+ala—b)(b—c)—bla— )(b—c)+c(a—c)(b—c)
= ala—b)*+(b—-c)(a—b)?+cla—c)(b—c)>
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b) Khong mat tinh tdng quat, gia sit ¢ 1 s6 nhé nhat trong ba s6 a, b, c. Xét hieu:
a® 4+ b+ — @b — Ve — Pa=da’(a—b)+ b (b—c)+(c—a)
= a’(a—b) —b[(a —b)+ (c —a)] + (c — a)
= (a—"b)(a® —b") + (c—a)(c® —b°).

Doc<a,c<bnénc—a<0,c -0 <0,dodsé (c—a)(c®—0b)>0.
Con (a — b)(a® — V) ciing khong am (that vay néu a — b > 0 thi a® —b° > 0, néu a — b < 0 thi
a’—b <0.)
U
BAI 389. Chiing minh ring ton tai mot trong cac s6 (a — b)%, (b — ¢)?, (¢ — a)? khong 16n hon
a® + b* + ¢
\2 'r.
# LOI GIAL

Goi m 1a s6 nhé nhat trong cac hieu a — b, b — ¢, a — c.
Gidsta>b>cthim >0. Ta co:

2

a—b>m>0= (a—b)*>m
b—c>m>0= (b—c)>>m?
a—c>2m>0= (a—c)>4m?

Cong tiing vé:
(a—b)?+(b—c)*+ (a —c)* > 6m*
=3(a®+b*+)—(a+b+c)? > 6m?
a’+ 0+ o2

= 3(a®> +b* + ) > 6m* = 5 >m

BAI 390. Cho a,b,cla do dai ba canh clia mot tam giac c6 chu vi bang 2.
a) So sanh a,b, ¢ véi 1,

b) Chiing minh rang a? + b* + ¢ + 2abe < 2.

# LOT GIAL

a) Gidsta >b>c Tacod

a<b+c=>2a<a+b+c=2=a<l=b<1l,c<l.
b) T cau a) suy ra: (1 —a)(1 —b)(1 —c¢) > 0. Rat gon ta duge:
ab + bc + ca > 1+ abc (1)
Ta lai co:
(a+b+c)? =a®+b*+c+2(ab+be+a)
=4 =a>+b*+c+2(ab+ be + ca) (2)
T (1) va (2) suy ra
4>a®+ b+ +2(a+abc) = 4> a®+ b+ + 2+ 2abe
= a® + b* 4 ¢ + 2abc < 2.
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0
BAI 391. Cho |z| > 2, |y| > 2. Chiing minh ring:
2003
a) Ty <1 b) Phuong trinh W vo nghiém.
Y r+y 2004
# LOT GIAL Do 1 1 1
a) Y < x+y‘= —+—‘ <S—+—=<c-+-=1Mz>2 ]y >2).
Yy Yy oyl T el T2 2
b) Suy ra tit cau a).
O

BAI 392. a) Choa+b+c =6 vaab+ bc+ ca = 9. Ching minh réing 0 < a < 4,0 < b < 4va
0<ec<4.

b) Cho a+b+c=2vaa?+b? + ¢ = 2. Chitng minh ring a < a <

# LOI GIAL

a) Tacob+c=6—a,bc=9—alb+c)=9—a(6—a) =9 — 6a+ a*
Ap dung bat ding thitc (b+ ¢)? > 4be, ta duge

,0<b< 5 val<<

L W~
QO | W~
Q| W~

(6—a)>>4(9—6a+a®)=3a>-12a<0=a(a—4)<0=0<a<4

Tuong tu 0 <b<4,0<c<A4.
b) Giéi tuong tu cau a). C6 thé ap dung bat dang thiic (b + ) > 4bc hodc ap dung bat dang thiic
2(b* +¢?) > (b+ ¢)?, ta dugce 3a® — 4a < 0, tit d6 suy ra diéu phai chiing minh.

]
BAI 393. Ching minh ring néu a, b, ¢ 1a do dai ba canh clia mot tam giac thi
a b ¢ a ¢ b
T e | RS
b ¢ a c b a
# LOI GIAL
a b ¢ a ¢ b a—c b—a c—b
-+ )=+t <1l& + + <1
b ¢ «a c b a b c a
o (a — c)ac+ (b — a)ab+ (c — b)bc 1 (1)
abc
Mit khac a, b, ¢ 1a ba canh ctia mot tam gidc nén
la=el 1, lb=al 1, le=bl
b c a
Suy ra
[(a —¢)(b—a)(c—b)|
<1 2
abc 2)
Biéu thiic trong dau gia tri tuyét ddi ctia (2) va (1) d6i nhau (ban doc tu kiém tra), do do tit (2) suy
ra (1). O
BAI 394. Ching minh ring véi a, b, ¢ > 0 thi:
b b b b b
a>—c+%+a—2a+b+c; b) a + ¢ + ca §a+ +c'
a b c a+b b+c cHa 2
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# LOI GIAL )
a) ——I——zc(——k%) > 2¢ (do a,b,c > 0).
a

b b b . L s
Twong tu: % + @ > 2a, i + > > 2b. Cong ting ve ba bat dang thic trén.
c c a

Tty >
Ty r+vy

b) &p dung bat ding thiic v6i a,y > 0 (vi du 77b), ta co:

ab <a—|rb7 be <b—|—c7 ca <c—|—a
a+b— 4 b+c— 4 ct+a~ 4

Cong tig vé ba bat ding thiic trén.

O
X . . > P N a b C
BAI 395. Ching minh rang véi a,b,c¢ > 0 thi 1 < + + < 2.
. . a+b b+c cHa
# LOI GIAL
Do a, b, ¢ duong nén:
a - a < a+c
a+b+c a+b a+b+c
b - b - b+a
b+c+a b+c a+b+c
c c c+b
< < .
c+a+b c+a a+b+c
Cong tiing vé:
a b c
1< + + < 2.
a+b b+c c+a
O
BAI 396. Ching minh ring véi a,b, ¢ > 0 thi:
gl boall b)a2+b2+62> +h+
—+ =>4 — —>a c;
2 a2~ b a b
) a? N b? N c? >a+b+c
c :
b+c c+a a+b— 2
# LOT GIAL
(o) (B D) - (Y
a = -+ - — -4+ ).
b? b a b? b a b a
Do a,b,c > 0 nén
2 p? b 2 (b 2
A>(a )—2<9+—>+2:<9—1) +<——1> >0,
b2 b a b a
2 240% _ 2ab
b) Xét Copp= LT S 20 9 (do a,b > 0),
b 2 b b
Tu’dngtuﬁ—+0>2b——|—a>20
Cong ting vé ba bat dang thic trén.
a>  bt+c  (20)*+ (b+c)? _ da(b+c)
Xét = > =a (do b,c > 0).
o) Xét o+ o = abto 2ldobe>0)
b c+a c? a+b
T t >b > c.
UOnguc+a+ 4 — ’a+b+ 4 =
Cong ting vé ba bat ding thiic trén.
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0
BAI 397. Ching minh ring véi a,b, ¢ > 0 thi
a2+b2+c2>a+b+c
V+c2 24a® a®+b " b+e ct+a a+b
# LOT GIAL
Xét:
a>  a  alabt+ac——c*) abla—b)+acla—c) (1)
+c2 b+c  (B2+2)(b+ce) (B +AR)(b+c)
Tuwong tu:
¥ b calc—a)+cb(c—b) @)
2+a?2 c+a  (a®2+b*)(a+Db)
¢ ¢ calc—a)+cblc-b) 3)
a2+b  a+b  (a2+b2)(a+D)
Cong timg vé (1), (2) va (3) ta duge:
<a2+62+02>_(a+b+c)
242 24a? a2+ b2 b+c c+a a+b
1 1 1 1
SR RS G VA i
=t | Er et @rrernl U mrensg  @rParyl

1 1
_|_bc(b — C) {(QQ n CQ)(@ T C) o (a2 + b2)(a + b)}

Gia stt @ > b > ¢ > 0 thi cdc dau ngodc tron va ngodc vuong ciia biéu thiic trén déu khong am. Suy

ra diéu phai chiing minh. O

100
BAI 398. Ching minh réng khi viét dusi dang sé thap phan vo han, sb (%> ¢6 2000 chit s6 thap

phan dau tien sau dau phay bang 0.
# LOT GIAL

Ta co: 1000 1000 1000
2 2 1 1
()" ()™ (1) oo
225 200 102 102000 —
1999
Suy ra diéu phai ching minh. O
N . 1 1
BAI 399. Cho 101 s0 ay, as,...,a9; trong dé6 a1 =5, as = a3+ —,. .. ,aps1 = a, + — v6i moi n > 1.
aq Qp,
Chitng minh rang:
a) asy > 11, b) 15 < aypg < 15, 1.
« LOI GIAL X
a) Theo gia thiét, a2, , = a2 + i 2. Do do:
a? =25
2 _ o, 1
ay
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1
2 2
a5

Cong ting vé: a?, = — 1 +125 > 112 = a5 > 11.

b) Tuong tu nhu cau a)

1 1
ajy = <—2+---+2—) + 225 > 15* = ayo1 > 15.
ay @100

Dé chiing minh a1¢; < 15,1, cht ¥ rang 15, 1% = 228,01 ta can ching minh:

1+1+ +1<301
a% a% a%oo T

Ta co:

1+ +1—(12+ +1>—|—<1+ —|—1)<
i i a20 a%l a%oo

1 1 1 1 1
<50 —5+50-— <50 =+4+50- — <1+ = < 3,01
a%—i_ a?, 25+ 112 T

O
BAI 400. Cho séu doan thing c¢6 do dai trong khodng tit 10 cm dén 75 cm. Chitng minh ring bao gio
ciing chon dudc ba doan théng lam thanh ba canh ctia mot tam giac.

# LOT GIAL

Goi do dai cac doan thing da cho 1a aq, ao, ..., ag. Gia sit

10§a1§a2<...§a6§75.

Néu bat ki ba doan thang nao ciing khong thé lap thanh mot tam giac thi:
a32a1+a22 10+ 10 =20

as > as +as > 10+ 20 =30
as > as +aq > 20+ 30 = 50
ag > as + as > 30 + 50 = 80, vo Ii.
0

BAI 401. D6 vui: Ai néi ding? Mot don vi cong an hing ngay dung thuyén méay di xudi khic song
tit A dén B roi quay trd lai A. Hom ay, dong nuéc chdy nhanh hon hom trude. Chién si Tam vui vé
n6i: “Hom nay nude chdy nhanh hon, thuyén xudi nhanh hon nén ta sé vé sém hon”.

Chién si Hoa khong tan thanh: “Di nhanh dugc bao nhiéu thi lai vé cham bay nhiéu! Nhu vay thuyen
van di véi thai gian nhu hom trudc”.

Ai ding? Ai sai? Biét ring van toc rieng ciia thuyén méy khong doi trong ca hai ngay.

# LOT GIAL
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Goi khoang cidch AB la s (km), van toc rieng ctia thuyén méay 1a @ (km/h), van toc dong nude ngay
hom trude 1a b (km/h), van t6c dong nude ngay hom sau la ¢ (km/h) trong d6 s > 0,a > 0,0 < b < c.
Ngay hom trude, van téc thuyén lic xuoi 1a a + b (km/h) ltac nguge 1a a — b (km/h), thoi gian di khit
hoi (di tit A dén B rdi tr6 vé A) Ia:

S n S 2as (O)
= 10).
a+b a—-b a?—b? &

xr =

Tuong t, thoi gian di khit hoi trong ngay hom sau la

S n S 2as (i)
= = i0).
Y= 3 +c¢c a—c a*?—-¢ &
2as 2as
Do 0<b<cmnéna®—b">a*—c = — < =1z <y.
a?—b  a?—c?
Nhu vay la cd Tam 1an Hoa deéu sai: thoi gian thuyén di hom sau lau hon hom trude. O

Bit ding thic vé6i sé tu nhién

i s6
R 2 4 2 N
BAI 402. Cho A = 13 g 200 Chitng minh rang 14 < A < 20.
# LOI GIAL

T 199°

, ~ . N L o 1
Deé ching minh A < 20, ta lam tréi moi phan so cua A bang cach dung bat dang thiic nt < T
n n—
Ta co:
2 4 6 200
A=2.2.2... b
1 3 5 199
2 3 5 199
A<c2. 2.2, it
17271777198
2:4-6---200 2-3-5---199 200 2
A2 . = — s — = 4 A 2 .
Suyra AT < e g Ta g qos . 11 0= A<20 PO
Dé chitng minh A > 14, ta lam giam mdi phan s6 clia A bing cach diing bat dang thiic n >0 1
n n

O

Chaing minh cdc bat dang thiic (tit bai 403 dén 410):
BAI 403. Chtng minh bat ding thic:
1 4 7 10 208 1

36 9 12 210 25

# LGOI GIAL

Goi A la vé trai clia bat dang thitc. Ta la troi A dé duge mot bieu thiic C' dé rat gon hon. Mudén vay
biéu thiic C' phai c¢6 nhiéu thita s6 giéng nhau & tit va ¢ mau.

Nhan xét hai phan s6 canh nhau, chang han 3 va %, ta thay 4 hon 3 1a 1, con 6 hon 4 14 2. Ta lam

n n—1

troi: < (vin? <n?+n—2véi moi n > 2). Do do:
n+ 2 n
L1 4T 10 208
3 6 9 12 201
1 3 6 9 207
A< - - — ... — (=
3 4 7 10 208( )
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Suy ra
g2 14-7-10---208 1-3-6-9---207 1 1_ 1 _ 1 _(1)2
3-6-9-12---210 3-4-7-10---208 210 3 630 625 \25/ °
Do d6 A < — O
O do —.
25
BAI 404. Ching minh céc bat ding thc:
a)A—§+£+L+ +M<1(nnuéndu’dn)'
1736 144 n2(n+ 1)2 suy &/
1 2 3 n—1
b)B:§+§+Z+---+ p <1(meN;n>2).
@LOIGIéu. ' X X
P n 4+
Viét ————— thanh — — ———.
a) Vie n?(n+ 1)2 e (n+1)2
A-1-pr 1,1 L L
22 22 32 n2 (n+1)2 ° (n+1)2 7
. on—1 1 1
b) Viét = thanh ——— — —.
n! (n—1)! nl
O
< . 1 5 11 24n—1
BAI 405. Chtng minh bat dang th&c:C:§+§+E+...+%<2(n nguyén duong).
# LOT GIAL
n4+n—1_nn+1) 1 1
n+1!  (+D! +ED (=1 (n+1)
Ta co:
1+<1 1>+<1 1>+<1 1>+ +{ Lo, }
2l " \1! 3 2l 4l 31 5l (n—1)! " (n+1)
—1+[1+1+1+ P } {1+1+1+ P ]
S22t L1 2t 3 (n+1)! 31 41 5 (n+1)!
L1 1 1L, 1 L
202l nl (m+ )T nl (n+ 1)
O
5 o . 1 2 3 4 100
BAIéOG.Chﬁ’ngmlnhbatdéngthu’c:A:§+§+§+?+---+ﬁ<2.
# LOI GIAL s s 4 L0
2A=145+5+m Tt (1)
1 2 3 99 100
A:§+§+§+"‘+ﬁ+w (2)
Lay (1) tru (2) ta dugc:
A 1 1 1 1 100
Hay chitng minh biéu thitc trong dau ngodc nhé hon 2. U
. o 11 1 11
BAI\4O7.?hﬁngminhbatdéngthﬁc:B:§+E+§+~-+$<E(nEN,n23).
# LOI GIAL
Giai tuong tu vi du 96. L]
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X . £l 32 . 1 2 3 100 3
BAI 408. Chtng minh bat dang thic: C' = 3 + %) + 33 +F 3100 < 1
# LOI GIAL
2 3 99 100
3C:1+§+3—2+"'+@+@
1 2 99 100
CZg—f-?—f—""f—@—f—ﬁ
1 2 1 1 100
Suyra:QC’:(1+§+3—2+§+---+@>—W.
. . 3
Hay chitng minh biéu thtc trong dau ngoac nhé hon 5
O
BAT 409. Chiing minh bat déng thic: 1 < —— + —— 4 4+ ... 4 <2 e
. ng minh bat dan c: n nguyeéen
& & n+1 n+2 n+3 3n+1 sy
duong).
# LOT GIAL
G'A1—|—1+1++1++1+1
O — .. .. _ .
TRl Thr2 3 o+ 1 3n | Bn+1

Tong A c6 2n + 1 s6, ghép thanh n cip cac phan s6 cach déu hai dau, con lai mot phan s6 & giita la

2n+ 1
M&ai cap bang:

1 1 4n + 2 4n + 2 2

2n+1—k+2n+1—|—k‘:(2n+1)2—k52>(2n—|—1)2 (2n+1)

Vay A > -n+ =1.
) 2n + 1 2n +1
Dé chitng minh A < 2, lam troi A bang cach thay méi phan s6 ctia A bdi phan s6 16n nhat. O
. o 3 1 1 1 3
BAI 410. Ching minh bat déng thic: = < e —— < 2,
ng minh bat dang thic: = < 555+ o502+ 9006 7 1 2006 ~ 1

# 1LOI GIAL )

Goi A= = o PR
O 5004 T 2005 T 2006 1006

3 e Z Z N X
— Chiing minh A > o Tong A ¢6 2003 s0, ghép thanh 1001 cap phan so cach deu hai dau, con lai

mot phan s6 & gitta 1 .
3005
1 6010 2

> = .
3005 — k i 3005 + k:3 30052 3005

9 5009
Dodo A> = . 1001 = 2202 2
0do A > onge W0l =350 > 5

3
— Chtng minh A < e bat 2004 = n, ta co:

M&i cap bang:

1 1 1
A:— ..+
n n+1 n(n — 2)
1 1 1
A= cee
n+(n—2)+n+(n—3)+ +n

Cong lai: 24 <1+ L )+( L, >+ +< L +1)
11 1. = — — ).
ong 1a n o 2n—2 n+l  2m—3 m—2 " n

Ta sé chiing minh nhém dau va nhém cudi c6 gid tri 16n hon cac nhém khac bang cach chiing
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minh:

1+ 1 - 1 N 1
n 2n—2 n+k 2n—-2-%k

v6i0 <k <n—2 (1)

3n —2 3n—2

(1) < n(2n — 2) ~ (n+k)(2n—2—k)
& n2n—-2) < (n+k)2n—-2—-k)
s 2% —2n <20 —2n — kn + 2kn — 2k — k?
& kK <kn—2k<ek<n—2: ding.
Vay 24 < (%+2n1_2)-(n—1)=%-(n—1):3”2;2 g
DodéA<z.

BAI 411. a) Chitng minh bat déng thitc:

T S on duong)
— — — T nguven n .
273 m_1" 2 gly &

b) Chiing minh ring véi moi sé6 duong A, ta luon tim dugc s6 ty nhien n dé

11 1
l+-Fot ot ->A
oty

# LOI GIAL

11
iA=1+=4-+-- .
a) Goi to 3t T

minh A > g Ta co:

A—1+1+<1+1>+<1+ +1>+ + !
n 2 3 4 5 8 |

—1+1+<1+1)+< L + +1)+ +< ! + +1) L
a 2 3 22 22 41 23 on=1 41 on on’

Thay mdi phan s6 trong dau ngoac béi phan sé nhé nhat trong dau ngoac do:

O vi du 97, ta da ching minh riing A < n. Bay gio ta chiing

1 1 1 1 1

A>14+ -4+ — .94+ — .22 ... —.on7b_ —

+2+22 +23 + +2n on
it Loy 1om
N 2 2 2 2 on 2 on T 9

1 1 1 .
b) épdungcaua):1+§+§+2n 1 >g,néutachonk;:26n—1thi

IR S
2 3 k™ 2
. 1 1 1 24
Nhu vay néuchon k=224 —1thil4+ -4 -+ -+ - > " = A
2 3 k 2
U
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BAI 412. Cho bén s6 nguyen duong a, b, ¢, d, trong d6 tong ba sé bat ki chia cho s6 con lai déu ¢6
thuong 13 mot s6 nguyen khac 1. Ching minh rang trong bén sb a, b, ¢, d ton tai hai s6 bang nhau.
« LOT GIAL

Giastta > b>c>d. Dat M:m, W:n, M:p.

Theo gia thiét thi m > 1; ta laiacé d<c<b<anén b+c+dc< 3a, do d6 m < 3; vay m = 2.

Dé thay

b+c+d b4+ec+d a++d
m = < =n

<
a b b
a+c+d a+c+d a+b+d
"= b < c < c =P

Suy ran >3, p> 4.
Tacob+c+d=2a,a+c+d>3b,a+b+d > 4c.
Cong ting vé ta dugc:

20 +2b+2c+3d > 2a+3b+4c=3d > b+ 2c >d+ 2d = 3d, vo li.

BAI 413. Tim céc s6 tu nhién x va y sao cho % ¢6 y chit s6, con y¥ ¢6 x chit sb.

# LOI GIAL

Ta c¢6 2% ¢6 y chit s6 = 10v~! < 2% < 107,

yY ¢6 x chit s6 = 10271 < ¥ < 10%.

Gia st x > y. Ta co 2% < 10Y < 10* = x < 10.

Ta chon cac sd 2% sao cho x < 10 va 2% > 10Y"! v6i moi y — 1 nhé hon x.

Cac s6 22, 3%, ..., 77 khong thoa man (chang han 22 < 10, 3% < 10%,...). Xét cac s6 1%, 8%, 9%, ta thay
10° < 1' < 10%, 107 < 8% < 10108, 10® < 92 < 10°.

Dipst:v=y=la=y=8 x=y=09. O
BAI 414. Chiing minh bét déng thic (n!)? > n? véi moi s6 ty nhien n > 3.

# LOI GIAL

nl=1x2x3x...xkXx...xn.

nl=nn—-1)n-2)...(n—k+1)...1

Suy ra (n!)2 = (1-n)-[2(n—1)]-[3(n —2)]---[k(n — k +1)]--- (n - 1). Ta sé& chitng minh rang biéu
thitc trong méi dau ngoac vuong déu 16n hon n.

That vay

kn—k+1)—n=kn—-—n—k+k=nk—1)—k(k—1)

=n—k)(k—1)>0vin>k>1.

0

BAI 415. Ki hiéu [a] 1a s6 nguyén 16n nhéat khong vugt qué a. Chiing minh réng [z] 4 [y] < [z + ).
# LOI GIAL
Ta ¢6: [x] <z, [y] <y nen [z] + [y] <z +y, tic 1a [z] + [y] 1a cdc s6 nguyen khong vugt qué

T4y (1)

™= Suu tam & bién soan Trang 207 /477 E1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

M3t khéc, theo dinh nghia phan nguyén, [x + y] 1a s6 nguyén 16n nhat khong vugt qua
T4y (2)

Tu (1) va (2) suy ra [z] + [y] < [z +y]. O

Biat ding thdc va phuong trinh
BAI 416. Ding phuong phap bat déng thitc dé giai cac phuong trinh:

a) (x+y)?=(x+1)(y—1); b) 2? + 2+ 22+t =ax(y+ 2 +1);
o) (x*+1)(y* +4)(2* +9) = 48xyz (z,y,2 > 0);  d) (z +1)(y + 1)(z +y) = 8zy (z,y > 0).

# LOI GIAL

a) Dat z+ 1 =a, y — 1 = b. Phuong trinh tré thanh (a +b)? = ab. Dé dang tinh dugc a = b = 0. Dap
so:x=—1,y=1.

b) Bién déi: v =1,y =2, z = 3.

c) Dapsb: z=1,y=2, 2 =3.

d) St dung bat dang thitc (z + 1)(y + 1)(z + y) > 8zy (xem vi du 94).

]
BAI 417. Ki hieu S(n) la téng cac chit s6 ciia n. Tim s6 nguyén duong n sao cho:
a) n+ S(n) = 2018; b) S(n) =n? — 2005n + 7.
# LOI GIAL
a) Ta c6
n+ S(n) = 2018 (1)
nén
n < 2018 2)
S(n) <149 x3=28.
n > 2018 — 28 = 1990 (3)

Tit (2) va (3) suy ra n = 199a hodc n = 20bc.
Thay n = 199a vao (1) duge 2a = 9, loai.
Thay n = 20bc vao (1) duge a = 0, b = 8. Dap s6: 2008.
b) S(n) =n?—2005n + 7 (1)
— Xét n = 2005 thi S(n) =7 va (1) dang.
— Xét n > 2005. Ta c6 S(n) = n? — 20051 + 7 > n(n — 2005) > n, tic 1la S(n) > n, vo Ii.
— Xét 1 <n<2004. Tacon—12>0,n— 2004 <0 nén

n(n —1)(n — 2004) < 0 = n* — 20051 + 2004 < 0

= n? —2005m + 7 < —1997 = S(n) < 0, vo Ii.

Déap s6: n = 2005.
0

™= Suu tam & bién soan Trang 208/477 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 8 Nam hoc 2019-2020

BA 0 TiM GIA TRI NHO NHAT, GIA TRI LON NHAT CUA MOT
BIEU THU'C

O GIA TRI NHO NHAT, GIA TRI LON NHAT COA MOT BIEU THU'C

1.

Cho biéu thitc f(z,y...)
Ta néi M 1a gia tri 16n nhat(GTLN) ctia biéu thitc f(x,y...), ki hiéu max f = M néu hai diéu
kién sau thdéa man:

- Véi moi x,y,... dé f(x,y...) xac dinh thi
flz,y...) < M (M la hing s6) (1)

- Ton tai xg, 4o, - - . sao cho
f(xo,90...) =M (2)

. Cho biéu thitc f(z,y...)

Ta no6i m 1a gia tri nhé nhat(GTNN) clia biéu thiic f(x,y...), ki hiéu min f = m néu hai diéu kien
sau thoa man:

- Véi moi 7,5, ... dé f(x,y...) xac dinh thi
f(x,y...) > m(m la hing s0) (1)
- Ton tai xg, yo, . . . sao cho
f(zo,yo...) =m (2))
Chii ¥ rang néu chi c6 diéu kien (1) hay (1°) thi chua thé néi gi vé cie tri ctia mot biéu thiic.
Chang han, xét biéu thiic
A=(x—1)72+(z - 3)%

Mic dit ta c6 A > 0, nhung chua thé két luan duge min A = 0 vi khong ton tai gia tri nao ciia
dé A=0.

VI DU 1. Tim gié tri nh6 nhét cta bidu thic

A= (x -1+ (z - 3)%

# 1LOI GIAL

Ta co

A=2—20+1+2° —62+9=2(z* -4z +5)
=2(r—-2)*+2>2.

A=212-2=0&2=2.
Vay min A = 2 khi va chi khi x = 2. O
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O TiM GIA TRI NHO NHAT, GIA TRI LON NHAT CUA BIEU THU'C CHUA MOT BIEN

1. Tam thiic bac hai

VIDU 2. @ Tim GTNN cia A = 222 — 8z + 1.
@ Tim GTLN cia B = —52% — 4z + 1.
@ Cho tam thic bac hai P = az? + bz + c.
Tim GTNN ctia P néu a > 0.
Tim GTLN ctia P néu a < 0.

# LOT GIAL
O A=22-8r+1=201-4da+4)-T7=20x-2%*-7>-T
min A = —7 khi va chi khi x = 2.
) , 44N\ 9 2\?
@O B=-514r+1=-5(22+-2+— +g:—5 o)+

D 25

max B = % khi va chi khi z = —%.

ol ©
o] ©

<

) , b b\ b?
® P=a?+brt+c=alz’+-2)+c=alz+—) +c——

a 2a 4a’

b? b\?
bat c— — = k. Do (3:+—> > (0 nén
4qa 2a

—Néua>0thia<x+%>2ZO,dodéPZk;
min P = k khi va chi khix:—%.
—Néua<0thia<m+%>2SO,dodc’)ng;
max P = k khi va chi khix:—%.

2. Da thic bac cao hon hai

VI DU 3. Tim GTNN ciia
A=zx(z—-3)(x —4)(x—T7).

# LOT GIAL
A= (2* = Tx)(2® — Tz + 12).
Dat 22 — 72 4+ 6 = y thi

A= (y—6)(y+6)=y>—36>—36.

x
mnA=-36y=022-7Tr+6=0% O
r = 6.
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3. Phan thiic c6 tit 1a hing s6, miu la tam thic bac hai

Vi DU 4. Tim GTNN ctia )

T 6r—5— 92

# LOI GIAL
) )

A= = .
922 —6x+5 (Bx—1)2+4

Ta thay (3z —1)> > 0 nén (3z — 1) +4 > 4.
. . 1 1 .
bé y tinh chat @ > b thi — < R véi a va b cung dau. Tu do ta co

a
1 <1:> -2 _2:>A> 1
(Bx—1)2+4 ~ 4 (Bx—1)2+4 — 4 2
) 1 1
mlnA:—§<:>3x—1:O<:>x:§. O

4. Phan thic ¢6 mau 1a binh phuong ctia mét nhi thic

Vi DU 5. Tim GTNN clia
322 —8x +6
A= ——M
2 —2x +1
# LOI GIAL
Cach 1. batzr —1=ythiz=y+ 1. Taco
3 1)2 -8 1 6 3yr—2 1 2 1
Y Y y oy

1
Lai dat — = 2z thi
Yy

A=3-22+22=(z—-1+2>2.

mnA=2sz=1lsy=1lecr—-1=1<r=2
Cach 2. Viét A dudi dang tong clia 2 véi mot bicu thitc khong am

g |

212 — 4 2 24 4 —2)?
r? —4dr+2) + (x x+):2+(3: ) > 9.
2?2 —2r+1 (x —1)2

min A = 2 khi v& chi khi z = 2.
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5. Cac phan thic dang khac

Vi DU 6. Tim GTNN va GTLN ciia

# LOI GIAL
Dé tim GTNN, viét A dudi dang

P —dr+d—a—1  (z—2)°

A = —1>-1.
2+ 1 2+ 1
min A = —1 khi va chi khi 2z = 2.
Dé tim GTLN, viét A duéi dang
A:4x2+4—4x2—4x—1: _(2x+1)2§4'
241 22 4+1
e e 1
max A = 4 khi va chi khlx:—a O

@ TiM GIA TRI NHO NHAT, GIA TRI LON NHAT CUA BIEU THI'C CO QUAN HE
RANG BUOC GIIA CAC BIEN

Vi DU 7. Tim GTNN ctia A = 2% + ¢® 4+ zy biét ring = +y = 1.

# LOI GIAL
St dung diéu kién da cho dé rit gon biéu thiic A:

A=(z+y)(@® —ay+y)) +ay=2>—ay+y° +ay ="+~
Dén day c6 nhiéu cach giai

Cach 1. Biéu thi y theo x 16i dua vé tam thitc bac hai theo .
Thay y = 1 — z vao biéu thic A

) ) ) 1\ 11

A=+ (1l—2a)=2z"—2)+1=2\z—=) +=>-.

2 272
1 1 1
minAzékhivachikhiajzi;yzi.

Cach 2. St dung diéu kién da cho lam xuat hién mot biéu thitc méi c6 chita A

r+y=1=2"+2zy+y*=1 (1)

Mat khac
(r—y)?>20=2"—2zy+y* >0 (2)
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Cong (1) va (2), ta dugc

1

2(x2+y2)21:>a:2—|—y22§.
: ... Y1 1
mlnAzakhlvéChlkhlxzy:§.

Cach 3. St dung diéu kién da cho dé dua vao mot bién mdi.
1 1 . .
bat z = 3 +a thiy = 5~ a. Bieu thi 22 + y? theo a, ta dugc

I A
xﬁuﬂ:<§+0 +<§—Q :§+2ﬁ2

inA 1@ 0 L
min = — a = xXr = = —.
2 y=3

O
VIDUS. Choz +y+ 2 =3.
@ Tim GTNN cia A = 22 + 9% + 22,
@® Tim GTLN ctia B = 2y + yz + 2.
® Tim GTNN ciia A + B.
# LOI GIAL
Binh phuong hai vé cia ding thic z + y + z = 3, ta dudc
2?4+ y* + 2%+ 2y +yz+2a) =9 (1)
tic la A+ 2B =09.
Dé dang chiing minh dugc
A>B (2)

x4y ra dang thitc khi va chi khi x = y = 2.
@ Tu(l)va(2)suyra3A>A+2B =9, nén A > 3.
Do d6 min A =3 khi vachikhix =y =2=1.
VAN thé gidi cau a bing cich doi bién x =14a, y=1+b, z = 1+ ¢ roi zét 2% + y?> + 2.
@® T (1)va(2)suyra3B < A+2B =9, nén B < 3. Dodé max B = 3khivachikhiz =y =z = 1.
I\ C6 thé gidi cau b dua vao cauw a: Vi A+2B =9 nén B ldn nhadt khi va chi khi A nhé nhat.
® Taco A+2B=9ma B <3 (caub)nén A+ B > 6.
Do d6 min(A+ B) =6 khi vachi khix =y =2 = 1.

0
Vi DU 9. Tim GTNN va GTLN ciia
@ Biéu thitc A, biét ring A(A —1) < 2;
@® Bicu thic A =2 —z — y — 2, biét ring
2—1—y—2)?=4—2"—¢* -2~
# LOI GIAL
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@ Ta st dung phuong phéap xét dau dé tim GTNN, GTLN ctia A. Ta bién ddi
AA-1) <2 A2-A-2<0< (A+1)(A-2)<0.

Lap bang xét dau

A ~1 2
A+1 - 0+ -
A—2 - - 0+

(A+1)(A-2) + 0 - 0 +

Dod6 —1<A<2nénminAd =—-1vamax4 = 2.
@ T gia thiét ta co
r+y+z=2-A (1)
4P+ =4 A (2)
Ta dua ra mot bat dang thic trong dé chia x +y + 2 va 22 + y? + 22.

Ta c6
(x+y+2)? =2+ 9y + 2%+ 2y +yz + x2). (3)

Mat khac, dé dang ching minh dugc
ry +yz + 2z < 22 +y? + 22 (4)

Tit (3) va (4) suy ra (z +y + 2)? < 3(2% + y? + 22); x4y ra dang thitc khi v chi khi z = y = 2.
Thay cac biéu thitc (1), (2) vao bat dang thic trén, ta c6

(2—-AP2<34-AH) s A2-A-2<0.

Giai tiép nhu cau a ta ducge

) r+y+z=3
— mind =-1& Sr=y=z=1.
rT=y=z

r+y+z2=0
— maxA=2<& Sr=y=z=0.
r=y=2z

]
® CAC CHU Y KHI TiM GIA TRI NHO NHAT, GIA TRI LON NHAT CUA MOT BIEU
THUC

/N Khi tim cue tri(GTNN hay GTLN) ciia mot biéu thiic, ta cé thé doi bién.
Chdng han, ¢ vi du 1 ta cé thé dat © — 2 =y, khi do

A=y+1)2+y—1) =2"+2>2.

Suy raminA =2 khiy=0<<x=2.
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/N Khi tim cuc tri cta biéu thic, nhiéu khi ta thay dieu kien dé biéu thic dat cuc tri bdi diéu kién
tuong duong la biéu thic khac dat cuc tri.
Chdng han:

— —A l6n nhat < A nhé nhat.

— é I6n nhat < B nhé nhat vdi B > 0.

— C lon nhat < C? lén nhat véi C > 0.

41

Vi DU 10. Tim GTNN cttia A = —— .
(224 1)2

« LOI GIAL , )
Chu y rang A > 0 nén A 16n nhat < 1 nhé nhat va A nhé nhat < 1 16n nhat. Ta c6

1_($2+1)2_x4+2w2+1_1 22?

R T R | +ac4—|—1'

N 2 ~ 2 4 ~ x2 1
Tim GTLN ctia A: Ta ¢6 22° > 0, z* + 1 > 0 nén >0.Suyra—>1+0=1.

) 4+ 1 A

minzzlkhi va chi khi z = 0. Do d6 max A = 1 khi va chi khi z = 0.

Tim GTNN ctia A: Ta ¢6 22? < ' + 1 (dé ching minh, dau “= "xay ra khi va chi khi 22 = 1) ma
x? 1
] <1. Suyrazgl—l—l:z

1 1
maXZ = 2 khi va chi khi 22 = 1. Do d6 min A = 5 khi va chi khi z = +1.

¥4+ 1> 0 nén

A 1. Cach khdac tim GTLN cta A

A_(:L‘2+1)2—2l‘2_1 212 1
(@241 (22412 T

max A =1 khi va chi khi x = 0.
2. Cdch khac ttim GTNN ctia A
Cach 1. Dat =y nhu Vi du 5.

Cach 2.

2+ 1

= 2% + 2 _($2+1)+(3:2—1)2_1+ (22 —1)2 -
(22412 2(22 +1)2 2 2224 1)2

1
5
) 1 e e
min A = 3 khi va chi khi x = +1.
O

I\ Khi giai toan cuc tri, nhieu khi ta can xét nhieu khodng gid tri cia bién, sau do so sanh cdc gid

tri clia biéu thitc trong cac khodng dy dé tim GTNN, GTLN.

Vi DU 11. Tim GTLN va GTNN ciia

A= 3z —1)* =43z — 1| + 5.

# LOT GIAL
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bat |3z — 1| = y thi

A=y —dy+5=(y—2*+1>1

r=1
mnA=1ey=2<3z-1=2« 1
rT=—c.

3

Vi DU 12. Tim GTNN ctia
B=|z—2|+|z—3|

# LOT GIAL
Cach 1. — Xét khoang x <2thi B=2—x+3—x =5 —2x.
Dox <2nén —2x > —4,dodé6 B > 1
— Xét2<xr<3thhB=x—-2+3—-z=1
— Xétrx>3thi B=x—24+x—3=2x—5.
Doz >3 nén 2x > 6,dod6 B > 1

So sanh (1), (2) va (3) ta dugc min B = 1 khi va chi khi 2 < 2 < 3.

Cach 2. Do gia tri tuyét ddi ctia mot s6 16n hon hoac bang s6 d6 nén

B=lz-2|+|z-3|=z—-2/+3—2[>(z—2)+(3—2) =1

z—22>0
Dodé minB =1« S 2< <3
3—x>0

Vi DU 13. Tim GTNN ctia

A=z =1+ |z =7+ |z -9

# LOI GIAL

Do gia tri tuyet doi cia mot s6 16n hon hodc bang s6 d6 nén

e =1+ ]z =9 =|zr—1|+]9—2|>2—-14+9—2x=38.

Talaico |z —T7]>0
T (1) va (2) suy ra A > 8.
r—1>0

Dodé minA=8<<9—-—az>0<z=".

=7

U

A Khi tim cuc tri ciia mot biéu thitc,nguoi ta thuong st dung cac bat dcfng thite da biét. Xem muc

cic hing dang thic trong chuyén dé Chiing minh bat dang thiic.

VI DU 14. Cho 22+ 4? = 52. Tim GTLN ctia A = 2z + 3y.

# LOI GIAL
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Ta nhan thay 22+ 3y va 22 +%2 déu la cac thanh phan clia bat ding thiic Bu-nhi-a-cop-xki (az+by)? <
(@ +b*)(2® + y?) v6ia=2,b=3.
Theo bat dang thiic trén, ta co

(22 +3y)? < (22 +3H)(2* +4*) =13-52=13-13 - 4.

Suy ra |2z + 3y| < 26, do d6 2z + 3y < 26.

5= O
max A = 26 khi va chi khi { 2 3

2e+3y >0 (2)
3x ., , 927
Thayyz;mox + y° = 52 ta dugc x +T:52<=>[E::i:4.

— V6i x = 4 thi y = 6, théa man (2).
— V6i z = —4 thi y = —6, khong théa man (2).
Vay max A = 26 khi va chi khi z =4 va y = 6. O
/N Trong cic hing ding thite, can chii y dén hai menh dé sau, cho ta GTLN cila tich, GTNN ciia
téng:
— Néu hai s6 c6 tong khong doi thi tich ciia ching ¢é gid tri l6n nhat khi va chi khi hai s6 dé bing
nhau.
— Néu hai s6 duong cé tich khong doi thi tong cia ching nhd nhat khi va chi khi hai s6 dé bing
nhau.
Dé chatng minh hai ménh dé trén, ta ding bat dang thic (a + b)? > 4ab:
— Néu hai s6 a vab c6 a+b =k (hang o) thi tit (a+b)* > 4ab ta cé ab < %2, do do max(ab) = ;
khi va chi khi a = b.
— Néu hai s6 duong a va b c6 ab = p (hang s6) thi a + b nhé nhit < (a + b)? nhé nhat, do dé
min(a + b)? = 4p khi va chi khi a = b.

Vi DU 15. Tim GTLN cta

A= (2% =32+ 1)(21 + 32 — 2?).

# LOT GIAL
Céac bicu thitc 22 — 3z + 1 va 21 + 3z — 2% ¢6 tong khong doi (bing 22) nén tich clia ching 16n nhat
khi va chi khi

=95
?—3r+1=214+3r—2"2*-3r-10=0& (z-5)(v+2)=0&
T = —2.
Khido A=11-11=121.
Vay max A = 121 khi va chi khi z = 5 hoac z = —2. O
Vi DU 16. Tim GTLN ciia
1622 +4z+1 .
A= —————véiz>0.
2z
# LOI GIAL
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. 1 . 1 . . . .
Viet B duéi dang 8z + 2 + o Hai so 8x va o la hai s6 duong c6 tich khong doi va bang 4 nén tong
x x
ctia ching khi nhat khi va chi khi

1 1 .
835:—<:>16x2:1<:>x:Z(chﬁyréngx>0).

2x
1+1+41 1
Vay min B = = — 6 kbi v chi khiz =, 0
2

/\ Trong cic vi du trén, ta chi ra tit cd cdc gid tri cia bién dé zdy ra diang thic. Tuy nhién, yeéu
cau clia bai todn tim GTNN, GTLN khong doi héi nhi vay, chi can ching té rang ton tai gid tri cia

bién dé xdy ra ding thic.

VI DU 17. Tim GTLN ciia A = ab + be + cd, biét ring a, b, ¢, d 1a cac sb khong am c6 téng
bang 1.

# LOI GIAL
Cach 1. Gidsta>b>c>d>0. Tacd

A=ab+bc+cd <ab+ac+ad=alb+c+d)
1 1

:a(l—a):a—azz—(a—ﬁ)Z%—Z.

Khong can tim dieu kién can va du dée A = 7 tic 1a khong can giai tat ca dieu kién be = ac,

1
cd:ad,a:§,b+c+d:

a:bzl,c:d:().

N 1 )
va b, ¢, d > 0. Ta chi can chi ra A = 1 khi, chang han

DN | —

2
1 ) 1
VaymaXA:Z—lkhi, chénghana:bzi,c:d:().
Céach 2.
A=ab+bc+cd <ab+ad+bc+ cd = (a+ c¢)(b+ d).
2
Ap dung bat dang thic zy < (%) . Ta c6
b+d\* 1
Aé(a+c)(b+d)§<u> -7
( n 1
a+c= -
2
1
1 —
Aot )o+d 5
4
ad =0
(a, b, ¢c,d>0.
~ 1. .. 8 1
VaymaXA:Zlkhl,chénghana:b:§,c:d20.
U
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O BAI TOAN CUC TRI VOI SO TU NHIEN

Vi DU 18. Tim GTLN ctia biéu thtc

Y . NP o
A=—"""——v6iz, y la cac soO tu nhién.
5—(:(:+y)V Y '
# LOI GIAL
Ta c¢6 © +y # 5.
Xét v +y < 4:
— Néuy=0thi A=0.
P s Y
— Neul<y<3thhA=—+—-<3.
== S—(r+y) ~
— Néuy=4thiz=1va A=4.
. s Y
Xétx+y>6thi A=—"——<0.
v= 5—(x+y) —
So sanh cac gia tri trén ctia A, ta thidy max A = 4 khi va chi khi z =0, y = 4. 0J

Vi DU 19. Tim GTNN va GTLN cia tich zy, biét ring = va y la cac sd nguyén duong thoa
man x +y = 2005.

# LOI GIAL
Ta co
day = (v +y)* — (v — y)* = 2005% — (z — y)*.

Gia st z > y (khong thé x4y ra x = y). Ta c6
xy 16n nhat < x — y nhd nhat; ry nhé nhat < x — y 16n nhat.
Dol <y<x<2004nénl<zx—y<2003. Taco
— min(z —y) = 1 khi va chi khi z = 1003, y = 1002.
— max(z — y) = 2003 khi va chi khi z = 2004, y = 1.
Do do6
— max(zy) = 1005006 khi va chi khi = = 1003, y = 1002.
— min(zy) = 2004 khi va chi khi 2 = 2004, y = 1.

0
Vi DU 20. Tim GTNN ciia biéu thiic

A = [11™ — 5"| v6i m,n 1a cac s6 nguyén duong.
# LGOI GIAL
Ta thay 11™ tan cuing bang 1, con 5" tan cling bang 5.
Néu 11™ > 5™ thi A tan ciing bang 6, néu 11™ < 5" thi A tan cung bang 4.
Ta chi ra mot truong hop A = 4: v6i m =2, n =3 thi A = [121 — 125| = 4.
Nhu vay min A = 4 khi, chiing han m = 2, n = 3. 0J

BAI TAP TU LUYEN
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BAI 1.
a) Tim GTNN cta A = 2*> — bx + 1 b) Tim GTLN clia B=1—2? + 3z
# LOI GIAL
O Taco
25 21
A=z>-5x+1 = <x2—5x+z) vy
B < 5)2 21
- \"T2) T
21
- 4
21 5)
Vay min A = - dat tai x = 5
® Taco
A=1—-2*4+3z = —(2*—-3z)+1
9 9
= (s )+ T
<:z: x—|—4 +4—|—
( 3)2 LB
—= — xr — — e
2 4
13
< —.
- 4
13 3
Vay max A = 7 dat tal x = 5
]
BAI 2. Tim GTNN ctia cac biéu thic
a) A= (z+8)*+ (z+6)* b) B = (0,52 + x)* — 310,522 + x|
) C=a*—223+322 22 +1 d) D= (z>+2—6)(z>+x+2)
# LOT GIAL
@ Dit y =2 +7, ta duge
A= +D)'+ -1 =+ D"+ @y -1 -2y +1)*(y — 1)°
= (242720 - 1) =4y  + 8" +4 - 2" + 4y - 2
= 2yt +124° + 2
> 2.
Dau bang xdy rakhiy =02+ 7=0& 2 = —T.
Vay min A = 2 dat tai x = —7.
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@ Dit ¢t =10,522+z|,t>0. Tacod

B = t2—3t:<t2—3t+—>—§

9
> -
= 4
Dau bang xay ra khi
1, 3
3 1, 3 ¥ TT=g
t=- & |- =-&
2 SRR Rl ) 3
—r+r=—c
2
?+2r—-3=0 r=1
~

2?2+ 22+ 3 =0 (VN)

Vay min B = —Z dat tai x = —1, x = —3.

® Taco

2
1\*> 3
C:x4—2$3+3x2—2x+1:(xZ—x+1)2:((x——) —i——)

3)2 9
>(=)] ==,
= C_<4

P 1 1
Daubangxéyrakhix—éz()(:)x:5.
9
Vay minC:E dat tal x =
O Ditt=2?+ 2, taco

N | —

D=(@t—-6)t+2) =t —dt—12=t*—4t+4—-16=(t—2)* - 16 > —16
Dau bang xay ra khi

t—2=0 & t=2s1>+zx=2

r=1
<~
T = —2
Vay min D = —16 dat tai x = —1; x = —2.
O
BAI 3. Tim GTNN ciia cac biéu thitc
a) A=z =3+ |z —7| b) B=|2?—z+1|+|2* — 2 — 2|
# LOI GIAL
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@ Taco

A=z =3|+|T—2| >z —-34+T—2|=4
o r—3>0 r>3
Dau bang xay ra khi &
T—x>0 r<T.
Vay min A =4 dat khi 3 <z < 7.

1\* 3
@TacéxQ—x+1:<x—§> +Z>Ovéimoia:nén

B=2’—ag+1+2+z—-2*|>2*—2+1+2+2—2*=3.

Dau bang xdy rakhi 2+ 2 — 22 >0 (v 4+ 1)2—2) >0 -1 <z < 2.
Vay min B = 3 dat khi —1 <z < 2.

BAI 4. Cho z 4 2y = 1. Tim GTNN ctia 22 + 2y
# LOI GIAL
Thay z = 1 — 2y vao A = 2% + 22, ta dugc

PN f 1 1
Daubéngxéyrakhiy:g(:)le—Zy:g
1 1 1
VayminA = - dat taix = -,y = -. O
ay min 3 at tal x 379 3

BAI 5. Cho 4z — 3y = 7. Tim GTNN ctia 222 + 5y°.
# LOI GIZ};\I.
Thay y = <

vao B = 22% + 5y? ta duge

9B = 98z% — 280z + 245 = 2(Tx — 10)? + 45 > 45.

10

Dau bang xdy ra khi 7z — 10 =0 < z = Y=

3
10 3 7
VayminB:5dattai:v:7,y:—?. O

BAI 6. Cho a + b = 1. Tim GTNN ctia a* + b*
# LOT GIAL

Ta c6
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(a—0)? =0
& a? 4 b? > 2ab
& 2(a®+b%) > a®+ b+ 2ab
& 2>+ > (a+b)?

(a —; b)? (1)

& (a®+0?) >

Chitng minh tuong tu ta ciing c6 2(a* + b1) > (a* + b*)? (2)
Binh phuong hai vé ctia (1) ta dugc

s at+ vt > =

PN 1
Dau bang xay ra khia=b,vavia+b=1nénsuyraa=>0= —.
1 1
VayminA:§dat khia:b:§. ]

BAI 7. Cho a +b = 1. Tim GTNN ctia a® + b3.
# LOI GIAL

D2 1
Ta 6 ab < (@07 1 1 d6 ta 6

4 4

a® + b = (a+b)® — 3ab(a + b)

1 1

= @4V =1-3ab>1-3- 7 =7
Dau bang x4y ra khi a = b = %
VayminA:idatkhia:b:%. [
BAI 8. Tim GTNN ciia céc biéu thic

a) A=2x?+y? —2zy — 2z + 3 b) B = 2% — 2xy + 2y* + 22 — 10y + 17

# LOI GIAL
™= Suu tam & bién soan Trang 223/477 E1 GeoGebraPro

Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

O o A=a-2zy+y?’+22-22+14+2=(r—y)(z —1)2+2>2.

Déu bang xay ra khi
r—y=20 T=1
< Sr=y=1
r—1=0 r=1

Vay min A =2 dat khix =y = 1.

@ Taco

B = 22 —2zy+y*+20—2y+1+9y>—8y+16
= (z—yP+2z-—y)+1+ -4
= (z-y+1)P+ -4 =0

r—y+1=0 r=3
=
y—4=0 y=4.

Vay min B = 0 dat khi x = 3; y = 4.

Dau bang xay ra khi

2
R 7 .
BAIO. @ Tim GTLN cita bidu thite A = 2 00+ 17

22 =2z +5

2% — 162 + 41

Tim GTNN ctia biéu thiic B =
® Tim ctia bieu thic T

# LOI GIAL ,
@ Thuc hien phép chia da thic ta duge A =3 + ————
2 —2x+5
Mt khdc 22 —2r +5=22—2r+1+4=(z —1)?+4 > 4. Suy ra
2 2 1

— <
2 —-2x+5 4 2

2 1
s 34— <3+ =
+$2—2x—|—5_ +2

& AL

|~

Déau bang xdy rakhiz —1 =02 = 1.
7
Vay max A = 3 dat tai z = 1.

3
@ Thuc hien phép chia da thic ta dugec B = 2 — P 8ri

Mit khac 2? — 8z +22 =22 —8x + 16+ 6 = (z — 4)*> + 6 > 6. Suy ra
3 3 1
I
22 —8r+22 76 2
>

3

2?2 — 8z + 22
3

1
2 —8r+22 -7 2

<:>_

V

& 22—

™= Suu tam & bién soan Trang 224 /477 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 8

Nam hoc 2019-2020

Dau bang xdy rakhiz —4 =02 =4
3
Vay minBzi dat tai z = 4.

BAI 10. Tim GTLN ctia cac biéu thic

e X
/. — b) B —
) A= oe ) B =500
# LOT GIAL L1 ,
@ Dit y = 2+ 10, ta duge A = — — —. Dt — = 2, ta dugc
y oy Yy
A = —1022+z:—10(z2—iz)
10
= —10(z2—iz+i>+i
- 107 400 40
- 10( 1>2+1
- Y 40
1
< —.
= 40
Dau bang x4y ra khi
—14: —1—20@ = 10 =10
S
1 )
VaymaXA:ZOdattalleO.
} 1 100 1
@Datyzx—l—lOO,tadu’QcA:———2.Dat—:z,tadmjc
y oy y
A = —1002°+z= —100 <22—Lz)
100
1 1 1
= —100(2—— —> —
“ = 100° " 20000/ T 200
1\2 1
= —100( ——) —
“~ %00/ T a00
1
< —_—
= 400

DAu bang xay ra khi

1 1
z2=—<%&y=—-=200<% 2=y — 100 = 100.
z

200

1
Vay max A = 200 dat tai z = 100.

BAI 11. Tim GTNN va GTLN clia cac biéu thiic
27— 12

VA= b) B

B 8x + 3
C 4x2+1

# LOT GIAL
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@ Taco

27 — 12z

2249

(2% — 122 + 36) — (22 +9)
22 +9

(z —6)°

= 2
2+9

> —1.

DAu biang x4y ra khi z — 6 = 0 < x = 6.
Vay min A = —1 dat tai z = 6.

Ta c6

27— 12z
249
(422 + 36) — (42 + 122 +9)
22 +9
(2z + 3)?
2249

A:

< 4

PN 2
Dau bang xay ra khi 2r +3 =04 x = —3

2
Vay max A = 4 dat tai x = —3

@ Taco
B — 8r+ 3 _4x2+8x+4—4x2—1
422 +1 422 +1
4(x+1)?
422 +1
> —1

Dau bang xdy rakhiz +1=0< 2 = —1.
Vay min B = —1 dat tai v = —1.

Ta co
1622 +4 — 1622 + 8z — 1
B =
422 + 1
A(42% +1) — (dz — 1)?
B 422 +1
(4z — 1)?
422 + 1
< 4.
PR . : 1
Daubéngxayrakhlélx—l:O(:)x:Z.
1
Vay max B = 4 dat tai x = 1
0
N , 2 + y?
BAI 12. @ Tim GTNN ctia biéu thitc A = ————
x? 4+ 2xy + y?
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@® Tim GTLN clia biéu thitc B =

. ) 41
# LOI GIAL
O Taco
22+ (v4y)P—2ay 22y
2wy +y? (wty)? 0 (o4y)?
Mat khac
(x—y)*=0

s 22 4y? > 2y
o 224+ + 20y > day
& (z+y)? > 4oy

2xy 1
=4 <

(x+y)?~ 2

1 1 ., ;
SuyraAZ1—5:§,daubangxéyrakhix:y.

1
Vay min A = 3 dat dugce khi x = y.
2

V6ix=0thi B = =0.
@ Vi ' xt+1
V6i x # 0 thi ta co
(2 —1)*>>0
e 2t —224+1>0
e 2 41>22>0
o x? <x2_1

w1 T 222 2
Dau bang xdy ra khi 22 —1 =0 22 = 1.

1
Vay max B = 3 dat tai x = £1.

O
BAI 13. Tim GTNN ctia cdc biéu thitc
4 9 100)?
o) A= EFVEHI) L g by B EHI0” s
x x
) C g 6ix>2
= - vGi
¢ 3 x—2 ‘
# LOI GIAL
@ T2
2+ 132+ 36 36
x x
2 A N 36 P2 s ~ 2. ~ 2 2 p 2 s . N 2 .
Cac so duong x va — c6 tich khong doi nén tong ctia chung nhd nhat khi va chi khi
x
36 36
r=—=>2r=06=>A=6+—+13 = 25.
x 6
Vay min A = 25 dat tai z = 6.
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® Taco

2 4 2002 + 100000 10000
p= AT :(:c+—)+200
X A

10000

Cac s6 duong = va c6 tich khong ddi nén tong clia chiing nhé nhat khi va chi khi

] 1
T = 0000:>x:100:>A:100+%+2002400'
T

Vay min A = 400 dat tai x = 100.

BAI 14. Choz4+y =1,z > 0, y > 0. Tim GTNN ciia céc biéu thic
1 1
o -
r Yy
a? b . ,
® — - — (avablahing s6 duong da cho)
Z Y

1\?2 1\?
o () ()

x )
# LOI GIAL

1 1 Y, .
O Tacoa= TrY _ —. Do z, y > 0 nén — nhd nhat < zy 16n nhat. Mat khac
xy Yy Ty

1 =

2oy <2+ Sdry < (v 4y)P =1y <

= A >4

(dox+y=1)

DO | —

Dau bang x4y ra khi z =y =

1
Vay min A = 4 dat khia::y:i

® Taco

z Y
2 b2
= <ﬂ+—x> +a® + b7
Z )
. a’y bV . . , . o
Cac s0 duong —= va — c6 tich khong doi nén tong ctia ching nhd nhat khi va chi khi
T Y
2 b2
M——x<:>a2y2:l)2x2<:)>ayzbaz:<:>a(1—az:):baz:<:>:1::
x

a+b

b
Khix:aibtatinhdu’dcy:a+bVéLB:(c;+b)2.
a

Vay min B = (a + b)? dat khi z = pore .

a—l—b’y:

N . 1 1 1 .
BAI 15. Cho cac so duong = va y théa man— + — = 7 Tim GTNN ctia cac bieu thiic
€z Y
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a) A= uxy. b) B=z+y.

“ LOT GIAL
@ Ap dung a® + b? > 2ab, ta c6

2
> — =uzy >4

1 1 1
27 ny

2 :1:2+y

PN 1 1
Dau bang xay rakhi —=—-<zx=y. Viz,y>0néntacéry=4<<r=y=2.
r oy
Vay min A = 4 dat tai x =y = 2.
@® Tt két qua cau a) ta co
(z+y)* >4xy > 16

< r+y>4dox+y>0.

Dau bang xdy rakhi ay =4 & o =y = 2.
Vay min B = 4 dat tai x =y = 2.

BAI 16. Tim GTNIEI cﬁzli cac biéu thic
O A= (a+b) (—4—3) véi a, b > 0.
a

1 1 1

O B=((+b+c) <_+E+_) véi a, b, ¢ > 0.
a c

# LOI GIAL \

(1) TacéA:2+<g+—).

b a
Cac so duong % va — ¢6 tich khong doi nén tong cia chiing nhé nhat khi va chi khi
a

Khid6 A=2+1+1=4.
Vay min A = 4 dat tai a = b.
@ Ap dung tinh chat: “Néu hai s6 duong khong déi thi téng ciia clia ching nhé nhat khi hai sb

duong d6 bang nhau” ta c6

b PN
%+ — > 2,dau bang xay ra khi a = b.
a

E%—EZ2,déubéngxéyrakhia:c.
c a
b c
- 1_9 > 2, dau bang xay ra khi b = c.
c
b
= B=3+ (2 —> +E>+<—+E>Z9.
b a c b

Dau bang x4y ra khi a = b = c.

Vay min B =9 dat taia=0=rc.
O
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Tty
Yz

BAI 17. Cho céc s6 duong z, y, z ¢6 téng bing 1. Tim GTNN ciia A =

# LOI GIAL
Tir gia thiét suy ra 1 = ((z +y) + 2)%. Ap dung bat ding thiic (a + b)> > 4ab, ta c6

L= ((x+y)+2)°>4(z+y)>

Nhan hai vé v6i s6 duong Ty ta duocc
TYz
T4y > 4z(x +y)? > dz Ay _ 16,
TYz TYz TYz
rt+y==z
PN 1
Dau bang xay ra khi ¢ xz =y @xzyzz,z:i
r+y+z=1
: . 1 1
VaymlnA:16datta1x:y:Z,zzé. O

BAI 18. Tim GTLN ctia tich zy véi z, y 1a cac sé duong, x < 60, y > 60 va x + y = 100.
# LOI GIAL
Cach 1. Ta c6 x < 60, y > 60 nén
(60 —z)(60 —y) <0 = 3600 —60(x+y)+xy <0
= 3600 — 6000 + zy <0
= oy < 2400.

Dau bang x4y ra khi 60 —y = 0 & y = 60 = z = 40.
Vay max(zy) = 2400 dat tai x = 40, y = 60.
Cach 1. Dat y =60+t t6i t > 0. Ta c6

ry = (100 —y)y = (100 — 60 — ¢)(60 + t) = (40 — ¢)(60 + t)
= 2400 — 20t — ¢* < 2400.

Dau bang xdy ra khit = 0 & y = 60 = x = 40 Vay max(zy) = 2400 dat tai x = 40, y = 60. O
BAI 19. Tim GTLN cila céc bidu thitc

O A= (z+2)(y+t) biét rang 22 + 92 + 22+ 12 = 1.

@O B = (z+2)(y+1t)biét ring 2 + > + 222 + 21> = 1.
# LOI GIAL

O A=y +at+yz+ 2t Tacod
(21y < 2%+
2wt < a2 +
N =24 <22+ + 22+ 1) = 1.
2yz < y? + 22
\22t < 2242

P 1
Dau bing xdy rakhiz =y=z=t =42’ =1 & 0 = +—.

2
1
VaymaxAzldattaix:y:z:t:i§.
™= Suu tam & bién soan Trang 230/477 K1 GeoGebraPro

Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 8

Nam hoc 2019-2020

@® B=2y+at+yz+zt. Taco

(23;3/ < 2?49
20t < x? + 12

=
2t < 22+ 12

2
(0 < (y —22)

(4:cy < 22?4 217
4ot < 227 + 217

it < 92 1 o = 4B < 3(z*+y* + 222+ 2t°) =3
2t <227+ 2t

(4yz < Y+ 22

3
VaymaxB:Zdatduockhixzy,y:z,z:t,:B:2tvéx2—|—y2+222+2t2:1

1 -1
& \{g hoac E
r=t=—— =t=——.
2v/3 2v/3
O
BAJI 20. Tim GTNN ctia cac biéu thic
O A=|z-2|+|z—3|+|xr—4|
O B=|z—1+|z+2]+]|z—3|+ |z —4]
# LOT GIAL
O A=|z-2|+[4—2|+]r—3]. Taco
lt—2|+|4—2|>2x—-24+4—2=2
= A>2.
|t —3|>0
Dau bang xay ra khi
r—22>0
2<x<A4
4—2>0<% Sr=3
xr =
r—3=0

Vay min A = 2 dat tai a = 3.

O A=z 1+]3—2|+]r—2|+|4—2|] Taco

e —1|+3—z[>2z—-1+3—2=2
= A>2+2=4.

et —2|+4—2|>2x—-24+4—2=2

Dau bang xay ra khi

(2—-1>0
33—z >0 1<z <3
& S2<r<3
r—2=0 2<z<
k4—3820

Vay min B = 4 dat dugce khi 2 < z < 3.
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O
X \ . T Y "
BAI 21. Tim GTLN ctia A = + véiz, y € N.
r+y 8—(r+vy)
# LOI GIAL
Ta xét hai truong hop
@ -+ y <8 Tacé3 truong hop nhod
— Néuy=0thi A=1.
— Néu1l<y<6thi <1, —Y =A<
r+y 8—(x+y)
— Néuy=7thie=0vdA=7
@® 2+ =y >8 Khidbtaco
Y
—— <0
8;(x+y) = A<1.
<1
Tty
So sanh cac gié tri trén cua A, taco maxA=Tdat taix =0,y =7.
O

BAI 22. Tim GTNN ciia A = [36™ — 5| v6i m, n la cic s6 nguyen duong.
# LOI GIAL
Ta c6 36™ tan cung bang 6, con 5" tan cling bang 5. Do d6
— Néu 36™ > 5" thi 6™ — 5" tan ciing béng 1.
— Néu 36™ < 5" thi 6™ — 5" tan cung bang 9.
Ta xét cac kha nang sau
— Kha ning A = 1. Ta c636™ — 5" = 1 < 36™ — 1 = 5. Dang thitc nay khong xay ra vi vé trai
chia hét cho 35 nén chia hét cho 7, con vé phai khong chia hét cho 7.
— Khé ning A = 9. Ta ¢6 5" — 36™ = 9 = 5" chia hét cho 9, vo li.
— Kha ning A = 11. X4y ra dugc kha nang nay, chang han véim = 1, n = 2 thi A = |36—52| = 11.
Vay min A = 11. O

BAI 23. Tim GTNN ctia biéu thic A = 22 + 4y biét réing z, y 1a cac sb6 tu nhién va A khong phai 1a
s6 chinh phuong.
# LOT GIAL
S6 tu nhien A khong phéai 14 s6 chinh phuong nén A > 1.
— Xét A =2, taco2=a%+4y nén z la s6 chdn. Khi d6 vé phai chia hét cho 4, vé trai khong chia
hét cho 4, loai.
— Xét A =3, tacéd3 = x>+ 4y nén x 1a s6 1é. Khi d6 vé phai chia cho 4 du 1 con vé trai chia cho
4 du 3, loai.
— Xét A=5tacob=12>+4y. Khidé6z=1y=1.
Vay min A = 5. O

4 4

BAI 24. Cho A=Y
@ Chimng minh ring x va y déu chia hét cho 3.

trong d6 x, y v A 1a cac s6 nguyén duong

@® Ching minh rang = va y déu chia hét cho 5.
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® Tim GTNN ciia A.
# LGOI GIAL
@ Dé thiy néu s6 nguyen a khong chia hét cho 3 thi a* chia 3 du 1. Do A 1a s6 ty nhién nén
xt +9* 1 15, do d6

S T (1)

Ta sé chiing minh x : 3.
Gia st x khong chia hét cho 3. Thé thi 2* khong chia hét chho 3, y* khong chia hét cho 3, y
khong chia hét cho 3. Do x va y khong chia hét cho 3 nén z* va y* chia 3 du 1, suy ra z* + y*
chia 3 du 2, trai véi (1). Vay z : 3.
Chiing minh tuong ty, ta duge y : 3.

@ Dé thay néu a khong chia hét cho 5 thi a* chia cho 5 du 1. Do A la s6 tu nhién nén 2* +y* * 15,
do do

2 +yt 5 (2)

Ta sé ching minh z : 5.
Gia st x khong chia hét cho 5. Thé thi z* khong chia hét chho 5, y* khéng chia hét cho 5, y
khong chia hét cho 5. Do x va y khong chia hét cho 5 nén z* va y* chia 5 du 1, suy ra z* + y*
chia 5 du 2, trai véi (2). Vay z : 5.
Chitng minh tuong tu, ta dugc v : 5.

@ Tit cau a) va cau b) suy ra x va y chia hét cho 15. Do x, y nguyén duong nén x > 15, y > 15,
do d6 z* + y* > 15* + 15%. Suy ra

ot 4+ gyt > 15 + 15*

A=
15 15

= 6750.

Dau bang x4y ra khi x = y = 15.
Vay min A = 6750 dat tai x = y = 15.
O

BAI 25. Tim s6 chinh phuong 16n nhat biét ring néu x6a hai chit s6 tan ciing ctia né (hai chit s6 nay
khong cuing bang 0), ta lai dugec mot s6 chinh phuong.

# LOT GIAL

Goi s6 chinh phuong phai tim 1a n?, ta c6 n? = 100A + b, (A 1a s6 tram, 1 < b < 99). Theo deé bai,
100A 1a s6 chinh phuong nén A 14 s6 chinh phuong.

Dat A = a?, (a € N). Ta can tim gié tri 16n nhét cta a. Ta c6

n? > 100a? = n > 10a = n > 10a + 1
= n?> (10a +1)* = 100a® + b > 100a* + 20a + 1 = b > 20a + 1.

Dob<99nén 20a+1>99 = a < 4.
Ta c6 n? = 100a® + b < 1600 + 99 = 1699. Kiém tra 422 = 1764, 41> = 1681. S6 chinh phuong 16n
nhat phai tim 1a 1681 = 412, 0J
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CHUONG

1

TU GIAC

BAI 0 TU GIAC

@ TOM TAT Li THUYET

Dinh nghia 1. Ti giac ABCD la hinh gom bén doan thing AB, BC, CD, DA trong dé bat ki hai

doan théng nao ciing khong ciing nim trén mot dudsng thang.

I\ Cic tit gide dugc nghién ciiu trong chuong la ti gidc loi, dé la ti giac luon ndm trong mot nia
mat phang ma bo la duong thang chia bat ki canh nao cia ti gidc. Khi noi dén ti gide ma khong chi
thich gi thém, ta hiéu dé la ti gide 10i.

Tinh chat 1. Téng bén goc clia mot tit giac biang 360°.

() CAC DANG TOAN

Vi DU 1. Tt gidgc ABCD c6 B+ D = 180°, CB = CD. Chiing minh riing AC la tia phan gic

cua goc A.

# LOI GIAL

Trén tia déi cia tia DA lay diém FE sao

cho DE = AB. Ta ¢6 B + ADC = 180°, ¢
EDC + ADC = 180° nén B = EDC. 5
Ta ¢6 AABC = AEDC (cg.c). Suy ra
Al=E (1)
AC = EC. )
Tam giac ACE c6 AC = EC nén la tam giac can, A D H B
dods Ay =E (2).
T (1) va (2) suy ra AC' la tia phan giac cua géc A. O

1. Bai tap tu luyén

BAI 1. Tt gidc ABCD c6 hai dudng chéo vuong géc, AB = 8 cm, BC' =7 cm, AD = 4 cm. Tinh do
dai CD.

# LOI GIAL
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Goi O la giao dém ctia AC va BD.

Ta c6 4
OC? + 0OD*+ 0OB*+ 0A* = BC?+ AD?
= T7°+4*=65.
va OA? + OB? = AB? = 64. D @) B
/
C

Suy ra OC?* + OD? =1 hay CD?* = 1. \
Vay CD = 1.

BAI 2. T giac ABCD ¢6 A — B = 50°. Cac tia phan giac ciia goc C' va D cat nhau tai I va
CDI = 115°. Tinh cac goc A va B.

# LOT GIAL

Ta tinh duge O + D = 130°, do d6 A + B = 230°.
Ta lai co A-B= 50°.

Tit d6 A = 140°, B = 90°.

b
~
oy}

!
Q

0

BAI 3. Cho tt giac ABCD, E la giao diém cta cac dudng thing AB va C'D, F la giao diém ciia cac
duong thang BC va AD. Cac tia phan giac ctia cac géc E va F cat nhau ¢ I. Chiing minh ring
@ Néu BAD = 130°, BOD = 50° thi IE vuong géc véi IF.
@® Coc EIF bing nita tong clia mot trong hai cap goc doi dinh clia ti gidc ABCD.
# LOI GIAL
@ Cich gidi tong quat duge 4p dung & cau b.
(2
Giasit E va F ¢6 vi tri nhu trén hinh bén, cac
tia phan gidc clia géc E va F cat nhau tai 1.
Trude hét ta chitng minh BAD+C = 2EIF.
That vay, goi H va K 1a giao diém cta FI
véi AB va CD.
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—

Theo tinh chat goc ngoai clia tam giac ta c6 BAD = ff\l + a, C = f(\l — a nén

BAD+C = H+ K
— (EIF + B) + (EIF — ) = 2EIF.

Do d6 ETF = (BAD + C): 2.

BAI 4. Chting minh ring néu M la giao diém céc dudng chéo ctia ti giac ABCD thi MA+ MB +
MC + M D nhé hon chu vi nhung 16n hon ntita chu vi t¢ giac.

BAI 5. So sanh do dai canh AB va dudng chéo AC cia tit gidc ABC'D biét riang chu vi tam giac
ABD nhé hon hodc bang chu vi tam giac ACD.

# LOT GIAL

) {AB+CD<AC+BD

Cong tung ve
AB+ BD < AC+CD B
Suy ra 2AB < 2AC = AB < AC.

BAI 6. Tt giac ABCD ¢6 O la giao diém ctia hai dudng chéo, AB =6, OA =8, OB =4, OD = 6.
Tinh do dai AD.

# 1L,OI GIAL

3
2?4 y* =36 =3
Ké AH 1 OB. Dat BH = x, AH = y. Ta ¢6 hée = 135
(+4)?+y* =64 |21
T
135
Do d6 AD? = HD? + AH? = 11,5% + o 166.
Vay AD = /166. 0

BAI 7. Cho nam diém trén mit phing trong d6 khong c6 ba diém nao thing hang. Ching minh ring

bao gid ciing c6 thé chon ra duge bén diém la dinh clia mot ti¢ giac 106i.

# LOT GIAL
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Xét bén diem A, B, C, D. Néu bén diém dé 1a dinh
clia mot ti giac 16i thi bai toan dude chiing minh
xong. Néu bé diém dé khong 1a dinh ctia mot ti giac
16i thi ton tai mot diém (gia sit diém D) ndm trong
tam giac c6 dinh 1a ba diém con lai (hinh bén). Chia
mat phang thanh chin mién nhu hinh vé, diém thi
nam F nam bén trong mot mién (vi trong nam diém

khong c6 ba diém thang hang).

Néu E thuoc cac mién 1, 4, 8, ta chon bén diém la
A, D, B. Néu E thuoc cac mién 2, 5, 7 ta chon E va
A, D, C. Néu E thuoc cac mien 3, 6, 9 ta chon E, B,
D, C.
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BAl @ HINH THANG

O TOM TAT Li THUYET
Dinh nghia 1. Hinh thang I3 tit gidc ¢6 hai canh ddi song song
Dinh nghia 2. Hinh thang can la hinh thang c6 hai goc ké mot day bang nhau.
Tinh chat 1. Trong hinh thang can, hai canh bén bing nhau, hai duong chéo bing nhau.

/\ Dpé chitng minh mot hinh thang la hinh thang can, ta ching minh hinh thang dé cé hai géc ke

mot ddy bang nhau, hodc cé hai duong chéo bang nhau.

Dinh nghia 3. Doan thang ndi chung diém hai canh bén clia hinh thang 14 dudng trung binh cia
hinh thang.

Tinh chat 2. — Dudng trung binh clia hinh thang thi song song véi hai day va bing ntta tong
hai day.

— Duong thang di qua trung diém mot canh bén ciia hinh thang va song song v6i hai day thi di
qua trung diém canh bén thit hai va 14 dudng trung binh ctia hinh thang.

(® CAC DANG TOAN

VI DU 1. Cho tam giac ABC ¢6 BC = a, cac dudng trung tuyén BD, CE. Lay céac diém M,
N trén canh BC sao cho BM = MN = NC. Goi I la giao diém ctia AM va BD, K la giao
diém ctia AN va CE. Tinh do dai K.

# LOI GIAL
D@é thay DN la duong trung binh cia AAC'M nén DN ||

AN. A
BM = MN .
Trong ABND c6 nén [ la trung diém cua
MI || ND E D
BD. Tuong tu K 13 trung diém ctia CE.
Hinh thang BEDC c¢6 I va K la trung diém ctia hai T K
duong chéo nén dé dang ching minh dugce 5 Y, e >
a
JE— a S
K - BC - DFE _ 2 _a
2 2 4
O
VI DU 2. Mot hinh thang can ¢6 dudng cao bing nita téng hai day. Tinh géc tao bdi hai duong
chéo ctia hinh thang.
# LOI GIAL
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Xét hinh thang can ABCD (AB || CD), dusng cao

BH v - 2
= ABECD )
2
Qua B ké dudng thang song song véi AC, cat DC &
L. D 7 c E

BE = AC
Ta c6 nén BE = BD.
AC = BD
DFE

Tam giac BDFE can tai B, duong cao BH nén DH = HE = > (2).
Tac6 AB=CE néen AB+CD =CE+CD = DE (3).
Tu (1), (2) va (3) suy ra BH = DH = HE.
Cac tam giac BHD, BHFE vuong can tai H nén DBE = 90°.

BD 1 BE
Ta c6

AC || BE

nén DB 1 AC. O

1. Bai tap tu luyén

BAI 1. Cho mot hinh thang c¢6 hai day khong bing nhau. Ching minh ring
@ Tong hai géc ké day nhd 16n hon tdng hai goc ké day lén.
@ Tong hai canh bén 16n hon hieu hai day.

# LOI GIAL

Qua mot dinh ctia day nho, ké dudng thang song song véi canh bén ctia hinh thang. O

BAI 2. Hinh thang ABCD ¢6 A=D= 90°, day nhé AB =11 cm, AD =12 cm, BC = 13 cm. Tinh
do dai AC.

# LOI GIAL
Ké BH 1L CD.
Ta tinh duge CH =5 cm, C'D = 16 cm. 4 B
Tu do AC = 20 cm.
ul ul
D H C

O

BAI 3. Hinh thang ABCD (AB || CD) ¢6 E la trung diém ciia BC, AED = 90°. Chiing minh rang
DF la tia phan giac cua géc D.
# LOT GIAL
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Goi K la giao diém ctia AE va DC.

Khi d6 AABE = AKCE (g.c.g). o B
Suy ra AE = EK. Vay AADK can.
Tu d6 DE la phan giac ctia géc D. E
D C K

0

BAI 4. Hinh thang can ABCD (AB || CD) c6 dudng chéo BD chia hinh thang thanh hai tam giac
can ABD can tai A va tam giac BC'D can tai D. Tinh cac géc ctia hinh thang can dé.
# LOI GIAL

Dt ADB = . Ta tim dugc z = 36°.
Cac goc ctia hinh thang bang 72°, 72°, 108°, 108°.

O

BAI 5. Trén doan thing AB lay mot diém M (MA > MB). Trén cting mot nita mit phing c6 b
AB, vé tam giac déu AMC, BMD. Goi E, F, I, K theo tht tu la trung diém ctia CM, CB, DM,
DA. Chitng minh rang FFIK 1a hinh thang can va KF = %CD.
# LOI GIAL

Chitng minh EF | KI, EKI = FIK = 60°.

Suy ra KF = FEI = CTD

BAI 6. Cho diém M nim bén trong tam gidc déu ABC. Ching minh réing trong ba doan thing M A,
M B, MC doan 16n nhat nhé hon tong hai doan kia.

# LOT GIAL
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Qua M vé MD || AB, vé ME || BC, vé MF || AC, dugc ba hinh A
thang can, do d6 MA = DE, MB = EF, MC = DF, cac doan thing D
MA, MB, MC 1a do dai ciia cac canh cia ADEF nén doan 16n nhat
nhé hon téng ciia hai doan kia. E M
B F C

BAI 7. Cho tam gidc ABC, trong tam G.

@ Vé duong thang d di qua G, cit cac doan thang AB, AC. Goi A’, B', C' 1a hinh chiéu cia A,
B, C trén d. Tim mbi liéen heé gitta cac do dai AA’, BB', CC".

@® Néu duong thing d nim ngoai tam giac ABC va G’ 1a hinh chiéu ciia G trén d thi cac do dai
AN, BB, CC', GG ¢6 lien he gi?

# LOI GIAL
(1)

Lay diém I trén duong trung tuyén AM sao cho I la
trung diem cta AG. Ké AA’, BB, CC', II', MM’
vuong goéc v6i d. Khi d6 AA' = BB+ CC".

Goi BE la duong trung tuyén cia AABC, M la

trung diém ctia BG. 4

Ve AA', BB', CC', EE', GG', MM’ vudng gbéc véi E
D.

Ta c6

MM' + EE = 2GG
= 2MM' +2FEFE' = 4GG’
BB+ GG' + AA'+ CC' = 4GE'
= AA'+ BB + CC' = 3GG".

4

BAI 8. Tren doan thing AB lay cac diém M va N (M nim gita A va N). V& vé mot phia ciia AB
cac tam giac deu AMD, MNE, BNF. Goi G 1a trong tam ctia tam giac DEF. Chitng minh rang
khoang cach tit G dén AB khong phu thuoc vao vi trf ctia diem M, N trén doan AB.

# LOI GIAL
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Goi K la giao diém ctia AD, BF thi AABK déu. K
Trude hét ching minh réng tong cac khoang céach tit D, E,
F dén AB bang duong cao KH = h cia AKAB (h khong
doi).

Do d6 khoang cach tit G dén AB bang g

D F
e,
A M N B
O
BAI 9. Tt gidc ABCD c¢6 E, F theo thi tu la trung diém cta AD, BC.
) L AB+CD
@ Ching minh ring EF < ————.
. AB+CD
@ T siic ABCD c6 didu kien gi thi EF — +C
# LOI GIAL
o
Goi K la trung diém AC.
Tac6 EF < KF+ KE, tit d6 2EF < AB+CD nén
AB+ CD
EF< 22107
D C
AB+ CD ,
O Taco EF = 222 L B K. F théng hang < AB || CD.
O

BAI 10. Tt giac ABCD c¢6 AB = C'D. Chitng minh riing dudng théng di qua trung diém cta hai
duong chéo tao véi AB va C'D cac goéc bang nhau.

# LOI GIAL

Goi M la trung diém cia AD, I, K 13 B

trung diém ctia AC, BD.

Duong thang IK cit AB,CD 6 E, F.
Tam giac MK céan nén f(\l = ]Al

Ta lai 6 K; = B (so le trong, AB ||
KM).

Laic6 I = I} (so le trong, IM || CD,).
Vay /E\1 = ﬁl.

O
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BAI 11. Trong ti gidc ABCD, goi A', B', C", D’ thi tu la trong tam ciia cac tam giac BC'D, ACD,
ABD, ABC. Chting minh rang bén duong thing AA’, BB, CC', DD’ dong quy.

# LOI GIAL

Goi E, F la trung diém ctia AC va BD.

Diém I 1a trung diém cta A'C.

C
Ta co EI || AA', so d6 AA" di qua trung diém M cta EF. B
Tuwong tu BB', CC’, DD’ cing di qua M.
/\4
F

A M D

BAI 12. Cho tam giac nhon ABC, truc tam H, M la trung diém BC. Qua H ké dudng thing vuong
goc véi HM cat AB va AC theo thi tu 6 E va F.

@ Trén tia déi cia tia HC lay diém D sao cho HD = HC. Ching minh rang E la truc tam cta
tam giac DBH.
@® Ching minh réing HE = HF.

# LOI GIAL
(1]

Vi M H la dudng trung binh

cia ACBD nén M H || BD. Kp
Do MH 1 FEF nén BD 1

EF.

Ta c6 BA 1 HD, do d6 F la

truc tam cia ABDH.

B M C

@® Coi G la giao diém ctia DE va BH, K la giao diém ctia BH va AC.
Khi d6 ADHG = ACHK (canh huyén - géc nhon).
Suy ra HG = HK = AHGE = AHKF (g.c.g).
Vay HE = HF.

BAI 13. Tt gidc ABC'D c¢6 B va C nam trén dudng tron c6 dudng kinh 1a AD. Tinh do dai C'D biét
rang AD =8, AB = BC = 2.

# LOI GIAL
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Goi O la tam ctia duong tron, H 1a giao diém ciia OB va
AC.
BA = BC
Ta c6 nén OB la duong trung tryc ctia AC,
OA=0C
do d6 OB L AC va AH = HC.
OH la duong trung binh cia AACD.
Dit CD:xthiOH:gnénBHzél—;
Ta c6 AB*> — BH? = OA* — OH? (cung bang AH?)

T\ 2 T\ 2
Nén4—<4—§> :16—(5) 2 =T=CD=T.
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BA DUNG HINH BANG THUGC VA COMPA

Gidi bai toan dung hinh (bang thude va compa) 1a chi ra mot s6 hitu han 1an cidc phép dung hinh
c6 ban va cac bai toan dung hinh co ban roéi chitng t6 hinh dung duge c6 du cac diéu kién ma bai
toan doi hoi.

Loi gidi day du ctia mot bai toan dung hinh gom bdén phan:

@ Phan tich. Gid st da c6 mot hinh théa man cac didu kien ctia bai toan. Cé thé vé them hinh
méi lam xuat hién nhiing yéu t6 néu trong dé bai hoac lam xuat hién nhitng hinh c¢6 thé dung
duge ngay. Dua viec dung cac yéu t6 con lai ctia hinh phai dung vé cac phép dung hinh co ban
va cac bai toan dung hinh co ban da biét.

@® Cich dung. Neu tht ti ting bude dung hinh dua vao céc phép dung hinh co ban va céc bai
toan dung hinh co ban, dong thoi thé hién cac bude dung d6 trén hinh vé.

@ Ching minh. Dung lap luan chiing té rang véi cach dung nhu trén, hinh da dung théa méan cac
diéu kién ctia bai toan.

O Bién lugn. Chi ré trong trudng hop nao bai toan dung duge va dung dude bao nhiéu hinh thoa

man deé bai (hinh théa man dé bai goi 1a nghiém hinh).

Vi DU 1. Dung tam giac ABC, biét AC =b, AB=¢, B—C = a.

# LOT GIAL

@ Phan tich
Gia st da dung dwge AABC ¢6 AC =b, AB=c, B—C = a.
Ké Az || BC, ké tia Cy sao BCy = B (Cy va A ciing phia déi véi BC). ABCD la hinh thang
nén
CD = AB =c, @:@—@zg—@:a.
Tam giac AC'D dung duge (biét hai canh va goc xen gitta).
Diém B théa man hai diéu kién: ndm trén dudng thang qua C song song véi AD va DAB =
ADC.
@® Cich dung
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— Dung AACD ¢6 AC = b, CD = ¢, ACD = a.
— Qua C dyng dudng thing C'm || AD.
— Dung tia An sao cho DAn = A/R', cat Cm 6 B.
® Ching minh
T giac ABCD c¢6 AD || BC, DAB = ADC nén la hinh thang can, do d6 AB = CD = c,

ABC = DOB.
Ta ¢6 ABC — ACB = DCB — ACB = ACD = a.
O Bien luin

Bai toan c6 mot nghiém hinh néu b > ¢ va o < 180°.

Chi : Diém B dugc dung & vi du la giao diém ctia hai tia C'm va An. Diém B da duge dung la giao
diém ctia hai dudng thang, hay tong quét 1a giao clia hai tap hgp (quy tich).

]
Phuong phap lay giaO ctia hai quy tich goi 1a phuong phap quy tich tuong giao. Noi dung ctia phuong
phéap la: Dé dyng mot diém, ta phan tich diém d6 théa man hai diéu kien, do diéu kién thiic nhat
diém thudc mot quy tich, do diéu kien thi hai diém thuoc mot quy tich khéc, giao diem ciia hai qui
tich ay cho ta diém phai dyng.
Khi phan tich mot diém thuoc dusng nao, can nhé céc kién thic sau:

— Diém cach déu hai dau ctia doan thing AB thi nim trén dudng trung truc cia AB.

— Diém cach déu diém O mot khodng r thi nam trén dudng tron (O;7).

— Diém ndm trong géc va cach déu hai canh ctia géc thi ndm trén tia phan giac ctia goc ay.
Ciing can chi § dén sb giao diém ctia hai duong. Hai dudng thang c6 thé c¢6 0, 1 hodc vo sb giao diém
tity theo chiing song song, cit nhau hay tring nhau. Dudng thang va dudng tron (O;r) c¢6 thé co 0,
1 hodic 2 giao diém tity theo r < h, r = h hodic r > h (h 1a khoang cach tit O dén duong thang). Hai
duong tron c6 thé c6 O, 1, 2 hodc vo s6 giao diém.

Dira vao sb giao diem ay ma ta bién luan bai toan.

VI DU 2. Ching minh ring ton tai mot hinh thang c6 do dai bén canh bing do dai bén canh

cua mot ti giac cho trude.

# LOI GIAL

Goi a, b, ¢, d 1a do dai bon canh cia t1¢ gidc (a > b > ¢ > d).

Can ching minh ton tai hinh thang c6 bén canh nhu trén: Chon day
16n bang a, day nhé bang d.

Ta dung ABEC roi dung D va A.

Dé chitng minh ton tai hinh thang ABCD, ta sé chiing té ton tai
ABEC (tam giac nay c6 thé suy bién thanh doan thing).

That vay, ta ¢

a
b+c>a—d(Vid+b+c>adoa,b, c dlabdn canh cla tii giac),
a—d+b>c(Via>c,c>d),a—d+c>b((via>b, c>d).

0
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@) BAI TAP

BAI 1. Dung hinh thang ABCD (AB || CD), biét:

O AB=1cm, AD=2cm, BC=3cm, CD =3 cm.
@ AB=a, CD=0b, AC=c, BD=d.

# LOT GIAL
0

Trude hét dung ABEC biét ba canh BC =3 cm, BE=CD=2 A 1 B
cm. Sau d6 dung diém D va diém A.

(2]
Truée hét dung ABDE, biét ba canh DE = a + b, A a B
BE = ¢, BD = d. Sau d6 dung diém A.

b a
D C E
U
BAI 2. Dung hinh thang can ABCD (AB || CD), biét AB =a, CD =b, D = a.
# LOT GIAL
Trude hét dung tam gisc AADE ¢6 DE = b — a, D = AED = a. A a B
Sau d6 dung cac diem C va B.
a
D b—a E C
0
BAI 3. Dung ti gidc ABCD, biét ba goc va
a) Hai canh ke nhau; b) Hai canh d6i nhau.
# LOI GIAL
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a) Cach dung thé hién trén hinh. b) Cach dyng thé hien trén hinh.

X

Y
]
BAI 4. Dung tam gidc ABC, biét B =3, C = a, BC — AB = d.
# LGOI GIAL
0
Phan tich. Gia st da dung dugc AABC ¢6 B=3,C = a, BC—AB = A
d. Tren BC lay diém D sao cho BD = AB thi DC = BC — BD =
BC — AB =d. R
) T B B, .
Ta ¢c6 ANABD can nén ADC = 90° + 5 = 90° + 5 (goc nay dung
duge bang thude va compa). 2
— AADC x4c dinh ngay vi biét mot canh va hai géc ké véi no.
— Diém B thuoc tia doi cta tia DC. Mat khac do BA = BD nén D C
B thuoc duong trung truc cia AD.
@ Cich dung.
— Dung AADC 6 f):90°+§, DC =d, C =a.
— Dung duong trung truc ctia AD, cit tia dbi ctia tia DC' & B. N6i AB.
® Ching minh. B thuoc dudng trung truc cia AD nén AB = BD. Do dé
BC — AB=BC - BD =DC =d.
AABDcanmaA/R*zgowgnénﬁ=90°—§,dodé§=ﬁ, con C = a.
O Bicn luan. Bai toan c¢6 mot nghiem hinh néu dung duge AADC, titc 1la néu 90° + g +a <
180° < a < 90° — g
0
BAI 5. Duyng tam gidc ABC, biét:
(1) /Al:oz, BC =a, AC — AB =d;
®B-C=a BC=a, AC — AB =d.
« LOT GIAL
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A
@ Trén AC 1ah diém D sao cho AD = AB thi DC = d, BDC = ‘
90° + %. Dung ADBC, 1di dung diém A.
@® Tren AC lay diém D sao cho AD = AB thi DC = AC—AB = d.

Tinh
A\ D
BEC - @—6:(90°—5>—6 ,
_ B, C 5 B-C_a B ¢ ¢
2 2 22

Dung ABDC, 1di dyng diém A. Chi ¥ rang c6 thé dung dugc
hai diém D nhung chi chon D sao cho BDC > 90°.

BAI 6. Dung tam giac ABC, biét:

GA\:a,BC:a,AC’—FAB:s;
@®B5-C=a BC=a, AC+ AB =s.

# LOI GIAL
o

Phan tich. Trén tia déi ctia tia AC lay diém D sao cho AD = AB D
thi AABD can nén D = %. Duyng ABDC, roi dyng A.
Cach dung.
— Dung @ = %.
— Treén tia Dz lay DC = s.
— Dung duong tron (C;a) cit tia Dy 6 B.
— Dung duong trung tric ciia BD cat canh DC § A.
Bién lugn. Goi h 1a khoang cach tit C' dén Dy. Diéu kién dé bai

toan c¢6 nghiém hinh la h < a < s.
@® Tren tia doi ciia tia AC lay diém D sao cho AD = AB. Tinh

—— A B C B-C
DBC:B+§=B+(90°————):90°+ :90°+%,

goc nay dung duge biang thude va compa. Dung ABDC, roi dung diém A.

U
BAI 7. Dung tam gisc ABC, biét A = o, AB + AC = s, dudng trung tuyén AM = m.
# LOI GIAL
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Trén tia doi clia tia AB lay D, trén tia doéi cla tia AC lay E sao cho D
AD = AE = AB. L

Ta ¢6 EC = s, Dczzm,ﬁE\C:%O—%.

Dung AEDC roi dyng A, sau d6 dung B.

A 2m
m
B Il M ] O
O

BAI 8. Dung tam giac ABC, biét BC' = a, dudng cao AH = h, dudng trung tuyén BM = m.
# LOT GIAL ,
Vé M K vuong goc véi BC' thi MK = 5 Dung ABMK, rdi dung diém C, sau d6 dung diém A. O

BAI 9. Dyng tam gidc ABC, biét duong cao AH = h, dudng cao BI = k, dudng trung tuyén
AM =m.

# LOI GIAL

Tam giac vuong AHM duyng duge. Vé MK | AC thi

A
mi =Bk
2 2
Dung tiép tam gidc vuong AMK.
Diéu kién dé c6 nghiém hinh: B <m, h <m.
B H M C

[
BAI 10. Dung tam giac ABC c6 B = 3C biét AB = ¢, AC = b.
# LOT GIAL
Lay E tréen AC sao cho CBE = C thi A

ABE =20, AEB = 20. ¢
c

Do d6 AABE can.
Suy ra EC =b—c¢, BE=b—c.
Dung AABE biét do dai ba canh ¢, ¢, b — c. B
Sau d6 dyng diém C.

C

O
BAI 11. Dung tam giac, biét do dai ba dudng trung tuyén.
# LOI GIAL
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2 S 1
Goi K la trung diem cia CG. AGDK c¢6 cac canh bén bang — do

A
dai cac duong trung tuyén cia AABC. Dung AGDK, roi du:n?é F,
C. Sau d6 dung B, A.
Di¢u kién dé c6 nghiem hinh 1a |m —n| < p < m +n v6i m, n, p la F
do dai ba duong trung tuyén da cho.
e
]

BAI 12. Cho géc zOy va diém G & trong goéc. Dung tam gidc OAB nhan G lam trong tam, c6 A
thudoc Oz, B thudc Oy.
# LOI GIAL

Trén tia OG lay C sao cho OC = 30G. Qua C vé cac dudng thang song Y
song véi cac canh cia goc. B
C
O
A x
O

BAI 13. Dung tam giac ABC c¢6 B — C = 90°, biét duong phan gidgc AD = d, DC = m.
# LOI GIAL

Vé duong vuong goc véi BC tai B, cit AD & K, cat A

AC & H.

Taco ABH = C, ADB = Ay+C, BKD = A, + ABH

H
— T iy J— 1
nén ADB = BKD, do d6 ADB = 45°, ADC' = 135°. %
Dung AADC (c.g.c) roi dung B.
B D C

O

BAI 14. Cho dudng thing m va hai diém H, G thuoc ciing mot nita mit phing bd m. Dung tam giac
ABC ¢6 B va C' thuéc m, nhan H lam tryc tam, G lam trong tam.

# LOT GIAL

Goi O la giao diém cac dudng trung triyc cia AABC thi G

nam gitta H va O, dong thoi HG = 2GO. A
Do d6 biét vi tri H, G thi duyng duge O. Sau d6 dung
OM 1 m. Trén tia MG lay MA = 3MG. Dung (O; OA) H
cat m 6 B va C.
Bai toan luon ¢6 mot nghiém hinh vi dudng tron (O; OA) G\o
B M cm

ludn cit m.
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O
BAI 15. Dyng tam gidc ABC vuong tai A c6 AC = 2AB, biét BC' =5 cm.
# LOI GIAL
Goi M 1a trung diém ctia AC. Vé AH, MK | BC. NANABH = A
ACMK (canh huyén - géc nhon) nen BH = MK, AH = CK.
AH K
Talai c6 MK = — Suy ra BH = CT Ma CK = HK nén
BHz%BC’zlcm,AHz?cm.
Dung dugec AABH, roi dung C. 5 7 % o
O

BAI 16. Cho tam gidc ABC. Dung dudng thing DE song song véi BC' (D thuoc AB, E thuoc AC)
sao cho DE = DB + CE.

# 1L,OI GIAL

Dung tia phan gidc ctia cac goc B va C, chiing cat nhau A
6 1. Qua I dung DE || BC.

O

BAI 17. Cho tam gidc ABC. Dung dudng thing DE song song véi BC' (D thuoc AB, E thuoc AC)
sao cho AE = BD.

# LOI GIAL
Qua E vé dudng thing song song v6i AB cit BC' & F. A
Chitng minh rang AF 14 tia phan giac ctia goc A.
Trude hét dung F, roi dung E. M
D
B F C
O

BAI 18. Cho hai dudng thing song song a v b, diém C thudc a, diém O thudc nita mit phing khong
chita b c6 bd a. Qua O dung duong thang m cit a, b theo thi tu 6 A, B sao cho CA = CB.

# LOI GIAL
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Phan tich: Qua C vé CiI\J_ AB/,iét b3 D. NACB can O
nén CAB = CBA, ma CAB = ABD.

Do d6 CBA = DBA, suy ra OD = OC.

Cdch dung: Dung (O; OC) ¢ét b ¢ D. a
Qua O dung dudng vuong goc v6i CD cat a, b & A, B.
Bién luan: Goi h 1a khodng cach tit O dén b.

Tuy theo OC > h, OC = h, OC' < h ma bai toan cé 2, 1,
0 nghiém hinh.

BAI 19. @ Cho duong thing zy va hai diém A, B thuoc hai nita mét phing déi nhau b zy. Dung
diém M thudc zy sao cho AMz = 2B/]\/[\y.
@ Ciai bai toan trén trong trusng hgp A va B thuoc cling mot nita mit phang bd zy.
# LOI GIAL

@ Phan tich: Qua A vé dudng vuong géc véi BM, céat A

2y 6 C. Ta ching minh duge BA = BC, vi thé xac
dinh duge C, do d6 xac dinh duge M.
@® Dung B’ sao cho zy la dudng trung truc cia BB’

Dua vé v trén.

B
O

BAI 20. Cho tam gidgc ABC'. Dung diém M sao cho néu vé MA’ 1. BC, MB' L Ac, MC" 1. AB thi
A'B"'=B'C=C(C'A.

# LOI GIAL

Dé cho ba doan thing bang nhau A’B, B'C, C'A c6 lien D

hé véi nhau, ta “dich” ching dén M: Vé dudng thing qua
M song song véi A’B va duong thang qua B song song vi A
A'M , chiing cit nhau 6 H. Vé duong thang qua M song song K
v6i B'C' va duong thang qua C' song song v6i B'M, ching o
cit nhau ¢ I. Vé dudng thang qua M song song véi C'A va B’

dudng thing qua A song song véi C'M, ching cit nhau & H
K.

Cac duong thang AK, BH, CI cit nhau é D, E, F. ADEF
xac dinh duge vi ¢6 cac canh theo thi ty vuéng goc véi AB
4 A, vé6i BC 6 B, v6i CA 6 C. Con M la diém cach déu ba

canh ctia ADEF nén giao diém ctia cac duong phan giéc

(trong ho#ic ngoai) clia tam gidc. Bai toan ¢6 bén nghiem

hinh.
in B
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BA @ pOI XUNG TRUC

O TOM TAT Li THUYET

Dinh nghia 1. Hai diém goi 14 déi xitng nhau qua dudng thing d néu d la dudng trung triuc clia

doan théng néi hai diem dé. Khi mot diém nam trén duong théng d thi diem déi xing véi né qua

dudng thang d chinh 1 diém do.

Dinh 1i 1. Néu hai doan thang (géc, tam gidc) doi ziing nhau qua mot duong thang thi ching bing

nhau.

Dinh li 2. Hinh thang can nhan duong thang di qua hai trung diém hai day lam truc doi zing.

() CAC DANG TOAN

C' thuoc d sao cho CA + CB c6 do dai ngan nhét.

VI DU 1. Cho dudng thang d va hai diém A, B ndm cing phia véi duong thing D. Dyng diém

# LOI GIAL

Hudng suy nghi. Bai toan trd nén don gidn néu cho A, B nam khac phia déi véi
d. Khi d6 C 1a giao diém ctia d véi doan thang AB (Hinh 10a). Trong truong hop
A, B nam ciing phia véi d, ta c6 thé tao ra diem B’ ndm khéc phia véi A d6i véi
d ma do dai CB’ luon luon biang OB khi C thay déi vi tri trén dudng thang d.

Diém B’ chinh 13 diém déi xting véi B qua d.
Phan tich: Vé B’ déi xting véi B qua d. Goi M la diém bat ki thuoc
d. Ta c6 MB' = MB. Do d6

AM + MB = AM + MB' > AB' (hing s6).

Vay gia tri nhé nhat cia AM + M B bang AB’ khi M thuoc doan
AB'.
Cach dung. Dung B’ doi xting v6i B qua d. N6i A véi B', cat d 6 C.

Chiing minh. Goi M 1a diém bat ki thuoc d. Ta c6

AM + MB =AM + MB' > AB',
AC+CB=AC+CB = AB'.

Vay AC + CB < AM + MB.

Bién luan. Bai toan ¢6 mot nghiém hinh.

O

VI DU 2. Cho hai dudng thing z,y va hai diém A, B. Dyng diém C thuoc = va diém d thuoc
y sao cho A, B,C, D la cac dinh ctia hinh thang can c6 AB la mot canh day.

™ Suu tam & bién soan Trang 257 /477
Th.s Nguyén Chin Em

K1 GeoGebraPro


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

# LOI GIAL

Phan tich. Gia stt da dung duge hinh thang can théa man yéu cau dé bai. Goi
d la duong trung truc ciia AB. Dung dudng thang 2’ qua D va giao diém clia
d va z (néu d || z thi 2’ 14 dudng théng di qua D va song song véi ). Khi do,
z' d6i xting v6i = qua d. Diém D théa man hai diéu kien: thuoc 2’ va thuoc y.
Tt d6 dung duge diém C.

Cach dung
— Dung duong trung tryc d cuia AB.
— Dung duong thang 2’ déi xting v6i = qua d.
— Goi D la giao diém ctia 2’ va y. Dung C déi xing v6i D qua d.
Chitng minh. Theo cach dung thi AB || C'D do cung vuong goc véi d. Mat khac AC d6i xiing véi BD
qua d nén AC' = BD. Vay tit giac ABCD la hinh thang can.
Bién luan.
— Néu 2’ trung y thi bai toan ¢6 vo s6 nghiém hinh (Hinh 12). Khi d6 = va 2’ d6i xting nhau qua
d; n6i cach khac d tring v6i phan gidc clia goc tao béi  va y (Hinh 12a) hodc d la duong thang
song song cach déu x va y. (Hinh 12b).

e D v
D A d AT
B d
B
S C x

— Néu 2’ || y thi bai toan khong ¢6 nghiem hinh (Hinh 13). Khi d6 d song song v6i mot tia phan
gidc cia goc tao béi x va y. (Hinh 13b,c).

Yy, 7 Y
A d Y
A A
B i ] I d
| e
. B T B

— Néu 2/ cat y thi bai toan ¢6 mot nghiém hinh (Hinh 14). Khi d6 d cit ca hai duong thang chita
tia phan giac ctia goc tao bdi o va y (Hinh 14a) hoic d cit dudng thang song song cach déu x
va y (Hinh 14b).

Riéng néu ' cit y tai diém D thudc d, bai toan khong cé nghiém hinh (hinh thang can suy bién

thanh tam giac can, Hinh 15a,b); néu 2’ cit y tai diém D thang hang v6i AB, bai toan khong
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c6 nghiém hinh (hinh thang can suy bién thanh doan thang).

, Y
Y X
A
d
A
D d

B — ./
\l r=ux

D T B

Chu y:

1. Trong cach dyng trén, do chi ¥ dén tinh ddi xiing truc, ta da dung d 1a duong trung tryc ctia AB,
khi d6 duong thing d xac dinh, cac diém C va D déi xting nhau qua d. Ta thay: D doi zing vdi
C qua d, ma C thuoc duong thing x thi D thuoc duong thing &' doi zimg vdi x qua d. Giao diém
ciia 2’ va y cho ta diem D.

2. Ciing c¢6 thé phan tich: C' déi xtng v6i D qua d, ma D thuoc y nén C thuoc duong thing v doi
xitng v6i y qua d. Giao diém ctia z va v/ cho ta diém C.

O

(® BAI TAP TU LUYEN

BAI 1. Cho tam gidgc ABC' c6 A= 60°, cac duong phan giac BD va C'E cat nhau tai I. Qua E ké
dudng thing vuong goc véi BD, cit BC ¢ F. Chting minh ring

@ £ va F d6i xing véi nhau qua BD.

@ [F 1a tia phan giac ctia goc BIC.

® D va F déi xing nhau qua IC.
# LOI GIAL

@ Goi H la giao diém ctia EF va BD. Dé thiy ABHE = ABHF (canh géc vuong - géc nhon).
Dodo HE = HF hay Hla trung diém ctia EF. Vay E va F doi Xu’ng qua BD.
@® Theo ¥ a), goc BIFE va gbc BIF déi xing qua BD nén BIE = BIF. Mat khac

B+C 180° — A

BIC = 180° — = 180° - ———— = 120°

BIF = BIE = 180° — BIC = 60°.
Suy ra CTF = BIF = 60°. Vay I F 1a tia phan gidc goc BIC.
@ Theo chiing minh trén ta ¢c6 CID = BIE = CIF, do d6 ACDI = ACFI (g.c.g). Suy ra
CD =CF valD = IF, hay CI la duong trung truc ctia DF'.
Vay D va F déi xing nhau qua C1.
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O

BAI 2. Cho ba diém O, D, E. Dung tam gidc ABC sao cho O la giao diém ctia cac dudng phan giac
BD va CFE.

# LGOI GIAL

Phan tich. Gia st da dung dugc tam gidc ABC thoéa man dé bai. Goi M, N lan lugt 1a cac diém déi
xting v6i D qua OF, d6i xting véi E qua OD. Chu y rang BC déi xting véi BA qua OD va CB déi
xitng v6i CA qua OF nén M, N thuoc BC. Tt dé B la giao diém ctia MN va OD, C la giao diém
cuia M N va OF.
Cach dung.

A
— Dung M d6i xting véi D qua OF, N d6i xting véi E qua OD. b
— Dung diém B, C lan lugt la giao diém ctia M N véi OD va OF. E
— Dung diém A la giao diém cia BE va CD. 0
B N M C

Chaing minh. Do D va M déi xting qua OC' nén MCO = DCO hay C'O la tia phan giac goc BOA.
Tuong tuy BO la tia phan gidc goc CBA. Ta ¢6 didu phai chitng minh.
Bién luan.
— Néu DOE < 90° hoic O, D, E thing hang thi khong c6 nghiém hinh.
— Néu tam giac ODE can tai O va DOE = 120° thi M tring N, bai todn c6 vo s6 nghiém hinh.
— Cac truong hgp con lai, bai toan ¢6 mot nghiém hinh.
O
BAI 3. Cho duong thing d va hai diém A, B nim khéc phia déi véi d. Dyng diém C thudc d sao cho
tia phan gidc clia goc AC'B nam trén d.
# LGOI GIAL
Phan tich. Gia sit da dung dugc hinh vé théa man bai toan. Khi d6 hai dusng thing C A va CB déi
xiing nhau qua d. Do d6 diéem A’ d6i xting v6i A qua d thudc duong thing CB. Khi d6 C la giao diém
cua BA' va d.

Cach dung.

A
— Duyng diém A’ déi xtng véi A qua d. . A:

— Dung diém C 1 giao diém ctia BA’ va d.

Chimg minh. Theo cac dung thi CA va OB la hai dudng thang ddi !
xing v6i nhau qua d nén d la duong phan giac ciia goc ACB. Ta c6 Al
diéu phai chitng minh. B
Bién luan.
— Néu khoéng cach tit A va B dén d bang nhau thi bai toan khong ¢6 nghiém hinh.
— Néu Khoang cach tit A vad B dén d khac nhau thi bai toan c6 mot nghiém hinh.
OJ

BAI 4. Dyng hinh thang can ABCD (AB || CD) c¢6 D = 2ACD, biét CD = a, dudng cao AH = h.
# LOI GIAL

Phan tich. Gia st da dung dugce hinh thang ABC' D thoa man bai toan. Khi dé BCD = ADC = 2ACD
nén C'A la tia phan giac goc CBD. Lai c¢6 BAC = ACD nen BAC = BCA hay tam giac BAC' can tai
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B. Goi M la trung diém AB, G la trong tam tam gidc BAC. Do tam giac BAC can nén GA = GC.
Cadch dung. p
2 < 2 A M B m
— Dung doan thang C'D. Dung duong thang m song song

v6i C'D va cach C'D mot doan bang h. G
— Dung duong trung truc d ctia CD, cit m tai M. h
— Dung diém G trén doan C'M sao cho GC = 2GM (dung
tam giac CXY bat ki c6 M la trung diem XY, G la

trong tam tam giac CXY).
— Dung diém A la giao diém duong tron (G; GC) véi dudng thang m sao cho A va C khéac phia

d6i véi d (cha y GC = 2GM > GM > z v6i x 1a khoang cach tit G dén m nén luon dyng duge
diém A).
— Dung diém B déi xtng v6i A qua d.
Chatng minh. Theo cach dung, G 1a trong tam tam giac ABC, hon nita do GA = GC nén G nam trén
duong trung truc cua AC, do d6 BG la trung truc cia AC'. Suy ra BCA = BAC = ACD.
Hién nhién theo céch dung thi ABC'D 1a hinh thang can. Do d6 ADC = BCD = 2ACD.

Bién luan. Bai toan c6 hai nghiém hinh. O

ul 1
H a c

BAI 5. Cho diém M n¥m bén trong tam giac ABC, A’ déi xting v6i M qua dudng phan giac clia goc
A, B’ d6i xiing v6i M qua duong phan giac ciia goc B, C' dbi xting véi M qua duong phan gidc cla
goc C. Chitng minh rang cac duong thang AA’, BB', CC' dong quy hodc song song titng doi mot.
« LOT GIAL

C

Goi D, E, F lan luot la cac diém déi xing v6i M qua BC, CA, AB. Ta sé chiing minh AA’ 1a duong
trung truc clia doan thing EF.
Goi I 1a tam duong tron noi tiép tam giac ABC. Do céc dung cac diem A’, E, F nén ta c6

MAI = AAl =, FAB=MAB=p8, EAC=MAC =~.

Suy ra

FAA =23 + 20, EAA =2y - 2a. (1)
A ey -y R
Deyranga—l—ﬂ:”y—&:E,nentu’(l)tacoFAA’:EAA’,tu’cAA’ladu:dngphanglacgocEAF.

Hon nita do tinh déi xtng nén
AF — AM = AA' = AE,
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hay tam gidc FAF can tai A, suy ra AA’ la duong trung tryc cua doan FF.

Hoan toan tuong tw, BB, CC' lan lugt la dudng trung tric clia cac doan thing DE, FD. Vay AA',
BB’, CC" doi mot song song hosic dong quy. O
BAI 6. Cho tam gidc ABC. Vé cac tia Az, Ay trong géc A sao cho BAz = C/'A\y, vé cac tia Bz, Bt
trong goc B sao cho AB» = OBt. Goi E la giao diém ctia Az va Bz, goi F 1a giao diém ciia Ay va
Bt. Ching minh ACE = BCF.

# LOI GIAL

Duyng céac diém X, Y lan lugt déi xing véi E qua AB, AC, dung diém Z déi xing véi F qua BC.

Khi do ta c6 - - -
XAY =2 (EAB 4 EA(J) — 2BAC

—_——

XAF = XAB+ BAF = BAF + FAC = BAC.

Suy ra AF' la tia phan giac goc )@E/, hon nita AX = AY (= AE) nén AF la dudng trung truc ctua
XY suyra FX =FY.

Xét hai tam gide XBF va EBZ, ta c6 XB = EB, FB = ZB va XBF = EBZ (tuong tu ching
minh trén) nén AXBF = AEBZ. Suy ra FX = EZ, hay EZ =Y F. Do d6 AECZ = AYCF, tu
d6 ECZ = YCF. Vay

/TC\E:ECY:YCF;ECF:ECZ;ECF:FCZZET\G
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BAI @ HiINH BINH HANH

Dinh nghia 1. Hinh binh hanh la t gidc ¢6 cdc canh dbi song song.

@ TOM TAT Li THUYET

Dinh 1i 1. Trong hinh binh hanh: cic canh doéi bing nhau, cdic géc doi bang nhau, cic duong chéo

cit nhau tai trung diém moi duong.

Dinh li 2. Mot tii gidc la hinh binh hanh néu c6 mot mot trong cdc dau hiéu sau:
— Cdc canh doi song song.

— Cadc canh doi bing nhau.

— Hai canh doi song song va bing nhau.

— Cldc géc doi bang nhau.

— Hai duong chéo cit nhau tai trung diém cia moi duong.

(® CAC DANG TOAN

., ~ =~ 1
VI DU 1. Cho hinh thang vuéng ABCD (A = D = 90°), ta c6 AB = §CD' Goi H la hinh
chiéu ctia D trén AC, M 1a trung diém ctia HC. Chitng minh ring BMD = 90°.

# LOT GIAL
Goi N la trung diém ctia DH. (Hinh 16). Ta ¢6 M N la dudng trung A B

binh cia AHDC nén MN || DC, MN = %DC. Ta lai c6 AB || DC,
1 H

AB = §DC’ do d6 AB || MN, AB = MN. Vay ABM N la hinh binh

hanh, suy ra L N
AN || BM. (1)

AADM c6 DH L AM, MN 1 AD, suy ra D C
AN L DM. (2)

Tu (1) va (2) suy ra BM D = 90°. O

Vi DU 2. Tih do dai dudng trung tuyén AM clia tam gidgc ABC ¢6 A = 120°, AB = 4 cm,
AC =6 cm.

# LOI GIAL

Céach 1. (Hinh 17). Vé diém F sao cho M la trung diém ctia AE. Tt giac ABEC 1a hinh binh hanh,
ABE = 180° — BAC = 180° — 120° = 60°.

Ké AH | BE. Tam giac vuong ABH c6 B = 60° nen BH = ATB = g =2cm. Suyra HE = BE =
BH =6—-2=4cm.

Trong tam gidc vuong ABH ta c6 AH> = AB> — BH? = 16 — 4 = 12.
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Trong tam giac vuong AHE ta c6 AE* = AH?> + HE* =12+ 16 = 18.
Do d6 AE = 2+/7 cm. Suy ra AM = V7 em.

B H E B
L]

A ¢ H A K C

Céach 2. (Hinh 18). Ké BH 1 AC, MK 1 AC. Lan lugt tinh duge AH = 2 cm, HB = 2/3 cm,

H
MK—ﬁcm,HK—TC—chm,AK—zcm. Tit d6 tinh duge AM = /7 cm. O

(® BAI TAP TV LUAN

BAI 1. Cho diém D nim bén trong tam giac déu ABC. Vé cac tam gidc déu BDE, CDF (E,F,D
nam ciing phia v6i BC). Chiing minh rang AEDF 1a hinh binh hanh.

# LOI GIAL

Xét hai tam gidc ADBC = AEBA ¢6

A
BC = AB EF
DBC = ABE(= 60° — ABD) m

BD = BE B C
Suy ra ADBC = AEBA (c.g.c) nén DC = EA. Do d6 DF = EA. (1)
Chiing minh tuong tu c6 DE = FA. (2)
Tt (1) va (2) suy ra AEDF 1a hinh binh hanh. O

BAI 2. Cho tam gidc ABC can tai A. Lay diem D trén canh AB, diém E trén canh AC sao cho
AD = CFE. Goi I la trung diém ciia DE, K 1a giao diém ctia Al vai BC. Chitng minh ring ADKE
l1a hinh binh hanh.

# LOI GIAL
Ké DM va IN song song v6i BC' (M, N thuoc AC). A
Xét AEMD c6 IN || DM, I 1a trung diém ctia DE nén suy ra N 1a trung
diém ctia M E hay%E\:NE. o (1) I o
Vi DM || BC nén ADM = B =C = AMD, do d6 tam giac AADM can N
tai A, hay AD = AM. 2) £
Lai c6 AD = EC. (3)
Tit (1), (2) va (3) suy ra N la trung diém ctia AC.
Xét AAKC c6 N 1a trung diém ctia AC, IN || BC nén [ 1 trung diém ciia B K C
AK.
Tt giasc ADKE c¢6 hai duong chéo cit nhau tai trung diém ctia méi
duong nén ADK E 1a hinh binh hanh. O

BAI 3. @ Ching minh réing dudng thing néi trung diém hai dudng chéo va cac doan thing nédi
trung diém cac canh doi ctia tit gidc gip nhau tai mot diém. (Bai todn cia Giéc-gon (Gergonme,
nha todn hoc Phap,1771-1859))
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@ Dung dinh li trén ching té ring néu mot ti giac cac duong thing ndi trung diém cac canh doéi

di qua giao diém hai dudng chéo thi ti giac dé 1a hinh binh hanh.
# LOI GIAL

0
Goi E,F,G, H la trung diém cta AB, BC,CD,DA; I, K la trung diém
cua BD, AC.
T giac EFGH ¢6 EF || GH(|| AC), EF = GH(= %AC) nén FFGH la
hinh binh hanh. Ching minh tuong tw E/GK la hinh binh hanh, do d6
FH va IK cung di qua trung diém cing EG.

D G C
@® Coi O 1a giao diém ctia hai dudng chéo va M 1a trung diém ctia IK. Néu EG, FH cit nhau tai

O thi theo cau a), M trimg véi O, do d6 I va K traung O. Tit giac ABCD c6 O la trung diém
cua hai duong chéo nén la hinh binh hanh.
O

BAI 4. Cho ti giac ABCD. Trén canh AB lay cac diém E,F sao cho AE = AF = FB. Trén
canh CD lay diém G, H sao cho DG = GH = HC. Goi M,I, K, N theo thit tu la trung diém cia
AD,EG,FH, BC. Chting minh réng bén diém M, I, K, N thang hang va M1 = IK = KN.

# LOI GIAL

Ta c6 IF va HN song song va bang nhau vi cting song song va bang
mot nita BG. Do d6 ti giac IFN H 1a hinh binh hanh. Ta lai ¢c6 K
la trung diém ctia FH neén I, K, N thang hang va K la trung diém
ciua IN.

Chimg minh tuong tuw, M, I, K thing hang va I la trung diém cia
MK . Vay M,I, K, N thang hang va MI = IK = KN.

BAI 5. Hinh binh hanh ABCD c6 A = 60°. Lay céac diém E, F theo tht tu thuoc cac canh AD,CD
sao cho DE = CF. Goi K la diém dbi xiing vé6i F qua BC'. Chitng minh ring FK song song v6i AB.
# LGOI GIAL

A E D N

Goi N la giao diém ctia ED va KC, khi d6 tam giac NCD déu ma CK = DE (ciing ban CF) nén
tam giac NKE déu. Vay EK || AB. O

BAI 6. Cho tam gidc ABC' c6 A > 90°. Trong géc A vé cac doan thing AD, AE sao cho AD vuong
goc v bang AB, AE vuong géc va bing AC. Goi M la trung diém ctia DE. Ching minh ring AM
vuong goéc véi BC.

“ LOT GIAL
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Vé hinh binh hanh ADKFE, khi d6 AADK = ABAC (c.g.c) (chu y A
ring ADK = BAC vi ciing bt véi goc DAFE) nén A, = B. Goi H la m
giao diém ctia AM va BC. Ta c6 B 75D c
B+ BAH = A, + BAH = 90° 2
nén AH 1 BC.
K

O

BAI 7. Vé ra phia ngoai tam giac ABC' cac tam giac ABD vuong can tai B, ACE vuong can tai C.
Goi M la trung diém ctia DE. Hay xac dinh dang ctia tam giac BMC.

# LOI GIAL

Treén tia ddi ctia tia M B lay M N = M B, khi d6 t1t giAc BDNE 13 hinh binh hanh, suy ra EN L AB
va EN = AB. Ta lai ¢6 EC 1L AC, EC = AC. Tu d6 ta ¢c6 AENC = AABC (c.g.c). Suy ra
NC = BC va NC 1L BC.

Do d6 tam giac BC'N vudng can, suy ra tam giac BMC' vudng can tai M. O

BAI 8. Cho tam gidc déu ABC, mot dudng thing song song véi BC' cit AB, AC' & D va E. Goi G la

trong tam ciia tam giac ADE, I 1a trung diém ctia C'D. Tinh s6 do cac goc clia tam giac GIB.

# LOI GIAL

Cach 1. Qua C vé duong thang song song véi BD, cit DE & K. A
Ta c6 BDKC la hinh binh hanh nén B, I, K thang hang.
AGDB = AGEK (c.g.c) nén GB = GK. Suy ra AGBK can D K
tai G ¢6 KBG = 120°. Do d6 cac géc clua tam giac GIB biang
90°, 60°, 30°.
B C

Cach 2. Vé H sao cho I la trung diém ctia GH. Ta chitng minh

duge AGBH déu.
J

BAI 9. Cho diém E thuoc canh AC ciia tam gidc déu ABC. Dudng vuong géc véi AB ké tit E cit
dudng vuong goc véi BC ké tit C' tai diem D. Goi K 1a trung diém ctia AE. Tinh KBD.

# LOI GIAL
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Vé F sao cho K la trung diéem ctia DF thi AF | DE, AF = DE.

ADEC ¢6 E = C = 30° nen DE = DC, suy ra AF = DC.

ABAF = ABCD (c.g.c) nén BF = BD, B, = B,.

Ta lai ¢6 By + By = By + By = 60°, do 46 ADBF déu, K BD = 30°. 0

BAI 10. Cho tam gidc déu ABC, diém M thuoc canh BC. Goi D la diém déi xing véi M qua AB,
E la diém déi xtng véi M qua AC. Vé hinh binh hanh M DN E. Chting minh ring AN song song véi
BC.

# LOI GIAL

Goi O la giao diém ctia DE va MN. Ké DD'.O0’, AH, NN', EE' vuong goc v6i BC. Ta sé chiing
minh AH = NN'.

Ta ¢6 OO’ la dudng trung binh cta tam giac M NN’ nén NN’ =2-00'". (1)
Goi I la giao diém ctia MD va AB, K la giao diém ctia ME va AC, dé& ching minh AH =

MI+ MK. (2)
Vi OO’ 1a dudng trung binh ctia hinh thang DEE'D’ nén DD’ + EE' =2 - O0'. (3)
Ta 6 EME' = 30° nén EE' = @ = MK.

Tuong tu, DD’ = MI, suy ra DD'+ EE' = MI + MK. (4)
T (1),(2),(3),(4) suy ra AH = 200". (5)
Tu (1), (5) suy ta AH = NN'. Tt d6 ching minh duge AN || HN', tic la AN || BC. O

BAI 11. Cho tam gidc ABC. Ly céac diém D, E theo thi tu thuoc céc tia d6i cta cac tia BA,CA
sao cho BD = CE = BC. Goi O la giao diém ctia BE va CD. Qua O vé duong thing song song vdi
tia phan giac ciia goc A, dudng thing nay cit AC ¢ K. Ching minh ring AB = CK.

# LOI GIAL
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Vé hinh binh hanh ABMC thi AB = CM. Ta ching
minh raing CM = CK.

Trude hét ta chitng minh M, O, K thang hang. That
vay, é\l = %6\1 = %@ nén BO la tian phan giac
ctia BCM. Tuong tu, C'D la tia phan giac cia BOM.
Do d6 MO la tia phan giac cua BCM. Suy ra OM
song song véi tia phan giac cua E,Vay K,O, M théng
hang.

Ta c6 M, = %W: %B//E’:f(\lnénACKM
can. Suy ra CK = CM = AB.
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oA @ pOI XUNG TAM

@ LY THUYET

Hai diém goi la ddi xtng véi nhau qua diém O néu O la trung diém ctia doan théng ndi hai diém dé.
Diém déi xiing ciia diem O qua diém O chinh 13 diém O.
Néu hai doan thang (géc, tam giac) ddi xiing nhau qua mot diém thi ching bang nhau.

Hinh binh hanh nhan giao diém ciia hai dudng chéo lam tam déi xiing.

Vi DU 1. Mot hinh binh hanh ¢6 bén dinh nim trén bén canh ctia mot hinh binh hanh khac.

Chitng minh ring cac tam ctia hai hinh binh hanh d6 I3 trung nhau.

# 1L,OI GIAL

Goi FFGH 1a hinh binh hanh ¢6 bon dinh nam trén
b6n canh ctia hinh binh hanh ABC'D (nhu hinh vé
bén). Goi O la tam cta hinh binh hanh EFGH, ta
sé chiing minh O ciling la tam ctia hinh binh hanh
ABCD. That vay

Goi P, @ lan luot la trung diém ctia céc canh AD, BC.
Ta ¢6 OP la duong trung binh ctia hinh thang AEG D
néen OP || DG. (1)

Tuong tu ta co
OQ) 1a duong trung binh ctia hinh thang CGEB nén OQ || GC. (2)

Tt (1) va (2) ta suy ra O, P, @ thang hang.
Vi EFGH la hinh binh hanh nén GF || EH, GF = FH va GFC = FEHA, FFC = HEA (do

AD || BC). Tt d6 suy ra AAEH = ACGF (g-c-g), do vay CG = AFE.
Ma 0Q = CG+BE AE+EB AB

2 2 2
P 2
Lai c6 AB = PQ nén OP = TQ’ do vay O la trung diem ctia PQ).
Vi PQ la dudng trung binh ctia hinh binh hanh ABCD nén O ciing 1 trung diém ctia AC, BD. Do
vay O la tam cta hinh binh hanh ABCD. U

VI DU 2. Cho tit gidc ABCD, diém E thuoc doan AD va diém G thuoc doan BC. Dung diém
F thudc doan AB va diém H thudc doan C'D sao cho EFGH 1a hinh binh hanh.

# LOT GIAL
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+) Phan tich: Goi O la trung diem EG thi O la diém xac
dinh v& O 1a trung diém ctia FH.
Vi F thuoc canh C'D nén H sé nim trén dudng thing d

la anh ctia duong thing C'D qua phép déi xing tam O,
do d6 F la giao diém cia d va AB.

+) Cach dung:
Dung trung diém O ctia doan EG.

Ha OM 1 CD tai M. Lay déi xtng ctia M qua O ta duge diém N. Qua N ké dudng thang d song
song v6i CD, cat AB tai F'. N6i FO cat CD tai H.
Vay EFGH 1a hinh can dung.

+) Ching minh:
Vi AOMH = AONF (g-c-g) néen OH = OF.
T giac EFGH ¢6 OF = OG, OH = OF nén EFGH la hinh binh hanh.

+) Bién luan:
Néu d trung véi AB: khi d6 AB || CD, O cach déu AB va CD thi bai toan ¢6 vo s6 nghiém hinh.
Néu d song song v6i AB: khi d6 AB || CD, O khong cach déu AB va C'D thi bai toan khong c6
nghiém hinh.
Néu d cat AB: khi d6 AB khong song song véi C'D thi bai todn c¢6 mot nghiém hinh.

( BAITAP

BAI 1. Cho tam giac ABC. Goi D, E, F theo thtt tu 1a trung diém ctia BC, AC, AB va O la diém
tity v. Lay A’ 1a diém déi xting véi O qua D, B’ 1a diém déi xing véi O qua E, C' 1a diém déi xiing
v6i O qua F. Chiing minh réing cac dudng thang AA’, BB’, CC’ dong quy.

# LOI GIAL

Vi AB’ song song va bang A’B (do cuing song song va bang
OC) nén ABA’B’ 1a hinh binh hanh, do d6 AA’ cit BB’

tai trung diem mdi ducng. (1)
Tuong tw, BC'B'C’ 1a hinh binh hanh, do d6 BB’ cat CC’
tai trung diém méi duong. (2)

Tit (1) va (2) ta suy ra cac dudng thang AA’, BB', CC’
dong quy (tai trung diém mdi ducng).

BAI 2. Cho goc 1:/@ khac géc bet va M 1a diem thudc mién trong clia goc.
@ Qua M dung duong thing cit cac tia Oz, Oy theo thi tu § A va B sao cho M la trung diém
cua AB.
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@® Ching minh ring tam giac OAB nhan dudc trong cach dyng trén cé dién tich nhé nhat trong
tat ca cac tam giac tao béi tia Oz, Oy va mot duong thang bat ky di qua M.

# LOT GIAL

@ Ta c6 hai cach dung nhu sau:

Cach 1. Qua M dung dudng thang song
song v6i Oz, cit Oy & D. Dyng B ddi
xiing véi O qua D, duong thing BM cit
Ox tai A.

Céch 2. Dyng N d6i xtng v6i O qua M.
Qua N dung cac dudng thang song song
véi Oy, Ox va lan lugt cit Ox, Oy tai
A, B.

b) Qua M, vé dudng thang bat k¥ (khong trung véi AB), cat Oz, Oy lan lugt tai A, B'. Ta sé
ching minh Sapoap < Saoa g - That vay,
C6 duy nhat mot duong thang di qua M va cat Oz, Oy lan luot tai A, B sao cho M la trung
diem AB nén M A’, M B’ khong bang nhau (gia st M A’ > MB').
Trén tia M A’ ta lay diém E sao cho M B’ = ME, khi A6 Saysp = Sarvar < Saman.

BAI 3. Dung tam giac biét mot dinh, trong tam va hai dudng thing di qua hai dinh con lai.
# LOI GIAL

Gia st can dung tam giac ABC, ta biét dinh

A, trong tam G va hai dinh B, C lan lugt nim  \@1 A dy do
trén hai duong thing d;, d». Lay diém B bat
ky trén d;.

Do A, G xac dinh nén trung diém M cta BC
xac dinh. Vi B, C ddi xiing nhau qua M nén
C nam trén duong thang d 1a anh ctia d; qua B ‘ ‘ c
phép déi xiing tam M. Do vay C la giao diém \ M /\

clia d} va ds.

BAI 4. Cho ti gidc ABC'D va mot diém O niim bén trong tt gide. Dung hinh binh hanh EFGH
nhan O lam tam doi xiing, ¢6 bon dinh nim trén bén dudng thang chita canh ctia ti gidc ABCD.

# LOT GIAL
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Gia st can dyng hinh binh hanh EFGH c6 tam O, E € C]’/(i /b
AB, F € AD, G € CD, H € BC (nhu hinh vé béen). Goi D ¢
a, blan lugt 1a anh ctia AB, AD qua phép doi xing tam O.

Khi dé ta thiy G la giao diém ctia a va CD, H la giao diém
cua b va BC.
Bién luan:
+) Néu ABCD la hinh binh hanh thi bai todn c¢6 vo sb
nghiém hinh (khi O la tam ciia ABCD) hoac khong c6

nghiém hinh (khi O khong la tam ctia ABCD).
+) Néu ABCD la hinh thang ma khong 1a hinh binh hanh thi bai todn ¢6 vo sb nghiem hinh (khi

O cach déu hai ddy) hoac khong c6 nghiém hinh (khi O khong cach déu hai day).
+) Céc truong hgp con lai thi bai toan c¢6 mot nghiem hinh.
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BA 6 HINH CHU NHAT

O LY THUYET

Hinh chit nhat 14 mot tit gidc c6 bon géc vuong.

Hinh chit nhat c6 day du tinh chat ctia hinh thang can va hinh binh hanh, trong d6 dic biét cha ¥ dén
tinh chat: “Trong hinh chi nhat, hai dudng chéo bing nhau va cit nhau tai trung diém méi duong”.
Dé chiing minh mot ti gidc 1a hinh chit nhat, ta ching minh t& giac dé c6 ba géc vuong hoic chitng
minh tit gidc d6 1a hinh binh hanh c6 mot trong cac tinh chat

a) C6 mot goc vuong; b) C6 hai duong chéo bang nhau.
g g

Ap dung vao tam gidc, ta c6
@ Trong tam gidc vuong, dudng trung tuyén tng véi canh huyen bing nita canh huyeén;
@ Néu mot tam giadc c6 duong trung tuyén tng véi mot canh bing nita canh dé thi tam giac dé
vuong.

VI DU 1. Tinh céc canh AB, AD clia hinh chit nhat ABC'D biét ring dudng vuong géc AH
ké tit A dén BD chia thanh hai doan HD = 9 cm, HB = 16 cm.

# LOI GIAL
Taco BD=BH+HD =16+9 = 25 cm.

Xét tam giac ABD vuong tai A co D ¢
AB? + AD? = 25% = 625. (1)

Xét tam giac AHD vuong tai H ¢ a B

AH? + HD? = AD? & AD? = AH? + 9°. (2)
Xét tam giac AH B vuong tai H co

AH? + HB? = AB* & AB* = AH? 4 16%, (3)
T (2) va (3) ta ¢

AB%* — AD* = 16 — 9% = 175. (4)

Tu (1) va (4) ta dugc
AB? = (625 + 175) : 2 = 400 = AB = 20 cm.
AD? = (625 — 175) : 2 = 225 = AD = 15 cm.
O

VI DU 2. Cho tam gidc ABC can tai A. Tt mot diém D tren day BC, ta vé dudng thing vuong
géc v6i BC, cat cac canh AB, AC lan luct tai E, F. Vé cac hinh chit nhat BDEH, CDFK.
Chitng minh riang A la trung diém ctia HK.
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# LOI GIAL

Goi I, O lan lugt 14 tam ctia hinh chit nhat BDEH, CDFK. H E
Ta c6 IBD = IDB, OCD = ODC (tinh chit hinh chi nhat).
Ma IBD = OCD (do tam gidac ABC can tai A) nén
Ax
IBD =IDB = 0CD = ODC.
I F o g

Do d6 BE | DK, DH || CA, suy ra AIDO la hinh binh hanh = A0 =
ID. Ma HI =ID nén AO = HI.
Lai c6 AO || HI nén AOIH la hinh binh hanh, do d6

AH || IO, AH = I0. (1)

Ching minh tuong tu ta duge AIOK la hinh binh hanh nén
AK || IO, AK = 10. (2)

Tit (1) va (2) tasuy ra A, H, K thang hang va AH = AK.
Vay A la trung diém ctia HK.

Vi DU 3. Cho hinh binh hanh ABCD ¢6 cac dudng cao AE, AF. Tinh khoang cach tir A dén
tryc tam H cla tam gidc AEF biét AC =25 cm, EF = 24 cm.

# LOT GIAL
Ké CN L AB tai N = AECN la hinh chit nhat nén AN = EC. A N B
Xét ti giac FEHFC ¢6 EH | CF, HF || EC nén EH FC' la hinh
binh hanh, do vay EFC' = HF = AN = HF'. - »
Xét to gidc ANFH ¢6 AN || FH, AN = FH nén ANFH la H
hinh binh hanh, do d6 AH = NF va AH || NF. b >
Laico AH 1. EF nén FN 1 EF.
Xét tam giac ENF vuong tai F' c6 FF =24 cm, NE = AC' = 25 ¢cm nén
NF?=NE? - EF?=25"-24> =49 = NF =7 cm.
Vay AH =7 cm. O

 BAITAP

BAI 1. Cho tam gidc ABC vuong tai A, dudng cao AH. Goi I, K lan lugt 1a hinh chiéu vuong goc
cia H len AB, AC va M la trung diém ctia BC. Ching minh ring AM 1 IK.

# LOI GIAL
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Goi O, N lan lugt la giao diém ctia AH, AM véi IK.
Ta c6

MAK = MCK, OKA = OAK

—_— ———

MAK +0OKA=MCK + OAK =90°.

B H M Joi
Do d6 AM 1 IK.
]
BAI 2. Cho hinh binh hanh ABCD ¢6 O la giao diém cta hai dudng chéo, H 1a hinh chiéu vuong
g6c ciia A len OD. Biét DAH = HAO = OAB, chitng minh tiing ABCD 1a hinh chit nhat.
# LOT GIAL

Ké OK | AB tai K. Ta s& chiing minh BAD = 90°. D ¢
T/hﬁvay, ta cé/\ - o 0

AOK = 90° — OAK = 90° — OAH = AOH. Do d6 AAOH =

ANAOK (g-c-g), suy ra OK = OH. |

Vi OH 1 OD, DAH = OAH nén AADO can tai A, do d6 A K B

OH = %OD.
1
Ma ABCD la hinh binh hanh nén OB = OD, do vay OK = OH = §OB'

1 e _—
Xét tam giac OK B vuong tai K ¢6 OK = §OB nén OBK = 30° = OAB = 30°.
Do d6 BAH = 60°, BAD = 90°. Vay ABCD 1a hinh chit nhat. O

BAI 3. Cho tam gidc ABC' ¢6 truc tam H va I 1a giao diém ciia cac dudng trung trie. Goi E 1a diém
déi xtng ctia A qua I. Chitng minh rang BHCE la hinh binh hanh.
# LOI GIAL

Vi I la giao diém ciia cac duong trung truc cia AABC nén
IA=1IB=1C.

MalA=IEnén IA=1IB=I1C=1FE.

Xét tam giac AEC c6 I 1a trung diem AE, CI = %AE nén
ANACE vuong tai C = CFE 1L AC.

Ma BH L AC nén BH || CE. (1)

Xét tam giac AEB c6 I 1a trung diem AE, BI = %AE nén
ANABE vuong tai B= BE 1 AB.

Ma CH | AB nén CH || BE. (2)

Tu (1) va (2) ta suy ra BHCE la hinh binh hanh.

O

BAI 4. Cho tam gidc ABC vuong tai A (AB < AC) c¢6 dudng cao AH. Trén canh AC lay diém E
sao cho AE = AB. Goi M la trung diém ctia BE. Chitng minh ring HM la tia phan gidc clia géc
AHC.

# LOI GIAL
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Ké FK | BC tai K, EI 1L AH tai Il = IHKFE la

hinh chit nhat, do d6 [E = HK. 4
Ma EA] + HAB = 90° = HAB + HBA nén HBA =
EAL s E
I
Laico AB = AF nén NAHB = AEIA
- AH = IE = HK. M
B H K C

Vi cac tam gidc BAE, BKE lan lugt vuong tai A, K
. 1

va M la trung diem BE nén AM = KM = §BE. Do

vay AAHM = AKHM (c-c-c)

— AHM = m, suy ra HM la tia phan giac cta
goc AHC.

U

BAI 5. Cho hinh thang can ABCD c¢6 AB || CD, ACD = 60° va O la giao diém ctia hai dudng chéo.
Goi E, F, G theo thit tu la trung diém ctia OA, OD, BC. Tam giac EFG la tam giac gi? Vi sao?
# LOI GIAL

Vi ABCD la hinh thang can néen AACD = ABDC (c.g.c). Ma ACD = 4B

60° nen BDC = 60°. Khi d6 cac tam giac OAB, OCD la cac tam giac

déu.

Vi E, F lan lugt la trung diém ctia OA, OD nén G
BE 1 OA, CF 1L OD va EF = %AD = %BC’. (1)

Xét cac tam giac BEC, BFC lan lugt vuong tai E, F c6 G la trung diém

ctia BC nén EG = FG = %BC. (2) D c

Tu (1) va (2) ta suy ra AEFG la tam giac deu.
O
BAI 6. Goi H 1 hinh chiéu vuong goc ctia dinh B lén dudng chéo AC clia hinh chi nhat ABC'D va
M, K lan lugt la trung diem cia AH, CD.
. . . 1

@ Goi I, O lan lugt 1a trung diém ctia AB, IC. Ching minh ring MO = §IC’.

@® Tinh s6 do goc BMK.
# LOI GIAL

@ Vi ABCD la hinh chit nhat va I, K lan lugt 1a 7 I:{\\ H /,’C
trung diém ctia AB, C'D nén BIKC la hinh chit E > - ’
nhat. Do d6 O la trung diém ctia CI, BK. N
Xét tam giac IMC vuong tai M co E/ \\\\
MO = %IC’. A I B

1 1 —
b) Xét tam gidc MBK ¢6 MO = §IC' = §BK nén BMK = 90°.
U

BAI 7. Cho tam gidc ABC' c¢6 do dai cac canh bang a, b, ¢, chu vi bing 2p va cac dudng cao tuong
tng lan lugt 1a A, m, n. Chiing minh rang

a) (b+c)? > a® + 4h?. b) h? < p(p — a). c) h? +m? +n? < p2
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# LOI GIAL
Qua A ké duong théng d song song véi BC va goi D la diém doi xiing ciia D
B qua d. |
@ Ta c6 BD = 2h. Xét tam giac BC'D vuong tai B c6 E
b\ A
BD? + BC? =CD* < (AD + AC)? = 4h* +d®> = (b+¢)®. (1) | d
® Tu (1) suy ra E ¢ b
4* < (b+c) —a*=(b+c+a)(b+c—a)=4dp(p — a). B a c
Do doé
h? < p(p — a).
c¢) Tuong tu cau b) ta c6 m? < p(p —b) va n? < p(p — ¢).
Cong cac két qua trén ta duge h? +m? +n* <p(p—a+p—b+p—c) = p*
O

. ~ o~ D .
BAI 8. Cho hinh thang vuong ABCD ¢c6 A =D =90°, AB = AD = CT Qua diem F thudc canh

AB, ké dudng thang vuong géc v6i DE, cit BC tai F. Chiing minh ring ED = EF.
# LOI GIAL

Ké BH 1 CD tai H = ABHD la hinh vudng, do d6 BH = a
va DH =a= CH = a.

Taco BH=HD =CH =a= ABCD vuong tai B.

Goi M la trung diém ctia DF,

taco EM = BM = % = cac tam giac M EB, MF B can tai
M.

Vi ABHD la hinh vuong nén DBH = 45°

= ABC = 135°.

— _——  ——

Lai 6 MEB + MFB = MBE + MBF = EBF = 135°, do d6 EMF = 360° — 2 - 135° = 90°.
Xét tam giac DEF c¢6 EM la trung tuyén, dong thoi la duong cao nén ADEF can tai £ nén
ED = EF. O

BAI 9. Cho hinh chi nhat ABCD ¢6 BDC = 30°. Qua C ké dudng thang vuong goc véi BD tai E
va cat tia phan gidc clia goc ADB tai M. Goi N, K lan lugt 1a hinh chiéu ctia M len AD, AB.

@ Ching minh ring AM BD la hinh thang can.
@® Ching minh ring ba diém N, K, E thang hang.

# LOI GIAL

™ Suu tam & bién soan Trang 277/477 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

Vi N, K lan luct 1a hinh chiéu ctia M léen AD, AB nén
AN M K hinh chit nhat.

Vi BDC = 30° nén ADB = 60° $
= ADM = MDB = BDC = 30° (do DM la tia phan 4 = >
gidgc BDC).
Vi DE 1a phan giac MDC va DE 1 MC nén ADMC N M

la tam gidc can tai D = DF la duong trung truc cta

MC = BM = BC.

Vi BDC = 30° néen DBC = 60°. Ma CEB = 90° nén BCE = 30°.

Do d6 CBM = 180° — 2 - 30° = 120° = M BA = 30°.

Vi MCB = MDA = 30° nen MCD = MDC = 60°, do vay AMCD can tai M = MK Ia
duong trung truc cia CD (vi MD 1. AB nén MD 1L CD).

Tu d6 ta c6 MK la truc déi xing ctia hinh chit nhat ABCD = MK la dudng trung tryc cta

AB, vivay MA = MB. Do d6 MA = MB = BC = AD. (1)
Lai 6 AMD = ADM = MDB = 30° nén AM | BD. (2)

T (1) va (2) ta suy ra AM BD la hinh thang can.

b) Vi M nam trén tia phan giac goc NDE nén MN = ME. Ma ANME can tai M co NME = 120°
nen MNE = 30°. (3)
Lai c6 M NAK la hinh cht nhat nen MNK = MAK = ABD = 30° (4)
Tit (3) va (4) ta suy ra N, K, E thang hang.
O
BAI 10. Cho hinh chit nhat ABCD.
@ Ching minh ring néu M la diém bat ky nim trong ABCD thi
MA? + MC? = MB?* + MD>.
@ Két qua trén c6 thay doi khong néu diem M ndm ngoai hinh chit nhat?
# LOT GIAL
o
Ké cac dusng ME | AD, MG | AB, MF 1. BC, MH L CD D H C
(nhu hinh vé bén). BT | oo
Ta c6 |
MA® + MC? = ME® + MG® + MF* + MH®. (1)  * —
MB?*+ MD? = MF? + MG? + ME* + M H>. (2)
T (1) va (2) suy ra MA? + MC? = MB* + M D?.
(2]
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Truong hop M ndm ngoai hinh chit nhat ABCD ta c6 hinh vé u
ben. Khi d6 Eroc>7 N TF
MA®>+ MC? = ME?> + EA* + MF? + FC*. (3) D HI c
MB?+ MD?*= MF*+ FB*+ ME*+ ED.  (4)
Tit (3) va (4) suy ra MA? + MC? = MB? + MD?. '
A G B

Vay néu M niam ngoai hinh chit nhat ABCD thi két qua khong

thay doi.

0

BAI 11. Cho tam gidc ABC. V& ra phia ngoai tam gidc ABC' céc hinh chi nhat ABDE, ACFG,

BCHK. Chiing minh rang cac duong trung tryc cia EG, FH, KD dong quy.
« LOI GIAL

Goi M la giao diém ctia cac dudng trung triuc

ctia cac doan thang FH, DK. Ta c¢6 i
MA? + MD? = ME?+ MB? ;
MB*+ MH?> = MK?+ MC?% 5\ !
MC?+ MG = MF?+ MA% I
Cong céac két qua trén ta duge /,:\,IC\ _______________ K
-7 S MO
MD? + MH? + MG? = ME® + MK? + MF?. G&Z / S
Al / . B
ViMD=MK, MH = MF nén /!
MG = ME. Do d6, M nam trén duong trung / N
D

truc cua doan GE.
Vay cac duong trung truc cia EG, FH, KD

dong quy.
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BAI @ HINH THOI

Dinh nghia 1. Hinh thoi 1A tit gidc ¢6 bon canh bang nhau.

@ TOM TAT Li THUYET

Dinh 1i 1. Trong hinh thoi
@® Hai duong chéo vuong goc vdi nhau.
©® Hai duong chéo la cic duong phan gidc cia cic géc clia hinh thos.

Hé qua 1. Dau hiéu nhan biét
@ T giac c6 bon canh bang nhau la hinh thoi.
@ Hinh binh hanh c6 hai canh ké bing nhau la hinh thoi.
@ Hinh binh hanh c¢6 hai dudsng chéo vuong goéc véi nhau la hinh thoi.
@ Hinh binh hanh c6 mot dudng chéo 1a dudng phan gidc ciia mot gée 1a hinh thoi.

(® CAC DANG TOAN

Vi DU 1. Cho ti gidc ABCD c¢6 A =40°, D =80°, AD = BC. Goi F va F la trung diém ciia
AB va CD. Tinh EFD, EFC.

# LOI GIAL

Goi M, N theo thit tu la trung diém ctia BD, AC. Tac6 NF la
duong trung binh cia AADC' nén NFC = ADC = 80°, M F
la dudng trung binh ctia ABDC' nén MFD = BCD = 40°.

Suy ra A
MFN = 180° — (80° 4 40°) = 60°. B
Tit gisc EMFN c6 bén canh bing nhau nén 1 hinh thoi. Do B
6
F1:F2:60022:300.
Vay EFD = 30° + 40° = 70°, EFC = 30° + 80° = 110°.
D F C

1. Bai tap tu luyén

BAI 1. X4c dinh dang ctia mot ti gidc, biét riing
@ T giac do co hai truc déi xting vuong goc véi nhau va khong di qua dinh clia ti giac.
@ Tt giac co hai truc déi xiing 1a hai duong chéo clia no.

# LOI GIAL
0
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Gia sttt gidc ABCD c6 hai truc déi xing vuong goc d; va
d nhut hinh v. b ¢
Khi do6 g
— d; la dudng trung truc cia AB va CD, nén AB || CD. i ?
— dy 1& dudng trung truc cia AD va BC, nén AD || BC.
—Laicody L dy = AB 1 BC. A B
Vay ABCD la hinh chit nhat. d
(2
— Do BD la truc déi xitng nén BD la duong trung
trie ciia AC nén DA = DC, BA = BC va AC' L D
BD.
— Do AC 1a truc déi xiing nén AC' 1a duong trung A 0 ¢ dy
tryc cia BD nén AD = AB. Vay ABCD la hinh
thoi.
dy
O

BAJI 2. Cho AABC. Diém D thuoc canh AB, diém F thuoc canh AC sao cho BD = CE. Goi I, K,

M, N theo thit tu la trung diém ciia BE, CD, BC, DE.

@ T giac MINK la hinh gi? Vi sao?

@® Ching minh ring /K vudng goc véi tia phan gide At clia goc A.
# LOI GIAL

@ o
+ MK la duong trung binh cuia ACBD.
+ NI la duong trung binh cia AEBD.
Tu (1) va (2) suy ra
MK =1IN = %BD va MK || NI'|| BD, nén MINK la hinh binh hanh.

Lai ¢c6 NK la duong trung binh cia ADEC va EC = BD, suy ra NK = IN. (4)

Tu (3) va (4), suy ra MINK la hinh thoi.

@ Coi G, H theo thit ty la giao diém ctia M N véi AC, BD.
+ MI || CE = M, =G, (hai goc so le trong).
+ MK || BD = My=H (hai géc so le trong).
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+ Ma M; = M, (tinh chét hinh thoi). (3)
T (1), (2) va (3) suy ra AAHG can tai A. Ma At la phan giac trong BAC

= BAL = AHG = At | HG (do hai géc bang nhau 6 vi tri dong vi).

Laico HG L IK = IK 1 At.

U

BAI 3. Cho hinh binh hanh ABCD, AB = 2AD, D = 70°. Goi H 1a hinh chiéu ctia B tréen AD, M
la trung diém citia C'D. Tinh s6 do géc HMC.
# LOI GIAL

H
N
A B
1
° 2
70 3
D M C
, MN || DA
Goi N la trung diem AB, ¢6
DA | BH

= MN L BH va MN di qua trung diém ctia BH = MN la duong trung tryc ctia BH = ﬁl = ]\/4\2
Lai c6 My = My va NMC = ADM = 70°. Vay HMC = 3 - 35° = 150°.
O

BAI 4. Goi O la giao diém ctlia cdc dudng chéo hinh thoi ABCD, E va F theo thi tu 13 hinh chiéu
ctia O trén BC va C'D. Tinh cac goc ciia hinh thoi biét rang EF bang mot phan tu duong chéo cla
hinh thoi.

# LOI GIAL

e Xét truong hop FF = EBD.

Goi I la trung diem OB. AEOB vuéng tai F nén A

El = %BO = FEF = FFOI la hinh thoi, suy ra

AOFEF can tai F, lai c6 OF = OF nén AOEF déu

= EOF = 60° = ECF = 120° = ABC = 60°. I

1 N . PR O
Vay khi EF = £ BD thi C = A = 120°, B = D = 60°, B D
E F
C
1
o Xét truong hop EF = ZAC’.
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@)
A
I /
B 0 D
B F T
Goi I 1a trung diém OC = EF = EI = [F = [EF déu ACIF = 30° = CIF = 30° = [OF =
15° = ODF =15° =D =30°= Bvi A= C = 150°. O

BAI 5. Trén cac canh AB, BC, CD, DA cta hinh binh hanh ABCD, 1ay theo tht tu cac diém E,
M, N, F sao cho BM = DN, BE = DF. Goi I, O, K theo thit tu la trung diém ctia EF, BD, MN.
@ Ching minh ring ba diém I, O, K thang hang.
@ Trong truong hop nao thi cd nam diém A, I, O, K, C thing hang?
# LOI GIAL

@ Trude hét, ta ching minh ring dusng thang OI tao véi AB va AD cac géc bing nhau.
Thay vay, goi @ la trung diém ctia BF ta c6
1
+ IQ la duong trung binh cia AFBE = IQ = §BE.

+ 0OQ la duong trung binh cia ABFD = 0OQ = %FD.
Ma BE = FD = QI = QO.
e Néu ABCD la hinh thoi thi 7,0, A thing hang. Tuong tu K, O, C thang hang. Do d6 nam
diém A, I,0, K, C thang hang.
e Néu ABCD khong la hinh thoi, ta c6 AQIO can. Goi G, H la giao diem ctia OI v6i AD, AB.
Tac6O=1, @ —H (goc dong vi) va CjO\I = OGF (g6c so le trong)
nen G = H do d6 HG song song véi tia phan giac Az cia goc A.
Tuong tu, OK song song véi phan giac Cy ctia géc C. Nhung Az || Cy, do do6 I, 0, K thang
hang.

[
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BAI 6. Tt gidc ABCD c6 cac dudng chéo cit nhau tai O va chu vi cac tam giac OAB, OBC, OCD,
ODA biang nhau. Chiing minh riang ABC D 1a hinh thoi.

# LOI GIAL

Gia st OC > OA, OD > OB. Trén doan théng ocC

B
lay diém E, trén doan thang OD lay diém F sao cho
OF = OA, OF = OB. Tt giac ABEF 1a hinh binh
hanh, chu vi AOAB bing chu vi AOEF. 4 ¢
Theo dé bai, chu vi AOAB bang chu vi AOCD
nén chu vi cac tam giac OEF va OCD bang nhau,
tic 1a EF = EC + CD + DF. Diéu nay chi sy ra
khi C trung F va D trung F. Vay ABCD la hinh
binh hanh. Theo dié bai, chu vi AOAB bang chu vi
AOBC, tic la OA+ AB+ BO = 0B + BC + CO,
ma OA = CO nén AB = BC, vay ABCD la hinh
thoi.

D

0

BAI 7. Goi H 1a truc tam cla tam giac déu ABC, dudng cao AD. Lay diém M bat ki thuoc canh
BC. Goi E va F theo thit tu 1a hinh chiéu ctia M tréen AB, AC. Goi I la trung diém ctia AM.

@ Xaic dinh dang clia ti giasc DEIF.

@® Ching minh réng cac dudng thang M H, ID, EF dong quy.
# LOT GIAL

@ /A DAM vuong tai D, c6 DI la duong trung tuyén nén
DI = %AM (1).
AEAM vuong tai E, c6 EI la duong trung tuyén nén
Bl = %AM (2).
Lai c6
MIE = TAE + [EA = 2T AE.
MID = IAD + IDA = 2TAD
nénﬁz@—k@zQ(@—k@) — 9DAE =
60° (3).
Tu (1), (2) va (3) suy ra ADIE deu  (4).
Chiing minh tuong tu ADIF déu  (5).

Tu (4) va (5), suy ra DEIF la hinh thoi.
b) Goi O la giao diém ctia ID va EF. Can chiing minh M, O, H thiang hang.

Goi N la trung diém ctia AH, ta c6

OH la duong trung binh cia ADIN = OH || IN.

IN la duong trung binh ctia AAMH = MH || IN.

Suy ra OH va M H cung song song v6i IN hay H,O, M théng hang. Vay HM,ID, EF dong
quy.

O
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BAI @ HINH VUONG

O TOM TAT Li THUYET

Dinh nghia 1. Hinh vuong la tit giac c6 bon géc vuong va c6 bén canh bing nhau.

Nhan xét. Twu dinh nghia hinh vuong, ta suy ra

— Hinh vuong la hinh chit nhat cé bon canh bang nhau.

— Hinh vuong la hinh thoi c¢é bon géc vuong.
/N Hinh vuong via la hinh ch@ nhat, via la hinh thos.
Tinh chat 1. Hinh vuong c6 tat ca cac tinh chat ctia hinh chit nhat va hinh thoi.

Hé qua 1. DAau hiéu nhan biét

@ Hinh chi nhat c6 hai canh ké biang nhau 1a hinh vuong.

@ Hinh chit nhat c6 hai duong chéo vuong géc véi nhau 1a hinh vuong.

@ Hinh chi nhat c6 mot duong chéo 1a duong phan gidc ctia mot goc vuong la hinh vuong.
@ Hinh thoi c6 mot géc vuong 1a hinh vuong.

@ Hinh thoi c6 hai dusng chéo bing nhau I3 hinh vuong.

() CAC DANG TOAN

VI DU 1. VD16-tr96
Goi M la diém bat ki trén doan thang AB. Vé vé mot phia clia AB cac hinh vuong AMCD,
BMEF.
@ Ching minh ring AE 1 BC.
@® Coi H la giao diém ctia AE va BC. Chiing minh réing ba diém D, H, F thing hang.
® Ching minh ring duong thing DF luon di qua mot diém cb dinh khi diém M chuyén
dong trén doan thing AB c6 dinh.

# LOT GIAL

™= Suu tam & bién soan Trang 285/477 E1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

@ Xét ACAB, taco6 CM L AB, BE L AC (vi BE L D\\\ 7
MF, MF | AC). Suy ra AE L BC. T w
@® Goi O la giao diém cia AC va DM. Do AHC = 90° E - F
nén OH = %, do d6 OH = %. Tam giac M HD O
c6 duong trung tuyén HO bang nita DM nén
MHD =90°. (1)
A I M B

Chiing minh tuong tu

MHF =90°. (2)

Tit (1) va (2) suy ra D, H, F thang hang.
c¢) Goi I 1a giao diém ctia DF va AC; ADMF ¢6 DO = OM, OI || MF nén I 1a trung diém ctia

DF.
Lé II' 1L AB thi I' 1a trung diém ctia AB va

;o _AD+BF _AM+MB _ AB

2 2 2
Do dé I la diém c6 dinh: I ndm trén duong trung truc ctia AB va cach AB mot khoang bing
AB
2

O

1. Bai tap tu luyén

BAI 1. T giac ABCD ¢6 E, F, G, F theo tht tu la trung diém cta AB, BD, DC, CA. Tim diéu
kien ctia t gihc ABC'D dé EFGH la hinh vuong.

# LOI GIAL

+ EF la duong trung binh cia ABAD = EF = %AD va EF || AD. E B

1
+ GH la dudng trung binh cia ACAD = GH = §AD va GH ||
AD.
Suy ra EFGH la hinh binh hanh. T giac EFGH ¢6 EF || GH.

BC
+ Ta cing o BH || FG || BC EH = FG = -, N

Diéu kién dé hinh binh hanh EFGH tré thanh hinh vuong la AX £ \\\
EF || EH va EF = EH < AD 1 BC va AD = BC' (hinh vé
bén).

D G C
O

BAI 2. Cho hinh vuong ABCD, diém M nim tren dudng chéo AC. Goi E, F theo thi tu 1a cac hinh
chiéu ctia M trén AD, C'D. Chitng minh rang
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@ BM vuong goc véi EF.
@ Cac duong thing BM, AF, CE dong quy.

# LOI GIAL

@ Coi K 1a giao diém ctia EM va BC. Vi M nam trén \ P
duong chéo AC cua hinh vuéng nén \ -
+ AEAM vudng can tai E, suy ra EM = EA = N
E & it K
BK. \
+ MFCK la hinh vuéng, suy ra MF = M K. 7\
Vay AEMF = ABKM (c.g.c)nen MFE = KMB. \
Goi H la giao diém ctia BM va EF, ta c6 EMH = \

— — — — — \

BMK,suyra EMH =MFH. Ma EMH+HMF = \

—

90° nen MFH + HMF = 90° = MHF =90° hay [ ja C
BH L EF. Vay MB 1 EF.

—_— —_—

b) ANADF = ABAE (c.g.c), suy ra DAF = ABE, ma EAF + FAB = 90° = FAB + ABE = 90°
suy ra AF 1 EB.
Tuong tiw, CE L BF. Vay BM, AF,CFE la cac duong cao ciia ABEF nén ching dong quy.

BAI 3. Cho hinh vuong ABC'D. Diém E nim trong hinh vuong sao cho tam gidgc EC'D can c6 goc
day bang 15°. Chiing minh rang AABE 1a tam gidc déu.

# LOI GIAL
Vé diém [ trong hinh vuong sao cho ATAD can tai I ¢6 goc 6 day A B
bang 15°.

AIAD = AEDC (g.c.g) = ID = ED.
IDE = ADC — <ADI + EDC) — 90° — 30° = 60°.
Vay ADIFE déu.

ATE = 360° — (AID + DIE) = 360° — (150° + 60°) = 150° = AID. !
Suy ra ATAE = AIAD (c.g.c) nén EA = AD.
Ching minh twong tu AECB = AEDA = BE = BC.
Vay BE = AE = BC. E
D C

BAI 4. Cho AABC can tai A, géc day 75° va hinh vuong BDEC (cac diém A, D, E ndm cuang phia
d6i véi BC). Hay x4c dinh dang ctia AADE.

# LOT GIAL
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Vé tam giac déu BIC vao trong hinh vuong. A
ABI = ABC — IBC = 75° — 60° = 15°.

ABD = 90°—ABC = 15°. Suy ra ABDA = ABIA (c.g.c), suy ra DA = Al
va lm = IA/\B )

Chtng minh tuong tyw ACAI = ACAE = AE = Al va TAC = CAE. Suy
ra AD = AE = Al va DAE = 2BAI + 2CAI = 2BAC = 60°.

Vay AADE deu.

B C
O
BAI 5. Cho hinh vuong ABCD, diém E thuoc canh CD, diém F thudc canh BC. Ching minh ring
chu vi ACEF bang ntta chu vi hinh vuong khi va chi khi EAF = 45°
# LOI GIAL
Trén tia doi cta tia DC lay DK = BF, AADK = NABF A B

(c.g.c) nén AK = AF, KAF = 90°.

e Ta chitng minh ménh de “EAF = 45° thi chu vi CEF bang 1
ntta chu vi hinh vudng”. F
FEAF = 45° = EAK = 45° = AEAK = AEAF (c.g.c)

= FEK =FEF.

Do d6 chu vi CEF bang CE+CF+EF =CE+CF+EK =
CE+CF+ED+DK = CE+CF + ED+ FB (bingnta  jv ' J) 5 o

chu vi hinh vuéng). -

e Ta chitng minh ménh dé “Chu vi CEF bing ntta chu vi hinh vuong thi EAF = 45°”
CE+CF+FEF=CB+CD=FEF=FED+BF=FF=FED+ DK =FK.
AEAK = AEAF (c.c.c) = EAK = EAF = EAF = 45°. 0

BAI 6. Cho hinh vuong ABCD, diém M thuoc canh AB. Tia phan giac ctia goc MCD cit canh AD
4 N. Cho biét BM = m, DN = n. Tinh do dai CM theo m va n.
# LOI GIAL

Trén tia déi ciia tia BA lay diém K sao cho BK = A M B | K
DN =n. |
ADCN = ABCK = C; = C, va DNC =

BKC (1)

hfali]\%i@letrong):]@:ag—k N
C3=C1+C5=MCK (2).

Tu (1) va (2) suy ra AMCK can tai M, vay CM = 1
MK =m+n. 3|4

D C
U

BAI 7. Cho hinh vuong A’B’C’D’ nim trong hinh vuong ABCD sao cho thit tu cac dinh theo ciing
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mot chiéu nhu nhau (ttc 1a néu vé hai dudng tron, méi duong tron di qua cac dinh clia mot hinh
vuong, thi chiéu di trén duong tron tut A lan lust B, C, D va tit A’ lan lugt qua B, C’, D' 1a nhu
nhau). Ching minh ring trung diém cac doan thang AA’, BB, CC’, DD’ la dinh ctia mot hinh
vuong.

# LGOI GIAL

Goi E, F, G, H tht tu 1a trung diém cta AA’, BB', CC' DD'. Goi A B
I, K 1a trung diém BC’, CD'. E
e ['] la duong trung binh cia ABB'C' nén FI || B'C' va FI = {7
SBC () N
e GK la duong trung binh cia ACC'D’ nén GK || C'D’ va GK = |

%C’ D'. (2)
e Lai c6 B'C' = C'D' va B'C' L C'D'.  (3) . B

——————

Tir (1), (2) va (3) =GRy t
u (1), va (3) suy ra ~A
FI 1 KG.

GI =HK
Chiing minh tuong tu ta co (5)
GI 1| HK.

FI =GK
Tit (4) va (5) tac6 { FIG = GKH = AFIG = AGKH = FG = GK va GF L GH (tinh chét hai
IG=KH
goc bang nhau ¢6 cdp canh tuong ing vuong goc).
Chting minh tuong ty ta duge GH = HE = EF = FG, tit d6 suy ra EFGH la hinh vuong.
O

BAI 8. Cho hinh vuong ABCD. Lay cac diém E, F theo thi tu thudc cac canh AD, AB sao cho

AE = AF. Goi H la hinh chiéu ciia A tren BE. Tinh CHF.

“ LOT GIAL

GQ}\K li/x\giao diém ctia AK va DC A ‘ F B
A =B \ 7
AD = BA = ANADK = ABAE T ’
ADK = EAB < N

= DK = AE = AF = BFKC la hinh chit nhat. \\31)(’0

Goi O 1a tam hinh chit nhat BFKC. A

1 ]_ / \\
Xét AHKB vuong tai H nén HO = §KB = - IC = / \

AHCF vudng tai H. Vay CHF = 90°. ’ '

OJ

BAI 9. Cho diém M thuoc canh C'D ctia hinh vuong ABCD. Tia phan giac ctia goc ABM cit AD
G I. Ching minh BI < 2M]I.

# LOT GIAL
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Ve MH | BI, MH cit AB tai E.Do BI la phan giac ABM B C
nén E doi xing v6i M qua BI. Ta c6 2

ME =2MH < 2MI. (1)

Ké MK 1 AB, xét AMKE va ABAI c6 /)
By = M, (gbc c¢6 canh tuong ting vuong goc) y
MK = BA /)
K=A=90° .

=~ AMKE = ABAI = ME = BI. (2) A

Tu (1) va (2) suy ra BI < 2M1.

&5
\
~
)

O

BAI 10. Vé ra phia ngoai ctia mot tam gidc cac hinh vuong canh la canh ctia tam gide. Chiing minh
rang
@ Cic doan thing ndi trung diém mot canh clia tam gidc véi tam cac hinh vuong dyng trén hai
canh kia bang nhau va vuong géc véi nhau.
@® Doan théng ndi tam hai hinh vuong bang va vuong goéc véi doan thang ndi tam hinh vuong thi
ba v6i dinh chung ctia hai hinh vudng trude.
# LOT GIAL

1
@ Vi A la tam hinh vuong canh BC nen A'D = iBC.

Vi E'F la dusng trung binh AABC nén EF = %BC’
Vay A'D = EF. (1)

Ching minh tuong tuw: F'D = EB'. (2)

C6 AD 1L BC=ADL1FE. (3)

AC 1L EB
Tu (3), (4) = B'EF = FDA' (gbéc c6 canh tuong tng vuong goéc). (5)
Tu (1), (2) va (5) suy ra AA'DF = AFEB’ (c.g.c)
— FA'= FB' va FB'E = A'FD, ma EB' | FD = FB' 1 FA'.
b) Xét AAFA' va AC'FB' ¢6
AF = C'F (do C' 1a tam hinh vudng canh AB)
FB' =FA" (cmt)

FD | AC
Lai ¢6 = FD L EB'. (4)

—_—

AFA" = B'FC" (gbc c¢6 canh tuong ting vudng goc)
= ANAFA' = AC'FB' = B'C' = AA" va B'C" L AA’ (canh tuong ting vudng goc ctia hai géc
bang nhau).
O
BAI 11. Cho tam giac ABC. Vé vé phia ngoai tam giac cac hinh vuong ABDE, ACFG c6 tam theo
t@ tu M, N. Goi I, K theo thit tu la trung diém cta EG, BC.
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@ Ching minh ring KMIN la hinh vuong.
@® Néu tam gidc ABC c6 BC cb dinh va duong cao tuong ting bang h khong doi thi I chuyén dong

trén duong tron nao?

# LOI GIAL

O Xét AAEC va AABG c6
AE = AB
EAC = BAG (gbc c6 canh tuong tng vuong goc)
AC = AG
= AAEC = AABG = EC = BG va
EC 1 BG (canh tuong ting vuong goc).
Lai c6
+ MK la duong trung binh ABCE nén
MK = %CE va MK || CE.
+ NK la duong trung binh ACGB nén
NK = %BG va NK || BG.
Do d6 MK = KN va MK 1 KN. Tu giac
KMIN ¢c6 MK = KN va MK 1 KN nén la

hinh vuong.

b) Do EA L AB va EA || PG nén PG 1L AB.
{PG 1 AB
Do

GA L AC
Xét APGA va ABAC c¢6
PG = BA(= EA)

PGA = BAC = APGA = ABAC

AG = AC
= PA = BC va PA 1 BC (canh tuong ting vuong goc ciia hai goc bang nhau).

— PGA = BAC.

2 2 1
Suy ra I chuyén dong trén duong thiang song song véi BC', cach BC' mot khoang h + §BC’.

BAI 12. Cho tt gidc ABCD. Goi E, F, H theo thit tu la tam céc hinh vuong c6 canh AB, BC, CD,
DA duyng phia ngoai tii gidc. Chiing minh rang

@ T gisc EFGH c6 hai duong chéo biang nhau va vuodng géc véi nhau.
@® Trung diém cac dudng chéo ciia cac tit gidc ABCD, EFGH la dinh ctia mot hinh vuong.

# LOT GIAL
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@ Goi K la trung diém ctia AC, theo bai 10
phan a), ta c6
KE = KF, KE 1 KF, KH = KG,
KH |1 KG, suy ra AFKH = AEKG
(c.g.c). Suyra FH = EG va FH 1 EG.
@® Coi M, N thit ty la trung diém ctia HF,
EG thi KM, KN la cac dudong trung tuyén

tuong tng cua hai tam gidc trén, do do

KM = KN, KM 1 KN. Vay AMKN
vuong can tai K.

Goi I la trung diém ctia BD, ching minh
tuong tu, AIMN vuong can tai I. Do dé
IMKN la hinh vudng.

O

BAI 13. Cho bén diém E, G, F, H. Dung hinh vuong ABC'D ¢6 bén dudng théng chita canh di qua

bén diem E, G, F, H
# LOI GIAL

Phan tich. Qua G, vé GI L EF, cat CD 6 K.

Ta ¢c6 AGG'K = AFF'E néen GK = EF. Ta dung dugec HK la
duong thang chita canh hinh vuéng.

Cach dung

— Duyng dudng thang GI vuong géc véi EF tai I.

— Duyng diém K trén GI sao cho GK = EF.

— Dung duong thing AD, BC lan lugt qua E, F vuong goéc véi
HK tai D, C.

— Duyng dudng thang qua G vuong goc véi AD, BC tai A, B.
Bién luan. Qua G, c¢6 thé vé GI 1. EF, hoac GI 1. FH, hoic
GI 1 HF. V6i moi ciach trong ba céch trén, ¢6 hai cdch chon K
(chdng han trén duong thing GI L EF, c6 hai diém K va K’
sao cho GK = GK' = EF).

Do d6 bai toan ¢6 3 x 2 = 6 (nghiém hinh). Riéng truong hop
mot trong hai diém K hodc K’ tring véi diém thi tu, bai toan

c6 vo s6 nghiém hinh.

U

BAI 14. Cho ba diém E, O, F. Dung hinh vuong ABC'D nhan O la giao diém hai dudng chéo, E va

F tha tu thudc
@ Cic duong thing AB va OD;
@® Cac duong thang AB va BC.
# LOT GIAL
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@ Dung F’ déi xiing véi E qua O, dung F' déi xting véi F qua O. Ta xéc N /
dinh dugc cac dusng thang AB va C'D lan lugt di qua E, F' va D, E'. N
— Dung céc diém M, N la hinh chiéu ctia O len AB va DC. W

— Dung cac dinh A, B, C, D ctia hinh vuong. O/ N
D F E C
, ) ) A E B
b) Dung diem E’ ddi xiing véi F qua O, dyng F’ d6i xing véi F' qua O. ?
Dua bai toan vé dung hinh vuong biét bén diém thuoc bén dusng !
thang chita canh hinh vuong (bai 13). YAPPEEL ¥
D E' C
O

BAI 15. Cho ba dutng thing a, b, ¢. Dung hinh vuong ABCD ¢6 A thuoc a, C thuoc b con B va D
thuoc d.

# LOI GIAL

Phan tich. Goi C' d6i xiing véi A qua d, ma A thuodc a nén C
thuoc a’ déi xiing véi a qua d. Mat khac C' thuoc b.

Cach dung.

— Dung duong thang o’ déi xting véi a qua d, a’ cit b tai C.
— Dung A déi xting véi C' qua d, sau d6 dung B, D.

Bién luan.
— Néu d cét cac duong phan giac clia cac goc tao bdi hai duong
thing a va b, hoac dudng thing song song cach déu a va b, bai

toan c6 mot nghiém hinh.

-

— Néu d song song (hoac tring) véi mot duong phan giac cia -
cac gocs tao béi hai dudng thang a va b hoic dusng thing song
song cach déu a va b, bia todn khong c6 nghiém hinh (hodc vo

s6 nghiém hinh).
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CHUONG

2

DA GIAC. DIEN TICH PA GIAC

Al 0 PA GIAC

@ TOM TAT Li THUYET

Da gidc A1 AyAs ... A, 1a hinh gom n doan thang (n > 3), trong d6 bat ki hai doan thang nao c6 diem
chung ciing khong ciing nim trén mot dudng thang.

Da giac 16i 1a da gidc nim trong mot nita mat phang ma bo 1a duong thang chita bat ki canh nao ciia
da giac do.

Khi néi dén da gidc ma khong chi thich gi thém, ta hicu d6 1a da giac 15i.

Téng s6 do cac géc clia da giac n canh 1a (n — 2) - 180°.

Da giac déu la da giac c6 tat ci cac canh bang nhau va tat cd cac goc bang nhau.

VI DU 1. Téng cac géc clia mot da gide n canh trit di géc A clia né bing 570°. Tinh n va A.

# LOI GIAL

Ta c6 (n —2)-180° — A = 570° nén A = (n — 2) - 180° — 570°.
D000<A\<180°nén0<(n—2)-180°—5700<1800<:>0<n—2—%<1<:>5%<n<6%.
Do n 1a sb ty nhién nén n = 6 va A = (6 — 2) - 180° — 570° = 150°. O

VI DU 2. Ngii giac déu ABCDE ¢6 cac dudng chéo AC va BE cit nhau 6 K. Ching minh
rang CKED la hinh thoi.

# LOI GIAL

‘ N 5—2)-180°
Goc ctia ngt giac deu bang % = 108°. A
Tam gidc ABC can tai B ¢6 ABC = 108° nen A, = C; = 36°. ﬂ\
Do d6 Ay = Cy = 108° — 36° = 72°. 5 5
Ta ¢6 Cy + D = 72° + 108° = 180° nén AC || DE. K
Chiing minh tuong tu, BE || CD.
Do d6 CKED la hinh binh hanh. 1/,
Ta lai c6 CD = DE nén CKED la hinh thoi. C D
0
( BAITAP
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1. Pa giac

BAI 1. Tinh s6 canh ctia mot da giac, biét ring da gidc d6 co:
@ Tong cac goc trong bang tong cac goc ngoai (tai mdi dinh clia da gidc chi ké mot goc ngoai);
@ S6 duong chéo gap doi s6 canh;
@ Tong cac goc trong trit di mot goc ciia da giac biang 2570°.
# LOI GIAL
Goi s6 canh cta da giac 1a n.
@ Taco(n—2)-180° =2-180°. Ta tim duge n = 4.

-3
(0] Tacé%:%u Ta tim duge n = 7.

@ Taco(n—2)-180° — A =2570° nén A = (n — 2) - 180° — 2570°.
~ 5 5
Do 0° < A < 180° nen 0 < (n — 2) - 180 — 2570 < 180 1670 <n < 17,2,
Do n 1a s6 tu nhién nén n = 17.
O

BAI 2. Cho ngii gidc ABCDE. Goi M, N, P, Q theo thi tu 1a trung diém ctia AB, BC, DE, AE;
goi I 1a trung diém ctia NQ, K la trung diém ctia M P. Chitng minh réng /K || OD, IK = EC’D.
# LOI GIAL

Goi F la trung diém ctia CE. B

Khi d6 ta c6 PF, KI lan lugt 1a dudng trung binh ctia AEDC va

AMPEF.

Do d6 IK || PF va PF || CD.

= IK || CD.

Lai ¢6 [K:%PF va PF:%CD Q

=K = iC’D.
D

]
BAI 3. Chting minh ring néu mot luc gidc c6 cac gée bang nhau thi hieu cac canh déi dien bing nhau.
# LOI GIAL
Ké cac tia phan giac ctia goc B, D, F, ching cat nhau tao thanh AGHI B C
nhu hinh veé.
Tong s6 do cac goc trong hinh luc gidc 1a (6 — 2) - 180° = 720°.

Ma cac géc bang nhau nén s6 do moi goc 1a 720° : 6 = 120°. A D
Khi d6 ta ¢6 BOD + CDI = 180° = BC || DI.
= BCDI la hinh thang. a E

Ma CBI = CDI nén BCDI 1 hinh binh hanh.
Tuong tu ta c6 HDEF, ABGF Ia hinh binh hanh.

= FE=HD,ID=BC,AB=FG, HFF = DE, CD = BI, BG = AF.

= AB—-DE=FG—-HF =HG, FE—-BC=HI,CD — AF = BG.

Ma céac goc cia AHGI bang 60° nen AHGI 1a tam giac deéu.

= HG=GI=HI=AB—-DE=FFE—-BC=CD — AF. ]
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BAI 4. Luc glac ABCDEF c6 s6 do cac goc (tmh theo do) 1a mot s6 nguyéen va A-B=B-C=
C-D=D-E=FE-F.CGia tri 16n nhit ctia A c6 thé bang bao nhiéu?

# LOI GIAL

Tong cac goc trong luc giac bang (6 — 2) - 180° = 720°.
DitA-B=B-C=C-D=D-FE=FE—F=a,tac
A+B+C+D+E+F =120

:>A—|—<A >+<A\—2a> <A\ 3a> (2—404)—#(121\—504):7200
= 64 — 150 = 720° = 2A = 5o + 240°.

Do A la s6 nguyén va chia hét cho 5 nén A <1750

Gi4 tri 16n nhit caa A 1a 175° khi o = 22°. O

2. Da giac déu

BAI 5. Goi M la diém bat ki trong tam giac déu ABC'. Céc diém A’, B', C’ 1a hinh chiéu ctia M trén

., MA"+ MB' + MC’
cac canh BC, AC, AB. Tinh ti s0 AB’j— BO7 —tCA’ .

# 1LOI GIAL

Qua M vé cac duong théng song song véi véi céc canh clia
AABC, ching cit mdi canh thanh ba doan thang NP, N'Q,
P’'Q)’ nhu hinh vé.

bat PPQ' =z, NQ =y, NP = z, ta c6

V3 yV3 23
+ I+
2 2 2 B Q/ A P C
V3
2

MA +MB + MC' =

= (x+y+2)

(1).

AB'+ BC'+ CA = <z+%>+(m+§>+(y+g> zg(:v+y+z) (2).

MA + MB' + MC' /3
Tit (1) va (2 _ V3 O
(L) va (2) suy ra = e A T

BAI 6. Cho luc giac déu ABCDEF, M va N theo thit tu la trung diém ctia CD, DE. Goi I 1a giao
diém ctia AM, BN.

@ Tinh AIB.
@® Tinh OID (O 1a tam cia luc giac déu).
Hudng dan: Ching minh rang IO, ID la céac tia phan gidc ctia hai goc ké b

# LOT GIAL
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a) NAADM = ABEN (c.g.c) nén A, =B,
Goi O la giao diém ctia AD va BE, K la giao diém clia
AM va BE. Ta c6 BIK = AOK = 60°. Vay AIB = 60°.

b) Ve OG L AM, OH L BN. Ta ¢c6 AOGA = AOHB
(canh huyén - géc nhon) nen OG = OH.

= 10 la tia phan gidc cua goc AIN (1).

Vé EE' | BN, DD' | AM, DD, 1 BN.

Ta cé EE' = DD’ (bing hai lan céc doan thang bing nhau
OH, OG).

Ma EE' = DDy nén DD, = DD'.

= ID la tia phan giac cia goc MIN (2).

Tu (1), (2) suy ra OID = 90°.

[
BAI 7. Ching minh ring ngii gidc ¢6 nam canh biing nhau va ba géc lien tiép bing nhau la ngi giac
déu.
# LOI GIAL
Trude hét, xét tit gisc ABCD, tacé B =C, AB = CD nén ABCD 1a hinh A
thang can = BAD = CDA. Do d6 BAE = CDE.
Chitng minh tuong tu déi véi tt gise ABCE ta duge C = E. B L

Vay A= B =C =D = E hay ABCDE la ngi giac déu.

C D

U
BAI 8. Chiing minh ring trong da giac déu 9 canh, hicu giita dudng chéo 16n nhat va dudng chéo nhod
nhat bang canh ctia né.
# LOI GIAL
Goi ABCDEFGHI 1a da giac déu 9 canh, AE 1a duong chéo 16n C
nhat, BD la duong chéo nhé nhat, ABDE la hinh thang can. B D
Ve BM | AE, DN | AE, ABC = 140° nén ABM = 30°.
TacéAM:ATBnénAE—BD:AB.

BAI9. @ Tim s6 n sao cho mat phing c¢6 thé dude phi kin béi céc da gidc déu bing nhau c6 n
canh.
@ C6 ton tai cac ngii gidc biang nhau (khong yéu cau déu) dé pht kin mat phang khong?
@ S6 do cac goc cua da giac déu n canh 1a sé tu nhien. C6 bao nhiéu gia tri clia n théa man bai
toan?
# LOT GIAL
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N . (n—2)-180°
@ Theo dé bai ta c6 360 (n—2)-180° < n € {3;4;6}.

@ C6. Chang han ngii gidc 1a nita clia luc giac déu.
® TacéweN:ISO—@GN:SGOEn.

Phan tich 36% ra thita sd nguyén tc‘)?:bca duge 360 = 23 - 32 - 5.
S6 360 c6 24 u6e tu nhién. Do n > 3 nén ta loai cac s6 1 va 2.

Vay ¢6 22 gia tri cia n théa man bai toan.
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oA @ DIEN TICH CUA PA GIAC

@ TOM TAT Li THUYET

Dién tich hinh chit nhat: S = a - b (a 1a chiéu dai, b 1a chiéu rong).
Dién tich hinh vuong: S = a? (a 1a canh).
Dién tich tam giac: S = iah (a 1a canh, h 1a chiéu cao tuong ting).

a*\/3
4

Dién tich tam giac déu: S = (a 1a canh).

1 .
Dién tich hinh thang: S = §(a +0) - h (a va b 1a hai day, h 1a chiéu cao).
Diéen tich hinh binh hanh: S =a - h (a 1a canh, h 1a chiéu cao tuong ting).
Dién tich hinh thoi, dién tich t& giac c6 hai duong chéo vudng goc: S = §d1d2 (dy va dy 1a hai dudng

chéo).

VI DU 1. Tinh dién tich hinh thang ABC'D ¢6 canh bén AD = a, khoang céch tit trung diém
E cta BC dén AD bang h.

# 1LOI GIAL

Qua E, ké duong thang song song véi AD, cit AB va CD theo

tha tu tai M va N.

Xét AENC va AEMB c6

MBE = ECN (so le trong). H
EB = EC(E la trung diém ctia BC). E
BEM = NEC (déi dinh).

Do d6 AENC = AEMB (g.c.g) = Sapnc = SAaEMB-

Cong Saprnp vao 2 vé ta dude

Sapce = SamnD-
AMN D la hinh binh hanh nén Sayyp = AD - EH = ah.
Vay Sapcp = ah (don vi dién tich).

VI DU 2. Tam gidc ABC ¢6 ba goc nhon, vé cac dudng cao BD, CE. Goi H, K theo thit tu 1a
hinh chiéu ctia B, C trén dudng thang ED. Chting minh rang:
® FH=DK;

® S.prc + Sappc = SprKC:

# LOI GIAL
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a) Goi M, I theo thit tu I trung diém ctia BC va ED.

K
s 1
AMDE ¢6 MD = ME (cung bang §BC’) nén la tam giac /ﬂ\
can. Do d6 M1 L ED. L E/ 1 0

Hinh thang BHKC ¢6 BM = MC, M1 || BH || CK nén
I 1a trung diém ctia HK.

Taco IH=I1IK,IE=1D nén FH = DK.

b) Ve EE', II', DD’ vuong géc véi BC. B E'I' DM C
Ta c6 11’ l? duong trung binh cta hinh thang EE'D’'D
nén [I' = E(EE/ + DD’). Do dé

1 1 1
Sapec + Sappe = §BC' -EE + §BC - DD’ = §BC(EE’ +DD")=BC-II" (1).
Qua I, vé duong thing song song véi BC, cit BH va CK & P va Q. Ta c6

BC'II/:SBPQC (2)

Ta lai c6 APIH = AQIK (g.c.g) nén Sapry = Saqrx, do d6 Sppoc = Spurc  (3).
T (1), (2), (3) suy ra Sapec + Saspc = SpukC: O

Vi DU 3. Cho hinh binh hanh c¢6 bén dinh ndm trén bén canh ciia mot ti gidc, trong dé hai
dinh ctia hinh binh hanh 1a trung diém hai canh déi clia t giac. Chitng minh rang dién tich

hinh binh hanh bang nita dién tich tit giac.

# LOI GIAL

Xét tit gisc ABC'D va hinh binh hanh EFGH c6 E, G 1a trung diém B FM C

cua AB, CD. Goi O la tam cta hinh binh hanh EFGH, M va N la

trung diém ctia BC vid AD. Do EMGH ciing 13 hinh binh hanh nén

O ciing la trung diém ctia M N. Xét hai truong hop: E G
a) Néu F khong truing M thi FMHN 1a hinh binh hanh.

Khi d6 FM || NH nén BC' || AD.

Suy ra ABC'D 1a hinh thang. A NH D

Dé théy SEFGH == §SABCD-

. 1
b) Neu F trimg M thi H tI‘flIlg N. Khi do SEFGH = SEMGN = §SABCD- UJ

VI DU 4. Tinh dien tich hinh thang ¢6 hai dudng chéo dai 6 m va 10 m, doan thing néi trung
diém hai day bang 4 m.

# LOI GIAL
Goi ABCD la hinh thang ¢6 AB || CD, BD = 6 m, AC = 10 m.
Goi E, F, K theo thit ty 1a trung diém cia AB,CD, BC. Khi d6

AC

+ FEK la duong trung binh cia AABC nén EK = -5 = 5 m.
BD

+ FK la duong trung binh cia ABDC nén FK = - = 3 m.

Ta c6 BEF? + FK? =32+ 42 = 25 = 52 = EK? nén theo dinh 1i Pytago ddo suy ra EFK = 90°.
Goi H la trung diém ctia AD.
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Dé dang chiing minh dugec EHFK 13 hinh binh hanh nén Sgprx = 2 - Saprx = EF - FK = 12 m?.
Dé dang ching minh ducc Sagcp = 2 Senrk.

Vay Sapcp = 24 m?. O
I\ Cic doan thiang EF, AC, BD dong quy vi trong hinh thang trung diém cia hai ddy va giao diém
ctia hai duong chéo la ba diém thdng hang, zem Bo dé hinh thang & Nang cao va phdt trién Todin 8

tap hai.
( BAITAP

1. Dién tich hinh ch@ nhat, hinh vuéng, hinh tam giac

BAI 1. Cho mot hinh chit nhat ¢6 cac kich thude 1a a va b (a va b c6 cung don vi do). Cac tia phan
gidc cac goc clia hinh chit nhat cat nhau tao thanh mot tit gidc. Xac dinh dang ti giac d6 va tinh
dién tich ctua no.

# LOI GIAL

Xét AABG ta c6 GAB = GBA = 45°. Suy ra AGB = 90°. A B
Tuong tu ta chiing minh duge EFFGH la hinh chit nhat. L

Mit khac ta c6 AAGB can tai G suy ra AG = BG. H F

Ta cting c6 AAHD = ABFC (g.c.g). G

= AH = BF. D C

Vay ta thu dugc HG = GF'. Khi d6 EFG{Inga hinh vuoéng.
Do AAGB vuong can tai G suy ra AG =

V2
. AD
Tuong ty AAHD vuodng can tai H suy ra AH = ﬁ
) a —b|
Ta tinh duge HG = .
V2
(a —b)?

Vay Sgren = U

2

BAI 2. Tam gidgc ABC vuong tai C' ¢6 BC = a, AC' = b, Vé phia ngoai tam giac ABC, vé tam giac
DAB vuong can tai D. Goi H, K theo thit tir 1a hinh chiéu ctia D trén CB,CA, Tinh dién tich cta
tit giac DHCK.

# LOT GIAL
Ta chiing minh dugc AAKD = ABHD (canh huyén - géc nhon). K D
Suy ra KD = KH. Dé thAy DHCK 13 hinh chit nhat. A -
Vay DHCK la hinh vudng.
Ta co
~ AC+CB ¢ o
= a+b(vi AK =CH).
b
Suy ra CK = a—2|— .
b 2
Vay dién tich hinh vuong la (az ) .
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O

BAI 3. Tam giac ABC vuong tai A, ¢c6 BC = a, AC = b, AB = ¢, dién tich S. Ching minh ring
4S =(a+b+c)(b+c—a).

# LOI GIAL

Ta co
(a+b+c)bt+c—a)= (b+cH+a)(b+c—a)= (b+c)*—a® =b*+c*+2bc—a® = 2bc (vi b* +c* = a?).

1
Vay (a+b+c¢)(b+ ¢ —a) = 4bc. O

BAI 4. Cho tam giac ABC vuong tai A, cac dudng phan giac ciia cac géc B va C' c&t nhau & I. Biét
hinh chiéu ctia IB, IC trén BC c6 do dai lan lugt 14 m, n. Tinh dién tich ctia tam gidc ABC.

# LOI GIAL

Ta c6 I la giao diém clia ba dudng phan giac nén cach déu ba canh. c
Goi H, M, N theo thtt tiy 1a hinh chiéu ctia I trén BC, AB, AC. H
Dat IH =IM = IN = z. Khi do N1
ul
AM = AN =2,BM = BH =m,CN = CH =n. A M B

Theo dinh ly Pytago, ta ¢

(x+m)*+ (r+n)*> = (m+n)® = 2> +rm+azn =mn.

Mat khac

1 1 1
SZE-AB-AO:§(x+m)(a:+n):§($2+xm~l—xn—l—mn):mn.

O

BAI 5. Cho tam gidc ABC. M la trung diém ctia BC. Goi O la mot diém bat ki. Tim lien hé gitta
dién tich cac tam giac OAM,OAB, OAC.

# 1LOI GIAL

Vé MM', BB',CC'" vudng goc v6i OA. Ta xét hai trudng hop:
Truong hop 1: B, C nam khac phia so véi OA.
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Néu BB’ > CC'. Goi I la giao diém ctia AO va BC. Khi dé A
BB’ IB
MM'|| BB’ = —.
I B5 = 3ir = 1o B
M
Tuong tu MM' || CC' = co_1¢ B c
& MM~ IM M N(
_ BB _CC'_ IB-IC <N
MM’ MM — IM
_ IM+MB—-MC+1IM
N M
2-IM
pu— pu— 2
M
BB -CC
Nhu Va};- W :12 hay BB’ — CC,]_: 2-MM'.
SuyraE-OA-BB’—§-OA~CC’:2-§-OA-MM’.
Do d6 Soas — Soac =2 Soam-
9 Néu BB < C(C". TlIOHg tu ta dlI'QC SOAC’ — SOAB =2 SOAM-
Truong hgp 2: B, C' nam cling phia so véi OA. B A e
Dé chiing minh M M’ 1a dudng trung binh hinh thang BB'C'C. Qo
Suy ra BB'+ CC'"=2-MM'.
1 1 1
Vay5-OA-BB’+§-OA~CC”:2-§-OA-MM’. B o
Do doé SOAB+SOAC:2‘SOAM- M
[

BAI 6. Cho O 14 mot diém nim trong tam giac ABC. Goi D, E, F theo thtt ti 1a cac hinh chiéu
cia O trén BC, AC, AB. Trén cac tia OD,OF,OF lay lan luct cac diem A’, B, C’ sao cho OA’ =
BC,OB' = AC,0C" = AB.

@ Ching minh rang dién tich tam giac A’B’C’ khong phu thudc vao vi tri diem O trong tam giac.
@® Diém O co vi tri gi dbi vé6i tam giac A'B'C"?

# LOI GIAL
0

Ta chitng minh bai toan phu: Néu hai tam gidc cé cdp canh bing p
nhau va cdp goc zen gitta bi nhau thi dién tich cia ching bang nhau.
Xét ANABC va NA'B'C" ¢6 AB=A'B', AC = A'C' va

BAC + BAC" = 180°. a4 ¢
Ké duong cao BH va B'H’ clia hai tam giac, khi d6 B

ABAH = AB’A’H’ (ch.gn), suy ra BH = B'H'.

1 1
Tfl’ dé 5 . BH . AC = 5 . B,Hl . A,C, hay SABC = SA’B’C’-
o H A
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Ap dung. Tt gid thiét ta c6 AA'OB’ va AABC ¢6

OA' = BC, OB’ = AC va AOB' + C = 180° nen Syop =
SaBc- c’
Tuong tu ta dudc Sayocr = Sapc, Spocr = Sasc-

Diém O nam trong AABC nén ciing nim trong AA'B'C".

Do d6 Sapcr = Saop + Saocr + Sprocr = 3+ Sapc-

Vay dién tich tam giac A’B’C’ khong phu thuoc vao vi tri diém

B/

J
/
-—<4Q

O trong tam giac.

<

Vé duong cao C'H va A'K cia tam giac B'OC’ va tam giac
A'OB’. Goi M la giao diém ctia B'O va A'C".

Do Spocr = S = AOB’ va hai tam giac nay chung day B'O
nén C'H = A'K,suyra AMHC" = AMKA'(g.c.g) nén MC' =
M A’ hay M la trung diém ctia A’C".

Do d6 B'O la trung tuyén ctia AA'B'C’, chitng minh tuong tu
ta cling duge A'O, C'O la trung tuyén.

Vay O la trong tam cia AA'B'C'.

Q
S
R o
&

=
O

O

BAI 7. Cho tam giac ABC, dudng trung tuyén AM. Goi D la diém nim gita B va M. Qua M ké
dudng thang song song véi DA, cit AC & E. So sanh dién tich ADEC va dién tich AABC
# LOI GIAL

Ta co

1
Spec = Spem + Sevc = Sapm + Sevce = Samc = §SABC-

O

BAI 8. Cho tam gidc ABC. Lay cac diém D, E, F theo thtt tu thudc cac canh AB, BC,C A sao cho
1 1 1 5 .
AD = §AB’ BE = gBC’, CF = 50‘4' Cac doan thang AE, BF,C'D cat nhau tao thanh mot tam
N . 1
giac. Ching minh rang dién tich tam gidc nay bang - dién tich tam giac ABC.
# LOI GIAL
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Goi tam giac tao thanh la M N K nhu hinh vé.

Dét SAKD = ¢ thi SAKB == 3&, SAKC == ZSAKB = 6a. (1)
(Vi Sapc = 2S4E8B, Skpc = 2S5kEB)
Suy ra SACD = 7CL, SABC = 21la. (2)
Tw (1) va (2) suy ra
6 2
Sk = —Sape = 2Sanc.
AKC = 579ABC = 754BC
Tuong tu
2
Spma = ScNB = 55,430-
, 6 1

Do d6 Sakc + Spyma + Seng = §5ABC = Sunk = ?SABC- [l

BAI 9. Cho tam gidc ABC c6 dien tich S. Céac diém D, E, F theo thi ty nim trén cac canh
AB, BC,CA sao cho AD = DB, BE = %EC, CF = %FA. Céc doan thang AFE, BF,CD cit nhau

tao thanh mot tam giac. Tinh dién tich tam giac do.
# LOI GIAL

Goi I, K, H lan luct la giao diém ctia BF va CD; AE va CD; AE va A
BF.
ga co: . ) D
ADK _ Z (hai tam gidc ¢6 chung dudng cao ké tit K, AD = —AB,). F
Sapg 2 2
1 .
SABK =3 (hai tam giac c6 chung day AK, duong cao ké tt C' gap doi B E C
ACK
duong cao ké tut B).
SuyraSADK_SADK Sapx 1 1—1:>S _45 —25A
= : =5'3=7 AKC = —OADC = =P ABC-
Sakc  Sapx Sack 2 2 4 5 5
Tuong tu:
Spue  Spue Spuc 1 1 1 9 9 1 3
— . —_ —_ . = = = :> S — —S —_ . _S — _S .
gBHA égBHC SSBHA 379 ] BHA 410 ABE = g 3PABC = 7 PABC
CIF cir Scra 1 1 1
= . = - = Sgrc = =S, =-.-5 = —Supc.
Scis  Scia Scis 5 BIC = £OCBF = 5. 7DABC = 5OABC
Khi doé: .
Stax = Sapc — Saxc — Spaa — Scip = TOSABC- O

BAI 10. Tinh dién tich tam gidc ABC, biét AB = 3 cm, AC = 5 cm, dudng trung tuyén AM = 2
cm.
# LOI GIAL
Goi K la trung diém ctia AC. A

» ) {M la trung diém BC. K
Tam giac ABC' ¢6 , 3 2

K la trung diem AC.

= MK la duong trung binh cia AABC. I f IY; f Py
= MK = %AB = 1,5 cm.
AM? + MK? = 2> +1,5* = 6,25
AK? =25 =6,25
= ANAMK vuong tai M.

Tam giac AMK ¢6 {
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Khi dé SABC:QSAMC=4SAMK=6CH12. [

BAI 11. Tinh dién tich tam giac, biét do dai ba dudng trung tuyén ctia né bang 15 cm, 36 cm, 39
cm.
# LOI GIAL

Gia st AABC c6 trong tam G va do dai AD, BE,CF lan lugt la A
36 cm, 15 cm, 39 cm.
Liy K la trung diém GC thi

GK = %G’C = %C’F =13 cm.

1
GD = gAD =12 cm. ‘ ‘

DK = %BG: %BE:5 cm.

DG? + DK? = 122 + 5% = 169.
GK? = 13% = 169.

= ADKG vuong tai D.
:>SABCZSSBGC:3'2'SDGC:3'2’2'SDGK:3600m2‘ O

Tam giac DK G ¢6 {

BAI 12. Cho tam gidac ABC vuong tai A, AC' =20 cm, AB = 15 cm.

@ Liy diém D trén canh BC sao cho AD = AB. Tinh do dai BD.
@® Lay diém D’ trén canh BC sao cho BD' = 4 cm. Tinh do dai AD'.
# LOT GIAL
Vé duong cao AH. A
Ta c6 AH - BC = AB - AC (= 2S4pc)
= AH =12 cm.
Ap dung dinh 1y Py-ta-go cho tam gidc ABH ta ¢

BH = VAB? — AH? = 9 cm. o D C

@ Tam gidc ABD can tai A c6 duong cao AH nén H la trung diém BD.
Nghia la: BD = 2BH = 18 cm.
@® Taco DH=BH— BD' =5 cm.
Ap dung dinh 1y Py-ta-go cho tam gidc AHD' ta dusc AD' = VAH? + D'H? = 13 cm.

O

BAI 13. C6 tam gidc nao ma do dai cac dudng cao déu nhé hon 1 cm nhung dién tich bang 2000 cm?
khong?
# LOI GIAL
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Xét tam giac ABC can tai A c6 day BC = 8000 cm, dudng A
1
cao AH = 5 om- /R
Khi d6 dién tich tam gidc bang 1 - 1
B H C
5= 2. L 5000 = 2000 cm?
=33 = cm”.
Hon nita, AB = AC > HC' = 4000 é h—h—2S< 25 =1
nn\a, = = ' cm nén iy = he = -5 < oos =1 em.
Vay ton tai tam giac thoa yéu cau bai toan. O

BAI 14. Cho tam gidc ABC ¢6 do dai cic canh bing a, b, ¢, dien tich tam gidc bing S. Ching minh
rang
6S < a?+v*+ 2.

# LOI GIAL
Vé duong cao AH cho tam giac ABC'. Ta c6 A

SABC:%AHBCS%ABBC (ViAHSAB)

= 25 < AB - BC = ac.
Tuong ti, ta c6 thé ching minh 25 < be, 25 < ab. B 7 Py
Khi d6 65 < ab + ac + be.

Ma ab + bc + ca < a® + b* + 2.

Nén 6S < a? + b* + 2.

2. Dién tich hinh thang, hinh binh hanh, hinh thoi

BAI 15. Tinh dién tich hinh thang can c6 dudng cao bing h, biét ring hai dudng chéo ctia hinh thang
vuong goéc véi nhau.

# LOI GIAL

Xét hinh thang can ABCD ¢6 AB || CD,AC 1 BD. A B

Qua B ké dudng thang song song véi AC, cat DC & K.
T do, ta duge ABKC' la hinh binh hanh.

Do d6 AB = CK, BK — AC.

Do ABCD la hinh thang can va AC 1. BD nén AC = BD va BK 1. p HC K

BD.
Ma AC = BK nén BD = BK.

T do, ta duge tam giac BDK 1a tam giac vudng can.

Ap dung he thic lugng cho tam giac vuong BDK, ta dudc

1 1 1
= BD = BK = BHV2 = hV2.
BH?  BK® BD? V2=hv2
Khi do X X
Sapcp = §<AB +CD)BH = §DC’ -BH = Sgpx = h.
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O

BAI 16. Tinh dién tich ctia hinh thang c6 hai dudng chéo dai 9 em va 12 cm, téng hai déy bing 15
cm.

# LOT GIAL

Xét hinh thang ABCD c¢6 AB || CD,BD =9 cm, AC = 12 A B

cm, AB+ CD =15 cm.

Qua B ké duong thang song song véi AC, cit DC ¢ K.

Khi d6, ABKC' 1a hinh binh hanh nén BK = AC,CK = AB.

D C K
Trong tam gidc BDK c¢6 BD? + BK? = 9? + 122 = 15% = DK? nén tam giac BDK vuong tai B.
Khi dé

1 1
SABCD = §<AB + CD) -h= §DK -h = SBDK =54 cm2.

O

BAI 17. Qua giao diém O ctia cac dudng chéo ciia mot hinh thang, vé dudng thing song song véi hai
day, cit cac canh bén § E va G. Chitng minh rang OF = OG.

# LOI GIAL
Do c6 cung canh day AB va chiéu cao nén Spag = Scas. A B
Suy ra 15DOA = SCi)B- E % G
Do d6 §OE~h:§OG~h.
Suy ra OF = OG.
D C

O

BAI 18. Hinh thang ABCD c6 dien tich S, day DC gip doi day AB. Goi M 1a trung diém AD, K
1a giao diém ctia BM va AC. Tinh dién tich tam gidc ABK.

# LOI GIAL
Goi I 1 trung diém ctia AC. Ta c6 A B
1
MI=-DC = AB. M
2 I
Samk = ~Sapa = ~Sarr = o8
ABK—2 ABM—2 AMI—8 ADC'- D C
. ~ 2
Ma SADC =2- SABC nen SADC = 55
1
Suy ra SABK 125

BAI 19. Diém O la giao diém ctia cdc dudng chéo ctia hinh thang ABCD (AB || C'D). Biét dien tich
cac tam giac AOB,COD theo thit ty 1a a?,b?. Tinh dién tich hinh thang (a,b > 0).
# LOT GIAL
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Goi Saop = Spoc = m. A B
Khi do6
OAZOC:SAOBISCOB:(I2ZW

OAZOC:SAODZSCODImibQ
) D C

Tfidésuyraa—zﬁhaym:ab.
m b
Vay Sapcp = a® + b* +2m = (a + b))% -
BAI 20. Cho hinh binh hanh ABCD c¢6 dién tich S. Goi M, N, I, K theo tht tu 1a trung diém cta
AB,BC,CD,DA. Goi E, F lan luct la giao diém ctia KB v6i AI va MC. Goi H,G lan lugt la giao
diém ctia DN véi Al va MC.
@ Ching minh ring EFGH 1a hinh binh hanh.
@ Tinh dien tich hinh binh hanh EFGH theo S.
# LOI GIAL
0
Do AM || IC va AM = IC nén AMIC la hinh binh hanh.
Do do Al || MC.
Tuong tu ta c6 BK || DN.
Vay EFGH la hinh binh hanh.

D I C
@® Dit HI = a, 4p dung dinh Ii thalet v6i tam gidc DGC ta duge GC = 2a, v6i tam gidgc CFB ta

duge F'G = 2a.

Do EFFGH la hinh binh hanh nén suy ra FH = FG = 2a.

. 2
Ap dung dinh 1i thalet v6i tam giac ADH ta duge AE = 2a. T d6 suy ra FH = SAI.

D04E}{::§/4[nénF(?zz%AICK
2 1 1
SUY ra Spraa = 5SAIMC’ ma Sarvc = §SABC’D nén SgreH = gSABCD-
O

BAI 21. Cho hinh thoi ABCD c6 canh bing a. Lay diém M trén canh AD, diém N trén canh C'D
sao cho DM = CN. Tinh dién tich hinh thoi ABC D, biét rang tam giac BMN déu.

# LOI GIAL

Ké ME | NF || BD.

Do ABEF = ADMN (c-g-c) nén EF = MN. B
Do tam gisc BMN déu va EF — MN nen BN = EF. £ P
Ma EN || BC nén BFNFE la hinh thang c¢6 hai duong chéo bang y o
nhau.
Tuw d6 suy ra BE = F'N. by N
Khi d6, FN = BE = MD = CN ma tam giac CF'N céan tai C )
nén tam giac CFN deu.
Do d6, tam giac CBD deu.
Vay Sapcp = 2Scpp =2+ an = a22\/§.
[
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BAI 22. T giac ABCD c6 B= 90°, AB =4 cm, BC =3 cm, CD =12 cm, AD = 13 cm. Tinh
dién tich tit giac ABCD.

# LOI GIAL
Ap dung dinh Ii Pitago ta ching minh duge tam giac ACD vuong tai A
C. Khi db6, Sapcp = Sapc + Sacp = 36 cm?.
B
C D

O
BAI 23. Tt giac ABCD c6 O la giao diém clia hai doan thing néi trung diém céc canh d6i. Ching
minh rang

1
Saop + Spoc = §SABOD~

# LOI GIAL

Goi E, F, G, H 1an lugt 1a trung diém ctia cac canh AD, AB, BC,CD. Ta dé dang chting minh t giac
EFGH 1a hinh binh hanh. Do O la giao diém ctia EG va FH nén O la trung diém ctia hai doan
thing FG va FH.
Dau tién ta chitng minh
Saop + Spoc = Sercu

Lan luot vé AA’, BB', FF' vuong goc véi EG.
EG AA'+ BB EG

2 2 2

1 1
SOAE+SOBG:5'0E~AA/+§'OG'BB/: FF/ZSEFG

Tuong ty, ta ching minh dude Sopr + Soca = Sena
T hai ¥ trén, ta suy ra Siop + Spoc = Sercn

Tiép theo, ta chiing minh
1

SercH = ESABCD

Ké AH vuong goc v6i BD tai H, cit EF tai K. Khi d6
1 1 1
SAEF — EAK . EF — gAH . BD — ZISABD

1 1 1
Tuong tw Spra = ZSABCa Scra = ZSBCDa Spen = ZSACD

Suy ra
1

1
Sagr + Sra + Scuc + Spen = 1 2SaBep = §SABC’D
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1 1
Nén Sgpren = §SABCD- Vay Saop + Spoc = §SABCD- O

BAI 24. Céc dudng chéo ciia mot tit giac chia ti gidc dé thanh boén tam giac trong dé ba tam giac
c6 dien tich 30 em?, 60 cm?, 90 cm?. Tinh dién tich ti giac d6.
# LOI GIAL

D C

Xét ti gidc ABCD c6 O la giao diém hai duong chéo.
Truong hop 1: Gia st Suos = 30, Saop = 60, Scop = 90.
Khi d6 ké AH 1| BD, CK | BD, ta c6

%AH-OB =30

%AH-OD = 60

Chia vé theo vé hai dang thiic trén, ta c6 OD = 20B.

Ta lai ¢6 Scop = %CK -OD =90 = %CK - OB = 45 hay Scop = 45.
Vay dién tich tt gidc 1a .S = 30 + 60 + 90 + 45 = 225 cm?.

Truong hop 2: Gia st Saon = 30, Scop = 60, Saop = 90,

Khi d6 ké AH 1. BD, CK 1 BD, ta co

%AH-OD =90
1
§AH-OB =30

Chia vé theo vé hai dang thiic trén, ta c6 OD = 30B.

Ta lai ¢c6 Scop = %CK -OD =60 = %C’K - OB =20 hay Scop = 20.
Vay dién tich tit gidc 1a S = 30 + 60 + 90 + 20 = 200 cm?.

Truong hgp 3: Gia st Sqop = 60, Scop = 90, Saop = 30.

Khi d6 ké AH | BD, CK L BD, ta ¢6

%AH-OD = 30
1
§AH-OB = 60

Z z 2 1
Chia ve theo ve hai dang thic trén, ta ¢c6 OD = 503.

1 1
Ta lai co SCOD = 50[( -OD =90 = §CK -OB =180 hay SCOB = 180.
Vay dién tich ti gidc 1a .S = 30 + 60 + 90 + 180 = 360 cm?. O

BAI 25. Chiing minh ring
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a® + b?

0 s5<

20124 2 P2
@SSG +0°+c*+d

v6i S 1a dién tich clia tam gidc c6 do dai hai canh bang a, b.

v6i S 1a dién tich clia tit gidc c6 do dai bon canh bang a, b, ¢, d.

# LOI GIAL

A
@ Goi h la chidu cao tng véi canh a, khi d6 S = %ah. )
Suy ra 45 = 2ah < 2ab < a® + V?. h
Vay § < o’ I b2. B a C
Déau “= " xay ra khi h = a = b hay tam giac da cho la tam giac

carl.

b) Theo cau a, ta c6
a? 4+ b?

— Sapc <
2+ d?
4
Suy ra S = Sapc + Sacp <

— Sacp <
a? + b+ + d?
1 .

BAI 26. Goi a,b,c,d 1a do dai bén canh lien tiép ctia mot ti gidc c6 dién tich S. Ching minh cac bat
déing thic sau va chi ré6 khi ndo xay ra dang thic

O 45<(a+c)(b+d)

@ 165<(a+b+c+d)?
# LOI GIAL

ab cd
@ Tac6 Sapc < 2 Sacp < 5
ab + cd

= 25 < ab+cd (dAu“=" x&y ra khi vi chi khi B = D = 90°)
Tuong t, ta ciing c6 25 < ad + be (dau “=" x4y ra khi va chi khi A=C= 90°)

Cong vé theo vé hai bat dang thitc trén, ta co

Suyra S = Sapc+Sacp <

45 <ab+cd+ad+bec =4S < (a+c¢)(b+d)

Dau “=" x4y ra khi vd chi khi A = B = C' = D = 90° hay t1¢ gidc ABCD 13 hinh chit nhat.
@® Ta sé ching minh
(a+b+c+d)?>4(a+c)(b+d)(x)
That vay, dit * = a + ¢,y = b+ d, khi d6 (x) & (z +y)? > 4oy < (z — y)? > 0 (luon dung).
Vay
(a+b+c+d)?>4(a+c)(b+d) > 168

Dau “=" xdy ra khi va chi khi 2 = y hay a + ¢ = b+ d hay ti giac ABC'D 1a hinh vuong.
O

BAI 27. Goi a,b,c,d 1a do dai bén canh (khong nhat thiét lien tiép) clia mot tit gidc ¢6 dien tich S.

Chitng minh ring 25 < ab + cd. Khi ndo xay ra dang thic?
“ LOT GIAL

™= Suu tam & bién soan Trang 313/477 E1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

— Trudng hdp 1: a va b 13 hai canh ke.

b d
Ta ¢6 Sapc < %, Sacp < %
ab + cd

= 25 < ab+cd (dau “=" xay ra khi va chi khi B = D = 90°)
— Trudng hop 2: a va b 1a hai canh ddi.
Goi €’ 1a diém déi xiing véi C' qua trung triyc cia BD. Khi

Suy ra S = Sapc+Sacp <

do ta co

Sapcp = Sapc'p
ab + cd

Theo cau a, ta c6 Sapop < nén suy ra Sapcp <

ab + cd

hay 25 < ab + cd.
Dau “=" x4y ra khi va chi khi ABC" = ADC" = 90°.

O

BAI 28. Cho tit gidc ABCD, E va F theo tht tu 1 trung diém ciia AD va CD. Biét BE + BF = a.
Chitng minh rang

2

a
Sapep < o
# LOT GIAL
Vé BB', DD’ vuong goc véi EF.
Do BB’ > DD’ nén SBEDF < 2SBEF-
bat BE =z, BF = y. Khi d6 Sggr < zy.
2 2
M oy < EFY)° _ @
4 4
a2
Suy ra ZSBEF S Z
2
a
Vay SBEDF < Z (1) A
R . 1 1
Mat khac, do F va F lan lugt la trung diém ctua AD va C'D nén Sgpp = §SABD va Sgrp = §SBCD.
Suy ra
1
SBEDF = §SABCD- (2)
a2

Tu (1) va (2) suy ra Sapep < 5 O

BAI 29. Cho hinh binh hanh ABCD. Cac diém E, F, G, H theo thi tu thuoc cac canh AB, BC,CD, DA
sao cho EG khong song song v6i AD. Cho biét dién tich ti gidc EFGH bang nita dién tich hinh binh
hanh ABCD. Chitng minh rang HF song song véi C'D?

# LOI GIAL

™= Suu tam & bién soan Trang 314/477 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 8 Nam hoc 2019-2020

Vé EK song song véi AD, ta c6

1 1 1 1
Serkn = Spxn + SExF = ESAEKD + §SEBCK = §(SAEKD + Sppok) = §SABCD = SErGH-
Suy ra Syxr = Suygr nén HF' song song v6i KG hay HF song song v6i C'D. 0

X 2 7z 2 ]—
BAI 30. Cho tam giac ABC, E la trung diem ctia AC'. Lay diem D trén canh BC' sao cho BD = §BC’

, , 1 5 , .

lay diem G trén canh AF sao cho AG = §AE' Doan thang AD cat BG, BE theo thi tu 6 M, N.
Tinh dién tich tit giac M N EG theo dién tich tam giac ABC?

# LOI GIAL

Goi F 1a trung diém ctia C'D.

Xét tam giac ACD c6 EF la dudng trung binh nén EF || AD.

Xét tam giac BEF c6 EF || AD va D la trung diém BF nén N la trung diém BE.

Goi I 1 trung diem GE thi NI la dudng trung binh ctia tam giac EBG nén NI || MG.
Xét tam giac ANT ¢6 NI || MG va G 1a trung diém Al nén M la trung diem AN.

Khi do

1 1
Samc = §SANG = ESANE-
Suy ra
5 5 5
SMNEG = ESANE = ESABE = ﬂSABC-

O

BAI 31. Cho tam giac ABC dién tich S. Liy cac diém E, G trén BC sao cho BE = EG = GC'. Goi
D, H theo thit tu 1a trung diém ctia AC, AB; I 1a giao diém ctia GH va BD; K la giao diém ctia AG
va BD. Tinh dién tich t@ giac FIKG.

« LOT GIAL
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Goi F la trung diém ctia GC.
Ta co

4
KG | DF,BG = - BF

nén chiing minh duge

4 2 4 i
Lai c6 HD || BC nén
1
—-BC
ID HD 3 3 3
o2 T 2 " p="IB
1B~ BC 2, 4 1
3
Suy ra
3 4 8
ID=-BD,IB=-BD,IK =—BD.
7 7 35
Dat
SIKG = Q. (21)
thi - - -
Sarc = 3% Spra = 3% Stec = 1% (2.2)
T (1), (2) suy ra
5 9
SEIKG = ZCL +a= Za. (23)
. 5 T
Lai c6 Spxag = 5& +a= Za nén
7 5 35 35 3 105
SaBG = 2t s =% Sapc = a4 5T ?a‘ (2.4)
Tir (3), (4) Spre: Sapo = 222 _ 0 povs 53 0
T : = — = — = — )
) Suy ra OgrxG « ©ABC 4 3 35 ay OEIKG 35 ABC

BAI 32. Chiing minh ring tam giac c6 mot dinh 13 giao diém hai canh d6i ctia mot t gidc, hai dinh
kia 1a trung diém hai duong chéo ctia tit gidc d6 c6 dién tich bang i dién tich tit giac.

# LOI GIAL

Goi M, N la trung diém cac dudng chéo BD, AC ciia t giac ABCD, F la E

giao diém ctia AD, BC. Ta c6

Semn = Sepc — Spmp — Senc — Spmce — Sunc
1 1 1 1
= Skpc — QSEBD - §SEAC - §SDBC — 5Samc

2
1 1
= 3 (Sepc — Sesp — Spsc) + 3 (Sepc — Seac — Samc)
1 1
= 0+ 5 (Sapm + Sepm) = ZSABCD-
D C

A Néu tit giagc ABCD c¢6 F la giao diém cia AB va CD thi ti bai todn trén ta cing co Spyn =

1 N 2 2 ?
ZLSABCD' Suy ra E va F cdach deu duong thang MN. Do do duong thang M N di qua trung diém cia
EF. Duong thang di qua M, N va trung diém cia EF goi la duong thing Gau-xo.

O
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3. Dung hinh

BAI 33. Cho tam gidc ABC. Dung cic diém D va F nim trén canh AB, F nim trén canh AC sao
cho duong gap khiic CDEF chia tam giac ABC ra bon phan c6 dién tich bang nhau.

# LOT GIAL

. . 1
Lay diem D trén AB sao cho BD = ZBA. Suy ra ¢
1 E
Spep = ZSABC-

. . 1
Lay diem E trén AC sao cho CE = §AC’. Suy ra

1 A F D B

1
Scpe = gSCDA = ZSABC-

p 2 1 1 1 1
Lay diem F trén AD sao cho AF = §AD Suy ra Spgr = Sgrpa = §SDEA = §SCDA = ZSABC'

Vay v6i cach lay cac diém D, B, F nhu trén théa dudgc yéu cau bai toan. O

BAI 34. Mot manh vuon hinh tam gidc ABC' ¢6 mot cai giéng D ndm trén canh BC. Hay chia manh
vuon thanh hai phan c6 dién tich bing nhau bdi mot dusng thing di qua D.
# LOT GIAL

Cach 1. Néu D la trung diem BC thi DA la duong thing phai dung.

Néu D khong la trung diém ctia BC, qua trung diém M ctia BC ké dudng
thing song song véi DA cit AB tai E. DE la duong thang can dung.

That vay, do EM || AD nén

1
Sape = Sapm = Sppe = Sapyu = §SABC-

Cdch 2. Gid st BD > CD.

Qua C' vé duong thang song song v6i DA cit AB tai K. Nhu vay, AABC
dugc bién déi thanh ABDK c6 ciing dién tich. Dé chia ABDK thanh hai
phan c¢6 dién tich bing nhau, ta chi can dung dudng trung tuyén DE cua

no.

BAI 35. Cho ttt gidc ABCD. Dung dudng thang di qua A chia ti gidc ra hai phan c6 dién tich bing

nhau.

# LOT GIAL
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Qua trung diém K ctia BD, vé dudng thing song song véi AC cit CD tai
E. AE la doan thang can dung.
That vay, do KE || AC nén

Skac = SEac-

Suy ra
1
Sapce = Sapck = §SABCD-

BAI 36. Cho tam giac ABC. Dung diém O ndm bén trong tam giac sao cho dién tich céc tam giac
AOB, BOC,COA tilev6i1l:2:3.

# LOT GIAL

Dung D, E trén BC sao cho BD : DE : EC =1:2:3. Qua D vé
dudng thing song song véi AB, qua E vé duong thing song song véi
AC, chiing cat nhau tai diém O phai dyng.

That vay, do OD || AB nén

1
Soas = Spap = ESAB(}
Do OF || AC nén
1
Soac = Sgac = 55,430-

Suy ra
1
Sopc = §SABC-
O

BAI 37. Cho tit giac ABCD. Dung diém O nim bén trong ti giac sao cho néu ndi O vé6i trung diém
cac canh clia tid gidc thi tit giac dugde chia ra bén phan c6 dién tich bang nhau.

# LOI GIAL

Goi E, H 1a trung diém ctia AB va AD. Ta c6

1
SoHAE = ZSABCD- (2.1)

Goi M la trung diém ctia AC, ta ciing c6

1

SymuaAE = ZSABCD- (2.2)

Tw (1) va (2) suy ra

SOHAE = SMHAE = SOHE = SMHE

Do dé
OM || HE = OM || BD. (2.3)
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Tuong tu, goi N 1a trung diém ctia BD thi

ON || AC. (2.4)
Hai diéu kien (3) v& (4) xac dinh duge diém O. O
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CHUONG

3

CHUYEN DE

@) 1iM1AP HOP BIEM

Bai toan tim tap hop diém (con goi la quy tich) duge chinh thitc gidi thidu ¢ 16p 9. Tuy nhién,
hoc sinh kha va gidi ¢6 thé lam quen v6i dang toan nay ngay tit 16p 8 véi cac kién thite thudce chuong
trinh Hinh hoc 16p 7 va 16p 8.

@ HAI TAP HOP BANG NHAU

Dinh nghia 1. Tap hop céc diém cach mot dudng thang zy c6 dinh mot khoang bang h khong doi
(goi 1a tap hop A) 1a hai dudng thing song song véi zy va cach 2y mot khoang bing h (goi la tap hop
B).

Hai tap hop A va B néi trén dude goi 1a hai tap hop bang nhau. Nghia I3

Vte A=z €B
A=B <&
Vrxe B=x¢€A.

Do d6 mudn chiing t6é hai tap hop diém A va B bang nhau, ta phai chitng minh hai diéu:
— Néu M 1a mot diém bat ki thuoc A thi M ciing thude B. (1)
— Néu M 1a mot diém bat ki thuoe B thi M ciing thudc A. (2)
Diéu (1) ching t6 rang tap hop B chita tap hgp A, diéu (2) ching t6 rédng tap hop A chia tap hop
B. Phai chiing minh c& hhai diéu trén méi két luan duge A va B 1a hai tap hgp bang nhau.
Do dé bai toan “Tim tap hop cac diém cé chung mot tinh chat o nao d6” duge trinh bay theo ba
phan:
Phan 1. Chitng minh ring néu diém M c6 tinh chat o thi diém M thudc hinh S# nao do.
Phan 2. Chiing minh ring néu diém M thuoc hinh J# thi diém M c6 tinh chat a.
Phan 3. Két luan ring tap hop cac diém M c6 tinh chat o 1a hinh 7.
I\ Chii
— Phan 2 la phan ddo cia phan 1, do dé néu goi phan 1 la phan thudn thi phan 2 la phan ddo.
— Theo phan thuan, hinh € chia moi diém cé tinh chat o, khong chita thiéu diém nao. Theo
phan ddo, hinh A chi chita nhiing diém co tinh chat o, khong chita thita nhimg diém nao khdc.
Nhat vay, hinh € gom va chi gom tat cd nhitng diém co tinh chit o.

@ CAC TAP HOP PIEM DA HOC

Khi giai bai toan vé tap hop diém, can nhdé lai ba tap hop diém da hoc 6 16p 7 va mot tap hop diem
da hoc 6 16p 8.
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— Tap hop céc diém cach mot diém O c¢6 dinh mot khoang R khong déi 1a dudng tron tam O, ban
kinh R.

— Tap hop cac diém cach déu hai dau clia mot doan thing cé dinh 1a dudng trung triuc ciia doan
thang ay.

— Tap hop céc diém thudc mién trong mot goc ¢d dinh va cach déu hai canh clia né 1a tia phan
gidc clia goc ay.

— Tap hop cac diém cach mot duong thang zy c6 dinh mot khoang bang h khong doi 1a hai dudng

théng song song véi xy va cach zy mot khoang bing h.

@ vibu

VI DU 1. Cho dudng tron tam O ¢b dinh, ban kinh 4 c¢cm, diém A ¢ dinh trén dudng tron,
diém B chuyén dong trén dudng tron. Tim tap hop cac trung diém M cta AB.

# LOI GIAL
Phan thuan. (h.31a) Goi I la trung diém AO thi I 1a diém c6 dinh. M la duong trung binh clia tam
gidc AOB nén IM = - = 2 cm. Diém M luon cach diém I ¢ dinh 2 cm nén M thudc dudng tron

tam I ban kinh 2 cm.

Hinh 31

Phan dio. (h.31b) Lay diéem M bat ki thuoc duong tron (I, 2 cm), M khac A. Ta sé chiing minh ring
M 1a trung diém ctia mot doan thing nao dé c6 mot dau 1a A va mot dau thuoe dudsng tron (0).
That vay, goi B la giao diém ciia AM va (O), tam giac TAM can nén [AM = I/]\/[\A, ANOAB can
nén OAB = B, suy ra IMA = B, do d6 IM | OB. Tam giac OAB c¢6 OI = IA, IM || OB nén
AM = MB.

Két luan. Khi diém B chuyén dong trén (O), tap hop céc trung diém M cia AB la dudng tron (I, 2
cm), trit diém A. O

VI DU 2. Cho goc vuong 2Oy cb dinh, diém A ¢ dinh trén tia Oy, diém B chuyén dong tréen
tia Oz. Tim tap hop céac trung diém M cia AB.

# LOI GIAL
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Cach 1. (h.32)
Phan thuan. OM la dudong trung tuyén tng véi canh huyén clia tam giac vuong OAB nén
AB AB . . , )
OM = - ma MA = —» Suy ra MA = MO. biem M cach deu hai diem O va A ¢6 dinh nén

M thudc duong trung truc cia OA.

Yy
A
;g m
O X
B

Hinh 32
Gi6i han. Vi doan théng AB chi thuoc mién trong géc vuong Oy nén diém M nim trén tia
Hm thuoc duong trung tryc ctia OA va thuoc mién trong goc xOy.
Phan dao. Lay diém M bat ki thuoc tia Hm thi

MO =MA (1)
= MAO = MOA (2)

Goi B la giao diém ctia AM va Oz. Ta c6
MBO + MAO = 90°, MOB + MOA = 90° (3)

—

nén tit (2) va (3) suy ra M BO = MOB. Do d6
MO = MB (4)

Tit (1), (4) suy ra MA = M B, do d6 M 1a trung diém ciia AB.
Két luan. Khi diém B chuyén dong trén tia Ox thi tap hop céc trung diém M ctia AB la tia
Hm thudc duong trung tric ciia OA va thudoc mién trong goc zOy.
Cach 2. (h.33)
Phan thuan. Dat OA = h (khong d6i). Vé MK 1| Oz. Tam giac AOB ¢6 AM = MB, MK || AO

AO h . . .. h
nén MK = - =3 Diem M cach Oz co dinh mot khoang khong doi 5 nén M thuoc ducng
, h
thang song song v6i Oz, cach Or mot khoang —.
Yy
A
g o
o0& u x
K B
Hinh 33
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Gi6i han. Vi M chi thuoc mién trong géc vuong Oy nén M nam trén tia Hm thuoc duong
théng song song noi tren.
Phan dao. Lay diém M bat ki thuoc tia Hm. Goi B la giao diém ctia AM va Ox. Tam gic
AOB ¢6 AH = HO = g, HM || OB nén M la trung diém AB.
Két luan. Khi diém B chuyén dong trén tia Oz, tap hop céc trung diém M cia AB la tia Hm
thuoc duong thing song song véi tia Oz, cach tia Ox mot khoang g va thudc mien trong goéc
x0y.

O

(® THU TU NGHIEN CU'U VA TRINH BAY LOI GIAI BAI TOAN TiM TAP HOP BIEM
1. Tim hiéu dé bai

Phan biét cac yéu t6 ¢ dinh yéu t6 khong ddi, quan hé khong ddi, yéu t6 chuyén dong (bao gom diém
chuyén dong da biét vi trf va diém chuyén dong phai xac dinh vi tri).

/\ Chdng han trong vi du 24 thi:

- Yéu t6 co dinh: goc vuong xOy, diém A.

- Yéu t6 khong doi: do dai AO = h.

- Quan hé khong doi: MA = MB

- Yéu to chuyén dong: Diem B chuyén dong trén tia Ox, diém M dang can xzdc dinh vi tri.

2. Du doan tap hop diém

Dé du doan tap hop diém phai tim, ta thudng vé chinh xac vai vi trf ciia diém do (it nhat 1a ba vi
tri) rdi bang tryc gidc doan nhan diém d6 chuyén dong trén hinh nao.

/N Khi du dodn tap hop diém, nén chi y dén:

- Diém dac biét: Trong vi du 23, khi B ¢ vi tri doi zing vdi A qua O thi M & vi tri O vay O la mot
diém cta tap hop phdi tim.

- Trong vi du 24, khi B ¢ vi tri O thi M ¢ vi tri H, trung diém cia AO, diém H la mot diém cia tap
hop phai tim.

- Vi tri gidi han: Trong vi du 23, khi B tién dén A thy M tién dén A, diém A la vi tri ¢idi han cia
tap hop phai tim.

- Diém vo tan: Trong vi du 24, khi B chuyén dong za diém O vo tan trén tia Ox thi M cing chuyén
dong za vo tan. Nhu vay, M khong thé chuyén dong trén duong tron.

- Tinh doi xing: Trong vi du 23, chuyén dong cia diém M cé tinh doi xing qua duong thang cé dinh
AO nén tap hop diém phdi tim nhan OA lam truc doi zing.

3. Phan thuan

- Phét hién quan hé gitta diém M can xac dinh vi trf véi cac diém cb dinh, cac duong thang c6 dinh.

- Néu du doan diém can xéac dinh vi tri thuoc dudng tron, ta ching t6 né cach mot diem cé dinh mot
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khoang khong doi.
- Néu du doan diém can xéac dinh vi trf thuoc duong thing, ta chiing to6 n6 cach déu hai diém cb dinh,

hoiic cach mot dudng thing ¢d dinh mot khoang khong doi.

/\ Dé phdt hién ra cic quan hé Gy, cé thé phdi vé them duong phu (diém I trong vi du 23, doan
MK trong cich 2 cia vi du 24).

- Dua vao cdc tap hop diém co bin da hoc, chi ra dieém M can xdc dinh vi tri thuéc mot hinh nao dé,
chdang han hinh H.

- Gidi han hinh H néu diém M khong thuoc toan bo hinh H ma chi thuoc hinh H', mot bo phan cla
hinh H (tia Hm trong vi du 24).

4. Phan dao

@ Liy diem M bat ki tréen hinh H’, bing vé hinh, tao ra cac diém chuyén dong khac ducc néeu
trong bai toan (diem B trong vi du 23 va vi du 24).

@ Chig t6 rang diém M c6 tinh chat ma dé bai néu len (M 14 trung diém ctia AB trong vi du
23 va vi du 24)

5. Két luan

Tap hop cac diém M phai tim 1 hinh H'.

/N Héu hét cac bai todn trong cuon sdch nay duge héi dudi dang:

Néu diém M 6 tinh chit o thy diem M ndm trén duong nao?

Do dé trong 1oi ciia bai chi trinh bay noi dung cia phan thudn. Chi tiét hon vé phan ddo va cdch

chitng minh phan ddo trong bai todn tim tap hop diém, zem Nang cao va phdt trién Toan 9 tap has.

@ PHAN CHIA CAC TRUONG HOP TRONG BAI TOAN TiM TAP HOP DIEM

Trong mot s6 bai toan, ta can phan chia cac trusng hop khi két luan “Tap hop cac diém M cé tinh
chat « 13 hinh H”.
1. Xét diém M thudc tirng mién

Néu mot khang dinh 1a ding khi diem M & vi tri nay nhung lai khong dang khi M & vi trf khac thi
ta can xét diem M thuoc timg mién roi lay hop céc tap hop diem tim duge.

VI DU 3. 25(12). Cho tam gidc ABC ¢b dinh. Cac diém M sao cho cac tam gidgc MAB va
MAC c6 dien tich bang nhau nam trén duong nao?

# LOI GIAL
Syap = Syac = BB' = CC' (BB, CC' 1a cac dudng vuong goc ké tit B va tit C dén M A). Xét hai
truong hop:
@ Truong hop 1: Diem M thudc mien trong goc BAC hoac goc dbi dinh véi né (h.34).
Khi d6 B va C nim khéc phia dbi v6i AM. Khi d6 dudng thang AM cit doan thang BC & I.
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Do BB' = CC', BB' || CC’ nén BB'CC’ 1a hinh binh hanh, I I trung diém ctia BC. Diém M
thuoc duong théang Al

/A
B A M o
] [
B/
B i .
A
¢ B C
M
Hinh 3 Hinh 35

@® Truong hop 2: Diem M thudc mién trong géc ké bt véi goc BAC (h.35), Tic 1a B va C nam
ciing phia déi véi AM.
Do BB' = CC’, BB' || CC’ nén BB'CC’ 1a hinh binh hanh, AM || BC. Diém M thudc dudng
thang qua A va song song véi BC.
Két luan chung: Cac diém M phai tim gom duong thing chia duong trung tuyén Al ctia tam giac
ABC va dudng thing qua A song song véi BC, trit diem A. O

2. Xét tung vi tri caa hinh da cho

Néu cac hinh da cho c¢6é nhitng vi trf khac nhau lam cho hinh dang ctia hinh H thay déi thi ta xan xét

ting vi tri ctia hinh da cho.

VI DU 4. 26(8). Cac diém M cach déu hai dudng thing ¢b dinh zy, 2’y nim trén dudng nao?

# LOI GIAL
Truong hop 1: zy cat 2'y’ 6 O, diém M nam trén bén tia phan giac clia bon goc tao bdi hai duong
thang (bon tia nay lam thanh hai dudng thang vuong géc véi nhau tai O, xem hinh 36).

T Yy T Yy
M M
x/ y ',L,/ y/
Hinh 36 Hinh 37

Truong hop 2: zy || 'y, diem M ndm trén dudng thing song song cach déu xy va 2y’ (h.37). O

3. Xét ting trudng hop cua tinh chat o da cho

Néu tinh chat o c6 nhitng trudng hop khac nhau lam cho hinh dang ctia hinh H thay déi thi ta can
xét rieng ting truong hop clia tinh chat a.
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VI DU 5. 27(8). Cho géc vuong 20y cb dinh, diém A ¢6 dinh trén tia Ay, diém B chuyén dong
trén tia Ox. Dinh C cac tam gidc ABC vuong can tai B nam trén duong nao?

Phan tich: Dy doan tap hop diem (khi C' va O nam khac phia d6i v6i AB).

Khi B trung O thi C tring D (D thuoc tia Ox sao cho OD = OA), d6 la diém cb dinh.

Chi ¥ rang khi B chay xa vo tan trén tia Oz thi C ciing chay xa vo tan.

Tit cac nhan xét trén, ta dy doan cac dinh C' nam trén mot tia gbe D.

# LOI GIAL

@ Truong hop C va O nim khac phia déi véi AB (h.38)
Trén tia Oz lay diém D sao cho OD = OA, D la diém Y
¢6 dinh. Ké CH L Ox. 4 m
Dé dang ching minh duge AAOB = ABHC (canh C
huyén - géc nhon) suy ra. E
OB=CH (1) |
OA=BH (2 a
Ta lai ¢c6 OA = OD nén tu (2) suy ra BH = OD, do 0 B D H
d6 OB =DH (3) Hinh 38
Tu (1) va (3) suy ra CH = DH. Vay CDH = 45°.
Diém C chuyén dong trén tia Dm tao v6i D goc 45°

va thuoc mién trong goc zOy.
@® Truong hop C va O nim ciing phia déi véi AB (h.39).

Ban doc tu giai duge C' chuyén dong trén tia D'm/, Yy
chinh 1& tia Dm quay quanh A goc 90° cuing chiéu quay

clia kim dong ho.

@ BAI TAP

BAI 1. Tam gidc ABC ¢6 BC ¢b dinh, I la trung diém cia dudng cao BH. Cac diém I nim tren
duong nao?

# LOT GIAL
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(h.182). Goi M la trung diém ctia BC. A
Ta ¢6 M1 la dusng trung binh cia ABCH suy ra MI || CH ma
CH | BH nén MI L BI suy ra BIM = 90°. H
Cac diém I nam trén dudng kinh BM, trit diém B (M 1a trung diém
cia BC).
B | |
Hinh 182

O

BAI 2. Cho géc 2Oy ¢b dinh, dudng thing d ¢6 dinh vuong géc véi Ox tai A, diém B chuyén dong
trén doan thing OA. Trén tia Oy lay diém C sao cho OC = OB. Duong vuong géc véi BC tai C cat
dudng théng d & D. Céac trung diém M ctia BD nam trén dudng nao?

# LOT GIAL

(h.183). Dé ching minh duge AOCM = AOBM/(c.c.c) =
MOC = MOB suy ra OM la tia phan giac cua BOC nén
diém M thudc tia phan giac Om cta géc z0y.

Gi6i han: Khi B trimg véi A thi M trung véi Q (Q 1a giao diém
cia Om va d).

Khi B tién dén O thi D tién dén Q, M tién dén P (P la trung
diém ctia OQ). M niam trén doan thing PQ thuoc tia phan
gidc Om, trit diem P.

Hinh 183

O

BAI 3. Cho hinh vuong ABCD cb dinh. Diém E chuyén dong trén tia déi clia tia AD, diém F chuyén
dong trén tia doi ciia tia BA sao cho BF = DE. Cac trung diem M clia EF nim trén dudng nao?
# LOI GIAL

(h.184). Ve MN 1 DA;vée MH 1 DC. E X

Ta ¢6 M N la duong trung binh cia AAEF suy ra Nboo T

MN = %AF = 2MN = AF (1). ) B

Ap dung tinh chit dudng trung binh ciia hinh thang DEFK ta .
6 MH = %(FK +DE)=2MH = FK + DE (2).
Suy ra AF'= AB+ BF = BC+ BF =FK+ DE (3).

T (1), 2 va (3) suy ra MN = MH.

Vay tap hop cac diém M nam trén tia Bz, tia d6i ctia tia BD.

:
D C H K
Hinh 184

O

BAI 4. Cho goc zOy ¢b dinh c¢6 s6 do bing a < 180°. Mot tam giac ABC can tai A c¢6 canh bén
bing a khong déi, goc day bing %, tam giac dé thay doi vi trf sao cho B thudc tia Oz, C thudc tia
Oy, A va O khac phia déi v6i BC. Cac diém A nim trén dudng nao?

# LOT GIAL
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(h.185). Vé AH 1 Oz, AK 1 Oy.

Ta c6 BAC = HAK (cung bu véi x/\Oy) nen KAC = HAB.

Do d6 AKAC = AHAB (canh huyén - goc nhon)

= AK = AH. Do d6 A thudc tia phan giac cua goc zOy.

Gié6i han: Khi C' trung véi O hoac B trung O thi A trung P (OP =
a).

Khi AB 1 Oz, (lic d6 AC L Oy) thi A trung @ (@ céch Ox va Oy
mot khoang bang a). Hinh 185

BAI 5. Cho tam giac vuong can ABC ¢b dinh. Diém M chuyén dong trén canh huyén BC. Dudng
thang qua M va vuong géc v6i BC cat cac dudng thang BA, C' A theo thit tu D, E. Goi I la trung
diém ctia CE, K la trung diém ctia BD. Céc trung diém O ctia IK ndm trén duong nao?

# LOI GIAL

(h.186). Xét ABMD c6 BMD = 90°, MBD = 45° suy ra D

MDB = 45° nén ABMD la tam giac vuong can tai M. Ching
minh tuong tuw suy ra ACMFE vuong can & M.

Nen MK, MI la duong trung tuyén dong thoi 14 dudng cao clia P O \F
hai tam giac trén suy ra MK 1. AB, MI | AC. I
Xét tit gide AKMI c6 MKA = KAI = MIA = 90° suy 1a tit

giac AK M1 1a hinh chit nhat. B M C
Hinh 186

Goi O la trung diém ctia KT nén O ciing la trung diém ctia AM.
Goi P, @ lan lugt la trung diém ctia AB va AC. Suy ra PQ la
dudng trung binh ctia AABC suy ra diém O thuoc doan thing

PQ.
Vay cac diem O nan tréen dudng trung binh PQ cia AABC
(PQ || BO).

O

BAI 6. @ Cho doan thing AB c¢6 dinh, diém M chuyén dong trén doan thing dé. Vé trén ciing
mot nita mit phang bd AB céc tam giac déu AMC, BMD. Cac trung diém I ctia CD nam
trén dudng nao?

@ Ciing cau hoéi nhu cau a), trong dé cac tam gidc déu vé trén hai nita mit phang déi nhau bg
AB.

# LGOI GIAL

O (h. 187 a). Goi ACNBD = K.
Xét AABK ¢6 A= B = AKB = 60° = AABK la tam gidc déu.
T giac CMDK ¢6 MC || KD, MD || KC nén ti giac CM DK la hinh binh hanh.
Khi d6 I 1a trung diém ctia C'D nén I ciing 1a trung diém ctia K M.
Tit d6 ta suy ra I cach AB mot khoang khong ddi. Nen I ndm trén dudng trung binh PQ ciia
AKAB, trit P va Q (AKAB la tam giac déu).
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a)
Hinh 187
@® (1h.187 b). Cac dudng thang AC vad BD c6 dinh, I nam trén doan thiang PQ va cach déu hai
duong thang dé, trit P va Q.
0

BAI 7. Cho doan thing AB ¢b dinh, diém M chuyén dong treén doan thing d6. Céc trung diém doan

no6i tam cac hinh vuong c6 canh theo thit tir 1a M A va M B nam trén dudng nao?

# LOI GIAL

@ Truong hop 1: (h. 188a). Hai hinh vuong tao béi M A, M B cing thudc nita mat phing ba AB.

Goi hinh vudéng tao béi canh M A la AMDC c6 tam la O.
Hinh vuong tao béi canh M B la MBFE c6 tam la O'.
Goi K la giao diém ctia BE va AC.
Xét tit gise MOKO' ¢6 MOK = OMO' = MO'K = 90° suy ra ti giac MOKO' 1a hinh cht
nhat.
Goi I 1a trung diém ctia doan thang OO’. Khi d6 I ciing la trung diém ctia doan thang K M.
Suy ra I ndm trén duong trung binh PQ ciia AK AB vuong can, trit P va Q (PQ || AB).

D C D C
20
K O S
O E F o
S A NP o Hnh
O/ A /// B
% o
A M B Petonmnee- i3 F
a) b)
188

@® Truong hop 2: (h. 188b). Hai hinh vuong tao bdi M A, M B thuoc hai nita mat phang b6 AB.
Ta chiing minh dugce I ndm trén doan thang PQ song song cach déu AC va BE, trit P va Q.
O

BAI 8. Cho géc vuong Oy cb dinh, diém A ¢b dinh trén tia Oy, diém B chuyén dong trén tia Ow.
Vé tam giac déu ABC (C' va O khéc phia doi véi AB).

@ Cic diém C nam tren duong nao?

@® Cac trung diem H ctia AC nim trén dudng nao?
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@ Cic trung diém K ctia BC nam trén duong nao?
# LOT GIAL

O (h.189). Vé AAOD déu (D nam trong goc x0y) khi d6 OA =
OD khong déi, ma AOB = 60° khong déi nen D 1a diém ¢6 dinh
thuoc tap hop diém phai tim.

Xét AAOB va ANADC ¢6

AO = AD
OAB = DAC = 60° — BAD -
AB = AC
Suy ra AAOB = AADC(c.g.c) = AOB = ADC = 90°
— CD L AD. Hnh 159

Céc diem C ndm trén tia Dm L AD tai D va thudc mién trong
goc z0y.
@ Goi M la trung diém ctia AD. Vi A va D 1a hai diém c6 dinh
nén M 1a diém cb dinh.
Xét AACD c6 MA=MD, HA = HC, nén M H la duong trung
binh clia AACD = MH || CD.
Vay céc diém H nam trén tia Mn || Dm.
® T2 sé chitng minh ring KOz = 30°.
Goi N la trung diém ctia AB thi NK = NA= NB = NO, cac
tam giac BBO, KNO, KN A can.
Goi Nt la tia dbi ctia tia NO, ta c6 KOz = BON —fO\N =
%(1?]% ~KNt) = %E\I\K = 30°.
Cac diém K nam trén tia ED (E la trung diéem ctia OD). -
BAI 9. Cho goc 20y ¢b dinh, cac didm A, B ¢b dinh thuoc tia Oz, diém C chuyén dong trén tia Oy.
Dudng vuong goc véi C A tai A va duong vuong goc véi OB tai B cit nhau 6 M. Cac diem M nim
trén duong nao?
# LOI GIAL

(h.190). Goi K la trung diém ctia CM. m
Vé KI, MH 1 Ox thi O = IH. ta lai c6 KA = KB (cung
bang CTM) = [A=IB =1 la trung diém ctia AB va la diem K M
co dinh.
Do d6 H la diém c6 dinh (OH = 20I). Céac diém M ndm trén
tia Hm L Ox tai H va thuoc mién trong géc Oy, trit diém
H. .
O A I B H
Hinh 190

O
BAI 10. Cho goc 2Oy cd dinh khéac goc bet va mot do dai h.
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@ Céc diém M thudc mién trong ciia clia cac goc co tong cac khoang cach tit M dén Oz va dén
Oy bang h nam trén duong nao?

@® Ciing hoi nhu cau a) trong dé thay tong bang hiéu.

# LOT GIAL

@ (h.191). Goi MH, MK thi tu la khoang cach tit M dén Ox, Oy. Dé lam xuat hién tong
MH + MK, trén tia dbi cta tia M H lay N sao cho MN = MK thi HN = HM + MN =
MH+ MK = h.
Qua N vé duong thing song song véi Oz, cit Oy 6 B. Nhu vay, BN la duong thing ¢ dinh.
M cach déu hai canh ctia goc OBN ¢6 dinh nén M thuoc tia phan giac ciia goc do.
Giéi han. M nam trén doan thiang BC.

Yy Yy
B/l N
KEXT 5
M
M
\ B AN
O » x O » x
H C H
Hinh 191 Hinh 192

@ (1.192) Ve Mh L Ox, MK L Oy. Xét MH > MK. Trén tia MH lay N sao cho MN = MK
thi NH = h. Qua N vé dudng thing song song véi Oz, cit Oy & B. Ta c6 dudng thang BN c6
dinh. M thudc tia BM, tia phan giac cua goc N By.

Tuong tw, vé6i MK > MH, M thuoc tia Cn (cac tia Bm, C'n vudng géc v6i BC).
0

BAI 11. Cho tam gidc can ABC ¢6 dinh (AB = AC). Hai diém D, E theo tht tu chuyén dong trén
cac canh bén AB, AC sao cho AD = C'E. Cac trung diéem M ctia DE nam trén dudng nao?

# LOI GIAL

(h.193) Qua M ké duong thang song song v6i BC, cit AB va AC 6 I va K. Ké DF || BC.

Dé& dang chitng minh dugec AF = AD = CFE, FK = KE nén K la trung diém canh AC. Tuong tu, 1
la trung diém canh AB.

Diém M nim trén doan thang I K ndi cac trung diém ciia AB va AC.

Hinh 193

= Suu tam & bién soan Trang 332/477 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 8 Nam hoc 2019-2020

O

BAI 12. Cho tam gidc ABC ¢b dinh. Goi Bz, C'y theo thit tu 1a tia déi clia cac tia BA va CA. Cac
diém D, E theo thtt tu chuyén dong trén cac tia Bz, Cy sao cho BD = CE. Céac trung diém M cia
DFE nam trén duong nao?

“ LOT GIAL

(h.194) Dy dodn. Trung diém I ctia BC la mot diém ctia dudng phai tim, dudng phai tim c6 diém
vo tan. Ta dy doan duong phai tim la tia Im vé hinh binh hanh FCBK. Goi N la trung diém KD.
Trude hét, ta thay cdc diem K nam trén tia BK || Ay.

Hinh 194

Tam giac BDK can tai B, c6 BN la trung tuyén nén BN la tia phan giac ciia goc K Bx. Diém N

nam trén tia phan giac ctia goc K Bx nén diém M nam trén tia Im || BN. O

BAI 13. @ Cho goc Oy khéc géc bet. Diém C chuyén dong trén Oz, diém D chuyén dong trén
Oy sao cho OC + OD = a. Cac trung diéem M ctia C'D nim trén dudng nao?
@ Ciing héi nhu cau a), trong d6 thay OC + OD = a béi OC — OD = a.
# LOI GIAL
@ (1.195) Khi D trimg v6i O thi C tring A (OA = a), khi d6 M trimg v6i E, trung diém ctia OA.
Khi C tring véi O thi D trimg B (OB = a), khi d6 M tring véi F, trung di¢m ctia OB.
Nhu vay AOAB can ¢ dinh va OC = BD. Giai nhu bai 151, cac diém M nam trén doan EF.

Y
B
D
F
M
© C FE A x 0] A B C z
Hinh 195 Hinh 196

@ (h.196) Khi D tring v6i O thi C tring B (OB = a), M & vi tri A, trung diém ctia OB. Khi D

chay xa vo tan trén Oy thi C' chay xa vo tan trén Oz, M cling chay xa vo tan. Ta dy doan M
chay trén mot tia goc A.
Ta ¢c6 OC — OD = a, OC — OB = a suy ra OD = BC. Trén tia dbi cia tia Oz lay diém E
sao cho A 1 trung diém ctia CE thi AM la duong trung binh ctia ACDE, do d6 AM || DE.
Chua ¥ rang AODE can tai O nén néu vé Oz 1 tia phan gidc cia goc Oy thi DE || Oz, do d6
AM || Oz.
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Céc diem M nam trén tia At song song v6i tia phan giac ctia goc 20y (A thuoe Oz, OA = g)
0

BAI 14. Cho tam giac ABC ¢6 dinh (AB < AC). Hai diém D, E theo tht tu chuyén dong trén cac
canh BA, CA sao cho BD + CE = a < AB. Cac trung diém M ctia DE nam trén dudng nao?

# LOI GIAL

(h.197) Khi E trimg C thi D trimg G (BG = a), M & vi trf I, trung diém ctia CG. Khi D tring B
thi £ tring H (CH = a), M & vi tri K, trung diém ctia BH. Ta sé chitng minh ring K, M, I thang
hang.

A
G

N
C
O
Hinh 197

That vay, goi O la trung diém ctia BC, N la trung diém ctia CD. Ta c¢6 O, N, I thang hang. Ta c6
20K =CH, 201 = BG,CH = BG = anén AIOK can. Tac6 2NM = CFE,2NI = DG, CE = DG
nén AINM can.

Cac tam gidc can IOK, INM c6 géc & dinh bang nhau nén NIM = 5[?(, do d6 I, M, K thing
hang. Cac diém M nam trén doan thing K1. 0
BAI 15. Cho hai doan thing AB va C'D ¢b dinh ¢6 do dai bing nhau. Cac diém M sao cho cac tam
gidc MAB va MCD c6 dién tich bang nhau nam trén duong nao?

# LOI GIAL
Xét ba truong hop:
@ Cic duong thang AB va CD cat nhau ¢ O (h.198)

Hinh 198
Céc diém M nidm trén hai duong théng chita cac tia phan giac clia cac géc tao béi hai dusng
thang, trit giao diém O ciia ching.
® AB| CD
Céc diém M nidm trén duong thing song song cach déu AB va CD.
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@® AB, CD thuoc ciing mot duong thing a.
Céc diém M nim trén toan mit phang, trit duong thang a.
OJ

BAI 16. Cho tt gidc ABCD, F la giao diém ctia AB va CD, F la giao diém ctia AD vi BC, I va K
theo thit tu 1a trung diém ctia BD va AC.

@ Cac diem M thuoc mién trong ciia tit giac va c6 tinh chat
Samas +Samep = ESABCD

nam trén dudng nao?
® Goi N la trung diém ctia EF. Ching minh ring cac diém I, K, N thang hang.
# LOT GIAL
(h.199)
@ Cic diém I, K thuoc duong phai tim vi

1 1 1
Sarag + Sarep = §SAABD + §SABCD = §SABC'D

ciing vay déi véi K.
Ta sé chitng minh ring M thuoc doan thang I K. “Don” cac doan thang AB, CD vé E. Trén tia
EAlay EG = AB, trén tia ED lay EH = CD.

Hinh 199
Ta ¢6
Sarac + Saenc = Sarnee = Sarne + Sarce = Sarcp + Sarap = %SABCD (1)
SaxHG + SapHG = SkHEG = SAaKHE + Sakce = Saxcp + Sakap = §SABCD (2)
Samnuc +Sapnc = Subace = Samue + Samce = Samcp + Samap = %SABC’D (3)

Tu (1), (2), (3) suy ra Sarer = Saxer = Samcn. Do dé khoang cach tu I, K, M dén HG
nhu nhau nén I, K, M thuoc cing mot duong thing song song véi HG. Cac diém M nim trén
phan dudng thang I K thudc mién ti giac ABCD.

@ Dé chiing minh ring N thing hang v6i 1K, ta sé chiing minh

1
Savue + Sagpne = §SABCD
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That vay,

1

(SAFCD - SAFAB) = §SABCD (4)

N —

SANHG+SAEHG = SANHE_SANG’E = SANCD_SANAB =

Cha y: Cach khac giai cau a) (h.200).

Hinh 200
Ta thay, trung diém I ctia BD ciing 1a mot diém thuoc duong phai tim. Ta co6,

Saams + Sacvp = §5ABCD

Saare +Sacip = §SABCD

Saamp + Scup = Saars + Sacip

Tru di S7 + Ss, ta duge

Sapem + Sacom = Saapr + Spapor
(P la giao diém ctia AM va BD, Q la giao diem ctia DM va C1).
Cong thém S3 4 9y, ta duge

Sapim + Saciv = Saarm + Saprv

Ta lai c6 Saprar = Saprv nén Sacrar = Saarn. Suy ra duong cao CC’ bang duong cao AA’.
Nhu vay, AA’CC’ 1a hinh binh hanh. Do d6 A’C’ di qua trung diém ctia AC, tic 1la IM di qua
trung diém ctia AC.

Vay M ndm trén duong thing di qua trung diém ctia hai duong chéo tit giac ABCD (phan

thuoc mién ti giac).

0
BAI 17. Cho hinh chit nhat ABCD ¢6 dinh. Tim tap hop céc diém M sao cho:
a) MA® + MC? = MB? + MD>, b) MA+ MC = MB + MD.
# LOI GIAL
(h.201)
@ Ding thic
MA? + MC? = MB? + M D? (1)
luon luon diang. Tap hop phai tim 1a toan mat phang.
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A B
7 H e
D C
Hinh 201
(2]
MA+MC = MB+ MD (2)

= (MA+ MC)? = (MB+ MD)?
= MA*> + MC?*+2MA-MC = MB?>+ MD?+2MB - MD
= 2MA-MC = 2MB-MD
= MA-MC = MB-MD (3)

T (1), (3) suy ra (MA — MC')2 =(MB - MD)2.
Do do

MA—-MC=MB—-MD (4)
hoac

MA—-MC=MD-MB (5)

T (4) va (2) suy ra MA = M B, do d6 M thuoc dudng trung truc cia AB.
T (5) va (2) suy ra MA = M D, do d6 M thudc dudng trung truc ctia AD.
Vay tap hop cac diém M phai tim 1a hai truc déi xting ctia hinh chit nhat.
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BA @ sU' DUNG CONG THU'C DIEN TiCH DE THIET LAP QUAN
HE VE DO DAI CUA CAC DOAN THANG

Céc cong thiic dien tich cho ta cac quan hé vé do dai ciia cac doan thing, ching rat c6 ich dé giai
nhiéu bai toan.

O cAcvipy

VI DU 1. Cho tam gic déu ABC.

@ Ching minh ring néu diém M thuoc mién trong ciia tam gidac ABC' thi tong cac khodng
cach tit M dén ba canh ctia tam giac bang chiéu cao clia tam gic.

@ Quan heé trén thay doi nhu thé nao néu diém M thuoc mién ngoai ctia tam giac?

# LOI GIAL

Goi a va h lan lugt 1a canh va chiéu cao ciia tam giac ABC, MA', MB’, MC’ 1a cac khoang cach ti
M dén BC, AC, AB.

@ Néu M thuoe mién trong tam gidc thi

Suvpe + Svac + Svas = Sase

1 1 1 1
= §BC’-MA/—I—§AC-MB/—|—§AB-MC" = EBC-AH
- ;MA+MH+mqugh
= MA +MB' + MC' = h.

b) Néu M thuoc mién ngoai tam gidc ABC va thudc mién
trong géc A (mién 2) thi

Smac + Svas — Susc = Sase
a . a . a . a
S SMB S MO - S MA =S

2 2 2
= MB' +MC'"— MA" = h.

Tuong tu

— Néu M thuoc mién ngoai tam giac ABC va thuoc
mién trong goc B (mieén 3) thi

, MA'+ MC' = MB' = h. \ \
— Néu M thudc mien ngoai tam giac ABC' va thudc mien trong géc C' (mien 4) thi

MA +MB' — MC' = h.
— Néu M thuoc mién trong goc ddi dinh véi goc A (mién 5) thi

MA — MB"— MC'" = h.
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— Néu M thuoc mién trong goc doi dinh véi goc B (mién 6) thi
MB — MA — MC' = h.
— Néu M thuoc mién trong goc doi dinh véi goc C' (mién 7) thi

MC'"— MA"— MB' = h.

O
VI DU 2. Cac diém E, F ndm trén cac canh AB, BC ctia hinh binh hanh ABCD sao cho
AF = CE. Goi I 1a giao diém ctia AF, CE. Ching minh réng ID la tia phan giac clia géc
AIC.
# LOT GIAL
Ké DH | TAtai H, DK 1 IC tai K.
A E B
Ta c6 Sarp = Scep = §SABCD I
1 1
:>§DH-AF:§DK~CE
= DH = DK (Vi AF = CE). F
= D thudc tia phan giac cua géc AIC.
Vay ID la tia phan giac cua goc AIC.
D C
O
Vi DU 3. Cho tam gidc ABC ¢6 A > 90°, D 1a diém niim gitta A va C. Chitng minh ring téng
cac khoang cach tit A va tit C' dén BD 16n hon duong cao ké tit A va nhé hon duong cao ké tir
C cta tam gidc ABC.
# LOI GIAL
Goi AH, CK la cac dusng cao ctia tam giac ABC. Ké AF va
28
CF vuong géc véi BD. Dit Sapc = S. Tac6 AE = BAED,
285,
CF = BCSD nén
28
AE+CF = —.
* BD
25 25
Talaico AH=—,CK=—.
e Bo % = Ba
Do A >90° nén BA < BD < BC,dodé AH < AE+CF < CK. 0
( BAITAP
BAI 1. C6 tam giac ndo ma do dai ba dudng cao bing 3 cm, 4 cm, 7 cm khong?
# LOI GIAL
Gia st ton tai tam gidc c6 do dai ba canh lan luct 1a a, b, ¢ théa man yéu cau bai toan.
Khi d6, ta c6 3a = 4b = Tc (cung bang hai lan dién tich tam gic).
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c 84 P
T = )
= 61

b
Tacé?)a:4b:7c<:>%:T:
3 4

3
8P 21P  12P
61" 61" 61
Do d6,tacoa+b>c, b+c>a,c+a>bhaya,b, cla do dai ba canh cia mot tam giac.

Suy ra a =

o

Vay ton tai tam gidc ma do dai ba duong cao bang 3 cm, 4 cm, 7 cm. O

BAI 2. Do dai hai canh ctia mot tam gidc biing 6 cm va 4 cm, nita téng céc chiéu cao tng véi hai
canh ay bang chiéu cao tng v6i canh thit ba. Tinh do dai canh thit ba.

# LOT GIAL

Gia st tam giac c¢6 do dai ba canh lan lugt 1 a, b = 6 cm, ¢ = 4 cm va hg, hy, he lan lugt 13 do dai

ba dudng cao tuong tng cua tam giac. Khi do, ta cé

hy + he hy+he h he
o = by = chy = W) gy et By ke
2 a 5 1
. P PRI 2 1
Theo tich chat ctia day ti so bang nhau, ta ¢6 — = 6 + 1 = a = 4,8 cm.
a
Vay do dai canh thit ba cia tam giac bang 4,8 cm. O

BAI 3. Chiting minh riing mot tam giac la tam gidc vuong néu cac chiéu cao hg, hy, he clia n6 thoa
ha\o [ ha)?
<1 didu kis (_a) (_a> _1
man dieéu kien I + .
# LOT GIAL

Goi S la dién tich cua tam giac, ta ¢

, , 25\ ° 25\ * ,
ha ha\™ _ a a _ (b) c\? _ 2, 2 __ 2
(h—b>+(h—c> =1= g + g =1= 5 —f—(a) =1=9b +c"=a”.
b c
Suy ra tam giadc da cho la tam gidc vuong. 0

BAI 4. Tinh céc canh ctia mot tam giéc c6 ba dudng cao bing 12 cm, 15 c¢m, 20 cm.

# LOT GIAL

Gia sit tam giac ABC ¢6 do dai ba duong cao la h, = 12 cm, hy, = 15 cm, h. = 20 cm tuong ting véi
ba canh a, b, c. Khi d6, ta c6

= h hc = =

Do do, ta c6 AB =15 cm, AC = 20 cm va BC = VAB? + AC? = /152 + 202 = 25 cm. O

N . 1 1 1
BAI 5. Goi hg, hy, he 1a ba dudng cao clia mot tam gidc, chiing minh rang — < — + —.

. , he — hy  he
# LOI GIAL

Goi a, b, ¢ la ba canh tuong ting v6i cac duong cao hg, hy, he va S la dién tich tam giac. Ta c6

b4 :>2S<2S+2S=> 1 - 1+1
@ ¢ ha hb hc ha hb hc‘

U
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BAI 6. Tam gidgc ABC ¢6 do dai cac canh 1a a, b, ¢, cac chidu cao tuong tng 1a h,, hy, he. Biét ring
a+ he = b+ hy = c+ he. Chiing minh ring tam giac ABC 1a tam gidc déu.

# LOT GIAL

Xét a + h, = b+ hy, ta co

25 28 (1 1) a—2>b
—b=hy—hy=———=25|-——-] =28
“ b b a b a ab
25
= (a—b (1 - _) _
(a—1b) =
1
= a:bhoécS:§ab.
Suy ra tam giac ABC can tai C' hoac vuong tai C. (1)
Tuong ty, tam giac ABC' can tai B hoac vuong tai B. (2)
tam giac ABC' can tai A hodc vuong tai A. (3)
Xay ra ca (1), (2) & (3) khi va chi khi tam giac ABC' déu. O

> 6. Tim vi trf ctia O dé tong M c6 gia tri nhé nhat;

BAI 7. Cho diém O thudc mién trong tam giac ABC. Céc tia AO, BO, CO cit cac canh clia tam
OA" OB oC
0 _
A B
(9] AOA’ + gB’ + gg/ = 1 (bai toan ctia Giec-gon, nha toan hoc Phap);
51 & o8

ON > 8. Tim vi trf ctia O dé tich N c6 gia tri nhé nhéat

# LOI GIAL

gidc ABC theo thi tu & A’, B, C'. Chiing minh rang:
-1
Ar B too T h
OA OB ocC
® -
~ OA' OB 0OC
Goi S la dién tich tam giac ABC, ki hiéu Sy, Sy, S3 nhu hinh vé. Ta A

co
0OA Sy S . S + 53

OA; - Soac B Soan Sy
OA"  Sowc  Soas _ Sowc+Soas S

= = = = —. 2
AA" Sawc  Saas  Sawc+ Saas S 2)

Tu (1) & (2) suy ra OA/ = SZ_;S?’.
. OA OBf’1 oc" S S 8

. D2+ 03 3+ 01 1 2
® Taco AN —i—OjBilB/ +O%C/ —OC 5 + 5 + 5 =2.
© oo M=%t on T oo
Sy + S5 n S+ .53 +Sl+52
5 So Ss
Sh Sg) (Sg Sg) <83 Sl>
_ (P, o2 o2 23 23 P s 9040949-6
(SQ+SI+S3+S2+SI+33_+—I— 6
Diang thiic xay ra khi va chi khi O 1a trong tam tam giac ABC.
© TN OA OB OC
~ OA OB OC'
_ (S2 + 55)(S5 + S1)(S1 + S2)
515253
LN (S3 4 S3)%(S5 + S1)*(S1 + S2)?
(515253)?
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S 45595 - 45155 - 45155

- (515253)?
Suy ra N > 8.

Dang thitc xay ra khi va chi khi O 1a trong tam tam gidc ABC.

= 64.

O

BAI 8. @ Chiing minh ring téng cac khoang cach tir diém M n&m trén ddy mot tam gidc can dén
hai canh bén khong phu thudc vao vi tri cia diém M trén canh day;
@ Két qua trén co gi thay doi néu diem M thudc duong thang chita canh day nhung khong thuoc
canh day?
# LOT GIAL

Goi a 1a do dai canh bén va h la do dai duong cao tng véi canh bén ctia tam giac ABC can tai A.
Ké MH 1 AB tai H, MK 1 AC tai K.
@ Khi M nim trong doan BC, ta ¢
1 1 1
SAMB+SAM0:SABC<:>ia-]\/[H—i—éa-MK: §ah<:>MH+MK:h.
Vay tong cac khoang cach tit M dén hai canh bén luoén bing chiéu cao itng v6i canh bén.
@® Khi M nim ngoai doan BC, ta c6
1 1 1
SAMC—SAMB:SABcﬁéa'MK—Ea'MH:§ah<=>MK—MH:h.
Vay hiéu cac khodng cach tit M dén hai canh bén luon bang chiéu cao tng véi canh beén.
O

BAI 9. Cho tam gidc ABC can tai A. Tim tap hop cac diém M thudc mién trong tam giac hoiic ndm
trén canh clia tam giac, sao cho khoang cach tit diém M dén BC bing tong cac khodng cach tit diem
M dén hai canh kia.

# LOT GIAL
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Goi MD, ME, MF la khoang cach tit diem M dén AB, AC, A
BC. Theo dé bai
H
MD+ ME = MF. (1) D 5
- . I K

Qua M vé IK || BC. Ve IH 1L AC, II' L BC. Ta c6 M

MD+ ME =1H, (2)

MF =1T. 3) g ]7 1; o

Tu (1), (2) & (3) suy ra [H = II' = CT la dudng phan giac ctia tam giac ABC. Tuong tu doi véi
BK.
Vay tap hop cac diem M la doan théing IK néi chan hai duong phan gidc BK, CI. O

BAI 10. Cho tam giac déu ABC ¢b dinh ¢6 chidu cao h. Tim tap hop cac diém M ¢6 tong cac khoang
cach dén ba canh clia tam gidc bang do dai m khong doi (m > h).
« LOT GIAL

Xét diem M thudc timg mién nhu & vi du 1, tap hop phai tim
14 cac canh ctia mot luc giac (nhu hinh vé).

Ching han v6i M thuodc mién 2, ké MA’ L BC, MB' 1 AB,
MC" 1L AC, ta co

MA +MB + MC'=m
= MB +MC' — MA +2MA =m

= h+2MA =m (do MB' + MC' — MA' = h)

= MA’:mT_h.

BAI 11. C la mot diém thuoc tia phan gidc cia goc 20y ¢6 sd do bing 60°, M 1a diém bat ki nim
tren duong vuong goc véi OC tai C' va thudc mién ngoai ctia goc x0y. Goi M A, M B theo thi tu 1a
khodng cach tit M dén Oz, Oy. Tinh do dai OC theo MA, MB.

# LOI GIAL

Goi E, F lan luct la giao diém ctia duong thing MC véi cac tia M

Ox, Oy (hinh vé&). Khi d6, tam giac OEF déu. B

Goi a 1a do dai cac canh cia tam giac OFF. Ta ¢6 F

Soer = Some — SomF

1 1 1

24-0C = ~a- MA—=a- MB
= 2a ocC 2(1 2&

= 0C=MA—-MB. x

Vay OC = |MA — MB|. -

BAI 12. Cho tam giac déu ABC, cac dudng cao AD, BE, CF. Goi A’, B, ¢ 1a hinh chiéu cta diém
M (ndm bén trong tam giac ABC) tren AD, BE, CF. Chitng minh ring khi diém M thay déi vi tri
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trong tam giac ABC' thi:

a) Tong A'D + B'E + C'F khong doi; b) Téng AA’' + BB' + CC’ khong déi.

# LOI GIAL

@ K¢ MH | BC, MI 1 AC, MK 1| AB. Khi d6, ta 6
MH =A'D, MI = B'E, MK =C'F.
Goi h 1a do dai duong cao ctia tam gidc déu ABC'. Theo

vidu 1, ta co

MH+MI+MK=h
= AD+BE+C'F=h.

Vay tong A'D + B'E + C'F khong doi.
@® Theo két qua cau a), ta co

AA'+ BB'+CC' =AD - AD+ BE —~B'E+CF —C'F
— (AD+ BE +CF) — (AD + B'E+C'F)
—3h— h = 2h.

Vay tong AA’ + BB’ + CC' khong doi.

BAI 13. Cho tam gidc déu ABC, A’, B', C' theo tht tu 1a hinh chiéu ctia diém M (nim bén trong
tam giac ABC) tren BO, AC, AB. Cac dudng thang vuong géc véi AB tai B, vuong goc véi BC tai
O, vuong goc véi CA tai A cat nhau 6 D, E, F. Chiing minh rang:

@ Tam gidc DEF la tam giac déu;
@® Tong AB' + BC' 4+ C' A’ khong phu thudce vao vi tri ctia diém M trong tam gidac ABC.

# LOI GIAL

™= Suu tam & bién soan Trang 344 /477 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 8 Nam hoc 2019-2020

@ Taco E
FAB + BAC + CAE = 18(0° A
= FAB+60° +90° = 180° :
= FAB=30° o
— AFB = 60°. By
F

Twong tu, ta co AEC = CDB = 60°.
= Tam gidc DEF 1a tam giac deu.
@ K¢ MH | DE, MI | EF, MK | FD. Khi d6,
tac6 MH = CA, MI = AB', MK = BC'.
Goi h 1a do dai duong cao ciia tam gidc deu DEF'.

Theo vidu 1, ta c6

MH+MI+MK=h

. = AB'+ BC'+CA = h. .
Vay tong AB' + BC’" 4+ C'A’ khong phu thude vao vi tri ciia diem M trong tam giac ABC.

O
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CHUONG

4

TAM GIAC DONG DANG

Bl 0 DINH LY TA-LET

O Li THUYET

Chuong III bat dau bing viéc nghién citu ¢ s6 ciia hai doan thang, dé 1a ti s6 cac do dai clia chiing
theo cing mot don vi do.
2 L N . D .2 0
Cho doan thiang AB va mot t1 s0 — > 0, ton tai duy nhat mot diem C' thudc doan thiang AB sao
n
CA

cho el i ™ Piém C goi 1a diém chia trong doan thang AB theo ti s6 m (khi d6 diém C chia doan
n n

thang BA theo ti s6 ﬁ).
n m /m m
Cho doan théng AB va mot ti s6 —, (— >0, — # 1), ton tai duy nhat mot diém D thudc duong
n’ \n n
DA

thing AB nhung ndm ngoai doan thang AB sao cho DB = ™ Piém D goi 1a diém chia ngoai doan
n

thang AB theo ti s6 m (khi d6 diém D chia ngoai doan thang BA theo ti s6 2).
Trén hinh 1, diémnC' chia trong doan thang AB theo ti s6 1 : 2, diém D ch?; ngoai AB theo ti s6
1:2.
D A C B

., AB A'B
Néeu — =

AB va CD ti lé véi cap doan thang A'B’ va C'D'. Dinh li Ta-lét

cho ta céac cap doan thing ti lé: Duong thang song song véi mot

thi ta c6 cac cap doan thang ti lé: cap doan thing A

canh clia tam giac thi dinh ra trén hai duong thang chia hai canh

kia cac cip doan thing tuong tng ti lé (do d6 tao véi cac duong D E

thing chita hai canh kia mot tam gidc mdi c¢6 ba canh tuong ting ti

1é v6i ba canh clia tam giac ban dau).

AD AE DE B ¢
AB __AC _ BC

DE | BC =

Vi DU 1. Cho hinh thoi BEDF noi tiép tam gidc ABC (E thuoc AB, D thuoc AC, F thuoc
B(C).
@ Tinh canh hinh thoi biét AB = 4cm, BC = 6cm. Tong quat véi AB = ¢, BC = a.

. 2
@® Ching minh ring BD < 9 v6i AB = ¢, BC = a.
c

a+
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@ Tinh do dai AB, BC, biét AD = m, DC = n, canh hinh thoi bang d.

# LOT GIAL

C

@ Goi canh hinh thoi la . Ap dung dinh i Ta-1ét vao AABC véi ED || BC, ta c6:

ED_AE:>x_4—$:> _ 9y
BC AB 6 4 T= 40
ac

a+c
@® Trén tia doi clia tia BC lay diem K sao cho BK = BA. Ta c6 AABK can, tit d6 BD || KA.

Ap dung dinh 1i Ta-lét vio ACAK véi BD || KA ta co:

Téng quét, © =

BD_CB:>BD_ a 0
AK CK =~ AK a+c¢

Trong AABK, ta co:
AK < AB+BK =c+c=2c (2)

T (1) va (2) suy ra:
a 2ac
-2¢c =

BD < )
a—+c a+c

® Ap dung dinh li Ta-lét vio AABC véi ED || BC ta co:

ED_AD:> d —m :>Bc_d(m+n)
BC AC = BC m+n oom
Tuong tu AB = W

/N Chi y: T két qud ciia cau b, ta co:

1 >a+c_1<1+1)
BD = 2ac 2\a ¢/’

Do dé, néu goi AM, CN la cic duong phan gidc cia NABC va AC = b th

1 n 1 n 1 - 1 n 1 n 1
AM BD CN a b ¢
0
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VI DU 2. Cho tam gidc ABC (AC > AB). Léy cac diém D, F tity § theo thit tu niim trén cac
canh AB, AC sao cho BD = CE. Goi K la giao diém ciia cac dudng thang DE, BC'. Chiing

N . K )
minh rang ti sO %D khong phu thudc vao cach chon cac diem D va E.

# LGOI GIAL

Cadch 1:

Dé lam xuét hién mot ti s6 bing %, ta vé qua D A
duong thang DG || AC. Theo dinh li Ta-1ét, ta co:

KE KC KE EC
KD KG KD DG’

D
Trong hai ti s6 trén, ta chi ¥ dén ti s6 sau, vi do dai
EC dugc néu trong gia thiét (EC = BD).
Ta th Ecb° BD a t1 sO nay b BA(\
a thay = bing &= va ti s0 nay bang —= (V1 B G C K
DG || AC).
Cach 2: A
Vé EH || AB ta co:
KE EH FEH AB
KD BD EC AC’
D
B H C K
Cdch 3: Vi DM || BC. Ta c6: A
KE CE BD AD AB
KD CM CM AM  AC’
M
D
B C K

O
Nhan zét: Trong cac bai tap van dung dinh 1i Ta-lét, nhiéu khi ta can vé thém mot duong thé“ing song
song véi mot dudng thing cho trude.

Day 1a mot cach vé duge phu hay ding, vi nhd dé ma tao them dudc céc cip doan thang ti le.

VI DU 3. Cho hinh thang ABCD ¢6 AB || CD, AB < CD. Goi O la giao diém ciia hai dudng
chéo, K la giao diém ctia AD va BC. Duong thang KO cit AB, C'D theo thi tu 6 M, N.
Chiing minh rang:
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MA MB MA MB
# LOT GIAL
K
B
A
D N C

@ Ap dung dinh 1i Ta-lét vao cac tam giac KDN, KNC véi AB || CD, ta co:

MA KM MB KM MA MB 0
ND  KN'NC KNSV '

ND NC

@ Ap dung dinh 1i Ta-lét vao cac tam giac ONC, OND véi AB || CD, ta co:

MA OM MB OM MA MB
NC = ON'ND ~ ON’ B

@ Nhan timg vé (1) véi (2) ta duge:

MA>  MB?
ND-NC ~ NC-ND’

suy ra MA? = MB? tic la MA = MB.

Tu do NC = ND.
O
Nhan zét: Tu vi du trén, ta suy ra:

Trong hinh thang c6 hai canh day khong bang nhau, duong thang di qua giao diém ctia cac dudng
chéo va di qua giao diém ctia cac duong thang chita hai canh bén thi di qua trung diém ctia hai canh
day.

Tinh chat nay c¢6 nhiéu tng dung quan trong, dudce goi 1a bo dé hinh thang.

() BAITAP

BAI 1. Trong hinh thang ABCD (AB | CD) ¢6 AB = 28cm, CD = 70cm, AD = 35cm, vé mot
duong thing song song véi hai canh déy, cit AD, BC theo tht tu ¢ E va F. Tinh do dai EF biét
rang DE = 10cm.

# LOT GIAL
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Theo gia thiét, vi DE = 10cm nén AE = 25cm. A B
Goi I 1a giao ctia AC' va EF. Ap dung dinh li Ta-1ét cho AACD

neén ta co:

1
AE  EI Al 25:E—:>EI:5O I

AD - DC _AC T 3 70 E/ \ <
K

Al 5 Ic 2
i — = — _— - D
VWac~=77ac" 7
Ap dung dinh li Ta-lét cho tam giac ABC' ta c6:

¢ IF 2 IF

—=—=_-=—=]F=8.

CA-AB 728
Vay EF = 58cm.

O

BAI 2. Goi O la giao diém ciia cac dudng théng chita hai canh bén AD, BC ctia hinh thang ABCD.
Dudng thing di qua O va song song véi AB cit cac duong thang AC, BD theo thit tuw & M, N. Chiing
minh rang OM = ON.
# LOI GIAL
Vi MN || CD nén ta co M @ N

OM OA ON OB 0
CD AD’ CD BC

Ap dung dinh 1i Ta-1ét cho tam gidec OCD ta c6 A B
0A_0B
AD  BC
R R OM  ON B
Tu (1) va (2) suy ra D -CD " OM = ON.
D C

0

BAI 3. Cho hinh thang ABCD c6 céc canh day AB = a, CD = b. Qua giao diém O ctia hai duong

chéo, ké duong thang song song v6i AB, cit AD va BC theo thi tu ¢ £ va G. Ching minh rang
1 1 1 1

OFE _0G a ¥

# LOI GIAL

WANVAW

D C

Ap dung dinh Ii Ta-lét cho tam gidgc ACD, ta c6

OE_AO:> 1 AC 1 _<1+@).L_<1+D0). 11 N 1
DC AC T OE AO DC AO/) DC AB/) DC AB CD’
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Ap dung dinh 1i Ta-1ét cho tam gidec ABC, ta c6

oG _0oC 1 _AC 1 (1 AO>.1_<1 AB> 111

AB_ACc " ocd - oc aB _\'Tco) 4B tDc) AB - AB T D

1 1 1 1
U

OE 0G a ¥
BAI 4. Cho hinh thang ABCD (AB || CD). Mot dudng thing d song song véi hai canh déy cit hai
canh bén AD, BC theo thit tu & M, N va cat hai duong chéo BD, AC theo thit tu 6 H, K.

@ Ching minh ring MH = KN.

@® Hay néu cach dung dudng thang d sao cho MH = KH = KN.
# LOI GIAL

Vay

@ Vi MN | AB,MN || CD nén &p dung dinh ly Ta-lét ta ; R
0 MH MD CN KN
AB  AD CB AB
Suy ra MH = KN. ]WMH k\N
@® Coi I 1a giao diém ctia AH va CD. Khi d6
D 1 C

MH AH HK
DI Al  IC~

Suyra MH=HK < DI =1C.

Vay ta dung dudng thang d nhu sau: Lay I 1 trung diém ctia CD. Goi H 1a giao ctia AI va BD.
Ké duong thang d di qua H va song song véi AB ta duge duong thang can tim. O

BAI 5. Tam gidc ABC c6 AC > AB, AC = 45cm. Hinh chiéu ciia AC va AB trén BC theo thi tu
1a 27cm va 15cm. Duong trung tryc ctia BC' cat AC 6 N. Tinh do dai CN.
# LOI GIAL
Goi M la trung diém ctia BC, AH 1 BC'. Ta xét hai truong hop sau
— B < 90°. Khi d6, H nam gitta B va C nén BC = 42cm, suy ra CM = BM = 2lcm.
Ap dung dinh li Ta-1ét cho tam gidc AHC ta c6

cl CN
A
N
il
B H M C
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— B > 90°. Khi d6, B nim gitta H va C' nén BC = 12cm, suy ra CM = BM = 6cm.
Ap dung dinh If Ta-1ét cho tam gidc AHC ta c6

CI CN

CH  AC

= CN = 10cm.

O

BAI 6. Cho hinh binh hanh ABCD, diém G chia trong canh DC theo ti s 1 : 2, diém K chia
trong canh BC' theo ti s6 3 : 2. Tinh do dai ba doan thang do AG, AK dinh ra trén BD, biét ring
BD = 16cm.

# LOI GIAL
Goi E, F la giao diém ctia AG, AK v6i BD. Ta ¢ A B
DE DG DG 1
EB AB DC 3 Ja
én DE = 1EB . 4
nén =3 g 7 = dem. i
Tuong tu, BF = gBD = 6cm. Vay EF = Gem. 5
D G C

O
Vé dudng thing song song trong cac bai tap sau dé tao thanh cac cip doan thang ti lé.
BAI7. @ Cho tam giac ABC c6 A= 120°, AB = 3cm, AC = 6¢cm. Tinh do dai duong phan giac

AD.
1 1 .
Q\Cho tfxm giac ABC v6i duong phan gidc AD théa méan 1D~ 4B + 1 Tinh s6 do géc BAC.
# LOI GIAL

@ Ké DE || AB, AADE déu. Dit AD = DE = EA = z. Ta ¢6
DE CE =z 6-—u

AB CA 3~ "%

Tu d6 z = 2. Vay AD = 2cm.
A

B D C
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@ Ké DE || AB. Dat DE = EA = z. Ta ¢6

DE_C’E: x _AC’—a:_l_i
AB CA =~ AB  AC AC
:>i+ x 1 . L1 a
AB  AC AB  AC =z )

1 1

1B +AC =D Suy ra AD = x, AADFE deu, BAC = 120°.

Theo dé bai

O
BAI 8. Cho tam giac ABC. Chiing minh ring néu mot dudng théng cit canh AB 6 D, c&t canh BC
& K va cat tia d6i clia tia CA 6 E sao cho BD = C'E thi ti s6 % khong doi.
# LOI GIAL
A

, KE CE BD BA
Ké DG || BC. Ta c6 XD cC-CCc - A
BAI 9. Cho tam giac ABC, diém D chia trong canh BA theo ti s6 1 : 2, diém F chia trong canh AC
theo t1 s6 2 : 5. Goi F 1a giao diém ctia cac dudng thing ED va BC. Tinh ti s6 FB : FC.

# LOT GIAL

O

A

F B C

. FB EG FEG FEA DB FEA

. 1 2 1
Ké BG || DE. Ta c6 == ==, O

FC FEC FEA EC DA EC 25 5

BAI 10. Cho tam gidc ABC, diém D chia trong canh BC theo tis6 1 : 2, diém O chia trong AD theo
tis6 3:2. Goi K la giao diém ctia BO va AC. Tinh ti s6 AK : KC.

# LOI GIAL

™= Suu tam & bién soan Trang 354/477 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 8 Nam hoc 2019-2020

B D C
, AK AK KG A0 BD 3 1 1
KEDGBE.Tacd o = 10 K6 0D BC 23 2 -
BAI 11. Cho tam gidgc ABC, dudng trung tuyén AM. Goi I la diém bat ki trén canh BC. Duodng
thang di qua I va song song v6i AC cat AB & K, dudsng thang di qua I va song song véi AB cat AM,
AC theo thit ty 6 D, E. Chiing minh rang DE = BK.
# LOI GIAL

A

Ké MG || IE. Ta ¢6
BK BA DE MG MG BA
KI AC’ AE AG GC  AC

BK DE

Suyraﬁzﬁ,maKI:AEnenBK:DE. O

BAI 12. Tt gidc ABCD ¢6 E, F theo thic tu 1a trung diém cta CD, CB, O la giao diém ctia AFE,
DF; OA=40F,0D = gOF. Chitng minh rang ABCD la hinh binh hanh.

# LOI GIAL

Ké EI || DA, lay K 1a trung diém ciia CF. A B
bat OD = 2a, OF = 3a. Ta tinh dugec OI = 0.5a; [F = 2.5a;

EK = 2.5a. Tt d6 FIFK la hinh binh hanh nén FK || IE ||

AD. Suy ra BC || AD. ; F
Ta lai c6 BC' = AD (cung bang 4ET). Vay ABCD la hinh binh K
hanh. " "
D E C
0

BAI 13. Dudng thing di qua trung diém cac canh d6i AB, C'D cia ti gidc ABCD cit cac duong
thang AD va BC theo thit tit é I va K. Chitng minh ring:

IA:ID=KB:KC.
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# LOI GIAL

Goi M, N la trung diém ctia AB,CD. Vé AE, BF || DC. Ta c6

IA AE BF KB
ID~ DN NC KC

g

BAI 14. @ Qua diém M thuoc canh BC ctia tam gidc ABC, vé cac dudng thing song song véi

. . . AH AK
hai canh kia, ching cat AB, AC theo thi tu 6 H, K. Chitng minh rang tong 1B + i khong

phu thuoc vao vi trf ctia diém M trén canh BC.

@ Xét truong hop tuong tit khi diém M chay trén dudsng thang BC nhung khong thuoc doan thang

BC.
# LOI GIAL
° AH CM
D P Al CM A
o MH || AC, theo dinh li Ta-lét, ta c6 15 - OB
AK BM
Twong tu ta duge — = B
Do dg AH | AK _CM UBM _BC H
AB " AC T CB ' CB  BC K
B M C
(2
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— Néu M thuoc tia doi ctia tia C'B thi
AK _AH _ CK _AH _ MC CM _ H

AC AB _ Tac aB - 'TBc BC T

— Tuong tu néu diem M thudc tia déi cta BC thi A
AH ~AK
AB AC

O

BAI 15. @ Cho tam giac ABC, dudng trung tuyén AM. Qua diém O ctia AM, vé dudng thing
cat cac canh AB, AC theo thit tit 6 B/, C’. Chitng minh ring khi dudng thang thay doi vi tri
AC ..
: Vi + Vel khonqum. ?
@® Tong quat hoa bai toan trén khi O 1a mot diém cb dinh trén doan théng AM.
# LGOI GIAL

ma van di qua O thi tong

Ké BI | B'C", CK | B'C" (I, K € AM). A
Khi d6 IBM = MCK (hai goc so le trong).
Xét ABIM va ACKM co: c

IBM = MCK; BM = CM(gt); IMB = C MK (d6i dinh) / 7

B
Suy ra ABIM = ACKM (g.c.g) = IM = MK.
AB Al i i

Do OB’ inh 1 Ta-16t c6 = B M C

o OB’ || IB, theo dinh 1i Ta-16t c6 A5 = A0 \/
Tuong tu, ta dug AC_ AR

g t, ta duge = =~ K

Suy ra

AB+AC_AI+AK_AI+AK_(AM—MI)+(AM+MK)_2-AM_4
AB  AC"  AO A0 @ AO AO A0 7

@ Chi can O 1a mot diém c6 dinh thuoc doan thang AM, khong doi héi O 1a trung diém ctia AM.
Gia tri khong ddi ctia tong bang 2AM : AO.
C6 thé dién dat bai toan nay dusi dang: Cho hinh binh hanh ABCD, diém C’ nim trén dudng
chéo AC (AC" < %AC’). Qua '’ vé dudng thing d cit cac canh AB, AD é B’, D'. Chitng minh
. AB AD AC
e o T AD T acr

A B’ B
M
D’ N
D C
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O

BAI 16. Cho tam giac ABC vuong can tai A, dudng trung tuyén BM. Trén canh BC lay diém D
sao cho BD = 2DC'. Chiing minh rang BM vuong goc véi AD.

# LOI GIAL

Ké CK || AD (K € AB)
Khi d6 theo dinh 1i Ta-1ét ta c6

AB  BD
Lai c6: AB=AC =2-AM. T D
Suy ra AK = AM.
Xét ACAK va ABAM co: M
AK = AM(cmt); CAK = BAM = 90°; AC' = AB

Suy ra ACAK = ABAM (c.g.c) K A B
— ACK = ABM

Ma CKA = BAD (hai goc dong vi)

SuyraA/C?(jL(@:A/BW—I—B/AT)

Hay ABM + BAD = 90°.

Vay BM 1 AD.

BAI 17. Cho tam gidc ABC vuong tai A. Cac diém D, F thuoc canh BC sao cho BD = DE = EC.
Biét AD = 10cm, AE = 15cm. Tinh do dai BC.

# LOI GIAL

Ké DH || AC; EK || AB (K € AC; H € AB.
bat DH =x; FK =y.
Do DH || AC, theo hé qua dinh 1y Ta-16t ta c¢6

DH BD 1
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Do EK || AB, theo dinh ly Ta-lét ta c6

AK EB 2
— =——=-= AH =21. ¢
AC ~ CB 3 !
Tuong tu ta duge AB = 3y; AH = 2y. Suy ra BH = y.
Xét AADH vuong tai H, theo dinh 1y Pitago ta co K E

AH? + DH? = AD? hay 4y* + 2* = 100. (1)

Tuong tu ta duge y? + 422 = 225.  (2)
Cong vé theo vé ciia (1) va (2): 5(x? + y?) = 325 & 22 + y? = 65.
Ma BH = y nén 2?4+ 3> = DH? + BH? = BD? hay BD = /65

Vay BC = 3v/65. A H BD

BAI 18. Cho tam gidgc ABC vuong tai A. Vé ra phia ngoai tam giac d6 cac tam giac ABD vuong can
tai B, ACF vuong can tai C. Goi H la giao diém ctia AB va CD, K la giao diém ctia AC va BF.
Chitng minh rang

0 AH = AK.
® AH?>=BH CK.
# LOI GIAL
F
A
D
B C
@ Dit AB=c, AC=0b.
. HA AC AC’ c
Ta c6 DB || AC suy ra HE - DB - Ag — p Swra
HA HB HA
+HB c A — bc‘
b c b+c¢  b+e b+c
KA ¢ be
T — =-va AK = .Dodo AH = AK.
uong;jta(zuolc(fc bva T e o do
1
gTaCO@_E[,(é{—O:E
Dodoﬁ A suy ra HA- AK = BH - CK.

Lai c6 AH = AK suy ra HA*> = BH - CK.
O

BAI 19. Cho tt giac ABCD c6 M la trung diém cia CD, N la trung diém cta CB. Biét ring AM

va AN cat duong chéo BD thanh ba doan bang nhau. Chiing minh riang ABCD la hinh binh hanh.
# LOI GIAL
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Goi E, F la giao diém ctia AM, AN véi BD; goi G, H la giao diém ciia cia M N véi AD, AB.

Ta ¢c6
AB BF AF

— BF | HN = S = o = (1)
AF  EF
— BF | MN = 0= = 1. (2)

1 1
Mat khac, M N la duong trung binh tam giac CBD suy ra M N = §BD, lai c6 EF = §BD
AF  EF 2

Thay vao (2), ta du’d(;lfé_N :B]%N 2 3 (3)
T (1) va (3) suy ra Vi HNAD 3 - (4)
Chu h tuong tu, ta dug = 5

ng min ng a dugc — %G =G = % ; (5)
Tit (3), (4) va (5) suy ra HN = JEF, MN = JEF, MG = JDE. Do d6 HN = MN = MG.

GN 2 _,

Do doé, ta co N = 3 két hop v6i (4) suy ra BC song song AD. Chiing minh tuong tu ta dugec AB
song song C'D va do d6 ABC'D la hinh binh hanh. O

BAI 20. Trén canh BC ctia hinh vuong ABCD canh 6, 1y diém E sao cho BE = 2. Trén tia dbi cia
tia C'D lay diém F sao cho CF = 3. Goi M la giao diém ctia AE va BF. Tinh AMC.
# LOT GIAL

D C F G

Goi H la giao diém ctia CM va AB, G la giao diém ctia AM va DF. Ta c6

AB BE 6 2
4B _ S —12, FG = CG — CF = 9.
HCGsuyraCG OE = 00 4:>CG , FG=CG-C 9
HB MB AB BH CF _ BH 3 -
—AHHDGsuyraCF VE - O do do 15— 7C "0 g —§,BH—2.
Xét ABAE va ABCH, ta c6
— AB = BC,
— ABE = CBH;
— BH=BE =2
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— ABAE = ABCH = AHM = AEB = MEC.
Ta 6 MEC + ECM = BHC + ECM = 90° do d6 AMC = 90°. 0

BAI 21. Cho tam giac ABC. Mot dudng thing cit cac canh BC, C'A theo tht tu 6 D, E vA cit
dudng thang BA & F. Vé hinh binh hanh BDEF. Dudng thang di qua F va song song véi BC' cit
HA 6 I. Chiing minh rang FI = DC.

# LOI GIAL
K F 1
H E
M
B D C
FI  MH
Goi K la giao diém ctia AC va FI, M 1a giao diém ctia AB va EH. Tacé KI || HE suy ra —— % - ME
. DC DE
T KI | B : 2
" | e FBKD FPED BD - ME FD FE MH DE <>
Ta c6 M = =
aco ME || BC suy ra ]\%ﬁ} %% E TE " ME - FE (3)
Tu (1), (2) va (3) suy ra TR~ FR nen FI = DC. O

BAI 22. Cho tam giac ABC, dudng phan giac AD, dudng trung tuyén AM. Qua diém I thuoc doan
thang AD, ké IH vuong géc véi AB, IK vuong goc véi AC. Goi N la giao diém ctia HK va AM.
Chitng minh rang NI vuong goc v6i BC.

# LGOI GIAL

B D M C

Qua N ké dudng EF || BC, do M la trung diem BC nén NE = NF.
Ké EG | HK, do N la trung diéem EF nén GK = KF. (1)
Ta co

— [ thudc phan giac AD,
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— IH 1 AB,
— IK 1 AC.
= AH = AK.
Tam giac AHK can, EG || HK suy ra AE = AG, nén FH = GK. (2)
Tw (1) va (2) suy ra EH = KF.
Xét tam giac THE va [KF c6
— IH =IK,
— HE =KF,
— EHI = FKI(= 90°)
= AIHE = AIKF (c-gc) = IE=1F.
AIEF can tai I, IN la duong trung tuyén nén IN L EF. Do d6 IN L BC. U

BAI 23. Cho tam gidc ¢6 ba goc nhon, truc tam H. Mot dudng thing di qua H cit AB, AC theo thit
tit & P, Q sao cho HP = HQ. Goi M la trung diém ctia BC. Chitng minh rang HM vuong goc véi
PQ.

# LOI GIAL

Qua C ké duong thing song song véi PQ cit AB & N, cit AH 6 K.
PH H AH

Ta c6 PQ || NC suy ra NE = ?(C (: AK)' Do HP = HQ nén KN = KC.

Tac6 MB = MC, KN + KC suy ra KM la duong trung binh cia ACBN, KM || AB.

Ma CH 1L ABnén KM 1 CH.

Lai ¢c6 BC L AH, KM 1 CH suy ra M la tryc tam cia ACHK nén HM 1 NC'. Lai ¢c6 PQ || NC

suy ra HM 1 PQ. O

BAI 24. Hinh chit nhat ABCD c6 M, N theo thit tu 1a trung diém ctia AD, BC. Goi E 1a mot diém
bat ki thudc tia doi cia tia DC, K 1a giao diém ctia EM va AC. Chiing minh rang NM la tia phan
giac cua goc KNE.

# LOT GIAL
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E D C H

Goi I 1a giao diém ctia AC' va M N, H la giao diem KN va DC.
Xét ti giac NMCD c6
— DM ||CN (AD || BC, M € AD, N € BC),
— DM =CN (DM = %, AD = %BC’, AD = BQC).
= Tt gidc MNCD la hinh binh hanh = MN || CD.
Xét AADC c¢6 M 1a trung diem AD, MI || DC (MN | CD, I € MN), I € AC = I la trung diém
MN = IM = 1IN.
Xét AKEC ¢c6 MI || EC (MN ||CD,1 € MN, E€(CD)

IM  KI
= 26 = oo (he qu cia dijr;\l;l 1f T;(l(jt) (1)
hi inh tuong tu ta c6 — = ——. 2
Chiing min ng ty acoHC KO (2)

]M_]N@EC’_]M
EC HC =~ HC IN

Tu (1) va (2) suy ra =1 = C la trung diém EH.

Xét AENH c6 NC vita la duong cao vira 1a duong trung tuyén néen AENH can tai N. (3)
Taco KNE la g6c ngoai cia ANEH. (4)
Tit (3) va (4) = KNE = 2NHE. (5)
Ta lai c6 KNM = NHE (MN || EH, hai géc so le trong) (6)
Tit (5) va (6)= KNE = 2K NM < NM Ia tia phan gidc ctia goc KNE. O

BAI 25. Cho hinh binh hanh ABCD, diém M thudc canh BC, diém N thuoc tia doéi ctia tia BC
sao cho BN = CM. Cac duong thing DN, DM cit AB theo thtt ty ¢ E, F. Ching minh ring
AE? = EB-EF.

# LOI GIAL

Tac6 MN = BN + BM =CM + BM = BC = AD (BN =CM).
Xét tu gidc AMND c6
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— AD|| MN (AD | MN, N € BC),

— AD = MN (cmt).
= Tt gidc ANM D 1a hinh binh hanh (ti gidc ¢6 1 cip canh vira song song vita bang nhau) = AN ||
DF.

EA EN
Xét ADEF ¢6 AN || DF = F = ED (hé qua ctia dinh i Talét). (1)
Xét AAED 6 AD || BN = 2 _ BB 0 dinh 1i Talét). 2)
inh 1i
é c6 o EEBD 7 (he qué clia alé
Tu (1) va (2 — = & FEA?=EB-EF. U
u’()va()suyraEF A

BAI 26. Mot dudng thing di qua dinh A ciia hinh binh hanh ABCD c&t BD, BC, DC theo thit tu
4 £, K, G. Chitng minh ring:
O AL’ =FEK - EG,;

1 1 1
® p-axtac ) 7
® Khi duong thang thay ddi vi tri nhung van di qua A thi tich BK - DG c¢6 gia tri khong doi.

# LOI GIAL

A B
E
D C G
. . FEA FEB
Xét AAED c6 AD H]_fj <AEDKH BO, K € BO) = —= = ——. 2)
Tu (1) xfx (2) 8111y ra ? = gﬁ AEEA2 EK - EG.
Ta c6 = = 1.
R VRV A TRy V' Te R
Xé 5 —_— = . 4
ét NAED c¢6 AD || BK (AD || BC’,KGBC’):>AK DB (4)

. . AE AE DE BE BD
Tu (3) va (4) ta duge Ve + G- DB + 5D~ BD

@ Xct AABK 6 AB || CG (AB || DC, G € DC) = 58 _ 4B

ke
Nhan ting vé (5) va (6) ta duge D = 4D < KB-DG = AB-AD, ma AB, AD ¢6 dinh nén

BK - DG c6 gia tri khong doi.
O

BAI 27. Cho tam gidec déu ABC. Cac diem D, E theo tht tu thudc cac canh AB, AC sao cho
AD = CE. Goi M la mot diém bat ki thuoc canh BC. Vé M H song song véi CD (H thuoc AB), vé
MK song song v6i BE (K thuoc AC). Chting minh rang khi diém M chuyén dong trén canh BC' thi
tong M H + MK c6 gia tri khong doi.
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# LOI GIAL

Xét AADC va ACEB c6
— AD = CF (gia thiét),
— A=C =60° (AABC déu),
— AC = BC (AABC ddu).

= ANADC = ACEB (c-g-¢) = DC = BE (2 canh tuong tung).
MH MB

Xét ABDC ¢6 MH || DC (gia thiét) = —— = —— (hé qud cta dinh li Talét). (1)
itk dfe
Xét ABCE ¢6 MK || BE (gia thiét) = BE — BC (hé qua cta dinh Ii Talét). (2)

MH+MK_MB+MC_ BC
VH MK DC  BE  BC BC  BC
—+—=1=>MH+ MK =CD.

= fole + DC = + C q

Ta c6 C, D co dinh nén M H + MK c6 gia tri khong doi.

Tu (1) va (2) ta co = 1, ma DC = BE (chting minh trén)

OJ

BAI 28. Cho tam giac déu ABC, trong tam G, M la mot diém bat ki nim ben trong tam gidc. Dudng
thang MG cét cac dudng thang BC, AC, AB theo thit tu § A’, B, ¢’. Chitng minh ring

AM  BM COM_,

16 g T o

# LOI GIAL
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Goi 3 dudng trung tuyén cia AABC lan lugt 1a AD, BE, CF, ma AABC déunén GD = GE = GF.

Vé D', E', F" lan luct 1a hinh chiéu ctia M trén BC, CA, AB.

Vi AABC déu, AD la duong trung tuyén nén AD ciing 1a duong cao, suy ra AD 1. BC, ma M D' |

(D' 1a hinh chiéu ctia M tren BC). Vay AD || M D'.

Xét AA'GD ¢6 AD || MD' (chiing minh trén) = AN MDY
s AG ~ GD

Chiing minh tuong ti ta co

(hé qua cia dinh 1i Talét).

BM ME C'M _MF
B'G GE C'G GF’
Vay A’M B’M C'M  MD' N ME' N MF' _MD'+ME' + MF'
AG T BG T C0GGD " GE " GF GD

(vi GD = GE = GF).

1 1 1 1
MatkhaCSAABC:SAAMB+SAAM0+SABM0<:>§'AD'BC:§~AB~MF/—I—§~AC~MEI+§~
BC-MD' < AD = MF/+ME’+MD’.

Va AM+BM CM AD
a =
VaGc T BG T 0G T GD -

BAI 29. Cho tam gidc ABC vuong can tai A. Cac diém D, E, F theo tht tu chia trong céc canh
AB, BC, CA theo cing mot ti s6. Chiing minh rang

@ AE-DF,
@ AE vuong goc véi DF.
# LOI GIAL
A
D o
B C
B E C
AD  BE
Th hi 1
eo gia thiét, ta c6 — 15~ BO" — (1)
Ve EH 1 AB, (H € AB). Tac6 HE || AC suy ra — C - Bo (2)
HE AD

Tu (1) va (2) suy ra — C -~ AB lai c6 AB = AC suy ra HE = AD.

Mat khac tam giac BH E vudng c¢6 HBE = 45° suy ra AHBE can = HB = HE. Vay AD = FH =
BH.

AD CF
Theo gia thiét ta c6 —

AB AC
Do do6 ta c6 AH = AF.

Xét AAHE va AFAD
— AH = AF (cmt),
— HE = AD (cmt),
— AHE = DAE = 90°.

= AAHE = AFAD (c-g-c) = AE = DF, AFD = HAE.

suy ra AD = CF.

Ta 6 HAE + ADF = AFD + ADF = 90° = AE 1 DF. O
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BAI 30. Cho hinh thang ABCD (AB || CD) c6 dién tich S. AB = gCD. Goi E, F theo tht tu la
trung diém ctia AB, CD. Goi M la giao diém ctia AF va DE. N la giao diém ctia BF va CE. Tinh
dién tich tit gidc EM F'N theo S.

# LGOI GIAL

Dat SAEM = X.

MF MD DF 3
Ta c6 AB || CD, suy ra =

MA ME AE 2
3 3

Semrp  MF

Do d¢ = ——=-= Spyr = -1

O e  ME 2 CEMET O

3 3 3 9
Tu’dng tu, ta co SAMD = §SAME = 5%, SDMF = §SAMD = ZI
25
Tu d67 ta co SAEFD = ZZL‘ (2)
6
Tu (1) va (2) ta co SEMF = %SAEFD-
6 6

Tuong tu Spyr = %SBEFC- Suy ra Spmrn = 2_5SABC’D = %S. ]

BAI 31. Cho hinh thang ABCD (AB || CD) c6 dién tich S. AB = gC’D. Goi E, F theo tht tu la
trung diém ctia AB va C'D. Goi M la giao diém ctia AF va DE. N la giao diém ctia BF va CE. Tinh
dién tich ti giac EMF'N theo S.
# LOI GIAL
Dit Sapy = . A L B
MF MD DF 3 3

°MA - ME~ Ap g Seur=gr (1 v

Vi Saup = Semr va Spur = gSAMD nén Spyr =

3 9
§SAMD = Zl‘
25

Tu d6 Sugrp = Z% (2) D F C
6
Tu (1) va (2) suy ra SEMF = %SAEFD'

Tuong tq Spnr = %SBEFC-
6 6
Suy ra SgMpN = %SABCD = %S

BAI 32.

, , N
a. Cho hinh binh hanh ABCD, M la trung diém ctua BC. Diem N trén canh C'D sao cho % =2.

2 NS 1
Goi giao diem cia AM, AN véi BD la P, (). Ching minh rang Sapg = ESAMN.
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b. Chiing minh ring két luan é cau a van dang néu thay diéu kien “M la trung diém ctia BC, N trén

CN b 2
canh CD sao cho ~ND - 2” béi dieu kién tong quat hon “M trén canh BC. N trén canh C'D sao

. ON _ BM,
“ND T “mC
# LOT GIAL " " . o Ap o Ap
Truée hét ta co S:AZ?V = Sjii'S:;; :A]C\QT'AM'Ta can tinh toan ti sé%-m.
AQ AB AQ 3 AQ 3
O it L =—"—"=3=>—""__—-="_°__,
QN DN AQ+QN 4 =~ AN 4
WwAP _AD AP "~ 2 AP 2
PM  BM AP+ PM 3 =AM 3
Do ds A€ AP 3 2 1
©OUN 114]\/[_4 )
Vay Sapg = §SAMN-
A B
P
M
D N C
. CN _BM __ BM __CN
Dat MC = thi BM = kz. Dat ND = y thi ON = 2ky.
twes AP _AD _wtkr k1 AP ktl AP k+l O
YOPVy T BM T kx| k AP+ PM  2k+1  AM  2k+1
Vst khae AQ _ AB _yt2ky 2k 41 AQ T 2%k+1  AQ 2k +1

_ a0 _ _ 2

ON ~ DN ” I T AQrON oh+2 AN oz P
o AP AQ k41 2%k+1 1
T (1) va (2) sy ra Zor = 2 = o T or 13 T o

1
Vay Sapg = §SAMN-

O
BAI 33. Cho goc 2Oy va diém M c¢b dinh thudc mién trong ctia goc. Mot dudng thing thay déi vi
tri nhung luon di qua M cat cac tia Ox, Oy theo thit tu 6 A, B. Goi S;, S, theo thit tuy 1a dién tich

. . 1 1 )
cac tam giac MOA, MOB. Chiing minh rang tong 5 + 5 c6 gia tri khong doi.
1 2

Huwéng dan: Xét vi tri gidi han ciia dudng thang khi né song song v6i Ox dé dit doan gia tri khong
doi.

# LOI GIAL

Ve MK || OA, ta c6
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OK AM N Smox  Smoa
OB AB Syos  Saos
Syvok Sh S1+ Sy 1

= = = =
Sy Si 4 Sy 5155 Syvok

1 1 )
(khong doi)

= -+ =
S1 S Smuok

. 1 1 ) 1
Chu §: Néu vé them AA” | OM, BB’ 1 OM thi tu 5 + — khong doi, ta c6 T *
Lo 5 OM - AA
1 2 ]. 2
T khong doi, suy ra S+ - khong doi. Ta lai c6 MA > AA', MB > BB’ nén
~.OM - BB’ Ad BB

2
1 1

1
<
MA MBS Ax BB S /
T dob ta c6 bai toan: Cho géc xOy va mot diem M nam trong goc ay. Qua M hay dung mot duong

14 hang so.

tha At hai h ctia goc 6 A va B ho —— + —— 16n nhét.
ang ca al cann cua goc va S&OCOMA+MB n nhna

Duong thing phai dung la duong vuong goc véi OM tai M.

Du doan diém c6 dinh: Néu lay A’ thuoc Oy, B’ thuoc Oz sao cho OA = OA, OB’ = OB thi
1 1 1 . . ) . . . .

O + 0B — & Diém ¢6 dinh néu c6 phéi 1a giao diem ctia AB va A’B’. Goi giao diem d6 1a C, 1o

rang C' phai thudc tia phan giac cta goc xOy.

Chitng minh: V& tia phan giac ciia géc 2Oy, cat AB 6 C. Vé CD || Oz thi OD = OC = a.

DC BD a a 1 1 1 P 1 1 1
Ta c6 = =1 = —. Mat khac, th 14 thiet 1 — 4+ — = —. V3
acoOA BQ:>OA+OB OA_I_OB a at khac, theo gia thiet oA OB kVay
DC =k, C la diem cb dinh. O

BAI 34. Cho géc zOy. Cac diém A vd B theo thit tu chuyén dong trén céc tia Oz va Oy sao cho
1 1

04T 0B "k

dinh.

# LOI GIAL

(k 1a hing s6). Chiing minh ring dudng thang AB luon luon di qua mot diém cb

O A

Dy doan diém c¢6 dinh: Néu lay A’ thuoc Oy, B’ thudc Oz sao cho OA' = OA, OB’ = OB thi

1 1 1 . ) . .
O + 08— & Diém ¢6 dinh néu ¢6 phéi la giao diem ctia AB va A’B’. Goi giao diem do 1a C, 1o
rang C' phai thuoc tia phan giac cua goc zOy.

Chitng minh: V& tia phan giac ctua goc Oy, cat AB 6 C. Vé CD || Ox thi OD = OC = a. Ta ¢6

b _BDb o Ob-a ooy 0 L L vt khde, theo gid thice
04~ BO T 0A~ 0B OA" OB~ = 7 0AT OB o G e s e
lm + 0B & Vay DC =k, C la diem co dinh. O
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BAI 35. Cho hinh thang ABCD (AB || CD). Diém E thugc canh AD, diém F thuoc canh BC' sao

DE BF 1 . .
cho DA BCO " 3 Goi M, N theo tht tu la giao diem ciua EF v6i BD, AC. Chiing minh rang
EM = NF.

# LOT GIAL

Ké AA’, CC', EE', FF' vuong géc véi BD. Goi O la giao diem ctia AC va BD suy ra EE' || CC" ||
AA" || FF'.

EE" DE 1
Vi EE' || AA" (cach dung) =

(hé qué cia dinh 1i Ta-let).

AA' T DA 3
— - AA /
ME EE 3 AA
~ / / - . o . ~ 2 2 . -
Vi EE' || FF' (cach dung) = ME PR =1 =0 (hé qua cta dinh 1i Ta-let). (1)
- CC’
OA  AA
/ ! ~ 2 2 . s _
Vi AA" || CC" (céch dj\lj[nEg) 0940 oo (hé qua cta dinh li Ta-let). (2)
T (1) va (2) suy ra M_]\];F: OOCB (3)
Chitng minh tuong tu @ = 8% (4)
Talai c6 AB || CD = oC = 0D (dinh 1i Talet). (5)
Tt (3), (4), (5) suy ra
ME NF EM NF ME NF
MF - NE  ME+MF NE+NF BF _ BF - MEZME
U
BAI 36. o
@ Cho tam giac ABC. Trén tia déi clia tia C'B lay diém A’ sao cho = 3. Trén canh C'A lay

AC
2 CB/ 1 ? N
diem B’ sao cho A= 3 Goi ' 1a giao diem ctia A’B’ va AB. Chiing minh rang C’ 1a trung
diém ctia AB.

Chtng minh bai toan tdng quat: Néu mot duong thang khong di qua céc dinh ciia tam giac
(2] g g q g thing gdiq g
AB" CA" BC'

ABC va céat cac duong thang BC, CA, AB theo thi tuw 6 A’, B/, C’ thi B0 AR A" 1
(dinh 1f Mé-né-la-uyt).

# LOI GIAL
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@ K¢ AH, BI, CK vuong géc véi A'C’ suy ra AH || BI || CCK.

AH B'A
Vi AH || CK (céch dung) = g? :BBA/O = 3 (hé qué cua dinh i Ta-let).
V1 BI'|| CK (cach dlzli) = K~ a0~ 3 (hé qua cta dinh 1f Ta-let).
Tu (1) va (2) suy ra B = 1(.;”14 o
Vi AH || BI (cach dung) = OB= Bl - 1. Vay C’ 1a trung diém AB.
@ Theo cau a ta co:
_AB"  AH
B'C  CK
_cA CK
AB  BI'
_ BC' BI
C'A  AH’

Nhan (3), (4), (5) ta dugc

AB' CA BC' AH CK BI
B'C AB C'A CK BI AH

1.

BAI 37.

0

@ Chimg minh ring néu tren cac canh déi dién véi cac dinh A, B, C clia tam gidc ABC, ta lay

. . AB’
cac diem tuong ting A', B’, C’" sao cho AA’, BB', CC" dong quy thi

CA" BC'

1i Xé-va).

B'C' A'B' C'A

=1 (dinh

@ Chiing minh ring két luan trén van ding néu cac diém A’, B’, C’ thuoc cac duong thang chia

cac canh clia tam gidc, trong dé c6 dang hai diém nim ngoai tam giac.
# LOI GIAL
M A N

B A c
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@ Qua A ké duong thing song song véi BC cit BB, CC" & N, M.
AB" AN BC' BC CA MA
Taco MN || B = - _ _
a0 MN [ BC sy ra 5m = G5 @4 = 400 4B~ AN
Nhéan cac cac dang thic trén theo ting ve, ta duge dieu phai ching minh.
@® Chiing minh tuong tu cau a).
N A M

A/

O

A Céc heé thic viét ¢ dinh ly Mé-né-la-ugjt va dinh li Xé-va nhuw nhau. Ché khdc nhau la vi tri cdc
diem A', B', C".
— O dinh li Meé-né-la-ugjt: cé diing mot diém, hodc cd ba diém ndm ngodi tam gidc.

— O dinh li Xé-va: khong cé diém nao, hodc cé ding hai diém nam ngodai tam gidc.
BAI 38. Cho tam gidc ABC. Tam O ctia céc hinh chi nhat M N PQ thay d6i nhung luon ¢6 M thuoc

AB, N thuoc AC, P va Q thudc BC, chuyén dong trén dudng nao?
# LOT GIAL

Goi R la trung diém cﬁa]\]\f[g, Bchét ]\é% tai E.

Ta c6 MQ || AH suy ra E - BE B / ?

Lai c6 MR = QR suy ra AE = HE. Vay QR cat AH tai trung diéem E cia AH.

Tuong tu goi S 1a trung diém ciia NP, ta ciing ¢6 CS di qua trung diem E cia AH.

Tt giac M RPS 1a hinh binh hanh (do MR || NP va MR = NP) lai ¢6 O la trung diém M P (tinh
chat hinh chit nhat) nén O 1a trung diém RS.

Do RS || BC, chitng minh tuong ty trén ta c6 EO cat BC tai trung diém F ctia BC.

Ta c6 O € EF, mat khac do E, F la trung diém ciia cac doan thing AH, BC c6 dinh nén EF cb
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dinh.
Vay O luén thuoe EF cb dinh. O
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BA @ DINH LY TA-LET DAO

@ TOM TAT Li THUYET

Dinh Ii 1 (Dinh ly Ta-1ét dao). Néu mot duong thdang cdt hai canh cia tam gidc va dinh ra trén

hai canh Gy nhitng doan thing tuong dng ti lé thi duong thang dé song song vdi canh con lai cia tam
gidc.

/\ Dinh Iy trén van ding trong truong hop duong thing cdt phan kéo dai cia hai canh cta tam gidc

VI DU 1. Cho tit gide ABCD, diém M thuoc canh AB. Lan lugt vé M E song song BD (E €
AD), EG song song AC (G € CD), GH song song BD (H € BC).
@ Ching minh M EGH 1a hinh binh hanh.

@ Tinh chu vi t¢ gidc MEGH, néu ABCD la hinh chi nhat c6 dusng chéo bang m.

# LOI GIAL

A
E
A E
D D
M
1
M
G O G
B B
H ¢ H ¢
Hinh cau (a) Hinh cau (b)
O Taco
ME AE
— EG || AC = %’% %DG
R T
— Tt ba diéu trén suy ra 5D~ BD = MFE = HG.
ME || HG
Vay ta co = M FEGH la hinh binh hanh.
MFE =HG

@ Goi I 1a giao diém ctia ME, AC va O la giao diém ctia AC va BD.
IM AM AE IE

OB - AB — AD — OD ma OB =0D nén IM = IFE.
Khi d6 ta ¢c6 ME = 2AI vi AAME vudng tai A.

Goi K la giao diém ctia HG va AC, tuong tu ta c6 HG = 2CK.

Ta c6
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Mit khac MH = EG = I K, vay chu vi tt gidc MEGH bing

ME + HG + MH + EG = 2(Al + CK + IK) = 2m.

0
VI DU 2. Cho tam giac ABC. Cac diém D, E, F theo thtt tu chia trong cac canh AB, BC,CA
theo ti s6 1 : 2. Cac diém I, K theo thit tu chia trong cac doan ED, FE theo tis6 1 : 2. Chiing
minh /K || BC.
# LOI GIAL
Ké duong thang di qua F va song song BC cit ED, AB lan ludt A
AF A .
tai P, (). Khi d6 ta c6 — = —Q =2, do d6 @ la trung dieém cua
FC OB D
BD, suy ra P la trung diém ctia DE.
1 2
Ta c6 EI = gED = gEP = 2/ P, mat khac FK = 2K F do do
P
IK || PF, ma PF || BC nén IK | BC. 95 K
B C
E
0

() BAI TAP TU LUYEN

BAI 1. Cho hinh thang ABCD (AB || CD), M trung diém ctia CD. Goi I 1a giao diém ctia AM va
BD, K la giao diém ctia BM va AC.

@ Ching minh /K || AB.

@ Duong thing IK cit AD, BC theo thi tu tai £, F. Chiing minh FI = IK = KF.
# LOT GIAL

A B
@ Vi AB || CD nén theo dinh Iy Ta-lét ta c6
e I\
KM _MC = TA KB YT HE)
KB AB H | | c
Do d6 theo dinh Iy Ta-lét déo ta c6 IK || AB. | M |
b) Vi IK || AB || CD nén theo dinh ly Ta-lét ta c6
IE Al _BI _IK .. ..

DM ~ AM _BD DM

Tuong t ta c6 FK = [K. Vay EI = [K = KF.
O

BAI 2. Diém E thudc canh bén BC ciia hinh thang ABC'D. Vé dudng thing di qua C' va song song
voi AE, cat AD 6 K. Ching minh BK song song DFE.
# LGOI GIAL
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Goi M la giao diém ctia AD va BC. Theo dinh 1y Ta-lét ta c6

MA MB
MA _ ME ME-MK = MA- MC.
MK ~ MC

) MB MK

Vay theo dinh 1y Ta-1ét déo ta c6 BK || DE.

BAI 3. Cho tam gidc ABC, diém I thuoc canh AB, diém K thuoc canh AC. Ve IM || BK (M € AC),
vé KN || CI (N € AB). Ching minh M N || BC.

# LOI GIAL

Theo dinh 1y Ta-1ét ta co

A
AN  AK
Al — AC Al AK — AB -
ﬂ_A_M:>AN-A(J_A] AK = AB - AM. N
AB  AK
Gy 1 AN _ AM y
uyraAB—AC. B C

Do dé theo dinh ly Ta-1ét dao ta c6 MN || BC.
U

BAI 4. Cho tt giac ABC'D. Dudng thing di qua A song song v6i BC' cit BD tai E. Dudng thing di
qua B song song véi AD cat AC tai G.

@ Ching minh EG || DC.

® Gia st AB || CD. Chitng minh AB? = EG - DC.

# LOI GIAL
A E A E
D
D
O
B C B C
G

G

Hinh cau (a) Hinh cau (b)

Goi O 1a giao diém ctia AC va BD.
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|| OF OA
AE || BC OB OC nhan vé ¢ OE 0G
P OB OC' nhan vé theo vé
T > = D || EG.
® 1t iy o 108 _ 00 op o~ LI
OD OA
EG | AB
AB A D D
@ Tacs BGHAD;»EngG:gB:Ag;»ABQZEG-DC.
AB| CD

O

BAI 5. T giac ABCD c¢6 AC vuong géc va bing BD. Cac diém E, F, G, H theo thit tu chia trong
cac canh AB, BC,CD, DA theo ti s6 1 : 2. Chting minh rang EG = FH va EG vuong géc FH.

# LOI GIAL

Goi M la trung diém ctia CF, N la trung diém ctia DG. A H D

Khi dé ta c6 ME || AC va ME = ;AC’.

Dong thai NF || BD va NF = §BD. E N
Mit khac AC L BD,AC = BD nén NF 1 ME va NF = ME. G
Tuong tw taco NH = MG. Khi d6 EMG = KNH = 90°.

Vay AEMG = AFNH (c-g-c). B C

Tuw do taco EG = FH va EG L FH.
U

BAI 6. Cho tam gidc ABC nhon, cic dudng cao AD, BE,CF. Goi I, K, M, N theo thi tu la chan
cac dudng vuong goéc ké tit D dén BA, BE,CF,CA. Ching minh ring bén diém I, K, M, N thang
hang.

# LOI GIAL
Goi H 1a truc tam AABC.
BI BD A
DI || FC T T P
Ta co | = r Do
DK | EC ~|BD _ BK E
Bl BK be KB N
— = — IK || FE.
Suy ra TF-%E > | .

Tuong tu ta c6 MN || FE.

. IF DH NE
TalalcoFA—HA—EA:>IN||FE. I

Vay IK | MN || IN = I, K, M, N thing hang. D

O

BAI 7. Cho tam giac ABC, diém D thuoc canh BC, diém M nim gitta A va D. Goi I, K theo thi
tu 1a trung diém ctia M B, MC. Goi F la giao diém ctia DI va AB, goi F la giao diém ctia DK va
AC. Ching minh FF || IK.

# LOT GIAL
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Goi N la trung diém ctia AM. A
oo A INVIAE _EI_FK _ AN
a co i S e
KN | AF ID KD ND
Vay EF || IK (theo dinh 1y Ta-lét dao).

B
D C
U

BAI 8. Cho tam gidc ABC, c¢6 dudng trung tuyén BD,CE. Goi M la diém bat k¥ thuoc canh BC.
Vé MG song song BD (G € AC'), vé M H song song CE (H € AB).

@ Ching minh BD va CE chia HG thanh ba phan bing nhau.

@® Chiing minh OM di qua trung diém HG (O la trong tam AABC).
# LOI GIAL
Goi I, K lan lugt 13 giao diém ctia HG véi BD,CE. Goi N la
giao diém ctia HM véi BD, P la giao diém ciia MG v6i CE
va O la trong tam AABC.

HI HN FEO 1

@ Theo dinh 1y Ta-lét ta co TG - HM RO 3

1
Tuong tu ta c6 — = —.
ng tu acoHG 3
Vay HI = IK = KG.
_HN 1
b) Ta co - = NP | IK.

HM ~ GM 3 ?
Mat khac ta thay ONM P la hinh binh hanh nén OM di qua trung diem NP do d6 OM ciing

di qua trung diém ctia K. Ma IH = KG nén OM di qua trung diém ctia HG.

U
A 5 L 3.2 . AM CN
BAI 9. Cho hinh thang ABC'D (AB || CD). Cac diem M, N thuoc canh AD, BC sao cho 7D - NB'

Goi cac giao diém ctia M N v6i BD, AC theo thit ti 1a E, F. Qua M ké duong thing song song AC
cat DC' 6 H.
@ Ching minh ring HN || BD.
@® Goi I 1a giao diém ctia HO va MN. Chitng minh ring IE = IF, ME = NF (O la giao diém
hai duong chéo AC va BD).
# LOI GIAL

b) Goi G la giao diem ctia HM va BD, Q la giao diém ctia HN va AC. Ta c6

MG A0 BO NQ

GH —oc oD ou ~ G@IMN
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Ta thay OGHQ la hinh binh hanh nén OH va GQ cit nhau tai trung diém K clia mdi doan
thing. Do d6 IE = IF va IM = IN nén ME = NF.
O

BAI 10. Cho tam giac ABC' can tai A, dudng trung tuyén BM. Goi O la giao diém céac dudng trung
tryc cua tam giac ABC, E la trong tam cua tam giac ABM. Ching minh FO vudng goc véi BM.
# LOI GIAL
Goi G la trong tam AABC.
Goi M N, BF 1a cac duong trung tuyén cia AABM.
GO 1L BC
Ta co = GO 1L MN.
BC || MN F

Ta ¢l , JMOLAC MO 1 EG
a cung co = .
EG || BC N M

Vay O la truc tam AMEG nén FO 1 BM. G

O

BAI 11. Chia mdi canh ctia ti gidc thanh ba phan bing nhau roi ndi cac diém chia tuong tng tren
cac canh déi dién, ta duge bon doan thang (hai doan théng ndi cac diém chia tuong ting trén mot cip
canh d6i thi khong cat nhau). Chitng minh rang

@ MGi doan thing trong bon doan thang ay déu bi chia thanh ba phan bing nhau.

@® Dien tich t giac § gitta bing 9 dién tich ti gidc ban dau.
# LOI GIAL

Dat tén cac diém nhu hinh veé.

AN AE 1 1
Tacd) —=—=-=NE| BD= NFE=-BD.
® Lo =253 N S 3
Tuong tu ta c6 KG || BD va KG = gBD.

1
Do d6 NE | KG va NE = S KG.

Déan dén NP = éNG.

1
Tuong tu ta c6 QG = gNG. Vay NP = QG = PQ.

Chitng minh tuong tu cho cac doan théng con lai.

b) Ta c6
( 1
SAEIK = §SAEID 1
- 1 = Serix = §SEBDI-
Sarer = ZSAIEB
\ 2
( 2
Sappr = 35880 9
- 9 = Sgpip = 55ABCD-
3
SABDE = 55ADAB
\ 3
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1 1
Do d6 Sgrix = §SABCD, tuong tu ta c6 Spors = gSEFIK-

1
Vay Spors = §SABCD-
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BAI @ TINH CHAT BPUONG PHAN GIAC CUA TAM GIAC

O TOM TAT Li THUYET

Dinh li 1. Duong phan gidc ctia mot tam gidc chia canh doi dién thanh hai doan thang ti lé vdi hai

canh ké hai doan thing Gy.

— AD la duong phan giac trong ctia goc A

DB AB A
nen — = —.
DC  AC

— AF la duong phan giac ngoai ciua goc A
_ EB AB
nén — = —.
EC AC
C
E B D

2 Z AB
Ta ¢6 the no6i: Neu tam gidc ABC' co yTolm k thi duosng phan giac trong ctia géc A chia doan
thang BC theo tis6 k, va néu k # 1 thi duong phan giac ngoai ciia géc A ciing chia ngoai doan thang

BC theo ti sb k.

VI DU 1. Cho tam giac ABC ¢6 BC = a, AC = b, AB = ¢, dudng phan giac AD.
@ Tinh do dai BD, DC.
@® Tia phan giac clia goc B cat AD tai I. Tinh ti s6 Al : ID.
@ Cho BC bing trung binh cong ctia AB va AC, goi G la trong tam clia tam giac ABC.
Ching minh /G song song BC'.

# LOI GIAL

@ Vi AD la duong phan gidc cia AABC nén A

DB DC DB+DC  a
AB AC AB+ AC  b+c

ab G
ay DB = a DC = .
Vay b—kcva ¢ b+c
B C
DM
N L, Al AB  ac  b+c
b) Vi BI la dthOng phanglzzzlcua NABD nenE—BD—c.lH_c— —
Lo bte o Al
c) Tacéa= 5 khldoID—Z
Mit khic 2 — 9 do do IG || BC
at khac = - =2, do d6 .
O
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( BAI TAP TU LUYEN

BAI 219. Cho tam gidc ABC vuong tai A, dudng phan gidc BD. Biét AD = 3 cm, DC = 5 cm. Tinh
do dai AB, BC.

# LOI GIAL

Ap dung dinh 1y Py-ta-go ta ¢6 BC? — AB? = AC? = 64. B

CB AB
CD ~ AD

CB* AB* (CB*-AB?> 64

CD2  AD? CD>—AD®> 16

Vi BD la tia phan giac nén —— suy ra

VEWC’Bz%lecmvaABzgél;g:ficm.

1
)

O

BAI 220. Cho tam gidc ABC, dusng phan giac AD. Diém M thuoc canh AB, diem N thudc canh
AC sao cho BM = BD, CN = CD. Chiing minh rang M N song song véi BC.
# LOT GIAL

DB DC
Vi AD la tia phan giac nén — 1B I ok P
Mat khac AM = §AB va AN = §AC’ nén
AM AN M
A8 = AC = MN || BC.
B
) C

O

BAI 221. Cho tam gidgc ABC ¢6 AB =4 cm, AC = 6 cm, dudng phan gidgc AD. Diém O chia trong
AD theo ti s6 2 : 1. Goi K la giao diém ctia BO va AC. Tinh ti s6 AK : KC.
# LOI GIAL

AK AK KEFE
Ké DE | BK (FE € AC). Ta ¢6

KC KE KC A
Mat khac
_AK A0 _
KE OD ‘
__ KE _BD AB_ngE_Z
 EC _ DC  AC 3 C 5
WJA 4
y —.
KC 5
B
5 C

t

BAI 222. Cho tam gidgc ABC, dudng trung tuyén AM. Céc tia phan giac cla cac goc AMB, AMC
cit AB va AC theo thi tu 6 D, E. Goi I 1a giao diem ctia AM va DE.

@ Ching minh ring DFE song song véi BC.

® Cho BC = a, AM = m. Tinh do dai DE.
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@ Diém I chuyén dong trén duong nao néu tam gidc ABC ¢6 BC ¢6 dinh, duong trung tuyén AM
bang m khong doi?
O Tan gidc ABC c6 didu kien gi dé DE 1a duong trung binh ctia tam giac d6?

# LOI GIAL

cTaCéDA_MA_MA_AE
DB_MB_Mclj_EC |
@ Tac6 AMD + AME = SAMB + SAMC = 90°.
R ID Al " IE

Déng thoi = =
one Y9 B T AM T MC 1
Do d6 AMDE vuong tai M nén M1 = §DE.

= DE || BC. 4

nén ID =1F. D

DE AD Al B i; ¢

Mat kha = = .Dbat DE = x thi

at khac 5O 1B 1 at x thi
T
m__

T 2 ppogo_2am

a m a—+2m

am am

1 .
c) Taco MI = -DE = do d6 I nam trén duong tron tam M ban kinh :
2 a+2m a+2m

d) DFE la duong trung binh cia AABC < AD = DB < MA = MB < AABC vuong tai A.

BAI 223. Trong tam gidc ABC, dudng phan gidc AD chia canh déi dién thanh céc doan thing
BD = 2 cm, DC = 4 cm. Duong trung trung tryc ciia AD cit dudng thang BC ¢ K. Tinh do dai
KD.

# LOT GIAL
Vé duong phan giac ngoai ciia goc A cat BC
tai £. Ta co A
EB AB DB 1
EC  AC  DC 2
pu— pummy pum C
Suy ra EB EBC’ 6 cm, ED =8 cm. E I B D

D

BAI 224. Cho tam gidc ABC ¢6 AB =8 cm, AC =12 ¢cm,BC = 10 cm. Goi I 1a giao diém clia cac
duong phan giac, G' la trong tam cua tam giac ABC.

@ Ching minh riang IG || BC.
@® Tinh do dai IG.

# LOT GIAL
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DB DC DB+DC 10 1 A
Q Tacs p =5 = AB+ AC 20 2
Déng thai LA —AB _ o 5 G4 _
ong thoi 75 = B =2 va =3 =
Do do6 IG || BC.

1 1
@TaC(’)BD:§AB:4cmvaBM:§BC:5cm
suy ra DM =1 cm.
2
VayIG:§cm.

D M

O

BAI 225. Cho hinh binh hanh ABCD. Tia phan giac ciia goc BAD cit BD & M, tia phan giac clia
goc ABC cat AC' ¢ N. Chiing minh rang M N || C'D.

# LOI GIAL

Goi O la giao diém ctia AC va BD.

Dat AB = a, AD = b. A !
T DM 9 B DM b
“ONB 4 DMIMB bta
N DM b N DM 2b
2DO  b+a_ DO  b+a @
Tuong tu t N 2 M
n — = :
zg)M aéoNCO bta 5 c
ay —— = = MN || B
Vay 55 = 50 | BC.
O
BO CO 1
BAI 226. Cho tam gidc ABC c¢6 cac dudng phan gidc BE, CF cit nhau 6 O va BE COF — 3
Chiing minh rang tam gidac ABC vuong tai A.
# LOI GIAL
Dat BC = a, AC = b, AB = c. Ta tinh dugc A

OB — ab BO _a+tc BO_ a+c
a+c¢OE b 'BE a+b+c F

O
cO a+b B C
T = )
uong ti CF aibte Suy ra
(a+c)a+b)

2 2 2
=—-—&a°=b .
at+b+c 2 ¢ te

Do d6 ANABC vuong tai A.
O

BAI 227. Tinh dién tich tam gidgc ABC, biét ring AB = 14 cm, AC' = 35 cm, dudng phan giac AD

bang 12 cm.

Hudng dan: Vé DE || AB va tinh dién tich tam giac ADE.

# LOI GIAL
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Vé DE || AB (E € AC) va H 1a hinh chiéu ctia E trén AD.

EA_BD AR BA U _ . A
EC _ DC _ AC 3B5-EC 35 e

"7 ED EC

Ta cb

Do d6 AAED can tai E = AH = %AD =6 cm. "
Theo dinh 1y Py-ta-go ta ¢c6 EH = /AE? — AH? = § cm.
TEEOSAADE = %EH -AD =48 cm? = SAADC = j—gSAADE = 168 Cﬁg. D ¢
_BD_AB_ 14 BC_49
DC Ag 35 DC 35
Vay Saapc = —=Saapc = 235,2 cm?. O

DC

BAI 228. Cho tam giac ABC ¢6 BC = a, AC' =b, AB = ¢ (b > ¢), cac dudng phan giac BD, CE.
@ Tinh cac do dai CD, BE 16i suy ra CD > BE.
@ Vé hinh binh hanh BEK D. Chiing minh réing CE > FK.
® Ching minh ring CE > BD.

# LOT GIAL

N A K
0 Tuwong tu vi du dau bai, ta chitng minh duge

cp=-" pp- "4
a+c a+b E
Ma b > ¢ nén '
B C

b
a4 > ac > ac = CD > BE.
at+c a+c a-+b

b) Ta ¢6 CD > BE va BE = DK nén CD > DK = CKD > KCD.
Talaicéb>cz>®>ﬁmé@z@nénﬁ?/f(\l?>A/C\E.
Vayta(:éC/K\D—i-E/ﬁ)>@+ﬁz>l?/f(\6’>@:>EC>EK.

¢) Tac6 EC > CK ma EK = BD néen CE > BD.
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BA @ CAC TRUONG HOP DPONG DANG CUA TAM GIAC

@ TOM TAT Li THUYET

Dinh 1i 1. Hai tam gidc dong dang vdi nhau néu

— Ba canh cta tam gidc nay tuong ing ti [ vdi ba canh cia tam gidc kia (truong hgp canh - canh
- canh).

— Hai canh cua tam gidc nay tuong ing ti lé vdi hai canh cia tam gidc kia va cdc goc zen gitia hai
canh ay bang nhau (truong hop canh - géc - canh).

— Hai géc cia tam gidc nay lan higt bing hai géc ciia tam gidc kia (truong hop goc - géc).

() CAC DANG TOAN

(O DANG 1. Trudng hgp canh - canh - canh

Phuong phdp gidi:

VI DU 1. Hai tam giac sau c¢6 dong dang khong néu do dai cic canh ctia ching bing 8 cm, 12

cm, 18 cm va 27 cm, 18 cm, 12 cm?

# LOI GIAL

Goi hai tam giac c6 do dai cac canh theo yéu cau dé bai I 4 D
Xét AABC va ADEF ta c6 . 5
AB AC BC 2 B ¢ B F

DE DF EF 3
= AABC «~ ADEF (c-c-c).
O

VI DU 2. C6 thé khing dinh ring hai tam gidc c6 hai cap canh bing nhau va ba cip goc bing

nhau thi hai tam giac ay bang nhau hay khong?

# LOI GIAL
Khong thé khang dinh nhu vay. Hai tam gidc ¢ Vi du 1 ¢6 hai cip canh bang nhau va ba cip géc
bang nhau (vi hai tam gidc dong dang) nhung khong phai 14 hai tam giac bang nhau. U

1. Bai tap tu luyén

BAI 1. T giac ABCD ¢6 AB =4 ¢cm, BC =20 cm, CD = 25 cm, AD = 8 cm, BD = 10 cm. Hay
xac dinh dang cua tit gidc.
# LOT GIAL
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Xét AABD va ABDC ta ¢co
AB AD BD 2

o=z
(

BD BC (D
= NABD -~ ABDC (c-c-c

= ABD = BDC.
Ma hai g6c nay & vi tri so le trong nén AB || C'D.
= ABCD la hinh thang.

20

25

C

O

BAI 2. Tam gidc ABC ¢6 BC = a, AC = b, AB = ¢ vh a> = be. Chiing minh ring tam giac ABC
dong dang véi tam giac c6 do dai cac canh bang do dai ba dudng cao ciia tam giac ABC.

# LOI GIAL

Goi do dai ba duong cao ké tit A, B, C ctia AABC lan lugt A
13 A, Py, he. D
Goi tam giac ADFEF 1a tam gidc c6 do dai cac canh bang c b hy N
do dai ba duong cao cia AABC.
1 1 1
Tacé§-a-ha:i-b-hb:E-c-hc(cﬂngladiéntich B a C FE he F
AABC).
=a-hy=0-hy=c-he.
N a-he b-hy c-he
be  bc  be " L "
Ma be = a® (gia thiét) nen a4 '2 a b _ e
a c b
he hy he
a ¢ b’
Xét AABC va ADEF ta co
AB MYBC(m_m_m)
DE _DF EF ' a ¢ 0

= AABC ~ ADEF (c?c—c).

Vay tam gidc ABC dong dang véi tam gidc c¢6 do dai cac canh bing do dai ba duong cao clia tam

giac ABC.

O

(O DANG 2. Trudng hgp canh - géc - canh

Phuong phap gidi:

sao cho CD = 12 cm. Tinh do dai AD.

VI DU 3. Tam gidc ABC ¢6 AB =12 cm, AC =

18 cm, BC = 27 cm, diém D thudc canh BC

# LGOI GIAL
Xét ACAD va ACBA ta c¢6
C la gbc chung,

CA CD 2

CB _CA 3

= ACAD «~ ACBA (c-g-c).
AD _CD
“BA_ CA

= AD = 8 (cm).
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2. Bai tap tu luyén

BAI 3. Tam gidc ABC ¢6 AB = 4 cm, AC = 6 cm, BC = 8 cm, M la trung diém cia BC, D la
trung diém ctia BM. Tinh do dai AD.

# LOI GIAL

M la trung diém ctia BC nén BM = B—C =4. A

2
. . BM 4 6
D la trung diém cua BM nén BD = - = 2. %\

Xét ABAD va ABCA ta co B D M C

B la goc chung, DA RRRREE >
BA BD 1

BC _BA 2
= ABAD «~ ABCA (c-g-c).
N AD  BA
CA  BC"
= AD = 3 (cm). O

BAI 4. Tam gidgc ABC ¢6 AB =4 ¢cm, AC =5 cm, BC' = 6 cm. Ching minh ring A=2C.
# LOI GIAL

Ta c6 BE = BA+ AE =9 (cm).
Xét ABAC va ABCE ta c¢6

Bla gbc chung,
BA  BC 2

BC BE
= ABAC - ABC’E (c-g-c).

= ACB =E. (1)

Taco AE =AC =5 cm = AACE can tai A.

= ACE=E. (2

Tit (1) va (2) ta c6 ACB+ ACE=E+E = BCE =2 L.
Mat khac ACB = E, BAC = BCE (vi ABAC «~ ABCE) nén BAC =2 - ACB. 0

BAI 5. Cho doan thing AB = a. Goi C' la diém déi xting véi A qua B. Vé diém D sao cho DA = a,
DC = 2a. Goi M la trung diém ctia AB. Tinh do dai DM.
# LOT GIAL

Vi C d6i xitng véi A qua B nén AC = 2AB = 2a. D

AB 2
Vi M la trung diém ctia AB nén AM = -5 g. (I/N
Xét AMAD va ADAC ta co

~ A M B C
A la goc chung,
AM AD 1
AD  AC
= AMAD - ADAC’ (c-g-c).
N MD  AD
CD  AC’
= MD =a. O

BAI 6. Chi bang compa, hay dung trung diém M ctia doan thing AB cho trudc, cho biét tia Bz la
tia doi cta tia BA.
# LOT GIAL
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Dung duong tron (B; BA) cét tia Bz 6 C.

Dung hai duong tron (A; AB) va (C; C'A) cat nhau tai D.
Dung duong tron (D; DA) cat AB 6 M.

Vay ta da dung dudge M la trung diém cia AB.

(O DANG 3. Trudng hdp goéc - géc

Phuong phap gidi:

VI DU 4. Cho tam gidac ABC, dudng phan gidc AD. Gia st AC = b, AB = ¢, DB = m,
DC = n. Ké tia Cz sao cho DCz = BAD (tia C'z khac phia véi A d6i véi BC).

@ Ching minh ring AD - DI = mn.

@® Ching minh ring AD? = bc — mn.

# LOI GIAL
@ Ching minh ring AD - DI = mn.
Xét AABD va ACID ta ¢6 A4
BAD = ICD (gia thiét),
BDA =IDC (déi dinh).

= AABD «~ ACID (g-g).

~ ~ _AD CD B D ¢
B=Ivww—"=—"+
= VaBD

ID’
= AD-DI = DB - DC = mn. (1) v 1
@® Ching minh ring AD? = bc — mn.

Xét AABD va AAIC ta co
BAD = IAC (gi4 thiét),
B=1 (ching minh trén).

= AABD « AAIC (g-g).
AB AD

Al AC
= AD - Al = AC - AB = bc. (2)
Tu (1) va (2) suy ra AD - Al — AD - DI = bc — mn.
= AD(AI — DI) = bc — mn = AD? = bc — mn.

3. Bai tap tu luyén

BAI 7. Cho tam giac ABC' (AB < AC)) duong phan gidgc AD. Dudng trung truc ctia AD cit BC 6
K.

@ Ching minh ring AKAB « AKCA.

@® Tinh do dai KD biét ring BD = 2 cm, DC = 4 cm.
# LOI GIAL

@ Ching minh ring AKAB «~ AKCA.
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Do K thudc duong trung truc cia AD nén KA = KD. 4

= AKAD can tai K.

= KDA = KAD.

é@%—ﬁ:@—l—@(@Bgécngoaitaidi’nthﬁa K B D C

ADACL o
Ma DAC = BAD (AD la phan giac cia AABC) nén DCA = KAB.
Xét AKAB va AKCA ta c6
AKC la gbc chung,

KAB = KCA (chiing minh trén).
= AKAB -~ AKCA (g-g).
@® Tinh do dai KD biét ring BD = 2 cm, DC = 4 cm.

Ta c6

_lfg i _ ﬁ_g (Vi AKAB ~ AKCA),
AB _ BD 4 b 1 phan gide ciia AABC).
AC ~ CD
o KB 1
uy ra o = .

Ma KA = KD (chiing minh trén) nén KD = 2K B.
= KD =2BD =4 (cm).
O

BAI 8. Cho tam giac ABC (AB < AC) c¢6 dudng phan giac AD. Vé tia Dz sao cho CDz = BAC
(tia Dx va A cung phia d6i v6i BC'), tia Dz cit AC' ¢ E. Chitng minh rang
@ AABC -~ ADEC.
® DE=DB.
# LOI GIAL
@ Ching minh AABC «~ ADEC.
Xét AABC va ADEC ta c6 A
ACB 1a gbc chung,
CAB = CDE (gia thiét).
= NABC «~ ADEC (g-g).
® Ching minh DE = DB.
Ta c6 4B _AC (vi AABC «~ ADEC).

DE  DC
AB_DE

Ma — = — (vi AD la phan giac cia AABC) nén DE = DB.
U

BAI 9. Trén canh huyén CB ciia tam gisc vuong ABC, lay diém D sao cho CD = CA. Goi E la
diém déi xitng véi D qua C.

@ Chiing minh ring cac tam gidc ABD va EBA dong dang.

@ Goi BC =a, AC =b, AB = c. So sanh a? véi b + ¢ ma khong ding dinh 1i Py-ta-go.
# LOI GIAL

@ Ching minh ring cac tam giac ABD va EBA dong dang.
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AADE c6 AC la duong trung tuyén (FE doi xiing A
1 s

véi D qua C) va AC' = §DE (cung bang CD).

= NADFE vuéng tai A.

:>DAC+CAE—90° B D C E
Ma DAC + BAD = 90° (AABC vuong tai A) nén CAE = BAD.

NACFE ¢6 AC = CFE (cung bang CD).
= ACFE can tai C.
= CAE = CEA.
Xét AABD va AEBA ta c¢é
ABE I gbc chung,
BAD = BEA (cuing bang C/’A\E)
= AABD «~ AEBA (g-g).
@® Coi BC =a, AC =b, AB = c. So sanh a? v6i b? 4+ ¢ ma khong dung dinh 1i Py-ta-go.

Ta c6 AABD «~ AEBA (ching minh trén).
AB  BD c a—">b

T BE BA atb <

= a? = b® + 2.

O
BAI 10. Cho tam giac ABC, dudng phan giac AD. Ching minh ring AD? < AB - AC.
# LOI GIAL
Lay E tréen AC sao cho ADE = B. A
Xét AADE va AABD ta co
ADE = ABD (gia thiét),
DAE = BAD (AD la phan giac cia AABC). 5 i >
= ANADE ~ AABD (g-g).
ﬁg jg AD? = AB - AE < AB - AC. O
BAI 11. Tam giac ABC' c6 B= 26, AB =4 cm, BC =5 cm. Tinh do dai AC.
# LOI GIAL
Trén tia d6i clia tia BA lay BD = BC. A
= ABCD can tai B. B
= ABC = 2BDC (1@ la g6c ngoai tai dinh B).
Xét AACD va AABC ta c¢6 D C
BAC 1a gbc chung,
ADC = ACB (cung bang %1@)
= ANACD «~ AABC (g-g).
AC AD
= AC? = AB-AD =4-9=36 = AC =6 (cm). O

AB AC
BAJI 12. Tinh do dai cac canh ctia tam giac ABC ¢6 B = 2C biét rang s6 do cac canh la ba s6 tu
nhién lién tiép.

# LOT GIAL
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Dit BC = a, AC = b, AB = ¢ la ba s6 tu nhién lién tiép. A
Trén tia doi cta tia BA lay BD = BC. B

= ABCD can tai B.

= ABC = 2BDC (1@ la géc ngoai tai dinh B). D C

Xét ANACD va AABC ta ¢6

BAC 1a goc chung,

ADC = ACB (cing bang %1@)
= ANACD «~ AABC (g-g).

ig ig AC? = AB- AD = AB(AB + BD) = V* = ¢* + ac. (1)
Ta ¢6 b > ¢ nén chi c¢6 hai kha nang la b = ¢+ 1 hoac b = ¢ + 2.
— Néub=c+1thitu(l)suyra(c+1)?=c*+ac=2c+1=ac=cla—2)=1,loaivic=1,
a = 3, b =2 khong la cac canh clia mot tam giac.
— Néub=c+2thitu (1) suyra (c+2)*=c*+ac= 4c+4 = ac = c(a — 4) = 4. Xét ¢ lan lugt
bang 1, 2, 4 thi chi ¢6 ¢ =4, a = 5, b = 6 théa man bai toan.
O

BAI 13. Cho tam gidc ABC can tai A, dudng phan gidc BD. Tinh do dai BD biét ring BC' = 5 cm,
AC = 20 cm.
# LOI GIAL

DA BA

T BD la pha NAB =4= DA=4D A
a co a phan giac cia C nén — DC = BC = C.

Ma DA + DC = 20 nén 5DC = 20 = DC = 4 (cm).
Céch 1. Lam tiép nhu Bai 9.

Cdch 2. Tinh BD theo cong thic tong quat BD? = AB-BC — AD - DC néu é Vi du 4. D
Cdach 3. Vé duong phan giac CE cia ACBD (E thuoc BD).

- ] — —
Ta c6 ABD = CBD = S ABC (BD la phan gidc cia ABC), B c

DCE = ECB = %1@ (CE la phan giac cia ACB),
ABC = ACB (AABC can tai A).
— ABD = CBD = DCE = ECB.
= AFEBC can tai F.
bat DE=x, EB =y, tacé CE =y.
Xét ACED va ABCD ta c6
BDC 1a gbc chung,
DCE = DBC (chting minh trén).
= ACED «~ ABCD (g-g).
N CcD _ ED _ EC

BD CD BC

4 r Yy xt+y BD

“BD 1 5 9 (tinh chat day ti s6 bang nhau).
= BD? =36 = BD =6 (cm). -

BAI 14. Céc dudng phan gidc cac goc ngodi tai cac dinh B va C' cia AABC cit nhau & K. Duong
thing vuong goc véi AK tai K cat cac duong thang AB, AC theo tht tu § D, E. Ching minh ring
@ Cic tam gidc DBK va EKC dong dang.
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® DE?=4BD.CE.
# LOI GIAL

@ Ching minh cac tam giac DBK va EKC dong dang.
Vi cac duong phan giac cac goc ngoai tai cac dinh B va C' cia AABC
cat nhau 6 K nén K cach déu AB, AC va BC. Suy ra AK la phan
giac cua BAC.
AADE c¢6 AK vua la phan gidc vira la duong cao nén AADFE can tai
A.
Dit ADE = AED = a, CBK = KBD = 8, BCK = KCE = .
Tit gitie BOED ¢6 DBC + BCE + CED + EDB = 360°.
= a+ [+ v =180°.
Mat khac CKE + a + v = 180° (tong ba goc trong ACKFE) nén

CKE = 8.
Xét ADBK va AEKC ta ¢
DBK = ECK = 8,
BDK = CEK = a.
= ADBK «~ AEKC (g-g).
@® Ching minh DE? = 4BD - CE.
AADE can tai A c6 AK la dudng cao nén Ali)(—zfl(ing I%gung tuyén.
Vi ADBK «~ AEKC (ching minh trén) nén OF - KB
= DK -KFE=BD- -CEFE.
= iDE2 = BD-CE (vi K la trung diém ctia DE).
= DE* =4BD - CE.

O

BAJ 15. Cho tam gidc ABC can tai A, goc day a. Cac diém D, M, E theo tht tu thudc céc canh
AB, BC, CA sao cho DM E = «. Chiing minh rang cac tam giac BDM va C M E dong dang.
« LOI GIAL

—

Ta ¢6 B+ BMD + BDM = 180° (tong ba goc trong ABDM), A
DME + BMD + CME = 180° (B, M, C thing hang),
B=DME = a.

= BDM = CME. E
Xét ABDM va ACME ta c6 M O
B=C=a__

BDM = CME (chtng minh trén).
= ABDM « ACME (g-g). 0

BAI 16. Cho tam giac ABC, dudng trung tuyén AM. Qua diém D thuoc canh BC, vé dudng théng
song song vii AM, cat AB va AC theo tht tu & E va F.
@ Ching minh ring khi diém D chuyén dong trén canh BC thi tong DE + DF c6 gia tri khong

doi.

@ Qua A vé duong thing song song véi BC, cit EF ¢ K. Ching minh ring K la trung diém clia
EF.
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# LOI GIAL
@ Ching minh ring khi D chuyén dong trén canh BC thi tong DE + DF c¢6 gia tri khong doi.

DE  BD T
Ta c6 7~ BM (hé qua dinh ly Ta-lét, DE || AM), P
DF CD

Yivie (hé qué dinh ly Ta-lét, AM || DF). >

:>DE+DF_BD+CD_BC_2
AM =AM BM CM BM =
Vay DE + DF = 2AM khong doi khi D chuyén dong trén canh BC.

@® Ching minh ring K la trung diém ctia EF.
Xét AFAK va AACM ta c6

FAK = ACM (déng vi, AK || BC),
AFK = CAM (ddng vi, AM || DF).

= AFAK «~ NACM (g-g).

Xét AAEK va ABAM ta c6

AEK = BAM (so le trong, DF' || AM),
EAK = ABM (so le trong, AK || BC).
= AAEK «~ ABAM (g-g).

EK AK N 2,
= T %1\(4 g% (M 1a trung diem cua BC).
Mt Khde “0 = 5 (9 AFAK o AACM) nen EK = FK.

Suy ra K la trung diém ctia EF.

O

BAI 17. Cho cac tam gidc ABC va A’B'C’ ¢6 A+ A = 180°, B=1. Goi BC =a, AC =b, AB = ¢,
B'C'=d, AC' =V, AB' = (. Ching minh rang aa’ = bV’ + cc'.

# LOI GIAL

Vé AADE bing AA'B'C’ nhu hinh ben. Ké EF || BC. D

AE AF
Do EF || BC nén — 1B~ AC (dinh ly Ta-lét).
v AF

. T:>bb:c'AF. (1)
Xét AABC va AEDF ta ¢ E F
ACB = EFD (déng vi, EF || BO),
B=D (cting bang /B\’)
= AABC «~ AEDF (g-g).

BC AB a c
= = = = — = =c¢. AF /- 2
DF ED  AFte a0 To AT )
Tu (1) va (2) suy ra aa’ = bb' + cc. O

BAI 18. Cho tam gidc ABC, I 1 giao diém ctia ba dudng phan giac. Duong thing vuong géc véi CT
tai I cat AC, BC theo thi tit 6 M, N. Chiing minh ring
@ Tam gidc AIM dong dang v6i tam giac ABI.
AM ATN?
@\ ()
# LOI GIAI.
@ Ching minh tam giac AIM dong dang v6i tam gidc ABI.

BI
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Ta c6 CMI = 90° — MCT (ACMI vuong tai I). A
— 1 ——0 S
= CMI =90° — §AC’B (C1 la phan giac cia ACB).
NG 180° — ACB
ABC + BAC oA ¢
= CMI = + (tong ba goéc trong AABC).

—_—

= CMI = MAI + ABI (AI, BI la phan giac cia AABC).

Ma CMI = MAI + MIA (gbc ngoai tai dinh M ctia AAIM) nen ABI = MIA.
Xét ANAIM va NABI ta c¢6

MIA = ABI (chitng minh trén),

MAI = IAB (AI 1a phan gidc ciia BAC).

= AAIM —~ AABI (g-g).

2
® Ching minh A—M = (ﬁ) )

BN BI
JAM AL

Chtng minh tuong tu & trén ta c6 BI? = BN - AB.
ATI? _AM-AB  AM

BI2 BN-AB BN’

Vay

O

BAI 19. Tam giac ABC ¢6 AB < AC, cac dudng phan giac BD va CE. Ké tia Bx sao cho DBz =
DCE (tia Bz va A niim ciing phia déi véi BD), Bx cit DA 6 F, cit CE & G. Chiing minh ring
@ CG<CE.
® BD < CE.
# LGOI GIAL
@ Chiing minh CG < CE.
NAABC ¢6 AB < AC (gia thiét) nen ABC > ACB (quan hé canh va
goc ddi dien).
= DBE > DCE (BD va CE la phan gidc ctia AABC).
Ma DCE = DBG (gié thiét) nen DBE > DBG.
Goi I la giao diém ctia BD va C'E thi G nam giita I va E, suy ra
CG < CE.
(0] Chiing minh BD < CE.
Ta c6 ABC > ACB (chiing minh trén).
— DBC > ECB (BD, CE la phan giac cia AABC).
Ma DBF = FCE (gi4 thiét) nen DBC + DBF > ECB + FCE.
— FBC > FCB.
= CF > BF. (quan hé canh va géc doi dién trong AFBC).
Xét AFBD va AFCG ta ¢
BFD I gbc chung,
FBD = FCG (gia thiét).
= AFBD «~ AFCG (g-g).

BD BF
C'G CF’
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Ma CF > BF (ching minh trén) nén CG > BD.
Mat khac CG < CE (chting minh cau a) nén BD < CE.

(O DANG 4. Phéi hgp cac trudng hgp canh - géc - canh va géc - géc

Phuong phdp gidi:

Vi DU 5. Mot hinh thang c6 bén dinh thudc bon canh ctia mot hinh binh hanh. Chitng minh
rang ton tai mot dudng chéo ctia hinh binh hanh di qua giao diém hai dudng chéo ctia hinh

thang.

# LOI GIAL

Goi O 1a giao diém ctia cac dudng chéo EG va FH clia hinh thang
EFGH nai tiép hinh binh hanh ABCD.

Goi M la giao diém ctia CH va AD.

Xét AOEF va AOGH ta co

OEF = OGH (so le trong, EF || GH),

OFE = OHG (so le trong, EF | GH).

= AOEF «~ AOGH (g-g).
OE EF

“oc-an W
Xét NAEF va ANCGH ta cé

A =C (ABCD la hinh binh hanh),
AEF = CGH (cing bing M).
= AAEF «~ ACGH (g-g).

_AB_BE
CG GH’ AE  OE
Tu (1) va (2) suy ra m = m

Xét ANAOFE va ACOG ta c6

AE OE , | : .
G~ oG (chitng minh trén),

——

AEO = CGO (so le trong, AD || BC).
= ANAOE «~ ACOG (c-g-c).
= AOE = COG.
Ma AOE + AOG = 180° nén COG + AOG = 180°.
Suy ra A, O, C thang hang.
Vay dudng chéo AC ctia hinh binh hanh ABCD di qua giao diém hai dudong chéo ciia hinh thang
EFGH. O
BAI 20. Cho diém M n&m trong hinh binh hanh ABCD sao cho MAB = MCB. Qua M vé duong
thing song song v6i BC, cit AB va C'D theo tht tu ¢ G va H. Qua M vé duong thing song song véi
AB, cit BC & F. Chitng minh ring

@ Tam gisc AGM dong dang véi tam giac CFM.

@® /BC = MDC.
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# LOI GIAL

@ Ching minh tam gidc AGM dong dang véi tam giac CF M.

Ta c6 AGM = ABC (dong vi, GM || BC),
CFM = ABC (déng vi, MF || AB).
— AGM = CFM.
Xét AAGM va ACFM ta c6
AGM = CFM (chiing minh trén),
MAG = MCF (gia thiét).
= AAGM «~ ACFM (g-g).

@® Chiing minh MBC = MDC.
Tt gidc ADHG ¢6
AD || GB (cung song song véi BC),
AG || DH (ABDC 1a hinh binh hanh).
= ADHG la hinh binh hanh.

Chtng minh tuong ty ta cing ¢6 M FBG, M HCF la hinh binh hanh.

AG MG, |
Ta co CF — MF (Vi AAGM ~ ACFM),
AG = DH (ADHG 1 hinh binh hanh),
CF = MH (MHCF la hinh binh hanh),

MG = BF (MFBG la hinh binh hanh).

DH  BF
= — = ——.
MH MF
:>DH_MH
BF MF’

_—

Ta c6 DHM = BCD (ddng vi, HM || BC),
BFM = BCD (déng vi, MF | AB || CD).

= DHM = BFM.
Xét ADHM va ABFM ta co

DH MH . . ~
E\: i ﬂﬁhu’ng minh trén),

DHM = BFM (chtng minh trén).
— ADHM « ABFM (c-g-c).

L —_

= MDC = MBC.

HC

BAI 21. Cho hinh thoi ABCD canh a ¢6 A = 60°. Mot dusng thang bat ki di qua C cdt tia dbi ctia

cac tia BA va DA theo thi tu tai M va N.

@ Ching minh ring tich BM - DN c¢6 gia tri khong doi.

@ Coi K 1a giao diém ciia BN va DM. Tinh BKD.

# LOI GIAL

@ Ching minh ring tich BM - DN c¢6 gia tri khong doi.
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Xét AMBC va ACDN ta co

BMC = DCN (déng vi, AM || C'D),

BCM = DNC (dong vi, BC || fjx}%). e

= AMBC «~ ACDN (g-g). = D - DN

= BM - DN = a?

Goi K la giao diém ctia BN va DM. Tinh BKD.

AABD ¢6 AB = AD = a va A = 60° néen AABD déu = BD = a.

Ma BM - DN = a? (cau a) nén BM - DN = BD?.
Vi DBM k& bt véi DBA nen DBM = 120°.

Vi BDN ké bit véi BDA nén BDN = 120°.

Xét ABDM va ADNB ta c6

DBM = BDN = 120°,

% - % (vi BM - DN = BD?).
= ABDM «~ ADNB (c-g-c).

= BMD = DBN.

Xét ADBM va ADKB ta c¢6
BDK la gbc chung,

BMD = DBK (chiing minh trén).
= ADBM «~ ADKB (g-g).

— DBM = BKD.
— BKD = 120°.

O

BAI 22. Cho tam giac ABC' can tai A c6 BC = 2a, M la trung diém ctia BC. Lay cac diém D, E
theo thit tu thudc cac canh AB, AC sao cho DME = B.

@® Ching minh ring DM la tia phan giac ciia géc BDE.
® Tinh chu vi AAED néu tam gidc ABC la tam giac déu.

Chting minh rang tich BC - CE khong doi.

# LOI GIAL

—

Ta ¢6 DMC = DME + CME, mat khac DMC = B +

—— —_—  ~ —_—

BDM, ma DME = B nén CME = BDM.

Do d6 ABDM va ACME dong dang (g.g)
BD _ BM

CM CE
= BD-CE=CM - BM = a*.

DM  BD

ABDM va ACME dong dang con suy ra

DM  BD

ME  CM ~ ME  BM

(vi CM = BM). Do d6 ADME va ADBM dong dang (c.g.c) = MDE = BDM.
@ Tit cau b) suy ra DM la tia phan gidc ctia goc BDE, EM la tia phan gidc ctia goc CED. Ké

MH1DE, MILAB , MK 1AC.

Tac6 DH = DI, FEH = FK, do d6 chu vi AADE = Al + AK = 2AK.
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TalalcoCK—M20 % AC = 2a nen AK =1, 5a.

Vay chu vi tam giac ADE bang 3a.
O

BAI 23. Cho hinh vuong ABCD, O la giao diém ciia hai dudng chéo. Lay diém G thuoc canh BC,
diém H thuoc canh CD sao cho GOH = 45°. Goi M la trung diém ctia AB. Chitng minh ring:

@ Tam gisc HOD dong dang véi tam giac OGB.

@ )G song song véi AH.

# LOI GIAL
(1) Ta co
HOD + 01 = 135°, OGB + 01 = 135° nén HOD OGB A M a B
AHOD va AOGB dong dang (g.g).
o HD DO
@® Tit cau a) suy ra OB - BC
Diat BM = a thi AD = 2a, OB = OD = av/2. 0N
Taco HD - BG = OB-0D = ay/2-ay/2=2a-a= AD - BM \V. G
HD BM
~ AD T BG -
AAHD va AGM B dong dang (c.g.c) suy ra AHD = GM B.

Dodc’)]?A\B:G/]\E.

Vay MG || AH.
0

BAI 24. Luc gidc ABCDEF ¢6 B=D =F, AB = BC, CD = DE, EF = FA. Goi K 1 diém déi
xitng v6i F' qua AE. Chitng minh rang BCDK 1a hinh binh hanh.

# LOI GIAL

AABC va NAKE dong dang (g.g)

AC AB
AE Via do d6 ABAK va ANCAE dong dang

(c.g.c).

Tuong tt ADKE va ACAE dong dang. Suy ra ABAK
va ADKE dong dang.

Ti s6 dong dang bang % = 1 nén ABAK =
ADKE = BC = DK.

Tuong tu CD = BK.

Vay BC DK la hinh binh hanh.

(O DANG 5. Dung hinh

Phuong phap gidi:

BAI 25. Dung tam giac ABC, biét do dai ba dudng cao clia né bang ha, hs, he cho trudc.
“ LOT GIAL
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Phan tich. Goi a, b, ¢ 1a do dai cac canh cia AABC
phai dung. Ta c¢6 ah, = bhy = ch..

b A
(mmmmmmmézazm%. ; D
he
a6 ba canh a, b, ¢ ti 16 vi hy, by, 20
Do d6 ba canh a, b, ¢ ti lé v6i h,, hy, h_c B '
) hoh ,
Biét hg, hy, he ta dung duge k = h b (dung doan ti / H \
16 thit tu).

Do d6 ta dyng duge mot tam giac dong dang véi tam

giac phai dung.
Cach dung. Dung AB'C' ¢6 AB' =k, AC' = h,, B'C" = hy,.

Dung dudng cao AH'. Trén tia AH' dit AH = h,. Qua H dung dudng thing song song B'C’, cit
AB', AC' 6 B, C, ta dugc AABC can dung.
Chitng minh. Goi BD, CFE 1a cac duong cao cia AABC. Ta sé chiing minh ring BD = hy,
CFE = h,.
Ti s6 hai duong cao bang ti s6 nghich ddo ctia hai canh tuong ing nén
AH AC’ ha AC
BD ~ BC  BD  BC

(1)

Ta lai co
AC  AC"T
BC  B'C"  h

(2)

ha ha
T (1), (2) suy ra —— = — nén BD = k.

BD I
Tuong tu ta co
AH AB i%__AB 3
CE _BC CE _BC
Ta lai co
AB  AB'  hiw:he  ha n
BC BC'  hy,  h.
Tit (3), (4) o T en CE =h
, suy ra OE » nen = Ne.

Bién luan. Bai toan ¢6 mot nghiém hinh < dung duge AAB'C’

1
hy — hg

<1+1
hy  he

heh 1
= |ha — hb| < b < h_

he

/N Chi yj: Sé khong chinh wdc néu dung ANA'B'C'nhi sau:

— Dung tam gidc c6 do dai ba canh biang ha, hy, he.

— Dung NA'B'C" ¢6 do dai ba canh la chiéu cao ciia tam gidc trén.

— AA'B'C'" dong dang vdi tam gidac phdi dung.
Sai lam cia cdch dung nay la ngay trong bude dung thit nhat da doi héi trong ba doan thang he, hy,
he, mdi doan phdi nhé hon tong cia hai doan kia, trong khi diéu kién dé khong nhat thiét phdi cé.
Chdng han, mot tam gidc can cé canh ddy a, canh bén b trong dé a :b=1:5thih, : hy =5:1 do
do hg : hy : he =5:1:1, tam gidc nay cé hy > hy + he.
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O

BAI 26. Cho tam giac ABC'. Duyng hinh binh hanh AEM D c¢6 D, M, E theo thi ty thudc cac canh
AB, BC, CA sao cho cac tam giac M DE va ABC dong dang.

# LOI GIAL

Cha y rang AMDE = AAED nén can dung AAED
dong dang véi AABC.

A
Dung E’ bat ki thuoc AC.
Dung D’ thuéc AB sao cho AE'D’ = B. E’E
Goi I 1a trung diém ctia D'E’, giao diém ctia Al va D
BC cho ta diém M. D
B M C

BAI 27. Cho tam gidc ABC. Dyng diem M thudc canh AB, diém N thudc canh AC sao cho BM =
CN = %M N.

# LOI GIAL

Lay N’ bat ki thuoc BN, ké N'M’ | NM, N'C’ || NC.

Ta co: 4
BM' M'N' BN N'C'

BM MN BN NC

=BM' :M'N :NC'=BM: MN:NC=1:2:1.

Tu do suy ra cach dung: trude hét dung ti giac BM'N'C’ Y

biét ba canh va hai goc ké véi canh thia tu: BM' = a, YL W N
M'N' = 2a, N'C" = a (a 1a mot do dai tuy §), M'BC’ = L

—_— — a

ABC, N'C'B = ACB, céch dung dugc thé hien trén hinh *

146. BN’ cat AC 6 N. Dung NM || N'M’. B C’ C
Hinh 146

BAI 28. Cho bén diém A, C’, D', B thing hang theo tht tu Ay. Vé vé mot phia ciia AB céc hinh
vuong ABCD va A'B'C'D’. Chitng minh rang cac duong thing AA’, BB', CC', DD’ dong quy.

# LOT GIAL
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A o Ty B

Goi O 1a giao diém ctia AA’ va BB'. Ta sé chitng minh ring cac duong thing CC’, DD’ ciing di qua
O. That vay:

OB 0A  A'B B
OB OA AB BC
Do d6 AOB'C’" va AOBC' dong dang (c.g.c)
= B'OC" = BOC.
Tt d6 C, O, C' thang hang. Tuong tu D, O, D' thang hang. O
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BA @ CAC TRUONG HOP DPONG DANG CUA TAM GIAC
VUONG

¢} CAC DANG TOAN

(O DANG 1. Hai tam giac vuéng dong dang

Phuiong phdp gidi:  Hai tam giac vuong dong dang véi nhau néu:
— Hai canh g6c vuong ciia tam gidc nay ti 1é v6i hai canh goc vuong cia tam giac kia (truong
hop canh - goc - canh).
— Mot géc nhon clia tam gidc nay bang mot géc nhon ctia tam giac kia (truong hop goc -
g6c¢).
— Canh huyén v mot canh géc vuodng clia tam gidc nay ti 1é véi canh huyén va canh goc

vuong ciia tam giac kia (truong hop canh huyén - canh géc vuong).

VI DU 1. Tinh chu vi ciia tam giac ABC vuong tai A, biét ring dudng cao AH chia tam giac
d6 thanh hai tam giac AHB vd AHC' c6 chu vi theo thit ty bang 18 cm va 24 cm.

# LOI GIAL
Xét AAHB va ACHA, ta co C
— AHB = CAB = 90°,
— ABH = CAH (cung phu véi géc HAB).
Do d6 AAHB va ACHA dong dang (g.g), suy ra

AH _AB _HB _AH+AB+HB 18 3 "
CH CA HA CH+CA+HA 24 4
A B
Xét ANAHB va ANCAB, co:
— AHB = CAB = 90°,
— B gbc chung.
Do d6 AAHB va ACAB dong dang (g.g), suy ra
AH AB HB AH+AB+HB 18 )
CA CB AB CH+CB+AB CH+CB+ AB
Tu (1), ta dat AB = 3k, CA = 4k. Xét AABC vuong tai A:
CB? = AB* + CA? = (3k)* + (4k)* = (5k)?
AB 3
én C'B = 5k. Do d6 — = —.
nén C' ) 30 003185
T (2) suy ra & = o ABC
Vay chu vi AABC béng 18 - g = 30 (cm). O
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VI DU 2. Tam gidc ABH vuong tai H ¢6 AB = 20 cm, BH = 12 cm. Trén tia déi cia tia HB
lay diém C sao cho AC = gAH.

@ Ching minh ring céc tam gidc ABH va CAH dong dang.

@ Tinh BAC.

# LOI GIAL

o
Ta c6
AB 20 5 AC A
BH 12 3 AH’
Xét AABH va ACAH, ta co:
— AHB =CHA = 90°, 20
AB BH , . . )
— Ac "~ am (chtng minh trén).
-
B 12 H C

Do d6 AABH va ACAH dong dang (canh huyén - canh géc vuong).
@® T cau a) suy ra CAH = ABH.

Ta lai 6 BAH + ABH = 90° nen BAH + ABH = 90°.

Do dé BAC = 90°.

1. Bai tap tu luyén
BAI 257. Cho tam giac ABC vuong tai A, hinh vuong EFGH nai tiép tam giac sao cho E thuoc AB,
F thuoc AC, H va G thuoc BC. Tinh do dai clia canh hinh vuong biét rang BH = 2 cm, GC = 8

cim.

# LOI GIAL

B
H
G
E
-
A F C
AFEHB va ACGF dong dang (g.g).
EFH BH
Suyra —— = —— = EH*=BH -CG =16 = EH =4 (cm).

CG  FG R
Vay canh ctia hinh vuong FFGH bang 4 cm.
O

BAI 258. Cho hinh binh hanh ABCD, cac dudng cao CE, CF. Ké DH, BK vuong goc véi AC.
Chiing minh rang AC? = AD - DF + AB - AE.
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# LOT GIAL
Tu AADH va AACF dong dang (g.g) suy ra dugc

A E B
AD - AF = AC- AH (1) H .
Tu AACE va AABK dong dang (g.g) suy ra dugc F
AB-AE = AC - AK  (2)
D C

Tu (1) va (2) suy ra:

AD-AF + AB - AE = AC - (AH + AK) = AC*.

OJ

BAI 259. Cho tam gidc nhon ABC, cac dudng cao BD va CE cit nhau tai H. Ching minh ring
BC?=BH-BD+CH -CE.

# LOI GIAL

Ké HK 1 BC. Tt cac tam gidc dong dang, ta chiing minh

ducc 4
— BH-BD = BK - BC (1) D
— CH-CE=CK-CB 2) .
Cong (1) va (2) ta duge dang thitc can phai chitng minh.
B K C

O

BAI 260. Cho tam gidc ABC (AB # AC). Goi E va F theo thit ti 1a cac hinh chiéu cta B va C
trén tia phan giac ctia goc A. Goi K 1a giao diém ciia cac dudng thang FB va C'E. Chitng minh ring
AK la tia phan giac ciia goc ngoai tai dinh A cta tam giac ABC.

# LGOI GIAL

AABE va ANACF dong dang, AKBE va AKFC dong

. A
dang, ta co:
KB BE AFE
KF CF AF C
= AK | BE = AK 1 AFE. K
Vay AK la tia phan giac cua géc ngoai tai dinh A cta B
NABC.

0

BAI 261. Tinh ti s6 hai canh géc vuong clia mot tam gidc vuong biét ring dudng cao va dudng trung
tuyén ting véi canh huyén ctia tam gidc ti le 12 : 13.

# LOT GIAL
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Dat AH = 12k, AM = 13k thi HM = 5k, CH = 18k (gi4 st AB < AC).

Ta c6 AAHB va ACHA dong dang nén B
AB HA 12k 2
CA  HC 18k 3
M
H
A C

O

BAI 262. Cho tam gidc ABC vuong tai A, AC = 3AB. Lay cac diém D, E thuoc AC sao cho
AD = DE = EC. Chting minh rang AEB + ACB = 45°.
# LOI GIAL

Cach 1. Ve M d6i xing v6i B qua D, AEAB va ABMC dong dang (c.g.c)
= E1 MBC

Do d6 Ey +C = MBC + C = Dy = 45°.

Cach 2. Dat AB=AD = DE = EC = a thi

CD BD
BD*=ad*+a*=20a"=2a-a=CD-ED = D= BED
ANCDB va ABDE dong dang (c g.c) C = DBE.
Do d6 E1 +C = E1 + DBE = D1 = 45°. U

BAI 263. Hinh thang vuong ABCD c6 A=D= 90°, AB=4 cm, DC =9 cm, BC = 13 cm. Tinh
khoang céch tit trung diém M cia AD dén BC.
# LOI GIAL
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Ve BH1CD, MK1BC.

AMKN va ABHC dong dang (g.g) A B
MK _MN o MN-BH
BH  BC -

BC
HC HC
TacéMN:DH+T:AB+T:4+2,5:6,5 (cm);

BH = +/BC? — HC? = /132 — 52 = 12 (cm);
6,512
Vay MK = = 5 - 6 (cm).

J

O

BAI 264. Hinh thang vuong ABCD ¢6 A = D = 90°, AB = 7 cm, DC = 13 cm, BC' = 10 cm.
Duong trung tryc cia BC' cit dudng thaing AD ¢ N. Tinh do dai M N (M la trung diém BC).
# LOI GIAL

ff B

K¢ M

b H C
N

Ve BHLCD, MK1AD, AMKN va ABHC dong dang (g.g) nén tinh dugc

_ BC-MK 10-10

MN
BH 8

= 12,5 (cm).

O

BAI 265. Cho hinh binh hanh ABCD. Hai dudng théng di qua tam ctia hinh binh hanh chia né ra
bén t1 gidc c6 dien tich bing nhau. Duong théing thit nhat cit BC ¢ E, dudng thang thit hai cit CD
& F. Chiing minh réing diém F chia canh BC va diém F chia canh CD theo ciing mot ti so.

# LOI GIAL
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Goi M 1a giao diém ctia FO va AB (O la tam clia hinh binh hanh).
Ta c6 Sompe = Sorce ma Syor = Sror nén Sypep = Srck.

Do d6 EB-MI =EC-FK (MI,FK1BC).
_EB FK FC FC
Vay = =

EC _ MI MB FD

BAI 266. Cho hai diém A, M. Dyng hinh vuong ABCD sao cho diém M chia canh BC' theo ti sb
1:2.

# LOI GIAL

Qua M vé duong vuong goc véi AM, cat AB tai N.

N MN MB 1 D C
AABMﬂ va AM BN dong dang nén M- A~ % do dé ta dung
duge diem N.
C6 hai cach lay diém N vé hai phia cia AM nén bai toan cé hai
nghiém hinh. \M
A BN

BAI 267. Cho tam giac ABC'. Hinh cht nhat DEGH c¢6 D thuoc AB, E thuoc AC, G va H thudc
BC.

@ V& Ax song song véi BO, vé CK vuong goc véi Az (K thude Ax). Goi I 1a giao diém ctia BK
va DE. Chitng minh ring GC = DI.

@ Suy ra cach dyng hinh chi nhat noi trén biét tam gidc ABC va do dai dudng chéo ctia hinh chit
nhat.

# LOI GIAL
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@ LAEGC va ACKA dong dang (g.g) A K
GC EC DB DI I ) N7 S
AR~ AC _ AB _ Ar ~¢¢=PL
@® Suy ra DICG la hinh binh hanh = CI = DG = m.

Dung K roi vé duong tron (C;m), cdt BK 6 1. D f— ]\ !
Tity theo s6 giao diém ctia dudng tron v6i BK ma bai toan IR NN
¢6 0, 1,2 nghiem hinh. TN

B¢ BH G C

O

O T1i 6 CAC PUONG CAO, Ti SO DIEN TiCH CUA HAI TAM GIAC PONG DANG

Néu hai tam giac dong dang thi:
— Ti s6 cac duong cao tuong ting bang ti s6 dong dang.
— Ti s6 cac dién tich bang binh phuong ctia ti s6 dong dang.

VI DU 3. Cho tam gidgc ABC' ¢6 cac goc B va C nhon, BC = a, dudng cao AH = h. Tinh canh
cua hinh vuong M N PQ c6 M thuoc AB, N thuoc AC, P,(Q thudc BC.

# LOI GIAL

BQH P C

Goi giao diém ctia AH va MN 134 K. Do MN || BC nén AK 1. MN.
Ta c6 MN || BC nen AAMN va AABC dong dang, do d6 ti s6 hai dudng cao tuong ting bang ti s6

dong dang:
AK MN

AH ~ BC
bat MN = KH =z, ta co

b —
A ey ——~
h a
= z(h+a)=ah
N ah
x = :
a+h
2 1 ~ N ah
Canh ctia hinh vuéng M N P(@) bang : O
a-+h
VI DU 4. Cho tam gidc ABC va hinh binh hanh AEDF véi E thuoc AB, D thuoc BC, F
thuoc AC. Tinh dién tich hinh binh hanh, biét rang Sgpp = 3 cm?, Sppe = 12 cm?.
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# LOI GIAL

AEBD va AFDC dong dang (g.g) nén
w2 = (5r) = (7e)
Sekpc \DF/) —~\FC/

1
TaC()SEBD:SFDC:3:12:1:4:—.

4
Dodé%:%:%. Suy ra AE = DF = 2BF, AF:ED:%FC’.
Vay
Supr =2SpEp =23 =6 (cm?)
Sapr = %SFDC = % 12 =6 (cm?)
Sagpr = Sape + Sapr = 646 = 12 (cm?).
Chi y: Tong quét, néu Sppp = m - Sppc = n thi Sappr = 2¢/mn. d

BAI TAP

Ti s6 cac dudng cao

BAI 268. Hinh thang ABCD c6 canh dédy AB dai 8 cm, canh day C'D dai 12 cm. Diém M ndm trén
dudng théng AB sao cho duong thang DM chia hinh thang thanh hai phan c6 dién tich bing nhau.
Tinh do dai BM.

# LOI GIAL

Cha ¥ réng

8 1
SaBp : Sapcp = 20 <3
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nén M thuoc tia déi clia tia BA. Goi E la giao diém cta DM va BC, dat EH = hy, EK = hs,
HK = h (FH la duong cao cia ABEM, HK la duong cao ctia hinh thang).

1 12h,

Sprc = §SABCD = =

1:>h2_5
20h 2 h 6

ABEM «~ ACED
BM EH _BM I

1
7 CD EK 12 h 5
Vay BM = 2,4 cm. 0

BAI 269. Diém M chuyén dong trén day nhé AB ciia hinh thang ABCD. Goi O 1a giao diém ciia cac

duong thang chita cic canh beén ciia hinh thang, G 1a giao diém ctia OA va CM, H la giao diém ciia
. . , . 0OG OH

OB va DM. Chiing minh rang khi diem M chuyen dong trén canh AB thi tong oD + Vite khong

doi.

# LOI GIAL

Qua O vé duong thang song song véi AB, cit CM, DM thi tu tai I, K. CI cit OD tai G, DK cét

OC tai H. Ta c6
OG OH 0OI OK IK

GD "HC CD ' CD D
Tong khong ddi bang hy : hy (hy 14 khodng cach tit O dén AB, hy 1a chiéu cao hinh thang). O

BAI 270. Cho ba dudng thing song song a, b, ¢ theo thit tu dy, diém A thuoc a, diém B thuoc b. Goi
M la mot diém bat ki thude c. MA cit b tai B', MB cit a tai A’. Chiing minh rang khi diém M
chuyén dong trén c thi duong thang A’B’ luon di qua mot diém co dinh.
# LGOI GIAL

c M

W IAVIL J
AN

A A

Goi giao diém ctia A’B’ véi AB la O. Hay chiing minh ring O la diém c6 dinh (O chia trong doan
. , . OA AA" h
thing AB theo i 50 5% = 25 = h—;) O

Ti s6 dién tich
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BAI 271. Cho tam gidc ABC ¢6 dién tich S, cac dudng trung tuyén AD, BE,CF. Goi S’ 1a dién tich

. N 3
tam giac c¢6 do dai ba canh bang AD, BE,CF. Chiing minh rang S’ = ZS'
# LOI GIAL

Goi G la trong tam ciia tam giac ABC, H la trung diém ctia CG. Lay Sgpy lam trung gian: S’ =
QSGDH va S = 12SG’DH- O

BAI 272. Dudng cao ciia mot tam gidc dai 16 cm, né chia canh déy thanh hai doan théng tile 1: 8.
Tinh do dai doan thing song song véi dudng cao ay va chia tam gidc da cho ra hai phan c6 dién tich
bang nhau.

# LOI GIAL

B HM C

1 8
Ki hléu nhu hinh 163, SNMC = §SABC7 SAHO = §SABC- Suy ra

Snyve (NM>2_ 9 _
=77 = — = NM =12 cm.

Sanc 16

U

BAI 273. Hinh thang ABCD c6 cac day AB = b, CD = a (a > b). Doan thing M N song song véi

d4y, c6 hai dau thuoc hai canh bén chia hinh thang ra hai phan c6 dién tich bang nhau. Chitng minh
2 b?

rang MN? = @

2
# LOI GIAL
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Goi O 1a giao diém ctia AD va BC. Dat Sagny = Synep =S va MN = z.

SoAB b\?
AOAB -~ AOMN = == .

SoMN T
2
AODC ~ AOMN = 200 _ (9) .
SomnN x
Do dé
a’+b° _ Socp+ Soas _ (Somn +5) + (Somn — S) _ 9
2 SoMN SoMN '
2 2
Vay MN? = ¢ ;rb . U

BAI 274. Cho hinh vuong ABC'D ¢6 do dai canh bing 2 cm. Goi E, F theo thit tu 1a trung diém cla
AD, DC. Goi I, H theo thit tu la giao diém ctia AF v6i BE, BD. Tinh dién tich tt giac ETHD.
# LOT GIAL

E
H

i
D H'F C

Tru6c hét ta tinh dién tich cac tam giac AIE, DHF.
Dé dang chiing minh duge AF L BE. AAIE «~ AADF nén

Sare AE* 1

Sipr AF?2 5

Ta c6 Sapr =1 cm? nén Sarp = : cm?.
5 1 .2
ADHF va ABHA dong dang theo ti so 3 nén ta tinh duge dusng cao HH' cia ADHF bang 5 om.
1 7
Do d6 Spur = 3 cm?. Tt d6 ta tinh duge Sgrup = G cm?. O

BAI 275. Cho hai tam giac dong dang c6 ti s6 dong dang 14 mot sb tu nhien. Mot canh ciia tam gidc
nhé bang 3 cm, dién tich clia tam gidc nhd nay cling 13 mot s6 ty nhién (don vi ecm?). Tinh dién tich
ctia mdi tam giac, biét hieu dién tich ctia chiing bang 18 cm?.

# LOI GIAL

Goi dién tich ctia tam giac nho 1 z, t s6 dong dang clia hai tam giac 1a k, (z, k € N).

18 18
Ta c6 T =k?nén — = k% —1va k%? —11a u6c cia 18. Tu d6 tim dude k = 2, x = 6.
T x
Dién tich ctia hai tam gidc 13 6 cm? va 24 cm?. O

BAI 276. Tam gidc ABC ¢6 B = 60°, C' = 20°, BC = 4 cm. Goi D la trung diém ctia AC. Trén canh
CB lay diém E sao cho CE = C'D. Tinh téng dién tich cac tam gidc ECD va ABD.
“ LOT GIAL
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B B C
Vé tam giac déu BCF (F va A ciing phia d6i v6i BC). Trén canh F'B lay diém G sao cho FG = AB.
Ta ¢6 AACG can c6 goc § dinh bang 20°, AABC = AGFC (c.g.c).
Dit Spep = S1, Sapp = S2. Ta ¢6 AECD va AACG dong dang (g.g)
1

S| = ESACG (1)
1 1
Sy = §SABC = Z(SABC + Sarc) (2)

Tw (1) va (2) suy ra

1
S1+ Sy = Z(SACG + Sagc + Sarc)
1 1 42
= V3 =3 cm?.

B
2BFC 92 4

O
BAI 277. Cho tam gidgc ABC can tai A, truc tam H chia dudng cao AE theo ti s6 7 : 1. Giao diém

I cac duong phan giac clia tam giac chia AE theo ti s6 nao?
# LOI GIAL

Theo tinh chat dudng phan giac

Al _AB <AI)2 _ AB*  AE?+ BE? (AE>2+ .
IE BE IE)  BE? BE? ~ \BE

AAEB va ABEH dong dang (g.g) suy ra

<AE>2 _ Sapp _ AE
BE) — Sgeyw HE

8. (2)

T (1) va (2) suy ra
AI)2 Al
<E =8ftl=9=15=3
]
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BAI 278. Cho tam gidc ABC.Trén canh AB lay diém I vd K sao cho Al = IK = KB, trén canh
BC lay céac diém D va E sao cho BD = DE = EC, trén canh AC lay cac diem F va G sao cho
AF = FG = GC. Goi M la giao diém ctia AD va BF, N la giao diém ctia BG va CK, P la giao
diém ctia AE va C1I.

a) Chting minh réng cac canh ciia tam giac M N P song song v6i cic canh ctia tam giac ABC.

b) Tinh dién tich tam gidc M N P theo dién tich tam giac ABC.

# LOI GIAL
CAK AG 2 . 2 , 2 3
a) Ta co A5~ AC — 3 hen KG | BC va KG = gBC’. Do d6 NK = 3NC’, suy ra CN = 5C’K.

3 3
Chiing minh tuong ty, CP = BC’I .Suyra NP | IK va NP = Z]K.
Chtng minh tuong tu, M P || BC, MN || AC.
3 3 1 1 1
b) NP=-IK=—---AB = SAB Do do SMNP = 2_5SABC-

5 5 3
U

BAI 279. Cho tam gidc ABC vuong can tai A, dudng cao AH va dudng phan gidc BE. Dudng vuong
géc v6i BE tai E cat canh BC tai G, cat tia doi cia tia AB tai D. Ké EF vuong goc véi BC. Cho
biét AD = 15 cm, HF = 20 cm, tinh dién tich tam giac ABC.

# LOT GIAL

NA: E

-
B H F G C

Ké EN || BC, cat AH tai M, cat AB tai N. Ta thay AABC vd AANFE dong dang.
Trude hét ta tinh Sayg.
ABDG can tai B. Do NE | BG nén ANDE can tai N. Ta dé dang tinh dugc

EN =2EM =2-20 = 40 (cm)

Suy ra NE =40 cm, NA = 25 cm.
Ta c6 AM? = AN? — NM? = 252 — 202 = 225 nén AM = 15 cm.

1 1
SANE:§~NE-AM:§-4O-15:3OO (cm?).
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PR AB
Bay gio ta tinh ti soO dong dang N cua AABC va AANE.

ABDG ¢6 DE = EG, EN || BC nén BN = ND = 40 c¢m, do d6

AB 65 13
"AN 25 5
13)2 169

Sapc = SanE - <€ = 300 - 5 = 2028 (cm?).

AB =25+ 40 = 65 (cm)

@ UNG DUNG THU'C TE CUA TAM GIAC DONG DANG

Nho cac tam gidgc dong dang, ta ¢6 thé xac dinh duge cac chiéu cao, cac khoang céch . . . ma khong

can do triyec tiép.

Vi DU 5. Mot ngon den dat trén cao & vi tri A, hinh chiéu vuong goc clia né trén mat dat 1a
H. Ngusi ta dat mot chiée coc dai 1,6 m thang ding & hai vi tri B va C' thang hang v6i H, khi
d6 béng ctia chiée coc dai 0,4 m va 0,6 m. Biét BC' = 1,4 m, tinh do cao AH.

# LOI GIAL

A
B/ Ik c’
a a

Wl

DbvB H ¢ ¢ F

< d >

Goi BD, CFE la béng cia coc va B', C 1a vi tri ngang tuong ting ctia dinh coc. Dat BB’ = CC’" = a,
BD =b, CE =a, BC =d, AH = x. Goi I 1a giao diém ctia AH va B'C".
AAB'C' va AABC dong dang
N Al _ B'C’
AH  BC
N r—a _ d
x b+d+c
b+ xd+ xc—ab—ad — ac = xd
ab + ac — ad
—

( >
b C

4

= T =

. . 1,4
Ap dung thay sb: AH = 1,6 (1 —) — 3,84 (m). N
p dung thay so + 04406 (m)

BAI TAP
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BAI 280. Mot ngudi diing cach mot ngoi nha 200 m, diat mot que dai 5 m, cach m&t 40 m theo phuong

thing ding thi vita vin che lap chiéu cao ciia ngoi nha. Tinh chiéu cao ciia ngdi nha.

# LOI GIAL
A

B’ (o

-
B H C

Goi vi tri mat 14 A, BC la chiéu cao ciia ngoi nha, B’C” 1a chiéu dai ctia chiée que.
AAB'C" ~ AABC suy ra
B'C’ Al AH-B'C"  200-
o C W05y

BC —am ~ PYT a7 10

O

BAI 281. Mot giéng nudce c6 dudng kinh DE = 0,8 m. Dé xac dinh do sau BD ciia giéng, ngudi ta
dat mot chiée gay & vi tri AC, A cham miéng giéng, AC nhin thing t6i vi tri E & géc clia day giéng.
Biét AB = 0,9 m, BC = 0,2 m. Tinh do sau ctia giéng.

B
BC

D E
# LOI GIAL
AABC «~ AADE suy ra
AB BC AB-DE 09-08
b~ pE P e T oz A

Vay do sau cua giéng 1a BD = AD — AB = 3,6 — 0,9 = 2,7 (m).
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CHUONG

3

HINH LANG TRU DUNG. HINH CHOP DEU

BAl 0 HINH HOP CHU' NHAT

@) TOM TAT Li THUYET
Dinh nghia 1. Hinh hop chit nhat ¢6 6 mét, cac mat la nhitng hinh chi nhat.
Dinh nghia 2. Hinh lap phuong la hinh hop chit nhat c6 cac mat la nhiing hinh vuéng.

Dinh nghia 3. Cho hinh hop chit nhat c6 chiéu dai a, chiéu rong b, chiéu cao c.
— Dién tich xung quanh ctia hinh hop cht nhat tinh bdi cong thic

Sxq = 2(a+b)c.
— Dién tich toan phan ctia hinh hop chit nhat tinh béi cong thiic
Stp = 2(a + b)c + 2ab = 2(ab + bc + ca).
— Thé tich ctia hinh hop chit nhat tinh béi cong thic
V = abc.

Tinh chat 1. Mo hinh ctia hinh hop chit nhat cho ta hinh anh céc quan hé khong gian sau

A i B’

— Hai dudng thang song song la hai duong thing ciing ndm trong mot mat phang va khong co
diém chung, chang han AB || A'B’.

— Hai duong thang phan biét cling song song véi mot dudsng thang thi ba thi song song véi nhau,
chang han AB || D'C’ vi chiing ciing song song v6i A'B’.

— Duong thang A’B’ khong nim trong mat phang (ABCD) va song song v6i dudng thang AB
ctia mat phang (ABCD), ta c6 A’B" || mp(ABCD).

— Mait phéng (A'B'C’'D’) chita hai duong thang cit nhau A’B’, B'C’ ciing song song v6i mat phang
(ABCD), ta c6 mp(A'B'C'D") || (ABCD).
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— Hai mat phang phan biét c6 mot diém chung A thi ching c¢6 chung mot dudng thing di qua A,

goi 1a giao tuyén clia hai mit phang. Ching han AB la giao tuyén clia hai mit phang (ABCD)

va (ABB'A').

— Dudng thing A’A vuong goc véi hai dudng thang cit nhau AB, AD clia mat phang (ABCD),

ta c6 A’/A L mp(ABCD).

— Khi A’/A L mp(ABCD) thi A’A vudéng goéc véi moi dudng thang di qua A vA nim trong mit

phang (ABCD), chang han A’A 1 AC.

— Mt phing (A’B’'BA) chita dudng thang A’ A vuong goc v6i mat phang (ABCD), ta cé mp(A'B'BA) L

mp(ABCD).

(® CAC DANG TOAN

(0O DANG 1. Hinh hép chit nhat

Phuong phdp gidi: St dung céc tinh chat ctia hinh hop chit nhat.

chia B’A theo ti s6 1 : 3.
hinh lap phuong bang a.

v6i mat phang (A’B'CD).
@® Chiing minh raing EF song song véi mat phang (A'B'CD).

b.

VI DU 1. Cho hinh lap phuong ABCD.A'B'C'D’. Diém E chia DB theo ti s6 1 : 3, diém F
@ Chiing minh ring A’B’CD la hinh chit nhat. Tinh dién tich hinh chit nhat d6é néu canh

@® Goi M la diém chia DA theo ti s6 1 : 3. Chitng minh ring mit phang (EMF) song song

@ Ching minh EF song song véi mat phang (A’B'C' D) ma khong sit dung két qua ctia cau

# LOI GIAL

@ Ching minh ring A’B’C'D la hinh chit nhat. Tinh dién tich hinh chit nhat d6 néu canh hinh lap

phuong bing a.

Xét tit giac A’B'CD ta c6

A'B" || CD (vi cing song song véi AB),
A'B" = CD (vi cung bang AB).

C

Suy ra ti giac A’B'C'D la hinh binh hanh.
Ta c6 DC L CC’'va DC L CB nén DC L mp(BCC'B'), suy /
ra DC L CB/ /I

Hinh binh hanh A’B'C'D ¢6 DCB’ = 90° nén A'B'C'D 1a hinh r,

ch nhat.

Cl

Xét AB'C'C vuong tai C ta co
B'C? = B'C"” + C'C? (dinh li Py-ta-go).

= B'C =aV?2.
Dien tich hinh chit nhat A’B'CD 1a Sy pep = A'B - B'C = a?V/2.

@® Goi M la diém chia DA theo ti s6 1 : 3. Chitng minh réing mat phang (EMF) song song v6i

mgt phang (A’B'CD).
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DM DE 1 _ R
ADAB c6 VA~ g 3hen ME || AB (dinh li Ta-1ét dao).

Ma AB | A'B' nen ME || A'B'.
Suy ra M E || mp(A’'B'CD).
ANAB'D c6 DM I;/F
Suy ra MF || mp(A’'B'CD,).
Mit phéng (MEF) chita hai duong thang cit nhau cling song song véi mp(A'B'CD) nén
mp(MEF) || mp(A’'B'CD).
@ Ching minh ring EF song song v6i mit phang (A'B'CD).
Vi mp(MEF) | mp(A’B'CD) nén EF || mp(A’'B'CD).
@ Ching minh EF song song véi mit phang (A’B'C'D) ma khong st dung két qua ctia cau b.
Trong mp(ABB'A’), goi K 1a giao diém ctia BF va A'B’. D C
Ta c6 AB || A’B’ nén AE_ BE (dinh 1i Ta-1ét). m )
FB~ FA e
NG SN Al
FB 3
KF DE 1 /

ABDK c6 FE — g — 3 Men EF || DK (dinh li Ta-1ét déo). ,'I A \‘_+\____ -5

Ma DK nam trong mp(A’B'CD) nén EF || mp(A'B'CD). S \

nén MF || B'D (dinh 1i Ta-1ét déo).

Wl =

1. Bai tap tu luyén

BAI 1. Cho hinh hop chit nhat ABCD.A'B'C'D’. Goi M, N theo thit tu 1a trung diém ctia AD, DC.
Goi I, K theo thit ty 1a trung diém ctia B’A’, B'C’. Chitng minh ring M N song song véi I K.

# LGOI GIAL

ANACD c6 M, N lan lugt 1a trung diém ctia AD va CD nén M N la dudng D N C
trung binh. M !

= MN || AC. DY == B
AA'B'C' ¢6 I, K lan lugt 1a trung diém ctia A’B’ va B'C’ nén I K 1a duong E

trung binh. ,LT":;'}" ¢’
= IK || AC. @ R
Xét i giac ACC'A’ ta ¢6 A 1T B

AA" || CC" (vi cung song song véi BB'),

AA" = CC" (vi cing bang BB').
Suy ra tit giac ACC’A’ 1a hinh binh hanh.

Ta c6 AA" L AD vias AA L A’B' nén AA’ L mp(A'B'C'D’), suy ra AA" 1 A'C".

Hinh binh hanh ACC'A’ ¢6 AA'C" = 90° nén ACC' A’ 1 hinh chit nhat. (3)
T (1), (2), (3) suy ra MN || IK. O

[0 DANG 2. Dién tich

Phwong phdp giai: Dién tich xung quanh ctia hinh hop chit nhat tinh bdi cong thiic
Sxq = 2(a + b)c.

™= Suu tam & bién soan Trang 421/477 E1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

Dién tich toan phan ctia hinh hop chit nhat tinh béi cong thiic
Stp = 2(a + b)c + 2ab = 2(ab + bc + ca).

Trong d6 a 1a chiéu dai, b 1a chiéu rong va c 1a chiéu cao.

vi Dy 2.

Hay dién dau cham vao mit dé tréng ciia vien stc sic hinh lap ALK .0.
phuong ¢ hinh a sao cho vién sic sdc théa man hinh b (cha ¥ ° ® Py
rang & vien sic sic, tong hai sé ¢ hai mat déi nhau bao gio ciing o ®
bang 7). Hinh a Hinh b

# LOI GIAL

Quan sat hinh b ta thay, khi nhin thang vio mét chita s6 2 sao cho mat chita s6 6 ¢ trén thi mat chita
s6 3 6 ¢ ben trai. Ap dung nhan xét nay vao hinh a thi mat déi dien véi mat dé trong 1 mit ¢ sd
3. Do dé mat dé trong phai chita s6 4. O

2. Bai tap tu luyén

BAI 2. Tinh dién tich toan phan ctia mot hinh hop chit nhat ¢6 chiéu dai 4 cm, chiéu rong 3 cm,
duong chéo ctia hinh hop bang 13 cm.
# 1O GIAL

Goi hinh hop ch@t nhat d6 1a ABCD.A'B'C'D’. D C
Theo dé bai ta c6 A’B’ =4 cm, B'C' = 3 cm, AC' = 13 cm. AL : 4
NAA'B'C’ vuong tai B’ ¢6 A/C"? = A'B” + B'C"” (dinh i Py-ta-go). RN

= A'C" =5 (cm). E T X
ANAA'C vuong tai A’ c6 AC™ = AA? + A'C" (dinh I Py-ta-go). A o

= AA" =12 (cm).
Dién tich toan phan I3

Sip = 2(A'B"- B'C' + B'C" - AA' + AA’ - A'B') = 192 (cm?).
0

BAI 3. Mot hinh hop chit nhat c6 tdng do dai cac canh bing 140 cm, khodng cach tit mot dinh dén
dinh xa nhat bang 21 cm. Tinh dién tich toan phan.
# LOT GIAL
Goi a, b, ¢ la cac kich thuée ctia hinh hop chit nhat, ta co
4(a+b+c) =140 a+b+c=235
{m: o, {a2 F 07+ =441,

Dién tich toan phan bang

Sip =2(ab+bc+ca) = (a+b+c)?—(a®+b+?)
= 35% — 441 = 784 cm?.

0
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BAI 4. Cho hinh hop chit nhat ABCD.A'B'C'D'. Goi M 1 trung diém ctia CC'.
@ Xic dinh giao tuyén clia cac mat phang (ABB'A’) va (B'C'M).
® Xéic dinh giao diém clia dudng thing DM va mat phang (4'B'C'D').
® Xaic dinh giao diém clia dudng thang B’M va mit phing (ABCD).
# LOT GIAL
@ Xic dinh giao tuyén clia cac mat phang (ABB'A’) va (B'C'M).

Mit phang (B'C'M) ciing 1a mat phang (BCC'B'). K
Giao tuyén can tim la BB'. ll)\ ¢
@® Xaic dinh giao diém ctia duong thang DM va mat phang (A'B'C'D’). 4 : \\\\
Trong mp(CDD'C"), goi I 1a giao diém ctia DM va D'C". i Bl
Vay I 1a giao diém can tim. Jn A
@ Xaic dinh giao diém ctia duong thing B’M va mit phang (ABCD). D ¢’ I
A B’

Trong mp(BCC'B’), goi K la giao diém ctia BC va B'M.

Vay K la giao diém can tim.

BAI 5. Cho hinh hop chit nhat ABCD.A’B'C'D’. Goi M, I theo thit tu 1a trung diém ctia AA’, CC".
Chitng minh ring cac mit phang (ADI) va (B'C'M) song song véi nhau.
# LOI GIAL

Ta co D C
— AD || B'C" (vi cung song song véi BC) nén AD | 4 _‘;\\‘\\\ _
mp(B'C'M). R RN
— AMC'I 1a hinh binh hanh nen AI || MC', do d6 AI || prdci
mp(B'C'M). A <c---TEEpE=A
Vay mp(ADI) || mp(MB'C"). by =

BAI 6. Cho hinh hop chit nhat ABCD.A'B'C'D'. Goi H, I, K theo thit tu 1a trung diém ctia AB,
AA’, C'D’'. Chitng minh ring mat phang (HIK) song song véi mit phiang (ACD").
# LOT GIAL
Ta c6
— HI || BA" || CD' nén HI || mp(ACD").
— HK | AD' nén HK || mp(ACD").
Vay mp(HIK) || mp(ACD).

A’ B’
0
BAI 7. Cho mot vien stc sic théa man hinh a.
@ Haiy dién cac dau cham vao mit dé tréng ¢ hinh b.
@ Hiy dién cac dau cham vao cac hinh khai trién (hinh ¢ va d).
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() ° ° °
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eoo L
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) [ ]
Hinh  a.
Hinh b. Hinh c. Hinh d.
# LOI GIAL
] ] ® 0 g9 o o
[ '0 [ e/ 00 o’
®l o000 ® o000 00
[ ) .. PP o .. eeo 00
¢ o ° °
o, °
Hinh b. Hinh c. Hinh d.
O
BAI 8.
Mot con nhén dang & vi tri £ trong mot gian phong hinh lap phuong. F nam D’ ¢’
tréen AB v AE = ~AB. Con nhén mudn bo qua cd sau mat clia gian phong :
. . 3 L A f——B'
roi tré ve E. Tim duong di ngan nhat ctia con nhén. !
L ek X O
D
AFE B

# LOI GIAL
Trai sdu mit ctia hinh hop chit nhat ABC'D.A’B'C'D’ nhu trén hinh a. F thuoc canh AB ctia mat

1 ) . . .
ABB'A' va AE = §AB’ E’ thudc canh AB ctia mat ABCD. Dé di theo duong ngan nhat tit £ dén
E’ trén mit khai trién, con nhén phai di theo doan thing FE’. Duong di clia con nhén trong phong
la duong EFGHIKE trén hinh b.

Al AE B
/ c’
K
Al D’ /
/1 |D C G
H
Al B’ /

/F

AFE B C
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O

(O DANG 3. Thé tich

Phwong phap gidi: Thé tich ctia hinh hop chit nhat tinh béi cong thic
V = abc.

Trong d6 a la chiéu dai, b 1a chiéu rong va c 1a chiéu cao.

VI DU 3. Trong céc hinh hop chi nhat ¢6 cac kich thude 1a s6 nguyen a, b, cma a+b+c =9,
hinh nao cé thé tich 16n nhat?

# LOI GIAL
Xét tat ca cac truong hop hinh hop chit nhat c¢é cac kich thude nguyén va tong bang 9.

a)Vi=1-1-T=T1. b) Va=1-2-6=12. ¢)Va=1-3.5=15.
d) Vy=1-4-4=16. ) Vs =2-2-5=20. f) Vg=2-3-4=24.
g) Vp;=3-3-3=27.

Ta thay hinh hop chit nhat c¢6 cac kich thuée 3, 3, 3 (hinh lap phuong) c6 thé tich 16n nhat.

/\ Tong qudt, ta ching minh dugc: Trong cdc hinh hop chit nhat cé cic kich thude a, b, ¢ ma
a+b+c=m vdim la hing s6 thi hinh lap phuong cé thé tich ldn nhit.

Dé chitng minh diéu nay, ta ding bat dang thite Co-si vdi ba s6 duong a, b, c.

3. Bai tap tu luyén

BAI 9. Tinh dién tich xung quanh va thé tich ctia hinh hop chi@ nhat ABCD.A'B'C'D’ ¢6 dady ABC'D
12 hinh vuong canh a va dién tich hinh chit nhat ADC’B’ bang 2a?.
# LOI GIAL

Ta ¢6 Sapcrg = AB' - B'C' = AB' = 2a. D C
NAA'B' vuong tai A’ c6 AB? = AA” + A’B” (dinh li Py-ta-go). A "\ B
= AA = aV/3. Y
Dién tich xung quanh la Sy, = 2(A’'B’ - B'C")AA’ = 4a*V/3. | N
Thé tich 1a V = A'B'- B'C' - AA' = a*\/3. AN
ot
U

BAI 10. Hinh hop chit nhat ABCD.A'B'C'D’ ¢6 day ABCD la hinh vuong, dién tich mat chéo
(BDD'B’) bang 80 cm?. M va N theo thi tu 1a trung diém ctia AA’ va CC’', MN = 8 cm. Tinh thé
tich hinh hop chi nhat.

# LOT GIAL
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Do AC = MN nén AC' = 8 cm. D C
Do BD = AC (vi ABCD la hinh vuong) nén BD = 8 cm. 4 : %
SBDD/B/:BB/'BD:>BB/:10 cm. : -4 N
AC - BD ) JI
SABCD:T:?)QCIH- M "
[ S
Thé tich hinh hop chit nhat 14 V = BB’ - Sapcp = 320 cm®. 9’)\-\\ C’
A B’

BAI 11. Mot c4i hom hinh hop chit nhat c6 chiéu dai 36 cm, chiéu rong 15 cm, chiéu cao 16 cm. S6
hinh 1ap phuong canh 3 ¢cm nhiéu nhat chita trong hom dé 14 bao nhieu?

# LOI GIAL

Ta thay 36 : 3 =12; 15: 3 = 5; 16:3—5%.
S6 hinh 1ap phuong canh 3 cm nhiéu chat chita trong hom 14 12 -5 -5 = 300 (hinh). O
BAI 12. Mot hinh hop chit nhat duge ghép béi 42 hinh lap phuong canh 1 em. Biét chu vi day cta
hinh hop chit nhat 1a 18 cm. Tinh cac canh ctia hinh hop chit nhat.

# LOI GIAL

Goi chiéu dai 1a a, chiéu rong 1a b, chiéu cao la c.

Ta c6 a+ b =9 va abc = 42 nén a, b la wéc cia 42 va nhd hon 9.

Cac u6c ctia 42 ma nho hon 91a 1, 2, 3, 6, 7.

Néu cac canh day 14 6 va 3 thi ¢ = 63 khong 1 s6 tir nhién.

. 42
Neéu cac canh day la 7 va 2 thi c = > = 3. Vay cac canh cua hinh hop chi nhat 1a 7 cm, 2 cm va 3
cm. O

(O DANG 4. Cac dang khac

Phuong phap giai:

VI DU 4. Mot hinh lap phuong 16n canh 4 duge ghép lai tit 64 hinh lap phuong nhé canh 1.
Ngudi ta son tat cd sau mat ctia hinh lap phuong 16n. Tinh s6 hinh lap phuong nhé canh 1 ma

a) ¢6 ding mot mat duge son; b) c6 ding hai mit duge son;

¢) c6 dung ba mit duge son; d) khong c6 mét nao duge son.

# LOT GIAL

@ C6 ding mot mit duge son.
O mbi mat, ¢6 4 hinh lap phuong nhé duge son mot mit (cac hinh duge
gach soc). O sau mit ¢6 4 -6 = 24 (hinh).

@ C6 ding hai mit duge son.
O mai canh, c6 2 hinh lap phuong dugce son hai mat (cac hinh duge cham
bi). O 12 canh ¢6 2 - 12 = 24 (hinh).

@ Co6 ding ba mit duge son.
O mbi dinh, c6 mot hinh lap phuong dugc son ba miit. O 8 dinh c6 8 (hinh).
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O Khong c6 mit nao duge son.
Cac hinh lap phuong nhé khong ¢6 mat nao duge son la cac hinh lap phuong nho “6 bén trong”,
chiing tao thanh mot hinh 1ap phuong ¢6 canh 2, gom 2 -2 -2 = 8 (hinh).
O

4. Bai tap tu luyén

BAI 13. Cho hinh lap phuong. C6 bao nhiéu doan thing ma hai mat ctia né la hai dinh ctia hinh lap
phuong?
# LOT GIAL

Hinh lap phuong ¢6 8 dinh.
8.7

S6 doan thing c6 hai mat 1a hai diém trong 8 dinh d6 1a - = 28. O

BAI 14.

Nguoi ta ghi vao cac dinh cia mot hinh 1ap phuong cac s6 0 hogic 1 nhu hinh L 0

bén. Ctt mdi bude, ta cong thém 1 don vi vio méi s6 thudc cing mot canh ctia 1

hinh lap phuong. Sau mot sé budce, c6 thé x4y ra tam sd bing nhau § tam dinh )(l).__ 41

cua hinh lap phuong duge khong? 1L 0
# LOI GIAL

Ltc dau, téng tdm sbé & cac dinh ctia hinh lap phuong la 5. Sau mdi budc, tong tang thém 2 don vi

nén tong cac s6 ¢ tam dinh luon luon 1a s6 1é, khong thé chia hét cho 8. Do d6, khong thé xay ra tam

s6 bang nhau. O

BAI 15. Ngudi ta viét vao sau mit ctia mot hinh lap phuong sau sb c6 tong bing 21. Sau dé ¢ méi
dinh ctia hinh lap phuong, ta ghi mot s6 bing tong cac so6 ¢ cac mat chita dinh d6. Tinh téng cac sd
6 cac dinh.

# LOI GIAL

Goi sau so ghi trén cac mit ctia hinh lap phuong la a, b, ¢, d, e, gtacé a+b+c+d+e+ g = 21.
Goi 14 tong phai tim.

Do hinh 1ap phuong c6 8 dinh, mé&i dinh 1 tong clia ba s6 (trong sau s6 trén) nén x 1a tdng clia 24 6.
Cac sb a, b, ¢, d, e, g c6 s6 lan xuat hién nhu nhau trong tong = nén mdi s6 c6 mat 24 : 6 = 4 (1an).
Vay x =4(a+b+c+d+e+g)=4-21 =84 O

BAI 16. M&i hinh lap phuong canh 5 duge ghép béi 125 hinh lap phuong nhd canh 1. Tinh s6 hinh
lap phuong nhé giap véi

@ 6 miit ciia cac hinh lap phuong nhé khac.

@® 5 mit clia cac hinh lap phuong nhé khac.

@ 4 mit ctia cac hinh lap phuong nhé khac.

@ 3 it cia cac hinh lap phuong nhé khac.
# LOT GIAL

@ 6 miit ciia cac hinh lap phuong nhé khac.
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Z

Cac hinh 1ap phuong nhé giap véi 6 mit ctia cac hinh lap phuong nho

khéc 1a cac hinh lap phuong nho “6 bén trong”, chiing tao thanh mot
hinh lap phuong c6 canh 3, gom 3 - 3 - 3 = 27 (hinh).
@ 5 mit ciia cac hinh lap phuong nhé khac.

O méi mat, ¢6 9 hinh 1ap phuong nho giap v6i 5 mét cia cac hinh lap

phuong nhé khac (céc hinh duge gach soc). O sau mit ¢6 9 -6 = 54

(hinh).
@ 4 mit cta cac hinh lap phuong nhé khac.

O mbi canh, ¢6 3 hinh lap phuong nhoé giap v6i 4 mat cta cac hinh lap phuong nhé khac (cac
hinh duge chédm bi). O 12 canh ¢6 3-12 = 36 (hinh).
@ 3 mit clta cac hinh lap phuong nhé khac.
O mbi dinh, c6 mot hinh 1ap phuong nhé giap véi 3 mat cua cac hinh lap phuong nho khac. 0
8 dinh ¢6 8 (hinh).
O

BAI 17. C6 125 hinh lap phuong don vi ghép lai thanh mot hinh lap phuong 16n canh 5. Ngudi ta
son sau mat ctia hinh lap phuong 16n. Tinh s6 hinh lap phuong don vi ¢6 it nhat mot mat duge son.

# LOI GIAL

Néu ta lay ra cac hinh lap phuong don vi dude son thi con lai hinh lap phuong canh 3 chita 3-3-3 = 27
hinh lap phuong don vi khong duge son.
S6 hinh 1ap phuong don vi ¢6 it nhat mot mit duge son 1a 125 — 27 = 98 (hinh). O

BAI 18. Dé son mot hinh lap phuong sao cho hai mit ké nhau ¢6 mau khéac nhau, s6 mau it nhat can
dung la bao nhiéu?
# LOI GIAL

Ba mit chung dinh phai son bdi ba mau khac nhau. Vay s6 mau khong thé it hon 3. S6 mau 1a 3 khi
ba mit con lai son ciing mau véi mit doéi dién véi no.

Vay s6 mau it nhat can ding la 3. O

BAJI 19. Mot hinh lap phuong canh 10 dudc tao thanh bdi 1000 hinh lap phuong don vi. Ta cé thé
nhin thay nhiéu nhat bao nhiéu hinh 1ap phuong don vi?

# LOI GIAL

Gia stt ta bo di cac hinh lap phuong don vi duge nhin thay, nghia 13 bé cac hinh 1ap phuong don vi 6
16p ngoai ciing. Ta con lai mot hinh lap phuong canh 9, gom 9-9 -9 = 729 hinh lap phuong don vi.
Céc hinh lap phuong don vi nay khong thé nhin thay.

Vay s6 hinh lap phuong don vi nhiéu nhat c6 thé dude nhin thay 1a 1000 — 729 = 271 hinh. O

BAI 20. Mot hinh lap phuong canh 5 gdm 125 hinh lap phuong don vi. Ngudi ta khoan thing hinh
lap phuong 16n theo ba duong khoan tit mdi mat dén mat ddi dién, miii khoan lot vao hinh lap phuong
don vi chinh gitta. C6 bao nhiéu hinh lap phuong don vi bi xuyén thung?

# LOI GIAL
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Trong lan khoan thtt nhat ¢6 5 hinh lap phuong don vi bi xuyén. Trong lan

khoan thit hai c¢6 thém 4 hinh lap phuong don vi bi xuyén. Trong lan khoan

thi ba c6 thém 4 hinh lap phuong don vi bi xuyén.

Vay ¢6 tat ca 13 hinh lap phuong don vi bi xuyen.

/N Hinh lap phuong don vi ndm & tam cia hinh lap phuong lon bi zuyén ba

lan.

l

BAI 21. Mot khéi gd hinh 1ap phuong c¢6 canh 3 dm. O chinh gitta moi mét ctia hinh 1ap phuong,
nguoi ta duc mot 16 vuong c6 canh 1 dm thong sang mit déi dien, tam ctia 16 vuong 1a tam clia mit
hinh 1ap phuong, cac canh ctia 16 vudng song song véi canh ctia hinh 1ap phuong. Sau khi da duc ba
16 thong, dién tich toan phan ctia khdi con lai bang bao nhiéu?

# LOI GIAL

Téng cong phai duc bay khdi lap phuong don vi (canh 1 dm), gdm sdu khéi ¢ sau mat va mot khdi &
chinh gitta bén trong (xem hinh b).

/A

w |

Hinh a. Hinh b.

Dién tich toan phan ctia khoi gb ltic dau 1a 3-3 -6 = 54 (dm?).

Sau khi duc mot khéi 1lap phuong don vi ¢ mdi mat, mat ngoai ciia khdi gb giam di 1 dm?, nhung
bén trong tang thém 5 dm?. Do d6 sau khi duc sau khdi ¢ sau mat thi dieén tich ctia khéi go 1a
544 (5— 1)6 = 78 (dm?).

Khi duc not khéi 1lap phuong don vi § chinh giita, dién tich khoéi gb gidm di 6 dm? (la dién tich toan
clia ctia khoi lap phuong don vi ay).

Vay dien tich toan phan ctia khoi go con lai 1a 78 — 6 = 72 (dm?). O
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CHUONG

PUOGNG THANG VA MAT PHANG TRONG
KHONG GIAN. QUAN HE SONG SONG

oA 0 HINH LANG TRU DUNG

@) TOM TAT Li THUYET
Hinh lang tru ding c6 hai day 1a hai da giac, cdc mat bén la nhiing hinh chi nhat.
A/ o 0 C/
A C
B

Hinh lang tru ding c¢6 day la hinh binh hanh goi 1a hinh hop ding.

A B

D’ o
Dién tich xung quanh hinh ling tru ding bang: Chu vi day x chiéu cao.
Szq = 2ph
Thé tich hinh lang tru ding bang: Dién tich day x chiéu cao.

V =Sh

VI DU 1. Cho hinh lap phuong ABCD.A'B'C'D’. Goi E, F theo tht tu 1a trung diém AB, AD.
Ngusi ta cit hinh lap phuong theo mit phang chita EF va song song v6i mét chéo (BDD'B')

thi hinh lap phuong d6 chia thanh hai hinh lang try. Tinh s6 mit, s6 dinh, s6 canh ctia mdi

™= Suu tam & bién soan Trang 431/477 E1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

hinh lang tru.

# LOI GIAL

Hinh ling tru nho ¢6 5 mat, 6 dinh, 9 canh. A E B
Hinh lang tru 16n ¢6 7 mit, 10 dinh, 15 canh. F A ,I :
p &= L C

/\ Néu goi M la s6 mat, D la s6 dinh, C la so canh thi ¢ hai : i
hinh lang tru trén, ta thay: M + D — C =2 ; i

| g

7 H |-~

/ﬁ" ’,”’
D/ O/
O

() BAI TAP
BAI 1.

@ Tinh s6 mit, s6 canh, s6 dinh ctia mot hinh lang tru ding c6 day la mot da giac 100 canh; n
canh (n > 3).

@® Ching minh cong thitc d6i M + D — C = 2 ctia hinh ling tru ding v6i M 1a s6 mat, D 1a s6
dinh, C 1 s6 canh.

# LOI GIAL

@ V6i da giac day c6 100 canh, hinh ling tru c¢6 102 mit, 200 dinh, 300 canh. Véi da gidc day c6
n canh, hinh lang tru c6 n + 2 mat, 2n dinh, 3n canh (n > 3).

@ Suy ra tit cau a).

BAI 2.

@ Trong cac s6 sau 36, 25, 18, 17, 11, 6, 4 s6 nao khong thé 1a s6 dinh ctia mot hinh ling tru ding?

@® Trong céc s6 sau 12, 20, 9, 15, 32, 6 s6 nao khong thé 1 s6 canh clia mot hinh ling tru ding?
# LOT GIAL

@ Goi n 14 s6 canh ciia da gidc day. S6 dinh ctia hinh lang tru 1a 2n (v6i n > 3) nén khong thé 1a

25,17, 11, 4.
@ Goi n 1 s6 canh clia da gidc ddy. S6 canh ctia hinh lang tru la 3n (v6i n > 3) nén khong thé 1a
20, 32, 6.

U

BAI 3. Cho hinh ling tru ding ABC'D.A’'B'C'D’ ¢6 day 1 hinh thoi. Biét dutng cao AA’ = 5 cm,
cac duong chéo AC' =15 cm, DB’ =9 cm. Tinh canh AB cta day.
# LOT GIAL
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Goi O la giao diém ctia AC va BD. A B
Ta 1an lugt tinh duge AC2 = 200, OA2 = 50, BD? = 56, AN .
OB? =14, AB? = 64, AB = 8§ cm. D~
1/41,1_ _______ N ;\____:::Z:= B’
D' o
O

BAI 4. Cho hinh lang tru ding ABC.A'B'C’ ¢6 day la tam giac déu, M la trung diém canh BC,
AA" = AM = a.
@ Tinh canh day ctia hinh ling tru.
@ Tinh dien tich xung quanh va thé tich ctia hinh lang tru.
« LOI GIAL
A o C’

N 2AM 2
@ Trong tam giac déu ABC: AB = "— = iy
V3 V3 &)

AB2\/3 B V3a?

4 6_ 3
Chu vi tam gidc ABC: C' = 3- AB = —=. A ¢
V3 )
Dién tich xung quanh: S,, = 2C - AA" = 2v/3a?.
a’v/3 B

3

@ Dien tich tam giac ABC: S =

Thé tich V = AA'- S =

OJ
BAI 5. Mot thing hinh hop chit nhat ¢6 chiéu rong 10 dm, chiéu cao 8 dm, trong thing dung 1 phan
nude. Khi nghiéng thung cho nudc trong thung vita van pht kin mat bén 10 dm x 8 dm thi nudc con

N 3 X 2 2, . N S
phu day 1 cua thung. Tinh chieu cao ctia myc nuée khi thung dat nam ngang.

# LOI GIAL

Goi a la chiéu dai clia day chau va x 1a chiéu cao ctia myc nude phéi tim (don vi dm). Khi thiing nude
dat nam ngang thi khéi nude 1a mot hinh hop chit nhat ¢6 thé tich 10az (dm?).

Khi thiing nude dit nghieng thi khoi nuée 1a mot hinh lang tru ding, c6 chiéu cao 10 dm, day 1a mot
tam gac vuong cé canh goc vuodng la 8 dm va 1% thé tich bang 3 8- —a-10 = 30a (dm3).

4
T 10ax = 30a, ta tinh duge x = 3 dm. O
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" @ HINH CHOP BEU. HINH CHOP CUT BEU

@ TOM TAT Li THUYET

Hinh chép ¢6 day la mot da giac, cac mat bén la nhing tam giac ¢6 chung mot dinh, 1a dinh ctia hinh

chop.

D

Hinh chép déu 1a hinh chép c6 day 1a da gidc déu, cadc mat bén 1a nhitng tam giac can.

Khi cét hinh chép déu béi mot mat phang song song véi day, phan hinh chép ndm giita mat phing do
va mat phang day la mot hinh chép cut déu. Hinh chép cut déu c6 cac mit bén la nhitng hinh thang

can.

>

Dién tich xung quanh ctia hinh chép déu bang: Nita chu vi day x Trung doan

Szq = pd
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Dién tich xung quanh ctia hinh chép cut déu bang: Nita tong chu vi day x Trung doan
Seq = (p+9)d

2 P N 1 ~
Theé tich ctia hinh chép bang: 3 dién tich day x Chieu cao.

1
V =-5h
3

VI DU 1. Mot hinh chép va mot hinh ling tru dimg c6 dien tich day bing nhau. Chidu cao ciia
hinh chép gap doi chiéu cao ciia hinh lang tru. Ti s6 cac thé tich ctia khéi chop va hinh ling
tru bang

a) o; b)

3 ; c) 1; d)

[GVRIN )
[\CR V]

# LOT GIAL

Goi S va h theo thit tu 1a dién tich day va chiéu cao ciia hinh lang tru. Khi d6 hinh chop c6 dién tich
day S va chieéu cao 2h.

Thé tich hinh chop: Vi = %S - 2h = ;Sh.

Theé tich hinh lang tru: Vi = Sh.

Ti s6 cac thé tich ctia khoi chép va hinh lang tru bing % Vay cau b) 1a cau tra 1oi dang. O

VI DU 2. Tinh thé tich hinh chép tam gide déu c6 canh day bing v/2 va canh ben bing 1.

# LOI GIAL
Céach 1.
Ki hiéu nhu trén hinh vé. Xét tam giac C BM vudng tai M: A

BM? = BC? — CM? = (V3) - (g) =2
V3

= BM = —.
V2

2 2 2
BH = “BM = ~. \/__:£ B D

3 3 \/_ V3
Xét tam giac AAH B vuong tai H: A1

2
2 1 1
A=A prr =1 (YV2) 2 o oamo L
Vi) 3 Vi .
1 1 V3 _ V3

— —.CD-BM=~-y2.Y2 Y2
Spep 5 C 5 V2 5= 3

1 1 V3 1 1
V==-Spep-AH=--Y2. —_ _°

R 32 V3 6

Cach 2. Xét tam giac ACAD
— D= (va) =2
— AC?*+ AD?*=1*2+1>=2
= CD? = AC?+ AD?* = CAD = 90°.
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Tuong tu ﬂ? = B/ﬂ) = 90°.
Xét hinh chép déy la tam giac vuong CAD, dudng cao BA, thé tich hinh chép bing:

1 1
V=12 Seap BA=—.
3 CAD 6

VI DU 3. Mot hinh chép cut déu ¢6 day 1a hinh vuong, cac canh déy bing a va b. Tinh chiéu

cao clia hinh chép cut déu, biét rang dién tich xung quanh bing tong dién tich hai day.

# LOI GIAL

Ki hiéu nhu hinh vé.
Dién tich xung quanh hinh chép cut déu bing tong dien
tich hai day I;én (ga +2b)d = a® + b2

i a”+b
Do d6 d = m.
Goi I, I’ theo thi tu la trung diém cta BC, B'C". Ta ¢
O'l' | AB" || AB || OI. O'T" va OI x4c dinh mat phang
(O'T'I0). Trén mat phing do ké I'H 1 OI.
Dat I'l =d, I'H = 00’ = h.

Ta c6: HI:OI—OH:%—g
X2
W =TT HI?> = — (“ ] b) 2)
Tu (1) va (2) suy ra:
,  (a®+ b2)* _(a— b (a®+ v2)* — (a2 — b?)° de?? o
— 4(a + b)? 4 o A(a +b)? - A(a+ b)? = TEE
Do dé h— -2 -
a+b

Vi DU 4. Cho hinh chép A.BCD c¢6 day BCD. Goi E, F theo thit tu la trong tam cac tam
giac BCD, ACD.
@ Ching minh EF || AB.
@® Goi K la trong tam tam gidc ABC. Chitng minh ring cac dudng thang AE, BF, DK
dong qui.

# LOI GIAL
(1)
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Goi M la trung diém ctia C'D. Theo tinh chat dudng trung tuyén
ta co .
— Fe BM, ME = gMB.

i
— FeAM, MF = ;MA.

ME MF 1 _ e
Ta c6: B - MA - 3 EF || AB (dinh ly Ta-16t déo).

. GE EF
@O AFE cit BgFtai GA./[j;a célEF | AB nén A= 4B
Ta lai c6 — = —— = —~. Do d6 G chia trong FA theo tisd 1: 3.

AB  MA 3 ) )
Chtng minh tuong tu, DK cit AE tai diem G’, cing chia trong E'A theo ti s0 1 : 3 suy ra
G =G'. Vay AE, BF, DK dong quy.

( BAITAP

BAI 1. Cho hinh chép tit gide déu S.ABC'D ¢6 canh day 20 cm, chidu cao 10 cm. Tinh do dai canh

bén.

# LOI GIAL

Goi O la tam hinh vuong ABC'D. Khi d6 SO = 10 cm.
Ta ¢c6 AC = ABV2 =20v2 cm, OA = % CAC = 10V2.

Trong tam giac vuong SOA:
SA? = SO? + AC? = 300 = SA = v/300.

BAI 2. Hinh chép tam giac déu S.ABC' c¢6 tit ca cac canh bing 2 dm. Tinh do dai doan thing MN
néi trung diém hai canh déi AB va SC.

# LOT GIAL
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Goi M, N la trung diém AB va SC. S
ABvV3 243
Ta c6 CM = 2\/_: \2/_:\/§dm.
Tam giac M NC vudng tai N. N
Ta tinh duge MN? = MC? ~ NC?=3—-1=2= MN =+/2 dm.
A C
M
B
O

BAI 3. Tinh thé tich hinh chép luc gidc déu c6 canh déy 5 cm, canh beén 13 cm.
# LOI GIAL
Goi O la tam ctia luc giac deu ABCDEG.

3V3AB*  T75V3
= cm©.

2 2
Tam giac SAO vuodng tai O:

SO =+/SA? — AO? = 121cm.
Thé tich hinh chép V = 3 S - h =150v/3 cm?.

Ta tinh ducgc S =

BAI 4. Cho mot khéi gb hinh lap phuong ABCD.A'B'C'D’ canh 4. Tai dinh A ngudi ta cua lay ra
mot hinh chép 6 dinh 1a A, ba dinh con lai nam trén ba canh xuat phat tit A va cach A 1a 1. Tai cac

dinh khac ctia hinh lap phuong ta ciing lam nhu vay. S6 canh ctia phan gb con lai 1a

a) 24; b) 12; c) 16; d) 36; e) 30.

# LOI GIAL

Hinh 1ap phuong c6 12 canh. Sau mdi lan cua, s6 canh ting thém 3 nén sau 8 1an cua s6 canh tang

thém 3 - 8 = 24. S6 canh clia phan gd con lai 1a 12 + 14 = 36. Do d6 d) 1a cau tra 1oi ding.
O

BAI 5. Cho mot khéi gb hinh lap phuong. Ngudi ta cua khéi gd theo mot mit phing di qua trung
diém ctia 3 canh xuét phat tir 1 dinh ctia hinh lap phuong.

@ Tinh thé tich ctia phan gb nho bi cua r6i ra, biét canh ctia hinh lap phuong la 2.

@ Phan gd con lai ¢6 bao nhiéu mit, dinh, canh?

# LOI GIAL
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A B
B/l

@ Goi B”, C”, D" lan luot la trung diém ctia CB, CC’, CD. Khi cit
khoi gb theo mit phiang qua B”, C”, D" ta dugc mot hinh chop
tam gidc déu C.B"C"D" ¢6 canh day 1a v/2 va cac canh beén la 1.

1
Tinh duge V = —.
6 ) JU T B

@ Hinh lap phuong c6 6 mat, 8 dinh, 12 canh. Sau khi bi cua, s6 mat -
tang 1, s6 dinh tang 2, s6 canh tang 3. Do d6 phan gb con lai ¢6 7
mit, 10 dinh, 15 canh.

O

BAI 6. Cho mot khéi gb hinh lap phuong. Tai méi dinh ciia hinh lap phuong, ngudi ta cua khoi gb
theo mot mat phéng di qua trung diém ctia 3 canh xuét phat tit dinh ay.

@ Phan gd con lai ¢6 bao nhiéu mat, dinh, canh?

@ Tinh ti s6 cac thé tich ctia phan gb con lai so v6i khdi gd ban dau.
# LGOI GIAL

@ Phan gb con lai ¢6 14 mat: 6 mat 1a hinh vuong, 8 mit la SN

tam giac déu. S6 dinh ctia phan gd con lai 1a s6 dinh ctia 6

hinh vuong, trong d6 méi dinh dugc tinh 2 lan nén s6 dinh

4
13—6:12.
2

S6 canh ctia phan gd con lai 1a s6 canh ctia 6 hinh vuong,

nén sé canh a4 -6 = 24.
@® Goi canh ctia hinh lap phuong la 2a, thé tich hinh lap
3

phuong 1a 8a. Mbi hinh chép ¢ médi goc cé theé tich %.

L , 3 20a3
Phan gb con lai ¢6 thé tich: 8a® — 8- & = =2

6 3
20a® 3

: (8a%) = 6

Ti s6 phai tim 1
]
BAI 7. Hinh chép tam gide déu S.ABC ¢6 cac mat la tam gidc déu. Goi O 1a trung diém cia dudng
cao SH ctia hinh chép. Chitng minh ring AOB = BOC = COA = 90°
# LOI GIAL
Goi a la canh ctia hinh chép, M la trung diém ctia AB. Lan luot
tinh dugc

2 av3 av6
CH 3C’]\/[ 5 Scl;f a23 .a2
OC2:CH2+OH2:§§€:E
Tuong ty OB? = 0A? = %. ¢
Trong tam gidac BOC' ta co:
OBQ+O(12:%2+%2:a2:B(12:>B/0\C:90°.
Tuong tu AOB = COA = 90°. -

BAI 8. Cho hinh chép cut déu c6 hai déy 1a cac hinh vuong canh a va 2a, canh bén bing a. Tinh:
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@ Trung doan;
@ Dien tich xung quanh;
@ Duong cao.

# LOI GIAL

@ T: tinh duse CK = 2“2_“ — ¢ oK = QT\/g
® 5., = (4a+2a)- \/_—3\/52
@OC:%,O’C’:E,HC:OC—O’C’:—
C'H? = C'C? — H02=a2—(i)2:“—2
V2 2
:O’H:#:O’O:%ﬁ.

BAI 9. Cho hinh chép cut déu c¢6 hai day 1a cac hinh vuong canh a va 2a, trung doan bang a. Tinh:
@ Dien tich xung quanh;
@ Canh ben;
@ Duong cao.

# LOI GIAL

O 5., = (4a+2a)a = 6a>.
2
@ CK - 00'2 C'K24+KC? = a+ (g)
a\/_
2
a, a
oc="=L oc = HC=0C-0C =
®oc=17 NG

C'H? = C'C? — HC’2:( ) (%)

2
:>C’H2:3%:>C'H:a7\/§ 00 = 2

C'C=

BAI 10. Ching minh cong thitc M + D — C = 2 d6i véi hinh chép (M, D, C theo thit tu 1a s6 mit,
s6 dinh, s6 canh).

# LOI GIAL

Goi n 13 s6 canh ctia da gidc ddy hinh chép. S6 mit ctia hinh chép 1a n + 1, s6 dinh 1a n + 1, s6 canh
la 2n, do do:

M+D-C=(n+1)+(n+1)—2n=2 O

BAI 11. Cho hinh chép tam gidc S.ABC, diém G la trong tam tam giac SBC. Goi K la trung diém
cia SA. Hay xac dinh giao diém ctia dudng thang KG va mit phang (ABC).
# LOT GIAL
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Goi M la trung diém ctia BC, I la giao diém ctia KG va AM. D6 S
la giao diém ctia duong thang K G va mit phang (ABC).
K
A ‘ C
M N\
I
B
O
BAI 12. Hinh chép A.BCD ¢6 AB = a, CD =b. Goi M, N theo tht tu la trung diém ctia AD, BC.
. b
Chtng minh rang M N < ¢ ;_ .

# LOI GIAL

Goi T la trung diém ctia BD. Xét AMTN: A
b

MN < MT +TN = % Déu biing khong xédy ra.

D
U

BAI 13. Cho hinh chép A.BC'D. Chiing minh ring ba doan théng ndi trung diém céc canh déi ctia
hinh chép gap nhau tai mot diem (AB va CD la mot cap canh ddi ctia hinh chop).

# LOI GIAL

Ki hiéu nhu hinh vé. Dé dang ching minh FFGH la hinh binh
hanh, goi giao diém hai dudng chéo EG va FH la O. Ta thay
IFKH ciing la hinh binh hanh nén O ciing la trung diém cia
IK.

O

BAI 14. Cho hinh chép S.ABC. Trén SA, SB, SC theo tht tu ldy cac diém A’, B', C" sao cho cac
duong thing A’B’, B'C’, C' A’ theo thtt tu khong song song véi AB, BC, CA. Goi D la giao diém ciia
A'B’' va AB, F la giao diém ctia B'C’ va BC, F la giao diém ctia C'A’ va CA. Chitng minh ring 3
diém D, E, F thang hang.
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# LOI GIAL

Diém D € AB ma AB nim trong mp(ABC) nén D €
(ABC) (1).

Diéem D € A'B’ ma A’B’ nim trong mp(A’B'C’) nén D €
(AB'C") (2).

Tu (1) va (2) suy ra D thudc giao tuyén ctia mp(ABC) va
mp(A'B'C").

Ching minh tuong ty E, F ciing thudc giao tuyén cla
mp(ABC) v mp(A’B'C"). Vay D, E, F thang hang.

U

BAI 15. Ching minh rang trong mot hinh chép tam gidc bat ki, ton tai ba canh xuét phat tit mot
dinh ma mot canh 16n hon téng clia hai canh kia.

# LOT GIAL

Goi AB la canh 16n nhat ctia hinh chép. Ta sé chitng minh rang hoic ba A

canh xuét phat tit A hodc ba canh xudt phat tit B théa man bat ding

thitc tam giac.

Xét hai tam giac nhan AB lam canh:

AABC : AC+ BC > AB

AABD : AD + BD > AB. Suy ra (AC + AD) + (BC + BD) > 2AB.

Ton tai mot trong hai tong: AC' + AD hoiac BC + BD 16n hon AB. B c

O

BAI 16. Hinh chép A.BC'D c6 do dai sau canh la 7, 13, 18, 27, 36, 41. Canh nao déi dien vé6i canh
c6 do dai 41.

# LOT GIAL

Xét canh c6 do dai nhé nhat 1a 7. Hai canh & cing mot méat v6i canh d6 A

phéi c6 hiéu nhé hon 7, chi c6 thé 1a: 13 va 18, hosic 36 va 41. Gia si

AB =41, BC =36, AC' =T1.

Khi d6 CD, AD nhan céc gia tri {13;18}. 41 7
Xét CD = 18. Khi d6 AD = 13, BD = 27, AABD c6 AD + BD < AB,

loai.

Xét CD =13, AD = 18. Do d6 canh ddi dién v6i canh AB (c6 do dai 41) B ¢

la canh C'D (c6 do dai 13).
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@ TiNH CAC DAI LUONG HINH HOC BANG CACH LAP PHUONG TRINH

Phuong trinh dai s6 1a cong cu gitp ching ta gidi quyét nhiéu bai toan hinh hoc, nhat 13 bai toan ve

tinh toan.

VI DU 5. Tinh dien tich ciia tam gidc ¢6 do dai ba canh bing 10 cm, 17 cm, 21 cm.

# LOI GIAL
Xét AABC ¢6 AB = 10 cm, AC = 17 cm, BC = 21 A
cm. Goi AH la duong cao ctia tam giac. Vi BC' la canh
16n nhat ciia tam gidc nén B, C < 90°, do d6 H nim
trong doan BC'. bat HC =x, HB =y ta ¢6

r+y=2L (1)

B T ¢
Mat khac AH? = 102 — y?, AH? = 17? — 2° nén 21
z® —y? =17 — 10 = 189. (2) ITinh 38

Tu (1) va (2)tacéz+y =21 vax—y=29. Do do
x=15 y=06.Taco AH = 10> -62 = 64, nén AH =8
cm. Vay Sapc = %AH - BC' = 84 cm?.

O
A Trong vi du 53 ta tinh dugc dién tich khi biét do dai cdc canh. Vi du 54 dudi day cho ta cong
thitc tong qudt tinh dién tich tam gidc theo ba canh.

VI DU 6. Cho tam giac ABC ¢6 BC = a, CA =b, AB = ¢, dién tich S. Ching minh ring
S =+/plp—a)(p—0b)(p— c) v6i p la nita chu vi clia tam gidc (cong thic He-rong).

# LOI GIAL

Gida st a > b > c¢. Vé duong cao AH. Do a la canh A
16n nhat ctia tam gidc nén B va C la cac goc nhon,

do d6 H nam gitta B va C' ( cht y néu khong sip xép c
a > b > c thi phai xét hai truong hop: H thudc hoac

khong thudc doan BC, phiic tap hon).

Trude hét ta tinh CH theo a, b, c. Dat CH = z, ta c6 B C
AB? — BH? = AC? — CH? (cung bang AH?), do d6: a

A —(a—2) =0 —2"=2ar =a* +b* + ¢

a® 4+ bv? — 2
2a ’

Hinh 39
==
Trong tam giac AHC ta co:
2
AH? — AC? — CH? = b2 — (M)
2a
B 4a20? — (a2 + b2 — 2)?
N 4a? ‘
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Suy ra
o (bas- o) - WU Py
Ma
4a** — (a® +b* — *)? = (2ab + a* + b* — ¢*)(2ab — a* — b* + ¢?)
= [(a+b)* =] [ — (a—b)?]
=(a+b+c)a+b—c)la+c—b)(c+b—a)
= 16p(p — a)(p = b)(p — ©).
Vay S = /p(p —a)(p — b)(p — o). O

VI DU 7. Tinh chidu cao ciia mot hinh thang can c6 dien tich bing 12 cm?, dusng chéo bing

5 cm.
# LOI GIAL
Goi BH la dudng cao ciia hinh thang can ABCD (h.40). D& A B
L AB+CD o )
thay DH = — Do d6 dat BH =x, DH =y, ta co
z?+y* =25 x
. Suy ra
ry =12
)
D = C
22 +y? 4+ 22y = 25 + 24 H
22 4y — 20y =25 — 24
Hinh 40
(z+y)* =49 T+y="7
= =
(x—y)?=1 r—y==+l
Do d6 x =4; y=3 hoac z = 3; y=4.
Duong cao ctia hinh thang can bang 4 cm hodc 3 cm. U

VI DU 8. Diém M ndm trén canh huyén ciia mot tam giac vuong cé dien tich bang 100 cm? va

c6 khoadng cach dén hai canh géc vuong bang 4 cm va 8 cm. Tinh do dai cdc canh géc vuong.

# LOI GIAL
(h.41)
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Ve MH 1 AB, MK 1 AC. bat BH = z, CK = y. Ta ¢6
4

ABHM «~ AMKC néngz—,hay xry = 32. (1)
)

Mat khac AB - AC = 25 45¢c nén

(z 4 8)(y + 4) = 200. (2)

Tw (1) va (2) suy ra y*> — 17y + 16 = 0 hay (y — 1)(y — 16) = 0.
Tu day ta c6 y = 1 hoac y = 16.

V6iy=1thix =32nén AC=1+4=5cm, AB=32+8=140
cm.

V6iy=1thiz=2nén AC=16+4=20cm, AB=2+8=10

cm.

B
x
H 1 M
8
A v C
Hinh 41

O
VI DU 9. Cho tam gidc ABC. Qua diém D thuoc canh BC, vé cac dudng thing song song véi
.3 .
AB, AC tao thanh mot hinh binh hanh c6 dién tich bang 3 dién tich tam giac ABC'. Tinh ti
. BD
SO —.
BC
« LOT GIAL
(h.42)
BD DC
< DL N A . A
Dat BC x thi 5O 1—=x. Taco
3
Saxpr = g Sapc K
R E
nén
Skpp +Sepc _ 5 (1)
SaBc 8 B D C
Hinh 42
Mat khic AKBD «~ AABC nén
SkBD (BD>2 )
= =z°.
Sasc BC
AEDC «~ ANABC nén
DO 2
SEpc _ < C’) (-2
Sasc BC
Suy ra
S S
KBD + SEDC 24 (1- x)g‘ 2)
Sac
Tu (1) va (2) suy ra
rH+(l-z)f=-r-3)dr—-1)=0&1=—, 19=—.
8 4 4
"~ ? FS BD > 3 - ]-
Vay ti so BC bang 1 hoac 1
O
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1. Bai tap tu luyén

BAI 17. Dudng phan gidc ciia cac goc ti § mot canh day ctia mot hinh thang c&t nhau tai mot diém
thuodc canh day kia. Tinh c4c canh ctia hinh thang, biét chiéu cao bang 12 cm, cdc dudng phan giac
noi trén dai 15 cm va 13 cm.

# LOT GIAL

(h.197)

AE, BE la cac phan giac clia cac goc tu (£ € A B

DC). Gid st AE = 13 cm, BE = 15 cm. Vé
AH 1 CD, BK 1 CD. Dé dang tinh dugc
EFH =5cm, FK =9 cm. Cha y ADAFE can

tai D, dat DA = DFE = x thi DH = x — 5. D O
. H FE K
Giai phuong trinh
Hinh 197
(z —5)* + 122 = 2% ta dugc z = 16,9 cm.
Tuong tu ta tinh duge BC' = 12,5 cm, AB = 14 cm, CD = 29,4 cm. U

BAI 18. Trén cic canh AB, AC cia tam giac ABC dien tich S, ldy diém D, E sao cho AD =
1 1 )
AB, AFE = ZAC. Goi K la giao diem ctiia BE va C'D. Tinh dién tich t& giac ADKE.

4
# LOT GIAL
(h.198)
1
Dat SKAD = I, SKAE = . Ta c6 4x +y = ZS va A
1 1
x+4y:ZS. Tfrd?xytatinhduoczt—l—y:l—OS. D

Hinh 198
in 0

BAI 19. Trén céc canh AB, BC clia tam giac ABC dién tich S, 14y diém D, E sao cho AD =
1 1 . .

§AB’ BE = gBC. Goi K la giao diem ctia AE va C'D. Tinh dién tich tam giac BKC.

# LOI GIAL

(h.199)
Dé,t SKAD:CL7 SKBE:b- Ta c6 A
1 2
Sa+b=—-5 2a+3b==8 D
3 3
o 1x . 4 ) 4
Tu d6 ta tinh duge b = ﬁS' Do d6 Sgrc = ?S. b 2b
E
B C
Hinh 199
n .
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BAI 20. Tinh dién tich cia tam giac can c6 chiéu cao tng véi canh day bing 10 cm, chiéu cao tng
v6i canh bén bang 12 cm.

# LGOI GIAL

(h.120)

Goi do dai canh day ctia tam giac 1a = (cm), do dai canh

bén la y (cm). Ta c6 o
K
2 Y
10z = 12y va (g) +10% = 42 \
Ta tim duge x = 15. Dién tich tam giac bang 75 cm?. B H ¢
x
Hinh 200
n 0
BAI 21. Tinh dién tich mot tam gidc ¢6 ba dudng trung tuyén bing 30 cm, 51 cm, 63 cm.
# LOI GIAL
(h.201)
Xét tam giac ABC c6 trong tam G, duong trung tuyén A
AD. Goi K la trung diéem CG. Tam gidc GDK c6 ba
canh bang 10, 17, 21 (don vi: cm). Ta tinh duge Sgpx =
84 cm? (gidi nhu vi du 53). Sapc = 1008 cm?. F
B C
D
Hinh 201
inh 20 0

BAI 22. Hinh vuong EFGH noi tiép hinh vuong ABCD sao cho E, F, G, H chia cac canh ciia hinh
. s 5

vuong ABCD theo ti s0 k. Tinh k, biet rang Sgprar = §SABCD.

# LOT GIAL

(h.202)

Dit BE = CF = DG = AH = z thi A kr EaxzB
AE = BF = CG = DH = ku. H

Ta c6 F

AE*+ AH? = EH* = (kz)* + 2* = EH”.

Mt khac D G C
EH?* 5 N (kz)*> +2* 5
AB* 9 7 (a+kx)r 9 Hinh 202

Bién déi phuong trinh ta dugc

k241 )
(1:1«)2 — G W =5k 2 =0 (26— 1)(k—2) =0,
1
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BAI 23. Mot tit gide ¢6 mdi dudng chéo bing a, tong cac dudng trung binh cla ti gide bing b. Tinh
dién tich tit giac theo a, b.

# LOI GIAL
(h.203)
Ta tinh dien tich hinh thoi EFGH ¢6 EF = % téng hai duong B
. E
chéo bang b. Dat OF =z, OF =y. Ta co A (
A=l oty=" "‘A‘b
1 2 H ‘V
Ta tinh dugc '
2y — v —a’ D G C
4 Hinh 203
b2 - (l2
Vay Sapcp = 5

[l

BAI 24. Tinh dién tich ti giac ABC'D, biét ring AB vuong goéc véi CD, AB = 6 cm, BC' = 15 cm,
CD=8cm, DA =5 cm.
# LOT GIAL

(h.204)
Cach 1. Ki hiéu nhu trén hinh vé. @)
Xét cac tam giac vuong OAD va OBC:" ) I//O\\\Z\J
%+ y* =25 (1) 6 8
{(x +6)° + (y + 8)* = 225. (2) -
Rt gon (2) va chi ¥ 22 + y? = 25, ta duge B ¢
Hinh 20/

6x 4+ 8y = 50. (3)
T (1) va (3) ta 6

=6+ —8y+25=0& (r-3)>°+(y—4)°=02=3, y=4.

Didp s6: 48 cm?.

Cdch 2. V& hinh binh hanh ADCK . Chting minh ring BK + KC = BC, suy ra K nam gitta B va C,
ABCD la hinh thang.

Ddp s6 48 cm?. 0

BAI 25. Tinh do dai dudng phan gidc AD ctia tam giac ABC biét réing AB = 12 em, AC = 15 cm,
BC =18 cm.

# LOI GIAL
(h.205)
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Céach 1. K& AH 1 BC, ta tinh dugc BD = 8 cm, BH = 6,75 A
cm, HD = 1,25 cm. Ta c6

AD? = AH? + HD? = AH* 4 1,25 (1)
AH? = AB* - BH? = 12* — 6, 75" (2)
.
T (1) va (2) suy ra B HD ¢
Hinh 205

AD? =12% — 6,75 + 1,25 = 100 = AD = 10 cm.
Cach 2. Theo tinh chat duong phan giac ta tinh duge BD = 8 cm.

BD BA
Cha y — 54~ BC nén AABC «~ ADBA (c.g.c). Suy ra
AB  AC
DB = DA = DA =10 cm.

O

BAI 26. Tinh dién tich tam giac ABC c6 dudng cao AH = 6 cm, biét ring AH chia géc A theo ti sb
1 : 2 va chia canh BC thanh hai doan ma doan nhé bang 3 cm.

“ LOT GIAL

Gia st HB < HC (h.206). Goi AD la phan gidc cia A
AHAC. Ta co

DH AH 3 6
DC ~ AC ~ DC _ AC

bat DC = x thi AC = 2x. Ta ¢c6 AH? + HC? = AC? nén

2 2 _ 2 2 6. 15 _ H D
6°+(B+2)=2r) <2 —2r-15=0

< x1 = —3 (loai), @y = 5. Hinh 206

Dap s6: 33 cm?.

O
BAI 27. Cho tam giac ABC nhon, AC > AB, truc tam H. Goi M la trung diém cta BC, O la giao
diém cac duong trung truc ciia tam giac ABC. Biét OH song song v6i BC, OH = 11 cm, OM =5
cm. Tinh do dai BC.
# LOI GIAL
(h.207)
Ta c6 AOMN «~ AHAB (g.g9), suy ra A

OM MN 1
ﬂ_E_§:>AH—20M—1O.

bat DC = z, BD = y. Do ABDH +
AADC (g.g) nén H

O
BD DH y 5
== = =gy =75
AD DC 15z Y B i ¢
Hinh 207
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Ta co
x—y=(DM+ MC)— (BM — DM) =2DM = 22.
Do doé
(x+1y)*= (v —y)* +4oy =222 +4-75 = 784.
Suy ra z 4+ y = 28. Vay BC' = 28 cm. U

BAI @ TOAN CUC TR| HINH HOC

¢ BAI TOAN CUC TRI

Cac bai toan cuyc tri trong hinh hoc c6 dang chung nhu sau: Trong tat ca cac hinh c6 chung mot tinh
chat, tim nhing hinh sao cho mot dai lugng nao dé (nhu do dai doan thing, s6 do goc, s6 do dien
tich...) c6 gia tri 16n nhat hofic gia tri nhd nhat.

Bai toan cuc tri thuong duge trinh bay theo hai cach:

Cdch 1: Trong cac hinh c6 tinh chat ctia dé bai, chi ra mot hinh, roéi chiing minh rang moi hinh khac
déu c6 gia tri (ctia dai lugng phai tim cyc tri) 16n hon (hoic nhé hon) gid tri clia dai lugng d6 ¢ hinh
da chi ra.

Cdch 1: Thay diéu kién mot dai lugng dat cyce tri (16n nhat hodc nhé nhét) bang cac diéu kién tuong
duong, cubi cing dan dén mot diéu kien ma ta xac dinh duge vi trf clia cac diem dé dat cuc tri.

Loi gidi trinh bay theo cach 2 tif nhién hon vi né mang tinh chat tim kiém. Duéi day 1a mot s6 vi du

giai theo hai cach trén.

VI DU 1. Trong cac tam gidc ABC ¢6 ciing canh BC' va cing dién tich, hay tim tam gidc c6

chu vi nho nhét.

# LOI GIAL

Cdch 1. Xét AEBC can tai E va AABC bat ki ¢6 cung dién tich. D
(A v E nam cuing phia d6i véi BC, A khéac E), ta c6 AE || BC. Ta /
sé chting minh rang chu vi AEBC nhé hon chu vi AABC, bing /
cach ching minh BE + EC' < BA + AC. Goi D la diém déi xtng =~ A ]
v6i C' qua FE, ta co \ S~

BE+ EC =DC (1) B

ABCD c¢6 DE = EC, EA | BC nén EA di qua trung diém ctia BD. Ta lai c6 DB 1 BC (vi tam
gidc BC'D ¢6 duong trung tuyén BE bang ntta CD) néen EA | BD. Suy ra FA la duong trung tryc
cia BD, nén AB = AD. Do d6 BA+ AC = DA+ AC. (2)

AACD 6 DC < DA+ AC. (3)

Tu (1), (2),(3) suy ra BE+ EC < BA+ AC. Vay trong céc tam giac ABC ¢6 cung canh BC' va ciing

dién tich, tam giac can day BC' c6 chu vi nhé nhat.
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Cdch 2. Xét cac AABC c6 canh day BC khong ddi va c6 cling dién tich.
Do chiéu cao ting v6i BC khong doi nén A chuyén dong trén duong thing
d| BC.

Goi D la diém dbi xing véi B qua d, ta c6 AB = AD.

Chu vi AABC nhé nhat < AB + AC nho nhét.

Ta cb

T%E
&S|
o

:

v
Q

AB+ AC = DA+ AC > DC (khong doi) ;
AB + AC = DC < D, A, C thing hang.

Khi d6 A & vi trf giao diém E ctia DC va d, AEBC can tai E.
Vay trong cac tam giac ABC c6 cung canh BC va cung dién tich, tam giac can v6i canh day BC' ¢6
chu vi nho nhét. 0

VI DU 2. Cho géc Oy khac géc bet vi mot diém M thuoc mién trong clia goc. Dung duong

thang di qua M va cét hai canh ciia goc thanh mot tam gidc c6 dien tich nhé nhat.

# LOT GIAL

Cach 1. Qua M duong thang song song véi Oz, cit Oy & D. Dyng
B déi xting v6i O qua D; BM cat Ox 6 A. Ta sé chiing minh rang
AOAB c6 dién tich nhé nhat. Qua M vé duong thang bat ki (khong
trung véi AB), cit Oz, Oy theo thit ty 6 A’, B'. Ta sé& chitng minh réng
Soas < Soap. That vay, c6 duy nhat mot duong thing qua M cét
Ox, Oy é A, B sao cho M la trung diém ctia AB nén M A’, M B’ khong
bing nhau. Gid st M A’ > M B’. Tréen tia M A’ talay ME = M B’ thi
Svp = Smar < Suaar- Do d6 Soap < Soap.

Cdch 2. Vé MH || OH, MK || OB thi Sog khong doi. Dat Sopmx =
S3, Samr = S1, Supn = S2, Sapc = S.

bat MA=a, MB =b. Ta ¢6

Sy =5 —(S1+ S2)

Sy S+ S,
?‘S S

Cac tam gidac AKM, M HB, AOB dong dang nén

v-(n) 2
S \Na+b/ S \a+bd/)
2 2 ) 2
:>§_1_a+62: abZ:ﬁz(a%—b) >0
S (a+Db) (a+Db) S3 2ab
(4p dung bat déng thic (a + b)* > 4ab, xAy ra ding thic khi va chi khi a = b).
Vay S > 255, do dé dien tich OAB nhé nhat khi va chi khi a = b, khi d6 M 1a trung diém ctia AB.

U
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@ CAC BAT DPANG THU'C THUONG DUNG BE GIAI TOAN CYC TR
1. Quan hé gitta dudng vuéng géc va dudng xién

Quan hé nay thuong dugce sit dung duéi dang:
— Trong céac tam giac vuong (c6 thé suy bién thanh doan thing) c6 cac canh géc vuong AH va
canh huyén AB thi AB > AH, x4y ra dau bang khi va chi khi B trung H.
— Trong céc doan thing ndi tit mot diém dén céc diém thuoc mot duong thing, doan thang vuong
goc v6i duong thang c6 do dai nhoé nhét.
— Trong céc doan thing ndi hai diém nam trén hai dudng thang song song, doan thing vuong géc

v6i hai duong théng song song c¢6 do dai nhd nhat.

VI DU 3. Cho hinh vuong ABCD. Hay noi tiép trong hinh vuong d6é mot hinh vuong c6 dien
tich nhoé nhat.

# LOI GIAL
Goi EFGH 13 hinh vuong noi tiép trong hinh vuong ABC'D. Tam c4 hai A E K B

hinh vudng nay phai triing nhau tai mot diém O. - :
Ta co F
Sore = EG-FH _ 20F - 20F _90R?
2 2 o
Nhu vay S nhé nhat < OF nhé nhéat. Goi K 1a trung diém ctia AB, ta ¢ I |
OFE > OK (héng s6); OF = OK < F trung K. D G C

Vay dién tich EFGH nhé nhat khi cac dinh E, F, G, H 1a trung diém cac
canh cia hinh vuéng ABCD.

2. Quan hé gita dudng xién va hinh chiéu

Trong hai duong xién ciing ké tit mot diém nim ngoai mot dudng thang len dudng thang do6, duong

xién nao c¢é hinh chiéu 16n hon thi 16n hon.

VI DU 4. Cho tam giac ABC. Qua A dung dudng thing d cit canh BC ciia tam giac sao cho
tong cac khoang cach tit B va C' dén d c6 gia tri nhd nhat.

# LOI GIAL
Goi D la giao diém ctia d va canh BC. Vé BB', CC' vuong goc véi d. V6i A

moi vi tri cia D trén canh BC' ta c6

Sapp + Scap = Sasc 3

1 o1 , , , 28 > C
= AD-BB'+ AD-CC' =S = BB +0C' = . B Dy

. B 25 , , B
Do d6 BB’ + CC’ nh6 nhat ¥s) nhoé nhat & AD 16n nhat.

Gia stt AC > AB thi trong hai duong xien AD, AC, duong xién AD c6 hinh chiéu nhé hon, do
d6 AD < AC (héng s6); AD = AC' < D trung C.
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Vay duong thang d phai dung 1a duong thing chita canh 16n nhat trong hai canh AB, AC.
O
/N\ Bé diéu kien duong thing d cdt canh BC, zem bai 369.

3. Bat ding thic tam giac

V6i ba diém A, B, C bat ki, ta c6 AC + CB > AB; AC + CB = AB < C thuoc doan thing AB.
Dé st dung bat dang thic tam giac, doi khi ta phai thay doi phia ctia mot doan thang déi véi mot
dudng thang.

Vi DU 5. Cho tam gidc ABC can tai A va diém D c¢6 dinh thudc canh day BC. Hay dyung mot
dudng thang song song véi BC, cit hai canh bén 6 E va F sao cho DE + DF c6 gié tri nhd
nhat.

# LOI GIAL

Phan tich cdch gidi: Ta doi phia ctia doan thing DE v6i duong thang AC
biang céch tao ra mot doan thang D'E’ sao cho D'E' = DE, E' tring F va
D' ¢6 dinh. Mubn vay ta quay D quanh A mot goc bang goc BAC' (trén nita
mat phang khong chita D, c6 bo AC, dung tia Az sao cho CAr = ];47),
tren tia Az liy D’ sao cho AD' = AD). Nhu vay D’ la diém c6 dinh va

D'F = DE (vi AD'AF = ADAE theo trudng hop canh - goc - canh).
Ta c6 DF + DE = DF + FD' > DD’ (hiing s0).

Do d6 DF + DE nhoé nhat < DF + FD' nhé nhat < F 1a giao diém ctia DD’ va AC. 0J

4. Cac bat dang thic dai sb

Céc bat dang thic thuong dude st dung la:
— BAat dang thiic vé lity thita bac chin:

2>0. (1)

—22<0. (2

— Bét ding thic Co-si: (z +y)* > 4oy hay z +y > 2,/7y (3) v6i z,y khong am, xay ra ding
thic khi va chi khi x = .
Chi ¥ ring tit bat ding thic (3), ta con suy ra vé6i hai s6 khong am x,y :
— Néu z + y 13 hing s6 thi 2yn.. < = = y;
— Néu zy 1a hing 6 thi (z 4+ y) ,, < = =y.
Dé st dung cac bat déng thic dai s6, ta thuong dat mot do dai thay doéi bang z, biéu thi dai luong

can tim cyc tri bang mot biéu thic ctia z, rdi tim diéu kien dé biéu thitc c6 cuc tri.

VI DU 6. Cho hinh vuong ABCD. Hay noi tiép trong hinh vuong dé mot hinh vuong c6 dién
tich nhoé nhat.

# LOT GIAL
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Xét hinh vuong EFGH noi tiép hinh vuong ABCD, ta ¢6 AE = BF = CG = DH. Goi AB = a,
AE = x thi
EB=FC=DG=HA=a—zx.

Cach 1. Goi dién tich hinh vuong EFGH la S, ta co: P E
B
z(a—z
— 2 2 _
= a —2ax+2:1:2— ) H
_ 2( _9)2 et
- \PTg) Ta ey
) D G C
a

min S = 5 S x = g & E la trung diém ctia AB.
Luu gj: Ta ki hieu min S 1 gia tri nhé nhat clia S, max S 1a gia tri 16n nhat cta S.

Cich 2. Sppey nho nhit < 484my 16n nhat < 4 2“7 161 1hat © 2 (a — 2) 16n nhat.
Chil y réing o va a — o 13 hai s6 duong c6 tong khong ddi (bang a) nén tich ctia chiing 16n nhat khi va

chi khi hai s6 4y bang nhau. Khi do

a/ 2
x:a—x(:)x:E@ElatrungdiémcﬁaAB.

VI DU 7. Cho tam giac ABC vuong can c¢6 AB = AC = 10 cm. Tam gidc DEF vuong can &
D ndi tiép tam giac ABC (D thuoc AB, F thuoc AC, E thuoc BC). Xac dinh vi trf ctia diém
D dé dien tich tam gidc DEF nhé nhat.

# LOI GIAL
Ta c6, tam gidc ADEF vudng can ¢ D nén

B
Sper = %DE~DF:%DE2:
1 2 o _ Lo 21 12
= S (BH +DH)—§[1E + (10 — 20)*] = H E
1 2 D o D
= 5(59@ —40x+100):§(9& —8x—|—20): .
5 2 ul
= 5(1‘—4) + 10 > 10. A F C
min Sppr = 10 (cm?) & x = 4. Hinh 51

Do d6 AD =4 cm.

. 1
A Tong quat, min Sppr = SSABC.

O
VI DU 8. Cac dudng chéo ciia tit giac ABCD cit nhau ¢ O. Tinh dién tich nhd nhit cla ti
giéc, biét SAOB =4 cm2, SC’OD =9 Cm2.
# LOT GIAL
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Ki hiéu nhu hinh 52. Ta c6:
Sy OA 51

o2t — S5, (1
S, 0C S, = 515, S3.54 ( )

Theo bat dang thitc Co-si:
S+ .54 > 24535, =2V4-9=12.
max S = 25 (cm?) khi va chi khi: A B
Sg = S4 <~ SADC = SBCD < AB H CD.

Ta cb

5251+52+53+S424+9+12:25. D

| ) Hinh 52
Chi vj: Tong quat, thay 4 va 9 béi a va b, ta c6 max S = (\/5 + \/5) .

(® CAC CHU Y KHI GIAI TOAN CUC TR

/N Khi gidi cde bai todn cuc tri, nhiéu khi ta can bién doi tuong duong diéu kien cuc tri cia dai

luong nay thanh dieu kién cuc tri cia dai luong khdc.

VI DU 9. Cho tam gidgc ABC' ¢6 ba géc nhon, M 13 mot diém bat ki ndm trén canh BC. Goi
E, F theo thtt tu la hinh chiéu ctia M len AB, AC. Tim vi tif cia M dé EF c¢6 do dai nho
nhat.

# LOI GIAL

Chi y dén hai tam giac vuong chung canh huyen Ia A

AEM,AFM, ta goi I la trung diém cta AM, ta c6 A =

IE = IM = IF. Nhu vay EF la canh day cia tam giac can

[EF. Dé théy EIF = 2EAF, ma EAF khong déi nen EIF .

khong doi. Tam giac can EIF c6 s6 do goc 6 dinh khong doi l

nén canh day nhoé nhat khi va chi khi canh bén nhé nhat. Do E 7 o
d6 EF nhé nhat < IE nhé nhat < AM nhé nhat. Khi d6 M

1a chan duong vuong goc ké tit A dén BC. Hinh 53

O
/N Nhiéu bai todn cuc tri ¢6 lien quan dén bai toan tim tap hop diém: Trong tap hop cdc hinh cé
chung mot tinh chat, khi ta co dinh mot yéu to khong doi ciia hinh, cic diém con lai cé thé chuyén

dong trén mot duong nhat dinh, viéc theo déi vi tri clia ching gitp ta tim dudc cuc tri ciia bai todn.

VI DU 10. Trong céc hinh binh hanh ¢6 dien tich va mot dudng chéo khong déi, hinh nao ¢6

chu vi nhé nhat?

# LOT GIAL
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Xét cac hinh binh hanh ABCD c¢6 BD c6 dinh. Dien tich hinh binh hanh khong déi nén dien tich
tam gac ABD khong doi, do d6 A chuyén dong trén duong thang d || BD.

Can x4ac dinh vi trf ctia A trén d dé BA + AD nho6 nhét. Ta doi phia cia
BA dbéi véi d bang cach lay B’ d6i xting véi B qua d. Khi d6 B’ ¢6 dinh,

BA+ AD = B'A+ AD > B'D (hang s6).

BA + AD nhé nhat < B'A 4+ AD nhé nhat < A la giao diém ctia d va
doan B'D. Khi d6 AB = AD.
Vay hinh binh hanh ¢6 chu vi nhé nhat khi né 1a hinh thoi.

O
I\ Khi gidi cdc bai todn cyc tri, ¢ khi ta phdi tim gid tri I6n nhdt (nhé nhat) trong ting truong

hop, T0i s0 sanh cdc gid tri dy véi nhau dé tim gid trj ldn nhat (nhé nhdt) clia cd bai todn.

Vi DU 11. Cho tam giac ABC. Dung dudng théng d di qua A sao cho téng cac khodng cach tir
B va C dén d c6 gia tri 16n nhat.

# LOI GIAL
Goi BB', C'C" 1a khoang cach tit B va C dén d. Xét hai truong hop:
@ Duong thang d cit canh BC tai D (hinh 55):

BB'+CC'"< BD+CD = BC.

(Cht ¥ riing néu B hodc C 16n hon 90° thi dau bling khong
dat duge, nhung diéu dé khong anh hudng dén bai toan).
@ Duong thing d khong cit canh BC. Khi d6 d cit canh CE
véi F la diém déi xing véi B qua A.
Giai nhu truong hop 1, ta duge BB+ CC' < CE.
Bay gio ta so sanh BC' va CE:

a) b) c)

Hinh 56

@ Truong hop BAC > 90° (Hinh 56.a). Néu ké CH L BE thi H thuoc tia déi ciia tia AB nén
HB > HE, do 46 BC > CE. Ta c6

max (BB'+ CC") = BC < d L BC.
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@® Truong hop BAC < 90° (Hinh 56.b). Néu k¢ CH 1| BE thi H thuoc tia ddi cla tia AE nén
HE > HB,do do CE > CB. Ta c¢6

max (BB'+CC')=CE < d L CE.
® Truong hop BAC = 90° (Hinh 56.c). Ta ¢c6 CE = C'B. Do dé
max (BB'+ CC")=CFE = BC < d 1L BC hoacd 1. CE.

O
YAN @ Néu goi M la trung diém cia BC thy CE || AM, CE = 2AM nén két luan ciia bai todn
duge dién dat nhu sau:
— Néu BAC > 90° thi max (BB’ + CC") = BC < d L BC.
— Néu BAC < 90° thi max (BB’ + CC") = 2AM < d L AM.
— Néu BAC = 90° thi max (BB’ + CC") = BC = 2AM < d 1 BC hodc d L AM.
® Dac biet héa vi du tréen khi tam giac ABC wvuong can tai A, ta co bai todn: Cho hinh vuong
ABCD. Dung duong thiang d di qua tam cia hinh vuong sao cho tong khodng cach tw bon dinh
ctia hinh vuong dén duong thing dé cé gid tri lon nhat.

Tra loi: Cdc duong thang phdi dung gom hai dudong thang chiia dwong trung binh ciia hinh vuong.

1. Bai tap

BAI 1. Tinh dién tich 16n nhét cta ti gisc ABCD, biét AB = AD =a vi BC = CD =b.
# LOI GIAL

Ta c6 AABC = AADC (¢ — ¢ — ¢) nén Sppc = Sapc.
Do d6: Sapcp = 2Sapc. Ké CE 1. AB vé6i E € AB.
Khi d6 Sapcp = 2Sapc = AB-CE < AB - BC = ab.
DAu biing xéy ra < AB 1 BC, hay B = D = 90°. A C
Vay max Sapcep = ab < B =D =90°.

O

BAI 2. Trong céc hinh chit nhat ¢6 dudng chéo bing d khong déi, hinh nao c¢6 dién tich 16n nhét?
Tinh dién tich 16n nhat dé.
# LOI GIAL

Goi chiéu dai, chiéu rong ctia hinh chit nhat thit ty la a va b (0 < b < a).
2 b2 d2 )
Khi dé: a2 + 1 = d® v Spen — 0.b < = ; = £ khong déi.
Dau bang x4y ra < a = b hay d6 1a hinh vuong. Vay dién tich 16n nhat ctia hinh chit nhat c¢6 do dai
5

2 d
duong chéo d khong doi 1a 5 xay ra khi n6 la hinh vuong. 0

BAI 3. Cho tam gidc ABC vuong tai A, diém M nim gitta B va C. Goi D, E thit tu 1a hinh chiéu
ctia M len AC, AB. Tim vi trf ctia M dé DE ¢6 do dai nhé nhét.
# LOI GIAL
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Xét tit gide ADME c6 A = D = E = 90° nén ta c6 ti gidc
ADMEFE la hinh ch nhat, do d6 DE = AM.

Khi d6 DF min < AM min.

Ké AH | BC véi H € BC, ta duge AM > AH.

Suy ra AM min < AM = AH < M =H < AM 1 BC.

Vay DE min < AM 1 BC.

BAI 4. Cho tam giac ABC vuong tai A, duong cao AH. Goi D, F tht ty thudc cac canh AC, AB
sao cho DHE = 90°. Tim vi tri ctia D, B dé DE c6 do dai nhé nhat.

# LOI GIAL

Do DHE = AHB = 90° nén EHB = DHA.

Do BAC = AHB = 90° nén EBH = DAH.

T 2 dieu trén ta dugc AEBH ~ ADAH.
Dodég—?:%hayDE:%-HE.

Suy ra DE min & HFE min <& HFE 1 AB, khi d6 tt giac B
ADHE la hinh ch nhat hay HD | BC.

Vay DE min & HD | BCvaHE 1 BC.

U

BAI 5. Cho tam giac ABC vuong can tai A, BC' = 2a. Mot duong théng d bat ki di qua A vi khong
cit canh BC. Goi I va K theo thit ty 1a hinh chiéu vuong géc ctia B va C len dudng thang d, goi H
la trung diém BC. Tinh dién tich 16n nhat ctia tam gidc HIK.
# LOI GIAL

X6t hai tam gidc BIA va AKC ¢6 1 = K = 90°, AB = AC va
BAI = ACK (= 90° — KAC) nén ABIA = AAKC.

Khi d6: BI = AK va Al = KC hay IK = BI + CK.

Ké HM 1 IK (M € IK).

Theo tinh chat duong trung binh trong hinh thang BIKC' véi
H 1a trung diém BC va BI | MH || CK thi M la trung diém
IK va MH = IB+CK = E

2 2
MH - IK
Suy ra SHIK = T = MH2 S MA2 ICL2.

Vay max Syrx =a* & d L AH < d || BC.

O

BAI 6. Cho hinh chit nhat ABCD. Trén cac canh AB, BC, CD, DA lay theo thi tu cac diém E, F,
G, H sao cho AE = AH = CF = CG. Xac dinh vi trf cac diéem E, F, G, H dé ti giac EFGH c6
dién tich 16n nhat, néu:

@ AB =40 cm, BC = 20 cm.

@® AB=a, BC=b(b<a<3a).
# LOT GIAL
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Ta thay cau (a) 1a trudng hop dic biét ctia cau (b) do do ta chi

can gidi quyét cau (b) 1a du.

Dit AE = AH = CF =CG =z (0 < z <b). Khi d6

Seran = Sapcp — Saepn — Ser — Scra — Spua
1
:ab—5[:624—(a—x)(b—x)—|—x2—|—(b—$)(a—x)]
= (a + b)r — 227
2 2 2
:(a—i-b) —Q(x—a+b) S(a+b).
8 4 8
b)? b
SuyramaXSEpGH:(a—g) <:>x:aj: , gia tri x théa man 0 <z < bdo b < a < 3b.
Vay Sprow 16n nhét khi B, F,G, H théa man AE:AH:CF:CG:GIZ). 0

BAI 7. Ngusi ta diing mot doan day cang thanh 3 doan thing tao véi mot bite tudng lam thanh mot
hinh chit nhat. Hay chi ra cach cang day dé hinh chit nhat dé c6 dién tich 16n nhét.

# LOI GIAL

Do c¢6 mot canh ctia hinh chit nhat bitc tuong nén trong hai chiéu ctia hinh chit nhat thi mot chiéu c6
do dai a (a > 0) bao gom 1 doan day va 1 doan tuong con mot chiéu c6 do dai b (b > 0) bao gom 2
doan day. Khi d6 dién tich hinh chi nhat 1a S = a.b.

Goi do dai doan day la [ khong ddi thi ta ducc a + 2b = 1.

Theo bat déng thic Cauchy ta c¢6 | = a + 2b > 2v/2ab = 2v/2S hay S < g

Suy ra dién tich hinh chi nhat 16n nhat 1 g xay ra khi a = 2b < a = év&b = i

Vay ta c6 cach ciang day la: chia doan day thanh 4 phan bang nhau; tinh tit 2 dau mut lay vao moi
dau § doan day dé lam 2 chiéu rong, 3 phan day con lai cing véi biic tuong lam thanh 2 chiéu dai.
O

BAI 8. Tim diém M sao cho téng khoang cach tit M dén cac dinh ctia mot luc giac déu cho trude 1a
nhé nhat.

# LOI GIAL

Xét luc giac déeu ABCDEF c6 AD, BE, CF dong quy tai O hay O la tam
clia lyc gidc deu.

Ta c6: MA+MB+ MC+MD+ ME+ MF > AD + BE + CF.

Dau bang xay ra khi va chi khi M ciing thuoc cac doan thang AD, BE,
CF hay M = O.

~ . , 2 X N N ~ 2 .z X
Vay vi tri diem M can tim la tam cua luc giac deu.

BAI 9. Chiing minh ring trong céc tam giac c6 cling canh day va ciing chu vi, tam gidc can c6 dien
tich 16n nhat.

# LOT GIAL

Xét tam giadc c6 do dai cac canh 1a a, b, ¢ v6i a,b, ¢ > 0; a khong doi va chu vi 2p = a + b + ¢ khong
doi. Khi do6: b+ ¢ = 2p — a khong doi.
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Theo cong thitc He-rong vé dién tich ta co:

Sa = \/p(p—a)(p—b)(p — ¢)
=/ — a)\/(p = b)(p — ©).

Theo bat déng thiic Co-si cho hai s6 duong p — b, p — ¢ ta cé:

p—b+p—c a
—W(p—c)< T °
(p—=0)(p—c) < 5 5

Do d6 Sx < 2

Dau bang c¢6 khi va chi khi p — b= p — ¢ hay b = ¢ va khi d6 tam gidc nay la tam giac can. O

—p(g —a) khong déi.

BAI 10. @ Trong cac hinh chi nhat ¢6 ciing chu vi, hinh nao ¢6 dien tich 16n nhat?
@® Trong cac hinh chit nhat c6 ciing dién tich, hinh ndo c6 chu vi nhé nhat?
# LOI GIAL
Ta c6: (x —y)? > 0Vr,y € R nén 4oy < (z +y)?Vz,y € R (x). Dau bing c6 < x = y.
Goi a, b thit t 1a chiéu dai va chiéu rong cia hinh chit nhat.
@ Hinh chit nhat c6 chu vi khong déi < a + b = p khong doi. )
Theo (%), dién tich hinh chit nhat 1a S = ab 16n nhat bang % S a=bh.
Khi do6, hinh chit nhat tré thanh hinh vuong.
Vay trong cac hinh chit nhat c6 cting chu vi, hinh vuong c6 dién tich 16n nhét.
@ Hinh chit nhat c6 dién tich khong ddi < ab = S khong doi.
Theo (%), chu vi hinh chit nhat la P = 2(a + b) nhé nhat bing 4v/S < a = b.
Khi d6, hinh chit nhat trd thanh hinh vuéng.

Vay trong cac hinh chit nhat c¢6 ciing dién tich, hinh vuong c6 chu vi nhé nhét.

O
BAI 11. Trong céc hinh thoi ¢6 ciing chu vi, tim hinh ¢6 dién tich 16n nhét?
# LOI GIAL
Xét hinh thoi ABCD c6 chu vi 14 4a khong doi.
Suy ra AB = BC = CD = DA = a khong ddi va
Sapcp = 25aBc-
Ké CE 1L AB(F € AB), ta c6
g 7C’E-AB<C’A-ABia2
e T T
Do d6 Sapcp < a?, dau bang xay ra < B = 90° hay
ABCD la hinh vuong.
Vay trong cac hinh thoi ¢6 cting chu vi thi hinh vuéng
c6 dién tich 16n nhat.
O
BAI 12. Trong céc hinh thoi ¢6 ciing dien tich, hinh ndo ¢6 chu vi nhé nhét?
# LOT GIAL
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Xét hinh thoi ABCD c6 dién tich 1a S khong ddi va
chu vi 14 P, hién nhién Sagep = 2SapceDn.
Ké CE L AB(F € AB), ta c6

CE~AB<CA.AB_P_2
2 - 2 327

Sapc =

Do d6 P > 4v/S, dau bing xiy ra < B = 90° hay
ABCD la hinh vuong.
Vay trong cac hinh thoi c6 cuing dién tich thi hinh

vuong c6 chu vi nhé nhat.

BAI 13. Ching minh ring;

@ Trong céc tit gidc ¢6 ciing chu vi, hinh vuong c6 dién tich 16n nhat.

@® Trong cac ti gidc co cing dién tich, hinh vuong c6 chu vi nhé nhat.
# LGOI GIAL
V6i moi s6 thuc duong a, b, ¢, d ta co: 4(ab+ be + cd + da) = 4(a+¢)(b+d) < (a + b+ ¢+ d)* (x).
Xét tit gidc ABCD c6 dién tich S, chu vi P va do dai cac canh AB = a,
BC =b,CD =c¢, DA=d. B
Ké CE 1 AB(E € AB), ta c6 2Sapc = AB-CE < AB- BC = ab.
Twong tu 2Sgep < be, 25cpa < cd va 2S5pap < da.
Do d6 4S5 = 2(Sapc + Scpa + Spep + Spag) < ab+ cd + be + da. A
Theo (x) ta dugc 165 < P2

o {A:B:é:bzw o ) C
Dau “="c6 & < ABCD la hinh vuong.

a+c=b+d D

Ap dung vao bai toan ta co:

a) Trong cac tit gidc ¢ cing chu vi P khong ddi thi hinh vudéng c6 dién tich 16n nhat 1a 1_62

b) Trong cac tit gidc ¢6 dien tich S khong ddi thi hinh vuong c¢6 chu vi nhé nhat 1a 44/8S. 0
BAI 14. Tt gisc ABCD ¢6 C+D = 90°, AD = BC, AB =b, CD =a (a > b). Goi E, F, G, H theo
thit tu 1a trung diém ctia AB, AC, CD, DB. Tinh dién tich nhé nhat cta ti giac EFGH.

# LOI GIAL

Do EH la dudng trung binh ctia tam giac ABD nén
EH || AD va EH = ATD

Tuong ty véi chia y AD = BC ta dugc:
AD  BC
2 2.
EH || ADvaEF || BC D

HE =FF =FG=GH =

Do C + D =90° nén AD L BC, suy ra EH L EF.

. HFE?
Két hgp v6i HE = EF = FG = GH ta dugc EFGH 1a hinh vuong hay Sgrag = 5
. AB b D
Goi K T trung diém AD, taco KH = B Vo g2 _ ¢
2 2 2 2
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—b —b)?
Khi d6 HF > |[KF — KH| = 2= hay Spron > - iy
Dau bing xay ra khi va chi khi K, H, F thang hang hay ABCD la hinh thang.
—b)?
Vay minSEFGH = <a 3 ) . U

BAI 15. Trong cac tit gide ¢6 tdng hai dudng chéo bing s. Tt gidc ndo c6 dien tich 16n nhét?
# LOI GIAL

Xét tit giac ABCD c6 AC + BD = s khong doi.
Ké AH | BD,CK 1 BD(H,K € BD,).
Ta ¢b QSABC'D = 2(SABD + SC’BD) = BD(AH + CK) S

AC + BD)? 2
BD(AO + CO) = BD - AC < % -
AC L BD
c6 &
AC = BD.
Vay trong cac ti giac c¢6 tong hai duong chéo bang s thi ti giac

Dau bing

c6 hai duong chéo bang va vuong goc véi nhau 1 tit gidc c6 dien
tich 16n nhat.

BAI 16. Cho géc nhon Oy va diém A thudc mién trong ciia géc. Dung diém B thuoc tia Oz, diém
C' thuoc tia Oy sao cho tam giac ABC' ¢6 chu vi nhé nhat.

# LOI GIAL

Goi D va E thtt ty la diém déi xting ctia A qua Oz va Oy.
Khi d6 AB = DB va AC = EC, do d6

Pipc =AB+ BC+CA=DB+ BC+CE > DE.

Dau bang c6 < D, B, C, E thang hang theo ding thit tu.. TT
Do d6 ta c6 cach dung B, C nhu sau: Lay hai diém déi xing véi O - Y
A qua Oz va Oy; doan thang ndi hai diém nay cit Oz tai B va \\\\\I
Oy tai C. E
[

BAI 17. Cho hinh chi nhat ABC'D. Tim ti gidc c6 bén dinh thudc bén canh ciia hinh chit nhat sao

cho chu vi tit gidc c6 gia tri nhé nhat.

# LOI GIAL
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Xét bén diém E,F,G,H theo tht tu thudc cac canh A E B
AB,BC,CD, DA cua hinh chit nhat ABCD.

Goi M, N, P thi tu 1 trung diém FH, FH, FG.

Khi d6 do hai tam giac AHE, C'FG theo thi ty vuong tai A va
C nén FH =2MA va FG =2CP. N

Lai c6 theo tinh chat duong trung binh trong hai tam gidc EHF H L
va GFH ta dugc EF =2MN va HG = 2PN.
Do d6 Prrey = 2(AM + MN + NP + PC) > 2AC. D G ¢
Dau bing xay ra < A, M, N, P,C thang hang theo thit tu dé
EF | AC || HG
{HE | BD | FG
hay EFFGH la hinh binh hanh ¢6 canh song song véi dudng chéo hinh chit nhat. 0

BAI 18. Cho diém E nim trén canh AB ciia hinh chit nhat ABC'D. Dung céac diém F, G, H theo thi
tu thuoc cac canh BC,CD, DA sao cho ti gidc EFGH c6 chu vi nhé nhat.

« LOT GIAL

Theo bai 352 ta chi ra ring: Hinh binh hanh c6 cic canh song A ) B

song véi duong chéo ciia hinh cht nhat 1a tit giac ¢6 chu vi nho

nhat véi cac dinh thi tu thuoc bon canh ctia hinh chit nhat. Do

do ta c6 cach dung nhu sau: H
— Dung duong thang qua E song song véi AC cit BC tai F. F
— Dung dudng théng qua F song song véi BD cit C'D tai G.

— Dung duong thang qua G song song véi AC' cit DA tai H.

D e C

O
BAI 19. Cho hinh chit nhat ABCD ¢6 dién tich S. Tim dién tich nhd nhét cia cac ti gisc EFGH
c6 bén dinh lan lugt thuoc bén canh AB, BC, CD, DA cta hinh chi nhat va AE + CG < AB,
AH + CF > AD.
# LOI GIAL
bat AE =2, CF =y, CG =2z, AH=t, AB=ava AD =b. A
Khi dé: x,y,2,t,a,0 >0var+z2z<a,y+1t >0

Ta cb "

2Sgran = 2(Sapcp — Sapn — Sper — Scrc — Span)
=2ab—at—(a—2z)(b—y)—yz—(a—2)(b—1)
=—(st+zy+yz+zt)+aly+1t)+b(z+x)

DT
=ab+(a—2x—2)(y+t—0)>ab=S.
S . r+z=a EG || AD
Do d6 min Sgpgy = =, dau bang ¢6 < O
2 y+t=>0 HF || AB.

BAI 20. Cho hinh vuong ABCD canh a. Tim dién tich 16n nhat ctia céc hinh thang c6 bén dinh
thudc bén canh ctia hinh vuong va hai canh day song song v6i mot duong chéo ciia hinh vuong.
# LOI GIAL
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Xét hinh thang EFGH ¢6 FH || BD || FG, khi d6 hai tam giac Ar z E B
AFH va CFG thi tu vuong can tai A va C.
Dit AE=AH =zvaCF=CG=y (0<z,y<a). Taco T F

2Spren = 2(Sapop — Sapw — Sper — Scra — Span)
=2a° -2’ — (a—a)(a—y) —y* — (a —z)(a —y) y
=2a(z +y) — (v +y)°
=a*—[a—(z+y)* < a

2
Vay max Sgran = %, ddu “="c6 & r+y=a < EG | AD. G

BAI 21. Cho hinh vuong ABCD canh 6 cm. Diém F thuoc canh AB sao cho AE = 2 cm, diém F
thuoc canh BC sao cho BF = 3 cm. Dung cac diém G, H theo thit tu thudc cac canh CD, AD sao
cho EFGH la hinh thang:

@ 6 day FH, FG va c6 dien tich nho nhat.
@ c6 day EF, GH va c6 dien tich 16n nhat.

# LOI GIAL
a)DoEHHFGnén/TETYzC@. 4 2 F 4 B
Suy ra AAEH « ACGPF, tit d6 AH-CG = AE - CF = 6. B
bat AH =2, CG =y (0 <z,y <6), tacdzy=06va 3
xX
2Spren = 2(Sapop — Sapw — Sper — Scra — Span) .
=2-36-2r—4-3—-3y— (6 —2)(6—1y)
= 18 4+ 4z 4 3y > 18 + 2y /4x - 3y = 18 + 12/2. H 5
3v2
Ty =6 = - -
Dau “="c6 < { Y s ” 2 D G Y ¢
dx = 3y y = 2V/2.
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b) Do EF || HG nén BEF = DGH. > E 4
... DH DG An B
Suy ra ABEF «~ ADGH, tut do6 = =i
DatDH:x,DG:y(0<x,y<6),taC()§:%Va 3
H
2Sgran = 2(Sapcp — Sapn — Sper — Scrc — Span) F
=2-36—-2(6—2)—12—-3(6—y) —zy
x
=2z + 3y — 2y + 30 3
4 5
:—gx + 6z + 30 D 3o

4( 9)2 147 147
= xr— — < .
4 — 4

O

BAI 22. Cho hinh chit nhat ABCD c6 cac kich thuée 1a a va b. Tim dién tich 16n nhat ctia hinh chit
nhat EFGH ngoai tiép hinh chit nhat ABC'D (mdi dinh ctia hinh ch nhat ABC'D nam trén mot
canh ctiia hinh chit nhat EFGH).

# LOI GIAL
Dé thay AFAB = AHCD va AGCB = AEAD. F
Goi do dai cac doan nhu hinh vé. Khi dé .
a B
Seran = Sapep + 2Sgap + 2Spap v i G
=ab+xy+ 2t b
2,2 2 | 42
gab+$+y+z+ Ey I ]
2 2 D o
a’+ v
=ab+ .
H
(Do theo dinh 1i Py-ta-go ta c6 2% + y* = b? va 22 + t* = a?)
DAu bang xiy ra < v = yvaz =t & EFGH la hinh vuong. O

BAI 23. Cho tam giac ABC. Xéc dinh vi trf cac diém D, E tren cac canh AB, AC sao cho BD+CE =
BC va DE ¢6 do dai nho nhat.
# LOT GIAL
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Tréen BC lay F sao cho BD = BF, ma BD + CE = BC suy ra CF = CE.

Goi O 1a giao diém ctia tia phan giac goc B va géc C.

Ta c6 AOCE = AOCF (c.g.c); AOBD = AOBF (c.g.c) suy ra OF = OF = OD hay AFEOD can
tai O.

Dit A = a = BOC = 90° + 5 nen DOE = 360° = 2 (90° + ) = 180° — v

Xét ADOE c6 DOE 1a goc khong ddi, DO = EO nén DE nhé nhét khi va chi khi OD nhé nhét
& OF nhé nhat < OF L BC = OD 1. AB,OFE 1. AC.

Vay D, E 1a hinh chiéu ctia O trén AB, AC. O

BAI 24. Trong céc tam gidc vuong c6 téng hai canh géc vuong khong déi, tam gidc nao ¢6 chu vi nho
nhat?

# LOI GIAL

Dé thuan tién, ta goi tam gidc vuong la ABC, goi b, ¢ 1a canh gbc vuong ¢
clia tam gidc vuong ABC, ta c6 b+ ¢ = 2m khong doi = chu vi tam
gidc vuong ABC nho nhat < canh huyén BC nhé nhat < b? + ¢? nhd
nhat.

batb=m+z thic=m — 2. Khi dé

b4+ =(m+2)*+ (m—1x)® =2m? +22° > 2m>. A € B

Vay b% + ¢ nhé nhat bang 2m? khi va chi khi b = ¢ hay tam gidc vuong

can ¢6 chu vi nhé nhat.
]

BAI 25. Chting minh riing trong cac tam gidc vuong c6 canh huyén khong déi, tam gidc vuong can
c6 chu vi 16n nhat.

# LOI GIAL

Vi canh huyén ctia tam gidc vuong c6 do dai khong doi nén chu vi tam gidc 16n nhat khi tong do dai
hai canh géc vuong 16n nhat.

Goi do dai canh huyén la a, goi b, ¢ 1a do dai hai canh géc vuong. Ta co
(b+c)? <20+ ) = b+c<aV2.

Gia tri 16n nhat cia b+ ¢ = a/2 xay ra khi b = c.
Vay chu vi tam gidc vuong 16n nhat bang (\/5 + 1) a khi va chi khi tam gidc d6 vuong can. O

BAI 26. Cho AABC ¢6 cac goc B va C nhon, BC = a, dudng cao AH = h. Xét hinh chit nhat
MNPQ noi tiép tam giac c6 M thudc canh AB, N thuoc canh AC, P va @Q thuoc canh BC. Hinh
chit nhat M N PQ & vi tri nao thi dién tich ctia né c6 gia tri 16n nhat?

# LOI GIAL
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|1 [
B Q H P C
bat NP =z, MN =y. Ta co
Samn + Seunc = Sasc

= ylh—z)+z(a+y)=ah
a

= hy+ax:ah:>yzﬁ(h—x).
. . , L e, < . a a 2 Cl’h
Goi dién tich tit giac MNPQ 1a S. TacoS:xy:x-E-(h—as)ﬁE(@%—h—x) =
N -h h
Vay S 16n nhat bang aT khi z = 5 Khi d6 M N la duong trung binh ctia AABC. O

BAI 27. Tt mot tAm kim loai hinh tam gidc vuong, cit ra mot hinh vuong theo hai cach:
Cach 1: Mot goc ciia hinh vuong tring véi géc vuong clia tam gidc, dinh déi dién thuoc canh huyéen
cua tam giac.
Cach 2: Mot canh ctia hinh vuong nam trén canh huyén ctia tam giac, hai dinh kia thuoc hai canh
gbc vuong cua tam giac.

Cach cit nao cho hinh vuong c6 dién tich 16n hon?

# LOI GIAL
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Goi b, ¢ 1a do dai canh gbc vuong, a la do dai canh huyén.

(vi du 31a).

. . . b
Trong cach cat thi nhat ta ¢6 canh hinh vuéng bang b—f
c

. . h
Trong cach cat thi hai, canh hinh vuong bang C:_ - (vi du 41).
a
b h
Vib:-c=a-h taching minh dugc ¢ > a . O
b+c a+h

BAI 28. Cho tam gidac ABC vudng can c6 canh huyén BC = a. Cac diém D, E theo thtt tu chuyén
dong trén cac canh AB, AC. Goi H va K theo thit tu 1a hinh chiéu ctia D, E trén BC'. Tinh dién tich
16n nhat cta ti gidc DEKH.

# LOI GIAL

Ta ¢c6

HK HK

Vi (BH + KC) + HK = a khong déi nen tich (BH + KC)HK 16n nhét khi va chi khi BH + KC =
) S
KH = g Khi d6 dien tich 16n nhat DEK H 16n nhat bing = - = - = khi va chi khi HK = %

C6 vo sb tit giac théa man tinh chat trén. O

BAI 29. Cho tam giac ABC. Tim diém M thuoc mién trong hoiic ndm trén canh clia tam gidc sao
cho téng cac khoang cach tit M dén ba canh clia tam giac c¢6 gia tri nhé nhat.

# LOI GIAL
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B a C

Dat BC = a, AC = b, AB = ¢, khoang cach tit M dén cac canh theo thi tu 1a z,y, 2 dudng cao
tuong ting v6i BC' 1a h.

Ta cb

Smsc + Suwac + Svas = Sasc

N a +b +c a b
2 2 YTy 2
= ar + by + cz = ah.

Gid st a > b > ¢ thi

ar + ay + az > ar + by + cz = ah
= r+y+z>h

Dau bang xdy ra khi ay +az =by +cz = yla—b) +z(a —c) =0

S y=z=0hoaca=0,2z=0hodca=b=c.

Néu y = z =0 thi M tring A, néu a = b,z = 0 thi AABC can tai C (goéc C' la goéc nhé nhat) va M
thuoc day AB; néu a = b = ¢ thi AABC deu, M bat ki.

Vay tong cac khodng cach tit M dén ba canh clia tam gidc ¢ gid tri nhé nhat bing dudng cao ting
v6i canh 16n nhat. néu tam giac déu thi M la diém bat kfi nim bén trong hodc ndm trén canh clia
tam gidc. néu tam giac can c6 canh bén 16n hon canh day thi M thuodc canh day.

Cac truong con lai, M trung véi dinh cia géc 16n nhat trong tam giac. O
BAI 30. Cho tam gidgc ABC. Tim diém M thuoc canh BC sao cho téng cac khoang cach tit M dén

AB va dén AC c6 gia tri nho nhat.
# LOI GIAL

B a M C

Dit AB = ¢; AC = b; BC = a, goi khoang cach tit M dén canh AB = z, khoang cac tit M dén canh
AC 1a vy, goi hy; hy; he lan luot 1a do dai duong cao tuong ting véi cac canh BC; AC; AB.
Néu a 16n nhat, ta c6 Syrap+Sirac = Sapc = cr+by = ah, = av+ay > cx+by = ah, = x+y > h,.
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Chiing minh tuong tu néu b (hodc ¢) 16n nhét suy ra x +y > hy (hodc x +y > h,).
Vay tong khoang cach tit M dén AB va AC 16n nhéat bang do dai duong cao tuong uéng véi canh 16n
nhat.
Vay néu b = c thi diem M bat ki trén canh ddy BC. Néu b # ¢ thi M trung véi dinh déi dien véi
canh 16n nhat trong hai canh AB va AC. U

BAI 31. Cho hinh thang ABCD. Tim diém M niam trong hodc trén canh ctia hinh thang sao cho
tong khoang cach tit M dén cac canh ctia hinh thang c6 gia tri nhé nhat.
# LOI GIAL

"

SN

N

B C

Dt khoang cach tit M dén AD; DC; CB; AB lan luct 1a vy, 2, t.

Vi y + z khong doi suy ra khoang cach tit M dén céac canh ciia hinh thang nhé nhéat khi y + z nhé

nhat.

Goi O la giao diém ctia hai canh bén AB va C'D. Khi d6 bai toan quay trd vé tim vi tri ctia diém M

nam rén canh AD sao cho t + y nho nhat.

Khi d6 c6 hai kha nang.

Néu ABCD la hinh thang can thi M la diém bat ki ndm trén day nho.

Néu ABCD khong 1a hinh thang can thi M trung vé6i dinh cau goc 16n hon trong hai géc ké day nho.
O

BAI 32. Cho tam giac ABC. Qua A dung dudng thing d sao cho téng khoang cach tit B va C' dén d
12 nhé nhat.

# LOI GIAL

Truong hop 1: Néu d cit BC'. Khi d6 duong thang d phai dyng 1 dudng
thang chita canh 16n nhat trong hai canh AB va AC.
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Truong hgp 2: Néu d khong cat BC. E
Ta lay E doi xiing v6i B qua A, khi d6 duong thing d cit doan CE.

Trong ca hai truong hop, duong thang d phai dung chia canh 16n nhét trong

hai canh AC, AB. A

B C
[
BAI 33. Cho hinh vuong ABCD va diém K nim bén trong khong tring véi tam hinh vuong. Dung
qua K mot dudng thing sao cho n6 cit hinh vuong thanh hai phan c6 hiéu cac dien tich 16n nhat.
# LOI GIAL
Khong mat tinh téng quat ta gid st K nim trong tam gidac AOB. Qua K D ¢

dung duong théng song song véi AB cit BC tai P, Goi @ la diém déi xiing
cia B qua P, KQ cat AB tai T khi d6 ta ching minh duge dién tich tam O
giac BQT nhd nhat.

Vay dudng thing T'Q chia hinh vuong thanh hai phan cé hiéu dien tich l6n i
nhat.
A T B
O

BAI 34. Cho tam gidc ABC can tai A. Cac diém M, N theo thi tu chuyén dong trén cach canh
AB,CA sao cho AM = CN. Xac dinh vi tri M, N dé

@ N co gia tri nhé nhat.

@® Dien tich tam giac AMN c6 gié tri 16n nhat.
# LOI GIAL

s
B M’ N C

BC .. .. BC
a) Ve MM’ va NN’ vuodng goc véi BC. Ta ¢c6 MN > M'N' = - Do d6 M N nhé nhat bang -

khhi va chi khi MN | M'N’ < M, N la trung diém ctia AB, AC.

b) Goi I la trung diém ctia MN. Qua I ké dudng thang song song v6i BC, cat AB, AC. Ta luon c6
Samn < Sapg (tuong tu vi du 59) nén Sapn < ZSABC. Dau bang xay ra khi M N 1a duong trung
binh ctia PQ).

O

BAI 35. Cho tam gidc ABC vuong can tai A. Diém M thudc canh BC, goi E va F theo thit tu la
hinh chiéu ctia M trén AB va AC. Chitng minh ring khi M chuyén dong trén canh BC' thi:
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@ Chu vi tid gidc M EAF khong doi.
@ Duong thiang di qua M va vuong géc véi EF luon ludn di qua mot diem K cb dinh.
@® Tam giac KEF c6 dien tich nhé nhéat khi M la trung diém ctia BC.

# LOT GIAL

/4,
-z
-
_-" . 7
/” // 4
_ - - ’
Phg -7 ’
- -7 /
- -
_- . ’
E = - -G
P 7
- ’
-
- ’
- ’
7
il ’
1 ’
’
’
’
’
’
’
’
’
’
’

a) Vi AABC vudng can suy ra ABC = 45° = AEBM vuong can = EB = EM.
Ching minh tuong tu ta duge AEFC vudng can suy ra M F = FC.
Chu vi hinh chit nhat M EAF bang 2(AE + AF) = 2AB.

b) Goi K la giao diém ctia HM va dudng thing vuong goc véi AC tai C suy ra CK = CA suy ra K
la diém c6 dinh théa méan dé bai.
That vay, kéo dai tia EM cét CK tai G, ta ching minh duge CG = FA (do tit giac FGC' A 1a hinh
chit nhat). Tam gidc KGM bang tam giac EMF suy ra KG = EM = EB. Vay Ck = EA+ EB =
AB = AC.

¢) Ta ¢6 Skpym = Spem, Skur = Scmr = Skxer = Sperc. Do d6 Skgpr nhé nhat khi va chi khi
Skpr 16n nhat khi AE.AF 16n nhat < AB = AF (chi y AE + AF khong ddi). Khi d6 M la trung
diém ctia BC.

O

BAI 36. Cho tam giac ABC' c6 dién tich S. Cac diém D, E, F theo thit tu thuoc cac canh AB, BC,C A
AD BE CF

sao cho 1B BC o1 k. V6i gia tri nao ctia k thi dién tich tam gidac DEF c6 gia tri nhé
nhat.

# LOI GIAL

Dung Sgpc lam trung gian, ta ¢6 Sgpr = k- Sepc, Sppc = A

(1 —k)S nén

Sppp = k(k —1)8. D

Tu’dng tu déi véi SADF7 SCEF~

bat S1 = Saapr; S2 = Sappr; S5 = Sacer.

suy ra Sy + Sy + S3 = 3k(1 — k)S. B E C
Ta thay Sppr nho nhat khi va chi khi Sy + Sy + Ss 16n nhéat khi k(1 — k). Do k va 1 — k ¢6 tong
) . 1
khong doi nén tich k(1 — k) 16n nhat khi va chi khi k=1 —Fk, tic la k = 3" O
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BAI 37. Cho tam giac ABC ¢6 BC = a, AC =b, AB = ¢. Tim diém M nim trong tam gidc sao cho
4 + 9 + £ gia tri nhé nhat, trong dé x,y, x theo thit tu 1 khoang cach tit diém M dén céc canh
BC,AC, AB.
# LOI GIAL

B a C
Ta nghi dén biéu thitc ax + by + cz c6 gia tri khong doi bang 25. Ta chitng minh bat déng thic
a b ¢
(ax + by + cz) (—+—+—) > (a+b+c)
r oy oz

b +h+e)® o e L
suy ra 4 + -+ ¢ > %. Dau bang xay ra khi va chi khi x = y = z, tiic 1a M la giao diem
x Yy oz
cac duong phan giac cia tam giac.

O

BAI 38. Cho tam giac ABC ¢6 cac goc nhé hon 120°. Tim diém M nim bén trong tam giac sao cho
tong M A+ MB + MC c6 gia tri nhé nhat.
# LOT GIAL

O phia ngoai tam gide ABC vé céc tam gide ddu ACC’ va ABB;. Vé céc tam gide dédu AMM’ va
AMM;. Ta co AAM'C' = AAMC (c-g-¢). Khido MA= MM', MC = M'C' = BM+MA+MC =
BM + MM' + M'C" > BC. Vi thé M thudc doan BC'.

Lap luan tuong tu nhu trén, M phai thuoc doan thang C'B;. Nhu vay M la giao diém ctia hai doan
thang BC” va CB,. Chd ¥ ring

BAC + CAC" < 120° + 60° = 180°,

BCA+ ACC" < 120° + 60° = 180°

™= Suu tam & bién soan Trang 473/477 E1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 8 Nam hoc 2019-2020

néen doan thing BC’ cit canh AC tai mot diém nam gita A va C. Tuong tu, doan thing CB; cit
canh AB tai mot diéem nam giita A va B. Do d6 ton tai giao diém M ctia doan thang BC’, CB; va
diém M ndm bén trong tam giac ABC. O

BAI 39. Cho hinh vuong ABCD canh a, diéem E thuoc canh BC, diém F thuoc canh AD sao cho
CE = AF. Céc duong théng AFE, BF cit duong thang C'D theo tht tu & M va N.

@ Ching minh CM - DN = a2

@ Coi K 1a giao diém ciia NA vi MB. Chimg minh MK N = 90°.

@ Cac diém F va F c6 vi tri nhu thé nao thi M N c6 do dai nhé nhat?
# LOT GIAL

Wl []
N D C M

CM CE AF _ BA P
L= BE = 5p = py = CMDN = AB =,

CM TAB ~CM " AD
AB " DN"™C¢B DN -
Do d6 ACMB va ADAN dong dang (c.g.c) nen CMB = DAN. Suy ra CMB + DNA = 90°.

Vay MEN = 90°.
¢) MN nhd nhat khi va chi khi CM + DN nho nhat. Cac do dai Cm, DN c6 tich khong ddi (cau a))
nén tong ctia chiing nhé nhat khi va chi khi CM = DN.

a) Vi AB|| MN =

b) Theo cau a) ta co

O

BAI 40. Cho tam giac ABC. Qua mot diém bat ki thuoc canh BC, vé cac dudng thing song song
v6i hai canh kia tao v6i hai canh &y mot hinh binh hanh. Tim vi trf ctia diém M dé hinh binh hanh

c6 dién tich 16n nhat.

# LGOI GIAL
Ki hiéu nhu hinh trén. Dat Sape = S, Sppmw = S1, Seme = A
Se, Sapme = S3. bat BM = x, MC =y, BC = a, ta c6
T4y =a. D
S S+ S
D053=S—(51+Sg)nén§3:1— 1+ Z.CéctamgiécDBM, E

EMC, ABC dong dang nén

Si_a? Sy B X M Y C
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Do d6
Ss_ 24y - @P+y))  (@ty) - (@ +y’)  2my
S a? a? a? a?
Ss 16n nhat khi oy 16n nhat. Cac sé ry c6 tong bing a khong doi nén tich ciia chiing 16n nhét khi
va chi chi # = y. Khi d6 M la trung diém ctia canh BC, va dién tich hinh binh hanh ADME bang

nita dién tich cua tam giac ABC. OJ

BAI 41. Cho tam gidc ABC. Qua diém O nim bén trong tam giac, vé cic dudng thing song song
véi cac canh ctia tam giac, chia tam giac thanh ba hinh binh hanh va ba tam giac nho.
@ Biét dien tich tam giac ABC bing 81 cm?, hai trong ba tam gidc nhd cé dién tich bing 4 cm?
va 16 cm?. Tinh dién tich tam gidc con lai.
@® Ching minh ring tong dién tich ctia ba tam gidc nhé nhé 16n hon hodc bang % dién tich tam
giac ABBC. Diém O & vi trf nao thi xay ra dau bang?
# LOI GIAL

a) Dat BC = a; dit x = DO,y = OE,z = KG; S1 = Sapor; S2 = Sporg; S5 = Sroka, S 1a dién
tich clia tam giac ABC'. Cac tam giac nho dong dang véi tam giac ABC nén:
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b) Ta co

Sy + S+ S5 a? 4 y? + 22
S - a? ' (1)

Viz+y+z=asuyraz?+y?+ 2%+ 2(zy +yz + 22) = a®.
Mat khac 22 + y? + 22 > 2y + yz + 22 nén

(2* +y* +2°) > a® (2)

1 PR , ,
T (1) va (2) suy ra S; + Sy + S3 > §SABC. Dau bang xay ra khi va chi khi OD = OF,OF =
OG, OI = OK < 0O la trong tam cua tam giac ABC.
0
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BAI 42.
@ Cho hinh thang ABCD va mot diem N thudc canh diy AD. Chitng minh ring néu diém M
MB NA . .
thudc canh day BC' sao cho UC - ND thi phan chung ctia hai tam giac AM D, BNC' ¢6 dién

tich 16n nhat.
@® Cho hinh thang ABCD. Dung cac diém M, N theo thit tu thudc canh day BC, AD sao cho
phan chung ctia hai tam giac AM D, BNC' c6 dién tich 16n nhat.
# LOI GIAL
B M M C

A N D

@O Goi E lagiao diém ctia AM va BN, F la giao diém ctia DM va ON. Trude hét ta thay EF || AD.

That vay
ME BM _MC MF
EA AN ND FD
Goi M’ 14 diém bat ki khac M thuoc day BC, gid st M’ nam gitta B va M. Goi I 1 giao diém
ctia AM' va BN, goi K 1a giao diém ctia DM’ va CN. V6i diéu gia sit trén, I nam giita B va E,

- EF || AD.

K nam gitta N va F. Ta sé chiing minh rang Syenr > Surink. Mudn vay chi can chiing minh
SMOKF > SM’OE[ (O 1a giao diém cua AM va DM/).
Goi giao diém ctia EF v6i M'A va M'D 1a G va H. Ta sé chitng minh GE = HF. That vay, do

EF || BC || AD nén
GE AE DF HF

MM~ AM ~ DM~ M'M
Do dé SAGE = SDHF suy ra SMM’GE = SMM’HF (Vi SAMM' = SDMM’) = SM’OEG = SMOHF'

= GE = HF.

Ta co SMOKF > SMOHF = SM’OEG > SM’OE]- Suy ra diéu phél Chﬁ’ng minh.
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) . BM AN
Co dinh diem N thudc canh day AD, ta dung M thudc canh day BC sao cho — = —

, BC ~ AD
Theo cau a) thi dién tich tit giac M ENF' 16n nhat.

Ung véi diém N’ bat ki thudc canh day AD, dung diém M’ thudc canh day BC sao cho
BM' AN’ , .

BC — AD’ ta dugc ti giac M'E'N'F’ ¢6 dién tich 16n nhat. Ta sé chiing minh rang Sy pnr =
Sy v Theo cau a) ta cd EF || AD, E'F' || AD. Bay gio ta sé chiing minh E', E, F’, F' thang

hang. That vay,

BE' BM' BM _BE

BN~ AN~ AN gy~ PEIAD.
Vay E,E', F, F’ thang hang.
Ta lai c6 . .

EF _ME _ME_EF . .,

AD ~ M'A MA  AD
Do d6 Syyprp = Sver VA Syigp = Svepr = Swe N = Syene Nhu vay cac diém M, N phai
dung 1a cac diém chia trong BC va AD theo ciing mot ti s6. Bai todn c6 vo s6 nghiém hinh.
Dé dung duge cac diem M, N néi trén, ta cht y rang néu AB || CD & P thi P, M, N thang
hang, con néu AB | CD thi MN || AB || CD.
O
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