Lé Phuc Lu
(GV Dai hoc Khoa hoc ty nhien TPHCM)

Ngay 1 thang 1 nam 2024

Tém tit ndi dung
Trong bai viét nhé nay, tac gid mudén nhic lai mot s6 tinh hudng co thé
diing cac tinh toan trén tap s6 nguyén duong dé hd trg cho viéc giai phuong
trinh ham trén tap hop s6 thyc duwong. Cu thé hon 1 vé: viec dung chu ky
tuan hoan, phuong trinh ham cong tinh va cac danh gia bat dang thiic khac.

1) Gié6i thieu

Phuong trinh ham trén R* 1a mot 16p ham diic thit va doi hdi cac ki thuat bién doi,
danh gid 6 miic do nhat dinh. Hién tai cac dé bai thi trong va ngoai nuéc c6 khai
thac cac dang nay kha nhiéu, c6 cac bai toan kho, thit thach. Trong bai viét nay, ta
sé xét mot s6 cach tiép can c6 lien quan dén yéu t6 s6 nguyen duong nhit sau:

e Phuong trinh ham cong tinh f(x) + f(y) = f(x +y) trén R* thi c6 the giai
duge ra nghiem f(z) = ax vi 1y do tréen R thi ham cong tinh ciing sé dong
bién. Tuy nhién, néu nhu ta khong c6 diéu kién manh nhu cong tinh ma chi c6
diéu kién yéu hon 1a f(nz) = nf(z) véi x € RT van € Z* thi sao? Cau tra 10i
13 van sé gidi duge, nhung can két hop vdi tinh dong bién. Dieu nay sé duge
mo ta ro hon thong qua cac vi du bén dudi.

e Céac phuong trinh ham cé diing dén ki thuat chu ky tuan hoan dé ching minh
ham hing ho#ic tinh don anh thi viéc xuat hién clia cac yéu té6 nguyen duong
ctia chu ky 1a tat yéu. Doi khi ta can khai thac diéu d6 khéo 1éo thi méi xit 1y
triet dé dugc bai toan.

e Ngoai ra, yéu t6 nguyéen duong ciing xuat hien kha bat ngs va lai c6 thé dung
trong cac bai toan danh gia cac bat dang thic trung gian dé giai phuong trinh
ham rat hiéu qua. Véi tam 1y cho rang viéc chi chiing minh duge f(n) = n véi
n € ZF thi khé c6 thé di dén f(z) = x v6i & € R* c6 khi lai lam méat di co hoi
gidi quyét duge bai toan.

IBai viét dugc trich tit Ky yéu ctia hoi thio Céc chuyen dé chuyéen sau Toan THPT 2023, t6
chtc tai Vinh Long.



2) St dung tinh chéit tuan hoan

Trude hét, ta xét mot sd bai toan c6 stt dung dén ham tuan hoan, trong dé c6 dung
dén tinh chat s6 nguyen lan ciia chu ky. Ta c¢6 bd dé quen thudc sau day:

BO pi 1. Xét ham s6 f: RT — RT va gid stt ton tai cic sd thuc a, b, ¢ > 0 sao cho
f(z) > cx,Vo > 0va f(z+a) = f(z+b), Yz > 0.
Khi do, ta phai ¢c6 a = b.

Chiing minh. That vay, gia sit ¢6 a > b thi f(x) = f(z + a — b) v6i moi x > b. Khi
do6, ham s6 f tuan hoan véi chuky T'=a — b > 0. Ta ¢

fl@)=fx+T)=f(x+2T)=--- = f(z +nT)
véin € Z*. C6 dinh s6 z, ta 4p dung danh gia dé cho thi

fla) —cr

flx)=fle+nT)>clzr+nT) = n< T

Vi z ¢6 dinh nén vé phai 1a hang s6, trong khi n ¢6 thé 16n tity ¥ nén diéu trén khong
thé xay ra. Tuong ti néu c¢6 b > a, vi thé nén a = b. [

Chu y rang cac dieu kién trén khong nhat thiét phai dung véi moi x > 0 ma chi can
diing v6i > 0 du l6n. B6 dé nay thuong ting dung dé chiing minh tinh don anh ctia
ham s6. Ta thit ap dung vao gidi quyét bai toan sau day:

Bai toan 1. (Dé APMO 2023)

Véi ¢ > 0, tim tat ca cac ham s6 f : Rt — R* théa man diéu kien
flle+ Dz + f(y) = flz+2y) + 2z

v6i moi xz,y > 0.

Loi gidi. (theo ban Dang Dinh Trung, THPT Gia Dinh TPHCM) Néu ton tai yo > 0
dé 2yo — f(yo) < 0, chon xq dé czy = 2yo — f(yo), thi thay vao dé bai la c¢6 vo 1y. Suy
ra f(y) > 2y v6i moi y > 0.

Gia stt ¢6 f(a) = f(b) thay y lan lugt béi a, b, ta duge
fle+ Dz + fla)) = fz + 2a) + 2cz,

fl(c+ Dz + f(b) = f(z + 2b) + 2cz.

Do d6, so sanh hai ding thitc, ta dugce f(z + 2a) = f(x + 2b) nén ap dung B6 dé 1
da néu véi chu y f(x) > 2z thi ¢6 ngay a = b hay f don anh.

Tiép theo, ta dung phuong phap thém bién, thay y béi (¢ + 1)y + f(z) thi
flle+Da+ flc+ 1)y + f(2) = flz+2(c+ 1)y +2f(2)) + 2ca
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Ta bién doi vé trai nhu sau

flle+Dx+ fly+22) +2cy) = f((c+1) (93+02+Ly1) + fly+22))
= f(z + %—F?y—l—élz) + 2¢ <x+ Czjyl)

2cy
c+1°

2
:f(x+2y+4z+c+Ly1)+2m:+2c-

So sanh v6i vé phai, ta dugc

flz+2y + 4z + %) +2c- chyl = f(z 4+ 2(c+ Dy + 2f(2)).
Do do6
2cy T
Flle+ Dt £ +y+22)) = fla+2c+ Dy + 26(2)),

vi tinh don anh nén co
x
20y—|—f(§+y+22) =z+2(c+1)y+2f(2)

hay

JG+y+22) =+ 2 +2f(2).

Dat £ +y =2t > 0 thi ¢6 f(2t + 2z) = 4t + 2f(z). Doi vai tro ¢,z va so sanh hai vé
phéi, ta dugc
At +2f(z) =42+ 2f(t), Vt,2 >0

tit day dé dang suy ra f(x) — 2z = d > 0 la hing s6. Thay vao dé bai, ta tim dugc
d=0neén f(z) =2z, Yz > 0 la tit cd ham sb can tim. O

Nhan xét. Doan i lyj them bién khd rdc roi nhung lai la cdc ki thudt quen thuoc ¢
Viet Nam. Néu ban doc tham khdo ddp dn chinh thic cia dé thi hodc cdc thao ludn
trén dién dan aops thi sé thday cdc l0i gidi khé hon nhiéu. Van dé mau chot la budc
dau cé chiing minh duoc tinh don dnh dé lam co sd.

Cdch khac. (theo ban Nguyén Tran Trung, THPT Chuyén Lao Cai) Tiép tuc ¥ tudng
nhu trén khi da ching minh duge f(x) > 2z, Vo > 0, ta ¢6

flle+ D+ f(y) = 2(c+ 1)z +2f(y).

Vi thé nén f(z + 2y) + 2cx > 2(c + 1)z + 2f(y) hay f(z +2y) > 2z + 2f(y). Véi
y > 0, xét x > 2y thi thay x — x — 2y thi ¢6

f(x) 2 2(x —2y) +2f(y) = f(x)— 22 >2(f(y) — 2y).

Danh gia trén ding véi moi > 2y > 0. Dé y ring (c+ 1)z + f(y) > 2y nén ap dung
dénh gia trén khi thay * — (¢ + 1)z + 2y, ta c6

fle+ Dz + fy) = ((e+ D+ f(y) = 2(f(y) - 2y)
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hay
f@+2y) + 2 — ((c+ Dz + fy) = 2(f(y) — 2y).
Rut gon duge f(z + 2y) > 2x + 4f(y) — 4y v6i moi & > 2y. Tu do, tiép tuc thay
xr — x — 2y thi
f(@) = 2(x = 2y) +4f(y) — 4y.

Nhu thé thi f(z) — 2z > 4(f(y) — 2y) véi moi z > 2y > 0. Tu day, dé dang quy nap
dugce
f(x) =22 >2"(f(y) — 2y)), Vn € Z*,x > 2y > 0.

Nhu thé, néu ton tai yo sao cho f(yo) — 2yo = M > 0 thi xét 2 > 2y, theo danh gia
trén thi
flx)—2x>2"- M, VneZ".

Dé thay day la diéu vo 1y, vi thé nén phéi c6 f(x) = 2z v6i moi z > 0. O
Bai toan 2. (Truong Dong mién Nam 2019)
Tim tat cd ham f : RT™ — R* théa man
flzf(y) + f(x)) = 2f(x) + zy, v6i moi z,y > 0.
Loi gidi. Dat a = f(1). Trong phuong trinh dé cho, thay x = 1, ta dudc
f(f(y) +a) =2a+y, v6i moiy > 0.

Diéu nay chiing t6 f toan anh tren (2a,+00). Tiép tuc thay y béi f(y) + a vao
phuong trinh trén, ta suy ra

fUf(f(y) +a) +a)=2a+ f(y) +a,
hay

f(y +3a) =y + 3a, véi moi y > 0.
Bang quy nap, ta chitng minh duge
f(y+3na) =y + 3na, véi moi y > 0,n € Z*.
Trong phuong trinh dé cho, thay y bdi y + 3a va két hop v6i phuong trinh do, ta c6
flzf(y) + f(x) + 3az) = 2f(z) + xy + 3azx, v6i moi x,y > 0.

V6i moi z,z > 0, ton tai n € ZT di 16n va y > 0 théa zf(y) + f(z) = 2z + 3na, ta
suy ra

flz+z)=f(2) + 2 = f(z) + 2, v6imoi z,z > 0.

Do d6 f(z) = x + c¢. Thit lai ta suy ra f(z) = x + 1 12 nghiém duy nhat. O
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Nhan xét. Cdch thém bién cho bai nay cé thé la cdch tot nhat dé tiép can, vi hau
nhu khong thé lap ludn vdi chi hai bién ban dau. Y tudng mau chét la zay dung dugc
hai gid tri co ti 1é cé thé lon tay ¢ ma f tai ching bing nhau, tit dé cé dinh mot s6
va dua so con lai ra vo cuc. Cdch lam trén con goi la ki thuat “nia tuan hoan”.
Tiép theo, ta phat biéu b6 dé rat manh sau day:

BO bk 2. Xét cac ham s6 f, g, h: RT — R* théa man

flg(x) +y) = h(z) + f(y), Yo,y > 0.

Khi do, 9(x) 1a hing so.

h(z)
Chiing minh. That vay, thay y bdi y — g(z) trong gia thiét thi
fly—g(x)) = fy) — h(z)

voi moi x > 0,y > g(x). V6i z,y > 0 va p, ¢ nguyén duong ma p- g(x) —q- g(y) >0
thi
fz+p-9(x) —q-9() = f(2) +p-Mx) = q-hy), V2> 0.

Suy ra v6i moi k € Z* thi cing ¢6

flz+kp-g(x)—q-9())) = f(z) + k- h(z) —q-h(y)).

Do d6 néu p - h(z) — q - h(y) < 0 thi chon k du 16n, ta c6 vé phai am, vo 1y. Vi thé
nén phai ¢6 p- h(x) > ¢ - h(y). Vi thé nén

h
9(x) ¢ _ M) >4
9(y) p (y) ~p
N 2 h 2 2 2
Gia st rang c6 x,y > 0 de @ > ﬂ thi c¢6 thé chon dudc cac s p,q € Z+ deé
9(y) ~ h(y)
oa) _q_ hlz)
9(y) ~ p h(y)
mau thuan v6i nhan xét & trén. Vi vay ta luon co
g9(z) < h(z) hay 9(z) < 9(y)
9(y) ~ h(y) h(z) = h(y)
g9(x)

phai 1a hing sb. [

v6i moi x,y > 0. Dbi vai tro x,y, ta thay ty sb

h(x)

Khi ap dung bo dé nay, ta c6 thé gidi nhanh chéng bai toan sau day:



Bai toan 3. (Dé thi HSG quoc gia 2022)
Tim tat cd ham s6 f : Rt — RT théa man
x
F(E2+v) =140 voyere

i o B2 A% D L _ J(=)

Loi giai. Bai todn nay chi la trudng hop dac biét cua Bo de 2 khi chon g(z) = —=
T

va h(z) = 1. Trong phan 161 giai nay, ta dung mot cach khac nhe nhang hon khong st
dung Bo dé 2, tuy nhién c6 khai thac cac yéu td tuan hoan va cac s6 nguyén duong
cling tham gia rat hieu qua.
f(z)
. x
Thay vao de bai bai ¢6 ngay ¢ = 1 hay f(x) =z v6i moi z > 0.

%a) £ @ Khong mat tinh

Ta sé chi ra réng I3 hing s6 hay ton tai ¢ > 0 dé f(z) = cz véi moi x > 0.

Gia stt phan chitng réng ton tai a,b € RT sao cho

fla) _ f(b)

tong quat, gid st ——~ < > Lan lugt thay x = a vd 2 = b vao dé bai va so sanh,
a

ta dudce
f(zﬁ@) =1+f(y)=f<y+@>, Yy € RT.
Do d6, néu dat T = @ - @ thi f(z +7T) = f(z), Vo > f(aa). Do do, day sb
tuan hoan véi chu ky 7'. Ngoai ra, ta c6
f(y—f—n-@) :f(y-l—(n—l)-@)+1:---:f(y)+n>n,

suy ra f(z) >n, Vo >n-

f(a)

V6i s6 thyce duong z, chon n = | f(z)| +2 > f(x) va s6 nguyén duong m théa man
x+mT>n-@, nhu thé ta co6

f(@) = flz+mT)>n> f(z),
diéu nay mau thuan va bai toan dude giai quyét. ]
Tiép theo, ta xét mot bai toan kho va cé st dung B6 dé 2 néu trén.
Bai toan 4. (International FE Olympiad 2021)
Tim tat ci cic ham s6 f : RT — R* théa méan

fUf @) F(f(x) +y) = 2f(2) + fly), Yo,y > 0.



Loi gidi. Trude hét, theo Bo dé 2 thi ton tai ¢ > 0 sao cho f(f(z)) = cx, Vo > 0 nén
thay vao co

flexf(z) +y) = xf(z) + fy).
Thay = béi f(z) vao dé bai thi dugc
flez-cf(x) +y) = caf(z) + fy), Yo,y > 0.
Tinh f hai vé thi dugc
flexf(z) + f(y)) = f(flca - cf(z) +y)) = Saf(x) + cy.

Thay y béi f(y) vao deé bai thi c6 f(czf(x)+ f(y)) = xf(x) + cy, so sanh hai vé phai
ctia hai déng thic nay, ta thu duge

A af(x)+ey=af(z)+cy
nén ¢ =1 va f(f(z)) = z v6i moi x > 0. Do do, ta viét lai dé bai thanh
flaf(z) +y) =xf(z)+ f(y) (t)
va tit gid thiét, ta suy ra
f@f(x)+ fy) = zf(x) +y.
Tiép theo, ta sé chiing minh rang
fly)+azf(x) >y, Yo,y > 0.
Gia st c6 7o, yo dé yo > f(vo) + 2o - f(x0), viet lai thanh

Yo f (o)

o f (o) ~ o f (o) b

- - f(yo) < p
Dat n = [xof(ato)-‘ thi ta co
Yo f (o) f (o)
zo f(x0) ~ w0 f (7o) lenz w0 f (7o)
nén

Yo > nxof(zo) = f(yo)-
T (1), ta thuc hién phép thé lien tiép thi dugc

f(n-zof(x0) +yo) = n-xof(z0) + f(¥0)-

Thay yo b6i y0 — n - 2o f(x9) > 0 vao thi duge
(o) =n-xof(wo) + flyo —n - z0f(20)) > nwof(20),

7



day la mau thuan. Do d6

fly)+zf(x) >y, Yo,y > 0.
Ta thay y bdif(y) vao danh gia trén va cha y f(f(y)) = y thi ¢6

y+af(x)> fly) = v +ayf(z) >yf(y).

Cho y — 0% thi lim(y f(y)) = 0% nén trong bat ding thic f(y) + xf(x) >y, ta cho
x — 07 thi ¢6 f(y) > y. Ma y+ xf(x) > f(y) nén lai cho x — 07 nén cing c6
y > f(y) vi thé nén f(y) = y. Thit lai ta thay thoéa man.

Vay nen tat cd ham s6 can tim la f(z) = z, Vo > 0. O

Dé két thic phan nay, ta xét mot bai toan kha thit thach sau day. Day 1a mot bai
ma tac gid phét trién tit bai toan trong dé Balkan MO Shortlist cii. TAc gia rat mong
nhan dugce cach giai gon gang hon cho bai toan nay tit ban doc.

Bai toan 5. (Phdt trien BMO Shortlist)

Tim tat ci sd thyc m sao cho ton tai ham f: RT — RT thoa man
fx+2022f (y)) = «f (x) + f (2023y) + mz, Vz,y > 0.

Loi gidi. (theo ban Mai Trung Nguyén, cuu HS THPT Chuyén Bdo Loc) Néum < 0

thi ta c6 thé chon f (z) = —m v6i moi # > 0 thi théa man dé bai. Ta sé chi ra ring
v6i m > 0 thi khong ton tai ham s6 nao théa méan.
2023

That vay, xét m > 0, néu 3y dé f (yo) < Yo thi thay z = 2023y, — 2022 (o)

: ” 2022
va Yy = 1o, ta s€ c6 mau thuan. Vi the nén

2023

Gia st ton tai @ > b > 0 sao cho f (a) = f (b) thi thay z = a,z = b, git nguyén y va
so sanh, ta dugc

fla+2022f(y)) = af(a) + f(2023y) + ma
f(b+2022f(y)) = bf(b) + f(2023y) +mb

Trit ting vé hai déng thic trén, ta co

fla+2022f(y)) — f(b+2022f(y)) = (a — b) f(a) +m(a —b)

hay
fla+2022f(y)) = f(b+2022f(y)) + ¢

véi ¢ = (a —b)(f(a) +m) > 0.



Thay y = a + 2022f(y) vao dé, dé cho gon, dit u = 2022 - 2023, ta dudc
[ (x+2022f (b+2022f (y)) + 2022¢) = = f (z) + f (2023a + uf (y)) + mx.
Thay = béi z + 2022¢ va y béi b+ 2022 (y), ta duge

F(x + 2022 (b + 2022f () + 2022¢)
= (z +2022¢) f (z + 2022¢) + f (2023b + uf (y)) + m (z + 2022¢) .

Tu do suy ra

zf (x) = (z +2022¢) f (z + 2022¢) + 2022mc
+ £(2023b+ uf (y)) — f(2023a + uf (y)).

C6 dinh z,y > 0, dat d = 2022mc + f (20230 + uf (y)) — f (2023a + uf (y)) 1a mot
s6 thuc ¢6 dinh. Tu do6 ta duge

xf (x) = (x +2022¢) f (x +2022¢) +d
= (x 4 2022nc¢) f (x 4 2022nc) + nd

> (x4 2022nc¢)® + nd,

v6i n 14 mot s6 nguyén duong bat ki.
Tt day, cho n — 400 thi vé phai ciia biéu thic trén sé tién t6i vo cuc, diéu nay vo
ly. Vi thé nén néu c¢6 f(a) = f(b) thi phai ¢6 a = b nén f don anh.

y+202f(2)

h\
5023 thi duoce

Trong dé bai, thay y —

y + 2022f (2)

f (x + 2022 ( 2023

)) = @)+ m) oy o))+ 20232).

Ddi vai tro z,y, cho z = 1 va chit ¥ f (x) don anh, ta dudc

x4 2092f <y+2022f(1)> 2022 <x—|—2022f(1))

2023 2023
T do6 suy ra
2023 2022 (1)
L aY et S
(#) = 300 — ¥ > 4= 5503
S 2022f (1)
e bai, ch ———2 thi dug
Trong de bai, cho =z >y > 5023 1 dugce
2023 202312
2023y — 2023¢ = ——x% — _
x4+ 2023y 023¢q 202293 qr + 5022 q+mx
(mau thuan khi x d 16n). Vi thé nén khong ton tai ham s6 khi m > 0. ]



3) Khai thac tinh don diéu

Tiép theo, ta xét mot s6 bai toan quy vé cong tinh hoic gan cong tinh thong qua
mot s6 bién doi trén tap s6 nguyen, tit viec van dung tinh don diéu c6 thé giai quyét
ditt diém bai toan. Ta bat dau bang bai toan kha kinh dién nhu sau.

Bai toan 6. (Dé IMC 1999)

Chiting minh rang khong ton tai ham s6 f : RT — R thod mén
f(@)? > flx+y)lf(z) +y] Ya,y>0.
Loi gidi. Gid st ton tai ham sé f nhu dé bai. Ta viét lai thanh
[f(x) +yllf(z) = flz +y)] = yf(z), Yo,y > 0.

Tu day, ta co
y - fz)
flx) = fle+y) > " >0,Va,y > 0.
flz)+y
Tu d6 suy ra f 13 mot ham gidm thuyc sy tréen RT. Bay gio, ¢6 dinh > 0 v chon
s6 nguyéen duong n sao cho nf(x + 1) > 1. Khi d6, ta c6

f(x+ﬁ>—f(x+k+1>2%
! B (e
n n
111
farn+t Ly Llo2n
n n n

véi moi k = 0,1,...,n — 1. Cong tat cd cac bat ding thic thu dudgc lai, vé theo vé, ta
¢6 véi x > 0 thi

f(m)—f(x+1)>% . f(x+1)<f(x)—%.

C6 dinh s6 x > 0 ndo d6 va thuyc hien danh gia trén 2m lan v6i m € Z* thi
flx+2m) < f(z) —m,

cho m — 400 thi dé c¢6 vé phai am nén c6 dieu vo Iy vi f(x) > 0. Vay khong ton tai
ham f thod man. ]

Ciing trong dé IMC 1999, c6 mot bai toan theo cau tric tuong tuy 1a ham don dieu
tréen R* tha vi khong kém nhu sau:
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Bai toan 7. (Dé IMC 1999)

Tim tat ci cdc ham s6 don dieu ngit f: RT — RT thoa man

f (;;) =z, Vo € RT.

g(x) thi thay z — .

Loi gidgi. Dat g(z) = @ thi f (i) —zTvag (ﬁ) g9(x)

g(z)

g (%) =g(z/g(z)) = ¢ <g<z>2) = g(z).

RG rang bang quy nap theo n nguyén duong, ta c6 ngay

thi co

g (g(”—n) = g(x), Yz > 0.

x)

Do d6 v6i moi n nguyén duong thi

(o) = e (7)== g ve20

Trong dé, thay x — f(x) va dung tinh don di¢u ngat thi

P\ @
f(f(f(:v))>_f( )= mn o

S (=) _ f)
Do d6 @)
gio dit t = xg(x) thi g(t) = g(z) nén

nén g(f(x)) = g(z) nén g(zg(z)) = g(x) v6i moi x > 0. Bay

g(zg(2)’) = glg(x) - 2g(x)) = g(tg(t) = g(t) = g(x).
Tt d6 bang quy nap, ta chitng minh duge rang véi moi n nguyén duong thi
g(zg(x)") = g(z), V& > 0.
Do do
flzg(a)") = zg(2)"g(zg(2)") = xg(2)" - g(z) = xg(2)""", Vo > 0.

Suy ra
fleg(e)"™) = zg(x)", Vo > 0,n € Z". (t1)

Ta sé chiing minh réang g(z) 1a ham hang, ta sé giai cho trudong hop f don dieu ting,
truong hop f gidm thi thyc hién tuong tir. Gia st phan ching ring c6 r; < 7 ma
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g(x1) # g(x2). Chi y do f tdng ngat nén f(x1) < f(x2) va 219(x1) < w2g(22). Béng
quy nap, ta chi ra dugc rang

219(71)" < m2g(22)".
That vay, gia sit ¢6 khang dinh ding v6i n thi 4p dung (1) c6

Flrrg(21)") < f(z2g(2)") = 219(21)""" < 229(22)"

Vi thé nen 1 < 2L < (g(xg ) v6i moi n nguyén duong nén néu nhu g(xs) < g(x;)

4]
lim (g(:@)) =0,
n—-+o0o g(:L‘l)

thi sé kéo theo
diéu nay vo 1y. Do do6, ta phai c6 g(z1) < g(xs). Lic do ta co

w1 (o) <7 (o) =

Do tinh tang nén c¢6 adl < 2 (¥). Do 0 < M
9(x2)

g(x1) — g(z2)
FOREE

ta chon n 1& s6 nhdé nhat nhu thé.

< 1 nén ton tai sd6 nguyén

duong n di 16n dé

e Néun =1 thi M <2 pen 2 ———, mau thuan véi (x).

—_ >
g(x2) 2 g(x1) ~ g(x2)
e Néu n > 1 thi dung (1), ta c6

e o) o) ~ s

n—1

2 X x 5 5N N ~ =

Nhu the (g( 1)) < Ltaelan—1 ciing thoa man, dieu nay mau thuan
g9(z2) T2

v6i tinh nhé nhat da néu & treén.

Do do6, trong moi trudng hgp ta déu c6 diéu vo 1y nén g(x) phai 1a ham hang, suy
ra v6i moi x > 0 thi f(z) = cx v6i ¢ > 0.
Thit lai ta thay thoa man, vay nén f(z) = cz, Vr > 0.

O
Nhan xét. Mot dieu thi vi la ddp dn chinh thite ciua bai nay cé doan bi sai, va
nhiéu tai lieu, 1o gidi khdc ciing cé tham khdo theo va sai tuong tu: https: // www.
imc-math. org. uk/ imc1999/ prob_soll. pdf
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Tiép theo, ta xét mot s6 bai toan c6 thé quy vé dang gan cong tinh va c6 dung dén
tinh don dieu dé xay dung trén RT. Ta ¢6 st dung mot bo dé sau day:

BO pE 3. Xét ham s6 f : RT — RT 1a ham dong bién (tuong tu véi nghich bién),
ngoai ra f(z) = cx moi x € Q" (trong dé a > 0) thi ¢6 f(z) = cx véi moi z € RT.

Chitng minh. V6i moi s6 thuc xo > 0, chon hai day s6 hitu ty (a,), (b,) sao cho
a, < rg<b, va lima, = limb, = x;.

Vi tinh trit mat ciia tap s6 hitu ty trong tap sd thiyc nén luén chon duge cac day s6
nhu thé. Ro rang

flan) < f(xo) < f(bn) = c-an < f(xg) < ¢ by,

nén cho n — +oo, ta ¢6 f(xg) = cxo. Do d6, v6i moi s6 thyc x > 0 thi f(z) = cx. O

Bai toan 8. (Dé chon doi tuyén PTNK 2018)

Tim tat ci cac ham s6 f : RT™ — R thod man diéu kién sau véi moi 0 < z < g :
) 2f?) < yf ).
i) f(zf(y?) —yf(@?) = (y — z)f(ay).

Loi gidi. Theo gia thiét thi véi moi y > x > 0, ta déu c6

fW?) _y

> = > 1.

fl@?) =

vf(y*) —yf@®) >0 =

Do do,
V>’ ey>ae f(yP) > f(2?)

nén ham f da cho dong bién tréen RT. Trong dé bai, thay y = x + 1, ta c6

fef((z+1)%) = (x4 1) f(2%) = fz(z+1))
hay
zf((z+ 1)2) —(z+ 1) f(z?) = z(z +1).
Tt do ta bién déi dugc
fle+ 1% fa?)

= +1,Vx > 0.
r+1 T

Thuyc hién thao tic nay nhiéu lan, ta c6

flz+n)") _ f(a?)

= +n,Vz >0,ne€Z"
Tr+n T
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hay
cf((z +n)?) — (z +n)f(z?) = nz(z + n).

Trong dé bai, thay y = = + n, ta c6

f (@f((@+n)") = (z +n)f(2%)) = nf(e(z + n))

hay
fnz(z +n)) = nf(x(z +n)).

Véi moi n € Z*,y > 0, ta luon chon dugc > 0 dé x(x + n) = y nén ta co
fny) =nf(y), Vn € Z*,y € RT.

bat f(1) =a > 0, v6i moi n € Z+, Choy— , suy ra

Do do,

hay f(x) = azx, Vo € Q*. Thay vao biéu thiic da cho, ta c6

f(af?) —uf(a®) = a®(ay® — 2%y) = a*(y — x)zy
(y —z)f(2y) = aly — z)zy

nén a = 1. Vay tat ca cdc ham s6 can tim la f(z) = z, Yz > 0. O
Bai toan 9. (Dé chon doi tuyén TPHCM 2021)
Tim tat ci cac ham s6 f : RT™ — R* khac hing thoéa man diéu kién
flab+bc+ca) = f(a)f(b) + f(b)f(c)+ f(c)f(a), Va,b,c € RT.

Loi gidi. (theo ban Phan Huynh Tuan Kiét, cuu HS THPT Chuyén Lé Hong Phong,
TPHCM) Thay ¢ = 1 vao phuong trinh da cho thi ta c6

flab+a+b) = f(a)f(b) + f(a)f(1) + f(b)f(1); Va,beR". (1)
Thay b = 3 vao déng thitc (1),ta cé
flda+3) = f(a)f(3) + f(a)f(1) + f(3)f(1); VaeR".

Lai thay b = 1 vao déng thitc (1), ta c6 f(2a + 1) = 2f(a)f(1) + f(1)* Va € R*.
Nhu thé thi

fda+3)=2f(2a+ 1) f(1) + f(1)> = 4f(1)*f(a) + 2f(1)° + f(1)* Va e R*.
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Tu do ta suy ra
F3)+ L] f(a) + F(3)f(1) =47 (1)*f(a) + 2 (1) + f(1)*; Va € R,
Néu f(3) + f(1) # 4f(1)? thi o rang f 1a ham hing, khong théa man. Vi thé
f(3) + f(1) = 4f(1)? nén tit dang thitc trén, dong nhat he b, ta suy ra
F@3)+ F(1) = 4f (1) va f(3)F(1) = 2f (1) + f(1)*
Tu day suy ra f(3), f(1) 1a nghiém ctia phuong trinh
2 —2f(t+2f(1)* + f(1)*=0

nén

FO =4f ()" +2/ (1) + f(1)* =0 & F)*(F(1) = 1) =0.
Tit d6 ta c6 ngay f(1) = 1. Tiép theo, tir f(3) + f(1) = 4f(1)*, ta c6 ngay f(3) =3
va thay vao (1), ta c¢6

flab+a+b) = f(a)f(b) + f(a)+ f(b); Va,beR" (2)

Ngoaira f(4da+3) =4f(a)+3 va f(2a+1) =2f(a) + 1. T (2), xét x > b thi chon

b+1

a = , ta c6 ngay ab+ a + b = x nén

f(@) = fla)f(b) + fla) + f(b) > f(D),

diéu nay ching t6 f 1a ham dong bién. Thay a = b = ¢ = = vao dé bai,

() () ()

Thay a =2 va b= 5 vao (2) thi

W =

Ll

1o =21 (3)+1(3) + fo

nghia 1a f(2) = 2. Thay b = ¢ = 2 vao dé bai,

f(da+4)=4f(a) +4; VaeRT

4f(a)—|—4:f(4a+4):f<4 (a+i> +3> — 4f (a~|—%1) 13

1 1
Tu day suy ra f (a - Z_L) = f(a) + 7 nghia la

f(a+1):f(a+z>+%1:---:f(a)+l
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véi moi a duong. Tu day bang quy nap, ta suy ra duge rang f(z +n) = f(z) +n véi
moi sd nguyén duong n va s6 thyc duong z nén f(n) = n véi moi sd nguyén duong
n. Thay b —n va a — ;25 véi m,n € Z* vao (2) thi

m m

e = ff () + 1 (57 + sy g () = 0

Do d6 f(x) = x v6i moi z € QF, ma f 14 mot ham tang ngat trén R™ nén ding Bo
dé 3, ta c6 ngay f(x) = z v6i moi s6 thyc duong z. Thit lai ta thay thoa man.

Vay f(z) =z, Yz € R" 1a tat c4 ham s6 can tim. O
Bai toan 10. (Chon dgi tuyén KHTN 2011)
Tim tat ca cac ham s6 f : Rt — RT théa méan
fl@+2y) - fl@ —y) = 3 (F@) +2V/F@) T G))

v6i moi x >y > 0.

Loi gidi. Ta c6 f(x +2y) > f(z —y) v6i moi x > y, ma v6i moi @ > b thi luon ton
taiz >y déa=a2+2yvab=2x —ynén co

fla) = f(z +2y) > f(z —y) = f(b),

tir d6 c¢6 ngay f tang ngat tréen R*. Trong phuong trinh ham da cho, thay x bdi 2z +y
ta dudce

Flz+3y) = £(2) = 3 |f) + 2VFC+ )W) vz > 0. (1)
Tu f(z +y) > f(y), ta thay f(y) +2v/f(z +y)f(y) > 3f(y) nén luon c6
f(z+3y) = f(2) > 9f(y).

Nhu thé, thay z — 2z + 3(n — 1)y v6i n € Z* thi ta ¢6

f(z+3ny) — f(z+3(n—1)y) > 9f(y).

Thyc hién cac danh gia tuong ti cho 3,6,9, ..., 3n 10i cong lai, ta c6
f(z+3ny) — f(z) > Inf(y).

1
Do d6 f(z 4+ 3ny) > 9Inf(y) v6i moi z,y >0 van € Z*. Cho y = I thi
n

1 f(z+1)
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C6 dinh z, cho n — 400 thi c6 ngay lim+ f(z) = 0. Mat khac, trong () cho y — 0T
z—0
ta suy ra lim+ f(z+3y) = f(z). Do d6 f liéen tuc phai tai z v6i moi z > 0. Trong
y—0
phuong trinh (1), cho z — 07 ta dugc

fBBy) =9f(y),Vy > 0.

Lan lugt thay z = y va z = 3y vao phuong trinh () va tan dung két qua trén, ta c6

fldy) =4f(y) + 6/ f(2y)f(y), Yy > 0
va
3f(2y) =4f(y) +2v/ f(dy) f(y), Yy > 0.

Dé dang suy ra f(2y) = 4f(y),Vy > 0. Dén day, bé,ng quy nap ta ching minh duge

flny) =n®f(y), Yy > 0,n € Z".
Dan dén f (%) = % (1) va
2

(=) =ms (%) — 2 f(1),Ym,n € Z*.

02

Nhu vay, f(z) = cx?, Vo € Q' (trong d6 ¢ = f(1) > 0). Vi f dong bién trén (0, +00)
nén st dung Bo dé 3, ta suy ra f(x) = cz?, Vo > 0.

Vay nén ta tim dugce f(z) = cz?, Vo > 0 (c 1a hing s6 duong tiy ¥). O
Nhan xét. Chi 4 rang trong phuong trinh ban dau, néu ta cho y — 0% ta duoc

lim+ flx —y) = f(x) thi cing suy ra f lién tuc trai tai © > 0 tuy y nén f lién tuc
y—0

tréen (0,+00). Do dd, cé thé dung tinh lien tuc dé chuyén tu QF sang RT ma khong
can dung Bo deé 3.

Bai todn trén cé thé dugc phdt trién ti bai todn goc sau day (vdi ki thuat gidi hoan
toan tuong tw): Tim tat cd cdac ham sé f : RY — RT thod man dang thic

flex+y)— flx—y)=4V/f(2)f(y) Vz,y e RT,z>y.

Bai toan 11. (Dé thi Arab Saudi 2017)

Tim tat ci cdc ham s6 f : RT™ — R sao cho véi moi z,y > 0 thi

) f@)+ fw) < 2D,

i) (z+y) [yf(x) +xf(y)] > 2yf(z+y).
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Loi gidgi. T ii), ta c6

fl@)  fW)

x
> /( +y)7 Vo, y > 0.
z ) Tty
Thay = = y vao cac diéu kién i) va ii) da cho, ta c¢6 v6i moi z > 0 thi

2f(z) < @ va 42’ f(x) > 2% f(22).

Do d6 f(2z) = 4f(z) v6i moi & > 0. Ta sé chiing minh bang quy nap rang

f(nz) = n*f(2). (t)
V6i n = 1 thi hién nhién khang dinh ding. Gia st khang dinh ding dén n, ta xét
v6in + 1 thi
e Néu n + 1 la chin thi (1) ding vi ta c6 thé dit n + 1 = 2m va c6
f2m) = 4f(m) = 4m* f ().
e Néun +11&thi n+ 214 s6 chin, ta co

f@) | fn+Da) _ f(n+2)) - fla) |, flnr)

x (n+1)x (n+2)x x nx (n+ 1)z

Tu do suy ra

f@) (it 1))
x (n+ 1)z x x T (n+1)z

Dén day kep lai thi c6
flln+1)z) = (n+1)*f ().

Dat g(x) = L2 thi g(na) = ng(x) va thay vao i) ta duge

T

2(zg(w) +yg(y)) < (z+y)g(z +y) < (z+y)(g(z) +g(y)).

(z —y)(g(z) —g(y)) <0,

thi c6 g(z) nghich bién. Dén day &p dung Bo dé 3 thi c¢6 ngay g(x) la tuyén tinh.
Suy ra f(x) = ax? v6i a < 0. Thit lai ta thiy théa man.

Vay nén tat cd cac ham sb can tim 1a f(x) = az?® v6i a < 0. O

Dé khép lai phan nay, ta xét mot bai ¢6 ky thuat kha la nhu sau:
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Bai toan 12. (Dé thi Balkan MO 2022)

Tim tat ca cdc ham s6 f : (0;400) — (0;+00) thoa méan
f (@) +2) =2*f () + f (@), Yo,y > 0.

Loi gidi. Dat y = thi ta co

(2)”

ﬂx+w=x%< )+f@><w

t
f(@)®
v6i moi z,t > 0. Tt d6, ta thay f 1a ham tang ngit.

Dit ¢ = f(1). Néu ¢ < 1 thi thay z = 1,y = vao (1), chu y rang

1-¢3
y—yl =leyf(1)+1=y

thi ta c6
FlufW)’ +1) = fy) = £ ().

Do d6 f (1) = 0, mau thuan, vi thé nén ¢ > 1. Ta sé chiing minh bang quy nap riang
fA+E 4+ 4+ =(n+1)c

v6i moi n € N bang quy nap.

V6i n = 0 thi khing dinh hién nhién ding. Gia sit khang dinh ding dén n, trong (1)

thay t =1vat =+ &+ -+ AFED thico

fI+E+E 4o SR =fQ+ 4+ + f1) =nct+c=(n+1)ec
Trong (1), thay z =1+ ¢+ -+ + 73, ¢t = 3" thi dugc

CSn

_ 03 cSn — 03 CBn—3 ne
m+De=f(1+c+ - +c") =1+ +-+ )f(—(n+1)3)+

hay

f(cg—n)— ‘ <c—f(1)=>cg—n<1
n+1°) QS+t (n+1)°

Tuy nhién diéu nay la vo 1y v6i s6 nguyen duong n di 1én. Do dé ¢ = 1. Trong (1),

thay z = 1 thi dugc f(y+1) = f(y)+ 1 nén quy nap dugcf(n) = n v6i moi n nguyén
duong. Véi m,n € Z*, dit v =n,y = ¢ = = thi

mn® +n = f(qn® +n) = f (yf(2)’ +2) =2°f (y) + [ (&) = n*f (¢) +n.
Suy ra mn® = n’f(q) hay f(q) = ™ = ¢. Vi f téng ngit ma f(¢q) = ¢ v6i moi Q*
nén theo B dé 3 da néu, ta c6 ngay f(z) =  v6i moi x > 0. D& thay ham s6 nay
thoa man dé bai. O
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4) Cac dang khac

Trong phan cudi nay, ta xét mot so6 bai todn van ding cac yéu t6 nguyén duong
nhung theo cac cach kha dac biét.

Bai toan 13.

Tim tat ca cic ham s6 f : RT — R théa méan dong thai

) 7@+ 1w) < 1D imoi 2,y >
i) M M > <1 1) —f(m+y) v6i moi x,y > 0.
Y x r Yy 8
Loi gidi. Két hop hai diéu kien da cho, ta c6
52 ) . ;’ﬂy) > fr+y) = 4 (x) + 41(y).

Thay x = y thi dugc
82/ ()

T

> f(2x) = 8f(x)

nén dang thic phai xay ra, tic la f(2z) = 8f(z) v6i x > 0. T danh gia trén, ta

cling co
v f(z) +yf(y)
T4y

8 >4f(x) +4f(y)

v6i moi x,y > 0, ta bién déi dugc thanh (z — y)(f(x) — f(y)) > 0 v6i moi x,y > 0.

Vi thé nen f(x) > f(y) v6i moi # > y. Do d6, f 1a ham khong giadm. Vi 8f(z) =
f(2z) > f(x) nén f(z) > 0 véi moi > 0. Do d6

fla+y) = 4f(x) +4f(y) = 4/ (2).
Dén day, ta quy nap duogc
f(x +ny) >4"f(x), Vn € Z*.

Tu do, thay y = £ thi c6 f(z 4+ 1) > 4" f(x) v6i moi n € ZT. Nhung néu ton tai
zo > 0 dé f(zo) > 0 thi ta c6

f(xo + 1) > 4n7
f(xo)
vo Iy vi 4™ c6 thé nhan gia tri 16n tity . Do dé f(x) = 0 véi moi 2 > 0. D& thay ham
s6 nay thoa man dé bai. O
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Bai toan 14. (Dé kiém tra truong Dong Vinh 2023)
Tim tat ci cic ham s6 f : RT — R* théa man

22° f(y)
f(x)

fle+ fy) = flz) + + f(?)

v6i x,y > 0.

Loi gidi. Truée hét, gid st ton tai yo dé f(yo) < y2 thi dat z = y2 — f(yo) hay
z+ f(yo) = y3. Thay vao dé bai, ta c6 ngay

22° f(yo)
f(z)

vo ly. Vi thé f(y) > y? v6i moi y > 0. Thay z =y = 1 vho dé va dat a = f(1) > 1,
ta co

fx) + =0,

f(l+a)=2a+2.

T do suy ra
20+2> (14a) =1+2a+ a

nén 1 > a? do d6 phai c6 a =1 nén f(1) = 1. Ta sé chiing minh f(n) = n? v6i moi
n € Z* bang quy nap.

That vay, v6i n = 1 thi khéng dinh ding.

Gid stt da c¢6 f(n) = n?, thay x = n,y = 1 vao dé, ta c6

2n3 f(1) o o2n? B 9
) + f(1)=n —I—F+1—(n+1).

Do dé, khang dinh ding v6i n + 1. Theo nguyén Iy quy nap thi khéng dinh dugc
chiing minh.

Trong dé bai, thay y =n € Z* thi f(z +n?) = f(z) + 2}‘(3—3:"2 +n* nén

fln+1) = f(n)+

223n?

()

fla+n?) — (z+n2)° = fla)— 2%+ — 2zn?

v6imoi z > 0,n € Z*. Ta ¢

—2zn* = f(z)—2*+2an’ (% — 1) = (f(z)—2?) (1 — %) :

Vi f(z 4+ n?) — (z +n%)* > 0 nen ta can c6

o) - (1-2) 20
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v6i x > 0,n € ZT. Bay gio gid st ton tai xo dé f(xo) — 22 > 0 thi ta phai c6

2 2
[t L moi n € Z*. Suy ra
f (o)
2
1> 2xon® hay n? < f(ﬂfo)7
f(fL‘()) 21’0

tuy nhien diéu nay khong thé ding v6i moi n € Z* va xy ¢d dinh duge nén diéu gia
stt 1a sai. Do d6, ta luon ¢6 f(x) = 2 v6i moi x > 0. Thit lai thay thoa man.

Vay f(z) = 2? la tat cA ham s6 can tim. O

Nhan xét. Y tudng géc cia bai todn nay zudt phdt to mot bai todn ca ding kj thuat
f(u) — f(v) toan dnh la:

fla+ ) = f(@) + 5F(2) + F(fW)
vdi moi x,y € R.

Tuy nhién, viéc chuyén ti tap R sang tap RY thi bai todn thi thach hon nhiéu, va
c6 1é & dang goc la khong gidi dudc, vi thé nén mdi duge diéu chinh thanh dang nhu
trén. Bai todn 14 cing chinh la cdm hing dé tdc gid viét chuyén dé nay. Ngodi ra, ta
c6 thé phat trién ¢ dang khé hon, mdi ban doc thit sic trong phan bai tap tu luyén.

Bai toan 15. (Balkan MO 2023)

Tim tat ci cdc ham s6 f : R™ — R* sao cho

F@™ + f(@)f(y) =2 +yf(2)

v6i moi z,y > 0.

Loi gidi. Truée hét, ta chi ra dudge f song anh tréen RT. That vay, gid st c6 y1,y2 > 0
dé f(y1) = f(y2). Trong dé bai, thay y lan lugt bsi y1, y» v& so sanh hai vé phai, ta
c6 ngay

2% oy fx) = 2% + ya f(2)
nén y; = yp. Vi thé nén f don anh. Bay gio xét s6 thuc s > 0 tly ¥, xét 2 > 0 sao

5 — 2023
Tf(a) 0 v 8@ cO ngay f(@* + f(x)f(y)) = s nén c6 f

cho 22" < s thi dit y =

toan anh.

Dat g(x) = (f~1(2))" va thay © — f~1(t) vay — f~'(z) vao dé thi ¢6

Flg(t) + tw) = g(t) + tf ().

Tiép tuc thay z — f(z) va tinh f~! hai vé, ta c6
fHg(t) +tx) = g(t) + tf(x)
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va thém bién dugc
fltitax +t1g(ta) + g(t1)) =t f " (taw + g(t2)) + g(tr) = titaf(x) + t1g(ta) + g(t1)
V6i ty,ts € R. Cho t; = t, = 1 vao dang thitc trén, ta co
flz+29(1)) = fx) +29(1) (1)

Lan lugt cho (t,t5) = (¢t,1) va (t1,t2) = (1,t) vao dang thitc & trén va so sanh, ta c6

[tz +1tg(1) +g(t) = tf(x) +tg(1) + g(t)
fltz +g(1) +g(t)) =tf(z)+g(1) + g(t)

— (9(1) +9(1)

(2)

Xét y di 16n va thay © = vao (2) ¢

t
fly+ (@t —=1)g(1) = fly) = (t - 1)g(1).

V6i , z tiy ¥, chon t dé z = (t — 1)g(1) vi y = o + 2n - g(1) véi n nguyén duong di
16n thi

fle+2n-g(1)+2)— flz+2n-9(1)) =2

va st dung két qua (1) nhiéu lan thi c6

flatz2)—fz)=2 = fla+2)-(@+2)=flz) -z
Dén day dé dang thu dugce f(z) —x = ¢ 1a ham hang, ma f 1a song anh tréen R™ nén
c6 ngay f(z) = x v6i moi x > 0. Thit lai ta thay thda man. O
5) Bai tap tu luyén
Bai 1. (Iran 2011) Tim tat cd cic ham so f : RT — R théa man

f(f(2) +2y) = f(2x +y) + 2y, Yo,y € RT.

Bai 2. Tum tat cd cdc ham s6 f : RY — Rt théa man

f( /x2+gy+y2> IR(OR3 (URVAS

Bai 3. Tum tat cd cdc ham toan dnh f : RY — RT théa man

fla+ fx) +2f(y) = f(2x) + f(2y)

vdi mot x,y > 0.
Bai 4. Tum tat cd cdc ham s6 f : RY — RY théa man
fla+ f(z) +y) = fQ2z) + f(y), Yo,y €RT.
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Bai 5. TWm tat cd cdc ham s6 f : RT — R* théa man
flx+2f(y)) = flz+y) +2y+2f(y), Yo,y € RT.
Bai 6. Tum tat ca cic ham so f : RY — R théa man
[+ f(x) +y) =2f(x) + f(y), Y,y > 0.
Bai 7. Tim tat cd cic ham so f : [1;+00) — [1; +00) sao cho
i) f(z) >z, Ve > 1.

i) f (@) =22 Vo > 1.

Bai 8. (Phdt trién tu dé thi Con duong to lua) Tim tat cd cic ham sé ting ngdt
f:RY = R* théa man dong thoi cic dieu kién

i) f(2z) > 2f(x) vdi moi x > 0;
i) f(f(z)f(y)+ )= flzf(y))+ f(x) vdi moi z,y > 0.
Bai 9. Tim s6 thuc duong m nhé nhat dé ton tai duy nhdt ham sé6 f : Rt — R*
thoa man ;
ma° f(y)

f(x+f(y)):f(x)+w+f(y2)

v x,y > 0.
Bai 10. (Indian TST 2023) Tim tat ca cic ham so f: RY — R théa man

fla+ 2 f(a?) = f(zy)* + f(z)

vdi moi x,y > 0.
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