Tai liéu chuyén dé boi duong hoc sinh gioi

Chuyén dé PAI SO VA GIAI TiCH

PHUONG TRINH HAM TREN R

PHUONG PHAP THE VA PHUONG PHAP SU DUNG TiNH CHAT ANH XA

TRONG VIEC GIAI BAI TOAN PHUONG TRINH HAM TREN R

Trong chuong trinh chuyén toan & cac truong THPT chuyén Phurong trinh ham 13 mot chuyén dé quan
trong. Hién nay tai liéu vé phuong trinh kha phong phu. Tuy vay, viéc giai duoc phuong trinh ham van 1a
van dé khé ddi véi nhiéu hoc sinh. Trong chuyén dé nho ndy, chiing toi s& trinh bay hai phuong phap
thong dung va quan trong dé giai phuong trinh ham trén tip R. D6 1a Phuong phdp thé va Phwong phdp
s dung tinh chdt anh xa.

I. Phuong phap thé trong giai phwong trinh ham
1. Mt s6 lwu y khi sir dung phwong phap thé

Quan sat ciu triic ciia phuong trinh xem giita cac bién c6 tinh d6i xtng khong? Néu trong phuong
trinh 6 tinh ddi ximg giita X va y thi ta thuong hoan vi cac bién nay cho nhau.
Thay cac bién boi cac gia tri thich hop thoa man cac diéu kién bai toan. Piéu can chu ¥ 1a cac gié tri cua
bién phai thudc tdp xac dinh cua ham sd. Ta thudng chon gia trj cho bién sao cho sau khi thay ta thu
dugc mot phuong trinh ham don gidn hon hoac co thé nhan duogc dang cua ham s6 (tuyén tinh, bac hai,
mil, logarit,...). Trong truong hop f cong tinh ta c6 thé thay X bai x+1 va quy gia tri ham s vé

f(1).
Mot vai phép thé dic biet: x=y=0,x=y=4Lx=0,y=0,x=1y=1x=+y,x=+f(y),...
Tinh cac gia tri dac biét cia ham s6 f (x), chang han: f (0), f (£2)...

2. Cac vi du:

Vidu 1: Chohamsé f thod man diéu kign: f(0)=2 va f(x+y)=f(y)+x, Vx,yeR.

Tinh f (1998).

Loi giai:
Gia sir ton tai ham f thoa man diéu kién dé bai. Choy=0,tacd f(x)= f(0)+x=2+X, VxeR.
Thir lai thay thoa man. Do d6: f (1998) = 2+1998 = 2000

Vi du 2: (Australia 1995) Tim tit ca cic ham f :(O; +oo) — R thoa min cac diéu kién f (1) :% va

f(xy):f(x)f[§J+f(y)f(§j, VX, y > 0. (1)
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Loi giai:
Cho x =1,y =3 thay vao (1) ta duoc:

f(3):%+f2(3)<—>(f(3)—%j 0o f(3)=% v,y eR*

Thay x =1 vao (1) ta duoc: f(y):% f (E +% f(y)—f [§]: f(y) vyeR*
y y
Khi d6 (1) tro thanh: f(xy)=2f(x)f(y) Vx,yeR" (2)
3 3) 1 109
Thay y boi = vao (2) ta co: f(3):2f(x)f(—j—>—:2f2(x):> 2
X X 2 1
fx)=-7

Thay y = x vao (2) co: f(xz):2f2(x):2.%:%—>f(x):%,Vx>O

Thir lai thdy thoa mén. ’ ’
Vi du 3: (Nhat Ban 2012)Tim tat ca cac ham so f : R — R sao cho:
FOEx+y) F(x=y) =x=yf(y) vx,yeR (1)
Loi giai:
Tur (1) cho x=y =0 ta thuduoc f(f?(0))=0. Tir (1) cho x=0,y= f?(0), két hop véi két qua
f(£°(0))=0 ta thuduoc f(0)=0.
Tu (1) cho x=y ¢6: x> —xf (x)=0= f(x)=x, Vx=0.
Honnira f (0)=0,suyra: f(x)=x, ¥xeR. Tht lai ta thdy thoa man.
Vi du 4: Tim tt ca cac ham sb f:R — R thoaman: f(xf(y)+x)=xy+ f(x) Vx,yeR (1)
Loi giai:
Trong (1) thay x =1, ta dugc f(f(y)+)=y+f @), yeR (2)
Trong (2) thay y boi: —1—f (1) taco: f(f(-1-f(1))+)=-1
bat: 1+ f(-1- f (1)) =a; f (0)=b
Taco: f(xf(a)+x)="f(0)=b. Hay: b=f (xf (a)+x)=ax+ f(x)—> f (x)=—-ax+b
Thay biéu thirc cia f (x) vao (1) ta dwoc: —a(xf (y)+X)+b=xy—ax+b, ¥vx,yeR
< —a[x(-ay+b)+x]+b=xy—ax+b, vx,yeR

o a’xy—abx—ax+b=xy—ax+b, vx,yeR

a=1
a2:1 b=0
=

ab+a=a a=-1
b=0

Bing cach ddng nhat cac hé s ta duoc: {

Vay f(x)=x, ¥xeR va f(x)=-x, ¥xeR. Thu lai thiy thoa man.
Vi du 5: (Serbia 2014, Pong Nai 2018) Xac dinh tit ca cac ham sé f :R — R thoa man
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f(xf (y)—yf (x))=f(xy)—xy voimoi x,yeR.(1)

Léi giai:

Cho y=0 dwoc f(xf(0))="f(0).Néu f(0)=0— f(x)laham hang. Thi lai thiy khong thoa mén.

Do d6 f(0)=0.

Cho x=y duoc f(xz)—x2=f(0)=0—>f(x)=x, Vx>0

Giasir Ja: f(a)=0.Chox=a, y=1duoc f(af (1))=f(a)-a=-a— f(a)=—a—>0=-a—a=0

Véi x,y<0 tacod

f(xf (y)=yf(x))=f(xy)-xy e f(xf(y)-yf(x))=xy—xy=0
< xf (y)-yf (x)=0— f(x)=cx,Vx<0.

Xét x <0<y thay vao (1) c: f((1-c)xy)=f(xy)—xy=(c-1)xy. (2)

Néu c=1—— f (x)=x, VxeR.

Néu c#1,do f((1-c)xy)e{(1-c)xy,c(1-c)xy} néntir (2) suyra c=-1—> f(x)=|x, ¥xeR.

Vay ¢6 2 ham thoa man bai toan f (x)=x, VxeR.hogc f(x)=|x/, vxeR.
Vidu6: Timham f:R — R thoa man:
(x=y)f (x+y)—(x+ y)f(x—y)=4xy(x2+y2)VX,yeR(1).
Loi giai:
Ta co:
(D)o (x—y) f(x+y)—(x+y)f(x-y)=

=[(x+y)=(x=y) |+[(x+ y)+(x—y)][%[(x+ y)+(X—y)]2_%[(X+Y)—(X—y)]1

., JU=X=Y
bat ta duoc:
V=X+Yy

vf (u)—uf (v):%(u +v)(u—v)((u +v)2 —(u—v)z)
—Vf (u)-uf (v)=uv—vu e v(f(u)-u®)=u(f(u)-v°)
+ Véi uv =0 tacé:

f(u)-u® f(v)-v

. f(u)-u?
= VuveR —»——"—
u v u

=a— f(u)=au+u’, vu=0
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+Véi u=0v=0suyra: f(u)-u’=0« f(u)=u’— f(0)=0.

Ham f(u)=au+u’ théaman f(0)=0.Vay f(u)=au+u’, VueR

Ham s6 can tim 1a: f (u)=ax+x*(aeR). Thu lai thiy dung.

Vi du 7: (Ao 1996) Tim tit ca cac ham s6 f : R — R thoa mén diéu kién
x*f (x)+ f (1-x)=2x-x*vxeR

Loi giai:

Thay x bdi 1-x ta dugc

(1—x)2 f(1-x)+f(x)=2(1- x)—(l—x)4

Nhu vay ta cd hé

{xzf (x)+ f (1-x)=2x-2"

(1—x)2 f(1-x)+f(x)= 2(1—x)—(1—x)4
Tacé D =(x2 —x—1)(x2 —x+1) va D, =(1—x2)(x2 —x—1)(x2 —x+1). Vay D.f (x)=D,,VxeR.Tirdo ta
¢ nghiém cua bai toan la
1-x*:x#a,x#b
f(x)=<ceR:x=a (c lahang sb tay y),
2a—a’-a*:2=b
Vi a, b la nghiém ctia phuong trinh x> —x—-1=0
Nhan xét: bai toan trén duoc ding mét 1an nixa trong ki thi VMO 2000, bang B.
Vi du 8: (VMO 2005) Hay xac dinh tat ca cac ham sé f : R — R théa man diéu kién
f(f(x=y))=f(x)f(y)—f(x)+f(y)—xy.vx,yeR (8)
Loi giai:
Thé x=y =0 vao (8) ta duoc
2
f((0)=(7(0)
Thé x =y vao (8) va sir dung két qua trén thi

(f(x) =(f(0) +x* ¥xeR

suyra (f(x)) =(f(-x))" —|f(x)|=]f(-x) vxeR.
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Thé y =0 vao (8) duoc
f(f(x))=f(0)f(x)-f(x)+f(0),vxeR (*)

Thé x =0,y =—x vao (8) dugc
f(f(x))="f(0)f(—x)+f(-x)-a,vxeR.

Tir hai dang thuc trén ta co
f(0)(f(—x)—f(x))+f(—x)+f(x)=2f(0),vxeR. (9)

Gia sir ton tai X, #0 sao cho f(x,)=f(-X,), thi thé x=x, vao (9) taco

f(%)=f(0)

>(f(x)) =(f(0))
—(£(0)) +x2=(f(0)) +0?
—> X%, =0

Suy ra mau thuan
Vay f(x)=-f(x),vxeR, trdiéu nay kiét hop véi (9) ta co
f(0)(f(x)-1)=0,vxeR

Tur day suyra f(0)=0,vi néu nguoc lai thi f (x)=1,Vx=0, trai véi diéu kién f 1a ham I¢é. Tur dy ta nhan

duoc quan hé quen thuoc
Xo=f(%)=—T(f(%))=—T(X)=%
V6 Iy. Vay ching to f (x)=-x,VxeR. Thu lai thiy ham nay thoa man bai toan.

Nhan xét: Bai toan trén cho két qua Ia ham chan f (x)=—x. Néu van giita nguyén vé phai va dé nhan duogc

ham I¢ f (x)=x, ta sira lai dit kién trong V€ trai nhu trong vi du sau
Vi du 9: Tim tt ca cac ham sé f : R — R thoa man diéu kién
Ff(x)-y)=F(x)=f(y)+f(x)f(y)-xy,vx,yeR
Loi giai:

Thé y =0 ta dugc
f(f(x))=f(x)-f(0)+f(0)f(x),vxeR (10)

Thé y = f (x) va sir dung két qua trén, ta dugc
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F(0)= ()= £ (f(x))+ F (x).(F(x))=xf (x) (*)
= £(0)—xf (0) f (x)+(f (%)) + f(0).((x)) ~xf (x),

Hay —2f(0).f (x)+(f(x)) +f(0).(f(x)) —xf(x)=0vxeR.

Thé x =0 vao dang thtc trén ta duoc
(f(0)) ~(f(0)) =0 f(0)=0 hoic f(0)=1.

Néu f(0)=0 thi thay vao (10) tacd f(f(x))=f(x),—xeR, thay két qua ndy vao trong (*) ta c6
f(x)=x.
Néu f (0)=1thay vao (10)tacé f(f(x))=2f(x)-1, thay vao trong (*) ta c6 f(x)=%x+1.

Két luan: thay vao ta thay chi co hamsé f (x)=x,VxeR la thoa man yéu cau.
Vi du 10: Tim tat ca cac ham s6 f :R — R thoa mén
f((x—y)z):(f(x))z—fo (y)+y*,vxyeR.
Loi giai:

Thay x=y=0 thi (f(0))=(f(0))" - f(0)=0 hozc f(0)=1

Truwong hop 1: Néu f (0 =0, thi thay x =y vao diéu kién ban dau ta duoc
£(0)=(f(x)) —2xf (x)+x2 =(f(x)-x) > f(x)=x,VxeR.

Nhan thay ham sb nay thoa man.

Trudng hgp 2: Néu f (0)=1 thi lai vin thay x =y =0 ta nhan duoc, véi mdi x e R thi hodc la f (x)=x+1
hogc 1a f (x)=x-1. Gia st ton tai gia tri a sao cho f(a)=a-1.Khidé thay x=a,y =0 ta dugc
f(a®)=a’-4a+1

Nhung ta lai ¢6 hogc 1a f (a®)=a’+1 hojc f(a®)=a”-1. Do d6 ta phai c6 hoic la a* —4a+1=a”+1hozc
a’—4a+1=a’-1,tec a=0 hoic a= % Tuy nhién kiém tra déu khdng thoa.
Vay ham s6 thoa man yéu cau la f (x)=x,vxeRhoicla f(x)=x+1VxeR,
Vidu 11: Tim tit ca cac ham s6 f : R — R thoéa mén diéu kién
f (x3—y)+2y(3(f (x))2 + yS): f(x+f(y)) vxyeR.
Loi giai:

Thay y=x%taco
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f(0)+2¢° (3(F (x))'+x°) = 1 (' + £ (x)), ¥xe R
Thay y=—f(x) ta dugc

(x4 () =21 (x)(3(F (x)) +(F (x))°) = 1 (0), vxeR.
Tir hai dang thtc trén ta duoc
2 (3( (x)) +x°)=8( (x)) \¥xe R

Do do6

15

f(x)—x3)(4<f(x>)2+x3<f(x>+x3))=(f<x>—x3>([2f<x>+§j+5x6].

3\2

Chuay rang [Zf (X)+X7j +%x6 =0 thi x=0, f (0)=0. Bsi vay trong moi truong hop ta déu co f (x)=x

3
. Thir lai thay ham sb nay thoa man bai toan.
3. Bai tap van dung

Bai tap 1: (Slovenia 1999)Tim tit ca cac ham f :R — R thoa mén

f(x—f(y))=1-x-y, vx,yeR (1)
Loi giai:
Thay x bsi f(y) trong (1) duoc f(0)=1-f(y)-y— f(y)=-y-f(0)+1(2)

Cho y =0 thay vao (2) dugc f(O):%.Suy raf(y):—y+% vyeR
Bai 2: (Khanh Hoa 2017) Tim tat ca cac ham f :R — R théa man:
f(xy)+f(x—y)+f(x+y+1)=xy+2x+1Vx,yeR.
Loi giai:
bt g(x)+x= f(x) thi phuong trinh ham da cho tr& thanh:
g(xy)+9g(x—y)+g(x+y+1)=0Vx,yeR. (1)
Trong (1) lan lugt cho x=0,y=0;x=0,y=1Lx=0,y=2x=1y=1—g(0)=0.

Trong (1) cho y=0—>g(x)+g(x+1)=0 VxeR.(2)
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Trong (1) cho y=-1—g(-x)+g(x+1)+g(x)=0 vxeR.(3)
Tu (2 va@3)suyra g(-x)=0vxeR—>g(x)=0vxeR— f(x)=x ¥YxeR . Thir lai thiy théa man.

Bai 3: Tim tat ca cac ham s6 f :R — R, biétrang f 1a ham s chan va thoa man:
f(xy)—f(x)f(y)=2014(f (x+y)—2xy—1) voi moi x,y e R..

Loi giai:

Tur (1) cho y =0, ta co:

f(0)—f(x).f(0)=2014(f (x)—-1)«>(f (x)—1)( f (0)+2014)=0 véi moi x e R.

Néu f(0)=-2014 thi f(x)=1 véimoi xeR.Khidé f khong thoa man (1)

Do d6 f(0)=-2014.

Tu (1) thay x boi x va y baoi x, ta dugc:

f(x2)=(f(x)) =2014( f (2x)-2x* ~1). (2)

Tu (1) thay x boi x va y boi —x, ta duoc:

f (—xz)— f(x)f(-x)= 2014( f(0)+2x’ —1). (3)

Vi f 1a ham sé chin nén viét (3) lai nhu sau:

£(x)~(f(x)) =2014( f (0)+2x*~1). (4)

Lay (4) trir (2) vé theo vé ta duoc:

f (2x)=4x*+ f (0) véi moi xeR.

Suy ra: f(x)=x*+f(0)=x*-2014 véi moi x e R..

Bai 4: (Thanh Hoéa 2017) Tim tt ca cac ham f :R — R théa man:

F(F(x)+(y))=f(x2)+2¢F (y)+(f(y)) ¥xyeR. (1)

Loi giai:

Trong (1) lan luot cho:

o x=1y=0- f(f(1)+f(0))="f(1)+2f(0)+f?(0).(2)
o x:O,y:1—>f(f(O)+f(1)
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Tir (2) va (3) suy ra f (1)=— (0) hozc f (1)=f (0)+1.
e Néu f(1)=—f(0)taco f(0)=f(1)+2f(0)+f2(0)— f(0)=f(1)=0.
Trong (1) cho x=0 c6: f(f(y))=f*(y)vyeR.
Trong (1) cho x=1¢6: f(f(y))=2f(y)+f?(y)vyeR.
Tadosuyra f(y)=y VyeR.
e Néu f(1)=f(0)+1, trong (1) thay x bsiy , y béi x dugc
£(x)+ 2 (y)+(F(y)) = f(y?)+2y2f (x)+(f(x)) ¥x yeR. (4)
Trong (4) lan luot cho x=0,x =1 ta duogc:
£(0)+(F(y)) = f(y?)+2y*f(0)+(f(0)) wyeR
f)+2f (y)+(f(y)) = (v?)+2y*f (U)+(F Q) vyeR
Tur hai phuong trinh trén két hop f (1) = f (0)+1ta duoc f (x)=x*+ f (0) VxeR.

Thr lai thay f(0)=0. Ham f (x)=x* Vx € R thoa man. Vay c6 hai ham théa man f (x)=0 vxeR
hogc f (x)=x* VxeR.

Bai 5: (Chuyén PH Vinh 2017) Tim tit ca céc ham f :R —» R thoa méan:

1. f(1)>0

2. f(xy-1)+2f(x)f(y)=3xy-1vx,yeR. (1)

Loi giai:

Trong (1) cho y=1c6: f(-1)+2f(0)f(x)=-1vxeR. Tirday suyraf(0)=0 vi néu nguoc lai ta co
f (x)=c VxeR (c1ahdng sb), khong thoa man dé bai.
Trong (1) cho x=1,y=1tac6 f(0)+2f*(1)=2— f(1)=1 (do f(1)>0)
Trong (1) thay X bdix+1,cho y=1co f(x)+2f(x+1)=3x+2VxeR. (2)
Trong (2) cho x=-1 — f(-1)=-1.
Trong (1) thay x boi—x-1,cho y=-1c6 f(x)-2f(-x-1)=3x+2VxeR. (3)

Tur (2),(3) suyra f(x)=—f(-x)vxeR.

Trong (1) cho y=-1¢c6 f(—x-1)+2f(-x)=-3x-1— f(x+1)+2f(x)=3x+1vxeR. (4)
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Tur (3),(4) suy ra f(x)=xVxeR. Thir lai thiy théa mén.
Bai 6: (Chuyén Sw pham HN 2018) Tim tat ca cac ham f :R — R thoa man:
f((x=y) F(X)=f(y))+(x+1) f(y—x)+x=0Vx,yeR (1)
Lo giii:

£(0)

£(0)=

0
Trong (1) cho x=y=0 tacé: f?(0)=f(0) - .
Trudng hep 1: f(0)=0.

Trong (1) cho x=0 taco: f(y)=0VyeR. Thu lai thay khong thoa man.
Trudng hep 2: f(0)=1.
Trong (1) cho y=-2x taco: f(x)f(—x)=1-xf (—x)+x VxeR.

Trong (1) thay x boi —x thay y bsi-2x taco: f(x)f(—x)=1+xf (x)-x VxeR. (2)

Turdéy suyra f(—x)=2-f(x) vx=0.Ma f(0)=1— f(-0)=2-f(0) nén
f(—x)=2-f(x) VxeR.(3)

Tir (2) va (3) duoc (f(x)—1)(f(x)+x-1)=0 vxeR.

Gia sir ton tai a,b#0 thoa f(a)=1va f(b)=1-b. Mat khac trong (1) cho x=b,y=a—b co

Vo ly.
1-(a+b)=1-b ey

f b)=1-b
(a+b) —{ A_0

Do d6 f(x)=1VxeRhoic f(Xx)=-x+1VxeR. Thi lai thiy théa mén.
Bai 7: (Bic Ninh 2018) Tim tat ca cac ham f :R — R thoa man:
xf (x+xy)=xf (x)+ f (xz) f(y), vx,yeR (1)
Loi giai:
Trong (1) cho x=y=0 taco: f(0)=0

Trong (1) cho x=y =-1 ta cé:

Truong hep 1: f(-1)=0.
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Trong (1) cho y=-1taco: xf (x)=0 VxeR. Kéthop f(0)=0duoc f(x)=0VxeR. Thi lai thiy

thoa man.

Trudng hep 2: f(1)=
Trong (1) cho x=1,y=-1taco: f(-1)=-1
Trong (1) cho y=-1taco: f (xz) =xf (x) vxeR. Kéthop f(0)=0dugc f(

Trong (1) cho x=1taco: f(y+1)=f(y)+1 VyeR.

Do f(x*)=xf(x) vxeR.nén (1) tre thanh
(x+x) f(x )+ (X) f(y)=F(X)(f(y)+1)="f(x)f(y+1) vx,yeR
= f(x)f(y)=1(0y) vxyeR(2)

Suyra f(x+xy)=f(x)+f(xy)vx,yeR.(3)

Véi x#0 trong (3) thay y bai 2 duoc f(x+y)=f(x)+f(y) vx=0,yeR.
X

Kéthop f(0)=0dugc f(x+y)="f(x)+f(y)vx,yeR. (4)

x)=—f(-x) vxeR.

Tur (2) va (4) kéthop f(1)=1duogc f(x)=x VxeR. Thi lai thiy théa mén. Vay bai toan c6 2 nghiém

ham f(x)=0, vxeR hogc f(x)=x, VxeR.

Bai 8: (VMO 2002). Hay tim tat cac cac ham s6 f (X) xac dinh trén tip sé thucR va thoa man hé thac

f(y—f(x))=f(x*?-y)-200Ly.f (x),vx,yeR
Loi giai:
Thé y = f (x)vao (1) ta duoc
£(0)=f(x®2~f(x))-202,(f(x)) . VxeR  (2)
Lai thay y = x**vao (1) thi
f (x2°°2 —f (x)) = f(0)—2001.x*"%.f (x),vxeR (3)
Lay (2) cong véi (3) ta dugc
f(x)(f(x)+x2°°2):O,VXGR

Tur dy suy ra voi mdi giatri xe R thitaco hoacla f(x)=0 hozc la f(x)

thoa man yéu cau bai toan thi bat bugc phai c6 déng nhat

1)

=-x*" Tas& chi rarang dé
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f(x)=0,vxeR hogc f(x)=-x*%vxeR.

That vay, vi f (0)=0trong ca hai ham s trén, nén khdng mat tinh tong quat ta c6 thé gia s ton tai a =0 sao
cho f(a)=0 vatdntai b>0 saocho f(b)=-b*"(vi chican thay x =0vao quan h¢ (1) ta nhan dwoc ham

f 1a ham chén). Khi d6 thé x=a va y =-b vao (1) ta dugc
f(-b)=f(a®”+b)

Vay ta nhan dugc dady quan hé sau

0% —b™®
= f(b)
= 1(-b)
= f (a2°°2 +b)
0 (0£0)
B —(a2°°2 + b)2002 (—( a’ + b)2002 < —b2°°2)

Béang cach thir lai quan hé ham ban dau ta két luan chi c6 ham s f (x) =0, vx € R théa man y8u cau bai toan.
Bai 9: (Iran 1999, Truwdng hé toan hoc My 2002) Xac dinh cac hamsé f : R — R thoa mén
f(f(x)+y)="f (x2 —y)+4yf (x),vx,yeR
Loi giai:
Thé y = x*ta dugc
f (f (x)+x2)= f(0)+4x*f (x),vxeR
(x) ta dugc
f(x)+x2)-4(f(x)) , ¥xeR
Cong hai phuong trinh trén ta dugc
4f (x)( f (x)—x2)=O,VXGR.
Tl day ta thay vai mdi x € Rthi hoac 1a f (x)=0 hogc la f(x)=x. Taching minh néu f théa man yéu
cau bai toan thi f phai ddng nhat véi hai ham sb trén. Nhan thdy f (0)=0, tir d6 thay x=0 ta duoc

f(y)=f(-y),YyeR, hay f laham chén. Giasirton tai a=0,b=0 saocho f(a)=0, f (b)=-b*, khi do
thay x=a,y=-b ta dugc

f(-b)=f(a’+b)—> f(b)=f(a’+h).

Tir d6 ta c6 quan h¢ sau
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0 —b?
= f(b)
~1()
= f(a’+b)
0 (0+0)
- —(a2+b)2 (—a(a2+b)2<—b2)

Do d6 xdy ra diéu mau thuan. Thi lai thay ham s6 f (x)=0, f(x)=x* thoa man yéu cau.

Nhan xét:

1. RO rang bai todn VMO 2002 ¢6 ¥ tudng gidng bai todn nay. ,
2. Ngoai phép thé nhu trén thi bai toan nay ta ciing c6 thé thyc hién nhirng phép thé khac nhau nhu:

(. 1
a. Thé y=5(x2—f(x)).
b. Thé y=0dé f(f(x))="f(x*), saudothé y=x"—f(x).
c. Thé y=x-f(x)vasaudola y=x*-x.

Bai 10: Tim tat ca cac ham s6 f :R\{0} — R sao cho véi moi x,y khac 0 vax sy taco

F(y)-f(x)= f(y).f(ij.

Loi giai:

bat g(x) = f (%) ta duoc: g(y)-9(x)=9(y)g (1—§J 1)

+Choy=1: g(1)-9g(x) =g(Wg(1-x). Suy ra 9(1)—9&}: 9(1)9[1—§J @

X

g(l)—g(yJ .
———==9(y)g [;] =9(x).9@) (3), véi moi

+Tur (1) va (2) suy ra g(y)—g(x) = g(y).
gD

X Yy#0;x=Yy.
+ Trong (3) thay x boi y—x, ta dugc: g(y)g(l—ijzg(y—x).g(l) (4).
y

+ T (1), (4) suy ra g(y)-9(x) =g(y-x).g(1). Tir day suy ra g(u+v) =g(u)+g(v).g(2) (5), véi moi
u,v0u+v=0.

+Tu (3) suy ra g(xy)g(d) = 9(x).g(y) voi moi x,y =0 (6).

+ Hoan dbi vai trd caa u,v trong (5) suy ra néu g(1) =1 thi g(x)=0 (mAau thuin). Do d6 g(1)=1 vata
duoc: g(u+v)=g(u)+g(v);g(uv) =g(u).g(v) véi moi u,v=0.
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Theo két qua co ban ta duoc g(x) = x. Vay f(x) = Ia ham duy nhét can tim.

4. Bai tap ciing ¢

Bai tap 1: Tim tat ca cic ham s6 f :R — R thod man: f (f (x+y))=x+f(y), vx,yeR

Loi giai:
Gia st ham s6 f thoa mén dé bai. Trong (1) thay x bdi y vathay y boi X ta dugc:
f(f(x+y))=y+f(x), vx,yeR (2)
T (1) va(2)suyra: x+f(y)=y+f(x), vx,yeR (3)

Tir (3) cho y =0 taduoc f(x)=x+c, VxeR (c=f(0))
Thay (1) vao ta dugc ¢ =0. Vay ham so can tim la: f (x)=Xx, ¥xeR
Bai tap 2: Tim tat ca cac ham s f :(0,+o0) — (0,+0) thoa man:
£(x) f(y)=xf (%j+yf (gj vx,ye(0,40) (1)

Loi giai:

Gia st f 1a ham sb thoa man yéu cau cua dé bai.
Trong (1) cho x = y, ta dugc: f2(x)=2xf (gj , Vx e(0,+x)
Suyra: f (Xj r (X) , VX € (0, +00).

2 2X

J) 0

Thay vao (1) taco: f(x)f(y)= 2y . , VX, y €(0,+00)

xi(y) ol () T .
e{ N Tox =0, VX,ye(0,+0) = \/Z = o , VX, Y €(0,+x)
%%X)z%y);‘v’X,ye(O,+oo)—>L—aVXe(0,+oo) (ala hing sd) thay f (x)=ax,
vx € (0, +o).

Thay vao (1), ddng nhat ta dugc: a=0 hoic a =1.
Vay c6 2 ham s6 thoa man dé bai: f (x)=0, ¥xe(0,+») va f(x)=x, ¥xe(0,+wx).
Bai tap 3: Tim tat ca cac ham s f :R — R thoa mén diéu kién:
f(x+y)—f(x—y)=2y(x*+y?), vx,yeR.
Huéng dan:

Pit u=x+y,v=x-Y. Papsd: f(x)=x+c, vxeR.

Bai tap 4: Timham f:R —>Rthéaman: f(x)+xf (-x)=x+1VxeR(1).

(1)
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Léi giai:

bt t=-x, taduoc: f(—t)—tf (—t)=-t+1,vteR(1). Taco hé:

{f(x)+xf (-x)=x+1

—xf (x)+ f (=x)=—x+1

Bai tap 5: Timhamso f :R\{0,1} >R Theaman: f (x )+f[

Léi giai:

2

Bai tap 6: Timhamsé f :R\{-1;,0;1} - Rthoa man: xf (x)+ xf (

Loi giai:

x-1
bat x, =—— =
at x, 1 (3) > xf (x)+2f (x)
3 x-1 1
pat x,=—2-—"—=—-=(3 f 2f =1.
i~ AL (@) nf ()21 ()

X, -1 x+1
bat x,=2——-="-(3 f 2f =1.
i =22 K (8) 11 1)+ 26 ) -1
it X, =2 = x,(3) > %, f (%) +2f (X)

X, +

1

2

[x+

1
=+
X

— f(x)=1. Thi lai ham s6 can tim la: f (x)=1.

k)

1+x,VxeR'(2).

Lj _Thit lai thy ding. Vay
—X

1
1, vx#-1(3
x+1j x* ()
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xf (x)+2f(x)=1
f 2f(x,)=1 2_ .
Tacong | ()21 00) S (x)= 2 X4 i 1gi thiy dang.
% F(%)+2f(x)=1 5x(x—1)
X f(x)+2f(x)=1
2
Vay ham s6 can tim la: f (x)= %

Bai tap 7: Tim tat cac cac ham sé f : R — R thoa mén diéu kién
f(x+y)+f(x—y)=2f(x)cosy,vx,yeR
Huéng dan:
£ T
1. They—>E
2. Théy—>y+%
3. Thé x—0

Déap sé: f(x)=acosx+bsinx(a,beR),vxeR.

Bai tap 8: Cho ham s6 f : R — R thoa man diéu kién f (xy+x+y)=f (xy)+ f (x)+ f(y),x,yeR. Chutng

minh rang:
f(x+y)=f(x)+f(y),vx,yeR
Huwéng dan:
1. Tinh f(0)
2. Thé y=—-1. Chang minh f 13 ham sé

w

. Thé y=1— f(2x+1)=2f(x)+1

&

Tinh f (2(u+v+uv)+1)theo (3) vatheo gia thiét dé suy ra f (2uv+u)=2f (uv)+ f (u)
5. Chov= —%% —> XVA U—> y,2uv — X dé suy ra diéu phai chang minh
Bai tap 9: Tim tit ca cac ham s6 f : R — R ddng thoi thoa man cac diéu kién sau:

f(x)=xf (1)x,Vx=0
f(x)+f(y)=1+f(x+y),Vx,yeR,(x,y)#(0,0);x+y=0

Huéng dan:

1. Tinh £(0), f (~1)
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X+1

2. Tinh a+1 véi a=f(1)= f(—J: f(x+1i] theo ca hai diéu kién.

X+1 X+1

Dap so: f(x)=x+LVxeR.

Bai tap 10: Tim tat cac cac ham sé f :R” — R théa man diéu kién:

f(z)+2f (£]=3X,VX€R*
y

Huéng dan:

Thé x—>l
X

Dap sb: f(X)=§—X,VXER*.

Bai tap 11: Tim tat ca cac ham s6 f :R\{0,1} - R théa man diéu kién:

f(x)+f (XT_lj:H,VXeR\{O,l}

Huéng dan:

Thé x—>x_1,x—> -1
X x—1
. 1 x—1
Pap so: f = — -~ v¥xeR\{0:1
ap so: f(x) Xt VXe {0;1}

Bai tap 12: (Belarus 1995) Tim tat ca cac ham sé f : R — R thoa man:
f(f(x+y))="f(x+y)+f(x)f(y)
Loi giai:
RO rang f khéc hang sd.

y =0 vao diéu kién bai toan ta duoc
f(f(x))=(1+f(0)) f(x),vxeR

Trong dang thac trén thay xboi x+y thi
(1+ f (0)) f(x+y)="f (f (x+y))= f(x+y)+f(x)f(y)-xy,

Don gian ta duoc
f(0).f(x+y)=Ff(x)f(y)-xy (7)

Thay y =1 vao (7) thi
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£(0)(x+1)=F (x) f (1)-x.

Lai thay y=-1vao xboi x+1 vao (7) ta cd
f(0).f (x)=f(x+1).f (-1)+x+1.

Két hop hai dang thic trén ta duoc
(f(0)) = (1) F (1) f (x)==f (f(0)=f (-1))x+f(0).

Néu (f (O))2 —f (1) f (-1)=0, thi thay x =0 vao phuong trinh cudi cung ta dugc f (0)=0, nén theo (7) thi
f(x)f(y)=xy.Khido f(x)f(1)=xVvxeR,diéunay dan dén (f (0 )) f (1) f (-1)=-1, mau thuan.
Vay ( f (O))2 — (1) f(-1)#0,suyra f(x) lamotda thirc bac nhat nén ¢ dang f (x)=ax+b. Thay vao

quan hé ham ban dau suy ra a=1,b =0. Vay ham s6 théa man yéu cau bai toan 13 f (x)=x,vxeR.
Nhan xét: Néu chiu kho tinh ta s& tinh dugc f (0)=0 béang cach thé cac bién x,y bai hai s6 0 va 1.

Bai tap 13: Cho ham sé f :R — R thoa man diéu kién:

(x=y)F(x+y)=(x+y)f(x=y)=xy(x*—y?) Véi x,yeR.

i) Tinh f(0)va ching minh f 1a ham s 1¢.
i) Tim tat ca cac ham sé f .
Loi giai:
i) Tinh f(0) va chimg minh f 13 ham sb 1¢.
Voi x=y=1thi —=2f(0)=0 hay f(0)=0. (1)
VyeR=-yeR

Vé6i y=0thi f(0)= f(-0)=0 (do (1))
C(x=0
Vi { thi —yf (y)-yf(-y)=0 hay f(-y)=-f(y)
y=0

Vay f lahamsb lé.

i) Tim tit ca cac ham sb f .
u+v

X P
u=x+
Pit { Y tasuyra 2
V=X—y u—v

V=

22
Khi d6 vf(u)—uf(v):uvu v

()
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. (u=0
Vi
{v;to
2_ 2 2 2
Tir (2) ta duge - _ T W=V f) v _ TV v
u v 4 u 4 v 4
2
Chon v=1, tacé m_u_=f(1)_l_
u 4 4
1
bata=f(@Q)—-=
: -7
2
Taco m—ujza,Vu;tO.(I%)
u

3
Suy raf(x)=XZ+ax,VX¢0

3

Tir (1), (3) ta duoc f (x) =XZ+ax,VX cR.

Thit lai

3

V6i f(x):XZ+ax,tacé:f(0)=o;f(1)=%+a<—>a=f(1)—%

va (x—y) f(x+y)—(x+y) f(x—y) = xy(x* - y*)

3

Vay f(x)=XZ+ax, vxeR.

Bai tap 14: Tim tt ca cac ham sé f :R — R thoa man:

% f(xy)+% f(xz)-f(x)f(yz)=

|

Loi giai:

1

Cho x=y=2=0 thi %f(0)+%f(O)—fz(O)Z—H(f(O)—%jZSOHf(O):

9

Cho x=y=1z=1thi lf(l)-i-lf(l)— f2(1)21<_>[f(1)_£j2
3 3 9 3

Cho y=2=0 thi %f(o)—f(x)f(o)z

Ol

Do f(0)== nén f(x)<=,vxeR.(1)

1
3

VX, y,zeR.

Wk
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Cho y=z=1,taco %f(x)+%f(x)—f(x)f(1)z

O

Do f(1)== nén f(x)>=,vxeR.(2)

1
3

Wl

Tu (1) va (2) ta duoc f(x)=%,VXGR.

Bai tap 15: Tim tat ca cac ham sé f : R — R thoa man
f (x2+y2): xf (x)+yf(y), vx,yeR ().

Loi gidi:
Cho x=0,tir (1) suyra f(y*)=yf(y),vyeR
Cho y=0, tir (1) suyra f(x*)=xf(x),vxeR.
Do do (1) tro thanh:
f(x2+y2)= f(x2)+ f (yz),Vx,yeR—> f(x+y)="f(x)+f(y),vxy=0 (*)
thay y boi —y tir (1) ta duoc:

f(x+y?)=xf ()= ¥F (—y) > —yF (=y)=¥f (y), ¥y e R - f (-x)=—F (x), VxR
—yf (-y)=¥f(y),VyeR—>f (-x)=—f(x),vxeR, ching t6 f 1aham sb l¢.

Do @6 véi moi x>0,y <0 taco

F(x=y)=f(x+(=y))=F(x)+ f (-y) = (x)-f (y)
- f(x)=f(x=-y)+f(y)

> f((x=y)+y)=f(x=y)+f(y)

— f(x+y)=f(x)+f(y),vx=0,vy<0 (**)

Vaéimoi x<0,y<0 tacé
F(xry)==f(=x=y)==(f(=x)+ F (=y))==(=F ()= (y)) = F () + F () (***)

Két hop (*),(**),(***) vatadugc f(x+y)="f(x)+f(y),vx,yeR.

tinh f ((x+1)2)theo hai cach. Ta co
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((x+1) ) (x +2x+1)
o (x+1) f(x+1)= f( )+ f(2%)+
2

o (x+1)(F(x)+ F (1) =xF (x)+
o f(x)=xf(1),vxeR
o f(x)=ax,vxeR,aeR

Bai tap 16: (Pong Nai 2015) Tim tat ca cac ham g:R — R thoa man:

g[g(x)—x2 + yz] = g(x)[g(x)—sz +2yz]+22[y2 —g(y)]+ yz[z2 —g(z)]

—2x*yz+x+9(y)g(z)+x*, vx,y,zeR.

f(1
f(x)+f (1)

Loi giai:
bat f(x)=g(x)-x* ta dugc:
f(f(X)+yz)=x+f(y)f(z), ¥xy,zeR (1)

Trong (1) cho x=y =0 dwoc: f(f(0))=f(0)f(z), vzeR. Tirdaytaco f(0)=0 vinéunguoc lai
f (O) #0thi f 12 ham hang khong thoa man.

Trong (1) cho y =0 ta dwoc f(f(x))=x, VxeR.(2)Suyra f latoan anh.

Trong (1) cho x=0 ta duoc f (yz)=f(y) f(z), Vy,zeR.(3)

Tir (2) va (3) phuong trinh da cho duoc viét lai f ( f(x)+ yz) = f (f (X))+ f(yz), vx,y,zeR.(4)
Do f toananhnéntx (4)suyraf (x+y)=f(x)+f(y) vxyeR.

Vi f vira cong tinh vira nhan tinh nén f (x) =ax, vxeR. Thu lai (1) ¢

a=1—f(x)=X%, VxeR——>g(x)=x*+X, VxeR.
Bai tap 17: Tim tit ca cac ham sé f :R — R thoa man:

f(X+xy+ f(y)):(f(x)+%j(f(y)+%j,VX,yeR.

Loi giai:

Dé& thdy ham f hang khong thoa man. Ta xét f khdng hang.

f(X+xy+ f(y)):(f(x)+%j(f(y)+%j,Vx,yeR @

Trong (1) cho y=-1 ta dugc: f(f(-1)= ( f(x) +%j( f(-2) +%) ,VXeR (2)

CHUYEN DE 1: PAI SO VA GIAI TiCH 21 |



Tai liéu chuyén dé boi duong hoc sinh gioi

RG rang néu f(—1)+%¢0 thi f 1a ham hing. Do do: f(—1)+%=0:> f(—1)=—%

Ta s& chitng minh: f (x)+%=0<—> X=-1.

That vay, gia sir ton tai a = —1 sao cho f(a) = _?1 .

Trong (1) chon y=a taco: f (ax+x—%J:0,vXeR.
Mau thuan vi f khong la ham hang. Do d6 ta c6: a=—1.

Chay la f(—1)=—%nént1‘1(2)tacé: f(%ljzo.

1
—E—f(y)
Trong (1) chon x = m , (y#-1) ta duoc:
1 1 1
—-f(y) —5-1(y) -t | 4 1
f| —2 2 y+f(y)|=| f| -2 (f —j
1+y " 1+y a (y) 1+y +2 (y)+2
1
>t 1 1
fl 2 f(y)+=|=f|-=|=0vy=-1
ol 1| Ty [ g )= r(-3) oy
_E_f(y) 1 _E_fy
— f =——,Vyz-lo 2 =-1LVvVy=-1
1+y 1+y

Suy ra f(y)=y+%,Vy¢—1
1 . 1
Do f(—l):—E nén f(X)=X+§,VXeR.

This Iy ta c6 ham 8 cin tm 12  (x) =x+, VX € R.

Bai tap 18: Tim tit ca cac ham sé f : R — R thoa man

f(xfF(y)+y)+ f(xy+x)=f(x+y)+2013xy (1).

Loi giai:
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Thay x=1,y= 2013 vao (1) ta dugc: f(a)=1
Trong do a=f 1 +i
2013 ) 2013

Tiép tuc thay y =a vao (1), ta thu duoc:
f(x+a)+ f(xa+x)= f(x+a)+2013ax, Vx e R.

hay f(ax+x)=2013ax,VxeR. (2)
Tir (2) suy ra a# 1. Thay x = leao (2). ta duoc
a-+

2013at

,VteR. hay f(t)=ct,(ceR)
a+1

f(t) =

Tiép theo, thay bicu thic cia f () vao (1), ta thu duoc dang thic
CXY + CY + CXY + CX = CX + CY + 2013xy; VX, y € R.

- (c*+¢-2013)xy=0,Vvx,y e R

__ ~1-+/8053
2
<~ c?+c-2013=0«
. ~L++/B053
2

Vay ta nhan duoc hai ham sé thoa méan dé bai 1a f (x) =

xva f(x)=

—-1++/8053 -1-+/8053 X
2 2

Bai tap 19: Tim tit ca cac ham f :R — R thoa man: f [xf (y)+ 2015x] =2015xy + f (x) voi moi X, Y.

Loi giai:

Cho x =1 thi f[f(y)+2015]=2015y+ f (1)

Chon y thoa man 2015y + f (1) =-2015, va dat t = f (y)+ 2015 thi f(t)=-2015.

Chony =t, va thay vao gia thiét thi: f [xf (t) + 2015x | = 2015xt + f (x)

Hay: f(0)=2015xt+ f(x) <> f () = —2015tx+ f (0), Wx e R.
Vay f(x) la ham bac nhit.

Gia sir f (x) =mx+n. Thay vao gia thiét ta co:

m[xf (y) +2015x]+n = 2015xy + mx+n <> mx(my +n) +2015mx +n = 2015xy + mx +n

<> m?xy +(mn+2015m) x = 2015xy + mx
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Ding thirc trén ding véi moi X, y nén:

{m2 — 2015 - {m —+./2015

mn+2015m=m n=-2014

Vay ¢6 2 ham thoa man yéu cau, 1a f (x) = +4/2015x — 2014 .
Bai tap 20: Timhamsé f:R — R thoa man
2 2 2,
f ((x— y) )z X2 =2yf (x)+(f(y)) ;vx,yeR.
Loi giai:

£(0)=0

<f<o>>2«{f(o):1

Cho x=y=0— f(0)

+)Néu f(0)=0.Cho y=0,xeR ta duoc: f(xz) x> — f(t)=t,vt>0
Cho x=yeR taduge f(0)=x—2xf ( (f(x))z( )=x)* =0 f (x)=x. Thir lai thy ding
+)Néu f(0)=1cho y=0,xeR tadugc f(xz) X +1— f(t)=t+1,Vt>O.

Cho x=0,yeR ta dugc
f(y)=y+1
f(yz):—2y+(f(y2))—>(f(y))2:f(y2)+2y:y2+2y+1:(y+l)2<—> ny;——y—l
Gia sr ton tai y, € R saocho f(y,)=-y,-1
Chon x=y =Y, ta duogc:
f(yo)=Y,+1
1=y2 -2y, f f(y,)) SO
Yo =2Y, F (o) + (T (¥o)) H{f(yo)?yo—l
Yo=0
f(0)=-1
Néu f(Yy)=Yo+1l>-y,-1=y,+1>Yy,=-1— f(-1)=0
vay f(y)=y+LvyeR..
Bai tap 21: Timtatcacachamsd f:R, — R, théa man:

Néu f(y,)=-Y,-1—>-y, 1=, —1—){ (108.1)

f(x+ F(X)+2y)=2x+ F2F(y)), VX yeR_.
Loi giai:
Gia st ton tai ham s6 f (x) thoa man yéu cau bai ra.
bat f(0)=a voi aeR,
Chon x=0; y = x, thay vao (14) ta dugc
F(F0)+2X) = f(2F (X)) VXeR, o f(2x+a)=f(2f(x) VXeR_,

Nén f (x+ f(x)+2y)=2x+ f(2y+a), VX;yeR, (i)
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Thay 2y boiy ta dugc

f(x+ f(X)+y)=2x+f(y+a), Vx;yeR, (ii)

Voi x;y>a théamén f(x)=f(y)=t

Thay y boi y—a vao (ii) ta dugc: f (x+t+y—a)=2x+t, VX;yeR,

Thay x boi y,yboi x—a vao (ii) ta dugc: f(y+t+x—a)=2y+t, VX;yeR,

Do do x=y

Chonx=0;y =0 thay vao (i) ta co: f(a) = f (2a)

Theo két qua phan trén suy ra a = 2a

Suyraa=0

Chonx=0;y=x , thay vao (i) ta dugc f(2x)= f(2f(x)), VxeR,

Suyra: 2f(x)=2x, VxeR, —> f(X)=x, VxeR,

Thur lai thiy ham sé vira tim thoa man yéu cau bai toan.

Vay f(x)=x, ¥xeR, laham s can tim.

Bai tap 22: Tim tat ca cac ham sd f :R — R thoa man diéu kién
f(x*)=f(x+y).f(x=y)+y% VX, yeR.

Loi giai:

£(0)=0

Cho x=y =0 ta duoc f(0)=[f(0)]2<—{f(o):1

Cho x=y =2 taduogc f(4)=f(4).f(0)+4—> f(0)=1

Vay f(0)=0. Cho x=y tadugc f(x*)=f(2x).f(0)+x*=x*— f(t)=t,vt=0.

Cho x=0,y=t>0, taduoc f(0) = f(t) f (=t) +t* < 0=tf (1) +t* & f(~t)=—t,Vt>0
Vay f(x)=x, VxeR.

Thir lai ta thdy ham s6 f (x) =x, Vx e R. théa man bai toan.

Bai tap 23: Tim f(x) x4c dinh ¥YxeR thoa man

f(0)=2013; f [%) — 2014

f(x+y)+f(x—y)=2f(x)cosy vx,yeR. (1)
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Lo giai:
Trong (1) cho
x=0y=_—2 f(f] f[ijon f (1j:—f [1):—2014
2 2 2 2 2
Trong (1) cho

y:£—> f (x+£]+ f (x—zj:m—) f(x—E]:—f (x+£j
2 2 2 2 2

Trong (1) cho

—T T —T —T
X=— > fly——=|+f| ——-y|=2f| — |cosy =-4028cos
2 (y zj (2 yj (zj y y

T

Trong (1) choy=x — f (x—%j+ f (—E— xj =—4028cos x. (2)

Trong (1) chox=0— f(y)+ f (—y)=2f (0)cosy =4026cos y

Trong (1) cho

y=x+2 5 f (x+£)+ f [—x—z] :4026cos(x+£j:40265in x. (3)
2 2 2 2

Trur tirng vé hai phuong trinh (2) va (3) duoc:

2f (x—%):—4028cosx—4026sinx<—> f (x—%J:—2014cosx—2013sin X
Trong (1) thay x boi x+% co:

f(x)= —2014cos(x+%)—2013sin(x+%) =2014sin x—2013cos X
Bai tap 24: Tim cac ham s6 f :(L+00) —> R thoa man diéu kién:
f(x)-f(y)=(y-x)f(xy) véi moi x,y>1
Loi giai:

Véi moi t>1, thay (X;y)=(t;2),(t;4) va (2t;2) vao (1) ta dugc:

F(t)-f(2)=(2-1) f (2t)
F(t)-f(4)=(4—t) f (41)
f(2t)- (2)=(2-2t) f (4t)
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— f(4)+(t-3) f(2)=t(2t-5) f (4t) (2), v6i moi t>1.
Liy t=2 £ (4)=2 £(2)

Thay vao (2) ta duoc: (t —gj f(2)=t(2t-5)f (4t)

Do do6 véi moi t>1,t¢g_> f(4t)= f2(t2)

Tir (1) taco: f(t)=f (4)+(4—t) f (4)= th(z) Vi t>1t2 5.

Vi t:g,tfr(l) thay x=§,y=2 ta c:
f@: f(z)_%f(s):‘”(z):“(2)—>f(t):2ft(2), vis1

5 5
2
bat c=2f(2) > f (x):E voi X >1.
X
Thir lai théa man diéu kién (1).

Vay ham s6 can tim la: f (x):E,VX>1..
X

Bai tap 25: Tim tit ca cac ham sé f : R — R thoa man
f(x2+y2):xf (x)+yf(y), ¥x,yeR ().
Loi giai:
Cho x=0, tir (1) suy ra f(yz)zyf(y),VyeR
Cho y=0, tir (1) suyra f(x*)=xf(x),vxeR.
Do d6 (1) tro thanh:
f(x2+y2)= f(x2)+ f (yz),Vx,yeR—> f(x+y)="f(x)+f(y),vx,y=0 (*)

thay y boi —y tir (1) ta duoc:

f(x2+y2)=xf (X)=yf (=y)> =¥ (-y)=Y¥f(y),VyeR— f(—x)=—f(x),vxeR
_f

—yf (-y)=¥f(y),VyeR—>f (-x)=—f(x),vxeR, ching t6 f 1aham sf l¢.

Do d6 voi moi x>0,y <0 tacé
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F(x=y)=f(x+(=y))=F(x)+ f (-y)=F(x)-f (y)
— f(x)=f(x-y)+f(y)

> f((x=y)+y)=f(x=y)+f(y)

— f(x+y)=f(x)+f(y),vx=0,vy<0 (**)

V&imoi x<0,y<0 tacéd
f(xty)=—f(-x=y)=—(f (-x)+f(-))

Két hop (*),(**),(***) vatadugc f(x+y)="f(x)+f(y),vx,yeR.

Il
|
|
—
—~
x
~
|
—
—
<
~—
~—
Il
—
—~
x
~
+
—
—
<
~
—~~
*
*
*
~

tinh f ((x+1)2)theo hai cach. Ta co

f((x+1)2) x +2x+1

<—>(x+1)f(x+1)_f() f(2x)+f(1

& (D (0+ 1 (1) =x1 (1)+2F (1)+ £ (1)
o f(x)= x()VXER

o f(x)=ax,VxeR,aeR

Bai tap 26: Tim tat ca cac ham sé f :R — R sao cho:
vx,y e R, f(x*° +2014y) = f (2x+y) + f (3x+2013y) + x**** —5x — 2015.
Loi giai:

bt f(x)—x=g(x), YxeR .Thay vao gia thiét ta co
g(x®" +2014y) = g(2x+ y) + g(3x +2013y) + 2015 VX, y € R ().

Thay y =3x—x*" vao (1) taco g(4x—x*"),vxeR(2).

Xét ham s h(x) =3x—x**° vxeR taco h(x) lién tuctrén R va lim h(x) = —o; lim h(x) =+, suy ra
tap gia tri cua h(x) la R. Tur (2) suy ra g(x) =-2015 Vx e R.

Do d6 f(x)=x-2015, vxeR..

Thay vao thu lai ta thay f (x) = x—2015 Vx € R. théa man.

Vay f(x)=x-2015VxeR..

Bai tap 27: Xac dinh ham sé f :R — R théa man déng thoi 3 diéu kién:
1 f(—x)=—f(x);

2. f (x+1)=1+f (x),VxeR

3.f[EJ=L2X),VX¢O.

X X
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Lai gii:
x+1 1 1 f(x)
X il 2T =1+ =1+ F = =1+ 1
V&l mol A taco (xj ( xj (xj 2 ()

Mat khéac, véi moi x khac 0;-1 ta co:

) f({gﬁfnxm;lﬂxzwm

x+1 X+1

U x (x+1)

[
(XLJZ.{I— f(x+1) ] (x+1j2.(x+1)2—f(x+1)

=i2[(x+1)2—1—f(x)_:iz[x2+2X—f(X)] (2)

4 X

Tu (1) va (2) taco: 1+ F(x) :iz[x2 +2x—f (x)]—> f(x)=x, Vxe R\{0;-1}.

NG

T (1) co f(0)=—f(0) suyra f(0)=0
Taco f(—1)=—f(1)=—[1+f(O)]:—l.Vay f(x)=x,VxeR..

Bai tap 28: Tim tat ca cac ham s f :R — R thoa man:
xf (x+xy)=xf (x)+ f (xz) f(y), vx,yeR. (1).

Loi giai:

Trong (1) ldy x=y =0 dugc f(0)=0.
Trong (1) lay y =—1 ta co

Trong (2) lay x =1 ta duoc:
f(-1)=0
f(1)f(-1)-f(-1)=0« f(1)=1
+ Néu f(—1)=0 thi tir (2) suy ra f ddng nhat 0 va ham nay thoa man bai toan.
+Néu f(1)=1 thitrong (2) lai ldy x =1 ta thu dwogc f(-1)=-1.

Tir d6 (2) trér thanh: f(x*)=xf (x), vxeR  (3)

Trong (1) tacho y=1:

xf (2x) = xf (x)+ f (xz) f(1), vxeRe f(2x)=2f(x), vx=0

Két hop (1) va (3) ta duoc:

f(x+xy)="f(x)+f(x)f(y), vyeR,x=0 (4)

Tu (4) lan luot lay x =1, x=-1 ta co:

f(l+y)=1+f(y), VyeR

f(-1-y)=—1-f(y), vyeR
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Nhu vay ham | 12 mot ham s6 1é.

Trong (4) thay Y boi—y va st dung tinh 1 cta ham f
f(x=xy)=f(x)+f(x)f(-y)="f(x)-f(x)f(y), vyeR,x=0 (5)
Cong vé theo vé (4) va (5) :

f(x+xy)+f(x—xy)=2f(x)=f(2x), VyeR,x=0

Ma f(0)=0néntacod f(x+xy)+f(x—xy)=2f(x)="f(2x), vx,yeR
f(x+y)=f(x)+f(y), vx,yeR

Vi biy gid ta & tinh biu thie f ((x+1)°) theo hai cdch:

f((x+1)2)= f(x2 +2x+1): f (x2)+ f(2x)+ f (1)=xf (x)+2f (x)+1 VxeR
() ) = (x+1) £ (x+2) = (x+2)(  (x)+1), ¥xeR

T hai diéu trén thu dugc:
xf (x)+2f (x)+1:(x+1)(f (x)+1), VxeR < f(x)=X VxeR

Thir lai thoa. Két luan ctia bai toan 1a: f (x)=0,vxeR; f(x)=x,VxeR.
I1. Sir dung tinh chét anh xa dé giai phwong trinh ham

1. Nhic lai mgt sé khai niém va tinh chét caa anh xa

1.1. Anh xa

Pinh nghia 1. Mot &nh xa f tirtap X déntap Y 1a mot quy tic dit twong tng mdi phan tir x caa X
véi mot va chi mot phan tir caa Y . Phan tir nay duoc goi la anh cuax qua anh xa f va dugc ky hiéu 1a

f(x).
e Tap X goilatipxacdinhcuaf.Tap Y goilatap giatricaa f
e Anhxatr X dénY duoc ky hiéu
f: X->Y
x>y =f(x)
e Khi X vaY lacéctap sb thuc, &nh xa f duoc goi 1a mot ham sé xac dinh trén X
e ChoaeX,yeY.Néu f(a)=y thitandi y laanhcua a va a langhich anh cia y qua anh xa
f.
e TaphopY :{er‘HXE X,y=f (x)} goi latap anh cua f . NGi cach khac, tap anh f (X) latap
hop tat ca cac phan tircia Y ma c6 nghich anh.
1.2. Don anh, toan anh, song anh

Pinh nghia 2. Anhxa: f : X —»Y duoc goi 1a don 4nh néu véi, ac X,beY maa=b thi

f (a)= f(b), tac 1a hai phan tr phan bigt s& c6 hai anh phan biét.
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T dinh nghia ta suy ra anh xa f la don anh khi va chi khivégi, ae X,beY ma f (a) =f (b) , ta phai
c6ba=b.
Pinh nghia 3. Anh xa f : X > Y duogc goi 12 toan anh néu véi mdi phantr yeY  déu ton tai mot phan

th xe X saocho y=f(x).Nhuvay f latoananhnéuvachinéuY = f(X) .

Pinh nghia 4. Anhxa f: X —Y duoc goi la song anh néu nd vira 1a don anh vira 13 toan anh. Nhu vay
anhxa f:X —Y lasong anh néu va chi néu véi mdi y eY , ton tai va duy nhat mot phan tor x e X dé

y=f(x).
1.3. Anh xa ngwoc ciia mgt song anh

Pinh nghia 4. Anh xa nguoc cua f , duoc ki hiéubsi f ™, laénh xatr Y d&én X gan cho mdi phan tir

yeY phantrduy nhat xe X saocho y=f(x).Nhuvay f*(x)=y e f(x)=y

Chay. Néu f khéng phai la song anh thi ta khdng thé dinh nghia dugc anh xa nguoc cua f . Do d6 chi
no6i dén anh xa nguoc khi f 1a song anh.

1.4. Anh xa hop

Pinh nghia 5. Néu g:A—>B va f:B—>C va g(A)cB thianhxahop fog:A—C duge xac dinh
b (-9)(a) - (9(a))

K hiéu p" = po po...o p

n
Dé co thé khai thac tinh chat cua 4nh xa can nam viing cac khéi niém vé don 4nh, toan anh, song anh.

2. Cac vidu:

2.1. Str dung tinh don anh giai phwong trinh ham

> Trong phuong trinh mot vé c6 chta f (x), vé con lai chira bién x bén ngoai thong thuong f 13

don anh.

> Néu trong phuong trinh chua f(f (X)+g0(x; y)) hoac f (f (y)+go(x; y)) , trong d6 (o(x; y) la
mét biéu thire d6i xang ciia x va y thi ta thuong ching minh f 1a don anh.

> f donéanhtrén D va a,be D saocho f(a)=f(b) thi a=h.

> Néuham f don diéu thyc sy trén D thi f don anh trén D.
Vidu 1: Tim ham sb f (X) xac dinh trén R thoa man: f(f(x)+2y)=4x+4y+3, Vx,yeR.

Loi giai:

Nhén xét f (x) la don anh.
That vay, giasit f(x)=f(x,) thi: f(f(x)+2y)=f(f(x)+2y)
—A4X +4y+3=4X,+4y+3 > X =X,. Vay f la don anh.
Taco: f(f(x)+2y)=4x+4y+3= f(f(y)+2x).
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Vi fladon anh nén: f(x)+2x= f(y)+2x hay f(x)-2x=f(y)-2y, Vx,yeR.
Do d6: f(x)—2x=c, ceR. Thay f(x)=2x+c vao didukiéntaco c=1.
Vay ham s6 can tim 1a: f (x)=2x+1, VxeR.

Vi du 2: Tim tit ca cac ham s6 f :R* — R* thoa mén diéu kién:

f(3x+4f(y))= 2y wxyeR' 1)

Oxy +8
Lo giai:
Ta s& ching minh f 1a don anh. Giast: f(x)=f(y), vx,yeR", khi dé:
2y 2X
=f(3x+4f =f(3x+4f(x))=—"—
oxy +8 ( ()= ) 9x*+8
Vay f la don anh. VX, y e (5a,+x)
Voi a>0 xét —2Y —a o x=2Y=83 1o do, tir (1) suy ra:
Oxy +8 Qay
2y —8a (2x—8a j
f +4f =a="f +4f(x) |, VX, 5a,+ 2
(Bt ()]-a- 1 BoReat ) weye(sas) @
Do f don anh nén tir (2) ta co: 2y_8a+4f(y):2)(3_8a+4f(x),
ax
o F(X)-2 = f(y)-=2, vx,ye(5a+n)
3X 3y
N f(x)=33+c, wx, y € (5a,4) (¢ 12 hing s) @3)
X

Véi Vx>0, ludn ton tai a>0 sao cho x >5a theo (3) ta co: f(x):3£+c.
X

Vay f(x) =£+C; Vx € (0,400). Thir lai vao (1) dé dang suy ra: ¢ =0 hoic ¢ =—§.
3X 204
X A 2 O G G 2 265 . Iy o
Dé thay: f (x)=— tho4d man yéu cau dé bai. Con f (x) = > 204 khong thé 16n hon 0 véi moi x> 0.
X X

Vay c6 duy nhat 1 ham sé can tim f (x) = 3—2X,Vx >0.
Vi du 3: (Séc Tring 2018)  Tim tt ca cac ham f :R — R thoa man:
f(2x+2y+f(x))=f(f(y))+8x vx,yeR (1)
Loi giai:
Ta chung minh f 1a don anh. T (1) hoan vi x,y dugc

f(2x+2y+f(y))=f(f(x))+8y vx,yeR.(2)

Gia str ton tai X, X, € R théaman f (x )= f(x,). Khi d6 tir (1) va (2) duoc 8%, =8%X, - X, =X, nén f
don 4nh. Trong (2) cho y =0 dugc f(2x+ f(0))=f(f(x)) ¥xeR. Vi f don 4nh nén
f(x)=2x+f(0) vxeR hay f(x)=2x+a VxeR. Thu lai thiy thoa man.
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Vi du 4: (Italy TST 2007) Tim tat ca cac ham f :R — R thoa méan:

f(xy+f(x))=xf(y)+f(x)vx,yeR (1)
Loi giai:
Nhan thay f =0 Ia mot nghiém ham. Xét f = 0. Ta chang minh f 14 “twa don anh”, tic 1a néu ton tai
a,b théa f(a)=f(b)=0thi a=b. Trong (1) lan lugt cho x=a,y=b;x=b,y=a dugc:

f(ab+f(a))=af (b)+f(a)
f (ab+ f (b)) =bf (a)+ f (b)

Tur2 dieutrén, do f(a)=f(b)=0 suyraa=b—— f “tya don 4nh”.

Trong (1) cho x=y =0 dwoc: f(f(0))=f(0)— f(0)=0(vi néunguoc lai, f(0)=0 do f “tya

don 4anh” nén f (0)=0, mau thuan).

Trong (1) cho y=0 c6: f(f(x))=f(x), vxeR. (2).Do f “twa don 4nh” nén tir (2) suy ra
f(x)e{0;x}, vxeR.(3)

Dé thay cac ham: f (x)=0, Vx e R hogc f (x) =X, Vx € R théa man (1). Ta s& chitng minh ngoai 2 ham
nay khdng con ham nao khéc. Gia s ton tai ham f thoa (1) va
f(a)=a

Ja: f(a)#0,3b: f(b)ibi){f(b)m

Trong (1) cho x=a,y=b dugc: f (ab+a)=f(a). Vi f(a)=0 va f “twa don 4nh” nén
ab+a=a—»ab=0, mau thuin. Vay c6 2 ham théa méan bai toan la f (x)=0, Vxe R hoac

f(x)=x,vxeR.

2.2. St dung tinh toan anh gidi phwong trinh ham
> Néu f 1atoan anh thi ta hay dung ton tai mot sé b sao cho f (b)=0 ( f(b)=-11f(b) =1,...) sau
do6 tim b.
> Néu f:R—R latoan 4nh thi véimoi y € R ludn ton tai X € R sao cho f (x)=y.

» Khi giai phuong trinh ham dya vao gia tri ciia doi so va gia tri cua ham so ta cling c6 thé van dung
tinh toan anh cua f .

» Moi da thuc bac 1€ c6 tap gia tri la R . Ttc 1a cac ham da thirc bac 1é déu 1a toan anh trén R. Do do
ta thuong bién doi dé xuat hién mot da thirc bac 1& dé c6 thé s dung tinh toan anh.

> D6i véi phuong trinh ham c6 chira f (x+ f(y)), f(X), f(y),... thi thuong ldy x=0 va thudng
thay x boi =f (x),£f(y),..

Vi du 1: Tim tit ca cdc ham s6 f :R — R théa méan
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f(x+f(y)=x+f(y)+ xf(y).vx,yeR
Loi giai:
Gid sir ton tai ham s6 f (X) thoa yéu cau bai ra.
Ta c6 thé viét lai quan h¢ ham duéi dang :
f(x+f(y))=x(f(y)+D+ f(y) (2
Truong hop 1: f (y) =—1,Vy e R, thir lai thoa yéu cau bai toan.
Truong hop 2: f(y) khong dong nhét v6i —1, khi d6 vé phai cia (2) 1a ham sé bac nhat theo X nén tap
gidi tri cia f (x+ f(y))la R.Suyra f latoan anh.
Thay xbdi 0 vao (1) ta duoge: f(f(y))=f(y) (3)

Vi f latoan anhnén VxeR,3y e R théa f(y)=x nén tir (3) ta duoc, thir lai ta thdy f(x)=x khong

thda man. Vay f(x)=—-11a ham s6 thoa min yéu ciu bai toan.
Nhén xét:
Trong cac bai toan nay tir diéu kién
f(f(y)) = f(y) gilp tatim ra nghiém caa bai toan nhung voi diéu kién f phai 13 toan anh.
Nhu vay, tinh toan 4nh ctia f trong bai toan nay t6 ra kha hiéu qua giup bai toan tré nén dé dang hon
trong qua trinh tim boi giai.
Vi du 2: Tim tit ca cac ham f :R — R thoa méan:
f (x3 +y+f (y))= 2y+x*f(x), vx,yeR. (1)
Loi giai:
Cho x=1taco f(1+y+f(y))=2y+f (1), VyeR—> flatoan anh. Pat f(0)=a. Trong (1) cho
x=y=0 duoc f(a)=0.Trong (1) cho x=0,y=a dugc f(a)=2a.Dodéa=0—>f(0)=0.

Trong (1) cho x=0 dugc f(y+f(y))=2y, VyeR.

Trong (1) cho y =0 duoc f(x*)=x*f(x), VxR,

Tir d6 ta viét (1) dudi dang f(x3+y+ i (y))= fy+f(y))+f (x3), VX, y e R.

Vi f toananhnéntuday co f (x+y)=f(x)+f(y), vx,yeR—— f (nx)=nf (x),VxeR,neZ
Lai co:

() + (x=1)) = £ (2¢2 +6x) =2 () +6F (x) =2°F (x)+ 6 F (x), ¥x e R.(2)
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() (x=2)7) = £ (1)) £ ((x=2)°) = (x2)° £ ((x+2))+ (x=2)" £ ((x-1))
=(x*+2x+1) (£ (x)+ f (1)) +(x* = 2x+1)(f (x)- f (1))

:(Zx2 +2) f (x)+4xf (1), vxeR.(3)
Tu () va(3)suyra f(x)=xf (1), vxeR. Thi lai thay f (1)=1—— f (x)=x, ¥xeR.
Vidu 3: (Chuyén KHTN 2018)  Tim tat ca cac ham f :R — R thoa man:

f((x=y) F(X)=f(y))+(x+1) f(y—x)+x=0Vx,yeR (1)

Loi gidi:

Trong (1) cho x =y taco: f(—f(x))=—(f(0)+1)x—f(0) vxeR.(2)
Trudng hep 1: f(0)=-1
Trong (2) cho x=0 taco: f(—f(0))=—f(0)=1— f(1)=1

Tur d6 trong (1) cho x=y=1taco: f(-1)=1,cho x=-1y=0 dugc f(0)=1, mau thuan.

Truong hgp 2: f(0)=-1. Tk (2)suyra f latoananhtrén R néntdntai ce R saocho f(c)=0.

Trong (1) cho x =0,y =c tacé: f(cf(0))=0
Trong (1) cho x=y=c taco: f(0)+(c+1)f(0)+c=0
Trong (1) cho x =y =—cf (0) taco: f (0)+(—cf (0)+1)f(0)—cf (0)=0
Turdé (f(0)+1) c=0->c=0hay f(0)=0.Dodétir(2)suyra f(f(x))=-xvxeR.(3)
Trong (1) cho x=0 taco: f(—f(y))=—f(y)vyeR— f(-f(x))=—f(x) vxeR.(4)
Tu (3) va(4)suyra f(x)=x ¥xeR. Thu lai thdy thoa mén.
Vi du 4: (Shortlist IMO 2012) Tim tat ca cac ham f :R — R théa man:
f(f(x)+y)=2x+f(f(y)-x), vx,yeR. (1)
Loi giai:
Trong (1) thay y boi —f (x) taco f(O):2x+f(f(—f(x))—x), Vx € R.——> f 1a todn anh.
Suyra 3aeR saocho f (a)=0.

Trong (1) thay x=a dugc f(y)=2a+f(f(y)-a)«> f(f(y)-a)="f(y)-a-a (2)
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Do f toan anh nén véi mdi x e R déuton tai y e R saocho x=f(y)—a. Tir(2) suy ra

f (x)=x-a, vxeR. Thir lai thiy théa mén.

Vidu5: Timtitca f :R — R, thoa man
f(x—=f(y))="f(x)-2xt (y)+f(f(y)) vxyeR (1)

Loi giai:

Xét f(x)=0 VxeR. thoa man.

Gia str ton tai a saocho f(a)#0

Thay y béiavao (1) taco 2x.f(a)— f(f(a)=f(x)— f(x— f(a))

Khi dotacod VxeR thiton taia,b sao cho x= f(a)— f(b)

Do @6 f(x)— f(y) toan anh trén R

Thay x béi f(y) vao (1) ta dugc f(0)=2f(f(y)-2f2(y)

Thay x bai f(x)vao (1) :

FOFO)—f(y)=F(F(x)—-2F(x).F(y)+ F(F(y) =) -2f(x).T(y)+ fz(v)+?

=(f(x)—f(y))2+% vx,yeR —> f(x)=x*+b VxeR.

Thur lai thdy b=0

Vay ¢ 2 ham théaman 1a f(x)=0,vxeRva f(x)=x*,VxeR

2.3. Str dung tinh song anh giai phwong trinh ham

Khi f 1a mot song anh ta co thé chi ¥ dén tinh chat don anh va toan 4nh ma ta da van dung trong phan 1
va phan 2. Ngoai ra ta c6 thé chi y thém.

Néu f:R—R thoaman: f(f(x))=ax+b,vxeR,(a=0) thi f lasonganh.
f song anh lién tuc (don diéu) va cong tinh trén tdp R khi do f (X) =ax
(f song anh va cong tinh trén tap roi rac khi d6 f (x)=ax)

Vi du 1: (Olympic 30.4.2011)

Tim tat ca cac ham s f : R — R thoa man diéu kién:

f((1+f(x))f(y))=y+xf(y), vx,yeR (1)
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Léi giai:

Tir (1) cho x=0 taduge f((1+f(0)) f(y))=y, VyeR (1)

Giasir f(y,)="f(y,), tir(2) dédangsuyra y,=y,. Dovay f ladonanh. Véi Vy e R khi d ton tai

x=(1+f(0)) f(y) saocho f(x)=y, suyra f latoan anh, ddntéi f Ia song anh.

Vi thé ton tai ce R sao cho f(c)=0. Tir (1) cho y=c dugc f(c)=0.

Tir (1) cho x=y =0 taduoc f((1+c)c)=0.

Vay f((1+c)c)=f(c), ma f ladonanhnén: (1+c)c=c<c=0= f(0)=0.

Tu (1) cho XzOtaduqcf(f(y))=y,Vye]R (3)

Tur (1) thay x boi f(x), thay y boi f(y) vasir dung (3) ta co:

f(y@+x)=f(y)+yf (x), vx,yeR (4)

Tur (4), cho x=-1, st dung f(0)=0 vadat a=—f(-1) taduoc: f(y)=ay, VyeR

Thay vao (3) dong nhit dugc ae{-1:1}

Vay: f (x) =X, f (x) =—x. Thir lai ta thiy ca 2 ham déu thoa man.

Vidu 2: Tim tit ca cic ham sé f :R — R thoaman: f(x*+2f(y))=2y+ f2(x); Vx,yeR
Loi giai:

Gia str ton tai ham s6 f (x) thoa man

f(x*+2f(y)=2y+ f2(x);vx,yeR (1)

Trong (1), thay x=0 suy ra f(2f(y))=2y+ f?(0) (2)

Suy ra f lasong anh

Choy =0, thay vao (1) ta duoc f(x*+2f(0))=f*(x);Vx,yeR (3)

Thay x boi —x vao (3) ta dugc f(x*+2f(0)) = f?(—x)

Suyra f?(-x)= f?(x);VxeR

Néu f(x)=f(-Xx) <> x=—x<>x=0

Dodo f(—x)=—1(x),vx=0

Vi f lasong anh nén ton tai duy nhat be R : f (b) = 0.

Néu b=0thi f (-b)=—f(b)=0,hay f(-b)=f(b)hay -b=b tadugc b=0. Suyra f(0)=0 hay

f(—x)=—f(x) VxeR hay f lahamIétrén R

f(x)=0x=0
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Khi d6 (2) thanh f (2f (y))=2y, yeR
(3) thanh f(x*)= f?(x)>0,vxeR ,hay f(x)>0,vx>0
Khi do (1) thanh f(x2 +2F(y)) = f(2f (y)) + F(2) (4)
Hay f(xX)+ f(y)=f(x+y)Vx>0,yeR
Mit khac néu x<0,yeR: f(X)+ f(y)=—(f(=x)+ f(=y)) =—f (—x—Yy) = f(X+Y)
Hay f(X)+ f(y)=f(x+y) VXx,yeR
Voi x>y taco: f(x)=f(x—y+y)=f(x-y)+f(y)>f(y)
hay f dong bién trén R
Ta di chttng minh f(x) =x,VxeR
That vay néu 3x, e R: f(x))>x, hay 2 f(x)>2x, — f(f(x))> f(2x,)
hay 2x, >2f(x,)<>X, > f(x,) (vOly)
Twong tw néu 3x, e R: f(x,) <X, , ta ciing dan t&i vo Iy.
hay f(xX)=x VxeR
Thu lai tathdy f(x)=x VxeR théa min phuong trinh ( 1)
Vay f(x)=x VxeR
Vidu 3: (VMO 2017) Tim tit ca cac ham f :R — R thoa man:
f(xf(y)—f(x))=2f(x)+xy ¥x,yeR (1)
Loi giai:
Trong (1) cho x =1 duoc: f(f(y)-f(1))=2f(1)+y vyeR (2)
Tur day dé thdy f la song anh. Do d6 ton tai duy nhat sb thuc a dé f (a)=0. Trong (1) cho x=a dugc
f(af (y))=ay vyeR. (3)
Trong (3) cho y =0 duoc f(af (0))=0=f(a).Twrdovi f donanhnén a=0 hoic f(0)=1.

Néu a=0— f(0)=0.Thay y=0 vao (1) duoc f(—f(x))=2f(x).Do f latoan anh nén
f (x)=-2x, Vx e R. Thir lai thdy khong thoa man. Vay a=0— f (0)=1.

Trong (1) thay x =0 ta duoc f(-1)=2. Thay y=a vao (3) duoc a’ = f (0)=1—>a=1(do f (-1)=2)
tac f (1)=0.
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Do f(l)zliﬂ(f(y)):y vyeR. (2)

Thay y boi f(y) vao (1) vasu dung (2) dugc f (xy—f (x))=2f (x)+xf (y) ¥x,y eR. (4)

Trong (4), xét x =0 va thay y—M duoc
X
1:2f(x)+xf[fiX)J [fiX)J - ZJ(X),Vx;tO.

Thay y:M vao (1) va st dung két qua trén duoc f(1—3f (x))=3f (x), vx=0.
X

Do f lasonganhva f(0)=1nénvéi Vx =0 thi 1-3f (x) cd the nhan moi gia tri thuc khac —2. Do d6

tir két qua trén suy ra f (x)=—x+1 vx=-2.

N6i riéng f(3)=-2.Thay y=3 vao (2’) taduoc f(-2)=3.Vay f(x)=—x+1 ¥xeR. Thu lai thoa

man.

3. Bai tap van dung
Bai 1: (Olympic 30.4.2006)
Tim tat ca cac ham s6 f : R — R thoa man diéu kién:
f(x+f(y)+xf(y))=x+xy+y, ¥x,yeR 1)
Loi giai:
Ta s& ching minh f 1a don anh. Giasir f(y,)=f(y,)

= F(x+ F(y)+xF(y)) = f(x+ f(y,)+xF(y,))

S X+XY, +Y, =X+XY,+Y, <Y, =Y,—> f la don anh.

Chox=0, thay vao (1) taco: f(f(y))=y, VyeR.

Choy =0, thay vao (1) tacé: f(x+ f(0)+xf (0))=x=f(f(x))— x+ f(0)+xf(0)=f(x).
bat f(0)=a, trdotaco: f(x)=(a+l)x+a, VxeR (2)

Thay (2) vao (1), dé dang suy ra a=0 hoic a =—2.

Khi a=0, f (x)=

Khi a=-2, f(x)=-x—2. Thu lai ta thdy thoa man.

Vay ¢6 2 ham s6 toa méan dé bai: f(x)=x, VxeR va f(x)=-x-2, VxeR.

Bai 2: Tim tat ca cac hamsé f xac dinh va dong bién trén R thoa man:

f(% f (y)+2x):4x+ y+Lvx,yeR. (1)
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Léi giai:

Thay x=—%y vao (1) duoc: f( f(y)—%yjzl,VyeR. (2)

NlEF

Trong (1) cho x=y =0 dugc f (

NlEF

f (0)) =1. Két hop (2) suy ra

1 1 1

f(z f (Y)—EYJZ f(z f (O)JWER (3)

Do f dong biénnén f 1a don 4nh trén R, tir (3) suy ra

%f(y)—%y=%f(0),VyeR—>f(x)=2x+a,VXeR.

Thay vao (1) duoc a:§—> f (X)=2X+§,VXER.

Bai 3: (VMO 2016)  Tim tat ca cé4c so thuc a dé ton tai ham f :R —» R thoa man:

i) f(1)=2016
ii) f(x+y+f(y))="f(x)+ay, vx,yeR.

Loi giai:
Véi a=0 co thé tim duoc 1 ham théa méan bai toan 1 f (x)=2016. Do d6 chi xét trudng hop a =0 Ia

du. Thay x=—f (y) vao ii) ta duoc: f(y)=f(-f(y))+ay, VyeR.
Tir d6 dé thdy f 1a don anh.

Thay y =0 vao ii) dwoc f (x+ f(0))=f(x), vxeR—— f(0)=0.

Thay y:—¥ vao ii) va két hop tinh don 4nh cua f du()’C—M+ f [—LX)):—X, vxeR.
a a

Thay y boi —@ Vao ii) va sir dung két qua trén dwoc f (x—y)=f (x)-f(y), vx,yeR. Suyra f
cong tinh. Tir d6 dé tinh duoc f (2016)=2016 f (1) = 2016°.

Do f cong tinh nén tirii) ratra f (y)+f(f(y))=ay VyeR. Cho y=1——>a=2016.2017,

Thir lai véi gid tri trén cua a ta tim dugc f (x) =2016x thoa man bai toan.

Vay ¢6 2 gia tri can tim cua a 1a a=0 hoic a =2016.2017.

Bai 4: (Ba Ria — Viing Tau 2014) Tim tit ca cac ham f :R — R thoa méan:

f(xy+f(x))+ f(x=yf(x))=2x vx,yeR (1)
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Lo giai:
Trong (1) cho y =0 duoc f(f(x))+ f(x)=2x, vxe R—— f la don 4nh.
Trong (1) lan luot cho y=-1,y =1 duoc
f(x+f (x))+ f (x— f (x))=2x, vxeR.(2)
f(—x+f (x))+ f (x+ f (x))=2x, vxeR. (3)

T (2) va(3) suyra f(x—f(x))=f(-x+f(x)), vxeR.(4). Vif don dnh nén t
(4)—>x—f(x)=—x+f(x), YxeR—> f (x)=x, VxeR. Thir lai thdy théa man,

Bai 5: (Quang Ninh 2018)  Tim tat ca cac ham f :R — R thoa man:
f (x2 ~(f (y))z) =xf (x)+y® Vx,yeR (1)
Loi giai:
bit a=-f*(0) . Trong (1) cho:

e Xx=y=0 dugc f(a)=0
e x=0,y=a dugc f(0)=-a’

a=0
a=-1

Do d6 a:—a4<—{
Néu a=-1— f(0)=-1.Trong (1) cho x=-1,y=0—>-1=—f(-1)>1=f (-1)=f (a)=0, Vvd ly.
Suyraa=0— f(0)=0.Trong (1) cho y=0— f(x*)=xf (x) vxeR.

Néu f(y)=0¢>f(x2)=xf (x)-y*—>y=0.

Trong (1) cho thay x =0,y =x duoc f(-f?(x))=-x* VxeR.(2)

Trong (1) cho thay x boi —x, y=0 duoc f(x*)=-xf (-x) vxeR

Suy ra xf (x)=—xf (-x) VxeR — f (-=x)=—f (x) Vx = 0.Két hop
f(0)=0— f(-x)=—f(x) VxeR. (3)

Ta s& chung minh f 13 toan anh trén R. Tir (2) ta c6 véi mdi y <0 ludn ton tai x sao cho f(x)

Con véi y >0 theo (2), (3) thi ton tai x sao cho y=x"=—f (=f*(x))=f(f°(x)).

y.
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Vay f latoan anh. Tiép theo ching minh f (x)=x, VxeR. Tir (1) st dung cac két qua trén ta c6
f(xz—fz(y))= f(x2)+f(—f2(y)) v,y eR. (4)

T (4)do f toananhnén f(x+y)=f(x)+f(y), vx=0,vy<0.

Kéthop (3)suyra f(x+y)="f(x)+f(y), vx<0,vy=0.

Mat khac f(x)=f(x+y-y)=f(x+y)+f(-y)="f(x+y)-f(y), vx=0,vy=>0.

Kéthop (3)suyra f(x)=f(x+y)-f(y), ¥x<0,vy<0.

Vay f(x+y)=f(x)+f(y), vx,yeR. (5)

Su dung f (xz) =xf (x) ¥xeR.va (5) ta dugc:

( ) (x+1)(f (x)+ (1))
f(xe )

— f(x) (1) cx Vx e R.

x +2x+1 xf (x)+2f(x)+ (1)

Thay vao (1) dugc c=1— f (x)=x, VxeR. Thir lai théa man
Bai 6: (Ha Nam 2018) Cho s6 thuc a khac 0 va khac —1. Tim tat ca cac ham f :R — R thoa man:
f(f(x)+ay)=(a’+a)x+f(f(y)-x)vxyeR (1)
Loi giai:
—f —f
Trong (1) thay y boi a( ) ta co: f{f[%}—x]:—(aﬁa)xjﬂ(o) vxeR.
Suyra f latoananhtrén R.

Bay gio gia sir ton tai x, X, € R saocho f(x)=f(x,), do f Iatoan anh nén ton tai t sao cho

f (t) =X, +X,. Khi dé, trong (1) cho X=X,y =t co: f(f(x1)+at)=(a2+a)x1+f(xz)
Trong (1) cho x=x,,y =t co: f(f(x2)+at):(a2+a)x2+f(xl)

Do d6 x, =X,, tac f la don anh trén R. Mat khéc trong (1) cho x=0 co:
f(ay+f(0))=f(y) vyeR— f(y)=y+f(0)VyeR. Thi lai thy théa man.

Bai 7: (Ba Ria — Viing Tau 2017) Tim tat ca cac ham f :R — R thoa man:

f(x+yf (x))=xf (y)+f(x) vx,yeR. (1)
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Loi gii:
Trong (1) cho y=0 cé: f(x)=xf (0)+ f(x)vxeR— f(0)=0.

e Tanhan thiy f(X)EO la mot nghi€ém ham.
e Xét f(x)=0.Khid6tontai a0 saocho f(a)=0

Trong (1) cho x=a tacéaf (y)=0— f(y)=0VvyeRvoly.Vay f(x)=0«> x=0.
Trong (1) cho x=-1,y=-1— f(-1)=-1.

Trong (1) cho x=1y=-1— f (1-f (1))=f (1)-1.

Trong (1) cho x =1 f (1),y =1 (f (1)-1) =0 f (1)=1.

Trong (1) cho x=1— f(y+1)=f(y)+1VvyeR.

Trong (1) thay y boiy+1— f(x+yf (x)+ f (x))=xf (y)+f(x)+x="f(x+yf(x))+x ¥x,yeR.

Mt khéc do x+ yf (x) toan anh nén thay x+ yf (x)bsi y dugc f(y+f(x))=f(y)+x ¥x,yeR. (2)

Trong (2) cho y =0 duoc f (f(x))=x VxeR.

Trong (2) thay x bai f(x) dugc f(x+y)="f(x)+f(y)vx,yeR (3)

Trong (1) thay x bai f (x)vakét hop (3) dugc f(xy)=f(x)f(y)Vvx,yeR. (4)
Tur (3), (4) ta cé nghiem ham la f (x)=x hodc f(x)=0.

Bai 8: (Chon ddi tuyén Indonesia 2010)
Xéc dinh tit ca cac sb thuc a sao cho c6 mot ham s thoa man:
x+ f(y)=af(y+ f(x)), ¥vx,yeR (1)
Loi giai:
D@ thdy a =0 khong thoa man. Gia sir: a # 0.

x+ f(0)
a

Thay y=0 vao (1) ta dugc: f(f(x))= VxeR (2)

Tir (2) suy ra f 13 toan anh nén ton tai @ € R sao cho f(a) = 0.
Khi d6 tir (1) ldy X=« ta duoc:a+ f(y)=af (y), VyeR hay: a=(a-1)f(y), VyeR

Tir (3) thi s& xay ra hodc a=1 hodc f 1a ham hang.
+) Néu f la ham hang thi khdng thoa méan (1).

+) Néu a=1 chon f(x)=x thoa man (1).

(3)
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Vay a=1.
4. Bai tap ciing ¢
Bai tap 1: Tim tt cd cac ham f :R — R thoa man
f (x+ f(x)+2f (y))= x+f(x)+y+f(y) (1) voi vx,yeR.
Loi giai:
Gid sir ton tai ham f (x) théa man.
Ta chimg minh f 1a don anh. That vay, gia st ton tai y,, Y, théaman f (y,)= f(y,). C6 dinh X, lan

lugt cho y=y,,y=Yy, tir (1) taco:

f(x+f(x)+2F(y))=f(x+f(x)+2f(y,)) o x+F(X)+y,+ F(y,)=x+f(X)+y,+ f(y,)
Suyray, =Y,.Vay f ladon anh.
Bai tap 2: (Thuy Si2010) Tim tit ca cac ham f :R — R thoa méan:

f(f(x)+f(y))=2y+f(x-y)vxyeR (1)
Loi giai:
Trong (1) cho x =y duoc: f(2f (x)):2x+ f (0) vxeR. Turday dé dangsuy f don éanh.
Trong (1) cho x=y =0 dwoc: f(2f(0))=f(0) —> f(0)=0.

Trong (1) cho y =0 duoc:
ff(x)+f (0)): f(x) VxeR——> f (x)+f(0)=x, vxe R—— f (X)=X, Vxe R,

Thur lai thiy thoa man.

Bai tap 3: (Tay Ban Nha 2012) Tim tit ca cac ham f :R — R théa man:
(x=2) f(y)+f(y+2f(x))=f(x+yf(x)), x,yeR. (1)
Loi giai:
Néu f (0)=0 trong (1) cho x=0 dugc f(y)=0, vyeR.
Néu f(0)=0. Tachang minh f don anh. That vay trong (1) cho y =0 duoc:
(x=2) f(0)+ f(2f(x))=f(x), vxeR. Tirday dé dang suy ra f don anh.
Trong (1) cho x=2,y =1 dugc: f(1+2f(2))=f(2+f(2))—1+2f(2)=2+f(2)—> f(2)=1

Do f donéanhnén f(x)=1, Vx=2.
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2f (x)-
Trong (1) thay y = & ta co:

f(x)-1
(x_2>f[%]+f(%+2f(x)}f[“%f(x)}mz
> (x-2)f ( (()) J 0, Vx#2

< f(a)=0,a= f(x) , VX #2

f(x)-1
Trong (1) thay x=a,y =2 tacé:
(a-2)f(2)+f(2+2f(a))=f(a+2f(a))=0>a=f(2)=1

>2f (x) =X =1, Vx#2——> f (X)=x-1, vx =1

f(x)-1

Tathay v6i x =2 ciing thoa man ham trén. Vay bai toan ¢ 2 nghiém ham f (x)=0, ¥xeR hoic
f(x)=x-1 vxeR.

Bai tap 4: (Tho Nhi Ky 2012) Tim tat ca cac ham f :R — R thoa man:
i) f(f(x2)+y+f(y)):x2+2f(y).
i) x<yth f(x)<f(y)
Loi giai:
e Taching minh f don anh.

Cho y =0 thay vao i) dugc
F(f(x*)+1(0))=x*+2(0), vxeR— f (f (x)+ f (0))=x+2f (0), Vx>0.(2)

Do d6 f don anh trén [0;+oo)

Gid sir ton tai ,, Y, thoaman f (y,) = f (y,)—2o £ (£ (5)+y,+ f (y,)) = (£ () +¥,+ T (¥2)). V
f khong bi chin nén cho x dalénthi f(x*)+y,+ f(y,), f(x*)+y, + f (y,) déu duong nén tir (1) két

hop f don anh trén [0 +oo) taco y, =y, —— f don anh trén R.
e Ta ching minh f (0)=0.

+Néu f(0)<0 cho x=-2f (0) thay vao (1) dugc f(f(-2f(0))+f(0))=0 hayténtai ceR thoa
f(c)=0.

Cho x=0,y =c thay vao i) dugc f (f(0)+c)=0.Vi f donénhnén f(0)+c=c— f(0)=0.
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Néu f(x)>0 cho x=y=0thay vao i) dugc f(2f(0))=2f(0).

Trong (1) cho x=x,=3f (0)= f (0)+ f (2f (0)) co:

f(x)="f(f(0)+f(2f(0)))=2f(0)+2f(0)=4f(0).
Taco f(f(x)+f(0))=f(5f(0))=3f(0)+2f(0)=5f(0).(2)
Cho x=0,y=2f(0) thay vao (1) dugc f(5f(0))=4f(0).(3)
T (2)va(3)suyra f(0)=0.
e Khido (1) viétlai f (f(x))=x, Vx=0.(2)
Thay x=0 vao i) tadugc f(y+f(y))=2f(y), VyeR.
Cho y = f(x) tadugc f(f(x)+X)=2x, VxeR,
T (2)va@)suyra f(x)=x, vx=0. (3)
e V6imdi y, €R ludn ton tai X, sao cho x; +Y, + f (y,)>0. Do d6 tir i) va (3) ta c6
f(x§+yo+f(yo))=x§+yo+f(y0)=x§+2f(yo)—>f(y0)=y0—>f(x)=x, vx e R.

Thur lai thay thoa man.
Bai tap 5: (Olympic Duyén hai Bic b 2016) Tim tat ca cac hamsé f :R — R sao cho:
f(xf (x+y))=f(yf(x))+x*, vx,yeR (1)
Loi giai:
Cho x=0 vao (1) taco f (0)=f (yf (0)),VyeR,suyra f(0)=0 vi néu ngugc

lai cho y = % thi f(0)=f(t), VteR tathudugc f 1a ham hang, thay vao (1) thiy vo 1y.

Cho y=0va y=-x vao (1) thico f(xf(x))=x*va
0=f(xf (x=x))=f(-xf (x))+x* Vxe R —-x* = f (-xf (x)).
Néu ton tai t, = 0 sao cho f(t,)=0 thi 0= (t,(t,))=(t,)" voly.

Chang minh ham sé can tim 1a don anh.

Giasu f(x)=f(y) taco:
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= 1 (0 (0)= (0 ()= F((y=20 F ()" ((y=x) 1 (x)) =0
— :E);):g—)x=y
Tachung minh f (—x)=—f (x) VxeR.
Taxét x=0 vinéu x=0 la hién nhién.
Giast f(x)>0——>3z>0 saocho f(x)=2z>. Vi f don 4nh va

f(zf(z)):z2 nén x=zf (z) do 6

f(=x)=f (-2t (2))=-2" =1 (x) .
Trong trudng hop f(X)<0 ching minh tuong tu.
Mit khéc, ta c6
f(yf (x))==x+f (xf (x+y))
:_x2+(x+y)2_[(x+y)z+ f(~xf (x+y))}
=y 2= ((x+y) f(y))

:2xy+{(—y)2 +f((x+y)f (—y))}= 2xy + f (=yf (x))
Suyra f(yf(x))=xy, Vx,yeR.
Tuong tu f (xf (y))=xy vithé xf (y)=yf (x)—> f(x)=cx, VxeR thay vao (1) suy ra ¢ e {-11}.
Thir lai hai ham s f (x)=+x thoa man yéu cau.

Bai tap 6: (Argentia TST 2008) Tim tat ca cac ham f :(0;+00) — (0;+0) théa méan
(£ (x)+ f(y))=(x+y) F(¥f(x)), vx,y>0. (1)
Loi giai:

Ta chimg minh f 1a don anh. Gia sir ton tai X, X, >0 théa méan f(x)="f(x)>0.
Lan lugt cho X =X, X =X, thay vao (1) ta duoc:

X (1 00)+ 1 (y) =0+ y) (5 (%)

X (f00)+ T (y)=06+y) (¥ (x))
(% =%) (X% +Y (X +%,)) =06 X =X,

=X (X +Y) =% (% +Y)

Vay f don énh trén (0;+). Cho x =y thay vao (1) co:
2x2 £ (x) = 2xf (xf (x)) > xf (x) = f (xf (x)), vx>0(2)
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Trong (2) cho x =1 ta thu duge f (1) = f (f (1)) > f(1)=1.

Trong (1) cho x =1 ta thu dugcl+ f (y)=(y+1)f(y)—> f (y):%, Vy > 0. Thir lai thdy thoa mén.

Bai tap 7: Tim tat ca cac ham s6 f :(0;+00) — (0;+00) thoa man :

Xf () £ (F(y))+f(yf(x))="f (xy)(f (f (xz))+ f (f (yz))) V6i moi X,y € (0;+).

Loi giai:
Thay (x;y)=(11) ta duoc:
PO F(F@)+f(F@)=FOF(F @)+ F(F @) F(F@)=FQ)f(F)

Vi f(f(1))e(0;+0) nén f(1)=1

Thay (x;y)=(Lx)vasirdung f(1)=1. ta duoc: f(f(x)): f(x)f (f(xz)), vx>0.(2)

Thay (x;y)=(x1) vasirdung f(1)=1. tadwocxf (x*)= f(x);x"f(x*)=xf (x), vx>0.(3)
Tur (2) va (3) suy ra: f(f(xz)): f(ff(f();)) = f (f(xz)), vx > 0. (4)

Tachung minh f 1a mot don 4nh, that vay gia st «, 8 € (0;+«) théaman f (a)= f (). Khi

a6 f(f(a?))= f (ff(f;;)) ! (ff((ﬂﬂ))) =f(f(5)), vx>0.(5)

Trong (1) thay y badi x ta dugc:

Xt (x2) £ ((x))+ f (xf ( ))—Zf(xz)f(f(xz))=2fix)f(x2)=2f(f(x)),VX>0
(£ () +4 (x () =2 (1 (x)), ¥x>0.(6)
()= 1 ( () (2 (3)), vx=0.(7)

Trong (6) thay X boi X* ta dugc:

X2 f (xz) f (f(xz))+x2f (xzf (xz)):Zf (f (xz)), Vx>0 X2 f (xf (x)): f (f (XZ))(Z—Xf (x)) Vx> 0. (8)

— xf (x)
f

—>xf(x

F(f(x°

Tur (6) va (8) suy ra: X = :

S —
S —
<

x

\Y

o
—~
©
N—

Tu (5) va (8) suy ra a = . = .Dod6 f 1a don anh. Két hop (4) suy ra
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f(xz):[f(x)]z,Vx>0—>%x):[f(x)]2,Vx>0—>f(x):%,Vx>O.

Thir lai théy f (x) ==, ¥x>0 thoa man diéu kién ban dau,
X

Baitaip 8: Timham f:R — R thoa min mot trong hai diéu kién
i) f(x2+f(y))=y+xf(x) vx,yeR,

ii) f((f(x))2+f(y)):y+xf(x) VX, y €R.
Huéng dan giai:
Tatimham f thoa man ii) P6i voi i) ta lam twong tu. Ngoai ra cé thé thay hai diéu kién nay c6 thé bién

ddi vé nhau.
Ta ciing dé thdy f ladonéanhva f(0)=0, f(f(y))=y VyeR.

Trong ii) thay xbsi f (x) taco

f([f(f(x))]2+f(y))=y+f(x)f(f(x)).
Mat khéc f(f(y))=y,vyeR nén f(x2+(y)):y+xf (x),Vx,yeR.
Két hop ii) thi  (x*+ f (y))=f ((f (x))2+ f (y)) ma f don anhnén X* + f (y)=(f (x))2+ f(y). Suy
ra (f(x))2=x2,VXeR.
Ta chi ra khong ton tai dong thoi a=0,b=0 thoaman f(a)=a, f(b)=-b.Thatvay, gia sir ton tai
a,b nhu trén. Trong i) ldy x=a,y=b taco f(a’—b)=a’+b.
Do (f(x))2 =x?,vxeR nén (az—b)2 :(a2+b)2 —a’h=0, mau thuan.
Vay f(x)=x vxeR hoic f(x)=-x VxeR.

Thur lai thiy hai ham nay thoa man.
Bai tap 9: Tim tat ca cac ham s f :R — R thoa man
f(x+y+f(y))="f(f(x))+2y, vx,yeR.
Huéng dan:

Chang minh f la don anh

That vay, véi moi x, y thoaman f(x)=f(y) taco
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f(x+y+f(y))="f(f(x))+2y
f(x+y+f(x))=f(f(y))+2x

Chon y =0 ta duoc f(x+f(0))= f(f (X))— f(x)=x+f(0),vxeR
Vay f(x)=x+c,¥xeR véiclahang sd.
Thay vao diéu kién bai toan ta dugc
x+y+f(y)+c=f(Xx)+c+2y > X+y+y+2c=x+2C+2y (ludn ding).
Bai tap 10: Timhamsé f:R - R sao cho:
f(f(x)+2y):3x+f<f(f(y))—x) vx,yeR (1)

Léi giai:

bat a= f (0). Trong (1), cho y:%(x) taco a=3x+ f [f [f (_f (X)N—xj VxeR.

suy ra f latoan anh.
Ta di chung minh f 1a don anh. That vay gia st f (u)=f (v)
Ttr (1) lan luot cho y bai u,v ta co
f(f(x)+2u)=3x+f(f(f(u))-x) vxeR (2)
F(f(x)+2v)=3x+f(f(f(v))-x) vxeR (3)
Lay (2) trir (3) taco f(f(x)+2u)=f(f(x)+2v)vxeR.Do f latoanéanhnén suy raduoc
f(x+2(u-v))=f(x) vxeR (4).
Tir (4), st dung phuong phap quy naptacéd f(x+2n(u—v))=f(x) VxeR,vneZ. (5)

Tur (1), cho x bsi x+2(u—V) ta thu duoc:
f(f(x+2(u—v))+2y):3x+6(u—v)+f(f(f(y))—x—Z(u—v)) X,y eR
—>f(f(x)+2y):3x+6(u—v)+f(f(f(y))—x) vx,yeR (6)

T (1) va(6) tasuyrau—v=0.Vay f don anh.

Trong (1) cho x=0 taco f(z+2y)= f(f(f(y)))—> f(f(y))=2y+a vyeR

Tirdo (1) tro thanh f (f (x)+2y)=3x+f(y+a-x) vx,yeR
Lai chotiép y=0tacd :
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f(f(x))=3x+f(a—x) vxeR
—2x+a=3x+f(a—x) VxeR

— f(a-x)=a-x vxeR
— f(x)=x vxeR

Thilaitacé f(x)=x VxeR langhiém cua phuong trinh (1).

fiR—>R thoa man:

Bai tap 11: Tim tat ca cic ham s
f(x+y’+2)=f(F(X)+yf (X)+ f(2),vx,y,2eR (1)
Loi giai:
Gia sir ton tai ham s6 f thoa dé bai ra.
e Nhian thiy f(x)=0,¥xeR thoa (1)
e Giasir f(x)=0 tictontai JueR saocho f(u)=0 .

Ki hiéu P(u,v) thay xbéi u,y boi v vao (1). Véi VxeR taco:
2
p u;X_f(f(u))_f(O);O — flu; X=FEUN=TOV ) |y ¢ 13 t0an anh.
f(u) f(u)

p(x;0;0) > f(x)=f(f(x))+ f(0) > f(x)=x+ f(0)
(Vif latoananh nén f(f(x))=x) (2)

Thay (2) vao (1) ta duoc:
X+y2+z+f(0)=f(x+ f(0)+y(x+ f(0)+z+ f(0) > x+y*> = f(x+ f(0)+ y(x+ f(0)
— x+y? =x+ f(0)+ f(0)+ y(x+xf (0)) > y* =2f(0) + y(x+xf (0)) (3)
Thay y boi vao (3) ta dugc: f (0) =0 khi do tir (2) ta dugc: f(X) =x,VxeR.
Thu lai, thdy ham sb nay khéng thoa man(1). Do d6 c6 duy nhat mot ham sb thoa man yéu cau bai toan
la: f(x)=0,vxeR.
Nhan xét:
Ngoai cach nhan biét tinh chat toan 4nh cia f dwa vao mot vé cua dang thac 14 ham bac nhat ta con c6
thé chitng minh f 12 toan anh bang cach Yy e R,3x e R théaman f (x) =y

x— f(f(u)-f()
y

S6 di ta c6 thé nhan biét duoc cach thay y boi vao (1) 1a do

p(u,y,0) = f(u+y?) = f(fu))+yfu)+f(0),vyeR
Vi Vxe R xét

x=f(fu)-f(0)

x=f(fU)+yfu)+fO0)—>y= f(u)

Vi vay ta thuc hién
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p(u x—f(f(u))—f(O)]
W

DPésuyra f latoan anh.
D6i v6i mot bai toan phuong trinh ham néu ta ¢ thé van dung tinh chit toan anh ciia f diéu do

gitip ta tinh dugc mot sd gia tri ddc biét cia ham nhu f (0); f (1) 1am co s¢ dé tim ra dap an ctia bai toan.

Bai tap 12: Tim tat ca cac ham s f :R — R thoa man diéu kién:
f(y+ f (x))= fA(x)+4y° f (x)+6y* f2(x)+4yf°(x)+ f (-y),vx,yeR (1).

Hudéng dan:

Gia sir ton tai hamsé f thoa man (1).

Truong hgp 1: f(x)=0. Thi lai tathdy f(x)=0 thoa man (1).
Trudng hep 2: f(x)=0—>3x, eR, f(x))=0.

Taco: (1) <> f(y+f(x)=f(=y)=[y+f(x)] ~y" vxyeR(*)
Thay X =X, vao (*), ta dugc

(y+ f (Xo))_ f (_Y):[VJF f (Xo)T—y“,VX,yeR(Z)

Ta thay vé phai caa (2) 12 mot ham sé bac 3 nén cd tap gia tri 1a R . Do d6 ham sé f co tap giatri la R

—VyeR déu 3u,veR saocho f(u)-f(v)=y.
Thay y=0 vao (*), taduge f(f(x))=[f(x)] +a,vxeR(a=f(0)) (3).

Thay y=—f(y) vao (*), ta dugc
FE)=T)=T(T)=LF - f ] [T (1] vxyer @

T (3)va@suyra f(f(x)-f(y))=[f(x)-f (y)T+a,Vx,yeR hay
f(f(u)-f(v)=[f(u)-f (V):|4+a,VU,VER—) f(y)=y*+aVyeR——f(x)=x"+a,vxeR

Thr lai ta thiy f (x)=x"+a théa man diéu kién (1).

Vay f(x)=0 va f(x)=x"+a (alahing sd) la cac ham sb can tim.

Bai tap 13: Tim tit ca cac ham s6 f :R — R thoa man diéu kién:
f(x=1(y)=1f(x)+ f(f(y)-2xf(y)+ f(y)+2012 vx,yeR.

Loi giai:
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Cho x = f(y) tathuduoc f(0)=2f(f(y))— f2(y)+ f(y)+2012

Hay £(f(y)=3 F2(y)-3 f(y)-1008+ £(0) (2

Va ta doan f(x)=%x2—%X+C *)

Nhung dé c6 diéu ndy ta can chira f toan anh. Cong viéc ndy c6 vé khé. Ta thir thém chiit:

Thay x boi f(x) taco f(f(x)—f(y)=f(f(x)+F(F(y)-2f(x)F(y)+f(y)+2012
Va su dung (2) ta dugce f(f(X)—f(y))=%(f(><)—f(y))z—%(f(X)—f(y))+f(0)

Va dé thuc hién dugc du dodn (*), ta can chi ra véi moi t, ton tai X,, Yy, dé t=f(x,)— f(y,)?

Hién nhién 1a f khong thé dong nhat 0. Do do tontai a ma f(a)=0. Trong (1), cho y =a ta duoc
f(x—f(a)=f(x)+ f(f(a))—2xf(a)+ f(a)+2012

Hay f(y—f(a))-f(y)=f(f(a))-2yf(a)+ f(a)+2012

Véi mdi sb thuce t, ta can chon Xo: Yo dé thay vao dang thtc ndy sao cho vé phai 1a t hay

_ f(f(a)+ f(a)+2012—t
o 2f(a)

Khi dé ta co (%)~ f(y,)=f(y,— (@)~ f(y,)=f(f(@)-2y,f(a)+f(a)+2012=t

vavétraila f(x,)- f(y,) hay x, =y, f(a)

Vay f(t)= %tz —%t + f(0). Thay tboi f(y) va sir dung (2) ta duoc

—1006+% £(0) = f(0) — f(0) = 2012 — f (X) =%x2 —%x+ 2012,,Vx € R, thit lai thoa.
Bai tap 14: (Han Quéc 2003) Tim tat ca cac ham s6 f : R — R thoa méan:
f(x=f(y))=f(x)+xf(y)+f(f(y)),vxyeR (4)
Loi giai:
Nhan thdy ham f (x)=0 théa méan y&u cau bai toan. Xét truong hop f (x)=0
Thé x=f () vao (4) ta dugc

f(O):Zf(z)+zz—>f(x):—X72+ f(20).

Hay

Thé x=f(z), véi z 1amot s6 thuoc R thi ta dugc

F(F()- ()= (F(@)+ () T (1) + £ (1 ().
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V6i luu ¥ 1a

), 10, *(z) 1(0)
f(f(y))=—T+— va f(f(z))=———+
Thay vao quan hé ham ¢ trén ta dugc

2

(i@ 1) =L )

Tiép theo taching to tap { f (x)— f (y)|x,y e R} =R. Do f(x)=0 nén ton tai mot gidtri y, sao cho
f (y,)=a#0.Khido tir quan hé (4) taco

f(x—a)=f(x)+xa+f(a)> f(x—a)-f(x)=ax+f(a).

Vi vé phai 1a ham bac nha ca X nén xa+ f (a)co tap giatri latoan by R . Do dé hiéu f (x—a)— f(x) ciing
co tap gid tri latoan bo R, khi xe R. Ma

{f(x)-f(y)IxyeR}o{f(x-a)-f(x)[xeR}=R,
Do do6 {f (x)-f(y)|x,yeR}=R. Vay tir quan h¢ (5) ta thu dwoc

2

f(x):—%Jr f(0),vxeR

Mat khac ta lai co

2

f(x):—x?+ f(0),vxeR.

2

Nén f (0)=0. Thir lai thdy ham sb f (x):—X?,VX e Rthéa méan hé ham.

2
Két luan: C6 hai ham sé thoa mén 13 f(x):-%,wek hogc f(x)=0, VxeR..

Nhan xét: Bai toan trén lay y tuong tir bai thi IMO 1996: Tim tat ca cac ham s6 f : R — R théa man

f(x=f(y))="f(f(y))+xf(y)+f(x)-LvxyeR.

XZ

Pap sb la f (X)I—?-f-l,VXER

Bai tap 15: (Viét Nam TST 2004) Tim tat cc gid tri cia a sao cho ton tai duy nhat mot ham sb
f:R—R théa man diéu kién:

f(x*+y +f(y)) = (f(x))2+ay, v,y eR. (1)

Loi giai:
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Gia str ton tai ham s6 f (x) thoa yéu cau bai ra.

Khia=0 , tir (1) tadugc f(x*+y+ f(y))=(f(x)? VX yeR. khid6 tacé hai ham sb thoa ma la
f(x)=0 va f(x)=1—a=0 (loai).

Khi a# 0. Vi vé phai 13 ham bic nhit nén y c6 tap gia tri 1a R . Do d6 f 13 toan anh

— s3beR: f(b)=0.

Timb . Thay y boi bvao (1) taduge : f(x*+b) =(f(x))*+ab,VxeR.(2)

Thay x bai —x vao (2) ta duge : f (x* +b) = (f (—x))* +ab,Vx e R,

Ttr (2) va (3) ta duoc : (f(X)* =(f(-x)* > { FO0=1(x) —— f(-b)=0

f(x)=—f(-x)
Thay y boi—b vao (1) ta duoc : f(x*—b)=(f(x))*—ab,vxeR (4)
Tir (3), (4)—— f(X* +b) - f(x* —b) =2ab (5)
Thay xboi 0 vao (5) ta dugc: f(b)— f(-b)=2ab—>2ab=0=b=0 (a=0)
Vay f(b)=0<>b=0.
Thay x boi 0 vao (1) ta duoc: f(y+ f(y))=ay (6)

Thay y bai 1 vao (6) ta duoc: f(1+f(1))=a  (8)

Thay y béi 0 vao (1) ta dwoc : f(x?)

I
—~
—h
—~~
>
~—'
~—
N
—~
~
~

Thay x béi 1 vao (7) tadugc : f(1)=(f (1)) -

Vi f(x)=0—x=0 néntanhan f(1)=1

Thay f(1)=1vao (8)taduoc f(2)=a

Tacs: at=(f(2)) = 1(2) = £ () = F(V2) +2) = 1(2)") +a = f(2)+a=2a—>E_0

Vi a=0 néntanhan a=2. Vay a=2.

Khi d6 (1) trg thanh: f(x* +y+ f(y)) =(f(x))* +2y,Vx,yeR (9)

2
Thay Y boi _(f(2><)) vao (9) ta duoc:

f sz_%+ f (‘%nﬂf(x»z UG f(xz_%+ f {_%D:O

UG (L0 g
2 2

Vi(f(x)=0>x=0)
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N f[_(f (x))ZJZ_Xz _GO g
2 2

Hay f(y)=—x"—yo f(y)+y=—x*VxeR (11)
(PO 2 £ . Cr _
Thay y boi - va f(y)+y boi —y° do (11), két hop vai (7) khi do tir (9) ta duoc:

F(x*=y?) =(F ()" =(F(y))* = F(x*) - F(y*), Vx,y e R (12)
Tur (12) thay x béi 0 ta dugc: f(-y?)=—f(y*)—— f laham sé le.
Khi d6 tir (1) ta co:
f(X+y)=Ff(X=(=y)=Ff(X)-f(-y)=f(X)+ f(y), VX,ye R—— f cong tinh.
Ta lai cd: (f(x))* = f(x?) nén
(F(x+y))* = F(x+y)* < (F()+ T ()’ = F(x* +2xy +y?)

< (FO)*+2F () () +(F(¥)* = () + F(y*) + F(2xy)

— F(x).f(y) = f(xy)

— f nhén tinh.

Ham f vira cong tinh vira nhan tinh nén f (x) = x thtr lai tathdy ham f (x) = x thoa yéu cau bai toan.
Nhan xét:

Day 1a mot bai toan kho, tinh chat toan anh ciia f sir dung kha hiéu qua; dau hiéu nhan biét tinh chit

toan anh & day chinh 13 vé phai dang thtrc 1a ham bac nhat, khi khang dinh f 12 toén anh ta ludn
JbeR:f(b)=0,trdotaditimb.

Tir diéu kién f(0) =0 ta nhan xét dugc mot loat tinh chét dic biét cua f nhu f(0)=0, f(x?)=(f(x))?,
tinh chat f1a ham s 1¢; tinh nhan tinh; cong tinh cia ham f lam co s& dé tim ra két qua ctia bai toan.

Néu ban diu ta khong tim cach van dung tinh chét toan anh ctia f thi bai nay kho co thé giai quyét dugc.
Vi vay khi giai mot bai todn phuong trinh ham thi viéc nhan biét va van dung cac tinh chit cuia ham f 14
rit quan trong no s& gitp viéc giai quyét bai toan mot cach dé dang hon.
Bai tap 16: Timham sé f :R — R thoa man diéu kién:

f(x=f(y))=2f(x)+x+f(y),vxyeR. (6)

Loi giai:

Nhan thdy ham f (x)=0khong théa man yéu cau. Xét f (x)=0.
Thay x bsi f(y) vao (6) ta dugc

f(f(y)=-f (y)+ 9

2

Lai thay xboi f(X) ta dugc

Al CHUYEN DE: PHUONG TRINH HAM



Tai ligu chuyén dé boi duong hoc sinh gii

F(F ()= y)=2F(F(x))+ F(x)+ T (y)
=2[—f (x)+@} F(x)+ F(y)
=-(f(x)=f(y))+(0)

Tuy nhién viéc chirng minh tap { f(x)-f(y)lxye R} co tap gia tri la R chua thyuc hién dugc.

Tu day ta co

F(f(x)-2f(y))=f(f(x)=f(y)-f(y))
f

Ta s ching minh tap { f (x)—2f (y)|x,y e R} bing R . That vay ton tai gia tri y, € R sao cho
f(y,)=a#0.Khidothay y=y, vao (6) taco

f(x—a)-2f(x)=x+a,vxeR

Ma khi x e Rthif x+a co tap giatrila R . Chung to tap {f (x)—2f (y)|x,yeR}=R.Ma
{f(x)-2f(y)IxyeR}o{f(x—a)-f(x)|xeR]} nén {f(x)-2f(y)|x,yeR}=R. Do dé tir (c) ta két
luan f (x)=-x,VxeR. Thay vao (6) ta dugc f (0)=0

Két luan: Ham s6 f (x)=—x, Vx € R théa mé&n yéu cau bai toan,
Bai tap 17: Tim tit ca cac ham f :R —» R thoa man:

f(x+f(y))—f(x)=(x+"f (y))4—x4, vx,yeR. (1)

Loi giai:

Nhan thdy f =0 Ia mot nghiém ham. Xét f =0, khido tontai ae R d& f(a)=0. Trong (1) cho
y =a tadugc: f (x+ f (a))— f (x):(x+ f (a))4—x4, VX, yeR. (2)
Cha y VT(2) 1a da thic bac 3 di véi x nén tap gidtri cia f (x+ f (a))—f(x)la R. Suyra
f (x+ f(a))— f(x) la toan 4nh. Do d6 v6i mdi te R déutontai u,veR thoa t=f (u)-f(v).
Trong (1) thay x boi —f (y) ta dugc

f0)—f(=f(y))=—F*(y), VyeR e f(=f(y))="f*(y)+f(0), vyeR. (3)

Trong (1) thay x bai —f (x) va sir dung (3) ta dugc
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F(=f () +f(y))=f(=F(x)=(~F (x)+f(y)) ~£(x), ¥x,yeR
o f(=F(x)+f(y)=(=f (x)+(y)) +(0), ¥, yeR. (4)

Trong (4) cho x=u,y=v duogc

f(=f(u)+ f())=(=f(u)+ (V) +f(0)e> f(t)=t'+ f(0), VteR

— f(x)=x"+f(0), vxeR

Thay vao (1) dugc f (0)=0. Vay bai toan c6 2 nghiém ham f (x)=0, YxeR hodc
f(x)=x"+1 vxeR.
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