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Pay 1a cuén sach bai tap dung cho hoc sinh hoc theo chuong
trinh Toan nang cao 16p 10.

Céac bai tap trong sach dugc sdp xép theo céc chuong, muc
cta Sach gido khoa Hinh hoc 10 Nang cao.

Phan 16n céc bai tap trong sdch nham cing cé kién thitc va
rén luyén ki ndng giai toan cho hoc sinh theo muc tiéu cta
chuong trinh va SGK Hinh hoc 10 nang cao ; nhiing bai tap
nay tuong tu nhu cac bai tap trong SGK. Vi vay, hoc sinh lam
dugc cac bai tap doé sé cé dinh huéng dé gidi cac bai tap
trong SGK. Ngoai ra con c6 mét s6 bai tap danh cho hoc sinh
kha, gidi.

Cudi mbi chuong cb cac bai tap trdc nghiem. Méi bai cé bdn
phuong &n trd 18i, trong d6 chi c6 mét phuong éan ding.
Nhiém vu clia hoc sinh la tim ra phuong an ding d6.

Céc tac gid chan thanh cdm on nhém bién tap cla ban Toéan,
Nha xuit ban Gido duc tai Ha Noi da giap d& rat nhidu dé
hoan thién cuén sach nay.

Cdc tdc gid






huong 1. R [1H[1}

A. CAC KIEN THUC €0 BAN VA BE BAI

§1, §2, §3 : Vecto, t8ng va hiéu cla hai vecto

| - CAC KIEN THUC CO BAN

1. Cdc dinh nghia : Vecto, hai vecto cing phuong, hai vecto cing huong,
vecto - khong, dé dai vecto, hai vecto bdng nhau.

2. Dinh nghia t6ng cua hai vecto, vecto déi cia mot vecto, hiéu ciia hai
vecto. Cdc tinh chdt vé téng va hiéu ciia hai vecto.

3. Cdc quy tdc :
Quy tdc ba diém : Vi ba diém A, B, C tuy y, ta luén c6 AB + BC = AC.

Quy tdc hinh binh hanh : Néu ABCD 1a hinh binh hanh thi AB + AD = AC .
Quy tdc vé hiéu hai vecto : Cho hai diém A, B thi véi moi diém O bdt ki ta cé

—_—

AB = 0B -0A.

Il - DE BAI

1.

-

Cho hai vecto khong cling phuong @ va b.Cé hay khéng mét vecto cuing
phuong véi hai vecto d6 ?

Cho ba diém phan biét thing hang A, B, C. Trong trudng hgp nio hai vecto
AB va AC cung huéng ? Trong trudng hop nao hai vecto d6 ngugc hudng ?

Cho ba vectd &, b, ¢ cing phuong. Ching t6 rdng c6 it nh4t hai vecto
trong ching cé cung hudng.

Cho tam gidc ABC néi ti€p trong dudng tron (0). Goi H 1a truc tdm tam
gidc ABC va B’ 1a diém d6i xing véi B qua tim O. Hay so sdnh cic vecto

AH va B'C, AB va HC.



5. Chitng minh ring véi hai vecto khong cing phuong @ va b, taco
@l - 16l < la + bl <1al + 5]

6. Cho tam gidc OAB. Gia sit OA + OB = OM, OA —OB = ON. Khi no
diém M ndm trén dudng phan giac cta géc AOB ? Khi nao dlém N nam trén
dudng phan gidc ngoai cia goc AOB ? .

7. Cho hinh ngii gidc.déu ABCDE tam O. Chitng minh rang
OA + OB + OC + OD + OE = 0.
Hiy phat biéu bai todn trong trudng hop n—gidc déu.
8. Cho tam giic ABC. Goi A’ 1a diém déi xiing v6i B qua A, B’ 1a diém d6i
ximg véi C qua B, C’ 1a diém d6i xitng v6i A qua C. Chitng minh rang véi
mot diém O bat ki, ta ¢6

—_—  — — ——

OA+OB+0C =0A'+0B' +OC".
9. Mot gia d& duoc gin vao tudng nhu hinh 1.

Tam gidc ABC vuong can & dinh C. Ngudi
ta treo vao diém A mot vat nang SN. Héi cé
nhitng luc nao tic déng vao bic tudng tai

hai diém B va C ? c A
10. Cho n diém trén mat phang. Ban An ki hiéu

ching 13 A, Ay,.., A,. Ban Binh ki hieu

ching 1a By, B,,..., B,. Chitng minh ring V5N

AlBl + Asz + ...+ Aan = 6. Hinh 1

§4. Tich cia mot vecto véi mot sé

| - CAC KIEN THUC CO BAN
1. Dinh nghia tich cua vecto véi mot s6 va cdc tinh chdt.
2. Tinh chdt cia trung diém :
- —Diém 1 la trung diém cia doan thdng AB khi va chi khi JA + IB = 0.
—Néu I la trung diém ciia doan thdng AB thi véi moi diém O ta cé

25I'=0—A+a§.



3.Tinh c’hd'r cua trong tém tam gidc :
—Diém G la trong tam tam gidc ABC khi va chi khi GA + GB + GC =0.
— Néu G la trong tam tam gidc ABC thi véi moi diém O ta c6 |
30G = OA + OB + OC . '
4. Diéu kién dé€ hai vecto cung phuong : Diéu kién cdn va di dé vecto b
cung phuong vdi vecto a # 0 la c6 mot s6 k sao cho b=ka.
Diéu kién d¢ ba diém thdng hang : Ba diém phdn biét A, B, C thdng hang
khi va chi khi hai vecto AB va AC cung phuong.
5. Biéu thi mot vecto theo hai vecto khéng cing phuong :
Cho hai vecto khong cung phuong d va b . Khi dé véi vecto % bét ki, luon

c6 cdp s6 duy nhdt mva n sao cho X = ma + nb.

Il - PE BAI

11.

12.

13.

14.

185.

Cho ba diém O, M, N va s6 k . LAy céc diém M’ va N’ sao cho
OM' = kOM, ON'=kON.
Ching minh ring M'N' = kMN.
Chiing minh rang hai vecto a va b cung phu’omg khi va chi khi ¢6 cap s6

m, n khéng d6ng thdi bang 0 sao cho ma + nb = 0.
Hay phat biéu diéu kién cdn va di dé hai vecto khong cing phuong.

Cho ba vectd OA,O0B,0C c6 do dai bing nhau va OA + OB + OC = 0.
Tinh cdc géc AOB, BOC, COA.

—

Chitng minh rdng véi ba vectd tuy ¥ @, b, ¢, ludn ludn c6 ba s6 a, B,y
khong déng thdi bang 0 sao cho ad + ,BB +yC = 0.
Cho ba diém phén biét A, B, C.
a) Ching minh ring néu c6 mot di€ém I va mot s6 ¢ nao d6 sao cho
IA = tIB + (1 - HIC thi véi moi diém I’, ta c6

I'A=tI'B+(1-0I'C.
b) Chimg to ring IA = tIB + (1 — H)IC 1a diéu kién c4n va di dé ba diém A,
B, C thing hang.



16.

17.

18.

19.

20.

Diém M goi 1a chia doan théng AB theo ti s6 k # 1 néu MA = kMB.

a) Xét vi trf ctia diém M d6i véi hai diém A, B trong céc truong hop :
k<0:0<k<1l;k>1;k=-1.

b) Néu M chia doan thing AB theo ti s6 k(k #1 va k #0) thi M chia

doan thing BA theo ti s6 nao ?

c¢) Néu M chia doan thdng AB theo ti s6 k (k # 1va k # 0) thi A chia doan
thing MB theo ti s6 nao ? B chia doan thdng MA theo ti s6 nao ?

" d) Chimg minh ring : Néu diém M chia doan thing AB theo ti s6 k # 1 thi

véi diém O b4t ki, ta lubn cé

. OA- kOB
OM =———

Cho tam gidc ABC. Goi M, N, P 14n lugt 1a cic diém chia céc doan théng
AB, BC, CA theo cung ti s6 k # 1. Chitng minh réng hai tam gidc ABC va
MNP c6 cung trong tam.

Cho ngii gidc ABCDE. Goi M, N, P, Q 14n luot 1a trung diém céc canh AB,
BC, CD, DE. Goi I va J 14n luot 1a trung diém cdc doan MP va NQ. '
Chiing minh ring IJ // AE va IJ = %AE.

Cho tam gidc ABC. Cic diém M, N, P lan lugt chia cic doan thing AB,
BC, CA theo céc ti s6 lan lugt 1a m, n, p (déu khic 1). Chitng minh ring

a) M, N, P thang hang khi va chi khi mnp = 1 (Dinh li Mé-né-la-uyt) ;

b) AN, CM, BP d6ng quy hoac song song khi va chi khi mnp = -1 (Dinh li
Xé-va). ' ' '

Cho tam gidc ABC va cic diém A), B, C, l4n lugt nim trén cdc dudng
thing BC, CA, AB. Goi Ay, By, C, 1n luot 1a cic diém d6i xtng véi A, B,,
C, qua trung diém cta BC, CA; AB. Ching minh ring

a) Néu ba diém A,, B,, C thing hang thi ba diém A,, B,, C, ciing thé ;

b) Néu ba dudng thing AA,, BBy, CC; déng quy hoac song song thi ba
dudng thing AA,, BB,, CC, ciing thé,



21.

22.

23.

24.

25.

26.

27.

28.

Cho tam gidc ABC, I 12 trung diém clia doan thang AB. Mot duong thing d
thay déi luon di qua I, 14n lugt cét hai dudng thing CA va CB tai A’ va B'.
Ching minh ring giao diém M clia AB’ va A’B nim trén mot dudng thing
¢6 dinh.

Cho diém O nam trong hinh binh hanh ABCD. C4c dudng thing di qua O
va song song v43i c4c canh cla hinh binh hanh 14n lugt cat AB, BC, CD, DA
tai M, N, P, Q. Goi E 1a giao diém ctia BQ va DM, F la giao diém cta BP
va DN. Tim diéu kién dé E, F, O thang hang.

Cho ngii gidc ABCDE. Goi M, N, P, Q, R 14n luot 1a trung diém céc canh
AB, BC, CD, DE, EA. Chimg minh riang hai tam gidc MPE va NQR c6
cung trong tam.

Cho hai hinh binh hanh ABCD va AB’C’D’ c6 chung dinh A. Chiing minh
ring
a) BB +C'C+DD =0 ;
b) Hai tam gidc BC'D va B'CD’ c6 cung trong tam.
Cho hai diém phan biét A, B.
a) Hay x4c dinh cé4c diém P, Q, R, biét :

2PA+3PB=0 ; 20A+QB=0; RA-3RB=0.
b) Véi diém O bat ki va véi ba diém P, Q, R & cu a), ching minh ring :
OF =204+ 208 ; 00=20A-0B ; OR=-0A+308.
Cho diém O c6 dinh va dudng thing d di qua hai diém A, B c6 dinh. Ching
minh ring diém M thuoc dudng thing d khi va chi khi c6 s6 a sao cho
0_M'=aO_A‘+(1—a)(ﬁ. '
V6i diéu kién nao cia @ thi M thudc doan thing AB ?
Cho diém O 6 dinh va hai vecto i, ¥ ¢6 dinh. Vi mdi s6 m ta xdc dinh
diém M sao cho OM = mii + (1-m)v. Tim tap hop cic diém M khi m
thay déi. ' g
Cho tam gidc ABC. Dit CA=d;CB= b. L4y cédc diém A’ va B’ sao cho
CA' = mid : CB =nb. Goi I 1a giao diém ciia A'B va B'A. Hay biéu thi

vecto CI theo hai vecto @ va b.



29.

30.

31.

32,

33.

34.

10

Cho tam gidc ABC va trung tuyén AM. M6t dudng thing song song véi AB
cit c4c doan thing AM, AC va BC l4n luot tai D, E va F. M6t diém G nim
trén canh AB sao cho FG//AC. Chitng minh ring hai tam gidc ADE va BFG
c6 dién tich bang nhau.

Cho hinh thang ABCD véi cic canh ddy la AB va CD (cic canh bén khong
song song). Ching minh ring néu cho truéc mot di€m M ndm giita hai
diém A, D thi c6 mét diém N nim trén canh BC sao cho AN//MC va
DN//MB.

Cho tam gidc ABC. L4y c4c diém A", B’, C’ sao cho
A'B=-24C;BC=-2B4A;CA=-2CB.

Doan thdng AA’ cit cdc doan BB’ va CC’ l4n luot tai M va N, hai doan BB’
va CC’ cét nhau tai P.

a) So sdnh cic doan thing AM, MN, NA'.

b) So sdnh dién tich hai tam gidc ABC va MNP.

Cho tam gidc ABC va ba vecto ¢6 dinh i, V,w. V6i mbi s6 thuc ¢, ta ldy
cdc diém A’, B’, C’ sao cho AA' = tii, BB = #,CC' = tw. Tim quy tich
trong tdm G’ clia tam gidc A’B’C’ khi ¢ thay d4i.

Cho tam giac ABC.

a) Hay x4c dinh c4c di€m G, P, Q, R, S sao cho :

a+@+G_C'=(_)’ ; 2ﬁ+FB'+P_C'=6; @+3@3'+2Q_C“:6;
RA-RB+RC=0; 5S4A-2SB-SC=0. . | |
b) Véi diém O bat ki va véi cac diém G, P, Q, R, S & cau a), chiing minh ring :

oG -Loi+ o5+ 106, op-'oi+ o8+ loc
OG—3OA+3OB+3OC ; 0P_§OA+ZOB_+ZOC;
— 1 1= 1= — =
OQ=EOA+EOB+§OC; OR=0A-0B+0C ;

— 55— — ] —
OS=-0A-0B-—-0C.

S 2OA OB 2OC
Cho tam gidc ABC va mot di€m O bat ki. Ching minh ring véi moi
diém M ta luén ludn tim dugc ba s6 o, B,ysaocho a + B + y =1va
OM = aOA + BOB + yOC . Néu diém M tring véi trong tdm tam gidc
ABC thicdc s6 a, £, y bang bao nhiéu ?



3s.

36.

37.

38.

39.

- 40.

41.

Cho tam gidc ABC va dudng thiang d. Tim diém M trén dudng thing d sao
cho vecto i = MA + MB + 2MC c6 d6 dai nho nhat.
Cho ti gidc ABCD. Véi s6 k tuy y, 14y céc diém M va N sao cho

AM = kAB va DN = kDC . Tim tap hop céc trung diém I cta doan thang
MN khi k thay déi.

Cho tam gidc ABC véi cac canh AB=c,BC =a, CA=b.
a) Goi CM 1a dudng phan giic trong cha goc C. Hay biéu thi vecto CcM
theo c4c vecto CA va CB.
b) Goi I 1a tam dudng tron noi ti€p tam gidc ABC. Ching minh rang
alA + bIB + cIC = 0.
Cho tam gidc ABC c6 truc tam H va-tam dudng tron ngoai ti€p 0. Ching
minh rang
a) O_A. + &é + 56 = O—H ;
b) HA + HB + HC = 2HO .
Cho ba day cung song song AA,, BB;, CC, ctia dudng tron (O). Ching

minh ring truc tam cua ba tam gidc ABC|, BCAI va CAB; nam trén mot
dudng thing.

Chondiém A, Ay, ..., A,vans6 ky, ky, ..., k,ma k) + ky +... + k, =k #0.
a).Ching minh ring c6 duy nh4t mot di€ém G sao cho

kIZ?Xl.+kQG_AZ.+...+knG_A,. =0.

Diém G nhu th€ goi 14 tdm tf cu ciia hé diém A;, gdn véi cdc hé s6'k;. Trong
trudng hop céc hé s6 k; bang nhau (va do d6 6 thé xem c4c k; déu bang 1),
thi G goi la trong tdm cua hé diém A;
b) Chting minh ring n€u G 12 tam ti cu néi & cau a) thi véi moi diém O b4t
ki, ta c6

- 1 — - -

0G = ¢ (1104 + 085 + ...+ k,0A, ).
Cho séu diém trong d6 khong c6 ba diém nao thing hang. Goi A 1a mot
tam gi4c c6 ba dinh 14y trong séu diém d6 va A' 1a tam gidc c6 ba dinh 1a

11



42,

ba diém con lai. Chimg minh ring v6i ciac cich chon A khédc nhau, céc
dudng thing n6i trong tam hai tam gisc A va A’ luén di qua mot diém
c6 dinh.

Cho nam diém trong dé khong c6 ba diém nao thing hang. Goi A 12 tam
gidc c6 ba dinh 14y trong niam di€ém d6, hai diém con lai xdc dinh mot
doan thing 6. Ching minh ring vé6i cdc cich chon A khic nhau, dudng
thing di qua trong tAm tam gidc A va trung diém doan thing & luén di qua
mot diém c6 dinh.

§5. Truc toa dd va hé truc toq dd

| - CAC KIEN THUC CO BAN

1. Dinh nghia vé truc toa d¢, toa do cua vecto va ciia diém trén mot truc.
D¢ dai dai s6 cua vecto trén truc.

2. Dinh nghia h¢ truc toa dg, toa do-cia vecto va cia diém déi vdi hé truc
toa dé. Moi lién hé giita toa d¢ cua vecto va toa do cdc diém ddu va diém
cudi cua né.

3. Biéu thiic toa dé ciia cdc phép todn vecto : Phép cong, phép trir vecto va
phép nhdn vecto vdi so.

4.Toa do cua trung diém doan thdng va toa dé ciia trong tdm tam gidc.

Il - DE BAI

43.

12

Cho céc diém A, B, C trén truc Ox nhu hinh 2.

C 0 A B X

Hinh 2
a) Tim toa d6 ctia cic diém A, B, C.

b) Tinh AB, BC,CA, AB + CB, BA — BC, AB.BA.



44.

45.

Trén truc (O ;?) cho hai diém M va N c6 toa d6 14n luot 1a =5 va 3. Tim

toa do diém P trén truc sao cho M _ —l.
PN 2
Trén truc (O ;i) cho ba diém A, B, C c¢6 toa d6 14n luot 1a — 4, — 5, 3. Tim toé_l

—_ == — MA MB

~ d6 di€ém M trén truc sao cho MA + MB + MC = 0. Sau d6 tinh ——= v
46.

MB  MC
Cho a, b, ¢, d theo thi tu 13 toa d6 cla c4c di€ém A, B, C, D trén truc Ox.

a) Ching minh rang khi a + b # ¢ + d thi lu6n tim dugc di€m M sao cho
‘ MA.MB= MC.MD.
b) Khi AB va CD c6 cuing trung diém thi diém M & cau a) c6 x4c dinh khéng ?
Ap dung. Xéc dinh toa d6 di€ém M néu biét :
a=-2, b=5 c¢=3, d=-1

Cdc bai tdp tix 47 dén 52 duoc xét trong mdt phdng toa dé Oxy

47.

48.

49,

50.

S1.

Cho céc vecto @(1:2),b(=3;1),8(=4: — 2).

a) Tim toa d6 ctia cic vecto

B =28-35+C V= -d+5b-Lz % =3G+2b+4F

w
[\S

vd xem vectd nao trong cic vecto d6 cung phuong véi vecto i, cung
phuong véi vecto j.

b) Tim céc s6 m, n sao cho d =mb + nc.

Cho ba diém A2 ; 5), B(1;1),C(@3; 3).

a) Tim toa do diém D sao cho AD = 3AB — 2AC.

b) Tim toa d6 diém E sao cho ABCE 13 hinh binh hanh. Tim toa d6 tdm
hinh binh hanh d6.

Bi€t M(x; ; y;), N(x; ; y5), P(x3; y3) 1a cdc trung diém ba canh clia mot tam
gidc. Tim toa d6 cic dinh cla tam gi4c.

Cho ba diém A(0 ; —4), B(-5; 6), C(3 ; 2).

a) Chimg minh ring ba diém A, B, C khong thing hang ;

b) Tim toa d¢ trong tdm tam gidc ABC.

Cho tam gidc ABC c6 A(-1 ; 1), B(5 ; -3), dinh C nim trén truc Oy va
trong tdm G nadm trén truc Ox. Tim toa d6 dinh C.

13



52. Cho hai diém phan biét A(x, ; y,) v B(xg ; yp). Ta n6i diém M chia doan
thang AB theo ti s6 k néu MA = kMB  (k #1). Chimg minh ring

x4 — kxp

ks e
-

yM.=yA1_kka'

E]lai tap on tap chuong |

53. Tam gidc ABC la tam giac gi néu né thod man mot trong céc diéu kién
sau day ?

a) [4B + Acl = [4B - Acl.
b) Vecto AB + AC vuong géc véi vecto AB +CA.

54. Tt gidc ABCD 12 hinh gi néu thoa min mot trong cédc diéu kién sau day ?‘
a) AC - BC = DC.

b) DB = mDC + DA.

55. Cho G la trong tam tam gidc ABC. Trén canh AB 14y haj diém M va N sao
cho AM = MN = NB.

a) Chitng t6 rang G ciing la trong tam tam gidc MNC.

b) Dat GA=ad, GB=bh. Hay biéu thi cdc vecto sau day qua d va b:
GC, AC,GM,CN . |

56. Cho tam gidc ABC. Hiy xdc dinh cic diém M, N, P sao cho :
a) MA + MB - 2MC =0 ;
b) NA+ NB+2NC =0 ;
c) PA — PB + 2PC = 0.

57. Cho tam gidc ABC, v6i mbi s6 k ta xdc dinh cic diém A’, B’ sao cho
AA' = kB_C., BB' = kCA. Tim quy tich trong tam G’ ctia tam gi4dc A'B’C.

14



58. Trong mat phang toa d6 Oxy, cho hai diém A(4 ; 0), B(2 ; —2). Duong

thing AB cét truc Oy tai diém M. Trong ba diém A, B, M, di€ém ndo ndm
gilta hai diém con lai.

Cac bai tap trdc nghiém chuong |

1.

Cho tam gidc déu ABC c6 canh a. D¢ dai cla téng hai vecto AB va AC
bang bao nhiéu ?

(A) 2a; (B a; © a3 ; <m4£

Cho tam gi4dc vuéng can ABC c6 AB = AC = a. D6 dai cla t6ng hai vecto
AB va AC bing bao nhiéu ?

@) a2 ; (mﬂi ©2a;  (Da

Cho tam gidc ABC vuéng tai A va AB = 3, AC = 4. Vecto CB + AB ¢6 do
dai bang bao nhiéu ?

(A)2; (B) 2V13 ; (C)4; (D) V13.

Cho tam glac déu ABC c6 canh bing a, H 1a trung dlém cia canh BC.
Vectd CA—HC ¢6 do dai bang bao nhiéu ?

X, «»”J  o 2

Goi G 1a trong tam tam gidc vuoéng ABC véi canh huyén BC = 12. Téng hai
vectd GB + GC c6 do dai bang bao nhiéu ?
A2; - (B 243, (©)8; (D) 4.

Cho bén diém A, B, C, D. Goi I va J 14n luot 1a trung diém cla cdc doan
thing AB va CD. Trong c4c déng thic dudi day, dang thic nao sai ?

a _
(A) 73 (B)

(A) 21J = AB+CD ; (B) 21J = AC + BD ;
(C) 21J = AD +BC ; (D) 21J + CA+ DB =0.

Cho s4u diém A, B, C, D, E F. Trong cé4c dang thic dudi day, dang thitc
nao sai ?

—_— — — e —— — —_ — — — —

(C)AD+BE+CF AF+BD+CE (D) AD+ BE +CF =AF + BE+CD.

15



10.

11.

Cho tam gidc ABC va diém I sao cho IA = 21B . Biéu thi vecto CI theo hai

vecto c71 va CB nhu sau :

(A)E:CA_‘?’Q; (B) CI =~ CA + 2CB;
(C)a=w; (D)azmi—;CB_

Cho tam gisc ABC va I 1a diém sao cho IA + 2IB = 0. Biéu thi vecto CI

theo hai vecto a va & nhu sau :

(A) mw; (B)_a=—'a+2§;
(C)a:w; (D)E[:CA__J:?,ZQ.

—_—

Cho tam gidc ABC véi trong tam G. Dit CA = @, CB = b. Bidu thi vecto

AG theo hai vecto @ va b nhu sau :

(A)E=2a—b; (B)A—G~=2a+b;
3 3
(C)A—G.=a_32b : (D)A—G.=_2‘;+b.

Cho G 1a trong tam tam gidc ABC. Diat CA=a, CB = b. Biéu thi vecto

CG theo hai vecto 4 va b nhu sau :

(A) CTG. _ a-;b : (B) C—G. - 2(21'3+b) :
© G =22, | ®) GG = 2@-0)

12. Trong h¢ toa do Oxy cho céc di€m A(1 ; -2), B(0 ; 3); C(=3 ; 4), D(-1:8).

16

Ba diém no trong b6n diém da cho 12 ba diém thing hang ?
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13. Trong hé toa do Oxy cho ba diém A(1 ; 3), B(-=3; 4) va G(0 ; 3). Tim toa do
diém C sao cho G 14 trong tam tam gidc ABC.
(A)(2:2) ; B)(2;-2); ©2;0); (D) 0} 2).

14. Trong hé toa dd Oxy cho hinh binh hanh ABCD, biét A = (1 ; 3), B= (-2 0),
C =(2;-1). Hay tim toa d¢ diém D. '

(A)(2:2); B) (5;2); ©@;-1; (D) (25 5).

B. LOI GIAI - HUGNG DAN - BAP S¢
§1, §2, §3 : Vecto, tong va hiéu cia hai vecto

1. Cé. D6 1a vecto-khong.

2. AB va AC cing huéng khi A khong nim
gita B va C, ngugc huéng khi A ndm giita B
va C.

3. Néu 4 nguogc hudng véi bvaa ngugc hudng
v6i ¢ thi b va ¢ cing huéng. Vay c6 it nhat
mot cap vecto cung hudng.

4. (h. 3) Hay chimg t6 rang AHCB' 12 hinh binh
hanh.

TirdésuyraZﬁ=T‘Cz va AB' = HC. Hinh 3
5. (h. 4) Tir diém O bit ki, ta vé OA =3,

— —

AB=b,vi d va b khong cung phuong nén

ba diém O, A, B khong thing hang. Khi do, A
trong tam gidc OAB ta co: > e
OA —AB < OB < OA + AB =7
s 1= Iz -7 T o "B
hay 1a lal - bl < la + Bl < lal+[5]. Hinh 4

2A- BT HINH HOC (NC) 17



18

Theo quy tic hinh binh hanh, vecto OM = OA + OB nim trén dudng chéo
ctia hinh binh hanh c¢6 hai canh 1a OA vi OB. Vay OM nam trén dudng
phan gidc clia goc AOB khi va chi khi hinh binh hanh d6 1a hinh thoi, tic
1d OA = OB. Ta c6 ON = OA — OB = BA nén ON nim trén dudng phan gidc
ngoai cua géc AOB khi va chi khi ON L OM hay BA L OM , titc 1a OAMB
12 hinh thoi, hay OA = OB.

(h.5) A

—_— — — — —

biatu = OA+ 0B+ OC + OD + OE.

Ta c6 thé viét : E B
ii = OA + (OB + OE) + (OC + OD).

Vi OA 1a phan giac cta géc BOE va OB = OE

nén téng OB + OE 1a mot vecto nim trén dudng D C

thang OA. Hinh 5

Tuong tu, vecto téng OC + 0D 1a mot vectd ciing nim trén dudng théng OA.
Vay # 1a mot vecto nim trén dudng thing OA. Ching minh hoan toan
tuong ty, ta ¢6 # cling 12 mot vectd ndm trén dudng thing OB. Tir d6 suy

ra ¥ phai la vecto - khong : i = 0.

M6t céch téng quat, ta c6 thé chiing minh ménh dé :

Néu AjAy...A, 1a n-gide déu tam O thi OA| + OA, + ...+ OA, =0. .
Tacé:

OA + OB + 0C

=OA'+A'A+OB' +BB+0C +C'C
= OA' +OB' +O0C'+ AB + BC + CA

- 0A'+0B +0C'.

(h. 6) Tai diém A c6 luc kéo F huéng
thang ditng xuéng dudi v6i cudong do
5N. Ta c6 thé xem F 1a téng cla hai

Hinh 6

28- BT HINH HQC(NC)



10.

vects F; va F, lan luot nim trén hai dudng thing AC va AB. D& dang
thdy rang

7 <l 5]l
Vay, c6 mot luc ép vubng gbc voi bitc tudong tai diém C vé6i cudng do 5N,
va mot lyc kéo bic twdong tai diém B theo huéng BA véi cuong do 5_\/5 N.
L4y mot diém O nao dé, ta cé '
AB| + AyB, + ...+ A B, = OB, — OA, + OB, — OA, + ...+ OB, — OA,

= (O_Bl' + O_Bz. +...+OB,,)—(0A1 + 04, + ...+ O_A,;)

Vi n diém By, B,,..., B, ciing 1a n diém A, A,, ..., A, nhung dugc ki hiéu
mot cach khic, cho nén ta ¢é

TB{+07?£+...+03,,=0A1+0A2+...+0A,,.

~ Suyra AB +AB,+..+AB, = 0.

§4.

11.

12.

13.

Tich cia mot vecto v6i mot s
Tacé M'N'=ON'—OM' = kON — kOM = k(ON — OM) = kMN .
Néucé ma +nb=0 véim=0,tacé @ = —%l;,suyra avab cung phuong.

Nguoc lai, gia sit @ va b cung phuong.

Néu @ = 0 thi c6 thé viét ma + 0b =0 v6i m = 0.

Néu & # 0 thi c6 s6 m sao cho b=ma tic 1a md+nb=0, trong dé
n=-1=%0.

Vay diéu kién cin va da dé a va b cung phuong 1a c6 cap s6 m, n khOng

déng thoi bang 0 sao cho md + nb=0.
Tt d6 suy ra

Diéu kién cdn va di dé hai vecto @ va b khéng cung phuong la néu
md+nb=0 thim=n=0.

Vi O_A, OB,OC cb d¢ dai biang nhau nén O 1a tam dudng tron ngoai ti€p tam
giéé ABC. Lai vi OA+OB+0C =0 nén O la trong tam tam gidc ABC. Suy
ra ABC 12 tam gic déu. Vay céc géc AOB, BOC, COA déu bing 120°.

19



14. o Néu hai vecto @, b ciing phuong thi ¢6 cap s6 m, n khong déng thoi bang 0

sao cho ma + nb = 0. Khi d6 c6 thé viét ad + pb +y¢ =0, v6i a = m,
p=ny=0.
o Néu hai vecta @,b khong cling phwong thi ¢6 cic s6 «,f sao cho
¢ =ad+ ,BB, hay c6 thé viét ad +',BB +yC =0 véi y = —1.

15. a) Theo gia thiét : IA = tIB + (1 — )IC , thi v6i moi diém I’, ta c6
T+TA=t(Ir'+TB)+0-n(II'+TC)=tI'B+ 1 -0I'C +1I"
Suy ra I'A = tﬁ+(1—t)ﬁ.
b) Néu ta chon I’ traing v6i A thi ¢6 0 = tAB + (1 — H)AC, d6 1a diéu kien
can va di dé ba diém A, B, C thang hang.

16. a) Néu k < 0 thi M nam giita A va B, hoic trung vdi A.
Néu 0 < k < 1 thi A ndm gita M va B.
Né&u k > 1 thi B nim giita A va M. ‘
Néu k = —1 thi M 1a trung diém ctia doan thing AB.
b) Theo gia thiét : k=0 va k1, ta c6 '

M chia doan thing AB theo ti s6 k < MA = km & MB = %m

< M chia doan thang BA theo ti 36%.

c) @ M chia doan thing AB theo ti s6 k & MA=kMB < MA=k(MA+4B)

Y k - . 2
hay AM = k——lAB < A chia doan thang MB theo ti s6 Ak k

e M chia doan thing AB theo ti s6 k <> MA = kMB <> BA — BM = kMB

< BM = I—Lkﬁ < B chia doan thing MA theo ti s6 1 ! -
d) M chia doan thing AB theo ti s6 ¥ < MA = kMB
< OA — OM = k(OB - OM) (trong dé O 1a diém bat ki)
& OA - kOB = (1- k)OM
—  OA - kOB
@ OM =

20



17. Goi G 1 trong tam tam gigc MNP thi ta c6
GA - kGB _GB ~kGC _GC — kGA
11—k 1-k 1-k
& GA+GB+GC =0.
Vay G ciing 1a trong tdm tam giac ABC.
18. (h.7) Tacé
21/ =10 + IN

GM +GN +GP = 0 o

=0

_ 1M+ MO+ 1P+ PN

— MO+ PN

- Y AF + BD) + L DB

) 2
1—.

Vay IJ = %E. Suy ra IJ//AE va IJ = %_AE.

19. a) (h. 8)
L4y mot di€ém O n2o do, ta c6

A
0—1W'=0A—m03;
1-m
_ﬁzOB—nOC :
1—-n

5F - OC—pOA.
1-p _
Pé don gian tinh todn, ta chon diém O tring véi diém C.
Khi dé ta c6 :
. GA-mTP — T — A

=22 . CN = . CP = .
CM == =3 CN =1 i CP =7

Hinh 8

1. .

Tir hai déng thitc cu6i cha (1), ta cé :

63=(1—n)5\7, CTA‘=pT~ICTP.

21



DX " =] & x=
pPx1= a

va thay vao dang thitc ddu cha (1), ta duge :
p—-1 —= mQd- n)

—~ __—_CP-———=CN.

p(l.—m) ¢ 1- ¢

Tiur bai todn 15b) ta suy ra diéu kién cédn va da dé ba diém M, N, P thing
hang la :

CM =

p—1 _m(l—n)
p(l—m) 1-m

b) (h. 9)

=l p-1-pm(-n)=p(l-m) < mnp =1

Gia sit AN cit BP tai I va gia st I chia
doan thing AN theo ti s6 x. Nhu vay
ba diém P, I, B thang hang va ldn luot
nidm trén ba canh cua tam gidc CAN.
Ta c6 P chia doan thang CA theo ti s6
p, I chia doan AN theo ti s6 x, B chia

doan NC theo ti s6 nL—l (suy tir gia

Hinh 9
thi€t N chia doan BC theo ti s6 n). Vay theo dinh 1i Mé-né-la-uyt ta c6

n-1

Giast AN cat CM tai I', va I’ éhia AN theo ti s6 x'. Nhu/ vay ba diém I’, C,
M thing hang va ldn lugt ndm trén ba canh clia tam gic ANB. Ta ¢6 :

I’ chia doan AN theo ti s6 x’, C chia doan NB theo ti s& T 1 , M chia dban
-n

BA theo ti s6 % . Vay ap dung dinh 1{ Mé-né-la-uyt, ta c6 :

L1
l-n m

x'- =leox'=m(l-n).

Ba dudng thang AN, BP, CM d6ng quy khi va chi khi I trung I’ hay x = x/,
c6 nghiala:

=m( —n) < mnp = —1.
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20.

21.

+) Xét truong hop AN va BP song song
(h. 10). Tacé :

—_— — —

AN=CN—CA=1'1na§—.a;

CM = _CA-- " _Cb.
1-m 1-m
Do AN // BP nén
1 ' 1 p-1 '
- =1L s =L Hinh 10
1-n p—1 l-n p :
osp=1Q-n(p-)onmp=n-1. : @)
Khi d6 diéu kién cdn va di dé AN, BP va CM song song véi nhau 1a CM
cung phuong véi AN.Vi CM = CAI—_—rzC'B’ nén C_M..cimg phuong vdi
AN khi va chi khi 11 c(-m)=-l1omn-1)=-1. (**)

Tir (*) va (**) ta suy ra mnp = —1.

Ta goi k, I, m 1a c4c s6 sao cho ﬁ = kIC' ; BC = lm.; C_IA. = mC,B.
Chi ¥ ring ba di€ém A,, B,, C; l4n lugt d6i xing véi ba diém A,, B,, C,
‘qua trung diém doan théng BC, CA, AB nén ta c6
Tir d6 bing cach 4p dung dinh If
thuan va dao cua dinh 1i Mé-né-la-uyt
(hoac Xé-va) ta chimg minh dugc cau a)
(hoac cau b)).
(h. 11)
Dat@.:m@.', MB' = nMA.
Xét tam gidc ABB’ vGi ba duong déng quy B /
 1a AC, BM va Bl (d6ng quy tai A). Vi Hinh 11

23



22.

23.

24

JA = —IB nén theo dinh 1i Xé-va, ta ¢c6 —mn = —1 hay mn = 1. Tu
MB' = nMA ta suy ra mW=mnm=m.Vay ta c6 CB = mCB' va

MA = mMB', diéu nay chimg té ring CM // AB. Vay diém M luén nim
trén dudng théng c6 dinh di qua C va song song véi AB.

(h. 12) Xét tam gidc ABQ va ba diém

thang hang M, E, D. Gia sit M chia AB B
theo ti s6 m, E chia BQ theo ti s6 n va
D chia QA theo ti s6 p, theo dinh i

Mé-né-la-uyt ta c6 mnp = 1. ', N

Xét tam giac ONB va ba diém O, E, C. '
Khi @6 O chia QN theo ti s6 m, C
chia NB theo ti s6 n va E chia BQ Hinh I2
theo ti s6 p. Vi mnp = 1 nén ba diém

O, E, C thing hang.

Ciing chimg minh tuong ty, ta c6 ba diém F, O, A thang hang. Vay dé ba_
diém E, O, F thang hang, diéu kién cén va di 1a nam diém A, C, E, F, O thang
hang, hay diém O phai nim trén dudng chéo AC cta hinh binh hanh
da cho.

(h. 13) V6i diém G bat ki ta c6 :
GEM_+G—P.+@:%(Q+G—B.)+%(G_C‘+G_D‘)+G_E'

=%((§+G_C‘)+%(G_D‘+(ﬁ)+%(@+aj
=GN + GO+ GR.

Vay GM + GP + GE =0

& GN+GO+GR=0.
Suy ra trong tam hai tam gidc MPE va NOR
trung nhau.



24. (h. 14)
a) BB +C'C + DD’
= AB'— AB + AC — AC' + AD" — AD
=@+AD*')—A—C'—(A_‘B+A~D)+A_C'
=AC' - AC'- AC+ AC =0.
b) Vé6i diém G b4t ki ta co
GB + GC' + GD
=GB'+B'B+GC+CC +GD'+D'D
- GB'+GC+GD +(B'B+CC +DD)
=GB +GC +GD'.
Suy ra : GB+GC'+GD=0< GB' +GC+GD' =0.
Vay trong tam hai tam gidc BC'D va B'CD’ trung nhau.

Hinh 14

-

25.a) o 2PA+3PB=0 < 2PA+3(PA+AB) =0
@5ﬁ+3ﬁzﬁeﬁ>=%ﬂz.
0—2_Q_A'+@?‘:6 c>—2Q—A+@+A_‘B:6<:>A—Q - BA.

—_—

0R7—3FB=6 ®R7—3(R7+TB)=5®TR=

~4E.
b) e 2PA+3PB=0 < 2(0A-0P)+3(0B-0P)=0

C>0P-—§0A+EOB )

o 204 +0B =0« —2(0A-00)+(0B-00)=0
<:>0—Q:2a—a?';

o RA—3RB =0 < (0A-0OR)-3(0B-0R) =0

26. Tacod: O—M=aa4'+(1—a)a§<:>bﬁ=a(0_A'—a§)+07?

& OM - OB = a(OA - OB) < BM = aBA < M e d.
Vi BM = aBA nén M thu6c doan thing AB khi vachikhi 0 < @ <1.
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27.

28.

29,

26

L4y hai diém A, B sao cho OA=# vi OB =7 thi theo bai 26, ta c6
OM = mii + (1 — m)¥ khi va chi khi M nim tren dudng thing AB.
Vil nim trén A’B va AB’ nén c6 céc s6 x va y sao cho :
Cl = xCA’ + (1 - x)CB = yCA + (1 - y)CB'
hay xma+(1—x)b ya+(1—y)nb .
Vi hai vecto 4, b khong cung phuong nén tir dang thitc cudi clng ta suy ra:

mx=yva(l-x)=n(l-y).Tudétacé6 1—-x =n(l—-mx)=n—-mnx

1-n
hayx—l—mn. .
Vaya=m(1'”)a+ 1- 1-n B=m(1—n)a+n(l,—m)5.
- mn 1-mn 1-mn 1-mn
(h. 15)
b A
TadatCA—a CB thldOCM—E
Vi E ndm trén doan thing AC nén c6 s6 k
sao cho CE = kCA = ka , v010<k<1 Y.
Khi d6 CF = kCB = kb. I T T >

Diém D nim trén AM va EF nén c¢6 hai s6

X Hinh 15
x vay sao cho

CD = xCA + (1 - x)CM = yCE + (1 - y)CF

hay xd + l%b kyd + k(1 — y)b

1-

Vi hai vecto &',B khéng cung phuong nén x = ky va Gl k(1 - y). Suy

rax=2k-1,dodé CD = (2k — 1)@ + (1 - k)b.

Tacé:

ED=CD~CE = 2k - 1)a + (1- k)b — kd = (1 - k)b — @) = (1 - k)AB.
Chi y rang vi CF = kCB nén AG = kAB hay AB+BG kAB suy ra
(1- k)AB = GB.



30.

31.

Do d6 ED = GB. Nhu vay, hai tam gidc ADE va BFG c6 cdc canh ddy ED
va GB bang nhau, chiéu cao bing nhau (bing khoang cich giita hai duong
thing song song) nén c6 dién tich bang nhau.

Goi O 1a giao diém cua hai duong thing AD
va BC (h. 16).

-

Dit OA=d;OB=5b;0D=ka, khi dé
OC = kb (vi AB//DC). Gia sit OM = ma.
Ta x4c dinh diém N trén BC sao cho
AN //CM . Ta chitng minh ring DN // BM.

Vi N nim trén BC nén ON = nb. Khi d6

AN =ON -OA =nb-a.

_— . — - Hinh 16
Miit khic CM = OM — OC = ma — kb.

— -1
Vi AN//CM neén hai vects AN va CM ciing phuong, tic la _ik =—

hay n = ~. Vay ON = £5. Tir d6 DN = ON - 0D = X5 — k& Lai c6
m m m
BM = OM - OB = md -b =-"[ X4 _ka |- -"DN.
kim _ k

Vay BM va DN cung phuong, hay DN //BM.
(h. 17)
a) Dat CA = @;CB = b. Theo gia thiét ta c6 :

CB 2— 2d

A B | —~n _<a

CA=S=3:  CB=3CA=T; A
—. CA+2CB _a+2b | 5
CC' = —3 == | o, -
Vi M 1a giao diém clia AA' va BB' nén c6 céc N

s6 x va y sao cho : ¥ .
CM = xCA+(1-x)CA'=yCB +(1-y)CB’, Hinh 17
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28

—

- 24
hay : x5+(1—x)§=yb+(1—y)7a-

Vi hai vecto @ va b khong cing phuong nén tir dng thic trén ta suy ra
_ 1—
N ES NN B

3
Giai ra ta dugc : —ivé —l
ljaira ta .c.x—7 y—7
Tu dbé tacd
— 4— 33— 4 — 33— = — 3——
= — — ! — — "= MA-':__MA'
CM 7CA+7CA:>7MA+7MA 0= 7
:>AM=%AA';

m=;§+g@:;m+nga:m=_6w

= MB' = %BB'.

Tuong tu, v6i MB' = %BB' ta cling c6 NA' = %AA

Vi AM = —3—AA nén MN = —3—AA'.

Toém lai, tacé6 AM = MN =3NA".
Tuong tu: BP = PM =3MB' va CN = NP =3PC".

b) Goi S 1a dién tich tam gidc ABC. Tu gia thiét ta suy ra AB' = lAC,

3
1 1
A'=—-CB, BC'=ZBA.
& 3C C 3
Véytacod: SABB' = SBCC' = SCAA,' = %S

Trong tam gidc ABB’, tac6 MB’ = %BB' nén Supy = %SABB- = 2LIS'
' 1

Tir d6 suy ra
Sunp = SaBc —Sasg' —Spccr ~Scaar + Sapm +Spce + Scarn
S 1 1

=S—3§ +32—IS =,—7'S

Vay Sapc = 7Sune-



32. Goi G la trong tam tam gidc ABC thi

33.

34.

3GG GA' +GB' + GC' = GA+E+@+TB+§+CC

—_ — —

= AA'+ BB' + CC' o
=+ +w=1tU+7V+w).

N I = 1 .
w thi vecto @ c6 dinh va GG =§ta.

<l

Data = i +

Suy ra néu @ =0 thi cic diém G’ tring véi diém G, con néu @ # O thi -
quy tich cdc diém G’ 12 dudng thdng di qua G va song song véi gid cla
vecto & .

a)e GA+GB+GC =0 G la trong tam tam gidc ABC.

o 2PA + PB + PC O < 2PA +2PD = O (D 1a trung dlem cua canh BC).
Vay P la trung diém cia trung tuyén AD.

e QA+3QB+2QC=O<:>QA+Q_1'3+2(@3'+@):6<:>2Q_E"+4Q~D:6

(E 12 trung diém cita AB, D 12 trung diém cba BC) < QE + 2(QE + ED) = 0
& EG = 2ED.

@« RA-RB+RC =0 BA+RC =0« CR = BA.
e 5SA—-2SB-SC =0
@5SA—2(SA+AB)—(§{+R)=6©}E:—E—%A—C.

b) Hudng dan : Xuat phat tir cdu a), hdy viét mbi vecto thanh hiéu hai
vecto ¢6 diém ddu 12 O.

Vi hai vecto CA va CB kho6ng cung phuong nén ta c6 cac s6 a va S sao cho
CM = aCA + BCB, hay 1a OM - OC = a(0A - 0C) + g(0OB - oc)

Vay : OM = aOA + ,BOB +(-a- ,B)OC '

Pat y=l-a- B thia+B+y=1va0OM = aOA + SOB + yOC.

' —_ lf— — —
Néu M tring G thi ta ¢6 OG=§(0A+OB+0C).

1
Vayazﬂz y= §-
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35.

36.

37.

30

V(’)‘i‘moi diém O tacé:
ﬁ=ﬁ+ﬁ'+27€=07—0ﬁ+@—071+2(07‘—0ﬁ)
= OA + OB +20C - 40M .

Ta chon diém O sao cho ¥ = OA + OB + 20C = 0.
(Chﬁyrangnéu'(;latrongtamtamgiécAchj6=ﬁ+ﬁ;’+o7+o_c'
—30G+0C 40G + GC . B&i vay dé 7 =0, ta chon diém O sao cho
GO = = GC) Khi d6 i = —40M va do d6 |u| 40M . Do dai vecto. i

nho nhat khi va chi khi 40M nho nh4t hay M 1a hinh chi€u vuéng goc clia
Otrénd.

(h. 18) Goi O, O’ 14n luot 1a trung diém

cua AD vaBC,tacé:

00" = (a5 + DC).
Vi O valla trung diém cthia AD va MN nén :

—_—

0)4 =%(M+ﬁ)

=§(@+D—'c):ko—a.

Vay khi k thay déi, tap hop cdc diém I la
dudng thang 00"

Hinh 18

(h. 19)
a) Theo tinh chét dudng phan giac, tacd :
AM CA b — b—b
BY-CB- 2 suyra MA = _ZMB'
CA + 2Ch
Txdétacé6 CM = ——4
b
1+ —
a
b = Hinh 19
= B. :
T a+ b CA+ a+ bc'

b) Vil la tam dudng tron ndi ti€p tam gidc ABC nén Al 12 phan giac cha

tam gidc ACM. B&i vay theo ciu a), ta c6 thé biéu thi vecto Al theo hai
vectd AM va AC.



38.

39.

bc

— AC  — AM b~ b

= - . AR a+b A_C"
AL =ger ™Mt aer ar A¢ b avb T b
b+ b+
a+b a+b
b — P— N .
= B —a+b+c(IB—IA)+—a+b+c.(IC—IA).
Suyra: :
b+C - b —_— c —_ - JEN . . 5
l-——— 1A+ IB+ IC =0 < alA+bIB +cIC = 0.
a+b+c a+b+c a+b+c
(h. 20)

a) Goi B’ 1a diém d6i xing véi B qua O, ta cb
B’C 1 BC. Vi H 1a tryc tam tam gidc ABC nén
AH 1 BC. Vay AH [/ B'C.

Ching minh tuong tu ta ¢6 CH // B'A.

Vay AB'CH 1a hinh binh hanh. Suy ra
AH = B'C. Goi' D 1a trung diém cta BC thi
OD 1a duong trung binh cua tam gidc BB'C nén
B'C =20D.Vay AH = 20D.

—_—  —r — ) —

Suy ra: OA + OB + OC = OH.
b) Goi G la trong tam tam gidc ABC thi :
HA + HB + HC = 3HG = 3HO +30G = 3HO + OA + OB + OC .

K&t hop v6i két qua cua cau a), tacé :

HA + HB + HC = 3HO + OH = 2HO.
(h. 21) Goi H;, H,, H5 14n luot 1a tryc tAm cua céc Ay
tam gidc ABC,, BCA,, CAB,. Theo két qua bai 38, 4 .
tacé: . '

—OE=0_A+E§+O_CI.; B G

0H2=(i§+0_C'+0—Al.; C

0H3=0_C'+a+(_)§1.. Hinh 21
in
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40.

41.

42,
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—_— — s — s

—OC—0C, +0A, —0A = C,C + AA,,
H,H, = OH, — OH, |
_0C_0C + OB - 0F = C.C + BB,
Vi cdc day cung AA,, BB,, CC, song song véi nhau nén ba vecto
AA;, BB,,CC, c6 ciing phuong. Do dé hai vecto H{H, va HiHj cing
phuong, hay ba diém H,, H,, H; thing hang.

a) Ta 1dy mot diém O nao d6 thi :
k,GA, + kyGA, + ... + k,GA, =0
<:>kl(O_AI—%)+@(@.—ﬁ)+...+kn(@.—%)=6

& 0G = k(kIOAl +ly0hy +... + k,04,).

Vay diém G hoan toan xac dinh va duy nhat.

b) Suy tur ciu a).

Goi A, B, C 1a ba dinh clia tam giac A va D, E, F 1a ba dinh clia-tam giac A",

Goi G va G’ 14n luot 12 trong tam chia tam gidc A va A’ thi véi diém / tuy ¥,
tacé:

JA+IB+IC+ID+IE +IF = 3(ﬁ+ﬁ)
Bé&i vay n€u chon / 1a trong tam cla hé diém A, B, C, D, E, F, tic 1 trong

tam ctia hé sau diém di cho, thi / 1a diém c6 dmh va IG + IG' = 0. Vay

céc duong thang GG’ luon di qua diém / ¢6 dinh (/ 12 trung diém cua doan
thang GG").

Goi A, B, C 1a ba dinh cha tam gidc A va DE 1a doan thang 6. Goi G 1a
trong tAm tam gidc A va M 12 trung diém cta DE thi véi diém / th)‘/ y,taco:
TA+E?+E+5+YE=3E+2W.

Boi vay néu chon / 13 trong tam cta hé diém A, B, C, D, E, tiic 1a trong tam
cua hé nam diém da cho thi / 1a diém c6 dinh va 3IG +2IM = 0. Vay cic
dudng thang GM ludn ludn di qua diém I ¢6 dinh (va I 12 diém chia doan

thiang GM theo ti s6 —%).



§5. Truc toa dé va hé truc toa do

43. a)A,B,Cc6toadoldnluot1a 2 ; 4 ; -3.
b) AB=OB-0A=4-2=2, BC =0C - OB = -7,
a=a—%=5;

AB+CB=AB-BC=2+7=9;

b4

BA-BC=—-AB-BC=-2+7=5 (hoac BA—BC =CB + BA=CA =5);

44. =:—%©2PM=;‘1W©2(5E—§)=—(O_N—ﬁ)

g
S

P = L(20M +0N) = L5y + 3= - L.
3 3 3
Vay diém P c6 toa d6 la —%-
45. M—A+WB+M_C.‘=6<:>3M_O.+O_1'4+OTB+O_C'=6
< OM = 5(04 + 0B + OC )
— == = — 1
& OM =3(0A+0B+0C)=2(-4-5+3) = 2.
Vay M c6 toa d6 1a — 2. Khi d6 :
MA=0A-OM =-4+2=-2, MB=-3, MC = 5.
Su ra @—g @—_é.
Y MB T3 Mc TS
46. a) MA.MB=MC .MD

(04 0W)(0B- W) = (0C - o) (0D - 0%)
o O_M.(EB + O_C ~OA - @) = 0C.0D-0A.OB
<:>0—1\/1_;(d+c—a—b)=cd—ab. | *)

Do a+b #c+dnén OM _cd—-ab
d+c—a-»

3A- BT HINR HOC (NC)



47.

48.

34

b) Gié sit AB va CD c6 cing trung diém 1. Khi d6

OA+OB OC + 0D —
2 2 (=o1).

haya+ b= c+d Khidbé ab #cd (vin€uab=cdvaa+b=c+dthidé
dang suy ra bon diém A, B, C, D khong phan biét). Vay tir (*) ta suy ra
diém M khong x4c dinh.
Apdl_mg:Vé’ia=—2, b=5, ¢c=3, d=-1,tathdya+ b # ¢ + d. Theo
cau a), diém M duoc x4c dinh va ta ¢

cd—ab _ 3(-)-(-2)5 _
d+c—-a-b -1+3+2-5"
Suy ra diém M c6 toa do 1a —7.

OM = 7.

) i =23-3b+C=2.1-3.(3)+(=4);22-3.1+(<2) = (7 :=1).

W = 3G +2b + 42 = (-19; 0).

Hai vecto v va j cung phuong, hai vecto w va i cling phuong.

-3m-4n=1 m=3z

b)&'=mB+nE<:> =
m-2n=2 " 7

a) GidsitD=(x;y). Khi dé
AB =(-1;-4), AC =(1;-2);
x=2=3(-)-2.1 x=-3
Loy
y—5=3.(-4)-2(=2)

—_—

AD =3ﬁ—2ﬁc{
Vay D = (-3;—3).

b) Gid sit E= (x;y). Tt ABCE la hinh binh hanh, suy ra AE = BC, do d6

x—-2=2 x=4
= .Vay E=(4;7).
y-5=2 y=17

38- BT HINH HOC (NC)
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'Tam / chia hinh binh hanh ciing 12 trung diém ciia AC nén :

2+3 5+3 5
= ; =|=:;4].
=522 (54)
49. (h. 22) Gia st tam gidc ABC nhan M, N, P 1a trung diém cia cdc canh AB,
BC,CA. Tacd
MA = NP
{XA—XM=XP—XN
&
Ya—Ym =Yp —IN
Xy =X + X2 —
¢>{A 1t X% — X
Ya =Xt Y3~
Suyra A= (g +x3— x5,y + Y3 — V)
Tuong ty ta tinh duogc :
B=(x+x— X350+ ¥, =), C=(x + x3 = x;5 ¥, + y3 = ¥)-

Hinh 22

50.2)AB = (-5; 10) ; AC = (3; 6). Do —gqa% nén AB va AC khong cing

phuong, suy ra A, B, C khong thing hang.
b) Toa d6 trong tam G cua tam gidc ABC 1a :

G = 0-5+3 -4+46+2) ( 2 4
- L 373)

3 3
M;=:L;;i9 L4
51. G(xg;0) € Ox, C(0;yc) € Oy = 47073
0= —2% yC—2.
3
4
Vasz(E;OJ’C=(O;2)'
X _ Xy —kxp
— _ x4 — Xy = k(xg — xp0) M~
52, MA=kMB<:>{A A =k gz,
Ya —¥u = k(yp = yu) _Ya—kyp
M =TT
X4 + Xg '
M=y .
Khi k = -1 thi , M 12 trung diém clia AB.
_Ya*tYs ,
M = 2
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Bai tap on tap chuong I

53. a) Goi M 1a trung diém cta BC thi tir gia thiét suy ra 2AM = BC. Vay tam
gidc ABC vuong tai A.

b) Tir gia thiét, ta c6 :
(E+R‘).(TB+§)=O¢> (TBMR‘).(TB—R):O

< AB* - AC* =0, .
Vay tam gidc ABC la tam giic cén, diy BC.

54. a) Ta c6 AC—BC=DC<:>AC+CB=DC<:>E=D_C'. Vay ABCD la
hinh binh hanh.

b) DB-= mDC + DA < DB DA = mDC < AB = mDC Vay ABCD la
hinh thang.

55. a) Goi I 1a trung diém clia M N thi [ ciing 12 trung diém clia AB, do d6 :
GM +GN = GA + GB = 2GI .

Suy ra GM + GN + GC = GA + GB + GC = 0. Vay G ciing la trong tim
tam gidc MNC.

b)) GC=-d—b:AC=GC—-GA=-2d-b.

CN=CA+AN =23 +b+= (b— )_4"+5b

56. a) Goi / 12 trung diém ctia AB thi MA + MB — 2MC = 0 khi va chi khi
2(Mi - MC) =0« CI =0.

Khong c¢6 diém M nao nhu thé.
b) Vin goi I nhy trén thi : NA + NB + 2NC = 0 < 2(Ni + NC) = 0. Vay
N 1a trung diém cta IC.
c) ﬁ—P_B.+2F(—Z:=(_).<:>ﬂ+2P_C.=6<:>R:=%A_.B. Vay néu 14y D
sao cho ABCD la hinh binh hanh thi P 12 trung diém cta CD.
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57. Goi G la trong tam tam gidc ABC, ta cb
3GG'= AA' + BB' + CC = kBC + kCA + 0
= k(BC + CA) = kBA.
Tir d6 suy ra quy tich cdc diém G’ 1a dudng thing di qua G va song song
v6i dudng thang AB. |
58. GiastM=(0;y),tacd AB = (-2;-2), AM = (-4 ;y).VibadiémA, B,M
thang hing nén AB va AM cing phuong, suyray=—-4. VayM = (0; - 4),

khi d6 AB = (-2 ;—2), AM = (-4 ;—4), suy ra AM = 2AB. V3y diém B
nam giita hai diém A va M.

Cac bai tap trac nghiém chuong I

1. (C) 2. (A) 3. (B) 4. (D)
5. (D) 6. (A) 7. (B) 8. (B)
9. (C) 10. (D) 11. (A) | 12. (C)
13. (A) 14. (B). |
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X rg/d TiCH VO HUGNG CUA HAI VECTO
VA UNG DUNG

A. CAC KIEN THUC CO BAN VA BE BAI

§1. Gia tri lugng giac cia mét goc bat ki
(T’ 0° dén 180°)

| - CAC KIEN THUC CO BAN

- Dinh nghia cdc gid tri luong gidc cua mot goc.

- Ddu cua cdc gid tri luong gidc ciia cdc goc.

- Lién hé giita cdc gia tri lugng gidc cua hai géc bu nhau, hai géc phu nhau.
cos(180° — @) = —~cosa ; sin(180° — @) = sina.

cos(90° — @) =sina ;  sin(90° — @) = cosa (0° < @ < 90°).

Il - BAI TAP
3cosa + 4sina
cosa +sina
a) V§i goc a nao thi biéu thic khéng xéc dinh ?
b) Tim gia tri cua P biét tana = —2.

1. Cho biéu thitic P =

2. Tinh gié tri cha méi biéu thic sau :
a) cos0° + c0s20° + cos40° + cos60° + ... + cos140° + cos160° + cos180°.
b) tan5°tan10°tan15° ... tan80°tan85°. '

3. a) Ching minh ring sin’x + cos’x = 1 (0° < x < 180°).

b) Tim sinx khi cosx = - %
¢) Tim cosx khi sinx =0,3.

. . .. 2
d) Tim cosx va sinx khi sinx — cosx = 3

38



1

COS2 a

b) Cho tanx = -5, hdy tim cdc gid tri lugng gidc con lai cua goc x.

4. a) Ching minh ring véi moi géc a khic 90°% tacod 1 + tan’a =

5. a) Ching minh 1 + cot’a = s—Vvéiaz0°vaa= 180°.

sin“ a :
b) Cho cotb = 3, hay tim cdc gia tri lugng gidc con lai clia goc b.

N
4

6. Cho biét sin15° =

a) Tinh tan15°.

b) Chitng minh 2sin15°cos15° = sin30°.
7. Biét sinx + cosx = m.

a) Tim sinx.cosx.

b) Tim sin*x + cos*x.

¢) Tim sinx + cos®x.

d) Chimg minh ring V2 <m < 2.
8. Biéttana + cota = k.

a) Tim tan’a + cot’a.

b) Tim tan‘a + cot*a.

¢) Tim tan®a + cot’a.
d) Ching minh : Ikl > 2.

§2. Tich vé huéng cua hai vecto

| - CAC KIEN THUC CO BAN
1. Dinh nghia tich vo huong cua hai vecto va cdc tinh chdt.
2. Biéu thirc toa dé cia tich vé huong :
Néu ii =(x;y), v =(x";y") thi iV = xx'+ yy'.
3. D¢ dai cua vecto va goc gilta hai vecto : N&u i(x;y),v = (x';y') thi

4 o xx'+ yy' e = =
il = x* + y* ; cos(ii, ¥) = — Y (v6i u = 0,V # 0).
Vx? 4y x4 y?




Il — DE BAI

9.

10.

11.

12.

13.

14.

15.

16.

17.

40

Tam gidc ABC vudng & A va c6 hai canh AB =7, AC = 10.
a) Tim cosin cla cédc goc (AB AC) (AB BC) (AB CB)

b) Goi H 12 hinh chi&u ciia A trén BC. Tinh HB.HC .
Cho tam gidc ABC c6 AB=7,AC =5, A= 120°.

a) Tinh c4c tich vo huéng AB.AC va AB.BC.

b) Tinh d6 dai trung tuyén AM ctia tam gidc (M 1a trung diém cta BC).

Tam gidc MNP c6 MN = 4, MP = 8, M= 60°. L4y diém E trén tia MP
va dat ME = kMP. Tim k dé NE vuéng géc véi trung tuyén MF ciia tam
gidc MNP.

Tam gidc ABC c6 céc canh AC = b, AB = ¢, BAC = a va AD la phan giic
cta géc BAC (D thuoc canh BC).

a) Hay biéu thi vecto AD qua hai vecto AB, AC.

b) Tinh d¢ dai doan AD.

Ching minh c6ng thic sau (véi hai vecto @ va b bat ki) :

- ) gy,
ib = %(Ia )

Tam gidc ABC c6 AB=c,BC =a, AC = b.

a) Tinh céc tich v6 huéng AB.BC va AB.AC.

b) Tinh d¢ dai trung tuyén AM cla tam gidc ABC.

Tinh d¢ dai cdc dudng phan gidc trong va phan gidc ngoai clia mot tam
gidc theo d§ dai ba canh cla tam giic dé.

Cho ba vecto @,b,¢ khéc 0. Trong trudng hgp nao dang thic sau day ding :
(a. b)c = a(b c)?

Cho hai diém c6 dinh A, B c¢6 khoang cdch bing a.

a) Tim tap hop cdc diém M sao cho MA.MB = k.

b) Tim tap hop céc diém N sao cho AN.AB = 242,



18.

19.

20.

21.

22,

23.

24,

Cho diém A c6 dinh nim ngoai dudng thang A, H 1a hinh chiéu cua A trén A.
V6i mbi diém M tren A, l4y diém N trén tia AM sao cho AN.AM = AH’. Tim
tap hop cic diém N.

Cho da gi4c déu A,A,... A, noi tiép trong dudng tron (O ; R) va mot diém
M thay déi trén dudng tron d6. Chitng minh rang :

a) cosm +cosMOA, + ... + cosm =0
b) MA? + MA? + ... + MA? c6 gi4 tri khong déi.
Cho tam gidc ABC c6 AB = ¢, BC = a, CA = b. Goi M 1a diém sao cho
BM = kBC . Tinh do dai doan thing AM. Xét truong hop dac biét khi

1
k= 5
Cho tam gidc ABC c6 AB=c,BC =a, CA=b. Dat

i = (45.5¢)CA + (5C.CA) 2B + (4. 2B) &€
Chitng minh ring

a) U =- abc[cosBi—A + COSC% + cosA%C-] ;

b) Néu ABC 1a tam gidc déu thi i = 0;

¢) Néu ii =0 thi ABC 12 tam gidc déu.

T gidc ABCD c6 hai duong chéo AC va BD vubng gbc véi nhau tai M.
Goi P 1a trung di€ém doan thang AD. Chu*ng minh rang : MP 1 BC khi va
chi khi MA.MC = MB.MD.

Cho hinh vuéng ABCD, diém M -ndm trén doan thing AC sao cho
AM = ATfC Goi N 1a trung diém ciia doan thing DC. Ching minh ring
BMN la tam gidc vudng can.

Cho AA’ 12 mot day cung cta dudng tron (O) va M 12 mét diém nim trén

day cung d6. Chitng minh ring 2MA.MO = MA(MA — MA').
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25. Cho tam gidc ABC néi tiép trong dudng tron (O) va mot diém M sao cho

26.

cdc gbc AMB, BMC, CMA déu bing 120°. C4c dudng thing AM, BM, CM
cit dudng tron (O) 14n luot tai A’, B’ va C’. Ching minh rang :

MA + MB + MC = MA'+ MB'+ MC".
Cho n diém Ay, Aj,..., A, VA n SO ky, ky,..., ko VOL ky +ky +...+ k, =k (k#0).
a) Ching minh rang c6 mot va chi mot diém G sao cho

le—A1 + kQG_Az. +.+ k,,GT,,' = 0.

b) Tim quy tich nhiing diém M sao cho : klMA1 + k2MA2 +..+k MA,, =m,
trong d6 m 12 mot s6 khoéng déi.

27. Cho tam gidc ABC khong vudng.

28.

42

a) Goi AA’ 1a dudng cao cua tam gidc ABC. Ching minh
(tan B)A'B + (tan C)A'C = 0
b) Goi H la tryc tam tam gidc ABC. Chimg minh
. (tan A)HA + (tan B)HB + (tan C)HC = 0.
Cho mét diém O b4t ki nim trong tam gidc
A1AyA;. Goi By, B,, B; lan lugt 12 hinh
chi€u cia O trén A,4,, A,A3, A3A|. Dit

— OB
a = Ay = OB,
OB
a2 AyAy—= 0B,
OB
ay = Ash Gt OB,

Hinh 23

Ching minh ring @, +a,+a =0.

Chu y. K€t qua trén ding véi da gidc A A,...A, bat Ki (dinh li Con Nhim).
Trén hinh 23,

G| = Ay (Rem A,y = A), @+ ay 4.t a =0 (che

vectd a, duogc goi la cac "long nhim").



29.

30.

31.

32.

33.

34.

35.

Cho hai dudng thdng AB, CD cét nhau & diém M. Ching minh rang b6n
di€ém A, B, C, D cuing thuoc mot dudng tron khi va chi khi

et — _—

MA.MB = MC.MD . .
Cho dudng thang AB céit dudng thing A & M va mot diém C trén A
(C khic M). Chiing minh rang A 12 ti€p tuyén cta dudng tron (ABC) khi va
chi khi MC? = MA.MB. “
Cho hai duong tron khong d6ng tam (O ; R) va (O’; R’). Tim tap hgp cic

Trong dudng tron €(0 ; R) cho hai day cung AA’, BB’ vudng gbc véi nhau
0 diém S va goi M 1a trung di€ém cta AB. Ching minh ring SM | A'B".

Cho diém P c6 dinh ndm trong dudng tron (O ; R) va hai diém A, B chay
trén dudng tron d6 sao cho géc APB ludn bing 90°. Goi M 1a trung diém

ctua day AB va H 1a hinh chiéu cla P xudng AB. Chimg minh rang M, H
luén cing thugc mot dudng tron c¢d dinh.

Cho tam gidc ABC ngoai ti€p dudng tron (/) va (J) 1a dudng tron bang ti€p
goc A cia tam gidc. Chimg minh ring truc ding phuong cta hai dudng
tron d6 di qua trung di€m cua canh BC.

Cho diém M nam trong géc ;O\y va goi M, M, 14n luot 1 hinh chiéu cua
M trén Ox, Oy.

a) V& duong tron (€) qua M,, M,, dudng tron ndy cit hai canh Ox, Oy l4n
lugt & Ny, N,. Ké dudng thing vuéng géc véi Ox & N; va dudng thing
vuong géc véi Oy & N,, gia sit hai dudng thang d6 cit nhau & N. Chiing
minh ON 1 M |M,.

b) Chilng minh rang khi (€) thay d6i nhung vén di qua M, va M, thi diém
N lu6n thuéc mot tia Oz c6 dinh va z/O\y = m

")

Pudng tron bang tiép géc A clia tam giac ABC la dudng tron tiép xdc véi canh BC va
véi phan kéo dai cha cac canh AB, AC. Tam clGa dudng tron nay chinh 1a diém
déng quy cha dudng phéan giac trong cta g6c A va cac dudng phan giac ngoai
cta géc Bva C.
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36.

37.

38.

39.

40.

41.

42.

44

Cho dudng tron dudng kinh AB va dudng thang A vudng géc véi AB & H.
(H khong tring véi A va B). Mot dudng thang quay quanh H cét dudng
tron & M, N va c4c dudng thing AM, AN l4n lugt c&t AG M’, N".

a) Ching minh ring bén diém M, N, M’, N’ cing thudéc mot duong tron

(€) nao do.

b) Chitng minh rang céc dudng tron (€) luon di qua hai di€ém c6 dinh.

Cho dudng tron (O ; R) va diém A khéng thuoc dudng tron d6. Dudng
thing A quay quanh A cét (O ; R) & M va N. Xac dinh vi tri cia A dé mot
trong ba diém A, M, N c4ch déu hai diém kia.

‘Cho dudmg tron dudng kinh AB, H 13 diém nim giita AB va dudng thang A

vudng géc véi AB tai H. Goi E, F 13 giao diém cha dudng tron va A. V&
dudng tron tam A, ban kinh AE va duong tron (€) bat ki qua H, B. Gia sit
hai dudng tron d6 cit nhau & M va N, chitng minh ring AM va AN 1a hai
tiép tuyén cia (€).

Cho hai diém P, Q nim ngoai dudng trdn (1) ¢6 dinh v6i IP = IQ.

a) V& duong tron (€) bat ki di qua P, Q. Chimg minh ring truc déng
phuong cia (€) va () di qua mot diém cé dinh.

b) Hay néu cach v€ dudng tron di qua P, Q va tiép xiic véi dudng tron (I).
Cho tit gidc ABCD c6 cédc canh AB, CD kéo dai cit nhau & E va cdc canh
AD, BC kéo dai cat nhau & F. Ching minh ring céc trung diém cia céc
doan AC, BD va EF cung thu¢c mot dudng thing (duong thdng Gao-xo cia
t gtac)

Cho tam gidc ABC noi ti€p trong dudng tron (O ; R), cé dudng cao AA.
Goi E, F tuong ing 1a hinh chi€u clia A’ trén AB, AC va J 1a giao diém cla
EF v6i duong kinh AD.

a) Chitng minh rang AA’ 12 ti€p tuyén clia dudng tron (AJD). '

b) Tim diéu kién ctia AA’ dé ba diém E, F, O thing hang.

Cho ba di€ém A, B, C thang hang, B & giita A, C va dudng thing A qua A.

a) Chitng minh rang c¢6 hai dudng tron cing di qua B, C va cing ti€p xiic
voi A,



43.

44,

45.

46.

47.

48.

b) Chimg minh ring khi A quay quanh A, c4c dudng tron di qua B va hai
ti€p diém cla A véi hai dudng tron & cau a) luon di qua mot di€m cd dinh
khic B.

Cho dudng tron dudng kinh AB c¢6 day cung CD vudng goc véi AB. Vi
mdi diém M chay trén dudng tron dé (khic véi C va D), ké cdc dudng
thang AM, BM 14n luot cat dudng thing CD & J va .

a) Chitng minh ring tir diém P b4t ki ¢6 dinh trén dudng thang AB c6 thé
ké dugc hai ti€p tuyén dén dudng tron (M1J).

b) K& cic ti€p tuyén AT, AT’ dén dudng tron (MIJ) (T, T’ 1a céc ti€p diém).
Chitng minh ring T, T” luén thuéc mot dudng tron cé dinh.

Chitng minh ring : Trong tam gidc, trung diém céc canh, chan céc dudng cao
cling thudc mét dudng tron (@) va dudng tron () ciing di qua trung diém cia
cic doan thdng néi méi dinh véi truc tam tam gidc (duomg tron chin diém
hay duong tron O-le clia tam giic).

Trong mat phing toa d6 cho @ = (1;2); b = (-3;1); & = (—4;-2).

Tinh d@.b; b.; ¢.a; @.(b+3); @.(b—2).

Cho céc vecto d(-2; 3),5(4 D).

a) Tinh cosin clia gbc gilta mdi cip vectd sau :

-

: bvaj; a+bvaa-»b;

-

avab; a va

i

b) Tim cic s6 k va [ sao cho vecto ¢ = kd + Ib vudng goéc vaGi vecto d + b.

-

¢) Tim vecto d biét G.d = 4 va b.d = -2.

Cho hai diém A(-3 ; 2) va B(4 ; 3). Timtoa d¢ cua

a) Diém M trén truc Ox sao cho tam gidc MAB vudng tai M.

b) Di€m N trén tryc Oy sao cho NA = NB.

Cho ba diém A(-1 ; 1) va B(3 ; 1), C(2; 4).

a) Tinh chu vi va dién tich cua tam gidc ABC ;

b) Tim toa d¢ truc tdm H, trong tam G va tam / cua dudng tron ngoai ti€p
tam gidc ABC. Hay kiém nghiém lai he thic 1H = 31G .
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49. Cho bon diém A(-8;0),B(0;4),C(2;0), D(-3;-5). Chitng minh ring ti
gidc ABCD no6i ti€p dugc trong mét dudng tron. -

50. Biét A(l ; —1) va B(3 ; 0) la hai dinh ctia hinh vuong ABCD_. Tim toa do
cac dinh C va D.

§3. Hé thic luong trong tam gidc
Trong tam gidc ABC ta thuong ki hiéu :
® a, b, ¢ 14n lugt 12 do dai cdc canh ddi dién véi cac dinh A, B, C.
e m,, my,, m.14n lugt 1a do dai céc trung tuyén dng véi céc canh a, b, c.
® hg, hy, b, 14n luot 1a 4o dai cac duong cao ung véi cac canh g, b, c.

a+b+c . , . . s 3 . .
p= — 1a ntra chu vi tam giéc, S 1a dién tich tam giac.

® R 12 bén kinh dudng tron ngoai ti€p, r 1a ban kinh dudng tron noi ti€p.

| - CAC KIEN THUC CO BAN
1. Dinh li cosin : a* = b* + ¢* - 2bccos A,

b ¢
sinA  sinB sinC

2. Dinh li sin : = 2R.

2, 2 2
A . o2 b*+c¢ a
3. Céng thirc trung tuyén : m; =

2 4
4. Cong thitc tinh dién tich tam gidc :
1 .
S = Eaha.
S = lbcsinA
=5 .
abc
S - 4—R'
S =pr.

S =/p(p - a)(p - b)(p — ¢) (cong thic He-rong).
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Il - BE BAI
51. Cho tam gisc ABC c6 do dai c4c canh a = 3, b = 4, ¢ = 5,2. Hdi trong cdc
két luan sau, két luan nao ding ?
a) A Ia g6c nhon.
b) B la géc ti.
¢) C 1a géc nhon.
d) C l1a géc ti.
52. Tam gidc ABC c6 do dai ba canh a, b, ¢ thoa man hé thic a* = b* + ¢*.
a) Chimg minh B < A va C < A.
b) Chiing minh ring tam gidc ABC c6 ba géc nhon.
53. Tinh canh thi ba ctia tam gidc ABC trong mébi trudng hop sau

a)a=7; b=10; C =56%29'.
b)a=2;  c¢=3; B =12317'.
Ob=04; c=12; A =23°28".
54. Tinh céc canh va géc cdn lai clia tam gidc ABC trong mbi trudng hop sau :
a)a=109; B=3324"; C=66°59"
b)a=20; b=13 ; A =67°23".

55. Tam gidc ABC c6 B = 60°; C=45°; BC = a.
a) Tinh d6 dai hai canh AB, AC.

V6-V2
4

b) Chimg minh cos75°=
56. Tam gidc ABC ¢6 ¢ =35,b=20, A = 60°.

a) Tinh chi€u cao A,,.

b) Tinh bén kinh dudng tron ngoai ti€p tam gidc.

¢) Tinh ban kinh dudng tron noéi ti€p tam giac.
57. Tam gi4dc ABC c6 cic canh AB=3,AC =7, BC = 8.

a) Tinh dién tich cua tam giac.

b) Tinh b4n kinh céc dudng tron ndi ti€p, ngoai ti€p cla tam gidc.
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58,

59.

60

61.

62.

63.

64.

65.

66.
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Chiing minh ring trong tam gidc ABC ta c6 :
cotA + cotB + cotC = MR.
abc
Chiting minh ring trong tam gidc ABC tacé :
a) b2 —c? = a(bcosC — ccosB).
b) (b2 - c2)cosA = a(ccosC — bcosB).
¢) sinC = sinAcosB + sinBcosA.

. Tam gidc ABC ¢6 BC = 12, CA = 13, trung tuyén AM = 8.

a) Tinh dién tich tam gidc ABC.
b) Tinh goc B.

= 41, Chiing minh rang :
C

2cotA = cotB + cotC.
Tim quy tich nhimg diém c6 téng binh phuong cdc khoang cich dén bén

Tam gidc ABC c6 %

dinh ctia mot t¢ gidc bing k* khong déi.
Ching minh rang hai trung tuyén ké tir B va C clia tam gidc ABC vuong
go6c véi nhau khi va chi khi ¢6 hé thic sau :

cotA = 2(cotB + cotC).

Chitng minh rang khoang cdch d tir trong tdAm tam gidc ABC dén tam
dudng tron ngoai ti€p clia tam gidc d6 thoa mén hé thic
a® + b? + 2

RP-g* =472 7¢
9

Ching minh rang trong méi tam gidc, khoang cach 4 tir tim dudng tron ndi
ti€p dén tam dudng tron ngoai ti€p thoa man hé thic

d*=R* - 2Rr (Hé thitc O-le)
Cho diém M c6 dinh trén dudng tron (O ; R) va hai diém N, P chay trén
dudng tron d6 sao cho NMP = 30°.
a) Tim quy tich tr.ung diém I cha NP.
b) Xéc dinh vi tri cia N, P dé dién tich tam gidc MNP dat gi tri 16n nhét.



67.

68.

69.

70.

71.

72.

73.

74.

K¢ céc dudng cao AA’, BB’, CC’ clia tam giac nhon ABC.
a) Chiing minh rang B'C’ = 2RsinAcosA.
b) Ldy A,, A, 14n lugt 1a diém d6i ximg v6i A’ qua AB, AC. Ching minh
rang chu vi tam gidc A'B’C’ bang d¢ dai doan thang A A,.
¢) Ching minh hé thic :
sinAcosA + sinBcosB + sinCcosC = 2sinAsinBsinC.
T mot- vi tri quan sét A c6 dinh trén bd bién, ngudi ta mudn tinh khoang

cach dén mot vi tri B trén mat bién bang gidc ké (mdy do goc) Em c6 thé
lam viéc d6 bang cach nao ?

Cho tu gidc ABCD c¢6 AB = a, CAB = a, DBA = ,8 DAC = o, CBD = ,8
Tinh d¢ dai canh CD.

Cho tam gidc ABC c¢6 trong tam G. Goi A’, B’, C’ 14n luot 1a hinh chi€u cua
G trén cac canh BC, CA, AB cua tam gidc. Hay tinh dién tich cua tam giac

' A’B’C’ biét ring tam gidc ABC c6 dién tich bang S va khoang céch tir G dén

tam dudng tron ngoai ti€p tam gidc d6 bang d, ban kinh dudng tron ngoai
t1ep bang R.

a) Ching minh rang néu « 12 géc nhon thi cos(a + 90 ) = —sina.

b) Cho tam giéc nhon ABC ¢4 céc canh a, b, ¢ va dién tinh S. Trén ba canh
va vé phia ngoai cla tam gidc d6 dung cic tam gidc vuong can A'BC,
B’AC, C'AB (A’, B, C' 14n lugt 12 dinh). Chimg minh rang :

AB? +BC? +CA% =a’ + b + ¢ + 6.
Cho tt gidc ABCD ndi ti€p duge va ¢ céc canh a, b, ¢, d. Ching minh
rang dién tich t& gidc d6 dugc tinh theo cong thitc sau :

S=\/(p —a)(p - b)(p—c)(p—d), trong d6 p la nira chu vi it giac.

Cho tam giic can ¢6 canh bén bing b noi ti€p trong dudng tron (O ; R).
~a) Tinh c6sin cua cdc gbc cua tam gidc.

b) Tinh ban kinh dudng tron noi ti€p tam giac.

c) Véi gid tri nao cla b thi tam gidc d6 c6 dién tich 16n nhat ?
Cho tam gidc ABC. Goi r, 12 bén kinh duong tron bang ti€p géc A. Ching minh
ring dién tich tam gidc ABC tinh dugc theo cong thic :

S=@p-ar,

4A- :
BT HINH HOC (NC) 49



75.

76.

77.

78.

79.

80.

81.

Cho tam gidc ABC ¢6 ban kinh dudng tron ndi ti€p bang r va cdc ban kinh
dudng tron bang tiép cdc goc A, B, C tuong g bang r,, ry, 7.

Chitng minh rang néu r = r, — r, — r, thi géc A 1a géc vuong.

Cho tam gidc ABC c6 do dai ba trung tuyén bang 15 ; 18 ; 27.

a) Tinh dién tich cua tam giac.

b) Tinh do6 dai cdc canh cla tam giic.

Giai tam gidc ABC biét

a)a=63; b=63: C = 54°.
ba=7; b=23:  C =130°
Giai tam gidac ABC biét

a)c=14; ;1=60°; B = 40°.
b)c=35; A=40°: C =120°
Giai tam gidc ABC biét :
a)a=14; b=18 ; ¢ =20.
b)a=6 ; b=173; c=48.

Trén ngon d6i c6 mot cdi thdp cao 100m (h. 24). Dinh thdp B va chan thép
C nhin diém A & chan d6i dudi cdc géc tuong Ung bing 30° va 60° so véi
phuong thdng ding. X4c dinh chiéu cao HA cla ngon d6i.

Mot vat ning P = 100N duoc treo béng soi day gén trén trdn nha tai hai
diém A, B (h. 25). Biét hai doan day tao véi trin nha cdc goc 30° va 45°.
Tinh lyc cang ciia méi doan day. '

B

50

Hinh 24 Hinh 25
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83.

84.

85.

86.

87.

B4 tap 6n tap chuong I
Tim gid tri clia mbi bi€u thic sau
A = 2sin30° — 3c0s45° + 4cos60° — 5s5in120° + 6cos150°.
B = 3sin” 45° — 2cos? 45° — 4sin? 50° — 4 cos® 50° + Stan 55° cot 55°.
Cho tam gidc déu ABC c¢6 I, J l4n lugt 1a trung diém cta AB, AC: Tim
cos(ZE, E), cos(A—E, B_C"), cos(B_j, B_C'), cos(A—E, ﬁ), cos(ﬁ, 5).
Cho tam gidc can c6 g6c & ddy bang a. Ching minh ring

2sina@cosa = sin2a.

Cho tam gidc déu ABC c6 canh bing 1. Goi D 1a diém d6i xing véi C qua
dudng thang AB, M 1a trung diém cla canh CB.

a) Xé4c dinh trén dudng thang AC mot diém N sao cho tam gidc MDN

~ vudng tai D. Tinh dién tich tam gidc dé.

b) X4c dinh trén dudng thing AC diém P sao cho tam giéc MPD vubng tai M.
Tinh dién tich tam gidc dé.

¢) Tinh cosin clia goc hop bdi hai dudng thing MP va PD.

53

Cho tam gisc ABC cb A=60°a=10,r= =

a) Tinh R.
b) Tinh b, c.

Biét ring tam gidc ABC c6 AB =10, AC =4 va A = 60°.
a) Tinh chu vi cua tam giac.
b) Tinh tanC.

c) Lay diém D trén tia d6i cla tia AB sao cho AD = 6 va diém E trén tia
AC sao cho AE = x. Tim x dé BE 1a tiép tuyén cua dudng tron (ADE)
((ADE) 1a dudng tron ngoai ti€p tam gidc ADE).

88. Cho diém D nam trong tam gidc ABC sao cho DAB = DBC = DCA = 0.

Ching minh rang
a) sin3(p= sin(A — ¢).sin(B — ¢).sin(C — ¢).
b) cotep = cotA + cotB + cotC.
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89. Cho diém M nam trong dudng tron (O) ngoai ti€p tam gidc ABC. Ké cic

- duodng thang MA, MB, MC, chung cét lai dudong tron d6 lan lugt 6 A’, B, C".

Chiing minh rang :

Sypc . (RP—MO*)

Sasc (MAMB.MCY

90. Cho day cung BC ctia dudng tron €0 :R) (BC< 2R).

a) Hay dung dudng tron tam / ti€p xic véi OB & B va ti€p xuc v6i OC 6 C.
b) Véi méi diém M trén dudng tron (1), ké céc dudng thang MB va MC,
chiing 14n luot cét lai duong tron (€) 8 B’ va C".

Chitng minh ring B’C’ 1a dudng kinh cta dudng tron (€).

91. Trong tam giac ABC ké céc dudng cao AA’, BB’, CC’ va goi H la truc tim

cua tam giac.

a) Chimg minh A'B.A'C = -A"H.A'A.
b) Goi J 12 mot giao diém cha AA’ véi dudng tron (€) dudng kinh BC.

Chitng minh rang céc dudng thang BC, B'C’ va tiép tuyén tai J cla )
dong quy.

Céc bai tap trdc nghiém chudng Il

1.

52

cos150° bang

Wi ®-1 oL, o - L.
sin120° bang

(A) g ; (B) l/z_z ; (©)0,7; (D) - g
(A) sin91° >sin92° ; (B) sin91° <sin92° ;

(C) sin91° =5in92° ; (D) sin92° < 0.



10.

(A) cos135° = cos45° ;

(C) cos135° = —cos45° :

(B) cos135° > cos45° ;

(D) cos135° = 3cos45°.

Tam gidc ABC ¢6 AB =5, AC =7, BAC =120° thi

(A) AB.AC =35 ;

(C) AB.AC =35 ;

Néu M, N, P thang hang thi
(A) MN.MP = MN.MP :
(C) MN.MP = —MN.MP ;
Trong tam gidc ABC c6

(A) a’ =b*+c? - bccosA

© a* =b%+ ¢* - 2bccos A :

(B) AB.AC =17.5 :

(D) AB.AC = —17,5.

(B) MN.MP = MN .MP :

(D) MN.MP = —MN .MP .

(B) a* = b*+ ¢+ beeos A ;

(D) a® =b%+ c®+ 2bccosA.

Néu tam gidc ABC ¢6 a* < b% + ¢? thi

(A) A 1a géc tir ;

© Al géc nhon ;
Trong tam gidc ABC c6
(A)a=2RcosA ;

(C) a=2RtanA ;

Trong tam gidc ABC c6

b+c
(A) m, = > ;
b+c
©) m, < > ;

B) A la gbc vuong ;

(D) A l1a géc nhé nhit.

(B) a =2RsinA ;
(D) a = RsinA.

b+c
2 >

(B) m, >

(D) m, =b +c.
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B. LOI GIAI - HUGNG DAN - PAP SO

§1. Gia tri luong gidc cit# mot goc bat ki (tir 0° dén 180°)

1. a) Biéu thic khong xédc dinh khi cosa + sina = 0 hay a = 135°.
b) Chia c4 tir va miu ctia biéu thitc cho cosa # 0, ta tinh dugc P = 5.

2. a) Luu ¥ cos0° + cos180° = c0s20° + cos160° = ... = cos80° + cos100° = 0.
b) Luu ¥ tan5°.tan85° = tan10°.tan80° = ... = tan45° = 1. |
PS:a)0;b)l.

3. (h.26)a)sinx= 0Q, cosx = OP, 7
sin’x + cos’x = 0Q” + OP* = OM* = 1. Uy N

b) sinx=\/1—coszx:¥- * .

(0] P A X
c) cosx = V1 — sinx = +,/0,91. Hinh 26

sinx—cosx=g
d) Giai he 3

sin’x + cos®x = 1.

Jia+2 V14 -2

DS :sinx = cosx =
6 ’ 6
2 sina  cos’a+sinZa 1
4., a)l+tan‘a=1+ 5= 5 =
cos“a cos“a cos“a

b) Ap dung tanx.cotx = 1 dé tinh cotx.

Ap dung cau a) ta c6 2

1
=1+ (-5)° = cos’x= —-
cos’x 26

. 1
Vi tanx < 0 nén cosx < 0, suy ra cosx = ———-

26
T sinx = cosx.tanx, hay tinh sinx. '

DS :cotx = —l cosx = —L sinx =
5 V26’ V26

cos’a B sin® a+cos?a 1

2 2

2
5. a)l+cot'a=1+ 5
sIn“ a sin“a sin“a
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b) DS : tanb = %

16

\/E—\/EJ2:8+2«/1_2

a) cos?15° =1 — {

(Vo) +2V6v2 + (V2) (5« 43)
‘ 16 - 16
_N6+2

4

sin1s° _ V6-v2 (V6-+2)
cos15° \/€+\/_ 6-2 =2

7 . ) =§=sm30.

Do 15° < 90° nén cos15° > 0, suy ra cos15°

tan15° =

b) 2sin15%°cos15° = 2

2
a) Binh phuong hai v&€ va dp dung bai 3a). DS: sinxcosx = m 1-

b) sin*x + cos*x = (sinzx)2 + (cosz'x)2 = (sinzx + coszx)2 — 2sin’x.cos’x

_ L m = 142m* — m®
B 2 2
« a7 . . 6 6 .2 3 2 3 3 9 > 2 p)
c) Viétlai sin x + cos x = (sin"x)” + (cos"x)” 161 su dung hang dang thitc

@’ + b’ =(a+b) —3ab(a +b).

3m* +6m? +1
4

N . D2 2
d) Tu gia thi€t suy ra sinx = m — cosx. Lai ¢6 sin"x + cos"x = 1.

DS :

Tir d6 din dén cosx 1a nghiém cia phuong trinh 20 —2mt+mP-1=0
nén A' >0, tu’dosuyram <2 hay —V2 <m<A\2.

a) tan’a + cot’a = (tana + cota) _ 2tanacota = k> — 2
2
b) tan*a + cot'a = (tanza + cotza)2 — 2tan’a.cot’a = (k2 - 2)2 -2

=k — 4k + 2.
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c) tan®a + cot’a = (tan2a + cotza)3 - 3tan2a.cot2a(tan2a + cot2a)
= (k> -2’ -3(*-2)
= (k* - 2)(k* - 4k% + 1).
d) Cdch 1. Do tana va cota cung d4u nén Itana + cotal = Itanal + Icotal
ma Itanal + Icotal > 2+/|tan al.lcotal =2, suy ra ltana + cotal > 2 hay Ikl > 2.

Cdch 2. Thay cota = % dn dén tan?a — ktana + 1= 0. Vay tana la nghiém
a .

§2.

10.

56

a) AB.AC = AB.AC.cos120° =

clia phuong trinh x* — kx +1=0 nén A =k* -4 20 hay |k|>2.

Tich vo huéng cia hai vecto

(h. 27) a) (E, R) = 90° nén cos(ﬁ, A—c)= 0.
(E, B_C") = 180° — ABC nén 10
7

Jia9 Vi

(E,@) = XI-BE nén cos(TB,@)zL- | Hinh 27

\149

b) HB.HC = HB.HCcos180° = ~HB.HC = ~AH>.
Theo hé thitc trong tam giac vuong A11-12 = A]; + A22 = 4194090,
4900 4900

2
suy raAH® = W Vay HB HC __ﬁ9—

35

cos(ﬁ, ﬁ) —cos ABC =

— e\
AB.BC :‘AB(AC—AB)zAB.AC—AB =—§—49——1—;3

b) M 1a trung diém cta BC nén AM = %( ZE+A_C.), suy ra
—2 _1(-—2 —2 1 39
AM' = 2| AB +AC +2.AB.AC = (49+25-35) = =,

V39

AM = ——



11.

12.

13.

14.

" b) Binh phuong vo huéng dé tinh do dai AD.

(h. 28) NE = NM + ME = kMP — MN,

WE = - (WP + MN)

NE L MF & (W+M_N').(kW—W) =0

MN .(MP+MN) VN WP+ TN

- k= Hinh 28
=== T .
MP-(MP+MN)_ MP"~ + MN.MP
_16+16 2
T 64+16 5
(h. 29) a) Theo tinh chat cia dudng phan giac, ta ¢
DB ¢ c - =
—~— =— hay DB= —DC . Mat khiac DB, D
DC ay DB bDC Mait khac DB, DC

ngugc hudng nén DB = ——Z—D_C“ Tir d6 dan

dénE:bAB+CAC-
b+c

DS: bTC\/2(l+cosa).

2 2 2 ‘, 2 -
%(|a+b| _la? - sl j =%(Ez’2+b +23b-3 b J=Ez’.b.
2) ABBC = 5 4B + BC| - 4B - BC

— 2 —2 —2
- YMA® AR B | = L2 — 2 - ).
2 2
—r 1 [—=2 =2 L —\2
AB.AC = E[AB +AC - (AB - Ac) }
-2 —2 —2

- -;—(AB +AC -CB J=%(cz+b2—a2).

b) Vi AM 1a dudng trung tuyén cua tam gidc ABC nén :
AM? = AM =Z(AB+AC) = 2| 4B + AC" + 24B.AC
1

- %(c2 + b2 + %+ b2 —a2) - Z(2b2 +20% - a?).
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15.

16.

17.
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Viay : AM=—;—\/2b2+2c2—a2.

- Xét tam gidc ABC c6 AD, AE lan lugt 1a dudng phan giac trong. va phan

. -— bAB+cA
gidc ngoai (h. 30). Theo bai 12a) ta c6 AD =b__%, Hiy binh
A 2 2 . AN 9 2 ’ P b2 C - a2
phuong vo huéng ca hai v€ va st dung dang thic AB.AC = 3

(theo bai 14) dé tinh d6 dai doan AD. Vi AE 12 phan gidc ngodi nén
EB = % EC (luu ¥ ring phan gidc ngoai clia géc A chi ct dudng théng BC

khjb;tc).TfrdéAE:%. |
| b
5 E B>~..D_ __.-C
AE = |———\/b6(p —b)(p-c) ¢
b—cl Hinh 30
= atotre 3 +C la nira chu vi clia tam gidc).

0“1

thi .E'=O(iZi O) Vaycahal
i b

hay @ = ké. Né&u a.b #0. thi
b #0. Khi d6 & = [ZT’} & hay @ =kZ. Nguoc lai, néu d = k¢ thi
.C
(@.6)C = (k&.b)¢ = k(@b)¢ = (b.OWE = (b.8)a = a(b.2).

Nhu vay, dang thic (a. b)Y =a(b.c) - ding khi va chi khi c6 s6 k dé
a=kc. -

a) Goi O la trung diém ctia AB thi OA = — OB.

Vi moi diém M, ta c6

VAT - (304 5A) (30 + 58) - (776 ~05) (416 + 05)

2
=MO* - 0B* = MO? - 3‘;_.



e 2 2
Tir d6 MA.MB =k < MO? - "T =k & MO? = f’4—+k. (*)

a2
Ta ¢6 O ¢6 dinh, T + k 12 s6 khong ddi nén :

2
~Néuk < — "T thi tap cdc diém M 1a tap réng.

—Néuk=- aTZ thi tap cdc diém M chi gém mot diém O.
—Né’uk>—§ thi tap cac diém M 1a dudng tron tam O bén kinh R = ; a*+4k.
b) Lay diém C sao cho AC = 2 AB. Khi d6 ABAC = 2AB =24,
Tird6 c6 AN.AB = 2a* <> AN.AB = AB.AC < AB.(AN - AC) =0

& AB.CN =0 < CN L AB. |
Vay tap hop cdc diém N 1a dudng thang vuong géc véi dudng thang AB tai
diém C.

—— —2
18. (h.31) Tacé6 AN.AM = AH

—_— —_—

& AN.AM = AH.AH = AH.AM (theo cong thic hinh chié€u)

A
& AN.AM - AH.AM =0
< HN.AM =0.
H M A
Vay tap hgp cac di€ém N 1a dudng tron dudng kinh AH. Hinh 31

19. a) Theo dinh nghia cta tich vo hudng ta c6 (v6i méi i {1, 2, n} )
WO_A; = OM.OAi.cosm - R? cosm .

e

Do d6 : cos MOA; + cos MOA, + ... + cosMOA, =
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60

Theo bai 7 (chuong I) thi OA, + OA, + ... + OA,

cos MOA, + cosX/I"(afT2 +..+cosMOA, =0.

2 2 2 ot o YT
b) MAT + MA; + ...+ MA; = MA, + MA, +...+ MA,
— s \2 — . —\2 — . —\2
= (04, -0M)" + (04, - 0M) +...+(0A, - OM)
= 0A2 + OA2 + ...+ OA% + nOM? - 2(0A, + OA, + .. + OA, ) .OM

=R*+R*+ ...+ R*+nR* —0=2nR%.

20. Tu diéu kién BM = kBC ,tasuyra:

—_— —

AM — AB = k(AC — AB) hay AM = (1 — k)AB + kAC .

-2 — — 72
Boi viy : AM? = AM = [(1 — k)AB + kAC]
-2 —2 N
=(1-k)AB" + k*AC +2k(1- k)AB.AC | ‘
= (1= k)P + K22 + 2k(1 ~ k)%(cz +bE - a2) (xem bai tap 14)

= (1= k)c? + kb® — k(1 — k)a®.
Trong trudng hop k = % thi' M 12 trung diém ctia canh BC, AM 1a dudng

a

2 4
a) ii = ca.cos(180° — B)CA + ab.cos(180° — C)AB + be.cos(180° — A)BC

cz. +b? 2
trung tuyén. Khi dé ta c6 cong thidc trung tuyén : AM? =

= —cacosB.a — ab.cos C.A_é — bc.cos A.% '
= —ab{cosBﬁ + cosCﬁ + cosAEg].
b c a

b) Néu tam gi4c ABC déuthia =b = ¢, cosA = cosB = cosC, tir d6 suy ra
W= —az.cosA.(a + AB + ﬁ) =0.



22,

23.

—_— — —

CA AB . BC

¢) Nhan v6 huéng vecto i =0 l4n lugt véi 5 o va — tacod:
. CA '
u.T=0,suyra cosB —2cosC.cosA = 0.
" Tuongtutacé: = cosC —2cosA.cosB =0,

_ cosA —2cosB.cosC =0.
Riit cosB tir dang thitc ddu va thay vao déng thifc thit hai, ta c6 :

cosC — 4cos*A.cosC =0 ma cosC # 0 (vi néu cosC = 0 thi cosB = 0,

B=C-= 90°, v6 1) nén cos’A =% hay cosA:i%. Vay A = 60°, hoic
A =120

Tuong tu nhu vay, géc C hodc bing 60° hoac bang 120°. Vi téng ba géc
cla tam gidc bing 180°, nén chi c6 thé c6 A=B=C =60 Vay ABC 1a
tam gidc déu.

(h. 32) 2MP.BC = (MA + MD).(MC - MB)

‘B
= MAMC — MD.MB + MD.MC — MA.MB
= MAMC - MB.MD 4 ML c
(vi MA.MB = MD.MC = 0 do AC 1 BD). N
T détacod:
‘ —_— D
MP 1 BC < MP.BC =0
. Hinh 32
< MAMC = MB.MD.
Dit AD = G, AB = b. Khi d6 :
AW 1aC _M345) AN -AD+DN a+ L.

477 4 T 2
N I
Tl‘rdésuyra:MB=AB—AM=b—Z(a+b) Z(a+3b)
N . N . P 1 . - 1 . N
MN=AN—AM=a+g—z(a+b)=z(3a+b).
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25.
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Tacé: MBMN = (g +35)(33 + b)
; 16 M

_ U am2 2% e=7)

_16( 3a +3b +8a.b)—0. 2
=22 1 o2 1, 22 .2} 5.,
MB —16( +3b) —E—(a +9b ——6a.b)—§a.
—2 .1 “2 1 -2 - 5 N ¢
MN =E(3a'+b) =E(962+b f621’.b)=—§2i‘2. anh33

Vay MB 1 MN va MB = MN, tam gidc BMN vuong can tai dinh M.
(h. 34) Goi P 1a trung diém cta AA’thi OP 1 AA’
nén theo cong thic hinh chi€utacd: - 4
2MAMO = ZWFL Nhin.g ‘L}.) la trung A f
diém clha AA'nén 2MP = MA + MA' . Vay :
2MA. MO=MA(MA+MA) = MA? + MA.MA’
= MA? - MAMA' = MAMA— MA").
(h. 35) Ly céc diém A, B;, C, sao cho :

— MA — MB .—— MC
MAI:W;MBI=mvaMC1=M_C,

khi d6 ca ba vecto trén déu c6 do dai bang 1,
ma g6c giita hai vecto bat ki trong ching déu A
bing 120° nén M 1a tam cha tam gidc déu
AB\C;.

Theo bai 24, ta ¢6 :

2 MAMO = MA(MA — MA"),  Hink3s
MA —
—.M = MA - MA',
suy ra 2MA 0

hay 2MA;.MO = MA - MA".
Tuong tw: 2MB,.MO = MB - MB,

2MC,.MO = MC - MC'".



26.

~ Béng céch trir theo v&€ (1) cho (2) ta dugc k.GG' =0 , Suy ra GG’ =0

Tir d6 ta c6 MA + MB + MC — MA'— MB'~ MC'
= 2(MA; + MB] + MC;). MO =0,

hay MA + MB + MC = MA'+ MB'+ MC".
a) L4y mot diém O bat ki thi dang thic
k,GA, + k,GA, + ... + k,GA, =0 (1)
tuong duong véi
k ((TAI—O_G’) + k,z(OT\Z—O_G‘) +.. +k, (O—A,,—O_G’) =0
N 1 _ _ _—
hay oG = ;(OAl + 04, +.. + OA,,).

Diéu dé ching t6 ring c6 diém G thoa man (1).

Gia sit diém G’ ciing thod man kG'A, + kK,G' Ay +...+k,G'A, =0 (2).

-

G’ tring véi G. (Diém G duge goi 1a tam ti cy cla he diém {A), 4,,... A,

vOi cic hé s6 k), ky, ..., k).

b) V6i moi diém M, ta c6

ki MA? + kyMA3 + ... + k,MA? = m
—2 C—2 2
. _\2 2 2

& k (GA, ~GM) + ky(GAy —GM)” + ... + k,(GA, - GM) = m

& kGA? + kyGA} + ... + k,GA? + kGM* -
2GM (k,GA, + k,GA; + ... + k,GA, ) = m.

Ta dit kGAZ + k,GA; + ... + k,GA? = s thi ding thic trén tuong duong véi

s+ kGM? = m hay GM? =%.Tfld6suy ra

o Néu =% 5 0 thi qu tich céc diém M 13 dudng tron tam G, bén kinh
r= m-—S§

V&
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64

.canh BC, tic la cac gbc B va C déu

e Néu m — 5 =0 thi quy tich c4c diém M 12 mot diém G.

. m-s
o Néu

< 0 thi quy tich c4c diém M 1a tap rong.

Chii y. Khi ky + ky + ...+ k, = k = 0 thi hé diém {A},A,,..,A,} khong c6

tam ti cy, song vecto i = kIO_Al' + kyOAy + ...+ k,OA, khong phu thudc
vao viéc chon diém O. Thuc vay, v6i diém O’ khac diém O, ta c6 :

kO'A + kKhO'Ay +...+ k,0' A,

—_—

= (k +ky +..+k,)0'0 + kyOA| + kyOA; + ... + k, OA, = ii .

Bay gid chon mét diém O nao dé, ta cé :

kMA? + kyMA? + ...+ k, MA? = m

2 2 —2
Remnd kl MAI + k2MA2 + ...+ kn MAH =m

& kl(O_Al’—O_'M)2 +I(2(0—Az'—0_’M)2 +...+kn(0—A,,—O_'M)2 =m

& KOAY + k0A2 + ...+ k,0A? —20M .ii = m.
Dat KOA? + k,0A2 + ... + k,0A% = s thi ding thic trén trd thanh :
26.0M =5 —m.
Bdi vay : e Néu i = 0 vas=m th quy tich c4c diém M 14 toan bo mat phang.
eNé&u ii =0 va s # m thi quy tich céc diém 12 tap réng.

e Néu ii # 0 thi quy tich céc diém M 1a mot dudng thang vudng géc
voi vecto i.

a) Xét trudng hop diém A’ nam trén

A A

nhon (h. 36a). Khi d6 . .

AA’= A'B. tanB = A’C. tanC. i |

Vi tanB > 0, tanC > 0 va hai vecto h d

A'B, A'C nguoc huéng nén ta suy ra: B Aa) C B b()? A
(tanB)A'B +(tanC)A'C = 0. (¥) I



Néu diém A’ nim ngoai canh BC, ching han diém C nim giita hai diém.B va A’
(h. 36b), thi khi d6 géc B nhon va géc C ti, tic 1a tanB > 0 va tanC < 0.
Tacé AA’ = A’BtanB = A'C tan(180° — C) = — A'C tanC. Trong trudng hgp nay
hai vecto A—VB, AC cung huéng nén ta c¢6: (tan B)ﬁ + (tan C)R =0 .

b) Néu H la tryc tam tam gidc ABC thi ta cé cdc s6 a, B,y khong
déng thoi bang 0 sao cho : aHA + BHB + yHC =0 (theo bai 14
chuong I). Vi HA L BC, nén nhan hai vé cia dng thic trén véi BC ta duge

—

BHB.BC + yHC.BC =0, va do d6 (theo cong thitc hinh chiéu)
SAB.BC + yA'C.BC =0 < BC(BAB + yAC) =0 <

,Bﬁ + }/1_4’_6" =0 (vi vecto ,Bﬁ + }/R cung phuong véi B_C").
B 4

< hd: . N 81 (%) t =
So sanh dang thic nay véi (*) ta suy ra onB - anC

ta di dén :

. Bang céch tuong ty

a __ B __7
tanA tanB tanC’

Boi vay déing thic a HA + SHB + yHC =0 tré thanh :
tan A.HA + tan B.HB + tanC.HC = 0.

28. (h.37) Tacd
(0_1. + a_z. + a)-AlAz
= (a, + a3).A\A, @

= (@ + @) (44 - Aa3)

- ‘Z‘.A1A3.cos(a2,AlA3

- ‘a_;.‘.AzATcos(a_;, FA;)

Theo gid thiét ‘Z‘ = AA; va ‘@i = AA,. Hinh 37
Ngoai ra dé thdy

_— —

cos(aQ, A1A3) = cos(as_', FA;)
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Suy ra (3 + a, + ;). AjA; = 0. Do d6, vecto a, + a, + a; vuong goc véi
dudng thing A |A,.
Ching minh hoan toan tuwong tu, ta cé vecto ;1' + a + a_3' vuong goc véi
dudng thing A, A;.

Vay a_1.+a+a_3' =0.

29. Néu A, B, C, D cing thude mot dudng tron (6 thi MA.MB, MC.MD ciing

béng phuong tich ciia diém M d6i v6i dudng tron (6) nen MA.MB = MC.MD.

Nguoc lai, vé& dudng tron qua ba diém A, B, C va gia st dudng tron dé cit
duong thang CD & diém D’ khac C. Khi d6 ta c6 A, B, C, D' cung thudc

_— —_—

mot dudng tron nén MA.MB = MC.MD'. Néu ¢6 MA.MB = MC .MD thi

MC.MD = MC.MD', suy ra MC.DD' = 0. Do MC #0 va DD’ cing

phuong v6i MC nén DD' =0 hay D, D’ tring nhau. Vay A, B, C, D ciing
thudc mot duong tron.

30. Giai trong tu nhu bai 29.

31.

66

91{4/(0, R = %/(o: R)

o MO*~R* =MO? - R?

2

—2 @ —=2 2
< MO -MO' =R -R

o (MO - MO").(MO+MO') = R* - R?

& 20'0 . MI =R* - R?, trong d6 I 1a trung diém ctia 00",

L4y H 1a hinh chi€u cla diém M trén duong thing 00’ ta ¢6

_— —

0'0.MI =0'0.HI = 00".1H.
R 2

Tir d6 suy ra IH = 2—0__07— khong d6i nén H 1a diém ¢6 dinh.

5B- BT HINH HOC (N



32.

33.

Vay %08 =0 v, Khi va chi khi M thuoe dudng thing A vudng géc
v6i dudng thing 0O’ tai diém c6 dinh H. '
Puong thang A duoc goi la truc ddng phwong cta hai dudng tron da cho.

(h. 38) Xét tich v6 huéng .

SMAB = 1(54+ 5B).(55" - 5 ;
= %(?A.ﬁw _SASA' +SBSB' - SB.SA"). A'ﬁ%
Ta co

SASB' =0do SA L SB’,

SB.SA' =0do SB L SA’, | B

SA.SA'=SB.SB'. | Hinh 38
Tir 6 suyra SM.A'B' =0,nén SM LA
(h. 39) Ta c6 Py, = HAHB = — HP?

Vé '?;'[/(O) = H02 b R2,

suy ra HO* - R* = - HP? _
hay HO®+HP?=R%. (*)

2

Hinh 39

va Py =MO* - R,

Mat khac tam gidc vuoéng APB c6 trung tuyén MP = %AB = MB.

Tir d6 suy ra MO — R® = — MP* hay MO* + MP* = R*. (**)
Tir (*) va (**) ta c6 H, M cung thudc dudng tron c6 tam la trung diém ciha

OP va bén kinh bang %\/2R2 - OP?.

67



34.

35.(h.41)a) Tacé

68

Dat tén cic ti€p diém cia hai dudng tron

nhu hinh 40,

Tacd AR =AS va

AR + AS = (AB + BR) + (AC + CS)
=(AB + BH) + (AC + CH)
=AB + BC + AC =2p.

Vay AR=AS =p, suy ra

c+BH=phay BH=p - c.

Ta ciing c6

AP =AQ,BP=BK,CK=CQ

nénc+ CK=b + BK.

Do(c+CK)+(b+BK)=a+b+c=2p,

nénc+CK=phay CK=p-c=BH.

Goi M 1a trung diém cta BC, tt BH = CK
suy ra MH = MK hay

2 2 .

Vay M thuoc truc dang phuong ctia hai dudng tron (1) va (J).

OM, ON, = OM,.ON,. *)
Xét tich v6 hudng
ON.MM, = ON.(OM, — OM,)

- ON.OM, - ON.OM, .
Do O_N{ 1a hinh chiéu cia ON

trén Ox nén ON. OM, = ON,.OM;.

Hinh 41

Tuong tv ON.OM, = ON,.OM, . (**)

T (*) va (**), suy ra O_N..MIM2 =0 hay ON L M\M,.

b) Theo cau a), N thudc tia Oz ¢6 dinh (vudng géc véi M| M,).
Lai ¢6 z0y = M{M,M (do Oz L M,M,, Oy L M,M).



36.

37.

Mat khdc, OM,MM, la t& gidc noi tiép (OM,M = OM,M = 90°) nén

M,M,M = M,OM . Tit dé suy ra z0y = MON; .

(h. 42)
a) Td gidc HBMM' noi ti€p duge do - £
M'HB = m =90°, suy ra M @
AH.AB = AM . AM". 0

Tit gidc HBN'N ciing noi tiép duoc do PH /B
N’HB = m =90°, suy ra

—_ — _ F

AH .AB = AN . AN
Tirdé tacé AM.AM' = AN . AN". N’
Suy ra M, N, M’, N’ cung thuéc mot dudng A

: Hinh 42

tron, ta ki hiéu dudng tron d6 12 (6).

b) Goi P, Q 1a cic giao diém cla (% v6i dudng thing AB va E, F 1a cac
giao diém cua A vdi dudng tron dudng kinh AB.
Khi d6 HE.HF = HM.HN = HP.HQ nén E, P, F, Q cung thuoc dudng
tron (S). Dudng tron nay ti€p xtc voi AE, AF 14n lugt tai E, F va do AE,
AF d6i xitng qua AB nén (S) c6 dinh, suy ra P, Q 1a hai diém c6 dinh.
Vay P, Q thudc dudng tron (S) ti€p xic véi AE, AF O E, F.
Do (S) 1a dudng tron ¢6 dinh nén P, Q 12 hai diém c6 dinh cta (€).
(h. 43)
e Néu A O ngoai dudng tron thi
diéu kién AM = M N tuong duong
v3i AN = 2AM. Ta lai c6
AM. AN = d*- R (d = OA).

.
Tir d6 déin dén 2AM* = &> - R* _
A M

2(4% - R?) A
hay AM = ———— Hinh 43
Diém M (néu c6) 1a mot diém chung cua dudng tron (O ; R) va dudng tron
2(a* - R?)

tam A, ban kinh bang

2
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e Néu A nidm trong dudng tron thi dudng thang A cén tim 12 :
— Pudng théng vudng géc véi OA & A khi A khong trung vdi O.

— Dudng kinh bat ki clia dudng tron khi A trung véi O.

(h. 44)
Ta c6 AM = AN = AE (do M, N,_
E cung thugc dudng tron tam A).
Trong tam gidc vudbng AEB,
EH 1 AB nén

AE*= AH.AB = AH.AB
Tir 6 suy ra

AM* = AN*= AH . AB.
Vay AM, AN la ti€p tuyén

" cta (6) (xem bai 30 chuong I1).
39,

a) (h. 45)

Goi (6)) 1a dudng tron c§ dinh
c6 tam O va di qua P, Q. Do I
khong thudéc dudng trung truc
ctia PQ nén truc dang phuong A
ctia (€)) va (I) khong song song
véi PQ, ching phai cit nhau & J.
Bay gid gia sir (6) 1a dudng tron
bat ki di qua P va Q, ta c6 J
thuoc truc diang phuong PQ cia

(6) va (€)) nen Fye, = T
Lai do J thudc truc ddng phuong
clia (%1) va (I) nén

gf/(?g) = gi/(n-

E

H

()

N

A

Hinh 44

(%)

Hinh 45

Tir d6 ta c6 Fg, = Fyy)» hay J thuge truc déng phuong ciia (6) va ().



b) (h. 46) .
Ke ti€p tuyén JM véi (1) (M 1a

tiép diém), ta c6 JIM* = Fq,.

Do e?j/(l) = ﬁ@ nén dudng’
tron (MPQ) ti€p xic véi JM &
M va ciing ti€p xiic véi (1) 6 M.
Tir d6 suy ra cidch dung. Bai
todn c6 hai nghiém.

. (h.47)

Ké cac duong cao CC’, DD’,
FF’ cua tam gidc CDF va goi
H la tryc tAm cua tam gidc dé

thi HC.HC' = HD.HD' = HF .HF". (%)

Ta c6 trung di€m I clia AC ciing
la tam duong tron duong kinh

AC, dudng tron d6 di qua C’ (do -

AC'C =90°).

Suy ra %/(I) = HC.HC".
Tuong tu nhu vay,

dudng tron dudong kinh BD).

Hinh 46

Hinh 47

Ryx) = HF .HF' (K 1a tam dudng tron dudng kinh EF).

Két hop véi (*) suy ra

g’ﬂ/a) = gﬁl/@) = g’ﬂ/a()-

Néu 14y truc tam H’ clia tam gidc BCE ta ciing s€ ¢6

'%r/a) = %'/(n = YH/K) -

Vay HH’ 1a truc déng phuong clia hai dudng tron (1) va (J), nén HH' 1 1J.
HH’ ciing 1a truc d4ng phuong ctia (1) va (K), nén HH’ 1 IK.

Tir d6 ta c6 I, J, K thang hang.
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41. (h. 48)

42.

72

a) Trong hai tam gidc vuong AA'B va AA'C A
tacé AE .AB = AA” va AF .AC =AA” nén

AE .AB = AF .AC, suy ra ti gidc BEFC TONF
noi tiép -duoc, do dé ta c6 AFE=ABC. |\g

Mat khac ABC = ADC (gbc ndi ti€p cung B A’ ¢
chan cung AC) fz‘n t_u" giac D_C"FQK}i tiép W
dugc, suy ra AJ.AD = AF.AC. Vay
AJ.AD = AA” do d6 AA' 1a ti€p tuyén cla
dudng tron (A'JD).

b) Ba diém E, F, O thang hang khi O tring vé6i J hay AJ = R.

Hinh 48

Do AJ.AD = AA” nén AJ = R néu AA” = 2R? hay AA’ = R/2.

(h. 49) ‘

a) Goi M la ti€p diém clha A véi
dudng tron (6) di qua B va C, khi d6
AM? = AB. AC = AB.AC khéng déi.
Do d6 M 1a giao diém clia A va dudng
tron tdm A, bén kinh bing \AB. AC .
Tir d6 suy ra c¢6 hai dudng tron cung
di qua B, C va cung ti€p xuc vdi A.

b) Goi M, M’ 12 hai tiép diém cta A
vdi hai dudng tron & céu a) va goi D
la giao diém (khdc B) cda dudng |
thang BC véi dudng tron (BMM’) thi Hinh 49~

_— — _—

AB.AD =AM .AM' =— AM? =— AB . AC..

(¥

Tir d6 suy ra AD =- AC hay D la diém ddi xtng vé6i C qua A, do d6 D 1A

diém c6 dinh. Vay khi A quay quanh A, céc dudng tron (BMM’) luén di
qua diém D c6 dinh khic B.



43. (h. 50) Nhdn xét. Hai diém I va J thudc hai tia BM, AM & vé cing mot phia
cha dudng thing AB, do dé dudng tron di qua ba diém M, I, J c6 dudng
kinh 1J khong cit dudng thang AB. Ciing cé thé chimg minh nhu sau.

a) Ta c6 B 1a diém chinh giita cha " A

cung CD (do AB L CD) va MA L MB M

(AMB 1a g6c noi ti€p chan nita duong
tron) nén MB va MA 1a phan giic
trong va phén giac ngoai ciia géc CMD.

€c__xc *
ID JD Hinh 50
Goi H 1a giao diém ctia AB va CD, O 1a tam dudng tron (MIJ) thi H la

trung diém ctia CD va O 12 trung diém cta 1J.

Tiu d6 suy ra :

Tir (*) suy ra IC.JD+JC.ID = 0 hay

(oc -or).(op -o71)+(oc -o71).(oD-01) =0

+0C.0D+0I.0J -0D.0J -0I.0C =0

= —(%+O_D)(a+a)+2(—az +%.O_D)=O.

— —2
Doa+a:(>nenoﬂ=wo—u<[mJ |
ma M=O_H nén OI° < OH* hay OI < OH. Vay H va ca duong

théng AB nam ngoai dudng tron (M1J). Tir d6 suy ra, tir diém P bat ki trén
AB, ké dugc hai ti€p tuyén dén dudng tron (M1J).

b) Ta cé AT? = AT =AM .AJ , ma AM.AJ = AH.AB khong déi (do A,
H, B ¢6 dinh).
Vay AT® = AT? = AH.AB khong déi, suy ra T va T’ luon thuoc dudng tron
tam A ban kinh béng VAH.AB .
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44. (h.51)

45.

Gia sit tam gidc ABC c6 AA’ L BC va M, N
1a trung diém cta BC va AC.

Vé duong tron (w) di qua A, M, N néu A’
khidc M, hoac (w) di qua N va tiép xic voi
BC tai M néu A’ tring v6i M. L4y giao diém
thit hai B’ clia (w) va AC.

Khidé CA'.CM = CN.CB"
] —— — 1= —

h — |‘ - = . v
ay CA.CB=5CA.CB,

" Hinh 51

suy ra CA'.CB=CB'.CA. _ .

Viy bén diém B, A’, B’, A cing thugc mot duong tron. Trong duong tron
nay ABB = AAB = 90°, vay (w) di qua chan dudng cao B’ ha tir dinh B
cla tam gidc ABC.

Dit K 1 giao diém thi hai clia () véi AA’, ta c6 AK.AA"' = AB'.AN .
Ta lai c6 AH.AA'= AB'.AC (do HB'CA’ noi tiép dugc).

l— — 1

Tir d6 suy ra AK.AA' = %E‘.R‘ = 7 AH.AA' ; do d6 AK = Eﬁ. vay

(w) di qua trung diém K cia AH.

'Goi P 1a trung diém cla AB, ta c6 KP // BB’ va MP // AC, suy ra KPM = 90°.

Tuong tu ciling co KNM = 90° nén P nim trén dudng tron (@) di qua M,
N, K. Li luan tuong ty nhu trén ta dugc chan duong cao C’ ha tir dinh C va
trung diém cdc doan HB, HC déu thudc dudng tron (w). ‘

b =1(3)+21=-1:b.c=10; ¢.a = -8;

TP ipdeir Va2l

(‘_1,, B'),_ - 24 +3.1 5



47.

cos(a,i )= 5 : cos(g',;-) - %;
G+b=02:;4); d-b=(-6:2);
cos(&'+5,&'—5)= 4 1

2 i2Je 2 W2
b) & =kd +1b=(2k+4l;3k+1);
¢1(d+b) =elG+b) =0 22k +4D+4Gk+D =0
& 2k +31=0.
Vay véi 2k +31=0 thi ¢ L (7 +5).
) Gidstt d = (x; y).Khidé tir 4.d = 4 va b.d = —2, suy ra hé phuong trinh
2x+3y=4 |
{4x+y=—2.
= 5 6
DS : a’=(—7 ; 7}
2) Gia st M(x; 0) € Ox= AM(x+3;-2) ; BM(x—4;-3) ;
Tam gidc MAB vuodng tai M khi AM LBM hay AM.BM = 0.
Tirdé ta c6 (x + 3).(x — 4) + (~2).(-3) = 0 hay x> - x—6 = 0.
Pbuong trinh ¢6 hai nghiém x; = 3, x, = 2.
Vay c6 hai diém c4n tim lz‘1MI=(3;0);M2=(—2;0).
b) Gia st N(0 ; y) € Oy. Khi dé
NA? = NB?
SO0+32+(y-22=0-4%+(y-3)7*
S 9+y>—4y+4=16+y> -6y+9
< y=6.Vay N =(0;6).

48.2) AB=+(3+1D*+(1-17*=4.

BC =2 -3 + @4 -1)? =10.

AC =2+ 1% +(@-172 =32,
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Chu vi tam gidc ABC bing 4 + /10 + 32.
Tacé : AB = (4:0), TC:(3;3) nén
cos BAC = 2 1 suy ra BAC = 45°.

432 J_

\ . 1 1
Vay dién tich tam gidc ABC bing %AB.AC. sin45° = 5.4.3\/5.

2

= 6.

b) Goi H(x, ; y;) 1a truc tam tam gidc ABC.
CH.AB = —2=0

Ta ¢6 O T 46 ddn den {xl |
BH.AC =0 x+y-4=0,

suyra H =(2;2).
Trong tdm G cua tam gidc ABC co toa do

-1+3+2 4
T3 T3
1+1+4
yG=—3_:2'

Gia sir I(x, ; y,) 1a tam dudng tron ngoai tlép tam gidc ABC. Khi dé6
IA=IBvalA=IC.

TXIA =IBsuyra (x, + 1> + (9, = 1)? =(x, —3)% + (3, — D)2 (1)
T JA=1IC suy ra (x, + 1)> + (3 — * = (x, = 2% + (y, — 47 2)
T (1) ta ¢6 x, = 1, thay vao (2) dugc y, =2. Vay I = (1 ; 2).

Nhu vay TH = (1;0), IG = G;Oj.

Tir d6 suy ra IH = 31G.

49. AB=(8;4); AD = (5:-5);CB = (-2;4); CD = (-5; - 5).
85+4.(-5 1
COS(AB AD) Vg2 + 42452+ 52 10
). (D) +4(5 1
COS(CB,CD) ) \/22 + 42.\/52 + 52 ) V10

76

= COS(E,E) + cos(EE,@) =0= BAD + BCD = 180°.
Vay ABCD la it gidc noi ti€p. ‘



50.

§3.
51.
52.

53.

54.

SS.

Goi C=(x;y).Khidé AB=(2;1); BC = (x - 3;y). Tt ABCD 14 hinh
vuéng, ta cé : -

x=4

AB 1 BC 2x-3)+1y=0 y=-2
= ) ) =

AB = BC (x=3Y+y =5 x=2

. y=2

Véi Cy(4; -2), ta tinh duoc dinh D(2 ; -3).
Véi Cy(2;2), ta tinh duoc dinh D,(0 ; 1).

Hé thirc lugng trong tam giac

Cac két luan ding 1a a) va d).

a) Tir gia thiét suy ra b < a nén B< ;\.Tu'o’ngtu C<A.

b) Ta cé b+ ¢t = (b2 +c? )2 ~2b%c%< (b2 + 6‘2)2. T d6 suy ra @ <bi+c
hay b2 + ¢ — 2bccosA < b® + c2. Vay cosA > 0, do d6 A < 90°. Theo cau a)
thi B va C ciing la géc nhon.

a) ¢ = a* + b* - 2abcosC = 49 + 100 — 140c0s56°29" ~ 71,7 = ¢ = 8,47.
b) b* = a® + ¢* - 2accosB ~ 19,6 = b ~ 4,43.

¢)a® = b* + ¢* — 2bccosA ~ 135,35 = a ~ 11,63.

2

a) A = 180° — (33°24' + 66°59') = 79°37".

a.sin33°24" 5 e a.sin66°59'

Tacd b = 61; =~ 102.
sin79°37" sin79°37'
s, 42 , . 13.sin67°23' .
b) Tir dang thirc SnA " sin suy ra sin B = — 0~ 0,6;

Vib<anen B < A, suyra B ~36°52 ; C =~ 180° — (67°23' + 36°52) ~ 75%5';
| _20sin75%5"
» sin67°23'
a) Tacé A = 180° — (60° + 45°) = 75°.
bit AC = b, AB = ¢. Theo dinh 1{ ham s6 sin :
b a c

sin60°  sin75°  sin45°

21.
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56.

78

a3 . a2

Suyra b = — ; 0= — .
25in75° 2.5in75° A
'b) Ké AH 1 BC (h. 52), do B,C déu la
géc nhon nén H thudc doan BC, hay y ha é
" BC =HB+HC.Tacé
60° 45°
HC = ﬂ B H ’ C
c Hinh 52
HB = —2-
2
=a=HC + HB = b£+£ _—_M
2 2 4.sin75°
— sin75° :,M.
4
' 2
c0s75° = 1 —sin®75° = \/1 —[@J =% 8 — 212

(J— J—) J_ J_
a2=bf+c — 2be.cosA = 207 + 352 - 20.35
= 400 + 1225 — 700 = 925.

Vay a ~ 30,41.

a) Tir cong thic tinh dién tich § = ;aha, suy ra h 2(;9 be. samA_

V3

20.35 —

v 2
~ 3041 19,93.

a a
SELEPNE ALV
sinA:>R \/_ \/— 7,56.

a+b+c . o_ abc
> rvaS= AR " 303,06, suy ra

25 606,12

" a+b+c 30,4 +20 + 35

b) 2R =

¢) Tur cong thic S =

=~ 7,1.




57.

58.

59.

a) Ap dung cong thitc Hé-rong ta dugc :

S=9.09-3)9-7)9-8) = 63.

b) (h. 53) Ap dung cédc cong thic tinh dién

, _abc . .
tich § = iR vaS=p.r.

DS:R= —7\/§,r= —2\/5.
3 3 Hinh 53
b* +c? —a? s o o
cosA b b*+c*—a
otA = — = = R.
¢ sin A a abc
2R
2 2 32
Tuong tu, ta c6 cotB = uR;
abc
2 22
cotC= L b -
abc
a* +b? + ¢?

Tur d6 suy ra cotA + cotB + cotC =
abc

a) b2 -2 = (a2 +c2 - 2ac.cosB) — (a2 + b - 2ab.cosC)
=2 - b+ 2a(bcosC — ccosB).
Tt dé6 ta dugce 2(b2 - c2) = 2a(bcosC — ccosB), suy ra
b2 %= a(bcosC — ccosB).
a® +b% - ¢? a® +c? - b?

b) a(ccosC — bcosB) = ac >ab —ab ac

= ﬁ[cz(az + 02—t~ b2(a* P - bz)}

_ L2, 2 42 2 2\ 2., .2
- 2bc[a ? =b?) + (B —2)(b? +c )}
2, 2 2
_ (b2 3 c2) b*+c” —a
2bc
¢) Déng thic cdn chimg minh twong duong véi dang thic
2RsinC = 2RsinAcosB + 2RsinBcosA

hay ¢ = acosB + bcosA.

= (b2 - cz)cosA.

(*)
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© Cdch 1. (h. 54)

60.

61.

80

Tacé A =;«TB(A_C' + CB)

= AB.AC + BA.BC,

suy ra c_2 = bc.cos A + ac.cos B,

din dén ¢ = b.cosA + a.cosB.

Hinh 54
Cdch 2. Bién d6i v& phai cla (*) dugc :
4 a® +c® — b? +b b +¢* - a?
) 2ac ' 2bc
_ 1l o9 2 2 2 2_2_&_
—2C(a +c"—-b"+b°+c a)—2c =c.
(h. 55) a) Theo cong thitc Hé-rong, ta c6 :
27(27 27 27
o (T T
_ 955
==
B
Suy ra Supc = 28amc = @
M
22
b) Ta c6 b + ¢* = 2AM? + =,
2 A 3
2_ 2 2 2, a ;
suy ra AB” =" =24M" - b + — Hinh 35
=2.64+72-169=31 = ¢ = +/31.
144-16 1 B
Tir d6 cosB = ~F o1 0,045 = B ~87°25.
2431 431
Diéng thitc 2cotA = cotB + cotC tuong duong véi
2,2 2 2.2 2 2,2 2
. - +c°—b +b° —
p et za @ te R+4 © R (theo tinh todn nhu
abc abc abc

bai 58) hay b% + ¢ = 24%.



Tir gi4 thiét suy ra ¢2m> = b°m?, do d6

2 b2+a2_£2~ _p? c2+a2_b2
2 4 | 7 2 4

= 2b°c* +2a°c - ¢* = 267 + 240" - b,
:>b4—c4=2a2(b2—02) , |
= b+t =24 (do b* — ¢ % 0).
Ta di dén diéu phai ching minh
62. Xét ti gidc ABCD. Goi I, J 14n lugt 1a trung
diém clia AB, CD va G 1a trung diém cta IJ
(h. 56). Véi mbi diém M, ta déu c6 :
MA*+ MB* + MC* + MD*
AB? - CD?

=2MP + S+ 2MJ? +
M1+2+MJ+2

o omcr + M| ABECD?
- 2 2
: Hinh 56
= AMG* + AB*+CD* 0o
- e

Tir d6 suy ra . _
MA% + MB® + MC* + MD* = i?

AB? +CD?

o AMG* = K - [ 5 +112] khong déi. Két luan tuong ty nhu

bai 26.
A
63. Goi G la trong tam tam gidc ABC (h. 57).

' 4
Khi d6 GB L GC < a* = §(m,f +m§)

2 2772 "2

2 2 2 2 2 2
: +b
9a2=4[a +c __b a c]

2,2 2
<:>9a2=4a2+b2+cz<:>5a =p"+c".

Hinh 57
8A- BT HINH HOC (NC) ’ 81



64.

65.

82

Bién déi dang thitc cotA = 2(cotB + cotC)

2,2 2 2,2 42 2 p2_ L2
b +cb a Rzz{a teT b AT b RJ (theo tinh toin
abc ‘

abc abc

nhu bai 58)
o b2+t =545
Vay GB L GC & cotA = 2(cotB + cotC).

Gia st tam gidc ABC noi tiép trong dudng tron tdm O-va c6 trong tam G,
Taco: _ \
— 2 ) ) e 2 e 2 e 2
0A +0B +0C =(GA-G0) +(GB-G0) +(GC - GO)
' 2 2 —2 e —\ —2
= GA +GB +GC -2GO(GA+GB+GC)+3GO .

DoOA=0B=0C=Rva GA+GB+GC =0

‘nén 3R* = GA? + GB? + GC?* + 34*.

Mit khic, GA% + GB* + GC* = g<m§ +mE+m?)

_4{b2+c2 a® a*+c* b* P +b? c2]_412+b-2+c2

9 2 4. 2 4 2 4 3
) 2 2 2 2 2
nén 3R% = % +3d? suyraR® —d? = %
(h. 58)

Xét tam gidc ABC noi tiép dudng tron (O'; R) va ngoai tiép dudng tron (15 r).

" Goi D, E thtt ty 12 diém chinh giita cung BC vd AC thi OD 1 BC,

— A
BAD = —.
2
Mat khdc, ta c6

= ]

BID =5

= —;—(sdl/)_e + st?E')

(sd BD + sd AE)

1 T
= EsdDCE.

Vay BID = IBD, suyraID =BD = 2Rsin§.

Hinh 58

6B- BT HINHHOC (NC)



66.

“Trong tam gidc OID ta ¢6 : OI* = ID* + OD* - 2DI . DO . .

OF = 4R”sin® = R?>-2DO.DH (v6i IH L OD).

Dé thdy DO.DH = DO.(DJ + JH) = R{BDsin% + rj

= R(2Rsin? gw) = 2R25in2% + Rr.
Tir d6 suy ra d* =R* - 2Rr.
(h. 59)
a) Ta c6 NP = 2Rsin30° =R,

2 2
- 2 RT_3R”
OI' = ON*~ NI'=R* ~ =",

Suy ra Of = RT‘B khong-ddi, do d6 I thuoc

R\/—

dudng tron tam O ban kinh bang ——

Hinh 59

Dio lai v6i mdi diém I trén dudng tron dé ta
ké day cung NP cuia (O) vudng gbéc véi OI thi NP = 2NI =R.
R

Ta cé smNMP =R ; G6c NMP c6 thé bang 30° hoac 150°. De thdy

NMP =30° khi va chi khi O, M & vé mot phia cia NP hay I nam trén

RV3

cung 16n EI? cua dufmg tron {0; TJ (E, F 12 hai ti€p diém cla hai tiép

tuyé€n ké tir M tGi duong tron [O; "R?}).

Vay quy tich cia I 1a cung 16n EF.
b) Dién tich tam gidc MNP 1a S = 1 MN.MP.sin30° = 1 MN.MP. Theo bat

2 4
. _ MN? + MP? R2
ding thic Co-si, MN.MP< ————, m2 MN*+ MP? = 2MP? -

1, sz
< = Z L (*
nénS_4(MI + 7] )
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67.

84

Ta c6 MI 16n nhat khi M, O, I thang hang va O nam giita M, 1. Khi dé ta
ciing c6 MN = MP nén (*) xay ra ddu "=". Vay S 16n nh4t khi va chi khi
MI 16n nhit hay M, O, I thang hang va O nim gita M, I.
(h. 60)
a) Ta c6 AB' = ABcosA = 2RsinCcosA.
Tron'g tam giac AB’'C’cé

BC'  AB'

snA _smC'

Nhung AC'B’ = C (do BC'BC la tit
B'C' _ AB'
sinA  sinC’

AB'sinA__ 2RsinCcos Asin A
sinC' sinC

Hinh 60

giac noi ti€p), suy ra

Tir d6 suy ra B'C' = = 2RsinAcosA.

b) Ta cé m = B/C7 (do A,, A’ d6i xitng v6i nhau qua AB).
BCA" = ACE (do AC'A'C va BC'B'C ciing Ia tt gidc noi tiép).
Suyra A,C'B = B'C'A. Vay A, C’, B’ thing hang va A,C" = A'C".
Tuong tu ciing ¢6 C’, B’, A, thing hang va B'A, = B'A".
Do d6, chu vi tam gidc ABC'bing A'C'+ C'B'+ BA'=A\C"+ C'B'+ BAy = Ay,
c) Do A; va A’ d6i xitng nhau qua AB nén AA; = AA’, ;‘TA\B = BAA' ;
A, va A" d6i xting nhau qua AC nén AA, = AA’, A’AC = CAA, .
Do d6 tam gidc AA;A, 1a tam gidc can c6 géc & dinh m =2A.K&AK
vuong goc véi A|A;, ta c6 .

A A, =2A K = 2AA51inA = 2AA'sinA = 2AB sinBsinA

= 4RsinCsinBsinA.

Mat khéc theo cdu a) : : _
B'C’+ B’A"+ A'C’" = 2RsinAcosA + 2RsinCcosC + 2RsinBcosB.
Tir d6 suy ra hé thic cAn chitng minh.



68. (h.61)
Chon vi tri C thich hgp trén bd céch diém A

mot khoang bang b.
Sau d6 dung gidc k&€ do cic goc duge A= a,.

ey,

LR NI

C =vy. ‘ -
( . AC -
Ap d dinh If sin : —— = — -
p dung dinh i sin SinC SnB’ ta -
tinh duge : -z
_ACsinC _ bsiny 7 —_
sin B sin [1 80° — (a + 7)] -
_ bsiny ¢
- sin(a + },) . Hinh 61.
69. (h. 62) ,
Tinh AD va AC nhu bai todn 68 ta dugc
asin g _asin(f + ")

Tsin(@+a+B) " sin(@+B+B)

Sau dé, 4p dung dinh 1i c6sin vao tam giac

ACD tacéd:
CD? = AC* + AD* — 2AC. AD coso.'.

A T T T Y

(C6 thé dung bai tosn nay dé x4c dinh
khoang céach giita hai vi tri ma ta khong t6i
dugc, chang han hai vi tri & trén khong hay
trén bién).

70. (h. 63)
Sac' = Scan + Seac' + Seca s

Hinh 62

Sga = %GA'.GB'.sin(180° -C)
= %hahb sinC.
Trong tam gidc ABC, ha=27s,hb=%,

Vv

) c
s1nC—ﬁ.
§%.c N §%.c2

9ab.R 9abc.R’

Hinh 63

Tt d6 ta c6 SGA'B' =




S2a2 S2b2
Sabc R ° 64 9abe k'

2
Suy ra SA|B.C-=9a‘Zﬁ(a2+b2+c2).

Tuong tu, Sgpc =

Talaico S =‘fTbR£ va @® + b + c* = 9(R? — d°) (theo bai 64)

2 2
nén SA'B’C'= R Zd S
4R
71. (h. 64) a) cos(a + 90°)
= —cos[1800 —(a+ 90°):| A
= - cos (90° — o) = — sina. C,
b) Dé thdy AB’ = #, AC'=#,
BAC™ =A+90°.
Trong tam gidc AB'C’tacé : B C
BC? =AB? + AC’* - 2AB".AC’.cos BAC’
2,2 :
O pesina -
2 : Ar
2 2
= b ;C +28S. ' Hinh 64
2 2 ] 2 2
Twong ty, CA% = £ ;’C +25, AB?=2 ;b +28.

72.

86

Tird6 suy ra A'B? + BC? + C'A? = a* + b* + &% + 65.
Gia sit ABCD la tt gidc noi tiép voi do dai

(9

canh la q, b, ¢, d (h. 65). \ ,
Khi dé6 A +C = 180° nén sin C = sinA ;

cosC = — cosA. _
TacéS'=SABD+SCDB , g

B
-d

L dsi 1 i | A\_/D
,= —2—ads1nA+§bcs1nC :

" Hinh 65



73.

2S5
ad+bc’

hay 2§ = (ad + bc)sinA, suy ra sinA =

- Mat khac, tam gidc ABD cé 'BD2 =a* +d*—2ad. cosA,

con tam g1ac CBD c6 : BD* = b* + ¢* — 2bccosC = b* + ¢ + 2bc cosA.
Suy ra Erd-bp-ct= = 2(ad + bc)cosA

a* +d* - b -

nén cosA = 2(ad + b0)

Do cos’A + sin”A = 1 nén 165* + (a* + d* — b* - ¢%)? = 4(ad + bc)*.

Vay 168% = [2(ad + bo)]? — (@ + d* — b* = ¢%)?
= (2ad +2bc + a* + d* — b* — D) (2ad + 2bc — a* - d* + b + %)
=[a+d’-(b-0lb+?-@-d

C=(@+d+b-c)a+d-b+o)b+c+a-db+c—a+d)

=(2p - 2c)(2p - 2b)(2p - 2d)(2p - 2a)
=16(p —a)(p - b)(p - c)(p - d).

T d6 ta c6 S = J(pé a)(p - b)(p — c)(p - d).

(h. 66) a) Gia st tam giac da cho 1a ABC c6
AB =AC =b.

Pit B =C= a thi a<90°.

Ta cé
[04
b o AN
sina = R nén cosB=cosC= cosa=,/1 — E
' Hinh 66
VAR? — p?

2R
AB? + AC? - BC* _ 2b* - 4b*cos’a
2AB.AC B 22

. 2 2 2

_2R

=l—2cosza=1—,2[1— b2J=b 5
4R 2R

Ta lai c6 cosA =
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74.

88

b) Dién tich tam giac la

' 1;3,/4R2—b2
S= lBC.AH=1.2bcosoz.bsinoz=b2 singcosqg = ——————.
2 2 4R?
R AR? — 1>
Chu vi tam gidc 1a 2p = 2b + 2b—2R—.

S BPJ4RP-b®

Ban kinh duong tron ndi ﬁép tam gidc la r=— =

P aR(2R+\4R?-b?)

c) Ta phéi tim b dé y = b*\/4R* —b* dat GTLN.

b b* BE . o o g o ;
Viét lai y = 33 33 T(4R —b*) . Khi d6 coi biéu thic trong cin-
1a tich clia bon thira s6 ma téng ciia ching bing 4R* khong déi nén y dat

2
GTLN khi va chi khi %: 4R? —b* hay b* = 3R’ hay b=R\3.

RV3 3

Khi dé sina = —p= == = a=60°, ta dugc tam gidc ABC 1 tam gidc déu.

Goi Q, R, P 1a céc tiép di€m cla dudng tron bang tiép (J, r,) 14n lugt véi -
céc dudng thang BC, CA, AB (h. 67) thi :




7s.

76.

1 .r,
SJAB= EABJP = %,
1
SJAC = EACJR = b%,
‘ 1 ar,
SJBC = EBCJQ = Ta.
Ta c6

S=Ss48+Siac — Siac
b+c-a
= —2 r,
a+b+c-2a
= r,.
Vay S=(p-a).r,

Tu bai 74 (chuong II), suy ra r, =
S

r, = . Mat khéc, tit cong thitc tinh dién tich ta c6 r =

p-c¢
suy ra :
1 1 1 1 a.

S tuong tu 7 -5 .
p-a’ St p-b

-b

. Tur gia thiét

=B R

_2p—-(+0)

= + =
p—-a p p-b p-c

plp-a) (p-b)(p-c)

Vip-(b+c)=a,suyrap(p-a)=(p-b)p-c).

pa:P(b+C)—bC:>bC=p(b+c_a)=

b+c+a

(b+c—-a)

=2c=(b+c) - =>b+P-a*=0

2 2. 2
=a =b"+c".

Theo dinh 1i Py-ta-go ta c6 A = 90°

a) (h. 68) Goi I 1 trung diém cha BC va G 1a
trong tdm cua tam gidc ABC thi

Sapc _ Al
ZABC _ T _3 yayS=3 .
Scac Gl 3.Vay §=3S5qpc

L4y D 1a di€ém déi xing v6i G qua [ ta dugc
hinh binh hanh BGCD, do d6 :
1
Scac =Sp6p = 5 Spocp-

Vay Sapc = 3Sp6p-

D

Hinh 68
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77.

90

Tam gidc BGD c6 d¢ dai ba canh bing 10, 12, 18 nén :
Spop = 20.(20 — 10).(20 — 12)(20 — 18)

= 1/20.10.8.2 = 402.
Vay S = 12042.
b) Gi sit m, = 15, m, = 18, m, = 27. Ta c6 :
, | 3 .
b* +ct =2m? + =
| 2
2 2 .5 b 2 ,2. 2 4, 9. 2. o
1¢” +a” =2my +7 = a+b+c —3,(ma+mb +m;)=1704.
C2 |
a? + b =2m? + —
2 .
Talasic6  b*—a*= %(mz —m})=-132,

v - c? =§(m2 —m?) = 540.

Tir d6 ta tinh duoc b = 8v11, @ = 24209, ¢ = 24/41.

-~

~ o~ o o
a) b=aneén A.p_1800-C 180" -54

2 2

- =63°,

AB=c= 2a.sin% =2.6,3.5in27° ~ 5,72.

b) ¢?=7%+23%-2.7.23.cos130°
= 578 - 322.(-0 6428) 785.
Viy ¢ = 28.

~ Hoc sinh tu tinh cdc goc A, B.
78.

a) C =180° = (A + B) = 80°.

. ¢ a _ b _csinA T3 )
T e ~sina ~simB "™ T Sne g 1230

_c.sinB _ 14sin40°

- = ~ 9,14.
sinC  in80°
_c smA c.sinB
~ 2 = ~
b) B 20 C 598; b= SnC 13,82.



2,2 _ 2 R
% ~0,7333; A= 42°50".

2,2 42 .
cosB=91 70" 04857; B ~60°56"
2ac )
C =180° — (A + B) ~ 76°14".
b) cosA=0,5755; A =54°52.
cosB=0,0998; B ~84°16"
C ~40°52", |
80. ABC =30°; ACB =120° = A = 30°.
Tt d6 suy ra AC = CB=100= AH = AC.sin ACH = 50.
Chiéu cao cua ngon d6i 1a 50 mét.
81. Trong luc P dugc phan tich thanh hai lyc CM , CN doc theo hai doan
day. Lyc cang 1én méi day sé 1a :
[cM = [Pl.cos45° = 500208

IcN| = P, cos60° = 500N).

79. a) cosA =

E]lsai tap 6n tap chuong I
W2, 53 _6V3 _, 13+3V2
S5 1¥3138

82. A=1-2= 422 27

2 2 2
B=%—1—4+5=%-
83. (h. 69) cos(AB, AC) = cos60° = %
cos(AB, BC) = cos120° = —%.
cos(Ej, EE) = cos30° = g _
cos(AB, BJ) = coslSO°_ = —g-
cos(Ej, Ei) — cos120° = —%- Hinh 69
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84. (h. 70) Xét tam gidc ABC can dinh A c6 gbc & day bang a, AH 1a duo’ng cao.
Tacéo:
1 A
S = EBC.AH = BH.AH, -

S = %AB.AC.sin(ISO0 ~2a)
= %AB.AC.SinZa'.

T d6 AB.AC.sin2a = 2BH.AH,

.su ra sin2a = 2. ﬁ AH = 2cosa.sina
y = “AB"AC :

85. (h.71)

a)Giasit CN = nCA = na . Khiddtacé: : Hinh 71

MB:CT)’—CW:&'+§va'ﬁ=c_D'—EV=(1-n)a+B.

’ —

" Suyra: MDND—[a+2J |:(1—n)a+b}

-2
_q-m@+ 2 Ll Py
=(1-n)a” + 7 +(1+ 2 ja.b
_1_n+l+3—n_9—5n
B 2 4 4

Dé tam gidc MDN vuong tai D ta phai c6 MD.ND =0 hay n = %

Vay CN = %5. | _
D¢ tinh dién tich tam gidc MDN, ta tinh binh phuong d6 dai hai canh MD
va ND :

9



| 7
ng SMDN =5\ 735 = 50
b)Giésﬁﬁzpawa.TacéW:FP—FM:pa—%B.

Khi d6 : M_D..W=[5+§J[pfi—'é]:p—%—-l-+£=M‘

2 4 4 4
Dé tam gidc PMD vuong tai M ta phai c6 MD.MP =0 hayp—% tirc
FP:%&]
2 (2. 8 4 1 1 21
1 4 2—_‘ =|Zg-= = — —_——_—— = —
Khi a6 MP° = MP —[Sa 2] 25+4 5 =100
vav s, L [21 7 _7V3
W SPMD T 5\100°4 © 40
c)Theotrén tacom"—z?a—g PD =CD — CP—a+B—2?a=3?a+B.
s =32 401 1_21 —-2_9 3_49.

6 1 3 1 21
MP.PD = 5 572072 100

Goi ¢ la géc hqp béi hai duong thing MP va PD, ta c6 :

_ |mPPD 21 \F Va1
Bl 100 100 ° 10 7 14

a A3 2043
86. a) 2R = smA 10 : T T
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87.

94

b) Goi M, N, P l4n luot 12 céc ti€p diém clia BC, CA va AB véi dudng tron
noi ti€p tam gidc ABC (h. 72).

Taco AP = AN = r.cot3O =5.
BP + NC = BM + MC = a = 10.
Tur d6 ta 6 :

(b - AN) + (c - AP) = 10

hay b+ c=20. W
Theo dinh If cosin :
, P=b2y - .2bccos60° -
hay a* = (b + ¢)* - 2bc - bc, B 07 | -
suy ra bc = b+’ -d _ 202 - 102’ Hinh 72
3 3
do d6 bc = 100. ?)

Tir (1) va (2) suy ra b, ¢ 1a nghiém ciia phuong trinh bac hai x> - 20x + 100 =0,
Phuong trinh nay c6 nghiém kép b = ¢ = 10 nén ABC 1a tam gidc déu.

a) Ta chi phai tim d¢ dai canh BC.
Ap dung dinh Ii cosin

BC? = 10* + 4% - 2.10.4.c0s60° = 76.
Suy ra BC = 8,72.
Chu vi tam gidc 2p = 10 + 4 + 8,72 = 22,72.
bj (h. 73)
Ké duong cao BH ta c6

AH = AB.cos60° = 5,

suyraHC=5-4=1.
BH = AB.sin60° =53 .

HB
tanC = —tanBCH.— ~ e = ~5/3.

Hinh 73



88.

c)h.74)
Dé BE 1a tiép tuyén ctia dudng tron (ADE) .
phai c6 BE* = BA.BD = 10(10 + 6) = 160. Ta
c6 AE = x, 4p dung dinh If c6sin cho tam gidc
ABE : BE*=x*+ 100 - 10x. |
Tir 46 dan dén phuong trinh

x* = 10x + 100 = 160
hay x* - 10x - 60 = 0, phuong trinh nay c6
mot nghiém dwong la x=5+ J8s5. Vay
diém E c4n tim 12 diém trén tia AC va cdch A mot khoang bing 5 + /85.

- Hinh 74

(h. 75)
a) Theo dinh If sin, trong tam gidc ABD : A
BD  AD W
sing  sin(B — @)’
trong tam gidc BCD :
CD _ BD @
sing - sin(C — @)’ Hinh 75
trong tam gidc ACD : '
AD  CD
sing  sin(A - @)’ _
AD.BD.CD AD.BD.CD

Tuwdétacd: = — ‘ . .
: ' sin’ @ sin(A — @).sin(B — ¢).sin(C - )

Suy ra dang thitc cdn chiing minh. |
b) Ap dung dinh 1i cosin vao tam gidc DAB, ta c6
BD? = AB* + AD* - 2AB.AD .cosg.

Mit khéc, %AB.AD.sin(p = SaBD-
Tit d6 suy ra BD* = AB* + AD* — 45y ,p.cotg.
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89.

90.

96

Tuong ty: CD*=BC” + BD* - 4Sppc.cot;
AD? = AC* + CD?* - 48 cotg.

Cong theo V& réi bién ddi véi chd ¥ ring téng dign tich ba tam gidc nhé
bing dién tich S cua tam gidc ABC, ta dugc :

ot = a® + b +c? _ a2+b2+c2R
=T T T abe
2 2 2
Theo bai 58 (chuong I cotA + cotB + cotC = "—“Lalfbclle.

Tir d6 suy ra ding thic cin chimg minh.

A'B'B'C'C'A'
(h 76) SA'B'C'= 4R .
AB.BC.CA
Sapc= ——4gp
Suy ra Sapc _A'B'B'C'.C'A *)

Sisc  ABBCCA
Ta lai c6 AMAB «v» AMB'A’ nén

A'B' MA'  MAMA
AB ~ MB  MAMB

Do MAMA’ = | Ry 0| = K - MO

A'B' _R* - MO?

A

NN TAB T T MAMB -
B'C' R*-MO?> C'A" R®>-MO?
Tuong ty = ; =

— = . (**)
BC MBMC ° CA MC.MA
Thay (**) vao (*) ta dugc diéu phai chimg minh.

(h. 77) a) K¢ hai ti€p tuyén cla (6 tai Bva C, ching cét nhau & /. Khi dé
dé thdy duodng tron tam / ban kinh r = IB = IC thoa min yéu céu.
b) K¢ duong thing OM, né cét dudng tron (I) & N (N = M), ta c6

OMON = O0B* (= Ry



91.

Tir d6 ta c6 OM.(OM + MN) = R,
suy ra OoM? - mm = R2,
hay MO.MN = OM? - R?

- Rye, = MBME',
Vay N, B, O, B' cung thu6c mot
duong tron, suy ra NOB' = NBM.

Tuong tu ta c6 N, C, O, C’ cung
thuoc moét dudng tron, suy ra

W‘:NCM.

Hinh 77

Do tf gidc NBMC noi tiép nén NBM + NCM = 180°.

Tu dé ta c6 NOB' + NOC' = 180°. Vay ba diém O, B’, C’ thing hang hay
B’C’ 1a dudng kinh cta dudng tron (6).

(h. 78)

a) La'y‘dié’m H, d6i xting v6i H qua A’hay A'H = — m

Khi d6 BH,C = BHC = B'HC ' = 180° — A.

Suy ra ABH | C la tt gidc ndi ti€p, do d6

A'BA'C=A'H.A'A =-A"HA'A.

b) Dudng tron (6) va duong
tron tdm / dudng kinh HA c6
B’C’ 1 truc dang phuong. Ké
ti€p tuyén cia (6) tai J cit
dudng thing BC & K thi

KJ2= ?B?K_C: = t?i(/(qa)

Ta hdy tinh phuong tich clia K
d6i véi duong tron tam [ :

2
5 AH
R =K~ (21

Hinh 78
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i N2 e N2
kAl [A'A A'H] [A'H - A'A]
- - 2

~KA?+ AHAA

Theo cau a), A'H.A'A =—-A"B.A'C . Mat khéc ta c6 BIC =90° (g6c¢ noi
tiép chan nira dudng tron) va JA’ L BC nén AJ> = —~A'B. A'C.

Vay gf(/(l) = KA + AP =KJ* = g)K/(‘f)’ suy ra K thugc truc dang phuong
B'C’. Vay ba dudng thing BC, B'C’ va tiép tuyén tai J cta (6) déng quy
6K. | |

~ Cac bai tap tric nghiém chuong I1

1. (D) 2.(A) 3.(A) 4. (C)
5. (D) 6. (B) 7. (C) 8. (C)
9. (B) - 10.(O).
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hwdng J//A PHUONG PHAP TOA Do
TRONG MAT PHANG

A. CAC KIEN THUC CO BAN VA BE BAI

§1. Phuong trinh t8ng quét cla dudng théng

|- CAC KIEN THUC CO BAN

1. ® Phutong trinh tong qudt cvia duomg thang cé dang ax + by + ¢ =0 @+b*20);
i =(a; b) la mot vecto phdp tuyén.
Pdc biét :
— Khi b =0 thi duomg thdng ax + ¢ = 0 song song hodc triung véi Oy (h. 79a);
— Khi a =0 thi duong thang by + ¢ = 0 song song hodc tring véi Ox (h.T19b);
— Khi ¢ =0 thi duong thdng ax + by = 0 di qua géc toa do (h. 79¢).
o Duong thdang di qua M(xy; yo) va nhdn i =(a; b) lam vecto phdp tuyén c6
phuong trinh '
a(x — xg) + b(y —yg) =0.
2. Puong thdng cdt truc Ox tai Aa ; 0) va Oy tai B0 ; b) (a va b khdc 0) c6

phuong trinh theo doan chdn % + % =1 (h. 80).
3. ® Phuong trinh duomg thdng theo hé so goc cé dang y = kx +b, trong do

k= tana véi a la goc giita tia Mt (phdn ciia duong thang nam phia trén Ox)
voi tia Mx (h. 81).

o Duomg thing qua M(xy; y) va c6 hé so goc 1a k thi c6 phuong trinh :
y = Yo = k(x = xo).

y YA y y
L t

T T T/

[4) ) x 0 X o
|| 4 e
a) b) c)

Hinh 79 Hinh 81
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4.Vitri twong doi ciia hai ducng thang
Cho hai duong thang Ay = ayx + by + ¢ =0va Ay i axx + by + ¢, =0.
a b
ay by’
Ajcdt Ay & D#0;
A/, < D=0va D,#0 (hodcD,#0);
Ay=A, & D=D.=D,=0.
Bdc biét khi ay, by, ¢y khdc O thi-

161 4

Dit D= . Khi dé

G ay

b a b c
A tA<:>—¢ DA Ay =T L
lca 2 b2 //7 az b2 ('2
A1=A2c>ﬂ=b—‘_c—'
a b o
Il — DE BAI

1. Viét phuong trinh cidc dudng cao cua tam gidc ABC biét A(-1 ; 2),
B(2;-4),C(1;0).

2. Viét phuong trinh cdc dudng trung truc cua tam gidc ABC biét M(-1 ; 1),
N(1;9),P(9; 1) la céc trung diém cua ba canh tam gi4c. .

3. Cho dudng thdng A : ax + by + ¢ = 0. Viét phuong trinh duong thing A’ d6i
xttng v6i duong thing A :
a) Qua truc hoanh ;  b) Qua truc tung ; c¢) Qua goc toa do.

4. Cho diém A(l; 3) va dudng thang A : x =2y +1=0.Viet phuomg trinh
duong thang d6i xtng véi A qua A.

5. Xét vi tri tuong d6i chia mdi cap dudng thang sau :
a) d;j:2x=5y+6=0 va dy:—x+y-3=0;
b) dy:-3x+2y-T7=0va dy:6x-4y-7=0;
o) dyi\V2x+y-3=0va dy:2x+2y-32 =0
d)diy:m-Dx+my+1=0va dy: 2x+y—-4=0.
6. Bién luan vi trf tuong doi cia hai dudng thang sau theo tham s6 m
A id4x-my+4-m=0;
Ay (2m+6)x+y—2m—1=0.
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10.

11.

12.

13.

Cho di€ém A(-1 ; 3) va duong thang A c¢6 phuong trinh x — 2y + 2 = 0.
Dung hinh vuéng ABCD sao cho hai dinh B, C nam trén A va cac toa do
cta dinh C déu duong.

a) Tim toa d6 cac dinh B, C, D ;

b) Tinh chu vi va dién tich ctia hinh vuong ABCD.

Chimg minh rang dién tich S clia tam gidc tao bdi duong thang A : ax + by + ¢ =0
2

(a, b, ¢ khdc 0) véi cdc truc toa do duoc tinh bdi cong thic : S = ﬁ
a

. Lap phuong trinh dudng thang A di qua P(6 ; 4) va tao véi hai truc toa do

mot tam gidc ¢6 dién tich bing 2.
Lap phuong trinh dudng thang A di qua Q(2 ; 3) va ciét céc tia Ox, Oy tai
hai diém M, N khac diém O sao cho OM + ON nho nhat.

Cho diém M(a ; b) v6i a > 0, b > 0. Viét phuong trinh dudng thang qua M
va cat cédc tia Ox, Oy lan luot tai A, B sao cho tam gidc OAB c6 dién tich
nho nhat.

Cho hai dudng thing d, : 2x—y—2=0,d, : x+y + 3 =0 va diém M(3: 0).
a) Tim toa do giao diém cla d, va d,.

b) Viét phuong trinh dudng thiang A di qua M, cat d, va d, 1an lugt tai diém
A va B sao cho M la trung diém ctia doan thang AB.

Cho tam gidc ABC c6 A(0; 0), B(2 ; 4), C(6; 0) va cic diém : M trén canh
AB, N trén canh BC, P va Q trén canh AC sao cho MNQP la hinh vuong.

Tim toa dé céc diém M, N, P, Q.

§2. Phuong trinh tham s6 clia dudng thang

| - CAC KIEN THUC CJ BAN

1. Puong thing di qua diém M(xqy; yo) va nhan i(a; b) lam vecto chi phuong
X=Xy +at

¢6 phuong trinh tham so':
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2. Puong thdng di qua diém M(xy; o) va nhdn U(a;b) (a va b khdc 0) lam

X — Xy _ Y=Y
. b *
Chi y. Khi a = 0 hodc b =0 thi duomg thdng khong c6 phuong trinh chinh tdc.

vecto chi phuong c6 phwong trinh chinh tdc :

Il — DE BAI

14. Viét phuong trinh téng quat ctia cdc dudng thang sau
=1-2t =2+t =-3 (x=-2-3%
21" R SORN L) .
y=3+1¢ y=-2-—t y=6-2¢ y=4

15. Viét phuong trinh tham s6 ctia cac dudng thang sau

a)3x-y-2=0; b)-2x+y+3=0; c)x—-1=0;d)y-6=0.
16. Lap phuong trinh tham s& va phuong trinh chinh tic (néu c6) cla dirEmg

thang d trong méi trudng hop sau

a) d di qua A(-1 ; 2) va song song véi dudng thang 5x+ 1=0;

b) d di qua B(7 ; -5) va vuong goc véi dudong thang x + 3y —6=0;

¢) d di qua C(=2 ; 3) vA ¢6 hé s6 gbc k = -3 ;

d) d di qua hai diém M(3 ; 6) va N(5 ; -3).

5 X =Xx +at = + ct'
17. Cho hai dudng thing d, - T g, TR
\y=y +bt

(x1, X5 , ¥1 » ¥p 1a cdc hang s6). Tim diéu kién cla a, b, ¢, d d€ hai dudng
théng dlvﬁ d2 : ) '
a) Cat nhau; b) Song song; c) Triung nhau; d) Vuoéng gbéc véi nhau.

18. Xét vi tri twong d6i cua cdc cap dudng thing sau va tim toa do giao diém
cua ching (néu co) :

- =1+2t
a)Al:{x VaAy:2x~y-1=0;
y=-3-3t

a7 vaa, XD
. va =
Py =1+1 2 4 27
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19.

x=-2+t =4t
C)A: { val,: -
= y=2-1t

x-1_ y+18
2 10

d) A, : 1: 5 Va A, :

Cho hai dudng thang
x=2-3t =-1-2¢
dy: vad,: g ;
y=1+1¢ y=3-1
a) Tim toa d¢ giao diém M cta d, va d,. ‘
b) Viét phuong trinh tham s& va phuong trinh téng quat cta :
— Pudng théng di qua M va vuong géc véi dy;
— Pudng thang di qua M va vuéng géc véi d,.

x=-2-2t

20. Cho dudng thing A : { va diém M(3; 1).

21.

22,

23.

25.

y=1+2¢
a) Tim diém A trén A sao cho A cach M mot khoang bang V13,
b) Tim diém B trén A sao cho doan MB ngin nhit.

Mot canh tam gidc c6 trung diém 1a M(~1 ; 1). Hai canh kia nidm trén cdc

2 = -t 2
duong thang 2x + 6y + 3 =0 va {x . Lap phuong trinh duong thang
y=t
chita canh thi ba cla tam gidc.
Cho tam gidc ABC c6 phuong trinh canh BC la x_—ll = y—;é, phuong trinh

cdc dudng trung tuyén BM va CN lanlugtla3x + y—7=0vax+y—5=0. Viét
phuong trinh cdc dudng thang chira cdc canh,AB, AC.

Lap phuong trinh cdc dudng théng chida bon canh ctia hinh vuong ABCD
x=-1+4+2¢

biét dinh A(-1 ; 2) va phuong trinh ciia mét duong chéo la { 5
y = -2t

=-2t ., |x=-2-1
Cho hai dudng thang A : vaA': '
y=1+ y=1t'.
Viét phuong trinh dudng thng ddi x1’mg v6i A’ qua A.
x=1+¢

Cho hai diém A(~1; 2), B(3 ; 1) va dudng thang A : % -~
y= .
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Tim toa do diém C trén A sao cho :
a) Tam giac ABC can.
b) Tam gidc ABC déu.

§3. Khodng céch va goc

| - CAC KIEN THUC CO BAN
1. Khodng cdch tir diém M(xy; yo) dén duong thing A : ax + by + ¢ = 0 dugc
tinh theo cong thiic

iaxo + by, + c|

2. Cho hai diém M(xy;; yay), N(xy; y) va duomg thang A : ax+ by + c=0. Khi dé

M va N ndm cing phia déi véi A < (axy + byy + c)axy + byy +¢)>0;

d(M; A) =

M va N nam khdc phia doi voi A < (axy + byy + c)(axy + byy +¢) <0.
3. Cho hai duomg thang A, : ax+by+c;=0vaA,:ax+by+c,=0. Khi do
® Phuong trinh hai duong phdn gidc ciia cdc goc tao bdi A va A, la
ax + by + ¢ _ L Bx A by + ¢,
Vaf vbf e s

e Goc gita Ay va A, dugce xdc dinh boi céng thitc

Ialaz + blbzl
2, .2 [2, .27
\/a1 + b .\/az + b5

cos(A}, A,) =
o A LA, ©aa,+bb,=0.
Il - BE BAI
26. Cho tam gidc ABC v6i A = (-1 ;0), B=(2; 3), C = (3 ; —6) va dudng
thing A: x —2y -3 =0. ' :

a) Xét xem dudng thang A cdt canh nao clia tam gidc.

b) Tim diém M trén A sao cho [MA + MB + MC| nh nhat.
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27.

28.

29.

30.

31

32.

33.

34.

35.

Cho ba diém A(2; 0), B4 : 1), C(1 ; 2)

a) Ching minh rdng A, B, C 12 ba dinh clla m6t tam gi4c.

b) Vi€t phuong trinh dudng phan giac trong clia goéc A.

¢) Tim toa do tam [ clia dudng tron noi tiép tam giac ABC. v

Tim cac géc cila mot tam gidc biét phuong trinh cac canh tam gidc dé6 1a :
x+2y=0;2x+y=0; x+y=1.

Cho diém A = (-1 ; 2) va dudng thang A : {; B _;;L 2

Tinh khoédng céch tir diém A dén dudng thang A. Tir d6 suy ra dién tich cla

hinh tron tam A ti€p xic véi A.

Véi diéu kién ndo thi cdc diém M(x; ; y,) va N(x; ; y5) dsi xung véi nhau

qua dudng thang A : ax +by +c=07?

- Biét cac canh clia tam gidc ABC c6 phuong trinh :

AB:x—-y+4=0; BC:3x+5y+4=0; AC: 7x+y-12=0.
a) Viét phuong trinh dudng phan giac trong cua géc A ;
b) Khéng dung hinh vé&, hdy cho biét goc toa d0 O nidm trong hay nim
ngoai tam gidc ABC.
Viét phuong trinh dudng thing
a) Qua A(-2 ; 0) va tao v6i duong thang d : x + 3y =3 = 0 mot goéc 45° ;
N PREPIIR 2 x=2+3% p 0
b) Qua B(-1 ; 2) va tao v6i dudng thang d : Y mot géc 60°.
y=-
x=2+at

Xdc dinh céc gi4 tri clia a dé goc tao bdi hai dudng théng { |-
y=1-

va 3x + 4y + 12 = 0 bang 45°.

a) Cho hai diém A(1 ; 1) va B(3 ; 6). Viét phuong trinh dudng thang di qua
A va cich B mot khoang béng 2.

b) Cho dudng thing d c6 phuong trinh 8x — 6y — 5 = 0. Viét phuong trinh
dudng thing A song song Vi d va céch d mot khoang bang 5.

Cho ba diém A(1 ; 1), B(2 ; 0), C(3 ; 4). Viét phuong trinh dudng thang di qua
A va céich déu hai diém B, C.
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36. a) Cho tam gidc ABC can tai A, biét phuong trinh céc dudng thang AB, BC

37.

38.

39.

40.

41.

lan luot 1a x + 2y — 1 = 0 vd 3x — y + 5 = 0. Viét phuong trinh dudng thang

'AC biét rang duong thing AC di qua diém M(1 ; -3).

b) Cho hai dudng thang A; : 2x —~y +5=0, Ay : 3x + 6y —1 =0 va dlém

M(2 ; —1). Viét phuong trinh dudng thang A di qua M va tao véi hai dudng

thdng A,, A, mot tam gidc can c6 dinh 1a giao diém cta A; va A,.

Chohaidub‘ngthﬁngsongsbngAI cax+by+c=0vaA,:ax+by+d=0.

Chimg minh rang

2) Khodng céch gifta A, va A, bing e-d |

b) Phuong trinh dudng thang song song va cach déu A, va A, c6 dang
c+d

ax + by + =0.

Ap dung. Cho hai dudng thang song song c6 phuong trinh —3x + 4y —10 =0
va —3x + 4y + 1 = 0. Hay lap phuwong trinh dudng thang song song va cdch
déu hai dudng thang trén. _

Cho hinh vuong c6 dinh A = (-4 ; 5) vd mot duong chéo nam trén dudng
thang c6 phuong trinh 7x — y + 8 = 0. Lap phuong trinh cac dudng thing
chita cdc canh va duong chéo thit hai cta hinh vuéng

. , 4
Cho tam gidc ABC c6 dinh A = (—5— ;J Hai duong phan gidc trong cua

gbc B va C lan luot c6 phuong trinh x — 2y =1 = 0 va x + 3y —1 = 0. Viét
phuong trinh canh BC ctlia tam gidc.

Cho hai diém P(l 6) , Q(-3 ; —4) va duong thang A 2x-y—-1=0.

a) Tim toa do diém M trén A sao cho MP + MQ nhd nhit ;

b) Tim toa do di€m N trén A sao cho |[NP — NQ| 16n nht.

Cho duong thang A, (m=2)x+(@m—1)y+2m—1=0vahai diém A(2; 3),
B(1;0). :

a) Ching minh ring A, luon di qua mot diém cé dinh v6i moi m ;

b) Xéc dinh m dé A,, ¢6 it nhdt mot diém chung véi doan thing AB ;

¢) Tim m dé khoang cach tir di€ém A dén dudng théng A,, 1a 16n nh4t.
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§4. budng tron

| - CAC KIEN THUC CO BAN y

1. ¢ Phuong trinh duong tron tdm I(a; b), bdn kinh R c6 dang : pl-
x-a)+(@-b*=R

hay dang khai trién : 0l (:1

x2+y2—2ax—2by+c=0 vOi c=a2+b2—_R2. Hinh 82

S
>

X

« Phitong trinh x* + y* — 2ax — 2by + ¢ = 0 véi diéu kién a* + b* — ¢ > 0, la

phutong trinh ducng tron tam I(a; b), bdn kinh R = Na® + b* — ¢ (h. 82).

2. Choduimgtron( & tamI(a; b), ban kinh R va duong thing A : ax+ By+y =0,
aa+ b+

= —| atp 7/| =R.

Atiép xic v6i (& < d(I; A) = R

Il - DE BAI

42.

43.

44.

45.

46.

47.

Tim toa d¢ tdm va tinh ban kinh cua cac dudng tron sau

a) (x+ )+ (y-2)2=7; d) x> + y> - 10x — 10y = 55 ;
b)(x—5)2+(y+7)2=15; e)x2+y2+8x—6y+8=0;
c)x2+y2—6x—4y=36; f)x2+y2+4x+10y+15=0.
Viet phuong trinh dudng tron dudng kinh AB trong céc trudng hop sau
a)A(7;-3);B(1;7); b) A(=3;2); B(7; -4).

Viét phuong trinh dudng tron ngoai tiép tam gidc ABC bigt A = (1 ; 3), B= (5 6),
C=(7;0).

Viét phuong trinh dudng tron noi ti€p tam gidc ABC biét phuong trinh cac
canhAB:3x+4y—-6=0; AC:4x+3y-1=0; BC:y=0.

Bién luan theo m vi tri tuong d6i cua dudng thang A, : x — my + 2m + 3 =0
va dudng tron (6 :x2+y2+2x;2y—2=0.

Cho ba diém A(-1;0),B(2;4),C(4; 1).

a) Ching minh ring tap hgp cac diém M thoa man 3MA® + MB? = 2MC? 1a
mot dudng tron (6). Tim toa do tam va tinh ban kinh cta (6).
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48.

49.

50.

51.

52,

53.

54.

5S.

108

b) Mot duong thing A thay ddi di qua A cit (€) tai M va N. Hay viet
phuong trinh clia A sao cho doan MN ngén nhit.

Viét phuong trinh dudng trdn ti€p xtc véi cdc truc toa do va
a)biquaA2;-1);

b) C6é tam thudc dudng thang 3x — 5y — 8 = 0.

Viét phuong trinh dudng tron ti€p xic voi truc. hoanh tai diém A(6 ; 0) va
di qua diém B(9 ; 9).

Viét phuong trinh dudng tron di qua hai diém A(-1 ; 0), B(1 ; 2) va ti€p

xtic véi dudng thang x —y -~ 1 =0.

Viét phuong trinh dudng thing A tiép xiic vdi dudng tron (6) tai A € (6)

trong moi tr.u?mg‘ hop sau réi sau d6 vé A va (% trén cung hé truc toa d¢

) (6): x> +y°=25,A3:;4); d)(G):x*+y* =80,A(-4;-8);

b) (@) : X +y2 =100, A(-8;6); €) (B): (x—3)* + (y+4)* =169, A8 ; -16) ;

) (6): 2+ =50, A5;-5); D (6): (x+5) + (y—9)> =289, A(-13 ; 6).

Cho dudng tron (B) : (x — @)? + (y — b)> = R? va diém My(xy ; yo) € (B).

Chéng minh ring tiép tuyén A clia dudng tron (6) tai My c6 phuong trinh :
(xp~a)x—a)+(yo—-D)y-b)=

Cho dudng tron (€) : x> + y> — 2x + 6y + 5 = 0 va dudng thing d :

2x + y — 1 = 0. Viét phuong trinh tiép tuyén A cua (6), biet A song song

v6i d ; Tim toa do ti€p dlem

Cho dudng tron 6 : X +y -6x+2y+6=0va dlem A(l 3).
a) Ching minh rang A & ngoai dudng trdn ;

b) Viét phuong trinh ti€p tuyén coa (G Kty A ;

¢) Goi T}, T, 1a céc ti€p di€m & cau b), tinh dién tich tam gidc AT,T,.

Cho dudng tron (6) c6 phuong trinh x* + y> + 4x + 4y —17 = 0. Viét
phuong trinh ti€p tuyén A ctia (6) trong méi truong hop sau

a) A tiép xuc vdi (6) tai M(2; 1) ;

b) A vuong goc véi dudng thing d : 3x — 4y +1=0;
c) A diquaA(2; 6).



56.

57.

58.

Cho hai dudng tron

(%I):x2+y2—4x—8y+ 11 =0v§1(%2):x2+y2—2x—2y—2=0.
a) Xét vi tri tuong d6i cha (6€)) va (6)).
b) Viét phuong trinh ti€p tuyén chung cla (%l) va (%2).

Cho n diém A (x}; y1), Ax(X3; Y2)seery Ay(Xy; ¥v,) VA R+ 188 1 ky, kyyons Ky, K

thod man k; + k, + ... + k, # 0. Tim tap hop cac diém M sao cho

W MAL + kyMAS + ...+ k MA? = k.

n’

Cho dudmg cong (€,,) c6 phuong trinh :
x2+y2+(m+2)x—(m+4)y+m+l=0.

a) Ching minh rang (%m) ludn la duong tron véi moi gid tri cta m.

b) Tim tap hop tam cic dudng tron (€,) khi m thay déi.

c¢) Chitng minh rang khi m thay déi, ho cdc dudng tron (%m) luén di qua
hai diém c6 dinh. ' .
d) Tim nhitng diém trong mat phang toa d6 ma ho (%m) khong di qua du m
14y bét cit gid tri nao.

§5. budng elip

|- CAC KIEN THUC CO BAN

1. Dinh nghia. Cho hai diém c6'dinh F, F, véi F\F,=2c (¢>0)vasdé2a(a>c).
Elip (E) la tdp hop cdc diém M sao cho MF| + MF, = 2a.

(E) ={M : MF, + MF, = 2a}.
F\, F, goi la cdc tiéu diém, khodng cdch F\F, = 2c goi la tiéu cy cua (E).

2 2
2. Phuong trink chinh tdc ciia elip : = + Z—Z =1 (a>b>0) (h. 83).
a .

a® = b% + ¢ ; O latam doi xtng ; Ox, Oy la cdc truc déi xing.
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Truc lon AjA, = 2a ndm trén Ox ;

“ by}
Truc bé BB, =2b ndm trén Oy; By
Cdc dinh : A((—a; 0), Ay(a; 0), B;(0 ; =b), B,(0 ; b) ; Y w BiA;
Hai tiéu diém : Fi(=c;0), Fy(c;0); - 5,
Tamsai e= < ; Hinh 83
a

Phuong trinh cdc canh cua hinh chit nhdt cosd:x=*a,y=xb;
Ban kinh qua tiéu ciia diém M(xy; ; yuy) € (E) :

c ' c
MFl=a+exM=a+;xM ; MF2=a—exM=a—zl—xM.

Il - BE BAI
59. Cho dudng tron (€)) tam O, ban kinh R, va
~ dudng tron (6)) tam O,, ban kinh R,. Biét

duong tron (6,) nim trong dudng tron (6))

va tam cha hai dudng tron khong triing nhau
(h. 84). Tim tap hgp tdm cha cic dudng tron

tiép xdc ngoai véi (€,) va tiép xic trong
véi (%1) Hinh 84

60. Xac dinh tam doi xtng, do dai hai truc, tiéu cy, tm sai, toa do cic tiéu
diém va c4c dinh cha méi elip sau :

x 2 2
- = : d 4 - 1= )
a)25+16 1; )4x“+ 16y - 1=0;
b)x2+4y2=1; e)x2+3y2:2;
¢) 4x* + 5y* =20; f)mx2+ny2=1(n>m>0,m¢n).

V& elip ¢6 phuong trinh & cau a).
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61.

62.

63.

64.

" tiéu diém. Diém gin Trdi D4t nhat

Lap phuong trinh chinh tic cta elip (E) biét

a) A(0; =2) 1a moét dinh va F(1 ; 0) 12 mot tiéu diém cta (E) ;

b) F( (=7 ; 0) 1a mot tiéu diém va (E) di qua M(-2 ; 12) ;

¢) Tiéu cu bang 6, tam sai bang —2— ;

d) Phuong trinh céc canh cua hinh chit nhat cosdlax =+ 4, y = +3,
e) (E) di qua hai diém M(4 ; \3) va N2+/2 ; -3).

Mat Trang va cic veé tinh cia Trai Dat

chuyén dong theo quj dao 1a cic  pPiém can dia V¢ tinh
duong elip ma tam Trai D4t 1a mot '

trén quy dao goi la diém cdn dia,
diém xa Trdi D4t nhat trén quy dao
goi 12 diém vién dia (h. 85). Hinh 85

Piém vién dia

a) Biét khoang cach tir diém vién dia va diém can dia trén quy dao clia mot
vé tinh dén tam Trdi D4t thi tu 12 m va n. Ching minh rang tam sai cha

qu¥y dao nay bing m-n

m+n’
b) Biét do dai truc 16n va do dai truc bé cua quy dao Mat Trang la
768806km va 767746km. Tinh khoang cdch 16n nhdt va khoang cach bé
nh4t gitta tam Trai D4t va tam cta Mat Trang.
2

Tim nhitng diém trén elip (E) : %— +y® =1 thod min
a) C6 béan kinh qua tiéu diém trai bing hai l4n béan kinh qua tiéu diém phai.
b) Nhin hai tiéu diém dudi mot géc vuong.
c) Nhin hai tiéu diém dusi géc 60°.

22 , o
i S+ 25 =1(a>b>0). Goi F), F, la cdc tieu diém va A,

a b
A, 13 c4c dinh trén truc 16n cla (E). M 12 diém tuy ¥ trén (E) c6 hinh chiéu
trén Ox 12 H. Chitng minh rang v

a) MF,. MF, + OM* = a* + b*;

Cho elip (E)
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65.

66.

67.

112

b) (MF, — MF,)* = 4(OM* - b*) ;

b2 — —
c) HM? = —= HA,. HA, .
a
PO
Cho elip (E) c6 phuong trinh 5 + il 1.

a) Tim toa do cic tiéu diém, c4c dinh ; tinh tam sai va vé elip (E).
b) Xdc dinh m dé dudng thing d : y = x + m va (E) c6 diém chung.

c) Viét phuong trinh dudng thing A di qua M(1 ; 1) va cét (E) tai hai diém
A, B sao cho M 1a trung diém clia doan thing AB. '

2 2
x—2+12-=1 (a>b>0)
a b :

a) Chiing minh rang v6i moi M thuéc (E), ta luon c6 b < OM < a.

Cho elip (E) :

b) Goi A la giao diém cia duong thing c6 phuong trinh ax + fy = 0 véi
(E). Tinh OA theo a, b, @, . '
¢) Goi B 1a diém trén (E) sao cho OA L OB. Ching minh ring téng

% + % c6 gi4 tri khong déi.
OA“ OB :

d) Ching minh ring dudng thing AB lué6n ti€p xic véi mot dudng tron
c6 dinh.

Trén hinh 86, canh DC cta hinh
chit nhat ABCD duogc chia thanh
n doan thang bing nhau bdi cic
diém chia C,, C,,..., C,~; ; canh
AD ciing dugc chia thanh n doan D,
thing bang nhau bdi cdc diém Dy
chia Dy, D,,..., D,_,. Goi I, la

giao diém cha doan thang AC, Hinh 86

D Ci Cr Ck Cn-1 C

v6i doan thang BD,. Ching minh

rang cdc diém I, (k=1,2, ..., n — 1) ndm trén elip c6 truc 16n 1a canh AB,
do dai truc bé bang chiéu rong AD ciia hinh chit nhat ABCD.



68. Phép co vé truc A theo hé s6 k (k #0) 1a phép cho tuong tng mdi diém M
clia mat phang thanh diém M’ sao cho HM' = km, trong dé H la hinh
chiéu (vuéng géc) cia M trén A. Diém M’ goi 1a anh cla diém M qua phép
co d6. Chimg minh réng

N - L el L4 x .=X
a) Phép co vé truc Ox theo hé s6 & bién diém M thanh diém M’ sao cho { M M

Y =kvu s
b) Phép co vé truc Oy theo hé s6 k bi€n diém M thanh diém M’ sao cho
{xM. = kxpy
M = Im

69. Chitng minh rang phép co vé truc Ox theo h¢ s6 —2— < 1, bién dudng tron ( Of

2 2
x2+y2=a2 thanh elip (E) : x_2+y_2=1 va nguoc lai, phép co vé truc Ox theo
b
. a e 1 'x% y2 2.2 2
heséz>1b1éne11p(E): —2+—2=1 thénhdub‘ngtrc‘m(%:x +y =a".

a b
70. Tim anh cha dudng tron (6) qua phép co vé truc Ox theo hé s6 k trong mbi
truong hgp sau

a)(%:x2+y2=9,k=%;
b)(%:x2+y2—36=0,k=%;
V@& :(x-D*+(+2)7=4, k=-1.

22
71. Tim 4nh cua elip ;—5 + % =1 qua phép co vé truc Ox theo hé s6 k trong
mbi trudng hop sau :
1
a)k:%; bk=V2; k=3

§6. budng hypebol

| - CAC KIEN THUC CC BAN

1. Dinh nghia. Cho hai diém c6 dinh F, Fy véi F\F, = 2c (¢ > 0) va hang 56 2a
(a < ¢). Hypebol (H) la tdp hop cdc diém M sao cho |MF, - MF,| = 2a.

(H)={M :|MF, - MF,| = 2a}.
F|, F, goi la cdc tiéu diém, khodng cdch F\F, = 2c goi la tiéu cu cia (H).
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72.

73.

114

22
2. Phuong trinh chinh tdc ciia hypebol : % - z—z =1 (h. 87)
a
2 =a*>+b* ; 0 la tam doi xing;
Ox, Oy la cdc truc doi xing.

yA

Truc thuc A|A, = 2a ndm trén Ox. B
: 2

Truc do BB, = 2b nam trén Oy.

F /)AL D A\F, x

Hai dinh : A((—a; 0), Ax(a; 0).

, B
Hai tiéu diém : Fi(—c;0), F,(c;0).

. . c :
Tam sai e = —. Hinh 87
a N

Phuong trinh cdc canh cua hinh chit nhdt cosé: x=*a, y==b.

Phuong trinh hai duong tiém cdn : y = iS—x ;
Ban kinh qua tiéu ciia diém M(xy, ; yuy) € (H)

MF, ='|a+exM| = a+%xM ; MF, =|a—exM| = a—%xM .
DE BAI
(h.88) Cho hai dudng tron (%1) va (%2)
nam ngoai nhau va ¢6 ban kinh khong ﬂ
bang nhau. Ching minh ring tdm cta ‘
cidc duong tron cung ti€p xdc ngoai hv

(€) PA

hoac cung ti€p xic trong v6i (%1)' va

(%)
(6,) ndm trén mot hypebol véi céc tiéu ’

diém 1a tam cia cdc dudng tron (6)) Hinh 88

va (€,). Tam d6i xting ctia hypebol ny nim & dau ?

Xdac dinh d¢ dai truc thuc, truc 4o ; tiéu cu ; tAm sai ; toa d6 céc tieu diém,
céc dinh va phuong trinh cdc dudng tiém can ctia méi hypebol c6 phuong
trinh sau

8B- BT HINH HOC (NC)



2 2

a)%—y?:l; d) 16x* - 9y* = 16 ;
b)dx> —y =4 e)xr -y =1;
¢) 16x% - 25" = 400 ; f) mx* - ny’ =1 (m >0, n > 0).

V& cdc hypebol cé phuong trinh & cau a), b) vae).

. Lap phuong trinh chinh téc cla hypebol (H) biét

a) Mot tiéu diém 1a (5 ; 0), mot dinh 1a (— 4 ; 0) ;

~ b) D6 dai truc 4o bang 12, tam sai bing % ;

75.

76.

7.

¢) Mot dinh 1a (2 ; 0), tam sai béng % ;
d) Tam sai bang /2, (H) di qua diém A(=5 ; 3) ;

e) (H) di qua hai diém P(6 ; —1) va Q(-8 ; 2+/2).
Lap phuong trinh chinh tic cta hypebol (H) biét

a) Phuong trinh céc canh cla hinh chit nhat cosdlax =+ % ,y==%1;

b) Mot dinh 151.(3 ; 0) va phuong trinh dudng tron ngoai ti€p hinh chit nhat

2

cosdla x> +y* =16

c) Mot tiéu diém 1a (~10 ; 0) va phuong trinh cdc dudng titm can lay =+ 4% ;

d) (H) di qua N(6 ; 3) va gbc giita hai duémg tiém can bing 60°.

Cho s6 m > 0. Chimg minh ring hypebol (H) c6 cac tiéu diém F(-m ; —m),
Fy(m ; m) va gid tri tuyét ddi cla hiéu cdc khoang céch tir méi diém trén (H)
2

Coz e .2 N . N m
tdi cac tiéu diém la 2m, c6 phuong trinh : xy = T

x2 2

Cho hypebol (H) : — = 1. Chitng minh rang tich cac khoéngvcéch tur
a

%[

2,2
mot diém tuy y trén (H) dén hai duong tiém cén bang T, .
: \ . a +

, 1
78. Cho hai diém A(-1; 0), B(1; 0) va dudng thing A : x - 2 =0.
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79.

80.

81.

82.

83.

a) Tim tap hop cdc diém M sao cho MB = 2MH, vé6i H 1a hinh chi€u vuong
goc clia M trén A.
b) Tim tap hgp cdc diém N sao cho céc dudng thing AN va BN cé tich céc
hé s6 goc bang 2.
Tim cdc diém trén hypebol (H) : 4x° — y? — 4 = 0 thoa man
a) Nhin hai tieu diém dudi géc vuong ;
b) Nhin hai tiéu diém duéi géc 120° ;
c¢) Co6 toa do nguyén.
2 2
Cho hypebol (H) : ;X — 2 = 1. Goi Fy, F, 1a cdc tiéu diém va A}, 4, Ia
a b
cac dinh cta (H). M 1a diém tuy y trén (H) c¢6 hinh chiéu trén Ox la N.
Ching minh rang
a) OM® ~ MF|. MFy=a* - b*;
b) (MF| + MF,)* = 4OM* + b%) ;
b2 — —
c) NM? = = . NA, . NA,.
a*

2 2
Cho hypebol (H) : = — y? ~ 1 va dudng thing A: x —y + m = 0.

a) Chitng minh ring A luén cét (H) tai hai diém M, N thudc hai nhdnh
khéc nhau ctia (H) (xy < Xp) 5 |

b) Goi F la tieu diém trdi va F, 1a tiéu diém phai cha (H). X4c dinh m dé
F,N = 2F M.

Cho dudng tron ( &f c6 phuong trinh Ly =1, Pudng tron (& cét Ox tai
A(=1: 0) va B(1 ; 0). Dudng thang d ¢6 phuong trinh x = m (-1 < m <1,

m = 0) cat (& tai M va N. Dudng thing AM cit dudng thang BN tai K.

Tim tap hop céc diém K khi m thay déi.
2 2

Cho hypebol (H) : x_ - Z— = 1. Mot dudng thing A cét (H) tai P, Q va hai
a’

duong tiém can & M va N. Ching minh réng
a) MP = NQ ;

_ b) Néu A c6 phuong khong déi thi tich PM.PN la héng s6.
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§7. Pudng parabol

| - CAC KIEN THUC CO BAN

Il - PE BAI

1. Dinh nghia. Cho diém F c6 dinh va moét duomg thdng c6 dinh A khong di
qua F. Parabol (P) la tdp hop cdc diém M sao cho khodng cdch tic M dén
F bdng khodng cdch tw M dén A.

(P)={M : MF = d(M ; A)}.

F goi la tiéu diém, A la duong chudn, p = d(F ; A) > 0 goi la tham 56 tiéu
cua (P).

2. Phuong trinh chinh tdc ciia parabol :  y* =2px  (p > 0) (h. 89).
Dinh : O(0; 0) ; Tham sé'tiéu p ;

Ay
Truc doi xing : Ox ;
e p M
Tiéu diém F = -2—;0 R
O\ F X
Duong chudn A : x = —g ;
A
Hinh 89

84. Cho duong tron (% tam O bén kinh R va duong thang A khong cat (F.

85.

Chimg minh ring tap hop tdm cdc dudng tron ti€p xdc véi A va tiép xic
ngoai v6i (& nam trén mot parabol. Tim tiéu diém va dudng chudn cia
parabol dé.

X4c dinh tham s6 tiéu, toa do dinh, tiéu diém va phuong trinh duong chudn
clia cdc parabol sau

a) y? = 4x ; ¢) 5y% = 12x;

b)2y’—x=0; dy=ax (a>0).

'VE& parabol c6 phuong trinh & céu a).
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86.

87.

88.

89.

90.

91.

118

Lap phuong trinh chinh tac cta parabol (P) biét

a) (P) c6 tiéu diém F(1 ; 0) ;

b) (P) c6 tham sS tiéup =5 ;

¢) (P) nhan dudng thing d : x = —2 1a dudng chudn ;

d) Mot day cung clia (P) vudng géc véi truc Ox cé do dai bing 8 va
khoang céch tir dinh O ctia (P) dén day cung nay bang 1.

a) Ding dinh nghia parabol dé 1ap phuong trinh cia parabol c6 tiéu diém
F(2;1)vadudng chudn A:x+y+1=0.

1-b% + 4ac |
b) Chung minh rang parabol (P) cé tiéu diém F [ 2ba —1)4#] va

1+ b - 4ac

12 = 0 c6 phuong trinh y = ax® + bx +c.

dudng chudn A : y +

-Cho parabol (P) : y2 = 4x. Lap phuong trinh cdc canh cua mot tam gidc

noi ti€p (P) (tam gidc c6 ba dinh nidm trén (P)), bi€t mot dinh cua
tam gidc tring véi dinh clia (P) v truc tam tam gidc trung véi tieu diém
cua (P).

Cho parabol (P) : y2 = 2px (p > 0) va dudng thang A di qua tiéu diém F clia
(P) va cit (P) tai hai diém M va N. Goi « = (i, FM) (0 < a < 7).

a) Tinh FM, FN theo p va «;
. 1
b) Chir inh ra hi A hFthi — + —
) ng minh rang khi A quay quanh F thi M + FN khong déi ;
c¢) Tim gi4 tri nho nhat cha tich FM.FN khi « thay déi.

Cho parabol (P) c6 dudng chuidn A va tiéu diém F. Goi M, N 12 hai diém
trén (P) sao cho dudng tron dudng kinh MN ti€p xic véi A Ching minh
ring dudng thang MN di qua F.

Cho parabol (P) : y = x va hai diém A(1 ; ~1), B9 ; 3) nim trén (P). Goi
M 1a diém thudc cung AB cua (P) (phan cla (P) bi chin bdi day AB). Xic
dinh vi trf cia M trén cung AB sao cho tam gidc MAB c6 dién tich
16n nhét.



92.

93.

Qua mot diém A c6 dinh trén truc d6i xtmg cha parabol (P), ta v& mot
dudng thang céit (P) tai hai diém M va N. Chung minh ring tich céc
khoang cach tir M va N téi truc d6i xing cia (P) 1a hing s6.

Trén hinh 90, canh DC (fua hinh D oG C Cm C
chit nhat ABCD duogc chia thanh /
n doan bing nhau bdi cic diém
chia Cy, Cygyevy Cpey, canh AD [/ /A
cing dugc chia thanh n doan Dy ////

bing nhau béi cdc diém chia D,;, D1

D,,..., D,,. Goi I; 12 giao diém A B
chia doan AC, v6i dudng thing Hinh 90
qua D, va song song véi AB. Chiing minh ring céc diém Iy (k=1,2, ..,

n — 1) ndm trén parabol c6 dinh A va truc d6i xiing 1a AB.

§8. Ba duong conic

| - CAC KIEN THUC CO BAN

1. Dinh nghia. Cho diém F ¢¢ dinh, mot duong thdng A c6 dinh khong di
qua F va mot s6 duong e. Conic (C) la tdp hop cdc diém M sao cho
MF

aM.n ¢

(C)={M:E(%};—A):e}.

Diém F goi la tiéu diém, A goi la duong chudn va e goi la tam sai cila conic (C).
2. Cho conic (C) vdi tam sai e. Khi d6:  (C) la elip &> e < 1;
(C] la parabol <> e =1

(C) la hypebol < e > 1.
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2 2
3.Choelip(E): 5 +2-=1(a>b>0).
a b
o Duomg chudn A img véi tiéu diém trdi F(—c ; 0) ¢6 phuong trinh :
a a* : d
X=——=—— .
e c
Duomg chudn A, img véi tiéu diém phdi F,(c ; 0) c6 phuong trinh :
a a*
X=—=—
e ¢
» ME, MEF.
'V&mw&Mme”mm%wwio=ﬂMiﬁ:e<L
2y
4. Cho hypebol (H) : — = b—2 =1.
a
e Duong chudn A, ing vdi tiéu diém trdi F(—c ; 0) ¢6 phuong trinh :
a a°
X=——=——
e c .
Duong chudn A, ing véi tiéu diém phdi F,(c ; 0) c6 phuwong trinh :
_a_a
e ¢
, MEF, ME
o Véi moi diém M thuéc (H) thi L 2 e>1.

d(M:A) ~ dM;Ay)

Il — DE BAI

94,

9s.

120

X4c dinh toa do tiéu diém, phuong trinh dudng chuén cia céc conic sau :
2 2 22

*r LY o X Y
Dty Pyt

Viét phuong trinh clia cdc dudng coénic trong mdi trudng hgp sau :
a) Tiéu diém F(3 ; 1), dudng chudn A : x =0 vatam sai e = 1.

; ©C) y2 = 6x.

b) Tiéu diém F(~1 ; 4), dudng chuan ing véi titu diém Fla A:y=0va

) 1
tim sa1 ¢ = —.
2

¢) Tiéu diém F(2 ; —5), dudng chudn tmg véi tiéu diém F1a A:y=xva

tim saie =2 ; _ .

d) Tiéu diém F(-3 ; — 2) , dudng chuan tmg vdi tieu diém F 1a
A:x—-2y+1=0vatdmsaie= NEY



96. Ching minh ring méi dudng chudn cla hypebol luon di qua chan cic
dudng vudng goc ké tir tiéu diém twong dng téi hai dudng tiém cén.
2

y
97. Mot dudng thang di qua tieu diém F(c ; 0) cha elip (E) : x_2 + y_2 =1
a

(a > b >0) va cit n6 tai hai diém A, B. Ching minh ring dudng tron

dudmng kinh AB khong c6 diém chung v6i duffng chuén : x = g.

2 2
98. Cho hypebol (H) : - Z_Z =1 va F(c ; 0) 12 mot tieu diém ctia (H). Mot
’ a

dudng thang di qua F va cit (H) tai hai diém A, B. Ching minh ring dudng
tron duong kinh AB céat dudng chudn : x = g cla (H).
99. Cho A, B 1a hai diém trén parabol (P) : y* = 2px sao cho téng cdc khoang

cach tir A va B t6i dudng chuédn cua (P) bang do dai AB. Chimg minh ring
" AB luén di qua tiéu diém cua (P).

Bai tép on tap chuong Il

100. Cho tam gidc ABC c6 A(-1;1),B3;2),C(-1/2; -1).
a) Tinh c4c canh cua tam gidc ABC. T d6 suy ra dang ctia tam giéc ;
b) Viét phuong trinh dudong cao, dudng trung tuyén va dudng phin giic
trong cla tam gidc ké tir dinh A4 ;
¢) X4c dinh toa d6 ctha tam duong tron ngoai ti€p va tdm dudng tron ndi
ti€p tam gidc ABC.
101. Cho hai dudng thang
A :(m+1)x—2y—m— 1=0;
Ay x+(m— 1)y—m2=0.
a) Tim toa do giao diém cta A va A,.
b) Tim diéu kién cta m dé giao di€ém d6 nam trén truc Oy.
102, Cho ba diém A0 ; a), B(b ; 0), C(c ; 0) (a, b, c 1a ba s6 khdc O va b # ¢).
DPuong thing y = m cét cac doan thing AB va AC lan luot 8 M va N.
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a) Tim toa do caa M va N. ,
b) Goi N’ 12 hinh chiéu (vudng géc) caa N trén Ox va I 1a trung di€m cha
MN’. Tim tap hop cic diém I khi m thay déi.

103. Cho dudng tron (& : x* + y* — 8x — 6y + 21 = 0 va diém M(4 ; 5).

a) Chitng minh ring diém M nam trén dudng tron (#. Viét phuong trinh

tiép tuyé’n cta (B tai M ;

b) Viét phuong trinh dudng tron déi xing vé6i ( &5 qua dudng thing y = x.
104. Cho dudng tron (& : x* + y> = R® va diém M(x, ;lyo) nim ngoéi (4. TaM

ta ké hai ti€p tuyén MT,; va MT, t6i (& (T, , T, 1a céc tiép diém).

a) Viét phuong trinh dudng théng T,T ;

b) Gia sit M chay trén mot dudng théng d c¢6 dinh khong cét (. Ching
minh ring dudng thang T,T, ludn di qua mot diém c& dinh.

105. Cac hanh tinh va c4c sao chéi trong hé Mit Trdi ¢6 qu§ dao 12 céc dudng elip
nhan tam Mat Troi 1am mot tiéu diém. Diém gan Mat Troi nhét trén quy dao
goi 12 diém cdn nhdt. Diém xa Mit Trdi nhét trén quy dao goi 1a diém vién
nhat. Cdc di€ém nay 12 c4c dinh trén truc 16n cha quy dao (h. 91).

a) Tim tam sai cua quy dao Trai D4t
biét rdng ti s6 cdc khoang céach tr

diém can nhat dén Mat Troi va ty  Diém
' ' i can nhat

diém vién nhat dén Mt Troi 1a % ______________

b) Tinh khoang cich tir Trai D4t dén ,
Mat Troi khi Trdi Dat & diém  Diém
can nhat, & diém vién nhat, biét ring vin nhat
quy dao c6 do dai nlra truc 16n la Hinh 91

93000000 dam.

, 2 2 :
106. Cho elip (E) : % + yT =1 va hai diém M(=2 ; m), N2 ; n) (m % —n).
a) Xac dinh tam sai, toa do cac tiéu diém, c4c dinh va phuong trinh dudng
chuén cua (E).
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b) Goi A va A, 1a cdc dinh trén truc 16n cta (E) (xAl < xAz). Hay viét
phuong trinh cua cic dudng thing AN va A,M. Xéc dinh toa do giao diérﬁ 1
cta ching. .

c) Biét dudng thing MN thay ddi nhung luén cit (E) tai mot diém duy
nhét. Tim tap hop-céc giao diém /.

107. (Hé théng dinh vi Hypebolic). Hai thiét bi dung dé ghi am mot vu né dat
cach nhau 1 dam. Thiét bi A ghi dugc am thanh vu né truéc thiét bi B 1a 2
gidy. Biét van t6c cua am thanh 13 1100 feet/s , tim cdc vi tri ma vu né c6
thé x4y ra (1 dam = 5280 feet, 3 feet = 0,914 m).

2 2

108. Cho hypebol (H) : XT - % =1. Goi A 1a dudng thing di qua géc toa do

O va cb hé s6 gbc k, A' 1a dudng thang di qua O va vuong géc véi A.

a) X4c dinh toa do céc tiéu diém, tam sai, phuong trinh céc duong tiém
can va dudng chuin cta (H) ; '
b) Tim diéu kién cta k dé ca A va A’ déu cét (H) ;
¢) T gidc v6i bon dinh 1a bon giao diém cha A va A' v6i (H) 12 hinh gi ?
Tinh dién tich cua tit gidc nay theo & ;
d) Xdc dinh k dé dién tich tf gidc néi & cau ¢) ¢6 gia tri nho nhat.

109. Cho parabol (P) : y* = 2px (p > 0).
a) Tim do dai cua day cung vudng goc véi truc d6i xing cua (P) tai tiéu
diém F cta (P).
b) A 12 mot diém c6 dinh trén (P). M0t goc vuong uAt quay quanh dinh A
¢6 céc canh cét (P) tai B va C. Ching minh ring dudng thiang BC luén di
qua mot diém c6 dinh.

Céc bai tap trdc nghiém chuong Il

1. DPuong thing di qua A(l ; —2) va nhan r(-2;4) la vecto phédp tuyén cé
phuong trinh 1a :
(A)x+2y+4=0; Ox-2y-5=0;
B)x-2y+4=0; (D) -2x+4y=0.
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Puong thing di qua B(2; 1) va nhan 7(1;-1) la vecto chi phuong c6
phuong trinh 1a :

A)x -y -1=0; OC)x-y+5=0;

B)x+y-3=0; D)x+y—1=0.

. 2, NI
. Dudng thing di qua C(3; —=2) va cé hé s6 goéc k = 7 6 phuong trinh 1a

(A)2x+3y =0; (C)3x—2y—13=0_;
(B)2x-3y-9=0; (D)2x-3y-12=0.

Cho dudng thang d c6 phuong trinh tham s6 12 : {ii;lj;:%t Phuong
trinh téng quét cha d 12 :

(A)3x—y+5=0; ©): x+3y-5=0;

B)x+3y=0; D): 3x—-y+2=0.

Cho dudng thing d c6 phuong trinh téng quat 4x + 5y — 8 = 0. Phuong
trinh tham s6 cua d 1a :

(A) x = -5t ®B) x=2+4t
y =4t; y = 5¢;
x=2+5t ' x=2+5t

© (D)

y =4t; y = —4¢.

Cho hai diém A(S ; 6), B(=3 ; 2). Phuong trinh chinh tic cia dudng thing
ABla:

x-5 y-6 xX+5 y+6.
) 52 =2= © 5> =222
x-5 y—-6 x+3 y-2
® === O = I

Cho diém M(1 ; 2) va dudng thing d : 2x + y — 5 = 0. Toa do clia diém d6i
xtng véi diém M qua d 14 :

A) [-2—%] © (o;g};

(B)(=2;6); (D) 3;-5).



8.

10.

Cho dudng thang d : —3x + y — 3 = 0 va diém N(=2; 4). Toa do6 hinh chiéu
vuodng géc ctia N trén d 1a :

3. .6): o1
(A) (3 §), (B)( 3" 3], |
2 21 1 33

Cho hai dudng théng d, :mx+(m— I)y+2m=0
dy: 2x+y-1=0.

b

Néu d,| song song véi d, thi

Aym=1; . Bym=-2;

OCOm=2; (D) mtuy y.

Cho hai duong thang d, : 2x —4y-3=0 va dy: 3x -y +17=0. S6 do
géc gittad, vad, la: :

” . . ” -

(A) 7 (B) 5

A 3r . _T
© 7 (D) ik

11.

12.

Cho dudng thing d : 4x — 3y + 13 = 0. Phuong trinh cdc dudng phan gidc
cla cac goc tao badi d va truc Ox la :

(A)4x+3y+13=0 va 4x-y+13=0;

B)4x—-8y+13=0 va 4x+2y+13=0;

Cx+3y+13=0 va x-3y+13=0;

D)3x+y+13=0 va 3x—-y+13=0.

Cho hai dudng thing song song d; : 5x — Ty +4=0va d,:5x—-Ty+6=0.

a) Phuong trinh dudng théng song song va cach déu d; va d, la:

(A)Sx-Ty+2=0; B)Sx-7y-3=0;
OC)s5x-7y-3=0; (D)Sx—7y+5=0.
b) Khoédng cich giita d, vad, 1a:

4 6
(A) = B) —;

7 N

2 10
O —=; (D) —=-

V74 J74
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13.

14.

15.

16.

17.

18.

126

Cho hai diém A(6; 2), B(=2; 0). Phuong trinh duong tron dudng kinh AB 13 :
A) x> +y* +4x+2y—12=0; ©) X +y* —4x-2y-12=0
B) x> +y? +4x+2y+12=0; D) x> +y* —4x—2y+12=0.

Dudng tron ¢6 tam I(x; > 0) nam trén dudng thing y = —x, ban kinh bang 3
va tiép xic v4i mot truc toa do ¢é phuong trinh 13 :

(A) (x=3)+ (-3 =9; (B) (x-3)"+ (y+3)" =9;

© x+32+@+3)7% =9; (D) (x-3)* - (y - 3)* =09.

Cho dudng tron (6) : x* + y* — 4x — 4y — 8 = 0 va dudng thing
d:x-y-1=0. Mot ti€p tuyén ctia’ (6) song song véi d c6 phuong trinh 14 :
(A)x-y+6=0; B)x-y+3-+2=0;
©x—y+4J2 =0; D)x-y-3+3J2 =0.
Choduimgtrc‘)n((g):(x—3)2+(y+1)2=4va‘1diémA(1;3). Phuong trinh
céc tiép tuyén véi () ve tir A 1a

(A)x— 1=0 va 3x-4y-15=0;

(B)_x—1=0 va 3x-4y+15=0;

Ox-1=0 va 3x+4y+15=0;

MD)x— 1=0 va 3x+4y-15=0.

Elip (E) c6 d¢ dai truc 16n 1a 12, d¢ dai truc bé 1a 8, c6 phuong trinh chinh
tac la

2 2 2 2

x_ .y_= . x——y—z M
S TR TR B 3~
) 2 2 2 2

XY . XY
(C)12+8 1; .(D)16+36 1. |
Elip c6 hai tiéu diém F| = (-1 ; 0), F, = (1 ; 0) va tam sai e = % c6 phuong-
trinh 13 :

2 2 2 2

XY . XY .
R T © 3z +55="1;

2 2 2 2

X y X Y
B) 5+57=15 (D) 5+ =1



19.

20.

21.

22

23.

24.

Elip c6 hai tiéu diém 12 O(0'; 0), F(4 ; 0) va mot dinh 12 A(-2 ; 0), ¢4 tam
sal la:

OFS ®) % ;

© 3 D) 3.

Elip (E) c6 d6 dai truc bé bang tiéu cu. Tam sai ctia (E) 14 :
(A) % : (B) % :

© 5 (D) 1.

Hypebol c6 hai tieu diém 1a F;(-2; 0), F5(2; 0) va mot dinh 1a A(1; 0) ¢6
phuong trinh 1a :

2 '2
o2 L.
(A)l 3 l; (B) — 3 =1:
2 2 2 2
Oy Y
© =T 1; (D) T3 1.

Hypebol c6 hai tiém can vudng géc v6i nhau, do dai truc thuc bang 6, ¢
phuong trinh chinh tic Ia :
2 2 2

XY L. XY oy,
() F - =1; © G -5 =1:
2 2 2 2
X Y _q. X Y _
B z-%=1: (D) T -F =1
2
Hypebol x* — yT =1 ¢6 phuong trinh hai dudng chuén 1a :
(A)x=%1; C)x=%1
1
B)x=t—F (D) x = 2.
N
N 9 5 x2 2
Duong tron ngoai ti€p hinh chit nhéat co s6 cua hypebol : 7Y = 1 ¢¢
phuong trinh :
AP +y* =4; © % +y =5;
B) 2 +y? =1; (D)x2+y2=3.
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25.

26.

27.

§1.
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Parabol (P) c6 tiéu diém F(2 ; 0) c6 phuong trinh chinh tic 14 :

(A)y* = 16x; (€)Y =4x;
(B)y* = 8x; (D) y? =2x.
Conic c6 tam sai e = i la:
NG
(A) mot elip ; ' (C) mdot parabol ;
(B) mot hypebol ; (D) mot dudng tron.
Cho dudng thing A va mot diém F khong thuoc A. Tap hop cac diém M
1
saocho MF = —dM ; A)la:
2
(A) mot elip ; (C) mot parabol ;
(B) mot hypebol ; (D) mot dudng khéc.

B. LOI GIAI - HUONG DAN - PAP S0

Phuong trinh tong quat cia duong thing

Tacé: AB=@3B:-6); BC =(-1;4); AC = (2;-2). Goi H 12 truc tim

cua tam gidc ABC thi duong cao AH qua A va nhéan BC 1am vecto phéap

tuyén nén c¢6 phuong trinh : )
-1x+1)+4(y-2)=0hayx—-4y+9=0.

Duong cao BH qua B va nhan AC 1am vecto phép tuyén nén c6 phuong trinh :
2x=2)-2(y+4)=0hayx —y—-6=0.

Pudng cao CH qua C va nhin AB 1am vecto phép tuyén nén c6 phuong trinh :

3x-1)-6(y-0)=0hayx—-2y—-1=0.

(h. 92) Gia sit M, N, P theo thi tu 13 trung diém

cha cdc canh AB, AC, BC clia tam gidc ABC.

Tacs: MN =(2;8); NP=(8 ; —8) ; MP =(10; 0).

Pudng trung tryc cta canh BC di qua P va nhén

MN 12m vecto phép tuyén nén c6 phuong trinh :
26— 9)+8(y—-1)=0hay x+4y - 13 =0. Hinh 92




Tuong tu, ta dugc phuong trinh cdc dudng trung truc clia cic canh AB, AC
linlugtla: x—-y+2=0,x-1=0.
3. Xétdiém M(xy, ; yuy) tuy y thuoc A.
. ~ . 2 oo » v . X =
a) Goi N(xy ; yy) 1a diém d6i xing véi M qua Ox. Khi dé { N M .
: IN =M
Dodé: M e A & axy +byy +c=0
< axy —byy +c=0 NeA fax—by+c=0.
Vay phuong trinh dudng théng d6i xing véi A qua Ox laax —by + ¢ = 0.
b) Goi P(xp ; yp) 12 diém d6i xtng véi M qua Oy.
Xp = —X
Khi dé ta c6 { P
Yp = Im-
Dodé: MeA < axy +byy +¢c=0 —axp +byp +¢c =0
S axp—byp—c=0& PeAytax—by—c=0.
Vay phuong trinh dudng thing d6i xtng véi A qua Oy 1 ax — by — ¢ = 0.
: e Y0 = T*u
¢) Goi Q(xy ; yp) la diem doi xing véi M qua O. Khi d6 ta c6
Yo = Im-

Dodo: MeA e axpy +byy +c=0 & —axyg —byy +c¢ =0 -
< axg+byy-—c=0= QeAyrax+by-c=0.

_ Vay phuong trinh dudng thing déi xing v6i A qua O la ax + by —c = 0.

4. Cdach 1.Rdrang A ¢ A, ldy M(1 ; 1) € A. Khi d6 diém M’ d6i xiing véi M
qua A c6 toa d6 M’ = (1 ; 5). Pudng thang A' d6i xing véi A qua A s& di
qua M' va song song véi A, Ta tim dugc phuong trinh A'1a x -2y +9 =0.
Cach 2. Xét diém M(x, ; y,) tuy y thudc A va goi M'(x, ; y,) 1a diém d6i
ximg ciaM qua A. Suyrax; =2—x,,y; =6~ y,.
MeAcx -2y +1=02-x-206-y)+1=0x-2y,+9=0
SMeAN: x-2y+9=0.

5. a)Citnhau; b) Song song ; ¢) Tring nhau.
d) Néu m # ~1 thid, citd,, n€um=-1thid, // d,.

8A-BT HINH HOC (NC) i >



4 — .
D= 241 - Cm)2m+6) = 2m +6m+4
2m+ 6 1
=2(m+ 1)(m + 2).
- 4
p = " "\ = Cm)=2m = 1) - 1(4 — m)
1 -2m -1
=2m®> +2m—4=2m-D(m+2).
4—-m 4
D, = =@l -mQ@2m+6)—4(-2m-1)
Y '—2m—1 2m+6‘ (_ X
= —2m?* + 10m + 28 = —2(m — T)(m + 2).
—XétD#0 e 2(m+ D)(m+2) 20 < m=—-1vam=-2. Khidé A vaA,
ct nhau va giao di€m ciia A; va A, c6 toa do
x_&_2(m—l)(m+2)_m—l
"D 2m+D(m+2) m+1
_&_—2(m—7)(m+2)_7—m
YD T 2meDm+2) m+l
~XétD=0e2(m+ 1)(m+2)=0< m=-1hodcm=-2.
Véim=-1thi D, =2.(-2).1 =—-4=0.Khidé A, va A, song song v4i nhau.
« Véim=-2thiD=D,=D,=0.Khidd A va A, tring nhau.
7. (h.93)

a) Dudng thang d qua A va vuong géc véi
A cé phuong trinh 2(x + 1) + y — 3 = 0 hay
2x+y—-1=0. :
9 N . 2 —x_2y+2=0

Toa do cua B 1a nghiém cua hé
2x+y—-1=0.

x=0
Giai hé nay ta duoc { . Vay B=(0; 1).
y=1 Hinh 93

AB =12 + 22 =5,

Toa do ctua C 1a nghiém cua hé {

Xc =2y +2=0
JX2 + 0 1% =45,
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cor 1A s xc=_2 xC=2 . N .
Giai hé nay ta duoc hoac . Nghiém dau bi loai do y- = 0.

Vay C =(2;2).

Do ABCD 12 hinh vudng nén CD = BA.

xD—2=—l—‘0 xD=1
Suy ra hay Vay D =(1; 4).

b) Chu vi hinh vuéng ABCD bing 4+/5 , dién tich bing 5.
Goi M, N lin lugt 1a giao diém cia A véi cic truc Ox, Oy, ta cé

M = (—%; OJ, N = (0 ; —%J Tam gidc tao bdi A va cic truc Ox, Oy 1a

tam gidc vuong OMN c6 dién tich S = %OM.ON =5

(h. 94) Gia st A N Ox = A(a ; 0),

AN Oy=B(0;b),a#0,b+0.
Phuong trinh clia A : = +2 =1.
a b
PéA:>9+i=1. (1)
a b
1] 1
Soas = 7 OA.OB = E|ab| =2
Hinh 94
= |ab| = 4. (2)
. 4a . . p s g 4 s
T (1l)suyra b = 6 (a # 6 vi néu a = 6 thi (1) tro thanh 3= 0 :vo li).
a_
Thay vao (2) ta dugc a.a_a6{=4<:>a2=|a—6|. (3)

Véia>6thi 3) < - a+6=0: phuong trinh v6 nghiém.

Véia<6thi(3) = a*+a- 6=0,khidé a=2hoica=-3.

— Trudng hop a =2 = b = 2 , ta c6 dudng thing A, : §+_l2=1.
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10.

11.
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—Tl'Ufmgtha=—3':>b=%,tacédu’ﬁmgthéngAz: %+%:1,

3
Gia st M= (@m;0), N=(0; n) véi m, n > 0. Phuong trinh cia A 1a
ERND ST
m n

2 3

QeA=>> —+—=1 :>.n=%(détha’ym¢2).Don>Onénm>2.

m n
Ap dung bat ding thitc Co-si, ta c6
3m
m-—2

OM+ON=m+n=m+

m—2+ -8 +522\/(7n—2). 6 L s-02V6+5.
m-2 m-2

D4u "=" xay ra khi va chi khi m - 2 =

6 > haym=2+«/€ (do m > 0).

Suyran=3+ 6. Viy OM + ON nhd nhdt bing 2+/6 + 5 khi m =2+ /6

a + Y =1
2+«/€ 3+«/€ .

va n =3 ++/6 . Khi d6 phuong trinh cta A la

(h.95) GoiA=(xp;0),B=(0; yp).

YA
Khi d6 xo > 0, yo > 0. Phuong trinh dudng
thing AB1a — + 2 =1. S
X0 Yo L .
MeaB=2 2 1 |
Yo Yo O a A\ x
1 1 .
Taco: 1=i+‘—b—22 ab_ = XpYp = 4ab.
X0 Yo X0Yo0
DO dé SOAB = %xOyO 2z ';_4ab: 2ab
=2
D4u "=" xay.ra khi va chi khi a_b_1 hay o = 2a
X Yo 2 Yo = 2b.



12.

Xy = 2a

Vay, dién tich tam gidc OAB nho nhét bing 2ab khi { ”
Yo = <.

N N 2 s oo s X y
Phuong trinh dudng th a la —+—=1.
g tri g angcnt1ma2a+2b 1

a) Hoc sinh tu lam.
b) (h. 96) Cdch'l. A(xy;ys) € df = yy=2x4—2;
B(xg; yg) € dy = yg=—xp - 3.

., X4 +Xp =2x X4 +XxXp =06
V‘lMlz‘itrungdiémcuaABnén{ A8 M:{A 5

Sy =y, =
A_3 yA_3'
- 11 16

Vay A=|=;

ya=(4 4]

Dudng thing MA tring véi dudong
thing A. T d6 ta tim dugc phuong
trinh cia A la 8x —y — 24 = 0.

Cdch 2. D& thdy duong thing A cin tim khéng vuéng goéc véi Ox. Goi k 1a
hé s6 géc cla A thi phuong trinh clia A c6é dang : y = k(x — 3).

Goi A=A nd; ,B=And, Khi d6 hoanh d6 cia A la nghiém cla
phuong trinh : 2x — 2 = k(x — 3).

Hinh 96

Suy ra x, =% (k # 2 vi n€u k = 2 thi phuong trinh 2x - 2 = k(x — 3)
v nghiém).
Hoanh d6 cua B 1a nghiém ctia phuong trinh —x — 3 = k(x - 3).
Suy ra xp = —3:—_:13— (k # —1 vi n€u k = —1 thi phuong trinh —x — 3 = k(x - 3)
- v6 nghiém). Tir gia thi€t M 13 trung diém clia AB suy ra :
3k-2 3k-3
X4+ Xp =2X) & P R — =6 k=8.

Vay phuong trinh cia A 1a y = 8(x — 3) hay 8x -y —24 =0.
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13. (h. 97) A(0;0),C6;0 =>A, CeOx=>P, Qe Ox=>P=(xp;0),
Q=(xQ;0) v6i0<xp<xQ<6.
Phuong trinh dudng thang AB : y = 2x;
Phuong trinh dudng thang AC : y =0.

YA
Goi canh hinh vuéng la a. Ta c6 : ' al-__B
MN BM a BM N
- - R eelial M
AC ~BA "6 - BA '. |
Ké BH 1 AC,suyraBH =4. Tacé': h -
O=A| PH Q@ (C6;0) x
MP  AM a AM )
BH ~AB 4. AB C Him7
N R .a ., a_ BM AM .12
Tu(l)va(2)suyra.E+Z—E+E—1.Dodoa— 5
Vay yM=yN:1?. Do M € AB nén yy = 2x,, suy ra xy =g,
6 - A 6 12 18
xp=xM=§.V‘1PQ=xQ—xP nenxQ=xP+a=g+?=?.
1

e e (612 6. 18, 18 12
Cacdlémcantlmla.M(S,SJ,P[S,O],Q(S,OJ,N(S,S]-

§2. Phuong trinh tham s6 cua duong thang

14. a)x+2y-7=0; bx+y=0; c)x+3=0; d)y-4=0.

15. ‘a) Cdch 1. Ldy hai diém, chiang han M(0 ; —2) va N(1 ; 1) thudc duong
thing A : 3x — y — 2 = 0. Khi d6 MN(1;3) 12 mot vecto chi phuong clia A

xX=1

nén A c6 phuong trinh tham s6
y=-2+3

2 2
Cach 2. Choy =1 ,tadugc x = -+ lt. Duong thang da cho c¢6 phuong

3 3
2 1
trinh tham s6 x=_3—+—3—t
y =t

Chi y : Cac phuong trinh tim dugc & cich 1 va cdch 2 tuy khic nhau
nhung déu 1a cdc phuong trinh tham s6 ctia cling mot dudng thing da cho.
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16.

17.

=1 =1 =t
by 4" o a4F
y=-3+2¢; y=t; y = 6.

a) d song song v&i duong thing S5x + 1 = 0 nén né nhan #(0;—5) 1a mot

vectd chi phuong. Vay d cé phuong trinh tham s6 : {x - 5 _s va khong c6
y=2-Jt

phuong trinh chinh tic.
b) d vuong gbéc v6i dudng thang x + 3y — 6 = 0 nén n6 nhan vecto phap tuyén
ii(1;3) cha dudng thing nay lam vecto chi phuong. Vay d c6 phuong
x=T+¢

va phuong trinh chinh tic *—~ = 2+
y=-5+3 1 3

trinh tham s6 : {

c) d di qua C(-2 ; 3) va c6 hé s6 géc k = -3 nén d c6 phuong trinh
y=-3(x+2)+ 3 hay 3x + y + 3 = 0. Do d6 #(-1;:3) la mot vecto chi

=21
phuong cia d. Vay d c6 phuong trinh tham s : {x 343 va phuong
y=3+3 ‘
tinh chinh tic * 7% = 223

d) W(Z ;— 9) 1a vecto chi phuong cta d, nén d c¢6 phuong trinh tham s6 :

=3+ 2t . - -
¥ va phuong trinh chinh tac : x=3 = y_6
y=6-9t 2 -9

d, di qua M,(x; ; y;) va c6 vecto chi phuong i#(a ;b), d, c6 vecto chi
phuong v(c ; d).
a) dy cat d, <> ii va v khong cing phuong <> ad —bc # 0.
b)d, // dy < i,V clung phuong va M (x| ; y)) ¢ d,
< ad —be=0vad(x;—xy) #c(y; — yi).
c)d; =d, < i va Vv cung phuong va M (x, ; y|) € d,
& ad —bc=0vadx;—xy)=c(y;— yp).
d)d, Ldye> i L7 e ac+bd=0.
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18.

a) A, c6 vecto chi phuong # (2 ;—3), A, c6 vecto chi phuong i, (1 ; 2).
i, va ii, khong ciing phuong nén A, va A, cét nhau. Toa do giao diém M

cia A; va A, tng véi nghiém ¢ cia phuong trinh :

4 1 9
2(1+2t)—(—3—3t)—1—0<:>t——7. Suy ra M—[—7,—7J-
b) A//A,.
c) Toa do giao diém N cua A; va A, Ung véi nghiém ¢, ¢’ ciia hé¢ phuong
‘o 10
2 +t=4t -3
trinh : = 3
o t=2-1 t,__i
=-3

Thay ¢ vao phuong trinh cla A, (hoic thay ¢’ vao phuong trinh cua A,), ta

- duge toa do cha N 1a [ 16, EJ

19.
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3’3
d) A=A,
, . L , 2-3t=-1-2t" _ ..
a) Toa do cua M ung véi nghiém ¢, ¢ cua hé | 3¢ . Giai hé ta
+t=3-t
7 3 (11 12)
du'qct—g,t —S-Tudotatmhduqc M—( 5 5}

b) d, c6 vecto chi phuong % (-3 ; 1).
Puodng thing A, qua M va /vu0ng goc véi d;| nén A, c6 phuong trinh téng quét :

—3(x+1—51j li.(y—%)=0 hay 3x -y +9=0.

Tir phuong trinh téng quét, cho x = ¢, ta duge phuong trinh tham s6 clia A, 13

x=t
y=9+3t

Tuong tu, du’b’ng thang A, qua M va vudng géc vdi d, c6 phuong trinh t6ng
x=1t'

quat : 2x + y + 2 = 0 va phuong trinh tham s6 :
. y=-2-2t",



20. a) C6 hai diém A(0; -1), A,(1 ; -2).
b) MB nho nhit khi B triing véi hinh chiéu vudng géc H chia M trén A.
A c6 vecto chi phuong #(-2;2). ViH e Anén H=(-2-2t; 1+ 2¢). Tacéd

MH =(-5-2¢;2t). Do MH L A nén MH.ii = —2.(-5-2t) + 2.2t = 0 hay

5 1 3
—-2 v (2.2
t=-7 Yo H [2’ 2}

21. (h. 98) Cdch 1. Xét tam giac ABC v6i phuong trinh céc canh

=2-t
AB:2x+6y+3=0, AC:{X
y=t A

va M(~1; 1) 1a trung diém chia canh BC. Khi d6,

taco he :
(xp + x0 =2 (D B _ ul C
Yp+Yc =2 (2)
2xg+6yg +3=0 (3)
xe =2t 4) D
e =1 (). Hinh 98

Thay xc , yc tir (4), (5) vao (1), (2) va sau do6 két hop véi (3) ta dugc ¢ = %

o~ (1.7 — (5.3} _1 .. . ,
Do dé6 C_(Z’ZJ' Suy ra MC—[4,4J = 4(5 ; 3). Phuong trinh cua

) ~|x=-1+50
duong thang BC 1a -
S ly=1+3t
Cdch 2. Ti phuong trinh cia AB, AC, ta tim dugc toa do cia A va suy ra
toa do ctia D (D d6i xing véi A qua M). M 1a trung diém cla BC va AD
nén ABDC la hinh binh hanh, do d6 DC//AB. Tix d6 viét dugc phuong trinh cla
DC va tim duoc toa do diém C. Cué6i ciing viét duoc phuong trinh clia MC.
22. Ta dé tinh dwgc B=(2; 1), C=(0; 5), trong tam G = (1 ; 4), suy ra A = (1; 6).
x=1+1 .{le—t'

it d6 viét dugc phuong trinh cac canh AB : ,
Tir 46 viét duoc p g tri : {y=6—5! p=6-1
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23.(h.99)A¢A:{x:_1+2t.VﬁyB,DeA. L 5
y =2t ' L
A c6 vecto chi phuong #(2 ;—2) nén phuong \\\;
trinh dudng chéo AC 1a - ™
2x+1)=2()-2) =0 x —y+3=0. N
Toa do giao diém I cia AC va BD tng véi \
nghiém ¢ cia phuong trinh : AD C\
—1+2t+2t+3=0<:>t=—%. Hinh 99

24,

25.
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Vay I =(-2;1). Vi/ la trung diém cta AC, nén C = (-3 ; 0).
ABCD lahinh vuéng nén ID =IB=1A. Do B € Anén B = (-1 + 2t; -2¢).
IBP= 1A’ & (=1 + 2t 422 + (2t - 12 = (=1 +2)% + (2 = 1)?

@+ 1) =1or=0hoscr=—1.
Suy ra B=(-1;0) hoac B=(-3; 2).
NéuB=(-1;0)thiD=(-3:2),néuB=(=3:;2)thiD=(-1;0).
bén day, biét toa do bon dinh chia hinh vuong ABCD, ta s& dé dang viét
dugc phuong trinh bon canh cuia hinh vuéng 1a :

x+1=0; y=0; x+3=0; y-2=0.

(h. 100) Dé tim dugc giao diém M clia A va A' ¢6 toa do 1a (=6 ; 4). Diém
N(=2; 0) thuéc A" va N khdc M.
Puong thang d di qua N va vuong goc voi A d
c6 phuong trinh : \N

ul’

—2(x+2)+y=0hay2x—y+4=0. A
Gc_)iH=dhA,suyraH=(—%;§].Dod6 | H
toa do diém K do6i xing véi diém N qua H 1a K

2 16 |
5% ) Hinh 100

Dudng théng cdn tim 12 dudng thing MK va c6 phuong trinh : x + 7y — 22 = 0.

a) Phuong rinh ciia A c6 dang téng quét lax —y + 1= 0. Rorang A, B ¢ A.
Xét C(x;x+1) €A,



§3.
26.

.AABCCé.ntaiA@AC2=AB2<:>(x+1)2 +(x_l)2 =42+12

o2 +2=17Te x J_r‘/;_o,
C6 hai diém thoa man 1a C, = (‘/_ */_0+2J ( ;2—;/%}

o AABCcantalB<:>BC = BA® < (x— 3) +x2 =17
o i -3x-4=0< x=-1hoac x = 4.
C6 hai diém thoa man 1a C3=(-1;0),Cs=(4; ).
e AABC cantai C < CA*=CB* & (x + )2 + (x = 1Y% = (x — 3)2 + x2

S x=z.

C6 mét diém thoa man la Cs —( FBJ

7
A = CB *=%

b) AABC déu & ca=cC N 6 :
CA = AB J30

T
Vay khong tn tai diém C trén A sao cho tam gidc ABC déu.

hé v6 nghiém.

i
I+

Khoang cach va goc

a) Thay 14n lugt toa do cua A, B, C vao vé€ trai phuong trinh cta A, ta dugc :
~1-3=-4; 2-23-3=-7; 3-2.(-6)-3=12.

Vay A, B nam vé mot phia ciia A, con C nam vé phia kia. Do dé A cét hai

canh AC va BC cia tam gidc ABC.

b) Cdch 1. Xét M(2y+3;y) € Athi MA + MB + MC =(-6y—5; -3y —3).

Khi d6 ‘FA +W3+ﬁé‘ = J6y + 57 + By +3)? = \J45y% + 78y + 34 .

[MA + MB + C| nho nhii <> 45" + 78y + 34 nhé nhit <> y = -2
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NP (19 13
Tu’dotatlmdu'ch—(lS, 15].

Cdch 2. Do MA + MB + MC = 3MG (G 1a trong tam tam gidc ABC) nén

_— — —

MA + MB + MC| nhé nhat < |M_G" nhé nhat <> M 13 hinh chi€u vuéng

; 1
gbc ciia G trén A. Ta tim dugc M = [19 ; 3} .

27.

140

5718
a) AB = (2;1), AC = (-1;2). AB va AC khéng ciing phuong. Do d6 4, B,
C khoéng thiang hang va 1a ba dinh ctia mot tam giac.
b) Phuong trinh dudng thang AB : x — 2y =2 = 0.
Phuong trinh dudng thang AC : 2x +y — 4 =0.

Phuong trinh cdc dudng phan gidc trong va ngoai cia géc A 1a :

x—2y—2:i2x+y—4c>[x+3y—2=0 0))

J2+22  J2epp [Bx-y-6=0.

Thay 14n luot toa d6 ctia B va C vao vé trdi caa (1) ta dugce :

4+31-2=5; 1+32-2=5.

Do d6 B, C ciing phia d6i véi dudng thing c6 phuong trinh (1), vay phuong

trinh duong phan giac trong cia goc Ala3x—y—-6=0.

¢) BC = (-3; 1). Phuong trinh duong thing BC lax +3y -7 =0.

Phuong trinh cdc dudng phan gidc trong va ngoai cua goc B 1a
x—2y—2:i}c+3y—7c> (V2 -Dx~(22 +3)y+7-242=0 3)
V2422 243 [ (24 Dx+(3-242)y-7-242 =0 @)

Thay 14n luot toa do chia A va C vao v€ trdi ciia (3) ta duoc :
N2-D2+7-242=5;: (2 -1).1- V2 +3)2+7-2V2 = -5\2.

Suy ra phu'o*ng trinh dudng phan gidc trong cua géc B la

2 -Dx-(V2 +3)y+7-242 =0.




Tam [ cia dudng tron ndi ti€p tam gidc la giao diém cha cdc dudng phan
gidc trong. Toa do cha I 1a nghiém ciia hé :
. 5+ 242
3x-y-6=0 Y
- 242
(V2 -1)x—(2V2 +3)y+7-242 =0 3
y

2442
vay I = 5+%E; 3 )
2+V2 2+2

28. Xét tam gidc ABC véi phuong trinh c4c canh ctia tam gidc nhu di cho. Khi

do, toa do céc dinh cta tam giac 1 nghiém cla céc hé : s
x+2y=0_|x+2y=0  [2x+y=0
2x+y=0" |x+y-1=0" x+y-1=0"

Gidi c4c hé nay ta dugc toa do céc dinh tam giac 12 (0;0), 2:-1); (-1 ; 2).
GidastA=(0;0),B=(2;-1);C=(-1;2).Suyra
AB = (2:-1), AC = (-1; 2), BC = (-3; 3).
AB = AC = /5 nén tam gidc ABC can tai A.
2.(-D)+ (-D.2 4

A = cos(AB, AC) = = -2 = A ~143°8
cos cos( ) \/22+12 \/12+22 5 = A 3"8

= B=C ~1826".
29. A c6 phuong trinh téng quit : x + y + 1 = 0. Do d6

= 2.

|—1+2+_1| _ 2

iz 2

Pudng tron tdm A ti€p xidc v4i A nén c6 ban kinh R = V2. Dién tich cla

d(A;A) =

hinh tron nay 1a § = 7R* = 2.
30. Hai diém M va N déi xing v6i nhau qua A khi va chi khi cé hai diéu kién :
— Trung diém [ ciia MN nam trén A ;

— Vecto MN 1a vecto phép tuyén cua A.
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32.

142

Tir d6 ta dugce céc diéu kién sau :

X+ X y+ _
a(—z ]+b[—2 j+c 0

b(xy — %) —a(y, —y)=0.

. a) Ta tim duogc toa do cdc dinh cua tam gidc ABC 1a : A(1; 5), B(-3; 1),

C2;-2). |
Phuong trinh cdc dudng phan gidc trong va ngoai ciia géc A 1a :
x-y+d_ Txvy-12 {5(x—y+4)_=7x+y—12_
2 T J49+1 5x—y+4)=—(Tx+y—12)
' [x+3y—16=0 6))

3x—y+2=0 (2)
Thay 14an luot toa do clia B va C vao v€ trdi cia phuong trinh (1) ta dugc :
-3+3-16=-16; 2-6-16=-20,

suy ra B va C & ciing phia d6i v6i dudng thing cé phuong trinh (1).
Vay phuong trinh dudng phan gidc trong cia goc Ala:3x—y +2=0.

b) Thay lan lugt toa do cua O vao v€ trdi phuong trinh cla BC, AC, AB
ta dugc :

4; -12; 4,
Thay toa do cua A, B, C lan luot Va0 VE tréi phuong trinh ctia BC, AC, AB ta dugc :
3+55+4=32; 7(3)+1-12=-32; 242 +4=8.

Nhu vay : O va A nim ciing phia d6i v6i BC ; O va B nim cing phia d6i véi
AC ; O va C ndm cung phia d6i v6i AB. Vay O nam trong tam gidc ABC.

a) Pudng thing A di qua A(-2 ; 0) c6 phuong trinh :
a(x+2)+ Ffy=0 hay ax+ﬂy+2a=0(a2+,32¢0)_

' +3
A tao véi d géc 45° & cos45° = | A @L - @ + 35
J2+ A0 V2 o+ p A
a=2p
&5 + ) =(@+38)7° ©2a* -3 -22=0 o |
a=-=,.
2



33.

Véi a=2p, chon =1, a=2, ta dugc dudng thang A, : 2x +y + 4 =0.
. 1 2
Véi a = —E,B_,chc_mﬂz—2, a =1, tadugc duong thang Ay : x —2y +2 =0.

b) Goi U(a ; b) 12 vecto chi phuong ctia dudng thang A cén tim (a® +b% #0).
d c6 vecto chi phuong v = (3 ;- 2).

3a - 2b|
V32 + 22 a? + b2

& 13(d? + b%) = 4(3a - 2b)*

A tao v6i d géc 60° khi va chi khi cos60° =

1 [3a-2b|

E -
2 \/B.\/a2+b2

< 23a% — 48ab +3b%> =0

24 — /507
=——0 b
o 23
g 24 + /507 b
23 '
Véi a = Mb, chonb=1,a= M, ta dugc dudng thang
23 i 23
v 1+24—\/507[
A T 23
y=2+1t
Véi a = Mb, chonb=1, a= 24+ V307 , ta dugc dudng théng
23 23
_ 1+ 24 + /507 ;
A23 rET 23
y=2+1t
= 2 + [ 2 — S 2
Dudng thing A, : {x : 2a c6 vecto chi phuong u(a ;- 2), dudng thang
y=1-2¢ _

Ay : 3x + 4y + 12 = 0 ¢6 vecto chi phuong V(4 ;-3). Géc gilta A va A,
bang 45° khi va chi khi
|4a + 6| 1 |4a+6]

cos45° = & —=
\/az+22.\/42+32 ‘/5 S5va? + 4
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Qo

& 25(a% +4) =2(da +6)* & Ta* +96a-28 =0 & 4
‘ , a = -14.

C6 hai gid tricdntim1a a = = vaa = -14.

NIRN)

34. a) Dudng thing A di qua A(1 ; 1) c6 phuong trinh :

a(x—1)+Ay—1)=0hay ax + fy —a —B=0(a"+ f #0).
Ba+68-a-p

< RIS+ 20a) ——-O<:>{

Ta cé d(B:A) =2 < =2 ©Qa+58)" =4a® + )

p=0

218 + 20a = 0.

Vé6i B=0, chon a = 1, ta dugc dudng thang A; : x — 1=0.

Véi 218 + 20a = 0, chon @ = 21, B=—20 ta dugc dudng thing A, :
21x-20y - 1=0. |

[8x — 6y — 5|

V64 + 36

bMix; Ve AdM;d) =5 =5 8x-6y—5=150.

Vay c¢6 hai dudng théng cén tim 1a
At 8x—-6y+45=0 va Ay, : 8x—-6y—-55=0.

35. Duong thing A di qua A c6 phuong trinh : ax + fy — @ — =0 (a’ + f # 0).
Tir gia thi€t d(B; A) = d(C ; A), ta tim dugc a = -4 hoac 3a+24=0.
Suy ra c6 hai dudng thang thod man bai todnla A, : '

4x-y-3=0 va A):2x-3y+1=0.

36. a) Duong thiang AB c6 vecto phap tuyén 7 (1 ; 2), duong thang BC c6 vecto
phép tuyén 7,(3;—1). Dudng thing AC qua M nén c6 phuong trinh :
ax =1+ By +3)=0(+F #0).

Tam gidc ABC can tai dinh A nén ta c6 :
13-2| _ 3 — A
V2 +22432 41> ol + pAR + 1

oo + B2 =5Pa- fl & a® + B = 503a - p)

cos(AB, BC) = cos(AC,BC) <
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o 2a° -15a8 + 282 =0 &

. 1 ,
Véi a = —,B,chc_)n B=2, a=1, ta duogc dudng thang AC : x + 2y + 5 = 0.
Truong hgp nay bi loai vi khi d6 dudng thang AC song song voi dudng
thing AB.

Vo‘la——,B chon =11, a = 2, ta dugc dudng thang AC : 2x + 11y + 31 =0.

b) Hay viét phuong trinh dudng thang A di qua M va vuong goc véi mbi
dudng phan gidc cla céc goc tao bdi A; va A,. Ta tim duoc hai dudng
théng thoa man bai todn 1a: 3x+y—-5=0vax—-3y-5=0.

37. a) Ldy M(xg ; yo) thudc A}, suy ra axy + byy + ¢ = 0. Ki hiéu d(A; ; Ay) 1a
khoang céch giita hai dudng thing song song A, va A,. Khi dé ta c6 :

|ax0_+ byy + d| B |c -d

\/a2+b2 ) \/a2+b7.

b) Phuong trinh dudng thang A, song song véi A; va A, c6 dang :

d(A;30,) = d(M;A,) =

ax+by+e=0(e#c,e#d).

Ap'dung cidua)tacéd:
c—¢€ d—e
ﬁ ; d(A, ;A3)=ﬁ.
Ay céch déu hai dudng thing A, va A, khi va chi khi
c=d (loai viA, ¢A2)
d(A;05)=d(Ay;A3) © le—el=ld—e L _c+d
2

c+d
2

Ap dung : Dudng thing song song va cdch déu hai dudng thing di cho c6

=0.

Vay phuong trinh cua A5 1a ax -Fby +

phuong trinh :

-10+1

> =0 hay —3x+4y—2=0.

2

-3x+4y +

104- BT HINH HOC(NC) 145



38.

(h. 101) Cdch 1. Xem bai 23, chuong IIL.

Cdch 2. Nhanthdy A ¢ A: Tx—y+8=0. A Z

Vay B, D € A.

A ¢6 vecto chi phuong #(1;7). Phuong trinh AL

duong chéo AC 1a : |
1x+d)+7(y-5)=0x+Ty-31=0. A/D. C

Toa d6 giao diém I ca AC va BD la nghiém | Hinh 101

146

cta hé phuong trinh :

s=-_1
2

hay

Tx-y+8=0
2

; 2J Suy ra toa do cia C
x+7y-31=0 2 | _

.Vayl=(—l

_2
2 ,
12 (3 ; 4). Vi ABCD 1a hinh vuéng nén AC tao vdi cac duong thang AB va
AD cic goc 45°. Duong thing d qua A(—4; 5) c6 phuong trinh :

ax +4)+ Ay —5) =0 hay ax + By + 4a—58=0 (o* + B> = 0).

2 P Oyps s 19710 | o |a+7,8|
d tao v6i AC goc 45° khi va chi khi cos45” = -
\/5_0.\/a2+,82
4
+7 - |a=38
%= | f' _ o 1207 - Taf - 1267 =0 & 33
2 \/5_0.\/a +p : a:_Z'B‘

. 4 ,
Véi a = —5,8, chon B=3, a = 4, ta dugc dudng thiang d;: 4x + 3y +1=0.

. 3 ,
Véi a = —Z,B,chon/?=—4,a=3,taduqe dudng thang d,: 3x — 4y +32=0.

L4y phuong trinh AB la 4x + 3y + 1 = 0 thi phuong trinh cia AD 1a

| 3x—4y+32=0.
Do d6 ta viét dugc phuong trinh cia CD va BC lan lugt 13 : 4x + 3y - 24 =0
vd 3x — 4y + 7 = 0. (L4y phuong trinh AD 1a 4x + 3y + 1 = 0 thi phuong .
trinh cua AB 12 3x — 4y + 32 = 0 va ta ciing c6 két qua tuong tu).

108- BT HINH HOC(NC)



39.

40.

41.

- phuong #=(1-m;m-2).

(h. 102) K& AH | CN, AK 1 BM. Goi A, , A, y,
theo thir ty 12 giao diém cua AH, AK vé6i

BC. Khi d6 H 1a trung diém cha AA,, K N Y
Ia trung diém cla AA,. Ta tim dugc toa
do ctia A} va A,. Tir d6 viét dugc phwong B A Ay C
trinhcanh BCla y+ 1 =0. :
Hinh 102

a) Dé thdy P, O ndm vé mot phia d6i v6i dudng thing A. Goi P’ 12 diém
doi xitng véi P qua A, khi d6 : :
MP + MQ >P'Q. Ddu " =" x4y ra khi va chi khi M, P’, Q thang hang. Ta tim
x=5-1 '

. T d6 tim dugc M = (0; -1).
y=4-t
b) Ta c6 |NP. - NQ| < PQ.Dédu " =" xay ra khi va chi khi N, P, Q thang
hang. Vay N chinh 12 giao diém clia dudng thing PQ va A. Ta tim duoc
N=(9;-19).
a) A, luon di qua diém c6 dinh M(x ; y,) v6i moi m khi va chi khi

duoc P’ = (5 ; 4), phuong trinh P'Q 1a {

(m=2xg+(m—1Dyy+2m—-1=0 Vm
S xg+yg+2m=2xy-yo—-1=0Vm
Xg+r Yo +2=0 =1
o M0 Yo o X0
—2x0—y0 -1=0 y0=—3.
Vay A,, luén di qua diém c6 dinh M(1 ; —3) v6i moi m.
b)batflx,y)=(m—-2)x+(m -1y +2m—1.
A, ¢6 it nhat mot diém chung v6i doan AB < flxy , y4). fixg, yg) <0
8
S (Im-8)Bm-3)<0&1<m< 7
¢) (h. 103) Dung AH L A,,. Ta c6 AH < AM
v6i moi m (M 1a diém thuoc A, véi moi m da
néi & cau a)). Vay AH 16n nhét bang AM khi H
va chi khi H tring v6i M hay AM L A,,. y .\

Ta c6 : AM = (-1;-6), A, cé vectd chi /
A

Hinh 103
147



§4.
42.

43.

44.

148

‘ — - 11
AM LA, & AMu=0< -1(1-m)=6(m-2) = 0<:>m—?

Vay v6i m = % thi khoang cach tir‘A dén A,, 12 16n nhat.

Puong tron \

a)I(—43;2),R= 7 ; d) 1(5;5), R=+105;

B IGS:=7), R=15; e I(=4;3),R=17 ;

0I3:2), R=7, D I(=2:-5),R= 4.

a) Cdch 1. Dudng tron duong kinh AB nhan trung diém / ctia AB 12 tam va

c6 ban kinh R = %’AB.

1
Tacé:I=(4;2),R= %ABz%\/(l—Dz + (7 +3)? =§-2\/3_4=\/3_4.
Phuong trinh duong tron la l

(x—4)%+(y—2)=34hay x* +y* —8x— 4y — 14 = 0.

Cdch 2. Diém M(x ; y) thuoc dudng tron du’c‘mg kinhAB< AM.BM =0
S =Nk — 1)+(y+3)(y 7 = 0o x° +y —8x-4y-14=0.
Phuong trinh dudng tron 13 x° + y —8x—4y-14=0.
b)x +y ~4x+2y-29=0.
Goi I(x ; y) 12 tam dudng tron ngoai ti€p tam gidc ABC. Ta c6 :

1A? = 1B - x-12+(y-3)%=(x-5%+( -6
M =1C* (k-1 + (- = (x =T+

= 1=[3:3)

2 2
Ban kinh duong tron : R = /A = \/(% - IJ + [; - 3J = 2\/—5

Phuong trinh dudng tron ngoai tiép tam gidc ABCla

OV L[, 5Y 25
T2 T Y T2 T2

1A=IB=IC<:>{

8x + 6y = 51 *=
: =
12x — 6y = 39

N i l\.)l\O




45. Toa do cua A la nghiém cta hé { =>A=(=2;3).

4x+3y-1=0

3x+4y-6=0 x=-2
=
y=3

Tuong tu, ta tinh dugc B(2 ; 0), C(% ;Oj.

Phuong trinh cdc duong phan giac trong va ngoai ciia goc A la
Bx+4y -6 _  4x+3y-1 {x—«y+5:0 )
NED Ja? 4 32 x+y-1=0 ().

Thay 14n luot toa do clia B, C vao vé trdi cia (1), tadugc : 2+5=7>0;

1
Z+5>0'

Vay (2) la phuong trinh duong phan giac trong ctia goéc A.
Phuong trinh cac duong phan gidc trong va ngoai cna géc B la
3x+4y-6 | 3Ax-y-6=0 (3
- =ty
5 x+3y-2=0 (4).
Thay 14n lugt toa do clia A, C vao v€ trdi ctia (4), taduoc : —2+33—2=5>0;

%—2 = —% <0. Vay (4) l1a phuong trinh dudng phén gidc trong cia goc B.

Goi I(x ; y) va r 1a tam va ban kinh dudng tron noi tiép tam gidc ABC. Khi do
1

, x+y-1=0 2 1 1

toa do cua / 1a nghiém cta hé Y = 2 = I = [— ; —].

x+3y-2=0 1 2°2

2

r=d(l; BC) = % Vay phuong trinh dudng tron noiti€p tam gidc ABC la :

BER U (|
*T2) 70 72) T e
4 N 2 302 ,-%
46. . 0<m<§ = A,, khong c6 diém chung véi (6).
4 .
. m<0hoacm>§:>Amcét(%.

e m=0hoacm= % = A, ti€p xtc v6i 3}

149



47.

"~ MN =2MH = 2NR* - I[H? .

48.

a) Xét diém M(x ; y). Bién ddi diéu kien 3MA® + MB* = 2MC* qua toa do
. . o 9Y? 2
ta dugc phuong trinh dudng tron céan tim ((63 lx+ 5 +(y-1)"=—

V107

(6) c6 tam 1(-% : 1] , ban kinh R = ~——

b) (h. 104) /A < R nén A nam trong (). Goi
H 12 trung diém cla MN thi I[H 1 MN.

Do d6 MN min < IH max.
Ta luon ¢6 IH < IA. Vay IH max < H = A, tiic Hinh 104

a A = (% ; —IJ 12 mot vecto phap tuyén clia dudng thang A cén tim. Ti
dé suy ra phuong trinh cia' A 1la 7x — 2y + 7 = 0. |

Phuong trinh dudng tron ((63, tam /(a ; b), ban kinh R c6 dang

(x-a)+ (@ -b"=R"
(6) ti€p xiic v6i Ox, Oy khi va chi khi |a| = |b| = R. Phuong trinh ciia (€)
tr& thanh

(x—-a)’+ @y -b)?=d%

AQ;-) e @ = -al+(-1-b=d | (1)

150

eVéia=bthi(l) e 2-a)*+(1 +a)’=a’ < a*-2a+5 =0, phuong
trinh v6 nghiém.

eVéia=-bthi()o2-al+@-1V=*>=>a*-6a+5=0

< a=1hoaca=>5.

~Khia=1=b=-1,R=1, tadugc dudng tron (€}) : (x— 1)* + (y+ 1)’ = L.

~Khia=5=b=-5R=5 tadugc duong tron (€,) : (x— 5)° + (y + 5)* = 25. .

b) I thudc dudng thang 3x - Sy —8=0nén3a—-5p-8=0. )
eVéia=bthi(?)@3ad-50-8=0<ag=-4=b=—4,R=4.



Ta dugc dudng tron (€)) : (x + 4)* + (y + 4)* = 16.
eVéia=-bthi(2) ©3a-5(-a)-8=0ca=1=>b=-1,R=1.
Ta dugc dudng tron (€y) : (x— 12 + (y + )2 = 1.
49. Pudng tron (6) tam I(a ; b), ban kinh R c6 phuong trinh :
(x-a’+(y-b>=R (1)
(€) tigp xiic v6i Ox tai A(6 ; 0) nén a = 6, |b| = R. Khi d6 |
(1) & (x = 6)% + (y — b): = b~
BO;9 e (@)= (9-6+09-bl=b"cb=5=>R=5.

2

Phuong trinh ctia (6) 1a (x — 6) + (y — 5)% = 25.

50. Goi I(a ; b) va R 1a tam va ban kinh cta dudng tron (6) can tim. Phuong
trinh ctia (€) 1a (x — a)> + (y - b)* = R~

la—b-1|
————=Rr

J2

(6) tigp xtic v6i A: x —y—1=0khi vachikhid(/; A)=R &

a2 B2 p2
AB @ o (-1—a)®> +b> =R
1-a?+2-b)? =R
2
(a+1)2+b2=%i ()
e )
(a-b-1
Y
Ta(1)va Q) suyra: (a@+ 1) +b =@- 1’ +®-2"=a=1-b.
Thaya=1-bvao(2),taco: '

bri(b-22 =2 =b=1=a=0R=42.

(-1 +(-2)?=

Phuong trinh cta (€) 1ax* + (y - 1)’ = 2.
51. a) (6) c6 tam O(0 ; 0), bén kinh R = 5. Tiép tuyén A di qua A, nhan

&(3 :4) 1am vecto phdp tuyén, nén c¢6 phuong trinh :
3x-3)+4(y-4)=0 & 3x+4y-25=0.
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Dudng tron (6) va ti€p tuyén A dugc v& nhu hinh 105. C4c cau b), ¢), d), e),
f) : hoc sinh tur lam.

ﬂy

Mo

N

5

-

-5!
(€)

Hinh 105 ' Hinh 106
52. (h. 106) (% c6 tam I(a ; b), ban kinh R. Khi dé :
M(x;y) e A<¥> M.W =0 xy—a)x~xg) + (g — b)Yy —y9) =0
<:>(x0—a)(x—a+a—x0)+(y.o—b)(.y—b+b—y0)=0

& (xg—a)x —a) + (g - b)Yy —b) — [(xg—a)* + (o= b)’1=0
& (xg - a)x - a) + (yg— b)(y —b) = K%,

53. (@) cotam I(1: -3), ban kinh R = V12 + 32 =5 = /5.

AJ/d= A cé phuong trinh : 2x + y + m = 0 (m = —1). A tiép xiic véi (€) &

dl; A)=R @wzﬁc |m'—1|=5©{m:6
V22 12 m = —4.

CohaitiéptuyéncantimlaA; :2x+y+6=0 vaA,:2x+y—-4=0.
Toa do ti€p diém M ciha A, véi (6 1a nghiém cua hé
2x+y+6=0 x = -1
s 5 = { Vay M = (—1; -4).
xX+y -2x+6y+5=0 y =4
Toa do ti€p diém N cha A, v6i () 1a nghiem cta he

2x+y—-4=0 x=3
2, .2 Aad Vay N =(3; -2).
X +y =2x+6y+5=0 y=-2.
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54.

Chu y. Khi bi€t toa do cia M, thi do M va N dé6i xing nhau qua /, ta cé thé
tinh ngay duoc toa do ciia N = (2x; — xp; ; 2y; — yp)- '

a) (B) c6 tam I(3 ; —1), ban kinh R = 2.

IA = \/(1 ~-3)2 + 3+ 1)2 =2v5 > R, suy ra A nim ngoai ().

b) A nim ngoai (€ ) nén tir A ta ké duge hai tiép tuyén dén ©.
Cdch 1. Dudng thing A di qua A c6 phuong trinh :

a(x -1+ B(y—-3)=0hay ax+ By —a-38=0(*+ f* +0).

Atié’pxﬁcvéi(%@d(l;A):Rc;, |3a—,B—a—3,B| -9

\/a2+/32
| o
ola-28=a* + B o BBB-4a)=0 < 53,
=§a.

. V6i £=0, chon a =1, ta dugc tiép tuyén thit nhat : x — 1 = 0.

o Véi f= %a, chon a =3, =4, ta dugc ti€p tuyén thit hai : 3x + 4y - 15 =0.
Cdch 2. « Xét dudng thang A di qua A va c¢6 hé s6 goc k. Phuong trinh cha
Ala: '

y=k(x—-1)+3haykx-y+3-k=0.
3k +1+3 -4
ol — 1-2

vk +1
3

& k+2 =Vi* +1 <:>k2+4k+4=k2+1<:>k=—z-

A tiép xic v6i (6) < d(l ; A) =R

. 3 -
Ta dugc tiép tuyén thit nhat A, : y = -Z(x —1)+3 hay3x+4y-15=0.

o Xét dudng thiang A di qua A va vuong géc véi Ox. Khi d6, A cé phuong
trinhx=1hayx—-1=0.
Bt

A ti€p xiic voi (6) < d(l ; A) =R < o 2 < 2 = 2. Dang thic cudi
diing nén A la ti€p tuyén ctia ((63, Ta c6 tiép tuyén thit hai A, : x — 1 = 0.

133



55.

56.

.Chu y. Trong cach gidi 2, n€u chi xét trudng hop ti€p tuyén A c6 hé s6 goc thi

bai toan s& mat nghiém.
¢) Hoc sinh tu lam.

a)A:4x+3y—-11=0.
b) Cé haiti€ptuyénla A; : 4x+ 3y +39=0vaA,: 4x+3y—11—0

c) Céhaiti€ptuyén: A, :y= #(x—2)+6,
A2:y=42_T5\/§(x—2)+6.

a) (6)) c6 tam I,(2 ; 4), ban kinh R, = V2% + 4% —11 = 3.
(€,) co6tam I(1 ; 1), ban kinh Ry = V12 +1%2 +2 = 2.

=R ~Ry| < I}y =yJ(1-2)% + (1-4)? =IO <R +R, = 5.

- Suyra (%1) va (%2) cat nhau.

154

b) (h. 107) Theo cau a), (%1) va (%2) cit nhau nén chiirig c6 hai ti€p tuyén
chung. Ti€p tuyén chung A c6 phuong trinh : ax+By+y =0 (a* + ,32 >0).

A tiép xiic v6i (€,) va (6,) khi va chi khi
P Dva (e d(ly: 8 = R,

(2o + 4 + ‘
|a2ﬂ27|:3 M N
- | a“+ p
|a+ﬂ+7|=2 2
az+,82

:>2|2a+4ﬂ+7|=3|a+ﬂ+7|'
Sda+8f+2y=+@Ba+38+ 3y
y=a+5p -1
| Ta+11p
-
— Thay y= a + 56 vao (2) ta cé :
|2a+6ﬂ|

& 28(@B+3a0)=0< f=0 hoic 48=—3q.

=V

Hinh.107

-:2<:>(a'+3,8)2=az+,32



57.

V6i =0 (do dé a+0), suy ra y= a. Ta c6 tiép tuyén chung thi nhat

Ay ax+a=0hayx+1=0.
Véi 4 = —3a, chon a =4, f=-3,tadugc y= —11. Ta c6 tiép tuyén
chung thithai Ay: 4x—3y—11=0. '

— Thay }/:_7a+11,8

5 vao (2) taco :

20 + 6
_|—'B= =2 e (@+30*=25( + ) = 126* - 3af+ 84 = 0,
5\/0:2 +,32 . :

phuong trinh v6 nghiém.

- Vay (%1) va (%ﬂ céhaitiéptuyé’n'chung laA; :x+1=0vaA,: 4x—3y—11=0.

Dit M = (x; y), tacd MA? + kyMAS + ...+ k,MA? = k
& Ty =x) +kolx = )"+ .+ k(= x,)] + 1O = 3 + ko — yp)° +
Ak -y =k
& (ky+hy+ .o+ k) +yD) = 20k xy + hyxy + .+ K, )
= 20kyyy +koyy + ..+ k)Y thi(x? +y?) tha(x2 4 y2) 4t
+hy(x2 4 y2) =k | ()
Pat a = kyxy + kyxy + ...+ kx, b= kiy + kyy, +...+ k,y, ,

ky +ky +...+ k, ky +ky +...+k,

ol Of ) kg + Y+ kO Y ke
ky +ky, +...+k,
Khi d6 (1) < x> +y* - 2ax~2by+c¢=0
.<:>(x—a)2+(y—b)2=a2+b2—c.
— Néu a® + b — ¢ > 0 thi tap hop cac diém M 1a duong tron tam I(a ; b),

ban kinh R = Va? + b2 —c.

— Néua®+b*—c =0 thi tap hop cac diém M la diém I(a ; b).

- Néu a* + b? — ¢ < 0 thi tap hop céc diém M 1a tap réng.

Chii y rdng : ciu a) cua bai 47 chuong III 1a mot truong hop dac biét cha
bai nay. ~ '
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58.

a) Phuong trinh (€,,) ¢6 dang x> + y* + 2ax + 2by + ¢ = 0

Via= X2 o A e
2 2
N2 2 2 4
Ta ¢6 a2+b2—c:(m;2J +(’”;4j —(m+1)=u2’"—+8>0

v6i moi m. Vay (€,,) 1a dudng tron véi moi gid tri cta m.

Yo m+2
- 2x=—-(m+2) (1
b) Toa do tam 1,, ciia duomg tron (€,,) 1a P
y_m+4 2y=m+4 (2)
-n2 ,

" Cong timg vé& cha (1) va (2), ta dugc 2x + 2y =2 hay x + y — 1 = 0.

Vay tap hop tam ctia cdc dudng tron (€,) 1a dudng thing c6 phuong trinh :

x+y—1=0.

¢) Goi M(xq ; yo) 12 diém ¢6 dinh ma ho (%,,) luon di qua. Khi d6 ta c6 :

156

A A Mm+22xy —(m+ Ay, +m+1=0VYm
¢:>(;\fo—y0+1)'m+xg+yg+2x0—4y0+1=0Vm
Xg = yp +1=0 W |

{%41%+2%—4%+1=0(m
Tu (1) suy ra x5 = yo — 1, thay vao (2), ta dugc :

. =0
Do =2+ +200p - D -4y, +1=0 < 2)8 —4y, =0 & [yo )
. N yO -
Véi yo = 0 thi xo = —1. Ta dugc diém M,(~1 ; 0).
Véi yo = 2 thi x, = 1. Ta dugc diém Mo(1 ; 2).
Vay ho dudng tron (€)) luon di qua hai diém c6 dinh 1a M (-1 ; 0) va

My(1;2).



§5.
59,

60.

d) ¢h. 108) (%m) khong di qua diém (x) ; ;) v6i moi m khi va chi khi phuong

trinh (Anm) : (x; -y, + Dm + xl2 + )’12 +2x; —4y; +1=0 vonghiém

x12+y12+2x1—4y1+1¢0

y=x+1
=
X # £l

=

Vay tap hop céc diém trong mat phing toa -

dé ma ho (%m) khong bao gio di qua vdi

moi gid tri cha m 1a dudng thing A c¢6
phuong trinh y = x + 1, bd di hai diém
Mi(=1;0) va My(1; 2).

Puong elip
(h. 109) Xét dudng tron (6) tam O, tiép
xdc trong véi (%1) tai M, ti€p xic ngoai
v6i (€,) tai N. Tacé:
00, +00,=0,M - OM + O,N + ON

= R, + R, khong déi.
Tap hop cac tam O 1a elip ¢6 céc tiéu diém
12 0,, 0, va do dai truc 16n 2a = R; + R,
a) O 1a tam d6i xing, a° =25 = a=5;
P=16=b=4; *=a"-b'=9=>c=3.
Tam sai e =.§ =%- Po dai truc 16n : 2a = 10,
do dai truc bé : 2b = 8. Tiéu cu: 2c = 6.
Cac tieu diém : F (-3 ; 0), F5(3 ; 0). Céc

dinh: (£ 5;0), (0;+4).
Elip dugc v& nhu hinh 110.

¥4

—_d ..
=¥

Hinh 108

Hinh 109

h

-5

-
N

=Y

Hinh 110
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61.

158

2 2
b) Viét lai phuong trinh cua elip : xT+yT = 1. Elip c6 tam d6i xing O.
4
a2=1:>a=1,b2=%:>b=—;—, c2=a2—b2:%:>c \f tAm sai e £

Do dai truc 16n : 2a = 2, d6 dai truc nho : 2b =1, tiéucu : 2¢ = V3.

Céc tiéu diém : I [—? ;OJ, F, [? ;OJ. C4c dinh : (1, O); ©; i%)-

Cac cau ¢), d), e), f) : hoc sinh tu lam.

2
Elip (E) 6 phuong trinh chinh téc : x_2
a

+
<

2 =1 (a>b>0).
a) A0 ; =2) 1a mot dinh = b =2 ; F(1 ; 0) 1a mot tiéu diém = ¢ = 1.
L2 yz

a* = b + ¢® = 5. Phuong trinh ciia (E) 1a %+ =l

b) F1(=7 ; 0) 1a mot tieu diém = tiéu diém thit hai 12 : F5(7 ; 0).

M e (E)= 2a=MF, + MFy= \(=7+2)? +12% + (7 + 2)? + 122 = 28

=>a=14.
F(-7;0)latiéu diém = c =7 = b* = a* — ¢* = 196 — 49 = 147.
2 2 :
N ) L X Yy
trinh E s
Phuong trinh cua (E) 1a : 196+147
Q)2c=6=>c=3;e= %=%:>a=5,b2=a2—c2=16.
2y
Phuong trinh Eyla—+=—=1.
g trinh cta ( ) a25+16 1
2 2
d)a=4,b=3:>phu'o‘ngtr‘1nhcﬁa(E)léE+%=l.
16+ 3 1
2 T2 7 2 _
M,Ne(E)= 1% b @ =20
8 .9 =15
—t5=1 b
a b
2 v
Phuong trinh cua (E) 1a =— + =— =1.
g trinh cua (E) la 20+15 1



62.

63.

m+n a+c+a-c 2a
b) 2a = 768806 => a = 384403 ; 2b = 767746 = b = 383873 ;
c=a* - b? ~20179.

Vay khoang c4ch 16n nhat tir tam Tréi Dat t6i tam Mat Trang la :

a + ¢ = 404582 (km) va khoang cach bé nhat 1a : a —c = 364224 (km).
@=9=a=3;b=1=b=1; =d"—p*=8=c=2V2.

Elip (E) ¢6 céc tieu diém : F(-2/2;0), F,(22 ; 0).

a) Goi M(x ; y) € (E) 1a diém cén tim. Khi d¢6 :

MF, = 2MF, < a + ex = 2(a — ex) _a_ @ _ 3
e 2 * 3¢ 3¢ 22
2
2 X 9 7 N7
M =]l-—=1--——=— = +—,
c®=y T I N

«l

o s 3 7
C6 hai diém can timla | —= ; *—=|.
(2\/5 22 J
b) Goi N(x ; y) € (E) la diém cén tim. Khi d6 : Fl (x+2\/— )
EN = (x - 242 ).

FEN LEN © EN. KRN =0 < (x+242)(x - 2v2) +y* =0

x2—8+y2=0. (1)
x2 2 .
Ne(E):>—9—+y =1. . 03
. 2 63 o2 1 =+3\/7 NN
Giai (1) va 2) taduge x° = A va y =3 =X _—2 > vay _—2\/5

C6 bon diém cén tim 1a (i—

W7, 1
2222
¢) Goi P(x ; y) € (E) 1a diém can tim. Ta ¢6 :

. 2 1
FE} =F\P*+FyP’=2F\P.FyPcos0’= (RP+F,P)’ ~2RP.F,P-2RP.F,P 5

=4a% - 3F\PF,P = 4"~ 3(a + ex)a— ex) =4a’ - 3(d’ - &x)) = a" + 3’4,
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64.

160

2 2 2. 2 B
Nhu vay 4¢% = 24352 2 (4c”=a")a” _(48-9)9 69

02 3c2 - 3.8 8
J69
—x=+27.
' 22
2
2 X 23 1 1
= _—— = —_—— = ——— =+——-
Pe(E)y=Yy 1 9 124 24:))'_26
C6 bon diém cén tim véi toa do 1a i@;i—l—-
227 26
(h. 111)
2 2 ) ‘ Y4
M(x;y)e(E):>—x7+Z—2=l; i
a

=(a+ex)(a—ex) +x2 +y2

M
MF,=a+ex, MF,=a — ex. ?%
a) MF|.MF, + OM* =

-=a2—e2x2+x2+y2
2
2.2 2 c
=4ty +x {l_a_zJ Hinh 111
2 2,0 X 2, .2 2 y? 2,2
=a +y +b"-—=a"+y" +b 1-—=|=a"+b".
a b
b) (MF, — MF,)* = 4¢*x>. | (1)
2
4OM* — b*) = 4(x* + y* — b)) = 4[ 2 +[b2—b—2x2]—b2}
a
b2
= 4x° 1-— = 4¢°x°. (2)
: a
Tir (1) va (2) suy ra (MF, — MF,)* = 4OM* — b?).
c) HM* = *.

b o b b2 2
2 HA HAy = - 25 (-a - a-x) = 2@ -5 = b - L2
a a v a a

2 2 2 2 2 b — —
=b" - (b* ~y*) =y’ = HM® = -= HA| . HA,
a



65. a)a’=9=a=3, yA

b'=4=b=2,
2

_c=a2—b2=5:>c=x/§. 4
. M
Cac tiéu diém : m
-2

F(—5:0), K,(/50).
Céac dinh : (£3; 0), (0 ; +2).

V5

Tam sai : e = —-
3

Elip dugc vé nhy hinh 112. . Hink 112

b) Hoanh d¢ giao di€ém cia d va (E) 1a nghiém ctia phuong trinh :

2 2
%+EX+T’”)=1 & 135% + 18mx + 9m* — 36 = 0. (1)

d va (E) c6 diém chung khi va chi khi (1) ¢6 nghiém < A' > 0

& 81m’ — 139m* ~36)20 & m’ < 13 & —/13 < m < V13,

Vay v6i —13 <m < J13 thid va (E) c6 diém chung.

¢) (h. 112) Pudng thang A di qua M, véi vecto chi phuong #(a; b) c6 dang :

“1+a
{x T b 20)
y=1+bt

x'=1+at xg =1+at
ABeA:{A ’w{” 2

yA=1+btl yB=1+bt2'

, L. X4 txg =2x a(ty +t,) =0
MlétrungdiémcﬁaABkhivéchlkhl{ ATTB M<:>{ Lo

Yo+ Vg =2y b(ty + ) =0
St +5,=0 (1) (dod*+b*=0).

A, B € (E) suy ra t,, I 1a nghiém cta phuong trinh :

4(at + 1)% + 9(bt + 1)% = 36 < (4a® + 9bD + (8a + 18b)t — 23 = 0,

t+5,=0=>8a+18=0c4a+9=0.
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162

Chon a =9, b = —4, ta dugc phuong trinh ctia. A 1a :

x=1+9¢

hay 4x +9y - 13 =0.
y=1-4¢

Chii y. C6 thé giai bai todn nay béng céch viét phuong trinh clia A dudi dang

y = k(x —1) + 1 hodc x = 1, nhung viéc tinh todn s€ phic tap hon.

2
a)M(xo;yO-)eE:fg— X _1 (4> b>0); M = x2 + 2.

b2
2 2 ‘2
Tacé:x—0+—yi< +y—0—1<:>x§+y§£a2<:>0M23a2<:>0MSa.
2 2= 27 2
a a a b
2 2 2
2 0% y—0—1©x0+y02b2<:>0M > b <> OM 2 b.

O a b

Vay b < OM < a. Ta ¢c6 a = OM khi va chi khi y, = 0,"%dc 12 M tring véi
cac dinh trén truc 16n.

Ta cé b= OM khi va chi khi x, =0, titc 1a M tring véi cic dinh trén truc bé.
b) Toa d6 diém A 12 nghiém cta hé

ax+ fy=0 . 2b2,32 - ) 20l

X2 y2_1:>xA: 2,2 ¢ b2 Ya = 22 1 b

_2+b_2_ + ﬂ + ﬂ
a2 2,2 2 2,2, 2 2

0A2=xi+yi— b’p + aba a’b’(a +’B)

22+b2,B 22+b2,6’_ 22+b2,5

— OA = ab\/a +,B

a*a’ + b2,B

c) Do OA vuéng géc véi OB nén phuong trinh dudng thing OB 1 :
Bx —ay =0. Bla giao diém cta (E) v6i dudng thing fBx + (-a)y = 0 nén
ap dung ciu b), ta c6

0B azbz[ﬂz +(—a)2]._' a2b2(a2+ﬂ2)_
2B + b2 (-a)? @ B* + b*a?
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69.

) a)'W‘=kW<:>{

1 1 _a2012+b2,82+a2,82+b2a2 _a2+b2

Do d6 : + = khong doi.
0A? 0B® a’b?(a® + f°) a’b?
d) (h. 113) Ké OH L AB. Trong tam giic vuéng AOB, ta c6 :
1 1 1 a2+ A

= + =
OH?* 0A®> 0B* &%
oH= ad
v a* + b?
Vay dudng thang AB luén ti€p xiic véi dudng
ab

Va2 + 07

tron ¢6 dinh tAm O, ban kinh R = Hinh 113

. Chon hé truc toa do6 Oxy c6 : truc Ox di qua A, B ; truc Oy 1a dudng trung

truc cia AB. Dat AB = 2a, AD = 2b. Hay tim toa d6 cua [, va ching minh
: 22

I, ndm trén elip ¢6 phuong trinh x—2+%2— =1.

Xy — Xy = k(xpy — xp) - {xM- =Xy

Y = Yu = ky — yy) Y = kyu-

(Chu y rang trong trudng hop nay thi xy = X3, = Xp, yy = 0).

b) Twong tu ciu a) v4i chi ¥ ring trong phép co vé truc Oy thi x; =0,
Yu =Y = Im

eMix;y) e (6= Xty = a®. Anh M’ clia M qua phép co vé truc Ox

b Xy =X , 2
theo hé s6 = < 1 1a p Da =X 4y =X+ Yy
a }’M':_y b
a
2 2
a b

. b N
Vay anh cua dudng tron 6 qua phép co vé truc Ox theo h¢ s0 2 <11a

elip (E) :
2 2
x_2 + y_2 =1.
a b
e Phan nguoc lai ching minh twong tu.
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2
70. a)%+y7=1;

71. a) X2 +y*=25;

2
b)x—+y2=1; )x— 1+ (y—2)72=4.
2 2 2

X Y_z. X 42
b) Ss+g =1 )25+ =1.

§6. Duong hypebol

'72. (h. 114) Ki hiéu O, R, 12 tam
va bén kinh ctia dudng on (€));
O,, R, 1a tam va bén kinh cua
dudng tron (6)).

Xét dudng tron thay déi (),
tam O, ban kinh R. () tiép
xic ngoai véi (6)) tai M, véi
(%2) tai N. Tacé :

00, - 00, =|(OM + O,M) - (ON + O,N)

Hinh 114

=|O,M - O,N| =|R —R,| > 0 (do R, # Ry).

Do d6 O nadm trén mot hypebol c6 céc tiéu diém 1a O; va O,. Tam déi xing

cia hypebol nay 12 trung diém ctia 0,0,. Lap luan tuong tu cho trudng

hop dudng tron (€) cing ti€p xic trong véi céc dudng tron &) va (€,)).

73. a)a* =16 > a=4: b2 =4=b=2: 2=a?+b*=20=c =245.

b6 dai truc thuc : 2a = 8.

Do dai truc a0 : 2b = 4.

¥5
5

Tiéucu:2c=4\/§ ;té:hsaie=£=
a
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Cic tieu diém : F, = (=245 ; 0), I

F, = (245 ;0).

Cicdinh: A, =(-4 10),A,=(4;0).
Céctiémcan: y= iéx = i—lx. >
a 2 *

Hypebol dugc v& nhu hinh 115.
f) Viét lai phuong trinh hypebol :

LD
T
m on. Hinh 115
1
a2=—:>a=L;b2=i:>b=L-
m m n Jn
c2=a2+b2=i+l=m+n co Mt
m n mn mn
Po dai truc thuc : 2a = —= , do dai truc 4o : 2b = —= , Tiew cur: 2¢ = 2,7 .
I’ N mn
Céctiéudiém:F]=( ’"m ;0 ; Fz—[ m ]
Cicdinh: A ( 1 0] A ( O] Céctiémcan:y= +\/;
: =| ——=; . s = X
U0 "

Cé4c cau b), ¢), d), e) hoc sinh tu lam.
2

2
Hypebol (H) c6 phuong trinh chinh tic : x—z—Z—2=1(a>0,b>0).
a
a) (5;0) 1a mot tieu diém = ¢ =5 ; (-4 ; 0) 1a mot dinh = a = 4.
_ : PO
b? = ¢? — g% = 2516 = 9. Phuong trinh cha (H) : - o=\
5 ¢ 5 ¢ 25 a*+br 25
b)2b—12 :>b—6,€—z<2>2——4-<2>—2——-—1—6—<2>—a-§—'—-—ﬁ
2 2 2
a  +36 25 _ Yy
a—2 ﬁ: = 64. Phuong trinh cta (H) : 4 36 =1.
Ga=2ie=S e 3-f =3 Dodé b =c® -d® =5.
a 2 2
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75.

2

Phuong trinh ciia (H):%—%:lp
d)e—\/—<:>—— N2 eoc?=22 o d®+b =28 <d* = ()
pean=2-2-1 @
a b
x? y2

Tur (1) va (2) suy ra : a* = b* = 16. Phuong trinh clia (H) : T ="

6_1
et o= e P o |27
e)P e ,0 € =

64 8 b =3

— =1

a b

x2 }’2
'Phuo‘ngtrinhcﬁa(H):E—?=1.

x2 }’2
(H) c6 phuong trinh chinh téc : ———b—=1.'
a
1 x? y2
a)a=§,b=1:>phu'o‘ngtr‘1nhcﬁa(H):T——T=1
' ' 4

166

b) (3; 0) 1a mot dinh cta (H) = a = 3. Cic giao diém cha dudng tron
ngoai ti€p hinh chit nhat co s& vé6i truc Ox 1a c4c tiéu diém cta (H). Viy

22
c=4;b*=c*-a*=1. Phuong trinh cta (H) : %—y?=l.
(e . . 4 b 4
¢) ¢ = 10. C4c tiém can cé phuong trinh y = igx, nén — == suy ra
2 .2 2 2 2 '
a +b° 4°+3 10 25 2 2 _ S
PR hay " =3 Vay a” = 36, b” = 64. Phuong trinh cua
2 2
r Yy _
& 36 64 =1

d) Phuo‘ng trinh cdc .dudng tiém canla y = b —x. Do g6c giita hai duong
a

tiém can 12 60° va hai dudng tiém can d6i xing véi nhau qua Ox, nén c6
hai trudng hop :

(1)

— Goc giita méi tiém can va truc hoanh bing 30°, suy ra g =tan30° =

S!



— Géc giita méi tiém can va truc hoanh bing 60°, suy ra g = tan60° = /3. 2)
36 9

Ne)= = -==1 3)
a b
' : 2 2
Tix (1) va (3) suy ra a® = 9, b* = 3. Ta dugc hypebol (H,) : 59_ - % =1
. : 2 2
Tir (2) va (3) suy ra a® =33, b® =99. Ta duoc hypebol (H,) : ;‘—3 - 3—9 =

76. Xét diém tuy y M(x ; y) € (H). Tacé: M e (H) & |MFI - MF,| =2m

o e+ m? 4+ m? = (- m)? + (- my?| = 2m

<:>(x+m)2+(y+m)2+(x—m)2+(y—m)2

—2\/(x + m)2, +(y+ m)2 .\/(x - m)2 +(y - m)2 = 4m?

<:>x2+y2=

= \/x2 + y2 +2m? + Q2mx + 2my).\/x2 + y2 +2m? — 2mx + 2my)
2

= (x2 +yz)2 = (x2 +y2 +2m2)2 —(2mx+2my)2 S xy= mT

Ché § ring : Vi m = v/2 ta c6 hypebol y = %

77. (HycohaitiemcanlaAd;: y= %x hay bx -~ ay=0;

A,y y=—§xvhaybx+ay=0.

X ')’2 2.2 2.2 2,2 . e
XétM(x;y)e(H)thi—z—b—2=1,haybx —a“y” =a“b”. Khidé

a

|bx -ay| |bx + ayl B ibzxz - azyzl B a*b?

NETFCRN a* + b a + b
78.a) Xét M(x ; y). Tacéd:

dM ;5 A).dM 5 8y =

2
1
MB=2MH < MB*=4MH* & (x—1)* +y* = 4(x-zj

<:>3x2—y2=%<:>

2
Y
Z_=1. 1
é1 (D)
4

-b-l»ﬂl*,g
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79.

168

Tap hgp cdc diém M cén tim 1a hypebol c6 phuong trinh (1).

b) Xét N(x; y)thi AN = (x+1;y), BN=(x-1;y). Rorangx#~1va

x # 1 (vi néu khong thi cdc dudong théng AN hoac BN khong c6 hé s6 goc),
Yy

do d6 cdc dudng thing AN va BN lan lugt c6 he s6 géc k; = rEE
‘ P
_ Y . _ y ¥y _ o
kp=—=. Khid6:kihy =2 =7~ 2®x2_1 2 &
x2 y2 )
¥ =2-2 & T =5 =1 (2. Tap hgp céc diém N cin tm Ia
hypebol c6 phuong trinh (2) bd di hai dinh : (-1 ; 0) va (1; 0).

N
Viét lai phuong trinh cta (H) : T 7" 1.

A=1=a=1;b*=4=b=2; c?= a®>+b*=5>c =\/5_; e=-2—=\/§.
(H) c6 céc tieu diém : F (—/5; 0), F, (/5; 0).
a) Goi M(x ; y) 1 diém cén tim. Ta c6 :
FM=(x+5; ), EM=(x-5; y).
FM 1F,M < FM.F,M=0
S+ -V +y =0t +y*~5=0 | (1)
MeH) o 4xt—y*—4=0 | 2

Gidi he (1) va (2), taduge : x = -0y y =+ ——.

Vay c6 bén diém can tim 12 :

7N
H
Sle @
I+
Sl =
N— S

b) Goi N(x ; y) la diém cén tim. N € (H) = |NF, - NF,| = 2a = 2.
Trong tam giac F{NF,, tacé :
FF? = FN* + F;N? - 2.F;,N.F,N.cos F,NF,

= (FN - F,N)* + 2F,N.E,N — 2F,N.F,N.cos120°

—4+3FNEN =4+3a+exlla—exl = 4+ 3la? — 24?



80.

= 4 =4+3)1-5x% =45= 4431 - 522 = 1 - 542 = ?

oxXX=2 ox= +,/ . Thay x = +,H—§- vao phuong trinh cla (H), ta

4 ' o . '
tinh dugc y = +——- Vay c6 bon diém can tim 1a: | + D ; ii .

15 157 {15
c) Do (H) nhan Ox, Oy 1a céc truc d6i xing, nén ta chi cdn xét nhitng diém
(x;y)ciua(H) ma:x, ynguyén,x=0,y>0, t6i sau d6 ta tim nhing diém
d6i xting v6i nhitng diém nay qua truc Ox va Oy.

Tacé: 4x* —y? —4 =0 2x—y)2x +y) =4 ().
Do 2x —y, 2x + y nguyén, 2x + y 20 va2x + y = 2x — y, nén tit (1) ta cé

cac truong hop :

2x—y=1 C (2x—y=2
@, 77 3)
2x+y=4 2x+y=2

He (2) khong c6 nghiém nguyén, hé (3) c6 mot nghiém nguyén la : {x B

Vay nhimg diém trén (H) c6 toa do nguyén 1a : (1 ; 0), (-1 ; 0).

x2 y2 yh
(h. 116) M(x, y) € (H) & — - = = M
' a b
MFl=a+_ZX,MF2=a_Zx' F/A O A\F, N x
a) OM*— MF,.MF, =
_ 2,2 2 ¢ 2. Hinh 116
=x"+y —|a —a—z'x n
2 2
C
=2y’ —la* - {1+%7]—x +y ——bz*b—z}’z
) 2 2 5 a s a®+b 2
= x4+ - b - =d +_y +y -b" - y
y b2y b2 _b2 _
=a2—b2.
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81.

170

' ‘ 2
b) (MF, + MF,? = (MF, — MF,)? + 4MF,.MF, = 4a® + 4|a® - -2
: a
2
= 4a% + 4% + 4L2y2. 1)
- b

4OM? + b?) = 4(x% + y? + b?) = 4x% + 4y? + ab*
2 aZ 2 2. 2
=4|a +—=y + 4y +4b
b

2 2 2 @ 2 ) )
= 4a° +4b” + 4y b—2+1 =4a° +4b +72—y (2)
Tir (1) va (2) suy ra diéu phai chitng minh..
c) NM? =y
2 g2 2
b—z.NAl.NAz = b—z(—x —a)-x+a)= —b—2(02 - x2) = —b% + = x*
a a a :

x
4

a2=4:>a=2; b2=5:>b=\/§; 2=a2+b2=9:>c=3.

,
a) (H) : -—y?'=1©5x2-4y2—20=0.

(H) ¢6 hai nhdnh : nhanh trdi éng véi x < —2, nhanh phai ing véi x > 2.
Ho.;‘.mh do giao diém ctia (H) va A 1a nghiém cta phuong trinh :

5x% = 4.(x + m)* = 20 = 0, hay x* — 8mx — 4(m* + 5) = 0. (1)
Phuong trinh (1) luén c6 hai nghiém phan biét trai ddu v6i moi m. Do d6 A
luon cét (H) tai hai diém M va N thuoc hai nhdnh khic nhau.
Theo gia thiét x;; < xy nén M thugc ﬁhénh trdi, N thugc nhdnh phai.
b) (H) c6 cac tieu diém F(-3 ; 0), F,(3 ; 0).

Z—ExN =§xN -2 (doxy 2>2).

F2N= 2 2

Cx
a_—
a N




2+%xM

c 3
at—xy =-5Xy - 2 (do xy < -2).

3
F2N=2F1M<:> 2N -2= 2(——;—xM —2) < 3xy+6xy+4=0 (2)
Xy +xy =8m | ?3)

Xpps XN 1a nghi¢m cia (1) nén : 5

Giai (2) va (3) ta dugc : xy, =—% -8m, xy = —;l- + 16m. Thay xy, xy vao (4)
( 4 4 2 2
taco: —5—8m —+16m |=—-4(m° +5) ©279m" + 72m—-41 =0

3
_ 12 £4/1415

- ~12 + /1415
B 93 93

Vay véi m thi F,N =2F M.

. (h. 117) Gid sit M = (xy; yo), suy ra k K

Y4
N=(xy;—yp).Do-1<m<1,m=0nén :
-1 <xgyy0<1,x5#0,y9#0. Taco: &> -
Phuong trinh dudng thing AM : i >
A o 1 B K x

x+1 y

%l % ®. K /

0 0 N

Phuong trinh dudng théng BN :

x =1
S (). Hinh 117
xO -1 —yo .
Toa do (x ; y) chia K thod man (1) va (2). Nhan timg v& cta (1) va (2) véi
2 2
nhau, ta dugc : —xz—i = l; Vi M e () nen xg + y§= 1, suy ra
X0 — Yo

x —1=-y2.Do d6 x> —1=y” hay x* - y* = 1. Tap hop céc diém K 1a

2 2 . YA

hypebole—Zl—'=1b6dihaidinh: )

(-1;0)va(l;0). \ """"""" /1P .
. (h. 118) / _____ N | *

2 .2
A d
a) Phuong trinh (H):x—z—Z—2=1. 2
’ - a

Hinh 118
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file:///xm-Xn

. , s s . XM
TacodtoaddcnaM vaN la:

22
Phuong trinh chung cua cdc duong tiém can d,, d, 1a : — = y_2 =0.
a

S

Goi phuong trinh cia A l1a :

ax+ py+y=0 (a2+,b’2¢0).
Gia su g # 0, khi d6, do vé trdi cia phuong trinh (H) va phuong trinh cic
dudng tiém can giong nhau nén :
» Hoanh do céc giao diém P va Q ctia A va (H) 1a nghiém cta phuong trinh
dang :

ax*+bx+c=0.
o Hoanh d¢ cic giao diém M va N clia A va cdc tiém can 12 nghiém cia
phuong trinh dang :

ax® +bx+d=0.

Goi 1, J 14n lugt 12 trung diém cia PQ va MN, thi ta cé : x; = x; = L

2a
Suy ra I trung véi J. Vay MP = NQ.
Néu S = 0, thi A 1a dudng thang vuéng géc véi Ox. Vi (H) va hai dudng
tiém can déu nhan Ox lam truc d6i ximg nén dé c6 MP = NQ.

b) Goi i(m ;n) (m* +n?® # 0) 1a vecto chi phuong cia A va ki hiéu P = (xy ; yp).

Khi d6 ton tai cac s6 1, t, sao cho PM = tjii, PN = t,il.

= .xO + tlm {XN = .xO + tzm

Yo + 4y, YN =Yo T

Ym

M, N thudc hai tiérh can cla (H) nén ¢, t, 1a nghiém cta phuong trinh :

172

2 2 2 2
(xo + tm) ‘_(Iyo+tn) — 0 hay [m___;%]t2+2[M_MJ;+1=O.

02 b2 02 02 b2
2 2
R0 rang m—z—n—2¢0.
a b
1 a’b?
Do d6 t.ty = = .
R m_2_£ m2b? — nad>
a b
—_—— —— " a®.b? 2 2 .
Vay PM.PN = PM.PN = LHityu™ = 2—sz(m + n“) khong déi.
m°b° —n“a



§7. Dudng parabol

84.

8s.

(h. 119) Ké OH vuong géc véi A va
kéo dai OH (vé phia H) mot doan
HK =R.

Dung dudng thang A'di qua K va
song song v&i A. Khi d6 A' ¢6 dinh
va khong di qua O.

Xét dudng tron (€') tam I tiép xic

ngoai v6i () tai T va ti€p xiic v6i A
tai M. Goi N 1a giao diém cha dudng
thdng IM va A'.
Tacé: 10 =0T + TI =R+ IM

| —IN=d(;A).

Vay I nim trén parabol nhan O 1am tiéu diém va A' 1am dudng chuin.

Hinh 119

a) Phuong trinh c6 dang : y2 = 2px v6i 2p = 4. Suy ra p = 2. Vay parabol
c6 : tham s6 tiéu p = 2, dinh O(0 ; 0), tiéu diém F(1 ; 0), dudng chudn
A:x=-1. ' '

Parabol dugc v& nhu hinh 120.

b) 2y2—x=0<:>y2=%x.

2p = % =>p= % Parabol ¢6 : dinh O(0 ; 0),

. ; e 1 y
tiéu diém F[% ; OJ, duong chudn A : x = -3 A

12
c) 5y2 =12x <:>y2 =—X.

5 I
N

=y

12 6 ,
2p=— = — . Parabol ¢6 : dinh O(0 ; 0), _
p=Z5=pr=3 0;0) A
. s 3 BN 3
tieu diém F 5;0 ,du’o‘ngchuénA:x=—§- Hinh 120
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86.

87.

88.
89.

d2p=a=p =%. Parabol c6 : dinh O(0 ; 0), tiéu diém F(% ; OJ,

dudng chudn A : x = —% véi a > 0.

Phuong trinh chinh tic clia parabol c6 dang y2 =2px (p>0).

a)F(1;0)1atieudjém:§=1:p=2.

Phuong trinh ctia (P) 12 y? = 4x.

b) y2=10x; c) y2=8x.

d) Tu gia thi€t va do (P) nhan Ox la truc déi ximg, nén (P) di qua diém
(1; 4). Suy ra p = 8. Phuong trinh ciia (P) 13 y* = 16x.

a) Ki hiéu (P) 1a parabol c6 tiéu diém F va dudng chuén A.

M(x;y)e (P)oMF=dM ;A < MF?=d*(M;A)

2
o (x-2+(y-1? =WC> x% + y? —-2xy—10x -6y +9=0.

Vay (P) c6 phuong trinh : x* + y* — 2xy = 10x — 6y + 9 = 0.
g

b) Xét di€m tuy § M(x ; y) € (P), hdy bi€n d6i diéu kien MF = dM ; A)
qua toa do, dan dén phuong trinh y = ax® + bx + c:

Phuong trinh céc canh cua tam gidc la: y = i?x, x-5=0.
(h. 121) Goi H, M’ tht ty 1a hinh chiéu yA
“clia M trén Ox va dudng chudn d clia A
" parabol (P), con I 1a giao diém clia Ox - M M
vad. Tacé:
MF =MM’=1H. : ! vh >
- . O\ Ff H X
IH=IF+FH =>IH=p+ FM .| ' NL \/N '
=p + MF cosa N)
d
—MF=—L__. :
1-cosa
Hinh 121
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90.

91.

Do (ﬁ\i, 7) = 180° — o nén tuong tu nhu trén, ta cling c6

NF = p = p .
1-cos(180° — @) 1+cosa
1 1 l-cosa 1+cosa 2 2
b = = — 1
) M + N » + » B khéng doi.
2 2
¢) FM.FN = —2 P __ P __ P

1-cosez 1+cos@  |—coslq sinle
FM.FN c6 gi4 tri nho nhat < sin® & 16n nhit < sina=1< A L Ox.

(h. 122) Goi I 1a trung di€m cia MN con M’, I', N’ theo tht tu 12 hinh chiéu
vuodng gbéc cua M, I, N trén A. Khi dé

/g =%(MM'+ NN :%(MF+NF) (1)
(do M, N e (P)).

Vi duong tron dudong kinh MN (tam la ) M’
ti€p xdc véi A nén I I

1 F
II'=ZMN. @) N

A Py
Tix (1) va (2) suy ta MN = MF + NF. Vay
M, F, N thing hang. Hinh 122

(h. 123) Phuong trinh dudng théng AB : x — 2y — 3 =0.

Vi M(x ; y) nim trén cung AB cha (P)nén-1<y<3.

1

1 x-2y-3
Taco: Syup = EAB.d(M;AB) = 5.\/(9 12+ 3+ 1)? w =

12 + 22
= 2lx—2y-3/=2)y* -2y -3

Tacéf(y)= y> -2y -3=(y-1)* —4> - 4.
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Suy ra f(y) nho nhat bang —4 khi va YA
chi khi y = 1. Mat khéc, i-1) = 3) =0.
Do d6 trén doan [-1 ; 3], ham s

Y2 -2y — 3 16n nhat bing 4 khiva —p

Y

chikhi y = 1. Vay Sj,p 16n nhat bang

8khivachikhiM =(1;1). P -
Hinh 123

92. (h. 124) Chon hé truc toa do Oxy thich
hgp sao cho parabol (P) c6 phuong

tinh: y?> = 2px (p>0) vaA = (a; 0). Y
Pudng thing A di qua A c6 phuong
trinh : a(x —a) + By =0 (&’ + F = 0).

\ ]

: : o . % Aa; 0 x
Khi d6 tung d6 cic giao diém cua @0 _

dudng thang A va (P) 1a nghiém cla
phuong trinh :

P)
y2

T By —aa=0 yinh 124

<:>ay2 +2pPy —2paa=0 (1)
RO rang ¢ # 0, vinéu a=0 thi dudng thing A trung vdi truc hoanh va
chi cat (P) tai mot diém.

2paa

=2 )
1 plal

Do d6 |yu|-[yw|=ymon] =~

93. Chon h¢ truc toa do Oxy sao cho O tring A, AB nim trén tia Ox, AD nim
trén tia Oy. Dat AB = a, AD = b. Hay tim toa d§ cha I, va ching minh [,

ndm trén parabol c¢6 phuong trinh dang y2 = 2px v6i p > 0.

§8. Ba duong conic

94. a) bay laelip .cé == =4=c= 2, ta ¢6 céc tiéu diém : F=(—2;0),
2

F,=(2;0); céc dudng chudn : x = _-ta? = +4.
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b) Day Ia hypebol ¢6 ¢* = a* + b = 35 = ¢ = /35, ta ¢6 céc tieu diém :
2
Fy=(—/35;0), F,= (/35 0); cic dudng chudn : x = ig—ziri

c T35

c) Day 12 parabol ¢6 p = 3, ta ¢6 tiéu diém F = [-32— ; 0) : dudng chudn : x = ——;—.

95. a) Goi M(x ; y) thuoc conic. Khi d6 MF = e.d(M : A) <> MF* = &.d*(M ; ) |
sx=3)+GG -1 =y —6x—2y+10=0.

3
b) x2+zy2+2x—8y+17=0.

Q) X +y2 — dxy + dx — 10y — 29 = 0.

d) 2% — 7y* + 12xy + 24x + 32y + 62 = 0.
2 2

96. (h. 125) Xét hypebol (H) : 5 — 2> = 1. (H) ¢ :
a b :

Céc tiéu diém : Fi(—c; 0), Fy(c; 0).
Céc dudng chudn :

2 \
d12x=—£=—£—, \ H

2 , Fy 0

a

dy: x=—=—:

2 e c /
d

C4c tiém can :

%)

d

b X Yy

A11Y=—Ex<=>g+g=0, Hinh 125
b x Yy

_Azi.y= EX @—‘;—53—‘0

2
v . b
Goi H = d, N A,. Suy ra toa do cha H bang (aT ; a_c_]

2 2

o — b

Do dé OH={a— ; @]; HF, =[c,_£’_;_a_].
4 4 4 c

) 2
OH . HF, = "T[C - 5"6—] + %.(-%}

2 at  a*b? 2 a*
iy e R )
c c c

@+ b)) =d —32—.c2 =0.
C

. 12A- BT HINH HOC (NC) - 177



Vay OH 1 F,H. Do (H) nhan Ox, Oy lam céac truc d6i xing va A}, A, ciing
nhan Ox, Oy lam céc truc d6i xtng nén ta suy ra diéu can ching minh.

97. (h. 126) Goi I 1a trung diém cha AB ; A',
B', I' 1an luot 1a hinh chi€u cta A, B, 1
5 .

A N 2 a
trén dudng chuand, : x = —-
c

YA

Ta s& ching minh :

=V

Fg’r/
&~

-
T2

11'>%<:>AA'+BB'>AB.

Taco: dq d,
AB = AF + BF =e¢.AA' + ¢.BB’ | Hinh 126
= e(AA'+BB) < AA'+BB =2T
(do e < 1). Suy ra diéu phai ching minh.
98. (h. 127) Lam tuong tu nhu bai 97, ta cling dugc :

AB =e(AA' + BB)) > AA' + BB = 2II. Vay duong tron dudng kinh AB luon cét

N 2 a
dudng chuan d : x = —.
e

Ay
A A
ADAA
F
0 I I X 7
B B
B .
; A
Hinh 127 ' Hinh 128

99. (h. 128) Goi A', B' thtt tu 1a hinh chi€u cla A, B trén dudng chuin A cta (P) ;
F latieu diémciia (P). Tacé: A, B e (P) = AF = d(A ; A) = AA',
BF =d(B; A) = BB'. Suy ra AF + BF = AA' + BB' = AB.
Vay A, B, F thang hang hay AB diqua F.
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E]lBaii tap n tap chuong il

: — 7
100. a) AB = \/(3+1) +2-1% =417 ; AC= \/(—%H) +(-1-1)* = >

2
BC = \/[—%—3j +(-1-2)° =@.

2

BC? = AB* + AC? = % = AABC vuéng tai A.

Céc cau b) va ¢) : Hoc sinh tu giai.

+1 -2
101. a) Tacé: D =| " - = m? 1,
1 m-—1 :
-2 -m-1 5
D, = , | =3m" -1,
m-—1 -m
-m—-1 m+1 3 )
Dy: 5 =m +m- —-m-1.
-m 1

D =m*+1+0 v6i moi m nén A, va A, luén cét nhau va giao diém K cia
ching c6 toa do

D, 3m* -1
X =—=
D m? +1
y_Dy mem?-m—1
D m? +1
3m2 -1 , 1
b) K € Oy =0e3m"-1=0m=+t—.
m? +1 \/5
102. (h. 129) "
a) Phuong trinh dudng thing AB : ' 4
X y :
—+==1 M N
b +a .
Phuong trinh dudng thing AC : ﬁ
1.'.1:1_ B 0 N' C X
c a
Hinh 129
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Toa do ctia diém M 1a nghiém ctia hé phuong trinh :

x=b-—2m
a

Zi2o
b ~ . Suyra
y:

I o«

y=m

hay Mz[b—gm;m}

Toa do cta diém N 1a nghiém cua hé :

. c
Suyra{* °"q" hayN:(c—gm;mj.
y=m

b) N' ¢6 toa do (c - %m ;O]. Gia stt = (xg; o), khidb tacé :

X _b+b_b‘+cm

07 2 2a
m

)’o=‘2—-

(1) ching t6 / thuoc dudng thang c6 phuong trinh tham s6 :

_b+c_b+cm
2 2a
m

2

v4i m 1a tham s6

(1)

(2)

Vi c4c giao diém M va N chi tén taikhi0 < m<anéua>0,hoac0 2m=>a
néu a < 0, nén tap hop cdc diém /'1a mot doan thang thudc dudng thing (2)

tmg véi m ndm trong doan [0 ; a] néu a > 0, hoac [a ; 0] néu a < 0.

103. 2) (6) c6 tam I(4 ; 3), ban kinh R = 2. Dé thdy toa do ctia M thoa man
phuong trinh cla (%) nén M nim trén (%. Ta ciing viét dugc phuong trinh
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ti€p tuyén cua (G taiMiay—5=0.

b) Puong tron-(€") d6i xing v6i (6) qua duong thing A : y = x khi (€")
¢6 ban kinh bang 2 va c6 tam I' d6i xing v6i/ qua A. Tatim duge I' = (3 ;4) va

viét dugc phuong trinh cha (€')1a (x —3)? + (y — 4)? = 4.



104. (h. 130) Gid st T, = (x; ; y,), To= (X ; y,). Dudng tron (6) ¢6 tam O(0 ; 0),
ban kinh R. Phuong trinh ti€p tuyén MT, c6 dang x;x + y,y = R*va ti€p
tuyén MT, c6 dang

2 yh
Xpx +y,y =R ‘ M

X Xy + =R?
MeMI’],MeMT2:>{ o T N0 = , T,

XoXg + YYg = R°. \
Suy ra (x; ; 1), (x2 ; y7) 1a cdc nghiém \\\ R
ctia phuong trinh xgx + yoy =R2.(1) O] ") T, *
Vi M ndm ngoai (6) nén xg + yg > 0, (€
do d6 (1) 1a phuong trinh dudng thang.
Vay phuong trinh dudong thang T,T, 1a

1y P g g g lil2 Hinh 130

XoX + Yoy — R*=0. .
b) e Xét trudng hop dudng thing c6 dinh d c6 phuong trinh dang :
x=a (|a| > R). Khi d6 M = (a ; y,) va phuong trinh T\T, 12 ax + yoy - K> = 0.
R2

Dé thay dudng théng T,T, ludn di qua diém c6 dinh -3 0|

e Xét trudng hop dudng thang d c6 phuong trinh dang y = kx + m. Do d khong
cit (%5 nénm #0.TacOM = (xy; kxy +m). Phuong trinh duong thang 7T, la

Xox + (kxg +m)y — R* = O hay xy(x + ky) + my — R* = 0.
Ta tim du@c diém c6 dinh ma dudng thing T,T, luon di qua la
~kR> R*
m 'm|

105. a) Goi m, n thit tu 1a cac khoang cich tir diém vién nhat va diém can nhat
dén Mt Troi.

Khi d6 tam sai cha quy dao Trdi Dat 1a :

| n | 59
2c _(@a+c)—-(a-¢c)_m=-n _;1_: _a:_l_
" 2a  a+c+a-c  m+n n 59  60°
1+— 1+a
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1 ¢ 1 ¢
| o= — =S o o o ¢ =1550000.
b) Theo cau a), tacd e = -5 =— = o = 93000000

Khoang c4ch gin nhat giita Trai D4t va Mat Troi 1a
a —c = 91450000 (dam).
Khoang cach xa nhét giita Trdi D4t va Mat Trdi 1a :
. a + ¢ = 94550000 (dam).
106. (h. 131)
a)a2=4:>a=2;b2= 1=b=1;

R
c2=a2—b2=3:>c=\/§. M Y

(E) co: 7 N
Cic tieu diém F(—3;0), F2(\/_ 0). .

, Ay 0 4,
Céc dinh A;(—2; 0), A5(2; 0), )
B,(0;-1), B,(0; 1). - ®
Tam sai e = L —\/E Hinh 131

a 2

Cac du'omg chudn : x = +— = i—

5
b) e Phuong trinh dudng thing AN : nx — 4y +2n = 0.
Phuong trinh dudng thang A,M : mx + 4y — 2m = 0.

e Toa do giao di€m / 12 nghiém cta hé :

} ' . x_2(m—n) T _
- |mx—4y+2n=0 - —
’ = m+n .Vay I = 2m n); R,
mx+4y-2m=0. m+n "m+n

C m+n _
¢) Phuong trinh dudng thing MN : (21— m)x —dy +2(m +n)=0.
MN cit (E) tai mot diém duy nhdt khi va chi khi he

(n-m)x—-4y+2m+n)=0 (1)

2, c6 ding moét nghiém.
- =l ' (2)
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1
1)=>y= Z[(n — m)x + 2(m + n)], thay y vao (2) ta duoc :

X%+ 4.%[@ —mx+2m+n) =4

& [(n —m)? +41x% + 4(n* — mP)x + 4(m + n)> — 16 = 0. (3)

(3) ¢6 mot nghiém khi va chi khi A" = 0 hay

4n* = mh? —[(n —m)® + 41.[4(n + m)* — 16] =0
< mn=1. | @
x=—2(’”—”_) (5)
Suy ra toa d6 cta I la m+n
'. _omn 1 ©6)
y= m+n m+n
2 2 2 2
(5)2x_:(m n)2=m 2mn-2kn
4 (m+n) (m+ n)
2 4mn X2 2 L s
(6) > 4y" = ———. Do d6 — +4y“ =1. Vay tap hop cic giao diém /
(m + n) 4
52 yz‘
la elip (E") ¢6 phuong trinh : 2T 1.
4

107. Chon hé truc toa d6 Oxy ma Ox di
qua A va B, Oy la dudng trung truc
cta AB nhu hinh 132a. Ki hiéu d, 1a
quing duong am thanh di dugc tu

vu nd dén thiét bi A, d, 1a quang
dudng 4m thanh di dugc tr vu nd
dén thiét bi B, d; va d, tinh theo
feet. Khi d6, do thiét bi A nhan 4m
thanh nhanh hon thi€t bi B 2 gidy
néntacé :

d, — d; = 2200. (1) Hinh 132a

\
B, A
3000 2000 O 2000 3000  x

183



108.

184

Céc diém thod min (1) nim trén mot nhanh
ctia hypebol c¢6 phuong trinh :

LA
a’>  b? .
Tacdé:c= ¥=2640,a:¥=1100,

b? = c? — a® = 5759600.
Vay vu né nim trén mot nhanh cla
hypebol c6 phuong trinh :

2 2
X y 1

1210000 5759600
Nhdn xét. Trén day ta chi x4c dinh dugc mot nhdnh ctia hypebol ma trén dé
vu né x4y ra, nhung khong biét chinh x4c vu né xay ra & dau. Tuy nhién, néu
ta ding mot thiét bi thit ba C dé ghi 4am vu né thi ta s& x4c dinh dugc mot
nhanh ctia hypebol thit hai véi tiéu diém 1a B va C (hoéc A va C). Khi d6 vi tri
ctia vu né duoc xdc dinh tai diém ma hai nhdnh trén cét nhau (h. 132b).

Hinh 132b

(h. 133)
a)a’=4=a=2,b0"=9>b=3, _ y
C2=612+b2=132>6=\/ﬁ' D
Vay (H) c6 cac tiéu diém : F| = (—\/E;O), |
F, = (J13;0), tﬁmsaie:f—:ﬁ, .
a 2 7 g
cac dudng tiém can : y = ibzx = i%x, cac C
. a 4

duong chuan: x = t— = £+ ——.

s e I3 / 8
b) Tir gid thict suy ra A: y = kx, A': y = _%x, Hinh 133

e Hoanh do giao diém cla A va (H) 1a nghiém ctia phuong trinh :
9x% — 4k°x = 36 < (9 - 4kDx* = 36. (1)

o Tung do giao diém cla A’ va (H) 1a nghiém clia phuong trinh :
Ok*y* — 4y* =36 < (9K — 4)y* = 36. (2)



A cét (H) khi va chi khi (1) ¢6 nghiém, hay 9—4k¥>0 < —% <k< —:i

2
] A k>%
A' cat (H) khi va chi khi (2) c6 nghiém, hay 9%* — 4 > 0 & ,
| k< -
<73

—%<k<—§- —§-<k<—g

Vay A va A’ déu cat (H) khi va chi khi , L 22 . 3

k<—§h0@Ck>§ §<k<§.

¢) Goi A va C la cac giao diém cta A va (H) (x4 > 0) ; B va D 1a cic giao
diém cha A' va (H) (yz < 0). |

Do (H) nhan O lam tam d6i xing, nén OA = OC, OB = OD, do 46 ABCD
la hinh binh hanh. Lai ¢6 AC vuéng géc v6i BD nén ABCD la hinh thoi.

2 2
X y _
Giéi hé cdc phuong trinh cia Ava (H): 14 ~ 9 1
| y ok
taduch=[ 6 ; 6k J
Vo — 4k o - ak?
2y
Gii hé céc phuong trinh clia A" va (H) : { 4 19
| y=-Lx
k -6
ta dugc B = 6 ; ]
Jok? — 4 Nok? 4
Ta Cé SABCD=4S0AB=2OA'OB'
rr1.2 2
1 6Nl + k
0A2= xf2x+yf2‘ =ﬂ—+2—) = 0A = —————-
9 -4k 4K* - 4
K +1 6v1 + k2
OB® = x§+y§ =w —~OB= —~—_.
9" -4 9% - 4
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72(1 + k%) .
JO — 439k — 4)

Vay Sapep =

d)Tac():'12+ 12=9 4k +9I; 4
OA OB“ 36(1 + k%)
Vay%%lo‘nnhatQOA OB.
OA“ OB
1
Ma — ———
0A% OB?

16n nhat < OA.OB nho nhdt < S,p-p nho nhit.

Vay S,igcp nhé nhit <> OA = OB < 9 — 4k* = 9%k* -4 & k = 1.
Vay dién tich hinh thoi ABCD nho nhat khi-cdc dudng théng A va A'la cac
duong phan gidc ctia géc phan tu thi nhat va thit hai.

109. a) (h. 134) Goi M, N la céc giao diém
clia (P) va dudng thang vubng goc véi
Ox tai F. Khi d6, toa do cua M, N la

p

. , X
nghiém cua hé 2
y2 = 2px.

Hé c6 hai nghiém I [—g;pj, (g;-p). |

Vay MN =|yy| +|yn|= 2p.
a2
b)(h.135) Gidsit A=| 53 a|, B=

Phuong trinh dudng thiang BC 1a
2px —(b+c)y+bc=0. 1)

2 2
AB=[b a ;b-aJ,
2p _
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2
L
2p

Ay

Hinh 134

2
c
Y C: et .
Ay B

A

C

Hinh 135
13B- BT HINH HOC (NC)



AB L AC & AB.AC =0 (b - a)(r —a®) +4p*(b-a)c-a) =0

Sb+a)(c+a)+ 4p* =0 <bc+ab+c)+a +4p* =0. (2)

Riit bc tir (2) va thay vao (1), ta duge phuong trinh cia BC la

2px—a2—4p2—(b+c)(y+a)=0

3)

Dé thdy dudng thing BC c6 dang (3) luén di qua diém c6 dinh

2

2
a
M —+2p ;~a].

B&i t&p trdc nghiém chuong Il

1. (C)
6. (D)
11. (B)
16. (D)
21. (D)
26. (B)

2. (B).

7. (A)

12, a) (D), b) (C)
17. (A)

22. (O

27. (A).

3. (D)
8. (D)
13. (C)
18. (B)
23. (B)

4. (O
9. (O
14. (B)
19. (D)
24. (C»

5. (D)
10. (A)
15. (C)
20. (A)
25. (B)
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BAI TAP ON TAP cUOI NAM

A. BE BAI
Cho hinh thang ABCD vuong tai A va B, AB = AD = —;-BC =1. Dat

AB=b,AD =d.

a) Biéu thi c4c vecto sau day theo hai vecto b va d : BD, BC, DC, AC.

b) Goi M la trung diém cta AB, N lé diém sao cho DN = %DC . Ching
minh AN//CM va BN //DM. |

c¢) Tinh dién tich hai tam giac ANB va DNC.

d) Tinh dién tich hinh binh hanh tao bdi céc dudng thédng AN, CM, BN, DM.
Cho tam gidc ABC. Chiing minh ring :

a) a =bcosC + ccosB ;

b) sinA = sinB cosC + sinCcosB ;

¢) h, = 2R sinBsinC ;
d) be(b® — c*)cos A + ca(c? — a*)cos B + ab(a* — b*)cosC = 0 ;
e) Néu H la truc tam tam gidc ABC thi :

BC? + HA? = CA? + HB* = AB? + HC>.

Tam gidc ABC c6 trung tuy€n AA;, dudng cao BB, va phan gidc CC, déng
quy. Tim hé thic lién he giita ba canh clia tam gic.

Trén cac canh AC va BC cua tam gidc ABC ldn lugt 14y céc diém M va N

sao cho ﬂ = NC = k, trén MN 14y diém P sao cho % = k. G01 S, S,.

va S, 14n lugt 1a dién tich céc tam gidc ABC, APM va BPN. Ching minh |
¥5 - 35 + 5.

Cho tam gidc ABC v6i BC = a, AC = b va AB = c. Ké duong phan gidc AD,
biét b' = DC, ¢' = DB. bat l = AD.

a) Tinh / theo b, ¢, b', ¢

b) Tinh [/ theo a, b, c.



Cho duong tron (O ; R) va mot dudng thing d khong cat duong tron dé.
Mot diém [ thay ddi tren d. Ké tiép tuyén IT t6i dudng tron véi T 1a tép
diém. Goi (/) 1a duong tron tam / ban kinh r = IT. Chidng minh rang céc
dudng tron (/) luén ludn di qua hai diém ¢ dinh khi / thay déi.

Trong mat phéng toa d6 Oxy cho hai dudng thang A(m) va A'(m) phu thuoc
vao tham s6 m, c6 phuong trinh l4n luot 1a :

A(m): V1 —m2x—my =0,

A'(m) : \ll—mzx—(m+1)y+ 1 - m? =0,

- trongddé -1<m<1.

a) Chimg minh rang khi m thay d6i, dudng thang A(m) luon di qua mot
diém c@ dinh va dudng thdng A'(m) ciing luon di qua mot diém c6 dinh.

b) Tim toa do giao diém M cta A(m) va A'(m).

¢) Ching minh rang khi m thay déi, diém M luén nim trén mot dudng tron
cd dinh.

d) Véi gid tri nao cia m thi gbc gilta hai dudong thing A(m) va A'(m)
bang 60° ?

Cho dudng tron (6) c6 phuong trinh X+ y2 -4x+3=0.

“a) X4c dinh toa d¢ tam va tinh ban kinh clia dudng tron (6.

b) Viét phuong trinh duong tron (€") doi xuing v6i dudng tron (6) qua
dudng thang 4x — 3y =0. :

¢) Goi M 1a diém c6 toa do M = (0 ; m). Goi MT va MT" 1 hai tiép tuyén
cha (6). Viet phuong trinh dudng thang di qua hai ti€p diém T va T |

Ching minh rang dudng _théng TT' ludn di qua mot diém c6 dinh.

Cho phuong trinh : x> + y* — 2mx — 2(m +1)y + 4m = 0. (1)

a) VGi gid tri nao cta m thi (1) 1a phuong trinh cia mét dudng tron trong
hé¢ toa d6 Oxy ?

b) Khi m thay déi, tim quy tich tam cta cic duong tron (1).

¢) Ching minh ring céc dudng tron (1) luén di qua hai diém c6 dinh.
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10.

11.

Trong hé toa do Oxy cho bén diém P(3; 2), O(-3; 2), R(=3; - 2), S(3; -2).
a) Vi€t phuong trinh elip (E) va hypebol (H) cung cé hinh chit nhat co s&
1a PORS.

b) Tim toa d6 giao diém cuha elip (E) véi cic dudng tiém can cia
hypebol (H).

Trong hé truc toa d6 Oxy, cho diém F = (1; 1) va d 1a dudng trung truc ciia
doan thang OF. Viét phuong trinh dudng conic cé tieu diém F, dudng chudn
d va c6 tam sai 14n luot 12 : '

a)e=+2: b)e=1: c)e=i.

N

B. LOI GIAI - HUGNG DAN - PAP SO

1. a)BD=AD-AB=d—-b; BC =2d:DC=BC-BD=2d—(d—b)=b+d.

190

AC = AB+ BC = b + 2d.

b) Ta ¢cé
W:W—R:%—(Mz&):—b*;‘i,
AN =AD+DN =g+2%d _b+4d_ 27p

3 3 3
Vay CM //AN.
DV -AM -AaD=2_G-2-2d

2 o2

BN -BD+DN=d-p+ 32 ="214 _ 35

Vay DM //BN.

c)  Goi .(0 la géc hogp baoi NA vaNB , ta c6 cosp = —

(b+4d)(-2b+4d) _-2+16 14
9 9 T

Theo cau b) ta c6 NANB =



Suyra: cose

-
NTh

Vay sing = /1 - cos2¢) = 76_—-

85

Vay Sunvg = %NA.NB.sin(p =

1
-

Vay:  Seyp = %MC.MD.sin(p =

d) Do M la trung diém cla AB nén hinh binh hanh ciing nhan céc trung
diém cia NA va NB lam dinh. Vay dién tich hinh binh hanh dé béang nita

dién tich tam gidc ANB hay bang %

2.a)Tac6R=E4'+R.

Bing c4ch nhan hai vé€ v6i BC ta dugc :

_— — —

—_2
BC = BA.BC + AC.BC < a* = ca.cosB + bacosC
< a = bcosC + ccosB.
b) Thay a = 2R sinA, b = 2RsinB, ¢ = 2RsinC vao cong thic cu6i J cau a),
ta dugc diéu cin chitng minh.

¢)Tacéah,=25= ‘;’;f _ @2R S‘"flfR SINC. oy 1, = 2Rsin BsinC.
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d) Cha y ring 2bccosA = b® + ¢* — azl va tir cdc cong thic tuong tu, ta c6 :
bc(b2 - 'cz)cosA + ca(c2 - az)cosB + ab(a2 - bz)cosC =
- %[(b2 N P |
(- P +d -bD) + (@ - b+ bR —ch)]=0.
¢) BC? + HA® = CA® + HB® <> BC ~ CA = BH - HA'
& (BC + CA)(BC - CA) = (BH + HA)(BH - HA)
o BA(BC - CA) - 537 - 7). B
Néu ta goi C' 1a chan dudng cao ha tr C cla tam gidc ABC thi
vecto BC — CA va vecto BH — HA c6 hinh chiéu trén duong thing BA déu
1a BC' — C’A. Vay déng thic (*) dugc ching minh va do d6
BC? + HA? = CA* + HB.
Ding thitc con lai chitng minh tuong tu.

3. (h.136)Tadat: CA=ii, CB =".

‘Khi d6 [d]=CA=b va |§|=CB=a Gia st
trung tuyén AA, cit phan gidc CC tai /, khi d6
IA_CA_2 |
1A, CA a

hay 1a aJA = 2b.JA;. Vi I ndm giita A va A,
nén a.JA = —2b.JA, -

Hinh 136

& a(CA- i) = ~25(ca - Ci).

— a.a+2bC—Al_az'i+bx7
Suy ra C1 = a+2b  a+2b’

Do dé6 ta co

aﬁ'+b\7_‘7_aﬁ—(a+b)17
a+2b  a+2b

Vi dudng cao BB, di qua I nén BI.CA = 0, hay [az_i —(a+ b)?)].z'i =0.

Bl = CI - CB =
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Suy ra :

aii* = (a+b)iv =0 = ab® - (a+ byabcosC = 0
= ab® ——;—(a +b)a® +b* —cH =0
= 2ab? ~a(a® + b? —¢2)— b(a* + b° ~cH=0
= -a@® - b* =)= b@® + b —?)=0

Vay ta cé lién hé : a(—a2 +b%+ cz) = b(a2 +b% ~ cz).

e .. AM '

h. 137) Tt gia thiét —— = :
( ). TUr gid thié ME k, ta suy ra
AM _ ko MC_ 1

AC  k+1 AC  k+1°
Tuong tu nhu thé :

NC__k_NB__1 PM_ &
BC k+1" BC k+1"MN, k+1

PN_ 1 Hinh 137
MN ~ k+1
Tu dé suy ra:
k ko k
S1= Sapu = g Samn = oy Sacw
_k ko koo (K 35
kU k+1k+1748C T k1)
1 3
Tinh todn tuong tu, tacé S, =(m] S.
Vay 5
'- k 1
3 3¢ — 3 3 - s
s+ k+1‘/§:’k+1‘/§ Us )

(h. 138) a) Goi (O) la duong tron ngoai ti€p

tam gidc ABC. Tia AD cit (O) tai E. Tacé B D ¢
AD.DE = DB.DC, titc 1a :

E
.DE=bc. Hinh 138
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Dé thdy hai tam gidc AEC va ABD d6ng dang, do dé :

% - % hay bc = 1 (I + DE) = P + LDE = P+ b’

Vay ta c6 P =bc —b'c hay /= Vbc-b'c'.

b) Theo tinh chat dudng phan gidc ta c6 :

b_b

¢' ¢
Tirdo, tacéd :
b' b ¢ Suv ra b' = ab o= ac
b+c b+c btc bac oW " b+c¢’  b+c

Vay tir ciu a), ta c6

2
= Ibe— a bc2
b+o)
\/bc[(b +0)? - a2]
- b+c )

(h. 139) Tir O ké dudng thing
vubng géc vé&i d tai H. Hai
tam gidc vuong OHI va OTI
c6 chung canh huyén OI, con
OH > OT = R (vi d khong cét
(0)).SuyralH < IT.

Hinh 139

Viy dudng thing OH cét dudng tron (/) tai hai diém A va B nao dé d6i
xtng v6i nhau qua d.

Tacé OT = OA. OB = (OH + HA)(OH + HB)
o R = (0H + HA)(OH - HA) = OH? — HA.

Bdi vay, néu dat OH = h thi HA = HB = Vh* — R* . Suy ra (I) di qua hai
diém A, B c6 dinh.



a) Hién nhién duong thang A(m) luén luon di qua goc toa do O. Phuong

trinh ctia A'(m) c6 thé viét dudi dang : V1 -m?(x + 1) - (m + 1)y = 0, nén
A'(m) luén di qua diém (-1 ; 0).

b) Giai he V1—m?x —my =0
\ll—mzx—(m+1)y+ 1-m? =0

ta duoc giao djémMcétoadQ x=mvay=+l-m?.

¢) Theo cau b), toa do (x ; y) chia M thoa man diéu kién X+ y2 =1.VayM
luén ndm trén dudng tron tam O ban kinh R = 1.

~d) Goi ¢ la géc giita hai dudng thang A(m) va A'(m) thi :

}(Vl—m2)2+m(m+1)r _m+q md

cosQ =

Ja=m¥ +m2Jd—m®) 4 m+12  2m+1) 2
40 _l m+1_l __l
@ =60 <:>co_5(p—2<:> > —2<:>m— >

1
A\ =— —,
ayms=- -
2) Tam dudng tron 13 /(2 ; 0), ban kinh R = 1.
b) Pudng tron (%') c6 ban kinh bang 1 va c6 tam I' 1a diém d6i ximg véi / qua

dudng thing d : 4x — 3y = 0. Gia st I' = (x ; y) thi vecto I = (x—-23y)
phdi vudng goc vdi vecto chi phuong cllad 1a i = (3;4), tic 1a 3(x—2) +4y=0, -

hay 3x+4y-6=0. (D
, 2 s < s

Ngoai ra trung di€ém cha /I'la P = (%,%J phéi nam trén d, tic 1a :

w—z’z—yﬂ hay 4x — 3y + 8 = 0, )
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48

. . . S 4
Giai hé hai phuong trinh (1) va (2) ta duoc toa do I' 1a x =—;—5, y= 25"

14Y? 48\
Vay phuong trinh dudng tron (€ 1a (x + 2—5J + [y - _EJ =1.

¢) Hién nhién hai ti€p diém T va T" déu nim trén dudng tron (€)) c6 dudng

kinh 1a MI. Pudng tron d6 c6 tam 12 trung diém Q ciua MI, Q = (1 ,%J
m2
va c6 badn kinh r = QI = 4|1 + vk Vay (%l) c6 phuong trinh :

2 2 .
(x—1)2+[ —%J =1+% hay x2+y2—2x—my=_0.

Hai ti€p di€m T va T" 12 giao diém cia hai dudng tron (6) va (€)) nén toa
d¢ cua chiing 1a nghiém cua heé :
x2+y2 -4x+3=0

{xz +y2 —2x-my=0. .
Tir hai phuong trinh trén, ta suy ra 2x —my -3 = 0. *)
Toa d6 cua T va T' la cac nghiém cla hé phuong trinh trén nén ciing 1a
nghiém cta phuong trinh (*). Suy ra (*) chinh 12 phuong trinh cia dudng
thang TT'. Pudng thing d6 ludn di qua diém c6 dinh S(% ; Oj.

a) Viét (1) dudi dang :
x=m+ @y -—m—12=m*+m+1)—dm=m>+(m~ 1>
Vi m2+(m—1)2>0,
vOi moi m nén (1) 1a phuong trinh dudng tron véi moi m.
b) Tam I cia dudng tron (1) cé toa dd : x=m ; y =m + 1. Suy ra quy tich
cdc diém I 1a dudng thiang c6 phuong trinh y = x + 1.
¢) Ta tim cap s6 (xg; yg) sao cho xg + Yo — 2mxy — 2(m + Dyg +4m =0

v6i moi m.



10.

11.

Bi€n déi dang thic trén ta c6 : 2m(2 — xy — yp) + X5 + Y2 — 2y, = 0 véi

moi m.

Tir d6 suy ra : 2 —xy — yo = 0 va x” + yy° — 2y, = 0. Giai ra ta c6 hai cip

s6 (1; 1) va (0; 2) 1a nghiém. Vay dudng tron (1) luon di qua hai diém cd

dinh A(1; 1) va B(0; 2).
a) Truc 16n cua (E) 1a 2a = PQ‘= 6, va truc bé 1a 2b = QR = 4. Vay a = 3,

b =2. Elip (E) c¢6 phuong trinh

2 2
9 4
2 2
Tuong tu (H) c6 phuong trinh — — yT =1
) x? y
b) Hai dudng tiém céan cua (H) c6 phuong trinh chung 1a 5T T" 0.

Giai hé gom hai phuong trinh (ca (E) va clia hai dudng tiém céan), ta tim
dugce toa do cuia bén giao diém la

(F0) (o) (-4 (-]

Puong trung truc d ctia OF c6 nhién di qua diém (0 ; 1) va.(1 ; 0) nén d
c6 phuong trinh x + y —1 = 0. V6i moi diém M(x ; y), goi MH la

x+y—ﬂ

khoang cach tir M dén d thi MH = | 7% va khoang cach tir M dén F

12 MF = \J(x—1 +(y—1)2.

a) Conic c6 tam sai e = V2 1a mot hypebol. Ta c6 :

11:44; 2 & MF? =2MH? & (x=1? +(y=1 = (x+y-1)* © 2xy=1.

2 . af 1 . ,
Vay hypebol d6 c6 phuong trinh 2xy = 1, hay cling ¢6 thé viét y = 3% bo
1a hypebol da biét & cip Trung-hoc co s6.
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b) Conic c6 tam sai e = 1 12 mot parabol. Ta c6 :
MF 2 2

— = MF- =M

M 1< H

o x-D2+ (-1

= S+ y =17
o x4y -2y -2x-2y+3=0.
Parabol c6 phuong trinh 1a (x — y)? = 2(x + y) + 3 =0

¢) Conic c6 tam sai e =

1a duodng elip. Tacé :
\2
MF 1 2 2
MA =[5 < 2MF° = MH

SAx-1D2+4y -1 =(x+y-17

S 3x%+y)) - 2xy—6(x+y)+7=0.

198



MUC LUC

Lgi néi dau

Chuong | - VECTO

§1,
§4.
§5.

§2, §3 : Vecto, tdng va hiéu clia hai vecto
Tich clla mét vecto véi mét s6
Truc toa d6 va hé tryc toa do

Bai tap 6n tap chuong |

Chuong I1 - TICH VO HUGNG CUA HAI VECTO

§1.
§2.
§3.

VA UNG DUNG

Gia tri luong giac clia mét goc bat ki (tr 0 dén 180°)
Tich vé hudng clia hai vecto
Hé thlc lugng trong tam giac

Bai tap 6n tap chuadng ll

Chuong /Il - PHUONG PHAP TOA DO TRONG MAT PHANG

§1.
§2.
§3.
§4.
§5.
§6.
§7.

Phudng trinh téng quat cla dudng thang
Phuong trinh tham sé cGa dudng thdng
Khoang cach va géc

Pudng tron

Puong elip

Puong hypebol

Pudng parabol

§8. Ba dudng coénic

Bai tap o6n tap chuong Ill

Bai tap on tap cudi nam

bé
bai

12
14

38
39
46
51

99
101
104
107
109
113
17
119
121
188

L& giai -
Hudng dan -
Pap sé

17
19
33
36

54

56
77
91

128
134
139
148
157
164
173
176
179
190

199



Chiu trdch nhiém xudt bdn :

Bién tdp lan ddu :

Bién tdp tdi bdn :

Bién tap ki thudt va trinh bay :
Trinh bay bia :

Siza bdn in :

Ché'ban :

Cha tich HDQT kiém Téng Gidm déc NGO TngN Al
Ph6 Téng Gism d6c kiem Tdng bien tap NGUYEN QUY THAO

NGUYEN TRONG THIEP - PHAN THE MINH NGUYET
PHAN THI MINH NGUYET

NGUYEN THANH THUY

BUI QUANG TUAN

PHAN THI MINH NGUYET _

CONG TY CP THIET KE VA PHAT HANH SACH GIAO DUC

BAI TAP HINH HOC 10 (NANG CAO)

“Ma s8 : NBOO4TH

In 10.000 cudn (QDOSBT/KH11) kh§ 17 x 24 cm,
tai Céng ti ¢ phan in Nam Dinh. _

S§ in: 17. S8 xuAt ban: 01-2011/CXB/851-1235/GD.
In xong va ndp luu chiéu thang 4 nam 2011.






HiB

A

HUAN CHUONG HO CHi MINH CHAT LUQNG QUOC TE

g VUONG MIEN KIM CUONG

SACH BAI TAP LGP 10

1. BAI TAP DAl S0 10 6. BAI TAP TIN HOC 10

2. BAI TAP HINH HOC 10 7. BAI TAP TIENG ANH 10
3. BAI TAP VAT L{ 10 8. BAI TAP TIENG PHAP 10
4. BAI TAP HOA HOC 10 9. BAI TAP TIENG NGA 10

5. BAI TAP NGU VAN 10 (tap mot, tap hai)

SACH BAI TAP LOP 10 - NANG CAO

« BAI TAP DAI SO 10 « BAI TAP HOA HOC 10
« BAI TAP HINH HOC 10 « BAI TAP NGU VAN 10 (tap mét, tap hai)
o« BAI TAP VAT Li 10 « BAI TAP TIENG ANH 10

Ban doc co thé mua sach tai :
e Cac Cong ty Sach - Thiét bi truong hoc ¢ cac dia phuong.
e Cong ty CP Pau tu va Phat trién Gido duc Ha Noi, 187B Giang V5, TP. Ha Noi.
e Cong ty CP Péu tu va Phat trién Gido duc Phuong Nam, 231 Nguyén Van Cir, Quan 5, TP. HCM.
e Cong ty CPBiu tu va Phét trién Gido duc Da Ning, 15 Nguyén Chi Thanh, TP. Ba Néng.
hoac cac cua hang sach cua Nha xuat ban Giao duc Viét Nam :
— Tai TP. HA N6i ¢ 187 Giang V& : 232 Tay Son ; 23 Trang Tién ;
25 Han Thuyén ; 32E Kim Ma ; )
14/3 Nguyen Khanh Toan ; 67B Cua Bac.
—Tai TP. Pa Néang : 78 Pasteur ; 247 Hai Phong.
—Tai TP. H6 Chi Minh : 104 Mai Thi Lyu ; 2A Dinh Tién Hoang, Quén 1 :
240 Tran Binh Trong ; 231 Nguyén Van Cu, Quén S.
— Tai TP. Can Tho : 5/5 Pudng 30/4. '
— Tai Website ban sach truc tuyén : www.sach24.vn
Website: www.nxbgd.vn

e

A

R

Gia: 11.300d


http://www.sach24.vn

	SÁCH GIÁO KHOA BÀI TẬP HÌNH HỌC 10 NÂNG CAO (BÀI TẬP HÌNH HỌC LỚP 10 NÂNG CAO)
	MỤC LỤC
	CHƯƠNG I. VECTƠ
	CHƯƠNG II. TÍCH VÔ HƯỚNG CỦA HAI VECTƠ VÀ ỨNG DỤNG
	CHƯƠNG III. PHƯƠNG PHÁP TỌA ĐỘ TRONG MẶT PHẲNG

