CONG THUC NGHIEM CUA PHUONG TRINH BAC HAI

A. Kién thirc can nhd
1. Phuong trinh bac hai mot an
- Phuong trinh bac hai mét an (hay con goi 1a phuong trinh bac hai) 1a phuong trinh c6 dang:
ax’ +bx+c¢=0(a=0), trong d6 a,b,c 1a cac s6 thuc cho trude va x 1a an sd.
- Giai phuong trinh bac hai mot an 13 di tim tdp nghiém cta phuong trinh bac hai mét an do.
2. Cong thurc nghiém cua phuong trinh bac hai
Xét phuong trinh bac hai ax® +bx+c=0(a #0) va biét thirc A=5"-4ac.
- Truong hop 1: Néu A<0 thi phwong trinh v6 nghiém.
- Trueong hop 2: Néu A =0 thi phuong trinh c6 nghiém kép

-b

X =X, =—
1 2 .
2a

- Trwong hop 3: Néu A>0 thi phuong trinh ¢6 hai nghiém phan biét

_b+JA
x1,2 = .

2a

3. Cong thirc nghiém thu gon cua phuong trinh bac hai

Xét phuong trinh bac hai ax® +bx+c¢=0(a#0) v6i b=2b". Goi biét thitc A'=5"-ac.

- Truong hop 1: Néu A'<0 thi phuong trinh v nghiém.

- Trwong hop 2: Néu A'=0 thi phuong trinh c¢6 nghiém kép: x, =x, = =
a

—b't A’

- Trwong hop 3: Néu A'>0 thi phuong trinh ¢6 hai nghiém phén biét: X, =
a

*) Chu y: Trong trudng hop hé sb b c¢6 dang 2b' ta nén st dung A' dé giai phuong trinh s&
cho 101 giai ngan gon hon.
-Néu a,c trai dau thi phuong trinh ludn c¢6 hai nghiém phén biét.

B. Bai tip va cac dang toan

Dang 1: Khong dung cong thirc nghiém, giai phuong trinh bac hai mot 4n cho trudc

Cach giai: Ta c6 thé sir dung mdt trong cac cach sau

Cdch 1: Pua phuong trinh da cho vé dang tich
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Cdch 2: Pua phuong trinh da cho vé phuong trinh ma vé trai 1a mot binh phuong con vé phai

1a mot hang so.

Bai 1: Giai cac phuong trinh sau
a) 5x*-7x=0 b) -3x*+9=0
C) x’—6x+5=0 d) 3x* +12x+1=0

Loi giai
a) Ta co: 5x° —7x=0<:>x(5x—7)=0<:>xe{0;%}
b) Ta ¢6: —3x" +9=03x" -9=03(x" -3) =0 x e {+/3}

c) Taco: x*—6x+5=0<(x-1)(x-5)=0< xe{l;5}

—6+/33

d) Ta cé: 3x* +12x+1=0=3(x+2) =1l x = 5

Bai 2: Giai cac phuong trinh sau

a) —\3x*=7x=0 b) BeTog
5 2
c) x’-x-9=0 d) 3x* +6x+5=0
Loi giai

a) Ta co: —ﬁx2—7x=0<:>—x(\/§x+7)=0<:>xe{0;2\/§}

b) Ta co: _?3x2—220<:>—6x2—35:0<:>x2:_?35<:>xe@

11@}

c¢) Ta co: xz—x—9:0<:>xe{ 5

d) Ta co: 3x2+6x+5=0<:>3(x2+2x+§j=0<:>3(x+1)2+2=O (vo ly).

Vay phuong trinh v6 nghi¢m.

Bai 3: Giai cac phuong trinh sau

a) x*+2/2x=0 b) (m2+2)x2—5:0 VOl meR




2
c) (Zx—%j -0,25=0 d) x*-3x+2=0

Loi giai
x=0
a) Ta co x2+2x/§x:0<:>x(x+2x/§)=0©
x=242

Vay tap nghi¢ém cua phuong trinh 1a S = {0; 2\2 }

b)Tacé(m2+2)x2—5=0<:>x2= 25 <:>x=J_r/ 25 (Vi m*+2>0)
m-+2 m-+2

Vay tap nghi¢m cua phuong trinh 1a § = {\/ > \/ > }

m*+2" \m*+2

1Y 1Y 1|1 |27 x=t
¢)Tacd [2x——| —0,25=0e|2x—= | =025 2x—|=—-| 2 2 o|"72
2 2 2 2 1o
2Xx——=— x=0
2 2
Vay tap nghi¢m ctia phuong trinh 1a S = {%;O}
d) Ta c6 x2—3x+2=0<:>x2—x—2x+2=0<:>(x—l)(x—2)=0<:>{xzz
X =

Vay tap nghiém cta phuong trinh 1a §={1;2}.

Bai 4:

Véi gia tri nao cua tham sd m thi phuong trinh 4x> + m’x+4m =0 c6 nghiém x=1

Loi giai
Thay x =1 vao phuong trinh ta c6: 4.1’ +m’.1+4m=0< m=-2.

Vay m=-2

Bai 5:
Cho phuong trinh 4mx*> —x—10m> =0. Tim cac gia tri cia tham s6 m dé phuong trinh c6

nghiém x=2

Loi gidi

Thay x=2 vao phuong trinh ta dugc: 4m.2* -2-10m* =0 < —10m* +16m—-2=0<>m=

4+11
P
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Bai 6

Cho phuong trinh x*>—(2m+1)x+m’>-2m+3=0 (1). Giai phuong trinh (1) biét phuong trinh (1)

c6 mdt nghiém x=2

Loi giai
Vi phuong trinh ¢6 nghiém x = 2 nén ta ¢6:2° —-2m+1).2+m"* -2m+3=0
<:>4—4m—2+m2—2m+3=0<:>m2—6m+5=0<:>me{m:1;m:5}
) m=1=x>-3x+2=0<xe{l;2}

) m=5=x"-11x+18=0 < x {9;2}

——
N
| —




Dang 2: Giai phuong trinh bac hai bang cach sir dung cong thirc nghiém, cong thirc nghiém

thu gon

Cach gidi: St dung cong thirc nghi¢m, cong thirc nghiém thu gon cua phuong trinh béac hai

dé giai.

Bai 1:

Xac dinh hé s6 a,b,c; Tinh biét thic A (hodc A' néu b=2b") roi tim nghiém cta cic phuong

trinh sau
a) 2x*-3x-5=0 b) x*—6x+8=0
C) 9x*—12x+4=0 d) 3x*+4x-4=0

Loi gidi

a) Ta c6: a=2;p=-3;c=-5 va A=49>0= phuong trinh c¢6 hai nghi€ém phan biét:

SEN/N 5
Xy = =S>xeq—L—
2a 2

b) Tacod: a=1b=—6,b'=-3;c=8A'=1>0= xe{2;4}

c) Taco: a=9;p=-12;c =4;A =0= phuong trinh c6 nghiém kép: x, =x, =§

d) Ta co: a=-3;b=4;c=-4;A=-32<0= phuong trinh v6 nghié¢m.

Bai 2:

Xéc dinh hé sd a,b,c; Tinh biét thic A (hodc A' néu b=2b") rdi tim nghiém ctia cac phuong

trinh sau
a) x’—x-11=0 b) x*—4x+4=0
C) —-5x" —4x+1=0 d) 2x*+x-3=0

Loi giai

1+£3+/5
2

a) Ta co: a=1;b=—l;c=—11;A=45>0:>xe{

b) Taco: a=lh=—4;c=4A=0=>x=2

c) Taco: a =—5;b=—4;c=1;A=36>O:>xe{—l;§}




d) Ta cod: a=-2;b=1;c=-3;A=-23<0= phuong trinh v6 nghiém.

Bai 3:
Giai cac phuong trinh sau
a) ¥ +/5x-1=0 b) 2x* —=242x+1=0
¢) \Bx* ~(1-3)x-1=0 d) -3x* +4/6x+4=0
Loi giai

a) Ta co: azl;b:x/g;c:—l;A:9>O:>x/K:3:>xe{

—5+43
2

b) Ta cé: a=2;b=—2\/§;c:I;A:0:>x:%

c¢) Ta co: a=\/§;b=—(1—\/§);c=—l;A=4+6\/§>O:xe{—l;?}

d) Ta co: a=—3;b=4JE;c=4;A=144>0:>xe{

6+2\£,—6+2\%}
3 2

3
Bai 4:
Gidi cac phuong trinh sau
a) 2x° +2411x-7=0 b) 152x* —5x+1=0
c) xz—(2+\/§)x+2\/§=0 d) 3x*=2Bx+1=0
Loi gidi

a) Taco: a=2;6=211;c=-7;A=100>0= x e

145
2

b) Tacod: a=152;b=-5;c=1;A=-583<0=>xe

c) Ta tinh dugc: xe {2;\/5}

3

d) Ta tinh dugc: x= Y
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Bai 5:
Giai cac phuong trinh sau

a) ¥’ +25x+4=0 b) V2x*—3x+5=0

Loi giai
a) Taco A'=(\5) ~4=1=VA'=1

Vay phuong trinh ¢6 hai nghiém x, = # Va x, =— 5+1

b) Tacd A=3*-452=9-202<0

Vay phuong trinh da cho v6 nghi¢m.

Bai 6:
Cho phuong trinh 3x* —(5-m)x+2-m=0 v6i meR la tham sO
a) Xac dinh cac hé sd a,b,c cta phuong trinh

b) Giai phuong trinh trong cac truong hop m=2;m=5;m=1

Loi giai
a)Tacd a=3,b=—(5-m),c=2-m

b) V6i m=5 ta c6 phuong trinh 3x* -3=0< x* =1 x=+1

V61 m=2 ta cd phuong trinh 3x2—3x=0<:>3x(x—1)=0<:>[ -

X =
x=t
V6i m=1 ta c6 phuong trinh 3x* —4x=1=0<3x’ -3x-x+1=0= (3x-1)(x-1)=0<=|" 3
1
*) Nhan xét: Trong ca 3 trudng hop phuong trinh déu c¢6 nghiém x=1

1
Ta c6 thé bién d6i phuong trinh ban dau twong duong véi (x-1)(3x-2+m)=0< 2—m-
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Dang 3: Sir dung cong thirc nghiém, xac dinh sd nghiém cua phuong trinh dang bac hai

Cach giai: Xét phuong trinh bac hai: ax* +bx+c=0

a#0

1. Phuong trinh ¢6 nghiém kép < {A 0o

a#0

2. Phuong trinh c¢6 hai nghiém phan biét < {A -0

a=0;b%0
3. Phuong trinh ¢6 ding mét nghiém < {a #0
A=0

a=0;b=0;c#0

4. Phuong trinh v6 nghiém < {
a#0;A<0

Chii y: Néu b=2b" ta co thé thay thé diéu kién clia A twong Umg bang A"

Bai 1:
Cho phuong trinh 4x +4mx+m+6=0(1). Tim m dé phuong trinh (1) c6 nghiém kép

Loi giai
Ta co: A'=4m* —4m—24
m=-2

m=

Phuong trinh (1) c6 nghiém kép < A'=0< 4m* —4m-24=0m’ —m—6=0<:>[

Vély me {—2;3} .

Bai 2:
Cho phuong trinh mx* +(2m—5)x+m-2=0 (1) v6i meR la tham s6. Khi nao
a) Phuong trinh (1) c6 nghi¢m
b) Phuong trinh (1) c¢6 hai nghiém phan biét

Loi giai

Xét 2 tuong hop

TH1: V&1 m =0 phuong trinh tré thanh -5x-2=0< x= —%

TH2: V6i m=0 phuong trinh mx®+(2m—5)x+m-2=0 1la mot phuong trinh bac hai va cé

A=(2m—-5) —4m(m—2)=~12m+25
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+Néu A=-12m+25>0 < m< f—j thi phuong trinh c6 hai nghiém phéan biét

+Néu A=-12m+25=0< m= % thi phuong trinh ¢6 nghiém kép x, =x,

Vay:

a) Phuong trinh (1) c6 nghiém khi va chi khi m < %

b) Phuong trinh (1) c6 hai nghiém phan biét khi va chi khi m#0 va m< f—;

Bai 3:
Cho phuong trinh (2m—3)x* —2(m-2)x-1=0 v&i m 1a tham so. Khi ndo
a) Giai phuong trinh v&1 m =2
b) Ching minh rang véi moi meR, phuong trinh ludn c6 nghiém. Véi gia tri ndo cia m thi

phuong trinh c6 hai nghiém phan biét.

Loi giai
a) V&i m=2, phuong trinh da cho tr¢ thanh x°* -1=0< x=+I1

b) Xét hai truong hop

TH1: V6i m =% phuong trinh da cho tr¢ thanh x-1=0< x=1
TH2: Véi m ¢% phuong trinh (2m—-3)x*-2(m—-2)x-1=0 1a mot phuong trinh bac hai va co6

A'=(m-2) +(2m-3)=(m-1) 20,YmeR
Suy ra phuong trinh luén c6 nghiém véi moi me R

Phuong trinh ¢6 hai nghiém phan biét khi va chi khi "7 = 2
A=(m-1)>0 |m#l
Cach khéac: (2m-3)x* -2(m—-2)x-1=0< (2m-3)x* —(2m—-3)x+x-1=0

x=1

e (x-1)[(2m-3)x+1]=0< dm—3)as1

Suy ra phuong trinh luén c6 nghiém x=1 véi moi meR.
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Phuong trinh c¢6 hai nghiém phan biét khi va chi khi phuong trinh (2m-3)x+1=0 c¢6 nghiém

2m—-3#0 m;ti
khac 1l < 1 1<:> 2
+

Bai 4:

Cho phuong trinh mx* -2(m-1)x+m-3=0 (m la tham s6). Tim cac gia tri cia m dé phuong

trinh

a) C6 hai nghiém phan biét b) C6 nghiém kép

c¢) Vo nghiém d) C6 dung mot nghi¢m
e) Co nghiém

Loi gidi

Ta co: A:(m—l)z—m(m—3):m+1

a) Phuong tinh c6 hai nghiém phéan bi¢t < {m #0 {m 0
A>0 m>—1
b) Xét m # 0. Phuong trinh c6 nghiém kép khi {Z”i% e m=-1
¢) Ta tim dugc m< -1
d) Ta tim dugc m=0;m=-1
e) Ta tim dugc m>-1
Bai 5:

Cho phuong trinh (m—-2)x*~2(m+1)x+m=0 (m la tham s6). Tim céc gia tri cia m d¢ phuong

trinh

a) Co6 hai nghi¢ém phan biét b) C6 nghiém kép

¢) VO nghiém d) C6 dung mot nghiém
e) Co nghiém

Loi giai

Ta co: A'=(m+1)2—m(m—2):4m+l

——
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m#0

= -1
'>0 m>—
4

a) Phuong tinh c6 hai nghiém phéan bi¢t < {Z *2
b) Tim dugc m = _71 ¢) Ta tim duoc m < _71

d) Ta tim dugc m=2;m :_71 e) Ta tim duoc m > _71

Bai 6:
Chtmg minh rang it nhit mot trong hai phuong trinh sau vo nghiém x*+2x—2m+7=0;

X +6x+m*+6=0

Loi giai
Dat x* +2x-2m+7=0 la phuong trinh (1)
x*+6x+m’+6=0 la phuong trinh (2)
Tacd A, =1+2m=7=2m—6 Va A, =3 —(m’ +6)=3-m’
Suyra A, +A, =2m—6+3—m’ =—(m’* —2m+1)-2=—(m-1) =2<0 v6i moi meR

Vay mot trong hai A’ va A, c6 it nhat mot sé nho hon 0 (dpcm).

Bai 7:
V1 gid tri nao cua m, hai phuong trinh sau c6 nghiém chung

(1)2)62 —(3m+2)x+12:0 va (2) 4x* —(9m—2)x+36:0

Loi giai

Goi x, 1a mdt nghiém chung cua hai phuong trinh, ta c6

2x>—(3m+2)x, +12=0
{ X ~(3m+2)x, =4x; —(9m—2)x, +36 -2 2x; —(3m +2)x, +12]=0

4x; —(9m—2)x,+36=0
= (-3m+6)x,+12=0 (*)

+Néu —3m+6=0< m=2 thi phuong trinh (*) v nghiém

-12 4

+Néu —3m+6#0< m=2 thi phuong trinh (*) c6 1 nghiém x, = =
-3m+6 m-2

Thay vao phuong trinh (1) ta co

——
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2
2( 4 j_(3m+2)4+12:o@16—2(3m+2)(m—2)+6(m—2)2=0
m—2 m—2

<:>16—2(3m2 —4m—4)+6(m2 —4m+4)=0<:>—16m+48=0<:>m=3

Vay v6i m =3 hai phuong trinh da cho c6 mgt nghiém chung x, =4.

Bai 8:
Cho phuong trinh x> +(m—5)x-3(m—-2)=0 véi meR 1a tham s6
a) Chung minh rang phuong trinh trén luén c6 nghiém x =3 vi moi meR
b) Tim m dé phuong trinh c6 nghiém kép

¢) Tim m dé phuong trinh ¢ hai nghiém phan biét x,,x, thoa méin x, = 3x,

Loi giai
a) Tacod x> +(m-5)x-3(m-2)=0< x> -3x+(m-2)x-3(m-2)=0

<:>x(x—3)+(m—2)(x—3):0<:>(x—3)(x+m—2):0<:>{

x=2-m

Vay phuong trinh trén luén c6 nghi€ém x=3 véi moi me R

b) Phuong trinh c6 nghiém kép khi va chi khi hai nghiém ctia phuong trinh trung nhau
Theo caua)suyra 2-m=3=>m=-1

Ta cling ¢6 thé xét A=(m—5)" +43(m=2)=m* +2m+1=(m+1)’

Phuong trinh c6 nghiém kép < A=0< (m+1)’ =0 m=-1

c¢) Xét 2 truong hop

THI1: x,=3 va x,=2-m

Khi d6 x, =3x, 23=3(2-m)=>2-m=1<m=1

TH2: x, =2-m va x, =3

P 1
Khi do x1:3x2:>2—m:3m:>4m:2<:>m:§.

Bai 9:
Cho Parabol (P): y =4x* va duong thang d: y=2mx—1 voi meR 1a tham sd. Tim m dé:

a) Duong thang d cit parabol (P) tai hai diém phan biét

12
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b) Duong thang d 14 tiép tuyén ctia parabol (P)

Loi giai
Phuong trinh hoanh d9 giao diém ctia (P) va d 1a 4x* =2mx+1 & 4x* —2mx—1=0 (1)
a) Duong thang d cit (P) tai 2 diém phan biét khi va chi khi phuong trinh (1) ¢6 hai nghi¢m

A  n >2
han bigt <> A'>0@ m’> 450 m* >4 |m>2e| "
P m< =2

Vay dudng thang 4 cit (P) tai 2 diém phan bi¢t khi m >2 hogc m<-2.
b) Puong thang 4 1a mot tiép tuyén cia (P) khi va chi khi phuong trinh (1) c6 nghiém kép
SA=m’-4=0>m=%2

Khi d6 ta c6 duong thang y=4m—1va y=—4m—1 1a cac tip tuyén ctia Parabol (P).

Bai 10:

Cho phuong trinh: mx* - 2m+1)x+m+1=0
a. Giai phuong trinh v&i m = ‘?3

b. Ching minh rang phuong trinh luén c6 nghiém véi Vm e R

c. Tim m dé phuong trinh (1) ¢6 1 nghiém 16n hon 2

Loi giai
b)
) m=0=>x=1
+) m#z0=A=1>0= (1) luén c6 nghi€ém Vme R

¢) V61 m = 0 thi phuong trinh (1) ¢6 1 nghiém x =1 <2

V&i m=0=> pe(l) ludn c6 2 nghiém phan bist: x =71,y :i_’”: 1<2
m m
m=#0
Vay phuong trinh (1) c6 nghiém l6n hon 2 <<, +1 23
w20
( 1
L B )



m+1 2m

Qoo
m m

Vay0<m<1.

0

1-m

>0

[(1=m>0
m>0

1-m<0
m<0

——

m<1
=S 0<m<l
m>0

{m >1
(voly)

m<0
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Dang 4: Giai va bién luan phuong trinh dang bac hai

Cich giai: Giai va bién luan phuong trinh dang béc hai theo tham s6 m 1a tim tip nghiém cua
phuong trinh tity theo su thay doi ctia m.

*) Xét phuong trinh bac hai dang: ax® +bx+c=0 V61 A=b">-4ac (hodc A'=b"-ac).

-Néu a=0, ta dua vé bién luan phuong trinh bac nhat

- Néu a#0, ta bién luan phuong trinh bac hai theo A.

Bai 1:

Giai va bién luan phuong trinh (m-2)x*> -2m-Dx+m+2=0

Loi gidi
+) m:2<—>x:i
3
) m#2,A=-4m+17
17 .
- m>T—>A<O—)(l).vo.nghlem
1 2m—1
- m:—7—)A:0—>(1).0.nghiem.kep:x1 =X, = m zé
4 2(m-2) 3

2m—1+-4m+17

2(m—2)

- m< 1?7 —> A >0 — (1).co.hai,nghiem.phan.biet : x, , =
Vay m = 2 phuong trinhf c6 nghiém x :§

17 . .
m> e — phuong trinh.vo.nghiem

m= 1?7 = phuong trinh c¢6 nghiém kép x =§

m#2
17 = phuong trinh c6 hai nghiém phan biét.

Bai 2:
Cho phuong trinh mx*~2mx+m+1 (m 1a tham s)
a. Giai phuong trinh khim = - 2

b. Giai va bién luan phuong trinh them m

——

15

'




Loi giai

+
a. m=—2:>x=2_\/§

b. Ta xét hai truong hop sau:

- THI: m=0=1=0(vo.nghiem) -TH2: m#0=>A'=-m=#0
+) m<0:>A'>O:xL2:@ +) m>0= A'<0= vo.nghiem
Két luan: - m >0 = phuong trinh v nghiém

- m<0:>x1’2=@

Bai 3:
Giai va bién luan cac phuong trinh sau (m 1 tham sd)

a) x’+(1-m)x-m=0 b) (m-3)x* —2mx+m—-6=0

Loi giai
a) Taco: A=m*+2m+1=(m+1)" 20,Ym=JA =|m+1]

+) A=0< m=-1: Phuong trinh da cho c6 nghi¢m kép: x, =x, = mT_l

+) A>0< m=#—1: Phuong trinh da cho c6 hai nghiém pahan biét: x, =m;x, =-1

b) V&1 m =3 = Phuong trinh c¢6 dang: —6x—3=0<:>x=7

Vi m#3=A"'=9m—-18

+) A'<0< 9Im-18<0 < m<2: Phuong trinh vo nghiém

+) A'=0< 9m—18=0< m=2: Phuong trinh c6 nghiém kép: x, =x, :%
m—
#3 \ L ‘A N +9m—
+) A'>0<:>{m : Phuong trinh ¢6 hai nghiém phéan biét: x,, _mENIm-18
m>?2 : m—3
Bai 4:
Giai va bién luan cac phuong trinh sau (m 1 tham sd)
a) mx’ +(2m—-1)x+m+2=0 b) (m-2)x*-2(m+1)x+m=0

Loi giai

( 1
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a) VoI m=0=>x=2

Vi m#0=>A=-12m+1

+) A<0m> %: Phuong trinh v6 nghiém

+) A:0c>m:£: Phuong trinh c6 nghiém kép: x, = x, :lgﬂ
m
m=#0
. Ly A A —2mE1-
) A>0 1 : Phuong trinh c6 hai nghiém phén biét: x,, _1z2m 5 1= 12m
m<— m
12
r.* 1
b) Voi m:2<:>x:§
Véi m#2=A'=4m+1
+) A'<O<:>m<_71 Phuong trinh vd nghiém
1 b) 4 A r . m+1
+) A':Ocmzz: Phuong trinh ¢6 nghi¢ém kép: x, =x, =
m_
m#0
. s A A pin ++/
) A'>0 _1: Phuong trinh c6 hai nghiém phan biét: x, , = mtl imﬂ
m>— ’ m—

17
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Dang 5: Dang toan lién quan dén tinh c6 nghiém cua phuong trinh bac hai, nghiém chung cta

phuong trinh bac hai

Cach giai:

1. Phuong trinh bac hai ax® +bx+c=0(a#0) c6 nghiém < A>0 (hodc A'>0).

2. Mubn tim diéu kién cta tham sd dé hai phuong trinh dang bic hai ax’+bx+c=0 va
a'x’+b'x+c'=0 c6 nghi¢m chung ta [am nhu sau:

Buoce 1: Goi x, 1a nghiém chung cia hai phuong trinh. Thay x, vao 2 phuong trinh dé tim
dugc diéu kién cua tham sb.

Buée 2: Véi gia tri ctia tham sb vira tim dugc, thay trd lai dé kiém tra xem 2 phuong trinh ¢
nghiém chung hay khong va két luan.

3. Muén tim diéu kién cta tham sb dé hai phuong trinh dang bic hai ax’+bx+c=0 va
a'x’+b'x+c'=0 tuong duong, ta xét hai truong hop:

- Truong hop 1: Hai phuong trinh cung vo nghiém

- Truwong hop 2: Hai phuong trinh cung c¢6 nghiém. Khi do:

+) Piéu kién can dé hai phuong trinh twong duong 1a ching c6 nghiém chung. Tir d6 tim
dugc diéu kién cua tham sb

+) biéu kién du voi gia tri ciia tham sé vira tim dugc, thay tro lai dé kiém tra xem 2 phuong

trinh tdp nghiém bang nhau khong va két luan.

Bai 1:
Cho hai phuong trinh: x* +x+a=0;x’+ax+1=0
a. Tim a dé hai phuong trinh c6 nghiém chung

b. Tim a dé hai phuong trinh twong duong

Loi giai
a. Gia st x, la nghiém chung cua hai phuong trinh — ta co6 hé:

x; +x, +a=0(1)
x; +ax, +1=0(2)

a(l)—(2)=(1—a)(xo—1>=0«{“
x0=1

+) V6i a=1- x*+x+1=0(vn)

——
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X +x=2=0
) x=1->W0a=-2->1", o x, =2
x =2x+1=0

Vay v6i a = -2 thi hai phuong trinh c6 nghiém chung x = 1.

b. Theo cdu a hai phuong trinh c¢6 tap nghiém khac nhau. Vay dé chung tuong dwong khi va

L A =1-4a<0
chi khi ching cung vo nghiém «{ , © 1 <a<?2
A =da*—4<0 4
Bai 2:

Gia st hai phuong trinh: x*+ax+b=0;x>+mx+n=0 c6 nghiém chung. Chimg minh ring:

(n—b)* =(m—a)(an—bm)(1)

Loi gidi

Gia so¢ x, la nghiém chung cua hai phuong trinh — ta c6 hé:

x; +ax,+b=0
— (a—m)x, =n—b(*)

x; +mx, +n=0
t)a-m=0>a=m—>*)—>n=b—():dung

H)azrm—>*)>x,= n=2 thay vao phuong trinh ban déu ta dugc: (n—_b)2 +az
a—m a—m

by ib=0
m

& (n=b) +a(n—b)a—m)+b(a—m)* =0 < (n—b) +(a—m)(an—bm) =0« (n—b)* = (m—a)(an—bm)

Bai 3:
Tim m dé hai phuong trinh: x* —(2m—3)x+6=0;2x>+x+m—-5=0 c6 duy nhat
p g y

nghiém chung.

Loi giai
Gid st x, 1a nghiém chung cta hai phuong trinh — ta c6 h¢:
X +3x,+6

2
X, +3x,+6 _

2x,

x; —(2m—=3)x,+6=0 m
{ o % < —2x) =X, +5 <> 4x, +3x; —Tx, +6=0

2x; +x,+m—5=0 2x,

m=-2x, —x,+5
& (%, +2)(4x; =5x,+3)=0x, =2 >m=-1
+) m =1 hai phuong trinh ban dau tré thanh: x> +5x+6=0;2x> +x-6=0

Hai phuong trinh ndy c6 nghiém chung x = -2. Vay m = -1 1a gia tri can tim.

( 1
{1 P}




Bai 4:
Cho a, b, ¢ la ba canh clia mét tam gidc. Ching minh phuong trinh 5°x* —(° +¢* —a*)x+¢* =0

luén vo nghiém.

Loi giai
Ta co: A:(b—c—a)(b—c+a)(b+c—a)(b+c+a)
Vi a, b, ¢ 1a ba canh cua mdt tam giac nén:

b—c—a<0b+c—a>0b—c+a>0;b+c+a>0=A<0= phuong trinh luén vo nghiém.

Bai 5:
Cho phuong trinh x*+(a+b+c)x+(ab+bc+ca)=0 Vv6i a, b, ¢ 1a ba canh ctia mot tam gidc.

Chiing minh phuong trinh trén luon vo nghiém

Loi gidi
Taco: A=a’>+b>+c*—2ab—2bc—2ca
Vi a<b+c=a’ <ab+ca. Tuong tu ta cd: b’ <ab+bc;c’ <ca+cb= A<0= phuong trinh luén

vO nghiém.

Bai 6:
Cho hai phuong trinh x*+ax+b=0 va x*+cx+d =0. Chimg minh néu hai phuong trinh trén

c6 nghiém chung thi: (b—a’)2 +(a—c)(ad —bc)=0

Loi gidi

Goi x, la nghiém chung cta hai phuong trinh. Ta c6: (a—c)x,=d -b
“Néu a#c=x, = a=b Thay x, vao phuong trinh ta dugc dpcm.
a—c¢

-Néu a=c=b=d= dpcm.

Bai 7:

Cho hai phuong trinh x* +ax+b=0 va x* +bx+a =0 trong do l+% = % Chtrng minh rang c6 it
a

nhat mot trong hai phuong trinh trén c¢6 nghiém.

Loi giai

——
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Taco: A +A, =a’+b*—4(a+b).

Tu l+%:%:>a+b:%ab:>Al+A2 =a’+b*—2ab=(a+b) >0= dpcm.
a

Bai 8:
Cho hai phuong trinh x> +x—m=0 va x> —mx+1=0. Tim cac gia tri ciia tham s6 m dé:
a) Hai phuong trinh c6 nghiém chung

b) Hai phuong trinh twrong duong

Loi giai
a) Goi x, 1a nghiém chung cta hai phuong trinh. Ta bién déi duoc (1+m)x, =m+1. Tim duoc
m=-1 hoac m=2
b) Ta xét 2 trudong hop:

- Trwong hop 1: Hai phuong trinh cing vo nghiém = -2 <m< _Tl

- Trwong hop?2 : Hai phuong trinh cting c¢6 nghiém va tdp nghiém giéng nhau = m =1

Vay 2<m< _71 thi hai phuong trinh tuong duong.

Bai 9:
Cho hai phuong trinh x> —2ax+3=0 va x> —x+a=0 (a l1a tham s6). Vi gia tri nao ctia tham
s a thi:
a) Hai phuong trinh c6 nghiém chung

b) Hai phuong trinh trén tuong duong

Loi giai
a) Ta tim dugc aed

b) Tim duogc %<a<\/§

——
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Dang 6: Chimg minh phuong trinh bac hai ¢6 nghi¢m, vd nghiém

Cach giai:

Pé chimg minh mot phuong trinh bac hai vo nghiém ta ching minh phuong trinh c¢6 A<0.
Dé chim minh phuong trinh bac hai ¢ nghiém ta chimg minh phuong trinh bac hai c6 A>0.
Ngoai ra dé chimg minh phuong trinh bac hai c6 nghiém ta con c6 cach dwa vao tinh chét
sau: Cho 7(x)=ax”+bx+c(l)

Néu ¢6 1 s6 thuc m sao cho a.f(m)<0 thi (1) c6 hai nghiém phan biét

Chitng minh tinh chat:

2 2 2
Ta co: f(x)=a(x+ij —A:a.f(m):az(erij —é<0<:>é>a2(m+ij >0=>A>0
2a 4a 2a 4 2a

Bai 1:

Chtng minh rang v6i Vm cac phuong trinh sau luon ¢é nghiém:

a) x’=2(m+2)x-m-7=0 b) x*—4m’x—4m-2=0

Loi gidi
e 2 , 51 19 .
a)Tacd A'=(m+2) —(m—7)=m"+5m+11= m+§ +?>0,Vm:A'>O vO1 moi m
Vay phuong trinh da cho ludn c6 hai nghiém phan biét vd1 moi m.
b) Taco A'=4m* +4m+2=202m"* +2m+1)
C | , 1 , 1Y 1Y
ma 2m" +2m+1=2\ m" —m +Z +2| m +m+Z =2|m 3 +2 m+5 >0

m ——=0
Dau “=" xay ra < 2 (vo.nghiem).= A' > 0Vm.
m+—=0
2

Vay phuong trinh ludn c6 hai nghiém phan biét.

——
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Bai 2:
Chung minh réng néu a, b, ¢ 1a do dai cac canh cua 1 tam gidc thi phuong trinh sau vo

nghiém: a’x’ +(a* +b* —c’)x+b *=0

Loi giai
Tacd a*> %0

A=(d’+b* =’ —4a’h’ =(a’ +b* —¢* =2ab)(@’ +b* ¢’ +2ab) =| (a—b)’ = || (a+b)’ —¢* |

=(a—b+c)(a-b-c)(a+b+c)(a+b-c)= A<0= phuong trinh v0 nghiém

>0 <0 >0 >0

Bai 3:
Cho cic s6 thuc a, b, ¢ thoam na 4a® +(a+b)’ +a(c+2)+1<0. Ching minh rang phuong trinh

ax’ +bx+c=0 ludn cd hai nghi€ém phan biét.

Loi giai
Phén tich: Vi bai todn yéu cAu chirng minh phuong trinh ¢ hai nghiém phan biét nén phuong
trinh d4 cho phai 12 phuong trinh béc hai, tirc 13 a#0. Didu nay dé thay ludén ding , vi néu
a=0 thi tir gia thiét ta c6 »>+1<0 (v0 li). Do vay dé chimg minh yéu ciu bai toan, chiing ta
can chimg minh A =5 —4ac >0 hodc chi ra sé thyc m sao cho a.f(m)<0 voi f(x)=ax’+bx+c
Cich 1: Dé chung minh A =b> —4ac >0, ta bién do6i gia thiét bai toan nhu sau:

16a* +4(a+b) +4ac+8a+4 <0< b* —4ac >16a* +4(a+b) +4ac+8a+4=12a* +4(a+b) +b*+4(a+1) 20
=A=b"—4ac>0

Vay phuong trinh da cho ludn ¢6 hai nghiém phan biét

Céch 2: Dé chi ra c6 mot s6 thyc m sao cho a.f (m)= a(am’ +bm+c)<0
Ta viét lai gia thiét bai toan nhu sau: 44> +a® +2ab+b> +ac+2a+1<0

o a(4a+2b+c)<—(a+1) —b* <0=a(4a+2b+c) <0 a.f(2)<0.

Do d6, phuong trinh f(x)=0 luon c6 hai nghiém phan biét.

Bai 4:
Cho cac sO thuyc a, b, ¢ théa méin 3a+5b+15¢=0. Chimg minh rang phuong trinh

ax’ +bx+c =0 ludn c6 nghiém.
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Loi giai
Phuong trinh d4 cho chwa phai 1a phuong trinh bac hai vi ta chua biét =0 hay a=0. Do d6
ta xét cac truong hop sau
+ Xét a=0, khi do:
- b=0, tir gia thiét c6 ¢=0. Do d6, phuong trinh da cho c6 vo s6 nghiém

- b#0 thi phuon trinh da cho c6 nghi¢m x = 70
+ Xéta =0, khi d6 phuong trinh di cho 1a phuong trinh bac hai. Dé chirg minh phuong trinh
c6 nghiém, ta c6 thé chimg minh A =4>—4ac>0 hodc chi ra sd thyc m théa min a.f (m)<0
VOi f(x)=ax’+bx+c.

Cich 1: Dé chung minh A =5 —4ac >0 ta bién doi nhu sau:

Tacd A—p? _4ac_(3a+150)2 age 2 94" ~10ac+225¢

25

Vi 94® ~10ac +225¢* = 25¢* —10ac + a*+8a* +200¢* = (5¢ —a)’ +8a* +200c* > 0.
= A>0, vd1 moi a, b, c. Vay phuong trinh da cho Iuén c6 nghiém.

Cdch 2: Dé chi ra s6 thuc m théa mén a.f (m)<0 ta xtr li nhu sau

Ta co f(O):c;f(l):a+b+c;f(%j:%a+%b+c.

Gia st x.f(0)+y.f(l)+z.f(%j=3a+5b+150(:)(y+%zja+(y+%z}b+(x+y+z)c:3a+5b+150

1

y+—z=3
4 y=1
1
= y+§z=5 & 9z=8
x+y+z=15 x=6

Vay ta c6 6.f(0)+f(1)+8.f[% ~0
Do d6 trong ba s f (0),/(1). 1 %) ludn c6 mot sd khong am va mot s6 khong duong. Gia sir

hai s6 d6 1a £(0), /(1), tac 1a: £(0).£(1)<0= a.f(0).af (1)<0




Do do, ta suy ra af (0)<0 hodc af (%) <0. Twr day, ta c6 phuong trinh da cho luén c6 nghiém.
Chii y: Khi dé bai cho a, b, ¢ théa man ma+nb+ pc=0 va yéu cau chirng minh phuong trinh
ax® +bx+c c6 ngiém, ta co thé ching minh nhu sau

Cdach 1: Chung minh A=5b>-4ac>0 (khi a#0)

Cdch 2: Chi ra ton tai X, y, z thoa mén: xf(a)+y.f(B)+zf(y)=ma+nb+ pc khi d6 trong ba

SO

f(a),f(B).f(r) ludn co hai s trai ddu. Tur d6 ta c6 dpem.

Bai 5:
Cho cac s0 a, b, ¢ thoa min a+2b+3c=1. Chitng minh rang it nhat mot trong hai phuong trinh

sau c6 nghiém: 4x* —4(2a+1)x+4a’ +192abc+1=0 va 4x* —4(2b+1)x+4b*> +96abc+1=0

Loi giai
Hia phuong trinh trén 1an lugt 6 A", =16a(1-48bc); A", =16b(1-24ac). Vi a, b 1a céc s6 duong
nén A',A', 1an luot cing ddu voi 1-48bc va 1-24ac. Dé ching minh bai toan, ta can ching
minh trong hai biét thitc A',A", ludn c6 it nhat mot s6 khong am. Pé ching minh didu nay, ta
di xét tong A'+A',. Néu A'+A', >0 thi trong hai s A", A", c6 it nhat mot sé khong am. Ta c6
1-48bc+1-24ac :2—24c(a+2b) :2—240(1—3c) = 2(60—1)2 >0
Hay A'+A', >0

Viy c6 it nhat mot trong hai phuong trinh trén c6 nghiém.

Bai 6:
Cho phuong trinh ax®+bx+b’+¢’ —4abc=0(a=0) vd nghiém. Chimg minh rang trong hai
phuong trinh sau c6 1 phuong trinh vo nghiém, 1 phuong trinh c6 hai nghiém phan biét:

ax’ +bx+c=0(2);ax> +cx+b=0(3)

Loi gidi
Phuong trinh (1) v6 nghiém = A, =b°c* —4a(b’+c’ —4abc) < 0(*)
Tacod A, =b>—4ac;A, =c* —4ab

Ta di chung minh A, .A, <0

——
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(A, >0
A, <0

A, <0
A, >0

Co (*) = (b* —4ac)(c* —4ab) < 0= A, A, < 0= = dpcm

Bai 7:
Cho a, b, ¢ 14 cac so thuc co tong khac 0. Chimg minh rang phuong tinh sau ludn c6 nghiém:

a(x—=b)(x—c)+b(x—c)(x—a)+c(x—a)(x—b)=0(1)

Loi gidi

(1) & (a+b+c)x> =2(ab+bc+ca)x+3abc =0;A' = (ab+bc + ca)’ —3abc(a+b +c)
%,_/

#0

=a’h’ +b’c’ +c*a’ —abc(a+b+c) = %[(ab —bc)’ +(bc—ca)’ +(ca— ab)2] > 0= dpcm

Bai 8:
Cho céc s6 a, b, ¢ thda min a + b + ¢ = 6. Chtirng minh rang c6 it nhat 1 trong ba phuong trinh

sau c6 nghiém: x’+ax+1=0;x" +bx+1=0;x" +cx+1=0

Loi giai

2
(b+c) 12

A=a’~4A =0 -4A=c"-4= AN +A+A, =a’ +b* +c* 12> a’ +

2 2
:a2+u—12:%203A1+A2+A3 > 0= dpcm

Bai 9:
Cho phuong trinh ax® +bex+b°+¢* —4abe = 0(1)(a # 0) vo nghiém. Ching minh rang trong hai
phuong trinh sau c6 mdt phuong trinh v6 nghi€ém va mdt phuong trinh c6 hai nghiém phéan

biét ax® +bx+c=0(2);ax* +cx+d =0(3)

Loi giai
Vi phuong trinh (1) vo nghi€ém nén ta c6: A, =b°c’ —4a(b’ + ¢’ —4abc) < 0(*)
Hai phuong trinh (2)(3) c6 A, =b° —4ac;A, = —4ab
Dé chirg minh bai toan ta can ching minh trong hai s A,,A, ludn c6 mot s 4m va mot sd

duong. Diéu nay goi y ta di chirng minh A,.A, <0

——
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(*) < (b*—4ac)(c* —4ab) <0< A, A, <0= trong hai s& A,,A, c6 mdt s6 am va mot sd duong
dan dén trong hai phuong trinh (2)(3) luén c6 mot phuong trinh ¢6 hai nghiém phan biét va
mot phuong trinh vo nghi¢m.

BAI TAP VE NHA

Bai 1: Gidi cac phuong trinh sau

a) 2x*—(1-2v2)x-+2 =0 b) 3x* +3=2(x+1)
¢) (2x—2) ~1=(x+1)(x-1) d) Zx(x+1)=(x-1)
Hudéng dén giai
a) Ta tim dugc: xe{%;—ﬁ} b) Ta tim dugc: xed
¢) Ta tim duoc: xe{ﬁ;g} d) Ta tim duogc: x e{Si;/ﬁ}
Bai 2:

Cho phuong trinh 2x* —(4m+3)x+2m* -1=0 (m la tham s6). Tim céc gi4 tri ciia m d¢ phuong

trinh:

a) Co hai nghi¢ém phan biét b) C6 nghi¢m kép

c¢) Vo6 nghiém d) C6 dung mot nghi¢m
e) Co nghiém

Huéng din giai
Ta cO: A=(4m+3) —4.2.(2m* 1) =16m" +24m +9—16m" +8 = 24m +17
a) Phuong trinh c6 hai nghiém phan biét khi m > _2—147

b) Phuong trinh c6 nghiém kép khi m = _2—147

¢) Phuong trinh vo nghiém khi m < ‘2_147
d) Khong co gia tri nao ciia m dé phuong trinh c6 ding mot nghiém

e) Phuong trinh c6 nghiém khi m > _2—147

——
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Bai 3:

Bién luan theo m s6 nghiém phuong trinh mx* —4(m—1)x+4m+8=0 (m la tham s6).

Huéng dan giai

Ta chia ra 1am cac truong hop sau:

-m#=0;m>-1 - m=-1
-m<-—1 -m=0
-m=>-1

Bai 4:

Cho hai phuong trinh x> +mx+2=0 va x*+2x+m=0. Xéac dinh cc gia tri ciia tham s6 m d¢
hai phuong trinh:
a) Co nghiém chung

b) Tuong duong

Huéng din giai
a) Ta tim duoc m=2 hodc m=-3

b) Ta tim duoc 1<m<242.

——
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