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L dl NOI DAU 

^ud'n sdch BAI TAP HINH HOC 10 duac biin soqn nhdm giup cho hoc 
sinh lap 10 cd dieu kien tham khdo vd tu hpc di'nam viing cdc kii'n thiic vd 
cdc kl ndng ca bdn dd duac hoc trong Sdch gido khoa Hinh hoc 10. Ndi 
dung cudn sdch bdm sat ndi dung cua sdch gido khoa mdi, phii hap vdi 
chuang trinh mdi ciia Bd Gido due vd Ddo tao viia ban hanh nam 2006. 
Cud'n sdch bdi tap nay duac vie't theo tinh than tao dieu kien de gdp phdn 
doi mdi phuong phap day vd hoc, nhdm phdt huy duac khd ndng tu hoc, tu 
tim tdi khdm phd cua hoc sinh, ren luyen duac phuang phap hgc tap sdng 
tao, thdng minh cua ddng ddo hgc sinh. 

Ndi dung cudn sdch nay gdm : 

• Chuang I : Vecta 

• Chuang II : Tich vo hudng cua hai vecta vd intg dung 

• Chuang III : Phuang phap toa dp trong mat phdng 

Bdi tap cudi nam 

Ndi dung mdi chuang duac chia ra nhieu chu di) mdi chu de Id mot xodn (§). 
Cau true cua mdi xoan dugc trinh bay theo thii tu sau ddy : 

A. Cac kien thufc ĉ n nh6 : Phdn nay neu tdm tat li thuyi't cua sdch gido 
khoa nhdm cung cd nhiing kii'n thiic cabdn, nhiing ki ndng cabdn vd cdc 
cdng thiic cdn nhd. 

B. Dang toan co ban : Phdn nay he thdng lai cdc dang todn thudng gap 
trong khi lam bdi tap, cung cap cho hgc sinh cdc phuang phdp gidi, ddng 
thdi cho cdc vi du minh hoa ve cdch gidi cdc bdi todn thudc cdc dang viia 
neu dphdn tren vd cho thim cdc chii y hoac nhan xet cdn thii't. 

C. Cau hoi va bai tap : Phdn nay nhdm muc dich ciing cd vd van dung cdc 
kii'n thiic vd ki ndng ca bdn dd hgc de trd Idi cdc cdu hoi vd lam bdi tap 

' (huge cdc dang dd niu, giiip hgc sinh ren luyin duac phong cdch tu hgc. 



Cudi mdi chuang cd bdi tap mang tinh chat dn tap vd khoang 30 cdu hoi 
trdc nghiem. 

Viec dua thim cdc cdu hoi trdc nghiem nhdm giup hgc sinh Idm quen vdi 
mot dang bdi tap mdi, md nhieu nude tren thi'gidi Men nay dang diing trong 
cdc sdch gido khoa cua trudng phd thdng. Cudi cudn sdch cd phdn hudng 
ddn gidi vd ddp sd. 

Dii cdc tde gid dd cd gang rat nhieu, nhung vi thdi gian biin soan cd han 
nin cudn sdch khdng sao trdnh khoi nhiing thii'u sot. Rat mong cdc doc gid 
vui Idng gdp y decho nhiing Idn tdi bdn sau sdch sehodn chinh han. 

CAC TAC GIA 



Chi/ONq I 

VECTO 

§1. CAC DINH NGHIA 

A. CAC KIEN THQC CAN NHO 

1. Di xdc dinh mot vecta c&» biet m6t trong hai dieu kien sau : 

- Diem dSu va diem cuoi ciia vecta; 

- Do dai va hu6ng. 
—¥ — * 

2. Hai vecto a \SL b ducc goi la ciing phuang n6u gia ciia chiing song song 
hoac triing nhau. 
Ne'u hai vecto a va b ciing phuong thi chiing co th^ ciing hudng hoac 
nguac hudng. 

3. Do ddi ciia mdt vecto la khoang cdch giiia diem dau va diem cu6'i cua 
vecto do. 

4. a = b khi va chi khi \a\ = l̂ l va a, b ciing hudng. 

5. Vdri m6i diim A ta goi AA la vecta - khdng. Vecto - khdng duoc ki hieu 

la 0 va quy vide rang |0| = 0, vecto 0 ciing phuong va ciing hudng vdi 
moi vecto. 

B. DANG TOAN CO BAN 

VAN JE 1 

Aac dinh mot vectd, su ciing phuong va hiiong cua hai vecto 



1. Phuang phdp 

• Dl xac dinh vecto a^Q ta. cSn bie't |a| va hudng cua a hoac bi^t diim 

din va diim cudi ciia a. Chang han, vdi hai diim phan biet A va 5 ta co 

hai vecto khac vecto 0 la AB va BA. 

• Vecto a la vecto - khdng khi va chi khi |a| = 0 hoac a = AA vdi A la 
diim baft ki. 

2. Cdc vi du 

Vi du 1. Cho 5 diem phan biet A, B, C, D va E. 06 bao nhieu vecto khac 
vecto - khong c6 diem dau va diem cuoi la cac diem da cho ? 

GIAI 

Vdi hai diim phan biet, chang ban A va B, cd hai vecto AB va BA. Ta cd 
10 cap diim khac nhau, cu thi la,: 

{A,B},{A,C],{A,D},{A,E],{B,C},{B,D},{B,E},{C,D},{C,E},{D,E]. 

Do dd ta cd 20 vecto (khac 0) cd diim dSu va diim cudi la 5 diim da cho. 

Cdch khac : Mdt vecto duoc xac dinh khi bie't diim dSu va diim cudi ciia nd. 
Vdi 5 diim phan biet, ta cd 5 each chon diim dSu. Vdi mdi each chon diim 

dSu ta cd 4 each chon diim cudi. Vay sd vecto khac 0 la : 5 x 4 = 20 (vecto). 

Vi du 2. Cho diem A va vecto a khac 0. Tim diem A/f sao cho : 

a) AM cung phi/ong vdi a ; 

b) AM cijng hi/6ng vdi a. 

GIAI 

Goi A la gia cda a(h.l.l). 

a) Nlu AM ciing phuong vdi a thi 
dudng thang AM song song vdi A. Do 
dd M thudc dudng thang m di qua A va 
song song vdi A. 

Nguoc lai, moi diim M thudc dudng 

thing m thi AM ciing phuong vdi a. 
Hinhi 1.1 



Chii y rang nlu A thudc dudng thang A thi m triing vdi A. 

b) Lap luan tuong tu nhu tren, ta tha'y cac diim M thuoc mot nira dudng 
thang gd'c A ciia dudng thing m. Cu thi, dd la nira dudng thing cd chiia diim 

E sao cho AE va a cimg hudng. 

VAN JE 2 

Chiing minh hai vecto bang nhau 

I. Phuang phdp 

Dl chiing minh hai vecto bang nhau ta 
cd thi diing mdt trong ba each sau : 

• Id = \b\ 

a \k b cung hudng 
a = b. 

Hint! 1.2 

• TU giac ABCD la hinh binh hanh => AB = DC va 5C = AD (h. 1.2). 

• Ne'u a = b, b = c thi a = c. 

2. Cdc vi du 

Vi du 1. Cho tam giac ABC c6 D, E, F Ian lUOt la trung diem cua BC, CA, 

AB. Chiimg minh ^ = CD. 

(Xem h. 1.3) 



Cdch LYiEF Ik dudng trung binh ciia tam gi^c ABC nen EF = -BC v^ 

EF// BC. Do dd tii giac EFDC la hinh binh h^nh, nen ^ = CD. 

Cdch 2. Tii giac FECD la hinh binh hanh vi cd c^c cap canh ddi song song. 

Suy ra £F = CD. 

Vi du 2. Cho hinh binh hanh ABCD. Hai diem Mv^N Ian lUOt la trung diem 
ciia BC va AD. Diem / la giao diem cOa AM va BN, K la giao diem ciia DM 

va ON. Chufng minh 'AM = NC, DK^TTl. 

GIAI 

Tu" giac AMCN la hinh binh hanh vi 
MC = AN va MC II AN. Suy ra 

JM = 'NC (h.1.4). 

Vi MCDN la hinh binh hanh nen K la 
trung diim cua MD. Suy ra 

'DK = ~KM. Tii giac IMKN la hinh 

binh hanh, suy ra NI = KM. Do dd 

'DK = m. 

Vi du 3. Chijfng minh rang neu hai vecto bang nhau c6 chung diem dau 
(hoSc diim cuoi) thi chiing c6 chung diem cuoi (hoSc diem dau). 

GIAI 

Gia su A5 - AC. Khi dd AB = AC, ba diim A, B, C thing hang va B, C 
thudc mdt niia dudng thing gd'c A. Do dd B = C. 

Ne'u hai vecto bang nhau cd chung diem cudi thi chiing cd chung diim ddu 
duoc chiing minh tucmg tu. 

Vi du 4. Cho diem A va vecto a. Dimg diem M sao cho : 

a) ^ = a ; 

b) AM cung phUOng vdi a va c6 do dai bang |a|. 



GIAI 

Goi A la gia cua vecto a. Ve dudng 
thing d di qua Avad II A (nlu diim 
A thudc A thi rf triing vdi A). Khi dd 
cd hai diim M^ va M2 thudc dudng 

thing d sao cho AMy = AM^ = \a\ 
(h. 1.5). Tacd: 

a) AM.^ = a ; 

b) AMj va AM2 ciing phuong vdi a 

va cd dd dai bang dd dai cua a. 
Hint) 1.5 

Vi du 5. Cho tam giac ABC c6 H la trUc tam va O la tam dUdng trdn ngoai 

tiep. Goi B' la diem doi xtfng cOa S qua O. Chufng minh Al-I = B'C. 

GIAI 

Vi BB' la dudng kinh cua dudng trdn ngoai tilp tam giac ABC nen 

BAB' = 'BCB' = 90°. Do dd CHII BA va AH II B'C. Suy ra tii giac AB'CH la 

hinh binh hanh. Wiy ~AH = Wc (h.1.6). 

A 

Hinh 1.6 



C. CAU HOI VA BAI TAP 

1.1. Hay tinh sd cac vecto (khac 0) ma cac diim dSu va diim cudi duoc la'y tiir 
cac diim phan biet da cho trong cac trudng hop sau : 

a) Hai diim; 
b) Ba diim; 
c) Bdn diim. 

1.2. Cho hinh vudng ABCD tam O. Liet ke ta't ca cac vecto bang nhau (khac 0) 
nhan dinh hoac tam ciia hinh vudng lam diim d& va diim cud'i. 

1.3. Cho tii giac ABCD. Goi M, N, P va Q Ian lugt la trung diim ciia cac canh 

AB,BC, CD vaDA. ChiJng minh WP = 'MQ vaTQ^mi. 

1.4. Cho tam giac ABC. Cac diim M va N Idn luot la trung diim cac canh AB va 

AC. So sanh dd dai ciia hai vecto NM va BC. Vi sao cd thi ndi hai vecto 
nay cung phuong ? 

1.5. Cho tii giac ABCD, chiing minh ring nlu A5 = DC thi AD = BC . 

1.6. Xac dinh vi tri tuong ddi ciia ba diim phan biet A, 5 va C trong cac trudng 
hgp sau: 

a) AB va AC cimg hudng, |AB| > |AC| ; 

b) AB va AC ngugc hudng ; 

c) AB va AC cimg phuong. 

1.7. Cho hinh binh hanh ABCD. Dung AM = BA, MN = DA, NP = DC, 

Pg = BC . Chiing minh AG = 0. 

10 



§2. TONG VA HIEU CUA HAI VECTO 

A. CAC KIEN THQC CAN NHO 

/ . Dinh nghia tong cua hai vecta vd quy tac tim tdng 

• Cho hai vecto tuy y a va b. La'y diim A tuy y, dung AB = a, BC -b. 

Khidd 2 + b = AC (h.1.7). 

• Vdi ba diim M, N vaP tuy y ta ludn cd : 

MN + NP = MP. (quy tic ba diim) 

• Tu- giac ABCD la hinh binh hanh, ta cd (h.1.8): 

'AB + AD = AC (quy tic hinh binh hanh). 

Hint! 1.7 Hinh 1.8 

2. Dinh nghia vecta ddi 

• Vecto b la vecta ddi ciia vecto a nlu \b\ = \a\ va a, b la hai vecto ngugc 

hudng. Kl hieu b = -a. 

• Ne'u a la vecto dd'i cira b thi b la vecto ddi cua a hay -(-a) = a. 

• Mdi vecto dIu cd vecto dd'i. Vecto dd'i ciia AB la BA. Vecto ddi ciia 0 la 0 . 

3. Dinh nghia hieu cua hai vecta vd quy tac tim hieu 

• a~b = a + {-b) ; 

• Ta cd : OB-OA = AB vdi ba diim O, A, B bat ki (quy tic trii). 

11 



4. Tinh chat cua phep cong cdc vecta 

Vdi ba vecto a,b,c ba't ki ta cd 

• a + b = b + a (tfnh cha't giao hoan); 

• (a + l}) + c = a + (b + c) (tinh chSit ket hgp); 

• a + 0 = 0 + a = a (tinh chat ciia vecto - khdng); 

• a + (-a) = -a + a = 0. 

B. DANG TOAN CO BAN 

VAN dE 1 

Tim tong cua hai vecto va tong cua nhieu vecto 

1. Phuang phdp 

Dung dinh nghia tdng cua hai vecto, quy tic ba diim, quy tac hinh binh 
hanh va cac tinh chit cua tong cac vecto. 

2. Cdc vi du 

Vi du 1. Cho hinh binh hanh ABCD. Hai diem MvaN Ian lugt la trung diem 
cCia BC va AD. 

a) Tim tong cua hai vecto NC va MC ; M f va CD ; /ID va A/C. 

b) Chumg minh 'AM + ^^7<B + ^ . 

GIAI 

(Xem h. 1.9) 

12 



a) Vi MC = AN, ta cd 

ivc+MC = yvc+A/v 
= JN+'NC = 'AC. 

Vi CD = fiA, tacd AM + CD = AM + BA =BA + AM = fiM. 

Vi JIC = 'AM, tacd AD + J^ = AD + AM = AE, vdi £ la dinh cua hinh binh 
hanh AMED. 

b) Vi tu' giac AMCÂ  la hinh binh hanh nen ta cd AM + AA? = AC. 

Vi tii giac ABCD la hinh binh hanh nen AB + AD = AC. 

vay 'AM+JN = JB+AD. 

Vi du 2. Cho luc giac deu ABCDEF tam O. 

Chifng minh OA + OB + OC + OD + OE + OF = 0. 

GIAI 

Tam O cua luc giac dIu la tam dd'i 
xiing ciia luc giac (h.1.10). 

TacdOA + OD = 0, OB + OE = 0, 

OC + OF = 0. 

Do dd: 

OA + OB + dc + dD + OE + OF = 

= (dA + OD) + (OB + OE) + iOC + OF) = d. 

Vidu 3. Cho a, b la cac vecto khac 0 va a^b. ChCfng minh cac khing 
djnh sau : 

a) Neu a va b cCing phuong thi a + b cung phUOng vdi a ; 

b) Neu a va b cung hudng thi a + b cung hudng vdi a. 

13 



GIAI 

Gia sir a = AB, S = BC, a + B = AC. 

a) Neu a va b ciing phuong thi ba diem A, B, C cimg thudc mdt dudng thang. 

Hai vecto a + b = AC va a = AB cd ciing gia, vay chiing ciing phuong. 

b) Neu a vab ciing hudng, thi ba diim A,B,C cung thudc mdt dudng thing 

va B, C nim vl mdt phia ciia A. Vay a + b = AC va a = AB ciing hudng. 

Vi du 4. Cho ngu giac deu >ABCDE tam O. 

a) Chifng minh rang hai vecto OA + OB va OC + OE deu cung phUdng 

vdi OD. 

b) ChCrng minh hai vecto AB va EC cung phi/ong. 

GIAI 

(Xemh.l .U) M 

Hinh 1.11 

a) Ggi d la dudng thing chura OD thi J la mdt true dd'i xiing cua ngii giac 

deu. Ta cd OA + OB = 0M, trong dd M la dinh ciia hinh thoi OAMB va 

thudc d. Cung nhu vay, OC + OE = ON, trong dd N thudc d. Vay OA + OB 

va OC + OE deu ciing phuong vdi OD vi ciing cd chung gia d. 

b) AB va EC cimg vudng gdc vdi d nen AB // EC, suy ra AB cung phuong EC. 

14 



VAN dg 2 

Tim vecto doi va hieu cua hai vecto 

1. Phuang phdp 

• Theo dinh nghia, dl tim hieu a-b, ta lam hai budc sau : 

- Tim vecto dd'i cua b ; 
—» —• 

- Tinh tong a + (-b). 

• van dung quy tic OA-OB = BA vdi ba diim 0,A,B bat ki. 

2. Cdc vi du 

Vi du 1. Chufng minh -(a + b) = -a + (-b). 

GIAI 

Gia sit a = AB, fe = BC thi a + b^ AC. Taco -a = ^,-b = CB. 

Dodd -a + (-b) = ^ + CB--CA = -'AC = -(a + b). 

Vi du 2. 

a) Chufng minh rang neu a la vecto dd'i ciia b thi a + b = 0. 

b) ChCfng minh rang diem / la trung diem cua doan thang AB khi va chi khi 

TA = -1B. 
GIAI 

a) Gia sir 6 = AB thi a = 'BA. Dodd a + b = 'BA + AB = 'BB = d. 

b) Nlu / la trung diim cua doan thing AB thi /A = /B va hai vecto lA, IB 

ngugc hudng. Vay lA = -IB. 

Ngugc lai, nlu /A = -IB thi lA = IB va hai vecto /A, IB ngugc hudng. Do 

dd A, /, B thing hang. Vay / la trung diim ciia doan thing AB. 

Vi du 3. Cho tam giac ABC. Cac diem M, Nva P Ian lugt la trung diem cua 
AB, AC va BC. 

a) Tim hieu ^ - A A / , TM4-J4C,JAN-'PN,'BP-^. 

b) Phan tich AM theo hai vecto MA/ va MP. 

15 



GIAI 

^ 

(Xem h. 1.12) 

a) AM-JN = T^ ; 

MN-NC = MN-MP = PN 

(vi 'NC-^'MP); 

MN-PN = MN + NP = MP 

(vi -¥N = TIP); 

'BP-'CP = ~BP+ 'PC = ~BC (vi -'CP = ~PC). 

b) AM = NP = MP-MN. 

VAN de 7 

Tinh do dai cua a + b, a-b 

1. Phuang phdp 

Dau tien tinh a + b = AB, a-b = CD. Sau dd tinh dd dai cac doan thing AB 
va CD bang each gin nd vao cac da giac ma ta cd thi tinh dugc dd dai cac 
canh ciia nd hoac bing cac phuong phap tinh true tiep khac. 

2. Cdc vi du 

Vidu 1. Cho hinh thoi ABCD cd SAD = 60° va canh la a. Goi O la giao 

diem hai dudng cheo. Tinh I AS + AD| , IsA - ec|, |o8 - Dc|. 

GIAI 

Vi tii giac ABCD la hinh thoi canh 

a va BAD = 60° nen AC = a>j2>, 
BD = a (h.l.13). 

Tacd: ~^+ 7^ = 7^ nen 

|AB + AD| = AC = aV3 ; 
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BA-BC = CA nen | B A - B c | = CA = aS ; 

OB-'DC = 'Dd-DC = CO (vi 'OB = 'Dd). 

Dodd i aB-Dc | = CO = — . 
2 

Vi du 2. ChCfng minhc^c khSng djnh sau : 

a) Neu a va b cung hudng thi |a + b| = |a| + |b|. 

b) Neu a va b ngugc hudng va |b| > \a\ thi la + b| = |b| - |a|. 

c) la + b| < |a| + |b|. Khi nao xay ra dau ding thufc ? 

GIAI 

Gia sir a = AB, 6 = BC thi a + ̂  = AC. 

a) Ne'u a va b cimg hudng thi ba diim A,B,C cimg thudc mdt dudng thing 
va B nam giiia A va C. Do dd AB + BC = AC (h. 1.14). 

A ^ B t C 
• • < • 

Hinh 1.14 

vay G + 3 = AC = AB + BC = 0 + H. 

b) Ne'u a va b ngugc hudng va \b\ > \a\ thi ba diim A, B, C ciing thudc mdt 

dudng thing va A nim giiia B va C. Do dd AC = BC - AB (h. 1.15). 

< ^ ^ , ^ -
C A B 

Hinh 1.15 

vay \a + b\ = AC = he-AB = \b\-\a\. 

c) Tii,cac chiing minh tren suy ra ring nlu a va b cimg phuong thi 

la + fol = |a| + |b| hoac |a + ft| < |a| +1^|. 

Xet trudng hgp a va Z? khdng cung phuong. Khi dd A, B, C khdng thing hang. 

Trong tam giac ABC ta cd he thiic AC < AB + BC. Do dd |a + 3 < \a\ + \b\. 

2-BTHH10-* 1 7 



Vay trong mgi trudng hgp ta dIu cd 

\a + b\<\a\ + \b\. 

Ding thiic xay ra khi a va b cung hudng. 

Vi du 3. Cho hinh vuong ABCD canh a c6 O la giao diim cOa hai dudng cheo. 

Hay tinh |0A-Ce|, |AS + DC|. | C D - D A | . 

GiAl 

Ta cd AC = BD= ayjl, 

dA-CB = CO-CB = ^ (h.1.16). 

Dodd Ia4-CBUB0 = — • 

Hinh 1.16 

I AB + DC! = I ABl + iDCj = 2a 

(vi AB va DC cung hudng), 

CD-DA = CD-CB = 'BD (vi 'DA = CB). 

Dodd |cD-DA| = BD = aN/2. 

VAN dg 4 

Chiing minh dang thiic vecto 

/ . Phuang phdp 

Mdi vl ciia mdt ding thvic vecta gdm cac vector dugc ndi vdi nhau beri cac 
phep toan vecto. Ta diing quy tic tim tdng, hiSu cua hai vector, tim vecto ddi 
dl biln ddi vl nay thanh vl kia ciia dang thiic hoac bi6i ddi ca hai vl cua 
ding thiic di dugc hai vl bang nhau. Ta ciing cd thi biln ddi dang thiic 
vecto cin chiing minh dd tuong duong vdi mdt ding thiic vecto dugc cdng 
nhan la diing. 

18 2 - BTHH10-B 



2. Cdc vidu 
Vi du 1. ChCfng minh cac khIng djnh sau : 

a) a = b<:>a + c = b + c ; 

b) a + c = b<:>a = b-c. 

GiAi 

a) Nlu a = b = AB va c = BC thi a + c = AC, b + c = Jc. Vay a + c = b + c. 

Ngugc lai, nlu a + c = b+c ta cin chiing minh a = b. Gia sir a = AB, 

b = A^, c = BC. 
^ ^ ^ —• » > —^ —• 

Tii a + c = 6+c suy ra A^C = AC. Vay Aj s A hay a = b. 

h) a + c = b<i'a + c + i-c) = b + (-c)<^a = b-c. 

Vi du 2. Cho sau diem A, B, C, D, £ va F. ChCftig minh rang 

AD + BE + CF = JE + BF + CD. (1) 

G/X/ 

Cdc/ii.Tacd : (1) <=> Iw-AE+ CF-CD = 1?-'BE O 'ED + 'DF = ~EF 

o EF = EF. Vay ding thiic (1) dugc chiing minh. 

Cdc/i2.Bil^nddivltrai: 

'AD+'BE+'CF = 7£+~ED+~BF+'FE+'CD+'DF 

= JE+'BF+CD+ED+FE+'DF 

= AE+'BF+CD 

ivilD + 7E + 'DF = FD+'DF = FF = d). 

Cdch 3. Bie'n ddi vl phai: 

JE+^+CD = 'AD+DE+^+EF+CF+JD 

= AD+BE+CF+'DE+'EF+FD 

= AD+'BE+CF 

(vi Di + l F + FD = 0). 
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• Sau day li bai toan tuong tu: 

Cho bdn diim A, B, C va D. Hay chiing minh ^ + CD = ^ + CB theo ba 
each nhu vi du tren. 

Vi du 3. Cho nam diem A, B, C, D v^ £. Chufng minh ring 

AC+ DE-DC-CE+ CB = 'AB. 

GIAI 

Ta cd -DC = CD,-CE = 'ECntn: 

JC+ ^-DC-CE+ CB =AC + ̂  + CD + 'EC + CB 

= (AC+CB)+(^+'DE)+EC 

= 'AB+CE+EC = AB. 

Vi du 4. Cho tam gi^c ABC. Cac diem M, NyaP l ln li/gt la trung diim cac 
canh AB, AC va BC. Chufng minh rang vdi diim O bat ki ta cd 

OA + OB + OC = OM + ON + OP. 

GIAI 

Biln ddi vl trai (h. 1.17): 

'OA + 'OB + OC = OM + ~MA + 'dP + 'PB + aN + 'NC 

= OM + ON + OP + MA + 'PB + NC 

= OM + ON + OP + 'MA + mi + JN 

= OM + ON + OP 

iviPB = mi,l^ = AN A 

va MA + A/M + AÂ  = ÂM + MA + AA/ = NN =0). 
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C. CAU HOI VA BAI TAP 

1.8. Cho nam diim A, B, C, D va E. Hay tmh tdng AB + BC + CD + Dfi. 

1.9. Cho bdn diim A, B, C va D. Chiing minh AB - CD = AC - BD. 
_ _ _ -. - » 

1.10. Cho hai vecto a va ^ sao cho a + b = 0. 

a) Dung OA = a, 0B = b. Chiing minh O la trung diim cua AB. 

b) Dung dA = a, AB = b. Chiing minh O = B. 

1.11. Ggi O la tam cua tam giac dIu ABC. Chiing minh ring OA + OB + OC = d. 

1.12. Ggi O 1̂  giao diim hai dudng cheo cua hinh binh hanh ABCD. Chiing minh 

ring OA + OB+OC + OD = 6. 

1.13. Cho tam giac ABC cd trung tuyln AM. Tren canh AC la'y hai diim E va F 

sao cho AE = EF = EC ; BE cit AM tai Â . Chiing minh A^ va yVM la hai 
vecto ddi nhau. 

1.14. Cho hai diim phan biet A va B. Tim diim M thoa man mdt trong cac dilu 
kien sau: 

a)MA-'MB = 'BA; h) MA-AIB^JB ; c)MA + MB = 0. 

1.15. Cho tam giac ABC. Chiing minh rang nlu |CA + CB| = |CA - CB| thi tam 
giac ABC la tam giac vudng tai C. 

1.16. Cho ngii giac ABCDE. Chiing minh 'AB + 'BC + CD = 'AE-'DE. 

1.17. Cho ba diim O, A, B khdng thing hang. Vdi dilu kien nao thi vecto 

OA + OB nim tren dudng phan giac cua gdc AOB ? 

1.18. Cho hai luc Fi va Fi cd diim dat O va tao vdi nhau gdc 60°. Tim cudng 

dd tdng hgp luc cua hai luc a'y bilt ring cudng do ciia hai luc Fi va F2 
dIu la 100 Â . 

1.19. Cho hinh binh hanh ABCD. Ggi O la mdt diim bit ki tren dudng cheo AC. 
Qua O ke cac dudng thing song song vdi cac canh cua hinh binh hanh. Cac 
dudng thing nay cit AB va DC lin lugt tai M va N, cit AD va BC Ian lugt 
tai E va F. Chiing minh ring : 

a)OA + OC = OB + dD ; b) BD = MF + FW. 
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§3. TICH CUA VECTO Vdl M O T S 6 

A. cAC KIEN THQC CAN NHO 

1. Dinh nghia tich ciia vecta vdi mot sd. Cho sd k va vecto a, dung dugc 

vecto A: a. 

2. Cac tinh chit ciia phep nhan vecto vdi mdt sd : Vdi hai vecto a, b tuy y 
va vdi mgi s6k,h€R ta cd : 

• k(a + b) = ka +kb ; 

• {h + k)a = ha + ka ; 

• h(ka) = (hk)2 ; 

• l.a = a ; (-1) a =-a ; O.a =0 ; k.O =0. 

3. Hai vecto a, b v6i b ^ 0 ciing phuong khi va chi khi cd sd it dl a = kb. 

Cho hai vecto ava b cimg phuong, b^ 0. Ta ludn tim dugc sd k di 
-̂  —• 
a = kb va khi dd so k tim dugc la duy nha't. 

4. Ap dung : 

• Ba diim phan biet A,B,C thing hang <^ AB = kAC , vdi sd it xac dinh. 

• / la trung diim ciia doan thing AB <=̂  MA + MB = 2MI, VM. 

• G la trgng tam ciia tam giac ABC <^ MA + i i^+MC = 3MG, \fM. 

5. Cho hai vecto a , b khdng ciing phuong va x la mdt vecto tuy y. Bao gid 

ciing tim dugc cap sd hvak duy nhit sao cho x = ha + kb. 

B. DANG TOAN CO BAN 

** VANdll 

Xac dinh vecto Jca 

I. Phuang phdp 

Dua vao dinh nghia vecto k a. 
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• kaUUllal 
Ne'u k>0,ka va a cung hudng ; 

Ne'u k<0,ka va a nguac hudng. 

•^.0 = 6, O.a = 0. 

• 1. a = a , ( - l ) a =-a. 

2. Cdc vidu 

Vidu 1. Cho a = AS va diem O. Xac djnh hai diem M va N sao cho 

0M = 3a, ON = -4a. 

GIAI 

Ve dudng thing d di qua O va song song vdi gia cua a. (Nlu O thudc gia 

cua a thi d la gia ciia a)(h.l.l8). 
—* 

N M ^ 
^ • • 

O 

Hinh 1.18 

Tren d liy diim M sao cho OM = 3\a\, OM va a ciing hudng khi dd 

OM = 3a. La'y diim N tren d sao cho ON = 4 |a|, ON va a ngugc hudng, 

kia do ON =-4a. 

Vi du 2. Cho doan thing AB va M la mot diem tren doan AB sao cho 

AM = —AB. Tim sd /c trong cac dang thCfc sau : 
5 

a)AM = kAB ; h)MA = kMB ; c) MA = /cAS. 

GIAI 

(Xem h. 1.19) 

AM B 
' • • > 

Hinh 1.19 
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a) AM = kAB => 1̂1 = = - . Vi AM va AB ciing hudng nen k=-. 
AB 5 5 

b) MA = kJiB => \k\ = = - . Vi MA va MB nguoc hudng nen k = —-. 
' ' MB 4 6 . e 4 

c) M4 = itAB => \k\ = = - . Vi MA va AB nguoc hudng nen k = --. 
' ' AB 5 5 

Vi du 3. a) ChCfng minh vecto ddi cQa vecto 5a la (-5)a. 

b) Tim vecto ddi cCia cac vecto 2a + 3b, a - 2b. 

GiAi 

a) -(5a) = (-l).(5a) = ((-l)5).a = (-5).a 

b) -(2a + 36) = (-l).(2a + 3^) = (-l).(2a) + (-l).(3fe) 

= (-2).a + (-3).6 = - 2 a - 3 6 . 

-(a - 2b) = (-l).(a - 2b) = (-l).a + 2.b = -a + 2b. 

VAN dE 2 

Phan tich (bieu thi) mot vecto theo hai vecto khong cung phuong 

1. Phuang phdp 

a) Dl phan tich vecto x = OC theo hai vecto khdng cung phuong a = OA , 

b = OB ta lam nhu sau : 

• Ve hinh binh hanh OA'CB' 
cd hai dinh O, C va hai canh 
OA' va OB' Ian luot nim tren 

hai gia ciia OA, OB (h.1.20). 

Tacd x = OA' + OB'. 

Hinh 1.20 
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• Xac dinh sd h di OA' = hOA. 

Xac dinh sd kdiOB'^ kOB. 

Khi do x = ha + kb. 

b) Cd thi sir dung linh boat cac cdng thiic sau : 

• AB = OB-OA, vdi ba diim O, A, B bat ki ; 

• AC = AB + AD nlu tii giac ABCD la Mnh buih hanh. 

2. Cdc vidu 

Vi du 1. Cho tam giac ABC c6 trong tam G. Cho cac diem D, E, F Ian Icfot 
la trung diem ciia cac canh BC, CA, AB va / la giao diem cOa AD va EF. 

Dat tJ = AE, v = AF. Hay phan tich cac vecto Al, ^ , ^ , DC theo hai 

vecto u, V. 

GIAI 

Vi tii giac AEDF la hinh binh hanh nen AD = AE + AF = u + v va 

'AI = -AD (h.1.21). 
2 
— 1 - - 1 - 1 -

vay A/ =—(M + V) =—M + -V. 
2 2 2 

—• 2—• 2 -* - 2 - 2 - ' 
AG = — AD =—(u + v) = —u +—v 

3 3 3 3 

DE = FA = -AF, 

vay D £ = (-1).V + 0.M. 

'DC='FE=~AE-'AF, 

vay DC = M - V. 

Vi du 2. Cho tam giac ABC. Bilm M tren canh BC sao cho MB = 2MC. Hay 

phan tich vecto AM theo hai vecto u - AB, v = 7^. 
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GlAl 

2^ 

Tacd 

AM = 'AB+^ = AB+-'BC 
3 

= AB + -(AC-AB) 
3 

= -AB + -AC. 
3 3 

vay AM = -M + - v (h.1.22). 
•̂  3 3 

• Ta cd thi giai bai toan bing each dung dinh If Ta-let nhu sau : 

Ke ME II AC va MF II AB, ta cd AM = AF + AF. Theo dinh If Ta-let 

AE = -AB,AF=-AC. Dodd AE = -AB = -u,AF = -'AC = -v. 
3 3 3 3 3 3 

vay AM^-u + -v. 
3 3 

VAN dE J 

Chiing minh ba diem thang hang, hai du6ng thang song song 

1. Phuang phdp 

Dua vao cac khing dinh sau : 

• Ba diim phan biet A, B, C thing hang <=> AB va AC cung phuong «• 

'AB = kAC. 

• Nlu AB = kCD va hai dudng thing AB va CD phan biet thi AB II CD. 

2. Cdc vi du 

Vi du 1. Cho tam giac ABC cd trung tuyen AM. Ggi / la trung diem ciia AM 
1 

va K la diem tren canh AC sao cho AK = -AC. Chufng minh ba diim fi, /, 

K thing h^ng. 
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GlAl 

Dat M = BA,v = BC (h.1.23). 

Ta phan tich B^ va BI theo u,v. 

BK ^BA + AK = Z + -AC = Z + -(BC -BA) 

- 1 - - 2 - 1 -
= M + - ( V - M ) = —M + - V (1) 

3 3 3 

^I=-(BA+^) 

1 - 1 - 1 - 1 -
= —(M + - V ) = —M +—V. (2) 

2 2 2 4 
Tiif (1) va (2) suy ra 2M + v = 3BK, 2M + v = 4B/. 

vay 3B^ = 4B7 hay B^ = - B / . Do dd ba diim B, I, K thing hang. 

Vi du 2. Cho tam giac AfiC. Hai diem M, N dugc xac djnh bdi cac he 

thCfc: eC + MA = 6, Afi - AM - SAC = 6. ChCfng minh MA///AC. 

GIAI 

Tacd ^ + 'MA + AB-T/A-3AC = d, 

hay (AB + ^) + (MA + JN)-3AC = d 

AC + MN-3AC = 0 

MN = 2AC. 

vay MN cung phuong vdi AC. 

Theo gia thilt ta cd BC = JM, ma A, B, C khdng thing hang nen bdn 
diim A, B, C, M la mdt hinh binh hanh. 

Tii dd suy ra M khdng thudc dudng thing AC va MÂ  // AC. 
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VAN 3i 4 
9 

Chiing minh cac dang thiic vecto co chiia tich cua vecto vOi mot so 

1. Phuang phdp 

• Sir dung tinh chit tfch ciia vecto vdi mdt sd'. 

• Sir dung cac tinh chit cua : ba diim thing hang, trung diim cua mdt doan 
thing, trgng tam cua tam giac. 

2. Cdc vidu 

Vi du 1. Ggi M va N Ian li/gt la trung diim cDa hai doan thing AB va CD. 

Chufng minh rang 2MN = ̂  + BD. 

GiAi 

Vi N la trung diim cua doan thing CD ntn 2MN = MC + MD. 

Mat khac 1MC = AIA + AC, 1^ = JIB + ̂  nen 

'MC + 'MD = 'MA + 'AC + HIB + 'BD^ AC+ ^ + (1^ + ^18) 

= AC + ̂  (vi M la trung diim cua AB). 

vay 2Miv = AC + BD. 

Vi du 2. Cho hinh binh hanh ABCD. ChCfng minh rang 

^8 + 2^6 + ̂ 5 = 3^6. 

GIAI 

Vi ABCD la hinh binh hanh nen AB + AD = AC. Do dd 

AB + 2'AC + 'AD = (AB + AD) + 2'AC = JC + 2AC = 3'AC. 

Vi du 3. ChCfng minh rang neu G va G' Ian lugt la trgng tam cCia hai tam 

giac ABC va A 'B'C thi 3GG*' = AA' + BB' + CC'. 

GIAI 

Vi G' la trgng tam ciia tam giac A'B'C ntn 

3GG' = GA' + GB' + GC'. (1) 
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Hon niia GA' = GA + AA' 

GB' = GB + BB' 

GC' = GC + CC'. 

Cdng tiing vl ba dang thiic tren va vi GA + GB + GC = 0 nen 

GA' + GB' + GC'^AA' + 'BB' + CC'. (2) 

Tur (1) va (2) suy ra 3GG' = AA' + BB' + CC'. 

• Cd thi chiing minh nhu sau 

Tacd GG' = GA + AA' + A'G' 

GG' = GB + BB' + B'G' 

GG' = GC + CC' + C'G'. 

Cdng tiimg vl ciia ba ding thiic tren va sir dung dilu kien ciia trgng tam tam 
giac ta suy ra dilu cin chiing minh. 

VAN dg 9 

Aac dinh vi tri cua mot diem nhd dang thiic vecto 

1. Phuang phdp 

Sii dung cac khing dinh va cac cdng thirc sau : 

• AB = 0<»A = B; 

• Cho diim A va cho a. Cd duy nhit diim M sao cho AM = a ; 

• JB = AC<^B=C, J^ = JB'^A^=A. 

2. Cdc vidu 

Vi du 1. ChOitem giac ABC cd D la trung diem cua fiC. Xac djnh vj tri cua 

diim G biet AG = 2GD. 
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GlAl 

Tii AG = 2GD, suy ra ba diim A, G, 
D thing hang, AG = 2GD va diim G 
d giira A va D. Vay G la trgng tam 
ciia tam giac ABC (h. 1.24). 

Vi du 2. Cho hai diim A va B. Tim diim / sao cho IA + 2IB = 6. 

GlAl 

M + 2/B = 0 «=> M = -27B. 

Tii dd suy ra |M| = | - 2 ^ | hay /A = 2/B, M va ZB ngugc hudng (h.1.25). 

A I B 

Hinh 1.25 

vay / la diim thudc doan AB ma /B = - AB , 
• • 3 

I ^ P Vi du 3. Cho tif giac AfiCD. Xac djnh vj tri diim G sao cho 

GA + GB + G6 + GD = d. 

GIAI 

Tacd GA+ GB = 2G/, trong do/la trung diim ciia ABva GC + GD=^2GK, 

trong dd K la trung diim cua CD. Vay theo gia thilt ta cd 2G/ + 2G^ = 6 

hay G/+G^ = 0(h.l.26). 

Do dd G la trung diim cua doan thing IK. 

Ij 

K 

Hinh 1.26 
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C. cAU HOI VA BAI TAP 

1.20. Tim gia tri cua m sao cho l = mb trong cac trudng hgp sau : 

a) a = ̂  ^ 6 ; 
- • - • - » - • 

b) a = -fe va a ?t 0 ; 

c) a,b ciing hudng va |a| = 20, \b\ = 5 ; 
— — l—I i—I 

d) a, ZJ ngugc hudng va |a| = 5, |fc| = 15 ; 

e) 'a = 0,b^O ; 

g)a^0,fe = 6 ; 

h) a = 6,fe = 0. 

1.21. Chiing minh rang : 

a) Nlu a = Z? thi ma = mfe ; 

b) ma = mb vam^Othi a = b ; 
^ -^ - • -^ 

c) Ne'u ma = na vk a^O thi m = n. 

1.22. Chufng minh ring tdng ciia n vecto a bing na (n Ik sd nguyen duomg). 

1.23. Cho tam giac ABC. Chumg minh ring nlu GA + GS + GC = 0 thi G la trgng 
tam cua tam giac ABC. 

1.24. Cho hai tam giac ABC vk A 'B'C. Chiing minh ring nlu A?+BB*'+CC*' = 0 
thi hai tam giac dd cd ciing trgng tam. 

1.25. Cho hai vecto khdng ciing phuong a va 6. Dung cac vecto: 

a )2a+fe ; h) a-2b ; c)-a+-b. 

1.26. Cho luc giac dIu ABCDEF tam O cd canh a. 

a) Bian tich vecto AD theo hai vecto AB va AF. 

b) Tinh dd dai cua vecto - 1 ^ + -1BC theo a. 
2 2 

1.27. Cho tam gi^c ABC cd trung tuyln AM (M la trung diim cua BC). Phan tich 

vecto AM theo hai vecto AB va ^JC. 
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1.28. Cho tam giac ABC. Ggi M la trung diim ciia ABva N \k mdt diim tren 
canh AC sao cho NA = 2NC. Ggi K la trung diim ciia MN. 

Phan tich vecto AK theo ^ va ^ . 

1.29. Cho tam giac ABC. Dung JB'= Jc, ^'= JB va BC = CA. 

a) Chung minh ring A la trung diim cua B'C. 
h) Chiing minh cac dudng thing AA', BB' va CC ddng quy. 

1.30. Cho tam giac ABC. Diim / tren canh AC sao cho CI = - CA, I la diim ma 
4 

'BJ=-'AC--JB. 
2 3 

a) Chiing minh ^I = -AC-JB. 

^ 4 
b) Chiing minh B, /, J thing hang. 
c) Hay dung diim J thoi dilu kien dl bai. 

1.31. Cho hinh binh hanh ABCD cd O la giao diim cua hai dudng cheo. Chiing 

minh ring vdi diim M bit ki ta cd MA + MB + MC + MD = AMO. 

1.32. Cho tur giac ABCD. Ggi / va / lin lugt la trung diim cua hai dudng cheo AC 

va BD. Chung minh AB + CD = 2Z/. 

133. Cho tii giac ABCD. Cac diim M, N,PvaQ lin lugt la tmng diim ciia AB, BC, 
CD va DA. Chiing minh ring hai tam giac ANP va CMQ cd cung trgng tam. 

1.34. Cho tam giac ABC. 

a) Tim diim K sao cho ^ + 2 ^ = ^ . 

b) Tim diim M sao cho MA + MB + 2MC = 0. 

1.35. Cho tam giac ABC ndi tilp trong dudng trdn tam O, H la true tam cua tam 
giac, D la diim dd'i xiing ciia A qua O. 

a) Chung minh tii: giac HCDB la hinh binh hanh. 

b) Chiing minh : 'HA + 'HD = 2'Hd ; 

7lA + llB + 'HC = 2'Hd ; 

dA + OB + OC = OH. 
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c) Ggi G la trgng tam tam giac ABC. 

Chiing minh OH = 30G . 
Tif dd cd kit luan gi vl ba diim 0,H,G1 

§4. HE TRUC TOA Y)6 

A. CAC KIEN THQC CAN NHO 

1. Dinh nghia toa dd.cua mdt diim, dd dai dai sd cua mdt vecto tren mdt true. 

2. Dinh nghia toa dd cua mdt vecto, ciia mdt diim tren mat phing toa dd Oxy. 

• a = (a^; a^) <=> a = ajr + a2; . 

^ ^ k=^i 
• Nlu a = (flj; a^), b = (b^; b^) thi a = b^^< 

• M cd toa dd la (x; y) <=> OM = {x; j ) vdi O la gdc toa dd ; 

X = OM , y = OM , trong dd Mj va M^ lin lugt la chan dudng vudng 

gdc ha tii M xud'ng Ox va Oy. 

• Nlu A cd toa dd la (x.; y.), B cd toa do la {x^; J^) thi 

AB = {Xg-x^;y^-y^). 

3. Toa dd cua a + b, a-b , ka. 

Cho a = ia^; a^),b = {b^; b.2^,ke R. 
—» -̂  

Ta cd a + b = {a^+ b.; a„+b^); 

a-b = (Oj-fej; a^-b.^) ; 

ka =ika^; ka.^). 

Tit dd suy ra rang hai vecto a va b{a*Q) ciing phuong khi va chi khi cd sd 

it thoa man I 
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4. Nlu / la trung diim cua doan thing AB thi 

f~ 2 ' ^'—r~ 
Nlu G la trgng tam cua tam giac ABC thi: 

B. DANG TOAN CO BAN 

VAN de l 

Tim toa do cua mot diem va do dai dai so cua mot vecto tren true (O; c) 

1. Phuang phdp 

Can cii vao dinh nghia toa dd ciia diim va dd dai dai sd cua vecto. 

• Diim M cd toa dd a <=> OM = ae vdi O la diim gdc. 

• Vecto AB cd dd dai dai sd la m = AB <» AB = me. 

E 

• Nlu MvaNco toa do lin lugt la a vk fe thi MN = b-a. 

2. Cdc vi du 

Vi du 1. Tren true (O ; e) cho cac diim A, B, M, N Ian li/ot co toa dd la 
- 4 ; 3 ; 5 ; - 2 . 

a) Bilu dien cac diim da cho tren true ; 

b) Tinh do dai dai sd ciia cac vecto AB, AM , )w/V. 

GIAI 

a) Bilu diln cac diim A, B, M, N nhu sau : 

- 4 - 2 i* 3 5 
-»—•-

N O B M 

Hinh 1.27 
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b) AB = 3 - ( ^ ) = 7 

JM =5-{-4) = 9 

MN =-2-5 = -7. 

^ T Vi du 2. Cho ba diim tuy y A, fi.C tr§n true (O ; e). ChCmg minh rang : 

a) Afi = Afi neu Afi cung hudng vdi e ; 

AB = -AB neu Afi ngUOc hUdng vdi e. 

b) Afi + fiC. = AC. 

GlAl 

a) AB = AB.e. Tii dd suy ra : 

|AB| = |AB|.0 hay |AB| =AB. 

Nlu AB cung hudng vdi e thi AB > 0, nen ta cd AB = AB. Nlu AB ngugc 

hudng vdi e thi AB < 0, nen ta cd AB = -AB. 

b) Vdi ba diim A, B, C ta cd JB + 'BC = JC. Vi AB = ABx, 'BC = BC.e, 

AC = AC.e ntn ta cd : 

AB^e + Bc7e = Ac7e hay {AB + Bc)7e = AC^e. 

Suy ra AB + BC = AC. 

m^ Cha y: He thiic AB + BC = AC ggi la he thiic Sa-lo. 

^ VAN de 2 

Aac dinh toa do cua vecto va cua mot diem tren mat phang toa do Qx/ 

1. Phuang phdp 

Can cii vao dinh nghia toa dd cua mdt vecto va toa dd ciia mdt diim tren mat 
phing toa dd Oxy. 
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• Dl tim toa do ciia vecto a ta lam nhu sau : 

Ve vecto OM = a. 

Ggi hai diim Mj va M2 lin lugt la hinh 
chilu vudng gdc cua M tren Ox va Oy. Khi 
dd a = (a^; a^ trong dd a^ = OM^, 

a^=~dM^ (h.1.28). 

• Dl tim toa dd ciia diem A ta tim toa do ciia vecto OA. Nhu vay A cd toa dd 

la (jc ; y) trong dd x = OA^, y = OA^ ; Aj va A^ tuong ung la chan dudng 

vudng gdc ha tit A xud'ng Ox va Oy. 

• Nlu bie't toa dd ciia hai diim A, B ta tinh dugc toa dd cua vecto AB theo 
cdng thiic : 

AB = {x^-x^; y^-y^). 

2. Cdc vi du 

' Vi du 1. Cho hinh vudng AfiCD cd canh a = 5. Chgn he tmc toa do (A ; / , 7), 

trong dd / va AD cung hudng, j va AB cung hudng. Tim toa do cac dinh 
ciia hinh vudng, giao diim / cua hai dudng cheo, trung diim N cCia fiC va 
trung diim M cua CD. 

GIAI 

TacdA(0;0),B(0;5),C(5;5), 

D(5;0),/ 

M 

rs. 5 
2 ' 2 

, Â  ; 5 

5; - I (h.1.29). 
2> 

Hinh 1.29 
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Vi du 2. Cho hinh binh hanh AfiCD cd AD = 4 va chieu cao Cfng vdi canh 

AD bang 3, gdc fiAD = 60°. Chgn he true toa do (A ; / , ; ) sao cho / va 

AS cung hudng. Tim toa do ciia cac vecto Af i , fiC, CD va AC. 

GIAI 

KeBH±AD,tac6BH = 3,AB= 2S,AH= V3(h.l.30). 

Do dd ta cd cac toa dd : A(0 ; 0), 

B ( N / 3 ; 3 ) , C ( 4 + V 3 ; 3 ) , D ( 4 ; 0 ) . 

Tirddcd AB = (V3;3) 

BC = (4 ; 0) 

CD=(->/3;-3) 

AC = (4 + V3 ; 3). 

Vi du 3. Cho tam giac AfiC. Cac diim M(1 ; 0), A/(2 ; 2) va P(-1 ; 3) Ian lugt 
la trung diim cac canh fiC, CA va Afi. Tim toa do cac dinh cCia tam giac. 

GIAI 

Ta cd : NAPM la hinh binh hanh 

suy raiVA = MF(h. 1.31). 

MP = (-2 ; 3). 

Suy ra 
\x. - 2 = -2 

A 
A 

1^.-2 = 3 [y^=5. 

vay toa dd cua A la (0; 5). 

Tuong tu, tir MC = FiV, MB = iVF ta tfnh dugc B(-2 ; 1), C(4 ; -1). 

Vi du 4. Cho hinh binh hanh AfiCD cd A(-1 ; 3), fi(2 ; 4), C(0 ; 1). Tim toa 
do dinh D. 
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GlAl 
GiasirD= {x^;y^). 

Tacd AD = BC, AD = (.x^+1; >'^-3), 

BC = (-2 ; -3) (h.1.32). Do dd, 

jx^+l = - 2 ^ ^ =-3 

Vay toa do dinh Dia (-3 ;0). 

Hinh 1.32 

VAN dg 1 

Tim toa do cua cac vecto u + v, u — v,ku. 

1. Phuang phdp 

Tfnh theo cac cdng thiic toa do cua u + v, u-v ,ku . 

2. Cdc vi du 

Vi du 1. Cho u = (3 ; -2), v̂  = (7 ; 4). 

Ti'nh toa do cua cac vecto u + v, u-v ,2u, 3u-4v ,-{3u-4v). 

GIAI 

u + v = (10 ; 2), M-v = (-4 ; -6 ) , 2M = (6 ; -4) 

3M =(9;-6) ,4v =(28; 16). 

Vay 3M - 4 V = (-19 ;-22) va-(3M - 4 v ) = (19 ; 22). 

Vi du 2. Tim x de cac cap vecto sau cung phuong : 

a) a = (2 ; 3), b = (4 ; x) 

b) u = (0 ; 5), i? = (X; 7) 

c) m = (X ; -3), n = (-2 ; 2x). 

38 



GlJd 

. A x 
a) — = — => J: = 6. 

2 3 
b);c = 0. 

c)—= — ^x^ = 3^x=±S. 
-2 2x 

Chiing minh ba diem thang hang, hai dudng thang song song bang toa do 

1. Phuang phdp 

Sir dung cac dilu kien cin va dii sau : 

• Ba diim phan biet A, B, C thing hang <;:> AB = kAC ; 

• Hai vecto a,b^Q cimg phuong o Cd sd^dl a =kb. 

2. Cdc vi du 

Vi du 1. Cho ba diim A(-1 ; 1), fi(1 ; 3), C(-2 ; 0). ChCrng minh ba diim 
A, fi, C thing hang. 

GlAl 

AB = (2 ; 2), AC = (-1 ; -1). 

vay JB = -2AC. Do dd ba diim A,B,C thing hang. 

Vi du 2. Cho A(3; 4), fi(2 ; 5). Tim x 6e diim C(-7 ; x) thudc dudng thing Afi. 

GlAl 

Diim C thudc dudng thing AB khi va chi khi : ba diim A, B, C thing hang 

^^6 = k'AB. 

Ta cd AB = (-1 ; 1), AC = (-10 ; ;c - 4). 

AC = kAB <^=^ = ^^=^x-A=l0^x=lA. 
-1 1 
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Vi du 3. Cho bdn diim A(0 ; 1), fi(1 ; 3), 0(2 ; 7), D(0 ; 3). Chumg minh hai 
dudng thing Afi va CD song song. 

GiAi 

AB = (1 ; 2), CD = (-2 ; -4). Vay CD = -2AB. Do dd hai dudng thing AB 
va CD song song hoac triing nhau. 

Ta cd AC = (2 ; 6), ma AB = (1 ; 2). Vay hai vecto Jc va AB khdng ciing 
phuong. Do dd diim C khdng thudc dudng thing AB. Vay AB II CD. 

VAN dE y 

Tinh toa do trung diem cua mot doan thang, toa do cua trong tam mot 

tam giac 

1. Phuang phdp 

Sit dung cac cdng thtic sau : 

• Toa dd trUng diim ciia mdt doan thing bing trung binh cdng cac toa do 
tuong ung ciia hai diu miit. 

• Toa dd ciia trgng tam tam giac bang trung binh cdng cac toa dd tuong iing 
ciia ba dinh. 

2. Cdc vi du 

Vi du 1. Cho tam giac AfiC vdi A(3 ; 2), fi(-11 ; 0), C(5 ; 4). Tim toa do 
trgng tam G cua tam giac. 

GIAI 

Theo cdng thiic toa do ciia trgng tam tam giac ta cd 

3-11 + 5 
XQ- = -1'3 'G = 

2 + 0 + 4 
= 2. 

Vi du 2. Cho tam giac AfiC cd A(1 ; -1), fi(5 ; -3) dinh C tren Oy va trgng 
tam G tren Ox. Tim toa do cCia C. 
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GIAI 

Vi C nim tren Oy ntn ta cd C(0 ; y). Vi trgng tam G nim tren Ox ntn ta cd 
G{x; 0). Theo cdng thiic toa dd cua trgng tam tam giac ta cd 

- l -3 + >' 
= 0 ^ J = 4. 

vay C cd toa dd la (0 ; 4). 

Vi du 3. Cho A(-2 ; 1), fi(4 ; 5). Tim toa do trung diim / ciia doan thing 
Afi va tim toa do diim C sao cho tCif giac OACfi la hinh binh hanh, O la 
gdc toa do. 

GlAl 

Theo cdng thiic toa dd trung diim ta cd 

-2 + 4 
Xj = = 1; 

1 + 5 -
y,= — =3. 2 - ' 2 

Vaytoadd/la(l ;3)(h.l.33). 

Tii giac OACB la hinh binh hanh khi va 
chi khi / la trung diim ciia OC. Do dd 

c. 
1.36. 

-^ = 1 => jc^ = 2 . 

2 ^ 

2 =3=>>'c = 6. 

vay toa dd C la (2 ; 6). 

cAu HOI vA BAI TAP 

Vie't toa dd ciia cac vecto sau : 
- -. - -. 1_ _ 
a = 2i + 3j ; b = -i-5j ; 

Hinh 1.33 

c = 3i ; d = -2j. 

1.37. Vie't vecto u dudi dang u = xi + yj khi biet toa dd cua u la 

(2 ; - 3 ) , (-1 ; 4), (2 ; 0), (0 ; -1), (0 ; 0). 
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1.38. Cho a = (1 ; -2), fe = (0 ; 3). Tun toa dd cua cdc vecto 

x = a + b, y = a-b, z = 3a-Ab. 

1J9. Xet xem eac cap vecto sau cd ciing phuong khdng ? Trong trudng hgp cung 
phuong thi xet xem chung cung hudng hay ngugc hudng. 

a) a = (2 ; 3), fe = (-10 ; -15). b) « = (0 ; 7), v = (0 ; 8). 

c)m= (-2 ; ! ) , « = (-6 ; 3). d) c = (3 ; 4), 5 = (6 ; 9). 

e) e = (0 ; 5), 7 = (3 ; 0). 

1.40. a) Cho A(-l ; 8), B(l ; 6), C(3 ; 4). Chiing minh ba diim A, B, C thing hang. 
b) Cho A(l ; 1), B(3 ; 2) va C(m + A;2m+ 1). Tun m dl ba diim A, B, C 

thing hang. 

1.41. Cho bdn diim A(-2 ; -3), B(3 ; 7), C(0 ; 3), D(-4 ; -5). 
Chiing minh ring hai dudng thing AB va CD song song vdi nhau. 

1.42. Cho tam giac ABC. CAc diim M(l ; 1), Â (2 ; 3), F(0 ; -4) lin lugt la trung 
diim cac canh BC, CA, AB. Tfnh toa dd cac dinh cua tam giac. 

1.43. Cho hinh binh hanh ABCD. Bilt A(2 ; -3), B(4 ; 5), C(0 ; -1). Tfnh toa dd 
cua dinh D. 

1.44. Cho tam giac ABC cd A(-5 ; 6), B{-A ; -1), C(4 ; 3). Tim toa dd trung diim 
/ cua AC. Tun toa dd diim D sao cho tii giac ABCD la hinh binh hanh. 

1.45. Cho tam giac ABC cd A(-3 ; 6), B(9 ; -10), C(-5 ; 4). 
a) Tim toa dd ciia trgng tam G ciia tam giac ABC. 
b) Tim toa dd diim D sao cho tii giac BGCD la hinh binh hanh. 

—> —» 

1.46. Cho tam giac dIu ABC canh a. Chgn he toa dd (O ; i, j), trong dd O la 
trung diim ciia canh BC, i cung hudng vdi OC, j ciing hudng vdi OA. 
a) Tfnh toa dd ciia cac dinh cua tam giac ABC. 
b) Tim toa dd trung diim F cua AC. 
c) Tim toa dd tam dudng trdn ngoai tiep tam giac ABC. 

—• —* 
1.47. Cho luc giac dIu ABCDEF. Chgn he toa dd (O ; /, j), trong dd O la tam 

ciia luc giac dIu, hai vecto / va OD ciing hudng, j va ^ cung hudng. 
Tfnh toa dd cac dinh ciia luc giac bilt dd dai canh cua luc giac la 6. 

42 



CAU HOI VA BAI TAP ON TAP CHaONG I 

1.48. Cho hinh binh hanh ABCD tam O. Ggi M va Â  lin lugt la trung diim ciia 
AD va BC. Dua vao cac diim A, B, C, D, O, M, N da cho hay : 

a) Kl ten hai vecto cung phuong vdi AB, hai vecto cung hudng vdi AB, 

hai vecto ngugc hudng vdi AB (cac vecto kl ra nay deu khac 0). 

h) Chi ra mdt vecto bing vecto MO, mdt vecto bing vecto OB. 

1.49. Cho hinh binh hanh ABCD. Ggi F va F lin lugt la trung diim cua hai canh 
AB va CD. Ndi AF va CE, hai dudng nay cit dudng cheo BD lin lugt tai M 

va N. Chiing minh mi = MiV = iVB. 

1.50. Cho hai hinh binh hanh ABCD va ABEF vdi A, D, F khdng thing hang. 

Dung cac vecto EH va FG bing vecto AD. Chiing minh tii giac CDGH la 
hinh binh hanh. 

1.51. Cho bdn diim A, B, C, D. Tim cac vecto : 

a)u = AB + ̂  + lBD + CA; h) v = JB+ CD+ BC+ DA . 

1.52. Cho luc giac dIu ABCDEF va M la mdt diim tuy y. Chiing minh ring : 

^+'MC+'ME='MB+'MD+'MF. 

1.53. Ĉho tam giac ABC. Tim diim M thoa man dilu kien MA - MB + MC = 0. 

1.54. Cho tam giac ABC cd trung tuyln AM. Trtn canh AC la'y hai diim E va F 
sao cho AE = EF = FC, BE cit trung tuyln AM tai N. Tinh 

AE + Jp + JN + mJ. 

1.55. Cho hai diim A va B. Diim M thoa man dilu kien |MA + MB| = |MA - MB| . 

Chiing minh ring OM = —AB, trong dd O la trung diim cua AB. 

1.56. Cho tam giac ABC va mdt diim M tuy y. Chiing minh ring vecto 

v = MA + MB-2MC khdng phu thudc vao vi tri ciia diim M. Hay dung 

diim D sao cho CD = v . 
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1.57. Cho tam giac ABC. Ggi M, N, P la nhung diim dugc xac dinh nhu sau : 

118 = 3^16, ]vC = 3iVA, FA = 3FB. 

a) Chiing minh 20M = 30C - OB vdi mgi diim O. 
b) Chiing minh hai tam giac ABC va MNP cd ciing trgng tam. 

1.58. Cho hinh vudng ABCD, E la trung diim ciia CD. Hay phan tfch AE theo 
—• » - • » 

hai vecto M = AD, v = AB. 

1.59. Cho cac diim A, B, C tren true (O ; e) cd toa dd lin lugt la 5 ; -3 ; -A. 

Tfnh dd dai dai sd ciia AB, BA, Jc, BC. 

1.60. Cho hinh thoi ABCD tam O cd AC = 8, BD = 6. Chgn he toa dd (O ; /, J) 

sao cho / va OC cimg hudng, j va OB cimg hudng. 

a) Tfnh toa dd cac dinh cua hinh thoi; 
b) Tim toa do trung diim / ciia BC va trgng tam cua tam giac ABC ; 
c) Tim toa dd diim ddi xiing /' ciia / qua tam O. Qiiing minh A,r,D thing hang; 

d) Tim toa dd cua vecto AC, BD, BC. 

CAU HOI TRAC NGHIEM 

1.61. Chgn khing dinh dung : 
(A) Hai vecto cd gia vudng gdc thi cung phuong ; 
(B) Hai vecto ciing phuong thi gia ciia chiing song song ; 
(C) Hai vecto ciing phuong thi cung hudng ; 
(D) Hai vecto ciing ngugc hudng vdi vecto thii ba thi ciing hudng. 

1.62. Nlu hai vecto bing nhau thi chiing 
(A) cd dd dai bing nhau ; (B) cung phuong ; 
(C) ciing diim gd'c ; (D) ciing hudng. 
Hay tim khing dinh sai. 

1.63. Sd cac vecto cd diim diu va diim eudi la 2 trong 6 diim phan biet cho 
trudc la 
(A) 12; . (B)21; (C) 27; (D) 30. 
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1.64. Sd cac vecto cd diim diu la mdt trong 5 diim phan biet cho trudc va cd 
diim cudi la mdt trong 4 diim phan biet cho trudc la 

(A) 20; (B)10; • (C) 9 ; (D) 14. 

1.65. Chgn khing dinh diing trong cac he thiic sau : 

{A)~AB + ~AC = 'BC ; {B)~MP + 'NM = ~NP ; 

{C)'CA + ~BA = 'CB ; {U)~AA + ~BB = JB . 

1.66. Cdng cac vecto cd cung dd dai bing 5 va ciing gia ta dugc ke't qua sau : 

(A) Cdng 5 vecto ta dugc kit qua la 0 ; 

(B) Cdng 4 vecto ddi mdt ngugc hudng ta dugc 0 ; 

(C) Cdng 121 vecto ta dugc 0 ; 
(D) Cdng 25 vecto ta dugc vecto cd do dai la 10. 
Hay chgn khing dinh diing. 

1.67. Chgn ding thiic dung : 

{K)~AB-'AC = 'BC ; {B)~AM + ~BM = ~AB ; 

(C) PM-PN = NM ; (D) AA-BB = AB., 

1.68. Nlu a va fe la cac vecto khac 0 va a la vecto dd'i cua fe thi chiing 
(A) ciing phuong ; (B) cung dd dai; 
(C) ngugc hudng ; (D) cd chung diim diu. 
Hay chgn khing dinh sai. 

1.69. Vecto t6ng MN + PQ + RN + NP + QR bing 

(A) MR ; (B) MÂ  ; (C) PR ; (D) MP. 

1.70. Cho tam giac diu ABC. Hay chgn ding thiic diing 

{A)'AB = JC ; (B) IABI = IACI ; 

iC)JB + ̂  = CA ; (D)AB-BC = 0. 

1.71. Cho hinh binh hanh ABCD tam O. Tim khing dinh sai trong cac khing 
dinh sau : 

(A) AB + AD = AC ; (B) AB-JD = 'DB \ 

iO A0 = BO ; {T>) OA + OB = 'CB. 
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1.72. Cho G la trgng tam cua tam giac ABC va / la trung diim cua BC. Hay chgn 
ding thiic diing: 

(A)GA = 2G/; 

(B)GB + GC = 2Gi ; 

(C)7G = - A / ; 
3 

(D)GA = -A/ . 
3 

1.73. Cho tam giac ABC, E la diim tren canh BC sao cho BE = -BC. Hay chgn 

ding thiic diing : 

(A) AE = 3A£ + AAC ; 

(B) 'AE = -'AB + -AC ; 
4 4 

iC)AE = -AB--AC; 
3 5 

(D) 'AE=-JB+-JC. 
A A 

1.74. Cho tam giac ABC va / la trung diim cua canh BC. Diim G cd tfnh chit 
nao sau day thi G la trgng tam cua tam giac ABC : 

(A) GA = 2GI ; 

(B) AG + ̂  + CG = 0 ; 

( Q G 6 + GC = 2G/; 

(D)G/=-A/? 
3 

1.75. Cho a = (1 ; 2), fe = (2 ; 3), c = (-6 ; -10). Hay chgn ding thttc dung : 

(A) a + fe va c ciing hudng ; 

(B) a + fe va a-fe cung phuong; 

(C) a-fe va c ciing hudng ; 

(D) a + b va c ngugc hudng. 
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1.76. Cho ba diim A(0; 3), B(l; 5), C(-3 ; -3). Chgn khing dinh diing. 

(A) A, B, C khdng thing hang ; 

(B) A, B,C thing hang; 
(O Diim Bd giiia Ava C ; 

(D) AB va AC cimg hudng. 

1.77. Cho tam giac ABC cd A(l ; -3), B(2 ; 5), C(0 ; 7). Trgng tam ciia tam giac 
ABC la diim cd toa dd : 
(A)(0 ;5) ; 

(B)( l ;> /^) ; 
(C)(3;0); 
(D)(l;3). 

1.78. Cho hai diim A(3 ; -5), B(l; 7). Chgn khing dinh diing : 

(A) Trung diim ciia doan thing AB la diim (4 ; 2); 

(B) Toa dd cua vecto AB la (2 ; -12); 

(C) Toa dd ciia vecto AB la (-2 ; 12); 
(D) Trung diim cua doan thing AB la diim (2 ; -1). 

1.79. Cho a = (2 ; -4), fe = (-5 ; 3). Toa dd ciia vecto M = 2a - fe la 

(A) M = (7 ; -7) ; 

( B ) M = ( 9 ; - 1 1 ) ; 

(Q « = (9 ; 5); 

( D ) M = ( - l ; 5 ) . 

1.80. Cho M(l ; - I ) , N(3 ; 2), F(0 ; -5) lin lugt la trung diim cac canh BC, CA 
va AB cua tam giac ABC. Toa dd cua diim A la 

(A) (2 ; -2 ) ; (B) (5 ; 1); 

(C)(V5;0) ; (D) (2 ; >/2). 

1.81. Cho hinh binh hanh ABCD cd A(-2 ; 3), B(0 ; 4), C(5 ; -4). Toa dd dinh D la 

(A) (V7;2) ; (B) (3 ; - 5 ) ; 

(C) (3 ; 7); (D) (3 ; >/2). 

47 



1.82. Cho M(5 ; -3). Ke MM^ vudng gdc vdi Ox, MM^ vudng gdc vdi Oy. Khing 
dinh nao diing ? 

(A) OM = -5 ; 

(B) OM = 3 ; 

(C) OM. -OM.. cd toa dd (-5 ; 3); 

(D) OM^ + OM^ cd toa dd (5 ; -3). 

1.83. Cho bdn diim A(0 ; 1), B(-l ; -2), C(l ; 5), D(-l ; -1). 
Khing dinh nao diing ? 
(A) Ba diim A,B,C thing hang ; 
(B) Hai dudng thing AB va CD song song ; 
(C) Ba diim A,B,D thing hang ; 
(D) Hai dudng thing AD va BC song song. 

1.84. / va ;• la hai vecto don vi ciia he true toa dd (O ; /, ;) . Toa do cua vecto 

2? + y la 

(A) (1 ; -2 ) ; 
(B)(-3;4); 
(C) (2 ; l ) ; 

(D) (0; V3). 

1.85. Cho tam giac ABC trgng tam la gd'c toa dd, bilt toa do hai dinh la A(-3 ; 5), 
B(0 ; 4). Toa dd ciia dinh C la 

(A) (-5 ; 1); 
(B) (3 ; 7); 

(C) (3 ; -9 ) ; 

(D)(V5 ;0). 
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HUdNG DAN GIAI VA DAP SO' 

§1. CAC DINH NGHIA 

1.1. a) Vdi hai diim A, B cd hai vecto AB, BA ; 

b) Vdi ba diim A, B, C cd 6 vecto JB, BA, AC, CA, Jc, CB ; 

c) Vdi bdn diim A, B, C, D cd 12 vecto (hgc sinh tu liet ke). 

e C 

1.2. BC = AD,CB = DA, 

AB = DC, BA =CD, 

OB = Dd, Bd = dD, 

Ad = dc, cd = dA (h.1.34). 

MN = PQ va MN II PQ vi 

chiing diu bang —AC va diu 

song song vdi AC (h. 1.35). 
vay tir giac MNPQ la hinh 
binh hanh nen ta cd 

'NP=~MQ, PQ = mi. 

Hinh 1.34 

MN IIBCvaMN=-BC, 
2 

hay |iVM| = - |Bc | (h.1.36). 

Vi MN II BC nen NM va BC cimg phuong. 

Hinh 1.36 
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1.5. Tii giac ABCD cd AB = DC ntn 
AB = DCvaAB// DC. Do dd ABCD 
la hinh binh hanh, suy ra : 

AD = BC (h.1.37). 

Hinh 1.37 

1.6. a) Nlu AB va AC cung hudng va |AB| > |AC| thi diim C nim giiia hai 
dilmAvaB(h.l.38): 

A C B 

Hinh 1.38 

b) Nlu AB va AC nguoc hudng thi diim A nim giiia hai diim B va C 
(h.1.39): 

C A B 

Hinh 1.39 

, c) Nlu AB va AC cimg phuong thi chiing cd thi cimg hudng hoSc ngugc 
hudng. 

Trudng hgp AB va AC cimg hudng : 

- Nlu IABI > IAc| thi C nam giiia A va B. 

- Nlu IABI < |AC| thi B nim giiia A va C. 

Trudng hgp AB va AC ngugc hudng thi A nim giiia B vk C. 

1.7. Tacd AM = BA 

TJP = 'DC = 'AB (h.1.40). 
Suy ra AM = NP va AM II NP. Vay 

tii giac AMNP la hinh binh hanh. 

Ta cd FG = BC 

'MN = DA = CB Hinh 1.40 
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suy ra PQ = MN va PQ II MN. Wky tii giac MÂ F<2 la hinh binh hanh. (2) 

Tiir (1) va (2) suy r&A = Q hay Ae = 0. 

§2. T6NG VA HIEU CUA HAI VECTO 

1.8. 

1.9. 

1.10. 

1.11. 

1.12. 

1.13. 

AB + BC + CD + DE = AC + CD + DE = AD + DE = AE. 

JB-CD = A C - ^ <:> JB + ^ = JC + CD <» AD = AD. Nhu vay he 

thiic cin chung minh tuong duong vdi ding thiic diing. 

a)OA + OB = 0=>OB = - ^ ^ OB = OA, ba diim A, O, B thing hang va 
diim O d giiia A va B. Suy ra O la trung diim ciia AB. 

b) 0^ + ̂ 3 = 0 => OB = 0 ^B = 0. 

Trong tam gi^c diu ABC, tam O ciia dudng trdn ngoai tilp ciing la trgng 

tam ciia tam giac. vay OA + OB + OC = 0. 

OA + OB + OC + OD = (OA + OC) + (OB + OD) = 0 + 0 = 0. 

FMII BE vi FM la dudng trung binh 
ciia tam giac CEB. 
Ta cd EA = EF. Vay EN la dudng 
trung binh cua tam giac AFM. Suy 
ra N la trung diim cua AM. Vay 

^ = -1^} (h.1.41). 

M B 

Hinh 1.41 

1.14. a) MA-MB = BA <^ BA = BA. Y&y mgi diimM diu thoa man he thiic a). 

b) ]^-JiB = 'AB <» BA = AB <:> A s B, vd H. Vay khdng cd diim M nao 
thoa man he thiic b). 

c) MA + MB = 0 -» MA = -MB. Vay M la trung diim ciia doan thing AB. 

1.15. Ve hinh binh hanh CADB. Ta cd CA + CB = CD, 

dodd |CA + CB| =CD. 
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Vi CA-CB = BA, dodd | C A - C B | =BA. 

Til |CA + CB| = | C A - C B | suy' ra 

CD = AB(h. 1.42). 

vay tii giac CADB la hinh chii nhat. Ta 
cd tam giac ACB vudng tai C. 

Hinh 1.42 

1.16. l^B+ ^+ CD = AE-DE <;=> AC+ CD = AE+ 'ED <^ JD = JD. 

1.17. dA + OB = dC trong dd OACB la hinh binh hanh. OC la phan giac gdc 

AOB khi va chi khi OACB la hinh thoi, turc la OA = OB. 

1.18. F^+F^=OA 

F^+F^ = 0A= IOOV3. 

Hinh 1.43 

Vay cudng dd ciia hgp luc la 
100V3N(h.l.43). 

1.19. (Xem h. 1.44) 

a)AB = 0B-0A 

DC=0C-0D. 

Vi ^8 = 1^6 nen tacd OB-OA = dC-OD. 

vay OB + OD = dA + OC. 

b) Tii giac AMOE la hinh binh 
hanh nen ta cd MF = MA + MO (1) 
Tii giac OFCA^ la hinh binji 
hanh nen ta cd Fiv = FO + FC (2) 

Tii(l)va(2)suyra JIE + JN = 'MA + 'MO + 'Fd + 'FC 

= (MA + 'Fd) + (Md + 'FC) = BA + ̂  = lBD 

{vi~Fd = 'BM,'Md = 'BF). 

vay 'BD='ME+~FN . 
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§3. TICH CUA VECTO \6l M6T S6 

1.20. a)m=l; b)m = -1 ; c)m = A; 

d)m= -- ; e) m = 0; g) Khdng tdn tai; 

h) Mgi gia tri cua m diu thoa man. 

-* -• |-»l |"*l "* "* I "*l I i l~*l I ~*l I il~*l 
1.21. a) a = fe => ia| = |fe| va a, fe cung hudng. Ta ed |ma| = |/w||a|, |/nfe| = im||fe|, 

dodd |/«a| = |/nfe|. 

ma vkmb cimg hudng. Vay ma =mb. 

h)ma =mb => |/na| = |mfe| => |a| = |fe| vim^O; 

ma vkmb cimg hudng =5- a va fe cung hudng. 

vay a = fe. 

-* -* I " * l I " * l I I I I "* •* 
c)ma =na => |wa| = |na| => |w| = |n| vi a 9̂  0 ; 

ma vkna cung hudng => m va n ciing diu. 
Vay m = n. 

1.22. a + a + ... + a = (1 + 1 + ... + l)a =na. 

1.23. GA + GB + GC = d 

o GA + 2G/ = 6 (/la trung diim cuaBC) 

^GA =-2Gi. 
Tit dd suy ra ba diim A, G, I thing hang, trong dd GA = 2GI, G nim giiia A 
va/. 

vay G la trgng tam cua tam giac ABC. 

1.24. Ggi G va G lin lugt la trgng tam cua hai tam giac ABC va A 'B 'C'. Ta cd 

AA' = AG + GG' + G'A' 

BB' = BG + GG' + G'B' 

CC = CG + GG' + G'C'. 
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Cdng tiing vl cua ba ding thiic tren ta dugc 

JA' + 'BB' + CC' = 3GG'. 

Dodd, nlu AA' + BB' + CC = 0 thi ^ = 6 hay G s G'. 

DS° Cha y : Tii chiing minh tren cung suy ra ring nlu hai tam giac ABC vk 

A'B'Ccd ciing trgng tam thi AA + BB̂  + CC = 0. 

1.25. (Xem h. 1.45) 

OC -a +—b 
2 

c) 

Hinh 1.45 

Hay tu ve trudng hgp a - 2b. 

1.26. (Xem h. 1.46) 

a) 'AD = 2Ad = 2(AB + AF) =2AB + 2AF. 

b) -AB + -BC = -(AB + 'BC) = -Jc 
2 2 2 2 

-AB+-BC 
2 2 

= Uc='-ar3=^. 
2 2 2 

1.27. Ggi F, F lin lugt la trung diim ciia AB, AC. (h. 1.47) 

Ta cd tii giac AFME la hinh binh hanh nen AM = J£ + JF 

= ^JB+-~AC 
2 2 
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Cd thi chiing minh cdch khdc nhu sau : 

Vi M la trung diim ciia BC ntn 2 AM = AB + AC 

hay AM = -(AB + AC) 

= -AB + -AC. 
2 2 

1.28. A^ = -(AM + AÂ ) 

-AB+-AC 
2 3 \' 

= IAB + -AC (h.1.48) 
4 3 Hinh 1.48 

1.29. (Xem h. 1.49) 

a) BC*' = CA => tii giac ACBC la hinh binh hanh =^ AC'= CB. 

JB'+ 'AC'= 'BC+ CB = ^ = 0 z:> A la trung diim ciia B'C. 

b) Vi tii gidc ACBC la hinh binh hanh 
nen CC chiia trung tuyln cua tam giac 
ABC xuit phdt tir dinh C. Tuong tu 
nhu vay vdi AA', BB'. Do dd AA', BB, 
CC ddng quy tai trgng tam G cua tam 
giic ABC. 

1.30. (Xem h. 1.50) 

a) BI = BA + AI = -AB + -AC. 
A 

b ) - B / = -
3 3 

-AB + -AC 
A 

= —AB + -AC 
3 2 

vay BJ = -BI. Suy ra ba diim 

B, J, I thing hang. 

Hgc sinh tu dung diim / . 
Hinh 1.50 

55 



1.31. MA + MC = 2M0 (vi O la trung diim ciia AC) 

l4B + ̂  = 2M0 (vi O la trung diim ciia BD) 

vay MA + MB+ MC + MD = 4M0 (h. 1.51). 

132. IJ = IA + AB + BJ 

77 = 7C + CD + D/(h . 1.52). 
Cdng tiing vl hai ding thiic tren ta dugc 

2 / / = ( M + 7C>+AB + C D + ( B / + D 7 ) = '^+CD. 

B 

Hinh 1.51 

Hinh 1.52 

1.33. Ggi G la trgng tam cua tam giac ANP. Khido GA + GN+ GP = 0 (h.l.53). 

Tacd GC + GM + GQ = GA + AC + GN+ NM + GP + PQ 

= (GA + GN + GP) + AC + (NM + PQ) 

= AC + CA = 0 
1 ^ TTTt 1 

(vi NM = -CA, PQ = -CA ntn NM + PQ = CA). 

Yky GC + GM + GQ = 0. 

Suy ra G la trgng tam ciia tam giac CMQ. 
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1.34. (Xem h. 1.54) 

a) KA + 2^ = CB 

<^KA + 2IB = 'KB-KC 

<=> 'KA + KB + KC = d 
<=> ATIa trgng tam cua tam giac ABC. 

Hinh 1.54 

b) MA + MB + 2MC = 0 

<=> 2M/ + 2MC = 6 (/ la trung diim cua AB) 

hay MI + MC = 0 <=> M la trung diim cua/C. 

1.35. (Xem h.l.55) 

a) Vi AD la dudng kfnh eiia dudng trdn tam O nen BD 1AB,DC± AC. 

Ta CO CH 1 AB, BH1 AC ntn suy TaCH/IBDvkBH//DC. 

vay tii giac HCDB la hinh binh hanh. 

b) Vi O la trung diim ciia AD ntn HA + HD = 2H0 (1) 

Vi tii giac HCDB la hinh binh hanh nen ta cd //B + //C = //D. Vay tiir (1) 
suy ra 

111 + 118+116 = 2110 (2) 

TTieo quy tic ba diim, tit (2) suy ra 

^ + 0 A + ^ + 0B + ̂  + 0C = 2 ^ . 

Yky OA + OB+OC = OH. (3) 

c) G la trgng tam ciia tam giac ABC. 

Tacd OA + OB +dc = 3dG. 

Tir (3) suy ra OH = 30G . Vay ba diim 
O, H, G thing hang. 

Trong mdt tam giac true tam H, trgng 
tam G va tam dudng trdn ngoai tilp O 
thing hang. 
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§4.H|:TRUCTOAD6 

r ri 
1.36. a = ( 2 ; 3 ) , fe= 

A 

S-' , c = (3 ; 0), rf = (0 ; -2). 

1.37. M = (2 ; -3) => M = 2r - 3; 

M =(-1 ;4)=i> M = -/ + 47 

M = (2 ; 0) =» M = 27 

M = ( 0 ; - l ) =*« = - } 

M =(0;0)=> M = o7+o} = 0. 

1.38. x=(l;l),y=il; -5), z = (3 ; -18). 

1.39. a) a, fe ngugc hudng ; 

b) u, V cimg hudng ; 

c) m, n ciing hudng ; 

d) c, d khdng ciing phuong ; 

e) e, f khdng ciing phuong. 

1.40. a) AB = (2 ; -2), AC = (4 ; -4). 

vay AC = 2 AB => ba diim A, B, C thing h^g . 

b) AB = (2 ; 1), AC = (w + 3 ; 2m) 

Ba diim A, B, C thing hang •» = — < ^ m = l. 

1.41. AB = (5 ; 10), CD = (-4 ; -8). Ta cd CD = ~AB, vky hai dudng thing 

AB vk CD song song hoac triing nhau. 

Ta cd AC = (2 

vay AB//CD. 

Ta cd AC = (2 ; 6) va AB khdng ciing phuong vi - t̂ -—. 
2 6 
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1.42. MÂ  = (1 ; 2) 

^ = (x^;j^+4)(h.l.56). 

Vi PA = MN suy ra 
[ j , + 4 = 2 

Tuong tu, ta tfnh dugc 
Ix^=-1 

va 
\x^=3 

1>'B=-6 l>'c=8-
vay toa dd cac dinh ciia tam giac la A(l ; -2), B(-l ; -6) va C(3 ; 8). 

1.43. BA = (-2 ; -8) 

CD = (jc^;y^+l).Vi 'BA = ^ ntn 

(x^=-2 [x^=-2 

vay toa dd dinh D la (-2 ; -9) (h.l.57). 
Nhan xet: Ta cd thi tfnh toa do dinh D 

dua vao bieu thiic BD = BA + BC . Hinh 1.57 

1.44. Ggi / la trung diim cua AC 

-5 + 4 __ 

2 ^/ = 
1 6 + 3 9 

2 2 • ^' 2 2 
Tii giac ABCD la hinh binh hanh <=> / la trung diim cua BD. 

vay 

^D-4 
2 2 

2 2 

|^D-4 = - l 

: 3 ~ 

vay toa dd dinh D la (3 ; 10) (h.l.58). Hinh 1.58 
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1.45. 
•"-G 

- 3 + 9 - 5 1 
~3 3 

6-10 + 4 
yr=- = 0 (h.1.59) 

Tii giac BGCD la hinh binh hanh 
Y i i 

thi toa dd diim D la D — ; - 6 
I 3 Hinh 1.59 

1.46. (Xem h. 1.60) 

a) A I 2 J 
a av3 

U' 4 , 

, B , c 

V b) F -

c) Tam dudng trdn ngoai tilp tam 
giac diu triing vdi trgng tam cua 

., J f. aV3 
tam giac G 0 ; 

Hinh 1.60 

1.47. A(-6 ; 0), D(6 ; 0), B(-3 ; 3yf3), C(3 ; 3A/3), F ( - 3 ; -3>/3), F(3 ; -3V3) 
(h.l.61). 
Ngudi ta cd thi nhan xet vl tfnh dd'i xiing cua cac dinh qua tam O hoac qua 
cac true Ox, Oy dl tim toa dd cac dinh cua luc giac diu. 

i 

A 

F^-

— \ C 

\ r > ° // 

— E 

Hinh 1.61 
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CAU HOI VA BAI TAP 6 N TAP CHLfONG I 

1.48. (Xem h.l.62) 

a) Hai vecto ciing phuong vdi AB la MO, CD ; 

Hai vecto ciing hudng vdi AB la ON , DC ; 

Hai vecto ngugc hudng vdi AB la OM, NO. 

b) Vecto bing MO la OiV ; 

Vecto bing OB Ik DO. 

1.49. AFCF la hinh binh hanh =>FA^//AM 

F la trung diim cua AB => Â  la trung diim cua BM, do dd MN = NB. 
Tuong tu, M la trung diim cua DÂ , do dd DM = MN. 

vay DM = M]v = iVB (h.1.63). 
A E B 

1.50. EH = AD, FG = AD ^ EH = FG 

=> tii giac FEHG la hinh binh hanh 

=^ G// = FF(h.l.64). (1) 

Ta cd DC = AB , AB = FF 

=>DC = 'FE. (2) 

Tit (1) va (2) ta ed GH = DC. 

vay tur giac GHCD la hinh binh hanh. 
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1.51. a) u = AB + DC + BD + CA = {AB +BD) + iDC + CA) = AD + DA = AA = 0. 

b) V = AB + CD + 'BC + m = (DA + 'AB) + (BC + CD) = ~DB + ̂  = DD = Q. 

1.52. Ggi O la tam luc giac diu. Khi dd O 
\k trgng tam ciia cac tam giac diu 
ACFvaBDF (h.l.65). 

Do dd, vdi mgi diim M ta cd 

IAA + JIC+ 'ME = 3140 

1.53. 

MB + MD + MF = 3M0 

vay ta cd ding thiic cin chiing minh. 

111-118 + 116 = 0 <=> BA = CM (h.1.66). 

M la dinh cua hinh binh hanh ABCM. 

Hinh 1.65 

Hinh 1.66 

1.54. Tacd AE = FC (h.l.67). 

Vi MF II BE ntn N la trung diem cua AM, suy ra AN + MN = 0. 

Dodd AF + AF + AÂ  + MÂ  = AF + FC = AC. 
A 
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1.55. MA + MB = 2M0 => JMA + MB| = 2M0 

MA-JlB = ~BA = > | M A - M B | = A B (h.1.68). 

Vay 2M0 = AB hay OM=-AB. 

M^ Chu y. Tap hgp cac diim M cd tfnh 

chit |MA + MB| = | M 4 - A ^ I la dudng 
trdn dudng kfnh AB. 

Hinh 1.68 

1.56. v = MA + MB-2MC 

= 2A^ - 2MC (F la trung diim canh AB) 

= 2(ME-M6) = 2CE. 

vay V khdng phu thudc vi tri cua diim M. 

CD = v = 2CE thi E li trung diim cua CD. Vay ta dung dugc diim D. 

1.57. (Xem h. 1.69) 

a) 3d6-'OB = 3idM + Al6)-(dM + llB) 

= (3dM-dM) +(3116-118) = 20M. 

b) Ggi S,QvkR lin lugt 1̂  trung diim cua BC, CA vk AB. 

A1B = 3A16 =>CM=s6 

llC = 3NA => JN = CQ 

FA = 3FB => BF = ̂  = eS. 

Ggi G 1̂  trgng tam ciia tam giac 

ABC thiGA + ̂  + GC = 0. 

Tacd 

GM + GN + GP = 

= GC+CM+GA+JN+GB+'BP 

= iGA + GB + G6) + (s6 + CQ + QS) 

= 0 + 0 = 0. 
vay G1^ trgng tam cua tam giac MNP. Hinh 1.69 
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1.58. Ggi F la trung diim cua canh AB. Ta cd 

1 
AE = AD + AF = U + -V. 

2 

vay AF = M + -v(h.l.70). 

1.59. AB = -8 , BA = 8, AC = -9, BC = - 1 . 

1.60. (Xem h. 1.71) 

a) Ai-A ; 0), C(4 ; 0), B(0 ; 3), D(0 ; -3). 

b ) / ( 2 ; | ) , G ( 0 ; l ) . 

c)/'(-2 ; - - ) 

A/' = ( 2 ; - ^ ) , AD=(4 ; -3 ) . 

vay AD = 2 A?. Suy ra ba diim A, /', D thing hang 

d) AC = (8 ; 0), BD = (0 ; -6), BC = (4 ; -3). Hinh 1.71 

CAU HOI TRAC NGHIEM 

1.61. Chgn(D). 

1.62. Chgn(C). 

1.63. Vdi mdi cap hai diim ta cd 2 vecto. Vay sd cac vecto khdng thi la sd le. 
Vdi 6 diim thi cd nhilu hon 6 cap diim khac nhau, nen sd vecto phai Idn 
hon 12. 
Chgn (D). 

1.64. Chgn (A). 

1.65. Chgn(B). 
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1.66. Tdng mdt sd le vecto cd dd dai bing 5 va cung gia khdng thi la vecto-
khdng. Chgn (B). 

1.67. Chgn(C). 

1.68. Chgn(D). 

1.69. Chgn(B). 

1.70. Chgn(B). 

1.71. Chgn(C). 

•1.72. GA vk GI ngugc hudng. Cac cap vecto IG, Al vk GA, Al ciing ngugc 
hudng. Chgn (B). 

1.73. Khi phan tfch AE = hAB + kAC thi hai sd h, k khdng thi Idn hon 1, khdng 
cd sd am va khdng thi bing nhau. Chgn (B). 

1.74. Chgn(B). 

1.75. Tfnh toa do ciia a + fe va a - fe . Ta thiy c = -2( a + fe). Chgn (D). 

1.76. AB = (1 ; 2), AC = (-3 ; -6). Chgn (B). 

1.77. Tdng ba hoanh dd va ba tung do cua ba dinh diu khac khdng va toa dd 

khdng thi la V2 . Chgn (D). 

1.78. Chgn(C). 

1.79. Chgn(B). 

1.80. Kilm tra ding thiic PA = MN bing toa dd. Chgn (A). 

1.81. Kilm tra ding thiic BA = CD bing toa dd. Chgn (B). 

1.82. IChang dinh diing la (D) vi OM = OM^ +0M^ vk toa dd ciia M la toa dd 

ciia vecto OM . Chgn (D). 

1.83. Chgn(B). 

1.84. Nhan xet ring toa do ciia 2/ + j khdng thi la sd am va sd vd ti. Chgn (C). 

1.85. Tdng cac hoanh do va tung do ciia ba dinh phai bing 0. Chgn (C). 
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Chi/ONq II 

TICH VO HUCfNG CUA HAI VECTO 
VA LfNG DUNG 

§1. GIA TRI LUONG GIAC CUA MOT GOC 
BATKITtro^D^NlSO® 

A. CAC KIEN THLTC C A N NHO 

/ . Dinh nghia : Vdi mdi gdc a 
(0° < a < 180°) ta xac dinh dugc 
mdt diim M tren nira dudng trdn don 

vi (h. 2.1) sao cho xOM = a . Gia 
sit diim M cd toa dd la M(XQ ; y^). 
Khi dd : 

• Tung dd y^ cua diim M ggi la sin cua 
gdc a vk dugc ki hieu la sin a = y^. 

• Hoanh dd JCQ cua diim M ggi la cosin cua gdc a vk dugc ki hieu \k cos a = JCQ. 

y 
• Ti sd — vdi JCQ ^ 0 ggi la tang cua gdc a vk dugc kf hieu la 

>'o tan a= - ^ 

• Ti sd - ^ vdi Jo 5t 0 ggi 1̂  cdtang cua gdc avk duoc kf hieu la 
>'o 

cot «= - ^ . 
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2. Cdc he thiic luong giac 

a) Gia tri lugng giac cua hai gdc bii nhau 

sina=sin(180°-a) 

cosa=-cos(180°-a) 

tana=-tan(180°-a) 

cota = -cot(180°-a). 

b) Cac he thiic lugng giac co ban 

Ttt dinh nghia gia tri lugng giac ciia gdc a ta suy ra cac he thiic 

2 2 

sin a + cos a = I ; 

sma 
cos a 

= tana (a 7^90°); 

cota = 
1 

tana 

2 1 
1 +tan a = 2 

cos a 

cos a 
sma 

= cota(a^0°;180°); 

tana = 
1 

cot a 

1 + cot a = 
. 2 

sm a 

3. Gid tri luong giac cua cdc gdc dac Met 

G i a t i f \ ^ ^ 
lugng giac ^"^\^^ 

sin a 

cos a 

tana 

cot a 

0° 

0 

1 

0 

II 

30° 

1 
2 

2 

1 

s 

45° 

:/2 
2 

2 

. 1 

1 

60° 

:/3 
2 

1 
2 

S 

1 

90° 

1 

0 

II 

0 

180° 

0 

-1 

0 

II 
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4. Gdc giUa hai vecta 

Cho hai vecto a vk b dtu khac vecto 0. Tut mdt diim O bit ki ta ve 

OA = a va OB = fe. Khi dd gdc AOB vdi sd do tii 0° din 180° dugc ggi li 

gdc giUa hai vecta a vd b (h.2.2) va kf hieu la (a,fe). 

Hinh 2.2 

B. DANG TOAN CO BAN 

Tinh gia tri luong giac cua mot so goc dac biet 

I. Phuang phdp 

• Dua vao dinh nghia, tim tung dd y^ vk hoanh dd x^ cua diim M tren nira 

dudng trdn don vi vdi gdc xOM = a va til dd ta cd cac gi^ tri lugng giac : 

_ > ' o 
sin a = j„ ; cos a = x^ ; tana = - ^ ; cota = - ^ 

0 
"0 ^0 

• Dua vao tfnh chit : Hai gdc bu nhau cd sin bing nhau va cd cdsin, tang, 
cdtang dd'i nhau. 

2. Cdc vi du 

Vi du 1. Cho gdc a= 135°. Hay tinh sina, cosor, tana va cota. 

GlAl 

Ta cd sinl35° = sin(180°- 135°) = sin45° = — ; 

/? 
cos 135° = -cos(180°- 135°) = -cos45° = - ^ ^ ; 
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,.,^0 sinl35° 1 
tanl35°= = - 1 . 

o COS 135 

Dodd cotl35° = - l . 

Vl du 2. Cho tam giac can ABC cd B = C = ^5°. Hay tfnh cac gia tri li/dng 
giac cOa gdc A. 

GlAl 

Tacd A = 180°-(B + C) = 180°-30° =150°. 

vay sinA = sin(180° - 150°) = sin30° = - ; 

cosA = -cos(180° - 150°) = - cos30° = - — ; 
2 

, sin 150° V3 
tanA= = 

cos150° 3 

Dodd cot A = - v 3 . 

2£ VANdE2 

Chiing minh cac he thiic ve gia tri luong giac 

/ . Phuang phdp 

• Dua vao dinh nghia gia tri lugng giac cua mdt gdc a (0° < a < 180°). 

• Dua vao tfnh chit ciia ting ba gdc cua mdt tam giac bing 180°. 

o' J ' UA ..1.' 2 • 2 •, sin a 1 
• Su dung cac he thuc cos a + sm a = 1 ; tana = ; tana = cos a cota 

2. Cdc vidu 

Vi du 1 . Cho gdc a bat ki. ChCmg minh rang sin'̂ a - cos'*a = 2sin^a - 1 . 

69 



GlAl 

Cdch / . Ta cd cos'^a = (cos^a)^ = (1 - sin^a)^ = 1 - 2sin^a + sin"*a. 

Dodd sin a - c o s a = 2 s i n a - 1 . 

Cdch 2. Ta bilt ring sin a - cos a = (sin a + cos a)(sin a - cos a) 

= 1. [sin^a- ( 1 - sin^a)] 

= 2sin a - 1 . 

Cdch J. Ta cd thi sir dung phep biln ddi tuong duong nhu sau : 

(*) sin'^a - cos'* a = 2sin^a - 1 

<=> sin'^a - 2sin^a + 1 - cos'^a = 0 

<=> (1 - sin^a)^ - cos'^a = 0 

<=> cos'^a - cos a = 0. 

Vi he thiic cudi ciing ludn ludn diing nen he thiic (*) diing. 

Vi du 2. Chiimg minh rang : 

a) 1 + tan^a= — ^ (vdi a ^ 90°); 
cos a 

b) 1 +C0t^a: 
sin^a 

(vd ia^0° ;180°) . 

. 2 
2 , sm a 

a) 1 + tan a = 1 + — 
cos a 

2 
. . . 2 , COS a 
b) 1 +cot a = 1 + — - — 

sin a 

GIAI 

2 2 
cos a +sin a _ 1 

2 "" 2 
cos a cos a 

2 2 
sin a +COS a _ 1 

'• T ^ . 2 

sm a sm a 

Vi du 3. Cho tam giac ABC. Chufng minh rang 

a) sin A = sin(fi + C); 

. , A . e + c 
b)cos— =sin ; 
/ 2 2 

c) tan A = -tan {B + C). 
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GlAl 

Vi 180°-A = B + C nen tacd: 

a) sin A = sin (180° -A) = sin {B + C); 

b) cos— = sin vi — + = 90° (hai gdc phu nhau); 
2 2 2 2 

c) tan A = -tan (180° -A) = -tan (B + C). 

2£ VAN dE 7 

Cho biet mot gia tri luong giac cua goc a, tim cac gia tri luong giac con 

lai cua a 

1. Phuang phdp 

S& dung dinh nghia gia tri lugng giac cua gdc a vk cac he thiic co ban lien 
he giiia cac gid tri dd nhu : 

. 2 2 , sina cosa 
sin a + cos a = 1; tana = ; cota = ; 

cosa sina 
2 1 , 2 1 

1 + tan a = — ; 1 + cot a = 2 ' - • -^ .2 
COS a sm a 

2. Cdc vidu 
2 . 

Vi du 1. Cho biet cosa= — , hay tinh sina va tana. 
3 ' 

GlAi 

Vi cosa < 0 nen 90° < a < 180°. Suy ra sina > 0 va tana < 0. 

. 2 2 2 
Vi sm a + cos a = 1 nen thay gia tri cosa = — vao ta cd : 

. 2 4 • 9 5 
sm a + — = 1 => sm a = —. 
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Vay s ina= — • 

sina 'x v5 
tana= = ^^ = • 

cosa _£ 2 

3 

Vi du 2. Cho gdc a, biet 0° < a < 90° va tana = 2. 

Tfnh sinava cos a. 

GiAi 
sin CC 

Theo gia thilt ta cd : = 2. Do dd sina = 2cosa. (1) 

cosa 

Mat khac ta lai cd : sin a + cos a = 1. (2) 

Thay (1) vao (2) ta cd : 4eos^a + eos^a = 1 
<=> 5cos^a= 1 => cos^a= — 

5 
Vi 0° < a < 90° nen cosa > 0, do dd cosa = — , ma sina = 2cosa nen ta 

5 
. . 2V5 

CO sin a= • 

3 
Vi du 3. Cho gdc a, biet cosa= — Hay tinh sina, tana, cota. 

5 

GiAi 

7 9 9 16 4 
Ta cd sin a = 1 - cos a = 1 = — ^ sina = — (vi sina > 0) 

25 25 5 
sina 4 3 4 ^ . , , 3 

tana = = —: — = — Do do cota = — 
cosa 5 5 3 4 

Vl du 4. Cho gdc a biet tana = -2 . Tfnh cosa v^ sina. 

GIAI 

Vi tana = - 2 < 0 nen 90° < a < 180°, suy ra cosa < 0. 
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Vi 1 +tan^a = 
2 

COS a 

nen cos a = 
1 1 1 

1 + tan^a 1 + 4 5 

Vay cosa = 'S 
Mat khac sin a = cosa. tan a = (-— 

. V5 , 
2 

V5 5 

Nhan xet. Cd thi diing he thiic sin a + cos a = 1 dl tfnh sin a nhu sau 

sin^a = 1 - cos^a = 1 = —• 
5 5 

2 2>/5 
Dodd sina=—r= = (visina>0). 

>/5 5 ' 

2£ VAN dE 4 

Cho biet mot gia tri luong giac cua goc a, hay xac dinh goc a do 

/. Phuang phdp 

Sir dung dinh nghia gia tri lugng giac cua gdc a di dung gdc a vk trong mdt 
sd trudng hgp cd thi sir dung ti sd lugng giac cua gdc nhgn dl dung gdc a. 

Tap sir dung may tfnh bd tui dl xac dinh gdc a. 

2. Cdc vidu 

Vi du 1. X^c djnh gdc nhgn a biet sin a= —• 
5 

GIAI 

Cdch I. Trtn true Oy ciia nira dudng 

trdn don vi ta liy diem / = | 0 ; — va 

qua dd ve dudng thing d song song vdi 
true Ox (h.2,3). 
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Dudng thing nay cit nira dudng trdn don vi tai hai diim M vk N trong dd 

xOM la gdc til va xON la gdc nhgn. Ta xac dinh dugc gdc a = xON cd 
3 

sma= — • 
5 

Cdch 2. Ta dung tam giac ABC vudng 
tai A, cd AB = 3, BC = 5 (h.2.4). 

Ta cd a= ACB vi sin ACB = 
AB 3 

BC 5 

Cdch 3. Dung may tfnh bd tui (Casio fx-500MS). 

• Chgn don vi do : Sau khi md may Sin phfm 
len ddng chu iing vdi cac sd sau day : 

nhilu lin dl man hinh hien 

Sau dd in phfm 901 de xac dinh don vi do gdc la dd. 

3 
• Ta tfnh sina = — = 0,6 : 

5 
An lien tilp cac phfm sau day : 

SHIFT t i n ' 

Ta dugc kit qua la : a « 36°52'11". 

. - 1 
Vl du 2. Xac djnh gdc a bi§t rang cosa= — • 

o 

GlAl 

Cdch 1. Tren true Ox ciia nira dudng 

trdn don vi ta liy diim H = 

vk qua dd ve dudng thing m song song 
vdi true Oy (h.2.5). Dudng thing nay 
cit nira dudng trdn don vi tai M. Ta cd 

gdc a= xOM. 
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Cdch 2. Ta bilt ring cos a = -cos (180° - a). 

Theo gia thilt cos a = — , vay cos (180° - a)= -• 

Ta dung tam giac ABC vudng tai A cd AB = 1, BC = 3 (h.2.6). 

Ta cd cos ABC = - ntn cos (180° - ABC) = --• 
3 3 

vay a = 180° - ABC = ABC' (tia BC ngugc hudng vdi tia BC). 

Cdch 3. Dung may tfnh bd tiii (Casio fx-500MS) 

Tuong tu nhu tfnh sina. 

Vi cos a < 0 nen a la gdc tu. 

An lien tilp cac phfm sau day : 
SHin cor' 

lOoo'l £ " Ta dugc kit qua la : a « 109°28'16 

C. CAU HOI VA BAI TAP 

2.1. Vdi nhiing gia tri nao ciia gdc a (0° < a < 180°) thi: 

a) sin a vk cos a ciing diu ? b) sin a va cos a khac dau ? 

c) sin a va tan a cung diu ? d) sin a va tan a khac diu ? 

2.2., Tfnh gia tri lugng giac ciia cae gdc sau day : 

a) 120°; b) 150°; c) 135°. 

2.3. Tfnh gia tri ciia bilu thiifc : 

a) 2sin 30° + 3cos 45° - sin 60° ; b) 2cos30° + 3sin 45° - cos 60°. 
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2.4. Riit ggn bilu thiic : 

a) 4a^ cos^ 60° + 2afe.cos^ 180° + - fe^ cos^ 30° ; 

b) (a sin 90° + fe tan 45°)(a cos 0° + fe cos 180°). 

2.5. Hay tfnh va so sanh gia tri ciia tiimg cap bieu thiic sau day : 

a) A = cos^ 30° - sin^ 30° va B = cos 60° + sin 45° ; 

^ ^ ^ ^ _ 2 t a n 3 0 _ ^^ D = (-tan 135°). tan 60°. 
l-tan^30° 

2.6. Cho sin a = - vdi 90°.< a< 180°. Tfnh cos orva tan a. 
A 

V2 
2.7. Cho cos a= . Tinh sm ava tan a. 

A 
2.8. Cho tan a = 2 /̂2 vdi 0° < a < 90°. Tfnh sin ava cos a. 

2,9, Bilt tan a = V2 . Tfnh gia tri ciia bilu thiic A = 3s ina-cosa 
sin a+cos'a 

^-.n. r,-' • 2 _ , . , . , , .̂ , , , „ cota-tanor 
2.10. Biet sm a = —. Tmh gia tn cua bieu thuc B = . 

3 cot a+tan a 

2.11. Chiing minh rang vdi 0° < x < 180° ta cd : 

a) (sm X + cos x) = 1 + 2 sin x cos x; 

b) (sin X - cos x)^ = 1 - 2 sin JC cos x ; 
c) s in \ + cos'*x = 1 - 2 sin^ x cos^ x. 

2.12. Chiing minh ring bilu thiic sau day khdng phu thudc vao a: 

a) A = (sin a+ cos a)^ + (sin a- cos a)^ ; 

b) B = sin'*a- cos'^a- 2 sin^a+ 1. 
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§2. TICH VO HUdNG CUA HAI VECTO 

A. CAc KIEN THQC CAN NHO 

/ . Dinh nghia 

Cho hai vecto a va fe khac vecto 0. Tich vd hudng cua hai vecta a va fe la 
—• ^ 

mdt sd, kf hieu la a.fe, dugc xac dinh bdi cdng thiic sau : 

a.fe = |a|.|fe|.cos(a,fe). 

Luuy: 
—• —» —» 

• Vdi a, fe ?t 0, ta cd : 
—> ^ ^ ^ 
a.fe =0<»aJ.fe. 

• a =|a|.|a|cosO° =|a| . 

2. Cdc tinh chat cua tich vo hudng 

Vdi ba vecto a, fe, c bit ki va mgi sd ^ ta ed : 

a.b = b.a (tfnh chit giao hoan); 

a.(fe + c) = a.fe + a.c (tfnh chit phan phd'i); 

ika)i = k(a.b) = a.ikb) ; 

-.2 

a >0 ; 
-.2 - -

a = 0 0 0 = 0. 
_ _ ^2 - - - 2 

(a + fe) =a +2a.fe + fe 

(a-fe)^ = a -2a.fe + fe 

(a + fe)(a-fe) = a -fe . 
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3. Bidu thiJcc toa dp cua tich vohudng 

Trong mat phing toa dd (O ; i, j) cho hai vecto a = {a.^;a.^),b = {b^;b^). 

Khi dd tich vd hudng a.fe la : a.fe = â fej + a2fe2. 

4. V'ng dung cua tich vo hudng 

a) Tinh do ddi cua vecta. Cho a =(a^; a^), khi dd : 

\a\ = Ja^ +a. 

b) Tinh gdc giUa hai vecta. Cho a = (Oj ; Oj), b =(b^; b^, khi dd ; 

-T;. a.fe ^A+^2^2 
cos(a, fe) = -pq-M = a\M ^/^fT^.,/fr^ 

ffi 
B. DANG TOAN CO BAN 

VAN de l 

Tinh tich vo huong cua hai vecto 

1. Phuang phdp 

• Ap dung cdng thiic cua dinh nghia : a.fe = |a|.|fe|.cos(a,fe) 

• Dung tfnh chit phan phd'i: a.(fe + c) = a.fe + a.c. 

2. Cdc vidu 

Vf du 1. Cho hinh vudng ABCD canh a. 

Tinh tfch AS.AD va ^ . ^ . 

GIAI 

AB.A5 = |AB|.|AB|.COS90° =0 Hinh 2.7 
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AB.AC = IABI. JACl. COS 45° 

AB.AC = a.ayl2.— = a^ (h.2.7). 
2 

Vl du 2, Tam giac AfiC vudng tai C cd AC = 9,CB = 5. Tinh AB.AC. 

GlAl 
Tacd 

AB.AC = |AB|.|AC|.COS(AB, AC), 
— > — • AC 

trong dd cos(AB, AC) = :^^ 
AB 

(h.2.8). 

vay AB.AC = A8.AC. — = AC^ = 9^ = 81 
AB 

Vi du 3, Tam giac ABC cd A = 90°, fi = 60° va Afi = a. Tfnh : 

a) Afi.AC ; 

b) CA.Cfi ; 

c) AC.Cfi. 

GIAI 

Ta cd BC = 2a , AC = a>/3 (h.2.9). 

a) AB.AC=IABI. IACI cos 90° =o. 

^ b) CA.CB ^|CA|.|CB|COS30° = aV3.2a — = 3a^ 
2 

c) AC.CB = |AC|.|CB|COS150° = a>/3.2a. ' ^3^ 

V y 

-3a\ 
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VAN d l 2 

Chiing minh cac dang thiic ve vecto co lien quan den tich vo huong 

1. Phuang phdp 

• Sir dung tinh chit phan phd'i cua tfch vd hudng dd'i vdi phep cdng cae vecto. 

• Dimg quy tic ba diim A8 + BC = AC hay quy tic hieu AB = 08-0A. 

2. Cdc vi dii 

Vi du 1. Cho tam giac AfiC. Chirng minh rang vdi diem Mtuy y ta cd 

/WA.fiC + Mfi.CA + MC.Afi = O . 

GIAI 

Tacd ~MASC = ldA.{M6-~m) = JlAM6-lilAMB (I) 

MB.CA = MB.{MA-MC) = MB.MA-MB.MC (2) 

MC.AB = MC.{MB - MA) = MC.MB - MC.MA (3) 

Cdng cac kit qua tir (1), (2), (3) ta dugc : 

ldAM: + ~MB£A + ~M6AB = Q. 

Vi du 2. Cho O la trung diem ciia doan thing Afi va M la mot diem tuy y. 

Chimg minh rang : /WA.Mfi = OM^ - OA^. 

GIAI 

Tacd ldAJl^ = {Md + ̂ ).(M6 + ^) 

= 113 +lld.iOA +OB)+ 01.08 = 110 -at 
6 

(vi Ol + OB = 0 va dl.OB = -dl ) . 

vay MA.MB = OM^ - OA' (vi oT = OA^, MO = OM^). 
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Vl du 3. Cho tam giac AfiC vdi ba trung tuyen la AD, BE, CF. 

Chiimg minh rang fiC.AD + CA.fiE + Afi.CF = O. 

GiAl 

Tacd 

Dodd 

AD =-(AB + AC) (h.2.10). 

2BC.AD = 8C.(AB + AC) 

= B6.AB+B6.A6. (1) 

Tuong tu 2C1.'BE = C1.'B6+CAm (2) 

2AB.CF = AB.CB + AB.cl. (3) 

Tit(l),(2),(3)tasuyra 

2(B6.AD + cl.BE + AB£F) = 0 

hay B6.AD + C1.M + AB.CF = 0. 

VAN dE ? 

Chiing minh su vuong goc cua hai vecto 

1. Phuang phdp 

Sir dung tfnh chit eiia tfch vd hudng : a ± fe •» a.fe = 0. 

2, Cdc vi du 

Vi du 1. Cho tam giac AfiC cd gdc A nhgn. 
Ve ben ngoai tam giac AfiC cac tam giac 
vudng can dinh A la AfiD va ACE. Ggi M la 
trung diem ciia fiC. ChCrng minh rang AM 
vudng gdc vdi DE. 

GIAI 

Ta chiing minh AM.D£ = 0(h.2.11). 
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Tacd 

2JMJDE = (AB+^)(^-~^) 

= AB.JE-ABAD+^.JE-'A6.AD 

= AB.'AE-A6.AD 

= AB.AE. COS(90° + A) - ACAD cos(90° + A) 

= 0 

(viAB = AD,AE = AC). 

vay AM J. DE suy ra AM vu'dng gdc vdi DE. 

Vi du 2. Cho hinh chCr nhat AfiCD cd Afi = a va AD = a72. 

Ggi K la trung diem ciia canh AD. Chiimg minh rang BK vudng gdc vdi AC. 

GIAI 

Ggi M la trung diim eiia canh BC. 

Ta cd AB = a, AC = BD= ^2a^+a^ = a^. 

Cin chiing minh MA6 = 0 (h.2.12). 

Tacd M = ̂  + 'BM = ^ + -^5 
2 

A6 = AB+AD. 

vay M.A6 = (B1+-JD).(AB+JD) 

= BA.AB+BA.A5+-AD.AB+-AB.A5 
2 2 

= -a^ + 0 + 0+-(a>/2)^ =0. 

Do dd 'BK.JC = 0. Ta cd BK vudng gdc vdi AC. 

VAN dE 4 

Dieu thiic toa do cua Uch vo huong va cac iing dung : tinh do dai cua 

mot vecto, tinh khoang each giQa hai diem, tinh goc giQa hai vecto 
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1. Phuang phdp 

• Cho hai vecto a = (aj ; a.2) vk b = (fej; fe2). Ta cd a. fe = a,fej + a2fe2. 
~* | - » | j ^ ^ 

• Cho vecto u =(u^•, u^). Ta cd |M| = Ju^ + u^ . 

• Cho hai diim A = (x^; y^), B = (xg ; y^). 

Tacd AB= \'XB\ = ^ix^-x^)^+(y^-y^)\ 

• Tfnh gdc giiia hai vecto a = (a^; 03) va fe = (fej; 62): 

cos 
a.fe, +a^b^ 

i2S)=j^=^JfC^ 
.2 H.H .^af+al^l^: 

2. Cdc vi du 

Vl du 1. Trong mat phing Oxy cho A = (4 ; 6), fi = (1 ; 4), C = | 7 ; 

a) Chiimg minh rang tam giac AfiC vudng tai A. 

b) Tfnh do dai cac canh Afi, AC va BC cOa tam giac dd. 

a) Ta cd AB = (-3 ; -2), AC = 

GIAI 

3; 

AB.AC = (-3).3 + (-2). 
r o^ 

V ^ y 

va 

= 0. 

vay AB vudng gdc vdi AC vk tam giac ABC vudng tai A. 

b) AB = IABI = 79^4 = Vi3, 

4 2 

Tacd BC= 6; va 
w 

25 13 
BC = |BC| = J36 + — = —. 

V 4 2 

Nhan xet. Cd thi chiing minh tam giac ABC vudng tai A bing each chiing 
minh ring BC^ = AB'^ + AC^. 
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Vl du 2. Tfnh gdc giCra hai vecto a v^ b trong cac trudng hgp sau : 

a) a = (1 ; -2), b = (-1 ; - 3 ) ; 

b) a = (3 ; -4), b = (4 ; 3); 

c) a = (2 ; 5), b = (3 ; -7). 

GlAl 

, r 7, a.b l.(-l) + (-2).(-3) 5 V2 
a) cos(a, fe) = 1̂1 |_| = ; ;—=— = —7^ = — • 

.lal.lfel V1 + 4.V1 + 9 V50 2 
vay (a , fe) = 45°. 

, ^ .- -;, a.fe 3.4 + (-4).3 0 . . 
b) COS(a, fe) = rrn-pj - i r = — = 0. 

lal.lfel V9 + I6.VI6 + 9 25 

vay (a , fe) =90°. 
, - - a.b 2.3 + 5.(-7) 

c) cos(a, fe) = ,_, ,_, = 
-29 >/2 

fllJfel V4 + 25.V9 + 49 29V2 2 

vay (a, fe) =135°. 

Vi du 3. Trong mat phing Ox/cho hai diem A(2 ; 4) va 6(1.; 1). Tim toa do 
diem C sao cho tam giac AfiC la tam giac vudng can tai fi. 

GIAI 

Gia sit diim C cin tim cd toa dd la (x ; y). Di A ABC vudng can tai B ta 
phai cd: • 

B1.'B6=O 

IBA|=|BC| 

vdi BA =(1 ;3)va BC ( x - 1 ; y - l ) . 

Dilu dd cd nghia la : 

| l . ( ^ - l ) + 3.(>'-l) = 0 

\l^+3''=(x-lf+(y-l)^ 
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l(3-3j)2+(j-l)2=io 

r;c = 4-3>' . 

[ l 0 / -20> ' = 0. 

Giai he phuong tiinh tren ta tim dugc toa dd hai diim C va C thoa man dilu 
kien cua bai toan : 

C = (4 ; 0) va C = (-2 ; 2) (h.2.13). 

C. CAU HOI VA BAI TAP 

2.13. Cho hai vecto a vk b diu khac vecto 0. Tfch vd hudng a. fe khi nao 
duong, khi nao am va khi nao bing 0 ? 

2.14. Ap dung tfnh chit giao hoan va tfnh chat phan phd'i cua tfch vd hudng hay 
chiing minh eac ke't qua sau day : 

(a + b) =\a\ +|fe| +2a.b ; 

(a-b) =\a\ +\b\ -2a.b ; 

(a + fe)(a-fe) = |a| -jfej . 

2.15. Tam giac ABC vudng can tai A vacdAB = AC =̂ a. Tfnh: 

a) AB.A6 ; b) 'B1.'B6 ; c) 'AB.'B6. 

2.16. Cho tam giac ABC cd AB = 5 cm, BC = 7 cm, CA = 8 cm. 

a) Tfnh AB.AC rdi suy ra gia tri ciia gdc A ; 

b) Tfnh €l.CB. 

2.17. Tam giac ABC cd AB = 6 cm, AC = 8 cm, BC = 11 cm. 

a) Tfnh AB.AC vk chiing td ring tam giac ABC cd gdc A tu. 
b) Tren canh AB \ky diim M sao cho AM = 2 cm va ggi Â  la trung diim 

cua canh AC. Tfnh AM.AiV. 
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2.18. Cho tam giac ABC can (AB = AC). Ggi H la trung diim ciia canh BC, D la 
hinh chilu vudng gdc ciia H txtn canh AC, M la trung diim cua doan HD. 
Chung minh ring AM vudng gdc vdi BD. 

2.19. Cho hai vecto a va fe cd |a| = 5, |fe| = 12 va |a + fe| = 13. Tfnh tfch vd 

hudng a.(a + fe) va suy ra gdc giiia hai vecto a va a + fe. 

2.20. Cho tam giac ABC. Ggi H la true tam cua tam giac va M la trung diim cua 
. — . 1 9 

canh BC. Chiing minh ring MH.MA = - BC . 

2.21. Cho tam giac diu ABC canh a. Tfnh ~ABAC vk JB.^. 

2.22. Cho tii giac ABCD cd hai dudng cheo AC vk BD vudng gdc vdi nhau va cit 
nhau tai M. Ggi P la trung diim cua canh AD. Chiing minh ring MP vudng 

gdc vdi BC khi va chi khi 1AAM6 = JiBMD. 

2.23. Trong mat phing Oxy cho tam giac ABC vdi A = (2 ; 4), B = (-3 ; 1) va 
C = (3;-l).Tfnh: 
a) Toa do diim D di ttr giac ABCD la hinh binh hanh ; 
b) Toa dd chan A' ciia dudng cao ve tit dinh A. 

2.24. Trong mat phing Oxy, cho tam giac ABC vdi A = (-1 ; 1), B = (1 ; 3) va 
C = (1 ; -1). Chiing minh tam giac ABC la tam giac vudng can tai A. 

2.25. Trong mat phing Oxy cho bdn diim A(-l ; 1), B(0 ; 2), C(3 ; 1) va D(0 ; -2). 
Chiing minh ring tir giac ABCD la hinh thang can. 

2.26. Trong mat phing Oxy cho ba diim A(-l ; -1), B(3 ; 1) va C(6 ; 0). 
a) Chiing minh ba diim A, B, C khdng thing hang. 
b) Tfnh gdc B cua tam giac ABC. 

2.27. Trong mat phing Oxy cho hai diim A(5 ; 4) va B(3 ; -2). Mdt diim M di 

ddng tren true hoanh Ox. Tim gia tri nhd nhit cua I MA + MB|. 

2.28. Trong mat phing Oxy cho bdn diim A(3 ; 4), B(4 ; 1), C(2 ; -3), D(-\ ; 6); 
Chiing minh ring tii giac ABCD ndi tilp dugc trong mdt dudng trdn. 
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§3. CAC HE THirc LUONG TRONG TAM GIAC 
VA GIAI TAM GIAC 

A. CAc KIEN THLfC CAN NHO 

Cho tam giac ABC cd BC = a, CA = b, AB = c, dudng cao AH = h^ va cac 

dudng trung tuyln AM = m , BN = m^^, CP = m^ (h.2.14). 

1. Dinh li cosin 

a =b +c -2feccosA 

fe =a +e -2accos8 
2 2 2 

c =a +b -2abcosC. 
He qua: 

cos A = 

cosB = 

cos C = 

1,2 , 2 2 
fe +c -a 

2 
a 

2 
a 

2bc 

+ c'-
2ac 

+ b'-

b' 

2 
-c 

2ab 

2. Dinh li sin 

a fe 

sinA sinB sinC 
= 2R (R la ban kfnh dudng trdn ngoai tilp tam giac ABC). 

3. Dp ddi dudng trung tuyen cua tam giac 

2 b +c a 2(fe +c )-a 
m = = 

' ' 2 4 4 
2 , 2 , 2 ^ . 2 , 2^ , 2 

2 a +c b 2(a +c )-b 
m. = = 

' ' 2 4 4 
m 

2 , , 2 2 o/ 2 , ,2s 2 
2 a+fe c 2(a +b )-c 
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4. Cdc cong thitc tinh dien tich tam giac 

Dien tfch S cua tam giac ABC dugc tfnh theo cae cdng thiic : 

• S = —ah = —bh,= —ch v6i h , h,, h lin luot la cac dudng cao cua tam 
2 0 2 ^ 2 ^ ^ " ^ (^ • 

giac ABC; 

• S = — ab sinC = —bc sinA = — ca sinB ; 
2 2 2 

• S = vdi R la ban kfnh dudng trdn ngoai tilp tam giac ABC ; 
AR • 

• 5 = pr vdi n = — (a + fe + c) va r la ban kfnh dudng trdn ndi tilp tam giac ABC; 
2 

• S = ylp(p-a)(p-b)(p-c) v6i p = -(a + b + c) (cdng thiic He-rdng). 

B. DANG TOAN CO BAN 

^ - VANdEl 

Tinh mot so yeu to trong tam giac theo mot so yeu to cho truoc (trong 

do CO it nhat la mot canh) 

1. Phuang phdp 

• Su dung true tiep dinh If cdsin va dinh If sin. 

• Chgn cac he thiic lugng thfch hgp dd'i vdi tam giac dl tfnh mdt sd ylu td 
trung gian cin thilt dl viec giai toan thuan Igi hon. 

2. Cdc vi du 
3 

Vidu 1. Cho tam giac AfiC cob = 7 cm, c= 5 cm va cosA = - . 

a) Tfnh a, sin A va dien tfch S ciia tam giac AfiC. 

b) Tfnh dtrdng cao b xuat phat tir dinh A va ban kfnh R cCia dudng trdn 

ngoai tiep tam giac AfiC. 
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GlAl 

a) Theo dinh If cdsin ta cd 

a2=fe2+c2_2feccosA = 7^+5^-2.7.5.- = 32 =>a = 4V2 (cm) 
5 

. 2 2 9 16 4 
sm A = l-cos A = l = — =>sinA = —(vi sinA >0). 

25 25 5 
5 = -fecsinA = - . 7 . 5 . - = 14 (cm^). 

2 2 5 

. - , 2.5 28 7V2 , , 
b) h = — = —7= = (em). 

'' a 4V2 2 ' ' 

Theo dinh If sin: - ^ = 2R => R = —^— = ^ = ^ (cm). 
sinA 2sinA 2 I 2 

Vi du 2. Cho tam giac AfiC biet A = 60°, b = 8 cm, c = 5 cm. 

Tfnh dudng cao b̂  va ban kfnh R ciia dudng trdn ngoai tiep tam giac AfiC. 

GIAI 

2 2 2 Theo dinh If cdsin taco : a' =b +c - 2bc cos A 

= 8^+5 -2.8.5.cos60°= 49. 

vay a = 7 (em). 

Theo cdng thiic tinh dien tfch tam giac S = — fee sin A, ta cd 

S = -.8.5.sin60° = - . 8 . 5 . - ^ = 10>/3 (cm^). 
2 2 2 

o 1 , , 2S 20V3 , , 
Mat khac S = -a.h^ ^ h= — = ^ (cm). 

2 " . " a 1 

, , ^ abc , „ abc 7.8.5 iS , , 
Tir Cdng thuc S = — ta CO /? = — = ̂ ^ = ^ (em). 
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Vi du 3. Tam giac AfiC cd Afi = 5 cm, fiC = 7 cm, CA = 8 cm. 

a) Tfnh Afi .AC ; b) Tfnh gdc A. 

GIAI 

a)TacdBC =(AC-ABy =AC + AB -2AC.AB. 

Dodd AC.AB = - AB +AC -BC = -(5^+8^-7^) =20. 
2 

vay AC.AB = 20. 

b) Theo dinh nghia : AB. AC = I AB| . | Ac| cosA. Ta cd : 

JB.JC 20 1 
cosA = 

AB.AC 5.8 2 

vay A = 60°. 

Vi du 4. Cho tam giac AfiC biet a = 21 cm, b = 17 cm, c = 10 cm. 

a) Tinh dien tfch S cua tam giac AfiC va chieu cao b^. 

b) Tfnh ban kfnh di/dng trdn ndi tiep r cQa tam giac. 

c) Tfnh dd dai dudng trung tuyen m^ phat xuat tir dinh A cQa tam giac. 
a 

GIAI 
, „ . 21 + 17 + 10 _ , . 

a) Taco/j = = 24 (cm). 

Theo cdng thiic He-rdng ta cd 

5 = ̂ 24(24-21) (24-17) (24-10) =84 (cm^). 

_ . . , 2S 2.84 ^ ^ ^ 
Dodo h = — = = 8 (cm). 

" a 21 
5 84 

b) Ta cd 5 = p.r => r = — = — = 3,5 (cm). 
p 2A 

c) Dd dai dudng trung tuyln m dugc tfnh theo cdng thiic : 1,2 , 2 2 fe +C 
m = 

" 2 

a 

~A 
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^ 

r^ ,, 2 17^+10^ 21^ 337 ^..^ Do do m = = = 84,25 
" 2 A A 

=> m =yJSA,25 «9,18 (cm). 

Vi du 5. Cho tam giac AfiC biet a = V6 cm, b = 2 cm, c = (1 + Vs) cm. Tfnh 

cac gdc A, fi, chieu cao b̂  va ban kfnh dUdng trdn ngoai tiep R ciia tam 
a 

giac AfiC. 

GIAI 

^ .,. ^,. . . . . b^+c^-a^ A + (\ + Sf-6 1 
Theo dinh li cosin ta co : cos A = = f= — 

2fec 4.(1+ V3) 2 
^ a y A = 60°. 
T̂  ^ D c^+a^-b^ (l + V3)^+6-4 V2 
Tuong tu, eosB = = -̂  ?=r̂ ^̂  ? = — = — • 

2ac 2.76.(1 +V3) 2 
vay B = 45°. 

Tacd sinB = ^ => h =c.sinB = (l + V3).sin45° = ^^^ '* (em), 
c " 2 

h h 0 
An dung dinh If sin : = 2R=> R = = —p= = v2 (cm). 

sinB 2sinB V2 

VAN dl 2 

Chiing minh cac he thiic ve .moi quan he giQa cac yeu to cua mot tam giac 

1. Phuang phdp 

Dung cac he thiic co ban dl biln ddi ve nay thanh vl kia hoac chiing minh 
ca hai vl cimg bing mdt bilu thiic nao dd, hoac chiing minh he thiic cin 
chiing minh tuong duong vdi mdt he thiic da biet la dung. Khi chiing minh 
cin khai thac cac gia thilt va kit luan dl tim dugc cac he thiic thfch hgp lam 
trung gian cho qua trinh biln ddi. 
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2, Cdc vi du 

Vl du 1. Cho tam giac AfiC cd G la 

trgng tam. Ggi a = fiC, b = CA, 

c = AB. Chimg minh rang : 

GA^ + GB^ + GC^ =-(a^+b^+ c^). 
3 

GIAI 

Theo tfnh chit cua trong tam ta cd GA = - AM => GA^ = -AM^ (h.2.15). 
3 9 

Ap dung cdng thiic tfnh trung tuyln ciia mdt tam giac ta cd : 

AM2=i 
2 

AB'+AC'-^ 
2\ 2 ^ 

c +b 
2y 

2 4 9 4 1 
.GA^=-AM^=-.-

9 9 2 

/ 

2 2 
Tuong tu, G8 = -

GC'=^ 

2 , 2 b a +c 
2 

2 , L2 a c +b 
V 

2 ^ 

2\ 
1,2 , 2 a b +c 

2^ 

J 

2 ^ 
2 , 1,2 C 

a+fe 

Do dd G/^ +GB^ +GC^ = - V+^'+c^) 
2 

1 / 2 , , 2 , 2x 
=—(a +fe +c ). 

3 

Vl du 2. Tam giac AfiC cd fiC = a,CA = b, AB = c. Chirng minh rang 

a = b cosC + c cosfi. 

GIAI 

Theo dinh If cdsin ta cd fe = a + c - 2ac cosB. 

c cosB = 
2 , 2 , 2 

a +c -fe 
2^ 

(1) 
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2 2 , , 2 Ta lai cd c =a +b - 2abcosC => fe cos C = 
2 , 1,2 2 

a +b -c 
2^ 

(2) 

9 
Cdng tiimg vl cua (1) va (2) ta cd : fe cosC + c cosB = - ^ = a. 

2a 

Vl du 3. Tam giac AfiC cd fiC = a, CA = b, Afi = c va dirdng trung tuyen 

AM =c = AB. Chumg minh rang : 

2 _2, a)a^=2(b^-c^) ; 

:„2 n -:„2 , b) sin^A = 2(sin^fi-sin^C). 

GIAI 

(Xem h.2.16) 

a) Theo dinh If vl trung tuyln cua tam giac ta cd : 

i2 , 2 a 2 a fe"+c = — + 2AM = — + 2c 

a^=2(fe^-c^). 

b) Theo dinh If sin ta cd : 

a b c 
sin A sin B sin C 

1,2 2 fe - C 
2 2 2 2 2 

sin A sin B sin C sin B-sin C 

Thay a =2(fe - c ) vao (*) tacd: 
2(fe^-c^) 

• 2 ^ 

sm A 

, 2 2 
fe - c 

. 2 <=> 

(*) 

1 
. 2 

sin B-sin C sin A sin B-sin C 

sin^A = 2(sin^B-sin^C). 
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Vi du 4. Tam giac AfiC vudng tai A cd cac canh gdc vudng la b va c. Lay 

mot diem M tren canh fiC va cho fiAM = a. Chiimg minh rang : 

be 
AM = 

bcosa + csina 

^ABC ~ ^MAB ^ ^MAC 

GIAI 

<» -fee =-AM.c.sina+ — AM.fe.sin (90° -a) 
2 2 2 

hay be = AM (c sina + fe cosa) (h.2.17). 

be 
Vay AM--

bcosa + csina 

VAN dE ? 

Giai tam giac 

/ . Phuang phdp 

Mdt tam giac thudng dugc xac dinh khi bilt ba ylu td. Trong cac bai toan 
giai tam giac, ngudi ta thudng cho tam giac vdi ba ylu td nhu sau : 

- Bilt mdt canh va hai gdc kl canh dd (g, c, g); 

- Bilt mdt gdc va hai canh kl gdc dd (c, g, c); 

- Bie't ba canh (c, c, e). 

Dl tim cac yeu td cdn lai cua tam giac ngudi ta thudng sit dung cac dinh If 

cdsin, dinh If sin, dinh If tdng ba gdc ciia mdt tam giac bing 180° va dac 
biet cd thi sir dung cac he thiic lugng trong tam giac vudng. 

2. Cdc vidu 

Vi du 1. Giai tam giac AfiC biet b = 14, c = 10, A = 145° 
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GlAl 

Tacd a^=fe%c^-2feccosA = 14^+10^-2.14.10.cosl45° 

= 196 + 100 - 280.(- 0,8191) = 525,35. 

vay a = 23. 

^ b . „ fe.sinA 14.sinl45° r^^.^,^ 7, ^ ^ c ^ , =>smB = = = 0,34913 => B==20 26' 
sinA sinB a 23 

C = 180° -(A + B) = 180° -(145° +20°26') = 14°34'. 

Vi du 2. Giai tam giac AfiC biet a = 4, b = 5, c = 7. 

GIAI 

. b^+c^-a^ 5^+7^-4^ 58 „ „^„^ -, , , o , , 
cosA = = = — = 0,8286 ^ A ==34 3'. 

2fec 2.5.7 70 

c„sB = 2 ! ± £ ! z ^ . i ! l Z ! z i , i 2 . o , 7 1 4 2 8 ^ 5.44»25' , 
2ac 2.4.7 56 

C = 180° -(A + B)-' 180° -(34°3'+44°25') = 101°32'. 

C. CAU HOI VA BAI TAP 

2.29. Tam giac ABC cd canh a = 2S,b = 2vk 6 = 30°. 

a) Tfnh canh c, gdc A va dien tfch S ciia tam giac ABC ; 

b) Tfnh chilu cao h^ vk dudng trung myln m^ eiia tam giac ABC. 

2.30. Tfnh gdc Idn nhit ciia tam giac ABC bie't a = 3, fe = 4, c = 6. Tfnh dudng 
cao ling vdi canh Idn nhit ciia tam giac. 

2.31. Tam giac ABC co a = 2S, b = 2^2, c = 4(>-42. Tfnh cac gdc A, B va 

cae do dai h^,R,r cua tam giac dd. 

2.32. Tam giac ABC cd a = A-Jl cm, fe = 6 cm, c = 8 cm. Tfnh dien tfch 5, dudng 
cao ha va ban kfnh R cua dudng trdn ngoai tilp tam giac dd. 
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2.33. Ggi ma,mi,, m^ la cac trung tuyln lin lugt iing vdi cac canh a, fe, c cua 

tam giac ABC. 

a) Tfnh An̂  , bilt ring a = 26, fe = 18, c = 16. 

b) Chiing minh ring : Aiml+ml+m^\ = 3(a^+b^ +c^). 

2.34. Tam giac ABC cd fe + c = 2a. Chiing minh ring : 
2 1 1 

a) 2sinA = sinB +sinC ; b ) — = — +—• 
K K K 

2.35. Chiing minh ring trong tam giac ABC ta cd cac he thiic : 
a) sin A = sin B cos C + sin C cos B ; 

b) ha =2R sinB sin C. 

2.36. Tam giac ABC cd fee = a . Chiing minh rang : 

a) sin A = sinB.sinC; 

h)hi,.hc=hl. 

2.37. Chiing minh ring dien tfch hinh binh hanh bing tfch hai canh lien tilp vdi 
sin cua gdc xen giiia chiing. 

2.38. Cho hinh tii giac Idi ABCD cd dudng cheo AC = x, dudng cheo BD =yva 
gdc tao bdi AC vk BD la a. Ggi S la dien tfch cua tii giac ABCD. 

a) Chiing minh ring S = — jc.j.sina ; 

b) Neu kit qua trong trudng hgp AC vudng gdc vdi BD. 

2.39. Cho tii giae Idi ABCD. Dung hinh binh hanh ABDC. Chiing minh ring tii 
giac ABCD vk tam giac ACC cd dien tfch bing nhau. 

2.40. Cho tam giac ABC bilt c = 35cm, A = 40°, C = 120°. Tfnh a, fe, B. 

2.41. Cho tam giac ABC bilt a = 7cm, fe = 23cm, C = 130°. Tfnh c. A, B. 

2.42. Cho tam giac ABC bilt a = 14 cm, fe = 18 cm, c = 20 cm. Tfnh A, B, C. 
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2.43. Gia sit chung ta cin do chilu cao CD cua 
mdt cai thap vdi C 1̂  chan thap, D \k dinh 
thap. Vi khdng thi din chan thap dugc nen 
tir hai diim A, B cd khoang each AB = 30 m 
sao cho ba diim A, B, C thing hang 

ngudi ta do dugc cac gdc CAD = 43°, 

CBD = 67° (h.2.18). Hay tinh chilu cao CD 
ciia thap. 

30 m B 

Hinh 2.18 

2.44. Khoang each tit A din C khdng thi do true tilp vi phai qua mdt dim liy nen 
ngudi ta lam nhu sau : Xac dinh mdt diim B cd khoang each AB = 12 m 

va do dugc gdc ACB = 37° (h.2.19). Hay tfnh khoang each AC bilt ring 
BC = 5 m. 

Hinh 2.19 

C A U H O I VA BAI TAP 6 N TAP CHl/ONG II 

2.45. Cho tam giac ABC thoa man dilu kien |AB + AC| = | A 6 - \cl Vay tam 
giac ABC la tam gidc gi ? 

2.46. Ba diim A, B, C phan biet tao nen vecto AB + AC vuong gdc vai vecto 

1\B + ̂ . vay tam giac ABC la tam giac gi ? 

2.47. Tfnh cac canh cdn lai cua tam giac ABC trong mdi trudng hgp sau : 

a)a = 7, fe=10, C = 56°29' ; 

b)a = 2, c = 3, B = 123°17'; 

c)fe = 0.4. c=12, A = 23°28'. 
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2.48. Tam giiic ABC cd 5 = 60", C = 45**, BC = a. Tinh d^ dii hai canh Afi va AC. 

2.49. TamgiicABCcd A = 60", fe = 20,c = 35. 

a) Tiiih chilu cao h^; 

b) Itnh bin kfnh dudng trdn ngoai ti£fp tam giSc; 
c) Itnh ban kfnh dudng trdn ndi A6p tam giic. 

iJSO. Cho lam giic ABC cd BC = a, CA = fe,AB = c.Ch<hig minh ring 

b^-c^ = a(bcosC - c cosB). 

2 J l . Tam giac ABC c6 BC = 12, CA - 13, trung toyefn AM = 8. 

a) Tuih dien tfch tam giic ABC ; 
b) Tinh gdc B. 

2.52. Giai tam gidc ABC bilt: a = 14 ; fe = 18 ; c = 20. 

2.53. Giai tam giic ABC bilt: A = 60° ; B = 40'' ; c=14 . 

2.54. ChotamgiicABCcda = 49,4;fe = 26,4; C = 47'*20'. Tinh A, B vicanhc. 

CAU HOI TRAC NGHlfiM 

2.55. Tam giic ABC cd AB = 2 cm, AC = 1cm, A = 60*'. Khi do dd dii canh BC l i : 
(A) 1 cm ; (B) 2cm ; 

(Q>/3cm; (D) VScm. 

2.56. Tam giic ABC co a = 5 cm, fe = 3 cm, c = 5 cm. Khi dd s6 do cua gdc 

BAC l i : 

(A)A = 45°; (B)A = 30°; 

(Q A>6b°; (D) A = 90*'. 

2.57. Tam giic ABC cd AB = 8 cm, BC = 10 cm, CA = 6 cm. Dudng trung tuyln 
AM cua tam giac dd cd dd dii bang: 
(A) 4 cm; (B) 5 cm; 
(Q 6 cm ; (D) 7 cm. 
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2J8 . Tam giic ABC vudng tai A cd AB = 6 cm, BC = 10 cm. Dudng trdn ndi ti.6p 
tam giic dd cd bin kmh r bing : 

(A) 1 cm; (B) V2 cm ; 
( Q 2 c m ; (D)3cm. 

2.59. Tam giic ABC cd a = V3 cm, b = ^l2 cm ; c = 1 cm. Dudng trung tuy6i 

OT^ cd dd dii la : 

(A) 1cm; (B) 1,5 cm; 

yf3 
(O — cm ; (D) 2,5 cm. 

2.60. Tam giic diu ndi tiljp dudng trdn ban kfnh /? = 4 cm cd dien tich li : 

(A)13cm^ (B)13>/2cm^ 

(Q 12v^ cm^; (D) 15 cm^ 

2.61. Tam giic ABC vudng vi cin tai A cdAB = a. 
Dudng trdn ndi tilp tam giac ABC cd bin kinh r bing : 

( A ) f ; ( B ) ^ . 

2.62. Tam giic ABC cd cic canh a, fe, c thoa man dilu kien : 

(a + b + c)(a + b-c) = 3ab. 
Khi dd sd do cua gdc C la : 

(A) 120°; (B)30°; 

<C)45°; (D)60°. 

2.63. Hinh binh hinh ABCD cd AB = a, BC = a>/2 va BM> = 45°. 
Khi dd hinh binh hanh cd dien tfch bing : 

(A)2a^ (B)a^>^; 

( C ) a ^ (D)a^>^. 
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2.64. Tam giac ABC vudng can tai A cd AB = AC = a. Dudng trung myln BM cd 
dd dai la: 

(A) 1,5 a; (B) a>/2; 

(QaVi; ( D ) ^ . 

2.65. Tam giic diu canh a ndi tilp trong dudng trdn ban kfnh R.'Kiu dd ban kfnh 
Rbing: 

2.66. Ban kfnh cua dudng trdn ndi tilp tam giac diu canh a bing : 

4 5 

( C ) ^ ; ( D ) ^ . 

2.67, Cho tam giac ABC cd canh BC = a, canh CA = fe. Tam giac ABC cd dien 
tfch Idn nhit khi gdc C bing : 

(A) 60° ; (B) 90° ; 

(C)150°; (D)120°. 

2.68, Cho tam giac ABC cd dien tfch 5. Nlu tang dd dai mdi canh BC vk AC Itn 
hai lin ddng thdi giii nguyen dd Idn cua gdc C thi dien tfch ciia tam giac 
mdi dugc tao nen la : 

(A) 25; (B)35; 
(C) 4S; (D) 5S. 

2.69, Cho gdc xOy = 30°. Ggi A va B la hai diim di ddng lin lugt tren Ox vk Oy 

sao cho AB = 2. Dd dai Idn nhit ciia doan OB bing : 

(A) 2 ; (B) 3 ; 
(C)4; (D)5. 
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2.70. Cho hai diim A(0 ; 1) va B(3 ; 0). Khoang each giiia hai diim A va B la : 
(A) 3 ; (B) 4 ; 

(C) 75 ; (D) VIO . 

2.71, Trong mat phing Oxy cho ba diim A(-l ; 1), B(2 ; 4), C(6 ; 0). Khi dd tam 
giac ABC la tam giac : 
(A) Cd ba gdc nhgn ; 
(B) Cd mdt gdc vudng ; 
(C) Cd mdt gdc tu ; 
(D) DIu. 

HlTCnSTG D A U GIAI VA DAP SO 

§1. GIA TRI Ll/ONG GIAC CUA M O T GOC 
BAT KI Ttr 0" DEN 180° 

2.1, a) sina va cosa ciing diu khi: 0° < a < 90° 

b) sina va cosa khac diu khi: 90° < a < 180° 

c) sin a va tan a ciing diu khi: 0° < a < 90° 

d) sina va tana khac diu khi: 90° < a < 180°. 

2.2. a) sinl20° = — ; cosl20° = - - ; tanl20° =->/3 ; cotl20° = - - ^ . 
2 2 V3 

b ) s in l50°=- ; c o s l 5 0 ° = - — ; tanl50° = - — ; eotl50° =-N/3 . 
2 2 3 

c ) s i n l 3 5 ° = — ; cos l35°=-^^ ;tanl35° = - l ;cotl35° = - l . 
^ 2 2 
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23. a) 2.—+ 3. = 1 + • ; 
2 2 2 2 

D) Z. 1-3.— = 
2 2 2 2 

1 /I '2 

2.4. a) 4 a l - + 2afe.l + - fe^ . - = a^+2afe + fe^=(a + fe)^ ; 
4 3 4 

2 .2 b) (a.I + b.l) (a.l + fe.(-l)) = (a +b) (a-b) = a^ - b\ 

2J. 

2.6. 

a)A<B; h)C = D. 

cosa = -
jr5 

JlA 
ii.l. 

2.8. 

2.9. 

2.10. 

2.11. 

. su l a = 

sina = 

A: 

B 

a) 

= 7-

_ 1 
~ 9* 

4 

2J2 
3 

-Aji. 

(sin x + CO 

Vl5 
tana = — 

15 

tan a =-A/7. 

1 
cosa = — 

3 

a) (sin x + cos x) = sin^x + COS Ĵ: + 2sin x cos x 

= 1 + 2sin x cos JC. 

b) (sin A: - cos jc) = sin JC + cos J: - 2sin JC cos jc 

= 1 - 2sin X cos x. 

c) sin^x + cos'*x = (sm^x)̂  + (coŝ jc)̂  + 2sin ĵc coŝ jc - 2sin ĵc coŝ jc 

= (sin JC + coŝ jc)̂  - 2sin ĵc COS Ĵ: 

= 1 - 2sin ĵc coŝ jc. 

2.12. 2 2 
a) A = (sin a+cos a) + (sin a - cos a) 

= l + 2sinacosa + l -2s inacosa 
= 2. 
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b)B=sin a -cos a-2s in a + 1 

= (sin a+cos a)(sin a -cos a)-2sin a + 1 

= l[sin^ or - (1 - sin^ a)] - 2 sin^ a +1 = 0. 

§2. TICH V6 HirdNG CUA HAI VECTO 

2.13. Tacd a.fe = |a|.|fe|cos(a,fe). 

Do dd a.fe > 0 khi cos (a,fe) > 0 nghia li 0 < (a,fe) < 90° 

a.fe < 0 khi cos (a,fe )< 0 nghia li 90° < (a,fe) < 180° 

a.fe = 0 khi cos (a,fe) = 0 ngMa li (a,fe) = 90°. 

2.14. (a+b) =(a + b).(a + fe) = a.a + a.b + b.a + b.b 
|^|2 |-.|2 

= \a\ +\b\ +2a.b 
Cac tfnh chit cdn lai dugc chiing minh tuong tu. 

2.15. a) AB.AC = 0(h.2.20). 

b) IAM: = a.aji.cos AS" = a. 

c) I^M: = a.a>/2.cosl35° = -a^. 

2.16. a)Tac6BC^=BC =(AC-ABf 

= ~AC +7^ -lACJi 
Hinh 2.20 

Dodd 
- ^ - 7 ; AC +AB -BC 
AB.AC = 

8^+5^-7^ = 20. 

Mitkhic AB.AC = ABAC.cos A = 5.8.cos A = 20, 

A 20 1 2 fino suy ra cos A = — = — => A = 6 0 . 
^ 40 2 
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b) Ta cd BA^ =BA = (CA - CBf = CA + CB - 2CA.CB. 

Do dd 'clCB = -(CP^ + CB^ - BA}-) = -(8^ + 7^ -5^) = 44. 

l.YI. a) AB.AC = -(AC^+AB^-BC^) = - (8^+6^- l l2 ) = - — 
2 2 ^ 2 

21 
= ABAC.cosA = => gdc A tu. 

2 ^ 

b)Tacd AM = -AB, A]V = - A C (h.2.21) 
3 2 

Dodd TM'AN ="^73.-7^ 
3 2 

= IJBAC 
6 
1 ( 21^ 

2 6 V ^ J 

1_ 
A 

2,18, Ta cin chiing minh AM.BD = 0 (h.2.22). 

Ta cd 2 AM = AH + AD vi M la trung diim cua doan HD. 

'BD = 'BH+11D 

Dodd 2AM.BD = (AH + AD).(BH + HD) 

= JH.W,+JHUD+JDSH+JD.W 
= 0 

^ 2AM.'BD = 7^.115+AD.'BH 

= AH.11D+(AH+11D).BH 

= JHJW+AH£H,+11D.BH 
= 0 

= HD.JJH+IBH) = HDJC=0. 

vay AM vudng gdc vdi BD. 
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2.19. Dung tam giac ABC cd AB = 5, BC = 12 va AC = 13. 

Ta cd lai = 5, |fe| = 12, |a + fe| = 13 (h.2.23) 

va JB = a,^ = b,A6 = a + b. 

Khidd a.(a + b) = 78.76. 

Mat khac ta cd : 

7B.76 = -(AC^+A8^-BC^) 

2 
= -(13^+5^-12^) = 25. 

2 

—' —• AR AC 25 
Ta suy ra cos (AB, AC) = , _ ^ ' _ 1 , = - ^ « 0,3846. 

IABI.IACI 5.I3 

Suy ra (AB.AC) « 67°23'. 

2.20, Ta cd 7M = -(7B + 76) (h.2.24) 

HM = -(H8 + HC) 

AM.HM = -(AB + AC).(HB + HC) 
A 

= -(7^118+78116+7C11B+7C116) 

= - ( A B . ^ + AC.7^) 

AB.(HC + CB) + AC.(H8 + BC) 

7B116+7JBCB+76.11B+76.BC 
0 0 

= -{AB.C8+AC.BC)=-{AB.CB-AC.CB) 
A A 
1 — . — . . 1 — . 2 1 .2 

= -C8(A8-AC) = -CB =-BC . 
A ' ^^^ ' 4 4 

CB 
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2.21. AB.AC = a.a. cos6if = - a ^ 

AB.BC = a.a.COS120'' = --a^ (h.2.25). 

2.22. Tacd 

211P.B6=(HI+11D).('M6 - HB) 

Hinh 2.25 

= MA.MC-MA.MB + MD.MC-MD.MB 
0 0 

= MA.MC-MD.MB. 

Dodd MP1BC<=>M?.BC = 0 

<=> MA.MC = MD.MB (h.2.26). 

2.23, a) VI ABCD la hinh binh hanh nen ta cd 

BD = BA + BC trong dd 

BA =(5;3) 

BC = (6 ; -2) 

=> W =(ll; l)(h.2.27). 

Gia sii D cd toa dd (jĉ  ; y^). 

Vi BD = (11 ; 1) vaB(-3 ; 1) nen ta cd 

[^^+3 = 11 | x ^ = 8 

i>'z>=2-

D^ Cha i : Ta cd thi dua vio bilu thtic vecto AD = BC hoSc CD = BA di tfnh 
toa dd diim D. 
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b) Ggi A'(J: ; y) li chan dudng cao ve tfir A ta cd 

AA''lBC/ia>'AA.BC = 0 
< 
BA'ciing phuong vdi BC 

vdi AA = (Ar-2;)'-4), BC = (6;-2),BA = (jc + 3;3 '- l ) . 
Do dd: 

(x - 2).6 + (3̂  - 4).(-2) = 0 «• AA*'± BC 

-2(jc + 3) - 6(> -1) = 0 « . BA*' ciing phuang vdi 'B6 

r6jc-12-2>' + 8 = 0 r6x -2y-4 = 0 

[-2x-6-6>' + 6 = 0 l -2x-6y = 0 -
^ 5 

yA'=-7-

2.24. Tacd AB = (2 ; 2), AC = (2 ; - 2 ) . Dodd : 

7B.76 = 2.2 + 2(-2) = 0 => AB 1 AC. 

Mat khic |AB| = |AC| = JA + A = 2>/2. Viy tam giic ABC vudng cin tai A. 

2.25. Ta cd AB = (1; 1), DC = (3 ; 3). Viy 'D6 = 37B, ta suy vaDC II AB vk 
DC = 3AB. 

Mat khic \AD\ = V ? + ? va |BC| .4r+ V 
ntn ABCD li hinh thang cin cd hai canh ben AD vk BC bing nhau, cdn hai 
diy li AB va CD trong dd diy Idn CD dii gip 3 lin day nhd AB. 

2.26, a) Ta ed AB = (4 ; 2), AC = (7 ; 1). 

4 2 
Vi — ?t — nen ba diim A, B, C khdng thing h^g. 

, , DA Df' , I 

b) Ta cd COS B = cos(BA, BCi=| .i", -^ vdi BA = (-4 ; -2) , BC = (3 ; -1). 

Do dd cos B = 

Viy B = 135° 

IBAI.IBCI 

(^.3) + (-2)(-l)_ -10 ^ V2 

VI6 + 4.V9+T V2OO 2 ' 
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2,27, Ggi / la trung diim cua doan AB, ta 
cd/(4; l)(h.2.28). 

Vi MA + MB = 2MI ntn 

\MA + MB\ = 2\MI\ nhd nhit khi gia 
tri eiia doan IM nhd nhit. Diim M 
chay tren true Ox ntn cd toa dd 
dang M(jc ; 0). Do dd : 

|/M| = V ( ^ - 4 ) ^ + 1 > 1 . 

Diu "=" xay ra khi X = 4. 

vay gia tri nhd nhit ciia |MA + MB| 
la 2 khi M cd toa dd la M(4 ; 0). 

A(5 ; 4) 

6(3 ; -2) 

Hinh 2.28 

2,28, Mudn chiing minh tii giac ABCD ndi tilp dugc trong mdt dudng trdn, ta 
chiing minh tii giac nay cd hai gdc ddi bii nhau. Khi dd hai gdc nay cd 
cdsin dd'i nhau. 
Theo gia thilt ta ed : 

AB = (1 ; -3 ) ; A B = (-4 ; 2); CB = (2 ; 4); CD = (-3 ; 9). 

r^A' (^11^) AB.AD l . (^ ) + (-3).2 -10 1 
Dodo coslAB.AD)=. ,. .—^= , , =—== =—= 

IABI.IADI V1+9.V16+4 V200 V2 

cos(cB,CD) = n=; 
CB.CD 2.(-3) + 4.9 30 1 

ICBI.ICDI V4+16.V9+81 Viioo V2 

Vi COS(AB,A5) = -COS(CB,CD) nen hai gdc niy bii nhau. Vay tii giac 

ABCD ndi tilp dugc trong mdt dudng trdn. 
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§3. CAC Ht THirC LUONG TRONG TAM GIAC 
VA GIAI TAM GIAC 

2.29. a) Theo dinh If cdsin ta cd : 

VI 
c^ = a^ + fe^ - 2afe cosC =12 + 4 - 2 . 2V3.2.— = 4. 

2 
vay c- = 2 va tam giac ABC can tai A cd fe = c = 2. 

Ta cd C = 30°, vay B = 30° va A = 180° -(30° +30°) = 120° 

^ sinB = -.2V3.2.- = V3. 

b) 

5 . „„ =—acsiUi 

h = — = —— = 1. Vi tam giac ABC can tai A nen h =m =1. 
a 2V3 

2,30, Ta cd c = 6 la canh Idn nhit cua tam giac. Do dd C la gdc Idn nhit. 
2 , , 2 2 o2 , .2 -.2 , , 

a+fe -(• 3 +4 -6 ll_^;p; ino,.,, 
cosC = = = =:>C = 117 17 . 

2afe 2.3.4 24 
Mudn tinh dudng cao iing vdi canh Idn nhit ta diing cdng thiic He-rdng dl 
tinh dien tich tam giic va tit dd suy ra dudng cao tuong iing. 

S = ,jp(p-a)(p-b)(p-c) vdi p = i ( 3 + 4 + 6) = y 

5 = 

Tacd h = 

13 
2 

ri3 f-̂ = V455 

25 J755 JA55 

2,31, TacdcosA = 

c 2.6 12 

fe^+c-^-a^ 8 + 6 + 2-2712-12 4-4^/3 
2fec 

A(\-j3) 

Aj2(j6-j2) 8V3-8 

8(V3-1) 
\_ 

2 

vay A = 120°, 
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^ ^ ^ ^ c^+a^-b^_6 + 2-2>/l2 + 12-8 12-2>/l2 
2.ca 2.(J6-J2).2j3 AJI^-AJE 

4>/2(3-V3) Jl 2 

25 acsmB . _ / /- /r\>/2 /r , 
h = — = = csmB = V6-V2I = V3-1. 

a a \ '2 
<2 

sinB 2sinB J2 
2. 

2 

f, —acsinB . „ 5 2 acsmB S = pr=>r = — = -^ = 
P L(a + b + c) '̂  + * + ̂  

2 

2j3(j6-Ji)f Jl^JlJj-2) 

2J3 + 2J2 + J6-J2 J6+J3 + I ' 

- , , T, , . b^+c^-a^ 36 + 64-112 1 
2J2. Taco cosA = = = — 

2fec 2.6.8 8 
• A [. 2~r I i~ 3>/7 

=> smA=vl-cos A=J1 = 
V 64 8 

5 = -fecsinA = - . 6 . 8 . — = 9>/7 (cm )̂. 
2 2 8 

, 25 I8V7 9 . . . . 
h = — = —7^ = —= 4,5 (cm). 
" a AJI 2 

„ abc AJI.6.% 16 , , 
R = = f^ = — (cm). 

45 4.9V7 3 

. , „ , 2 b^+c^ a- 18̂  + 16̂  -26^ 
2o3, a) m = = 

" 2 4 2 4 
324 + 256 676 484 22 

m = — = 11. 
2 4 4 ^ 2 
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b) 

2 b'+c' a^ m = 
" 2 4 
2 a'+c' b^ 

m. = <:> 
* 2 4 
2 a^+b" c"-

m = 
2 . 4 

4m^=2(fe^+c^)-a^ 

Aml=2(a^+c^)-b^ 

Am]=2J(a^+b^)-c^. 

Tasuyra: A(ml+ml + ml) = 3(a^ +b'^ +0^). 

234.- a) Theo dinh If sin ta cd : — 

Ta suy ra: 

sinA sinB sinC 

b+c la 
sinA sinB + sinC sinB + sinC 

2sin A = sin B + sin C. 

b) £)di vdi tam giac ABC ta cd : 5 =—afesinC =—/i-..c = 

r^ . ub — , , ac , bc ^ ,, 
Ta suy ra h^ = Tuong tu ta co n̂  = — , h^ = —• E>o do 

2A 1R 2R 

— + — = 1R\ — + — \ = 1 R mafe + c = 2a 

nen 

Viy 

ac ab. 

j _ _l__2/?.2a 1R.1 2 

abc 

abc bc 

K h K 

2 J 5 . a) Theo dinh If sin ta cd fe = 2R. 
sinA sinB sinC 

Do dd : a = 2i? sin A, fe = 2^sinB, c = 2RsinC. 

Thay cic gii tri nay vao bilu thiic a = fe cos C + c cos B ta cd 

2/? sin A = 2/? sin B cos C + 27? sin C cos B. 

=> sin A = sin B cos C + sin C cos B. 
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,.rr,,, 25 2afec abc 
b) Ta CO /i = — ' ma 25 = = . 

" a AR 2R 
25 fee 

vay A = — = — hayfec = 2R./i , mi fe = 2/?sinBvac = 2BsinCnen : 
•^ " a 2R " 

2R sin B.2B sin C = 2R. ha=> ha= 2R sin B sin C. 

2,36, a) Theo gia thilt ta cd a = fee. 

Thay a = 2B sin A, fe = 2R sin B, c = 2R sin C vao he thiic tren ta cd 

4B^ sin^A = 2R sm B.2R sin C 

=> sin A = sin B .sin C. 

b) Ta cd 25 = ah^ = bh^, = ch^. 

,2 .2 
Dodd: a ha=b.c.hf,.h^. 

2 2 
Theo gia thilt: a = fee nen ta suy ra h^ =hfj. h^.. 

2,37. Xet hinh binh hanh ABCD cd AB = a, AD = fe. BAD = a vk BH la dudng 
cao, ta CO BH IAD tai H. (h.2.29). 

H 6 

H/nA? 2.29 

Ggi 5 la dien tfch hinh binh hanh ABCD, taco S = AD. BH vai BH = AB sina. 

Vay S = AD.AB sina = a.b sina. 

Nlu BAD = a thi ABC = 180° -a. 

Khiddtavincd sin BAD = sin ABC. 
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Nhan xet: Dien tfch hinh binh hanh ABCD gip ddi dien tfch tam giae ABD 

ma tam giac ABD ed dien tfch la —ab sina. Do dd ta suy ra dien tich ciia 

hinh binh hanh bing ab sina. 

238. a ) T a e d 5 ^ ^ ^ = 5 ^ ^ + 5 ^ ^ ^ . 

Ve AH vk CK vudng gdc vdi BD. (h.2.30). 

Ggi / la giao diim cua hai dudng cheo 

AC va BD. Ta cd : A//= A/sina 

CK = CI sina 

5,„^n =-AH.BD + -CK.BD 
ABCD 2 2 

= - BD(AH + CK) 

= - BD.(AI + IC) sina = - BD. AC sina. 
2 2 
1 

W i ) = 2 ""'̂ ''"""• 

b) Nlu AC -L BD thi sina = 1, khi dd S^^^^ =— xy. Nhu vay nlu tii giac 

Idi ABCD cd hai dudng cheo AC vk BD vudng gdc vdi nhau thi dien tfch 
cua tii giac dd bing mdt nira tfch dd dai ciia hai dudng cheo. 

2.39. Ggi a la gdc giira hai dudng 
cheo AC va BD eiia tii giae 
ABCD (h.2.3lj. 

Ta ed c7^' = a vi AC II BD. 
Theo kit qua bai 2.38 ta cd : 

SABCD-\^C.BD sina. 

Mat khac 5^^^, = - AC AC sina, 

nia AC = BD ntn 5 ^ ^ ^ = 5^^^,. 
Hinh 2.31 
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2.40. Ta cd B = 180° - (A + C) = 180° - (40° +120°) = 20°. 

Theo dinh If sin ta cd : 

n r esinA 35.sin40° ^^ , ^ 
a = —, = = 26 (cm) 

sinA sinC sinC sin 120° 

fe c , esinB. 35.sin20° , , , , 
=> fe = —: = = 14 (cm). 

smB sinC sinC sin 120° 

2.41. Theo dinh If cdsin ta ed : 

ĉ  =a^+b^ -2abcosC = 7^ + 23^ -2.7.23.cosl30° = 785 

=> c = 28 (cm). Theo dinh If sin ta cd : 

a c . . asinC 7.sinl30° „ , „ , _ 
=> sm A = = = 0,1915, 

sinA sinC e 28 

vay A = ll°2'. 

B = 180°-(A + C) = 180°-(11''2'+130°) = 38°58'. 

2.42. Theo dinh If cdsin ta cd : 

. b^+c^-a^ 18^+20^-14^ 528 . _ . „ 
cos A = = = = 0,7333, 

2fee 2.18.20 720 

VayA = 42°50'. 

_ a^+c^-fe^ 14^+20^-18^ 272 ^ , „ „ 
cosB = = = = 0,4857, 

2ac 2.14.20 560 
VayB = 60°56'. 

C = 180° - (A + B) = 180° - (42°50'+ 60°56') = 76°14'. 

2.43. Mudn tfnh chilu cao CD ciia thip, trudc hit ta hay tinh gdc ADB, 

ADB = 67°-43° =24°. 

Theo dinh If sin ddi vdi tam giac ABD ta cd : 

BD AB „„ 30.sin43' o 
BD = ""•^" = 50,30 (m). 

sin 43° sin 24° sm24° 
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Trong tam giac vudng BCD ta cd : 

sin 67° = CD 

BD 
hay CD « 46,30 (m). 

CD = BD. sin 67° « 5030. sin 67° 

2.44. Theo dinh If sin dd'i vdi tam giac ABC ta cd 

BC AB 5 12 
sinA sinC sinA sin37'̂  

sinA = 
5. sin 37 

i2~~ 
« 0,2508 

A«14°31'. 

B «180° -(37° +14°31') = 128°29' 

AC 12 

sinB sinC sinC 

vay khoang each AC « 15,61 (m). 

, ^ 12.sinB 12.sinl28°29' ,^^ , , , 
AC = ——:—w «15,61 (m). 

sin 37° 

CAU HOI VA BAI TAP ON TAP CHLTONG II 

2.45. Ggi M la trung diim cua canh BC ta cd 

7B + 76 = 2AM = AD. 

Mat khac 7B-76 = CB. Theo gia thilt ta ed 
BC 

|2AM| = ICBj = jADj hay AM = 
z 

Ta suy ra ABC la tam giac vudng tai A (h.2.32). 

2.46. Theo gia thilt ta cd : 

{7B+76). (AB+CA)=O 

<^{7B+76).{7B-76) =0 <^ 7B -7C =O. 
Ta suy ra ABC la tam giic cd AB = AC (tam giae cin tai A). 
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2.47, • a) e^ = a^ + fe^ - 2afe cos C = 49 + 100 ^ 140 cos 56°29' 

=^ ĉ  = 71,7 hay e = 8,47; 

b) fe = 4,43 ; 

c ) a = 11,63. 

2.48. Tacd A = 180°-(60°+45°) = 75°. 

Dat AC = b,AB = c. Theo dinh If sin 

b a c 

sin 60° sin 75° sin 45° 
Ta suy ra : 

AC = fe=^^ = ^ = 0 , 8 9 7 a , 

AB = c = 

2sin75° 1,93 

av2 _ av2 

2 s i n 7 5 ° ~ l 9 3 
= 0,732a. 

2.49. Ta cd a^ = b^ + c^ - 2fee cos A = 35^ + 20^ - 35.20 = 925. 

vay a = 30,41. 

NT̂ -̂ , - *u', c 1 t . '1 25 feesinA a)Tucong thuc 5 = — a« tacofe = — = 
I a a 

-^ = 19,94. 
20.35. 

h = 
30, Al 

b) Tir cdng thirc - ^ =2Rtac6R=-^ = ^ ^ = 17,56. 
sinA J^ s 

1 
c) Tir cdng thiic 5 = /jr vdi p = - (a + fe + c) ta cd 

r = 
25 feesinA 

a+b+c a+b+c 
= 7,10. 

2.50. Tacd fe = a^ + e ^ - 2 a e c o s B 

c^ = a^ + b^- 2ab cos C 

=> b^-c^ = c^-b^ + 2a(b cosC-c cos B) 

=^ 2(fê  - e^) = 2a(fe cos C - e cos B) 

hay b^ -c^ = a(b cos C - c cos B). 
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2.51. Theo cdng thiic He-rdng ta cd 

AMC 

27 

2 

^27 ^ 
13 U J 

(21 

u 
\ 

-6 
J 
i--A 
l 2 J 

9V55 
(h.2.33). 

5 - 2 5 - - ^ ^ 
'^ABC ^"^AMC ~ 2 ' 

1.2 j_ 2 2 

Mat khac ta co AM = — hay 2AM^ = b^ + c^-^ 
2 A 2 

Do dd AB^ = c^ = 2AM^ -b^+ — = 2.64 - 169 + 72 = 31 
2 

•= V3T. 

cosB = 
a^+c^-b^ 144 + 31-169 

2ac 2AJ3\ 
= 0,045 ^ B = 87°25'. 

2.52. Tam giac ABC cd ba canh la BC = 14, CA = 18, AB = 20, ta cin tim cac gdc 

A, B, C. 

Ta ed cos A = 
fe^+e^-a^ 18^+20^-14^ 

2fee 2.18.20 

A = 42°50'. 

cosB = 
a^+c^-b^ 14^+20^-18^ 

= 0,7333 

= 0,4857 
2ae 2.14.20 

=> B = 60°56'. 

C =180°-(A + B) = 76°14'. 

2.53. Tam giac ABC cd canh c = AB = 14 va cd A = 60°, B = 40°. Ta cd 

C = 180° - (A + B) = 80°, cin tim a vk fe. Theo dinh H sin : 

a fe 
sin A sin B sin C 

esinB 14 sin 40° 

c csinA 7v3 , „ ^ , 
ta suy ra a = —^—;:;- = = 12,31 

sinC sin 80° 

b = 
sinC sin 80° 

= 9,14. 
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2.54. Theo dinh If cdsin ta cd : 

c^ = a^ + b^- 2ab cosC = (49,4)^ + (26,4)^ - 2 . 49,4 . 26,4 . cos47°20' 

= 1369,5781. 

vay e = Vl369,5781 = 37. 

eo, ^ = * ! i £ ! z f L . (?M)!±<3Z)!z(fM)l . _ 0,1914 
2fee 2.26,4.37 

Ta suy ra A = 101°2'. 

B = 180° - (lOrZ + 47°20') = 3r38'. 

CAU HOI TRAC NGHlfiM 

2.55. Ap dung cdng thiic a^ = b^ + c^ - 2fee cos A ta tfnh dugc a= J3 (cm). 

Chgn (C). 

, 2 2 _ 2 -

2.56. Ap dung cdng thtic cos A = ta tfnh duoc cos A = — =0,3. 
^ • ^ ^ 2fee • 10 

vay A > 60°. Chgn (C). 

L 2 2 2 

2.57. Ta cd m^ = — — = 25 ^ m = 5 (cm). Chon (B). 

5 24 
2.58. Diing cdng thiic S = prtac6r=— = — =2 (em). Chon (C). 

p 12 
t» _i_ 'i / Q 

2.59. Tacd m = = —=>m = — (cm). Chon (C). 
2 4 4 a 2 

2.60. Ta cd 5,„^ =-CH.AB vdi CH = -R vk AB = RJ3 , ma i? = 4 nen 
ABC 2 2 

S.„^ = I2J3 (cm^). Chgn (C). 
ABC 

ai2 + j2) , 5 a ^ 
2.61. Diing cdng thurc S = prv6ip= - ^— nen r = - = = . Chgn (C). 

2 P 2+v2 
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2.62. (a + fe + c)(a + b-c) = 3ab 

<^ (a + bf-c^ = 3ab 

o â  + fe^ + 2afe - ĉ  = 3afe, 

ma (? + \p-- 2ab cos C = ĉ  

1 nen 2afe cos C = afe => cos C = - => C = 60°. Chon (D) 
2 * 

2.63. Cit hinh binh hanh theo dudng cheo BD rdi ghip cho canh BC triing vdi 

AD, ta dugc mdt hinh vudng canh a va cd S = a . Chgn (C). 

. . . o .̂2 B/^+BC^ AC^ 2.64. BM = 
2 , o 2 2 - 2 

a +2a a 5a 

.BM=—- Chgn(D). 

2.65. Tam giac diu canh a cd dudng cao h = -

Mat khac ;i=-B(h.2.34) 
2 

aj3 

6 : : ^ = !/? « aj3=3R. Dodd 

V a y / ? = ^ ^ . Chgn(C). Hinh 2.34 

2.66. Ggi r li ban kinh dudng trdn ndi tilp tam 
giae diu canh a (h.2.35). Ta cd : 

3r = h 

aj3 
= h 

3r = 
aj3 

hay r=^-Chgn(C) . 

Hinh 2.35 
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2.67. Ta cd 5 = —ab sin C, 
2 

5 dat cue dai khi sin C = 1 ngMa la C = 90°. Chgn (B). 

2.68, Ggi 5' la dien tfch cua tam giac mdi, ta cd : 

5' = - .2a.2fesin C = 2afe sin C. 
2 

vay 5' = 45. Chgn (C). 

, OB AB 2.69, Tacd (h.2.36) 
smA sin 30° 

ABsinA 2sinA 
OB = = 4sinA. 

Hinh 2.36 

OB dat cue dai khi sin A = 1 nghia la A = 90°, khi dd OB = 4. Chgn (Q. 

2.70. Ta cd AB = (3 ; -1). Do dd |AB| = ^3^ + 1̂  = VlO . Chgn (D). 

2.71. Ta cd AB = (3 ; 3), BC = (4 ; -4) 

7B.^ =Q. vay tam giac ABC vudng tai B. 

Hay ta cd |AB| = V9 + 9 = Vl8 

IBCI=V16+16=V32 

|AC| = V49 + 1 = V50. 

vay AC^ = AB^ + BC .̂ 

Tam giac ABC vudng tai B cd canh huyin la AC. 

Chgn (B). 
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Chi/dNq III 

PHUCfNG PHAP TOA DO TRONG M A T PHANG 

§1. PHUONG TRINH D U 6 N G THANG 

/ * 

A. CAC KIEN THLfC C A N NHO 

/. Phuang trinh tham so(h.3.1) 

• Hiuong tnnh tham sd cua dudng 
thing A di qua diim MQ(X„ ; y„) 

va ed vecto chi phuong 
ix = XQ + tu.^ 

u = (u ; u^) \k \ 
[y=yo+'^2 

(wj^+r/^'^o) (h.3.1). 

• Phuong trinh dudng thing A di 
qua diim MQ(XQ; y^) vk cd he 

s6 goc kia: y-yQ=k(x-XQ). 

• Ne'u A ed vecto chi phuong u = (u ; M, ) vdi u^^O thi he sd gdc cua A la 

Hinh 3.1 

Ne'u A cd he sd gdc la k thi A cd vecto chi phuong la : M = (1 ; ^). 
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2. Phuong trinh tong qudt 

• Phuong tiinh cua dudng thing A di qua diim MQ(XQ; y^) vk cd vecto 

phap tuyln n = (a; fe) la : a(x-XQ) + b(y-y^) = 0 (a^+fe^^^O). 

• Phuong trinh ox + fey + e = 0 vdi 

a +fe ;^0 ggi l i phuong trinh 
tong quit cua dudng thing nhan 

n =(a;b) lam vecto phap tuyln. 

• Dudng thing A cit OJC va Oy lin 
lugt tai A(a ; 0) va B(0 ; fe) cd 
phuong trinh theo doan chin l i 

- + ̂  = 1 (a, fe ̂  0) (h.3.2). 
a fe 

Ay^ 
/ ( a ; 0 ) 

1 

B 

l y 

1o;6) 

0 X 

Hinh 3.2 

3. Vi tri tuang doi cua hai dudng thdng 

Cho hai dudng thing Aj: a^x + b^y + c^=0 

A2 : a.^x + b^y + C2 = 0. 

Dl xet vi trf tuong dd'i ciia hai dudng thing Aj va A2 ta xet sd nghiem ciia h i 

phuong trinh 

\a.x + fe.y + Cj = 0 

\a^x + b^y + e2 = 0. 

He (I) cd mdt nghiem : Aj cit Aj. 

He (I) vd nghiem : Aj // A2. 

He (I) cd vd sd nghiem : Aj s A2. 

(I) 

d 
v^ Chd y : Nlu a2fe2e2 ^ 0 thi: - Aj cit A2 <» - ^ ^̂  — ; 

-Aj / /A2 o 
«2 ^2 "^2 

a fe. e 
A, ^ A , < ^ - ^ = 7^ = -L. 

1 2 a^ b^ ^2 
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4. Goc giUa hai dudng thdng 

Gdc giiia hai dudng thing Aj va A^ ed phuong tiinh cho d muc 3, cd vecto 

phip tuyln n vk n. dugc tfnh bdi cdng thiic : 

cos ^Aj,A2|= eos(rtj,«2) 
«r«2 ^ 1 ^ 2 + ^ 2 ! 

^af+fef.^/^^^ 

5, Khoang cdch til mot diem den mot duong thdng 

Khoang each tir diim MQ(;CQ; y^) din dudng thing A cd phuong trinh : 

ajc + fey + c = 0 dugc cho bdi cdng thirc cf(M„, A) = 
x/77 b' 

B. DANG TOAN CO BAN 

VAN de 1 

Viet phuong trinh tham so cua dudng thang 

1. Phuang phdp 

Dl vie't phuong trinh tham sd ciia duo '̂g thing A ta thuc hien cac budc : 

- Tim vecto chi phuong u = (u^;u.^) ciia dudng thing A ; 

- Tim mdt diim MQ(XQ ; y^y thudc A ; 

Phuong tnnh tham so ciia A la : 
\x = x^ + tu^ 

[y = y^ + tu^. 

0^ Chdy 

- Nlu A cd he sd gdc k thi A ed vecto chi phuong M = (1; k). 

- Nlu A cd vecto phap tuyln n = (a ; fe) thi A cd vecto chi phuong 

u = (-fe ; a) hoac u =(b; -a). 
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2. Cdc vi du 

Vi du 1. Lap phuong trinh tham sd cda dudng thing A trong moi tri/dng 
hgp sau : 

a) A di qua diem M(2 ; 1) va cd vecto chi phuong u = (3 ; 4) ; 

b) A di qua diem M(b ; - 2) va cd vecto phap tuyen n = (4 ; - 3). 

GIAI 

, , \x = 2 + 3t 
a) Phuong tnnh tham sd cua A la : < 

\y = l + At. 
b) A cd vecto phap tuyln « = (4 ; -3) nen cd vecto chi phuong M = (3 ; 4). 

rx = 5 + 3̂  
Phuong tnnh tham sd cua A la : { 

[y = -2 + 4^ 

Vi du 2. Viet phuong trinh tham sd cua dUdng thing A trong mdi trudng 
hgp sau : 

a) A di qua diem M(5 ; 1) va cd he sd gdc k=3\ 

b) A di qua hai diem A(3 ; 4) va 6(4 ; 2). 

GIM 

a) A cd he so gdc k = 3 ntn A ed vecto chi phuong u = (1 ; 3). 

Phuong trinh tham sd ciia A la -̂  
[y = l + 3^ 

b) A di qua A va B nen A cd vecto chi phuong M = AB = (1 ;-2). 

Phuong trinh tham sd cua A la \ 
\y = A-lt. 

VAN dE 2 

Viet phuong trinh tong quat cua dudng thang 
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1. Phuang phdp 

^i vie't phuong tnnh t6ng quit cua dudng thing A ta thuc hien cac budc : 
—• 

- Tim mdt vecto phap tuyln n =(a;b) cua A ; 

- Tim mdt diim M^(x^; y^) thudc A ; 

- Vie't phuong trinh A theo cdng thtic : a(x - jĉ ) + fe(y - y^) = 0 ; 

- Biln ddi vl dang : ox + fey + c = 0. 

Chdy 

- Nlu dudng thing A ciing phuong vdi dudng thing d : ax + by + c = Othi A 
cd phuong trinh tdng quat: ax + by + c' = 0. 

- Nlu dudng thing A vudng gdc vdi dudng thing c?: ax + fey + e = 0 thi A ed 
phuong trinh tdng quit: -fejc + ay + e" = 0. 

2, Cdc vi du 

Vl du 1. Lap phuong trinh tdng quat cCia dUdng thing d trong mdi trudng 
hop sau : 

a) of di qua diem M{3 ; 4) va cd vecto phap tuyen n = (1 ; 2); 

b) d di qua diem M{3 ; -2) va cd vecto chi phuong u =(A; 3). 

GIAI 

a) Phuong trinh tdng quat ciia dudng thing d cd dang 

1 (jc - 3) + 2 (y - 4) = 0 <:* X + 2y - 11 = 0. 

b) Dudng thing d cd vecto chi phuong u = (4 ; 3) nen cd vecto phap tuyln 

la n = (3 ; -4). 
vay phuong trinh tdng quat eua d ed dang : 

3(x-3)-4Cy + 2) = 0 hay 3 x - 4 y - 1 7 = 0. 

Vi du 2. Cho tam giac ABC, biet A(1 ; 4), 8(3 ; -1), C(6 ; 2). Lap phuong 
trinh tong quat cCia cac dudng thing chifa dUdng cao AH va trung tuyen AM 
CLia tam giac. 

GIAI 

AH cd vecto phap tuyln la BC = (3 ; 3) hoac n = - ^ = (1 ; !)• 
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Phuong trinh tdng quat ciia dudng thing chiia AH la 

l ( x - l ) + l ( y - 4 ) = 0 

<=*x + y - 5 = 0. 

Ta tinh dugc toa dd trung diim M cua BC nhu sau : 

x,g+x^ _ 3 + 6 _ 9 
^M = 

^M 

Ta cd AM — 

2 2 2 

1 _Z 
2 ' 2 

- 2 —• 
Trung tuyln AM cd vecto chi phuong u = — AM = (1 ; -1) nen cd vecto phap 

myln n = (1 ; 1). Viy phuong trinh tdng quit ciia dudng thing chiia AM la: 

( x - l ) + (y-4) = 0<=>x + y - 5 = 0. 

D^ Chd y. Tam giac ABC cd dudng cao AH triing vdi trung tuyln AM ntn tam 
giic ABC can tai A. 

VAN JE ? 

Vi tri tuong doi cua hai dudng thang 

1. Phuang phdp 

• Dl xet vi tri tuong ddi ciia hai dudng thing 

AJ : ajX + fejj + ej = 0 

A2 :a2X + fe2y + e2 =0 

ta xet sd nghiem ciia he phuong trinh sau : 

fa-x + fe^y + e, =0 

I a^x + b.^y + ej = 0. 
(*) 
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Cu thi : 

He (*) cd nghiem duy nhit: Aj cit A2. 

He (*) vd nghiem : Aj // A2. 

He (*) cd vd sd nghiem : Aj = A^. 

• Gdc giiia hai dudng thing Aj va A2 dugc tfnh bdi cdng thiic : 

cos {^^^)= 
a^a^+b^b^ 

^R^-^: 2+^2 

2, Cdc vidu 

Vi du 1. Xet vj tri tuong ddi ciia cac cap dUdng thing sau : 

a) cf., : 4x -10y+1 =0 v^ g 2 - ^ + y ^ 2 = 0 ; 

b) c/3 :12x-6y+10 = 0 

c) dg :8x+-toy-12 = 0 

va 

va 

d. : 2 x - y + 5 = 0 ; 

x = -6 + 5t 
y = 6-4f. 

GIAI 

A -10 
a) Ta cd - * . Vay d, cat d.. 

1 1 ^ 2 
h)Tac6— = — ^ — .WkydJld,. 

2 - 1 5 ' ^ * 3 " 4 • 

c) Riuong trinh tdng quit cua d^ la : 4x + 5y - 6 = 0. 

4 5 - 6 
T a c d : - = — = - ^ . vay ci,=d,. 

8 10 -12 , 5 6 

Vi du 2. Cho hai dUdng thing d., : x - 2y + 5 = 0 va d^ : 3x - y = 0. 

a) Tim giao diem cCia d., va ^2: 

b) Tinh goc giOra d., va dg. 
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GlAl 

a) Giao diim cua d^ vk d^ la diim ed toa dd la nghiem cua he phuong trinh : 

| x - 2 y + 5 = 0 rx = l 

l3x-y = 0 ^ l y = 3. 

vay Jj cit ^2 tai diim (1 ; 3). 

Kx (T:^ \ |V2+^l^2| |3 + 2| 5 1 
h)cos\d,,d^ = , =—, ' = , ' —J==r = — ^ = —=. 

V '' ^^.,J47^ vrTi.>y9TT 5V2 ji 

vay (5^2) = 45°. 

VAN de 4 Khoang each tii mot diem den mot dudng thang 

1. Phuang phdp 

• Dl tfnh khoang each tir diim MQ(XQ; yQ)dln dudng thing A : OX+ fe3^ + c = 0 

ta diing cdng thiic 

laxp + fey^+e 
J(M„,A) = J 

• Nlu dudng thing A : ax + fey + c = 0 chia mat phing Ojcy thanh hai nifa 
mat phing cd bd la A, ta ludn cd : 

- Mdt nua mat phang chiia eac diim Mj (Xj; y^) thoa man 

A(Mj) = aXj+feyj+c>0 ; 

- Niia mat phing cdn lai chiia cac diim M2(JC2 ; y^) thoa man 

A(M2) = ax2 +fey2 +e < 0. 

• Cho hai dudng thing cit nhau Aj, A2 cd phuong trinh : 

AJ :a^x + b.y + c. =0 

A2 :a2X + fe2y + e2 =0. 
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Ggi d vk d' la hai dudng thing chiia dudng phan giac cua cac gdc tao bdi hai 
dudng thing Aj va A2. 

Ta cd : M(jc, y) e d KJ d' 

O d(M, A,) = d(M, A-) « 
ajX + fejj + ej a2X + fe2y + C2 

2 , L2 
^2+^2 

vay phuong trinh cua hai dudng phan giac cua cac gdc hgp bdi Aj va A2 la : 

OjXr + fejj + Cj a2X + fe2y + e2 

yR^ ^ 2 . 1.2 
2 + ^ 2 

2. Cdc vidu 

Vi du 1. Tinh khoang c^ch tir diem d^n dudng thing dugc cho tuong ufng 
nhu sau: ' 

a) A(3 ; 5) v^ A : 4x + 3y + 1 = 0 ; 

b)e(1 ;2) v^ A : 3 x - 4 y + 1 =0. 

a) Ta cd d(A, A) = 

GIAI 

|4.3+3.5+l|_28 

VI6 + 9 ~ 5 • 

V9 + I6 5 

Vi du 2. Cho dudng thing A : x - y + 2 = 0 v^ hai diem 0(0 ; 0), A(2 ; 0). 

a) Chimg to rang hai diem A va O nam ve cung mot phia ddi vdi dudng 
thing A. 

b) Tim diem C dd'i xifng ciia O qua A. 

c) Tim diem M tren A sao cho do dai cCia doan gap khCic OMA ngin nhat. 

GIAI 

a) Ta cd A (A) = 2 - 0 + 2 = 4 > 0 

A(C>) = 0 - 0 + 2 = 2>0. 
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vay A va O nim vl ciing mdt phfa dd'i vdi dudng thing A. 

b) Ggi d la dudng thing di qua O vk vudng gdc vdi A tai H. Phuong trinh 
{x = t 

tham sd cua d la < 
[y = -t. 

WiH e dntn toa dd ciiaHcd dang (x^ ; -x^). 

Mat khac : // G A => x^ - (-Xf^) + 2 = 0 => x^ = - 1 . 

Vay/ /cdtoaddla(- l ; 1). 

Vi H la trung diim ciia 00' ntn x^, = 2JC^ = -2 

y^ ,=2y^=2. 

vay O' cd toa dd la (- 2 ; 2). 

c) Ta cd OM + MA = O'M + MA. 

Dd dai eiia doan gip khiie OMA ngin nhit <:> O', M, A thing hang 
<=>OAcit AtaiM. 

Phuong trinh ducmg thing O A la : x + 2y - 2 = 0. 

Toa do cua M(x ; y) la nghiem ciia he phuong trinh 

^__2 
fx-y + 2 = 0 

lx + 2y-2 = 0 
<=> < 

y-

. 2 4^ 
vay diim M[ — ; — thoa man yeu ciu dl bai. 

C, CAU HOI VA BAI TAP 

3,1, Lap phuong trinh tham sd ciia dudng thing d trong mdi trudng hgp sau : 

a) d di qua diim A(- 5 ; - 2) va cd vecto chi phuong u = (4 ; - 3); 

b) cf di qua hai diim A(V3 ; 1) vaB(2 + >^ ; 4). 
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, rx = 2 + 2? 
3.2. Cho dudng thing A ed phuong trinh tham sd -̂  

a) Tim diim M nim tren A va each diim A(0 ; 1) mdt khoang bing 5. 

b) Tim toa dd giao diim ciia dudng thing A vdi dudng thing x + y + 1 = 0. 

c) Tim diim M tren A sao cho AM ngin nhit. 

3.3. Lap phuong trinh tdng quat cua dudng thing A trong mdi trudng hgp sau : 

a) A di qua diim M(l ; 1) va cd vecto phap tuyln n = (3 ; - 2) ; 

b) A di qua diim A(2 ; - 1) va cd he sd gdc k = ; 

c) A di qua hai diim A(2 ; 0) va B(0 ; - 3). 

3.4. Lap phuong trinh ba dudng trung true ciia mdt tam giac cd trung diim cac 

canh lin lugt la M(- 1 ; 0), N(A ; 1), P(2 ; 4). 

3.5. Cho diim M(l ; 2). Hay lap phuong trinh cua dudng thing qua M va chin 
tren hai true toa dd hai doan cd dd dai bing nhau. 

3.6. Cho tam giac ABC, bilt phuong trinh dudng thing A B : x - 3 y + l l = 0 , 

dudng cao AH : 3x + 7y - 15 = 0, dudng cao BH : 3x - 5y + 13 = 0. Tun 

phuong trinh hai dudng thing chiia hai canh cdn lai ciia tam giac. 

3.7. Cho tam giac ABC cd A(- 2 ; 3) va hai dudng trung tuyln : 2 x - y + l = 0 v a 

X + y - 4 = 0. Hay vilt phuong trinh ba dudng thing chiia ba canh cua 

tam giic. 

3.8. Vdi gia tri nao eua tham sd m thi hai dudng thing sau day vudng gdc : 

A. :mjc + y + ^ = 0 va A2 : x - y + m = 0 ? 

3.9. Xet vi tri tuong dd'i ciia cac cap dudng thing sau day : 

rx = - l - 5 r fx = - 6 + 5f 
a) d: \ vk d': \ 

[y = 2 + 4r [y = 2-At; 

(x = l-At 
h) d: < vk d' •.2x +Ay-10 = 0; 

^ \y = 2 + 2t 

c) d:x + y-2 = 0vad':2x + y-3 = 0. 
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3.10. Tim gdc giiia hai dudng thing : 

rf, : X + 2y + 4 = 0 va rfj = 2x - y + 6 = 0. 

3.11. Tfnh ban kfnh cua dudng trdn cd tam la diim /(I ; 5) va tiSp xiic vdi dudng 
thing A : 4x - 3y + 1 = 0. 

3.12. Lap phuong trinh cac dudng phan giac ciia cic gdc giiia hai dudng thing 
AJ : 2x + 4y + 7 = 0 va A2 : x - 2y - 3 = 0. 

3.13. Tim phuong trinh ciia tap hgp cac diim each diu hai dudng thing : 

AJ : 5X + 3y - 3 = 0 va A2 : 5x + 3y + 7 = 0. 

3.14. Vilt phuong trinh dudng thing di qua diim M(2 ; 5) va each diu hai diim 
A(-l;2)vaB(5;4). 

§2. PHUONG TRINH DUdNG TRON 

CAC KEN THQC CAN NHO 

1. Phuang trinh dudng trdn (h.33) 

• Phuong trinh dudng trdn tam 
I(a ; fe), ban kinh R la : 

(x-af+(y-bf=P^. 

• Nlu a^+fe^-c>0 thi phuong 

trinh x^+y^-2ax-2fey + c = 0 la 
phuong trinh ciia dudng trdn tim 

/(a ; fe), ban kfnh/? = va +fe - e . 

• Ne'u â  + fe^ - c = 0 thi chi cd mdt diim I(a ; fe) thoa man phuomg trinh 

/ + y^ - 2ax - 2fey + e = 0. 

• Nlu â  + fe^ - c < 0 thi khdng cd diim M(JC ; y) nao thoa man phuong trinh 

.\- + y^-2ax-2by + c = 0. 

y , 

b 

0 

1 

. M(x;y) 

a X 

Hinh 3.3 
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2. Phuang trinh tiep tuyen cua du&ng trdn 

Ti^p tuyln tai diim MQ(XQ; y^) cua dudng trdn tam I(a ; fe) cd phuong tiinh : 

(xQ-a)(x-XQ) + (yo-fe)(y-yo) = 0. 

B. DANG TOAN CO BAN 

VAN dE 1 

Nhan dang mot phuong trinh bac hai la phuong trinh dudng trdn. Tim tarn 

va ban kinh dudng trdn 

1. Phuang phdp 

Cdch 1 : - Dua phuong trinh vl dang : 

x'^ +y^ -2ax-2by + c = 0. (I) 

- Xet diu bilu thiic m= a +b -c. 

- Nlu m > 0 thi (1) la phuong trinh dudng ti-dn tam I(a ; fe), ban kinh 

/? = Va^+fe^-e. 

Cdch 2 : - Dua phuong trinh vl dang 

(x-af+(y-bf=m. (2) 

- Nlu m > 0 thi (2) la phuong trinh dudng trdn tam I(a ; fe), ban kfnh 

R = Jm. 

2. Cdc vidu 

Vi du 1. Trong cac phUOng trinh sau, phuong trinh nao bi^u dien diidng trdn ? 
Tim tam va ban kinh neu cd : 

a) x^ + y ^ - 6 x + 8y+100 = 0 (1) 

b) x^+y^ + 4 x - 6 y - 1 2 = 0 (2) 

c) 2x^ + 2 y ^ - 4 x + 8 y - 2 = 0. (3) 
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GIAI 

a) (I) cd dang x +y - 2ax - 2fey + e = 0, vdi a = 3, fe = - 4, e = 100. 

Ta cd â  +fe^- e = 9 + 16 - 100 < 0. 

vay (1) khdng phai la phuong trinh ciia dudng trdn. 

2 2 

b) (2) cd dang x +y - 2ax - 2by + e = 0, vdi a = - 2, fe = 3, c = -12. 
Tacd a^+b^-c = 4 + 9 + 12 = 25 > 0. 

vay (2) la phuong trinh cua dudng trdn tam la diim (-2 ; 3), ban kfnh bing 

Va^+fe^-e=5. 

c) Ta cd : (3) <=> x^+y^ -2x + 4y - 1 = 0 » (x-1)^+(y + 2)^ =6 

<>(x-lf+(y + 2f=(j6f 

vay (3) la phuong trinh ciia dudng trdn tam la diim (1 ; -2), ban kinh 
bing v6. 

Vi du 2. Cho phuong trinh x^ + y^ - 2mx + 4my + 6m - 1 = 0. (1) 

a) Vdi gia trj nao cOa m thi (1) la phuong trinh ciia dUdng trdn ? 

b) Neu (1) la phuong trinh cCia dUdng trdn hay tim toa do tam va tfnh ban 
kinh dudng trdn dd theo m. 

GIAI 

a) (I) cd dang x +y - 2ax- 2by + c = 0v6ia = m,b = - 2m, c = 6m-l. 

(I) la phuong tiinh cua dudng trdn khi va chi khi a^ +fê  - c > 0, ma 

a^+fe^-e>0 o m^+Am^ -6m+l>0 

<» 5m^ -6m+l>0 

I 
m< — 

5 
m>l. 

I 
b) Khi /n < - V OT > 1 thi (1) la phuong tiinh ciia dudng ti-dn tam I(m ; - 2m) 

vk cd ban kfnh R = J 5m -6/n + l. 
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VAN dE 2 

Lap phuong trinh cua dudng trdn 

1. Phuang phdp 
Cdch 1 : 

- Tim toa dd tamI(a ; fe) ciia dudng trdn (^); 

- Tim ban kfnh/? cua ('g'); 

- Vilt phuong trinh ( ^ ) theo dang (x-af+(y-bf =R^. (I) 

Chdy 

- C^) di qua A, B ̂  lA^ =IB^=R^. 

- (*^) di qua A va tilp xiic vdi dudng thing A tai A <=> /A = d(I, A). 

-(^) tilp xuc vdi hai dudng thing Aj vk A.^ <^ d (I, A^) =d (I, A^) =R. 

Cdch 2 : 

- Ggi phuong tiinh ciia dudng trdn ( '^) la x^ + y^ - 2ax - 2fey + e = 0 (2) 

- Tir dilu kien cua dl bai dua den he phuong trinh vdi in sd la a, fe, e. 

- Giai he phuong trinh tim a, fe, e thi vao (2) ta dugc phuong trinh dudng 
ti-dn ('g'). 

2. Cdc vi du 

Vi du 1, Lap phuong trinh cua dudng trdn C^) trong cac trudng hgp sau : 

a) ( '^) cd tam / ( - 1 ; 2) va tiep xuc vdi dUdng thing A : x - 2 y + 7 = 0; 

b) (^) cd dudng kinh la AB vdi A(1 ; 1), 6(7 ; 5). 

a) Tac6R = d(I, A) = 

GIAI 

1-1-4 + 71 2 

vrT4 Vs 

vay phuong tiinh ciia ('g') la : (x +1)^ +(y-2)^ =-• 
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b) Tam / cua ('&)lk trung diim ciia AB. 

x.+x^ 1 + 7 
Tacd: x=-^ B_ = 1Z1^4 

' 2 2 

^ ' 2 2 

Dodd: /A= V(l-4)^+(1-3)^ =Vl3. 

vay phuong trinh cua ('g') la : (x-4)^ +(y-3)^ = 13. 

Vi du 2. Viet phuong trinh dUdng trdn di qua ba diem A(1 ; 2), 6(5; 2), C(1; - 3). 

GIAI 

Xet dudng trdn ( '^) cd dang x^ + y^ - 2ajc - 2fey + e = 0. 

C^) di qua A, B, C khi va chi khi 

l+4-2a -4 fe+c=0 

25 + 4-10a-4fe + e = 0 o 

l+9-2a+6fe+e=0 

2a+4fe-e=5 

I0a +Ab-c = 29 o <1 

2a-6fe-c = 10 

a = 3 

fe = - -
2 

c = - l . 

vay phuong trinh dudng trdn di qua ba diim A, B, C la 

x^+y^ -6x + y - l = 0 . 

VANdE? 

Lap phuong trinh tiep tuyen cua dudng trdn 

1. Phuang phdp 

Loai 1. Lap phuong tiinh tilp tayin tai diim MQ (XQ ; y^) thudc dudng tidn ( ^ ) . 

- Tun toa dd tam I(a ; fe) ciia (^). 
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- Phuong trinh tilp hiyin v6i(^)tai MQ(XQ ; y^) cd dang : 

(x^ -a)(x-XQ) + (yo -fe)(y-yo) = 0. 

Loai 2. Lap phuong trinh tilp tuyln A v<̂  ( '^) khi chua bie't tilp diim : 

Dung dilu kien tiejp xuc dl xic dinh A : 

A tie'p xiie vdi dudng trdn C^) tam /, ban kfnh R o d(I, A) = R. 

2. Cdc vidu 

Vi du 1. Viet phuong trinh ti '̂p tuyen vdi dudng trdn 

C ^ ) : (x-1)^+(y + 2)^=25 

tai diim M^ (A ; 2) thudc dudng trdn (^). 

GIAI 

(^) cd tim la diim (1 ; - 2 ) . Vay phuong tiinh tilp tuyen vdi (^) tai 

M. (4 ; 2) cd dang : 

(XQ -a)(x-Xp) + (yQ -fe)(y-yo) = 0 

<t̂  (4 - l)(x- 4) + (2 + 2)(y - 2) = 0 <=> 3x + 4y - 20 = 0. 

Vi du 2, Lap phuong trinh tiep tuyen vdi dUdng trdn 

(^): x ^ + y ^ - 4 x - 2 y = 0. 

Biet rang tiep tuyen di qua diem A(3 ; - 2). 

GIAI 

Phuong trinh ciia dudng thing A di qua A(3 ; - 2) cd dang 

y + 2 = )t(x - 3) <=> fcc - y - 2 - 3;t = 0. 

('g')cd tam 7(2 ; l)vacd ban kfnh R = ^a^ +b'^ -c =JA + 1-0 = J5. 

- 1 - 2 -Io / 1 O 1/1 

Atie'pxucvdi('g')<s>d(/, A) = /?<» J—~ ~ ~—^ = V5 
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o (3 + k)'^=5(k^ + l) <:>Ak^ -6k-A = 0<:> 
k = 2 

2 

Vaycdhaitie'ptiiye'nvdi('g')ketirAla: Aj : 2 x - y - 8 = 0; 

A2 : X + 2y + 1 = 0. 

Vi du 3. Viet phUOng trinh tiep tuyen A vdi dudng trdn 

C^ ) : x^+y^ - 4 x + 6y+3 = 0 

biet rang A song song vdi dudng thing cf: 3x - y + 2006 = 0. 

GlAl 

(^)c6 tam 7(2 ; - 3) va ban kfnh R = JTo. 

Phuong trinh cua dudng thing A song song vdi d cd dang : 

A : 3x - y + c = 0. 

A tilp xiie vdi ( '^) khi va chi khi 

6 + 3 + e I— I I 
d(I,A)=R<:> ' , '=Vl0 <^ c + 9 =10<» 

V9+1 ' ' 

e = l 

c = -19. 

Vay phuong trinh cua A la 3 x - y + l = 0 hay 3 x - y - 1 9 = 0. 

C. CAU HOI VA BAI TAP 

3.15, Trong mat phing Oxy, hay lap phuong trinh ciia dudng trdn (*^) cd tam la 
diim (2 ; 3) va thoa man dieu kien sau : 

a) ('g') cd ban kfnh la 5 ; b) ( ^ ) di qua gd'c toa dd ; 

c)(^) tilp xiic vdi true Ox; d)(^) tilp xiic vdi true Oy ; 

e)(^) tiep xiic vdi dudng thing A : 4x + 3y - 12 = 0. 

3.16. Cho ba diim A(l ; 4), B(- 7 ; 4), C(2 ; - 5). 

a) Lap phuong trinh dudng trdn ( ^ ) ngoai tilp tam giac ABC ; 

b) Tim tam va ban kfnh ciia ('^). 
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3.17. Cho dudng trdn ('g') di qua hai diim A(-l ; 2), B(-2 ; 3) va cd tam d tren 

dudng thing A : 3x - y + 10 = 0. 

a) Tim toa dd tam cua ( ' ^ ) ; 

b) Tfnh ban kfnhRcua(^); 

c) Viet phuong trinh cua (*^). 

3.18. Cho ba dudng thing Aj : 3x + 4y - 1 = 0 

A2 : 4x + 3y - 8 = 0 

d : 2x + y - 1 = 0. 

a) Lap phuong trinh cac dudng phan giac cua cac gdc hgp bdi Aj va A.. 

b) Xac dinh toa dd tam / eua dudng trdn (^) bilt ring / nim tren dvk(^) 
tilp xiic vdi A va A^. 

c) Vilt phuong trinh cua ( ^ ) . 

3.19. Lap phuong trinh ciia dudng trdn ( '^) di qua hai diem A(l ; 2), B(3 ; 4) va 

tilp xiic vdi dudng thing A : 3x + y - 3 = 0. 

3.20. Lap phuong trinh ciia dudng trdn dudng kfnh AB tiong cac trudng hgp sau : 

a) A cd toa dd (- 1 ; 1), B cd toa dd (5 ; 3); 

b) A cd toa dd (- 1 ; - 2), B cd toa dd (2 ; 1). 

3.21. Lap phuong trinh ciia dudng trdn (^) tilp xiic vdi cae true toa dd va di qua 

diim M(4; 2). 

3.22. Cho dudng tidn ('g'): x^+y^ -x -7y = 0 va dudng thing cf: 3x + 4y - 3 = 0. 

a) Tim toa dd giao diim ciia (^)vk(d). 

b) Lap phuong trinh tilp tuyen vdi ( '^) tai cac giao diim dd. 
c) Tim toa dd giao diim eua hai tiep tuyen. 

3.23. Cho dudng trdn ( ' ^ ) : x^ + y^ - 6x + 2y + 6 = 0 va diem A (1 ; 3). 

a) Chiing td ring diim A nim ngoai dudng trdn ('^). 

b) Lap phuong trinh tiep tuyln vdi ( '^) xuit phat tir diem A. 

139 



3.24. Lap phuong tiinh tiep tuyln A eua dudng ti-dn (^): x^ + y^ - 6x + 2y = 0 

bie't ring A vudng gdc vdi dudng thing rf : 3x: - y + 4 = 0. 

3.25. Cho dudng txbn(^):(x+if+ (y- 2f = 9 va diim M(2 ; -1). 

a) Chiing td ring qua M ta ve dugc hai tilp myln Aj va A2 vdi ("^). Hay 
vie't phuong trinh cua Aj va A2. 

b) Ggi MJ va Mj lin lugt la hai tilp diim ciia Aj va A2 vdi (*^), hay vilt 
phuong trinh cua dudng thing d di qua Mj va M^. 

3.26. Viet phuong trinh tilp tuyen ciia dudng trdn (^) cd phuong trinh 

x̂  + y^ - 8x - 6y = 0 bilt ring tilp tuyln dd di qua gdc toa do O. 

3.27. Cho hai dudng ti-dn C^j ) : x̂  + y^ - 6x + 5 = 0 

va ( < g ' 2 ) : ^ + / - 1 2 ^ - 6 y + 44 = 0. 

a) Tim tam va ban kfnh ciia ("^ 1) va ('^2). 

b) Lap phuong trinh tilp tuyln chung ciia (*^ 1) va ('^2)-

§3. PHUONG TRINH D U 6 N G E L I P 

CAC KIEN THLTC C A N NHO 

1. Trong mat phing Oxy cho hai 
diim Fj (-C ; 0), F^ (c ; 0) va dd 

dai khdng ddi 2a (a > e > 0). 
Blip (E) la tap hgp cac diim M 
sao cho FjM + F2M = 2a 
(h.3.4). Ta cd thi vilt: 

(E)= [M I F^M + F^M = 2a\. 

2 2 
X y 

Hinh 3.4 

M(x;y) 

2.Phuongtiinhchfnhticcuaelip(£)la:-2- + ̂  = l (a =b +c'^). 
a fe 
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3, Cac thanh phin eua clip (E) la : 

- Hai tieu diim : F, (- e ; 0), F.^ (c ; 0); 

- Bdn dinh : AJ (- a ; 0), A2 (a ; 0), 

Bj(0;-fe), B^(0;b); 

- Dd dai true Idn : AjA2 = 2a ; 

- Dd dai true nhd : BjB2 = 2fe ; 

- Tieu eu : F^F^ = 2c (h.3.5). 

Ai 

M, 

/ 

M3 

y.i 

B, 

F, F2 

0 

M 

\ 

y 
_^_..^ M2 

Bi 

A, X 

Hinh 3.5 

4, Hinh dang cua clip (E): 

- (E) cd hai true dd'i xiing la Ox, Oy vk cd tam dd'i xiing la gdc toa dd ; 

- Mgi diim ciia elip (E) ngoai trir bdn dinh diu nim trong hinh chii nhat cd 
kfch thudc 2a vi 2fe gidi ban bdi cac dudng thingx = ±a,y = ±b. Hinh chii 
nhat dd ggi la hinh chii nhat co sd ciia elip. 

DANG TOAN CO BAN 

VAN de 1 

Lap phuong trinh chinh tac cua mot elip khi biet cac thanh phan du de 

xac dinh elip dd 

I. Phuang phdp 

- Tit cac thanh phin da bilt, ap dung cdng thiic lien quan ta tim dugc 
phuong trinh chfnh tic cua elip. 

- Lap phuong trinh chfnh tic ciia 
elip theo cdng thiic : 

2 2 

a fe 

- Ta ed cac he thiic (h.3.6): 

• 0<fe<a 

.c' ~2 = a^-b^ 

-a( 

A\ 

-c^^ 

F^ 

Vi 

b 

0 

-b 

I 

62 

V 

M 

\c 
Fz 

\ a 
)A. X 

Hinh 3.6 
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• F^F^ = 2c (tieu cu) 

• AjA2 = 2a (do dai true Idn) 

• B,B2 = 2fe (do dai true nhd) 

• M e (£) o FjM + F2M = 2a. 

- Ta ed toa dd cae diim dac biet cua elip (E): 

• Hai tieu diim : F j ( -e ; 0), F2(c ; 0) 

• Hai dinh tren true Idn : Aj(-a ; 0), A2(a ; 0) 

• Hai dinh ti-en true nhd : Bj(0 ; -fe), B2(0 ; fe). 

2. Cdc vi du 

Vi du 1. Lap phuong trinh chinh tac cCia elip (£) trong moi trudng hop sau 

a) Do dai tnjc Idn bang 10 va tieu cU bang 6 ; 

b) Mdt tieu diem la diem (-J3; O) va diem 
V y 

nam tren elip. 

GiAi 

a) Ta cd 2a = 10 suy ra a = 5, 2e = 6 => e = 3 

fe^=a^-e^ = 2 5 - 9 = 1 6 . 

2 2 
X y 

vay phuong trinh chfnh tac ciia elip (F) la : — + ̂ ^ = 1. 
25 16 

2 2 
X y 

h) Phuong trinh chfnh tac ciia (F) cd dang - ^ + ̂  = 1. 

a fe 

Vi (F) ed mdt tieu diim Fj i-j3; o) ntn c = j3. Ta cd 

' J-3^ 
1; 

1 3 
€ ( F ) = > - 2 - + - y = l a" 4fe' 

a^=b'^ + c'^=b^+3. 

(1) 

(2) 
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The'(2) vio (1) tadugc - 2 ^ + - ^ = l « 4fe2+3(fe^ +3) = 4fe2(fê  +3) 
fe^+3 4fe" 

«4fe%5fe^-9 = 0 » fe^=l. 

Tiir (2) suy ra 0^=4. 
2 2 

vay phuong trinh chfnh tic ciia elip (F) la : — + ̂  = 1. 

Vi du 2. Lap phuong trinh chfnh tac cCia elip (£) trong mdi trudng hop sau : 

a) Mdt dinh tren true Idn la diem (3 ; 0) va mot tieu diem la diem (-2 ; 0); 

b) (E) di qua hai diem M(0 ; 1) va A/ 

GiAi 

r,.v3^ 
' 2 

a) Ta cd a = 3 ; e = 2. 

Suy ra fe^ = â  - ĉ  = 9 - 4 = 5. 

vay phuong trinh chfnh tic cua elip la 
2 2 

^ + ^=1. 
9 5 

b) Phuong trinh chfnh tic ciia (F) cd dang : 
2 2 

^ + ^ = 1 
2 , 2 a b 

Do (F) di qua hai diim M(0 ; 1) va TV 

vao phuong trinh cua (F) ta dugc : 

1 

1; 
J~3 

ntn thay toa dd ciia M vk N 

I 

1 3 , 

M Ab 

<:> 
Ife2=l 

\a^=A. 

2 2 

vay phuong trinh ehinh tac eiia elip (F) la : — + ̂ ^ = 1. 
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VAN dg 2 

Aac dinh cac thanh phan cua mot elip khi biet phuong trinh chinh tac cua 

elip do 

1. Phuang phdp 
2 2 

Cdc thanh phdn ciia elip (E): --- + ̂  =1 (h.3.7) 
a fe 

- True Idn cua (F) nim tren Ox, A^A^ = 2a ; 

- True nhd cua (F) nim tren Oy, B^B^ = 2fe ; 

- Hai tieu diim : F, (- e ; 0), F2 (e ; 0) 

- Tieu cu: 

- Bdn dinh 

- Ti so — 

vdi c 

P^^2 = 

: A j ( - a 

B^(0; 

< 1 ; 

= ^a-

2c; 

;0), 

-b). 

'-b' 

A^(a; 

8^(0 

» 

0), 

•,b); 

lb; 

-a 
A^ 

' -c 

\ F, 

~b 

c ^ 
0 

Si 

F2 J 

a 
A^ X 

Hinh 3.7 

- Phuong trinh cac dudng thing chiia cac canh ciia hinh chii nhat co sd la 
X = + a ; y = ± fe. 

2. Cdc vidu 

Vi du 1. Xac djnh do dai cac true, toa do cac tieu diim, tea dd cac dinh va 
2 2 

ve elip (E) cd phuong trinh — + ̂  = 1. 

GlAl 

2 2 
Phuong tnnh (F) cd dang : ^ + ̂  = 1- Do do 

a fe 

c = \la'-h^ =4. 

|a^=25 a = 5 

Ife2=9 1̂  = 3 
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vay (F) cd: 

- True Idn : AjA2 = 2a = 10 ; 

- True nhd : BjB2 = 2fe = 6 ; 

- Hai tieu diim : Fj (- 4 ; 0), F^ (4 ; 0); 

-Bdndinh: Aj(-5;0), A2(5;0), 

Bj(0;-3), B2(0;3). 

Hinh ve ciia (F) nhu hinh 3.8. 

Vi du 2. Cho elip (£) cd phUOng trinh 

2 2 
^ +^ = 1. 

Hinh 3.8 

^ 

100 36 

Hay Viet phUOng trinh dudng trdn ('g') cd dUdng kfnh la F.,F2 trong dd F., va 

FJ la hai tieu diem ciia (£). 

GiAi 
2 2 

X y 
Phuong trinh (F) cd dang — + "^ = 1 • 

a fe 

Tacd a^= 100, fe^ = 36. 

Suy ra ĉ  = â  - fe^ = 64 

e =8. 

Ducmg trdn dudng kfnh FjF2 cd tam la gd'c toa do va cd ban kfnh B = c = 8. 

vay phuong tiinh cua ( '^) la : x̂  + ŷ  = 64. 

VAN dE J 

Diem Md\ dong tren mot elip 

I. Phuang phdp 

Be chiing td diim M di ddng tren mdt elip ta cd hai each (h.3.9) 
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Cdch 1 : Chiing minh tdng khoang each 
tiJT M din hai diim cd dinh F,, F2 la 
mdt bang sd 2a (F^F^ < 2a). 

Khi dd M di ddng tren elip (F) cd hai 
tieu diim FJ, F2 va true Idn la 2a. 

Cdch 2 : Chiing minh trong mat phing 
toa dd Oxy diem M(x ; y) cd toa dd thoa 
man phuong trinh-

2 2 
^ + ^-=1 
a fe 

vdi a, fe la hai hing sd thoa man 0 < fe < a. 

Hinh 3.9 

2. Cdc vi du 

Vi du 1. Cho hai dudng trdn '^'^(F, ; R.^) va '^2('^2 • ^2)- ^ ^ t ^ "^"^ *^°"9 

(•^2) v3 F| ^ F^. Ggi M la tam cQa dudng trdn ( ^) thay ddi nhi/ng ludn 

tiep xuc ngoai vdi C^.,) va tiep xuc trong vdi (^2)• ^^^ chimg to diem Mdi 

ddng tren mot elip. 

GIAI 

Ta cd MFj = B + /?j; MF2 =R2-R-

Suyra MF^+MF^= R^+R^. 

vay M di ddng tren elip cd hai tieu diim la Fj va F2 va cd true Idn la 

2a = R^+R^. 

Vi du 2. Trong mat phSng toa do Oxy cho diem M(x ; y) di ddng cd toa do 
ludn thoa man 

Jx = 5cosf 
[ y = 4sinf 

trong dd t la tham sd thay ddi. 

Hay chirng minh diem M di dong tren mdt elip. 
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GIAI 

Tacd fx = 5eos? 

[y = 4sin/ 

= cos t 

y 
— = sin ? 

X 2 , 

— = cos t 
25 
y - 2 , 

= sin t 

2 2 

>^+'-=l. 
25 16 

U6 
2 2 

X y vay M di ddng tren elip cd phuong trinh la : — + ̂ :— = 1. 
25 16 

» *. C. CAU HOI VA BAI TAP 

3.28. Viet phuong trinh chfnh tic ciia elip (F) trong mdi trudng hgp sau : 
a) Dd dai true nhd bing 12 va tieu cu bing 16 ; 
b) Mdt tieu diim la (12 ; 0) va diim (13 ; 0) nim tren elip. 

3.29. Tim tga dd cac tieu diim, cae dinh, dd dai cac true ciia mdi elip cd phuong 
trinh sau : 

a) 4x^+9y^=36; b) x^ + 4y^=4. 

3J0. Qio dudng tidn ^^ (Fj; 2a) cd dinh va mdt diim F2 cd dinh nam tiong (^^). 

Xet dudng trdn di ddng (*^ ) ed tam M. Cho bilt ('^ ) ludn di qua diim F2 va 

( ̂  ) ludn tiejp xiic vdi ('^j). Hay chiing td M di ddng tien mdt eUp. 

3.31. Trong mat phing toa dd Oxy cho diim M(x ; y) di ddng cd toa dd ludn thoa 
man 

fx = 7eosr 

[y = 5sin? 

Trong dd t la tham sd. Hay chiing td M di ddng tren mdt elip. 

3.32. Vilt phuong trinh chfnh tic ciia elip trong cac trudng hgp sau : 

e 5 
a) Dd dai true Idn bang 26 va ti sd - bing — ; 

a 13 
c 2 

b) Tieu diim Fi(-6 ; 0) va ti sd - bing - . 
a 3 
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3.33. Vilt phuong trinh chfnh tic cua elip (E) ed hai tieu diim la F, va F2 bie't 
/• 

a) (F) di qua hai diim M 9 
4;^Jv.A,^3;^ 

12 

/ • 

b)(F)diquaM 
\ 

.2 . 0C. .2 

v^ tam giac MFiF2 vudng tai M. 

3.34. Cho elip (F) : 9x̂  + 25y^ = 225. 

a) Tim toa dd hai tieu diim Fj, Fj va eac dinh ciia (F). 

b) Tm diim M e (F) sao cho M nhin F,F2 dudi mdt gdc vudng. 

X V e 
3.35. Cho eMp (F): - ^ +Ar = 1 (0 < fe < a). Tmh ti sd — trong eac trudng hgp sau : 

a b 
a 

a) True Idn bing ba lin true nhd ; 
b) Dinh tren true nhd nhin hai tieu diim dudi mdt gdc vudng ; 
c) Khoang each gifl-a dinh tren true nhd va dinh tren true Idn bing tieu cu. 

3.36. Cho elip (F) : 4x^ + 9y^ = 36 va diim M(l ; 1). Vilt phuong tiinh dudng 
thing (d) di qua M va cit (F) tai hai diim A va B sao cho M la trung diim 
ciiaAB. 

CAU HOI VA BAI TAP O N TAP CHL/ONG HI 

3.37, Cho ba diim A(2 ; 1), B(0 ; 5), C(- 5 ; - 10). 

a) Tim toa dd trgng tam G, true tam H vk tam 7 dudng trdn ngoai tilp tam 
giac ABC. 
b) Chiing minh I, G, H thing hang. 
c) Vilt phuong trinh dudng trdn ngoai tilp tam giac ABC. 

3,38, Cho dudng thing A cd phuong trinh tham sd 
\x = 2-3t 
[y-t. 

a) Hai diim A(-7 ; 3) va B(2 ; 1) co him ti-en A khdng ? 

b) Tim toa dd giao diim cua A vdi hai true Ox vk Oy. 

c) Tim tren A diim M sao cho doan BM ngin nhit. 
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3.39. Cho hinh chii nhat ABCD. Bilt A(3 ; 0), B(-3 ; 3) va phuong trinh dudng 
thing chiia canh CD : x + 2y - 8 = 0. Tim phuong trinh eac dudng thing 
chiia cac canh cdn lai. 

3.40. Trong mat phing Oxy cho dudng thing A : x - y + 2 = 0va diim A(2 ; 0). 

a) Chiing minh ring hai diim A va O nim vl cung mdt phfa dd'i vdi dudng 
thing A. 

b) Tim diim M tren A sao cho do dai dudng gip khiic OMA ngin nhit. 

3.41. Cho ba diim A(3 ; 5), B(2 ; 3) va C(6 ; 2). 

a) Viet phuong trinh dudng trdn (^) ngoai tiep tam giae ABC. 

b) Hay xac dinh toa do cua tam va ban kfnh cua (^). 

3.42. Cho phuong tiinh jc^+y^-2TOC-4(m-2)y + 6 - m = 0. (1) 

a) Tim dilu kien cua w dl (1) la phuong trinh cua dudng trdn, ta ki hieu 
la (CJ. 

b) Tim tap hgp cac tam eua (C^) khi m thay ddi. 

3.43. Lap phuong trinh chfnh tic ciia elip (F) trong mdi trudng hgp sau : 

a) Mdt diph la (0 ; - 2) va mdt tieu diim la (-1 ; 0); 
, . c . 3 

b) Tieu cu bang 6, ti sd — bang —. 
a 5 

2 2 

3.44. Cho elip (F): — + — = 1 va dudng thing A thay ddi cd phuong trinh tdng 
Zj 9 

quat Ax + By + C = 0 ludn thoa man 25A^ + 9B^ = C .̂ Tfnh tfch khoang 
each tir hai tieu diim Fj, F2 eua (F) din dudng thing A. 

3.45. Cho elip (F): x̂  + 4y^ = 16. 

a) Xac dinh toa do cac tieu diim va cac dinh cua elip (F). 

b) Vilt phuong trinh dudng thing A di qua diim M 
'••2 

vk cd vecto 

phap tuyln n = (1 ; 2). 
c) Tim toa dd cac giao diim A va B ciia dudng thing A va elip (F). Chiing 
minh MA = MB. 
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cAu HOI TRAC NGHIEM 

3.46, Cho ba diim A(l ; 4), B(3 ; 2), C(5 ; 4). Toa dd tam dudng ti-dn ngoai tilp 
tam giac ABC la 

(A) (2; 5) ( B ) | ^ ; 2 

(C) (9 ; 10) (D) (3 ; 4). 

3.47, Cho dudng thing A ed phuong trinh tham sd 

x = 5 — t 
2 

y = -3 + 3t. 

Mdt vecto chi phuong cua A cd toa dd la 

(A) ( - 1 ; 6) 

(C) (5 ; -3) 

(B) -;3 

(D) (-5 ; 3) 

3.48, Lap phuong trinh dudng thing A song song vdi dudng thing 
rf : 3x - 2y + 12 = 0 va cit Ox, Oy lin lugt tai A, B sao cho AB = Vl^. Ta 
dugc kit qua la : 

(A)3x-2y+12 = 0; (B) 3 x - 2 y - 1 2 = 0 ; 

(C)6x-4y-12 = 0; (D) 3 x - 4 y - 6 = 0. 

3.49. Trong cac diem ed toa do sau day, diim nao nim tren dudng thing A cd 
phuong trinh tham so 

(A) ( i ; i ) 
(C)( l ; -1) 

\x^t 
[y = 2-t? 

(B) (0; -2) 

(D) (-1 ; 1) 

3.50. Dudng thing di qua diim M(l ; 2) va song song vdi dudng thing 
c?: 4x + 2y + 1 = 0 cd phuong trinh tdng quat la : 

(A)4x + 2y + 3 = 0; (B)2x + y + 4 = 0; 
(C)2x + y - 4 = 0; (D)x-2y + 3 = 0. 
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3.51. Cho dudng thing d cd phuong tiinh tdng quat: 3x + 5y + 2006 = 0. Trong 
cac menh dl sau, menh dl nao sai ? 

(A) d cd vecto phap tuyln n = (3 ; 5); 

(B) d cd vecto chi phuong M = (5 ; -3 ) ; 

(C)rfcdhesdgdc/:=- ; 

(D) d song song vdi dudng thing 3x + 5y = 0. 

3J2. Hinh chilii vudng gdc ciia diim M(l; 4) xud'ng dudng thing A:x-2y + 2 = 0 
cd toa dd la 

(A) (3 ; 0); (B) (0 ; 3); 

(C)(2;2); (D) (2 ;-2). 

3.53. Dudng thing di qua hai diim A(l ; 1), B(2 ; 2) cd phuong trinh tham sd la : 

fjc = l + r rx = l + / 

[y = 2 + 2 / ; [y = l + 2t; 

{x = 2 + 2t ,_^ {x = t 
(C) \ ^ (D) 

iy = i + n [y = t. 
3.54. Dudng trdn (C) cd tam la gdc 0(0 ; 0) va tilp xuc vdi dudng thing 

A : 8x: +6y +100 = 0. Ban kfnh cua dudng ti-dn (C) la : 

(A) 4 ; (B) 6 ; 
(C)8; (D)10.. 

3.55. Gdc gifla hai dudng thing : Aj : x + 2y + 4 = 0 

AJ : X - 3y + 6 = 0 
cd sd do la : 

(A) 30°; (B) 60° ; 

(C) 45° ; (D) 23°12'. 

3.56. Cho hai dudng thing Aj va Aj lin lugt cd phuong tiinh x - y = 0 va 

J3x-y = 0. Gdc giiia A; va Aj cd sd do la 

(A) 30°; (B)15°; 

(C) 45** ; (D) 75°. 
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3.57. Phuong tiinh nao trong cac phuong tiinh sau day khdng la phuong trinh 
dudng trdn ? 

(A) x^+y^-4 = 0; 

(B) x^+y^ + x + y + 2 = 0; 

(C) x^+y^ + x + y = 0; 

( D ) / + y ^ - 2 x - 2 y + l = 0 . 

3.58. Cho 3 diim A(-2 ; 0), B(V2 ;J2), C(2 ; 0). Dudng trdn ngoai tilp tam 
giac ABC cd phuong trinh la \ 

(A) x^+y^-4 = 0 ; 

(B) x^+y^-4x +4 = 0; 

(C) x^+y^+4x:-4y +4 = 0; 

(D) x^+y^ = 2. 

3.59. Cho hai diim A(3 ; 0), B(0 ;4). Dudng ti-dn ndi tilp tam giac OAB cd phuong 
tiinh la 

(A)x2+y2=l ; 

(B)x^+y2=2; 

(C) x^+y^-2x-2y + 1 = 0 ; 

(D) x^+y^-6x-8y + 25 = 0. 

3.60. Cho hai dudng trdn : 

(C,):x^+y^ + 2x-6y + 6 = 0 

(C^):x'+y^-4x + 2y-4 = 0. 

Tim menh dl diing trong cac menh de sau : 

(A)(C|)cit(C2) ; 

(B) (C|) khdng cd diim chung vdi (C-): 

(C) (C|) tiep xiic trong vdi (C^); 

(D) (Cj) tiep xuc ngoai vdi (C^). 
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3.61. Tiep tuyen vdi dudng trdn (C) : x^ +y =2 tai diim MQ(1 ; 1) cd phuong 

trinh la : 

( A ) x + y - 2 = 0 ; (B)x + y + l = 0 ; 

(C)2x + y - 3 = 0 ; ( D ) x - y = 0. 

3.62. Sd dudng thing di qua diim M(5 ; 6) va tilp xiic vdi dudng trdn 

( C ) : ( x - l ) 2 + ( j - 2 ) 2 = l l a 

(A) 0 (B) 1 

(C) 2 (D) 3. 

3.63. Cd bao nhieu tilp tuyen vdi dudng trdn (C) : x^ +y^ - 8 x - 4 y = 0 di qua 

gd'c toa dd ? 

(A) 0 (B) 1 

(C)2 (D)3. 

3.64. Cho elip (F) ed hai tieu diim la F^, F2 vk cd dd dai true Idn bing 2a. Trong 
cac menh dl sau, menh dl nao diing ? 

(A)2a = F , F 2 ; ' (B)2a>F,F2; 

(C) 2a < F1F2; (D) 4a = F1F2. 

2 2 
X y 

3.65. Mdt elip (F) cd phuong trinh chfnh tac -^ + ̂ r = l. 

a b 

Ggi 2e la tieu cu eiia (F). Trong cac menh de sau, menh dl nao dung ? 
( A ) c ^ = a ^ + f e ^ ( B ) f e ^ = a ^ + c ^ 

(C)a^=fe^+c^; (D)e = a + fe. 

3.66. Cho diim M(2 ; 3) nim tren dudng elip (F) cd phuong trinh chfnh tic : 
2 2 

^ + Ar = 1 • Trong cac diim sau day diim nao khdng nim tren elip (F): 
a^ b^ 

(A)M,( -2 ;3 ) (B)M2(2;-3) 

(C) M3(-2 ; -3) (D) M4(3 ; 2). 
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2 2 

3.67. Cho elip (F) cd phuong trinh chfnh tic +— = 1. Trong cac diim cd 
100 36 

toa dd sau day diim nao la tieu diim ciia elip (F) ? 

(A) (10 ; 0) (B) (6 ; 0) 
(C)(4;0) ' (D)(-8;0) . 

3.68. Cho elip (F) cd tieu diim la Fi(4 ; 0) va cd mdt dinh la A(5 ; 0). Phuong 
tiinh chinh tic ciia (F) la 

2 2 

3.69. Elip (F): — + — = 1 va dudng trdn (C): x^+y^ =25 cd bao nhieu diim 

chung ? 
(A) 0 ; (B) 1 ; 
(C) 2 ; (D) 4. 

2 2 

3.70. Cho elip (F): — + — =lvk dudng thing A : y = 3. Tfch cac khoang each 

tit hai tieu diim cua (F) din A bing gia tri nao sau day ? 

(A) 16 ; (B)9; 
(C)81; (D)7. 

3.71. Dudng ti-dn di qua ba diim A(0 ; 3); B(-3 ; 0) va C(3 ; 0) ed phuong tiinh la 

(A)x^ + ŷ  = 3 ; (B)x^+ y^-6x-6y + 9 = 0 ; 

(C)x^ + y^-6x + 6y = 0 ; (D)x^+ y^ -9 = 0. 

J2 J2 
3.72. Vdi gia tri nao cua m thi dudng thang A : — x y + m = 0 tiep xiie voi 

dudng trdn x̂  + ŷ  = 1 ? 

(A) m = 1 ; (B) m = 0 ; 

(C)m=V2; (D)m=-Y-
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HUdNG DAN GIAI VA DAP SO 

§1. PHirONG TRINH DlT^NG THANG 

3.1. a) 

b) 

[x = -5 + 4r 

[y = -2-3t. 

\x = j3 + 2t 

[y = l + 3r. 

3.2. a)M(2 + 2t ;3 + t)e A. 

AM = 5 ̂  (2 + 2tf +(2 + tf =25 

<=> 5t^ +I2t-ll = 0 

vay M cd toa dd la (4 ; 4) hay 

« > ? = 1 V 

r-24 _ -2^ 
I 5 ' 5J 

t= -

b) M(2 + 2r; 3 + 0 e A 

d: x+y+l=0 

M&d<^2 + 2t + 3 + t+l=0<:>t = -2. 

vay M ed toa dd la ( -2 ; 1). 

11 

~5 

c) M(2 + 2t;3 + t)&A 

7M =(2 + 2t;2 + t),'u^=(2;l) 

Ta cd : AM ngin nhit <=> AM A.u^ 

6 r 2 9^ 
<=> 2(2 + 2 0 + (2 + 0 = 0 <» f = —• vay M cd toa dd la — ; -

5 V 5 5, 
3.3. a) 3x - 2y - 1 = 0 ; 

b)v + l= - - (x -2 )< :5>x + 2y = 0; 
2 

c) 3x - 2y - 6 = 0. 
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3.4. Ggi AJ, A2,A^ lin lugt la cac dudng trung true di qua M, Â , P. 

Ta cd : WA, = A^ = (- 2 ; 3). 

Vay AJ cd phuong trinh -2(x + 1) + 3y = 0 <=> 2x - 3y + 2 = 0. 

Ta cd WÂ  = MF = (3 ; 4). 

vay A2 ed phuong tiinh 3(x - 4) + 4(y - 1) = 0 «• 3x + 4y - 16 = 0. 

Taco n^^=MN = (5; I). 

vay A3 cd phuong trinh 5(x - 2) + (y - 4) = 0 <=> 5x + y - 14 = 0. 

3.5. Trudng hap 1 : a^Ovkb^O 

Phuong trinh A cd dang —I- — = 1. Ta cd |a| = |fe|. 
a fe 

• b = a 
X y 

Acddang: — + — = 1. 
a a 

I 2 
MeA<=>- + —= 1 <=>a = 3. 

a a 

vay A : - + ̂  = 1 <r:> X + y - 3 = 0. 
3 3 

• b = -a 
A ' J X y , 
A CO dang — + ̂ ^ = 1. 

a -a 
1 2 

Me A<^ — + — = 1 <^a = - l . 
a -a 

vay A: — + ̂  = 1 <=>x-y+ 1 =0. 
- 1 1 ^ 

Trudng hap 2 : b = a = 0 

A di qua M va C nen cd phuong trinh 2x - y = 0. 

3.6. Theo dl bai toa dd ciia diim A ludn thoa man he phuong trinh : 

fx-3y = - l l Jx = -2 
|3x + 7y = 15 ^ [y = 3. 
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Vi AC 1 BH ntn AC cd dang 5x + 3y + e = 0, ta cd : 

A G AC o - 1 0 + 9 + e = 0<i>e=l. 

vay phuong trinh dudng thing chiia canh AC : 5x + 3y + 1 = 0. 

Toa dd ciia diim B ludn ludn thoa man he phuong trinh : 

fx-3y = - l l Jx = 4 
l3x-5y = -13 ^ ly = 5. 

Vi BC 1 A// nen BC ed dang 7x - 3y + e = 0, ta cd : 

B e BC <» 28 - 15 + e = 0 o e = - 1 3 . 

vay phuong trinh dudng thing chiia canh BC : 7x - 3y - 13 = 0. 

Hai dudng trung tuyln da cho diu khdng phai la dudng trung tuyln xû it phat 
tir A vi toa dd cua A khdng thoa man cac phuong trinh ciia chiing. Dat BM : 
2 x - y + l = 0 v a CN :x + y - 4 = 01ahai trung tuyln ciia tam giac ABC. 

Dat B(x ; y), ta cd N 
-2 . y + 3 

va 

\B^BM 
iNeCN <» < 

2x-y+l=0 
x-2 y+3 

• + - 4 = 0 
2 2 

^ | 2 x - y = - l 
[x + y = 7 

fx = 2 

\y=5. 

vay phuong trinh dudng thing chiia canh AB la :2x-4y+16 = 0 

» X - 2y + 8 = 0. 

Tuong tu ta cd phuong tiinh dudng thing chiia canh AC la : 2x + 5y - 11 = 0. 

Phuong trinh dudng thing chiia canh BC la : 4x + y - 13 = 0. 

3.8. AJ va A2 ed vecto phap tuyln lin lugt la n^=(m ;l) 

^ = (1; -1) . 
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Ta cd : AJ ± A2 <=> n^.n^ = 0 

om- 1=0 

<»m= 1. 

3.9. a) Dua phuo îg trinh cua d vk d' vl dang tdng quat 

J : 4x + 5y - 6 = 0 

rf': 4x + 5y + 14 = 0 

b) 

- = - ^ — • Nkydlld'. 
4 5 14 

cf:x + 2 y - 5 = 0 

ci': 2x + 4y - 10 = 0 

1 _ 2 _ -5 
2 ~ 4 ~ 

c) 

-10 

d:x + y-2 = 0 

d':2x + y-3 = 0 

-^-. Ykydckd'. 
2 I 

W&y d = d'. 

___ I2-2I 
3.10. cos (d.,dj= , ' ,' = 0. vay (d.,dj = 90°. 

* 2 V1 + 4V4 + I ' 2 

4-15 + 1 
3.11. R = d(I,A)=\ ' = 2. 

VI6 + 9 

3.12. Phuong trinh hai dudng phan giac eua cac gdc giiia Aj va A2 la : 

"2x + 4y + 7 = 2(x-2y-3) 

2x + 4y + 7 = -2(x-2y-3) 
2x + 4y + 7 , x:-2y-3 

• = ± — . - ^ — <i> 
74 + 16 vr+4 

« • 
8y + 13 = 0 

4x: + l = 0. 

3.13. d(M, Aj) = rf(M, A2) 

|5x + 3y-3|_|5x + 3y + 7| 

V25 + 9 ~ V25 + 9 
<» 5x + 3y + 2 = 0. 
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3.14. Ta tim dugc dudng thing d di qua M cd vecto chi phuong la AB vk dudng 

thing d.^ di qua M va trung diim ciia AB. 

dj : X - 3y + 13 = 0 

^2 : JC - 2 = 0 . 

§2. PHirONG TRINH Dl/CJNG TRON 

3.15. a) (x-2)^+(y-3)^=25 ; 

c ) (x-2)2+(y-3)^=9 ; 

e ) (x -2)2+(y-3)2=l . 

b) (x-2)^+(y-3)^=13 ; 

d ) (x -2 )2+(y -3 )2=4 ; 

3.16. a) Phuong trinh eiia ( ' ^ ) ed dang x +y - 2ax - 2by + c = 0. Ta ed 

A,B,Ce (^) 

a = -3 

fe = - l 

c = -31. 

vay phuong tiinh ciia ( '^ ) la : x^ +y^ + 6x + 2y - 31 = 0. 

<=> < 

-2a-8fe + e = -17 

14a-8fe + c = -65 <^ 

-Aa + l0b + c = -29 

b) (<^) cd tam la diim (- 3 ; - 1) va cd ban kfnh bing yla^+b^-c = JAI . 

3.17. a) Ggi / (a ; fe) la tam ciia ( '^) tacd: 

\lA^ = IB^ 

I / G A 
<=> 

f(a + l)^+(fe-2)^=(a + 2)^+(fe-3)^ 

[3a-fe + 10 = 0 

r2a-2fe = -8 \a = -3 

^ | 3 a - f e = -10 ^ [b = l. 

Wky(^)c6tkmI(-3; 1). 

h)R = IA= V(-1 + 3)^+(2-1)^ = Vs . 

c) Phuong tiinh ciia C^) la : (x + 3)^ +(y-l)^ = 5, 
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3.18. a ) x - y - 7 = 0 (d) hay x + y - - = 0 (d). 

b ) / j 
^8 _13 

3 ' 3 
, / . 

f 2 U 
' 7 ' 7 

: ) (^ , ) : 
/̂  8 

V 

C^J: 

+ 

A2 ^ 

J + 
13 

V 

^30 
15 v^-"/ 

x + 
J 

y-
11 

V 

2 ^ 3 ^ 2 

v35y 

3.19. ( 'g ; ) :x^+y^-8x-2y + 7 = 0 

Cg'2): x^ +y^ - 3x- 7y + 12 = 0. 

3.20. a) x ^ + y ^ - 4 x - 4 y - 2 = 0; 

b) x^+y^ - x + y - 4 = 0. 

3.21. Phuong trinh cua ('g') cd dang (x - af +(y- af =a', ta cd 

M G (^)<^ (A-ai +(2-af =a^ 

<» a -l2a + 20 = 0 <=> 
a = 2 

a = 10. 

vay cd hai dudng trdn thoa man dl bai la : 

(x-2)^+(y-2)^=4 va(x-10)^+(y-10)^=100. 

3.22. a) Mj(l;0), M2(-3 ; 3). 

b) A • x - 7 y - l = 0 ; A •7x + y+18 = 0. 

c)A 
1 

3.23. a) (<^) cd tam 7(3 ; -1) va cd ban kfnh B = 2, ta cd 

lA = V(3-l)^+(-l-3)^ = 2V5 

I A > R, vky A nim ngoai C^). 
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b) AJ :3x + 4_v-15 = 0 ; A 2 : x - 1 = 0 . 

3.24. A vudng gdc vdi d ntn phuong trinh A cd dang : x + 3y + e = 0. 

C ^ ) cd tam 1(3 ; - 1) va cd ban kfnh R = VlO. Ta cd : 

AtitYrxucvdi(^)^d(I;A) = R^ ^ — j ^ = JlO « e = + 10. 
VlO 

vay ed hai tiep tuyln thoa man dl bai la : 

A, : X + 3y + 10 = 0 va A2 : x + 3y - 10 = 0. 

3.25. a) C ^ ) cd tam /( - I : 2) va cd ban kinh F = 3. Dudng thing A di qua 

M(2 ; -1) va cd he sd gdc k ed phuong trinh : 

y+l=k(x-2) <^ kx-y-2k-l=0. 

Ta cd : A tilp xiic v(A(^) <^ d(I, A) = R 

\-k-2-2k-l\ 
=—^ = 3 

yITVl 

o \k + l\ = yjk^+l 

<^ k^ + 2k+l=k^+l 

c^ k = 0. 

vay ta dugc tilp tuyln Aj : y + 1 = 0. 

Xet dudng thing A2di qua M(2 ; -1) va vudng gdc vdi Ox, A^ cd phuong 

trinh X - 2 = 0. Ta ed J(/, A2)= | - 1 - 2 | =3=R. 

Suy ra A2 tilp xiie vdi ( ' ^ ) . 

Vay qua diim M ta ve dugc hai tiep tuyln vdi ( ' ^ ) , dd la : 

AJ : y + 1 = 0 va A2 : X - 2 = 0. 

b) AJ tilp xiic vdi C ^ ) tai M , ( - 1 ; - 1 ) 

AJ tiep xiie vdi ("g*) tai M^ (2 ; 2). 

Phuong trinh ciia dudng thing d di qua M, va Mj la : x - y = 0. 
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3.26. Dudng trdn ( ' ^ ) : x̂  + ŷ  - 8x - 6y = 0 cd tam 7(4 ; 3) va cd ban kinh B = 5. 

Cdch 1 : Xet dudng thing A di qua gdc toa do O vk cd he sd gdc k, A cd 
phuong trinh y - ^x = 0. 

Ta cd : A tilp xuc vdi ( '^) « d(l, A)=R 

\3-Ak\ 
<=> 

y f l ^ 
= 5 

^ (3-Ak)^ = 25(k^+ I) 

<=> 9 + 16/^ - lAk = 15k^ + 25 

^ 9k^ + 2Ak+l6 = 0 

<^k= — . 
3 

4 
vay ta dugc phuong trinh tiep tuyen la : y + — x = 0 hay 4x + 3y = 0. 

Cdch 2 : Do toa dd 0(0 ; 0) thoa man phuong trinh eua ('&) ntn diim O nim 

tien (^). Tilp tuyln vdi C^) tai O cd vecto [rfiap tuyln n = OI = (A; 3). 

Suy ra A cd phuong trinh 
4x + 3y = 0. 

3.27. a) C^,) cd tam /, (3 ; 0) va cd ban kfnh B, = 2 ; 

('^2) ^^ tam I2 (6 ; 3) va cd ban kfnh B2 = 1. 

b) Xet dudng thing A cd phuong trinh : 

y = kx + m hay kx - y + m = 0. Ta co : 

A tilp xuc vdi ( '^ j) va (^2) ^^ ^^ chi khi 

\3k + m\ 

[j(/j,A) = Bj 

[d(I^,A) = R^ ^^ 

= 2 
.17+1 
\6k-3 + m\ 

. V?T^ 
= 1. 

(1) 

(2) 

Tit(l)va(2)suyra 

|3yt + m| = 2|6/t-3 + m| 
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Trudng hap L 3k + m = 2(6k -3 + m) <^ m = 6-9k. 
Ibay vao (2) ta dugc 

|6it-3 + 6-9/t| = V?Tl « \3-3k\ = \[k 

(3) 

Ik^+l 

<:> 9-l&k + 9k^ = k^+l 

» 8A;^-18yt + 8 = 0 

<^ Ak^-9k + A = 0 

9+Jn 
*i = 

^2 = 

8 

9-Vl7 
8 

Thay gia tii cua k vao (3) ta tfnh dugc 

Wj=6-9^j 

Lm2=6-9^2. 

vay ta dugc hai tiep tuyln 

AJ :y = ĵX + 6-9^j 

A2 :y = ^2^ + 6-9^2-

Trudng hap 2. 3k + m = -2(6k - 3 + m) o 3m = 6 - 15it 

<=> m = 2-5k. 
TTiay vao (2) ta dugc 

\6k-3 + 2-5k\ = y[k^l « |A:-1| = V*̂  +1 

o (A:-l)^ = /t2+i 

<^ / ^ - 2 A : + 1 = ^ 2 + 1 

o /t = 0. 

Thay gia tri cua k vao (4) ta dugc m = 2. 

vay ta dugc tilp tuyln 

A3 :y = 2. 

Xet dudng thing A^ vudng gdc vdi Ox tai XQ : 

\ •X-XQ = 0. 

(4) 
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A tilp xiie vdi ("i^,) va (<^2) ^^^ ^a ehi khi 

d(l^,A^) = R^ 
-» < 

3-x. 

6-x , 

= 2 

= 1 

tx„ = lvx„ =5 

^x^ = 5vXo=7 
<=> X n = 5 . 

vay ta dugc tilp tuyln 

A, : X - 5 = 0. 
4 

Tdm lai hai dudng trdn (<^,) va (^^2) <̂ ^ ^^"^ *î P t"y^" chung Aj,A2,A3 

va A.. 
4 

§3. PHirONG TRINH DÛ CfNG ELIP 

2 2 

3.28. a ) (F) : - ^ + ̂  = 1 ; 
100 36 

2 2 

3.29. a ) (F ) : — + ^ = 1. 
9 4 

2 2 

b ) ( F ) : ^ + ^ = l . 
169 25 

- Hai tieu diim : F,(->/5 ; 0), F2(S ; 0). 

- Bdn dinh : Ai(-3 ; 0), A2(3 ; 0),Bj(0 ; -2) , B2(0 ; 2). 

- True Idn : A,A2 = 6. 

- True nhd : B,B2 = 4. 

2 2 
b ) (F ) : ^ + 2L = i. 

4 1 

- Hai tieu diim : F^(S ; 0), F2( S ; 0). 

- Bdn dinh : A,(-2 ; 0), A2(2 ; 0), B,(0 ; -1) , B2(0 ; 1). 

-True Idn: AjA2 = 4. 

- True nhd : B,B2 = 2. 

3.30. 'g'(M ; B) di qua F2 => MF2 =/? (1) 

^(M;R) tilp xuc trong vdi 'g', (F, ; 2a) => MF, = 2a - B (2) 
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(1) + (2) cho : MFi + MFj = 2a. 

Vay M di ddng tren elip (F) cd hai diim la Fj, F2 va true Idn 2a. 

2 2 

3.31. Diim M di ddng ti-en elip (fi) cd phuong trinh — + — = 1. 
- 49 25 

332. a) Ta CO : 2a = 26 => a = 13 va : 

e _ c _ 5 

a~13~T3 
e = 5. 

Dodd fe^ = a^ -c^=169-25 = 144. 

vay phuong trinh chfnh tie eua eUp la 
2 2 

' -+y-=i. 
169 144 

b) Elip cd tieu diim Fj(-6 ; 0) suy ra e = 6. Vay : 

c 6 2 . -
— = — = —=> a = 9. 
a a 3 

Dodd: fe^ = a^-c^ = 81-36 = 45. 

vay phuong tiinh chfnh tic cua elip la 
2 2 

^+y-=i. 
81 45 

2 2 

3 J 3 . a) Xet elip (F): ^ + ^ = 1. 
a b 

f 

\ 
phuong tiinh cua (F) ta dugc 

:1 

(F) di qua M. 4 ; - 1 va Â  
12 

3 ; — nen thay toa dd cua M va Â  vao 

16 81 
~ + 2 
a 25fê  9 144 , 
T + 2" = ^ 

Lâ  25fê  

<=> \ 

5) 

a- =25 

fe^=9. 

2 2 
vay phuong trinh cua (F) la : — + — = 1. 
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2 2 

b) Xet elip ( F ) : ^ + ̂  = l. 
a b 

r 
Vi M 

\ 
e (F) nen 

V I ' V i 

Ta cd : 'F^^ = ̂ ^^ => OM = OFj 

^ c^ = 0M'=U^-^ = 5 

16 

5a^ 5fê  
= 1. (1) 

va fl2 = ^2 ^ ^2 ^ ^2 ^ 5_ 

Thay vao (1) ta dugc : 

9 16 

5(fe^+5) 5fê  
: 1 o 9fê  + 16(fe2 + 5) = 5fe2 (fe2 + 5) 

» fe = 16 
2 ofe =4. 

Suy ra a^ = 9. 

vay phuong trinh chfnh tic ciia (F) la 
2 2 

^ + ̂  = 1. 
9 A 

2 2 
3.34. (F): 9x̂  + 25y^ = 225 o — + ^ = 1. 

25 9 
a) Ta cd : a^ = 25, fe^ = 9 

=> a = 5, fe = 3. 

Tacd c2 = a^-b^= 16 

^ e = 4. 

vay (F) ed hai tieu diim la : Fj(-4 ; 0) va F2(4 ; 0) va cd bdn dinh la 
Ai(-5 ; 0), A2(5 ; 0), B,(0 ; -3) va B2(0 ; 3). 

b) Ggi M(x ; y) la diim cin tim, ta cd 

rMG(F) \M G (F) 

| F J M F 2 = 9 0 ° \0M^=C^ 

|9x^+25y^=225 

lx%y^=16 
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<^ < 

2^175 
16 

2 81 
<=> i 

x = ± 
5jl 

-4 
vay ed bdn diim M thoa man dilu kien ciia dl bai la 

^5V7 9^ 
4 ' 4 

y 

5V7 _9i 
4 ' 4 

5V7 9 5V7 9^ 
' A ' A 

3.35. a) Ta cd : a = 3fe => â  = 9b^ 

v a v ' - ^ ^ 
• ^ a - 3 

b) FjBjF2=90° 

a V2 

c) AjBj = 2e =i> 

=> 

=> 

=> 

=> 

^*>'f= | -

=> a^ = 9(a^ - e^) 

=> 9e^ = 8a^ 

=» 3e = 2V2a. 

^ l ^ O 
^ OB, = - ! - ^ 

1 2 

=> fe = e 

^ f e2 = e2 

^a^-c^ = c^ 

=» a^ = 2c^ 

=> a = cV2 . 

AjBĵ  = 4e^ 

^2 + ^2 ^ 4^2 

«2 + ^2_^2^4^2 

2a^ = 5c^ 

V2a = VSe. 
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3.36. (F): 4x^ + 9ŷ  = 36. (1) 
Xet dudng thing (d) di qua diim M(l ; 1) va cd he sd gdc it. Ta cd phuong 
trinh eua (d)-.y - I = k(x- I) hay y = k(x-l) + I. (2) 

Thay (2) vao (1) tadugc 

A^ + 9[k(x-l)+lf = 36 

^ (9k^ + A)x^ + lSk(l - k)x +9(1-k)^-36 = 0. (3) 

Ta cd : (d) cit (F) tai hai diem A, 6 thoa man 

MA = MB khi va ehi khi phuong trinh (3) cd hai nghiem x^, Xg sao cho : 

-lSk(l-k) "'A+^'B 
X/^ <^ = 1 

2 (9 r+4) 

^ ISk^- ISk =lSk^ + S ^ k=-' 

vay phuong trinh ciia (d) la : 

y = - - ( x - l ) + l hay 4x + 9y-13 = 0. 

CAU HOI vA BAI TAP O N TAP CHLTONG lU 

3.37, a)G - 1 ; - , / / ( l l ; - 2 ) , / ( - 7 ; - l ) . 

h) IH = 3IG suy ra /, G, H thing hang. 

c) (x + 7)^+(y + l)^=85. 

3.38. a) A e A ; B g A. 

b) A cit Ox tai M(2 ; 0) 

A cit Oy tai N 
" ^ 3 

c) Vi Me A nen toa do ciia M cd dang (2 - 3r; t) 

BM = ( - 3 t ; r - l ) 

«, = ( - 3 ; l ) . 
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Ta cd : BM ngin nhit <» BM lu «>9r + r - l=0<=>r = 

vay diim M thoa man dl bai cd toa dd la 

3.39. x + 2 y - 3 = 0; 

2 x - y - 6 = 0; 

2x -y + 9 = 0. 

11. ± 
10 ' 10 

lO' 

3.40. a) Tacd A(O) = 2 > 0 

A(A) =2 + 2>0. 

vay A va O nim vl ciing mdt 
phfa ddi vdi A (h.3.10). 

b) Ggi O' la diim ddi xiing 
ciia O qua A, ta cd : 
OM + MA = O'M + MA> O'A 

Ta cd : OM + MA ngin nhit 

<» O', M, A thing hang. 
Hinh 3.10 

Xet dudng thing d di qua O vk vudng gdc vdi A. Phuong trinh ciia d la : 

x + y = 0. 

J c i tA ta i / / ( -1 ; 1). 

H la tiimg diim cua 00', suy ra 0'(- 2 ; 2). 

Riuong tiinh dudng thing O A la : x + 2y - 2 = 0. 

rx + 2y = 2 r 2 4 
Giai he phuong trinh < ta duoc M = — ; — 

[x-y = -2 V 3 3 

2 2 25 19 68 3.41. a)(^):x'+y'-—x-jy+-^ = 0. 

b)( '^ )cd tam/ 25 19 
"^6 ' 6J 

va cd ban kfnh R = 
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3.42. a) (1) la phuong trinh cua dudng trdn khi va chi khi 

a^+fe^-c>0 o m^+4(w-2)^-6 + m>0 

<» 5m -I5m+ 10>0 » 
m<l 
m>2. 

\X = m r, A 

b) (C ) ed tam I(x ; y) thoa man <̂ <=> y = 2x - 4. 
'" [y = 2(An-2) 

vay tap hgp cac tam cua (C^) la mdt phin ciia dudng thing A : y = 2x - 4 

thoa man dieu kien gidi ban : x < 1 hay x > 2. 

2 2 

3.43. a ) ( F ) : — + ^ = 1; 
5 4 
2 2 

b)(F): — + ̂  = 1. 
25 16 

2 2 

3.44. (F): — + ^ = 1. 
25 9 

Ta cd : â  = 25, fe2 = 9 ^ ê  = â  - fe^ = 16 

: ^ e = 4. 
vay (F) cd hai tieu diim la Fj(-4 ; 0) va F2(4 ; 0). Ta ed : 

I-4A + CI 
cfj = cf(F, , A) = 

J, = d(F^ , A) = 
|4A + C| 

1 0 1 
. . C -16A^\ buyra a, .a, = r—. 

' ^ A^+B^ 

Thay Ĉ  = 25A^ + 9B^ vao (1) ta dugc : 

(1) 

^1-^2 = 
|25A^+9B^-16Al 9(A^ + B^) 

A' + B' A^+ B^ 

Vay ^1.̂ 2 = 9-
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2 2 

3.45. (F): x̂  + 4y^ = 16 « — + ^ = 1. 
16 4 

Ta ed â  = 16 , fe^ = 4 ^ ĉ  = â  - fe^ = 12 

=*e = 2V3. 

vay (F) cd hai tieu diim : Fj(-2 Vs ; 0) va F2(2 Vs ; 0) 

va cae dinh Aj(-4 ; 0), A2(4 ; 0) 

Bj(0;-2),B2(0;2). 

b) Phuong trinh A cd dang 

l ( x - l ) + 2 y = 0 hay x + 2 y - 2 = 0. 

c) Toa dd ciia giao diim ciia A va (F) la nghiem cua he : 

I x^+Ay'^ =16 

[x = 2-2y. 

Thay (2) vao (1) ta duge : 

(2 -2y)^ + 4y^ = 16 

« ( l - y ) ' + y' = 4 

<=> 2ŷ  - 2y - 3 = 0. 

(1) 
(2) 

(3) 

Phuong trinh (3) cd hai nghiem y^, y^ thoa man 

IA1IB_-1-1.-
2 ~ 4 ~ 2 " ^ ^ -

vay MA = MB. 

Tacd y^ = 
1-V7 1 + V7 

= 1 + V7, x „ = l - V7. 

vay A cd toa do la 
1-V71 _ . . . . r , f, i+j^' l + Jl ; , B cd toa do la 1-V7; 
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CAU HOI TRAC NGHlfiM 

3.46. BA = (-2 ; 2) 

'BC =.(2; 2) 

'BA.'BC =0=> ABC = 90°. 

Dudng trdn ngoai tilp cd tam la trung diim / cua AC ntn cd toa dd (3 ; 4). 
Chgn(D). 

3.47. Chgn (A). 
a, • 

3.48. Dudng thing A : 6x - 4y - 12 = 0 cit Ox vk Oy lin lugt tai A(2 ; 0) va 
B(0;-3). 
Ta CO AB = Jl3: Chgn (Q. 

3.49. Chgn (A). 

3.50. Dudng thing A:2x + y - 4 = 0 song song vdi du^g thing d:Ax + 2y+ 1=0 
vk di qua diim M(l; 2). Chgn (C). 

3 
3.51. Dudng thing A : 3x + 5y + 2006 = 0 cd he sd gdc lkk= — .Phat bilu (C) 

sai. Chgn (C). 

3.52. Diim C(2; 2) cd toa dd thoa man phuong trinh dudng thing A: x - 2y + 2 = 0. 

Ta lai ed TlC = (1 ; -2), n^ = (1 ; -2) suy ra MC vudng gdc vdi A. Vay 

C(2 ; 2) la hinh chilu vudng gdc cua M xudng A. Chgn (C). 

3.53. Dudng thing A di qua A(l ; 1), B(2 ; 2) cd. vecto chi phuong AB = (1 ; 1). 
^ {x = l + t 

vay A ed phuong trinh tham sd -̂  
b=i+^ 

Diim 0(0 ; 0) thoa man phuong trinh cua A (dng vdi t = -1). Vay phuong 
, , , , \x = t 

tnnh tham sd cua A cd the viet la < 
{y = t. 

Chgn(D). 

3.54. K = d(0;A)= , ^^ = 10. 
V64 + 36 

Chgn (D). 
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1-6 1 
3.55. cos(A A-)= ^L— ^—= = -f=. 

^ ^ JI + AJI + 9 J2 
Chgn(C). 

3.56. (Ox, AJ ) = 45°, (Ox, A^) = 60°. Suy ra (Aj, A2) = 15°. Chgn (B). 

3.57. Phuong tiinh x^+y^+x + y + 2 =0 khdng la phuong trinh cua dudng ti-dn 

vi khdng thoa man dilu kien a + fe - c > 0. Chgn (B). 

3.58. Toa dd ba diim A(-2 ; 0), B(>^; V2), C(2 ; 0) diu thoa man phuong trinh 

dudng ti-dn x^ +y^ = 4. Chgn (A). 

3.59. Dudng ti-dn ndi tilp tam giac OAB cd tam I(a ; a). Ta ed d(I, AB) = d(I, Ox) 
suy ra 7(1 ; 1). Ta cd B = d(I, Ox) = l. 
vay phuong trinh cua dudng trdn ndi tilp tam giac OAB la.: 

• x^+y^-2x-2y +1=0 . 

Chgn (C). 

3.60. (Cj) cd tam /i(-l ; 3) va bdn kfnh Bj = 2. 

(C2) cd tam /2(2 ; -1) vk ban kfnh B2 = 3. 

Tacd/j/2=Bj+B2. 

vay (Cl) tilp xiic ngoai vdi (Cj). 
Chgn(D). 

3.61. Tilp tuyln A cd vecto phap tuyln OM^ = (1 ; 1). 

Phuong trinh A cd dang 

l . (x - l ) + l . (y - l ) = 0 

hay X + y - 2 = 0. Chgn (A). 

3.62. IM>R suy ra diim M nim ngoai dudng trdn. Chgn (C). 

3.63. Dudng ti-dn (C) di qua gd'c 0(0 ; 0). Cljgn (B). 

3.64. Chgn(B). 

3.65. Chgn (C). 
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3.66, (F) di qua cac diim Mj, Mj, M3. Chgn (D). 

3.67, Chgn(D). 

3.68, Chgn(C). 

3.69, (C) tilp xuc vdi (F) tai Ai(-5 ; 0) va A2(5 ; 0). Chgn (C). 

3.70, J(Fi, A) X d(F2, A) = b^ = 9. Chgn (B). 

3.71, 0A = OB = OC = 3. Dudng trdn ngoai tilp tam giae ABC cd phuong trinh 
x^ + y^-9 = 0. Chgn (D). 

3.72, Atie'pxucvdiC(0; l)<=>rf(C; A)=l 

<» \m\ = I. 

Chgn (A). 

BAI TAP CUOI N A M 

1, Trong mat phing Oxy cho tam giac ABC, bilt dinh A(l ; 1) va toa dd 
trgng tam G(l ; 2). Canh AC vk dudng trung true cua nd lin lugt cd 
phuong trinh lax + y - 2 = 0va-x + y - 2 = 0. Cac diim M va Â  lin lugt la 
trung diem eiia BC va AC. 

a) Hay tim toa do cac diim M va Â . 
b) Vilt phuong trinh hai dudng thing chiia hai canh AB vk BC. 

2, Trong mat phing Oxy cho tam giac ABC cd AB = AC, BAC = 90°. Bilt 
(2 ^ 

M(l ; -1) la trung diem canh BC va G — ; 0 la trgng tam tam giac ABC. 

Tim toa do cac dinh A,B,C. 

3. Cho ba diim A( 1 ; 2), B(-3 ; 1), C(4 ; -2). 
V •> 9 9 9 

a) Chiing minh rang tap hgp cae diem M(x ; y) thoa man MA + MB = MC 
la mdt dudng trdn. 
b) Tim toa dd tam va ban kfnh cua dudng trdn ndi tren. 

4. Cho hai diim A(3 ; -1), B(-l ; -2) va dudng thing d ed phuong trinh 
X + 2y + 1 = 0. 
a) Tim toa dd diim C tren dudng thing d sao cho tam giac ABC la tam gide 
can tai C. 
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b) Tim toa dd eiia diim M ti-en dudng thing d sao cho tam giac AMB vudng 
taiM. 

Trong mat phing Oxy cho dudng trdn (J) cd phuong trinh 

x2 + y2 - 4x - 2y + 3 = 0. 
a) Tim toa do tam va tfnh ban kfnh ciia dudng trdn (F). 
b) Tim m dl dudng thing y = x + mc6 diem chung vdi dudng trdn (T). 

e) Vilt phuong trinh tilp tuyln A vdi dudng trdn (T) bilt ring A vudng gdc 
vdi dudng thing dcd phuong trinhx-y + 2006 = 0. 

Trong mat phing Oxy cho elip (F) cd tieu diim thii nhat la (-V3 ; 0) va di 

V^^ 
qua diem M 1; 

a) Hay xac dinh toa do eac dinh cua (F). 
b) Vie't phuong trinh chfnh tic ciia (F). 
c) Dudng thing A di qua tieu diim thur hai cua elip (F) va vudng gdc vdi 
true Ox va cit (F) tai hai diim C va D. Tfnh do dai doan thing CD. 

HUCnSTG DAU GIAI VA DAP SO' 

a) AM = -AG o 
2 

vay M cd toa dd la 

^ A ^ - l = - ( l - l ) 
M 9 

Xu = 1 
M 

5 
yM-2 

1; (h.3.11). 

Diim Â (x ; y) thoa man he phuong trinh 

rx + y = 2 ^\x = 0 

l - x + y = 2 ly = 2. 

vay N cd toa dd la (0 ; 2) 

b) AB = 2iVM <:> • 

x^-1 = 2(1-0) 

y,-l-2 | j « = 2 . 
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E»udng thing chiia canh AB di qua hai diim A(l ; 1) va B(3 ; 2) nen cd 
phuong trinh : x - 2y + 1 = 0. 

Dudng thing chiia canh BC di qua hai diim B(3 ; 2) va Ml 1; — j nen ed 

phuong tiinh : x + 4y - 11 = 0. 

'2 

(Xem hinh 3.12) MA = 3MG <» 

vay A toa dd (0 ; 2). 
Dat B (x ; y) ta cd : 

Imim. 
1MB̂  = MA^ 

X - 1 = 3 — 1 

y , + 1 = 3(0 + 1) 

\x,=0 

«> 
[(x-l)(0-l) + (y + l)(2 + l) = 0 

[(x-l)^+(y + l)2=l + 9 

jx = 3y + 4 

^ | ( 3 y + 3)^+(y + l)2=10 ^ 

rjc = 3y + 4 ^ = 0, x = 4 
y = -2, X = -2. [10y"+20y = 0 

vay ta cd toa dd ciia B va C nhu sau : B(4 ; 0), C(- 2 ; - 2) hoac B(- 2 ; - 2), 
C(4; 0). 

3. a) MA^ + MB^ = MC^ 

« ( x - l ) 2 + ( y - 2 ) ^ + (x + 3)2+(y-l)2=(x-4)2+(y + 2)^ 

o x^+y^ + 12x-10y-5 = 0 » (x + 6)^+(y-5)^ =66. 

vay tap hgp eac diim M la mdt dudng trdn. 

b) Tam la diim (-6 ; 5) ban kfnh bing V66. 

4. a) Dat C(x; y), ta ed : C G (rf) <:>x = -2y - 1. 

VayC(-2y- l ;y) . 

Tam giac ABC can tai C khi va chi khi 

CA=CB<^CA^ = CB^ 

<^ (3 + 2y + 1)' + (-1 -y)2 = (-1 + 2y + 1)̂  + (-2 -y)2 

«^ (4 + 2y)̂  + (1 + y)^ = 4y2 + (2 + y)^. 
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13 
Giai ra ta duoc y = • 

• ^ 14 

Vay C cd toa dd la 

x = - 2 

^6 

1 = 1^-1 = ̂  
7 7 

V 

v l 4 J 

J ' 1 4 / 

b) Xet diim M(-2r -l;t) txtn (d), ta cd : 

AMB = 90° ^AM^ + BM^ = AB^ 

« ( 4 + 2^)2 + (1 + r)2 + 4 ^ + (2 + f)2 = 17 

o 10/2 + 22r + 4 = 0 <:> 5/2 + 11 r + 2 = 0 

j_ 
5 

r = - 2 . 

r = -

v a y cd hai d i im thoa man d l bai la Mj | _ 1 . _ i | va M2(3 ; - 2 ) . 

a) Dudng trdn (7^ cd tam la d i im (2 ; 1) vacd ban kfnh b ing V2 . 

b) f/j : X - y + ffj = 0. Ta cd : 

(I) cd di im chung vdi (T) 

^d(I,l)<R 

| 2 - 1 + OT| r-<J2 
Ji 

<=> I'm +1| < 2 <=>-2 < m + I < 2 o - 3 < m < 1. 

c) ALd ntn A cd phuong trinh x + y + c = 0. 

Ta cd : A tilp xiic vdi (7^ khi va chi khi 

d(I,A)=R 

^c + 3 = 2 2 + 1 + e !- I I 
<=> J ^ - ^ = V2 <^ c + 3 = 2 < » 

Ji c + 3 = -2 

c = -l 

c = -5. 

, v a y cd hai t i lp tuyln vdi (T) thoa man d l bai la : 

A j : x + y - l = 0 

A2 : X + y - 5 = 0. 
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6. a) (F) cd tieu diim F^(-J3 ; 0) ntn c = Vs . 

Phuong trinh chfnh tic cua (F) cd dang 

2 
X 

a 

Ta cd : M 

2 

-7-
[A] 

I.-

G(F) 

1 3 
^ 2 + , . 2 = 1 a Ab 

vk a^ = b^ + c^ = b^ + 3 

Thay vao (1) tadugc : 

b' 

I 3 
+ 

+ 3 Ab 
2 = 1 

(1) 

» 4fe2 + 3fê  + 9 = 4fê (fê  + 3) «» 4fê  + 5fê  - 9 = 0 <i> fe^ = 1. 

Suy ra â  = 4. 

Tacda = 2 ; fe = 1. 

vay (F) cd bdn dinh la : (-2 ; 0), (2 ; 0), 

( 0 ; - l ) v a ( 0 ; l ) . 

b) Phuong trinh chfnh tic cua (F) la : 
2 2 

^ + ^=1. 
A I 

c) (E) cd tieu diim thii hai la diim (V3 ; 0). Dudng thing A di qua diim 
(V3 ; 0) va vudng gdc vdi Ox cd phuong trinh : x = V3 . 

Phuong trinh tung dd giao diim ciia A va (F) la : 

3 / , 2 1 ^ 1 - + ̂ ^ = l < = > y = - <»y= ±— 
4 1 4 2 

Suy ra toa dd cua C va D la : C V3 ; — va D V3 ; 
^ 2) y 

vay CD = 1. 
2> 
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