Phan1 MOT SO PHUONG PHAP GIAI PHUONG TRINH NGHIEM NGUYEN

1 PHUONG PHAP XET TINH CHIA HET ....uvniniineieeee e, 2
A Phuong phap phat hién tinh chiahétcllamotan ................coovvneeea.... 2
B Phuong phép dua vé phuong tinh UGC SO ... .cvveee i 2
C Phuong phap biéu thi mét 4n theo &n con lai réi dung tinh chia hét................ 3
D Phuong phdp xét s du cliatiing V& . ... .co.vueee et 4

2 PHUONG PHAP DUNG BAT DANG THUC ......ccuevnerneineeneineerneeneennnnns 8
A Phuong phap SAp thl t CAC 8N .. ...ttt 8
B Phuong phap xét trng khodng gid tricla 8n...........ooeeeiiineeeeaaeiinnn.. 9
C Phuong phap chira nghi@m nguyén . ...........ooiuiiiiiiii i 10
D Phuong phéap st dung diéu kién dé phuong trinh bac hai cé nghiém.............. 10

3 PHUONG PHAP DUNG TiNH CHAT CUA SO CHINH PHUONG ..................... 17
A S{ dung tinh chat vé chia hét clia sb chinh phuong.............cooiiiiiiinnn... 17
B Taorabinhphuong AUNg. ... ..o 17
C Taoraténg cac s6 Chinh PAUGNG . ... .vveee ettt 18
D Xét cac s6 chinh phuong BN tBP ... e 18
E  S{ dung diéu kién biét s6 A 12 s6 chinh phuong . ........oooeiiiiiiiiieeeeee. .. 19
F o oSt dung tinh Chati. ... o oo 20
G ST dung tinh Chat:. ... . 21

1 PHUONG TRINHMOT AN ....ounininieeeee et e e e e e e e eee e eeaeess 32
2  PHUGONG TRINH BAC NHAT VOITHAI AN . ...eeenenieieee e e eeeeeeaaaees 35
A Céch gidi phuong trinh bac nhéat hai &n ax + by = ¢ v6i nghiém nguyén (a,b,c € Z)
36
3  PHUONG TRINH BAC HAI VOI HAI AN.......uenieieieeee e et e e eeeaeeaeaas 39
PHUGONG TRINH BAC BAHAI AN . ....uvieiniiieie et eee e e e e eeenenanas 57

5 PHUGONG TRINHBAC BON VOIHAI AN. ... ..eneneneeee e eeaeaenanns 66



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC @ Trangiil215

6 PHUGONG TRINH DA THUC VOIBAANTROLEN....c.ueneeeeieae e, 76
7 PHUONG TRINHPHAN THUC ...ttt e eeiee e e eaee e e eaeeeeeneens 85
8 PHUONG TRINH MU ...eeeieitiiiieee e et et e e e e e e e nee e e e s seannnnneeens 93
9 PHUONG TRINH VO Tl ettt ettt et eeiee e eeanee e eaneeeeeanneeeannn 104
10 HE PHUONG TRINH VOINGHIEM NGUYEN ........cccviiieiiiieeiieeeineennnen, 114
11 TiM DIEU KIEN DE PHUONG TRINH CO NGHIEM NGUYEN ........cevvnenennennn.. 118

1 BAITOANVE SO TU NHIEN VACAC CHU SO......ueneeninieiiaeieaeeeaeaans 125
2  BAITOAN VE TiNH CHIA HETVA SO NGUYENTO ... .vneeeeeee e, 138
3 BAITOANTHUGC TE .. ..uneninieeee e e et e e e e e et e e e e e e e e e e nenss 152

1 THUAT TOAN EUCLIDE VA PHUGNG PHAP TiM NGHIEM RIENG DE GIAI PHUONG

TRINH BAC NHAT HAL AN - oo e e e e e 159
N T 159
B CACh QIAI tONG QUAL ...ttt ettt 160
G ViU o 161
D C&ch tim mét nghiém riéng cla phuong trinh ax +by =c.......coooviiiii oo, 161
2 PHUGONG TRINH PELL ...ttt et et et e aee e e e ee e ee e ee e as 166
A MO GAU .ot 166
B Phuong trinh Pell .. ... 166
3 PHUONG TRINH PYTHAGORE.......iiiiitetteeteeiiinanseeeessaaannnneeeeeaanns 170
A MBGAU .ot 170
4 PHUONG TRINH FERMAT ... uuutttetttiiinteeeeseaaannseeeesseaannnnneeeeseanns 175
A DINh 1IN0 Fermat ... ... e 175
B Dinhli10n Fermat . ... ... 175
C Lichslvéchingminhdinh i 16n Fermat..........ooouemuiieeieiieeeeanen, 176
D Chiongminhdinhlildn Fermatvdin=4 ... ... ... . . i, 177
5 PHUONG TRINH DIONPHANTE ... .uuuttteetttiiiieeeeeeseeannneeeesseaannnnnens 180

Phan5 NHUNG PHUONG TRINH NGHIEM NGUYEN CHUA CO LOI GIAI

1 CON NHIEU PHUONG TRINH NGHIEM NGUYEN CHUA GIAI BUOC............... 182
A Phuongtrinhbacbavdihai dn........... 182
B Phuong trinhbacbdn vai hai n....... ..., 183
C Phuongtrinhbaccao vBi hai An..........ooooeiei e, 183

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trangiiii/215

D Phuongtrinh viba dntrd 18N . ... ..o 184
2 NHUNGBUOCBDOTPHA ..ottt e ene s 185

Phan 6 PHUONG TRINH NGHIEM NGUYEN QUA CAC KY THI

1 Trong cAc de thi VA0 IOP 10 ... .ueee et ie et e e e ene e eeeranneaannenn 187
2 Trong cac dé thi hoc sinh gidi qUOC gia va qUOC 6. .....evvuveerneeiieeeenaennns. 209

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



MOT SO PHUONG PHAP GIAI
PHUONG TRINH NGHIEM NGUYEN

oD,
20D
22k

Giadi phuong trinh nghiém nguyén chira cac 4n x, y, z,... la tim tat cd cac bo sd nguyén
(x0, Yo, 2o,-..) thdéa man phuong trinh d6. Khi gidi phuong trinh nghiém nguyén, do phai
lgi dung céc tinh chat ctia tdp hgp Z nén ngoai cac bién déi twong duong, ta con dung dén cac
bién ddi ma cac gia tri cia 4n chi théa man diéu kién can (chit chua phai diéu kién can va du)
ctia nghiém. Trong trudng hop nay, ta can kiém tra lai cac gia tri d6 bang cach thir vao phuong

trinh da cho. Do d¢, viéc gidi phuong trinh nghiém nguyén thuong gdm hai budc:

* Budc 1. Gia st phuong trinh c6 nghiém nguyén (xo, yo, Zo, - - . ), ta suy ra cac an phai nhan

cac gia tri nao do.
e Budc 2. Thit lai cac gia tri d6 ctia 4n dé khang dinh tap nghiém ctia phurong trinh.

Dé don gian, trong nhiéu bai toan & cubn sach nay, budc 1 khong tach riéng mot cach tuong
minh va cac gia tri xo, Yo, zo,... van duoc biéu thi bdi x, y, z,... Vdi cc bai todn ma cac
bién déi déu tuong duong, ta khong can budc 2. Mot phuong trinh nghiém nguyén c6 thé vo
nghiém, hodc httu han nghiém, hoac vo sO nghiém. Trong truong hgp phuong trinh c6 vo )
nghiém nguyén, cic nghiém nguyén ctia phuong trinh thuong dugc biéu thi bdi mot cong thirc

c6 chita tham s6 1a mot s6 nguyen.
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Bir 1. PHUONG PHAP XET TINH CHIA HET
PHUONG PHAP PHAT HIEN TINH CHIA HET CUA MOT AN

Vidu 1: Giai phuong trinh nghiém nguyén

3x 4+ 17y = 159 (1)

Gia st x, y 1a cac s6 nguyén thoa man phuong trinh (1). Ta thay 159 va 3x déu chia hét cho 3
nén 17y i 3, suy ra y : 3 (vi 17 va 3 nguyén t6 cing nhau). Dat y = 3t (t € Z). Thay vao phuong
trinh (1) ta dugc

3x +17.3t =159 & x + 17t = 53.

x =53 — 17t
Do do (teZ). (2)
y =3t

Tht lai, thay cac biéu thic cta x va y & (2) vao (1) thi phuong trinh dugce nghiém ding. Vay
phuong trinh (1) ¢6 v6 s6 nghiém nguyén (x; y) duoc biéu thi bdi cong thitc

x =53 — 17t .
(t1a sO nguyén tuy y).
y =3t

PHUONG PHAP DUA VE PHUONG TRINH USC s6

Ta goi phuong trinh wdc s6 1a phuong trinh c6 vé trai 1a mot tich cac biéu thite c6 gia tri nguyén,
vé phai la mot hang s6 nguyén. Bang cach tim udc ctia hang s6 do, ta tim dugc nghiém nguyén
ctia phuong trinh da cho.

Vidu 2: Tim nghiém cta phuong trinh

Xy—x—y=2.

Bién d6i phuong trinh thanh

x(y-1)—y=2ex(y-1)—-(y—-1)=2+1
< y—-1)(x—1)=3.
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Vi x va y 1a cac s6 nguyén nén x — 1 va y — 1 1a cac s6 nguyén va la udc ctia 3. Do vai trd binh
dang ctia x va y trong phuong trinh nén c6 thé gia stt rang x > y, khi dé x — 1 > y — 1. Liic d6

ta co:

Do do

Cac nghiém nguyén (x; y) cta phuong trinh la (4; 2), (2; 4), (0; 2),(—2; 0).

Vidu 3: Tim nghiém nguyén ctia phuong trinh

2xy —x+y =3

Ta co:

2xy —x+y=3&4xy—2x+2y =6
S2xy-1)+2y—-1)=6-1
< (2y—1)(2x+1) =5.

Vi 2x + 1 va 2y — 1 14y cac gid tri nguyén va la uéc ctia 5 nén ta c6

2x + 1|5 =5| -1
1
2y — |51 1| -5
1

Vay phuong trinh nghiém nguyén (x; y) 1a (0; 3), (—=1; —2), (2; 1), (=1, 0).

e i 2 . . 1
Luu y. Dé viet vé trai 2xy — x + y thanh mot tich, ta bien doi thanh x(2y — 1) + E(Zy —1). Do
d6 ta nhan hai vé cia phuong trinh 2xy — x +y = 3 v6i 2 16i trir 1 vao hai vé dé dua vé phuong

trinh udc so.
@ PHUONG PHAP BIEU TH| MOT AN THEO AN CON LAI ROI DUNG TINH CHIA HET

Vidu 4: Giai phuong trinh & vi du 2 (& trang 2) bang cach biéu thi x theo y r6i tach ra cac gia

tri nguyén va dung tinh chia hét.
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Xy—x—y=2
ex(y—1)=y+2.

Ta thdy y # 1 (vinéu y = 1 thi Ox = 3, v0 nghiém).
2

Dodéx=Y"2,
y—1
, 1A L y+2 ., .
Tach ra ¢ phan thue =— 7 cac so nguyen duogc
y-1 y-1 y—1

Do x la s6 nguyén nén 1 1a s6 nguyén, do d6 y — 1 1a udc cta 3. Lan lugt cho y — 1 bang

-1, 1, =3, 3, ta dugc dap sO6 nhu & vi du 2.

PHUONG PHAP XET $6 DU CUA TUNG VE
Vidu 5: Chiing minh rang cac phuong trinh sau khong c6 nghiém nguyén:

a) x2 —y? = 1998; b) x%+ y? = 1999.

a) Dé chitng minh x?, y? chia cho 4 chi ¢6 s6 du 1a 0 hodc 1 nén x? — y? chia cho 4 ¢6 s6 du
1a 0 hodc 1 hodc 3. Con vé phai 1998 chia cho 4 du 2. Vay phuong trinh khéng c6 nghiém

nguyen.

b) x2, y? chia cho 4 ¢6 s6 du 1a 0 hodc 1 nén x? + y? chia cho 4 c6 s6 du la 0 hodc 1 hoac 2.

Con vé phai 1a 1999 chia cho 4 du 3. Vay phuong trinh khong c6 nghiém nguyén.

«Kinh nghiém gidi todn

Can nhd cac két luan duoc riatra tir vidu 5

x? — y? chia cho 4 khong du 2,

x? 4+ y? chia cho 4 khong du 3.

Vidu 6: Tim nghiém nguyén ctia phuong trinh

9x—|—2:y2—|—y.

Bién ddi phuong trinh thanh 9x +2 = y(y + 1).
Ta thay vé trai ctia phuong trinh 1a s6 chia hét cho 3 du 2 nén y(y + 1) chia cho 3 du 2.
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Tir d6 chico thélay = 3k +1vay + 1 = 3k + 2 (k nguyén).
Khi do

9x +2 = (3k+1)(3k +2)
&9x = 9k2 + 9k
ex =k(k+1).

Thu lai, x = k(k+ 1), y = 3k + 1 théa man phuong trinh da cho.

. | x=k(k+1) )
Dap so: (k 1a so nguyén tuy y).
y=3k+1

BAI TAP

Bai 1.1: Tim nghiém nguyén ctia phuong trinh: 2x + 13y = 156.

Ta thdy 156 = 12-13 nén x:13. Dat x = 13t (t € Z) ta duogc 2t +y = 12. Vay tap hop céc
x =13t

nghiém nguyén ctia phuong trinh la (teZ).
y=12—2t

Bai 1.2: Tim nghiém nguyén ctia cac phuong trinh sau:

a) 2xy —4x+y=7; b) 3xy+x—y=1.

a) 2xy —4x+y=7.
Dua vé phuong trinh wdc sb: (2x + 1) (y — 2) = 5. Tir d6 ta im dugc cac nghiém nguyén ctia
phuong trinh 1a (0;7), (2;3), (=1, —3), (—3;1).

b) 3xy+x—y =1
Pua vé phuong trinh udc s6: (3x — 1)(3y + 1) = 2. Tir d6 ta tim dugc cac nghiém nguyén
cta phuong trinh la (1;0) va (0; —1).

Bdi 1.3: Tim nghiém nguyén ctia phuong trinh: 2x? + 3xy — 2y> = 7.
Dua vé phuong trinh udc s6: (x + 2y)(2x —y) = 7. Tir d6 ta tim dugc cac nghiém nguyén ctia
phuong trinh 1a (3; —1) va (—3;1).

Bai 1.4: Tim nghiém nguyén ctia phuong trinh: x> — % = 91.
Dua vé phuong trinh udc s6: (x —y) (x* + xy + y*) = 13- 7. Cha y rang x> 4+ xy + y* > 0. Tix
dé ta tim dugc cac nghiém nguyén ctia phuong trinh la (6;5), (—5; —6), (4, —3), (3; —4).

Bai 1.5: Tim nghiém nguyén ctia phuong trinh: x? — xy = 6x — 5y — 8

Biéu thi y theo x ta dugc: xy — 5y = x> — 6x +8 & (x — 5)y = x> — 6x + 8.
. x> —6x+8 3 o i i
Dox#Sneny:W:x—l—i—m.Tud03:(x—5),tuongungvcnglatr;cua

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540




= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trang 6/215

x —5bang 1,—1,3, —3 ta c6 cac nghiém (x;y) 1a (6;8), (4;0), (8;8), (2;0).
Luu y. Néu dua vé phuong trinh udc s6, ta dugc: (x —5)(x —y — 1) = 3.

Bai 1.6: Cho da thitc f(x) c6 cac hé sb nguyén. Biét rang f(1) - f(2) = 35. Ching minh rang
da thuc f(x) khong c6 nghiém nguyén.
Gia st da thitc f(x) c6 nghiém nguyén a. Thé thi f(x) = (x —a)g(x), trong d6 g(x) 1a da thirc

c6 cac hé so nguyén. Suy ra

trong d6 ¢(1), g(2) 1a cac sb nguyén.
Do dé f(1)- f(2) = (1—a)(2—a)g(1)g(2) = 35 = (1 —a)(2—a)g(1)g(2). Khong xay ra dang
thitc trén vi vé trai la s6 1é, con vé phai la s chan do c6 tich ctia hai s6 nguyén lién tiép la

(1—a)va(2—a).

Bai 1.7: Chiing minh rang cdc phuong trinh sau khong c6 nghiém nguyén:
a) 3x% —4y? = 13; b) 7x? + 12y% = 2013.
a) Xét3x? —4y? = 13.

Vé phéi chia cho 4 du 1. Hay chiing minh rang vé trai chia cho 4 c6 s6 du khac 1 (chu y rang

x? chia cho 4 c6 s6 du bang 0 hodc 1).

b) Xét 7x? + 12y% = 2013.
Vé phai 1a 56 1é nén 7x2 1a 56 1, do d6 x 1a s6 1é. Ta c6 x? chia cho 4 du 1 nén 7x? chia cho 4
du 3. Vé trai chia cho 4 du 3, con vé phai 2013 chia cho 4 du 1.

Bai 1.8: Ching minh rang phuong trinh sau khong c¢6 nghiém nguyén:

x? = 2y* — 8y + 3.

Vé trai chia cho 8 du 0, 1,4. Con vé phai chia cho 8 du 3 (néu y chan) hodc du 5 (néu y 1¢).

Bai 1.9: Chiing minh rang phuong trinh sau khéng c6 nghiém nguyén:

x° —5x° +4x = 24(5y +1).

Bién ddi: x(x 4+ 1)(x — 1)(x +2)(x — 2) = 120y + 24. Vé trai la tich ctia 5 sb nguyén lién tiép

nén chia hét cho 5, con vé phai khong chia hét cho 5.
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Bai 1.10: Ching minh rang phuong trinh sau khong c¢6 nghiém nguyén:

3x° — x3 + 6x% — 15x = 2001.

Vé phai chia hét cho 3. Suy ra x%:3, do d6 x i 3. Khi d6 vé trai chia hét cho 9, con vé phai khong

chia hét cho 9.

Bai 1.11: Ching minh rang phuong trinh sau khong c¢6 nghiém nguyén:

|x —y| + |y — z| + |z — x| = 2015.

Ta co
[x =yl + |y —z[ + |z — x| = 2015
Slx—y|+ly—z|+|z—x+(x—y)+ (y—z) + (z — x) = 2015
S(x—yl+x—y)+(y—z|+y—2)+ (J]z— x| +z — x) = 2015.
Ta théy:

e Néu x > ythi|x —y| + x — y = 2x 1a s6 chan.
e Néu x < y thi |x — y| + x —y = 0 cling 1a s6 chén.

Suy ra |x — y| + x — y la sd chan.

Tuong tu |y — z| +y — z va |z — x| + z — x déu 1a s6 chan.

(1)

Phuong trinh (1) khong c6 nghiém nguyén vi vé trai 1a s6 chan con vé phai la s6 1é.

Bai 1.12: Ching minh rangsb A =1 00...0 5 00...0 1 khong phai la 1ap phuong ctia mot

49 chits60 50 chirsd 0
sO tu nhién.

e Néua =3kthia’:9.

e Néua = 3k + 1 thi 43 chia cho 9 du 1.

e Néu a = 3k + 2 thi a® chia cho 9 du 8, nén 1ap phuong ctia mot s6 nguyén khi chia cho 9

chic6sbdula0,1,8; con A la sb chia cho 9 du 7.
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Bi1 2. PHUGNG PHAP DUNG BAT DANG THUC
PHUONG PHAP SAP THU Ty CAC AN
Vi du 1: Tim ba s6 nguyén duong sao cho tdng ctia chiing bang tich ctia ching.
e Cach 1. Goi cac s6 nguyén duong phai tim 1a x, y, z. Ta c6:
X+y+z=xyz.

Chd ¥ rang cac an x,y,z c6 vai trd binh dang trong phuong trinh nén c6 thé sap thu tu
gid tri cac an, chang han:

1<x<y<z
Dodoxyz=x+y+z <3.
Chia hai vé ctia bat dang thitc xyz < 3z cho sb duong z, ta duge xy < 3. Do d6 xy €
{1,2;3}.

+ Voixy=1,tacox =1,y = 1. Thay vao x +y + z = xyz dugc 2 + z = z, loai.
+ Voixy=2,tacox =1,y = 2. Thay vao x +y + z = xyz ta dugc z = 3.
+ Voixy =3,tacox =1,y = 3. Thay vao x + y + z = xyz duoc z = 2, loai vi trai voi
sap xépy < z.
Vay ba s6 phai tim 1a 1;2; 3.

* Cach 2. Chia hai vé ctia x + y + z = xyz cho xyz # 0, ta dugc
1 1 1

— —=1.
yz Xz Xy
Giasul <x <y <z Taco:
11,1111
yz  xz  xy — x> x2  x%2  «x?
Suyra%21,dodéx2§3nénx=1.Thayx=1V?aox+y—|—z=xyztaduqc

1+y+z=yz
Syz—y—z=1
ey(z—1)—(z—1) =2
Sz-1)(y—-1) =2
Tac6z—1>y—1>0nénz—1=2vay—1=1Suyra (y;z) = (2;3). Ba s6 phai tim
la1;2;3.

Ltru}'l:écéch 1, tt xy < 3 con co thésuyra x2 < xy <3nénx = 1.
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PHUONG PHAP XET TUNG KHOANG GIA TR| CUA AN
Vi du 2: Tim nghiém nguyén duong ctia phuong trinh

1,11
x y 3

Do vai tro binh dang ctia x va y, gia sit x > . Ta sé dung bat dang thiic d€ gidi han khoang gia
tri cia s6 nho hon (1a v).
Hién nhién ta c6 y <3 nény > 3.

1 1
Mat khac, dox >y > 1nén; < g.Dodé

1
= -+
X

< -+

<
<
<
<N
<N
v
W~

Doylasdnguyénnéntiry >3vay < 6suyray € {4;5;6}.

= —nénx = 12.

1
OVéiy:4tadUQc;: W

2 .
—, loai vi x khong 1a s6 nguyeén.

1
e V6iy=>5tad - =
iy =>5ta uqcx '

W= W=k W
QN —= T~

1 1
0V6iyz6tad11Qc;: :gnénx=6.

Dip sb: Cac nghiém nguyén duong (x;y) ciia phuong trinh da cho 1a (4;12), (12;4); (6;6).
Luu y:

a) Dé gidi han y < 6, c6 thé 1ap luan

SRS ) P U
X oy X oy 3 6
Vay y < 6.

b) Céch giai dua vé phuong trinh wdc sb:

1 1 1 x+y 1 Cae A _ I
=30 =3 e -3x—3y=0& (x-3)(y-3)=9.

Sau do, xét cac udc cua 9.

Kinh nghiém giai toan: Khi cic an trong phuong trinh c6 vai tro binh dang, ta thuong sap thu

tu cac an, sau d6 dung bat dang thitc dé gi6i han khoang gid tri ctia s6 nho.
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® PHUONG PHAP CHi RA NGHIEM NGUYEN

Phuong phap xét tirng khoang gia tri cia an con dugc thé hién dudi dang chi ra mot hodc mot
vai s6 la nghiém ctia phuong trinh, rdi chiing minh phuong trinh khong con nghiém nao khac.

Vi du 3: Tim cac s6 tu nhién x sao cho

2% + 3% =5".

Viét phuong trinh duéi dang
2 X 3 X
= -] =1
(5) ()
* V6i x = 0 thi vé trdi phuong trinh trén bang 2, loai.

* V6ix = 1 thi vé trai phuong trinh trén bang 1, dung.

2\ 2 /3\* 3
o> (2 2 (3 3
e V4ix > 2thi (5) <5, <5) <5nen

2 (3 <248 1 toni
5 5 575 0%
Vay nghiém duy nhat cia phuong trinh la x = 1.
PHUONG PHAP SU DUNG DIEU KIEN DE PHUONG TRINH BAC HAI CO NGHIEM

O nhiing phuong trinh c¢6 thé dua vé phuong trinh bac hai ddi véi mot 4n, ta sit dung diéu kién
phuong trinh c6 nghiém la A > 0.

Vidu 4: Tim nghiém nguyén cta phuong trinh

X2 —xy+y=2x—v.

Viét phuong trinh da cho thanh phuong trinh bac hai ddi véi x ta dugc
= (y+2)x+ (" +y) =0,

Diéu kién dé phuong trinh bac hai 4n x c6 nghiém 1a A > 0.
Tac6 A= (y+2)2 —4(y> +y) = —3y> + 4.

A>0 3y <4

Doy € Znény € {0;1; —1}.

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trang 11/215

* V6iy = 0, thay vao phuong trinh x? — xy +y? = 2x — y ta dugc x> — 2x = 0. Tac6 x1 = 0;

X2:2.

* Véiy = 1, thay vao phuong trinh x? — xy + y? = 2x — y ta dugc x> —3x +2 = 0. Ta c6

x3 =1, x4 = 2.

e V6i y = —1, thay vao phuong trinh x> — xy +y?> = 2x — y ta dugc x> —x = 0. Ta ¢6

X5:0;x6:1.

Dip sb: Phuong trinh c6 nghiém (x;y) 1a (0;0), (2;0); (1;1); (2;1); (0; —1); (1; —1).

Kinh nghiém giai toan: Biét s6 A > 01a diéu kién can va d dé phuong trinh bac hai c6 nghiém,
nhung chi 1a diéu kién can (chi chua du) dé phuong trinh ¢6 nghiém nguyén. Tuy nhién cac
gia tri tim dugc néi trén déu 1a cac s6 nguyén nén chung la nghiém nguyén ctia phuong trinh.
Khong doi hoi phai thir ching vao phuong trinh da cho.

Vidu 5: Tim nghiém nguyén cta phuong trinh

Prxy+yP=x+y.

Viét phuong trinh da cho dudi dang phuong trinh bac hai déi véi x, ta dugc:
Py -Dx+ -y =0
X+ y-Dx+ Y —y :

Diéu kién dé phuong trinh bac hai theo an x c6 nghiém 1a A > 0.
Tacd A= (y* —1)?>—4(y*> —y) = -3y*> +2y + 1.

A>0e3—2y-1<0& By+1)(y—1)>0e —- <y<1
Doy € Znény € {0;1}.

* V6iy = 0, thay vao phuong trinh x? + (y — 1)x + (y*> — y) = 0 ta dugc x> — x = 0, ta 6

x1 =0;x =1.
* V6iy = 1, thay vao phuong trinh x> = 0, ta ¢6 x3 = 0.

Dip s6: Phuong trinh c6 nghiém (x;y) 1a (0;0), (0;1), (1;0).
Kinh nghiém giai toan: Khi giai bat phuong trinh A > 0, ta phai giai bAt phuong trinh bac hai

3y> —2y —1<0.

Trong 10 giai trén, ta bién déi twong duong dé dua vé bat phuong trinh tich (3y +1)(y — 1) < 0.
C6 nhiéu cach khac dé giai bat phuong trinh 3y? — 2y — 1 < 0:
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e Cach1:
3y2—2y—1§0<:>9y2—6y—3§0<:)(3y—1)2§4<:)—2§3y—1§2<:)—% <y<l.
Suyray € {0;1}.

e Cach2:3y> -2y —1<0&y(By—2) <1

+ Néuy >2thiy(3y —2) >2-4 = 8,loai.

+ Néuy < —1thiy(3y —2) > (—1)(-5) = 5, loai
Doy € Znény € {0;1}.
BAI TAP

Bdi 2.1: Tim nghiém nguyén duong cua phuong trinh

1,11
x oy 4
o 11
G1asu1§x§yth1;2}7.5uyra
1=——|—1§1:>x<8
4 x y T x

1 1 ) .
Mat khac, ta c6 <17 *> 4. Cho x cac gia tri tu 5 den 8 dé tim y.

x| 56| 7 |8
y{20]12 | loai | 8

Dap s6: (x;y) = (5;20), (20;5), (6;12), (12;6), (8;8).

Bdi 2.2: Tim ba s6 nguyén duong sao cho tich ctia ching gap déi tong cta ching.
Cich1.Tacoxyz =2(x+y+z) (1)
Gidsaux <y <z Tacdxyz=2(x+y+z) <6z Suyraxy <6.

e Xétxy=1,c6x =1, y = 1. Thay vao (1) ta dugc z = —4, loai.
* Xétxy =2,c60x =1, y=2. Thay vao (1), loai.

* Xétxy =3,c6x =1, y=23. Thay vao (1) ta dugc z = 8.

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trang 13/215

o Xétxy =4,v6ix =1, y =4, thay vao (1) ta dugc z = 5; v6i x = y = 2, thay vao (1) ta
dugc z = 4.

* Xétxy =5,c6x =1, y=>5. Thay vao (1) ta dugc z = 4, loai vi trai voi y < z.

7
* Xétxy =6,v0ix =1, y =6, thay vao (1) ta dugc z = 5 loai. V6i x = y = 3, thay vao (1)

L 7. .
tacoz = 5 loai.

Két lugn: Bo ba s6 phai tim 1a (1; 3; 8), (1; 4; 5), (2; 2; 4).

1 1 1 1
Ciach2. Tau(l)taco6 —+ —+ — = ~. 2)
xy yz zx 2
1
Giés&lgxgygz,tfi(Z)tacé%Zznénx2§6.Véyx€{1;2}

* V6ix =1, thay vao (1) ta dugc 2(1 +y +z) = yz.
Bién déi vé tich ta dugc z — 2) (y — 2) = 6. Tirday tatimdugcy =3, z =8vay =4, z = 5.

e V6ix =2, thay vao (1) tadugc2 + vy +z = yz.
Pua vé tich ta dugc: (z —1)(y — 1) = 3. Gidira tadugcy = 2, z = 4.
Tir d6 ta dugc két qua nhu trén.

Bdi 2.3: Tim bén s6 nguyén duong sao cho téng cta chiing bang tich ctia chiing.
Goi4sdcan timla x,y,z,t thbaman x +y +z + t = xyzt (1)
Giastl<x<y<z<tTacoxyzt =x+y—+z+t<4tnénxyz <4

* V6ixyz=1tacéx =y =z =1.Thayvao (1) ta dugc t = 3 4 t, loai.
* Voixyz=2tacox =y =1, z=2. Thay vao (1) ta duoc t = 4.

” ) X 5 .
* Voixyz=3tacox =y =1, z=3. Thay vao (1) ta duqetzi, loai.

e Véixyz =4tacd6x =1,y =z =2hodcx =y = 1, z = 4. Thay vao (1) ta thdy ca hai

truong hop déu loai.
Dip sb: Bon s6 phai tim 1a 1; 1; 2; 4
Bdi 2.4: Tim sdu s6 nguyén duong sao cho téng ctia ching bang tich ctia chung.
Goi6sdcantimlaa,b,c,d, e, f. Khi d6: abcdeg =a+b+c+d+e+g (1)
Giastl<a<b<c<d<e<gTaco

abcdeg =a+b+c+d+e+ g <69 = abcde <6.

® abcde =1,tac6a =b=c=d = e =1.Thay vao (1) ta dugc g = 5+ g (loai).
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abcde = 2,tacéa=b=c=d =1, e =2. Thay vao (1) ta tim dugc g = 6.
. . . 7 :
® abcde =3,tac6a=b=c=d =1, e=3. Thay vao (1) ta tim duoc g = 5 (loai).

® gbcde =4,tacba=b=c=1,e=4hoaca=b=c=1, d:e:Z.ThayVéo(l)tathéy
ca hai truong hop nay loai.

® abcde =5,tacoa=b=c=d =1, e=>5.Thay vao (1) ta dugc g = Z(loai).

® gbcde =6,tacoa=b=c=d=1,e=6hodca=b=c=1,d=2, e=3. Thayvao (1)
ta thay ca hai truong hgp nay déu loai.
Vay 6sbcantimlal, 1,1, 1, 2, 6.

Tim nghiém nguyén ciia cic phwong trinh sau (bai 2.5, 2.6, 2.7):
Bdi 2.5: x? + xy +y?> =2x +v.
Bién d&i phuong trinh vé dang

4 (y—2)x+y*—y=0.

Tacd A= (y—2)2—4(y* —y) = —3y>+4.ViA > 0,nén |y| < i.SuyrayE {-1,0, 1}.

V3

e Voiy=-1,taco6x®>-3x+2=0x=1, x=2.

e Voiy=0,tac6x>—2x=0&x=0, x=2.

e Viy=1,tac6x>—x=0<x=1, x =0.

Vay nghiém cta phuong trinh la (x;y) = (1, -1), (2, -1), (0;0), (2;0), (0;1), (1;1).

Bai 2.6: x% — 3xy + 3y? = 3y.
Ta viét phuong trinh vé dang x?> — 3xy +3y? — 3y = 0. Taco A = —3y(y — 4).
ViA >0nény € {0; 1; 2; 3; 4}.

y=0tacox =0.

y=1tac6x>-3x=0&x=0, x=3.
e y =2, tacox? —6x + 6 = 0, phuong trinh nay khong c6 nghiém nguyeén.
e y=3,taco6x>-9x+18=0<x=3, x=6.

e y=4,tac6x>—12x+36 =0 x = 6.
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Vay nghiém (x;y) cua phuong trinh 1a (0;0), (0;1), (3;1), (3;3), (6;3), (6;4).

Bai 2.7: x* —2xy +5y> =y + 1.

Ta viét phuong trinh dudi dang x2 — 2xy +5y> —y—1=0,taco A’ = —4y> +y+1.ViA > 0
nén ta c6 y = 0. Thay vao phuong trinh ta duge: x> — 1 =0 < x = +1.

Vay nghiém cta phuong trinh la (x;y) = (1;0), (—1;0).

Bdi 2.8: Tim cac sb tu nhién x sao cho

2% + 3% =35.

Ta thdy x = 3 1a mot nghiém ctia phuong trinh.

2v>28 =38
* V6ix > 3, taco = 2% + 3% > 35. Nén truong hop nay phuong trinh vo
3" >3 =27
nghiém.
* V6i x < 3, chitng minh tuong tu phuong trinh cting vo nghiém.
Véay nghiém ctia phuong trinh la x = 3.
Bdi 2.9: Tim nghiém nguyén duong ctia phuong trinh

x4yl = (x+y)!

(Ki hiéu x! 1a tich cac s6 tu nhién tir 1 dén x).

Giasutx <y.Taco
yiy+1) - (y+x)=(x+y)!=x+y!' <2yl = (y+1)(y+2)---(y+x) <2

Tirday, taco x =y = 1.
Thit lai ta thy x = y = 11a nghiém ctia phuong trinh.

Bdi 2.10: Chiing minh rang phuong trinh sau khong c6 nghiém nguyén duong

27 4y = 1977,

Giasutl<x <y <19.Tacod

1917 Z (y + 1)17 — y17 + 17y16 + L. > y17 _|_ 17y16’
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suy ra

A7 yl7 >yl 417yt > Y7 11781 = x> 17

Mt khéac x17 < 1917, nén x < 19. Tir d6, ta ¢6 x = y = 18. Tuy nhién, khi d6
x4y =218 <197,

Do d6, phuong trinh da cho khong c6 nghiém nguyén duong.
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Bir 3. PHUGNG PHAP DUNG TINH CHAT CUA SO CHINH
PHUONG

sU DUNG TINH CHAT VE CHIA HET CUA SO CHINH PHUONG

S6 chinh phuong 1a binh phuong ctia mét s6 tu nhién.
Céc tinh chat thuong dung ctia s6 chinh phuong ve tinh chia hét 1a

S6 chinh phuong khong tan cting bang 2, 3, 7, 8.

S6 chinh phuong chia hét cho s6 nguyén t6 p thi chia hét cho p?.

S6 chinh phuong chia cho 3 ¢6 s6 du 1a 0 hodc 1.

S6 chinh phuong chia cho 4 ¢6 s6 du 1a 0 hoac 1.

S6 chinh phuong chia cho 8 ¢6 s6 du 1a 0, hoac 1, hoic 4.

Vidu 1: Tim cac s6 nguyén x dé 9x + 5 1a tich ctia hai s6 nguyén lién tiép.

Cach 1. Gia st 9x + 5 = n(n + 1) véi n nguyén thi

36x +20 = 4n® +4 = 36x +21 =4n? +4n+1
&3(12x+7) = 2n+ 1)

S6 chinh phuong (21 + 1)? chia hét cho 3 nén ciing chia hét cho 3% = 9. Ta lai ¢6 12x + 7 khong
chia hét cho 3 nén 3(12x + 7) khong chia hét cho 9.

Mau thudn trén ching té khong ton tai s6 nguyén x nao dé 9x +5 = n(n + 1).

Cach 2. Gid st 9x + 5 = n(n + 1) v6i n nguyén.

Bién d6i n? +n — (9x +5) = 0.

Dé phuong trinh bac hai d6i véi n ¢6 nghiém nguyén, ta phai c6 A 1a s6 chinh phuong.

Ta thdy A = 1 +4(9x + 5) = 36x + 21, chia hét cho 3 nhung khong chia hét cho 9, nén khong
1a s6 chinh phuong.

Vay khong ton tai s6 nguyén n nao dé 9x + 5 = n(n + 1), tic la khong ton tai s6 nguyén x dé

9x + 5 1a tich ctia hai s6 nguyeén lién tiép.

TAO RA BiNH PHUONG BUNG

Vidu 2: Tim nghiém nguyén cta phuong trinh 2x? 4 4x = 19 — 332

Tacé2x? +4x+2 =21 —-3y> & 2(x +1)2 =3(7 — y?). (1)
Tathdy 3(7 —y?)i2 = (7—y?) 2 = y l&.

Talaic67 —y> > 0=y> = 1.
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Khi d6 (1) c6 dang 2(x + 1)? = 18.

Tadugcx+1=3hoacx+1= —-3,dodo x; =2; xp, = —4.

Cac cap sb (x;y) bang (2;1), (2; 1), (—4;1), (—4; —1) théa man (1) nén la nghiém ctia phuong
trinh.

C6 thé viét phuong trinh da cho dudi dang phuong trinh bac hai dbi véi an x rdi st
dung diéu kién A > 0déc6 7 —y> > 0.

@® TAO RA TONG CAC 56 CHINH PHUONG

Vidu 3: Tim nghiém nguyén ctia phuong trinh 4x% + 4x + 1> — 6y = 24.
Tacé4x® +4x+y?> —6y =24 & (2x +1)2 + (y — 3)% = 34.

Viét 34 dudi dang a? + b, trong d6 a 1é, ta c6 34 = 12 +33 = 32 + 25 = 52 + 9.
Chi c6 hai trudng hop cho b 1a s6 chinh phuong 34 = 32 + 52 = 52 + 32,

N 2x +1=3 2x+1=5
Chayrang2x+1>3vay—3 > —2nén hoac
y—3=5 y—3=3

Nghiém nguyén duong (x;y) cua phuong trinh 1a (1;8), (2;6).

C6 thé viét phuong trinh da cho dudi dang phuong trinh bac hai ddi voi y roi st
dung diéu kién A’ > 0 d€ c6 (2x + 1)? > 34. Cach nay dai hon.

XET CAC SO CHINH PHUONG LIEN TIEP

Hién nhién gitta hai s6 chinh phuong lién tiép, khong c6 s6 chinh phuong nao. Do d6 véi moi

s6 nguyén g, thi:
¢ Khong ton tai s nguyén x nao dé a® < x> < (a+1)2.
e Néu c6 s6 nguyén x sao cho a? < x? < (a+2)?thix? = (a +1)2

Vidu 4: Tim nghiém nguyén ctia phuong trinh x* — y* = 3% + 1.

Ta c6

A=y 3 F1 > 22 1= (P 1)? (1)
=yt Pl <y 4P 4= (VP4 2)2 )

T (1) va (2) suyra (y2 +1)% < x < (y* 4+ 2)%
Do d6 (y*+1)% = x%. (3)
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Thay x* bdi y* +3y? +1vao (3), tadugc y* + 2> +1=y* + 3> + 1< 2 =0y = 0.
Suyrax =1hoacx = —1.

Dap s6: Nghiém (x;y) ctia phuong trinh 1a (1;0), (—1;0).

C6 thé gidi phuong trinh da cho bang cach dua vé (2x?)? = (2y? + 3)% — 5.

Vidu 5: Ching minh rang véi moi s6 nguyén k cho trudc, khong ton tai s nguyén duong x
sao cho x(x +1) = k(k+2).
Gid st x(x + 1) = k(k + 2) véi k nguyén, x nguyén duong. Ta c6

x>+ x=k>+2k
e +x+1=(k+1)%

Do
x>0=x<x?+x+1=(k+1)> 1)
Ciang do x > Onén
k+1)2=x+x+1<®+2x+1=(x+1)? )

Tix (1) va (2) suy ra x2 < (k+1)% < (x + 1)?, diéu nay khong xay ra.
Vay v6i k da cho khong ton tai s6 nguyén duong x dé x(x + 1) = k(k + 2).

@ SU DUNG DIEU KIEN BIET SO A LA SO CHINH PHUONG

O nhitng phuong trinh dang f(x,y) = 0 véi hé s6 nguyén c6 thé viét duoc dudi dang phuong
trinh bac hai d6i véi mot an, chang han déi véi an x, ngoai diéu kién A > 0 dé€ phuong trinh
an x c6 nghiém, mudn phuong trinh c¢6 nghiém nguyén con can A la sd chinh phuong, vi néu
A khéng 1a sb chinh phuong thi x 1a s6 v6 ti. Chd y rang A 1a s6 chinh phuong la diéu kién
can nhung chua da dé phuong trinh c6 nghiém nguyén. Do d6 phai thir gia tri tim dugc vao
phuong trinh da cho hodc tim ra cu thé nghiém nguyén ctia phuong trinh do6.

Vidu 6: Tim nghiém nguyén cda phuong trinh

X? +2y% +3xy +2x + 3y +4 = 0. (1)

Viét (1) dudi dang phuong trinh bac hai débi véi an x duoc

x? 4+ (By +2)x + (2y* +3y +4) = 0. )
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Taco A = (3y +2)% — 4(2y? + 3y + 4) = y> — 12. Dé phuong trinh (2) c6 nghiém nguyén, can
c6 y? — 12 1a s6 chinh phuong. Dat y?> — 12 = m? véim € N, ta c6

v¥-—m*=12s (y+m)(y —m) =12.

Tacoy+mvay—mlacicudcctal2vay +m— (y —m) =2mnény + m vay — m cung tinh
. . y+m==6 y+m= -2
chanléevay +m >y —m. Do do hoac
y—m=2 y—m= —6.
Toedoy =4hoacy = —4.

* V6iy = 4, thay vao (2) dugc x> + 14x + 48 = 0. Tir dé ta c6 x; = —6;xo = —8.
* V6iy = —4, thay vao (2) dugc x> — 10x +24 = 0. Tac6 x3 = 4; x4 = 6.

Dip s0: Nghiém (x;y) ctia phuong trinh 1a (—6;4), (—8;4), (4, —4), (6; —4).
Luu y: Néu chi st dung diéu kién A > 0, ta dugc y? > 12. Chua chan dugc gia tri cta y.

@ SU DUNG TiNH CHAT:

Néu hai s6 nguyén duong nguyén to cing nhau cd tich 1o mét so chinh phuong trinh méi sé déu la s6
chinh phuong.

Gia sttab = ¢®> v6ia,b,c € N*,(a,b) = 1.

Néu trong a va b c6 moét s6, chang han a chita thita s6 nguyén t6 p v6i s6 mii 1é thi b khong
chita thira s6 p nén ¢? chira thira s6 nguyén tb p v6i sé6 mii 18, trai véi gia thiét c? 1a s6 chinh
phuong.

Vay a va b déu chi chita thira s6 nguyén t6 véi s mi chan, tic la a va b déu 1a sé chinh phuong.

Vidu 7: Giai phuong trinh ba an x, y, z vdi nghiém nguyén duong

Xy = 22 (1)

Trudc hét ta xét UCLN (x,vy,z) = 1. That vy néu bo ba sb (x¢; yo; zo) théa man (1) va c6 UCLN
bang d, gia st xg = dx1,yo = dyy,z0 = dz1 thibd (x1,y1,21) cling la nghiém ctia phuong trinh
(1) v6i UCLN (x1,y1,21) = 1.

V6i UCLN (x,vy,z) = 1 thi x,y,z d6i mot nguyén t6 cung nhau, vi néu hai trong ba s6 x,y, z c6
udc chung 1a d thi s6 con lai ciing chia hét cho d.

2= xyma (x,y) =1nénx =a%y =b*>véia b c N*.

Tacoz
Suy ra z2 = xy = (ab)?, do d6 z = ab.

x = ta?
Nhu vay : { y = tb* (v6i t,a,b 1a cac sO nguyén duong tity y).

z = tab
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Tht lai cac s6 x,y, z c6 dang trén théa man (1).

Cong thuc trén cho ta cac nghiém nguyén duong cia phuong trinh (1).

Luu y: Ménh dé sau khong ding: Néu hai s6 nguyén duong nguyén t6 ciing nhau c6 tich chia
hét cho mét s6 chinh phuong thi ton tai khong hai s6 d6 1a s6 chinh phuong (1)
Chang han: 7.8 4 nhung ca 7 va 8 déu khong phai 1a s6 chinh phuong.

© sU DUNG TINH CHAT:

Néu hai s6 nguyén duong lién tiép c6 tich 1a mot s6 chinh phuong thi mot trong hai s6 d6 bang
0.

Gidsta(a+1)=k* (1)v6iac Z,kec N.

Giastta #0,a+1#0thik* #0.Dok € Nnénk > 0.

T (1) suy raa” +a = k? < 4a® + 4a = 4k> & (2a +1)% = 4k + 1. (2)
Do k > 0 nén 4k* < 4k? +1 < 4k* + 4k + 1. (3)
Tix (2)va (3) suy ra (2k)? < (2a +1)? < (2k + 1)?, diéu nay khong xdy ra.

Vay néu a(a + 1) = k? thi ton tai mot trong hai sb a hodc a + 1 bang 0.

Luu y: Néu trong hai s6 nguyén lién tiép c6 tich 1a mot s6 chinh phuong thi chua thé két luan
mdi s6 déu la mot s6 chinh phuong. Chang han: hai sb —1 va 0.

Vidu 8: Tim nghiém nguyén ctia phuong trinh

X2+ xy +y? = x> (1)

Thém xy vao hai vé ta duogc x> + 2xy + y> = x*y> + xy & (x +y)? = xy(xy + 1).
Ta thay xy va xy + 1 1a hai s6 chinh phuong lién tiép, c6 tich 1a mét s6 chinh phuong nén ton

tai mot s6 béng 0.

* Xétxy=0.Tir (1)c6 x> +y> =0nénx =y = 0.

e Xétxy+1=0.Tacoxy = —1nén (x,y) = (1;,—1) hoac (—1;1).

Tht lai, (x;y) 1ay cac gid tri (0;0), (1; —1), (—1;1) déu la nghiém nguyén ctia phuong trinh da
cho.
Cach giai khac.

Cich 2. Pua vé phuong trinh udc sb:

4x% + dxy + 4y? = 4x?y?
S4x® + 8xy + 4y? = 4x*y* + dxy
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S2x+2y)? = (xy +1)* -1
s2xy+1)% - 2x+2y)* =1
S2xy+1+2x+2y)(2xy +1—-2x—2y) = 1.

Cich 3. Dung tinh chét ctia s6 chinh phuong va dua vé phuong trinh wdc s6:

4x% + 4wy + 4y? = 4x%y?
(2x +y)* +3y° = 4’y
&(2x +y)? = y?(4x* - 3).

e Néuy = 0thix =0, tacéd: (x;y) = (0;0) 1a mdt nghiém.
e Néu y # 0 thi 4x? — 3 phai la s6 chinh phuong.
Ta c6 4x? — 3 = k?(k € IN), dua vé phuong trinh uéc sb
(2x +k)(2x — k) = 3.
Ta tim dugc x; = 1;xp = —1. Tir d6 ta tim duogc y.

Cich 4. Duing bt dang thuc sap thit tu cac an.
Khoéng méat tinh téng quét gid st |x| < |y|, thé thi x* < 32, xy < |xy| < 2.
Do d6 x%y? = x> + xy + y* < y? +y* +y* = 3>

e Néuy =0thix =0.

* Néu y # 0 thi chia ca hai vé cho y? ta dugc x> < 3. Do d6 x? = 1. Ta c6 thém hai nghiém
(x;y)la(1;,—1) va (—11).

Cdch 5. Dung bat dang thiic xét tirng khoang gia tri ctia an.
Véi |x| > 2 va |y| > 2 thi x? > 4vay? > 4nén x?y? > 4y? va x?x? > 4x>. Do d6

Pyt > 20 +y?) =y %y >+ + 20y
= x2 + 1>+ |xy| + |xy|
>+ +ay+4> 2+ =y,

Trai v6i dé bai.

Vay |x| < 2 hodc |y| < 2. Do vai trd x,y trong phuong trinh 1a nhu nhau nén ta chi can xét
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x| < 2.

Thivéix =0,x = 1,x = —1 ta dugc cac nghiém (x;y) la:
(0;0),(1;,-1),(=1;1).
Cich 6. Pua vé phuong trinh bac hai d6i vdi x.
(v —D)x? —yx —y? = 0. 2

o Xéty =1thi(2)co6dang —x —1 = 0dugcx = —1.

e Xéty = —1thi(2) trdthanh x —1 = 0 dugc x = 1.

e Xéty # =£1 thi (2) la mot phuong trinh bac hai débi véi x.

A=y + 477 - 1) = (4y* - 3).

Ta phai c6 A 1a sb chinh phuong.

Néu y = 0 thi tir (2) suy ra x = 0.

Néu y # 0 thi 4y?> — 3 1a s6 chinh phuong.

Ta c6 4y?> —3 = k*(k € N) nén (2y +k)(2y — k) = 3.
Ta tim duoc y = +1, loai vi dang xét y # £1.

BAI TAP

Bai 3.1: Tim nghiém nguyén ctia phuong trinh 3x2 + 4y? = 6x + 13.
Bién d6i: 3x% — 6x +3 = 16 — 4y? < 3(x — 1)? = 4(4 — 1?).
Tac64—y*>>0va (4—y?)i3nény? = 1 hoacy* = 4.

bap sO: Nghiém (x;y) 1a (3;1), (3, —1); (=1;1), (—1,-1), (1,2), (1, —2).

Bdi 3.2: Tim cac s6 nguyén x théa man mot trong cac diéu kién sau:
a) 2x + 11a sb chinh phuong. c) 8x + 11a s chinh phuong.
b) 4x + 11a s6 chinh phuong. d) 16x + 11a s6 chinh phuong.
a) Dat2x +1 = (2k+1)?véik € N.
Tor d6 2x + 1 = 4k% + 4k + 1 & x = 2k(k + 1).

b) Datdx+1= (2k+1)?véik € N.
=x =k(k+1).
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c) Pat8x +1= (2k+1)?>vé6ik € N.
k(k+1)
2

d) Pat16x +1 = (2k+1)?>véik € N.
Ta cé 16x = 4k? + 4k = x = k(k;—l).

Dé x nguyén ta phai c6 k:4 hoac (k+ 1) i4.

o Voik=4t (t€N) = x=*t4t+1).

o Voik+1=4t (t€N) = x=t4t—1).
Bai 3.3: Ching minh rang 2x? + 3 khong 1a s6 chinh phuong véi moi s6 tu nhién x.
Gidst2x? +3 =y?> v6iy € N.
Tac62x?+2=y*>—-1=(y—1)(y+1) = y — 1 vay + 1 phai cing chan.
Daty —1 =2k y+1=2k+2véik e N.
Ta c6 2x? + 2 = 2k(2k +2) nén x% + 1 = 2k(k + 1). (1)
Vé phai ctia (1) chia hét cho 4, con vé trai chia 4 du 1 (néu x chén), chia cho 4 du 2 (néu x 18).

Vay 2x? + 3 khong 1a s6 chinh phuong véi moi sb tu nhién x.

Bai 3.4: Tim nghiém nguyén ctiia moi phuong trinh sau:
a) x2 — 6x 4+ y2 + 10y = 24. o) (x+y+1)2=3(x%+y>+1).
b) x> —3x+y*>— 6y +10 =0. d) x?>+5y> —4xy —4y +4 = 0.
a) Viét phuong trinh duéi dang (x — 3)2 + (y + 5)% = 58.
Viét 58 thanh téng a® + b trong d6 a®> < b ta c6

58 =12 +57 =22 +54 =32 449 = 4% + 42 = 5% + 33,

chi c6 mot truong hop cho b 1a s6 chinh phuong 58 = 32 + 72.

Ta c6 bang gia tri sau

x—3 3 3 -3 | -3 |7 7 —7 | =7
y+5 7 —7 |7 ~-7 |3 -3 |3 -3

Nén c6 cac nghiém (x;y) la

x 6 6 0 0 10 |10 | —4 |—4
y 2 ~12 |2 12 |2 | -8 |—2 |-8
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b) Viét phuong trinh dudi dang (2x — 3)2 + (2y — 6)% = 5.
S6 5 chi c6 mot cach viét thanh tdng hai s chinh phuong la 12 + 22. Do 2x — 3 1a s6 1 nén

c6 bang gia tri

2x —3 1 1 -1 | -1
2y = 2 2 |2 —2

Do d6 nghiém (x;y) la

x 2 2 1 1
y 4 2 4 2

c) Viét phuong trinh dudi dang (x —y)? + (x — 1)? + (y — 1) = 0.
Dap s6: Nghiém (x;y) la (1;1).

d) Viét phuong trinh duéi dang (x —2y)% + (y — 2)2 = 0.
Dap s6: Nghiém (x;y) la (4;2).

Bdi 3.5: Tim nghiém ty nhién ctia phuong trinh x> — y? = y + 1.

Tacdx> =y>+y+1<y?>+2y+1nény? < x> < (y+1)2

Dodox*=(y+1? <y +y+1l=1y>+2y+1<y=0.

Dap s6: Nghiém (x;y) 1a (1;0).

Bai 3.6: C6 ton tai hay khong hai s6 nguyén duong x va y sao cho x2 + y va y? + x déu la sb
chinh phuong?

Gidstty <x.Tact: x?2 < x?2+y < x®+x < (x+1)2 S6 x> + y nam gitra hai s6 chinh phuong
lién tiép nén khong thé 1a s6 chinh phuong.

Bai 3.7: Tim nghiém nguyén ctia phuong trinh

x*y? — xy = x% + 2%

Viét phuong trinh da cho duéi dang (x> —2)y> —xy — x> =0. (1)
Vi x2 — 2 # 0 nén (1) 1a phuong trinh bac hai déi vdi v.

A= x* 4 4x*(x% —2) = 4x* — 7x% = 22 (4x% - 7).

Ta c6 A la s6 chinh phuong.

Néu x = 0 thiy = 0. Néu x # 0 thi 4x? — 7 phai la s6 chinh phuong.
Dat 4x?> — 7 = m?(m € N) ta dugc

4x2 —m? =7 & (2x +m)(2x — m) = 7. Ta xét bang gia tri sau
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2x+m | 7 1
2x —m | =1 | =7

Tir d6 suy ra x bang 2 hodc —2.

Pap s6: Nghiém (x;y) 1a (0;0), (2; —1),(2;2), (=2;1), (=2; —-2).

Luu y. Néu viét phuong trinh da cho thanh phuong trinh bac hai véi x

(y> —1)x* —yx —2y*> = 0, taphdixéty = 1,y = —1,y # +1.

V6iy # +£1thi A = y?(8y? — 7). Ta gap kho khan khi giai diéu kién 8y? — 7 1a s6 chinh phuong.

Bai 3.8: Tim nghiém nguyén duong ctia mdi phuong trinh sau:

a) x(x>+x+1) =4y(y+1); b) x* —2y? = 1.

a) x(x?>+x+1) =4y(y + 1). Cong 1 vao hai vé ta dugc
B trx+tl =4ty +1e (P (x+1) = 2y +1)%

Vé phai la s6 1é nén x? + 1 va x + 1 cung 1é, ddng thai x? + 1 va x + 1 cting 1a s6 duong. Ta
lai thdy (x> +1,x + 1) = 1. Nén x? + 1 va x + 1 1a s6 chinh phuong. Nén x? va x> + 1 1a hai

s6 lién tiép va cting 1a 2 s6 chinh phuong nén x = 0, tir dé suy ray = 0 hodcy = —1.
Dap s6: Nghiém (x;y) 1a (0;0), (0; —1).
b) Xét phuong trinh x* — 2y? = 1. (1)
x va y chi ¢ s6 mii chan, do d6 ta gia st x > 0,y > 0.
Hién nhién x 18, do d6 x* chia 4 du 1, suy ra y? chan, do d6 y chan.
Datx =2a+1,y =2bvéia, b € N.
Thay céac biéu thitc nay vao (1) ta dugc:

(4a2 4 4a + 1)2 —1=8r < (4ﬂ2 +4a + 2)(4”2 +4a) = 8b?
(202 +2a 4 1) (a2 + a) = b2,

Data’ +a=mn,tacé (2n+1).n = b>.

® V6ia = 0 thix = 1. Thay vao (1) dugcy = 0.

e V6ia > 1 thin va2n+ 1 1a hai s6 nguyén duong. Vi ching nguyén t6 ciing nhau va
tich ctia chiing 1a b? nén méi s6 déu la s6 chinh phuong.

Datn = k*(k € N), ta c6 a> + a = k*. Diéu nay khong xdy ra vi

@ <a*+a<a®+2a+1=(a+1)>%
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Dap s6: Nghiém (x;y) 1a (1;0) va (—1;0).
Bai 3.9: Tim nghiém nguyén cda phuong trinh
2

2+ 2+ 3xy = ¥y

Giai tuong tu vi du 8 (& trang 21). Nghiém (x;y) la (0;0).

Bai 3.10: Ching minh rang c6 v6 han s nguyén x dé biéu thic sau la s6 chinh phuong

(142434 +x)(12+22 432+ +22).

Tadat (1424 -+ x)(12+22+ ... 4+ x2) = 2. Ap dung cac cong thuc
y-. Ap & &

1

1
12—|-22—|—---—|—x2:gx(x+1)(2x+1)

ta duoc

2 6 Y= 3

x(x+1) x(x+1D)(2x+1) ,  K(x+1)22x+1 _

o 2x+1
Ta phai c6 Xt

= (2n + 1)? v6i n 1a s6 nguyén. Phuong trinh nay c6 vo sb nghiém dang

x = 6n% + 61 4+ 1 nén ¢ vo han sb x thoa man diéu kién dé bai.
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Bir4. PHUGNG PHAP LUI VO HAN, NGUYEN TAC CUC
HAN

Vidu 1: Tim nghiém nguyén cda phuong trinh

X427 =42 (1)

Hién nhién x32. gt x = 2x; vdi x1 1a s6 nguyén. Thay vao (1) rdi chia hai vé cho 2 ta dugc

4x3 +y° = 27° (2)
Do d6 yi2. Dat y = 2y; véi y; 1a sb6 nguyén. Thay vao (2) ro6i chia hai vé cho 2 ta dugc

2% +4y; = 2° 3)
Do d6 zi2. D4t z = 221 v6i z1 1a s6 nguyén. Thay vao (3) r6i chia hai vé cho 2 ta dugc

X +2y7 =4z (4)

Nhu vay néu (x;y;z) la nghiém ctia (1) thi (xq;y1;z1) cling 1a nghiém cta (1) trong d6 x = 2x3,
Yy =2yy,z=22.

Lap ludn tuong tu nhu trén, (x2;y»;z2) cing la nghiém cta (1) trong d6 x1 = 2x2, y1 = 2y,
z1 = 22».

Cu tiép tuc nhu vay ta di dén x, y, z déu chia hét cho 2* véi k 1a s6 tu nhién tuy y. Diéu nay chi
xayrakhix =y =z=0.

D6 la nghiém duy nhéat cda (1).

Luu 3. Ta goi phuong phap giai trén la phwong phdp lui v6 han.

Néu vi du 20 duge cho dudi dang: Tim cac nghiém nguyén duong ctia phuong trinh x3 + 2y =
4z% (1), ta c6 thé trinh bay chitng minh bang nguyén tic cuc han.

Gia st (xo; Yo; zo) la nghiém nguyén duong cua (1), trong d6 x¢ 1a gia tri nguyén duong nho
nhat trong cac gia tri ma x c6 thé nhan.

Lap luan nhu trong cach giai trén ta duoc (x1; y1; z1) cling la nghiém nguyén duong cta (1) ma
xo = 2x1, tirc 1a x; < x¢. Diéu nay trai véi gia thiét xg 1a s6 nguyén duong nhoé nhat trong cac
gia tri nhan duoc cua x.

Vay phuong trinh (1) khong c6 nghiém nguyén duong.

BAI TAP
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Tim cac nghiém nguyén ctia mo6i phuong trinh sau (bai 33 - bai 35):

Bai 4.1: x —3y° =975,
Taco x> —3y° =92° & x% =33 + 923 (1).

Hién nhién x3. Dat x = 3x; vdi x1 1a s0 nguyén. Thay vao (1) rdi chia hai vé cho 3 ta dugc

9x3 = y° + 32° @)
Do d6 y:3. Bat y = 3y; véi y; 1a s6 nguyén. Thay vao (2) r6i chia hai vé cho 3 ta dugc

3x3 = 9y +2° 3)
Do d6 z:3. D4t z = 3z; vdi z1 1a s6 nguyén. Thay vao (3) r6i chia hai vé cho 3 ta dugc

X = 3y} + 92 (4)

Nhu vy néu (x;y; z) 1a nghiém ctia (1) thi (x1;y1;z1) cing la nghiém ctia (1) trong d6 x = 3x;,
y = 3y1,z = 321.

Lap ludn tuong tu nhu trén, (x2;y»; z2) cing la nghiém cta (1) trong d6 x; = 3x2, y1 = 3y,
z1 = 325.

Ct tiép tuc nhu vay ta di dén x, y, z déu chia hét cho 3* v6i k 1a s6 tu nhién tuy y. Diéu nay chi
xayrakhix =y =2z =0.

Do 1a nghiém duy nhat cuaa (1).

Bdi 4.2:
a) x%+y? = 3z%;
b) x% +y? = 6(z> + t2).

Ta théy x2, y? chia cho 3 du 0 hodc 1 ma (x? + y?):3 nén x? va y* déu chia hét cho 3. Do d6 x va
y déu chia hét cho 3.

a) Dt x = 3x1, y = 3y; v6i x1, y1 14 cac s6 nguyén. Thay vao phuong trinh da cho réi chia
hai vé phuong trinh cho 3, ta dugc

3% + 3y3 = 2° (1.2)
Do d6 z:3. Dat z = 3z; vdi z1 1a s6 nguyén. Thay vao (1.2) r6i chia hai vé cho 3 ta dugc

X} +yi =3z} (1.3)
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b)

Nhu vay néu (x;y;z) 1a nghiém ctia phuong trinh da cho thi (x1;y1;2;) ciing la nghiém
cta phuong trinh da cho trong d6 x = 3xy, ¥y = 3y1, z = 3z3.

Lap luan tuong tu nhu trén, (xy; y2; z2) cing la nghiém ctia phuong trinh da cho trong dé
x1 = 3x2, Y1 = 3Y2, 21 = 32p.

Ct tiép tuc nhu vay ta di dén x, y, z déu chia hét cho 3% véi k 1a s6 tu nhién tuy y. Diéu
nay chixayrakhix =y =z =0.

D6 la nghiém duy nhat ctia phuong trinh da cho.

Dat x = 3x1, y = 3y; vdi x1, y1 1a cac s6 nguyén. Thay vao phuong trinh da cho rdi chia

hai vé phuong trinh cho 3, ta dugc
3x% 4 3y7 = 2(2% + t2) (2.2)

Do d6 (z2 + t2):3. Suy ra z va t déu chia hét cho 3. Dat z = 3zq, t = 3t Vi z1, t1 1a cac s6

nguyén. Thay vao (2.2) rdi chia hai vé phuong trinh cho 3, ta dugc
X3+ y; = 6(z1 + 1) (2.3)

Nhu vay néu (x;vy;z;t) 1a nghiém ctia phuong trinh da cho thi (x1;y1;z1;t) clng la
nghiém ctuia phuong trinh da cho trong d6 x = 3x1, y = 3y1, z = 321, t = 3t;.

Lap luan tuong tu nhu trén, (x2; yo; z2; f2) ciing 1la nghiém ctia phuong trinh da cho trong
do6 x1 = 3xp, y1 = 3y2, 21 = 323, t = 3ty.

Ct tiép tuc nhu vay ta di dén x, y, z, t déu chia hét cho 3 vdi k 1a s6 tu nhién tiy y. Diéu
nay chixadayrakhix =y =z ==1t=0.

D6 1a nghiém duy nhét ctia phuong trinh da cho.

BGi 4.3: x? + 1% + 22 = 2xyz.

Ta thay (x? + y? + z%):2. X4y ra hai truong hgp:

Trong ba sO x, Y, z c6 mot s6 chan, hai s6 1é, chang han x chan, y va z 1é. Khi d6 vé trai

x? 4+ y? + 22 chia cho 4 du 2, con vé phai 2xyz chia hét cho 4, loai.

Ba s x, y, z déu chan. Dat x = 2x1, y = 2y, z = 221 V6i x1, y1, 71 1a cdc s6 nguyén. Thay

vao phuong trinh da cho rdi chia hai vé phuong trinh cho 4, ta dugc

x% + ;l/% + Z% = 4X1y121 (1)

Lap luan nhu trén, ta c6 ba sO x1, X, X3 cung la cac s6 chan. Cu tiép tuc nhu vay ta di dén x, v,

z déu chia hét cho 2¥ véi k 1a 6 tu nhién tuy y. Diéu nay chi xdy ra khi x = y = z = 0.

D6 1a nghiém duy nhét cia phuong trinh da cho.
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Bai 4.4:
a) Tim nghiém nguyén ctia phuong trinh x? + y? = 722,

b) Chitng minh rang s6 7 khong viét dugc dudi dang tong cac binh phuong ctia hai s6 hiru
ti.

¢) Tim nghiém nguyén ctia phuong trinh x? + y? = az?, trong d6 a 1a s6 tu nhién c6 dang
4k — 1 (k € N).

a) x? +y? =7z% (1).
Mot s6 chinh phuong chia cho 7 thi du 0, 1, 2, 4. Theo (1) thi x? + y? chi hét cho 7 nén x
va y déu chia hét cho 7. Tir d6 z chia hét cho 7.
Dat x = 7x1, y = 7y1, z = 7z1. Thay vao (1) va rut gon, ta dugc x7 + y3 = 7z3.
Nhu vay (x1;y1;z1) cing la nghiém cuaa (1).
Dap s6: Nghiém (x;y;z) 1a (0;0;0).
x\ 2 2 )
b) Gidst7 = (2) + (g) Vi x, y, z 1a cac sO nguyén va z # 0.
Suy ra 7z% = x% + y2.
Phuong trinh trén chi c¢6 nghiém la (0;0;0) (cau a), trai vdi diéu kién z # 0.

Vay s6 7 khong viét duge dudi dang téng cac binh phuong ctia hai s6 hiru .

Q) X +y? = (4k—1)2% & x® +y* + 2% = 4kz? (2)
Do x? + y? + z% 1a 56 chdn nén xay ra hai truong hop:

* Trong ba s x, y, z c6 mot s6 chan, hai s6 1é thi vé trai ctia (2) chia cho 4 du 2, con vé

phai chia hét cho 4, loai.

e Cabasd x,y,zdéuchan. Dat x = 2x1, y = 2yy, z = 221 Vi x1, y1, z1 1a cdc s6 nguyén.

Thay vao (2) duge
4x2 - dy3 + 422 = 16k22 < 3 +y} + 22 = 4k22
Nhu vay (x1;y1;21) cing la nghiém ctia phuong trinh (2).

Dap s6: Nghiém (x;y;z) 1a (0;0;0).
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MOT 5O DANG PHUONG
TRINH NGHIEM NGUYEN

oD,
20D
22k

Bi 1. PHUONG TRINH MOT AN

Vidu 1: Tim nghiém nguyén ctia phuong trinh (x — 2)(3x — 2)(5x — 2)(7x — 2) = 945.
bat A = (x—2)(3x —2)(5bx —2)(7x — 2).

(x—2>1

3x —2>7

e Néu x > 3 thi = A >1.7.13.19 = 1729 (loai).
5x —2 > 13

(7x —2>19

(x—2< —4

. 3x —2< -8

e Néux < —2thi = A > 4.8.12.16 = 6164 (loai).
5x—2< —12

\7x—2 < —16

Vix € Znénx € {—1,0;1;2}.

o V6ix=—1thi A= (—3).(=5).(=7).(—9) = 945 (théa man).

Véix = 0thi A = (—2)* = 16 (loai).

V6ix =1thi A = (—1).1.3.5 = —15 (loai).

Vi x = 2 thi A = 0 (loai).

Két luan: nghiém cta phuong trinh 1a x = —1.

Kinh nghiém giai toan:

 Néu khai trién ta phai giai phuong trinh bac cao (bac bén), that khéng don

gian chut nao!
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e Ta thuong st dung diéu kién x 1a s6 nguyén va dung phuong phéap xét ting

khoang gid tri ctia an dé giai.

Vidu 2: Tim nghiém nguyén ctia phuong trinh

(x> —1)(x% = 11)(x® — 21)(x® — 31) = —4224.

Pat A = (x> —1)(x*> —11)(x? — 21)(x*> — 31). Vi A < 0 va la tich cia bon thira s6 x* — 1, x% — 11,
x? — 21, x? — 31 nén trong bon thira s6 trén phai c6 mot hodc ba thira s6 am.

Nhan thdy x> — 1 > x? — 11 > x? — 21 > x? — 31 nén c6 hai truong hop:
e Trudng hgp cébathttasbam = x2—1>0> x> —11=1<x?2 <11 = x% € {4,9}.

- Néux? =4thi A =3.(-7).(—17).(—27) = —9639 (loai).

- Néu x? = 9thi A = 8.(—2).(—12).(—22) = —4224 (thda man).

o Truong hop c6 mot thita s am = x> —21 > 0> x> —31 =21 < x> <31 = x> =25
= A =24.14.4.(—6) = —8064 (loai).

Vay x2 =9 = x = 43.
BAI TAP
Bdi 1.1: Tim nghiém nguyén cia m6i phuong trinh sau:
a) x* =24x+9.
b) x% —3x? 4490 = 0.
a) Xétx* —24x —9 = x* =81 —24(x —3) = (x> = 9) (x> +9) —24(x — 3) = (x = 3)(x* +

3x? +9x + 3). Do vay

x—3=0
r=24x+9¢ (x—3)(x*+3x2+9x+3) =0
4+ 3x% +9x +3=0.

e V&ix > 0= x%43x%+9x+ 3 > 0 (loai).

e Voix<0=x<-1=x34+3x>4+9x+3< -14+3-9+3 = —4 <0 (loai).

Vay x = 3 la nghiém nguyén ctia phuong trinh.
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b) Xét x® —3x2 +490 = 0 < x> — 3x% = —490 & x%(x — 3) = —49.10.

x? = 49
Vix € Z nén = x = —7.
x—3=-10

Bdi 1.2: Tim nghiém nguyén cia m6i phuong trinh sau:

a) 2x—1)(Bx—1)(4x —1)(5x — 1) = 24.

b) (x? —17)(x? —27)(x? — 37) = —4032.

a) PatA=(2x—1)3x—1)(4x —1)(5x — 1).

e Néux >2= A >35.79 =945 > 24 (loai).

e Néux <0= A< (-1)* =1 < 24 (loai).

Vay0 <x <2 Vix € Znénx = 1.

b) Dat A = (x?> —17)(x*> —27)(x*> — 37). Vi A < 0va A la tich cia ba s6 hang x? — 17, x*> — 27,

x2 — 37 nén c6 mot sd hang hoac ca ba so hang trén deu am.

Ta thdy x> — 17 > x? — 27 > x> — 37 nén ta c6 hai trudng hgp sau:

o Tru‘dngthcémétséhangémix2—27>0> x2—37 =27 <x*> <37

= x> =36 = A=19.9.(—1) = —171 (loai).

¢ Truong hop cé ba sO hang am = 2—-17<0=x2¢ {0;1;4;9;16}.

- V6ix2=0= A=

17).(=27).(—37) = —16983 (loai).

(—17).
- Voix>=1= A= (-16).(—26).(—36) = —14976 (loai).
- V6ix?> =4 = A = (-13).(—23).(—33) = —9867 (loai).
- V6ix2 =9 = A= (—8).(—18).(—28) = —4032 (thdéa man) = x = +3.
- V6ix? =16 = A = (—1).(—11).(=21) = —231 (loai).

Vay nghiém nguyén ctia phuong trinh la x = £3.
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Bi12. PHUONG TRINH BAC NHAT VOI HAI AN
Vidu 1: Tim nghiém nguyén cta phuong trinh

11x + 18y = 120. (1)

Cht y dén tinh chia hét, ta thdy 11x : 6 nén x : 6. Dat x = 6k (k nguyén). Thay vao (1) va rut
gon ta duoc
11k + 18y = 20.

Biéu thi &n ma hé sb ctia n6 c6 gia tri tuyét d6i nho (1a y) theo k ta dugc

2011k
-3

Tach riéng gia tri nguyén & biéu thirc nay dugc

k—1
y=7—dk+ =

Lai dat

=t (t nguyén) suy ra k = 3t + 1. Do d6

y=7—4(3t+1)+t=3—11%
x =6k —6(3t +1) = 18t + 6.

Thay cac biéu thic ctia x va y vao (1), phuong trinh dugc nghiém dung.

Vay nghiém nguyén ctua phuong (1) dugc biéu thi bsi cong thiic

x=18t+6 )
(vdi t 1a so nguyén tuy y).
y=3-—11t.

Luwu y: Néu dé bai yéu cau tim nghiém nguyén duong ctia phuong trinh (1) thi sau khi dugce

nghiém nguyén tong quat, ta giai cac diéu kién:

&S - <t< —.

18t+6 >0 1 3
3-11t>0 3 1

Do dé t = 0 (vi t nguyén). Nghiém nguyén duong (x; y) cta phuong trinh (1) la (6;3).
Trong trudng hop tim nghiém nguyén duong ctia phuong trinh (1), ta con ¢6 thé giai nhu sau:

11x + 18y = 120
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Doy > 1nén 11x <120 — 18.1 = 102.

Do x nguyén nén x < 9.

Mat khac x : 6 va x nguyén duong nén x = 6. Suy ray = 3.
A Kinh nghiém giai toan

20 — 11k

C6 nhiéu céach tach gia tri nguyén cta biéu thic y = . chang han:

y=7—4k+ (cach 1)

14 2k
y:7—3k—+T(céch2)

2(1 -k
Ban doc tu gidi theo cach trén dé thay:

4ch 1 gon hon cach 2 vi trong cach 1 hé sb ctia k & phan sb bang 1, do d6 sau khi dat
k-1 o A s . A R S
5 = t ta khong can dung thém mot an phu nao nira.
e Trong cach 3, nho dat dugc thita sb chung ma hé s6 ctia k & phan s6 bang —1, do d6 sau
1—-k
khi dat

= t, ta cling khong can dung thém mot 4n phu nao nita.

CACH GIAI PHUONG TRINH BAC NHAT HAI AN AX + BY = C VOI NGHIEM
NGUYEN (A,B,C € Z)

- Rit gon phuong trinh, chu y dén tinh chia hét ctia céc an.
- Biéu thi &n ma hé s ctia n6 c6 gia tri tuyét ddi nho, chang han x, theo an kia.
- Tach gia tri nguyén & biéu thic cta x

- Dt diéu kién dé phan sb trong biéu thitc cia x bang mot s6 nguyén ¢, ta duge mot phuong

trinh bac nhat hai dn y va t.

- Cu tiép tuc lam nhu trén cho dén khi cac an déu dugc biéu thi dudi dang mot da thirc vdi cac

hé so nguyén.

Thuc chat ctia cach gii nay la thay viéc giai phuong trinh ax + by = ¢ bdi viéc giai lan lugt cac
phuong trinh
ay + biti =1

axty + baty = 2
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trong d6 cach hé sb ay, ay, .. .; by, by, . .. c6 gia tri tuyét d6i nhd dan cho dén khi dugc mot hé sb
c6 gid tri tuyét d6i bang 1.

Luwu 4j: Ngoai cach gidi bang phuong phap biéu thi mot 4n theo 4n kia nhu trén, con c6 thé giai
phuong trinh ax + by = ¢ bang phuong phap tim mét nghiém riéng, xem trang 95.

BAI TAP
Bdi 2.1: Tim nghiém nguyén ctiia moi phuong trinh sau:
a) 12x — 7y = 45;
b) 9x + 20y = 547;

c) 11x 48y =73;

a) Nhan thay y : 3, daty = 3k (k € Z). Rat gon dugc 4x — 7k = 15.
x_7k+15 k+1 k+1

— =2kt4-——Dit——=t(te2)
o lx=7t+2 .
DBép so: (t 1a sOo nguyén tuy y).
y=12t -3
547 — 20 2(1 1
b)x:Ty:&—zy—%.mt%:t(tez).
.| x =63 20t )
DPép so (t la sO nguyén tuy y).
y=9t-1
73 —11 3(3 — 3 -
c)y:TxZS—x+ (8x).Dét Sx:t(teZ).

|l x=3-—8t .
DPép so (t 1a sOo nguyén tuy y).
y=>5+11t

BAi 2.2: Chiing minh rang phuong trinh sau khong c6 nghiém nguyén duong:

11x + 1999y = 11.1999.

Ta thdy 1999y : 11 = y | 11.

Do y la s6 nguyén duong nén y > 11. Do d6 1999y > 1999.11.

Suy ra vé trai cia phuong trinh (1a 11x + 1999y) 16n hon vé phai (1a 11.1999.) Vay phuong trinh
khong c6 nghiém nguyén duong.

Luwu yj: Chiing minh tuong ty nhu trén doi voi bai toan téng quat: Néu sé nguyén duong a, b
nguyén t6 cting nhau thi phuong trinh ax + by = ab khéng c6 nghiém nguyén duong.
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Bdi 2.3: Cho phuong trinh 19x + 83y = 1983.

(1)

Tir dang thic 19.100 + 83.1 = 1983, hay viét 100 dudi dang 83 + a, viét 1 dudi dang b — 19 rdi

tim 4, b va tim moét nghiém nguyén khac (x;y) = (100;1) cta phuong trinh (1).

(x;y) = (100;1) la mot nghiém cuia phuong trinh 19x + 83y = 1983
a=100—-83=17,b=19+1 = 20.
Ta co

1983 = 19.1000 + 83.1 = 19(83 + 17) + 83(20 — 19)
— 19.83 + 19.17 + 83.20 — 83.19
= 19.17 4 83.20

Vay (x;y) = (17;20) 1a mét nghiém khac cta phuong trinh (1).

Luu 4j: Phuong trinh (1) chi cho hai nghiém nguyén duong (x;y) 1a (100;1) v

1983 — ~1
vay, 19x — 1983 — 83y nén x — 200 8% _ 109 8 =1)

19 19
—1 ,
Dat % — k (k1a sé nguyén ) thi y = 19k + 1;x = 100 — 83k,
100 — 83k > 0 1 1
nén — — <k < —.
19 +1>0 19 19

Dok € Znénk € {0;1}.
* V6ik=0thix =100,y = 1.
e V6ik=1thix =17,y = 20.
Bdi 2.4: Tim nghiém nguyén ctia phuong trinh
6x +8y=m+1,

trong d6 m la sé nguyén cho trudc.

Dé thay m 1é. Dat m = 2k — 1 (k la s6 nguyén). Ta c6 3x + 4y = k.

k—4y k—y . k—y
x 3 y+—3~bat— t(teZ)
| x = —k+4t
Dap so:
y=k—3t
" 1 .
voimlasolé k= %,tl& sO nguyén tuy y.

Trudng hgp m chan, phuong trinh khong c6 nghiém nguyén.

1)

a (17;20). That
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Bi13. PHUONG TRINH BAC HAI VOT HAI AN

DANG 1. axy + bx+cy+d = 0(a,b,c,d € Z)

Vidu 1: Tim nghiém nguyén ctia phuong trinh 5x — 3y = 2xy — 11
Cich 1. Biéu thi y theo x dugc (2x + 3)y = 5x = 11.

Dé thay 2x + 3 # 0 (vi x nguyén), do d6

_5x+11_2 x+5
O 2x+3 2x + 3

béy € Z phéaico (x +5),:(2x + 3)
=2(x+5),:(2x+3)

— (2x+347),:(2x+3)

=7, (2x+3)

Ta c6 bang gia tri tuong tng cta 2x + 3, x, y théa man diéu kién trén.

2x+3 | 1 |-1,7| -7
x -1 -2]2|-5
y 6 | -1]3] 2.

Tht lai cac cdp gid tri trén cua (x;y) déu théa man phuong trinh da cho.

Cich 2. Ta co
5x —3y = 2xy — 11 & 10x — 6y = 4xy — 22

& dxy —10x + 6y — 15 =7
&2 (2y—5)+3(Q2y—5)=7
& (2y—5)(2x+3) =7

2x + 3 va 2y — 51a udc ctia 7 nén c6 bang gia tri tuong ing cua chung nhu sau

2x43|1|-1|7]| -7
2y—5 7| -7]1] -1

Tir d6 suy ra cac nghiém nhu & cach 1.

»» Kinh nghiém gidi todn

Khi giai theo cach 1, ta phai thi lai cac cap gia tri (x;y) tim dugc vao phuong trinh da cho vi
tur (1) suy ra (2) chi khong phai (1) < (2).

Khi giai theo cach 2, ta khong phai thit lai vi cac bién ddi phuong trinh 1a tuong duong.

DANG 2. ax?> + by? + ¢ = 0(a,b,c € Z)

Vi du 2: Tim nghiém nguyén ctia m6i phuong trinh sau
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a) 3x2 +4y> = 84;

b) x% + y* = 9900.

a) Vidy? > 0nén 3x? < 84,do do6 x? < 28.

Ta lai ¢6 3x? 1a s6 chan nén x? 1a s6 chan. Suy ra x? € {0;4;16}.

* Vi x? = 0 thi 4y?> = 84 nén y? = 21, loai.
o V6i x? = 4 thi 4y?> = 72 nén > = 18, loai.

e V6ix? =16 thidy? =36nény?> =9,dodéy; = 3,y = —3.
Dip s6. Nghiém (x;y) 1a (4;3), (4; —3), (—4;3), (—4; —3).

b) x? + y? = 9900. x2, y? chia cho 4 du 0 hodc 1, ma téng x> + y? (1a 9900) chia hét cho 4 nén
x,y déu chan.
Dat x = 2x1,y = 2y, v6i x1, Y1 1a cac ) nguyén.
Ta c6 (2x1)% + (2y1)? = 9900 & x2 +y2 = 2475 (2)
Vé trdi cta (2) chia cho 4 du 0,1,2. Con vé phai chia cho 4 du 3. Do d6 phuong trinh (2)

khong c6 nghiém nguyén, tic la phuong trinh (1) khong c6 nghiém nguyén.

»» Kinh nghiém giai todn

Ta biét rang x> + y? chia cho 4 khéng du 3 nhung 9900 ,:4 nén chua két luan dugc phuong
trinh (1) khong c6 nghiém nguyén. Can bién déi tuong duong phuong trinh (1) thanh phuong
trinh (2) méi di dén 1oi giai.

DANG 3. ax? + by? + cx +d = 0 hoac ax*> + by? +cy +d = 0(a,b,c € Z)

Vidu 3: Tim nghiém nguyén ctia phuong trinh sau

x?—2x— 11 =y? (1)

Cdch 1. Pua vé phuong trinh uéc sd
-2l -12=y* e (x—1)2 -y =12

Sx-1+y)(x—1-y) =12
Ta c¢6 nhan xét:

Vi phuong trinh (1) khong thay déi khi y thay bdi —y nén ta gia st y > 0. Thé thi

x—=1+y>x—-1-y.
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Laico (x—1+y)—(x—1—y) =2ynénx—1+yvax—1—y cung tinh chan 1é. Tich cta
ching bang 12 nén chung cting chan.
V6i cac nhan xét trén xay ra hai truong hop

x—1+y=6 x—1+y=-2
hoac
x—1—-y= x—1—-y=-6

X = x=-3
Do do hoac
y=2 y=2

Dip s0. Nghiém (x;y) 1a (5;2), (5; =2),(—3;2), (—3; —2).
Cich 2. Viét thanh phuong trinh bac hai ddi véi x dugce

x* —2x — (11+y%) =0. )

Tacéd A =1+ 11 +y? = 12 + y%. Xét diéu kién can dé phuong trinh (2) c6 nghiém nguyén.
A’ 1a s6 chinh phuong khi

24+ =K keN) k- =124 (k+y)(k—y) =12.

Giasty >0thik+y>k—yvak+y>0.
(k+7vy) — (k—y) =2ynén k + y va k — y cing tinh chan 1é va phai cing chan.
k+y=6
Tt cdc nhan xét trén ta co
k—y=2
Do d6 y = 2. Thay vao (2) dugc x> — 2x — 15 = 0. Tir d6 x1 = 5;xp = —3.
Ta c6 bén nghiém (5;2), (5; —2), (—3;2), (—3; —2).
DANG 4. ax®> + by? + cxy +d = 0(a,b,c,d € Z)
Vidu 4: Tim nghiém nguyén ctia mbi phuong trinh sau 5x% — y? + 4xy — 9 = 0.
5x% —y? +4xy —9 =0 5x> +5xy —xy —y> =9
&b5x(x+y)—ylx+y) =9

& (x+y)bx—y)=9
x +y va 5x — y la udc cua 9 nén c6 bang gia tri sau:

xX+vy 1 |31 9 -1 | -3 | -9

5c—y| 9 |3 1 -9 | -3 | -1
6x 10 |6 10 | =10 | —6 | —10
X loai | 1 | loai | loai | —11 | loai
y 2 -2

Dip s6. Nghiém (x;y) 1a (1;2), (—1; —2).

DANG 5. ax? + by? + cx + dy = 0(a,b,c,d € Z)
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Vidu 5: Tim nghiém nguyén duong phuong trinh sau x? 4+ y? = 5(x — y). (1)
Viét phuong trinh (1) dudi dang bac hai d6i véi x dugce

x? — 5x + (5y + 5y%) = 0. 2)

A =25—4(5y +y?) = 25 — 20y — 4%

Dé (2) c6 nghiém ta phai c6 A > 0 < 4y? +20y — 25 < 0 < 4y(y +5) < 25,
Véiy > 2 thi dy(y +5) > 56, loai. Vay y < 1.

Doy € N* nény = 1. Thay vao (2) dugc x> —5x + 6 =0, ta c6 x; = 2, x, = 3.
Nghiém nguyén duong (x;y) cia phuong trinh (1) 1a (2;1), (3;1).

DANG 6. ax®> + by? + cx+dy +e = 0(a,b,c,d, e € Z)
Vidu 6: Tim nghiém nguyén ctia phuong trinh sau 3x% + 4y> + 12x + 3y + 5 = 0. (1)
Viét phuong trinh (1) dudi dang phuong trinh bac hai d6i véi x duge

3x% + 12x + (4y* + 3y +5) = 0. )
Tacod A =36 — 3(4y> + 3y + 5) = 3(7 — 4y*> — 3y). D€ (2) c6 nghiém, ta phai c6 A’ > 0, tic la
47 +3y —7<0e (dy+7)(y—1) < 0= %7 <y <1
* V6iy = —1thi A’ = 18, khong phai 1a s6 chinh phuong, loai.
e V6iy = 0thi A’ = 21, khong phai la s6 chinh phuong, loai.

* V6iy = 16 thay vao (2) dugc x®> +4x +4 =0 x = —2.

Dip s6. Nghiém (x;y) 1a (—=2;1).

DANG 7. ax? + by? + cxy + dxx + ey = 0(a,b,c,d, e € Z)
Vidu 7: Tim nghiém nguyén ctia phuong trinh sau x* + y? = x +y + xy. (1)
Cich 1. Viét phuong trinh (1) duédi dang phuong trinh bac hai d6i véi x ta dugc

= (y+1x+ (¥’ —y) =0. )

A=(y+1)?—4(P —y) =y* +2y+1—4y* +4y = -3y* + 6y + 1

Dé (2) c6 nghiém, ta phai c6 A > 0, hay
32 -6y —1<0e3(y—1)2 <4

Doy € Znén (y—1)*2 < 1. Suy ra chi ¢6 thé 12 0,1, 2.

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trang 43/215

e V6iy =0, thay vao (2) dugc x> —x = 0. Tacé x; = 0;xp = 1.
* V6iy = 1, thay vao (2) dugc x> — 2x = 0. Ta c6 x3 = 0; x4 = 2.
* V6iy =2, thay vao (2) dugc x> —3x +2 = 0. Tacé x5 = 1;x5 = 2.

Didp s6: Nghiém (x;y) 1a (0;0), (1;0),(0;1), (2;1), (1;2), (2;2).
Cdch 2. Bién d&i duge (x —1)2+ (y — 1)2 + (x —y)? = 2.

Téng ctia ba s6 chinh phuong bang 2 nén ton tai mot sé bang 0.
e Truong hop x —1 = 0cho (x;y) la (1;0), (1,2).
e Truong hopy —1=0cho (x;y)1a (0;1),(2;1).
e Truong hop x —y = 0 cho (x;y) la (0;0), (2;2).
Vi du 8: Tim nghiém nguyén ctia phuong trinh
7 (2 +xy+y?) =39 (x +y).

Ta thdy 39(x + y) ,:7 ma 39 va 7 nguyén t6 cing nhau nén (x +y) ,:7.

Dat x + y = 7m (m nguyén) thi x> + xy + y*> = 29m.

Suy ra (x + )2 — (¥ + xy + y2) = (7m)* — 39m hay xy = 49m?> — 39m.

Ta c6 bt dang thic (x + y)? > 4xy nén 49m? > 4 (49m* — 39m), suy ra m (52 — 49m) > 0.
Dodé0<m< % Do m 1a sb nguyénnén m € {0;1}.

x+y=20 .
e VGim =0 thi Nghiém (x;y) bang (0;0).
xy = 0.
+y=7

x .
e V6im =1thi { Nghiém (x;y) bang (5;2), (2;5).

xy = 10.
Dip s6: Nghiém (x;y) 1a (0;0), (5;2), (2;5).
DANG 8. ax?> + by?> + cxy + dx+ey+g =20 (a,b,c,d,e,g € Z)

Vidu 9: Tim nghiém nguyén cta phuong trinh

X —xy+y*=2x—-3y—2 (1)

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC @ Trang 44/215

Cdch 1. Viét (1) duédi dang phuong trinh bac hai déi vdi y dugce

P+GB—x)y+(x*—2x+2)=0 (2)
A=(B8—-x)>—4(x*—2x+2) = —3x2 +2x+1

DPé phuong trinh (2) c6 nghiém, ta phai c6

—_

A20©3x2—2x—1§O<:)(3x+1)(x—1)§O<:)—§ngl.
* V6ix =0, thay vao (2) dugcy?> +3y+2=0,tacdy; = -1,y = —2.

e V6ix =1, thay vao (2) dugcy?> +2y +1=0,tacd y3 = —1.

Dip so: Nghiém (x,y) 1a (0; —1), (0; —2), (1, —1).
Cich 2. Viét phuong trinh (1) duéi dang

(x—y)?+ (x—2)2+ (y+3)2=09.

S6 9 6 hai cach viét dudi dang téng ba s chinh phuong 1a 0+ 0 + 9 va 1 + 4 + 4. Xét cac gia
tri cta |x —y|, |x — 2|, |y + 3] ta c6 bang

lx—y| | |x—2|]| |ly+3] Nhan xét
3 0 0 x=2,y=—3,trdivdi |[x —y| = 3.
0 3 0 x =y = —3,trdi voi |[x — 2| = 3.
0 0 3 x=y=2,trdivéi|y+3| =3
1 2 2 x€{0;4},ye {—1,-5}.Chicéx=0,y=—1cho|x—y| =1
2 1 2 xe€{3;1},ye{—1,-5}.Chicox=1,y=—1cho|x—y| =2
2 2 1 x€{0;4},ye{—2,—4}.Chicox =0,y = —-2cho|x—y| =2

Dip s6: Nghiém (x;y) 1a (0; —1), (1; —1), (0; —2).

Vidu 10: Tim nghiém nguyén ctia phuong trinh

X422 +3xy—x—y+3=0 1)

Cich 1. Viét thanh phuong trinh bac hai d6i voi x dugc

x2+(3y—1)x+<2y2—y+3>:0 ()

A=By—1)2 -4y —y+3)=y* -2y —11
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Dé phuong trinh (2) c6 nghiém nguyén, ta phai c6
Ala s6 chinh phuong < y* — 2y — 11 = k¥* (k € N)
& y—172 -k =12
s y—-1+k(y—-1—-k =12
y—1+4+kvay—1—klaudcctal2, cing tinh chdnlé nén cing chanvay —1+k >y —1—k

nén ta c6 bang cac gia tri cia ching nhu sau

y—1+k 6 -2
y—1—-k 2 —6
y—1 4 o
y 5 -3

* V6iy = 5, thay vao (2) dugc x> + 14x + 48 = 0. Taco x; = —8,x, = —6.
* V6iy = —3, thay vao (2) dugc x> — 10x +24 = 0. Ta c6 x3 = 6; x4 = 4.

Dip s6: Nghiém (x;y) 1a (—8;5), (—6;5), (6; —3), (4; —3).
Cich 2. Pua vé phuong trinh udc s6 (x +y)(x +2y — 1) = —3.

© 2.

Ban doc tu giai

tiép bai toan.

»» Kinh nghiém gidi todn

D€ tim nghiém nguyén ctia phuong trinh bac hai véi hai an, ta thuong viét phuong trinh d6
dudi dang phuong trinh bac hai d6i v6i mot an, khi d6 an kia 1a tham s6, r6i st dung diéu
kién A > 0 dé chan gia tri cia tham s6. Néu khong chan duoc gia tri ctia tham sb, ta nghi dén
diéu kién A 1a s6 chinh phuong, diéu kién nay c6 thé gitip tim dugc tham sb (néu dua duge vé
dang phuong trinh udc sb) hodc chiing t6 phuong trinh da cho khong c6 nghiém nguyén (néu
A khong la sb chinh phuong). Tity theo cach chon x hay chon y lam &n ma ta c6 thé dat dugc
mot trong cac yéu cau néu trén. Trong trudng hgp A > 0 hodc A 1a s6 chinh phuong chua gitp
gidi dugc phuong trinh, ta nghi dén cac phuong phép:

¢ Biéu thi mét an theo an kia.

e Pua phuong trinh da cho vé dang phuong trinh uéc sd, hodc téng ctia cac s6 chinh
phuong bang mét hang so.

e Chtng t6 phuong trinh khong c6 nghiém nguyén bang cach xét s6 du ctia hai vé khi chia

cho cting mot sb.
BAI TAP

Bdi 3.1: Tim nghiém nguyén ctia mdi phuong trinh sau:
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a)

a)

b)

2xy —4x —y =1 b) 2xy —x—y+1=0
Pua phuong trinh udc s6 (2x —1)(y —2) = 3
Dip s6: Nghiém (x;y) 1a (1;5), (2;3), (0;—1), (=1;1)

Nhan hai vé ctia phuong trinh véi 2. Pua vé phuong trinh uéc s (2x —1)(2y — 1) = —1
Dip s6: Nghiém (x;y) 1a (1;0), (0;1)

Bai 3.2: Tim nghiém nguyén ctia phuong trinh: 6x2 + 7y? = 229

Ta co 7y2 < 229 nén yz < 32. Ta lai théy yla s6 1é nén
y?> € {1; 9; 25}. Chi c6 y? = 25 thda man.
Dip sb: Nghiém (x;y) 1a (3;5), (3;-5), (=3;5), (=3;-5)

Bai 3.3: Chiing minh rang méi phuong trinh sau khéng c6 nghiém nguyén:

a)

b)

a)

b)

d)

7x2 —24y% = 41 ) 2x% +y? = 1007
Yy Y

7x2 — 52 =3 d) 3x% + 7y? = 2002
Yy y

7x? — 24y = 41
x2 chia cho 4 du 0 hodc 1 nén 7x? chia cho 4 du 0 hodc 3. Vé trai chia cho 4 du 0 hoac 3, vé

phai (s6 41) chia cho 4 du 1. Phuong trinh khong c6 nghiém nguyeén.

7x? —5y> =3 & 6x% — 6y> + x> +y> =3

Suy ra (x* +y?):3

Ta thay x2,y? chia cho 3 du 0 hodc 1 ma (x% + y?):3 nén x? va y? déu chia hét cho 3. Do d6
x va y déu chia hét cho 3 nén x?, y? déu chia hét cho 9. Vé trai 1a (7x* — 5y?) chia hét cho

9, con vé phai (s6 3) khong chia hét cho 9. Phuong trinh khong c6 nghiém nguyén.

2x% + y? = 1007

Nhan xét y 1a s6 1é. Dat y = 2a + 1 (a 1a s6 nguyén). Ta co:
2x2 + (2a + 1)% = 1007 < x% + 242 + 2a = 503

Suy ra x la s6 1&. Bat x = 2b+ 1 (b 1a s6 nguyén). Ta c6:
(2b +1)2 + 2a% + 2a = 503 < 4b> + 4b + 24> + 2a = 502
& 202 +2b+a®*+a =251 < 2b(b+1) +a(a+1) = 251

Vé tréi 1a s6 chan, vé phai 1a s6 1é. Phuong trinh khong c¢6 nghiém nguyén.

3x2 + 7y% = 2002
2002 chia hét cho 7 nén 3x2 chia hét cho 7, do d6 x:7
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bat x = 7k (k 1a s6 nguyén)

Ta c6 3(7k)? + 7y* = 2002 <> 21k> + > = 286

Ta thy y? chia cho 7 du 0,1,2,4 nén vé trai chia cho 7 du 0,1,2,4. Con vé phai chia cho 7
du 6. Phuong trinh khong c6 nghiém nguyén.

Bai 3.4: Tim cac s6 nguyén x dé mdi biéu thitc sau 1a s6 chinh phuong:
a) x> —2x—14 b) x? —4x —25 o) x(x+12)
a) Pua vé phuong trinh udc so:
x> —2x+1-15=y?(gidstty € N)

Sx-12-y*=15c(x—1+y)(x—1—-y)=15
Chiyrang x —1+y > x — 1 — y nén ta c6 bang gid tri sau:

x—1+y |15 -1 |5] -3
x—1-y|1]-15|3] -5
x—1 8| -8 4| -4
x 9| =7 5| -3

b) Pua vé phuong trinh udc s6:
x? —4x+4—29 = y? (gid sty € N)
S x-2?2-1yY*=29 (x—2+y)(x—2-y) =29
Dip s6: x1 =17 ; xp = —13

o) ¥+ 12x =y? (gidstty € N) & (x +6)% —y*> =36
S (x+6+y)(x+6—y) =236

e Néuy =0thix; =0; x, = —12

e Néuy >0thix+6+y>x+6—1y.
Chd y rang x + 6 + i va x + 6 — y phai cting chan.
T dé cothém xz3 =4; x4 = —16
Dipsb:0; —12; 4; —16

Bai 3.5:
a) Tim cac sd nguyén x dé x> + 7x 1a s6 chinh phuong.

b) Tim cac s6 hita ti x d€ x> + 7x 1a s6 chinh phuong.
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a)

x2+7x = y? (gid sty € N & 4x? + 28x = 4y?
& 2x+7)?—(2y)? =49 < 2x+7+2y)(2x +7 —2y) = 49

e Xéty =0dugcx; =0; xp = -7

e Xéty >0dugcxz3 =9; x4 = —16

b) Cdch 1: Trudc hét ta chitng minh rang x phai la s6 nguyén. That vy, gia st x khong 1a s6
nguyeén, dat x = % trong d6 m, n 1a s6 nguyén nguyén t6 cing nhau; m #0; n > 2
(12 m_ 2 2 122
Ta co (;) —1—7.; =y- & m-+7mn=yn
Suy ra m?in, trai voi gia thiét (m,n) = 1
Vay x phai 1a s6 nguyén to.
Giai tiép nhu & cau a
Cidch 2: Dat x* + 7x = y? (gia st y € IN) thi:
x4+ 7x —y?> = 0(1)
A =49 +4y?
—7 4 /49 + 42
X12 = > (2)
Dé x 1a s6 hit H thi phai c6 49 + 4y 1a s6 chinh phuong.
Dat 49 + 4y? = m? (m 1a s6 tu nhién)
Ta c6 (m +2y)(m —2y) = 49
Chu y rang m + 2y > m — 2y va m + 2y > 0 nén c6 bang gia tri:
m—+2y |49 |7
m—2y | 1|7
y 1210
* V6iy = 12 thay vao (2) dugc x; =9; x, = —16
* V6iy =0, thay vao (1) dugcx3 =0; x4 = -7
Dips6:9; —16;0; —7
Bai 3.6:

a) Tim cdc s6 nguyén x dé x> + x + 6 1a s6 chinh phuong.

b) Tim cac s6 hitu ti x d€ x% + x + 6 1a s6 chinh phuong.

Giai tuong tu nhu bai trén
Dap $6:5; —6
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Bai 3.7: Tim hai s6 nguyén duong c6 hiéu bang 17 va tich ctia ching la mot sé chinh phuong.
Can tim cac s6 nguyén duong x va y sao cho x(x + 17) = y?. Nhan ca hai vé véi 4 va dua vé
phuong trinh udc s6

(2x +17+y)(2x + 17 —y) = 17%. Gidi ra dugc x = 64,x = 17 = 81

Bdi 3.8: Tim nghiém nguyén ctia mdi phuong trinh sau:
a) 8x? —5y*+10x +4 = 0;
b) 2x% + 3xy — 2> = 7;

c) x> +y?—2x —8y =0.

a) 8x2 —5y? +10x +4 = 0;
Cidch 1. Ta coi phuong trinh 1a phuong trinh bac 2 dn x. Khi d6 A’ = 25 — 8(4 — 5¢?) =
40y* — 7, do d6 chir sb tan cling ctia A bang 3 nén khong phai la sb chinh phuong. Vay
phuong trinh khong c6 nghiém nguyén.
Cdch 2. Ta ¢6 8x> +4 = 5y> — 10x < 4(2x% 4+ 1) = 5(y* — 2x). Ta thdy 4(2x> + 1):5 nén
(2x? +1):5. Suy ra 2x? tan cung bang 4, do d6 x? tin ciing bang 2 hodc 7. Diéu nay khong
xay ra. Vay phuong trinh khong c6 nghiém nguyén.

b) 2x% +3xy —2y> = 7;
Bién d6i 2x% +3xy — 24> =7 & 2x% —xy +4xy — 2> =7 & (x +2y)(2x —y) = 7.

Ta c6 bang gia tri

x—+2y 1 -1 7 -7

2x —y 7 -7 1 —1
X 3 -3 loai loai
y -1 1

Q2+ —2x—8y =0 >—2x+ (> -8y) = 0;Tacd6 A =1—-y>+8y > 0 &
¥ -8y+1<0« (y—4)2<0.
Doy e Znén -4 <y—4<4tucla0 <y <8 Xétbang gia tri

y 0 1 2 3 4 5 6 7 8
A’ 1 8 13 16 17 16 13 8 1

Dé A’ 1a s6 chinh phuong, chi ¢6 bén trudng hop y bang 0,3, 5, 8.

* V6iy = 0 thay vao phuong trinh ban dau ta duge x = 0 hodc x = 2.
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* V&iy = 3 thay vao phuong trinh ban dau ta dugc x = —3 hodc x = 5.
* V6iy = 5 thay vao phuong trinh ban dau ta dugc x = —3 hodc x = 5.

* Véi y = 8 thay vao phuong trinh ban dau ta duge x = 0 hodc x = 2.
Dip s0. Nghiém cta phuong trinh la (0;0), (2;0), (—3;3),(5;3), (—=3;5), (5;5), (0;8), (2;8).
Bai 3.9: Tim nghiém nguyén duong ctia phuong trinh
7(x*+y*) =25(x+y).

Xét7 (x% +1y?) = 25 (x +y) véi x,y nguyén duong. Ta thdy (x +v)i7.

Dit x + y = 7k(kinIN) thi x* + y? = 25k.

Ta c6 bat dang thic (x +y)? < 2(x* + y?) nén 49k* < 50k.

Dok > 0nén 49 < 50suyrak = 1.
x+y=7

Do d6 ta c6 hé phuong trinh .

x? 4 y* =25

Ta tim duoc (x;y) 1a (3;4) hoac (4;3).

Bdi 3.10: Cho phuong trinh 7y?> — 6x> = x — y, trong d6 x va y la cac sb nguyén duong va

x> y.

a) Goidla UCLN(x,y). Ching minh rang x — y = d?.

b) Ching minh rang khi d nhd nhat thi x nhé nhat va y nhé nhat. Tir d6 tim nghiém nguyén
duong nho nhét ctia phuong trinh trén.

a) 7P —6x>=x—yoyYr=6x2—6y>+x—y ey = (x—y)(6x+6y+1).
Tacéd = CLN(x,y) néndatx =dm,y =dn, (m,n) =1vax —y =d(m —n).
Datm —n = k. Do x > ynén k > 0. Ta sé chung minh d = k. Thay x —y = dk vao
y?> = (x —y)(6x + 6y + 1) ta dugc (dn)? — dk(6dm + 6dn + 1) nén dn? = k(6dm + 6dn +
1) = dn® = 6kdm + 6kdn + k (*).
Tac6 (m,n) = 1nén (n,m —n) = 1 tacla (n,k) = 1. Ta lai c6 dn?k (do (*) ) nén d'k.
Mat khac tu (*) suy ra 6kdm + 6kdn + kid, do d6 k:d.
Do k,d 1a cac s6 tu nhién nén suy ra d = k. Vay x — y = dk = d>.

b) Chiing minh rang khi d nhd nhéat thi x nhé nhét va y nhé nhét. Tir d6 tim nghiém nguyén
duong nhoé nhét cia phuong trinh trén.
Theo cAua) tacéy = dn, x = y +d* = dn + d>.
Ta sé chiing minh rang khi d nh6 nhét thi 7 nho6 nhat.
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Ta biéu thi n theo d. Do d = k (chitng minh &y a) nén tur (*) suy ra n? = 6m + 6dn + 1.

Ta lai c6 dm = x = dn + d* nén
n? = 6(dn+d*) +6dn +1 = 6d> +12dn + 1

Giéi phuong trinh n? — 12dn — (6d> + 1) = 0 véi an n, ta duge n = 6d + /42d% + 1 (véi
n > 0).

Cong thic trén ching té rang khi d nhd nhat thi 7 nhé nhéat va do dé dn nhé nhét, hay y
nho nhét.

e Khid =1 thin = 6 + /43 (loai).

e Khid=2thin=6-2+13 =25,suyrax = dn+d> =54 vay = dn = 50.
Nghiém nguyén duong nho6 nhit ciia phuong trinh 1a (54;50).
Bai 3.11: Tim nghiém nguyén ctia mdi phuong trinh sau:
a) x2+y2—2x—6y—|—1O:O;
b) 4x? 4+ y* +4x — 6y — 24 = 0;

Q) X*+y>*—x—y—8=0.

a) XX +1y>P—2x—6y+10=0« (x—1)2+ (y—3)>=0,do d6 (x;vy) = (1;3).

b) 4x? +y? +4x — 6y — 24 = 0 & (2x + 1)% + (y — 3)% = 34. Viét 34 dudi dang a2 + b?, trong
doalé, taco
34 =12+33=3"4+25=5"+9

Chi c6 hai truong hgp xay ra
{(2x+1)2 =32 {(2x—|—1)2 — 52
va

(y-3)?=5  |(y-3)"=3
Xét bang gia tri sau

2x +1 3 3 -3 -3 5 5 -5 -5
y—3 5 -5 5 -5 3 -3 3 -3

Do d6 cac nghiém (x;y) la: (1,8), (1, —-2),(—2;8),(—2;-2),(2;6),(2;0),(—=3;6), (—3;0).
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QX+ —x—y—-8=0<x(x—1)+yy—1)=8.
Tich hai s6 nguyén lién tiép 1a s6 khong am va chi tan cting bang 0,2, 6. Do d6 trong hai
tich x(x — 1) va y(y — 1) c6 mot tich bang 2, tich con lai bang 6.
Gidsux(x—1)=2vay(y—1) =6,tadugc x =2hodcx = —1,y =3 hodcy = —2. Ddp
s0. Nghiém (x;y) cta phuong trinh 1a (2;3), (2; —2), (=1;3), (=1, -2),(3;2),(=2;2), (3; —1), (=2;-

Bdi 3.12: Tim nghiém nguyén ctia moi phuong trinh sau:
a) 3(¥ —xy+y?) =7(x+y);

b) 5 (x* +xy +y?) =7(x +2y).

a) 3 (x> —xy+y?) =7(x+y);

{x+y—3m x+y=3m -

Dat ) - & 9m2 — 7 (M1asonguyén).
x“—xy+y-=7m xy =

Suy ra x,y 1a nghiém cta phuong trinh 3X? — 9mX + (9m? — 7m) = 0 (1)
Taco A= —27m* +84m >0 0<m < ?.
Do m nguyén nén m € {0;1;2;3}.
Ta can A = 3(—9m? + 28m) 1a s6 chinh phuong nén suy ra (—9m? + 28m):3 = 28m:3 =
m:3. Vay m € {0;3}.

* V6i m = 0, thay vao (1) ta dugc X; = X, = 0.
* V6i m = 3, thay vao (1) ta dugc X3 = 5; Xy = 4.
Dip s6. Nghiém (x;y) cia phuong trinh 1a (0;0), (5;4), (4;5).
b) Ta co
5 <x2 + xy +y2> =7(x +2y)
& 5(x% +xy +y*) = 7(x +2y)

& 5x% 4 5xy + 5y% = 7x + 14y
& 5% + (5x — 14)y + (52> — 7x) = 0

Giai A > 0 dugc 75x2 < 196 nén x> < 2. Suy ra x € {—1;0;1}.
Dip s6. Nghiém (x;y) cta phuong trinh 1a (0;0), (1;2), (—1;3).

Bdi 3.13: Tim nghiém nguyén ctia moi phuong trinh sau:

a) 8y% — 25 = 3xy + 5x;
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b) xy — 2y — 3 = 3x — x?;
Q) 4x? +2xy+4x+y+3=0;

d) x> +2y*+2xy+y—2=0.

a) Ta thay
8y> — 25:(3y + 5)
= 9(8y? — 25):(3y +5)
= (8(9y> — 25) - 25) i(3y +5) '
= 25'(3y 4 5)

Xét bang gia tri dudi day dé tim nghiém (x;y).

3y +5 -1 -5 -25 1 5 25
3y —6 —10 -30 —4 0 20
-2 loai —10 loai loai
X -7 -31 -5

b) xy —2y —3 =3x — x?

Cich 1. Biéu thi y theo x r6i tach ra gia tri nguyén, c6 y(x —2) = 3 + 3x — x2.

* Vi x = 2 khong thoa man phuong trinh.

.. . 343x—x> —x(x—2)+x—2+5 5
2h - = = — 1 _
e Voix #2thiy —> o x+ +x—2
Ta c6 bang gia tri sau
x—2 -1 -5
x 1 -3
y -5 =5 3

Cich 2. Pua vé phuong trinh u6c 86 < y(x —2) + x> —2x —x+2 =5

Ta c6 bang gia tri

xy — 2y — 3 = 3x — x?

o yY+r—1)(x—2)=5
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d)

x—2 1 -1 5 -5
x+y—1 5 -5 -1
X 3 1 7 -3

y 3 -5 -5 3

Dip s6. Nghiém (x;y) ctia phuong trinh la (3;3), (1; —5), (7; =5), (—3;3).

4x% +2xy +4x+y+3=0;

Cich 1. 4x* + 2(y + 2)x + (y +3) = 0.

Taco A = (y+2)>—4(y+3) =y>—8.

Giai diéu kién y> — 8 = m?(m € N) dugcy € {3;—3}.
Dip s6. Nghiém (x;y) ctia phuong trinh 1a (—1;3), (0; —3).

. —4x? —4x -3 2
ich 2. Biéu thi y th = =—-2x—1— .
Cac iéu thi y theo x duoc y 1 x 1 ,
Suy ra 2x 4 1 phai la wéc 1é cta 2. Do d6 x = 0 hoac x = —1. Ta thu dugc dap so nhu trén.

Cdch 3. Pua vé phuong trinh udc sd

4% ax+ 1420y +y = —2

& 2x+1)2+yQRx+1) = -2

S (2x+1)2x+y+1) = -2

X242 +2xy +y—2=0& x2+2yx+ (2> +y —2) = 0.

TacoAN =y =2 —y+2=-y*—y+2>0& 2<y<1L
* V&iy = —2, thay vao phuong trinh ban dau ta duge x = 2.
* V&iy = —1, thi A’ khong la sb chinh phuong, loai.
* V6iy = 0,thi A’ khong 1a s6 chinh phuong, loai.

* V6iy = 1, thay vao phuong trinh ban dau ta dugc x = —1.

Dip s6. Nghiém (x;y) cia phuong trinh 1a (—1;1), (2; —2).

Bai 3.14: Tim nghiém nguyén ctia mo6i phuong trinh sau:

a)
b)
<)

d)

x? 4 2y* — 2xy + 4x — 3y — 26 = 0;
x% 4 3y? +2xy —2x — 4y —3 =0;
232 + Y2 +3xy +3x+2y +2=0;

3x? —y? —2xy —2x — 2y +8 =0.
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a)

b)

d)

X2 +2y? —2xy +4x — 3y —26 =0 < x2 +2(2 —y)x + (2y 3y — 26) = 0.

Tac6AN = —y>—y+30>0& —6 <y <5.

Chi c6 2 truong hop y = —6 va y = 5 cho A’ 1a s6 chinh phuong. Pdp so. Nghiém (x;y)
cta phuong trinh la (—8; —6), (3;5).

x> 4+3y>+2xy —2x —4y -3 =0 x> +2(y — )x+ (3y> —4y —3) = 0;
TacoTaco A = -2y +2y+4>0& -1 <y <2.

Véiy = —1, dugc x = 2.

Voiy =0, dugc x = —1 hoac x = 3

V6iy =1, dugc x = —2hodcx =2

V6iy =2, dugcx = —1
Dip s6. Nghiém (x;y) ctia phuong trinh 1a (2; 1), (—1;0), (3;0), (=2;1),(2;1), (—1;2).

232 + Y2 +3xy +3x+2y +2=0;

Cich1.2x% +y? +3xy +3x +2y +2 =0 < 12 4+ (3x + 2)y + (2x% +3x 4+ 2) = 0.
Tacd A = x> — 4.

Gidi diéu kién x? — 4 = m? ta dugc x = 2 hodc x = —2.

Dip s6. Nghiém (x;y) cia phuong trinh 1a (2; —4), (—2;2).

Cich 2. Pua vé phuong trinh udc s6 (2x+y +1)(x +y+1) = —1.

3x2 —y? —2xy —2x — 2y +8 = 0.
Cich1.3x*> —y?> —2xy —2x —2y +8 =0 y> +2(x + 1)y — (3x> —2x +8) = 0.
Ta cé A = 4x> + 9. Giai diéu kién 4x? +9 = m?(m € IN) duge x € {2;0; -2}
* Véix =2,dugcy € {—8;2}
* V6ix =0,dugcy € {—4;2}
e Véix = —2,dugcy € {6, —4}
Dip s6. Nghiém (x;y) ctia phuong trinh 1a (2; —8), (2;2), (0; —4), (0;2), (=2;6), (—2; —4).
Cach 2. Pua vé phuong trinh wdc s6
4 — (P + P+ 2vy+2x 42y +1) = -9
S x+y+1)2—-(2x)2=9
< Bx+y+1)(y—x+1)=9

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



7= PHUONG TRINH NGHIEM NGUYEN CHON LOC

® Trang 56/215

Bai 3.15: Tim nghiém nguyén ctia moi phuong trinh sau:
a) ¥ +y*—2xy —2x+2y+1=0;

b) x® +y? +2xy —2x — 2y — 8 =0.

a) Taco
Xy —2xy —2x+2y+1=0
S x—y)?-20x—y)+1=0
S x-y—12=0
Sx—y—1=0

Dip s6. Nghiém nguyén ctia phuong trinh la (t;t — 1) véit € Z.

b) Ta co
X2+ y? 4 2xy —2x -2y —8=10
S x+y)?-20x+y)+1=9
S ((x+y—1)72%=9
x+y—1=3
x+y—1=-3

Dip s6. Nghiém nguyén ctia phuong trinh 1a (t;4 — t) va (k; —k — 2) véi t, k € Z.
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Bir4. PHUOGNG TRINH BAC BA HAI AN

Vidu 1: Tim nghiém nguyén cta phuong trinh:

x3+x2—|—x+1:y3. (1)

, 1)\
Tathdy x> + x +1 = <x+§> +2>Onéntf1’(1)suyrax3<y3.Dodéx<y.

Xét hai truong hop:

a) Truong hop y = x + 1. Thay vao (1) dugc:
Bl tx+1l=(x+1)>
S+ +x+1=x>+3x2+3x+1
&2x24+2x =04 2x(x+1) =0
Vay x1 = 0;xp = —1

b) Truong hopy > x+ 1. Tacd y> > (x + 1) nén tix (1) ta c6:
B4l tx+1> (x+1)3
e +xt+x+1>3+3x2+3x+1
S22 +2x <0 2x(x+1) <0
< —1<x<0,loaidox € Z
Nghiém (x;y) la (0;1), (—1,0)

Vidu 2: Tinh nghiém nguyén cda cic phuong trinh:

a) x>y’ =xy+8 b) ¥*+y°®=3xy+3

a) Cich1: x® —y® = xy + 8
& (x—y)> +3xy(x —y) = xy +8
Dat x — y = a,xy = b (a, b 1a cac s6 nguyén), ta co:
a®+3ab=b+8a®—-8=—b(3a—1)
Suyra (a®—8):(8a—1) = 27(a®>—8):(3a—1) = (274> —1—215):(3a — 1)
Do (27a% —1):(3a — 1) nén 215: (3a — 1)
Phan tich ra thira s6 nguyén t6: 215 = 5.43
Dodé3a—1¢€ {+1; +5; +43; +215}
Do3a—1chiacho3du2nén3a—1¢€ {-1;5; —43; 215}

Ta c6 bang gia tri sau:

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trang 58/215

b)

3a—1 —-11]15| —43 215
a 0 |2]-14 72
a°—8
b= — —64 | —17
13, 810 6 36

& (x+y)® —3xy(x +y) =3xy +3

Datx+y=a, xy = b (a,b1a cic s nguyén) ta co:
a®>—3ab=3b+3 < a>—3=3b(a+1)nén (a®>-3):(a+1)
S @+1-4)i(a+1) = 4i(a+1)
Doa®—3:3néna:3,suyraa+ 1chiacho3dul

Ta c6 bang gia tri sau:

a+1 1 | -2
a 0| -3
3
a’ —3

b= -1 5 |2
3(a+1)

e Truonghopa = 0; b = —1cho (x;y) bang (1; —1) va hoan vi ctia né.
e Truong hop a = —3; b = 5 khong cho nghiém

e Truong hgp a = 3; b = 2 cho (x;y) bang (1;2) va hoan vi ctia né.
Vay nghiém (x;y) la (1,-1), (-1;1), (1,2), (2,1)

Cich2: Datx+y=a(a € Z) .Taco

x>+ (a—x)°=3x(a—x)+3

& a® —3a% + 3ax? = 3ax — 3x*> + 3
&3@+1)x*—3a(a+1)x+ (a®-3)=0

* V6ia = —1 thi phuong trinh (1) trg thanh Ox = 4, v6 nghiém

e VGia # —1taco:
A =9a%*a+1)?-12(a+1)(a® - 3)
=3(a+1)[3a%(a+1) — 4(a® — 3)]
=3(a+1)(3a® —a® +12)
Dé phuong trinh (1) ¢6 nghiém, ta phai c6 A > 0
Xét dau 3a% — a3 + 12, tirc 1a a?(3 — a) + 12 ta thay:
-Véia<3thia’(3—a)+12>0
-Véia>4thia’?(3—a)+12<0
Xétdéua+1tath§yu+1 >0<a>-—1.

Ta c6 bang dau ctia A
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a | —210]1|2]3]4
302 —a3 412 |+ | + |+ |+ |+ |+ -] -
a+1 i D e A B A S B S S
A S T S B I S R

Dé A > 0tachixéta € {0;1;2;3}
Lﬁnlu’thétabéngO;l;Z;S ta tim dugc nghiém (x;y) la (1, -1), (-1,1), (1,2), (2;1)

Kinh nghiém gidi todn: O cau a, do hé s6 ctia xy 1a 1 nén c6 thé giai theo cach 2

O cac phuong trinh chita biéu thic x° 4 1 hodc x° — y® nén van dung cac hing déng thiic
déng nhd c6 lién quan. Ciing c6 thé dat an phu cho cac biéu thic x + y (hodc (x — y)) va
xy.

Vi du 3: Tim nghiém nguyén duong ctia phuong trinh:

x3 . ]/3 — 13(362 +y2)

Pat UCLN(x,y) =d > 1thix =ad; y =bdvdia >b>1va(a,b) =1

Ta c6 a®d® — b*d® = 13(ad? + b*d?)

& d(a—b)(a® +ab+b*) = 13(a® + b?) (1)
Suy ra 13(a% + b?): (a® + ab + b?) (2)
Ta chiing minh duge (a® + b?, a® + ab + b?) = 1. That vay, néu a® + b? va a® + ab + b? cing ¢6
udc nguyén té p thiab’p. Suyraton taiaiphodcbip. Gidstraipthib?:pnénbip, trai vé6i gia
thiét (a,b) =1

Do dé tir (2) suy ra 13:a?> + ab+b>. Doa > 2va b > 1nén: a®> + ab + b*> = 13(3) Do a > b nén
a?>+ab+b> > 302 Tu3b* < 13tacéb =1hodch =2

e Thay b = 1vao (3) dugca®*+a=12=a(a+1) =12 = a = 3. Thaya = 3,b = 1 vao (1)
dugcd =5.Tudox =15,y =5

e Thay b = 2 vao (3) dugc a® +2a = 9 = a(a + 2) = 9 (loai)
Vay nghiém (x;vy) 1a (15;5)
BAI TAP

Bdi 4.1: Tim s6 nguyén x dé x° + 3x la 1ap phuong ctia mot s6 nguyén
Giasux®*+3x=y% (y € Z). (1)
Tacox® —3x2 +3x—1< x> +3x <x>+3x>+3x+1nén (x — 1)} <y® < (x +1)°
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Suy ra y> = x>. (2)
Tr(l)va(Qsuyrax’+3x=x> < 3x =0« x =0
Véix=0thiy =0

Bdi 4.2: Cho phuong trinh sau v§i nghiém nguyén:
B2 F3x+1=1
a) Ching minh rangy < x + 1
b) Ching minh rangy > x — 1

c) Giai phuong trinh trén

a) Tacoy? = (P +3x2+3x+1) —x> = (x+ 1> —x2 < (x +1)3suyray < x+1

b) Tacdy® = x> +2x> +3x+1 = (x> =32 +3x - 1) +5x2+2 = (x =13 +5x2+2 >
(x—1)3suyray >x—1

c) itrcauavabsuyrax -1 <y <x+1

Do x,y 1a cdc sd nguyénnény = x hodcy = x + 1

e Truonghopy = x,tacéx® = x> +2x>+3x+1 e 2x2+3x+1=0

suyrax; = —1, xp = —5 loai

e Truonghopy =x+1,tacd (x +1)°2 =x> +2x2 +3x +1 e 2 =0 < x = 0.
Suy ray = 1. Nghiém (x;y) la (=1; —1), (0;1)

Bdi 4.3: Tim nghiém nguyén ctia mdi phuong trinh sau:
a) x> —y> =xy+25 o) x¥®—y®=3xy+1

b) x® —y® =2xy+13 d) ¥*+y>=3xy—1

a) Giai tuong tu nhu cach 1 cta vi du 2a
By =xy+25& (x—y)>+3xy(x —y) = xy +25
Datx —y=a, xy =0 (a,blacac s6 nguyeén), ta co:
a® +3ab=b+25 < a®—25=b(1 —3a)
Suy ra (a® — 25):(3a — 1), nén 27(a® — 25) : (3a — 1), tir d6 3a — 1 1a u6c ctia 674 va chon
duoc 3a — 1 lay gid tri thudc {—1; 2; —337; 674}

Tuong tng vdi cac gia tri trén tim duoc:
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b)

. a=20 . a=1 . a=—112 . a =225
{b =-25 {b =12 {b = —4169 {b = —16900
Do phéi c6 a? + 4b > 0 nén chi c6 mot truong hgp a = 1,b = 12.

Nghiém (x;y) la (4;3), (—3; —4).

Luu y. Néu yéu cau tim nghiém nguyén duong ctia phuong trinh x* — 13 = xy + 25, ta
0 cach giai sau:

T (1)suyrax >y, dodox—y >1

(1) & (x—y)(x* +xy +y*) = xy +25

Dox—y >1vax?+xy+y?>0nénx?+xy+y> < xy + 25

Suyrax?+y?> <25nénx < 4

Mat khac do x > ynén xy < 2. Tix (1) suy ra

X>—y?>27=x%>27=x>3

Tu(2)va@B)suyrax =4.Doy < xnény € {1;2;3}

Chi c6 y = 3 théa man (1)

Nghiém (x;y) 1a (4;3)

B—yd=2xy+13 & (x —y)® +3xy(x —y) =2xy + 13

Dat x —y = a,xy = b (a, b 1a cac s6 nguyén), ta co:

a®+3ab=2b+13 < a®> — 13 = b(2 — 3a)

Suy ra (a®> —13)(3a — 2) nén 27(a® — 13): (3a — 2), tir d6 3a — 2 1a udc cta 343 va chon
dugc 3a — 2 lay gia tri thudc {1;7;49;343}

Tuong tng vdi cac gia tri trén tim duoc

a=1 a=3 a=17 a=115
b=12 b= -2 b = —-100 b = —4434
Do phai c¢6 a® + 4b > 0 nén chi c6 hai truong hgp dau thda man.

Vay nghiém (x;y) 1a (4;3), (—3;—4), (1,-2),(2;-1).

Ap dung hang dang thic

a® + b+ —3abc = S(a+b+0)[(a—b)* + (b~ )+ (c —a)?]

N~

véia=x,b=—-y,c=—1tact:

Py 1-dxy = (x -y - Dy (D2 (107
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Theo dé bai x> —y> — 1 —-3xy =0
Tedéosuyra(x —y—1)[(x+y)>+(1—-y)?+ (x+1)2] =0
Nghiém (x;y)la (—1;1) va (t;t—1) véit € Z

d) Nghiém (x;y)la (L;1)va(t;, —t—1)véit € Z
Bai 4.4: Tim nghiém nguyén ctiia méi phuong trinh sau:
a) x> +y° =2013 o) ¥*+yP=6xy—1

b) ¥} +1° = (x+y)? d) ¥®+y®=2xy+11

a) Ta thay lap phuong cia mot s6 nguyén chia cho 9 chi c6 thé du 0,1,8
Theo nhan xét trén, x> + y3 chia cho 9 chi c¢6 thé du 142 0,1,8,2,7, con 2013 chia cho 9 du 6
Vay phuong trinh da cho khéng cé nghiém nguyén

b) ¥+ =(x+y)? e (x+y)(x® —xy+y?) = (x+y)?

* Néu x + y = 0 thi phuong trinh c6 v6 s6 nghiém nguyén (x;y) 1a (t; —t) voit € Z

e Néux+y #0thix>—xy+y>’=x+y
S —(y+Dx+(y*—y) =0
A=(y+1)—4*—y)= -3 +6y+1
A>0&32-6y—1<0&3(y—-1)2<4
Do y nguyén nén (y — 1)? lay gia tri thuoc {0; 1}, do d6 y — 1 thude {0; 1; —1},
taclay € {1, 2; 0}
- Thay y = 1 vao (1) dugc x> —2x = 0,tacé x; =0, xp =2
- Thayy:2Vé0(1)du’c}cx2—3x+2:O,tacc’)x3:1, Xq4 =2

— Thay y = 0 vao (1) dugc x> —x =0,tacé x5 =0, x5 = 1
Nghiém (x;y)1a (0;1), (2,1), (1;2), (2,2), (1,0)

o xX+yd=6xy—1s (x+y)>—3xy(x+y) =6xy—1
Datx+y=a, xy=">0(a,blacac s6 nguyeén), ta co:
a® —3ab=6b—1<a®+1=23b(a+2)
Suyra (a®+1)i(a+2), tir d6 a + 2 1a udc ctia 7. Ta c6 bang gia tri:

a+2 1 —1 7 -7
a —1 -3 5 -9
b= @+ 1 0 | khong nguvén | 6 | khong nguyén
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Nghiém (x;y) la (0, —1), (—1,0), (2;3), (3;2)

d) ¥+ =2xy+11 < (x+y)® —3xy(x +y) = 2xy + 11

Patx +y=a, xy = b (a,b1a cac sb nguyén), ta cé:

a® —3ab=2b+11 < a® — 11 = b(3a +2)
Suy ra (a® —11):(3a +2),nén 27(a® — 11) : (3a + 2) tic 1a (274> + 8 — 305) : (3a + 2)

tua d6 3a + 2 la udc cua 305

Ta c6 bang gia tri:

3a+42 | -1| 5| -61 | 305
a 11 | =21 101
-
b= o] 150 | 3378
3a+2

Vi (x +y)? > 4xy nén loai cac truong hgp a? < 4b
Nghiém (x;y) la (—1;2), (2;

1),

Bdi 4.5: Giai mdi phuong trinh sau:

a) x%y — 2xy +y = 125x v6i nghiém nguyén duong

b) x* — x?y + 2x — y = 2 v6i nghiém nguyén

¢) X2 +y° — 3y + 3y = 6 v6i nghiém tu nhién

d) x® — 3 =2(x? +y?) + 3xy + 17 véi nghiém tu nhién

e) x>+ = 3(x% + y?) vdi nghiém nguyén duong

a) x?y —2xy+y—125x =0 & y(x®> —2x + 1) = 125x

* x = 1 khong thoa man phuong trinh
125x

e Voix #1tacoy =

(x -

1)2

Do x va x — 1 1a nguyén t6 cing nhau nén 5% (x — 1)2. Tir d6 (x — 1)? 4y gia tri

thuoc {1;25}

Vi x, y nguyén duong nén ta tim dugc cac nghiém (x;y) la (2;250) , (6;30)

b) ¥ —xPy+2x—y =2 (2 +1)y=2>+2x -2

X+ Dy=x(x>+1)+ (x—2)

Suyra (x —2):(x2+1) = (x?

—4)i(x?2+1) =5 (x> +1) = x>+ 1€ {1;5}
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d)

Do d6 x € {0;2; -2}

Voix =0thiy = -2

Véix =2thiy =2

Véi x = —2 thi y khong la s6 nguyén
Nghiém (x;y) la (0; —=2), (2;2)

PP -3 43y =62+ (y—-1)>%=5
Dox?>0nén (y—1)><5.Suyray—1<1,dodéy € {0;1;2}
Nghiém (x;y) 1a (2;2)

-y =2(x2+y?) +3xy + 17

& (x—y)(@+ry +y?) = xy +17. (1)
Do x,y la cac s6 ty nhién nén xy + 17 > 0

Vi x = y = 0 khong théa man (1) nén x% + xy + y> > 0.

Suyrax —y—2>0dodéx >y+2 vay x > 3. (2)
Dox —y—2>1nénti(1)suyrax?+xy+y> < xy+ 17t dé x> + y> < 17 (3)
Tir (2) va (3) suy ra x € {3;4}.

Thit cac cap s6 (x;y) = (3;0), (4;0), (4;1) vao phuong trinh da cho ta dugc mot nghiém
(x;y)la (4,1).

Giai tuong tu vi du 4, duogc 3:a? — ab + b?> nén a®> —ab + b*> € {1;3}. Gid sita > b thi

.....

b = 1. Ban doc ty gidi tiép dé dugc nghiém (x;y) 1a (3;3).

Bdi 4.6: Tim nghiém nguyén ctia mdi phuong trinh sau:

a)

a)

9x2 — 6x = y° b) 9x°+6=y° ) 54x3 —1 =13
Ta co:
9x% — 6x = y3 (1)
sBx—-1)? =y +1. )

T&(Z)suyray3+1 > Onény3 > —1,dodoy > -1
e Thay y = —1vao (2) dugc (3x —1)> =0nén x = % loai
e Thay y = 0 vao (1) duoc 3x(3x —2) =0nénx =0

* Thay y = 1 vao (2) duoc (3x — 1)? = 2 loai
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o Xéty >2.Tac6(Bx—1)2=(y+1)(y>—y+1)
biatd = UCLN(y + 1,y> —y +1)
Doy?—y+1=y(y+1)—2(y+1)+3nén3:d
Do (3x — 1)? khong chia hét cho 3 nén tir (3) suy ra d # 3
Vayd =1
Cac s6 nguyén duong y + 1 va y?> — y + 1 nguyén t6 cing nhau c¢6 tich la mot sd
chinh phuong nén méi sb déu 1a sb chinh phuong, nhung (y —1)? < y? —y +1 < y?
(doy > 2)nén (y? —y + 1) khong thé 1a sé chinh phuong.
Nghiém (x;y) 1a (0;0)

b) I3 +6 = y3. Vé trai chia cho 9 ¢6 sb du 1a 6, con vé phai chia cho 9 c6 s6dula0,1,8.

Phuong trinh khong c6 nghiém nguyén.

) 54x3 —1 =15, (1)

e V6ix=0thiy=—1

e Xét x # 0. Nhan hai vé cta (1) véi 216x3 duac:
216x3(54x3 — 1) = 216x3y° < 216x3.54x3 — 216x° = (6xy)°
& (6.18.x%)% — 2(6.18x%) = (6xy)?
& (6.18x% —1)% = (6xy)® + 1
Data = 18x3,b = 6xy tacé (6a — 1) =b> + 1
Suy ra b>> —1nénb > —1
Lanluotxétb=—-1,b=0,b=1,b> 2Végiéitheocéch6céuadéuloai
Nghiém (x;y) la (0; —1)
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Bi1 5. PHUONG TRINH BAC BON VGI HAI AN
Vidu 1: Tim nghiém nguyén cta phuong trinh
xt—4x? + 2+ 2x2y -9 =0

Taco: ¥t — 4+ +2x% -9 =0 & (2 +y) =42 = 0= (2 +y+2x). (x> +y—2x) =9.

Suy ra: x2 4+ v + 2x va x2 + v — 2x 1a udc ctia 9 nén ta c6 bang gia tri sau:
y Y y &8

X+y+2x | 1|3[9]-1/-3|-9
x>4+y—2x|9|3/1/-9|-3]|-1
2x 4104 0|-4
x 2102 0/-2
y 1(3[1/-9/-3[-9

Dap s6: Nghiém (x;y) 1a (—2; —1),(0;3), (2;1), (2; —9), (0; =3), (—=2; —9).

Vidu 2: Tim nghiém nguyén ctia phuong trinh

x(x +1)(x+2)(x +3) = v~ (1)

Néu y théa man phuong trinh thi —y cling théa man, do d6 ta gia st y > 0, khi dé:
(1) & <x2 + 3x) <x2 +3x + 2) = 2.
DPit x2 4 3x + 1 = 4, ta duoc:
@-Da+)=ysd-1=y" s @+yla—y) =1

Suyraa+y=a—y,dodoé:y =0.
Thay vao (1) dugc: x1 = 0,xp = —1,x3 = —2,x4 = —3.
Dip s6: Nghiém (x; ) 1a: (0;0), (—1;0), (=2;0), (=3;0).

Vidu 3: Tim cac sb nguyén x dé biéu thirc: x* + 2x3 + 2x% + x + 3 1a mot s6 chinh phuong
Datx* +2x3 +2x2 +x+3 =y? voiy € N.
Cich1. Tathdy y*> = (x* +2x3 + x2) + (x> + x4+ 3) = (2 + x)2 + (x> + x + 3).
Ta sé chiing minh a? < y? < (a + 2)? véi 4= x% + x.
11

1
That vay: y?> —a? = x> + x +3 = (x+§> +Z>O'

a+2)2 -y =(x>+x+2)?— (x*+23+ 222+ x +3
Yy
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1\% 1
:3x2+3x+1=3(x+§> +4—L>0'

Doa? < y?> < (a+2)’nény? = (a+1)>2

hayla x* +2x3 +2x> +x+3 = (x*+x+1)? x> +x-2=0&
x = -2
Vay x = 1 hoac x = —2.

Cich 2. Pua vé phuong trinh udc sb:
Nhan hai vé ctia phuong trinh da cho véi 4 ta dugc:

4y* = 4x* + 8% + 8x% +4x + 12
—4x* + 83+ 4+ 4P +4x+1+11

_ (2x2 +(2x + 1))2 =11

Do d6 (2x? +2x +1+2y)(2x* +2x +1—2y) = —11
Ta c6 2x% + 2x + 1 + 2y > 2x% + 2x + 1 — 2y nén xdy ra hai truong hop:

x=1

2x% 4+ 2x + 142y =11 2x* +2x+1=5 X24x—2=0
TH1. & & S (x=-2.

2x* +2x +1 -2y = —1 2y =6 y=3

y=3

2x* +2x +1+2y =1 2x% +2x+1= -5 +x+3=0
TH2. & &

2x* +2x +1 -2y = —11 2y =6 y =
Hé nay v6 nghiém.
Dip s6: C6 hai sb nguyén 1 va —2 thdéa man.
Vi du 4: Tim nghiém nguyén cta phuong trinh:

2 2 2
<x —y> = 10y +9. (1)

. 1
Ta thay 10y +9 > O0nény > —EO.DoyGZnényZO.

e Xéty = 0thi (1) trd thanh x* = 9 (loai). Ta chi xét y > 0.
Vi phuong trinh (1) khong thay ddi khi thay x bdi —x, ta gid st x > 0.

e Xétx = 0thi (1) trd thanh y* = 10y + 9 < y(y> — 10). Suy ra 9:y.

Lan lugt xét y bang 1,3,9 khong c6 gia tri nao ctia y théa man.

o Xétx >1vay>1thix+y > 2 Viét (1) dudi dang

10y +9
=y

(x+y)(x—y) (2)
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Dox+y >2nén (x +y)(x —y)? > 2(x —y)2 (3)

Wy+9 10+ 10v 45 42 > 1nen 10x > 10x > 10 > 9). (4)
xX+y xX+y

Tix (2), (3), (4) suy ra2(x — y)? < 10 nén (x — y)? < 5.
Ta lai c6 x — y 1é (vi x — y 1a udc ctia 10y + 9) nén (x —y)? = 1.
Thay (x — y)? = 1 vao (2) dugc (x + y)? = 10y +9. (5)

Ta lai co

- V6ix —y = 1thi x = y + 1. Thay vao (5) dugc (2y +1)2 = 10y +9.
& 2y — 3y — 4 = 0, loai vi A = 41 khong 1a s6 chinh phuong.

- V6ix —y = —1thi x = y — 1. Thay vao (5) duge (2y — 1)?> = 10y + 9
1
<:>2y2—7y—4:O.Tacéy1:—E(loai);yzzél,khic’[éx:&

Dip sb: Nghiém (x;y) 1a (3;4), (—3;4).

»Kinh nghiém giai toan:
* Ta c6 thé nghi dén viét phuong trinh (1) dudi dang:
=22+ (vt 10y —9) =0
16i dat y? = z(z € IN) dugc phuong trinh bac hai déi véi z la:
22 =22z + (Yt =10y —9) =0

Giai céc diéu kién A" > 0 va A" 1a s6 chinh phuong déu khong c6 hiéu qua.
Ta str dung bét dang thiic dé chan (x — y)? nhu cach gidi trén.

* Vi liy thita bac bon 1a binh phuong cta ldy thirta bac hai nén ta thuong tim nghiém

nguyén ctia phuong trinh bac bon véi hai dn theo cac cach:
— DPua vé phuong trinh bac hai véi hai an.
— Phan tich thanh nhan tr d€ phat hién mot biéu thic la s6 chinh phuong.
— Phat hién mot s6 chinh phuong nam gitra hai s6 chinh phuong.
BAI TAP
Bdi 5.1: Tim nghiém nguyén ctia mdi phuong trinh sau:
a) (F+y)(x+y?) = (x+y)°;

b) x* — 2x%y + 7y* = 55;

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trang 69/215

o) x?y? —2xy = x> + 16y%;

d) 3x%y? + x> + y?> = 5xy.

a) Khai trién r6i rut gon duge xy(3x + 3y — xy — 1) = 0.

e Néu x = 0 thiy 1a s nguyén tuy y.

e Néu y = 0 thi x la s6 nguyén tuy y.

e Néuxy #0thi3x+3y—xy—1=0< 3—x)(y—3)=38
Piip s6: Nghiem (x;y)1a (11;4), (4;11), (7;5), (5;7), (2; =5), (=5;2), (1; —1), (=1;1), (0;k), (£;0)
Vi k, t 1a cac s6 nguyén tuy y.

b) Dat x> = z(z € N), ta cé

2> —2yz + (7y* — 55) = 0

A =y?— (7y? — 55) = —6y* + 55

A’20®6y2—55§0®y2§%5.

Doy € Znény € {0;1;-1;2;,-2;3; —3}.
Dip s6: Nghiém (x;y) 1a (2;3), (—2;3).

o) x%y? — 2xy = x> + 16y? & x%y? — 15y% = x2 + 2xy + 2.
& y? (x> —15) = (x +y)2
e Voiy =0thix =0.
* Xéty # 0 thi x?> — 15 phai la s6 chinh phuong.

Datx? —15=a?(acN) & x> —a?=15¢ (x+a)(x —a) =15vax+a > x —a.

Ta c6 bang gia tri

x+a |15 5| -1 |-3
x—al| 1l |3 |-15|-5
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d) 3x%y? + x% + y? = 5xy (1)
& x2+y? —2xy = 3xy — 3x%y? & (x —y)? = 3xy(1 — xy) (2)
T (2)suyraxy(l—xy) >0<0<xy <1.

Do xy la s6 nguyén nén xy € {0;1}.

* Véixy =0, thay vao (1) dugcx =y = 0.
* V6ixy =1thix =y =1hodc x = y = —1, déu nghiém diing (1).
Dip sb: Nghiém (x;y) 1a (0;0), (1;1), (=1; —1).
Bdi 5.2: Chitng minh rang méi phuong trinh sau khéng c6 nghiém nguyén:
a) x* —5x%y? + 4yt = 3;

b) (x+y)*+ x* + y* = 3996.

a) ¥(x* —y*) — 4y (¥ —y?) =3 & (x —2y)(x —y)(x +y)(x +2) = 3. (1)
e Néuy = 0 thi x* = 3, khong c6 nghiém nguyeén.

e Néu y—0 thi vé trai ctia (1) 1a tich ctia bon thira s6 nguyén khac nhau doéi mot, con vé
phai chi phan tich dugc thanh nhiéu nhat 1a tich cta ba thira s6 nguyén khac nhau doi
mot: 3 = (—3).1.(—1).

Phuong trinh da cho khong c¢6 nghiém nguyén.

b) Bién d6i vé dang 2(x2 + y? + xy)? = 2.1998 < (x2 + y? + xy)? = 1998.
S6 chinh phuong khong thé c6 tan cting bang 8 nén phuong trinh da cho khéng 6 nghiém

nguyen.
Bdi 5.3: Tim nghiém nguyén duong ctia moi phuong trinh sau:
a) (P =y)(x+y?) = (x+y)°

b) (x+y)* =40y + 1.

a) Ruat gon phuong trinh roi chia hai vé cho y # 0 dugc

2y* +x(3 —y)y +x(3x +1) = 0.
A=x*3—x)*—8x(Bx+1)
= x(x® — 6x% —15x — 8) = x(x +1)*(x — 8).
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Do (x +1)? # 0 nén dé A 1a s6 chinh phuong thi x(x — 8) phai 1a s6 chinh phuong.
Dat x(x — 8) = a®(x € N)
& (x—4)?=a>+16< (x—4+a)(x —4—a) = 16.

Tathdy x —4+avax —4—acungchdnvax —4+a > x — 4 — anén c6 bang gia tri sau:

x—4+a| -2 4 | 4 8
x—4—a -8 -4 4 2
x—4 -5 4 | 4 5
X -1,loai | 0,Joai | 8 9
X 10 | 6 hoac 21
Dip sb: Nghiém (x; ) 1a (8;10), (9;6), (9;21).
b) (x+y)* =40y +1 (1)
Theo dé bai x > 1,y > 1. Viét (1) dudi dang
40y +1
3 _ .
(x+y) Py

Ta ching minh duogc

40y +1 < 40y +40x
xX+y xX+y o

20x+y)?> < (x +y)* = 40.

nén (x +y)?> <20.Suyrax+y < 44.
Talaico x+ylé (vix+ylaudccaad40y+1)vax+y > 2nén x+y = 3, ta tim duoc
x=1ly=2.

Bai 5.4: Giai moi phuong trinh sau:
a) x* +2x3 +3x2 + 2x = y? + y v6i nghiém tu nhién;

b) x* + x3 + 22 + x = y? + y v6i nghiém nguyén.

a) x*+ 203 432 +2x =2ty (P +x)2+2(% +x) =y +y
& (P +x+1)P =y +y+1 (1)
Véimoiy € Ntacoy> <y?+y+1<y>+2y+1
néntir (1) suyray? < (x> +x+1)2 < (y+1)2
Do dé (x? +x+1)2 < (y+1)2
Tudova(l)coy*+y+1=(y+1)? <y =0.
Dip s6: Nghiém (x;y) 1a (0;0).
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b) x*+ 3+ +x=y>+y
Saxt A3 + 4% +4x+1 =4y +4y + 1
& (22 +x)2+3x2+4x+1= 2y +1)%

e Trudc hét, ta tim cac gia tri cia x dé xay ra bat dang thiic
(2x2 4+ x)? < (222 +x)2 +3x% +4x +1 < (2x% + x +2)?
3x* +4x+1>0
(222 +x)? +42x% +x)2 +4— 2% +x)? —3x* —4x—1>0
{(x+1)(3x+1) >0
=

(2) &

1
& x < —lhodcx > —= < x# —1(dox € Z).
55 +3 >0 3

* Nhu vdy, vdi x # —1 thico (2), lac d6 (1) xay ra khi
Qy+1)2=2x2+x+1)
ticla (2x% +x)? +3x> +4x+ 1= (2x*> + x + 1)?
S22+ x)2 432 +4x +1= (2% +x)2 +2(2x> +x) + 1
& 3x% 4+ 4x = 4x% + 2x
& x?> —2x =0 < x = 0 hodc x = 2. Thay vao (3) tim dugc y.

e V6ix = —1, thay vao (1) dugcy = 0 hoacy = —1.

Dip s6: Nghiém (x;y) 1a (0;0), (0; 1), (2;5), (2; —6), (—1;0), (=1, -1).
Bai 5.5: Tim cac s6 nguyén x dé méi biéu thitc sau 1a s6 chinh phuong:
a) x* —x24+2x+2;

b) x(x +2)(x*+2x +3);
c) x(x+1)(x+7)(x+8);
d) A+ 3+ 24 x+1.
a) xt—x?4+2x+2=1y*(yeN
S @ =1)2+ (x+1)P2 =y < (x+1)2 [(x —1)? +1] =y~

e Néux+1=0,tiuclax = —1thiy = 0, thoa man.

e Néux+1#0thi(x—1)24+1=Kk(kecN)
Sk-(x-1)2=1e (k+x—1)(k—x+1)=1.
Suyrak+x—-1=k—x+1nénx=1.Khidoy =2.

Dip s6: —1va 1.

(1)
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b) x(x +2)(x*+2x +3) =y’ (y € N) (1)
& (22 +2x)(x% 4+ 2x +3) = y2.
Datx?> +2x = kvdik € Z, tacé k(k +3) = 2.

e Xéty =0,tur (1) tacox; =0;x, = —2.

e Xéty > 0. Bién d6i

4K* + 12k = 4y < (2k +3)> —4y* =9
& (2k+3+2y)(2k+3—2k) =9

Ta thdy 2k + 3 + 2y > 2k + 3 — 2y nén xdy ra hai truong hgp

2k+3+2k=9
e Truong hop 1: =2k+3=5=k=1
2k+3 -2y =1

Khi d6 x(x +2) = 1, khong c¢6 nghiém nguyén.
2k +3+2y = -1

OTruE)ngthZ:{ =2k+3=-5=k=—4.
2k+3—-2=-9

Khi d6 x(x +2) = —4 & x? + 2x — 4 = 0, vd nghiém.

Dip s6: 0 va —2.
o) x(x+1)(x+7)(x+8) =vy*(y € Z) (1)
& (22 +8x)(x%+8x+7) =2
Datx2 +8x = kvéik € Z, taco k(k+7) = y? (2)

o Xéty=0,tir (1) tadugcx; = 0;xp = —1;x3 = —7; x4 = 8.

e Xéty > 0.Giai (2) dugck; = 9;k, = —16.
Véik =9 tacé x? 4 8x = 9 duoc x5 = 1;x6 = —9.
Véi k = —16 ta c6 x> + 8x = —16 duoc x; = —4.

Dip s0: 0; —1; -7, —8;1; —9; —4.
d) Cich1.Gidsty? =x* + x>+ 2 +x+1voiy € N (1)

(1) & 4y> = 4x> + 4x° +4x% 4 4x + 4
& (2y)? = (2% + x)? +3x% +4x + 4
& (2y)? = (2%% +x)? + 2% + (x +2)2

Suy ra (2y)? > (2x? + x)%, nén (2y)? > (2x? + x + 1)%. Do d6
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Ax* +4x3 4+ 4x2 4 4x +4 > 4x* + 22 + 1 +4x3 + 4x2 + 2x

S0>x>+2x—-3<0> (x+1)(x—3) & -1<x<3.Maxe€Znénx < {-1;0;1;2;3}.

Thay x = —1 vao (1) dugcy*> =1 =12,

Thay x = 0 vao (1) dugcy?> = 1 = 1%

Thay x = 2 vao (1

1) duoc yz = 31, loai.

(
(1)
(1) dugc y? = 5, loai.
Thay x = 2 vao (1)
Thay x = 3 vao (1) duogc y? = 121 = 112.
Dip sb: —1;0; 3.
Cich2. Gidsux* + x>+ x> +x+1=y>véiy €N (2)
Tur (2) ta co:
4y = 4x* 4 4x® + P 4% +4x + 4
= (26® + x)? +3x% +4x + 4
= (2x2 + x)2 + 207 + (x +2)% > (2x% + x)?(3)
Dit A = 2x2 + x, ta sé ching minh 4y? < (A + 2)2.
Xét (A+2)? —4y? = (2x2 + x +2)% — 42
= (2x2 +x)2+4(2x* +x) +4— (2x® +x)2 —3x> —4x — 4
= 8x? + 4x — 3x% — 4x = 5x? (4)
e Néux=0thiA=0vatx (2)c6y?>=1.
o Néu x # 0 thi tir (4) suy ra (A +2)? > 4y*. Két hop vdi (3) dugc
A% <4y? < (A+2)2

Suyra (2y)?> = (A+1)? & 4y> = 2x2 +x +1)?

& (202 +x)2 432 +4x+4 = (22 +x) 2 +2(2x% +x) + 1

32 +4x+4=424+2x+1<x2—2x—3=0.Tadugc x; = 3;xp = —1.
Dip sb: x = 0;x = 3;x = —1.

Biéu thirc da cho theo thit tu bang 1;121; 1.

Bai 5.6: Tim nghiém nguyén ctia moi phuong trinh sau:

a) x> —8xy® + 32y° = 16; b) 22+ =15
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a) x? —8y’x + (32y° — 16) = 0.
A = (4x%)2 — (32y° —16) = —16y° + 16.
AN=0s16y—16 <y°—1<0.
Dodéy € {0;,—1;1}.
Dip sb: Nghiém (x;y) 1a (4;0), (—4;0), (—4; —1), (4;1).

b) ¥~y =<y’ 1) ="
Tich hai s6 nguyeén lién tiép la s6 chinh phuong nén ton tai mot s6 bang 0.
e Truong hgp y> = 0choy = 0;x = 0.

e Truonghgpy® —1=0choy =1;x =0.
Dip s0: Nghiém ctia phuong trinh 1a (0;0), (0;1).

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trang 76/215

Bi1 6. PHUONG TRINH DA THU'C VOI BA AN TRO LEN

Vidu 1: Tim nghiém nguyén cta phuong trinh

6x + 15y + 10z = 3.

* Tathdy 10z:3nénz:3. Datz = 3k v6i k € Z ta dugc

6x + 15y + 30k = 3 < 2x + 5y + 10k = 1.

* Dua vé gidi phuong trinh véi hai 4n 1a x, y vdi k la tham s6 2x + 5y = 1 — 10k nén

_ 1-10k -5y 1-y
X = = 5k =2y + —

1_
. Ditt = 2yvéiteZ.Tacéy:1—2t,x:—5k+5t—2véz:3k.

* Vay nghiém (x,y,z) cta phuong trinh la (5t — 5k — 2;1 — 2t;3k) vdi t, k 1a nhiing s6
nguyén tuy y.

Kinh nghiém giai toan
Trong cach giai trén, ta da bién d6i phuong trinh da cho vé dang 2x + 5y = 1 — 10k,
ta c6 cac hé sb ctia x va y 1a hai s6 nguyén t6 cing nhau. Sau d6 ta giai phuong trinh

bac nhat véi hai 4n 1a x va y. ( Xem §2 Phuong trinh bac nhat hai an.)

Vidu 2: Ching minh rang phuong trinh sau khong c6 nghiém nguyén

x? 4+ y? + 22 = 2015.

Ta biét rang s6 chinh phuong chén thi chia hét cho 4, con sb chinh phuong 18 thi chia cho 4 du
1 va chia cho 8 cling du 1.
Tong x> + y? + z* 1a 56 1é nén trong ba s6 x2, 2, z phai c6 mot s6 1€ va hai s6 chan, hodc ba s6

déu 1é.

 Truong hgp 1: C6 mot s6 1€ va hai sb chdn thi vé tri ciia phuong trinh x? + y? + 22 = 2015
chia cho 4 du 1, con vé phai ( 1a 2015) chia cho 4 du 3, loai.
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 Truong hop 2: Ca ba s6 déu 18 thi vé trdi ciia phuong trinh x? + y? + z2 = 2015 chia cho 8
du 3, con vé phai ( 1a 2015) chia cho 8 du 7, loai.

Vay phuong trinh da cho khong c6 nghiém nguyén.
Vi du 3: Tim nghiém nguyén duong cta phuong trinh

2xyz = x +y +z + 16.

Do vai tro binh dang ctia x, y, z ta gid st 1 < x < y < z. Khi d6 2xyz < 3z + 16. Do z nguyén
duong nén 2xy < 3+ 18 < 19. Tir 2x2 < 2xy < 19 = 2 < 9. Do x nguyén duong nén

x € {1;2;3}.

¢ Truong hop x = 1: thay vao phuong trinh 2xyz = x +y + z 4 16 ta duoc
2z —y—z=17 & 4yz — 2y — 2z = 34 < (2y — 1)(2z — 1) = 35. Ta tim dugc (y; z) bang
(1,18) va (3;4).

¢ Truong hop x = 2: thay vao phuong trinh 2xyz = x +y + z + 16 ta dugc
dyz—y—z=1816yz—4y—4z=72<= (4y—1)(4z—1) =73. Tatimdugc 4y —1 =1

nén 4y = 2, loai.

e Truong hop x = 3: thay vao phuong trinh 2xyz = x +y + z 4 16 ta duogc
6yz—y—z=19 < 36yz—6y —6z =114 < (6y —1)(6z — 1) = 115. Ta tim dugc y = 1,

z = 4,loai vi trai gia thiét x < y.

Vay nghiém (x;y;z) ctia phuong trinh la (1;1;18), (1, 3;4) va cac hoan vi ctia né.

Kinh nghiém giai toan

Do vai tro binh dang cta x, , z trong phuong trinh 2xyz = x +y + z + 16, ta da gia
sl < x <y <z nhodoédachdn trén duge x < 3.

| Ta con ¢6 thé dat dugc udc luong manh hon dola x <2 bfing cach lam nhu sau:
Véigiasaz >y > x> 1, néu x > 3 thi xy > 9 nén 2xyz > 18z = 3z + 15z. (1)
Talaic63z > x+y+zvaldz > x+y+z+45. (2)
Tir (1) va (2) suy ra 2xyz > x +y + z + 45 trai vdi dé bai. Vay x < 2.

Vi du 4: Tim nghiém nguyén duong ctia phuong trinh

dxyz = x + 2y +4z + 3.
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e Xét x = 1, thay vao phuong trinh 4xyz = x + 2y + 4z + 3 ta dugc
dyz—2y—4z=42yz—y—2z=2< (y—1)(2z—-1) =3.

y—1=1 y—1=3 .
Tir d6 ta 6 hodc Suy ra (y,z) bang (2;2) hodc (4;1).
2z—1=3 2z—-1=1.

e Xét x > 2. T phuong trinh 4xyz = x + 2y + 4z 4+ 3 ta co
2y+4z+3=x(4yz—1) >2(4yz—1) =8yz —2

nén8yz —2y —4z <5< (2y—1)(4z—1) <6.Do4z—1>3nén2y —1 < 2hay2y < 3.
Do y nguyén duong nény = 1.
Thay vao phuong trinh 4xyz = x +2y +4z+3dugcdxz—x—4z=5< (x—1)(4z—1) =

6.

47 —-1=3 z=1
Do4z —1laudcléciabvadz —1 > 3nén &
x—1=2 x =3.

Vay nghiém (x;y;z) cia phuong trinh la (1;2;2),(1;4;1),(3;1;1).

Kinh nghiém giai toan

e Do vai tro cta x, y, z khong binh déng nén ta khong thé giastr1 < x <y < z.
Trong vi du trén, do x nguyén duong nén trudc hét ta xét x = 1, sau d6 xét
x > 2.Nho x > 2 ma ta gidi han dugc 2y < 3.
Véi bai toan tim nghiém nguyén duong ctia phuong trinh nhiéu an, ta thuong

xét mot hodc vai gid tri ciia mot an, roi xét tiep truong hop con lai.
* Ta ciing c6 thé dat t = 2y va u = 4z dua phuong trinh vé dang
xtu=2x+2t+2u+6

désap xép 1 < x <t < u (chi y rang c6 diéu kién ¢:2 va u:4).

BAI TAP
Bdi 6.1: Tim nghiém nguyén ctia mdi phuong trinh sau

a) 2x +5y —z = 4.
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b) 2x — 5y — 6z = 4.
a) Taco2x+5y—z=45y—z=4—2x,datx = m,y = nvéim,n € Z, thay vao ta dugc
z = 2m + 5n — 4. Vay nghiém (x;y; z) cta phuong trinh 1a (m; n;2m +5n — 4) véim,n € Z.

b) Xét phuong trinh 2x — 5y — 6z = 4, dé thay cac hé sb ctia x,z va hé s6 tu do 4 chia hét cho 2,
suyraby:2=y:2.Daty =2k voik € Z. Ta c6

x—bk—-32=2<x=5k+32z+2

x =5k+3t+2
batz =t voit € Z. Khi d6 nghiém caa hé la { y = 2k voik,t € Z.
z=1

Bdi 6.2: Tim nghiém nguyén duong cua phuong trinh

X oy, z_13
5 6 8 120

.. x oy z 113
Phuong trinh — + = + - = — & 24x 420y + 15z = 113

5 6 8 120
Taco24x <113 -20—-15nénx <3

Thu véi truong hop x = 1,2, 3 chi ¢6 truong hgp x = 2,y = 1,z = 3 thoa man.
Dip s6: Nghiém (x;y;z) 1a (2;1;3).

Bdi 6.3: Tim nghiém nguyén cta phuong trinh
X% +2y? +2z% —2xy — 2y +2z+2 = 0.

Bién déi (x —y)*+ (y — 1)*+ (z+ 1) = 0.
Dip s0: Nghiém (x;y;z) 1a (1;1; —1).

Bdi 6.4: Chiing minh rang phuong trinh sau c6 v6 s6 nghiém nguyén
(x +y+2)? =22 +y>+ 22

Ta thay (x;y;z) = (;0;0) v6i t 1a s6 nguyén tiy y théa man phuong trinh. Vay phuong trinh

c6 vo so nghiém nguyén.

Bdi 6.5: Tim cac s6 nguyén duong x, y dé biéu thic sau la s6 chinh phuong.

(x+y+1)2—2x+2y.
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Dat (x +y+1)2 — 2x + 2y = 22, (1)
Khi do:
Z2=(x+y)+2x+y)+1-2x+2y =22 = (x+y)? +4y + 1.

Doy > 1nénz? > (x +y)> (2)
Dox >1nénz> = (x +y) > +4y+1 < (x +y)>+4(x+y) +4 = (x +y+2)%
Tirdéva (2 suyra (x +y)? <22 < (x +y +2)2.

Do d6 z2 = (x +y + 1)%. Két hop véi (1) dugc
(x+y+1)2—2x4+2y=(x+y+1)22x=2y & x=y.

Vay x = y = m v6i m la s6 nguyén duong tuy y.

Bdi 6.6: Chiing minh rang phuong trinh sau khong c6 nghiém nguyén

3 4y + 2% = 2003.

Véi a € Z ta thiy sb6 du trong phép chia ctia a® cho 9 chi c6 thé 1a 0,1,8. Do dé sb du trong
phép chia x> + y® + z3 cho 9 chi c6 thé 1a 0,1,2,3, 6,7, 8. Trong khi d6 2003 chia cho 9 du 5 nén
phuong trinh da cho vo nghiém (vi hai vé phuong trinh c6 s6 du khac nhau trong phép chia
cho 9).

Bdi 6.7: Tim nghiém nguyén duong ctia moi phuong trinh sau
a) X2+ y?+22+xyz = 13;
b) xyz =3(x+y+z);

c) xyz =10(x +y + z).

a) Giasul <x <y <z Taco
13 = 2% +y? + 2%+ xyz > 3x% + x> > 4x?
nén x2 = 1 hay x = 1. Khi d6
12=1y>+22+yz >3y

nény? <4suyray =1V y = 2. Thit lai tryc tiép chi c6 y = 2 ta dugc z = 2. Vay phuong

trinh c6 nghiém (1;2;2) va cac hoan vi.

b) Giastl < x <y <z Tacdxyz < 3-3z = 9znén xy < 9.Suyrax2 < 9,do do6
x € {1;2;3}.
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e Véix=1,tacoyz—3y—3z=3< (y—3)(z—3) =12, trongdé6y—3<z—-3.Ta

c6 bang gia tri

y—3|1]2
z—3 12|64

nén c6 nghiém (x;y;z) la (1,4;15), (1,5;9), (1,6;7).
e Véix = 2, tuong tu c6 nghiém (x;y;z) la (2;2;12),(2;3;5).
e V6i x = 3, tuong tu c6 nghiém (x;y;z) la (3;3;3).
Vay nghiém (x;y;z) la (1;4;15),(1,5;9),(1,6;7),(2;2;12),(2;3;5), (3;3;3) va cac hoan vi.

) Giasul<x<y<zTacdxyz=10(x+y+z) <30z = xy < 30, do d6 x2 < xy < 30.
Vay x € {1;2;3;4;5} .

Véix =1,tacdyz— 10y — 10z = 10 & (y — 10)(z — 10) = 110. Ta c6 bang gia tri

y—10| 1 | 2|5 |10
z—10 [ 110 | 55 | 22 | 11

nén c6 nghiém (x;y;z) la (1;11;120), (1;12;65), (1, 15;32), (1, 20; 21).

V6i x = 2, tuong tu c6 nghiém (x;y; z) 1la (2;6;40), (2;10;12).

z)
Véi x = 3, tuong tu c6 nghiém (x;y;z) 1a (3;4;35), (3;5;16).
z)

e V6i x = 4, tuong tu c6 nghiém (x;y;z) la (4,5;9).

* V6i x = 5, phuong trinh v6 nghiém.

Vay nghiém (x;y;z) la (1;11;120), (1,12;65), (1;15;32), (1,20;21), (2;6;40), (2;10;12),
(3;4;35),(3;5;16), (4;5;9) va cac hoan vi.

Bdi 6.8: Tim nghiém nguyén duong ctia mdi phuong trinh sau:
a) 3xyz =x+y+ 3z
b) 5xyz = x + 5y — 4z + 31;
c) 3xyz=x+2y+3z+7;
d) 3xyz = x + 3y +4z + 5.

a) batt = 3z,t € N*,t:3 dua vé phuong trinh xyt = x +y + t. Tim dugc t = 3 (xem thi du
7). Nghiém (x;y;z) 1a (1;2;1),(2;1;1).
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b)
¢ Xét x = 1, thay vao phuong trinh ta dugc
5yz —5y+4z=32< (5y+4)(z—1) = 28.

Ta co 5y +4 > 9 va 5y + 4 chia 5 du 4 nén

Sy+4=14 y=2
A= .
z—1=2 z=23

e Xétx >2taco
5y —4z+31 = x(5yz—1) > 2(5yz — 1) & 10yz — 5y + 4z < 33

hay (5y 4 2)(2z —1) <31.Vi5y+2 > 7nén2z — 1 < 4. Do dé z € {1;2}.

- Thay z = 1 vao phuong trinh ta dugc 5xy —x —5y = 27 < (5y —1)(x — 1) = 28.
Ta thdy 5y — 1 chia cho 5 du 4 nén

5y—1 4|14

x—=117| 2

tor d6 nghiém (x;y;z) la (8;1;1),(3;3;1).

- Thay z = 2 vao phuong trinh ta dugc 10xy —x —5y =23 < (2x —1)(10y — 1) =
47. Khong c6 nghiém nguyén.

Vay nghiém (x;y;z) la (8;1;1),(3;3;1).

e Xét x = 1, thay vao phuong trinh ta dugc
3yz—2y—3z=8< (y—1)(3z —2) = 10.
Ta c6 3x — 2 chia 3 du 1 nén
{yll hoéc{yllo
3z—-2=10 3z—-2=1

nén c6 nghiém (x;y;z) la (1;2;4), (1,11, 1).
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e Xétx >2taco
2y+3z+7=xByz—1) >20B8yz—1) < 6yz—2y—3z2<9

hay (2y —1)(3z—1) <10.Vi3z—1>2nén2y—1<5.Dodéy € {1;2;3}.

— Thay y = 1 vao phuong trinh ta dugc3xz —x -3z =9 < (x —1)(3z — 1) = 10.
Ta thdy 3z — 1 chia cho 3 du 2 nén

x—1 1|2

3z—1|5

tor d6 nghiém (x;y;z) la (3;1;2), (6, 1;1).

- Thay y = 2 va y = 3 vao phuong trinh ta dugc nghiém (x;y;z) la (2;3;1).
Vay nghiém (x;y;z) la (1;2;4),(1,11;1),(3;1,2),(6;1;1), (2;3;1).
d) Xétlanlugtx = 1vax > 2 tadugc nghiém (x;y;z)1a (1;2;6),(1;3;3),(2;1,5),(6;1;1),(3;2;1).
Bdi 6.9: Tim nghiém nguyén cta phuong trinh

Byt 428 =3z +1

Ta co

Py +2-3wyz=1 (x+y+z) (P +y*+22 —xy—yz—zx) = L.
Dé thay x? + y? + z> — xy — yz — zx > 0 nén chi c6 thé
x+y+z=1
Ay —xy—yz—zx =1

Tir do suy ra
X242+ 224 20y +2yz +2zx = 1
Py —xy—yz—zx =1

nén xy +yz+zx =0dodo x> +y> +2z> = 1.Gidsu x> > y> > z?suyraz =0,y = 0,x = 1
hoac x = —1. Thi lai phuong trinh ¢6 nghiém (x;y;z) 1a (1;0;0) va cac hoan vi.

Bdi 6.10: Tim nghiém nguyén ctia mo6i phuong trinh sau
a) x2 4+ y? + 2% = x%y%;

b) x* +y* + 24 + 1 = 2015,
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a) Xét phuong trinh x? + y? + z2 = x?y%(*). Ta c6 x%y? 1a s6 chinh phuong nén khi chia cho
4 chic6 s6 dula 0, 1. Néu x?y? chia cho 4 du 1 thi x, y déu la s6 18. Khi d6 x2 + y? + z2 chia
cho 4 c6 thé du 2 hodc 3. Diéu nay mau thudn nén x?y? chia hét cho 4 tir d6 x, y khong thé

cung la so 1é.

* Trong hai s6 x, y c6 mot s6 chan, mot s6 1é. Khi d6 x? + y? + z2 chia cho 4 ¢6 s6 du 1a

1 hodc 2. Piéu nay mau thuan vi hai vé ctia (x) c6 s6 du khi chia cho 4 khéac nhau.

* Néu x,y déu la s6 chan suy ra z chan. it x = 2x1,y = 2y1,z = 221 v8i x1,y1,21 € Z.
thay vao phuong trinh ta dugc x7 + y3 + z = 4x%y3. Lap luan tuong tu va st dung

phuong phép lui vo han phuong trinh ¢6 nghiém duy nhat 1a (0;0;0).
Vay phuong trinh c6 nghiém duy nhét la (0;0;0).

b) V6ia € Z ta thiy sb du trong phép chia cta a* cho 16 chi c6 thé 1a 0 hodc 1 do d6 s6 du
trong phép chia x* + y* + z* 4 t* cho 16 chi 6 thé 14 0,1,2,3,4. Trong khi d6 2015 chia
cho 16 du 15 nén phuong trinh da cho v6 nghiém.
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Bi1 7. PHUONG TRINH PHAN THUC

Vidu 1: Tim nghiém nguyén duong cia phuong trinh

1

L1011
x Yy 6xy 6

Nhan hai vé ctia phuong trinh véi 6xy duge 6x + 6y + 1 = xy.
Dua vé phuong trinh udc sb

x(y—6) —6(y —6) =37 < (x— 6)(y — 6) = 37.

Dovaitrbbinhdéngcﬁaxvély,giésﬁ’xzyz 1lthix—-6>y—62> —5.

xX—6=237 x =143
<~
y—1=1 y=7.

Dip s6: Nghiém (x;y) 1a (43;7), (7;43).

Chi xay ra mot truong hop

’ £ - 17 2 A A ~ 2
Vidu 2: Tim cac so nguyén x sao cho z 5 la binh phuong ctia mét so htru ti.
— 2
Giasu X1 _ (7) véiaeN,beN”
x—9 b

Xéta =0thix =17.
Xét a # 0. Khong mat tinh tong quat, gia st UCLN(a, b) = 1. Do d6, UCLN(a?,b?) = 1 nén

x—17 = a’k (1)
x—9="01k (2)

vdi k nguyén. Tu (1) va (2) suy ra
(x—9)— (x—17) = (b*> —a®)k < 8 = (b+a)(b—a)k.

Tathdy b+avab—alaudccta8 Chuyrang (b+a)— (b—a) =2avab+avab—acing
tinh chan1é. Laic6b+a > b—avab+a > 0. Ta c6 bang gid tri sau

b+a|b—a| k b a|x="0bk+9
4 2 1 3 1 18
4 -2 | -1 1 3 8
2 -2 | =2 | 0,loai
2 —4 | =1 | —1,loai
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Vay ta co b2137dép1;6 0

x =17 thi 1187 _197 = ? = 02.1 2
X = 18th18181_79 =5= (5) .
x=8thi o— =9 =5

BAI TAP

Bdi 7.1: Phuong trinh sau ¢6 bao nhiéu nghiém ?

111
x y 10
. .11 1
Xét phuong trinh PR T (1)
Véix # 0,y # 0 thi
(1) & xy = 10(x +y) < (x — 10)(y — 10) = 100. )

Ta thay 100 = 22.5% do d6 100 c6 9 udc tu nhién, c6 18 uSc nguyén. Phuong trinh (2) c6 18
nghiém nguyén, trong d6 c6 (0;0). Vay (1) c6 17 nghiém nguyén.

Bai 7.2: Giai phuong trinh % + % = % véi x va y 1a cac sb tu nhién khac nhau, p 1a s6 nguyén
to cho trudc.

Phuong trinh twong duong véi (x — p)(y — p) = p?. Udc ctia p? 1a 1, +p, £p* Gidstt x > y
thix —p>vy—p.

Xay ra hai truong hop:
2 2
X — o X = —|—
Truong hop 1. p=r & prp
y—p=1 y=p+1

x—p=-—1 x=-1+p ; )
Truong hop 2. , , Khidéy=p- p? < 0, loai.
y—p=—p y=p—p
Dip s6: Nghiém (x;y) 1a (p> + p;p+ 1), (p + 1, 0> + p).

.- , . 1 1 1 1
Bai 7.3: Tim nghiém tu nhién cua phuong trinh p + g + @ =5
, o 1101 1 .
Cich1l.Giasux >ythi— < -, — < —nén
Xy 2xy "y

1 1

113
2 x oy 2xy "y

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trang 87/215

Suyray < 6. Matkhacy > 2. Xéty € {3;4;5},tadugcy =3,suyrax =7.
Dip s6: Nghiém (x;y) 1a (7;3) va (3;7).
Céch 2. Nhan hai vé v6i 2xy, ta dugce: 2y +2x + 1 = xy.

Pua vé phuong trinh udc s6: (x — 2)(y — 2) = 5. Xét cac udc cta 5 dé suy ra két qua.

s . . 2
Badi 7.4: Tim nghiém nguyén cua phuong trinh x?—/y = %
) 2 1 1 1
Céch 1. Ta théy x,y # 0nén —4_ =208 1 1, 1 )

x+y 2004  x 'y 2003
Giasux <y.

e V6ix =1, tu (1) suy ray = 2003.

1

1
°Véix22,thiy22.Tac();+y + = =1, trdi vdi (1).

N —

1
< Z
-2

1 1 1 1
e Voix < —1thi— <0,con—- <1nén -+ — < 1, trdi vdi (1).
x y Xy

Dip s0: Nghiém (x;y) 1a (1;2003) va (2003;1).
Céch 2. Pua vé phuong trinh wdc sb.
Do x +y # 0 nén

xy 2003
x+y 2004

& 2004xy — 2003x — 2003y = 0
& 20042xy — 2003.2004x — 2003.2004y = 0
& (2004x — 2003) (2004 — 2003) = 20032. (1)

, \ 2003
Xétx =y, tir (1) suyrax = 1002’

Xét x > y ta c6 2004x — 2003 > 2004y — 2003 nén 2004x — 2003 bang 1 hodc 20032.

loai.

* Trudong hop 2004 — 2003 = —1 dan dén x khéng nguyeén.
 Truong hop 2004x — 2003 = 2003? dan dén nghiém (x;y) la (2003;1).

Xét x <y, tuong tu ta dugc x = 1, suy ra y = 2003.
Dip s6: Nghiém (x;y) 1a (1;2003) va (2003;1).
Bdi 7.5: Ching minh phuong trinh sau khong ¢ nghiém nguyén % + % = ;
Diéu kién x,y # 0. Phuong trinh da cho tuong duong vdi
2y 1

2 =7 o7 Hy) =2y (1),
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Suy ra (xy)?:7nén xy:7.
Tix (1) suy ra néu x chia hét cho 7 thi y cting chia hét cho 7, do d6 x? > 49,y? > 49 (chu y rang
x va y khac 0). Suy ra

1 1 1 1 2 1
2Tt <7
Vay phuong trinh da cho khong c6 nghiém nguyén.
Bai 7.6: Tim nghiém nguyén cta phuong trinh
1 1 1

P+ @A) A

Pat x? = a, x? +y2 = b, x? ~|—y2 +2z%2 = cthia,b,cla cac sb nguyén duong, 1 <a < b < c.
1 1 1

Phuong trinh tré thanh — + —+ — =1&abc=a+b+c. (1)
ab  bc  ac

Do d6 abc = a+ b+ ¢ < 3c. Chia hai vé ctia bat dang thirc abc < 3¢ cho s6 duong ¢ ta dugc
ab <3.Dodo6ab € {1,2;3}

VGiab =1,tacéa=1,b=1. Thay vao (1) ta dugc 2 + ¢ = ¢, loai.

Véiab =2,tacéa =1,b=2.Thay vao (1) ta dugc c = 3.

Véiab = 3,tacéa = 1,b = 3. Thay vao (1) ta dugc ¢ = 2, loai vi trdi vdi gia thiét b < c.
Suyraa = 1,b = 2,c = 3. Do d6 x*> = y?> = z? = 1. Vay phuong trinh c6 tdim nghiém
(x;y;2)1a (1;1;1),(1,1,-1), (1, -1;1), (-1, 1,1),(1;, -1, -1), (-1, -1;1), (-1, -1, -1).

Bdi 7.7: Tim ba s0 tu nhién khac nhau c6 téng cac nghich dao ctia chung 1a mot s6 nguyén.

Goi ba s6 ty nhién theo tht tu nh6 dan 1a x,y, z. Ta ¢6

1 1 1
—+-—+-=nvoix>y>z>1vanecN"
X Yy oz
11 1 1 1
—F+-F+-<-+-+-=1-.Vayn=1.
SuyratytpSztaty=lgVan
Tadufdcl—i-i—f—ézl.\fl—<1,nénz>1.
1 1 1
Métkhéc1:—+—+—<§nénz<3.Véyz:2.
X Yy z z
1 1 1 1 1
Tadugc -+ -=-.Vi- < -,nény > 2.
x y 2 y 2

1 1 1 3
Métkhéci = ;—i—}; < Enény<4.Véyy:3.

Suy ra x = 6. Ba sO phai tim 1a 2; 3; 6.

Bai 7.8: Cho biéu thic sau, trong d6 x, y, z 1a cac s6 nguyén duong va gia tri biéu thitc d6 cling

1a mot s6 nguyén
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1 1 1 1 1 1
-t -ttt =t =+
X Yy oz Xy yz Xz

a) Chiing minh rang x, v, z ciing tinh chén 1é.

b) Tim cac s6 x,y,z trong do x < y < z.

a) Ta co
yzt+xz+xy+z+x+y — m(m e N*)
xyz
Sx+y+z+xy+yz+zx = mxyz. (1)

* Xét x 1a s6 chan thitir (1) tacéy +z +yz la sé chdn nén 1+ y + z + yz la s6 1é. Do d6
(y+1)(z+1)1asb1é nén y va z déu la sb chan.
Tuong ty, néu y 1a sb chén thi x va z déu l1a s6 chan. (2)

Néu z la s6 chan thi x va y déu la sb chan. (3)

e Xét x lasd1é. Do (2) nén y khong chan. Do (3) nén z khong chan. Vay y, z déu la sb 1é.
b) Theo dé bai x < y < z. Xét cac trudng hop sau
e Truong hop x > 3thiy > 5vaz > 7. Khi dé

M ST s o VG m > 1
-3 5 7 15 3 21 -

Vay x € {1;2}
e Truong hop x = 1thiy > 3vaz > 5. Khi do

m<1—|—1+1+1+1+1—22
- 3 5 3 15 5 ©“15°

1
Do m > Pl 1nén m = 2. Thay vao (1) ta dugc

l+y+z+y+yz+z=2yzyz-2y—-2z=1< (y—2)(z—2) =5.
Tatimdugcy = 3;z =7.

e Truong hop x =2thiy > 4vaz > 6. Khido
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m<1+1+1+1+1+1—11nAnm—1
=071 68 a1 g T

Thay vao (1) ta dugc
24y+z+2y+yz+2z=2yz=yz—-3y—3z=2< (y—3)(z—3) =11

Ta tim dugcy = 4;z = 14.

Dip s6: Nghiém (x;y;z) 1a (1;3;7) va (2;4;14).

i i¢ ién ot \ t Frzt+1 40
Bai 7.9: Tim nghiém tu nhién ctia phuong trinh xyzt +xy +xt+zt+1

yzt +y +t © 31
Viét méi vé dudi dang tong ctia mot s6 ty nhién va mot phan s duong nhoé hon 1 ta duge
zt+1
yzt+y+t 31
. 2 1 1
Do ¢6 duy nhat moét cach viet nhu trénnén x = 1; L 2 Suy ra yRry+t 3—
yzt+y+t 31 zt +1 9
) t 4
Lai tiep tuc 13 hu trén ta d — = —.
ai tiep tuc antlnlu’ re9n a uqei/—l—zt_i_ll 3+9
Suyray:?);z ;‘_ = Znénz—{—? :2—1—Z.Tf1déz:2;t:4.

Dip s0: Nghiém (x;y;z;t) = (1;3;2;4).

Bdi 7.10:

a) Tim nghiém nguyén duong ctia phuong trinh

T 1 1 1
b) Chiing minh rang phuong trinh sau khong c6 nghiém nguyén v6i n > 2 va xq,xa,- -+, X
doi mot khac nhau:

1 1 1

S+5++5=1L

Xy X5 x5
a) Nghiém duy nhét (x;y;z;t) = (2;2;2;2). Chd y rang trong bdn s6 x,v,z,t khong thé c6 sb
nao bang 1 va s6 16n nhat khong thé 16n hon hodc bang 3.
b)Gidsul <x; <xp < --- < xy.
Tacox; >1nénxy >2,x0 > 3,...,x, > n—+ 1.

Do do
T - AL I
x2 x5 x2 2 T 22 32 (n+1)2
< ! + ! + + ! <1
12 23 nn+1)

Vay phuong trinh khong c6 nghiém nguyén duong.

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trang 91/215

Bdi 7.11: Tim nghiém nguyén duong ctia phuong trinh
t
e
y z t X

lanlugtvéim =2,m = 3,m = 4.

xee L4 ¥ iyl (1)
y z t X

Binh phuong hai vé dugc

2 2 2 p2 ;

- R +2<—w—+ +y+y+ﬁ):m2

Y 2t , ) 2y y Xz X

2 Y zZ  t z t .y xz yt

— (4L 2 z i =

= m (y2+22)+(t2+ )+ {<Z+x>+(y+t)+(yt+xz

. A a2 b

Ap dung bat dang thuc % + - >2vdia>0,b>0taduoc
m>>2+2+42(24+2+2) =16

Suy ra m > 4 (Chu y rang m > 0). Nhu vay

* V6i m = 4 thi phuong trinh (1) ¢6 v0 s0 nghiém duong
(x;y;z;t) = (a;a;a;a) (Voia € IN¥).

* V6i m = 3 hodac m = 2 thi phuong trinh (1) khéng c6 nghiém duong.
Bdi 7.12: Tim cac s6 nguyén x sao cho 43;;3 ¢ 1a binh phuong ctia mot phan sb.
Giasi 7 = ( )v&aemmbeNf
Xéta :Othlx = 3.
Xéta # 0. Gia st (a,b) = 1 thi (a%,b?) = 1. Do d6

x —3 = a%k .
(k 1a sO nguyén).
4x + 6 = b*k.

Suy ra (4x +6) — (4x — 12) = b’k — 4a’k = 18 = (b +2a)(b — 2a)k.
Ta c6 nhan xét rang: b + 2a > 3;b +2a > b — 2a;b + 2a va b — 2a cung 18, tich (b + 2a) (b — 2a)

la udc cia 18.
e Xétb+2a=3thia=b=1vax = -3.

* Xétb+2a > 3, ta c6 bang gia tri sau
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b+2a|b—-2a| k 4q a|lb>0|x=a%k+3

9 1 2 8 2 5 11
9 -1 —2 (10, loai
Vay ta c6 ba dap s6
0 _
x_3th112—|—6 18—0.
— _ 112
= 3th1—12—|—6 1 1.2
11-3 4 2
=11 thi =z -
Y= e T s (5)
Bai 7.13: Tim nghiém nguyén ctia phudng trinh
Yo ¥4

z y x

Cach 1. xy y E 3(1) = x2y? + y?z% + y?z* = 3xyz = xyz > 0.

Do doé trong X,Y,z, hoac cé ba s6 déu duong, hodc c6 mot s6 duong, hai s6 &m. Chti y rang néu
d6i dau hai trong ba s6 x, v, z thi (1) khong d6i, do d6 c6 thé gia st x, y, z déu duong.

Ap dung bt dang thirc a + b% + ¢? > ab + bc + ca, ta dugc

3xyz = (xy)? + (x2)* + (y2)? > x%yz + xyz* + xy’z = xyz(x + y + 2).

Chia hai vé cho s6 duong xyz dugc 3 > x +y + z.

Do x,y,zdéulasd duongnénx =y =z = 1..

Dé6i dau hai trong ba sb x,y, z ta dugc thém ba nghiém nira.

Vay nghiém (x;y;z) la (1;1;1), (1, -1, -1),(-1,1,-1), (-1, -1,1)

Cach 2. Cing nhan xét nhu & cach 1 dé gid st cac s6 x,y, z déu duong. Ap dung bat dang thiic
Cauchuy cho hai s6 duong, ta c6

WX,y [y
4 y Z }/

Tuong tu
R > 2y.
y X X oz
Xy Xz Yz L% 5 . 2 o ol
Suy ra ~ + n + < > x+y+z >3 (Vicacso x,y,z déu nguyén duong). Pang thuc xay ra

khix=y=znénx=y=2z=1.
Dip s0: Nghiém (x;y;z)1a (1;1;1),(1;, -1, -1),(—-1,1,-1), (-1, -1;1)
Luu y. Néu ap dung bat dfmg thuc Cauchuy cho ba s6 duong, ta c6

xy yz > \/W . z >
. ]/ . 3 z Yy x 3yxyz > 3.

Déng thitcxdy rakhix =y =z = 1.

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trang 93/215

Bar8. PHUONG TRINH MU

Vidu 1: Tim nghiém tu nhién ctia phuong trinh 2* + 3 = y2.

e Néu x > 2 thi 2% i 4, do d6 vé trai chia 4 du 3, con y 1€ nén vé phai chia 4 du 1, khong thoa
man. Vay x € {0;1}.

eNéux=0thiy’? =4,nény = 2.

e Néu x = 1 thi y? = 5, khong c6 nghiém tur nhién.

Dap s6: Nghiém (x;y) 1a (0;2).

Kinh nghiém giai toan

e Trong vi du trén, trudc hét ta tim sb tu nhién k dé v6i x > k thi phuong trinh khong c6
nghiém nguyén. Sau d6 xét x € {0;1;...;k—1}.

e Khi tim s6 du trong phép chia lily thira ctia mét s6 nguyén cho mot sd nguyén, ta thuong
duing bd dé sau véi a, b 1a cac s6 nguyén.

Bo dé 1. (a" —b") i (a — b) v6i n la s6 tu nhién.

B6 dé 2. (a" + ") i (a +b) v6in la sb tu nhién 18.

B6 dé 3. (a +b)" = ak + b" v6i n 1a s tu nhién, k 1a s6 nguyén nao do.

Vidu 2: Giai phuong trinh v§i nghiém tu nhién
2¥ +57 =1

Xét hai truong hop:
a)xlé.Patx =2n+1(n € N).Taco

¥ =22l — 0. 4" —2(34+1)" =2(3k+1) =6k +2 (k€ Z)

Khi d6 vé trai ciia phuong trinh da cho 1a s6 chia hét cho 3 du 2, con vé phai la s6 chinh phuong,
chia cho 3 khong du 2, loai.
b) x chan. Dat x = 2n (n € IN). Ta c6

-2 =57 (y—2")(y+2") =3-19

Tathdyy +2" > 0nény —2" > 0vay +2" >y — 2"

Tir d6 c6 bang gia tri sau

y+2" 57 19
y—2" 1 3
2" 28,loai | 8

n 3
Y 11
x =2n 6
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Ta c62° +57 = 112,

Dép s6: nghiém (x;y) ctia phuong trinh 1a (6;11).

Luu y. St dung bd dé 2 dé chirng minh 2% + 57 chia hét cho 3 du 2 trong trudng hgp x 1a s6 1é
nhu sau.

Vixlasblénén (2* +1):(2+1),do d62* +57 = (2% + 1) + 56 chia cho 3 du 2.

Vidu 3: Tim nghiém tu nhién ctia phuong trinh

8*—37 =y

85 -37=1PP = 2P -y =37 2 —y) Q¥ +y-2+?) =37 (1)

Do 2%¥ 4+ -2 + y? > 0 nén 2* — y 1a udc ty nhién cda 37 va 2% —y < 22¥ 4y - 2¥ + 2. Do d6
2* —y =1.Thay vao (1) duge (y +1)*+y(y+ 1)+ > =37 < y*+y=12<y(y+1) = 12
Dodoy =4,x=2.

Dap s6: Nghiém (x;y) 1a (2;3).

Vidu 4: Tim nghiém tu nhién cda phuong trinh

W=1+x+x>+x° (1)

Cach1. (1) & 2V = (x +1)(x*>+1).

x 4+ 1 va x? + 11a cac udc tu nhién cta 2* nén

x+1=2" (2
xZ4+1=2" (3) voim,neN
m+n=y

Ruat x tir (2) va thay vao (3) duge

(2" -1 4+1=2"=2" —2.2" + 141 =2"
<:>22m_2m+1_|_2:2n (4)

e Néu m > 2 thi 22 va 2"*! chia hét cho 4 nén vé trai cta (4) chia hét cho 4 du 2. Mt khac
m > 2nén ti (2) suy ra x > 3, ti (3) suy ra 2" = x2+1>32+1=10nénn > 4, do dé6 vé
phai ctia (4) chia hét cho 4, khong thda man.

e Néu m = 1 thi tir (2) suy ra x = 1. Thay vao (1) dugc 2* = 4nény = 2.

e Néu m = 0 thi tir (2) suy ra x = 0. Thay vao (1) dugc2* = 1nény = 0.

Cach2. (1) &2V = (x+1)(x®>+ 1) suyra x> +1 = 2" (5). Véin € N.
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eNéun=0thix=0nény =0.

eNéun=1thix=1nény=2.

e Néu 1 > 2 thi vé phai cta (5) chia hét chia 4, con vé phai ctia (2) chia 4 du 1 hodc du 2. khong
thoa man.

Dap s6: Nghiém (x;y) 1a (1;2) hoac (0;0).

Vidu 5: Giai phuong trinh sau v6i nghiém tu nhién

2% 4 2Y 4+ 2% = 1024 (1)

Do vai tro cua x, v,z nhu nhau, ta gid st x <y < z.
Chia hai vé ctia (1) cho 2* # 0 ta dugc

1+ y—x 4+ 22X _ 210—x (2)

Do 219=% nén 210-* 1a boi ctia 2. Talai c6 z > x, vinéu z = x thi x = y = z, khi d6 (2) trd thanh
1+ 2%+ 20 = 2k véi k nguyén, loai. Tir d6 219~ 1a boi ctia 2, suy ra 1+ 2Y~* 1a bdi ctia 2. Do d6
V¥ =1,vayy = x.

Thay vao (2) dugc

1 + 1 + szx — 2107x ) + zz—x — 21072(
<:> 2(1 + zz—x—l) — 210—3( <:> 1 + 22—x—1 — 29—x

Do2”7* > 1nén2’*laboicta2. Dod6 2> * 1 =1va2=2""*Tuwdox =8y =8z=09.
Dap s6: Nghiém (x;y;z) 1a (8;8;9), (8;9;8), (9;8;8).

Luuy.

a) Do 219 1a Iy thira cta 2 ¢6 s6 mil khong qué 16n nén c6 thé giai vi du trén bang cach xét
cac iy thira cta 2 véi s6 mii tir 0 dén 0, d6 1a: 1, 2,4, 8,16, 32, 64,128,256, 512 rdi bang lap luan
chon ra 256 + 256 + 512 = 1024, tic 1a 28 4 28 +2° = 1024.

b) Ta c6 bai toan tong quat hon vi du 51.

Giai phuong trinh sau v4i nghiém tu nhién
2% 42V 427 =2

trong d6 n 1a s6 tu nhién cho trude (n > 2).
Giai tuong tu nhu trén, tadugcx =y =n—-2,z=n—1.

BAI TAP
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Bd&i 8.1: Tim cac sb tu nhién x sao cho

3" +4* = 5%

Phuong trinh khong c6 nghiém x =0, x = 1.
Phuong trinh c6 nghiém x = 2.

X X
V6i x > 3, viét phuong trinh dudi dang (3> + (%) =1

o (3) < () (3 < (2 mrm (3)" (&) < () + () -

Vay phuong trinh c6 mot nghiém duy nhat x = 2.
Bdi 8.2: Giai moi phuong trinh trinh sau v6i nghiém tu nhién
a) 5% +48 = y>. Q) 2¥ —1=y> e) 2% +45 =y~

b) 3* +8 = 2. d) 4* 4+ 5=y

a) Vix =0thiy> =49nény = 7.
V6i x > 1 thi vé trdi tan cung bang 3 nén y? tan cuing bang 3 loai.
Dap s6: Nghiém (x;y) 1a (0;7).

b) Voix =0thiy = 3.
Vi x > 1 thi 3* + 8 chia 3 du 2, khéng 1a s6 chinh phuong, loai.
Dap s6 : Nghiém (x;y) 1a (0;3).

c) Lanluotxétx =0, x =1, x > 2.
Dap s6: Nghiém (x;y) 1a (0;0), (1;1).

d) Lanluotxétx =0, x =1, x > 2.
Cht y rang véi x > 2 thi vé trai chia cho 8 du 5, do d6 vé phai la s6 1é va chia 8 du 1.
Dap s6: Nghiém (x;y) la (1;3).

e) Lanlugtxétx =0,x =1, x =2, x > 3.
Dap s6: Nghiém (x;y) 1a (2;7).

Bai 8.3: Giai mdi phuong trinh trinh sau véi nghiém ty nhién
a) x* = xY. o) (2*+1)(2*+2) +3Y =307.

b) 2% 4 2¥ = Q¥+,

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trang 97/215

a) Néu x = 0, ta ¢6 0 = 0¥, diing v6i moi s6 y nguyén duong (chi y 0° khong c6 nghia).
Néu x =1, tac6 1 = 1Y, ding v6i moi s6 tu nhién y.
Néu x >2,tacoy = 4.
Dap s6: Nghiém (x;y) 1a (0;t); (1;k); (m;4) véit € N*, k€ N,m € Nvam > 2.

b) Gia st x > y. Chia cé hai vé cho 2 dugc
DXV 4] = 0¥ 1)

Néux =ythi2=2*nénx = 1.
Néu x > y thi vé trdi ctia (1) 16, con vé phai chan. Diéu nay khong xay ra.
Dap s6: Nghiém (x;y) 1a (1;1).

Q) (X 4+1)(2¥+2)+3¥ =307 (1)
Xét tich ba s6 tu nhién lién tiép 2%,2% 4 1,2% + 2, ¢6 it nhat mot sb chia hét cho 3, ma 2*
khong chia hét cho 3 nén (2% +1)(2* +2) : 3.
Néu y > 1 thi 3Y : 3 nén vé trai ctia (1) chia hét cho 3 con vé phai khong chia hét cho 3,
loai.
Néuy = 0thi3¥ = 1nén (2*+1)(2*+2) =307 — 1 = 306 = 17-18. Vay 2* + 1 = 17,
suy ra x = 4.
Dap s6: Nghiém (x;y) la (4;0).

Badi 8.4: Tim s6 tu nhién n dé 3" + 1 1a s6 chinh phuong.

bat3"+1=a*vsia e N (1)

Thtr thady a = 0, a = 1 khong théa man (1) néna > 2.

Viét (1) dudi dang

3"=(@—-1)(a+1).

a—1vaa+11acic udc tu nhién ctia 3". Cac udc tu nhién ctia 3”7 1a 39;31;32; .. ;3"
a—1=3°

Vi(a+1) — (a—1) = 2nén chi cé thé la néna =2 .Khidén=1.
a+1=3'=3

Dap sb:n = 1.

Bdi 8.5: Giai moi phuong trinh trinh sau v6i nghiém tu nhién
a) 2* +33 = 2. c) 55 +51 = 2. e) 3¥ +1=2Y.

b) 3% +55 = y2. d) 74 —1=2v.
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a)

b)

d)

2% +33 =12
Xét hai trudng hop: x 1é va x chan. Giai tuong tu nhu vi du 48,
Ta tim dugc x = 4 va x = 8. Khi do

2% 1337228 133 =172

3¥4+55=y> (1)

Xét hai truong hgp sau

Néu x 1¢, thi theo bd dé 2, ta c6 (3* +1) i (3+ 1) nén 3* + 55 = (3% + 1) + 54 chia cho 4
du 2.

Vé trai ctia (1) chia cho 4 du 2 con vé phai chia cho 4 chi ¢6 thé du 0 hoac 1, vay dang thiic
trén khong xay ra.

Néu x chén, dat x = 2n (n € N), ta c6

(1) & 3" +55=y?> < y> — (3")2 =55 (y +3")(y — 3") = 55.

Ta c6 bang gia tri

y+3" |55 11
y=3"] 1|5
3" 27 | 3
n 3 1
X 6 | 2

Ta tim dugc x = 6 va x = 2. Khi d6 3° + 55 = 282; 32 + 55 = 82.

55 4+51 =y (1).

Néu x 1&, thi (5* 4+ 1) : (54 1) nén 5* + 51 = (5* 4+ 1) + 50 chia cho 3 du 2. Vé tréi ctia (1)
chia cho 3 du 2 nén khong 1a sb chinh phuong, loai.

Néu x chan, dat x = 2n (n € N), dua vé (y +5*)(y — 5%) = 51.

Xét cac udc cua 51, ta tim dugc 5" =25 < n = 2.

Khi d6 x = 4 va 5* + 51 = 262,

St dung bd dé 1. Phuong trinh khong c6 nghiém nguyén vi vé trai chia hét cho 3, vé phai
khong chia hét cho 3.

Déthdyy > 0. Voiy = 1thix =0; voiy = 2thix = 1.

Chuy r??mg voiy > 3 thi vé phai chia hét cho 8, con vé trai chia hét cho 8 du 2 néu x 1a s6
chan, hodc du 4 néu x 1a sb 1é (st dung bd dé 3).

Dap s6: Nghiém (x;y) 1a (0;1), (1;2).

Bai 8.6: Giai moi phuong trinh trinh sau voi nghiém ty nhién
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a)

a)

b)

3 +7 =15 b) 8 + 61 =y°.

Lanluotxétx =0, x =1, x > 2.

Chd y rang v6i x > 2 thi vé trai chia 9 du 7, con vé phai chia 9 du 0, 1,8 (xem giai thich &
16i giai ctia bai 12).

Dap s6: Nghiém (x;y) 1a (0;2).

Giai tuong tu vi du 49. Nghiém (x;y) la (2;5).

Bai 8.7: Giai mdi phuong trinh trinh sau vdi nghiém ty nhién

a)

a)

b)

3¥ = 5x3 — 317, b) 10Y = 81x + 1.

3¥ =5x3-317. (1)

V6i y = 0 thi vé phai khong chia hét cho 5, loai.

Véiy =1 thi x = 4, thdéa man.

Véiy > 2. Xét vé phai ctia (1) c6 x> chia 9 du 0,1, 8 (xem giai thich & 16i giai ctia bai 12)
nén 5x3 chia cho 9 du 0,5,4 con vé phai cua (1) ¢6 3Y : 9 nén 3Y + 317 chia cho 9 du 2.
Déng thuc (1) khong thé xay ra.

Dap s6: Nghiém (x;y) la (4;1).

10Y = 81x +1 < 10Y — 1 = 8lx.
Néuy = 0 thi x = 0.
Néuy >1,tac699...9 = 8lx.
S——
y chir s6
Patt=99...9=9...11...1thit:81 & y:9.
S—— S——

y chit 6 y chir s6
Chia s6 gdm toan chit s6 9 cho 81, lay dén chin chit s6 9 dem chia ta dugc thuong la

A = 123456789 va s6 du bang 0.
Dap s6 : Nghiém (x;y) 1a (0;0), (123456789 . .. 123456789; 9k) véi k € IN*
k 1an 123456789

Bai 8.8: Tim cac sb tu nhién n dé mbi biéu thitc sau la 14p phuong ctia mét s6 tu nhién

a)

a)

3"+ 5. b) 3" — 1.

Piat3"+5=a3,a € N.

Lanluot xétn =1, n = 1, chi c6 n = 1 thdéa man: 3! +5 = 23.

Néu n > 2 thi vé trai chia 9 du 5, con vé phai a3 chia9 du 0,1, 8 (xem giai thich & loi giai
ctia bai 12) nén dang thic trén khong xay ra.

Dép sb:n = 1.
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b)

bit3"—1=a%a€ N.
Tac63" =a®>+1= (a+1)(a®>—a+1).

Céac s6 nguyén duong a + 1 va a® — a + 1 1a udc cta 3" nén

a+1=3" (2)
a2 —a+1=23Y (3) vdix,y €N
x+y=a

Rt a tir (2) thay vao (3) duoc

(3*-1)2 - (3" -1)+1=3" 3% 2.3 4+1-3"+1+1=3Y
&3 3t 3 =3Y (4)

Néu x > 2 thi (32¥ — 3*"1) : 9 nén vé trai ctia (4) chia cho 9 du 3. Do x > 2 nén 3% —
31 +3=3%3*-3)+3>9-6+3=57nény > 4, do d6 vé phai ctia (4) chia hét cho
9. Pang thuc (4) khong xay ra.

Néux = 1thitr (2)suyraa=2.Khid63"=4a>+1=9nénn =2.

Néu x = 0 thitir (2) suyraa = 0.Khid63" =a®>+1=1nénn = 0.

Dépsén=2van=0.

Bai 8.9: Giai moi phuong trinh trinh sau vdi nghiém tu nhién

a)

b)

a)

b)

3Y = x> —5x+7. c) 2V =x341.

¥ =x34+x2+x+1. d) 2V =x*+ 3 +x+1.

3 =x*—5x+7.

Néu x > 2 thi vé trai chia hét cho 9, ta sé ching minh vé phai khong chia hét cho 9.That
vay, gid stt (x> —5x+7) 19 (1) thi (x> —=5x+7)i3= (x> —2x+1)i3= (x—1)2i3 =
(x — 1) 13 (vi 31a sb nguyén t).

Pat x = 3k+ 1,k € N.Khidé x> —5x+7 = (3k+1)> =503k +1) +7 = 9k*> — 9%k + 3,
khong chia hét cho 9, mau thudn véi (1).

Xéty =0, ta dugc x =2 vax = 3.

Xéty =1,tadugcx =1vax =4.

Pap s6: Nghiém (x;y) 1a (2;0), (3;0), (1;1), (4;1).

F=x3+x2+x+13 = (x+1)(x*+1).
Giai tuong tu cach 2 ctia vi du 50. Suy ra x> + 1 = 3" (1).
Xétn =0thix=0,y=0.
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d)

Xét n > 1 thi vé phai cta (1) chia hét cho 3, con vé trai chia hét cho 3 du 1 hodc du 2, loai.
Dap s6: Nghiém (x;y) 1a (0;0).

Giai tuong tu cach 1 cta vi du 50

2V = (x+1)(x®> —x+1)

2

x+1vax®—x+11lacac udc tu nhién cua 2¥ nén

x+1 (1)
2—x+1=2 (2) voim,nelN

m+n=y

Rt x tir (1) roi thay vao (2) dugc

(2" —1)2 — (2" —1)+1=2" 22" _2.2" 1 2" 4141 =2"
&2M(2M™ —3) +3=2" (3)

Néu m > 2 thi vé trai ctia (3) chia 4 du 3. Ta ¢6
2M(2M —3)+3>4-14+3=7nén2" >7

do d6 vé phai ctia (3) chia hét cho 4 loai.
Xétm = 0,tadugcx =0,y = 0.
Xétm=1,tadugcx =1,y = 1.

Dap s6: Nghiém (x;y) 1a (0;0), (1;1).

W=xt+xP+x+12=(x+1*+1)(1)

x 4+ 1va x3 + 114 cic udc tu nhién cta 2¥ nén

x+1 (2)
P +1=2 (3) voim,neN

m—+n=y

Rt x tir (1) rdi thay vao (2) dugc

(2" —1)2+1=2" & 2% _3.22m 1 3.pm — )"
& 2M(22m 3. M 1 3) ="
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Néum >2thi2?" —3.2" +3=2"(2" -3)+3>4-1+3=7,

Khi d6 2 (2™ — 3) + 3 1a s6 1& 16n hon 1 nén khong thé 1a udc caa 2", loai.
Xétm =0, tadugcx =0,y = 0.

Xétm=1tadugcx =1,y = 2.

Dap s6: Nghiém (x;y) 1a (0;0), (1;2).

Bai 8.10: Giai m6i phuong trinh trinh sau v6i nghiém tu nhién
a) 7% + 13V = 197, Q) 2% 42V 427 =552 (x < y < z)

b) 2% 42V = 2%, d) x¥ +1 = z? (x la s6 nguyén t6)

a) Phuong trinh khong cé nghiém tu nhién. Hay xét s6 du khi chia cho 3 ctia méi s6 7%, 13Y, 197,
b) Gia st x > y. Chia hai vé cho 2V # 0 dugc.
257 41 =27 (1)
Tir dé bai suy ra x = y = k (k 1a s6 tu nhién). Thay vao (1) dugc
2=0F o l1=z—kez=k+1
Dap s6: Nghiém (x;y;z) 1a (k;k; k + 1) v6i k 1a s6 ty nhién tuy y.
Q) 2% + 2V 422 =552 & 2% (1 4+ 2V* 4 277%) =23.3.23

D0y>x,z>xnénl+2y_x+22_x1é561é,suyra2x:23<:>x:3.

e 2. e A

bap sO: Nghiém (x;y;z) la (3;5;9).

d) ¥¥=(z-1)(z+1)
Do dé xlasénguyén tonénz+ 1,z — 11a cacliay thiracta x. Ptz —1 = x™,z +1 = ™"

voim,n € IN. Ta co

(z+1)—(z=1) =" — 3" 2 =x"(x" - 1)

Tudéox=2,m=1,n=1hoacx=3, m=2,n=1.
Dap s6: Nghiém (x;y;z) 1a (2;3;3), (3;1;2).

B&i 8.11: Tim cac sd nguyén duong x, v, z, t thda man mdi diéu kién sau
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a) x¥ 4 x* = x. b) x¥ +y¥ + 2% =t

a) XY +x*=x (1)

Do vai tro cua y, z nhu nay, ta gid st y < z < t. Chia ca hai vé cho x¥ duoc
14+ x%7Y = xty (2)

Néu x > y thitr (2) suyral:x, dodéx = 1, khong thda man (1). Vay z = y. Dat
z =y = k (k1a s6 nguyén duong).

Thay vao (2) dugc2 = x' Fnénx =2,t —k = 1.

Dap s6: Nghiém (x;y;z;t) 1a (2;k k; k + 1) v6i s6 nguyén duong k tuy y.

b) x*+y¥ 27 =t (1)
Giastl<x<y<z<t
Néuz =1thix=y =1.Tacé3 = £, loai.
Néuz=2thit>3.Khidot >3%>3-23 > x* +y¥ + 27, trai v6i (1).
Néuz >3thitl > (z+ 1) < 22l =227 > 3. 2% > x¥ + y* + 27, trdi vdi (1).

Vay phuong trinh khong c6 nghiém nguyén duong.
Bdi 8.12: Tim cac s6 nguyén duong x va y khac nhau sao cho

xY =yt

Giad st 1 < x < y. Chia ca hai vé ctia phuong trinh cho x* dugc

Ta c6 y* | x* ma x 1a s6 nguyén duong nén y : x. Pty = kx v6i k € IN, k > 2. Theo dé bai thi
= (kx)¥ & () = (kx)¥ & xF =kx & 21 =k (1)

Ta thdy x > 2 vinéu x = 1 thi k = 1, loai. Do d6 x*~1 > 2F=1,

Tir (1) va (2) suy ra k > 2571, do d6 2k > 2k (3).

Ta thay véi k > 3 thi bat dang thiic (3) khong thé xay ra (c6 thé chiing minh diéu nay bang quy
nap toan hoc)

Do d6 k = 2. Thay k = 2 vao (1) dugc x = 2.

Suyray =kx=2-2=4.

Thit lai c6 2% = 42,

Dap s6: Nghiém (x;y) 1a (2;4) hoac (4;2).
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Ba19. PHUONG TRINH VO TI

Vidu 1: Tim nghiém nguyén ctia phuong trinh

y= \/x—|-2\/x—1—|—\/x—2\/x—1.

Diéu kién: x > 1.

y = Va—1)+1+2vVx—1+/(x—1)+1-2Vx—1
— ’\/x—l—l—l‘—k’\/x—l—l‘
- M+1+‘\/m—1’.

Xét hai truong hop:
a) Voix =1thiy = 2.

b) Vix >2thiy=vx—-14+14+Vx—-1-1=2yx—1.

Do d6 y?* = 4(x —1). Do x > 2 nén c6 thé dat x — 1 = 2 v6i t 1a s6 nguyén duong.

x:t2+1
Ta co
y = 2t.

Két lugn: Nghiém nguyén (x;y) ctia phuong trinh 1a (1;2) va (2 + 1;2t)) véi t 1a s6 nguyén
duong tuy .

Vidu 2: Tim nghiém nguyén ctia phuong trinh

Vi+Vx+3=y.
Diéu kién: x > 0,y > 0. Khi d6 thi
Vi+vVx+3=y (1)

Sx+x+3+2¢/x(x+3) =1y> & 2¢/x(x+3) =y* —2x -3
Daty? — 2x — 3 = m (v6i m € IN) thi 2y/x(x + 3) = m. (2)

e Xétm =0, tir (2) suy ra x = 0 (vi x € N), thay vao (1) dugc y = v/3 (loai).
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e Xét m > 0. Binh phuong hai vé cta (2) duoc

dx(x+3)=m?* & (2x+3)2-m*=9
& (2x+3+m)(2x+3—m) =9.

Vi2x +3+mva2x+3—mlacac udc tu nhién caia9 va2x + 3+ m > 2x +3 — m nén

2x+3+m=9
2x+3—m=1

Tac62x+3=5<x=1.Khidoy =3.

Dip s6: Nghiém (x;y) 1a (1;3).

Vidu 3: Tim nghiém nguyén ctia phuong trinh

V932 4 16x 4 96 = 3x — 16y — 24 1)

batm = 3x — 16y — 24 v6i m € IN. Ta co

(1) < 9x2 + 16x + 96 = m?
& 81x2 +9 - 16x + 864 = 9m?
& (9x 4+ 8)% — (3m)? = —800. )

Thay m = 3x — 16y — 24 vao (2) rdi rut gon dugc

(18x — 48y — 64)(48y + 80) = —800
< (9% —24y —32)(3y +5) = —25.

Ta thay 3y + 5 1a udc ctia 25 va chia 3 du 2 nén c6 bang gia tri sau

3y+5|—-1|5| =25
y —-2|0|-10
x 1 13|-23

Loaix =3,y =0vikhidom < 0.
Voix=1y=—-2vax=-23,y=—10thim > 0.
Dip s0: Nghiém (x;y) 1a (1; —2), (—23; —10).

»» Kinh nghiém gidi todn
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e O vidu 53 ta dit y?> — 2x — 3 = m dé dua dén phuong trinh 4x(x + 3) = m? va dugc
(2x +3+m)(2x +3 — m) = 9. Gidi phuong trinh nay gon hon so vdi cach thay m bdi
y? —2x — 3.

e O vidu 54, ta dat 3x — 16y — 24 = m dé dua dén phuong trinh 9x% 4 16x + 96 = m?
va dugc (9x + 8)2 — (3m)? = —800. Giai phuong trinh nay phtic tap vi phai xét nhiéu
truong hop. Ta da thay m = 3x — 16y — 24 dé dua vé phuong trinh don gidn hon:
(9x — 24y —32)(3y +5) = —25.

* Nhu vay, khi giai toan can biét van dung linh hoat cach dat an phu cho phu hop véi tung

bai toan cu thé.

Vidu 4: Tim nghiém nguyén ctia phuong trinh

VX + = V1980 (1)
Vx = V1980 — (2)

Véi diéu kién 0 < x < 1980,0 < y < 1980, ta c6
(2) & x = 1980 + y — 2,/1980y < x = 1980 + y — 12,/55y.

Do x, y nguyén nén 12, /55y nguyén.
Ta biét rang vdi y nguyeén thi /55y hodc la sé nguyén, hodc 1a s6 vo ti. Chi c6 thé /55y 1a sb
nguyeén, tic 1a 55y la s6 chinh phuong nén 11 -5 -y = k?(k € IN).
Dodéy = 11-5-a% = 554%(a € N). Tuong tu x = 55b%(b € IN).
Thay vao (1) dugc
aV/55 + bV/55 = 6v/55 < a + b = 6.

Giastty < x thia < b. Ta cé bang gia tri sau

a b x = 554> |y = 55b?
0 6 0 1980

1 5 55 1375

2 4 220 880

3 3 495 495
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C6 bay nghiém (x; ) 1a (0;1980), (1980;0), (55; 1375), (1375; 55), (220; 880), (880;220), (495; 495).
Luu y. Ta c6 nhan xét: Néu cac s0 v/, /¥ v6i x,y € IN ¢6 tong la s6 vo ti 64/55 thi \/x =
bv/55,\/y = av55vdia,b € Nvaa+b=6.

Vidu 5: Tim nghiém nguyén ctia phuong trinh

\/x-i—\/x—l—\/x—i—\/}:y.

biéu kién: x > 0;y > 0.

Binh phuong hai vé 16i chuyén vé dugc

x+vx+vVx=y*—x=k(k € N).

Lai binh phuong hai vé r6i chuyén vé dugc

=

x++vVx =k —x=m(mecN).

Lai binh phuong hai vé dugc
x +/x = m?.

Ta biét rang x nguyén thi /x hodc 1a s6 nguyén hodc 1a s6 vo ti. Do x + /x = m?(m € IN) nén
v/x khong 1a s6 vo ti. Do d6 /x la s6 nguyén va la s tu nhién.

Ta c6 /x(1/x +1) = m?. Hai s tu nhién lién tiép /x va \/x + 1 c6 tich 1a mot s6 chinh phuong
nén s6 nhé bang 0 tic 1a /x = 0.

Suy ra x = 0;y = 0, thoa man phuong trinh da cho.

Nghiém (x;y) cua phuong trinh 1a (0;0).

Vi du é6: Tim nghiém nguyén duong cta phuong trinh

y=2+Vit+y2-ax (1)

Ap dung hang dang thic (a + b)3 = a3 + b® + 3ab(a + b), ta 1ap phuong hai vé cta (1) duge

P =24 x+2—Vx+3-Vi—x-y (2)
Sy’ =4+3yvV4 —x
Sy(y? —3v4—x) = 4. 3)

V6i x nguyén thi 3v/4 — x 1a s6 nguyén hodc 1a s6 v6 ti. Tir (3) ta thdy 3v/4 — x khong thé 1a s6
v0 ti nén phai 1a sb nguyén. Do do tir (3) suy ra y la u6c ctia 4. Do y > 0 nén ta c6 bang gid tri

sau
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y 1 2 4
y> —3v/4—x 4 2
3v4—x -3 |2 15
V4 —x -1 loai |5
4—x —1 125
—121
X 5
(loai)

Th lai, gia tri x = 5,y = 1 thoa man phuong trinh da cho.

Dip s0: Nghiém (x;y) 1a (5;1).

Luu y: O phuong trinh (2), ta da thay /2 + /x + v/2 — v/x nén (1) va (2) c6 thé khong tuong
duong. Vi thé sau khi tim duge nghiém (x;y) = (5;1) ciia phuong trinh (3), ta van thit lai vao

phuong trinh (1).

* Kinh nghiém giai toan

Khi gidi phuong trinh vo ti vdi nghiém nguyén, ta thudng bién ddi dé trong phuong trinh chi
chita mot can thite cia mot s6 nguyén, tir d6 dan dén can thic ay cing 1a s6 nguyén (xem cac
vi du 55, 56,57).

BAI TAP
Bdi 9.1: Tim nghiém nguyén ctia mdi phuong trinh sau:
a) ¥*+1=+3x+1; b) x3+3 = /15x + 1.

a) Do x nguyén nén dé v/3x + 1 ¢6 nghia, ta phai ¢6 x > 0.
Cidch 1. V6i x > 2 thi

VBx+1<V3x+x=2/x<2x <x®><x*>+1, loai.

Xét x = 0, x = 1 déu théa man.
Cich2. x*+1=Bx+1& (¥+1)" =3x+1,
duavé x(x —1) (x* + x®+ 224+ 3x+3) =0.

Do x > 0 nén nghiém ctia phuong trinh la 0 va 1.
b) Gidi twong tu nhu cau a. Ddp s6: x = 1.

Kinh nghiém giai todn
Nghiém nguyén (néu cd) ctia cac phuong trinh x3 +1 = /3x + 1 va x® + 3 = {/15x + 1 chi c6
thé 14y mot vai gia tri ty nhién nhd, vi khi x ting thi vé trdi cia cdc phuong trinh trén ting rat

nhanh, trong khi vé phai chi tang tir tir. Nhan xét d6 gitp ta c6 cach giai 1 néi trén.

Bdi 9.2: Tim nghiém nguyén ctia mdi phuong trinh sau:
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A VaZ—dx+7=x—y; b)y* =1+ V9 — x2 — 4x;
)2y =1+ V49 —x2 — 2x d)x>—y>=/y+1

a) Vx2—4x+7=x—y.
Diatx —y =m > 0,dua vé (x — 2)? — m? = 3.
Dip sb: Nghiém (x;y) 1a (1; 1), (3;1).

b) 2 =1++/13— (2 +4x+4) =1+/13— (x +2)2 <1+ /13
Suyral <y? <4

e V6iy? = 1thi13 = (x +2)?, khong c6 nghiém nguyén.
e V6iy? =4thi3= /13— (x+2)2 & (x+2)? =4 &

Dip s6: Nghiém (x;y) 1a (0;2), (0; =2), (—4;2), (—4; —2).
)2y =1++60—(x+1)2<1++/50<1+8=09.

Suy ray? < 4. Do y? # Onén y? € {1;4}.

e Xéty? =1, ta tim dugc x; = 6,x, = —8.

o Xéty? =4, tatim dugc x3 = 0,x4 = —2.
Dip so: Nghiém (x;y) 1a (6;1), (6; —-1),(—=8;1),(=8; —1),(0;2), (0; —2), (=2;2), (—2; —2).

d) Xét phuong trinh x> —y? = | /y + 1. (1)
Dbiéu kieny+1>0,nény > —1.
e Xéty = —1, thay vao (1) dugc x = £1.
e Xéty =0, thay vao (1) dugc x = £1.
* Xéty > 1thiy+1>2 Tabiétrang voia > 2thi/a <anén /y+1 < y+1 T (1)
co
=Py 1<y +y+1<(y+1)% 2)
Mt khac tir (1) c6 x? > 2. (3)
Tix (2) va (3) suy ra y? < x2 < (y + 1)?, loai.

Dip s0: Nghiém (x;y) 1a (1;-1), (=1; —1),(1;0), (=1,0).

Bdi 9.3: Tim nghiém nguyén ctia mdi phuong trinh sau:
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a) 2y/x —3,/j = V48 b) Vx+vx+d=y
a) Xét phuong trinh 2\/x — 3,/7 = 4/3. (1)

Diéu kién: y > 0;x > 0.

Rut 3,/7 tir (1) duoc 3,/7 = 2¢/x — 43

V6i diéu kién x > 12, binh phuong hai vé dugc 9y = 4x + 48 — 16+/3x

Suy ra 3x 1a s chinh phuong nén x = 342 (a € IN).

Rut 24/x tir (1) va ciing lap ludn tuong tu nhu trén ta duge y = 3b% (b € IN).
Thay vao (1) ta dugc 2a+/3 — 3b\/3 = 4v/3 < 2a — 3b = 4.

Ta thay b:2. Datb = 2t (t € N) thia — 3t = 2nén a = 3t + 2.

Khi d6

x = 3a® = 3(3t +2)? (thda man x > 12)

y=23b* =122 véit € N.

L) x=3(3t+2)? )
Dap so ( ) Vi tla so tu nhién tuy y.
y = 122

b) Ta co:

Vi+Vx+d=y (1)
S2x +4+2\/x(x+4) =y* & 2\ /x(x +4) = > —2x — 4.
Daty? —2x —4 = m véi (m € N) ta c6
dx(x+4)=m?> & 2x+4)? —m? =16 < 2x+4+m)(2x +4 —m) = 16
Ta tim dugc x = 0, thay vao (1) duge y? = 4.
Dap s6: Nghiém (x;y) = (0;2)
Luu y. C6 thé gidi phuong trinh 4x(x + 4) = m? v6i x > 1 nhu sau:
Tir 4x(x +4) = m?, suy ra x(x +4) 1a s6 chinh phuong. Diéu nay khong xay ra déi véi x > 1,
vikhi dé (x +1)? < x? +4x < (x +2)2

Bdi 9.4: Phuong trinh sau c6 bao nhiéu nghiém nguyén?

Vi + /i = v/2000. M

Lap luan nhu vi du 4 (& trang 106), ta dua vé
av/5 +bv/5 =205 (a;b € N < a+ b = 20. )

Ung v6i mot cap s6 tu nhién (a;b) c6 mot cdp s6 tu nhién (x;y) théa man (1). Ta thay a nhan
cacgiatri0;1;2;...;20, tuong ing b nhan cdc gia tri 20;19;18;. . .;0.
Phuong trinh (2) c6 21 nghiém nguyén, do d6 phuong trinh (1) c6 21 nghiém nguyén.
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Bdi 9.5: Tim nghiém nguyén ctiia moi phuong trinh sau:

a) y=x+vVx+2+2V/x+1.

b) yvV2 = Vx+vV2x — 1+ Vx—2x — 1.

Ay=vVx—1-2y/x—2+Vx+2—-4/x—2.

a) Patt =x+1(t € N)thix =+ —1.
Tacoy =t —14+VE+1+2t =12 —14+t+1=1>+t

Dip s6: Nghiém (x;y) 1a (2 — 1;t> +t) v6i t 1a s6 ty nhién tuy .

b) 2y = \/2x+2\/2x—1+\/Zx—2\/2x—1:\/2x—1+1+‘\/2x—1—1).
R 1 2
Dieu kién:2x -1 >0 x > E.Doxlé sO nguyénnén x > 1.
Dodé2y =v2x—1+1++v2x—-1-1=2y/2x —1nény = v2x — 1.
Dat2x — 1 = (2t +1)? (t € N) thi x = 2£> + 2t + 1.
Dip s6: Nghiém (x;y) 1a (2t> + 2t + 1,2t + 1) véi t € N.
c) Diéu kién: x > 2. Rt gon dugec y = ’\/x—Z—l‘—i—’\/x—Z—Z‘.
Tathdy Vx —2>1&x>3va/x—2>2& x > 6.
Xét cac truong hop sau:
e Voix =2thiy=1+2=23.

e Vi3 <x<6thhy=vx—-2-1+2—-yx—-2=1
Ta c6 cac nghiém (x;y) 1a (3;1),(41), (5 1).

e Voix >6thiy=vVx—-2-14+Vx+2-2=2/x—-2-3.

Datx —2=1t>(t € IN,t >2déx > 6) thix = t> +2;y = 2t — 3.
Dip s6: Nghiém (x;y) 1a (2;3),(3;1), (4;1), (5;1) va (t* +2;2t — 3) véi t € N, t > 2.

Bdi 9.6: Tim nghiém nguyén cta phuong trinh

\/x—i—\/x—l— x+...+Vx=y.

trong moi truong hop sau:
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a) Veé trai c6 100 dau can.

b) Ve trai c6 n dau can.

a) Giai tuong tu nhu thi du 5 (6 trang 107), ta dugc x = 0;y = 0.

b) Néun =1tacod/x =y.
Nghiém (x;y) 1a (t%t) véit € N.

Néu n > 2, gidi nhu & cau a) ta dugc nghiém (x;y) 1a (0;0).

Bai 9.7: Tim nghiém nguyén ctia moi phuong trinh sau:

a)y:\/6x—|—\/5x+\/4x—|-\/§. b)y:\/x+%+w/x+}1.

a) y = \/6x+\/5x+m.
biéu kién x > 0,y > 0.
Phuong trinh tuong duong \/ 5x + \/4x + \/x = y? — 6x.
Binh phuong hai vé rdi chuyén vé ta duoc v/4x 4 /x = k* — 5x.
Dit \/4x + /x = m (m € N). Suy ra 4x + /x = m?.
Dat \/x = a (a € N). Pua vé phuong trinh 4n a ta dugc 4a> +a — m? = 0.
Tacé A =1+ 4m?.
A 1a s6 chinh phuong < 1 +4m? = n? (n € N) & (n+2m)(n —2m) = 1.

Ta tim dugcm = 0,4 =0,x =0,y = 0.
Dap s6: Nghiém (x;y) 1a (0;0).

1 1
b)y—\/X+§+ X"‘Z

Dat \/x—i—jI =k (voik > 0) ’chix—i—}L = k?. Thay vao (1) dugc

1 1
= 24 = -
y=\/k —|—4—|—k k—|—2.

: 1
DéyeNthik=t+7véiteN.

1 1\* 1
Khidéy:t+1,x:k2—zl:(t+§) —Z:t2+t:t(t—|—1).

Cx=t(t+1 )
Dap so: Vvdi t 1a so ty nhién tuy y.
y=t+1

Bdi 9.8: Tim nghiém nguyén duong ctia moi phuong trinh sau:
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a) y=7+Vx+v7—x b) y = +v/x+13 — v/x —13.
Giai tuong tu thi du 6 (& trang 107).

a) Ta tim duoc y 1a wéc cta 14. Chi c6 y = 2 thoa man phuong trinh.
Dép s6: Nghiém (x;y) 1a (50;2).

b) Ta tim duogc y la udc cta 26. Chi cé y = 2 thdéa man phuong trinh.
Dép s6: Nghiém (x; ) 1a (14;2).

Bdi 9.9: Tim nghiém nguyén ctia phuong trinh \/x + 4\/x + 4\/x +..+4vVx+4V5x = x

trong do ve trai c6 100 dau can.

\/x+4\/x+4\/x+...+4\/x+4\/§:x (1)

Ta thdy x > 0. Xét cac truong hop sau:

e x = 0thi (1) dugc nghiém dung.
e x = 5thi (1) dugc nghiém dung.

e 0 <x<5Tacdx? <5x=x < Vbx = 4x < 4/5x = 5x < x+4V5x = /5x <
vV x + 44/5x. Ct nhu thé thi & phuong trinh (1) gia tri vé trdi 16n hon v/5x, ma x < v/5x

nén gia tri vé phai nho hon gia tri vé trai. Loai.
e x > 5. Lap luan tuong tu, & phuong trinh (1) gid tri vé trdi nhé hon v/5x, ma x > /5x
nén gia tri vé phai 16n hon gia tri vé trai. Loai.
Dép sé:x =0vax =5.
Bdi 9.10: Tim nghiém nguyén duong ctia moi phuong trinh sau:
a) 2/x+2\/y—3+2yz=x+y+z.
b) VX+ Y =Vz+2V2
a) buave (Vx—1)2+ (/y—3-1)2+ (vVz—1)? =0.
bap soO: Nghiém (x;y;z) la (1;4;1).

b) Gidsttx > y. T /x + /§ = Vz+2V2tacd

X+y+2 /Y =z+2V2 2 /Ay =z—x—y+2V2 (1)
Vé6i diéu kién z — x —y +2v2 > 0 (2)

thi (1) @ 4dxy = (z—x—y)> +8+4V2(z —x —y).

Do z — x — y nguyén nén chi c6 thé z — x — y = 0 thda man diéu kién (2).
Khido4xy =8 < xy=2.Dox >ynénx =2,y = 1.

Dép s6: Nghiém (x;y;z) 1a (2;1;3),(1;2;3).

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trang 114/215

Bar 10. HE PHUONG TRINH VOI NGHIEM NGUYEN

Vidu 1: Tim nghiém nguyén ctia hé phuong trinh

xt+y+z=3
B+ =3

Str dung hang dang thic (x +y+2)3 — (x® + 3 +2%) =3(x +y)(y +2)(z + x) tacd
27-3=3(x+y)(y+z)(z+x) = 8=(x+y)(y+2z)(z+x)

Datx+y=cy+z=a,z+x =Dbthiabc = 8.
Giastx <y <zthia>b>c.
Tacoa+b+c=2(x+y+z)=6néna > 2.
Talaico abc =8néna € {2;4;6}.

Xét cac truong hop sau:

b+c=4

bc =4
Suyrab=c=2Tadugcx=y=z=1.

e VGia=2taco

b+c=2

bc =2
Khong cé nghiém nguyén.

e Véia=4taco

b+c=-2
bc =1
Suyrab=c= —1.Tadugcx = =5,y =4,z = 4.
Dip s0: Nghiém (x;y;z) 1a (1;1;1),(—5;4;4), (4,4, -5), (4, —5;4).

e VGgia =8taco

BAI TAP

Bai 10.1: Tim nghiém nguyén ctia m6i hé phuong trinh sau:

2x +3y =8
a) .
Sy+3z=1
3x +5y =2
b) Y .
2x—3z=4
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x+y+z=3 (1)
VN 5, 3 _
¥+ +z2=9 (2)

Tix (1) c6 y 1a s6 chén. Dat y = 2k(k 1a s6 nguyén) duge x = 4 — 3k.

Thay y = 2k vao (2) dugc 10k +- 3z = 1 nén z = = —3k+ ——.

Dat
&3

x=4-3(1-3t)=1+9t
y=2(1-3t)=2—6t
z=—3(1-3t)+t=10t—3.

Dip s0: Nghiém (x;y;z) 1a (1 + 9t2 — 6t; 10t — 3) vdi t 1a sd nguyén tuy y.

x =15t -1
b) {y=1-9t vditlasdnguyén tuy y.
z=10t -2

Bai 10.2: Tim nghiém nguyén ctia hé phuong trinh

B(ién déi:

1
2x =y + — (1
y y()

1

1
kZZ:X—F;(3)

Tit (1) suy ra E nguyén, do déoy = 1 hodacy = —1.
Tuong tu z :yl hoacz = —1;x =1 hoacx = —1.
Chd y rang x,y, z cing dau.

Dip s0: Nghiém (x;y;z) 1a (1;1;1), (=1, —-1; -1).

~

Ve

1—10k

3

=t (t1a sO nguyeén) thi k = 1 — 3t. Khi d6

SHaH

2 y
1 1

z:1<x+1)
2 X

Bai 10.3: Tim nghiém nguyén ctia m6i hé phuong trinh sau:

) xt+y+z=3
a .
PP +22=9

X+y+z=25
W22+ 22 =209
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a) Giai tuong tu vidu 1 ¢ trang 114.
Puavé6=abcvéia=y+z,b=x+z,c=x+y.
Tatim duoca =3;b=2;c = 1.

Suyrax =0y =1,z =2.

Dip s6: Nghiém (x;;z) 1a (0;1;2) va cac hoan vi ctia no.

x+y+z=25 (1)
2hyr 22 =209 (2)
Cich1.Ratz tir (1) dugcz =25 — x — y.
Thay vao (2) dugc x? + y? + (25 — x — y)? = 209.
Rt gon duge x2 + (y — 25)x + (y? — 25y +208) = 0. (3)
A >0e (y—25)2—4(y> — 25y +208) >0
& —3y? +50y — 207 >0

2
@§§y§9.

b)

Do y la s nguyén nén y = 8 hodcy = 9.

e Vi y = 8, thay vao (3) dugc x> —17x +72 =0nén c6 x; = 8;xp = 9.

e V6i y = 9, thay vao (3) dugc x> — 16x + 64 = 0 nén c6 x3 = 8.

Dip s6: Nghiém (x;y;z) 1a (8;8;9), (9;8;8), (8;9;8).

Cich 2. Tir (1) suy ra (x +y +z)? = 625.

Trir di (2) duge 2(xy + yz + zx) = 416. (4)
Nhan (2) véi 2 duge 2(x? + y? + z?) = 418. (5)
Lay (5) trir (4) duoc (x —y)>+ (y —2)?> + (z — x)?> = 2.

Ba s6 chinh phuong c6 tong bang 2 nén ton tai mot s6 bang 0.

.....

.. . xy+2zt =0
Bai 10.4: Tim nghiém nguyén cua hé phuong trinh

{xy+ 2zt =0 (1)
Ta co .

xt—yz=1 .

xt—yz=1 (2)
Suy ra (xy + 2zt)? + 2(xt — yz)? = 2.
Rut gon duoc (x2 + 2z2) (y? + 2t2) = 2. Xét hai truong hop:

x> +222 =1
Y2212 =2
Suyrax = £1;z =0,y = 0;t = 1.
Tix (2) 6 xt = yz+1 = 1nén x va t cung dau.
Ta dugc nghiém (x;y;z;t) la (1;0;0;1) va (—1,0,0; —1).
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xX* 4272 =2
422 =1
Suyrax =0,z =+1Ly = +1;t = 0.
Tir (2) c6yz = xt — 1 = —1nény va z trai dau.

Ta dugc nghiém (x;y;z;t) la (0;1; —1;0) va (0, —1;1;0).
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Bir 11. TIM DIEU KIEN PE PHUGNG TRINH CO NGHIEM
NGUYEN

Vidu 1: Tim gid tri cia m dé phuong trinh sau c6 hai nghiém nguyén duong:

x% 4+ mx+2=0. (1)

Cach 1. Goi x4, x7 la cac nghiém nguyén duong ctia phuong trinh (1).

Theo hé thitc Vi-et x1 + x = —m nén m la s6 nguyén.

Ta c6 A = m? — 8. D€ phuong trinh (1) c6 nghiém nguyén thi A phai la s6 chinh phuong.
Datm? -8 =k*(k € N) & (m+k)(m —k) = 8.

m + k va m — k 1a u6c ctia 8, cting tinh chan 1é nén cting chan va m + k > m — k. Ta c6 bang gia

tri sau
m+k|4| =2
m—=k|2|—4
m 3| -3

* V6im = 3, thay vao (1) dugc x> +3x +2 = 0, tacé x; = —1, x, = —2, khong théa man
x1>0,x > 0.

e V6im = —3, thay vao (1) dugc x2—3x+2=0,tacdx3 =1, x4 = 2, thdoa man bai toan.

Vay m = —3.

Cach 2. Goi x1, x7 la cac nghiém nguyén duong ctia phuong trinh (1).
x1+x=-m (2)

X1Xp =2 (3)
Gid st x1 < x3. Do x1, xp nguyén duong nén tur (3) suyrax; =1,x = 2.

Theo hé thtc Vi-et, ta co:

Tir (2) suy ram = —3.

Kinh nghiém gidi todn O cach 1, sau khi nhan xét m phai la s6 nguyén, ta giai phuong
trinh v6i nghiém nguyén x va m, tim duoc hai gia tri cia m 1a 3 va —3. Sau do6 ta
tim gié tri cia x d€ chon ra x nguyén duong. Cach 1 dugc giai theo suy nghi thong
I thuong.

Giai theo cach 2 gon hon. Ta chii y dén tich cta hai nghiém nguyén duong bang 2
nén hai nghiém do 1a 1 va 2. Tir dé tim dugc m = —3.

Con c6 thé giai thi du trén theo mot hudng khac. Trude hét, chua chu y dén diéu

v
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kién x1 va x; la cac s6 nguyén, ta tim diéu kién dé phuong trinh (1) c6 hai nghiém

duong, diéu kién d¢ la

A>0 m>—8>0
m?> > 8
| X100 >0 < 42>0 <
m < 0.
X1+ x>0 —m >0

Do chua st dung diéu kién x7, x, nguyén nén chua chin dugc gia tri cta m. Giai

theo cach nay khong gon bang cac cach trén.

Vidu 2: Tim gid tri cia m dé€ cadc nghiém ctia phuong trinh sau deéu la s6 nguyén.

x> —mx+ (m+2)=0. ()

Goi x1, x la cac nghiém nguyén ctia (1). Theo hé thuc Vi-et, ta ¢6

X1 +Xp=m

X1Xp = m+ 2.

Dodéxixp — (x1+x) =2 x(xp—1)—(xp—1)=3< (x3—1)(xp — 1) = 3.
x1—1vax, —1laudccaa3d. Giasitx; > xpthixy —1> x — 1.
Xay ra hai truong hop:

X1—1:3 x1:4

a) & .Khidom = 6.
x2—1:1 x2:2

X1—1:—1 X1:O
b) & .Khidom = —2.
X —1=-3 Xo = —2

Luu y. Cling c6 thé gidi thi du trén bang cach nhan xét m la sb nguyeén, tim A dugc
I m? — 4m — 8, 16i gidi diéu kién m? — 4m — 8 = k*(k € N) dé dua vé (m — 2 +k)(m —
2—k)=12,timdugcm =6vam = —2.

BAI TAP

Bai 11.1: Tim cac s6 nguyén duong k dé phuong trinh sau c6 nghiém nguyén: x2 — y? = k.
Xét bon truonghop:k =4mk=4n+Lk=4n+2,k=4n+3voinla s tu nhién.
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Bai 1
5—a.

. xX—y=2
Vé6i k = 4n thi phuong trinh x2 — y? = k(1) ¢6 nghiém nguyén, chang han Y
xX+y=2n
x=n+1
cho
y=n-—1

. x—y=1 x=2n+1
V6i k = 4n + 1 thi (1) c6 nghiém nguyén, chang han cho
x+y=4n+1 y = 2n.

. x—y=1 x=2n+2
V6i k = 4n + 3 thi (1) c6 nghiém nguyén, chang han cho
x+y=4n+3 y=2n+1.

Véi k = 4n + 2, xét x> — y?> = (x — y)(x + y). Tich nay chia hét cho 4 khi x,y cting chén,
va tich nay 1& khi x,y c6 tinh chan 1é khac nhau, do d6 tich nay khi chia cho 4 khong c6
du bang 2. Vay k # 4n +2(n € IN).

1.2: Tim céc s6 nguyén a dé phuong trinh sau c¢6 nghiém nguyén duong: |4 — 3x| =

4—3x|=5—a (1)

Vbi a

4—-3x=5—a a=3x+1
<5thi(1) & &
4—-3x=a-5 a=9—3x.

3x+1<5(x € N*)nénx =1,khi d6 a = 4.
9—3x <5(x € N*)nénx € {2;3;4;---}. Vaya =4 hodca =9 — 3t v6it € Z,t > 2.

Cong thica =9 — 3t véit € Z,t > 2 c6 thé viét dudi dang a = 3k véik € Z,k < 1.

Bai 1

a)

b)

a)

1.3: Tim gid tri cia m dé cac nghiém ctia mdi phuong trinh sau la s6 nguyén:
x? + mx + 6m = 0.

x? +m?x+ (m—1) =0.

Goi x1, x5 1a cac nghiém nguyén ctia phuong trinh x? + mx + 6m = 0.

) ) X1+ xp=—m
Theo hé thuc Vi-et:
X1Xp = 6m.

Pua vé phuong trinh udc s6: (x1 + 6)(x2 + 6) = 36.
Gia st x1 > xp. Xét bang gia tri ctia x1 4 6 va xp + 6, 6 10 truong hop xay ra:
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-1} -21]-3| -4 | -6
=36 | —-18| =12 | -9 | —6
-12
—42 | =24 | -18 | —15| —12

49 32 27 | 25 24

x1+6| 36 | 18 | 12
x+6| 1 2 | 3| 4
X1 30 | 12
X -5 | -4 -3| -2
m -25| -8 | -3]| -1

S| oo |o| O

|

N
|

@]
|

O
|

—_

(e

b) x2 +m?x + (m —1) = 0.
A=m*—4(m—1) =m* —4m+ 4.
Ta phai c6 A 1a sb chinh phuong. Xét cac trudng hop sau:

o V6im < —3thi (m?)? < A < (m?+ 1)2. That vay:

A-—m*=4—4m>4+12=16 > 0;
(m?>+1)2 —A=m*+2m*+1—m* +4m —4
=2m? +4m—-3=2(m+1)>-5>2.-4-5=3>0.

Do d6 A khong la s6 chinh phuong.
* V6im = —2thi A = 28, khong la s6 chinh phuong.
o Voim=—-1thiA=9=3Tux>+x—-2=0c0x =1L;x = 2.
e Voim=0thiA=4=22Tux*—1=0cdx3 =1;x4 = —1.
e Voim=1thiA=1=12Tux*+x=0cé x5 = 0;x5 = —1.
e V&im > 1thi (m?—1)% < A < (m?)%. That vay:
m*—A=4m—4>0;
A—(m? =12 =m*—dm+4—m*+2m> —1=2m> —4m+3=2(m —1)2+1 > 0.
Do d6 A khéng la s6 chinh phuong.
Dapsé:m =0;m = 1;m = —1.
Bdi 11.4: Tim cac sb nguyén a va b sao cho a +2b = 25 va cac nghiém ctia phuong trinh
x? 4+ ax + b = 0 déu la s6 nguyén. Tim cac nghiém do.
Xét phuong trinh x + ax + b = 0. (1)
D€ cac nghiém ctia phuong trinh (1) 1a s6 nguyeén, ta phai c6 A = a®> — 4b 1a chinh phuong, tic
la
2 _ 2 2 _ 2 2 2y _
a-—4b=m"(m e N) & a”—4(25—a) =m" < a” +4a — (100 +m~) = 0. (2)
Dbé phuong trinh (2) ¢6 nghiém nguyén ta phai co:

m?> +104 = n*(n € N) < (n+m)(n—m) = 8-13.

Ta thay n + m va n — m cing chan. C6 hai truong hgp xay ra:
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n+m=>52 n =27

a) &
n—m=2 m = 25.
a1 = 25 a = —29
Khi d6 nghiém ctia phuong trinh (2) laa; = 25,4, = —29nén hoac
by =0 b, = 54.
Phuong trinh x% + ax +b =01a
x? +25x = 0cb nghiém x; = 0; x, = —25.
x? —29x 4+ 54 =0cb nghiém x3 = 2; x4 = 27.
n+m=26 n=15
b) &
n—m=4 m = 11.
> az =13 ag = —17
Khi d6 nghiém ctia phuong trinh (2) laaz = 13,44 = —17nén hoac
by = 12 by = 42.

Phuong trinh x> + ax + b =01a
x24+13x+12=0¢6 nghiém x5 = —1; x5 = —12.
x? —17x + 42 = 0 c6 nghiém x; = 14; xg = 3.

Bdi 11.5: Tim cac s nguyén a va b (a > b) sao cho a + 2b = 25 va cdc nghiém ctia phuong
trinh sau dé 1a s6 nguyén:

x? —abx + (a+b) = 0.

x?2 —abx + (a+b) =0 (1)
Goi m, n la cac nghiém cta phuong trinh (1).
Gia s m > n. Theo hé thuc Vi-et, ta ¢

m-—+n—=ab
(2)

mn=a-+>b

Do 4, b 1a cac s6 nguyén duong nén n1, 1 1a cac s6 nguyén duong.
Trudc hét ta c6 B dé: Néu hai s6 16n hon 2 thi tich ctia chiing 16n hon tong ctia chiing.
That vy, gidstta > 2,b > 2 thiab > 2a,ab > 2bnén 2ab > 2(a+b), dod6é ab > a + b.
Theo B6 dé trén, néu ca boén s6 a, b, m, n déu 16n hon 2 thi ab > a + b, mn > m + n, khong thé
xay ra (2). Do d6 trong bon s6 a, b, m, n ton tai mot s6 khong qua 2.
Khéng mat tinh téng quat, gia st n < 2.
Theo dé bai a > b. C6 hai truong hop xay ra:
ab=m+1

a) Xétn =1.Tu (2) tacod
a+b=m.

Dodéab—a—-b=1< (a—1)(b—1) =2
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a—1=2 a=23
Ta co nén . Khi d6 m = 5.

b—1=1 b=2
ab=m+2
b) Xétn = 2. T (2) ta cod
a+b=2m.
Dodé2ab—a—b=4<4ab—2a—2b=8<«< (2a—1)(2b—1) =9.
Xay ra hai truong hop:
20—-1=9 a=>5
nén .Khi do m = 3.
2b—1=1 b=1
20—-1=3 a=2
nén .Khi dom = 2.
2b—-1=3 b=2

Két luan: Phuong trinh (1) c6 nghiém nguyén khi (a;b) 1a (3;2), (5;1), (2;2).
Bai 11.6: Cho a va b la cac s6 nguyén.
a) Goi xg, yo la cac s6 nguyén sao cho biéu thic axg + byo c6 gia tri nguyén duong nho nhat

1a n. Goi r 1a s6 du ctia phép chia a cho n. Chiing minh rang r cting viét duge dudi dang

ax + by trong d6 x va y 1a cac s6 nguyén.
b) Ching minh rang r = 0.

¢) Cho biét a va b 1a hai s6 nguyén t6 ciing nhau. Chiing minh rang cac phuong trinh ax +

by = 1vaax + by = c (c nguyén) c6 nghiém nguyén.

a) axo + byo = n. Gia st a = nk + r (k 1a s0 nguyeén) thi
r=a—nk=a—k(axy+ byy) = a — akxg — bkyg = a(1 — kxg) + b(—kyp).
bat 1 — kxg = x; —kyg = v, ta c6 diéu phai chitng minh.

b) Gia st r # 0 thi r 1a s6 nguyén duong. Do r 1a s6 du ctia phép chia a cho n nén r < n.
Nhu vay ton tai s6 nguyén duong r nho hon n ma van viét duge dudi dang ax + by, trai
vdi gid thiét 7 1a gia tri nguyén duong nho nhét ctia ax + by.

Vay r = 0.

c) Goi ' 1a s6 du ctia phép chia b cho n.
Chuing minh tuong tu nhu trén, ta duge ' = 0.
Dodéainvab:n. Vay nla udc chung ctia a vab. Néu (a,b) = 1thin = 1.
Diéu d6 ching t6 rang phuong trinh ax + by = ¢ ¢6 mot trong cac nghiém nguyén la

(ex0; cyo).
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Cach khac ching minh phuong trinh ax + by = 1 c6 nghiém nguyén néu (a,b) = 1
nhu sau.

Khong mét tinh téng quat, chi can chitng minh phuong trinh ax + by = 1 ¢6 nghiém
nguyeén, trong d6 c6 thé gid st a,b € IN. Dé chiing minh diéu nay, ta sé chitng minh
ton tai mot boi ctia a ¢6 dang by + 1, tac la chia cho b du 1.
Xétcacbdicuaadangkavoil <k <b-—1.

Trong b — 1 bdi d6 ctia a, khong c6 s6 nao chia hét cho b. That vay gia st ka : b thi do
(a,b) =1nénk:b, diéunay traivéil <k < b—1.

Ta sé chitng minh trong b — 1 boi ctia a néi trén, ton tai mot s6 chia cho b du 1.
Ching minh bang phan chiing. Gia st khong ton tai s6 nao chia cho b du 1 thi cac
s6 du khi chia ka cho b chic6 thé1a2,3,4,...,b — 1 (khong c6 s6 du 0 nhu da ching
minh & trén). C6 b — 2 s6 du, ma c6 b — 1 s6 ka nén ton tai hai s6 ¢6 s6 du béng nhau,
chang han hai s6 d6 la ma va na, trong d6 1 < n < m < b — 1. Thé thi (ma — na) : b

nén (m—n)a:b.Laido (a,b) = 1nén (m —n) b, diéunay trai v6i0 < m —n < b—1.

\ 4

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



< BAITOAN BUA VE GIAI PHUONG
TRINH NGHIEM NGUYEN

P
Tram trau tram co

Bai toan tir xua
Da tirng chdp cdnh

Cho nhiéu wdc mo

Bir 1. BAI TOAN VE SO TU NHIEN VA CAC CHU SO

Vidu 1: Tim hai s6 tu nhién lién tiép, mdi s6 ¢6 hai chit s6, biét réng néu viét s6 16n trudc sbd
nho thi ta dugc mot s6 chinh phuong.
Goi hai s6 tu nhién phai tim 1a x va x + 1, s6 chinh phuong la 12, trong d6 x, n thuoc N. Do x

va x + 1 déu la cac s6 c6 hai chit s6 va n? 1a s6 ¢6 bon chir s6 nén
10 <x<98;32<n<99 (3.1)
Tur gia thiét ta c6
100(x +1) +x = n? < 101x + 100 = n? < (n +10)(n — 10) = 101x (3.2)

Chu y rang (1 + 10)(n — 10) chia hét cho s6 nguyén t6 101, do d6 ton tai mot thita s chia hét
cho 101.
Tir (3.1) ta co

22<n—-10<89,
42 <n+10 < 109.

Tir d6 va (3.2) chi c6 thé 1a n + 10 = 101.
Suy ra n = 91; n?> = 912 = 8281.
Vay hai s6 phai tim la 81 va 82.

Vidu 2: Tim cac s6 tu nhién c6 bon chit s6 va bang 1ap phuong ctia tong cac chit s6 ctia né.
Goi s phai tim 1a abed (v6ia # 0,vaa, b, ¢, d thuoc N). Ta c6

abcd = (a+b+c+d)> (3.3)
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Dita+b+c+d = m.S6 abcd va tong cac chir s6 ctia né khi chia cho 9 ¢6 cting s6 du nén
(W—m) 19 hay abcd = 9% + m (k € N).

Thay vao (3.3) duge 9% + m = m?>.

Do d6 (m® —m) 9, ticla (m — 1)ym(m +1) 9.

Trong ba s6 nguyén lién tiép, c6 mot va chi mot s6 chia hét cho 3. Tich ctia chiing chia hét cho
9 nén c6 moét va chi mot sé chia hét cho 9.

Ta co

1000 < abed < 9999 = 1000 < m® < 9999

=10 <m < 21.

Dod69<m—-1<20;11 <m+1<22.

Xét ba truong hop sau:
a) m:9 = m = 18. Khi d6

abed = 18> = 5832 = (548 +3 +2)°.

b) (m+1)19=m+1=18 = m = 17. Khi d6

abcd = 17° = 4913 = (4 +9 + 1+ 3)%.

c) m—1):9=m—1=18 = m =19.Khi d¢

abcd = 19° = 6859, loai vi tong cac chit s6 khong bang 19.

Vay s6 phai tim la 5832 va 4913.
»» Kinh nghiém giai todn

* Néu khai trién hai vé ctia abed = (a+ b+ ¢ + d)? thi ta sé dugc mot phuong trinh bac ba
v6i bon an a, b, ¢, d; gidi phuong trinh nay rat phic tap.
Nho dét a + b+ ¢ +d = m va st dung dau hiéu chia hét cho 9, ta di dén (m® —m) 9.

Cung v6i viéc chan gia tri cia m (1a 10 < m < 21), ta tim dugc gia tri caa m.

e Khi giai cac bai toan vé s6 tu nhién va cac chit s6, nén luu y:
- Chon mot nhém chir s6 1am an phu.
- Chén gia tri ctia &n mot cach hgp 1i va st dung céc tinh chat vé chia hét, vé s6 nguyén t6

dé giam bét trudng hgp phai xét.
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Vidu 3: Tim céc sb tu nhién c6 bén chir s6 va bang téng cac binh phuong cta s6 tao béi hai
chit s6 dau va sb tao béi hai chir s6 cudi, biét rang hai chit s6 cubi gibng nhau.

Goi s6 phai tim 1a abcc (véia # 0, va a, b, ¢ thuoe N). Ta ¢ abee = ab” + e,

Datab = x,cc = y trong d6 x, y thuoc IN; 10 < x < 99va 0 <y < 99.

Ta c6 100x +y = x> + y2.

Ta lai ¢6 x% + y? > 2xy nén 100x +y > 2xy < (2x — 1)(y — 50) < 50.

Do x > 10nén2x —1 > 19.

Suyray —50 < % <3 =y <53

Déthdy y #0vayillnény € {11;22;33;44}.

Xét cac gia tri cta y:

v |y —vy A Nhan xét
11| 110 2390 A’ khong la sb chinh phuong, vi 2390 : 5 nhung 2390 /25.
22 | 462 2038 A’ khong 1a s6 chinh phuong.

X, =50—238=12
x» =50+ 38 = 88.
44 | 1892 608 A’ khong la sb chinh phuong.

33 | 1056 | 1444 — 382

Vay s6 phai tim la 1233 va 8833.
BAI TAP
Bai 1.1: Tim céc sd tu nhién abc véi cac chit s6 khac nhau sao cho

9a = 5b + 4c.

Ta co
9a =5b+4c < 9a—9c=5b—5c <= 9(a—c)=5(b—rc).

Suyra5(b—c):9= (b—c):9.
Theo dé bai, b # ¢ nén ta c6 hai truong hop:

b=9

c=0.

Thay vao biéu thitc 92 = 5b + 4c¢ ta dugc a = 5. Do d6 ta c6 s6 phai tim 1a 590.
c=9

b=0.
Thay vao biéu thitc 9a = 5b + 4c ta dugc a = 4. Do d6 ta c6 s6 phai tim 1a 409.
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Vay céc s6 phai tim la 590 va 409.

Bdi 1.2: Tim cdc s6 tu nhién c6 ba chir s6, biét rang néu cong chit s6 hang tram véi n (n € IN),
trir cac chit s6 hang chuc va don vi cho 1 thi dugc mot s6 gap n 1an s6 ban dau véi n 1a sb tu
nhién nho6 hon chit s6 hang chuc va chit s6 hang don vi ctia s6 ban dau.

Goi s phai tim 1a x v6i x € IN*.

Khi thém 7 vao hang tram, b6t 7 & hang chuc va hang don vi, s6 d6 sé tang thém
1001 — 101 — n hay 89n.

Taconx —x =89n = (n—1)x = 89n.

Suy ra

89ni(n—1) = 89:(n—1) (don van—1nguyén to cing nhau)
=>n—-1=1(chuyl<n<9)

=n=2.

Vay s6 phai tim la x = 178.

Bai 1.3: Tim hai s6 chinh phuong c6 bén chir s6, biét rang mdi chit s6 ctia s6 thir nhat déu 16n
hon chi s6 cting hang ctia 56 thit hai ciing bang mot so.

Goi s6 chinh phuong thua nhat1a x2 = abed, véix, a, b, ¢, d thude N va a # 0.

Goi s6 chinh phuong thit hai la y? = ab'cdd,véiy, a, v, c,d thuoc N vaa # 0.
Trongdéa—a' =b—-b =c—cd =d—d =m,véim < 8.

Tac632 <y <x <99.

-y =111lm < (x +y)(x —y) = 11-101m.
Do 11 va 101 déu la s6 nguyén t6 va

x—y<99—-32=67
x+y <99+98 =197

101 + 11m
_|x+y=101 x:T
nén &
x—y=11lm :M,
Yy
2

4
y232<:>101—11m264<:>m§3ﬁ.

Mt khac, s6 m 1a s6 1& dé y 1a s6 nguyén, do d6 m € {1;3}.
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x =56 x% = 3136
e Véim =1thi o
y =45 y? = 2025.

x=67 |x*=4489
e V6im = 3 thi &
y = 34 y? = 1156.
Bdi 1.4: Tim cdc s6 tu nhién c6 hai chit s6 va bang binh phuong cta téng cac chit sb ctia né.
Cach1
Goi s6 can tim 1a Xy, véi x, y thudc N va x # 0.

Ta co
wW=@x+y)lelx+y=(x+y)le9%=(x+y)’—(x+y) e (x+y)(x+y—1) =9

Hai s6 nguyén t6 cting nhau c6 tich chia hét cho 9 nén ton tai mét s6 chia hét cho 9.

Tac610< (x+y)?<9=4<x+y<9=3<x+y—1<8.

Suyra (x+y):9.Khidox +y =09.

Vay s6 can tim la xy = 9% = 81.

Cach 2

Xét cac s6 chinh phuong c¢6 hai chir s6: 16, 25, 36, 49, 64, 81. Chi c6 duy nhéat s6 81 thda man vi
16 # (14+6)%25 # (245)%36 # (3+6)%49 # (4+9)%; 64 # (6+4)%;81 = (84 1)%

Bai 1.5: Tim cdc s6 tu nhién c6 ba chit s6 va bang lap phuong ctia téng cac chit s6 ctia né.
Cach1

Goi s6 phai tim 1a abc (véia # 0,vaa, b, ¢ thudc IN). Ta ¢6
abc = (a+b+c)? (3.4)

Dat a+b+c = m. Sb abc va tong cac chit s6 ctia n6 khi chia cho 9 c6 cling s6 du nén
(@—m) 19 hay abc = 9k + m (k € N).

Thay vao (3.4) dugc 9% + m = m®.

Do d6 (m® —m) 9, ticla (m — 1)m(m +1) 9.

Trong ba s6 nguyén lién tiép, c6 mot va chi mot s6 chia hét cho 3. Tich ctia ching chia hét cho
9 nén c6 mot va chi mot sé chia hét cho 9.

Ta co

100 < abe < 999 = 100 < m° < 999

=5<m<09.

Dod64<m—-1<86<m+1<10.
Xét hai truong hgp sau:
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a) m:9 = m =9.Khi do

abc = 9% = 729, loai vi tdng cac chit s6 khong bang 9.

b) (m+1):9=m+1=9=m=8.Khido

abc = 8* =512 = (5+1+42)°

Vay s6 phai tim la 512.

Cach 2

Goi s6 phai tim 1a abc (véia # 0,vaa, b, ¢ thuoc N).

Ta c6 abc = (a+ b+ c)>.

Suyra100 < (a+b+c¢)®> <1000 =5<a+b+c<9.

Xét cac trudng hop a + b + ¢ lan lugt lay cac gia tri tir 5 dén 9:

a+b+c=5thi(a+b+c)®>=125loaivil+2+5#5.
e a+b+c==6thi(a+b+c)®=216loaivi2+1+6#6.
e a+b+c=7thi(a+b+c)®=343loaivi3+4+3 #7.
e a+b+c=28thi(a+b+c)®>=512thébamanvi5+1+2=8.
e a+b+c=9thi(a+b+c)®>=7291oaivi7+2+9 #09.

Vay s6 phai tim la 512.

Bai 1.6: Tim céc sb ty nhién c6 bdn chit s6 va bang lily thira bac bdn cda téng cac chit s6 cda
no.

Goi s6 phai tim 1a abed (véia #0,vaa, b, ¢, d thuoc IN).

Tacéabed = (a+b+c+d)*

Suyra1000 < (a+b+c+d)* <9999 =6 <a+b+c+d<9.

Xét cac truong hop a + b + ¢ + d 1an lugt lay cac gia tri tir 6 dén 9:

sat+btc+d=6thi(a+b+c+d)*=1291loaivil+2+9+6+#6.
e at+b+ct+d=7thi(a+b+c+d)*=2401thébamanvi2+4+0+1=7.
e a+b+c+d=8thi(a+b+c+d)*=409loaivid+0+9+6#8.

sat+b+tc+d=9thi(a+b+c+d)*=6561l0aivi6+5+6+1#09.
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Vay s6 phai tim la 2401.

Bdi 1.7: Tim cac s6 tu nhién c6 bdn chit s6 va bang binh phuong cta téng ctia s6 tao bai hai
chit s6 dau va sb tao béi hai chit s6 cudi ctia s6 d6 (viét theo thu tu ct).

Goi s6 phai tim 1a abed (véia # 0,va a, b, ¢, d thuoe N).

Ta c6 abcd = <%—|—c_d)2.

Datab = x, cd = y trong do6 x, y thuéc IN; 10 < x < 99va 0 <y < 99.

Tac6100x+y = (x +y)? & 9x = (x+y)? — (x+y) © 9x = (x +y)(x+y —1).

Xét hai truong hop sau:

* Mot trong hai thira s6 x + v, x +y — 1 chia hét cho 99.
Do32<x+4+y<99nén3l <x+y—1<98 Suyra (x+y):99. Chonén x +y = 99.
Ta c6 99% = 9801, thdéa man vi 9801 = (98 + 01)2.

e Trong hai thitasb x + v, x + y — 1 khong c6 thira s6 nao chia hét cho 99. Chti y rang chiing
nguyén to ciing nhau nén phai c6 moét s6 chia hét cho 11 va sb kia chia hét cho 9.

Tir d6 ta xét hai truong hop:

< x+y=>55.
(x+y—1)9 (x+y—1) € {36;45;54;63;72;81,90}

Ta 6 552 = 3025, thda man vi 3025 = (30 + 25)2.
{(x+y) 19 {(x+y) € {36;45;54;63;72;81;90}
° &

(x+y—1):11 (x+y—1) € {33;44;55;66;77;88}
Ta c6 45% = 2025, théa man vi 2025 = (20 + 25)2.

{(x—l—y) 111 {(x+y) € {33;44;55;66;77; 88}
o ~

& x+y =45

Vay cac s phai tim 1a 9801; 3025 va 2025.

Bd&i 1.8: Tim céc sd tu nhién c6 bon chit s6, hai chit sé6 dau nhu nhau, hai chit s6 cudi nhu nhau

sao cho s6 d6 thda man moi diéu kién sau:

a) Bang tong cac binh phuong ctia s6 tao bdi hai chir s6 dau va s6 tao bdi hai chit s cudi

ctia s6 do (viét theo thu tu ci).
b) Bang tich ctia hai s6, méi s6 gom hai chit s6 nhu nhau.

a) Goi s6 can tim la xxyy (v6i x, y thudc N va x # 0).

Ta c6

XYY = X% + yy° < 1100x + 11y = (11x)* + (11y)?
& 100x +y = 11(x2 + 1?)
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& 99x 4+ x +y = 11(x* + 7). *)

Suyra (x +y):11,chicé théla x +y = 11.
Thay vao (x) ta dugc

Ix+11 =11(x* + %) & 9x +1 = x> + 1
& 9x+2xy +1 = (x+y)?
& x(9+2y) +1=121
< x(9+2y) = 120.

Ta thidy 9 + 2y lasd1é nén x:8,do d6 x = 8.Suyray = 3.
Thtt lai ta thay 8833 = 882 + 332,
Vay s6 phai tim la 8833.

b) Goi s6 can tim la xxyy (véi x, y thude N va x # 0).

Ta co

XxXyy = aa - bb < 1100x + 11y = 11a - 11b (v6i a, b thude IN¥)
< 100x +y = 11ab
& 99x + x +y = 11ab.

Suyra (x +y):11, chico thélax +y = 11.
Xét cac s6 x0y c6 x +y = 11, ta thay

@ 209 | 308 | 407 | 506 | 605 | 704 | 803 | 902
0y
11

ab = 19 | 28 | 37 | 46 | 55 | 64 | 73 | 82

Ta c6 hai truong hgp viét duge thanh tich cta hai s6 c6 mot chit sé:
28=4-7, 64=8-8.
Vay cac s phai tim 1a 3388 = 44 - 77; 7744 = 88 - 88.

Bdi 1.9: Tim cac s6 nguyén duong n sao cho trong mdi trudng hgp sau téng cac chi s cta n

bang:
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a) 94 —n. b) n — 36. c) n® —71n +8.
Ki hiéu S(n) la téng céc chit s6 caa n.

a) Tac6S(n) =94 —n.
Do S(n) > 0nénn < 94
Tun <94suyraS(n) <9+3hoacS(n) <8+9,dodé S(n) <17.Suy ra

n=94—S(n)>94—17 =77
Cho nén n = 7a hodc n = 8b hodc n = 9c.

* V6in = 7atadugc? +a =94 — 7a hay 2a = 17 (loai).
e V6in = 8b ta dugc 8 + b = 94 — 8b hay b = 3 (nhan).
* V6in = 9c ta dugc 9 + ¢ = 94 — 9c hay 2¢ = —5 (loai).

Vay s6 phai tim la 83.

b) Tac6 S(n) =n—36nénn — S(n) =36 *)
o Xét 1 c6 mot chir s6. Khi d6 S(n) = n trai véi (*).
e Xét n 6 hai chit s6. Dat n = ab, thay vao (*) dugc ab — (a + b) = 36. Ta dugc a = 4 va
be{0;1;2,3,4,5,6;7;8;9}.
e Xétn cokchirsb (k >3,k € Z). Tacé S(n) <9k van > 9...9 ,dods

k—1 chi s6

n—Smn)> 9...9 -9% =9 1...1 —k

—— ——
k—1 chir s6 k—1 chit sb
VGik =3thin—S(n) >9(11 — 3) = 72, trai vdi (*).
Trong biéu thitc 1...1 —k, khi s6 trir k ting thém 1 don vi thisébitrir 1...1 tang
—— ——
. k—1 chir sb k—1 chir sb
thém nhieu hon 1 don vi, nén v4i moi k > 4 thin — S(n) > 72, trai véi (*).

Vay céc s6 phai tim 1a 40; 41; 42; 43; 44; 45; 46; 47; 48; 49.

c) Do n1a s6 nguyén duong nén 0 < S(n) < n.

S(n)gn:>n2—71n+8§n:>n2+8n§72n:>n+%§72:>n<72 (1)
S(n)>0:>n2—71n+8>02>n2+8n>71n:>n+§>71:>n271 (2)
Tix (1) va (2) suy ra n = 71 théa man S(n) = n®> — 71n + 8.

Bai 1.10: Co ton tai hay khong mot s6 tir nhién nao ma khi x6a mot chit sb dau thi s6 dé giam

di mot s6 1an trong méi truong hop sau:
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a) 146 1an? b) 145 1an?

a) Giai st c6 sb A = ayap...a,, x06a chit s6 a; dugc sb B = a3 ...a, va A = 146B thi
a;-10""1 + B = 146B. Suy ra a; - 10"~! = 145B = 5-29B. Do d6 a:29. Diéu nay khong
xay ra. Vay khong ton tai s6 A.

b) Gidistt c6sé6 A =a1a,...4a,, x6a chir sb a; dugc sb B = apa3...4, va A = 145B.
Lap luan nhu trén di dén a; - 107! = 144B = 9 - 16B.

| 10n—1 1011—1
Vi 9 va 10" ! nguyén t6 cing nhaunéna; =9 va B = 6 —
1 4
Tachonn =5thi B = 2—(1 = 5% = 625.

Nhu thé ton tai sO A = 90625 = 145 - 625.

Bai 1.11: Dau nadm mdi, thay gido day Toan ctia 16p 9C chtic ca 16p bang mot bai toan dién chit

s6 nhu sau:
9C + CO + HOC = GIOL
Ban hay giai bai toan trén, biét rang:
- Céc chit O, O, O biéu thi cting mot chit sb.

- Céc chit khac nhau biéu thi cac chi s6 khac nhau, ching cting c6 thé bang 9.

Ta ki hiéu céc chit O, O va O déu 1a O (dé khéi 14n véi sb 0). 9C
Xét ba truong hop: +cO
Truong hop 1: H = 9 va ¢4t hang tram dugc nhd 1 & chuc sang. HOC
Nhuvay G=1,1=0.Taco GIOT

9C

+CO

90C

1000

Suy ra 90 + C + 10C + O + 900 + 100 + C = 1000 + 100

Hay 12C + O = 10 (loai).

Truong hop 2: H = 9 va c¢6t hang tram dugc nhd 2 & chuc sang.
Nhu vay Gval déu bf“ang 1 (loai).

Truong hop 3: H = 8 va c¢6t hang tram dugc nhd 2 & chuc sang.
Nhuvay G =1,1=0.Taco
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9C
+ CO
80C
1000
Suy ra 90 + C + 10C + O + 800 + 100 + C = 1000 + 100
Hay 12C + O = 110. Do C > 7 vakhac 8 nén C = 9; O = 2.
Vay bai toan cta thay gido 1a 99 + 92 + 829 = 1020.

Bdi 1.12: Tim s6 A = @pay ... ag biét rang:
ao bang s6 chir s6 0 ctia s6 A,

a1 bang so chirso 1 cia sO A,

a9 bang s6 chit s6 9 ctia s6 A.

A= apa1a2as3a4a050e0d70809.
S6 A ¢6 10 chit s6 nén

ap+ay+ay+---+ag =10 (3.5)

Patag =k (k > 1).S6 A c6 k chix s6 0.

Chia 10 chit s6 ctia A thanh hai nhém:

- Nhém I gom chi s6 dau (1a k) va k chit s6 0. Nhém nay chiém k + 1 vi tri va c6 tong cac chit
s6 bang k.

- Nhém IT gdm céc chit s6 con lai. Nhém nay chiém 10 — (k+ 1) = 9 — k vi tri va c6 téng cac
chit s6 bang 10 — k.

O nhém 11, tdng céc chit s6 16n hon s chit s6 ctia né 1a 10 — k — (9 — k) = 1. Diéu nay chi xay
ra khi trong 9 — k chit s6 § nhém II, c6 mot chit 56 2, con lai 1a 8 — k chir s6 déu 1a 1.

Ta sé chitng minh cac chir s6 2 va 1 chi thudc nhom 11 tic 1a ching minh ag khéac 2 va ag khac 1.

That vay:

e Néu ap = 2 (titc k = 2) thi s6 chit s6 1 (ctia nhém 11 cling la cta A) la 8 — 2 = 6. Suy ra
a; = 6. Chi riéng a; va sdu chir s6 1 da c6 tong 6 + 6 = 12 > 10 (loai).

e Néuag =1 (tick = 1) thisd chitrsé6 1 ctanhém 1148 —1 = 7.S6 chit s6 1 ctia A la

a1 = 8. Chi riéng a7 va tam chix s61daco tong 8 + 8 = 16 > 10 (loai).

* Vay A co motchirs62va8 —kchirsd 1, tiuclaa, = 1vaa; =8 —k.
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Tacéag+a;+ar=k+ (8—k)+1=9nén

a3 +ag+as+ag+ay+ag+ag =1 (3.6)
Chi xay ra (3.6) khi vé trai ctia (3.6) c6 mot s6 bang 1 va sau s6 0. *)

Ta théy a1 #0viAcochirsd1laa, = 1. Do ag, aj, ar khac 0 nén tir (*) suy ra A c6 sau chir )
0, taclaay = 6.
Suyrag =8—-k=8—-6=2.

Do A ¢6 mdt chit s6 6 nén ag = 1, tir (3.6) suy ra
az =a4 =as =ay =ag = ag = 0.

Vay sb phai tim la 6 210 001 000.

Bai 1.13: Tim s6 A = apaa,a3a4a5a, biét rang:
ao bang s6 chir s6 0 ctia s6 A,

a1 bang so chirso 1 ctia sO A,

s bang so chir sO 6 ctia sO A.

A= apa1d2as3a4a50e.
S6 A ¢6 7 chit s6 nén

ag+a+ar+---+ag=7 (3.7)

Patag =k (k > 1).S6 A c6 k chix s6 0.

Chia 7 chtt s6 ctia A thanh hai nhom:

- Nhém I gom chir s6 dau (1a k) va k chit s6 0. Nhém nay chiém k + 1 vi tri va c6 tong cac chit
s6 bang k.

- Nhom IT gom cac chit s6 con lai. Nhém nay chiém 7 — (k+ 1) = 6 — k vi tri va c6 t6ng cac chit
s6 bang 7 — k.

O nhém 11, téng cac chit s6 16n hon s6 chit s6 ciané 1a 7 — k — (6 — k) = 1. Diéu nay chi xay ra
khi trong 6 — k chit s6 & nhém 11, c6 mét chix s6 2, con laila 5 — k chit s6 déu la 1.

Ta sé chitng minh cac chir s6 2 va 1 chi thudc nhom 11 tic 1a ching minh ag khéac 2 va ag khac 1.

That vay:

* Néu ap = 2 (titc k = 2) thi s6 chit s6 1 (ctia nhém 11 cling la cta A)la 5 —2 = 3. Suy ra
a1 = 3.Ta théy ag, a1 va ba chir s6 1 da c6 tong 2 + 3 + 3 = 8 > 7 (loai).
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e Néuag =1 (tick = 1) thisé chits6 1 ctanhém II1a5—1 = 4. S6 chir s6 1 ctia A la

a; = 5. Chi riéng a1 va ndm chir s6 1 da c6 tong 5 + 5 = 10 > 7 (loai).
* Vay A co motchitsd2va5—kchirsd 1, ticlaa, =1vaa; =5—k.
Tacéap+a;+a,=k+ (5—k)+1=6nén
a3z +ag +as +ag =1 (3.8)

Chi xay ra (3.8) khi vé trai ctia (3.8) c6 mot sb bang 1 va ba s6 0. *)
Ta théy a1 #0viAcochitsd1laa, =1.Do ag, ay, ap khac 0 nén tir (*) suy ra A c¢6 ba chir s6 0,
tuclaag = 3.

Suyraa; =5—-k=5-3=2.

Do A c6 mot chit s6 3 nén az = 1, tir (3.8) suy ra
ag = as = ag = 0.

Vay s6 phai tim 1a 3 211 000.
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Bir 2. BAI TOAN VE TINH CHIA HET VA SO NGUYEN TO

Vidu 1: Tim cac s6 nguyén duong x va y sao cho x> — 2 chia hét cho xy + 2.
Cach 1:

Co (x> —2): (xy +2) (1)
= y(x?=2) i (xy+2) = x(xy+2) —2(x+y) i (xy+2) = 2(x +y) i (xy +2) (2)
Vi x + y va xy + 2 déu la s6 nguyén duong nén (2) = xy + 2 < 2x + 2y

=yx—2)<2x-2 3)

Xét cac gid tri cia x nhu sau:
* V6ix =1, thay vao (1) ta dugc —1: (y +2), khong xay raviy +2 > 3.

® V6ix =2, thay vao (1) tadugc2: 2y +2)nénl: (y+1), khongxdyraviy +1 > 2.

2x —2
1 x > U < =2
e V6ix >3,tu (3)suyray < o +x—2

< 4,suyrax € {3;4}.

- V6i x = 3, thay vao (1), taduoc7: 3y +2) = 3y +2 =7 = 3y = 5 (loai).

- V6ix =4, thayvao (1), tadugc14: (4y +2) = 7: 2y+1) =2y+1=7=y =3,

thit lai thay dung.
+ s x=3
Vay cdp soO can tim la .
y=4
Cach 2:
Tacé (x> —2): (xy +2) (1)
Bién dbi tuong tu cach 1ta duge 2(x +y) i (xy +2) ()
bt 2(x +vy) = k(xy +2) véi k € N* 3)

e Néuk=1thitr (3)céxy+2—-2x—2y=0< (x —2)(y—2) =2
x—2=1 x—2=2 x=4 x=23
= V & V .
y—2=2 y—2=1 y=3 y=4

Tht lai ta nhan cap s6

e Néuk >2thitlr (3)c62(x+y) >2(xy+2) & (x—1)(y—1)+1<0(voly)

x =4

Vay cdp s6 can tim la .
y=3
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2 2

- , .z . 2 o R 7 X + < A v N z A A S
Vidu 2: Tinh gid tri cta biéu thuc , biét rdng x, y 1a cac s6 nguyén duong va x? + y?

chia hét cho xy.

Cach 1: ,

Datm = * ;;l/ v6i m 1a sb nguyén duong.

Ta c6: x2 + y? = mxy & x> —mxy +y> =0 (1)

A = m?y? — 4y? = y*(m?> — 4)

Dé phuong trinh (1) c6 nghiém nguyén thi A phai la s6 chinh phuong.

Do y > 0 nén phai c6 m? — 4 1a s6 chinh phuong.

Datm? —4 =Kk, véik e N, tacom? —k* =4 < (m—k)(m+k) = 4.

Do m + k, m — k cing tinh chan 1é va ciing 1a udc ctia 4 nén chiing cting chan.

m+k=2 m=2
Ta lai c6 m + k nguyén duong nén & :
m—k=2 k=0

2 412

Xy
Cach 2:
Goid = UCLN(x,y). Dat x = da, y = db, v6i a, b nguyén t6 cing nhau. Theo dé bai x? + y? | xy
nén d?(a® + b?) i d?ab = a®> + b? : ab.

Vay =2,khidox =y.

2'
ac:b )
Suy ra .Doa, b nguyén t0 cung nhaunéna:bvab:a.
b’ a
22 942
\ﬁa,bnguyénduongnéna:b.Khidc’)x:y:>x;;y :x—XZ:Z.

Vidu 3: Tim cac s6 nguyén duong x va y sao cho x + 1 chia hét cho y va y + 1 chia hét cho x.
Khong mat tinh téng quat, gid st 1 < x < v.

bat x + 1 = ky, v6i k 1a s6 nguyén duong (1)
Tacoky=x+1<y+1<2ysuyrak <2.

e Xétk=1,thayvao (1) tadugcx+1=y
Tu(y+1):xtacd (x+2):x=2:x=x€ {1;2}.

— Véi x = 1 thiy = 2. Thi lai thay dung.

— V6i x = 2 thi y = 3. Thit lai thay duing.

e Xétk = 2, thay vao (1) ta dugc x +1 =2y
Tu (y+1)ixtacd 2y+2):x= (x+3):x=3:x=x€ {1,3}.

— V6i x = 1 thiy = 1. Thit lai thdy dung.

- V6ix =3 thiy = 2,loai vi trdi véi giad st x < y.
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Do gia thiét c6 tinh ddi xtiing ctia x va y nén cac cip s6 thda man bai toan 1a (1;1), (1;2), (2;1),
(2;3), (3;2).

1. Khi c¢6 quan hé chia hét (x + 1) } y, ta nén viét thanh dang thic x + 1 = ky.

! 2. Trong céach gidi trén, viéc sap thit tu cac an x < y gép phan quan trong dé di dén
k < 2.Sau d6 ta da bién dbi khong tuong duong nén sau khi tim dugc cac gia tri

clia x va y, ta can phai thit lai.

xy + 1 chia hét cho z
Vi du 4: Tim ba s nguyén duong x, y, z 16n hon 1 sao cho { xz + 1 chia hét cho y.

yz + 1 chia hét cho x
Cach 1:

Tir gia thiétsuy ra (xy + 1) (yz + 1) (zx + 1) i xyz = xy +yz +zx + 1 i xyz (1)
Vi vai tro binh dang ctia x, y, z, gid st x >y >z > 2. Taco

xyz < xy+yz+zx+1<3xy+1<3xy+xy =4xy =z <4
Vay z € {2;3}. Xét hai truong hgp sau

a) V6iz = 2, thay vao (1) ta dugc xy + 2x + 2y + 1 : 2xy ()
=2xy <xy+2x+2y+1=xy <2x+2y+1<4x+1<4x+x=5x=y <5>5.
Doy >z=2nény € {2;3;4}.

e Thayy =2vao (2) tadugc (2x +2x+4+1):4x = 5:4x, loaivix >y =2.

® Thay y = 3vao (2) tadugc Bx +2x+6+1):6x =5x+7:6x=7:x.
Do x >y = 3nén x = 7. Thit lai, b s6 (7;3;2) thda man bai toan.

e Thay y = 4 vao (2) tadugc (8x +2x+8+1) :8x = 10x +9:8x = 9: 2x, loai.

b) Véiz = 3, thay vao (1) duge xy +3x + 3y + 1: 3xy 3)
= 3xy <xy+3x+3y+1=2xy <3x=3y+1<bx+1<bx+x=7x=2y<7=
y <3.
Kéthop voiy > z=3nény = 3.
Thay y = 3 vao (3) dugc (3x +3x +9+1) : 9x = 6x + 10 : 9x = 10 : 3x, loai.

Vay bo so0 thoéa man la (7;3;2) va cac hoan vi cta né.

Cach 2:
Tir gia thiét suy ra (xy + 1) (yz + 1) (zx + 1) f xyz = (xy +yz +zx + 1) { xyz.
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Giasux >y >z>2 batxy+yz+zx+1=kxyz, voik € N* (1)
Tacod kxyz = xy +yz+zx +1 < xyz + xyz + xyz + xyz = dxyz = k < 4 = k € {1;2;3}.

a) V6ik =1, thay vao (1) ta dugc xyz = xy + yz +zx + 1 (2)
Tacoxyz =xy+yz+zx+1<4xynénz < 4.Dodéz € {2;3}.

e Thay z =2 vao (2) dugc 2xy = xy +2x+2y + 1
sxy—2x—-2y=1<(x—-2)(y—2) =5.
x—2=5 x=7
Tacox—2>y—2>0nén & .
y—2=1 y=3
Vay bo s6 (7;3;2) thoa man bai toan.
e Thay z = 3 vao (2) dugc 3xy = xy +3x+ 3y + 1
S2xy—3x—3y=1<4xy—6x—6y=2< 2x—3)(2y —3) =11
2x -3 =11 x=7
Ta co & ,loai viphaicoy > z.
2y—3=1 y=2
b) Véik = 2, thay vao (1) ta dugc 2xyz = xy + yz +zx + 1 < 4xy
= z < 2,loai vi phaico z > 2.

c) Véik = 3, thay vao (1) ta dugc 3xyz = xy +yz +zx + 1 < 4xy
= 3z < 4, loai viphaicdéz > 2.

Vay cac b so (7;3;2) va cac hoan vi ctia né théa man bai toan.

nn+1)

—1.
2

Vidu 5: Tim cac s6 nguyén duong n va cac s6 nguyén t6 p sao cho p =
Cach 1:

* VGin =1 thi p = 0, khong la s6 nguyén to.
e V6in =2 thip = 21asdnguyén to.
* VGin = 3 thi p = 51a s6 nguyén to.
n+n-2 (nm—-1)(n+2)

e V6in > 4,taviét p dudi dang p = > = >

Xét hai truong hop:

. -1 .
- Néunlé(n>5)thip = nT - (n 4+ 2), la tich cta hai s0 nguyén 1é6n hon 1 nén p 1a
hop sb.

. o 2 .
- Néunchan(n > 4)thip=(n—1)- ! —21- , 1a tich ctia hai s0 nguyén 16n hon 1 nén p

1a hop sb.
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P In=2 _|n=3
Vay cac cap so thoa man la va .
p=2 |\P=5

Cach 2: Dé p 1a mot s6 nguyén t6, ta ¢ hai truong hop:

¢ Trong hai thtra s6n —1van+2,cémot thira sb bf“ang 1 va mot thira s6 chia hét cho 2

Don+2>2=n-1=1&n=2=p=2

* Trong hai thira s6 7 — 1 va n + 2 ¢c6 mot thira s6 bang 2.
Don+2>2=n-1=2&n=3=p=>_.

BAI TAP
Bdi 2.1: Tim cdc s6 nguyén x thoa man mdi diéu kién sau:
a) x + 3 chia hét cho x? + 1;
b) 2x3 — 8x% + 3x chia hét cho x> + 1;
c) (x+2)(x + 3) chia hét cho 3x;

d) 4x — 6 chia hét cho x? + x + 1.

a) (x+3):(x*+1) = (x*—-9) 1 (x*+1)= (x> +1-10): (x> +1) = 10} (x2 + 1).
Dip s0: 0;1; —1;2; —3.

b) 2x3 —8x2 +3x x>+ 1= (2x3 +2x —8x> — 8+ x+8) ix?+1
= (2x (x*4+1) =8 (x> +1) +x+8) ix?+1
=x+8ix2+1
= (x+8)(x—8)ix?+1
= x2+1-651x%+1
= 65:x%+1.
Dip s0: —8;0;2.

o) (x+2)(x+3)i3x=x*+5x+6:3x=x>—x+6:3x
Tux>? —x+6:x=6:x=xc{l1;,-1;2;,-2;3,-3;6;, -6} (1)
Tux>?—x+6:3=x(x—1):3=x¢c {1-2;3,-3;6;,—6} (2)
Ta xét tirng truong hop (1), (2) suy ra két qua.
Dip s6: 1; —2; —3;6.
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d) 4x—6):(x2+x+1)=>2(2x—3): (¥ +x+1). (1)
Dox?+x+1=x(x+1)+1lasd1énén

[2 <x2—|—x—|—1) —(5x+2)] P+ x+1)

(5x+2): (2 4+x+1) (3)

T (2) va (3) suy ra

2(55x+2)—52x—3)] i (2 +x+1) =19 (x> +x+1).

Do x>+ x+1 > 0 nén x? + x + 1 chi ¢6 thé 1a 1 hodc 19. Ta thit tirng trudong hop dugc
x =0hoacx = —1.

Dip s6: 0, —1.

Bdi 2.2: Tim cac s6 nguyén duong x va y thda man méi diéu kién sau:
a) 4x% 4 8x + 3 chia hét cho 4xy — 1;
b) 2xy — 1 chia hét cho (x — 1)(y — 1);
c) x? + 2 chia hét cho xy + 1;

d) x° + x chia hét cho xy — 1.

a) (4x%+8x+3): (4xy —1) (1)
= y(4x*> +8x+3) i (4xy — 1)
= [x(4xy —1)+2(4xy — 1) +x+3y+2] : (4xy — 1)
= (x+3y+2) : (4xy —1). (2)
Do x + 3y + 2 va 4xy — 1 1a cac s6 nguyén duong nén tir (2) suy ra

4xy —1<x+3y+2=x(4y—1) <3y+3.

3y+3  12y+12  3(4y—1)+15
< e —
TS 1 T a4y 1) 4y 1)
Vay x € {1;2}.

e Thay x = 1vao (1) tadugc 15: (4y — 1). Tatim dugcy = 1vay = 4.
e Thay x = 2 vao (1) ta dugc 35: (8y — 1). Ta tim dugc y = 1.
Dip s6: Nghiém (x;y) 1a (1;1), (1;4), (2;1).

3 15
<-4+ —==2
_4+4.3
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b) 2xy—1:(x—1)(y—1) (1)
Pata=x—-1,b=y—1.Tir(1)tacécadavabdéuld, gidsiaa > b.
(1)< 2a+1)(b+1)—1:ab=2(ab+a+b+1)iab< (2a+2b+1) :ab. ()

Do a, b 1a cac sb nguyén duong nén tur (2) suy ra

ab<2a+4+2b+1<ab—2a—-2b<1< (a—2)(b—-2) <5.

Doa—2lénéna—2¢€ {-1;1;3;5} = a € {1,3;5;7}.

e Xéta=1,dogiasta > bnénb = 1, théa man (2).

e Xét a = 3, thay vao (2) dugc (7+2b):3bnén7:b.Dob < a =3nénb = 1, théa man
(2).

e Xéta = 5, thay vao (2) dugc (114 2b) :5bnén11:b.Dob < a = 5nén b = 1, khong
thoa man (2).

e Xéta =7, thay vao (2) dugc (15+2b) :7bnén15:b.Dob < a =7nénb € {1;3;5}. Thu
vao (2) chi c6 b = 3 thoa man.

Dip s0: Nghiém (x;y) 1a (2;2), (4;2), (2;4), (8;4), (4;8).

) bat x? +2 = m(xy + 1) v6i m 1a sb nguyén duong.

Ta ¢6 x?

—mxy =m—2nén x(x —my) =m— 2. (1)
eNéum=1thitr(1)tacéx(x —y)=—1nénx =1,y =2.
e Néu m = 2 thi tir (1) ta ¢6 x(x — 2y) = 0. Do x # 0 nén x = 2y.
eNéum >2,do(1)cé6 (m—2)ixnénm—2>x=m>x=x—my < x—uxy <0,
nhung x —my = mT—Z > 0. Truong hop nay khong xay ra.
Dip s6: Nghiém (x;y) 1a (1;2), (2t;t) véi t 1a s6 nguyén duong.
d) (B+x)i(xy—1)=x(x2+1): (xy—1).
Ta c6 x va xy — 1 nguyén t6 cing nhau nén (x> +1) : (xy — 1)
= (2+1+xy—1)(xy—1) = x(x+y): (xy—1).
Do x va xy — 1 nguyén t6 cing nhau nén (x +vy) : (xy — 1).
bat x +y = z(xy — 1) vdi z 1a s6 nguyén duong, ta cé x +y + z = xyz.
Ba 56 nguyén duong c6 tong bang tich 1a 1;2;3.
Dip s6: Nghiém (x;y) 1a (1;2),(2;1),(1;3), (3;1), (2;3), (3;2) vé6i t 1a s6 nguyén duong.

Bdi 2.3: Tim cac sb ty nhién x,y 16n hon 1 thda man méi diéu kién sau:
a) x + 2 chia hét cho y va y + 2 chia hét cho x;
b) 2x + 1 chia hét cho y va 2y + 1 chia hét cho x.

a) Patx+2 =ky (1) vdisbd k nguyén duong. Gidstr2 < x < y.
Tacoky=x+2<y+2<y+y=2ynénk <2
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e Thay k = 1 vao (1) ta dugc x +2 = v.

Tu(y+2):ixcd(x+4) xsuyrad:xnénx € {2;4}.

Tatimdugcx =2,y =4vax =4,y =6.

e Thay k = 2 vao (1) ta dugc x + 2 = 2y.

Tu (y+2):ixcd(2y+4):xsuyra(x+2+4):x=6:xnénx € {2;3,6}.
Ta tim dugc x =y = 2.

Dip sé6: Nghiém (x;y) 1a (2;4), (4;2), (4;6), (6;4), (2;2).

b) bat2x+1=ky (1) voiklé. Giasa2 < x <.
Tacoky=2x+1<2y+y =3y (2)nénk < 3,doklénénk = 1.
Thay k = 1 vao (1) tadugc 2x +1 = y.

To 2y+1):xco2(2x+1)+1] :x=3:x.
Do x > 2nén x = 3, khi d6 y = 7. Pdp s6: Nghiém (x;y) 1a (3;7), (7;3).

Bdi 2.4: Tim cac soO tu nhién n sao cho méi biéu thic sau 1a s6 nguyén to:

a) n®+n?>—n+2. d) (n*>—8)% —36.

b) n3—4n2+4n—1. e) n4+n2_‘_1.
nn+1)(n+2

c) ( g( )+1- f) n°+n+1.

a) Phan tich thanh nhanta n® + n?> —n+2= (n+2)(n> —n+1).
Cich 1: Phai c6 mot nhan tit bang 1 hodc —1.
Xétbén truong hgpsaw:n+2 =1Ln+2=-L;n*—n+1=1n*—-n+1—1rdisuyra
két qua.
Cich2:n®+n?>—n+2=n+2)[n(n—-1)+1].
Xétn = 0;n = 1;n > 2 dé suy ra két qua.
Ddp so:n = 0;n = 1.

b) Bién déi n® —4n® +4n—1= (n—1) [n(n — 3) + 1]. Giai tuong tu nhu bai trén.
Dip s0: n = 3.

nn+1)(n+2) (n+3)(n*>+2)
+1=
6 6
Do n(n +1)(n +2) } 6 (tich 3 s6 ty nhién lién tiép) nén p 1a s6 ty nhién.
Do dé6 (n+3)(n?+2) 6.
o V6in = 1;2;3 ta dugc p = 2;5;11, thoa man.

n+3 n+2
> 1, c

c) Bién déi p =

o V6in > 4 thi > 1. Do d6 p viét dugc thanh tich ctia hai thira s6 16n
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hon 1 nén p 1a hop sé.
Dipsé:n=1;n=2n = 3.

d) Bién déi (n® — 8)2 +36 = (n*+ 10)2 —36n2 = (n®> + 10+ 6n)(n> + 10 — 6n).
Thira s6 nho phéi bang 1, ticlan? + 10 —6n =1 < (n —3)? = 0.
Dip sb: n = 3.

e) n*+n?+1=m*+n+1)(n®>—n+1).
Thira s6 nhé phéibang 1, ticlan? —n+1 = 1.
Dip s0: n = 1.

fy ”w+n?+1=(n>+n+1)[n?(n—-1)+1].
Dip s0:n = 1.

Bdi 2.5: Tim cac s6 tu nhién 7 sao cho méi biéu thitc sau la s6 nguyén t6:
a) n*+4;
b) n* 4 4",
a) n*+4=m>+2n+2)[(n—1)2+1].
Dip s:n = 1.
b) Hién nhién n 1¢, datn = 2k +1 (k € N). Ta c6
p=n*4+4"=n* 4+ 2n% 2" 44" — 2% . 2"
2 2
_ (nz 4 2n> _ (n , 2k+1>

Véik=0thin=1,p=>5.

V6i k > 0 ta sé chiing minh rang n? + 2" —n - 2541 > 1.

That vay

n2 4 om gy okl = 2 02kl okt l 2 4 92k ok Ly 02k (n_zk)2_|_22k2
2% > 1.

Khi d6 p 1a hgp sb.

Dip sb:n = 1.

Bdi 2.6: Tim cac sO nguyén to p sao cho moi biéu thiic sau la s6 nguyeén to:

a) 8p> +1;
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b) PP+ p2+11p+2;

c) 27 + p?.

a) Xét p dudi cac dang 3k, 3k + 1,3k — 1.
Dip s0: p = 3.

b) Xét p dudi cac dang 3k, 3k + 1,3k — 1.
Dip so: p = 3.

c) A=2F+p2
o VGip =2thi A = 8§, loai.
e VGi p = 3 thi A = 17, nén A 1a s6 nguyén to.
e Vi p > 3, taviét A dudidang A = (2P +1) + (p> —1).
Viplasdlénén (27 +1):(2+1).
Vi p khong chia hét cho 3 nén (p? — 1) : 3.
S p chia hét cho 3 va 16n hon 3 nén A khong 1a s6 nguyén to.

Bd&i 2.7: Tim cac sb tu nhién n biét réng cac diéu kién sau dugc thoa man:
a) n chita diing 3 thira s6 nguyén t6 2,5, 7;
b) 51 c6 nhiéu hon 7 1a 8 udc so;
¢) 8n c6 nhiéu hon 1 1a 18 udc sb.

Datn = 2¥-5Y - 7% (x,y,z € N*) thi 5n = 2% . 5¥+1 . 72 8y = 2¥+3 . 5¥ . 72 Khi d6:

z+1laudcchungcta8vabmaz+1>2nénz+1=2,suyraz=1
Tacox =3,y =2,z=1van = 1400.

Bdi 2.8: Tim cac s6 nguyén t6 p dé 4p + 1 1a s6 chinh phuong.

Patdp+1=(2k+1)* (ke N) & p=k(k+1).

Do k(k + 1) 1a s6 chén nén p 1a s6 chdn. Mat khac do p 1a sb nguyén t6 nén p = 2. Khi dé
dp+1=9=3%

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



7= PHUONG TRINH NGHIEM NGUYEN CHON LOC

® Trang 148/215

Bdi 2.9: Tim cac s6 chinh phuong sao cho chia né cho 39 ta dugc thuong la mét s6 nguyén to

va s6 du bang 1.

Goi s6 chinh phuong phai tim 1a x? (x € IN).

Ta c6 x? = 39p + 1 (p 1a s6 nguyén t6).

Bién ddi ta dugc (x +1)(x —1) =3-13-p. Tacd x + 1 > x — 1 nén xdy ra cac trudng hgp:

x—1 |x+1 | Tinhp

1 39p 39p = 3, loai

3 13p 13p = 5, loai

13 3p 3p=15=p=>5

p 39 p+2=39=p=37
39 p p =41

3p 13 3p +2 =13, loai

e VGi p = 5 thi x = 14; x* = 196.
e VGi p = 37 thi x = 38; x> = 1444.
e VGi p = 41 thi x = 40; x> = 1600.

Bai 2.10: Tim ba s6 nguyén t6 lién tiép a, b, c biét rang a? + b2 + c? 1a s nguyén to.

Ton tai mot trong ba s 4, b, ¢ chia hét cho 3 vi néu ca ba s6 khong chia hét cho 3 thi mdi s6

a?,b%,c? chia cho 3 du 1 nén (a% + b? + ¢?) : 3 va vi téng d6 16n hon 3 nén khong 1a s6 nguyén

to.

Xét hai truong hop:

22 + 32 + 52 = 38, 1a hgp s9, loai.
32 +5% 4+ 72 = 83, 1a s6 nguyén tb.
Dip s0: 3;5;7.

Bdi 2.11: Tim cac nghiém nguyén t6 ctia phuong trinh:

a) x>+ y? +z% = xyz;
b) x2 4+ y? + 2% + 12 = xyzt;

¢) 5(x+vy+z)=xyz

a) Ton tai mot trong ba s0 x, y,z chia hét cho 3. That vay néu ca ba sb khong chia hét cho 3
thi vé trai chia hét cho 3, vé phai khong chia hét cho 3.
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b)

Giasuz:3thiz =3

Ta 6 x% +y? +9 = 3xy = (x% +y?) ! 3. Khi d6 ta chiing minh dugc x = y = 3.
Thir lai tac6 32 +32+32=3-3-3.

Vay (x;1;2) = (3;3;3).

Ton tai mot trong bon sb x, v, z, t chia hét cho 2.

Gid sttt : 2 thit = 2, khi d6 ta c6 22 + y? + 22 + 4 = 2xyz.

Suy ra (x? +y? +z2) : 2. Ton tai mot trong ba s6 x, vy, z chia hét cho 2, gid stz : 2 thiz = 2.
Ta c6 x* + y> + 8 = 4uxy.

Do d6 x? + y? chia hét cho 4. Khi d6 chitng minh dugc x =y = 2.
Thirlaitaco2? +22 +22+22=2.2.2-2.

xyz : 5, tdn tai mot trong ba s6 x, v, z chia hét cho 5, chang han z : 5 khi d6 z = 5.
Tacox+y+5=xy<=(x—1)(y—1) =6.

o x =4 (loai) x=7
Giasu x > y thi hoac
y=3 y=2.
Dip s6: Nghiém (x;;z) 1a (7;2;5) va cac hoan vi ctia no.

Bdi 2.12: Chiing minh rang khong c6 cac s6 nguyén t6 a, b, m, n, p théa man moi phuong trinh:

a)

b)

a)

b)

a> = m? + n?;

a? +b? = m? + n? + p?.

Gia st ton tai cdc s6 nguyén tb a, m, n sao cho a? = m? + n?.
Hién nhién a phai la s6 1é. Khi d6 trong hai s6 m va 1, c6 mot sb chan va mot s6 16, chang
han m chan (do dé m = 2), n 18.
at+n=4 5
Tacé (a+n)(a—n)=4< N Suyraa = Evél}’f.

Vay khong c6 cac s6 nguyén t6 a, m, n théa man dang thic trén.

Gia st ton tai cac s6 nguyeén tb a,b, m, n, p sao cho a? + b* = m? + n? + p? (1)
Ta c6 nhan xét: Méi s6 & vé trai khac cac s6 & vé phai. That vay, gid st b = p thi a> =
m? 4+ n?, khong c6 nghiém nguyén t6 (theo cau a).

Xét hai s6 a va b & vé trai:

e Néu c6 mot sb chan, chéng han 1a a thi a = 2. Theo nhdn xét trén thi m, n, p phai khac
2 nén déu 1é, do d6 b 1é. Khi d6 vé trai chia cho 4 du 1, vé phai chia cho 4 du 3, diéu nay
khong xay ra.

e Néu a va b déu 1é thi a® + b? chia cho 8 du 2, nén s6 m? + n? + p* chan. Trong ba s6
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m,n, p hodc mot s6 bang 2, hodc ca ba s6 bang 2. Trong trudng hop thit nhét, vé phai cda
(1) chia cho 8 du 6, khong xdy ra. Trong trudng hop thi hai, vé phai caa (1) 1a 12, chia cho
8 du 4, ciing khong xay ra.

Vay phuong trinh (1) khong c6 nghiém nguyén to.

Bdi 2.13: Chiing minh rang khong ton tai cac s6 nguyén duong 4,b sao cho a > b va a® + b?
chia hét cho a? — b2,
Dat a? + b? = m(a® — b?) v6i m nguyén duong. Ta c6
mb? + b? = ma® — a* & (m+1)b?> = (m — 1)a? (1)
Goi d 1a UCLN ctia a va b thia = dx, b = dy v6i x va y nguyén t6 cing nhau.
Tir (1) suy ra (m + 1)d?y? = (m — 1)d?x*> & (m +1)y? = (m — 1)x2.
Do x va y nguyén t6 cing nhau nén (m + 1) i x2.
Dat m + 1 = kx? (k 1a s nguyén duong) thi
(m+1)y? _ key? _

— 2
m—1= 2 " = ky

nén (m+1)(m—1) = kK*x*y> = m?> —1 = n? (véin = kxy)suyra (m+n)(m—n) =1 = m+n
la wéc cua 1, khong xay ra.

Vay khong ton tai cac s6 nguyén duong a, b nhu trén.

Bdi 2.14: Tim cac s6 tu nhién 7 16n hon 1 sao cho (1 — 1)! chia hét cho n

Néu 1 1a s6 nguyeén t6 thi khong xay ra (n — 1)! i n. Vay n 1a hgp s6, do d6 n > 4, va viét dugc
n=a-bvéia,blacicsdnguyén duong vaa < a < b.

Xét hai truong hop sau:

a) truong ho a < b thia va b phanbiét. Tathdyn —1 > b(vin—1>b s ab—-1>b &
ab—b>1<9a—1)b > 1,diéunay ding do 2 < a < b).

(n — 1)! chita cac thita s6 a va b phan biétnén (n — 1)!iab = (n —1)! i n.

b) Truong hgp a = b thi n = a°. Lai xét hai truong hop:

e Néu a = 2 thi n = 4, khong xay ra 3! : 4, loai.
eNéua>3thi(a—12>4=4a>-2a>3=>0a>-1>2a=n—-1>2a.Dodé(n—1)!a-
2a= (n—1)a’>= (n—-1)'n

Tir hai truong hop trén, ta két luan: S6 1 phai tim 1a moi hgp s6 khac 4.

Bai 2.15: Ky hiéu [x] 1a s6 nguyén 16n nhat khong vugt qua x. Tim cac s6 ty nhién n thda man

moéi diéu kién sau:
a) n chia hét cho [/n];

b) n chia hét cho [¥/n].
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a)

b)

Taphdicon # 0. Dat [\/n] =athiae N*vaa < /n<a-+1.
Suyraa2 <n<a’+2a+1.
Do 7 chia hét cho [/n] = anénn = ka (k € N*), ta c6

P <ka<a*+u+ledt<ki<a*+2asa<k<a+2

Dovay k € {a;a+1;a +2}.
Tuong ing tacoén € {a%a(a+1);a(a+2)} voiala sé nguyén duong.

Taphdicon # 0. Dat [¢/n] =athia e N*vaa < ¢/n <a+1.
Suyraa3§n§a3—|—3a2—|—3a—|—l.
béatn = ka (k € N*), ta ¢

B <ka<ad+3*+3+1ea®<ka<a®P+3a*°+3a<a®><k<a*>+3a+3.
Do vay k € {a%;a® +1;a%> +2;...;a> + 3a + 3}.

Tuong ung ta c6 n € {a%a(a® +1);a(a® +2);...;a(a® + 3a + 3)} véi a 1a sb nguyén
duong.
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Bar 3. BAI TOAN THU'C TE

Vidu 1: Mot trim con triu, Ba con trau gia
M0t tram bo co. Chi an mot bo.
Trau dung dn nam, Tinh xem trong do
Tréu nam dn ba, Moi logi may triu?

Goi s6 trau dung 1a x, sb trau nam 1a y, s trau gia 1a z. Ta c6 hé hai phuong trinh ba 4n véi

nghiém nguyén duong
x+y+z=100 x+y+z =100
z =
5x+3y+§:100 15x + 9y + z = 300.

Suy ra 14x + 8y = 200 < 7x + 4y = 100.
Ta thdy 7x i 4 nén x : 4. Dat x = 4k (k 1a s6 nguyén duong), ta c6
7Tk+y=25&y=25-"7k
z =100 — 4k — (25 — 7k) = 75 + 3k.
x =4k >0
Taphdico: {y=25—-7k>0 =0 <k<3i;.
z="75+3k
C6 ba dap s6: 4 trau ding, 18 trau nam, 78 trau gia;
8 trau dung, 11 trau nam, 81 trau gia;
12 trau dung, 4 trau nam, 84 trau gia;
Luu 4. Sach Dai thanh toan phap ctia Luong Thé Vinh tir thé ki XV da c6 bai toan Trim triu
trim cé noi trén.
Vidu 2: Anh Tam va bac Duc 1a hai cong nhan ctia mét xi nghiép. Mot ngay dau nam 1999,
bac Puc héi anh Tam:
- Ndm nay chau bao nhiéu tudi r6i?
Anh Tam hém hinh tra 1oi:
- Tudi chau nam nay ding bang téng cac chit s6 ctia ndm sinh. Bac Puc tinh ra ngay tudi cta
anh Tam. Bac gat gu noi:
- Lic tudi bac bang tudi chau hién nay, bac dang la chién si quan giai phong mién Nam va ciing
c6 tudi bang téng cac chu s6 ciia ndm sinh.
Anh Tam ciing tinh ding tudi ctia bac Duc.
Hay tinh xem anh Tam va bac Dic sinh nam nao?

Goi ndm sinh ctia anh Tam la 19xy, ta c6

1999 — 19y =1+9+x+y < 99— (10x+y) =10+ x+y
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&89 = 11x 42y

TathéyO <2y <18nén71 <11x <89,dodo7 <x < 8.

ex=7thiy=6.

e x = 8 thi2y =1, loai.

Anh Tam sinh ndm 1976, dén nam 1999 thi 23 tudi.

Béc Pic 23 tudi ndm 19abva 1+ 9+ a+ b = 23.

Do déa+ b =13.Vi1960 < 19ab < 1975 nén ab = 67.

Béac Duc sinh ndam 1967 — 23 = 1944.

Kinh nghiém giai todn

C6 thé giai phuong trinh 11x + 2y = 89 theo cach giai phuong trinh nghiém nguyén duge (x; )
la (2t 41,39 — 11¢) vdi t nguyén, két hop v6i 2t +1 > 0 va 39 — 22t > 0 dugce (x;y) la (1;39),
(3;28), (5;17), (7;6). Do d6 x va y la cdc chtsdnén x = 7 vay = 6.

Céach giai nay dai do khong tan dung dugc x va y 1a cac s6 tu nhién nho hon 10 ngay tir ban

dau.
BAI TAP

Bdi 3.1: Pau ndm m&i 1997, Thanh vui vé néi véi cac ban:

Nam nay la ndm may man véi minh: Tudi ctia minh diing bang téng cac chit sd ctia ndm sinh.
Ban tinh xem Thanh sinh nam nao?

Thanh sinh ndm 1995, dén ndm 1997 thi tron 22 tudi (149 +7 + 5 = 22).

Bai 3.2: Mot ngay dau nam 2010, bé Hai Chi (chua dén 10 tudi) néi voi ban rang ndm nay minh

c6 tudi bang téng céc chit s6 ciia ndm sinh.
a) Hai Chi sinh nam nao?
b) Nhitng ngudi sinh ndm nao & thé ki XX dén nam 2010 cling c6 tudi bang tng cac chir s6
ctla nam sinh?
a) Hai Chi sinh ndm 2004, dén nam 2010 tron 6 tudi (2 +0+ 0+ 4 = 6).
b) Nhitng ngudi sinh ndm 1986 dén nam 2010 tron 24 tudi (1 +9 + 8 + 6 = 24).

Bai 3.3: Ngay dau ndm mdi, Thiy tinh tudi ciia me va ctia minh, chgt phat hién ra:
- Me 0i, tong cac chit s6 ctia tudi me ding bang tudi con.
Me Thuy hdi lai:

- Thé téng cac chit s6 ctia tudi con bang tudi ai?
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- A, ding bang tudi ctia em Tuln!

Tubi ciia mdi nguoi 1a bao nhiéu, néu tudi ctia ba me con cong lai 1a 54.

Goi tudi ctia me Thuy la ab thi tudi ctia Thiy 1a a + b. Tudi ctia Thity 1a mot s6 c6 hai chi s6, vi
néu 1a mot s6 c6 mot chix s6 thi tudi cia Thuy bang tudi cia bé Tuan.

Talai cé a + b < 18 nén Thiiy 1m tudi, bé Tuan 1 + m tudi, it hon Thiy 9 tudi. Tudi ctia bé Tuan
laa+b—9.Tacéab+ (a+b)+ (a+b—9) = 54 Rit gon dugc 4a + b = 21. Xét cac truong
hop:

a=3vab=9 thoamana+b > 10.

a=4vab=>5,loaivia—+b < 10.

a=5vab=1,loaivia—+b < 10.

Dap s6: Me ctia Thiy 39 tudi, Thiy 12 tudi, bé Tuin 3 tudi.

Bdi 3.4: Nhan dip Tét, cic cu phu lao, cac anh chi thanh nién va cac em thiéu nhi tat ca gom 15
nguoi, mang 50 chiéc banh chung dén tang don vi bo ddi. Mdi cu phu lao mang 4 chiéc banh,
mdi anh chi thanh nién mang 6 chiéc banh, méi em thiéu nhi mang 1 chiéc banh. C6 bao nhiéu
phu lao, thanh nién, thiéu nhi?
Goi sb phu lao, s6 thanh nién, sb thiéu nhi theo thu tu 1a x, Y, z. Theo dé bai thi x, y, zla cac sO

. . xtytz=1 ]
nguyén l6n hon 1. Giai hé phuong trinh voi nghiém nguyeén 16n hon 1.

4x + 6y +z =50

Dap s6: C6 5 phu lao, 4 thanh nién, 6 thiéu nhi.

Bdi 3.5: Cac ban Tuan, Hung, Cudng ctiing véi cac anh chi cia minh 1a Mai, Van, Nga (khong

nhét thiét viét ding thi tu) dao choi hoi hoa xuan. C6 ban hang néi véi ho rang ai mua bong

hoa nao gia bao nhiéu nghin (gia moi bong hoa 1a mot s6 nguyén nghin) thi phai mua ting ay

bong hoa d6. Tinh ra médi ban déu mua it hon chi ctia minh la 48 nghin dong. Ngoai ra Tuan

mua it hon chi Van 9 bong, Hung mua it hon chi Mai 7 bong.

Hay xac dinh cac cdp chi em va tinh xem mdi ngudi mua bao nhiéu bong hoa, biét rang méi

ngudi chi mua mét loai hoa?

Néu mot ban nao d6 mua x bong hoa thi phai trad x> (nghin déng). Chi ctia ban d6 my béng

hoa thi phai trd y? (nghin dong). Ta c6 y?> — x> = 48. Gidi phuong trinh trén véi nghiém nguyén
x1=11 |xo =4 |x3=1

duong ta duoc .

y1 =13 (y2=8 |y3=7

Tuan mua it hon chi Van 9 bong nén Tudn mua 4 bong, chi Van mua 1 bong, Hung mua it hon

chi Mai 7 bong nén Hung mua 1 bong, chi Mai mua 8 bong. Con lai Cuong mua 11 bong, chi

Nga mua 7 bong.

Céc cap chi em la: Van - Cuong, Mai - Tuan, Nga - Hung.

Bdi 3.6: Tan va Hung gdp nhau trong hoi nghi hoc sinh gidi Toan. Tan héi s6 nha cia Hung.
Hung tra loi:
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- Nha minh & chinh gitta doan phd, doan phé 4y c6 tdng cac s6 nha bang 161, va khong c6 sd
nha nao danh g, b, ...

Nghi moét chut, Tan noi:

- Ban & s6 nha 23 chu gi!

Héi Tan da tim ra nhu thé nao?

Cach 1: Goi n 1a s6 nha cta day x +2,x +4,x +6,...,x + 2n.

(x+24+x+2n)-n _ 161

Taco (x+2)+ (x+4)+ ...+ (x+2n) =161 &
& (x+n+1)-n=16L
x+n+1=23 x =15

Tacox+n+1>n>1nén = .
Céc s6 nha cta doan phé 1a 17,19, 21,23, 25,27, 29.
S6 nha & chinh gitra 1a 23.

Cach 2: Goi s6 nha ctia Hung (& chinh gitta doan phd) 1a x. Trung binh cdng ctia hai s6 nha
cach déu nha Hung ciing bang x. Goi s cac s nha la n thi x - n = 161.

161 c6 bén ude tu nhién 1a 1,7, 23, 161.

Loai cac truong hop:

C6 1 nha, s6 nha la 161;

C6 23 nha, s6 nha & chinh gitala7;

C6 161 nha, s6 nha & chinh gitala 1;

Con mot truong hop: C6 7 s6 nha, s6 nha § chinh gita la 23.

Bdi 3.7: Mot hinh chit nhat c¢6 chiéu dai va chiéu rong la cac s6 nguyén duong khac nhau va sd
do chu vi (tinh bang mét) bang s6 do dién tich (tinh bang mét vuong). Tim chiéu dai va chiéu
rong cta hinh chr nhat.

Goi chiéu dai va chiéu rong cta hinh chit nhat theo thi tu 1a x va y (mét).
Taco2(x+y)=xy<xy—2x—2y=0< (x—2)(y—2) =4.

Ta tim dugc x =6,y = 3.

Chiéu dai 1a 6m, chiéu rong 1a 3m.

Bai 3.8: Tim hai s6 nguyén duong, biét rang tong ctia ching, hiéu ctia ching (s6 16n trir s6
nhd), tich ctia chiing, thuong ctia ching ( s6 16n chia s6 nhd) cong lai bang 50.

Goi 0 16n va s6 nho theo thu tur 1a x va y. Ta ¢6

(x+y)+(X—y)+xy+§:50(:>x(y—|—1)2:50y,

Ta ¢6 50:(y + 1)%, ma y va y + 1 nguyén t6 cing nhau nén 50:(y + 1)2. Ta c6 bang gia tri sau
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(y+1)2| 1 |25

y+1 1 5

y 0,loai | 4

Voiy =4thix =8.

Bdi 3.9: Ba nguoi ban di cau dugc mot s6 ca. Budi toi ho ngti lai bén bo song. Niva dém, nguoi
thit nhat thitc day, mudn veé trudc, thay s ca chia cho 3 du 1 nén quang mot con xubéng nudc,
lay mot phan ba mang vé. Nguoi thit hai thirc day tudng hai nguoi ban con ngt, dém thay sb
ca chia 3 du 1 nén ciing viit mot con xudng nudc, lay mot phan ba mang vé. Nguoi thit ba thirc
day, cling virt mot con ca xuéng nudc, lay mot phan ba mang vé.

Hoi cd ba ngudi cdu dugc bao nhiéu con ca, biét rang ho 1a nhitng ngudi cau ca tdi?

Cach 1: Goi x 1a s6 ca ca ba ngudi cau dugc.

. f s 2 2 2
SO ca con lai sau khi nguoi I lay la g(x —1) tucla 3¢ 3

s ) 2 2 4 10

0 ca con lai khi oilllayla - |z — 5 —1) tacla —x — —.
S0 ca con lai sau khi nguoi II lay 1a 3l3 73 tcla gx —

A oo . s s 2 (410 L 8 38
S0 ca con lai sau khi nguoi IIT lay la 3 (gx . 1) tac la X " o

Goi 86 cé con lai sau khi nguoi 111 1y 1a y.

8 38
Ta phai giai phuong trinh sau vdi nghiém nguyén duong 57X "5 =Y tac la 8x — 27y = 38

27
- 27k + 19
Do y:2, dat y = 2k (k € IN*). Thay vao (1) dugc 4x — 27k = 19 & x = T+ =7k +5—
k+1
R
k+1

DétT =t(teN*)thik=4—-1=>x=74t—-1)+5—t=27t—-2.

Vi ba chang cau c4 t6i, chon t = 1 dé x nhan gia tri nguyén duong va nho nhét, ta c6 x = 25.
Ba chang cau duogc 25 con ca.

S6 ca ho mang ve theo thu tu 1a 8 con, 5 con, 3 con.

Cach 2: Goi x 1a s6 ca cau dugce. Goi a, b, ¢ theo thit tu 1a s6 ca ngudi [, ngudi I, ngudi Il mang

vé. Ta c6 hé phuong trinh

x—1=3a (1)
20—-1=23b (2)
2b—1=23c (3)
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Tir (3) suy ra c 1é. Bat c = 2k + 1(k € N).

Thay vao (3) dugc b = 3k + 2.

Thay vao (2) dugc 2a = 9k + 7.

Datk = 2t + 1(t € IN) thi 2a ~ 18¢ + 16 nén a = 9¢ + 8.
Thay vao (1) dugc x = 27t + 25.

Vi ba chang cau cé toi, chon t = 0, so cd ho cau la 25 con.

Bai 3.10: Trong mot dot thi dua, An lam vuot muc 10 san phdm, Bach vugt mic 13 san pham,
Diing vugt mic 26 san pham. S6 sdn phdm vugt mic ciia mdi ngudi gdom loai I va loai II. SO
san phdm vuot muc cla ba ngudi khac nhau nhung do san phdm loai I dugc thudng it tién
hon loai I nén ai ciing dugc thudng 140 nghin dong. Tinh xem moi ngudi lam vugt mic bao
nhiéu san phdm tirng loai va tién thudng cho mot san pham méi loai bao nhiéu?

Goi 56 san pham lam vugt muc loai I cia An, Bach, Diing theo thit tu 1a x, y, z chiée (1 < x <
10;1 <y < 16;1 < z < 26) va x,y,z € IN*, tién thudng cho mot sdn pham loai I 1a t nghin
déng, loai II 1a u nghin déng.

Ta c6 hé phuong trinh
tx +u(10 — x) = 140 (1) (t —u)x+10u = 140
ty +u(l6 —y) =140 (2) < § (F—u)y + 16u = 140
tz+u(26 —z) =140 (3) (t —u)z +26u = 140

Lay hai phuong trinh trén lan luot trir di phuong trinh cudi duge

(t—u)(x—2z)=16u (4)
(t—u)(y—2z)=10u (5)

,x—z 8
DOdOy_z_§(6)

Suy ra (x — z):8. Theo dé bai, t > u nén tur (4) suy ra x > z.
Talaico1 <x<9nénl1 < x—z<8 Dodéox—z=28.
Vay x = 9; z = 1. Thay vao (6) dugc y = 6.

9t +u = 140

Thay céc gid tri ctia x va z vao (1) va (3) dugc :
t +25u = 140

Hé phuong trinh nay cho t = 15; u = 5.

Bai 3.11: Hién tai la 0 gio, cac kim gio, kim phut, kim gidy déu chap nhau. Ngoai thoi diém

trén, trong khoang tir 0 gioy dén 12 gid, con cac thoi diém nao dé:
a) Kim gio va kim phut chdp nhau?

b) Ca ba kim déu chap nhau?
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1
a) Trong mot gig, kim phut quay dugc 1 vong, kim gio quay duoc o vong.

: s 1 12
Khoang thoi gian dé kim phut gdp lai kim gio lan tiep theola 1 : (1 - E) I (gi0).

o ax 12
Cac thoi diém dé kim gio va kim phut chap nhau la " (gio) vaim € IN. Do 0 < 7™ <
12nén 0 < m < 11. Ngoai thoi diém 0 gid, con 11 thoi diém khac nhau ma kim gio va
1 2 3 10 .\ .
kim phut chap nhaula 1— 11 gio, 2— 1 gio, 3 gld, A ﬁ gio, 12 gio.

1
b) Trong moét gio, kim gidy quay duoc 60 vong, kim gio quay duoc E vong. Khoang thoi

. N 2 1
gian dé kim giay gap lai kim gio lan tiep theola 1 : (60 — E) =19 (g i0).

2
719n (gio) voin € IN.

Dé tim thdi diém ca ba kim dong ho chap nhau, ta phai giai phuong trinh sau véi nghiém
tu nhien 27 = 222 o, 7195 — 110,

PN T 719 -
Ta ¢6 719m:11, ma (719,11) = 1 nén m:11.
Nhu vay, ngoai thoi diém 0 gid, chi c6 thoi diém 12 gid 1a ca ba kim dong ho déu chap
nhau.

Céc thoi diém dé kim gid va kim gidy chap nhau la

Luu y. C6 cac thoi diém ma kim gio va kim phut chap nhau, con kim gid léch di moét chut. Ta
xét tat ca cac thdi diém ma kim gio va kim phut chap nhau, trir ltic 0 gio va luc 12 gio, d6 la:
1 gld =1 gio 5 phut 27 5 glay, 2 gld = 2 gio 10 phut 54 6 glay 3 5 gld = 3 gio 16 p hut
4
212 giay; 4 4 g10 =4 gld 21 phut 49 1 glay 5 > gld =5 g10 27 phut 16 glay, 6 gld =6
7 1
g1d 32 phut 43 glay, gld =7 gio 38 phut 10— 11 giay; 8 1 1 gio = 8 gio 43 phut 38 g1ay,
10
gld 9 gio 49 phut 5 g1ay,10 gld = 10 gio 54 phut 32— giay.

Xét cac thoi diém trén, ta thay vao luc 3 gio 16 phut 2119—1 giay va 8 gio 43 phut 3812—1 giay thi
kim gio va kim phut chap nhau, con kim gidy léch di mét chut.

Tai céc thdi diém 3 gio 16 phut 16 gidy va 8 gio 43 phut 43 giay, trong ba kim dong ho khong ¢6
hai kim nao hoan toan chap nhau, nhung ca ba kim rét sat nhau.

Ban doc tir tim cac thoi diém kim gio va kim giay chap nhau, con kim phut léch di mot chut;

kim phut va kim giay chap nhau, con kim gio 1éch di moét chut.
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PHUONG TRINH NGHIEM NGUYEN
MANG TEN CAC NHA TOAN HOC

oD,
20D
22k

Bar 1. THUAT TOAN EUCLIDE VA PHUONG PHAP TIM
NGHIEM RIENG DE GIAI PHUONG TRINH BAC NHAT
HAI AN
M3 DAU

Gia st phuong trinh bac nhat hai &n ax + by = ¢ (a,b,c € Z) c6 nghiém nguyén. Trong nhiéu
truong hop, ta c6 thé tim dugc ngay mot nghiém ctia phuong trinh, ta goi dé 1a mot nghi¢m
riéng. C6 cong thitc biéu thi tat ca cdc nghiém ctia phuong trinh theo nghiém riéng néi trén.

L4y lai vi du 23: Tim nghiém nguyén ctia phuong trinh
11x 4 18y = 120. (1)
Bang céac thir chon, ta tim dugc x = 6; y = 3 1a mot nghiém riéng cta (1). Ta c6
11x + 18y = 120
11-6+18-3 =120
Trit theo titng vé ctia hai dang thuc trén dugc
11(x—6) +18(y —3) =0
& 11(x —6) =18(3 —y)

Vi (11;18) = 1nén (x — 6) : 18. Bat x — 6 = 18¢ (t nguyén) ta dugc x = 6 + 18t. Thay vao (2) ta
duoc
11t =3~y

Suyray =3 —11t.
C6 thé chitng minh dugc rang cong thitc cho moi nghiém nguyén ctia phuong trinh (1) (cac hé
s0 clia x, y nguyén to cting nhau) la:

x =6+ 18t .
(t1a sO nguyén tuy y).
y=3-—11t
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CACH GIAI TONG QUAT

Xét phuong trinh ax + by = ¢

trong d6a,b,c € Z,a # 0,b # 0va UCLN(a,b,c) = 1.

Ta ludn gia thiét dugc UCLN(a,b,c) = 1, vi néu UCLN(a,b,c) = d # 1 thi chia hai vé cta
phuong trinh cho 4.

Ta c6 hai dinh ly sau:

Dinh Ii 1: Néu phuong trinh (1) c6 nghiém nguyén thi (a,b) = 1. ()
Chitng minh

Gia st (xo; yo) la nghiém nguyén ctia phuong trinh (1) thi axo + by = c.

Néu a va b c6 udc chung la d # 1 thi ¢ i d, trai v6i gia thiét UCLN(a, b, c) = 1.

Vay (a,b) = 1.

Dinh Ii 2: Néu (xg; yo) 1a mdt nghiém nguyén ctia phuong trinh (1) thi phuong trinh (1) c6 vo

s6 nghiém nguyén va moi nghiém nguyén ctia phuong trinh déu c6 thé biéu dién dudi dang

X = xo + bt
y=yo—at
trong d6 t 1a mot sd nguyuén tuy y (+ =0, +1,42,---).

Chitng minh

a) Budc 1: Mbi cap s6 (x;y) dang (xo + bt;yo — at) voi t € Z déu la nghiém ctia phuong
trinh (1).
That vay, do (x¢; yo) 1a nghiém ctia phuong trinh (1) nén (axg + byy = ¢) .
Ta c6 ax + by = a(xp + bt) + b(yo — at) = axg+ byo = c.

b) Budc 2: Mdi nghiém (x;y) cia phuong trinh (1) déu c¢6 dang
(xo + bt;yo — at), t € Z.
That vay, do (xo; yo) va (x;y) déu la nghiém ctia phuong trinh (1) nén
ax+by =c

axop + byy = c (2)

Tacéa(x —xp):bmaa # 0va (a,b) =1 (theo dinh 1y 1) nén (x — xp) : b.
Vay ton tai sd nguyén t sao cho x — xop = bt, ticla x = xo + bt.

Thay vao (2) dugc abt = b(yo —y)
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Vib#0nénat =yg—y =y = yo — at.
X = xg + bt
y=Yyo—at
@ viou

Vidu 1: Biang phuong phap tim mot nghiém riéng, hay tim mot nghiém nguyén cta phuong
trinh

Vay ton tai s6 nguuyén t sao cho

3x —2y = 5.

Cach 1: Ta théy xo = 3; Yo = 2 1a mot nghiém riéng.
Theo dinh ly 2, moi nghiém nguyén cta phuong trinh la

x=3—-2t i

(t1a so nguyén tuy y)
y=2-3t

Céch 2: Ta thay xg = 1;y9 = —1 (ing v6i t = 1 § cach 1). Moi nghiém nguyén ctia phuong trinh

la

x=1-—-2¢ .
(t la sO nguyén tuy y)
y=-1-3t

Céch 2: Ta thay xo = 5; 9 = 5 (tng v6i t = —1 § cach 1). Moi nghiém nguyén ctia phuong trinh

la

x=5-—-2t B}

(t la sO nguyén tuy y)
y=>5-—3t

Luu y: Qua ba cach gidi trén, ta thly cong thitc biéu thi tap hgp cac nghiém cta cing mot

phuong trinh c6 thé ¢ cac dang khac nhau tuy theo cach chon nghiém riéng.

CACH TiM MOT NGHIEM RIENG CUA PHUONG TRINH AX + BY = C

Dé tim mot nghiém riéng ctia phuong trinh ax + by = ¢, ta ¢6 thé dung phuong phap thit chon:
Lan lugt cho x bang cac s6 ¢6 gia tri tuyét déi nho (0, +1,+2, - - - ) roi tim gid tri twong ing cta
y. Cach nay don gian ddi v6i phuong trinh 3x — 2y = 5 & vi dun 7 nhung khong thich hop véi
nhitng phuong trinh ma phép thtr chon phai tién hanh qua nhiéu lan.

C6 mét thuat toan cho phép ching ta tim dugc ngay mot nghiém riéng ctia phuong trinh
ax + by = c. D6 1a thuat toan tim UCLN ctia hai sb, mang tén nha toan hoc Hy Lap Euclide.
Xét phuong trinh 40x — 31y = 1 (cht y vé phai cia phuong trinh bang 1).

Dung thuat toan Euclid tim UCLN(40, 31) nhu sau
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40 | 31
319T
9143
41112
01| 4

Ta viét thuong ctia cac phép chia trén theo thit tu cac phép chia, khong ké thuong cudi ciing la
4,duoc1,3,2.

Goi cac thuong trén la ay,ay, - - -, a; (thuong cubi cung la ay 1), ta tinh gia tri lién phan s
1
a + 1
ar +
Bt
=
Ak
e TSV , ol =m
Nguoai ta chiing minh dugc rang ton tai mot nghiém riéng (xo; yo) ctia phuong trinh ma
yo| =n
. ) lxol=mn e 1 9
hoac Trong vidu trén, 1 4 — 1=
yo| =m 3+ 5
2
x| =7

Ton tai mot nghiém riéng (xg; o) ma
[yol = 9.
(Do [|40]| > || — 31| nén ta chon [|xo|| < [[vol})-

O phuong trinh 40x — 31y = 1, khong thé c6 x va y trai dau. Ta chi cAn thir véi nhiéu nhét 1a
hai cap s6 (7;9) va (—7; —9) thi chon dugc nghiém riéng, dé 1a (7;9).
Cac nghiém nguyén cta phuong trinh 40x — 31y = 1 ¢6 dang

x =7 — 31t
y =9 —40t

(t 1a s6 nguyen tuy y).

Luu y: Bfmg cach dung thuéat toan Euclid, ta lan luot c6 cac thuong 1,3, 2, 4. ta cing c6 thé ¢6

. . ., 40 )
cacso 1,3,2,4 bang cach viet 31 dudi dang lién phan so

40 9 1 1

el =14 =14
1 1

2 _

'
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Vidu 2: Biang phuong phap tim mot nghiém riéng, hay tim moi nghiém nguyén ctia phuong
trinh
47x + 162y = 2. 1)

Trudc hét ta tim mot nghiém riéng ctia phuong trinh
47x + 162y = 1. (2)

Dung thuat toan Euclid tim UCLN(162,47) nhu sau

162| 47
47 217
21| 5| 2
5111 4
0|5
Tac()3+%:%1.
2+Z

Ton tai mot nghiém riéng ctia phuong trinh (2) 1a (xg; yo) ma |xo| = 31, |yo| = 9 (do |47] < |162]
nén ta chon |xg| > |yol)-
O phuong trinh (2), khong thé ¢6 xg, yo ciing ddu. Bang thix chon, ta dugc (xg; o) = (—62;18)

la mét nghiém riéng ctia phuong trinh
47x + 162y = 2.
Cac nghiém nguyén cua phuong trinh (1) c6 dang

x = —62+ 162t .
(t1a so nguyén tuy y).
y =18 — 47t

BAI TAP
Bai 1.1: Tim nghiém nguyén ctia phuong trinh 17x — 39y = 4 bang hai cach

a) Cach 1. Dung phuong phéap tim moét nghiém riéng.

b) Céch 2. Dung phuong phép biéu thi mot 4n theo &n kia.
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a)

b)

Céch 1. Dung phuong phép tim mot nghiém riéng.

Trudc hét ta tim mot nghiém riéng ctia phuong trinh
17x — 39y = 1. D)

Dung thuat toan Euclid tim UCLN(39,17) nhu sau

39 |17
17 57
51213
21112
012
Khid62+%:2+§:176.

3+ 5
Ton tai mot ngh?ém riéng (xo;yo) cta (1) ma |xg| = 16, |yo| = 7 (do |17]| < | — 39| nén ta
chon [xo| > [yol)-
Chu y rang & (1), xo va yo khong thé trai dau.
Bang cach thir chon ta tim dugc xg = —16; yg = —7. Do d6 (—64; —28) 1a mot nghiém
riéng ctia phuong trinh 17x — 39y = 4. (2)
Moi nghiém nguyén ctia phuong trinh (2) ¢6 dang

x = —64 — 39t
(teZ). @
y = —28— 17t

Céch 2. Dung phuong phéap biéu thi mot 4n theo an kia. Tir (2), ta c6

39y +4 Sy +4
X = W —2y+—17.
Pat Y% _ k¢ Zthisy = 17k — 4nén
17k — 4 2(k —2)
_ _ 3k .
Y 5 Tt
k-2 \ .
Dat =t teZthik=5t+2Taco

y=3(5t+2) +2t =17t + 6
x =2(17t +6) + (5t +2) = 39t + 14.
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Moi nghiém nguyén ctia phuong trinh (2) ¢6 dang

x =14 4 39¢
{ (tezZ). (D)

y=6+17t
Bdi 1.2: Ciing cau hdi trén déi vdi phuong trinh 2x — 7y = 3

a) Cach 1:
Ton tai mot nghiém riéng ctia phuong trinh 2x — 7y = 31a (x;y) = (5;1).
Moi nghiém nguyén ctia phuong trinh c6 dang (5 —7t;1 —2t),t € Z

b) Céch 2:

2x—7y:3:>x:7—:3y+1+—.

Déty%l —kkeZthiy=2k—1.
Khidéx =3(2k—-1)+1+k=7k—-2,kc Z.
Khi d6 moi nghiém ctia phuong trinh da cho c6 dang

x="7k—-2
ke ”Z.
y=2k—-1
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Bar2. PHUONG TRINH PELL
@ M pAU
Vidu 1: Cho phuong trinh x? — 2y? = 1 (1)
a) Hay tim nghiém nguyén duong (x1;y1) ciia phuong trinh (1) v6i gia tri y; nho nhét.
b) Tinh (3 n zﬁ)k (3 - 2\/§>k voik =1,2,3.

Tir d6 hay tim ba nghiém nguyén duong ctia phuong trinh (1).

a) Xét y = 1, thay vao (1) dugc x> = 3, khong tim dugc x nguyén.

Xéty = 2, thay vao (1) dugc x? = 9, tim duge x = 3,nghiala 3% —2-22 = 1. Vay (x;y1) = (3;2)
1a nghiém nguyén duong ctia phuong trinh (1) véi gid tri nguyén duong y = 2 nhé nhat.

b) e Véik = 1 ¢6 (3+2ﬁ) (3—2\/§> —1.

¢ Vik=2c6 <3+2\/§>2 (3—2\/§>2 = ((3+2v2) (3 —2\6))2 —12-1.

2 2
Matkhic (3+2v2) (3-2v2) = (17+12v2) (17 -12v2) =172~ 2122 do 46 17% - 2.
122 = 1, nghia 1a (xp;2) = (17;12) cung la moét nghlem nguyén duong cua phu’dng trinh (1).

e Tuong tu nhu trén ta c6 (3+2f) (3-2v2) = ((3+2v2) (3~ 2[)) —13=1.

Mt khac (3 + zﬁ) (3 - 2\@) — (99 n 70\6) (99 - 70\@) — 992 _2.702do d6 902 —2.-

70? = 1, nghia la (x3;y3) = (99;70) cling la mdt nghiém nguyén duong ctia phuong trinh (1).

Ta da chi ra ba nghiém nguyén duong (x;y) ctia phuong trinh (1) 1a (3;2), (17;12), (99;70).

% Kinh nghiém giai todn

O vi du 1, dé tim mot s6 nghiém nguyén duong ctia phuong trinh ¥ — 2y? = 1, ta da st dung
k ks s

mot biéu thic chita cin béc hai 1a (3 n 2\@) (3 - 2\@) rdi 14n lugt cho k = 1,2, 3.

Nét doc déo ctia cach lam trén la d€ tim nghiém nguyén duong ctiia mot phuong trinh véi cac

hé s6 nguyén, ta lai stt dung mot biéu thirc vo .

PHUONG TRINH PELL

Phuong trinh x? — Py2 = 1, v6i P 1a s6 nguyén duong khong chinh phuong, goi la phuong
trinh Pell, mang tén nha toan hoc Anh la John Pell (1610 — 1685).

Nha toan hoc Phap Lagrange 1a ngudi dau tién cong bd 16i giai day du ctia phuong trinh trén
nam 1766.

Phuong trinh Pell ¢6 v6 s6 nghiém nguyén. Ngoai nghiém tam thuong (x;y) 1a (1;0), (—1;0),
dé tim cac nghiém nguyén c6 gia tri khac 0 cia phuong trinh, ta chi can tim nghiém nguyén
duong ctia no.

Ta goi (x1;y1) 1a nghiém nguyén duong nhod nhat cia phuong trinh Pell néu né 1a nghiém
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khong tdm thuong va x; + y1v/P la s6 nhé nhét trong tap hop
{x +yVPlx,y € N*,x% — Py? = 1} :

Béang sau cho ta cidc nghiém nguyén duong nhoé nhat (x1;y;) cia mot s6 phuong trinh Pell.

P| x>~Py>=1| x | 1
2 | ¥2-2y2=11{ 3 | 2
3| x2=3y2=11| 2 | 1
5| x2-52=1| 9 | 4
6 | ¥2—6y>=11| 5 | 2
7| x*-7y>=1| 8 | 3
8 | x¥»-82=1| 3 | 1
10| x>—10y>=1| 19 | 6
11| x>—11y*>=1| 10 | 3
2 x2—-1202=1| 7 | 2
13 | x2—13y?> =1 | 649 | 180

Nguoi ta da chung minh dugc réng: Néu (x; ;v1) 1a nghiém nguyén duong nhd nhat cta
phuong trinh Pell thi moi nghiém nguyén duong (xi;yx) cua phuong trinh dugc xac dinh
bdi cong thic

X+ ypVP = <x1 +y1\/ﬁ>k voik=1,2,3,...

BAI TAP
Bai 2.1:

a) Tim nghiém nguyén duong nhé nhét rdi tim thém hai nghiém nguyén duong khac cta

phuong trinh x? — 15y% = 1.

b) Mot ddi quan dugc chia déu thanh 15 nhém, méi nhém déu c6 thé xép thanh mot khéi
vuong c6 sb ngudi & hang ngang bang s6 ngudi & hang doc va khong ai 1é hang. C6 thém
mot chién binh tham gia d6i quan nay. Khi d6 toan bo déi quan lic sau (ké ca ngudi méi
vao) van xép dugc thanh mot khdi vudng 6 s6 ngudi & hang ngang bang sd ngudi & hang

doc (s6 hang nay nho6 hon 200) va khong ai 1é hang. Tinh s6 ngudi ctia doi quan lic dau.

a) Kiém tra ta dugc (x;y) = (4;1) 1a nghiém nguyén duong nhé nhat cia phuong trinh x? —
2 3

15y = 1. Tir d6 c6 (4 n \/15) — 31+ 815 va <4 + \/15> — 244 + 631/15. Hai nghiém

nguyén duong (x;y) khac cua phuong trinh trén la (31;8) va (244;63).

b) Gia str ddi quan ltic sau xép thanh x hang (doc hodc ngang), mbi nhém ctia doi quan lic dau
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xép thanh y hang (x < 200,y > 1).

Ta c6 x? — 15> = 1.

Theo cau a), ba nghiém (x;y) nhé nhat ctia phuong trinh 1a (4;1), (31;8), (244;63). Do x < 200
vay >1nénx =31,y = 8.

S6 ngudi ctia doi quan lic dau 1a 312 — 1 = 960 ngudi.

Bdi 2.2: Tim ba s0 nguyén duong x sao cho 2x — 1, 2x, 2x + 11a s6 do (cting don vi do) do dai
ba canh ctia mot tam giac c¢6 s6 do dién tich 1a mot s6 nguyén duong.

Theo cong thitc Héron S? = p(p —a)(p — b)(p — ¢) v6i S la dién tich, p 1a ntra chu vi cia tam
gidccocanhlaa,b,c.

Thay a =2x —1,b = 2x, c = 2x + 1, ta dugc p = 3x va rut gon dugc
§? =3x%(x* — 1).

Suy ra 3(x% — 1) phai la s6 chinh phuong, do d6 x?> — 1 = 3y? véi s6 y nguyén duong.
Ta c6 phuong trinh Pell x2 — 3y? = 1. (1)
) 2
Nghiém nguyén duong (x;y) nho nhat cua phuong trinh (1) la (2;1). T d6 ((2 + \/§> =
3
7 +4v/3 cho nghiém (x;1) 1a (7;4), ( (2 + ﬁ) = 26 + 15v/3 cho nghiém (x; 1) 1a (26;15).
Ta chi ra ba gia tri cta x la 2;7;26. Tuong ung véi cac gia tri do ta duoc cac tam giac ¢6 do dai

ba canh la (3;4;5), (13;14;15), (51;52;53).

Bai 2.3: Chitng minh rang phuong trinh sau c6 v6 s6 nghiém nguyén

x2—8y2 =1.

Xét phuong trinh x? — 8y? = 1. (1)
Goi (a;b) 1a nghiém nguyén ctia phuong trinh (1) thi

282 =1= (a+b\/§> (a—b\/§> — 1o <a+b\/§)2 (a—b\/§>2 —1
(aZ 1 812 +2ab\/§) (uz 1 8p? — 2ab\/§) —1

<a2 + 8b2>2 —8(2ab)® = 1.

Nhu vay, néu cdp s6 (x;y) bang (4;b) la nghiém cta (1) thi cdp sb6 (a* + 8b%2ab) clng la
nghiém cua (1).

Ta thy (x;y) bang (3;1) la mot nghiém duong ctia (1), do d6 (x;y) bang (324 8;2-3) = (17;6)
cting la nghiém duong cta (1) va 16n hon nghiém cii. Ct tiép tuc nhu vay, phuong trinh (1) ¢6

vO sO nghiém.
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Bai 2.4: Chiing minh c6 vo han s6 nguyén y dé 2y + 1 1a s6 chinh phuong.
Dat 2y? +1 = «2. (1)
Goi (a;b) 1a nghiém nguyén ctia phuong trinh (1) thi a> — 2b? = 1. Giai tuong tu bai 2.3, hay

chiing minh rang (4 + 2% 2ab) cting 1a nghiém cta (1) va 16n hon nghiém ct.
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Bir3. PHUONG TRINH PYTHAGORE
M3 BAU
Vidu 1: Cho phuong trinh
X2 y? =22 (4.1)
v6i nghiém x, y, z nguyén t6 cing nhau.

a) Chuing minh rang hai trong s6 x va y phai c6 mot s6 chdn, mot s6 1é.

b) Tim nghiém nguyén duong cua phuong trinh (4.1).

a) Vdi x, y, z nguyén t6 cting nhau thi chiing d6i mot nguyén t6 ciing nhau vi hai trong ba s6

ay c6 ude chung 1a d thi sd con lai cting chia hét cho d.

Ta thay x va y khong thé cting chan (vi chiing nguyén t6 ciing nhau), khong thé cuing 1é (vi
néu x va y cung 1é thi z chén, khi d6 x? + y? chia 4 du 2, con z2 | 4). Nhu vay trong hai s x

va y ¢6 mét so chan mot so 1é.

b) Gia st x 18, y chan thi z 1&. Ta viét (4.1) dudi dang

¥ = (z+y)(z-y)
Ta c6 z +y, z — y 1a cac sb 1é, ching nguyén t6 cing nhau. That vay, gid st (z +y) ' d,
(z—y):id@dlé)thi(z+y)+ (z—y)=2z:dva(z+y)—(z—y) =2y :d.
Do (2,d) =1nénz:dvay:d.
Do (y,z) =1nénd =1.Vay (z+y,z—y) = 1.

Hai s6 nguyén duong (z + y), (z — y) nguyén t6 ciing nhau, c6 tich s6 1a s6 chinh phuong

2

x?> nén mdi s6 (z +v), (z — y) ciing la s6 chinh phuong.

Diatz +y = m?,z — y = n?, v6i m, n 1a cac s6 nguyén 1é, nguyén t6 cing nhau, m > n > 0.

;

X = mn
2 — n2
Ta duoc:  y = (cOng thuc I)
L m? + n?
)

vdi m, n 1a cac sb nguyén 1é, nguyén t6 cing nhau, m > n > 0.

Ddo lai, dé thiy bo ba (x;y;z) néi trén théa man phuong trinh (4.1).
Luuy:
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 Trong dé bai, ta da gia thiét x, y, z nguyén t6 cing nhau. Diéu nay khong lam méat tinh
tong quét cta viéc gidi phuong trinh x? + y? = z2.
That vay, néu bo ba sb xo, vo, zo théa man phuong trinh va c6 UCLN 1a d, gia st xop =

dx1, yo = dy1, zo = dz; thi x? + y? = 22 trong d6 UCLN (x1,y1,21) = 1.
Y y 179 1 & y

X = 2mn
* Ta con c6 thé viét cong thirc (I) dudi dang y = (m?> —n?) (cong thuc II)
z = (m? +n?)
vGi m va n 1a cac s6 nguyén to cing nhau, c6 tinh chan 1é khac nhau, m > n > 0.
* Ta goibo ba sb (x,y,z) trong cong thirc I va cong thirc IT 1a bg ba sé Pythagore goc. Nhan
b6 ba nay véi moi s6 nguyén duong, ta dugc tat ca cac bo ba s6 Pythagore, do6 la tat ca

cac nghiém nguyén duong ctia phuong trinh x2 + 32 = z2.

1. Phuong trinh Pythagore
Ta goi phuong trinh x? + y? = z2 véi nghiém nguyén duong x, y, z 1a phuong trinh Pythagore.
Nghiém tong quat ctia phuong trinh Pythagore la:

a) Tinh theo cong thuc I:

(

X = tmn
gt
g MmN
N 2

vdi t, m, n 1a cac s nguyén duong bat ki; m va n 1a cac s6 1&, nguyén t6 cing nhau, m > n.

b) Tinh theo cong thurc II:

X = 2mn
y = t(m® —n?)
z = t(m? + n?)

véi t, m, n la cac s6 nguyén duong bat ki; m va n 1a cac s6 nguyén t6 cing nhau va chén 1é

khac nhau, m > m.
Dudi day la mot s6 bo ba Pythagore gbc:

a) Tinh theo cong thuc I:
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m|n|x=mn y:mz_nz Z:m2+n2
2 2
311 3 4 5
511 5 12 13
513 15 18 17
711 7 24 25
713 21 20 29
715 35 12 37
911 9 40 41
915 45 28 53
917 63 16 65
b) Tinh theo cong thuc II:
m|n|x=2mn|y*=m>—m?| 2> =m?+n?
2|1 4 3 5
312 12 5 13
411 8 15 17
4|3 24 7 25
512 20 21 29
5|4 40 9 41
6|1 12 35 37
6|5 60 11 61
BAI TAP

Bdi 3.1:

a) Hay ching minh cach chi ra b ba s6 Pythagore gbc do Pythagore dua ra: Chon s6 nhd nhét

1a 56 1é k (k > 3) thi hai s6 kia la hai s ty nhién lién tiép c6 tong bang k2.

k> —1 k2 +1
_ 2 | 4 — _
x=k| k" |y= 5 z=—
3 9 4 5
5 25 12 13
7 149 24 25

b) Ti banghiém ctia phuong trinh Pythagore, hay chi ra ba nghiém nguyén duong cia phuong

trinh x? 4+ y? = 222 véi x # v.
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2_1\2 2 2
a) Dé dang ching minh duge k2 + (k 5 1) = (k ;1>

b) Gia st x > y (khong xay ra x = y).
24,2 _ 02 2
Tacé: x2+12 =222 (I)nénz? = > ty :<x y) +<M) .

2 2 2
Détx;y:avéx;y:bthiaerbz:zz.

Do x? + y? 1a 56 chdn nén x va y cting chén hodc cting 1¢, do d6 4 va b 1a cac s6 nguyén.

Tox—-y=2avax+y=2bsuyrax=>b+avay=>b—a.

Nhu vay, néu (a;b;z) 1a bo ba s6 Pythagore (a? + b*> = z2, trong d6 a < b) thi bo ba s6
(b+a;b —a;z) langhiém cta (1).

Tir bd ba s6 Pythagore (3;4;5) ta c6 (7;1;5) 1a mot nghiém cua (1).

Tix bd ba s6 Pythagore (5;12;13) ta c6 (17;7;13) la mot nghiém ctia (1).

Tix bd ba s6 Pythagore (7;24;25) ta c6 (31;17;25) 1a mot nghiém cda (1).

Bai 3.2: Hay ching minh cach chi ra bd ba s6 Pythagore gbc do Platon (nha Toan hoc Hy Lap
thé ky IV trudc cong nguyén) dua ra: Chon x = 4k (k > 1) thiy = 4k* — 1,z = 4k* + 1.

k| x=4k | 4K> |y=4k>—1|z=4K>+1
1| 4 4 3 5
2| 8 16 15 27
3| 12 | 36 35 37

Chting minh hang dang thic (4k)2 + (4k* — 1)2 = (4k*> 4+ 1)2.

Bai 3.3: Khong dung cong thitc nghiém ctia phuong trinh Pythagore, hay chiing minh rang
trong ba s0 ctia bo ba Pythagore thi:

a) Ton tai mot s6 1a boi cua 3;

b) Ton tai mot s6 1a boi ctia 4;

¢) Ton tai moét so la bdi cua 5.

a) Mot s6 chinh phuong chia cho 3 thi du 0 hodc 1.
Néu ca ba sb x2, yz, 72 déu khong chia hét cho 3 thi ching chia cho 3 du 1. Khi d6 X2 + yz
chia cho 3 du 2, loai.

Vay ton tai mot trong ba s x2, yz, z? chia hét cho 3, tirc 1a mot trong ba sO x, y,z1abdi cua 3.

b) Mot sb chinh phuong chia cho 4 thi du 0 hoac 1 nén chia cho 8 thidu 0, 1, 4.
Néu ca ba s6 x2, yz, z2 déu khong chia hét cho 8 thi chung chia cho 8 du 1 hoac 4. Xét ba
truong hop:
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e Néu x? va y? déu chia cho 8 du 1 thi z? chia cho 8 du 2, loai.
e Néu x? va y? déu chia cho 8 du 4 thi z? : 8, loai.

e Néu trong x% va y? c6 mot sb chia cho 8 du 1, mot s6 chia cho 8 du 4 thi z% chia cho 8
du 5, loai.
Vay ton tai mot trong ba s6 x2, y?, z% chia hét cho 8, tirc 1a mot trong ba sb x, v, z 1a boi

cua 4.

c) Mot sb chinh phuong chia cho 5 thi du 1a 0 hodc 1 hoac 4.
Ban doc tu giai theo cach & cau b).
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Bir 4. PHUONG TRINH FERMAT
DINH Li NHO FERMAT

Véi sb nguyén a, ta chiing minh duoc (a® —a) : 3, (a° —a) i 5, (a” —a) } 7, nhung khong c6
(a° —a) : 9 (chang han 2° — 2 = 510, khong chia hét cho 9).

Nha toan hoc Phap Pierre de Fermat (1601 — 1665) da néu lén ménh dé sau, dugc goi la dinh Ii
nho Fermat:

Néu p la mot s6 nguyén té va a la mét s6 nguyén thi aP? — a chia hét cho p.

Ta chiing minh dinh 1i trén bang cach ¢ dinh p va chiing minh bang quy nap theo s6 tu nhién
a (do a? —a = a(aP~! — 1) nén néu ménh dé ding véi sd duong a thi ciing ding véi s6 am
(~a)).

Trudc hét, ta thiy ménh dé dung véi a = 0 vi 07 — 0 chia hét cho p.

Gia sit ménh dé dung véi a = k, tic la ta da c6 Ay = kP — k chia hét cho p. Ta can chitng minh
rang Ayq = (k+1)P — (k+ 1) chia hét cho p.

Xét hiéu

A1 — A= [(k+1)P —k—1] — (k¥ —k)
_ 1, prlp=1),,0 p(p—1) 5
= kP+ka —f—TkP ++—k +Pk+1—k—1 _(kP_k)

2!
. 1), —1
:ka1+—p(p2! )k"2+...+—p(pz! )k2+pk (1)
Xét dang chung ctia cac hé s6 trong biéu thuc (1), d6 1a cac s6 nguyén c6 dang

p(p—D(p—2)...(p—k+1)
k!

()

Cht y rang s6 nguyén t6 p 16n hon k nén khong rit gon dugc p véi mot thira s6 nao trong tich
k!, chiing té rang biéu thitc (2) chia hét cho p, do d6 Ay, — Ay chia hét cho p.

Ta lai c6 Ay chia hét cho p theo gia thiét quy nap. Vay Ay chia hét cho p. Nhu thé ménh dé
trén dung cho moi s6 tu nhién 4.

Két luan: Ménh dé dung véi moi s6 nguyén a.

Luu y. Pinh 1i nho Fermat con duge dién dat dudi dang sau:

Néu a la mét s6 nguyén khong chia hét cho s6 nguyén té p thi aP~1 — 1 chia hét cho p.

DINH Li LON FERMAT
Ta biét c6 vo s6 bo ba s6 nguyén duong thda man phuong trinh x? + y? = z2. Puong nhién xuat
hién mot cau hoi: C6 ba sb nguyén duong nao théa man phuong trinh x% + > = z3 khong?

Vao nam 1637, Fermat da néu lén ménh dé sau, dugc goi la dinh Ii lon Fermat:
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Phuong trinh x" 4+ y"* = z" vdi n la s6 nguyén 16n hon 2 khong cé nghiém nguyén duong.

Fermat da viét vao 1& cudn S6 hoc cta Diophante, & canh muc gidi phuong trinh x? + y? = 22
nhitng dong chit sau: “Khong thé phan tich dugc mot 1ap phuong ding thanh tong cta hai lap
phuong, khong thé phan tich dugc mot liy thira bac bon thanh téng cta hai liy thita bac bén
va néi chung vdi bat cit Ity thira nao 16n hon hai thanh téng ctia hai liy thira cting bac. Toi da
tim dugc cach chiing minh ki diéu ménh dé nay nhung 1é sach nay qua chat nén khong thé ghi
lai dugc”.

Nam 1670, sau khi Fermat mat 5 ndm, con trai 6ng da cong bé ménh deé trén.

@ LICH sI VE CHING MINH DINH Li LGN FERMAT

Nguoi ta da tim thay ching minh cta Fermat véi n = 3 va n = 4, nhung khong biét dugc 6ng
da giai bai toan tong quat thé nao. Liéu 15i gidi ciia 6ng c6 sai lam hay khong?

Chi biét rang phai dén hon mot thé ki sau, ndm 1753 trong thu gtti Goldbach, Euler méi ching
minh dugc bai toan véi n = 3. Nam 1828 béng nhitng phat minh méi vé Ii thuyét sd, Dirichlet
ching minh dugc v6i n = 5. Nam 1839 Lamé chung minh duoc véi n = 7. Sau d6 khoang nam
1850 Kummer ching minh dugc v6i moi n < 100. Nho may tinh dién tir ngudi ta da chung
minh duogc bai toan véi moi n < 125000 vao nam 1978 va véi moi n < 4000000 vao nam 1992.
Phuong trinh x" + y" = z"" duoc goi 1a phuong trinh Fermat. N6 da 16i cudn cac nha toan hoc
chuyén nghiép va nghiép du sudt hon ba thé ki. Trén con dudng tim cach gidi phuong trinh do,
nhiéu li thuyét toan hoc méi da duoc sang tao ra. Ké tir gitra thé ki XX, nhiéu nha toan hoc da
dat duogc nhitng két qua quan trong. Va dé chitng minh dinh li 16n Fermat, chi con can ching
minh gia thuyét do Taniyama néu ra: Moi duong cong elliptic déu 1a dudng cong Weil.

Chting ra tim hiéu déi chut diéu nay.

Ta xem mdi nghiém ctia phuong trinh la mot diém c6 toa do nguyén ctia mot duong cong.
Puong cong elliptic dugce Taniyama dua ra nam 1955 trong mot Hoi nghi Quéc té & Nhat Ban,
do la duong cong cho bdi phuong trinh

y2=x3+mx2+nx—|—p

thoéa man diéu kién “khong c6 diém ki di”.

Nha toan hoc Dc Frey 1a ngudi dau tién gan viéc chiing minh dinh 1i 16n Fermat véi cac duong
cong elliptic: Gia st dinh 1i 16n Fermat khong ding thi ton tai cac s6 nguyén 4, b, ¢ khac 0 va sd
tu nhién 7 sao cho a” + b" = ¢". Khi d6 ton tai mot duong cong elliptic dac biét dang Frey.
Nam 1986, Ribet chitng minh dugc rang: Pudng cong elliptic dang Frey néu ton tai thi né khong
phai la duong cong Weil.

Nhu thé, néu dinh li 16n Fermat khong dung thi ton tai mot dudng cong elliptic ma khong phai
la dudng cong Weil, trai vdi gia thuyét Taniyama. Diéu d6 c6 nghia 13, néu chitng minh duge
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gia thuyét Taniyama thi cing chiing minh dugc dinh li 16n Fermat.

Ngay 23 thang 6 ndm 1993, trong mot Hoi nghi Toan hoc Quéc té & Anh, nha toan hoc Anh
Andrew Wiles, sinh ndm 1953, cong bd ching minh gia thuyét Taniyama cho cdc dudng cong
elliptic dang Frey day 200 trang, tic la da ching minh duoc dinh li 16n Fermat.

Théng 12 ndm 4y, ngudi ta tim thay mot “16 hong” trong chitng minh ctia Wiles. Tuy nhién, cac
chuyén gia trong linh vyc nay cho rang con dudng di ctia Wiles 1a hop 1i, sai 1am ctia Wiles 1a ¢6
thé khac phuc dugc.

Pung nhu vay, mot ndm sau, thang 10 ndm 1994, A. Wiles cung v6i R. Taylor cong bd mot bai
bao dai 25 trang hoan thién cach ching minh ctia Wiles trudc day.

Thang 5 nam 2016, Wiles dugc nhan giai thuong Abel (mang tén nha toan hoc Na Uy Henrik
Abel) v6i s6 tién thudng 700000 USD.

Viéc A. Wiles chiing minh dugc dinh li 16n Fermat, cting nhu viéc GS Ng6 Bdo Chdu chitng minh
dugc b dé co ban ctia chuong trinh Langlanads (xem & trang 185), cho thdy bd 6c ctia con
ngudi that diéu ki. Bat ci dinh cao tri tué nao, con nguodi cling c6 thé vuon t6i. Khong c6 bai

toan nao ma con nguoi khong giai dugc, chi ¢6 sdm hay mudn ma thoi.

CHUNG MINH DINH LI LON FERMAT VOI N=4

Dé chitng minh dinh i 16n Fermat véi n = 4 tic 1a chitng minh tong ctia hai liy thira bac bén
khong bang mot lity thira bac bén, ta chi can chiing minh tdng ctia hai liy thira bac bon khong
bang mot s6 chinh phuong, tirc 1a chi can chiing minh phuong trinh sau khong c6 nghiém
nguyén duong
Wyt =22
Chitng minh diéu nay & bai tap 4.3 & trang 178.
BAI TAP

Bdi 4.1: Dung dinh li nhé Fermat, tim nghiém nguyén ctia phuong trinh

Xty =7z

x7 + y7 =7z (1)
x7 + y7 chia hét cho s6 nguyén t0 7.
Theo dinh li nhé Fermat: (x” —x) 7, (y/ —y) : 7.
Viét (1) dudi dang (x7 —x) + (v —y) + (x +y) = 7z
Tacod (x+y):7.Patx +y =7k (k € Z).
s t" + (7k — t)’ P SRy S S
Nghiém (x;y;z) = (t;7k —t; —————— | (t,k la cac sO nguyén tuy y). (De thay biéu thic

cta z cho mot s6 nguyén).
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Bdi 4.2:

a) Dung dinh li nhé Fermat chitng minh B6 dé: Néu cic s6 nguyén a va b ¢6 a® + b? chia hét cho
s0 nguyén to p ma p 6 dang 4k + 3 (k € IN) thi a va b déu chia hét cho p.

b) Dung Bd dé trén, chiing minh rang phuong trinh y? = x° + 7 khong c6 nghiém nguyeén.

a) Chung minh bang phan ching. Gid stt mot trong hai s6 a va b khong chia hét cho p thi
theo gia thiét s6 kia cting khong chia hét cho p.
Theo dinh 1i nh6 Fermat (a?~! —1) ipva (bP~1 —1) i p.
Suyra (aP~1 4+ bP~1 —2) i p. Do p = 4k + 3 nén (a*+2 4 p*+2 _2) i p.
Ta c6 a®*+2 4 p#+2 = (52)2k+1 1 (p2)%+1 nén chia hét cho a? + b? ma a® + b? chia hét cho

pnén2:p. Do plasdnguyén té nén p = 2, trdi vdi p = 4k + 3. B6 dé duge chiing minh.

b) *=x*+7 ()ey*+1=x>+8 (2).

Gia st ton tai cac s6 nguyén x,y thdoa man (2). Xét hai truong hop:

e Néu x chan thiy 1é. Khi d6 vé trai cta (2) chia cho 4 du 2, con vé phai chia hét cho 4,

diéu nay khong xdy ra.

e Néuxlé, tacd (2) & y?+1=(x+2)(x> —2x +4).
Ta thay x> — 2x +4 = (x — 1)? + 3 chia cho 4 du 3, nén c6 udc nguyén t6 p dang
4k + 3. Do d6 y? + 1 ¢6 ubc nguyén td p dang 4k + 3.
Theo bd dé trén, 1 p, diéu nay khong xay ra.

Vay phuong trinh (1) khong c6 nghiém nguyén.

Bdi 4.3: Chiing minh rang phuong trinh x* + y* = 22 khong c6 nghiém véi x,y,z 1a cac sb
nguyén duong nguyén t6 ciing nhau.
Hudng din: Dung nguyén tac cyc han.
Gia st (x0; yo; z0) la nghiém nguyén ctia phuong trinh da cho c6 x§ + y§ nho nhat. Hay ching
minh ton tai nghiém ctia phuong trinh 1a (x1;y1;z1) ma x{ +y§ < x3 + 3.
Str dung cong thitc nghiém ctia phuong trinh Pythagore: D€ cac s6 x, y, z nguyén t6 ciing nhau
1a nghiém nguyén duong ctia phuong trinh Pythagore x> + y? = z2, diéu kién can va da la

x =2mn; y = m* —n? z = m*+ n®(gia st x chan, y 18)
trong d6 m va n 1a hai s6 nguyén duong tly y, nguyén t6 cing nhau va c6 tinh chan 1é khac

nhau, m > n.
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A yt=22 (1),

Gia st (x0; ¥o; zo) 1a nghiém nguyén ctia phuong trinh (1) ¢6 x¢ + i nhd nhat. Ta ¢6 x¢ + yi =
z2, trong d6 UCLN (xo, yo, z9) = 1.

Bo ba s6 (x3;3; z9) nguyén to cing nhau va théa man phuong trinh Pythagore nén ton tai cac

s6 nguyén duong m, n nguyén t6 cing nhau, cé tinh chan 1é khac nhau, m > 7 sao cho

x3=2mn  (chan)

2_n? (1&)

yg=m
zo = m?> +n?> (18)

2 2 2 2

Ta c6 y3 = m? — n? nén y3 + n? = m>.

Vay b ba s6 (yo; n; m) thdéa man phuong trinh Pythagore.

Do m,n nguyén té ciing nhau nén yo, n, m nguyén té ciing nhau. O phuong trinh Pythagore

trong hai s6 1o va n c6 mot sd chan, mot s6 1é. Do yg 1é nén 1 chan.

Bo ba s6 (yo; ; m) nguyén tb cing nhau va théa man phuong trinh Pythagore nén ton tai cac sd
y3=a*>—b> (&)

nguyén duong 4, b nguyén t6 cting nhau, chan 1é khacnhau, a > bsaocho { # = 2ab (chan)
m=a>+b> (18).

Ta c6 x§ = 2mn = 2(a* 4 b*).2ab = 4ab(a® + b?).

Do d6 ab(a* + b?) la s6 chinh phuong. Dé dang ching minh dugc ab va a? + b? nguyén t6 ciing

nhau nén ab va a* 4 b* déu la s6 chinh phuong.

Ta lai c6 4 va b nguyén t6 ciing nhau nén a va b déu la s6 chinh phuong.

Vay ton tai cdc s6 nguyén duong x1,y1,z1 sao cho a = x%, b= y%, a> 4+ b? = z%.

Suy ra v+t = ()2 -+ () = @+ = 2.

Do 4,b nguyén t6 cting nhau nén x1,y; nguyén t6 cting nhau, do dé x1,y1,z1 nguyén tb ciing

nhau.

Ta ¢6 (x0; ¥o; 20) va (x1;y1;z1) déu la nghiém ctia phuong trinh (1).

Lai c6 x] +y] = a? + b2 =m < m> +n* = zy = x§ + y.

Ta da gia st (xo;y0;20) 1a nghiém ctia (1) ma x§ + yg nho nhét, ta lai ¢6 (x1;y1;21) cling la

nghiém ctia (1) ma x] + y nhd hon x3 + 3.

Diéu trén khong thé xdy ra, chiing t6 phuong trinh (1) khong c6 nghiém nguyén duong.
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Bir 5. PHUONG TRINH DIONPHANTE

Phuong trinh Diophante 1a phuong trinh c6 dang

f(x,y,2z,...) =0,

trong do vé trai 1a da thic vdi hé s6 nguyén va cac an x,y,z,... nhan cac gia tri
nguyén hodc gia tri tu nhién (s6 an tix 2 trg 1én).

Trong sb 23 bai toan ma nha toan hoc Pirc Hilbert chon ra dé "gti tdi thé ki XX, ¢6
bai todn tht mudi: "Cé mot phuong phap nao ma nhd do, sau mot s6 hiru han cac
phép toan, c6 thé khang dinh rang mot phuong trinh Diophante c6 nghiém nguyén
hay khong?"

Nam 1970 nha toan hoc tré ngudi Nga la Matiasevic da gidi quyét dugc bai toan nay.
Cau tra 1oi 1a: Khong ton tai phuong phap chung dé khang dinh dugc moi phuong
trinh Diophante cho trudc c6 nghiém nguyén hay khong.

Diophante 1a nha toan hoc Hy Lap thé ki I1I, tac gia cudn sach So hoc. Chinh tai bén
1é ctia mét trang trong cudn sach nay, Fermat da ghi nhiing dong chit néi tiéng md
dau cho mot thoi ki chitng minh dinh 1i 16n Fermat.

C6 thé hiéu thém vé tiéu st Diophante qua bai thd ghi trén mo 6ng (xem bai tap dudi

® Trang 180/215

day).
BAI TAP

Bai 5.1: Hai khach qua dudng,

Cho hay Diophante tho bao nhiéu tu6i?

Biét thoi tho du ctia 6ng chiém % cudc doi,

% cudc doi tiép theo la thai thanh nién s6i nédi,
Dén khi 14p gia dinh thi lai thém ; cudc doi.

5 nam nura tréi qua,

Va mot cau con trai da dugc sinh ra.

Nhung s ménh budc con chi sébng bang nira tudi cha.
Ong da tir trAn 4 ndm sau khi con mét.

Diophante tho bao nhiéu, hay tinh cho ra

Goi x 1a tudi tho cta Diophante, ta c6 phuong trinh

1
6 12 7 2

Diophante tho 84 tu6i.

1 1 1
X+ —=x+=x+54+=-x+4=x< x = 84.
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Bdi 5.2: Tim cac sb tu nhién c6 hai chit s6, biét rang s6 d6 bang hai lan tich cac chit s6 ctia né.
(Bai toan caa Diophante)

Goi s6 phai tim 1a 10x + y vdi x,y 1a cac s6 tynhién, 1 < x < 9,0 <y <9.
Taco10x +y =2xy (1).

o Cich1.(1)& (2x —1)(y — 5) = 5. Ta tim dugc (x;y) = (3;6). S6 phai tim 1a 36.
o Cdch 2. Tt (1) ta ¢6 10x = y(2x — 1) nén 10x | (2x — 1). Ta lai ¢6 x va 2x — 1 nguyén t6

cung nhau nén 10 : (2x — 1). Do 2x — 1 1a udc 1é cta 10 nén 2x — 1 € {1;5}. Ban doc tu

e 2 4o

glal tlép.

* Cich 3 (Theo céach giai ctia Diophante). Tix (1) ta c6 y : 2x. Dat y = 2xn (n 1a s6 tu nhién) ta
dugc5+n =2xnnén5:n. Dodén € {1;5}.

- Voin=1thix =3,y =6.

- V6in=5thix =1,y = 10 (loai).
S6 phai tim 1a 36.

Bdi 5.3: Tim ba sb nguyén duong x, v,z biét rang x + v, y + z, x + y + z theo thit tu 1a ba s6

chinh phuong lién tiép, con x + z cling 1a mot s6 chinh phuong.
(Theo mot bai toan caa Diophante)

Theo dé bai ta ¢

(x+y=(a-12 (1)
y+z=a (2)
x+y+z=(a+1)* (3)
\x—i—z:bz (4)

trong d6 x,v,z,4,b 1a cdc sb nguyén duong.
Tix (1), (2) va (3) ta tim duge x = 2a + 1, y = a? — 4a, z = 4a. Thay vao (4) ta dugc 6a + 1 = b?

Déa € N* thib =6k +1 (k € N*). Suy ra
a = 2k(3k — 1) hoac a = 2k(3k +1).

Két hgp véia > 4 déy > 0, ta tim dugc nghiém (x;y) = (24 + 1;4% — 4a;4a) trong d6 a =
2k(3k — 1), véi k € N*, k > 2 hodc a = 2k(3k + 1), k € N*.
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NHUNG PHUONG TRINH NGHIEM
NGUYEN CHUA O L3I GIAl

oD,
20D
22k

Bi: 1. CON NHIEU PHUONG TRINH NGHIEM NGUYEN
CHUA GIAI DUGC

Trong cudn sach nay, ching ta da gidi kha nhiéu phuong trinh nghiém nguyén. Cac phuong
trinh nay c6 thé do con ngudi tu nghi ra, nhung rat nhiéu phuong trinh dugc dat ra do nhu cau

nghién cttu cia nhiéu nganh khoa hoc, trong d6 con nhiéu phuong trinh chua c6 13i giai.

PHUONG TRINH BAC BA VI HAI AN

a) Fecmat (Thé ky XVII) viét rang 6ng da chiing minh dugc phuong trinh
yz — x3 ]

chi ¢6 hai nghiém nguyén (x;y) la (3;5) va (3; —5) nhung nguoi ta khong tim thay cach
ching minh cta 6ng.
Dén nam 1875, Peipin str dung kién thitc dai s6 can dai méi chiing minh dugc khang dinh
trén.
*) Véi phuong trinh dang
y? = x> — 999
ndam 1986, R.P. Stanna da chitng minh phuong trinh nay c6 12 nghiém nguyén, ting voi x
bang
10;12;40; 147;174; 22480.
*) Véi dang tong quat
y2 =x*+kkeZ

Nam 1930, T. Neiker tim dugc nghiém véi k = 17; nam 1963, W. Lungeh tim dugc nghiém
veik =—-7vak= —15.

b) Voi phuong trinh dang
y? = x> —7x +10
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ndm 1953, A. Winman dua ra 24 nghiém nguyén; ndm 1983, A. Bremne da ching minh

duge phuong trinh nay cac nghiém nguyén tng véi x bang

—1;,-2;,-3;1;2;3;5;9;13,31,41, 67, 302.

c) Nam 1982 do yéu cau cta ki thuat ma héa, A .Bremne da dé nghi tim nghiém nguyén cta
phuong trinh
y? = 4x> +13.
Khong 1au sau, Ton Ky da chitng minh phuong trinh d6é ¢6 bén nghiém tng véi x bang
—1va3.

d) Nam 1961, L. J. Mordell khi nghién ctru vé t6 hop s6 da dé nghi tim nghiém nguyén cta
phuong trinh
6y = (x +1)(x*> — x +6)
va chi ra 11 nghiém ung véi x béng —1,0;2;7;15;74.
Nam 1987, La Minh tim thém dugc hai nghiém ntra tung véi x = 767.

PHUONG TRINH BAC BON VOI HAI AN
Tir thé ky XVIII, nguoi ta da biét phuong trinh
=2yt -1

c6 hai nghiém nguyén duong (x;y) 1a (1;1) va (239; 13) nhung khong tim thdy chimg minh.
Nam 1942, W. Ljunggren dung li thuyét s6 hién dai kha phuc tap da ching minh duge diéu

trén.

@® PHUONG TRINH BAC CAO VGI HAI AN

*) Tir thé ky XIX, ngudi ta da chiing minh dugc phuong trinh x™ — y? = 1 v6i m 1a s6 nguyén
t6 khong c6 nghiém nguyén duong.
*) Tir thé ky XVIII, Euler da chitng minh dugc phuong trinh

xz_y3:1

chi c6 mot nghiém nguyén duong (x;y) la (3;2).

*) Nam 1962, Kha Triéu da chitng minh duge phuong trinh x> — 4 = 1 v6i n 1a s6 nguyén to
khac 3, khong c6 nghiém nguyén duong.

*) Nam 1842, E. Catalan dua ra phdng doan rang phuong trinh x” —y* = 1véim > 1,n >
1, x > y chi c6 nghiém nguyén duong khi phuong trinh d6 cé dang
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PHUONG TRINH VO BA AN TRO LEN
a) Euler da dua ra phong doan rang phuong trinh
oyt =
khong c6 nghiém nguyén duong.
Nam 1967, Lander da chung minh dugc phong doan dé dung véi moi ¢ < 220000.
Sau d6 N. Elkies va R.Frye da tim dugc nghiém nguyén duong nhé nhéat (x;vy;z; ) cua
phuong trinh trén la
(95800; 217519; 414560, 422481).
b) Nam 1911, Noli chitng minh dugc phuong trinh
eyttt =

c6 nghiém nguyén duong, chang han

30% + 120% + 272% + 315% = 353%.

c) Nam 1966, Lander ching minh dugc phuong trinh
S+ 4202+ =00
c6 nghiém nguyén duong, chang han
27° +84° +110° + 133> = 144°
(trude day Euler da phong doan phuong trinh nay vé nghiém.)

d) Nam 1974, L.J.Mordell néu cau hoi: Phuong trinh

c6 nghiém nguyén hay khong?
Nguodi ta da chitng minh duge phuong trinh trén c¢6 vo s6 nghiém nguyén nhung van

chua tim ra dugc moi nghiém nguyén cta phuong trinh nay.
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Bir 2. NHUNG BUGC BDOT PHA

Trong nghién ctu tim nghiém nguyén ctia mét phuong trinh, nguoi ta da tim cach s dung
nhiéu cong cu mdi.

Trudc hét ngudi ta tim cach qui bai todn s6 hoc vé bai toan hinh hoc trong hé toa do. Chéng han
tap nghiém ctia phuong trinh y = 2x + 1 la mét duong thang, tap nghiém ctia phuong trinh
x? 4+ y? = 5 1a mot dudng tron. Tuy nhién, ngon ngit hinh hoc chua cho phép phan biét dugce
nhiing diém c6 toa do nguyén va nhiing diém c6 toa do bat ky nén chua mé ta dugce nghiém
nguyén ctua phuong trinh Diophante mét cach thuan tién.

Dén thé ky XIX, nha toan hoc Phap gbc Duc Alecxander Grothendieck da gan duoc Biéu dién
Galois voi bat ky mot phuong trinh Diophante nao va da cho phép dich nguoc bai toan sb hoc
- hinh hoc sang bai toan thuan tiy dai s6. Nam 1966, dng da dugc nhan giai thudng toan hoc
danh gia nhat thé gidi (cho cac nha toan hoc khong qua 40 tudi): Huy chuong Fields mang tén
nha toan hoc nguoi Canada John Charles Fields (1863 -1932).

Tir d6, nhiéu nha toan hoc da tim cach chuyén déi tir ngdén ngir dai s6 sang ngdn ngir gidi tich,
vi cac cong cu gidi tich v6i cac bién va cac ham cho phép ta biét mot cach hoan hao cau tric cta
déi tuogng trong dai s6 d6.

Nha toan hoc Ao Emil Artin da thuc hién dugc mot phén caa su phién dich do, 6ng da lap dugc
su tuong ung gitta Biéu dién Galois giao hodn vdi cdc ham tuan hoan dac biét, nhung van chua
tim dugc mot cong thic chung dé 1ap su tuong tng gitta mot ham giai tich vdi cac Biéu dién
Galois khdng giao hodn, ma cac biéu dién nay c6 nhiéu hon va quan trong hon.

Nam 1967, nha toan hoc My gbc Canada Robert Langlands (sinh nam 1930) da dua ra mot
phuong phap chung xac lap sy tuong tng do, ong néu ra mot tap hop cac ham dieu hoa
dac biét 6 twong tng 1 - 1 véi cac Biéu dién Galois khong giao hodn. Nam 1979, bang truc gidc va
tai nang 16i lac 6ng da dé xuat mot chuong trinh toan hoc do so, goi 1a Chuong trinh Langlands
c6 muc dich tdm xa la thong nhét Ii thuyét s6, hinh hoc - dai s6 va i thuyét biéu dién, tic 1a tao
ra nhip cau ndi gitra s6 hoc, hinh hoc, dai s6 va giai tich , lap mot cudn "tir dién" gitta cac ngon
ngtt toan hoc khac nhau.

Viéc A.Wiles chiung minh dugc dinh 1i 16n Fermat nam 1994 (xem & trang 176) la mot thi du
ching t6 huéng di dung cua Chuong trinh Langlands.

Nam 2000, nha toan hoc Phap Laurent Lafforgue (sinh ndm 1966) da giai quyét dugc mot phan
ctia Chuong trinh Langlands khi da thong nhat dugc cac ngdn ngt dai s6 va gidi tich, do d6 nam
2002 6ng dugc nhan huy chuong Fields.

Trong Chuong trinh Langlands c6 mot Bo dé co bin chua duge chimg minh. Sudt 30 nam, nhiéu
nha khoa hoc, trong d6 c6 Langlands tim cach chiimg minh b6 dé d6 nhung van bé tay. Nam
2004, nha toan hoc Phap Gérard Laumon va nha toan hoc Viét Nam Ng6 Bdo Chdu (sinh nam

1972) da ching minh dugc cac bd dé d6 ding véi cac Nhdm unita. Bon ndm sau Gido su Ngo
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Bdo Chdu da chiing minh tron ven b dé co ban dé trong mét cong trinh day 169 trang, va dugc
nhan Huy chuong Fields diung vao ngay 19 — 8 — 2010. Viét Nam tr¢ thanh nuéc tha 11 trén
thé gidi c6 cong dan dugc nhan Huy chuong nay.

Mot loat cong trinh toan hoc trude day da duge xay dung trén B dé co bin trong Chuong trinh
Langlands, dén nay chinh thitc cong nhan thanh cong ctia Gido su Ng6 Bido Chdu c6 thé vi nhu
da bac dugc cay cau dén mot thanh phd ma néu khong c6 cay cau ay thi thanh phd ay chi la
mot thanh phé ao.

B6 dé co ban trong Chuong trinh Langlands ciing gitp cho viéc tim nghiém nguyén ctia mot

phuong trinh bude sang moét giai doan mdi.

BAI TAP

Bdi 2.1: Chiing minh rﬁng phuong trinh

6 vo s6 nghiém nguyeén.
Chonx=1,y=—1,z=a,t=1—avdialasbdnguyén tly y khac 0 va khac 1. Biéu d6 ching

t6 rang phuong trinh da cho c6 v6 s6 nghiém nguyén.
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PHUONG TRINH NGHIEM
NGUYEN QUA CAC KY THI

oD,
20D
22k

Bir 1. TRONG CAC PE THI VAO LGP 10

Bdi 1.1 (Pé thi vao chuyén 10, $& gido duc Ha Néi, 2017):
Tim tat ca cac cip s6 nguyén duong (x;y) théa man x® + y> — 9xy = 0.

Ta co

Bty =9y =0 2° 4> +27 - 9xy =27
& (x+y+3)(x*+y*+9—-3x—3y —xy) =27
& (x+y+3) [(x+y)? = 3(x +y) —3xy+9| = 27. (*)

Vivayx+y+3|27.Max,y € N*nénx+y+3>5.
x+y+3=9 X+y==6
=

x+y+3=27 x+y=24
Truong hop 1: Néu x + y = 6 thay vao () suy ra xy = 8.

Vi vay ta co

(x,y) = (2,4)
(v, y) = (4,2).
Truong hop 2: Néu x + y = 24 thay vao (x) ta co xy = 5;—2 (loai).

Do d6 x,y 1a nghiém ctia phuong trinh > — 6t +8 = 0 =

Bai 1.2 (Dé thi vao 10 chuyén Hung Vuong, Gia Lai, 2017):
Tim tat ca cac s6 tu nhién 7 sao cho n? — 24n — 15 1a mot s6 chinh phuong.

Gia st n? — 24n — 15 1a mot s6 chinh phuong. Khi d6 ton tai s6 tu nhién k sao cho
n?—24n—15=k* & (n+k—12) (n —k —12) = 159,

Do 159 =533 van+k —12 > n — k — 12 nén ta xét cac truong hop sau

n+k—12 |53 | -3 | 159 | -1

n—k—12| 3 | =53 | 1 | —159
n 40 | —16 | 92 | —168
k 25| 25 |79 79
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Vay c6 hai s6 ty nhién n théa man yéu cau la n = 92, n = 40.

Bai 1.3 (Pé thi vao 10, Chuyén Todn Hung Vuong Phi Tho, 2017):
Tim céc s6 nguyén x,y théa man 2x> + 2x%y + x% + 2xy = x + 10.

Ta co:
(1) & 2x*(x +y) +2x(x +y) — (x* +x) = 10
e 2(x+y)(x?4+x) - (®+x) =10
& (4 x) [2(x +y) — 1] = 10.
Nhan xét:

+)10 =110 = 2.5 = (—1)(—10) = (-2)(-5);

+) x>+ x = x(x+ 1) 1as6 chan; 2(x +y) — 11asd 1¢;

2 +x= (x—|—§)2—1 >—1=x*+x>0.

Tir cac nhan xét trén ta thay chi c6 cac truong hop (TH) sau:

x?+x =10 5 x> 4x=2
hoac .
2x+y)—1=1 2(x+y)—1=5
x2+x =10
*TH1 .
2x+y)—-1=1
Phuong trinh x2+x=10 khoéng cé nghiém nguyén.
[ [x=1
x=1
2 x=2 y=2
*TH2 & x=-2 & .
2(x+y)—1=5 x=—2
x+y=3
L (y=5
Vay c6 hai bo s (x;y) théa man la: (1;2), (—2;5).

Bai 1.4 (Dé thi vao 10 chuyén, $& gido duc Hung Yén, 2017):

Tim tat ca cac nghiém nguyén ctia phuong trinh > — 2x — 2 = x(x +1)2.

Tacoy® = x4+ 2x% 4+ 3x + 2. Ro rang 2x% + 3x +2 =2 (x+2)2+g > g > 0.Dodéy® > 2.
Mat khac, xét |x| > 1.

Khidéy® = (x +1)3+1—x2 < (x+1)%, mau thuan vix® < ® < (x +1)3.

Vay |x| < 1. Khi d6 x = £1 hodc x = 0.

TH1. x = —1. Thay vao pt duoc y = 1.
TH2. x = 1. Thay vao pt dugc y = 2.

TH3. x = 0. Thay vao pt dugcy = 2¢7, loai.
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Vay phuong trinh ¢6 2 nghiém (x;y) 1a (—1;1), (1;2).
Bdi 1.5 (Pé thi vao 10, Chuyén KHTN Héa Néi, vong 1, 2017):

Ching minh rang khong ton tai cac sb nguyén x,y théa man dang thtc:

12x% + 26xy + 15y* = 4617.

Déng thitc da cho dugc viét lai:

X2+ 4y% + dxy + 11x° + 11y? + 22xy = 4617
e (x42y)2 +11(x 4 y)? = 4617. 1)

Taco VT(1) =0,1,3,5,9(mod 11)

ma 4617 = 8(mod 11)

Vay khong c6 s6 nguyén x, y nao thda man dang thic da cho.
Bdi 1.6 (Thi vao 10, Chuyén Lam Son, Thanh Héaq, 2017):
Cho biéu thuc

() (R )

a) Rut gon biéu thuc A.

b) Tim tat ca cac gia tri nguyén cta x dé biéu thitc A nhan gia tri nguyeén.

a) Rut gon biéu \t/h_lic A. r r "
X x+3 x+3 X+ 2
A (1‘ ﬁ+1) | <f—z‘ f—2+x—5ﬁ+6)
1 AE(E-Y) - (EH(E-2) 4 E 2
Vatl (Vx—2)(Vx—-3)
1 x—9-x+4+/x+2
CVr 1l (Vr=2)(Vx - 3)

_ 1 Vx—3

CVr 1T (Vx—2)(Vx+3)
1 1

:\/E+1:\/_—2

Vx-2

ERVCEE
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b)A:ﬁ_Z— 3

. -3
1 — ———. Dé A nhan gia tri nguyén khi ——— dat gia tri nguyén.

Vi+l T Va4l
Hay —3i(v/x+1) & /x +11a udc cta —3.
Nén v/x+1=1<% /x =0« x = 0 (théa man).
Vx+1=-1<% /x = -2 (khong thda man).
Vx+1=3% /x =2 & x =4 (théa man).
Vx+1=-3%& /x = —4 <0 (khong thoa man).
Vay x = 0 hoac x = 4 thi A nhan gia tri nguyeén.

Vx+1

Bai 1.7 (Pé thi vao 10, Chuyén Lé Quy Pon, Quang Tri, 2017):
Tim tat ca cac nghiém nguyén ctia phuong trinh 7 (x + y) = 3 (x* 4+ xy + y?).

Tac67(x+vy) =3(x* +xy+y?) = 3 | x+y. Tirgid thiétsuyra0 < x+y <3dodéx+y =0

hoac x +y = 3.

e V6ix+y=0taduocx =y =0.

* V6ix+y = 3suyray =3 — x thay vao phuong trinh ta dugc x> — 3x + 2 = 0. Gidira ta

dugcx=1,x =2.

Vay ta dugc 3 nghiém nguyén (0;0), (1;2), (2;1).

Bai 1.8 (Pé thi vo Chuyén Luong Thé Vinh, Péng Nai, 2017):
Tim cac cap s6 nguyén (x; y) théa man x? + 2y? — 2xy — 4x + 8y + 7 = 0.
Ta viét phuong trinh da cho dudi dang

X2 —2(y+2)x+2y* +8y+7 = 0.

Vi (1) ¢6 nghiém nguyén x nén A’ = —y? — 4y — 3 1a s6 chinh phuong.
Tacd —y*> —4y—3>0khi-3<y<-1,maye€Znényec {-3; -2; —1}.

Tir day ta tim dugc cac cdp nghiém la (x; y) € {(—1, —3), (£1; =2), (1, —1)}.

Bai 1.9 (D& thi vao 10, Chuyén Su pham Hé Nai vong 1, 2017):

a) Tim tat ca cac s6 nguyén duong a, b, c,d théa man 2 =0,3=d*vaa=d+98.

2 » L 2 Z 1 1 , . A A
b) Tim tat ca cac so thuc x sao cho tron 4 s0 x — \/E; X2+ 2\/5; x — —; x + — ¢6 dung moét soO
X X

khong phai 1a s6 nguyén.

a) Gia st p la udc nguyén t6 cta a, vay dé thiy p cling sé 1a udc nguyén td cta b, Vay ta c6

a%p® vay trong biéu dién udc nguyén tb ctia a thi sé mi ctia p phai chia hét cho 3, tir d6
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a=xb=2x*x€N.Tuongtutacéd =,y € N.
Tacoa=d+98 & x> =P +98 & (x —y)(x®> +xy +y?) = 98, taludn c6 (x —y) <
(x —y)? < x% + xy + y? vay ta sé c6 2 trudng hop sau:

x—y=1 x=y+1
TH1: &
x* 4 xy +y* =98 y+1)*+y+1y+y*>=98
x=y+1

& y ¢ Z(Loai)
3y 4+ 3y —97 =0

x—y=2 x=y+2
TH2: =
X%+ xy +y* = 49 (y+2)%+ (y+2)y+y* =49

X=y+2
x=y+2 x=>5
- ) - y = —5 < 0(Loai) <
vy +2y—15=0=0 y=3

y=3
Vay a = 5% = 125;d = 3> = 27;b = 25;c = 81.
) 1 1. . 1 1 ) 5
b) Neux—;;x—i—;languyentacox—;—l—x—l—;:ZxGquyrax—\/i;x +2+/2 déu
) ) 1 1 )
khong phai la so htru ty do vay moét trong hai so x — ;;x—l—;khéng la sO nguyén, khi do
X— V22422 Z =x—V2+x2+2V2€Z
2
Détx—\/i:a;(aEZ)éxz—i—Z\/E:<a+\/§) +2v2=0a2+24+2V2(a+1) € Z =
2V2(a+1)€Z=a+1=0=a= -1
Thu lai dl’mgvéyx:\/i—l.

Bdi 1.10 (Thi vao 10, Chuyén Bac Liéu, 2017):

Tim cac so nguyén x, y thoéa man:

x? 4y + 5x%y% + 60 = 37xy.

Cach 1. Ta co:
x? +y? 4 5x°y* + 60 = 37xy
ex? —2xy +y* = —5x%y* + 35xy — 60
S(x — y)2 = 5(—xzy2 + 7xy —12). *)
Vi (x —y)? >0,Vx,y € Znén —x?y?> +7xy — 12 > 0,Vx,y € Z. (1)

Datt=xy (t€Z). Tu (1) tacd —t>? +7t - 12> 03 <t < 4.
Matec€ Znéntacot=3Vt=4hayxy=3Vxy =4
Khi d6 5(—x2y* + 7xy — 12) = 0 nén tir (*) ta ciing 6 (x — y)?> = O hay x = y.
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( (

xy =3 x> =3 (khéng ton tai x € IN)
. &

x=y x=1y

\ \

( (

xy =4 x=2 xX=-2
° 54 V

xX=y y=2 y=-2

\ \

Vay cdp sO nguyén (x;y) thdoa man phuong trinh trén la: (2;2), (—2; —2).
Cach 2. Xét truong hop x,y > 0.
Ap dung bat dang thitc AM-GM cho hai s6 khéng am x2, y? ta c6:

37xy > 2xy + 5x%y* + 60
& 35xy > 5x%y% + 60

& 7xy = ¥Py* 4+ 12

>
>

= 8xy > x*y* + 12

&4

Suy ra, xy € {2;3;4;5;6}.
Mt khéc, phuong trinh ban dau tuong duong véi:

(x +y)? = 39xy — 5x°y* — 60.

Ta xét cac truong hop:

TH1: xy = 2. Tt (%) suy ra (x +y)? = —6 (vo li).

TH3: xy = 4. Tit (%) suy ra (x +y)? = 16. Giai ra ta dugc x = y = 2.

TH5: xy = 6. Tir (%) suy ra (x +y)? = —6 (vo li).

Tht lai ta thay (x;y) = (2;2) 1a nghiém ctia phuong trinh.

TH2: xy = 3. Tit (%) suy ra (x +y)? = 12 (loai vi (x + y)? 1a s6 chinh phuong).

TH4: xy = 5. Tit (%) suy ra (x +y)? = 10 (loai vi (x + y)? la s6 chinh phuong).

Do xy va (—x).(—y) cé vai trd nhu nhau trong phuong trinh ban dau nén nghiém ctia phuong

trinh 1a (2;2), (—2; —2).
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Ba&i 1.11 (Pé thi vao 10 chuyén, S& gido duc Binh Duong, 2017):

Tim cac cap s6 nguyén (x,y) thod man: x> — y> = xy + 8.

-y =xy+8=x2—xy— (> +6) =0=A=y>+4(y*+8) =5/2+32. D€ (x,y) lacdp
s6 nguyén suy ra A = a?. a2 1a s6 chinh phuong nén chia cho 5 du 0, 1,4 ma theo A,a? chia 5
du 2. Vay khong c6 cdp sb nao thod man.

Ba&i 1.12 (Pé thi vao 10 Chuyén, $& gido duc Binh Phudc, 2017):

Ching minh biéu thitc S = n%(n +2)? + (n+1)(n® — 51 + 1) — 2n — 1 chia hét cho 120, véi n
1a s6 nguyeén.

Ta co:
S = n(n* +5n° +5n> — 51 — 6)

(
= n[(n® —1)(n* + 6) +5n(n* — 1)]
(1> —1)(n® +5n +6)
n(n—1)(n+1)(n+2)(n+3)

=m—-1nn+1)(n+2)(n+3)
Ta c6 S 1a tich ctia 5 56 ty nhién lién tiép chia cho 5! nén chia hét cho 120.

n

Bai 1.13 (Pé thi vao 10, Chuyén Ddk Lak, 2017):

1. Tim cac s6 nguyén t6 p sao cho 13p + 1 1a lap phuong ctia mot sb tu nhién.
2. Tim hai sb x, y nguyén duong sao cho (x +2)* — 6 (y — 1)* + xy = 24.
1. Gids13p+1=a° (a € N,a > 3).

Phuong trinh < 13p = (a — 1) (i +a +1).

Do 13 va p déu la cac sb nguyen t6, nén chi c6 thé xdy ra cac trudng hop sau:

a—1=13 a=14
> +a+l=p p =211
& .
a—1=p a—1=p p=2
=
?+a+1=13 | |(@a—3)(a+4)=0 a=3

Vay p = 2 hodc p = 211.
2. Ta co:
(x+2)*—6(y—1)>+xy =24 & x>+ 4x — 6y + 12y + xy = 26
& <x2—2xy+4x> + <3xy—6y2+12y) =26 x(x—2y+4)+3y(x—2y+4) =26
& (x—2y+4)(x+3y) =213 =126
Vi x,y nguyén duong do d6 x + 3y nguyén duong nén chi c6 thé xdy ra cac truong hop

sau:
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x+3y=1
o &
x—2y+4=20

x+3y =26
°
x—2y+4=1

x+3y =13
x—2y+4=2

x+3y =2
-~
x—2y+4=13

x+3y=1
x—2y =22

{x—|—3y—26
=

xX—2y=

x+3y=2

x—2y=9
x+3y =13

= =
xX—2y=—

=

=

-3
-

17

5
x =4
y=3

(loal)

(loal)

(loai).

Vay phuong trinh c6 nghiém nguyén duong duy nhat: (x;y) =

Ba&i 1.14 (Pé thi vao 10, Chuyén Lé Khiét Quang Ngdi, 2017):

Tim tat ca cac s nguyén x, y thda man dieu kién

Ta co:

2x% + 4y

2x% 4 4y

Ta ¢6 2017 = 9% + 442 Nhu vay co cac truong hgp sau:

—4dxy +2x +1=2017.

(4;3).

—dxy+2x+1=2017 < (x — 2y)> + (x + 1)* = 2017.

x—2y| 9 9 | -9 -9 | 44 44 | —44 | —44

x+1 |44 | —44 | 44 | —44| 9 -9 9 -9
X 43 | —45| 43 | -45| 8 | —-10| 8 | —10
Y 17 | =27 | 26 | =18 | =18 | =27 | 26 17

Bdi 1.15 (Pé thi vao 10, Chuyén Lé Quy Dén - Ba Nang, 2017):
Tim tat ca cac s6 nguyén duong x, y, z thoa man diéu kién 5%.3% + 1 = z(3z + 2).

Tac65*3Y = (z+1)(3z—1),ma3(z+1) —

duong 16n hon 1 va khong c6 udc chung 1é khac 1.

(3z—1) =4 = (z+1),(3z—1) 1a 2 sd nguyén

Lai c6 (3z — 1) khong chia hét cho3néntac63z —1 = 5 vaz +1 = 3Y (do 3 va 5 1a nguyén

to).

Khtt z hai phuong trinh trén ta dugc: 3V = 4 + 5%,
Tix (1) suy ra 3Y"! chia 4 du 1 (vi 5% chia cho 4 du 1).

(1)
(2)
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Néu y + 11a s6 1é thi y = 2k (k nguyén duong), suy ra 3V+1 = 3%+1 = 3.9k Do d6 3¥*! chia cho
4 du 3. Diéu nay mau thuan véi (2) nén y + 1 phai la s6 chan, tir d6 y + 1 = 2k véi h 1a s6 nguyén
duong. Tir (1) ta c6 (3" —2)(3" +2) = 5*. Ma (3" +2) — (3" —2) = 4 nén (3" — 2), (3" +2)
khong c6 udc chung 1é khac 1.

Laic63" +2>3"-2>1nén3" -2 =1(do5lasdnguyéntd). Tudésuyrah=1=y = 1.
Ti (1) suyrax =1vaz =2. Vay (x,y,z) = (1,1,2).

Bai 1.16 (Dé thi véo 10, Chuyén Nguyén Tréi, Héi Duong, 2017):

a) Tim nghiém nguyén ctia phuong trinh: x? + 5y% — 4xy + 4x — 4y + 3 = 0.

b) Tim tat ca cac sO nguyén duong (x, y) thoa man: x? + 3y va y? + 3x 1a s6 chinh phuong.

a) Ta viét lai phuong trinh nhu sau
x® +4(1—y)x +5y> — 4y +3 = 0. (%)

Vi (*) cé nghiém xné A’ =5 — (y+2)> >0 (y+2)? <5.
Do y nguyénnény € {0; —1; —2; —3; —4}.

+) Voiy = 0 thay vao (*) tadugce: ¥ +4x+3=0&x = —1; x = —3.

+) V6iy = —1 thay vao (*) ta dugc: XX +8x+12=0x=—-6x=—-2.

+) Voiy = —2 thay vao (*) ta dugc: x24+12x +31 =0 < x = —6+ /5 (loai).
+) Vi y = —3 thay vao (*) ta dugc: x? +16x + 60 = 0 < x = —10; x = —6.

+) V6iy = —4 thay vao (*) ta dugc: x24+20x+9=0<x=—11; x = —9.
Vay phuong trinh c6 cac cdp nghiém nguyén la:

(=1, 0), (=3; 0), (=6; —1), (=2; —1), (—=10; =3), (—6; —3), (=9; —4), (—11; —4).

b) Néu x = y thi x? + 3y = y? + 3x = x? + 3x. Dat x?> + 3x = a? véi x, a € Nx.

Ta co:
4 +12x — 40> =0 (2x +3)2 - (20)> =9 < (2x +3 —2a)(2x +34+22) =9 =1-9.
Do2x +3 —2a <2x +3+2anéntacd
2x+3—-2a=1 x=1
= .
2x +3+2a=9 a=2
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Suy ra x = y = 1 thoa man.

Néu x # y, do vai trd ctia x, y nhu nhau, khong mat tinh tong quét gid st x < y.
Khi d6 y? < y? +3x < y> + 3y < (y +2)%

Do x, y nguyén duong suy ra

3x —1
V43x=(y+1) ey +3x=y+2y+ley= 5
22 . 22 o
Tacé:xz—i—By:%.Dét%:bzvéix, b € IN*. Ta co

2x2+9x —3 =20 = 162>+ 72x — 24 — 16b* = 0
& (4x +9)% — (4b)* = 105
& (4x 4+ 9 — 4b)(4x + 9 + 4b) = 105 = 1.105 = 3.35 = 5.21 = 7.15.

Vi4x +9 —4b < 4x + 9 + 4b nén c6 céc truong hop sau:

4x+9—4b =1 x=11=y=16
+) & (thoa man).

4x +9+4b =105 b=13
5
4x+9—4b =3 X ==
+ o 2 (loai).
4x +9+4b =35 2b =2x+3

4x+9—4b =5 x=1=y=1
+) & (loai).

4x +9+4b =21 b=2
1
4x+9—-4b=7 X =
+ & 2 (loai).
4x +9+4b =15 2b =2x +1

Vay cac s6 nguyén duong (x; y) théamanla (1; 1), (11; 16), (16; 11).

Ba&i 1.17 (Pé thi vao 10, Chuyén Tién Giang, 2017):

Tim tat c cac s6 nguyén t6 p sao cho p? + p + 6 1a mot s6 chinh phuong.

Vi p? + p + 6 1a s6 chinh phuong nén p? + p + 6 = k? (k nguyén duong).

Taco p?+p+6 =k> = 4p? +4p + 24 = 4k* = (2k)> — (2p+1)?> = 23.

Suyra (2k+2p+1)(2k—2p —1) = 23.
2k+2p+1=23 {k6

=
2k—-2p—-1=1
Vay p = 5 thi p? + p + 6 1a s6 chinh phuong.

Vi2k+2p+1>2k—2p—1nén
p=>5.

Bai 1.18 (Dé thi vaio 10, SoGiaoDucHaNoi-ChuyenTin, 2017):

Tim tat ca cac s6 nguyén duong x, y,z théa man x +y +z = 2 va 3x2 + 2y% — z2 = 13.
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Ta co

x+y+z=2 z=x+4+y—2 (1)
&
3x% 4+ 2y* — 22 =13 3x% +2y* — 22 =13. (2)

Thé (1) vao (2) ta duoc:

3x2 + 2y — (x +y—2)> =13

S22 +y? —2xy+4x +4y—17=0

& (x—y)?+ (x +2)% =21 -4y

Vi x, v,z 1a s6 nguyén duong nén (x —y)? > 0va (x +2)% > (1+2)2 =9
SuyraVl >9=21-4y>9=3>y>1

V6iy =3tacod:2x? +9 — 6x +4x + 12 — 17 = 0 & 2x? — 2x + 4 = 0 (vO nghiém)
Voiy =2tacod:2x? +4 —4x +4x +8 — 17 = 0 < 2x> — 5 = 0 (loai)
Voiy = 1 ta co:

2024+ 1—2x+4x+4-17=02x24+2x-12 =0 = z=1.

Vay x = 2;y = 1;z = 1 thoa yéu cau dé bai.
Bai 1.19 (Pé thi vao 10, Chuyén Trén Phd, H&i Phong ndm 2017):

Chiing minh rang khong ton tai cac s6 tu nhién x, v, z sao cho x' + y1¢ + 2017 = z16.

Gia st ton tai cac so tu nhién x, y, z thoa man bai toan.

* Truong hop 1: z 1a s6 chan.

Khi d6 x, y khac tinh chan 1é. Ta c6 thé coi x 1¢, y chan. Suy ra
x10 42017 = 2% — y1® = 0 (mod 21°) = x'° + 2017 = 0 (mod 64).

Vi x1é nén x> = 1 (mod 8), do d6 x'® = 1 (mod 64). Suy ra x'® + 2017 = 34 (mod 64). Ta

gap mau thuan.

* Truong hop 2: z 1as6 1é.
Khi d6 x, y cling tinh chén 1é. Néu x, y ciing 1é thi

1=z = x1% + ¢! 1 2017 = 2019 (mod 64).

hay 64 | 2018. V6 1i.

Do d6 x, y cung chan. Suy ra
1=2z1% = x1% + ¢! 1 2017 = 2017 (mod 64).

hay 64 | 2016. V6 1i.
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Vay khong ton tai cc sb tu nhién x, y, z thod man bai toan.

Bai 1.20 (Pé thi vao 10, $& gido duc Vinh Long, 2017):
Tim tat ca s6 nguyén x sao cho 2x? + x — 2 chia hét cho x? + 1.

T 6 22 +x -2 _ N x —4

x2+1 x2+1
Xét x = 4 = 2x? + x — 2 chia hét cho x? + 1
Xétx #4d€ (x —4)i(x>+1) = [x —4] > 22 +1
x—4>x*+1 - x2—x+5<0(1)
x—4<—x>-1 x> +x—-3<0(2)
Tanhan thay (1) vo nghiém con (2) két hgp véi diéu kién x la sé nguyénsuyrax € {—2,—1,0,1}

=4

Th lai ta nhéan gid tri x = 0.
Vay x € {0;4} thi 2x? + x — 6 chia hét cho x> + 1

Ba&i 1.21 (Pé thi vao 10, Chuyén Vinh Phic Vong 2, 2017):
Cho phuong trinh
X +y? 4 2% = 3xyz. (1)

Méi bd sb (x; y;z) trong d6 x, v,z 1a cac s6 nguyén duong théa man (1) dugc goi la mot nghiém

nguyén duong ctia phuong trinh (1).
a) Tim tt ca cac nghiém nguyén duong c6 dang (x;y;y) clia phuong trinh (1).

b) Ching minh rang ton tai nghiém nguyén duong (a; b; c) ctia phuong trinh (1) va thda
man diéu kién min{a;b;c} > 2017. Trong d6 ki hiéu min{a; b; c} 1a s6 nhd nhat trong cac

so a;b;c.

a) Gia st phuong trinh c6 nghiém nguyén duong la (x;y; ). Khi d6 ta c6
x? 4 2y? = 3xy? tir d6 x chia hét cho y hay x = ty tir d6 hay vao phuong trinh ta c6
t?2 +2 = 3ty tir d6 2 chia hét cho t tic 1a t € {1;2}.
Voit=1thiy=1x=1
Vit =2thiy=1x=2
Vay phuong trinh da cho c¢6 nghiém nguyén duong cé dang (x;y;v) déla (1;1;1); (2,1, 1).

b) Dé thay (1;2;5) la mot nghiém nguyén duong ctia phuong trinh da cho.
Goinghiém dau tién d6 c6 dang 1a (a; b; c) ta sé xay dung nén nghiém ma gia tri min{a; b; c}

la cao hon. That vay ta tim nghiém & dang (a + d; b; ¢) tuc 1a d thoa man:

(a+d)?+b>+c? =3(a+d)bc = d = 3bc — 2a € N*.

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trang 199/215

Ta chon duogc d khi d6é ta sé c6 nghiém (a’;b;c) ma min{a’; b;c} > min{a;b;c}. Lap lai
qua trinh nay khong qua 2017 1an ta c6 sé tim dugc mot nghiém cta phuong trinh thoa
man min{a; b;c} > 2017.

Bai 1.22 (Pé thi vao 10, $& gido duc Vinh Long, 2017):

a) Tim tAt cd s6 nguyén x sao cho 2x? + x — 2 chia hét cho x* + 1.

b) Tlmx,yEZthoé\/?qL\/y:\/ﬁ.

2

a) Tacé:% =2—|—;C2—+41

Xét x = 4 = 2x? + x — 2 chia hét cho x? + 1

Xétx £4dé (x —4):(x®+1) =[x —4| >x2+1
x—4>x*+1 - x2—x+5<0(1)
x—4<—x*-1 x2+x—-3<0(2)
Ta nhan thay (1) vo nghiém con (2) két hgp vdi diéu kién x 1a sb nguyén suy ra x €
{-2,-1,0,1}
Th lai ta nhén gia tri x = 0.
Vay x € {0;4} thi 2x? + x — 6 chia hét cho x> + 1

=

b) Diéu kién: x,y > 0
Tacé: Vx+ =V21= JT=V2l—x=y=21+x—-22lx= V2lx €N
Vi 21 = 3.7;3 va 7 1a cac s6 nguyén td nén x = 3.7.a> = 21.4> (a € N)
Lap luan tuong tu ta c6 y = 21.b%. Thay vao /x + VY = V2l tadugca+b=1
Két luadn phuong trinh ¢6 hai nghiém (x;y) = (0;21) hoac (21;0)

Ba&i 1.23 (Pé thi vao 10 Chuyén, S& gido duc Bén Tre, 2016):
Tim tat c cac s6 ty nhién n dé€ A = n% + n + 2 1a mot s6 chinh phuong.
Ta c6 A = n? + n + 2 1a mot s6 chinh phuong khi va chi khi:

n>+n+2=kK (k€ N)
4n® + 4n + 8 = 4k
s2n+1)2 -4k = -7
S2n+1+2k)2n+1-2k) = 7.

Vik,n € Nva2n+1+2k > 2n+1— 2knén ta cé cac truong hgp sau:
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2n+1+2k=1 n=-2 ) R
o & (khong thoa dieu kién)

2n+1—-2k= -7 k=2

2n+1+2k=7 n=1
o ==
2n+1—-2k= -1 k=2

Vayn=1=A=41a s6 chinh phuong.

Bai 1.24 (Pé thi vao 10, Chuyén Nguyén Tréi, Hai Duong, v2 , 2016):

Tim cac cap s6 (x;y) nguyén duong thod man
(x? +4y? +28)% — 17(x* + y*) = 238y> + 833.

(x? +4y? +28)2 — 17(x* + y*) = 238y> + 833
& [P A+ 7)) =170 + (v +7)7]
& [ -P+7))P=04x>—y>-7=0
& (2x+y)(2x—-7)=7(1)

2x+y=7 x =2
Vix,y e N*nén2x+y >2x —yva2x+y > 0.Tu (1) suy ra &

2x —y =1 y=3 .
Bdi 1.25 (Pé thi vao 10, Chuyén Ha Noi, 2016):
Tim tat ca cac cdp s6 tu nhién (x;y) thda man 2¥.x2 = 9y? + 6y + 16.

Ta c62*.x2 = (3y +1)% + 15.

3y +1 = 1(mod 3)
Dox,y € Nva = (3y +1)2 +15 = 1(mod 3).

15 = 0(mod 3)
Vi x € N nén x? 1a s6 chinh phuong = x? = 1(mod 3) hodc x?> = 0(mod 3).
Do 2*.x%2 = 1(mod 3) nén x?> = 1(mod 3) = 2* = 1(mod 3) = x = 2k (k € IN).
Vay ta c6 2%F.(2k)? — 3y +1)2 = 15 & (2k2k — 3y — 1)(25.2k +3y +1) = 15. Vik, y € N nén
2k2k + 3y +1 > 0 = 252k — 3y — 1 > 0 nén ta c6 cac trudong hop sau:

(vo 1i).

22k +3y+1=15 3y+1=7
b -
2k2k -3y —1=1 2k k=4

22k +3y+1=5 3y+1=1 y =
b = = .
2k2k —3y—1=3 2k =2 k=1
Vay (x;y) = (2;0).

Bai 1.26 (Pé thi vao 10 chuyén, S& gido duc Hoa Binh, 2016):

Tim tat ca cac cip s6 nguyén (x,y) théa man x* + xy — x — 2y — 5 = 0.
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Xét phuong trinh x2 + xy — x — 2y — 5 = 0. (1)
. ) —x>+x+5 . . .
Taco (1) ©y(x —2) = —x +x+5@y:T(Vl)(szhongthoaman(l)).
Khi do ta co:
2 2
—x“+x+5 —x"+x+2 3 3
— = —_ — —1 _
4 x—2 x—2 +x—2 * +x—2

Do x,y € Z nén x — 2 la udc cua 3, tuc la:

(x—2=3 (x=3 (=y=-1)

x—2=1 x=5 (=y=-5)
=

x—2=-1 x=1 (=y=-5)

x—2=-3 x=-1 (=y=-1)

Vay cac cap sb nguyén can tim la: (3; —1), (5; —5), (1, =5), (=1; —1).

Ba&i 1.27 (Pé thi vao 10 chuyén todn, Chuyén Hung Vuong Gia Lai, 2016):

Tim cac s6 nguyén x, y sao cho x% — x> — 1 = 2x% + 2x + y.

Ta co

By —xd—1=2>+2x+y

s -Dy=x>+1+2x(x+1)

Sx-DE*+x+D)y=(x+1)(x* —x+1) +2x(x +1)

Sx-1)P+x+)y=(x+1)(2+x+1). (1)

) 1\* 3 )
Vivd+x+1= x+5 +Z>O,VxEZnen(1)@(x—l)y:x—kl. (2)
Ta thdy x = 1 khong thoa phuong trinh (2). Xét x € Z va x # 1. Khi d¢:
x+1 2
(2)(:>y—x_1—1+—x_1.

Tacoy € Zkhivachikhi(x —1)laudccta2. Dodéx —1=2hoacx—1= —2hoacx—1=1
hoac x —1 = —1. Nhu vay x = 3 hoac x = —1 hoac x = 2 hodc x = 0. Vay cac cap (x;y) véi x,

y la nhiing s6 nguyén can tim 1a (0; -1), (=1,0), (2,3), (3;2).

Ba&i 1.28 (Pé thi vao 10, Chuyén khoa hoc Tu nhién vong 1, ndm 2016):
Tim tAt ca céc gia tri ctia tham sb m sao cho ton tai cip s6 nguyén (x;y) théa man hé phuong
trinh:
2+ mxy* = 3m
{2 +m(x? +y?) = 6m
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2 + mxy? = 3m
{ Y = m(x*+y? — xy*> =3) = 3m

2+ m(x® 4+ y?) = 6m
Dé thay m # 0 = x> +y*> — xy* = 3
S -1+y*(1—x)=2
S (x-1)(x+1-y*) =2
Dé x,y nguyén < (x — 1) va (x + 1 — y?) la udc ctia 2.

x—1=1 x=2
THI1: & (tm)

x+1—-y*=2 y=1,-1
x—1=2 x=23

TH2: & (loai)
x+1-y*=1 |y=v3-V3

x—1=-1 x=0
THS3: & (loai)
x+1—12=-2 y =33
TH4:{

x—1=-2 x=-1
& (tm)
x+1—y2:—1 Y

Véi (x;y) = (1) = m=2

Voi (v;y) = (=L1); (=L =1) = m =3

Vay voi m = 2 hoacm = % thi hé phuong trinh c6 nghiém (x, y) nguyén.

Bdi 1.29 (Chuyén KHTN Ha Néi vong 2, 2016):

Tim tat ca cac cip s6 nguyén (x,y) théa man x* + 2x? = 13,

Tacé (2 +1)2=(y+1)?—y+1) = (y+1)((y+1)>=3(y + 1) + 3). Goi d 1a uc chung
ctiay+1va(y+1)>—3(y+1)+3,déthidy d = 1 hodcd = 3, x> + 1 khong chia hét cho 3 cho
nénd=1.Tacdy+1=a%y>—y+1="0b>(*.

(*) <= ¥ —y+1=0 < (2b—2y+1)(2b+2y — 1) = 3, ta c6 hai truong hop
2b+2y—1=3

i) — y =1 = a%> = 2 (loai)
2b-2y+1=1
2b+2y—1=1

i) —y=0=x=0
2b—2y+1=3

Vay nghiém ctia phuong trinh x = 0, y = 0.

Bdi 1.30 (Pé thi vao 10, Chuyén Lé Quy Dén, Viing Tau, 2016):
Tim tat ca cac cip s6 nguyén t (p; q) théa man p? — 54> = 4.
Tacdp? —5¢>° =4 < p?> —4=5¢> = (p—2)(p +2) = 5¢%
Vi0 < p—2 < p+2vagnguyén té nén p — 2 chi c6 thé nhan cac gia tri 1, 5, g, ¢°.
Ta c6 bang gia tri tuong ung;:
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p—-2|pt2|p|q
1 52 |31
5 7 |73
q 5 |31
q? 5 |31

Do p, g 1a cac s6 nguyén t6 nén chi c6 cap (p;q) = (7;3) thda man.
Bai 1.31 (Dé thi vao 10, chuyén Ninh Binh, 2016):

Tim tat c cac cdp s6 nguyén (x,y) théa man 1+ x + x2 + x° + x* = 2.
Tim tat ca cac cdp s6 nguyen (x,y) théa man 1+ x + x% + x> + x* = 32
Taco 4 +4x +4x> +4x3 +4x* = (2y)? = 4+ 4dx +4x% + 423 +4x* = (262 +x)% +2x% + (x +2)?
= (2x2 +x)% < (2y)2.
V6i x = 0 ta dugc y = 1 ta dugc cap nghiém nguyén (0;1), (0; —1).
V6i x # 0, ta co 4 + dx + 4x? + 4x3 + 4x* < 4+ 4x + 4x? + 433 + 4ot + 4x% = (202 + x +2)2
Do d6 (2x% + x)? < (2y)? < (2x? + x +2)?
= (2y)? = (2> +x +1)?
= 4+ 4x +4x% + 423 + 4xt = (2x% + x +1)?
= x> —2x—3 = 0= x = —1 hodc x = 3. Do d¢, ta dugc cac cdp nghiém nguyén la
(—1,1); (=1, -1); (3,11); (3, —11).
Vay céac cdp nghiém nguyén can tim la: (0,1); (0, —1); (—1,1); (=1, —1); (3,11); (3, —11).

Bai 1.32 (Pé thi vao 10, Chuyén Thdi Binh, 2016):
Tim céac s6 nguyén x, y théa man

9x% + 3y* + 6xy — 6x + 2y — 35 = 0.

Ta co

9x% + 3y* + 6xy — 6x + 2y — 35 =0
S92 +y2 +146xy — 6x —y +2y> + 4y +2 = 38
S0Bx+y—1)2+2(y+1)*=38.

Tir d6 suy ra (3x + y — 1) 1a s6 chinh phuong chan va nhé hon 38, nén ta c6
e Bx+y—12=0= (y+1)2 =19 (loai),

e Bx+y—12=4= (y+1)> =17 (loai),

B LGP TOAN THAY DUNG - 04 QUACH VAN TUAN, P12, TAN BINH 0906 804 540



= PHUGNG TRINH NGHIEM NGUYEN CHON LOC ® Trang 204/215

e Bx+y—1)?2=16= (y+ 1) = 11 (loai),
e Bx+y—1)2=36= (y+1)? =1 (thda man).

(Bx+y—1)>=36
Giai hé ta dugc cdc cap nghiém nguyén: (—1; —2); (3, —2).
(y+1)*=1

Bai 1.33 (Pé thi vao 10 chuyén Théi Nguyén, 2016):

Tim tat cd nghiém nguyén (x;y) ctia phuong trinh:

2xy +x+y =387

Taco2xy+x+y=83<4xy+2x+2y =166 < (2x+1)(2y + 1) = 167.
Do 167 1a s6 nguyén t6 nén 2x + 1 chi c6 thé 1a mot trong 4 s6 +1, 4+-167.

e V6i2x+1=1tadugcx =0,y = 83.

e V6i2x+1=—-1tadugcx = -1,y = —84.

* V6i2x +1 =167 ta dugc x = 83,y = 0.

* V6i2x +1= —167 tadugcx = -84,y = —1.

Vay phuong trinh da cho ¢6 4 nghiém nguyén (x,y) 1a (0;83), (—1; —84), (83;0), (—84; —1).

Ba&i 1.34 (Pé thi vao 10 chuyén Théi Nguyén, 2016):
Tim tAt ca céc s6 6 5 chit sb abede sao cho Vabede = ab.

Ta c6: abede = 1000ab + cde.

Ta lai ¢6 1000ab + cde = (ab)3. Dat m = ab, n = cde ta duoc

1000m +n = m® = m> > 1000m = m? > 1000 = m > 32 (1)

Vin < 1000 nén m> < 1000m + 1000 = m(m? — 1000) < 1000.
Néu m > 33 thi m(m? — 1000) > 33.89 = 2937 > 1000 (vo ly).
Do do m < 33 (2).

Tir (1) va (2) suy ra m = 32.

Vay abcde = 323 = 32768.

Bai 1.35 (Pé thi vao 10 chuyén Hung Yén, 2015):

Tim céc cap s6 nguyeén (x;y) thdéa man phuong trinh (x + 2)?(y — 2) + xy* + 26 = 0.
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Dat z = y — 2, phuong trinh da cho trd thanh

(x+2)%z2+ (z+2)%2x+26=0
S +4x+4)z+ (2 +4z+4)x +26 =0
S(x+z+8)(xz+4)=6

Do x + z + 8 va xz + 4 1a cac s6 nguyén nén chi c6 cac truong hop (x + z + 8; xz + 4) bang
(6;1),(1;6), (=6, —1),(=1,-6),(3;2),(2;3), (=3; =2), (=2, —3)

St dung dinh li Viet ddo ta dudc x, z, tir d6 ta c6 cac nghiém nguyén (x;y) cta phuong trinh
da cho la
(1,-1),(-3;3),(—10;3), (1, —8).

B&i 1.36 (Pé thi vao 10 chuyén, S& gido duc Bac Liéu, 2016):

Tim nghiém nguyén ctia phuong trinh x*y? — xy = x2 + 3y>.
Ta c6 x%y? — xy = x> + 3y?& (x> —3)y?> —xy — x> = 0. (1)
Vi x? — 3 # 0nén (1) 1a phuong trinh bac hai ddi voiy, c6 A = x? +4x?(x? — 3) = x2(4x> — 11).
Phuong trinh (1) ¢6 nghiém nguyén khi A 1a s6 chinh phuong.
Néu x = 0 thiy = 0. Néu x # 0 thi 4x?> — 11 phai la s6 chinh phuong.
DPit 4x%2 — 11 = z? (z € N) ta duoc:

2x +z =11 2x +z= -1
4> — 22 =11 2x —z)(2x +z2) = 11& 0ac :
2x —z=1 2x —z = —11

Suy ra x = 3 hoac x = 3.

Vc'ﬁx:3,tadu’Qc2y2—y—3:0<:>y:—1hoécy:;.(loai)

Véix = —3,tadugc 2y’ +y—-3=0«<y=1hodcy = —g. (loai)
Vay phuong trinh da cho ¢6 cac nghiém nguyén (x;y) la (0;0), (3; —1) va (—3;1).

Bai 1.37 (Pé thi vao 10,chuyén dai hoc Vinh vong 2, 2016):

Tim tAt ca cac cip sO nguyén khong am (a;b) thda man
(a®+Db)(a+b%) = (a+b)*

Phuong trinh da cho tuong duong v6i ab(a?b* + 1) = ab(4a® + 6ab + 4b?)

Véi ab = 0 ta duge nghiém (0; m), (m;0) trong d6 m 1a sb ty nhién bat ki.

Vé&i ab > 0 phuong trinh da cho trd thanh a?b? + 1 = 442 + 6ab + 4b* < (ab + 1)? = 4(a + b)?
Sab+1=2(a+b)<= (a—2)(b—-2)=3.

Tir d6 gidi ra ta dugc nghiém (3;5) va (5;3).

Vay cac cdp s6 nguyén khong am can tim 1a (0;m), (m;0), (5;3), (3;5) trong d6 m 1a s ty nhién
bat ki.
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Ba&i 1.38 (Pé thi vao 10, Chuyén Hung Yén Vong 2, 2016):

Tim tt ca cac nghiém nguyén duong (x, v, z) cia phuong trinh
xyz+xy+yz+zx+x+y-+z=2015

thbamanx >y >z > 8.

Ta co:

xyz+xy+yz+zx+x+y+z=2015
exy(z+1)+y(z+1)+x(z+1)+z+1=2016
&(z+1)(xy+y+x+1)=2016
Sx+1)y+1)(z+1) =16.14.9.

Do x >y >z >8nén (x,y,z) can tim 1a (15,13, 8).

Ba&i 1.39 (Pé thi vao 10, Chuyén Lam Déng, 2016):

Tim nghiém nguyén ctia phuong trinh (x +y)? = (x — 1)(y +1).
Tact: (x4+y)2=(x—-1Dy+1) e (x—1+y+1)2=(x—1)(y+1).

x—1=a
Dat . Ta c6 phuong trinh:

y+1=0b

2 2 2 b\* , 3b
(a+b)"=absa"+ab+b"=0< a+s +T:O

b

a+-=0 a=20 x=1
& 2 N =

b=0 b=0 y=—1

Vay tap nghiém cua phuong trinh 1a: S = {(1;, —1)}.

Bai 1.40 (Dé thi vao 10, Chuyén Lam Son - Vong 2, 2016):
Tim nghiém nguyén ctia phuong trinh (x + 1)(x +2)(x +8)(x +9) = y2.
Xét x > 1:vi2016® = 0(mod 4) va2017Y = 1(mod 4) nén 2018* = 1(mod 4) (v0 li).
Xét x = 0: vi 2016* +2017Y = 1+2017Y = 2(mod 4) = 2018* = 2(mod 4) =z = 1.
Vay céc s6 tu nhién can tim 1a (x;y;z) = (0;1;1).
Bdi 1.41 (Pé thi vao 10, Chuyén Lé Quy Dén, Binh Dinh, véng 1, 2016):
Tim cdc s6 nguyén x, y thda man dang thic: 2y%x +x +y + 1 = x? + y? + xy.
2 x+x+y+1=x2+1y>+xy e x> —20%x+xy+ 2> —x—y =1
Sx(-2/+ty+x) - (-2 +y+x) =1 (-2 +y+x)(x-1) =1
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[ x—1=1 [ x=2 [ xr =21
—2y2+x—|—y:1 —2y2—i—x+y:1 2}/2—]/—1:0
= = =
x—].:—l x:0 X =
i —2y2+x—|—y:—1 i —2y2+x+y:—1 i 2y2—y—1:0
[ (x=2
y=1 [[x=2
y___l 1
NN N
x=0 x=0
y: L yzl
_ !
_k_y_ 2

Vay phuong trinh da cho ¢6 hai nghiém nguyén (x;y) la (0;1) va (2;1).
Bai 1.42 (Pé thi vao 10, $& gido duc Pa Néng, 2017):

a) Tim cac s6 nguyén duong k va sb thuc x sao cho (k —1)x? +2(k —3)x +k —2 = 0.
b) Tim cdc s6 nguyén duong x va s6 nguyén té p sao cho x° + x* +1 = p?.

a) * Néuk =1 thi phuong trinh da cho ¢6 nghiém x = R
* Néu 0 < k # 1 thi phuong trinh da cho 1a phuong trinh bac hai. Phuong trinh ¢6

nghiém khi
A>0e (k=3 — (k—1)(k—2) zo@ogkgg.
Khi d6 x = 2 k= V7 =3k

k—1
Voik=0=x=3++7.

V6ik =2 = x =0hoac x = 2.

b) Tacox® +xt+1=p> = (¥ +x+1)(x3 —x+1) = p2
Vi p la s6 nguyeén t6, x nguyén duong nén chi c6 3 trudng hop:
Truong hop 1: xét x> + x + 1 = x> — x + 1 = p gidi dugc 1 nghiém nguyén duong x = 2
thé vao p = 7 thod man yéu cau bai toan.
Truong hop 2: xét x® — x +1 = 1 dugc x = 1 suy ra p = /3 (loai).
Truong hop 3: xét x> + x + 1 = 1 & x(x + 1) = 0 khong c6 nghiém duong.
Vay c6 mot cap (x;p) = (2,7).
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Bai 1.43 (Pé thi vao 10, Chuyén Lé Qui B6n Ninh Thudn, 2016):
Tim nghiém nguyén cua phuong trinh: x2y2 —x2 - 7]/2 = 4xy
Taco: x2y? —x? —7y? = dxy & 22 =3y = 2 +dxy + 42 & (2 —3) = (x+2y)2. (D).

e Néuy =0 = x = 0nén (0,0) la mot nghiém ctia phuong trinh da cho.
e Néuy # 0 thi x?> — 3 phai la s6 chinh phuong. Gia st

*—3=k(keN) e (x—k(x+k)=3=13=—1.(-3).

[ [x—k=1 [ [(x =2
x+k=3 k=1
=

x—k=1 x=-2
| (x+k=3 i k=1

Lan lugt thay x = 2 va x = —2 vao phuong trinh (1) ta dugcy = —2vay = 2.

Vix —k < x + k suy ra:

Vay phuong trinh da cho ¢6 3 nghiém nguyén: (0,0), (2, —2) va (—2,2)

Bai 1.44 (Pé thi vao 10, Chuyén Quéc hoc Hué, vong 2, nédm 2016):

2 A 2 4 3
a) Chox,y > 0va x +y > 3. Tim gia tri nho nhat cia M = 6x2+4y2+10xy+?x+7y+
2016.

b) Tim cac bd s6 nguyén duong (x, vy, z) biét%—k;—}-% =1lva/x—y+z=+x— /y+z

a) Taco
4 3
M= (x+y) <6x+4y+§+;) + 2009
3 4
23(3x+;+y+y+3x+3y)+2009
> 3(6+4+9) + 2009 = 2066
Dau = xay rakhix = L,y = 2.
b) VI T TZ= VI T+ VZE Y~ T~ I+ V=0

& (T VOWT-VD) =0 & ji
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TH1: x =y = zsuyra (x,y,z) = (3;3;3).
TH2:y =z # x tacod % -I—}/ =1 (x—1)(y—2)=2suyra (x,y,z) = (2,4,4).
TH3: x = y # z tim dugc (x,y,z) = (4,4;2).

Vay ¢6 3 bo thoaman (3;3;3)(2;4 :4)(4;4;2).

Bir 2. TRONG CAC DE THI HOC SINH GIOI QUOC GIA VA
QUOC TE.

Bdi 2.1 (Olympic Chau A Thdi Binh Duong Ian thir nhét, 1989):

Ching minh rang phuong trinh 5n% = 364 + 18b? + 6¢? (4 4n) khong c6 nghiém nguyén, ngoai
trta=b=c=n=0.

Gia st phuong trinh da cho ¢6 nghiém nguyén (a; b; ¢; n) khac (0;0;0;0). Dé théy vé phai cta
phuong trinh

5n% = 36a° + 18b* + 62 (1)
1a boi cta 3, do d6 n chia hét cho 3. Tir d6, 51n% — 36a% — 18b? chia hét cho 9, va do

6c? = 5n* — 36a* — 18b*
nén c chia hét cho 3. Nhu thé c6 thé chia hai vé ctia phuong trinh cho 9 va duogc:

5m? = 4a® + 2b* + 64°. 2)

Vi phuong trinh (1) c6 nghiém nén phuong trinh (2) phai c6 nghiém. Néu (2) c6 nghiém thi sé
c6 nghiém véia, b,d, m > 0. Goi (a; b; d; m) la mot nghiém nguyén khong am cta phuong trinh
v6i gia tri m 1a s6 tu nhién nho nhat. Ta xét s6 du modulo 16. Do mét s6 binh phuong c6 du
0, 1, 4, hay 9 modulo 16 va tir phuong trinh (2), suy ra m 1a s6 chan nén 5m? = 0 hay 4 (mod
16). Tuong tu, 4a> = 0 hay 4 (mod 16). Suy ra

2b% 4 64% = 0, 4 hay 12 (mod 16). ©)
Ma 2b% = 0, 2 hay 8 (mod 16) va 64> = 0, 6 hay 8 (mod 16). Do d6
2b* + 6d*> =0, 2, 6, 8, 10 hay 14 (mod 16). (4)
Tir (3) va (4) suy ra

2b? + 6d* = 0 (mod 16). (5)
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Suy ra b va d déu la nhitng s6 chan. Do vay s6 a khong thé 1a s6 chan vi néu ngugc lai thi

N3
NS
NS
N

~ 1s ‘A , < L. M A 17 R LR 1 .z N
sé la nghiém cta phuong trinh (2) véi 5 < m,vo li. Nhu vay ta c6 thé chia hai ve cho 4 va

duoc phuong trinh
5k? = % 4 2¢% 4 6f2 (6)

vdi a 1a s6 1é. Suy ra k cling 1a s6 16. Do d6 5k — a? = 4 hay 12 (mod 16). Tir phuong trinh (6)
suy ra, 2¢*> + 6f? = 4 hay 12 (mod 16). Diéu nay khong thé xay ra do (5). Vay phuong trinh 4
an da cho khong c6 nghiém nguyén, ngoaitrita =b =c =n = 0.

Bdi 2.2 (Olympic Chéau A Théi Binh Duong lan th& nam, 1993):

Tim tAt ca cac s6 nguyén duong 1 dé phuong trinh

P+ (x+2)"+(2—-x)"=0

c6 nghiém nguyén.

Hién nhién phuong trinh v6 nghiém néu 1 chan vi khi d6 tit ca cac s6 hang & vé trai déu khong
am va c6 it nhat mot s6 hang duong. Ngoai ra, bang cach kiém tra truc tiép ta thiy khin = 1,
phuong trinh c6 nghiém la x = —4.

Xétnlévan > 3.

Néu x duong, ta c6

42> (x+2)">x-2)"=x"+(x+2)"+(2—-x)">0

nén phuong trinh vo nghiém. Tir 46, nghiém x néu c6 phai la s6 am.
Dat y = —x. Ro rang x = —1 khong phai 1a mot nghiém v6i moi 1, do vay, néu x = —y 1a mot

nghiém cta phuong trinh thi (x +2) = —(y —2) < 0. Ta cé

(y+2)"—=(y—-2)"=y". (1)

Bay git, vi4 = [(y +2) — (y — 2)] chia hét (y +2)" — (y — 2)" nén tir phuong trinh (1) suy ra
2 chia hét y. Pat y = 2z, ta duoc

(2z+2)" = (22)" + (2z — 2)"
Siz+D)'—(z-1)"=2". ()
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Ta c6 2 chia hét (z + 1)" — (z — 1)" nén tir phuong trinh (2) suy ra 2 chia hét z, do d6 z + 1 va

z —11a hai s6 1é. Ta lai c6
A" —b" = (a—b) (@ 4+ a" P+ a" P+ b,

Néu ca a 14n b déu la cac s6 1é thi méi s6 hang trong tong

(@ a2 4 a3 )
1a mot s6 1é va do n 1€ nén cac s6 hang 1a s6 1¢, suy ra

(@ a2+ a3 b
la mot sd 1é. Tir day, data =z + 1, b = z — 1, ta thly rang sb

(z+1D)" = (z—1)"=2(a""1+a"2b4+a" 3 4. 41"

1a 56 khong chia hét cho 4, tirc 1a vé trdi ctia (2) khong chia hét cho 4. Nhung vé phai ctia (2) 1a
z" chia hét cho 4 vi z 1a s6 chan. Do d6 phuong trinh vo nghiém.

Tém lai, chi c6 n = 1 thoa man yéu cau dé bai.

Bdi 2.3 (Dé thi chon déi tuyén Quéc gia Singapore, 1998 - 1999):

Tim tat ca cac s6 nguyén m sao cho phuong trinh
> —mx*+mx — (m*>+1) =0
co nghiém nguyén.
Gia st p 1la mot s6 nguyén sao cho
p> —mp* +mp — (m* +1) =0
& (p* 4+ m)(p—m)=1.

Do p va m la cac sb nguyén, mot trong hai trudng hgp sau phai xay ra

;

2

p-+m=—1
(1) ,

p—m=—1

(>

p-+m=—1
(2)

Lp—m:l

Trong trudng hop (1), tacé m = p+1,suyra p> + p+1 = —1 hay p> + p + 2 = 0, vd nghiém.
O truong hop (2),tacém =p —1,suyrap?+p—1=1,suyrap*+p—2=0,chotap = —2
vap=1Tadugchaicap(m= -3, p=—-2)va(m=0; p=1).

Vay v6i m = —3 hoac m = 0 thi phuong trinh da cho c6 nghiém nguyén.
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Bai 2.4 (Dé thi vé dich Quédc gia Han Québc, 1997):

Tim tat ca cac so nguyén x, y, z thoa man dieu kién

4+ y? + 22— 2xyz = 0.

Ta chiing minh phuong trinh c6 nghiém nguyén duy nhatla x = y = z = 0. Trude hét, dé y

rang cac sb x, y, z khong thé dong thoi 1a ba 16, vi néu nguoc lai thi
g Y g g g
X2+ 2 + 22— 2xyz

sé 1a s6 18, do d6 khong thé bang 0 dugc. Vay phai c6 it nhat mot s6 chan, khi d6 xyz chia
hét cho 2. Suy ra x> + y? + z? chia hét cho 4. Vi tat cd cac sb binh phuong déu dong du véi 0
hodc 1 (mod 4) nén tir x? + y? + 2z : 4, suy ra x, y, z phai dong thdi 1a nhitng sb chan. Ta viét

X =2x1, Yy =21, z = 221, suy ra

4x3 + dy? + 425 = 1631121

X%+ Yyt 425 = dxyyzy.

Do vé phai chia hét cho 4 nén li luan tuong tu nhu trén, ta dugc x1, y1, z1 phai la cac s6 chan,

nhu vay ta c6 thé viét x; = 2xs, y; = 2o, 21 = 225, tir d6 ta dugc
x% + ]/% + Z% = 8ny222.

Tong quat, néu n > 1 thi x2 +y2 +z2 = 2" x,y,2,, suy ra cdc s6 x,, Yu, z, déu la cac s6 chan.
Nhu vay ta c6 thé viét
Xn = 2Xp41, Yn = 2Yni1, Zn = Znt1,

va lai co

21’l+2

2 2 2 _
X1 T Vg1 T2 = Xn+1Yn+1Z2n+1-

Lap lai Ii ludn nay nhiéu lan, ta dugc day vo han cac s6 nguyén (x;, xp, - - ) théa man x; =
2x;11. Lac do, x = 2"x,, nén 2" chia hét x véi moi n > 1, cho nén x = 0. Tuong tu cing co
y=z=0.

Bai 2.5 (Dé thi vé dich Quéc gia Bai Loan, 1999):

Xac dinh tt ca cac s6 nguyén duong (x;y;z) sao cho

(x 4+ 1= (x+2)*L.
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Data=x+1,b=y+1, c=z+1.Tacdéa, b, c >2va

a’+1=(a+1)° 1)
s la+1)-1"+1=(a+1)" @)

Tit hai phuong trinh trén suy ra (—1)” +1 = 0 (mod a + 1), suy ra b 1a s6 1&. Ta c6
(a+1) -1 =@+ 1) - Ma+ 1)+ 2@+ 1) 24 -+ Cla+1) -1
Dua phuong trinh (2) vé phuong trinh dong du (mod (a + 1)?) ta dugc
Cl(a+1)—1+1=0(mod (a+1)?) & b(a+1) =0 (mod (a +1)?)
suy ra (a + 1) chia hét b va do d6 a 1a s6 chan. Mat khéc,
(a+1)°=a+C a1 Cc2 2.+ Cla+1
Dua phuong trinh (1) vé phuong trinh ddong du (mod a?) ta dugc
1=Cla+1 (moda?) & ca =0 (mod a?)
tir d6 ¢ chia hét cho a, suy ra c la s6 chan. Pata = 2ay, ¢ = 2c1, ta 6
2taf = a" = (a+1)° =1 = [(@+ 1) —1] @+ 1) +1]. 3)
Chi y rang UCLN ((a +1)% — 1, (a + 1) +1) = UCLN((a +1)% +1,2) < 2 nén tix (3) suy

ra
UCLN((a+1) =1, (a+1) +1) =2

Tir d6, do 2a; 1a mot ude s6 ctia (a + 1)1 — 1 (theo (1)), nén ta c6 thé két luan:
(a+1)"—-1=24% (a+1)+1=2"1

Ta phéi ¢6 2°~1 > 24% nén suy ra a; = 1. Tir d6, cdc phuong trinh trén cho tac; = 1va b = 3.
Nghiém duy nhat ctia bai toan 1a (x;y;z) = (1;2;1).
Bdi 2.6 (Dé du tuyén IMO 1&n thi 32, ném 1991):

Tim nghiém nguyén duong x, y, z cua phuong trinh

3 +4Y =5
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Ta c6 4" =1 (mod 3) v6i moi n nguyén duong nén tu 3* +4Y = 5%, suy ra
5% =1 (mod 3).

Ma 5% = 2% (mod 3) nén
2 =1 (mod 3)

suy ra z chan. Dat z = 2z; thi phuong trinh trd thanh
3% 4 4Y = 521 & (571 — 2¥)(5%1 4-2¥) = 3%,

Vi
UCLN (521 _ 57 2y> — UCLN (2 L2¥ 571 4 2y> 73

Va
51 — 2Y < 571 4 2V

Nén tir phuong trinh trén suy ra

5142V =3 va 51 -2Y=1 *)
Cht y rang 571 = (—1)% (mod 3) va 2 = (—1)¥ (mod 3) nén tir (*) suy ra

(=) + (-1)Y =0 (mod 3) va (—1)** — (—1)Y =1 (mod 3)
nén z; 1é va y chan. Do d6 y > 2. Ta c6
2Y=0,3"=(-1)% 5 =1 (mod 4)

tir d6 phuong trinh 5% + 2¥ = 3% ¢6 thé dua dugc vé dong du thic 1 = (—1)* (mod 4), suy ra
x cting chan.
Bay gi0, gid st y > 4. Chui y rang z; 1é, x chdn nén

51 =5,2Y=0,3"=1 (mod 8)
Do d6 c6 thé dua phuong trinh 571 + 2¥ = 3% vé dang 5 = 1 (mod 8), diéu nay mau thuan. Suy

ray=2,z1=1 x=2.

Vay x = y = z = 2 1a nghiém duy nhat ctia phuong trinh.
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Bai 2.7 (P& du tuyén IMO thir 38, ndm 1997):
Goi a, b, cla cac s6 nguyén duong sao cho a va b 1a cac s6 nguyén t6 cing nhau va ¢ nguyén t6
cting nhau véi a hay véi b. Chiing minh rang ton tai vo han bo ba (x; y; z) cac sb nguyén duong

phén biét x, y, z sao cho

Cho P > 31a mot s6 nguyén duong, thé thi Q = P —1 > 1.
Ta tim mot nghiém c6 dang

x=Q" y=Q%z=PQ"

Vi x® + yb = QM 4 Q"; z¢ = peQke = Qke=1 — QK nén mot nghiém nhu thé sé tim dugc néu

mot trong cac hé sau c6 nghiém

ma = kc+1 nb=kc+1

nb = kc ma = kc

Tir cac diéu kién, suy ra rang hodc UCLN(a, bc) = 1, hodc UCLN(b, ac) = 1. Gid st rang
UCLN(a, bc) = 1. Ta sé chitng minh rang hé thit nhat c6 mot nghiém. Dat k = bt va n = ct
thoa man phuong trinh thit hai cia hé nay. Thay k = bt vao phuong trinh dau cia hé ta duge
ma = tbc + 1. Do UCLN(a, bc) = 1 nén cac s6 nguyén duong nhu m va t ¢6 thé tim dugc, diéu
do nghia 1a hé néi trén ¢6 nghiém. Ro6 rang la ta ¢6 m # n, vi UCLN(ke, kc +1) = 1. Do d6
x # y.S6 z khac x va y vi n6 nguyén t6 cting nhau véi ca hai s6 ay. Vi P bat ki nén ta thu dugc

vO sO nghiém.
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