S
$
£
S
2
3
=
2
g
.m
3

~

-
~

=== NGUYEN TAl CHUNG

N\

${r dung nguyédn i Dirichle

L3
-
=
=
g
=
_—
o

&
=
=
<

=1 )

-
&
"o
<
{~}
o)

SRS
LIRS

00,
&S
5

&

A
K
X

&
&
&

Q
<
<

Q
Q
Q

Q
Q
Q

Q

5
&
5
&S
RKS
K
RS
XK

<
X

CRRCRIEXK
9.909.9:9.9:9.9:99
90 %% %% %% %% %

éﬁ%@?
%%%%’
SRS
¢§§§§5
V%Y %%

5
S
K

<>

4&5&5&%%
IIILS
SRS
Pleiku 24/05/2020

<
<

mwvooooo
CRLLRLLLKKS
ZRRRRLLLKS
ZRRRLRLRLRRRKS
SRR
020707002002 %

<
<

28
RS

SRIREAIRIRRS

RIS
SRS

GRRRLRS

GRRRAKS

KK
Q&S
KKK



1 | Bién soan: Nguyén Tai Chung, GV THPT Chuyén Hung Vuong, DT 0968774679

MUC LUC

A Ly thuyét va vi du gii toan 2
B  Baitép 5
1 Débai 5
2 Loi gidi 8
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SU' DUNG NGUYEN Li DIRICHLE TRONG CHUNG MINH
BAT DANG THUC
. LY THUYET VA Vi DU GIAI TOAN

Néu nhét 3 con chim B6 Cau vao trong 2 cai chudng
thi bao gid cling c6 modt chudng chia it nhat 2 con
chim B6 Cau. Khéng dinh gan nhu hién nhién nay
duoc goi la Nguyén ly Dirichle. Bay gio ta hinh dung
trén truc s6, diém 0 chia truc s6 thanh 2 phan, hay 2
cai chudéng ma véach ngan la s6 0.

Nhu thé véi ba s6 4, b, ¢ ma ta xem nhu 1a |

3 con chim Bd Cau thi sé c6 mét cai chudng  —oo ! +oo
chtta it nhat hai con chim Bo Cau, nghia la sé
c6 hai s6 ciing khong am (ttc 1a c6 hai con chim Bd Cau cung thudc chuong [0; +c0))
hodc cting khong duong (tic 1a c6 hai con chim B6 Cau cung thudc chuéng (—oo;0]). Do
do6 ta c6 thé gia st ¢o hai s6, ma ta goila a va b, sao cho ab > 0. Nhu vay, trong bai toan
bat dang thiic, khi ta da chon duge “diém roi” (tic la dang thiic ctia bai toan), vi du nhu
dang thirc xdy ra khia = b = ¢ = k thi ta c6 thé gia st 2 s6 (a — k), (b — k) cting khong
am hodc cung khong duong, tuc la c6 thé gia st (a — k) (b — k) > 0.

Bai 1. Cho 4, b, ¢ 1a cac s6 thuc khong am bat ki. Chiing minh rang

a? + >+ c® +2abc+1> 2 (ab+ bc+ca).
(¢ Loi gidi
Cach 1. Ta ¢6 su tuong duong
a* 4+ b? + c* + 2abc +1 > 2 (ab + be + ca)

& (a2—2ab—|—b2) + (cz—2c—|—1) + 2abc — 2ac —2bc+2¢ >0

S@—b)’+(c—-1)°+2(a—-1)(b-1)>0.
Theo nguyén 1i Dirichlet, trong ba s6 a — 1; b — 1; ¢ — 1 lu6n ton tai hai s6 khong am
hodc cung khong duong. Khong mét tinh téng quat, ta gid st (a — 1) (b — 1) > 0. Khi d6

2c(a—1) (b —1) > 0. Vay ta dugc diéu phai chiing minh.
Cach 2. khong mat tinh tong quat, gid st (a —1)(b — 1) > 0 thi

ab>a+b—1= 2abc > 2ac + 2bc — 2c.
Suy ra

A+ b+ +2abc+1>a>+ 0>+ +2ac+2bc —2c+ 1
> 2ab + (c — 1) 4 2ac + 2bc > 2(ab + bc + ca).
Do d6, ta c6 diéu phai chiing minh.

Luu y. Ban doc can luu y bai toan 1 nay, két qua ctia n6 con dugc stt dung trong mot s6
bai toan khac, chang han nhu bai toan 5 & trang 5, bai toan 7 & trang 5.
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Bai 2 (APMO 2005). Cho 4, b, ¢ 1a cac s6 thuc duong. Ching minh rang
(> +2) (b* +2) (> +2) >3(a+b+c)
(¢ Loi gidi
Theo nguyén 1i Dirichlet thi trong ba s6 a> — 1; b*> — 1; ¢ — 1 luén ton tai hai s6 ctung
khong am hodc cting khong duong. Khong méat tinh tdng quat, ta gia su
(e —1) (1*—1) >0.

Ta co
(a®+2) (1*+2) = (a®>—1) (1*—1) +3 (a® + b +1).
Do d6 (a? +2) (b* +2) > 3 (a* + b* + 1). Nhu vay
(a?+2) (B> +2) (*+2) >3 (a*+D*+1) (*+2).
Ta can chiing minh
3(+b?+1)(2+2) >3(a+b+c)
That vay, theo bat dang thitc Bunhiacopski, ta c6
(a4+b+c) = (al+b1+102 < (@+P+1) (1+1+3)° = (@ +02+1) 2+).

Vay ta c6 diéu phai ching minh.
Luuy.

(D Theo dbi 16i gidi ta thay rang, bat dang thuc
(a2 +2) (1> +2) (2 +2) >3(a+b+c)
dung véi moi s6 thuc a, b, ¢ (khong can diéu kién a, b, ¢ duong).

(2) Ngoai cach giai nhu trén, ta con c6 thé dua ra mot 1oi gidi rat "diéu nghé" nhu sau:
Ta co

(a®+2) (1> +2) =2(a® +1?) +a’b* + 4

2 (a* +b%) + (a®b* +1) +3

> 2 (a* +b*) +2ab+3

>3(a+b)
2

+3.

Vay dé gidi bai toan, ta chi can chiing minh

((a—;b)2+1> (2+c2) > (a+b+c)

Tuy nhién diéu nay dugc kiém chiing dé dang nho bat dang thitc Cauchy-Schwarz
nhu sau:

(a+b+c) = (”\gb-ﬁntl-c)Zg <(azb)2+1> (2+¢%).

MUC LUC | Chuyén d¢é boi duong hoc sinh giéi THCS va 6n thi vao 10 chuyén
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(3 Ta c6 thé lam bai tap 2 manh hon bdi bai tap 3 & ngay phia sau.
Bai 3. Cho a,b,c 1a cac s6 thuc duong. Chiing minh rang
(a2 +2) (b? +2) (2 +2) >3(a+b+c) + (abc — 1),
@ Loi gidi
Ta c6 su tuong duong
(a2 +2) (1> +2) (2 +2) >3(a+b+c)* + (abc — 1)
&a? + b+ + 2 (a*b? + b2c? + c*a®) + 7 + 2abc > 6 (ab + bc + ca) .
Ta c6: a® + b% + ¢® + 2abc +1 > 2 (ab + be + ca) (do vi du 1 & trang 2). Lai c6
a0+ b7+ *a? +3 = (a?V* + 1) + (PP +1) + (Pa* +1)
> 2ab + 2bc + 2ca.

Do d6 2a2b? + 2b%c? + 2c?a® + 6 > 4ab + 4bc + 4ca. Nhu vdy ta dugc diéu phai ching
minh.

Bai 4. Cho a,b,c la cac sb thuc khong 4m c6 tong bang 6. Ching minh rang
3 (ab + bc + ca) — abe < 28.
(¢ Loi gidi
Theo nguyén i Dirichlet thi trong ba s6 a — 2;b — 2; ¢ — 2 lu6n ton tai hai s6 ciing khong
am hodc cting khong duong. Khong mét tinh tong quat, ta gia su
(a—2)(b—-2)>0.
Khi do
ab+4 > 2a+ 2b < abc + 4c > 2ac + 2bc
<4c — 2ac — 2bec > —abe.

Do do
3 (ab + bc + ca) — abc < 3 (ab + bc + ca) + 4c — 2ac — 2bc.

Ta can chiing minh
3ab + bc + ca + 4c < 28

&3ab+c(a+b)+4c <28
<Bab+c(6—c)+4c <28.

That vay, ta co

3ab+c (6 —c) +4c < =(a+Db)* +6c— % +4c

=1 QW

< 2(6—c)* +10c — 2.

Do dé6 )
1 1
3ab+c(6—c)+4c§—4c2+c+27:—<2c—1> + 28 < 28.

Vay ta dugc diéu phai chiing minh.
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B. BAI TAP
1. Dé bai
Bai 5. Cho 4, b, ¢ la cac s6 thuc duong c6 abe = 1. Chiing minh

1 1 1
2tpta +3>2(a+b+c).

Bai 6 (Rumania Mathematical Olympiad 2006).

Cho céc s6 duong a, b, c théa man a + b + ¢ = 3. Ching minh ri“mg

1 1 1 )
+b2+—>a + b+

Bai 7. Cho a,b, c 1a cac s6 thuc duong. Chiing minh

>+ b*+ 2+ 2abc+3> (a+1) (b+1) (c+1).

Bai 8. Cho 4, b, c 1a cac s6 thuc khong am c6 tong bang 3. Ching minh rang:

a? + b* + ¢® + abc > 4.

Bai 9. Cho 4, b, c la cac sb thuc duong thda man abc = 1. Ching minh rang

A+ +c*4+a+b+c>2(ab+be+ca).

Bai 10 (HSG Toan 9, Gia Lai 2018-2019).
Xét x, y, z 1a cac sb thyc khong am thoéa man diéu kién x? + y? + z2 + 2xyz = 1. Tim gid
tri 16n nhat cta biéu thic P = xy + yz 4 zx — 2xyz.

Bai 11 (IMO 1984). Cho a,b, c 1a cac s6 thuc khong am c6 tong bf?mg 1. Ching minh

7
b+b —2abc < —.
av + vc + ca abc >

Bai 12 (T3/476-Toén hoc & Tubdi tré, thang 2 nam 2017).
Xét cac s thuc duong a,b, ¢ théa man a + b + ¢ = 3. Tim gid trj lon nhat ctia biéu thic

P =2(ab + bc + ca) — abc.

Bai 13. Cho a, b, c 1a cac s thuc duong. Chiing minh rang

(a* +2) (b* +2) (¢*+2) >9(ab+bc+ca).

MUC LUC | Chuyén d¢é boi duong hoc sinh giéi THCS va 6n thi vao 10 chuyén
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Bai 14. Cho a, b, ¢ 1a cac s6 thuc khong am ¢6 téng bang 1. Chiing minh rang

9abc +1 > 4 (ab+ bc +ca).

Bai 15. Cho a, b, ¢ 1a cac s6 duong sao cho a? + b? + ¢? + abc = 4. Chtiing minh:
(@) ab + bc + ca — abc < 2. (USA 2001)
@ a+b+c<3 (Iran 2002)

Bai 16 (P131, Tap chi Pi, thdng 1 nam 2018).
Cho x,y, z 1a cac s6 thyc duong thda man x? + y? + z2 + 2xyz = 1. Chiing minh rang

20 + 2P+ 22 +xy +yz +zx) <3 <3(x* +y* +22) + xy + yz + zx.

Bai 17. Cho 4, b, ¢ 1a cac s6 thuc duong sao cho ab + be + ca + abc = 4. Chiing minh rang

a+b+c>ab+bc+ca.

Bai 18. Cho a,b, ¢ 1a cac s6 thuc duong théa man a + b + ¢ + 2 = abc. Chung minh r?ang:

2(a+b+c) <ab+bcH ca.

Bai 19 (Mathematical Reflections 3/2020).
Xét a,b, c 1a cac s6 duong théa man a + b + ¢ = ab + bc + ca. Ching minh rang

3. .3 3 4 oy
14a 14b 14c¢ (A+a)(1+b)(1+4+c) —

Bai 20. Cho 4, b, c 1a cac s6 thuc duong. Chirng minh rang

(@ +1) (P +1) (*+1) > %(a+b+c+1)2.

Bai 21. Cho a, b, c 1a cac s6 thuc duong c6 tong bang 3. Chitng minh rang

(@®—a+1) (P —b+1) (*—c+1) >1.

Bai 22. Cho a,b, c 1a cac s6 thuc khong am bat ki. Chiing minh rang:

abe +2 + [(a—1)2+(b—1)2+(c—1)2} >a+b+c

V2
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Bai 23. Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh rang:

2(a®+b*+c*) +abc+8>5(a+b+c).

Bai 24. Cho a, b, c 1a céc s6 thuc khong am. Chung minh rfang:

5(a®+b°+c®) +3abc+9 > 9 (ab+ bc + ca) .

Bai 25. Cho a,b, ¢ 1a céc s6 thuc duong. Ching minh réng:

o) B (o) o)1) )

Bai 26. Cho a,b, c 1a cac s6 thuc duong thoa man abc = 1. Ching minh ré"mg:

1 n 1 n 1 n 1 > 1
(a+17% (b+1)* (c+1)* a+bt+c+l ™7

Bai 27. Cho a,b, c 1a céc s6 thuc duong thoa man abc = 1. Chung minh réng:

(R SR S 2 .
(a+1)7? (b+1* (c+1)?* (@+1)@+1)(c+1) ~

Bai 28. Cho a, b, c 1a cac s6 thuc duong thda man abc = 1. Chiing minh rang:

a+3 b+3 c+3
2 2 7 =3
(a+1)" (b+1) (c+1)

Bai 29 (Dé thi HSG 9, tinh Bc Ninh, nam 2018).
Cho x,y,z la cac sb thyc khong am thdéa man x +y + z = 3 va xy + yz + zx # 0. Ching
x+1 y+1 z+1 < 25

y+1 z+1 x+17 3Y/4(xy+yz+zx)

Bai 30 (Chon doi tuyén Todn vong 1 THPT Chuyén Hung - Gia Lai 2020-2021).
Xét cac s6 thuc duong a, b, c thdéa man a + b + ¢ = 3. Chiing minh rang

minh rang:

a n b n c >1
BB+16 3416 a3+16 — 6

Bai 31 (P43, Tap chi Pi, thdang 7 nam 2017).
Cho a, b, c 1a ba s6 thuc théa man diéu kién a? + b% + 2 = 3. Chitng minh bat dang thic
sau

(2—a)(2—-0)(2—c) > abc.

Hoi déng thic xay ra khi nao?

MUC LUC | Chuyén d¢é boi duong hoc sinh giéi THCS va 6n thi vao 10 chuyén
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Bai 32 (P47, Tap chi Pi, thdng 4 nam 2017).
Tim s6 thuc k bé nhét sao cho v6i moi bo ba s6 thuc khong am a, b, ¢, ta ludn c6

abc+k((a—b)*+ (b—c)*+(c—a)?)+2>a+b+ec.

Bai 33 (Chon doi tuyén HSG Toén 12, Tinh Ddng Thap nam hoc 2019-2020).
Choa, b, ¢ 1a cac sb thuc thdaman a + b + ¢ = 3. Chung minh rémg

(ab + be + ca)* +9 > 18abc.

Bai 34 (Chon ddi tuyén HSG Todn 12, Tinh Bén Tre nam hoc 2019-2020).
Tim s6 nguyén nhd nhét 7 sao cho véi n s6 thuc phan biét ay, a, . . ., a, lay tir doan [1; 1000]
ludn ton tai a;, aj théa 0 < a; —a; < 1+ 3y/ma; véii,j € {1;2;...;n}.
2. LOi gidi
Bai5. Xéta—1,b—1,c— 1; theo nguyén li Di-rich-1¢, c6 thé gia st
{u—lZO hod {a—1§0
b—1>0 " 1lpr-1<0.

2 1 fe 32 \
Do abc = 1nén 2c = s a?b?. Khi d6 bat dang thitc can chitng minh tuong duong

1 1 L, 1
>
+b2+ab +3 2(a+b+ b>

1 1 2 5n
- = —2a-2 >
®<a2+b2 ab>+ab a b+3>0

@C—;)ZH@—Q (b—1)+ (ab—1)? > 0 (dting).

Nhu vay ta c6 diéu phai chiing minh.
Luu y. Ap dung bai toan 1, ta cing nhanh chéng dua ra dugc 1oi giai cta bai toan 5 nay.
That vay, theo bai toan 1 thi

(ab)* + (bc)* + (ca)? + 2(abc)* + 1 > 2 (abbc + abca + beea)

1 1 1
eatpta +3>2(a+b+c).
1 1 1 ,
Bai 6. Xetbatdangthvfc + +—>a + b% 4 2. (1)

»
Cach 1. Do a® + b + 2 = (a+b+c) —2(ab + bc + ca) = 9 — 2(ab + bc + ca) nén bat
dang thuc (1) twong duong

1 1 1 2 2 2 1 1 1
S 3+2(ab+b 2(Z+-4+2)>12
At ta— o t3+ (ab+bc +ca) + <a+b+c>_
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(a-1% (b-17 (-1
< a? + b2 + c2

~|—2(ab+bc—|—ca)+2<£11—|—117+}:) > 12.

Vay bét dang thic (1) duge ching minh néu ta chiing minh dugc

1

1
— > 6.
b+c_6 (2)

1
ab—i—bc—i—ca—i—;—i—

That vay, theo nguyén 1i Dirichlet thi trong baséa —1,b — 1, ¢ — 1 ta luén chon dugc hai
s6 ¢6 tich khong am, khong mat tinh tong quat ta gia st

(a—1)(b—1)>0<ab>a+b—1.

Khi dé
1 1 1
VI2)=(=-++)+—-+ab+c(a+b)
a b c
> 2 0l -1 130
~—a+b ¢
4 1
_3—C+E+(2_C)+C(3_C)
4 1 X
=—+-4+24+2c—c" (0<c<3).
3—c ¢
X . . 4 1 )
Tacanchumgmmhﬁ—i—z%—Z—i—Zc—c > 6. (3)
Ta co
(3) & L S Y
3—c ¢~

& 3c+3> (3c— c?)(2 —2c+4)
& 3c+3> —c* 4505 —10c% +12¢
st =53 +10 -9 +3>0

& (c—1)%(c* —3c+3) > 0.

Bat dang thitc cudi cting luén dung va ta c6 diéu phai chiing minh.

, . 1 1 1
CachZ.DatT:u—2+ﬁ+c—2—(a2+b2+c2).
2
V(’Jix>0tacéx+%—2: (x xl) 20:>x+% > 2.Do dé

(3-)+(30)+(3-)
() ()69 o9
(30 () ()

1 1 1
—2<a+b+c—(ﬂ+b+C)>

MUC LUC | Chuyén d¢é boi duong hoc sinh giéi THCS va 6n thi vao 10 chuyén
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>2<9
- a+b+c
=0.

—(a+b—|—c)>

Ta c6 diéu phai chitng minh.
Bai 7. Ta co su tuong duong;:

a> +b*+c*+2abc+3> (a+1) (b+1) (c+1)
o+ b+ P+ 2abc+3>abc+ab+bc+cata+b+c+1
&2a% 4 2% 4 2¢% + 4abe + 4 > 2abe + 2ab + 2be + 2ca + 2a + 2b + 2.

Theo vi du 1 & trang 2, ta dugc
a* 4+ b* + c* +2abc +1 > 2 (ab+ bc + ca) . (1)
Mt khéc, do (a —1)* + (b —1)* + (c — 1)*> > O nén
a® +b*+c?+3>2a+2b+2c. )
Cong (1) va (2) vé theo vé, ta dugc diéu phai ching minh.

Bai 8. Theo nguyén li Dirichlet, trong ba s6 a — 1;b — 1;¢ — 1 lu6n ton tai hai s6 ctng
khong am hodc cting khong duong. Do d6, khong mét tinh tong quat, ta gia su

(a—1)(b—1) > 0.

Khi d6
cla—1)(b—1)>0<abc>c(a+b—-1)=c(2—¢).
Mat khac
b)? _ (3-c¢)

2,12 (a+0b)" .

a-+b- > 5 5
Ta can chiing minh

(3-0)’

++c(2—c)>4

2
S9—6c+c+4c—8>04 (c—1)> >0 (dung).

Vay ta dugc diéu phai chiing minh.

Bai 9. Theo nguyeén li Dirichlet thi trong ba s6 a — 1;b — 1;¢ — 1 lu6n ton tai hai s cting
khong am hodc ciing khong duong. Do d6, khong mat tinh tong quat, ta gia st

(a—1)(b—1) > 0.

Khi do
c(a—1)(b—1) >0 < abc > ac+ bc —c.

Tacéa+b—|—c23\%17:3.Theovidu16trang2,tacé
a® +b* + c* + 2abc +1 > 2 (ab + bc + ca) .
Suyraa®+b?>+c*+a+b+c+2abc+1> 2 (ab+ b+ ca) + 3. Maabc = 1 nén
a2+b2+cz+tz+b—|—c22(ab+bc+ca).
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Bai 10. Néu chia truc s thanh hai phan béi 56 0, thi trong 3s6 (2x — 1), (2y — 1), (2z — 1)
ludn ton tai hai s6 nam vé cting phia, khong mét tinh tong quat gia st

(2x—1)(2y—1)20:>2(x+y)—4xy§1:>z(x+y)—2xyz§%.

Tix x2 4+ y* 4+ z° + 2xyz = 1 suy ra
2 2, .2 1—-z
1—z"=2xyz+x"+y 22xy+2xyz:2xy(z+1):>xy§T.

1—z+z_1
2 2 2

1 v 1 . . 1
Voix=y=z= 5 thi P bang 5 Vay gia tri 16n nhat cua P bang 5

Vivay P = xy +yz + zx — 2xyz <

s 1 1 1 5 )
Bai 11. Theo nguyén li Dirichlet thi trong ba s6 a — 3 b— 3673 luén ton tai hai so
cting khéng am hodc cting khéng duong. Do d6 khong mét tinh téng quat, ta gia st

1 1
_ —_~\)>o.
(“ 3><b 3>—0
Khi do
2

&abc+ - > —c(a+b) & —2abc < %—gc(cH—b).

7
DétT:ab—i—bc-l—ca—Zabc—ﬁ.Tacé

7 2c 2 7
= - L < =_ =z -
T = ab + bc + ca — 2abc 27_ab+bc+ca+9 3c(a—kb) 7
2 1 7 2 1 (a+b)* 7
=Zc4= — < Ze4+Zc(1- -
9c+3c(a+b)+ab 27_9c-i-3c(1 c) + 1 7
2 1 (1-¢® 7 5¢-32 1-2+c% 7
oty gy =g 3  x
_20c —12¢*+9-18c+9c> 7 _9+2c-3c* 7
B 36 27 36 27
1 9+2c—3c2_z 1 27 +6¢ — 9c? — 28
9 4 3) 9 12
—9c2 — _1)?
_ —9c" +6c 1:_(3c 1) <o
9.12 9.-12 —
Vay ta dugc diéu phai chirng minh.
Bai 12.
Cich 1. Theo nguyén ly Dirichlet, trong 3s6a — 1, b — 1, ¢ — 1 lu6n ¢6 hai s6 ¢6 tich khong
am. Vi vai trd cta a, b, c nhu nhau nén ta c6 thé gid st (a —1)(b—1) > 0. (1)
Khi dé

(1) ©ab>a+b—1<%< abc > ac+ bec—c.

MUC LUC | Chuyén d¢é boi duong hoc sinh giéi THCS va 6n thi vao 10 chuyén
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Ap dung bat dang thitc Cauchy va stt dung gia thiéta + b + ¢ = 3, ta c6:
P =2(ab+ bc+ ca) —abc < 2(ab+bc+ca) —ac—bc+c=2ab+c(a+b)+c

2 _ A\2

Sz-(azb) te(atb)4e= 8 Zc) te(3-c)te
2 a2

:C2—3c+g+3c—c2+c:5—(c D <5.

Dau "="xay rakhia = b = ¢ = 1. Vay max P = 5.
Cich 2. Vi P 1a da thuc dbi xung theo ba bién a, b, ¢ nén ta cé thé gia thiéta > b > c. Khi
do

3a>a+b+c>3c=3a>3>3csa>1>c¢
=@—-1)(c—1) <0.
=0<ac<a+c—1=3-b—-1=2-10.

Ta co:
P =2(ab+ bc+ ca) — abc = 2b(a+ c) + 2ac — abc = 2b(3 — b) +ac(2 —b)
<26(3-b)+(2-b)*=—-b*+2b+4=5—(b—1)*<5.
Tir day thay ngay rang P = 5khia = b = ¢ = 1. Vay max P = 5.
Bai 13. Theo bai toan 2 & trang 3, ta c6
(a®+2) (b*+2) (+2) >3(a+b+c).
Mt khéc (a + b+ ¢)* > 3 (ab + be + ca). Nhu vay, ta dugc diéu phai chimg minh.

.. A1 Ty . A 1 1 1o s
Bai 14. Theo nguyén li Dirichlet thi trong ba so a — 3 b— 3673 luén ton tai hai so

cung khong am hoac cting khong duong. Do d6 khong mét tinh tdng quat, ta gia st
1 1
_ = —Z\)>0.
(=3) (b-3) =

9ab + 1 > 3a + 3b < 9abc + ¢ > 3ac + 3bc.

Khi do

Do do ta c6
9abc +1 — 4 (ab+ bc + ca) > 3ac + 3bc — ¢ + 1 — 4ab — 4ac — 4bc
=1—ac—bc—c—4ab.
Ta can chiing minh
l1—ac—bc—c—4ab>0<4dab+ac+bc+c<1
&dab+ac+be+c< (a+b+c)
&dab+ac+ be+ ¢ < a> + b* + ¢* + 2ab + 2ac + 2bc
s+ P+ —2ab+ac+bc—c>0
e(a—b)Y+c(a+b+c)—c>0e (a—b)>>0.

Vay ta dugc diéu phai chiing minh.
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Bai 15. Theo nguyén li Dirichlet thi trong bas6 a —1; b — 1; ¢ — 1 ludn ton tai hai s6 cting

khong 4m hodc cting khong duong, do d6 khong méat tinh tong quat, ta gia su

(a—-1)(b—1)>0.
(1) Khi do
ab+1>a+b
<abc+c¢ > ac+ be < —abe < ¢ —ac — be.

Do &6 ab + bc + ca — abc < ab+bc+ca+c¢—ac—bc =ab+c.
Ta can ching minh ab + ¢ < 2. That vay, ta c6

4 = g% + b> + % + abc > 2ab + ¢ + abc
=4—c*>ab(c+2)
S2—c>abs 2> c+ab.

(2 Theo vidu 1 & trang 2, ta c6

a* + b* + ¢® + 2abc +1 > 2 (ab+ be + ca)
&2 (a2 + 0%+ %) +2abc +1> (a+b+c)?
&2 (a® +b* + P +abc) +1> (a+b+c)?
<:>(a+b+c)2§9<:)a+b+c§3.

Bai 16. Cach 1: Ta chiing minh hai bat dang thic sau:
& Chiing minh bat dang thic
2(x* + 2 + 2% +xy +yz +zx) < 3.
Ap dung gia thiét bai toan vao (1) ta viét lai 1a
2(xy +yz+zx) <1+ 4xyz.

1)

(2)

Theo nguyén li Dirichlet, trong ba s6 x, y, z ton tai hai s6 hodc ciing khong 16n hon

N A . 1 s s A PR
5 hodc cing khong nho hon > Do vai tro cua x,y, z la nhu nhau nén ta c6 the gia

st hai 56 c6 tinh chat vira néu 1a x va y. Khi d6
2x—-1)2y—1) >0 2(y+x) <4xy+1.
Do do, tu (3) cho ta
2(yz +zx) < 4xyz + z.
Tir gia thiét bai toan, két hop védi x2 + y? > 2xy ta duge
(1-2)(1+2z)=1-2
=x2+ yz + 2xyz
> 2xy(1+ z).

T do,vil4+z>0nén2xy <1-—z.

Cong (4) va (5) theo vé ta dugc (2) va do d6, (1) duge chirng minh.

C)

4)

(5)

MUC LUC | Chuyén d¢é boi duong hoc sinh giéi THCS va 6n thi vao 10 chuyén
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& Chiing minh bat dang thic
3(x*+y*+2%) +xy +yz +zx > 3. (6)

St dung bat dang thitc Cauchy cho bdn s6 duong, tir gia thiét bai toan cho ta
1= 2%+ %+ 22 + 2xyz > 4¢/2x31328
1 . A a2 £
Do d6 xyz < 3 Vi the, theo bat dang thirc Cauchy cho ba so duong ta cé

3

+ T

+->

! > 6.
X

I
N

<l

Suy ra
Xy +yz +zx > 6xyz.

Vi vay vdi gia thiét cta bai toan, ta co
3(x% 4+ y* 4+ 22) + xy +yz +zx > 3(x* +y* + 2%) + 6xyz = 3.
Vay bat dang thic (6) duge chiing minh.

. 1
Dau "="xayrakhivachikhix =y =z = 5

Cach 2: bé ching minh bat déng thic dé bai cho, ta sé ching minh hai bat déng thuc
sau:

& Chiing minh bat dang thic
2> + P+ 22 tay+yz +zx) <3

Trude hét, ta ching minh

x y z

= 2. 7
x+yz y+zx+z+xy @)
That vay, ta co
x L,y o,z _Z_xyz(l—x2—y2—zz—2xyz)_
x+yz y+zx z+xy — (x+yz)(y+zx)(z+xy)
Tir (7) ta 6
2 2 2
- zx - 2y - zz
xX“+xyz Yy +xyz z-+xyz
(x +y+2)*
~ x2+y? 422+ 3xyz
- 2(x+y+2z)?
C2(x?+y2 +22) + 6xyz
2(x 4y +z)?

3—x2—y2—22

Suyra3—x%—y? —z> > (x +y +z)2 hay 2(x? + y? + 22 + xy + yz + zx) < 3.
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& Chiing minh bat dang thic
3 +y*+22) +ay+yz+zx >3
tuong tu nhu cach 1.
Nhéan xét 1. Néu dita = 2x,b = 2y,c = 2z thigia thiét bai toan duoc viét dudi dang
a* +b* + A+ abc =4
va bat dang thirc (2) trong 1oi gii cach 1 duge viét dudi dang
ab + bc+ ca <2+ abc.

Bat dang thiic trén da xuat hién trong ky thi Olympic Toan hoc caa My (USAMO) nam
2001 va ciing da dugc trinh bay trong chuyén dé nay (y (1) ctia bai toan 15).

Bai 17. Theo nguyén li Dirichlet thi trong ba s @ — 1;b — 1;¢ — 1 ludn ton tai hai s6 cting
khong am hodc cting khong duong. Do d6 khong mat tinh téng quat, ta gia st
(a—1)(b—-1)>0.

Khi do
ca—1)(b—1) >0« ¢ >ac+ bc— abc.

Nhuvaya+b+c > a+b-+ac+ bc— abe.
Ta can chung minh a + b > ab + abc. Ta c6

4 —ab

ab+bc+ca+abc:4®c:m.

Khi do, ta c6 su tuong duong

4 —ab
> >
a+b>ab+abc & a+b_ab(1+a 2 ab)

& (a+b)(a+b+ab) >ab(4+a+0b)
& (a+b)*+ (a+b)ab > 4ab+ab(a +b)
&(a+b)? > 4ab < (a—b)* > 0.

Vay ta dugc diéu phai chiing minh.

Bai18. Tacéabc=a+b—+c+2 > 3vabc+2.Dodé
AM—GM

abc —3v/abc —2 > 0 < (%—2) (%ZJFK/@H) >0
@(%—2) (%+1)220@%22@abc2&

Khidéoa+b+c+2>8<a+b+c>6. TheonguyénliDirichletthiZtrong3séa -2,
b — 2, ¢ — 2 cing khong am hodc cting khong duong. Khong mat tinh téng quat gia st

(a—=2)(b—2)>0=>2(a+b)<44+ab=2c+ab+4>2(a+b+c).

MUC LUC | Chuyén d¢é boi duong hoc sinh giéi THCS va 6n thi vao 10 chuyén
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Ta can chiang minh ab + bc + ca > 2c 4 ab + 4. Hay can chiang minh be +ca > 2c +4. Ta
co:

(a+0b)°
4

2
:>a+b+2§c((azb) —1) :2(a+b—2)(ﬂ+b+2)

a+b+c+2=abc< .C

=1< 2(a+b—2) = bc+ca > 2c+4.
Vay ta dugc diéu phai chiing minh.
Bai 19. Bat déng thitc can chung minh tuong duong véi

3(1+a)1+b)+(A+b)(1+c)+(1+c)(1+a)] >4+4(1+a)(1+Db)(1+c)
<383+2(a+b+c)+ab+b+cal >4+4(1+a+b+c+ab+ bc+ ca+ abe)
©9+9(a+b+c)>8+8(a+b+c)+4abe
Sa+b+c+ 12> 4abe. (1)

Theo nguyén li Dirichlet, trong 386 (a — 1), (b — 1), (c — 1) ludn t6n tai hai s6 cing khong
am hodc cuing khong duong, khong mat tinh téng quat gia st (b — 1) (c — 1) > 0. Khi d6

1+bc>b+c=14a+bc>a+b+ec. 2)
Maa+b+c=ab+ bc+ cachonén tu (2) ta co
1+a+bc>ab+bc+cas1+a>alb+c). (3)
Do dé

a+b+c+1—4abc > a(b+c)+ (b+c) —4abc
= (b+c)(a+1) —4abc

3
> a(b+c)? — 4abc

> 4abc — 4abc
=0.

—~
=

Nhu vay (1) dugc chitng minh va bai toan dugc gidi quyét hoan toan.
1o

—c
4 7
cting khong am hodc cting khong duong. Khong mat tinh tong quat, ta gia su

-2

(a®+1) (P*+1) = <a2—1> <b2—1)+i<a2+b2+i>.

. A1 T . % 1 T a o«
Bai 20. Theo nguyén li Dirichlet thi trong ba s6 a* — 7 b — 1 ludn ton tai hai so

Ta co:
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Nén (a? +1) (b*+1) > Z <a2+b2+i>.1<hidé

(@®+1) (P +1) (F+1) > Z <a2+b2+i> (c*+1).
Ta can chiing minh

5 2 2 3 2 5 2
— — >

& (40 +40° +3) (P +1) > (a+b+c+1)%
That vay, theo bat déng thuc B.C.S, ta duoc

1
4
& (40 +40° +3) (P +1) > (a+b+c+1)°

(40 + 4V +1+1+1) L I T N C Ry VA N T I P i
44 4)=\"2 "2 T2 T T

Vay ta c6 diéu phai chitng minh. Dau "=" xay ra cheamg han khi
1
a c=3

Bai 21. Theo nguyén li Dirichlet thi trong baséa — 1; b — 1; ¢ — 1 luén ton tai hai s6 cting
khong am hodc ciing khong duong, do d6 khong maét tinh téng quat, ta gia su

(a—1)(b—1) > 0.

Ta co:

(> —a+1) (P —b+1)=a’b* —a’b+a* —ab> +ab—a+ b —b+1
=a’> —a’b—ab* +ab+a*>+? —a—b+1
=ab(ab—a—b+1)+a®>+b* —a—b+1
=abla—1)(b—1)4+a®>+b*—a—b+1
>a?+b—a—b—1.

Do dé

(> —a+1) (P —b+1) > %(a+b)z—(a+b)+1

:%(3—c)2—(3—c)+1:%(c2—4c+5).

Ta can chiing minh

> ?—4c+5) (F—c+1) >1
(c2—4c—|—5) (cz—c—i—l) > 2
[(c—1)2—2c+4} [(c—l)z—l—c] —2>0

MUC LUC | Chuyén d¢é boi duong hoc sinh giéi THCS va 6n thi vao 10 chuyén
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-1 +cc—12%=2c—4)(c—1)2 =22 +4c—2>0
@(c—l)z(c2—2c+l+c—2c+4)—2(c—1)220
&(c—1)* (=3¢ +3) >0.

Vay ta dugc diéu phai chiing minh.

Bai 22. Theo nguyén li Dirichlet thi trong 3s6 (a — 1), (b — 1), (c — 1) ludn tdn tai hai s6
cting khong am hodc cting khong duong. Khong mat tinh téng quat, gia st

(a—1)(b—1)>0=ab>a+b—-1

Ta can ching minh

clatb=1)+2+ = [(@=17+ (b1 + (e~ 1] 2atbe

V2
@\2 [(a—l)z—i—(b—l)z#—(c—l)z} >a+b—2+2c—c(a+b)
@\2 [(a—1)2+(b—1)2+(c—1)2} >(a+b-2)(1—¢).

Ap dung bat déng thiec AM - GM, ta c6

(a+b—2)*
2
>V2|(a+b—2)(1—c)|
>V2(a+b-2)(1—c).

(a—172%+(b—17%+(c—1) +(c—1)

Y

Vay ta dugc diéu phai chiing minh.

Bai 23. Theo nguyén li Dirichlet thi trong basd (a — 1), (b—1), (¢ —1) ludn c6 hai s6
cting khong am hodc cting khong duong. Khong mét tinh tong quat gia su

(a—1)(b—1) >0« abc > ac+ bc —c.

Suy ra
2(a2+b2—|—cz)+abc+822(a2+b2+02)+ac+bc—c+8.

Ta can ching minh
2(a®+b*+c*) +ac+bc—c+8>5(a+b+c)
&4 (a® +b*+*) +2ac+2bc —2c+16 > 10 (a + b +c)
Sb+c—2724(c+a—-22+3a—1)+3(b—-1)>+2(c—1)* >0.
Bat dang thitc cubi ciing hién nhién duing nén ta duge diéu phai ching minh.

Bai 24. Theo nguyén li Dirichlet thi 2 trong 3 s6 (a — 1), (b — 1), (c — 1) cing khong am
hodc cting khong duong. Khong mét tinh tdng quat gia st

(a—1)(b—1)>0=ab+1>a+b= 3abc > 3ac + 3bc — 3c.
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Suy ra
5(a®+b>+c%) +3abc+9 > 5 (a° + b° + ) + 3ac + 3bc — 3¢ + 9.

Ta can chiing minh
5(a® +b° +c®) +3ac+ 3bc — 3¢ +9 > 9 (ab + be + ca)
&5 (@ + 0>+ ) +9 > 9ab + 6bc + 6ca + 3c.
Ap dung bat dang thitc AM — GM, ta ¢6

3c=3V311<P+1+1;
6ca = 6V c3a3.1 < 2¢° + 243 + 2;
6bc = 6V b3.c3.1 < 2b° +2¢% +2;
9ab = 9V/a3.b3.1 < 3a° + 3b° + 3.
Cong vé theo vé cac bat dang thic trén ta dugce
5(a° +b>+c*) +9 > 9ab + 6bc + 6¢a + 3c.

Vay ta c6 diéu phai ching minh.
Luu y. Ta nhic lai bt déng thic AM-GM (hay con goi la bat déng thuc Co-si).

(D Véi cac s6 khong am ay, ay, ta c6

a + ax

> > \/a1az,

diu dang thirc xay ra khi a; = as.
(2) Vdi cac s6 khong am ay, aa, a3 ta cd

a1 +ax +as

3 > Jajazaz,

dau dang thirc xay ra khi a; = a; = a3.
(3 Véi cac s6 khong am ay, ay,. . ., ay, ta co

ar+ay+---+ay
n

> Yaray...ay,,

dau déng thacxayrakhia; =a, = --- = a,.

1

Bai 25. bat x = a+b

duoc viét lai thanh

1 1 Ao a2 N
; Yy =b+ z=c + Py khi d6 bat dang thitc can chitng minh

(=D (y-1D+ -1 (E-1+(E-1)(x—1)>3
exy+yz+zx >2(x+y+z).
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Theo nguyén li Dirichlet thi 2 trong 3 s6 (x —2), (y —2), (z — 2) cuing khong 4m hodc
cting khong duong. Khong mat tinh tdng quat, gia st

(x—2)(y—2) > 0.

Khi d6
xy+4>2x+2y=2(x+y+z) <2z+xy+4 (1)
Mat khac
1 1 1 1 b 1
XYz = IZ+E b—f—z C+E = tl+g bC+E+1+a
1 1 1 1
=abct+bt+a+-+c+ -+ -+ —
c a b abc
:abc+$+x+y+222+x+y+z
>2+4+2\/xy +z.
Suy ra
z(xy—1)=xyz—z>2(/xy+1) =z (/xy—1) > 2. (2)

Tir hai bat dang thitc (1) va (2), ta dugc

2(x+y+z) <2z+axy+4<2z+xy+2z(/xy—1)

=xy+z2/xy <xy+z(x+y)
< xy+yz+zx.

Vay ta c6 diéu phai ching minh.
Bai 26. Trudc tién, ta chiung minh bat déng thuc
1 n 1 N 1
(a+1)*>  (b+1)> ~ 1+ab

bang bién ddi twong duong. That vay, ta c6 su tuong duong

1 1 1

(a+1)?% (b+1) = Trab

(ab+1) ((a+1)"+ (b+1)%) > (a+12(b+1)°
(ab+1) (a® + 0> +2a+2b+2) > ((ab+1) + (a + b))
(ab+1) (a® + 0> +2a+2b+2) > ((ab+1) + (a + b))
a* +b* +2a+2b +2 + a®b + ab® + 2a°b + 2ab® + 2ab
>a’b? +2ab+ 1+ a> + b* +2ab+ 2 (a*b + ab®> + a + b)
a* +b* + 2+ a’b +ab® + 2ab > a®b® + 2ab + 1 + a* + b + 2ab
=1+ a®b+ ab® > a?b® + 2ab
& (a3b +ab® — 2a2b2) + (1 —2ab+ azbz) >0
&ab(a—b)* + (ab—1)* > 0 (dang).

A+

=
=
=

o~~~




21 | Bién soan: Nguyén Tai Chung, GV THPT Chuyén Hing Vuong, DT 0968774679

Ap dung bat dang thiic trén, ta dugc

LN SRR B S
2 2 = - - :
(a+1) (b+1) 1+ab 1+% 1+c

Suy ra

1 1 1 1 c 1 1
+ + > + + :
(a+1)*  (b+1)* (c+1)? atbte+l T 1+c (c+1) atbrcetl

Ta can chiing minh
c 1 1

+ + > 1.
1+4+¢ (C_|_1)2 a+b+c+1—

Theo nguyén 1i Dirichlet thi 2 trong 3 s6 (a — 1), (b—1), (c — 1) cing khoéng am hoac
cung khong duong. Khong mét tinh téng quat gia st
1 c+1

(@a=1)(b-1)20=a+b<l+ab=1+_"=——.

Khi d6 ta duoc

c 1 1 c 1 1
>

+ + + +
1+c¢ (C+1)2 a+b+c+1 " 1+c¢ (C+1)2 c+1
C
c 1 c

= + +
I+c  (c+1* (c+1)?
:c(c—|—1)+1—|—c:1
(c+1)?

+c+1

Vay ta dugc diéu phai ching minh.

1
+ >
(a+1)>  (b+1)* ~ 1+ab
da duge chiing minh & 10i giai ctia bai toan 26 & trang 7). Ap dung bat dang thtic trén, ta
duoc

Bai 27. Trudc tién, ta c6 bat dang thiic (bat dang thitc nay

LN S S S
2 2 = = = .
(a+1) (b+1) 1+ab 1+% 1+c

Theo nguyén 1i Dirichlet thi 2 trong 3 s6 (a — 1), (b —1), (c — 1) ciing khéng 4m hodc
cting khong duong. Khong mat tinh tong quat gia su

(u—l)(b—l)20:>a+b§1+abzctl.

Do d6

(a+1)(b+1)(c+1)=[(1+ab)+ (a+Db)](c+1)
<[(1+4ab)+1+ab](c+1)
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(1 tab) (14¢) < 2D

Suy ra

S S S 2 NS S R
(a+1)* (0+1)7 (c+1)? (@+1)@+1)(c+1) ~14+c (c+1)* (c+1)>

Vay ta dugc diéu phai chiing minh.
Bai 28. Theo bai toan 26 & trang 7, ta c6

1 n 1 n 1 n 1 > 1
(1+a)® (1+b)> (1+c)? a+bfc+1 =7

Do do

a+3 b+3 c+3
7+ 7T 2
(a+1)" (b+1) (c+1)

S SIS SUNS SUSPY (S SUNNS SN
a+1l b+1 c+1 (a+1)* (b+1* (c+1)*)

1 1 N 1 42 2
a+1 b+1 c+1 a+b+c+1

1 1 1 2 <3

a+1 T hdl Tl T i bderic
& ! + ! + 1 > 2 +1
14a 1+b 14c¢c ~ 14a+b+c
3+ab+bc+ca+2(a+b+c) S 3tatbte
14+ab+bc+ca+a+b+c+abc — 14+a+b+c
3+ub—|—bc—|—ca—|—2(a—|—b—i—c)>3—|—a—|—b—|—c

24+ab+bc+ca+a+b+c — 1+a+b+c

Hay A >

_l’_

Ta can chiing minh

l+a+b+c 2
&1 >14+ —
+2+ab—|—bc+ca+a+b+c‘ +1+a+b+c
l+a+b+c > 2

©2+ab—|—bc—|—ca+a—|—b—|—c “1+a+b+c
(1 4a+b+c)? > 4+ 2ab+ 2bc + 2ca + 2a + 2b + 2¢

Sl+a>+b*+c*+2(ab+bc+ca)+2(a+b+c)
=4+2(ab+bc+cat+a+b+c)
eSl+a®+bh+ >4

oa? + b+ > 38

Bat dang thitc cudi luon ding vi theo bat dang thitc AM — GM thi
a2 + b2+ > 3va2h2c2 = 3.

Vay ta dugc diéu phai chiing minh.
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Bai 29. Khong maét tinh téng quat, gia st i 1a s6 & gitra hai s6 x va z. Khi d6

x(x—y)y—z) 20 x(xy—xz—y’ +yz) >0 ¥y +xyz > x> +x%z. (1)

Do do
Pz +yPx + 22y < ¥y + xyz + 2%y = y(x* + xz + 2°)
1
<yl 2P = 2 (2)(x + 27
1/ 2y+x+z+x+z 8

< = = — = 4,

_2( ; ) 54 %)
Ta co

x+1 y+1 z+1
y+1 z+1 x+1
(x+1)2z+1)+ Y+ (x+1)+z+1)%(y+1)
(x+1D(y+1)(z+1)
(x +y? + 22+ 2xy +2yz + 2xz) + (x’z + y?’x + 2%y) + 3(x +y +z) + 3
xyz+ (x+y+z)+ (xy+yz+xz)+1
(x+y+2)?+3(x+y+z)+3+ (x%y+y*x + 2%y)
xyz+xy +yz+xz+4
:21+(xzz—|—y2x—|—zzy) < 21+4 < 25
xyz+xy+yz+xz+4 7 2+ 24 (xy+yz+xz) T 33/4(xy +yz +xz)

Déng thiic xay ra khi (x;y;z) = (0;1;2) va cac hoan vi.
Luu y. Viéc thiét lap nhitng bat dang thitc hoan vi nhu (1), (2) tuy khé nhung ciing
thuong gap. Chung ta sé gap lai ky thuat tuong tu & bai toan 30 (6 trang 7).

Bai 30. Taco

a l _ ab® l(a— ab® )
16 b3 +23 423

1 ab® 1 ab?
> —\a—5 ] = a——=1.
16 12b 16 12

Vay ta can chiing minh

8
> - & > Z
16 12 3 -3

=6 12
2 2 2
@Wﬁé@abz+bc2+ca2§4.

Ching minh BDT manh hon:

i (s_ab2+bc2+cu2> 1 _ab2+bc2+ca2

ab? + bc? + ca® + abe < 4.
Gia str b nam gitta a va c. Khi d6 a(b — ¢)(b — a) < 0. Theo bat dang thic AM-GM ta c6

ab® + bc* + ca® + abe = b (¢* + a* + 2ca) + ab® + ca® — ba®> — abc
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=b(a+c)*+ab(b—a)+ca(a—Db)
=bla+c)*+alb—a)(b—c)
<b(a+c)> =b(3—b)?

3—-b 3-
—qp.2 .27

b 2 2

3-b 3-b\">

b+T+T
<4
- 3
=4.

Tir d6 ta c6 duge diéu phai ching minh.
Luu y. Ban doc hay lién hé 16i giai cua bai toan 30 nay vdi 1oi giai cua bai toan 29 (& trang
7) dé cing c6, khac sau phuong phap.

Bai 31. Nhan thay, néu (a,b,c) 1a bo sb théa man diéu kién dé bai thi (|al,|b|, |c|) cling
12 bo s6 thda man diéu kién dé bai. Hon nira & bat dang thitc can chiing minh, khi thay a,
b, c twong ung bdi |al, |b], |c|, gia tri cGa vé trai khong ting va gia tri cda vé phai khong
gidm. Vi thé dé gidi bai da ra, chi can chiing minh bat dang thitc & dé bai véi diéu kién
a,b,c > 0vaa?+ b + c* = 3. Theo nguyeén li Dirichlet, trong 3s6 (a — 1), (b —1), (c — 1)
ludn ton tai hai s6 cung khong 4m hodc cung khéng duong, khong mat tinh tong quat
gidsu(a—1)(b—1)>0.Khido1+ab>a+b.
Do do

(2—a)(2—-b)=4—-2(a+b)+ab>4—-2(1+ab)+ab=2—ab. (1)

Tir rang budc dbi véi a, b, c theo bat déng thac Cauchy, ta c6
4 = (a2+b2) + (cz+l) > 2ab + 2c.

Suyra?2 > ab+c.

T (1) va (2) suyra (2—a) (2—0b) > ¢ > 0.

T (2) tac62—c > ab > 0.

Nhan (3) va (4) vé v6i vé ta dugc bat dang thic can chiing minh theo yéu cau bai to
Déng thtic xay ra khi va chi khi ddua =b =c = 1.

Nhan xét 2. Mau chét ctia bai toan nay la khi phat hién ra néu (a, b, ¢) 1a bo s6 théa man
diéu kién dé bai thi (|a, |b|, |c|) cling 12 b s6 thoa man diéu kién dé bai.

2
3
4

A~ N N
— — —

~

QO

n.

Bai 32. Xét bat dang thiic
abc+k((a—b)>+(b—c)*+(c—a)?)+2>a+b+ec. (1)

1
Trong (1), thaya = 0,b = ¢ = 2, ta dugc 2 + 8k > 4. Suy ra k > e Ta sé chung minh

1 N ., . 2 A X ~ - -, . s . A A A A
k= 1 la gia tri nho nhat can tim, tic chitng minh véi moi bd ba so thuc khong am 4, b, c,
ta ludn co

abc+2+%((a—b)2+(b—c)z+(c—a)2) >a+b+e.

hay
a* + b* +c® +2abc +4 > ab+bc+ca+2(a+b+c). (2)
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Theo nguyén li Dirichlet, trong 386 (a — 1), (b — 1), (c — 1) ludn t6n tai hai s6 cing khong
am hodc cuing khong duong, khong mét tinh téng quat gia st (b — 1) (c — 1) > 0. Khi d6

bc>b+c—1=abc>alb+c—1).
Do vay, bat dang thiic (2) sé dugc chitng minh néu ching ta chiing minh dugc
>+ + 24 2a(b+c—1)+4>ab+bctca+2(atb+c).

Hay
> —(4—b—cla+b*+c*—bc—2(b+c)+4>0, 3)

vdi moi a, b, ¢ > 0. Dé thay, vé trai ctia (3) dugc bién déi thanh

b+c\> 3 )
<a—2+ > ) +1(b—c).

1 N .. . X S A X 2 X N .
Vay k = 1 la gia tri can tim theo yéu cau cua dée bai.

Nhén xét 3.

1. Dé ching minh abc > a(b + ¢ — 1), ngoai cach da néu trong 16i giai trén, con c6 thé lap
ludn nhu sau: Xét 3sda(b—1)(c —1),b(c —1)(a—1),c(a—1)(b—1),taco

ab—1)(c—1)-blc—1)(a—1)-c(a—1)(b—-1)
=abc(a —1)*(b—1)*(c —1)*> >0,
suy ra co it nhat mot trong 3 sO néu trén khong am, do d6 khong mat tinh t6ng quat,
ta co thé gid sta(b —1)(c — 1), khi d6 abc > a(b+c—1).

2. D€ ching minh (3), ngoai cach gom binh phuong ding nhu trong 15i giai trén, ta con
6 thé chiing minh bang cach coi biéu thitc & vé trdi ctia (3) nhu mot tam thic bac hai
déi véi a va xét dau biét thirc ctia tam thirc d6. That vay, ta xem

> —(4—b—c)la+b*+c*—bc—2(b+c)+4
1a moét tam thirc bac hai theo bién a, khi d6
A=@4—b—c)—4 >+ —bc—2(b+c)+4)

=16+ b* + > — 8b — 8c + 2bc — 4b* — 4c* + 4bc + 8b + 8¢ — 16

= 6bc — 3b* — 3¢?

= —3(b—c)?

<0.
Dodéa*— (4—b—cla+b>+c®>—bc—2(b+c)+4 > 0vata co diéu phai ching
minh. Hon ntra, khi A = 0 (tic la b — ¢ = 0) thi tam thuc cé nghiém kép

4—b—c b+c b+c
_?_2— > =a—-2+ =
Nhu vdy, phuong phap tam thitc bac hai nay con cho ta mét 1oi giai thich cho viéc vi
sao ta lai nghi ra cach gom binh phuong dung;:

a 0.

2
> —(4—b—c)at+b*+c*—bc—2(b+c)+4= (a_2+b—2|—c> —|—Z(b—c)2.
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3. Bat déng thitc (2) con c6 thé duge chiing minh béng cach st dung bat déng thuc
Schur bac 3. Bat dfmg thitc Schur bac 3 duge phét biéu nhu sau: “Véi moi bo 3 s6 thuc
a,b,c > 0, taludn co

a® + b3 4 3+ 3abc > a*(b+c) +b*(c +a) + (a+b).

Déu bang xay ra khi va chi khi 3 bién nhan cac gia tri bang nhau hodc mot bién bang
0, hai bién con lai nhan gia tri béng nhau.” Trong cac bat déng thitc bac 3 ctia 3 bién
khong am, bat dang thirc Schur 1a mot bat dang thic manh, ¢ nhiéu ing dung. Ngoai
cach viét néu trén, bat dang thitc Schur bac 3 con c6 mot sb cach viét thong dung khac
dudi day:

i)a(a—b)(a—c)+bb—c)(b—a)+c(c—a)(c—b) >0.

ii) (b+c—a)(c+a—b)(a+b—c)<abc.
iii) (a+b+c)®+9abc > 4(ab + bc + ca)(a+b+c).

Bat dang thiic i) c6 thé dugc chiing minh mét cach don gian nhu sau:
Do tinh déi xting, ta c6 thé gid stta > b > c. Pata—b=x,b—c =y, tacé x,y > 0.
Bat dang thiic can ching minh dugc viét lai thanh
ax(x +y) —bxy +cy(x+y) > 0. *)
Dé théy (*) < ax? + (a — b+ c)xy + cy? > 0. Bat dang thitc cubi cing hién nhién ding
va do do (*) dugc ching minh.
Bai33. Datx =a—1,b=y—1,z = c—1.Khi dé x +y + z = 0 va bat dang thitc can
chang minh trd thanh
P = (xy 4 yz + zx)* — 12(xy + yz + zx) — 18xzy > 0.

Viba s6 x, y, z ludn c6 hai s6 c6 tich khong &m nén khong mét tinh tong quat, gia s hai
s6 do6la x,y. Thay z = —(x +y), ta duge

P=(x*+xy +y2)2 +12 (2 + xy +y*) + 18xy(x +y).
Lai ¢6 x> + xy + > > 3xy > Onén

P > (3xy)? + 12 (x* + xy + y?) + 18xy(x + y).

Mit khac x? + xy + y> > Z(x +v)? nén

3
P> (3xy)?+12- FiCh y)? + 18xy(x +y)
=9(xy +x+y)* > 0.

Ta c6 diéu phai chiing minh. Pang thitc xady rakhia =b=c=1hodca=b= —1,c =5
va cac hoan vi cta no.

Bai 34. Ta phan ra hai truong hgp nhu sau:
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& Véin <10, tachona; =i (i =1,2,...,n).Khi dé bat dfmg thac khong dung. That
vay,vi0 < i —jPsuyrai—j>1,vadodo

ai—a; =1 — = (i—j)* +3ij(i — j) > 1+ 3ij.
™ Véin = 11, ta chia doan [1;1000] thanh 10 doan
K+1,(k+1)%, véik=0,1,2,...,9.

Theo nguyén li Dirichlet, trong s6 11 s6 phan biét ay, ..., a1; duge chon tir [1;1000]

sé ton tai hai s0 a;,4; v6i (4; > aj) ndm trong cing mot doan, gia str 1a doan [k° +

1, (k+1)%]. Patx = Y/a;, y = y/a;. Taco

P4+1<a<a<(k+1P°=k< < Ja; <k+1
Suyra0 < /a; — ya; <lhay0<x—y <1lva
0<a;—aj =2}~y =(x—y)P +3xy(x —y) <1+3xy = 1+33/aa;.

Vay s6 nguyén n nhé nhat can tim lan = 11.
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