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Day Ici cudn sach bai tap dung cho hoc sinh hoc theo chucng 
trinh Toan nang cao Idfp 10. 

Cac bai tap trong sach dxSOc sap xep theo cac chtfcfng, muc 
cua Sach giao khoa Hinh hoc 10 Nang cao. 

Phan ldn cac bai tap trong sach nham cung cd kien thijfc va 
ren luyen ki nang giai toan cho hoc sinh theo muc tieu cua 
chifdng trinh va SGK Hinh hoc 10 nang cao ; nhOrig bai tap 
nay tiicfng tii nhif cac bai tap trong SGK. Vi vay, hoc sinh lam 
dxiOc cac bai tap do se co (finh hifdng de giai cac bai tap 
trong SGK. Ngoai ra con c6 mot sd bai tap danh cho hoc sinh 
kha, gidi. 

Cudi moi chucflng co cac bai tap trac nghidm. Mdi bai cd bdn 
phifdng an tra Idi, trong do chi cd mot phifcfng an dung. 
NhiSm VU cua hoc sinh la tim ra phiicfng an dung do. 

Cac tac gi^ chan thanh c^m On nhdm bien tap cua ban Toan, 
Nha xuat ban Giao due tai Ha Noi da giup dd rat nhilu di. 
hocin thi^n cudn sach nay. 

Cdc tdc gid 





hitang I. VECT0 

A. CAC KIEIV THlfC CO BAM VA i l l BAI 

§1, §2, §3 : Vectd, tdng va tiieu cua tiai vecto 

I - CAC KÎ N THac CO BAN 

1. Cdc dinh nghia : Vecta, hai vecta cting phucmg, hai vecta cUng hudng, 
vecta - khdng, dd ddi vecta, hai vecta bdng nhau. 

2. Dinh nghia tdng cua hai vecta, vecta ddi cua mgt vecta, hieu cua hai 
vecta. Cdc tinh chdt ve tdng vd hieu cua hai vecta. 

3. Cdc quy tdc : 

Quy tdc ba diem : Vdi ba diem A, B, C tu^ y, ta ludn cd AB + BC = AC. 

Quy tdc hinh binh hdnh : Ne'u ABCD Id hinh binh hdnh thi AB + AD = AC. 
Quy tdc vehieu hai vecta: Cho hai diem A, B thi vdi mgi diem O bdt ki ta co 

AB = OB-dA. 

II-D^BAI 

1. Cho hai vecto khdng ciing phircmg a vk b . C6 hay khdng m6t vecta cung 
phucmg vdi hai vecta dd ? 

2. Cho ba didm phan biet thang hang A, B, C. Trong tnicmg hop nao hai vecto 

AB vk AC cung hudng ? Trong trudng hop nao hai vecto dd nguoc hudng ? 

3. Cho ba vecto a, b, c ciing phuong. Chiing td rang cd ft nh^t hai vecto 
trong chting cd ciing hudng. 

4. Cho tam gidc ABC nOi ti^p trong dudng trdn iO). Goi H la true tam tam 
gidc ABC va 5 ' la dilm ddi xiing vdi B qua tam O. Hay so sinh cac vecto 

AH vkWc,AB' vkliC. 



—» 
5. Chiing minh rang vdi hai vecto khdng ciing phuong a va b ,tac6 

\d\ - \b\ <\d + b\< \a\ + \b\. 

Cho tam giac OAB. Gia sii OA + OB = OM, OA-OB = ON. Khi nao 
diem M nam tren dudng phan giac cua gdc AOB ? Khi nao dilm Â  nam trSn 
dudng phan giac ngoai cua gdc AOB ? 

Cho hinh ngu giac diu ABCDE tam O. Chiing minh rang 

OA + OB + OC + OD + OE ^0. 
Hay phat bilu bai toan trong trudng hop n-giac diu. 

Cho tam giac ABC. Goi A' la dilm ddi xiing vdi B qua A, B' la dilm ddi 
xiing vdi C qua B, C'lk diim ddi xiing vdi A qua C. Chiing minh rang vdi 
mdt dilm O ba't ki, ta cd 

OA + OB + OC ^ OA' + OB' + OC. 
9. Mot gia dd duoc gan vao tudng nhu hinh 1. 

Tam giac ABC vudng can d dinh C. Ngudi 
ta treo vao dilm A mdt vat nang 5N. Hdi cd 
nhiing luc nao tac dOng vao biic tudng tai 
hai dilm BvaCl 

10. Cho n dilm trdn mat phang. Ban An ki hi6u 
chung la A^, A2,..., A„. Ban Binh kf hiSu 
chiing laBi,B2,...,B„. Chiing minh rang 

_B 

5N 

Ai^i + A2B2 + ... + \B„=0. Hinh 1 

§4. Tich cua mot vecto v6i mdt so 

I - CAC KIEN THac CO BAN 

1. Dinh nghia tich cua vecta vdi mot sdvd cdc tinh chdt. 

2. Tinh chdt cua trung diem ': 

-Diem I la trung diem cua doan thdng AB khi vd chi khilA + lB = 0. 

- Neu I la trung diem cua doan thdng AB thi vdi mgi diem O ta cd 

20/ = 04 + 0 5 . 



3. Tinh chdt cua trgng tdm tam gidc : 

- Diem G Id trgng tdm tam gidc ABC khi vd chi khi GA + GB + GC = 0. 

- Ni'u G Id trgng tdm tam gidc ABC thi vdi mgi diem O ta cd 

3dG = OA + 0B + dC. 

4. Dieu kien de hai vecta cUng phuang : Dieu kien cdn vd dii de vecta b 

ciing phuang vdi vecta a i^ 0 la cd mgt sdk sao cho b = ka. 

Dieu kien de ba diem thdng hdng : Ba diem phdn biet A, B, C thang hdng 

khi vd chi khi hai vecta AB vd AC ciing phuang. 

5. Bieu thi mdt vecta theo hai vecta khdng cUng phuang : 
—• 

Cho hai vecta khdng cUng phuang a vk b . Khi dd vdi vecta x bdt ki, ludn 

cd cap sd duy nhdt mvdn sao cho x = ma + nb. 

ll-DiBAl 

11. Cho ba dilm O, M, N vk s6k. L^y cac dilm M' vk N' sao cho 

OM' = kOM, ON' = kON. 

Chiing minh rang M'N' = kMN. 

12. Chiing minh rang hai vecto a vk b cing phuong khi va chi khi cd cap sd 

m, n khdng ddng thdi bang 0 sao cho ma + nb = 0. 

Hay phat bilu dilu kien cdn va dii dl hai vecto khOng cung phuong. 

13. Cho ba vecto OA, OB,OC cd dd' dai bang nhau vk OA + OB + OC = 0. 
Tfnh cac gdc AOB, BOC, COA. 

14. Chiing minh rang vdi ba vecto tuy y a, b, c, ludn ludn cd ba sd a, p, y 

khdng ddng thdi bang 0 sao cho aa + pb + yc =0. 

15. Cho ba dilm phdn biet A, B, C. 

a) Chiing minh rang nlu cd mdt dilm / va mOt sd t nao dd sao cho 

lA = tlB + il- t)lC thi vdi moi dilm /', ta cd 

Vk^tTB + il- t)Tc. 

b) Chiing td rang lA = t7B + il- t)lc la dilu kien cdn vk dii dl ba dilm A, 
B, C thing hdng. 
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16. Dilm M goi la chia doan thang AB theo tis6 kji=l ndu MA = kMB. 

a) Xet vi tri ciia dilm M ddi vdi hai dilm A, B trong cac trudng hop : 

i t<0 ;0<A:< 1 ; ^ > 1 ; k = -l. 

b) Nlu M chia doan thang AB theo ti sd ^ (^ ;̂  1 vd ^ ^̂  0) thi M chia 

doan thang BA theo ti sd ndo ? 

c) Nlu M chia doan thdng AB theo tis6 kik jt ivk k ^ 0) thi A chia doan 

thang MB theo ti sd ndo ? 5 chia doan thang MA theo ti sd ndo ? 

' d) Chiing minh rdng : Ne'u dilm M chia doan thang AB theo ti sd ^ t̂ 1 thi 
vdi dilm O bdt ki, ta ludn cd 

OA-kOB 

17. Cho tam giac ABC. Goi M, N, P ldn luot la cdc dilm chia cdc doan thang 
AB, BC, CA theo ciing ti sd ^ 9̂  1. Chiing minh rang hai tam gidc ABC vk 

MNP cd Cling trong tdm. 

18. Cho ngu gidc ABCDE. Goi M, N, P, Q ldn luot Id trung dilm cdc canh AB, 
BC, CD, DE. Goi / vd / ldn luot la trung dilm cdc doan MP vk NQ. 

Chiing minh rdng / / // AE vk IJ = -rAE. 

19. Cho tam gidc ABC. Cdc dilm M, N, P ldn luot chia crdc doan thang AB, 

BC, CA theo cdc ti sd ldn luot la m, n, p (diu khdc 1). Chiing minh rdng 

a) M, N, P thdng hdng khi vd chi khi mnp = 1 iDinh li Me-ne-la-uyt); 

b) AN, CM, BP ddng quy hodc song song khi vd chi khi mnp = - 1 iDinh li 
Xe-va). 

20. Cho tam gidc ABC vk cdc dilm A^, By, Cj ldn luot nam tren cac dudng 

thang BC, CA, AB. Goi Aj, B2, C2 ldn lugt Id cac dilm ddi xiing vdi Aj, fij, 

Ci qua trung dilm cua BC, CA, AB. Chiing minh rdng 

a) Ne'u ba dilm A1, B^, Cj thdng hdng thi badilm Aj, B2, Cj cung th^; 

b) Ne'u ba dudng thang AA^, BB^, CC^ ddng quy hodc song song thi ba 

dudng thang AA2, BB2, CC2 ciing thd. 



21. Cho tam gidc ABC, I Id trung dilm cua doan thing AB. Mdt dudng thang d 
thay ddi ludn di qua /, ldn lugt cat hai dudng thang CA vk CB tai A' va 5'. 
Chting minh rdng giao dilm M cha AB' vk A'B nam tren mdt dudng thdng 
cd dinh. 

22. Cho dilm O ndm trong hinh binh hanh ABCD. Cac dudng thing di qua O 
va song song vdi cac canh cua hinh binh hdnh ldn lugt cat AB, BC, CD, DA 
tai M, N, P, Q. Goi E la giao dilm cua BQ vk DM, F Id giao dilm ciia BP 
vk DN. Tun dilu kien dl E, F, O thing hang. 

23. Cho ngii gidc ABCDE. Goi M, N, P, Q, R ldn lugt Id trung dilm cac canh 
AB, BC, CD, DE, EA. Chiing minh rdng hai tam giac MPE vk NQR cd 
ciing trgng tdm. 

24. Cho hai hinh binh hanh ABCD vk AB'CD' cd chung dinh A. Chiing minh 
rang 

a) BB' + C'C + DD' = 0 ; 

b) Hai tam gidc BCD vk B'CD' cd ciing trgng tdm. 

25. Cho hai dilm phdn biet A,B. 

a) Hay xdc dinh cdc dilm P, Q, R, bil t : 

2PA -I- 3PB = 0 ; -2eA + QB = 0; RA-3RB = d. 

b) Vdi dilm O bdt ki vd vdi ba dilm P,Q,Rb cdu a), chiing minh ring : 

'dP = \oA + \oB ; 0Q = 20A-OB ; OR = -jOA + ^OB. 

26. Cho dilm O cd dinh vd dudng thing d di qua hai dilm A, fi cd dinh. Chiing 
minh ring dilm M thudc dudng thing d khi vd chi khi cd sd a sao cho 

OM = adA+ il-a)OB. 

Vdi dilu kien ndo cua a thi M thudc doan thing AB ? 

27. Cho dilm O cd dinh vd hai vecto M , v cd dinh. Vdi mdi sd m ta xdc dinh 

dilm M sao cho OM = mil + (1- m)v. Tim tdp hgp cdc diem M khi /n 

thay ddi. 

28. Cho tam gidc ABC. Ddt CA = a ; Cfi = S. Ldy cdc dilm A' vd 5 ' sao cho 

'CA' = nid ; CB' = nb. Ggi I Ik giao dilm cua A'B vk B'A. Hay bilu thi 

vecto CI theo hai vecto a vk b. 



29. Cho tam gidc ABC vk trung tuydn AM. Mdt dudng thing song song vdi AB 
cat cdc doan thing AM, AC vk BC ldn lugt tai D, E vk F. Mdt dilm G nam 
tren canh AB sao cho FGIIAC. Chiing minh rdng hai tam giac ADE vk BFG 
cd dien tfch bdng nhau. 

30. Cho hinh thang ABCD vdi cdc canh ddy la AB va CD (cac canh ben khdng 
song song). Chiing minh ring ne'u cho trudc mdt dilm M ndm giiia hai 
dilm A, D thi cd mOt dilm N nam tren canh BC sao cho ANHMC vk 
DNIIMB. 

31. Cho tam gidc A5C. Ld'y cdc dilm A', 5', C sao cho 

A'B = -2A'C; B'C = -2B'A;C'A^-2C'B. 
Doan thing AA' cdt cac doan BB' vk CC ldn lugt tai M vk N, hai doan BB' 

vk CC cat nhau tai P. 

a) So sdnh cdc doan thing AM, MN, NA'. 

b) So sdnh dien tfch hai tam giac ABC vk MNP. 

32. Cho tam gidc ABC vk ba vecto cd dinh U, v,w. Vdi mdi sd thuc t, ta ldy 

cac dilm A', B', C sao cho AA' = tU,^' = tv,CC'' = tw. Tim quy tfch 
trgng tdm G' cua tam giac A'B'C khi t thay ddi. 

33. Cho tam gidc ABC. 

a) Hay xdc dinh cac dilm G, P, Q, R, S sao cho : 

GA + GB + GC = d ; 2PA+ 7B+ PC = 0 ; QA+ 3QB+ 2QC = 0 ; 

RA-RB + RC = d ; 5SA-2SB-SC = 0. 

b) Vdi dilm O bdt ki va vdi cdc dilm G, P, Q,R,Sb cdu a), chiing minh rdng: 

OG = ]^OA + ]^OB + ^OC ; OP = ̂ OA + ̂ OB + ^OC ; 

OQ = ̂ OA + jOB + ^dc ; OR = 0A-OB+ 0C ; 

'dS = ^OA-0B-]-dc. 

2 2 
34. Cho tam gidc ABC vk mdt dilm O bdt ki. Chiing minh ring vdi moi 

dilm M ta luOn ludn tim dugc ba sd a , /?, y sao cho a + p + y =^lvk 
OM = adA + pOB + yOC. Nlu dilm M triing vdi trgng tdm tam gidc 
ABC thi cdc s6 a , p, y bdng bao nhieu ? 
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35. Cho tam gidc ABC vk dudng thing d. Tim dilm M trtn dudng thing d sao 

cho vecto M = MA + MB + 2MC cd dd ddi nhd nhdt. 

36. Cho tii gidc ABCD. Vdi sd k tuy y, Id'y cac dilm M vk N sao cho 

AM = kAB vk DN = kDC. Tim tdp hgp cdc trung dilm / cua doan thing 
MN khi k thay ddi. 

37. Cho tam gidc ABC vdi cdc canh AB = c,BC = a,CA = b. 

a) Ggi CM Id dudng phdn gidc trong cua gdc C. Hay bilu thi vecto CM 

theo cdc vecto CA vk CB. 

b) Ggi / la tdm dudng trdn ndi tilp tam gidc ABC. Chiing minh ring 

alA + bW + clc = 0. 

38. Cho tam gidc ABC cd true tdm H va tdm dudng trdn ngoai tilp O. Chiing 
minh ring 

a)OA-i-Ofi + OC = 0 ^ ; 

b) ^ -I- ^ + ^ = 2113. 

39. Cho ba ddy cung song song AA^, BB^, CC^ ciia dudng trdn (O). Chiing 

minh ring true tdm cua ba tam giac ABC^, BCA^ vk CAB^ ndm tren mOt 
dudng thing.' 

40. Cho n diim Aj, A2,..., A„ va n sd k^, ^2. •••> k„ md ki + ^2 +••• + k„ = k^O. 
a) Chiing minh ring cd duy nhdt mOt dilm G sao cho 

k^GAi + k2GA2 + ... + k„GA„ = 0. 

Dilm G nhu thi ggi Id tdm ti cu cua he diem Aj, gan vdi cdc he sdk^. Trong 

trudng hgp cac he sd k-^ bdng nhau (vd do dd cd thi xem cdc k-^ diu bdng 1), 

thi G ggi la trgng tdm cua he diem A,-

b) Chiing minh ring nlu G Id tdm ti cu ndi d cdu a) thi vdi mgi dilm O bdt 
ki, ta cd 

OG = j ( ĵOAi + k20A2 + ... -I- k„OA^\. 

41. Cho sdu dilm trong dd khdng cd ba dilm nao thing hdng. Ggi A Id mOt 

tam gidc cd ba dinh ldy trong sdu dilm dd va A' la tam gidc cd ba dinh Id 
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ba dilm cdn lai. Chiing minh ring vdi cdc cdch chgn A khdc nhau, cdc 

dudng thing ndi trgng tdm hai tam gidc A vd A' ludn di qua mdt dilm 

cd dinh. 

42. Cho ndm dilm trong dd khdng cd ba dilm ndo thing hang. Ggi A Id tam 
gidc cd ba dinh ldy trong ndm dilm dd, hai dilm cdn lai xdc dinh mdt 
doan thing 6. Chiing minh rang vdi cdc cdch chgn A khdc nhau, dudng 
thing di qua trgng tdm tam giac A va trung dilm doan thing 0 ludn di qua 
mdt dilm cd dinh. 

§5. True toq dp va tie true toa do 

I - CAC KIEN THQC GO BAN 

/ . Dinh nghia ve true toq dd, toq do cua vecta vd cua diem tren mdt true. 
Dd ddi dai sd cua vecta tren true. 

2. Dinh nghia he true toq do, toq dd cua vecta vd cua diem ddi vdi he true 
toq do. Mdi lien he giiia toq dd cua vecta vd toq do cdc diem ddu vd diim 
cudi cua nd. 

3. Bieu thdc toq dd cua cdc phep todn vecta: Phep cdng, phep trii vecta vd 
phep nhdn vecta vdi sd. 

4. Toq do cua trung diem doqn thdng vd toq do cua trgng tdm tam gidc. 

II-D^BAI 

43. Cho cac dilm A, B, C trtn true Ox nhu hinh 2. 

C O A B 

Hinh 2 

a) Tim toa dd cua cdc dilm A, B, C. 

b) Tinh AB,BC,CA,~AB + CB,'BA- 'BC, A5.M. 
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44. Tren true (O; /) cho hai dilm M vd iV cd toa dO ldn lugt la -5 vd 3. Tim 

toa dd dilni P trtn true sao cho ^= = -—. 
^ • PN 2 

45. Tren true (O ;7) cho ba dilm A, B, C cd toa dO ldn lugt la - 4, - 5, 3. Tun toa 

dd dilm M tren true sao cho H^A + IdB + JiC = 0. Sau dd tfnh = va = . 
MB MC 

46. Cho a, b, c, d theo thii tu la toa dd cua cdc dilm A, B, C, D tren true Ox. 

a) Chiing minh ring khi a + b^c + dt\n lu6n tim dugc dilm M sao cho 
'MA.'MB=~MC MD. 

b) Khi AB vk CD cd ciing trung dilm thi dilm M d cdu a) cd xdc dinh khdng ? 

Ap dung. Xdc dinh toa dd dilm M nlu bil t : 
a = -i, b = 5, c = 3, d = -l. 

Cdc bdi tap tic 47 den 52 duac x4t trong mat phdng toq dd Oxy 

47. Cho cdc vecto a(l; 2), bi-3; I), c(-4; - 2). 

a ) T i m t o a d d c u a c a c v e c t o 

- . - * - . * - . _ 1 - > 1 _ _ 
u =2a -3b + c ; V = -a + —b - —c •,w = 3a + 2b+4c 

vk xem vecto nao trong cdc vecto dd cung phuong vdi vecto /, cung 
—• 

phuang vdi vecto j . 
—* 

b) Tim cdc sdm, n sao cho a =mb + nc. 

48. Cho ba dilm A(2 ; 5), 5(1 ; 1), C(3 ; 3). 

a) Tim toa dd dilm D sao cho AD = 3A5 - 2AC. 

b) Tim toa dd dilm E sao cho ABCE Ik hinh binh hanh. Tim toa dd tdm 
hinh binh hanh dd. 

49. Bie't Mixi; yi), Nix2; ^2), Pix^ ; ̂ 3) la cdc trung dilm ba canh cua mdt tam 
gidc. Tim toa dd cdc dinh cua tam giac. 

50. Cho ba dilm A(0 ; -4) , 5( -5 ; 6), C(3 ; 2). 
a) Chiing minh ring ba dilm A,B,C khdng thing hang ; 
b) Tim toa dd trgng tdm tam gidc ABC. 

51. Cho tam gidc ABC cd A(-l ; 1), 5(5 ; -3), dinh C nam tren true Oy vk 
trgng tdm G ndm tren true Ox. Hm toa dd dinh C. 

13 



52. Cho hai dilm phdn biet A(x^ ; >'̂ ) vd 5(% ; yg). Ta ndi dilm M chia doan 

thing AB theo ti sd k ne'u JiA = kJlB ik^l). Chiing minh ring 

^M -

yM 

_ ^A - ^L 

l-k 

l-k 

Bai tap on tap ctiuong i 

53. Tam giac ABC la tam gidc gi ne'u nd thoa man mdt trong cdc dilu kien 
sau ddy ? 

a) | A 5 + Acl = | A 5 - ACI. 

b) Vecto AB + AC vudng gdc vdi vecto AB + CA. 

54. Tii gidc ABCD Id hinh gi nlu thoa man mdt trong cdc dilu kien sau ddy ? 

a) Jc-~BC = ~DC. 

b) D5 = m'DC + DA . 

55. Cho G Id trgng tam tam gidc ABC. Tren canh AB Id'y hai dilm M vk N sao 
cho AM = MN = NB. 

a) Chiing td ring G ciing la trgng tdm tam giac MNC. 

b) Dat GA = d, GB = b. Hay bilu thi cac vecto sau day qua a vd ^ : 

GC,AC,GM,CN. 

56. Cho tam gidc ABC. Hay xdc dinh cac dilm M, N, P sao cho : 

a) MA + MB- 2MC = 0 ; 

h)NA + m + 2NC = 0 ; 

c)~PA-~PB + 2PC = 6. 

57. Cho tam gidc ABC, vdi mdi sd k ta xdc dinh cac dilm A', B' sao cho 

AX' = k'BC, ~BB' = kCA. Tim quy tich trgng tdm G' ciia tam gidc A'B'C. 
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58. Trong mat phing toa dd Oxy, cho hai dilm A(4 ; 0), 5(2 ; - 2). Dudng 
thing AB cdt true Oy tai dilm M. Trong ba dilm A, 5, M, dilm ndo ndm 
giiia hai dilm cdn lai. 

Cac bai tap trie nghiem chi/dng I 

1. Cho tam gidc diu ABC cd canh a. Dd dai cua tdng hai vecto AB vk AC 
bdng bao nhieu ? 

(A)2fl; (B)a; iC) a43 ; (D) ^ • 

2. Cho tam giac vudng cdn ABC cd AB = AC = a. Dd ddi cua tdng hai vecto 

AB vk AC bing bao nhieu ? 

iA) a42 ; (B) ^ ; (C) 2a; 2 , , (D)fl. 

Cho tam gidc ABC vudng tai A va A5 = 3, AC = 4. Vecto CB+ JB cd dd 
ddi bing bao nhieu ? 

(A) 2 ; (B) 2VI3 ; (C) 4 ; (D) Vl3. 

Cho tam giac diu ABC cd canh bdng a, H la trung dilm cua canh BC. 

Vecto CA-Hc cd dd dai bing bao nhieu ? 

a 3a ,^. 2aV 3 ,T̂ X a4l 
iA)-; (B) — ; (C) - ^ ; (D) 2 " 

5. Ggi G la trgng tdm tam gidc vudng ABC vdi canh huyin BC =12. Tdng hai 

vecto GB + GC cd dd dai bang bao nhieu ? 

(A) 2 ; (B) 2V3 ; (C) 8 ; (D) 4. 

6. Cho bdn dilm A, 5, C, D. Ggi / vd / ldn lugt Id trung dilm cua cdc doan 
thing AB vk CD. Trong cdc dang thiic dudi ddy, ding thiic nao sai ? 

(A) 277 = AB + CD ; (B) 277 = AC + 5D ; 

(C) 2lj = AD +'BC ; (D) 277 -l- CA + D5 = 6. 

7. Cho sdu dilm A, 5, C, D, E, F. Trong cdc ding thiic dudi ddy, ding thiic 
ndo sai ? 

(A) 'M>+ ~BE+^ = JE+ 'BD+ 'CF ; (B) JD + 'BE+CF^JE + 'BF + CE ; 

(C) AD + ^ +CF = AF + BD + CE ; iD) AD+ 'BE+CF = AF+ M:+ CD. 
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8. Cho tam gidc ABC vk diim I sao cho IA = 2IB. Bilu thi vecto CI theo hai 

vecto CA vk CB nhu sau : 

—. pM— OJTR > > • 
(A) CI = ^ ; (B) C / = - C A - K 2 C 5 ; 

(C)C7 = ^ ± ^ ; (D)C7 = ^ ^ . 

9. Cho tam giac ABC vk I Id dilm sao cho 1A + 21B = 0. Bilu thi vecto C? 

theo hai vecto CA vk CB nhu sau : 

(K)a=i~i^: (B)a = -C/1 + 2C5; 

(C)a = ^ ± 2 « ; (D)a = ^ ± | ^ . 

10. Cho tam gidc ABC vdi trgng tdm G. Ddt CA = a, C5 = S. Bilu thi vecto 

AG theo hai vecto a vd ^ nhu sau : 

(A)AG = 2 3 _ l i ; ( B ) : ^ = ^ ; 

(C)Ag = ^ ; (D)AG = ^ . 

11. Cho G Id trgng tdm tam gidc ABC. Ddt ^ = d, CB = b. Bilu thi vecto 

CG theo hai vecto a vd 6 nhu sau : 

•̂  3 
—• 

(C) CG = ^ ; (D) CG = ^ ^ ^ 
3 3 • 

12. Trong he toa dd Oxy cho cdc dilm A(l ; - 2 ) , 5(0 ; 3); C(-3 ; 4), D( -1 ; 8). 
Ba dilm nao trong bdn dilm da cho Id ba dilm thing hdng ? 

(A)A,5 ,C ; ( B ) 5 , C , D ; ( C ) A , 5 , D ; (D)A,C,D. 
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13. Trong he toa do Oxy cho ba dilm A(l ; 3), 5 ( - 3 ; 4) va G(0 ; 3). Tim toa dd 

dilm C sao cho G Id trgng tdm tam giac ABC. 

(A) (2; 2) ; ( B ) ( 2 ; - 2 ) ; (C) (2 ; 0) ; (D) (0 ; 2). 

14. Trong he toa dd Oxy cho hinh binh hanh ABCD, bilt A = (1 ; 3), 5 = (- 2 ; 0), 

C = (2 ; - 1). Hay tim toa do dilm D. 

(A) (2; 2) ; (B) (5 ; 2) ; ( C ) ( 4 ; - l ) ; (D) (2 ; 5). 

B. LCfl GIAI - HUCfn̂ G o M - BAP SO 

§1, §2, §3 : Vecta, tong va hieu cua hai vecto 

1. Cd. Dd la vecto-khdng. 

2. AB vk AC ciing hudng khi A khdng nim 
giita 5 vd C, ngugc hudng khi A nam giiia 5 
va C. 

3. Nlu a ngugc hudng vdi b vk a ngugc hudng 

vdi c thi b vk c ciing hudng. Vdy cd ft nhdt 
mdt cap vecto ciing hudng. 

4. (h. 3) Hay chiing td rang AHCB' la hinh binh 
hdnh. 

Ttt dd suy ra AH = B'C vk AB' = HC. 

5. (h. 4) Tir dilm O bd't ki, ta ve 0A = a, 

AB = b, VI a va b khdng cung phuong nen 
ba dilm O, A, B khdng thing hang. Khi do, 
trong tam giac OAB ta cd : 

OA -AB<OB<OA+AB 

hay la \d\ - \b\ < |a -i- 61 < |a| -i- l^l. 

Hinh 3 

Hinh 4 

2A-BT HiNH HOC (NC) 



6. Theo quy tac hinh binh hanh, vecto OM = OA + OB ndm trdn dudng chio 

ciia hinh binh hdnh cd hai canh la OA vk OB. Vdy OM ndm tren dudng 

phdn giac cua gdc AOB khi va chi khi hinh binh hanh dd Id hinh thoi, tiic 

la OA = 05. Ta cd OW = OA - 0 5 = 5A nen ON nam tren dudng phdn gidc 

ngodi ciia gdc AOB khi vd chi khi OÂ  1 OM hay BA ± OM, tiic la OAMB 

la hinh thoi, hay OA = OB. 

7. (h. 5) 

DatM = OA-i-05 + OC-i-oB + 0 £ . 

Ta cd thi vilt: 

M = OA + (05 + 0£) -I- (OC + OD). 

Vi OA la phdn gidc ciia gdc BOE vk OB = OE 

nen tdng OB + OE la mdt vecto nim tren dudng 

thing OA. 

Tuong tu, vecto tdng OC + OD Id mdt vecto ciing nam tren dudng thing OA. 

Vdy M la mdt vecto nim tren dudng thing OA. Chiing minh hoan todn 

tuong tu, ta cd ii cung Id mdt vecto nim tren dudng thing OB. Tit dd suy 

ra M phai Id vecto - khdng : U = 0. 

Mdt each tdng qudt, ta cd thi chiing minh menh d l : 

8. 

Hinh 5 

Neu AiA2....A„ la n-gidc deu tdm O thi OA^ + OA^ + ... + 0 \ = 0. 

Ta cd : 

'OA + OB + OC 

= OA' + A'A + OB' + B'B + OC + CC 

= OA' + OB' + OC' + AB + BC + CA 

= OA' + OB' + OC. 

(h. 6) Tai dilm A cd luc keo F hudng 
thing diing xudng dudi vdi cudng dd 

5N. Ta cd thi xem F Id tdng cua hai 
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vecto Fj va Fj ldn lugt nim tren hai dudng thing AC vk AB. Dl dang 

thdy ring 

^1 = |F| vd 1̂ 1 = |F|V2. 
Vdy, cd mdt luc ep vudng gdc vdi biic tudng tai dilm C vdi cudng dd 5N, 

vd mdt luc keo biic tudng tai dilm 5 theo hudng BA vdi cudng dd 5^2 N. 

10. Ldy mdt dilm O ndo dd, ta cd 

Ai5i + A2B2 + ... + A^B^ = 05i - OAi + 052 - OA2 -i-... + OB^ - 0A„ 

= (OB[ + 0B^ + ... + 'OBD - {OA^ + OAJ -I-... + 04). 
Vi n dilm B^, 52,..., 5„ ciing la n diim Aj, A2, ..., A„ nhung dugc kf hieu 
mdt cdch khdc, cho nen ta cd 

05i -I- 052 + ... + OB^ = OAi + OA2 + ... + 0A„ . 

Suy ra Ai5i + A2B2 + ... + A„B„ = 0. 

§4. Tich cua mot vecto vdi mot so 

11. Taco M'N' = ON'- OM' = kON - kOM = kiON - OM) = kMN. 

12. Nlu CO md + nb = 0 vcA m 1^ 0,tac6 a = b, suy ra a vd 6 ciing phuong. 

Ngugc lai, gia sit a vd 6 cung phuong. 

Nlu a = 0 thi cd thi vilt ma + oS = 6 vdi m 5"̂  0. 

Ne'u a ^ 0 thi cd sd' m sao cho b = ma tiic Id ma + nb = 0, trong dd 
n = -l^O. 

Vdy dilu kien cdn vd du dl a vd 6 cung phuong la cd cap sd m, n khdng 
ddng thdi bing 0 sao cho ma + nb = 0. 
Tit dd suy ra 

Dieu kien cdn vd du de hai vecta a vd b khdng ciing phuang la neu 
—» —• 

md + nb = 0 thi m = n = 0. 

13. Vi OA, OB, OC cd dd ddi bing nhau nen O la tdm dudng trdn ngoai tilp tam 

gidc ABC. Lai vi OA -f 0 5 -I- OC = 0 nen O la trgng tdm tam giac ABC. Suy 
ra A5C Id tam gidc diu. Vdy cdc gdc AOB, BOC, COA diu bing 120°. 
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14. • Nlu hai vecto a, b cung phuong thi cd cap sd m, n khdng ddng thdi bang 0 

sao cho md + nb = 0. Khi dd cd thi vie't aa + pb + yc = 0, vdi a = m, 

P ^n, y = 0. 

• Neu hai vecto d,b khdng ciing phuong thi cd cac sd a,P sao cho 

c = ad + pb, hay cd thi viet aa + pb + yc = 0 v6i y = -I. 

15. a) Theo gia thilt: TA = r/S + (1 - t)lc, thi vdi mgi dilm /', ta cd 

TT' + 7^ = t(JT' + TB) + (1 - t)(Tf' + Fc) = fF5 + (1 - t)Tc + JT'. 

Suy ra 7^4 = r F 5 + (1 - t)Tc. 

h) Nlu ta chgn / ' triing vdi A thi cd 0 = tAB + (1 - t)AC, dd Id dilu kien 

cdn va dii dl ba dilm A, B, C thing hang. 

16. a) Nlu k <0 thiM nim giiia A va 5, hodc trung vdi A. 
Nlu 0 < ^ < 1 thi A nim giiia M va 5. 

Nlu ^ > 1 thi 5 nam gitta A va M. 

Nlu ^ = -1 thi M la trung dilm cua doan thing AB. 

h) Theo gia thilt: A: ?;: 0 va A: v̂  1, ta cd 

M chia doan thing AB theo ti sd k <=> MA = kMB <^ MB = -rMA 
k 

<^ M chia doan thing BA theo ti sd'-^. 
K 

c) • M chia doan thing AB theo ti sd k <» MA = kMB <=> MA = kKMA + AB) 
—- k —• , k 

hay AM = -—-AB <» A chia doan thdng MB theo ti sd -k-l • ° k-l-

• M chia doan thing AB theo ti sd k «• JlA = kJiB <^^- 5A7 = kJ{B 
— ' 1 —' - 1 

<^ BM = -—TBA <» 5 chia doan thdng MA theo ti sd 1 - ^ • ^ ^ ^ ^ ^ ^ . . ^ ^ ^ ^ ^ v . ^ _ ^ 

d) M chia doan thing AB theo ti sd k <=> MA = kMB 

<:>OA-OM = kiOB - OM) (trong dd O la dilm bd't ki) 

<:> OA - kOB = il - k)OM 

—f OA-kOB 
<» OM = ; ; . 

1 - ^ 
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17. Ggi G Id trgng tdm tam gidc MNP thi ta cd 

7^ ,7^7 7^ n GA-kGB GB - kGC GC - kGA -GM + GN + GP = 0 <^ — - — ; — -I- — : — - — + = 0 
l-k l-k 

^GA + GB + GC = 0 

Vdy G ciing Id trgng tdm tam giac ABC. 

18. (h. 7) Tacd 

2lj = 1Q + TN 

= IM + MQ + IP + PN 

= MQ + PN 

= ^iAE + BD) + ^DB 

l-k 

Vdy IJ = -AE. Suy ra IJUAE vk IJ = -^AE. 
4 4 

. a)(h. 8) 
Ldy mdt dilm 0 

OM -

ON -

Tw -

OA-
1 

1-

'oc-

nao dd. 

-mOB 
- m 

nOC 
- n 

pOA 

tacd 

1 - / 7 Hinh 8 

Di don gian tfnh todn, ta chgn dilm O triing vdi dilm C. 

Khi dd ta cd : 

I-m I-n 
Tii hai ding thiic cudi ciia (1), ta cd : 

C5 = (1 - n)CN, CA = ̂ ^ CP 

l-p- (1). 
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vd thay vdo ding thiic ddu cua (1), ta dugc : 

^ = -£z]_cp-^f-:^cN. 
pil -m) l-m 

Tit bai todn 15b) ta suy ra dilu kien cdn va du dl ba dilm M, N, P thing 
hdng la : 

_ p j - j _ _ mil - n) ^ J ^ J _ ^^( j _ „) ^ p^i -m)<^ mnp = 1. 
pil -m) l-m 

b)(h.9) 

Gia sii AÂ  cdt BP tai / vd gia sit / chia 
doan thing AN theo ti sd x. Nhu vdy 
ba diem P, I, 5 thing hang vd ldn lugt 
nim tren ba canh cua tam giac CAN. 
Ta cd P chia doan thing CA theo ti sd 
p, I chia doan AÂ  theo ti sd x, 5 chia 

doan Â C theo ti sd n 
n-l 

(suy tii gia 
Hinh 9 

thilt Â  chia doan BC theo ti sd n). Vdy theo dinh If Me-ne-la-uyt ta c6 

p.x. 
n-l 

= 1 < » JC = 
n - l 
np 

Gia sit AN cdt CM tai /', vd / ' chia AÂ  theo ti sd x'. Nhu vdy ba dilm /', C, 
M thing hang vd ldn lugt ndm tren ba canh cua tam gidc AA^5. Ta co : 

/ ' chia doan AÂ  theo ti sd x', C chia doan Â 5 theo ti sd 
1 

1 -n 
, M chia doan 

BA theo ti sd —. Vdy dp dung dinh If Me-ne-la-uyt, ta cd : 
m 

I 1 
x' • = 1 <:> x' = mil - n). 

l-n m 

Ba dudng thing AN, BP, CM ddng quy khi vd chi khi / triing / ' hay x = x', 
cd nghia Id : 

n-l 
np 

= mil - n) <^ mnp = - 1 . 
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+) Xet trudng hgp AÂ  va BP song song 
(h. 10). Ta cd : 

AN = CN-CA = —^CB - CA ; 
l-n 

BP = CP-CB^ 
P-I 

CA-CB. 

CM 1 CA-r^CB. 
l-m l-m 

Do AN II BP ntn 

1 : ( _ 1 ) = _ 1 : _ ^ ^ 1 -P-^ 

B N 

Hinh 10 
I -n • ^ ' ' ' p -I "' i-fi p 

<» p = (1 - n)ip -I) <:> np = n-l. (*) 

Khi dd dilu kien cdn vd du dl AÂ , BP vk CM song song vdi nhau la CM 

CA-mCB 
cung phuang vdi AA .̂ Vi CM = 

l-m 
•, nen CM cung phuong vdi 

AÂ  khi vd chi khi 
1 

l-n 

Tit (*) vd (**) ta suy ra mnp = - 1 . 

: (-m) = -1 «> min - 1) = - 1 . (**) 

20. Ta ggi k, I, m Id cdc sd sao cho Ai5 = kAiC ; B^C = IB^A; C^A = mCi5. 

Chii y ring ba dilm Aj, 5i, Cj ldn lugt ddi xiing vdi ba dilm A2, 52, C2 
qua trung dilm doan thing BC, CA, AB nen ta cd 

A2C = ^A25, 52A = /52C ; C25 = mC2A 

Tit dd bing each dp dung dinh If 
thudn vd dao cua dinh If Me-ne-la-uyt 
(hodc xe-va) ta chiing minh dugc cdu a) 
(hodc cdu b)). 

21. (h. 11) 

Ddt CB = mCB', MB' = nMA. 
Xlt tam gidc ABB' vdi ba dudng ddng quy 
Id AC, BM vk B'l (ddng quy tai AO. Vi Hinh 11 
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IA - -IB nen theo dinh If Xe-va, ta cd -mn = -I hay mn = 1. Tur 

MB' = nMA ta suy ra mMB' = mnMA = MA. Vdy ta cd CB = mCB' va 

MA = mMB', dilu nay chiing td ring CMII AB. Vdy dilm M ludn nim 

tren dudng thing cd dinh di qua C va song song vdi AB. 

22. (h. 12) Xet tam giac ABQ vk ba dilm 
thing hang M, E, D. Gia sir M chia AB 
theo ti sd m, E chia BQ theo ti sd n va 
D chia QA theo ti sd p, theo dinh If 
Me-ne-la-uyt ta cd mnp = 1. 

D 

Hinh 12 

Xet tam giac QNB va ba dilm O, E, C. 
Khi do O chia QN theo ti sd m, C 
chia Â 5 theo ti sd n vk E chia BQ 
theo ti sd p. Vi mnp = I nen ba dilm 
O, E, C thing hang. 

Cling chiing minh tuong tu, ta cd ba dilm F, O, A thing hang. Vdy dl ba 
dilm E, O, F thing hang, dilu kien cdn vd du la ndm dilm A, C, E, F, 0 thing 
hang, hay dilm O phai nim tren dudng cheo AC cua hinh binh hanh 
da cho. 

23. (h. 13) Vdi dilm G bdt ki ta cd : 

GM + GP + GE = ]r(GA + GB) + ̂ ^ + GD) + GE 

= ̂ i<GB + GC) + ]^iGD + GE) + ]-(GE + GA) 

= GN + GQ + GR. 

\kyGM + GP + GE = 0 

<^GN + GQ + GR = Q. 

Suy ra trgng tam hai tam giac MPE vk NQR 
triing nhau. 
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24. (h. 14) 

a) BB' + C'C + DD' 

= AB' - AB + AC - AC + AD' - AD 

= {AB' + AD') -JC'-{AB + 'AD) + AC 

= AC'-AC'-Jc + AC==d. 
b) Vdi dilm G bdt ki ta cd 

GB + GC + GD 

= GB' + B'B + GC + CC + GD' + D'D 

^GB' + GC + GD' + {WB + CC'' + WD) 

= GB' + GC + GD'. 

Suyra: GB + GC + GD = 0<^GB' + GC + GD' = 0. 

vay trgng tam hai tam giac BCD vk B'CD' triing nhau. 

25. a) • 2PA + 3F5 = 0 o 2FA -f 3 ( F A + AB)^0 

o 5FA + 3A5 = 0 o A F = | A 5 . . 

• -2eA + QB = d ^ -2QA + QA + 'AB = 0<^JQ = 5 A ! 

• ^ - 3 ^ = 0 o H - 3 { ' R A + JB) = O<^JR = -JB. 

h) • 2FA + 3F5 = 0 » 2(oA -0P) + 3(o5 - 0? ) = 0 

<^OP^^OA + ^OB ; 

• -2QA + 2 5 - 0 « -2(0A - OQ) + (OB- OQ) = 6 

o o e = 20A - OB ; 

• H - 3 ^ = 6 ^ (oA - O^) - 3(05 - O^) = 0 

<=> OR =-IrOA + ^OB. 
2 2 

26. Ta cd : OM = aOA -1- (1 - a)OB ^OM = a{oA-OB) + dB 

<^0M -OB = aiOA -0B)<:>^ = a^ <:> M ^ d. 

Vi 5M = a^ ntn M thudc doan thing AB khi vd chi khi 0 < a < 1. 
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27. Ldy hai dilm A, 5 sao cho OA = U vk OB = v thi theo bdi 26, ta c6 

OM = mil + (1- m)v khi va chi khi M nim tren dudng thing AB. 

28. Vi / nim tren A'B vk AB' ntn cd cac s6xvky sao cho : 

C7 = xCA' + (1 - jc)C5 = yCA -I- (1 - y)CB' 
—• —* 

hay x.md + (l- x)b = j a -i- (1 - y)nb. 

Vi hai vecto a, b khdng cung phuong nen tit ding thiic cudi cung ta suy ra: 

mx = y va (1 - JC) = n(l - y). Ttt do ta co 1 - JC = n(l - mx) = n- mnx 

l-n 
hay JC = 

I- mn 

Y^yci = !^l(L:l^n + \i- ^ - " 
1 - mn I- mn 

, mil - n) _ nil - m) 7 
b = —: a + —r^ b. I - mn 1- mn 

29. (h. 15) 

Tadat CA = a ;C5 = 6. Khi dd CM = y 

Vi E nim tren doan thing AC ntn cd sd k 

sao cho CE = kCA = ka, v6i 0 < k < I. 

Khi dd CF = kCB = kb. 

Diim D nim tren AM vk EF ntn cd hai sd 
JC vd 3̂  sao cho 

hay 

CD = xCA + (1 - jc)CM = 3;CF + (1 - y)CF 

_ l -x -> 
xd + b = kyd + kil - y)b. 

- > 1 — JC 

Vi hai vecto a, b khdng ciing phuong nen x = ky vk = Jt(l - y). Suy 

ra JC = 2A; - 1, do dd CD = (2it - l)a -I- (1 - k)b. 

Tacd : 

ED = CD-CE = i2k-l)a + il-k)b-ka = il-k)ib-d) = il-k)AB. 

Chii y ring vi CF = kCB ntn AG = kJs hay AB+^ = Jk A5 , suy ra 

il-k)AB^GB. 
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Do dd ED = GB. Nhu vdy, hai tam gidc ADE vk BFG cd cac canh day ED 
vk GB bing nhau, chiiu cao bing nhau (bing khoang each giiia hai dudng 
thing song song) nen cd dien tfch bing nhau. 

30. Ggi O Id giao dilm cua hai dudng thing AD 
va5C(h. 16). 

Dat 'dA = d;'dB = b;'dD = kd, khi dd 

OC = kb (vi ABIIDC). Gia sic OM ^ ma. 

Ta xdc dinh dilm A'̂  tren BC sao cho 

AN II CM. Ta chiing minh ring DN II BM. 

Vi N nim tren BC ntn OiV = «6. Khi dd 

AN = ON-OA = nb-d. 

Mdt khdc CM = OM-dC = md-kb. 
Hinh 16 

> > n - l 
Vi AN II CM ntn hai vecto AÂ  vd CM cung phuong, tiic Id —r = — 

K Til 

hay n = —• Yky ON = —b .Tit do m = ON -OD = —b - ka.Lai cd 
m m m ' 

m BM = 0M -0B = ma -b = -— 
k 

kr \ 

m 
b - kd = -^DN. 

k 

Vdy BM vk DN ciing phuong, hay DNHBM. 

31. (h. 17) 

a) Ddt CA = a ; C5 = S. Theo gia thilt ta cd : 

?^ - _ ^ + '^CB ^ d + 2b 
^^ ~ 3 3 • 
Vi M Id giao dilm ciia AA' vk BB' ntn cd cdc 
sd xvky sao cho : 

CM = jcCA -̂  (1 - x)CA' = yCB + il- y)CB', 
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- b -r ,^ .2d 
hay : xa + (1 - x)- = yb + il- y)—-

Vi hai vecto a va S khdng ciing phuong nen tii ding thiic tren ta suy ra 

2(1-7) ^ 1 - ^ 
x = - 3 — v a y = ^ -

4 1 

Giai ra ta dugc : A: = — vd y = —• 

Tii dd ta cd 

CM = jCA + ^CA' ^ ^1^ + | M A * ' = 0 => MA = —^^iA' 

^AM = jAA'; 

CM = -CB + -CB' => - m + ̂ AIB' = 0 => M5 = -6M5^ 
1 1 1 1 

^MB' = l-BB'. 

Tuong tu, vdi MB' = -BB' ta cung cd Â A' = -AA'. 

Vi AM = I A A ' n e n MÂ  = | A A ' . 
7 7 

Tdm lai, ta cd AM = MN = 3NA'. 
Tuang t\x. BP = PM = 3MB' vk CN = NP = 3PC. 

b) Ggi 5 la dien tfch tam giac ABC. Tit gia thilt ta suy ra AB' = —AC, 

CA' = ^CB, BC^^BA. 

Vdy ta cd : S^g. = Sg^c = ^CAA' = 3'^• 

1 1 1 
Trong tam giac ABB', ta cd MB' = -BB' ntn S^^^f^ = :^^ABB' = TT^" 

Tuong tu : S^^.^ = hcT = ^CA'N = 2T'^' 

Tii dd suy ra 

^MNP - ^ABC ~ ^ABB' ~ ^BCC ~ ^CAA' + ^AB'M + ^BC'P + ^CA'N 

= 5-3.f+3.JjS=is. 

Vdy S^gQ = 7Sj^j^p. 
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32. Ggi G Id trgng tdm tam gidc ABC thi 

3GG' = GA' + GB' + GC = GA + AA' + GB + BB' + GC + CC 

= AA' + BB' + CC 
= tU + tv + tw = tiU + V + w). 

— . 1 
Dat a = u + v +w thi vecto a cd dinh va GG' = -ta. 

Suy ra nlu a = 0 thi cac dilm G' triing vdi dilm G, cdn nlu a J^ 0 thi 
quy tfch cdc dilm G' la dudng thing di qua G vd song song vdi gid cua 
vecto a. 

33. a) • GA + ^ + GC = 0 « G la trgng tdm tam giac ABC. 

• 2FA + F5 + PC = 6 « 2FA + 2FD = 6 (D la trung dilm ciia canh BC). 
Vdy P la trung dilm cua trung tuyen AD. 

• QA + 3QB + 2QC = 0<^QA + QB + 2(QB + Qc) = d<::> 2QE + 4QD = 0 

(F la tmng dilm cua AB, D la tmng dilm ciia BC) <^QE + 2{QE + ̂ ) = 0 

< : > F G = | F D . 

mM-M + RC = 0<:>BA + ^ = d^CR = 'BA. 

• 5SA-2SB-SC = 0 
I 

<=> 5SA - 2(SA + AB)-iSA + AC) = O^AS^ -AB - ^AC. 

b) Hudng ddn : Xudt phat tit cdu a), hay vilt mdi vecto thanh hieu hai 
vecto cd dilm ddu Id O. 

34. Vi hai vecto CA vk CB khdng ciing phuong nen ta cd cdc sd a vk p sao cho 

CM = aCA + p'CB, hay la OM - OC = a^40A - Oc) + pioB - Oc). 

Vdy : OM = aOA + pOB + il-a- P)OC. 

Dat y = l - a - P thi a + p + y = l vkOM ^ aOA + pOB + yOC. 

Ndu M trung G thi ta cd OG =-(oA-i-05-f o c ) . 

Ykya = p=y= y 
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35. Vdi mgi dilm O ta cd : 

U = MA + JIB + 2'MC =0A-0M + 0B-0M + 2{0C-dM) 

= OA + OB + 20C - 40M. 

Ta chgn dilm O sao cho î  = OA -I- 0 5 -h 20C = 0. 

(Chu y ring ndu G Id trgng tdm tam gidc ABC tin v =0A +OB+ 0C + dc 

= 30G + 0C = AOG -I- GC. Bdi vdy dl i? = 0, ta chgn dilm O sao cho 
1 

GO = -jGC). Khi dd M = - 40M vd do dd |M| = 40M. Dd dai vecto i? 

nhd nhdt khi vd chi khi 40M nhd nhdt hay M la hinh chie'u vudng gdc cua 
0 tren d. 

36. (h. 18) Ggi O, O' ldn lugt la trung dilm 
cuaAD va5C, t acd : 

'oo' = UJB + ^). 

Vi O vd / Id trung dilm cua AD vk MN ntn: 

01 = ^{AM + W) 

= ^{AB + Dc) = kOO'. 

Vdy khi k thay ddi, tdp hgp cdc dilm / la 
dudng thing 0 0 ' . 

37. (h. 19) 

a) Theo tinh chdt dudng phdn gidc, ta cd : 

AM CA b —2 b—-
-r— = —, suy ra MA = —MB. 
CB a a 

Hinh 18 

BM 

Til dd ta cd CM = 
CA + -CB 

a 

a 

" •CA + -^CB. Hinh 19 

a+b " a + b 

b) Vi / la tdm dudng trdn ndi tilp tam giac ABC ntn AI la phdn gidc cua 

tam giac ACM. Bdi vdy theo cdu a), ta cd thi bilu thi vecto A7 theo hai 

vecto AM vk AC. 
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AI = 
AC 

AC + AM 

b 

AM + 
AM 

AC + AM 
AC = 

b + 
be a + b 

AB + -

be 
a + b 

a + b 
b + 

be 
-AC 

a + b + c 
Suy ra : 

b + c ^ 

AB + 

l- \IA + 

a + b + c 

b 
\ a+b+c) a+b+c 

AC = 

-IB + 

a + b + c 
ilB - IA) + 

a + b + c 

a + b 

{IC-IA). 

a + b + c 
IC = 0^aIA + bIB + cIC = 0. 

38. (h. 20) 
a) Ggi 5 ' Id dilm ddi xiing vdi 5 qua O, ta cd 
B'C ± BC. Vi Hlk true tdm tam gidc ABC ntn 
AHLBC.WkyAH IIB'C. 

Chiing minh tuong tu ta cd C////5'A. 
Vdy AB'CH Id hinh binh hdnh. Suy ra 

TJl = WC. Goi D la trung dilm cua BC thi 
OD Id dudng trung binh cua tam giac BB'C ntn 

Hinh 20 B'C = 20D. Vdy A// = 20D. 

Tii dd, tacd dA = dH + llA = dH -AH =dH-2dD = 0H-ioB + Oc). 

Suy ra : OA + OB+ dc = 011. 

' b) Ggi G Id trgng tdm tam gidc ABC thi: 

HA + 'HB + 'HC = 3HG = 3110 + 30G = 3110 + 'dA + ^ + 'dc. 

Kit hgp vdi kit qua cua cdu a), ta cd : 

HA + HB + HC = 3lld + 0H = 2lld. 

39. (h. 21) Ggi / / j , H2, H^ ldn lugt Id true tdm cua cdc 

tam gidc A5Ci, 5CAi, CA5i. Theo kit qua bdi 38, A> 
ta cd : 

O//1 =OA + OB + OCi; 

OH2 =OB + OC + OA^; 

OH2 =OC + OA + OB^. 
Hinh 21 
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Suy ra : 

HyH2 = OHI - 0H[ 

= OC-OC^+OA^-OA = C^C + AA^, 

H^H^ = OH2, - OHi 

= 0C- OCi + OBi -0B = CiC + BBi. 

Vi cac ddy cung AA^, BB^, CC^ song song vdi nhau nen ba vecto 
^ ^ ^ » * 

AAi,55i,CCi cd Cling phuong. Do dd hai vecto H^H2 va H^H^ ciing 

phuong, hay ba dilm H^,H2, H^ thing hang. 

40. a) Ta ldy mdt dilm O nao dd thi: 
/tjGAi + k2GA2 + ... + k^GA„ = 0 

^ k^ {pA^ -0G) + k2 {0A2 - OG) + ... + k„ {o\ - O G ) = 0 

^dG = UkiOAl + k20A^ + ... + k„0\Y 

Vdy dilm G hoan todn xac dinh va duy nhdt. 

b) Suy tut cdu a). 

41. Ggi A, 5, C la ba dinh cua tam giac A va D, E, F la ba dinh cua tam gidc A'. 
Ggi G va G' ldn lugt la trgng tdm cua tam giac A vd A' thi vdi dilm / tuy y, 
ta cd : 

Z4 + ^ + 7c-f TD +/£ + 7F = 3(/G + TG"') . 
Bdi vdy nlu chgn / la trgng tdm ciia he dilm A, 5, C, D, E, F, tiic la trong 

tdm ciia he sau dilm da cho, thi / la dilm cd dinh vd IG + IG' = 0. Vdy 
cac dudng thing GG' ludn di qua dilm / cd dinh (/ la trung dilm cua doan 
thing GGO. 

42. Ggi A, 5, C la ba dinh cua tam giac A va DE la doan thing 6. Ggi G la 
trgng tdm tam giac A va M la trung dilm ciia DE thi vdi dilm / tuy y, ta co : 

1A + 1B + 1C + 1D + 1E = 31G + 21M. 

Bdi vdy neu chgn / la trgng tdm cua he dilm A,B,C,D,E, tiic la trgng tdm 

cua he ndm dilm da cho thi / la dilm cd dinh vd 3IG + 2IM = 0 . Vdy cac 
dudng thing GM ludn ludn di qua dilm / cd dinh (vd / la dilm chia doan 

2 
thing GM theo ti sd -—). 
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§5. True toa do va he true toa do 

43. a) A, B, C cd toa dd ldn lugt Id 2 ; 4 ; - 3 . 

b) '^= 0 5 - O A = 4 - 2 = 2, 5C = 0 C - 0 5 = -7, 

'CA = 'dA-'dc = 5; 

A5 + C5 = A 5 - 5 C = 2-l-7 = 9 ; 

5A-5C = -A5-5C =-2-1-7 = 5 (hodc 'BA-~BC = 'CB+ ~BA = 'CA = 5); 

'ABM. = -AB^ = - 4 . 

44. _ = - - « 2FM = -¥N ^ 2(0M -0P) = -(ON - Op) 
PN 2 

<^0P = -(2OM -1- OA )̂ = -[2.(-5) + 3] = - ~ 

7 Vdy dilm P cd toa dd la - - • 

45. MA + MB + MC = 0 ^ 3M0 + OA + OB + OC = 0 

<:>'oM = ]-{pA + 'dB + 'dc) 

^OM = UoA + OB + OC) = ̂ ( -4 - 5 + 3) = -2. 

Vdy M cd toa dd Id - 2. Khi dd : 

MA = OA -OM = - 4 -(- 2 = -2, M5 = -3 , MC = 5. 

m. 2 W 3 
Suy ra 

MB y MC 

46. a) MA.MB = MC.MD 

<^i^- 'dM){oB-'dM) = {oc- OM)(OD- OM) 

o dM.{OD + OC-dA-OB) = OC.OD-OA.OB 

<^OM.{d + c-a-b) = cd-ab. (*) 

T^ I J . 7T77 cd - ab 

Do a + bj^c + d ntn OM = -• 
d + c- a-b 
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b) Gia sit AB vk CD cd cung trung dilm /. Khi dd 

OA + OB OC + OD / —\ (=07). 
2 2 

hay a + b = c + d. Khi dd ab ^ cd (vi ne'u ab = cdvka + b = c + dthldt 
ddng suy ra bdn dilm A, 5, C, D khdng phdn biet). Vdy tii (*) ta suy ra 
dilm M Ididng xdc dinh. 

Ap dung : Vdi a = -2 , b = 5, c = 3, d = -I, ta thdy a + b ^ c + d. Theo 
cdu a), dilm M dugc xac dinh vd ta cd 

cd-ab 3.(-l) - (-2).5 
OM = 

d + c-a-b - l - f 3 - i - 2 - 5 

Suy ra dilm M cd toa dd la - 7 . 

47. a) M = 2a-3S + c = (2.1 - 3.(-3) + i-4); 2.2 - 3.1 -F (-2)) = (7 ; - l ) . 

,=-a+-b--c = H)-
w = 3a + 2b +4c = (-19 ; 0). 

* —¥ 

Hai vecto v vd j cung phuong, hai vecto w va i ciing phuong. 

. . _ 7 ^ \-3m -4/1 = 1 
o) a = mb + nc <::> < <=> 

\m-2n = 2 

48. a) GiasttD = (jc; j ) .Khidd 

A5 = ( - 1 ; - 4), AC = (1; - 2); 

3 

n = 10 

AD =3AB- 2AC <^ 
-—; [ jc -2 = 3 . ( - l ) -2 .1 

<:> 
\x = -3 

[y-5 = 3.i-A)-2.i-2) [y = -3. 

VdyD = ( -3 ; -3 ) . 

b) Gia SIX E= ix; y). Tii ABCE la hinh binh hdnh, suy ra AF = 5C, do d6 

f JC - 2 = 2 f JC = 4 
\ <:>{ . Vdy F = (4; 7). 
\y-5 = 2 U = 7 -^ 
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Tdm / ciia hinh binh hanh cung la trung dilm cua AC ntn : 

/ = 
2-1-3 5-1-3 

(f̂ * 
V ^ 49. (h. 22) Gia six tam gidc ABC nhdn M, Â , P Id trung dilm cua cdc canh AB, 

BC,CA. Tacd 

MA 

l^A-

U-
l^A 

= NP 

~ ^M = ^P ~ ^N 

-yM=yp-yN 

= Xl + X-^ - X2 

UA = >'I + 3'3 - y2-

Suy ra A = (JCJ + X^ - X2;yi + y^ - 72). 

Tuong tu ta tfnh dugc : 

5 = (^1 -I- ^2 - ^ 3 ; 3'i + >'2 - >'3)' C = (JC2 + JC3 - Xl; >'2 + ^3 - yi)-

50. a) A5 = (-5 ; 10) ; AC = (3 ; 6). Do - | ^ ^ nen AB vkJc khdng ciing 
3 6 

phuong, suy ra A, 5, C khdng thing hang, 

b) Toa dd trgng tdm G cua tam gidc ABC la : 

51. Gixc ; 0) e Ox, C(0 ; yc) e Oy 

Vdy G = 

- 4 -1-6 + 2^ 

3 J " 

^ • 

f ^ "̂ 1 I 3'3j-
-1-1-5-1-0 

""^^ 3 

[ - ^ 

4 
^G = 3 

yc = 2-

- ; 0 | , C = (0;2). 

52. MA = itM5<» 
\^A ~ ^M - ^(-^fi ~ ^M^ 

[yA -y\f = f^iyB - yM^ 
« • S 

X - ^ 
kx^ 

yM = 

l - k 

l - k 

ik^i). 

Khi ik = -Ithi J 

^A + ^B 
^M - 2 

yA + ya 
yM= 2 

, M la trung dilm cua AB. 
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Bai tap on tap chirong I 

53. a) Ggi M la trung dilm ciia BC thi tii gia thilt suy ra 2AM = BC. Vdy tam 
giac ABC vudng tai A. 

b) Tii gia thie't, ta cd : -

(AB + AC).{AB + CA) = O^{AB + AC).{AB-AC) = O 

o A 5 ^ - A C ^ = 0 . 

Vdy tam gidc ABC Id tam giac cdn, day BC. 

54. a) Ta cd AC-BC = DC ^AC+ CB = DC oAB = ^ . \ky ABCD la 
hinh binh hanh. 

b) m = m'DC + m<:>DB-DA = mDC <:>AB = m'DC. Vdy ABCD la 
hinh thang. 

55. a) Ggi / la trung dilm ciia MN thi / ciing la trung dilm cua AB, do dd : 

GM + GN = GA + GB = 2GI. 

Suy ra GM + GN + GC = GA +GB + GC = 0. Vdy G ciing la trgng tdm 
tam giac MA^C. 

b) GC = - a - S ; AC = GC - GA = - 2 5 - S. 

GM = GA + AM =a + Ub-d) = ^^-^-

CN = CA + JN = 2d + b + hb-d) = f ^ J l i ^ . 

56. a) Ggi / la trung dilm ciia AB thi IAA + IAB- 2MC = 6 khi vd chi khi 

2 (M7-MC) = O«:>C7 = O. 

Khdng cd dilm M ndo nhu thi. 

b) Vdn ggi / nhu tren thi : lfA + ljB + 2iVC = 6 <^ 2(A/7 + IjC) = 0. Vdy 
A'̂  la trung dilm cua IC. 

c) FA - F5 -I- 2FC = d<;:>^ + 2PC = 0 <=> FC = ^AB. Vdy nlu ldy D 

sao cho ABCD la hinh binh hdnh thi F la trung dilm cua CD. 
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57. Ggi G Id trgng tdm tam giac ABC, ta cd 

3GG' = 'AA' + 'BB' + 'CC = k'BC + kCA + Q 

= k(^ + CA\ = kBA. 

Tii dd suy ra quy tfch cac dilm G' Id dudng thing di qua G va song song 
vdi dudng thing AB. 

58. GiasftM = (0;>'),tacd A5 = (-2 ; - 2 ) , AM = (-4 ; j ) . Vi ba dilm A, 5, M 

thing hdng nen AB vk AM cung phuong, suy ray = -4. Vdy M = (0 ; - 4 ) , 

khi dd A5 = (-2 ; - 2), JM = (-4 ; - 4), suy ra AM = 2A5. Vdy dilm 5 

nim giiia hai dilm A vd M. 

Cac bai t$p tr^c nghidm chirong I 

1. (C) 2. (A) 

5. (D) 6. (A) 

9. (C) 10. (D) 

13. (A) 14. (B). 

3.(B) 

7. (B) 

11. (A) 

4.(D) 

8.(B) 

12. (C) 
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hiCdng IL TICH VO HlfdrNG CUA HAI VECTCf 
VA UING DUNG 

A. €AC l&Sm THifC CO BAN VA BE BAI 

§1. Gia trj li/cfng giac cua mot goc bat ki 
atr0°dem80°) 

CAC KIEN T H Q C CO BAN 

- Dinh nghia cdc gid tri luang gidc cua mdt gdc. 
- Ddu cua cdc gid tri luang gidc cua cdc gdc. 

- Lien he giita cdc gid tri luang gidc cua hai gdc bu nhau, hai goc phu nhau. 

cos(180° - a) = -cosa ; sin(180° - a) = sina. 

cos(90° -a) = sina ; sin(90° - a) = cosa (0° < a < 90°). 

II - BAI TAP 

Cho bilu thiic F = 
3cosa -I- 4sina 

cosa -I- sina 
a) Vdi gdc a ndo thi bilu thiic khdng xdc dinh ? 
b) Tim gia tri cua F bilt tana = -2 . 

2. Tfnh gid tri ciia mdi bilu thiic sau : 

a) cosO° + cos20° -i- cos40° -i- cos60° -i-... -i- cosMO" + cosl60° + cosl80''. 

. b) tan5°tanl0°tanl5° ... tan80°tan85°. 

3. a) Chiing minh rang sin^x -i- cos^x = 1 (0° < x < 180°). 

b) Tim sinx khi cosx = 

c) Tim cosx khi sinx = 0,3. 
2 

d) Tim cosx va sinx khi sinx - cosx = — • 
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2 1 
4. a) Chiing minh ring vdi mgi gdc a khac 90°, ta cd 1 + tan a = — » — 

cos a 
h) Cho tanx = - 5 , hay tim cdc gid tri lugng giac cdn lai ciia gdc x. 

•y 1 

5. a) Chiing minh 1 -i- cot a = — — vdi a^O°vka^ 180°. 
sin a 

b) Cho cot6 = 3, hay tim cdc gid tri lugng giac cdn lai ciia gdc b. 

6. Cho bilt sinl5° = ^ , • 
4 

a) Tfnh tanl5°. 

b) Chiing minh 2sinl5°cosl5° = sin30°. 

7. Bilt sinx + cosx = m. 

a) Tim sinx.cosx. 

b) Tim sin x -i- cos x. 

c) Tim sin x -i- cos x. 
d) Chiing minh ring -42 < m < 42 . 

8. Bilt tana -i- cota = k. 
2 2 

a) Tim tan a + cot a. 

b) Tim tan a + cot a. 

c) Tim tan a + cot a. 
d) Chiing minh : \k\ > 2. 

§2. Tich vd tiadng cua hai vecto 

I - CAC KIEN THQC CO BAN 

1. Dinh nghTa tich vd hudng cua hai vecta vd cdc tinh chdt. 

2. Biiu thitc toq dd cua tich vd hudng : 

Neu U = ix;y), v = ix';y') thi U.v = xx'+ yy'. 

3. Dd ddi cda vecta vd gdc giiia hai vecta: Nlu Uix;y),v = ix';y') thi 

I I r~o T -. -. jcc -I- vv -» -. 
IMI = V ^ + y ' COS(M, V ) = - ^ Y (vdi u^O,v ^ 0). 

ylx^+y\y]x'Ky'^ 
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ii-oeBAi 
9. Tam gidc ABC vudng d A va cd hai canh AB = 7, AC = 10. 

a) Tim cdsin ciia cac gdc (AB, ^] ; (AB, ^] ; (AB, CB) ; 

b) Ggi H la hinh chiiu cua A tren BC. Tinh HB.HC. 

10. Cho tam giac ABC cd A5 = 7, AC = 5, A = 120°. 

a) Tfnh cdc tfch vd hudng JB.JC vkJB.'sC. 

b) Tfnh dd ddi trung mylh AM cua tam giac (M la trung dilm cua BC). 

11. Tam giac MA F̂ cd MÂ  = 4, MF = 8, M= 60°. Ldy dilm E trtn tia MP 

vk ddt ME = kMP. Tim k di NE vudng gdc vdi trung tuyd'n MF cua tam 
gidc MNP. 

12. Tam giac ABC cd cac canh AC = b,AB = c, BAC = a vd AD Id phdn gidc 

ciia gdc BAC (D thudc canh BC). 

a) Hay bilu thi vecto AD qua hai vecto AB, AC. 
b) Tfnh dd ddi doan AD. 

13. Chiing minh cdng thiic sau (vdi hai vecto a vk b bdt ki) : 

d.b = ^{\d + bf -\d\^ -Ibf). 

14. Tam gidc A5C cd A5 = c, 5C = a, AC = 6. 

a) Tfnh cac tfch vd hudng JB.^ vk ^ . ^ . 

b) Tfnh dd ddi trung tuye'n AM cua tam gidc ABC. 

15. Tfnh dd ddi cdc dudng phdn gidc trong va phdn gidc ngodi ciia mdt tam 
gidc theo dd ddi ba canh cua tam gidc dd. 

16. Cho ba vecto d,b,c khac 0. Trong trudng hgp ndo ddng thiic sau ddy diing : 

ia.b)c =dib.c)'> 

17. Cho hai dilm cd dinh A, 5 cd khoang cdch bing a. 

a) Tim tdp hgp cac dilm M sao cho MA.MB = k. 

b) Tim tdp hgp cac dilm Â  sao cho AA .̂ A5 = 2a^. 
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18. Cho dilm A cd dinh ndm ngoai dudng thing A, H la hinh chiiu cua A tren A. 

Vdi mdi dilm M tren A, ldy dilm N trtn tia AM sao cho AA .̂ AM = AH^. Tim 

tdp hgp cdc dilm Â . 

19. Cho da gidc diu A1A2... A„ ndi tilp trong dudng trdn (O ; R) vk mdt dilm 

M thay ddi tren dudng trdn dd. Chiing minh ring : 

a) cosMO\ + COSMOA2 + ... + cosM0\ = 0 ; 

b) MAî  -I- MA2 + ... + MAI cd gia tri khdng ddi. 

20. Cho tam giac ABC co AB = c, BC = a, CA = b. Ggi M la dilm sao cho 

^ = kBC. Tfnh dd ddi doan thing AM. Xet trudng hgp dac biet khi 

21. Cho tam giac ABC cd AB = c,BC = a, CA = b. Dat 

u = {AB.1IC)CA + ('BC.CA)AB + {CA.AB)BC. 

Chiing minh ring 

a) a = - abc 
^ ^CA ^AB ^BC^ 
cosB—r- + cosC h cosA 

b c a 
V 

b) Nlu ABC la tam giac diu thi M = 0 ; 

c) Nlu M = 0 thi ABC la tam gidc diu. 

22. Tii gidc ABCD cd hai dudng cheo AC va BD vudng gdc vdi nhau tai M. 

Ggi F la trung dilm doan thing AD. Chiing minh ring : MP 1 BC khi va 

chi khi MA.MC = MB.MD. 

23. Cho hinh vudng ABCD, diim M nam tren doan thing AC sao cho 

AM = —— Ggi N la trung dilm cua doan thing DC. Chiing minh ring 

5MA^ Id tam gidc vudng cdn. 

24. Cho AA' Id mdt ddy cung cua dudng trdn (O) va M la mdt dilm nam tren 

ddy cung dd. Chiing minh rdng 2MA.M0 = MAiMA -MA'). 
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25. Cho tam gidc ABC ndi tidp trong dudng trdn (O) va mdt dilm M sao cho 

cdc gdc AMB, BMC, CM A diu bing 120°. Cdc dudng thing AM, BM, CM 

cdt dudng trdn (O) ldn lugt tai A', 5 ' vd C . Chiing minh rang : 

MA + MB + MC = MA'+ MB'+ MC. 

26. Cho n dilm Ai,A2,...,AnVa« sd'^i, ^2'—' ^n^ '̂̂  ki+k2+... + k„=k (^9^0). 

a) Chiing minh ring cd mdt vd chi mdt dilm G sao cho 

kiGAi +k2GA2+ ... + k„GA„ = 0. 

b) Tim quy tfch nhiing dilm M sao cho : k^MA^ + k^MAl + ... + k„MA^ = m, 

trong dd m Id mdt sd khdng ddi. 

27. Cho tam giac A5C khdng vudng. 

a) Ggi AA' Id dudng cao ciia tam gidc ABC. Chiing minh 

(tan 5)A'5 + (tan C)A'C = 0. 

b) Ggi H la true tdm tam giac ABC. Chiing minh 

- ( t a n A ) ^ -I- (tan 5 ) ^ + ( t a n C ) ^ = 0. 

28. Cho mdt dilm O bdt ki ndm trong tam gidc 

A1A2A3. Ggi 5i, 52, 53 ldn lugt la hinh 

ehilu ciia O tren A1A2, A2A3, A3A1. Dat 

«1 

«2 

«3 

-AA ^^1 

- A A ^^2 
~^^^'0B2 

-AA^^^ 

Hinh 23 Chiing minh rang aj -I- a2 -I- ag = 0. 

Chit y. Kit qua tren diing vdi da gidc AiA2...A„ bdt ki idinh li Con Nhim). 

Tren hinh 23, = W+\ (xem A„+i = Al), aj + 02 -1-... -1- a„ = 0 (cdc 

vecto â  dugc ggi la cdc "long nhim"). 
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29. Cho hai dudng thing AB, CD cdt nhau d dilm M. Chiing minh rang bdn 
dilm A,B,C,D cung thudc mdt dudng trdn khi va chi khi 

MA.MB = MC.MD. 
30. Cho dudng thing AB cdt dudng thing A d M vd mdt dilm C tren A 

(C khdc M). Chiing minh ring A Id tilp tuyin eua dudng trdn iABC) khi vd 

chi khi MC^ = MA.M5. 

31. Cho hai dudng trdn khdng ddng tdm (O; R) vk (O'; R'). Tim tdp hgp cac 

dilm M sao cho ^MKO, R) = ^MI(O\ Ry 

32. Trong dudng trdn ^(O ; R) cho hai ddy cung AA', BB' vudng gdc vdi nhau 

d dilm 5 vd ggi M la trung dilm cua AB. Chiing minh ring SM 1 A'B'. 

33. Cho dilm F cd dinh nim trong dudng trdn (O ; R) vk hai dilm A, 5 chay 
tren dudng trdn dd sao cho gdc APB ludn bing 90°. Ggi M Id trung dilm 
cua ddy AB vk H Ik hinh chie'u ciia F xudng AB. Chiing minh ring M, H 
ludn cung thudc mdt dudng trdn cd dinh. 

34. Cho tam gidc ABC ngoai tilp dudng trdn (/) vd (7) Id dudng trdn bang tilp 
gdc A ciia tam gidc. Chiing minh rang true ddng phuong ciia hai dudng 
trdn dd di qua trung dilm cua canh BC. 

35. Cho dilm M nim trong gdc xOy vk ggi Mj, M2 ldn lugt la hinh ehilu cua 

M tren Ox, Oy. 

a) Ve dudng trdn (©) qua Mj, M2, dudng trdn nay cdt hai canh Ox, Oy ldn 

lugt d A î, A/̂2- Ke dudng thing vudng gdc vdi Ox d N^ vk dudng thing 

vudng gdc vdi Oy d A'̂ 2' gii sit hai dudng thing dd cdt nhau d Â . Chiing 

minh OÂ  1M1M2. 

b) Chiing minh ring khi i^) thay ddi nhung vdn di qua Mj va M2 thi dilm 

Â  ludn thudc mdt tia Oz cd dinh va zOy = MON^. 

(*) Oifdng trOn bdng tidp goc A cOa tam giac ABC Id dirdng tr6n ti^p xuc v6i canli BC va 
vdi phin l<6o ddi ciia cac canfi AB, AC. Tam ciia dudng tron nay chinli la dilm 
d6ng quy ciia dtrdng phdn giac trong ciia gdc A va cac dudng phdn giac ngodi 
ciia gdc B vd C. 
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36. Cho dudng trdn dudng kfnh AB vk dudng thing A vudng gdc vdi AB bH. 
iH khdng trung vdi A vd 5). Mdt dudng thing quay quanh H cat dudng 
trdn bM,N vk cdc dudng thing AM, AN ldn lugt cdt A d M', N'. 

a) Chiing minh ring bdn dilm M, N, M', N' cimg thudc mdt dudng trdn 

(© ) nao dd. 

b) Chiing minh ring cac dudng trdn ( ^ ) ludn di qua hai dilm ed dinh. 

37. Cho dudng trdn (O ; R) vk diim A khdng thudc dudng trdn dd. Dudng 
thing A quay quanh A cdt (O ; F) d M va N. Xdc dinh vi trf cua A dl mdt 
trong ba dilm A, M, N each diu hai dilm kia. 

38. Cho dudng trdn dudng kfnh AB, H la dilm nim giiia AB vk dudng thing A 
vudng gdc vdi AB tai H. Ggi E, F Id giao dilm cua dudng trdn va A. Ve 

dudng trdn tdm A, ban kfnh AE vk dudng trdn (*© ) bdt ki qua H, B. Gia sur 

hai dudng trdn do cdt nhau b M vk N, chting minh ring AM vk AN Id hai 

tilp tuyen cua ( ^ ) . 

39. Cho hai dilm P, Q nim ngoai dudng trdn (/) cd dinh vdi IP ^IQ. 

a) Ve dudng trdn (^) bdt ki di qua P, Q. Chiing minh ring true dang 

phuong cua (*^) vd (/) di qua mdt dilm cd dinh. 

b) Hay neu each ve dudng trdn di qua P, Q vk tilp xiic vdi dudng trdn (/). 

40. Cho tii giac ABCD cd cac canh AB, CD keo ddi cit nhau d F vd cdc canh 
AD, BC keo ddi cdt nhau d F. Chiing minh ring cac trung dilm eua cac 
doan AC, BD vk EF ciing thudc mdt dudng thing idudng thdng Gao-xa cm 
tiic gidc). 

41. Cho tam gidc ABC ndi tilp trong dudng trdn (O ; R), cd dudng cao AA'. 
Ggi E, F tuong ling la hinh chie'u ciia A' tren AB, AC vk J la giao dilm cua 
EF vdi dudng kfnh AD. 

a) Chiing minh ring AA' la tilp tuye'n cua dudng trdn (A7D). 

b) Tim dilu kien cua AA' dl ba dilm E, F, O thing hdng. 

42. Cho ba dilm A, 5, C thing hang, 5 d gitta A, C va dudng thing A qua A. 

a) Chiing minh ring cd hai dudng trdn ciing di qua B, C vk ciing tidp xiic 
vdi A. 
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b) Chiing minh ring khi A quay quanh A, cac dudng trdn di qua 5 vd hai 
tilp dilm ciia A vdi hai dudng trdn d cdu a) ludn di qua mdt dilm cd dinh 
khdc 5. 

43. Cho dudng trdn dudng kfnh AB cd ddy cung CD vudng gdc vdi AB. Vdi 
mdi dilm M chay tren dudng trdn dd (khac vdi C va D), ke cac dudng 
thing AM, BM ldn lugt cdt dudng thing CD bJvkl. 

a) Chiing minh ring tii dilm F bd't ki cd dinh tren dudng thing AB, cd thi 
ke dugc hai tilp tuyin din dudng trdn (M//). 

b) Ke cdc tilp tuyin AT, AT' din dudng trdn (M//) (T, T' Id cdc tilp dilm). 
Chiing minh rang T, T' ludn thudc mdt dudng trdn cd dinh. 

44. Chiing minh ring : Trong tam giac, trung dilm cac canh, chdn cac dudng cao 
ciing thudc mdt dudng trdn ico) vk dudng trdn ico) ciing di qua trung dilm ciia 
cac doan thing nd'i mdi dinh vdi true tdm tam giac (dudng tron chin diem 
hay dudng trdn 0-le ciia tam gidc). 

45. Trong mat phing toa dd cho a = (1; 2); 6 = (-3 ;l);c - (-4 ; -2) . 

Tfnh d.b; b.c; c.a; a.ib + c); a.ib-c). 

46. Cho cac vecto a ( -2 ; 3), bi4; 1). 

a) Tfnh cdsin ciia gdc giiia mdi cap vecto sau : 

a vd ^ ; a vd / ; b vk j ; a + b vk a -b ; 

b) Tim cac sdk vk I sao cho vecto c = ka + lb vudng gdc vdi vecto a + b. 

c) Tim vecto d bilt a.d = 4 vd b.d = -2. 

47. Cho hai dilm A(-3 ; 2) va 5(4 ; 3). Tim toa dd ciia 

a) Dilm M tren true Ox sao cho tam giac MAB vudng tai M. 

b) Dilm Â  tren true Oy sao cho NA = NB. 

48. Cho ba dilm A(-l ; 1) vd 5(3 ; 1), C(2 ; 4). 

a) Tfnh chu vi vd dien tfch ciia tam gidc ABC ; 

b) Tim toa dd true tdm H, trgng tdm G vd tdm / ciia dudng trdn ngoai tilp 

tam gidc ABC. Hay kilm nghiem lai he thiic lU = 31G. 
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49. Cho bdn dilm A(-8 ; 0), 5(0 ; 4), C(2 ; 0), D(-3 ; -5). Chiing minh ring tii 
giac ABCD ndi tilp dugc trong mdt dudng trdn. 

50. Bilt A(l ; -1) vd 5(3 ; 0) la hai dinh ciia hinh vudng ABCD. Tim toa dd 
cdc dinh C va D. 

§3. H# thCrc luong trong tam giac 

Trong tam giac ABC ta thudng ki hieu : 

• a,b,c ldn lugt la dd dai cdc canh ddi dien vdi cdc dinh A, B, C. 

• m^, mij, m^ ldn lugt la dd dai cac trung tuye'n ling vdi cdc canh a, b, c. 

• h^, hf,, h^ ldn lugt la dd ddi cdc dudng cao ling vdi cac canh a, b, c. 

• p = ^ Id nita chu vi tam gidc, 5 la dien tfch tam giac. 

• R Id ban kfnh dudng trdn ngoai tilp, r la bdn kinh dudng trdn ndi tiep. 

I - CAC KIEN THQC CO BAN 

9 9 9 

1. Dinh li cdsin : a = b + c - 2bccosA. 

2. Dinh li sin : ——- = -: = = 2F. 
smA sm5 smC 

- _ , , , ., 1 r) + c a 
3. Cong thuc trung tuyen : m^ = — 

4. Cdng thiic tinh dien tich tam gidc :' 

S = -ah^. 

S = --bcsinA, 

abc 

S = pr. 

S = yjpip - a)ip - b)ip - c) (cdng thiic He-rdng). 
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II - OE BAI 

51. Cho tam giac ABC cd dd ddi cac canh a = 3,b = 4,c = 5,2. Hdi trong cdc 

kit ludn sau, kit ludn ndo diing ? 

a) A Id gdc nhgn. 

b) 5 la gdc tu. 

c) C Id gdc nhgn. 

d) C la gdc tii. 

52. Tam giac ABC cd dd dai ba canh a, b, c thoa man he thiic a =b + c . 

a) Chiing minh 5 < A va C < A. 

b) Chiing minh ring tam giac ABC cd ba gdc nhgn. 

53. Tfnh canh thii ba cua tam gidc ABC trong mdi trudng hgp sau : 

a)a = 7 ; 6 = 1 0 ; C = 56°29'. 

b)a = 2 ; c = 3; 5 = 123°17'. 

c)b = 0,4; c=l2; A = 23°28'. 

54. Tfnh cac canh va gdc cdn lai eua tam gidc ABC trong mdi trudng hgp sau : 

a) a = 109 ; 5 = 33°24'; C = 66°59'. 

b) a = 20 ; b=l3 ; A = 67°23'. 

55. Tam gidc ABC cd 5 = 60°; C = 45° ,BC = a. 

a) Tfnh dd ddi hai canh AB, AC. 

o 46-42 
b) Chiing minh cos75 = 

56. Tam gidc ABC c6c = 35,b = 20, A = 60°. , 

a) Tfnh ehilu cao h^. 

b) Tfnh bdn kfnh dudng trdn ngoai tilp tam giac. 

c) Tfnh ban kfnh dudng trdn ndi tilp tam gidc. 

57. Tam gidc ABC cd cdc canh A5 = 3, AC = 7,5C = 8. 

a) Tfnh dien tfch ciia tam giac. 
b) Tfnh bdn kfnh cdc dudng trdn ndi tilp, ngoai tilp cua tam giac. 
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58. Chiing minh ring trong tam giac ABC ta cd : 

^ a^ +b^ +c^ ^ 
cotA -I- cot5 + cotC = ; R. 

abc 

59. Chiing minh ring trong tam giac ABC ta cd : 
2 2 

a) b - c = aibcosC - ccosB). 
h) ib - c )cosA = a(ccosC - bcosB). 

c) sinC = sinAcosF -i- sin5cosA. 

60. Tam giac ABC cd 5C = 12, CA = 13, trung tuye'n AM = 8. 

a) Tfnh dien tfch tam gidc ABC. 

b) Tfnh gdc 5. 

61. Tam gidc ABC cd -r- = —^ t̂ 1. Chiing minh ring : 
b m^ 

2cotA = cot5 -I- cotC. 

62. Tm quy tich nhiing dilm cd tdng binh phuong cac khoang each din bdn 

dinh cua mdt tii giac bing k khdng ddi. 

63. Chiing minh ring hai trung tuyin ke tur 5 va C cua tam gidc ABC vudng 
gdc vdi nhau khi va chi khi cd he thiic sau : 

cotA = 2(cot5 -I- eotC). 

64. Chiing minh ring khoang each d tit trgng tdm tam giac ABC din tdm 
dudng trdn ngoai tiep cua tam giac dd thoa man hi thiic 

R'-d' = -'^b'^c' 
9 

65. Chiing minh ring trong mdi tam gidc, khoang each d tii tdm dudng trdn ndi 
tilp de'n tdm dudng trdn ngoai tilp thoa man he thiic 

d^ = R^-2Rr (He thvcc 0-le) 

66. Cho dilm M cd dinh tren dudng trdn (O ; R) vk hai dilm N, P chay tren 

dudng trdn dd sao cho J^MP = 30°. 

a) Tim quy tfch trung dilm / cua NP. 

b) Xac dinh vi tri cua Â , F di didn tfch tam gidc MA F̂ dat gia tri ldn nhdt. 
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67. Ke cdc dudng cao AA', BB', CC cua tam gidc nhgn ABC. 

a) Chiing minh ring B'C = 2FsinAcosA. 

b) Ldy Aj, A2 ldn lugt Id dilm dd'i xiing vdi A' qua AB, AC. Chiing minh 

ring chu vi tam giac A'B'C bing do dai doan thing AjA2. 
c) Chiing minh he thiic : 

sinAcosA -1- sin5cos5 + sinCcosC = 2sinAsin5sinC. 

68. Tii mdt vi trf quan sat A cd dinh trdn bd biln, ngudi ta mudn tfnh khoang 
each din mgt vi trf 5 trdn mat biln bing giac ke (may do gdc). Em cd thi 
lam vide dd bang each nao ? 

69. Cho tii giac ABCD cd AB = a, CAB = a, DBA = p, DAC = a', CBD = P'. 

Tinh dd dai canh CD. 

70. Cho tam giac ABC cd trgng tam G. Ggi A', B',C' ldn lugt la hinh chiiu cua 
G tren cac canh BC, CA, AB ciia tam giac. Hay tfnh didn tfch cua tam giac 
A'B'C bilt ring tam giac ABC cd dien tfch bdng S va khoang each tii G den 
tam dudng trdn ngoai tilp tam giac dd bang d, ban kfnh dudng trdn ngoai 
tilp bing R. 

71. a) Chiing minh ring nlu a la gdc nhgn thi COS(Q; -I- 90°) = - sina. 

b) Cho tam gidc nhgn ABC cd cac canh a, b, c vk didn tfnh S. Trtn ba canh 
vd vl phfa ngoai cua tam giac dd dung cac tam giac vudng can A'BC, 
B'AC, CAB iA', B', C ldn lugt la dinh). Chiing minh ring : 

A '5'^ + B'C^ + CA''^ = a^ + b^ + c^ + 65. 

72. Cho tii giac ABCD ndi tilp dugc va cd cac canh a, b, c, d. Chiing minh 
ring dien tfch tii giac dd dugc tfnh theo cdng thiic sau : 

S = yjip - d)ip - b)ip - c)ip-d), trong dd p la niia chu vi tii gidc. 

73. Cho tam gidc cdn cd canh bdn bing b ndi tiep trong dudng trdn (O ; F). 

a) Tfnh cdsin cua cac gdc ciia tam giac. 

b) Tfnh bdn kfnh dudng trdn ndi tiep tam giac. 

c) Vdi gid tri ndo ciia b thi tam giac dd cd dien tfch ldn nhdt ? 

74. Cho tam gidc ABC. Ggi r̂  la ban kfnh dudng trdn bang tiep gdc A. Chiing minh 
ring dien tfch tam giac ABC tfnh dugc theo cdng thiic : 

S = ip- a)ra. 
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75. Cho tam giac ABC cd ban kfnh dudng trdn ndi tilp bing r vk cdc bdn kinh 

dudng trdn bang tiep cac gdc A, B, C tuang umg bing r^, r^, r^. 

Chiing minh rang ndu r^r^-rf^-r^ thi gdc A la gdc vudng. 

76. Cho tam giac ABC cd dd ddi ba trung tuye'n bing 15 ; 18 ; 27. 

a) Tfnh dien tich ciia tam giac. 

b) Tfnh do ddi cac canh cua tam giac. 

77. Giai tam giac ABC bilt 

a) a = 6,3 ; 6 = 6,3 ; C = 54°. 

b)a = 7 ; 6 = 2 3 ; C = 130°. 
78. Giai tam giac ABC biet 

a) c = 14 ; A = 60° ; ^ 

b) c = 35 ; A = 40° ; 
79. Giai tam giac ABC bie't 

a ) a = 14; &= 18 ; 
b) a = 6 ; b = l,3 ; 

80. Tren nggn ddi cd mdt cai thap cao 100m (h. 24). Dinh thdp 5 va chdn thap 
C nhin dilm A d chdn ddi dudi cac gdc tuong ling bing 30° vd 60° so vdi 
phuong thing diing. Xac dinh chiiu cao HA cua nggn ddi. 

81. Mdt vdt nang F = lOON dugc treo bing sgi day gin trdn trdn nha tai hai 
dilm A, 5 (h. 25). Bie't hai doan ddy tao vdi trdn nhd cdc gdc 30° va 45°. 
Tfnh luc cdng cua mdi doan ddy. 

5 

C 

c = 
c = 

= 40°. 

= 120° 

:20. 
:4,8. 

Hinh 24 
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Bai tap on tap chuong II 

82. Tm gid tri cua mdi bilu thiic sau 

A = 2sin30° - 3cos45° + 4cos60° - 5sinl20° + 6cosl50°. 

5 = 3sin^45° - 2cos^45° - 4sin^50° - 4cos^50° + 5tan55° cot55°. 

83. Cho tam gidc diu ABC cd /, / ldn lugt la trung dilm ciia AB, AC. Tim 

cos(A5, AC), cos(A5, 5C), cos(57, 5C), cos(A5, 57), cos(57, c7). 

84. Cho tam gidc cdn cd gdc d day bang a. Chiing minh ring 

2 sin a cos a = sin 2a. 

85. Cho tam giac diu ABC cd canh bing 1. Ggi D la dilm ddi xiing vdi C qua 
dudng thing AB, M Id trung dilm cua canh CB. 

a) Xdc dinh trdn dudng thing AC mdt dilm Â  sao cho tam giac MDÂ  
vudng tai D. Tfnh didn tfch tam giac dd. 

b) Xac dinh tren dudng thing AC diim P sao cho tam giac MPD vudng tai M. 
Tfnh didn tfch tam giac dd. 

c) Tfnh cdsin eua gdc hgp bdi hai dudng thing MP vk PD. 

86. Cho tam gidc ABC cd A = 60°, a = 10, r= - ^ • 

a) Tfnh R. 

b) Tfnh b, c. 

87. Bilt ring tam giac ABC ed AB = 10, AC = 4 vd A = 60°. 

a) Tfnh chu vi eua tam gidc. 

b) Tfnh tan C. 

c) Ldy dilm D tren tia dd'i cua tia AB sao cho AD = 6 va dilm E trtn tia 
AC sao cho AE = x. Tim x dl BE Id tilp tuyin cua dudng trdn iADE) 
HADE) Id dudng trdn ngoai tilp tam giac ADE). 

88. Cho dilm D ndm trong tam gidc ABC sao cho DAB = DBC = DCA = (p. 

Chiing minh ring 

a) sin (p = sin(A - ^).sin(5 - ^).sin(C - (p). 

b) cot^ = cotA -I- cot5 + cotC. 
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89. Cho diem M nim trong dudng trdn (O) ngoai tilp tam gidc ABC. Ke cac 
dudng thing MA, MB, MC, chiing cdt lai dudng trdn dd ldn lugt d A', 5', C. 
Chiing minh ring : 

S^.s^r iR^-MO^f 

^ABC iMA.MB.MCf 

90. Cho ddy cung BC ciia dudng trdn ^iO ; R) iBC < 2R). 

a) Hay dung dudng trdn tdm / tilp xuc vdi OB d 5 va tiep xiic vdi OC b C. 

b) Vdi mdi dilm M trdn dudng trdn (/), ke cdc dudng thing MB va MC, 

chung ldn lugt cit lai dudng trdn i'^) b B' vk C. 

Chiing minh ring B'C la dudng kfnh ciia dudng trdn ( ^ ) . 

91. Trong tam giac ABC ke cac dudng cao AA', BB', CC vk ggi H la true tdm 
cua tam giac. 

a) Chiing minh A'B. A'C = -A'H.A'A. 

b) Ggi / la mdt giao dilm cua AA' vdi dudng trdn ( ^ ) dudng kfnh BC. 

Chiing minh ring cac dudng thing BC, B'C vk tiep tuyin tai / ciia i^) 

ddng quy. 

Cac bai tap trac nghiem chirdng II 

1. cos 150° bing 

2. 

3. 

(A)i; 

sin 120° bang 

( A ) | ; 

( B ) - i ; 

<B,f. 
(A)sin91° >sm92° ; 

(C) sin 91° = sin 92° ; 

(cf ; 

(C) 0,7 ; 

(B) sin 91° 

(D) sin 92° 

< sin 

<0 . 

92 

(D)-

(D)-

0 . 

4^ 
2 

4^ 
2 

52 



4. A) cos 135° = cos 45° ; 

C) cos 135° =-cos45° ; 

Tam gidc ABC cd AB = 5, AC = 7, 

A) JB.AC = 35 ; 

C) JB.AC = -35 ; 

Nlu M, N, P thing hang thi 

8. 

10. 

B) cos 135° > cos 45° ; 

D) cos 135° =3cos45°. 

BAC = 120° thi 

B) AB.AC = 17,5 ; 

D) A5.AC =-17,5 . 

A) MN .MP = MN .MP ; 

C) MN.MP = -MN.MP ; 

Trong tam giac ABC cd 

A) a^ =b^+ c^- bccosA ; 

C) a^ =b^+c^-2bccosA ; 

Nlu tam giac ABC ed a^ <b^ + c^ 

A) A Id gdc til; 

C) A Id gdc nhgn ; 

Trong tam gidc ABC cd 

A)a = 2FcosA ; 

C)a = 2FtanA; 

Trong tam giac ABC cd 

b + c 
A) m„ = 

C)m„< 

2 

b + c 

B) MN .MP = MN .MP ; 

D) MN.MP = -MN.MP. 

B) a^ =b^+ c^ + bccosA ; 

D) a^ =b^+c^+ 2bccosA. 

thi 

B) A la gdc vudng ; 

D) A la gdc nhd nhd't. 

B)a = 2FsinA; 

D) a = FsinA. 

_,, b + c 
B) m^ > -J- ; 

D) m^ =b + c. 
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B. Ldl GIAI - flUd^G B A N - BAP SO 

§1. Gia tri lirong giac cu^ mot goc bat ici (tir 0° den 180°) 

1. a) Bilu thiic khdng xac dinh khi cosa -i- sina = 0 hay a = 135°. 

b) Chia ca tir va mdu ciia bilu thiic cho cosa ^ 0, ta tfnh dugc F = 5. 

2. a) Luu y cosO° -i- cos l80° = cos20° -i- c o s l 6 0 ° = ... = cos80° -i- eoslOO° = 0. 

b) Luu y tan5°.tan85° = tanlO°.tan80° = ... = tan45° = 1. 

D 5 . a ) 0 ; b ) l . 

3 . (h. 26) a) sinx = OQ , cosx = OP, 

sin^x -I- cos^x = OQ^ + OP^ = OM^ = I. 

K̂  • fl ~ 2V2 
b) sinx = VI - cos X = ^ — 

c) cosx = ±Vl-s in^x = + V o ^ . 

2 
d) Giai hd sinx-cosx = 

sin X + cos X = 1. 

Hinh 26 

A X 

^ e • ^14 + 2 V14-2 DS : smx = — ; cosx = — 

. N 1 . 2 1 sin a cos^a-hsin^a 
4. a) 1 -I- tan a = 1 -(-

cos a cos a cos a 

b) Ap dung tanx.cotx = 1 dl tfnh cote. 

Ap dung cdu a) ta cd —r— = 1 + (-5)^ =^ cos^x = -— 
-^" 26 cos X 

1 Vl tanx < 0 ndn cosx < 0, suy ra cosx = -

Tit sinx = cosx.tanx, hay tfnh sinx. 

DS : cotx = - -r, cosx = p = , sinx = -,— 
5 V26 V26 

V26 

5 

- s 1 .2 . cos a sin^a-l-cos^a 1 
5. a) 1 -1- cot a = 1 -I-sin a sin a sin a 

54 



1 1 3 
b) DS : tanb = - , sinb = —f=, cosb = 3 ' V io ' VlO 

A ^ .«21.o 1 (46-42]^ 8 + 2712 6. a ) cos l5 = 1 - ^ ^ ^ J = ^ ^ — 

\2 , - r- / r-\2 
(Ve) +24642+ (42) (4^ + 4^f 

16 16 

Do 15° < 90° nen cosl5° > 0, suy ra cosl5° = ^ ^ ± ^ 2 
4 

^ ._o sin 15° .46-42 {46-42f ^ r-
tanlS = = —j= j= = — = z - v 3 . 

cosl5° 46 + 42 6 - 2 
û  1 • 1 cO 1 CO v6 - v2 v6 -I- V2 1 . o 
b) 2sinl5 cosl5 = 2 ^ ^ = — = sin 30 . 

4 4 2 
7. a) Binh phuong hai vl vd dp dung bai 3a). DS: sinxcosx = 

m ^ - 1 
2 

i . \ - 4 4 / . 2 N 2 / 2 X 2 / . 2 2 X 2 , , . 2 2 

b) sin X -I- cos X = (sin x) + (cos x) = (sin x -i- cos x) - 2sin x.eos x 

- (m^ - 1)̂  _ 1 + 2m^ - m^ 
fi fi 9 * ^ 9 ' ^ v v ^ 

c) Vie't lai sin x -h cos x = (sin x) -i- (cos x) rdi sit dung hdng dang thiic 

â  -I- 6̂  = (a -I- b)^ - 3abia + b). 

DS 
-3m^ + 6m^ + I 

2 2 

d) Tijf gia thie't suy ra siruc -m- cos;c. Lai co sin x + cos x = 1. 
2 9 

Tii dd dan de'n cosx la nghiem ciia phuong tnnh 2t - 2mt + m - 1 = 0 

nen A' > 0, tii dd suy ra m^ < 2 hay -42 <m<42. 
2 2 2 2 

8. a) tan a + cot a = (tana + cota) - 2tanacota = k -2. 

b) tan a -t- cot a = (tan a + cot a) - 2tan a.cot a = ik -2) -2 

= k^-4k^ + 2. 
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f\ f\ 9 9 " ^ 9 9 9 9 

c) tan a -I- cot a = (tan a + cot a) - 3tan a.cot a(tan a + cot a) 
= ik^-2f -3ik^-2) 
= ik^ - 2)ik'^ - 4k^ + 1). 

d) Cdch I. Do tana va cota cung ddu ndn Itana + cotal = Itanal -i- Icotal 

ma Itanal -I- Icotal > 2vltana|.Icotal = 2, suy ra Itana -t- cotal > 2 hay 1̂1 > 2. 

1 - 2 
Cdch 2. Thay cota = dan din tan a - A: tan a + 1 = 0. Vay tana la nghidm 

tana 
cua phuang trinh x^ - A:x -i-1 = 0 nen A = ^^ - 4 > 0 hay UI > 2. 

§2. Ticli v6 hirdrng cua liai vecto 

9. (h. 27) a) (JB,AC)= 90° nen cos(A5, AC]= 0. 

{JB,BC] = 180°- ABC ndn 

cosf A5, Bc] = - cos ABC = ^=1= 
^ ^ V149 

(AB, CB) = ABC ndn COS(A5, CB\ = - ^ • 

h)llB.llC = //5.//Ccosl80° = -HB.HC = -AH 

Theo he thiic trong tam giac vudng 

,2 4900 

1 1 
- I - -

suy ra AH^ = ——-. Vdy HB.HC = 

149 
A//2 ~ AB^^AC^ ~4900 ' 

4900 
149 149 

35 10. a) AB.AC =A5.AC.cosl20°= - — 

AB.IBC =AB('AC-AB\ = 'AB.AC - AB' = - ^ - 49 = -
T T ^ ^ T ; ^^2 35 

2 

133 

b) M la trung dilm cua BC ntn AM = - [ A5-I-Ac), suy ra 

:2 1 
AM = 

AM = 

4 

39 

' — , 2 — . 2 — > — > ^ 
AB +AC +2.AB.AC 

V 

1 39 
= - (49 + 2 5 - 3 5 ) = ^ , 
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11. (h. 28) NE = NM + ME = kMP - MN, 

'MF = UA1P+^).^ 

NELMF<^ i ^ + WiYik'MP - Miv) = 0 

14N.{JV1P+WN\ 

o k = 
MN.MP+MN 

MP.\^MP + MNj MP +MN.MP 

_ 2£jJ^_ 2 
" 64 4-16 ~ 5 ' 

12. (h. 29) a) Theo tfnh chdt ciia dudng phdn giac, ta cd 

- ^ = -̂  hay D5 = ^DC . Mat khdc 'DB, ^ 
DC b b 

ngugc hudng nen DB = —rDC. Tii dd ddn 
4 t> 

din AD = 
bAB + cAC 

b + c 
b) Binh phuong vd hudng dl tfnh do ddi AD. 

bc 
DS: -^42il + cosa). 

b + c 

13. a + b\ - \a\ 
•\2\ -.2 - 2 - 2 

14. a) AB.BC = ^ 
r. 
\AB + BC\ -AB -BC 

a +b + 2a.b -a -b 

2 

d.b. 

, \ 

V 

1^ 
y 

>2 • .2 

AC -AB 
\ 

^'] = ^{b2_,2_^2) 

AB.AC = -

_ J_ 
~ 2 

,2 — . 2 / . .\2 

AB +AC -iAB-AC) 
( >2 >2 — . 2 ^ 1 / 9 , , \ 

AB +AC -CB =-\c^ +b^ -an. 

b) Vi AM Id dudng trung tuyin cua tam gidc ABC ntn 

AM^ = AM 
2 1 / > .\2 1 f .2 .2 — . . 

= MAB + AC) =-r\AB +AC + 2AB.AC 4{ 

= I p + ̂ 2 ^ 2̂ ^ 2̂ _ 2̂ J ̂  j(2^2 +2c^-a'). 
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Vdy : AM = ^ yl2b^ + 2c^ - a^ . 

15. Xet tam gidc ABC cd AD, AE ldn lugt la dudng phdn gidc trong va phdn 

—. bAB + c AC 
gidc ngodi (h. 30). Theo bdi 12a) ta cd AD = ; Hay binh 

b + c 

phuang vd hudng ca hai vl vd sit dung ding thiic AB.AC = 

(theo bai 14) dl tfnh dd dai doan AD. Vi AE Id phdn gidc ngoai ndn 

EB = — EC (luu y ring phdn gidc ngodi cua gdc A chi cat dirdng thing BC 
b 

b'+c'-a' 

Mab^c).Tv(d6 AE = 
bAB-cAC 

b-c 

DS: AD = 

AE = 

b + c 

2 

sjbcpip - a) ; 

= | r ^V^c(p - b)ip - c) 

, a 4- &-I-C , , , , . , ., ^ 
ip = -z la nua chu vi cua tam giac). 

16. Gia sii id.b)c = dib.c). Nlu a.b = 0 thi b.c = 0 (vi a ^ 0). Vdy ca hai 

vecto a vd ? ciing vudng gdc vdi b hay a = kc. Ndu ah ^ 0 thi 

b.c * 0. Khi dd a = 
(dh^ 

\b.c 
.c hay a = kc. Ngugc lai, nd'u a = kc thi 

ia.b)c = ikc.b)c - kic.b)c = ib.c)kc = (Jb.c)d = dib.c). 

Nhu vdy, ding thiic id.b)c = dib.c) dung khi vd chi khi cd sd k di 

a = kc. 

17. a) Ggi 0 la trung dilm ciia A5 thi OA = - 0 5 . 

Vdi mgi dilm M, ta cd 

m.'MB = ('MO+dA) .{'MO + OB) = {'Md-OB).{'Md+'dB) 

2 
= MO^ - OB^ = MO^ - t-. 

4 
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,2 ^ , . , , , ^ 2 C^ , ,.... ^ • Tit dd MA.MB =/t ^ MO^ - ^ = k ^ MO^ = ^+k. (*) 
4 4 

^2 
Ta cd O cd dinh, — -i- A: la sd khdng ddi ndn : 

2 
- Ne'u k<- -— thi tdp cdc dilm M la tdp rdng. 

- Nlu k = —T" thi tdp cac dilm M chi gdm mdt dilm O. 

- N l u ^ > - - — thi tdp cdc dilm Mid dudng frdn tdm Oban kfnh F=-Vfl^-I-4L 

b) Ldy dilm C sao cho 'AC = 2 A5. Khi dd JB.'AC = 2 A5^ = 2a^. 

Tit dd cd A]V.A5 = 2a^ <::̂  A/V.A5 = A5. AC o A5.(A/V - Ac) =0 

«^ A5.ciV = 0 « CATl A5. 

Vdy tdp hgp cdc dilm Â  la dudng thing vudng gdc vdi dudng thing AB tai 
dilmC. 

18. (h. 31) Ta cd AN.'AM = AH^ 

<=>AiV.AM = A77.A^ = A77.AM (theo cdng thiic hinh ehilu) 
A 

O AA^.AM- A77.AM = 0 

<i> {AN -AH).AM = O 

^ HN.AM -^0. 
M A 

Vdy tdp hgp cac dilm Â  Id dudng trdn dudng kfnh AH. Hinh 31 

19. a) Theo dinh nghia ciia tfch vd hudng ta cd (vdi mdi / e {l, 2,..., n}): 

OM.OAi = OM.OA,.cosMOA, = F^cosMOA, . 

Do dd : cos MOAj -i- COSMOA2 -t-... -1- cosMOA„ = 

= -^OM-foAj" -I- O ^ -I-... + 0A^„). 
R^ 
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Theo bai 7 (chuang I) thi OA^ + OA2 +... + 0A„ = 0, ndn 

cosMOAi + COSMOA2 + ... + cos MOA„ = 0. 

- 2 
b) MA{; + MA2 + ... + MA„ = MAi + MA2 + ... + MA„ 

= (a\-OM) +(OA^-OM) +... + (O\-OM) 

= OAf + OAI + ... + OAI + nOM^ - 2(oA^ + O ^ + ... -I- 0\).0M 

= R^ +R^ + ... + R^ +nR^ -0 = 2nR^ . 

20. Tiif dilu kidn ^ = klBC, ta suy ra : 

AM -AB = ki'AC - AB) hay AM = (1 - k)AB + kAC . 

(1 - k)'AB + kJc Bdi vdy : AM = AM = 

= (1 - k)^JB^ + k^'AC' + 2ki\ - k)AB.AC 

]_ 

'2 
= (1 - kfc^ + k^b^ + 2kil - k).Uc^ +b^ -a^\ (xem bai tdp 14) 

= i\-k)c^ + kb^ -kil-k)a^. 

1 
Trong trudng hgp k= — thi M la trung didm cua canh BC, AM la dudng 

2 . 2 2 
trung tuyin. Khi dd ta cd cdng thiic trung tuyin : AM = — • 

21. a) M = ca.cos(180° - B)CA + a&.cos(180° - C)!^ + ZJC.COS(180° - A)'BC 

= - cacosB .CA - ab. cos CAB - bc. cos A.BC 

= -abc 
^ ^CA ^AB RC^ ' 
cos5—— -I- cosC + cos A 

b c a J 

b) Nlu tam giac ABC diu thi a = 6 = c, cos A = cosB = cosC, tii dd suy ra 

M = - alcosA.(cA + A5 + 5C) = 6. 
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c) Nhdn vd hudng vecto M = 0 ldn luot vdi ^—, — va ta cd̂ :* * 
b c a 

^A 
M.̂ — = 0, suyra cos5 - 2cosC.cosA = 0. 

b 

TuOng tu ta cd : cosC - 2cosA.cos5 = 0, 

cosA - 2cos5.cosC = 0. 

Rut cos5 tii ding thiic ddu va thay vao ding thtic thii hai, ta cd : 

cosC - 4cos^A.cosC = 0 ma cosC ^ 0 (vi nd'u cosC = 0 thi cosfi = 0, 

1 1 
F = C = 90°, vd If) ndn cos^A = - hay cosA=+-. Vdy A = 60°, hoac 

A = 120°. 

Tuang tu nhu vdy, gdc C ho^c bing 60° hoac bing 120°. Vi tdng ba goc 

cua tam giac bing 180°, ndn chi cd thi cd 2 = B^C = 60°. Vay ABC la 

tam giac diu. 

22. (h. 32) 2MP.BC = iMA + MD).iMC - MB) 

= MA.MC - MD.MB + MD.MC - MA.MB 

= MA.MC - MB.MD 

(vi MA.MB = MD.MC = 0 do AC 1 BD). 

Tit dd ta cd : 

MP IBC <:> MP.BC = 0 

<:̂  MA.MC = MB.MD. 

23. Dat AD = d,AB = b. Khi dd : 

AM = I-'AC = Ud + b),JN = AD + 'DN = d + --
4 4 2 

Tiif dd suy ra : m = JB-AM = b-Ua+ 'b) = - ( - a + 3b). 

MN = AN - AM = a + - - -id + 'b) = --{3d + b) . 
2 4 4 
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Ta cd : M5.MAr = J-{-a + 3b){3a + S) 
16 

= ^(-3a^ +3f +Sa.b)^0. 
16 

16 16 
+ 9b -6a.S) = | a ^ 

8 

MÂ^ = :^(3a + 'bf = Mgd^ +f+ 6dh) = \d^. 
16 16 8 

vay MB 1MA^ vd MB = MA ,̂ tam gidc 5MA^ vudng cdn tai dinh M. 

24. (h. 34) Ggi F Id trung dilm ciia AA' thi OP \.AA' 
ntn theo cdng thiic hinh chie'u ta cd : ' 

2MA.MO = 2MA.MP. Nhung vi F la trung 

dilm cua AA' ntn 2MP = MA -i- IAA' . Vdy : 

2AM. MO = MA . te -1-M^) = MA -̂I-AM .MÂ  

= MJ^ - MAMA = MAiMA - MA). 

25. (h. 35) Ldy cac dilm Aj, Fj , Cj sao cho : 

MB 
•,MB,=-—vkMC,= 

MC 
MB •" " " ^ MC 

khi dd ca ba vecto tren diu cd dd dai bing 1, 
ma gdc giiia hai vecto bdt ki trong chung diu A 

bing 120° nen M la tdm cua tam gidc diu 

Ai5iCi. 

Theo bdi 24, ta cd : 

suy ra 

hay 

2MAM0 = MAiMA -MA), 

MA 
.MO = MA-MA, 

2MAi.M0 = MA-MA. 

Tumg tu: 2M5i .MO = MB-MB', 

2MC^.M0 = MC - MC. 

Hinh 35 
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Tir dd ta cd MA + MB + MC- MA- MB'- MC 

= 2{M\ + JIBI + JIC'A.'MO = 0 , 

hay MA + MB + MC = MA+ MB'+ MC. 

26. a) Ldy mdt dilm O bdt ki thi ding thiic 

jtjGAi -I- k2GA2 + ... + k„GA^=0 (1) 

tuong duong vdi 

kii^i-dc) + k2(0A^-0G\ + ... + kJd\-dG\ = 0 

hay OG = UoA^ +0A^ + ... + 0 4 ) . 

Dilu dd chiing td ring cd dilm G thoa man (1). 

Gia sii didm G' cung thoa man k^G'A^ + k2G'A2 + ... + k„G'A^ = 0 (2). 

Bing each trir theo vl (1) cho (2) ta dugc k.GG' = 0, suy ra GG' = 0 hay 

G' triing vdi G. (Dilm G dugc ggi la tdm ti cu cua he dilm {Aj, A2,...,A„} gan 

vdi cac he sd'A:j, k^,..., ^„). 

b) Vdi mgi dilm M, ta cd 

k^MAf + k2MAl + ... + k„MA^ = m 

->2 

m 

<::> ĵMAj + k2MA2 + ... + k^MA^ =m 
9 9 9 

<:> ki{GAi-GM) +k2{GA^-GM) -1-... + /:„(GA^ - G M ) = 

o kfiAf + k^GAl + ... + k/}Al + kGM^ -

2GM {k^GA^ + k2GA^ + ... + k„GA^„) = m. 

Ta ddt k^GAf + k2GAl + ... + k„GA^ = s thi ding thiic trdn tuong duong vdi 

s + kGM^ = m hay GM = —-—. Tii dd suy ra 
fC 

• Nlu —-— > 0 thi quy tfch cdc dilm M la dudng trdn tdm G, ban kfnh 

\m- s 
r = 
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• Ne'u m - ^ = 0 thi quy tfch eac dilm M la mdt dilm G. 

Ne'u m- s < 0 thi quy tfch cdc dilm M la tdp rdng. 

Chu y. Khi ^j -t- ^ -t-... -i- )t„ = ;t = 0 thi he dilm {AI,A2,. . . ,A„} khdng co 

tdm ti cu, song vecto U = k^OA^ + )t2<^̂ 2 + - + K^Ai khdng phu thudc 

vao vide chgn dilm O. Thuc vdy, vdi dilm O' khdc dilm O, ta cd : 

k^O'Aj^ + k20'A2 + ... + k„0'A^ 

= {k^+k2 + ... + k„)0'0 + ŷ iOAj + /^0A2 + ... + A;„OA„ = U 

Bdy gid chgn mdt dilm O ndo dd, ta cd : 

k^MAf + k^MAl + ... + k^MAl = m 

-̂ 2 ->2 
<:> k^MA^ + k2MA2 +... + k„MA„ =m 

\2 I > , \ 2 • . \2 

<» k^ {OA^ - OM) + k2 (0A2 - OM) + ... + k^ {OA^ - OM) = m 

O k^OAl + k^OAl + ... + k„OA^ - 20M.u =m. 

Dat kpAl + k20Al + ... + k^OAl = s thi ding thiic trdn trd thanh 

2U.0M = s -m. 

Bdi vdy : • Nlu M = 0 v a 5 = mthi quy tfch cac dilm M la toan bd mat phing. 

• Nlu M = 0 va 5 ?̂  m thi quy tfch cac dilm la tdp rdng. 

• Nlu M 9̂  0 thi quy tfch cac didm M la mdt dudng thang vudng gdc 
vdi vecto U. 

27. a) Xet trudng hgp dilm A' nim trdn 
canh BC, tiic la cac gdc 5 va C diu 
nhgn (h. 36a). Khi dd 

AA' = A'B. tanB = A'C. tanC. 

Vi tan5 > 0, tanC > 0 va hai vecta 

A'B, A'C ngugc hudng nen ta suy ra: 

(tan5)A'5-f(tanC)A'C = 0. (*) Hinh 36 
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Nlu dilm A' nim ngodi canh BC, chang han dilm C nim giiia hai diem,5 va A' 
(h. 36b), thi khi dd gdc 5 nhgn vd gdc C tu, tiic la tan5 > 0 va tanC < 0. 
Ta cd AA' = A'5tan5 = A'Ctan(180° - C) = - A'CtanC. Trong trudng hop nay 

hai vecto WB, WC cung hudng nen ta cd: (tan 5)A'5 + (tan C)A'C = 0. . 

b) Nlu H la true tdm tam gidc ABC thi ta cd cac sd a,p,y khdng 

ddng thdi bing 0 sao cho : aHA + pUB + yUc = 0 (theo bai 14 

chuong I). Vi HALBC, ntn nhdn hai vl cua ding thiic tren vdi BC ta dugc 

pUSBC + yUCBC = 0, vd do dd (theo cdng thiic hinh chiiu) 

PWB.BC + rA^.^ = O^'BC {PWB + yAc) = 6 <» 

PAB + yAC = 0 (vi vecto pAB + yA'C cung phuong vdi BC) 

7 So sanh ding thiic nay vdi (*) ta suy ra „ ^ . Bang each tuong tu 

ta di din 
a Y 

tan A tan 5 tanC 

Bdi vdy ding thiic allA + pUB + yUc = 6 trd thdnh : 

tssiAJIA + tmB.llB + tanC.llC = 0 

28. (h. 37) Ta ed 

ia^ +a2+ a3).AiA2 

= (a2 -I- a3).AiA2 

= {'^ + '^){'A^^-A2AJ) 

= a2 .AjA3.cos(a2,AiA3J 

- a^ .A2A3.cos(a3, A2A3J. 

Theo gia thilt a2 = A2A3 va a3 = A1A3. 

Ngoai ra dl thd'y 

eos(a2, A1A3) = cos (03, A2A3). 

'^2 

Hinh 37 
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Suy ra {a^ + a2 + ̂ ).AiA2 = 0. Do dd, vecto a^ + a2 + a^ vudng gdc vdi 

dudng thing A1A2. 

Chiing minh hoan toan tuong tu, ta cd vecto aj -I- a2 + 03 vudng gdc v6i 

dudng thing A2 A3. 

vay ai + 02 + a^ -0. 

29. Neu A, 5, C, D ciing thudc mdt dudng trdn (*^ thi MA.M5, JIC.'MD cung 

bing phuang tfch cua dilm M dd'i vdi dudng trdn i^ ndn MA. MB = MC. MD. 

Ngugc lai, ve dudng trdn qua ba dilm A, B, C vk gia sir dudng trdn do cat 
dudng thing CD b diim D' khac C. Khi dd ta cd A, 5, C, D' ciing thudc 

mdt dudng trdn ndn MA.MB = MC.MD'. Ne'u cd MA.MB = MC.MD thi 

MC.MD = MC.MD', suy ra MC.DD' = 0. Do MC ^ 0 va DD' ciing 

phuang vdi MC ndn DD' = 0 hay D, D' trung nhau. Vay A, 5, C, D ciing 

thudc mdt dudng trdn. 

30. Giai tuong tu nhu bai 29. 

31. t/^/(o,R) ='-^M/(O;R-) 

o MO^ -R^ = MO'^ - R'^ 

" • 2 9 9 
« MO -MO' =R-R" 

«> (MO-MO^).(MO+MO' ') =R^-R'^ 

^2 D,2 
<^20'0 .MI = F - F' , trong dd / la trung dilm cua 00'. 

Ldy H la hinh chidu ciia dilm M trdn dudng thing 00', ta cd 

O'O.MI = 0'O.HI = OO'.IH. 

D 2 _ D'2 

Tit do suy ra /// = — = — khdng ddi nen H la dilm ed dinh 
2 0 0 ' 
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Vdy ^M/iO.R) =^MI{O:R-) khi vd chi khi M thudc dudng thing A vudng gdc 

vdi dudng thing 00' tai dilm cd dinh H. 

Dudng thing A dugc ggi la true ddng phuang cua hai dudng trdn da cho. 

32. (h. 38) Xet tfch vd hudng . 

'SMA^' =]r{sA + SB).{'SB'-^') 

= )-{'SASB' - 'SASA' + SB.SB' - 'SB.'SA'). 

Tacd 

'SA.SB' = 0 do 5A 155 ' , 

'SBSA' =0 do SB ISA., 

SA.SA' = 'SB.SB'. Hinh 38 

Tix dd suy ra SM.A'B' = 0, nen SM 1 A'B'. 

33. (h. 39) Ta ed ^H/^Q) = H ^ ^ = - ^ ^ ^ 

va 'Hl{0) = HO^ - F ^ 

suy ra HO^ -R^ = - HP^ 

hay HO^ + HP'^ = R^. (*) 

i2 

^Mm=MO'-R'. 
Hinh 39 

Tuong tu ^MKO) = MA.MB = -MB"" 

vk 

Mat khdc tam gidc vudng APB cd trung tuyin MP = ^AB ^ MB. 

Til dd suy ra MO^ -R^ = - MP^ hay MO^ + MP^ = F^ (**) 

Tii (*) vd (**) ta cd H, M ciing thudc dudng trdn cd tdm la trung dilm cua 

OP vk ban kfnh bing ^yl2R^ -OP^. 
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34. Dat tdn cdc tiep dilm cua hai dudng trdn 
nhu hinh 40. 

Ta cd AF = AS vk 

AR + AS = iAB + BR) + iAC + CS) 

= iAB + BH) + iAC + CH) 

= AB + BC+AC = 2p. 

Vdy AR = AS = p, suy ra 

c + BH = p hay BH = p - c. 

Ta Cling cd 

AP = AQ, BP = BK, CK = CQ 

ntnc + CK = b + BK. 

Do (c -I- CK) + ib + BK) = a + b + c = 2p, 

ntnc + CK = phayCK = p-c = BH. 

Ggi M la trung dilm ciia BC, tix BH = CK 
suy ra MH = MK hay 

^ / ( , ) = MK^ = MH^ = ^ / ( , ) . Hinh 40 

Vdy M thudc true ding phuang cua hai dudng trdn (/) vd (/). 

35. (h. 41) a) Ta cd 

OMI.ONI = OM^nN^. (*) 
Xet tfch vd hudng 

0N.M^M2 = ON.iOM2 - OMi) 

= ON.OM2 - ON.OMi 

Do OÂ i la hinh ehilu cua OÂ  

trdn Ox ndn OÂ . OM^ = ON^. OM^ 
Hinh 41 

Tuong tu OÂ . OM2 = 0A 2̂- <^^2 • (**) 

Tii (*) va (**), suy ra ON.M^M2 = 0 hay ON ± M1M2. 

b) Theo cdu a), Â  thudc tia Oz cd dinh (vudng gdc vdi M1M2). 

Lai CO zdy = M^M^ (do Oz 1M2M1, Oy ± M2M). 
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Mat khac, OM1MM2 la tii giac ndi tilp (OMjM = OMjM = 90°) nen 

M^Mjd = M^OM . Tix do suy ra zOy = MOA^ . 

36. (h.42) 

a) Tii giac HBMM' ndi tilp dugc do 

'MHB = MMB = 90°, suy ra 

AH.AB = AM.AM'. 

Tii giac HBN'N ciing ndi tilp dugc do 

NHB = iVTVF = 90°, suy ra 

AH.AB = AN .AN'. 

Tii dd tacd AM.AM' = AÂ  .AA '̂. 
Suy ra M, Â , M', N' ciing thudc mgt dudng 

trdn, ta kf hidu dudng trdn dd la ij^. 

b) Ggi F, Q la cac giao dilm ciia ( ^ vdi dudng thing AB va E, F la cdc 
giao dilm ciia A vdi dudng trdn dudng kfnh AB. 

Khi dd HE.HF = HM.HN = HP.HQ ntn E, P, F, Q ciing thudc dudng 
trdn (5). Dudng trdn nay tilp xiic vdi AE, AF ldn lugt tai E, F vk do AE, 
AF ddi xiing qua AB ndn (S) cd dinh, suy ra F, Q la hai dilm cd dinh. 
Vdy F, Q thudc dudng trdn (S) tilp xiic vdi AE, AF b E, F. 
Do (5) la dudng trdn cd dinh ndn F, Q la hai dilm cd dinh cua (t^). 

37. (h. 43) 

• Nlu A d ngoai dudng trdn thi 
dilu kien AM = MÂ  tuong duong 
vdi AÂ  = 2AM. Ta lai cd 

AM. AN = / - F^ id = OA). 

Tir dd ddn din 2AM^ = d^-R^ 

hay AM = 
Md'-R^) 

Hinh 43 

Diim M (nlu cd) la mdt dilm chung ciia dudng trdn (O ; F) vd dudng trdn 

tam A, ban kfnh bing 
Md'-R') 
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• Nd'u A nim trong dudng trdn thi dudng thing A cdn tim la : 

- Dudng thing vudng gdc vdi OA b A khi A khdng trung vdi O. 

- Dudng kfnh bdt ki cua dudng trdn khi A triing vdi O. 

38. (h. 44) 

Ta cd AM = AN = AE (do M, Â , 
E cung thudc dudng trdn tdm A). 
Trong tam giac vudng AEB, 
EH LAB ndn 

AE^ = AH.AB = AH.AB 
Tit do suy ra 

AM^ = AN^= JH.JB. 

Vdy AM, AN la tid'p tuyin 

cua (©) (xem bdi 30 chuang II). 

39. a)(h. 45) 

Ggi (^i) la dudng trdn cd dinh 

cd tdm O vd di qua F, Q. Do / 
khdng thudc dudng trung true 
ciia PQ ntn true ding phuong A 

ciia i^i) vk (/) khdng song song 

vdi PQ, chiing phai cdt nhau d / . 

Bdy gid gia sit ( ^ la dudng trdn 

bd't ki di qua F vd 2> ta cd / 
thudc true ding phuang PQ cua 

( ' ^ v d ( ' ^ i ) n e n ^ / ( ^ ) = ^ / ( ^ ) . 

Lai do / thudc true ding phuang 

ciia (*^i) va (/) nen 

Tir dd ta ed ^j^^^) = ^/(j), hay / thudc true ding phuang ciia i% vk (/). 

Hinh 45 
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b) (h. 46) 

Ke tidp tuyin JM vdi (/) (M Id 

tilp dilm), ta ed JM^ = ^/(j). 

Do ^/(i) = IP.IQ ntn dudng' 

trdn iMPQ) tilp xuc vdi JM b 
M vk Cling tilp xuc vdi (/) d M. 
Tir dd suy ra each dung. Bdi 
toan cd hai nghiem. 

40. (h.47) 

Ke cdc dudng cao CC, DD', 
FF' cua tam gidc CDF vk ggi 
H la true tdm ciia tam giac dd 

thi HC.HC = HD.HD' = HF.HF'. (*) 

Ta cd trung dilm / ciia AC ciing 
la tdm dudng trdn dudng kfnh 
AC, dudng trdn dd di qua C (do 

ACC = 90°). 

Suyra ^ ( ^ = Hc.Hc'. 

Tuong tu nhu vdy, 

^ ( j ) = HD.HD' (/Id tdm 

dudng trdn dudng kfnh BD). 

^ ( K ) = HF .llF' iK Ik tdm dudng trdn dudng kfnh EF). 

Kit hgp vdi (*) suy ra 

^ / ( i ) - %(J) - ' ^ ( K ) ' 

Nlu ldy true tdm H' ciia tam gidc BCE ta ciing se cd 

^ 7 ( 1 ) = '^ ' / (J ) - ^ ' / ( K ) • 

Vdy HH' la true ding phuong ciia hai dudng trdn (/) vd (7), nen HH' 1 IJ. 
HH' ciing Id true ding phuong ciia (/) va iK), ntn HH' ± IK. 
Tit dd ta ed /, / , K thing hang. 
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Hinh 48 

41. (h. 48) 

a) Trong hai tam giac vudng AA'B vk AAC 

tacd 'MJs =AA^vk73.74c =AA'^nen 

'M.'AB = AF.AC, suy ra tir giac BEFC 

ndi tilp dugc, do dd ta cd AFE = ABC. 

Mat khac ABC = ADC (gdc ndi tilp ciing 

chin cung AC) ntn tvi giac DCFJ ndi tidp 

dugc, suy ra A7.AD = AF.7c. Vay 

A7 . AD = AA'̂ , do dd AA' la tilp tuydn eua 

dudng trdn (A'/D). 

b) Ba dilm E, F, O thing hang khi O triing vdi J hay AJ = R. 

Do A7.AD = AA'^ ntn AJ = R nlu AA'^ = 2R^ hay AA' = F V2. 

42. (h. 49) 

a) Ggi M la tilp dilm cua A vdi 

dudng trdn ( ^ di qua 5 va C, khi dd 

AM^ = AB.AC = AB.AC khdng ddi. 

Do dd M Id giao dilm cua A va dudng 

trdn tdm A, ban kfnh bing ^JAB . AC . 

Tif dd suy ra cd hai dudng trdn cimg 

di qua 5, C vd ciing tilp xiic vdi A. 

b) Ggi M, M' la hai tilp dilm ciia A 
vdi hai dudng trdn d cdu a) vd ggi D 
la giao dilm (khac 5) ciia dudng 
thing BC vdi dudng trdn iBMM') thi Hinh 49' 

AB.AD=AM.AM' =-AM^ =-AB . AC. 

Tif dd suy ra AD = - AC hay D la dilm ddi xiing vdi C qua A, do dd D Ik 

diim cd dinh. Vdy khi A quay quanh A, cac dudng trdn iBMM') ludn di 
qua dilm D cd dinh khac 5. 
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43. (h. 50) Nhdn xet. Hai dilm / vd / thudc hai tia BM, AM b vl ciing mdt phfa 
ciia dudng thing AB, do dd dudng trdn di qua ba dilm M, I, J cd dudng 
kfnh / / khdng cit dudng thing AB. Ciing cd thi chiing minh nhu sau. 

a) Ta cd 5 la dilm chfnh giiia cua 

cung CD (do AB 1 CD) vk MA JL MB 

i AMB Id gdc ndi tilp chin nixa dudng 
trdn) nen MB vk MA la phdn giac 
trong vd phdn giac ngodi ciia gdc CMD. 

_ . . IC JC 
Tu do suy ra : = = - ^ = . 

ID JD 

(*) 
Hinh 50 

Ggi H la giao dilm cua AB vk CD, O la tdm dudng trdn (M/T) thi H la 
trung dilm cua CD vk O la trung dilm cua //. 

Tif (*) suy ra ICJD+lCJD = 0 hay 

{^ - o7).(oD - o7) + (oc - o7).(oD - o7) = 0 

> OC .OD + 01 .OJ - OC .OJ - 01 .OD + 

-i-oc.oD + o7.a7-OD.o7-o7.oc = o 

-(OC+OD)(O7+O7)-^2(-O7^+OC.OD)=O. 

Do 0 / + 0 / = 0 ndn 01^ = OC.OD < ^ ^ "!" ^ ^ 

md ^ ^ ^ ^ ^ = OH ndn 01^ < OH^ hay 01 < OH. Vdy H vk ca dudng 

thing AB nim ngodi dudng trdn iMIJ). Tit dd suy ra, tir dilm F bdt ki trdn 
AB, ke dugc hai tilp tuyin den dudng trdn iMIJ). 

b) Ta cd AF^ = AT'^ = AM. A 7 , ma A M . A 7 = AH.'AB khdng ddi (do A, 

H, 5 cd dinh). 

vay AT^ = AT'^ = JH.AB khdng ddi, suy ra T vk T' ludn thudc dudng trdn 

tam A ban kfnh bing y]AH.AB . 
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44. (h. 51) 

Gia sii tam giac ABC c6AA'±BCvkM,N 

la trung dilm cua BC vk AC. 

Ve dudng trdn ico) di qua A, M, N nd'u A' 

khac M, hodc ico) di qua Â  va tid'p xiic vdi 

BC tai M nlu A trung vdi M. Ldy giao dilm 

thii hai 5'cua (a>)va AC. 

KhiddCA^.CM =CN.CB' 

hay ^CA'.CB = ̂ CA .CB', 
Hinh 51 

suyra CA'.CB = CB'.CA. 

Vdy bdn dilm B, A, B', A ciing thudc mdt dudng trdn. Trong dudng tron 

nay ^B = AAB = 90°, vdy ico) di qua chdn dudng cao 5 ' ha tir dinh 5 

cua tam gidc ABC. 

Dat K la giao dilm thii hai ciia ico) vdi AA', ta cd AK.AA' = A5'. AA .̂ 

Ta lai cd 'AH.'AA' = ~AB'.JC (do HB'CA' ndi tid'p dugc). 

Tii dd suy ra 'AK.JA' = ^JB'.AC = ^AH.AA' ; do d6 AK = ̂ AH. Vdy 

ico) di qua trung dilm K ciia AH. 

Ggi F la tmng dilm cua AB, ta. cd KPII BB' vk MP II AC, suy ra 'KPM = 90°. 

Tuong tu ciing cd KNM = 90° nen F nim tren dudng trdn ico) di qua M, 

N, K. Lf ludn tuong tu nhu trdn ta dugc chdn dudng cao C ha tif dinh C va 

trung dilm cdc doan HB, HC diu thudc dudng trdn ico). 

45. d.b =l.i-3) +2.1 =-I; b.c =10; c.a 

d.{b+c) = d.b+d.c = -9; 

a.{b -c) = d.b -d.c = 1. 

-2.4-h 3.1 5 

-8; 

46. a) cos(a, b)^ 
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COS {a,i)= -• ; COS (?.;)= 1 
Vl3 ' V17 

a + S = (2 ; 4); a - S = (-6 ; 2) ; 

cos(a + b,d- b) = I 

V22+42.V62+22 5V2 

b) c =kd+ib = i-2k + 41 •,3k + I) ; 

c ^.{a + b) <^ c.{d + b) = Q<^ 2i-2k + 41) + 4i3k + /) = 0 

<:>2k + 3l = Q). 

Vdy vdi 2A: -I- 3/ = 0 thi c 1 (a + b). 

c) Gia six d = ix; y). Khi dd tif a. ^ = 4 va &. J = - 2 , suy ra hd phuong tiinh 

j-2x+3y = 4 

[4x + y = -2. 

DS:d = (-'-;'-' 
[ 1 ' 1, 

47. a) Gia sii M(x ; 0) e Ox ^ 'AMix + 3 ; - 2) ; Wix - 4 ; - 3) ; 

Tam giac MAB vudng tai M khi AM 15M hay AM.5M = 0. 

Tit dd ta cd (x + 3).(x - 4) + (-2).(-3) = 0 hay x^ - x - 6 = 0. 

Phuang trinh cd hai nghidm Xj = 3, X2 = - 2 . 

Vdy cd hai dilm cdn tim la Mj = (3 ; 0); M2 = (-2 ; 0). 

b) Gia sit Â (0 ; 3;) G Oy. Khi dd 

Â Â  = Â Ŝ  

<=> (0 + 3)2 + iy- 2f = (0 - 4f +iy- 3f 

<^9 + y^ -4y + 4 = l6 + y'^ -6y + 9 

o J = 6 . Vdy Â  = (0 ; 6). 

48. a) AB = V(3 + 1)̂  + (1 - 1)̂  = 4. 

BC = V(2 - 3f + (4 - 1)2 = Vio. 

AC = V(2 + if + (4 - if = 3V2. 
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Chu vi tam giac ABC bing 4 -i- VlO -i- 3V2. 

Tacd: A5 = (4;0), AC = (3;3) ndn 

cos 5AC = 
12 

4.3V2 Vi 
, suy ra BAC = 45°. 

Vdy didn tfch tam giac ABC bing ^ AF.AC.sin45° = ^.4.342.-^ = 6. 
2 2 ^'2 

b) Ggi //(xj ; 3̂ 1) la true tdm tam giac ABC. 

Tacd 
CH.AB = 0 , X i - 2 = 0 

. . . Tif dd ddn ddn <̂  
Ĵ i + >'i - 4 = 0, BH. AC = 0 

suy ra i / = (2 ; 2). 
Trgng tdm G ciia tam giac ABC cd toa dd 

-1 -F 3 + 2 _ 4 
"~ 3 

XQ -

yc = 

3 
1 + 1 + 4 = 2. 

Gia sii /(X2 ; J2) ^̂  tdm dudng trdn ngoai tilp tam giac ABC. Khi do 
IA = IBvkIA=IC. 

Tir IA = IB suy ra (X2 + 1)̂  + (̂ 2 - 1) = ix2 - 3f + (3̂ 2 - 1)^. 

Tit IA = IC suy ra (X2 + if + (J2 - 1)̂  = (X2 - 2)^ + (̂ 2 - 4f 

Tic (1) ta cd X2 = 1, thay vao (2) dugc J2 = 2. Vay / = (1 ; 2). 

Nhuvay 7^ = (1;0), /G = I ^ ; 0 . 
v3 J 

Tit dd suy ra 7^ = 3/G. 

49. A5 = (8 ; 4) ; AD = (5 ; -5 ) ; C5 = (-2 ; 4); CD = (-5 ; - 5). 

^1^\ _ 8.5 + 4.(-5) 1 

(1) 

(2) 

cos 

COS 

{AB,AD]= . ^ ^ - - = , 
^ ^ V82 + 42.V52 + 52 VlO 

^ ^ V22 + 42.V52 + 52 2 ^ + 4 \ V 5 ^ + 5 ^ VlO 

=> eos(A5,ADJ + COS(C5,CD) = 0 => 5AD + 5CD = 180°. 

Vdy ABCD la tir gidc ndi tilp. 
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50. Ggi C = (x ; j ) . Khi dd A5 = (2 ; 1) ; 5C = (x - 3 ; y). Tic ABCD la hinh 
vudng, ta cd : 

" ' x = 4 

ABIBC 2ix-3) + l.y = 0 

[AB = BC [ix -3)^ +y^ =5 

[y = -2 

(x = 2 

\y = 2. 

Vdi Ci(4 ; -2), ta tfnh dugc dinh Di(2 ; -3). 

Vdi C2(2 ; 2), ta tfnh dugc dinh D2(0 ; 1). 

§3. He thurc lirong trong tam giac 

51. Cac kit ludn diing la a) va d). 

52. a) Tit gia thiet suy rab <a ntn B < A. Tuong tu C < A. 

b) Ta cd b^ + c"^ = ib^ + c^ f - 2b^c^< ib^ + c^f. Tir dd suy ra a^ <b^ + c^ 

hay b^ + c^ - 2bccosA < b^ + c^. Vdy cosA > 0, do dd A < 90°. Theo cdu a) 

thi 5 vd C ciing la gdc nhgn. 

53. a) c'^ = a^ + b^- 2abcosC = 49 + 100 - 140cos56°29' « 71,7 ^ c « 8,47. 

b) b^ = a^ + c'^- 2accosB « 19,6 ^b« 4,43. 

c) a^ = b^ + c^ - 2bccosA « 135,35 => a « 11,63. 

54. a) A = 180° - (33°24' + 66°59') = 79°37'. 

^ . , a.sin33°24' ,, 
Ta CO o = « 61 ; 

sin79°37' 

a b 
b) Tit ddng thiic 

a.sin66°59' ,^^ 
c = « 102. 

sin79°37' 

. „ 13.sm67°23' 
suy ra sm 5 = - »0 ,6 ; 

sin A sin5 " •' " 20 

Vi 6 < a ndn 5 < A, suy ra 5 « 36°52'; C « 180° - (67°23' + 36°52')« 75°45'; 

20.sin75°45' 
c = «21 . 

sin67°23' 

55. a) Ta cd A = 180° - (60° + 45°) = 75°. 

Dat AC = b,AB = c. Theo dinh If ham sd sin : 

b _ a _ c 

sin 60° ~ sin 75° sin 45° ' 
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e , a43 a42 
Suy xa b = — ; c = 2sm75° 2. sin 75° 

b) Ke AH 1 BC (h. 52), do 5, C diu la 

gdc nhgn ndn H thudc doan BC, hay 

BC = HB + HC. Ta ed 

HC = 
b42 

r7^ UD i->/2 c aV6+aV2 
=> a = HC + HB = 6—- + - = 

2 2 4. sin 75° 
_ . _.o 46+42 
=> sm75 =. -. . 

cos75 = ^ sin2 75° = J l 
46+42 

= | V 8 - 2V12 

41̂ :̂ =̂ 2 46-42 

56. a^ = 6? + c^ - 2&C.C0SA = 20^ + 35^ - 20.35 

= 400 + 1225 - 700 = 925. 

vay a « 30,41. 

s rr,. , . . t J-. ^ 1 n 1 / , 2S BcsinA 
a) Tu cong thuc tmh didn tich S = ^ah„, suy ra h^=—= 

2 " a a 
20.35 

^«19 ,93 . 
30,41 

b ) 2 F = - ^ ^ F = 4 « ^ « 17,56. 
sin A V3 V3 

c) Tif cdng thiic S = ^ ^ r vd S = - ^ « 303,06, suy ra 

r = 
2S 606,12 

a+Z7+c 30,4 + 20 + 35 
« 7 , 1 . 
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57. a) Ap dung cdng thiic He-rdng ta dugc : 

S = V9.(9 - 3)(9 - 7)(9 - 8) = dVs . 

b) (h. 53) Ap dung cac cdng thiic tfnh dien 
. , „ abc ^ „ 

tich 5 = —-;- va S = p.r. 
4R ^ 

58. cotA = 

3 

cos A 
sin A 

Hinh 53 

b'+c'-a' 
2bc 
a 

2F 

b'+c'^-a^ 
abc 

R. 

Tuong tu, ta cd cotS 
a^+c^-b" 

cotC = 

abc 
a^ +b^ - c 

abc 

F; 

2 

-F. 

Tif dd suy ra cotA + cot5 + cotC = a^ +b^ + c' 
abc 

R. 

59. a) b - c =(a + c - 2ac.cosB) - ia + b - 2ab.cosC) 
2 2 

= c - b + 2aibcosC - ccosB). 
2 2 

Tix dd ta dugc 2(6 - c ) = 2aibcosC - ccosB), suy ra b - c = aibcosC - ccosB). 

b) a(ccosC - bcosB) = ac 
a'+b'-c' 

2ab 
- ab 

a'+c^-b' 
2ac 

I r 
26c 

[cW+b^-c')-b\a'+c'-b')] 

= :^[a\c^-b^)+ib^-c^)ib^+c^) 

2 2 2 
. , 2 2^b +c - a 2 2N 4 

= ib -c) — = (o - c )cosA. 
2bc 

c) Ding thiic cdn chiing minh tuong duong vdi ding thiic 

2FsinC = 2FsinAcos5 + 2Fsin5cosA 

hay c = acosB + 6cosA. (*) 



Cdch I. ih. 54) 

Tacd AB =AB('AC + CB) 

= AB.AC+ 'BA.BC, 

suy ra c^ = bccosA + ac.cosB, 

ddn de'n c = b.cosA + a.cosB. 

Cdch 2. Bie'n ddi vdphai ciia (*) dugc 

+ b.-a. 
a^+c^-b" b'+c^ a 

2ac 2bc 

= ^ia^+c^-b^+b^+c^-a^) = ^ 
2c 2c 

60. (h. 55) a) Theo cdng thiic He-rdng, ta cd : 

^AMC 

= c. 

IT 
27 

-j-n f - f -
9V55 

Suy ra S^BC = ^^AMC = 
9V55 

b) Ta ed b^ + c^ = 2AM^ + ^ 

suy ra AB^ = c^ = 2AM^ -b^+%z 

= 2.64 + 7 2 - 1 6 9 = 31 

Tut dd cos5 = 
31+144-169 1 

^c= 431. 

»0,045 => 5 « 87°25'. 
2 4 > ^ 4V3I 

61. Dang thiic 2cotA = cot5 + cotC tuong duang vdi 

^.b^+c^-a\ a^+c^-b\ aUb^-c^ 
-R = : K + 

abc 

bai 58) hay b^ + c^ = 2a^. 

abc abc 
R (theo tfnh todn nhu 
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2„.2 Tif gia thie't suy ra c /n^ = b m^, do dd 

ru2 b^ +a' 
.2\ 

= b\ 
(2 2 .2 ^ 
^ c^ +a^ b^ ^ 

^ . 2 2 , ^ 2 2 4 n,i2 2 , n. 2 , 2 , 4 
2b c +2a c - c =2b c +2a b - b . 
, 4 4 ^ 2 .,2 2-. 
b - c =2a ib - c ) b^ + c^ = 2a^ (do b^-c^^ 0). 

Ta di de'n dilu phai chiing minh 

62. Xlt tii gidc ABCD. Ggi /, / ldn lugt la trung 
dilm cua AB, CD vk G la trung dilm cua / / 
(h. 56). Vdi mdi dilm M, ta diu cd : 

MA^+MB^ + MC^ + MD^ 

= 2 2MG2 + ^ 
2 ^ 

V 

'4^^ + CD^ 

J 

Tif dd suy ra 

MAf + MB^ + MC^ + MD^ = I? 

' AB^+CD^ 
o 4MG2 = k^ - + IJ' 

Hinh 56 

khdng ddi. Kit ludn tuong tu nhu 

bai 26. 

63. Ggi G Id trgng tam tam gidc ABC (h. 57). 

Khi dd G5 1 GC <:> a^ = - ( m ^ + m^) 

<=> 9a = 4 
^a'+c^ b" a^+b" c^ 

2 4 ^ 2 - 4 

o 9c? = 4a^ + b^ + c^^ 5a^ = b^ + c^. 
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Bidn ddi ding thiic cotA = 2(cot5 + cotC) 

b'+c^-a^ , 
o F = 2 

^a^+c^-b\ aUb^-c\^ 
-R + :— R 

\ 
abc abc 

(theo tfnh toan 
J 

abc 

nhu bai 58) 

^b'^ + c^ = 5cf. 
Vdy G 5 1 GC o cotA = 2(cot5 + cotC). 

64. Gia sir tam giac ABC ndi tilp trong dudng trdn tdm O vd cd trgng tdm G. 
Ta cd : 

'OA +'dB +'0C' =^-'Gd) +^-'G6) +{GC-Gd) 

= GA^+GB^+GC^-2Gd{GA+GB+Gc)+3Gd. 

Do 0A = OB = OC=RvkGA + GB + GC =0 

ndn 3R^ = GA^ + GB^ + GC^ + 3 / . 

Mat khac, GA^ + GB^ + GC^=^iml +ml+m^) 

f ,2 , 2 2 2 , 2 . 2 2 , , 2 2 ^ 
b+c a a +c b a+b c 
~^ 4 ^ ^ ^ T ^ 2 ~4 V 

0^+h^+c^ 

J 

ndn 3F = 
a^ +h^ + c^ o .2 r.2 j2 a+b+c 

+ 3d suy ra R - d = — 3 "" ""•' ' " " " 9 
65. (h. 58) 

Xdt tam giac ABC ndi tilp dudng trdn (O; F) va ngoai tie'p dudng trdn (/; r). 

Ggi D, E thii tu Id dilm chfnh gitta cung ^ vk ^ thi OD 1 BC, 

BAD = —. 
2 

Mat khac, ta cd 

BID = ^ ( s d 5 D + s d A F ) 

= ^(sdDC + sdFc) 

= ^ sd DCF. 
2 

vay BID = IBD, suy ra ID=BD = 2Fsin--. 
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Trong tam gidc OID ta cd : 01^ = ID^ + OD^ -2DI.D0. 

01^ = 4R^ sin^ y + F ^ - 2D0. DH (vdi IH ± OD). 

Di thdy DO.DH = DO.iDJ + JH) = R 
A ^ 

FDsin— + r 
2 y 

= Ri2Rsin^j+r) = 2R2sin2^ + Rr. 

Tit dd suy ra d^ = R^- 2Rr. 

66. (h. 59) 

a) Ta cd Â F = 2Fsin30° = F, 

0/2 = O A ^ 2 _ ^ ^ 2 ^ ^ 2 _ ^ ^ 3 F ^ 
4 4 

Suy ra 01 = 
R43 

khdng ddi, do dd / thudc 

dudng trdn tdm O ban kfnh bing . 

Dao lai vdi mdi dilm / trdn dudng trdn dd ta 
ke ddy cung Â F cua (O) vudng gdc vdi 01 thi Â F = 2A /̂ = R. 

Ta cd sin NMP = ; ^ = ^ • Gdc Â MF cd thi bing 30° hoac 150°. Dd thdy 
2F 2 

NMP = 30° khi vd chi khi O, M b vi mdt phfa cua NP hay / nim trdn 

cung ldn EF ciia dudng trdn 

tuyin ke tir M tdi dudng trdn 

O 
R43 

iE, F la hai tilp dilm cua hai tid'p 

). 

vay quy tfch cua / la cung ldn EF. 

b) Didn tfch tam giac MÂ F la S = ^ MAA.MF.sin30° = j MN.MP. Theo bdt 

ding thiic Cd-si, MN.MP < 
MN^+MP^ R 

, md MÂ +̂ MP^ = 2M/^ + ^ 

nen 5 < -
4 

M/2 + ^ 
2 ^ 

4 J 
• (*) 
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Ta ed MI ldn nhdt khi M, O, I thing hang vd O nim gifia M, /. Khi dd ta 
ciing cd MÂ  = MP ntn (*) xay ra ddu "=". Vdy S ldn nhd't khi vd chi khi 
MI ldn nhd't hay M,0,I thing hang vd O nim gifia M, /. 

67. (h. 60) 

a) Ta cd AB = ABcosA = 2FsmCcosA. 

Trong tam gidc AB'C cd 

B'C _ AB' 
sin A s i n C 

Nhung ACB' = C (do BC'B'C Id tii 

B'C AB' 
giac ndi tilp), suy ra 

Tit dd suy ra B'C 

sin A sinC" 

AF'sinA 2FsmCcosAsmA 
= 2FsinAcosA. 

sinC sinC 

b) Ta cd A ^ = BCA' (do A^, A' ddi xiing vdi nhau qua AB). 

BCA' = ACB' (do ACAC vk BC'B'C ciing Id tii gidc ndi tidp). 

Suy ra A ^ = BCA. Vdy Aj, C, 5 ' thing hdng va AiC = AC. 

Tuong tu ciing cd C, B', A2 thing hang vd 5'A2 = B'A. 

Do dd, chu vi tam ̂ ac A'B'C bing AC + C'B'+B'A=A^C + CB' + B'A2=AjAj. 

e) Do Aj va A' dd'i xiing nhau qua AB ntn AA^ = AA', A^AB = BAA' ; 

A2 va A' ddi xiing nhau qua AC ntn AA2 = AA', AAC = CAA2 . 

Do dd tam giac AA1A2 la tam giac can cd gdc d dinh AjAA2 = 2 A, Ke AJf 

vudng gdc vdi A1A2, ta cd 

A1A2 = 2Ai^ = 2AAisinA = 2AA'sinA = 2A5 sin5sinA 

= 4FsinCsin5sinA. 

Mat khac theo cau a) : 

B'C + B'A' + AC = 2FsinAeosA + 2FsinCcosC + 2Fsin5cos5. 

Tir dd suy ra he thiic cdn chiing minh. 
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68. (h.61) 

Chgn vi trf C thfch hgp tren bd each dilm A 
mdt khoang bing b. 

Sau dd diing giac kd do eac gdc dugc A = a, 

C=Y. 
AB AC 

Ap dung dinh If sin 

tfnh dugc : 
, „ ACsinC 
AB = 

sinC 

bsiny 

sin 5 ' ta 

sin^ sinri80° - (a + ;')] 

6 sin;' 

sin(a +;') 
69. (h. 62) 

Tfnh AD vk AC nhu bdi todn 68 ta dugc 

,\D= ^^^"^ ^ ^ ^ _ a s i n ( ^ j f ^ 
sin(a+a'+yff)' sinia+p+P')' 

Sau dd, dp dung dinh If cdsin vao tam gidc 
ACD ta ed : 

CD^ = AC^ + AD^ - 2AC. AD cosa'. 

(Cd thi dung bdi todn nay dl xdc dinh 
khoang each giiia hai vi trf ma ta khdng tdi 
dugc, ching han hai vi trf d trdn khdng hay 
trdn biln). 

70. (h. 63) 

^A'B'C - ^GA'B' + ^GB'C + '^GC'/l' '•> 

SGA'B'= ^GA.GB'.sinilSO°-C) 

= lg^As inC. 

25 25 
Trong tam gidc A^C, h^=—,/i^=—, 

sinC= 
2F" 

S\c S\c^ 
Tif dd ta cd SGA'B' = 7r-r^=n u u ^^" 9ab.R 9abc.R 
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Tuong tu, SQB'C' = 

c2^2 5 a 
'•> ^CIC'A' — 

S^b^ 
' 9abc.R ' ^ ' ^ ' 9abc.R' 

Suyra 5 , , , , e , = ^ ( a 2 + 6 H c 2 ) . 

Ta lai cd 5 = ̂  vd ̂ î  + 6^ + c^ = 9(F^ - / ) ( t h e o bai 64) 
4F 

nen 5 '̂B'C' = 
R^ -d^ 

4R^ 
.5 . 

71. (h. 64)a)cos(a+90°) 

= -cos 180° -ia + 90°)] 

= - cos (90° - a) = - sina. 

b) De thdy AB' = • ^ , AC'=^^, 

'BAC =A+90°. 

Trong tam gidc AB'C ta cd : 

B'C^ =AB'^ +AC'^ -2AB'.AC'.cosB^' 

b'+c^ 
2 

b^+c^ 

+ 6csinA 

+ 25. 

2 2 

Tuong tu, CA'^ = . + 25, AB"^ = 
a^+b^ 

+ 25. 

Tif dd suy ra AB'^ + B'C^ + CA^ = a^ + b^ + c^ + 65. 

72. Gia sii ABCD la tti giac ndi tilp vdi dd ddi 
canh la a, b, c, d (h. 65). 

Khi dd A +C = 180° nen sin C = sinA ; 

cosC = - cosA. 

Ta ed 5 = S/^Q + SQDQ , 

= —acfsinA+—ftcsinC 
2 2 
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hay 25 = iad + bc)sinA, suy ra sinA = 25 
ad+bc 

Mat khdc, tam gidc ABD cd BD^ = of + / - 2aJ.cosA, 

cdn tam gidc CBD cd : BD^ = b^ + c^ - 2bccosC = b^ + c^ + 2bccosA. 
2 2 2 2 

Suy raa + d - b - c = 2(a<i + 6c)cosA 

nen eosA = 
2 . ,2 . 2 2 

a + d — b — c 
2iad + bc) 

Do cos^A + sin^A = 1 nen 165^ + (a^ + d^-b^- c^f = 4iad + bcf. 

Vdy 165^ = [2iad + bc)f - icf + ^-b^-c^f 

= i2ad + 2bc + cf + (jf-b^- c\2ad + 2bc - cf - df + b^ + c^) 

= [(a + df-ib -c)\\ih + cf - ia -d)^\ 

= ia + d + b -c)ia + d -b + c)(6 + c + a -d)ib + c -a + d) 

= (2/7 - 2c)i2p - 2b)i2p - 2d)i2p - 2a) 

= l6ip- a)ip - b)ip - c)ip - d). 

Tit dd ta cd 5 = V(F - a)iP - b)ip - c)ip - d). 

I'i. (h. 66) a) Gia sir tam gidc da cho la ABC cd 

AB = AC = b. 

Dat B =C= a thi a < 90°. 

Tacd 

sina = :r-;r nen cos5=eosC= cosa= . 1 
2R V 4/?2 

V4F^ - b^ 
2R 

Ta lai cd eosA = 
AB'^ + AC'^ 

Hinh 66 

BC' 2b^ - 4b^ cos^ a 
2AB.AC 2b' 

r 
= l - 2 e o s ^ a = 1 -2 

4F' 

b' - 2R' 

2R^ 
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b) Dien tfch tam gidc la 

1 1 2 
5= —BC.AH=—.2bcosa.bsina=b smacosa = 

2 2 

_ b^yl4R^-b^ 

4R' 

Chu vi tam giac la 2p = 2b + 2b 
4AR^ -b^ 

2R 

5 b^^l4R^-b'^ 
Ban kfnh dudng trdn ndi tiep tam giac la r=— = 

P 2R(2R+-^4R^ -b^) 

c) Ta phai tim bdiy= b^yl4R^ -b^ dat GTLN. 

I 2 2 2 

Viet lai y = 3V3 J ^ . - ^ . - ^ ( 4 F ^ -b^). Khi dd coi bilu thiic trong cdn 

la tfch cua bdn thtra sd md tdng eua chung bing 4R^ khdng ddi ndn y dat 

GTLN m vd chi khi ^ = 4F^ - b^ hay b^ = 3Ef hay b = F V S . 

R M M 
Khi dd sina = ^r^- = -r- => a=60°, ta dugc tam gidc ABC Id tam gidc diu. 

2F 2 

74. Ggi Q, R, P la cdc tilp dilm cua dudng trdn bang tilp (/, rj ldn lugt vdi 

cac dudng thing BC, CA, AB (h. 67) thi: 
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SJAB=^AB.JP = ^ , 

I br 
^JAC = 2^^C./F = - ^ , 

SJBC=\BC.JQ = ^ . 

Tacd 

^ - ^JAB + ^JAC ~ ^JBC 

b + c - a 

a + b + c -2a 

Yky S = (p-a).r^ 
5 5 

75. Tii bai 74 (chuong II), suy ra r . = , tuong tu r. = ; 
p - a c - O p-jy 

S 5 
r, = . Mdt khdc, tif edng thtic tfnh dien tfch ta cd r = —. Tir gia thilt 

p-c • " • p ^ 
suy ra : 

1 1 1 1 
• + 

a 2p-ib + c) 
p-a p p-b^ p-c~^ pip-a) ip- b)ip - c)' 

V\2p- ib + c) = a, suy rapip - a) = ip - b)ip - c). 

pa = pib + c) - bc => bc = pib + c - a)= .(& + c - a) 

=> 26c = ib + cf-a^^b^ + c^-a^ = 0 
_^ 2 . 2 , 2 
=> a = b + c . 

Theo dinh If Py-ta-go ta ed A = 90°. 

76. a) (h. 68) Ggi / la trung dilm cua BC vk G la 
trgng tdm cua tam gidc ABC thi 

1 ^ = ^ = 3. Vdy 5=35GBC-
•^GBC ^^ 

Ldy D la dilm dd'i xiing vdi G qua / ta dugc 
hinh binh hdnh BGCD, do dd : 

^GBC = ^BGD = "2^BGCD-

Vdy S^c = ^^BGD-
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Tam giac BCD cd dd ddi ba canh bing 10,12, 18 nen : 

SsGD = V20.(20 -10).(20 - 12)(20 -18) 

= V20.10.8.2 = 40>^. 

Vdy 5 = I20V2. 

b) Gia sur m^ = 15, mj, = 18, m^ = 27. Ta cd : 

b'+c'=2ml+^ 

c 2 + a ^ = 2 m f + ^ => a^ + b^ + c^=^imj + ml+m^)=lim. 

2 

a^ +b^ =.2m^+Y 

Ta lai cd b^-a^ = Um^-rhj) = -132, 

b^ - c^ =Um^ - ml) = 540. 

Tif do ta tfnh dugc b = s4n, a = 2V209, c = 2V41. 

77. a)b = a ntn A = B = 
180° - C 180° - 54° 

= 63° 

AB = c= 2a.sm^ = 2.6,3.sin27° « 5,72. 

b) ĉ  = 7^ + 23^-2.7.23.cosl30° 
« 578 - 322.(-0,6428) « 785. 

Vdy c « 28. 
Hgc sinh tu tfnh cdc gdc A, B. 

78. a) C = 180° -iA + B) = 80°. 

Tir 
sinC sinA sin5 

c.sm5 14 sin 40° 

suy ra a = 
c.sinA 7V3 
sine ~ sin80° 

« 12,31, 

b = sine , sm80° 
« 9,14. 

b ) 5 = 2 0 ° ; a = H ^ « 2 5 , 9 8 ; b = ''^^ 
sinC sinC 

13,82. 
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79. a) cos A = 

cos 5 = 

b^+c^-a"-
2bc 

a^+c^-b^ 

« 0,7333 ; 

« 0,4857 ; 

A « 42°50'. 

B « 60°56'. 
2ac 

C = 180° -(A + B)<^ 76°14'. 

b) cosA = 0,5755 ; A « 54°52'. 

cos5 = 0,0998 ; 5 « 84°16'. 

C « 40°52'. 

80. ABC = 30° ; ACB = 120° => A = 30°. 

Tit dd suy ra AC = C5 = 100 => AH = AC.sin AC^ = 50. 
Chiiu cao ciia nggn ddi la 50 met. 

81. Trgng luc F dugc phdn tieh thdnh hai luc CM, CN dgc theo hai doan 
ddy. Luc cdng len mdi ddy se la : 

ICMI = |F|.eos45° = 50>^(N) 

|CA?| = |F|.COS60° =50(N). 

Bai tap on \tp chuong il 

82. A = l - ^ + 2 - ^ - ^ = 3 - i % ^ . 
2 2 2 2 

3 3 
5 = 4 - 1 - 4 + 5 = ^-

2 2 

83. (h. 69) cos(A5, 'AC) = cos 60° = 
1 

eos(A5, BC) = cos 120° = - - . 

__ , /T 
eos(5/, BC) = cos30° = ^ -

cosiAB, BJ) = cos 150° =-\-

cosiBJ, CI) = cosl20° = -~ Hinh 69 
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84. (h. 70) Xet tam gidc ABC cdn dinh A cd gdc b day bdng a, AH la dudng cao. 
Ta cd: 

5 = ^BCAH = BH.AH, 

5 = ^ AB.AC. sin(l 80° - 2a) 

= - A 5 . AC. sin 2a. 

2 
Tif dd A5.AC. sin 2a = 2BH.AH, 

. ^ ^ BH AH ^ 
suy ra sm2a = 2.-—-.—77 = 2cosa.sma. 

AB AC 
85. (h.71) 

Ddt CA = a, CB = b. 

Khidd CD = d + b ; CM = ̂  vk 

d^ = b =1 ; a.b = —. ^2 

a)Giasir CN = nCA = na. Khi dd ta ed: 

MD = C D - C M = a + | v d i V D = CD-Civ = ( l - n ) a + S. 

—» • 

Suyra: MD.ND = a + j (1 - «)a + S 

= il-n)a^+^ + d.b 

1 3-« 9-5n 
= 1 - n + - + —T— = — - — -

2 4 4 

Dl tam gidc MDAT vudng tai D ta phai ed MD.ND = 0 hay « = T • 

Vdy CAT = | a . 

Dl tfnh didn tfch tam giac MDAT, ta tfnh binh phuong dd dai hai canh MD 
vaND: 

MD^ =MD = 
^ b^' 
a + ^ , 1 1 7 

= 1 ^ + 2 = 4-
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9 >2 f 4. -.A 
ND^ = ATD = - | a + b 

_ 16 i f 21 
" 2 5 ^ 5 ~ 2 5 " 

Vdy 5̂  
1 h 21 7>^ 

MDAT 2 \ 4 " 2 5 20 

b) Gia sit CP = pCA = pa. Ta cd MP = CP - CM = pa-^b. 

I 1 p 5p-2 
p + — = —̂- , 
^ 4 4 4 4 

Khi dd : MD.MP = 
( -t\ 

-, b a -\— 
2 

V J 

f 
pa -

V 

-•A 
b 

~ 2 
) 

Di tam gidc PMD vudng tai M ta phai cd MD.MP = 0 hay p = - , tiic 

A2 

Vdy 5, PMD 

.2 
= MF = 

1 /2I 7 
2V100"4 

2 ^ ZJ 

r-2 
7V3 
40 * 

4 1 
~ 25 "̂  4 " 

1 
' 5 ~ 

21 
100 

c) Theo trdn, ta cd MF = ^ - 1 , FD = CD - CF = a + 6 - ^ = ^ + l. 

ID'- A 77^2 4 1 1 2 1 - ^ 2 9 , 3 49 
Boi vdy : MP =-— + — - - = —— ;PD =-— + 1 + - = -— ; 

••̂  25 4 5 100 25 5 25 

1 1 
MP.PD = i^ + -=--^-i: 

25 5 20 2 
21 
100 

Ggi cp la gdc hgp bdi hai dudng thing MP vk PD, ta cd : 

MP.PD 21 

M F . F D 100 

r 21 49 A 

86. a) 2F = ^ ^ = 10 . ^ 
smA 2 

100 • V 25 

V3 20>^ 

V2T 5 _ V2I 
10 "7 ~ 14 • 

F = 
I0V3 
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b) Ggi M, N, P ldn lugt la cdc tiep dilm cua BC, CA va AB vdi dudng trdn 
ndi tie'p tam giac ABC (h. 72). 

Ta cd AF = AÂ  = r.cot30° = 5. 

BP + NC = BM + MC = a=lO. 

Tit dd ta ed : 

(Z>-AA0 + ( c - A F ) = 1 0 

hay b + c = 20. 

Tlieo dinh li cdsin : 
(1) 

2 1.2 , 2 

a = b + c 26ccos60 

hay a^ = ib + cf - 2bc - bc. 

ib + cf - a^ 20^ - 10^ 
suy ra Z?c = ^ ^ 

do dd bc = 100. (2) 

Tit (1) vd (2) suy ra b, c Id nghiem eua phuong tiinh bdc hai x^ - 20x + 100 = 0. 

Phuang trinh ndy cd nghiem kep.Z? = c = 10 ndn ABC la tam giac diu. 

87. a) Ta chi phai tim dd dai canh BC. 

Ap dung dinh If cdsin 

5C^ = 10^ + 4^ - 2.10.4.eos60° = 76. 

Suy ra BC « 8,72. 

Chu vi tam giac 2/? « 10 + 4 + 8,72 « 22,72. 

b)(h. 73) 

Ke dudng cao BH ta cd 

A//= A5.cos60° = 5, 

suyra//C = 5 - 4 = 1. 

5 / / = A5.sin60°=5V3. 

tanC = -tanBCH = -
HC 

Hinh 73 
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c)(h.74) 

Dl 5F la tidp tuydn ciia dudng trdn iADE). 

phai cd BE^ = BA.BD = 10(10 + 6) = 160. Ta 

cd AE = X, dp dung dinh If cdsin cho tam gidc 

A5F : 5F^ = x^ + 100 -IOx. 

Tir dd ddn din phuong trinh 

x^-IOx+100 =160 
2 

hay X - IOx - 60 = 0, phuong trinh ndy ed 

mdt nghidm duong Id x = 5 + 4S5. Vdy 

dilm E cdn tim Id dilm tren tia AC vk each A mdt khoang bing 5 + 4S5. 
88. (h. 75) 

a) Theo dinh If sin, trong tam gidc ABD 

BD AD 
sin ̂  sin(5 - g>)' 

trong tani giac BCD : 

CD BD 
sin^ sin(C - ^ ) ' 

trong tam gidc ACD : 

AD _ CD 
sin^ sm(A - cp)' 

AD.BD.CD 

(1) 

(2) 
Hinh 75 

Tix dd ta cd 
AD.BD.CD 

s i n ^ sin(A - ^).sin(5 - ^).sin(C - cp) 

Suy ra ding thiic cdn chiing minh. 

b) Ap dung dinh If cdsin vdo tam gidc DAB, ta cd 

BD^ = AB^ + AD^ - 2AB.AD.coscp. 

Mdt khdc, —A5.AD.sin^ =^ABD-

Tix dd suy ra BD^ = AB^ + AD^ - 45^^B.eot^. 
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Tuong tu : CD^ = BC^ + BD^ - 4SDBc-cotcp; 

AD^ = AC^ + CD^ - 4SDCA-^OW-

Cdng theo vl rdi biln ddi vdi chu y ring tdng dien tfch ba tam giac nho 
bing dien tfch 5 cua tam gidc A5C, ta dugc : 

cot^ = 
a^ +b^ + c^ a^+b^+ c^ 

45 abc 

Theo bdi 58 (chuong II) cotA + cot5 + cotC = 

Tif dd suy ra ddng thiic cdn. chiing minh. 

89. (h. 76)5^'5'C'= ^ 

R. 

cf +b^ + c^ 
abc 

R. 

Suyra 

^ABC 

5 A'B'C 

'^ABC 

4R 

AB.BC.CA 
4R ' 

AB'.B'C.CA 
AB.BC.CA (*) 

Ta lai cd AMA5 co AM5'A' nen 

A'B' MA MA.MA 
AB MB MA.MB 

DoMA.MA'= |^(0) 

. AB' R^-MO^ 

= R^- MO^ 

nen AB 

Tuong tu 

MA.MB 

B'C R^ - MO^ CA R^-MO^ 
(**•) 

BC MB.MC ' CA MC.MA 

Thay (**) vdo (*) ta dugc dilu phai chiing minh. 

90. (h. 77) a) Ke hai tilp tuydn cua i% tai 5 va C, chiing cdt nhau d /. Khi d6 

de thdy dudng trdn tdm / ban kfnh r = IB = IC thoa man ydu cdu. 

b) Ke dudng thing OM, nd cit dudng trdn (/) d AT (N t̂ Af), ta cd 

'OMJON = OB^ i= ^QH^)). 
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Tir dd ta cd OM.iOM + MN) = R^, 

suy ra OM^ - MO.MN = R\ 

hay 'MOMN = OM^ - R^ 

= ^^^<^) = m.'MB'. 

Vdy Â , 5, O, B' ciing thudc mdt 

dudng trdn, suy ra NOB' = NBM. 

Tuong tu ta cd Â , C, O, C ciing 
thudc mdt dudng trdn, suy ra 

ivoc"' = ivcM. 

Do tii giac A 5̂MC ndi tilp ndn NBM + NCM = 180°. 

Tir dd ta cd NOB' + NOC' = 180°. Vdy ba dilm O, B', C thing hang hay 

B'C Id dudng kfnh ciia dudng trdn i^. 

9L (h. 78) 

a) Ld'y dilm //, ddi xiing vdi H qua A' hay AH 

Khi dd 'BHJC = BHC = 'BUC' = 180° - A . 

Suy ra ABH^C la tii giac ndi tilp, do dd 

AH 

AB.AC = AH^.AA =-A'H.A'A. 

b) Dudng trdn (©) va dudng 

trdn tdm / dudng kfnh HA cd 
B'C Id true ding phuong. Ke 

tilp tuyin ciia ( ^ tai / cdt 

dudng thing BC b K thi 

KJ = KB.KC = '-^/(f) • 

Ta hay tfnh phuang tfch ciia K 
dd'i vdi dudng trdn tam / : 

'mi) = Kt 
UH^^ 

Hinh 78 
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= KA''^ + AI 
AH 
2 

V J 

A2 

= KA''^ + AA + AH 
2 / 

AH-AA 
^\2 

= KA'^ + A'H.A'A 

Theo cau a), A^.A^4 = -J^.'A^ . Mat khac ta cd BJC = 90° (gdc ndi 

tilp chin nuta dudng trdn) vkJA'l BC ndn A ' / = - A ^ . A ^ . 

vay .^/(i) =KA'^ + A'J^ = KJ^ = ^ ( ^ ) , suy ra K thudc true ding phuong 

B'C vay ba dudng thing BC, B'C vk tilp tuyin tai / cua (*^ ddng quy 

dii:. 

Cac bai tap trac ngliiem cliirong II 

l.(D) 

5.(D) 

9.(B) 

2. (A) 

6.(B) 

10. (C). 

3. (A) 

7.(C) 

4.(C) 

8.(C) 
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Huang in. PHirONG PHAP TOA DO 

TRONG MAT PHANG 

A. CAC KIEN THlfCCO BAN VADE BAI 

§1. Phaong trinh tdng quat cua dudng thang 

I - CAC KIEN THQC CO BAN 

1. • Phuong trinh tdng qudt cua dudng thdng co dang ax + by + c = t) ia +b ^Q); 
n =ia;b) la mgt vecta phdp tuyen. 

Ddc biet: 
- Khi b = 0 thi dudng thing ax + c = 0 song song hodc triing vdi Oy (h. 19a); 
- Khi a = 0 thi dudng thdng by + c = 0 song song hodc triing vdi Ox (h. 19b); 
- Khi c = 0 thi dudng thdng ax + by = 0 di qua gdc toq do (h. 19c). 

• Dudng thing di qua M(xo ; >'o) vd nhan n=ia; b) lam vecta phdp tuyen co 
phuang trinh 

a(x-Xo)+ biy-y^) =0. . 
2. Dudng thing cdt true Ox tai Aia ; 0) vd Oy tqi BiO ; b) ia va b khdc 0) co 

X y 
phuong trinh theo doan chdn —\- — = I (h. 80). 

a b 
3. • Phuang trinh dudng thing theo he sd goc co dqng y = kx + b, trong do 
k = tana vdi a la goc gida tia Mt iphdn cua dudng thing ndm phia tren Ox) 
vditiaMxih. 81). 
• Dudng thing qua M(xo; yo) vd co he sdgoc la k thi co phuang trinh: 

y-yQ = kix-XQ). 

y^ 

o 

y' 

0 

i 

X 

y ^ y^ 

a) b) 

Hinh 79 

O 

c) 
O 

Hinh 80 

O 

Hinh 81 
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4. Vi tri tuang ddi ciia hai dudng thing 

Cho hai dudng thdng Aj : a^x + b^y + Cj = 0 vd A2 : a2X + b2y + C2 = 0. 

Ddt D = 
a, 1̂ 

«2 ^2 
D,= 

bl ci 

^2 ^2 
A.= 

Cj a j 
. Khi do 

A^cdt A2 <^ DJ^O; 

Al // A2 o D = 0 vd D^ ^ 0 ihodc Dy * 0) ; 

A, = A9 <^ D = D= D„ = 0. 

Ddc biet khi 02, &2' ^2 ^ '̂̂ '̂  0 thi 

Al cat A2 • » —^ ?t 
ao 

A, = A,oi i = i = -a 

'"^''' ;A,//A,c=>i = ^ * £ L ; 
ao ^2 

CJ 

I I - D E BAI 

1. Viet phuang trinh cac dudng cao ciia tam giac ABC bid't A( - l ; 2), 

5(2 ; -4 ) , C(l ; 0). 

2. Vilt phuang trinh cac dudng trung true ciia tam giac ABC biet M( - l ; 1), 

A (̂l ; 9), F(9 ; 1) la cac trung dilm ciia ba canh tam giac. 

3. Cho dudng thing A: ax + by + c = 0. Vilt phuang trinh dudng thing A' dii 

xiing vdi dudng thing A : 

a) Qua true hoanh ; b) Qua true tung ; c) Qua gdc toa dd. 

4. Cho diem A(l; 3) va dudng thing A : x - 2 j + 1 = 0. Vilt phuong trinh 

dudng thing ddi xiing vdi A qua A. 

5. Xet vi trf tuang ddi ciia mdi cap dudng thing sau : 

a) d^ : 2x - 5y + 6 = 0 va 6?2 : - x + y - 3 = 0 ; 

b) 6?, : -3x + 23; - 7 = 0 va 6̂2 : 6x - 4>' - 7 = 0 ; 

c) <5?i : >j^x + >' - 3 = 0 va ^2 ^ 2x + V2 v - 3 V2 = 0 ; 

d) dx : im - \)x + my + I = Q va d2:2x + y - 4 = Q. 

6. Bien luan vi trf tuang ddi ciia hai dudng thing sau theo tham sd m 

Al : 4x - my + 4- m = 0 ; 

A2: i2m + 6)x + y - 2m -\ = 0. 
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7. Cho dilm A(-l ; 3) va dudng thing A cd phuang trinh x - 2y + 2 = 0. 
Dung hinh vudng ABCD sao cho hai dinh 5, C ndm tren A va cac toa do 
ciia dinh C diu duong. 

a) Tim toa do eac dinh B, C, D ; 

b) Tfnh chu vi va dien tfch ciia hinh vudng ABCD. 

8. Chiing minh rang dien tfch 5 cua tam giac tao bdi dudng thing A: cuc + by + c = 0 
c^ ia, b, c khac 0) vdi cac true toa do dugc tinh bdi cdng thiic : 5 = 

2\ab\ 

9. Ldp phuang trinh dudng thing A di qua F(6 ; 4) va tao vdi hai true toa do 
mdt tam giac cd dien tfch bing 2. 

10. Ldp phuong trinh dudng thing A di qua Q(2 ; 3) va cit cac tia Ox, Oy tai 
hai diem M, N khac dilm O sao cho OM + ON nhd nhat. 

11. Cho diem Mia ; b) v6i a > 0, h > 0. Vilt phuong trinh dudng thing qua M 
va cat cac tia Ox, Oy ldn lugt tai A, 5 sao cho tam giac OAB cd dien tich 
nhd nhd't. 

12. Cho hai dudng thing d^ : 2x - y - 2 = 0, d2 : x + y + 3 = 0 vk diim M(3 ; 0). 

a) Tim toa do giao diem ciia d^ va d2. 

b) Vilt phuang trinh dudng thing A di qua M, cdt d^ va d'2 ldn lugt tai diem 
A va 5 sao cho M la trung diem ciia doan thing AB. 

13. Cho tam giac ABC cd A(0 ; 0) , 5(2 ; 4), C(6 ; 0) va cac dilm : M tren canh 
AB, N trdn canh BC, P vkQ tren canh AC sao cho MNQP la hinh vudng. 

Tim toa do cac dilm M, N, P, Q. 

§2. Phuong trinh tham so cua dudng thang 

I - CAC Kie'N THQC CO BAN 

I. Dudng thing di qua diem M(xo ; >'o) vd nhdn uia ; b) lam vecta chi phuang 

CO phucmg trinh tham sd 
X = XQ + at 

y = yQ+ bt. 
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2. Dudng thing di qua diem M(xo; y^) vd nhdn uia ; b) ia vd b khdc 0) lam 

vecta chi phuang co phuang trinh chinh tdc : ^ = —;—-. 
a b 

Chu y. Khi a = 0 hodc b = 0 thi dudng thing khdng cd phuang trinh chinh tdc. 

II-OEBAI 

14. Vilt phuang trinh tdng quat cua eac dudng thing sau 

\x = l-2t \x = 2 + t f X = -3 \x = -2-3t 

[y = 3 + t [y = -2-t [y = 6-2t [y = 4 

15. Vilt phuang trinh tham so ciia eac dudng thing sau 

a ) 3 x - j - 2 = 0 ; b ) - 2 x + 3; + 3 = 0 ; c ) x - l = 0 ; d ) j - 6 = 0. 

16. Ldp phuong trinh tham so va phuong trinh chfnh tie (nd'u ed) eua dudng 
thing d trong mdi trudng hgp sau 

a) d di qua A(-l ; 2) va song song vdi dudng thing 5x + 1 = 0 ; 

b) d di qua 5(7 ; -5) va vudng gdc vdi dudng thing x + 3y -6 = 0 ; 

c) d di qua C(-2 ; 3) va cd he sd gdc k = -3 ; 

d) d di qua hai dilm M(3 ; 6) va Ni5;-3). 

fx = Xl + at fx = Xo + ct' 
17. Cho hai dudng thdng d^: \ va ^2: 1 

[y = y.x+bt [y = y2+dt'. 

(xi, X2 , Jl , y2 la cae hdng sd). Tim dilu kien cua a, b, c, d di hai dudng 

thing divd ^2 • 

a) Cat nhau ; b) Song song ; c) Triing nhau ; d) Vudng gdc vdi nhau. 

18. Xet vi trf tuong ddi ciia cae cap dudng thing sau va tim toa do giao dilm 
eua chiing (nd'u cd) : 

\x = l + 2t 
a) Al : <̂  vk A2 : 

[y = -3- 3t 

fx = -2t 
b) Al : -̂  vd Ao 

[y = l + t 

:2x-y-l=0; 

, x - 2 y-3 
• 4 - 2 
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^ ̂  fx = -2 + ? fx = 4f' 
c) Al : <̂  va A2 : <̂  ; 

[y^-t [y = 2-t' 
'^. x + 2 y + 3 ^ ^ x-l v + 18 
d)Ai:-p = ̂ - v a A 2 : - ^ = ^ . 

19. Cho hai dudng thing 

. fx = 2-3r {x = -l-2r 
dl : <̂  va dj : i ; 

[y = i + t [y = 3-t' 

a) Tim toa do giao dilm M ciia di vd d2. 

b) Vilt phuong trinh tham sd vd phuang trinh tdng qudt ciia : 

- Dudng thing di qua M vd vudng gdc vdi di; 

— Dudng thing di qua M va vudng gdc vdi d2. 

vadilmM(3; 1). 
y = l + 2t 

a) Tim dilm A trdn A sao cho A each M mdt khoang bing Vl3 . 

b) Tim dilm 5 trdn A sao cho doan MB ngdn nhdt. 

21. Mdt canh tam gidc cd trung dilm la M(-l ; 1). Hai canh kia nim trdn cac 
fx = 2 - r 

dudng thdng 2x + 6y + 3 = 0 va <̂ . Ldp phuang trinh dudng thang 
[y = t 

chiia canh thii ba ciia tam gidc. 
1 'J 

22. Cho tam giac ABC cd phuong trinh canh BC la —— = ^-r—, phuong trinh 

cdc dudng tmng tuyin BM vk CN ldn lugt la3x + >'-7 = 0vax + >'-5 = 0. Viet 
phuang trinh cdc dudng thing chiia cdc canh,A5, AC. 

23. Ldp phuang trinh cac dudng thing chiia bdn canh ciia hinh vudng ABCD 
fx = -1 + 2t 

bid't dinh A(-l ; 2) va phuong trinh eua mdt dudng cheo Id < 
[y = -2?. 

fx = -2r , , lx = -2-t' 
24. Cho hai dudng thang A : <̂  va A : -̂  

[y = l + t. [y = t'. 

Vilt phuong trinh dudng thing dd'i xiing vdi A' qua A. 

25. Cho hai dilm A(-l; 2), 5(3 ; 1) va dudng thing A : ^ ~ ^ ̂  ^ 
[y = 2 + t. 
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Tim toa dd dilm C trdn A sao cho : 

a) Tam giac ABC can. 

b) Tam giac ABC deu. 

§3. Khoang each va goc 

I - CAC KIEN THQC CO BAN 

I. Khodng cdch tie diem M(XQ; y^ den dudng thing A .• ax + by + c = 0 duqc 
tinh theo cong thicc 

\axQ + by^ + c\ 
d(M;A) V777 

2. Cho hai diem M(x^; y^f), Nixj^; y^^) vd dudng thdng A: ax+ by + c=0. Khi do 

M vd N nam ciing phia ddi vai A <=> iaxj^ + by]^ + c)iaxj^ + byp^ + c) > 0 ; 

M vd N nam khdc phia ddi vai A <» (ax^ + fty^ + c)iaxj^ + byf^ + c)<0. 

3. Cho hai dudng thing A, : aiX + &ij + Ci = 0 va A2 : a2X + b2y + C2 = 0. Khi do 

• Phuang trinh hai dudng phdn gidc cua cdc goc tqo bdi A^ vd A2 la 

a^x + &ij + q _ a2X + 62)' + ̂ 2 

^+bi: yjaj + bl 

• Goc giUa Al vd A2 duac xdc dinh bed cong thdc 

\a,a-y + b^b-,] 
eos(Ai, A2) = ' ' ^ / ^' . 

Va? + bl .^Jaj + bl 
• Al ± A2 <=> aia2 + ^1^2 = 0-

II-DEBAI 

26. Cho tam giac ABC vdi A = (-1 ; 0), 5 = (2 ; 3), C = (3 ; -6) va dudng 
thing A: x-2y-3 = 0. 

a) Xet xem dudng thing A cit canh nao cua tam giac. 

b) Tim dilm M trdn A sao cho MA + MB + MC nhd nhdt 
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27. Cho ba dilm A(2 ; 0), 5(4 ; 1), C(l ; 2) 

a) Chiing minh ring A, 5, C la ba dinh cua mdt tam gidc. 

b) Vilt phuong trinh dudng phdn gidc trong ciia gdc A. 

c) Tim toa dd tdm / cua dudng trdn ndi tid'p tam gidc ABC. 

28. Tim cdc gdc eua mdt tam giac bilt phuang trinh cdc canh tam giac dd la : 

x + 2y = 0;2x + y = 0; x + y=l. 

29. Cho dilm A = (-1 ; 2) vd dudng thing A: \^ ~ 
[y = -2^-

Tfnh khoang each tir dilm A din dudng thing A. Tir dd suy ra didn tfch cua 
hinh trdn tdm A tid'p xiic vdi A. 

30. Vdi dilu kidn ndo thi eac dilm M(xi ; y^) vk Nix2 ; ̂ 2) "̂ î xiing vdi nhau 

qua dudng thing A: ax + by + c = 01 

31. Bilt cdc canh cua tam giac ABC co phuang trinh : 

A 5 : x - j + 4 = 0 ; BC : 3x + 5y + 4 = 0 ; AC : Ix+ y-12 = 0. 

a) Vie't phuong trinh dudng phdn gidc trong ciia gdc A ; 

b) Khdng dung hinh ve, hay cho bilt gd'c toa dd O nim trong hay nim 
ngodi tam gidc ABC. 

32. Vilt phuang trinh dudng thing 

a) Qua A(-2 ; 0) vd tao vdi dudng thing d •.x + 3y-3 = 0 mdt gdc 45° ; 
fx = 2 + 3r o 

b) Qua 5 ( - l ; 2) va tao vdi dudng thdng d : < mdt goc 60 . 
[y = -2? 

{x = 2 + at 
33. Xac dinh cdc gid tri cua a dd gdc tao boi hai duong thdng < 

vd 3x + 43; + 12 = 0 bing 45°. 

34. a) Cho hai dilm A(l ; 1) vd 5(3 ; 6). Vilt phuong trinh dudng thing di qua 
A vd cdch 5 mdt khoang bing 2. 

b) Cho dudng thing d cd phuong trinh 8x - 6y - 5 = 0. Viet phuang trinh 

dudng thing A song song vdi d vd each d mdt khoang bing 5. 

35. Cho ba dilm A(l ; 1), 5(2 ; 0), C(3 ; 4). Vilt phuang tnnh dudng thing di qua 
A vd each diu hai dilm 5, C. 
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36. a) Cho tam giac ABC cdn tai A, biet phuong trinh cac dudng thing AB, BC 
ldn lugt la X + 2)' - 1 = 0 va 3x - 3; + 5 = 0. Vilt phuong trinh dudng thing 
AC bilt ring dudng thing AC di qua dilm M(l ; -3). 
b) Cho hai dudng thing Ai : 2x - j + 5 = 0, A2 : 3x + 6y -I = 0 vk dilm 
M(2 ; -1). Viet phuang trinh dudng thing A di qua M va tao vdi hai dudng 
thing Al, A2 mdt tam giac cdn cd dinh la giao dilm cua Ai vd A2. 

37. Cho hai dudng thing song song A^: ax + by + c = 0vaA2: ax + by+ d = 0. 

Chiing minh ring 

|c - d| 
a) Khoang each giiia Ai vd A2 bang , - ; 

^Ja^ + b^ 
b) Phuang trinh dudng thing song song va each diu Ai vd A2 ed dang 

u c + d _ ax + by ̂  — = 0. 

Ap dung. Cho hai dudng thing song song cd phuong trinh -3x + 4^-10 = 0 
va -3x + 4y + I =0. Hay lap phuang trinh dudng thing song song va each 
deu hai dudng thing trdn. 

38. Cho hinh vudng cd dinh A = (-4 ; 5) va mdt dudng cheo nim trdn dudng 
thing cd phuong trinh Ix - y + % = 0. Ldp phuong trinh ede dudng thing 
chiia cac canh va dudng cheo thii hai cua hinh vudng. 

(4 1\ 
39. Cho tam giac ABC co dinh A = T5 T • Hai dudng phdn giac trong ciia 

yi 5) 

gdc 5 va C ldn lugt cd phuong tnnh x - 2>' -1 =0vkx + 3y -I = 0. Vilt 
phuang trinh canh BC ciia tam giac. 

40. Cho hai dilm F(l; 6) , Qi-3 ; -4) vk dudng thing A : 2x - j - 1 = 0. 

a) Tm toa do diem M trdn A sao cho MP + MQ nhd nhd't; 

b) Tim toa dd dilm N trdn A sao cho \NP - NQ\ ldn nhdt. 

41. Cho dudng thing A^ : (wt - 2)x + im-l)y+ 2m-I =Ovk hai dilm A(2 ; 3), 
5(1 ;0). 

a) Chiing minh ring A^ ludn di qua mdt dilm cd dinh vdi mgi m ; 

b) Xac dinh m di A^ cd ft nhd't mdt dilm chung vdi doan thing AB ; 

c) Tm m di khoang each tit dilm A de'n dudng thing A^ Id ldn nhdt. 
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Hinh 82 

§4. Dudng tron 

I - CAC KIEN THQC CO BAN 

1. • Phuang trinh dudng trdn tdm I(a; b), bdn kinh R co dqng: 
ix-af + iy-bf = ̂  

hay dqng khai trien : 

x^+y^-2ax-2by + c = 0 vai c = cf + }f-jf. 

• Phuang trinh x +y - 2ax - 2by + c = 0 vdi dieu kien a^ + b^ - c> 0, Id 

phucmg trinh dudng trdn tdm I(a; b), bdn kinh R = Va^ + b^ - c ih. 82). 

2. Chodudngtrdn( ^tdml(a; b), bdn kinhRvd dudng thing A : ax + py + y^O . 

, r^ Wo, + 6b + y\ 
A tiep xuc vai (W) <:> dii; A) = R <i^ J—, ' = R. 

II-O^BAI 

42. Tm toa dd tdm va tfnh ban kfnh cua cac dudng trdn sau 

a)(x + 4)2+(>.-2)' = 7 ; 

h) ix - 5)h iy +if =15; 

c) x^ + y^-6x-4y = 36; 

d)x^ + / - IOx- 10^ = 55 ; 

e) x^ + y^ + 8x - 6j + 8 = 0 ; 

f)x^ + / + 4x+ I0y+ 15 = 0. 

43. Vilt phuong trinh dudng trdn dudng kfnh AB trong eac trudng hgp sau 

a) A(7 ; - 3 ) ; 5( 1 ; 7) ; b) A(-3 ; 2); 5(7 ; -4). 

44. Vilt phuong trinh dudng trdn ngoai tid'p tam giac ABC bilt A = (1 ; 3), 5 = (5 ; 6), 
C = (7;0). 

45. Vilt phuang trinh dudng trdn ndi tilp tam giac ABC bilt phuong trinh cac 
canh A5 : 3x + 4j - 6 = 0 ; AC : 4x + 3y - 1 = 0 ; BC •.y = 0. 

46. Bien ludn theo m vi tri tuong ddi cua dudng thing A^ : x - my + 2m + 3 = 0 

va dudng trdn i% : x^ + y^ + 2x - 2y-2 = 0. 

47. Cho ba dilm A(-l; 0), 5(2 ; 4), C(4 ; 1). 

a) Chiing minh ring tdp hgp cdc dilm M thoa man 3MA^ + MB^ = 2MC^ la 

mdt dudng trdn i9p). Tim toa dd tdm vd tfnh bdn kfnh cua (*^. 
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b) Mdt dudng thing A thay ddi di qua A cdt ( ^ tai M vd N. Hay vilt 

phuong trinh cua A sao cho doan MN ngan nhdt. 

48. Vilt phuong trinh dudng trdn tid'p xuc vdi cae true toa do vd 

a ) D i q u a A ( 2 ; - l ) ; 

b) Cd tdm thudc dudng thing 3x - 5^ - 8 = 0. 
49. Vilt phuong trinh dudng trdn tiep xuc vdi true hodnh tai dilm A(6 ; 0) va 

di qua dilm 5(9 ; 9). 

50. Vilt phuang trinh dudng trdn di qua hai dilm A(-l ; 0), 5(1 ; 2) va tilp 
xuc vdi dudng thing x-y - I =0. 

51. Vie't phuang trinh dudng thing A tid'p xiic vdi dudng trdn ( ^ tai A e i% 

trong mdi trudng hgp sau rdi sau dd ve A vd (*^ trdn cung he true toa dd 

a) i%:x^ + y'^ = 25, A(3 ; 4 ) ; d) ("^ : x^ + / = 80 , A(-4 ; - 8 ) ; 

b) ( '^ : x^ + / = 100, A(-8 ; 6); e) ( '^ : (x - 3)^ + (y + 4)2 = 169, A(8 ;-16); 

c) ( '^ : x^ + 3;̂  = 50, A(5 ;-5); f)i% :ix + 5f+ iy- 9f = 289, A(-13 ; -6). 

52. Cho dudng trdn i9^ : ix - af + iy - bf = R^ vk diim M^ix^ ; JQ) e i%. 

Chiing minh ring tilp tuyd'n A eua dudng trdn ( ^ tai MQ ed phuang trinh : 

(XQ - a)(x - a) + (3'o - b)iy -b) = R . 

53. Cho dudng trdn ( ^ :x +y - 2 x + 63' + 5 = 0va dudng thing d : 

2x + y - 1 = .0. Viet phuang trinh tilp tuyin A eua (©), bie't A song song 

vdi d ; Tm toa dd tid'p diem. 

54. Cho dudng trdn i% : x^ + / - 6x + 2^ + 6 = 0 vd dilm A(l ; 3). 
a) Chifng minh ring A d ngodi dudng trdn ; 

b) Vilt phuang trinh tid'p tuyd'n cua (*^ ke tir A ; 

c) Ggi Fl, r2 la cdc tilp dilm d cdu b), tfnh didn tfch tam gidc AT{r2. 

55. Cho dudng trdn i% cd phuong trinh x^ + y^ + 4x + 4y -17 = 0. Vilt 

phuang trinh tilp tuyin A ciia ( ^ trong mdi trudng hgp sau 

a) A tilp xiic vdi i% tai M(2 ; 1); 

b) A vudng gdc vdi dudng thing d : 3x - 43" +1 = 0 ; 
c) A di qua A(2 ; 6). 
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56. Cho hai dudpg trdn 

i%):x^ + y'^-4x-Sy+ll=0 va i%) : x^+ y^-2x-2y-2 = 0. 

a) Xet vi trf tuong ddi ciia (^i) vd (*^2)-

b) Vilt phuang trinh tilp tuyen chung cua (^j) vd (^2)-

57. Cho n diim Ai(xi; y^), A2(x2; 3;2),..., A„(x„; y^) vd « + 1 sd : ^i, k2,..., k„, k 

thoa man ^i + ^2 + • • • + «̂ '̂  0- Ti"^ tdp hgp cac dilm M sao cho 

k^MA^ + k2MAl +... + k„MAl = k. 

58. Cho dudng cong (*^ )̂ cd phuong trinh : 

x^ + y^ + (m + 2)x - (m + 4)3) + m + 1 = 0. 

a) Chiing minh ring (^;„) ludn la dudng trdn vdi mgi gia tri eua m. 

b) Tm tdp hgp tdm cdc dudng trdn (*^ )̂ khi m thay ddi. 

c) Chiing minh ring khi m thay ddi, ho cac dudng trdn i^^) ludn di qua 

hai dilm ed' dinh. 

d) Tm nhflng dilm trong mat phing toa dd ma ho i^^) khdng di qua dii m 

ld'y bd't cii gid tri nao. 

§5. Dudng ellp 

- CAC Kl EN TH QC CO BAN 

1. Dinh nghia. Cho hai diem cddinh F^, F2 vdi F1F2 = 2c (c> 0) vd 50'2a (a > c). 

Elip (E) la tap hap cdc diem M sao cho MF^ + MF2 = 2a. 

iE) = {M : MFi + MF2 = 2a}. 

Fl, F2 goi la cdc tieu diem, khodng cdch F1F2 = 2c ggi la tieu cu cua iE). 
2 2 

X y 

2. Phuang trinh chinh tdc cua elip : ^r + ^ = l ia> b>0)ih. 83). 

a^ b^ 

a^ = b^ +c^ ; Oik tdm ddi xiing ; Ox, O3' Id cae true dd'i xiing. 
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True ldn A1A2 = 2a nam tren Ox; 

True be B1B2 = 2b ndm tren Oy; 

Cdc dinh : A^i-a; 0), A2(a; 0), 5i(0 ; -b), 52(0 ; b); 

Hai tieu diem : F^i-c ; 0), F2(c ; 0 ) ; 

Tdm sai e = — 
a 

>• 

F, O 
^ ^ 

A2 X 

Bl 

Hinh 83 

Phuang trinh cdc cqnh cua hinh cha nhdt ca sd: x = ± a, y = ± b ; 

Bdn kinh qua tieu cua diem Mix^^ ; yj^) G (F ) : 

c c 
MFj = a + exf^ = a + —x^ ; MF2 = a - ex^ = a Xj^. 

II-DEBAI 

59. Cho dudng trdn i^^) tdm Oi, ban kfnh Fi va 

dudng trdn (^2) tdm O2, ban kfnh F2. Bid't 

dudng trdn (©2) nim trong dudng trdn (*©i) 

va tdm cua hai dudng trdn khdng trung nhau 
(h. 84). Tm tap hgp tdm cua cac dudng trdn 

tiep xiic ngodi vdi (TP2) va tid'p xiic trong 

vdi (^1). Hinh 84 

60. Xac dinh tdm dd'i xiing, dd dai hai true, tieu cu, tdm sai, toa dd cae tidu 
dilm vd cac dinh cua mdi elip sau : 

^ ^ 2 5 ^ 1 6 = ^ ^ 

b) x^ + 43;̂  = 1 ; 

c) 4x^ + 5y^ = 20 ; 

d)4x2+16y2-l=0; 

e) x^+3y'^ = 2; 

f) mx + ny = I in> m>0,m^ n). 

Ve elip cd phuong trinh d cdu a). 
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61. Ldp phuang trinh chinh tic ciia elip (F) bilt 

a) A(0 ; -2) Id mdt dinh va F(l ; 0) la mdt tieu dilm cua (F) ; 

b) Fi(-7 ; 0) la mdt tidu dilm va (F) di qua M(-2 ; 12) ; 

3 
c) Teu cu bang 6, tam sai bang -- ; 

d) Phuang trinh cac canh eua hinh chii nhat co sd la x = ± 4, y = ±3 

e) (F) di qua hai dilm M(4 ; V3 ) va Â (2 V2 ; -3). 

62. Mat Trang vd cac vd tinh cua Trai Ddt 
chuyin ddng theo quy dao la eac 
dudng elip ma tdm Trai Ddt la mdt 
tidu dilm. Dilm gdn Trai Ddt nhat 
trdn quy dao ggi la diem can dia, 
dilm xa Trai Ddt nhd't trdn quy dao 
goi la diem viin dia (h. 85). 

Di^m can dia ye tinh 

Diem viin dia 

Hinh 85 

a) Bie't khoang each tir dilm vidn dia va dilm cdn dia tren quy dao ciia mdt 
vt tinh din tdm Trai Ddt thii tu la m va «. Chiing minh ring tdm sai cua 

m — n 
quy dao nay bdng . 

m + n 

h) Bilt dd dai true ldn va dd dai true be ciia quy dao Mat Trang la 
768806km va 767746km. Tfnh khoang each ldn nhdt va khoang each be 
nhd't giiia tdm Trai Ddt va tdm ciia Mat Trang. 

2 

63. Tm nhiing dilm trdn elip (F) : -rr + y =1 thoa man 
y 

a) Cd bdn kfnh qua tidu dilm trdi bing hai ldn ban kfnh qua tidu dilm phai. 
b) Nhin hai tidu dilm dudi mdt goc vudng. 

e) Nhin hai tidu dilm dudi gdc 60°. 

2 2 

64. Cho elip (F) : ^ + ^ 
a b 

lia> b > 0). Ggi Fi, F2 la cac tieu dilm va Ai, 

A2 Id cac dinh trdn true ldn cua (F). M la dilm tuy y trdn (F) co hinh chieu 
trdn Ox la H. Chiing minh ring 

a) MFi. MF2 + OM^ = a^ + Z>2 ; 
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b) (MFi - MF2)^ = 4 (OM2 - b^); 

,2 b' e) HM^ =-^.HAi.HA2. 
a 

2 2 
X y 

65. Cho elip (F) cd phuong trinh ~5" + ~^ = 1-

a) Tm toa dd cac tidu dilm, cdc dinh ; tfnh tdm sai vd ve elip (F). 

b) Xdc dinh m di dudng thing d : y = x + m va (F) cd dilm chung. 

c) Vilt phuang trinh dudng thing A di qua M(l ; 1) vd eat (F) tai hai dilm 
A, 5 sao cho M la trung dilm eua doan thing AB. 

2 2 
66. Cho elip (F) : ^ + ^ = 1 (a > 6 > 0). 

a b 
a) Chiing minh ring vdi mgi M thudc (F), ta ludn co b < OM < a. 

b) Ggi A la giao dilm cua dudng thing cd phuang trinh ax + y^ = 0 vdi 

(F). Tfnh OA theo a,b, a, J3. 

e) Ggi 5 la dilm trdn (F) sao cho OA ± OB. Chiing minh ring tdng 

— - + — - cd gid tri khdng ddi. 
OA^ OB^ 

d) Chiing minh ring dudng thing AB ludn tid'p xiic vdi mdt dudng tron 
ed dinh. 

67. Trdn hinh 86, canh DC ciia hinh 
chii nhdt ABCD dugc chia thdnh 
n doan thing bing nhau bdi cac 

dilm chia Ci, C2,..., C„_i ; canh 
AD ciing dugc chia thdnh n doan 
thing bing nhau bdi cac dilm 

chia Dl, D2,..., D„_i. Ggi 4 la 

giao dilm cua doan thing ACi^ 

vdi doan thing BD;^. Chiing minh 

ring eac dilm Ikik= 1,2, ..., n-l) nim trdn elip cd true ldn la canh AB, 
dd ddi true be bing ehilu rdng AD cua hinh chii nhdt ABCD. 

D 

%-i 

Dk 

D2 

Dl 

A 

Ci C2 Ck Cn-l C 

B 

Hinh 86 
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68. Phep CO vl true A theo hd s6 k (k ^ 0) la phep cho tuong ling mdi diem M 

ciia mat phing thanh dilm M' sao cho HM' = kHM, trong do H la hinh 
chiiu (vudng gdc) ciia M trdn A. Dilm M' ggi la anh cua dilm M qua phep 
CO dd. Chiing minh ring 

•? •> ^M' ~~ ^M 

a) Phep CO vd tmc Ox theo hd sd k bidn didm M thanh didm M' sao cho < 

b) Phep CO vl true O3' theo hd sd k biln dilm M thanh diem M' sao cho 

UM' = yM-

69. Chiing minh ring phep co vl true Ox theo he sd — < 1, biln dudng trdn ( ^ : 
2 2 

2 2 2 X y 

X +y =a thanh ehp (F): —r- + ^ = 1 va nguoc lai, phep co ve tmc Ox theo 
a^ b^ 
2 2 

he sd ^ > 1 biln elip (F): ^ + ^ = 1 thanh dudng trdn i^:x^ + y^ = a^. 
b ct b^ 

70. Tm anh eua dudng trdn ( ^ qua phep co vl true Ox theo he sd k trong mdi 
trudng hgp sau 

.^ Q ^ = 

3 ' 
a)i%:x^ + y^ = 9,k=^ 

6 
e) i%:ix-lf + iy + 2f = 4, k = -l. 

h)i%:x^ + y^-36 = 0,k=- ; 
0 

X y 
71. Tm anh cua elip TTT + " ^ = 1 ^^a phep co vd true Ox theo hd sd k trong 

mdi trudng hgp sau : 

a ) / : = | ; h)k=42; c ) / : = | . 

§6. Dudng hypebol 

I - CAC KIEN THQC CO BAN 

1. Dinh nghia. Cho hai diem cddinh F^, F2 vdi FiFj = 2c (c> 0) vd hang so 2a 
ia < e). Hypebol (H) la tap hap eac diem M sao cho \MF^ - MF2I = 2a. 

(//) = { M : |MFI - MF2I = 2a}. 

F,, F2 goi la cdc tieu diem, khodng cdch F1F2 = 2c goi la tieu cu cua (H). 
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2 2 
X y 

2. Phuang trinh chinh tdc cua hypebol: —j —r- = 1 (h. 87) 
a b 

c^ = cf +}f ; O la tdm ddi xvcng; 
Ox, Oy la cdc true doi xicng. 

True thuc A1A2 = 2a ndm tren Ox. 

True do B^B2 = 2b nam tren Oy. 

Hai dinh : A^i-a ; 0), A2(a ; 0). 

Hai tieu diem : F^i-c; 0), F2 ic ; 0). 

c 
Tdm sai e = Hinh 87 

a 
Phuang trinh cdc cqnh ciia hinh chit nhdt ca sd: x = ±a , y = ±b. 

Phuang trinh hai dudng tiem can : y = ±—x ; 

Bdn kinh qua tieu cua diem M(x^ ; ĵ î ) e (//) : 

MFi = la + ex^l = a -\—X M ; MF2 = k - ^x M\ a--XM 
a 

II - o i BAI 

72. (h.88) Cho hai dudng trdn i%) vk i%) 

nim ngodi nhau va cd ban kfnh khdng 
bang nhau. Chiing minh ring tdm cua 
cac dudng trdn ciing tid'p xuc ngoai 

hodc ciing tid'p xiic trong vdi (©i) vd 

(*̂ 9) nam trdn mdt hypebol vdi cac tidu 

dilm la tdm cua cdc dudng trdn (^1) 

vd (^2)- Tdm dd'i xiing eua hypebol nay nam d ddu ? 

73. Xac dinh do dai true thuc, true ao ; tidu cu ; tdm sai; toa dd cdc tieu dilm, 
cdc dinh vd phuong tnnh cdc dudng tiem cdn ciia mdi hypebol cd phuong 
trinh sau 

Hinh 88 
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2 2 

a ) Y ^ - ^ = l ; d) 16x^-9^^=16; 

b) 4x^ - y^ = 4 ; e) x^ - j ^ = 1 ; 

c) 16x^ - 2 5 / = 400 ; f) mx^ - «3'̂  = 1 (m > 0, « > 0). 

Ve cae hypebol ed phuang trinh d cdu a), b) va e). 

74. Ldp phuang trinh chfnh tic cua hypebol (//) bid't 

a) Mdt tidu dilm la (5 ; 0), mdt dinh la (- 4 ; 0) ; 

b) Dd dai true ao bing 12, tdm sai bing — ; 

3 
e) Mdt dinh la (2 ; 0), tdm sai bang — ; 

d) Tdm sai bing V2 , (//) di qua dilm A(-5 ; 3) ; 

e) iH) di qua hai dilm F(6 ; -1) va (2(-8 ; 2 V2 ). 

75. Ldp phuang trinh chfnh tic ciia hypebol (//) biet 

a) Phuong trinh cac canh cua hinh chii nhdt co sd la x = + — ,y = ±l; 

b) Mdt dinh Id (3 ; 0) va phuong trinh dudng trdn ngoai tilp hinh chii nhat 
2 2 

cosdld X +y = 16 ; 
4x 

c) Mdt tidu dilm la (-10 ; 0) va phuong tnnh cac dudng tidm cdn la 3' = ± — ; 
d) iH) di qua Â (6 ; 3) vd gdc giiia hai dudng tiem cdn bing 60°. 

76. Cho sd m > 0. Chiing minh ring hypebol (//) ed cdc tidu dilm Fi(-m ; -m), 

F2(m ; m) vd gia tri tuydt ddi cua hieu cae khoang each tir mdi diem tren (//) 

m 
tdi cdc tieu dilm la 2m, cd phuong trinh : xy = -r--

2 2 
77. Cho hypebol (//) : - y ~ ^ = 1- Chiing minh rdng tfch cae khoang each tit 

a b 

mdt dilm tuy y trdn (//) den hai dudng tiem cdn bing 
ah^ 

aUb^ 

78. Cho hai dilm A(-l; 0), 5(1; 0) va dudng thing A : x - - = 0 
4 
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a) Tm tap hgp cac diem M sao cho MB = 2MH, vdi H Id hinh chidu vudng 

gdc ciia M trdn A. 

b) Tm tdp hgp cac dilm Â  sao cho cac dudng thing AN vk BN cd tfch cac 

he sd gdc bing 2. 

79. Tm cac diem trdn hypebol (//) :4x^-y^-4 = 0 thoa man 

a) Nhin hai tidu dilm dudi gdc vudng ; 

b) Nhin hai tidu dilm dudi gdc 120° ; 

c) Cd toa do nguydn. 
2 2 

80. Cho hypebol (//) : ^ - ^ = 1. Goi Fi, F2 la eac tidu dilm vd Aj, A2 la 
a^ b 

cac dinh cua (//). M la dilm tuy y trdn (//) cd hinh chid'u trdn Ox Id N. 
Chiing minh ring 

a) OM^ - MFi. MF2 = a^-b^; 

b) (MFi + MF2f = 4(0M^ + b^) ; 

2 b^ 
c) NM^ = i ^ . NAi . ÂA2 . 

a 
2 2 

81. Cho hypebol (//) : -— - ^ = 1 va dudng thing A: x -y + m = 0. 

a) Chiing minh ring A ludn cit (//) tai hai dilm M, N thudc hai nhanh 

khac nhau cua (//) ix;^ < x^y); 

b) Ggi Fl la tieu dilm trai vd F2 la tidu dilm phai eua (//). Xac dinh m di 

F2N = 2FiM. 

82. Cho dudng trdn ( ^ cd phuong trinh x +3; = 1. Dudng trdn ( ^ cdt Ox tai 

A(-l ; 0) va 5(1 ; 0). Dudng thing d ed phuang trinh x = m (-1 < m < 1, 

m ^ 0) ck i ^ tai M va Â . Dudng thing AM cdt dudng thing BN tai K. 
Tim tap hgp cac diem K khi m thay ddi. 

2 2 

83. Cho hypebol (//) : ^ - ^ = 1. Mdt dudng thing A eit (//) tai F, Q vk hai 
a^ b^ 

dudng tidm can bMvkN. Chiing minh ring 
a)MP = NQ; 

b) Neu A cd phuong khdng doi thi tfch PM.PN Id hing sd. 
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§7. Dudng parabol 

I - CAC KIEN THQC CO BAN 

1. Dinh nghia. Cho diem F cddinh vd mot dudng thing cd dinh A khong di 
qua F. Parabol (P) la tap hap cdc diem M sao cho khodng cdch tic M den 
F bdng khodng cdch tic M din A. 

(F) = {M:MF = d(M;A)}. 

F goi la tieu diem, A la dudng chudn, p = d(F ; Aj > 0 goi Id tham sd tieu 
eua (P). 

2. Phuang trinh chinh tie cua parabol 

Dinh : 0(0; 0) ; Tham sdtieu p ; 

True ddi xicng : Ox ; 

Tieu diem F = \^;0\ ; 

Dudng chudn A : x = --^ ; 

ll-DiBAl 

y' = 2px ip > 0) ih. 89). 

Hinh 89 

84. Cho dudng trdn ( ^ tam O ban kfnh F va dudng thing A khdng cit ( ^ . 

Chiing minh ring tap hgp tam cdc dudng trdn tilp xiic vdi A va tiep xiic 

ngodi vdi ( ^ nim tren mdt parabol. Tm tidu diem va dudng chudn ciia 

parabol dd. 

85. Xdc dinh tham sd tidu, toa dd dinh, tidu dilm va phuong trinh dudng chudn 
cua eac parabol sau 

a)y =4x; 

h)2y^-x = 0; 

c) 5y = 12x ; 
2 

d) y = ooc ( a > 0). 
Ve parabol ed phuong trinh d cdu a). 
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86. Ldp phuang trinh chfnh tdc cua parabol (F) bid't 

a)(P)cdt idudilmF(l ; 0 ) ; 

b) (F) ed tham sd tidu p = 5 ; 

c) (F) nhdn dudng thing d : x = -2 Id dudng chudn ; 

d) Mdt ddy cung cua (F) vudng gdc vdi true Ox cd do ddi bing 8 va 

khoang each tir dinh O cua (F) din ddy cung nay bing 1. 

87. a) Diing dinh nghia parabol dl ldp phuong trinh cua parabol cd tidu dilm 

F(2 ; 1) vd dudng chudn A : x + j + 1 = 0. 

b) Chiing minh ring parabol (F) cd tidu dilm F 
^ b l-b^ + 4ac^ 

" 2 a ' 4a va 

, •> . I + b - 4ac ^ , , V , 2 , 

duong chudn A : y + = 0 co phuang tnnh y = ax +bx + c. 
4a 

88. Cho parabol (F) : y^ = 4x. Ldp phuong trinh cdc canh cua mdt tam giac 
ndi tid'p (F) (tam gidc cd ba dinh nim trdn (F)), bid't mdt dinh cua 
tam giac trung vdi dinh eua (F) va true tdm tam gidc triing vdi tidu dilm 
cua (F). 

89. Cho parabol (F) : y^ = 2px ip >0)va dudng thing A di qua tidu dilm F cua 

(F) va cdt (F) tai hai dilm M va Â . Ggi a = (/, FM) (0 < a < n). 

a) Tfnh FM, FN theo pvka; 

b) Chiing minh ring khi A quay quanh F thi -——- + -—— khdng ddi; 
FM FN 

e) T m gid tri nhd nhd't cua tfch FM.FN khi a thay ddi. 

90. Cho parabol (F) ed dudng chudn A va tidu dilm F. Ggi M, Â  la hai dilm 
trdn (F) sao cho dudng trdn dudng kfnh MÂ  tid'p xiic vdi A. Chumg minh 
ring dudng thing MÂ  di qua F. 

91. Cho parabol (F) : / = x vd hai dilm A(l ; -1), 5(9 ; 3) nim trdn (F). Goi 
M la dilm thudc cung AB eua (F) (phdn cua (F) bi chdn bdi ddy AB). Xac 
dinh vi trf eua M trdn cung AB sao cho tam giac MAB ed didn tich 
ldn nhd't. 
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92. Qua mdt dilm A ed dinh trdn true ddi xiing cua parabol (F), ta ve mdt 
dudng thing cit (F) tai hai dilm M va Â . Chiing minh ring tfch cae 
khoang cdch tir M vd Â  tdi true dd'i xiing eua (F) la hing sd. 

93. Trdn hinh 90, canh DC cua hinh 
chii nhdt ABCD dugc chia thanh 
n doan bing nhau bdi cdc dilm 

chia Ci, C2,."5 C'„_i, canh AD 

cung dugc chia thdnh n doan 

bing nhau bdi cae dilm chia Di, 

D2,..., D„_i. Ggi 4 la giao dilm 

eua doan ACj^ vdi dudng thing Hinh 90 

qua Djt va song song vdi AB. Chiing minh ring cac dilm I^ik= 1,2, 

n-l) nim trdn parabol cd dinh A vd true dd'i xiing Id AB. 

§8. Ba dudng conic 

CAC KI^N THQC CO BAN 

1. Dinh nghia. Cho diem F cd dinh, mot dudng thing A cd dinh khong di 
qua F vd mot sd duang e. Conic (C) Id tap hap cdc diem M sao cho 

MF 
diM; A) = e. 

(C) = { M : MF 
= e diM; A) 

Diem F goi Id tieu diem, A ggi la dudng chudn vd e goi la tdm sai cua conic (C). 

2. Cho cdnic (C) vdi tdm sai e. Khi do: (C) Id elip <^ e < I ; 

(C) Id parabol <» e = 1 ; 

(C) la hypebol <:?> e > 1. 
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2 2 
3. Cho elip (E) : ^ + ^ = 1 (a > & > 0) . 

a^ b^ 
• Dudng chudn A^ dng vdi tieu diem trdi Fi(-c ; 0) co phuang trinh : 

_ ci _ ci 

e c 
Dudng chudn A2 icng vai tieu diem phdi F2(c ; 0) co phuang trinh : 

2 
_ a _ a 

e e 
MF^ _ MF2 _ 

• Vdi moi diem M thudc (E) thi ,,.. . . = , . - . . , = e <l. 
d(M ;Ai) <i(M;A2) 

2 2 
4. Cho hypebol (H): ^ - ^ = 1. 

a b 
• Dudng chudn A^ icng vai tieu diem trdi F^i-c; 0) co phuang trinh : 

_ d _ ci , 

e c ' 
Dudng chudn A2 ing vdi tieu diem phdi F2(c; 0) co phuang trinh : 

2 
a a 
e c 

• V&i mgi diem M thugc (H) thi ^ = 
MF2 1 — = e >l. 

d(M ;Ai) d(M;A2) 

II-DEBAI 

94. Xac dinh toa do tidu dilm, phuong trinh dudng chudn cua cac cdnic sau : 
2 2 2 2 

a ) - + ^ = l ; b ) - - - = l ; c)y = 6x. 

95. Viet phuang trinh cua cae dudng cdnic trong mdi trudng hgp sau : 

a) Tidu dilm F(3 ; 1), dudng chuan A : x = 0 vd tdm sai e = 1. 

b) Tidu dilm F(- l ; 4), dudng chudn umg vdi tieu dilm F la A : y = 0 va 
1 

tdm sai e = —. 

c) Tidu dilm F(2 ; -5), dudng chudn ling vdi tidu dilm F la A : y = x vd 
tdm sai e = 2 ; 
d) Tieu dilm F(-3 ; - 2 ) , dudng chudn ling vdi tidu dilm F la 

A : x - 2 y + l = 0vd tdm sai e = 43. 
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96. Chiing minh ring mdi dudng chudn ciia hypebol ludn di qua chdn cac 
dudng vudng gdc ke tit tidu dilm tuong ling tdi hai dudng tidm cdn. 

2 2 

97. Mdt dudng thing di qua tidu dilm Fie ; 0) cua elip (F) : -— +^ = I 
a^ b^ 

ia > b > 0) vk cdt nd tai hai dilm A, 5. Chiing minh ring dudng trdn 

dudng kfnh AB khdng cd dilm chung vdi dudng chudn : x = —. 
e 

2 2 
98. Cho hypebol (/f) : ^ - ^ = 1 va F(c ; 0) la mdt tidu dilm cua iH). Mdt 

a^ b 
dudng thing di qua F va cat (//) tai hai dilm A,B. Chiing minh ring dudng 

trdn dudng kfnh AB cdt dudng chudn : x = — ciia (//). 
e 

99. Cho A, 5 la hai dilm trdn parabol (F) : y = 2px sao cho tdng cac khoang 
each tit A vd 5 tdi dudng chudn cua (F) bing dd dai AB. Chiing minh ring 
AB ludn di qua tidu dilm ciia (F). 

Bai tdp on tap chuong 

100. Cho tam giac ABC cd A(-l ; 1), 5(3 ; 2) , C(-l/2 ; -1). 

a) Tfnh ede canh cua tam giac ABC. Tix dd suy ra dang cua tam giac ; 

b) Vilt phuong trinh dudng cao, dudng trung tuyd'n vd dudng phdn giac 
trong eua tam gidc ke tit dinh A ; 

c) Xac dinh toa dd eua tdm dudng trdn ngoai tilp vd tdm dudng trdn ndi 
tilp tam giac ABC. 

101. Cho hai dudng thing 

Al : (m + l)x - 2y - m - 1 = 0 ; 
2 

A2 : X + (m - l)y - m = 0 . 

a) Tm toa do giao dilm cua Ai va A2. 

b) Tm dilu kien cua m dl giao dilm dd nim trdn true Oy. 

102. Cho ba dilm A(0 ; a). Bib ; 0), Cie ; 0) ia, b, c la ba sd khac Ovkb^ c). 
Dudng thing y = m cdt cdc doan thing AB vk AC ldn lugt bMvkN. 
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a) T m toa dd cua M va Â . 

b) Ggi A'̂ ' la hinh ehilu (vudng gdc) eua N trdn Ox va / Id trung dilm ciia 
MN'. Tim tap hgp cac diem / khi m thay ddi. 

103. Cho dudng trdn ( ̂ : x^ + y^ - 8x - 6y + 21 = 0 va dilm M(4 ; 5). 

a) Chirng minh ring dilm M nim trdn dudng trdn ( ^ . Vid't phuong tnnh 

tid'p tuyd'n cua ( ̂  tai M ; 

b) Viet phuang trinh dudng trdn ddi xiing vdi ( ^ q u a dudng thing y = x. 

104. Cho dudng trdn ( ^ : x^ + y^ = F^ vd dilm M(xo ; JQ) t̂ am ngoai i^.TixM 

ta ke hai tilp tuyin MFj va Mr2 tdi ( ^ (Fi , T2 la cae tidp dilm). 

a) Vilt phuang trinh dudng thing T{T2 ; 

b) Gia sir M chay tren mdt dudng thing d ed dinh khdng eit ( ^ . Chiing 

minh ring dudng thing riF2 ludn di qua mdt dilm cd dinh. 

105. Cdc hdnh tinh vd eac sao ehdi trong hd Mat Trdi cd quy dao la cac dudng elip 
nhdn tdm Mat Trdi 1dm mdt tidu dilm. Dilm gdn Mat Trdi nhdt trdn quy dao 
ggi la diem can nhdt. Dilm xa Mat Trdi nhd't trdn quy dao ggi la dilm viin 
nhdt. Cac dilm nay la cdc dinh trdn true ldn cua quy dao (h. 91). 

a) T m tdm sai cua quy dao Trai Ddt 
bid't ring ti sd cdc khoang each tit 
dilm cdn nhdt de'n Mat Trdi vd tit 

59 
dilm vidn nhdt din Mdt Trdi la -—-. 

61 
b) Tfnh khoang each tir Trdi Ddt den 
Mat Trdi khi Trai Ddt d dilm 
can nhdt, d dilm viin nhdt, bilt ring 
quy dao cd do dai nira true ldn la 
93000000 dam. 

2 2 

106. Cho elip (F): ^ + ^ = 1 va hai dilm M(-2 ; m), Ni2 ;n)im^ -n ) . 

a) Xdc dinh tdm sai, toa do cae tidu dilm, cdc dinh va phuong trinh dudng 
chuan cua (F). 

Dilm 
can nhat M l tinh 

Dilm 
viin nhat 

Hinh 91 
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b) Ggi Al vd A2 Id eac dinh trdn true ldn cua (F) (x^ < x^ ). Hay vilt 

phuong tnnh eua cdc dudng thing AjÂ  va A2M. Xac dinh toa do giao dilm / 
cua chung. 

c) Bilt dudng thing MÂ  thay ddi nhung ludn cit (F) tai mgt dilm duy 
nhd't. Tm tdp hgp cdc giao dilm /. 

107. (He thdng dinh vi Hypebolic). Hai thie't bi dung dl ghi dm mdt vu nd dat 
each nhau 1 dam. Thilt bi A ghi dugc dm thanh vu nd trudc thiet bi 5 la 2 
gidy. Bilt vdn tdc ciia dm thanh la 1100 feet/s , tim cdc vi tri ma vu nd cd 
thi xay ra (1 dam = 5280 feet, 3 feet = 0,914 m). 

x^ . y2 
108. Cho hypebol (//) : ^ - ^ = 1 • Ggi A la dudng thing di qua gdc toa do 

0 vk ed hd sd gdc k. A' la dudng thing di qua O vd vudng gdc vdi A. 

a) Xdc dinh toa do cdc tidu dilm, tdm sai, phuong trinh cac dudng tidm 
cdn vd dudng chudn cua (//); 

b) Tm dilu kidn cua A; dl ca A vd A' diu cit (//); 

c) Tii gidc vdi bdn dinh Id bdn giao dilm cua A va A' vdi (//) la hinh gi ? 
Tfnh didn tfch ciia tii giac ndy theo k ; 

d) Xdc dinh k di didn tfch tii gidc ndi d cdu c) cd gia tri nhd nhd't. 

109. Cho parabol (F): y^ = 2px ip>0). 

a) Tm dd dai cua ddy cung vudng goc vdi true dd'i xiing ciia (F) tai tidu 
dilm F eua (F). 

b) A la mdt dilm cd dinh trdn (F). Mdt gdc vudng uAt quay quanh dinh A 
CO cae canh cdt (F) tai 5 va C. Chiing minh ring dudng thing BC ludn di 
qua mdt dilm cd dinh. 

Cac bai tap trac nghiem chuong III 

1. Dudng thing di qua A(l ; -2) vd nhdn «(-2;4) Id vecto phap tuyd'n cd 

phuong trinh la : 

(A) X + 2y + 4 = 0 ; (C) x - 2y - 5 = 0 ; 

(B)x-2y + 4 = 0 ; (D) -2x + 4y = 0. 
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2. Dudng thing di qua 5(2; 1) vd nhdn «(1;-1) la vecto chi phuong cd 

phuang trinh la : 

( A ) x - y - l = 0 ; ( C ) x - y + 5 = 0 ; 

(B) X + y - 3 = 0 ; (D) x + y - 1 = 0. 

2 
3. Dudng thing di qua C(3; -2) vd cd he sd gdc ^ = - cd phuong trinh la 

(A)2x+3y = 0 ; 

(B) 2x - 3y - 9 = 0 ; 

( C ) 3 x - 2 y - 1 3 = 0 ; 

(D) 2x - 3y - 12 = 0. 

fx = -1 + 3t „^ 
4. Cho dudng thang d cd phuong trinh tham sd la : < . Phuong 

[y = 2-t 

trinh tdng qudt cua d Id : 

( A ) 3 x - y + 5 = 0 ; (C): x + 3 y - 5 = 0 ; 

(B) X + 3y = 0 ; (D) : 3x - y + 2 = 0. 

5. Cho dudng thing d cd phuang trinh tdng quat 4x + 5y - 8 = 0. Phuong 
trinh tham sd cua 

(A\ 
[^J\) 

(C) 

f-
\y 

I; 

= -5t 

= 4t; 

= 2 + 5t 

= 4t; 

dia 

(B) 

(D) 

\x = 2 + 4t 

[y = 5t; 

[x = 2 + 5f 

6. Cho hai dilm A(5 ; 6), 5(-3 ; 2). Phuang trinh chfnh tie eua dudng thing 
A5 la : 

(A) 

(B) 

X - 5 _ y - 6 
-2 " 1 

X - 5 y -. 6 

(C) 

(D) 

x + 5 _ y+ 6 

x+3 y-2 

2 -1 ' ' ' -2 -1 • 
7. Cho diem M(l ; 2) vd dudng thing d : 2x + y - 5 = 0. Toa dd eua dilm ddi 

xiing vdi dilm M qua d Id : 

^9 12^ 
(^> ^5 ' 5 

(B) (-2 ; 6) ; 

3^ 
(C) 

(D) (3 ; -5). 
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Cho dudng thing d : -3x + y - 3 = 0 vd dilm Ni-2; 4). Toa dd hinh chid'u 
vudng gdc cua Â  trdn d la : 

(A) (-3 ; - 6 ) ; 

(C) 
21^ 
5 

(B) 
' 1 

. 3 

.^^ ^ 1 
(D) — 

tio 

11^ 

' 3 

33^ 

luj 
Cho hai dudng thing di : mx + (m - l)y + 2m = 0, 

dj : 2x + y - 1 = 0. 

Nd'u dl song song vdi d2 thi 

10. 

(A) m = 1 ; -

(C) m = 2 ; 

Cho hai dudng 

gdc giiia dl vd 

(C)f; 

thing 
d2 l a : 

dl : 2 x -

(B)m = - 2 ; 

(D) m tuy y. 

- 4y - 3 = 0 va d2 

(B) f ; 

3x - y + 17 = 0. Sd do 

11. Cho dudng thing d : .4x - 3y + 13 = 0. Phuong trinh cac dudng phdn giac 
cua cac gdc tao bdi d va true Ox la : 

(A)4x + 3y+13 = 0 va 4 x - y + 1 3 = 0 ; 

(B)4x-8y+13 = 0 va 4x + 2y+13 = 0 ; 

(C)x + 3 y + 1 3 = 0 va x - 3 y + 1 3 = 0 ; 

(D)3x + y + 1 3 = 0 va 3 x - y + 1 3 = 0. 

12. Cho hai dudng thing song song di : 5x - 7y + 4 = 0 va d2 : 5x - 7y + 6 = 0. 

a) Phuong trinh dudng thing song song va each diu di va d2 la ; 

(A) 5x - 7y + 2 = 0 ; (B) 5x - 7y - 3 = 0 ; 
(C) 5x - 7y - 3 = 0 ; (D) 5x - 7y + 5 = 0. 

b) Khoang each giiia di va d2 la : 
4 .„. 6 

(A) 

(C) 

V74 ' 
2 . 

V74 ' 

(B) 

(D) 

74 
10 
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13. Cho hai dilm A(6; 2), 5(-2; 0). Phuong trinh dudng trdn dudng kfnh AB la : 

(A) x^ + y^ + 4x + 2y - 12 = 0 ; (C) x^ + y^ - 4x - 2y - 1 2 = 0 

(B) x^ + y^ + 4x + 2y + 12 = 0 ; (D) x^ + y^ - 4x - 2y + 12 = 0. 

14. Dudng trdn cd tdm /(x/ > 0) nim trdn dudng thing y = -x, ban kfnh bdng 3 
va tiep xuc vdi mdt true toa do ed phuong trinh la : 

(A) ix-3f + iy-3f =9; (B) ix-3f + iy+ 3f =9 ; 

iC)ix + 3f + iy + 3f =9; (D) (x - 3)^ - (y - 3)^ =9 . 

15. Cho dudng trdn ( ^ : x^ + y^ - 4x - 4y - 8 = 0 vd dudng thing 

d : x - y - l = 0 . Mdt tid'p tuyd'n cua ' (^ song song vdi d cd phuong trinh Id : 

( A ) x - y + 6 = 0 ; ( B ) x - y + 3 - V 2 = 0 ; 

(C) X - y + 4V2 = 0 ; (D) X - y - 3 + 3V2 = 0. 

16. Cho dudng trdn i% : ix-3f + iy + if = 4 va dilm A(l ; 3). Phuang trinh 

ede tid'p tuyd'n vdi ( ^ ve tir A la : 

( A ) x - 1 = 0 va 3 x - 4 y - 1 5 = 0 ; 
(B) X - 1 = 0 va 3x - 4y + 15 = 0 ; 
(C)x-1=0 vd 3x + 4y+15 = 0; 
(D) X - 1 = 0 va 3x + 4y - 15 = 0. 

17. Elip (F) cd do ddi true ldn la 12, dd dai true be la 8, cd phuong trinh chfnh 
tic la : 

18. Elip cd hai tidu dilm Fi = (-1 ; 0), F2 = (1 ; 0) vd tdm sai e = -- ed phuong • 1 

trinh la : ' 
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19. Elip cd hai tidu dilm Id 0(0 ; 0), F(4 ; 0) vd mdt dinh la A(-2 ; 0), cd tdm 
sai la : 

(A) j ; (B) I ; 

( C ) | ; ( D ) i . 

20. Elip (F) cd do ddi true be bang tidu cu. Tdm sai cua (F) la : 

(C) I ; (D) 1. 

21. Hypebol ed hai tidu dilm la Fi(-2; 0), F2(2; 0) va mgt dinh la A(l; 0) cd 
phuong trinh la : 

2 2 2 2 

( A ) ^ - ^ = l ; ( B ) ^ + ^ = l ; 

2 2 2 2 

22. Hypebol cd hai tiem cdn vudng gdc vdi nhau, dd dai true thuc bing 6, cd 
phuang trinh chfnh tie la : 

2 2 2 2 

2 2 2 2 

2 

23. Hypebol x - ^ = 1 cd phuong tiinh hai dudng chudn Id : 

(A) X = ±1 ; (C) X = ±1 

(B)x = ± - ^ ; (D)x = ±2. 

X^ 2 

24. Dudng trdn ngoai tilp hinh chii nhat co sd cua hypebol '• -j-~ y = 1 cd 

phuang trinh : 
(A) x^ + y^ = 4 ; (C) x^ + y^ = 5 ; 
(B)x^ + y^ = 1 ; (D)x^ + y^ =3 . 
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25. Parabol (F) cd tieu dilm F(2 ; 0) cd phuong trinh chfnh tic la : 

(A) y^ = 16x; (C) y^ = 4x ; 

(B) y^ = 8x ; (D) y^ = 2x. 

26. Cdnic cd tam sai e = -^= la : 
V3 

(A) mdt elip ; (C) mdt parabol; 
(B) mdt hypebol; (D) mdt dudng trdn. 

27. Cho dudng thing A vd mdt dilm F khdng thudc A. Tdp hgp cdc dilm M 

sao cho MF = -^= diM ; A) la : 
V2 

(A) mgt elip ; (C) mdt parabol; 
(B) mdt hypebol; (D) mdt dudng khac. 

«' 
B. Ldl GIAI - HlIClNG D A ^ - BAP SO 

§1. Phirong trinh tdng quat cua du5ng tliang 

1. Ta CO : A5 = (3 ; - 6) ; 5C = ( - 1 ; 4) ; AC = (2 ; - 2). Ggi H la tmc tdm 

cua tam gidc ABC thi dudng cao AH qua A vd nhdn BC lam vecto phap 
tuye'n ndn cd phuong trinh : 

- l (x + 1) + 4(y - 2) = 0 hay X - 4y + 9 = 0. 

Dudng cao BH qua 5 va nhdn AC lam vecto phdp tuye'n ndn ed phuong tnnh: 

2(x - 2) - 2(y + 4) = 0 hay X - y - 6 = 0. 

Dudng cao CH qua C va nhdn AB lam vecto phdp tuyd'n ndn cd phuong trinh: 

3(x - 1) - 6(y - 0) = 0 hay X - 2y - 1 = 0. 

2. (h. 92) Gia sit M, N, P theo thii tu la trung dilm ^ 
cua cac canh AB, AC, BC cua tam giac ABC. / \ \ 

Tacd: MÂ  = (2;8);A^F = (8 ; - 8 ) ; MF = (10; 0). 

Dudng trung true eua canh BC di qua F vd nhdn 

MA'̂  lam vecto phap tuyin nen cd phuang tiinh : 

2(x - 9) + 8(y - 1) = 0 hay X + 4y - 13 = 0. 
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Tuong tu, ta dugc phuang trinh ede dudng trung true cua cac canh AB, AC 
ldn lugt l a : x - y + 2 = 0 , x - l = 0 . 

3. Xet dilm M(x^ ; y^) tuy y thudc A. 

N M _ 

yN = -yM 

Do dd : M G A -» ax^ + 6y^ + c = 0 

«> axyy - byj^ +c = 0<»A^sAi :ax-Z7y + c = 0. 

Vdy phuang trinh dudng thing ddi xumg vdi A qua Ox la ax - 6^ + c = 0. 

b) Ggi F(xp ; yp) Id dilm ddi xiing vdi M qua Oy. 

Khi dd ta ed 
Xp — w 

UP = yM-

Do dd : M e A <^ axf^ + byj^ + c = 0 <=> -axp + hyp + e = 0 

<^ axp - byp -c = 0<^P&A2 : ax - by - e = 0. 

Vdy phuang trinh dudng thing dd'i xiing vdi A qua Oy Id ax - £>y - c = 0. 

( XQ ^ Xj^ 

yQ = -yM-

Do dd : M e A <» ax^ + byi^ + c = 0 <::> -axg - byg + c = 0 -^ 

<=> axg + byg - c = 0 <=> Q e A2 : ax + by - c = 0. 

Vdy phuong trinh dudng thing ddi xiing vdi A qua O la ax + 6y - c = 0. 

4. Cdch I. Rd rang A g A, ld'y M(l ; 1) e A. Khi dd dilm M' ddi xiing vdi M 
qua A ed toa dd M' = (1 ; 5). Dudng thing A' ddi xumg vdi A qua A se di 
qua M' va song song vdi A. Ta tim dugc phuang trinh A' la x - 2y + 9 = 0. 
Cdch 2. Xet dilm M(xi ; yi) tuy y thudc A vd ggi M'(x2 ; y2) la diem dd'i 
xiing cua M qua A. Suy ra Xi = 2 - X2, yi = 6 - y2. 

M e A <:> Xl - 2yi + 1 = 0 o 2 - X2 - 2(6 - y2) + 1 = 0 <:̂  X2 - 2y2 + 9 = 0 

o M' G A' : X - 2y + 9 = 0. 

5. a) Cit nhau ; b) Song song ; c) Triing nhau. 

d) Nlu m # -1 thi dl cit d2, neu m = -1 thi di // d2. 
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6. D = 

D.= 

4 - m 

2m+ 6 I 

= 2(m + l)(m + 2) 

- m 4 - m 

1 - 2m - 1 

= 4.1 - i-m)i2m + 6) = 2m^ + 6m + 4 

i-m)i-2m - 1) - 1(4 - m) 

Dy = 

2m- + 2m - 4 = 2(m - l)(m + 2) 

4 - m 4 

- 2m - 1 2m + 6 
= (4 - m)(2m + 6) - 4(-2m - 1) 

= -2m^ + 10m + 28 = -2(m - 7)(m + 2). 

- Xet D 9i 0 <=> 2(m + l)(m + 2) 5̂  0 <» m # -1 vd m ^ -2 . Khi dd Ai va Aj 

eit nhau va giao dilm cua Ai va A2 cd toa do 

_ 2(m - l)(m + 2) m - l 
D 

_ ^ x _ 

2(m + l)(m + 2) m + l 
D y _ -2(m - 7)(m + 2) _ 7 - m 
D" ~ 2(m + l)(m + 2) ~ m + l' 

- Xet D = 0 <s> 2(m + l)(m + 2) = 0 <^ m = -1 hoac m = -2. 

Vdi m = - 1 thi D^ = 2.(-2).l = - 4 9̂  0. Khi dd Aj vd A2 song song vdi nhau. 

- Vdi m = - 2 thi D=D^ = Dy=0. Khi dd Ai vd A2 trung nhau. 

(h. 93) 

a) Dudng thing d qua A va vudng gdc vdi 
A cd phuong trinh 2(x + l ) + y - 3 = 0 hay 
2x + y - 1 = 0. 

fx-2y + 2 = 0 
Toa do cua 5 la nghidm cua hd 

l2x + y - l = 0. 

Giai hd nay ta dugc 
|x = 0 

|y = r 
Vay 5 = (0 ; 1). 

AB = 4f + 2^ = Vs. 

Toa do eua C la nghiem cua he 
0 % - 2yc + 2 

V 4 + iyc - ^f = Vs. 
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^ . , . , \Xp = -2 fx(" = 2 
Giai he nay ta duoc < hoac -̂  . Nghiem dau bi loai do y^ = 0. 

b e = 0 • [yc = 2 • . • • 
vay C = (2 ; 2). 

Do ABCD la hinh vudng ndn CD = 5A. 

fx„ - 2 = -1 - 0 fxr, = 1 
Suyra " hay M VayD = ( l ; 4 ) . 

[y^ - 2 = 3 - 1 [yo = 4. 

b) Chu vi hinh vudng ABCD bing 4V5 , dien tfch bing 5. 

8. Ggi M, Â  ldn lugt la giao dilm eua A vdi cdc true Ox, Oy, ta cd 

M = r c .̂  
— ;0 

I « J 
, N = 

( 
0 ; 
I 

c\ 

b) 
. Tam gidc tao bdi A va cac true Ox, Oy la 

tam gidc vudng OMÂ  cd didn tfch S = —OM.ON = 

9. (h. 94) Gia sir A n Ox = Aia ; 0), 
A n Oy = 5(0 ; Z)), a ^ 0, Z) ^ 0. 

X y 
Phuong trinh cua A : — + f = 1. 

a b 

I 
2 

c 
a 

c 
b 2\ab\ 

F e A 
6 4 ^ 
a b 

I 1 
SOAR = ^OA.OB = -\ab\ = 2 

2 2' 
\ab\ = 4. 

(1) 

(2) 

Tir(1) suyra b = 
4a 4 

(a ;̂  6 vi neu a = 6 thi (1) trd thdnh — = 0 : vd If). 
a - 6 b 

Thay vao (2) ta dugc 
4a 

a - 6 
= 4 <=>a = a - 6 . (3) 

Vdi a > 6 thi (3) <» a - a + 6 = 0 : phuong trinh vd nghiem. 

Vdi a < 6 thi (3) <» a + a- 6 = 0 , khi do a = 2 hoac a = - 3 . 

f + JL 
2 -2 

- Trudng hgp a = 2 ^ 6 = -2 , ta cd dudng thing A^^ : ^ + ^ = 1. 
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4 •- X y . 
Trudng hgp a = -3 => ft = —, ta cd dudng thdng A2 : ^o + "T = 1-

10. Gia sir M = (m ; 0), N = (0 ; n) vdi m, n > 0. Phuong trinh cua A la 

^ + ^ = 1. 
m n 

9 3 3m 
O e A = > — + - = !=> n= - ^ ^ (dd thd'y m ^ 2). Do n > 0 ndn m > 2. 

m n m-2 

Ap dung bd't ding thiic Cd-si, ta ed 

OM + ON = m + n = m + 
3m 

m-2 

= m - 2 + 
m-2 

+ 5 > 2J(m - 2 ) . — ^ + 5 = 2V6 + 5, 
V m - 2 

Ddu "=" xay ra khi va chi khi m - 2 = hay m = 2 + V6 (do m > 0). 
m - 2 

Suy ra /2 = 3 + V6. Vdy OM + ON nhd nhdt bing 2V6 + 5 k h i m = 2+V6 

vkn = 3 +46 . Khi dd phuong trinh eua A la 
X ^ y 

2 + 46 3 + V6 
= 1. 

11. (h. 95) Ggi A = (Xo ; 0), 5 = (0 ; yo). 

Khi dd Xo > 0, yo > 0. Phuang trinh dudng 

thing A51a— + ^ = 1. 
XQ yo 

M eAB^-^ + — = l. 
XQ JO 

^OAB = 2^A-^B = -xoyo- Hinh 95 

Ta CO : 1 = - ^ + — > 2 , - ^ => Xnyo > 4ab. 
XQ JO V ^oJo 

Do dd SQAB = 2^oyQ ^ 2"^^^" ^^^' 

Ddu "=" xay.ra khi va chi khi - ^ = - ^ = ^ hay J ^0 " ^^ 
^0 Jo 2 -̂  \y^ = 2b. 
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Vdy, didn tfch tam gidc OAB nhd nhdt bing 2ab khi 
[XQ = 2a 

[yo = 2b. 

Phuong trinh dudng thing cdn tim la — + ^ = 1. 

12. a) Hgc sinh tu lam. 

b) (h. 96) Cdch I. A(x^ ; y^) e d, =» y^ = 2x^ - 2 ; 

5(xg ; yg) G d2 => yg = -x^ - 3. 

I x^ + Xg = 2x^ f x^ + Xg = 6 

. [2x^ - 2 - X g - 3 = 0 
Vi M la trung dilm cua AB ntn 

=>^A = — 
n. 
3 

UA = 
16 

_ . r i i le"! 
V^A = ^ - ; - J . 
Dudng thing MA triing vdi dudng 

thing A. Tif dd ta tim dugc phuong 

trinh ciia A Id 8x - y - 24 = 0. 

Cdch 2. Di thd'y dudng thing A cdn tim khdng vudng gdc vdi Ox. Ggi k la 
he sd gdc cua A thi phuong trinh cua A cd dang : y = ^(x - 3). 

Ggi A = A n dl , 5 = A n d2- Khi dd hodnh dd ciia A Id nghiem cua 
phuang trinh : 2x - 2 = ^(x - 3). 

3/t - 2 
Suy ra x^ = -j—— (^ t̂ 2 vi nlu it = 2 thi phuong trinh 2x - 2 = ^(x - 3) 

vd nghiem). 

Hoanh dd cua 5 la nghiem cua phuong trinh -x - 3 = ^(x - 3). 

3)t - 3 
Stiy ra Xg = 

k + l 
ik^-lvi nlu k = -l thi phuong tiinh -x - 3 = ^(x - 3) 

vd nghiem). Tii gia thilt M la trung dilm cua AB suy ra : 

3k-2 3A: - 3 
XA+XB-^XM<^ it - 2 • k + l 6 o ^ = 8. 

Vdy phuong trinh cua A la y = 8(x - 3) hay 8x - y - 24 = 0. 
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13. (h. 97) A(0 ; 0), C(6 ; 0) ^ A, C e Ox ^ F, G e Ox => F = (xp ; 0), 

Q = ixQ ; 0) vdi 0 < Xp < Xg < 6. 

Phuang trinh dudng thing AB : y = 2x; 

Phuang trinh dudng thing AC : y = 0. 

Ggi canh hinh vudng la a. Ta cd : 

MÂ  BM a BM 
'6~ (1). 

AC BA 6 BA 

Ke 5 / / 1 AC, suy r a 5 / / = 4. Tacd: 

MP AM a AM 
0=A 

BH AB 4 , AB 
(2). 

TV/ix w^^ ^ , ^ BM AM 
Tu (1) va (2) suy ra : -^ +-r = ̂ ^r + 

6 4 
. „ , „ = 1. Do dd a = _ 

AB AB 5 
19 ft 

Vdy yM = yN=-r- Do M e AB ntn y,^ = 2x,^, suy ra x^ = - , 

6 ^n nr. ^ 6 12 18 
Xp = xj,̂  =--. Vl F g = XQ - Xp nenXQ= Xp + a =-- +-^ = -^. 

^ ^18 1^^ 
5 ' 5 

Cae dilm cdn tim la : M 
6 12 
5 ' 5 

, F r' , . f ; o , Â  
V 

§2. Phuong trinh tham so cua ducmg thang 

14. a)x + 2 y - 7 = 0 ; b)x + y = 0 ; c)x + 3 = 0 ; d ) y - 4 = 0. 

15. a) Cdch 1. Ld'y hai dilm, ching han M(0 ; -2) va A (̂l ; 1) thudc dudng 
, • 

thdng A : 3x - y - 2 = 0. Khi dd MA^(1; 3) Id mgt vecto chi phuong cua A 

\x = t 
ntn A cd phuong trinh tham sd 

[y = -2 + 3t. 

Cdch 2. Cho y = r , ta dugc x = — + -t. Dudng thing da cho cd phuong 

trinh tham sd < 
2 1 

X = — + -t 
3 3 

[y = t. 

Chii y : Cdc phuong trinh tim dugc d cdch 1 vd each 2 tuy khdc nhau 
nhung diu la cdc phuong trinh tham sd cua ciing mdt dudng thing da cho. 
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. X = r fx = 1 \x = t 
h) \ c) d) 

\y = -3 + 2t; '\y = t; b = 6. 
16. a) d song song vdi dudng thing 5x + 1 = 0 nen nd nhdn M(0 ; - 5) la mdt 

{x = -1 
vecto chi phuong. Vdy d cd phuang tiinh tham sd : < vk khdng cd 

[y = 2 - 5r 
phuong trinh chfnh tic. 

b) d vudng gdc vdi dudng thing x + 3y - 6 = O ndn nd nhdn vecto phap tuyd'n 

Uil; 3) eua dudng thing nay lam vecto chi phuong. Vdy d cd phuang 

v . . .^ \x = T + t , , . , , , , . x - 7 y + 5 
tnnh tham so : -̂  va phuang tnnh chinh tac —;— = "^—. 

[y = -5 + 3? 1 3 
c) d di qua C(-2 ; 3) va cd he sd gdc k = -3 ntn d cd phuong trinh 

y = -3(x + 2) + 3 hay 3x + y + 3 = O. Do dd M(-1 ;3) la mdt vecto chi 

\x = -2-t 
phuong eua d. Vdy d cd phuang trinh tham sd : < va phuong 

[y = 3 + 3r 

trinh chfnh tie —r— = —-—. 

d) MNi2 ; - 9) la vecto chi phuong cua d, ndn d ed phuong trinh tham sd : 

\x = 3 + 2t ^ , , , u, u - x-3 y-6 
< va phuang tnnh chinh tac : —-— = — — . 
[y = 6 -9t 2 - 9 

17. dl di qua Mi(xi ; yi) va cd vecto chi phuang Uia ;b), d2 cd vecto chi 

phuong vie ; d). 

a) dl cdt d2<^ uvdv khdng ciing phuong '^ad -bc^O. 

b) dl // d2 <» M, V Cling phuang va Mi(xi ; yi) ^ d2 

<=> ad - 6c = 0 va d(xi - X2) * c(yi - y2). 

e) dl = d2 <:> ii vdv ciing phuong vd Mi(xi ; yi) G d2 

<:i> ad - bc = 0 vk dix^ - Xj) = ciy^ - y2). 

d) dl 1 d2 o M -L V «> ac + ftd = 0. 
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18. a) Al cd vecto chi phuong MI(2 ; - 3), A2 cd vecto chi phuang j*2(l 5 2). 

Ml va 1^2 khdng cung phuong ndn Ai va A2 eat nhau. Toa dd giao dilm M 

ciia Al va A2 umg vdi nghidm t ciia phuong trinh : 

2il + 2t)-i-3-3t)-l = 0c^t = -j. Suyra M= - - ; - - ] • 

b) A1//A2. 

c) Toa dd giao dilm Â  cua Aj va A2 umg vdi nghidm t, t' ciia hd phuong 

-2 + t = 4t' 
t n n h : < <^ •{ 

\-t = 2-t' 

10 

-I-
Thay t vdo phuong trinh ciia Aj (hodc thay t' vdo phuong trinh cua A2), ta 

^ 16 10^ 
dugc toa dd eua N la 

d)Ai = A2. 

3 ' 3 

\2-3t = -l- 2t' 
19. a) Toa dd eua M ling vdi nghidm t, t' ciia hd < . Giai hd ta 

• [l + t = 3-t' 
7 3 f ll 12^ 

dugc t = -,t' = -• Tir dd ta tinh dugc M = —— ; — • 

h) dl ed vecto chi phuong MI(-3 ; 1). 

Dudng thing Ai qua M vd vudng gdc vdi di nen Ai cd phuong tiinh tdng qudt: 

-3f X + y j + l.f y - y j = 0 hay 3x - y + 9 = 0. 

Tir phuang tnnh tdng qudt, cho x = f, ta dugc phuang trinh tham sd cua Ai Id 

jx = t 
\y = 9 + 3t. 

Tuong tu, dudng thing A2 qua M vd vudng gdc vdi d2 cd phuong trinh tdng 

qudt: 2x + y + 2 = 0 vd phuong trinh tham sd : 
X = t 

[y = -2-2t' 
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20. a) Cd hai dilm Ai(0 ; -1), A2(l ; -2). 

b) MB nhd nhd't khi 5 trung vdi hinh chid'u vudng gdc H ciia M trtn A. 

A cd vecto chi phuang i7(-2; 2). Vi / / G A nen H = i-2-2t; 1 + 2t). Ta cd 

'MH = i-5-2t;2t). Do MH ± A ntn 'MH.U = -2.(-5 - 2t) + 2.2t = 0 hay 

21. (h. 98j Cdch 1. Xet tam gidc ABC vdi phuong trinh ede canh 

f X = 2 - f 
A5 : 2x + 6y + 3 = 0 , AC: 

\y = t 

vk M(-l ; 1) la trung dilm cua canh BC. Khi dd, 
ta cd he : 

-*-5 + % ~ 2 

JB + Jc = 2 
2xg + 6yg + 3 -

XQ = 2- t 

yc =i 

= 0 

(1) 

(2) 

(3) 

(4) 

(5) 

7 
Thay x^ , yc tif (4), (5) vdo (1), (2) va sau dd kit hgp vdi (3) ta dugc t = j -

Do dd C = l - Z 
4 '4 

dudng thing 5C Id 

. Suy ra MC = 

fx = -1 + 5t' 

5_ 2 
4 ' 4 

= — (5 ; 3). Phuang trinh ciia 

[y = 1 + 3t' 

Cdch 2. Tix phuong trinh cua AB, AC, ta tim dugc toa dd cua A vd suy ra 
toa dd ciia D (D dd'i xumg vdi A qua M). M Id trung dilm eua BC vk AD 
ntn ABDC la hinh binh hanh, do dd DC I IAB. Tix dd viet dugc phuong tiinh cua 
DC vk tim dugc toa dd dilm C. Cudi ciing vilt dugc phuang tiinh cua MC. 

11. Ta dl tfnh dugc 5 = (2; 1), C = (0 ; 5), trgng tdm G = (1 ; 4), suy ra A = (1; 6). 

Tif dd vilt dugc phuang trinh cdc canh A5 
Jx = 1 + r 
ly = 6-5r 

, AC 
|x = 1 - ? ' 

\y = 6-t'. 
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23. (h. 99) A g A 
X = -1 + 2t 

Vdy 5, D G A. \ A 

C\ 

Hinh 99 

[y = -2t 
A cd vecto chi phuong i7(2 ;-2) ndn phuang 

trinh dudng cheo AC la 

2(x + 1) - 2(y - 2) = 0 « X - y + 3 = 0. 

Toa dd giao dilm / cua AC vk BD ling vdi 
nghiem t cua phuong trinh : 

-I +2t + 2t + 3 = 0^ t = - - . 
2 

Vdy / = (-2 ; 1). Vi / la trung dilm cua AC, nen C = (-3 ; 0). 

ABCD la hinh vudng ndn ID=1B = IA. Do 5 G A ndn 5 = (-1 + 2t; -2t). 

IB^ = lA^ ^ (-1 + 2t +2f + i-2t - if = (-1 + 2f + (2 - 1)^ 

, <» (2r + 1)^ = 1 <» / = 0 hodc r = - 1 . 

Suy ra 5 = (-1 ; 0) hodc 5 = (-3 ; 2). 

Neu 5 = (-1 ; 0) thi D = (-3 ; 2), nlu 5 = (-3 ; 2) thi D = (-1 ; 0). 

Din ddy, biet toa do bdn dinh ciia hinh vudng ABCD, ta se dd dang vilt 
dugc phuang trinh bdn canh ciia hinh vudng la : 

x + l = 0 ; y = 0 ; x + 3 = 0 ; y - 2 = 0. 

24. (h. 100) Dl tim dugc giao dilm M cua A va A' cd toa dd la (-6 ; 4). Dilm 

A^(-2 ; 0) thudc A' vd Â  khac M. 

Dudng thing d di qua Â  va vudng gdc vdi A 
cd phuang trinh : 

-2(x + 2) + y = 0 hay 2x - y + 4 = 0. 

Ggi H = d n A , suy ra H = 
6 8 

Dodd 

toa dd dilm K dd'i xiing vdi dilm Â  qua H la 
(_2 . 16^ 

5 ' 5 • Hinh 100 

Dudng thing cdn tim la dudng thing MK vk cd phuang tiinh : x + 7y - 22 = 0. 

25. a) Phuang trinh cua A cd dang tdng quat la x - y + 1 = 0. Rd rang A, 5 g A. 
Xet C(x ;x+ 1) e A. 
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• AA5C cdn tai A « AC^ = AB^ « (x + 1)̂  + (x - 1)̂  =4^+1^ 

« 2 x ^ + 2 = 1 7 « x = + ^ 

Cd hai dilm thoa man la Ci = V̂30 V30 + 2^ ^ _f V30 2-V30 
' ^ 2 -2 ' 2 J V 2 ' 2 

. AA5C cdn tai B <^ BC^ = BA^ <^ ix - 3f + x^ = 17 

<=>x - 3 x - 4 = 0<»x = - l hodcx = 4. 

Cd hai dilm thoa man la C3 = (-1 ; 0), C4 = (4 ; 5). 

. AA5C cdn tai C<::>CA^ = CB^ <=> (x + if + (x - 1)̂  = (x - 3f + x^ 

7 
<=» X = — . 

6 
fl 13 

Cd mdt didm thoa man la C5 = — ; -^ 
v6 6 

CA = CB 
b) AA5C diu « ^ » 

\CA = AB 

1 
" = 6 

x = ± 

: hd vd nghidm. 

Vdy khdng tdn tai dilm C trdn A sao cho tam giac ABC diu. 

§3. Khoang each va goc 

26. a) Thay ldn lugt toa dd ciia A, 5, C vao vl trdi phuong trinh cua A, ta dugc : 

- 1 - 3 = - 4 ; 2 - 2 . 3 - 3 = - 7 ; 3 - 2.(-6) - 3 = 12. 

Vdy A, 5 nim vl mdt phfa cua A, cdn C nim vl phfa kia. Do dd A cit hai 
canh ACvkBC cua tam gidc ABC. 

b) Cdch 1. Xet M(2y + 3 ; y) G A thi MA + M5 + MC = ( - 6y - 5 ; -3y - 3). 

= V(6y + 5f + (3y + 3f = ^45y^ + 78y + 34 . Khidd MA + MB + MC 

MA + MB + MC nhd nhd't o 45y^ + 78y + 34 nhd nhd't o y = - 1 | . 
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Tit dd ta tim duoc M 
^19._13^ 

15' 15 

Cdch 2. Do MA + MB + MC = 3MG iG la trgng tdm tam gidc ABC) ntn 

nhd nhd't «• M la hinh chid'u vudng MA + MB + MC nhd nhd't <» MG 

f19 13^ 
gdc cuaG trdn A. Ta tim dugc M = \—;- — 

27. a) A5 = (2 ;1), AC = (-1 ;2). AB vk AC khdng ciing phuong. Do dd A, B, 

C khdng thing hang va la ba dinh ciia mdt tam giac. 

b) Phuong tnnh dudng thing A5 : x - 2y -2 = 0. 

Phuang trinh dudng thing AC : 2x + y - 4 = 0. 

Phuang trinh cac dudng phdn giac trong va ngoai cua gdc A la : 

"x + 3y - 2 = 0 (1) 

3 x - y - 6 = 0 (2) 
x - 2 y - 2 ,2x + y - 4 

= ± . ^ <:> il i ir + 2" V2^ + r 

Thay ldn lugt toa dd cua 5 va C vao vl trdi cua (1) ta dugc : 

4 + 3 . 1 - 2 = 5 ; 1 + 3 . 2 - 2 = 5. 

Do dd 5, C ciing phfa dd'i vdi dudng thing cd phuong trinh (1), vdy phuong 

trinh dudng phdn gidc trong ciia gdc A la 3x - y - 6 = 0. 

c) 5C = (-3 ; 1). Phuang tnnh dudng thing 5C la x + 3y - 7 = 0. 

Phuang trinh cac dudng phdn giac trong va ngoai eua gdc 5 la 

(V2 - l)x - (2V2 + 3)y + 7 - 2>î  = 0 

_(V2+l)x + (3-2V2)y-7-2V2=0 

Thay ldn lugt toa do ciia A va C vao vl trdi cua (3) ta dugc : 

(V2 - 1).2 + 7 - 2V2 = 5 ; (V2 - l).l - (2V2 + 3).2 + 1-2^2= -5yf2. 

Suy ra phuang trinh dudng phdn giac trong ciia gdc 5 la 

(V2 - l)x - (2V2 + 3)y + 7 - 2V2 = 0. 

x - 2 y - 2 _ ^ x + 3y-7 _ 

Vl^+22 Vl^+3^ 

(3) 

(4) 
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Tdm / cua dudng trdn ndi tid'p tam gidc la giao dilm cua cac dudng phdn 
giac trong. Toa dd cua / la nghiem cua hd : 

[3x-y-6 = 0 

[(V2 - l)x - (2V2 + 3)y + 7 - 2V2 = 0 -» i 
X = 

5 + 2V2 
2 + V2 

3 

2 + V2' 

Vdy / = 
5 + 242 3 
2 + >ŷ  '2 + V2 

28. Xet tam gidc ABC vdi phuang trinh cdc canh ciia tam giac nhu da cho. Khi 
dd, toa dd cdc dinh ciia tam gidc la nghiem cua cdc he : ^ 

fX + 2y = 0 _ fx + 2y = 0 _ f2x + y = 0 

[2x + y = 0 ' [x + y - l = 0 ' [x + y - l = 0 ' 

Giai eac hd ndy ta dugc toa dd cdc dinh tam giac la (0 ; 0), (2 ; -1 ) ; (-1 ; 2). 

Gia sir A = (0 ; 0), 5 = (2 ; - 1 ) ; C = (-1 ; 2). Suy ra 

A5 = (2 ; - 1), AC = ( - 1 ; 2), 5C = (-3 ; 3). 

AB = AC = 45 ntn tam gidc ABC cdn tai A. 

cosA = eos(A5, AC) = 2.(-l) + (-1).2 ^ _4 - ^ ^^^o^, 

V22+12.V12+22 5 

=>5 = C«18°26'. 

29. A cd phuong trinh tdng quat: x + y + 1 = 0. Do dd 

' -1 + 2 + ll 2 
diA; A) = 

^ I' 4i = 4i. 

Dudng trdn tdm A tid'p xiic vdi A ndn cd bdn kfnh R = 42. Didn tfch eua 

hinh trdn nay Id 5 = TCR^ = 2;r. 

30. Hai dilm MvkN ddi xung vdi nhau qua A khi va chi khi ed hai dilu kien : 

- Trung dilm / eua MÂ  nim tren A ; 

- Vecto MÂ  Id vecto phdp tuyin cua A. 
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Tif dd ta duoc eac dilu kien sau 

+ b a 
^•^1 + ^ 2 ^ ^ J l + J 2 ^ + c = 0 

K-̂ 2 -•^l)~^(j2 - Jl) = 0. 

31. a) Ta tim dugc toa do eac dinh cua tam giac ABC la : A(l ; 5), 5(-3 ; 1), 

C(2 ; -2). 

Phuang trinh cdc dudng phdn gidc trong va ngoai cua gdc A la : 

- J H 

4i 
4 _ , 7x + y 12 

V49 + 1 
<» 

<^ 

5 ( x - y + 4) = 7x + y - 1 2 . 

5(x - y + 4) = -(7x + y - 12) 

X + 3y - 16 = 0 (1) 

3x - y + 2 = 0 (2) 

Thay ldn lugt toa do cua 5 va C vdo ve trdi ciia phuong trinh (1) ta dugc : 

-3 + 3 - 1 6 = - 1 6 ; 2 - 6 - 1 6 = -20, 

suy ra 5 va C d ciing phfa dd'i vdi dudng thing cd phuong trinh (1). 

Vdy phuang trinh dudng phdn giac trong cua gdc A la : 3x - y + 2 = 0. 

b) Thay ldn lugt toa do cua O vao v l trai phuang trinh cua BC, AC, AB 
ta dugc : 

4 ; - 1 2 ; 4. 

Thay toa do ciia A, 5, C ldn lugt vdo ve trdi phuong trinh cua BC, AC, AB ta. dugc: 

3 + 5.5 + 4 = 32; 7.(-3) + 1-12 =-32 ; 2 + 2 + 4 = 8. 

Nhu vdy : O va A nim cimg phfa dd'i vdi 5C ; O va 5 nim ciing phfa ddi vdi 
AC ;OvkC nim ciing phfa dd'i vdi AB. Vdy O nim trong tam giac ABC. 

32. a) Dudng thing A di qua A(-2 ; 0) ed phuong trinh : 

aix + 2) + Py = 0 hay cix + fiy+ 2a=0 icf + ^ ^0). 

\a + 3P\ ^ 1 \a + 3P\ 
A tao vdi d gdc 45° <* cos 45° = 

/̂̂ ^T7 
«> 

10 >/2 yja^ +/3^.yll0 

<»5(a^ + ^^) = ia + 3j3f « 2a^ -3aj3-2p^ =0 <i> 
a = 2P 
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Vdi a = 2p, chgn p= 1, « = 2, ta dugc dudng thing Ai : 2x + y + 4 = 0. 

Vdi a = -—P, chgn p=-2, a=l, ta dugc dudng thing A2 : x - 2y + 2 = 0. 

b) Ggi Uia ; b) la vecto chi phuang cua dudng thing A cdn tim (a^ + b^ ^ 0). 

d cd vecto chi phuang v = (3 ; - 2). 

A tao vdi d gdc 60° khi va chi khi cos 60° = 
|3a - 2b\ 

I 

la^ + b" 2 4r3.i 
O 23a^ - 4%ab + 3b^ =0 

o l 3 ( a ^ + b"-) = 4i3a - 2bf | 3a -26 | --. 2 . ,2^ ..^ ^,a 

o 
a = 

24-V507 

a = 
24 

24 

23 

+ V507 
23 

-V507 
Vdi a = ^y^' b, chgn & = 1, a = — , ta dugc dudng thing 

23 23 

Ai: ^ 
, 24 - V507 

X = - 1 + — 1 
23 

y = 2 + ^ 

Vdi a = —^^x:; b, chgn 6 = 1 , a = — , ta dugc dudng thing 
23 23 

Ao: 
, 24 + V507 

X = -I + — 1 
23 

y = 2 + r. 

33. Dudng thing Ai : J "̂  ^ cd vecto chi phuang Uia ; - 2), dudng thing 
[y = 1 - 2r 

A2 : 3x + 4y + 12 = 0 cd vecto chi phuong v(4 ; - 3). Gdc giiia Ai va A2 

bing 45° khi va chi khi 

|4a + 6| 
cos45° = 

4a + 6 

>/7722 .V42 + 32 V2 5V774 
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o 25(a^ + 4) = 2(4a + 6f <^ 7a^ + 96a - 28 = 0 <» 
2 

^ = 7 
a = -14. 

Cd hai gid tri cdn tim Id a = - vd a = -14. 

34. a) Dudng thing A di qua A(l ; 1) ed phuong tnnh : 

aix-l) + p{y-l) = Ohay CCX + /3y -a-l3=0ia^ + ^^0). 

Tacd d(5;A) = 2<:> 3a + 6p-a-p\ ^^ ^ ^ ^ a + Sfif = 4(a^ + p') 

o /3i2l/3 + 20a) = 0 <» 
p = o 

21J3 + 20a = 0. 

Vdi /?= 0 , chgn a = 1, ta dugc dudng thing Ai : x - 1 = 0. 

Vdi 21y0 + 20a = 0, chgn a = 21, >9 = -20 ta dugc dudng thing A2 : 

21x - 20y - 1 = 0. 
|8x - 6y - 5| 

b) M(x; y) G A o d(M; d) = 5 o = 5 o 8x - 6y - 5 = ± 50. 
V64 + 36 

Vdy cd hai dudng thing cdn tim la 

Al : 8x - 6y + 45 = 0 va A2 : 8x - 6y - 55 = 0. 

35. Dudng thing A diqua A cd phuang trinh: cxx + fiy -a-P=Oicx + p" * 0). 

Tii gia thilt diB ; A) = diC ; A), ta tim dugc a = -4p hodc 3a + 2yf? = 0. 

Suy ra cd hai dudng thing thoa man bai todn la Ai : 

4 x - y - 3 = 0 vd A2 : 2x - 3y + 1 = 0. 

36. a) Dudng thing AB cd vecto phdp tuyin ni(l; 2), dudng thing BC cd vecto 

phdp tuyin n2(3;-l) . Dudng thing AC qua M nen ed phuOng trinh : 

a(x - 1) + Ay + 3) = 0 (a^ + >^ ^ 0). 

Tam gidc ABC cdn tai dinh A nen ta ed : 

|3 - 2| _ |3a - 0\ 
cosiAB, BC) = eos(AC,5C) <» 

Vl^+2^V3^ + 1̂  yja^ +j3^.yl3^+f 

o Va^ + f =45\3a-/3\^a^+f = 5(3a - fif 
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« 22a^ - 15ay^ + 2p'^ =0<^ 

«4A 
1 

Vdi a = -p , chgn y9 = 2, a =1, ta dugc dudng thing AC : x + 2y + 5 = 0. 

Trudng hgp nay bi loai vi khi dd dudng thing AC song song vdi dudng 
thing AB. 

2 
Vdi a = -—p, chgn/?= 11, a = 2, ta dugc dudng thing AC : 2x + l ly + 31 = 0. 

b) Hay vilt phuang trinh dudng thing A di qua M va vudng gdc vdi mdi 

dudng phan giac cua cdc gdc tao bdi Ai vd Aj. Ta tim dugc hai dudng 

thing thoa man bai todn la: 3x + y - 5 = 0 va x - 3y - 5 = 0. 

37. a) Ldy M(xo ; yo) thudc Aj, suy ra axQ + Z?yo + c = 0. Kf hidu d(Ai ; A2) la 

khoang each giiia hai dudng thing song song Ai va A2. Khi dd ta ed : 

laxo + byo + d\ Ic - dl 
d ( A i ; A 2 ) - d ( M ; A 2 ) = V77 >/77 b' yla' + b' 

b) Phuang trinh dudng thing A3 song song vdi Aj va A2 cd dang 

ax + 6y + e = 0 (c ^ c , c ;̂  d). 

Ap dung cdu a) ta cd : 

d(Ai;A3): \c-e\ 

4J^ 
; d(A2 ;A3): 

|d-< 

4J^ 
A3 each diu hai dudng thing Ai vd A2 khi va chi khi 

c = d (loai viAj 5̂  A2) 

d(Ai;A3) = d(A2;A3) « | c - c | = | d - e | <=> c + d 
e = 

Vdy phuang trinh cua A3 la ax +by + 
c + d 

= 0. 

Ap dung : DUdng thing song song va each diu hai dudng thing da cho cd 

phuong trinh : 

-3x + 4y + — = 0 hay -3x + 4y - - = 0. 
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38. (h. 101) Cdch I. Xem bdi 23, chuong II. 

Cdch 2. Nhdn thdy A 0 A : 7 x - y + 8 = O. 

Vdy 5, D G A. 

A cd vecto chi phuong M(1 ;7). Phuong trinh 

dudng cheo AC la : 

l(x + 4) + 7(y - 5) = 0 ^ X + 7y - 31 = 0. 

Toa dd giao dilm / eua AC vk BD la nghidm 
cua he phuong trinh : 

C\ 

Hinh 101 

[7x - y + 8 = 0 

[x + 7 y - 3 1 = 0 
hay 

1 
' = -2 

y = 

Vdy/ = i . ^ 
2 ' 2 

. Suy ra toa dd cua C 

la (3 ; 4). Vi ABCD la hinh vudng ndn AC tao vdi cae dudng thing AB vk 

AD cac gdc 45°. Dudng thing d qua A(-4; 5) cd phuong trinh : 

aix + 4) + Piy-5) = 0hay ax + Py + 4a-5j3=0ia^+^'^^0). 

\a + 7/3\ 
d tao vdi AC gdc 45° khi vd chi khi cos 45° = 

V50.Va^+^ 

\a-
<^ 

-1P\ 

V2 456..1a^+f 
^ I2a^ - lap - I2p^ =0<;> 

a = -\p. 

Vdi a = -yff, chgn P=3, a = 4, ta dugc dudng thing di: 4x + 3y + 1 = 0. 

Vdi a = —TP, chgn P=-4,a=3,ta dugc dudng thing d2: 3x - 4y + 32 = 0. 

Ld'y phuang trinh A5 la 4x + 3y + 1 = 0 thi phuong trinh eua AD la 

3x -4y + 32 = 0. 

Do dd ta vilt dugc phuong trinh cua CD vk BC ldn lugt la : 4x + 3y - 24 = 0 

va 3x - 4y + 7 = 0. (Ld'y phuong trinh AD la 4x + 3y + 1 = 0 thi phuong 

trinh ciia AB la 3x - 4y + 32 = 0 va ta cung cd kit qua tuong tu). 
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39. (h. 102) Ke AH 1CA^, Ai: 1 BM. Ggi Ai, A2 

theo thuf tu la giao dilm cua AH, AK vdi 

BC. Khi dd H la trung dilm eua AAi, ^ 

la trung dilm eua AA2. Ta tim dugc toa 

dd eua Ai va A2. Tir dd vilt dugc phuong 
trinh canh 5C Id y + 1 = 0. 

Hinh 102 

40. a) Dl thdy F, Q nim vl mdt phfa dd'i vdi dudng thing A. Ggi F ' la dilm 
dd'i xumg vdi F qua A, khi dd : 

MP + MQ >P'Q. Ddu " = " xay ra khi vd chi khi M, P', Q thing hang. Ta tim 
fx = 5 - r 

dugc F' = (5 ; 4), phuong trinh FQ Ik \ .Tit dd tim duoc M = (0 ; -1). 
[y = 4-t 

b) Ta cd |A^F - NQ\ < PQ. Ddu " = " xay ra khi va chi khi AA, F, G thing 

hang. Vdy A'' chfnh la giao dilm cua dudng thing PQ vk A. Ta tim dugc 
N = i-9; -19). 

41. a) A^ ludn di qua dilm cd dinh M(xo ; yo) vdi mgi m khi vd chi khi 

(m - 2)xo + (m - l)yo + 2m - 1 = 0 Vm 

<:> (XQ + yo + 2)m - 2xo - yo - 1 = 0 Vm 

fxo+yo+2 = 0 Uo = l 

[-2x0 - Jo - 1 = 0 [jo = -3-

Vdy A^ ludn di qua dilm cd dinh M(l ; -3) vdi mgi m. 

b) Dat/(x, y) = im- 2)x + (m - l)y + 2m - 1. 

A^ ed ft nhdt mdt dilm chung vdi doan AB <=>/(x^ , y^). /(xg , yg) < 0 

O (7m - 8)(3m - 3 ) < 0 » l < m < 
8 

e) (h. 103) Dung AH 1 A„. Ta cd AH < AM 

vdi mgi m (M la dilm thudc A^ vdi mgi m da 
ndi d cdu a)). Vdy AH ldn nhd't bing AM khi 
vd chi khi H triing vdi M hay AM 1 A^. 

Ta ed : AM = ( - l ; - 6 ) , A^ cd vecto chi 

phuong M = (1 - m ; m - 2). 
Hinh 103 
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AM 1 A„, <=> AM.M = 0 « -1(1 - m) - 6(m - 2) = 0 « m = 

Vdy vdi m = -— thi khoang each tit A ddn A^ la ldn nhdt. 

11 

§4. Dudng tron 

42. a) / ( -4 ;2),R= 4l ; 

b) 7(5 ; -7 ) , F = Vl5 

c) 7(3 ; 2), F = 7 ; 

d) / ( 5 ; 5 ) , F = Vl05 ; 

e) Ii-4 ;3),R=4li ; 

f) Ii-2 ; -5), R= 4l4. 

43. a) Cdch I. Dudng trdn dudng kfnh AB nhdn trung dilm / cua AB la tdm va 

cd ban kfnh F = —AB. 
2 

1 
Tacd:/ = (4;2),F= ^AB = |V(l - '^f +0 + ^f = | - 2V34 = V34. 

Phuang trinh dudng trdn la 
(x - 4f + iy - 2f = 34 hay x^ + y^ - 8x - 4y - 14 = 0. 

Cdch 2. Dilm M(x ; y) thudc dudng trdn dudng kfnh AB <» AM. BM = 0 

« (x - 7)(x - 1) + (y + 3)(y - 7) = 0 <:* x^ + y^ - 8x - 4y - 14 = 0. 
2 2 

Phuong trinh dudng trdn la x + y - 8x - 4y - 14 = 0. 
b) x^ + y^ - 4x + 2y - 29 = 0. 

44. Ggi /(x ; y) la tdm dudng trdn ngoai tid'p tam gidc ABC. Ta cd : 

\lA^ = 75^ 
IA=IB = IC<:> \ « 

[lA^ = IC^ 
9 

ix-lf+iy-3f =ix-5f+iy-6f 

[ix-lf+iy-3f =ix-lf+y^ 

8x + 6y = 51 

[I2x - 6y = 39 

X = 

J = 

=^ / = 
9_ ^ 
2 ' 2 

Ban kinh dudng trdn : R = IA = 

Phuang trinh dudng trdn ngoai tiep tam gidc ABC la 

5V2 

9^^ 
+ 

5^ 

2J 
25 
2 • 
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,. ^ ^ . . ,. , . , f3x + 4y - 6 = 0 fx = -2 
45. Toa dd cua A la nghidm cua he <̂  <^ < 

• [4x + 3 y - l = 0 [y = 3 
•A = (-2;3). 

Tuong tu, ta tfnh dugc 5(2 ; 0), C i^o 
Phuong trinh cac dudng phdn giac trong va ngoai ciia gdc A la 

'x - y + 5 = 0 (1) 

X + y - 1 = 0 (2). 
3x + 4y - 6 4x + 3y - 1 

= ± . <:> 
V32 + 42 A/?7 

Thay ldn lugt toa dd cua 5, C vao vl trai cua (1), ta dugc : 2 + 5 = 7 > 0 ; 

4 + 5 > 0. 

Vdy (2) la phuang trinh dudng phdn giac trong cua gdc A. 

Phuang trinh cdc dudng phdn giac trong va ngoai ciia gdc 5 la 

3x + 4y - 6 
= +y <» 

3x - y - 6 = 0 (3) 

X + 3y - 2 = 0 (4). 

Thay ldn lugt toa dd cua A, C vao vl trai cua (4), ta dugc : - 2 + 3 .3 -2 = 5 > 0 ; 

1 7 
—-2 = - — <0. Vdy (4) la phuang trinh dudng phdn giac trong ciia gdc 5. 

Ggi /(x ; y) va r la tdm va ban kfnh dudng trdn ndi tilp tam gidc ABC. Khi dd 

1 
fx + y - 1 = 0 

toa dd cua / la nghidm cua he -̂  <s> -̂  
^ • • [x + 3 y - 2 = 0 

X = 

J 
1 

=> 1 = 
2 ' 2 

r = dii; BC) = - • Vdy phuong trinh dudng trdn ndi^iep tam giac ABC la 

^ - 2 + 
\2 

J 4' 

46. • 0 < m < — => A^ khdng cd dilm chung vdi (*^. 

• m < 0 hodc m > — =^ A„ cit ( ^ 

m 

4 
3 
4 

• m = 0 hodc m = - => A^ tilp xiic vdi i%. 
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47. a) Xet dilm M(x ; y). Biln ddi dilu kien 3MA^ + MB^ = 2MC^ qua toa dd 

ta dugc phuong trinh dudng trdn cdn tim ( ^ 
A 2 

X + .(.-.)^=f. 
(©) cd tdm / ;1 , ban kfnh F = 

Vl07 

b) (h. 104) IA<R ntn A nim trong i%. Ggi 

H la trung dilm ciia MÂ  thi IH ± MN. 

MN = 2MH = 2 V F ^ - ///^ . 

Do do MÂ  min <» IH max. 

Ta ludn cd IH < IA. Vdy // / max <^H = A, tiic //m/z 704 

la IA = 
2 ' 

-1 la mdt vecto phdp tuyd'n ciia dudng thing A cdn tim. Tif 

dd suy ra phuang trinh eua A la 7x - 2y + 7 = 0. 

48. Phuang trinh dudng trdn (*^, tdm /(a ; b), bdn kfnh F cd dang 

ix-af + iy-bf = R^. 

4€) tiep xiic vdi Ox, Oy khi vd chi khi |a| = |Z?| = R. Phuong trinh eua (€) 

trd thdnh 

ix- a) + iy -b) = a . 

1) A(2 ; -1) G ( ^ => (2 - af + (-1 - bf = a l (1) 

• Vdi a = b thi (1) o (2 - a)^ + (1 + a)^ = a^ « a^ - 2a + 5 = 0, phuong 
trinh vd nghiem. 

• Vdi a = -h thi (1) « (2 - a)^ + (a - 1)^ = a^ « a^ - 6a + 5 = 0 

<» a = 1 hodc a = 5. 

- Khi a = 1 ^ & = - 1 , F = 1, ta dugc dudng trdn (€{): (x - 1)̂  + (y + 1)̂  = 1. 

- Khi a = 5 ^ & = -5 , F = 5 ta dugc dudng trdn (^-^ : (x - 5)^ + (y + 5)^ = 25. 

b) / thudc dudng thing 3x - 5y - 8 = 0 ndn 3a - 56 - 8 = 0. (2) 

• Vdi a = 6 thi (2) « 3a - 5a - 8 = 0 o a = - 4 => 6 = - 4, F = 4. 
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Ta dugc dudng trdn i%): (x + 4)^ + (y + 4)^ = 16. 

• Vdi a = -b thi (2) ^ 3a - 5.(-a) - 8 = 0 o a = l ^ Z 7 = - l , F = l . 

Ta dugc dudng trdn i%) : (x - 1)^ + (y + 1)^ = 1. 

49. Dudng trdn ( ^ tdm /(a ; b), ban kfnh F cd phuong trinh : 

ix-af + iy-bf = R^ (1) 

i^) tilp xuc vdi Ox tai A(6 ; 0) nen a = 6, \b\ = R. Khi dd 

il)^ix-6f + iy-bf = b^. 

5(9 ; 9) e i^) => i9 - 6f + i9 - bf = b^ <:> b = 5 ^ R = 5. 

Phuang trinh eua ( ^ la (x - 6f + (y - 5)^ = 25. 

50. Ggi /(a ; b) vk R la tdm va ban kinh cua dudng trdn ( ^ cdn tim. Phuong 

trinh cua i% la ix - af + iy - bf = F^. 

la-ft 
("^ tilp xiic vdi A : X - y - 1 = 0 khi va chi khi d(/; A) = F « 

Vi = F. 

AB e 
\i-l-af +b^ = R^ 

I (1 - af + (2 - 6)2 = F^ 

<=>i 

(a + 1) + b = 

ia-lf+ib-2f = ^-^^^^ 

(1) 

(2) 

Tit (1) va (2) suy ra : (a + 1)̂  + b'^ = ia- if + ib-2f ^ a = I - b. 

Thay a = 1 - 6 vdo (2), ta cd : 

b^ + ib-2f = 2b^^b=l^a = 0,R= 42. 

Phuang trinh ciia i% la x^ + (y - 1)^ = 2. 

51. a) i% cd tdm 0(0 ; 0), ban kfnh F = 5. Tiep tuyen A di qua A, nhdn 

0A(3; 4) lam vecto phap tuyin, nen cd phuong trinh : 

3(x - 3) + 4(y - 4) = 0 <» 3x + 4y - 25 = 0. 
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Dudng trdn i% vk tid'p tuye'n A dugc ve nhu hinh 105. Cae cdu b), e), d), e), 

f): hgc sinh tu lam. 

Hinh 105 Hinh 106 

52. (h. 106) i% cd tdm /(a ; b), ban kfnh F. Khi dd : 

M(x ; y) e A <=> IMQ.MQM = 0 <» (XO - a)(x - Xo) + CVo - b)iy - yo) = 0 

<i> (xo - a)(x - a + a - XQ) + (yo - 6)(y - 6 + 6 -yo) = 0 

« (Xo - a)(x - a) + (yo - 6)(y - 6) - [(xo - af + (yo - 6)^] = 0 

<^ (xo - a)(x - a) + (yo - 6)(y - 6) = F^. 

53. i% cd tdm 7(1 ; -3), ban kfnh F = Vl^ + 3 ^ - 5 = Vs. 

A // d => A cd phuang trinh :2x + y + m = 0 ( m ^ —1). A tilp xuc vdi (*©) o 

d(/;A)=F » 
2 - 3 + m 

V?7 
Vs <» Im - l| = 5 <» 

m = 6 

m = -4. 

Cd hai tie'p tuye'n cdn tim la Ai : 2x + y + 6 = 0 va A2 : 2x + y - 4 = 0. 

Toa dd tie'p dilm M ciia Ai vdi (*^ la nghiem cua he 

f2x + y + 6 = 0 fx = - l 
2 2 ^ . VdyM = ( - l ; - 4 ) . 

[x̂ ^ + y^ - 2x + 6y + 5 = 0 [y = -4. 
Toa dd tilp dilm Â  eua A2 vdi ( ^ la nghiem eua he 

f2x + y - 4 = 0 x = 3 
<=> , 2 2 -- 1 o VdyA^ = (3;-2). 

x^+y -2x + 6y + 5 = 0 [y =-2. 
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Chu y. Khi bid't toa do ciia M, thi do M vd Â  ddi xiing nhau qua /, ta cd thi 

tfnh ngay dugc toa dd cua Â  = (2x; - x̂ ,̂  ; 2y/ - y^). 

54. a ) ( ' ^ e d t d m / ( 3 ; - l ) , b a n k f n h F = 2. 

IA = V(l - 3)2 + (3 + if = 2V5 > F, suy ra A nim ngoai i%. 

b) A nim ngodi ( ^ ) ndn tit A ta ke dugc hai tilp tuyen din (*^. 

Cdch 1. Dudng thing A di qua A ed phuong trinh : 

aix -l) + piy-3) = 0 hay ax + Py-a-3p = 0 ia^ + p^ ^ 0). 

A tilp xiic vdi i%<^diI;A) = R<^ \3a-p-a-3p\ ^ ^ 

0 |a - 2p\ = 4a^ + P^ ^ POP - 4a) = 0 <̂  
p = o 

4 

• Vdi p=0, chgn a = 1, ta dugc tid'p tuye'n thii nhd't: x - 1 = 0. 
4 

• Vdi p= —a, chgn a = 3, P= 4, ta dugc tidp tuydn thii hai: 3x + 4y - 15 = 0. 

Cdch 2. • Xet dudng thing A di qua A vd ed he sd gdc k. Phuong trinh cua 
Ala: 

y = ;t(x - 1) + 3 hay ^x - y + 3 - ^ = 0. 
r^ |3A: + 1 + 3 - 1̂ 

A tilp xuc vdi i^^diI;A) = R^ J ^ = — ^ = 2 
>/ r + 1 

^\k + 2\ = V ? + l <^ k^ + 4k + 4 = k^ + I <:^ k = --• 

3 
Ta dugc tilp tuyd'n thii nhd't Ai : y = - - (x - 1) + 3 hay 3x + 4y - 15 = 0. 

• Xet dudng thing A di qua A vd vudng gdc vdi Ox. Khi dd, A cd phuang 
trinh x = 1 hay x - 1 = 0. 

| 3 - ll 
A tid'p xiic vdi ( ' ^ <» d(/ ; A) = F <» L _ ^ = 2 <^ 2 = 2. Ding thiic cudi 

diing ndn A Id tilp tuyin cua i^. Ta cd tilp tuyin thii hai A2 : x - 1 = 0. 
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Chii y. Trong each giai 2, n l u chi xet trudng hgp tidp tuydn A cd hd sd' gdc thi 

bdi todn se mdt nghidm. 

e) Hgc sinh tu lam. 

55. a )A:4x + 3 y - l l = 0 . 

b) Cd hai t i l p tuyen la Ai : 4x + 3y + 39 = 0 va A2 : 4x + 3y - 11 = 0. 

X ^ . , • • ' ' . - 3 2 + 5V55 , ^, ^ 

c) Co hai tiep tuyen : Ai : y = (x - 2) + 6, 
y 

- 3 2 - 5 V 5 5 , - , . 
A2 : y = — — ^ (X - 2) + 6. 

56. a) i%) cd tdm /i(2 ; 4), bdn kfnh F, = \l2^ + 4^ - 11 = 3 . 

i%) cd tdm 72(1 ; 1), bdn kfnh F2 = Vl^ + 1 ^ + 2 = 2. 

1 = | F I - F 2 | < / I / 2 = V ( 1 - 2 ) 2 + ( 1 - 4 ) 2 =4io<R^+R^= 5. 

Suy ra (*^i) vd (^2) ^^^ nhau. 

b) (h. 107) Theo cdu a), (^1) va ("^2) ^it nhau ndn chiirig cd hai tilp tuyin 

chung. Tilp tuyin chung A ed phuang trinh : ax + Py + y = 0 iaf + P^ > 0). 

A tilp xuc vdi ('^1) vd i%) khi va chi khi ' ^ 1' -* " 1 

|2a + 4p + y 

<^ { 
^a'+p' 

\a + p + Y\ 

= 3 (1) 

.̂ /̂ 7̂7 
= 2 (2) 

^ 2|2a + 4P + Y\ = 3\a + P + Y\ 

^4a+Sp+2r=±i3a+3p+3r) 
y = a + 5P 

la + lip <^ 

- Thay y= a + Sp vdo (2) ta cd : 
|2a + 6P\ 9 - 5 0 
I ^ =2^(a+3;g)2=a2 + / 
Va2 + p^ 
<^ 2Pi4p+3a) = 0<^ P=0 hoac 4y^=-3a . 

Hinh. 107 
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N6ip=0idod6 a^O), suy ra / = a. Ta ed tid'p tuyd'n chung thii nhdt 

Al : a x : + a = O h a y x + 1 =0. 

Vdi 4p = -3a, chgn a = 4, p = -3, ta dugc y=-n. Ta cd tid'p tuyd'n 

chung thii hai A2 : 4x - 3y - 11 = 0. 
^ 7 a + 115 , ^̂ ^ 

- Thay y = — ^ vao (2) ta cd : 

\2a + 6p\ , _ , - -
I ^ ' = 2 « ( a + 3/?)2 = 25ici +p-) « 12a2 - 3ap+ 8 / = 0, 

SVa + /?2 

phuong trinh vd nghidm. 

Vdy ("<̂ i)vd (^2) cd hai tidp tuyin chung la Al : x+ 1 =0vaA2 : 4 x - 3 y - 11=0. 

57. Ddt M = (x ; y), ta cd k^MA^ + ^2MA| + . . . + A;„MA2 = k 

« [A:;(x - Xi)2 + k2ix - X2)2 + . . . + ^^(^ - x„)2] + [^,(3; _ y^f + ^^(y - y2)2 + 

•••+^«(J-J«)^] = ^ 

<» (A;i + ^2 + • • • + ^n)(-«^ + J^) - 2(^iXi + 2̂-*̂ 2 + • • • + k^^X 

- 2(^iyi + /:2y2 + . . . + /:^„)y + A:i (^2 ^ ^2 J + /^^(xl + yf) + • • • + 

+ ^ « K ' + j ' ) = ' ^ - (1) 

£)jt ^ _ hx^ +k2X2+... + k„x„ ^_ k^y^ +k2y2+... + k„y„ 
k^ + k2 + ... + k^ ' k^ + k2 + ... + k^ 

^ ^ k^ixf + y^) + k2ixl +yl) + ... + k„ixl +yl)-k 
1̂ +k2+... + k„ 

Khi dd (1) <^ x2 + y2 - 2ax - 26y + c = 0 
.<» ix-af + iy- bf = a^ + b^-c. 

- Nlu a + 6 - c > 0 thi tap hgp cdc dilm M la dudng trdn tdm /(a ; 6), 

ban kfnh F = Va2 + 62 - c. 

- Nlu a2 + 62 - c = 0 thi tdp hgp cae dilm M la dilm /(a ; 6). 

- Nlu a2 + 62 - c < 0 thi tdp hgp cac dilm M Id tdp rdng. 
ChU y rdng : cdu a) cua bdi 47 chuong III Id mdt trudng hgp ddc bidt cua 
bdi ndy. 
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58. a) Phuong trinh (^^) cd dang x2 + y2 -i- 2ax + 26y + c = 0 

m + 2 , m + 4 
voi a = — - — , 6 = —, c = m + l . 

Ta cd a + 6 c = 
^m + 2^ fm + 4 

+ 
V y 

\2 

V 
(m + 1) = 

m +4m + S 
>0 

y 

vdi mgi m. Vdy (^^) la dudng trdn vdi mgi gid tri cua m 

m + 2 
x = -

b) Toa do tdm /^ eua dudng trdn (%,) la 

J = ' 

2 
m + 4 

2x = -(m + 2) (1) 

2y = m + 4 (2) 

Cdng tirng vl cua (1) vd (2), ta dugc 2x + 2y = 2 hay x + y — 1 = 0. 

Vdy tdp hgp tdm eua eac dudng trdn (^^) Id dudng thing cd phuong trinh : 

X + y - 1 = 0. 

c) Ggi M(xo ; yo) la dilm cd dinh ma hg (^^) ludn di qua. Khi dd ta cd : 

XQ + yo + (w + 2)xo - (m + 4)yo + m + l = 0 Vm 

<=> (-̂ 0 ~ Jo + I)'" + -̂ 0 + Jo + 2-̂ 0 " 4yo + 1 = 0 V m 

<=> 
fxo - yo + 1 = 0 (1) 

[xJ + yJ + 2xo - 4yo + 1 = 0 (2) 

Tir (1) suy ra Xo = yo - 1, thay vao (2), ta dugc : 

(Jo - 1)̂  + Jo + 2(jo - 1) - 4yo + 1 = 0 O 2yJ - 4yo = 0 « 
J o = 0 

Jo = 2. 

Vdi yo = 0 thi Xo = - 1 . Ta dugc dilm Mi(-1 ; 0). 

Vdi yo = 2 thi xo = 1. Ta dugc dilm M2( 1 ; 2). 

Vay hg dudng trdn (*^ )̂ ludn di qua hai dilm ed dinh la Mi(-1 ; 0) vd 

M2(l ; 2). 
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d) (h. 108) (*© )̂ khdng di qua dilm (xi ; yi) vdi mgi m khi va chi khi phuong 

trinh (dnm) : (xi - y i + l)m+ xf + yf + 2xi - 4yi + 1 = 0 vd nghidm 

«> 

<:?> 

I Xl - yi + 1 = 0 

[xf + yf + 2xi - 4yi + 1 ^ 0 

[jl = 1̂ + 1 
Ix, ^+1. 

Vdy tdp hgp cdc dilm trong mat phing toa 

dd ma hg (^^) khdng bao gid di qua vdi 

mgi gid tri eua m la dudng thing A ed 
phuong trinh y = x + 1, bd di hai dilm 
Mi(-1 ;0)vaM2(l ; 2). Hinh 108 

§5. Duofng elip 

59. (h. 109) Xet dudng trdn i% tdm O, tilp 

xiic trong vdi i^i) tai M, tilp xiic ngodi 

vdi (^2) tai Â . Ta ed : 

OOi + OO2 = OiM -0M + O2N + ON 

= Fl + F2 khdng ddi. 

Tdp hgp cae tdm O Id elip ed cac tidu dilm 

la Oi, O2 va do dai true ldn 2a = Fi + F2. 

60. a) 0 la tdm dd'i xiing, a2 = 25 => a = 5 ; 

62 = 16 => 6 = 4 ; c2 = a2 - 62 = 9 => c = 3. 

c 3 
Tdm sai e = — = -r • Dd dai tmc ldn : 2a = 10, 

a 5 • 
dd ddi true be : 26 = 8. Tidu cu: 2c = 6. 

Cdc tidu dilm : Fi(-3 ; 0), F2(3 ; 0). Cdc 
dinh : (± 5 ; 0), (0 ; ± 4). 
Elip dugc ve nhu hinh 110. 

Hinh 109 

Hinh 110 
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2 2 
X y 

b) Vilt lai phuang trinh eua elip : -— + ^ = 1. Elip ed tdm ddi xiing O. 

2 , . , 2 l , l 2 2 . 2 3 •\/3 , . v 3 

a = l = > a = l , b =—=>6= —, c =a - 6 =—^>e= ^r-, tdmsai e = —• 

Dd ddi true ldn : 2a = 2, dd dai true nhd : 26 = 1, tidu cu : 2c = 43. 
Cac tidu dilm : Fi 

J 
-^2 ^1-' 

y 

. Cdc dinh : (±1 ; 0), (0 ; ±^). 

Cae cdu e), d), e), f) : hgc sinh tu 1dm. 

61. Elip (F) ed phuong trinh chfnh tdc : ^ + ^ = 1 (a > 6 > 0). 
a 6 

a) A(0 ; -2) la mdt dinh => 6 = 2 ; F(l ; 0) la mdt tidu dilm iz> c = 1. 
2 2 

^2 = ^2 ^ ^2 = 5. Phuong trinh cua (F) la : ^ + ^ = 1. 

b) Fi(-7 ; 0) la mdt tidu dilm => tidu diem thu" hai la : F2(7 ; 0). 

M e (F) ^ 2a = MF^^ + MF2 = V(-7 + 2)2 + 122 ^ ^(7 + 2)2 + 122 ^ 28 

^ a = 1 4 . 

F(-7 ; 0) la tieu dilm ^ c = 7 => 62 = a2 - c2 = 196 - 49 = 147. 
2 2 

Phuong trinh cua (F) la : - ^ + - ^ = 1. 
196 147 

c) 2c = 6 ^ c = 3 ; e = - = I =^ a = 5, 62 = a2 - c2 = 16. 
a 5 

2 2 
Phuang trinh cua (^) la ^ ^ + TT" = 1 • 

2 2 

d) a = 4, 6 = 3 =^ phuang trinh cua (F) la ^ + 4 r = 1-
16 9 

e)M,N e iE) 

16 3 , 
" 2 " + - 2 " = l 

a2 62 

8 9 , 
La2 62 

<=> S 
a^ =20 

62 = 15. 

2 2 
Phuong trinh cua (F) la | - + ^ = 1. 
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62. a) m = a + c, n = a — c => 
m -n ia + c)-ia- c) 2c 

m + n a + c + a - c 2a 

b) 2a = 768806 =^ a = 384403 ; 26 = 767746 => 6 = 383873 ; 

= e. 

= 4J--6^ « 20179. 
Vdy khoang cdch ldn nhd't tii tdm Trdi Ddt tdi tdm Mat Trdng Id : 

fl + c w 404582 (km) va khoang cdch be nhd't Id : a - c » 364224 (km). 

63. a2 = 9 => a = 3 ; 62 = 1 ̂  6 = 1 ; c2 = a2 - 62 = 8 => c = 2V2. 

Elip (F) cd eac tieu dilm : F^i-242 ; 0), F2(2V2 ; 0). 

a) Ggi M(x ; y) G ( F ) Id dilm cdn tim. Khi dd : 

MFi = 2MF2 "» a + ex = 2(a - ex) <:> X = 

.2 

a a 

r 
Cd hai dilm cdn tim la 

7 

ri^ 

3e 3c 242 

V7 A / . ( £ ) ^ / = l - ^ = l - A _ ^ , . ± ^ _ _ ^ . 

242 ' ~ 2V2^ 

b) Ggi Â (x ; y) G (F ) la dilm cdn tim. Khi dd : ^ = (x + 2V2;y), 

^ = (x -2V2;y) . 

'F^ I'F^ <^ F^ .'F2N = 0 ^ {x + 242){x - 2V2) + y2 = 0 

<:>x2-8+y2 = 0. (1) 

x2 0 
A^G(F)=>4r + J =1- (2) 

9 63 0 I Giai(l)vd(2)taduoc x ^ = - r - v d y ^ = - = > x = ± ^ 
8 - ^ 8 2V2 

3V7 . ^ 1 
vay = ± 2V2 

Cd bdn dilm cdn tim Id '.'Jl:. '̂  
•2V2 ' 2V2^ 

c) Ggi F(x ; y) G (F ) la dilm cdn tim. Ta cd : 

p^p2 = F I F 2 + F2F2-2FIFF2F.COS60°= iF^P+F2Pf-2F^P.F2P-2F^P.F2P.]^ 

2 2. 2 2 
= 4a- 3F1F.F2F = 4a - 3(a + ex)ia - ex) = 4a" - 3(a" - ex) = a" + 3e x 
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Ml,. « /I 2 2 , ^ c 2 2 2 (4c2-a2).a2 (4.8-9).9 69 
Nhuvdy4c = a + 3 . — x =>x =-̂ ^ —^—=-^^— = — 

a 

=>x= ± 
V69 
2V2 

3ĉ  8 

p.(£)^/ = i -^ = . - | = ± ^ , = ± ^ . 

Cd bdn dilm can tim vdi toa dd Id 

64. (h. I l l ) 

2 2 
M ( x ; y ) G ( F ) = > ^ + ̂  = l ; 

a 6 

MFi =a + ex, MF2 = a — ex. 

a)MFi.MF2 + OM2 = 
2 2 = (a + ex)ia — ex) + x +y 

2 2 2 , 2 , 2 = a -ex + X +y 

+ ̂ : + ' 
A 

2V2 ' 2V6 

2 , 2 , 2 = a + y + X 
V « y 

//m/i 7 i7 

= fl2^^2^^2 X ^ ^ 2 ^ ^ 2 ^ ^ 2 

a -f = a" + 6̂  
y 

b) (MFi - MF2)2 = 4^2x2. 

4 ( 0 M 2 - 62) = 4(x2 -I- 3;2 _ ^2^ = 4 

= 4x^ 

(1) 

x2 + 62-4x2^ 
« y 

V « y 

= 4^2x2. (2) 

Tir (1) vd (2) suy ra (MFi - MF2)^ = 4 ( O M 2 - 62). 

e) / / M 2 = y2. 

6 " T T ^ T T ^ 6 ^ ' 2 ..2x ,2 ^ —r-/ /Ai . / /A2 = - — ( - a - x ) ( a - x ) = — ( a ^ - x ^ ) = 6 ^ - - ^ 
a a 

= 6^ - (6^ - y^) = y^ =!> i/M'^ = - ^ / /Aj . / /Aj. 
a 
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65. a ) a = 9 = > a = 3, 

62 = 4 z ^ 6 = 2, 

c =a - b = 5 = > c = Vs. 

Cdc tieu dilm : 

Fi(-V5;0),F2(V5;0). 

Cac dinh : (+3 ; 0), (0 ; +2). 

Tdm sa i : c = ——• 
3 

Elip dugc ve nhu hinh 112. Hinh 112 

b) Hoanh dd giao dilm cua d va (F) la nghidm cua phuang trinh : 

2 2 

^ + - ^ ^ ^ : ^ = 1 <^ 13x2 + 18mx + 9m2 - 36 = 0. (1) 
9 * 4 

d va (F) cd dilm chung khi va chi khi (1) cd nghiem <» A' > 0 

o 81m2 - 13(9m2 - 36) > 0 o m2 < 13 «> -Vl3 < m < 4l3. 

Vdy vdi -V l3 < m < VTs thi d va (F) cd dilm chung. 

c) (h. 112) Dudng thing A di qua M, vdi vecto chi phuong uia; 6) ed dang : 

(x = I + at 2 2 
(a2 + 6 2 ^ 0 ) . 

[y = 1 + 6r 

A, 5 G A 
x^ = 1 + a î 

va 
I Xg = 1 + a?2 

[y^ = 1 + 6̂ 1 [yg = 1 + 6̂ 2 

M la trung dilm ciia AB khi va chi khi 
XA + Xg 2x M .. \ait^+t2) = 0 

yA+yB = 2 j 
<» 

M [6(̂ 1 +^2) = 0 

^ t i + t2 = 0 (1) (doa2 + 6 2 ^ 0 ) . 

A, 5 G (F) suy ra t^, ?2 la nghiem cua phuong trinh 

4iat +lf + 9ibt + 1)2 = 36 o (4a2 + 962), 

fj .(. 2̂ = 0 => 8a + 186 = 0 <» 4a + 96 = 0. 

4iat +lf + 9ibt + 1)2 = 36 o (4a2 + 962)^2 + (8a + 186)^ - 23 = 0. 
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Chgn a = 9, 6 = -4 , ta dugc phuong trinh ciia. A la : 

f X = 1 + 9r 
\ hay 4x + 9 y - 1 3 = 0. 
[y = l-4t 

Chii y. Cd thi giai bai toan nay bing cdch vilt phuong trinh eua A dudi dang 

y = kix - 1) + 1 hodc X = 1, nhung vide tfnh todn se phiie tap hon. 

2 2 
66. a) M(xo ; yo) G F ^ ^ + ^ = 1 (a > 6 > 0) ; OM2 = XJ + yJ. 

a^ 6^ 
2 2 2 2 

Tacd: ^ + ^ < ^ + ^ = l«* x ^ + y j < a2 «^ OM2 < a2 o OM<fl. 
a a a b 

^ + i > ^ + ^ = l<:^xl+y^>b^^OM^>b^^OM>b. 
62 62 a^ b^ 

Vdy 6 < OM < a. Ta cd a = OM khi vd chi khi yo = 0,*tiic la M triing vdi 

cac dinh trdn true ldn. 

Ta ed 6 = OM khi va chi khi Xo = 0, tiic la M trung vdi cac dinh trdn true be. 

b) Toa dd dilm A la nghidm cua hd 

''^'' + ^y = ^ 2.2 n2 2 ,2 2 
2 2 ^ r2 = ^ ^ ^ v2 = ^ ^ ^ 

X , y . ^^ ^A 1 2 u2 o2' ^^ 2 2 , u2o2 
—z- + ^ = l a a + b P a a + b P 

la2 62 
^ , 2 _ 2 , 2 _ a'b'p^ ahW _ a^b\a^+P^) 

^ ^^ a2a2 + 62^2 ^2^2 ^ ^2^2 ^2^2 ^ ^2^2 " 

^0A = ^ ^ ^ . 
pa' + b'p^ 

e) Do OA vudng gdc vdi OB ntn phuong tnnh dudng thing OB la : 

Px-ay = 0. B la giao dilm cua (F) vdi dudng thing Px + i-a)y = 0 ndn 

dp dung cdu b), ta cd 

QB2 _ a'b\p'+i-af\ a'-b'ia'+p') 

a'p^ + b'i-af a'p' + b'a^ ' 
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Dodd 
1 1 _ a2a2 + j ,2^2 ^ ^2^2 ^ ^2^2 _ ^2 ^ ^2 

0A2 052 aH'ia'+p'^) a b 
khdng ddi. 

d) (h. 113) Ke 07/ ± AB. Trong tam giac vudng AOB, ta cd : 

1 1 1 ^ ^ _ a 2 + 6 2 

07/2 Q^ Qp,2 ^2^2 

a6 
0H = 

V7' -2 /a" + 6" 

Vdy dudng thing AB ludn tilp xiic vdi dudng 

trdn cd dinh tdm O, ban kfnh F = 
V ^ 

Hinh 113 
+ b' 

67. Chgn hd true toa dd Oxy cd : true Ox di qua A, B ; true Oy la dudng trung 

true cua AB. Ddt A5 = 2a, AD = 26. Hay tim toa dd ciia /^ va chiing minh 
2 2 

X y 
/^ ndm trdn elip cd phuong trinh ^T- + ̂  = 1. 

a^ b^ 

68. a) HM' = kHM <^ 
I ^M' - XH - ^(XM - XH) 

<=> 
^M' - ^M 

UM' -yn = kiy^ - J//) UM' = kyM-

(Chu y ring trong trudng hgp ndy thi X// = x^ = x^-, y// = 0). 

b) Tuong tu cdu a) vdi chii y ring trong phep co vl true Oy thi x^ = 0, 

J// = JM = J M -

69. • M(x ; y) G ( ^ => x2 + y2 = fl2. Anh M' eua M qua phep co vl true Ox 

theo he sd — < 1 la ' 
a 

2 2 
^ ^ O r + J M : = I 

a2 62 • 

•*-M' ~ •'̂  ^2 
2 2 2 2 ^ 2 ^ = * a = x + y = x;^.+-jyjvf. 

yM' = -y b 

Vdy anh cua dudng trdn i^ qua phep co vl true Ox theo he sd - < 1 la 

elip iE): 

6 
a 

2 2 

^ + ^ = 1. 
a2 62 

Phdn ngugc lai chiing minh tuong tu. 
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71. a)x2 + y2 = 25 ; 

b ) | ^ + y 2 = l ; c ) ( x - l ) 2 + ( y - 2 ) 2 = 4. 

b) 
25 18 

2 2 

//in/! / / 4 

§6. Dudng hypebol 

72. (h. 114) Kf hieu Oi,Fi Id tdin 

vd ban kfnh cua dudng ^dn (^{); 

O2, R2 la tdm vd bdn kfnh eua 

dudng trdn (^2)-

Xet dudng trdn thay ddi ( ^ , 

tdm O, bdn kinh F. i% tilp 

xuc ngodi vdi (©1) tai M, vdi 

(©2) tai Â . Ta cd : 

|00i - OO2I = |(0M + OiM) - iON + 02N)\ 

= |OiM - 02Ar| = |FI-F2I > 0 (do Fl ^ F2). 

Do dd O nim tren mdt hypebol cd cdc tidu dilm la Oi vd O2. Tdm ddi xiing 

cua hypebol nay la trung dilm ciia O1O2. Lap ludn tuong tu cho trudng 

hgp dudng trdn ( ^ ) cung tilp xiic trong vdi ede dudng trdn (^1) va (©2)-

73. a) a2 =16=> a = 4 ; 62 = 4 =i> 6 = 2 ; e^ = a'+ b' =20=>c = 2V5. 

Dd dai true thuc : 2a = 8. 

Dd ddi true ao : 26 = 4. 

Tidu cu: 2c = 4V5 ; tdm sai e = — =--:—. 
a 2 

164 



Cae tieu dilm : Fi = ( -2V5 ; 0), 

F2=(2V5 ;0). 

a e d i n h : A i = ( - 4 ;0),A2=(4 ; 0) . 

Cdc tiem cdn : y = ± —x = +—x 
a 2 

Hypebol dugc ve nhu hinh 115. 

f) Vilt lai phuang trinh hypebol : 
2 2 

^ - ^ = 1. 
1 i 
m n 

cf = — =>a = - = ; 62 = — =>6 = —f=-
^ yjm n ^ 

Hinh 115 

2 2 , .2 1 I m + n \m + n 
e =a+b= — + — = => c = 

Dd ddi tmc thuc : 2a = 

m n mn 

2 

mn 

-j=, dd dai true ao : 26 = —7= 
vm ' • y/n 

Tidu cu :2c = 2 m + n 
mn 

Cac tidu dilm : Fi = 

Cac dinh : Ai 

m + n 
mn 

;0 

yjm 
;0 , Ao -

; F2 = 

I 

m + n 
mn 

; 0 

4 m 
;0 . Cdc tiem cdn : y = ±./— .x. 

" n 

Cac cdu b), e), d), e) hgc sinh tu 1dm. 
2 2 

74. Hypebol (//) cd phuang trinh chfnh tic : Ar - ^ = 1 (a > 0, 6 > 0). 
a2 62 

a) (5 ; 0) la mdt tidu dilm => c = 5 ; (-4 ; 0) la mdt dinh => a = 4. 
2 2 

62 = c2 - a2 = 25 - 16 = 9. Phuong trinh cua (//) : ^ - ^ = 1-
16 9 

c 5 25 
b) 26 = 12 =>6 = 6 ; e =4 o - =4 <?:>^ =-^ o 

a 4 ,2 16 

a2 + 62 25 

16 

<:> 
a2 + 36 ^ 2 5 

~16 

2 2 
X y 

a 
a2 = 64. Phuang trinh ciia (//) : T J - | T = 1 

64 36 

c) a = 2 ; e = - <=> - = x <^ c = 3. Do dd 62 = e' - cf = 5 . 
a I I 
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2 2 
X y 

Phuong trinh ciia (//) : --; ^ = 1-
b 4 5 

d) c = V2 <» - = V2 «:> c2 = 2a2 <» a2 + 62 =2^2 <^fl2 ^ ^2 ^^ 
a 

25 9 
A G ( / / ) Z : » ^ - 4 = 1- (2) 

a2 62 
2 2 

Tit (1) va (2) suy ra : a2 = 62 = 16. Phuong trinh cua (//): | r - T F = 1-
lo lo 

e) F G (77), e e (//) z^ 
^2 L 2 

a b 
64__8_ 
a2 6 2 " 

<=> i 
a^ =32 

62 = 8 . 

2 2 

Phuong trinh cua (//) : x;7 - ^ = 1-
32 8 

2 2 
X y 

75. (//) cd phuang trinh chfnh tdc : ^r- - - ^ = 1. 
a 6^ 

1 2 2 
1 X y 

a) a = —' 6 = 1 => phuang trinh eua (//) : - j — ^ = 1. 

b) (3 ; 0) la mdt dinh cua (//) => a = 3. Cdc giao dilm ciia dudng trdn 
ngoai tid'p hinh chii nhdt co sd vdi true Ox la eac tidu dilm cua (//). Vdy 

2 2 

c = 4 ; 62 = c2 - a2 = 7. Phuong trinh cua (//) : ^ - ^ = 1. 

4 6 4 
c) c = 10. Cac tidm cdn cd phuang trinh y = ±—x, ndn — = :T' suy ra 
fl2 + ^2 42 ^ 32 

hay 
10' 25 Vdy a2 = 36, 62 = 64. Phuong trinh cua 

a i 
2 2 

d) Phuang trinh cdc dudng tiem cdn la y = ±—x. Do gdc giiia hai dudng 
a 

tiem cdn la 60° va hai dudng tiem cdn dd'i xiing vdi nhau qua Ox, nen co 
hai trudng hgp : 

h 1 
- Gdc giua mdi tidm cdn vd tmc hoanh bing 30°, suy ra — = tan30° = - p . (1) 

« V3 
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- Gdc giiia mdi tidm cdn va true hodnh bang 60°, suy ra — = tan 60° = V3. (2) 

(3) ^̂  ru^ 36 9 , 
A r G ( / f ) = > - — - — = 1. 

a2 62 2 2 

Tit (1) vd (3) suy ra a2 = 9, 62 = 3. Ta dugc hypebol (//i) ^ ^ " y = 1-

2 2 

Tif (2) va (3) suy ra a2 = 33, 62 = 99. Ta dugc hypebol (^2): f j " I 9 = 1-

76. Xet dilm tuy y M(x ; y) G (//). Ta cd : M G (//) o |MFI - MF2I = 2m 

<=> -y/(x + m)2 + (y + m)2 - V(x - m)2 + (y - m)2 2m 

<z> (x + m)2 + (y + m)2 + (x - m)2 + (y - m)2 

-2^lix + mf + (y + m)2 .V(x - m)2 + (y - m)2 = 4m2 
2 2 

= A/X2 + y2 + 2m2 + (2mx + 2my). Vx2 + y2 + 2m2 - (2mx + 2my) 

o ( x 2 + y 2 J = ( x 2 + y 2 + 2 m 2 ) - (2mx + 2my)2 <^xy = 

Chii y ring : Vdi m = V2 ta ed hypebol y = — 

m 

T 

77. (7/) cd hai tidm cdn Id Ai : y = - x hay 6x - ay = 0 ; 

Ao : y = —X hay 6x + ay = 0. 
^ a 
2 2 

Xet Mix ; y) G (/f) thi ^ - ^ = 1, hay 62x2 - a2y2 = a262. Khi dd 
a 6 

diM ; Ai)4iM ; A2) = 

78. a) Xet M(x ; y). Ta cd 

|6x - ayl |6x + ayl 

^ 2 - 2 - f l 2 / = f l 2 ^ 2 

u2„2 2,2 6V-aV 
Va2 + 62 • Va2 + 62 « ' + &' 

^21,2 a b 
2 , , 2 a+b 

MB = 2MH « M52 = 4M//2 <:> (x - 1)2 + / = 4! x - -

3,2_ 2 3 ^ x l _ ^ ^ ^ 
i 1 
4 4 

(1) 
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Tdp hgp cdc dilm M cdn tim la hypebol cd phuang trinh (1). 

b) Xet Â (x ; y) thi AA? = (x + 1 ; y), 5Ar = (x - 1; y). Rd rang xi^-lvk 

X ^ 1 (vi nlu khdng thi cdc dudng thing AN hodc BN khdng cd hd sd gdc), 

do dd cac dudng thing AN vk BN ldn lugt cd hd sd gdc k^ = — ^ ' 

J T..U: ^^ . ,- ,. o ^ J J _ ^ ^ J'̂  
^2 ko = - ^ . Khi dd : /ti.itj = 2 <^ - ^ . ^ - r = 2 <^ -4r— = 2 <=> 

1 X + 1 X - 1 x ^ - 1 
2 2 

y2 = 2x2 - 2 ^ ^ _ Z_ = 1 (2). Tdp hgp cdc dilm N cdn tim la 

hypebol ed phuong trinh (2) bd di hai dinh : (-1 ; 0) va (1; 0). 
2 2 

79. Vidt lai phuong trinh cua (//): ^ - ^ = 1. 

fl2:=l^a = l ; 62=4=>6 = 2; c2= a2 + 62= 5 =>c =45 ; e=-=S. 
^ a 

iH) cd cdc tidu dilm : Fi (-Vs; 0), F2 (Vs; 0). 

a) Ggi M(x ; y) la dilm cdn tim. Ta cd : 
^ = ( x + V5;y), ^ = ( x - V 5 ; y ) . 

F1MIF2M o FiM.F2M= 0 

o ( x + V5)(x - Vs) + y2 = 0 ^ x 2 + y2 - 5 = 0 

M G (//)<» 4 x 2 - y 2 ' - 4 = 0 

3 4 
Giai he (1) va (2), ta duoc : x = ±—?=» y =± -7=-

Vs Vs 

(1) 

(2) 

'+l-+A^ 
V s ' Vs 

Vdy ed bdn dilm cdn tim la : 

b) Ggi Nix ; y) la dilm cdn tim. N e iH) ^ \NFI -NF2\ = 2a = 2. 

Trong tam gidc F^NF2, ta cd : 

F1F22 = FiÂ 2 + ^ ĵv2 - 2.F^N:F2N.cos ̂ A ^ 

= iF^N - F2Nf + 2F^N.F2N - 2F^N.F2N.cosl20° 

= 4 + 3F^N.F2N = 4 + 3.\a + ex\.\a - ex| = 4 + 3|a2 - e'x'\ 
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4c' 4 + 3I1 - 5x2| « 4 . S = 4+ 3I1 - 5x2|«^ ll - 5x2| = ^ 

2 19 19 m 
<^ X = - j ^ <:> X = ± I / T ? • Thay x = ± J j ^ vdo phuong trinh ciia (//), ta 15 

+ j l ^ : +- ' tinh dugc y = ±-j^- Vdy cd bdn dilm cdn tim la . ^^ , , ^ , ^ r _ 
Vi5 -̂  l̂  Vis Vis^ 

c) Do iH) nhdn Ox, Oy la cae true ddi xiing, ndn ta chi cdn xet nhftng dilm 

(x ; y) cua (77) ma : x, y nguydn, x > 0, y > 0, t6i sau dd ta tim nhftng dilm 

ddi xiing vdi nhumg dilm ndy qua true Ox vd Oy. 

Ta cd : 4x2 - y2 - 4 = 0<ii> (2x - y)(2x + y) = 4 (1). 

Do 2x - y, 2x + y nguyen, 2x + y > 0 vd 2x + y > 2x - y, nen tft (1) ta ed 
eac trudng h g p : 

f 2 x - y = l f 2 x - y = 2 

[2x + y = 4 [2x + y = 2 

'x = l 

y = 0. 

Vdy nhiing dilm tren (//) cd toa dd nguyen la : (1 ; 0), (-1 ; 0). 

(2), <! "' - ^ (3) 
[2x + y = 2 

He (2) khdng cd nghiem nguyen, he (3) cd mdt nghidm nguydn Id : 

2 2 
80. (h. 116) Mix, y ) e i H ) ^ ^ - ^ = l. 

a'^ b^ 

MFi = 
c 

a + —X 
a 

,MF2 = 
c 

a X 
a 

a) OM^ -MF1.MF2 = 

2 2 = x^ + y ' -

2 2 = x^ + y -

2 ^ 2 a^ jx 
a 

^ 

\ 

FiJAi 

y 

0 

M 

( / r 
'421^2 A I X 

2 2 
a - c 

( 
y'^ 

Hinh 116 

x+y -b'-^y' 

= x' +y' -b 
2 J- ^2 , ,2 

9 C 9 2 ^ 2 2 7 2 ^ + ^ 2 2 - —y2 = a2 + -jy^ + y' - b' -^^^—y' 

= a2 - 62. 
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b) (MFi + MF2)2 = (MFi - MF2)2 + 4MF1.MF2 = 4a2 + 4 

= 4a2 + 462 ^ 4c ^2 

2 ^ 2 
a -X 

a^ 

(1) 

4 ( 0 M 2 + 62) = 4(x2 + y2 + 62) = 4x2 + 4^2 ^ 4^2 

f 
= 4 2 ^ 2 + 43;2 + 4^2 

= 4a2 + 462 + 4y2 
f J-

' = 4 a 2 + 4 6 2 + ^ y 2 

J * 
Tft (1) vd (2) suy ra dilu phai ehftng minh. 
e) N M 2 = y2. 

a 

6 6 ' 6 9 9 9 6 9 
^ . Â Ai.ArA2 = • \ ( - x - a)i-x + a) = -—ia' - x') = -62 + -^-x^ 

(2) 

a a a 
f 

= - 6 2 + 62 
.2 A 

1 + = J 

2 6 ^ 
Vdy ATM̂  = — . A^Ai. ArA2. 

a 
2 2 

81. a)iH):^-^ = l ^ 5x - 4y'-20 = 0. 

a2 = 4=>a = 2 ; b' = 5^b= S ; c'= cf + b'= 9 ^ c = 3. 

iH) ed hai nhdnh : nhanh trdi ftng vdi x < -2 , nhanh phai umg vdi x > 2. 

Hoanh dd giao dilm eua (//) vd A Id nghiem cua phuong tnnh : 

5x2 - 4^^ ^ ^^2 _ 20 = 0, hay x2 - 8mx - 4(m2 + 5) = 0. (1) 

Phuang trinh (1) ludn cd hai nghiem phdn biet trai ddu vdi mgi m. Do dd A 

ludn cdt (//) tai hai dilm M vd Â  thudc hai nhdnh khdc nhau. 

Theo gia thie't x^ < x̂ y nen M thudc nhdnh trdi, N thudc nhanh phai. 

b) (//) cd cdc tidu dilm Fi(-3 ; 0), F2(3 ; 0). 

7^2^ = 
c 

a x̂ ^ 
a 

2 
2' 

2 - ^ % = - x ^ - 2 (dox^>2). 
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FiM = a + -XM a 2+2^M 
3_ 
2' 

= -^Xi^-2 (doxM<-2). 

F2Â  = 2 F i M « | x ; v - 2 = 2 ( ^ - | x ^ - 2 ] <^ 3x^ + 6x^ + 4 = 0 (2) 

^M' Xf^ la nghidm ciia (1) ndn 
\XM + Xj^ 8m 

\XM-XN - ~4(w + 5) 

(3) 
(4). 

4 4 
Giai (2) va (3) ta dugc '-Xj^^--- 8m, x^ = - + 16m. Thay x^, Xj^ vdo (4) 

tacd - - - 8m jf I + 16m I = -4(m2 + 5) o 279m2 + 12m-41=0 

<^m = 
-12±Vl4 l5 

Vdy vdi m = 
-12±Vl415 ^. 

93 ••' 93 

82. (h. 117) Gia sir M = (xo; yo), suy ra 

Â  = (xo; - yo). D o - l < m < l , m ? t 0 ndn 

-1 < Xo, yo < 1, Ĵ o '̂  0, yo ^ 0. Ta cd : 

Phuang trinh dudng thing AM : 

^ + 1 - ^ (1). 

thi F2Ar = 2FiM. 

K' X 

(2). Hinh 117 

XQ+1 yo 

Phuang trinh dudng thing 5A^: 
X - 1 _ y 

^0 - 1 ~ -Jo 
Toa dd (x ; y) cua K thoa man (1) vd (2). Nhdn tftng vl cua (1) va (2) vdi 

2 - 1 2 
nhau, ta duoc : ^r = ^ ^ - Vi M G i% ntn x j + y j = 1, suy ra 

•̂ 0 - 1 -Jo 
xJ - 1 = -yJ . Do dd x2 - 1 = y2 hay x2 - y2 = 1. Tdp hgp cac dilm K la 

2 2 
X y hypebol —— ^ = 1 bd di hai dinh 

(-1 ; 0) vd (1 ; 0). 

83. (h. 118) 
2 . 2 

a) Phuong trinh iH): - ^ - ^ = 1. 
a^ 6^ 

Hinh 118 
111 
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2 2 
X y 

Phuong trinh chung eua cac dudng tiem cdn ^i, ^2 la : -^ T = ̂ • 
a^ 6^ 

Ggi phuang trinh cua A la : 
ax + Py + y=0 iof + 0-*0). 

Gia six P^O, khi dd, do ve trdi cua phuong trinh (//) va phucttig trinh cac 
dudng tiem cdn gid'ng nhau nen : 
• Hoanh dd cdc giao dilm PvkQ cua A va (//) la nghidm cua phuong trinh 
dang : 

2 
ax +bx + c = 0. 

• Hoanh dd cac giao dilm M vk N cua A va cac tidm cdn la nghiem cua 
phuang trinh dang : 

ax + 6x + d = 0. 
h 

Ggi 7, / ldn lugt la trung dilm cua PQ vk MN, thi ta ed : Xj = Xj= —z— 

Suy ra / trung vdi / . Vdy MP = NQ. 

Neu P= 0, thi A la dudmg thing vudng gdc vdi Ox. Vi (//) vd hai dudng 
tiem cdn diu nhdn Ox lam true dd'i xiing nen dl cd MP = NQ. 

b) Ggi uim ;n) im + n ^ 0) Ik vecto chi phuong cua A va kf hieu F = (AQ ; yg). 

Khi dd tdn tai cac sd ^i, 2̂ sao cho PM = t^U, PN = t2U. 

Ta cd toa dd ciia M va Â  la : XM ~ -̂ 0 ''" H^ X\T — Xo + t2m 

[ JM = JO + ^i«' UN = JO + h^-

M, N thudc hai tiem cdn cua (//) nen / j , 2̂ la nghiein cua phuong trinh : 

^ i l i ^ - ( 2 * L ± ^ = 0hay 
a b 

2 2 
Ty~ ^ rn n . 
Ro rang — ?t 0. 

a2 62 

f 2 m .2\ 

ya' b'j 
,2+2f^-Ml 

Ka' b' J 

Dodd ?l.f2 = 
1 a262 

m n' m'b'-n'a' 

t + l = 0. 

-.2 
2 T 2 

a .b Vdy FM.FA^ = FM.FA^ = ti.t2.U^ = 9 9 2 2 
m 6 - n a 

im' + n') khdng ddi. 
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§7. Dudng parabol 

( ' 1 

0 1 L 

A 

M 
L 

H "-

A' 

N 

K 

Hinh 119 

84. (h. 119) Ke OH vudng gdc vdi A vd 
keo dai OH (vl phfa H) mdt doan 
HK = R. 

Dung dudng thing A' di qua K vk 
song song vdi A. Khi dd A' cd dinh 
va khdng di qua O. 

Xet dudng trdn (^ ' ) tam / tilp xuc 

ngoai vdi ( ^ tai T vk tid'p xuc vdi A 

tai M. Ggi Â  Id giao diem cua dudng 
thing 7M va A'. 

Ta cd : 10 = OT+ TI = R +IM 

= IN = dii; A'). 

Vdy / nim tren parabol nhdn O 1dm tieu dilm vd A' 1dm dudng chudn. 

85. a) Phuang trinh cd dang : y = 2px vdi 2p = 4. Suy ra p = 2. Vdy parabol 

cd : tham sd tieu p = 2, dinh 0(0 ; 0), tieu dilm F(l ; 0), dudng chudn 

A:x = - 1 . 

Parabol dugc ve nhu hinh 120. 

b) 2 y 2 - x = 0 o y 2 = | x . 

2p = ̂ ^ p = j . Parabol cd : dinh 0(0 ; 0), 

i^ 
tieu dilm F 

8 
;0 , dudng chudn A : x = - - • 

o 

9 2 12 
c) Sy^ = 12x <=>ŷ  = -r-x. 

2p = — => p = - • Parabol ed : dinh 0(0 ; 0), 

O 

r-
tieu dilm F - ; 0 , dudng chudn A : x = - • Hinh 120 
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a d) 2p = a ^ p = —. Parabol cd : dinh 0(0 ; 0), tieu dilm F 
v^ J 

a dudng chudn A : x = —— vdi a > 0. 

86. Phuang trinh chfnh tdc cua parabol cd dang y = 2px ip > 0). 

a) F(l ; 0) la tieu dilm => y = 1 => p = 2. 

Phuong trinh cua (F) la y = 4x. 

b) y^ = IOx ; e) y^ =8x . 

d) Tft gia thie't vd do (F) nhdn Ox la true ddi xftng, ndn (F) di qua dilm 

(1 ; 4). Suy ra p = 8. Phuong trinh cua (F) la y2 = 16x. 

87. a) Kf hieu (F) la parabol cd tieu dilm F va dudng chudn A. 

Mix ; y) G (F) <:> MF = diM ; A) » MF' = d2(M; A) 

<=> (x-2)2 +(y-l)2 = ( i ± Z ± i L ^ ;c2 + y2 - 2xy - lOx - 6y + 9 = 0. 

Vdy (F) ed phuong trinh : x2 + y2 - 2xy - IOx - 6y + 9 = 0. 

b) Xlt dilm tuy y M(x ; y) G ( F ) , hay bidn ddi dilu kien MF = d(M ; A) 
- 2 

qua toa dd, ddn din phuong trinh y = ax + bx + c'. 

2V5 88.' Phuong tnnh ede canh cua tam gidc la : y = +——— x, x - 5 = 0. 

89. (h. 121) Ggi H, M' thft tu la hinh chidu 
cua M tren Ox va dudng chudn d ciia 
parabol (F), cdn / la giao dilm ciia Ox 
vk d. Ta cd : 

MF = MM' = IH. 

1H = 1F + JH ^IH=P + JM.1 

= p + MF cosa 

P 
MF = 

I -cosa 
Hinh 121 
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Do (FA^, ij = 180° - a nen tuong tu nhutren, ta cung cd 

Â F = 
1 - cos(180° - a) 1 + cosa 

, . 1 , 1 1-cosa 1+cosa 2 , . ^ .j. 
"^ ~EU + ^ ^ = + = — khdng doi. 

FM FN p P P 

c) FM.FA^ = 
1-cosa 1 + cosa i_cos2a sin2a" 

FM.FN cd gid tri nhd nhdt <» sin a ldn nhd't • » s i n a = l - » A ± Ox. 

90. (h. 122) Ggi 7 la trang dilm eua MÂ  cdn M', /', Â ' theo thft tu la hinh ehilu 

vudng gdc cua M, I, N trtn A. Khi dd 

77' = ^iMM'+ NN') = ^iMF + NF) 

(do M, AT G (F)). 

Vi dudng trdn dudng kfnh MÂ  (tdm la 7) 

tilp xuc vdi A nen 

(1) 

77' = ^MA^. 
2 

(2) 

Af' 

/ ' 

N' 

A 

ffl 1 
\JF J 

\ ( ^ ) 

Hinh 122 
Tft (1) vd (2) suy ra MN = MF + NF. Vdy 

M,F,N thing hang. 

91. (h. 123) Phuang trinh dudng thing A5 : x - 2y - 3 = 0. 

Vi M(x; y) ndm tren cung AB cua (F) nen -1 < y < 3. 

Ta cd : SMAB = l;AB.diM ;AB) = 1.^(9 - 1)2 + (3 + 1)2 • 1"̂  " ^ ^ " 1̂ = 

= 2 | x - 2 y - 3 | = 2|y2 - 2y - 3| 

Ta ed/(y) = y2 - 2y - 3 =(y - 1)2 - 4> - 4. 

V 1^+2^ 
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Suy ra fiy) nhd nhat bing - 4 khi vd 

chi khi y = 1. Matkhae,i(-l)=y(3) = 0. 

Do dd tren doan [-1 ; 3], ham sd 

|y2 - 2y - 3| ldn nhd't bing 4 khi va 

chikhi y = 1. Vdy Sj^^j^ ldn nhd't bing 

8khivachikhiM = (l ; 1). 

92. (h. 124) Chgn he true toa dd Oxy thfch 
hgp sag cho parabol (F) cd phuong 

trinh : y2 = 2px (p > 0) vd A = (a ; 0). 

Dudng thing A di qua A cd phuong 

trinh : a(x - a) + /fy = 0 (a2 + / 5t 0). 

Khi dd tung do cdc giao dilm cua 
dudng thing A va (F) la nghidm cua 
phuang trinh : 

y^ 
a - -^ + py - aa = 0 

2p 

Hinh 123 

, 

o 

^y ' M 

( J ^ 
1 L 

4 
/Aia -, 0. 

^^"^^^ 

) X 

ip) 

Hinh 124 

<» ay2 + 2p/?y - 2paa = 0 (1). 

Rd rang a 9̂  0, vi nd'u a = 0 thi dudng thing A trung vdi true hoanh vd 
chi cat (F) tai mdt dilm. 

2paa 
Dodd yM • Jiv =P'M-JN = 

a 
=2p\a\. 

93. Chgn hd true toa dd Oxy sao cho O trung A, AB nim tren tia Ox, AD nam 
tren tia Oy. Ddt AB = a, AD = 6. Hay tim toa dd eua 7̂  va ehftng minh 7̂  

nim tren parabol cd phuong trinh dang y2 = 2px vdi p > 0. 

§8. Ba duong conic 

94. a) Ddy la elip cd c2 = a2 - 62 = 4 => c = 2, ta cd cdc tieu dilm : Fi= (-2 ; 0), 
2 

F2 = (2 ; 0) ; cdc dudng chudn : x = + — = +4. 
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b) Ddy la hypebol cd c2 = a2 + 62 = 35 => c = V35, ta cd cac tieu dilm : 

Fl = (-V35 ; 0), F2 = (V35 ; 0 ) ; cac dudng chudn : x = ±^ = + - y = • 

e) Ddy la parabol cd p = 3, ta cd tieu dilm F = 2 ^ ° 
0 

; dudng chudn : x = -—. 

95. a) Ggi M(x ; y) thudc cdnic. Khi dd MF = e.diM ; A) <» M F 2 = c2.d2(M ; A) 

O (x - 3)2 + (y - 1)2 = ^2 « y2 - 6x - 2y + 10 = 0. 

b) x 2 + - | y 2 + 2 x - 8 y + 17 = 0 . 

c) x2 + y2 - 4xy + 4x - lOy - 29 = 0. 

d) 2x2 _ ^^2 _!_ ̂ 2xy + 24x + 32y + 62 = 0. 
2 2 

96. (h. 125) Xet hypebol (7f): ^ - ^ = 1. (7f) cd : 

Cac tidu dilm : Fi(—c ; 0), F2(c ; 0). 

Cac dudng chudn : 
_2 , 

dl : x = — = -
' e 

a a 
do : x= — = — 

^ e c 

a 
c 

Cdc tiem cdn 

Al : y = -

\ 

/ 

X rfl 

. y-

yv 

1 

H 

dl 

A2 

VF2 X 

A^ 

6 -̂  J A 
-A: «> - + f = 0, 
a a b 

b X y ^ 
A 2 : y = - X <^ -r = ^-

^ •" a a b 

Hinh 125 

Ggi 7/ = d2 n A2. Suy ra toa do ciia H bing 
^ ^ 2 a 

Dodd 0/7 = 
^^2 a ab 

c 

f 

OH . 7/F2 = — 
^ c 

= a 

; HF2^ 
a 

c -
ab 
c 

ab 
c 

J 

) 

e -
a 

+ 
ab ab 

y V y 

^_^2^ = a' -iria' +h') = a' -^^.e' =0. 
f_ 
2 

12A-BTHlNHHpC(NC) 
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Vdy OH J_ F2H. Do iH) nhan Ox, Oy lam cdc true dd'i xftng vd Ai, A2 cung 

nhdn Ox, Oy lam cac true dd'i xiing ndn ta suy ra dilu cdn ehftng minh. 

97. (h. 126) Ggi / la trung dilm cua AB ; A, 
5', 7' ldn lugt la hinh chid'u cua A, B, I 

2 
tren dudng chudn d2 : x = — 

Ta se chiing minh : 

AR 
ir >^-<^AA + BB'>AB. 

2 

Ta cd : 

AB =AF + BF = e.AA + e.BB' 

= eiAA + BB') <AA+ BB' = 211 

(do e < 1). Suy ra dilu phai chiing minh. 

98. (h. 127) Lam tftong tu nhu bai 97, ta ciing dugc : 

AB = eiAA + BB) >AA + BB = 211. Vdy dudng trdn dudng kfnh AB ludn cit 

dudng chudn d : x = —. 
e 

Hinh 126 

99. (h. 128) Ggi A, 5' thft tft la hinh ehilu ciia A, 5 tren dudng chudn A ciia (F); 
F la tieu dilm cua (F). Ta cd : A, 5 G ( F ) ^ AF = diA ; A) = AA', 

BF = diB ; A) = BB. Suy ra AF + BF = AA' + BB = AB. 

Vdy A, B, F thing hang hay AB di qua F. 
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Bai tap on tap ctiaong III 

100. a) AB = V(3 + l ) 2 + ( 2 - l ) 2 = Vl7 ; AC = j [ - | + l) +(-1-1)2 ^ ^ ^ . 

BC = l-.].,-.-2,-^-f 
BC' = AB' +AC' = ^ ^ AABC vudng tai A. 

Cae cdu b) vd c ) : Hgc sinh tu giai. 

101. a) Ta cd : D = 
m + l - 2 

1 m - l 

D,= 

Dy = 

-2 

m-l 

-m-l 

—m 

- m- I 

- m 

m + l 

1 

= m + 1, 

= 3m^ - 1 , 

3 2 

= m +m -m-l. 
2 ^ 1 

D = m + 1 9̂  0 vdi mgi m ndn Ai va A2 ludn cdt nhau va giao diem K ciia 
chung cd toa dd 

D^ 3m2 - 1 
X = ^ 

J 

D m' + \ 

T̂v m + m - m - 1 
D m + 1 

3m^ - 1 „ . 2 - -. . 1 

102 

m^ + 1 

. (h. 129) 

a) Phuong trinh dudng thing AB 

6 a 
Phuong trinh dudng thing AC : 

^ + ^ = 1. 

0 < ^ 3 m ^ - l = 0 < » m = ± 
V^ 

c a Hinh 129 

C X 
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Toa dd cua dilm M la nghidm cua he phuong trinh : 

1 
6 a Suy ra 

y = m 

. 6 
6 m 

a U m 

6 m ; m 
a 

hay M = 

Toa dd cua dilm N la nghiem cua he : < 

Suy ra X = c 

y = m 

b) Â ' cd toa do 

a hay N 
/ 

V 

c m ; 0 . G 

^+1=1 
c a 
y = m. 

c m ; m 
y 

Gia sft 7 = (xo; yo), khi dd ta cd : 

Xn — 
b+c b+c 

2a -m 
(1) 

m 
[JO = y • 

(1) ehftng td / thudc dudng thing cd phuong trinh tham sd : 

X = 
6 + c 6 + c 

2a" -m 
vdi m la tham sd (2) 

m 
^ = y 

Vi eac giao dilm M vk N chi tdn tai khi 0 < m < a neu a > 0, hodc 0 > m > a 
nlu a < 0, nen tdp hgp cac dilm 7 la mdt doan thing thudc dudng thing (2) 
ling vdi m nim trong doan [0 ; a] nd'u a > 0, hodc [a ; 0] nlu a < 0. 

103. a) i% cd tdm 7(4 ; 3), bdn kfnh F = 2. Dd thdy toa dd cua M thoa man 

phudng trinh cua ( ^ ndn M nim trdn (*^. Ta cung vilt dugc phuong tnnh 

tilp tuyin cua ( ^ tai M la y - 5 = 0. 

b) Dudng trdn (^ ' ) dd'i xftng vdi (*^ qua dudng thing A : y = x khi (^ ' ) 

cd ban kfnh bang 2 va ed tdm / dd'i xftng vdi 7 qua A. Ta tim dugc 7' = (3 ; 4) va 

vid't dugc phuang trinh eua (^ ' ) la (x - 3)2 + (y - 4)2 = 4. 
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104. (h. 130) Gia su T^ = (xi ; yi), F2 = (x2 ; y2). Dudng trdn i% cd tdm 0(0 ; 0), 

ban kfnh F. Phuang trinh tid'p tuyen MT^ cd dang Xix + yiy = F 2 va tiep 

tuyin Mr2 cd dang 

X2X + y2y = F 2 . 

MeMri,MeMr2-
xiXo + yiyQ = R 

^2^0+J2J0 =R^-

Suy ra (xi ; yi), (x2 ; y2) la cac nghiem 

ciia phuang trinh xox + ygy = A . (1) 

Vi M nim ngodi ( ' ^ ndn XQ + yo > 0, 

do dd (1) la phuang trinh dudng thing. 

Vdy phuang trinh dudng thing riF2 la 

X(}>c + JoJ - F 2 = 0. 

b) • Xet trudng hgp dudng thing cd dinh d cd phuong trinh dang : 

X = a (|a| > R). Khi dd M = (a ; yo) va phuong tnnh r i r 2 la ax + yoy - « = 0. 

Hinh 130 

Dl thdy dudng thing F1F2 ludn di qua dilm cd dinh 
^ F 2 

; 0 

• Xet trudng hgp dudng thing d ed phuong trinh dang y = kx + m. Do d khdng 

cit i^ff) ndn m ;>!: 0. Ta cd M = (AQ ; AXQ + m). Phuong trinh dudng thing F1F2 la 

2 2 
XQX + ikxQ + m)y — R =0 hay Xo(x + ky) + my - R = 0. 

Ta tim dugc diem cd dinh ma dudng thing F1F2 ludn di qua la 

^-kR' R'^ 

m m 

105. a) Ggi m, n thii tu la cac khoang cdch tft dilm vidn nhdt va dilm cdn nhdt 

din Mat Trdi. 

Khi dd tdm sai cua quy dao Trdi Ddt la : 

n 

e = 
2c 
2a 

1 - ^ 1 - ^ 
ia + e) - ia - c) _ m - n _ ^ _ 61 

a + c + a m + n , n . 59 
m 61 

J_ 
60' 
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b) Theo cdu a), ta cd c = 
1 1 

60 a 60 93000000 

Khoang each gdn nhd't gifta Trai Ddt vd Mat Trdi la : 

a - c = 91450000 (dam). 

Khoang each xa nhdt gifta Trdi Ddt va Mat Trdi la : 

a + e = 94550000 (dam). 

106. (h. 131) 

a) a2 = 4 => a = 2 ; 62 = 1 ^ 6 = 1; 

c = a - 6 =3 =^ e =43 . 

iE) CO : 

Cdc tidu dilm Fi (-V3 ; 0), F2 (V3 ; 0). 

Cdc dinh Ai(-2 ; 0), A2(2 ; 0), 

5 i ( 0 ; - l ) , 5 2 ( 0 ; l ) . 

T^ • c 43 
Tdm sai e = — = ——. 

a 2 
, a 4 

Cdc dudng chudn : x = +— = ±—^. 
^ V3 

b) • Phuang trinh dudng thing AiA^: nx — 4y + 2n = 0. 

Phuang trinh dudng thing A2M : mx + 4y — 2m = 0. 

• Toa dd giao dilm 7 la nghidm cua hd : 

2(m - n) 

c = 1550000. 

M 

M 

yA 

* v " ~ ~ - — ^ 
\ ^ ' ) 

' (.^^— 

^T'/"^?'^ N 

A ^ 

Hinh 131 

I nx - 4y + 2n = 0 

[mx + 4y -2m = 0. 
<=> < 

X = 

m + n 
mn 

Vdy 7 = 2(m - n) mn 

m + n m + n 
m + n 

e) Phuong trinh dudng thing MN : (« — mjx — 4y + 2(m + n) = 0. 

MN cit (F) tai mdt diem duy nhdt khi va chi khi hd 

(n-m)x-4y + 2(m + n) = 0 (1) 

^ ' 2 , 
14'y=' 

(2) 
cd dung mdt nghidm. 
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(1) => y = —[(« - m)x + 2(m + n)], thay y vao (2) ta dugc 

x2 + 4.--^[(« - m)x + 2(m + n)f = 4 
16 

O {in -mf + 4'\x' + 4in' - m')x + 4im + n)' -16 = 0. 

(3) cd mdt nghidm khi va chi khi A' = 0 hay 

4(^2 - nff - [in -mf + 4].[4(« + m)2 - 16] = 0 

(3) 

<^ m« = 1. 

Suy ra toa dd eua 7 la 
X = 

2(m - n) 
m + n 
mn I 

m + n 

(5) 

(6) 

X 

T 

4y2 = 

(m - n) 
2 

im + n) 

4mn 
2 

im + n) 

m 2mn + n 

m + n 
2 

(S) 

(6) 

(4) 

(m + n) 
2 

-. Do dd -— + 4y2 = 1. Vdy tdp hgp cae giao dilm 7 

2 2 
X y 

la elip iE') cd phuang trinh : r̂ T •*• i ^ •̂ 

107. Chgn hd true toa do Oxy ma Ox di 

qua A vd B, Oy la dudng trung true 

cua AB nhu hinh 132a. Kf hidu di la 

quang dudng dm thanh di dugc tft 

vu nd de'n thilt bi A, d2 la quang 

dudng dm thanh di dugc tft vu nd 

din thilt bi 5, di va d2 tfnh theo 

feet. Khi dd, do thilt bi A nhdn dm 

thanh nhanh hon thilt bi 5 2 gidy 

nen ta cd : 

B 

y 

3000 

2000 

\^—I 
-3000 -2000 o 2000 3000 

d2 - dl = 2200. (1) Hinh 132a 
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Cac diem thoa man (1) nim tren mdt nhanh 
cua hypebol cd phuong trinh : 

2 2 
^ - ^ = L 
a' b' 

T a c d : c = ^ = 2640,a = ̂  = 1100, 

Z>2 = c 2 - a 2 =5759600. 

Vdy vu nd nim tren mgt nhanh cua 
hypebol cd phuong trinh : 

Hinh 132b 
X 

= 1. 
1210000 5759600 

Nhdn xet. Trtn ddy ta chi xac dinh dugc mdt nhanh cua hypebol ma trdn dd 
vu nd xay ra, nhung khdng bid't chfnh xac vu nd xay ra d ddu. Tuy nhidn, nlu 
ta dung mdt thiet bi thft ba C dl ghi dm vu nd thi ta se xdc dinh dugc mdt 
nhdnh cua hypebol thft hai vdi tidu diem la 5 va C (hoac A va C). Khi dd vi tri 
cua vu nd dugc xac dinh tai dilm ma hai nhdnh trdn eit nhau (h. 132b). 

108. (h. 133) 

a) a2 = 4 a = 2, 6^ = 9 ^ 6 = 3, 

c = Vl3. 

Vdy (77) cd cdc tidu dilm : Fi = (-Vl3 ;0), 

c2 = a2 + 62 = 13 

Fj = (Vl3 ;0), tdm sai c = — = 
Vl3 

Hinh 133 

, 6x , 3 
cac duong tiem can : y = ± — = ±—x, cae 

a 2 
a 4 

dudng chudn : x = ±— = +—;^. 
^ Vl3 ' 

b) Tft gia thilt suy ra A : y = fcc. A': y = -T-X. 

• Hoanh dd giao dilm cua A va (77) la nghidm ciia phuang trinh : 
9x2 _ 4^2^2 ^ 3g ^ (9 _ 4^2^^2 ^ 3g ^ j ^ 

• Tung dd giao dilm ciia A' va (77) la nghiem eua phuang trinh : 
9k'y' - 4y2 = 36 o (9^2 _ 4)^2 ^ 3^ ^^^ 
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A eat (77) khi va chi khi (1) cd nghiem, hay 9-4k'>0<^ - - < k< -. 

A' cdt (77) khi vd chi khi (2) cd nghiem, hay 9 r - 4 > 0 <:> 

Vdy A va A' diu cit (77) khi vd chi khi 

3 , 3 
2 2 

2 2 
k < -— hodc k>-r-

3 • 3 

k<-l 

3 , 2 
2 3 

2 , 3 
.3 2 

e) Ggi A va C la cae giao dilm eua A va (77) (x^ > 0) ; 5 va D la eac giao 

dilm ciia A' vd (77) (y^ < 0). 

Do (77) nhdn O lam tdm dd'i xftng, ndn OA = OC, OB = OD, do dd ABCD 
la hinh binh hdnh. Lai cd AC vudng gdc vdi BD nen ABCD la hinh thoi. 

Giai hd eac phuong trinh cua A va (77): 

. ' 6 6k 
ta duoc A = 

2 2 
^ - ^ = 1 
4 9 

y = b : 

V9 - 4^2 ' V9 - 4k' 

Giai hd cac phuong trinh cua A' vd (77): 

2 2 

^-4 = 1 

y = - - x 

ta duoc 5 = 6)t -6 

^hk' -4' hk' -4 

Ta cd 5̂ Bcz) = ^^OAB = 20A.0B. 

„ .2 2 ^ 2 36(^^ + 1) 
OA = XA + yA = v 

^ ^ 9- 4k' 

* 9jt2 _ 4 

0A = 

0 5 = 

6V1 + k' 

yl4k' - ^ 

)N/iT 
4 9k' 
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Vdy SABCD 

d) Ta cd 

72(1 + k') 

4i9-4k')i9k' -4) 

J _ 1 _ 9 - 4)̂ :2 + 9î 2 _ 4 5 
,2 "̂  ^ D 2 ~ o^.i , ,,2^ " 36" 

OA^ 05^ 36(1 + r ) 

Vdy 

Ma 

1 1 

0 A 2 052 
ldn nhd't <:^0A = OB. 

I I 

OA' OB' 
ldn nhd't <^ OA.OB nhd nhd't «> S^ec£) nhd nhd't. 

Vdy SABCD nho nhdt <^ OA = 0 5 o 9 - 4/:2 = 9^2 - 4 o ^ = ±1. 

Vdy didn tfch hinh thoi ABCD nhd nhd't khi cac dudng thing A va A' la cac 

dudng phdn giac cua gdc phdn tu thft nhd't va thft hai. 

109. a) (h. 134) Ggi M, N la cdc giao dilm 

cua (F) vd dudng thing vudng gdc vdi 

Ox tai F. Khi dd, toa dd cua M, N la 

P 
nghidm eua he 

X = 

y =2px. 

^ r 
;F Hd cd hai nghidm la 

Vdy MA^=|y^| + |y^|=2p. 

' 2 

P. r. 

, 

0 

•y 

Â  

T 

F X 

b) (h. 135) Gia sft A = 
2p ; a , 5 = 

Phuang trinh dudng thing BC Id 

2px - (6 + c)y + bc = 0. (1) 

AB = 

AC = 

^b'-a' 
2p 

; b- a 

f J- J-c - a 

2p ; c - a 
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A5 1 AC o A5 .AC = 0 <»(62 - a2)(c2 - a2) + 4p2(6 - a)ic - a) = 0 

<!=> (6 + a) (c + a) + 4p2 = 0 <^6c + a(6 + c) + a2 + 4p2 = 0. (2) 

Rut 6c tft (2) vd thay vdo (I), ta dugc phuong trinh cua BC Id 

2px - a2 - 4p2 - (6 + c)iy + a) = 0 (3) 

Dl thdy dudng thing BC cd dang (3) ludn di qua dilm cd dinh 

M 
^^2 

a 

2^ 

+ 2p ;- a 

Bdi tap trac nghiem chuong 

I. (C) 2. (B), 3. (D) 

6. (D) 7. (A) 8. (D) 

I I . (B) 12. a) (D), b) (C) 13. (C) 

16. (D) 17. (A) 18. (B) 

21. (D) 22. (C) 23. (B) 

26. (B) 27. (A). 

4. (C) 

9. (C) 

14. (B) 

19. (D) 

24. (C> 

5. (D) 

10. (A) 

15. (C) 

20. (A) 

25. (B) 
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BAI TAP ON TAP CUOI NAM 

A. BE BAI 

1. Cho hinh thang ABCD vudng tai A vk B, AB = AD = -BC = I. Ddt 

'AB = 'b,'AD = d. 

a) Bilu thi cac vecto sau ddy theo hai vecto 6 va d : BD, BC, DC, AC. 

h) Ggi M la trung dilm ciia AB, N la dilm sao cho DÂ  = -;^DC. Chiing 

minh AN IICMvkBN HDM. 

e) Tfnh dien tfch hai tam gidc AA 5̂ va DA^C. 

d) Tfnh dien tfch hinh binh hanh tao bdi cdc dftdng thing AÂ , CM, BN, DM. 

2. Cho tam giac ABC. Chftng minh ring : 

a) a = 6cosC + ceos5 ; 

b) sinA = sinF cosC + sinCcos5 ; 

c) h^ = 2R sinFsinC ; 

d) 6c(62 - c2)cosA + ca(c2 - a2)cos5 + a6(a2 - 62)cosC = 0 ; 

e) Nlu 77 la true tdm tam gidc ABC thi : 

5C2 + 77A2 = CA2 + 7752 = A52 + 77C2. 

3. Tam giac ABC cd trung tuyen AAi, dudng cao 55i vd phdn gidc CCi ddng 
quy. Tim hd thftc lidn he gifta ba canh ciia tam gidc. 

4. Trdn cac canh AC vk BC ciia tam gidc ABC ldn lugt ld'y cae dilm M va N 
, AM NC . ^^ . . . . ,̂ . ..,, „ ^ PM , ^ . „ „ 

sao cho -—— = —— = k, tren MÂ  ldy diem F sao cho —— = k. Goi S, Si 
M C i\ts Pjy - '• 

vk S2 lin lugt la didn tfch cae tam gidc ABC, APM vk BPN. Chiing minh 

^ 5 = 3/^;"+3/^. 

5. Cho tam giac ABC vdi BC = a, AC = b vk AB = c. Ke dudng phdn giac AD, 
bid't 6'= DC, c'= D5. Ddt/ = AD. 

a) Tfnh / theo 6, c, b', c'. 

b) Tfnh / theo a, b, c. 
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6. Cho dudng trdn (O ; F) va mdt dudng thing d khdng cit dudng trdn dd. 
Mdt dilm 7 thay ddi trdn d. Ke tiep tuyen IT tdi dudng trdn vdi T la tie'p 
dilm. Ggi (7) la dudng trdn tdm 7 ban kfnh r = rT. Chiing minh ring cac 
dudng trdn (7) ludn ludn di qua hai dilm ed dinh khi 7 thay doi. 

7. Trong mat phing toa do Oxy cho hai dudng thing A(m) va A'(m) phu thudc 
vdo tham sd m, cd phuang trinh ldn lugt la : 

A(m) : Vl - m2jc - my = 0, 

A'(m) : Vl - m2x - (m + l)y + yjl-m' = 0, 

trong dd -1 < m < 1. 

a) Chftng minh ring khi m thay ddi, dudng thing A(m) ludn di qua mdt 

dilm ed dinh va dudng thing A'(m) cung ludn di qua mdt dilm cd dinh. 

b) Tim toa dd giao diem M ciia A(m) va A'(m). 

e) Chiing minh ring khi m thay ddi, dilm M ludn nim trdn mdt dudng trdn 
ed dinh. 

d) Vdi gia tri nao cua m thi gdc gifta hai dudng thing A(m) va A'(m) 

bing 60° ? 

8. Cho dudng trdn i% cd phuong trinh x2 + y2 - 4jc + 3 = 0 . 

a) Xac dinh toa dd tdm va tfnh ban kfnh cua dudng trdn (*^. 

b) Vie't phuong trinh dudng trdn (^ ' ) dd'i xftng vdi dudng trdn ( ^ qua 

dudng thing 4x - 3y = 0. 

c) Ggi M la dilm cd toa dd M = (0 ; m). Ggi MT va MT' la hai tilp tuyin 

eua iw). Vilt phuang trinh dudng thing di qua hai tilp dilm T vk T. 

Chiing minh ring dudng thing TT' ludn di qua mdt dilm cd dinh. 

9. Chophuong trinh :x2 + y2-2mx-2(m+l)y +4m = 0. (1) 

a) Vdi gid tri ndo cua m thi (1) la phuong trinh cua mdt dudng trdn trong 
hd toa dd Oxy ? 

b) Khi m thay ddi, tim quy tfch tdm ciia cdc dudng trdn (1). 

e) Chiing minh ring eac dudng trdn (1) ludn di qua hai dilm cd dinh. 
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10. Trong he toa do Oxy cho bdn dilm F(3; 2), Qi-3; 2), F(-3; - 2), 5(3; -2). 

a) Viet phuang trinh elip (F) vd hypebol (77) cung cd hinh chft nhdt ca sd 
la PQRS. 

b) Tim toa dd giao dilm cua elip (F) vdi cac dudmg tidm cdn cua 

hypebol (77). 

11. Trong hd true toa do Oxy, cho dilm F = (l; l ) v a d l a dudng trung true cua 
doan thing OF. Vilt phuong trinh dudng cdnic cd tidu dilm F, dudng chudn 
d vd cd tam sai ldn lugt la : 

a) e = 42 ; b) c = 1 ; c) e = -pr. 
V2 

B. Ldl GIAI • HlIClNG BAM - BAP SO 

1. a)'BD = 'AD-AB = d-'b; 'BC = 2d-,'DC = ~BC-'BD = 2d-id-'b) = 'b + 2. 

AC = JB + 'BC = 'b + 2d. 

b) Ta cd 

CM = AM-AC = - | - ( 6 + 2d) = -^ \^^, 

TT'T T T ; TT^TT J b + d b + 4d 2 TT-I AÂ  = AD + DÂ  = d + — — = — - — = --CM. 

Vdy CM HAN. 

—^ 6 -. 6 - 2 d 
DM = AM-AD = --d= ^ , 

2 2 
1^7 777; 7T77 J 7* b + d - 2 6 + 4d 4 —-BN = BD + DN = d-b + -—— = = — D 

Vdy DM //BN. 

, —' — > W/ 
c) • Ggi cp la gdc hgp boi ÂA vd NB, ta ed cos <p = — 

^ A K^. ' ^ W (^ + 4d)(-26 + 4dj -2 + 16 14 
Theo cdu b) ta co NANB = ^- = = — 

9 9 9 
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NA = b + 4d 
nA2 vr^ 

,A^5 = 
-26 + 4d V20 

3 • 

Suyra : cos^ = 
V85 

Vdy sin ̂  = yjl- cos2 (p = —=. 

x/A e 1 M̂ ATD - 1 VI7 V2O 6 2 
Vdy S,,, = -NA.NB.smcp = - . _ . _ . - ^ = - . 

r^ -A2 
^ 6 + 4d 

• Theo cdu a), ta cd gdc CMD = cp. 

Theo cdu b) ta cd MC = 

I 

Vl7 . _ i r -6 + 2dl Vs 
•,MD = 

I 4ii S 6 3 
Vdy: 5cMZ) = 2^C.MD.sin^ = - . 2 • 2 " ^ ^ " 4" 

d) Do M la trung dilm cua AB ntn hinh binh hdnh cung nhdn cdc trung 
dilm cua NA vk NB Idm dinh. Vay dien tfch hinh binh hdnh dd bing nfta 

dien tfch tam gidc AA 5̂ hay bing - . 

2. a) Ta cd 5C = 5A + 'AC. 

Bing cdch nhdn hai vl vdi BC ta dugc : 

^ = ^BC + ̂ . ^ <^ a' = ea.cosB + bacosC 

<» a = 6cosC + ccos5. 

b) Thay a = 2F sinA, 6 = 2Fsin5, c = 2FsinC vdo cdng thftc cud'i d cau a), 

ta dugc dilu cdn chiing minh. 

a6c a.2Fsin5.2FsinC 
c) Ta cd a.ha = 25 = 2F 2F 

<^ h^= 2RsinBsinC. 
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d) Chu y rang 26c cos A = 62 + c2 - a2 va tft cac cdng thftc tuong tu, ta cd : 

6c(62 - c2)cosA + ca(c2 - a2)eos5 + a6(a2 - 62) cos C = 

= ^[ib'-c')ib'+c'-a') + 

+ ic' - a')ic' +a' - b') + ia' - b')ia' + b' - c')] = 0. 

e) 5C2 + 77A2 = CA2 + 7752 <^ 5 C ^ - CA =BH - 'HA 

<:>{'BC + CA){'BC -CA) = {'BH + liA){mi - TIA) 

(*) » BA(BC - CA) = BA(BH - HA) . 

Nlu ta ggi C la chan dudng cao ha tft C eua tam giac ABC thi 

vecto BC - ^ v k vecto 577 - 77A cd hinh ehilu tren dudng thing BA diu 

la 5 ? - C^. vay ding thftc (*) dugc chiing minh va do dd 

5C2 + 77A2 = CA2 + 7752. 

Ding thftc cdn lai chftng minh tuong tu. 

3. (h. 136) Ta dat •.'CA = U,'CB = v. 

Khi dd |M| = CA = 6 va |î | = CB = a. Gia sft 

trung tuyin AAi cit phan gidc CCi tai 7, khi dd 
7A _ CA _ 26 
7Ai ~ CAi ~ a 

hay la a.7A = 26.7Ai. Vi 7 nim gifta A vd Ai 

nen a.TA = -2b.IA^ 

o aicA -'Cl) = -2b(cAi - Cl). 

a.CA + IbCAi _aU + bv 
Suy ra CI = 

Do dd ta ed 

a + 26 a + 26 

57 = C 7 - C 5 = ^ ^ ± ^ - v = ^ ^ ^ ^ l ^ ^ ± M . 
a + 26 a + 26 

Vi dudng cao 55i di qua 7 nen 57.CA = 0, hay [aU - (a + 6)V].M = 0. 
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Suy ra : 

aM2 - (a + ^)i7.^ = 0 ^ a.62 - (a + b)ab cos C = 0 

=> a62 - - ( a + 6)(a2 + ^2 _ ^2^ ^ ^ 

=> 2a62 - a(a2 + 62 - c') - bia' + b' - c') = 0 

=> -a(a2 - 62 - c') - bia' + b' - c') = 0 

Vdy ta ed lien he : a(-a2 + 62 + c2) = 6(a2 +b' -c'). 

4. (h. 137)Jft gia thie't ^ = ;t,ta suyra: 

AM 

MC 

k : MC 
va 1 

AC k + l 

I PM 

AC k + l 

Tuong tu nhu th i : 

NC ^ k NB 
BC~k + V BC'^ k + V MN,~ k+V 

PN _ 1 
MN ~ k + V 

Tft dd suy ra : 

Hinh 137 

^1 - ^APM - J~[^AMN ^ + 1-171^^^^ 

^ + r ^ + r ^ + i MBC 
f k 
^k + i s. 

Tinh toan tuong tu, ta cd 52 = 
k + l 

Vdy 

5. (h. 138) a) Ggi (O) la dudng trdn ngoai tilp 
tam gidc ABC. Tia AD cit (O) tai F. Ta cd 
AD.DE = DB.DC, tfte Id : 

/. DE = b'c'. 



De thdy hai tam gidc AEC vk ABD ddng dang, do dd : 

AC AF T -y 
4 ^ = 4£ . hay 6c = / (/ + DF) = r + IDE = r+ b'c'. 
AD AB 

Vdy ta cd f = bc - b'c' hay / = 4bc-b'c'. 

b) Theo tfnh chdt dudng phdn gidc ta ed : 

b^^b^ 
e'~ e' 

Tft dd, ta cd : 

6' 6 c' c 
6'+c' 6 + c ' 6 '+c' 6 + c 

Vdy tft cdu a), ta cd 

. Suy ra 6' = 
_a6_ 
6 + c' c = ac 

b + c 

l = Jbc-
a bc 

ib + cf 

fc] ib + cf - a' 

b + c 

6. (h. 139) Tft O ke dudng thing 
vudng gdc vdi d tai 77. Hai 
tam gidc vudng 0777 vd 0F7 
ed chung canh huyIn 07, cdn 
0H> OT = R (vi d khdng cit 
(O)). Suy ra 777 < 77. 

Vdy dudng thing 077 cit dudng trdn (7) tai hai dilm A vd 5 nao dd ddi 
xftng vdi nhau qua d. 

Tacd OF =0A.0B = {0H + 'HA){0H + 7IB) 

<=> F2 = (OH + 1IA){OH -'HA) = OH' - HA'. 

Bdi vdy, nd'u dat OH = h thi HA = HB = ylh' - R' . Suy ra (7) di qua hai 

dilm A,Bc6 dinh. 
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7. a) Hiln nhidn dudng thing A(m) ludn ludn di qua gdc toa dd O. Phuong 

tnnh ciia A'(m) cd thi vid't dudi dang : yjl-m'ix + 1) - (m + l)y = 0, nen 

A'(m) ludn di qua dilm (-1 ; 0). 

b) Giai hd vrr m X - my = 0 

. Vl - m'x -im + l)y + \ll - m' = 0 

ta dugc giao dilm M cd toa dd x = m va y = 4l-m'. 

c) Theo cdu b), toa dd (x ; y) ciia M thoa man dilu kidn x2 + y2 = i. Vdy M 

ludn nim trdn dudng trdn tdm O ban kfnh F = 1. 

d) Ggi cp la gdc gifta hai dudng thing A(m) vd A'(m) thi: 

cos^ = 
+ mim +1) m + 1 

V(l - m2) + m2.7(1 - m2) + (m + 1)2 V2('n + D ^ 2 

m + 1 

cp = 60° <» cos^ = — <z> J m + l 1 1 
— = - « m = - - . 

Vdy m = - —. 

8. a) Tdm dudng trdn la 7(2 ; 0), ban kinh F = 1. 

b) Dudng trdn ( ^ ) cd ban kfnh bing 1 vd cd tdm I la dilm dd'i xftng vdi 7 qua 

dudng thing d : 4x - 3y = 0. Gia sft 7" = (x ; y) thi vecto ^ = (x - 2; y) 

phai vudng gdc vdi vecto chi phuong cua d la i? = (3; 4), tfte la 3(x - 2) + 4y = 0, 

hay3x + 4 y - 6 = 0. ' (1) 

Ngoai ra trung dilm cua 77' Id F = 
'x + 2_y' 

2 ' 2 
phai nim trdn d, tfte la 

i^^_t i ) - ^ = 0 hay 4x - 3y + 8 = 0. (2) 

195 



14 48 
Giai he hai phftong trinh (1) va (2) ta dugc toa dd F la x = - — , y = —. 

14 
" ^ 2 5 

A2 

^i-iT--Vdy phuong trinh dudng trdn (€') la 

e) Hiln nhien hai tilp dilm T vkT diu nam tren dudng trdn (©i) ed dftdng 

( m\ 
kfnh Id M7. Dudng trdn dd cd tdm la trung dilm Q cua M7, Q= 1; -r-

V 2) 

I m ^ 
va cd ban kfnh r = QI = J l + ——. Vdy (^i) cd phuang trinh : 

(.-if + y- m m , 2 2 ^ « 
= 1 + -— hay X + y - 2x - my = 0. 

Hai tilp dilm T vk T la giao dilm eua hai dudng trdn (^) va (*^i) nen toa 

dd eua chung la nghiem cua he : 

jc2 + -y2 _ 4 ^ ^ 3 ^ Q 

x2 + y2 - 2x - my = 0. 

Tft hai phftong trinh tren, ta suy ra 2x - my -3 = 0. (*) 

Toa do cua T vk T la cdc nghiem cua he phuong trinh tren ndn ciing la 
nghidm cua phuong trinh (*). Suy ra (*) chfnh la phuong trinh cua dudng 

(3 ^ thing TT'. Dudng thing dd ludn di qua dilm ed dinh 5 - ^ 0 . 
V2 J 

9. a) Vid't (1) dudi dang : 

(x - m)2 + iy-m-l)'=m' + im+ if- 4m = nf + im- if. 

Vi m2 + (m - 1)2 > 0, 

vdi mgi m ndn (1) la phuang trinh dudng trdn vdi mgi m. 

b) Tdm 7 cua dudng trdn (1) cd toa d d : x = m ; y = m + l. Suy ra quy tfch 
cdc dilm 7 la dudng thing cd phuang trinh y = x + 1. 

c) Ta tim cap sd (xo ; yo) sao cho XQ + yo - 2mxo - 2(m + l)yo + 4m = 0 

vdi moi m. 
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Bidn ddi ding thftc trdn ta ed : 2m(2 - Xo - yo) + xJ + yJ - 2yo = 0 vdi 

mgi m. 

Tft dd suy ra : 2 - Xo - yo = 0 va Xo2 + yo2 - 2yo = 0. Giai ra ta cd hai cap 

sd (1 ; 1) vd (0 ; 2) la nghidm. Vdy dudng trdn (1) ludn di qua hai dilm cd 

dinhA(l; l )va5(0;2) . 

10. a) True ldn cua (F) la 2a = PQ = 6, vd true be la 26 = QF = 4. Vdy a = 3, 
6 = 2. Elip (F) cd phuong trinh 

2 2 

^+y-=i 
9 4 

2 2 
Tuong tu (77) cd phuong trinh ^ - ^ = 1. 

9 4 
2 2 

b) Hai dudng tidm cdn eua (77) cd phuang trinh chung la ^ - ^ = 0. 

Giai he gdm hai phucmg trinh (ciia (F) va cua hai dudng tiem cdn), ta tim 
dugc toa dd cua bdn giao dilm la 

3V2 ;V^ 3V2 ;V5 3V2 
; -V2 

\ / 3V2 ;-S 

11. Dudng trung true d eua OF cd nhidn di qua dilm (0 ; 1) va (1 ; 0) ndn d 

ed phuang trinh x + y - 1 = 0 . Vdi mgi dilm M(x ; y), ggi M77 Id 

Ix + y - ll 
khoang each tft M din d thi M77 = 

V^ 
va khoang each tft M din F 

la MF = ^lix-l)'+iy-lf. 

a) Cdnic cd tdm sai c = V2 la mdt hypebol. Ta cd 

= V2 ^ M F 2 = 2M772 <!> (x-l)2+(y-l)2 = (x + y-l)2 o 2xy = 1. MF 
MH 

vay hypebol dd ed phuong trinh 2xy = 1, hay cung cd thi vilt y = — . Dd 

la hypebol da bilt d cdp Trung-hgc co sd. 
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b) Cdnic cd tdm sai c = 1 la mdt parabol. Ta cd : 

^^ =1^ MF' = MH' 
MH 

O (X - 1)2 + (y - 1)2 = | ( X + y - 1)2 

<::> x2 + y2 - 2xy - 2x - 2y + 3 = 0. 

Parabol cd phuong trinh la (x - y)2 - 2(x + y) + 3 = 0. 

c) Cdnic cd tdm sai e = —^ Id dudng elip. Ta cd : 
V2 

MF 1 9 9 
<^2MF'=MH' MH 4i 

« 4(x - 1)2 + 4(y - 1)2 = (x + y - 1)2 

<» 3(x2 + y2) - 2xy - 6(x + y) + 7 = 0. 
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240 Tran Binh Trong ; 231 Nguyen Van Cit. Quan 5. 
5/5 Duong 30/4. 
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