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L.ornorpiv

<60‘}1 sdch BAI TAP HINH HOC 10 duoc bién soan nham giiip cho hoc

sinh lop 10 c6.diéu kién tham khdo va tu hoc dé ndm viing cdc kién thitc va

cdc ki ndng co bdn da duoc hoc trong Sdch gido khoa Hinh hoc 10. Ngi
dung cuoén sdch bam sdat néi dung cua sdch gido khoa mdi, phu hop voi

chuong trinh méi cia B Gido duc va Pao tao viea ban hanh ndm 2006.

Cudn sdch bai tdp nay dugc viét theo tinh thdn tao diéu kién dé gop phan

doi méi phuong phdp day va hoc, nhim phdt huy duge khd ndng tu hoc, tie

tim toi khdm phd cua hoc sinh, rén luyén dugc phuong phdp hoc tdp sdng
tao, thong minh cua déng dao hoc sinh.

Noi dung cudn sdch nay gom :

o ChuonglI : Vecto

e Chuong Il : Tich vé hudng cua hai vecto va iing dung .

e Chuong I1l1 : Phwong phdp toa dj trong mdt phdng

Bdi tip cudéi nam

Noi dung méi chuwong dicgc chia ra nhiéu chu dé, méi chii dé la mot xodn (§).

Cdu triic cia méi xodn duoc trinh bay theo thit ti sau day :

A. Cic kién thic can nhé6 : Phdn nay néu tom tdt li thuyét cua sdch gido
khoa nhdm cung cd nhiing kién thicc co bdn, nhiing ki ndng co bdn va cdc
cong thiic can nho.

~ B. Dang toan co ban : Phdn nay hé thong lai cdc dang todn thiomg gdp

trong khi lam bai tdp, cung cdp cho hoc sinh cdc phuwong phdp gidi, dong

thoi cho cdc vi du minh hoa vé cdch gidi cdc bai todn thudc cdc dang vira
néu ¢ phdn trén va cho thém cdc chii y hodc nhdn xét can thiét.

~ C. Cau héi va bai tap : Phdn nay nhim muc dich ciing ¢6 va vdn dung cdc

kién thitcc va ki ndng co bdn da hoc dé trd 16i cdc cdu hdi va lam bai tdp

- thuoc cdc dang dd néu, gitip hoc sinh rén luyén dugc phong cdch e hoc.



Cudi méi chuong cé bai tdp mang tinh chdt on tdp va khodng 30 cdu hoi
trdc nghiém.

Viéc dua thém cdc cdu hoi trdc nghiém nhdm giup hoc sinh lam quen vdi
mot dang bai tdp mdi, ma nhiéu nudc trén thé gisi hién nay dang dung trong
cdc sdch gido khoa cua truong phé thong. Cudi cuén sach c¢é phdn hudng
dan gidi va ddp so.

Du cdc tdc gid da co gdng rdt nhiéu, nhung vi thoi gian bién soan cé han
nén cudn sach khong sao trdanh khoi nhiing thiéu sét. Rat mong cdc déc gid
vui long gép y dé cho nhitng ldn tdi bdn sau sdch sé hoan chinh hon.

CAC TAC GIA



Chuong l

VECTO

§1. CAC PINH NGHIA

CAC KIEN THUC CAN NHS

1.

Dé xdc dinh mot vecto cin biét mot trong hai diéu kién sau :
— Diém ddu va diém cuéi ctia vecto ;
— Do dai va huéng.

. Hai vecto a va b duge goi la cung phuong néu gia cua ching song song

hoac trung nhau

Néu hai vecto a va b cuing phuong thi ching cé thé cing hudng hoac
nguoc huong.

. D¢ dai clia mot vecto 1a khodng cdch gita diém dau va diém cudi cua

vecto doé.

. a=b khivachikni |adl=[8l va 2, b cung huéng.

. Véi méi diém A ta goi AA 12 vecto - khong Vecto - khong dugc ki hiéu

1a 0 va quy udc rang |0| 0, vecto 0 cung phuong va cung huo’ng v6i
moi vectd.

DANG TOAN CO BAN

Van dé 1

Xéc dinh mdt vecto, s ciing phuong va hudng cla hai vecto



1. Phuong phap

e Dé xic dinh vecto a#0 ta can biét lal va huéng cdia a hoac biét diém
dau va diém cui cha a. Chang han, véi hai diém phan biét A va B ta ¢6
hai vecto khac vecto 0 la AB va BA.

o Vecto a la vecto - khong khi va chi khi |;| =0 hoiac a=AA Vv6i A la
diém bat ki.

2. Cdc vidu

Vidu 1. Cho 5 diém phan biét A, B, C, D va E. C6 bao nhiéu vecto khac
vectd - khdng c6 didm dau va diém cudi la cac diém da cho ?

GIAI
V6i hai diém phan biét, chdng han A va B, ¢6 hai vecto AB vA BA. Tacé
10 cap diém khéc nhau, cu thé la: :

{A,B},{A.C},{A,D}.{AE}.{B,C}.{B,D},{B,E},{C,D},{C.E},{D,E}.

Do d6 ta c6 20 vecto (khac 6) c6 diém dau va diém cuéi 12 5 diém d4 cho.
Cdch khdc : Mot vecto duge xé4c dinh khi biét diém dau va diém cu6i clia no.
V6i 5 diém phan biét, ta c6 5 cach chon diém ddu. Vi méi céch chon diém
ddu ta ¢6 4 cach chon diém cudi. Vay s6 vectd khéc 01a:5x4=20 (vecto).

[ Vi du 2. Cho diém A va vectd a khac 0. Tim diém M sao cho :
a) AM ciing phuong véi a :
b) AM cling huéng véi a.
GIAI
Goi A Ia gid clia a(h.1.1).

a) Néu AM cung phuong véi a thi
dudng thang AM song song v4i A. Do
dé M thuoc dudong thang m di qua A va
song song véi A,

)

Nguoc lai, moi diém M thuoc ducmg

thang m thi AM cung phuong véi a.
Hinh 1.1



Chu ¥ rang néu A thuoc dudng thang A thi m tring véi A.

b) Lap luan tuo*ng tv nhu trén, ta thdy cdc diém M thudoc mot nira dudng
thang géc A cla duo’ng thang m. Cu thé, d6 1a nua dudng thang c6 chira diém

E sao cho AE va a cung hudng.

@ Van di 2

Chung minh hai vecto béng nhau

1. Phuong phdp

Dé chimg minh hai vecto bang nhau ta
c6 thé dung mot trong ba cich sau :

.|§|=l§| }:2=B. A ‘ D
a va b cung huéng Hinh 1.2

e Tt gidc ABCD la hinh binh hanh = AB = DC va BC = AD (h.1.2).

eNéu a=b, b=c¢ thia=c.

2. Cdc vidu

[BE[" Vidu 1. Cho tam giac ABC c6 D, E, F1an Iuot Ia trung diém cla BC, CA,
' AB. Chimg minh EF =CD.

GIAI
(Xem h.1.3) A

‘S

B D c
Hinh 1.3



~ 2 . 1 ~
Cdch 1. Vi EF 1a dudng trung binh cua tam gidc ABC nén EF = EBC va
EFJ/ BC. Do d6 tit gidc EFDC 12 hinh binh hanh, nén EF = CD.

Cdach 2. Ta glac FECD 1a hinh binh hanh vi ¢6 cac cap canh d6i song song.
Suy ra EF =CD.

[ Vi du 2. Cho hinh binh hanh ABCD. Hai diém M va N I4n lugt Ia trung diém
cla BC va AD. biém I 1a giao diém clia AM va BN, K |a giao diém cla DM

va CN. Ching minh AM =NC, DK = NI.

GIAI
Tt gidc AMCN 12 hinh binh hanh vi 5, M
MC = AN va MC /| AN. Suy ra
AM =NC (h.1.4).

Vi MCDN 13 hinh binh hanh nén X 1a : K
trung diém cha MD. Suy ra

DK =KM. Tu gidc IMKN 1a hinh A +
binh hanh, suy ra NI =KM. Do dé
DK = NI.

@ Vi du 3. Chimg minh réng néu hai vecto bang nhau c6 chung diém dau
(hodc diém cuéi) thi chang c6 chung diém cudi (hoc diém dau).

GIAI

Gia st AB=AC. Khi d6 AB = AC, ba diém A, B, C thing hang va B, C
thudc mot nira dudng thang géc A. Do dé B = C.

Néu hai vecto bang nhau c6 chung diém cudi thi ching cé6 chung diém ddu
dugc chitng minh tuong tu.

[BEI Vi du 4. Cho diém A va vecto a. Dung diém M sao cho :
a) AM =a ;
b) AM ciing phuong véi a va co do dai bing al.



GIAI

Goi A la gid cha vecto a. V& dudng
thing d di qua A va d // A (néu diém
A thude A thi d tring v6i A). Khi d6
¢ hai diém M, va M, thudc dudng
thang d sao cho AM, = AM, = lal
(h.1.5). Tacé : '
2) AM, =a ;

b) AM, va AM, cing phuong véi a

va c6 do dai bang do dai cua a.
Hinh 1.5

@ Vidu 5. Cho tam giac ABC ¢6 H la truc tdm va O la tdm dudng tron ngoai
tiép. Goi B'1a diém déi xing clia B qua O. Chimg minh AH =B"C.

GIAI

Vi BB’ la dudong kinh cua duong tron ngoai ti€p tam gidc ABC nén
BAB'= BCB'=90°. Do d6 CH // B'’A va AH // B'C. Suy ra tit gisc AB'CH 1a
hinh binh hanh. Vay AH = B'C (h.1.6).

A

Hinh 1.6



1.1.

1.2

1.3.

1.4.

1.5.

1.6.

1.7.
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CAU HOI VA BAI TAP

Hay tinh s6 céc vecto (khdc 6) ma cic diém ddu va diém cudi duge 1ay tir
céc diém phan biét da cho trong cic trudng hop sau :

a) Hai diém ;

b) Ba diém ;

¢) Bon diém.

Cho hinh vuéng ABCD tam O. Liét ké tat ca cac vecto bang nhau (khac 6)
nhan dinh hoac tam ctia hinh vuong 1am diém déu va diém cudi.

Cho tt gidc ABCD. Goi M, N, P va Q lan lugt la trung diém cula céc canh
AB, BC, CD va DA. Ching minh NP = MQ va PQ

Cho tam gidc ABC. Cac diém M va N lan lugt 12 trung diém céc canh AB va
AC. So sdnh d6 dai cta hai vecto NM va BC . Vi sao ¢6 thé néi hai vecto
nay cung phuong ?

Cho t& gidc ABCD, ching minh ring néu AB = DC thi AD = BC .

Xéc dinh vi tri tuong d6i cha ba diém phan biét A, B va C trong cic trudng
hop sau :

a) AB va AC cung huéng, |E‘ >|AC
b) AB va AC ngugc huéng ;

c) AB va AC cung phuong.

Cho hinh binh hanh ABCD. Dung AM =BA, MN=DA, NP=DC,
PQ = BC . Chitng minh AQ =0.



§2. TONG VA HIEU CUA HAI VECTO

CAC KIEN THUC CAN NHO

1. Pinh nghia téng ciia hai vecto va quy tdc fim téng

a
Il
>

o Cho hai vecto tuy y a va b. Ldy diém A wy ¥, dung AB =a, B
Khidé a+b=AC (h.1.7).
e Véibadiém M, N va P tuy ¥ ta luon ¢6 :

MN + NP = MP (quy tic ba diém)

o Tt gide ABCD 1a hinh binh hanh, ta c6 (h.1.8) :
AB+AD = AC (quy thc hinh binh hanh).

B B c
B
-
a
7.3 N
A c A D
Hinh 1.7 Hinh 1.8

2. Dinh nghia vecto doi

e Vecto b 1a vecto doi clia vectd a néu 'B‘ = IZI va ;, b 12 hai vecto nguoc
huéng. Ki hieu b = —a.

e Néu a 12 vecto déi ciia b thi b 12 vecto d6i cla a hay ~(-a) = a.

e Mbi vecto déu c6 vecto doi. Vecto d6i cia AB 1a BA. VectodSiclha 0 1a 0.

3. Dinh nghia hiéu ciia hai vecto va quy tdc tim hiéu

o ;—b:;+(—5) ;

e Tacé: OB—OA=AB véiba diém 0, A, B bét ki (quy tic triy).

11



4. Tinh chdt cua phép cong cdc vecto

Véi ba vecto a, b, ¢ batkitacd

ea+b=b+a (tinh chat giao hoan) ;

° (5+B)+Z= 5+(E+Z) (tinh chat két hop) ;

o 2+0=0+a=a (tinh ch4t cta vecto - khong) ;

e g+(—a)=—-a+a=0.

B. DANG TOAN CO BAN

@ Van dé1

5 AQ . N AQ . A‘
Tim tong cla hai vecto va tong cla nhiéu vecto

1. Phuong phdp

Dung dinh nghia téng cia hai vecto, quy tic ba di€ém, quy tic hinh binh
hanh va céc tinh chét cla téng cic vecto.

2. Cdcvidu

[BEl" Vi du 1. Cho hinh binh hanh ABCD. Hai diém M va N 14n luct 1a trung diém
cla BC va AD.

a) Tim t8ng clia hai vects NC va MC ; AM va CD : AD va NC. .
b) Chimg minh AM + AN = AB + AD.

GIAI

(Xem h.1.9)
B M (0} E

Hinh 1.9

12



a) Vi M—C=m, ta co

—_—, — — —

NC +MC = NC + AN
— AN +NC = AC.

—_ — — @ — @ — @ — @ —

Vi CD = BA tac6 AM+CD =AM+ BA =BA+ AM = BM.

—_—— —— —— — —

Vi NC AM tacé AD+NC = AD+ AM = AE, v6i E 1a dinh cua hinh bmh
hanh AMED.

b) Vi tit gidc AMCN 12 hinh binh hanh nén ta c6 AM + AN = AC.
Vi t& gidc ABCD 12 hinh binh hanh nén AB + AD = AC.

—_— — —— —

Viay AM + AN = AB+ AD.

BE" Vi du 2. Cho lyc giac déu ABCDEF tam O.

—_—_ —_— —_— —_— —_— —_— -

Chimg minh OA+0OB+0C+ 0D+ OE + OF =0.

GIAI
Tam O cua luc giéc déu la tam d6i
xung cua luc gidc (h.1.10).

_ — - — — —

Tacé OA+0OD =0, OB+OE =0,

OC +OF =0,

_— s — s —

OA+0OB+0C+0OD+OE+OF = F E
= (OA+0D)+ (0B +OE)+(OC + OF) =0. Hinh 1.10

@f Vidu 3. Cho a, b la cac vectd khac 0 va a=b. Ching minh cac khang

dinh sau :
a) Né&u a va b cung phuong thi a+b cung phuong vdi a;
b) N6u a va b clng hudng thi a+b ciing huéng véi a.

13



GIAI
Giasit a=AB.b=BC, a+b=AC.

a) Néu a va b clng phuo‘ng thi ba diém A, B, C cung thuéc mot duong thang.
Hai vecto a +b=AC va a=AB c6 cung gid, vay ching cung phuong.

b) Néu avab cling huéng, thi ba diém A, B, C cing thudc mot duong thang
va B, C nam vé mot phia cia A. Vdy a+b = AC va a=AB cung huéng.

B Vi du 4. Cho ngi giac déu ABCDE tam O.

14

a) Chiing minh réng hai vecto OA+OB va OC+OE déu cung phuong
v6i OD.

b) Chitng minh hai vectd AB va EC cung phuong.

GIAI
(Xemh.1.11)

N

7

D

Hinh 1.11

a) Goi d 1a dudng thang cha OD thi d 12 mét truc d6i xding clia ngii gidc
déu. Ta c6 OA+OB=0M, “trong d6 M la dinh cua hinh thoi OAMB va

thuoc d. Cing nhu vay, OC+OE =ON, trong d6 N thu¢c d. Vay OA +OB
va OC +OE déu cung phuong véi OD vi cung c6 chung gid d.

b) AB va EC ciing vuong géc véi d nén AB // EC, suy ra AB ciing phuong EC.



E Van dé 2

Tim vecto déi va hiéu clia hai vecto

1. Phuong ph(ip~

e Theo dinh nghia, dé tim hiéu a—b, ta 1am hai buéc sau :

~ Tim vecto d6i ciia b ;

— Tinh tdng a+(-b).

e Van dung quy tic OA—OB = BA véi ba diém O, A, B bt ki.

2.Cacvidu
[BE Vidy 1. Ching minh —(a+b) = —a + (~b).
GIAI
Giasit a=AB, b=BC thi a+b=AC. Tacé —a=BA,—b=CB.
Do d6 —a+(~b) = BA+CB =CA =~AC =—(a+b).

BE vidua.
a) Chling minh réing néu a 1a vectd déi cda b thi a+ b=0.
b) Chimg minh rang diém I 1a trung diém ctia doan thang AB khi va chi khi
IA=-IB.
GIAI

—_— — —

a) Gia st b=AB thi a = BA. Dodé a+b=BA+AB= BB =0.

b) Néu / 1a trung diém ciia doan thing AB thi JA = IB v hai vecto A, IB
nguoc huéng. Vay 1A = ~IB.

Nguogc lai, néu IA=—-IB thi IA = IB vA hai vecto 1—/_&. IB ngugc huéng. Do
d6 A, 1, B thang hang. Vay I 1a trung diém cua doan thing AB.

Vi du 3. Cho tam giac ABC. Cac diém M, N va P 1an luot 1a trung diém clia
AB, AC va BC. |

a) Tim hiéu AM — AN, MN — NG, MN — PN, BP — CP.
b) Phan tich AM theo hai vects MN va MP.
15



: _ GIAI
(Xem h.1.12) A

—_— —  —

a) AM— AN =NM ;

MN — NC = MN — MP = PN M N
(vi NC=MP);

MN - PN = MN + NP = MP B P C
(Vi —=PN =NP); Hinh 1.12

—_—— —  —  ——  —

_— —— —

b) AM = NP = MP - MN.

@ VAN di 3
Tinh do dai clia a+b a-b

1. Phuong phdp

-

Diu tién tinh a+b=AB, a—b=CD. Sau d6 tinh do dai céc doan thing AB
va CD béang céach gan né vao cdc da gidc ma ta c6 thé tinh duoc do dai cac
canh clia né hoac bang cdc phuong phép tinh truc tiép khac.

2.Cdac vidu
@ Vi du 1. Cho hinh thoi ABCD c6 BAD =60° va canh la a. Goi O la giao

— —

diém hai dusng chéo. Tinh [AB + ADI, |BA - BC|, [0B - DC|.

GIAI B
Vi tit gidc ABCD 1a hinh thoi canh /
a vi BAD=60°nén AC = a\/g, A .
BD =a (h.1.13), o
Tacod: E+E=R‘ nén
—_ — D
|4B + 4Dl = AC = a3 ; Hinh 1.13

16



BA- BC = anén.]a EZ‘I—CA:a\/—'

—._____._____.—-—~

\/_

Dods [0B-DCl=co=2
B Vi du 2. Chimg minhr cac khing dinh sau :

a)Néu a va b cuing hudng thi |5+5|=|5|+|5|

b)Néu a va b ngugc hudng va |5|2|5| thi |5+5|=|5|—|5|

c) la+ bl <[l + 6. kni nao xay ra dau déng thirc ?

GIAl

Gidsit a=AB, b=BC thi a+b=AC. __

a) N&u a va b ciing huéng thi ba diém A, B, C cung thuéc mot dudng thing

va B nam gitta A va C. Do d6 AB + BC = AC (h.1.14).

A 2

P C

Yo

Hinh 1.14

Vay |§+B =AC=AB+BC=|;|+|B|.

b) Néu @ va b nguoc huéng va [B > |a| thi ba diém A, B, C cing thuoc mot
dudng thang va A nim giita B va C. Do d6 AC = BC - AB (h.1.15).

—

- a A -
c A B

Hinh 1.15

Vay la+8|= ac = Bc- aB=1p|-ldl.

c) Tu cac ching minh trén suy ra ring néu a va b cung phuong thi

|2 +8| = lal +[B] hoac la+| <lal+I5.

Xét truong hop @ va b khong ciing phuong. Khi d6 A, B, C khong thing hang.
B <lal+18].

Trong tam gidc ABC ta c6 hé thic AC < AB + BC. Do dé |a

2-BTHH10- A 17



Vay trong moi trudng hop ta déu c6
la+5|<[al+5]

Déng thiic xy ra khi a v b cung huéng.

[ Vi du 3. Cho hinh vudng ABCD canh a c6 O la giao diém clia hai duting chéo.

Hay tinh [0A —CB|, |AB + DG, |cD - DAl.

GIAI
Tacé AC=BD= a2, A 5
&—&'=Fo-&é=?o<n.1.1s>.
e O
Dodé |0A-CB|= _“‘25.
|48 + DC = 4Bl +|DC = 24 . .

(vi AB va DC cing huéng), Hinh 1.16

_._._.._._.

CD-DA=CD-CB=BD (vi DA = CB)

Do d6 |C3—FA|=BD=a#/5.

E Vin dé 4

18

Chitng minh dagmg thic vecto

1. Phuong phdp

Méi v€ clia mot déng thitc vecto gém cac vecto duge ndi véi nhau bdi cic
phép todn vecto. Ta ding quy tic tim téng, hiéu cia hai vecto, tim vecto déi
dé bién ddi v& nay thanh vé kia ciia ding thic hodc bi€n ddi ca hai v& cla
ding thic dé duoc hai v€ bing nhau. Ta ciing c¢6 thé bién déi ding thic
vecto cin ching minh dé twong duong véi mot ding thic vecto dugc cong
nhan la ding.

2-BTHH10-B



2. Cdc vi du
& vi du 1. Chimg minh cac khéng dinh sau :
a)a=b< a+c=b+0;

b) a+c=be<>a=b—oc.

GIAI

a)Néu a=h=AB va c = BC thi a+c=AC, b+c=AC. Viy a+c=b+c.

- - - -

Nguoc lai, néu a+c=b+c ta cin ching minh a=»5. Gia si ;=E,

b=AB, ¢=BC
T a+c=b+c suy ra Al_C.:A_C. Vay A = A hay a=b.

-

b) Z+E=B<:>Zz+2+(—2)=5+(—;)c>;:b—z.

" Vidu 2. Cho sau diém A, B, C, D, E va F. Chimg minh réng

—_— — — —  — —

AD + BE + CF = AE + BF + CD. (1)

—_— — — — — —

~Cdch1.Tacd : (1) <& AD-AE+CF-CD=BF-BE < ED + DF = EF

< EF =EF, Viy déng thitc (1) duoc chimg minh.

Cdch 2. Bién déi € tréi :

—_— — — ) — — @ — —

—_— — — — —  —

= AE+BF +CD+ ED+ FE + DF
= AE + BF +CD
(WE).+1~TE.+17FM 1~“_D°+D_F° FF = 6)
Cdch 3. Bién déi v€ phai :
AE +BF +CD = AD + DE + BE + EF +CF + FD
= AD*+ BE +CF + DE + EF + FD
= AD +BE+CF

Vi ﬁ+ﬁ+?ﬁ=6).
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e Sau day 1a bai todn tuong tu :

Cho bén diém A, B, C va D. Hay ching minh AB+CD.= AD +CB theo ba
cdch nhu vi du trén.

[ Vi du 3. Cho nam diém A, B, C, D va E. Ching minh riing

AC+DE-DC-CE +CB=AB.

GIAI
Tacd —D_C.‘=CTD., —C?=EC= nén :

—_—  —  —— — — — — — — —

AC+DE-DC-CE+CB =AC+DE+CD+EC+CB
:(TC+6§)+(E§+FE)+E€

—_— — — —

= AB+CE+EC = AB.

B[ Vi du 4. Cho tam giac ABC. Céc diém M, N va P Ian lugt ia trung diém cac
canh AB, AC va BC. Chimg minh rang vdi diém O bét ki ta c6

_— — — — 0 — —

OA+0OB+0OC=0M+ON +OP.

_ GIAI
Bién déi v€ trai (h.1.17) :

—_—— — — —_— —_— — —_— —_—

OA+OB+0C = OM + MA +OP + PB+ON + NC
= OM +ON +OP + MA+ PB + NC
= OM +ON +OP + MA+NM + AN
= OM+ON+0P

(Vi PB=NM, NC = AN A

—_—r —, — — — —

va MA+NM+AN = NM + MA+ AN = NN = 0)

Hinh 1.17
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C. CAU HOI VA BAITAP

1.8.
1.9.

1.10.

1.11.
1.12.

1.13.

1.14.

1.15.

1.16.
1.17.

1.18.

1.19.

Cho nam diém A, B, C, D va E. Hay tinh téng AB+ BC +CD + DE.

Cho b6n diém A, B, C va D. Chimg minh AB—CD = AC - BD.

- -

Cho hai vecto a va b saocho a+b=0.

a) Dung OA =a, OB =b. Ching minh O la trung diém cfia AB.

b) Dung OA =a, AB=b. Chimg minh O = B.
Goi O la tam cna tam gidc déu ABC. Chilng minh rang OA+O0B+0C =0.
Goi O 1a giao diém hai dudng chéo cta hinh binh hanh ABCD. Chitng minh

—_ — —— — —

ring OA+OB+0C +0D =0. _

Cho tam gidc ABC c6 trung tuyén AM. Trén canh AC 14y hai diém E va F
sao cho AE = EF = FC ; BE cét AM tai N. Ching minh NA va NM 12 hai
vecto d8i nhau.

Cho hai diém phan biét A va B. Tim diém M thod man mot trong cdc diéu
kién sau :

a) m—ﬁ=ﬁ; b) m—m}.:A_‘B; <) M—A+M§=6.
Cho tam gidc ABC. Chimg minh rang néu |E4+FB =|CT4—CT§ thi tam
giac ABC la tam giac vuong tai C.

—_— — —— —  —

Cho ngii gidc ABCDE. Chilng minh AB+ BC +CD = AE - DE.

Cho ba diém O, A, B khong thang hang. Vé6i diéu kién nao thi vecto
OA + OB nam trén dudng phan gidc cia géc AOB ?

Cho hai luc F1 va F2 c6 diém dat O va tao véi nhau géc 60°. Tim cudng
do téng hop luc cha hai luc dy biét ring cudng do cta hai luc Fi va Fa
déula 100 N.

Cho hinh binh hanh ABCD. Goi O 1a mot diém bat ki trén dudng chéo AC.
Qua O ké céc dudng thang song song véi céc canh clia hinh binh hanh. Cic
dudng thang nay cit AB va DC lan luot tai M va N, cit AD va BC lan luot
tai E va F. Chimg minh rang :

a) OA+0C =0B+0D ; b) BD = ME + FN.

21



§3. TICH CUA VECTO VOI MOT SO

CAC KIEN THUC CAN NHO

1.

4.

S.

Dinh nghia tich cua vecto voi mot sé. Cho s8 k va vecto a, dung duge

vectd ka.

. Cic tinh chat cua phép nhan vecto v6i mét s : Vé6i hai vecto a, b tuyy

vavoimoisék, he R taco:

ok(a +b)=ka +kb ;

o(h+k)a =ha + ka ;

Oh(ka)—(hk)a;

ola—a; (- l)a——_.;O.;:(_j;k.(_).:(_)..

Hai vecto a b vo‘1 b # 0 cung phucmg khl va chi khi ¢6 s6 k dé a=kb.
Cho hai vecto ava b cung phuong, b# 0. Ta luon tim dugc s6 k dé
a=kb vakhi dé s6 k tim duoc 1a duy nhat.

Ap dung :
* Ba diém phan biét A, B, C thang hang < AB = kAC , VOi s6 k xdc dinh.
o /12 trung diém ciia doan thing AB < MA+ MB =2MI, VM.
¢ G ]a trong tam cua tam gidc ABC & m+m+%=3m, VM.

Cho hai vectd a , b khong cung phuong va x 1a mot vecto tuy y. Bao gi¢
cling tim dugc cap s6 # va k duy nhat sao cho x = ha+kb.

DANG TOAN CUO BAN

Van dé 1

22

Xac dinh vecto ka

1

. Phuong phap

Dua vao dinh nghia vecto ka.



o lkal =xllal
Néuw k>0, ka va a ciing hudng ;

Néu k<0, ka va a nguoc huéng.

0k.6=6,02=-’
el.a=a,(-1)a=-a
2. Cdc vi du

B Vidu1.Cho a = AB va diém O. Xac dinh hai diém M va N sao cho
OM =3a, ON =-4a.

GIAI

V& dudng thang d di qua O va song song Vvéi gia cua a. (Néu O thuoc gid
cua a thidlagiacta a) (h.1.18).

—

a

—
N Y d
0

Hinh 1.18

Trén d 1ay diém M sao cho OM = 3'2 , OM va a cing hudng khi d6
OM =3a. LAy diém N trén d sao cho ON = 4|
khi d6 ON = —4a.

, ON va a ngugc huéng,

[ Vidu2. Cho doan thing AB va M la mot diém trén doan AB sao cho
AM = %AB. Tim s6 k trong cac dang thirc sau :

a) AM = kAB ; b) MA=kMB ;  c) MA=KAB.
GIAI
(Xem h.1.19)
L M B
Hinh 1.19
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—_ = AM 1 —  — 1
a)AM=kAB:>|k|=E=g.ViAMvéABctmghuémgnénk=g.

— MA 1 —  — 1
= =— 3 3 2 k = ——,
b) MA=kMB= K| B3 Vi MA va MB nguoc huong nén 1

—  — — — 1
c) MA=kAB:>|k|=%=§. Vi MA va AB ngugc huéng nén k=——5—.

[BE[" Vi du 3. a) Chiing minh vectd ddi cla vectd 5a la (-5)a.
b) Tim vectd d6i clia cac vectd 2a+3b, a-2b.
GIAI
;o ~(5a) = (~1).(50) = (-D)5).a = (-5).a
b) —(2a+3b) = (~1).(2a+3b) = (~1).(2a) + (-1).(3b)
= (<2).a+(-3)b=-2a-3b.

~(@-2b)=(=1)(a=2b)=(~1).a+2.b=—a+2b.

@ Van dé 2.

Dhan tich (biéu thi) mét vecto theo hai vecto khéng cung phiong

1. Phuong phdp

a) D€ phan tich vecto X= O_C" theo hai vecto khong cung phuong a= a& ,
b=0B ta lam nhu sau : _

e V& hinh binh hanh OA’CB’

c6 hai dinh O, C va hai canh
OA’ va OB’ lan luot ndm trén

hai gi4 ctia OA, OB (h.1.20).

Tacé x=0A +OB’ .

Hinh 1.20
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e X4c dinh s6 h dé OA’ = hOA.
X4c dinh s6 k dé OB’ = kOB.
Khi d6 x = ha+ kb,

b) C6 thé sir dung linh hoat cdc cong thifc sau :

—_— — —

e AB=0B-0A, véibadiém O, A, Bbatki;

— — —

e AC = AB+ AD néu tf gidc ABCD la hinh binh hanh.

2.Cdcvidu

" Vi du 1. Cho tam giac ABC c6 trong tam G. Cho cac diém D, E, F I4n luot
la trung diém clia cac canh BC, CA, AB va [ |a giao diém cla AD va EF.
bat u=AE, v=AF. Hay phén tich cac vecto Al A_G', D_E._, DC theo hai
vecto L-; \7.

GIAl
Vi t¢ gidc AEDF 13 hinh binh hanh nén AD=AE+AF =u+v va
ﬁ:%@ (h.1.21).

—_ 1~ = 1- 1~
Vay Al=—u+v)=—u+—v.
ay 2(u ) F4t5 A
— —_— — — - - -— U’
AG:EAD:—(u+v)=zu+zv v
3 3 3 3 E
F

DE = FA = -AF,

vay DE=(-1)v+0u.
L - . B D c
DC = FE = AE - AF,

_ = = Hinh 1.21
vay DC=u-v. '

[B" Vi du 2. Cho tam giac ABC. Biém M trén canh BC sao cho MB = 2MC. Hay
phan tich vects AM theo hai vecto u = AB, v = AC.
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GIAI
Ta cod

m=ﬁ+ﬁi=ﬁ+§7§5
—_— 2 —_— —_—
=AB+—3—(AC-—AB)

- LaB+2ac
303

Vay AM =-§-E+§§ (h.1.22).

Hinh 1.22

o Ta c6 thé giai bai todn bing cach dung dinh i Ta-1ét nhu sau :
Ké ME /| AC vA MF /| AB, ta ¢6 AM = AE + AF. Theo dinh 1i Ta-lét
AE=LaB aAF=24C Dods AB=14B=1u aF=2ac=25

3 3 3 3 3 3

—

Viay A—A_'I.=lz_;+—v.
3 3

@ Van dE 7

Chitng minh ba diém thang hang, hai ducng thang song song
1. Phuong phdap
Dua vao céc khing dinh sau :

e Ba diém phan biét 4, B, C thing hang <> AB va AC ciing phuong <
AB = kAC.

e Néu AB = kCD va hai dudng thing AB va CD phan biét thi AB // CD.

2.Cacvidu

_ B vi du 1. Cho tam giac ABC c6 trung tuyén AM. Goi / 1a trung diém clia AM
va K la diém trén canh AC sao cho AK = %AC. Chimg minh ba diém B, I,
K th&ng hang.
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GIAl

Dit u = BA, v = BC (h.1.23).

Ta phan tich BK va Bi theo u,v. |
R - . - . . 1_, .
BK=BA+AK=u+—;-AC=u+§(BC—BA) K
7
-~ 1= - 2= 1= 1
=u+—(v-u)=—u+—-v 1
s-w=gursy D)
1 v
Bl == (BA+BM) . - ;
Hinh 1.23
=—(;+—V)=—u+lv. (2)

2 2 2 4

Tir (1) va (2) suy ra 2u+v =3BK, 2u+v=4BI.

_—

Vay 3BK =4BI hay BK = %ﬁ. Do d6 ba diém B, 1, K thing hang.

[BEL" Vi du 2. Cho tam gidc ABC. Hai diém M, N dudc xac dinh bdi cac hé
thic : BC + MA=0, AB—NA—3AC =0. Chimg minh MN // AC.

GIAI
Tacéd Ej+m’+ﬁ—ﬂ—3fx_c'=6,
hay (E+E:)+(XH+ZTV’)-3R‘=6
AC+MN -3AC =0
MN =2AC.
Vay MN cung phuong véi AC.

Theo gia thi€t ta c6 BC = AM, ma A, B, C khong thing hang nén bén
diém A. B, C, M 1a mot hinh binh hanh.

Tir d6 suy ra M khong thuoc dudng thang AC va MN // AC.
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I viaea |
Chiing minh cac déing thic vecto c6 chifa tich clia veto véi ot 88

1. Phuong phdp

e Sir dung tinh chét tich ctia vecto véi mot s6.
e Sir dung c4c tinh chét cla : ba diém tha.ng hang, trung diém clia mot doan

thang, trong tam clia tam gi4c.
2.Cdc vidu
@ Vi du 1. Goi M va N Ian lugt la trung diém cla hai doan thdng AB va CD.
Chimg minh rang 2MN = AC + BD.
GIAI
Vi N Ia trung diém ciia doan théng CD nén 2MN = MC + MD.

_ —  — ——— — —

Mat khic MC = MA+ AC, MD = MB + BD nén

—_— — — —

"MC+MD = MA+AC +MB+BD = AC+BD+(MA+MB)
= AC +BD (vi M 1a trung diém cta AB).
Vay2W=A_C.+E)..

@ Vi du 2. Cho hinh binh hanh ABCD. Chitng minh rang
AB +2AC + AD = 3AC.
GIAI
Vi ABCD 12 hinh binh hanh nén AB+ AD = AC . Do d6
E+2E+E =(A_'B+E)+2A_C' =E+2A_C' = 3TC. _
r Vi du 3. Chimg minh rang néu G vél_G.’.léin lugt 1a trong tdm clia hai tam
. giac ABC va A'B'C'thi 3GG' = AA'+BB' +CC".
GIAl
Vi G’ 1a trong tam cua tam gidc A'B'C’ nén

3GG =GA'+GB +GC'. (1)
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Honnita GA'=GA+AA’
GB' =GB + BB’
GC'=GC +CC.
Cong timg vé ba déng thic trén va vi GA+GB+GC =0 nén

—o—o—o—o—o

GA'+GB +GC' = AA' + BB + CC. )
Tir (1) va (2) suy ra 3GG' = AA' + BB +CC".

o C6 thé chl’mg minh nhu sau

P —

Tacd GG ' =GA+ AA' +AG'

E’ a?+ﬁ+B'G'

GG'=GC+CC'+CG'.

Cong timg v€ clia ba dang thuc trén va st dung diéu kién chia trong tam tam

gidc ta suy ra diéu cdn chimg minh.

@ Van di %

Xc dinh vi tri cla mét diém nhos dzzmg thic vecto

1. Phuong phdp

Sir dung céc khang dinh va cdc cong thic sau :

¢ AB=0¢> A=B;

e Cho diém A va cho a. C6 duy nht diém M sao cho AM =a ;

e« AB=AC = B=C, AB=AB & A =A.

2. Cdc vidu

@ Vi du 1. Cho tam giac ABC c¢6 D 14 trung diém clia BC. Xac dinh vi tri cla

diém G biét AG = 2GD.
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GIAI A
Tir AG =2GD, suy ra ba diém A, G,
D thing hang, AG = 2GD va diém G
0 gitta A va D. Vay G 1a trong tam
cta tam gidc ABC (h.1.24).

B D C
Hinh 1.24

=" Vi du 2. Cho hai diém A va B. Tim diém I sao cho JA+2]B=0.
' GlAI
I_A.+2I_B.=6 & IA=-2IB.
Tir d6 suy ra |7A| = |-27B| hay 1A = 2IB, TA va IB nguoc huéng (h.1.25).

A I B

Hinh 1.25

Vay I 12 diém thu6éc doan ABma IB = %AB .

B vi du 3. Cho ttr giac ABCD. Xac dinh vi tri diém G sao cho

GA+GB+GC+GD=0.

GIAI
Ta ¢6 GA +GB =2GI , trong d6 I 14 trung diém ctia AB va GC+GD = 2GK ,
trong d6 K 1a trung diém ctia CD. Vay theo gid thiét ta c6 2GJ +2GK =0

hay GI +GK =0(h.1.26).
B
Do d6 G 14 trung diém cua doan thang /K.

Hinh 1.26



C. CAUHOI VA BAI TAP

1.20.

1.21.

1.22.

1.23.
1.24.

1.25.

1.26.

1.27.

Tim gia tri cia m sao cho a = mb trong céc trudng hop sau :
a) a=b#0 ;
b) 2=—B va 2#6 ;
¢)a,b cung hudng va |2|=20, Il;|=5
=15;

d)a l;nguqchué'ngvé |;1.|=5
e)a 0 b¢6;

g) a#0,b=0

h) a=0,b=0
Chimg minh rang :
a)Néu;;:l;th‘l m2=m5;

b) ma=mb vam#0thi a=b ;

¢) Néu ma = na vaata thi m = n.

Chimg minh ring téng cla n vecto a bang na (n 12 s6 nguyén duong).

—_— — —

Cho tam giac ABC. Ching mmh ring néu GA+GB +GC = 0 thiG la trong
tam cua tam giic ABC.

Cho hai tam gidc ABC va A'B'C’. Chimg minh ring néu AA’+ BB’ +CC =0
thi hai tam giac d6 c6 cung trong tam.

Cho hai vecto khong cung phuong avab. Dung cic vecto :

- - - 1_.

a)2a+ b : b) a—2b ¢)—a + —b.

[\S]

Cho luc gidc déu ABCDEF tam O c6 canh a.
a) Phan tich vects AD theo hai vectd AB va AF .
b) Tinh do dai chia vecto %TB %E theo a.

Cho tam glac ABC c6 trung tuyén AM (M 1a trung diém cta BC). Phan tich
vecto AM theo hai vecto AB va AC.
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1.28.

1.29.

1.30.

1.31.

1.32.

1.33.

1.34.

1.35.

32

Cho tam gidc ABC. Goi M 1a trung diém cia AB va N 1a mot diém trén
canh AC sao cho NA = 2NC. Goi K 1a trung diém cia MN

Phan tich vecto AK theo AB va AC

Cho tam gidc ABC. Dung AB = BC, CA' = AB va BC' = CA.
a) Ching minh rang A 12 trung diém cia B'C".
b) Ching minh cac dudng thang AA’, BB’ va CC’ déng quy.

Cho tam gidc ABC. Diém I trén canh AC sao cho CI = %CA, J 1a diém ma

B] =—AC——
2 3
a) Ching minh BI =%ZE—E.
b) Ching minh B, /, J thing hang.
¢) Hay dung diém J thoa diéu kién dé bai.
Cho hinh binh hanh ABCD c6 O I giao di€ém cta hai duong chéo. Ching
minh ring véi diém M bt ki ta c6 MA + MB + MC + MD = 4MO.
Cho t¢ giac ABCD. Goi I va J 14n luot 12 trung diém cha hai duong chéo AC
va BD. Ching minh AB+CD =21J.
Cho tl’r'giéc ABCD. Cac diém M, N, P va Q 14n luot 1a trung di€m ctia AB, BC,
CD va DA. Chitng minh rang hai tam gidc ANP va CMQ c6 cing trong tam.
Cho tam gi4c ABC.
a) Tim diém K sao cho KA +2KB = CB.
b) Tim diém M sao cho m+m+2m—6

Cho tam glac ABC n6i tlep trong duo’ng tron tam O, H 1a truc tim cha tam
giac, D 1a diém dé6i xing cha A qua O.

a) Ching minh t& gidc HCDB 1a hinh binh hanh.
b) Chitng minh : HA+ HD =2HO ;

m+m?.+H_C' 2HO

_— — ——  —

OA+0OB+0C =0H.



¢) Goi G la trong tam tam gidc ABC.
Chimg minh OH =30G .
Tu d6 c6 két luan gi vé ba diém O, H,G?

§4. HE TRUC TOA PO

A. CAC KIEN THUC CAN NHO
1. Dinh nghia toa d6 ciia mot diém, do dai dai s6 cia mot vecto trén mot truc.
2. Dinh nghia toa d6 clia mot vecto, ciia mot diém trén mat phang toa do Oxy.

- -

oa=(a1;a2)4:>;=al_i.+a21.
0N6u2=(a1;a2), B:(bl;bz) thiZ:B@{ b

o Mcotoaddla(x;y) e OM=(x; y)véiO la gbc toado;
X = OMl,y = OM2
goc ha tir M xuéng Ox va Oy.

, trong d6 M, va M, lan luot la chan dudng vuong

e Néu A coétoaddla (x ), Bc6toadola (x ) thi

4 Ya B VB

3. Toadocha a+b, a-b, ka.

Cho a=(a1;a2),b:(bl;b2),ke R.
Tacé a+b = (a,+b; a2+b2);

a-b = (al—bl; az"bz) ;

ka = (ka; ka).
Tix d6 suy ra rang hai vecto a va b(a #0) cing phuong khi va chi khi ¢6 s&

L ~bl =](*qI .
k thoa man 3 o
b, = ka,.
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4. Néu ] 1a trung di€m clia doan thing AB thi :

x1=xA+xB ; y =——-—yA+yé.
2 d 2
Neéu G la trong tam cla tam giac ABC thi :

X _XA+XB+XC . _yA+yB+yC
G~ VeI T,
3 3

B. DANG TOAN CO BAN

@ Van dé 1 .

Tim toa do clia mot diém va do dai dai 88 clia mdt veato teén truc (O )
1. Phuong phdp

Can ctf vao dinh nghia toa d6 cla di€ém va do dai dai sé cla vecto.

e Diém M c6 toa d6 a < OM = ae véi O 1a diém goc.

o Vecto AB c6 do dai dai s6 1am = AB <> AB = me.

o Néu M va N c6 toa d6 1an lugt 1a @ va b thi MN =b—a.

2.Cdc vidu
BE Vi du 1. Trén truc (O ; &) cho cac diém A, B, M, N Ian lugt c6 toa do la
-4:3:5;-2.
a) Biéu dién cac diém da cho trén truc ;
b) Tinh dé dai dai s6 clia cac vectds AB, AM , MN.
GIAl
_ a) Biéu dién cic diém A, B, M, N nhu sau :
-4 -2 ry 3 5

»
P —

A N 0 B M

Hinh 1.27
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b) AB=3-(4)=7

AM =5-(-4)=9

MN =—2-5=-7.

B Vi du 2. Cho ba diém tuy ¥ A, B, C trén truc (O ; e). Chitg minh ring :

a) AB = AB néu AB clng hudng véi e ;

AB = —AB néu AB ngudc huéng véi e.
b) AB + BC = AC.

GIAI

a) AB = AB.e. Tt d6 suy ra:

|E| =|E||Z| hay |E| =AB.
Néu AB ciing huéng véi ¢ thi AB >0, néntacé AB = AB. Néu AB ngugc
hudng véi e thi AB <0, nén tacé AB = —AB.
b) Véi ba diém A, B, C ta c6 AB+BC =AC. Vi AB=AB.e, BC =BC.e,
E=E; néntacd:
AB.e + BC.e = AC.¢ hay (AB+BC).c=AC.e.
Suy ra AB + BC = AC.

65 Chiiy: He thic AB + BC = AC goi 12 hé thic Sa-lo.

E Van dé 2

Xac dinh toa do alia vecto va clia mot di€m trén mat phgmg toa dé Oxy

1. Phuong phdp

Can cif vao dinh nghia toa d6 cia mot vecto va toa d6 cia mot diém trén mat
phang toa do Oxy.
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« Dé tim toa do cha vecto a ta 1am nhu sau :
Vé vecto OM =a.

Goi hai diém M, va M, lan lugt 1a hinh
chiéu vuoéng gbc cua M trén Ox va Oy. Khi

dé a=(al; az) trong d6 a, = OMI,

a,= OM, (h.1.28).

Hinh 1.28

« D€ tim toa d6 cha diém A ta tim toa do cla vecto OA. Nhu vay A c6 toa do
la (x; y)trong d6 x = OA, ¥y = OA,; A va A, tuong (ng 12 chan dudng
vuong géc ha tir A xudng Ox va Oy.

« Néu biét toa do cta hai diém A, B ta tinh dugc toa do cua vecto AB theo
cong thic :

—_—

AB = (XB—XA > )’B_)’A)-

2. Cdc vidu

@r Vi du 1. Cho hinh vuéng ABCD c6 canh a = 5. Chon hé truc toa d6 (A ; i 7),

36

trong d6 i va AD cung huéng, 7 va AB cung hudng. Tim toa dé cac dinh
cGa hinh vudng, giao diém I cla hai dudng chéo, trung diém N cla BC va
trung diém M cta CD.

GIAI
Taco A0 ;0), B(0;5),C(5;5),
D(S;O),I[E; EJ N[—S—; SJ,
2 2 2
N
B c
M[s; 5] (h.1.29).
2
""""" J M
IT’“ T E
A D
Hinh 1.29



[BE Vi du 2. Cho hinh binh hanh ABCD c6 AD = 4 va chiéu cao (ing véi canh
AD béng 3, goc BAD =60°. Chon hé tructoadd (A; i, j)saocho i va

AD cing hudng. Tim toa d6 clia cac vectd AB, BC, CD va AC .,
GIAI

Ké BH 1 AD, ta c6 BH =3, AB= 23, AH = \/3 (h.1.30)..

Do d6 ta ¢6 cac toa do : A(0; 0),

B(\f3:3), C(4 + 3 3), D(4; 0. B

Tird6 c6 AB = (/3 ;3)

BC =(4;0) 1

CD = (-\3; -3) A

- A7r  H

AC =4 + \/5; 3). Hinh 1.30

@ Vi du 3. Cho tam giac ABC. Cac diém M(1 ; 0), N(2 ; 2) va P(-1; 3) 1an lugt
la trung diém cac canh BC, CA va AB. Tim toa d6 cac dinh cla tam giac.

GIAI
Ta ¢6 : NAPM la hinh binh hanh A
suy ra NA = MP (h.1.31).
NA=(x,-2;y,-2) p N
MP =(-2;3).
x,—2==-2 x,=0
Suyra%Az_3 :{A s B M c
YaToT Ya = Hinh 1.31

VaytoadociaAla(0;5).

_ —

Tuong ty, tt MC =PN , MB = NP ta tinh duge B(=2 ; 1), C(4 ; —1).

[BEI" Vi du 4. Cho hinh binh hanh ABCD cb A(-1 ; 3), B(2 ; 4), C(0 ; 1). Tim toa
dd dinh D.
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GIAI
GiasuD = (xp3 ¥p)-

—_— e —

Tacd AD=BC, AD=(x, +1;y,-3),

BC =(~2:-3) (h.1.32). Do dé.

xD+1=—2:> X, ==3 A |
yp—3=-3 ¥, =0. Hinh 1.32

Vay toa do dinh D 1a (=3 ; 0).

f
IE VAN di 3
Tim toa do cla cac veats u+v, u—v, ku.

1. Phuong phdp

Tinh theo cac cong thic toa do caa u+v , U—v , ku.
2.Cacvidu
BE Vidu1.cho u =(3:-2),

Tinh toa d6 clia cac vecto u+v, u-v, 2u, 3[/—4\7,—(3[/—4\7).

=(7:4).

L <

GIAI
4y =(1052), u—v = (—4:—6), 21 = (6 : —4)
3u=(9;-6),4v =(28; 16).
Vay3u —4v =(=19;-22) va-(Bu —4v )=(19; 22).
BE" Vi du 2. Tim x dé cac cap vectd sau ciing bhu’ong :
a)a=(2;3),b=(4:x
b) u =(0;5), v =(x;7)
m =(x:;-3), n = (-2 2x).
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GIAI

b) x=0.

m Vin dé 4

Chiing minh ba diém thing hang, hai duong thing song song bing toa do

c)-x—=——2 >x¥=3=x= i\/_3_.
2x

1. Phuong phdp

St dung céc diéu kién c4n va du sau :

« Ba diém phan biét A, B, C thing hang < AB = kAC ;

« Hai vecto a, b#0 ciing phuong < C6 s6 k dé a = kb.

2.Céc vidu

@ Vi du 1. Cho ba diém A(-1; 1), B(1; 3), C(-2; 0) Chimg minh ba diém
A, B, C thang hang.

GIAI
AB =(2:2), AC = (-1;-1).
Vay AB=-2AC. Do d6 ba diém A, B, C théng hang.

BEl" vidu2.ChoAB; 4), B2 ; 5). Tim x d& diém C(=7 ; x) thudc dudng thang AB.

' GIAI
Diém C thudc dudng thing AB khi va chi khi : ba diém A, B, C thang hang
< AC =kAB.
Tac6 AB = (~1;1), AC = (~10; x — 4).

-10 x-4

AC = kAB©—1—= =>x-4=10=>x=14.
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[EE" vi du 3. Cho bén diém A(0 ; 1), B(1 ; 3), C(2 ; 7), D(0 ; 3). Chiing minh hai
dusng thdng AB va CD song song.

GIAI

AB =(1;2), CD =(-2; —4). Vay CD =—2AB. Do d6 hai dudng thing AB
va CD song song hoac trung nhau.

Tacé AC =(2;6), ma AB = (1 ; 2). Vay hai vecto AC va AB khong cing
phuong. Do d6 diém C khong thudc dudng thang AB. Vay AB // CD.

@ VAN dE 7

Tinh toa d trung diém cla mét doan thezing, toa do clia trong tam mot
tam giac

1. Phuong phap

Str dung céc cong thifc sau :

‘s Toa d6 trung diém clia mot doan thang bang trung binh céng cac toa do
trong ng cla hai ddu muit.

« Toa do cha trong tam tam gidc bang trung binh cong cic toa do tuong tng
cta ba dinh.

2. Cdc vi du

" Vi du 1. Cho tam giac ABC véi A(3 ; 2), B(—11 ; 0), C(5 ; 4). Tim toa do
trong tdm G cla tam giac.

GIAI
Theo cong thic toa d cla trong tam tam gidc ta ¢
3-11+5 2+0+4
xG=—3—:—1,yG= =2.

[BE[" Vi du 2. Cho tam gidc ABC c6 A(1; —1), B(5 ; -3) dinh C trén Oy va trong
tam G trén Ox. Tim toa do cla C.
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GIAI
Vi C nim trén Oy nén ta c6 C(0 ; y). Vi trong tam G nam trén Ox nén ta c6
G(x ; 0). Theo cong thic toa do cia trong tam tam giac ta c6
-1-3+y _ B
yG = -——3— =0= y= 4,

Vay C cétoadola(0;4).

@ Vi du 3. Cho A(-2 ; 1), B(4 ; 5). Tim toa d6 trung diém I clia doan thang
AB va tim toa d6 diém C sao cho t{r giac OACB la hinh binh hanh, O la
géc toa do.

_ GIAI

Theo cong thic toa do trung diém ta c6
-2+4 1+5
x,: = = — =
2 2

Vay toa do 112 (1 ; 3) (h.1.33),
Tir gidc OACB la hinh binh hanh khi va
chi khi / 12 trung diém ctia OC. Do d6

3.

1 i

Xc +0
2

=l=x.= 2. " Hinh 1.33

Yc +0
2

Vaytoaddo Cla (2 6).

=3=y.=6.

C. CAUHOI VA BAITAP
1.36. Viét toa do clia cic vecto sau :
a=2i+3j ; b=-i-5] ; c=3i ; d=-2].
1.37. Viét vecto u dudi dang u = xi + yj khibiéttoadocia u 1a:
(2;-3),(-1;4),(2;0),(0;~1),(0;0).
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1.38.

1.39.

1.40.

1.41.

1.42.
1.43.
1.44.

1.45.

1.46.

1.47.

42

-

Cho @ =(1;-2), b =(0; 3). Tim toa ¢ cita céc vecto

x=a+b, y=a—b, z=3a—4b.

Xét xem cac cdp vecto sau c6 cung phuong khong ? Trong trudng hgp cung
phuong thi xét xem ching cang huéng hay ngugc hudng.

a)a =(2:3), b =(=10;-15). b)u=(0:7),v =(0;8).

Q) m=(-2;1), n=(6;3). d)c=(3;4),d=(6:9.
e)e=(0;5, f =(3;0).

a) Cho A(-1; 8), B(1 ; 6), C(3 ; 4). Chiing minh ba diém A, B, C thang hang,

b) Cho A(1; 1), B(3;2) va C(m + 4 ; 2m + 1). Tim m dé ba diém A, B, C
théng hang.

Cho bén diém A(-2 ; -3), B(3;7), C(0; 3), D(—4 ; -5).

Chiing minh ring hai dudng thing AB va CD song song v6i nhau.

Cho tam gidc ABC. Céc diém M(1 ; 1), N2 ; 3), P(0 ; —4) l4n luot 14 trung
diém cdc canh BC, CA, AB. Tinh toa do céc dinh clia tam giac.

Cho hinh binh hanh ABCD. Biét A(2 ; -3), B(4 ; 5), C(0 ; —1). Tinh toa d6
cua dinh D.

Cho tam gidc ABC ¢6 A(-5 ; 6), B(—4 ; -1), C(4 ; 3). Tim toa d6 trung diém
I ctia AC. Tim toa d6 diém D sao cho tir gidc ABCD 12 hinh binh hanh.

Cho tam gidc ABC c6 A(-3; 6), B(9; -10), C(-5; 4).

a) Tim toa d6 cta trong tam G cla tam gidc ABC.

b) Tim toa d6 diém D sao cho tt gidc BGCD la hinh binh hanh.

- =

Cho tam gidc déu ABC canh a. Chon hé toa d6 (O ; i, j), trong d6 O 1a
trung diém cua canh BC, i cung huéng véi O_C: ; cung hudng véi OA.

a) Tinh toa d¢ ctia cac dinh cla tam gidc ABC.

b) Tim toa dé trung diém E cta AC.

¢) Tim toa do tAm dudng tron ngoai ti€p tam gidc ABC.

Cho luc gidc déu ABCDEF. Chon hé toa do (O ; 7 }), trong d6 O 1a tam
cta luc gidc déu, hai vecto i va OD cung huéng, ; va EC cung hudng.
Tinh toa d6 cac dinh cla luc gidc bi€t d6 dai canh cla luc gic 12 6.



1.48.

1.49.

1.50.

1.51.

1.52.

1.53.

1.54.

1.55.

1.56.

CAU HOI VA BAI TAP ON TAP CHUONG |

Cho hinh binh hanh ABCD tam O. Goi M va N lan lugt 12 trung diém cua

AD va BC. Dua vao cac diém A, B, C, D, O, M, N da cho hay :

a) K& tén hai vecto cung phuong véi AB hai vecto cung huomg véi AB
hai vecto ngugc hudng véi AB (cac vecto ké ra nay déu khac 0 ).

b) Chi ra mét vecto bang vecto MO , MmOt vecto bang vecto OB.

Cho hinh binh hanh ABCD. Goi E va F 14n luot 1a trung diém cua hai canh
AB va CD. N6i AF va CE, hai dudong nay cat dudng chéo BD l4n luot tai M

—_— — —

va N. Chimg minh DM = MN = NB.

Cho hai hinh binh hanh ABCD va ABEF véi A, D, F khong thing hang.

Dung céc vecto EH va FG bang vectd AD. Ching minh ti glac CDGH 1a
hinh binh hanh.

Cho bén diém A, B, C, D. Tim c4c vecto :

a) u=AB+DC+BD+CA ; b) v=AB+CD+BC+DA.

Cho luc glac déu ABCDEF va M 12 mot diém tuy y. Ching minh rang :

_— — —  — — —

MA+MC+ME=MB+MD+MF .

'Cho tam gidc ABC. Tim diém M thoa man diéu kién MA-MB+MC =0.

Cho tam gidc ABC ¢4 trung tuyén AM. Trén canh AC 18y hai diém E va F
sa0 cho AE = EF = FC, BE cat trung tuyén AM tai N. Tinh

_— — — —

AE+AF+ AN+ MN .
Cho hai diém A va B. Diém M thoa man diéu kién' |[MA + MB| =|MA - MB| .
Chung minh ring OM = %AB trong d6 O 1a trung diém cua AB.

Cho tam giéc ABC va mot diém M tuy y. Ching minh ring vecto
v=MA+MB-2MC khong phu thudc vao vi trf cua diém M. Hay dung
diém D sao cho CD=v .
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1.57. Cho tam gidc ABC. Goi M, N, P la nhimg diém dugc xdc dinh nhu sau :
MB=3MC, NC=3NA, PA=3PB.
“a) Chimg minh 20M =30C - OB véi moi diém O.
b) Chitng minh hai tam gidc ABC va MNP c6 ciing trong tam.
1.58. Cho hinh vuong ABCD, E 1a trung di€ém cta CD. Hay phan tich AE theo

-

hai vecto u = AD v-AB

1.59. Cho cdc diém A, B, C trén truc (O ; e) c6 toa do 1an luot 12 5 ; =3 ; —4.

—_— — —— —

Tinh 46 da1 dai s6 cia AB, BA, AC, BC.

1.60. Cho hinh thoi ABCD tim O ¢6 AC = 8, BD = 6. Chon hé toa do (O ; ; J)
sao cho i va OC cung hudng, ; va OB cung hudng.
a) Tinh toa do cac dinh cuta hinh thoi ;
b) Tim toa do trung diém / ctia BC va trong tam cla tam gidc ABC ;
¢) Tim toa do diém d6i xiing I’ cha I qua tim O. Chiing minh A, I, D thang hang ;

—_— — —

d) Tim toa do6 cua vecto AC, BD, BC.

CAU HOI TRAC NGHIEM

1.61. Chon khang dinh ding :
(A) Hai vecto c6 gid vudng goc thi cung phuong ;
(B) Hai vecto cuing phuong thi gid cua ching song song ;
(C) Hai vecto cung phuong thi cung huéng ;
(D) Hai vecto cung nguoc hudng véi vecto thit ba thi cing huéng.

1.62. Néu hai vecto bang nhau thi ching
(A) c6 do dai bang nhau ; (B) cung phuong ;
(C) cung diém goc ; (D) ciing hudng.
Hay tim khang dinh sai.
1.63. S6 cac vecto c6 diém ddu va di€m cui 1a 2 trong 6 diém phan biét cho
trudc 1a
(A)12; - (B)21; (027, (D) 30.



1.64. S5 céc vecto c6 diém dau 1a mot trong 5 diém phan biét cho trude va cé
diém cusi 1a mot trong 4 diém phan biét cho trude la

_ (A)20; (B)10; - ©9; (D) 14.
1.65. Chon khang dinh ddng trong cc hé thic sau :
(A) AB+AC = BC ; (B) MP+NM =NP ;
(C)a+ﬁ=a§; (D)A_.A+E§=A_‘B.

1.66. Cong cac vecto c6 cung do dai bang 5 va ciing gid ta dugc két qué sau :
(A) Cong 5 vecto ta duge két qua 1a O ;
(B) Cong 4 vecto doi mot nguge hudng ta duge 0 ;
(C) Cong 121 vecto ta dugc 0 ;
(D) Cong 25 vecto ta duge vecto c6 do dai la 10.

Hiy chon khang dinh diing.

1.67. Chon dang thie ding :
(A) AB~AC = BC ; (B) AM + BM = AB :
(C) PM—PN=NM ; (D) AA~BB=AB .,

1.68. Néu a va b 1a cic vecto khdc O va a 12 vecto d6i cia b thi ching
(A) cung phuong ; (B) cung d6 dai ;
(C) nguoc huédng ; (D) ¢6 chung diém ddu.
Hay chon khang dinh sai.

—_— — — —

1.69. Vecto téng MN + PO+ RN + NP + QR bing

(A) MR ;  (B) MN ; (C) PR ; (D) MP.
1.70. Cho tam gi4c déu ABC. Hiy chon dang thic diing
(A) AB=AC : (B) [aB|=[ac|
(C) AB+BC=CA ; (D) AB-BC =0.
1.71. Cho hinh binh hanh ABCD tam O. Tim khang dinh sai trong cdc khang
dinh sau :
(A) AB+AD = AC ; (B)E_E=ﬁ§;
(C) AO=BO ; (D) OA+OB=CB.
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1.72.

1.73.

1.74.

1.75.

46

Cho G la trong tam cua tam gidc ABC va [ la trung diém caa BC. Hay chon
déang thiic diing :

(A) GA =2GI ;
(B) GB +GC =2GI ;
(C)Té=%ﬁ;

R

(D) cﬂ:%u

Cho tam gidc ABC, E la diém trén canh BC sao cho BE = %BC . Hay chon
déng thitc ding :
(A) AE =3AB+4AC ;
(B) AF =2 AB+ L AC ;
4 4
(C) AE=—AB-—AC ;
3 5
l— 1—
(D) AE = —AB+4AC

Cho tam gidc ABC va I la trung diém cla canh BC. Diém G c6 tinh chat
nao sau day thi G 1a trong tm cua tam gidc ABC :

(A) GA =201 ;

(B) AG +BG +CG =0

(C) GB+GC =2GI ;

(D)GI:%A]?

Cho a =(1;2), b =(2;3), ¢ =(~6; —10). Hay chon déng thitc ding :

(A) a+b va ¢ cing huong ;

(B) a+b va a-b cung phuong ;
© a-b va c cung huodng ;

(D) a+b va ¢ nguoc huéng.



1.76.

1.77.

1.78.

1.79.

1.80.

1.81.

Cho ba diém A(0 ; 3), B(1 ; 5), C(=3 ; =3). Chon khang dinh diing.
(A) A, B, C khong thing hang ;

(B) A, B, C thing hang ;

(O biémBogitaAvaC;

(D) AB va AC cling huéng.

Cho tam gidc ABC c6 A(1 ; —3), B(2; 5), C(0 ; 7). Trong tam cua tam giac
ABC 1a diém c6 toa do :

(A)(0;95);

(B) (15 v2);

©G;0;

(D) (1;3).

Cho hai di€ém A(3 ; -5), B(1 ; 7). Chon khéng dinh ding :
(A) Trung diém cta doan thang AB 1a diém (4 ; 2) ;

(B) Toa do cta vecto AB 1a (2 —12);

(C) Toa 4o clia vecto AB 1a (=2 12) ;

(D) Trung diém ctia doan thiang AB 1 diém (2 ; -1).

Cho a =(2;-4), b = (=5 ; 3). Toa do cta vectd u=2a-b 1a

A u=(7;-7);
B)u =9;-11);
©u=09;5);
D) u =(-1;5).

Cho M(1 ; -1), N(3 ; 2), P(0 ; —5) 14n luot 1a trung diém céc canh BC, CA
va AB clia tam gi4c ABC. Toa d6 ctia diém A 1a

(A)(2;-2); B G 1);

©) (5 ;0); (D) (2 ; V2).

Cho hinh binh hanh ABCD ¢6 A(=2 ; 3), B ; 4), C(5 ; —4). Toa do dinh D 12
A) (V7 :2); (B) (3:-5):

©@3;7; (D) (3; V2).
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1.82.

1.83.

1.84.

1.85.

48

Cho M(5 ; -3). Ke MM, vudng gbc véi Ox, MM, vubng goc véi Oy. Khéng
dinh nao ding ?

(A) OM, =-5;
(B) OM, =3;
(C) OM, -OM,, c6 102 do (=5 ; 3);
(D) OM, +OM, c6toado (5 ;-3).

Cho bén diém A0 ; 1), B(~1; -2), C(1; 5), D(~1; =1).
Khang dinh nao diing ?

(A) Badiém A, B, C thing hang ;

(B) Hai duong thiang AB va CD song song ;

(C) Ba diém A, B, D thing hang ;

(D) Hai duong thiang AD va BC song song.

i va ; 14 hai vectd don vi clia hé truc toa d6 (O ; 7 }). Toa do cua vecto
20+ 1a

(A)(1;-2);

(B)(-3:4);

O @;;

D) (0 /3).

Cho tam gidc ABC trong tam la géc toa do, biét toa d6 hai dinh 13 A(=3 ; 5).
B(0 ; 4). Toa do ctia dinh C 1a

(A) (=55 1)

B 3;7;

O a3;9;

(D) (5 ; 0).



1.1.

1.2.

1.3.

1.4.

HUGNG DAN GIAI VA PAP SO
§1. CAC PINH NGHIA

a) V6i hai diém A, B ¢6 hai vecto A_B. BA :

b) Vé6i ba diém A, B, C c6 6 vecto AB, BA, AC, CA, BC, CB ;
¢) Véi bon diém A, B, C, D ¢6 12 vecto (hoc sinh tu liét ke).

B C
BC = AD, CB = DA,
AB = DC, BA = CD, o
OB = DO, BO=0D,
A0 =0C, CO=0A (h.1.34).
A D
Hinh 1.34

MN = PQ va MN [/ PQ vi
chiing déu bing %AC va déu
song song v&1 AC (h.1.35).
Vay tnr gidc MNPQ la hinh
binh hanh nén ta cé

—_— — — —

NP=MQ, PQ=NM.

Hinh 1.35
MN J/ BC va MN = %BC,
hay |[NM| = 3 BC| (h.1.36).

Vi MN // BC nén NM va BC cung phuong.

Hinh 1.36
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1.5.

1.6.

1.7.

50

I o

Td gidc ABCD c¢6 AB=DC nén A
AB =DC vaAB// DC. Do d6 ABCD
la hinh binh hanh, suy ra

AD = BC (h.1.37).

Hinh 1.37

a) Néu AB va AC cing huéng va |AB|>|AC| thi diém C nim gita hai
diém A va B (h.1.38) :
4 e 5

%
*

Hinh 1.38

b) Néu AB vi AC ngugc hudng thi diém A nim giita hai diém B va C
(h.1.39) :

c

x X

B

Hinh 1.39

. ¢) Néu AB va AC cung phuong thi ching cé thé cung huéng hodc ngugc

huéng.

Trudng hop AB va AC cing huéng :

—'Né'u |E| > |—A_C.| thi C ndm giita A va B.

_ Néu |4B| <|AC] thi B nim gita A va C.

Trudng hop AB va AC nguoc huéng thi A nim giita B va C.

Tacé AM =BA M N

NP = DC = AB (h.1.40).

Suy ra AM = NP va AM // NP. Vay
tf gidc AMNP 12 hinh binh hanh. (1)
Tacod @ - BC

_ — — C B

MN =DA=CB Hinh 1.40
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1.8.

1.9.

1.10.

1.11.

1.12.

1.13.

1.14.

1.15.

suy ra PQ = MN va PQ // MN. Vay td giac MNPQ 1a hinh binh hanh. (2)

- T (1) va(2) suyra A EQhay,Xé=

§2. TONG VA HIEU CUA HAI VECTO

AB+BC +CD +DE = AC+CD+DE = AD+DE = AE.

—_ ——% — — —_— — — —

AB—CD=AC-BD < AB+BD=AC+CD < AD=AD. Nhu vay hé
thitc c4n ching minh tuong duong véi déng thitc ding.

a) OA+OB=0 = OB=-0A => OB = OA, ba diém A, O, B thing hang va
diém O & giita A va B. Suy ra O 12 trung diém cta AB.
b) 5Z+E:6 = &:6':350.

Trong tam gidc déu ABC, tdm O cua duo’ng tron ngoai ti€p cung la trong
tam cua tam gidc. Vdy OA+OB+0C = 0.

—_— — —

OA+OB+OC+OD—(0A+OC)+(OB+OD) 0+0=0.

1

FM /] BE vi FM la duong trung binh
cua tam gidc CEB.

Ta c6 EA = EF. Vay EN la duong
trung binh cia tam gidc AFM. Suy
ra N 1a trung diém cia AM. Vay

NA =—NM (h.1.41).

Hinh 1.41

a) MA—- MB=BA < BA = BA. Viy moi diém M déu thoa man he thiic a).

b) MA—MB=AB < BA=AB < A = B, v6 Ii. Vay khong c6 diém M nao
thoa méan hé thitc b).

¢) MA+MB=0 < MA =—-MB. Vay M 12 trung diém ctia doan thing AB.
V& hinh binh hanh CADB. Ta ¢6 CA +CB = CD,

do d6 |CA+CB| = cp.
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1.16.

1.17.

1.18.

1.19.

52

Vi CA-CB = BA, do d6 |CA = BA.

Tu |CT4.+C73. = |C_.A—(TB.| suy ra
CD = AB (h.1.42).

Vay ut gidc CADB 1a hinh chit nhat. Ta
c6 tam gidc ACB vuong tai C.

Hinh 1.42

—_— — — — RN —

AB+BC +CD = AE —-DE < AC+CD=AE+ED < AD = AD.

OA+0B=0C trong d6 OACB Ia hinh binh hanh. OC la phan gidc géc
AOB khi va chi khi OACB 12 hinh thoi, titc 1a OA = OB,

F,+F,=0A /
| +F,| =0a=10043. p

(0]

Vay cuong do cua hop luc la 4

2
100v/3 N (h.1.43).

Hinh 1.43

(Xem h.1.44)
a) E:@—E{
Vi AB=DC néntacé OB—0OA=0C-0D. N /
Vay OB +0D =0A+0C . L

b) Ta gidc AMOE la hmh binh
hanh nén ta c6 ME = MA+MO N
T& gidc OFCN la hinh binh
hanh nén ta cé FN=FO+FC » )

Tir (1) va (2) suy ra ME + FN = MA+ MO + FO + FC

= (FA'+F_O.)+(M_O'+F_C.):B—'A+B_C.=E).
(viF_O.=W,M_O.=ﬁ)- |

_— — —

Vay BD=ME+FN .



§3. TICH CUA VECTO VOI MOT SO

1.20. aym=1: bym=-1; cm=4;
dm=-=; eym=0; g) Khong t6n tai ;
h) Moi gi4 tri ctia m déu thod man.

121. a) a=b = |al=[| va a, b cing huéng. Ta c6 Imal =Imllal; |mb|=mllB,
do d6 |mal = |mb).

ma vamb cung hudéng. Vay ma =mb.

b)mz =ml; = |m;|=|ml;| = |_a.|=|l;| vim#0;
ma vamb cung huéng = avab cung huéng.
Vay a=b.

c)m; =na = |m2|=|n;| = |ml=1nl vi a#0 ;
ma vana cing huéng = m va n cling ddu.
Vaym=n.

1.22. Z+2+...+2=(1+1+...+1)Z=n2.

123. GA+GB+GC=0
& GA +2GI = 0 (/14 trung diém ca BC)
& GA =-2Gl.
‘Tir d6 suy ra ba diém A, G, I thang hang, trong d6 GA = 2GI, G nam giita A
val. '

Vay G 1a trong tAm cta tam gidc ABC.

I8

1.24. Goi G va G’ 1an luot 12 trong tam ctia hai tam gidc ABC va A’B'C’. Ta cé.
AA' =AG+GG' +GA
CC'=CG+GG +GC.
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Cong timg v€ ctia ba déng thic trén ta dugc
AA'+BB +CC = 3GG'.
Do dé, néu AA'+ BB +CC =0 thi GG’ =0 hay G= G'.
0" Cha y : Tt chimg minh trén ciing suy ra ring néu hai tam gidc ABC va
A’'B’C’ c6 cung trong tam thi AA'+ BB'+CC' =0.
1.25. (Xem h.1.45)

- o)

a \bA B

- A
2a (o
— — 1_.
OC=-a+=b
2
c)
a)
Hinh 1.45
Hay tu vé trudng hop a - 2b. B c
1.26. (Xem h.1.46)
a) AD =2A0 =2(AB + AF) =2 AB+2AF. A 5 D
b) L AB+LBC =L (AB+BC) = + AC
2 2 2 2
= ‘lﬁ+lB_C‘"=lAC= laJ_:Q. F E
2 2 2 2 2 Hinh 1.46

1.27. Goi E, F 14n luot 1a trung diém cta AB, AC. (h.1.47)
Ta c6 t gidc AFME 12 hinh binh hanh nén AM = AF + AF

54



1.28.

1.29.

1.30.

C6 thé chimg minh c4ch khdc nhu sau :

A
Vi M 12 trung diém ciia BC nén 2 AM = AB + AC
- ] — — E F
hay AM = —(4B+AC)
l— 1=
B M c

= ~AB+-AC.
2 2
Hinh 1.47
AK = (AM + AN)
. _ M
= 1 lAB+EAC K N
202 3
= 2B+ 40 (h1asy B ¢
4 3 Hinh 1.48
(Xem h.1.49)

a) BC' = CA = 1t gidc ACBC’ 1 hinh binh hanh = AC =CB.

AB'+AC’=BC+CB=BB=0 = A latrung diém cta B'C".

b) Vi tt gidc ACBC' 1a hinh binh hanh

c A B
nén CC’ chifa trung tuyén cua tam gidc ~
ABC xuit phdt tir dinh C. Tuong tu
nhu vy véi AA’, BB". Do d6 AA’, BB, 5 c
CC' d6ng quy tai trong tAm G cua tam
gidc ABC.
e

(Xem h.1.50) Hinh 1.49
—_— 33—

a) Bl=BA+Al = ~AB+-AC.

A
b)ZBI=Z(.—A_§+§A_C" - 2Bl
303 4 37077
— 22— )
Vay BJ =§BI. Suy ra ba diém I
B, J, I thing hang.

) c
Hoc sinh tv dung diém J.

m

Hinh 1.50
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1.31. MA+MC =2MO (vi O la trung diém cta AC) 8 c
MB+MD =2MO (vi O 12 trung diém cta BD).
Vay MA+MB+MC +MD=4MO (h.1.51).

S — Hinh 1.51
1.32. IJ=IA+AB+BJ

IJ =IC+CD+DJ (h.1.52).

Cong timg v€ hai ding thic trén ta dugc

2ﬁ=(ﬁ+7€)_+ﬁ+€75+(§+ﬁ) = E+C75
B

Hinh 1.52 -

1.33. Goi G 1a trong tam cua tam gidc ANP. Khi d6 GA+GN +GP =0 (h.1.53).
TacoGC+GM+GQ E.4+R+G_N'+W+5.’+P_Q'

—_— — —

= (GA+GN+GP)+AC+(NM+PQ)
= AC+CA:0

(vimzéa,i’—Q'=%a nén N_‘M+P_Q.=a). B

Vay G_.C+C7/I.+G_.Q

Suy ra G la trong tam clia tam gidc CMQ.

Hinh 1.53
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1.34.

1.35.

(Xem h.1.54)
a) KA+ 2KB = CTB.

& KA+2KB=KB-KC

e _— —_— —

< KA+ KB+KC =0
< K 1a trong tam clia tam giac ABC.

b) MA +MB+2MC =0

& 2MI +2MC =0 (7 14 trung diém ctia AB)
hay MI + MC =0 < M 14 trung diém cta IC.

(Xem h.1.55)

Hinh 1.54

a) Vi AD la duong kinh cta dudng tron tam O nén BD 1L AB, DC 1 AC.

Tac6CH L AB,BH 1L AC nénsuyra CH// BD vaBH /| DC .

Vay tif gidc HCDB 1a hinh binh hanh.

b) Vi O 14 trung diém ctia AD nén HA + HD =2HO

1)

Vi tif gisc HCDB 12 hinh binh hanh nén ta c6 HB+HC = HD . Vay tix (1)

suy ra
HA+HB + HC =2HO )

Theo quy tac ba diém, tir (2) suy ra

—_— o —  —

HO+OA + HO+ 0B+ HO+0C =2HO.

_— — —  —

Vay OA+ 0B +0C =0H . 3)

¢) G la trong tam cua tam giac ABC.

Tacé OA+OB +0C = 3OG
Tir (3) suy ra OH =30G . Vay ba diém
0, H, G thing hang.

Trong mot tam giac truc tdm H, trong
tam G va tam dudng tron ngoai ti€p O
thang hang.

Hinh 1.55
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1.36.

1.37.

1.38.

1.39.

1.40.

141. AB

58

§4. HE TRUC TOA PO

!

x=(1;31),y=(;-5), 2z =3;-18).

ngugc hudng ;

\./
N SRS IE)

-

o
~ T

cung huéng ;

(g

cung hudng ;

-

o
\-/\-/

, b
v
n
2 ong cung phuong ;
f

St ol 3|

kh
khong cung phuong.

a) AB =(2;-2), AC = (4; -4).

Vay AC =2AB => ba diém 4, B, C thing hang.
b) AB = (2; 1), AC =(m+3;2m)

m+3 2m

=— < m=1.

Ba diém A, B, C thang hang < "

— P 4 — ) ,
=(5;10), CD =(—4;-8). Tacé CD= —EAB’ vay hai duong thang

AB va CD song song hoac trung nhau.

Ta cé AC = (2;6) va AB khoéng cung phuong vi % # Q

6
Vay AB /| CD.



1.42. MN =(1;2)
PA=(x,;y, +4) (h.1.56).

- . xA=1
Vi PA=MN suyra
: yA+4=2 :

x =1 B M
A
= s
{yA =_2. Hinh 1.56
xp=-1 Xc =3
Tuong tu, ta tinh duge va
Vg =—6 Yo =8.

Vay toa do cac dinh cta tam giac 1a A(1 ; -2), B(-1; -6) va C(3 ; 8).

143. BA =(-2;-8)
CD=(x.:y.+1). Vi BA=CD nén B

p’Yp
X, ==2 X =-2
D D
ypt1=-8 - |y, =-9.
Vay toa d6 dinh D 1a (=2 ; -9) (h.1.57).
Nhdn xét : Ta c6 thé tinh toa do dinh D

A D
dua vao biéu thitc BD = BA+ BC . Hinh 1.57
1.44. Goi I 1a trung diém ctia AC.
x_—5+4__l' _6+3_9
) 2T Ty
Ti gidc ABCD 1a hinh binh hanh < I 1a trung di€ém cta BD.
xD_4=_l ) | A
X, —4=-
Vay 2 1 2 :{ D
b= _9 yp—1=9 1
2 2
X = -
'
. yD=10. B

Vay toa d¢ dinh D 1a (3 ; 10) (h.1.58). Hinh 1.58



1.45. x6=$=%; g
Y _6=10+4 4 (h1.59)
Td gisc BGCD Ia hinh binh hanh
thi toa d6 diém D 1a D(%; —6}. B I c

Hinh 1.59

1.46. (Xem h.1.60)

a) A[O; &} B(—g—; Oj, C(E; OJ A
2 2 2

E

b £ 2. 3]

4 4

o B o ¢

¢) Tam dudng tron ngoai ti€p tam
gidc déu tring véi trong tam cla

o ah
tam gidc G[O ; TJ Hinh 1.60

1.47. A(=6:0), D(6; 0), B(=3; 3/3), C(3: 3V3), F(=3; =33), E(3; -3\3)
(h.1.61). '

Ngudi ta c6 thé nhan xét vé tinh d6i xing cha cic dinh qua tam O hoic qua
céc truc Ox, Oy dé tim toa do céc dinh cia luc gidc déu.

A

Hinh 1.61
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1.48.

1.49.

1.50.

CAU HOI VA BAI TAP ON TAP CHUONG I

(Xem h.1.62) L B N c
a) Hai vecto ciing phuong véi AB la MO, CD ;

Hai vecto cing huéng véi AB 1a ON, DC ;

Hai vecto nguge hudng véi AB 12 OM , NO.
b) Vecto bing MO la ON ;

S A M D
Vecto bing OB 1a DO.
Hinh 1.62

AECF 12 hinh binh hanh = EN /| AM
E 1a trung diém clha AB = N 12 trung diém cta BM, do d6 MN = NB.
Tuong tu, M 1a trung diém cta DN, do d6 DM = MN.
Vay DM =MN =NB (h.1.63).
A E B

D F c

Hinh 1.63

EH=AD, FG=AD = EH =FG

D c
— t gisc FEHG 1a hinh binh hanh /\
— GH = FE (h.1.64). ) A _ 5
Taicé D_C.:TB TB=FE / /
VAR
=

— DC =FE. ) G
Tir (1) va (2) tacé GH = DC .
Vay tt gidc GHCD 12 hinh binh hanh.

Hinh 1.64
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1.51.

1.52.

1.53.

1.54.

62

a) u=AB+DC +BD+CA = (AB+BD)+(DC + CA) = AD+ DA = AA=0.

—_— —— — —

b) v = AB+CD+BC + DA = (DA+ AB)+(BC +CD) = DB+ BD=DD =0,

Goi O 1a tam luc giac déu. Khi d6 O B c
1a trong tam cha cdc tam gidc déu
ACE va BDF (h.1.65).

Do d6, v6i moi diém M ta ¢ (o] b
MA + MC + ME =3MO

—_— — —

MB + MD + MF =3MO
Vay ta c6 dang thic can ching minh. F E

_— Hinh 1.65
MA-MB+MC=0 < BA=CM (h.1.66).

M 13 dinh cta hinh binh hanh ABCM.
. , v

o]
9!

’ Hinh 1.66
Tacé AE = FC (h.1.67).
Vi MF // BE nén N 12 trung diém clia AM, suy ra AN + MN =0.
Do d6 AE +AF+AN+MN = AF+FC = AC.
A

B M C
Hinh 1.67



1.55.

=

1.56.

1.57.

MA +MB =2MO :IMJE?’I =2MO
MA-MB = BA = |MA-MB| = AB (h.1.68). o

1
Vay 2MO = AB hay OM = EAB

Chi y. Tap hop cic diém M c6 tinh
chat |m + ml = |m—m la dudng Hinh 1.68
tron dudng kinh AB.
v=MA+MB-2MC
= 2ME -2MC (E 1a trung diém canh AB)
= 2(ME —MC) = 2CE.
Vay v khoéng phu thudc vi tri ctia diém M.
CD =v=2CE thi E 1a trung diém ctia CD. Vay ta dung duoc diém D.

(Xem h.1.69)
a) 30C —OB = 3(OM + MC)—(OM + MB)
= (30M ~OM)+(3MC - MB) = 20M.
b) Goi S, Q va R I4n luot 1a trung diém clia BC, CA va AB.
MB = 3MC = CM SC
NC =3NA = AN =CQ

—_— —— ——

PA=3PB = BP=RB= 0s.

Goi G 1a trong tam chia tam gidc

—_— — —

ABC thi GA+GB+GC =0.
Tacod

GM +GN +GP =

= GC+CM+GA+ AN +GB + BP 5
= (GA+GB+GC)+(SC+CQ+0S) S
= 0+0=0. P/

Vay G la trong tam clia tam gidc MNP.

Hinh 1.69
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1.59.
1.60.

1.61.
1.62.
1.63.

1.64.
1.65.

Goi F 1a trung diém cta canh AB. Ta ¢6

_—_ -

AE=E+275 = u+%;.

Vay AE =;+%;(h.1.70).

AB =-8, BA =8, AC =-9, BC =-1.

(Xem h.1.71)

a) A(—4;0),C(4;0),B(0;3),DO;-3).

b 12 %), GO 1).
3
)2 =3)

H’=(2;—%),E=(4;—3>.

Vay AD =2AI’. Suy ra ba diém A, I, D thing hang.

d) AC =(8:;0), BD =(0;-6), BC =(4:-3).

CAU HOI TRAC NGHIEM

Chon (D).
Chon (C).

Véi mbi cdp hai diém ta c6 2 vecto. Vay s céc vecto khong thé 1a s6 1€.
Véi 6 diém thi c6 nhiéu hon 6 cap diém khéc nhau, nén s6 vecto phai I6n

hon 12.
Chon (D).

Chon (A).
Chon (B).

<l

D E

Hinh 1.70

Hinh 1.71



1.66.

1.67.

1.68.
| 1.69.
1.70.
1.71.

1.72.

1.73.

1.74.
1.75.

1.76.
1.77.

1.78.
1.79.

1.80.
1.81.

1.82.

1.83.

1.84.
1.85.

Téng mot s6 18 vecta c6 do dai bang 5 va cling gid khong thé la vecto-
khong. Chon (B).

Chon (C).
Chon (D).
Chon (B).
Chon (B).
Chon (C).

GA va GI ngugc huéng. Cac cap vecto IG , Al va 5;1. Al cling ngugc
huéng. Chon (B).

Khi phan tich AE =hAB+kAC thi hai s8 h, k khong thé 16n hon 1, khong
c6 s6 am va khong thé bang nhau. Chon (B).

Chon (B).
Tinh toa do ctia a+b vi a—b . Tathdy ¢ =-2(a+b). Chon (D).

AB =(1;2), AC = (=3 ; —-6). Chon (B).

Téng ba hoanh d6 va ba tung do cla ba dinh déu khdc khéng va toa do
khong thé 1a +/2 . Chon (D).

Chon (C).

Chon (B). _

Kiém tra dang thirc PA = MN bang toa do. Chon (A).

Kiém tra ding thic BA=CD bing toa do. Chon (B).

Khing dinh ding 12 (D) vi OM =0OM, +OM, va toa do ciia M la toa do
cua vecto oM . Chon (D).

Chon (B).

Nhan xét rang toa do ctia 2_1"+7 khong thé 13 s6 am va s6 vo ti. Chon (C).

Toéng cdc hoanh do va tung do cia ba dinh phai bing 0. Chon (C).
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TiCH VO HUGNG CUA HAI VECTO
VA UNG DUNG

§1. GIA TRI LUONG GIAC CUA MOT GOC
BAT Ki TU 0° PEN 180°

CAC KIEN THUC CAN NHO

1. Pinh nghia : V6i mdi géc o
(0° € a < 180° ta xé4c dinh duoc
mot diém M trén nira dudng tron don
vi (h. 2.1) sao cho xOM = o . Gia
sir di€ém M c6 toa do 1a M(x, ; y,).
Khi d6 :

4

(-1;0) x, O (1;0) x
ea g Hinh 2.1

e Tung d6 y, cua diem M goi 1a sin cua "

goc o vaduge ki hiéu lasina =y,

» Hoanh d6 x, clia diém M goi 1a césin ciia géc o va duge ki hiéu 1a cosa = x,,

7 e y 7,0 . ~ ? 7z by e . b
o Ti s6 22 véi x, # 0 goi la tang cua géc o va dugc ki hiéu la
’ X,

: X . .
e Ti s6 -2 véi Yo # 0 got la cotang cua géc ava duge ki hiéu la

5- BTHO_"O -9



2. Cdc hé thirc lugng gidgc

a) Gid tri luong gidc cia hai géc b nhau
sina = sin (180° — @)
cosa = —cos (180° — a)
tana = —tan (180° — @)

cota = —cot (180° — ).

b) Cac hé thiic lugng gidc co ban
Tir dinh nghia gi4 tri lugng gidc cla géc a ta suy ra cic hé thic :

.2 2
Bsin“a+cos"a=1;

g ¢ = tana (a# 90%; c?sa =cota (a#0°; 180%;
cosa sina _
1
®cota= — ; tana = ;
tana cota
] 1+tan2-a= 7 1 +cot2a= T
cos” a sin”
3. Gid tri luong gidc cua cdc goc ddc biét
a
Gid tri ™ 0° 30° 45° 60° 90° 180°
lugng giac '
. sina 0 1 ﬁ —\/E 1 0
2 2 2
cosa 1 ﬂ ﬁ .1_ 0 -1
2 2 2
tana 0 1 1 NE) I 0
NE) V3
cota T N O S S I
3
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4. Goc giita hai vecto

Cho hai vecto a va 5 déu khac vecto 6 T mot diém O bat ki ta v€
OA=a va OB =b. Khi d6 géc AOB véi s6 do tix 0° dén 180° duoc goi la
gdc giita hai vecto a va b (h.2.2) vaki hieuTa (2,5).

A

2

B vi
Hinh 2.2 N

B. DANG TOAN CO BAN
@ Van dé 1
Tinh gi tri uong gidc clia mét 86 goc dac biét

1. Phuong phdp
e Dya vao dinh nghia, tim tung do y, va hoanh do x, cia diém M trén nira

dudng tron don vi véi géc xOM = ¢ va tu dé ta c6 cac gia tri lugng giac :

y X
=0 ; cotax = 0.

sinozzy0 ; cosa=x, ;tana=
Xy Yo

e Dua vao tinh chét : Hai géc bu nhau ¢6 sin bang nhau va cé cosin, tang,
cotang do6i nhau.

2. Cdacvidu
[BE" Vi du 1. Cho géc @ = 135°. Hay tinh sing, cosa, tana va cota.
GIAI
2

Tacé sinl135° = sin(180°— 135°) = sind5° = - ;

V2

c0s135° = —cos(180° — 135°%) = —c0s45° = — S
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sin135° _
cos135°
Dodé cot135°=-1.

tan135° = -1.

B Vi du 2. Cho tam giac can ABC c6 B =C =15°. Hay tinh cac gia tri lugng
giac cla goc A. \

. GIAI
Tacé A=180°—(B+C)=180° —30° = 150°.

Vay sinA = sin(180° - 150°) = sin30° = % :

NG

cosA = —cos(180° — 150%) = — cos30° = -

sin150° 3
anA =

cos150° | 3
Do d6 cot A = —+/3.

@ Van dé 2

Ching minh céc hé thic vé gia tri luong giac

1. Phuong phap

e Dua vao dinh nghia gid tri lugng gidc chia mot géc a (0° < a< 180°).°
e Dya vao tinh chdt clia tdng ba géc cia mot tam gidc bang 180°.

2

.2 siIna
a+sin“a=1;tana= ;tana =

e St dung cac hé thic cos )
' cosa cota

2.Cdac vidu

B[ Vi du 1. Cho gbc a bat ki. Ching minh riing sina — cos*a = 2sinZa —1.
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GIAI
Céch 1. Tacé cos*a = (coszoz)2 =(1- s'mzoz)2 =1 = 2sin’a + sin‘a.

4

L. .2
Do d6 sina— cos*a = 2sin*a - 1.

Cdch 2. Ta biét rang sin*a — cos*a = (sina + cos’a)(sin’a — cos’a)
= 1. [sin’a - (1- sin’a@)]

= 2sin’a — 1.

Cdch 3. Ta c6 thé sir dung phép bién ddi tuong duong nhu sau :
sin*a - cos*a = 2sin*a - 1 *)
= sin4a—2sin2a +1-cos*a=0

4

& (1 —sin*@)? —cos*a=0

fa=0.

< cos*a— cos
Vi hé thic cudi cung ludén luon ding nén hé thie (*) ding.

@ Vi du 2. Chimg minh rang :

a) 1+tan’a= ——— (v8i a=90°);
cos‘ a
b) 1 + cot’a = (v8i a = 0° ; 180°).
. 2
sin“ a
GIAI
.2 2 .2
2 sin“& cos a +sin"« 1
a)l +tan"a=1+ — = > =—
' cos’a cos“a cos‘a
. 2
2 cosza sm2a +cos a 1
b)l +cot'a=1+ = — 3 =—
sin”a sin“a sin“a

@ Vi du 3. Cho tam giac ABC. Chimg minh rang : -
a)sin A=sin(B+ C);

b) cosé =sin B+C ;
. 2 2

¢) tan A= —tan (B + C).
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GIAI

Vi180°-A=B+C néntaco:

a) sin A = sin (180° - A) =sin (B+ C) ;

A
b) cos — =si
> sin

B+C \Z §+6
vl —+

=90° (hai géc phu nhau) ;

c) tan A = —tan (180° = A) = —tan (B + C).

@ Vin dé 3

Cho biét mét gié tri luong gibe clia goe a, tim cae gié tri lugng gide con

lai clla &

1. Phuong phdp

Str dung dinh nghia gia tri lugng gidc cua géc a va cdc hé thiic co ban lién

hé gita cac gid tri d6 nhu :
. 2 2 sina cosa
sina+cos“a =1 ; tana = ;. cota= — ;
cosa sina
2 _ . 2 _
1 +tan“a= 7 > l1+cota= >
cos“a sin“a
2. Cdc vidu

@ Vi du 1. Cho biét cosa = —%,' hay tinh sina va tana.

GIAI

cosa < 0nén 90° < a < 180°. Suy ra sina > 0 va tana < 0.
) 2 o 2
sin“a + cos”a =1 nén thay gid tri cosa = -3 vaotacod:

) 4 )
sm2a+ 6 =1= sm2a=

O |
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Vay sina=

sina
tana = =
cosa

5
3
2

I\)J&‘

(O8]

[BE[" Vi du 2. Cho gbc a, biét 0° < < 90° va tana = 2.
Tinh sina va cos a.

GIAI

sina L.
=2. Do d6 sina = 2cosa.

Theo gia thiét ta c6 :
cosa

2

Mat khac ta lai c6 : sin‘a + cos’a = 1.

2

Thay (1) vao (2)tacé : 4costa+ cos’a=1
& 5cosla=1= cosla= %
Vi 0° < a < 90° nén cosa > 0, do d6 cosa = g

NG

cosinag= —.
5

@ Vi du 3. Cho gbc «, biét cosa = % Hay tinh sing, tang, cota.
GIAI
Tacé sin’a=1-cos’a=1 _izﬁ = sina = 4 (vi sina > 0)
25 25 5
tana = 2% ig=i Do d6 cota = }
55 3 4

cosa

@ Vi du 4. Cho géc o biét tana =—2. Tinh cosa va sina.

GIAI

© Vitana = -2 <0 nén 90° < a< 180°, suy ra cosa < 0.
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2 1 1
2 nén cos"a =

|
V\11+tan2a= = = —.
. cos a 1+tan2a 1+4 5

Vay cosa = L

5
L 2 _ 25

Mat khéc sin a = cosa. tan a = (=2)=—F=
, [ J5 J N

2

Nhdn xét. Co thé dung hé thitc sin“a + cos’a = 1 dé tinh sin @ nhu sau :

2a=1——1-=i.
5 5

sina =1 —cos

Dodbé sina= i=2_\/_§ (visin a> 0).
Js s

m Van di 4

Cho biét mét gia tri luong gide clia goe a, hdy xéc dinh goe a dod

1. Phuwong phdp

Sir dung dinh nghia gia tri luong gidc cta géc a dé dung géc a va trong mot
s6 trudng hop c6 thé sir dung ti s6 lugng gidc cha géc nhon dé dung géc a.

Tap st dung may tinh bo tii dé x4c dinh géc a.
2.Céacvidu

@ Vi du 1. Xac dinh gbc nhon ¢ biét sin a = %

Ay
GIAIl
Céch I. Trén tryc Oy cla nia dwong M/ d_ L0\ N
tron don vi ta 14y diém / = [0 : %] va
a >
qua d6 vé& dudng thang d song song véi 0 x
truc Ox (h.2.3).

Hinh 2.3
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Dudng thang nay céat nira dudng tron don vi tai hai diém M va N trong dé
xOM 1a géc ta va xON 12 géc nhon. Ta xac dinh duge géc @ = XON c6

. 3
siIna= —.
5 A

Cdch 2. Ta dung tam gidc ABC vuong
tai A, c6 AB=3,BC =5 (h.2.4).

——— ——— [21
Tacoé a= ACB visinACB = £=§ B 0 ¢
BC 5 '

Hinh 2.4
Cdch 3. Dung mdy tinh bd tdi (Casio fx-500MS).

MODE
e Chon don vi do : Sau khi m& mdy 4n phim nhiéu 14n dé man hinh hién
1én dong chit (ing v6i cic s6 sau day : '

Deg Rad Gra
1 2 3

Sau d6 4n phim (BB dé xac dinh don vi do géc 12 do.
e Ta tinh sina = % =0,6:

An lien ti€p cac phim sau day :

sFT  sin’)
(]
Ta duogc két qud 1a : o~ 36°52'11".

BEI vi du 2. Xac dinh goc « biét riing cosa = —%.
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GIAI

Cdch 1. Trén truc Ox cua nira dudng

tron don vi ta 14y diém H = [—% ; O]

M

m!
va qua d6 vé dudng thang m song song D\
v6i truc Oy (h.2.5). Pudng thing nay 11 2
cét nita dudng tron don vi tai M. Ta c6 H(- 33 0)°
g(’)c o= m Hinh 2.5

xVv



Cdch 2. Ta biét ring cos a = —cos (180° — a).
1
Theo gia thiét cos a = —%, vay cos (180° — a) = 3
Ta dung tam gidc ABC vuong tai A c6 AB =1, BC = 3 (h.2.6).

—— S 1
Ta cé cos ABC = —;— nén cos (180° - ABC) = 3

Vay a=180° - ABC = ABC’ (tia BC' ngugc hudng véi tia BC).

Hinh 2.6

Cach 3. Dung may tinh bd tii (Casio fx—500MS)
Tuong tu nhu tinh sina. '
Vi cos @ < 0 nén ala géc ti.

An lien ti€p cdc phim sau day :

SHIFT ]
Ta duogc két qua 1a : a~ 109°28'16".

CAU HOI VA BAI TAP
Véi nhilng gi4 tri nao cta géc a (0° < o < 180°) thi :
a) sin a va cos a cung ddu ? b) sin a va cos a khdc ddu ?
¢) sin « va tan « cung ddu ? d) sin a va tan a khac ddu ?

.. Tinh gia tri lugng giac cua cac géc sau day :
a) 120°; b) 150°; c) 135°.
Tinh gi4 tri cha biéu thic :
a) 2sin 30° + 3cos 45° — sin 60° ; b) 2c0s30° + 3sin 45° — cos 60°.
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2.4. Riit gon biéu thic :
a) 4a’ cos® 60° + 2ab.cos’ 180° + % b* cos? 30° ;
b) (a sin 90° + b tan 45°)(a cos 0° + b cos 180°).
2.5. Hay tinh va so sénh gid tri cua timg cap biéu thic sau day :

a) A = cos® 30° — sin> 30° va B =cos 60° + sin 45°;

o
b) C = _2tan30" va D =(-tan 135°). tan 60°.

1—tan’ 30°

2.6. Chosin o= % v31 90°.< < 180°. Tinh cos e va tan .

277. Chocos a= —g; Tinh sip avatan Q.

2.8. Chotan a= 232 véi 0° < ar< 90°. Tinh sin @ VA cos o

3sina —-cosa

2.9. Biéttan o= 2. Tinh gid tri cha biéu thic A = = .
- sin +cos'o

N p A S cota—tan
2.10. Biétsin a= —. Tinh gi4 tri cha biéu thtc B= ——.
3 cota+tan

2.11. Ching minh ring véi 0° < x < 180° ta ¢6 :
a) (sinx+cosx)2= 1+2sinxcosx;
b) (sinx—cosx)2=1—2s'mxcosx;

. 4 4 .
¢) sin’x + cos’x = 1 — 2 sin’ x cos® x.

2.12. Ching minh réng biéu thic sau day khong phu thuoc vao «
a) A = (sin @+ cos 0()2 + (sin @ — cos 0()2 ;
b) B =sin*a— cos’a— 2 sin’a+ 1.
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§2. TICH VO HUOGNG CUA HAI VECTO

CAC KIEN THUC CAN NHO
1. Binh nghia

Cho hai vecto a va b khéc vecto 0. Tich vo hudng cua hai vecto avabla
mot so, ki hiéu la 5.5, dugc xéac dinh bdi cong thifc sau :
ab= lc;l.lE'.cos(;z,E).
Luuy:
eVéia, b=0,tacé:

a.B =O<:>(;J_Z.

N, I RN -2
(o]
° a =|a|.|a|cosO =|a| .

2. Cadc tinh chdt cua tich vé hudng

—

Véi ba vecto a, b, ¢ bat ki vi moi s6 k ta ¢6 :
a.b=b.a (tinh chit giao hodn) ;
a.(b+c)=ab+ac (tinh chat phan phéi) ;

(ka).b = k(a.b) = a.(kb) ;

-2

a 20;

=2 - -
a =0a=0.

-~ = 22 aa =2
(@a+bY =d +2ab+b
- o % S,
(a—bY¥ =a —2ab+b

e, Y
(a+b)a-b)=a -b .
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3. Biéu thikc toa do cua tich vé hudng

Trong mat phang toa do (O ; _i., ; ) cho hai vecto a= (a;;a,), b= (b3 b,).
Khi d6 tich v huéng a.b 13 : ab =a,b, + a,b,.

4. Ung dung cua tich vé huong

a) Tinh d6 dai ciia vecto. Cho a = (a, ; a,), khi d6 :

- 2 2
P ey
b) Tinh géc giita hai vecto. Cho a = (a, ; a,), b = (b, ; b,), khi d6 :

S ;B _ albl +a2b2
cos(a,b) = |_,| |_,| R e e
al.lb \/al +aj .\/b1 +b,

B. DANG TOAN CO BAN

@ Van dé 1

Tinh tich vd hudng cla hai vecto

1. Phuong phdp
e Ap dung cong thifc ctia dinh nghia : ab= |Z|.|B|.cos(5, B).

o Diing tinh chét phan phéi : a.(b+¢) = a.b+a.c.

A a ' B
459 -

2.Cdacvidu
@ Vi du 1. Cho hinh vuéng ABCD canh a. a

Tinh tich AB.AD va AB.AC.

» 4
| GIAI D -
AB.AD = |A_‘B|.|E|.COS 90° =0 Hinh 2.7
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A-BZE = IA—B.HRI.COS450

AB.AC = a.aﬁ.g =a? (h.2.7).

Bl Vi du 2. Tam giac ABC vuéng tai Cc6 AC =9, CB = 5. Tinh AB.AC.

GIAI
Ta co B

E;‘E‘. = IEHRI.COS(E,R),

- — 5
trong d6 cos(AB,AC) = E
: AB
(h.2.8). c 5 -
Vay AB.AC = AB.AC.%;‘— =AC? =92 =3, Hinh 2.8

B Vi du 3. Tam giac ABC c6 A=90°, B =60° va AB = a. Tinh -

a) A_B.A_C. ; o

S C
b) CACB ;
) ACCB.

GIAI |
Ta c6 BC =2a ,AC = a3 (h.2.9).
a) AB.AC =|AB|.|aClcos90° = 0. e\
A a B

b) CA.CB =|Cal [CBlcos30° = a\/§.2a_.? =34, Hinh 2.9

¢) AC.CB = |ACl.|CBlcos150° = a\/§.2a.{—-——]=—3a2.
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@ Van dE 2

Ching minh cac dgmg thiic vé& vecto cé lién quan dén tich vé hudng
1. Phuong phap
o Str dung tinh chat phan phoi cta tich vo hudng d6i v6i phép cong céc vecto.

e Dung quy tic ba diém AB+BC = AC hay quy tic hiéu AB=0B-0A.

2. Cac vi du

@r Vi du 1. Cho tam gidc ABC. Chimng minh rang véi diém M tuy y ta cé
MABC + MB.CA + MC.AB=0.

GIAI
Tacé MA.BC = MA.(MC — MB) = MA.MC — MA.MB (1)
MB.CA = MB.(MA—MC) = MB.MA—-MB.MC ®
MC.AB = MC.(MB - MA) = M—C.M—B—M—C.m 3)

- Cong cac két qua tir (1), (2), (3) ta dugc :

MA.BC+MB.CA+ MC.AB=0.

[BE" Vi du 2. Cho O Ia trung diém ciia doan thdng AB va M la mot diém tuy y.
Chimng minh riing : MA.MB = OM? - OAZ .

GIAI

Ta c6 MA.MB = (MO +0A). (MO+OB)

—_—— —— — — 7

—2
= MO +MO.(OA+0B)+0A.OB=MO - OA
e
0

—_— — & e 2
(vi OA+0B=0 va OAOB=~0A).

—_— ——2 —2
Vay MA.MB=0M?-0A> (vi OA = 0A%, MO =0OM?).
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B Vi du 3. Cho tam giac ABC véi ba trung tuyén la AD, BE, CF.
 Ching minh réing BC.AD + CABE + ABCF = 0.
GIAI

— 1

Tacéd AD==—
2

—_— —_— e

Dod6  2BC.AD = BC.(AB+ AC)

_— [N

= BC.AB+ BC.AC. (1)

(AB+AC) (h.2.10).

_ —_— —_—

Tuong tv 2CA.BE = CA.BC + CA.BA (2)

—_— _— —_

2AB.CF = AB.CB+ AB.CA. (3)
Tur (1), (2), (3) ta suy ra

Hinh 2.10

_—— —_— _—

2(BC.AD+CA.BE + AB.CF)=0

_— —_ _—

hay BC.AD + CA.BE + AB.CF =0.

@ Vin dE 3

Ching minh sy vudng goc clia hai vecto

1. Phuong phdp

Sir dung tinh chét ciia tich vo huéng : a L b < a.b=0.

2.Céacvidu D

=" Vi du 1. Cho tam giac ABC c6 géc A nhon.
Vé bén ngoai tam giac ABC céac tam giac E
vudng can dinh A 1a ABD va ACE. Goi M la

trung diém cla BC. Chimg minh rang AM
vuéng gbc vai DE.

GIAI B M c
Ta chitng minh AM.DE =0-(h.2.11). Hink 2.11
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Tacd

(AB + AC)(AE — AD)

AB.AE - AB.AD+ AC.AE - AC.AD

—_— — —

= AB.AE-AC.AD

= AB.AE.cos(90° + A) — AC.AD cos(90° + A)
=0
(Vi AB = AD, AE = AC).

2AM.DE

Vay AM L DE suy ra AM vudng goc v6i DE.

[BE" Vi du 2. Cho hinh chit nhat ABCD c6 AB = a va AD = av/2.

Goi K la trung dim cila canh AD. Ching minh riing BK vuéng géc véi AC..
GIAI
Goi M la trung diém cta canh BC. A

K
Ta c6 AB = a, AC = BD = 2a% +a* = a\3.

Cén chimg minh BK.AC =0 (h.2.12). a

_— —t — o | —

Tacod BK:BA+BM=BA+-;—AD

AC =AB+ AD.

o e . Hinh 2.12
Vay BK.AC = (BA+—AD).(AB+ AD)

—_— e ——

= BA.AB+ BAAD + ; AD.AB +

Do d6 BK.AC =0. Tacé BK vuong goc véi AC.

@‘ VAn dE 4

Bicu thic toa do cla tich v6 hudng va cac ung dung : tinh do dai cla
mot vecto, tinh khoang cach giita hai diém, tinh goc gitta hai vecto
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1. Phuong phdp

¢ Cho hai vecto a= (a,;a,) va b = (b, ; b,). Tacod a.b= ab, + a,b,.

- ’2 2
= ul +M2.

* Cho hai diém A = (x, ; y,), B= (x3 yp).

¢ Cho vecto u = (u,;

. — 2 2
Tacd AB = [4Bl= \[(x, —x,)2 + (0, ~,)".
e Tinh goc giita hai vecto a = (a;; a,) va b = (b,; by):

cos(a}) = ab____abrab
,a| lbl \/a +a, \/b +b

2.Cdcvidu

B vi du 1. Trong mat phéng Oxy cho A = (4 ; 6),B=(1:4),C= (7 ; %J
a) Chitg minh rang tam giac ABC vudng tai A.
b) Tinh dd dai cac canh AB, AC va BC cla tam giac do.

GIAI

a)Tacé AB =(=3: -2), AC = [3;-%) va
- — ' 9
AB.AC =(=3)3+ (~2).(—5] =0.

Vay AB vuong goéc véi AC vatam gidc ABC vuodng tai A.

b) AB=|E|=\/9+4=\/B,

Ac =|ac]= ,/ ‘/1_1_

Ta cbd BC (6 _Ej va

BC=|B_C‘|:1/36+2—5=£.
42

Nhdn xét. C6 thé chimg minh tam gidc ABC vuéng tai A bing cdch chimg
minh ring BC? = AB* + AC*.
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@ Vi du 2. Tinh géc giifa hai vecto a va b trong ééc trudng hgp sau :

a)a=(1:-2), b=(-1:-3);
by a =(3;-4), b =(4;3);
c)a=(2;5), b=(3; _7).

GIAI

ab _LED+HED(3)_ 5 V2
el Vi+ai+9 50 2

Vay (a, b)=45°.

a) cos(Zz,_ B) =

~ - ab 34+(-4)3 0
b B)= e ==
N I NI TN TR T

Vay (a, b) = 90°.

¢) cosa - ab _ 23+5(7) _ 29 _ 2

GlEl Var2540+49 202 2

Vay(a, b) =135

@r Vi du 3. Trong mé&t phang Oxy cho hai diém A(2 ; 4) va B(1.; 1). Tim toa do

84

diém C sao cho tam giac ABC la tam giac vudng can tai B.

GIAI

Gia st di€ém C can tim c6 toa d6 1a (x ; y). Dé AABC vuéng cin tai B ta
phai c6 :

BA.BC =0
|4l =B

véi BA =(1;3)va BC (x—1;y-1).

Diéu d6 c6 nghia la :
Lx-D+3.(y-1)=0
{12+32=(x—1)2+(y—1)2

Hinh 2.13



2.13.

2.14.

2.15.

2.16.

2.17.

x=4-3y
(3-3y) +(y-1* =10
x=4-3y |
< 2
10y* 20y =0.

Giai h¢ phuong trinh trén ta tim duge toa do hai dlém C va C’ thoa min diéu
kién cua bai toén : .

=(@4;0)vaC’ =(=2;2) (h.2.13).

CAU HOI VA BAI TAP
Cho hai vecto a va b déu khdc vecto 0. Tich vé hudng a.b khi nao
duong, khi nao 4m va khi nao bang 0 ?

Ap dung tinh chat giao hoén va tinh chat phan phéi ciia tich v6 huéng hay
chiing minh céc két qua sau day :

oy RO -
(a+b) =lal +[8]" +2a5 ;
~ ey R OR -
@-b)* =la| +[6l 245 ;
Y S Ry
(a+b)(a—b)=|a| —|b| .
Tam gidc ABC vuéng can tai A va ¢6 AB=AC.=a. Tinh :
a) A_B.A_C. ; b) BA.BC ; c) AB.BC.
-Cho tam gidc ABC c6 AB=5cm,BC =7 cm, CA =8 cm.
a) Tinh AB.AC 16i suy ra gid tri cia goéc A ;
b) Tinh CA.CB.
Tam gidc ABC c6 AB=6cm, AC=8cm,BC=11cm.

a) Tinh AB.AC va ching t6 riang tam gidc ABC c6 géc A tu.
b) Trén canh AB lay dlem M sao cho AM =2 cm va goi N la trung diém
cua canh AC. Tinh AM.AN.
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2.18.

2.19.

2.20.

2.21.
2.22,

2.23.

2.24.

2.25.

2.26.

2.27.

2.28.

86

Cho tam gidc ABC céan (AB = AC). Goi H 1a trung diém cha canh BC, D 1a
hinh chi€u vuong géc ctua H trén canh AC, M 1a trung diém cha doan HD.
Chiing minh ring AM vuong géc véi BD.

bl =12 va |a+5| = 13. Tinh tich vo

huéng a.(a+b) va suy ra géc giira hai vecto a va a + b.

Cho hai vecto a va b ¢b |a| =5,

Cho tam gidc ABC. Goi H 1a truc tam cla tam gidc va M 1a trung diém cla

canh BC. Chitng minh ring MH.MA = % BC?.

Cho tam gidc déu ABC canh a. Tinh AB.AC va AB.BC.

Cho tit gidc ABCD c6 hai dudng chéo AC va BD vudng goc vSi nhau va cét
nhau tai M. Goi P 1a trung diém clia canh AD. Ching minh rdng MP vuéng

_— —_—

g6c véi BC khi va chi khi MA.MC = MB.MD.
Trong mat phang Oxy cho tam gidc ABC v6i A = (2 ;4), B=(-3; 1) va
C=(3;-1). Tinh:

a) Toa d6 diém D dé ut gidc ABCD 1a hinh binh hanh ;
b) Toa d6 chan A’ clia dudng cao vé tir dinh A.

Trong mat phang Oxy, cho tam gidc ABC v6i A = (-1 ; 1), B=(1;3) va
C =(1; -1). Chitng minh tam gidc ABC la tam gidc vubng can tai A.

Trong mat phang Oxy cho bon diém A(-1; 1), B(0; 2), C(3; 1) vaD(0 ; -2).
Chimg minh rang tif gidc ABCD la hinh thang can.
Trong mat phang Oxy cho ba diém A(-1 ; -1), B(3 ; 1) va C(6 ; 0).

a) Ching minh ba diém A, B, C khong thang hang.
b) Tinh géc B cua tam giac ABC.

Trong mat phang Oxy cho hai diém A(5 ; 4) va B(3 ; -2). Mot diém M di
dong trén truc hoanh Ox. Tim gid trj nhd nhat ctia [MA + MB.

Trong mat phing Oxy cho b6n diém AG3 ; 4), B4 ; 1), C(2; =3), D(~1 ; 6).
Chitng minh ring tit gidc ABCD noi ti€p dugc trong mot dudng tron.



§3. CAC HE THUC LUQONG TRONG TAM GIAC
VA GIAI TAM GIAC

CAC KIEN THUC CAN NHO
Cho tam gidc ABC ¢6 BC = a, CA = b, AB = ¢, dudng cao AH = ha va cac
duong trung tuyén AM = m_, BN =m,, CP=m_(h.2.14).

1. Dinh If cosin
a’ =b*+c® —2bccos A
b* =a® +c* —2accos B
¢ =a® +b* -2abcos C.

Hé qua :

2 2 2
+ -
COS A = b_Ca— :
2bc

Hinh 2.14

2
a +02—b2
cosB= ——— ;
‘ 2ac
at +b* =

cos C =
2ab

2. Pinh I sin
a b ¢

—— = ——=——=2R (Ra ban kinh dudng tron ngoai ti€p tam giic ABC).
sinA sinB sinC

3. Po dai duong trung tuyén cua tam gidc

2 _b2+c2 _i _ 2(b2+02)—a2 )
a 2 4 4 ’
2 a+ct b 2(a2 +02)—b2

2 4 4

2_d b & _Ad+b)-C

c 2 4 4
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4. Cdc cong thic tinh dién tich tam gidc
Dién tich S clia tam gidc ABC dugc tinh theo céc cong thifc :

Lo = Lon 2 Lon vai \ ,
o S§= Eaha = Ebhbr-= EChc véi ha, hb, hC lan hrot 12 cdc duong cao cua tam

giac ABC ;

o S=lab sinCzlbc sinA=l'ca sinB ;
2 2 2

_abc

o S= IR v6i R 1a ban kinh dudng tron ngoai ti€p tam gidc ABC ;

o S=prvoi p=%_(a+b+c)vérlébé.nk1’nhduc‘mgtr(‘)nn()itié’ptamgiécABC;

o S=p(p-a)p-b)p-c) véi p= % (a + b + ¢) (cong thic Hé-rong).

B. DANG TOAN CO BAN

@ Vin dé 1

Tinh mét 86 yéu t6 trong tam gide theo mét 86 yéu t6 cho trude (trong
do co it nhat la mét canh)

1. Phuong phdp

o Sir dung truc ti€p dinh 1i c6sin va dinh Ii sin.

e Chon cdc hé thiic luong thich hop d6i véi tam gidc dé tinh mot s6 yéu t6

trung gian c4n thiét dé viéc giai toan thuan loi hon.

2.Cdc vidu

[BEI[ Vi du 1. Cho tam giac ABC ¢6 b =7 cm, ¢ =5 cm va cosA:%.

a) Tinh a, sin A va dién tich S cla tam giac ABC.
b) Tinh dudng cao h_ xudt phat tir dinh A va ban kinh R cla dudng tron
ngoai ti€p tam giac ABC. |
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GIAI
a) Theo dinh I{ cosin ta c6 :

a2:b2+c2—2bccosA=72+52—2.7.5%=32 = a=42 (cm)
sin2A=1—coszA=1—i=E :>sinA=i(visinA>O).
25 25 5
S=lbcsmA-l75i—14(cm)
2 2775
2 2 2
b n o258 T2
a a 42 2

Theo dinh I sin: —+— =2R = R=—2 =4‘_/5=5‘/5 (cm).
sin A 2sin A 4 2

BE[" Vi du 2. Cho tam giac ABC biét A=60°, b=8cm, ¢ =5 cm.
Tinh duong cao h, va ban kinh R cla dudng tron ngoai ti€p tam giac ABC.
GIAI
Theo dinh 1i ¢6sin ta ¢6 : a* =b* +c% —2bccos A

=82 4+5%-2.8.5.cos60° = 49.
Vay a=7 (cm).

Theo cong thitc tinh dién tich tam giac S = 3 bcsinA,tacd:

J3

s=L85.5in60° =2 85> =103 (cmd).
2 2 2

_ 1 25 2043
Mait khac S.=5a.ha = ,ha ZFZT (cm).
abe bc 7.8.5 7\/_
thdtc S=——tacd R= .
Tir cong thic m 40\/— (cm)
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@r Vi du 3. Tam gidc ABCc6 AB=5cm,BC=7cm, CA=8cm.
a) Tinh AB.AC ; b) Tinh géc A.
GIAI

—2 = =y =2 =2

a) Tacé BC =(AC—-AB)" =AC +AB -2AC.AB.
vl ¥ et e el 1 2 o2 2

Do dé6 AC.AB=E AB +AC -BC ZE(S +8°=7") =20.
Viay  AC.AB=20.
b) Theo dinh nghia : AB.AC = |E||A_C"| cosA. Tacé:

AB.AC 20 1

COSA = ==,
|48l |ac| 58 2

Vay A =60°.

B vi du 4. Cho tam giac ABC bigt a =21 cm, b= 17 cm, ¢ = 10 cm.
é) Tinh dién tich S cla tam giac ABC va chiéu cao ha.
b) Tinh ban kinh dudng tron ndi tiép r cha tam giac.
c) Tinh d6 dai duong trung tuyén m_ phat xuét tir dinh A cla tam giéc.

GIAI

a) Taco g%m =24 (cm).

Theo cong thirc He-rong ta c6

§=24(24-21)(24—17)(24—10) =84 (cm?).

Dods h =2-28%_¢ cm).
7 q 21

b)Tac6S=pr= r=£=8—4=3,5 {cm).
p 24 ‘
¢) b6 dai dudng trung tuyén m_ dugc tinh theo cong thitc :
Bl &
a 2 4
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2 2 2
Dods m?o LT +10° 217 337 o, .0
a 2 4 4

=4/84,25 = 9,18 (cm).

BEl" Vi du 5. Cho tam giac ABC bist a=+6 cm, b=2 cm, ¢ =(1++3) cm. Tinh
cac goéc A, B, chiéu cao h, va ban kinh dudng tron ngoai ti€p R cla tam

giac ABC.
GIAl
2,2 2
Theo dinh 1i c6sin ta ¢6 : cosA=b rc —d 4+(1+\/_) _l.
2bc 4(1+3) 2

“Vay A = 60°.
2

ctva® -b? (1+\/_) +6-4 \/—

Tuong tu, cos B = =

2ac 2J6.1+3) 2

Vay B =45°.

(1+J_)f

h
Tacéd smB——:>h =c.sinB= (1+\/_) sin45° = m).
c

. ' 2
Ap dung dinh li sin : ,b =2R=>R= b =—2=\/-2-(cm).

E Van dé 2

Chiing minh cac hé& thic v& mbi quan hé giita cac yeu t6 cla mét tam giac

1. Phuong phdp

Dung céc hé thic co ban d€ bién doi v€ nay thanh v€ kia hoac chimg minh
c4 hai v& cling bang mot biéu thitc nao d6, hodc ching minh hé thic cin
chimg minh tuong duong véi mot hé thic da bi€t la ding. Khi chimg minh
c4n khai thac cac gi thi€t va két luan dé tim dugc cdc hé thiic thich hop lam
trung gian cho qud trinh bién d6i.
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2. Cdcvidu

[BE" Vi du 1. Cho tam giac ABC c6 G 1a
trong tam. Goi a = BC, b = CA,
¢ = AB. Chimg minh réng :

GA? + GB? + GC? =%(a2 +b%+c2).

Hinh 2.16

GIAI

Theo tinh chdt cua trong tam ta ¢6 GA = % AM = GA® = %AM2 (h.2.15).

Ap dung cong thitc tinh trung tuyén ctia mot tam gidc ta c6 :

2 2
am? =L ag? 4 act - B =l[02+b2—a—]
2 2 | 2 2

2 2
eTCI Yy R D C S B S S
9 92 2] 9 2

2
Tuong tu, GB* = %[az +ct- b?]

Do d6 GA® + GB? + GC? 9[ (@ +b +c )}——(a2+b2+cz).

B’ vi du 2. Tam giac ABC c6 BC = a, CA = b, AB = ¢. Ching minh réing :

a=>bcosC + ¢ cosB.

GIAI
Theo dinh If cosin ta ¢6 b = a + c - 2ac cosB.
a® +c* - b?

=>ccosB=—— (D
2a .
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2 ,,2 2
. b -
Talai c6 ¢ = a* + b ~2abcosC = b cos C = a+2—c (2)
a

2

~ VRS 2
Cong timg vé& cha (1) va (2) ta cé : b cosC + ¢ cosB = 2i=a.
a

@‘ Vi du 3. Tam giac ABC c¢6 BC = a, CA = b, AB = ¢ va dudng trung tuyén
AM = ¢ = AB. Chimg minh rang : -

a) a° = 2(b? _Cz) ;

b) sin® A = 2(sin? B — sin? C).

GIAI
(Xem h.2.16)
a) Theo dinh Ii vé trung tuyén clia tam gidc ta c6 : : A
2 2
b+ =L 1 2am? ="7+2c2

= a* =20% - ch).

b) Theo dinh Ii sin ta ¢6 :
a b ¢ Hinh 2.16
sinA sinB sinC
2 2 2 L2 2
- a b« b ~c )

sinA sin’B sin®C  sin’B—sin®C
Thay at = 2(b2 —cz) vao (*)tacd:

2% -c?) b2 —c? 2 1
2 -T2 2 . 2.2 2
sin” A sin“ B—sin“ C sin“A  sin“ B—sin“ C

— sin’ A =2(sin® B—sin’ C).
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@f Vi du 4. Tam giac ABC vuéng tai A c6 cac canh goc vudng la b va c. Lay
mot diém M trén canh BC va cho BAM = . Chimng minh réng :

_ bc
bcosa + csina

GIAI c
Sasc = Smas T Suac

1 1 . 1 ) o
o —bc=—AM.csina+ — AM.b.sin (90° —a) b M

2 2 2
hay bc =AM (c sina + b cosa) (h.2.17).

bc- a
Vay AM = . '
Y bcosa +csina A ¢ B

Hinh 2.17

@ Van dé 7

Gidi tam giéc

1. Phuong phap

Mot tam gidc thudng dugc xac dinh khi bi€t ba yéu t6. Trong cdc bai todn
giai tam giac, nguoi ta thudng cho tam gidc v6i ba yéu t6 nhu sau :

— Biét mot canh va hai géc ké canh d6 (g, ¢, g) ;

— Biét mot gdc va hai canh ké géc dé (c, g, ¢) ;

— Biét ba canh (c, c, ¢).

Pé tim cac yéu t6 con lai clia tam gidc nguoi ta thudng st dung cac dinh 1f

cosin, dinh If sin, dinh i t6ng ba géc clia mét tam gidc bang 180° va dac
biét c6 thé sir dung cac hé thitc lwong trong tam gidc vudng.
2. Cdc vidu

B[ Vi du 1. Giai tam giac ABC biét b= 14, ¢ = 10, A=145°.
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GIAI
Tacé a2 =p2 4.2 _ 442 2 o
aco a =b"+c“-2bccosA=14"+10°-2.14.10.cos 145
=196 + 100 — 280.(—- 0,8191) = 525,35.

Viy a = 23.

b ] . ) . 0 .
4 _ b L gnpobsind_14sinldS 0013 = B=20026"
sinA sinB a

C =180° — (A + B) ~ 180° — (145° +20°26') =14°34" |

EEl" vi du 2. Giai tam giac ABC biéta=4,b=5,c=17.

GIAI
2 2 2 2 2 2
cosA=2 T =a STHT —4 S8 ers6 = A =343
" 2be 257 70
2 2 2 2 2 2
cosB= ¥ O A HT -5 _40_ 01408 — B~44°25".
2ac 2.4.7 56

C=180°—(A+ B) = 180° —(34°3'+ 44°25") = 101°32".

C. CAUHOIVABAITAP

2.29. Tam gidc ABC c6 canha = 2+/3,b=2va C =30°.
a) Tinh canh ¢, géc A va dién tich S cia tam gidc ABC ;
b) Tinh chiéu cao A, va duong trung tuyén m, cua tam gidc ABC.

2.30. Tinh gdc 16n nhit cha tam gidc ABC biét a = 3, b = 4, ¢ = 6. Tinh dudng
cao Ung vdi canh 16n nhat cla tam gic.

231, Tam gidc ABC ¢6 a=2-/3,b=242, c=6 -2 . Tinh cc géc A, B va
cac do dai hy, R, r chia tam gidc dé.

2.32. Tam gidc ABC ¢6 a= 4\/7 cm, b =6 cm, ¢ = 8 cm. Tinh dién tich S, dudng
cao h, vabankinh R cua dudng tron ngoai tiép tam gidc do.
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2.33.

2.34.

2.35.

2.36.

2.37.

2.38.

2.39.

2.40.
2.41.

2.42.

96

Goi my,, my,, m. la cic trung tuyén l4n lugt (ng véi céc canh a, b, ¢ cla
tam giac ABC.
a) Tinh m, , biét ring a =26, b= 18, ¢ = 16.

b) Chiing minh ring : 4(m§ i +m ) =3(a" + % 4¢P,

Tam gidc ABC ¢6 b + ¢ = 2a. Chimg minh rang :
1 1

2
a)2sinA=sinB+sinC; b) —=—+—.
. h, h, h

Chimg minh rang trong tam gidc ABC ta c6 céc hé thuc :
a)sinA=sinBcosC +sinCcosB;

b) h, =2R sin Bsin C.

Tam gidc ABC c¢6 bc = a*. Chimg minh ring :

a) sin® A = sin B.sinC;

b) hy.h. = k2.

Chimg minh rang dién tich hinh binh hanh bang tich hai canh lién tiép véi
sin ciia goc xen gitta chiing.

Cho hinh tit giéc'l(’ii ABCD c6 dudng chéo AC = x, dudng chéo BD =y va
géc tao bdi AC va BD 1a a. Goi S 1a dién tich cua tit gidc ABCD.

a) Chimg minh rang S =% xy.sina ;
b) Neéu két qua trong trudng hop AC vuodng géc véi BD.

Cho t& giac 16i ABCD. Dung hinh binh hanh ABDC’. Chimg minh rang t&
gidc ABCD va tam gidc ACC’ ¢6 dién tich bang nhau.

Cho tam gidc ABC biét ¢ = 35cm, A =40°, C =120°. Tinh a, b, B.
Cho tam giac ABC biét a = 7cm, b = 23cm, C =130°. Tinh c, Z B.

Cho tam gidc ABC biét a = 14 cm, b = 18 cm, ¢ = 20 cm. Tinh 4, B, C.



2.43.

2.44.

2.45.

2.46.

247.

Gia sir chiing ta cdn do chiéu cao CD cua
mot cai thap véi C 1a chan thap, D 1a dinh
thdp. Vi khong thé dén chan thap dugc nén
tir hai diém A, B c6 khoang cich AB=30m
sa0 cho ba diém A, B, C thing hang

ngudi ta do dugc cic géc CAD=43°,

(o]

43° 67

CBD =67° (h.2.18). Hay tinh chiéu cao CD A 30m B c
cua thap. Hinh 2.18

Khoang céch tir A dén C khong thé do truc tiép vi phai qua mot dam lay nén
ngudi ta 1am nhu sau : Xac dinh mét diém B c6 khoadng cich AB = 12 m
va do duoc géc ACB=37° (h.2.19). Hay tinh khoéng céch AC biét rang
BC =5m. ‘

.Hinh 2.19

CAU HOI VA BAI TAP ON TAP CHUONG I

Cho tam gidc ABC thoa man diéu kién |E+A_C.' = }_A-E—\—CI Vay tam
gidc ABC la tam gidc gi ? '
Ba diém A, B, C phan biét tao nén vecto AB+AC vuong goc voi vectd
AB + CA. Vay tam gidc ABC 1a tam gidc gi ?

Tinh c4c canh con lai cla tam gidc ABC trong moi trudng hop sau :
aa=7, b=10, C=5629";

bya=2, c¢=3, B=123°17;

Ob=04. c=12, A=23°28
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2.48.

2.49.

2.50.

2.51.

2.52.
2.53.

2.54.

2.55.

. 2.56._

2.57.

98

Tam gidc ABC ¢6 B=60°, C =45°, BC = . Tinh 9 dai hai canh AB va AC.

Tam gisc ABC c6 A =60°, b=120, c = 35,

a) Tinh chiéu cao & ; .

b) Tinh ban kinh dudng tron ngoai ti€p tam giéc ;
¢) Tinh bin kinh dudng tron ndi ti€p tam giic.

Cho tam gidc ABC c6 BC =a,CA=b,AB= cGuungmmhrang
b ~ ¢ = a(b cosC ~ ¢ cosB).

Tam gidc ABC c6 BC = 12, CA = 13, trung tuyén AM = 8.
a) Tinh dién tich tam gidc ABC ;
b) Tinh géc B.

Gidi tam giéc ABC bi€t: a = 14; b =18 ; ¢ =20.
Giai tam gidc ABC biét: A=60" ; B=40° ; c = 14,

Cho tam giéc ABC c6a=49,4; b=26,4; C =47°20". Tinh A, B vacanhc.

CAU HOI TRAC NGHIEM

TamgiécABCcéAB=2cm,AC=lcm,;1=60°. Khi d6 d6 dai canh BC 1a:
(A)lcm; : . (B)2cm ;

(C)\/gcm; D) J5cm.
TamglacABCcoa—Scm b-—3cm,c—5¢m Khi d6 s6 do cla géc
BAC 1a:

(A) A=45°; (B) A=30";

(©) A>60° ; (D) A =90°.

Tam gidc ABC c6 AB = 8 cm, BC = 10 cm, CA = 6 cm. Dudng trung tuyén
AM cia tam gidc d6 c6 do dai bang:

(A)4cm; (B)5cm;

(C)6.cm; (D) 7-cm.
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2.58. Tam gifc ABC vuéng tai A c6 AB = 6 cm, BC = 10 cm. Dudng tron noi tiép

tam gidc d6 c6 ban kinh r bang :
(A)lem; | (B) V2 cm;
(©2cm; | (D) 3 cm.

2.59. Tam gibc ABC c6 a=+3 cm, b=+2 cm; c = 1 cm. Duong trung tuyén
m_ c6dodaila: ' ' .

(A)lcm; (B)1,5cm;
(C) —? cm; (D)2,5cm.
2.60. Tam gidc déu noi ti€p dudng tron ban kinh R =4 cm c6 dién tich 1a :
(A) 13 cmz; (B) 13\/5 cmz;
(@) 1243 cm2; (D) 15 cm?,

2.61. Tam gidc ABC vubng va cin tai A c6 AB=a.
Pudng trdn noi ti€p tam gidc ABC c6 ban kinh r bing :

a a
A) = B) —;
()2 ()6

a

2+s/5

2.62. Tam gidc ABC c6 céc canh a, b, c thoa min diéu kién :
(@a+b+c)a+b-c)=3ab.

©

a
; D) —.
()3

Khi d6 s6 do ctia géc C la :
(A) 120°; (B) 30°;
(C) 45°%; (D) 60°.

2.63. Hinh binh hanh ABCD c6 AB =a, BC = a2 va BAD =45°
Khi d6 hinh binh hanh c¢6 dién tich b?mg :
- (A) 24%; ®) a*V2;
©) a*; (D) a*V.
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2.64.

2.65.

2.66.

2.67.

2.68.

2.69.

Tam gidc ABC vudng cin tai A ¢6 AB = AC = q. Pudng trung tuyén BM c6
dodaila:

(A) 1v5 a,; (B) a\/—'
©) a3 ; (D) i

Tam giac déu canh a néi ti€p trong dudng tron ban kmh R.’Khi d6 ban kinh
R bang :

B f
2
(©) i (D) a_\/:

Ban kinh ctia dudng tron noi ti€p tam gidc déu canh a bang :

(A) % ® “J—
(C) i . (D) i

Cho tam gidc ABC c6 canh BC = a, canh CA = b. Tam giac ABC c6 dién
tich 16n nhat khi géc C bang :

(A) 60°; | (B) 90°;

(C) 150°%; (D) 120°.

Cho tam giac ABC c6 dién tich S. Néu tang do dai méi canh BC va AC 1én

hai 1an déng thoi gilt nguyén do 1dn cta géc C thi dién tich cha tam gidc
méi duge tao nén 1a :

(A)2S; (B) 3S;
(€ 4S; (D) 58.

Cho géc xOy = 30°. Goi A va B I hai diém di dong 14n luot trén Ox va Oy
sao cho AB = 2. Do dai 16n nhét ctia doan OB béng :

(A)2; B)3;

©4; D) 5.



2.70. Cho hai diém A(0; 1) va B(3 ; 0). Khoang céch giifa hai diém A va B la :

2.71.

2.1.

2.2.

(A)3; (B) 4 ;

(©) V5 ; (D) V10

Trong mat phing Oxy cho ba diém A(-1 ; 1), B(2 ; 4), C(6 ; 0). Khi d6 tam
gidc ABC 1a tam giéc :

(A) C6 ba géc nhon ;

(B) C6 mot goc vuOng";
(C) C6 mot goc tu
(D) Deéu.

HUONG DAN GIAI VA DAP 80

§1. GIA TRI LUGNG GIAC CUA MOT GOC
BAT Ki TU 0° PEN 180°

a) sina va cosa ciing ddu khi: 0° <a <90°
b) sina va cosa khéc déu khi : 90° < a <180°
¢) sina va tana cing ddu khi : 0° <a <90°

d) sina va tana khac ddu khi : 90° < a <180°.

NE) 1

a) sin120° = cos120° == tan120° = —/3 ; cot120° = -

V3

b) sin150° =

N

SNI'—
[ o)

¢) sin135° =

~|

1
Nk
; cos150° === tan150°'=—? s cot150° = /3.

; cos135° = -5 tan135° = -1 ; cot135° = —1.
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1,,¥2 B 32-3
23, @) 2 +3.° =l TN
| 2 72 2 2
by 23,3 M2 1 _2B+32-1
2 T2 2 2

24. a) 4a2.%+2ab.1+%b2%=a2 +2ab+b? =(a+b)? ;

b) (a.1 +b.1) (@.1 + b.(-1)) = (a + b) (a — b) = a* — b*.

25. a)A<B; b) C =D.
15
2.6. cosa=—j‘/i-—§ ; tan :—%

28. sina=2Y% . cosa:%.

29. A=7-4V2.

2.10. B=

2.11. a)(sin x + cos )c)2 = sin’*x + cos’x + 2sin x cos x

=1 + 2sin x cos x.
. 2_ .2 2 .
b) (sin x — cos x)° = sin“x + cos“x — 2sin x cos x
=1 — 2sin x cos x.

¢) sin*x + cos*x = (s'1n2)c)2 + (cosz)c)2 + 2sin®x cos®x — 2sin’x cos’x

. . 2
= (smzx + coszx)2 — 2sin’x cos>x -

=1 - 2sin’x cészx.
212, a)A= (sina+cosa)2 +(sina —cosa)2
=1+2sinacosa+1-2sinacosa
=2,
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2.13.

2.14.

2.15.

2.16.

"Dodé  AB.AC=

b)B=sin4a—cos4a—2sin2a+1
: . . .2
: =(sm2a+cos2a_)(sm2a—cosza)—2sm a+l

- = I[sin® @ ~ (1-sin® @)]-2sin* @ +1 = 0.

§2. TICH VO HUGNG CUA HAI VECTO

Tacé ab=lal.[blcos(a,b).
Dodé a.b > 0khicos (a,5)> 0 nghia 1 0 < (a,b) < 90°
a.b <0 khi cos (a,b) < 0 nghia 12 90° < (a,b) < 180°
a.b =0 khi cos (a,b) = 0 nghia 12 (2,6)=90%
(21. + 5)2 = (c-; + B).(c-; + B) = c-;.c-; + ::.B + B.; + BB
-2 =2 -
= o]+l +22.5
Céc tinh chat con lai duge chiing minh twong t.
. c

a) AB.AC =0 (h.2.20).
b) EA'B_C. = g.a2.cos45° = a°.
¢) AB.BC = a.a\2.cos135° = —a°.

_ oy _
a) Tacoé BC>=BC =(AC-AB)* . A

Hinh 2.20

= AC +AB -2AC.AB

—2 —2 —=2
—— AC +AB —-BC 8 +5°-7"
2
Mt khic AB.AC = AB.AC.cos A = 5.8.cos A = 20,
1

S, ~
suy ra cosA=—9=—:> A =60°
40 2

20.
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2.17.

2.18.

104

—2 — — —2 —2  ——
b) Tacé BA2=BA =(CA-CB)’ =CA +CB -2CACB.
—— 1
Do d6 CA.CB=§(CA2+CBZ—BA2)=%(82+72—52)=44_

a) E.E=%(AC2+ABZ—BC2)=%( _11 )__%

= AB.AC.cosA = —% = goc A .

21 7 Hinh 2.21
2

Ta cén ching minh AM.BD =0 (h.2.22).
Tacé 2AM = AH+ AD vi M 1a trung diém ciia doan HD.
BD =BH + HD

—_— —  —

Do d6 2AM.BD = (AH + AD).(BH + HD)

_— _— _— _—

= AH.BH + AH.HD + AD.BH + AD.HD

——— ———

=0 =0 A

= 2AM.BD = AH.HD + AD.BH

_— —_—

= AHHD+(AH+HD) BH

= AH.HD + AH.BH + HD.BH
_=VO_.I

= HD.(AH + BH) = HD.AC =0.
AC ‘ B H c
Vay AM vubng goc voi BD. ‘ Hinh 2.22




2.19. Dung tam gidc ABC c6 AB = 5, BC = 12 va AC = 13.
Bl=12. |2+ =13 (h2.23)
va AB=a.BC=b, AC=a+b.

Ta co |;| =

Khi d6 a.(a+b)=AB.AC. 5/2 B
IS

Mat khac ta cé : a+

AB.AC = %(ACZ +AB® —BC%)

Hinh 2.23

- %(13%52—122):25.

Ta suy ra cos(E.A_C.) = iBAﬁ. = 25 ~ 0,3846.

|48l.[ac|
Suy ra (A_‘B,A_C.) ~ 67°23'.

e

220. Tacé AM= —;-(TB +AC) (h.2.24)

—_—

M=1(H_B'+H_C‘)

B M

= AM.EM _%<AB+AC) (HB+HC) Hinh 2.24

- L ABHB+ ABHC + ACHB+ AC.HO)
4 =0 =0

e — —_—

= —(AB HB + AC.HC)
1 —_— — —
4[AB (HC+CB)+ AC. (HB+BC):|

% AB.HC + AB.CB + AC.HE + AC.BC
0 0

(AB.CB+AC.BC)=

=% AB.CB+ AC.BC) =

(AB.CB-AC.CB)

% AB.CB-AC.CB
=== —— 1 —==2

—_— —2
- -CB(AB-AC) = CB =%Bc .
CB
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2.21.

2.22.

2.23.

=
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AB.AC = a.a.cos60° = %az

AB.BC = a.a.cos120° = —%az (h.2.25).

Hinh 2.25
Ta cé
2MP.BC =(MA+ MD).(MC — MB)
- MAMC -MAMB+MDMC-MDMB &
0 0
= MA.MC - MD.MB
—_— —_— —_—e — A sl C
Do d6 MP L BC < MP.BC =0 M
& MAMC=MDMB (h.226). p
D
Hinh 2.26
a) Vi ABCD la hinh binh hanh nén ta c6 -
BD = BA+BC trong dé
. - A D
BA =(5;3)
BC =(6;-2)
= BD =(11:1) (h.2.27). !
Gia st D c6 toa do (x,, ; y,.). B A c

Vi BD =(11;1)vaB(~3; 1) nénta cé : Hinh 2.27

x'+3=11 x,. =8

o

yp—1=1 Yp=2.
Chii y : Ta c6 thé dya vao biéu thic vecto AD = BC hosic CD = BA dé tinh
toa do diém D.



b) Goi A’(x ; y) 12 chan dudng cao v& tir A ta c6
{Eu?c’mﬂ:ﬁ:o
ﬁ.’cﬁng phuong véi B—C.
V6i AA'=(x-2;y—4), BC=(6;-2), BA'=(x+3; y- .
Do d6 :
{(x—Z).6+(y—4).(—2)=0<:>A*A.'J_B—C"
|=2(x+3)-6(y—1)=0<> BA" cing phuong véi BC

X, =

6x—12-2y+8=0 6x-2y-4=0 |*a 73
<~ <~
~2x—6-6y+6=0

2x-6y=0 - 1
Y y
224. Tacé AB=(2:;2), AC=(2:-2). Dodé:
AB.AC =22+2(<2)=0 = AB L AC.
Mat khédc |TB| =|A_C"|=_\/4+4 =22. Vay tam gidc ABC vuong cén tai A.

2.25. Tacé AB=(1;1), DC=(3;3). Vay DC =34B, ta suy ra DC /| AB va
DC = 3AB.

Mat khac [4D| = V12 +32 va [BC|=v32 + 12
nén ABCD la hinh thang can c6 hai canh bén AD va BC béng nhau, con hai
day la AB va CD trong d6 ddy 16n CD dai gdp 3 14n ddy nho AB.

2.26. a)Tacé AB=(4;2), AC=(7;1).

Vi % # % nén ba di€m A, B, C khong thang hang.

b)TacécosB—cos(BA BC)-|BA| |B_C1 éia%(—4;—2),B—C:=_(3;—1).

(-43)+(=2)0-) _ -10 2
6 cos B = SLE
Do d6 cos J16+4~09+1 200 2

Vay B = 135°
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2.27.

2.28.

108

Goi I 1a trung diém cta doan AB, ta 7

c61(4; 1) (h.2.28). Al
Vi MA+MB =2MI nén

|[MA + MB| = 2/l nho nhit khi gia
tri cua doan /M nho nhét. Diém M . o
chay trén truc Ox nén c6 toa do o 3:/ 4 5

dang M(x ; 0). Do d6 : L | :

, B(3 ; -2)
2
M| = J(x -4 +121. | -

D4u “=" xay ra khi x = 4.

Vay gi tri nho nhdt cta |[MA + MB
12 2 khi M c6 toa do 1a M(4 ; 0).

Muén ching minh tf gidc ABCD noi ti€p duge trong mot duong tron, ta
chimg minh tf giéc nay c6 hai géc d6i bu nhau. Khi d6 hai gbc nay cb
cosin d6i nhau.
Theo gia thiét ta c6 :

AB =(1;-3); AD =(4:2); CB =(2;4); CD =(-3;9).

Dod_() cos(ﬁ,ﬁ)_ ABAD 1.(-4)+(=3).2 =100 1

“TaBllapl  Vizoi6+a 200 2

— —  CB.CD 2.(-3)+4.9 30 1
CB,CD) = — = = = —.
cos{ ) [CEICDl ~ Ja+1649+81 Y1800 2

Vi COS(E,E) = —cos(CTB.,C_ﬁ) nén hai géc nay bl nhau. Vay tr gidc
ABCD noi tiép dugce trong mot dudng tron. '



§3. CAC HE THUC LUGNG TRONG TAM GIAC
VA GIAI TAM GIAC

2.29. a) Theo dinh I{ cosin ta c6 :

NE

2 =at+b = 2abcosC=12+4-2. 2\3.2. > 4.

Vay ¢ =2 va tam gidc ABC cantaiAc6b=c=2.
Tacé C =30°, vay B=30° va A =180°—(30° +30°)=120°.

1 ) 1 1
SABC :EacsmB:EQ\/g.Z.E—\@.

b) & =§ &=1.V‘1tamgiécABCcantaiAnénha=ma=l.

“"a 23
2.30. Tacé ¢ = 6 lacanh I6n nhat cia tam giac. Do dé C la gbc 16n nhat.
2,,2 2 2 .2 2 R
arb - 3446 U o,
2ab 2.34 24

Muén tinh dudng cao ung véi canh 16n nhat ta diung cong thitc Hé-rong dé
tinh dién tich tam gidc va tir dé suy ra dudng cao tuong ung.

cosC =

. | : 13
S=\p(p=a)p=b)(p=c) Vi p=_(3+4+6)=—

-

25 \J455 /455

Taco h === -
a0 A= 06 T 12
231 Ta o6 cosA ot —a® 8+6+2-212-12 4-43
31. TacdcosA = = _
2bc 426 -2)  8J3-8
_40-V3) 1
8\3-1) 2’
Vay A=120°.
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F+d?-p* 6+2-212+12-8 12-212

cosB = = =
2.ca 2(J6-V2)243  4V18-446
4
G- J—) —L:.‘/_E VAyB 45°.
T a26-B) 2
h =§=acsmB=CSmB =(J6——\/5)£=J§—
¢ a a 2
——=2R=>R= b =—2‘[2_ =2.
sin B 2sin B 2J§
2
1 0 B
s s acsin B
S=pror=—= =
D 5(a+b+c) a+b+c

243(V6 - \/—)‘/—_ BB
2\/§+2\[2—+\/— «/— \/—+\/§+1.

2 2 2
232 Tacé cosA=b +c" —a =36+64—112__-___1_
_ 2bc 2.6.8 8
= SInA = \ll—coszA="l—i=ﬂ'
' 64 8
S= %bc sin A = %.6.8.ﬂ =97 (cm?).
h E‘S——£=2—45(cm)
47 2

_abc _ 4768 16(m)
45 49V7

b +c® a 18°+16% -26°
2 4 2 4
324+256 676 _ 484 2 _
= - = >m =—
2 4 4 e 2

2.33. a) mj =
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2.34.

2.35.

2=b2+02__c_1i ,

¢ 2 4 [4m? =26 +c*)-a?

2. 2 ;2
b 2 2 2. ;2
b) {m?=2 LI AEPIN 4m’ =2(a“ +c°)-b
’ 2 4 l; (2 2) 2
mz__a2+b2 2 4’”c=2(a +b")-c”.

¢ 2 . 4

2

Tasuyra: 4(m3+mb +mc2)=3(a2 +b% +c?).

a b ¢
sinA sinB sinC
_ b+c _ 2a
sinA sinB+sinC sinB+sinC

a) Theo dinh I sin ta c6 :

Tasuyra:

= 2sinA =sin B+ sin C.

b) D6i v6i tam gidc ABC ta 6 : S = ~absinC =+ h,.c = 92
2 2 4R
Tasuyra h =22, Tuong trtacé by =25 h =25 Do ds :
y . C. 2R g 0 b 2R’ a_2R'- .
L+i=2R[_1_+L]=2Rb+C mib+c=2a
hy, h. ac ab abc
1 ‘1 2R2a 2R2 2
nén —_—t—_———= pe——
h, h. abc bc h,
ha hb hc
) . , b c *
a) Theo dinh 1i sin ta ¢6 =2R.

sinA sinB _sinC

Dodé:a=2RsinA, b=2RsinB, ¢=2RsinC.

Thay céc gid tri nay vao biéu thic a=bcos C +ccos Btacd:

2R sin A = 2R sin B cos C + 2R sin C cos B.

— sin A =sin Bcos C + sin C cos B.
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_2abc _abc
4R 2R

b) Tacd A =2S» ma 2S5
a q

Vay h =§=b—c haybc=2R.}z,mé b=2RsinBvac=2Rsin(Cnén:
@ a 2R a

2Rsin B.2R sin C =2R.h,; = h, =2R sin B sin C.
2.36. a) Theo gia thiét ta c6 a* = bc.
Thay a=2RsinA, b ="2R sin.B, ¢ =2R sin C vao hé thuc trénta c6 :
4R*sin*A = 2R sin B.2R sin C
= sin® A =sin B .sin C.
b) Tacé 2S=ah, =bhy, =ch,.
Dodé: a’h =b.c.hy.h,.

Theo gia thiét : a® =bc nénta suy ra hg =hy.h,.

2.37. Xét hinh binh hanh ABCD c6 AB = a, AD = b. BAD =« va BH la dudng
cao, tac6 BH | AD tai H. (h.2.29).

B C
' ‘\\

AN

t ~

a ' S
a ]l"l \‘\
A H b D
Hinh 2.29

Goi S la dién tich hinh binh hanh ABCD, ta ¢6 S = AD. BH vé1 BH = AB sina.
Vay S=ADABsina=a.bsina.

Néu BAD = thi ABC =180° — .
Khi d6 ta vin c6 sin BAD =sin ABC.
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2.38.

2.39.

Nhdén xét : Dién tich hinh binh hanh ABCD gép d6i dién tich tam gidc ABD

ma tam giac ABD c¢6 dién tich la 5 ab sina. Do d6 ta suy ra dién tich cua

hinh binh hanh bang ab sina.
a) Ta co SABCD = SABD +SCBD.

V& AH va CK vuong géc véi BD. (h.2.30).
Goi I 12 giao diém cua hai dudng chéo

ACvaBD.Tacé: AH =Al sina

CK =CI sinx
1 1
SABCD =5AH.BD+5CK.BD
= —;— BD (AH + CK)
) 1 Hinh 2.30
= 5 BD.(Al + IC) sina = EBD. AC sina.
1 .
S \BcD =5 x.y sinQ.

b) Néu AC L BD thi sina = 1, khi d6 .SABCD =% xy. Nhu vay néu tit giac

16i ABCD ¢6 hai duong chéo AC va BD vubng gbc v6i nhau thi dién tich
cua tif gidc d6 bang moét nira tich d6 dai cta hai duong chéo.

Goi a la gbéc gilta hai duong
chéo AC va BD cua ti giac
ABCD (h.2.31).

Ta ¢6. CAC'=a viAC'// BD.
Theo két qua bai 2.38 tacé :

1 .
SABCD=5AC.BD sina.

1 , .
Mat khéc S, :5 AC.AC  sina,

ma AC’ =BD nén_SABCD =SACC,. )

Hinh 2.31
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2.40. Tacé B=180°—(A+C)=180° —(40° +120°) = 20°.

Theo dinh li sin ta c6 :

a ¢ _csinA_ 35.5in40°

=26
sinA sinC sinC sin120° (cm)

b c csinB. 35.sin20°
=b= =

=14 (cm).

sinB_sinC sinC ~ sin120°

2.41. Theo dinh i cosinta cé :

2 =a* +b% —2abcosC =7% +23% -2.7.23.cos130° = 785
= ¢ =28 (cm). Theo dinh li sin ta ¢ :
a c ) asinC  7.sin130°
= =>SsSinA= =
sinA sinC c 28
Vay A=11°2".

B=180° —(A+C)=~180° —(11°2'+130°) = 38°58".

=0,1915,

2.42. Theo dinh li cOsinta co :

b+t -a® 182420714 528

COSA = = =(,7333,
2bc 2.18.20 720
Vay A =42°50".
2,2 42 2 02 _1g2
cosp L@t 1474200 18" 072 o o

2ac 2.14.20 560
Vay B =~60°56".
C =180° —(A + B) ~ 180° — (42°50'+ 60°56") = 76°14".

2.43. Muo6n tinh chiéu cao CD cia thap, trudc hét ta hdy tinh géc ADB .
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ADB =67° —43° =24°,
Theo dinh If sin d6i véi tam gidc ABD tacé :
BD AB 30.sin43°

= = BD = —_— 50,30 (m).
sin43°  sin24° sin 24

8-BT»H10-8



Trong tam gidc vuéng BCD ta c6 :

sin67° = % — CD = BD .sin67° ~ 50,30.5in67°

hay CD = 46,30 (m).

2.44. Theo dinh Ii sin d6i véi tam gidc ABC tacé :
BC AB 5 12
sinA  sinC sinA  in37°

. o
— sinA= 55‘1#237 ~0,2508

= A~14°31".
B ~180° - (37° +14°31") = 128°29".
AC _ 12 AC=12.sinBz12.sinl28°29'
sinB sinC sinC sin37°
‘Vay khoang ciach AC =~ 15,61 (m).

~15,61 (m).

CAU HOI VA BAI TAP ON TAP CHUONG Ii

2.45. Goi M 1a trung diém cta canh BC ta c6 A
AB+AC = 2AM = AD.
Mat khac AB— AC = CB. Theo gia thi€t ta c6 :

|2m| = |CTB.| = |1—‘1_.D| hay AM = §2£ - B M‘\ ) C

Ta suy ra ABC 1a tam gidc vuong tai A (h.2.32). N
2.46. Theo gia thi€tta co: D
- = - Hinh 2.32

(aB+AaC). (aB+CA) =0

o (aB+AC).(4B-AC) =0 & 4B —AC =0.
Ta suy ra ABC 1a tam gidc c6 AB = AC (tam gidc cén tai A).
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2.47. a)c*=a* +b* —2ab cos C = 49 + 100 = 140 cos 56°29"
= = 71,7 hay c =~ 8,47 ; |
b)b=~443;
c)a=11,63.

248. Taco A=180°—(60°+45°)=75°,
Pat  AC =b, AB = c. Theo dinh Ii sin :

b B a _ c T )
: it el 5 - lasuyra:
sin 60 sin75 sin45
AC=b= a3 a3 0.8974,
2sin75° 1,93
AB=c= a2 _aV2 _ 0.732a.

 2sin75° 1,93
2.49. Tacéa® =b*+c*—2bccos A =35%+20° - 35.20 = 925.

Vay a = 30,41.
besi
a) Tir cong thic S = lah tacéha=§= csinA
2 ¢ a a
20.35.£
= h,= ———2 =19,94,
30,41
b) Tir cong thic —— = 2Rtacé R= % =24 _ 1756
sin A \/5 \/5
c)Tircéngthl’rcSzprvé*ip=%(a+b+c)tacé:
r = 25 _ bcsinA ~7.10.

at+b+c  a+b+c

2.50. Tacé b*=a’+c* - 2ac cos B
=a*+b*—2abcos C

b= =c?— b+ 2a(b cos C — ¢ cos B)
2(b2 - = 2a(bcos C —ccos B)

hay b?—c? = a(b cos C — c cos B).

U

U
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2.51. Theo cong thitc He-rong ta c6 : B

e BEETE)
—i(h233) A 13 c
Hinh 2.33
Sapc =2Samc g
P +c? a°

Mit khéc ta c6 AM? =

2
—% hay 2aMP=pP+ P2
2 4 | 2
2

Do dé ABZ=c2=2AM2—b2+% =2.64— 169 + 72 = 31

= c¢=431.
@ +c—b* 144+31-169 ~
cosB= = =~ (0,045 > B = 87°25.
2ac 24\/511
2.52. Tam gidc ABC cé ba canh 1a BC = 14, CA = 18, AB = 20, ta cin tim cdc goc
A, B,C.
2 2 2 2 2 2
Tacd cosA= b™+c —a = 18 +20" -14 =(,7333
2bc 2.18.20
= A = 42°50..
2.2 2 2 2 2
cos B = a +c°-b _ 14 +20° -18 ~ 04857
2ac 2.14.20
= B =~ 60°56'.

C =180°- (A + B)=76°14".

2.53. Tam gidc ABC c6 canh c = AB = 14 va c6 A = 60°, B = 40°. Ta ¢6
C =180°—(A + B)=80° cn fim a va b. Theo dinh I sin :

a _ b = _C ta suy ra a=C§mA: 7\/5 =12,31
sinA sinB sinC sinC  sin80°
. . (o)
b= csmB=14sm40 ~9.14.

sinC sin80°
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2.54. Theo dinh li cosin ta c6 :
? = a® + b* - 2ab cosC = (49,4)? + (26,42 — 2 . 49,4 . 26,4 . cos47°20'

= 1369,5781.
Viy ¢ = 4/1369,5781 = 37.
2,2 2 2 2 2
cos A = b"+c”—a” _ (26,4)"+(37)" -(49,4) ~-0,1914
2bc 2.26,4.37

Tasuyra A = 101°2.
B =~ 180° - (101°2' + 47°20") = 31°38".

CAU HOI TRAC NGHIEM

2.55. Ap dung cong thic a* = b* + ¢* — 2bc cos A ta tinh dugc a = 3 (cm).
Chon (C).
b +c?—d?

2.56. Ap dung cong thitc cos A = 2 7¢ 79 iatinh dugc cos A = S =0,3.
2bc 10

Vay A > 60°. Chon (C).

2.2 2 -
b +c¢ _%zzsjmazs@m),Ch()n(B).

2.57. Tacé mz =

2.58. Dung cong thitc S=prtacoér= ) = f—; = 2 (cm). Chon (C).
p

2 2 2
2.59. Tacé mj=b te @

V3

> —T=% =>m,=— (cm). Chon (C).

2.60. Ta co SABC:%CH.AB véi CH = %R va AB = R\J3, ma R = 4 nén

S e = 1243 (em?). Chon (C).

a(2+\6)

S
2.61. Dungcongthic S=prvéip=————nénr= ; = 7 Chon (C).

2 2++2
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2.62.

2.63.

2.64.

2.65.

2.66.

(@a+b+c)a+b-c)=3ab

s (a+b)2—cz=3ab

& @+ b +2ab - 2 = 3ab,
ma a® + b* — 2ab cos C = ¢*

nén 2ab cos C=ab = cos C = —1- 6 = 60°. Chon (D).

N

Cit hinh binh hanh theo duong chéo BD 16i ghép cho canh BC trung voi
AD, ta dugc mot hinh vuéng canh a vacé S= a*. Chon (C).

2 2 2 2 2 2
BM‘2=BA +BC™ ACT _a"+2a" a4
2 4 2 4 4
a5

:>BM=— Chon (D).

Tam giac déu canh g ¢ dudng cao h = ——

a3 A
2

Mit khac h = -;—R (h.2.34)

a3 3

Dodé: &2 - 2R & a3 =3R.
2 2

a«/'

Vay R = ——. Chon (C). Hinh 2.34

Goi r 1a ban kinh duong tron néi tiép tam
gidc déu canh a (h.2.35). Taco :

3r=h | -
r 3_0\/3 -

a«/’j:h =or= 5 . a
2 (0]

a\3

hay r= E Chon (C).

Hinh 2.35
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2.67. TacdéS= %ab sin C,

S dat cuc dai khi sin C = 1 nghfa 1a C = 90°. Chon (B).
2.68. Goi S' 1a dién tich ciia tam gidc méi, ta c6 -
S = % 2a.2bsin C = 2ab sin C.
Vay S’ =4S. Chon (C).

2.69. Tacéo 0B = AB (h.2.36)

sinA  5in30°

ABsinA _2sinA _

= OB = 4sinA.
sin 30° 1
2
X
A
y
30 ;
0 B
Hinh 2.36

OB dat cuc dai khi sin A = 1 nghia 1a A = 90°, khi d6 OB = 4. Chon (C).

270. Tac6 AB = (3;-1). Do d6 |AB| =32 +1% = J10 . Chon (D).

2.71. Tacé AB =(3;3), BC =(4;—4)
AB.BC =0. Vay tam gisc ABC vuong tai B.
Hay ta co (4Bl = V919 = VI8
|BCl=Vi6+16 =32
|acl=va9+1=150.
Vay AC? = AB* + BC.

Tam gidc ABC vuong tai B c6 canh huyén 1a AC.
Chon (B).
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Chuong 111

PHUONG PHAP TOA PO TRONG MAT PHANG -

§1. PHUONG TRINH PUONG THANG

A. CAC KIEN THUC CAN NHO

1. Phutong trinh tham sé (h.3.1) &

e Phuong trinh tham s& cta dudng
thing A di qua di€m M(x,; y,)

va ¢6 vecto chi phuong

. {x=x0+tu]

u:(ul; u2) la
y=y0+tu2 0

(u? +:2 20) (n3.1). /

e Phuong trinh dudng théng A di
qua diém M, (x,; y,) va c6 he

Hinh 3.1

sogéckla: y—y, =k(x—x,).

e Néu A c6 vecto chi phuong u=(u; u,) véi u #0 thi he s6 géc cua A la

N&u A ¢6 hé s6 goc 1a k thi A ¢6 vecto chi phuong 1a : & = (1 ; k).
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2. Phuong trinh tong qudt

o Phuong trinh cia dudng thing A di qua diém M (x,; y,) va c6 vecto
phap tuyén ;z.=(a »b)lat a(x—x)+b(y—y)=0 (a® +b% £0).

¢ Phuong trinh ax + by + ¢ = 0 véi Ty
a? +b* %0 goi 1a phuong trinh -
téng quat cia dudng thing nhan B

n = (a ; b) 1am vecto phép tuyén.

 Duong thing A cit Ox va Oy lan A

luot tai A(a ; 0) va B(O ; b) c6 (@, 0)
phuong trinh theo doan chan la

f% =1 (a,b#0) (h.3.2). Hinh 3.2
a

3. Vi tri tuong doi ciia hai duomg thdng
Cho hai dudng thang A, :ax+by+c =0
A, iax+by+c, =0.
Dé xét vi trf twong d6i cha hai dudng thang A, va A, ta xét s6 nghiém ctia h¢

phuong trinh

ax+by+c =0
¢y

a, x+b y+c =0.

o He (I) c6 mot nghiém : A, cat A,
* He (I) vo nghiém : A, // A,.
* H¢ (I) c6 vo s6 nghiém : A = A,

’ d ~ z a
1 Chi y:Néu abyc, #0 thi: - Al cat A, & L1

_AA, e
1 2 ’
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4. Goc giita hai duong thing
Géc giita hai dudng thang A va A, ¢6 phuong trinh cho ¢ muc 3, ¢6 vecto

phdp tuyén n va n, dugc tinh bi cong thic :

‘ : 1aa +bb’

S 00 v o~ R rov v

Cos (AI,AZ)

5. Khodng cdch tir mot diém dén mot duong thing
Khoang cé4ch tr diém M(x,; ¥,) dén dudng thang A cé phuong trinh :

|ax +by0 +c|

\/a2+b

ax + by +c¢ =0 dugc cho bdi cong thire d(M,,A) =

B. DANG TOAN CO BAN
@ Vindel
Viét phuong trinh tham 86 clia dudng théng
1. Phuong phap

Dé viét phuong trinh tham s6 ctia dudng thang A ta thuc hién cdc budc :

— Tim vecto chi phuong U= (u; u,) cua dudng thing A ;

— Tim mot diém M, (x,; Yok thudc A ;
o X=Xy + U
— Phuong trinh tham s6 cia A la : :
_ Y=Yy + ity

155 Chay
— Néu A ¢6 hé s6 gbc k thi A ¢6 vecto chi phuong u= (k).
— Néu A c6 vecto phap tuyén n = (a ; b) thi A ¢6 vectd chi phuong

;l =(-b ; a) hoac ; = (5 ; —a)..
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2. Céc vi du

@r Vi du 1. Lap phuong trinh tham s clGa dudng thng A trong mdi trudng
hop sau :

a) A di qua diém M(2 ; 1) va c6 vectd chi phuong u = (3 ; 4) ;
b) A di qua diém M(5 ; — 2) va cb vecto phap tuyén n= 4;-3).
GIAI

x=2+3

a) Phuong trinh tham s6 cua A la : {
y=1+41.

b) A ¢6 vecto phap tuyén n = (4 ; -3) nén c6 vecto chi phuong u = (3 ; 4).
x=5+3t

Phuong trinh tham s6 cua A 1a :
y=-2+4t

B vi du 2. Viét phuong trinh tham s8 cla dudng thdng A trong mbi trudng
hop sau :

a) A diqua diém M(5; 1) vaco hé s6 goc k=3 ;
b) A di qua hai diém A(3 ; 4) va B(4 : 2).
_ GIAI
a) A c6 hé s6 gbc k = 3 nén A cé vecto chi phuong = (1;3).
x=5+1

Phuong trinh tham s6 cta A 1a
y=1+3t.

b) A di qua A va B nén A c6 vecto chi phuong u = AB = (1 ;-2).

x=3+1t

Phuong trinh tham s6 caa A 12
y= 4 - 2t.

@ Vi dé 2

Viét phuong trinh téng quat cla duong thing
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1. Phuong phap
Dé viét phuong trinh tdng quat ctia dudng thang A ta thyuc hién cédc budc :
— Tim mét vecto phap tuyén n=(a;b)ciad;
— Tim mot di€m M (x,; y,) thudc A
~ Vi€t phuong trinh A theo cong thic : a(x—x,)+b(y—y,)=0;
~ Bién ddi vé dang : ax+by +c=0.
IS Chiy
— Néu dudng thing A cung phuong véi dudng théng d : ax + by + ¢ =0 thi A
c6 phuong trinh téng quat : ax + by + ¢’ = 0.

— Néu duong thing A vuong géc vé6i dudng thang d : ax + by + ¢ = 0 thi A c6
phuong trinh téng quat : —bx +ay + c” =0.

2.Cacvidu
FEl" Vi du 1. Lap phuong trinh t8ng quat clia dudng thing d trong mdi truang
hgp sau :
a) d di qua diém M(3 ; 4) va c6 vecto phap tuyén n =(1;2)
b) d di qua diém M(3 ; —2) va cb vecto chi phuaong U= 4;3).

GIAI
a) Phuong trinh téng quat clia dudng thang d c6 dang
Ix-3)+2@H-4)=0x+2y-11=0.

b) Puong thang d c6 vecto chi phuong u = (4 ; 3) nén c6 vecto phap tuyén
lan=(3;-4).
Vay phuong trinh tdng quét ctia d c6 dang :

3x-3)-4(y+2)=0 hay 3x-4y-17=0.

@r Vi du 2. Cho tam giac ABC, biét A(1 ; 4), B(3 ; —1), C(6 ; 2). Lap phuong
trinh t8ng quat clia cac dudng thang chira dudng cao AH va trung tuyén AM
cUa tam giac. ’

GIAI

AH c6 vecto phép tuyén 1a BC = (3 ; 3) hodic n== BC =(1; 1).

W | —
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Phuong trinh t6ng quét ciia dudng thing chita AH 12 :
1x=1)+1(y—4)=
ex+y-5=0.
Ta tinh duoc toa do trung diém M clia BC nhu sau :

xB+xC _3+6_2

MTT T2 T2
Ygtye —142 1
M= 2 2

Ta cod AM Z—Z
27 2

—_—

Trung tuyén AM c6 vecto chi phuong U= 2 AM = (1;-1) nén c6 vecto phap

tuyén n= (1; 1). Vay phuong trinh téng quat clia dudng thang chia AM 1a
x-D+0-4)=0=x+y-5=0.

I Chi y. Tam giac ABC c6 dué’ng cao AH trung véi trung fuyé’n AM nén tam
gidc ABC cantai A,

E Van di 7

Vi tri tuong d6i clia hai ducsng théng

1. Phuong phap

o D€ xét vi tri twong d6i chia hai dudng thang
Arax+by+c =0

A,:a,x+by+c, =0

2"
ta xét s6 nghiém cua hé phuong trinh sau :
{alx+b1y+cl =0 *)

a,x+by+c, =0.
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Cu thé :
He (*) ¢6 nghiém duy nhét : A cat A,.

He (*) vo nghiem: A, // 4,.
He (*) c6 vo sG nghiem: A = A,.

* Géc giita hai dudng thing A, va A, dugc tinh bdi cong thic :

e

cos(A n aa, +b1b2|

Ty A
2') \/alz+b12.\/a§+b§

2.Cdac vidu
@ Vi du 1. Xét vi tri tuong ddi clia cac cap dudng thdng sau :
a)d, :4x-10y+1=0 va d2:x+y+2=0;
b) dy :12x-6y+10=0 va d, :2x-y+5=0;
x =-6+5t
d. :8x+f0y-12=0 a  dg: -

GIAI
.4 -10 .
a) Taco TiT Vay d, cat d,.

b) Ta co E—jig Vay ‘d //d
2 -1 5

c) Phuong trinh tng quét clia d¢ 1a: 4x+ 5y~ 6 =0.

5.5 vayd =d,.

Tacé: i=—
8 10 -12

@ Vi du 2. Cho hai dudng thing d, :x-2y+5=0va d2 :3x-y=0.
a) Tim giao diém clia d, va d,;

b) Tinh géc gilra d, va d, .
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GIAI ‘
a) Giao diém ctia d; va d, Ia diém c6 toa do 12 nghiém ciia hé phuong trinh :

x—=2y+5=0 x=1
<
3x-y=0 y=3.
Vay 4, cat d, tai diém (1 ; 3).

) C()S(d/'IiZ)z\/czl +b2\Ja? +b? T 1+4 . 09+1 52 2

|aa+bb| B2 s

e —

Vay (dl,dz) = 45°.

@ Van dE 4

Khodng cach tir mot di€m dén mét duong t.hzzmg

1. Phuong phdp

e D¢ tinh khoang c4ch tir di€m M, (x,; yo)dé'n'duc‘mg thing A:ax+ by +c=0
" ta dung cong thic
' ’ax +by, +c|

\/a2+b

e Néu duong thang A : ax + by + ¢ = 0 chia mat phang Oxy thanh hai nita
mat phang c6 by 1a A, ta ludn ¢6 :

d(M,,A) =

— Mot nita mit phang chita cac diém M (xl ; yl) thoa man
A(Ml) =ax, +byl +¢>0;

— Nira mit phing con lai chda cdc diém M2 (x, ; y,) thoa méan

2 N2
A(M2)=ax2+by2+c<0.
* Cho hai dudng thang cit nhau A, , A, ¢6 phuong trinh :
A :ax+by+c =0

A,ia,x+byy+c, =0.
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Goi d va d’ ]a hai dudng thing chiia dudmg phén gidc cta cdc goc tao boi hai
dutmg thing A, va A,. '

Tacé: M(x,y)edu d’

SdM, A)=dM, A) & axtbyre|_laxrbyl
i Ea * 72

2,2 2,2
\/a}+bl \/a2+b2

Vay phuong trinh cla hai dudng phan gidc cta cic géc hop boi A vaA, la:

ax+by+c =+a2x+b2y+c2

2,2 B 2, ,2
\/al +b \/az +b
2.Cacvidu
H vi du 1. Tinh khoang cach tir diém dén dudng théng dugdc cho tuong (ng’

nhu sau :
a)A(3;5) va A:4x+3y+1=0;
b)B(1;2) va A':3x~-4y+1=0.

GIAI

[43+3.5+1 28
a)TacodA,A) = ——— =",
VI6+9 5

B.1-42+1 4

b) dB,Ay=""— 1
© 2 Jo+16 5

ﬁr Vi du 2. Cho duong théng A : x — y + 2 = 0 va hai diém O(0 ; 0), A(2 ; 0).
a) Chimg 4 réng hai diém A va O ndm vé ciing mét phia d6i véi dusng
thang A.

b) Tim diém O’ d6i ximg clia O qua A.
c) Tim diém M trén A sao cho d6 dai clia doan gép khiic OMA ngén nhat.
GIAI |
a)Taco6AA)=2-0+2=4>0
A©)=0-0+2=2>0.
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Vay A va O nam vé cing mot phia d6i v6i dudng thang A.
b) Goi d la dudng thang di qua O va vuéng géc véi A tai H. Phuong trinh
tham s6 cia d la {x =
y=-L

Vi H € dnén toa d¢ cua H c6 dang (x, ; —x,)).
Matkhic: He A= xy— (—xp) +2=0=x,=-1.
Vay Hcétoadola(—1;1).
V1 H la trung diém cta OO' nén x,, =2x, =-2

| Yo = 2y, =2.
Vay O’ cHtoadd la (-2, 2).

c) Tacd OM + MA = O'M + MA.

Do dai cia doan gdp khic OMA ngin nhit < O’, M, A thang hang
&S OAcitAtai M.

Phuong trinh dudng thing O'A 1a: x + 2y — 2 = 0.
Toa d6 cia M(x ; y) 1a nghiém ctia hé phuong trinh
2

X=—=

{x—y+2:0 3

&
x+2y-2=0 4
=3

, 2 4 , N
Vay diém M[—E ; 5] thoa man yéu cau dé bai.

C. CAUHOIVA BAITAP

3.1. Lap phuong trinh tham s6 chia dudng thing d trong mdi trudng hop sau :
a) d di qua diém A(— 5 ; — 2) va c6 vecto chi phuong u =(4; - 3);
b) d di qua hai di€m A (V3 ;1) va B(2++/3 ; 4).
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3.2.

3.3.

34.

3.5.

3.6.

3.7.

3.8.

3.9.

x=2+2t

Cho dudng thing A c6 phuong trinh tham s& {y 34y

a) Tim diém M nim trén A va cach diém A(0 ; 1) mot khoang bang 5.
b) Tim toa do giao diém ciia dudng thing A véi dudng thang x + y + 1 =0.
¢) Tim diém M trén A sao cho AM ngan nhat.
Léap phuong tr‘mh. téng quat ctia dudng thang A trong mdi trudng hop sau :
a) A di qua di€m M(1 ; 1) va c6 vecto phap tuyén n = (3;-2);
b) A di qua diém A(2 ;- 1) vaco hé s6 géc k=— % ;
¢) A di qua hai diém A(2 , 0)vaB(0;-3).
Lap phuong trinh .ba dudng frung truc cta mot tam giac ¢6 trung diém céc
canh 14n lugt A M(— 1; 0), N(4; 1), P(2; 4).

Cho diém M(1 ; 2). Hiy lap phuong trinh cta dudng thang qua M va chan
trén hai truc toa do hai doan c6 do dai bang nhau.

Cho tam gidc ABC, biét phuong trinh duong thing AB : x — 3y + 11 = 0,
dudng cao AH : 3x + 7y — 15 = 0, dudng cao BH : 3x — 5y + 13 = 0. Tim
phuong trinh hai dudng théng chia hai canh con lai cba tam giéc.

Cho tam gidc ABC c6 A(— 2 ; 3) va hai dudng trung tuyén : 2x —y + 1 =0 va
x +y — 4 = 0. Hiy viét phuong trinh ba dudng thing chia ba canh cta
tam giac.

V6i gid tri ndo cha tham s6 m thi hai dudng thang sau day vuéng géc :
Ajimx+y+g=0va A ix—-y+m=07?

Xét vi tri tuong doi cha cdc cap dudng thing sau day :

{x:—l—St . , {x=—6+5t
a) d: va d’:

y=2+4t y=2_4[;
by d: =LY A d 2 +4y-10=0
: v : - =0,
) y=2+2t Y

c)d:x+y-2=0vad :2x+y-3=0.
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3.10.

3.11.

3.12.

3.13.

3.14.

132

Tim géc giita hai dudng thing :
d:x+2y+4=0 va d,:2x-y+6=0.

Tinh ban kinh cta dudng tron c6 tam la diém I(1 ; 5) va ti€p xic voi dudng
thing A :4x -3y + 1=0.

Lap phuong trinh c4c dudng phan gidc cia céc goc giira hai duong thang
A :2x+4y+7=0 va A, ix-2y-3=0.

Tim phuong trinh cta tap hgp cdc diém c4ch déu hai dudng théng :
A :5x+3y-3=0 vaA, ' S5x+3y+7=0.

Viét phuong trinh dudng thang di qua diém M(2 ; 5) va c4ch déu hai diém
A(=1;2)vaB(5; 4).

§2. PHUONG TRINH PUONG TRON

CAC KIEN THUC CAN NHO

1. Phuong trinh duong tron (h.3.3)
e Phuong trinh dudng wodn tam
I(a; b),b4dnkinh R 1a :

(x-a)* +(y-b)* = R*.

e Néu a®+b*—c>0 thi phuong
trinh x2 +y? —2ax—2by+c=0 1a
phuong trinh cia dudng tron tam Hinh 3.3

I(a; b), bankinh R=vVa* +b* —c.

e Néu a® + b* — ¢ = 0 thi chi ¢6 mot diém I(a ; b) thod man phuong trinh

X +y*—2ax-2by+c=0.

o Néu a* + b* — ¢ < 0 thi khong c6 diém M(x ; y) nao thod man phuong trinh

P4yt —2ax-2by+c=0.



2. Phuong trinh tiép tuyén ciia duong tron
Ti€p tuyén tai di€m M (x,; y,) ca dudng tron tam /(a ; b) c6 phuong trinh :

(xy —a)(x = x) +(yy ~b)y=p) =0.

B. DANG TOAN CO BAN

@ Van dé 1

Nhén dang mét phuong trinh bac hai la phucng trinh ducng tron. Tim tam
va ban kinh dudng tron

1. Phuong phdp

Cdch 1 : — Dua phuong trinh vé dang :

x> +y* —2ax—2by+c=0. (1)

— Xét ddu biéu thitc m = a* +b* —c.
— Néu m > 0 thi (1) la phuong trinh dudng tron tam /(a ; b), ban kinh
R=vVa*+b* -c.
Cdch 2 : — Dua phuong trinh vé dang
(x—a)’ +(y=b)* =m. 2)
~ Néu m > 0 thi (2) Ia phuong trinh dudng trdn tam I(a ; b), ban kinh

R=m.

2. Cdc vidu

r Vi du 1. Trong cac phuong trinh sau, phuong trinh nao biéu dién duding tron ?
Tim tdm va ban kinh néu ¢6 :

a) x2+y% —6x+8y+100=0 (1)
b) x%+y% +4x—6y—12=0 ()
c) 2x2+2y2—4x+8y—2=0. 3)
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GIAI
a) (1) c6 dang x2+y2—2ax—2by+c=0,véia=3,b=—4,c=100.

Tac a® +b°—c=9+16-100<0.
Vay (1) khong phai 1a phuong trinh ctia dudng tron.

b) (2) c6 dang x* +y* =2ax—2by+c=0,v8i a=-2,b=3,c=-12.

Tacé a*+b° —c =4+9+12=25>0.
Vay (2) 1a phuong trinh ctia dudng tron tam 1a diém (-2 ; 3), ban kinh bang

Va* +b* —c =5.
) Taco:(3) e x2+y> —2x+4y—-1=0 (x=1)* +(y+2)* =6
& (-1 +(y+2) =(6)°

Vay (3) l1a phuong trinh cla dudng tron tam 1a diém (1 ; —2), ban kinh
bang J6.

@ﬂf Vi du 2. Cho phugdng trinh X% + y2 -2mx+4my+6m—-1=0. (1)
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a) Vdi gia tri nao clia m thi (1) la phuong trinh clia dudng tron ?

b) N&u (1) 1a phuong trinh cla dudng tron hay tim toa d6 tdm va tinh ban
kinh dudng tron dé theo m.

GIAI
a) (1) c6 dang x2+y2 ~2ax-2by+c=0v6ia=m,b=~2m,c=6m- 1.
(1) 1a phuong trinh ctia dudng tron khi va chi khi a* +b> —¢ >0, ma
a’+b2—c>0 & m>+4m® —6m+1>0

<:>5m2—6m+1>0
1
m<—
= 5

m>1,
b) Khi m < % v m > 1 thi (1) la phuong trinh cta dudng tron tam I(m ; — 2m)

vi ¢6 ban kinh R=v5m” —6m+1.



Lap phuong trinh clia dudng tron

1. Phuong phap
Cdch 1 :

— Tim toa d¢ tam I(a ; b) ctia dudng tron (€) ;

— Tim bén kinh R cta (€) ;

— Viét phuong trinh (&) theo dang (x —a)® +(y—b)* = R*. (1)
= Chit y

—(¥)diquaA,B< IA* =IB* = R°.

~ (€) di qua A va tiép xiic vdi duong thing A tai A < TA = d(l, A).

— (@) ti€p xiic véi hai dudng thing A vaA, &dd, A)=dd, A) =R
Cdch?2:

— Goi phuong trinh ctia dudng tron (€) 1a x> +y> —2ax—2by +¢c=0 (2)
— Tir diéu kién cta dé bai dua dén hé phuong trinh véi 4n s6 12 a, b, .

— Giai hé phuong trinh tim a, b, ¢ th€ vao (2) ta dugc phuong trinh dudng

tron (6).

2. Cacvidu

@" Vi du 1. Lap phuong trinh clia dudng tron (€) trong cac trudng hgp sau :
a) (€) cétam I(— 1 ; 2) va tiép xtc véi dudng thAng A : x -2y +7=0;
b) (€) cé dudng kinh 1a AB véi A(1; 1), B(7 ; 5).

GIAI
l-1-4+71 2
a)yTacOR=d(,A) =——=—.
Ji+4 5

Vay phuong trinh cia (€) 1a: (x+1)> +(y—2)2 :%.
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b) Tam I cta (€) 1a trung diém cla AB.

xA+xB=1+7=

Tacod: X, = 4
2 2
_Yat Vs 145
T

Dodé: A= \(1-4)2+(1-3)* =I3.

Vay phuong trinh ctia (&) 1a : (x—4,)2 +(y_3)2 =13.

@,\ Vi du 2. Viét phuong trinh dudng tron di qua ba diém A(1 ; 2), B(5 ; 2), C(1; - 3).
GIAI
Xét duong tron (€) c6 dang x* + y* — 2ax — 2by + ¢ = 0.

(@) di qua A, B, C khi va chi khi

1+4-2a-4b+c=0 2a+4b-c=5 a=3
25+4-10a—-4b+¢c=0 < {10a+4b-c=29 & b=——;—
1+49-2a+6b+¢c=0 2a-6b-c=10 c=—1

Vay phuong trinh dudng tron di qua ba diém A, B, C 1a :

x2+y2 -6x+y-1=0.

@ VAN dé 7

Lap phuong trinh ti€p tuyén cla duong tron

1. Phuong phdp
Logi 1. Lap phuong trinh ti€p tuyén tai diém M (x,; ¥,) thuoc dudng tron ().

— Tim toa d6 tam I(a ; b) ctia (€).
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— Phuong trinh tié€p tuyén véi (€) tai M(x, ; ¥,) c6 dang:

(xy —a)(x—x) + (3 b)Yy =) = 0.

Loai 2. Lap phuong trinh tiép tuyén A véi (€ ) khi chua biét ti€p diém :
Duing diéu kién ti€p xic dé xdc dinh A :
A ti€p xdc véi dudng tron (&) tam I, ban kinh R <> d(I, A) =R.

2.Cdc vidu
@ Vi du 1. Viét phuong trinh ti€p tuyén véi dudng tron

(B): (x-1?+(y+2)°% =25

tai diém M, (4 ; 2) thudc dudng tron (€).
GIAI

(@) c6 tam la diém (1 ; —2). Vay phuong trinh tiép tuyén véi (€) tai
M,(4;2)codang:

(xy=a)(x=x) +(y, =b)y—y,) =0

S@-DEx-4)+Q2+2)(y—-2)=03x+4y-20=0.

@E‘ Vi du 2. Lap phuang trinh tiép tuyén véi dudng tron
(B): x®+y? —4x—-2y=0.
Biét rang tiép tuyén di qua diém A(3 ; — 2).
GIAI
Phuong trinh ctia dudmg thang A di qua A3 ; — 2) c6 dang
| y+2=k(x-3) & kx—y-2-3k=0.

(@)cotam [(2; 1) vaco bankinh R=va* +b> —c =/4+1-0=+/5.

|2"‘1‘2‘3k‘_\/§

\/k2+1

A ti€p xtic v6i (€) & d (I, A) =R <
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& B+ =5k +1) @ 4 ~6k-4=0c I

Vay c6 hai ti€p tuyén v6i (€) ké trAla: A :2x-y-8=0;

A, tx+2y+1=0.

[BE" Vi du 3. Viét phuong trinh tiép tuyén A véi dudng tron

(€): x° +y? —4x+6y+3=0 |

biét ring A song song véi dudng thdng d : 3x — y + 2006 = 0.

GIAI

(@) c6tam I(2 ; — 3) va ban kinh R =+/10.

Phuong trinh cha dudng thang A song song véi d ¢6 dang :
A:3x-—y+c=0.

A tiép xic véi (‘€) khi va chi khi

dIl,A)=R& w:@ & |e+9=10 [Cz
N9+1 c=-19.

Vay phuong trinhchaAla 3x—y+1=0 hay 3x-y-19=0.

C. CAUHOIVABAITAP
3.15. Trong mat phing Oxy, hiy lap phuong trinh clia dudng tron (&) c6 tam la
diém (2 ; 3) va thoa min diéu kién sau :
a) (€)cébankinh 1a 5 ; b) (&) di qua géc toa do ;
¢) (@) tiép xic véi truc Ox ; d) (&) tiép xic Véi truc Oy ;
e) (€) tiép xiic véi dudng thing A : 4x + 3y — 12 =0.
3.16. Cho ba diém A(1 ; 4), B(— 7 : 4), C(2; — 5).
a) Lap phuong trinh dudng tron (€) ngoai tiép tam gidc ABC ;
b) Tim tam va bén kinh cda (€).
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3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

Cho dudng tron (€) di qua hai diém A(-1 ; 2), B(-2 ; 3) va c¢6 tam & trén
duodng thang A : 3x~y + 10 =0.
a) Tim toa d6 tam cta (€) ;
b) Tinh ban kinh R ctia (€) ;
¢) Viét phuong trinh cta (€).
Cho ba dudng thing A :3x+4y~1=0
A, :4x+3y—-8=0
d :2x+y—1=0.
a) Lap phuong trinh cdc dudng phan gidc cia cdc goc hgp boi A va A,
b) Xéc dinh toa do tam / clia dudng tron (@) biét ring ] nam trén d va (€)
tiép xidc véi A vaA,.
c) Viét phuong trinh cha (6).
Lap phuong trinh clia dudng tron (€) di qua hai diém A(1 ; 2), B(3 ; 4) va
ti€p xuc véi dudng thang A : 3x+y -3 =0.
Lap phuong trinh cia dudng tron dudng kinh AB trong céc trudng hop sau :
a)AcOtoaddo(—1;1),Bcoétoadd (5;3);
b)Ac6toadd (—1;—-2),Bcdétoadd (2;1).
Lap phuong trinh ctia dudng tron (€) tiép xic véi cdc truc toa do va di qua
diém M(4 ; 2).
Cho dudng tron (€) : x* +y* —x—Ty =0 va duong thing d : 3x + 4y -3 =0,
a) Tim toa do giao diém cia (€) va (d).
b) Lap phuong trinh ti€p tuyén véi (€) tai cic giao diém do.
¢) Tim toa d¢ giao diém cta hai tiép tuyén.
Cho dudng tron (€) : x* +y* —6x+ 2y + 6 =0vadiém A (1 ; 3).
a) Chimg t6 rang diém A nim ngoai dudng tron (€).
b) Lap phuong trinh ti€p tuyén véi (&) xuit phat tir diém A.
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3.24.

3.25.

3.26.

3.27.

140

Lap phuong trinh ti€p tuyén A cia dudng tron (€) : X%+ y2 —-6x+2y=0
biét rang A vuong goc véi dudng thing d : 3x — y + 4 = 0.
Cho dudng tron (€) : (x + 1)* + (y - 2)* = 9 va diém M(2 : —1).

a) Chiing t6 rang qua M ta vé& duoc hai ti€p tuyén A, va A, voi (€ ). Hay
viét phuong trinh cia A, va A,

b) Goi M, va M, ldn lugt 12 hai tié€p diém ciia A, va A, v6i (@), hay viet
phuong trinh clia dudng thang d di qua M| va M,

Viét phuong trinh tiép .tuyé'n cta duong tron (%) cé phuong trinh
x* +y* — 8x — 6y = 0 biét réng ti€p tuyén d6 di qua géc toa do O.

Cho hai dudng tron (€)1 x> +y* —6x+5=0

va (€,):x*+y —12x -6y +44 =0,

a) Tim tam va ban kinh cta (€ |) va (€,).

b) Lap phuong trinh tiép tuyén chung cta (€ |) va (€,).

§3. PHUONG TRINH PUONG ELIP

CAC KIEN THUC CAN NHO y
1. Trong mit phang Oxy cho hai

. B.
- 2 _Mix;y)
diém F1 (=c; 0), F2 (c;0)vado
dai khong déi 2a (a > ¢ > 0). .
Elip (E) 1a t4p hop cdc diém M A\ i O FojAy x
sao cho F\M + F,M = 2a

(h.3.4). Ta c6 thé viét : B,

(E) = {M / FIM+F2M:2a}. Hinh 3.4

8]

2
2. Phuong trinh chinh téc ciia elip (B) 1a : 2 +25=1 (a® =b%+¢%),
a

-



3. Céc thanh phan cda elip (E) 1a: yi

— Hai tiéu diém : F (- c;0), Fy(c;0); 5
1 M, M
— Bon dinh : A(=a;0), A(a;0),
F, F,
B (0;-b), B,(0;b); A, 0 A, x

D6 dai o —9

Qdaitruclén: AA,=2a; M, M,
— D0 dai truc nhé : B B, =2b ; By
— Tiéu cu : FlF2 =2c¢ (h.3.5). Hinh 3.5

4. Hinh dang cua elip (F) :
— (E) ¢6 hai tryc ddi ximg 1a Ox, Oy va c6 tam d6i xing 1a g6c toa do ;
~ Moi diém cua elip (E) ngoai trir bdn dinh déu nam trong hinh chit nhat c6

kich thudc 2a va 2b giéi han béi cac duong thang x = £ g, y = * b. Hinh chit
nhat d6 goi 12 hinh chit nhat co s& cha elip.

B. DANG TOAN CO BAN

LEB Vin dé 1

Lép phuong trinh chinh tde clia mot clip khi bi€l cdc thanh phan di dé
xc dinh elip do

1. Phuong phap

— Tu céc thanh phan da biét, 4p dung cong thic lién quan ta tim dugc
* phuong trinh chinh tic cta elip.

— Lap phuong trinh chinh tic cta Yy
elip theo cong thuc :

x2 2
(E): —2+ =1.
-al -¢ c Va .
— Ta c6 céc hé thic (h.3.6): A\ F O j Ay x
e0<bh<a : :

-b| B
ec’=a"-b* !

Q
Q‘N,%
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o F\F, =2c (tieu cy)

* A\A, = 2a (d6 dai truc I6n)

* B\B, = 2b (d6 dai truc nho)
Me(E)yFM+F,M=2a.

—Ta cc’)'toa do céc diém dac biét cua elip (E) :
e Hai tieu diém : F (-¢ ; 0), Fy(c; 0)
e Hai dinh trén truc I6n : A (—a; 0), Ay(a; 0)

e Hai dinh trén truc nhé : B,(0; —b), By(0 ; b).

2.Cdcvidu

@ Vi du 1. Lap phuong trinh chinh tac cla elip (E) trong méi trudng hop sau :
a) Do dai truc 16n bang 10 va tiéu cu bang 6 ;

b) Mét tiéu diém 13 diém (—J§ ; o) va diém [1; ?] n&m trén elip.

GIAI
a)Tac62a=10suyraa=5,2c=6=>c¢=3
b*=a’—c* =25-9=16.

2 2
Vay phuong trinh chinh tic ciia elip (E) 1a : ’2‘—5 +f—6 =1.

2 y2
—2:1.

b) Phuong trinh chinh téc ciia (E) c6 dang -+
a b

Vi (E) c6 mot tieu diém F1 (—\/5; 0) nén ¢ = \/5 Tacéd:

l;ﬁ e(E):>L+i=1 (D
2 a®  4p?
a? =b%+ ct =b* +3. 2)
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Thé (2) vao (1) ta duge —1—+—3—2=1 o 4b2 +3(b2 +3) = 4b* (b +3)
b2 +3  4b
o 4b*+5p2-9=0 < b> =1.
Tu (2) suy ra a’ =4,

2 2
Y

Vay phuong trinh chinh tic cia elip (E) Ia : 54— +=1.
@ Vi du 2. Lap phuang trinh chinh téc cla elip (E) trong méi trudng hdp sau :
a) Mot dinh trén truc 16n 1a diém (3 ; 0) va mot tiéu diém la diém (-2 ; 0) ;
\/EJ

b) (E) di qua hai diém M(0 ; 1) va N{1 |

GIAI
a)Tacba=3;c=2.
Suyra b =a*-c*=9-4=5.
Vay phuong trinh chinh tic cua elip 1a :

X2 2
Lo
9 5
b) Phuong trinh chinh tic cha (E) ¢6 dang :
X2 y2
—+—= =1
@ b

Do (E) di qua hai diém M(0 ; 1) va N[l_ ; ?—J nén thay toa do cia M va N

vao phuong trinh cua (F) ta dugc :

v b’ =
L
_1_ + i =1 612 =4,
a2 4b2
2 2
Vay phuong trinh chinh tic cha elip (E) I : 3‘4— +yT = 1.

143



@ Van di 2

X4c dinh céc thanh phén clia mét elip khi biét phuong trinh chinh tac cla
elip do

1. Phuong phdap

2 2
Cac thanh phdn ciia elip (E) : “5+2 =1 (0.3.7):
a b

— Truc 16n cta (E) ndm trén Ox, AA, =2a;

— Truc nh6 ctia (E) nédm trén Oy, BB, =2b; 4

‘—Haitiéudiém:FI(—-c;O), F, (c;0) /\
véi c=va* b ; -a -C c
A (0]

- Bondinh: A (-a;0), A, (a;0), |
B (0;-b), B,(0;0);

N

? ,(C
~-Ti s6 — <1;
a

— Phuong trinh cac duong thang chifa céc canh cta hinh chit nhat co s& la :
x=ta;y=%0b.
2.Cac vidu

@ Vi du 1. Xac dinh dd dai cac truc, toa do cac tiéu diém, toa dd cac dinh va

2 2
- P X y
vé eli ¢6 phuong trinh —+ 2 —=1.
p(E)cop g %9
GIAI

2 2
a =25 a=>5
Phuong trinh (£) ¢6 dang : >3 +25 =1. Do dé:{ N

Q
oy

[ 2 2
c=Nu -bhb" =4.
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Vay (E) c6: 17

~Truclén: AA, =2a=10; B,

_Tl'l,lcnhé:Ble=2b=6; | K\

~ Hai tiéu diém : F,(-4;0), F,(4;0); ANFr Oj"z X
B1

— B6n dinh': Al(—S ; 0), A2(5 ; 0),

Hinh vé cta (E) nhu hinh 3.8.

@ Vi du 2. Cho elip (E) c6 phuong trinh
22
x + y_ =1.
100 36
Hay viét phuong trinh dudng tron (@) c6 duong kinh la F,F, trong d6 F, va

F, 1a hai tidu diém cia (E).

GIAI
x2 2
Phuong trinh (E) ¢6 dang - +2> = 1.
: a b

Tacé a*=100, b* = 36.
Suy ra *=d’ - b’ =64
c =8.
Dudng tron dudng kinh F | F, c6 tam la goc toa do va c6 ban kinh R=c = 8.
Vay phuong trinh cia (€) 12 : x* + y* = 64.

E Vin dé 7

Diém M di dong trén mét elip
1. Phuong phdp | _
D& chiimg té diém M di dong trén moét elip ta c6 hai cach (h.3.9) :
145
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Cdch 1 : Chimg minh tdng khoang céch 7
tr M dén hai diém cé dinh F, F2 la M
mot hing s6 2a (F | F, < 2a).

tieu diém F, F, va truc 16n 12 2a. 1

‘Khi d6 M di dong trén elip (E) c6 hai /

Cdch 2 : Ching minh trong mat phing
toa do Oxy diém M(x ; y) c6 toa do thoa
mén phuong trinh- Hinh 3.9

2y
—+—= =1
a b
vdi a, b 1a hai hang s6 thoa man 0 < b < a.

2. Cdc vidu
B Vi du 1. Cho hai dudng tron €.(F,: R) va €,(F,; R,).(€,) nam trong

(€,)

va F, # F,. Goi M la tam clia dudng tron ( €) thay d8i nhung luén
ti€p xdc ngoai véi (€, ) va tiép xuc trong v6i (€ ). Hay chimg to diém M di
dong trén mot elip.
GIAI
Tacé MFl :R+Rl; MF, =R, -R.
| Suyra MF + MF, =R +R,.
Vay M di dong trén elip ¢6 hai tiéu diém la F, va F, va c6 truc 16n la

2a= R +R,.

[ Vi du 2. Trong mat phing toa dé Oxy cho diém M(x ; ) di dong c6 toa do
lubn thoa man

x =5cost
y =4sint

trong d6 t la tham sG thay d8i.
Hay chiing minh diém M di déng trén mét elip.
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3.28.

3.29.

3.30.

331

3.32.

X 2
— 5cost Z =cos! ~—=cos ¢t 5 y2
Tacé:{x_ C_OS = 5 = 5 2—5+E=
)’:4smt Z_zsint y_=sin2[
4 16
x2 2
Vay M di dong trén elip c6 phuong trinh 1a:2—5+f_6 =1.

CAU HOI VA BAI TAP

Viét phuong trinh chinh tic cua elip (E) trong mdi trudng hop sau :
a) Do dai truc nho bang 12 va tiéu cu bang 16 ;

b) Mot tiéu diém 1a (12 ; 0) va diém (13 ; 0) nim trén elip.

Tim toa do c4c tieu diém, cdc dinh, d6 dai céc truc cia mbi elip c¢6 phuong
trinh sau :

a) 4x> +9y” =36; | b) x> +4y* =4,
Cho dudng tron € (F; 2a) c6 dinh va mot diém F, cg dinh nim trong (€).

Xét duong tron di dong (€ ) c6 tam M. Cho biét (€ ) ludn di qua diém F, va
(€ ) luon ti€p xic véi (€)). Hay ching t6 M di dong trén mot elip.

Trong mat phang toa do Oxy cho diém M(x ; y) di dong c6 toa d6 luon thoa
méan

x =7cost

y=15sin¢

Trong d6 ¢ 1a tham s6. Hay chimg t6 M di dong trén mot elip.

Viét phuong trinh chinh tac cla elip trong céc truong hop sau :
a) Do dai truc 16n bing 26 va ti s6 < bing % :
a
b) Tieu diém F (=6 ; 0) va ti s§ < bang % .
' a
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3.33.

3.34.

3.35.

3.36.

3.37.

3.38.

148

Viét phuong trinh chinh tic cla elip (E) c6 hai tiéu diém 1a F, va F, biét
a) (F) di qua hai diém M(4 : —2—] va N[3 : %) ;
3 4
b) (E) di uaM[— ——
B
Cho elip (E) : 9x* + 25y® = 225.

a) Tim toa d6 hai tiéu diém F,, F, va cdc dinh cla (E).
b) Tim diém M e (E) sao cho M nhin F,F, dudi mot goc vuong.

J va tam gidc MF | F, vuéng tai M.

2 2
Choelip (E): %+f2— =1 (O<b<a).TinhtisO’% trong cac truong hop sau :
a

a) Truc 16n bang ba l4n truc nho ;

b) Dinh trén truc nhé nhin hai tiéu diém dudi mot géc vuong ;

¢) Khoang cach giita dinh trén truc nho va dinh trén truc 16n bang tiéu cu.
Cho elip (E) : 4x* + 9y* = 36 va diém M(1 ; 1). Viét phuong trinh dudng

thang (d) di qua M va cét (E) tai hai diém A va B sao cho M 1a trung diém
cua AB.

CAU HOI VA BAI TAP ON TAP CHUGNG Il

Cho ba diém A(2; 1), B(0; 5), C(~ 5 ; — 10).

a) Tim toa d¢ trong tdm G, truc tam H va tam / dudng tron ngoai tiép tam
gidc ABC.

b) Chitng minh /, G, H thang hang.

¢) Vi€t phuong trinh dudng tron ngoai ti€p tam giac ABC.

x=2-3t
y=t.

a) Hai diém A(=7 ; 3) va B2 ; 1) ¢6 nim trén A khong ?
b) Tim toa do giao diém ctia A véi hai truc Ox va Oy.

¢) Tim trén A diém M sao cho doan BM ngén nhat.

Cho duong thang A c6 phuong trinh tham s6 {



3.39.

3.40.

341.

342,

3.43.

3.44.

3.45.

Cho hinh chit nhat ABCD. Biét A3 ; 0), B(-3 ; '3) va phuong trinh dudng
thing chia canh CD : x + 2y — 8 = 0. Tim phuong trinh céc duong thang
chua céc canh con lai.

Trong mat phing Oxy cho dudng thdng A : x —y + 2 =0 vadiém A2 ; 0).
a) Ching minh ring hai diém A va O nam vé cling mot phia d6i véi dudng
thing A.

b) Tim diém M trén A sao cho do dai duong gdp khic OMA ngéin nhat.

Cho ba diém A(3 ; 5), B(2; 3) va C(6; 2).

a) Vi€t phuong trinh dudng tron (&) ngoai tiép tam gisc ABC.

b) Hay xdc dinh toa do clia tam va ban kinh cta (€).

Cho phuong trinh x* +y* =2mx —4(m—2)y+ 6 —m = 0. (1)

a) Tim diéu kién cta m dé (1) 1a phuong trinh clia dudng tron, ta ki hiéu
la (C,,).

b) Tim tap hop céc tam cla (C,,) khi m thay déi.

Lap phuong trinh chinh tac cla elip (F) trong méi trudng hgp sau :
a) Mot diph 1a (0 ; — 2) va mot tiéu diém 12 (-1 ; 0) ;
3 .

b) Tiéu cu bing 6, ti s6 ¢ bing 5
a

A
Cho elip (F) : —5 + % = 1 va dudng thang A thay déi c6 phuong trinh tong

quat Ax + By + C = 0 luon thoa man 25A% + 9B% = C*. Tinh tich khoang
c4ch tir hai tieu diém F |, F, cia (F) dén duong thang A.

Cho elip (E) : x* + 4y* = 16.
a) X4c dinh toa do céc tiéu diém va cdc dinh cua elip (E).

2 . .2 1 ~ rd
b) Viét phuong trinh dudng thang A di qua diém M (1 ; Ej va cO vecte

* phap tuyén n =(1;2).

¢) Tim toa do cic giao diém A va B clia dudng thang A va ehp (E). Chung
minh MA = MB.
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3.46.

3.47.

3.48.

3.49.

3.50.

150

CAU HOI TRAC NGHIEM

Cho ba diém A(1 ; 4), B(3 ; 2), C(5 ; 4). Toa d6 tam dudng trdn ngoai ti€p
tam giac ABC la
3
(A)(2;5) B) (5 2)
(C) (9;10) (D) (35 4).

Cho dudmg thang A cé phuong trinh tham s&

'x=5—lt
y=-3+3t.
Mot vecto chi phuong cta A ¢6 toa d6 1a
(A) (=15 6) ®) [% 3]
O G;-3) (D) (=553)

Lap phuong trinh dudng thing A song song véi dudng thang
d:3x—2y+ 12 =0 vacat Ox, Oy lan luot tai A, B sao cho AB = J13.Ta
duge két qua la :

(A)3x-2y+12=0; B)3x—-2y-12=0;
©bx—4y-12=0; D)3x—4y—-6=0.

Trong cic diém c6 toa do sau day, diém nao nam trén dudng thing A ¢6
phuong trinh tham s6

xX=t
y=2-1?

(A)(1; 1) ' B)(0;-2) .

O a;-n (D) =1; .

DPudng thing di qua diém M(1 ; 2) va song song véi dudng thing
d:4x+ 2y + 1 =0 cé phuong trinh téng quét 1a:

(A)d4x+2y+3=0; B)2x+y+4=0;
O2x+y-4=0; (D)x—2y+3:0.



3.51. Cho dudng thing d c6 phuong trinh tdng quat : 3x + Sy + 2006 = 0. Trong
cdc ménh dé sau, ménh dé nao sai ?

(A) d c6 vecto phap tuyén n = (3 5) ;
(B) d c6 vecto chi phuong = (5;-3);

(C)dcohes6 gock= g ;
(D) d song song v&i dudng thang 3x + 5y = 0.

3.52. Hinh chi€u vuong géc chia diém M(1 ; 4) xuéng dudng thang A: x—2y+2=0
c6toado la

(A)(3;0); (B)(0;3);
©Q@;2); (D) 2;-2).
3.53. Puong thang di qua hai diém A(1 ; 1), B(2 ; 2) c6 phuong trinh tham sOla:

x=1+1¢ x=1+t¢

(A) (B)
y=2+2t; y=1+2t;
x=2+2t x=t

(C){ (D){
y=1+¢; y=t

3.54. Puong tron (C) c6 tam la goc O(0 ; 0) va ti€p xic v6i duong thang
A : 8x +6y +100 = 0. Ban kinh ctia duong tron (C) la :

(A)4; (B)6;

O 8; (D) 10..
3.55. Goéc giita hai duong thang : A, :x+2y +4=0

' Ay:x—3y+6=0

c6s6dola:

(A) 30°% (B) 60° ;

(C) 45° ; (D) 23°12".
3.56. Cho hai dudong thing A, va A, lan lugt c6 phuong trinh x — y = 0 va

J3x-y=0.GCéc giita A, va A, c6 58 do 1a

(A) 30°%; (B) 15° ;

(C) 45°; (D) 75°.
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3.57.

3.58.

3.59.

3.60.

Phuong trinh nao trong cdc phuong trinh sau day khong la phuong trinh
duong tron ?

(A) > +y —4=0;

(B) x2+y2+x+y+2=0;

© x2+y2+x+y=0;

(D) x> +y*-2x-2y+1=0.

Cho 3 diém A(=2 ; 0), B(~/2 ;+2), C(2 ; 0). Pudng tron ngoai tiép tam
gidc ABC c6 phuong trinh la;

(A) x> +y?=4=0;

(B) X’ +y*—4x +4=0;

(C) x* +y* +4x—4y +4=0;

(D) x* +y*=2.

Cho hai diém A(3 ; 0), B(0 ;4). Dudng tron noi ti€p tam gidc OAB c6 phuong
trinh la

(A) > +y* =1,

(B) x> +y* =2;

(C) X4yt “2x=2y +1=0;
(D) x2+y2—6x—8y+25=0.
Cho hai dudng tron :

(Cl):x2+y2+2x—6y+6=0

(Cz):.\'2+y2—4x+2y—4=0.

Tim ménh dé ding trong céc ménh dé sau :
(A) (C)) cat (C)) ;

(B) (C,) khong c6 diém chung véi (C,):
(©) (C)) tigp xic trong v6i (C,);
(D) (C)) tiep xic ngoai vdi (C,).



3.61.

3.62.

3.63.

3.64.

3.65.

3.66.

Ti€p tuyén véi duong tron (C) : x? +y2 = 2 tai diém Mo(l ; 1) c6 phuong
trinh 1a :

(A) x+y-2=0; (B) x+y+1=0;

(©) 2x+y-3=0; (D) x—y=0.

S6 dudng thén_g di qua diém M(5 ; 6) va ti€p xiic véi duong tron

(O (x=1)’+(-2 =11

(A0 B)1
©2 (D) 3.

C6 bao nhiéu tiép tuyén véi dudng tron (C) : x* +y> —8x—-4y= 0 di qua
goc toa do ?

(A)0 B)1

©)2 (D) 3.

Cho elip (E) ¢6 hai tiéu di€m 1a F|, F, va c6 do dai truc 16n bang 2a. Trong
cac ménh dé sau, ménh dé nao dung ?

(A)2a=F/F,; (B) 2a > F|F,;
(C) 2a < F,F,; (D) 4a=FF,.
22
Mot elip (E) ¢6 phuong trinh chinh tic > +2>=1.
_ a b
Goi 2¢ 1a tiéu cu cha (E). Trong cac ménh dé sau, ménh dé nao ding ?
(A) =a’+b%; (B) b? =a® +c%;
(©) a*> =b"+c%; (D) c=a+b.
Cho diém M(2 ; 3) ndm trén dudng elip (E) c6 phuong trinh chinh tic :
2 2 .
x_2 +_)17 =1. Trong céc diém sau day diém nao khong nam trén elip (E) :
b
(A) M (=23 3) ‘ (B) My(2 ; =3)
(C) My(=2;-3) (D) M,3; 2).
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3.67.

3.68.

3.69.

3.70.

3.71.

3.72.

154

2 2
Cho elip (E) c6 phuong trinh chinh tic _:E+—))_ = 1. Trong cac diém c6
toa do sau day diém nao 1a tiéu diém cia elip (E) ?
(A) (105 0) ) (B) (6 0)
©@4;0 (D) (-8;0).

Cho elip (E) c6 tiéu diém 12 F (4 ; 0) va c6 mét dinh 1a A(5 ; 0). Phuong
trinh chinh tac cna (E) la

2 2 22
X7y X )
A —+—=1; B —+—=1 ;
( )25 16 ®) 5 4
2 2
X ) X )
C) —+—=1; D) —+==1.
( )25 9 ( )5 4
22
Elip (E) : E+T—6=l va duong tron (C) : x2+y2 = 25 ¢6 bao nhiéu diém
chung ?
(A)O; B)1;
©2; (D) 4.

2 2

Cho elip (E) : T_6+% =1 va dudng thdng A : y = 3. Tich c4c khoang cich

tir hai tiéu diém cha (E) dén A béng gia tri nao sau day ?

(A) 16 ; B)9;

(C) 81; (D) 7.

Pudng tron di qua ba diém A(0 ; 3) ; B(-3 ; 0) va C(3 ; 0) ¢6 phuong trinh 12
(A) X +y =3 (B) x> +y* —6x -6y +9=0;

(©) x*+y*—6x+6y=0; D)X +y*-9=0.

J2

Vi gid tri nao cua m thi dudng thang A : Tx—7y+ m=0 ti€p xic vai

dudng tron X% +y* =17
(Aym=1; B)ym=0;

©m=+2 ; (D)m=iz—2—.



3.1

3.2.

3.3.

HUONG DAN GIAI VA PAP SO

~ §1. PHUONG TRINH PUGNG THANG

x=-5+4t
a)
y=-2-3t

b) {x=\/§+2t

y=1+3¢

ayMR2+2t ;3+1) €A.
AM=5& 2+20)% +Q2+1)% =25

<:>5t2 +12t-17=0 <1=1 vt=—%.

Viy M c6 toa do 12 (4 ; 4) hay (‘T%; :53]
b)M2+2t;3+t)e A
d: x+y+1=0
Medeo2+2t+3+1t+1=0&1=-2.
Vay M cétoadola(—2;1).
OMR2+2t:3+1)eA

RN .

AM =Q2+252+0,u, =(2; 1)

Ta c6 : AM ngan nhit & AM L ;A

<:>2(2+2t)+(2+t)=0<:>t=_% Vay M c6 toa do la [_%

a)3x-2y-1=0;
b)y+1=—%(x—2)<:>x+2y=0;

c)3x—-2y-6=0.

9

5

].
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34. Goi Al, Az,A3 lan lugt 1a cc duong trung truc di qua M, N, P.
Tacé: na, =NP =(-2;3).
Vay A c6phuong trinh -2(x+ 1) +3y=0 & 2x-3y+2=0.
Tacé na, =MP =(3; 4). |
Vay A, c6 phuong trinh 3(x—4) +4(y~ 1) =0 & 3x + 4y - 16 =0.
Tacé na, =MN=(5; 1).
Vay A, c6 phuong trinh Sx-2)+(y—-4)=0=5x+y-14=0.
3.5.. Truonghopl :a#0vab#0
Phuong trinh A c6 dang §+%=1.Ta c6 lal=1bl.
eb=a

A c6 dang : LIRS
a a

Me Ao l+z:1 S a=3.
a a

Vay A: §+§:1<:>x+y—3=0.

.b:—a

A cédang i,
a -a

Me Ao l+i=1 Sa=-1.
a -a

Vay A i1+%=1 Sx-y+1=0.

Truong hop2 :b=a=0
A di qua M va O nén c6 phuong trinh 2x — y = 0.

3.6. Theo dé bai toa do clia diém A ludn thoa man hé phuong trinh :
x=3y=-11 x=-2
=
3x+7y=15  |y=3.
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3.7.

3.8.

Vi AC 1 BH nén AC c6 dang 5x + 3y +c=0,tacé:
AceACS~-10+9+c=0c=1.

Vay phuong trinh dudng thiang chita canh AC : 5x + 3y + 1 = 0.

Toa d6 cta diém B lu6n ludn thoa man hé phuong trinh :

x-3y=-11 x=4
o
3x-5y=-13 y=35.
ViBC L AH nén BC c6 dang 7x — 3y + ¢ =0, tacé:
BeBC<28-15+¢c=0c=-13.
Vay phuong trinh dudng thang chtta canh BC : 7x — 3y — 13 = 0.
Hai dudng trung tuyén di cho déu khong phai 1a dudng trung tuyén xuét phat

tr A vi toa do clia A khong thoa man cic phuong trinh cla chiing. Dat BM :
2x—y+1=0vaCN:x+y-4=0lahai trung tuyén cua tam gidac ABC.

Dat B(x ; y), ta cé N [x—Z YTHJ va

2x y+1=0
=
Xx— 2+y+3
2

2 =-1
P
x+y=7

x=2
=
y=35.

Vay phuong trinh dudng thing chita canh AB 13 :2x = 4y + 16 =0
& x—-2y+8=0.

BeBM
NECN

4=0

Tuong tu ta c6 phuong trinh dudng thing chita canh AC 1a: 2x + Sy — 11 = 0.
Phuong trinh dudng thang chita canh BC 12 : 4x + y — 13 = 0.

Ay va A, c6 vecto phap tuyén l4n luot 1a n =(m;1)

—t

S |
I

) 1; -1).
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Tacd: A J_A2<:>n n =0
om-1=0
<om=1.

3.9. a)Dua phuong trinh ctia d va d’ vé dang t6ng quat

d:4x+5y-6=0
d:4x+5y+14=0
i:§¢;6 Vayd//d'
4 14
b) d:x+2y-5=0
d:2x+4y-10=0
1.2_25 vayd=a
2 4 -10
c) d:ix+y-2=0
d:2x+y-3=0
1 1 o
—#—-. Vaydcatd'
2 1

[2-2] —OVay(dd) 90°.

3.10. cos (dl, _\/1+_\/4T
311 R=dd A)—|4_15+1|¥
N

3.12. Phuong trinh hai dudng phan gidc cia cic géc giita A vaA, la:

2x+4y+7=+x—2y—3 [2x+4y+7=2(x—2y—3)
Jarie J1+4 2x+4y+T=-2(x-2y-3)
8y+13=0
|:4x+1:0.

3.13. dM, A))=dM, A,)

|5x+3y-3] _[5x+3y+7|
J25+9 Jzse9 T
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3.14.

3.15.

3.16.

3.17.

Ta tim dugc dudng thing d, di qua M c6 vectd chi phuong 12 AB va dudng
thing d, di qua M va trung diém ctia AB.

d :x-3y+13=0

d2 x-2=0.

§2. PHUONG TRINH PUONG TRON

a) (x—=2)2 +(y—3)2 =25 ; b) (x=2)2+(y-3)* =13 ;

©) (x=2)" +(y=3)" =9 ; d) (x=2"+(y=-3)* =4 ;

e) (x-2)2+(y=3)* =1.

a) Phuong trinh ctia (€ ) c6 dang x* +y* — 2ax — 2by + ¢ = 0. Ta ¢6 :
A,B,Ce (6)

—2a-8+c=-17 a=-3
< <14a-8b+c=—-65 & <b=-1
~4a+10b+c=-29 c=-31.

Vay phuong trinh cta (@) 1a: x* +y* +6x +2y—31=0. |
b) (&) c6 tam la diém (- 3 ; - 1) va c6 ban kinh bing Va* +b* —c =41 .
a) Goi I (a; b) la tam ctia (&) taco :

J[mz = IB* o {(a+1)2 +(b-2)% =(a+2)? +(b-3)*

|le A 3a-b+10=0
2a-2b=-8 a=-3
L L
3a-b=-10 b=1.

Vay (@) cé tam I(-3 ; 1).

byR=1IA = (~143)2 +(2-1)% =5
¢) Phuong trinh cia (&) 1a: (x+3)* +(y-1)* =5.

159



318. &) x-y-7=0 (d) hay x+y_%=0 ).
8 13 2 11
b I |=;-—— L|--:=|
) 1(3 3J 2( 7 7]
2 2 2
8 13 31
0 '){x 3J (y 3] (15}
2 2 2
2 11 31
| x+ 2| #ly==| =|=|.
) (X 7J (y 7} (35}
319, (@): 4yt —8x-2y+7=0
(@z)lxz+y2—3x—7y+12:0_
3.20. a) x2+y2—4x—4y—2=0;

b) x> +y% —x+y—4=0.

3.21. Phuong trinh ciia (&) ¢6 dang (x—a)* +(y—a)* =a°, tac6:
Me (E)s (4-a)’ +(2-a)’ =a°

a=2
a=10.
Vay ¢6 hai dudng tron thod man dé bai 1a :

(x=2)2 +(y—=2)* =4 va(x—-10)* +(y-10)* =100.

o a*—12a+20=0 {

3.22. a) M|(1;0), M,(=3;3).

b) A x—=Ty—-1=0; A, :Tx+y+18=0.

3.23. a)(€)c6tamI(3;-1)vacébankinhR=2,tacod:

IA = JG-12 +(=1-372 =25
IA > R, vay A nim ngoai (€).
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b) A :3x+4y-15=0; A,:x-1=0

3.24. A vuong géc v6i d nén phuong trinh A co dang : x + 3y + ¢ = 0.
(@) cotam /(3 ; — 1) va c6 ban kinh R = +10. Tac6 :
3-3+¢
Ati€pxic véi (€)=d( ;M) =R u=x/1_0 < c==10.

J1o
Vay ¢6 hai tiép tuyén thod man dé bai la :

A tx+3y+10=0 va A, :x+3y-10=0.

325. a) (€) c6 tam /(=1 : 2) va c6 ban kinh R = 3. Duong théng A di qua
M(2;—-1) vacdhé so géc k cod phuorr;g trinh :
y+1l=k(x-2) = kx-y-2k-1=0.
Tacd: A tiép xic v6i (€) < d(I, A) =R
- |~/<—2—2/<—1|:3

VK +1
& Jk+1=Vi® +1

o KR +2%k+1=k+1
< k=0.
Vay ta dugc ti€p tuyén A, 1y +1=0.

Xét dudng thang A, di qua M(2 ; ~1) va vuéng gc v6i Ox, A, c6 phuong
-1-2[=3=R._

trinh x =2 =0. Tacd d{, Az) =
Suy ra A, ti€p xic véi (€).

Vay qua diém M ta vé dugc hai tiép tuyén véi (€), d6 1a :
A y+1=0va A, 1x=2=0.

b) A, ti€pxic v6i (€)tai M (-1 -1)
A, tiép xic véi (€)taiM, (2;2).
Phuong trinh cta duong théng d di qua M, vaM,la:x-y=0.
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3.26. Puong ron (€) : x> +y* — 8x — 6y =0 c6 tam /(4 ; 3) va c6 bén kinh R = 5.
Cdch 1 : Xét dudng thang A di qua géc toa do O va c6 he s6 goc &, A ¢6
phuong trinh y — kx = 0.

Ta c6 : A tiép xiic v6i (€) < d(l, A) =R
| 3 - 44|
=) =5
Vk2+1
o 3-4k =25k +1)
& 9+ 16kF = 24k = 25k* + 25
& 9%*+24k+16=0

k= —i.

. . 4
Vay ta dugc phuong trinh tiép tuyénla: y + gx =0hay4x+3y=0.

Cdch 2 : Do toa do O(0 ; 0) thoa min phuong trinh cta (€) nén diém O nam
wen (@). Tiep tuyén véi (€) tai O c6 vecto phip tuyén n=01 = (4 ; 3).
Suy ra A c6 phuong trinh '
4x + 3y =0.
3.27. a)(€)cétam/, (3;0)vacobankinh R, =2;
(€, cétaml,(6;3)vacobankinh R, = 1.
b) Xét dudng thang A c6 phuong trinh :
y=kx+mhaykx—y+m=0.Tacé:
A tiép xic véi (€ |) va (€ ,) khi va chi khi

|3k+m|:2 M
d(l,,8) =R, o Vi +1
d(l,,0)=R, |6/<—3+m|=1

. 2)
\/k2 +1

T (1) va (2) suy ra
13k + m| = 216k =3+ ml .
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Truonghop 1. 3k+m=26k-3+m) © m=6-9%.
Thay vao (2) ta duoc

(6k=3+6-9k|=Vk* +1 o [3-3¢|=Vk? +1
S 9-18k+ 9=k +1

& 8k - 18k+8=0
© 4 -9%+4=0

L = 9++17
1T g
<
9-V17
k, = .
8
Thay gié tri ctia k vao (3) ta tinh dugc
m =6—9kl
m, =6—9k2.

Vay ta dugc hai tiép tuyén
A ty=kx+6-9%,

A, ty=kyx+6-9%,
Truong hop 2. 3k+m=-2(6k-3+m) < 3m=6- 15k

& m=2-5k
Thay vao (2) ta dugc

l6k=3+2-5k=Vk? +1 & [k-1]=Vk> +1
& (k-1Y=~KF+]1

S -2%k+1=k+1
< k=0.

Thay gia tri ctia k vao (4) ta dugc m = 2.
Vay ta dugce tiép tuyén
Ay iy=2
Xét duong thiang A, vuong goc v6i Ox tai x, :

A4 :x—x0=0.

(3)

“)
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A, ti€p xic véi (€ ) va(‘€,) khi va chi khi
di ,A )= 3-x|=2 x.=1lvx .=5
{ pA) =R, o l 0' - 170 0
d(1,,A,)=R, |6_x0|:1

Vay ta dugc tiép tuyén

A4 x-5=0.

x. =5vx. =7

Tém lai hai dudng tron (€ ) va (@2) c6 bdn ti€p tuyén chung Al’Az’A3

véA4.

§3. PHUGNG TRINH DUONG ELIP
328.Ex2y21. bEx2y21
2.8 a)( ).ﬁ+3-6—— ; )()@4‘55— .
3.29 a)(E)'ﬁ+ﬁ—1
29, T

~ Hai tieu diém : F,(=/3 ; 0), F(~/5 ; 0).
—Bandinh: A,(-3;0), A,(3;0), B(0;-2), B,0; 2).
—Truclén:A A, =6.
- Trucnhé : BB, = 4.
b) (E): £+12— =1
41
~ Hai tiu diém : F (=3 ; 0), F,(V3 ; 0).
—B6n dinh: A,(=2;0), A,(2 ; 0), B,(0; ~1), By(0; 1).
-Truclén: A A, =4.
- —Trucnhé: BB, =2.

3.30. €M ;R diquaF,=MF,=R " (1)
€ (M ; R) tiép xic trong véi € ((F, ; 2a) => MF,=2a-R (2)
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(1) +(2) cho : MF, + MF, =2a.
Vay M di dong trén elip (E) c6 hai diém 1a F,, F, va truc 16n 2a.

2 2

331. Diém M di dong trén elip (&) c6 phuong trinh %Jr % =1.
332. a)Tacé: 2a=26 = a=13va:

-E:i:i:c:S.

a 13 13

"Dodé B =a’-c?=169-25= 144,

Vay phuong trinh chinh tic claelip 1a

2 2
X Y

—+
169 144

b) Elip c6 tiéu diém F (-6 ; 0) suy ra c = 6. Vy :
c 6 2

—=—=—=a=9.
a a 3

Dodé: b’ =a"~c*=81-36=45.

Vay phuong trinh chinh tic cta elip 1a
22
—+ y_ =1.
81 45
' 2 2
(o x5y
3.33. a)Xételip (E): —+t5= 1.

Q
(N

(E) di qua M_[4; %j va N[B; %] nén thay toa do clia M va N vao .

phuong trinh ctia (E) ta dugc :

_1£+—81 =1 "2 .

a®  25b* o 17 =25

9 . ﬁzl b2 =9

a®  25b*

o, N
Vay phuong trinh cua (E) la : E+?=l'
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2

b) Xét elip (E) : x—2+y—2=1.
b
9 16
Vi [ ]e(E) nén —+—=1. (N
NGRNG 5a%  5p>
Tac6: FMF, =90° = OM = OF,
9 16

= F=0oM*=2+—==5
5 5
va  a’=b’+ct=bP+5.

Thay vao (1) ta dugc :

+ 1—1 & 9% + 16(b* + 5) = 5b* (b* + 5)
5(b* +5) 5b*
o br=16
o bP =4,
Suyraa2=9.
Vay phuong trinh chinh tic cta (E) 1a
x2 2
AP A
9 4
Fa
3.34. (E): 97 +25)2=225 < E+%=1.

a)Tacé: a2=25,b2=9
= a=5, b=3.

Tacé: ¢*=a*-b*=16
= c=4.

Vay (E) c6 hai tieu diém 13 : F (=4 ; 0) va F,(4 ; 0) va c6 bon dinh L2
A\(=550), A,(5;0), B,(0; =3) va B,(0; 3).

b) Goi M(x ; y) 1a diém cén tim, ta c6 :

" (M e(E) M e (E) 9x? +25y% =225
e <
FMF, =90° OM? = XX +y? =16
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3.35.

2 175 5V7
X = +

— x=t—
.
2
= — =4+
Y 16 Y=y

Vay c6 bon diém M thoa min diéu kién cha dé bai 1a :

SNT9) (VT 9) (VT 9 ([ VT 9
4 7474 4l 4 a4l a0 4y

a)Tacé:a=3b = a° =9’
= a2=9(a2——cz)
= 9¢% = 84°
= 3c= 22a.

c_2\/§

Vay —= .
1Y 2 3

b) EB.F, =90° = OB —ﬂ
17172~ 1~ 2

= b=c
= br=c?
=S a’-ct=c?
= a*=2c?

:>a=c\/§.

P A
C)AB,=2c = AB’ =4c’
= a’+ b’ =4c
= dt+d*-c?=4c"
= 24% = 5¢*

= 2a=+5c.
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3.36.

3.37.

3.38.

168

(E) : 4x* + 9y* = 36. | (1)

Xét duong thang (d) di qua diém M(1 ; 1) va ¢6 hé s6 goc k. Ta c6 phuong
trinhcta (d) :y—1=k(x—1)hay y=k(x—-1) + 1. 2)

Thay (2) vao (1) ta dugc
4x* +9 [k(x— 1)+ 1]* =36
& O+ +18k(1 —k)x +9(1 —k)* = 36 =0. (3)
Ta c6 : (d) cit (E) tai hai diém A, B thoa man
MA = MB khi va chi khi phuong trinh (3) ¢6 hai nghiém x,, x; sao cho :
Rt —18k§1—k)=1’
209k% +4)

2 “um
o 18k - 18k =18k + 8 = k=—§.

Vay phuong trinh ctia (d) 1a :
4
y= —§(x—1)+1 hay 4x+9y-13=0.

CAU HOI VA BAI TAP ON TAP CHUONG Il

a)G(—-l ;= %),H(ll ;=2), 1(=7;-1).

b). IH =3IG suy ra I, G, H thang hang.
¢) (x+7) +(y+1)? =85.

a)Ae A;Bg A.
b) A cat Ox tai M(2 ; 0)

A cét Oy tai N'[O ; %j
¢) ViMe Anéntoadd cua M cé dang (2 -3¢ 1)

BM =(-3t;1—1)
u o=(=3:1).
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3.39.
- 2x-y—-6=0;

3.40.

3.41.

o — - 1
Tac6:BMngannbhat < BM Lu, ©9%+t-1=0& I:E-

Vay diém M thoa man dé bai c6 toa do la [13 ll()J

x+2y-3=0;
2x-y+9=0.

a)Tacd A(O)=2>0
A (A) =2+2_>0.

Vay A va O nam vé cling mot
pMa doi véi A (h.3.10).

b) Goi O’ 1a diém doi ximg
ciia O qua A, tachd:
OM+MA=0M+MA=0A

Ta c6 : OM + MA ngin nhét
& 0', M, A thing hang.

Hinh 3.10

Xét dudng thing d di qua O va vuong géc v6i A. Phuong trinh clia d 1a :
x+y=0. '

dcatAtai H(-1; 1). '

H 1a trung diém cua OO suyraO'(-2;2).

Phuong trinh dudng thing O'A 1a: x+ 2y -2 =0.

X+2y=2 2 4
Giéi he phuong trinh Y= taduge M= ( : J
oo x—y=-2 3°3

.25 19 68 :
€ +y 2 x—2 =0.
a) (6): X y 3 X 3 y+ 3

85
18

b) (&) c6 tam 1[%5 : 13] va c6 ban kinh R =
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3.42. a) (1) la phuong trinh cia dudng tron khi va chi khi
@ +b?—c>0 & m? +4(m—2)2 -6+m>0

<1
o Sm?—15m+10>0 @[m
m>2.

x=m
y=2(m-2)
Vay tap hop céc tam ctia (C, ) 12 mot phén cla dudng thaing A : y=2x—4

b) (Cm) ¢6 tam /(x ; y) thoa man J[ S y=2x—-4.

thoa min diéu kién giéi han : x < 1 hay x > 2.
Xy

343. a)(F): —+—=1;
) (E) st

b)(E): -+ =1.

x2 2
344. (B): 2+ L =1

25 9
Tacé:a2=25,b2=9:>cz=a2—b2=16

=c=4.

Vay (E) c6 hai tiéu diém la Fl(=4;0)vaF,4;0). Taco:

4 —dF. A |-4A+C]|
1= 12T T
\/Az+B2
|44 +Cl
dy=d(F,, ) = ——-
\,/AZ+B2
2 2
-16A
Suyra d,.d, =%- (1)
A"+B

Thay C? = 25A% + 9B* vao (1) ta duoc :

|osa? v —164% oA+ BY)

d.d _
A?+ B? A?+ B?

)
Vay d,d,=9.
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2
345. (E): x2+4y2=16 <:>x—+y—=1_
16 4
Tacod a2=16,b2=4:>c2=a2—b2=12
:>C‘—‘2\/§.

Vay (E) c6 hai tiu diém : F (=233 ; 0) va F,(2+/3 ; 0)
vacdcdinh A (-4;0),A,4;0)
B\(0;-2),B)(0;2).

b) Phuong trinh A c6 dang :

lx=1)+ 2@-3 =0 hay x+2y-2=0.

¢) Toa do cua giao diém cua A va (E) 1a nghiém ctia hé :

XX +4yt =16 )
x=2-2y. 2)
Thay (2) vao (1) ta duoc :

(2 -2y +4y* =16
o (-y'+y=4
o 2P -2y-3=0. (3)

Phuong trinh (3) c6 hai nghiém y,, y, thoa mén

YA"'YB_E_l_y
2 4 2 M
Vay MA=MB
‘ -7 1+47
Tacé yA:T’yB— ;
XA.=1+\/7,XB=1_\/7'
Vay A c6 toa do la [1+ﬁ; —1_2ﬁ],3cétoadélé [1—\/7; “2‘5}.
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3.46.

3.47.

3.48.

3.49.
3.50.

3.51.

3.52.

3.53.

3.54.
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CAU HOI TRAC NGHIEM
BA =(-2;2)

C =(2;2)

BA.BC =0 = ABC =90°.

Pudng trdn ngoai ti€p ¢6 tam la trung diém / cla AC nén cé toa 46 (3 ; 4)
Chon (D)

Chon (A).

Puong thang A 6x — 4y — 12 = 0 cét Ox va Oy lan luot tai A(2 ; 0) va
B(O ; -3).

Tac6 AB = J13°, Chon (C)
Chon (A).

DPudng thang A : 2x + y — 4 = 0 song song vo‘ldufmgthangd 4x+2y+ 1=0
va di qua diém M(1 ; 2). Chon (C).

Puong thing A : 3x + 5y + 2006 = 0 ¢6 he s6 géc la k = —%. Phit biéu (C) |

“sai. Chon (C).

biém C(2 ;2) ¢6 toa d¢ thod mén phuong trinh dudng thing A : x ~2y + 2 =0.
Ta lai c6 Hé =(1;-2), n_A' = (1; —2) suy ra MC vubng géc voi A. Vay
c2 . 2) 12 hinh chi€u vuong géc ctia M xudéng A. Chon (C).

Duong tﬁfmg AdiquaA(l;l),B2; 2) ¢ vecto chi phuong AB =(1; ) :

x=14t¢
Vay A c6 phuong trinh tham s6 {
y=1+¢.

biém O(0 ; 0) thoa man phuong trinh clia A (&ng voi t =-1). Vay pliuo’ng. ’

) . ) ={

trinh tham s6 cha A c6 thé viét1a 4~
y=t.
Chon (D).
100
R = d(O . A) = —_— =
T J64 436

Chon (D).



3.55.

3.56.

3.57.

3.58.

3.59.

3.60.

3.61.

3.62.
3.63.
3.64.
3.65.

i-6] 1

Jaa179 V2

cos (AI’A2) =
Chon (C).

(Ox, A) =45 (Ox, A,) =60 Suy ra (A ,A, ) =15°. Chon (B).

Phuong trinh X2+ y2 +x+y+2 =0 khong 1a phuong trinh cta dudng tron
vi khong thoa man diéu kién a* +b%—c >0. Chon (B).

Toa do ba diém A(-2 ; 0), B(~v2; v/2), C(2 ; 0) déu thoa man phuong trinh

dudng tron x° + y> =4. Chon (A).

Pudng tron noi tiép tam gidc OAB c6 tam I(a ; a). Ta c6 d(I, AB) = d(I, Ox)
suyral(l1;1). TacoR= d(l’, Ox)=1.

Vay phuong trinh cia dudng tron noi tiép tam gidc OAB la:
o x2+y2—-2x—2y +1=0.

Chon (C).

(C)coétam /(-1 ; 3) vabankinh R, =2.

(C,) cétam I,(2 ; 1) va ban kinh R, = 3.

‘Taco [, =R +R,.
'Vay (C)) ti€p xtc ngoai véi (C,).

Chon (D).

Ti€p tuyén A c6 vecto php tuyén OM, =(1; 1).

Phuong trinh A ¢6 dang
Lx-D+1y-1D)=0
hay x+y—2=0. Chon (A).

IM > R suy ra diém M nam ngoai dudng tron. Chon (C).
Dubﬁg tron (C) di qua géc O(0 ; 0). Chon (B). |
Chon (B).
Chon (C). |
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3.66.
3.67.
3.68.
3.69.
3.70.
3.71.

3.72.
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(E) di qua cac diém M,, M,, M. Chon (D).
Chon (D).
Chon (O).
(C) tiép xtc voi (E) tai A (~5 ; 0) va Ax(5 ; 0). Chon (C).
d(F,, A) x d(Fy, A) = b*=9. Chon (B).
OA = OB = OC = 3. Puodng tron ngoai ti€p tam gidc ABC 6 phuong trinh
x* + y* =9 = 0. Chon (D).
Atiép xtic v6i C(0; 1) <= d(0;A) =1
= |m| = 1.
Chon (A).

BAI TAP CUOI NAM

Trong mat phiang Oxy cho tam gidc ABC, biét dinh A(1 ; 1) va toa do
trong tam G(1 ; 2). Canh AC va dudng trung truc cta né lan lugt co
phuong trinh [Ax +y—2=0va—x +y—2=0. Cdc diém M va N lan luot [a
trung diém cta BC va AC.

a) Hay tim toa do cac diém M va N.

b) Viét phuong trinh hai duong thang chita hai canh AB va BC.

Trong mat phang Oxy cho tam gidc ABC c6 AB = AC, BAC = 90°. Biét
o 2 .

M(1 ; -1) la trung diém canh BC va G(—3— ; Oj la trong tam tam gidc ABC.

Tim toa do cac dinh A, B, C.

Cho ba diém A(1 ; 2), B(-3; 1), C(4 ; -2).

a) Chitng minh ring tap hop cac diém M(x ; y) thoa man MA? + MB* = MC?
la mét duong tron.

b) Tim toa d6 tdm va ban kinh ctia dudng tron néi trén.

Cho hai diém A(3 ; —1), B(-1 ; -2) va dudng thang d c6 phuong trinh
x+2y+1=0. ’

a) Tim toa do diém C trén duong thing d sao cho tam gidc ABC 1a tam gic
can tai C.



b) Tim toa do ctia diém M trén dudng thang d sao cho tam gidc AMB vuong

tai M.

Trong mit phing Oxy cho dudng tron (T) ¢6 phuong trinh
x2+y2—4x—2y+3=0.

a) Tim toa do tam va tinh ban kinh cta duong tron (7).

b) Tim m dé dudng thang y = x + m c6 diém chung véi duong tron (T).

¢) Viét phuong trinh tiép tuyén A v6i dudng tron (T) bi€t rang A vudng géc

v6i dudng thang d c6 phwong trinh x — y + 2006 = 0.

Trong mat phing Oxy cho elip (E) c6 tiéu diém thit nhat 1a (/3 ; 0) va di

V3

qua diém M[l : 7}

a) Hay xdc dinh toa do cdc dinh cua (E).
b) Viét phuong trinh chinh tic cua (E).

¢) Pudng thang A di qua tiéu diém thi hai cta elip (E) va vuong goc véi
truc Ox va cit (E) tai hai diém C va D. Tinh do dai doan thédng CD.

- HUGNG DAN GIAI VA PAP SO

3

. g xM—1=§(1—1) Xy =1
a)AM:EAGo 3 P
-1=2(2-1 Im =
Yy 2( )

Vay M c6 toa do la [l ; g] (h.3.11).
Diém N(x ; y) thod man hé phuong trinh
xX+y=2 - x=0
—x+y=2 y=2.
Vay N c6toadola(0; 2).
xp—1=2(1-0)

b)ﬁ=2N_M.<:> 5 =
yB—1=2 5"2 yB=2-
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DPuong thang chifa canh AB di qua hai di€m A(1 ; 1) va B(3 ; 2) nén cb
phuong trinh : x =2y + 1 =0.

Duong thang chita canh BC di qua hai diém B3 ;2)va M [1 ; %] nén cé

phuong trinh : x + 4y — 11 = 0.
- xA—1=3(z—1j A
(Xem hinh 3.12) MA=3MG & < 3 &

Viay A toa dd (0; 2).
batB(x;y)tacé:

MB L MA
MB? = MA?
x-DO-D+(Hy+DHR+D=0
< 2 2
x=-D"+(+D) " =1+9 _
x=3y+4 [(x=3y+4  [y=0, x=4
o 5 5 & 5 o
GBy+3) " +(y+1) =10 10y~ +20y =0

VaytacétoaddciaBvaC nhu' sau:B(4;0),C(-2;-2)hodac B(-2;-2),
c@; 0.

" Hinh 3.12

y=-2, x=-2.

a) MA> + MB* = MC?

o =2 +(=-22+x+3)’+ (-1 = (x =4 +(y+2)*
o 4y +12x—10y-5=0 < (x+6)* +(y—5)* = 66.
Vay tap hop cdc diém M 1a- mét dudng tron.

b) Tam la diém (-6 ; 5) ban kinh bing /66.
a)batC(x;y),tacd: Ce (d) o x=-2y-1.

Vay C(-2y - 15 y).
Tam gidc ABC can tai C khi va chi khi

CA=CB& CA*=CPB’

S B+ + 1P+ (=192 = (=1 +2y+ 1)? + (-2 — y)?
S@+2) + (1 +y)2 =4y + 2+ )



Gidiratadugec y= B3
14

x=—2[——13j—1=£—1:§-
| 14 7 7

Vay C cétoado la {9 ; —EJ
. 77 14
b) Xét diém M(=2t -1 ; ¢) trén (d), ta c6 :
AMB =90° < AM? + BM* = AB?
S@E+2+(1+ 02 +42 + Q2+ =17
© 107 +22t+4=0c57+111+2=0
1

1=——
= 5
t=-2.
Vay c6 hai diém thoa man dé bai’la M, [__3_ : _lj va Mi(3 1 =2).
. 5 5
a) Dufm'g tron (T) ¢6 tam 1a diém (2 ; 1) va c6 ban kinh bing \/5 .
by():x—y+m=0.Tacéd:
(1) c6 diém chung véi (T)
<dI,D<R

|2—-_1+m|<\/—

R WP/}

N
o|mtl|<2o2<m+1<2o-3<m<1.

c) Al dnén A céphuong trinhx+y +c¢=0.
Ta c6 : A tiép xiic véi (T) khi va chi khi

dil,A) =R
2+1+c _ 3=l |e="1
<:>T_\/§<:>|c+3|—2<:> .C+3:_2C> c=-5.

. Vay c6 hai tiép tuyén v6i (T') thod man dé bai 1a :
Aix+y-1=0
A,ix+y-5=0.
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a) (E) c6 tieu diém Fl(—\/§ :0)nénc=+/3.

Phuong trinh chinh tic cta (E) c¢6 dang
Taco: M[l ; ?J e (E)
3

va  d=brct=bt 43,
Thay vao (1) ta dugc :

L3

b’ +3  4b’

o 4P +302+9=4b (B +3) oAbt + 5K - 9=0 b = 1.

=1

Suy ra a’=4.
Tacba=2;b=1.
Vay (E) c6bén dinhla: (=2 ; 0), (2;0),
O;-Dva;1).
b) Phuong trinh chinh tic cta (F) 1a :
2 2

LIPS

4 1
¢) (E) c6 tieu diém thit hai 1a diém (+/3 ; 0). Dudng thing A di qua diém
(\/5 ; 0) va vuong géc v6i Ox c6 phuong trinh : x = V3.

Phuong trinh tung d6 giao diém cta A va (E) 1a
2
3.y 2
—+— =1y =
4 1 Y

1
=4+—.
Y 2
1

N

Suy ra toa do cia C vaD1a: C| /3 ; —5] VQD(\/E; —;—J

Vay CD = 1.
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