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Cacem hoc sinh yéu quy!

Sach BAI TAP TOAN 11 (K&t ndi tri thic véi cudc séng) gdm hai tap, 1a tai lidu
bé trg cho sach gido khoa TOAN 11 bd Két ndi tri thiic véi cudc séng va duoc
viét b&i cing mét déi ngli tac gia.

BAI TAP TOAN 11 dugc bién soan theo dling ciu tric chuong, bai nhu trong
sach gido khoa nhdm cung cap cho cac em mét hé théng bai tap phong phd,
bé tro cho sach gido khoa. Moi bai hoc déu ¢6 phan tém tat cac kién thic can
nhd, cac ki ndng giai toan can thiét théng qua nhiing vi du minh hoa tiéu biéu
va phan dé bai tap gébm nhiing bai tép dugc chon loc can than, theo ding yéu
cau ctia Chuong trinh. Cudi mdi chuong cé cac bai tap tric nghiém va bai tép tu
luidn téng hop nham &én tép va hé théng hod kién thic, ki ndng cla ca chuong.
Cubi sach |a phan I&i giai, hudng dan, dap sé cho céc bai tap.

BAI TAP TOAN 11 bam sét cac yéu cau can dat clia Chuong trinh mdi mén
Toén, déng thdi bé sung lam da dang thém céc loai bai tap thich hgp véi méi
ndi dung trong sach gido khoa, dac biét la nhiing bai tap dinh hudng Ung
dung, trong thuc tién hoac trong cac mén hoc lién quan, nham phat trién nang
lic md hinh hod toan hoc va nang luc gidi quyét van dé toan hoc. BAI TAP
TOAN 11 gilp cac em cling &, phat trién va nang cao cac kién thic, ki nang da
hoc, cling nhu hinh thanh va phat trién nang luc toédn hoc tuong Uing.

Vé&i cau tric va dinh hudng nhu véy, BAl TAP TOAN 11 sé 13 mét tai liéu
khéng thé thiéu cho tat ca cac em hoc sinh st dung sach gido khoa TOAN 11
thudc bd sach K&t néi tri thiic véi cudc séng. Chac chén BAI TAP TOAN 11 ciing
rat hitu ich cho tat ca hoc sinh 1dp 11, dl hoc theo bat ¢t bé sach gidao khoa nao.

Nha xuat ban Gido duc Viét Nam va tap thé tac giad chan thanh cdm on gido
vién, hoc sinh, phu huynh hoc sinh dé st dung cudén sach nay va mong nhan
duoc nhiing y kién gép y dé sach ngay cang hoan thién hon.

Moi gop y xin gUi vé Nha xuat ban Gido duc Viét Nam, 81 Tran Hung Bao,
Hoan Kiém, Ha Noi.

Cactacgia
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CHUONG |

HAM SO LUONG GIAC
VA PHUONG TRINH LUONG GIAC

<« BAl __»
GIA TRI LUONG GIAC CUA GOC LUONG GIAC
A.KIEN THUC CAN NHG

1. Géc lwong giac va sé do cia géc lwong giac
Trong mat phdng, cho hai tia Ou, Ov. Xét tia Om cling ndm trong mé&t phang
nay. Néu tia Om quay quanh diém O, theo mét chiéu nhét dinh tr Ou dén Ov
thi ta n6i n6 quet mot goc luong giac voi tia dau Ou, tia cudi Ov va ki hiéu la

(Ou, Ov). Quy udc chiéu quay hguoc voi chiéu quay clia kim ddng hé 1a chiéu
duong, chiéu quay cling chiéu kim déng hé la chiéu am.

Sé do clia gbc lvong giac cé tia dau Ou, tia cudi Ov duoc Ki hiéu la s Ou,0v).
2. Pon vi do g6c va dd dai cung tron
Pé do goc, ta dung don vi d6 va don vi radian.
6]
Quan hé giltra d6 va radian: 1° :%rad; 1rad = [@] :

T
Mot cung clia dudng tron ban kinh R va cé sé do o rad thi d6 dai /= R
Trén dudng tron luong giac, ta biéu dién mét goc luong giac c6 sé do bang
a. (6 hodc radian) bang cach chon tia dau la tia OA va tia cudi la tia OM, voi
diém M trén dudng tron luong giac sao cho sd(OA,OM)=o. Diém M duoc
goi la diém biéu dién géc lugng giac ¢ sb do a.
Cac gia ti cosa, sina, tanc, coto. duoc goi la cac gia ti lugng giac clia c. sing,
coso. xac dinh v6i moi gia ti cla o; tano. xac dinh khi o = g+ Kt (K eZ)
cota xac dinh khi o = k(K € Z).

3. Quan hé gitra cac gia tri lwgng giac
a) Cac cong thirc lvgng giac co ban

sin o, + cos? o = 1: 1+ tan? o = 12 [a¢3+kn,kezj;
cos? o

1+ cot? o = 12 (o= km, Kk € Z); tana.cota:1[a¢ﬁ,keZ].
sin“ o 2



b) Gia ti lwong giac clia cac goc lién quan dac biét

Goc dbi nhau (o va —a);

COS(—0t) = COS o sin{—a) = —sino.
tan(-o) = —tan o cof(—a) = —cot
Goécbunhau{o va n—a):

sin(m — o) = sina. COS(T — o) = —COS oL
tan(t— o) = -tano cot(n — o) = —coto

Géc phu nhau (o va g— o)

.’ T T ’

sin| ——a | = coso COS| ——o.|=siha
) )
tan[E - ot] =coto cot[i— oz] =tano
2 2
Goc honkém nhau © (o va ©+ o).
sin(mt+ o) = —sino tan(t + o) = tana
COS(m + o) = —COS ot cot(n + o) = coton
B. ViDU

Vi du 1. a) Déi tir d6 sang radian cac sb do sau: 30°; 80°30'.

b) Déi tir radian sang dé cac s do sau: oz . 3,75

Giai
a) Ta c6: 30° = 30.—— — L. 8030 — (804 20, ®_ _ 161
180 6 60) 180 360
0]
b) Ta cé: 5—n= 5—11[@] =112,5°;
8 T
(0] 0]
376, 3,75-[@j _ [@j ~ 214,90,
¥IN ¥IN

Vi duy 2. a) Xac dinh diém M trén dudng tron luong gidc biéu dién goc luong giac
¢6 s6 do bang %
b) Xac dinh diém B trén duwdng tron lugng giac biéu dién goc lwong giac c6 sb

dobang = .
g 2



¢) Xac dinh diém N trén dudng tron lugng giac biéu dién goc luong giac co sb
do bang —en
3
le
Giai B
Pé xac dinh diém M trén dudng tron lwong giac
biéu dién goc luong giac o, ta thuc hién nhu sau: 5 M
Chon diém A(t 0) lam diém dau cla cung tron. 3/
Xac dinh diém cudi M cla cung tron theo chiéu Van
nguoc chiéu kim dong hé néu o dwong, hay theo 3
chiéu kim déng hd néu o &am, sao cho géc
AOM = o. N
Piém M, N va B duoc xac dinh trong Hinh 1.1. Hinh 1.1

B
S

>K\!’

Vidu 3. Cho géc luong giac ¢ sb do bang %

a) Xac dinh diém N trén dudng tron lugng giac biéu dién goc lugng gidc da cho.
b) Tinh céc gia tr lvong giac clia géc lwgng giac da cho.

Giai
a) Diém N trén duwdng tron lugng giac biéu dién goc luong giac cd sé do %
duoc xac dinh nhu trong Hinh 1.1.
b) T dudng tron lkvong giac va dinh nghia clia cac gia tri lwgng giac, ta cé

cos%: —%; sin 2% _ —ﬁ; tan 3T _ /3 cot 3T - ]

3 2 3 IRETN %
Vidu 4. Tinh céc gia tri lwong giac clia gée o, biét sino = % va 90° < o < 180°.

Giai. Vi 90° < o < 180° nén coso < 0. Mat khac, ti sin’ o+ cos’ o = 1, suy ra

cosa = —1—sino = — 1—i=—E=—%.

49 7 7
2
Do g6, L S SR 2 va coto = LA :_3“/5_
cosa. 35 35 tan o 2 2
7 3J5

Cha y. Khi tinh gia tri clia mét géc lwong giac thuéc mot mién cho trudc, can
xét dau cua gia tri lwgng giac trong mien da cho. Sau d6, str dung cac céng
thire lwgng giac co ban dé tinh cac gia tri lwgng giac con lai.



Vi du 5. Bang cach str dung gia tri lugng giac cla cac goc lién quan dac biét,
hay tinh:

a) cos —1511; b) cot(-675°); c) sin T
4 S
Giai. Ta co:
15z 157 [ 371:] 3n [ 3nj r 2
a) cos =C0S—— =C0S8|3n+—|=-C0S— =CO0S| T —— | = COS— = —.
4 4 4 4 4 4 2
b) ‘cot(—675°) = cot(45° — 720% ) =cot45° = 1.
C) sinm = sin| 3w + 20 = —sinﬁ =—sin| T — 20 — _sinZ = —ﬁ.
3 3 3 3 3 2
C.BAI TAP
1.1. Hoan thanh bang sau:
$6 do d6 20° 2 150° 500° ? ?
sédo| , | = |, | , | B |
radian 2 6 15

1.2. Trén duong tron lugng giac, xac dinh diém Q biéu dién cac goc lugng giac
c6 sO do sau:
T -5n
a) —; b) —;
i I =
1.3. M6t duwdng tron ¢ ban kinh 20 m. Tim d6 dai cua cung trén dudng tron d6
c6 so do la:
2n,
7 b

¢) 270°; d) —415°.

a) b) 36°.

1.4. Cho cosx = —% (90° < x < 180°). Tinh cac gia tri lwgng giac con lai clia
goc X.
1.5. Cho sina + cosa = m. Hay tinh theo m.
a) sinacosa; b) sina+cos’a  c¢) sin*a+costa.
1.6. Chirng minh cac déng thirc sau:
a) cos® x —sin* x = 2cos’ x — 1
b) tan? x — sin’ x = tan® x - sin? x;

¢) (sinx + cosx)? + (sinx —cosx)? = 2.



1.7. Rut gon biéu thirc A = 2cos* x — sin* x + sin? xcos? x + 3sin? x.

1.8. Banh xe clia ngudi di xe dap quay dugc 12 vong trong 6 giay.
a) Tinh goc (theo d6 va radian) ma banh xe quay duoc trong 1 giay.
b) Tinh quang duong ma ngudi di xe @ di duoc trong 1 phut, biét rang
dudng kinh banh xe dap la 860 mm.
1.9. Kim gi& dai 6 cm va kim phut dai 11 cm clia ddng hé chi 4 gid. Héi thoi gian
it nhat @& 2 kim vudng goc véi nhau la bao nhiéu? Luc d6 tong quang duong
hai dau mut kim gi¢ va kim phut di duwoc la bao nhiéu?

Qb
CONG THUC LUONG GIAC

A.KIEN THUC CAN NHG

cos(a — b) = cosacosb + sinasinb
cos(a + b) = cosacosbh —sinasinb
sin(a — b) = sinacosb — cosasinb
sin(a + b) = sinacosb + cosasinb

Cong thirc cong tan(a - b) = tana —tanb
14+ tanatanb

tan(a + b) = tana + tanb

1—tanatanb

(gia thiét cac biéu thirc déu cé nghia).

sin2a = 2sinacosa

cos2a = cos’ a—sin’ a

Cong thirc nhan déi =Ddos%a ~1=T-J&h%4
2tana

tan2a=—2.
1-tan“ a

cosacosb = %[cos(a — b)+ cos(a + b)]

Céng thirc bién dbi

— 1
tich thanh téng sinasinb = E[cos(a — b) - cos(a + b)]

sinacosh = %[sin(a —b)+ sin(a + b)).




u+v u-v
COSU + COSV = 2C0S cos
2 2
L U+V . U—-V
a . o 5 COSU —CcosV = —2sin sin
Cong thic bien doi
tong thanh tich . . U+ Vv u-v
sinu + sinv = 2sin cos
2 2
; ; U+v _. U-v
sinu — sinv = 2cos sin 5
B. ViDU
Vidu 1. Khdng dung may tinh, hay tinh:
a) cos165°; b) tanﬁ.
12
Giai

cos(1650) o cos(120° + 450) — ¢08120° cos45° — sin120° sin 45°

1 BB B

2 2 2 2 4

tanZ + tanZ ’
tan7—n=tan(5+3]= 3+ 4 :ﬁ+1:(ﬁ+1) = 2-4f3.
12 o & 1-tanZtan ™ 1-43 18

3 4

Vi duy 2. Tinh gia tri clia cac biéu thirc sau:
A = cos75°.cos15°; B= sinmcos5—n.
Giai
_ 0 o _ 1 0 0 0 0
A = cos75° - cos15° = E[cos(75 ~15°) + cos(76° + 15 )]

101

- 1(00560O + cos90° ) M1 pl-1
2

2.2 4
o 50 1| . (11t 5= (Bt 11n
B = sin—cos— = —| sin| — — — |+ sin| — + —
12 12 2 12 12 12 12

iz} w(]- 1) =8



Cha y. Khi tinh gia tri clia cac biéu thirc lwong giac c6 chira cac géc khdng dac
bigt, ta thudng khai thac méi quan hé gilra cac géc trong biéu thirc (tong hiéu)
dé tim médi twong quan va st dung cac cdng thire luvong gidc dé dua vé trudng
hop cac goéc luong giac dac biét.

Vi du 3. Khéng dung may tinh, tinh gia tri clia biéu thirc sau

sinE+ sin@
9 9

A= :
COSE + COS5—TE
9 9
Giai
. T . bn LT 27 LT
SIN— + SIN— 2sin—cos— Sin— 7
Y R 9. 3 9 ___ 3 _tanZ-QB.
T 5n T 27 T 3
COS— + COS— 2C0S—COS— COS—
9 9 3 9 3

Vidu 4. Biét sina = % va g < a < . Hay tinh céc gia tri lwong giac clia goc 2a.

Giai
Do%<a<nnéncosa<0. Vay cosa:—\/1—sinQa=—1,1—%=——
Ta cd: sin2a = 2sinacosa =2- —& -1=_ﬂ
3 3 9
cos2a = cos’a—sina =1L,
9 9 9
tan2a:sm2a:—4«/§:z:_£; ot . 7 :_7\/5.
cos2a 9 9 7 tan2a 42 8

Chua y. Bé xac dinh gia tri luong giac clia mét goc luong giac a co6 diéu kién, dau
tién ta dwa vao dieu kién de suy ra dau clia cac gia tri luong giac, sau do6 ap
dung cac cdng thirc géc nhan ddifcdng thurc ha bac de tinh cac gia ti lwong

o we o a
giac cua goéc 2a, 5

C. BAI TAP

1.10. Khéng sir dung may tinh, tinh cac gia tri lvgng giac clia géc 105°.

1.11. Cho cos2x = —%, v6i %< B =

>

10



Tinh sin X, cos X, sin(x + %] cos[2x —%]

1.12. Chirng minh déng thirc sau

sin*a + cos* a = 1— —-sin? 2a = %Jr %cos4a.
1.13. Tinh gia tr clia cac biéu thirc sau:
a) A= sing - sin%ﬁr sin% : b) B = sin6° sin42° sin 66° sin78°.
1.14. Chirng minh rang:
a) cosa—sina = ﬁcos[a + %} b) sina + v3cosa = 2sin [a + gj

1.15. Chirng minh rang trong moi tam giac ABC ta déu cé

sinA+ sinB + sinC = 4cos£cos§cosg.
2 2 2

i BAI 3 >
HAM SO LUQNG GIAC

A.KIEN THUC CAN NHG

1.

Ham s6 chan, ham sé lé

Cho ham sé y = f{x) ¢6 tap xac dinh D.

— Ham sb6 y = f(x) la ham sé chén néu véi moi xeD ta ¢6 —xeD va
f(—x)=f(x).

— Ham sb y = fix) la ham sé & néu v6i moi xeD ta cd —xeD va
f(—x)=-f(x).

— D4 thi ctia ham sé ch@n nhan truc Oy lam truc d@di xirng, con dd thi ham sé
1& nhan géc toa d6 O lam tam ddi xing.

— Pé vé d6 thj clia ham sb chan (twong ting, ham sé 1&), ta chi can vé phan do
thi clia n6 & bén phai truc Oy sau d6 lay déi xirng phéan dd thi nay qua truc Oy
(twong tng, qua gbc toa d6 O) la duwoc dd thi trén toan tap xac dinh.

. Ham s6 tuan hoan

— Ham sb y = f(x) c6 tap xac dinh D goi 1a ham sé tuan hoan néu tdn tai sb
T = 0 saochovdimoi x € D, tacé:

1



e x+TeDvax-TeD.

o f(x+T)="Ff(x).
Sé duong T nhé nhét thoa man diéu kién trén (néu tdn tai) duoc goi la chu ki
cla ham sé tuan hoan dé.
— Dé vé dd thi cia mét ham s6 tuan hoan véi chu Ki 7, ta chi can vé dé thi clia
ham sé nay trén doan [a; a+T], sau d6 dich chuyén doc theo truc hoanh
phan d6 thi da vé sang phai va sang tréi cac doan c6 d6 dai lan luot la 7, 27,
37, ... ta duwoc toan bé do thi clia ham sb.
—V6ia> 0, cacham sé y = Asin(wx + ¢) va y = Acos(aX + ¢) tuan hoan

véi chu ki 7 = E cac ham sé y = Atan(ex + ¢) va y = Acot(wx + ¢) tuan
(6]

hoan véichuki T = =
(€3]

. Ham sé sin
— Ham sb sin |a ham sé cho bdi cong thirc y = sin x.
— Tap xac dinh clia ham sin [a R. Tap gia tr ctia ham sin 1a [-1 1].
— Ham sb y = sin x 1a ham sé 1&, tuan hoan voi chu ki 27
— Ham sb y = sin x nhan cac gia tri d4c biét:
e sinx=-1o x-= ‘%* k2m (K € 7).
o sSinx=0o Xx=Kn(k eZ)

. sinx=1<:>x=%+k2n(kez*;).

— Pé thi ham y = sin x

. Ham sé césin
— Ham sb césin la ham sb cho béi cdng thirc y = cos x.
— Téap xac dinh clia ham césin la R. Tap gia tri ciia ham cdsin la [—1; 1].
— Ham sb y = cos x |a ham sé ch&n, tuan hoan véi chu ki 2.
— Ham sb y = cos x nhan céc gia tri d&c biét:
e cosSX=-1OX=n+Kk2n(k cZ).



o cosx=0<:>x=£+kn(kez:).

e cosSX=1S X=K2n(k e Z).
— Pé thi ham y = cos x

|
)
|

|

|

|

i

|

i |

|

|

l

|

Nl

|

\
|

|

vl

5. Ham sé tang
— Ham sé tang la ham sé cho béi céng thirc y = tan x.

— Tap x&c dinh clia ham tang 1a R\ {g + knlk e z}.

Téap gia ti clia ham tang la R.
— Ham sé y = tan x |a ham s6 1, tuan hoan v&i chu ki .
— Ham sé y = tan x nhan cac gia tri dac biét:

. tanx=—1<:>x=—%+kn(kez*;).
o tanx=0o x=kn(keZ)
o tanx=1ox=L1kn(keZ)

— Pé thi ham sé y = tan x
. y A

4

_3_1:5 - w o)
2 P2

.|=.|:=| -

6. Ham sé cétang
— Ham sé cétang la ham sé cho bdi cong thirc y = cot x.
— Téap xac dinh clia ham cétang laR \ {k=|k < Z}. Tap gia tri clia ham cétang
la R.
— Ham sé y = cot x |a ham sé 1&, tuan hoan véi chu ki .
— Ham sé y = cot x nhan céc gia tri d&c biét:

13



cotx = -1 X = = 4 kn(k e 7).

cotx:O@x:%Jrkn(keZ).

cotx=1<:>x=%+kn(kez:).
— Pé thi ham sb y = cot x

yA

|
|
|
N
(o}
(UE]
o
(]
=]
]

B.ViDU

Vidu 1. Tim tap xac dinh clia cac ham sé sau:
sin x

2%
al pas—— By e ——
)y CoS X + 1 ) 1—sin’ x
&)y = COSX d) y = 1+ sinx

J1+sinx’ V1_sinx

Giai
o3 : sin x ; B
a) Bieu thitre e T conghiakhi cosx = —1hay x = n+ k2m, ke Z.
+
Vay tap xac dinh clia ham sé 1a

D:R'\{n+k2n|keZ}.

b) Biéu thirc T c6 nghta khi 1—sin’ x = 0 & cos? x = 0
— 8N~ X

<:>X;tg+kfc,keZ.

Vay tap xac dinh clia ham sé 1a

D:R\Emﬂkez}

14
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COosSX

J1+sinx

Vay tap xac dinh claham séla: D= R\ {—% + k2r|k e Z}

¢) Biéu thure coé nghia khi sinx = —1 hay x = —% + K21, K € Z.

1+ sinx

d) Biéu thirc cé nghia khi sinx =1 hay x = %+ K2m, K € Z.

Vay tap xac dinh claham sdla: D = R\ {g + k2m|k < Z} ;

Chu y. Cho ham sé y = f{x) xac dinh trén tap D.
— Ta goi M 1a gié tri Ién nhét clia ham sé y = fix) trén tap D va ki hiéu la
M =max f(x) néu f(x)< M, ¥Yx e Dvatonta x, € D thoamén f(x,)= M.
xeD
— Tuong tw, m la gia tri nhé nhéat clia ham s y = fix) trén tap D va ki hiéu |a
m = min f(x) néu f(x) = m, ¥x e D vatdntai x, € D thoaman f(x,)=m.
XxeD
— Khi khong noi rd tap D ta sé& hiéu la gia tri I6n nhat va gia tri nho nhat duoc
lay trén tap xéac dinh clia né.
Nhan xét. Néu tap gia tri ciia ham sé y = f{x) la doan [m; M| thi m va M tuong
(rng sé la gia tri nhd nhét va gia tri I6n nhéat cta ham sé.
Viduy 2. Tim tap gia tri clia cac ham sb sau, tlr d6 suy ra gia tri 16n nhat va gia tri
nho nhat clia chung:

2
a) y=2+3sinx b)y:m%;
c) y = 2 4sin? x cos? x; d) y = 2sin? x — cos2x.
Giai

a)Vi -1<sinx<1nén -3<3sinx <3, dodd -1<2+3sinx <5 v&i moi
x € R. Vay tap gia tri ciia ham s6 la doan [-1; 5]. Suy ra gia tri [6n nhéat clia

ham sbé 1a 5, dat duoc khi sinx =1 hay x = g+ k2m (k € Z) va gia tri nho
nhét ctia ham sb 1a —1, dat dugc khi sinx = -1 hay x = —%Jr K27 (k € 7).

1 1+ 4cos’x
B

b) Vi 0 < cos’ x < 1 nén 0g40052xg4,dod’ég_ <1 v6i moi

x € R. Vay tap gid tri clia ham sé la doan E 1}. Suy ra gia tri I6n nhét clia
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ham sé la 1, dat dugc khi cos?x = 1< sinx = 0 hay x = kx, (k € Z) va gia tri
nhd nhét clia ham sé 1a % dat duoc khi cosx = 0 hay x = % +Kkm, (ke Z).

c)Tacod y =2 - 4sin’ xcos’ x = 2—sin’2x =1+ cos’ 2x. Vi 0 < cos’ 2x < 1

nén 1< 1+ cos’2x <2, véi moi x € R. Vay tap gia tri clia ham sé |a doan
[1,2]. Suy ra, gia t I6n nhat cla ham sbé la 2, dat duoc khi

cos’2x =1 sin2x =0 hay x = kg, (k € Z) va gia tri nhd nhét clia ham sé
la 1, dat duoc khi cos2x = 0 hay x :%+ k%, (keZ).

d) Ta c6 y= 2sin? x —cos2x =1-2cos2x. Vi -1<cos2x <1 nén
—1<1-2cos2x <3, v6i moi x e R. Vay tap gia tri cha ham sb la doan
[-1; 3]. Suy ra, gia tri I6n nhat cia ham sé la 3, dat dwoc khi cos2x = -1 hay
X = %Jr km, (k € Z) va gia fri nhé nhéat cia ham sé la —1, dat dugc khi

cos2x =1 hay x = Km, (k € Z).

Vidu 3. Xét tinh ch&n & cla cac ham sé sau:

a) y = xsin3x; b) =ﬂ;
1— cos3x
c) y = x° cos2x; d) ¥ = sinx — cos x.
Giai

16

a) Tap xac dinh clia ham sb la R. Néu ki hiéu f(x)= xsin3x thi voi mai
x e R, tacé:

-x e R va f(—x x)sin3(-x) = xsin3x = f(x).

=T
Vay ham sb da cho la ham sé chﬁ

b) Tap xac dinh clla ham séla D = R\ {k—|k € Z}

Néu Ki hiu f(x) = % thi véi moi x € D, ta co:

1+c0s3(-X) 1+ cos3x

—xeDvaf(—x)= = =
1-cos3(-x) 1-cos3x

Vay ham sb da cho la ham sé chan.



c) Tap xac dinh clia ham sb [a R. Néu ki hiéu f(x) = x® cos2x thi véi moi
x € D, tacé:
XxeDwva f(=x)= (—x)3 cos2(—x) = —x° cos 2x = —f(X).
Vay ham sb da cho la ham sé 1é.
d) Néu ki hiéu f(x) = sinx — cosx
thi f(—1) = sin(-1)—cos(—1) = —sin1- cos 1= f(1) va f(-1) = —f(1).
Vay ham sé da cho khéng la ham sb ch&n va cling khong la ham sé [é.

Nhan xét. Tong va hiéu clia hai ham sé chén (tuong Ung, I1&) van 1a mét ham sé
chan (1é). Tich clia hai ham s6 chan (I&) ludn la mét ham so chan, tich cla
mot ham sb chan voi mét ham sé 1€ la mét ham s6 1é. Téng clia mét ham sé
chan va mét ham s6 I1é, ndi chung la mét ham sé khéng chan cling khéng [€.

Vi du 4. Xét tinh tuan hoan clia cac ham sb sau:

a) y = sin3x; b) y = x°.

Giai
a) Tap xac dinh clia ham sé la D =R. Néu ki hiéu f(x) = sin3x thi véi moi
xeD, taco x+%eD, X—%ED va

f[x % 2%} = sinS[x ¥s 2%] = sin(3x + 2n) = sin3x = f(x).

Vay ham sé da cho la ham sb tuan hoan. Chu y rang, chu ki clia ham sé nay
L 27
la —.

3

b) Ki hiéu f(x)= x?. Néu f(x + T) = f(x) v6éi mai x thi (x + T)2 = x? v6i moi x.

Chonx=0taduwoc T2 =0, hay T = 0. Vayham s y = x? khéng tuan hoan.

C.BAITAP
1.16. Tim tap xéac dinh cla cac ham sé sau:
a) y = cot3x; b) y = v1— cos4x;

¢)y = COS 2X _ d)y = 1+ cos2x
sin? x — cos? x_ \’1—sin2x'

1.17. Tim gié tri I&n nhét va gia tri nhd nhét cla cac ham sé sau:
a) y = 2+ 3|cos x|; b) y = 2fsinx + 1
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c) y = 3cos’ X + 4c0s2X; d) ¥ = sinx + cos x.

1.18. Xét tinh chan |é clia cac ham sbé sau:

a)y= 00832)(; b) y = X — sin3x;
X

c) y =1+ cosx; d)y=1+cosxsin[3—;—2xj.
1.19. Xét tinh tuan hoan clia cac ham sb sau:

a) y = Asin(ox + ¢)voi A > 0, b) y = Atan(wx + ¢)voéi A > 0;

C) ¥y = 3sin2x + 3¢os 2x; d) y = 3sin[2x +% - 35in[2x —%}
1.20. Véi gia tri nao clia x, méi dang thirc sau dung?

a) tanxcotx = 1 b) 1+ tan? x = 12 :

COSs” X
c) 1+ cot? x = 12 , d) tanx + cotx = ——.
sin® x sin 2x

1.21. TU d6 thj ham sb y = cos x, hay vé céac d6 thi ham s6 sau:

a) y = —CosX; b) ¥ = [cosx|;
C) y=cosx+1; d)y:cos[x+%].
1.22. T&r @ thi ham sé y = sin x, hdy xac dinh cac gia tri cla x trén doan
31t 5n 1
——;— | sao cho:
2" 2
a) sinx = 0; b) sinx > 0.

1.23. M6t con Iac 16 xo dao dong diéu hoa quanh
vi ti can bang theo phuong ftrinh
y = 25sin4dnt & dé y duoc dugc tinh bang
centimét con thdi gian t duwoc tinh bang giay.
a) Tim chu ki dao ddng cla con Iac 16 xo.
b) Tim tan sé dao déng clia con lac, tic la s6
lan dao déng trong maot giay.
¢) Tim khoang céach gitta diém cao nhét va

thap nhét clia con l3c. Vit ml
can bang -

-
_l}
_I

[T ET TRy DY AT

L AAAAAARAAL
MR RAN NG

TeNYY
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J
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1.24. Hang ngay, Mat Troi chiéu sang, béng clia mét toa chung cu cao 40 m in
trén mat dat, d6 dai bong clia toa nha nay dugc tinh bdng céng thire

S(t) = 40|cot—t
(t =1

& d6 S dugc tinh bang mét, con tla sb gid tinh tir 6 gi® sang.

a) Tim d6 dai béng cla toa nha tai cac thoi diém 8 gid sang, 12 gid trua,
2 gio chieu va 5 gi¢ 45 phut chiéu.

b) Tai thoi diém nao thi @6 dai bdng clia toa nha bang chiéu cao toa nha?

¢) Béng toa nha sé nhu thé nao khi thdi gian tién dan dén 6 gid t6i?

<o BAI4
PHUONG TRINH LUQONG GIAC CO BAN

A.KIEN THUC CAN NHG

1. Phwong trinhsinx=m (1)
— Néu |m| > 1 thi phwong trinh (1) v6 nghiém.

— Néu |m| <1 thi tén tai duy nhét s6 o {—gﬂ thod man sin .= m.

Khi d6 phuong trinh (1) twong duong voi

X =0+ K2m

sinx:m@sinx:sina@{ (keZ).

X=Tt—o+K2%
Chuy
1) Néu géc o dugc cho bang don vi d6 thi cong thirc nghiém trén trd thanh:
_ 0
sinx=sino® | X =% 6300 (keZ).
x =180° — a® + k360°

2) Néu u,v la cac biéu thire clia x thi

U=v+Kk2n

(keZ).
U=m—V+K2r

sinu:sinvc{

2. Phuvong trinhcos x=m (2)
—Néu |m| > 1 thi phuong trinh (2) v6 nghiém.

—Néu |m| <1 thi ton tai duy nhat sé o e [0;7] thoa mén cosa.=m.
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Khi @6 phuong trinh (2) twong duwong voi
X=o+ K27

kelZ).
X=—Ot+k2TE( © )

COSX =M S COSX =COSOLC>|:

Chay
1) Néu géc o. duoc cho bang don vi d6 thi cong thirc nghiém trén trd thanh:
X =o’ + k360°

. , (keZ).
X =—0o + K360

cosx =cosa’ & {
2) Néu u,v 1a cac biéu thirc clia x thi
U=v+K2r

COSl=CosSV <&
U=-V+K2rn

(keZ).

3. Phwong trinhtan x=m (3)
Phuong trinh (3) luén cé nghiém véi moi gid tri clia tham sé m.

Luén tdn tai duy nhat sb6 o [—gg] thoa mén tano.=m.

Khi d6, phuong trinh (3) twong duong voi
tanx=motanx=tana o x=a+kn (k<Z).
Chay
1) Néu géc o. duoc cho bang don vi d6 thi cong thire nghiém trén trd thanh:
tanx =tana® © x =a’ + k180° (k7).

2) Néu u,v |a céac biéu thirc clia x thi tanu =tanv o u=v + kn (ke Z).

4. Phuong trinhcot x=m (4)
Phuong trinh (4) luén cé nghiém véi moi gia tri clia tham sé m.
Luén tén tai duy nhat sé o (0; =) thoa mén coto=m.
Khi d6, phuong trinh (4) twong duong voi
cotx =mocotx=cotae © x =a+kn(keZ).
Chay
1) Néu géc o. duoc cho bang don vi d6 thi cong thirc nghiém trén trd thanh:
cotx =cota®” © x =0+ k180° (kcZ).

2) Néu u,v la céc biéu thirc clia x thi cotu=cotv @ u=v+kn (keZ).
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B. Vi DU

Vi du 1. Gidi cac phuong trinh sau:

a) sinx:—l; b) cos(x-10°)=—£;
2 2
c) tan2x—%; d) cot(3x + 1) = -1
2022
Giai
1 X =-Z4 k2n
a) Ta cod sinx = —=— < sinx = sin| —= | & (keZ).
2 6 in
X=—+K2n
6
b) Ta cé cos(x = 100): —g o cos(x - 100) = cos150°
x —10° = 150° + k360° x =160° + k360°
o & (keZ).
X —10° = —150° + k360° x =—-140° + k360°
c) Gia sir o la goc thoa mén tano. = % Khi @6 ta cé

tan2x:ﬁctanmztana@b{:oz+kn<:>x=3+ kE(keZ).
2022 2 2

d) Tacé cot(3x + 1) = —1 < cot(3x + 1) = cot[—%]

<:>3X+1:—E+kn<:>x:—1—i+k£(keZ).
3 12 3
Vi du 2. Gidi cac phuong trinh sau:
a) sinx —sindx =0; b) sin2x —cos3x = 0;
C) sinx +cos2x =0; d) tanx —cotx =0.
Giai
a) Taco sinx —sindx = 0 < sindx = sinx
21
X=K—
. 4x = X + K2n . 3 (k e Z)
dx =71— X+ K27 T 27
X=—=+K—
5 5
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b) Ta cd sin2x —cos3x = 0 < cos3x = cos[g - 2x]

3x=[g—2x]+k2n xo T, y21
o o 075

keZ).
oIy pIY

3X=—|=—-2X |+ K27 X=——=+K2n
2 2

c)Tacd sinx + cos2x =0 < cos2X = COS[%+ xj

2x=[g+xj+k2n Moo S DR
>
o =
T 271:(

T
2X [2+X]+k2n 6+ 3

keZ).

d) Tacé tanx —cotx =0 o tanx = cotx & tanx = tan[g— x]

ox=L_xiknox=l4kZ (ke Z).
2 4 2

Vidu 3. Giai cac phuong trinh sau:
a) sin2x + 2cosx = O; b) sin® x + cos® x = 0;

¢) sin(x + 30° Jeos(2x ~ 150°) = 0, d) (3tanx - V/3}(2sinx - 1)=0.

Giai
a) Taco sin2x + 2cosx =0 < 2sinxcosx + 2cosx =0

X—n+kn
cosx =0 -

Kel).
sinx = —1 (e )

< 2cosX(sinx + 1):0@{
T
X =——+ K2m

. . 3 .
b) Ta c6 sin® x + cos® x = 0 < sin® x = (—cosx)” © sinx = —cosx

= [—E+ Xj+ K2m
, . T 2
< sSINX = Sln[—E-i- Xj Qg

T d6, ta dugc nghiém cla phuong trinh la: x = S—I + km (k € Z).
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sin(x + 300) =0
c) Ta cd sin(x +30° )cos(2x - 1500) =0
cos(2x - 150°) = 0

X+ 30° = K180° X = -30° + kK180°
3 o (k € Z).
2x —150° = 90° + k180° x =120° + k90°
d) Diéu kién cos x = 0.
tan x :ﬁ tanx:tan%
Taco (3tanx-J§)(2sinx-1)=0<:> 3 &
sinx = 1 sinx = sinE
2 6
X ==+ Km
. X:%Jr Kr
O X==+kn & (ke Z).
6 57
57[ =?+k2ﬂ
X F+k2

1

Vi goéc x voi sinx=§ thoa man diéu kién cosx =0, nén nghiém clia

phuong trinh |a

FEE i 08 K =L K5 (ST

Vi du 4. Tim tat cad cac nghiém cla phuong trinh sinx = cosx frén doan
[—57t;107c].
Giai
g " .’ T
Ta cbd sinx = cosx < sinx = sm[E— x]

X:E—X+k2n

2

=
X:n—[E—X]+ k2T
2

@X:%+kn(keZ).

Vi x e [-5m10%] nén —5n £%+ kn <10m & —% <k< 37:".

Mat khéc, vi kK € Z nén k € {-5,- 4;...;9}.
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Vay phuwong trinh @& cho c6 15 nghiém trén doan [-5m;10x] 1a x :%Jr km

v6i k € {-5— 4,...;9}.

C. BAI TAP

1.25. Giai cac phuong trinh sau:
a) 2sin(%+15°j+\/§:0; b) cos[2x+g]:—1;
c) 3tan 2x +43=0; d) cot(2x — 3) = cot15°.

1.26. Giai cac phuong trinh sau:

a) sin(2x 4 15°)+ cos(2x —15°)= 0; b) cos[2x +g]+ cos[3x —%j: 0;

c) tanx +cotx =0; d) sinx+tanx=0.
1.27. Giai cac phuong trinh sau:

a) (2+ cosx)(3cos2x - 1)=0; b) 2sin2x —sin4x = 0;

c) cos® x —sin® x = 0; d) tan2xcotx =1.

1.28. Tim cac gia tri clia x dé gia tri twong tng clia cac ham s sau bang nhau:

a) y = cos[2x-£] va y = Cos[x_E];
3 4
- T . o
b) y = sin[3x - =] va y = sin[x - X,
)y Sln[ X 4] va y sm[x 6]

1.29. M6t chiéc gudng nudc cd dang hinh trén ban
kinh 2,5 m; truc cla né dat cach mat nuéc 2 m
(hinh bén). Khi gudng quay déu, khoang cach h
(mét) tinh tlr mét chiéc gau gén tai diém A trén
gudng dén matnudcla h=|y| trong do

y:2+2,5sin2n[x-%]

véi x la thdi gian quay cla gudng (x=0), tinh
bang phut; ta quy wéc ring y > 0 khi gau & trén M6 phong gudng nude
mat nuéc va y < 0 khi gau & duéi mét nudec.

a) Khi nao chiéc gau & vi tri cao nhat? Thap nhét?

b) Chiéc gau cach mat nuéc 2 mét lan dau tién khi nao?
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1.30. Sé gid c6 anh sang mat troi clia mét thanh phé A trong ngay thir t (& day tla
sO ngay tinh tr ngay 1 thang giéng) cia mét ndm khéng nhuan dugc mé hinh
hoa béi ham s6

L(t)=12+2,83sin [%(t - 80)} voi teZ vaO0<t<365.
a) Vao ngay nao trong ndm thi thanh phd A cé it gié anh sang mat troi nhét?
b) Vao ngay nao trong nam thi thanh phd A ¢ nhiéu gid anh sang mét troi nhat?
¢) Vao ngay hao trong ndm thi thanh phé A c6 khoang 10 gid anh sang mat troi?

BAI TAP CUOI CHUONG I

A. TRAC NGHIEM
Cau 1.31. Bdi s6 do géc o = 105° sang radian ta duoc
A.D‘LZE. B.o=—=. C.oc:?—n. D.a:%.
8 12 12

CAu 1.32. Cho géc luong giac (Ou, Ov) c6 sé do o ma uOv 14 géc ti. Ménh dé
hao sau day dung?

A. C6 s6 nguyén kdég+k2n<a<%“+k2n. B. —n£a<—g.
C.—£<02£3—n. D.E<O(,<TE.
2 2 2

Cau 1.33. Gia tri cot% bang

A. —ﬁ. B. 4/3. C. 3. D. ﬁ.
3 3
Cau 1.34. Cho % < oo < . Ménh @& nao sau day dung?
A. sino < 0, cosa > 0. B. sina > 0; cosa = 0.
C. sino < 0, cosa < 0. D. sine = 0, cosa, < 0.

Cau 1.35. Trong cac déng thirc sau, dang thirc nao sai?

A. sin[g == x] = COS X. B. sin[gJr xj = COSX.

C. tan [g— xj = cot x. D. tan [ng x] =cot x.
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Cau 1.36. Trong cac dang thirc sau, dang thirc nao dung?
A. sin(180° — a) = —cosa. B. sin(180° —a) = —sina.

C. sin(180° —a) = sina. D. sin(180° — a) = cosa.

Cau 1.37. Biét sinx = % Gia tri clia cos? x bang

V3

A. coszle. B. cos X = — o] coszle. D. cosQ)(:E.
2 2 4 4

Chu 1.38. Biét cotx = - Gia tri clia bidu thire 2SINX +9COSX 1,
2 2sinx — 3cosx

A.i. B.g. €183 D.Z.
17 9 9
Cau 1.39. Trong cac dang thirc sau, déng thirc nao sai?
A. COSU + COSV = 2cosu * 1l/cosu W
2 2
B. COSU — COSV = 2sint 1l/sinu;V.
C. sinu+ sinv = 2sin? Y cosL V.
2 2
D. sinu — sinv = 2cos Y L gin L =Y
Cau 1.40. Trong cac dang thirc sau, déng thirc nao sai?
A. sin2a = 2sinacosa. B. cos2a = cos’a—sin‘a.
C. cos2a =1-2sin‘a. B, fanPa—adid .
1+ tan’ a
Cau 1.41. Tap xac dinh claham s y = J1-cosx la
A.R\{%+k2‘n|kez}. B. R\{kn| k c Z}.

C.R\{k2n| keZ}. D. R.

Cau 1.42. Khdng dinh nao sau day dung?
A. Ham sb y = cosx nghich bién trén khoang (-m;0) va déng bién trén
khoang (O;).
B. Ham sb y = cosx ddng bién trén cac khoang (-m;0) va (0;x).
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C. Ham s6 y = cosx nghich bién trén cac khoang (-m0) va (0;m).
D. Ham sbé y =cosx ddng bién trén khoang (-m0) va nghich bién trén
khoang (0;).

Cau 1.43. Khdng dinh nao sau day sai?

A. Tap xac dinh ctiaham sb y =tanx la D =R\ {%+ knlk e Z}

B. Ham sb y = tanx déng bién trén cac khoang [—%Jr kn;g+ kn] Vi moi
KelZ

C. Tap gia tri claham sb y = tanx la [—g; gj

D. Ham sé y = tan x la ham sé tuan hoan voi chu ki .
Cau 1.44. Ham sb nao dudi day c6 dd thi nhan truc tung lam truc déi xing?
A. y = COSX. B. y = sin® x. C. y =sinx D. y=tanx
Cau 1.45. Ménh dé nao sau day sai?
A. Ham s y = sinx tuan hoan véi chu ki 27,
B. Ham sé y = cos x tuan hoan véi chu ki 2m.
C. Ham sé y = tan x tuan hoan véi chu ki 27
D. Ham sé y = cotx tuan hoan voi chu ki .
Cau 1.46. Ménh dé nao sau day sai?
A.Ham s y = sinxcos2x |a ham sé tuan hoan.
B. Ham sé y = sinxcos2x la ham sé |é.
C. Ham sé y = xsinx 1a ham sé tuan hoan.
D. Ham s y = xsinx la ham sb chén.
Cau 1.47. Ménh dé nao dudi day dung?
A cosx=-1ox=n+k2n(keZ). B.sinx=0o x=k2n(kcZ).

C. tanx =0 © x = k2rn(k € Z). D. cosx=0<:>x=g+ k2n(k € Z).

Cau 1.48. S6 nghiém clia phuong trinh 2cosx = J3 trén doan {0;%} la

A 1 B. 4. C. 3. D. 2.
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Cau 1.49. Téng cac nghiém thudc khoang (0;2x) clia phuong trinh 3cosx —1=0

bang
A S=2n B:S=0 C. S=4n 0. §«—=8xn
Cau 1.50. Gia tri clia cacham s y = sin3x va y = sinx badng nhau khi va chi khi
X =Kn -
A KeZ). B.x=k= (keZ)
T n (KEE) 7 (keZ)
4 2
" X = K2m
C.x=k= (keZ). D. KelZ).
; feD) x=Zikon T
4
B. TULUAN

1.51. Trén dudng tron luong giac, xac dinh diém M biéu dién cac géc luong
giac cb sb do sau va tinh céc gia tri lwong giac ctia ching:
4 6
1.52. Kim phut va kim gi& ctia ddng hd I6n nha Buu dién Thanh phd Ha Néi theo
thtr tw dai 1,75 m va 1,26 m. Haéi trong 15 phuat, mli kim phat vach nén cung
tron cé d6 dai bao nhiéu mét? Cling cau héi d6 cho mii kim gio.

a) c) —1380°.

1.53. Huyén |i Quan Ba tinh Ha Giang va huyén |j Cai Nudc tinh Ca Mau cung
nam & 105° kinh déng, nhung Quan Ba & 23° vibéc, Cai Nudc & vi 36 9° béc.
Hay tinh @6 dai cung kinh tuyén ndi hai huyén li @6 (khoang cach theo dudng
chim bay), coi Trai Dt cé ban kinh 6 378 km.

1.54. Cho coso. = E sina >0, sinp = E B e %;511 !
4 5 2
Héy tinh cos 2c, sin 20, cos2p, sin2p, cos(o.+ B), sin(o.— ).
1.55. RUt gon cac biéu thirc sau

sin(45O + oz) — 008(45O + Ot) _ sin 2o + sino

: b) :
Sin(45O % cc) 4 COS(45O 4 cc) 1+ cos 2o + coso
& 1+ coso — sina. d) sina + sin3a + sinbo
1-cosa—sina,’ COSa + COS3at + COSHaL |

1.56. Chirng minh céc biéu thirc sau khéng phu thuéc vao x:
a) A =sin Ty x|-cos E—x; b) B = cos I _x|-sin|Zix :
4 4 6 3
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B 1—cos2x + sin 2x _

= - cot x.
1+ cos2x + sin2x

) Ci= sin® x + cos[g— xjcos[g + xj; c) D

1.57. Hai séng am cé phuong trinh lan luot 1a
f(t) = Csinot va f(t) = Csin (ot + o).
Hai séng nay giao thoa véi nhau tao ra mét am két hop cé phuong trinh
f(t) = £,(t)+ f,(t) = Csineot + Csin(eof + ).

a) Sir dung céng thirc céng chi ra rang ham f{f) c6 thé viét duoc dudi dang

f(t) = Asineot + Becoswf, & d6 A, B 1a hai hdng sé phu thuéc vao «.
=
3
hop, tic 1a tim hai hdng sé & va ¢ sao cho f(t) = ksin(wt + ).

b) Khi C =10 va o = —, hdy tim bién d6 va pha ban dau cla séng am két

1.58. Tim tap xéac dinh cla cac ham sé sau:

a)y= 0082_)(_ b) _ A K
Y=t i Y = Cosx —cosax’
1
C)y=—; d) y =tanx + cotx.
)y COS X + Sin2x 24 ’
1.59. Tim gié tri I6n nhat va gia tri nhod nhét clia cac ham sé sau:
. . i T
a) y = sinx —cosx; b) y =sinx + sm[g—x];
c) y = sin* x + cos* x; d) y = cos2x + 2cosx — 1.

1.60. Xét tinh chan |& clia cac ham sé sau:

2

a) y = sin® x —cot x; b) ot fan T,

COS X

C) ¥ = sin2X + COSX; d) y=2cos[3—;+xjsin[%—xj.
1.61. Xét tinh tudn hoan clia cac ham sb sau:

a)y= sin%+ cos 3X; b) y = cosbx + tan%.
1.62. Giai cac phuong trinh sau:

a) sin3x=—£; b) tan X +10° :—i;

2 3 J3
C) sin3x —cosbx =0; d) tan3xtanx =1.
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1.63. Giai cac phuong trinh sau:
a) sinbx + cosbx = -1, b) cos3x — cosbx = sinx;

: 1 .
c) 2¢os? X + COS2X = 2, d) sin* x + cos* x = =sin? 2x.

1.64. M6t thanh xa gd hinh hdp chi* nhat dugc cét ra tir mét khéi gé hinh tru c6
dudng kinh 30 cm.

a) Chirng minh rang dién tich mat cdt clia thanh xa gé duoc tinh béi cong thirc
5(8) = 450sin26 (cm?),
¢ d6 goc 6 dugc chi ra trong hinh vé duéi day.

b) Tim géc 6 dé dién tich mat cat cia thanh xa gé |a Ién nhat.

1.65. Huyét ap la ap luc can thiét tac dong Ién thanh clia §ong mach §& dwa mau
tr tim den nudi dudng cac mé trong co the. Huyet ap duoc tao ra do luc co
bop cla co tim va strc can cua thanh déng mach. Méi lan tim dap, huyét ap
cua ching ta téng réi giam gitra cac nhip. Huyét ap téi dava huyet ap t6i thiéu
goi la huyet ap tam thu va tam truong, twong ting. Chi s6 huyét ap clia chiing
ta duwoc viét 1a tam thu/tam truong. Chi sé huyet ap 120/80 la binh thuong.
Gia stt mét ngudi nao dé cé nhip tim la 70 lan trén phut va huyét ép cua
nguoi dé dugc mé hinh hoa béi ham sé

P(t) =100 + 203in[%ntj

& d6 P(t) 1a huyét ap tinh theo don vi mmHg (milimét thuy ngan) va thoi gian t
tinh theo giay.

a) Trong khoang tir 0 @én 1 giay, hay xac dinh sé lan huyét ap l1a 100 mmHg.
b) Trong khoang tir 0 @én 1 giay, hay xac dinh sé lan huyét ap la 120 mmHg.
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CHUONG Il

= DAYSO.
CAP SO CONG VA CAP SO NHAN

< BAI5S .

DAY SO

A.KIEN THUC CAN NHG

1.

M&i ham sb ¢ xac dinh trén tap cac sé nguyén duong N duoc goi la mét day
s6 v6 han (goi tat 1a day s6), ki hiéu la v = u(n).

Ta thwong viét u, thay cho u(n) vaki hiéu day sé v = u(n) bdi (u,), do d6
day sé (u,) dwoc viét dudi dang khai trién u,, u,, ..., U, ... S6 u, goila s6
hang dau, u, 1a sb hang thr n va goi la sé hang téng quét clia day sb.

. M&i ham sé v xac dinh trén tap M = {12 3,.... m} v6i me N duoc goi la

mét déy sé hiru han.
Dang khai trién cla day sé httu han 1a u, U, ..., U,,. S6 u, goi la sb hang
dau, u,, la sé hang cudi.

. M6t day sb c6 thé cho bang:

o Liét ké cac sb hang (chi dung cho céc day hitu han va cé it sé hang);
e Cong thirc clia s6 hang téng quat;

e Phuong phap mé ta;

e Phuong phap truy héi.

. Day s6 (u,) duwoc goi la day sb téng néu ta 6 v, > U, véimoi n e N

Day sé (u,) dwoc goi la day sé giam néuta c6 u,,, < u, véimoi ne N

. Déy s6 (u, ) duoc goila bj chén trén néu ton tai mét sé M sao cho

U, <M véimoi ne N

Day s6 (u,) duwoc goi la bj chdn dudi néu ton tai mét sé m sao cho

AN



U, >mvéimoi ne N .
Day sb (4,) dwoc goi la bi chén néu nd vira bi chan trén vira bj chdn dudi,
tlrc la ton tai cac sb m, M sao cho

m<u, <M véimoine N .

B.ViDU

Vidu 1. (X4c dinh day s6)
Viét nam s6 hang dau tién clia méi day sé () sau:

a) u, = (-1 n% by u,=1u,=2u, =u, ,-u, ,(n=3).
Giai
a) Thay lan luot n =12 3 4,5 vao cong thirc cua v, ta co:
=P =t uy=(-1 2" =4 u; = (-1)" -3 =9,
U, = (1) -4 =-16, u; = (-1)° -5? =25
b) Thay lan luot n = 3, 4, 5 vao cdng thirc clia u, taco:

=T =2 U=t =2, Uy =ty Uy =4 Us =tz Uy =8

Vidu 2. (Xéc dinh tinh tang, gidm, bi chdn cia day sd)

Xét tinh tang, giam va tinh bj chén clia day sb (u,) véi u, = :?_ ';
+
Giai
Taco
o A=+l 1-n n 1-n
PRI T e n+1 n+2 n+1
- 1)—-(1- 2
= n(n+) ( n)(n+ ):— 2 <0vnz1.

(n+ 2)(n+ 1) (n+2)(n+ 1)
Do &6 (u,) 1a day sé giam.

1=n —(B+N+2

Do u, = = —1+i >-1¥n =1 nén day (u,) bi chan dudi.
n+1 n+1 n+1
o . e e 2 2
Day (¢, ) clng bi chantrénvi v, = —1 < -1 =0,vn = 1.
¥ {#,) €Ong b en? BT T e g T

Do §6 (u,) 1a day sé bj chan.
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Vidu 3. (Van dqng thuc tfé'n)
Bac Hung d€ 10 triéu dong trong tai khoén’ngén hang. Vao cudi méi ndm,
ngan hang tra |ai 3% vao tai khoan cla bac ay, nhung sau d6 sé tinh phi duy
tri tai khoan hang ném la 120 nghin dong.
a) Goi A, la sb tién bac Hung da gui. Viét cong thirc tinh lan luot A, A,,
A, T d6 dy doan hé thire truy héi cho sé du A, (tinh theo don vi déng)
trong tai khoan clia bac Hung vao cudi nam thir n.
b) Tim s du trong tai khoan cla bac Hung sau 4 nam.
Giai
a) Vao cudi ndm thr nhét, sb tién trong tai khoan clia bac Hung la
A=A (1 + 3%) - 120000 = 1,03A, — 120 000 (d@6ng).
Vao cudi ndm thir hai, sb tién trong tai khoan clia bac Hung la
A, = A (1 + 3%) — 120000 = 1,03A, — 120 000 (d@dng).
Vao cudi ndm thir ba, sb tién trong tai khoan clia bac Hung la
Ay = A, (1 + 3%) — 120000 = 103A, — 120000 (d@dng).
Twong tw, vao cudi ndm ther n(n = 1), sé tién trong tai khoan clia bac Hung la
A, = A, (1+3%)— 120000 = 1,034, , — 120 000 (ddng).
b) Tatinh lan luot A, A, A, A,
A, =10180000; A, =10 365 400,
A; = 10556 362, A, =10753 053,
Nhu vay, sé du trong tai khoan cla bac Hung sau 4 ndm la 10 753 053 déng.

C.BAI TAP

2.1. Viét ndm s6 hang dau tién clia méi day sé (v, ) sau:

g n .
ayuy={(-1) Tt b) U=t =N~ (n 52);
2.2. Xét tinh ting, giam cla méi day sé sau:
-1
2 : 2n+5 -1y’
a)u,=n+n+1 b)uﬁ=n+2, c)un=n2+1.

2.3. Xét tinh bj ch&n clia cac day sb sau:
n
a) Uy = o byu, =n*+n-1 c)u, =-n
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2.4. Bé tinh xép Xi gia tri fp, ngudi ta c6 thé dung day sé cho bdi hé thirc truy
héi sau:

U =Ku, :%[un_1 o ] VoI n = 2,

n-1
& d6 k la mét gia tri dy doan ban dau clia +fp.
Str dung hé thirc truy héi nay, héy tinh x&p xi cac gia tri sau béng cach tinh u:

va tinh sai s6 tuyét ddi khi so v&i gia tri tinh bang may tinh cam tay (lam tron
két qua dén chir s6 thap phan thir nam).

a)v5 (lay k= 3); b) V8 (lay k = 3).
2.5. Cho day sb (u,,) xac dinh bang hé thire truy hdi
Uy =1U,=u,+(n+1).
a) M6i sb hang clia day sb nay goi la mét sé tam giéc. Viét bay sé tam giac dau.

- nin+1 4 .z
b)Biétrang 1+ 2+...+n = % Hay chirng to céng thic cua sO hang
(n+1)(n+2)

tbng quéatla u,,, = 5
¢) Chirng minh rang u, ., + U, = (n + 1)2, ttrc 1a tdng cua hai s6 tam giac lién
tiép 1a mot sé chinh phuong.

2.6. Gia cia mét chiéc ‘may photocopy lic méi mua 1a 50 triéu ddng. Biét rdng
gia tri clia n6é sau moéi nam st dung chi con 75% gia tri trong ndm lién trudc
d6. Tinh gia tri con lai oua chiéc may photocopy d6 sau méi nam, trong
khoang thoi gian 5 nam ké tir khi mua.

2.7. Néu fi 1& lam phat la 3,5% maéi ham va gia trung binh cla mét can hé chung
cu mai tai thoi diém hién tai la 2,5 ti dong thi gia trung binh clia mét can hé
chung cw méi sau n nam nira dugc cho bdi céng thirc

A, =25-(1035)" (fi ddng).
Tim gié trung binh clia mét can hé chung cu méi sau 5 nam nira.

2.8. Bac An guri tiét kiém 200 friéu ddng ki han 3 thang, véi & suat 3% mot nam.
S6 tien (triéu dong) ca von lan 1ai ma bac An nhan dugc sau n quy (moi quy la
3thang) sé la

1
0’03] AV 2
4

A, = 200[1+

a) Viét ba sb hang dau clia déay sé.
b) Tim sé tién bac An nhan duoc sau 2 nam.
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2.9. Vi khuén E. Coli sinh san théng qua mét qua trinh goi 1a qua trinh phan doéi.
Vi khuén E. Coli phan chia lam d6i cir sau 20 phut. Gia st tbc d6 phan chia
nay duoc duy tri trong 12 gid ké tir khi vi khuéan ban dau xam nhap vao co
thé. Hoi sau 12 gid sé ¢ bao nhiéu vi khuan E. Coli trong co thé? Gia st ¢o
mét ngudn dinh dudng vé han dé vi khuan E. Coli duy tri tbc dd phan chia
nhu cil trong 48 gid ké tir khi vi khuan ban dau xam nhéap vao co thé. Hoi sau
48 gid & ¢ bao nhiéu vi khuan E. Coli trong co thé?

2.10. M6t cong ty dugc phdm dang thtr nghiém mét loai thubc méi. M6t thi
nghiém bét dau véi 1,0 x 10° vi khuan. Mét liéu thubc duoc st dung sau méi bén

gid c6 thé tiéu diét 4,0 x 10° vi khuén. Gilra cac liéu thude, sé luong vi khuén
tang Ién 25%.

a) Viét hé thire truy hdi cho sé luong vi khuén séng trudc méi lan sir dung thude.
b) Tim 6 vi khuan cén sdng truéc lan str dung thude thir ndm.

- BAI 6 -
CAP SO CONG

A.KIEN THUC CAN NHO

1. Cép s6 cong 1a mét day s6 (htiu han hay v6 han), trong d6 ké tir s6 hang thu
hai, m6i s6 hang déu bang sb hang dung hgay truéc né cong véi mot s6
khéng déi d. Sé d dugc goi la céng sai clia cap sb cong.

2. Cép sb cong (u,) véi cong sai d duoc cho béi hé thure truy héi
U, =, 1+d véi n=z=2.
3. Néu cép sb cong (u,) c6 sb hang dau v, va cong sai d thi s6 hang téng quat
u, cua né duwoc xac dinh theo céng thirc
u, = u +(n-1)d.
4. Cho cap sb cong (u,, ) v6i cong sai d. Bat S, = v, + t, + ...+ u,. Khi d6

niu +u,)

S, =g[2u + (n-)d] ==L

B.ViDU

Vi du 1. (Nhan biét cap s6 céng)
Chirng t6 réng day s6 (u, ) v6i u, = 4 —n lamdt cap sé cong. Tim sb hang dau
va cbng sai clia no.
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Giai
Taco u, —u, y=4-n—[4—(n—-1)]=—1,véimoi n=2.
Do d6 (u, ) la cép sb cong c6 sb hang dau v, = 3 vacong sai d = 1.

Vidu 2. (Van dung tinh chét cia cép sé cong)
Tim x sao chox + 3,2x + 1va 5x + 21a basd hang lién tiép clia mét cap sb odng.

Giai
Tl x +3, 2x+1va 5x+ 2 la ba sé hang lién tiép clia mét cap sb cong, ta
suyra (x+3)+ (5x+2)=2(2x+ ) © x :—%.

Thtr lai, ta c6 ba sé tim duoc la % wid —1—21 thoa mén bai toan. Vay x = —%.

Vidu 3. (Van dung thuc tién)
M6t héi truong I6n c6 35 ghé & hang dau tién, 37 ghé & hang thir hai, 39 ghé
¢ hang thir ba va cl tiép tuc theo quy luat nhu vay. Co tat ca 27 hang ghé.
Hoi hoi trudng d6 co bao nhiéu ghé?

Giai
Goi u, 1a s6 ghé & hang thtr n. Vi héi truong 16n cd 35 ghé & hang dau tién,
37 ghé & hang thir hai, 39 ghé & hang thir ba, ... nén day sé (u,) lap thanh
cép sb cong cod u, = 35 va cong sai d = 2. Suy ra tdng sb ghé clia héi trrdng
véi 27 hang ghé |a

(2u, + 26d)- 27

g 5 — 1647 (ghé).

C. BAITAP

2.11. M&i day s6 (u,) sau c6 phai la mét cép sb cong hay khong? Néu co, hay
tim sé hang dau va céng sai clia né:
a) u, = 4-3n; b) u, = n’ +1
c)u, =2n+5 d) u,=3,u,.1=t, +n

2.12. 8 hang thir tam clia mét cap s cong la 75 va sb hang thir hai muoi la 39.
a) Tim sb hang dau va céng sai clia cap sb cong.
b) Tim hé thirc truy héi cho cép sb cong.
¢) Tim céng thirc sé hang thtr n clia cép s cong.

2.13. Tong 20 sé hang dau clia mét cép s6 cong véi cong sai bang 3 1a 650. Tim
s0 hang dau clia cap s cdng nay.
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2.14. Tim x @& 2x, 3x + 2 va 5x + 3 1a cac s6 hang lién tiép clia mét cap sb cong.

2.15. Phai lay tong clia bao nhiéu s6 hang dau clia mét cap s6 céng c6 s6 hang
dau la 78 va cdng sai la —4 dé duoc tong la 7027

2.16. Mot buc tuwdong trang tri ¢d dang hinh
thang, rong 2,4 m & day varéng 1,2 m & dinh
(hinh vé& bén). Céac vién gach hinh vudng c6
kich thuwéc 10 cm x 10 cm phai dugc dat
sao cho méi hang & phia trén chira it hon
mét vién so véi hang ¢ ngay phia dudi no.
Hoi sé cérj bao nhiéu vién gach hinh vudng
nhu vay dé op hét birc twdong do?

2.17. Mét cau thang béng gach cé tbng cdng 30 bac. Bac dudi clng can 100 vién
gach. M&i bac tiép theo can it hon hai vién gach so v&i bac ngay truéc nd.

a) Can bao nhiéu vién gach cho bac trén cing?
b) Céan bao nhiéu vién gach dé xay cau thang?
2.18. C6 bao nhiéu hang ghé trong mot géc khan dai clia mét san van doéng, biét

rang go6c khan dai 6 cé 2 040 ché ngai, hang ghé dau tién c6 10 chd ngdi va
méi hang ghé sau cé thém 4 ché ngdi so v6i hang ghé ngay trudc n6?

2.19. Néu anh Nam nhan duoc 16i moi lam viéc cho mét cdng ty nuwdc ngoai voi
murc lwong khoi diém la 35 000 d6 la méi nam va duoc tang thém 1 400 d6 la
lwong méi nam, thi s& méat bao nhiéu ndm lam viéc dé tdng lvong ma anh
Nam nhan duoc la 319 200 d6 la?

2.20. Néu p, mva g lap thanh mét cap s6 cong thi d& thdy m — p;zq. $6 m goi

la trung binh cong cla p va q. Cho hai s6 p va g, néu ta tim duoc k sb khac
my, m,,..., m, sao cho p, m, m,, ..., m,, g lap thanh mét cap s6 cong, ching
ta néi rdng chuing ta @& "chén k trung binh cdng vao gitra p va g".

a) Hay chén ba trung binh cdng vao gitra 4 va 12.
b) Tim bén trung binh céng nadm gitra 16 va 91.

k_ﬂz__a’
CAP SO NHAN

A.KIEN THUC CAN NHG

1. Cép so nhan la mot day sb (huu han hay vé han), trong d6 ké tir s6 hang thor
hai, méi sb hang déu la tich cla sb hang dung ngay truéc nd véi mot sb
khéng déi g. Sé g dugc goi la céng béi clia cap sb nhan.
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2. Cép sé nhan (u,) voi cong bdi g duoc cho bdi hé thire truy hoi
U, =U, 1-q vOi h = 2.
3. Néu cép sb nhan (u,) c6 sb hang dau u, va cong bdi g thi sb hang téng quat
u, cua né duoc xac dinh béi cong thirc
u, =t,-q"" véi n =2
4. Cho cép sbnhan (u,) v6icongbdi g = 1. D&t S, = 4, + U, + ...+ u,. Khi §6

S :—u1(1_qﬁ).
1-g

1

B.ViDU
Vidu 1. (Nhan biét cap sé6 nhan)
Chung t6 rang déy sb sau la cap sbnhan: u, = 3- 4",
Tim s0 hang dau va céng béi clia né.
Giai
V6imoi n> 2, tacs - 34 _ 4
un—1 3 4n—1

thcla v, = 4u,_, véimoi n = 2.

vay (u,) 1a mét cép s nhan véi sé hang dau u, = 12, cong bdi g = 4.

Vidu 2. (Van dung tinh chét cda cép sé nhén)
Tim x d& x—1 x va x+2 la ba sé hang lién tiép ctia mét cdp sb nhan.

Giai
Do x—1 x va x+2 laba s hang lién tiép clia mét cap sé nhan nén
X  X+2
x-1  x
2

Dodé x“ =(x+2)(x-1),tkcla x =2.
Thtr lai, ta ¢6 ba sé tim duocla 1, 2, 4 thoa mén bai toan. Vay x = 2.

Vidu 3. (Van dung thuc té)
Ban dau, mét qua Iac déng hé dao déng theo mét cung tron dai 46 cm (H. 2.1).
Sau méi lan du lién tiép, d6 dai clia cung tron bang 0,98 d6 dai cung tron &
ngay lan trudc do.
a) Do dai clia cung tron & lan thtr 10 |a bao nhiéu?

38



b) Sau 15 lan dao ddng, qua lac sé di dugc quing dudng téng
cdng la bao nhiéu?
(Két qua tinh theo centimét va lam tron dén chir s6 thap phan
thir hai).

Giai
Goi u, la 6 dai cung tron & lan tht n khi con I&c dao dong.
Do lan mét, qua l&c ddng hd dao dong theo mét cung tron dai
4{3 cm, sau maoi lan dao déng lién tié‘p, dé dai cla cung trc‘)rJ
bang 0,98 d6 dai cung tron & ngay lan truéc dé nén day so
(u,) 1ap thanh cap sé nhan c6 v, = 46 va coéng béi g = 0,98.

Hinh 2.1

a) D6 dai clia cung tron & lan thir 10 1a uy, = u1q9 = 46-0,98% ~ 38,35 (cm).
b) Sau 15 lan dao ddng, qua Iac sé di duoc quing dudng tbng cdng la

15 15
1-9'9 _ ,5.1-098

S = H—— S
=g g 1-0,98

~ 601,29 (cm).
C.BAI TAP

2.21. Chung minh rang méi day s6 (u,) sau la mét cap sé nhan. Hay tim s
hang dau va céng béi clia né.

N, 2
a) u, =—3'[§] , b) u, = 3;3_1'

2.22. Tim s6 hang tht 10 clia cap sé nhan 64, -32, 16, -8, ...
2.23. Cho mét cap s nhan voi tat ca cac cac sb hang déu duong. Sé hang thir 4

clia cap sb nhan la 125 va sb hang thir 10 1a % Tim sé hang thtr 14 clia
cap so nhan nay.
2.24. Tim x sao cho x, x + 2, x + 3 1a ba s6 hang lién tiép clia mét cap sb nhan.
2.25. Tinh céc tdng sau:
a)1+4+16+ 64 +...+ 4% b)%+§+§+...+¥.

2.26. Cac bénh truyén nhiém cé thé lay lan rat nhanh. Gia sir ¢ ndm ngudi bi
bénh trong tuan dau tién cla mét dot dich, va méi ngudi bi bénh sé lay bénh
cho bén ngudi vao cudi tuan tiép theo. Tinh dén hét tuan ther 10 chia dot dich,
¢6 bao nhiéu ngudi da bi lay bdi can bénh nay?
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2.27. Néu mét kT su dugec mét cong ty thué vOi murc luong h&ng ndm la 180 triéu
dong va nhan dugc mic tang luong hang nam la 5%, thi mic luong cua
nguoi KT sur do la bao nhiéu khi bat dau nam that sau lam viéc cho cong ty?

2.28. Dé tich Iu§ tién cho viéc hoc dai hoc clia con gai, ¢6 Hoa quyét dinh héang
thang bo ra 500 nghin dong vao tai khoan tiét kiém, dwoc tra 1ai 0,5% céng
ddn hang thang. C6 bat dau chuong trinh tich Iuy nay khi con gai c6 tron 3
tu6i. C6 ay sé tich luy duoc bao nhiéu tien vao thdi diém giri khoan tien thir
1807 Luc nay con gai ¢6 Hoa bao nhiéu tudi?

2.29. Céac canh cla hinh vuéng ban dau c6 chiéu dai 16 cm. Mét hinh vudéng méi
duoc hinh thanh béng cach ndi cac diém gitra clia cac canh ctia hinh vuéng
ban dau va hai trong s6 cac hinh tam giac ket qua duoc t6 mau (hinh vé
dudi). Neu qua trinh nay duoc lap lai nam lan nira, hay xac dinh tong dién

tich clia ving duoc té mau.

2.30. Néu p, m va q lap thanh mét cap sbé nhan thi dé thay m’ = p-q. Sé m
duoc goi la frung binh nhéan ctia p va g. Cho hai sb p va g, néu ta tim duoc K
s0 khac m,, m,,..., m, sao cho p, m, m,, ..., m,, q lap thanh mét cap so
nhan, thi chiing ta ndi rdng da "chén & trung binh nhan vao gitra p va g". Hay:
a) Chén hai trung binh nhan vao gitra 3 va 24;

b) Chén ba trung binh nhan vao gitra 2,25 va 576.

BAI TAP CUOI CHUONG II

A. TRAC NGHIEM

2.31. Cho day s6 (u,) xac dinh bdi: u, =1 u,,, =u, +n Sbhang u, fa
A. 5. B. 6. Gy D. 10.

2.32. Hay chon déy s bi chan trong cac day sé (u,, ) sau:

A u, =1-n° B.u,=2"
. 2-n
C. U, =nsinn. D. u, = ;
g T n+1
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2.33. Hay chon day s téng trong cac day sé () sau:
A u,=-2n+1. B.u,=n*-n+1.
G. 4y =(=1)" 2" D. u, = 1+ sinn.

2.34. Cho day sb6 u, = 2020 sin%TJr 2021008”—;. Ménh nao dudi day la

dung?
A U, =U,. B. ¥, =U,. C. U4 =U,. D. 4,15 =U,.

2.35. Chon cép sb cong trong cac day sé (v, ) sau:
A u, =3"+2 B. uﬁ:%+1.
C.u, =3n D.wy=1u, «=u,+n

2.36. Cho cap sb cong véi u, = -2, 4y = 22.Tdng clia 50 sb6 hang dau clia cép
s6 céng nay la

A.3570. B: 3575 G 3576: D. 3 580.
2.37. Chon cép s6 nhan trong cac déy s6 (u, ) sau:
2
A u,=2n B.#, = i
C. t, =2% O i, =% U = DU,
2.38 Tcz)ng1+l+i+ +i bang
.38. Sttt o
A.2+i. B. 2- ! : C. 2- ! : D.2—i.
il 2n—1 2n+1 il

2.39. C6 bao nhiéu cap sb nhan c6 ndm sb hang ma téng clia ndm s hang dé la
31 vatich clia ching la 1 0247
A1 B. 2. C. 3. D. 4.

2.40. Ong Trung c6 100 triéu ddng gui tiét kiém vao ngan hang theo thé thirc 1
kép ki han 6 thang véi 1&i suat 8% mot nam. Gia st 1ai suat khéng thay doi.
Hoi sau 3 nam so tién trong tai khoan tiét kiém clia 6ng Trung gan nhat véi s
nao sau day?

A. 126 532 000 d@dng. B. 158 687 000 ddng.
C. 125 971 000 ddng. D. 112 486 000 ddng.

2.41. M6t du khach vao truong dua ngua xem dua ngwa va dat cwoc chon con
thang cuéc. Néu chon dung con thang cudc thi sé nhan duoc s6 tién gap doi
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sé tién dat cugc, con néu chon sai thi sé mét s6 tién @&t cuoc. Ngudi du
Khach d6 lan dau tién dat 20 000 dong, moi lan sau tien dat gap ddi tien dat
lan trudc. Ngudi d6 thua 9 lan lién tiép va thang & lan thir 10. Hoi du khéach
d6 théng hay thua bao nhiéu? )

A. Thang 20 000 dong. B. Hoa von.

C. Thua 20 000 d@éng. D. Thua 40 000 d@dng.

2.42. Ba s6 phan biét c6 téng 1a 217 c6 thé coi la cac sé hang lién tiép clia mét
cép sb nhan, cling c6 thé coi la sb hang thtr 2, thir 9, thir 44 cla mét cap sb
cong. Hoi phal ldy bao nhiéu sé hang dau cla cap s céng nay dé téng cla
chung bang 2107

A. 40. B. 30. C. 20. D. 10.

B. TULUAN

2.43. Trong céac day sé (u,) dudi day, day sé nao la cép sé cong, day sé nao la

cép sb nhan? Néu day sb la cap sb cong hodc cap sb nhan, hay xac dinh
céng sai hodc céng béi clia no.

a) =2 U, =U+n b) u, = 6n+ 3;

Gl ="1 Uy = Hinlly: dy i = 3-8

2.44. Chirng minh rang:

a) Néu a,a,a,. va b,b,b,. la ha cép sb cong thi
a +b,a +b,a, +b, ... cling la cap sb cong.

b)Néu a, a,, a,,... va by, by, b;, ... 1a hai cap sb nhan thi ab,, a,b,, asb, ...
cling la cép sé nhan.

2.45. M6t con ché con néng 0,4 kg khi méi sinh va sau méi tuan tudi khéi luong
cla no tang thém 24%. Gia st u, (kg) la khdi luong cua con ché vao cudi
tuan tudi thtr .

a) Viét 1an luot cac cong thuc tinh u,, u,. Tir @6 du dodan cong thirc clia u,,.
b) Con ché ndng bao nhiéu kildgam khi duoc sau tuan tudi?

2.46. Bac Hung qqyét dinh tham gia mét chuong trinh boi 14 dé duy tri strc
khoé. Bac bat dau bang céach boi 10 phut vao ngay dau tién, sau d6 thém 2
phut moi ngay sau do.

a) Tim cong thirc truy hdi cho sb phat T, ma bac éy boi vao ngay thtr n cla
chuwong trinh.
b) Tim séu s6 hang dau cla déy s6 T, .

¢) Tim céng thirc tng quéat clia day sé (T,,).
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d) Bac Hung dat duoc muc tiéu boi it nhat 60 phut méi ngay vao ngay thir
bao nhiéu clia chuong trinh?
e) Tinh téng thdi gian bac Hung boi sau 30 ngay dau clia chuwong trinh.
2.47. Day céc sb chinh phuong sau day khéng phai la cap sb cong
1,4, 9, 16, 25, 36, 49, 64, 81,

Tuy nhién, chung ta cé thé 1ap mot cap sb cong Ilen quan bang céch tim hiéu
clia cac sb hang lién tiép clia day sO hay.

a) Viét tam sb hang dau cla cap so cdng lién quan duoc mé ta & trén. Tim
céng thire clia sé hang thir n clia cép s cong nay.

b) Mé ta bang cach nao dé ching ta c6 thé lap duoc mét cap sb cong tr day
cac sb lap phuong sau day:

1, 8, 27, 64, 125, 216, 343, 512, 729, ...
¢) Viét bay sé hang dau clia cap sé céng & trong phan b) va tim sb hang thtr n
cla né.

2.48. Chirng minh rang neu ba sé theo thtr tw vira lap thanh mét cép sb cong
vira lap thanh mét cap s nhan thi ba sé &y bang nhau.

2.49. Anh Nam la mét cau tht bong da chuyén nghiép. Anh vira Ki hop déng 5
nam véi mét cau lac bd véi mirc lwong néam khoi diém la 300 triéu dong. Chu
tich cau lac bé dua ra cho anh Nam ba phuong éan vé lwvong nhu sau:

— Phwrong én 1. M&i ndm ngoai murc luong ¢é dinh nhu trén, s& duoc thudng
thém 50 triéu dong.

— Phuong an 2: M6i ndm luong sé tang thém 10% so véi lwong nam trudc
d6, bét dau ké tr nam thi hai.

— Phuong &n 3. MGi nam luong sé tang thém 30 triéu so véi luong nam trudc
a6, bét dau ké tr nam thir hai.

Em hay tinh gitip anh Nam xem véi phuong an luong nao thi tbng lwong sau
5 nam cla anh Nam la |én nhat?

2.50. M6t day sb (v, ) dwoc goi la mét cdp sé nhan cong néu né cho bédi hé thire
truy hoi
Uy=a, U = QU +1d.
Néu g = 1 ta c6 cap sb cdng voi céng sai d, con néu d = 0 ta cd cap sb nhan
V@i cdng bdi q.
a) Gia sir ¢ = 1. Du doan céng thirc sé hang téng quat u,,.
b) Thiét lap céng thirc tinh tbng S, cla n sb hang dau clia cap sb nhan

cong (u,).
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CHUONG Il

CAC 8O DAC TRUNG DO XU THE TRUNG
TAM CUA MAU SO LIEU GHEP NHOM

- BAIS _
MAU SO LIEU GHEP NHOM

A.KIEN THUC CAN NHG

1. Khi ta khdng thé thu thap duoc s6 liéu chinh xac hodc do yéu cau cla bai toan
ta phai biéu dién mau sé liu dudi dang ghép nhém dé thuan lgi cho viéc 1)
chire, doc va phan tich s6 liéu. Mau sO liéu ghép nhom la mau so liéu cho
dudi dang bang tan sé clia cac nhém sé liéu (Bang 1). M&i nhdm sé liéu la tap
hop gE‘)rr] cac gia tri cla sb liéu duoc ghép nhom theo mét tiéu chi xac dinh.
Nhém s0 liéu thuong dugc cho dudi dang [a; b), trong 46 a la dau mut trai,
b la dau mut phai.

Nhém [a; &) [a:; a,1) [a; ac1)

Tan sb m, m; m,

Béng 1. Mau sé liéu ghép nhom

2. Dé chuyén mau sb liéu khéng ghép nhém sang mau sé liéu ghép nhom ta
thuc hién theo cac budc sau:
Bwéc 1. Chia mién gia tri ctia mau s6 liéu thanh mét sé nhdm theo tiéu chi
cho truéc.
Budc 2: Dém sb gia tri clia mau sé liéu thudéc mdi nhém (tan sd) va lap bang
thdng ké cho méu sb liéu ghép nhdm.
Trong cac bai tap, ta khéng nén chia thanh qué nhiéu hodc qua it nhom. Cac
hhom khéng giao nhau va nén cé dé dai bang nhau, tbng d6 dai cac nhém 1én
hon khoang bién thién.

B.ViDU

Vi du 1. 100 ngudi thue hién bai trdc nghiém dé do chi s6 1Q, két qua thu duoc
nhu sau:
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Chi sb - Tl 145
Duwoi 70 | [70: 85) | [85: 115) | [115; 130) | [130; 145) o
1Q trér 1En
S6 2 15 45 20 15 3
ngu i

a) Néu cac nhom sé liéu va tan sé twong tng.
b) Ngudi ¢ chi s6 1Q tir 85 dén dudi 115 la & murc trung binh. Xac dinh fi 1&
nguoi cé |1Q cao hon muc trung binh.

Giai
a) Cac nhom sb liéu gém Duwoi 70; [70; 85); [85 115); [115; 130); [130; 145);
Ttr 145 tré Ién véi tan s6 twong tng 1a 2, 15, 45, 20, 15, 3.
b) 86 ngudi ¢o6 chi s6 IQ cao hon mue trung binh 12 20 + 15 + 3 = 38. Vay fi lé
ngudi ¢b chi s8 1Q cao hon murc trung binh 1a 38/100 = 38%.

Vidy 2. Theo Té chirc Y té Thé gigi (WHO), thiéu mau la tinh trang giam luong
huyet séc t6 (Hb) dan t6i sy thiéu cung cép oxygen cho cac mé trong co thé.
Déi v6i nam gidi trén 15 tudi, chi sé Hb (don vi tinh 1a g/l) Idn hon hodc bang
130 duoc xem la khéng bi thleu mau, tir 110 dén dudi 130 la thiéu mau murc
hhe, tir 80 dén dudi 110 la thiéu méu murc vira, dudi 80 la mirc nang. Bo chi
s6 Hb clia mét sé hoc sinh nam I6p 12 cho két qua nhu sau:

132, 135, 137, 131,129, 125, 140, 147, 138, 137,128, 112
127, 129,425, 98,139, 138,139, 141, 140,108, 136, 133,
137, 138, 108, 133, 136, 141, 144, 134, 136, 137, 142.

Ghép nhdém cho mau sé liéu nay theo mirc d@6 thiéu mau.
Giai
C6 25 hoc sinh ¢6 chi s Hb tir 130 trd' 1én (khéng bi thiéu mau), 7 hoc sinh ¢

chi s6 Hb tir 110 dén duwéi 130 (thiéu mau mtrc nhe), 3 hoc sinh ¢6 chi 6 Hb tir
80 dén dwéi 110 (thi€éu mau murc trung binh). Ta ¢6 mau so liéu ghép nhém:

Chi s6 Hb (g/) TU 130 trd 1én [110; 130) [80: 110)
36 hoc sinh 25 7 3
C.BAI TAP

3.1. Tl 1/7/2019, dua trén thu nhap binh quan dau nguoi (ki hieu la GNIPC, tinh
theo d6 la Mi), Ngan hang The gi¢i xac dinh mét nén kinh té & murc thu nhép
thap néu GNIPC nho hon 1 026, & murc thu nhap dudi trung binh néu GNIPC
tr 1 026 dén dudi 3 996, & muirc thu nhap trén trung binh néu GNIPC tr
3 996 dén dudi 12 376 va & murc thu nhap cao néu GNIPC tlr 12 376 trd 1én
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(Theo Ngan hang Thé gii). Thu nhap binh quan dau ngudi cia mét sé nén
kinh té thudc khu viec chau A Thai Binh Duwong nam 2021 duwgc cho nhu sau:
102 450, 70 700, 67 580, 55 290, 47 490, 45 440, 44 570, 28 730, 19 170,
18 530, 16 520, 13 790, 12 904, 11 090, 11 040, 10 440, 9 450, 8 150, 7 220,
6 960, 5 800, 4 430, 4 340, 4 280, 4 230, 2 100.

(Theo statistica.com)
a) Ghép nhdm mau sé liéu trén theo mire thu nhap cla nén kinh té.
b) GNIPC clia Viét Nam ndm 2021 la 11 040. Nén kinh té Viét Nam duoc xép
¢ muic nao?
3.2. Théng ké chi s chat lugng khéng khi (AQI) tai mét dia diém vao cac ngay
trong thang 6/2022 dugc cho trong bang sau:

ChisdAQlI | [0;50) | [50; 100) | [100; 150) |[150;200) | Trén 200

Sé ngay 5 11 7 4 3

a) Doc va giai thich mau sé liéu ghép nhém.

b) Chét lwong khéng khi duoc xem la tét néu AQI nhd hon 50, |a trung binh
néu AQI tr 50 dén duéi 100. Trong thang 6/2022 tai dia diém nay cé bao
nhiéu ngay chéat luong khéng khi dudi mirc trung binh?

3.3. Tré so sinh duoc xem la nhe can néu can nang khi sinh dudi 2 kg, la thtra
can néu can nang khi sinh trén 4 kg, la c6 can nang trung binh néu can nang
khi sinh tir 2 kg dén 4 kg. Thong ké can nang (tinh theo kg) cuia 15 tré so sinh
tai mét bénh vién cho két qua nhu sau:

3.4 2.7 1.9.35.33 28 4226 28.30 3.7.39 41 24 25
a) Tim sb tré nhe can, thira can, c6 can nang trung binh trong 15 tré so sinh trén.
b) Xay dung mau sb liéu ghép nhém cho mau s liéu trén.

3.4. Thoi gian hoan thanh bai kiém tra Toan 45 phut clia cac ban trong Iop dugc
cho nhu sau:

Thoi gian (phut) | [25; 30) [30; 35) [35; 40) [40; 45]
S6 hoc sinh 2 7 10 25

a) Néu cac nhdm sb liéu va tan sé twong tng.
b) Cé bao nhiéu hoc sinh hoan thanh bai kiém tra trwde khi hét gio trén 5 phut?
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“__BA_IQ__‘I-’
CAC SO PAC TRUNG PO XU THE TRUNG TAM

A.KIEN THUC CAN NHG

1. O I6p 10, chiing ta d& biét cach tinh cac s6 dac trung clia mau s6 liéu khéng
ghép nhém (con goi la mau so liéu goc) x4, X,,..., X,. Tuy nhién, trong nhiéu
trudng hop ta khdng cé mau sé liéu gbec ma chi cé mau sé liéu ghép nhém dang

Nhom [a;; &) [ @) [a:; @)

Tan sb m, m, m,

Khi d6, cac sbé dic trung cla mau sé liéu ghép nhém xép xi cho cac sb dic
trung clia mau s6 ligu géc. Cac sb dac trung do xu thé trung tam clia mau s6
lieu ghép nhdm gém s6 trung binh, trung vi, t&r phan vi va maot.
2. Sé trung binh clia mau sé liéu ghép nhom la
Xy + wee b K
n
trong @6, n=m +...+ m, la tbng sb quan sat (con goi la c& mau) va

a + a; s iy O :
X, = ———*1 qoi la gia tri dai dién cla nhdm [a;; a
! 2 !

Y:

.1 ). 86 trung binh clia mau

s0 ligu ghép nhom xap xi cho 6 trung binh ctia méau s6 liéu géc, né cho biét
vi tri trung tam clia mau s0 liéu va c6 thé ding dé dai dién cho mau s6 liéu.
3. Dé tinh trung vi M, cla mau sé liéu ghép nhom ta lam nhu sau:
Bude 1. Xac dinh nhém chira trung vi. Gia st d6 la nhém thir [a;; @)
Budc 2. Trung vi la
%—(rm tot M)

M,=a + (a

g,
m;
]

trong d6 nla c& mau. Véij = 1 ta quy wéc m +...+ m;_=0. Trung vi chinh la

+17 aj ) ’

t&r phan vi thir hai Q,. Trung vi clia mau sé liéu ghép nhdm xap xi cho trung vi
ctia mau s6 liéu gbc, né chia mau sé liéu thanh hai phan, méi phan chira 50%
gia tri.

4. Dé tinh t& phan vi thir nhat Q, clia mau sb liéu ghép nhém trudc hét ta xac
dinh nhém chira Q,, gia str d6 la nhém thir p: [a,; @x+¢). Khi d6,
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n
LY
Q= a, + '(ap+1 @&, )

My

trong d6 nla c& mau, véi p = 1 ta quy wéc m; +...+ m, =0.
Dé tinh t&r phan vi thir ba Q, clia méu sb liéu ghép nhom trude hét ta xac
dinh nhém chira Q,. Gia str d6 1a nhém thtr p: [a,; @p+1). Khi 6,

’ (ap+1 —&, ),

trong d6 nla c& mau, véi p = 1 ta quy wéc m; +...+ m,_1=0.

Pé xac dinh nhdm chira tr phan vi thtr r (r= 1, 2, 3) ta c6 thé dua vao tinh
chét c6 khoang HT:V s6 gia tri nho hon t& phan vi d6.

Céc tr phan vi Q,, Q,, Q, clia mau sb liéu ghép nhdm xap xi cho cac tr phan
vi cia mau sé liéu gbc, chung chia méu sé liéu thanh 4 phan, méi phéan chira
25% gia tri.

5. Dé tim mét clia mau sé liéu ghép nhém, ta thuc hién theo cac budc sau:
Bude 1. Xac dinh nhoém ¢é tan sé 16n nhét (goi 1a nhém mét), gia sir 1a nhom j:
[aj;aj+1)-
Buwée 2. Mét duoc xac dinh 1a

(m;—m_y)

M, =a, +
j
(m}- —m}-_1)+ (m; —my,q)

-h,

trong d6 h la dé réng ciia nhém va ta quy wéc m, =m,,, =0.

Mét clia mau sé liéu ghép nhom xap xi cho mét clia mau sé liéu gbe, né duoc
dung dé do xu thé trung tam clia mau sé liéu.

Leru y. Ngudi ta chi dinh nghta mét cho m’a’iu ghép nhém c6 d6 dai cac nhom
bang nhau. Mét mau c6 thé khéng c¢6 mot hodac ¢ nhiéu hon 1 mot. Khi tan
sé cua cac nhém bang nhau thi mau sé liéu ghép nhdm khéng co mét.

6. Ddi voi dir liéu roi rac, ngudi ta thwdng cho cac nhém dudi dang k - &, trong
a6 ki, k, € N.Nhom ki - k; dugc hiéu la nhoém gdm cac gia tri ki, ki+ 1, ..., ko,
Khi d6, ta can hiéu chinh mau dir liéu ghép nhém trudc khi thuc hién
tinh toan cac sb ddc trung bang cach hiéu chinh nhém k; - k; thanh nhém
[k —0,5; ko +0,5).
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B. Vi DU

Vidu 1. D6 béo hoa oxygen trong mau (con duoc goi la chi sb SpO;) biéu thi cho
ti 1€ hemoglobin cé oxygen trén tong luong hemoglobin trong mau. Chi s6 SpO;
(don vi do la %)t 97 - 99 1a oxygen trong mau tét, 94 - 96 [a oxygen trong mau
trung binh, 90 - 93 |a oxygen trong mau thap, dudi 90 la trudng hop cap ciu
trén lam sang (Theo: Vinmec.com). Do chi s6 SpO, & mét sé bénh nhan
Covid-19 ngudi ta thu duoc két qua sau:

SpO; (%) 90-93 94 - 96 97 -99

86 bénh nhan 12 31 7

a) Cho biét cac nhom sé liéu va tan sb tuong tng.

b) Tinh sé trung binh, trung vi va giai thich y nghia clia cac gia tri thu duoc.
Giai

a) C6 3 nhom sé liéu gdbm 90 - 93, 94 - 96, 97 - 99 véi tan sb twong tng 1a 12,

31, 7.

b) Trudc hét, ta hiéu chinh cac nhém sé liéu va thu dugc bang théng ké sau:
SpO; (%) [89,5; 93,5) [93,5; 96,5) [96,5; 99,5)
S6 bénh nhan 12 31 7
Céc gia tri dai dién cho cac nhém sé liéu twong ting l1a
(89,5 +93,5)/12=915; (93,5 + 96,5)/2 = 95 va (96,5 + 99,5)/2 = 98.
C&mau n= 12+ 31 +7 =50. Do d6, sé trung binh la

Y:5—10(12.91,5+ 31.95+7.98)=94,58.

Do ¢cé nf2 = 25 gia tri nhd hon trung vi nén trung vi thuéc nhém [93,5; 96,5).
Taco, a,=93,5; ap+1= 96,5, My + ... + M, _1= 12, my = 31. Do G0, trung vi la

25_12.%94,76.

M, =935+
Nhu vay, chi sé SpO; trung binh clia 50 bénh nhan la 94,58; ¢ 25 bénh nhan c6
chi 6 SpO; nhéd hon 94,76 va 25 bénh nhan c6 chi s6 SpO; Ién hon 94,76.

Nhan xét. Néu chi tinh sé trung binh clia mau sé liéu ghép nhém thi ta khéng

can hiéu chinh nhdm rdi rac ; - k;, chon gia tri dai dién la Kt 15

Vi du 2. Mirc thudng tét (triéu ddng) ma cac cdng nhan mét nha may nhan duoc
nhu sau:

Murc thudng [5; 10) [10; 15) [15; 20) [20; 25]

86 céng nhan 13 35 47 25

Tim mét clia mau sé liéu ghép nhém. Cho biét ¥ nghta cla gia tri thu duoc.
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Giai
Co mau: n = 13 + 35 + 47 + 25 = 120. S6 cdng nhan cé muc thudng tét tir 15
dén dudi 20 triéu ddng 1a nhiéu nhéat nén nhém chira mét la nhdm [15; 20).

Ta c6, a; = 15; mj= 47, mi; = 35, M1 = 25, h = 5. Do d6, mét clia mau sb
liéula

(47—35)

5~16,76.
(47-35)+ (47 - 25) !

M, =15+

Y nghia. $6 cong nhan nhan dugc murc thudng tét khoang 16,76 triéu ddng la
cao hhat.
C. BAI TAP

Quéng dudng (km) cac cau thi (khéng tinh thu mén) chay trong mét tran
béng da tai giai ngoai hang Anh dugc cho trong bang théng ké sau:

Quang dudong [2; 4) [4; 6) [6; 8) [8; 10) | [10; 12)
S6 cau thu 2 5 6 9 3

3.5. Tinh quéng dudng trung binh mot cau thi chay trong tran dau nay.

3.6. Tim trung vi clia mau sé liéu va giai thich y nghia cla gia tri thu duoc.
3.7. Tim a sao cho ¢d 25% sb cau thu tham gia tréan dau chay it nhat a (km).
3.8. Tinh mét clia mau sé liéu va giai thich y nghta clia gia tri thu dugc.

Théng ké sé lan di hoc muén trong hoc ki clia cac ban trong 16p, Nam thu
duoc két qua sau:

Sélan d mudn [ 3-5 6-8 9-11 1244
Sé hoc sinh 23 8 5 3 1

3.9. Trung binh méi hoc sinh trong I6p di mudn bao nhiéu budi trong hoc Ki?

3.10. Tinh céc ti phan vi cla mau sé liéu ghép nhém va cho biét y nghia clia cac
két qua thu duoc.

BAI TAP CUOI CHUONG III

A. TRAC NGHIEM

3.11. Nnom s6 liéu réi rac ki - ko v6i ki, ky € N, k < Kk, 1a nhém gdm cac gia tri
A. Kiva k. B. Ki+1, ..., kKo
C. Ky, ..., K+ 1. D. ki, kKi+ 1, ..., k.
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3.12. Gia tri dai dién clia nhom [a;; ai1) la
81— 8 : D. 8 + & ;
2 2
3.13. 86 a thoa mén c6 25% gia tri frong mau s liéu nhd hon a va 75% gia tri
trong mau so liéu Ién hon a la
A. sb trung binh. B. trung vi.
C. tr phan vi thtr nhét. D. t& phén vi thi ba.

A a. B. ajs1. C.

3.14. S a thoa’; man cé 75% gia tri rong mau sb liéu nhd hon a va 25% gia fri
trong mau s6 liéu I6n hon a la
A. sb trung binh. B. trung vi.
C. t phéan vi thtr nhét. D. t phan vi thtr ba.

3.15. M&u s6 liéu ghép nhom voi tan sé cac nhém bang nhau ¢ sé mét |a
A. 0. B. 1. C. 2. D. 3.
Cho mau s6 liéu ghép nhém vé tudi tho (don vi tinh 1a ndm) cia mot loai béng
den méi nhw sau.

Tuéi tho (2 3.,5) [3,5; 5) [5: 6,5) [6,5; 8)
Sé bong den 8 22 35 15
3.16. Sé trung binh clia mau sé liéu la
A.50. B. 582 G 5,75, D.6,5.
3.17. Nhém chira trung vi clia mau sé liéu 1a
A.[2:3)5). B.[3.5; 5). C. [5: 6,5) D. [6,5: 8).
3.18. Nhém chira tr phan vi thir nhét clia mau sé liéu la
A.[235). B.[3.5; 5). C. [5: 6.,5). D. [6,5: 8).
3.19. Nhém chira tr phan vi thir ba clia mau sé liéu |a
A.[235). B.[3.5; 5). C. [5: 6,5). D. [6,5: 8).
3.20. Nhém chira mét clia méu s6 liéu 1a
A.[235). B.[3.5; 5). C. [5: 6,5). D. [6,5; 8).
3.21. S6 mét clia mau sé liéu ghép nhom nay la
A. 0. B. 1. C: 2 D. 3.
B. TU LUAN

3.22. Nong d6 cdn trong hoi thd (don vi tinh 1a miligam/1 lit khi thd) clia 20 lai xe
6 16 vi pham duoc cho nhu sau:

009 018 047 120 028 045 072 015 0,75 0,36
021 015 023 030 041 013 005 038 042 079
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Theo quy dinh, murc phat néng d6 cén déi véi lai xe 6 t6 nhu sau:

Mirc 1. Néng dd cdn trong hoi thd chua vuot qua 0,25 phat tir 6 dén 8

triéu doéng;

Mtrc 2. Néng dd coén trong hoi thd tir trén 0,25 dén 0,4 phat tr 16 dén 18

triéu doéng;

Mirc 3. Néng d6 con trong hoi thd vurgt qua 0,4 phat tr 30 dén 40 triéu déng.
a) Lap bang théng ké biéu dién sé luong lai xe vi pham theo murc tién bj phat.
b) Trung binh méi 14i xe bi phat bao nhiéu tién? Téng sé tién phat clia 20 lai

xe khoang bao nhiéu?

3.23. Ban Chi vao website clia mét clra hang ban dién thoai tim hiéu va da théng

ké sb luong mot loai dién thoai theo gia ban cho két qua nhu sau:

Gié tién (triéu ddng)

<2

[2: 4)

[4.7)

[7:13)

[13; 20]

S6 lugng

20

5

11

18

21

a) Doc va giai thich mau sé liéu ghép nhém nay.
b) 50% loai dién thoai trén c6 gia dudi bao nhiéu?

3.24. S6 nguyén vong dang Ki vao dai hoc clia cac ban trong 16p dugc thdng ké

trong bang sau:

S6 nguyén vong

1-3

4-6

7-9

10-12

S6 hoc sinh

5

18

13

7

a) Trung binh mét ban trong |6p dang ki bao nhiéu nguyén vong.

b) Tim céac t phan vi clia mau sé liéu.

3.25. Trong cac mau sé liéu cho trong bai tap 3.23 va 3.24, ta c6 thé tim mét cho
mau s0 liéu nao? Tim mot clla mau s6 liéu dé va giai thich y nghia clia gia tr

tim duoc.
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CHUONG 1V

QUAN HE SONG SONG
TRONG KHONG GIAN

«. BAITO _,
PUONG THANG VA MAT PHANG
TRONG KHONG GIAN

A.KIEN THUC CAN NHG

1. Cac tinh chét thira nhan
— C6 mét va chi mét dudng thang di qua hai diém phan biét.
— C6 mét va chi mét mat phang di qua ba diém khéng thang hang.
— Tén tai bén diém khoéng cung thuéc mét mét phang.
— Néu mét duong thang 6 hai diém phan biét cling thuée mét mét phang thi tat ca
cac diém cla dudng thang déu thudc mét phang dé.
— Néu hai mét phang c6 mét diém chung thi cac diém chung cla hai mét phang
la mét duong thang di qua hai diem chung d6. Budng thang nay duoc goi la
giao tuyén clia hai mét phang.
— Trén méi m&t phang, tat ca cac két qua da biét trong Hinh hoc phang déu dung.

2. Ba cach xac dinh mét mét phang
— M6t mét phang duoc hoan toan xac dinh khi biét n6 di qua ba diém khong
thang hang.
— M6t mét phang duoc hoan toan xéc dinh khi biét né di qua mét diém va chira
moét dudng thang khéng di qua diem do.
— M6t mét phang duoc hoan toan xéc dinh khi biét né chira hai dudong thang
cat nhau.

3. Hinh chép va hinh tir dién
— Cho da giéc 161 AiA;... A, va mét diém S ndm ngoai mét phang chtra da giac do.
N&i S v6i cac dinh Aj, A, ..., A, Hinh gbm n tam giac SAiAz, SAAs, ..., SAA
va da giac A 1A;... A, duoc goi la hinh chop va ki hiéu la S.A1A;.. A,
Hinh 4.1a la vi du vé mét hinh chop t&r giac.
— Cho bén diém A, B, C, D khéng ddng phang. Hinh gém bén tam giac ABC,
ACD, ABD, BCD duogc goi la hinh tt dién va ki hiéu la ABCD (H.4.1b).
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a) Hinh chop te giac b) Hinh t& dién
Hinh 4.1

B.ViDU

Vi du 1. Cho hinh chép S.ABCD (H.4.2). Xac dinh giao tuyén cla hai mat phang
(SAC) va (SBD).

Giai S
Trong mét phang (ABCD), goi E 1a giao diém cla hai ‘
duwdng chéo AC, BD cua ti giac ABCD. Vi E thuéc
AC nén E thuéc mét phang (SAC). Vi E thuéc BD
nén £ thudc mét phang (SBD). Do d6 £ la mot diém
chung clia hai mét phang (SAC) va (SBD).
Hién nhién S cling la mét diém chung cla hai mat
phéng (SAC) va (SBD).
Tlr cac khang dinh trén suy ra dudng thdng SE |a
giao tuyén clia hai mat phang (SAC) va (SBD).

Nhén xét. DBé xac dinh giao tuyén clia hai mét phang,
ta tim hai diém chung cla hai mét phang do.

Vi du 2. Cho t&r dién ABCD va O la moét dié[n nam A
trong tam giac BCD (H.4.3). Xac dinh giao diem cla
dudng thang BC va mat phang (AOD).

Giai
Vi diém O nam trong tam giac BCD nén duong thang
0D cét, canh BC tai E. Vi E thuéc OD nén E thudc
mdt phang (AOD). Vi E clng thuéc BC nén £ |a giao
diém clia dudng thang BC va mat phang (AOD).

Nhan xét. Dé xéc dinh giao diém clia mét dudng thang
va mét mat phang, ta tim giao diém cla duwong
thang do6 véi mét dudng thang nam trong mat phang
da cho.
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Vi du 3. Cho mat phang (P) va ba diém A, B, C A
phan biét nam ngoai mét phang (P). Gia s
cac duong thang BC, CA, AB lan luot cat
mét phang (P) tai D, E, F (H.4.4). Chirng
minh rang ba diém D, £, £ thang hang. B
Giai C
Céac diém D, E, F déu thuéc ca hai mat P)
phang (ABC) va (P), vi vay chung clng
thudc giao tuyen cla hai mat phang 6. Tu = = D
day suy ra ba diem D, E, £ thang hang.
Hinh 4.4
Cha y. Bé chiing minh ba diém trong khéng gian thang hang, ta c6 thé chiing
minh ba diém d6 cung thudc hai mat phang phan biét.

C.BAITAP

4.1. Cho hinh chép S.ABCD. Goi O la giao diém cla AC va BD va goi M la mét
diém bat ki thudéc canh SC.

a) Xac dinh giao tuyén cla hai mat phdng (AMO) va (SCD).
b) Xac dinh giao tuyén cla hai mat phdng (BMO) va (SCD).

4.2. Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh. Goi M, N lan lwot la
trung diém cula cac canh BC, CD.

a) Xac dinh giao tuyén clia hai mat phang (SAM) va (SCD).
b) Xac dinh giao tuyén clia hai mat phang (SBN) va (SAD).
¢) Xac dinh giao tuyén clia hai mét phang (SAM) va (SBN).

4.3. Cho tir dién ABCD. Goi M, N lan luot 1a trung diém clia cac canh AB, AC. Goi P
la diém thudc canh AD sao cho AP = 2DP. Xac dinh giao tuyen cla hai mat
phang (MNP) va (BCD).

4.4. Cho tu dién ABCD. Goi M, N lan lwot 1a trung diém clia cac canh AB, CD. Goi P
la mét diem thudc canh BC sao cho PC = 2FB.

a) Xac dinh giao diém cla dudng thdng BD va mét phang (MNP).
b) Xac dinh giao diém cla dudng thdng AC va mét phang (MNP).
¢) Xac dinh giao diém clia dudng thang AD va mat phang (MNP).

4.5. Cho hinh chép S.ABCD. Goi O la mét diém ndm trong tam giac SCD.

a) Xac dinh giao tuyén clia hai mat phdng (SB0) va (SAC).
b) Xac dinh giao diém cla duwdng thang BO va mét phdng (SAC).

4.6. Cho tir dién ABCD. Goi E, F la cac diém lan luot thuéc cac canh AB, AC sao

cho AE = %BE va AF = 2CF. Goi O la mét diém nam trong tam giac BCD.

a) Xac dinh giao tuyén clia hai mat phdng (OEF) va (ABD).
b) Xéac dinh giao diém (néu cé) clia dwdng thang AD va mat phdng (OEF).
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4.7. Cho t&r dién ABCD va cac diém M, N, P lan luot thude cac canh AB, AC, AD.
Goi O la mét diem nam trong tam giac BCD.
a) Xac dinh giao tuyén cla hai mat phdng (ABO) va (ACD).
b) Xéac dinh giao tuyén clia hai mat phdng (ABO) va (MNP).
¢) Xac dinh giao diém cla dudng thang AO va mét phang (MNP).

4.8. Cho hinh tr dién SABC va cac diém A’ B;C: lan lugt thudce cac canh SA, SB,
SC. Gia st hai duong thang B'C' va BC cat nhau tai D, hai duong thang C'A' va
CA cat nhau tai £ va hai duong thang A'B' va AB cat nhau tai £. Chtrng minh
rang ba diém D, E, F thang hang.

4.9. Cho hai mat phang (P) va (Q) cét nhau theo giao tuyén d va mét diém O nam
ngoai ca hai mat phang d6. Goi A, B |a hai diém phan biét thuéc mat phang (P)
sao cho AB cat dtai C. Goi D, E lan luot la giao diém clia hai dudng thang OA,
OB va mét phang (Q). Chirng minh rdng ba diém C, D, £ thang hang.

4.10. Panh dau moét diém trén mép cla to gidy A4 va dung kéo cdt mét dwdng béat
ki di qua diém dé (trong khi cat khéng xoay kéo). Hay giai thich vi sao duwdng
cdt nhan duoc trén td gidy ludn la dudng thang.

4.11. Ban Huy d‘o nuwéc mau vao mot chiéc bé ca
co cac mat deu lam bang kinh phang. Sau mét
vai hém nudc bay hoi mét phan va dé lai trén
thanh bé cac vét mau nhu trong Hinh 4.5. Huy
quan sat thay rang, du bé ca c6 hinh dang nhu
thé nao, mién la cac mat déu phang, thi vét mau
trén méi thanh bé déu la cac duong thang. Hay
giai thich vi sao.

4.12. Mot sb chiée ban ¢b thiét ké khung sét 1a hai
hinh ch(t nhat c6 thé xoay quanh mét truc, mat
ban la mét tam gé phang duoc dat l1én phan
khung nhu trong Hinh 4.6. Tinh chat hinh hoc
nao giai thich viéc mat ban c6 thé duoc gitr ¢b
dinh béi khung sat? (Gia s khung sat chac
chan va duoc dat can doi). Hinh 4.6

«o BAITT _
HAI PUONG THANG SONG SONG

A. KIEN THUC CAN NHG

1. Vi tri twong dbi cta hai dwéng thing trong khéng gian
— Néu hai dudng thang cung nam trong mot mat phéng thi ta ndi chiing ddng
phdng. Khi d6 chung cé thé song song, cat nhau hodc trung nhau (H.4.7).
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/= =l

amb={Mj all'b
acatbtaiM a song song vo&i b a trung voi b
Hinh 4.7

— Néu hai duong thang khéng cling nam trong bat ki mat phang nao thi ta noi

chung chéo nhau (H.4.8).
/(/

Hinh 4.8

2. Cac tinh chat
— Trong khéng gian, qua mét diém nam ngoai moét dudng thang cho trude, c6
dung mét duwong thang song song vai dudng thang da cho.
- :I'rong khéng gian, hai dudng thdng phan biét cing song song véi dudng
thang thtr ba thi song song véi nhau.
— (Binh Ii vé ba dudng giao tuyén) Néu ba mét phdng déi mét cét nhau theo ba

giao tuyén phén biét thi ba giao tuyén d6 ddng quy hodc déi mét song song voi
nhau (H.4.9).

2
o

Hinh 4.9
— Néu hai madt phdng chira hai dudng thang song song thi giao tuyén cla

chung (néu cd) song song véi hai dudng thdng do6 hodc triing véi mét trong hai
dudng thang d6 (H.4.9b).
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B. Vi DU

Vidy 1. Cho tir dién ABCD. Goi M, N lan luot la trung
diém cla céc canh BC, CDva P la mét diem bat ki
thudéc canh AB (H.4.10). Xac dinh cac giao tuyén
cla mét phang (MNP) va cac mét cla ti dién.

Giai
Hién nhién MP, MN lan luot 1a giao tuyén cla mat
phdng (MNP) va cac mat (ABC), (BCD) cla t& dién.
Vi MN la duwdng trung binh clia tam giac BCD nén
MN // BD. Hai m&t phdng (MNP) va (ABD) ¢6 diém
chung P va chra hai dudng thang song song la .
MN va BD, suy ra giao tuyén clia hai mét phéng dé Hinh 4.10
la dwdng thédng di qua P va song song vai BD.

Trong mat phang (ABD) vé PQ /f BD voi Q thudc AD thi PQ la giao tuyén clia
hai mat phang (MNP) va (ABD). Khi @6 QN la giao tuyén cla hai mét phang
(MNP) va (ACD).

Vay cac giao tuyén clia mat phang (MNP) voi cac mét cla tir dién la cac dwdng
thdng MN, MP, PQ, QN.

Cha y. Dé tim giao tuyen clia hai mat phdng chira hai dudng thang song song a
va b, ta tim mét diém chung P clia hai mat phang d6 va qua P vé dudng thang
song song v6i mot trong hai duong thdng a hodc b.

Vi du 2. Cho tr dién ABCD. Goi £, F lan luot |a trung diém cla cac canh AB, AC
va M 1a mét diém bét ki thudc canh AD. Gia slr ME cét BD tai N va MF cét CD
tai P (H.4.11). Chirng minh rang NP /f EF.

Giai
Vi N la giao diém clia ME va BD nén N thudc
ca hai mat phang (MEF) va (BCD).

Tuong tu, P cling thudc ca hai médt phang dé
nén suy ra NP la giao tuyén clia hai mat
phéng (MEF) va (BCD).

Vi EF la dudng trung binh clia tam giac ABC
nén E£F /f BC. Hai mat phang (MEF) va
(BCD) chira hai dudng thdng song song la
EF va BC nén giao tuyén NP cla hai mat
phéng d6 song song vo&i EF va BC.

Chu y. Trong Vi du 2 ta cling ¢6 thé lap luan Hinh 4.11

nhu sau: Xét ba mat phang (MEF), (BCD) va

(ABC) thi giao tuyén clia ba mét phang d6 1a NP, BC va £F. Theo dinh li vé ba
dudng giao tuyén thi NP, BC va EF déng quy hodc d6i mét song song. Tuy
nhién, vi EF la dudng trung binh clia tam giac ABC nén EF // BC, suy ra ba
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dudng thdng NP, BC, EF khéng thé dong quy. Vi vay NP, BC, EF ddi mét song
song va noi riéng ta cé NP/ EF.

Nhéan xét. Dé chirng minh hai dudng thdng a va b trong khéng gian song song
voi nhau, ta ¢é thé sir dung mét trong cac cach sau:

— Ching minh mét trong hai dudng thang a va b, gia str 1a a, 1a giao tuyén clia
hai mat phang chira hai duong thdng song song, déng thdi mét trong hai
dudng thdng song song d6 la b.

— S dung dinh li ba dudng giao tuyén: chirng minh a va b |a hai trong ba giao
tuyén phan biét clia ba mat phadng nao dé.

— Chirng minh a va b ciing song song véi mét dudng thang thtr ba.

Tuy nhién cé thé nhan thay rang phuong phéap st dung dinh li ba dudng giao
tuyén thudng dai hon so véi hai phuong phép con lai.

C.BAITAP
4.13. Cho t& dién ABCD. Goi M, N, P lan lwot la cac diém thudc cac canh AB, BC,
CD. Xéac dinh giao diém cla dudng thang AD va mat phang (MNP) trong cac
trwdng hop sau:
a) Dudng thdng NP song song v&i dudng thang BD;
b) Pudng thdng NP cat dudng thang BD.
4.14. Cho hinh chép S.ABCD c¢6 day ABCD Ia hinh binh hanh. Goi M la mét diém
bat ki thudc canh SC.
a) Xac dinh cac giao tuyén cla mat phang (MAB) voi cac mat clia hinh chop.
b) Xéac dinh cac giao tuyén clia mat phdng (MAD) véi cac mat cla hinh chép.
4.15. Cho hinh chép S.ABCD c6 day ABCD la hinh thang (AB // CD). Goi M, N lan
lwot la cac diém thudc cac canh SA, SD.
a) Xéac dinh giao tuyén d clia hai mét phang (MCD) va (NAB).
b) Chirng minh rang d /#/ AB.
4.16. Cho tir dién ABCD. Goi M, N, P, Q lan luot 1a trung diém clia cac canh AB,
BC, CD, DA.
a) Xac dinh giao tuyén clia hai mat phdng (ANP) va (CMQ).
b) Xéac dinh giao tuyén clia hai mat phang (ANP) va (ABD).
¢) Xac dinh giao tuyén clia hai mét phang (CMQ) va (BCD).
d) Chirng minh rang cac giao tuyén tim dugc & trén d6i mét song song véi nhau.
4.17. Cho hai hinh binh hanh ABCD va ABEF khéng clung ndm trong mét mat
phang. Goi G, H lan luot la giao diém cla hai dwdng chéo cla hai hinh binh
hanh d6. Chirng minh rang ba duwdng thang GH, CE, DF d6i mét song song.
4.18. Cho hinh chép S.ABCD c6 day ABCD la hinh thang (AB // CD). Goi E, F lan
lwgt la trong tam clia cac tam giac SAD, SBC.
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a) Goi M, N lan lugt 1a trung diém cla cac canh AD, BC. Chirng minh rang
EF If MN, t&r 6 suy ra EF /{ AB.

b) Xéac dinh cac giao tuyén cla mat phdng (AEF) véi cac mat clia hinh chop.
c)’Trong céac giao tuyén tim duwoc & cau b, giao tuyén nao song song voi dudng
thang EF7?

4.19. Cho tt dién ABCD. Mt mat phang cat bén canh AB, BC, CD, DA lan luot tai
cac diém M, N, P, Q.
a) Chirng minh rang cac dudng thdng MN, PQ, AC d6i mdt song song hodc
ddng quy.
b) Chitng minh rang cac dudng thdng MQ, NP, BD d6i mét song song hodc
ddng quy.

4.20. Mét chiée thang duoc dat sao cho hai dau
cla chéan thang dya vao twdng, hai dau con
lai ndm trén san nha (H.4.12). Biét rang chiéc
thang c6 dang hinh chi nhat, hay giai thich
vi sao hai dau clia chan thang nam trén san
hha lai cach déu dudng chan tudng.

Hinh 4.12

4.21. Ban Ha lay mét to gidy hinh chir nhat va gap to glay sao cho hai mép cua to
glay song song v&i nhau (H.4.13). Ha thay rang du gap thé nao thi qudng nép
gap van ludén song song voi hai mép cla to giay. Hay giai thich vi sao.

Hinh 4.13

<. BAI12 _
PUONG THANG VA MAT PHANG SONG SONG
A. KIEN THUC CAN NHG

1. Vi tri twong d6i cta dwong thang va mét phang
Cho duong thdng d va mat phang (o).
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— Néu d va (o) khéng cé diém chung thi ta néi d song song véi (o) hodc (o)
song song voi d (H.4.14a).

— Néu dva (o) cd mdt diém chung duy nhat M thi ta néi d va (o) cét nhau tai M
(H.4.14b).

—Néu dva (o) ¢6nhiéu hon mot diém chung thi ta néi d ndm trong (o) (H.4.14c).

—// \”/A//

d// (o) dn(a)= dc (o)

a) b) c)
Hinh 4.14

2. Cac tinh chét

— Néu dudng thang a khéng nam trong QJ a
mat phdng (P) va a song song v&i mét Yo ____.
dudng thdng nam trong mat phéng (P) thi

a song song véi (P) (H.4.15). b
— Cho duéng thdng a song song v6i mat F\

phang (P). Neu mat phang (Q) chtra a va ’

cét (P) theo giao tuyén b thi a song song CllE
v6i b (H.4.15).

— Cho hai duong thdng chéo nhau. C6 duy nhat mét mat phang chira dudng
thang nay va song song voi dudng thang kia.

B.ViDU

Vi du 1. Cho ttr dién ABCD. Goi M, N, P lan Iwot

la trung diém cua cac canh AB, BC, CD

(H.4.16). Chtrng minh rang:

a) AC I (MNP},

b) BD 1/ (MNP).

Giai
a) Vi MN la dudng trung binh cla tam giac
ABC nén MN /f AC. Budng thdng AC khéng
nam trong mat phdng (MNP) va dudng thdng
AC song song véi dudng thang MN nam trong
mat phang (MNP) nén AC // (MNP).

—

Hinh 4.16
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b) Vi NP la duong trung binh,cf,la tam giac BCD nén NP // BD. budng thdng
BD khdéng nam trong mat phang (MNP) va dudng thang BD song song voi
dudng thang NP ndm trong mét phang (MNP) nén BD /f (MNP).

Nhan xét. D& chirng minh dudng thdng a song song véi mat phang (P), ta ching
minh a khéng nam trong () va a song song véi mét dudng thang nam trong (P).

Cha y. Trong Vi du 1, hai duong thdng AC va BD cling song song voi mat phang
(MNP) nhung hai duong thang dé chéo nhau. Vi vay t dieu kién hai dudng
thdng clng song song véi moét mat phang thi chua thé suy ra hai dwdng thdng
do6 song song vai hhau.

Vi duy 2. Cho hinh chdp S.ABCD cé day ABCD la hinh thang (AB // CD). Goi E la
mot diem bat ki thuéc canh SA. Goi (P) la mat phang qua E va song song véi
hai duwdng thang SD, AB. Xac dinh giao tuyén clia (P) va cac mat cla hinh chép.
Hinh tao bdi cac giao tuyén la hinh gi?

Giai (H.4.17)

Vi mét phang (SAD) chra dwdng thang SD
song song v6i mét phang (P) nén mat phang
(SAD) cat mat phang (P) theo giao tuyén
song song voi SD.

Trong mét phang (SAD) vé EF /f SD (F € AD)
thi £F la giao tuyén cla hai mat phang (P)
va (SAD).

Vi mat phéng (SAB) chira dudng thdng AB 4
song song v6i méat phang (P) nén mat phang \/ / \ \/
(SAB) cat mat phang (P) theo giao tuyén FLJG
song song v&i AB. Trong mat phang (SAB) D ¢

vé EH /f AB (H e SB) thi EH la giao tuyén Hinh 4.17

cla hai mét phang (P) va (SAB). '

Vi mét phang (ABCD) chira dudng thdng AB song song véi mét phang (P)
nén mat phdng (ABCD) cat méat phang (P) theo giao tuyén song song véi AB.
Trong mat phang (ABCD) vé FG // AB (G e BC do ABCD la hinh thang) thi
FG |a giao tuyén clia hai mat phang (P) va (ABCD).

Khi 6 HG |a giao tuyén clia hai mét phang (P) va (SBC). Hinh tao bdi cac
giao tuyén la tr giac EFGH ¢b EH // FG (vi cung song song véi AB) nén né
la hinh thang.

Chu y. Bé xéc dinh giao tuyén clia hai mét phang (P) va (Q), trong 6 (Q) chura
duong thang a song song véi (P), ta tim mét diem chung M cta hai mat phang
va qua M vé dudng thang song song vai a.
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C.BAITAP

4.22. Cho hai hinh binh hanh ABCD va ABEF khdng clng ndm trong mét mat
phang. Chtrng minh rang:
a) CD /f (ABEF); b) EF /{ (ABCD), c) CE /{ (ADF).
(Goi y: Theo SGK Bai 11, Luyén tap 3, ta da biét CEFDIa hinh binh hanh).

4.23. Cho hai hinh binh hanh ABCD va ABEF khéng cung ndm trong mét mat
phang. Goi K va L lan luot la giao diém cla hai duwdng chéo cla hai hinh binh
hanh d@6. Chirng minh rang:

a) KL /f (ADF); b) KL / (BCE).

4.24. Cho tt dién ABCD. Goi G va H lan lwot la trong tam cla hai tam giac ABC va
ACD. Chirng minh rang GH // (BCD).

4.25. Cho hinh chop tir giac S.ABCD va £ la mét diém béj ki thudc canh SA. Goi (P)
la mat phang qua £ va song song vo&i hai dudng thang SB, SD. Goi M, N lan
luot 1a giao diém cla (P) va cac canh AB, AD.

a) Chirng minh rang EM /f SB va EN // SD.
b) Gia sir dwdng thdng MN cét cac duong thdng BC, CD. Xac dinh giao tuyén
clia mét phang (P) va cac mat phang (SBC), (SCD).

4.26. Cho hinh chép S.ABCD c6 day ABCD |a hinh thang (AB // CD). Goi E la mét
diém bat ki thudc canh SA. Goi (P) la mat phang qua £ va song song voéi hai
dudng thang AB va SC.

a) Xac dinh giao tuyén clia mét phang (P) va mét phdng (SAC), tr d6 tim mot
diém chung clia mét phang (P) va mat phang (ABCD).

b) Xac dinh giao tuyén clia mat phang (P) va mat phdng (ABCD).

¢) Xac dinh giao tuyén clia mat phdng (P) va cac mat con lai cla hinh chép.

4.27. Mot tAm bang hinh ch(r nhat duoc dat
duwa vao twdong nhu trong Hinh 4.18. Hay
giai thich vi sao mép trén ctia tdm bang song
song voi mat dat, mép dwdi cua tam bang
song song voi mat twdng.

Hinh 4.18
4.28. P& dung day phoi quan 4o, bac Viét 18p okt
hai thanh sat thang dirng c6 chiéu dai bang
hhau trén mat dat va cdng day nédi hai dau
con lai clia hai thanh st (H.4.19). Khi @0,
day phoi c¢6 song song véi mat dat khéng?
Giai thich vi sao.

Hinh 4.19
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“ BA3__,
HAI MAT PHANG SONG SONG

KIEN THUC CAN NHG

Vi tri twong déi ciia hai méat phang

— Néu hai mat phang c6 mét diém chung thi tap hop tat ca cac diém chung cla
hai mat phang la mét dudng thdng di qua diém chung d6. Khi d6 ta néi hai mat
phéng d6 cét nhau.

— Néu hai mét phang khéng cé diém chung thi ta néi hai mét phang dé song
song v&i nhau.

. Cac tinh chét

— Néu hai méat phéng song song véi nhau thi dwdng thang bat ki ndm trong mat
phang nay song song véi mét phang kia (H.4.20a).

— Néu mét mét phang chira hai dudng thang cét nhau va hai dudng thdng nay
cling song song véi mét mat phang thi hai thi hai mat phdng dé song song véi
nhau (H.4.20b).

(= (o<
y A

a
a) b)
Hinh 4.20

— Hai mét phéng phan biét cung song song voi //7

mat phang thir ba thi song song véi nhau.
— Néu mét mat phdng cdt mét trong hai mat

phdng song song thi N6 cling cat mét phang con :
lai va hai giao tuyén song song véi nhau (H.4.21). 4 V /

— Qua mét diém nam ngoai mét mat phang cho
trwdc cd mét va chi mét mat phdng song song voi

mat phdng d& cho. /( V/
qQ |° 5'




— (Binh li Thalés trong khong gian) Ba mat d \d
phang d6i mét song song chan trén hai cat /

tuyén phan biét bat ki cac doan théng /4 Al ‘{" /
tuwong ung ti lé. Py \
Trong Hinh 4.22, ta c6 \

AB  BC AC / \
A'B B'C' AC /48:' B 7
AR
4\
N ¢
\

Hinh 4.22

. Hinh lang tru va hinh hép

— Cho hai m&t phdng song song (o) va (a'). Trén (o) cho da giac 16i
AAz.. A, Qua cac dinh Ay, Ay, ..., A, vé cac dudng thang déi mot song song va
cdt mat phdng (a') tai Ay, Ab ..., Al Hinh gém hai da gidc AA;.. A,
A'%A'p. . A’y va cac tir giac A;AYA DAL, AABAAS, .., AJATRAYA duoc goi la hinh
lang tru va ki hiéu la A/A;.. ALA%A L. A'y (H.4.23a).

— Hinh lang tru cé cac mat bén la hinh binh hanh, cé cac canh bén déi mét song
song va ¢6 d6 dai bang nhau.

| \ |
A

AL/
WL

'u‘ /B
-'ﬁE :5‘;': ------------ A & D: Jl'J C’

a) b)
Hinh 4.23
— Hinh lang tru t& giac ABCD.A'B'C'D' ¢6 hai day la hinh binh hanh duoc goi la
hinh hop (H.4.23b).
— Hinh hép c6 cac mat ddi dién song song véi nhau, c6 cac dudng chéo déng
quy tai trung diém clia méi duong.
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B.ViDU

Vi du 1. Cho hinh chép S.ABCD cé day ABCD
la hinh thang (AB // CD). Goi E, F, G lan
lwot la trung diém cla cac canh SA, AD, BC
(H.4.24). Chirng minh rang hai mat phang
(EFG)va (SCD) song song v6i nhau.

Giai
Vi EF la duwong trung binh cla tam giac
SAD nén EF /{ SD. Vi EF khéng ndm trong
mét phang (SCD) nén EF // (SCD).

Vi FG la dudng trung binh clia hinh thang
ABCD nén FG // CD. Vi FG khéng nam
trong mat phdng (SCD) nén FG // (SCD). Hinh 4.24

Mé&t phang (EFG) chira hai dudng thdng cét nhau £F va FG cling song song
voi mét phang (SCD) nén mat phang (EFG) song song véi mét phang (SCD).

Nhan xét. Dé chirng minh hai mét phdng song song vdi nhau, ta cé thé chirng
minh mé&t phang nay chira hai dudng thdng cat nhau va cing song song voi
mat phang kia. (Hoc sinh xem lai cac cach chirng minh mét dudng thdng song
song voi mét mat phang trong bai 12).

Ngoai ra @& chirng minh hai mat phang song song voi nhau ta c6 thé chirng
minh chiing cling song song véi mét mét phang thar ba.

Vi du 2. Cho ttr dién ABCD. Goi £ la mét diém
bat ki thuéc canh AB; (P) la mat phang di qua
£ va song song vo&i mat phang (BCD). Xac
dinh céc giao tuyén clia mat phang (P) va cac
mét cla hinh t& dién. = G

Giai.(H.4.25).

Mét phang (P) song song v6i mét phang (BCD)
nén hai glao tuyén clia mat phang (ABC) va

F
hai mat phang( ), (BCD) song song vo&i nhau. B
Trong mat phang (ABC) vé EF // BC (F € AC) W
thi £F la giao tuyén cla mat phang (P) va mat

C

phang (ABC).

A

Hinh 4.25
Tuong tu, trong mat phdng (ABD) vé EG // BD (G  AD) thi £G la giao tuyén
clia mét phang (P) va mét phang (ABD).
Khi d6 FG la giao tuyén clia mat phéng (P) va mat phang (ACD).
Chay. Dé tim giao tuyén clia hai mat phang (P); (Q) khi biét (P) song song véi (R),
ta tim mét diem chung M cla (P); (Q) va qua M vé dudng thang song song voi
giao tuyén cla (Q); (R).
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Vi du 3. Cho hinh lang tru tam giac ABC A'B'C". Goi M |a trung diém cla canh BC.
Goi M'la giao diém cla duwdng thang B'C'va mat phang (AMA") (H.4.26).
a) Chirng minh rang AM // A'M'.
b) Chirng minh rang M'la trung diém clia canh B'C".
Giai
a) Vi ABCAB'C' la hinh lang try nén hai mat 4 M
phang (ABC) va (A'B'C') song song v&i nhau. Giao
tuyén cla mat phang (AMA") véi hai mat phang ! C
(ABC) va (A'B'C") lan lugt la AM va A'M' nén B
AMII A'M.
b) Vi cac canh bén clia hinh lang tru déi mét song A’
song nén AA' // BB'. Vi AA' khéng nam trong mat
phéng (BB'C'C) nén AA' // (BB'C'C). Mat phang ¢
(AMA") chira duwdng thdng AA' song song véi mat Hinh 4.26
phang (BB'C'C) nén giao tuyén clia hai mat phang
hay song song voi AA', tic la MM' /T AA'.
T&r giac BCC'B' Ia hinh binh hanh c6 M 1a trung diém clia BC va MM // AA'
nén M'la trung diém clia B'C".

Nhan xét. D& chirng minh hai dudng théng song song vGi nhau, ngoai cac
phuong phap da hoc trong bai 11, ta ¢ thé chirng minh hai dudng thdng d6 la
giao tuyén cua mét mat phang véi hai mat phdng song song.

C.BAITAP

4.29. Cho hinh binh hanh ABCD. Qua A, B, C, D lan luot vé bon dudng thang a, b,
¢, d d6i mét song song va khdéng nam trong mat phang (ABCD).
a) Chirng minh rang hai mét phang mp(a, b) va mp(c, d) song song véi nhau.
b) Chirng minh rang hai mét phang mp(a, d) va mp(b, ¢) song song véi nhau.
c) Mot mat phang cat bon duong théng a, b, ¢, d lan luot tai A, B!, C', D"
Chtrng minh rang ttr giac A'B'C'D' la hinh binh hanh.

4.30. Cho tt dién ABCD va mét diém O ’ném trong tam giac BCD. Goi (P) la mat
phang qua O va song song v&i mat phang (ABD).
a) Xac dinh giao tuyén clia mat phang (P) va mat phdng (BCD).
b) Xac dinh giao tuyén clia mat phang (P) va cac mét con lai cla tir dién.

4.31. Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh. Goi £ la mét diém bét
ki thudc canh SA va (P) la mat phang qua £ song song voi mat phang (ABCD).
a) Xac dinh giao tuyén clia mat phang (P) va cac mat bén cla hinh chép.
b) Hinh tao bdi cac giao tuyén |a hinh gi? Giai thich vi sao.

4.32. Cho hinh lang tru t&r giac ABCD.A'B'C'D' c6 day ABCD la hinh thang. Chiing
minh rang day A'B'C'D'la hinh thang.
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4.33. Cho hai hinh binh_hanh ABCD va ABEF khdng clng nam trong mét mat
phang. Chirng minh rang sau diém A, B, C, D, E, F |a sau dinh cla mét hinh
lang tru tam giac.

4.34. Cho hinh hdép ABCD.A'B'C'D". M6t mat phang (P) cét cac canh AD, BC, B'C',
A'D'lan luottai £, F, G, H. Chtrng minh rang ttr giac £FGH la hinh binh hanh.

4.35. Cho hinh hép ABCD.A'B'C'D'".

a) Xac dinh giao tuyén d cla hai mét phang (ADC'B') va (A'D'CB).
b) Chirng minh rang d /#/ AD.
¢) Chirng minh rang d di qua trung diém cla cac dudng chéo clia hinh hop.

4.36. Cho hinh hép ABCD.A'B'C'D'". Chirng minh rang:
a)AB' /I CD; b) Hai mé&t phang (AB'D") va (C'BD) song song v&i nhau.

4.37. Cho ba mét phang (P), (Q), (R) d6i mét song song. Hai dudng thang d, o cat
ba mat phang lan luottai A, B, Cva A", B', C. Biétrang AB=2cm, BC=6cm
vaAB'= 3 cm, tinh B'C'.

4.38. Cho hinh hép ABCD.A'B'C'D". Goi O la giao diém cla céac duong chéo cua
hinh hép. Mat phang qua O va song song v&i mat phang (ABCD) cat cac canh
AA', BB', CC' DD'lan luot tai M, N, P, Q.

a) Chirng minh rang M, N, P, Q lan luot |a trung diém cla cac canh AA' BB,
CC', DD.
b) Chirng minh rang ABCD. MNPQ la hinh hép.

4.39. Khi cat mét chiéc banh ga-t6 hinh hép, Thuy nhan thay vét cat & mat trén va
mat dwéi clla banh goi nén hinh anh vé hai dudng thang song song véi nhau.
Hoi nhan xét ctia Thuy c6 ding khéng? Vi sao?

4.40. M6t chiéc binh nuéc hinh tru dwoc dat trén ban, lrgng nudc trong binh bang
dung mét nEra‘dung tich cla binh. Hoang d&t mét chiéc ong hut vao trong binh
sao cho mét dau cua 6ng hit cham vao day binh con mét dau cham vao miéng

binh. Hoang néi rang d6 dai ctia phan éng hut bi wét bang % d6 dai clia toan

bd éng hut. Hoi Hoang néi dung hay sai? Vi sao?

dl_b
PHEP CHIEU SONG SONG

A. KIEN THUC CAN NHG

1. Pinh nghia
— Cho mat phang (o) va dudng thdng A cét (o). V6i méi diém M trong khéng
gian ta xac dinh diém M’ nhu sau:
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o Néu Mthudc A thi M'la giao diém clia (o) va A.
o Néu Mkhoéng thudc A thi M'la giao diém cla (o) va dudng thdng qua M
song song voi A.

Biém M' duoc goi la hinh chiéu cla diém M
trén mat phang (o) theo phuong A (H.4.27). K Y
— Phép dat twong tng méi diém M véi hinh \

chiéu M' cia nd duoc goi la phép chiéu song \
song Ién (o) theo phuong A. M
0. \ ‘\‘ \\

— Hinh chiéu ctia mét hinh Z6 qua phép chiéu
song song la tap hop tat ca céc hinh chiéu cla
céac diém thudc 6 qua phép chiéu dé. Hinh 4.27

2. Cac tinh chat
— Phép chiéu song song bién ba diém thang hang thanh ba diém thang hang va
khéng lam thay déi thtr tw ba diém d6. Phép chiéu song song bién duwdng thang
thanh dudng thang, tia thanh tia, doan thdng thanh doan thang.
— Phép chiéu song song bién hai dudng thang song song thanh hai dudng
thang song song hodc triing nhau.
— Phép chiéu song song giir nguyén ti sé d6 dai clia hai doan thdng cing nam
trén mot dwdng thdng hodc nam trén hai dudng thang song song (H.4.28).

A A & b
A § o D A a
/( / [_°/"
o) o FUY & o) A B'

AB_AB AB _AB'
cD cD cD C'D'
Hinh 4.28
3. Hinh biéu dién ctia mét hinh khéng gian
— Hinh biéu dién cua mO’E hinh trong khéng gian Ia’hinh chiéu song song g&a
hinh @6 trén mét mat phang theo mét phuong chieu nao d6, hoac hinh dong
dang v&i hinh chiéu do.
Khi hinh phang khéng ném trong mat phéng song song véi phuong chiéu thi
hinh biéu dién clia hinh phang dé cé céac tinh chat sau:
— Hinh biéu dién clia mét tam giac (can, déu, vudng) la mét tam giac;
— Hinh biéu dién cutia hinh vuéng, hinh chit nhéat, hinh thoi, hinh binh hanh la
hinh binh hanh;
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— Hinh biéu dién cla hinh thang ABCD v&i AB // CD la mét hinh thang A'B'C'D!

v6i A'B' /f C'D'thoa man oL ﬂ;
CD COD
— Hinh biéu dién cla hinh trdn 1a hinh elip.

B.ViDU

Vi du 1. Cho hinh binh hanh ABCD. Qua A, B, C, D vé cac dudng thdng abcd
d6i mét song song va khdng nam trong mat phang (ABCD). Mt mat phang cat
bon duong thang a, b, ¢, d lan luot tai A', B', C', D' (H.4.29). Chtrng minh rang
A'B'C'D'la hinh binh hanh.

Giai
Ta thdy A, B', C', D' lan lugt Ia hinh chiéu
clia A, B, C, D1én mét phang (A'B'C'D') theo
phuong a. Do d6 AB'C'D' Ia hinh chiéu
song song cla hinh binh hanh ABCD. Vi
phép chiéu song song bién hinh binh hanh
thanh hinh binh hanh (xem SGK, Bai 14,
Vi du 2) nén AB'C'D'la hinh binh hanh.

Nhan xét. Trong Vi du 1, d& chirng minh tir
giac A'B'C'D' la hinh binh hanh ta cé jhé
slr dung cac tinh chat clia hai mat phang
song song (xem Bai 13, Bai tap 4.29). Tuy
nhién viéc str dung phép chiéu song song
cho ta mét 1&i giai ngan gon hon.

Hinh 4.29

Vi du 2. Trong céc hinh sau, hinh nao 1a hinh biéu dién ctia mét hinh hép? Giai
thich vi sao.

il -

|1 o

a) b) c)
Hinh 4.30

Giai
Vi cac mét cha hinh hép déu la hinh binh hanh nén cac hinh biéu dién cla
chung ciing 1a hinh binh hanh. Suy ra chi ¢6 Hinh 4.30b |a hinh biéu dién cla
moét hinh hop.

Cha y. Dé xac dinh/vé ding hinh biéu dién clia mét hinh ta phai tuan thi céc tinh
chat clia phép chieu song song, vi du nhu phép chiéu song song bao toan tinh
song song clia hai dudng thang, phép chiéu song song bao toan ti s6 dé dai
clia cac doan thang...
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C.BAITAP

4.41. Cho hinh l&ng try tam giac ABC.A'B'C". Goi M |a diém thudc canh BC sao cho
MB = 2MC.

a) Xac dinh hinh chiéu M' cla M qua phép chiéu song song lén mat phang
(A'B'C') theo phuong AA"
b) Chirng minh ring MB8'= 2M'C’",

4.42. Cho hinh lang tru t& giac ABCD.AB'CD'. Goi O la giao diém cQa AC va BD.
Goi O'la hinh chiéu cla O qua phép chieu song song lén mat phang (A'B'CD)')
theo phuong AA'. Chirng minh rang O' la giao diém clia A'C'va B'D".

4.43. Cho hinh chop S.ABCD cé day ABCD khéng la hinh thang.

a) Xac dinh giao tuyén clia hai mat phang (SAB) va (SCD).
b) Xac dinh hinh chiéu clia diém A qua phép chiéu song song lén méat phang
(SCD) theo phuong SB.

4.44. Cho tir dién ABCD. Goi M, N 1an luot la trung diém clia cac canh AB, CD va
(P) 1a mé&t phang cb dinh khéng song song véi MN. Goi A', B', C', D', M, N'lan
luot la hinh chiéu clia A, B, C, D, M, N qua phép chiéu |én mét phang (P) theo
phuong MN.

a) Chirng minh rang hai diém M'va N’ tring nhau.
b) Chirng minh rang bdn diém A’ B' C', D'la bdn dinh clia mét hinh binh hanh.

4.45. V& hinh biéu dién clia hinh chép S.ABCD ¢6 day ABCD la hinh vuédng.

4.46. Trong cac hinh sau, hinh nao la hinh biéu dién cla hinh l&ng tru t& giac c6
hai day la hinh thang?

a) b) c)
Hinh 4.31
4.47. Ba chiéc gay thdng duoc dat dua vao
tuong va ddi mét song song véi nhau
(H.4.32). Giai thich vi sao neu ba dau
gay trén twong thang hang thi ba dau
gay trén mat san cling thang hang. \

Hinh 4.32

71



BAI TAP CUOI CHUONG IV

A. TRAC NGHIEM
4.48. Trong khéng gian cho hai dwong thang cat nhau a va b. Néu c la mét dudng
thang song song voi a thi
A. cva b song song v&i nhau. B. cva b cat nhau.
C. cva b chéo nhau. D. ¢ va b khdéng song song vai nhau.
4.49. Cho ttr dién ABCD. M6t mat phang cét cac canh AB, BC, CD, DA clia tir dién
lan luot tai cac diem M, N, P, Q. Khi dé
A. MN, AC, PQ ddng quy.
B. MN, AC, PQ d6i mét song song.
C. MN, AC, PQ d6i mét chéo nhau.
D. MN, AC, PQ d6i mét song song hodc ddng quy.

4.50. Néu mat phang (R) cét hai matphang song song (P) va (Q) lan lwot theo hai
giao tuyén a va b thi vi tri twong déi gitra hai dwdng thang a va b la

A. song song. B. chéo nhau. C. trung nhau. D. cdt nhau.

4.51. Cho ba mat phang (P), (Q), (R) d6i mdt song song voi nhau. Budng théng d
cét cac mat phang (P), (Q), (R) lan luot tai A, B, C. Budng thdng d' cét cac
mat phang phang (P), (Q), (R) lan luot tai A", B', C' Biét rang %:%,ﬁ s6

A'B'

— ban

A'C' g

AL B 2. g2 D 1
3 3 2 2

4.52. Cho hinh chép S.ABCD c6 day ABCD |a hinh thang (AB // CD). Goi d la giao
tuyén clia hai mat phang (SAB) va (SCD). Khi dé d di qua S va song song v&i
A AC. B. CD. C. BD. D. BC.

4.53. Cho tr dién ABCD c6 £, F lan luot la trung djém clia cac canh BC, CD.
Mat phang (P) chtra duwdng thang £F va cat mat phang (ABD) theo giao tuyén d.
Khi d6
A. d song song v¢i BC. B. d song song voi AB.

C. dsong song v¢&i BD. D. d song song voi CD.

4.54. Cho hinh hép ABCD.A'B'C'D". Hinh chiéu song song cla diém A trén mat
phang (CDD'C') theo phuong BC' la
A D B. D. C. B. D. C"
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4.55. Cho hai mé&t phang (P) va (Q) cét nhau theo giao tuyén d. Khi @
A. d |a tap hop tat ca cac diém ndm trong mat phang (P) va ndam ngoai mat
phéng (Q).
B. d la tap hop tat ca cac diém ndm ngoai mat phdng (P) va ndm trong mat
phéng (Q).
C. dla tap hop tat ca cac diém ndm ngoai ca hai mat phang (P) va (Q).
D. d la tap hop tét ca cac diém ndm trong ca hai mat phang (P) va (Q).
4.56. Cho mét phang (P) va diém A ndm ngoai mét phang (P). Khang dinh nao sau
day la dung?
A. Qua A c6 v sb mat phdng song song v&i (P).
B. Qua A ¢ dung mét mét phdng song song véi (P).
C. Qua A khéng co mét phdng hao song song voi (P).
D. Qua A ¢6 dung hai mat phdng song song voi (P).

B. TU LUAN

4.57. Cho hinh chép ngll giac S.ABCDE. Gia sir AB song song véi DE.
a) Xac dinh giao tuyén clia hai mat phang (SAD) va (SBE).
b) Xac dinh giao tuyén clia hai mat phang (SAB) va (SDE).
c) Gia st giao tuyén cua hai mat phdng (SAE) va (SBC) song song v6i dudng
thang AE. Ching minh rang AE // BC.
4.58. Cho hinh l&ng tru tam giac ABC.AB'C". Goi M, N, P lan luot 1a trung diém
cla cac canh AA', AB, AC.
a) Chirng minh rang BC / (MNP).
b) Xac dinh giao tuyén d clia hai mét phang (MNP) va (A'B'C)).
¢) Chirng minh rang d #/ NP.
4.59. Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh. Mat phang (P) chira
dudng thang AD va cat hai canh SB, SClan luot tai £, F.
a) Xac dinh giao tuyén clia hai mat phang (EAB) va (FCD).
b) Chirng minh rang t&r gidc AEFD |a hinh thang.
¢) Xac dinh giao tuyén clia hai mét phang (ECD) va (FAB).
d) Chiing minh réng giao tuyén cla hai mét phang (ECD) va (FAB) song song
voi giao tuyén cla hai mét phang (EAB) va (FCD).
4.60. Cho hinh chép S.ABCD c6 day ABCD la hinh thang (AB // CD). Goi O la mét
diém nam trong tam giac SAD.
a) Xac dinh giao diém cla dudng thdng AO va mat phng (SCD).
b) Xéac dinh giao tuyén clia hai mat phdng (SBO) va (SAC).
¢) Xac dinh giao diém clia dudng thang BO va mét phang (SAC).
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4.61. Cho hinh lang tru tt¢ giac ABCD.A'B'C'D". Goi M, N, M', N' lan luot 1a trung
diém clia cac canh AB, CD, AB', C'D".
a) Ching minh rang bén diém M, N, M, N' @dng phang va tir giac MNN'M' 1a
hinh binh hanh.
b) Gia str MN khéng song song v&i BC. Xac dinh giao tuyén cla hai mat phang
(MNN'M') va (BCC'BY).

4.62. Cho hinh hgp ABCD.AB'C'D". Goi M, N, P, Q I:éin lwot la trung g‘J’lém cla cac
canh AA', BB', CC', DD'. Chirng minh rang bon diem M, N, P, Q dong phang va
MNPQ la hinh binh hanh.

4.63. M6t nguodi tho dang cb géng dat tdm Kkinh
ABCD (mép AB khdng song song voi CD) dua A
vao tudng sao cho mép kinh CD song song voi B
dudng chan twdng, con mép kinh AB nam hoan
toan trén tuwdng. Sau mét hdi loay hoay, ngudi
tho van khéng thé dat duoc tam kinh nhu mong
muén. Hay giai thich tai sao.
Cé céch nao dat tam kinh dé mét mép kinh song D c
song voi dudng chan tuwdng, mét mep Kinh khac Hinh 4.33
ndm hoan toan trén twéng khéng?
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CHUONG V

GIOT HAN. HAM SO LIEN TUC

@« BAI1S _
GIOI HAN CUA DAY SO

A.KIEN THUC CAN NHG

1. Gi&i han hiru han
a) Ta noi day s6 (u,) ¢b gidi han la O khi n dan t6i duong vo cuc, néu |u,| co
thé nho hon mét sé duong bé tuy v, ké tr mét s6 hang nao dé tré di, ki hiéu

lim ¢, =0 hay ¢, — 0 khi n —>+x.
11—+

Ta cod:

+ lim ik: 0 v6i k la mét sé nguyén duong;
n—+w f

« lim " =0 néu |g|<1;
11—+
» Néu |u,| < v, véimoi n>=1va lim v, =0 thi lim u, =0.
11—+ 1—>+©
b) Ta néi day sé (u, ) c6 gidi han la s6 thuc a khi n dan t6i duong vé cuc néu

lim (v, —a)=0 kihiéu lim u, =a hay v, > a khi n >+=.
1—+m f1—+w

¢) Binh li vé gidi han hiru han clia day s
« Néu lim u, =a va lim v, =b thi

71—+ 1—+mw

lim (v, +v,)=a+b; lim (v, -v,)=a-b
1—+m n—+m

; _ Uy &y

lim (u,-v,)=a-b, lim -2 =— (néu b= 0).
n—>+ fi—to V, b

» Néu v, =0 v6imoinva lim v, =a thia>0 va Im Ju, =a
11—+ fi—tw
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2. Gi&i han vé cwe cia day sb
a) Day sb (u,) duwoc goi la c6 giéi han +w khi 7 — +o néu u, c6 thé 16n
hon mét sé duong bét ki, ké tr mét sé hang nao dé tré di, ki hiéu

lim ¢, =+« hay ¥, — +» khi n — +o.
f1—-00

Day sb (u,) duoc goi la c6 gidi han —w khi n — + néu lim (-u,)= +x,
1—tw

kKihiéu lim ¢, = -« hay 4, —» — khi n - +«.
f1—c

Theo d6, ta cb:

e lim 0" =+, V6i kla sb nguyén duong;
—+w

o lim @" = +o0, VGi g > 1.
1—+0w

b) M6t sé quy tac lién quan dén giéi han vé cuc clia day sb

£ - U Lo U
«Néu Ilim ¢, =ava lim v, =+« (hodc Ilim v, =—«)thi lim <£=0.
11— n—+w 11—+ n—+o V n

Bes : . S, Lo U
«Néu Ilim ¢, =a>0, lim v, =0vav, >0 véimoi n thi lim - = +x.
n—+w —>+o n—to V,

e Néu lim u, =+o va lim v, =a>0thi lim u,v, =+
1>+ 1—+© f1—>+©

3. Téng cta cép s6 nhan lui v6 han
Cép sb nhan v6 han (u,) c6 cong bdi g voi |g] < 1 duoc goi la cap s6 nhan I
v6 han. Téng clia cap s6 nhan IUi v6 han (u,) ki hiéu 1a

S=t+Ul+..+U; +-

. u
Tacd S :ﬁ (jo] < ).

B.ViDU

Viduy 1. Cho day s6 (u, ) c6 tinh chét |u, — 2| < SL” Tinh lim u,,.

n—+0w
Giai

Do lim ——=0 nén lim (4, -2)=0.Vay lim u, =2
n—+w 37 f1—>t+wm 1=+

2n° + 1

Vidu 2. Tinh lim >

n—+w 30

+ N
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Giai

-/ LE . 2 2
lim = lim =—.
n—+o3n° + 0N 04w 3.5 3

Vidu3. Tinh lim (W% —n —vn? + 1).

n—+w
Giai
lim (Wn? —n—+n> +1)= lim =]
fi—>+© ﬁ—H—ooJHQ _n+ _Jn2 1
41 1
= lim o ==

Vidu4. Tinh lim (n2 —piy 3).

n—+w
Giai

lim (nQ—n+3): lim n2[1—%+i]:+oo.

f1—>+wm 1—>+wm n 2

Viduy 5. Tinh téng
1. 1 §

_§+§_E+...+(_1) —+...

S p—
Giai
Ta thay S la tong cla cép s6 nhan Ii v6 han (u, ) v6i u, = —%, q=-

Do do

L B . )

1-q

C.BAI TAP
5.1. Tinh cac gidi han sau:
n? +1 . 2743

a) lim ——————; b) lim :
n—=+o 20 + N+ 2 n—+o 14 37

1

3
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5.2. Tinh cac gi¢i han sau:

a) lim (Jn2 +2n-n —2); b) lim (2+n% ~n + 1);

11—+ n—+w
¢) lim (\ln2 _ne2+ n); d) lim (3n _Nan? + 1).
11—+ n—+w

1+a+a+--+a"

5.3.Cho u, = ~ v6i a, b la cac sé thuc thoaman |a| < 1 | < 1.
1+ b+ b +--+ b
Tinh lim u,.
11—+
1+3+5+--+(2n-1
5.4. Tinh fim 25+ (21-1)
1=+ n°+2n
5.5, Tinh tdng S — —1+ ~—— il
5. Tinhtong S = - +§_5_2+"'+(_) 5r?_1+---
5.6. Viét cac sb thap phan vé han tuan hoan sau duéi dang phan sé:
a) 1(03); b) 3,(23).
5.7. Cho déy s6 (u,) VOi 4, = —=" Tinh lim u,.
n 1=+

5.8. Cho tam giac AB,C, co dién tich la 3 (don vi dién tich). Dung tam giac
A,B,C, béng céach ndi cac trung diém cla cac canh B,C,, C/A,, AB,. Tiép
tuc qua trinh nay, ta cé cac tam giac A;B.Cs, ..., A,B,C,,... Ki hiéu s, la
dién tich ctia tam giac A B.C, .

a) Tinh s,,.

b) Tinhtdng &, + §, + -+ &, + -

5.9. Cho day s6 (u,) VOi t; =2 U, 1= U, + 3% nx>1.batv, =u, . —u,.

a) Tinh vy + v, + .-+ v, theo n.
b) Tinh u, theo n.

¢) Tinh Iim w,.
n—+w

1 [ q— .
<—.Tinh lim u,.
nQ 11—>+m

5.10. Cho day s (u,) c6 tinh chat |u, —

n+1
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«. BAITE6 _
GIOI HAN CUA HAM SO

A.KIEN THUC CAN NHG

1.

Gi&i han hiru han cta ham sé tai mét diém

a) Gi6i han clia ham s tai mét diém: Gia stv (a; b) la mét khoang chira diém x,
vaham sé y = f(x) xac dinh trén tap (a; b) c6 thé trir diém x,. Ta néi ham
sé f(x) co6 gi6i han la sé L khi x dan t6i x, néu véi day sé (x,) bét ki,

X, €(a&b), x, = Xg va x, - Xq, tacd f(x,)— L, kihiéu lim f(x)=_L hay

X—Xq

f(x)— L khi x —> Xq.
b) Quy téc tinh giéi han hitu han cia ham sé:
« Néu lim f(x)=L va lim g(x)=M thi

X=X, X=X,

xlmﬂ [F)+g()]=L+ M

leu [Fx)-g(x)]=L-M;

i [£(x)g(x)] =L m

lim M:L,néu M = 0.

X=X g(x) M
« Néu f(x) =0 véimoi x (& b)\{x,} thi L =0 va leu,/f(x) = L.

¢) Gi6i han mét bén: Cho ham sé y = f(x) xac dinh trén khoang (x,; b). Ta
noi s6 L la gi6i han bén phai clia f(x) khi x — x, néu véi day sbé (x,,) batki

thoaman x; < x, < b va x, - X, tacod f(x,) — L, kihiéu lim f(x)=L.
X=X

Twong tu, véi ham sb y = f(x) xac dinh trén khoang (a;x, ), ta ndi s6 L |1a
gi6i han bén trai cla fix) khi x — x, néu véi day sb (x,) bét ki thoa man

a<X,<X,VvVax, —>x,,tacdf(x,)—>L Kkihiéu lim f(x)=L
X—Xg

d) Céc quy tac tinh gi¢i han néu trén cling dung cho gidi han mét bén.
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2. Gi®i han hitu han ctia ham sé tai vé cuc

a) Gi6i han tai v6 cuc: Cho ham sb y = f(x) xac dinh trén khoang (&;+«).

Tandi ham s6 f(x) co6 gi6i hanla sé L khi x — +« néu véi day s6 (x,) batki,

X, >a va X, >+, tacd f(x,)— L, Kihiéu Xli_)rgwf(x) =L hay f(x)—

Khi X — +o.

Tuong tw, cho ham sb y = f(x) xac dinh trén khoang (—«; b). Ta néi ham sé
(x,) batki, x, < b va

X, »—0, ta ¢ f(x,)—>L ki hiéu Ilim f{x)=L hay f(x)—>L Kkhi

X——W0

f(x) c6gi6i hanla sé L khi x — —« néu véi day sb (x

X — —0,
b) Céc quy téc tinh giéi han hiru han clia ham sé tai mét diém trén cling dung
cho gidi han hiru han tai vé cuc.

3. Gi®i han vé cwe ciia ham sé tai mot diém

80

a) Gi6i han vo cuc: Gia st khoang (a; b) chira diém x, va ham sé y = f(x)
xac dinh trén (&; b) \ {x,}. Ta ndi ham s fix) cb gi6i han +e« khi x — x; néu
voi day s6 (x,) batki, x, e (a b)\{xy}, X, = Xo, tacod f(x,) - +=, ki hiéu

lim f(x)=+w. Ta n6i ham sé f(x) cé giéi han —« khi x — x;, ki hiéu
X=Xy

Xllrluf( ) = —o, néu x'i'l[ }—+oo.

b) Gi6i han v6 cuc mét bén: Cho ham sé y = f(x) xac dinh trén khoang
(Xo; b). Tandi ham s fix) c6 gi6i han +« khi x — x, vé& bén phai néu voi

déay sb (x,,) batkithoa mén x, < x,, < b, X, — X,, tacé f(x,) — +e, ki hiéu
lim f(x)=+e.

X—=X3
Tuong tu, véi ham sb y = f(x) xac dinh trén khoang (a; X, ), ta néi ham sé
fx) c6 gi6i han +» khi X — X, V& bén tréi néu véi day sb ( ,.J.) bét ki thoa

mén a < x, < Xg, X, = X, tacé f(x,) — +o, ki hiéu lim f(x)=
XX

Cac gi6i han mot bén lim f(x)=—w va lim f(x)=-« duoc dinh nghia
X=X} X=Xy

twong ty.
c) Mét sé quy téc tinh gidi han vé cuc:
» Quy téc tim giéi han cla tich f(x)g(x).



Giastr lim f(x)=L =0 va lim g(x)=+» (hodc —x).
X=X X=Xy

Khi @6 lim f(x)g(x) duoc tinh theo quy tac cho trong bang sau:

X=X
leu f(x) leu g(x) leu f(x)g(x)
+0 +a0
L0
—a0 —Q0
+0 =R
L<0
—c0 400
- Quy tdc tim giGi han clia thuong m
g(x)
lim f(x) lim g(x) Dau cua lim _f(x)
o - 900 | =og(x)
L +o0 Tuy 0
+ 400
L>0 0
— —o0
+ —0
L 1) 0

Cac quy tac trén van dung cho cac trudng hop x — x3, X — X5, X — +o va

X —> —0,
B.ViDU
Vidu1. Tinh lim \/_—2.
x—4 X—4

Giai
W ) i X =2 1

lim im =

1
x—4 X -4 XIT4(J__2)(J;+2):)I<+4J;+2 Z
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Vidy 2. Biét lim f(x) = 2. Tinh lim f(x)z.
X—>1 X—=1 (X _ 1)
Giai
R6 rang (x —1)" >0, (x —1)° > 0 khi x — 1. Theo quy tic gidi han v6 cuc

F(x)

(clia thuong hai ham s6), ta ¢ lim ——— = +«.
X =1 (X - 1)

X2
=%

Vidu 3. Tinh gi6i han lim (x —1)

x—T 1—x
Gigi

lim (x - 1),]22 —  lim x 1 21 _jim JE20=X) g
1- x? x—>1 1+ X%

x—=T 1= xX—=1"

Vidu 4. Tinh lim (Jx2 e o 1).

X—>+00

Giai

lim (Jx2 1o x— 1) — lim ¥ — lim 2 -

X+ X_)+°°\/X2+1+X+1 X_HmJ 1 1

Vidy 5. Biét lim g(x)=1. Tinh lim (xQ - 1)g(x).

X—>—wm X—=-m
Giai

Tacod lim (x2—1)g(x)= lim x* {[1—%}g(x)}:+oo

X——© X——e X

(do lim x% =+ va lim H'I—%JQ(X)J: 1500y

X——© X——w X

X+ mnéu x < 0,

Vidy 6. Cho ham s f(x) = { voi m la tham sé.

x> ~1néu x=0
Biét ham sb f(x) c6 gi¢i han hiru han khi x — 0. Tim m.
Giai

Do lim f(x) = lim (x* —1) =—1 lim f(x)= lim (x+m)=m nén m=—1.
x—=0F x—0% x—0" x—=0"
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C.BAI TAP

X néux > 1
5.11. Choham s6 f(x) = {2 néu x = 1. Ham 6 f(x) c6 gi6i han khi x — 1 khéng?
1néux <1

5.12. Tinh cac gic’yi han sau:

3,2
y 3 1= 3 Jax +1- , b) lim X+ X +x-3;
er X=2 xX—1 x3_1

2

c) Iim+—x ‘5";6; d) lim X £X=2

x—2 (X—2) x—=0 X

2 i
5.13. Tim a d& ham s6 (x) = {X FAXNEUX >34 gisi han khi x — 3.

3x2 +1néu x <3

5.14. Tim cac sb thuc a va b sao cho I|mM
x>1x2 _3x 42

2
5.15. Cho ham s6 () = %’”2 Tinh:
lim £ (x); b) lim f(x).
0 im0} 166

5.16. Tinh gioi han lim (1—x)(1-x7}{1-x*).

X—>+w0

5.17. Cho ham sb g(x Jx + 2X — Jx2 —1-2m véi mlatham sé.

Biét lim g(x)=0, tlm gia tri ciia m.
X—>+0w

5.18. Cho mla mét s thuc. Biét lim [ (m—x)(mx + 1)] —o0,
X=>—0

Xac dinh dau clia m.

S'”QX Chimg minh réng lim 7 (x) = 0.

X X—>+

5.19. Cho ham s6 f(x) =
5.20. Mot don vi san xuét hang thl cong wdc tinh chi phi dé san xuét x don vi
san pham la C(x) = 2x + 55 (triéu ddng).
a) Tim ham s6 f(x) biéu thi chi phi trung binh dé san xuat méi don vi san pham.
b) Tinh lim f(x). Gi6i han nay c6 ¥ nghia gi?

X—>+0
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<o BAI7
HAM SO LIEN TUC

A.KIEN THUC CAN NHG

1. Ham s4 lién tuc tai mot diém
a) Cho ham s6 y = f(x) xac dinh trén khoang (& b) chira diém x,. Ham sé

f(x) duoc goi 1a lién tuc tai diém x, néu lim f(x)=f(x,). Ham s6 f(x)
X—Xg

khéng lién tuc tai x, duoc goi la gian doan tai diém do.

b) Ham sb f(x) lién tuc tai x, khiva chikhi lim f(x)= lim f(x)="7(xy).
X—=XE X=X
2. Ham sé lién tuc trén mét khoang
a) Ham s6 y = f(x) dwoc goi la lién tuc trén khoang (a; b) néu né lién tuc tai
moi diém thudc khoang nay.
Ham sé y =f(x) duoc goi la lién tuc trén [a b] néu nod lién tuc trén
khoang (a; b) va lim f(x)="f(a), lim f(x)=7(b).
x—a" A T ox—h

Céc khai niém ham sé lién tuc trén nlra khoang nhu (&; b], [&; + ), ... dugc
dinh nghta theo cach tuong tu.
b) Bd thi cia ham sé lién tuc trén mét khoang la mot dudng lién trén
khoang do.
¢) Tinh lién tuc cla cac ham sé so cp co ban:

« Ham sé da thirc va cacham sé y = sinx, y = cosx lién tuc trén R.

« Cacham sb y =tanx, y = cotx, y = JX va ham phéan thirc hitu ti (thwong
cla hai da thirc) lién tuc trén tap xac dinh cla ching.

3. M6t sé tinh chat co ban

a) Gia st hai ham s6 y = f(x) va y = g(x) lién tuc tai diém x,. Khi do:

» Cac ham sb6 y =f(x)+ g(x), y =f(x)-g(x) va y =f(x)g(x) lién tuc
tai diém xg;

F(x)

» Ham s6 y = ——= lién tuc tai diém x, néu g(x,) = 0.

g(x)
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b) Néu ham sé y = f(x) lién tuc trén doan [a, b] va f(a)f(b)< O thi ton tai

it nhat mét diém c < (a; b) sao cho f(c) = 0.

B.ViDU

Vi duy 1. Xét tinh lién tuc clia ham s6 f(x) = vx -1 tai x, = 2.

Giai
Tap xac dinh clia ham s6 f(x) 1a [1 + «). Do 6 X, thudc tap xac dinh clia
ham sé. Ta c6

l'Lan(X) — )I(ITQJX =¥ )I(@Q(x -1 =1=1(2).

Vay ham sé f(x) lién tuc tai x, = 2.

X néux>0
Vi du 2. Xét tinh lién tuc claham s6 f(x) =<1 néux=0 tai x =0.

—X néux<0

Giai
Ta ¢c6 lim f(x)=0 va Ilim f(x)=0. Do d6 limf(x)=0. Nhung do
x—0% x—0" x=0
f(0)=1= Iimof(x) nén ham sé f(x) gian doan tai x = 0.
X

2 5
Vi dy 3. Tim gia tr clia tham s6 m sao cho ham s6 f(x)={" * 2 neux= 1
mx+1 néu x > 1
lién tuctai x = 1.
Giai

Taco f(1)=3, lim f(x)=3 va lim f(x)=m+1.Vayham sé da cho lién tuc
x—=T x—=T1

tai x =1 khivachikhi m+1=3 hay m=2.

COS X

x? —1

lién tuc.

Vi dy 4. Tim cac khoang trén @6 ham sé f(x) =
Giai
Tap xac dinh clia ham sb f(x) la (—=; - 1) (-1 1)U (1 +»). Trén cac
khoang nay ham sb f(x) la thuong cta hai ham lién tuc, trong @6 mau thirc
x? —1=0. Vay ham sb & cho lién tuc trén cac khoang (—«; 1), (-1; 1),
(1, + ).
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Vi du 5. Chiing 1 réing phuong trinh 2x° + a(x2 " 1)+ 1=0 luén c6 nghiém véi
moi so thuc a.

Giai
Xét ham sb f(x)=2x"+ a(x2 ~ 1)+ 1. Tacé f(1)=3>0 f(-1)=-1<0.
Do f(x) la ham da thirc nén no lién tuc trén [-1 1]. Do d6, theo tinh chét clia
ham lién tuc, ton tai it nhat mét diém ¢ < [-1 1] sao cho f(¢) = 0. N6i céach
khac, x = ¢ la mét nghiém clia phwong trinh da cho.

C. BAI TAP
5.21. Choham sé g(x) lién tuc trén R trir diém x = 0. Xét tinh lién tuc cia ham

g(x)

s f(x)zT tai x =1.

3 néu x <1
5.22. Chohamsé f(x)={ax+b néu 1< x < 2. Xac dinh a, b d&ham sblién
5 néu x = 2
tuc trén R
e e
5.23. Tim tham s6 m d@&ham s6 f(x)= { x—7 "“ X <" lientyctren R

mx+1 néu x =1

5.24. Xét tinh lién tuc clia cac ham sé sau trén tap xac dinh ctia ching:
3
X7+ Xx+1 COS X
a)f(X)=————; b X)=——.
X x?-3x+2 ) 9(x) x* +3x—4
5.25. Chirng t6 rdng cac phuong trinh sau ¢6 nghiém trong khoang tuong Ung:
a) x? = Jx + 1, trong khoang (1, 2).

b) cosx = x, trong khoang (0; 1).
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BAI TAP CUOI CHUONG V

A. TRAC NGHIEM

5.26. Cho hai day s6 (u,) va (v,) thoamén lim u,=1va lim v, =beR

N 1—+m 11—>+0m
Xét cac khang dinh sau:

(1) lim (4, +v,)=1+b 2) lim 22 _p
1—>+wm n—to i,
(3) lim (4, +v,)=b @) tim 41
n—tw s n ’ n—+o v, b
86 khang dinh dung la
A 2. B. 1. G 3 D. 4.

5.27.Cho L = lim (n3 —9nty 1). Giatriclia L la

n—-+w

hoil=0 B. L =—w. C. L=+ D E =1
2
5.28. Biét lim @ — 1 v6i a la tham sb. Gia tri clia a2 — 2a 1a
n—>+o  anc +1
A =1, B. 0.
C. 2 D. Khéng xac dinh.
5.29.Cho u, =/n(vn+2-+/n+1). Khido lim v, béng
11—+
A. +o, B. 0. s oL D. 1.
2
5.30. Tinh tng S = 2+ 2 — = 4 ...+ (—1)”3 +
3 9 27 3"
1 1
hSoe B. § = 2 e 25 D.§=3
2 2
5.31. Cho ham sé f(x) thoamén lim f(x)=3va lim f(x)=-3.
x—=1t x>
Khang dinh dung la
A. )I(mf(x) =3. B. )I{mf(x) =0.
C. Khéng tén tai lim f(x). D. lim f(x) =-3.
X—=1 X—=1
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5.32. Cho ham sé f(x)thoamén lim f(x)=2va lim f(x)=m+ 1.
X1 e

Biét gi6i han clia f(x) khi x — 11tdn tai. Gia tri chamla
A m=1. B.m=-1.
C. m=3. D. Khéng tén tai m.

2 ~
5.33, Biét ham s6 £ (x) = {X * @ MCUX =1 4 gigi han khi x — 1.
2X+b néux >1

Gia trj clia @ — b bang

A 1. B. 0. G- D. 3.
5.34. Gidi han lim = Ia
o ToxoTafx =1
A. +o. B. Khéng ton tai.
C.2 D. 0.
X e . .
5.35. Cho f(x) = ———. Khi @6, gidi han lim f(x) la
|X| x—0
A. 0. B. 1.
C. 1. D. Khéng tén tai.
[2
5.36. Gidihan lim XX 2-X |3
X——w X
A+, B. 0.
G 2 D. Khéng tén tai.
. 2 8u 1< x <1 R
5.37. Cho ham s6 f(x) = 't A . Ménh @& dang I
1-x néu x <-1hodc x > 1
A. Ham s6 f(x) lién tuc trén [-1; 1]. B. Ham s6é f(x) lién tuctrén (-1 1].
C. Ham s6 f(x) lién tuc trén [-1 1). D. Ham s6 f(x) lién tuc trén R.
2
) X+ 3x+2 cx 1 ) )
5.38. Xét ham so f(x)= X + 1 * 71 voi m 1a tham sé. Ham sé
m néu X =—1
f(x) lién tuc trén R khi
A m=0. B: im=.3. C.m=-1. D..m= 1.
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x(x-1)
Ix -1

5.39. Cho ham s f(x) = . Ham sé nay lién tuc trén

A. (1;+oo). B. (—oo; 1). & [1;+oo). D. (—oo; 1].

5.40. Cho phuong trinh x” + x> = 1. Ménh d& dung la
A. Phuong trinh ¢c6 nghiém am.

B. Phuong trinh ¢é nghiém trong khoang (0; 1).
C. Phuong trinh c¢é nghiém trong khoang (1, 2).

D. Phuong trinh v6 nghiém.

B. TU LUAN

5.41. Cho day s6 (u,) thoaman |u,| < 1. Tinh lim als

n—stofn+ 1
nMN1+2+--4n
2ne i3
5.43. Viét cac s thap phan vé han tuan hoan sau dudi dang phan sé:
a) —0,(31); b) 2,(121).

5.42. Tim gi6i han clia day sé (u,) v6i u, =

5.44. Cho hinh vuéng H, ¢6 canh bang a. Chia méi

canh clia hinh vuéng nay thanh bén phan béng e
hhau va ndi cac dieém chia mét cach thich hop dé ¢« /
¢6 hinh vudng H,. Lap lai cach lam nhu trén voi \(

hinh vuéng H, dé dwoc hinh vuéng H,. N

Tiép tuc qua trinh trén ta nhan dwoc dédy hinh \\
vubng H, H,, Hs,....H,,... Goi s, la dién tich \

cta hinh vuéng H,.

a) Tinh s,.
b) Tinhtdng 7T =8, + 8, + -+ 8, + -

2
5.45. Tim a la sb thuc thoa man  lim 22)(—+1 +a +3a|=0.
x—=+o| X+ 2X + 3
5.46. Tinh cac gidi han sau:

&y I X(Xx + 1)(2x-1);
x>0 5x3 1 x+7
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b) lim (x3 —1)(2—x5);

X—>—mw
¢) lim (J3x3 # % +1—x).
X—>+w

5.47. Tinh lim (1- x)(1-2x)...(1- 2 018x).

X——m®

5.48. Biét lim 20X _ 1. Hay tinh:
x—=0 X
a) lim 20X, b) lim 30X ¢) lim 20X,
x=0 x x—=0t X x=0" X
5.49. Tinh lim xsinl.
x—=0 X
==

5.50. Cho ham s6 f(x) = X Phai bd sung thém gia ti f(0) bang

X
bao nhiéu dé ham s6 f(x) lién tuc tai x = 07?

1
5,51, Chio ham 88 fp < 4 "0 X7 0
2 néu x =0.

a) Chirng minh rang f(—1)-f(1)< 0.
b) Chirng minh rang phuong trinh f(x)=0 khéng c6 nghiém thudc khoang
(=1 1).
¢) C6 két luan gi vé tinh lién tuc clia ham sb f(x) trén doan [—1 1]?
5.52. M6t diém dich vu tréng gili xe 6 t6 thu phi 30 nghin déng trong gi¢' dau tién
va thu thém 20 nghin dong cho mdi gid tiép theo.
a) Viét ham s6 f(x) mo ta sé tién phi theo thoi gian tréng gid.
b) Xét tinh lién tuc cla ham sé nay.
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LO1 GIAI - HUGNG DAN - PAP SO

CHUONG I. HAM SO LUQONG GIAC
VA PHUONG TRINH LUQNG GIAC

m GIA TRI LUONG GIAC CUA GOC LUONG GIAC

1.1. Hoan thanh bang sau:

Sé do d6 20° 990° 150° 500° —150° | 84°
Sé doradian | = Lo 5n 25m —5n In
9 2 6 9 6 15

1.2. HD. V& dudng tron luong giac va tim diém biéu dién trén dudng tron lvong
giac.

1.3.a)Tacof:Ra:20-27“—ﬂ (m).

.
b)Taco /= R- 2 = 20.78 _ 4 (m).
180 180

1.4. T déng thirc sin’ x + cos’ x =1, suy ra

Siti? o s S ., 104

169 169"
Mat khac 90° < x < 180° nén sinx > 0. Do d6
. 144 12
sinx = ,f— = —.
169 13
T dd6 tinh duwoc tanx = E: —i = —E' cotx = —i.
13 13 5 12
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5 : & ; 2
1.5.a) Tacod: sina+ cosa = m nén (sina + cosa)” = m’

hay 1+ 2sinacosa = m?.

m? —1

Tl d6 suy ra sinacosa =

b) sin®a+cos’a = (sina+ cosa)3 — 3sinacosa(sina + cosa)

m -1 3m-m’
2 2 .

; ; 2 ;
c) sin*a + cos*a = (sm2 a + cos’ a) — 2sin’ acos’ a

(””22‘ 1)

= 3

—1-2sin‘acos?a =1-

1.6. a) VT = cos* x—sin*x = (cos? x — sin? x)(cos? x + sin’ x) = cos’x — sin® x
= cos’ X — (1—cos? x) = 2cos’ x — 1= VP.
b) Taco
2 sin x (1- cos? x it
in? x 2 sin’ x

. sin . :
VT = tan’ x — sin’ x = —— —sin’x = - = sin’ x
cos? x cos? x cos? x

= tan? x.sin’ x = VP.
c) VT =(sinx + cosx)* + (sinx — cosx)?
= sin? X + 2siNXCOSX + COS? X + sin? X — 28iNX COSX + COS~ X

= 2sin® X + 2¢0s% X = 2(sin2 X + COs? x) = 2-VP.

1.7. A= 2cos* x —sin® x + sin’ xcos” x + 3sin’ x
= cos” x — sin® x + cos” x + sin? xcos® x + 3sin® x
= c0s2 X — sin? X + cos? x + 3sin? x = 2¢os® X + 2sin? x = 2.

1.8. a) Trong 1 giay, banh xe quay duoc % = 2 vong, ttrc la quay duoc mét géc

47 (rad) hay 720°.

b) Trong 1 phut, quang dudng ma ngu i di xe da di duoc la:
| =430-4n-60 = 1032007 (mm).
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1.9. Mét gid, kim phut quét duwoc mét goc luong giac 2w; kim gio quét duwgc mét

goc %. Hiéu van téc gitra kim phut va kim gio» 1 275—%: %.

Vao luc 4 gid hai kim tao véi nhau mét goc la %ﬂ

Khoang thoi gian it nhat dé hai kim vudng goc véi nhau la

[E_EJ-E_i( i)
3 2) 8 119

Vay sau 1—11 (gi®) hai kim sé vuéng géc vadi nhau.

Téng quang dudng hai dau mut kim di duocla

1 = 1 237
f:R' :6'—'— 11'—'2 T .
o 11 6+ 11 T T {cm)
b CONG THUC LUONG GIAC

1.10. cos105° = cos(60° + 45°) = cos60° cos45° — sin60° sin 45°

1 V2 B2 BB

2 2 92 2 3
sin105° = sin(60° + 45°) = sin60° cos45° + cos60° sin 45°
_ B V2 142 246
-2 B9 4
tan105° = V2 + /6 cot105° = ‘E_‘/g.
J2 -6 2+ 6

1.11. Vi %< X < g nén sinx > 0, cosx > 0. Ap dung céng thirc ha bac, ta cd

G o A EOSE 2 iy
2 10 J10

shets I T O082X 1 e 1
2 10 10

Theo cdng thurc céng, ta co

&

. [ nj . 7 n 3 1 1 3 3+
SIN| X+ =|=SINXCOS=—+ COS XSIN=— = ==+ = | e+ — ;
3 3 3 J10 2 J10 2 2410
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V2 V2, 3 1 2

cos 2)(—E :cos2xcos£+sin£sin2x:—i-—+—-2 —_ =
4 4 4 5 2

2 J10 Ji0 10
2
1.12. sin*a + cos* a = (sin2 a + cos’ a) —2sin‘acos’a =1-2-(sinacosa)’

:1—1sin22a:1—1[
2

1-cosda 17 1
2

=1-—+ —cosda =§+ lcoscla.
2 4 4 4 4

1.13. a) A= SiNE — sin5—n+ sin7—n= sinZ + sinE - sin5—7t
9 9 9 9 9 9

. An T = T . An = T
= 28ih— - C0S— — sih— = sih— — sih— = 0.
9 3 9 9 9

b) Vi sin78° = cos12°; sin66° = cos24°; sin42° = cos48° nén
B = sin6” cos12° cos24° cos 48°.
Nhan hai vé v6i cos6°® va ap dung céng thirc géc nhan déi, ta duoc:

cos6° - B = cos8° sin6° cos 12° cos24° cos48° = %sin 96°
1 . 0 0 1 (0]
=—=sIiN{90" + 6" ) = —Cos6".
16 16

o

Vay B = —.
Y 6
1.14. a) Ta cod
J2cos| a+ = | = 2| cosacosZ — sinasinZ | = +/2 ﬁcosa—ﬁsina
4 4 4 2 2
= \EE -(cosa — sina) = cosa — sina.
b) Tacd 2sin| a + I |- 2[sinacosZ + cosasins | = 2 lsina + Ecosa
3 3 3 2 2
- sina + V3 cosa.
1.15. VT = 2sin23 B osA=8 | 26inLeosE
2 2 2 2
M3t khac, trong tam giac ABC,tacd A+ B+ C =7 hén A;B :%‘%-

A+ B cC . C A+ B
= COS—, SIN— = CO0S ]
2 2 2

T d6 suy ra: sin
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Vay

+ 2C0S COS— = 2C0S— + COS
2 2 2 2

V?":2cos%cosA—B A+5 G C[COSA_B A’LBJ

= 4cos%cos%cos% = VP (diéu phai chirng minh).

HAM SO LUONG GIAC

1.16. a) Biéu thirc cot3x cé nghia khi sin3x = 0 hay x = k%, K e Z.Vay tap xac
dinh clia ham sé la

D= R\{k%k - z}

b) Biéu thtrc +/1—cos4x c6 nghia véi moi x vi cos4x < 1 véi moi x. Vay tap
xac dinh clla ham sé1a R .
¢) Biéu thirc — 2°°S2X —= COS2X 6 nghta khi

sin® x —cos“x —COS2X

cos2x = 0 hay x ¢%+ k%, K e Z
Vay tap xac dinh clia ham sé 1a
D:R\{£+k3|k e z}
4 2
1+ cos2x

1—sin2x
Vay tap xac dinh cla ham sé |a

d) Biéu thirc c6 nghia khi sin2x = 1 hay x = %+ Kt K € Z.

D:R\Emﬂkez}

1.17. a) Vi 0 <|cosx| < 1 nén 0 < 3|cosx|< 3, do d6 2 < 2+ 3|cosx| < 5 v6i mai

xe R
Vay gia tri Ion nhat clia ham sé |a 5, dat duoc khi

lcosx| =1 sinx =0 & x = kn,(k € Z)

va gia tri nhd nhét ctia ham sé la 2, dat duoc khi
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1.18. a) Tap xac dinh ciaham sb1a D = R\ {0} . Néu ki hiéu f(x) =

96

cosx=0©x=%+kn(keZ).

b) Biéu kién sinx = 0. Vi 0 <+fsinx <1 nén 0 < 24fsinx <2
do d6 1< 2fsinx + 1< 3 v&i moi x thoa man 0 < sinx < 1.

Vay gié tri 1én nhét clia ham sé |a 3, dat dwockhi sinx = 1 hay

X:g+k2n(keZ).

Gia tri nhd nhét clia ham sé la 1, dat dugc khi sinx = 0 hay x = kn (k € Z).

C)TaC(Jy=3COSQX+4cos2X:3_1+COS2X 3 11

Vi -1=cos2x <1 nén —ﬂ < ﬂcos2x < ﬂ
2 2 2

ﬂg§+ﬂcos2xg§+ﬂ=?vé’imoiXeR.
2 22 2 42

Vay gié tri 1én nhat clia ham sé 1a 7, dat dwoc khi
COS2X =10 2X=K2n & X =Kn(K € Z)

va gid tri nhd nhat cla ham sé la -4, dat duoc khi

cos2x:—1<:>2x:n+k2n<:>x:%Jrkn(keZ).
d) Tacd y = sinx + cosx :Jﬁsin[)u%].
Vi —1gsin[x+%] <1nén —2 g«/ﬁsin[x+%]g«l§,vdi moi x € R.
Vay gia tri 16n nhat clia ham sé 1a /2, dat dugc khi sin[x + gj =1
o x+==Z1 Kk2n hay x =2+ k2n (k € Z).
4 2 4
Gia tri nhd nhét clia ham sb 1a -2, dat dugc khi sin[x e %} =1

o x+Eo Ty konhay X = -5 4 k2 (k € 7).
4 2 4

COS2X
X3
moi x e D, tacd
_XeDvaf(x)=28200) 082X _ gy,
(=X) X

+ 4C082X = —+ —COS2X.
2 2

thi voi



Vay ham sé da cho la ham sé 1é.
b) Tap xac dinh clia ham sb 1a D = R . Néu Ki hiéu f(x) = x —sin3x thi v&i moi
xeD,taco
—xeDvaf(—x)=(-x)-sin3(—x) = -x +siN3x = —{x —sin3x) = —f(x).
Vay ham sé da cho la ham sé 1é.
¢) Tap xac dinh cla ham sé 1a R. Néu ki hiéu f(x) =1+ cosx thi véi moi
xeD,taco

—X € D va f(—x) = {1+ cos(—x) = 1+ cosx = f(x).

Vay ham sé da cho la ham sé chén.
d) Tap xéac dinh claham sé la R.

Néu ki hiéu f(x) =1+ cosxsin[s?n— 2xj =1-cosxcos2x thiveimoi x € D

tacé —x € D va f(-x) = 1- cos(—x)cos2(—x) = 1- cosx cos2x = f(x).
Vay ham sé da cho 1a ham sb chan.

1.19. a) Tép xac dinh cla ham sé 1a D = R. Néu ki hiéu f(x) = Asin(ex + ¢) thi
voimoi x € D, taco
21

21
X+—eD, x-—eDva
€3] (€3]

(0 22) = msinfofx+ ) 9

= Asin(oX + 2n + @) = Asin(ox + ¢) = f(X).
Vay ham sé da cho la ham sé tuan hoan. Chu ¥ rang, chu ki cia ham sé nay la
2n
—.
Twong tw, ham s y = Acos(x + ¢) cling tuan hoan chu ki i
6]

b) Néu ki hiéu D la tap xac dinh clia ham sé f(x) = Atan(wx + ¢) thi v6i moi
x e D, tacé:

T TE g
X+—eD X—-—eDva
w w

f[x ¥ —] Atan[m[x + —] + (p] Atan(ox + n+ @) = Atan(ox + ¢) = f(x).
®

®
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Vay ham sé da cho la ham sé tuan hoan. Chu y rang, chu ki clia ham sé nay la

T
62}

Chay. Tuong tu, ham sé y = Acot(mx + ¢) cling tuan hoan chu ki £
(6]

c) Tacd 3sin2x + 3cos2x = 3J§sin[2x + %} ;

Theo cau a, ham s y = 3sin2x + 3cos2x tuan hoan chu ki 7.
d) Taco

3sin| 2x + = | + 3sin| 2x - Z
6 3

[2x+%]+[2x-§] [2x+%]—[2x-§]
—3.2sin cos = 3/2sin [ZX = %}

2 2

Vay theo cau a, ham sé y = 3sin[2x + %] + 3sin[2x < g] la ham sé tuan hoan

chuki «.

1.20. a) Pang thirc tan xcot x = 1 dung véi moi x khi tan x va cot x ¢6 nghta, ttrc |a

- & 28iNXCOSX 20 < siN2X 2 0 & 2X = kn & X = k= (k € Z).

cosx =0 2

b) Péng thirc 1+ tan’ x = 5 dung vo&i moi x khi cosx =0, ttc la
COS” X

T

X¢E+kn (keZ).

c) Péng thic 1+ cot? x = — dung v&i moi x khi sinx =0, tdc la
sin“ x

X = Kkn (keZ).

d) Béng thirc tanx + cotx =

2 ” dung v&i moi x khi

<:>2sinxcosx¢0<:>sin2x;t0<:>2x;¢k:rt<:>x;¢kg (k € Z).

sinx =0
cosx =0

1.21. a) Lay déi xtirng @6 thi ham sb y = cosx qua truc hoanh ta dwoc dd thi ham sé
Y = —COSX.
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Trong hinh trén, @6 thi ham sé y = cosx la duéng nét dirt con dé thi ham sb
y = —cosx la dudng nét lién.
b) Ta co

cosx khi cosx =0

y = |cosx| = )

—cosx khi cosx < 0.
Th @6, 3é vé do thi ham sé y = |cos x| dau tién ta vé d thi ham sé y = cosx,
sau d6 gitr nguyén phan d6 thi ham s6 y = cosx & phia trén truc Ox va lay déi
Xtrng qua truc Ox phan d6 thi ham s6 y = cosx ¢ phia dwéi truc Ox. Trong hinh
du6i day, d6 thi ham s6 y = |cos x| la duong nét lien.

c) Dé vé d6 thi ham sb y = cosx + 1 dau tién ta v& dd thi ham sé y = cosx, sau
d6 dich chuyén d6 thi nay doc theo truc Oy 1én phia trén 1 don vi, ta duoc d6 thi
ham s6 y = cosx +1. Trong hinh dudi day, do thi ham s6 y =cosx+1 la
dudng nét lién.

y =cosx +1

¥ = COsX

d) Dé vé @b thi ham sé y = cos[x % %j dau tién ta vé& dé thi ham sé y = cosx,

sau d6 dich chuyén @6 thi nay doc theo truc Ox sang bén trai % don vi ta sé
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dugc d6 thi ham sbé y = cos[x + %] Trong hinh vé& dudi day dé thi ham sé

y = cos[x + %j la quong nét lién.

Jky
1 ¥ = cosX

gy PR R TS
/?\ R g %52 /57\ N x
5m —215\‘\/\/—11: Ar 0 N ST /3w 2R\ SmN
N wwer” 2 gl g 2

-

Chu ¥ rdng cos[x + gj = —sinx nén dé thi ham sb y = cos[x i g] cling ¢

thé c6 dugc bang cach lay ddi xirng dé thi ham sé y = sinx qua truc Ox.
1.22.

Ay
1
AT T T T T T T I ZdE 1S
& | ! LN x
Am_3m - _%: o % M\ E! x ST o
- 2 AT RS e 2 ~
=] y = sinx

a) Trén doan {—%%ﬂ @6 thi ham sb y = sinx cét truc Ox tai bén diém
X=-mXx=0x=nva x=2n. Suy ra phuong trinh sinx =0 ¢6 bén nghiém
trén doan {—S—J%J A X=—m X=0 X =1 Vva X= 2%.

b) Giéi’bét phuong trinh sinx > 0 la tim nhiing khoang gia tri clia x ma dé thi
ham s6 y = sinx nam phia trén truc Ox. T d6, ta dugc tap nghiém cua bat

phuong trinh sin x > 0 trén doan {—%; %ﬂ la
S = —3—TE;—TE u(Om)u 21'c;E .
2 2
1.23. a) Ham sé y = 25sin4nt tudn hoan véi chu ki 7 = i—n = % Suy ra chu Ki
T

dao déng clia con I&c 16 xo (tirc 1a khoang thdi gian dé con I8¢ thuc hién duoc

mot dao déng toan phan)la 7 = % giay.
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b) Vi chu ki dao ddng clia con lac la T :% gidy nén trong 1 giay con I&c thuc

hién dugc 2 dao ddng, tirc la tan sé dao dong clia con lac la f = % =2 Hz.

¢) Vi phuong trinh dao déng clia con lac la y = 25sin4nt, nén bién dé dao
dong ctiané la A =25 cm. T d6, khoang cach gitra diém cao nhat va diém
thép nhét clia con ldc 1a 24 = 50 cm.

1.24. a) - Tai thoi diém 8 gid sang ta co t = 8 — 6 = 2. Vay d6 dai bong clia toa nha
tai thoi diem 8 gid sang la

5(2) = 40

T
cot [E' 2]| = 4043 (m).

— Tai thoi diém 12 gid truata cd t= 12 — 6 = 6. Vay d6 dai béng cla toa nha tai
thoi diém 12 gio trua la
cot| —-6
12

Tai thoi diém 12 gio trua, Mat Troi chiéu thdng dung tir trén dau xudng nén
toan bé toa nha dugc chiéu xuéng méng clia toa nha.
— Tai thoi diém 2 gid chiéu ta ¢ t= 14 — 6 = 8. Vay d6 dai béng cla toa nha tai

thoi diém 2 gid chiéu la
cot| .8 = % (m).
12 3

S(6) = 40

-0 (m).

S(8) = 40

— Tai thoi diém 5 gior 45 chiéu téi, ta ¢ ¢ = [17 + %] -6= 3—f Vay do dai bong

clia toa nha tai thoi diém 5 gid 45 chiéu téi 1a

s(22) - ao0|cot( = 22
4 12 4

b) D6 dai bong clia toa nha bang chiéu cao tda nha khi

~ 59,86 (m).

S(t) = 40 & 40

cotit
2

= 40 & cot—=t = +1
12

O t=tl4knot=13+12k (ke Z).
12 4

ViO<t<12 nént=3hodc t=9, thc |a tai thoi diém 9 gid sang hodc 3 gid
chiéu thi bong clia toa nha dai bang chiéu cao clia toa nha.

¢) Khi thoi gian tién dan dén 6 gid tdi thi  — 12, vi vay %t — 7, do d6

cot%t — —eo . Nhu vay, béng clia toa nha sé tién ra vé cling.
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b PHUONG TRINH LUQNG GIAC CO BAN

1.25. a) Tacod
X
X 1 15° — _45° 4+ Kk360°
2sin[%+ 15°]+ J2-=0 sin[§+ 15°j = —% o3
X 1 15° = 225° 4 k360°

) ) (ke Z).
630" + k1080

{x — —180° + k1080°
S

X

b) Ta c6 cos[2x+gj=—1<:>2x+%=n+k2n<:>x=%+kn(kez).

c) Tacod 3tan2x + J3 =00 tan2x = —g o fan2x = tan[—%}

<:>2X:—E+kn<:>X:—i+kE(keZ).
6 12 2

d) Ta cé cot(2x — 3) = cot15°

c>cot(2x-3)=coti<:>2)<—3:i+kn<:>x=§+l+k3(kez).
12 12 2 24 2

1.26. a) Ta cod
sin(2x + 15°)+ cos(2x - 150) -0 sin(2x L 150) - —cos(2x - 150)

& sin(2x + 15| = sin| -90° + (2x - 16°) |
Vay phuong trinh da cho twong duwong voi sin(2x + 150) = sin(2x — 1050)

2X + 15° = 2x — 105° + k360° o _ 0
[ {120 k360 (kez)

= =
2x + 15° :'1800—(2X—'IO5O)+1’~:360O X = 67,5° + k90°

Khéng xay ra trwdng hop 120° = £k360°.
Vay phuong trinh 3@ cho cé nghiém x = 67,5° + k90° (k € Z).

b) Ta cocos 2x+ = |+cos{3x-Z|=0cos| 2x + Z | =cos| n—[3x - Z||.
3 6 5 6
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Vay phuong trinh da cho twong duong voi

cos 2x+E = COS 7—ﬂ—3x
5 6

2x+%=7—;—3x+k2n xo2om 2n
& . & 21?0 2 (keZ).
2x+£=—[—n—3xj+k2n oo D
5 30

c)Tacod tanx + cotx =0 & tanx = tan[x —g]

QX:X—%+kn<:>—%+kn:0(keZ). Vol

Vay phuong trinh da cho vé nghiém.

d) Diéu kién cosx = 0. Tacé sinx + tanx =0 < sinx[1+ co1sx] =0

sinx =0
c{ O sinx =0 x=kn(keZ).
cosx = —1

Vi x = kn thoa mén diéu kién cosx = 0 nén nghiém clia phuong trinh da cho
la x =kn (k € Z).

2+cosx =0

1.27.a) Tacd (2+ cosx)(3cos2x - 1) =0 <
& 3cos2x —1=0.

— Phuong trinh 2+ cosx = 0 v6 nghiém.

— Goi o la goc thoa mén cosao. = % . Vay

3c0s2X —1=0 < COS2X = COStoL © 2X = +o+ K21 © X = i%+ kn(k e Z).
b) Tacd 2sin2x — sindx = 0 & 2sin2x — 2sin2xcos2x =0
sin2x =0
© 2sin2x(1-cos2x)=0 o
cos2x = 1.

Vi cos2x =1 kéo theo sin2x = 0, nén phuong trinh twong duong vaoi
sin2x=0<:>2x=kn<:>x=kg(kez).

& HAgh 6 5 43 cof A 2 )
c) Tacd cos” x — sin x=0<:>(cos x) :(sm x) & €0s” X = sin® X

& cos? x —sin‘x =0 cos2x = 0.
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Tir @6 ta duoc 2x=%+kn hay x:%+k%(keZ).

d) Biéu kién sinx = 0 va cos2x = 0.
Tacd tan2xcotx =1 tan2x =tanx © 2Xx = X+ kn < X = K.

Ta thay x = kn khéng thoa mén diéu kién sinx = 0. Vay phuong trinh d& cho
v hghiém.

1.28. a) Gia tri twong tng cla hai ham sé y = cos[2x —%} va y = cos[x —%}

bang nhau néu

2X_%:x—%+k2n X = — 4+ k2

o = 1?2 2 (kEZ).
2X_E:_[X—E]+k2n X
3 4 36 3

b) Gia tri twong (ng cla hai ham sé y = sin[3x - %] va y = sin[x —%] bang

nhau néu
FIY : I
sin|3x —— | =sin| X ——=
(o 5)=sn(x-3)
3x-%=x-—+k2n Pl 0 e
o o 12;} (keZ)
3X—E:n—[x—3]+k2n x:—jT kE
6 48 2

1.29.a)Vi -1< sin2n[x —%} <1nén -25< 2,5sin2n[x —%j <25 vadodotacod

05=2-25<2+ 2,5sin2n[x —%j <2+25=45vx e R.

Suy ra, gau & vi tri cao nhat khi

sin2n[x —1] =1 27{)(_1} =
4 4

Vay gau & vi tri cao nhéat tai cac thoi diém

+k2n<:>X:%+k(keZ).

... phut.

N | o

s
2

Tuong tu, gau & vi tri thap nhét khi
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sin2n[x-%j:—1<:>2n[x-%j:—%+k2n<:>x:k(keZ).

Vay gau & vi tri thap nhat tai cac thoi diém 0, 1 2, 3, ... phut.
b) Gau cach mat nuéc 2m khi 2+ 2,5sin2n[x - %} =
. 1 1 1 Kk
OS2 X—— =00 20| X—— |=kno xX=—+—= (ke Z).
4 4 4" 2

pht.

N

Vay chiéc gau cach mat nudc 2 m lan dau tién tai thoi diém x =

1.30. Vi -1 < sin en ——(t-80)|<1nén 283 <283sin 2n ——(t-80)| <283,
365 365

do d6
917=12-283 <12+ 2,83Sin[326n5(t - 80)] <12+ 283=14,83 vVie R

a) Ngay thanh phd A c6 it gid &nh sang mét trdi nhat tng voi

sin{ - (t—SO)} o2t g0)=-Z i konet=-2 365k (ke Z).
365 365 2 4

ViO<t<365 nén k=1 suyra t = —%Jr 365 = 353,75. Nhu vay, vao ngay

thir 353 clia nam, tirc 1a khoang ngay 20 thang 12 thi thanh phd A sé c¢6 it gio

anh sang mat troi nhat.

b) Ngay thanh phd A c6 nhiéu gid anh sang mat trdi nhat ing véi

sin| 2% (- 80) | =1 2 (1 ~80) = L4 k2n & t = 174,25 + 365K (K € Z).
365 365 2

ViO<t<365 nén k=0, suyra t=17125. Nhu vay, vao ngay thir 171 cla

nam, trc la khoang ngay 20 thang 6 thi thanh phd A s& cé nhiéu gi® anh sang

mat trdi nhat.

¢) Thanh phd A cé khoang 10 gid anh sang mét trdi trong ngay néu

12 + 2,83sin L ——(t-80)|=10 < sin an —(t-80)|= A0

365 365 283

27

365
27

365

=T (t-80)~-078+ k2n

=~ (t-80)~ 3,93+ k2n.

105



t ~ 34,69 + 365k

t ~ 308,30 + 365k (
t ~ 34,69 hodc t ~ 308,30. Nhu vay, vao khoang ngay thir 34 clia ndm, tic la
ngay 3 thang 2 va ngay th&r 308 cla nam, tirc |a ngay 4 thang 11 thanh phd A
sé ¢d 10 gid anh sang mat troi.

Ttrdétaduqc{ keZ). Vi 0<t<365 nén k=0 suyra

BAI TAP CUOI CHUONG I

A. TRAC NGHIEM
131.C  1.32A 1.33.C 134D 135D 136.C 1.37.D
138.C 1.39.B 140.D 141.D 142D 143.C 1.44.A
145.C 1.46.C 147.A 148.C 149.B 150.A

B. TULUAN
1.51. a) Ta ¢cb 20 =bn——. Goc 22T dugc biéu dién boi diém M £ —£
4 4 4 2
trén dudng tron lvong giac (hinh dudi).
yn
2
Vay sm& = —Q; cos@ = ﬁ tan@ = t@ =-1.
4 2 4 2 4 4

b) Tacd % = % 4m. GoC % duoc biéu dién bdi diém M[—%'—%} trén

dudng tron lwong giac (hinh trang bén).
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| (0] X
| :
M\ 2
-1
Vay sinﬁ = —1; cosﬁ = —ﬁ; tanﬁ = L va co’[ﬁ =f3,
6 2 6 2 6 3 6

c) Ta c6 —1380° = —-4-360° + 60°. Goc —1380° duoc biéu dién bdi diém

M{%%J trén duwdng tron lwong giac (hinh dudi).

yl
V3
2
8

NI e
><\

5. 1
2

Vay sin(-1 380°) = = cos(—1380°)=5;

tan(~1380° ) = /3 va cot(~1380° ) - 1

=

1.52. a) Trong 15 phut thi mai kim phut vach nén mét cung tron cé dé dai bang %

d6 dai dwong tron, do d6 @ dai clia cung nay bang
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A iR LT o o5 75 Tind
4 4 8
b) Trong 15 phut thi mdi kim gi® vach nén mét cung tron cd @6 dai bang %%
dudng tron, do d6 d6 dai clia cung nay bang
Lo et et e 2 95 i)
4 12 4 12 400
1.53. Gbc & tam chan cung kinh tuyén ndi huyén Quan Ba tinh Ha Giang va huyén
Céi Nudc tinh Ca Mau c6 sb do bang 23° — 8° = 14°. Vay d6 dai cung kinh
6378-14 -1

tuyén dé bang ——— "~ ~ 1558 (km).
Y g = (km)
; 5 9 1
1.54. Tacd cos2a =2¢cos° o —1=2- ——1=—.
16 8
2
Ta b sin®e =4 —co il |2 =2 Lai do sino >0 nén sina:ﬂ.
4 16 4
Suy ra
sin2a=2sinoacos:x:2-£-§:£.
4 4 8
Taco coszﬁz1—2sin2[3:1—2-i:i.
25 25
2
Tacd cos’p=1-sin’p=1- e
5 25

Laido B e [%T;Snj nén cosp < 0, do dd cosp = —%. Suy ra

sSin2p = 2sinpcosp = 2-%- [—ij — —E.

S 25
Taco
cos(a+[3)=005acos[3—sino¢sin[3:§- o _ﬂ.gzﬂ_
4\ 5) 4 5 20
Sin(oc—B)zsinoacosﬁ—comsinﬁzﬁ. 4) 33 -9-447
4 \5) 45 20

1.55. a) Tacod
sin(45O + oz) - 005(450 + oz)
Sin(45O -1 D‘L) ¥ COS(45O -1 D‘L)
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(sin 45° coso + cos45° sin a) = (cos 45° coso. — sin 45° sin a)

sm 45° cos o, + cos45° sin oz) + (cos 45° cos o, — sin 45° sin a)

QCOSOL+—SIH0L ECOSC&—QSH’]&
2 % 2 J2sina
JE \/5 7 =ﬁcosa=tana
—COSo + —sma —COS0. — —Sin o
b) Taco
sin2c + sino. 2sinocosa + sina.  Sina(2cosa + 1)
= = =tano.

1+ C0S200+ COSO.  2c0s° o+ COSo  COSar(2¢0sa + 1)

c) Taco
1+ cosa — sino
1-coso — sina

20052 % _ 2¢in%cos ™ 2cos2| cos — sin®
= L 2 2 _ 2 2 25 _ —cot=
2sin2 L _ 26inLcosE i Xl O 4 e O 2
> 5 5 2S|n2 sin > 0032
d) Tacod
sina. + sin 3o + SinHo
COSo + COS 30t + COSHot
2sin30.cos 2o + sin3o i 3o.(2¢0820 + 1)
= = tan 3c.

~ 2c0530.C08 20 + COS 30 cos3o.(2c0s20. + 1)

1.56. a) Cach 1. Tacd

pen(yer) s

[sm 4COSX + COS smx [COS COSX + sin— 4 SII’]X]

= [gcosx + —smx} {% 0S X + —25|n XJ =0 Vx.

Céach 2. Taco

-l ol )
SO R BRCR B IR
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b) Ta co

B = cos E—x —sin E+x
6 3
PN oI I T ¥
=CO0S|——X|—-COS|=——| =+ X||=cos| =—X|—cCOS|=—X |=0V¥X.
(F-)-oe(3-(3+ )] -eoe(-#)- =3~

c)Tacd C=sin’ x + cos[g = xjcos[g * xj =sin’ x + %[cos% + cos(—2x)j

=sin? x + 1[—1+ cost] =sin?x + 1(—1+ (1 — 2sin? x)] .

2% 2 28 2 4

1-cos2x + sin2x BT 2sin® x + 2sin xcos x _
1+ COS2X + sin2x 2c0s’ X + 2sin Xcos X
2sinx(sinx + cos x)

B 2cos X(sinX + Cos X )

d)Tacé D= cot x

-cotx =tanx -cotx =1V x.

1.57. a) Ta ¢ f(t) = f,(t) + f,(f)
= Csinot + Csin(of + o) = Csinwt + C(sinwtcosa + coswtsina).
Vay f(t) = C(1+ cosa)sinwt + Csinccoset = Asinmt + B cos wf

véi A=C(1+ cosa), B =Csina.

b) Khi C = 10 va a:%,taco

f(t) = 10sin et + 103in[mt + g] =1l 2sin[mt 4 %]cosg = 10J§sin[o:-t 4 gj

Vay bién d6 va pha ban dau clia séng am két hop 1an Iluot 1a &k = 1043 va
=
6

(I) —
1.58. a) Biéu thirc cos% c6 nghia khi x = 1. Vay tap xac dinh cla ham sé |a
D=R\{1.
b) Biéu thirc — ¢6 nghia khi
COS X — COS3X

COSX # COS3X & 33X = +X + K2n & X = kg, (keZ).

Vay tap xac dinh claham séla D =R\ {’%V‘ e Z}
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¢) Bidu thirc ——— ¢6 nghta khi
COSX + sin 2x

. T
COSX + 8in2X = 0 © CcosX = cos[2x + Ej

2X+%;¢X+k2n X¢—E+k2n

& Rt 5 (keZ).
2X+%;¢—X+k2n X;t—£+1k—TE

3
Vay tap xac dinh clia ham sé 1a
D=R\|-Zikon-Z4 kL ezl
2 6 3

d) Biéu thirc tanx + cotx ¢6 nghfa khi

{sinx =0

& 2sinxcosx = 0 sin2x = 0. 2X = kn & X = k= (ke Z).
cosx =0 2

Vay tap xac dinh clia ham sé 1a

D:R\{kﬁkez}
2
1.59.a)Tacd y =sinx —cosx = \Esin[x —%]
Vi-1< sin[x-%] <1nén —2 g\/fsin[x —%] <2, v6imoi x e R

Vay gia tri I6n nhat clia ham sé 1a V2, dat duoc khi sin[x = %] =1

o x-Z_ X, kon hay x = SF 4 k2 (k € T).
4 2 4

Gia tri nhd nhat clia ham sé 1a —2 , dat dwoc khi sin[x = %} e
ox-Z-o_ X konhay x=-Z+ k2n (ke 7).
4 2 4

b) Ta cé y =sinx + sin I _x|=2sinfcos|x-Z|=cos|x-Z . Vay gia tn
3 6 6 6

I6n nhat clia ham sé 1a 1, dat dwoc khi cos[x —%j — 1o X —g — k21 hay
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X =21 k2m (ke Z) va gia tri nhd nhat clia ham sé la —1, dat duoc khi
cos[x-%j:—ﬂ: X—g:n+k2n hay x =%+ K2 (k € Z).

c)Tacod y = sin* x + cos* x

2
- (sin2 X +cos’ x| —2sin?xcos?x =1- %sin2 2X = %Jr %cos4x.

S

lcos4x g§+l= 1, véimoi x e R.
4 4 4
at dwoc khi cosdx =1

=

BlwW

Vi —1gcos4xg1nén%= +

1
4

0w Blw

Oy

Vay gia tri 1én nhét clia ham 1,
S AX=K2n o X = g (k € Z).

Gia tri nhd nhéat clia ham sé la % dat duoc khi cos4x = —1

<:>4x:n+k2n<:>x:%+k% (k € Z).

d) Ta ¢ y=cos2x+2¢cosx —1=2cos’x +2cosx —2=2t>+2t-2 Vvéi
t = cosx e [-11].
Xétham s6 y = 2t° + 2t — 2 trén doan [-1,1]. Ham sé nay c6 dé thi nhu trong

hinh vé dudi day.
\ yll 1
)

7

2

Tl d6 thi ta d& dang suy ra gia tri I6n nhat clia ham sé la 2, dat duoc khi

cosX =1 X = k21 (k € Z) va gia tri nhod nhét cla ham sé 1a —%, dat dwoc khi

cosx:—%@x:¢%+k2m(keZ).
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1.60. a) Tap xac dinh cllaham s61a D = R\ {kn|k € Z}.
Néu ki hiéu f(x) = sin® x — cotx thi véimoi x € D tacé: —x € D va
f(—x) = sin’® (—x) — cot(—x) = —sin® x + cotx = —(sin3 - cotx) =—f(x).
Vay ham s6 dé cho la ham so €.
b) Tap xac dinh claham séla D =R\ {%Jr kn|k € Z}.

_ cosX + tan® x
COS X

Néu ki hiéu f(x) thivéimoi x e Dtacd: —x € D va

Hx) = cos(—x) + tan’(—x) _ cosx +tan’ x _
COS(—X) COS X

Vay ham sé da cho la ham sé chén.

¢) Néu ki hiéu f(x) = sin2x + cos x thi ta c6

f(—1) = sin2(—1) + cos(—1) = —sin2 + cos1 = + f(1).

Vay ham sé da cho 1a ham sé khéng chan cling khéng |&.

d) Taco

sl ol
ol ()l )

= sinm— sin[gJr 2xj = —C0S2X

f(x).

la ham sé chén.
1.61. a) Ham sb y = sin% tuan hoan voi chu ki 7; = 4n, ham sé y = cos3x tuan
hoan v6i chu ki T, = 2% Ta c6 4n= 6x2—;. Ta chi ra réng ham sé

fix)= sin%+ cos3x tuan hoan nhu sau:

f(X + 4x) = sin acki cos3(x + 4m)

= sin[gJr 2nj + €oS(3X + 127) = sin%+ cos3x =f(x) Vxe R

Chu y rang, chu ki claham sénayla T = 4x.
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b) Ham sb y = cos5x tuan hoan v6i chu ki T, = % ham sé y = tan% tuan
hoan voichu ki 7, = 3.
Ta c6 6n=2x3n= 15><2?n. Ta c6 thé chi ra ham s f(x) = cos5x +tanX

tuan hoan nhu sau
X + 67

f(x + 6m)=cos5(x + 6m) + tan

= cos(5x + 30m) + tan[gJr 211] = cOS5X + tan% =f(x)VxeR

Chu y rang, chu ki ciaham sénayla T = 6x.

J3 7

1.62. a) Ta cd sin3x = — < sin3dx = sin[—g]

3X=—g+k2n x:—gm%
&> & i g (keZ).
3X=‘J‘E+E+k2‘n X:—TE+IK—TE
9 3
b) Ta co
] 24100 | = — e tain] Lo 100 - tan(-30°)
3 B 3
<:>%+ 10° = —30° + K180° & x = —120° + k540° (k € Z.).
c) Tacd

sin3x —cosbx =0 o sin3x = sin[g— 5xj

3x=g—5x+k2n x= T 4T
o o
3X:n—[£—5xj+k2n X:—E—kn

2 4

d) Biéu kién cos3x = 0 & cosx = 0 < cos3x = 0 . Tacd

tan3xtanx = 1< tan3x = cotx © tan3x = tan[g—xj
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<:>3x=£—x+knc>x=£+k£(kez).
2 8 4
Ta thdy x :%+ k% thoa man didu kién.

Vay nghiém clia phuong trinh la x = %’L k% (k € Z).

1.63. a) Ta cd sinbx + cosbx = -1 ﬁsin[5x + %] = -1

S5x+ L= _Z, kon
: T 1 4
<:>S|n[5x+zj=—Tc>
2 5X+==7m+—+ K21
:—%+k%
TU d6 ta duwoc (keZ).
T 21
X==+K—
3 5
b) Ta c6 cos3x — cosbx = sinx < —2sin SX;5X sin 2k ;5)( =sinx
sinx =0
< 2sindxsinx =sinx © | 1
sindx = —.
2
—V06i sinx =0 taduoc x = kn(k € Z).
; 4x = Z 4 k2n Wi R
—V6i sindx = — & g = 24 2 (ke
4x = k2n | x =Lt k=
6 24 2

c) Taco

20082 X + COS2X = 2 & (20052 Koo 1) +COS2X = 1

& 2C082X =1 CO82X = cos% O 2x = ig+ K2,

T dota duoc X =+—=+ Kkt (K € Z).

m|a
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d) Taco
2
sin® x + cos* x = %sin2 2% & (sin2 X + COs? x) —2sin? xcos? x = %sin2 2X
1 5 2 1 2
< 1-—(2sinxcosx)” = —sin” 2x.
2 2
TUr d6, ta duwoc 1— %sin2 75 %sin2 2X & sin?2x =1 cos2x =0
<:>2X:£+k7t<:>X:£+ ki(keZ).
2 4 2

1.64. a) Mat cét clia thanh xa gd (hinh dwéi) Ia hinh chir nhat cé hai kich thudc la
AB = 30cos6 va BC = 30sin®.

D C

30 cm

A 9 B
Vay dién tich mat catla S = AB-BC = 30-30sin8cos = 450sin 26 .
b) Ta cd S = 450sin26 < 450 . Vay dién tich mat cat cla thanh xa gé Ion nhét
khi sin20 =1 hay géc 6 = 45°.
1.65. a) Huyét ap 1a 100 mmHg khi

P(t)=100 < 100 + 208ih[%t] =100

7 in 3k
3

@sin[—t =0<:>?t=kn<:>t:7(kez).

Xét0<t<1<:>0<%<1<:>0<k<%<:>ke{1;2} Vi K e Z.

Vay trong khoang tir 0 dén 1 giay, c6 2 lan huyét ap 1a 100 mmHg.
b) Huyét ap la 120 mmHg khi

P(t) =120 < 100 + 2OSin[%tj =120

osnZtl-1olt-Zionot-21 ¥ ke
3 3 2 14 7
Xét0<t<1<:>0<i+%<1<:>—l<k<ﬂ<:>k:0VikeZ.
14 7 4 12

Vay trong khoang tir 0 dén 1 giay, ¢6 1 1an huyét ap 1a 120 mmHg.
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CHUONG II. DAY SO.

CAP SO CONG VA CAP SO NHAN

€A ;56

g, (=), = e = )
2= (Nggq= 7 =0V 35
byu,=1T v, =2-wy=1 43=3-t, =2 4y =4-U3=2, 4 =5-u, =3.

22.a)Tacod u, U, :(n+1)2+n+1+1—(n2+n+1)=2n+3>0,Vn21, nén
(u,) la day sé tang.

b) Ta co
2(n+1+5 2n+5 2n+7 2n+5
Uppr — Uy = - = -
n+3 n+2 n+3 n+2
(2n+7)(n+2)—(2n+5)(n+3) —1 6 s 4
- — < >
(n+2)(n+3) (n+2)(n+3)

nén (u,) la day sé giam.

i 1 _1f?—1 _1y" _1y"
c)Tacoun+1—un:(n£1))2+1_(n2) - () +(2)

n 1 1
=(-1) —+ = .
(n+1)°+1 n°+ 1
RS rang hiéu nay duong hay am phy thuéc vao n, cu thé 1a dwong khi n chén
va amkhi nlé.
Do §6 day s6 (u,,) khong tang cling khong giam.

1 1 1
23.a)Tacd u, = —" i YR N S R
s TT2n+1 2041 2 2n+1 2 22n+1)
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1 1 e
Suyra —<u, <—,v0éimoi n=1.
3 2

Do §6 (u, ) 1a day sé bj chan.
b) Ta c6 day s6 (u,) bi chan duéi bdi 1 véimoi n = 1.
c) Ta c6 déy s6 (u,) bi chén trén boi 1 véi moi n = 1.
24. a)\Voi p=5> 5 ~ 2,23607. Néuta chon tu; = 3 thi ta c6 bang gié tri sau:
=3 U, =2,3333 Uy = 2,2381 u, =2,2361 Us = 2,2361.
Sai sb tuyét déi khoang 0,00003.
b) V6i p = 8 thi +/8 ~ 2,82843.
Néu ta chon u; = 3 thi ta c6 bang gia tri sau
=8 Up=28388i U =2.8084 __uiili= 28084  u, =2:8984.
Sai s6 tuyét déi khoang 0,00003.
2.5. a) Bay sb tam giac dau la
=i t, =3 U, =6 u, =10 s =19 g = 21 u; = 28.
Tanhanthdy v, =1+2u; =1+2+3u, =1+2+3+ 4, ..
(n+1)(n+2)

b) Tacé: u,, =1+2+...+(n+1)=T.
¢) Theo céng thirc & céu b) ta co:
e 5T :(n+1)2(n+2)+n(n2+ 1):(n+1)(n2+2+n):(n+1)2.

Vay téng clia hai s tam giac lién tiép 1a mét sé chinh phuong.
2.6. Gia tri cia may photocopy sau 1 nam st dung la

T, = 50-75% = 37,5 (triéu ddng).
Gia tri cia may photocopy sau 2 nam st dung la

T, =T, 75% = 28,125 (triéu adng).
Gia tri ciia may photocopy sau 3 nam st dung la

T, =T, 75% = 210938 (triéu ddng).
Gia tri cua may photocopy sau 4 nam stt dung la

T, = T, - 75% = 15,8203 (triéu ddng).
Gia tri clia may photocopy sau 5 nam st dung la

Ts =T, - 75% = 118652 (triéu ddng).
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Chi y. Téng quat, gia tri clia may photocopy sau n ndm st dung la
T,=T,-(075)"" (triéu ddng).
2.7. Gia trung binh clia mét can hé chung cu méi sau 5 nam la
As = 2,5-(1,035)5 = 2,9692 (ti ddng).

2.8. a) Ba sb hang dau clia day s6 la A, = 2015, A, = 203,0113; A, = 204,5338.

b) Chu ¥ rdng 2 ndm bang 8 quy, tircla n = 8. Do d6, sau 2 nam s tién bac An
nhan duoc la A, = 2123198 triéu dong.

2.9. Gia sir ban dau ¢6 1 vi khuan E. Coli.
Sau 20 phut lan mot, sé vi khuanla 1-2 = 2.

Sau 20 phut1an hai, sé vikhuanla 2.2 = 22,
Sau 20 phut1an ba, sé vikhuanla 2% -2 = 2°
Sau 20 phat lan bén, sé vi khuanla 2° - 2 = 2%,

Tuong tu nhu vay sau 12 gié (bang 3 - 12 1an 20 phut) thi s vi khuén la
2212 = 2% + 6,87-10" (con).
Sau 48 gi¢ (bang 3-48 = 144 |lan 20 phut) thi s6 vi khuan |a
214 ~ 223-10* (con).
2.10. a) Goi 4, = 1,0-10° la sb vi khuén tai thoi diém ban dau va u, la s6 vi khuan
trwde lan dung thudc thir .

Do méi liéu thubc duoc st dung sau bdn gi cé thé tiéu diét 4,0- 10° vi khuan
va gilra cac liéu thude, sb luong vi khuén ting 1én 25% nén ta co

U, :(un ~4,0- 108)+ 25%-u, = 1,25u, — 4,0-10°,
b) Ta tinh u; nhu sau:
u; =10-10%
u, =125u, - 40-10° = 8,5-10%
u; =125u, — 4,0-10° = 6,625 - 10%;
U, =125u; — 4,0-10° = 4,28125- 10°;
us =125u, — 4,0-10% = 13515625 10°.

Vay s6 vi khuén con séng truéce lan str dung thude thir nam 1a 135 156 250 con.
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b CAP SO CONG

2M.a)Th u, =4-3nsuyra u,,,=4-3(n+1)=1-3n

Nhw vay ., — u, = (1-3n)—(4-3n) =-3vn. Vay day sé la cap s6 cong.

b)TW u, =n’ +1suyra tu,, = (n+1’ +1=n"+2n+2,

Nhu vay u,., —t, =21+ 1, phu thudc vao n . Vay day sé khong la cép sbé cong.
C)Th v, =2n+5suyra v, =2(n+1)+5=2n+7.

Nhu vay u, .,  — u, = 2 ¥n.Vay day sb la cap sb cong.

d) TU hé thire truy héi ta c6 U, —t, =n, phuthudcvao n. Vay day s6 khong
la cap sb cédng.

2.12. a) Do sb hang thir tdm clia mét cap s cong la 75 va sb hang thir hai muoi
la 39 nén ta co

up =75 (4, +7d =75 _ (u, =96
Qg Lemng
Uy, =39 |u;+19d =39  |d=-3.

T u, =96
b) Hé thire truy hoi cua cap s6 cdng nay la { t
W= Uy —3;
¢) Cong thirc tdng quat clia cép sé cong nay la u, = 96— (n —1)3 = 99 - 3n.

2.13. Ap dung céng thirc tinh téng n s6 hang dau cla cap s céng véi n =20 va
d=3tacd

20
650 = S, = 2u 20-1)3 |.
20 > [ 1t ( ) ]
Suyra 4, =4.
2.14. TU 2x,3x + 2,5x + 3 la ba s hang lién tiép cha mét cap sb cong ta suy ra
2x+(5x+3)=2(3x+2) o x=1.
Thtr lai, ta c6 ba sé tim duocla 2,5, 8 thoa man bai toan. Vay x = 1.
2.15. Ap dung cdng thirc tinh téng clia n sé hang dau clia cap sbé cong ta co
n
702=8, =—|2-78+ (n—-1)(-4)|.
-8, ~5[2:78+ (0 (-4]
Suyra n =13, tc la ta can lay 13 s6 hang dau.
2.16. Bdi 2. 4m = 240cm; 1,2 m = 120cm.
S6 vién gach & hang dau tién ((rng v6i day lon) la u, = 240 : 10 = 24,
Sé vién gach & hang trén cling ((rng v6i day nho) la
&, =120 #10= 12.
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Vi mdi hang ¢ phia trén chira it hon mét vién so véi hang ¢ ngay phia duéi né
nén ta thu dwoc cap s6 cdng cd cdng sai d = —1.

Nhuvay v, =12 =u, + (n-1)(-1) = n =13.
Vay s vién gach hinh vudng can thiét dé ép hét birc twdng d6 |a

(tg + 3 )13
2

Si3 = = 234 (vién gach).

2.17. Céng thirc cha cép sb cdng biéu thi s6 vién gach cho méi béac cau thang nhu sau:
t; =100, U, =u, +(-2) véi n = 2.

a) Tatinh vy = u; + (30 - 1)(-2) = 42.
b) Tatinh Syq = Uy + Uy +.uu+ Usg :—[2 100+ (30 - 1)(-2)] = 2 130.

Nhu vay, ta can 2 130 vién gach dé xay cau thang.

2.18. Ap dung cong thirc tinh tdng n sé hang dau cuia cap sb cong voi S, = 2 040,
v, =10,d = 4 §é tim n, ta duoc

n
2040 =8, =[2-10+ (n-1)4 ],
Suy ra n =30, ttrc la gbc khan dai d6 cé 30 hang ghé.

2.19. Ap dung céng thire tinh téng n sé hang dau clia cap sé cong véi
S, =319 200, ¢, = 35000, d =1 400, ta co

319200=§, = 5[2-35 000+ (n—1)-1400].

Suyra n=_8.
Vay sau 8 ndm lam viéc thi tdng lvong ma anh Nam nhan dugc la 319 200 d6 la.

2.20. a) Theo dinh nghia, chén ba trung binh céng vao glua 4 va 12 ta duoc cap
sb cong c6 u, =4 va u,,, = u: =12. Do tinh chat clia cdp sb cong nén

Us =y +4d > d =2.

Vay chén ba trung binh céng vao gilta 4 va 12 ta duoc cap sb cong la:
4,6, 8 10,12

b) Theo dinh nghia, chén bén trung binh céng vao gitra 16 va 91 ta duoc cap
s6 cong c6 u, =6 va u,,, = s =91. Do tinh chét clia cap sb cdng nén

s =t +5d > d =15.

Vay chén bdn trung binh céng vao gitra 16 va 91 ta dugc cap sb cdng la:
16, 31 46, 61, 76, 91.
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CAP SO NHAN

1 g 1 11+1
221.a) Tk u, = —3-[5] suyra ¢, , = —3-[-} :

2
[1]ﬁ+1
Nhu vay it 2 S
")
.
2
Vay day sb la cap sé nhan c6 u, = —% va cong béi g = %
2n+1
. 2n n+1 ol T 2
b) T u, :Fsuyra sy = 3 Nhuvay;—:zg—nzgw}.
3ﬁ—1

Vay déy sé la cap s nhan c6 u, = 2 vacong bdi g = %

2.22. Do cAp s6 nhan c6 u; — 64 va cong boi g = % _ _%
nén s6 hang thtr 10 clia cap s6 nhan la v, = u,g° = —%.

2.23. Gia st rdng cac s hang clia cap s nhan déu la sbé duong.

’ =125 wg® =125
Theo gia thiét ta c6 125 © g 125

Yo" Y9 Te

Chia vé theo vé clia hai phuong trinh ta ¢6 g° = é &= i%.
iy 1 13 125
Voig==—>2t;=1000 2> 4y, = U =—.
q 5 1 14 = Wgq 1024

VoI g = —% = t; =-1000 (loai).

R 125
vay i = 1o
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2.24. TU x,x + 2va x + 3la ba s hang lién tiép clia mét cap sé nhan ta suy ra
x(x+3)=(x+2) © x=-4.
Thtr lai, ta c6 ba sb 1a —4,— 2,— 1 thoa méan bai toan. Vay x = —4.
2.25. a) Ta nhan thay cac sé hang cla tong 1a cap sb nhan c6 u;, =1, ¢ong béi

D

g=4vaco 10 sbhang. Vay 1+ 4+ 16 +...+ 4° = 1. 2 = 349 525.

b) Ta nhan thay cac sb hang cua tdng la cép sb nhan cé u, = % cong boi
g =2 vacéd 13 sb hang.

.8 PR 2% 5 498 gH9q
V&Y —+ =+ —+ ..+ — = —- = )
3 3 3 3 5 3-2 3

2.26. Goi v, la s6 ngudi bj bénh & cudi tuan thr n. Vi c6 ndm ngudi bi bénh trong
tuan dau tién cla mét dot dich, va méi ngudi bi bénh sé lay bénh cho bén
ngudi vao cudi tuén tiép theo nén day sé (u,,) la mét cép sénhan c6 v, =5 va
céng bdi g = 4. Suy ra sb ngudi bi anh hudng béi dich bénh & cubi tuan 10 l1a
U =tg° =5-4° = 1310720 (ngudi).

2.27. Goi u,, la sb triéu ddng ma ngudi ki sur 36 nhan dugc & nam thir n. Vi ngudi
kT su dugc cong ty thué véi mirc luvong hdng ndm la 180 triéu déng va nhan
dugc mire tang luong hang nam la 5% nén day sé (u,) 1a mét cap s6 nhan cé
t, =180 va cong bdi q = 1+ 5% = 1,05. Khi bat dau nam thir sau lam viéc cho
céng ty thi mirc lwong ndm clia ngudi ki su d6 la

Uy = u,g° = 229,73 (triéu ddng).
2.28. Goi u, la sb triéu ddng ma c6 Hoa c6 trong chuong trinh tich luy & 1an gue
thir n (vao dau thang thtr n). Ki hiéu a = 0,5 triéu ddng, r = 0,5% .
Sé tién clia ¢6 Hoa trong chuong trinh & dau thang 11a u, = a.
Sé tién clia c6 Hoa trong chwong trinh & dau thang 2 1a v, = u,(1+ 1) + a.
Sé tién clia cd Hoa trong chuong trinh & déau thang 3 la
U =t (1+ r)+a=a(l+ r)2 +a(l+r)+a
Tuong tu cho cac thang tiép theo, suy ra sé tién clia cd Hoa trong chuong trinh
& dau thang n la

n-2

(1+r) =1 (1+1r) -1

uﬁza(1+r)”_1+a(1+r) o) 1_a ,
+ Sl

+..+a(l+r)+a=a
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Vao thoi diém gli khoan tién ther 180, ¢6 &y sé& tich Iuy duoc

180
1+ 1 -1 5 - ;
tigs = a% = 145,41 (triéu dong). Khi do, tudi cua con gai cé Hoa la

3+180:12 =18 tudi.

2.29. Goi u,, la dién tich hai tam giac dugc té mau & lan thuc hién thir n. Goi a la
dd dai canh ctia hinh vuéng ban dau.
% L a 1aa @& ., .. ..
O lan 1 thi d6 dai canh tam giac vudng can la 5 hén ¢ =2.———= 2—2 va dé dai

222
canh hinh vuéng sau do la #.
O'lan 2 thi @6 dai canh tam giac vuéng can la
O'lan 3 thi @6 dai canh tam giac vuédng can la S nén u, = ;—4.
Nhw vay, day s6 (u,) la cap s6 nhan voi u, = aT va cong bdi g = %

5
Vay tbng dién tich sau nam lan thuc hién la S: = v, 11_ -

=124 (cm?).

Cha y. Dién tich can tinh‘béng dién tich hinh vudng ngoai cung trtr di dién tich
hinh vudng trong cling roi chia 2.

2.30. a) Theo dinh nghta, chén hai trung binh nhan vao gilra 3 va 24 ta duoc cép
s0 nhan co
Do tinh chét clia cap sé nhannén u, = u,q° = g = 2.

Vay chén hai trung binh nhan vao gita 3 va 24 ta duoc cap sb nhan la:
3, 6,12 24.

b) Theo dinh nghta, chén ba trung binh nhan vao gitra 2,25 va 576 ta duoc cap
s0 nhan co

U, =225 va U, 5 = Us = 576.
Do tinh chét clia cdp sé nhan nén u: = u,g* = q = +4.
VGi g = 4, chén ba trung binh nhan vao gitra 2,25 va 576 ta duoc cép sé nhan:

2,25, 9; 36; 144; 576.

V6i g = —4, chén ba trung binh nhéan vao gilra 2,25 va 576 ta dugc cap sb nhan:
2,25,-9; 36, — 144, 576.
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BAI TAP CUOI CHUONG II

A. TRAC NGHIEM
2.31.C. 2.32. D. 2.33. B. 2.34.D. 2.35. C. 2.36. C.
2.37.C. 2.38. D. 2.39. C. 2.40. A, 241. A 242.D.

B. TU LUAN

243. a)Tu héthoctruyhditacd v, =2 u, =3 u; =5 Vi 4, —u, =ty -, va
)

% 5—3 nén day sé da cho khong 1a cap sb cong va cling khéng la cap sé nhan.
!

b) Tk v, =6n+3, suyra u,,,=6n+9. Tacd u, ,— U, =6 vn=1.
Vay day sb da cho la cap s cong véi céng sai d = 6.
¢) TU hé thic truy hditacd v, =t u, =1 4y = 22U, =6.

< < u u A ~ F4 ~ Py < P4 F4 A by
Vi Uy -ty = Uy — U, va —= = —2 nén day sb da cho khong la cap sb cong va
U

cling khéng la cap s6 nhan.
d) T v, =3-5", suyrau,,, =3-5"". Taco u,,,:u, =5 vn=1.
Vay day sb da cho la cap sé nhan vai céng béi g = 5.

2.44. a) Theo gia thiét, day sb a, la cép sb cong vGi cong sai d, nén
a, =a,+d,vn=1 va day sb b, la cép sb6 cong v6i cong sai d, nén
bn+1 = bﬁ + dzvn = 1

Vay day s6 (a, + b, ) 1a cap sé cong véi cong sai d; + d,.

b) Theo gia thiét, day sé a, la cép sb nhan voi cong béi @, nén

a,,=aqVvn=1 va dady s6 b, 1a cép sb nhan voi céng béi g, nén

b...=bg,vnz=1.
Khi 6 (a,,1b,.1) = (&,b,)9:q, ¥n = 1.
Vay déy sb (a,b,) la cap sb nhan véi cong béi g,g,.

2.45. a) Gia str ¢, (kg) 1a khdi lugng clia con cho vao cudi tuan tudi thar 7.

Tacod u, =04 u, =t + 4,24% = u, (1+ 24%); Uy = U, + U,24% = u, (1+ 24%)2.

Tuong tu, ta ¢6 u, = u, (1+ 24%)" " vn = 1.
b) Sau sau tuan tudi thi con ché nadng la

us = 0,4-(1+ 24%)° = 117 (kg).
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2.46. Goi 7, la sb phut ma bac Hung boi vao ngay thir n clia chuong trinh.
a) Do bac bat dau bang cach boi 10 phit vao ngay dau tién, sau @6 thém 2 phut
moi ngay sau doé nén ta cé hé thtrctruy héisau 7, =10,7,,, =7, + 2vn = 1.
b) Sau sb hang dau cla day sé 1a
n=10,7,=12T,=14 T, =16, 7T; =18, Ty = 20.
¢) Theo dinh nghta déy sé T, la cép sb cong cd T, =10 va cong sai d = 2.
Suy ra, cong thirc tong quatcliaday séla 7, =T, + (n—1)d =8+ 2n vn = 1.
djTacé 7, =260=8+2n=60< n=26.
Vay bac Hung dat dugc muc tiéu boi it nhat 60 phut méi ngay vao ngay thir 26
cla chuong trinh.
e) Tong thdi gian bac Hung boi trong 30 ngay dau clia chuong trinh 1a
[27‘1 +(30-1) d] 30

S
30 >

— 1170 (phut).

2.47. a) Cong thirc sé hang thtr n clia day céc sé chinh phuong da cho la n® vn=1.
Tam sé hang dau clia cép sb cong dugc métala 3:5;,7:9; 11 13; 15, 17.
Theo gia thiét chiing ta xét hiéu cla hai sé hang lién tiép la
u, =(n+ 1Y —n>=2n+1vnz1.
Ta ching minh duoc (u, ) la cép sb cong véi cong sai d = 2.

b) Xét day cac sb 1ap phuong, véi ba sb hang lién tiép ta lay sé dau cdng voi sb
thtr ba trir di 2 lan sé thi hai ta thu dugc mét cap s cong.
¢) Bay sb hang dau clia cap sb cdng & trong cau b la 12, 18; 24; 30; 36; 42 48.

Cong thirc tong quat 1a u, = n® + (n+2)° —2(n+ 1)’ =6n+6 vn =1,

2.48. Gai x, v an lugt 1a sé thir nhét va sé thir ba trong ba sé d6.

X+y

Vi ba sé theo thir tw @6 1ap thanh mét cap sb cong nén sé thir hai la . Khi @b,

ba s can tim ¢ dang: x, Xty

3 y
Vi ba sb nay lap thanh mét cdp sé nhan nén ta co

2
xy:[%] , hay (x-y)2=0, tcla x = y.

Suy ra ba sé d6 bang nhau.
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2.49. Ta tinh téng tién lwvong cla anh Nam theo tirng phuong an:
— Phuong én 1. M&i ndm ngoai murc lwong ¢ dinh nhu trén, sé duoc thudng
thém 50 triéu déng thi sau 5 nam tdng sb tién lvong clia anh Nam la
5.300+5-50=1750 (triéu dong).
— Phuong an 2. M6i nam luvong sé tang thém 10% so voi lwong nam trude do,
bét dau ké tr ndm thit hai thi sau 5 ndm téng sb tién luvong clia anh Nam |a
300 + 300 - (1+ 10%) + 300 - (1+ 10%) + 300 (1+ 10%)” + 300(1+ 10%)"
= 1 83153 (triéu ddng).
— Phuong &n 3: MG ndm luong sé téang thém 30 triéu so voi lwong nam trude
d6, bat dau ké tr nam thr hai thi sau 5 ndm tdng sé tién luong clia anh Nam la
300 + 330 + 360 + 390 + 420 = 1 800 (triéu ddng).
Vay anh Nam nén str dung Phuong an 2 dé nhan duoc tdng luong sau 5 nam
la cao nhat.
2.50. a) Ta viét lan lugt cac sé hang clia day:
U, = qu, + d,
Uy =qu, + d = q(qu, + d)+ d = g%u, + qd + d = ¢°u, + d(g + 1);
U, = qu, +d=q(q2u1 +qd+d)+d
1-¢°
1-q

=q3u1+q2d+qd+d:q3u1+d(q2+q+1):q3u1+d

Lam twong ty ta duwgc cong thire sb hang tong quat ¢, :

n-1

-9
1-q

n

u, =q" 'y, + d(q”‘2 W L 1) =q" 'y, +d

b) Ta viétténg n sbé hang dau nhu sau

S, =+ U+t Uy =t +(qu+ d)+ (quy, + d) + ...+ (qu,_, + d)
=t +qS,_,+(n-1)d=gS,_;+a+(n-1)d.

Nhu vay, ta duoc (S,) cling la mét cap sb nhan cong véi S, = u; = a.

Ap dung cong thirc sb hang téng quat vira tim duoc dé tinh S, ta ¢

=qg"'8, + [a+ (,'7—1)c1f]1_w—1 =q"a+ [a+ (,'}—1)of]1_qn_1 .
“ 1-q 1-q

S

i
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CHUONG III

CAC SO PAC TRUNG PO XU THE TRUNG TAM
CUA MAU SO LIEU GHEP NHOM

MAU SO LIEU GHEP NHOM

3.1. a) Mau sé liéu ghép nhém:

GNIPC

[1026; 3996)

[3996; 12376)

T 12376 trd 1én

S6 nén kinh té

1

12

13

b) Nén kinh té Viét Nam dugc xép & mirc thu nhap trén trung binh.

3.2. a) Trong thang 6/2022 cé 5 ngay chi sb AQI duéi 50; 11 ngay chi §6 AQI tr 50
den dudi 100; 7 ngay chi s0 AQI tr 100 dén dudi 150; 4 ngay chi s0 AQI tr 150
dén dudi 200; 3 ngay chi s6 AQI trén 200.

b) 86 ngay chat lwgng khéng khi dudi mure frung binh 1a: 7 + 4 + 3 = 14,

3.3. a) 86 tré nhe céan, can nang trung binh, thira can twong tng 1a 1, 12, 2.
b) M&u sb liéu ghép nhdm:

Can ndng (kg) Dudi 2 [2; 4] Trén 4

86 tré 1 12 2

3.4. a) Cac nhom sé liéu [25; 30), [30; 35), [35; 40), [40; 45] v6i tan sb tuwong ting la

2, % 10,258,
b) 86 hoc sinh hoan thanh bai kiém tra trudc khi hét gid it nhat 5 phut 1a
2+7+10=19.

CAC SO PAC TRUNG PO XU THE TRUNG TAM

3.5. BS. 7,48 km.
3.6.CoOmaun=2+5+6+9+3 =25 Nhom chira trung vi la [6; 8). Trung vi &
2 _(2+5)
M, =6+2T-(8—6)z7,83.

C6 50% sb cau tht chay nhiéu hon 7,83 km va ¢d 50% sé cau thd chay it hon
7,83 km.

3.7. HD. Sé a chinh |a t& phan vi thi ba.

(9-6)
(9-6)+(9-3)
Sé cau thu chay khoang 8,67 km la nhiéu nhét.

3.8. Nném chira mét I1a [8; 10). Métla M, =8+ -2~ 8,67.
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3.9. BS. Trung binh trong hoc ki méi hoc sinh di mudn 3,325 buéi.
3.10. HD. Hiéu chinh mau sb liéu ghép nhdm va tinh cac tir phéan vi theo dinh nghfa.

BAI TAP CUOI CHUONG III

A. TRAC NGHIEM
3.11.D. 3.12.D. 3.13.C. 3.14. D. 3.15. A. 3.16. B.

3.17. C. 3.18. B. 3.19. C. 3.20. C. 3.21. B.
B. TU LUAN
3.22. a) Bang théng keé:
Sé tién phat (triéu ddng) 6-8 16-18 30-40
Sé ngudi vi pham 8 4 8

b) C& mau n = 20. Sé tién trung binh mét ngudi bi phat la
8-7+4-17+8-35
20

Téng sb tién 20 lai xe bi phat & 20,2 - 20 = 404 (triéu dong).

3.23. a) C6 20 loai dién thoai muc gia dudi 2 trieu déng, ..., 21 loai dién thoai murc
gia tir 13 den 20 triéu dong.
b) HD. Tim trung vi ctia mau sé liéu.

}:

=20,2 (triéu ddng).

3.24. a) S6 trung binh clia mau sé liéu la
% 52+185+ '13.8+7'.'|’|z 6,53,
43
b) HD. Hiéu chinh mau sé liéu ta dwgc bang théng ké sau:
Sénguyénvong | [0,5.35) | [35.65) | 6,5 95) | [9,5 125)

56 hoc sinh 5 18 13 7

Tinh cac t& phan vi theo dinh nghia.

3.25. Cac nhém sb liéu trong bai tap 3.23 khong c6 46 dai b&ng nhau nén ngudi ta
khdng dinh nghta mét. Hiéu chinh mau s6 lieu trong bai 3.24 nhu trén ta thay
nhém chtra mot la nhom [3,5; 6,5), do d6 maot la

(18-5)

(18-5)+(18-13)

Sé hoc sinh dang ki khoang 5,67 nguyén vong la nhiéu nhat.

M, =35+ -3=9,67.
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CHUONG 1V - QUAN HE SONG SONG

TRONG KHONG GIAN

PUONG THANG VA MAT PHANG TRONG
KHONG GIAN

4.1. (H.4.34)
a) Giao tuyén la duong thang SC.
b) Giao tuyén la duong thdng DM.

Hinh 4.34

4.2. (H.4.35)
a) Trong mét phdng (ABCD), goi P
la giao diém clia AM va CD thi SP
la giao tuyén can tim.
b) Trong mét phang (ABCD), goi Q 4
la giao diém clia BN va AD thi SQ
la giao tuyén can tim.
¢) Trong mat phang (ABCD), goi R
la giao diém clia AM va BN thi SR
la giao tuyén can tim.

Hinh 4.35
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4.3. (H.4.36)
Trong mat phang (ABD) goi £ la
giao diém clia MP va BD, trong mat
phang (ACD) goi F la giao diém cla
NP va CD. Khi d6 dudng thang EF
la giao tuyén can tim.

Hinh 4.36

4.4.(H.4.37)

a) Trong mat phang (BCD), goi £ |a
giao diém cla NP va BD thi E la
giao diém cla dudng thdng BD va
mat phdng (MNP).

b) Trong mat phang (ABC), goi F la
giao diém clia MP va AC thi F la
giao diém cla dudng thang AC va
mat phdng (MNP).

¢) Trong mat phang (ACD), goi G la
giao diém cla NF va AD thi G la
giao diém clia duong thang AD va Hinh 4.37
mat phang (MNP).

4.5. (H.4.38) g
a) Trong méat phadng (SCD), goi M la ;
giao diém clia SO va CD. Trong mat
phang (ABCD), goi N la giao diém clia
BMva AC. Khi @6 N la diém chung clia
hai mé&t phang (SBO) va (SAC), suy ra
SN la giao tuyén clia hai mét phang dé.
b) Trong mat phang (SBO) (hay
(SBM)), goi P la giao diém cla SN va
BO thi P la giao diém cla BO va
(SAC).

Hinh 4.38
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4.6. (H.4.39)

a) Trong mat phdng (ABC), goi G la
giao diém clia £F va BC.
Trong mat phang (BCD), goi H 1a giao
diém clia OG va BD. Khi d6 H la mét
diém chung cla hai mat phang (OEF)
va (ABD), suy ra EH la giao tuyén cla
hai mé&t phang do.

b) Trong mat phang (ABD), goi / la
giao diém (neu co) cla EH va AD. Khi
d6 / la giao diém clia AD va (OEF).

Hinh 4.39

4.7. (H.4.40)
a) Trong mat phang (BCD), goi E la
giao diém clia BO va CD thi AE la giao
tuyén cla hai m&t phdng (ABO) va
(ACD).

b) Trong mat phang (ACD), goi F la
glao diém cla AE va NP thi F 1a mét
diém chung cla hai mat phang (ABO)
va (MNP), Suy ra MF |a giao tuyén clia
hai mé&t phdng do.

C) Trong mat phang (ABE), goi G la

giao diém cla AO va MF thi G la giao
diém cla AO va (MNP).

4.8. Ba dém D, E, F cung thudc giao
tuyén clia hai mét phang (ABC) va
(A'B'C") nén ba diém d6 thang hang
(H.4.41).

Hinh 4.41
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4.9. Ba diém C, D, E déu thudc
giao tuyén clia hai mat phang
(OAB) va (Q) nén ba diém do
thang hang (H.4.42).

Hinh 4.42

4.10. Buodng cét la giao tuyén cla hai mét phang: mét phang chira to giay va mat
phang tao bdi hai ludi kéo. Do d6 dudng cat ludn la dudng thang.

4.11. Vét mau trén méi thanh bé 12 giao tuyén clia hai mét phang: mét phang tao
béi thanh bé va mat nwéc. Do dé vét mau ludn la dudng thang.

4.12. Mat ban c6 thé duoc d& cb dinh bang khung sét dua theo tinh chat: mét mét
phang dugc hoan toan xac dinh khi biet né chtra hai dwdng thang cat nhau.

. HAI PUONG THANG SONG SONG

4.13. a) Trong mat phafing (ABD) vé dudng thdng MQ // BD (Q = AD) thi Q la giao
diém clha dudng thang AD va mat phang (MNP) (H.4.43a).
b) Trong mat phdng (BCD), goi R la giao diém clia NP va BD. Trong mat phang
(ABD), goi S la giao diém cua MR va AD. Khi d6 R |a giao diém clia dudng
thdng AD va mét phéng (MNP) (H.4.43b).

Hinh 4.43
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4.14. a) Trong mat phang (SCD), v& MN // CD (N e SD). Giao tuyén clia mét phéng
(MAB) va cac mét clia hinh chép la cac duwdng thang AB, BM, MN, NA (H.4.44a).
b) Twong tw cau a (H.4.44b).

S

Hinh 4.44

4.15. (H.4.45)

a) Trong mat phang (SAD), goi P la
giao diém ctia AN va DM.

Trong mat phang (NAB), vé dudng
thdng d di qua P va song song v&i AB
thi d1a giao tuyén can tim.

b) Theo cach dung thi d song song
vGi AB.

D o
Hinh 4.45

4.16. (H.4.46) a) Trong mét phang (ABC), goi
E la giao diém clia AN va CM. Trong mét
phang (ACD), goi F la giao diém clia AP va
CQ. Budng thang EF la giao tuyén cla hai
mat phdng (ANP) va (CMQ).

Vi MQ va NP lan luot 1a dudng trung binh
cla cac tam giac ABD va CBD nén MQ /f
BD /I NP, suy ra EF /f MQ /{ NP /] BD.

b) Giao tuyén la dudng thdng qua A va
song song voéi BD.

c) Giao tuyén la dudng thdng qua C va
song song vo&i BD.

d) Céc giao tuyén déu song song véi BD
nén chung déi mét song song véi nhau. Hinh 4.46

134



4.17. (H.4.47)
Vi GH la dudng trung binh cla hai
tam giac ACE va BDF nén GH // CE D
va GH /f DF. B E
H
A =
Hinh 4.47
4.18. (H.4.48)
a) Vi E, F lan luot |a trong tam cla céc
tam giac SAD, SBC nén SE = = = E
sM SN 3

Theo dinh li Thales suy ra trong tam giac
SMN c6 EF /I MN. Vi MN la dudng trung
binh clia hinh thang ABCD nén MN // AB.
T d6 suy ra EF // AB.

b) Trong mat phang (SAD), goi P la giao
diém cla AE va SD. Trong mat phang
(SBC), goi Q la glao diém cua BF va SC.
Cac giao tuyen clia méat phdng (AEF) va
cac mat cua hinh chép la cac dudn :
thang AP, PQ, QB, AB. d 7 Hinh 4.48
¢) Hai mé&t phang (AEF) va (SCD) chira hai dudng thdng song song la £F va
CD (cung song song v6i AB) nén giao tuyén clia hai mat phang d6 song song
voi EF, tic 1a PQ song song v6i EF. Vay ¢ hai giao tuyén song song voi
dudng thang EF la AB va PQ.

4.19. a) Ap dung dinh li vé ba dudng giao tuyén cho ba mat phang (ABC), (ACD)
va (MNPQ) (H.4.49).
S

Hinh 4.49

b) Twong tu cau a.
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4.20. Ap dung dinh |i vé ba dudng giao tuyén cho ba mat phang: mét san nha,
mdt chan tudng va médt phang tao bdi bon dau clia chéan thang. Tir d6 suy ra
duong thang di qua hai dau clia chan thang trén san nha song song voi
dudng chan tudng.

4.21. Hai nlra cla t& gidy c6 thé coi nhu hai mat phang chira hai dudng théng
song song la hai mép giay. Buong nép gap chinh la giao tuyen cla hai mét phang
nay nén né song song voi hai meép giay.

b DPUONG THANG
VA MAT PHANG SONG SONG

4.22. (H.4.50) a) Vi ABCD la hinh
binh hanh nén CD // AB, suy ra
CD I (ABEF).

b) Vi ABEF |a hinh binh hanh nén
EF Il AB, suy ra EF /{ (ABCD).

c) Vi CEFD la hinh binh hanh
nén CE // DF, suyra CE /] (ADF).

4.23. (H.450) a) Vi KL la duong Hinh 4.50
trung binh clia tam giac BDF nén
KL Il DF, suy ra KL /f (ADF).
b) Twong tu cau a.

4.24. (H.451) Goi £ F lan luot la
trung diém cla cac canh BC, CD.
Vi G la trong tam cla tam giac
ABC, nén A, G, E thang hang va
AG 2
AE 3
Tuong tw ¢d A, H, F thdng hang

. AH 2 . AG AH
va —=—=. Do 6 —=——.
AF 3 AE  AF
Theo dinh i Thalés dao, suy ra
tam giac AEF c6 GH /f EF, vi vay
GH /1 (BCD).

Hinh 4.51
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4.25. (H.4.52) a) Mat phang (SAB) chlra

dudng thang SB song song v6i (F) nén
giao tuyén clia hai mat phdng d6 song
song voi SB, suy ra EM // SB. Tuong tu
co6 EN/f SD.
b) Goi F, G lan luot 1a giao diém cla
dudng thdng MN va hai dudng thang
BC, CD. Trong mat phang (SBC), vé
dudng thdng qua F va song song véi SB
thi dwong thang doé la giao tuyén cla
mat phang (P) va mat phang (SBC).
Trong mé&t phang (SCD), vé duodng
thdng qua G va song song véi SD thi
dudng thdng d6 1a giao tuyén clia mat
phdng (P) va mat phang (SCD).

4.26. (H.4.53) a) Mat phdng (SAC) chira
duong thang SC song song voi mat
phang (P) nén giao tuyén cla hai mat
phang (SAC) va (P) song song véi SC. Do
d6, trong mat phang (SAC), vé duodng
thdng EF // SC (F € AC) thi EF la giao
tuyén cla hai mat phang (P) va (SAC).
Piém F la diém chung clia mét phang (P)
va méat phang (ABCD).

b) Trong mat phdng (ABCD), vé dudng
thang MN qua F va song song voi AB
(M e AD, N € BC) thi MN la giao tuyén

Hinh 4.52

cua (P) va mat phang (ABCD). Hinh 4.53
c) Trong mat phang (SAB), vé dudng
thdng EG // AB (G « SB) thi EG la giao B/

tuyén cla hai méat phang (P) va (SAB).
Cac giao tuyén clia (P) va cac mat clia
hinh chop la £EG, MN, EM, GN.

4.27. (H.4.54) Goi (P) 1a mét twong va (Q) la
mat bang. Goi a la mép dudi clia bang va
b la mép trén thi b ndm trong (P). Vi bang
¢6 dang hinh chlr nhat nén a // b, do d6 a
/f (P), tirc la mép dudi cla bang song
song véi mét twong. Giai thich twong tw
suy ra mép trén ctia bang song song Vvoi Hinh 4.54
mat dat.
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4.28. (H.4.55) Goi hai dau cla hai thanh sét
trén mat dat |a A, B va hai dau twong tng
con lai la M, N thi AM // BN va AM = BN,
suy ra ABNM la hinh binh hanh. Vi vay
MN I/ AB va do d6 day phoi (ndi hai diém
M, N) song song voi mat dat (chtra dudng
thang AB).

4.29. (H.4.56) a) Vi a #/ d nén a /f mp(c, d).
Vi ABCD la hinh binh hanh nén
AB /I CD, suy ra AB // mp(c, d). Mat
phang mp(a, b) chtra hai duong thang
cat nhau la a va AB cung song song voi
mp(c, d) nén mat phdng mp(a, b) song
song vai mat phang mp(c, d).

b) Chirng minh tuong ty cau a.

¢) Vi mét phang mp(a, b) song song voi
mat phdng mp(c, d) nén giao tuyén cla
mat phéng (A'B'C'D') véi hai mét phang
dé song song vo&i nhau, tic Ia
AB" /I CD'. Lap luan tuong ty co
A'D' I B'C', suy ra tr giac A'B'CD' la
hinh binh hanh.

4.30. (H.4.57)

a) Trong mat phdng (BCD), vé dudng
thdng qua O va song song véi BD cat
cac canh BC, CD lan luot tai £, F. Khi
dd EF la giao tuyén cla mat phang (P)
va mét phang (BCD).

b) Trong mé&t phang (ABC), vé EG // AB
(G e AC) thi EG la giao tuyén clia mét
phang (P) va mat phang (ABC). Khi d6
FG la giao tuyén cla mat phang (P) va
mat phang (ACD).
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Hinh 4.56
A
G
B D
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E O F
G
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4.31. (H.4.58)
a) Trong mat phang (SAB), vé EF // AB
(Fe 8B).
Trong mat phang (SBC), vé FG // BC
(G e SC).
Trong mat phang (SCD), v&é GH // CD
(He SD).
Céc giao tuyén can tim la cac duong
thang EF, FG, GH, HE.
b) Hinh tao bdi cac giao tuyén la hinh Hinh 4.58
binh hanh EFGH.

4.32. (H.4.59) Gia sir AB // CD.
Cac mat ABB'A' va CDD'C' cia hinh
lang tru la hinh binh hanh nén AB // A'B'
va CD /I C'D'. Vi vay ta c6 AB' / CD)|
tire la tir giac A'B'C'D' la hinh thang.

w
O

4.33. (H.4.60) Cac duong thdng AB, CD,
EF d6i mot song song v&i nhau. Hai mat
phang (ADF) va (BCE) song song voi
hhau (xem SGK, Bai 14, Vidu 1). Do d6
ADF.BCE la hinh lang tru tam giac.

4.34. (H.461) Vi hai mat (ABCD) va
(A'B'C'D') cla hinh hép song song Vi
nhau nén giao tuyén cua mat phang
(EFGH) va hai mat phang dé song song
vOi nhau, tic la EF // HG. Tuong tu cé
EH /f FG nén t& giac EFGH |a hinh binh
hanh.

%
Hinh 4.61
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4.35. (H.4.62) a) Goi £ la giao diém clia AB'va
A'B; Fla giao diém cla CD'va C'D. Budng
thdng EF la giao tuyén clia hai mat phang
(ADC'B")va (A'D'CB).

b) Hai mat phang (ADCB') va (A'D'CB)
chira hai dwdng thdng song song la AD va
BC nén giao tuyén EF clia hai mat phang
do6 song song vai AD.

c) T& giac ABCD va BCC'B' |a hinh binh
hanh nén AD # BC, AD = BC va
BC /f B'C', BC = B'C" Do d6 AD // B'C' va
AD = B'C', suy ra ADCB'la hinh binh
hanh. Vi £ va F lan luot 1a trung diém cla
AB'va C'D nén EF di qua trung diém clia
AC'. Vi cac dudng chéo clia hinh hép cling
di qua trung diém cla méi dudng nén
dudng thang EF di qua trung diém cua cac
dudng chéo do.

4.36. (H.4.63) a) Theo bai tap 4.35c thi tr giac
ADC'B' Ia hinh binh hanh, do 6 AB'// C'D.
b) Tk cau a suy ra AB' // (C'BD). Ching
minh tuwong tw c¢6 AD" // BC' nén AD' //
(C'BD). Mat phang (AB'D") ¢ hai dudng
thdng cét nhau AB' va AD' cling sonhg song
voi mat phdng (C'BD) nén hai mat phang
(AB'D") va (C'BD) song song v&i nhau.

Hinh 4.62

Hinh 4.63

4.37. Ap dung dinh |i Thalés tinh dugc B'C'= 9.

4.38. (H.4.64) a) Ap dung dinh |i Thalés cho ‘D C
ba mé&t phang (ABCD), (MNPQ), (AB'C'D) A
va hai cat tuyén AA'" va DB' suy ra A ‘?
A—ﬂf:D—o,. Vi O |a trung diém cla DB' Q } MP
MA" OB ) M 10
nén M la trung diém ctua AA'. Chirng minh D N
tuong ty voi cac diem N, P, Q. C’
b) Vi M, N lan luot la trung diém cla cac A ".‘V
canh AA', BB'nén MN // AB va MN = AB. B
Tuong tu PQ // CDva PQ = CD. Hinh 4.64

VIiAB/f CDva AB = CDnén MN // PQ va MN = PQ, suy ra MNPQ |a hinh binh
hanh. Vi cac dudng thang AM, BN, CP, DQ d6i mét song song nén suy ra
ABCD.MNPQ la hinh hdp.
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4.39. Khi Thuy cat banh thi lugi dao di chuyén tao thanh mét mét phang cat hai
mat frén va dudi clia chiéc banh. Vi mat trén va mat duéi cta chiéc banh song
song v&i nhau nén cac vét cat (chinh la giao tuyén clia mat phang cat va hai
mat banh) song song vai nhau.

4.40. Hoang néi sai. Theo dinh |i Thalés trong khéng gian thi d6 dai clia phan éng

bi wét bang % d6 dai cuia toan bé dng hut. (Xem thém Bai 13, Van dung 2).

3. PHEP CHIEU SONG SONG

4.41. (H.4.65) a) Trong mét phang (BCCB') vé MM
i/ BB' (M' e B'C') thi M'|a hinh chieu clia M qua
phép chiéu da cho.

b) Vi AA' // BB' /{ CC' nén B', C'lan luot a hinh
chiéu clia B, C |én mat phang (A'B'C) theo
phuong chiéu AA' Theo tinh chét clia phép chiéu

song song suy ra Lol i . LA
mM'ct MC
Hinh 4.65
4.42. (H4.66) Qua phép chiéu lén m&t phang B
(A'B'C'D’) theo phuong AA', cac diem A, B, C, D, ; C
O lan lugt ¢6 hinh chieu la A', B', C', D', O" Vi i
phep chiéu song song bao toan tlnh thang hang A § - D
clia cac diém va O nam gira A va C nén O' ndm .
gita A'va C'. Tuong tu suy ra O' nam gilra B' va Bl i
D' Vay O'la giao diém clia A'C'va B'D), Pl ¥ o
A ~p
Hinh 4.66
Al

4.43. (H.4.67) a) Trong mat phdng (ABCD), goi Ela
giao diém cla AB va CD. Khi d6 SE la giao tuyén
cla hai mat phang (SAB) va (SCD).

b) Trong mat phadng (SAB), vé dudng thang qua S
A va song song véi SB cat SE tai A'. Khi d6 A'la
hinh chiéu clia diém A qua phép chiéu d cho.

Hinh 4.67
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4.44. (H.4.68) a) Vi dudng théng MN la
phuong chiéu nén hinh chieu M' cia M
tring v6i hinh chiéu A clia N.

b) Vi M la trung diém cla AB nén theo
tinh chéat cla phép chiéu song song
suy ra M la trung diem cla A'B'
Tuong tu cé N'la trung diém clia C'D".
Vi M'trung N' nén t&r giac tao boi bén
diém A', B', C', D' c¢b cac duong chéo
di qua trung diém clia méi dudng, suy
ra tr giac do la hinh binh hanh.

Hinh 4.68
4.45. Hoc sinh ty thue hién. Bay ctia hinh chdp can ¢é hinh biéu dién & hinh binh hanh.

4.46. Hinh 4.31c.

4.47. Goi d la dudng thdng song song vdi ba chiéc gay va (P) la mat san. Khi 6
ba dau gay trén san chinh l1a hinh chiéu clia ba dau gay trén twdng qua phép
chiéu 1én mat phang (P) theo phuong d. Vi phép chiéu song song bao toan tinh
thdng hang clia cac diém nén néu ba dau gay trén tudng thdng hang thi ba dau
gay trén san cling thdng hang.

BAI TAP CUOI CHUONG IV

A. TRAC NGHIEM
4.48.D. 4.49. D. 4.50. A. 4.51. B. 4.52. B.
4.53.C. 4.54. A. 4.55. D. 4.56. B.

B. TULUAN

4.57. (H.4.69) a) Goi O la giao diém cla hai
duong thang AD va BE thi SO la giao tuyén
cla hai mét phang (SAD) va (SBE).

b) Vi AB // DE nén giao tuyén cla hai mat
phéng (SAB) va (SDE) la dudng thdng m di
qua S va song song voi AB.

c) Goi d la giao tuyén clia hai mat phang
(SAE) va (SBC) thi d // AE. Vi d ndm trong
mat phang (SBC) nén AE // (SBC). Mét phang
(SBC) song song v&i duong thang AE nam
trong mat phang (ABCDE) nén giao tuyén BC
clia hai mét phéng d6 song song véi AE.

Hinh 4.69
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4.58. (H.4.70) a) Vi NP la duwdng trung binh cla
tam giac ABC nén BC // NP, suy ra
BC #f (MNP).
b) Trong mat phang (ABB'A) goi E la giao
diém cua MN va A'B. Trong méat phang
(ACC'A") goi F la giao diém clia MP va A'C'.
Khi @6 EF la giao tuyén clia hai mat phang
(MNP)va (AB'C"). F
c) Vi NP/ BC va BC /f B'C'nén NP /{ B'C/, E
suy ra NP /f (A'B'C). Mat phdng (MNP) chira Hinh 4.70
dudng thang NP song song véi mat phang
(A'B'C') nén giao tuyén d clia hai mét phang
do song song voi B'C', suy ra d // NP.

4.59. (H.4.71) a) Giao tuyén la dudng thdng m
gua S va song song voi AB.
b) Mé&t phdng (P) chira dudng thang AD song
song véi mét phang (SBC) nén giao tuyén £F
cla hai mat phdng dé song song véi AD.
Vay tr giac AEFD la hinh thang.
c) Trong méat phang (AEFD) goi L la giao o
diém clia hai duong thang AF va DE. N
Trong mat phang (SBC) goi K la giao diém
clia hai dudng thang BF va CE. &
Giao tuyén cla hai mat phang (ECD) va
(FAB) I3 duong thang KL. Hinh 4.71
d) Hai mé&t phang (ECD) va (FAB) lan luot
chtra hai dudng thadng song song la CD va AB
nén giao tuyén KL clia hai mat phang d6 song
song voi AB. Do d6 KL song song véi m.

4.60. (H.4.72) a) Trong mét phang (SAD) goi £
la_giao diém cua AO va SD thi E la giao
diém cla AO va mét phang (SCD).

b) Trong mat phang (SAD) goi F la giao
diém clia SO va AD. Trong hinh thang
ABCD, dudng thang AC cat BF tai G. Khi d6
SG la giao tuyén cla hai méat phang (SBO)
va (SAC).

¢) Trong mét phdng (SBO) goi H la giao
diém clia BO va SG thi H la giao diém cla
dudng thang BO va mét phang (SAC).

Hinh 4.72
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4.61. (H.4.73) a) Vi M, M' Ian luot Ia trung §
diém cuia hai canh AB, A'B' clia hinh binh
hanh ABB'A' nén MM / AA' va MDRP
MM = AA'.
Tuong ty NN'"// DD'va NN'= DD'.
To giac ADD'A' l]a hinh binh hanh nén d
AA" /i DD'" va AA' = DD'. Vi vay S I
MM I NN' va MM' = NN', suy ra bén E s
diém M, N, M', N' ddng phang va tir gidac 4.1 N’
MNN'M'1a hinh binh hanh. b
b) Trong m&t phéng (ABCD) goi P 1a giao Hinh 4.73
diém cla hai dudng thdng MN va BC.
Khi d6 giao tuyén cla hai mat phang
(MNN'M) va (BCC'B') 1a dudng thang d
di qua P va song song voi BB"

4.62. (H4.74) Vi M, N lan luot la trung
diém cla hai canh AA, BB' cua hinh
binh hanh ABB'A' nén MN /f AB, suy ra
MN #f (ABCD).

Tuong ty NP /f (ABCD), do d6

(MNP) f (ABCD).

Lap luan twong tu suy ra

(NPQ) 1/ (ABCD).

Qua N cb hai mat phdng (MNP) va
(NPQ) cling song song véi mét phang
(ABCD) nén hai mat phdng (MNP) va
(NPQ) trung nhau, tirc 1a bén diém M, N,
P, Q ddng phang.

S
Z

Hinh 4.74

4.63. Ap dung dinh |i ba dudng giao tuyén cho ba mat phang gdm: mat dat, mat
tudng va mat kinh. Khi @6 ba giao tuyén la mép chan twdng va hai mép kinh
AB, CD. Vi AB khéng song song voi CD nén ba giao tuyén ddng quy, vi vay
khéng thé dat tam kinh sao cho mép CD song song véi dudng chan tudng.

Cé thé dat tam kinh sao cho mép kinh BC ndm trén tudng va mép kinh AD ndm
trén mat dat. Khi d6 ca hai mép kinh déu song song véi dudng chan tudng.
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CHUONG V.

GIOI HAN. HAM SO LIEN TUC

m GIOI HAN CUA DAY SO

1+ 1
2 ol
54. a) lim ——"1 _ _ jim s L
n>+0 202 L n+ 2 n—+two 2 1 2 2
oot
n o n
[2].1'? 1 n-=1
e
b) lim 2 +3: o 3 3 _0
n—>+o 14+ 3" n>toe el
[gj +1

5.2.a) lim (an r2on—n-— 2) lim £i—4
O B (\ln2 2051 2)

Il
g

2
b) lim (2+n2—Jn4+1): iy P e

n—>+w n—>+w2+n2+Jn4 +1
4+i2
= lim ] =2
n—+w D 1 J1+ 1
n’ n*
c) lim (\/nQ—n+2+n)= lim n{ 1_1+%+1J:+00
11—+ 1—+m n n
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iz an+1

2 f T~ n+1
5.3.Tacc')uﬁ:1+a+az+"'+a _ 1—a1:1—b_1—a :
Tddbif B oot B P 1-a 1_p"*
1-b
Dods lim u, = -2,
I1—>+w —a

1+3+5+ -+ (2n-1)

54. Tacd lim — lim "

=l
n—+w n® +2n n—to n2 4 2

5.5. Ta thay S la tong clia cap s6 nhan Ui vé han (u,) v6i v, = —1va g = el

Do d6
1 5
. |
'|+i 6
3
5.8, 8) (03] =14 e L 0048 102
100 100¢ 100" ;1 99 99
100
2
BB B g s et v B 0D o g B0
100, 1me® 100" ;1 ~T99 99
100

cosnl 1 1 ; wo
B.7. Taco|u|—| |g—. Do — — 0 khi 7 — + nén lim u, = 0.
n*  n n’ P00

5.8. Theo cach xac dinh tam giac A,B,C,, tacd s, = %31. Tuong tu, s; = 132

1 1
sn:4n1vays—[J —[ZJ

T A0 S + 8y +--+8, +--= =
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Mat khac
Vit Vot V= (Uy =)+ (Us =ty + ot (U — Uy ) = Uy — Uy =ty g — 2.

vVay u, =3[1—3inj+ 2va lim u, =5.

1—+0w

5.10. Taco lim [un -

1—+w

j: lim (v, —1)=0. Vay lm u, =1.

1—>+w f1—>+wm

b GIOI HAN CUA HAM SO

5.11. lim f(x) = lim f(x) =1. Ham sb f{x) c6 gi¢i han khi x — 1.

x=1* x—=1
. NAX£1=8 - 4x -8 . 4 2
5.12. a) lim = lim = M ———==
T xo2 x=2 _X—>2(X—2)(J4X+1+3)_X+2\I4X+1+3_3'
3 2
Wty - ¢ (X —1)+(X —1)+(X—1)
b) lim = lim
X—1 X3—1 Xx—1 X3—1
! (X2+X+1)+(X+1)+1 5
x=1 2 F9es
2o (x-2)(x -3 -
c) X'L”}%: Iim+#(2)= Iim+%=—
X—2) Xx—2 (X—2) x—=2t X
2
a) Tim XX =2 _ e
x—07 X

513. Theo cach xac dinh ham sb f(x), ta c6 Ilm f(x)=9+3a va
x—3*
lim f(x)=28. Ham sé nay c6 gi6i han khi x —3 néu 9+ 3a=28 hay
X—3"
19
a=—.
3

5.14. Do x =1 la nghiém clia mau sé nén ta phai c6 2x% —ax + 1=0 v6i x = 1.

2
Tucla a=3. Knido lim 2 =X 1_jim X =1_ 4 yayp- 1.
X=>1 X —3x+ 2 XM=
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5.15.a) lim f(x)= Im J1-—+2 _1.
X

X—>+® X—>+0 X
. . 1 2
b) lim f(x)=- lim J1-—+-==-1.
)XI%njm (X) XLrTJm X+X2
5.46. lim (1-x){1-x}(1-x%)= lim x° LY W) Y -
X—>+ X—>+0 X X2 X3
1
2+ —
5.17. Ta c6 g(x) = et —2m= X —2m.
Ix2 4 2x +4x% -1 2 1
T~
X X

Dodé lim g(x)=1-2m=0. Vay m:%.

X—+m

5.18.Taco lim [(m—x)(mx+1)]= lim x{%-1][m+%]:—oo.

X—>—m X—>=00

Do lim [ﬁ - 1][m ¥ 1] = —m nén ta phai c6 m > 0.

X——o\ X X

5.19. Lay day sé (x,,) bat ki sao cho x,, — +«. Khi d6

st
FO ) =2 < Lo khin s oo
X X

vay lim f(x,)=0. Twdo lim f(x)=0.

1—>+m X—>+0
Cix
520, 8) 7(x)= SX) _ 2x+ 55
X X
b) lim f(x)=2. Khi sb lugng san pham san xuat dwoc cang I6n thi chi phi
X—>+w

trung binh dé san xuat mét don vi san pham cang gan véi 2 (triéu déng).

b HAM SO LIEN TUC

5.21. Do ham s6 g(x) lién tuc tai x =1 nén ham sé f(x) = @ cling lién tuc tai

X =1.
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5.22. Theo cach xac dinh ham sé f(x), ta c6 f(1)=3=lim f(x) va

X=1

f(2)=5= lim f(x). Honnra, lim f(x)=a+b, lim f(x)=2a+b.

x—2* x—=1 X—2"
Vay ham sb f(x) lien tuc tai x=1 va x=2 khi va chi khi
a+b=3 2a+b=5 T do, a=2b=1.

2
5.23. Taco f(1)=m+1= lim f(x), lim f(x)= imX=1_2

x=>1F X=1" x=1 X =1

Vay ham sé lién tuc tai x = 1 khi va chi khi m = 1.

3
5.24. a) Ham 6 f(x) = % lién tuc trén (—eo; 1)L (1 2) L (2 + ).
X°—9oX+

COS X

b) Ham sb g(x) = R

lién tuc trén (—o;—4) U (-4 1) U (1 + ).

5.25. a) Ham s f(x)=x>—+/x+1 lién tuc trén doan [t2]. Hon nka
f(1)=1-+2 < 0,f(2)= 4—+2 > 0. Do @6, theo tinh chat clia ham lién tuc, tén
tai diém c < (1, 2) sao cho f(c)=0.

b) Ham sé g(x)=cosx—x lién tuc trén doan [0;1], g(0)=1>0,

g(1) = cos1-1< 0. Do vay ton tai diém d € (0;1) sao cho g(d)=0.

BAI TAP CUOI CHUONG V
A. TRAC NGHIEM
5.26. C. 5.27. C. 5.28. B. 5.29. C. 5.30. B.
5.31. C. 5.32. A. 5.33. C. 5.34. D. 5.35. D.
5.36. C. 5.37. C. 5.38. D. 5.39. A, 5.40. B.
B. TU LUAN

5.41. Dat v, = nu”1, tacod |v,| < n1 : vay lim v, =0.
+ +

n—+w
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» n1’1+2+...+n . n.‘In(n'i"I)

20+ 3 \/5(2n2 + 3)'
o L 1

T dd, tacd lim v, = —.

’ 11—+ a 2J§

5.43. Viét cac sb thap phan vé han tuan hoan dudi dang phan s

5.42. u

n

a) —0,(31):_ ﬂ.}. 31 BT 31 e :_ﬂ_
100 1002 100" 99
b) 2,(121):2+ﬂ+ﬂ+ a2t p121 2119
1000 10007 1000 999 999
2 2
5.44. Canh clia hinh vuéng H. 1a a, — 1’[%] % [%aj = ‘/ga_

a—_— 5% &
Khi g =—a =—=§,.
106 s, = ga" =2

5 5 5y
Li luan tuong tw,ta cd s; = 582’ suny S = ESM = [E] a’. Tir d6

8 8 3

2 =1 2
T=S1+SQ+"'+S;3+"'262[14-%4-[2] ++[§] +--}:8i.

2
5.45.Taco lim | ———1 .2 .3a|=2+a%+3a=0.
X=to| X+ 2X + 3

Do d6 a = —1 hoac a = 2.

5.46.) lim XX X1
x—>wo  5x34x+7

b) fim (x* ~1)(2-x°) = lim x* [1 _ Xigj[% _ 1} 5,

_&
=

¢) lim (\f3x3+x2+1—x)= lim g s

X—r+m

5.47. Taco
lim (1-x)(1-2x)...(1-2018x)

X—>—m
= lim x2°18[1—1][1—2}..(1—2018] = +o0,
X—>—0 X X X
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5.48. Dt 7(x) = % Khi d6

. sinx . f(x

a) lim = lim ( )=+oo.
x—=0 XS x—=0 x2
. sinx . f(x

b) lim —— = lim ( )=+oo.
x—=0t )(2 x—=0t X
. sinx . f(x

c) lim — = lim ﬁ:_oo.
x—0" X x—=0" X

5.49. |lim xsin% =0.

x—=0

That vay, d&t f(x) = xsin% Lay day s6 (x,,) bat ki thoa méan x,, — 0.

Khi @6 [f (x, )| = ||

-1
sin—|
Xﬁ‘

<|x,| — 0.

Vay lim f{x,)=0.

11—+
5.50. Tacé lim f(x)=2. Vay f(0)= 2.
aco lim (x) ay f(0)
5.51. a) f(-1)-f(1)=-1< 0.
b) Vi f(0)=2=0 va f(x):%;tO voi moi x (-1 1)\ {0} nén phuong trinh

f(x)=0 khéng c6 nghiém thudc khoang (-1 1).
¢) Tur két qua cau b, suy ra ham sb f(x) khéng lién tuc trén doan [—1; 1].

30 néu 0<x <1

5.52. a)f(x)=
) () {10+20X néu x > 1.

b) Ham sé nay lién tuc trén khoang (0;+).
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Nha xudt ban Gido duc Viét Nam xin trdn trong cam on
cdc tdc gid cd tdc pham, tu liéu ducc st dung, trich dan trong cuén sdch nay.

Chiu trach nhiém xuat ban
Téng Giam déc HOANG LE BACH

Chiu trach nhiém néidung
Téng bién tap PHAM VINH THAI

Bién tap ndi dung: HOANG VIET - VU THI VAN

Thiét ké sach: PHAM NGOC THANH

Trinh bay bia: NGUYEN BICH LA

Stta ban in: PHAN THI THANH BINH - PHAM THI TINH - TRAN THU HA
Ché ban: CONG TY €6 PHAN DICH VU XUAT BAN GIAO DUC HA NOI

Ban quyén thuéc Nha xuat ban Giao duc Viét Nam

Tdt cd cdc phdn cta ndidung cudn sdch nay déu khdng dugc sao chép, fuu tri,
chuyén thé dudi bat ki hinh thifc nao khi chua cé sucho phép bang vdn ban
ctia Nha xudt ban Gido duc Viet Nam.

BAITAP TOAN 11 - Tap mét
Ma s6: G1BHYT001H23

[ J—— cudn (OD ..., SLK), khé 17 x 24cm.
In tai Céng ty 6 phanin
S6 PKXB: 8-2023/CXBIPH/29-2097/GD
769 D) {2 —— / OB-GD ngay ... thdng ... ndm 2023
In xong va ndp luu chiéu thang ... nam 2023
MasGISBN:  Tap mot 978-604-0-34973-6
Tap hai 978-604-0-34974-3
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HUAN CHUGNG HO CHI MINH

BO SACH BAITAP LGP 11 - KET NOI TRITHUC V61 CUOC SONG

1. Bai tap Ngii van 11, tap mot 8.Baitap Vatli11
2. Bai tap Ngii van 11, tap hai 9. Bai tap Hod hoc 11
3. Baitap Toan 11, tap mot 10. Bai tap Sinh hoc 11
4. Bai tap Toan 11, tap hai 11. Bai tap Tin hoc 11 - Binh hudng Khoa hoc may tinh
5. Bai tap Lichsit 11 12. Bai tap Tin hoc 11 - Binh hudng Tin hoc ing dung
6. BaitapPiali 11 13. Bai tap Hoat déng trai nghiém, hudng nghiép 11
7. Bai tap Gido duc Kinh té va Phap luat 11 14. Bai tap Gido duc quéc phong va an ninh 11

15. Tiéng Anh 11 —Global Success — Sach bai tip

Cac don vi dau méi phathanh

« MiénBac: CTCP Dau tuva Phat trién Gido duc Ha Noi
CTCP Sach va Thiét bi Gido duc mién Bic

» Mién Trung: CTCP Dau tuva Phat trién Gido duc Da Nang
CTCP Sach va Thiét bi Gido duc mién Trung

« Mién Nam: CTCP Dau tuva Phat trién Gido duc Phuong Nam
CTCP Sach va Thiét bi Gido duc mién Nam
CTCP Sach va Thiét bi Gido duc Clu Long

Sach diéntd:  http://hanhtrangso.nxbgd.vn

Kich hoat d& md hocligu déntl: Gioldp nhit@ntem
d€ nhan mé s6. Truy cap httpd/hanhtrangso.nxbadvn
va nhdp méd 56 tai bigu tudng chia khod,




