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Chuong 1

Vec to

1.1 Khai niém vec to

1.1.1 Vec to

1. Vec to 1a doan thing c6 phan biét diém nao 1a diém dau, diém
nao la diém cubi.

9. Xét vec td AL nhu hinh vé 1.1

A—B

Hinh 1.1: Vec to.

trong do

a) A la diém dau (hay diém gbc).

2 —
(c) Néu A = B thi AA goi Ia vec to khong, ky hieu 0.

(d) Do dai doan thang AB goi la do dai ciia vec to /ﬁ,
ky hieu AB = BA = |E| Do dai cta vec to khong 1a
0] = 0.

(e) Gia cua E la duong thing di qua A va B.

(a)

(b) B la diém cudi (hay diém ngon).
)
)
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N £ —
(f) Huoéng (hay chieu) cta AB 1 huéng tit A dén B. 0 clung
phuong cung huéng v6i moi vec to.

3. Hai vec to ciing phuong néu gia ctia chiing song song hoic
trung nhau.
1.1.2 Vec td bang nhau

E cung phuong @
AB=0CD = { 4B cuing hudng D (Xem hinh [1.2)).

[AB| = |CD|

g———>D

Hinh 1.2: Hai vec to bang nhau.

-

» Chu §: “Cung phuong” chua chic “cting huéng”, nhung “cling
huéng” tat nhién phai “cing phuong”.

1.2 Cac phép toan véi vec to

1.2.1 Phép cong hai vec to

Dinh nghia 1.2.1 Cho hai vec to @ va T, b diém A bit ky ve
AB =7 v BC = b, khi d6 AC la tong ciia @ va b (Hinh[1.d).

1. Quy tdc 3 diém: Vi 3 diém A, B,C thi AC = AB + BC.

2. Quy tac hinh binh hanh: ABCD la hinh binh hanh <=

AC' = AB + AD (Hinh [1.4).

3. Céac tinh chét:

Y=

(a) Tinh giao hoan: @ + b = b + d.
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(b) Tinh két hop: (@ + 7) + =7+ (0 + 7).
(c) Tinh chat véi 0+

4. Cha y: Trong mot tam giac, tong 2 canh 16n hon canh thit
ll% va hiéu 2 canh nhoé hon canh thit ba nén véi 2 vec to d va

b thi
(1.1) ‘|E>| . \?\\ < ]7+?(

— —>
(1.2) ‘7+b‘§|ﬁ>\+|b|

Dau “=" xay ra & bat dzzamg> thite (1.1) khi va chi khi @ cung
phu’dng, ngugce hu’dng v6i b . Dau “=" xay ra & bat dén ang thitc
khi va chi khi @ d cung phuong, cung huéng véi b .

1.2.2 Phép trur hai vec to

1. Vec to doi cf@> @ 1a mot vec to, ky hieu la — @, sao cho
@+ (—d)= 0. Vecto —d cing phuong, cing do dai nhung
nguge hudng véi a
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Hie glaE)
-0 =1

c

%
va bl_éL> ong clia @ va vec to déi clia b tic la
+(=b)

3. Quy tac hieu: V6i 2 diem A, B va mot diem O thi BA =

1.2.3 Phép nhan vec to v6i mot sbé thuc

Pinh nghia 1.2.2 Cho a va mot sé thuc k, khi dé tich clia d va
56 k la mot vec to, ky hiéu la kE), sao cho

o Néuk>0thh kd cung hudng vdi .

o Néuk<0thh kd ngugc hudng vdi a

o |Kd| = k|||
P - 2 2,0 — - N . < 20 . Z
1. Cac tinh chat: Véi 2 vec to ', b tuy y va v6i moi so thuc
k,h thi
— —
(a) k(d+ b)=kd +kb;
®) (h+ k)@ =hd +kb;
(¢) h(kd) = (hk)d;
A 1.7 =a; (-1)7=-3;07=0;%k0=0.
2. Diéu kién dé 2 vec to cung phuong: Hal vec to @ va ? %

6> ciing phuong < Jk € R duy nhat : @ = k. b

3. Phan tich 1 vec td theo hai vec to khéng cung phuong:
Cho 2 vec to @ va b khong cting phuong, véi z tuy \d thl
luon ton tai duy nhat 2 s6 thuc h, k sao cho 7 =hd +k b

4. Ap dung:

(a) Badiém phan biét A, B, C thang hang < E = k‘z@, k€

7~

(b) I la trung diém ctia doan thing AB < TA + B=7 =
MA+ MB = 2MI,vM.

|
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(¢) G la trong tam cta AABC’@CTZX—FC@—FC@:B)(:}
MA+ MB+ MC = 3MG,VM.
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Chuong 2

Hé thuc luong trong tam
giac

2.1 Tich v6 huéng cua 2 vec to

2.1.1 Goc gitta hai vec to

— N
DPinh nghia 2.1.1 Cho 2 vec to d va b déu khac ﬁ Tw mot
g <\~—>—>\?—>.,,/\,‘<
diem O bat ky vé OA = 'd va OB = b. Khi dé goc AQB vdi SO
do t 0° dén 180° dugc goi la géc gitia hai vec to d va b , ky hiéu
o (7, 0).

Hinh 2.1: Géc gitta 2 vec to.

13
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2.1.2 Tich v6 huéng ctua 2 vec to

- —
Dinh nghia 2.1.2 Cho 2_1))66 to @ va b déu khac 0, t_i)ch V0
hudng cia 2 vec to @ va b la mot so thuc, ky hiéu la a.b , xdc

dinh boi o N N
d.b =|d.|b].cos(d, b)
» Cha y
1. V6i @ v b déukhéc 0 taco @ L b < @. b =0.

2. d.d =% =|d||d| cos0° = ||

2.1.3 Cac tinh chat

V6i 3 vec to @, ? @ bat ky va moi s6 thuc k, ta c6
1. Tinh giao hoan: 7 b = _> .

2. Tinh phan phoi: E)(? +7)= o +7a.7¢.

3. Tinh két hop: (k@).

(
4 (@+ D)2 =a2+27.

2.1.4 Tich vo6 huéng va céng thic chiéu
— o
AB.CD =A'B.CD=AB.CD
—> .
v6i A’B’ 1a hinh chiéu vuong goc ctia AB tren gia clia cD (Hinh
)
2.2 Heé thic lugng trong tam giac

Cho ANABC ¢6 BC = a,CA =b,AB = ¢, dudng cao AH = h, v&
cac duong trung tuyén AM = m,, BN = my, CP = m, (Hinh .
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B

A/

A b c D

Hinh 2.2: Cong thitc chiéu.

B | C
H M

a

Hinh 2.3: Cac ky hiéu cho tam giac ABC.

2.2.1 Dinh 1y cos

b2 2 2

1. a2 =02+ 2 — 2bccos A = cos A = u.
2bc

2 2 _p2

2. 1)2:a2+02—2aCCOSB:>COSB:L.
2ac

a? + b — 2

3. 2=a?2+ b2 —2abcosC = cosC =
2ab

15
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2.2.2 Dinh ly sin
Vé6i R 1a ban kinh dudng tron ngoai tiép ciia AABC thi

a b _c
sinA  sinB sinC

2R

2.2.3 Do dai duong trung tuyén cia tam giac

L om2 P+ a* 20+ ) —a?
Mg = /Y
o 2 a?+c b2 2(a®+ ) - b2
.mi = -—— =
b 2 4 4
3 2 a2 +v> 2 20a®+b?) -2
.mi= -
¢ 2 4 4

2.2.4 Cac cong thitc vé dién tich tam giac

1 1 1 .
1. Sapc = iaha = §bhb = §chc v6i hg, hy, he 1an lugt 1a do dai
3 duong cao ké tir A, B, C.

1 1 1
2. Sapc = =absinC = =besin A = —acsin B;
2 2 2
abc . 1 . N .z
3. Sapc = 1R véi R 1a ban kinh duong tron ngoai tiep AABC;|

1
4. Sapc = pr, v6i p = 5(& + b+ ¢) la ntta chu vi va r 1a bén
kinh duong tron noi tiép AABC,

5. Cong thiic Heron|

Sapc = /plp—a)p—b)(p—c)

'Heron sbng vao thé ky I - II sau céng nguyén & ving Alexandria, Hy Lap.
Cong thic ndi tiéng vé tinh dién tich tam gidc theo 3 canh dugc ong gidi
thiéu trong téac pham “Metrica” vé& hinh hoc gom ba quyén va dudc tim thiy &
Constantinple bdi R. Schone vao nam 1896.
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1
voi p = §(a+ b+ ¢) la nita chu vi.

a? 4+ b2 — 2
Chitng minh. T hé qua dinh 1y cos ta c6 cos C' = oy
a
4022 — (a2 L+ b2 — c2)2
TirdésinC:\/l—COSQC:\/a (o + <) va do

2ab
dé

1
Sapc = iabsinC

1
= 1\/4a2b2 — (a? + b2 —c2)?

1
= f\/ 2ab — (a? + b2 — c2)] [2ab + (a2 + b% — 2)]

= V@ P o -
:f\/c—a+b)(c+a—b)(a+b+c)(a+b—c)
—\/p p—a)p—b)p—c)

6. Sapc = ;\/@21@2 — (1@1@)2 =

2.2.5 Mot sb cong thitc khac cho AABC
1. a=bcosC +ccos B, ...

A_ Vo Ho-o
Dr=d

2

2. sin

p(p —a)
3. § — = ——~ ...
055 be

4. AB? — AC? =2BC.MH.
2.3 Heé thic lugng trong dudng tron
1. MAB la cat tuyén cia duong tron (O, R) khi
MAME = MO® — R?



18 CHUONG 2. HE THUC LUONG TRONG TAM GIAC

2. Phuong tich ciia diém M déi véi duong tron (O, R) 1a

Parjio) = MAMB = MO? — R?

3. T giac ABCD noi tiép <& MAMB = MC.MD.
4. MT la tiép tuyén ctia (O, R) véi T la tiép diém < MT? =
—



Chuong 3

Toa do trong khoéng gian
2 chiéu

3.1 Toa d6 ctia diém trén truc
3.1.1 Do dai dai sbé ctia vec to trén truc

N 2 — . A
Truc toa do 2'Ox gom O 1a gbc toa do va 4 1a vec to don vi trén
truc, |7 | = 1.

Hinh 3.1: Truc toa do.

Véi 2 diém A, B_t)rén truc 'Oz thi ton tai duy nhat mot s6 thuc
k sao cho AD = k. , 80 k %ﬁ goi la do dai dai s6 ciia AB, ky hiéu
12 AB, nhu vay AL = AB.7 .

1. Néu AB cliing huéng 7 thi 4B > 0.

2. Néu AB ngugce huéng 7 thi 4B < 0.

19
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3.1.2 Heé thic Chasles

Hé thiic Chasles ['| phat biéu nhu sau: Véi 3 diém A, B, C trén truc
'Oz thi

AC = AB + BC

3.1.3 Toa do cua diém trén truc

Cho diém M trén truc, khi dé toa do ctia diém M 1a zp; = OM.
Vé6i 2 diém A, B thi AB = x5 — z4.

3.2 Phuong phap toa do trong khong gian 2
chiéu

He truc toa do Descartes [| vuong géc Oxy gom hzg truc vudng goc

nhau 'Oz va ¢y Oy v6i hai vec to don vi ¢ va j trén hai truc,

trong do6 truc 'Oz 13 truc hoanh, truc y'Oy la truc tung, O 1a gdc
toa do nhu hinh vé

Yy
21 M
YM j----- -
— |
1+ 5 |
ohL 7.
/ 1 L1 |
z Y v
Yy

Hinh 3.2: Hé truc toa do.

Michel Chasles (1793 - 1880) 1a mot nha toan hoc ngudi Phap.

2René Descartes (1596 - 1650) la triét gia, nha khoa hoc, nha toan hoc ngudi
Phap. Déng gép quan trong nhit clia Descartes vdi toan hoc 1a vigc hé théng
héa hinh hoc giai tich, hé céc truc toa do vuong géc dugec mang tén ong.
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3.2.1 Toa do cua vec to

DPinh nghia 3.2.1 Khi U = u17+u27 thy W ¢6 toa do (ug;uz),
viét gon la U = (u1;u2) hodc ﬁ(ul; u2)

Céc tinh chéat: Cho ¥ = (ur;ug) vi ¥ = (v1;v2), khi d6

1. 7:7@{”1201

U2 = V2
2. W+ = (uy £ vy;ug £ v9).
3. kU = (kuy; kug) véi k € R.

(A %)

4. W va U cing phuong < Fk e R: ¢ = kv & =0.

V1 U2
5. Do dai ctia vec to : || = /u2 + u3; | V| = /o + 2.
6. Tich vo6 hudng:

77 = U1V + U2V2

U = |||V | cos(W, V)

7. 7J_7<:>U11)1—|—UQ’U2:0.

3.2.2 Toa do cua diém

Dinh nghia 3.2.2 Cho hé truc Oxy va diem M tuy v, toa do
(zar,ynm) clia vec to O—]\>4 goi la toa do cia diém M, ky hiéu la
M (zpr,ynr) hode M = (zar,yar), trong dé xyr la hoanh do, yar la
tung do.

1. Cho A(xa,ya) va B(zp,yn), khi d6

(a) AB = (xp—za,ys—ya) (diéu nay do AB = O?—Wl)
(b) AB = BA=|AB| = |BA| = \/(ep — 24)° + (yp — y2)°
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TA+TB
2. Toa do trung diém I ctia doan thang AB la YA E yB
Yyr=——5—
2
A +xp+xo
. A , 5 - 3
3. Toa do trong tam G cua AABC' la v — YA+ Y+ yo
B 3

3.3 Dudng thing trong khong gian 2 chiéu

3.3.1 Phuong trinh ciia dudng thang

1. Vec to chi phuong, vec td phap tuyén ctia dudng thing

_>
(a) Mot vec to U # 0 duge goi 1a vec to chi phuong ctia
dudng thdng (A) néu gia clia W song song ho#ic tring
v6i dudng thing (A).

— P
(b) Mot vec to 7 # 0 dude goi la vec to phap tuyén ciia
dudng thing (A) néu gid clia 7 vuong goc véi dudng
thang (A).

(¢) @ = (p,q) 1a vec to chi phuong clia dudng thing (A) khi
va chi khi 7 = (—q,p) 1a vec to phap tuyén ctia dudng
thang (A).

2. Cac dang phuong trinh dudng thing

T = x9 + uit

(a) Phuong trinh tham s6 (A) : { (t € R),

Y = yo + uat
trong d6 M (zo,y0) € (A) va & = (uy,us) la vec to chi
phuong ciia dudng thing (A).

(b) Phuong trinh chinh tic (A) : T _ YT (u1.ug #

u1 U2

0, mau bang 0 thi t bang 0), trong d6 M (zg,yo) € (A)
va U = (u1,u2) 1a vec to chi phuong ctia dudng thing
(A).
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(c) Phuong trinh tong quat (A): Az + By+C =0 (A% +
B2? £ 0), trong d6 7 = (A, B) 1a vec to phap tuyén clia
dudng thang (A).

(d) Phuong trinh dusng thang di qua M (g, yo) va cb vec to
phép tuyén 7 = (A, B) la

A(x — o) + By —y0) =0

(e) Phuong trinh duong thang di qua M (xo,%0) va c6 he s6
gbéc k la
y = k(z — 20) + vo

(f) Phuong trinh doan chén: £+% =1, a.b#0véiA(a,0)
a

va B(0,b) 14 hai diém thuoc dudng thang dé.

(g) Phuong trinh dusng thang di qua 2 diém (z1,y1) va
r—rn _Yy—un
T2 — T Y2 — Y1

(x2,92) la

3. Luu y

(a) Duong thing (D) ¢6 mot vec to phap tuyén la W =
(A, B), khi d6
i. Néu (D) || (A) thi @ = (A, B) ciing la mot vec to
phap tuyén ctia (A).
ii. Néu (D)L(A) thi m = (=B, A) 13 mot vec to phap
tuyén cta (A).
(b) Néu dudng thing (A) ¢6 vec to chi phuong W = (uy, ug), uy #
0 thi he s6 goc ctia (A) la k = el
uy
(c) Néu duong thang (A) cit truc hoanh tai diém M va «
14 goc tao bdi tia Mz v6i phan dudng thang (A) ndm
phia trén truc hoanh thi he s6 goc cia (A) la k = tan a.

3.3.2 Vi tri tuong dbi ctia hai dudng thing

1. Trudng hgp tong quat: Cho 2 dudng thang (A1) : a12 + by +
c1 = 0va (Ag) : agw + boy + co = 0, dit céc dinh thic cap
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hai nhv sau D = | ! b _ aibs — ashy, D, = by al _
a9 bg b2 Cy
a

ai . 3z
‘ = c1ay — coa1, khi d6

blcg — bQCl, Dy =
C2

A1) cit (Ag) khi va chi khi D # 0, toa do giao diém la
D, D,

(a) (
(H? 7?‘/_6)
(
(

A1) || (Ag) khi va chi khi D = 0 va D, # 0 hay D, # 0.
A1) = (Ag) khi v chi khi D =D, =D, =0

(b)
()

2. Truong hop dic biet: Néu as.by.co # 0 thi

(a) (As) cét (Ag) khi va chi khi 2 2 2L
a9 bg

(b) (A1) || (Ag) khi va chi khi 2 = Z; Gy
ag 2 C2
bh_a

— CENNEN 2 . ﬂ .
(c¢) (A1) = (Ag) khi va chi khi Pt

3.3.3 Géc gita hai dudng thing
Goi ¢ 1 goc tao bdi 2 dudng thang (A1) va (Ag) v6i 0° < ¢ < 90°,
néu (A1) va (As) lan lugt c6 cac vec to phap tuyén 1a 77 va 1% thi

cos ¢ = cos(nf, n3) = M
iz

3.3.4 Khoang cach tir mot diém dén mot dudng thing

Cho diém M (xpr;yar) va dudng thing (A) : az+by+c =0, vé6i a®+
b? # 0, khi d6 khoang cach tit M dén (A) la
laxn + bym + ¢

va? + b2

» Chii y: Cho 2 diém M (xar;ynr), N(zn; yn) va dudng thang (A) :
ar+by+c=0, vé6ia®+b>#£0,khidé

d(M,A) =
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1. M va N nam cung phia d6i véi (A) khi va chi khi (azp +
bynr + ¢)(axy + byn + ¢) > 0.
2. M va N nam khac phia doi véi (A) khi va chi khi (axp +
bym + ¢)(axy + byy +¢) < 0.
3.3.5 Dudng phan giac ctia géc tao bdi 2 dudng thing
Cho 2 duong thang cit nhau nhu sau

(A1) :arx+biy+c1 =0
(Az) tagx + by +c2 =0

Goi di va dy 1a 2 duong thing chita dudng phan giac clia goc tao
bdi 2 duong thang (A1) v (As). Khi d6
M(z;y) € diNdy < d(M, Ar) = d(M, As)
la1z + b1y +c1| _ |asz + bay + o

Vay phuong trinh ciia 2 dudng phan giac ctia cac goc hgp béi (Aq)
va (Ag) la

a1x + by + 1 _ et + boy + ¢
Vai + b3 Va3 + b3
3.4 Dudng tron trong khoéng gian 2 chiéu
3.4.1 Phuong trinh dudng tron
Phuong trinh duong tron tam I(a,b) ban kinh R 1a
(x—a)’+(y—b)* =R’

Ngudgc lai, phuong trinh 22 +42 —2ax —2by+c = 0 véi a® +b>—c > 0
14 phuong trinh dudng tron tam I(a,b) ban kinh R = va? + b? — c.
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QJ
Q
~

Hinh 3.3: Dudng tron.

3.4.2 Phuong trinh tiép tuyén ctia dudng tron

Xét duong tron (C) : 224y%—2ax—2by-+c = 0 va diém M (zy;ynr) €
(€), khi d6 phuong trinh tiép tuyén ctia dudng tron (€) tai M la

Ty +ynmy —alz+xy) — by +ym) +c=0.
3.4.3 Diéu kién dé dudng thing tiép xic véi dudng
tron

Xét dusng tron (C) c¢6 tam I(a,b), ban kinh R va dudng thang
(A) : Az + By + C = 0. Khi d6

|Aa+ Bb+C|

(A) tiep xtac (€) < d(I,A) =R < NEEE

3.4.4 Vi tri tuong d6i ctia dudng thing va dudng tron

Cho dudng thiang (A) va duong tron (€) tam I, ban kinh R. Goi
d(I,A) 1a khoang cach tur I dén (A). Khi d6

1. d(I,A) < R+ (A) cit (€) tai 2 diém phan biét.
2. d(I,A) = R < (A) tiép xuc (C).

3. d(I,A) > R < (A) khong cat (C).
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3.4.5 Vi tri tuong dbi ctia 2 dudng tron

Cho 2 duong tron (€1) va (C2) ¢6 tam va ban kinh lan lugt 1a I1, Ry
va Iy, Ry, khi d6

1. |R1 — Re| < 11, < Ry + Ry < (€1) va (C2) cét nhau.
2. 11y = Ry + Ry & (C1) va (Cg) tiép xtic ngoai.

3. I, = |Ry — Ro| & (€1) va (C2) tiép xtuc trong.

4. I, > Ry + Ry < (Cy) va (C2) 6 ngoai nhau.

5. I1IH < ’Rl — R2| = ((:’1) va (62) 6] trong nhau.

3.5 Elip trong khéng gian 2 chiéu

3.5.1 Dinh nghia Elip

Trong mat phang Ozy cho 2 diém cb dinh Fi(—c;0), Fa(c; 0) va do
dai khong déi 2a v6i a > ¢ > 0. Elip (F) la tap hop cac diém M
sao cho Fi1M + Fo M = 2a. Nhu vay

(E) ={M|F1M + FoM = 2a}

trong do6 F1Fy = 2¢ goi la tieu tu, F1 va Fh goi la 2 tiéu diém.

By M

@)

Alka

By

Hinh 3.4: Elip.
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3.5.2 Phuong trinh chinh tic ctia Elip

Xét (E) = {M|F1 M + FoM = 2a} trong d6 F1 F» = 2¢, F1(—¢;0), Fa(c;0).
Khi d6 phuong trinh chinh tic ctia Elip 1a
22 P
——i—b—Q—lvdla =+

Néu M (zpr,ynr) € (E) thi ban kinh qua tieu cia M la

MFl—a—i——vaMFg—a—Cx—M
a a
3.5.3 Hinh dang caa Elip
22 2
Xét Elip (E) : ——i—bj:lvdla =b%+c%a>b>0, khi d6

1. Elip (E) ¢6 tam d6i xting 1a O va ¢6 2 truc ddi xing 1a 'Oz
va 3/ Oy.

2. Elip (E) cat truc 2’Oz tai 2 diém A;(—a,0) vh Ay(a,0); cit
truc ¥’ Oy tai 2 diém By (—b,0) va By (b,0); 4 diém Ay, As, By, By
goi 14 4 dinh ctia Elip. Do dai A1A4s = 2a goi 1a do dai truc
16n; do dai By Be = 2a goi 1a dd dai truc bé.

3.5.4 Tam sai ctaa Elip

Tam sai ctia Elip 1a ti sd gitta tiéu cyt va do dai truc 16n, ky hiéu 1a
c

e, nhuvay e = — < 1.
a

3.5.5 Phuong trinh tiép tuyén ctia Elip

2,2
1. Cho Elip (F) : x—+z—2 =1,a% = b?+c%va M(zar;ynr) € (EB),

khi d6 phuong trinh tiép tuyén ctia Elip tai M 1a

TMT YMY

a? +b2 =1
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2. Diéu kién dé duong théng Az + By + C = 0 tiép xtc véi Elip
2 2
=y

A%a® + B2 = C?

3.5.6 Pudng chuan cta Elip

2 2

Dinh nghia 3.5.1 Xét Elip (E) : x—ﬁé—z — 1 vdia® = b2+c a>

b > 0 va 2 duong thang (A1) : z = 2w (Ag) : x = —. Khi do
e e

(A1) goi la duong chudn ting vdi tieu diem Fy va (Ag) goi la duong

chuan ting vdi tieu diem F.

» Chi y: Dudng chuan luon vuéng géc véi truc 16n va khong cit
Elip.

Dinh 1y 3.5.1 T% s6 khodng cdch tit mot diém trén Elip dén mot
tieu diém va duong chuan tuong ing bing tam sai e cia Elip.

» Chu y: Elip (E’) ¢6 truc 16n trén Oy va truc nhéd trén Oz c6
2
y

phuong trinh la L b—z =1véib>=a’>+cb>a>0.

3.6 Hyperbol trong khéng gian 2 chiéu

3.6.1 Dinh nghia Hyperbol

Trong mit phzzmg cho 2 diém cb6 dinh Fy va Fy véi FiFy = 2¢ > 0.
Cho hing s6 a v6i 0 < 2a < 2¢. Khi d6 Hyperbol

(H)={M : |FFM — F>,M| = 2a}
trong do Fy va F goi la cac tieu diém, Fi F» = 2¢ goi la tieu cy.

Néu M € (H) thi MF; vi MF; goi 1a ban kinh qua tiéu diém ctia
M.
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~
~

VAL/

Hinh 3.5: Hyperbol.

Q

~Z % T

/N

3.6.2 Phuong trinh chinh tic ctia Hyperbol

Xét Hyperbol (H) = {M : |F1M — FoM| = 2a} v6i Fi1Fy = 2¢ >
0, chon hé truc toa do Ozy sao cho Fi(—c;0) va Fy(c;0), khi do6
phuong trinh chinh téc ctia (H) 1a

2 2
%—%zlv@ibQZCQ—f.
» Cha y: Néu M (zpr;ynm) € (H) thi cac ban kinh qua tieu ctia M
1a
Loo>0th MF, =a+ 2 va MFy = —a+ =2
a a
2. 2 <0thi MF, = —a— M va MFy =a— M,
a
3.6.3 Hinh dang ctia Hyperbol
22 2
Xét Hyperbol (H) : — — i 1 v6i b? = ¢ — a?, khi d6
a
1. Hyperbol (H) c6 tam d6i xiing la O va truc ddi xing 1a Oz

va Oy.

2. Hyperbol (H) cit Ox tai 2 diém A;(—a;0) vh Az(a;0) goi 1a
2 dinh ctia Hyperbol, Ox goi 1a truc thuc cia Hyperbol. Truc
Oy goi 1a truc 4o va khong cat Hyperbol. Ta goi 2a 1a do dai
truc thuc va 2b 1a do dai truc o.
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3. Hyperbol gdm 2 nhanh, nhanh phai gdm nhing diém nim
bén phai duong thing = = @, nhanh trai gom nhing diém
nim bén trai dudng thing z = —a.

3.6.4 Duong tiém can cua Hyperbol

2 2
Xét Hyperbol (H) : = — %2 — 1 v6i b2 = ¢® — a2, khi d6 Hyperbol
a

c6 2 dudng tiém can la y = £—x
a

» Chi y: Tt 2 dinh ctia Hyperbol (H) ta vé 2 dudng thing song
song véi Oy, ching cit 2 tiém can tai 4 diém tao thanh hinh chit
nhat co s6 ctia Hyperbol c¢é cac canh 1a 2a va 2b va dudng chéo 1a
2c.

3.6.5 Tam sai ctia Hyperbol

Tam sai ctia Hyperbol 1a ty s6 gitta tieu cu va do dai truc thuc ctia
c

Hyperbol, ky hiéu 1a e, nhu vay e = — > 1.
a

3.6.6 Dudng chuan ciia Hyperbol

2 2
Xét Hyperbol (H) : :% — % =1 v6i b? = ¢ — a?, khi d6 2 duong
a
thing (Ay) : @ = ~2 (Ag) 1 = a goi 1 cdc dudng chuan lan
e e

luot ting vé6i 2 tieu diém F; va Fb.

Dinh 1y 3.6.1 Ty s6 khodng cdch tw mot diém bat ki cia Hyperbol
dén mot tieu diém va duong chudn tuong wng bing tam sai e cia
Hyperbol.

3.7 Parabol trong khong gian 2 chiéu

3.7.1 Dinh nghia Parabol

Cho dudng thang (A) ¢6 dinh va diém F c6 dinh, F ¢ (A), khi d6

Parabol (P) : {M|MF = d(M, (A))}
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trong do6
1. F goi la tieu diém.

2. (A) goi la duong chuan.

w

. d(F,(A)) = p goi la tham s6 tieu.
4. MF goi la ban kinh qua tiéu ctia diém M.

5. Tam sai cia Parabol luon bang 1.

3.7.2 Phuong trinh chinh tic ctia Parabol

Xét Parabol (P) : {M|MF =d(M,(A))}. Chon hé truc Ozy sao
cho truc Oz L (A) tai P huéng tit P dén F, O 1 trung diém PF.
Khi d6 P(—p/2;0), F(p/2;0), phuong trinh dudng chuan (A) : x =
—g va phuong trinh chinh tic cia Parabol 1a

y2 = 2pzx

(A)y
y? = 2px
@)

I
I
I
I
I
I
“ x
I
I
I
I
I
I

P

Hinh 3.6: Parabol.

3.7.3 Hinh dang cta Parabol
Xét Parabol (P) : y? = 2px, khi d6
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1. Parabol (P) c¢6 truc doi xtng 1a Oz.
2. O goi la dinh ctia Parabol.
3. Céac diém trén Parabol déu nim bén phai truc Oy.

» Chi §: Parabol con c6 cac dang chinh tic khac la y? = —2pz, 2% =
2py, x2 = —2py vé6i p > 0.

3.8 Giéi thiéu ve 3 dudng Co6 nic

Trong toan hoc, mot duong co-nic (hodic goi tat 1a co-nic) 1a mot
duong cong tao nén bang cach cit mot mit nén tron xoay bing
mot mit phing. Duong co-nic duge nhic dén va nghien ctiu 200
nam TCN, khi Apollonius clia Pergaeus tién hanh mot nghién ctu
c6 hé thong vé tinh chat clia cac dudng co-nic.

Duong co-nic rat quan trong trong thién van hoc: qui dao clia
hai vat thé tuong tac véi nhau duge ghi lai trong dinh luat van vat
hap dan Newton l& nhitng dudng co-nic néu trong tam clia ching
trong trang thai tu do. Néu ching cliing di chuyén vé mot hudng,
chiing sé dé lai dau vét hinh ellipse; néu ching di chuyén tach biét,
chiing sé di chuyén theo hinh parabol hay hyperbol. Trong hinh hoc
xa anh, dudng co-nic trong mat phing phan xa tuong duong vdi céc
dudng khac trong céc phép bién déi trong hinh hoc xa anh.
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Chuong 4

Hinh hoc khéng gian co
dién

4.1 Dai cuong

Hinh hoc khong gian dudgc sinh ra tit nhitng mong mudn nghién cttu
cac tinh chat clia khong gian chiing ta dang song. Cac d6i tugng clia
hinh hoc khong gian 1a nhitng diém, duong thing vd mat phing.
Chiing ta qui u6c nhitng khai niém nay nhu 1 céc tien dé, nghia
la nhitng khai niem da quen thuoc dé khong dinh nghia ching. Dé
nghién citu cac khai niém nay can thiét phai thita nhan mot s6 tinh
chat co ban.

Diém dugc dinh vi trén mot duong thing. N6 duge dai dien béi
mot cham (.) hodic mot dau chéo (x), va duge dat mot tén. Nhung
ta chi nén hiéu riing d6 chi 1a mot dai dién ctia mot diém. Trén binh
dién ly thuyét, “diém” khong c6 do rong.

Dudng thing 14 mot tap cac diém, né duge dai dien bsi mot
“doan thang” va dugc dat mot tén. Trén binh dién 1y thuyét ta hiéu
rang duong thing khong c6 chiéu rong, va khong cé gidi han theo
ca hai huéng.

Mait phang 13 mot tap hop diém. TS gidy 1a hinh anh clia mot
mit phang. Khi ta muén biéu dién nhiéu mat phéng trong khong
gian, ta vé moi mat phéng béang mot hinh binh hanh dé dai dien
cho mot hinh chi nhat “phdi canh”. Trén binh dién ly thuyét mit

35
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phang khong c6 do day va khong gidi han theo tat ci cic hudng.

P

Hinh 4.1: Mat phang (P).

» Tinh chat: Tat ca tinh chat ctia hinh hoc phing déu c6 thé
ap dung trong mdi mat phing clia hinh hoc khong gian.

4.2 Cac tién dé lién thudc

1. Céc tien deé lien thuoc trong hinh hoc khong gian 13 cac tién
dé neéu len moi quan hé giita cac diém, duong thing va mit
phéng trong hinh hoc nay.

(a) Qua hai diém phan biét A va B trong khong gian c6 mot
va chi mot dudng thang. Dudng thang nay duge ky hieu
la (AB).

(b) Qua ba diém phan biét khong thang hang A, B va C ¢6
mot miit phing va chi mot ma thoi. Mat phang nay dugc
ky hieu la (ABC).

(c) Néu A va B la hai diém ctia mot mat phang P thi tat ca
cac diém ctia dudng thing (AB) thudc mit phang nay.

2. Mot mét phéng dugc xac dinh bdi mot trong ba diéu kién sau
day:

e 3 diém khong thing hang
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e 2 duong thang cit nhau

d/
<,

e 1 duong thing va 1 diém nidm ngoai dudng thing dé

P

Ae

P

4.3 Vi tri tuong dbi cia dudng thing va mat
phang

1. Cho d va d' 1 hai duong théng trong khong gian. Ta xét cac
khé ning sau day:

(a) khong ton tai mot mit phang nao chita hai dudng thing
nay, ta n6i hai dudng thang chéo nhau

d/

v

Hinh 4.2: d vA d’ chéo nhau.

(b) ton tai mot mat phang chita hai dudng thang nay, ta néi
hai dudng thang dong phéng (cit nhau hodc song song).
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2. d la mot duong thang va P la mot mit phéng trong khong
gian. Ta xét ba kha niang sau day:

(a) duong thang vh mat phing khong c6 diém chung, ta néi
dudng thing v mit phing song song.

(b) duong thing nim trén mit phang,

(c) duong thing vh mit phing c6 mot diém chung, ta noéi
dudng thing va mat phing cit nhau.

3. P va @ la hai miit phing trong khong gian. Ta xét ba kha
ning sau day:

(a) Hai mit phang néi trén phan biét va c6 mot diém chung.
Khi dé ching c6 chung mot dudng thang di qua diém
chung nay, ta goi dudng thing do6 la giao tuyén (ciing
vay néu hai mit phing phan biét c6 hai diém chung thi
giao tuyén ctia ching dudc xac dinh béi hai diém chung
do).

(b) Hai mat phang c6 vo s6 diém chung, ta néi hai mit phing
trung nhau,

(c) Hai mat phéang khong c6 diém chung nio. Ta néi hai mat
phang song song.
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4.4 Su song song trong khong gian

4.4.1 Dinh nghia

Dinh nghia 4.4.1 Hai duong thang dudc goi la song song khi ching
dong phdng va khong cé diém chung.

Dinh nghia 4.4.2 Mot duong thing va mot mat phing duoc goi
la song song néu ching khong cé diém chung.

» Nhan xét:

e Viéc hai duong thing khong c6 diém chung chua du dé két
luan hai dudng thing nay song song.

e Hai dudng thing song song xac dinh mot mat phéng.

\
(=
P

4.4.2 Puodng thang song song

Dinh 1y 4.4.1 Hai duong thing phan biét cing song song vdi mot
duong thang thi ba thi song song vdi nhau.

Dinh 1y 4.4.2 Néu P va Q la hai mat phdng song song, thi tat
cd cdc mat phang ma cit P déu cdt Q va cdc giao tuyén tao thanh
song song vdi nhau.

Dinh 1y 4.4.3 Néu mot duong thang song song vdi hai mat phing
cdt nhau thi né song song vdi giao tuyén cia hai mdat phdang doé.
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Hinh 4.3: d song song véi d'.

L

Dinh 1y 4.4.4 “Dinh lj mdi ngéi” Cho d va d' la hai duong thing
song song. P la mot mat phang chia d va P’ la mot mat phing
chita d'. Néu cic mat phing P va P’ cdt nhau thi giao tuyén A ciia
hai mat phing nay song song vdi d va d'.
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4.4.3 Mit phang song song

Dinh 1y 4.4.5 Hai mat phdang phan biét cing song song vdi mot
mdat phing thi ba thi song song vdi nhau.

Dinh 1y 4.4.6 Néu hai duong thing cdt nhau ndm trong mot mdt
phdng P twong 1ing song song vdi hai duong thang cit nhau ndam
trong mot mat phing Q thi cdc mat phing P va Q song song vdi
nhau.

4.4.4 Dudng thing va mit phing song song

Dinh 1y 4.4.7 Néu mot duong thing d song song vdi mot duong
thing d' thi duong thing d sé song song vdi moi mat phing P chia
duwong thing d'.

d/
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4.4.5 Phép chiéu song song

1. Phép chiéu song song

Cho mat phing (a) va dudng

thing A cit nhau. Véi méi diém

M trong khong gian, dudong thing

di qua M va song song hodc tring

v6i A cat () tai diém M’ xac
dinh.

(a) Diém M’ duge goi 1a hinh

chiéu song song cua diém

M trén mit phing (a) theo

phuong A. /

(b) Mat phing (o) dudc goi la M’
mat phang chiéu, phuong K K
ciia duong thing A dude goi
1a phuong chiéu.

(c) Phép diat tuong tng mdi
diem M trong khong gian
véi hinh chiéu M’ ctia né
trén miat phang (o) duge goi
1a phép chiéu song song lén
() theo phuong A.

2. Cac tinh chét

(a) Phép chiéu song song bién 3 diém thing hang thanh 3
diém thing hang va khong lam thay déi thit ty 3 diém
do.

(b) Phép chiéu song song bién dudng thing thanh dudng
thing, bién tia thanh tia, bién doan thing thanh doan
théng.

(c) Phép chiéu song song bién 2 dudng thing song song
thanh 2 duong thang song song hodc triing nhau.

(d) Phép chiéu song song khong lam thay ddi ty s6 do dai
ciia 2 doan théng nim trén 2 dudng thing song song
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hodc ciing ndm trén mot dudng thang.
3. Hinh biéu dién ctia mot s6 hinh khong gian trén miit phéng

(a) Mot tam gidc bat ky bao git ciing c6 thé coi la hinh biéu
dién ctia mot tam gidc tity ¥ cho trude (co thé la tam
gidc déu, tam gidc can, tam giac vuong,...).

(b) Mot hinh binh hanh bat ky bao gid ciing c6 thé coi la
hinh biéu dién ctia mot hinh binh hanh tiy ¥ cho trudce
(c6 thé 1a hinh binh hanh, hinh vuéng, hinh chit nhat,
hinh thoi,...).

(c) Mot hinh thang bat k¥ bao gid ciing c6 thé coi 1a hinh
biéu dién ctia mot hinh thang tiy ¥ cho trudc, mién 1a
ty s6 do dai 2 day ctia hinh biéu dién phai bing ty s6 do
dai 2 day cua hinh da cho.

(d) Ngudi ta thusng ding hinh Elip dé biéu dién hinh tron.

4.5 Su truc giao trong khong gian
4.5.1 Dinh nghia

Dinh nghia 4.5.1 Hai duong thang d va A (khong nhat thiét dong
phang) dugc goi la truc giao néu ching lan lugt song song vdi hai
duong thing cung di qua mot diém I nao dé va vuong géc vdi nhau.

Vi du: Cho ABCDEFGH la hinh lap phuong thi (AD) L
(HG).
» Nhan xét:

e Hai duong thing tryc giao khong nhat thiét 14 vuong goc (c6
tinh dén cit nhau). Tuy nhién néu chiing dong phang va true
giao thi ching la hai dudng thing vuong goc.

e Hai duong thing ciing truc giao véi mot dudng théng thi ba
thi khong nhat thiét 13 hai dudng thang song song.

Dinh nghia 4.5.2 Mot duong thing d duge goi la truc giao vdi
mot mat phang néu né truc giao vdi moi duong thing ndm trong
mdt phdng.
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4.5.2 Su truc giao cia dudng thang va mat phing

Dinh 1y 4.5.1 Diéu kién can va di dé duong thing A truc giao
vdi mat phing P la A truc giao vdi hai duong thing dong qui trong
P.

%d
d/

Dinh 1y 4.5.2 Hai mdt phing cung tric giao vdi mot duong thing
thi song song vdi nhau.

A
|

P

Dinh 1y 4.5.3 Néu hai mdt phang song song thi moi duong thing
truc giao vdi mat phing nay sé truc giao vdi mdt phding kia.
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Dinh 1y 4.5.4 Néu hai duong thang song song thi tit cd mat phing
truc giao vdi duong thing nay sé truc giao vdi duong thdng kia.

AN

Dinh 1y 4.5.5 Néu hai duong thing phan biét cung truc giao vdi
mot mat phdng thi song song vdi nhau.

4.5.3 Su truc giao ctia hai dudng thang trong khong
gian

Dinh 1y 4.5.6 Néu hai duong thdang song song thi tat cd duong
thing truc giao vdi vdi duong thing nay sé truc giao vdi duong
thing kia.

4.5.4 Mat phang vudng géc

Dinh nghia 4.5.3 Mt phing Q vuéng géc vdi mat phing P (ki
hieu Q L P) néu ton tai mot dudng thang trong Q truc giao vdi P.
(Trong truong hop nay ta cing ky hieu P 1 Q).
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» Nhan xét:

e Néu P 1 @ khong c6 nghia la moi duong thing trong mit
phéng nay tric giao véi mat phang kia. Vi du trong hinh lap
phuong ABCDEFGH cac mat bén ABFE va ABCD vubdng
goéc nhung dudng thing (AF) khong tryc giao v6i mat bén
ABCD vi n6 khong truc giao véi (AB).

e Néu P L Q va P L Q thi P va P’ khong nhat thiét song
song vGi nhau.

Dinh 1y 4.5.7 Néu P va P’ la hai mat phing cit nhau ciing vuong
goc vdi mat phang Q thi giao tuyén cia ching sé truc giao vdi Q.

Dinh 1y 4.5.8 Néu P 1 Q thi moi duong thang ndm trong mdt
phing nay va truc giao vdi giao tuyén thi sé truc giao vdi mdt
phang kia.

4.5.5 Phép chiéu vudng goc

Cho dutng thing d vuong géc véi mat phang («). Phép chiéu song
song theo phuong d lén mit phiang («) goi la phép chiéu vuong géc
len mat phang ().
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4.6 Mot s6 cach tim khoang cach

4.6.1 Khoang cach tit mot diém dén mit phing

Khoang cach tit diém M dén mat phang (P) bang do dai doan
vuong goc ké tit M dén (P).

1. Cach tinh

(a) Ta tim mat phing (Q) chita diém M va vuong goc véi
(P) theo giao tuyén d.

(b) Ve MH L d thi MH L (P).
(¢) Khoang cach tuw M dén (P) bang M H.

2. Dac biét:
Khi tinh khoang cach tit M dén (P) bang cach tinh doan M H
ma qué kho thi ta déi khodng cach nhu sau

(a) D3&i diém song song: Ta cling tim mit phang (Q) vuong
goc véi (P) theo giao tuyén d ((Q) khong can phai chiia
M), tit M vé duong thang (A) song song véi (P), (A) cit
(Q) tai A. Do d6 M A//(P) nén d(M, (P)) = d(A, (P)).



48 CHUONG 4. HINH HOC KHONG GIAN CO DIEN

d
H K
P
£ G s . . d(M, (P))
(b) Néu M A cat mat phang (P) tai C' thi AAP)
MH CM
AK ~ CA’

H K C /
P
4.6.2 Khoang cach giita dudng thing dén mat phing
song song

Cho duong thang d song song v6i mat phang (P), khi d6 khoang
cach gitta d va (P) bing khodng céch tit mot diém bat ky trén d
dén (P).

4.6.3 Cach dung doan vudng géc chung cita 2 dudng
thing chéo nhau d va d’
1. Cach 1 (dung song song)

(a) Xac dinh mat phang (P) chita d’ va song song véi d.

(b) Lay 1 diém M trén d, vé MH 1 (P) tai H, qua H vé
dudng thing song song véi d va cit d’ tai B.
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(¢) Qua B ké dudng song song véi M H cat d tai A. Khi do
AB 13 doan vuodng goc chung.

2. Céch 2 (dyng vuong goc)

(a) Dyng mit phing (3) L d tai H.

(b) Dung duong thing (A) la hinh chiéu vuong goéc ctia d’
len mit phang (3).

d/

(c) Trong mat phang (8), ké HK 1 (A).
(d) T K vé dudng thing song song véi d va cit d’ tai B.
(e) Tut B vé dudng thang song song v6i HK va cat d tai A.
Khi d6 AB 1a doan vuong goéc chung ctia d va d'.
3. Cha §: Khid L d

(a) Xac dinh mit phang (P) chita d vA vuong goc vé6i d’ tai
B. Tu Bvé BA 1 d.
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d/

=

(b) Khi d6 BA la doan vuong géc chung ctia d va d'.

4.6.4 Khoang cach giita 2 dudng thang chéo nhau
1. Bing do dai doan vuodng goc chung.

2. Bing khoang cach giita duong théng tht nhat dén mat phing
chita dudng théng thit hai sao cho mat phing nay song song
v6i dudng thing tht nhat.

3. Bing khoang cach giita hai mat phang song song lan lugt chita
2 dudng théng do.
4.7 Cac bai toan xac dinh goéc
4.7.1 Goéc gitta 2 dudng thing
Bing véi goc giita 2 duong thing khac ma ciing phuong véi ching.

1. Tim trong bai toan cac dudng thing khac ma song song véi
2 duong thing can tinh géc dé doi duong.

2. Dé tinh gia tri ctia géc dung hé thic lugng trong tam giac
(xem muc trang
4.7.2 Géc gitta dudng thing va mit phang

1. Géc gitta duong thang d va mat phang (P) la goc gitta d va
hinh chiéu vuong goc ciia d trén (P). Goi « 1a goc gitta dudng
thang d v& mat phang (P) thi 0° < o < 90°.
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(a) Dau tién ta tim giao diém ctia d vA mat phang (P) 1a A
chéng han.

(b) Trén d chon diém B khac A, xac dinh BH vuong géc véi
(P), suy ra AH 1a hinh chiéu ctia d trén (P).

(¢) Nhu vay (d, (P)) = BAH.

2. Khi xac dinh géc gitta dudng thing d va mat phing (P) qua
khé (khé chon diém B dé dung BH vuong géc véi (P)) thi
ta st dung/cé\ng thic sau day:

Goi a = (d, (P)) thi

d(M, (P))
MA

sin o =

trong d6 M € d bat ky, A 1a giao diém ctia d va (P), ta chuyén
bai todn tinh géc vé bai toan tinh khoadng cach tit M dén mat
phéng (P).

4.7.3 Géc gita hai mit phing

1. Goc gitta hai mat phéng cit nhau la géc giita 2 dudng thang
nim trong 2 mat phéng vi ciing vuong goc véi giao tuyén tai
1 diém.

(a) Truong hgp 1: Hai tam giac can ABC va DBC chung
day BC', goi M 1a trung/dﬁm BC thi géc gitta mit phing
(ABC) va (DBC) 1a AMD.

A
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(b) Truong hop 2: Hai tam gidc ABC va DBC c¢6 AD L
(DBC), vé DH 1 BC thi AH 1 BC nén gbc gitta mat
phing (ABC) va (DBC) 1a AHD.

A

H C

(¢) Truong hop 3: Hai tam giac ABC va DBC c6 cac canh
twong g bang nhau, vé AH L BC thi DH L BC, do
d6 goc giita mat phang (ABC) va (DBC) 1a AHD.

C

A

2. Chia ¥: Khi xac dinh goc ctia 2 mat phing qua khé thi ta co
thé stt dung cong thic sau
Goi ¢ la goc gitta mat phang (P) va (Q)

(a) Khi d6
L d(A,(Q)
singp = (A )
trong d6 A € (P), u 1 giao tuyén ctia mit phang (P) va
Q)

(b) Saprcr = Sapc cosp trong A6 AABC nam trong (Q)
va AA’B’'C’ 1a hinh chiéu vuong goc ciia AABC lén mat
phéng (P).
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4.8 Cac van dé vé tinh thé tich va dién tich
4.8.1 Thé tich hinh hop chit nhat

Viinh hop chit nhat — a.b.c

trong do6 a, b, ¢ 14 3 kich thu6c ctia hinh hop chi nhat.

4.8.2 Thé tich hinh lap phuong

_ 3
Vhinh lap phuong — a

trong d6 a 1a4 do dai canh cia hinh lap phuong.

4.8.3 Thé tich khéi hinh chép
1. Thé tich khdi chép dude tinh theo cong thic sau

1
Voo = 3B

trong d6 B la dién tich mat day va h 1a chiéu cao ctia khdi

choép.

2. Chi y: Cho khéi chép S.ABC, trén cac canh SA, SB, SC lay
lan lugt cac diem A’, B',C’ khac S (nhung c6 thé tring véi
A, B,C), khi d6

Vs.aBc SA.SB.SC

Vs arpror -~ SA.SB'.SC’

N

A C
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3. Khéi chép déu la mot khoi chop o cac tinh chat sau

(a) Day la mot da giac déu: tic la tam gidc déu, tit giac déu
(con goi 1a hinh vuong), ngi giac deéu, ...

(b) Céc canh bén bang nhau.

(¢) Tam cta ddy vita la tam duong tron ngoai tiép da giac
day vita 1a chan dudng vuong géc ha tit dinh xudng day.

4.8.4 Thé tich khbi lang tru

1. Lang tru 13 hinh gdm 2 mit day bang nhau va nim trén 2 mit
phang song song, ling tru ciing c¢6 cac canh bén song song va
bing nhau. Néu mit day 1a tam gidc, tit giac, ... thi lang tru
tuong tng goi 1a ling tru tam giac, lang tru ti giac, ... Lang
tru c6 canh bén vuong goc véi day goi la lang tru ding.

A c

A c’
B

2. Thé tich khéi lang tru duge tinh theo cong thiic sau
|4 = B.h

lang tru

trong d6 B la dién tich mat day va h 1a chiéu cao ctia khoi
ling tru.

4.8.5 Hinh tru

1. Hinh tru la hinh sinh bdi mét hinh ch@ nhat quay mot vong
quanh chiéu dai ho#c chiéu rong. Cac thiét dién qua truc 1a
cac hinh chi nhat bang nhau.
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2. Thé tich va dién tich xung quanh ciia hinh tru dugc tinh theo
cac cong thic sau

Viinh try = B-h = TR%.h

qung quanh = 2nRh

trong d6 B la dién tich déy, h 1a chiéu cao va R la ban kinh
day cta hinh tru.

4.8.6 Hinh nén

1. Hinh nén 1& hinh sinh bdi mot tam giac vuong quay mot vong
quanh mot canh géc vudng. Cac thiét dién qua truc 1a cac tam
giac can bang nhau.



56 CHUONG 4. HINH HOC KHONG GIAN CO DIEN

2. Thé tich va dién tich xung quanh ctia hinh nén dugc tinh theo
cac cong thic sau

1
Vhinh nén — gﬂ-RQh

qung quanh = mwhl
trong d6 [ 1a dudng sinh, h 13 chiéu cao va R 14 ban kinh day
ctia hinh nén.
4.8.7 Hinh nén cut

1. Hinh nén cut 13 mot phan ciia hinh nén giéi han bdi mit day
va mot thiét dien vuong goc véi day.
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2. Thé tich, dién tich xung quanh va dudng sinh ctia hinh nén
cut dugc tinh theo cac cong thic sau

1
Vhinh nén cut gﬂ-h(R% + R% + R1R2)
qung quanh = 7T(R1 + RQ)Z
l=h*+ (R — Ry)?
trong d6 [ 1a duong sinh, h 1a chiéu cao, Ry, Rs 1a 2 ban kinh

day ctia hinh nén cut.

4.8.8 Hinh cau

1. Mit cau tam I ban kinh R ky hiéu la S(I, R) 1a tap hop céac
diém trong khong gian xac dinh nhu sau

S(I,R) = {M|IM = R}

2. Hinh cau tam I ban kinh R ky hiéu la B(I, R) 1a tap hgp cac
diém trong khong gian xac dinh nhu sau

B(I,R) = {M|IM < R}
3. Thé tich hinh cau B(I, R) 1a

4
Vhinh cau — gﬂ-Rg
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4. Dien tich mat cau S(I, R) 1a

S = A7 R?

mit cau

5. Phuong phap xac dinh mit cau ngoai tiép ti dien ABCD

(a) Truong hop 1: Néu ABC = ADC = 90° thi 2 diém B
va D cung nhin doan AC duéi mot gbc vudng nén cung
nam trén mit cau duong kinh AC.

(b) Truong hop 2: Néu AB = AC = AD thi ta lam nhu sau
i. Ve AH 1 (BCD) thi H la tam duong tron ngoai
tiép ABCD.
A

ii. Trong mat phang (ABH) chang han, vé dudng trung
tryc ctia doan AB, dudng nay cat AH tai I thi I 1a
tam mit cau ngoai tiép ti dien ABCD.

iii. Do hé thic lugng trén duong tron ngoai tiép ti giac

. ~ AB?
IJBH tac6 AJAB = Al AHnén R=1A = S A

(c) Truong hgp 3: Néu AB L (BCD) thi ta lam nhu sau

i. V& A Ia truc ctia duong tron ngoai tiép tam giac
BCD.
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ii. V& (a) la mit phing trung tryc ctia doan AB, A cit
(a) tai I thi I 1a tam clia mat cau ngoai tiép ti dien
ABCD.

iii. R=1B=+I1H? + HB2.
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Chuong 5

Toa do trong khoéng gian
3 chieu

5.1 Vec to trong khéng gian 3 chiéu
1. Vec to la doan thing c6 phan biét diém nao la diém dau, diém
nao la diém cubi.
2. Hai vec to bang nhau khi cling huéng va cling do dai.
3. Hai vec to d6i nhau khi nguge huéng va cting do dai.
4. Phép cong vec to:

(a) Quy tac 3 diém: AB = AM + MB.
(b) Quy tac hinh binh hanh: ABCD la hinh binh hanh <
AC = AB + AD
(c) Cac tinh chat:
i. Tinh giao hoan: a + +d.
ii. Tih két hop: (@ + T +7=17

)
iii. Tinh chét véi 0: G+ 0 = 0

- =
b=2»5

_>
+(b +7).
+d=1d.
. .2 2 —_—
5. Phép trit vec to: V6i 2 diem A, B va mot diem O thi BA =
OA-0

61
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6. Phép nhan vec to v6i mot s6 thuec:

(a) Cho @ va mot s thuc k, khi d6 tich ctia @ va sb k la
mot vec to, ky hiéu la k'd, sao cho
i. Néu k > 0 thi k@ cing hudng véi @.
ii. Néu k < 0 thi k'@ nguge huéng véi @ .
i, |kd| = |k|.| |
P P Z 20 — - N L N L. . z
(b) Cac tinh chat: V6i 2 vec to @, b tuy y va v6i moi sO
thye k, h thi
— —
L k(d+b)=kd +kb;
%
ii. (h+k)d =hd +kb;
iii. h(kd) = (hk)d;
V.17 =a;(-1)d=-a:0d=20; k0 =
%
a.
N 2 %
7. Dieu kién de 2 vec to cung phuong: Hai Vec_t>d dva b # 6)
ciing phuong < 3k € R duy nhat : @ = k. b .

N 2 - N 2 P
8. 3 vec to dong phang;: E), b, dong phang néu gia cta chung
cling song song v6i mot mit phing.

(a) 3 vec to dong phéng c6 thé khong ciing nim trong mot
mit phang.
- 7 X 2 — -
(b) a, b, @ dong phéng < ImneR: T =mb +n7c.
9. Phan tich 1 vec t6 theo 3 vec to khong dong phang: Cho 3

vec t0 €1, €3, &5 khong déng phéng, khi d6 véi vec to @ tiy
v thi c6 duy nhét 3 s6 thuc aq, as, a3 sao cho

— — — —
a = ajei +azez + azes

10. gla trong tam cia ti dién ABCD < CTZH—G?—%C@#—@ =
0.



5.2. HE TRUC TOA DO TRONG KHONG GIAN 3 CHIEU 63

5.2 Heé truc toa do trong khéng gian 3 chiéu

5.2.1 Heé truc toa do Oxyz

Heé truc Oxyz trong khong gian gom 3 truc 'Oz, y'Oy, 2’ Oz vudng
gbc v6i nhau ting doi mot. Goi 7, 7, ? lan lugt 13 cac vec to don
vi trén céc truc 'Oz, y'Oy, 2’Oz. Diém O goi 1a gbc toa do. Céac
mat phiang (Ozy), (Oyz), (Ozx) d6i mot vuong goc nhau. Khong
gian gan véi hé truc Ozyz goi 1a khong gian 3 chiéu.

z

2

1 -
’_T/

l,/

/

0)
— <
J

Y

Hinh 5.1: Heé truc Oxyz.

5.2.2 Toa do cia mot diém

Dinh nghia 5.2.1 Trong khong gian Oxyz cho diém M tuy 1. Khi
. ) . —
do ton tai duy nhat 8 so thuc xyr, yur, 2y sao cho OM = xpr 1 +
— . £ N ) 2
ymj +zmk, ta goi b6 3 so (xar,ym, zy) la toa do cia diem M,
ta viét gon la M (xnr, ynr, 2v) hay M = (zar, yar, 2m)-

5.2.3 Toa do6 cua mot vec ta

Dinh nghia 5.2.2 Trong khong gian Oxyz cho a tuy y. Khi do
ton tai duy nhdat 3 so thuc aq,as,a3 sao cho qd = a17> + a27 +
as k , ta goi bo 3 56 ai,as,as la toa do cia 7, ta viét gon la qd =
(a1,a2,a3) hay E)(al,ag,ag).
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5.2.4 Biéu thiic toa do ctia cic phép toan vec to

- 2
Trong khong gian Ozyz cho @ = (a1,a2,a3), b = (by,ba,b3) va s
thuc k. Khi do

_>
1. 7—%— b :(a1+bl;a2+b2;a3+bg).
2. 7—? = (a1 —bl;ag—bg;ag—bg).
3. kd = (kay, kas, kas).

a1:b1
_>
. d=b & <arg=0by

S
1

a3:b3

5. d va ?(7& 6>) cliing phuong < Ik e R: d = kzz>

1

6. 0 = (0;0;0) cung phuong cuing huéng véi moi vec to.
7. Néu A(za,ya,24) va B(zp,yp, zp) thi toa do clia vec to
AB = (25 — 2498 — YA 28 — 24)
N —_—
(Dieu nay do AB=0B — OA).

5.2.5 Tich vo6 huéng va cac iing dung

%
1. Trong khong gian Ozyz cho @ = (a1,a2,as3), b = (b1, ba,b3),

khi d6 tich vo6 huéng cta dva b la mot s6 thuc xéc dinh
béi

= ay.b; + as.by + a3.bs

— — —
hoacd.b = |d|.|b|.cos(d, b)
2. Do dai clia mot vec to: Cho @ = (a1, az,as3), khi d6 do dai

clia @ 1a
@ =Va.d = /a? + a3 + a}
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3. Khoang cach gitta 2 diém A(wa,ya,24) va B(zp,ys, 2B) 1a

—
AB = BA = |AB| = |BA| = /(e5 —24)2 + B — ya)2 + (25 — 24)?

_>
4. Goi ¢ la gbc gitra 2 vec to q = (a1,a2,a3) va b = (by, b, b3),
khi do
%
a. b a1by + agby + asbs
? _

.
| Va+ a3+ a3.\/b7 + b3 + b5

cos p = cos(d,

o @
@|.

%
va E) L b < a1by + agbs + aszbs = 0.

TA+ 2B
Ty = T
5. M la trung diém ctia doan thing AB < { ya; = YA T YB
M ke
M=
6. Diém M chia AB theo t§ s6 k thi MA = kMB < IM —
TA — kIB
S (v6i k # 1,1 tuy y). Khi d6, toa do ciia diém M
ra — kxp
M=
M 1=k
1—k
za — kzp
Iy=—
M=%

5.3 Tich c6 huéng cua 2 vec to va ing dung

5.3.1 Tich c6 huéng cta 2 vec to

ginh nghia 5.3.1 Trong khong gian Oxyz cho _7) = (a1,a2,as),
b = (by,by,bs), khi dé tich <6 hudng cﬁg? va b la mot vec ta,
ky hieu la [d A b hojc d A b hodc [d, b, ¢ toa do zdc dinh bdi
— 7 (a2 a3

[@Ab]= < by by >

asz ay
bs b1

ay a2
b1 b

)

?
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» Cac tinh chat:
1. [@ADB] =]
2. d cung phuong
v

3. [@Ab]LdvaldA

4. ’[7/\

\

5.3.2 Ung dung cta tich ¢6 huéng

1. Dién tich tam giac xac dinh béi

1 J—
Sapc = ;AB.ACsin BAC

:%‘,@Aﬁ(

2. Thé tich hinh hop ABCD.A'B'C'D’ 1a

—
Vapcparporp = ’[1@ A @].AA’

7 1
3. Thé tich tit dien ABCD Ia Vapcp = o ‘[ﬁ A A_&].E‘ -
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— N . -
4. d, b, dong phing < [d A b]. T =0 ---

5. A, B,C, D dong phing < [AB A AC].AD = 0 < ---

5.4 Mit phang trong khong gian 3 chiéu

5.4.1 Vec td phap tuyén ctia mit phing

— . .
DPinh nghia 5.4.1 Vec to T khic 0 va cé gid vuong goc véi mat
phdng (o) goi la vec to phdp tuyén hay phdp vec to ciia mat phding

(@).

5.4.2 Phuong trinh téng quat ctia mit phang

1. Néu mat phéng («) c6 phuong trinh téng quat 1a Az + By +
Cz+D = 0 thi n6 c6 mot vec to phap tuyén la @ = (A, B, C).

2. Phuong trinh ctia mit phing (a)_>di qua diém M (xq, o, 20)
va nhan vec to 7 = (A, B,C) # 0 lam vec to phap tuyén 1a

A(x — o) + By —yo) + C(z — 20) =0

3. Néu mit phang (o) cit cac truc toa do Oz, Oy, Oz theo thit
tu tai cac diém A(a;0;0), B(0;b;0),C(0;0;¢) véi abe # 0 thi
() ¢6 phuong trinh theo doan chén la Ty % i

a c

4. Néu mit phéng (a) song song hodc chita gid ciia hai vec to
khéc phuong la qd = (a1,a2,a3) va ? = (b1, be, b3) thi mat
phing (&) c6 mot vec to phap tuyén la T=dAb (ky hiéu
A doc la tich ¢6 huéng) xdc dinh béi

az a3| |az ai| (a1 a9
bg b3 b3 bl b1 b2 )

= (agbz — asby; azby — a1bz; arby — azby)

)

)

ﬁzmAﬂ:<
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5.4.3 Vi tri tuong d6i ctia 2 mat phang

Cho mit phéng (a1) c6 phudng trinh tong quat Ayz+ Biy+Ciz +
Dy = 0 v6i vec to phap tuyén nj = (Al, By, Ch)

va mit phang (az) c6 phuong trlnh tdng quat Asx + Boy + Coz +
Dy = 0 v6i vec t6 phéap tuyén nj = (Ag, Ba, Co). Khi d6

JkecR: nf = knb
Dy # kDo

—_

(@) || (a2) =

2. (1) L(ow) <= nj Lnb.

3. (1) cdt (ap) <= ni # knd, Yk € R.

JkeR: ni=knb
Dy = kD,

e

(1) = (2) =

5.4.4 Khoang cach tit mot diém dén mot mit phing

Khoang cach tit diém M (xo, 9o, z0) dén mat phing («) c6 phuong
trinh Ax + By + Cz + D = 0 xéc dinh béi:

|A£E() + Byo + Cz + D|
VA? + B2+ C?

d(M, (a)) =

5.4.5 Chum mit phing

Cho 2 mit phang (a1) : A1z + Byy + Ciz + D1 = 0 va (ag) :
Aoz + Boy + Coz + Dy = 0 cit nhau theo giao tuyén 1a duong thing
(A). Khi d6, méi mit phang qua giao tuyén (A) sé c6 phuong trinh
phu thuoc 2 tham s6 dang:

m(A1x+B1y+Ciz+D1)+n(Asx+Bay+Caz+Dy) =0 véi m24+n? #£0

5.5 Mat cau
5.5.1 Phuong trinh mit cau
1. Phuong trinh mit cau (S) tam I(a,b,c) ban kinh R 1a
(z—a)?+ (y—b)?+ (2 —c)* = R?
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Ngugc lai, phuong trinh 22 4 y? + 22 — 2ax — 2by —2cz +d = 0
v6i a? +b? + c? — d > 0 1a phuong trinh mat cau tam I(a, b, ¢)
ban kinh R = Va? + b + 2 — d.

2. Dac biét, phuong trinh mit cau S(O; R) 1a 22 +y% + 22 = R2.

3. Phuong trinh 22 + y? + 22 + 24z + 2By + 2Cz + D = 0 véi
A% 4+ B2+ (C?%— D > 0 sau khi bién déi bing cdch nhém hing
déng thic sé trd thanh (z + A)2 + (y + B)?2 + (2 + C)? =
R? v6i R? = A% + B? + C? — D. Do d6 phuong trinh do6
la phuong trinh clia mit cau tam I(—A, —B, —C) ban kinh
R=+VA%2+ B2+ C?-D.

5.5.2 Vi tri tuong dbi ctia mat cau va mit phang

Cho mat cau (S) tam I(a, b, ¢) ban kinh R c6 phuong trinh (z—a)?+
(y—b)2+ (2 —c)? = R? va mat phéng (o) : Ax+By+Cz+D = 0.
Goi H 1a hinh chiéu ctia diém I lén mat phéng () thi

_ |Aa+ Bb+ Cc+ D

TH = d(I, () Ny v e

khi d6
1. Mit phing () khong cat mit cau (S) < d(I, (o)) > R.

2. M3t phang («) tiép xtc mat cau (S) < d(I,(a)) = R. Khi
dé H goi la tiép diém va mit phing (o) goi la tiép dién clia
mit cau (S).

3. Mit phang () cit mat cau (S) < d(I, (a)) < R. Khi d6 («)
cat (S) theo mot duong tron C(H,r) véi r = VR? — TH? c6
phuong trinh

(x—a)?+(y—0)>2+(z—c)?=R?
Ar+By+Cz+ D=0
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5.5.3 Vi tri tuong déi ctia mit cau va dudng thing

Cho mit cau (S) c6 tam I, ban kinh R va dudng thing A. Goi H 1a
hinh chiéu vuong goc ctia I léen A (H 1a giao diém clia mat phang
(P) va A, trong d6 (P) la mat phang qua tam I va vudng géc véi
A).

Khi dé:
1. Duong thiang (A) khong cit miat cau (S) < d(I,(A)) > R.

2. Duong thang (A) tiép xtic mat cau (S) < d(I,(A)) = R. Khi
dé H goi la tiép diém va dudng thang (A) goi la tiép tuyén
clia mat cau (9).

3. Duong thing (A) cit mat cau (S) & d(I,(A)) < R. Khi d6
(A) cat mat cau (S) tai hai diém A va B sao cho H la trung
diém ctia AB.

5.6 Puong thang trong khong gian 3 chiéu

5.6.1 Cac dang phuong trinh ctia dudng thing

1. Phuong trinh tham s6: Cho dudng thing (A) di qua diém
M (zg, yo, z0) v nhan vec to q = (a1,az2,a3) # 0 lam vec to
chi phuong, (A) c¢6 phuong trinh tham sb la

T =x9+t.ay
Yy =Yo+t.az
z=2zy+t.a3
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2. Phuong trinh chinh tic: Cho dudng thing (A) di qua
diém M (z0,v0,20) va nhan vec to i (a1,az,a3) sao cho
aj.az.az # 0 lam vec to chi phuong, (A) ¢6 phuong trinh

chinh tic 1a
T—2o _¥Y—Y _ Z— %0

a1 a2 a3

3. Phuong trinh tong quat: Xem duong thing nhu la giao
tuyén clia 2 mit phang, xét dudng thang (A) c6 dang
Aix+Biy+Ciz+ D1 =0
Asx + Boy 4+ Coz+ Dy =0

v6i Ay By : C1 # As : By : (Y, khi d6 vec to chi phuong cliia
dudng thang (A) 1a

- _(|B1 G
By O

?

)

Cy Ay
Cy Ay

A1 By
A2 By

5.6.2 Vi tri twong d6i cta 2 dudng thing

Cho 2 dudng thang dy qua diém M (z s, Ynrs, 20, ) VA €6 vec ta chi
phuong @i, ds qua diém Mo, (Trty, Yty s Z01,) VA €O vec t6 chi phuong
a5, dat W = ai A a3, khi d6

— —
=0
1. dy || dy <= "
1 d2 {M1¢d2
— —
=0
2. d| =dy i
! 2 {M1€d2
— —>
, n # 0
3. dj cat dy <— s
! 2 {ﬁ.MlMQZO

—
4. dy va dy chéo nhau < 7. M; My # 0.

5. dy L dy < aj.a3 = 0.



72 CHUONG 5. TOA DO TRONG KHONG GIAN 3 CHIEU

5.6.3 Vi tri tuong d6i ciia dudng thang va mit phing

Cho duong thang d di qua diém M (zg,yo, z0) VA c6 vec to chi
phuong @ = (a1, az,a3), mat phang (a) c6 phuong trinh Az +
By+Cz+ D =0 vanhan 7 = (A, B,C) lam vec to phap tuyén.

Khi do

S —
Ld| (a)<:>{ ]@‘;(;)0

—
2. dc(a)<:>{ &'g(;)o

5.6.4 Mot sb cach tinh khoang cach

1. Khoang cach tir 1 diém dén 1 dudng thing:
Trong khong gian Oxyz, dé tinh khoang céch tit diém M dén
duong thang (A) ta thyc hién céc bude:

(a) Viét phuong trinh mat phing («) chita M va vudng géc
voi (A);

(b) Tim giao diém H ctia (A) véi mat phang («);

(¢c) d(M,A) = MH.

2. Khoang cach giita dudng thing va mat phing song
song:
Trong khong gian Ozyz, dé tinh khodng céch gitta dudng
thang (A) va mat phang (o) song song vé6i (A) ta thyc hién
cac budce:

(a) Lay tuy § diém M (x5 yar; 2m) € (A);
(b) d(A, () = d(M, (a)).
3. Khoang cach giita 2 dudng thing chéo nhau:

Trong khong gian Oxyz, dé tinh khoang céch giita hai duong
thang chéo nhau (A) va (A’) ta thyc hien cac budc:
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(a) Viét phuong trinh mat phing () chita duong thang (A)
va song song véi (A');

(b) Lay mot diem tuy § M (zar; yar; 2um) € (A');
(c) d(A,A") =d(M, (a)).

5.6.5 Mot sb cong thitc tinh khoang cach

1. Khoadng cach tit diem M (zas;ya; 2) dén mit phing (a) :
Axr+By+Cz+D =01la

B |Azpr + Byn + Czy + D

2. Khoang cach tit diém M dén duong thang (A) di qua N va
¢6 vec to chi phuong o la

‘J\WAW’
AM, A) =
M
2
— ()

3. Khoang cach giita 2 dudng thing chéo nhau

di qua M,
(A1) : , , —
¢6 vec to chi phuong ui

di qua M,
¢6 vec to chi phuong I

N

1a

va (Ag) : {
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—
‘[171) VAN UQ}.MlMQ‘
d(Ab AQ) = — —
‘[ul A UQ]‘
H (A1)
M
I
M, (AQ)

5.6.6 Mot sb cong thiic tinh géc

1. Géc giitta hai dudng thing:
Cho { dudng thang (A1) 6 vec to chi phuong = (a1;b1;¢1)
dudng thang (Az) 6 vec td chi phuong Uy = (ag; be; c2)
khi d6 goc ¢ gitta (A1) va (Ag) xac dinh béi

T _ latag + bibg + crcz|
uf|.Juz| \/a%%—b%—}—c%.\/a%—i—b%—kcg

» Dic biét (Al) 1 (Al) < arag + bibs + cieo = 0.

2. Géc gitta dudng thang va mat phang:
duong théng (A) ¢6 vec to chi phuong ¥ = (a; b; c)
mat phang (a) c6 vec to phap tuyén W= (A; B; C)
khi d6 géc 9 gitta (A) va («) xac dinh béi

Cho

T Aa+ Bb+C
sinth = |cos(, 7| = L] _ |[Aa+ Bb + Ccl

TR Va2 102 + VAR + B2+ C2
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1

A
U

» Dac biét (A) || (o) hoac (A) = («) thi Aa+ Bb+ Cec = 0.

3. Géc gitta 2 mit phang:
Cho { mat phing (a1) c6 vec té phap tuyén n1 (Ay; B1;Ch)
mat phing (as) cé vec to phap tuyén nb = (Ag; Ba; C)
khi d6 géc S gita (a1) va (ag) xéc dinh béi

.73 _ |A1As + B1 B + C1C5]
nil.[n3| /A2 + BZ + C2.\/AZ + B2 + (2

cos 3 =

» Dic biét (al) 1 (062) & A1Ay + B1By + C1Cy = 0.
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