PHUONG PHAP GIAI PHUONG TRINH NGHIEM NGUYEN

A. KIEN THUC CAN NHO

1. Phwong trinh nghiém nguyen la phwong trinh ¢6 nhiéu dn s6, tat cd cdc hé sé cia phwong trinh déu la
56 nguyén. Cdc nghiém can tim ciing la sé nguyén.

2. Phwong trinh nghiém nguyén khéng c6 cong thire gidi tong qudt, chi c6 cdch gidi ciia mét sé dang.

Trong chuyén dé nay dwoc giGi thiéu qua mot sé vi dy va bai tdp cu thé.

3. Cdch gidi phwong trinh nghiém nguyén rdt da dang, doi héi hoc sinh phan tich, di dodn, doi chiéu va tie

duy sdng tao, légic dé tim nghiém.

B. CAC DANG BAI TAP

Dang 1: Phwong phap dwa vé phwong trinh wéc sé

Phwong phap giai

Bién d6i phuong trinh vé dang: V& trai 1a tich cua cac da thirc chtra an, vé phai 1a tich cua cac sb nguyén.
Bai tap miu

Vi du 1: Tim nghiém nguyén duong cua phuong trinh: 2(x + y) +5=3xy.

Loi giai

Ta c0: 2(x+y)+5:3xy<:>3xy—2x—2y:5
<:>y(3x—2)—§(3x—2)=5+%

< (3x-2)(3y-2)=19
Do x, y nguyén duong nén 3x—22>1; 3y—-2>1.

Ma 19=1.19=19.1 nén xay ra cac truong hop sau:

3x-2=1 _ 3x—-2=19
(1) hogc (11).
3y-2=19 3y-2=

Giai cac hé phuong trinh (1) va (1I) ta duoc hai nghiém nguyén cua phuong trinh 1a (1;7),(7;1).

Vay tap nghiém nguyén cia phuong trinh la S ={(4,7),(7;1)} .
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Vi du 2: Tim nghiém nguyén cta phuong trinh: x* +4x° + 6x* +4x = y*.
Loi gisi
Taco: x* +4x* +6x° +4x =" & x" +4x° +6x° +4x+1-)* =1

o (x+1)' -y =1

x=-2

“1+y=-1-y
1+y=1-y

X
<:>y:0©x+1:i1<:{

Thir lai c&c gia tri twong (ng cta x va y ta déu thay thoa man phwong trinh da cho.

Vay phuong trinh ¢6 tap nghiém nguyén la S ={(0;0),(-2;0)}.

Dang 2: Phwong phap sir dung tinh chat chia hét

Phwong phap giai

- Sir dung tinh chat chia hét dé ching minh phuong trinh v6 nghiém hozc tim nghiém ciia phwong trinh.
+Néu aim va (axb)im thi bim.

+Néu a:b, bic thi aic.

+Néu abic ma UCLN(b,c)=1thi aic.

+Néu a:m, bin thi ab:mn.

+Néu a'b, aic véi UCLN(b,c):l thi a:bc.

+ Trong m s6 nguyén lién tiép bao gio ciing ton tai mot s6 1a boi cua m.
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- Hai vé ctia phuong trinh nghiém nguyén khi chia cho ciing mot s6 ¢d s6 du khac nhau thi phuong trinh

d6 khong co6 nghiém nguyén.

Bai tap miu

Vi du 1: Tim nghiém nguyén cua phuong trinh: xy+x—2y =3.
Loi giai

Ta co: xy+x—2y=3<:>y(x—2):—x+3.

Vi x =2 khong théoa man phuong trinh nén suy ra: y = LJFZ?’ S y=-1+ L 5"
x— x—

Tathiy y 12 s6 nguyén nén x—2 la uéc cia 1 hay x—2=1 hoic x—2=-1, tic la x=1 hodc x =3.

Va tap nghiém nguyén cia phuong trinh 1a: § ={(1-2),(3,0)}.

Chu y: Bai toan nay c6 thé dung phuong phap dwa vé phuong trinh uéc s:
x(y+1)—2(y+1):1
<:>(x—2)(y+1):1.

Vi du 2: Tim nghiém nguyén cta phuong trinh: 2x* +4x =19-3y°.

Loi giai

Taco: 20" +4x+2=21-3)" < 2(x+1) =3(7-)%) (¥

Tathdy 3(7-)%):2=(7-y")i2=y le.

Talai c6 3(7-y*)=2(x+1)"20= y* <7 nén chi c thé y* =1.

Khi d6 phuong trinh (¥) 6 dang: 2(x+1)" =18.

Ta dugc: x+1=%3,dod6 x, =2,x,=-4.

Vay tap nghiém ctua phuong trinh 1a S = {(2;1),(2;—1),(—4;1),(—4; —1)}.

Dang 3: Phuong phap xét sé du tirng vé

Phwong phap giai
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Str dung tinh chat co ban: Mot s6 chinh phwong khi chia cho 3 du 0 hodc 1; chia cho 4 du 0 hoic 1; chia
cho 8 du 0, 1 hoac 4,...

Bai tap miu

Vi du 1: Tim nghiém nguyén ciia phuong trinh: 9x+2=y*+y.

Loi giai

Taco: 9x+2=y(y+1).

Ta thdy Vé trai ciia phuong trinh 1a s6 chia cho 3 du 2 nén y(y+1) ciing chia 3 du 2.
Truong hop 1: y:3 thi y(y+1):3 (loai).

Truong hop 2: y chia 3 du 2 thi y+1:3 nén y(y+1):3 (loai).

Do d6, y chia 3 du 1.

bt y:3k+1,y+l:3k+2(keZ).

Khi d6: 9x+2 = (3k +1)(3k +2) <> 9x =9k (k+1) < x =k (k +1).

Thu lai: x =k (k+1),y=3k+1 théa man phuong trinh da cho.

Vay phuong trinh da cho tap nghiém la S ={x=k(k+1),y =3k +1|k e Z}.

Vi du 2: Chtang minh rang phuong trinh sau khong c6 nghiém nguyén: x? — y* = 2018.
Loi giai

e Céch 1:

Ta ¢ phuong trinh da cho twong duong (x—y)(x+ y)=2018.

Vi (x=p)+(x+y)=2x lamot sé nguyén chin nén (x—y) va (x+y) co6 ciing tinh chin Ié.
Ma (x—y)(x+y)=2018 nén (x—y) va (x+y) déu chan.

Suy ra (x—y)(x+y) chiahét cho 4, nhung 2018 lai khong chia hét cho 4.

Vay phuong trinh da cho vo nghiém.
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e Céach 2:

S6 chinh phuong chia 4 ¢ thé du 0 hodc 1. Do d6, x?, »* chia cho 4 ¢6 s6 du 1a 0 hoac 1.
Suy ra sé du ciia (x* - »*) khi chia cho 4 thudc tap {0;1;3}, ma 2018 chia 4 dur 2.

Vay phuong trinh da cho v6 nghiém.

Dang 4: Phwong phap dwa vé dang tong

Phwong phap giai

Bién d6i phuong trinh vé dang: V& tréi 1a tong cua cac binh phuong, vé phai & tong cua cac s6 chinh

phuong.
Bai tap miu
Vi du 1: Tim nghiém nguyén cia phuong trinh: x* + y* —x—y =8.
Loi giai
Taco: x*+)° —x—y=84x"+4)° —4x—4y =32
(4 - 4x+1)+(4)° -4y +1)=34
& (2x-1) +(2y-1)" =32 +5°

Bang phuong phép thir chon ta thay 34 chi c6 duy nhat mot dang phan tich thanh tong hai sé chinh

phuong 1a 3* va 5°. Do d6 ta c6 hai truong hop:

{|2x—1| =3 o {|2x—1| =5

2y-1=5 2y-1=3

Giai cac hé phuong trinh trén ta dugc tdm nghiém nguyén théa man Ia:
(23).(3,2),(-%-2),(-2-1),(2,-2).(-2;2),(-L3) va (3;-1).

Vay tap nghiém nguyén cua phuong trinh la:
5={(23).(3:2).(-1-2),(-2-1),(2-2),(-2:2).(-13),(3-1)}
Dang 5: Phwong phap sir dung bét diang thic

Phwong phép gii
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Str dung 2 bét ding thire co ban sau:
- Bét ding thirc Co-si:
x+y22\/E(x,y20).
DAu bang xay ra khi va chi khi x=y.
- Bt dang thiec Bu-nhi-a-cop-xki:
<a2 +b2)(02 +d2) > (ac+bd)2.
DAau bang xay ra khi va chi khi ad = bc.

- Mé rgng: V&i moi x, y, zta co <x2 +3° +22)<a2 +b° +cz)2(ax+by+cz)2.

Déu déng thic xay ra khi va chi khi % = % :E (v6i gia thiét néu mAu sb bang 0 thi tir sé twong tmg ciing
bang 0).
Bai tap miu
Vi du 1: Tim cac s6 nguyén duong x, y thoa man phuong trinh: (x2 Jrl)(x2 + yz) =4x%y .
Loi giai
Ap dung bat dang thic Co-si ta co:
x> +1>2x.

DAau bang xay ra khi va chi khi x =1.

DAau bang xay ra khi va chi khi x=y.

Vi x, y |4 c&c s6 nguyén duong nén ta nhan vé véi vé cua hai bat dang thirc trén ta dugc:
(x2 +1)(x2 +y2)2 Ax%y .

DAu bang xay ra khi va chi khi x=y=1.

Vay x =y =1 la nghiém nguyén duong duy nhat cia phuong trinh.
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Vi du 2: Tim nghiém nguyén cta phuong trinh: (x+y+1)2 = 3(x2 +y° +1) :
Loi gii
Ap dung bat dang thirc Bu-nhi-a-cop-xki ta co:

(x+y+1)2 < (12 +17 +12)(x2 +3° +12) = 3(x2 +° +1) :

DAu bang xay ra khi va chi khi % :%

1
- x=y=1.
1 y

Vay phuong trinh ¢6 nghiém duy nhat l1a x=y=1.
Dang 6: Phuwong phap danh gia
Phwong phap giai

Dbanh gia phuong trinh co ban dya theo 2 nhan xét sau:

- Khong ton tai n e Z théa mana® <n’ <(a +1)2 (aeZ).

-Néu a® <n® <(a+2)2(a,n eZ) thi n=a+1 hoic n =—(a+1).
Bai tap miu

Vi du: Giai phwong trinh nghiém nguyén: x* +x° +1= y°.

Loi giai

Xét hiéu (x2 +1)2 -y'=x"20=> (x2 +1)2 >y°

Xéthieu y* —x* =x*+1>0= y* > x*

Suy ra (x2 )2 <y*< (x2 +1)2 =)’ = (xz +1)2

Thé vao phuong trinh ban dau ta c6: x> =0< x=0.

Vay tap nghiém nguyén cia phuong trinh 1a § ={(0;1),(0;-1)} .

Dang 7: Phwong phap giai Ui vo han, nguyén tic cuc han

Phwong phap giai
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Phuong phép nay nham ching minh mot phuong trinh £ (x; y; z;...) ngoai nghiém tam thuong thi khong
con nghiém nao khac duoc giai theo cac budc nhu sau:
- Gid sir (xq; ¥ 2o;--) langhiém cua £ (x;y;z;...) véi diéu kien rang budc cia b (xy; vy; zo:.-). Vidu

nhu x, nho nhat hoic x, + y, +z, +... Nho nhat...

- Bién doi s6 hoc dé tim ra mot bo nghiém khac (x;; y;;z,;...) tréi véi diéu kign rang bugc trén. Vi du khi
chon bd (x;;31;z,;...) V6i x, nho nhét ta lai tim duoc bd (x;;31;z,;...) théaman x, < x,, tir d6 dén dén

phuong trinh da cho ¢6 nghiém (x,; yo; Z;-..)-

Bai tap mau

Vi du: Tim nghiém nguyén cua phuong trinh: x*—5y° =0

Loi giai

Céch 1:

Gia sir (x,;y,) 1a nghiém cua phuong trinh da cho thi x; —5y; =0, suy ra x, chia hét cho 5.
bit x, =5x,(x, € Z), tacd 25x° —5)7 =0<5x7 — i =0.

Suy ra y, chia hét cho 5.

bat y, =5yl(yleZ),taCé 5x12—25y12 :0<:>x12—5y12=0.

Vay néu (xy;,) 1a nghiém nguyén cia phuong trinh da cho thi (x—g%j ciing 1a nghiém nguyén cua
phuong trinh do.

Tiép tuc lap luan tuong ty ta co (%" ; y—s"j VGi k 12 s6 nguyén duong tiiy ¥ ciing 1a nghiém nguyén cua

phuong trinh da cho hay x, va y, déu chia hét cho 5* véi moi k 1a s6 nguyén dwong k tiry y. Diéu nay

xay ra khi va chi khi x, = y, =0.
Vay phuong trinh da cho c6 nghiém duy nhat1a x=y=0.

Cach 2:
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Nhan thay (0;0) 1a mot nghiém ctia phuong trinh da cho. Gia str ngoai nghiém nay phuong trinh con

nghiém khac (x; y)#(0;0).

Trong cac nghiém nhu vy, chon ra dugc nghiém (x,; v, ) €0 tong |x,|+|y,| nho nhat (*).
Vi (x4;5,) la nghiém ctia phuong trinh nén x5 =55 5, suy ra x,:5.

bit x, =5x,(x, €Z), tacd 25x° —5y7 =0< yZ =5x715,suy ra y,:5.

bat y, =5y,(» €Z), taco 5x —25y7 =0 < x7 —5y7 =0.

Do d6 (x;;y,) ciing 1a nghiém cta phuong trinh da cho.

Lai ¢O |x, |+ [y1|=|=2{+[=2| < |xo| +]30| (do (x;)#(0;0)).

%o
5

Yo
5

Diéu nay mau thuan véi (*).

Do vay hé c6 nghiém duy nhat x=y=0.
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B. BAI TAP TU LUYEN

Bai 1. Tim nghiém nguyén cuia cac phuong trinh:

a) 8x—y=15; b) 5x+12y=33;

C)l4x—9y=21, d) 29x+15y=20.

Bai 2. Chitng minh rang néu wéc chung lon nhat ciia a va b khong chia hét ¢ (tic 1a ¢ /(a,b)) thi phuong
trinh ax+by =c(a; b= 0) khong ¢ nghiém nguyén.

Bai 3. Tim nghiém nguyén duong cta cac phuong trinh:

a) 4x+5y=19 ; b) 3(x+y+1)=4(12-y);
2x 3y 5
c %—%:E; d)(5—x)(5+x):y(2x+y).

Bai 4. Giai phuong trinh trén tap s6 nguyén: —4x+3y+8z=9

Bai 5. Tim nghiém nguyén cuia cac phuong trinh:

a) 3x° —14x=35; b) x(2x2+9x+7):6 :
C) x*+2x7 —19x" +8x+60=0 ;

d) (x*—13x" +36)(x" +2x) = 65x" = 5x" =180 .

Bai 6. Tim nghiém nguyén cua phuong trinh:

) 1 i
(x+1)(x+3) (x+2)" 12

(x+2)2 +(x+2)2+] 1

b) 2 2
(x+2) +1 (x+2) +2 2

c) (x+1)3 +(x+2)3 +(x+3)3 = (x+5)3 —(x+4)3.
Bai 7. a) Tim nghiém nguyén ciia phuong trinh 6 (x+y)=xy+33 ;
b) Tim nghiém tu nhién cua phuong trinh 3(x+y) =2xy.
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Bai 8. a) Tim ba sé nguyén duong sao cho tong bang tich;

b) Tim nghiém nguyén duong cua phuong trinh: 5(x +y+z+ t) +4=6xyzt .
Bai 9. a) Tim nghiém nguyén cta phuong trinh x° (y2 —3)—2y2 (x-1)+6x=7;

b) Tim nghiém nguyén duong cua phuong trinh: xy® +2xy—27y+x=0 .
Bai 10. Tim nghiém nguyén cua cac phuong trinh

a)x”’+ 5y +1=2y(2x-1) ; b) x?+2y’ +2xy+2x—2y+5=0 ;

C) 2x° +2y° +7° —6x+9:2y(x+z) ; d) x* +3y° +47 + 2xy—4yz—12y+36 =0 .
Bai 11. Tim nghiém nguyén cua phuong trinh x +x* + x° = (y—l)(y2 +y+1)

Bai 12. Tim nghiém nguyén cta phuong trinh (x+l)(x+2)(x+8)(x+9) =y°.

Bai 13. Tim nghiém nguyén cua phuong trinh x° =2y’ —47° =0.
Bai 14. Tim sb c6 hai chit s6 ma sé ay 1a boi cua tich hai chit s6 do.

Bai 15. Tim tat ca cac hinh chit nhat véi do dai cac canh 1a sé nguyén duong co thé cat thanh 11 hinh

vubng bang nhau sao cho mdi canh hinh vudng 1a mot sé nguyén duong khong 16m hon 3.

h 2y 2 2y ;

Bai 16. a) Tim nghiém nguyén duong ctia phuong trin =
3z 3x 3y

b) Tim ba sé nguyén duong sao cho téng cac nghich dao cua ching bang % .

Bai 17. Chirng minh phuong trinh 2x° —9y° = 11 khong cé nghiém nguyén.

Bai 18. Chung minh phuong trinh ! + ! + I__1 c6 mot s6 hiru han nghiém nguyén duong.
X y z

Bai 19. Tim nghiém nguyén cua phuong trinh: 8x°y’ +x” +y” = 10xy

Bai 20. Tim s6 tu nhién nho nhét biét rang khi chia s6 d6 cho 2005 thi dwoc du 14 23 con khi chia s6 d6
cho 2007 thi duogc du 32.
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Bai 21. M6t doan hoc sinh di cam trai bang 6 td. Néu mdi 6 td ché 22 nguoi thi thira 1 ngudi. Néu bot di
1 6 t6 thi c6 thé phan phdi déu tit ca cac hoc sinh 1&n cac 6 t6 con lai. Hoi c6 bao nhiéu hoc sinh di cim

trai va c6 bao nhiéu 6 t6? Biét rang mdi 6 t6 chi chd khong quéa 30 ngudi.
Bai 22. Tim cap s ty nhién (m; n) thoa mén hé thac m? +n° =m+n+8 .

Bai 23. Tim céc cap s6 nguyén (x;y) thoa man 5x” +8y” =20412 .

Bai 24. Tim céc cap s6 nguyén (x; y) thoa man diéu kign 6x° +5y* =74.

Bai 25. Tim céc sb nguyén duong (x;y) thdéa man phuong trinh (x +y)5 =120y+3 .
Bai 26. Tim tat ca cac s nguyén duong (x;y)sao cho 3* —2" =1 .

Bai 27. Tim cac cip s6 nguyén (x;y)thoa man x’y+xy—2x’ —3x+4=0 .

Bai 28. Tim nghiém nguyén cua phuong trinh: 3x° —2y° —5xy+x—2y—7=0 .
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HUONG DAN
Bai 1. Tim nghiém nguyén cuia cac phuong trinh:
a) 8x—y=15; b) 5x+12y=33;
C)l4x—9y=21, d) 29x+15y=20.
Hwéng din giai — dap sb

, , . , x=t
al He s ciadn y 1a-1. Pap s6 1™ teZ
y=8t—15

b/ V& gié tri tuyét di thi hé s6 caa x nho hon hé sb cua y. Do d6 ta tinh x theo y. Sau d6 tach phan

. =12u+9
nguyén. Dép so: * . MeZ
y=5u+1

¢/ Ta co: (14;21) =7 nén y.7 .Pat y="7t ta cé phuong trinh 2x—9¢ =3 . Tiép tuc 1am nhu cau b) ta

R =9%u-3
tim duoc e JUEZ
y=14u—-7

d) Cach 1: Phuong trinh da cho (viét tit 12 PT):

20-29x 15-30x+5+x S+x
= = =]-2x+
15 15 15

29x+15y=20&y

Pit ”—xzu,(uez)ta 6 x=15u—35
15

x=15u-35
y=11-2%u

Nghiém nguyén tong quat cua PT 1a {
Cach 2: Taco (15,20)=5 nén x5
bat x =5t ta c6 phuong trinh 29¢+ 3y =4

y = [5u-5
Tiép tuc lam nhu b) ta im dwoc 4~ "~ ;ueZ
y=11-2%

Bai 2. Chung minh rang néu wéc chung I6n nhét ciia a va b khong chia hét ¢ (tic 1a ¢ /(a,b)) thi phuong

trinh ax +by = c(a; b # 0) khong c6 nghiém nguyén.
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Huwéng dan giai — dap sé
Ta ching minh bang phan ching:
Gia str phuong trinh ax + by =c¢ (a;b # 0) c6 nghiém nguyén la (x,;y,) tac la ax, + by, =c. Goi
(a;b)=d thi a=dm; b=dn (m neZ) .

. c
Taco: dmx, +dny, =c= mx,+ny, ==

A C A N PR
Do ¢/ d nén ~eZ=>mx, +ny, & Zdicundyvo Iy vi mn;x,;y, € Z

= dpcm.

Bai 3. Tim nghiém nguyén duong ctia cac phuong trinh:

a) 4x+5y=19 ; b) 3(x+y+1)=4(12-y) ;
2x 3y 5
C %—%23; d)(5—x)(5+x):y(2x+y).

Huwéng dan giai — dap so

x=5t+1

e 3—4t;t € Z . Nghiém nguyén duong la (x;y) = (1;3)

a/ Nghiém nguyén tong quat 1a {

b/ Bién doi phuong trinh thanh 3x+7y=45 . Do (3;45)=3 nén y:3

x:]5—7t(

b= 3 teZ)

Phuong trinh c¢6 nghiém nguyén tong quat la {

Péx>0vay>0taphaico 0<t< 1—75 Vay t = 1; 2. Phuong trinh c6 2 nghiém nguyén duong la
(xiv)=(8:3):(1:6)
¢) Bién doi phuong trinh thanh 8x—9y = 30

. ; N =9t+6
Nghiém tong quat la x steZvat=0;1;2;3; ...
y=8t+2

Phuong trinh ¢ v6 s6 nghiém nguyén duong (x;y)=(6,2);(15:10);(24;18);...
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d) Bién d6i phuong trinh thanh x’ + 2xy+y’ =25 < (x+y)2 =5
hay ‘x+y‘ =5.
Dox>0vay>0nén x+y=>5 vaphuong trinh c6 4 nghiém (x;y)=(1;4);(2;3):(3:2):(4:1).
Bai 4. Giai phuong trinh trén tap s6 nguyén: —4x+3y+8z=9
Huwéng din giai — dap sé
Taco: — 4x+3y+8z:9<:>x+8(y+z)—5(x+y):9
Dat u=y+z,v=x+y
x=9-8u+5v
Nghiém nguyén téng quét ciia phuong trinh 13 {y = -9 + 8u —4v(u eZve Z)
z2=9—-7u+4v
Bai 5. Tim nghiém nguyén cuia cac phuong trinh:
a) 3x° —14x=5 ; b) x(2x2+9x+7)=6 :
C) x*+2x7 —19x" +8x+60=0 ;
d) (x*—13x" +36)(x" +2x) = 65x" = 5x" - 180 .
Huwéng dan giai — dap so

Ta chuyén vé dua vé dang A(x)=0 sau d6 phan tich A(x) thanh nhan tir bang tach va thém bét cac

hang tu.
8) 3x° —14x =5 3x" +x—15x—5=0<(x-5)(3x+1)=0
Nghiém nguyén cua phuong trinh la x =5

b) x(2x" +9x+7)=6 < 25’ +9x” +7x -6 =0
@(x+3)(x+2)(2x—1):0

Tap nghiém la § ={-3,-2}
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0) x+2x" —19x" +8x+60 =0 < (x—2)(x+2)(x+3)(x-5)=0

Tap nghiém S ={-3;-2;2; 5}

d) (x4 —13x° +36)(x2 +2x)=65x" = 5x* 180

(¥ =137 +36)(x7 + 25+ 5) =0 = (&7 = 4)(x" = 9)(x" + 2x+5) =0
& (x=2)(x+2)(x+3)(x=3)(x*+2x+5)=0

Do x° +2x+5= (x + 1)2 +4 > 0,Vxnén nghi¢m nguvén cua phuong trinh phuong trinh la x =+2; x =+£3

Bai 6. Tim nghiém nguyén cta phuong trinh:

) 1 R
(x+1)(x+3) (x+2) 12
b) (x+2)2 +(x+2)22+]:§

(x+2)2+] (x+2) +2
c) (x+])3+(x+2)3+(x+3)3 =(x+5)3—(x+4)3.
Huwéng dan giai — dap so
a) DPKXD: x#—-1; x#-2; x#-3

Phuong trinh bién dithanh —— 1 _ 1
X +4x+3 x +4x+4 12

Dit x° +4x + 3 = y phuong trinh tré thanh 1 _1 suy ra
y y+1 12

YV 4y-12=0<(y-3)(y+4)=0

* xZ+4x+3—3:0<:>x(x+4)=0<:>x:OhOéC x=4

* x2+4x+3+4:0<:>(x+2)2+3:0vf) nghiém vi vé trai > 0Vx

Vay phuong trinh ¢6 2 nghiém la 0 va — 4.
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b) Cac mau déu duong nén PKXP 1a x € R . Bién d6i phuong trinh thanh

x2+4x+4+x2+4x+5 1

X +dx+5 P +dx+6 2

Dit x’ +4x+5=y taco 1+L=é suy ra 3y’ —y—2=0<(y—1)(3y+2)=0

y y+1

Tur day tim dugc nghiém ctia phuong trinh & x =2

7 N 2 , 3 3 2 2 3
¢) Ap dung héng dang thic (a+b) =a’+3a’b+ 3ab® +b
Taco (x+1)3 +(x+2)3 +(x+3)3 +(x+4)3—(x+5)3 =0 3x° +15x° +15x=25
Vé tréi chia hét cho 3; vé phai khong chia hét cho 3. Phuong trinh khong c6 nghiém nguyén.
Chii y: Cau c) c6 thé dat x+3 =y(e Z) Phuong trinh tré thanh
(y=2 +(y=1) +y +(y+1) —(y+2) =0 ritgon thanh 3y’ — 12y’ +6y =16
Bai 7. a) Tim nghiém nguyén ciia phuong trinh 6 (x+y)=xy+33 ;
b) Tim nghiém tu nhién cta phuong trinh 3(x+y) =2xy.

Hwéng din giai — dap s6

a) 6(x+y)=xy+33<(x—6)(y-6)=3

Vi 3=13=31=(-1)(-3)=(-3)(-1)

Giai cc cip ta tim dwoc cac nghiém nguyén sau: (x;y)=(7,9):(9:7);(5:3):(3:5).

b) 3(x+y)=2xy < 4xy—6x-6y=0<(2x-3)(2y—3)=9

Tabiét 9=19=9.1=(-1)(- 9)=(- 9)(- 1)=33=(-3)(-3)

Giai tirng cap ta co nghi¢m tu nhién ciia phuong trinh trén 1a: (x;y)=(2;6);(6;2);(3:3);(0;0)

Bai 8. a) Tim ba s6 nguyén duong sao cho tong bang tich;
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b) Tim nghiém nguyén duong cua phuong trinh: 5(x +y+z+ t) +4=6xyzt .

Huwéng dan giai — dap sé

a) Goi ba s6 nguyén dwong 13 x; y; z. Theo dau bai x+ y+z=xyz . Do vai trd x, y, z nhw nhau nén gia sir

1< x<y<z .Chia2 vé cia phuong trinh cho xyz ta cd 1:i+i+i£i2 hay x*<3=x=1

Thay X = 1 vao phuong trinh ta ¢6 1+ y+z=yz < yz—y—z=1<(y-1)(z—1)=2=12 Tir d6 tim duoc
y=2;z=3

Nghiém nguyén duong ctia phuong trinh la:
(x:v:2)=(1:2:3):(1,3:2);(2:3:1):(2:1,3)(3;2:1);(3:1;2)

b) Giast x>y>z>r>1, chia 2 vé ciia phuong trinh cho xyzz ta c6

> +i+i+ > + 4 s2—34:>t3£4:>t:1

Y7 vt Yut w7t Y7t t

6 =

Thay t = 1 vao phuong trinh ta c6 5(x+y+z)+9 =6xyz

Ta cling co 6:£+£+£+ 9 Sz—szz <4=7=1:2

V7 Y7 AaY YV7 ed

+V6iz=1thi 5(x+y)+14=6xy < 6xy—5x—5v=14
<> 36.xy—30x—30y+25=109 < (6x-5)(6y—5)=109.1

6x-5=109 x=19
o o
6x-5=1

y=1

+ V6i z = 2 giai twong tu, khong ¢ nghiém nguyén duong.

Vay nghiém nguyén duong ctuia phuong trinh 1a (x; y; z;t) = (19; 11, 1) va cac hoan vi
(1,1,1;19),(1:1,19;1)(1,19;1,1)

Bai 9. a) Tim nghiém nguyén cua phuong trinh x° (y2 —3)—2y2 (x—1)+6x =7 ;

b) Tim nghiém nguyén duong cuia phuong trinh: xy” +2xy—27y+x=0 .
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Huwéng dan giai — dap sé

a) PT < x° (y2—3)—2y2x+2y2 +6x=7
<:>x2(y2—3)—2x(y2—3)+2(y2—3)=1<:>(y2—3)(x2 —2x+2):]

Do x,ye Z nén y’ —3e Z;x’-2x+2eZ Vithé

=2
V' -3=1 v =4 Y
= = y=—2
xX’=2x+2=1

x=1

=
|

Ly =3=-1 y =2 P \
Va = P (khdng c6 nghiém nguyén)
X’ =2x+2=-1 1) +2=0
Vay nghiém nguyén cia phuong trinh 1a (x;y)=(1;-2):(1;2)
b) xy’ +2xy—27y+x:0<:>x(y2 +2y+])=27y

<:>x(y+])2 =27y=>x=

(y+1)

Ta biét hai s6 nguyén duong y va y + 1 nguyén t6 cing nhau nén y /(y +1)2 Vi thé
27:(y+1) = (y+1) =1 hoge (y+1) =9

Tir o tim dugc nghiém ciia phuong trinh 1a (x;y) = (6, 2)

Bai 10. Tim nghiém nguyén cta cac phuong trinh

a)x” +5y° +1=2y(2x-1) ;

b) x” +2y° +2xy+2x-2y+5=0;

C) 2x°+2y° +7° —6x+9:2y(x+z) ;

d) x*+3y° +47° + 2xy—4yz—12y+36 =0 .

Hwéng din giai — dap sb
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Chiynéu A+ B*+C?=0 thi A=0;B=0 va C=0

a) Bién ddi PT thanh (x—2y) +(y+1)° =0 . Nghiém (x;y)=(-2;-1)

b) Bién déi PT thanh (x+y+1) +(y—2) =0 . Nghiém (x;y)=(-3;2)

¢) Bién ddi PT thanh (x—y)" +(y—z) +(x-3) =0 . Nghiém (x;y;2)=(3;3:3)

d) Bién ddi PT thanh (x+y) +(y—2z) +(y—6) =0 . Nghiém (x;y;z)=(~6:6:3)

Bai 11. Tim nghiém nguyén cia phuong trinh x +x* +x* =y —1)(y2 +y+1)
Huwéng dan giai — dap so

Bién doi vé dang 1+ x+x? +x% =y* . Ta xét cac truong hop:

)x=0thiy=1 2)x=-1thiy=0

JYIx=1thi yeZ

4)Véi x>0 (1+x)3 =14+3x+3x° +x° > 1+ x+x2+x° =y > 4°

Vay (1+x)* > y* > x* hay 1+x>y>x diéu nay khong thé xay ra di véi s6 nguyén duong
5 V6i x<-1.Pat r=-1—x thi >0 va x=—1-¢. Thay vao phuong trinh ta c6
1+(—1—t)+(t2 +2t+1)—(t3 +3¢? +3t+1):y3

Hay—(t‘°’ + 21 +2t) =y*=y<0hay /* +2:*+2¢ :(—y)3

Dit —y=z tacd r*+22+2r=2" Vi z>0

Taco (t+1)3 =P +3 +3t+1>5 + 20 + 2t =2 > 1

Hay (r+1)3 > > =t+1>z>1 didunayvo ly

Vay phuong trinh chi cé 2 nghiém (x;y) = (O; 1);(—1;0)

Bai 12. Tim nghi¢m nguyén ciia phuong trinh (x+1)(x+2)(x+8)(x+9)=»" .
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Huwéng dan giai — dap sé
*Voiy=0thi x=-1,-2;-8,-9
*V6i y#0 taco (xf +10x+9)(x2 +]0x+]6):y2
bit x’+10x+9=z€Z do xe Z.Tacod Z(z+7):y2 hay 7’ +7z=y’
Néu z>9 thi 22 +6z+9<2>+72=y" <z>+8z+16
Hay (z+3)2 <Z+7z=y° <(z+4)2 vo ly. Vay z<9
X +10x+9< 9 x(x+10)<0<—10<x<0 . Lan luot thay cac gia trj cua X ta co nghi¢m:
(x:9)=(~1:0):(=2;0);(=8;0):(=9;0);(=5;12); (=5:12); (~10; =12); (~10;12)
Bai 13. Tim nghiém nguyén cuia phuong trinh x° -2y’ —47° =0.
Hwéng dan giai — dap sb
Ta st dung tinh chét chia hét va phuong phap xudng thang dé giai.
Gia str (x,; ¥, z,) 1a nghiém nguyén cua phuong trinh tic 1a x; —2y; -4z, =0 (2) khi d6 x/2 . Pjt
x,=2x,talaicé 4x; -y’ -2z =0; Dat y, =2y, talai c6 2x] -4y’ -z, =0; Dt z, =2z, talai c6
3 3 3_p- A v o V| Ko Yo %0 | s s Ay . Y
x; —2y; =4z, =0; nhu vay (xI,yl,zl) =155 cling 1a nghiém cua phuong trinh . Ctr tiép tuc

%, Y .Z_oJez,vkeZdodé X, =y, =2,=0

mai ta co Lz—k, ?, 2k

Vay phuong trinh (1) c6 nghiém nguyén duy nhét 1 (0;0;0)

Bai 14. Tim s6 ¢6 hai chir s6 ma sé dy 1a boi cua tich hai chi s6 do.
Huwéng dan giai — dap so

Goi 56 ¢6 hai chir s6 d6 1a xy(x,y € N;0<x,y <9)

Tac xy=10x+y=kwy(ke N*)=y=x(ky—10):x dodé y=mx
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= mx =x(kmx—10)=>m=kmx—10=>10=m(kx=1)=>m=1;2;5
Veim=1thi kx=ll=x=y=1

Véim=2thi kx=6 = x=1;2;3 tuong ung voi y=2,;4;6
Voim=5thi kx=3=x=1 tuongtngcd y=35

Sé cAn tim 1a xy = 11;12;24;36;15

Bai 15. Tim tat ca cac hinh chit nhat voi do dai cac canh 1a s6 nguyén duong cé thé cit thanh 11 hinh

vudng bang nhau sao cho mdi canh hinh vuéng 1a mot s6 nguyén duong khong 16n hon 3.
Hwéng dan giai — dap sé
Goi chiéu dai, chiéu rong hinh chit nhat lan Iuot 1a x va y. Canh hinh vudng can cat ra la z.

Taco x;y,zeZ" x>2y;z<y vaz<3

Taco xy=117> (1).Tu (1) = x hoidc y chia hét cho 11. Vai trd cia x va y trong phuong trinh nhu nhau

néntagiasue x: /7 tacla x=11d
= Ildy=117" = dy = 7. Ta xét cac trudng hop c6 thé cua z:
Véiz=1chicothé d=1;y=1=x=11
Véiz=2chicothe d=1;y=4=x=11
d=2;y=2=>x=22
d=4;y=1=>x=44
Véiz=3chicothé d=1L;y=9=x=11
d=3;y=3=>x=33
d=9;,y=1=x=99
Trong 7 nghiém cua phuong trinh vira tim chi ¢6 3 nghiém thoa man bai toan do la

(x;y)=(11;1);(22;2);(33:3)
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Bai 16. a) Tim nghiém nguyén duong ctia phuong trinh AR L ;
3z 3x 3y

b) Tim ba s6 nguyén dwong sao cho tong céc nghich dao cua ching bang % .

Huwéng dan giai — dap sé

a) Vai tro x; y; z nhu nhau. Tagiasu x>y>z>1

TachH: 242 F 1M Y X g
3Z 3x 3y 3Z 3\ x y

Vai x,y >0 thi (x—y)220<:>x2+y222xy<:>f+y >0

hY v

Do d6 1=ﬂ+E X+£ Z£+£:z:>z=]:>y:x:]
3z 3\x y) 3 3

Vay (x;y;2)=(L 1)

b) Goi ba s6 nguyén duong can tim 13 x; y; z. Ta co i+1+£=£
x y z 12
Vaitrc‘)x;y;znhu’nhau.Tagiésfrx2y2z>1.TaCéézi+i+1:£:>z£ﬁ:>z:2;3
z x y z 12 11

V6i 2 = 2 thay vao va Iy luan tuong ty ta tim dwoc (y=3;x=12);(y=4,x=6)
Véiz =3 ta tim duge (y=3;x=4)
Nghiém thoa méan bai toan 1a (x;y;z)=(12;3;2);(6,4;2);(4; 3, 3) cling cac hoan vi cua ching.
Bai 17. Ching minh phuong trinh 2x” —9y” = 11 khong c6 nghiém nguyén.
Hwéng din giai — dap sb
Gia str phuong trinh c6 nghiém nguyén la (x,;y,) taco
2x; =9y, =11=y, leticla y, =2k+1(ke N *).
Taco 2x, = 9(2k+1)" =11=>x* ~18k(k+1)=10=> x, chin tic 1 x, = 2m(me N") . Tic Ia
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4m’ — 18k (k+1)=10=2m’ = 9k(k+1)=5 v Iy vi k(k+1) latich hai s6 nguyén lién tiép nén chan.
Vé tréi chan, vé phai 1é
Do d6 phuong trinh 2x° —9y® = 11 khéng c6 nghiém nguyén.

Bai 18. Chung minh phuong trinh z + ! + I__1 c6 mot s hitu han nghiém nguyén duong.
X y z

Huwéng dan giai — dap sé

L o 1
Vaitro x; y; znhunhautagia st O0<x<y<z .Taco —<
X

]6:>x>2016

.1 1
TacO ——=—+
2016 x

S—=2016<x<32016

1 1 3
y z X
Vay c6 hitu han s6 nguyén duong x. Ung véi mdi gid tri caa X ta co:

1 1 1 ]<2:> <2.2016x<2.2016x

<Zoy< < <22016°
2006 x y z y x—2016 1

Vay y hitu han = z hitu han. Do d6 phwong trinh ¢6 mét s6 hiru han nghiém nguyén duong.
Bai 19. Tim nghiém nguyén cua phuong trinh: 8x°y’ + x” +y’ = 10xy
Huwéng dan giai — dap so

Taco 8x°y’ +x” +y’ :10xy<:>8xy(xy—1)+(x—y)2 =0 (*)

Do (x —y)z > ( nén néu x, y la nghiém nguyén ciia phuong trinh thi xy(xy—1)<0=0<xy<I
Do X, y nguyén nén chi c6 hai kha nang:

-Néuxy=0thiter (*)tacé x=y=0

-Néuxy=1thitir(*)taco x=y==/.

Phuong trinh ¢6 3 nghiém nguyén (x;y) 1a (0;0);(1;1);(~1;-1)

Bai 20. Tim s6 tu nhién nho nhét biét rang khi chia s6 d6 cho 2005 thi dwoc du 14 23 con khi chia s6 d6
cho 2007 thi dugc du 32.

Huwéng dan giai — dap so

24. TOAN HOC SO PO - THCS.TOANMATH.com



Goi sb tu nhién can tim 1an. Ta co

n=2005x+23=2007y +32=2005y+2y+32 (x;ye )

= 2y+9=2005(x—y)=2005k (ke N')=>y =&2"_9
n nho nhit khi y nho nhat, y nho nhét 12 998 khi k = 1.
Vav s6 tu nhicn nhé nhat can tim 1a » = 2007.998 + 32 = 2003018

Bai 21. Mot doan hoc sinh di cam trai bang 6 t6. Néu mdi 6 to chd 22 ngudi thi thira 1 nguoi. Néu bét di
1 6 td thi c6 thé phan phéi déu tat ca cac hoc sinh 18n cac 6 to con lai. Hoi ¢ bao nhiéu hoc sinh di cam

trai va c6 bao nhiéu 6 to? Biét rang mdi 6 td chi chd khong qua 30 ngudi.

Huwéng dan giai — dap so
Goisdotolucdaulax (xeN va x=2), sbhocsinh di cam trai sé 1a 22x+1 .
Theo gia thiét néu s6 xe 14 x—1 thi s6 hoc sinh phan phdi déu cho tat ca cac xe.

Khi d6 mdi xe chd y hoc sinh (ye N va 30>y >0), tac

22x+1:22Jr 23

(x—l)y:22x+1<:>y= 1 1
Vi x,ye N nén x—1 phai la uéc sb cua 23, 23 nguyén t nén:

* x—1=1<x=2 suyra y=22+23=45 (tri gia thiét)
*x—-1=23<x=24 suyra y=22+1=23<30.

Vay 0 t6 1a 24 va sé hoc sinh 12 2224 +1=529 .

Bai 22. Tim cap s ty nhién (m; n) thoa mén hé thac m> +n° =m+n+8 .

Huwéng dan giai — dap so

Do m,ne N nén m?+n? :m+n+8<:>4(m2+n2):4(m+11+8)

& (4m? —4m+1)+(4n* —4n+1)=34 & (2m-1) +(2n-1) =37 +52(*)

. 2m—-1=3 m=2 _ |2n—-1=3 n=2
Tu (*) = < va =
2n—-1=5 n=3 2m—-1=5 m=3
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C6 hai cap s6 (m;n) la (2;3) va (3;2)

Bai 23. Tim céc cap s6 nguyén (x;y) thoa man 5x” +8y” =20412 .
Hwéng din giai — dap sb

Nhan xét: Vi a, b 1a cac s6 nguyén thoa man a® + b?:3 thi a3 va b:3.

Taco 5x% +8y? = 20412 < (6x2 +9y2)—(x2 +y2): 28.9°

Suyra x*+y*/3<x73va y:3.Dat x=3x;y= 3y1(x1;y1 € Z)

Thay vao phuong trinh ta dugc 5x, +8y,* = 28.97

Tuong tyta co x, =3x,;y, =3y, (x,,y, € Z)ta duoc 5x,” +8y,” =289

Tuong tu ta cd x, =3x,;y, =3y, (xs; Y, € Z) ta dugc 5x,” +8y,” =28

Suy ra y53%<22 nén y2 =0 hoic y: =1

*\V6i y2 =0 thi x2 = ? (loai)

*Voi ys2 =1 thi )c32 =2’= x22 = 9.22;y§ =9=> )cl2 = 92.22;y12 =9 = x*=9%2%,y"=9°
Vay c6 4 cap s6 nguyén (x; y)thea man la (54;27);(54,-27);(-54,27);(-54,-27)
Bai 24. Tim cac cip s6 nguyén (x;y) thoa man diéu kién 6x* +5y° =74.

Hwéng din giai — dap sb
Tir diéu kién da cho 6x?+5y* =74=y chinva x=0;y #0

Néu cap s6 (x,;y,) 1a mot cip s6 nguyén thoa man diéu kién thi cac cap sb
(%65 =¥ )7 (=%97 ¥ ) (—x,7 =¥, ) ciing thoa man diéu kién, do do chi can xét x>0,y >0 . Tir diéu kién suy

ra 5y’ <74=y*<15=0<y<4=y=2 (viychin) = x=3

Vay cac cip s6 nguyén (x;y)théa man diéu kién la (3;2);(3;-2);(-3:2);(-3:-2).
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Bai 25. Tim cac sb nguyén duong (x;y) théa man phuong trinh (x +y)5 =120y+3 .
Huwéng dan giai — dap sé

Do x;ye N * néntacd (x+y)5 :120y+3<]20(x+y):>(x+y)4 <120<4’ =>x+y<4

Ciingdo x;ye N*nén 2<x+y<4 ma 120y+3 1as61¢ = x+y lasd e

Dodb x+y=3.Vivay 3’ =120y+3 < y=2=x=1

Nghiém nguyén duong ctiia phuong trinh la (x; y) = (1;2)

Bai 26. Tim tat ca cac s nguyén duong (x;y)sao cho 3* —2" =1 .
Hwéng dan giai — dap sb

Taco 3" -2"=1<3"-1=2" (1)

* Néu x chin tic 13 x = 2k(ke NV *) . Tir (1) taco (3" +1)(3 —1)=2’

F1=2¢ X
Do d6 {3k 1 trong d6 a,be N va a>b

Xét 24— 2 =(3k+1)—(3’<—1)=2:>2”(2“-b—1)=2 nén
207 =1 20 =2 a-b=1 a=2
= = =
2P =2 b=1 b=1 b=1
3*yp1=27
Dodé{k =23 =63 =3ck=1khido x=2
3

Tr(l)cd 22=3"-1=8=2=y=3
*Néux leticla x=2k+1(ke V)
X6t 3% —1=3(3" 1)+ 2=3(9" — 1)+ 2 chia cho 8 du 2

Vi (9% -1)7(9-1)= 2" chiacho 8 du2 = 2" =2=y=1
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Taco 3 -1=2"=x=1

Vay tit ca céc cap s6 nguyén duong (x;y)la (2;3)va(1; 1)

Bai 27. Tim cac cip s nguyén (x;y)thoa man x’y+xy—2x’ —3x+4=0 .
Hwéng dan giai — dap sb

4=x(2x+3-y—xy) =>4 x> xe{~4-2,-1;1;2;4} (*)

Tir phuong trinh = xy(x+1)=2x"+3x—4=(x+1 )(2x+1)-5

= (x+1)(—xy+2x+1)=5=5/(x+1)=> xe{-6,-2,0;4} (**)

Tir (*) va (**) = xe{-2;4}

Voix=-2thiy=-1

Véix=4thiy=2

Vay c6 hai cap (x;y)thoaman la (-2;-1) va (4;2)

Bai 28. Tim nghiém nguyén cua phuong trinh: 3x° —2y° —5xy+x—2y—7=0 .
Hwéng dan giai — dap sb

3x° =2y =5xy +x—-2y-7=03x" —6xy+xy—2y  +x—-2y=7

& 3x(x=2y)+y(x=2y)+(x—2y)=7 < (x=2y)(3x+y+1)=7

Taco 7=71=17=(-7).(-1)=(-1).(-7)

Do do ta xét truong hop sau: x—2y=7 (*)va 3x+y+1=1 (**)

Tir x—2y=7 < x=7+2y thay vao (**)taco 3(7+2y)+y+I/=1<21+7y=0<y=-3 thay y=-3
vao (*)tacod x+6=7<=>x=1.

Tuong tu Vai cac truong hop khac ta khong tim duoc X; y nguyén.

Vay nghiém nguyén ciia phuong trinh da cho la (x;y)=(1;-3)
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C.BAI TOAN TRONG PE THI HSG VA CHUYEN THUONG GAP

Cau 1: Tim x, y nguyén duong théa man: xy—2x—3y+1=0.

CAu 2: Tim nghiém nguyén cta phuong trinh: x* +x*—y*+y+10=0.

Cau 3: Tim cap s6 nguyén té (x; y) thoéa man phuong trinh: x? —2y% =1.

Cau 4: Tim x, y € Z thoa man phuong trinh: (y + 2))c2 +1=y".

Cau 5: Tim céc sb x, y nguyén duwong thoa man: 16(x3 - y3) =15xy +371.

Cau 6: Tim nghiém nguyén duong cua phuong trinh: x*(y+3) = y(x2 —3)2 :

Cau 7: Tim nghi¢m nguyén cua phuong trinh sau: x(x+1)(x+ 2)(x+3) =%,

Cau 8: Ching minh khong ton tai x, y nguyén thoa man: 12x* + 26xy +15y% = 4617 .
Cau 9: Tim tat ca cac cap s6 nguyén (x;y) thoa man: 5x? +8y% = 20412

Cau 10: Tim tat ca cac cap s nguyén (x; y) thoéa man 2x° +5y° =41+ 2xy.

Cau 11: Tim nghiém nguyén ctia phuong trinh: x* +5y° —4xy+4x—-4y+3=0.
Cau 12: Tim tat ca cac cap s6 nguyén (x;y) thoa man phuong trinh: x° — ® = 6xy +3.

Cau 13: Tim x, y nguyén duong thoa min phwong trinh: 7x°* +3y° =714,

2019 _ 2019 1346

Cau 14: Tim tat ca cac cap s6 nguyén (x;y) thoa man: x 2018 _ 134 _ 873 4 o
Cau 15: Tim cac nghiém nguyén ctia phuong trinh: x* —xy+2=x+y.

Cau 16: Tim nghiém nguyén cua phuong trinh x* +2y° =42°.
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HUONG DAN
Cau 1:

Taco: xy—2x—3y+1=0

< x(y-2)-3(y-2)=5

& (x=3)(y-2)=5

Vix, y 12 s6 nguyén duong nén x—3,y—2¢€Z.

Phan tich 5 thanh tich cua hai s6 nguyén ta c6: 5=1.5=(-1).(-5).

o x—-3=1 x—-3=5 |x-3=-5 [x-3=-1
Ta c6 hé sau: X : :

y—-2=5"|y-2=1" |y-2=-1 |y-2=-5
Giai cac hé ta co cac cap s nguyén duong (x;y) théa man phuong trinh 14 (4,7),(8;3).
Cau 2:

Taco: x* +x*—y*+y+10=0

() +2.%x2+%—(y2—2.%y+%J+10=o

1 1 1 1
X+ = +—JLx2+—+ ——J=—10
2 772 d

Xét x* —y+1+x"+y=2x"+1.

Ma x*>0,Vx = 2x?+1>0.

Phan tich —10 thanh tich hai s ma tong cia chiing 16n hon 0 ta c6: 10=(-1).10=(-2).5

Xét hai truong hop ta tim ra cac ¢p sé (x;y) thoa man phuong trinh la (£2;-5),(£2;6),(£L-3),(£L4)
Céau 3:
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Ap dung tinh chat: Mot s6 chinh phuong chi c6 thé chia hét cho 3 hoic chia 3 du 1.
+Néu x?*:3 thi x:3, maxlasénguyéntbnén x=3,suyra y=2.
+Néu x* chia 3 dw 1 thi (x* -1):3 hay 2)*:3.

Ma y 1a s6 nguyén té nén y =3, khong ton tai x thoa méan.

Vay x =3,y =2 lacap sé duy nht thoa man diéu kién dé bai.

Cau 4:

Taco: (y+2)x*+1=)" < (y+1)x’+x* =" -1
<:>(erl)(erl—xz)—2(y+1)—x2 =0
<:>(y+1)(y+1—x2)+(y+1—x2)—3(y+1):0
<:>(y+2)(y—x2—2):—3.

Phan tich -3 thanh tich hai s6 nguyén ta co: —-3=1.(-3)=(-1).3.

Thay cac gia tri trén vao cac cap so, lan luot giai cac hé phuong trinh ta duoc tap nghiém nguyén duong

clia phuong trinh 1a S ={(0;1),(0;-1)}.

Céu 5:

Vi x, y nguyén duong nén 16(x3 —y3) =15xy+371>0=> x> >y  => x> y.

Mit khac, 15xy =16(x° - »*)-371 lasé I¢, suy rax, y 1asd le.

Suyra y>1x>y>1=x>3.

X¢ét hai truong hop:

+) Néu x=3=y<3= y=1. Thu lai tathdy (x;»)=(3;1) théa man phuong trinh.
+)Néu x>5.Taco: x—2> y, suy ra:

16(x3 —y3) 216Lx3 —(x—Z)SJ <::>16(x3 —y3) 216(6x2 —12x+8) .
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Mat khac: 15xy+371§15x(x—2)+371©15xy+371£15x2 —30x+371.
Ta ching minh ring: 16(6x° —12x +8) > 15x* ~30x +371
< (x+1)(x—3)>0 (dung v6i moi x=5).
Suy ra 16(x° - y*) > 15xy +371 véi moi x>5.
Vay phuong trinh c6 cap nghiém duy nhét 1a (3;1).

Cau 6:

2 2
Ta co: xz(y+3):y(x2—3)2<:>y—+3:(x 3} <:>1+§=x2+%—6
Yy X y X

Xét truong hop x =1 thi y=1,x=2 thi khong thoa mén.

Néu x >3 thi §=x2+%—7>x2—722 suyra 2y<3 nén y=1.Khido6 x=3.
y X

Vay phuong trinh da cho c6 nghiém nguyén duong (x;y)e{(11),(3;1)}.
Cau 7:
Phuong trinh da cho twong duong x(x+1)(x+2)(x+3)+1=y"+1

=N [x(x+3)+1]2 =% +1

SN [x(x+3)+1]2 —y?=1

& (x(x+3)+1-y)(x(x+3)-1+y)=1.
Phan tich 1 thanh tich hai s6 nguyén ta c6: 1=1.1=(-1).(-1)

. x=0
+) Néu x(x+3)+1—y:x(x+3)+1+y:1<:>y:O:>{ 3"
xX=-

X x=-2
+) Néu x(x+3)+1—y:x(x+3)+1+y=—1<:>y:O:>{

Vay phong tinh ¢6 cac cap nghiém thoa mén la: (0;0),(-3;0),(-2;0),(-10).
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Céau 8:
Gid sir ton tai cap s6 nguyén (x; ) thoa man 12x* +26xy +15y° = 4617 .
Khi do: 12x% + 26xy +152:19 = 12x? —12xy + 15y + 38xy:19

2SS 3(4x2 —4xy+5y2)519

& Ax" —dxy+y° +4y7119

o (2x—y) +(2y) 119.

Nhan thiy rang 19 1a sé nguyén té c6 dang 4k +3, ap dung bd dé “Néu p 1a sé nguyén t dang 4k +3 va
pla®+b* thi p|a,b”suyra 19|2x—y,19| 2y.

Tir d6, 19 13 uéc cia x, y hay 12x2 + 26xy +1512 192

Diéu nay vo li vi 4617 khong chia hét cho 192,

Vay khdng ton tai cac s6 nguyén (x;y) théa man phuong trinh.

Cau 9:

Ta c6: 20412 chia hét cho 2 va 8)? chia hét cho 2 nén x phai chia hét 2.

bat x =2x,(x, € Z). Khi d6 phuong trinh tr¢ thanh: 5x + 2 =5103.

Vi 5103:3 nén 5x” +2)”:3. Suy ra x +»*:3 hay x, y chia hét cho 3.

(6 day ta sir dung bd dé “Néu p 1a sé nguyén t dang 4k +3 va p|a®+b% thi pla,b™).
bat x, =3x,,y =3y,(x,,, €Z) thi phuong trinh tr¢ thanh: 5x; +2); =567 .
Lap luén tuong ty ta ciing c6 x,,);:3.

bat x, =3x;, 3, =3,(x;, ¥, € Z), ta dugc 5x; +2y; =63.

Lap luan tuong tyu ta cling co x,, y,:3.

bat x, =3x,,y, =3y,(x,,; €Z), ta duoc 5x; +2y5 =7 .

Néu x, =0 hoic y, =0 thi phuong trinh di cho v6 nghigm.
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Néu x,y, #0 thi x, =+1 va y, =+1, suy ra x =454,y =+27.

Vay cac cap so nguyén (x;y) thoa man 1a (54;27),(54;-27),(-54;27),(-54;-27).
Cau 10:

Tacd: 2x* +5y* =41+ 2xy

< x? +2xy+y2 + x? —4xy+4y2 =41

<:>(x+y)2 +(x—2y)2 =16+25

Do x, y 1a s6 nguyén nén ta c6 cac trudng hop sau:

_13 _14
x+y=4 x-3 . X+y=>5 x-3 -
+ & (loai) + & (loai)
x—2y=5 _ 1 x—2y=4 _1
Y773 Y73
+y=—4 =-1 +y=-5 =_2
F VTSI (chon) P PTYET (chon)
x—2y=5 y=-3 x—2y=4 =-3
13 14
x+y=-4 x:_E X+y=-5 x:_?
+ = (loai) + & (loai)
x—2y=-5 1 x—-2y=-4 _ -1
Y73 Y73
+{x Y @{x (chon) +{x Y @{x (chon)
x—2y=-5 y=3 x—2y=—4 y=3
Vay phuong trinh da cho c6 nghiém (x;y)=(13),(-1-3),(2;3),(-2;-3).
Cau 11:
Taco: x*+5y* —4xy+4x—4y+3=0c (x—2y+2) +(y+2) =5=22+12
Boi x, y nguyén nén ta c6 cac truong hop sau:
xX—2y+2 2 1 2 -1 -2 1 -2 -1
y+2 1 2 -1 2 1 -2 -1 -2

35. TOAN HOC SO PO - THCS.TOANMATH.com




X -2 -1 —6 -3 —6 -9 -10 -11

v -1 0 -3 0 -1 4 -3 4

Vay phuong trinh da cho c6 8 nghiém nguyén:
(-2;-1),(-6;-3),(-6;-1),(-10;-3),(-10),(-3;0),(-9;-4),(-11-4).

Cau 12:

Phuong trinh twong duong véi (x — y)3 +3xy(x—y)=6xy+3

Pit x—y=a,xy=b (a, b la céc sé nguyén).

3 _ 3 _
Taco: a® +3ab=6b+3< a® ~3=-3b(a-2) = = 23:—3b<:>a—8+5:—3b.
a— a—
DE a, b nguyén thi (a—2) phai la wéc cua 5.
a—2 1 -1 5 -5
a 3 1 7 -3
2 . 68 .
b -8 —— (loai —— (loai -2
3 (loai) 3 (loai)
(x;) V6 nghiém (-2;1) hoic (-1,2)

Vay phuong trinh ¢6 tap nghiém (x;y)=(-2;1),(-12).
Cau 13:

2.

3y°:7

= y® {49,196} .
3y? <714 _ j

Tir 752 +3y2 =714 :»{

Do y nguyén duong nén ta c6 hai truong hop y=7 hoac y=14.

* y=7 thay vao ta tim dugCc x=9.

e y =14 thay vao ta tim duoc x* =18, khdng ¢ nghiém nguyén x.

Do vay phuong trinh da cho ¢6 duy nhat nghiém nguyén duong (x;»)=(9;7).
Cau 14:
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Phuong trinh tro thanh o® =b* —b? —b+2 = (b-1)’ <a® < (b+3)’.
a=>b

Vi x, y nguyén nén a, b nguyén =|a=»b+1.
a=b+2

ﬁﬂ&@f@pl:a:b:ny—b+2:0c>L) 2¢3a:b:1:>x:y:1.

b= 12
Truong hop 2: @ =b+1=> —b* —b+2=3b> +3b+1<> 2 (loai).
—1+/2
b:
2
b=-1 a=1
Truong hop 3: a=b+2= -b*-b+2=6b"+12b+8 <= -6 <:>b:—1:>{
7
Vay hé c6 2 nghiém nguyén (x;»)=(31),(4-1).
Cau 15:
Bién d6i phuong trinh thanh: (x+1)(x* —x—y)=-2
Suy ra cac truong hop sau:
x+1=-1 x=-2 x+1=1 x=0
+ = + &
X —x—y=2 y=4 X —x—y=-2 y=2
x+1=2 x=1 x+1=-2 x=-3
+ & + & :
¥ -x—y=-1 |y=1 ¥-x-y=1 |y=11

Vay phuong trinh c6 cac nghiém nguyén (x; y)= (—3;11),(1;1),(0; 2) , (—2; 4).
Cau 16:

Phuong trinh x° +2)° =42° (1).

37. TOAN HOC SO PO - THCS.TOANMATH.com



Tur (1) suy ra xi2. Dat x = 2x,(x, € Z). Thay vao (1) rdi chia hai vé cho 2 ta dugc 4x° +3° =22° (2).
Tur (2) suy ra yi2.Dat y=2y,(y, €Z). Thay vao (2) roi chia hai vé cho 2 ta dugc 2x° +4y7 =2* (3).
Tur (3) suy ra z:2. Dat z=2z,(z, € Z). Thay vao (3) rdi chia hai vé cho 2 ta duoc x¥ +2)7 =427 .

Nhu vay néu (x;y;z) 1anghiém cua (1) thi (x,;),;z) cling la nghiém cua (1).
Lap luan tuong tu ta cling c6 (xz;yz;zz) cling la nghiém cua (1) voi x, = %;y2 ==%z,= >

Ctr tiép tuc nhu vay ta ¢0 x, y, z chia hét cho 2* véi k 12 s6 tu nhién tuy y. Diéu nay chi xay ra khi

x=y=z=0.

Vay phuong trinh da cho c6 nghiém nguyén duy nhat x= y =z =0.
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