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Loi noi dau
(B¢ sach phat trién tur duy sdng tao gidi toan)

Céac em hoc sinh than mén !
Céc thay gio, cd giao than mén !
Bo sach phat trién tu duy sang tao giai Toan 6, 7, 8, 9 gdm 8 cudn, mdi l6p hai tap: Pai sé va Hinh hoc duoc
c4c tac gia bién soan nham gilp cac em hoc sinh hoc tap t5t mon Toan & THCS hién nay va THPT sau nay.
Céc tac gia cd gang lya chon nhiing bai tap thudc cac dang dién hinh, sip xép thanh mét hé thdng dé bdi dudng
hoc sinh kha gioi cac 16p THCS. Sach duoc viét theo cac chwong tuong ¢ng Véi cac chuong trong sach gido
khoa Toan. Mdi chuong duoc Viét theo cac chuyén dé co ban, chuyén dé nang cao, danh sé lién tyuc tir dau sach
dén cudi sach dé ban doc dé theo ddi.
Mbi chuyén dé c6 ba phan:
A. Kién thirc can nhé: Phan nay tom tét nhitng kién thtc co ban, nhitng kién thirc bd sung can thiét dé lam co
s& giai cac bai tap thudc cac dang cia chuyén dé.
B. Mgt sé vi du: Phan nay dua ra nhitng vi du chon loc, tiéu biéu chira dung nhitng ki ning va phuong phap
luan ma chuong trinh doi hoi.
Mbi vi du thuong co: Tim céach giai, trinh bay loi giai kém theo nhitng nhan xét, luu ¥, binh luan va phuong
phap giai, vé nhitng sai lam thuong méc nham gitp hoc sinh tich Iy thém kinh nghiém giai toan, hoc toan.
C. Bai t@p van dung:
Phan nay, céc tac gia dua ra mot hé théng cac bai tap dwoc phan loai theo cic dang toan, ting dan do khé cho
hoc sinh khé gioi. C6 nhitng bai tap duoc trich tir cac dé thi hoc sinh gioi Toén trong va ngoai nudc. Cac em hay
cb gang ty giai. Néu gap kho khin co thé xem hudng dan hoac 16i giai ¢ cudi sach.
Céc tac gia hi vong cudn sach nay 13 mot tai liéu cé ich gitp cac em hoc sinh nang cao trinh d6 va ning lyc giai
toan, gop phan dao tao, bdi dudng hoc sinh gioi & cap THCS.
Mic du da c6 nhiéu cd gang trong bién soan song cudn séch nay van kho tranh khoi nhitng sai sot. Ching toi
mong nhan dugc nhitng Y kién dong gop cua ban doc.
Xin chan thanh cam on!

CAC TACGIA




CAC CHUYEN DE BOI DUONG

Chuong I
PHEP NHAN VA PHEP CHIA CAC DA THUC
Chuyén dé 1. PHEP NHAN CAC BA THU'C
A. Kién thic cén nhé

1. Mudn nhan mét don thirc véi mot da thire ta nhan don thirc vai ting hang ti cia da thic rdi cong cac tich véi
nhau.

A(B+C)=AB+AC
2. Mubn nhan mét da thirc véi mot da thic, ta nhan mdi hang tir caa da thic ndy véi tirng hang tir caa da thic
kia roi cong céc tich véi nhau.
(A+B)(C+D)=AC+AD+BC+BD
B. M6t s6 vi du
Vi du 1. Thuc hién phép tinh:
a) A= —%X(BX —6y) ;

b) B =(5x* —3y)(4x* +2y) .
Giai

2X 2X
a) A = —?.15)( +(—?j(—6y)

A=-10x"+4xy
b) B=20x"+10x*y —12x*y — 6y’
B =20x"-2x’y -6y’ .

Vi du 2. Tinh gia tri biéu thirc sau:

2) A= (BX—7).(2x+3)— (Tx+2)(X—4) tai x=%;

b) B=(x-2y).(y—2x)+(x+2y).(y+2x) taix=2;y=-2

Giai
Tim cach giai. Néu thay gia tri cua bién vao biéu thirc thi ta duoc sé rat phuc tap. Khi thuc hién s& gap kho
khan, d& dan téi sai 1am. Do vay chlng ta can thuc hién nhan da thirc véi da thic rdi thu gon da thie. Cubi cling
méi thay sd.
Trinh bay loi giai

a) Taco: A=(5x—7).(2x+3)—(7x+2)(x—4)




= (10X2 +15x—14x—21)—(7x2 —28X+2X—8)
=10x* +15x —-14x —-21-7x*>+28x—-2x+8
=3x*+27x—-13.

2
1 .
Thay X = —vao biéu thuc, ta c6: A = 3. 1 +27.1—13:§.
2 2 2 4

1 .. .,
Vay voi X = 2 thi gia tri biéu thirc A= 2.

b) Ta c6:
B =(x—2y).(y —2x) + (x+2y).(y +2X)
= Xy —2X* = 2y% +4Xy + Xy + 2X° + 2y* + 4xy
=10xy
Thay x = 2; y = - 2 vao biéu thirc ta c6: B =10.2.(—2) = —40.
Vay véi X = 2; y = - 2 thi gié tri biéu thuc B = - 40.
Vidu 3. Timx, biét :
a) 4x(x—-5)—(x-1(4x-3)=23;
b) (x-5)(x-4)—-(x+1)(x-2)=7.
Giai
Tim céch giai. Dé tim x, trong vé trai c6 thuc hién phép nhan don thirc véi da thie, da thac voi da thic. Vi vay
ta khai trién va r(t gon vé trai y, sau d6 tim x.
Trinh bay loi giai
a) 4X(X—=5)—(x-1)(4x-3)=23
4x* —20x —4x* +3x +4x -3 =23
-13x-3 =23
-13x=23+3
-13x = 26
X =-2.
b) (X=5)(x—4)—-(x+D)(x—-2)=7
X' —4Xx-5Xx+20-X* +2X—-Xx+2=7
-8x +22=7
-8x =-15

15
X=—.
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Vi du 4. Chirng minh gia tri ctia biéu thirc sau khéng phu thude vao x:
a) A= X.(2x+1) = X*.(x+2) + (X’ = x+5)
by B= X.(3%* = x+5) = (2X* +3x—16) = x.(X* =X +2)
Giai
Tim céch giai. Chang minh gi4 tri caa biéu thire khdng phu thudc vao bién x, tac 1a sau khi rit gon két qua thi

biéu thirc khong chira bién x. Do vay dé giai bai toan nay, ching ta thyc hién bién ddi nhan don thic véi don
thirc, nhan da thirc voi da thirc va thu gon két qua. Néu két qua khong chira bién x, suy ra diéu phai chimg minh.

Trinh bay loi giai

a) Bién ddi biéu thirc A, ta co:
A=X.(2x+1) = x*.(X+2) + (x> = x+5)
A=2x*+x—x*=2x* + x> —x+5
A=6.

Suy ra gia tri caa A khéng phu thugc vao x.

b) Bién doi biéu thic B, ta co:
B = X.(3X* —x+5) — (2x* +3x —16) — X.(X* =X+ 2)
B=3x*—x*+5x—2x* —3x+16 — x> + x* — 2x
B=3x-3x®+x"—x*+5x-5x+16
B =16.

Suy ra gid tri caa B khong phu thudc vao x.

Vi du 5. Tinh nhanh

7 1 4 2 1 1
a) A=4 : - 1 + -
5741 3759 3759 5741 3759 3759.5741
b) B=2 1 3 1 3 6516 4 6

3150 6547 1050 6517 " 1050 3150.6517

Giai
Tim céch giai. Quan sat k§ biéu thirc, néu thyc hién tryc tiép cac phép tinh bai toan dé dan dén sai lam; ta nhan
thdy nhiéu sb gidng nhau, do vay chung ta nghi téi dat phan giéng nhau bgi mot chit. Sau dé bién ddi biéu thirc
chira chir d6. Cach giai nhu vay goi 1a phuong phéap dai s6.

Trinh bay loi giai

a) bat X= y khi d6 biéu thic c6 dang:

5741’7~ 3759
A=(4+7x).y—4y.(L+2X)+y+Xxy
A=4y+7xy—4y—-8xy+y+Xy
A=y

1

=>A=——
3759




b)Pit X= y khi d6 biéu thuc c6 dang:

3150"7 6517
B=(2+x).3y—-3x.(4—y)+12x—6xy
B =6y +3xy —12x+3xy +12x—6Xxy
B =06y

1 6
6517 6517

C. Bai tap van dung

=B=6

1.1. Rut gon cac biéu thirc sau
a) A=(4x-1).(3x+1)-5x.(x—3)—(x—4).(x-3) ;
b) B=(5x-2).(x+1)—3x.(x* —x—3) - 2x.(x=5).(x—4)
1.2. Viét két qua phép nhan sau duéi dang lity thira giam dan cua bién x:
a) (XC+x+1).(x=3);
by (X =3x+1).(2-4x);
) (X +3x=2).3+x-2x).
1.3. Chting minh rang gia tri biéu thuc sau khdng phu thudc vao gia tri cua bién x:
) C=05x-2)(x+1)—(x=3)(5x+1) —-17(x+3)
b) D = (6x—5)(x+8) — (3x—1)(2x+3) —9(4x—3)
1.4. Tim X, biét:
a) 5(x=3)(x—7)—(Bx+)(x—2)=25
b) 3(x—=7)(x+5)—(x—-1D)(3x+2)=-13
1.5. R(t gon va tinh gié tri biéu thuc:
a) A=(4-5x).3x-2)+(3-2x).(x—2) tai x=-2_
1

1
b) B =5x(x—4y)=4y.y =) tai X=-¢iy=—7

1.6. Tinh gia tri biéu thic
a) A=x°—-2021x> +2021x* — 2021x> + 2021x* — 2021x + 2021 tai x = 2020 :
b) B=x"+20x’+20x® +...+20x* + 20X+ 20 vSi x=-19
1.7. Tim cac hé sb a, b, ¢ biét:
a) 2X°(ax” +2bx+4c) =6x" —20x° +8X’ qung véi moi X ;
by (@X+b).(¢" —ex+2) =x*+X* =2 g vi moi x.
1.8. Chting minh rang véi moi s6 nguyén n thi:
A=(2-n).(n*=3n+1)+n.(n*+12)+8 chia hét cho 5.
1.9. it 2x = a + b + ¢. Chung minh rang:

(x—a).(x=b) +(x—h).(x—c)+(x—c).(x—a) :ab+bc+ca—x2_




1.10. Choa, b, c la cac sb thuc théa man ab+bc+ca=abc va a+b+c=1. Chitng minh rang:
(@-1.(b-1).(c-)=0

Chuyén dé 2. CAC HANG PANG THU'C DANG NHO

A. Kién thic cén nhé
2
. (A+B) = A2+ 2AB+B? (1)
2
. (A—B) =A’-2AB+B? (2)
. AZ—BZ:[A+B)(A—B) (3)
. (A+B)3:A3+3A2B+3B2A+B3=A3+B3+3AB(A+B) (4)
. (A—B)3 = A°—3A’B+3AB*-B° = A’ -B°-3AB(A-B) (5)
. A3+B3:(A+B)(A2—AB+B2) (6)
. AS—B3=(A—B)(A2+AB+BZ) (7)
B. Mot s6 vi du

Vi du 1. Rut gon biéu thirc:
a) A=(x+2)" +4.(x+2).(x=2) +(x-4)".

b) B=(3x* —2x+1).(3x* + 2x+1) - (3x* +1)°.
¢) C=(x*=5x+2)* +2.(5x-2).(x* =5x+2) +(5x-2)*
Giai

Tim cach giai. Rt gon biéu thirc 12 bién ddi viét biéu thic y dudi dang don gian hon.Trong mdi biéu thirc déu
an chira hang dang thuc, vi vay ching ta dung hang dang thuc dé khai trién va thu gon cac don thurc dong dang.

Trinh bay loi giai

a) Taco:
A=(X+2)>+4.(x+2).(x=2)+(x—4)*
=X +4X+4+4.(X° —4)+ x> —8x+16
=6X> —4x+4.

b) Taco:
B = (3x* = 2x+1).(3x* + 2x +1) — (3x* +1)*
= (3x* +1)* —(2x)* = (3x* +1)°
=—(2x)* =—4x°.




c) Taco:
C = (X* =5X+2)* +2.(6x—2).(X* =5x + 2) + (5x — 2)°
=[(¢*-5x+2)+(5x-2) |
= (x*)* = x".
Vidu 2. Cho x +y = -7 va x?+y?* = 11. Tinh x> +y* 2
Giai
Tim céch giai. Str dung hang dépg thirc (1) va gia thiét ta co thé tinh duoc tich xy. Mt khéac phan tich két luan
bang hang dang thac (4), ta chi can biét thém tich xy la xong. Tir d6 ta cé loi giai sau.

Trinh bay loi giai

Tux+y=-7 =X +2xy+y’ =49.

Ma x* +y° =11 =11+ 2xy = 49 = xy = 12.

Taco: x° +y° = (x + y)3 — 3xy(x + y) = (—7)3 —3.12(—7).

= x> +y’=-91.
Vi du 3. Tinh gia tri biéu thic:
a) A=x>+10x + 26 tai x=95.
b) B=x"=3x"+3x+1 t4j x=21,
Giai
Tim céch giai. Quan sat ky biéu thirc, ta nhan thiy c6 bong dang cua hang dang thire. Do vay ching ta nén van
dung dua vé hang dang thirc. Sau d6 thay s6 vao dé tinh, bai toan s& don gian hon.

Trinh bay loi giai
a) Tacé:

A=x*+10x+ 26
=X*+10x+25+1=(x+5)*+1.

Thay x = 95 vao biéu thac A = (95 + 5)* + 1 = 10001.

b) Taco:
B=x>-3x>+3x+1
=x*-3x*+3x-1+2

=(x=1)°+2.

Vi X=21:>B:(21—1)3+2:8000+2=8002.




Vi du 4. Tinh nhanh:
2020°+1

3) "7 20207~ 2019’

2020° -1
" 20207 + 2021

Giai
Tim cach giai. Quan séat ki dé bai, ta nhan thdy mdi phan sé déu an chira hing dang thirc. Do vay, viéc ding
hang dang thirc dé phan tich ra thira sb 1a suy luan tu nhién.

b) B

Trinh bay loi giai
2020°+1  (2020+1).(2020% — 2020 +1)

a) A== . = 2021.
20202 — 2019 20202 —2020+1
3 _ 2
) B 20220 1 (2020 1).(22020 +2020+0) 0.0
20202 +2021 20202 +2020+1

Vidu5. Chox —y =2 Tinhgiatrj A=2.0C =y")=3.(x+y)"
Giai
Tim cach giai. Dya vao gia thiét va két luan ta nghi toi hai huéng sau:
e Bién ddi biéu thic A nham xuat hién x — y dé thay bang sé 2.
o Turgiathiét, suy rax =y + 2 thay vao két luan, ta duoc biéu thirc chi chira bién y. Sau dé rat gon biéu thic.
Trinh bay loi giai
Céch 1. Taco:
A=2.(x*-y®)=3.(x+Y)?
=2.(x—y).(x* + y* +xy) —3[(x— y)? +4xy]
=4.(X* +y® —2xy +3xy) —3(x— y)* —12xy
=4.(x—y)*=3.(x—y)* +12xy —12xy = (x—y)* =4

Céch 2. Tir gia thiét, suy ra x = y + 2 thay vao biéu thic A ta co:
A:Z((y+2)3 _ys)_s(y+z+y)z
=2(y’ +6y’ +12y +8-y')-3(2y +2)
=12y + 24y +16 —12y* — 24y — 12 = 4,
Vi du 6. Tim céc s8 thuc X, Y théaman X* +26y° —10xy +14x—76y +58=0.
Giai
Tim cach giai. Dé tim s6 thyc x, y thoa man da thirc hai bién bac hai bang 0, chiing ta dinh huéng bién d6i dua

da thirc d6 thanh téng binh phwong cta hai biéu thirc. Sau d6 ap dung A® + B* = 0 khi vachi khiA=0vaB =
0. Tr d6 tim duogc X, y.

10



Trinh bay loi giai
Taco: x> +26y° —10xy +14x—76y+58=0
< X* —10xy +25y* +14(x—5y) +49+ y* -6y +9=0
& (x=5Y)* —14(x-5y) +49+(y-3)*=0
< (X=5y-7)"+(y-3)*=0
X—-5y—-7=0 X =22
Q{y—3=0 Q{y=3 '
Vidu 7. Tim gi4 tri nho nhét cua biéu thic:
P=x*+xy+y’—2x—-3y+2015
Giai
Tim cach giai. Pé tim gia tri nho nhat cua mot da thac bac hai, ching ta dung hiang dang thic (1) va (2) dé bién

d6i da thirc thanh tong cac binh phuong cong véi mot s6. Gia tri nho nhét cua biéu thic dat dwoc khi va chi khi
téng cac binh phuong bang 0.

Trinh bay loi giai
Taco

2
p:(x+%)2+3%—2x—3y+2015

2

P :(x+%)2 —2.(X+X)+1+3%—2y+2014

P= (x+——1) +— (y —§y+%)+2012§
2 2
P= (X+— )% += (y —) 20125220125
x+l—1:o -
2 3
P=2012— < =
3 _ﬂ_o y—f
3 3
1 4
Vay gia tri nho nhit cua P = 20123 khi va chi khi x_§ y=§_

Vidu8. Cho a,b,cthéa man dong thoi a+b+c=6 va a?+b*+c? =12. Tinh gia tri cia biéu thic:

P =(a—3)" +(b—3)" 1 (c—3)%.

Giai

Tim Cé’Ch giﬁi. Gia thiét cho hai dang thuc mérlai c6 ba bién a, b, ¢ c()vvai tro nhu nhgu. Do vay chung ta du
doan dau bang xay ra khi a =b = ¢ va tur gia thiét suy raa =b = ¢ = 2. B¢ tim ra dugc két qua nay, chung ta van
dung téng cac binh phuong bang 0. Do d6 nén bat dau tir (a - 2)2 + (b - 2)2 + (c - 2)2 = 0va bién d6i twong
duong dé ra gia thiét. Khi trinh bay thi lai bat dau tir gia thiét.
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Trinh bay loi giai
Tacoa’+b*+c*=12=a*+b*+c*-12=0

<:>a2+b2+cz—24+12=0<:>a2+b2+c2—4(a+b+c)+12=0

<:>az—4a+4+b2—4b+4+cz—4c+4=0<:>(a—2)2+(b—2)2+(c—2)2 —0
DAu bang xay rakhia=b=c=2.
.:>P:(—1)2020+(—1)2020+(—1)2020:3.

Vi du 9. Cho a*- b? = 4c%. Chang minh rang: (5a- 3b - 8c)(5a - 3b + 8c) = (3a - 5b)%.

Giai

Tim céch giai. Quan sat dang thirc can chiang minh, chiing ta nhan thiy vé trai c6 chua c, vé phai khong chia c.
Do vay ching ta can bién ddi vé trai cua dang thirc, sau d6 khir ¢ bing cach thay 4c? = a2 - b? tir gia thiét. Dé
thuc hién nhanh va chinh xac, ching ta nhan thay vé trai ¢ dang hang dang thuc (3).

Trinh bay loi giai
Bién d6i vé trai:
(5a- 3b - 8c)(5a - 3b + 8c) = (5a — 3h)? - 64c?
= (25a% - 30ab + 9b?) - 64c?
= (25a?- 30ab + 9b?) — 16(a%- b®) (do 4c* = a*- b?)
= 9a” - 30ab + 25h*
= (3a-5b)* .
Vé tréi bang vé phai. Suy ra diéu phai chang minh.
Vi du 10. Phan tich s6 27000001 ra thira s6 nguyén tb. Tinh tong cac uwéc sé nguyén tb cuaa no.
Giai
Tim cach giai. Ching ta c6 thé van dung hing dang thic dé phan tich mot sé ra thir s nguyén tb.
Trinh bay loi giai

Ta co: 27000001 = 300° +1 = (300 + 1)(3002 ~ 300+ 1)

301[(300 + 1)2 - 302} =301.(300 +1-30).(300 + 1+ 30)
=301.271.331=7.43.271.331.

Téng cac udc sé nguyén t cua né 1a: 7 + 43 + 271 + 331 = 652.

Vi du 11. Cho cé4c sb x, y thoa man ding thic X' +x2y* +y* =4;x® + x"y* +y® =8.
Hay tinh gia tri biéu thee A=x?+x°y* +y*

Giai

Taco
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(X4+X2y2+y4)(X4—X2y2+y4)=(X4+y4)2—X4y4
=X+ xy Yy =8=x - xPyPryt=2

Két hop voi gia thiétsuy ra X' +y* =3 va x’y* =1
Taco: A=x2+x2y* +y?= (X4)3 +(y4)3 + x2y?

A=(x"+y).(¢ = xy +y?) +x°y?
3.[(x4 +y4)? —3x4y4]+1
=33 -3]+1=19

C. Bai tadp van dung
2.1.  Timhésb x?cua da thie sau khi khai trién:
a) A=(x—2)"+(x+2)" +(x+3)* +(3x+1)°.
b) B=(2x-1)* +(x-2)* +(x—3)° +(3x-1)°
2.2.  Tinh gi tri biéu thuc
a) A=x*+02x+0,01tai x=0,9,
b) B=x%+3x*+3x +2Véix = 19.

) C=x'—23+3x*-2x+2Vvoix*—x =8.
2.3.  Tinh hop ly:

2 _ 2
a) A= M ; b) B = 253*+ 94.253+ 47°
256% — 244
c) C = 163% 92.136+ 46 ; d) D = (100%+ 98%+ ...+ 22) - (99%+ 972+ ..+ 1).

24, Tinh gié i bidu thie: A = 2021°(2020” - 2019) '20192 (2020” + 2021)_
(2020” - 1)(2020° + 1) 2020° -1
2.5.  Tim gid tri nho nhét cua biéu thic :
a) A=5x*+5y*+8xy+2y—2x+2020.
b) B=5x"+2y* +4xy — 2x + 4y + 2020.
) M=5xX*+y"+7" —4x-2xy-z-1.
2.6. Timx, biét:
a) (X+2)* +(x+3)* =2,(x~2).(x=3) =19.

b) (X+2).(x* —2x+4)—x.(X* ~5) =15.
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¢) (X=1%+(2-%).(4+2x+x*) +3x(x+2) =17.

2.7.  Biétxy=11vax’y +xy*+x +y = 2016. Hay tinh gid tri : x>+ y°.

2.8.  Choa-—b=7. Tinhgiatrj biéu thuc:
A=a’(a+1)-b’(b-1)-3ab(a-b+1)+ab.

2.9.  Chung minh rang véi moi X ta co:

a) X.(x-6)+10>0 -

b) (x—3).(x—5)+3>0;

¢) X +x+1>0
2.10. Timx, y biét:
a) X*-2x + 5+ y?- 4y = 0;
b) 4x%+ y? - 20x - 2y + 26 = 0;
C) 9x? + 4y? + 4y — 12x + 5= 0.
2.11. Chang minh khong ton tai x; y thoa man:
a) X*+4y’ +4x—4y+10=0;
by 3x* + Yy +10x—2xy +29=0;
¢) 4" +2y" +2y —4xy +5=0.
2.12.  Tim gia tri 16n nhat ciaa biéu thic:
a) A=15-8x—x".
b) B=4x—x"+2.
C)C=—X* -y’ +4x—4y+2.
2.13. Cho céc s thuc X;ythoa man didu kién x+y =3;x* +y* =17 . Tinh gia tri biéu thic x*+y°.
2.14. Cho x+y=a+b (1)va X’+y’=a’+b’ (2).
Chang minh ring: x° +y? =a’ +b*.
2.15. Choa+ b + ¢ =2p. Chang minh rang:
a) 2bc + b+ c?- a’=4p(p - a);
b) (p-a)°+ (p-b)*+ (p-c)*=a’+b*+c*-p”

2.16. Cho A= 99...9 .HAayso sanh tdng cac chit sé cia A? véi tong cac chir s6 cua A.
2020 chit s6 9

2.17. Chuang minh rang:

Néu (a—b)2+(b—c)2+(c—a)2 :(a+b—20)2+(b+c—2a)2+(c+a—2b)2 thia=b=c.
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2.18. Cho n 1 s6 tu nhién Ién hon 1. Chirng minh rang n* + 4™ 1a hop s6
(Thi hoc sinh gioi Toan 9,tinh Qudng Binh , nam hoc 2012 — 2013)
2.19. a) Choa+b =2. Tim gié tri nho nhit cia A= a + b%.
b) Cho x + 2y = 8. Tim gié tri 1on nhat cua B = xy.
2.20. Tim gia tri nho nhat caa A=3(x* +y?) biét X* +y* = xy+12.
( Tuyén sinh vao 1ép 10, THPT chuyén Binh Dwong, ndm hoc 2014- 2015)
2.21. Cho cac sé nguyén a,b,C thoa man: (a—Db)* + (b —c)® + (c —a)® =210. Tinh gia tri cua biéu thuc
A=la—b|+|b—c|+|c—a].

2.22.  Chirng minh khong tdn tai hai sé nguyén x, y théa man x? - y* = 2020 .

Chuyén d@ 3. PHAN TiCH BA THU’'C THANH NHAN TU

A. Kién thic cdén nhé

1. Phan tich da thirc thanh nhan tir (hay thira s6) 1a bién d6i da thirc d6 thanh mét tich cua cac da thirc khéc.
2. Cac phuong phap thuong dung:

- bat nhan tur chung.

- DUng hang dang thuc.

- Nhom céc hang tir.

- Phéi hop nhiéu phuong phap. C6 khi ta phai dung nhitng phuong phap dic biét khac (xem chuyén dé 6)
B. Mot s6 vi du

Vi du 1. Phén tich cac da thirc sau thanh nhén ta:

a) 12x%y - 6x%y + 3x%Y*

b) 5x?y(X - 7) - 5xy(7 - X).

Giai

Tim cach giai. Quan sat dé bai, ching ta thdy cac da thtc trén déu c6 nhan tir chung.

Buéc 1. Chon hé s6 14 UCLN cua cac hé sb.

Buéc 2. Phan bién gom tat ca cac bién chung, mdi bién lay véi sé mii nho nhat caa n6 trong cac hang ta. Néu
trong d6 c6 hai nhan tir d6i nhau, chung ta d6i dau mot trong hai nhan tir va diu démg trudc né.

Trinh bay loi giai

a) 12x%y - 6x°%y + 3x%y* = 3x%y(Ax — 2 +Y) .

b) 5X2y(X -7) - 5xy(7- X) =5X2Y(X-7) + 5xy(X - 7) = 5xy(x - 7)(x +1).

Vi du 2. Phan tich cac da thuc sau thanh nhan tur:

a) 100x°- 9y° ;

b) 9(a + b)?- 4(a - 2b)*;

c) 83+ 27y :
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d) 125 - 75x + 9x%- x°.

Giai

Tim cach giai. Nhan thay trong vi du ndy mdi da thirc déu c6 dang hang ding thirc. Do vy ching ta van dung
hang dang thirc dé phan tich da thirc thanh nhan tir.

Trinh bay loi giai

a) 100x? - 9y = (10x -3y)(10x +3y).

b) 9(a+b)’- 4(a-2b)? = [3(a+b)-2(a-2b)][3(a+b)+2(a-2b)] = (a-7b)(5a -b).

C) 8x3+27y° = (2x+3y)(4x? - 6xy + 9y?) .

d) 125-75x+15x%-x° = (5- x)°.

Vi du 3. Phan tich cac da thirc sau thanh nhan tur:

a)x(@a+b)+a+h.

b) 3a%x - 3a%y + abx — aby.

c)ax +bx +cx +2a+ 2b + 2c.

Giai

Tim céch giai. Mdi da thuc trén khdng cé nhan tir chung, khéng xuét hién hiang dang thirc. Quan sat ki nhan
thay néu nhém cac hang thi thich hop thi xuat hién nhan tir chung.

Trinh bay loi giai

a) x(at+b)+a+b = (a+b)(x+1)

b) 3a%x- 3a’y+ abx - aby = 3a%(x-y) + ab(x-y) = a(x-y)(3a+h)

C) ax+bx+cx+2a+2b+2c = x(at+b+c)+ 2(at+b+c) = (x+2)(a+b+c)

Vi du 4. Phan tich cac da thirc sau thanh nhan tir:

a) a’-—b’—4a+4b;

b) (xy +4)*— (2x +2y)*;

c) (a°+b*+ab)®—a’h®— b%c? - c’a’.

Giai

Tim cach giai. Nhan thay mdi da thirc déu an chta trong d6 hing dang thac. Vay ching ta cé thé nhém nham
Xuat hién hang dang thic.

Trinh bay loi giai

a)(a—b)(a+b)—4(a—b) = (a—b)(a+b—4)

b) xy+4+2x+2y)(xy+4—2x—2y)

x(y+2)+2(y+2))(x(y-2)-2(y-2))

x+2)(y+2)(x—2)(y—z)

(
(
(
(

c)(a* + b’ Jrab—ab)(a2 + b? +ab+ab)—(:2(a2 +b2)
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=<a2 +b2)(a+b)z -’ (a2 +b2)

(a2 -+ bz)[(a - b)2 —C2:|

:(a2+b2)(a+b+c)(a+b—c).

Vi du 5. Cho cac sb thuc a, b, ¢ d6i mot phan biét va thoa man a*(b+c) =b’(c+a) = 2012
Tinh gia tri bidu thic M =c*(a+h).

(Tuyén sinh 10, THPT chuyén, PHSP Ha Ngi, nam hoc 2012 — 2013)
Giai
Tim céch giai. Tir gia thiét ching ta khong thé tinh gid tri cy thé cua a, b, c. Do vay bang viéc quan sét va nghi
tGi viéc phan tich da thirc thanh nhan tir dé tim moi quan hé gita a, b va ¢. Tur d6 tim duoc gida tri biéu thuc M.
Trinh bay loi giai
Taco:
a’(b+c)=b’(c+a) & a’b+a’c-b*c—b’a=0
=N ab(a—b)+c(a2 -b?)=0

< (a—Db)(ab+bc+ca)=0

Vi a#bnén:
=ab+bc+ca=0

= (b—c)(ab+bc+ca) = 0= b’a+b’c—bc? —ac® = 0= b*a+b’c =bc? +ac?
= c*(a+b)=b*(a+c).
Viy M = 2012.
C. Bai tap van dung
3.1.  Phan tich da thirc sau thanh nhan tur:
a) ab(x-2)-a’(x-2);
b) 4x%y-8x%y3+ 12X%y .
3.2. Phan tich da thirc thanh nhén tu
a) (xy+1)°- (x+y)*;

b) (a+b+c)2 +(a+b—c)2—4c2.

c) (a®+9)?-36a°.

3.3. Phan tich cac da thirc sau thanh nhan tu:
a) 3a—3b+a’—2ab+b?%
b) a+2ab+b?—2a—2b+1;
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C) 4% — (b +c* —a*)? .
3.4. Phan tich da thtrc sau thanh nhén ta:
a) X°- 4xy + 4y - 9a%;
b) xy(a® + b%) - ab(x* + y?);
c) X*(a- b) - 2xy(a- b)+ ay*- by?:
d) 8xy”> - x(x-y)°.
3.5. Phan tich cac da thac sau thanh nhén ta:

a) A= x?—4x’y? +y? +2xy ;
b) B= x%—" :
) C=4xy(x* +y*)—6(x* + y* + X°y + xy*) + 9(x* + y?)
¢)D = 25-a* +2ab—b*
3.6. Phan tich da thirc thanh nhan tir:
a) X>+3x°y—4xy® -12y°
b) X’ +4y*—2xy+x>+8y° ;
) 3x*(a—b+c)+36xy(a—b+c)+108y*(a—b+c).
d) a(x®+1)-x(@+1).
3.7. Phan tich cac da thuc sau thanh nhan tu:
a) x> —1+5x2=5+3x-3;

3

b) & +at+add+a*+a+1;

c) x> —3x> +3x—1—y° ;

d) 5x° —3x%y—45xy* +27y° .
3.8. Phan tich cac da thirc sau thanh nhan tu:
a) x> -xP—x+1;
b) x*—x*+2x-1;
) 4a’h®—(a%+b*-1)%
3.9.Cho x, y, z 1a d6 dai 3 canh cua 1 tam giac.
Pat A=4x’y* —(x* +y*—z°)* . Chang minh ring A>0.
o ; o a®-3a’+5a-17=0;
3.10. Chocac so a,blan luot théa mén cac hé thac: s )
b®-3b°+5b+11=0.

Tinh a+b.
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3.11. Cho a,b,cthoa min a+b+c=abc. Chang minh rang:
a(b* —1)(c® —1) +b(a® —1)(c* 1) + c(a® —1)(b* —1) = 4abc.

Chuyén dé 4. HANG DANG THU'C MO RONG

A. Kién thic cén nhé
1. Binh phwong cia mét da thirc

2
(a +a, +.... +a) —a’+a’*+...+a*+2aa_+2aa, +..+2aa
n 2 172 173 1 n

+2a,a,+2a,a, +..+2aa +..++2a_.a_
Dac biéttacod :

(a+b+c)2:a2+b2+cz+23b+2ac+2bc
[ ]

2
(a+b—c) =a’+b*+c® +2ab-2ac - 2bc
[ ]

(a+b+c+d =a’+b®+c®+d*+2ab + 2ac + 2ad + 2bc + 2bd + 2cd

2
.

2. Bang khai trién hé sé : (a + b)"

Voin=0:1

Véin=1:11

Véin=2:12 1

Vé6in=3:13 3 1

Voin=4:14 6 4 1

Voin=5:15 10 10 5 1

Mbi dong déu bt dau bang 1 va két thic bang 1.

MJi s6 & mot dong ké tir dong thir hai déu bang sé lién trén cong véi s6 bén trai caa sé lién trén.

Bang trén ddy duoc goi 1a tam giac Pa-xcan, cho ta biét hé sé khi khai trién (a + b)". Chang han cho n céc gia tri
tr 0 dén 5 ta duoc :

(a+b)P’=1

(@a+b)l=a+b

(a+b)?=a’+2ab+b’

(a+b)®=a’+3a’h + 3ab® + b°

(a+b)* = a® + 4a° + 6a°b? +4a b® + b*

(a+b)®=a° +5a’h + 10a°b? +10a° b* +5a b* + b°
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Cha y : khi khai trién (a - b)" ta van 1am nhu trén va cac sé hang chtra b véi lity thira Ié thi mang dau trir dang
trudc.
3. Khai trién nhi thitc @” — b" va a” — b" (n 1&).
a) a’-b’=(a-b)a+b);
a-b’=(a-b)a’*+ab+b);
a"-b"=(a-b)a" '+a" ’b+a" b’ +...+ab" *+b""");
b) a’+b’=(a+b)@*-ab+b?
a+b’=(a+b)a*-a’b+a’b’-ab’ +b);
a2k+1 + b2k+1 — (a + b)(aZk _ a2k—1b + a2k—2b2 -+ a2b2k—2 _ ab2k—1 + b2k) :

4. Pang thic bac ba

(a+b+c)3 233+b3+cs+3(a+b)(b+c)(c+a) _

a’ +b® +c® —3abc =(a+b+c)(a2 +b* + ¢ —ab—bc—ca)

Piac biét :

e Néua+b+c=0th a +b*+c’—-3abc=0

e Néua'+b’+c’—3abc=0thi a+b+c=0hoaca=h=c.

B. Mét sé vidu
Vidul Choa+b+c=0vaa’+b*+c*=1.Tinhgia tri biéu thuc. M =a* +b* +c*.
Giai
Tim céch giai. Pé tao ra két luan, ta can xuat phat tir a®> + b* + ¢® =1 va binh phuong hai vé. Tuy nhién khi
do lai xuat hién a’b® +b’*c® +c’a’va can tinh biéu thic nay. Dé tinh biéu thac d6 ta can tinh duoc
ab + bc + ca . Suy luan tu nhién ta can binh phuong a + b + ¢ = 0. Bang cach phan tich, 1ap luan nhu trén ta da
tim ra céch giai.
Trinh bay loi giai

T1‘1a+b+c:O:>(a+b+c)2:O<:>az+b2+CZ+Zab+2bc+an:O.

1 2 1
Ma a2+b2+cz:1:>ab+bc+ca=—§:>(ab+bc+ca) =
1
:>a2b2+b2(:2+Cza2+2ab2(:+2bcza+2(:a2b=z
21.2 2 2 2.2 1 21.2 2 2 2.2 1
= a’b® + b’c® +c’a +Zabc(a+b+c)=Z:>ab +bc® +ca :Z

2
Tira2+b2+C2:1:><a2+bz+cz) =1° :>a4+b4+C4+2(a2b2+b202+02a2)=1
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1 1
—a'+b*+c*+2-—=1=a"+b* +c' ==,

4 2
Vi du 2. Rat gon biéu thuc:

A=(X+y+Z2+t)2+(X+y—2-t) +(X+2-y—-1)* +(X+t—y—12)
Giai
Khai trién ta co:
(X+y+z+t)2=X2+y2+zz+t2+2xy+2xz+2xt+2yz+2yt+22t
(x+y—z—t)2:X2+y2+ZZ+t2+2xy—2xz—2Xt—2yz—2yt+22t
(X+z—y—t)2=X2+zz+y2+t2—ny+2Xz—2xt—2yz+2yt—2zt
(X+t—y—Z)2=X2+y2+ZZ+t2—ny—ZXZ+2Xt+2yZ—2yt—2Zt
Cong ting Vé lai ta duoc:
(X+y+z+t)2+(x+y—z—t)2+(x+z—y—t)2+(X+t—y—z)2
:4(x2+y2+zz+t2)

: : 2 2 L
Nhan xét. Ngoai ra, ta cé thé van dung dang thuc (a + b) + (a - b) = z(a2 + bz)dé giai. That vay:

(x+y+z+t)z+(x+y—z—t)2 :2[(X+y)2+(z+t)2}

(X—y+z—t)2+(X—y—z+t)2 =2[<x—y)2+(z—t)2}

2

SuyraA:(x+y+z+t)2+(x+y—z—t)2+(x+z—y—t) +(X+’[—y—z)2

- z[(x+y)2 b(x—y) (2 t) +(z_ﬂ
= 2[2(){2 + yz) + 2(22 + tz)} = 4()(2 +y+z'+ tz).
Vi du 3. Cho a,b,c thoéa man diéu kién a+b+c = 0. Chung minh rang:
Z(a5 +b° + 05) = Sabc(a2 +b*+ CZ)
Giai
Tim cach giai. Nhan thdy a® = a®.a% , nén dé xuat hién vé phai chang ta cin thay thé 3abc =a’ + b’ + ¢’ yag vé

phai, sau do khai trién. Khi khai trién xong, chding ta can bién déi phan con lai khong phai la @ + b’ +¢ g
thanh mot phan caa két luan la xong.

Trinh bay loi giai
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Via+b+c=0=a’+b’+c’ =3abc

Xét: Sabc(a2 +b? +cz)=(a3 +b? +c3)(a2 + b? +cz)
:as+b5+05+aa(b2+cz)+b3(02+a2)+03(az+b2) (1)
Xétb+c=-a=b*+c’*+2bc=a®> < b®*+c*=a’-2bc;

Tuong ty ¢* +a” = b* —2ac;a® + b* =c¢* —2ab.

Thay vao (1) suy ra: 3£1bc(a2 +b* + CZ> =a’+b’ +c° +a’ (a2 - 2bc) +b? (b2 - 2ac) +c’ (cz - 2ab)
:205+b5+05—2abc(a2+b2+cz).

Hay 2(a5+b5+C5)=5abc(a2+b2+cz).

Nhan xét. Néudit a =x—vy , b=y -z c=z— xthi ta co bai toan sau. Ching minh rang:

(x=y) +(y=2) +(2-%) (x-y) +(v-2) +(2-%) :(X_y)5+(y_z)5+(z_x)5.Vidu4. Xét

céc s6 thuc x, y, z thoa man 2(y® +yz+2°)+3x* =36.

Tim gi4 tri 16n nhat va nho nhat caa biéu thirc: A=X+Yy+z.
(tuyén sinh I6p 10, THPT chuyén Nam Pinh, nam hoc 2014- 2015)
Giai
Tim céch giai. Gia thiét cho vé trai 1a da thuc bac hai, ma két luan 1a tim cuc tri da thuc bac nhat. Do vay dé
van dung duoc gia thiét ta can xét AZ, sau d6 khéo 1éo tach da thuc do dé van dung triét dé gia thiét.
Trinh bay loi giai
Taco: A? =(X+Yy+2)° =X+ Y +12° +2Xy + 2yz + 22X
A =2(y? +2% +y2)+3% —(X* —2xy + y? ) —(X* —2xz +2%)
A? =36—(x—Yy)*—(x—2)* < 36.
SuyramaxA =6tai X=y=2=2,
MiNA=-6tai X=y=2=-2,
Vidu5. Véi a,b,cla cac sb thuc thoa man:
(3a+30+3c)’=24+Ba+b-c)®+(Bb+c—-a)’+(3c+a—h)’.
Chang minh ring: (a+ 2b)(b+2c)(c+2a) =1.
(tuyén sinh I6p 10, THPT Chuyén PHKHTN, PHOGHa Néi,

nam hoc 2015-2016)
Giai
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Tim cach giai. Quan sat ki d& bai, ta nhan thay khai trién hai vé rdi phan tich thanh nhan tir 14 qua dai, phuc tap
va c0 thé din dén sai 1am. Do vai tro nhu nhau cua gia thiét két luan va giam bét sy khai trién ta cd thé doi
bién: x=3a+b—c,y=3b+c—a,z=3c+a—b. Khi d6 gia thiét c6 dang: (X+Yy+2)°=24+x>+y*+2°. Vi vé
trai cua két luan cé dang 1a nhan tir nén ta dung déng thie (X+Yy+2)° =x°+y* +2° +3(x+y)(y+2)(z+X) . Tu
do ta co 1oi giai sau:
Trinh bay loi giai
biat x=3a+b-c, y=3b+c—a, z=3c+a-b
=X+Yy+z=3a+3b+3c.
Tu gia thiét, ta suy ra: (x+y+2)°=24+x°+y*+7°
Theo hing dang thic, ta cd: (x+y+2)° =X +y°> + 22 +3(x+ y)(Y+ 2)(z +X)
Suyra 3(X+y)(y+2z)(z+x)=24
= (2a+4b)(2b+4c)(2c+4a) =8
= (a+2b)(b+2c)(c+2a) =1.
Diéu phai chang minh.
C. Bdi tap van dung
2

4.1. Rt gon (a+b+c)2+(a—b+c)2+(a+b—c)2+(b+c—a) .

4.2. Tim hé s6 x*cua da thire sau khi khai trién:

a) A=(x+3)°+(x+4)" +(x+5)°;

b) B=(x—2)°+(x+3)" +(x—4)°.

4.3. Mot tam giac c6 ba canh laa, b, ¢thoa man diéu kién: (a+b+c)? =3(ab+bc+ca) . Hoi tam giac d6 1a
tam giac gi?

44, Choa+b+c=0vaa’+b*+c*=2. Tinha'+b*+c".

4.5.Cho x +y +z=0vaxy + yz + zx = 0. Tinh gi4 tri cha biéu thic :

B — (X - 1)2015 + y2016 + (Z + 1)2017.

46. Cho (a2 +b? + cz)(x2 +y2+ zz) = (ax +by + cz)zvdi abc # 0. Chting minh rang:

47Choa+b+c=2 a+b*+c? =ava~=2=2

a b ¢
Chuang minh rang: xy + yz + zx = 0.
4.8. Tim gi4 tri nho nhat cua biéu thirc: F(X) =x* —2x® +3x? —2x+2 .
4.9. Cho a,b,cthéa man didu kien a+b+c=1va a®+b®+c®=1. Tinh gia tri cua biéu thuc A=a"+b" +c"
véi nla sb ty nhién lé.

23



4.10. Chitng minh hang dang thic sau: x*+y*+ (x + y)* = 2(x> + xy + y*)~
4.11. Cho a, b, ¢c théa man a+ b+ ¢ = 0 Chtrtng minh rang:
a) a*+b'+c'=2(a’b>+a’c’+b’c?) .
b) a'+b*+c*=2(ab + bc + ca)’.
4.12. Chox,y, zthéaman x +y + z = 0. Chirng minh rang :
a) S(X+y +2)XP+y +2)=6(X+y +7));
b) x'+y +7' =Txyz(x’y + y* 2t + 2°%%) ;
c) 10X +y +2)=T(xX*+y + D)X +y +2)).

Chuyén d& 5. PHAN TiCH DA THU’C THANH NHAN TU' BANG MOT SO PHUONG PHAP KHAC

A. Kién thic can nhé
Chting ta da biét ba phuwong phap dé phan tich mot da thae thanh nhan tir 1a dit nhan tir chung, dung hang dang
thizc , nhdm céc hang tir va phdi hop ba phuong phap d6. Tuy nhién ¢ nhitng da thirc mic du rat don gian, néu
chi biét ding ba phuong phap do6 thoi thi khong thé phan tich thanh nhan tir duoc. Do d6 trong chuyén dé nay
ching ta s& xét thém mot sé phuong phap khac dé phan tich da thirc thanh nhan tir .

e Phuong phap tach mét hang tir thanh nhiéu hang tu.

e Phuong phap thém bt cung mot hang tu

e Phuong phap doi bién

e Phuong phap dong nhat hé sé

e Phuong phap xét gia trj riéng cta cac bién
B. Mot s6 vi du
1. Phwong phap tich mgt hang tir thanh nhiéu hang tir
Vi du 1. Phan tich da thirc sau thanh nhan ti: f(x) = 2x* - 3x + 1.
Giai
Cdch 1: Tach hang tir thir hai: -3x = -2x - x.

Taco f(x) = (2x*-2x) - (x- 1) =2x(x-1)-(x- 1) =(x - D2x - 1).
Cdch 2: Tach hang tir tht nhat va hang tir thir hai: 2x% = x? + X2,
Taco f(x)=(xX*-2x+ D+ (xX*-xX)=(x - 1)*+x(x- 1) =(x - D[(x - 1) +X]
= (x - H(2x - 1).

Nhgn xét. Dé phan tich tam thirc bac hai f(x) = ax® + bx + ¢ ra nhan tu, ta tich hang tir bx thanh bx +
b,x sao cho b,b, =acvab,+ b, =b.
Vi du 2. Phan tich da thic sau thanh nhan tir: f(x) = x° - X* - 4.
Giai
Tim céch giai. Ta lan luot kiém tra véi x = +1; +2; +4 | ta thiy f(2) = 0.

Pa thac f(x) c6 nghiém x = 2, do d6 khi phan tich thanh nhan tu, f(x) chira nhan tir x - 2.
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Trinh bay loi giai
Tach: f(x)=x’-x*-4=(x>-2x) + (x*-2x) + 2x - 4)
=xX-2)+xxX-2)+2(x-2)
=(x-2)xX*+x+2).

Nhdn xét. Néu da thic f(x) = ax" +a,_ x"' + ... + a,x + a, c0 nghiém nguyén 1a x = x,, thi x, 1a mot uéc cua hé
s6 tu do a,, khi phan tich f(x) ra nhan tir thi f(x) c6 chira nhan tir x - x,. Vi vay d6i véi nhimg da thic mot bién
bac cao, ta nén nham Iy mot nghiém cia né dé dinh huéng viéc phan tich thanh nhan ti.

2. Phuwong phap thém boét cung mét hang tir
Vi du 3. Phon téch da thire sau thanh nhon te: x* + 324.
Giai
x* +324 = x* +36x* + 324 — 36X’
=(x* + 18)2 ~(6x)" = (x* +18 - 6x)(x* + 18 - 6x).

Vi du 4. Phon téch da thire sau thanh nhon ti: x° + x* + 1.
Giai
X+xt+1=xX"+x+x*-x*+1

=x3(xz+x+1)—(x—1)(x2+x+1)

<X2+X+1)(X3—X+1).

3k+2 +X3n+1 +1.

Nhdn xét. Vai ky thuat trén ching ta phéan tich thanh nhan ti duoc : x
3. Phuwong phap dbi bién

Mot s6 da thire c6 bac cao, nho dit bién phu dwa vé da thire ¢6 bac thap hon dé thuan tién cho viéc phan
tich thanh nhan tu, sau khi phan tich thanh nhan tir d6i véi da thircc méi, thay tré lai bién cii dé duoc da thic voi
bién cii.

Vi du 5. Phan tich da thirc sau thanh nhan tu: f(x) = x(x + 4)(x + 6)(x + 10) + 128.
Giai
Ta c6: f(x) = (x* + 10x)(x* + 10x + 24) + 128.
bat x* + 10x + 12 =y, da thic tro thanh:
fiy)=(y-12)(y + 12) + 128 = y* - 16 = (y - 4)(y + 4)

Suyra: f(x) =(x*>+10x +8)( x* + 10x + 16) = (x + 2)(x + 8)( x* + 10x + 8).
Vi du 6. Phan tich da thic sau thanh nhan tir: (x +1)(x +2)(x +3)(x + 4) - 15.
Giai
Tim céch giai. Bai toan c6 dang: (x +a) (x+b) (x+c) (x+d)+mvoi a+d=b+c. Tacothédat y=(x+
a) (x +d) hoicy = (x +b) (x +c) hoicy=x?+ (a+ d)x. Khi d6 ta phan tich véi da thuc bién y.
Trinh bay 16i giai
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Tach (X+1)(X+4)(X+2)(X+3)—15 = (X2 +5X+4)(X2 +5X+6)—15

Pity = x* + 5x + 9. Khi d6 da thuc c6 dang: y(y +2)—15=y*+ 2y —15=(y + 5).(y — 3)

Tirdé suy ra: (x +1)(x+2)(x +3)(x+4)-15= (XZ +5x+9)(x2 +5X+1).

Vi du 7. Phan tich da thirc sau thanh nhan ti: A = (3x + 2)(3x - 5)(x - 1)(9x +10) + 24x".

Giai

Tim cach giai. Néu khai trién ngoic thi bai toan trg 18n kha phirc tap va cé thé dan dén sai lam. Quan sat ki dé
bai ching ta nhan thiy hé s6 caa bén ngoic c6 dic diém: 3.3=1.9va

2.(- 5) = (- 1).10, do vay ching ta nghi dén viéc nhém hai ngoic lai va dit bién phu nham dua vé bai toan don
gian hon.

Trinh bay loi giai

T ch: A= (3x + 2)(3x - 5)(x - 1)(9x + 10) +24x

= <9X2 —9x — 10) (9)(2 + X — 10) + 24x°

bit y = 9x* — 9x —10. Pa thtrc cd dang: A = y(y + 10X) +24x*
=y® +10xy +24y° = y* + 4xy + 6xy + 24y° = (y+4x)(y+6x).

Tt do suy ra A= (gx2 ~3x— 10)(9x2 —5x — 10).

Nhan xét. Cach giai trén c6 thé dung cho cac da thic c6 dang:
P(x) = (alx + bl)(azx + bz)(asx + b3)(a4x + b4) +

374’

trong dé aa,=aa blb2 = b3b4.

Vi du 8. Phan tich da thuc sau thanh nhan ta: B = 2x* + 3x® — 9x* — 3x + 2.
Giai
Tim cach giai. Nhitng bai toan cé dang: ax®* + bx® + cx* + kax + k*b* vé&i k=1hoac k =-1. Ta dat
y = x* + k, rdi bién doi biéu thirc vé dang ax® + bxy + my”.
Trinh bay loi giai
Pit y =x* —1=y* = x* —2x* + 1. Bién ddi biéu thic, ta co:
2
B= 2<X4 2% +1)+3X3 —3x-5x% = z(xZ -1) +38x(x’ —1)—5x2.
Tur d6, biéu thuc ¢6 dang: B = 2y* + 3xy — 5x* = 2y” — 2xy + 5xy — 5x° = (y - x)(Zy + 5x)
Tir dG suy ra: B = (xz —x—1)(2x2 +5x—2) .

4. Phuwong phap dong nhat hé sé
Vi du 9. Phén tich da thirc sau thanh nhan tir: f(x) = x* - 6x° + 12x* - 14x + 3.
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Giai

Tim céch giai. Céac s6 +1; +3 khong phai 1a nghiém cua da thic f(x) nén f(x) khong c6 nghiém nguyén, f(x)
ciing khong c6 nghiém hitu ty. Nhu vay néu f(x) phan tich duoc thanh nhan tir thi phai c6 dang : (x* + ax + b)(
x*+cx +d),voia,b,c,deZ.

Khai trién dang nay ra, ta dugc da thirc : x* + (a+c)x® + (ac+b+d)x? + (ad+bc)x + bd. Pdng nhit da thic nay Voi
f(x) ta duoc hé diéu kién:

[a+c=-6
ac+b+d =12
ad +bc=-14
bd =3.
Xét bd=3,Vvdi b,d € Z,b e {£1; +3}. VSi b=3 thi d= 1, h¢ diéu kién trg thanh:
a+c=-6
ac=8
a+3c=-14.

T d6 tim duoc: a = -2; ¢ = -4. VAy f(x) = (x* - 2x + 3)( x* - 4x + 1).

Trinh bay loi giai

f(x) =x*- 6x° + 12x% - 14x + 3 = (x* - 4x” + x%) - 2x’+ 8x* - 2x) + (3x” -12x +3)
=xA(x*-4x+ 1) - 2x(x* -4x + 1) + 3(x* - 4x + 1)
= (x*-4x + 1)(x* - 2x +3).

5. Phwong phap xét gia tri riéng cia cac bién

Vi du 10. Phan tich da thic sau thanh nhan ta: P=x*(y - z) + y(z - X) + Z°(x - y).

Giai

Nhdn xét. Néu thay x bai y thi P = 0, nén P chia hét cho x —y.

Hon nira néu thay x boi y, y bai z, z boi x thi P khong thay d6i ( ta néi da thic P c6 dang hoéan vi vong quanh).
Do d6: P chia hét cho x —y thi P ciing chia hét choy —z, z — x.
Tir d6: P =a (x — y)(Y- 2)(z - x); trong d6 a 1 hang s6, khong chira bién vi P ¢6 bac 3 d6i véi tap hop cac bién,
con tich (x - y)(y - 2)(z - x) ciing ¢6 bac 3 ddi vai tap hop cac bién.
Tacd:P=x*(y-2) +y (z-x)+72(x-y)=a(x - y)y - 2)(z - x) (*) ding v&i moi x, y, z € R nén ta chon cac
gid tri riéng cho x, y, z dé tim hang sé a 1a xong.

Chay. Céc gia tri cua x, y, z ta ¢6 thé chon tly y, chi can chung d6i mot khac nhau dé tranh
P =0 Ia duoc.
Chéng han, chon x =2; y = 1; z= 0 thay vao déng thac (*), ta tim dugca=-1

Vay: P=x*y - 2) + y(z- X) + Z2(x - y) = -(x - Y)(y - 2)(z - X) = (X - y)(¥ - 2)(X - 2).

Vi du 11. Phan tich da thirc sau thanh nhan tur:

Q=alb+c-a +bc+a-byi+ca+b-cl+(@+b-c)b+c-a)c+a-b).
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Giai
Nhdn xét. Véi a =0 thi Q = 0, cho nén a Ia mot nhan tir cia Q. Do vai trd binh dang ctia a, b, ¢ nén b va c ciing
1a nhan tr ctia Q, ma Q c6 bac 3 doi véi tap hop cac bién nén Q = k.abc.

Chona=b=c=1duogck =4. Vay Q = 4abc.

C. Bai tap van dung
e Phwong phdp tich mét hang tir thanh nhiéu hang ti

5.1.Phan tich da thirc sau thanh nhan tur:

Q) 4x%-4x-3;

b) 2x?-5x-3;

c) 3x*-5x-2;
5.2. Phan tich da thirc sau thanh nhén tua:

a) xX*+2x-3;

b) x3-7x + 6;

c) x*+5x%+8x +4;
5.3. Phan tich da thac sau thanh nhan ta:

a) P:(x2 —x+2)2 +(x—2)2;

b) Q =6x"+15x" +20x” +15x* +6x+1,

) C=x*-9x’+28x"-36x+16;
5.4. Phan tich da thirc sau thanh nhan tu:

a) A=10x"-27x%y —110x*y* —27xy® +10y*;
b) B=x"—4x"+3x’ +3x* —4x+1;
¢) C=bc(at+ d)(b-c) + ac(b+ d)(c - a) + ab(c + d)(a - b).
5.5. Phan tich da thic sau thanh nhén tu:
a) 4x(X +y).(X +2z).(x+y +2) +y7Z.
b) 3(x*+ x4+ 1) — (x*+x + 1)
0) x'=2y*—x’y? + x> +y°.
d) 2x*-x’y+3x%’-xy +2y".
5.6. Phan tich da thirc sau thanh nhan ta:
a) M=3xyz + x (Y?+22)+y (¥ +22)+z(x*+Vy?);
b) xPy®+x'y*+1
c) N= x’y + xy* + X’z + xz° + y°z + yz* + 2xyz;

5.7. Cho da thuc P(x) —oxt —7x® —2x2 +13x + 6.

a) Phén tich P(x) thanh nhén tu.
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b) Chang minh rang P(x) chia hét cho 6 véi moi s6 nguyén x.
5.8. Phan tich da thac sau thanh nhén ta:
a) 2x° —5x° +8x—3;
b) a(b—c)* +b(c—a)*+c(a—b)* —a® —b® —c* +4abc ;
c) (x> —3x—1)> —12x* +36x+39;
d) a*+b*+c*— 2a%h? — 2b°%c? — 2a%c%
e Phwong phdp thém bét cung mét hang tie
5.9. Phan tich da thirc sau thanh nhan tu:

a) a(b +c)(b®—c?) + b(a+ c)(c® — b?) + c(a + b)(a®* - b?);
b) ab(a—b) + bc(b —c) + ca(c — a);
) a(b®—c?) —h(a®-c?) +c(@-b?);
d) a’(b—c)+b*c—a)+c’@a-b).
5.10. Phén tich da thirc sau thanh nhan tir:

a) (a—b)’+(b-c)’+(c-a);

b) (x+y+2)°-x-y’ -7’
5.11. Phan tich da thuc sau thanh nhan tu:
a) X +x2+1;
b) x®+x+1;
c) x¥+x'+1;
d) xX°+x+1.

e Phwong phdp déi bién
5.12. Phén tich da thirc sau thanh nhan tu:

a) M = (4x +1)(12x - 1)(3x +2)(x + 1) - 4;
b) N = (x+2)(x+3) (x+4)-12;
5.13.Phan tich da thic sau thanh nhan tu:
a) A=(48x"+8x—1)(3x" +5x+2)-4;
b) B= 4(x2 +11x + 30)(4x2 +22x + 120) —23x%;
5.14.Phan tich da thac sau thanh nhan tur:
a) M=(7—x)4 +(5—><)4 -2
b) N=(x-3) +(x-1) -16;

) P=x*-3x*-6x*+3x+1;
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d Q=x"-x-10x* +2x+4;
5.15.Phan tich da thac sau thanh nhan tu:
a) A=x(x+4)(x+6)(x +10)+128 ;
b) (x—y)°>+(y—2)°+(z—X%)°.
) P=2x*-3x"-7x* +6x+8.
d) (x+a)(x+2a)(x+ 3a)(x+4a) +a*,
5.16. Phan tich da thtrc sau thanh nhén tir:
a) M =(a+b+c)’—~(a+b—c)’—(b+c—a)’—(c+a-b)®
b) N =(a® +b*)* +(c* —a*)’ - (b* +c*)’
c) P=(x-2y+32)*—x*+8y*-277°
5.17. Phan tich da thuc sau thanh nhan tu:
a) A=2x"-x’y +3x°y* — xy° + 2y
b) B =(x—18)(x —7)(x+35)(x+90) —67x>;
¢) C = (4x—2).(10x+4).(5x + 7).(2x +1) +17.
o Phwong phdp dong nhdt hé sé
5.18. Phan tich da thuc sau thanh nhan tu:
a) Q=x"-8x*-x+12.
b) R=x"+x"+x>+x +12.
c) S=x*-8x+63.
d F=x*+2xy-8y°’+2x+14y -3
o Phwong phdp xét gid tri riéng cria bién
5.19. Phan tich da thac sau thanh nhan tu:

Q) A=(X+y+2)°-xX—-y -7
b) B=X(y—Z)3+y(Z—X)3+Z(X—y)3 ;

o C=(b+c)(a—b)(a—C)+(C+a)(b—c)(b—a)+(a+b)(c—a)(c—b)+8abc .

Chuyén d& 6. SO CHINH PHUONG

A. Kién thic cdn nhé

1. Khai ni¢m. Sb chinh phuong 12 binh phuong ctia mot sé tu nhién.

2.Tinh chat.

e S chinh phwong chi c6 thé tan cuing bing 0,1,4,5,6,9 khong thé tan cing bang 2,3,7,8
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*  Khi phan tich ra thira sé nguyén t5, s6 chinh phuong chi chira cac thira s6 nguyén té voi mii chén, khdng
chira thtra s6 nguyén to véi s6 mii 1é.

e Hé qud. S6 chinh phuong chia hét cho sé nguyén té P thi phai chia hét cho P?

e Mot sb chinh phwong khi va chi khi s6 u6c cua né 1a sb 1é.

3. Mt s6 kién thikc khi sir dung

e H¢ thap phén

10" —1

99...9=10" -1 = 11....1 = L9
a.(10"—1)

aa...da = ——

— 9

e Céc hang dang thuc.

e Néua=b.c maalasb chinh phuong; (b; c) = 1thi b va ¢ déu 1a s6 chinh phuong.

B. Mot s6 vi du
Vidul.Cho A=11....1 ; B=11....1 ; C=66.....6 v&in lasd ty nhién 16n hon 1.
)

2n s6 1 n+1s8 1 nsd 6
Chuang minh rang A + B + C + 8 12 56 chinh phuong.
Giai
Tim cach giai. Pé ching minh A + B + C + 8 1a 6 chinh phuong, ching ta can bién doi thanh binh phuong
mot s6 tu nhién. Suy luan rat ty nhién 1a ding hé thap phan, dé dua chung vé lity thira caa 10 bang cong thirc

107 -1 | a.(10" -1) o ‘ |
1.1 = - vaaa..a= sau d6 dung hang dang thic dua vé binh phuong cua mot so tu
- H,«_/
nhién.
Trinh bay loi giai
2n _ n+1 _ 6 1011 _ 1
9 9 9
2
2n n+1 n on 0 N
XELA + B +C+ 8= 109 1,10 - 1+6.109 6,10 +16€;10 +64 {10;8} |

Ma 10" + 8 =100..08:3 = A + B + C + 8 1256 chinh phuong.

n-1
Vi du 2. Tim s6 tu nhién n dé n +18 va n — 41 1a cac sb chinh phuong
(thi hoc sinh gioi Toan 9, Qudng Ngdi, nam hoc 2012 — 2013)
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Giai

Tim céch giai. Dé tim s6 tu nhién n thoa man diéu kién trén, ching ta ddng nhat hai diéu kién d6 bang cach dat
n+18 =a’n—-41=Db’(a;b € N;a > b). Sau d6 khir n bang phép trir vé cho vé, khi d6 ta s& tim duoc s6 tu
nhién a, b bang con dudng wéce sb.

Trinh bay loi giai

Pit n+18 =a*;n—41= bz(a;b eN:a > b)

Suyra a® —b* =59 < (a—b)(a+b)=59=1.59

la-b=1 a=30
Do do = < n=23882
a+b=59 b =29

Vi du 3. Chiing minh rang véi moi ne N thi n?+n+1 khong la sé chinh phuong.

Giai

Tim céach giai. Bé chiing to mot sé khdng phai 1a s6 chinh phuong, chung ta thudng cé hai cach: hoic st dung
chir s6 tan cung hodc chiing minh sé d6 nam giira hai s6 chinh phuong lién tiép. Trong vi du nay ching ta van
dung cach hai.

Trinh bay loi giai

Vsimoi neN tacé: n® <n?+n+1<(n+1)% man?va(n+ 1) 1a hai s chinh phuong lién tiép. Vayn? +n+1
khong phai s6 chinh phuong.

Vi du 4. Chitng minh ring néu m, n €Z thod man dang thitc : 3m*’+m= 4n’>+n

thi m - n va 4m + 4n + 1 déu 1a s6 chinh phuong.

Giai

Tim céch giai. Néu m - n va 4m + 4n + 1 déu Ia s6 chinh phuong thi (m - n)(4m+ 4n +1) ciing 1a s6 chinh
phuong. Khi khai trién dang thirc ndy cho ching ta bong dang cua gia thiét. Do vay véi suy nghi dy ching ta
can:

- T gia thiét bién doi (m - n)(4m+ 4n +1) thanh s6 chinh phuong.

- Chung minh rang m - n va 4m + 4n + 1 la hai s6 nguyén t6 cting nhau.

Trinh bay loi giai

T 3m’+m=4n>+n tacé m>nva

S4mn) +m-n=m’

&<(m - n)(@m+4n +1) =m*  (*)

bat (m -n; 4m+4n +1)=d

—(m-n)id:@m+4n+1) dvamid
= {4m +4n +1 +4(m-n)} :d = 8m +1) idmam:d

= l:dhayd=1.
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Vay m-n va 4m +4n +1 nguyén t6 cung nhau, két hgp véi (*) ta co:
m -n va 4m + 4n + 1 déu 1a s6 chinh phuong.
Vi du 5. Cho x, y 1a nhiing s6 nguyén Ién hon 1 sao cho 4x*y* —7x + 7y 14 s6 chinh phuong. Chirng minh
rang x = y.
Giai
Tim cach giai. Néu x =y thi 4x’y* —7x + 7y = 4x”y” la s6 chinh phuong. Do (2xy - 1)2 ;
4x*y%; (2xy + 1)Z |a ba s6 chinh phuong lién tiép nén dé c6 4x*y” — 7x + 7y = 4x”y”ta chi can chiing minh
2 2,2 2. L
(2xy—1) <4XY -7X+7y < (2xy+1) la du.
Trinh bay loi giai
Do X, y la c4c s6 nguyén 16n hon 1 nén x; y > 2.
= A4Xy+1<-7X+7y <4xy+1
= 4x’y? —4xy +1 < 4x’y? —7x+ 7y < 4x’y* + 4xy + 1
= (ny - 1)2 <4AX’y? —7x+7y < (2xy + 1)2
Suyra 4x*y* —7x + 7y la sé chinh phuong . Tacé x; y>2nén 1< 2xy—1<2xy+1 . Do do:
2.2 2
4x°y —7x+7y:(2xy) SX=Y.
Vi du 6. Gia st a a s6 nguyén duong va d 1a mot uéc s6 nguyén duong cla 2.a> . Chiing minh réng : a* + d
khong thé 1a s6 chinh phuong.
Giai
Gia stir2.a°=k.d vaa*+d = b’ v6i a, b, k, deZ".
2a’
Tra+d=b’> < a’ + b b? & Kb’ =a*(kK’+2.k)
< (kb)’ = a’(k’+2k) <« k*+2k 1a s6 chinh phuong.
Ma k* < k* +2k < (k +1)* = k* +2k khong thé 12 s6 chinh phuong
Vay a’ + d khong thé 12 s6 chinh phuong.
Vi du 7. Chang minh rang véi X, y 1a hai s6 tw nhién théa man x* + 2y la s chinh phuong thi x* + 2y 1a tong
cua hai s6 chinh phuong
Giai
Vi x,y € Nnén x* + 2y > x*. Do x* + 2y la s6 chinh phuong ta co:
x? +2y:(x+t)2v(yi teN

s2y=t’+2tx=>t=2K KeZ
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< 2y = 4K? + 4Kx
<y =2K* + 2Kx

sxP+y=K+ (x + K)2 diéu phai chang minh.

N .. .1 1 1.
Vidu 8. Cho x, Y,z € N nguyén to cung nhau va théa madn — + — = —. Hoi X + y ¢ phai la s6 chinh phuong

X Vv z
khong?
Giai
1 1 1
—+—:—<:>(X+y).z:xy<:>xz+yz—zy:0
X VvV z

Hay xy — xz + z* — yz = z°* @(x—z)(y—z)=22
Néu (X—z);(y—z)=d¢1:>zzfdz(vf)|l') :>(X—z;y—z)=1
Hay X —z va y — z 1a cac sb chinh phuong.
=x-z=K
y-z=m’ (VoiKmeN')=7z=Km’=z=Km
Vayx+y=x—-z+y—-z+2z
= K? + m? + 2Km
x+y=(K+m)?
Vay X + y 1a s6 chinh phuong.
C. Bai tap van dung
6.1.Chirng minh rang s6 A =224 99...9100....09 14 s6 chinh phuong (n > 2)
%/_J %,_J

n-2 sd 9 nsd 0

6.2. Cho sb nguyén duong n. Pat A=44...4;B=88...8

2n n
Chuang minh rang A + 2.B + 4 14 56 chinh phuong
6.3.Cho a=111....1;b =444...4 . Chiing minh rang a+b+11a s chinh phuong.
— —

2n n

6.4.Tim t4t ca cac s6 tu nhién n sao cho n* —14n — 256 14 sb chinh phuong.

6.5.Chtng minh rang khong ton tai s6 tu nhién n thoa man n? +2018 1a sé chinh phuong.

6.6.Chirng minh rang c6 thé biéu dién lap phuong cia mot s6 nguyén dwong bat ki dudi dang hiéu caa hai s6
chinh phuong.

6.7.Cho a, b, ¢, d 1a cac s6 nguyén thoamdn a<b<c<d va a+d=b+c. Chang minhriang a+b*+c*+d?
la tong cua ba s6 chinh phuong.
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6.8.Cho ham s f(x) = (X + 2)(){ + 3)()( + 4)()( + 5) +1.
Chting minh rang f(x) ludn c6 gié tri 1a s6 chinh phuong véi moi gia tri nguyén cua x.
(thi hoc sinh gidi Todn 9, Lam Pong , nam hoc 2012-2013)
6.9.Ching minh rang:
a) Voi moi sé ty nhién n>1thi A= n®—n*+2n°+2n? khdng phai s6 chinh phuong.
b) Céc sé a va b déu 1aténg 2 sb chinh phwong thi tich ab ciing 14 tong cua 2 sb chinh phwong.
(thi hoc sinh gioi Toan lép 9, tinh Nghé An, nam hoc 2006- 2007)
6.10. Tim s tu nhién n d& n+5va n+30 la céc sé chinh phuong.
(tuyén sinh I6p 10, THPT Chuyén PHKHTN, PHOG Ha Ngi,
nam hoc 2015-2016)
6.11. Cho hai sé ty nhién ava b . Chang minh rang néu tich a.b 1a s6 chén thi luén ludn tim duoc s6 nguyén
csao cho a? +b? +c?1a s6 chinh phuong.

6.12. a) Tim s ty nhién x sao cho x?+ 21 14 s6 chinh phuong.

b) Chang minh rang néu m, n 1a 2 sé chinh phwong 1¢ lién tiép thi (m-1)(n-1) chia hét cho 192.
6.13. Tim xeQ dé x?+x+6 1a mot s6 chinh phuong.
6.14. Tim s6 nguyén duong n dé tong n* +n® + n” +n + 114 s6 chinh phuong.

6.15. Néu a,b,e Z"thoaman 2a® +a = 3b”* + bthia—bva 2a + 2b + 1 1a nhiing s6 chinh phuong.

Chuyén dé 7. CHIA DA THU'C CHO PA THU'C

A. Kién thic cdn nhé
1. Chia don thirc A cho don thuc B

Chia hé sb cua A cho hé s6 cua B;

Chia liiy thira cua ting bién trong A cho lity thira cta cing bién do trong B;

Nhan cac két qua voi nhau.
2. Chia da thirc cho don thirc (A+B):C=A:C+B:C,

3.Chia da thirc A cho da thuc B
Cho A va B 14 hai da thre tly y ctia cing mot bién (B # 0) khi d6 ton tai duy nhat mot cip da thic Q va R sao
cho A =B.Q + R, trong d6 R = 0 hoac bac cia R nho hon bac cua B.
Q goi la da thuc thuong va R goi 1a du trong phép chia A cho B.
Néu R = 0 thi phép chia A cho B 1a phép chia hét.
4. Dinh ly Bézout.
e Bézout 1a nha toan hoc Phap. Ong sinh nam 1730, mat nim 1783. Bézout quan tam dén viéc giai cac hé
phuong trinh tuyén tinh; nham muyc dich 4y dng hé théng hoa cac phép tinh vé dinh thic. Ong ciing
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nghién ctu vé phép khir, nghia 1a tim diéu kién ddi vai cac hé s cua hai da thic dé ching c6 mot
nghiém chung. Ong cho xut ban Gido trinh Toan hoc duoc tai ban nhiéu lan & Phap ciing nhu & nudc
ngoai. Trong d6 c¢6 mot dinh Iy ndi tiéng mang tén 6ng:
e Pjnh Ly. S6 du trong phép chia da thuc f(x) cho (x — a) ding bang f(a).
5. Hé qud cua dinh ly Bézout. Néu a a nghiém cua da thuc f(x) thi f(x) chia hét cho (x — a).
Ngudi ta ciing chimg minh duoc rang: Néu da thtc f(X) nhan n sé nguyén khac nhau a; ; @, ;.... ; a, 1am
nghiém thi f(x) chia hét cho (X - a1).(X - &2).... (X - ay).
6. Phurong phdp néi suy Newton
e Newton la nha Toan hoc, Vit Iy hoc nguoi Anh. Ong sinh ndm 1642 , mat ndam 1727. Trong Toan hoc
6ng la nha sang lap va phat minh ra phép tinh vi phan va tich phan. Ngoai ra 6ng c6 rat nhiéu cong trinh
vé Toén hoc. Song ngudi doi sau khi nhic dén Newton, thuong ca ngoi nhitng phéat minh cua ng vé vat
Iy hoc. Sau day 1a phuong phap ndi suy, mot trong nhitng phét hién vé toan cua 6ng:
e Pé tim da thirc P(x) bac khdng qua n khi biét gia tri tai (n + 1) diém: Cy, C, ,..., Cy+1 ta c6 thé biéu dién
P(x) dudi dang:

P(x)=b, + bl(X —Cl)+ b, (X —Cl)(X —CZ) + s +b (X —Cl)(X —Cn)...(X —Cn)

Bang cach thay thé x 1an luot bang céc gia tri Cy , Cs ,..., Cn+1 Va0 biéu thic P(x) ta lan luot tinh duoc cac hé sb
bo,b1,..., bn.

7. Luwoc do Horner.

e Horner la nha toan hoc Anh. Ong sinh nam 1787, mat nam 1837. Ong khong c6 nhiéu cong trinh nhung
ndi tiéng vi mot phuong phap tinh gan ding mot s6 phuong trinh va bay gid liy tén 6ng dit cho phuong
phap ay. Thuc ra thuat toan da dugc ngudi Trung Hoa biét dén tir trude, nhung Horner d3 phat minh ra
n6 mot cach doc lap. Sau day la lugc dd Horner:

e Dé tim thuong va du trong phép chia f(x) =a,x" +ax" " +..+a _,x+a (8, #0) cho g(x)=x—a.Ta
Iap bang:

f ag a1 a an

X=a bo = ag b, = abot+as ... bk = aby.1+ax b, = abn.1+a,

Vi
f(X)=(Xx-a)q(x)+ f(a); f(a)=b, =ab, , +a,
a(x) =b X" +b X" +...+b, _,x+b
B. Mot s6 vi du
Vi du 1. Thyuc hién phép chia A:B trong cac truong hop sau:

a) A=12x%y* ; B=-3x%y .
10 1
b)A = ——x°%y°z%: B==-x%z.
) 3 %Y g XY

0)A =(—%x”y”*2j:(3x"2y” )(n eN,n>2).
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Giai
a) A:B=12x%":(-3x’y ) =—4xy® ;

b)A:B= (—% xﬁyszzj . [%xzyzj =-30x"'y*'z ;

C)A: B:(—%x”y“*zj:(—3x”‘2y”):%xzy2 .

Vi du 2. Chting minh rang :

Q) xX+x*+1:x*+x+1

b)x® +x* +1:x* +x+1

Giai

Tim cach giai. Khi chimg minh da thuc f(x) : g(x) ta c6 thé:

- Céch 1. Phan tich da thtrc f(x) thanh nhéan tu c6 chira nhéan tu g(x).
- Céch 2. Bién ddi da thirc f(x) thanh tong cac da thuc chia hét cho da thirc g(x).

Trinh bay loi giai
a) Cach 1. Tacé:

2
xX+xt+1=xt+2x* +1-x* :(X4+1) -x*

=(x4 +1—X2)(X4 +1+x2)

(X4 — x> +1)(x4 +22x+1—x2)

(x 1) (¢ 1) x|

(X4 -x? +1)(x2 +1—X)(X2 +1+X)E(x2 +X+1)

SxP+xt+1ix+x+1
Céach 2.
Xrxt+1=xX-x*+x*—-x+x*+x+1

= (X" = 1)+ x(x* = 1) + (x* +x +1)
= (x* +1)(x = 1) (X2 +x+ 1)+ x(x* = 1) (3 +x+ 1)+ (3 +x+1)ixE 4 x+1
b) X* +x' +1=x" +x" + X =X +1=x"(x +x+1) = (x —1)(x* + x+1)
= (x* + x+1)(x* = x+1)i(x* + x+1)

Vi du 3. Tim céc sé thuc a, b, sao cho da thirc 4x* —11x* — 2ax” + 5bx — 6 chia hét cho da thirc
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X2—2x—3.
(Thi hoc sinh gigi l6p 9, TP Ha NG, ndm hoc 2012 — 2013)

Giai
Tim céch giai. Khi tim hé s6 a, b sao cho da thuc f(x) chia hét cho da thirc g(x), chung ta c6 hai huéng suy
nghi:
Dit phép chia f(x) cho g(x) dén khi duoc phan du c6 bac nho hon bac cua da thire g(x). Dé phép chia hét ta
ddng nhat phan du dé véi da thuc 0.
Con néu da thirc g(x) phan tich dugc thanh nhan tir véi céc nhan tir bac nhat, ta viét f(x) thanh tich cac nhan tir
d6 nhan véi da thire thuong. Roi dung dong nhit thirc sao cho vé phai bang 0.
Trinh bay loi giai
Céch 1. Thyc hién phép chia ta duoc :

ax* 11 -2ax? +5bx -6 X2 -2x -3

ax* 8x® -12x° 4x* —3x + (6 - a)
3x° -(2a-12)x°  +5bx -6
-3x° +6X° +0x

(6-2a)x°  +(5b-9)x 6
(6-2a)x*  -(12-4a)x  -(18-6a)
(5b-4a+3)x  +(12- 6a)

s , 5b—-4a+3=0 =2
Pé phép chia hét thi{ 4 @{a

12-6a =0 b=1
Cach2.Taco x* —2x-3=x"—2x+1-4=(x-1) -4
=(x-1-2)(x-1+2)=(x-3)(x+1)
bat thuong 1a q(x) ta co:
4x* —11x° - 2ax® + 5bx -6 = (x - 3)(x + 1) q(x)

Chonx=3tacd: 4.3* —11.3° —2a.3* +5.b.3-6=0

= 15b-18a =-21=5b—-6a=-7(1)
Chonx =-1,taco: 4(~1)' ~11(-1) —2a(-1) +5b(-1)-6=0

— 5b+2a=9 (2)
Tr(l)va(2)suyra: 8a=16=a =2
Thayvao (2) =5.b+4=9=b=1.
Vi du 4. Tim da thuc f(x) biét:
e f(x) chia cho x+3 du 1;
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e f(x) chiacho x —4 du 8;
e f(x) chia cho (x + 3)(x — 4) thi dugc 3x va con du.
Giai
Tim céch giai. Ta co (x + 3)(x — 4) la tam thac bac hai, do d6 phan du khi chia f(x) chia cho
(x + 3)(x — 4) ¢6 dang tong quét 1 ax + b. Tir d6 suy ra dugc: f(x) = (x +3)(x - 4)3x + ax + b. Mt khic ta
c6 f(-3) = 1, f(4) = 8. Do vay dé tim f(x) ching ta can xac dinh a. b bang cach chon x = - 3; x = 4 dé dong nhat
hai ve.
Trinh bay loi giai
Theo dinh ly Bézout ta cé f(3) = 1;f(4) =8
it du f(x) chia cho (x +3)(x —4)laax +b

Suyraf(x)=(X+3)(X—4)3X+ax+b.
e Véix=-3tacd: 1=(-3+3)(-3-4)3(-3)+a(-3)+b=b-3a=1(1)
o Voix=4tac: 8=(4+3)(4-4)(3.4)+a4+b=b+4a=8(2)

Tu (1) va(2)suyra: 7a=7 = a =1 thay vao (2) ta dugc b = 4.

T d6 ta duoc: f(x) = (x+3)(x—4)3x+x+4 .

Hay f(x)=3x"-3x*-35x +4.
Vi du 5. Tim mét da thte bac ba, biét P(x) chia cho (x - 1), (X - 2), (X - 3) déu duoc du 6 va
P(-1)=-18.
Giai
Tim céch giai. Tir dé bai theo dinh If Bézout ta c6 P() = 6, P(2) = 6, P(3) = 6, P(-1) = - 18. Nhu vdy da thtc
P(x) bac ba ma biét gia trj tai bén diém 1; 2 ; 3 ; - 1 nén ta ¢ thé sir dung phuong phap ndi suy Newton.
Trinh bay loi giai
Theo dinh ly Bézout ta cé : P(1) = P(2) P(3) = 6.

Do dé ta dat P(x) = d+c(x—1)+b(x—1)(x—2)+a(x—1)(x—2)(x—3)

Chox=1tadugcP(l)=d,suyrad=6
P(x) = 6+c(x—1)+b(x—1)()(—2)+a(x—1)(x—2)(x—3)

Chox=2tadugcP(2)=6+c,suyrac=0
P(x) =6+0(x—1)+b(x—1)(x—2)+a(x—1)(x—2)(x—3)

Cho x =3 tadugc P(3) =6+ 2b,suyrab =0.
P(x) = 6+O(x—1)+O(X—1)(x—2)+a(x—1)(x—2)(x—3)
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Do do Px) - 6.+ 2 (X~ 1)(x=2)(x=3).
Chox=-1tadugcP(-1)=6—24a, dodo—18=6—-24a suyraa=1.
_ _ _ I 2

Vay P(x) =6 + 1'(X 1)(X 2)(X 3). Rt gon ta duoC : P(x) = x* —6x" +11x

. . : 200 100 . ,
Vi du 6. Chirng minh rang da thuc f(x) = (x - 3) + (x - 2) — 1 chia hét cho da thic g(x) = x* —5x +6
Giai
Tim céch giai. Pa thuc g(x) bac n ¢ n nghiém phan biét. Néu moi nghiém cua da thirc g(x) ciing 1 nghiém cua

da thirc f(x) thi da thirc f(X) chia hét cho da thirc g(x). Nhan thiy trong bai g(x) c6 hai nghiém lax =2 ; x = 3,
nén chdng ta chi can kiém tra xem x = 2 ; x = 3 ¢6 la nghiém cua f(x) khong ?

Trinh bay loi giai
Taco f(2) = (2—3)200 (2 —z)100 ~1=0nen £(x)i(x-2)

£(3)=(3-3)" +(3-1)" —1=0 nénf(x): (x- 3)

Nén f(x) chia hét cho (x — 2)(x —3) = x*—5x + 6

Vidu 7. Cho f(X)=2x"—70x*+4x* —x+1

Tim thuong va du ctia phép chia f(x) cho x — 6

Giai

Tim cach giai. Ngoai cach chia thong thudng, vi da thic chia 6 dang X — a nén ta c6 thé dung luoc d6 Horner.

Trinh bay loi giai

Ta ¢6 so do6 Horner

f 2 0 -70 4 -1 1

a=06 2 12 2 16 95 571

Suyra

f(x) =(x-6).9(x)+ f(6)
=(Xx—6)(2x" +12x* + 2x* +16x+95) +571

Vay thuong 1a g(X) =2x" +12x° +2x* +16x+95va du la r = f (6) =571.

Vi du 8. Tim cac gia tri nguyén ciia x dé gia tri ciia da thirc A = x* + 2x* + 15 chia hét cho gia tri ciia da thiic
B=x+3.

Giai

bat phép chiatacé :

x> +2x° +15 | x+3

x> +3x° X -x+3
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- X +15
-x2 -3x
3X +15
3X +9
6

Muén cho gid tri cua A chia hét cho gia tri cua B thi ta phai ¢6 x + 3 € U(6)= {+1;+2;+3; 46}

X+3

1

-1

2

-2

3 -3 6

X

-2

-4

-1

-5

0 -6 3

Vay Véi x e {—2; —4;-1;-5;—0;—6; 3; —9} thi gié tri cua biéu thirc A chia hét cho gia tri caa biéu thirc B.

Vi du 9. Tinh gia trj biéu thic P = 28x° —2x* — 2013x° + 14606x — 3447
khi x* —3x +1=0.

Giai

Tim cach giai. Vi x> — 3x + 1 = 0 thi tim x, ta dwoc x khdng phai 1a s6 nguyén, nén thay vao biéu thuc P dé
tinh s& gap nhidu khé khan va c6 thé dan dén sai 1dm. Do vay ching ta st dung P chia cho x* — 3x + 1 dugc
Q(x) va phan du R(x) khi do, ta viét: P(x) = (x* — 3x + 1).Q(x) + R(x). Sau d6 thay x* — 3x + 1 = 0 vao biéu

thire, ta tinh dugc P(x) don gian hon.

Trinh bay loi giai

Taco
28x° -2x*  -2013x%° +14606x +3447‘x2-3x+1
28x° -84x"  +28x° ‘28x3+82x2 - 1795x - 5467
82x" - 2041x°
82x*  -246x°  +82x°
-1795x° - 82%° +14606x
-1795x®  +5385x% -1795x
-5467x°  +16401x -3447
-5467x*  +16401x -5467
2020

Tudotaco P = (x2 —3x+ 1)(28)(3 + 82x%*— 1795x — 5467) +2020

max*—-3x+1=0=P =2020

C. Bai tap van dung
7.1. X4c dinh a, b sao cho 2x’ + ax - b chia cho x + 1 thi du -6, chia cho x -2 du 21.
7.2. Tim mot da thuc bac ba, biét P(x) chia cho x, (X - 1), (X - 2), (X - 3) dwoc du lan lwot 1410 ;12 ;4 ; 1.

73.Pit x> —yz=a; y* —zx =b; z° —xy =c .Ching minhrang: ax + by +cz:ia+b+c
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7.4. Tim sb du cua phép chia biéu thic (x + 1)(x + 3)(x + 5)(x + 7) + 2020 cho da thirc

X2+ 8x +12.
7.5. Cho x, y, z d6i mot khac nhau. Chtng minh rang:
A =3x" (z - y) + 3y" (X - z) + 3z" (y - X) chia hét cho
B= (x - y)3 + (y - z)3 + (z - x)3 véi n 1a s6 nguyén 16n hon 1.
7.6. Tim cac s6 nguyén a va b dé da thic A(x) = X* —3x° +ax+b chia hét cho da thirc B(X) = x* —3x+4.
7.7. Timava b dé f(x) = x* —ax® +b chia hét cho x* + 3x + 2.
7.8. Cho da thic P(x)=ax”+bx+c. Biét P(x) chiacho x+1 du 3, P(x) chiacho X du 1 va P(X) chia
cho X—1 du 5. Tim cac hé sb a, b, c.
(Tuyén sinh 16p 10, THPT Chuyeén, tinh Nam Pinh, ndm hoc 2015 - 2016)

7.9. Cho x? — 4x +1 = 0. Tinh gi4 tri bidu thac B = x> —3x* —3x® + 6x* — 20x + 2025 .
7.10.  Cho da thuc P(x) = ax? + bx+c.
Tima, b, c biét ring P(0) = 26; P(1) = 3; P(2) = 2020 .

7.11.  Tim phan du trong phép chia sau:

o
-
lan )
b
I
b
N
+
b
©
+
b
©
&
|
w
(@]
=.
QD
(@)
=
o
x
N
+
X
+
=

7.12. a)Xacdinhhésba, bdé f(x)=x>+2x*>+ax+b chiahétcho g(x)=x"+x+1.
b) Tim da thirc du trong phép chia P(X) = X+ X 4+ X2+ x° +x+2020 cho dathic Q(X)=x*+1,

7.13. Tim phan du ciia da thic f(x) chia cho da thic g(x) = x* —2x — 3 biét rang f(x) chia cho (x+1) va (x —
3) ¢6 s6 du lan luot 14 -45 va -165.

7.14. Tim céc gia tri nguyén cua x dé gia tri cua da thac C = x’ —3x* —3x -1 chia hét cho gia tri cua da
thirc D = X% + x + 1.

7.15. Xac dinh a, b sao cho f(x) = 6x* —7x® + ax* + 3x + 2 chia hét cho g(x) = x* - x +b.

7.16. Chodathac f(X)=2x"—x’—x*—x+2vadathic g(X)=x*+1.Tim xeZ d f(x)chia hét cho g(x)
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7.17. Tim da thic f(X)biétring f(x)chia choX—2thi du2, f(x)chiacho Xx—3thidu 7 va f(x)chiacho

x? —5X+ 6 thi dugc thuong 1a 1—X* va con du.

7.18. Cho dathac f(X)=x*+ax’+bx—a—1. Xac dinh a,bdé f(x):x—2 va f(x)ix-1.

7.19. Tim thuong va du ciia phép chia f (X) =2x* —3x* +4x—5¢cho x+2

7.20. Tim céc s a,b,c biét ring da thae P(x) =x"+ax® +bx* +cx+1 chia hét cho (x—1)°.

7.21. Xac dinh cac hé s6 a va b dé da thic A = x* —2x” + 3x* + ax + b 14 binh phuong ciia mét da thuc.

Chuyén dé 8. PHEP CHIA HET TREN TAP HOP SO NGUYEN

A. Kién thic cdn nhé

1. Khai niém: Cho a,b 1a hai s6 nguyén va b khac 0. Ta néi a chia hét cho b néu ton tai s6 nguyén q sao cho a =

bq.

Khi a chia hét cho b thi ta ndi b 1a u6c ctia a hay b chia hét a; a 1a boi cua b.

Luu y : Khi a chia hét cho b thi a ciing chia hét cho - b.

2. Mot s6 tinh chat thuwong dung

a)
b)
c)
d)
e)
f)

g
h)

Néu a chia hét cho b, b chia hét cho c thi a chia hét cho c.
Néu a, b chia hét cho m thi ax + by ciing chia hét cho m ( x, y 14 s6 nguyén )
Néu a chia hét cho tich m.n thi a chia hét cho m, a chia hét cho n. ( diéu ngugc lai khong ding)
Néu a chia hét cho m, n v4i (m , n) = 1 thi a chia hét cho tich mn.
Néu tich a.b chia hét cho m ma (b, m) = 1 thi a chia hét cho m.
Cho p 1a s06 nguyén t6. Khi d6, néu tich ab chia hét cho p thi a chia hét cho p hoac b chia hét cho p.
Khi chia n + 1 s6 nguyén duong lién ti€p cho n (n > 0) luon nhan dugc hai s6 du bang nhau.
Tich clia n s6 nguyén lién ti€p ludn chia hét cho n (n > 0).
Trong n s6 nguyén lién ti€p ( n > 0) luon c6 duy nhat mot so chia hét cho n.
Cho a,b 1a hai s6 nguyén va b khac 0. Khi do, ton tai duy nhat cap s6 nguyén (q; r) sao cho
a=bq+rva 0 <r<|b|-1.

Chob>0vaatuyy.

Khi d6, néu chia a cho b thisé duchicéthé1a0,1,2,...,b- 1.

B. Mot s6 vi du
I - PHUONG PHAP XET SO DU
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Vi du 1. Chiing minh réang :
a) ab(a+b)chiahétcho2vdia,b e Z.
b) A =n(n’+1 )(n’ + 4) chia hét cho 5 v6in € Z.
Giai
Tim céach giai. Dé chitng minh A(n) chia hét cho k, ta c6 thé xét moi trudng hop vé s6 du khi chia n cho k.

Chang han:
Cau a. Chung ta xét cac truong hop sé du khi chia a; b cho 2.
Cau b. Chiing ta xét cac truong hop s6 du khi chia n cho 5.
Trinh bay loi giai
a) Xét cdc trudng hop vé s6 du khi chia cho 2, ta ¢6 :
e NEéu it nhit a hoac b chia hét cho 2 thi ab chia hét cho 2.
e Né&u a vab cung khong chia hét cho 2 thi chiing cuing 1€ suy ra a + b chan do d6 a + b chia hét cho 2.
Vay ab(a + b) chia hét cho 2 v6ia, b € Z.
b) Xét cac trudong hgp vé s6 du khi chia cho 5, ta ¢6 :
e Néun =5k (k € Z)thi A chia hét cho 5.
e Néun=5k=*1thin’=5m+ 1(m € Z) nénn’ + 4= 5m + 5 chia hét cho 5 suy ra A chia hét cho 5.
e Néun=5k*2thin>=5m+4 (m e Z)nénn’+ 1= 5m + 5 chia hét cho 5 suy ra A chia hét cho 5.
Vay A =n(n” +1 )(n® + 4) chia hét cho 5 v6in € Z.
Vidu 3. Chox,y,zlaciac s6 nguyén sao cho (X - y)(y -z)(z- X) =X +y + Z.
Chiing minh rang x + y + z chia hét cho 27.
(thi hoc sinh gici Todn 9, Thanh Phé Ho Chi Minh, vong 2 - ndm hoc 1995- 1996)
Giai
Tim cach giai. Nhan thdy x + y + z chia hét cho 27 tic 1a (x - y)(y - z)(z- x) chia hét cho 27. Vi vay ching ta

can xét s du khi chia x, y, z cho 3. Tuy nhién néu xét riéng thi nhiéu truong hop qué, do tinh hoan vi ching ta
c6 thé xét cac truong hop cling sé du, khac sé du.

Trinh bay loi giai

Xét cdc truong hgp vé so du khi chia cho 3, ta ¢6 :

e Néu x,y, z chia cho 3 ¢6 cdc s0 du khac nhau thi : x -y, - z, z- x cung khong chia hét cho 3, con X +y + z

chia hét cho 3 do d6 (x - y)(y - z)(z- X) =X + y + z khong xay ra.
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e Néu X, y, zchi cé hai s6 chia cho 3 ¢6 cling s6 du thi x -y, y -2z, z- X chi cé mot hiéu chia hét cho 3 con x +

y + z khong chia hét cho 3 do do

(X - y)(y - 2)(z- X) =X + y + z khong xay ra.
Do d6 x, y, z chia cho 3 ¢6 cing s6 dusuyrax -y, y - z, z - X chia hét cho 3 .
Vay x +y + z= (X - y)(y - z)(z- X) chia hét cho 27.
II - PHUONG PHAP PHAN TICH TICH
Vi du 3. Ching minh ring P = a’b — ab’ chia hét cho 30 véi a, b 12 hai s6 nguyén bat ky.

( thi hoc sinh gici Todn 9, Toan Qudc , nam hoc 1985 - 1986)

Giai
Tim céch giai. Nhan thdy rang néu dung phuong phap xét s6 du cho 30 thi nhiéu truong hop qué nén khéng

kha thi. Ta sir dung phuong phdp phan tich thanh tich: dé chiing minh A(n) chia hét cho k, ta phan tich k ra thira
sO0 k =p.q, néu (p; q) = 1, ta chiing minh A(n) chia hét cho p va A(n) chia hét cho q.

Mt khac 30 = 2.3.5 ma (2; 3) = (3; 5) = (5; 2) = 1 nén ta chi can ching minh P chia hét cho 2; 3; 5. MOi

truong hop ching ta ding ky thuat xét sé du.

Trinh bay loi giai

Ta c6: P =ab(a’ + b*)(a* — b?)

Vi30=2.3.5ma(2;3)=(3;5)=(5;2) =1nén ta chitng minh P chia hét cho 2; 3; 5

e Chung minh P chia hét cho 2.

- Né&u it nhit a hoac b chan thi ab chia hét cho 2.

- Né&u a vab cung Ié thi a- b chia hét cho 2.

e Chtng minh P chia hét cho 3.

- Né&u it nhat a hoac b chia hét cho 3 thi ab chia hét cho 3.

- Néu a, b cing khong chia hét cho 3 thi chiing ¢6 dang 3k + 1 suy ra a*, b> c¢6 dang 3m + 1 nén a® - b’ chia
hét cho 3.

e Chung minh P chia hét cho 5.

- Ne&u it nhit a hoac b chia hét cho 5 thi ab chia hét cho 5.

- Néu a, b cung khong chia hét cho 5.

> Néu a, b c6 mot trong cic dang 5k * 1 hodc 5k + 2 thi a®, b* ¢6 cling dang 5Sm + 1 hodc 5m + 4 nén a’ -

b? chia hét cho 5 .
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> Néu a, b c6 mot s6 ¢6 dang 5k £ 1 con mot s6 ¢6 dang 5k + 2 thi a> va b> ¢6 mot s6 ¢6 dang Sm + 1 con
mot s6 ¢6 dang 5m + 4 nén a’ + b’ chia hét cho 5 .

Vay P chia hét cho 30.
Vi du 4. Chiing minh ring mot s6 c6 dang: P =n* — 4n’ — 4n” + 16n ( vé6i n 12 s6 chin 16n hon 4 ) thi chia
hét cho 384.

(thi hoc sinh gioi todn 9, Toan Quéc - Nam hoc 1970- 1971)
Giai
Tim cach giai. Ta nhan thiy biéu thirc c6 thé phan tich thanh nhan tir duoc: n* - 4n® - 4n® + 16n = n(n - 4)(n -
2)(n + 2). Vin chin 16n hon 4 nén n = 2k + 2 ( k € N¥). thay vao biéu thac P ta dugc : P = 2k + 2)(2k+ 2 -
4)(2k +2 - 2)(2k + 2 + 2) = 16k(k - 1)(k + 1)(k + 2). Mat khac ta c6 384 = 16.24 do vay ching ta chi can ching
minh k(k - 1)(k + 1)(k + 2) chia hét cho 24.

Trinh bay loi giai

Tacod:n*-4n*-4n’+ 16n =n(n-4)(n - 2)(n + 2)

Vin chin 16n hon 4 nén n = 2k + 2 (k € N*) thay vao biéu thirc P ta duoc :
2k +2)2k+2-4)2k+2-2)2k + 2+ 2) =16k(k - I)(k + 1)(k + 2).

e k,k+1,k+2c6motso chia hét cho 3.

e k—1,k,k+1,k+2cé hai s6 chan lién ti€p, nén mot s6 chia hét cho 2, mot s6 chia hét cho 4 suy ra k(k -

1)(k + 1)(k + 2) chia hét cho 8.
Do d6 k(k - 1)(k + 1)(k + 2) chia hét cho 24 vi (3; 8) =1
hay 16k(k - 1)(k + 1)(k + 2) chia hét cho 16.24 tic 1a n* - 4n’ - 4n” + 16n chia hét cho 384.
111 - PHUONG PHAP TACH TONG
Vi du 5. Ching minh ring véi moi s6 nguyén a ta déu c6 (a’ + 5a) 1a s6 nguyén chia hét cho 6.
(thi hoc sinh gioi Todn 9, Thanh Phé Ha Néi , nam hoc 2008- 2009)
Gidi
Tim cach giai. Nhan thy vi du nay cd thé giai dugc bang ky thuat xét s6 du. Song chung ta c6 thé giai bang
phuong phap tach tong: D& ching minh A(n) chia hét cho k, ta ¢6 thé bién déi A(n) thanh tong clia nhiéu hang
tir va chiing minh mdi hang tit chia hét cho k. Do d6 ta chi can tach a® + 5a=a® - a + 6a, sau d6 chung té a* - a
va 6a cing chia hét cho 6.
Trinh bay loi giai

Tacéa’+5a=2a’ -a+6a.
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Maa® -a=(a- 1aa+ 1) chia hét cho 6 vi la tich cua ba sé nguyén lién tiép va 6a chia hét cho 6 véi moi s&
nguyeén a.
Vay (a’ + 5a) 12 s6 nguyén chia hét cho 6.
IV -PHUONG PHAP SU DUNG HANG PANG THUC
Vi du 6. Chitng minh ring véi moi s6 nguyén duong n, sd A(n) =5"(5"+ 1) — 6°(3" + 2") chia hét cho 91.
(tuyén sinh I6p 10, THPT chuyén PHSP Ha Néi, Vong 1 - ndm hoc 1997-1998)
Giai
Tim cach giai. Nhitng bai toan chitng minh chia hét ma biéu thuc ¢ sé mii n hoic qua 16n ching ta c6 thé six
dung két qua cia cc hang dang thitic mé rong :
a" — b" chia hét choa—b (a #b ) vGi n bat ky.
a"—Db"chiahétchoa+b (a#-b)voinchan.
a"+b"chiahétchoa+b (a#-b)vGinlé.
Trong vi du nay, ta ¢6 91 = 7.13 va (7; 13) = 1. D& chitng minh A(n) chia hét cho 91, ta ching minh A(n) chia
hét cho 7 va 13. Vay chlng ta chi can nhém céc hang tir mét cach thich hop.
Trinh bay loi giai
Ta ¢6 91 = 7.13 va (7; 13) = 1. Dé chitng minh A(n) chia hét cho 91, ta chiing minh A(n) chia hét cho 7 va 13.
Tacé A(n) =25"+ 5" — 18" — 12",
Ap dung tinh chat (an — b“)i(a - b)véi moi a, b, n 1a s6 nguyén duong va a #b.
25"- 18" chia hét cho 25 - 18 tiic 1a 25"- 18" chia hét cho 7.
12"- 5" chia hét cho 12 - 5 ttic 1a 12"- 5" chia hét cho 7.
Vay A(n) = 25" 18" - (12"~ 5") chia hét cho 7.
25"-12" chia hét cho 25 - 12 tic 1a 25"- 12" chia hét cho 13.
18" - 5"chia hét cho 18 - 5 tic 1a 18" - 5" chia hét cho 13.
Vay A(n) = 25" 12" - (18" 5") chia hét cho 13.
Suy ra s6 A(n) =5"(5"+ 1) - 6"(3" + 2") chia hét cho 91.
Vi du 7. Chitng minh rdng néu n 1a sé nguyén duong thi 25" + 7" — 4™ (3“ + 5“)chia hét cho 65

(Tuyén sinh 16p 10, THPT chuyén, Ha Néi , nam hoc 2014 — 2015)
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Giai
Ta c6 65 = 13.5 va (5; 13) = 1. D& chiing minh biéu thtrc chia hét cho 65, ta chiing minh biéu thirc chia hét cho
13 va 5.

Taco 25" +7" - 4" (3" +5") = 25" +7" —12" - 20".
Ap dung tinh chét (a“ - b“)i(a —b) Vi moi a, b, n 12 s nguyén duong va a # b
25"-12" chia hét cho 25 - 12 titc 1a 25"- 12" chia hét cho 13.
20" - 7"chia hét cho 20 - 7 tac 1a 20" - 7" chia hét cho 13.
25" + 7" — 4" (3“ + 5“)chia hét cho 13
25"-20" chia hét cho 25 - 20 tic 1a 25"- 20" chia hét cho 5.
12" - 7"chia hét cho 12 - 7 ttc 1a 20" - 7" chia hét cho 5.
25" +7" —4" (3" +5" ) chia hét cho 5
A= (25“ - zon) - (12n - 7“)55 ma UCLN (5; 13) = 1 nén A : 65.
V - PHUONG PHAP DUNG NGUYEN LY PIRICHLET
Phuong phap giai
Néu nhét n + 1 tho vao n cdi 16ng thi chac chin ¢6 mot 16ng chia it nhat hai tho.
- Trong n s6 nguyén lién ti€p thi c6 mot s6 chia hétchon (n > 1)
- Trong n + 1 s6 nguyén bat ky thi c6 it nhat hai s6 c6 cung s6 du khi chia cho n
(nx1).
Vi du 8. Chitng minh ring ton tai s6 tu nhién n khic 0 thoa man (13579" - 1) chia hét cho 3'*".
(thi hoc sinh gidi todn 9, Thanh Phé Ha Noi , nam hoc 2005 - 2006)
Giai

Xét 3'%7 g6 sau : 13579 ; 13579%; 13579° ; .....; 13579

313579 . . -
dem chia cho 3'*" ta nhan dugc 3'*°” s6 du.

Ma 13579 khong chia hét cho 3 nén trong cac s6 trén khong c6 s6 nao chia hét cho 3 do d6 ching nhan cac s

du trong cdc s6: 1;2; 3; ...; 3 — 1 nén ton tai hai s6 c6 cung s6 du .
Gia st d6 1a hai s6 13579" ; 13579 (i>j)=> 13579' - 13579 chia hét cho 3'*°”

=13579/(13579' ¥ - 1) chia hét cho 3" ma (13579 ; 3) = 1 nén (13579' 7 - 1) chia hét cho 3" véin =i —j.

Tir d6 suy ra di€u phai chiing minh.
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Nhdn xét. Ching ta c6 thé giai dugc bai toan tong quat sau: V6i a va p 1a hai sé nguyén té cting nhau. Véi s6 tu

nhién k chitng minh ring ton tai s6 tu nhién n khic 0 thod man (a" - 1) chia hét cho p*.

Vi du 9. Chitng minh ring trong 5 s6 nguyén bat ky bao gio ciing tim dugc 3 s6 c6 téng chia hét cho 3.

(thi hoc sinh gioi Todn 9 Thanh Pho' Ha Noi , nam hoc 2000- 2001)
Giai
bat5s6ddlaa, b, c,d, e. DPem 5 s6 chia cho 3 ching chi nhan cac s6 dula 0; 1; 2.

e Néu ton tai 3 s6 c6 cling s6 du thi tong ba s6 d6 chia hét cho 3.

e Né&u khong ton tai 3 s6 c6 cuing s6 du thi nhi€u nhat chi ¢6 2 s6 ¢6 cung s6 du khi chia cho 3, suy ra phai cé

3 56 ¢6 s6 du khéc nhau khi chia cho 3. Tong 3 s6 nay chia hét cho 3.

VI - PHUONG PHAP DUNG QUY NAP TOAN HOC
Phuong phap giai
Trong todn hoc, khi dung quy nap dé chiing minh A(n) chia hét cho k véi n > n, ta thuc hién :

« Buoc 1. Chiing minh A(n) chia hét cho k v6i n = n,,

e Budc 2. Ching minh v6i moi m = n, , gia sit néu A(m) chia hét cho k ding , ta phai chang minh A(m + 1)
chia hét cho k.

e Buwoc 3. Két luan.

Vi du 10. Véi moi n nguyén duong, ching minh rang: A(n) = 7" + 3n - 1 chia hét cho 9.

Giai

e V6in=1thi A(1)=7+3-1=9 chiahétcho9.

e Gidi st bai to4n diing véi n = k( k > 1), titc 12 A(k) = 7° + 3k - 1 chia hét cho 9. Ta cin ching minh ménh dé
ding v6in =k + 1. That vay :

Taco: Ak +1)=7""+3(k+1)-1=7.7"+3k + 2

=AKk+1)=7.(7"+3k-1)-18k +9. Vi 7"+ 3k - 1 chia hét cho 9 va 18k ; 9 chia hét cho 9 = A(k + 1) chia

hét cho 9. Nhu vay bai toan ding véi n =k + 1. Do d6 bai toan ding véi moi n la s6 nguyén duong.

Vi du 11. Ching minh ring v6i méi s6 nguyén duong n thi 12***' + 11" chia hét cho 133.

Giai

e Véin=1,téng 12° + 11° = 2926 = 22. 133 chia hét cho 133.
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e Gid sir ménh dé ding véin =k (k 2 1), tic 12 12**' + 112 chia hét cho 133. Ta cin ching minh ding véi
n=k+1.
Taco: 123 + 1183 = 14412 + 111152 = 133,12 + 11.( 12 + 1142,
MB&i s6 hang clia téng chia hét cho 133 nén 12 + 11**? chia hét cho 133.
Nhu vay bai toan ding v6i n =k + 1. Do d6 bai toan ding véi moi n la s6 nguyén duong.
VII - PHUGNG PHAP DUNG PONG DU THUC
Phuong phap giai
Hai s6 nguyén a va b chia cho s6 nguyén m ( m # 0) c6 cung s6 du ta néi a dong du v6i b theo modun m, ki
hiéu a=b ( mod m).
VéGia,b,c,deZvam eN*taco:
e a=b(modm); b=c(modm)= a=c (modm)
¢ a=b(modm); c=d(modm)= a+c=b+d(modm);
a-c=b-d(modm);a.c=b.d(modm)
e a=b(modm)=a"=b"(mod m) véin eN*

e a=b(modm);ce N* = ac=bc(modm)Vdic e Z

Vi du 12. Cho A=27309" + 27309 +27309'" +......+27309'"" . Tim s6 du trong phép chia A cho 7.
(thi hoc sinh gioi Todn 9, Thanh Phé Ha Noi , nam hoc 2008- 2009)
Giai
Tim céch gidi. Nhan thiy 27309 =2 (mod 7), mat khac 22 =8 =1 (mod 7)=2% =1 (mod 7) nén ta can tim
dong du ctia s6 mil voi 3.
Trinh bay loi giai
Tac6 10"=1(mod 3) véin eN = 10"=3k + 1 (v6i k eN) (1)
Ta 627309 =2 (mod 7) = 27309 **'=2%*'=2.8"=2 (mod 7) (2)
Tit (1), (2) Tac6 A =2 +2 +... + 2 (mod 7)
= A =20 =6(mod7)
Vay so du trong phép chia A cho 7 1a 6.
Vi du 13. V6i méi s6 ty nhién n , dat a, = 3n” + 6n + 13. Chiing minh rdng néu hai s6 a, , a, khong chia hét cho 5

va c6 s6 du khac nhau khi chia cho 5 thi a; + a; chia hét cho 5.
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Giai
Tacé a, =3(n+ 1)>+ 10.

Ta thay néu a, khong chia hét cho 5 thi n + 1 khong chia hét cho 5 suy ra :(n + 1)’= 1 hoidc 4 (mod 5) = a,=3
hoac 2( mod 5). Do d6, néu a;, a; déu khong chia hét cho 5 va c6 s6 du khdc nhau thi a;,+ a;=3+2= 0 (mod 5)

nén a, + a; chia hét cho 5.
IX- PHUONG PHAP AP DUNG TINH CHAN LE
Phuong phap giai
Mot s6 bai todn chia hét ta ¢6 thé giai nhanh biang nhan xét sau :
e Trong hai s6 nguyén lién ti€p thi c6 mot s6 chan va mat so 1€.
e Tong hodc hiéu ciia mot s6 chan va mot so 1€ 1a mot s6 1€.
e Tong hoic hiéu cha hai s6 chdn 1a mot s6 chan.
e Tich cua cac so 1¢ 1a s6 18.
e Trong tich chta it nhit mot s6 chan thi két qua 1 6 chin.
Vidu 14. Cho a, ; a,; a5 ;....., a; la cdc s6 nguyén va b, ; b, ; b ;....., b, cling 1a s6 nguyén d6 , nhung 14y theo
thit tw khdc. Chiing minh rang (a, - b)) (a, - b,)... (a, - b,) 1a s6 chan.
( Thi Hoc sinh gioi Anh , nam 1968)
Giai
Tim cach giai. Phan tich tir két luan, ching ta chiing to phai c6 mét nhan tir 1a s6 chan. M&i nhan tir 1a mot
hiéu, tong 7 hiéu nay bang 0 ( s6 chan), nén cac hiéu nay khong thé toan 1a sé Ié dugc, ma phai cé it nhat mot s6
chan. Tir d6 ta co diéu phai chirg minh.
Trinh bay loi giai
biatc,=a,-b, v611=1,2,3,...,7.Tacod :
Ci+ Cpt e + ¢,=(a, -b)+(a, -b)+...+(a, - b))
=(a,+a+a;+...+a,)-(b+ by,+b;+..+b,)=0
Vicé s6 1€ ¢, , tdng mot s6 s6 12 0 thi phai c6 it nhat mot s6 chdn => c,. ¢, ... ¢, chia hét cho 2, suy ra diéu phai
chitng minh.
Vi du 15. Cho P = (a+ b)(b+ ¢)(c + a) - abc v6i a, b, ¢ 1a cac s6 nguyén.
Ching minh rang néu a + b + ¢ chia hét cho 4 thi P chia hét cho 4.

(Tuyén sinh 16p 10, THPT chuyén Chu Vdn An, Amsterdam, Vong 2 - Nam hoc 2005- 2006)
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Giai
Tim cach giai.
Tacé P = (a+ b)(b+ c)(c + a) - abc =(a + b)(bc + ab + ac + c?) — abc
=(a+b)ab+abc+ (a+b)c(a+Db+c)—2abc
=(a+b+c)(ab + bc + ca) - 2abc.
Do a + b + ¢ chia hét cho 4 nén trong 3 s0 a, b, ¢ ¢6 it nhat mot s chan.
Suy ra 2abc chia hét cho 4.
Ma (a+ b + c¢)(ab + bc + ca) chia hét cho 4 suy ra P chia hét cho 4.
C. Bai tap van dung
8.1. C6 thé tim duoc s6 tu nhién n dé n*> + n + 1 chia hét cho 2025 hay khong ?
8.2.
a) Ching minh rang n’ - n + 2 khong chia hét cho 6 v6i moi s6 tu nhién n.

b) Chitng minh ring n’ - n chia hét cho 24 v6i moi s6 tu nhién n 18.

8.3. Cho a va b 1a cac s6 nguyén sao cho a” + b* chia hét cho 13. Chung minh ring tdn tai it nhdt mot trong hai
s6 2a + 3b ; 2b + 3a chia hét cho 13.

8.4.Cho a, b, ¢ la cdc s6 nguyén , chitng minh rang (a’+ b’ + ¢’ ) chia hét cho 3 khi va chi khi (a + b + ¢) chia hét
cho 3.

8.5. Cho s6 M = 1993"7 + 1997'**
a) Chiing minh rang M chia hét cho 15.
b) HoOi M tan cung bang chit s6 nao ?
(Thi Hoc sinh gioi Todn 9, Thanh Phé Ho Chi Minh, vong 1 , Nam hoc 1992- 1993)
8.6. Chiing minh rang A= 2903" — 803" — 464" + 261" chia hét cho 1897.
(thi vo dich toan Hunggary , nam 1978)

8.7. Cho X 1a mot tap hop gém 700 s6 nguyén duong doi mot khac nhau, méi s6 khong 16n hon 2006. Ching
minh ring trong tap hop X luon tim dugc hai phan tir x, y sao cho x — y thuoc tap hop E= {3 ; 6; 9}

(Tuyén sinh l6p 10, THPT chuyén DHSP Ha Noi, Vong 2 - ndm hoc 2006-2007)
8.8. Chirng minh rang néu m chia hét cho 2 thi <m3 + 20m) chia hét cho 48, véi m 1a mot sé nguyén.
(Thi hoc sinh gioi Todn 9, Binh Phudc, nam hoc 2012-2013)

8.9.Véi a, b 1a cac s6 nguyén . Chung minh rang néu 4a” + 3ab — 11b® chia hét cho 5 thi a* — b* chia hét cho
5,
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(thi hoc sinh gioi Toan 9, Hdi Duong , nam hoc 2012-2013)

8.10. Chung minh rang néu téng hai s nguyén chia hét cho 3 thi tong lap phuong cua ching chia hét cho
9.

(thi hoc sinh gioi Toan 9, tinh Vinh Long , nam hoc 2012-2013)
8.11. Cho A =1n*" +n*" +1. Tim tit ca cic s6 tu nhién n dé A nhan gia tri 1a mot s6 nguyén té.
(thi hoc sinh gioi Toan 9, tinh Nghé An, nam hoc 2011 — 2012)
8.12. Cho da thirc bac ba f(x) vai hé s6 cia  x® 12 mot s6 nguyén duong va biét
f(5) — f(3) = 2020. Chitng minh rang f(7) — f(1) 1a hop sb.
8.13. Cho s6 nguyén k.
a) Chitng minh (k* + 3k + 5) chia hét cho 11 khi va chi khi k = 11t + 4 v6i t 12 s6 nguyén.
b) Chitng minh (k* + 3k + 5) khong chia hét cho 121.
(tuyén sinh 16p 10, chuyén todn, Phd Thong Ning Khiéu, PH QG TP Ho Chi Minh,

nam hoc 1996- 1997)
8.14. Cho a,b, ¢ khac 0 thoa man diéu kién: (ab +bc + Ca)2 = a’b® + b*c* + c*a’

Chang minh ring a® + b’ + ¢’ chia hét cho 3.

8.15. Cho A(n)=n’ <n4 - 1)Ch1'rng minh rang A(n) chia hét cho 60 véi moi sb tu nhién n.

8.16. Cho P = (a + b)(b + c)(c - a) + abc
a) Phan tich P thanh nhan tu .
b) Chttng minh rang néu a, b, ¢ 1a cac s6 nguyén ma a + b + ¢ chia hét 6 thi P — 3abc ciing chia hét cho 6.
8.17. Cho a,b,c,d la cac sé nguyén thoa man a° +b° =4(c’ +d°).
Chuang minh rang: a+b+c+d chia hét cho 5.
(thi hoc sinh gioi toan 9, tinh Quang Binh, nam hoc 2010-2011)

a® a® a .. .. e :
8.18. Cho A:ﬂ+§+ﬁwﬂ ala so ty nhién chan. Hay chitng minh A c0 gié tri nguyén.

8.19. Cho a, =2""+2" +1vah =2*""—2""+1. Chirng minh rang voi moi s6 tw nhién n, c6 mot va chi

mot trong 2 s6 a_ hoic b, chia hét cho 5.

8.20. Chung minh rang néu p 1a sé nguyén t6 Ién hon 3 thi p®—1:24.

Chuong Il
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PHAN THUC PAI SO

Chuyén dé 9. PHAN THU'C PAI SO. TINH CHAT PHAN THU'C PAI SO

A. Kién thic cdn nhé
1. Phan thic dai so

e Mot phan thic dai s6 (hay néi gon 1a phan thiic) 1a bi€u thiic ¢6 dang S , trong d6 A, B la nhitng da thtic va
B khac da thitc O. A dugc goi 1a tr thitc (hay tr), B duoc goi 1a méu thic (hay mau).

e Mai da thitc ciing dugc coi nhu mot phan thiic ¢6 mau thitc bang 1.

e Maoi s6 thuc a bat ky ciing 12 mot phan thic.
e Hai phan thiic gvé % goi 1a bang nhau néu A.D = B.C.

é:E néu A.D=B.C
B D

2. Tinh chat co ban cua phan thirc

¢ Tinh chdt co ban .

- Néu nhan ca tir va mau cua mot phan thiic v6i cing mot da thic khac da thic 0 thi duge mot phan thiic méi
bang phan thitc da cho:
A AM

— =—— (M Ia da thic khac da thic 0).
B B.M

- Néu chia ca tir va mau ctia mot phan thic cho mot nhan tir chung ctia ching thi dugc mot phan thitc méi
bang phan thitc da cho:

A A:N

— =—— (N la nhan t& chung).
B BN 2
¢ Quy tdc doi ddu .
Néu déi diu ca tlr va miu cia mot phan thiic thi dugc mot phan thite bing phan thic di cho : S = ll: .

B. Mét s6 vidu

; .. 4x°-16 A
Vi du 1. Tim da thic A, biét rang: }i—6=— .
X" +2x X

Giai
s s N2 , . A C o
Tim céch giai. B¢ tim da thirc A, chdng ta dung B D khi va chi khi A.D =B.C

Trinh bay 16i gidi

C4x*-16 A
U —5——=—suyra

T 2
X“+2 X
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X(4x* -16) _ x[(2x)? —4°] _ x(2x—4)(2x+4) _ x2(x=2).2(x+2)
X24+2x  x2+42X X(X+2) X(X+2)
2016x +2017y
3x-2y

A= = 4(x—2) =4x—8

Vidu 2. Cho 0 < x <y va 2x? + 2y* = 5xy. Tinh gi4 tri cia P =

Giai

Tim céch giai. Quan sat, chlng ta nhan thiy gia thiét chira da thirc bac hai dbi véi bién x, y, con két luan 1a
phan thirc ma tir va mau 1a da thic bac nhat di véi bién x, y. Do vay ching ta tim méi quan hé giira x va y tir
gia thiét dé biéu dién x theo y hoic nguoc lai. Véi suy nghi iy, chiing ta phén tich da thirc thanh nhan tir tir diéu
kién tht hai.

Trinh bay loi giai

Tu 2x* + 2y* = 5xy < 2x° —5xy +2y° =0

2x% — 4xy — Xy + 2y° =O<:>(2x—y)(x—2y) =0

Taco y>Xx>0=22y>Xx=>Xx-2y<0=>2x-y=0=>y=2x

2016x + 2017.2
Tir d6 ta co: P = X X _ _6050.
3x —2.2x

Vidu 3. Chox, ythéaman x* +2y* +2xy —6x -2y +13=0.

x? = 7xy + 52
X—y '

Tinh gié tri cua biéu thac H =
Giai
Tur gia thiétsuy ra x* +2xy +y* +y> —6x -2y +13 =0
<:>(x+y)2—6(x+y)+9+yz+4y+4=0
<:>(x+y—3)2+(y+2)2 =0
X+y—-3=0 X =5
= =
v+2=0 y=-2
25 -7.5(~2) + 52
S5+ 2

Tuddtaco H = =21.

, x® —3x° +3x* —x* + 2020
Vidu 4. Cho biéuthuc x> —x—1=0. Tinh giatri Q = .
Y euta gl Q = e 3% “3x 2020

Giai
Tim céch giai. Ta khong thé tim x dé rdi thay vao biéu thirc duoc, bai két qua x khong phai sé tu nhién, thay
vao Q tinh rat phuc tap. Do vay ta c6 hai dinh huéng :
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e Hudng suy nght thir nhét, viét tir thuc va mau thire dudi dang (x* —x—1).q(x)+r(x) xem phan phép chia da
thac, tur d6 ta tim duogc Q.

e Hudng suy ngi thtr hai, chling ta quan sét thay c6 dang hang ding thuc, bién doi gia thiét khéo 160 dé xuat
hién thanh ta thae va mau thac .

Trinh bay loi giai

Céch 1.

e Taco x"—3x +3x* —x* +2020 = (X’ —x —1)(x* - 2x* + 2x" - x + 1) + 2021
e Taco x"—x’ —3x" —3x+2020 = (X" - x—1)(x* +x* + 2x" + 2x + 1) + 2021

V6i X% — x- 1 =0 thi tir s6 12 2011 : mAu sb 1a 2021.

2021
Viy Q=251
By Q=o0m

Céch 2.
o Tach: X —x-1=0=x"=x+1= x> =(x+1)°
=X =X +3x* +3x+1=>x* —x*-3x* —3x =1
Suy ra mau s bang: 1 + 2020 = 2021.
e TacoX —x-1=0=x"-x=1<(x*-x)’=1
=x*-3x°+3x'—x*=1
Suy ra tir s6 bang: 1+ 2020 = 2021.

A 2021
Vay Q = M_ =1.

n’+4

Vidu5. Cho P= - véi n 12 sé ty nhién. Hay tim tat ca cac s tu nhién n trong khoang tir 1 dén 2020 sao
+

cho gia tri ciia P chua téi gian.
Giai

n*+4 29

Taco P= =N-5+—— ygi neN
n+5 n+5 '

Pé phan sb P chua tdi gian téi gian thi UCLN (29;n+5)=d(d #1)
Khido n+5:d vi 29:d =d=29=n+5:29

Hay N+5=29%(k e N") = n=29k -5

Ma 1<n<2020=1< 29k —5< 2020 < 6 < 29k < 2025

:>£ <k< 69ﬁ:> ke{l?2,3,...,69}
29 29

Vay céc b tu nhién n can tim c6 dang N=29K =5 ygi ke{L,2,3,...,69}
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Vidu 6. Vai gia tri ndo cua x thi:

a) Gia tri cua phan thac A = duong;
e A , -10
b) Gid tri cua phéan thirc B = am;
X+ 21
s R x—-21
c) Gia tri cuia phan thirc C = 0 duong.
X p—

Giai
Tim céch giai. Khi giai nhitng dang toan nay ching ta can sir dung kién thirc sau:

e Phén thl’l'CE ¢ gia tri duong khi va chi khi A va B cung dau.
e Phan thucg 6 gia tri am khi va chi khi A va B khac dau.

Trinh bay loi giai

1
a) 0 >0 x-9>0<x>09.
X—-9
-10
b) <0 x+21<0e x<-21.
X+ 21
x—-21 N N 4 N N o -
C) 10>0<:>X—21vax—lOcungdau;max—10>x—21nenx—21>Ohoacx—10<0<:>x>21hoac
X_
x <10.
C. Bai tap van dung
9.1.
) A X*4+3x+2
a) Tim da thic A, cho biét = 5
X—2 X“—4
M X*+3x+2
b) Tim da thitc M, cho biét = .
x=1 X+1

9.2. Choavab la cac s6 thoamana>b > 0va a’ —a’b + ab”* — 6b®> = 0.Tinh gia tri caa biéu thic
a* —4b*

B )
b* — 4a*

9.3. Cho a, b thda man 10a* — 3b* + 5ab = 0 va 9a° # b’

2a-b 5b-a

Tinh gia tri biéu thic P = + )
glatn 3a-b 3a+b
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. 2020 - 2015 . 2 _ 2
94. Sonao lénhon;: A=— vaB-= 2020° — 2015 )
2020 + 2015 2020% + 2015°

9.5. Vi gid tri nao cua x thi:

a) Gia tri cua phan thac A = duong;

X—2

A

b) Gia tri cua phan thirc B = am;

Xx—-3

. R x-1
c) Gia tri ciia phan thirc C = - duong.

9.6. Chang minh va&i moi s6 nguyén duong n thi:

n3

-1 LA Aia Lo .,
a) ———— la phan so khdng toi gian.
n"+n+1

6n +1
b) —
8n+1

1a phan sé toi gian.

9.7.  Tim gia tri 16n nhat ciia cac phan thic sau:

a)A = % ’

X" +2x+4
b)B = 2;

4x" —4x+3

. _ . 2x* — 3xy
9.8.Cho 2x+y =11z ; 3x —y=4z. Tinhgiatri Q = —/——.
X" + 3y
9.9.Choa,bthéa mén 5a*+2b* =11abva a>2b>0.
: . 4a’ —5b°
Tinh gia tri cua biéu thuc A= ———.
a”+2ab
9.10. Cho 4a’+b®=5abva 2a>b>0. Tinhgiatri P :4?—bb2.
a —
4 _ 3 _
9.11. Cho x théa man ZL = 1. Tinh gia tri biéu thic P = X - 3x +18x 1.
x’-x+1 2 X' —2x* +7x+1
, ~ 2 2 . e =R , 3X2y—1
9.12. Cho X, ythéaman x°—2xy+2y°—2x+6y+5=0. Tinh gia tri biéu thac N = 2 .
Xy
9.13. Cho a,bla hai s6 nguyén duong khac nhau, thoa mén 2a? +a = 30® +b. Chting minh rang Za;zsl la
a+2b+

phan sb téi gian.
(thi hoc sinh gioi toén lop 9, tinh Quang Ngai, nam hoc 2013-2014)
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Chuyén dé 10. RUT GON PHAN THU'C
A. Kién thic cén nhé
Muon rit gon mot phan thiic ta cé thé:
Phan tich tifr va mau thanh nhan tlt ( néu cdn) dé tim nhan tir chung;
Chia ca tr va mau cho nhan t&r chung.

- Chii y: C6 khi can déi d4u & tlir hodc mau dé nhan ra nhan tir chung ctia tir va mau ( luu ¥ t6i tinh chat A = - (-
A)).

B. M6t s6 vi du
Vi du 1. Rat gon biéu thirc sau:

a)A—w.
Cxtex-12
a® —5a’+4
b)B_a4—aZ+4a—4’
0 C= X +x*—4x—-4
x* +8x* +17x+10
Giai
a)Tacd A = x> +2x+1-9 _ (X+1)2—9 _(x+1—3)(x+1+3)
_X2+4X—3X—12_X(X+4)—3<X+4)_ (X+4)(X—3)
A_(X—Z)(X+4)_X_2
_(x+4)(x—3)_x—3'
b) Taco B= 2 —8 —4a’ +4 _ (e’ -1)-4(" 1)

a4—(a2—4a+4) a4—(a—2)2

g (@Y -4)  (a-)(ar1)(a-2)a+2)

(az—a+2)(a2+a—2) (az—a+2)(a—1)(a+2)

(a+1)(a—2).

a’—a+2

xz(x+1)—4(x+1) ~ (X+1)(X2—4)

c)Tacd C= ——— > =
X’ + x> +7x* +7x +10x + 10 (x+1)(xz+7x+10)

(x+1)(x—2)(x+2)_x_2

C:(X+1)(x+2)(x+5)_x+5'
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Vi du 2. Choa, b, c d6i mot khac nhau thoa man ab+bc+ca=1. Rit gon biéu thic sau:
_(a+b)*(b+c)’(c+a)’.
T (1+a?)(@+b?)@+c?)
Giai
Tim cach giai. Nhan thdy mau thire c6 thé phan tich thanh nhén tir bing cach st dung gia thiét. Do vay nén
thay 1 = ab + bc + ca vao mau va phan tich da thirc thanh nhan tir. Nhitng bai todn rat gon c6 diéu kién, ching
ta nén van dung va bién d6i khéo 1éo diéu kién.
Trinh bay loi giai
Thay 1=ab+bc+ca, ta duoc 1+a° =a® +ab+bc+ca
1+a* =(a+b)(a+c).

Tuong tu:1+b* = (b+c)(c+a)
1+c* =(c+a)(c+h).

Vay, A= (a+b)*(b+c)*(c+a)’ =1
Y T @b arobrabrocacth)

a’-4a*-a+4

Vi du 3. Cho biéu thuc P = ———
a —7a  +14a -8

a) Rat gon biéu thuc P.

b) Tim gia tri nguyén cua a dé P nhan gié tri nguyén .

Giai

Tim cach giai. Khi rit gon biéu thirc, chling ta can phan tich tir thirc va mau thac thanh nhén ta.

Pé tim gia tri nguyén cua a, chling ta can tach phan nguyén va cho phan phan thic c6 gié tri nguyén. Chang han

N 4 3 ~ N A A A A N A A N 7z -7 . n A

P =a—+; thi ta viet P =1+—2, vi 1 1a s0 nguyén nén dé P la so nguyén thi iz cé gia tri nguyén. Do vay
a-— a- a—

a— 2 phai 1a uéc sb cua 3.

Trinh bay loi

a) Taco:
a’-4a’-a+4
a®—7a*+14a-8
b 2@-g)-(@a-2
"~ a-2a*-5a’+10a+4a-8
B (a>-1)(a-4)
" a%’(a-2)-5a(a-2)+4(a-2)
P (a+)(a-)(a-4) a+l
(a-D@-4)@-2) a-2°

P
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b) Ta c6: P:1+i @#2)
a-2

Viy, PeZ & €Z ®a-2e{+1;+3} <:>ae{—1; 1 3 5} .

x+xP-xP—2x-2

xt+2xd—x?-4x -2

Vi dy 4. Cho phan thic F(x) =

Xac dinh x dé phan thirc F(x) ¢6 gid tri nho nhét.

Giai

Tim céch giai. Trong phan thuc F(x) thi bac cua tir thuc va mau thic 13 4, kha 16n. Do dé viéc tim gia tri nho
nhat gap nhiéu kho khan, vay can rat gon biéu thuac F(x). Khi F(x) viét duge dudi dang phan thirc ma tir thire va
mau thte 1 bac hai, ta tim cuc trj bang cach Iy biéu thuc

F(x) - m, sao cho két qua tir thirc viét duoc dusi dang hang dang thirc (a + b)z .
Trinh bay loi giai

X* 4+ x3—x?—2x-2

F(x)=
) X*+2x3 —x? —4x-2
X* 4+ x3+x2—2x% —2x -2
F(x) = 2 3, o2 2
X'+ 2X°+ X —2X"—4x-2
F(x) = XX+ x+D)-2(x +x+1) (X2+X+1)(X2—2)
X2 (P +2x+1) —2(x* +2x+1) (XZ +2X+1)(X2 _2)
X2+ x+1
F(X)=——7—
) X2 +2x+1
3 X+x+1 3 4x*+4x+4-3x2-6x-3 (x-1)?
4 Xx“+2x+1 4 4X° +8x+4 4(x+1)

Suyra F(x)z% DAau bang xay ra khi x=1 .

Vay gi tri nho nhit cia F(x) =% khi x = 1.

X*—x*—x+1

Vi du 5. Cho biéu thic B=————— :
X"+ X7 +3x"+2(x+1)

Chuang minh rang biéu thic B khdng am véi moi gia tri

cua x.

Giai

Tim cach giai. Chiing minh biéu thirc khéng &m véi moi gi tri cua x, ta can phai rat gon biéu thuc. Sau do
chtng té tir thirc khéng &m va mau thirc duong.

Trinh bay loi giai
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B xX*(x=1)—(x-1)

(R HX+D) + 203 + X +1)
C(xX=DP(P+x+1)  (x-1)°
(X)X +x+1) X242

B (xz—l)2
X°+2

>0.Vay B khbng &m véi moi gia tri cia x .

(19862 —1992).(19862 +3972 —3).1987

Vidu 6. Tinh P =
) 1983.1985.1988.1989

(Thi Hoc sinh gioi Newyork (My)- ndm hoc 1986-1987)
Giai
Tim cach giai. bai toan nay chira s6 kha Ion. Nhiéu sb gan véi 1986, do d6 rat tu nhién ta dat 1986 = x, rdi biéu
dién cac s6 gan voi 1986 theo x, ta duoc biéu thirc P bién x. Sau d6 rat gon biéu thirc P.
Trinh bay loi giai
bat 1986 = x.
(x2 - X - 6)()(2 +2X + 3)(){ + 1)
(x— 3)()( —1)()( + 2)()( + 3)
(xz —3X+2X — 6)(){2 - X+3x— 3)(x + 1) ~ (x - 3)(x + 2)(x —1)(x + 3)()( - 1)
(X—3)(X—1)(X+2)(X+3) (X—3)(X—1)(X+2)(X+3)

P=x+1hay P=1996 + 1 =1997

Nhdn xét. Phuong phép giai bai trén 1a dai s6 hod bang cach dat x = 1986, sau d6 rit gon phan thic dai so.
Nhiéu biéu thiic s6 ta c6 thé giai bang dai s6 nhu trén.

Tacod P =

P=

C. Bai tap van dung
10.1. R0t gon biéu thuc:

2x° —7x* —12x+45

3x® —19%x° +33x -9
_ (a-1)*-11(a-1)*+30
~ 3(a-1)"-18(a%-2a)-3’
10.2. Rt gon biéu thic:

b) N

n®+2n* -1

A= 3 2
n +2n“+2n+1
X =2x 4+ 2%° —4x2 —3x+6
- X2 +2x—8 ’
N = xy? +y?(y? —x)+1
Xy 42yt + X +2

M
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abc+a+b+c—(ab+bc+ca+1)

10.3. R0t gon hiéu thic: P =
: a’b +1—(a2 +b)

(2003°.2013+31.2004—1).(2003.2008 + 4)

2004.2005.2006.2007.2008
(tuyén sinh 10, THPT chuyén DHSP Ha Noéi, ndm hoc 2003- 2004)

10.5. Choa,b,c ddi mot khac nhau thoa man ab+bc+ca=1. Rat gon biéu thirc sau:

_(a®+2bc—1)(b* +2ca—1)(c* +2ab—1)
) (a—b)*(b—c)*(c-a)’ '
X'+ +x+1
X' —x}+2x* —x+1
a) Rat gon biéu thic A.
b) Chitng minh rang, A khdng &m vé&i moi gia trj cua x .
3x*+3
X+ 2C+TX°+2X+6
a) RUt gon biéu thie M .
b) Tim gia trj 16n nhat cua phan thiac M .

10.4.Tinh gia tri biéu thic sau: P =

B

10.6. Cho A=

10.7. Cho phén thuc M =

10.8. Rt gon phan thuc:
x° —2x* +2x° —4x* -3x+6

X2 —x—2

14+ X+ X% 4.4 X
T+ ot X

A=

2020

X’ +y? +27°

10.9. Cho = = ¥ = 2 Ruit gon bidu thirc P = .
a b ¢ (ax+by+cz)

a(b2 +CZ)+b<a2 +(:2)+C<a2 +b2)
ab+bc+ca-3

(x? +a)1+a)+a’x® +1

(x* —a)1-a)+ax? +1

x? —x

(1+Xy)2 —(X+y)

10.10. Cho a + b + ¢ = abc. Chitng minh rang: = abc.

10.11. Chuang minh rang gia tri biéu thicc P = khong phu thuoc vao gia tri cia x.

10.12. Tinh gia tri biéu thicc P =

—, VGi X = - 499; y = 999.

X(X+5)+ y(y+5)+2(xy —3)

X(X+6)+ y(y +6) + 2xy
ax® + by’ + ¢z 1

bc(y—z)2+ca(z—x)2+ab(x—y)2 “a+bic

10.13. R0t gon rdi tinh gid tri biéu thic A = Véi x +y = 2020.

10.14. Cho ax + by + ¢z = 0. Chang minh ring

Chuyén dé 11. PHEP CONG VA PHEP TRU CAC PHAN THU'C PAI SO
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A. Kién thic cén nhé

1. Cong hai phan thitc ciing mau thiic

Quy tdc. Muon cong hai phan thitc cing mau thic , ta cong céc tir thitc v6i nhau va giit nguyén mau thic:
2. Cong hai phan thiic ¢c6 mau thitc khac nhau

- Quy tdc. Muon cong hai phan thic ¢6 méu thic khidc nhau, ta quy déng méu thic réi cong cac phan thitc c6
cung mau thic vira tim dugc.

- Chii y. Phép cong cac phan thiic c6 cac tinh chat sau:

+ Giao hoan: é+C = C

C.A
D B’
ke (A1 C] ELAL(CLE
D F B D F
1. Phan thic doi

- Hai phan thic dugc goi 1a d6i nhau néu tong ctia ching béang 0.

- Phan thic do6i cua phan thic gdugfc ki hiéu boi —g .

o

\%

ALy _TA
B B

w | >

Nhu vay _A =
B
2. Phép tru

Quy tdc : Muon trix phan thitc S cho phan thic % ta cong S vGi phan thic doi cua % :

A_C_ A{_Ej

B D B D)

B. Mot s6 vi du

Vi du 1. Thyc hién phép tinh :

x“—(x—l)2 . XZ—(xz—l)2 . xz(x—l)z—l
(x2+1)2—x2 X (x+1)" -1 x* —(x+1)’

Giai

Tim cach giai. Quan sat ky cac phan thic, nhan thay tir thac cia mdi phan thirc déu phan tich da thic thanh
nhan tir dugc, do vay ta nén phan tich thanh nhan tir ca tir thirc va mau thirc va rit gon méi phan thie trude khi
thuc hién phép cong.

Trinh bay loi giai

Ta cé:

A (x2 —x+1)(x2 +x—l) N (x+x2 —1)(x—x2 +1) N X —x—l)(x2 —x+1)

(
(x2 +1- x)(x2 +1+ x) (x2 +x—1)(x2 + x+1) (x2 —x—l)(x2 + x+1)
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_ x2+x—1+x—x2+1 x> —x+1

= A= 5 > +—
X+ X+1 X +x+1 x“+x+1
2
X +x+1
:>A=2—=1.
X +x+1

Nhén xét. Trong khi thuc hién phép tinh cong, trir cic phan thiic dai s6, néu phan thic nao rit gon duoc, ban
nén rit gon trude khi thuc hién.
a b c

Vi du 2. Cho a,b,c thoa man abc = 1. Tinh gid tri M = + +
ab+a+1 bc+b+1 ac+c+1

Giai
Thay 1= abc vao biéu thic , ta c6:
_ a N abchb N c
ab+a+1 bc+abcb+abc ac+c+abc
Mo & ab N 1
ab+a+l l+ab+a a+l+ab
_ab+a+1
ab+a+1
Nhdan xét.

e Loi giai trén tinh t€ khi giit nguyén mot miu thifc va thay s6 1 vao vi tri hop 1i dé rit gon phan thiic, dua
céc phan thic vé cling mau.

e S dung k¥ thuat trén ban c6 thé giai duoc bai todn sau : Cho a,b,c, d thod man abcd = 1. Tinh gid trictia
biéu thiic:

_ 1 N 2 4 3 4 4 .
1+2a+3ab+4abc 2+3b+4bc+bcd 3+4c+cd+2cda 4+d+2da+3dab
1+1+2a+4a3+8a7

a-b a+b a*+b*> a‘+b* a’+b®’

N

Vi du 3. Riit gon biéu thic: B =

Giai
Tim cach giai. Quan sat cac phan thuc, ching ta nhan thidy khong c6 miu cia hang tar ndo phan tich dugc
thanh nhan tir nén viéc quy ddng mau thic tat ca cac hang tir 1a khéng kha thi. Nhan thdy mau caa hai phan thic
dau c6 dang a — b va a + b, thyc hién trudc tong hai phan thic thic nay cho ta két qua gon. Véi suy luan ay,
ching ta tiép tuc cong két qua ay véi phan thic tiép theo.
Trinh bay loi giai

2a_, 2a | 4a° . 8a’
a’—b*> a’+b® a‘+b' a’+p°
4 .\ 4a° s 8a’

a’-b* a*+b* a’+b°

Taco: B=

=B
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8a’ 8a’

=B= +
a’-b® a’+b’
16a"

=B

a’ . b? . c?
a’+2bc b*+2ac c*+2ab’

Vidu 4. Cho(a+b+c)” =a? +b?+c?. Ruit gon bidu thic: P =

Giai
Tim cach giai. Nhan thiy néu quy déng mau truc tiép 1a khdng kha thi boi cac mau hién tai khong phan tich
thanh nhan tr dwoc va néu quy ddng thi biéu thic rat phic tap, mat khac chua khai thac duoc gia thiét. Phan
tich gia thiét ta dwoc ab+ bc + ca = 0, khai thac yéu t6 ndy vao miu thuc ta duoc:
a’ +2bc = a® + 2bc —ab — bc —ca va phan tich thanh nhan tir dugc. Do vay ta cé 16i giai sau:
Trinh bay loi giai
T (a+b+c)2 =a’+b?+c? taco: a®+b*+c?+2(ab+bc+ca)=a’+b* +c’
nén ab+ bc + ca=0.
Xét a* + 2bc = a* + 2bc —ab — bc — ca
= a’—ab—ca+bc
=(a—b)(a—c).
Tuong ty ta c6: b* +2ac=(b—a)(b—c);
c’+2ac=(c—a)(c—b).
a2 b2 2

+ +
(a-b)(a—c) ' (b-a)(b-c) " (c-a)(c-b)
a’(b-c)+b*(c—a)+c’*(a-h)

(a-b)(b—c)(c-a)

Phan tich tr thic thanh nhan tb, ta c6: P =—

Do ddtaco: P=

=>P=-

(a—b)(b—c)(a—c)_1
(a-b)(b-c)(c-a)
3x*+3x+3 A B 1

= + +
X*=3x+2 (x-1* x-1 x+2

Vidu 5. Tim A, B thoa man:

Giai

Tim cach giai. Pé tim hé sb A va B, ching ta bién d6i vé phai. Sau d6 dong nhat hé sb hai vé.
Trinh bay loi giai

Taco
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X2 =3X+2=x>—Xx=2x+2=X(X+1D)(x-1) - 2(x-1)
=(x=)(X* +x-2)
=(x-1)%(x+2)
Tu do suy ra:

3x% +3x+3 A B 1
K-12(x+2)  (x=1 @ x-1 x+2
_AX+2)+B(x—1)(x+2) +(x—1)?

(x=1)*(x+2)

= 3x* +3x+3=(B+D)x*+(A+B-2)x+(2A-2B +1)

bong nhat hé so ta co:
B+1=3
A=3
A+B-2=3 =
B=2
2A-2B+1=3

X’ —yz N y? - Xz 7’ — Xy

(x+y)(x+z) (v+z)(y+x) (x+z)(y+2)

Vi du 6. Thyc hién phép tinh: A =

Giai

Tim cach giai. Suy nghi trude bai nay, ta c6 hai hudng phan tich:

Huéng thir nhat. Quy dong mau, thuc hién phép cong nhu thudng Ié.

Huéng thir hai. Tach mdi phan thirc thanh hiéu caa hai phan thic, roi khi lién tiép. Trong bai nay, céch nay
khong ngan, song thé hién duoc nét dep va sang tao.

Trinh bay loi giai

x’ —yz vy — Xz 7’ — Xy

+

Céchl.TaCéiAz(X+y)(X+z) (y+z)(y+X) (x+z)(y+Z)

(xz —yz)(y +z) +(y2 —XZ)(X+ z)+ (22 —xy)(x + y)

A:

(X+y)(x+z)(y+z)
A Xy + X’z —y’z - yz' + xy* + y’z - X’z — xz* + x2* + yz* — X’y - xy°
- =0.
(x+y)(x+z)(y+z)
Cach 2. Ta co:
X’ —yz _X2+Xy—xy—yz_X(X+Y)_Y(X+Z)_ X |y 1)
(x+y)(x+z)_ (X+y)(x+z) - (X+y)(x+z) X4z X4y

2_
Tuong tu y —x2 =7 z (2)

(y+z)(y+x)_x+y_y+z
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zZ-xy _ z X
(z—x)(z+y)_y+z X+2Z

3)

T (1), (2) va (3) cong Vé véi vé ta duoc A = 0.

3k?+3k +1

(K21 k) vGimoi k >1
+

Vidu7.Cho a;;a,;....; a, dugc xdc dinh boi cong thic: a, =

Hay tinh gia tri cla tong: 1+, +a, +....+a,.
(tuyén sinh \6p 10, THPT chuyén PHKHTN , PHOG Ha Noi |
nam hoc 1999 - 2000)
Giai
Tim céch giai. Bai toan c6 tinh quy luat, thay sb vao tinh 1a khdng kha thi. Do vy chung ta nghi t6i viéc tach
méi phan thire thanh hicu caa hai phan thic, rdi khir lién tidp. Nhan thay 3¢ +3+1=(k+1)' =k’
ta c6 loi giai sau :

, Nén chdng

Trinh bay loi giai
3 +3k+1 (k+1)°-k* 1 1

Tacé: a, = = - = _
KR K (kD) K (k1)

Do d6:S =1+a, +a, +....+ 4,

=1+(1—%j+(%—%)+...+(%—%} :2_i:1999
) \2 3 9° 10 10° 1000 |
1 1 1 1

Vi du 8. Rt gon biéu thuc: M =— +— +— +— ;
X°=5X+6 X —-7Tx+12 X" -9x+20 x“-11x+30

Giai
1 1 1 1
+ + +
X*—Bx+6 x*—7x+12 x*-9x+20 x®*-11x+30
1 1 1 1
M = + + +
(x=2)(x—=3) (x—-3)(x—-4) (x—4)(x-5) (x-5)(x—6)

1 1 1 1 1 1 1 1
= - + - + - + -
X—2 X-3 X-3 x-4 x-4 x-5 x-5 x-6
1 B 1 -4
X—2 X—6 (x—=2)(x—6)

Tacod: M =

M

M

C. Bai tap van dung

11.1. Xac dinh cac sb a, b biét : Sx+1 __ a | b

(x+1)" (x+1)" (x+1)"
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. ? 2_ 2x+3)° — X2
11.2. Ruit gon bidu thitc: A_ 20X°+120x+180  5x*-125 ~ (2x+3)

(3x+5)2—4x2 9x2—(2x+5)2 3(x2+8x+15)'

a‘'-a 3’ —2a a’—4
a’+a+1 a a-2
a) Rat gon biéu thuc P ;
b) Tim gia tri nho nhat caa biéu thic P .

11.3. Cho P=

4 2
11.4. cho biéu thuc Q = 2X X g2l
X*—x+1 X+1
a) Rat gon biéu thie Q;

b) Tim gié tri nho nhét cua Q.

a’+1 a*-1 a*-a*+a-1
+ + .

11.5. Thuc hién phép tinh: M = > -
a a" -a a-a

2 2 2 2
11.6. bat == X =Y _ 4 Tinh gia tri bidu thoc M= =3, X =V
X -y X 4y X -y X 4y

8 |, ,8 8 .8
X+ X -
y o xX-y

2X% +X* +2X+5
2x+1
X y . 2(x-y)
3_1_ 3 _ NN
y x>-1 Xx°y°+3

11.7. Tim gié tri nguyén cia x dé biéu thirc sau nhan gia tri nguyén A=

11.8.Chox+y=1vaxy #0. R0t gon biéu thuc: A=

11.9. Cho 3sé thuc X, y, z théa man x+y+z =0 va xyz #0.

2 2 2

, X z

Tinh P = 7 2 21T yz 7 T2 2 _2°
V2422 —x2 224xi-y? XP+yi-z

( Tuyén sinh 1ép 10 THPT chuyén, TP. Hé Chi Minh,
nam hoc 2014- 2015)

11.10. Cho ba sé thyc x, y, z d6i mot khac nhau thoa man diéu kién 1.1,
X y z

Tinh gi4 trj biéu thac A=—> 424 %
X“+2yz Yy +2zX 27 +2Xxy

(tuyén sinh I6p 10, THPT chuyén, TP Hé Chi Minh,
nam hoc 2013 — 2014)
11.11.Cho@X+by=ciby+cz=ajcz+ax=b3 a+b+c=0 Tinh gia trj cua biéu thuc:
1 1 1
=
Xx+1 y+1 z+1
11.12. Choa, b thoa man4a’ +2b*—7ab=0y34a” —b* =0
“ A:3a—b+5b—3a
Tinh gia tri cua bidu thec: ~ 2a-b  2a+b

P
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3P+ 52428 7343 1023 +50°
......... ST

. ., .2 T ~3 43 + 3 3 + 3 3 +
11.13.Tinh gia tri cua biéu thae: ~ 2°-1 3°-2° 4°-3
11.14. Cho céc sb thuc x, y, z thoa man diéu kién:
1 — 6 . Tl'nh P — X2020 + y2020 +22020.

1 1
X4y ++ S+ S+
z

X
3 5 2n+1

sttt
127 @3 7 [n(n+D)]
2x—-1 5bH-X

+
3Ix—-1 3x+1

Tinh gia tri biéu thic A biét ring 10x” + 5x = 3.
11.17. R0t gon biéu thuc:

11.15. Rut gon biéu thic : B =

11.16. Cho biéu thuc A =

. 1
(voi x # ig)

A 2X + 3y B 6 — xy xX'+9
Xy+2X—-3y-6 Xy+2x+3y+6 x?-9°

11.18. Cho a, b, ¢ 1a ba sé d6i mot khac nhau, tinh.

S ab N bc N ac
ol a) ©a)fa b)) @ B)bo)
11.20. Rat gon

1 1 1 1 _
a) A= + + + ;
X?+9x+20 x*+11x+30 x°+13x+42 x> +15x+56

=— 2 +— 4 +— S .
X“+4Xx+3 X +10x+21 x°+17x+70

b)B

Chuyén dé 12. PHEP NHAN VA PHEP CHIA CAC PHAN THU'C PAI SO
A. Kién thic can nhé

Quy tdac : Mu6n nhan hai phan thitc, ta nhan céc tir thic v6i nhau, cdc mau thitc véi nhau: S-% = —gg
Phép nhdn cdc phdn thitc c6 cdc tinh chdt :
e (Giao hoan : éoE = E-é :
D DB
e Két hO'p étg .E = éo E.E ;
BD/F B\DF

e Phan phéi di véi phép cong : o S+ E|-AC L AE

B\D F BD BF

1. Phan thiic nghich dao. Hai phan thitc dugc goi 1a nghich ddo clia nhau néu tich cua ching bang 1.
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Téng quét, néu g 1a phéan thuc khéic O thi g-% =1, do do6 glé phan thitc nghich dao ctia phan thic % .

2. Phép chia

Quy tdc. Muon chia phan thitc g cho phan thic %khéc 0, ta nhan g vGi phan thic nghich dao cua % .

AC AD . C

— i —=—e— V6l — #0.
B D BC D

B. M6t s6 vi du
Vi du 1. Thuc hién cac phép tinh sau:

_12x+5  4x+3 +12x+5 6-3x |
X+9 360x+150 x+9 360x+150°

_ X+3y 4x-2y Xx+3y x-3y
3X+y X—-y 3X+Yy X-y

a)

b) P

Giai
Tim céch giai. Nhan thay trong cac biéu thirc déu c6 phan thirc chung. Do d6 nén van dung tinh chat phan phéi
cta phép nhan nham dua bai toan vé dang don gian hon.
Trinh bay loi giai
a) Dung tinh chat phan phoi, ta c6:

_12x+5 ( 4x+3 6—3x ]_12x+5 X+9 1

. + _ -
Xx+9 | 360x+150 360x+150 X+9 30(12x+5) 30

b) Dung tinh chét phan phéi , ta c6:

P

_ X+3y [(4x=2y Xx-3y|_X+3y 3x+y _X+3y
3X+y | X=y  X=y ) 3X+y X-y x-y
Vi du 2. Riit gon biéu thic:

33’ -2ab-b’* 3a’-4ab+b?
2a’+ab—-b? "3a’+2ab-b?’

(tuyén sinh 10, Truong PTNK, DHQGTP Hé Chi Minh ,
nam hoc 2004 — 2005)
Giai

- (a - b)(3a + b) ' (a - b)(3a—b) B (a - b)(3a + b) (3a—b)(a + b)

(Za - b)(a + b) . (3a-b)(a + b) (Za - b) (a + b) (a - b)(3a-b)

B:3a+b.
2a—-b
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Vidu 3. Cho x +y + z = 1. Chiing minh réng gid tri bi€u thiic sau khong phu thuoc vao gid tri ctia bién s6 :

(x+ y)2 (y+z)2 (z+x)2

P= . : .
Xy+zZ yZ+X IX+Yy

Giai
Tim céch giai. Khai thac diéu kién bai toan, nhan thiy véi diéu kién nay ching ta cé thé can bang bac & mau va
phén tich thanh nhén tir dugc xy +z =Xy + z.(x+ y+2) =(z+x).(z+y). Do vay ching ta c6 loi giai sau:
Trinh bay loi giai
Thay 1 =X +y +z vao mau s, ta duoC : xy+z=Xxy+z(X+y+2)=(z+x).(z+Y)
va tuong tu ta co:
yz+x=(x+y)(X+2)
zx+y=(x+y)(y+2z)
(x+ y)2 (v+ z)2 (z+ x)2
(x+z)(y+z) (x+y)(x+2z) (x+y)(y+2)

Tuwdosuyra: P =

=P=1

Vi du 4. Cho a + b+ ¢ = 0. Chiing minh rang tich sau khong phu thudc vao bién s6 :
_ 4bc-a® 4ca—b® 4ab-c?

" bc+2a® ca+2b* ab+2c?

o e

Giai

aM

4bc-a* 4bc—(b+c)’ =—(b2—2bC+C2): —(b—c)2 )
bc+2a® bc+a’-a(b+c) bc+a’-ab-ac (a-b)(a-c)

a) Ta co:

4ca—b2= —(C—a)2
ca+2b® (b-a)(b—c)

Tuong tu ta co: 2)
4ab-c>  —(a-b)’

ab+2c?  (c-a)(c-b) 3)

Tur (1) va (2), (3) ta c6:

M- Abc-a® 4ca-b® 4ab-c’ =—(a—b)2(b—c)2(c—a)2 _
bc+2a* ca+2b® ab+2¢®  —(a—b)’(b—c)’(c—a)’

Vay gia tri biéu thitc M khong phu thudc vao gid tri ciia bién.
b) Ta c6:
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s

_a+b c+b a+c_(-¢)(-a)(-b)

) ) =-1,
b c a abc

Vay gid tri biéu thitc N khong phu thudc vao gia tri clia bién.

Vi du 5. Cho x 1a sb thuc am thoa man x° +X—l2 = 23.Tinh gié tri biéu thic A= x> +%.

Giai

Tim céch giai. Do két luan c6 dang hing ding thirc a® + b% nén dé tinh gia tri biéu thuc, ching ta can tinh duoc
X +§ . V6i suy nghi 4y, chiing ta khai thac diéu kién dé tim x +% . Tir d6 chung ta c6 10i giai sau:

Trinh bay loi giai

2
Tu gia thiét x* +i2=23:> x? +2+i2=23+2:>(x+1] =25
X X X

1
Vix<0nén Xx+—==-5.
X

Taco
3
A=y +i3=(x+1] —3.(x+3)= (=5)° —3.(-5)
X X X
A=-110

Vi du 6. Rat gon biéu thirc voi n 14 s6 nguyén duong :

oA o

Giai
Tim céch giai. V&i phép nhan céc biéu thuc theo quy luat, chung ta thudng xét phan thic c6 dang tong quat.
Sau d6 phan tich thanh nhan tir ca tir va mau dang tong quat 4y. Cudi ciing thay cac gié tri tir 1 dén n vao biéu
thue va rat gon.
Trinh bay loi giai

2 k2+3k+2_(k+1)(k+2)

X1t e k(k+3)  k(k+3)

thay k =1; 2; 3; ....;n ta dugc:

2.3 34 45 (n+1)(n+2) 234..(n+1) 3.45..(n+2)
1425367 n(n+3)  123.n  456..(n+3

A=

S—
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n+3

a b c

+ + =0

Vi du 7. Cho a, b. ¢ d6i mét khac nhau théaman b—¢ c¢—a a-b  Tinh gia tri cua biéu thic:
a b C

+ +

(b—c)* (c-a)* (a-h)*

Giai

Tim céch giai. Quan sat phan gia thiét va két luan cua bai toan, ching ta nhan thay cé nhiéu diém giéng nhau.

Do vy, dé khong phtc tap ching ta van dung gia thiét va tao ra tirng hang tir cua phan két luan. Sau d6 cong
lai.

Trinh bay loi giai

a b c
+ +

Tacg: b—-Cc c-a a—b:0
a b c
<:>b—c+c—a=b—a
ac—a’+b’-bc ¢
- (b-c)(c-a) b-a
a’—b’+bc—ca ¢
o (b-c)c-a)a-b) (a-b)’ 1)
b  c*—a’+ab—bhc
Tuongty: €-3)° (@-b)b-c)c-a) ()
a _ b’-c’+ca-ab
(b-c)’ (a-b)b-c)c-a) (3

a b c
. 7T 2 T 7 =0.
Cong timg vé cia (1); (2) va (3) => 0—¢)° (c-a)" (a-b)

Nhan xét. Tur két qua ta thay a, b, ¢ khdng thé cling diu duoc do vay ban co thé giai duoc bai toan sau: Cho

, . a b c s z A

a,b,c d6i mot khac nhau thoa mén 5 + + 0 =0. Chtng minh rang trong ba s6 sau a, b, ¢ ton tai mot
-C c—a a-

s6 khdng am va mot s6 khong duong.

C. Bai tap van dung

2_
12.1. Ratgon bidu thie: A=(_ X =3 TX+10y x+7
X—2 X +2Xx+4 XxX°-8" X" +2x+4

12.2. Chang minh riang véi x # 0; x = +1 thi biéu thirc sau c6 gié tri khdng phu thudc vao bién.

N X2+ x+1 X2 —x+1) x*+x*-x*—x
X+x  X*-x ) X+1 '
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2 2 4 2 2
12.3. Rutgon biéu thic: A= (> = 1Y +y—22  4X 2+4x y+y’-4
2y—Xx  2y°+Xxy—xX X2+ Y+ XY + X

12.4. Cho biéu thuc: P:{ (=D 1-2x+dax, 1 }SXSXX-
_|_

+
3x+(x—1)? x* -1 x—1
a) Rut gon biéu thic P .

b) So sénh P voi % .

2 x? — X

3 3 2
12.5. Cho p{x 1, X +1].2(x 2x+1)
X"—=X X" +X

a) Rat gon biéu thic P.
b) Tim x nguyén dé P nhan gia tri nguyeén.

2
126. Cho A=| >~ - XY |} ¥ 1 |.X
yvVi+xy x+xy) (xX*-xy* x+y) vy

a) Rut gon A
b) Timx, yd¢ A>1vay<0.

- S 1
12.7. Cho x 14 s6 thyc duong théa man diéu kign x* +—==7.
X

. 2 1 . 2
Tinh gia tri biéu thac A=x’+—= va B=x"+—
X X

12.8. Thuc hién phép tinh:

1"+4 5*°+4 9*+4 17°+4

a) A= : —— :
) F+4 7' +411°+4 19°+4
1“+£11 34+ll1 54+Ll1 294+£11
DB s 1
2°+— 4"+— 6+~ 307 +-—
4 4 4

12.9. Cho hai s6 thuc a, b thoa didu kién ab =1, a+b # 0. Tinh gia tri cua biéu thuc:

1 1 1 3 1 1 6 1 1

" [—b—j (—;J 5[;7}
(a+b) (a+b) (a+b)

b?+c®-a’ :az—(b—c)z

2bc "7 (b+c)’ -a?
12.11. Cho a, b, c la nhitng s6 nguyén thoa méan:

12.10. Cho x=

. Tinh gia tri biéu thiac P = xy + X + .
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(1 1 1)2 1 1 1
—t =t | =SS+
b

a b c al c2_

Chang minh ring @ +b° +¢” chia hét cho 3.
12.12. Rt gon biéu thirc véi n 12 s6 ty nhién :

a)B:(l_Lj.[l_Lj.[l_Lj ..... ﬂl_L}wm—,.

6.12 7.13 8.14 n(n+6)

b)C=(1+2—2].[1+iJ.(1+2—2J ..... {1+2—2],v<’yin>0.
1.5 2.6 3.7 n(n+4)

Chuyén dé 13. BIEN DOI CAC PHAN THU'C HO'U Ti

A. Kién thic cdn nhé

e MO0t biéu thiic 1a mot phan thic hodc biéu thi mot ddy phép todn cong, trlr, nhan, chia trén nhitng phan thiic
goi 1a biéu thic hitu ti.

e Nho cdc quy tic clia cdc phép toan cOng, trit, nhan, chia cac phan thiic ta c6 thé bieén déi bi€u thic hitu ti
thanh mot phan thic.

e Diéu kién chia bién dé gia tri tuong Gng ctia mau thic khéac 0 1a diéu kién d€ gia tri cta phan thic duoc xdc
dinh.

B. M6t s6 vi du

X 34X

[ 6—x) 1
"3 )2
Vi du 1. Rut gon bidu thac: A=x—3+ > _2 24

Giai
Tim céch giai. P6i véi nhiing biéu thirc phire tap, nhiéu tang 16p phan thirc, ching ta nén bién d6i dan dan ¢ tir
thirc cua ting phan thire trude. Sau d6 duoc biéu thie don gian hon, roi rit gon tiép.

Trinh bay loi giai

(1_6—Xj1 X 3+X

Tacd: A=x-3+ 8 2_2 4
2 2
3—-6+X
A—x_3+_3 _2x-3-X
4 8
12 8
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A=(x—3)(1+i—1j= 23x—69
12 8 24

4 3 L 2
Vi du 2. Cho biéu thic B=B_£X4_x +1J_X x(4x-1) 4] X* +29x+78

x> +1) X" +6x°—x—6 | 3x*+12x—36

a) Rat gon biéu thuc A.

b) Tim tat ca c4c gia tri nguyén cia x sao cho A c6 gia tri nguyén.
Giai
Tim céch giai. Nhitng biéu thirc ¢ nhiéu ngoic, ching ta thuc hién trong ngoic tron trude, sau do thuc hién
dén ngozc vudng.Khi thuc hién ching ta nén rat gon biéu thirc néu c6 thé nham dua vé nhitng phan thic don
gian hon.
Trinh bay loi giai

a) Taco
A _§_ x° +x4—x4—1lx3—4x2+x—4] (x+3)(x+26)
2 x? +1 (x+6)(x*=1) | 3(x+6)(x—2)

A_:E_xs—l (x—=4)(x*+1) | 3(x+6)(x—-2)
12 X+l (x+6)(xX* -1) | (x+3)(x+26)
A__§_x—4} 3(x+6)(x-2)
12 x+6] (x+3)(x+26)

_ 3X+18-2x+8 3(x+6)(x—2)
T 2(x+6) T (x+3)(x+26)
_ X+26 3(x+6)(x—2) 3x-6
©2.(X+6) (X+3)(x+26) 2x+6

b)Tap xac dinh x ¢{L; 2;,-3;-6;-26}

AeZ:ZA:BX_lZ:BX_B:(S— 15 c 7
2X +6 xX+3 Xx+3

Suy ra cac truong hop sau

X+3 1 -1 3 -3 5 -5 15 -15

X -2 -4 0 -6 2 -8 12 -18

So sanh vai tap xac dinh va thu lai thi xe{-2;-4,0;-8;12,-18} thi AeZ

a2+a—2j[(a+2)z—a2 3

- neN’
a"t -3a" 43* -4 aza] (nel)

Vi du 3. Cho biéu thae M = (

a) RuUtgon M.
b) Véia>2.Chingminhring: 0<M<1.
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Giai

a) Tacé-M:(a—l)(a+2) 4da+4 3
; a"(a-3) |4a+)(a-1) a(a-1)

M_(a—l)(a+2)_ 4a 12
~ a"(a-3) |4a(a-1) 4a(a-1)

v - @-D@+2)  a-3
~ a"(a-3) |a(a-1)
:a+2

n+l °

a

M

a+2<a+a 2a 2 2

b) Taco:M = (via<2)= M <
a

n+1 an+1
mat khac: a+2>0;a" >0 =M >0 .
Tir d6 ta c6 diéu phai chiing minh.
Vi du 4. Rt gon biéu thic

y X y X
Giai
X2+ Y2+ xy [x—yj2
, x o \xy
Taco: P=
aco L2+L2_x2+y2
y> X Xy
I:):x2+xy+y2 (X=y)* x*+y' = (x> +y*)xy
xy  xy? x°y*®
p_ X HXy+y" (x=y)* X +y =Xy -y
Xy L Xty x*y?
P:XZJFXYJFY2 (x—y)? x’y*
xy oy T (x=n)(¢-yd)
X +xy+y? (x—y)° x°y? 1
P: . > o ¢ 2 2 2 =
Xy XY (X=Y) (X Xy +YT) Xy

Vidu 5. Gia str x, y, z 1a céc s6 thuc khac khong, thod man hé dang thic:

(ol
X| —+—|+Y| —+— [+2Z| —+—|=-2
y 2 z X Xy
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. 1 11
Hay tinh gid tri cua biéu thic: P = " +—+ .

(tuyén sinh I6p 10, THPT chuyén PHKHTN, PHOG Ha Néi,
nam hoc 2001-2002)
Giai
Tim cach giai. Bai toan nay thudc dang tinh gia tri biét diéu kién cua bién sd. Quan sat, nhan thiy bai toan cé
hai diéu kién nhung c6 ba bién s6 ( s6 bién nhiéu hon sb diéu kién). Do diéu kién hai don gian, khong phan tich
tiép duoc. Vai diéu kién thir nhat, ching ta bién d6i va nhan thiy phan tich thanh nhan ti duoc, tim dugc moi
quan hé giira hai trong ba bién. Tir d6 tim dwoc cach giai sau.

Trinh bay loi giai

Tﬁdéng thuc : X[1+1j+ y(1+1j+z(l+£]:_2
y z z X Xy

Ta c6: 2xyz + X’z + X°Y + Y’ X+ Y’ 2+ 2°y +2°x =0
<:>(xyz + x22)+(xyz+ y22)+(x2y+ y2x)+(zzx+ zzy) =0

< (x+y)(y+z)(z+x)=0

X+y=0
< | y+z=0
z+x=0
Khong mt tdng quat, gia st x +y=0 = x> +y* =0.
1 1 x+y 1
Tﬁx3+f+13=1ﬂﬁz3:L:J:4.V@zP:—+—"w—:——l+—:0+1=1
Xy z xy 1

C. Bai tap van dung
13.1. Rat gon

2 a’ -8 2
A=|la+ : +
0,5a+1) a+2 2a-a’

13.2. RGt gon biéu thuc :

a
1+ — 2
2bc 1__ 2 a+b+c
b+c
2 2
b) B= yz—yz+22+ X 3 §+; +(x+y+z)
= » e 1+1 1T 1 1 y
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1 3 x? 1
A=t \27-ac x+3)
13.1. Cho Xt = 3Xx X X

a) Rut gon A
b) Tim x dé A< -1

13.2. Cho biéu thac M =

X +2x°-x-2| (x+2)°-x* 3
x° —2x2% —3x 4x% -4 X2—x |

R0t gon biéu thirc M va tinh gié tri cua x khi M = 3.

2
133. Chobiéuthac: A=(_* 4 2 1 )|, _,, 10=x"}
x>—4 2-x x+2 X+2

a) Rt gon biéu thic A.
. 1
b) Tinh gid tri cua A, Biét |X| :5.

¢) Timgiatricioax dé A<O0.

d) Tim céc gié tri nguyén cua x dé A c6 gié tri nguyén.
12x—45 X+5 2x+3

X _Tx+12 x4 @ 3-x

a) Riit gon biéu thiic Q.

b) Tinh Gid tri Q tai |X| =3

13.4. Cho Q =

c) Tim gi4 tri nguyén ciia x dé Q nhan gi4 tri nguyén.

13.5. Cho x, y la hai s6 thay di ludn thoa man diéu kién: x >0,y<0vax+y=1,

. 2 2
A:y X: Vv Xy N 2X :

v |G (e T

b) Chung minh rang: A <-4,

2
a) Rat gon biéu thuc:

1 1 1 R
13.6.Chox,y,zthoaman x+y+z=—+—+—=0 vaxyz=1

X V z
6 6 6
. L X +V +2z
Tinh gia tri M :%.
X +y +z
R a—-1 x, —1 x, -1
13.7.Ch0a¢{0;1;—1} va x, = ; X, = L ) X, = 2 :
a+2 x, +1 x, +1

Tim a néu Xug00 = 3.
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6
(x+1) —(x6+16j—2
138.Cho M =~—~ A

1
X

3
1 3
X+ | +X°+
X

a) Rutgon M.
b) Cho x>0, tim gia tri nho nhat caa M .

2
) I 3 1-x2
13.9.Chobiéuthu:rcA:K1 X +X}.[1+X —XH:u

1-x 1+x
Chung t6 rang biéu thic A dwong véi moi x # 1
2\ 2 2
1310.  Cho Pl%+i:[1+3] ]L
XT4+2Xy+y~ Xy (X Yy X—Y

1 2Xy 3

va Q= x+y+(x2—y2)(x+y)+x2—2x+2 '

Véi gid tri nao cua x; y thi P — Q dat gid tri né nhat.

13.11. Rltgon A=2 y—x|+ y+Xx_ 2|, y+x 2 trong d6 x > 5 va
xy | | xy z| xy z
_ x*-25 . x> —25
Y= I0x+25' °T 15x+25°
X+ X+
X X—-5

Chuyén dé 14. CHU'NG MINH DANG THU'C PAI SO

A. Mot sé vi du

Chung minh dang thirc dai s6 1a bang phép bién d6i dai s6, chlng ta chiing minh hai vé bang nhau trén tap
xac dinh ctia chung. Trong céc chuyén dé trudc chiing ta da gap va giai mot s6 bai tap lién quan téi chitng minh
dang thirc dai s6. Trong chuyén dé nay, chung ta khic sau mot s6 k§y thuat bién d6i ching minh dang thirc dai
$6.
I.  BIEN POI VE NAY THANH VE KIA

1 3 2n—1 n?

Vi du 1. Vi n nguyén duong. Chang minh rang: + et = .
' e 8 g S ot aw 41(2n-1) 4n’+l

(tuyén sinh 16p 10, THPT chuyén PHKHTN, PHOG Ha Néi,
nam hoc 2009-2010)

Giai
Tim céch giai. Quan sat ding thirc, ching ta nhan thay vé tréi 1a tong nhitng phan thirc viét theo quy luat va vé
trai dai, phtic tap hon vé phai. Nhiing bai toan c6 mét vé phic tap va mot vé don gian, ching ta bién déi vé
phtic tap thanh vé don gian. Do d6 chung ta dinh hudng bién ddi vé trai thanh vé phai. Nhan thay néu vé tréi la
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téng nhitng phan thirc viét theo quy luat, thi ching ta tach mdi phan thic thanh hiéu hai phan thic dé kh lién
tiép.

Trinh bay loi giai

Taco:4+m* =(m*+4m’ +4)-4m* =(m’ + 2)2 ~(2mY’

= (m? +2m-+2)(m? ~2m+2) =| (m+1)" +1 || (m-1)" +1]

Thay m = 2k — 1 ta c6:

= 4+(2k-1) = [(zk)2 + 1} [(zk ~2) + 1}

e 12 ) 12 =(21<)2+1—(21<—42)2—1= 4(2k—1)4
(zk—z) +1 (zk) +1 4+(21<—1) 4+(2k—1)
2k -1 1 1 1
= 2 2 B 2
4+(2k—1) 4 (2k-2) +1 (2k) +1

Chok=1,2,3...,ntaduoc

1 1 1 1 1 1
+....+ -

1
4041 241 241 241 (2n-2f +1 (2n) +1

VT =

1 1 2 " : .
=—|1-—; - ~ . Suyra VT = VP. Dieu phai chitng minh.
4n° +1 1+4n

Il.  BIEN POI CA HAI VE CUNG BANG BIEU THUC THU BA

Vi du 2. Chitng minh dang thic:

a’ +3ab N 2a’—5ab-3p°  a’+ab+ac+hc

a’-9%° 6Gab-a’-9b° 3bc-a’-ac+3ab’

Giai

Tim cach giai. Pang thc ndy nhan thay vé phai c6 ¢, vé trai khong cé c. Tuc 1a ¢6 thé bién ddi rit gon nham
triét tiéu c. Vé tréi 1a tong hai phan thuc, vé phai 1a mot phan thac, do vay ta ¢ thé bién doi vé trai thanh mot
phan thirc va rat gon. Nhitng bai toan hai vé déu phuc tap, ching ta cé thé bién doi ca hai vé, va ching to cling
bang biéu thuc th ba.

Trinh bay loi giai

e Bién d6i vé phai.

VP - (a+b)(a+c) _ (a+b)(a+c) _a+b
3b(c+a)-a(a+c) (a+c)(3b-a) 3b-a

&)

e Bién ddi v€ trai.
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a(a+3b) (a—3b)(2a+b)

T m)a®) T (a-any

a 2a+b —-a-b a+b
- a-3 a-3b a-3b 3b-a
Tir (1) va (2) ta co v€ trai bang vé€ phai, suy ra diéu phai ching minh.
1.  TUPDIEU KIEN TAO RA THANH PHAN MOT VE

2)

2 2 2

. a b C

Vidu3.Cho—2 +-2 1+ © _1 Chingminhring: ——+——+- -0,
b+c c+a a+c b+c c+a a+c

Giai

Tim cach giai. Quan sat ki phan gia thiét va phan két luan. Ching ta thiy c6 phan gidng nhau va phan khac
nhau. Tur gia thiét ching ta cd thé tao ra vé tri cua ding thire. Do vay tir gia thiét ching ta can nhan véi bo
phan thich hop dé tao ra vé trai caa ding thire, sau d6 bién doi phan con lai triét tiéu.

Trinh bay loi giai

Tur gia thiét , nhan hai vé véia +b +c.

:>( a4 b 4+ j.(a+b+c)=a+b+c
b+c c+a a+b

2 2 2
= +a+ +b+c+ =a+b+c
b+c c+a a+b
2 2 2
a b C
+ + =0. .
b+c c+a a+b Dieu phai chitng minh.

Nhdn xét. Quan sat miu thiic : b+c ; ¢ +a ; a +b ta thdy ching khong thé cling dau dugc. Nén ta c6 thé thay két
luan bang két luan: trong ba s6 a, b, ¢ ¢6 it nhat mot s6 am , it nhat mot s6 duong.

IV. PHUONG PHAP BIEN POI TUONG PUONG
Vi du 4. Véi a,b,cla céc sé thuc khac 0 thoa man dang thic (a+b)(b+c)(c+a) =8abc . Chuang minh rang:
a b C 3 ab bc ca
+ + =— + + :
a+b b+c c+a 4 (a+b)(b+c) (b+c)(c+a) (c+a)(a+b)
(tuyén sinh I6p 10, THPT chuyén PHKHTN, PHOG Ha Ngi,
nam hoc 2013-2014)

Giai

Tim céch giai. Bai toan nay la chimg minh dang thirc ¢6 diéu kién. Bai toan nay c6 thé van dung diéu kién va
bién doi ca hai vé cling bang biéu thirc thir ba. Tuy nhién, trong vi du nay ching ta sir dung phuong phap bién
d6i twong duong. Phuong phép bién d6i twong duong 1a mubn chitng minh A = B, 1a ching ta ching minh A =
BoC=D e ... < X =Y. NéuX =Y hién nhién dung hoic 1a gia thiét, thi ching ta két luan A=B.

Trinh bay loi giai
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Bién ddi twong duong:
a b C 3 ab bc ca
- =—+ -+ + :
a+b b+c c+a 4 (a+b)(b+c) (b+c)(c+a) (c+a)(a+b)

a b b c c a 3
1- + 1- + 1- =—
a+b( b+cj b+c( c+a) c+a( a+bj 4

ac ba cb 3
S + + =—
(@a+b)(b+c) (b+c)(c+a) (c+a)(a+b) 4

< ac(a+c)+ba(b+a)+cb(c+b) =§(a+b)(b+c)(c+a)

< ac(a+c)+ba(b+a)+cb(c+b)=6abc
<ac(a+c)+b(a+b+c)(a+c)=8abc
< (a+c)(ac+ab+b* +bc) =8abc
< (a+c)(b+c)(b+a)=8abc.
Pang thirc nay dung nén diéu phai chimg minh 13 ding.
V. PHUONG PHAP POI BIEN
Vidu 5. Véi a,b,cla cac s6 thuc khac 0 thoa man dang thic (a+b)(b-+c)(c+a) =8abc . Ching minh rang:
a b C 3 ab bc ca
atb btc c+a 4 (a+b)brc) (b+o)c+a) (cra)ath)
(tuyén sinh 18p 10, THPT chuyén PHKHTN, PHOG Ha Ngi,
nam hoc 2013-2014)

Giai

Tim céch giai. Vi du ndy, trong phan truéc chung ta da ching minh bang phuwong phap bién d6i twong duong.

Trong phan nay, chiing ta sir dung phuong phap doi bién dé giai. Quan sat phan két luan, ching ta nhan thay hai

vé cua dang thtc c6 phan giéng nhau: vé tréi la tong ba phan thirc, phan bién vé phai 1a tich cua ting cap hai
b

. . ; . iy a c .
phén thac trong ba phén thac ay, do do ching ta nghi tai dat bien phy: dat x= vy = 2= va chi
a+b b+c c+a

Ao s : 3 . i
can ching minh X+y+z = Z+ Xy +yz+zx. Do vay ta co loi giai dep sau:

Trinh bay loi giai

a b c g 1
bat x= vy = 2= . Tu gia thiét, suy ra xyz =—.
a+b b+c c+a 8
Taco: 1-x=1-—2_ =P .9 y_g B _ C g , 4 C __ 3,
a+b a+b b+c b+c c+a c+a

tr dosuyra: xyz=Q1-x)1-y)Q-2)
& 2Xyz =1—(X+ Y +2)+(Xy+ Yz + 2X)
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<:>x+y+z:%+xy+yz+zx.

a b c 3 ab bc ca

Vay + + =—+ + + :
a+b b+c c+a 4 (a+b)(b+c) (b+c)(c+a) (c+a)(a+b)

Diéu phai chang minh.
Vi du 6. Cho a, b, ¢ 1a ba s6 thyc phan biét. Ching minh rang:

(Za+b)(2b+c)+(2b+c)(20+a)+(2c+a)(2a+b):2a+b+2b+c+2C+al
(a—b)(b—c) (b—c)(c—a) (C—a)(a—b) a-b b-c c-a

3+

Giai
Tim céch giai. Quan séat phan két luan, ching ta nhan thay hai vé cua dang thirc ¢ phan gidng nhau: vé phai la
téng ba phan thuc, phan bién vé trai 1 tich cua tirng cap hai phan thic trong ba phan thic 4y. Do d6 ciing nhu
2a+b 2b+c 2c+a _, ., , .

)y = Z = va chi can chang minh 3 +
a-b b-c c—a
Xy +yz +zx =x +y +z. Do vay ta c6 loi giai dep sau:

vi du trudc chung ta nghi ti dat bién phu: dat x =

Trinh bay loi giai

. 2a+b 2b+c 2c+a
bat x = 3V = 1Z =
a—-b b-c c—a
Khidé x+1= Ja ;5 V+1= sb 2+ 1= 3¢
a—-2 b-c c—a
b 3c 3a
Vax—2= V—2= 1Z—2 =
a—-b y b-c a—-b

Tur d6 suy ra (x +1)(y + 1)(2 + 1) = (x —2)(y —2)(2—2)
Khai trién va rut gon ta duoc:

9+3(xy+yz+zx)=3(x+y+z)<:>3+Xy+yz+zx:x+y+z.5uyra:

3+(2a+b)(2b+c)+(2b+c)(20+a)+(20+a)(2a+b)_Za+b 2b+c+20+a

(a-b)(b-c) = (b-c)(c-a) = (c-a)(a-b) a-b b-c c-a

Diéu phai chang minh.

VI. PHAN TiCH PI LEN TU KET LUAN

b +c” —a’ . a’ +c?—b? . a’+b?—c?
2bc 2ca 2ab

Vidu 7. Cho ba sé a,b,ckhac 0 thoa man hé thuc: 1.

Chuang minh rang:

a) Trong ba s6 a,b,ctdn tai mot s bang tong hai s6 con lai.

b) Trong ba phan thirc trén, ton tai hai phan thac bang 1, mot phan thic bang -1.
Giai
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Tim céch giai. Poc ki phan két luan cau a, chdng ta nhan thay phan chimg minh twong dwong véi: a=b + ¢
hoacb=c+ahoacc=a+b<b+c-a=0hoacc+a-b=0hoaca+b-c=0<(b+c-a)(c+ta-b)(a+
b — ¢) = 0. Vi suy nghi 4y, ching ta bién d6i gia thiét va dinh hudng bién doi phan tich da thirc thanh nhan tir
déduavé (b+c—a)(c+a—b)(a+b—c)=0.
Trinh bay loi giai
a’+b*-c® b*+c*-a’® c*+a’-b’

+ + =

Tu gia thiét: 1
a) Turgia thict 2ab 2bc 2ac
2 2 2 2 2 2 2 2 2
a“+b-—c —1+b +Cc°—a _1+c +a“—b 4120
2ab 2bc 2ac
_h) A2 AV a2 2 42
C>(a b)" —c +(b c) -a +(a+c) b _o
2ab 2bc 2ac
@(a—b—c)(a—b+c)+(b—c—a)(b—c+a)+(a+c—b)(a+c+b):0
2ab 2bc 2ac

<c(a-b-c)(a-b+c)+a(b—-c-a)(b—c+a)+b(a+c—b)(a+c+b)=0

< (a—b+c)(c(a—b-c)-a(b—c+a)+b(a+b+c))=0

< (a—b+c)(ac—bc—c® —a(b—c+a)+ab+b’+bc)=0 < (a-b+c)(ac+ab+b*~c’ —a(b—c+a))=0
< (a-b+c)(a+b—c)(b+c-a)=0

a-b+c=0 a+c=Db
<la+b-c=0 <la+b=c
b+c-a=0 b+c=a
Vay trong ba s6 a, b, ¢ c6 mot s6 bang téng hai s6 con lai.

b) khong giam tinh téng quat, gia sta=b + ¢

a?+b?—c? (b+c) +b’—c® 2bc+2b®

- Xét

2ab 2(b+c)b  2bc+2b®
2
Xét b*+c*—a” _ b?+c*—(b+c) _ —2hc __1.
2bc 2bc 2bc

¢ +a’—b> c?+(b+c) —b? 2c2+2bc

X6t == T
2ac 2(b+c).c 2¢ +2bc

Vay trong ba phan thic ¢6 mot phan thiic bang -1 ; hai phan thitc con lai bang 1.
VII. PHUONG PHAP TACH
Vidu 8. Biéta=-b,b#-c,c#-a. Chiing minh rang :
b* —c? ¢’ -a’ a’ —b? b-c c-a a-b
+ + = + + :
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b) b+c c+a a+b
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Giai

Tim cach giai.Quan sat dang thic ndy, ching ta cé thé cé ba cach giai:

Céch 1. Bién ddi ca hai vé cuing bang biéu thtc thir ba. Cach nay tuy dai nhung cho chung ta két qua 1a biéu
thirc thar ba rat dep.

Céch 2. Sir dung phuong phap d6i bién. Nhan thay hai vé ¢ phan mau cé thé dit bién phu duoc,
Pita+b=z a+c=y;b+c=x,saudé bién ddi tir thirc theo x, y, z. Ta co 10i giai hay.
Céch 3. Nhan thiy rang, vé trai cua dang thic c6 thé tach tir thire dé dwa mdi phan thac thanh tong caa hai phan
thirc ¢6 mau thac tring véi hai trong ba mau thic cua vé phai. Véi cach suy luan nhu vay ching ta c6 loi giai
dac sac.
Trinh bay loi giai

b? —c? c’—a’ a’ b’

+ +

(a+b)(a+c) (b+c)(b+a) (c+a)(c+h)

(b*—c?)(b+c)+(c?—a®)(c+a)+(a*~b*)(a+h)

Cach 1. Xét vé trai:

(a+b)(a+c)(b+c)
_ b*+b*c—bc® —c®+c®+ac® —a’c—a’+a’ +a’h—ab*—b°
(a+b)(a+c)(b+c)
_ b’c—bc? +ac’ —a’c+a’b—ab’
(a+b)(a+c)(b+c)
_ bc(b-c)-a(b+c)(b-c)+a*(b-c)
(a+b)(a+c)(b+c)
(b—c)(bc—ab—ac+a’)
~ (a+b)(a+c)(b+c)
_(b—=c)(c—a)(b-a)
=(a+b)(arc)(brc)

b-c c-a a-b_ (b—c)(c+a)+(c—a)(b+c) a-b

Xét vé phai: =
P e T Cra lash (b+c)(c+a) Tatb

bc+ab—c®’—ac+bc+c*—ab—ac a-—b
= +
(b+c)(c+a) a+b

2bc —2ac +a—b
(b+c)(c+a) a+b

_2c(b-a)(a+b)+(a-b)(b+c)(c+a)
(a+b)(b+c)(c+a)
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_ (b-a)[2c(a+b)—(b+c)(c+a)]

(a+b)(b+c)(c+a)

B (b—a)(2ac+2bc—bc—ab—c’ —ac)
- (a+b)(b+c)(c+a)

(b—a)(ac—ab+bc—c2)
(a+b)(b+c)(c+a)
(b—a)(c—a)(b—c)
= (2)
(a+b)(b+c)(c+a)
Tur (1) va (2) suy ra:
b? —c? c?—a? a’—b? b-c c-a a-b( (b—a)(c—a)(b—c)
+ + = + + =
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b) b+c c+a a+b{ (a+b)(b+c)(c+a)
phai diéu phai ching minh.
Cach2.bata+b=z;a+c=y;b+c=x
Ping thic chimg minh twong duong voi:
K(z-y) y(x-2) 2(y-x)_x-z_y-x z-y
yz Xz Xy y y X

] vé tréi bang vé

Bién ddi vé trai ta co:
XZ—XYy Xy-— — Xz
Y, Xy-yz yz
yz Xz Xy

X X,y Yy, zZ z_2-y X-2 y-Z
y z z X Xy X y X

Vé trai bang vé phai diéu phai chitng minh.
Céch 3. Ta ¢6:
b? —c? b* —a’ a’-c? b—a a—c

R a—

(a+b)(a+c) (a+b)(a+c)+(a+b)(a+c) T a+c  a+b 3).
Tuong tu , ta cé:

¢’ -a’ _C-b b-a
(b+c)(b+a) b+a b+c @

a’-b> _a-c c-b

(c+a)(c+b)_ c+b c+a )

Tir (3) (4) va (5) cong vé véi Vé, ta c6 diéu phai chiing minh.
C. Bai tap van dung
14.1. it a + b + ¢ = 2p. Ching minh rang :
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1 1 1 1 abc

p—a p-b p-c p_p(p-a)(p-b)(p—c)

142.Choa+ b+c=1: a’+b*+cf=1va>=Y -2,
a b c
Chang minh rang: xy + yz + zx = 0.

14.3. Cho a,b,c khac 0théaman a+b+c=0.

.1 1 1 (11 1Y
Chaengminhrang: —+—+—=|—+—+—| .
g N TR (abcj
14.4. Cho a, b, ¢ khac 0 va théa mén a + b + ¢ = 0. Chieng minh rang:
a’+b* b*+c® c*+a* a® b ¢

+ =4+ — 4+ =,
a+b b+c c+a bc ca ab

2 _ 2 _ 1
14.5. Cho = 3y _ ¥y -3 VO X, y£0; X, y# —; X #Y.
x(l—Sy) y(l—Sx) 3

Chting minh rang: l+1:x+y+§.
X y 3

14.6. Cho a® +b* +¢* = (a +b+ C)Z .Chirng minh rang:

a’ b? c?
2 + 2 + 2 = 1
a’+2bc b*+2ac c¢®+2ab

bc ca ab
b)— +— +— =
a‘+2bc b*+2ac c’+2ab

14.7. Cho basé a, b, c thoamin b # ¢; atb # ¢ va @’ +b° = (a+b—c)’

a’+(a—c)’

. U a—
Chting minh dang thac =
8 9 T b—c b

C
C

. . . . . .1 1 1 1 .- £
14.8. Chtng minh rang néu ba so x, y, zthoaman x +y +z=2020va — + — 4+ — = —— thi it nhat m¢t
X y z 2020

trong ba sé X, y, z phai bang 2020.

14.9. Cho céc s6 thuc a, b, ¢ khéc nhau timg doi mot va théa man didu kién a®> —b =b* —c=c¢* —a Chung
minh rang (a+b+1)(b+c+1)(c+a+1):—1

(thi hoc sinh gioi Todn 9, Nam Binh, nam hoc 2011 — 2012)
14.10.Cho X, y, z khac khong, khac nhau ting d6i mét va xz = 1;yz = 1 théa man diéu kién:

x’—-yz  y'-xz

x(l—yz) y(l—xz)
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Chting minh rang x+y+z:l+1+1
X y z

. . 1 1. . 2 N
14.11. Cho X, y la hai s6 thuc khac 0 sao cho x+;; Yy +—1la cac so nguyén.

el.

Chiang minh rang X°y® +——
X'y
14.12. Giastr X, Y,z 1a cac sb thuc duong thoa man didu kién X+ y+z = xyz. Chang minh rang:
X ., 2y N 3z xyz(5x+4y+3z)
1+x% 1+y? 14722 (x+Y)(y+2)(z+X)

(tuyén sinh 16p 10 chuyén PHKHTN, PHQG Ha Ngi,
nam hoc 2012-2013)
14.13. V6i moi nnguyén duong, ching minh rang:
3.7 13 n+n+1 n’+2n

+orent = :
1.2 23 34 n(n+1) n+1

o s e 2 e x Y 2y? 4y’ 8y® ,
14.14. Gia st X, Y la nhitng so thuc duong phan biét théa mén +——— +———F+——— =4. Chung
X+y X4y X'+y" X -y

minh rang: 5y = 4x.
(tuyén sinh 16p 10 chuyén PHKHTN, PHOG Ha Néi,
nam hoc 2014-2015)

o Xy 1 S22
14.15. Choa,b, x, ythéa médn — + =— = vax“+y =1
a b a+b
. XZn yZn 2 ,
Chang minh raing — + = — V6i n la s6 nguyén duong.

a® b (a+b)
14.16. Cho a, b, ¢ d61 mot khac nhau va cac da thuc:
P(x)=a. (x=b)(x— C)+ (x—a)(x— c) (x a)(x—b)
(a—b)(a—c) (b—a)(b— c) (c a)(c—b)

g2 X=b)(x=¢) o (x-3)(x=C) . (x-a)(x-D)
(a-ba-c)  (b-ab-o  (c-a)c-b)

Q(x) =

Chtng minh rang: P*(x) =Q(X).

. 1 1 1 .
14.17. Cho X, y, z la 3 s6 thyc khéac 0thoa mén ;+§+;:0. Chang minh rang : %+%+¥_3
(thi hoc sinh gioi toan 9, tinh Tra Vinh, nan hoc 2008- 2009)
2 2 2
1418. Cho >+ + % _3 Changminhring: =+ + %2 —xty+z.
Y+Z Z4+X X+Y Y+Z Z+X X+y
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14.19. Cho a, b, ¢ d6i mdt khac nhau va khac 0 thoa mén a+b+c = 0.

a+b[a—b b—c c—a] 2c?

Chang minh rang: . + + =1+ —
a—b\a+b b+c c+a

abc”

Chuong III

[N A » R
PHUONG TRINH BAC NHAT MOT AN
Chuyén dé 15. PHU'O'NG TRINH. PHUONG TRINH BAC NHAT MOT AN

A. Kién thic can nhé

1. Phuong trinh :

* Mot phuong trinh mot an x ¢6 dang A(x) = B(x) , trong d6 vé trai A(x) va vé phai B(x) 1a hai biéu thuc
ctia cing mot bién x

* Nghiém caa phuong trinh : Gia tri cua bién thoa man (hay nghiém dung) phuong trinh da cho.

* Giai phuong trinh : tim tap nghiém cua phuong trinh.

* Hal phuong trinh twong duong : ¢6 cung mét tap nghiém.

2. Hai quy tic bién d6i phwong trinh :

a) Quy tic chuyén vé: Trong mot phuong trinh ta co thé chuyén mot hang tir tir vé ndy sang vé kia va
d6i dau hang tir do.

b) Quy tic nhan véi mot s6: Trong mot phuong trinh ta c6 thé nhan (hozc chia) ca hai vé véi (cho) cing
mat sb khéc 0.

* Tir mot phuong trinh, ding quy tic chuyén vé hay nhan, ta luén nhan dugc mot phuong trinh moi
tuong duong véi phuong trinh da cho.

3. Phurong trinh bac nhat mét an :
* Phuong trinh c¢6 dang ax + b = 0 véi a, b 1a hai s6 da cho va a=0

* Phuong trinh ax + b = 0 (a= 0) ludn c6 nghiém duy nhat: x __b
a

B. Mét sb vi du
Vi du 1. Cho cac phuong trinh
5x*—3y+4=3x—8y; 2,5x—10=0va4x*—6x =5x + 108
Trong cac phuong trinh trén :
a) Phuong trinh nao 13 phuong trinh mot an?

b) Phuong trinh nao 13 phuong trinh bac nhat mot an?
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c) S6 nao trong tap S = {~4; 0; 4} 1a nghiém cua phuong trinh mot an?
Giai
a) Cac phuong trinh 2,5x — 10 = 0 va 4x% — 6x = 5x + 108 1a phuong trinh mot an.
b) Phuong trinh 2,5x — 10 =0 1a phuong trinh bac nhat mot an.
¢) Lan luot thay cac gia tri x =—4; 0; 4 vao timg phwong trinh mét 4n ta co:
*V6ix=4thi25.4-10=0
nén x =4 la nghiém cua phuong trinh 2,5x — 10 =0
*\/Gix=—4 thi 4x° —6x =4.(—4)*—6.(— 4) =64 + 24 = 88
va 5x +108 = 5.(—4) + 108 = 88
Vay x =—4 |a nghiém cua phuong trinh 4x* — 6x = 5x + 108
Nhdn xét : - Mudn xem mét s c6 phai 1a nghiém ciaa phuong trinh ta xét xem gia trj d6 caa an thoa man (hay

nghiém dung) phuong trinh da cho bang cach thay vao ting vé cua phuong trinh. Néu hai vé ¢6 cling gia trj thi
s6 d6 1a nghiém cta phuong trinh.

Vi du 2. Cho bén phuong trinh :

2x-6=0. (1); X2 —2x—-3=0. (2)
(X — 1)( X + 5) — 2x* = 15x — 47. (3)
(5x — 15)(x* + 1) = 0. (4)

a) Chung to rang x = 3 1a nghiém chung cta ca bon phuong trinh.
b) Chung té rang x = —1 la nghiém cua phuong trinh (2) nhung khong 1a nghiém cta phuong trinh (1) va
(3).
¢) Hai phuong trinh (1) va (2) c6 twong duong khong. Tai sa0?
Gidi
a) Voix=3
- Thay vao phuong trinh (I)tacé6 23-6=6-6=0
- Thay va0 phuong trinh (2)tacé  3°- 2.3-3=9-6-3=0
- Thay vao phuong trinh (3) ta c6 :
Vétrai (3—1)(3+5)—2.3"=28-29=16-18=-2
Véphai 153 -47= 45-47=-2
- Thay vao phuong trinh (4) ta c6 (5.3 —15)(3%+ 1) = (15-15).10=0.10=0
X = 3 nghiém dung ca bon phuong trinh nén 1a nghiém chung ciia bon phwong trinh.
b) Voi x =-1
- Thay vao phuong trinh (1)tac6 2.(-1)-6=-2-6=-8 #0
- Thay véao phuong trinh 2)tacé  (-1)*— 2.(-1)-3=1+2-3=0
- Thay vao phuong trinh (3) :
(x—1)(x +5)—2x* = 15x — 47 taco:
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Vétrai ((1-1)(-1+5)-2.(-1)°=(2)4-2=-10
Vé phai 15.(-1) — 47 = —15—47 =.— 62

Vay x = -1 nghiém ding phuong trinh (2) nhung khong nghiém dung phuong trinh (1) va (3) nén la nghiém cua
phuong trinh (2) nhung khong 1a nghiém ctua phuong trinh (1) va (3).

€) Hai phuong trinh (1) va (2) khong twong duong vi khong cung tap nghiém.

*Nhdn xét : Ta thay cac sb da cho vao tirng vé ciia phuong trinh dé xét xem céc sé do co phai l1a cac nghiém
cua phuong trinh. Ttr d6 xac dinh tap nghiém cua cac phuong trinh.

b) x = -1 la nghiém cua phuong trinh (2) vi thay vao lam 2 vé ciing c6 gia tri 0. Nhung khong 13 nghiém
ctia phuong trinh (1) va (3) vi khi thay vao 2 phuong trinh 1am hai vé ¢6 gi tri khac nhau.
¢) Tuong tu cach 1.
Vi du 3. Cho phuong trinh véi alathamsé:  (a®+3a—10)x*=a—2. (1)
Chuang minh rang :
a) V6i a=2 phuong trinh (1) nghiém dtng v4i moi gié tri cia x.
b) Véi a=-5 phuong trinh (1) vo nghi¢m.
c) Vi a=-5 phuong trinh (1) twong duong voi phuong trinh
(@+5)x+2016=0. (2)
*Tim céch gidi : V&i moi gia tri ciia an X :
- Néu hai vé ctia phuong trinh ludn c6 gia tri bang nhau thi phwong trinh nghiém dung voi moi gié tri coa x (V
X). Tap nghiém laR .
- Néu hai vé ctia phuong trinh ludn c6 gi tri khac nhau thi phuong trinh v nghiém. Tap nghiém 1a & .
- Hai phuong trinh cung v6 nghiém duogc coi 1a hai phuong trinh twong duong.
Gidi
a) V6i a=2 phuong trinh (1) ¢6 dang (22 + 3.2 — 10)x*=2 -2
hay 0x® = 0. Phuong trinh (1) nghiém dung V x.
b) Vé6i a=-5 phuong trinh (1) c6 dang (25 — 15 — 10)x*=-5—2
hay 0x? = —7. Phuong trinh v6 nghiém vi hai vé cua phwong trinh luén c6 gia tri khac nhau Vv x. Tap nghiém
cua phuong trinh 1a &.
c) Véi a=-5phuong trinh (2) trd thanh
(-5+ 5)x + 2016 = 0 hay Ox + 2016 = 0 . Phuong trinh nay ciing vo nghiém vi vé trai khac 0, ¥ x . Tap nghiém
cua phuong trinh 12 @cling tap nghiém véi phuong trinh 0x? = —7 . Do d6 hai phuong trinh 0x +2016 =0 va
0x® = —7 twong duong.

Vi du 4. Bing quy tic chuyén vé va quy tic nhan hay giai cac phwong trinh :
A (x+2)+(2x+4)+ (3x+6)+ ... +(50x + 100) = — 2550. Q)
b) |2x—6|=4+3x. (2)

* Tim cach giai:
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Cau a) luu y sir dung cong thirc tinh tong cac sé hang cua ddy sb cong (tir sb thi hai , cac s6 déu bang sé lién
trudc cong voi cling mot sd) :

Tong = %(36 hang dau + s hang cudi) x S6 sb hang.

A : A g . A néutAx>0
Cau b) st dung dinh nghia vé gié tri tuyét doi : |A|= X .
—-A  néu’A<0
Sau khi giai xong can kiém tra dé xac dinh két qua tim duoc cd thoa man diéu kién hay khong.
Gidi
Q) () x+2x+3x+...+50x)+(2+4+6+...+100) =-2550
& (1+2+3+...+50)x + 2+4+6+..+100) =— 2550

(1+50).50  (2+100).50
= > X+

< 1275x =—-2550 - 2550 < 1275x = —-5100 < x= —5100:1275
= X=-4,

b) [2x—6|=4+3x

=—-2550 < 1275x + 2550 = — 2550

*Néux >3thi 2x—6 > 0 = [2x—6|=2x—6

Phuong trinh trg thanh 2x—-6=4+3x < 2x-3x =4+ 6 < x=-10.
(loai vi khéng thoa man diéu kién)

*Néux <3thi 2x-6<0 = [2x—6/=-2x+6

Phuong trinh tré thanh —2X+6=4+3Xx < —2x-3x =4-6
< bx=-2 < x=04.
Vay phuong trinh ¢6 mot nghiém la x = 0,4.
Vi du 5. Xét xem cac cap phuong trinh sau c6 twong duong khong? Giai thich.
a) -5x+5=2x-7 va —-7x+12=0 ;
b) 9x-15 = 12x+27 va 3x-5 =4x+9;
c) (5x—15)(x*+1)=0 va 3x-20=-11;
d 5x-9 =11 va a(bx—9)=11a vaialamotsd.

*Tim céch gidi: Dé xét cAc cap phuong trinh c¢6 tuong duong hay khong, ngoai so sanh cac tap nghiém ta con
sir dung hai quy tic bién ddi phuong trinh.
Gial
a)-5Xx+5 = 2x—7 < —7x+12=0 vi theo quy tic chuyénvé —5x+5 = 2x-7 < -5x+5-
2X+7=0 < —7x+12=0.
b)9x—15 = 12x+27 < 3x -5 =4x+9 vi theo quy tic nhan.
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9x—-15 = 12x + 27 < (9x-15 .E: 12x + 27 1 < 3x—-5 =4x+09.
3 3

¢) Phuong trinh (5x — 15)(x*+ 1) =0c6 x>+ 10 V x
nén (5x—15)(x*+1)=0 < 5x-15=0 < x=3.
Phuong trinh 3x —20=-11 < 3x= -11+20 < 3x= 9 < x=3
Tap nghiém ciia phuong trinh (5x — 15)(x°+1)=01a S = {3}

Tap nghiém cua phuong trinh 1a3x —20=-11 la S = {3}

Hai phuong trinh ¢ cung tap nghiém nén
(5x —15)(x*+1)=0 < 3x-20=-11.
d)Néu a #0thi5x—9 = 11 < a(5x—9) =1la theo quy tic nhan.

Néua=0 thi a(5x—9)=11a tro thanh 0Xx —0 =0 phuong trinh ndy nghiém ding v&i moi X nén
khong twong duong véi phuong trinh 5x —9 = 11 ¢6 mot nghiém duy nhét 1a x = 4.

. 2 s N o1 e L A
* Nhgn xét : b) B¢ y rang nhan hai vé véi 3 nghia 1a chia ca hai vé cho 3.

¢) Khi &p dung quy tic nhan phai luu y s6 nhan (hay chia) phai khéc 0.
Vi du 6. Cho phuong trinh (m® — 9)x? + 2(m — 3)x + 49 = 0 v6i m 12 sb da cho.

a) Tim gia tri cia m dé phuong trinh tré thanh phuong trinh bac nhat c6 mot an sb va giai phuong trinh bac
nhat mot an vira tim duoc ;

b) Tim gi4 tri cia m dé phuong trinh c6 nghiém la x = 2.

* Tim cach gidi: a) Phuong trinh bac nhat mot an c6 dang ax + b =0, (a = 0). Pé phuong trinh d cho tré' thanh
phuong trinh bac nhit mot an thi hé sb cia x? lam? —9=0vahésd caax lam—3 0.

b) X = X la nghiém cua phuong trinh A(x) = B(x) néu A(Xg) = B(Xo)

Gidi
'g_0  (m-3my=0 ||" >
a) Ta co m=o="g T e{m=-3 ©m=-3
m-30 |m=#3
m # 3
V6i m = — 3 phuong trinh trg thanh (9 — 9)x* + 2(-3-3)x +49 =0 hay Ox*—12x +49=0 hay — 12x + 49 =
0 la phwong trinh bac nhat c6 mot an s6. Nghiém cua phuong trinh 1a x = —% = 4%.

b) Bé phuong trinh c¢6 nghiém la x = 2 ta phai co:
(M?—9).2°+2(m-3).2+49 =0
< Am?-36+4m-12+49=0 << 4m* +4m +1=0

o (@m+1)? =0 & 2m+1=0 < m=-2.

Vidu 7. Giai phuong trinh :

95



x-1)+xX-2)+(x-3)+...+(x—-2015)= 0.
* Tim céch gidi: Vé trai cia phuong trinh 1a t6ng cua 2015 cac hang tir, mdi hang tir 1A mot hiéu gitta x va mot

s6 tu nhién tir 1 ¢én 2015. Vay ta ¢6 2015x con téng daisé—1-2 —3—...—2015taviétthanh— (1 +2 +3 +
...+ 2015) va sir dung cong thtc tinh tong ctia n sé tu nhién khac 0 dau tién S = @ dé tinh.
Giai

TacO X—D+X-2)+(X-3)+...+(x-2015)=0
< 2015x — (1 +2+3+...+2015)=0
(1+2015).2015 _

< 2015x - 0 <« 2015x-1008.2015=0

< 2015x =1008. 2015 = x = 1008.
Vidu 8. Giai phuong trinh :
Xx-1 x-2 x-3 x-4
+ + + =
99 98 97 96
* Tim cach gidi : O phuong trinh (1), néu ta quy dong mau sé & hai vé thi mau sé chung rat 16n : 99.98.97.96.
Pé y rang néu mdi hang tir (phan thic) & vé trai dugc bét di 1 (thém vao —1) rdi quy dong ting cap thi xuat hién
(x —100) ¢ ta. Vi vay ta chuyén 4 tir vé phai sang thanh — 4 rdi tach —4=-1-1-1-1 va ghép mdi s6 -1
véi mot hang ta. (Ciing c6 thé coi cong vao hai vé cuing mot s6 — 4).

Gidi

a) (1) = (X—_1—1j+[iz—1j+(x—_3—1}(i4—1j -0
99 08 97 96

Xx—100 x-100 x-100 x-100
= + + + =

4. )

0
99 98 97 96
< (x—100) ERNERNENEN ;Do i+i+i+i¢0
99 98 97 96 99 98 97 96
Nén x-100=0 & x =100.

C. Bai tap van dung
1. Phwong trinh mét an
15.1. Chung t6 rang phuong trinh 8a —x —3 =ax — 11 ludn nhan x = 8 la nghiém du a lay bat ky gia tri nao.
15.2.Chitng minh rang mdi phwong trinh sau déu nghiém dang véi moi gidtri ciaan: a)6(x—1)=6x—-6 ;
b) (y-3)° -3y = 9-9y+y*;
z® -10-52° + 2z
c) =

72 +2 2=5.

15.3.Chtng minh rang phuong trinh 2016x — [2016x| = 0 nghiém diing Vx > 0.
15.4. Chirng minh rang mdi phuong trinh sau v6 nghiém :

a) 5(x +4) =5x +15; b) (Zy—3)2:—\/§—y2;
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c) 22—5:M : d) —t*-10=3|t-2|.
Z+5
15.5. Cho phuong trinh (m?—9m + 20)x* = m — 4 ching minh rang :
a) V6i m =4 phuong trinh nghiém ding V X ;
b) V6i m =5 phuong trinh v6 nghiém ;
¢) V6i m = 0 phuong trinh vo nghiém ;
d) V6i m= 6 phuong trinh c6 hai nghiém la x =1 va x = -1.
2. Phwong trinh twong dwong
15.6. Cé&c cap phuong trinh nao sau day tuong dwong. Tai sa0?
a)2x-5=0 va x=25; b)x-6=0va (x-6)(x+6)=0;
) (x—1)>+4=0va 3(x+5)=3x—2.
15.7. Cac cap phuong trinh sau day c6 twong dwong khong. Tai sao?
a) xX*+3x=(x+1)* va x=-2;
b) y+5=0 va |y|=5; c) Z2-9=0 va|z=3.
15.8. Cho ba phuong trinh : 3x-9=6. (1) ; (x-5Bx+1)=0. (2
va 2x°—10x=0. (3).
a) Chang to rang ca ba phuong trinh ¢6 mot nghiém chung 1a x = 5.
b) Céc cap phuong trinh (1) va (2); (1) va (3); (2) va (3) ¢6 tuong duong khong.
3.Phwong trinh bdc nhdt c6 mét dn sé

15.9.  Cho ba phwong trinh : 12,6 -3x=0. (1); 3x+2=7x-10. (2) va 5-kx=8.(3). Biétmdi
phuong trinh nhan mét trong ba gié tri la X=-2; x=3vax=42lam nghiém. Tim k.

15.10. Cho phuong trinh  (m?—9).2x + 3=m trong d6 m 1a mét s. Giai phuwong trinh trén trong mdi truong
hop sau :

aym=3; b)m= -3 ; c)m=5; d m=0.
15.11. Cho phuong trinh 5x + 2n — 8 = 2x — 7 Vi n 1a mot sb.
a) Biét x = — 3 la nghiém cua phuong trinh. Timn ;
b) Giai phuong trinh trén khi n = — 2017.
15.12. Giai cac phuong trinh :
(x+ 1)+ (2x +3) + (3x + 5) + ... + (50x + 99) = 5050.
15.13. Cho phuong trinh (x +1)+(2x+4)+(3x+7)+ ...+ (nx + 61)=420.

a) Tinhn; b) Giai phuong trinh.
15.14. Giai cac phuong trinh :
2x+1 2x+2 2x+3 2X+8 2x+9
a) + + +..+ + +9=0;
9 8 7 2 1
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x-1 x-2 x-3 x—2014
+ + +ot—————

2015 2014 2013 2

4. Bai tdp védn dung téng hep

15.15. Cho phuong trinh mx(x — 5) — (X — 4)(x + 1) = 22 véi m 1a mot sd.

b) +X =4030.

a) Tim gié tri cia m dé phwong trinh trg thanh phuong trinh bac nhat moét an. Giai phuong trinh bac nhat
do ;

b) Chirng minh rang phuong trinh v6 nghiém khi m = 0;

c) Timx khim=2.
15.16. Cho phuong trinh véi X 12 4n s6 va m 12 mét sb (tham s6)

(M? = 25)x* + 10(m + 5)x + 5025 = 1 +5+9+ 13 +...+197.

a) Tim gia tri cia m dé phuong trinh trd thanh phuong trinh bac nhat c6 mét an sé va giai phwong trinh
bac nhat mét an vira tim dugc ;

b) Tim nghiém cta phuong trinh khi m =10 ;
c) Chirng minh phuong trinh v6 nghiém khi m=-5;
d) Chang minh x = 1 khong phai la nghiém cta phuong trinh vai moi gia tri caa m.
15.17. Giai phuong trinh [x—1]=2x+3.
(Thi hoc sinh gigi toan lop 9 huyén Thuong Tin Ha Tdy nam hoc 2002 — 2003)

x+1+ X+2 x+3+x+4
99 98 97 9%
(Dé thi tuyén sinh vao 16p 10 chuyén tink Vinh Phiic nam hoc 2013 — 2014)

15.18. Giai phuong trinh

15.19. Giai phuong trinh  ~—% 1= 12X __X
2013~ 2014 2015

(Thi kiém tra chdt liwong hoc sinh gisi 16p 8 huyén Thuong Tin Ha Néi ndm hoc 2014 — 2015)

Chuyén dé 16. PHUONG TRINH PU'A DU'QC VE DANG
ax+b=0 (hayax=-h)
A. Kién thiec can nhé
a) Phwong trinh khéng chira mdu sé

- Thyc hién phép tinh dé bé dau ngozc.

- Chuyén céc hang tir chtra 4n sang mot vé, cac hang sé sang vé kia.

- Thu gon va giai phuong trinh nhan dugc.

b) Phwong trinh chira mdu sé bang sé

Trudc hét phai quy ddng mau s roi nhan hai vé vai mau chung dé khir mau sé roi thuc hién nhu a)

Chu y: Khong nhat thiét phai thuc hién theo cac budce nhu trén. Ty theo phuong trinh ma van dung linh hoat
cac bude do.
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B. Mét s6 vi du
Vidu 1.

x2+2+3(2x—1) 6= (2x+3)(x-2) 5+8x
3 4 6 12

a) (1)

b) 3x— 26 4 _ 43 _2x+1. 2)
Gidi
3) (1) < 4(x2+2)+9(2x—1) —72 = 2(2x* —x —6) —5-8x
& 4x°+8 +18x-9-72 = 4x*—2x—12-5-8x
< 18x+8x+2x = -12-5-8+9+72
< 28x =56 & X=2
Nhin xét - O cau a) ta c6 thé bo qua budc quy dong mau hai vé ma viét thang (1)
& 4(X*+2)+9(2x —1) - 72 =2(2x* =X —6) —5-8x Vi thuc chat nhan hai vé cia phuong trinh (3) véi 12
duogc ngay két qua nay.
- Sau khi khai trién hai vé c6 chua hai hang tir bing nhau 4x?, ta c6 thé bo di (thuc chét khi chuyén vé dugc hai
hang tir @i nhau nén téng bang 0).
_2x+10—-x _12x-35+2Xx
24 12
& 72X—2X—-10+x=24x - 10+ 4x - 48x + 24
& 12X —2X +X—24x—4x + 48x = 24

< 91x=24 & X = ﬁ
91
Nhdén xét : Cau b) sau khi nhan hai vé véi 24, hai vé xuét hién hai s6 bang nhau 1a — 10 ta c6 thé bo di ( vi khi
chuyén vé — 10 + 10 = 0).
Vi du 2. Tim céc gié tri ciia y sao cho hai biéu thuc A va B sau day c6 gia tri bang nhau :
y—2_9—5y_2—y+3(5y—9)_ B 45—25y+ 2-y 5y-9
2 8 6 4 8 3 2

* Tim cach giai : Dé tim céc gia tri cua y sao cho hai biéu thirc A va B ¢6 gié tri bang nhau ta quy vé viéc giai
phuong trinh A = B.
Gial

Pé A = B ta phai c6 :

y—2_9—5y_2—y+3(5y—9) 3 45—25y+2—y_5y—9

2 8 6 4 8 3 2

- y—2+y—2+y—2 =5(9—5y)+9—5y+9—5y+3(9—5y)

2 6 3 8 2 8 4

b) (2) & 3x 2x+1

A=
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5 1 1 3
9-5y) 244242
( y)(8+2+8+4j

= (y—2)(%+%+%}

=S (y—2)(§+l+gj=(9—5y)(g+g+%+gj

6 6 6
< (Y-2)1 =(9-5y).2
& y-2 =18-10y
20
11
Nhan xét : Ta khong quy dé/ng mau cac phan thac ma bién ddi bai todn mot céch linh hoat, vira d6i dau phan
thirc sau d6 chuyén vé @é xuat hién cac nhan tir chung la (y — 2) va (9 — 5y).

o 1ly = 20 o y=

Vi du 3. Giai phuong trinh sau véi m 12 hang sé (tham s6):
m(mx —2) = x(3m+4) + 2. (1)
Gidi
(1) & mX-2m = 3mx+4x+2

& mX-3mx—4x = 2m+2 < x(m*-3m - 4) = 2(m+1)
< X(Mm+1)(m-4) = 2(m+1).

-Néum =-1vam =4thi x= L;

m-4

- Néum = 4 phuong trinh c6 dang Ox = 10 . V& nghiém ;

- Néu m =—1 phuong trinh ¢6 dang Ox = 0. Phuwong trinh nghiém dting véi moi gia tri cua X.
Vi du 4. Giai phuong trinh sau voi b 12 tham s6 :

X—-2+b +x—b _ —4b—x
b+3 b-3 9-b°

(1)

Gidi
biéukien b = + 3
Phuong trinh (1) bién doi thanh (x —2 + b)(b—3) + (x —b)(b + 3) = x + 4b
< xb-3x—2b +6+hb*-3b+xb+3x—b?—3b=x+4b
& 2xb—x =12b-6 < (2b—1)x=6(2b—1).
*Néu b=0,5 vab=+3thi x=6;
* Néu b = 0,5 thi phuong trinh trg thanh 0x = 0. Phuong trinh nghiém dtng Vx .
Vidu 5. Giai phuong trinh :
4029x +2014+2.2015 4037x —2.2019-3.2018
2014.2015 2018.2019

* Tim cach giagi : O phuong trinh trén néu quy ddng mau thac hai vé thi mau thirc chung qué 16n . Ta nhan xét
4029x = 2014x + 2015x ; 4037x = 2018x + 2019x do d6 ta bién d6i va giai phwong trinh nhu sau:
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Gidi
4029x +2014+2.2015  2014x +2014 +2015x +2.2015

2015.2014 - 2015.2014
2014(x +1) +2015(x +2)  x+1 X +2
2014.2015 2015 2014
4037x —-2.2019-3.2018  2019x —2.2019 +2018x —3.2018
2018.2019 2018.2019
_ 2019(x—2) +2018(x —3) _Xx=2 X -3
2018.2019 2018 2019
Phuong trinh tré thanh

x+1 X+2 X-— 2 X—3 X+1 X+2 X—=2 X-3
= +1]+ +1|= +1 |+ —+1
2015 2014 2018 2019 2015 2014 2018 2019
X+2016+ x+2016_x+2016_x+2016 B
2015 2014 2018 2019

1,11 1)
2015 2014 2018 2019

o 1 . 1 1 1
2015 2014 2018 2019
Vi du 6. Tim gia tri cia a dé :
a) Phuong trinh (2x—3)(1 + 3a) — 5(X + 6) = 25(x + 3)(2—X) + 5(a—2) + 50. (1)
cé nghiém x =— 3;

b) Phuong trinh (x —a)(x +5) —4ax + 17 = (x + a)(x — 6) — 3x. (2) c6 nghiém gap nim nghiém cua
phuong trinh :

< (x+ 2016)(

#0.Do d6 x+ 2016 =0. Vay x = — 2016.

3X(X—5) —4(x —4) =3(x -1)(x + 3). (3)
* Tim cach gidi : a) Dé X, 1a nghiém ctia phuong trinh A(x) = B(x) ta phai c6
A(Xo) = B(Xo). Do d6 thay X = — 3 vao hai vé cia phuong trinh (1) ta dwoc mot phuong trinh méi véi an 13 a.
b) Trudc hét giai phwong trinh (3) tim nghiém Xo. Nghiém cua phuong trinh (2) s& bang 5xo.
Gidai
a) P& x =—3 nghiém cua phuong trinh (1) ta phai 0 :
(-6-3)(1+3a)—5(-3+6)=25(-3+3)(2+3)+5(@a-2)+50
& -9(1+3a)-15=5@-2)+50 < -9-27a-15=5a—10 +50
< —27a-5a=-10 +50+9+15 < -32a =64 < a=- 2.
b) Giai phuong trinh (3): 3x(x —5) —4(x—4) =3(x -1)(x + 3)
< 3x?—15x—4x +16=3x*+9x—3x—9
< —15Xx—4x-9x+3x=-9-16 < -25x =-25 < x =1

Nghiém cuia phu:ong trinh (2) gap 5 nghlem cua phuong trinh (3) nghia la phuong trinh (2) c6 nghiém la 5.
Thay x = 5 vao hai vé phuong trinh (2) ta ¢6 : (5-a)5+5)-20a+17=(5+a)5-6)-15

< b0-10a-20a+17 = -5—-a —-15
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< —10a—-20a +a=-5-15-50-17 < —29a
Vidu 7. Giai cac phuong trinh :

a)[ L 1)(1 1j...(l—g—lzj(18x—45)=2(x—1)+97.
1

1-= ||1-= | 1-=
w3
b) (—+—+ +

12 34 199.200
10 10

1
NELED
To11

+—+
1.3 35
* Tim cach giai : Cac phuong trinh trong vi du 7 XUt hi¢n cac day to

-87 < a

2016 2016
+ +
101 102

2016 2016
+ + :
199 200

J.ZOl?X:

)zzx [0,8.(7,5-2,5x)]:0,25 =12 .

3

1)

)

(3)

ong hodc tich cac phan s6 hoic céc biéu

thizc chira phan sb ¢6 quy luat. Trudc hét ta tinh toan dé rit gon cac day do, roi thay két qua vao phuong trinh

dé giai tiép. Trong cau b) va c) ta gap cac phan sé dang

o a.(a+m)
bién d6i nhu sau :
m _(a+m)—a (a+m) a 1_ 1
a.(a+m) a(@a+m) a(a+m) a(a+m) a a+m

(phuong phép bién ddi trén thudng duoc goi 1a : Sai phan hitu han)

v6i a; m la cac s6 va a=-m. Ta phai

1
00

1
—— Vay phuong trinh tr¢ thanh
200 yp g

Gidi
, 1 1 1 1 22-13F-14-1 9°-1
a) Taco(l—?j(l—g—zj(l—gj...(l 92j PR ¥
132435 810 123..8345..10 10_5
2233447799 234..9 234..9 18 9
Do d6 phuong trinh tré thanh:
= 3(18X—45)=2(x—1)+97 & 10x — 25 = 2x —2+97
& 10X —2x = —2+97+25 < 8x= 120 < x=15.
o) Xét — 4ty 1 1.1 1 11
1.2 34 199.200 1 2 3 4 199 2
1 1 1 1 1 1 1 1 1
—+—+—+—F+..F—F— 2| =+ —+..+— | =
1 2 3 4 199 200 2 4 200
1 1 11 1 1 ( 11 1j 1 1
Sttt t—t— |ttt t— |=——+..+—
1 2 3 4 199 200 2 3 100/ 101 102 199
(i I i+ij 2017X:2016(i+i+ +i+ij
101 102 199 200 101 102 199 200
< 2017x = 2016 _ 2016
2017
c) Taco — £+ £:5_(£+i+ ij:
1. 35 9.11 1.3 35 9.11
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5. 1—£+£—£+...+1—i =0. 1—i =§.
3 3 5 9 11 11) 11

Khi ay phuong trinh tro thanh i—g.z, 2x-[0,8.(7,5-2,5x) ]:0,25=12

< 10x—(6—-2x).4=12 < 10x—-24+8x =12
< 18x= 36 & X=2.

Vidu 8. Véizlaan;m n placicsbva m=—n;n=—p; p=—m.
—mn z-np z-pm
m+n n+p p+m

Giai phuong trinh =m+n+p.

*Tim céch gidi: Néu chuyén vé va ghép — m; — n va — p véi céc phan thicc ma mau khdng chtra cac sb do va quy
ddng tirng cap mat s& xuat hién nhan tir chung (z — mn — mp — np). Tir d6 cach giai nhu sau :

Gigi: PT « 2 _p 270 5y Z7PM_ g
m+n n+p p+m
Z—mn-pm-pn  z-nNp—mn-mp z-pm-np—nm _,
m+n n+p p+m

1 1 1
= (z—mn—mp—np)(m+n+n+p+p+mj:0

Dodé: +Néu ——+—2 41 _om Z=mn+mp+np
m+n n+p p+m
£ 1 1 1 . . TR
+ Neu + + =0 thi phuong trinh tr¢ thanh

m+n n+p p+m
0z = 0 nghiém dung véi moi z.
C. Bai tap van dung
16.2. Giai cac phuong trinh :

a) 3—x+2X:4x+3_2(x—1) ;
6 3

5
C(x=2°+(x-2)(x+2) .
4 1

b) 0,5(x + 2)*(x —1) —é X(X2—2) = % (x +2)°

x-1 5-3x
3+X_X_ 3 5 X x-3 .
3 2

c)

16.2. Timynéu:

1 .1 1 115 1 1
a) | 2=-3=+4=-5= |2 y==(3-8y)+7= :
)( 3 2 5 6) 167 =287
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2,68+— 4
25
0 _Ey (3,25_51_21+3j 4= 20—2y(05+0 25+1+1+1j
57243 31 8 16 32

16.3. Cho phuong trinh véi z 1a 4n, m 1a mét s (tham sd)
(z-2?— (z+5m-2) + (z+3)* =2(Z>-m+1)+8(m—5)z +28
a) Tim gia tri cia m dé phuong trinh c6 nghiém 1a z =3 ;
b) Giai phuong trinh theo tham s m.
16.4. Tim gid tri cia m dé phuong trinh
W2 _ 2m —3x

+5(x +m) =x3—6x%+31

c6 nghiém bang % nghiém caa phuong trinh (x — 2)(X + 3) = x(x — 1) + 10.

16.5. Giai cac phuong trinh :
1 1 6 5 |_3x- 294 3x—295
) 3x +
294 295 294 295 6 5

)(i N LJ% T4 75 76 122(77+x)+123(78+X)

I

X +—t
126 125 124 126 125 124 122.123
99x —50.49-51.50 N 25(x —52) +48(x —175)
50.49 48.25
4x —350 N 4x —-100 N 4x—95 _110.55+145.45—-400x .
15 25 35 45.55
16.6. Giai cac phuong trinh :

-0,

c)

d)

X—-m X-2 4m
+ _

- v6i m 1a hang sb (tham sd) ;
m+2 m-2 4-m

a)

2

b) + + =
np pm mn m

X—-m X-n X-p 2 2 2
— ==
n p
véi m, n, p la cac hang sé vam.n.p =0.
16.7. Giai cac phuong trinh voi y 12 an s6 ; m, n, p 1a hang s6 va m.n.p=0

g YoM y-n_o y+3 .

n-3 m-3 m+n '
b) 3y—n—p+3y—p—m+3y—m—n:3.
m n p

16.8. Giai phuong trinh :

a) (1— j(l— J...(i— j.200x—1807o=(i—1j(1+2+3+...+200);
2 )\3 100 100
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b) (x+3)" ~ (x=5)(x +5) :(Z+1j[l+1j[l+1)...(i +1j.£(x+2) ;
2 9 20 33 105 256

3 3 14

06+5-— 21| 4 4 4 4
c) 92x— 107 1101+230 :(—+—+———j2016x—8(x—3).
,,10 10720 . 1"l1276 4 2
7 11 3
16.9. Timznéu:
9 9 9 9 183 6z+5 5z-6
a) + + +.o.+ +—+3(z-) = +—;
110 10.19 19.28 8291) 91 4 5
b) [10+6060+6060+...+6060j.(z—1): 76 _ 2015.2016+ 2017 2
1212 2020 9090 2016.2017 -2015

(2017 2017 2017 j z 2018 2018 2018
c) + +..+ —= + +..+ :
111 212 100.110/) 10 1.101 2.102 10.110

16.10. Giai phwong trinh véi ant;a, b, clacacsd;a #0;b =0 vac =0

t—-a 1 t-b 1 t-a 1) 1 1 1
(E_E){ET){E_E):?FE
16.11. Giai phuong trinh 12 — 3(x — 2)% = (X + 2)(1 — 3x) + 2X.
(Pé thi chon hoc sinh gidi 16p 9 huyén Thuong Tin Ha Tay nam hoc 1996 — 1997)
16.12. Cho 169(157 — 77X)? + 100(201 — 100x)? = 26(77x — 157)(1000x — 2010) .
Tinh gia tri caa x.
(Pé thi Olympic Todn Singapore (SMO) niam 2010)
16.13. Tim ba s tu nhién lién tiép biét tong 3 tich cua ting cip sé khac nhau caa ching 13 1727.
(Pé thi tuyén sinh vao I6p 10 THPT ning khiéu PHQG TP Ho Chi Minh nam hoc 2012 — 2013)

Chuyén dé 17. PHUONG TRINH TiCH

A. Kién thirc can nhé
Phwong trinh tich
- Phuong trinh ¢6 dang: A(x). B(x) =0; trong d6 A(x), B(x) la cac da thtic cua bién x.
- Phuong phap chung : Muén giai phuong trinh A(x).B(x) = 0 ta giai hai phuong trinh A(x) =0 va B(x)
=0, roi lay tt ca cac nghiém thu duoc.

A(X).B(x)=0 < A(x) =0 hoiic B(x) = 0.
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A(x)=0

- M& rong: A(X).B(X)....M(X) =0 < B(x)=0
M(x)=0
B. Mot s6 vi du
Vi du 1. Giai cac phuong trinh :
2(2x-3) 4x-5 _
a) (5,5 — 11x){ = 2 } 0. (1)
b) (x*— 4)(x? + 3)(9 — 4x) = (X*— x* — 12)(2x + 3). (2)
C) (X —1)(X +7) =X = (X + 4)(x — 4) + (2x — 3)?. (3)

* Tim céch giai:

a) Phuong trinh c6 dang: A(x). B(x) =0;

b) Tathdy x*—x*—12 = (x*- 4)(x* + 3). Hai vé c6 nhan tir chung. Chuyén vé, dat nhan tr chung s& dua vé
duogc vé dang phuong trinh tich ;

¢) Chuyén vé va bién dbi phuong trinh da cho thanh phuong trinh tich.
Gidi

a) (1) < 55-11x=0 hoic {2(2x_3)_4x_5}:0

4
V6i 55-11x=0 < —11x=-55 < x=0,5.
2(2x—-3) 4x-5
5 4
< 16x-24-20x+25=0 < —-4x =—1 < x=0,25.
Tap nghiém cua phuong trinh 1a: S={0,25;0,5}.
b) Ta c6 x*— x* — 12 = x*— 4x® + 3x%- 12 = X3(x*— 4) + 3(x*- 4)
= (X°— 4)(x* + 3).
Dodo (2) < (X*—4)(x* + 3)(9 — 4x) — (x*— 4)(x* + 3)(2x + 3) =0
o (=D +3)(9-4x-2x-3)=0
& (x=2)(x+2)(x* +3)(6-6x)=0
Xx—-2=0 X=2
& [ x+2=0 < |x=-2 (dox?+3>0 Vx)
6-6x=0 x=1

Vi =0<=8(12x—-3)—5(4x—-5)=0

Tap nghiém cua phuong trinh la: S={-2;1;2}.
)(B) & (x-1)(Xx+7)—x—(x+4)(x—4)—(2x-3)*=0
S 2CHUX—X— T—X—X+16-4x>+12x—-9 =0
& —3x% +24x=0 < x(24-3x)=0
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<~ <~ <~
24—-3x=0 —3x=-24 X=8

Tap nghiém cua phuong trinh la: S={0;8}.

Vi du 2. Giai phuong trinh :  x® - 5x% + 11x —15 = 0. (1)

* Tim cach gidi : Ta phai phén tich da thirc & vé tréi thanh nhan tir. Thong thuong véi da thirc bac cao (>2) ta st
dung h¢ qud cta dinh ly Bézout (Bézout (1730 - 1783) nha toan hoc Phap) : Da thirc f(x) chia hét cho (x — a) khi
va chi khi f(a) = 0. N6i cach khac : Néu f(a) = 0 thi f(x) phai chiza nhan ti (x —a). O vi du nay ta thay x bang mét
trong cac udc so cua 15 ta thay :

f(3) = 3%~ 5.3 + 11.3 15 = 0. Nhu vay x® — 5x* + 11x —15 chtra mot nhan tir 1a (x — 3). Tir d6 ¢ cach giai sau

Gidi
(1) & x>~ 3x*—2x*+6x+5x—15=0
& X(x—3)—2x(x-3) +5(x—-3) =0
x—-3=0
x> —2x+5=0
Néu x—3=0 thi x=3. Phuongtrinh x*~2x+5 =0 vonghiémvi x*-2x+5=(x—1)+4>0, V x. Vay tap
nghiém ciia phuong trinh 1a S={3}.

o (x=3)(x*-2x+5) =0 < [

* Nhdn xét: Thuc chat phuong phap 1am trén 1a nham nghiém dé tim ra mot nhan tir chung, tir d6 phén tich duoc Vé tréi
thanh nhan tir dé giai phuong trinh tich.
Vidu 3. Giai phuong trinh :  y* (y* — 29y? + 244) = 576. (1)
* Tim cach gidi : Chuyén vé rdi thay y* = 4 ta thiy vé trai nhan gia tri 0. Do d6 vé trai nhan (y’— 4) 1a nhan tur
chung. Tur do ta c6 cach giai sau :
Gidi

(1) < y°—29y*+244y*- 576 =0.
< Yy —4y*—25y* +100y? + 144y* 576 =0
=y (Y-4)-25y°(y° - 4) + 144y’ -4) =0
o (Y-4)(y'-25y° +144) =0 = (Y-4)(y*- 9y’ - 16y +144) =0 < (v~ Ay (Y- 9) - 16(y*-9)] =
0 o (Y-4(-9(y°-16) =0
< (Y-y-3)(y-2(y+2)(y+3)(y+4)=0.
Vay phuong trinh (1) ¢c6 6 nghiémla:y=+2; y=+3;y= +4.
Tap nghiém cta phuong trinh 13 S={—4; -3:-2:2:3:4 }
* Nhdn xét : Sau khi phan tich vé trai (VT) thanh (y*— 4)(y*— 25x? + 144) ta ding phuong phap tach va thém
bét, hodc dung phuong phap nhdm nghiém nhu trén dé phan tich y*— 25y? + 144 = (y*— 9)(y*-16).
Vidu 4. Giai phuong trinh ~ (z +3)*— (z + 1)® = 98. (1)
Gidi

(1) @ 22+922+272+27-72°-32-32-1=98
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o 62°2+242-72=0 o P+ 4z-12=0
o 2+ 67-22-12=0 o (z+6)(z-2)=0

z+6=0 z=-6
& &
z-2=0 z=2

Tap nghiém cua phuong trinh (1) 1a S={-6;2}.

* Nhgn xét : Ta c6 céch giai khac:

Do z + 2 latrung binh cong cua z+1 va z+ 3 néntadat z+ 2 =y phuong trinh trd thanh (y+1)>3-
(y-1)*=98
o Y +3P+3y+1-y +3yP-3y+1 =98 < 6y° =96
=4
o Y =16 & {y
y=—4
z+2=4 7=2
< &
z+2=-4 z=-6

NghiOm cfia ph--ngtrxnh luz=—-6;z= 2.
Vi du 5. Tim nam s6 tu nhién lién tiép, biét rang tong céac lap phuong cua bon sé dau hon lap phuwong cia sé thi
namla 8 .
* Tim céch giai: Hai s6 tu nhién lién tiép hon kém nhau 1 don vi.
Néu goi s6 nho nhat 13 a thi cac s tiép theo 1a (a + 1); (a + 2); (a + 3); (a + 4)
Dua theo dau bai ta lap phuong trinh.
Giai
Goi 5sb tu nhién liéntiép dolaa;a+1;a+2;a+3;a+4;a+b5.
Taco a®+(@+1)°+@+2°+@+3)° (a+4)°=8

o a’+a’+32° +3a+ 1+a’+6a°+12a+8 + a®+9a°+27a+27-a’-12a° —48a-64 =8
< 3a°+6a°-6a —-36=0

& 3a®—6a’+12a° —24a+18a—36 =0

< 3a%(a-2)+12a@@a—2)+18(a—2)=0

o (@-2)Ba%+12a+18)=0 < 3(@-2)(a®+4a+6)=0
Doa’+4a+6=(a+2)’+2 >0 Va néna-2=0haya=2.
Vay nam sb tu nhién lién tiép can tim 1a 2; 3; 4;5; 6.
Vidu 6. Giai phuong trinh : (2x*+ x — 6)* +3(2x*+x—3)—-9 =0.
* Tim cach giai - Ta thdy 2x*+ x — 6 va 2x*+ x — 3 ¢6 cac hang tir chira 4n gidng nhau. Phan s khac nhau. Ta
dat an phu.
Giai
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it 2xX°+x—-6 =y thi 2x*+x—3 =y+ 3 phuong trinh trg thanh
y=0 {2x2+x—6:0
&

+3(y+3)-9 =0 y(y+3)=0 =
y> +3(y +3) y(y +3) {y+3=0 o g3 O

- {(2x—3)(x+2) =0 (¥
(2x+3)(x-1)=0 (*¥)
Tr (*) = x=15; x=-2. Tr (**) => x=-15; x= 1L
Tap nghiém cua phuong trinh la S={-2;-15;1;15}.
Vi du 7 : Giai phuong trinh :
(x — 2)(x — 3)(X — 5)(x — 6) = 31(x* — 8x + 12) + 128. (1)
* Tim cach giai : Xét vé trai néu nhan nhan tir thir nhat véi nhan ti ther tr va nhén t thi hai nhan nhan tir thir 3
ta cd ( x° — 8x + 12)( x? — 8x + 15). Mdi nhan tir 1a mot da thire ¢6 cuing hé s6 cua x? va caa x. Phuong trinh tro
thanh (x?—8x + 12)(x* - 8x + 15) = 31(x* — 8x + 12) + 128 .
Do d6 ta dung phuong phap dat an phu.
Gidi
(X — 2)(x — 3)(X — 5)(x — 6) = 31(x* — 8x + 12) + 128

& (X2 —8x +12)( x> — 8x + 15) = 31(x* — 8x + 12) + 128. (2)
Pat x*-8x+12=y thi X*—8x+15=y+3
Khi ay phuong trinh (2) tro thanh  y(y + 3) = 31y + 128

< Y+3y-3ly-128 = 0; < Yy +4y—-32y—128 = 0

& Yy+4)-3Ay+4=0; < (y+a)y-32)=0 @Bi:;:oo
Voiy+4=0 < x*-8x+16=0 < (X—4)’=0 < x=4
V6iy—32=0 < x*-8x-20=0 < x*-10x+2x —20=0

< (x—10)(x+2) =0 < x=10hoacx=-2

Vay tap nghiém cia phuong trinh 1a S={-2; 4,10}

Vi du 8. Giai cac phuong trinh :

a) 3y’ —7y?—7y+3 =0. (1)

b) 2y* — 9y* + 14y* — 9y + 2 = 0. (2)
*Tim céch gidi: : Khi giai phuong trinh ta c6 thé gap phuong trinh c6 hé s6 cua cac hang tir ddi xting nhau. Ta
goi cac phuong trinh 4y 13 phuong trinh dbi xtng. Néu phuong trinh dbi xtng bac 1¢é thi bao gio ciing c6 mot
nghiém 1a — 1. Néu phuong trinh di xéng bac chin thi ta giai bang cach chia hai vé cho binh phuong ca an (
#0) va dat sau d6 dit an phu.
Giai

a) (1) < 3y°+3y*— 10y’ - 10y +3y+3 =0
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< 3y (y+1)-10y(y+ 1) +3(y+1) =0
< (Y+1)(3y*-10y+3) =0 < (y+1)(3y-1)(y-3) =0.

y+1=0 y=-1
< |3y-1=0< y:% . Vay tap nghiém cua (8) la S:{—l;%;i%}
y—-3=0 y=3

b) V6iy=0 tur(2)taco VT =2 = 0nén y =0 khdng la nghi¢m cua (2)
Do y = 0 khong phai 1a nghiém cta phuong trinh = y =0 . Do d6 chia hai vé ciia phwong trinh cho y? ta c6

2 2[y2 +i2j—9[y+l}t14=0.
y y

Pit t=y+ Liieo2-= y2+i2.Dodotaco 22-2)-9t+14=0
y y

& 20-0t+10=0 < 28-5t—-4t+10 =0 < (t—2)(2t—5)=0.
y=1

{t—2=0 y2—2y+1=0 (y-1)2=0
= = =
2t-5=0 [2y’+2-5y=0 |(y-2)(2y-1)=0

NI~ N

y

y
A A o . . 1

Vay tap nghiém cua phuong trinh (2) 1a S :{E;l; 2}

z A= A Y A 3 1 ~ \ ‘A
* Nhgn xét : Trong phuong trinh doi xing, néu a la nghiém thi — cling 1a nghiém.
a

Vidu 9. Giai phuong trinh  (4x +7)(4x + 5)(x + 1)(2x + 1) = 9.

* Tim cach giai : Ta thiy néu vé trai nhan 4 vao nhan ti thir ba, nhan 2 vao nhan tir thir tu thi ca bén nhan tu
déu 1a cac da thirc ma hé sb cua x déu 1a 4. Vé phai nhan véi 8 dé dugce phuong trinh méi trong duong. Sau dé
néu nhan (4x + 7) véi (4x + 2) ; (4x + 5) véi (4x + 4) ta thay két qua xuit hién cac hang tir giéng nhau 16x° +
36x nén co thé dat an phu dé giai.

Gidi
TacO (Ux+T7)(4x+5)(x+1)(2x+1)=9
< (AX+T7)Ax +5)(@x+4)(4x+2)= T2
< (16x% + 36x + 14)(16x° + 36X + 20) = 72.
Pit 16x*+36x+17=y tacod:
(y-3)(y+3)= 72 <V -9=72 <y =8l < y==9.
-V6i16X° +36X+17=9 < 4x*+9x+2=0 < 4> +8x+x+2=0

S AP +8X+Xx+2=0 o 4xX(x+2)+(x+2)=0
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o X+2)@Ax+1)=0 < {“2:0 {x:-z

=
4x+1=0 " |x=-0,25
- V6i 16x% +36x+17= -9 < 16x* +36x +26 =0 vd nghiém vi

2
16X° + 36X + 26 = (4x+%} +?>o,w .

Vay tap nghiém cua phuong trinh 1a S={-2;-0,25} .

C. Bai tap van dung
17.1. Giai cac phuong trinh :

) (B¢ +3)@x - 1) = (2x - 1)7; b) L =AOD e 4)[2x+§j ;

3
c) (x-5)%-36=0 ; d) (4x-3)%—4(x+3)%=0.
17.2. Giai cac phuong trinh (v6i y 1 an sé):
aQ)y'— 3y-2=0 ; by} + 2y —4y-8=0;

) y* + 2y*+2020 = 2011 ;
d) (y— 1)’y +3)—(y—1)° (y +3) = 5y + 16.
17.3. Giai cac phuong trinh ( z 12 an sd)
a)z'+2° -7 2+6=0; b) 2° - 122" + 232 +36 =0 ;
¢) 2423 — 202 +4z =62° -5z + 1.
17.4. Giai cac phuong trinh :
Q) (P—1)°+(2t+1)?=13+8t; b) (P +t+1)t? =10— t— (t+2)(t> +1);
Q) P+t -2+ ) +1=5E+1)—-9; d)(t?—3t+2)(t*—7t+12)=24.
17.5. Giai cac phuong trinh :
a) 4x +3)°— (2x—5)® =(2x +8)*;
b) (3x + 2016)% + (3x — 2019) = (6x — 3)°;
c) 2x—7)*+ (9-2x)* =152.
17.6. Giai cac phuong trinh :
a) (2x—5)"+(2x—3)* =16; b) (4x —19)* + (4x — 20)* = (39 — 8x)* ;
¢) (5x+2,5)" —(5x-1,5)" =80
17.7. Cho phuong trinh x*— 3ax® + 2,5ax + 6a =0
a) Giai phuong trinh véi a = 2;
b) Tim a dé phuong trinh c6 nghiém 1a nghiém cua phwong trinh
XX —x-6=0.
17.8. Cho phuong trinh (x—2)*— (M*—2m + 7)(x— 2) —3(m*-2m—2) = 0

a) Tim céc gia tri cia m dé mot trong cac nghiém cua phuong trinh 1a 3;
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b) Giai phuong trinh vgi c&c gia tri d6 cia m.

17.9. Giai cac phuong trinh sau véi tham sé m :

17.11.

17.12.

17.13.

17.14.

17.15.

17.16.

17.17.

17.18.

17.19.

17.20.

17.21.

Q) Imx®-18x°—mx+2=0;
b) 4m>3 + 45 = x(36 +5m?x).
17.10.

Giai cac phuong trinh :

Q) (4x—5)’(2x-3)(x—-1)= 1,5;
b) (2x + 7)(x + 3)?(2x + 5) = 18;
c) (x* — 3x + 2)(2x — 3)(2x — 5) = 30.

Giai cac phuong trinh:
Q) 22°-322-3z+2 =0;
b) 3z* — 132 + 162~ 132 +3=0;
0)2*+z8-6z22 +z+2 =0.
Tim bén sb tu nhién lién tiép sao cho lap phuong cuia mot s6 bang téng cac 1ap phuong cua ba s6 kia.
(Thi hoc sinh gigi l6p 9 TP Hé Chi Minh nim hoc 1995 — 1996)
Giai phuong trinh (x + 9)(x + 10)((x + 11) - 8x =0
(Tuyén sinh I6p 10 khai THPT chuyén Toan — Tin PHSP Vinh nim hoc 2002 — 2003)
Giai phuong trinh x*— 4x*— 19x% + 106x — 120 = 0.
(Thivao I6p 10 THPT chuyén Tran Pai Nghia TP Ho Chi Minh ndm hoc 2003 — 2004)
Giai phuong trinh (X% + 3x + 2)( X* + 7x + 12) = 24.
(Pé thi tuyén vao 16p 10 chuyén PHSPNN Ha Néi nim hoc 2004 — 2005)
Giai phuong trinh 6x°— 29x* + 27x3 + 27x* — 29x + 6 = 0
(Thi hoc sinh gigi l6p 9 tinh Thanh Héa ndm hoc 2005 — 2006)
Giai phuong trinh (3x + 4)(x + 1)(6x + 7)* = 6.
(Tuyén sinh 16p 10 THPT chuyén DHSP Ha Néi nam hoc 2006 — 2007)
Giai phuong trinh (x* — 2x)% + 3x* - 6x = — 2.
(Thi hoc sinh gidi 16p 9 huyén Thuong Tin Ha Tdy nam hoc 2006 — 2007)
Giai phuong trinh (4x + 3)%(2x + 1)(x + 1) = 810.
(Tuyén sinh 16p 10 chuyén Tin Quac hoc Hué nam hoc 2019 — 2010)
Giai phuong trinh x° + 3x — 140 = 0.
(Pé thi tuyén vao I6p 10 THPT chuyén Lam Son, Thanh Héa ndm hoc 2010 — 2011)

Gii phuong trinh (X2 —2x) +3(x~1)=x(2x-1).

(Pé thi tuyén vao I6p 10 THPT chuyén Quang Trung, Binh Phuée niam hoc 2010 — 2011)

17.22.

Giai phuong trinh (2X2 —X)2 +2x? -x-12=0.

( Thi tuyén sinh 16p 10 chuyén TP Ho Chi Minh ndam hoc 2010 — 2011)
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17.23. Giai phuong trinh (x —4x+11)(x* —8x*+21)=35.

(Bé thivao I6p 10 trwong THPT chuyén Nguyén Trai, Hai Duong ndm hoc 2012 — 2013)

Chuyén dé 18. PHUONG TRINH CHU’A AN & MAU THU'C
A. Kién thitc can nhé

Buéc 1: Tim diéu kién xac dinh cta phuong trinh. (tic 1a tim gia tri ciia an lam tat ca cac mau thic cua
phuong trinh khac 0). Viét tit: DPKXD.

Buéc 2 : Quy ddng mau hai vé cua phuong trinh roi khir mau.
Buéc 3 : Giai phuong trinh vira nhan dugc.

Buéc 4 : (Két luan) . Trong céc gia tri tim duoc & budc 3, cac gia tri théa mdn diéu kién xac dinh chinh
14 nghiém cua phuong trinh da cho.

*Chiy:NéuAXX)=0 tai Xx=xX; hoicx =X, thi

AX) # 0 Kkhi X # X3 va X # Xy

B. M6t s6 vi du
Vidu 1. Giai cac phuong trinh :
2) 1 N 1 3 1 . (1)
Xx-=1 x-2 2x-6 2x-4
25+ 4x 4 6
b) = )

25x2 -1 5x+1 1-5x°

*Timcach giai:a) Do 2x—-6=2(x—-3);2x-4=2(x—-2) nén PKXPla x-1# 0 ;x-2# 0 va x-3 =
0. Thuc hién cac budc giai.

b) Ta tim DKXD tuc la tim gia tri ciia 4n 1am tit ca cac mau thie 25x°—1; 5x + 1 ; 5x — 1 cua phuong trinh
khac 0. Ma25x?—1=(5x +1)(5x — 1) nén PKXD1a 5x+ 1= 0 va 5x— 1= 0.

- Thuc hién day di cac budc giai phuong trinh ¢6 an & mau.
Gidi
a) PKXD: x #1 ;x#2 va X #3.
1) = 2x-2)(x-3)+2(x—-1)(x—3) = 3(x—1)(x—2)— (x—1)(x—3)
& 2C—10x+12+2x°—8x +6= 3x*—Ox +6— X* +4x -3
o 2X*—13x+15=0 & (2x-3)(x—5)=0
2x-3=0 x=15
{X—5=0 < {x:5
Hai giatri x=1,5vax =5 thoa man DPKXD nén la nghiém phuong trinh (1).

113



b)PKXD: X #+0,2.

2) = 25+4x =

4(5x —1) + 6(5x + 1)

20x -4 +30x+ 6
=4 —-46x = -23

< 25+4x =

= x=0,5.
Gia tri nay thoa man BPKXD. Vay phuong trinh ¢6 nghiém la x = 0,5.

p— 2_ J— —_
Vidu 2. Giai phuong trinh 2X 5+X2 Sx—41_ 3x 8. 1)
Xx+1 x°-3x-4 x-4
N x*—5x—41 3x-8
x+1 (x+1)(x—4) x-4
X #4 va X #-1.

Gidi: Taco (1) o 222

DbKXD :
Quy ddng mau s hai vé va khir mau ta c6 phuong trinh :

f—

(2x—5B)(X —4) + x> —B5x —41 =(3x—8)(x + 1)

2% —13x+20 + x°—5x —41 = 3x*-5x — 8
=

—-13x =13 = =-1.
Gia tri nay khong théa man BPKXD . Vay phuong trinh (1) v6 nghiém.

) (x*-x-6)(x-5) (x* —x—6)(x—4)
Vidu 3.Cho A(X)= > va B(x) = 5 5
x(x +2x+2) 3X” +6X° +6X
a) Tim x dé gia tri caa hai biéu thuc A(x) va B(x) bang nhau ;
b) Tim x dé 2% _5
B(x)

*Tim céch gidi : Bai toan tim x dé gia tri cua hai biéu thic A(X) va B(x) bang nhau quy vé tim nghiém cua
phuong trinh A(x) = B(x).

xet 20)

B0 5 dacbigtlvuy A(x); B(x) co nghia va B(x) #0
X
Gidi

a) Pé A(x) = B(x) thi (X -x-6)(x-5) =(X2_X_6)(X_4)
x(x2+2x+2) 3x(x2+2x+2)
PKXD : x(x*+2x+2) =0va 3x> +6x*+ 2x =0 hay 3x(x* + 2x + 2) #0
Dox?+2x+2=(x+1)’+1 =0, ¥x nén PKXP1a x = 0.
Tir phuong trinh trén suy ra : 3(x* — X — 6)(x — 5) = (X* = X — 6)(x — 4)
& (XP—x—6)(Bx—15)— (x*~x—6)(x-4)=0
o (X¥-Xx-6)(Bx—15 —x+4)=0
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x—-3=0 X=3
S X=3)X+2)(2x-11)=0 <|x+2=0 <|x=-2
2x-11=0 x=5,5
Ca ba gid tri nay déu thoa man PKXD
Vay véix=-2;x=3;x=55 thi A(x)=B(x).
A(x)

2 2
o) AW g oriata (x —x—6)(x—5) : (x —x—6)(x—4):5
B(x) X(X*+2x+2) 3x% +6x° +6x

(x*=x—-6)(x=5)  3x(x*+2x+2)

Hay la x(x2+2x+2) '(xz—x—6)(x—4):5

*)

Dox?+2x+2=(x+1)%+1 =0, VX nén tacod

) o 3><(><2—><—6)(><—5)=5 hay KX -3)(x-5) _,

X(x*—x-6)(x—4) X(X +2)(x —3)(x — 4)

PDKXD: x#0; Xx#-2; X#3; X #4.

Tu DPKXD va phuong trinh trén suy ra 3(x —5)—-5(x-4)=0

< 3X-15-5x+20=0 < 2x=5 <& x=2,5thoa man DKXD.

3X(X+2)(x—3)(x—5)

X(X+2)(x—3)(x—4)

Taco thé hiéunhusau: Dox=0; X # 2; X £3; nén x(Xx—2)(x—3) # 0. Do d6 chia ca tir vd mau cho
3(x-5)

s6 khac 0 ta c6 m =5 vavédi x #4 ta dugc phuong trinh tuong duong 3(x —5) - 5(x —4) = 0.
X j—

*Nhdgn xét : Tu =5suyra 3(x—5)—-5(x-4)=0

Hoac c6 thé hiéu nhu sau :
Ti 3X(X+2)(x—3)(x-5)
X(X+2)(x=3)(x—4)
IX(X+2)(Xx—=3)(X=5)=5x(x+2)(x—3)(x—4)
< X(X+2)(x-3)[3(x—-5)-5(x—-4)]=0
<3(x-5)-5(x-4)=0 do x(x+2)(x-3)=0
Vidu 4. Cho phuong trinh anx :
X+2m 1 X+5
X—=5 2m—Xx
a) Giai phuong trinh véi m=5;

=5Vvoi x£0; x#-2; x#3; x #4tacod

+1  (v6i mlahang sé)

b) Tim m dé phuong trinh ¢6 nghiém x = 10 ;
¢) Giai phuong trinh voi tham sé m.
* Tim cach gidi : Pay 1a phuong trinh tham sb. Khi giai can Iuu y bién luan theo céc gié tri ciia tham sé m.
Giai
X+2m X+5 X+2m  xX+5

1= +1 < + =2
X-5 2m—x X-=5 X-2m
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Xx+10 x+5 9

a) Khim=5 tacd: + (1)
x-5 x-10
Véi DPKXD x #5 va x= 10 thi
tir (1) = x*-100+x*—25 = 2x*—30x + 100
= 30x = 225 o X =75 (thoa mian DPKXD)
b) Néux= 10 tacs ~ o+t2m, 19 2)

+ =2
5 10-2m
V6iPDKXD m # 5 (2) = 100 —4m?+ 75 = 100 — 20m
& 4m*-20m-75=0
2m-15=0 m=7,5
=
2m+5=0 m=-2,5
c) Piéu kién cuanghiémnéucdla x = 5va x # 2m
Bién doi phurong trinh X:+2m X S _ 2 thanh
X-5 XxX-2m
(X +2m)(x —2m) + (X + 5)(x — 5) = 2(x — 5)(X — 2m)
& X2 —4m? + x% - 25 = 2x* — 4mx — 10x + 20m
< 4mx +10x = 4m*+20m+25 < 2x(2m+5) = (2m +5)* (*)

+Néum =25 thi x = # . Gia tri nay la nghiém caa phuong trinh néu 2m

o (2m-15@2m+5) = 0 < {

+5¢2m = 2m

+5#4m = m =25

2m+5
2
+ Néu m=-25 thi (*)c6dang Ox = 0. Phuong trinh nghiém ding Vx = +5.

. . L 1 2m+
Keét luan: Néeu m = +2,5 phuong trinh c6 nghiém duy nhat la x = 5 > ;

#5 = 2m+5# 10 = m =25.

Néum=25 phuong trinh v nghiém ;
Néum =-2,5 phuong trinh nghiém diing Vx = + 5.
Nhgn xét: Cau b) c6 cach giai khac nhu sau :
10+2m 15

+ =2 = 100-4m?+75= 100 —20m
5 10—2m

< 100 =4m*-20m + 25
2 2 2m-5=10 2m =15 m=7,5
< 10°=(2m-5) = =
2m-5=-10 2m=-5 m=-2,5
Vi du 5. Giai phuong trinh :
1 1 1 1 1 1
VY T2 T2 T2 TS
y+y Yy +3y+2 y +5y+6 y +7y+12 y +9y+20 15
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* Tim cach gidi : Céc phan thuc vé trai sau khi phan tich mau thanh nhan tir ¢ dang @D Taco
1 (@a+D)-a a+l a 1 1
a@+l) a@+l) a(@+l) a(@+l) a a+l
Gidi
bKXb: y#0; y#-1, y#-2 ,y#-3,;,y#-4;y=#-5.
1 1 1 1 1 1

Bién d6i phwong trinh vé dang:

+ + + + =—
yiy+D) (y+D(y+2) (y+2)(y+3) (y+3)(y+4) (y+4(y+5 30
1 1 1 1 1 1 1 1 1 1 1

—— + - + - + - + - =—

y y+1 y+1 y+2 y+2 y+3 y+3 y+4 y+4 y+5 30

1 1 1

y y+5:5
= 30(y +5) — 30y = y* + 5y
< y?+5y—150 =0
< (y-10)(y+15)=0
y—10=0 y =10
=
y+15=0 y=-15

Vi du 6. Giai phuong trinh (v6i z 1a an ; m, n a tham sd):

. Tap nghiém la S = {—15;10}

m(z’+1) n 1 mz
21 741 z-1 z-1
* Tim cach gidi: Phuong trinh ¢6 4n & mau chira tham s6, can luu y PKXPD va bién luan theo cac tham sé m va
n.
Giai

PKXD : z # =1,

m(22 +1) n 1-mz

Khi 4y phuong trinh (PT) tré thanh > - + =
z°-1 z+1 z-1

m(z2 +1)— nz-1+@L-mz)(z+) .

=
z?-1

mz’+m-nz+n+z+1-mz>-mz b (m+n+)-(m+n-1)z
2’ -1 7’ -1

= M+n+1)-(mMm+n-1)z=0

0

+Néum+n—1 =0 phuong trinh tro thanh 2—-0z2=0 < 0z=2
Phuong trinh nay v6 nghiém. Do d6 PT v6 nghiém.
m+n+1
m+n-1

+Néum+n-120 thi z=

Déi chiéu voi DKXD ta thay:
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_m+n+1
m+n-1

# 1 ludn duoc thoa man

vinéu z=1thisdsuyral=-1,voli.

_m+n+1

. . g . m+n+1 N
#—1 duocthéamdnnéu m+n = 0. Vi néu z =-1 thi =-1lthi m+n+l=-m-

m+n-1 m+n-1
n+1 suyra 2(m+n)=0hay m+n=0.
Két luan : + Néum +n=1hoic m+n=0thi PTvd nghiém.

+Néu m+n=1vam+n=0thi PTcénghiémIaz:m+n+1.
m+n-1
C. Bai tap van dung
18.1. Giai cac phuong trinh :
X+3 x-5 2x° 2 3 3
a) + =— ; b) + = ;
X—-3 X+4 x +x-12 X—2 x-3 x-4
L x5, 8 . g7 4. 38 1
X+2 x-1 X" +X-2 X—4 X“—5x+4 x-1
18.2. Giai céac phuong trinh :
p— — 2_
2) 3+3+x_3x 1 35 ; b) X 3+2x3 21 _ : 5 ;
2-x X' —-8 X" +2x+4

3-x x+3 x°-9
x? —3x 25 5-2x 2x% +61
) — + = + .

X“+3x 2x°+3x—-9 2x-3 (2x-3)(x+3)
18.3. Giai cac phuong trinh :

y+1 y 2(y° +5)
a) —+ = :
(y+D)°+1 (y-D)°+1 y +4

yy+2)  yy-2) _  36-y*
Vi+2(y+2) Yy -2(y-2) y'+4y*+16°
N 1 - 1 :432 +22y—2.
yiy-D+1 y(y+D)+1| (Y +y"+)y y -y+1

18.4. Giai cac phuong trinh :

a) 1 Z+£ :1 Z_|_l X b) 3 :|.+1 =2z :|.+1 :|.—1+i ;
z z) 2 2 z z z 7°

2 2 3
C) 22_624_13:#; d) Z+2—Z+4 +7:8—Zz_
z°-6z+10 z-2 (z-2)
18.5. Giai cac phuong trinh :
2 (t-2)* t°-4t+3 1 b t2+2t+2+t2+2t+3_g_
t?—4t+5 (t-2)° 90° t?+2t+3 t*+2t+4 12°
) 3t +22t =1.
t°+3t+2 t°+t+2
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18.6. Giai phuong trinh :

a) (2x2+9x—4)(2i;i +1j:(x2+11x+20)(:x_;i +1} :

X 2X+2 5) X+7

2x2—5x+3 2X2—9X+7 2X2—5x+3 2X2—Ox+7
1 ) 5a@+3x) x
X+a x—aj_4(x2—a2)_x—a
a) Tim a dé phuong trinh trén c6 nghiém 1a nghiém caa phuong trinh

3 A

X-5 x+5 25-x°’

b) Giai phuong trinh v&i a = 6.

b)

18.7. Cho phuong trinh x( véi a la hang sd.

2 2 2.2
188. Timx bigt T+ +m£1 (1 1J:—zﬂ—(m+n)
X X m n X
véim;nlahangsé m= 0, n=0;
18.9. Giai cac phuong trinh :
3 4 5 14 _
a) 2 2 =2 3 2 )
X°—=BX+6 X —7Xx+12 X" —-6X+8 X’ —-9x°+26x-24
1 1 1 19
b) — +— +ot— ===
X“+3X+2 X +5x+6 X“+39x+380 42
2 2 2 5
C) — +— Fot————————=—.
X“—2X X" —-6Xx+8 X“-18x+80 12
2_ 2_ 2_
18.10. Giai phuong trinh: X' = 4x+6 X ox +12 = (2X—5)—2X—24.
X—2 X-3 X —5X+6
. 2X 13x
18.11. Giai phuong trinh + =6

2x2 —5x+3 2x%2+Xx+3

(Thi vao 16p 10 chuyén Quéc hoc Hué nam hoc 1996 - 1997)

(Pé thi vao Iép 10 THPT chuyén PHSP Ha Néi nam hoc 2000 — 2001)

(Dé thi tuyen sinh vao 16p 10 Quéc hoc Hué ndam hoc 2002 — 2003)

HE \ 3 X3 3X2
18.12. Giai phuong trinh X* +———+ -2=0.
(x-1)° x-1
. S 2
18.13. Giai phuong trinh —————X"+4x-1=0.
X —4X+5
18.14. Giai phuong trinh
1 1 1 1

5 +— +— +— =—.
X°=5Xx+6 X" —-7x+12 x°-9x+20 x°-11x+30 8
(Kheo sat chat heong hoc sinh gici Toan 8 huyén Thirong Tin Ha Ngi nim hoc 2012 —2013).

X(x"-56) 21x+22

18.15. Giai phuong trinh 3 =4.
4-T7xX X" +2

(Pé thi tuyén sinh vao I6p 10 THPT chuyén PHSP Ha Néi nam hoc 2014 — 2015)
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x> x2 2
x—-1 x+1 x*-1
(Peé thi hoc sinh gisi Toan 9 Huyén Thirong Tin Ha Ngi nim hoc 2014 — 2015)
. 1 2
18.17. Giai phuong trinh —+— 5 _
X° x+1 (X +1)
(Peé thi chon dgi tuyén Toan 9 quédn GO Vap TP Hé Chi Minh nédm hoc 2014 — 2015)
—2X +1 X? —2X +2 7

X _2x+2 X —2x+3 6
(Khdo sét chat heong hoc sinh gidi Toan 8 huyén Thuong Tin Ha Ngi nam hoc 2014 — 2015).

Chuyén d& 19. GIAI TOAN BANG CACH LAP PHU'ONG TRINH

A. Kién thic can nhé

18.16. Giai phuong trinh

18.18. Giai phuong trinh =

Buwoc 1 : Lap phuong trinh :

- Chon 4n s va dit diéu kién thich hop cho an sé ;

- Biéu dién cac dai luong chua biét theo an va cac dai luong da biét;

- Lap phuong trinh biéu thi mdi quan hé giira cac dai luong.

Buoc 2 : Giai phuong trinh .

Buéc 3 : Tra 10i : Kiém tra xem trong cac nghiém caa phuong trinh, nghiém nao théa man diéu kién cua
an, nghiém nao khong, roi két luan.
B. Mét s6 vi du
Vi du 1. Quing dudong AD gom ba doan AB ; BC va CD. Ldc 7 gio sang mot ngudi di 6 to tir A véi van toc
60km/h dén B luc 7gio30phut , sau d6 di tiép trén doan dudng BC van téc 50km/h. Cung ldc 7 gio sang mot
nguoi di xe may di tir C voi van tde 35km/h dé dén D. Biét thoi gian nguoi di xe may dén D nhiéu hon thoi gian
nguoi di 6 t6 tir B dén C 1a 1gid24 phit va quang duong BC ngan hon quing dudng CD la 40km. Tinh quéng
duong AD.
* Tim cach gigi : D4y la bai toan chuyén dong déu. C6 ba dai luong : Quang dwong (s), van téc (v) va thoi
gian (t).Quan h¢ giita cdac dai lwong nhw sau s=v.t; v=s:it; t=s:v.
Poan duong AD gom ba doan.Poan AB di biét do dai (do biét van téc di 60km/h va thoi gian di 14 0,5
gid) nén chi can tinh doan BD. Do d6 ta chon an s6 x (km) 1a d6 dai doan BD.

Do quang dudng BC ngan hon quang duong CD 1a 40km ma tong hai doan duong 1a x km nén d6 dai doan

X+40 | mvasc ja X240

CDla km

Ta phai tim thoi gian di ciia xe may trén doan dudng CD va thoi gian 6 t6 di trén doan duong BC dé lap
phuong trinh.
Gidi
Thoi gian xe di hét quang duong AB 1a 7 gio 30 phdt — 7 gio = 30 phat = 0,5 h . Ta ¢6 quang duong AB
dai 12 60 . 0,5 = 30(km).
Goi quing duong BD la x(km); x > 40. Do doan CD dai hon BC 1a 40km ; tong hai doan duong 1a x (km) nén :

120



X—40 X+40

- Poan duong BC dai (km) ; doan duong CD dai 5

(km)

X —40

- Thoi gian 6 t6 di trén doan BC la :50 (h).

X+40

- Thoi gian di xe may trén doan CD :35 (h).

1 gio 24 phat = 1,4 gio

Xx+40 x-40 _

1,4. 1
70 100 @)

Theo bai ra ta ¢c6 phuong trinh :

- Giai phuong trinh :
(1) <  10x+400-7x +280=1980 < 3x =300
& x =100
Gia tri nay phu hop voi diéu kién cua an vay :
Quéng duong BD dai 100 km va quang duong AD dai 100 + 30 = 130 (km).
ChU y: Cach khac : Goi thoi gian xe may di tir C dén D 1 x (gio) thi thoi gian 6 t6 di tir B dén C lax — 1,4 (gio) .
Quang duong CD dai 35x (km), quang duong BC dai (x — 1,4).50. Ta c6 phuong trinh (x — 1,4).50 = 35x — 40.
Giai phuong trinh dwoc x = 2 (ban doc tinh tiép).
Vi du 2. Trén quing séng AB dai 48km , mot ca nd xudi tir A dén B rdi quay tro lai va d tai mot dia diém C ¢
chinh gitra A va B. Thoi gian ca né ca xudi va nguoc dong hét tat ca 3 gio 30 phit. Tinh van téc riéng cua ca nd
biét ring mot bé nua tha troi trén song d6 15 phit troi dugc 1km.,
* Tim cach gidi: - Pay 1a bai toan chuyén dong déu lién quan dén chuyén dong xudi, nguoc dong nudc
(hozc xudi gio, nguoc gid). Néu gei vdn téc khi xudi 1a v, ; vdn téc khi ngwoc 1a v, ; vdn téc riéng cia
déng tie 1a v, va vy, 1a vdn téc ciia dong nwéc (hodc gio) thi
Vi = Vr +Vgn 3 Vpn= Vp — Vgp Va Vx —Vn = 2Vdn .

- Quing song ca nd xudi 1a 48km va nguoc 12 48 : 2 = 24km. Van toc bé naa troi chinh 1a van toc dong
nudcC.
-Chon an'sé x la van tdc riéng ciia ca nd , ta tim thoi gian xudi va nguge dé lap phuong trinh.
Gidi

15 phat = 0,25 gio; 3 gio 30 phat = 3,5 gio.

Van tc bé naa tri 1a 1: 0,25 = 4 (km/h) chinh 12 van tdc dong nuéc.

Goi van toc riéng ciia ca nd 1a x (km/h); x > 4 . Thi van téc ca nd khi xudi dong 1a x + 4 (km/h), van téc ca
no khi nguoc dong la x — 4 (km/h).

. a s . 48 . . . 24
Thaoi gian ca nd xudi dong la —— (h) va ngugc dong la —— (h).

X+4 X—4
48 24
+ =

X+4 X—-4
*Giai phuong trinh (1) : bién ddi thanh 48x — 192 + 24x + 96 = 3,5x°— 56

3,5. (1)

Theo bai ra ta c6 phuong trinh :
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& 35x2-72x+40 =0 & Tx2—144x+80 =0

x=20

o TX*-140x-4x+80 =0 < (x-20)(7x-4)=0 < 4
X —_

.

Trong hai gia tri trén x = 20 thoa man diéu kién dau bai .
Vay van toc riéng cua ca nd 1a 20km/h.
Vi du 3. Hai xuéng san xuat cing 1am maot san pham. S6 san pham xuong thir nhat lam trong 5 ngay nhiéu hon s

san pham xudng thir hai lam trong 6 ngay la 140 san pham. Biét rang nang suat lao dong caa xudng thir nhat hon
xudng thi hai 1a 65 san pham/ngay. Tinh ning suit lao dong cua mdi xudng.

*Tim céach giqi: Bai toan thudc loai toan Nang suit lao dong. Co ba dai luong:

- Khéi Iweng cong viéc : (K) - Thei gian hoan thanh cong viéc (t)

- Nding sudt lao dpng : (Iweng cong viéc hoan thanh trong mét don vi thoi gian) (N). Quan hé giga
cac dai lwong nhw sau :

K=N.t; t=K:NvaN=K:t.
Trong bai ning suit lao dong mdi xudng la sé san pham mdi xudng 1am trong mot ngay, ta chon an x tir
mot trong hai ning suat lao dong nay. Khéi luong cong viéc cua mdi xuong chinh 1a s san pham xudng
tha nhit lam trong 5 ngdy, xudng thi hai 1am trong 6 ngay. Lap phuong trinh tir viéc so sanh hai khi luong
cbng Vviéc.
Gidi
Goi ning suit lao dong cua xuong thir nhat 1a x (san pham /ngay); (XeN; x > 65 ) thi ning suat lao
dong cia xuong thi hai 1a (x — 65) (san pham / ngay). Trong nam ngay xuong thir nhat lam dugc 5x (san pham),
trong sau ngay xuong thir hai 1am duoc 6(x — 65) (san pham).
Theo bai ra ta c6 phuong trinh  5x —6(x —65) =140 . Q)
Giai phuong trinh : (1) < 5x —6x +390=140
< x=250 (thoa man diéu kién).

Vay: Ning suat lao dong ctia xuang thir nhat 12 250 san pham /ngay

Ning suét lao dong cia xuang thir hai 12 250 — 65 = 185 (san pham /ngay).
Vi du 4. Hai voi nudc cling chay vao mot cai bé can trong thoi gian 4 gio 48 phat thi bé day.Néu voi thi nhat
chay mét minh trong 3 gio, rdi voi thir hai chay tiép mot minh trong 4 gio nita thi dy dugc g bé. Hoi néu

mdi voi chay mot minh thi sau bao lau bé s& day?

* Tim c&ch gidi : - Pay 1a bai toan vé cong viéc dong thoi (1am chung, 1am riéng mot cong viéc) — 1a mot dang
dic biét cua toan ning suit lao dong. Khéi luong cdng viéc ¢ ddy khong duoc cho dudi dang s luong cu thé 1a
bao nhiéu. Boi vay ta cd thé quy wdc cdng viéc can hoan thanh 1a 1. TUy ndi dung bai toén cu thé ma ta quy uéc
mot dai luong nao d6 lam don vi (1 bé nudc, 1 con muong, 1 canh déng , 1 con duong, ...). Pon vi ciia ndng
suat lao dong s& 1a 1 cong viéc / 1 don vi thoi gian. Nang suét lao dong chung bang tong ning suét lao dong
riéng cua ting ca thé.
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- O bai toén trén, cong viéc cu thé 1a 1 bé nudc (lugng nude lam day 1 bé). Néu mot voi chay mot minh sau a
gio day bé thi nang suat(lwong nudc chay trong 1 gio) la — bé/gio. Neu mot voi khac chay mot minh sau b gio
a
day
T O . z (1.1 2 s
bé thi nang suat la 5 bé/gio. Nang suat chung la _+B (bé/gio).
a
Gidi
. .= ” .y , 24 .y X 2 A .y . N = N 5 2 ,
Hai voi chay chung trong 4 gio 48 phat = = gio day bé vay 1 gio hai voi chay chung duoc e bé nudec.

Goi thoi gian voi thir hai chay mot minh ddy bé 1a x gio (x > 2—54] , thi 1 gio voi thir hai chay duoc 1 bé nusc.
X

V0i thir nhat chay mot minh 1 gid duoc (%—lj bé nuéc.

X
5 1) 4 17
Ta c¢6 phuong trinh : ) —=——|+—=—. 1
P 8 (24 x} X 24 @)
Giai phuong trinh : (1) < 15x—72+96 = 17X
& 2x=24 & x= 12

Gia tri nay phu hop voi diéu kién cua an.
Vay thoi gian voi thir hai chay mot minh day bé 1a 12 gio.
1

. . : A2 5 1 .
thoi gian voi thir nhat chay mot minh day bé 1a 1:| ——— |=1:==8(gio).
ol g u nhat chay mot minh day bé (24 12) 5 (9io)

Vi du 5. Nam ngoai sb kg thoc thu hoach cua thira rudng thir nhat bang % s6 kg thoc thu hoach cua thira thi hai.

Nim nay nho cai tién ki thuat thira thar nhat thu hoach ting 20%; thira thir hai thu hoach tang 30% do d6 ca hai thira
thu hoach dugc 1320kg. Tim s6 ta théc mdi thira thu hoach trong nam nay.

* Tim cach gidi : Pay la dang toan lién quan dén ty sd va ty s6%. Thu hoach tang a% trc 1a da thu hoach duoc (100
+ 2)%. Ta phai tim s6 thoc mdi thira thu hoach trong nam nay. An s ta nén chon 1a sb thoc thu hoach ciia mét trong
hai thira nam trudc vi cac dai luong quan hé : ty sé gitra s6 thoc thu hoach caa hai thira rudng 1a ciia nam trude va ty
s6 % tang la so véi ndm trudc .
Gidi
Goi s thdc thu hoach nam ngoai cua thira thir hai 12 x (kg) (x > 0)
v A s . , . LA 3
Thi so thdc thu hoach nam ngoai cua thira thir nhat la 2 x (kg)
S6 thoc thu hoach nam nay ciia thira tha hai 1a 130% x (kg)

S6 thdc thu hoach nim nay cua thira thir nhat 120%. %X (kg)

Theo bai ra ta c6 phuong trinh : ~ 120%. %X +130% x = 1320. 1)
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120 3 130
—— =X

Giai phuong trinh : (1) —X+—x=1320
100 4 100
< 9x + 13x = 13200 < 22x =13200
< x= 600.

Gia tri nay cia X thoa man diéu kién cua an. Vay s6 thoc thira thir hai thu hoach trong nam nay 1a 130%.600 =

780 (kg) = 7,8 (ta). S6 thdc thira thir nhat thu hoach trong nim nay 1a 1320 — 780 = 540 (kg) = 5,4(ta) .

Cha y : Ta co6 thé chon x 14 sé théc thu hoach nim nay cua thta ther nhat. Khi d6 ta c6 phuong trinh

x.100 E (1320—x).100
120 4 130

Vi du 6. M6t s6 ¢d bon chir s6 ¢6 chir s6 hang don vi 1a 5. Néu chuyén chit s6 5 1én dau va giir nguyén ba chir

s con lai thi dugc s6 maéi 16n hon sb ban dau 1a 3222 don vi. Tim s6 ¢c6 4 chit sb do.

. Giai dugc x = 540 (ban doc tu giai).

*Tim céch gidi : Bai toan lién quan dén ciu tao sd.
S5 c6 4 chir sb ab (@ b ¢ d eN; 0<a<90<bcd<9 ) co6 khai trién
abcd =1000a +100b +10c +d =1000a + bed = abc.10+d . Chuyén d 1én dau duoc sé6 dabc =1000d +abc. Trong
bai do cac chit s§ abc khong thay déi thir tu sip xép nén ta cé thé chon 1am 4n sb x.
Gidi

Goi s6 ¢6 ba chir sb trude chit s hang don vi 1a X (x € N; 100 < x < 1000) . Sé can tim 1a x5 . Chuyén chit s6

5 1én dau ta duoc s 5X .

Ta c6 phuong trinh 5X — X5 =3222. Q)
Giai phuong trinh : (1) < 5000 +x—-10x -5 =3222
< 9X = 1773 o X = 197

Gia tri nay thoa mén diéu kién caa an. Vay sé phai tim la 1975.
Vi du 7. Khéi 8 ciia mot truong THCS c6 ba 16p 8A; 8B va 8C . Tong sb hoc sinh ba 16p 1a 120 em. Néu
chuyén 3 em tir 16p 8A sang 16p 8B thi sé hoc sinh caa hai 16p bang nhau. S6 hoc sinh 8C bang trung binh cong
s6 hoc sinh hai 16p 8A va 8B. Tim s hoc sinh ban dau caa mdi 16p.
* Tim cé&ch gidi : Chuyén 3 em tir 16p 8A sang 16p 8B thi sé hoc sinh cua hai
I6p bang nhau nghia 1a s6 hoc sinh 16p 8A hon s6 hoc sinh 16p 8B 14 6.
Gidi
Goi s6 hoc sinh ban dau cia 8A 1a x (x € N*, x < 80) suy ra sb hoc sinh 16p 8B 1a x — 6 va sb hoc sinh 16p

8C I3 X“z“6=x—3.

Theo bai ra ta c6 phuong trinh : x +x —6 + X — 3 = 120. 1)
Giai phuong trinh : (1) < 3X = 129
= X = 43

Gia tri nay cua x théa man diéu kién cua an.  Vay
S6 hoc sinh 16p 8A 12 43;  S6 hoc sinh 16p 8B 12 43 — 6 = 37;
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Sé hoc sinh 16p 8C 1443 -3=40;

Vi du 8. Nguoi ta dy dinh t6 chiic mot hoi nghi gdm 300 dai biéu. S6 chd ngdi duoc xép thanh cac hang c6 sé
ghé mdi hang bang nhau.Do hoi nghi c6 thém 23 dai biéu nén phai sip xép lai, mdi hang thém 4 ghé, nhung lai
bét di 3 hang. Tinh s6 hang va sé ghé mdi hang theo du dinh xép ban dau.

* Tim cach gidi : Bai toan c6 ba dai luong : Tong sé chd ngdi (s6 ghé) ; sé hang ghé va sé ghé mdi hang. Quan
hé cua chdng la

Téng s6 chd ngdi (s6 ghé) = sb hang ghé x sé ghé mdi hang.

S6 hang ghé = Téng s6 chd ngdi (s6 ghé) : sé6 ghé mdi hang.

S6 ghé mdi hang = Tong s6 chd ngdi (sb ghé) : sé hang ghé.

D3 biét s6 dai biéu (tic 1a s6 ghé can sip xép), ta chon mot trong hai dai lugng sé hang ghé va sé ghé mdi hang
lam 4n va dwa vao quan hé giita ba dai luong luc dau va sau nay dé lap phuong trinh.

Gidai
Goi s6 hang ghé dy dinh xép ban dau la x (xeN, x > 3) , thi s6 ddy ghé sau khi xép lai 1a x — 3 . S6 ghé mdi

hang ban dau la 300 (chiéc) ,
X

300+23
X—-3
Theo bai ra ta ¢ phuong trinh : S22 + 4 = S00+23.
X X—3
Giai phuong trinh : (1) = 300X — 900 + 4x%— 12x —323x =0

o 4x%-35x-900=0 < (x—20)(4x+45)=0

s ghé mdi hang sau khi xép lai 1a ( chiéc).

(1)

=
4x+45=0 x=—§

{x ~20=0 x=20

Ta thay x = 20 thoa mén diéu kién cta an vay :
S6 hang ghé ban dau 12 20; s6 ghé mdi hang ban dau la 300 : 20 = 15.
Vidu 9. Biét 445g ddng c6 thé tich 50cm?®; 175g kém cé thé tich 25cm®. Mot hop kim ddng va kém ning 1,4kg
c6 thé tich 181cm?. Tinh khéi luvong ddng va kém trong hop kim.
* Tim cach giai : Bai toan cd noi dung Vat 1y. Co ba dai luong : Khéi lugng (m); khéi luong riéng (D) va thé
tich (V). Khéi lugng riéng 1a khéi lugng caa mot don vi thé tich. Quan hé gitra ba dai luong 13 :

D=m:V; m=D.V; V=m:D
Bai toan yéu cau tim khéi lugng dong , khdi lwong kém c6 trong hop kim. Khéi lwong hop kim 1a tong khoi
luong ddng va kém. Thé tich hop kim 14 tong thé tich caa khbi dong va kém. Ta chon mét trong hai khéi lugng
ddng hoac kém lam an.
Giai

Khéi lugng riéng cua ddng 12 : 445 : 50 = 8,9 (g/cm?®) ; Khéi lugng riéng cua kém 14 : 175 : 25 = 7 (glcm®)
; 1,4kg = 1400g.
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Goi khéi lugng dong trong hop kim 1a x g ( x < 1400) thi khéi lugng k&m trong hop kim 13 (1400 —x) g .

Thé tich ciia ddng I3 % (cm®) : Thé tich cua kem 12 2290=% (cm?) -
Theo bai ra ta c6 phuong trinh : % + 1403 X = 181. (1)

- Giai phuong trinh : (1) < 7x+ 12460 -8,9x =11276,3
< —19x = -1183,7 & X = 623.
- Gié tri ndy cua x thoa man diéu kién cua an.
Vay khéi luong ddng 1a 623 g va kém 1a 1400 — 623 = 777(g).
Vi du 10. Khéi 8 mét truong THCS ¢6 s6 16p nhidu hon 2, t6 chic trong cay :

o N

Lép thir nhat trong 5 cay va gSO cay con lai.
r ’ - A = A A Y 1 A A Y -
Lép thir hai trong tiép 10 cay va c SO cay con lai.

Lép ther ba trong tiép 15 cay va % s6 cay con lai.

Ctr trong nhu vay dén 16p cudi cuing thi vira hét s6 cay va sé cay mdi 16p trong dugc |a bang nhau. Tinh
sb cay ma khéi 8 trong va sé 1op 8 cua khéi tham gia trong cay.

N 7 -, A N A \ = , \ z 7 A A N A ’ I A A A Y 1 A
* Tim cach giadi : Bay 1la mdt bai toan hay va kho. Cach phéan bo cay trong : Lap tha nhat trong 5 cay va gSO

cay con lai. Lop tha hai trong tiep 5.2 cdy va § sO cay con lai. Lop thir ba trong tiép 5. 3 cay va E SO cay con

lai... Ta luu y 16p cudi cing thi vira hét s6 cay va dac biét sé cdy mdi I6p trong duoc Ia bang nhau. Vi vay ta chon
an x la toan bo s6 cay ma khéi 8 trong va chi can tim sb cay I6p thi nhat trong, sb cay I6p tha hai trong 1a co
phuong trinh.

Gidi
Goi tong s6 cay khéi 8 trong 1a x cay; (xe N*)

S6 cay 16p thir nhat trong 13 5+%(x—5) = %x +4 (cay)

S6 cay con lai sau khi 16p thir nhét trong x—{%x+4j = gx—4 (cay)

Lép thir hai trong 13 10+ 2x_a_10]= 24130
55 25 5
Do s6 cay mdi 16p tréng bang nhau nén ta c6 phuong trinh :
1x+4:ix+§ : (1)
5 25 5
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Giai phuong trinh: (1) < 2i5X=? < x=80

Gia tri nay thoa mén diéu kién cua an. Vay sé cay khéi 8 trong 1a 80 cay.
Mai 16p trong : %.80+ 4=20 (cay)

= S6 16p 8 tham gia trong cay : 80 : 20 = 4 (16p)
* Nhdn xét : Ta con cach giai khac don gian hon :

Goi sb 16p 8 tham gia trong cay lay (y € N;y > 2). Do 16p cudi cling trong hét sé cay nén 16p cudi ciing
trong duoc 5y + 0 (cay). Do s6 cay mdi 16p trong nhu nhau nén mdi I6p déu trong 5y cay va y 16p trdng tit ca 5y
cay.

2

oy -5
5

Sé cay 16p thir nhat trong 1a 5+ =y*+4

Ta c6 phuong trinh ~ y? +4 =5y & Y -5y+4 =0

y=4
< (Y-4y-1)=0 < { :

y=1
Trong hai gia tri c6 y = 4 thoa man diéu kién cua an. Vay sb 16p 8 tham gia trong cay 1a 4 va sb cay khéi 8 trong
la 5. 4%= 80 (cay).
C. Bai tap van dung
Dang toan chuyén déng déu
19.1. Lic 7 gio sang mot ngudi di xe may khai hanh tir A ¢é dén B. Lic 7 gid 10 phit mot 6 t6 khai hanh tir A
Vi van toc 1on hon van téc ciia xe may 1a 10km/h. Trén duong 6 t6 phai ding ¢ gitta dudng 14 phiit nhung van
dén B cuing ldc vai xe may. Tinh van téc ciia mdi xe biét ring ciing trén quing duong AB mot xe taxi di vai van
téc 60km/h hét 1 gior 20 phuit.
19.2. Llc 7 gid sang mot 6 t6 va mot xe may cung khoi hanh tir A #én B. O t6
di 1 gio 30 phut duoc 75km. Van téc xe may kém van téc 6 t6 1a 10 kmv/h. O t6 di d&én B nghi 6 phut sau d6 quay tré
lai A va gap xe may & dia diém C céch B

mot khoang bang % AB. Tinh doan dudng AB va thoi diém hai xe gap nhau.

19.3. Tir bén A trén mot dong song, IGc 8 gio mot chiée thuyén xudi dong vai van téc 10km/h. Lic 9 gio mot ca
nd xudi dong vai van téc 25km/h. Lic 10 gio mot tau thay xudi dong vai van tée 30km/h. Hoi lic may gio thi
tau thay cach déu ca nd va thuyén ?

19.4.
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Quéang duong AE gdm bén doan. hai doan duong biang AB va DE. Néu di tir A thi BC 1a doan 1én déc, CD la

doan xuéng déc. Biét AB = 2DE; BC = gDE ; DE = 2CD. Van téc 6 to di trén duong bang 1a 40km/h , 1én dbc

la 30km/h va xudng ddc 1a 60km/h. Thoi gian di tir A d&én E roi tro vé A 12 7 gio 45 phut. Tinh quing duong
AE.

19.5. Mot ca nd xudi mot dong séng tir A dén B hét 3 gio. Sau d6 ca nd quay trd lai nguoc tir B dén bén C nam
cach A mot khoang bang %AB hét 2 gid 24 phit. Tinh d6 dai cua doan sdng tir A dén B biét raing mot khom
beo troi trén doan song d6 12 phat dugc 400m.

19.6. Mot 6 to di trén % doan duong MN véi van téc 60km/h. % doan duong MN con lai di véi van toc

40km/h. Tinh van téc trung binh caa 6 to trén ca doan dudng.

Dang todn ning sudt lao dpng.

19.7. Ba td san xuat duoc giao 1am mét s6 san pham, sb san pham cua to II duoc giao gip d6i to |, s6 san pham
cua to 11 duoc giao gip doi to 11. Do cai tién ky thuat nén to | san xuat vuot mic 30% ké hoach, to 11 san xuét
vuot mic 20% ké hoach, t6 111 san xuat vuot mic 10% ké hoach. Do d6 s6 san pham vuot mac ké hoach cua
ca ba t6 1a 220 san pham. Tinh s san pham mdi t6 duoc giao theo ké hoach.

19.8. Mot xi nghiép co khi dugc giao san xuat 500 may bom nudc trong mot thoi gian nhat dinh. Do cai tién k¥
thuat ting nang sut lao dong, mdi ngay xi nghiép san xuat thém 5 may bom nén chang nhitng xi nghiép hoan
thanh céng viéc sém hon 1 ngay ma con san xuit thém dugc70 may bom nira. Hoi s6 may bom du dinh san
Xuat trong mot ngay va sé ngay du dinh theo ké hoach ban dau.

19.9. Hai d6i cong nhan du kién lam mot con dudng sau 20 ngdy thi xong. Hai d6i lam chung trong 4 ngay roi
doi | chuyén sang lam viéc khac. Doi 11 tiép tuc 1am 10 ngay nira thi dugc diéu dong di 1am viéc khac. Doi | tro
lai tiép tuc lam trong 28 ngay nita thi xong con dudng. Hoi néu lam mat minh thi mdi doi l1am trong bao nhiéu
ngay sé xong con duong.

19.10. Hai voi nudc néu cuing chay vao mot cai bé can sau 4 gio bé s& day. Nhung sau khi voi thir nhat chay
mot minh 2 gio, voi thir hai chay minh tiép theo 1 gio thi ca hai voi ciing chay va sau 2 gio 20 phdt nita bé méi
day.

Héi néu mdi voi chay mot minh thi sau bao 1au bao lau bé s& day?

19.11. Mot bé nudc c6 hai voi nudc chay vao va mot voi chay ra & § bé ké tir day. Voi I chay vao mét minh sau 4

. 2 A \ - X: onn X 1 P X , A X . s IR -\
gio bé s€ day. Voi Il chay ra moi gio mat Elm'mg nudc trong bé. Lac dau bé can , mé ca ba voi thi sau 2 gio 48
phut bé s& day. Hoi néu voi thir hai chay vao mot minh thi sau bao lau bé day?

Dang toan c6 ndi dung sé hec - Toan cé
19.12. Mot sé ¢ hai chit s6, chit s6 hang chuc Ién hon chir s6 hang don vi 1a 3 don vi. Néu ddi chd hai chit s6

duoc s mai 16n hon % sb ban dau 1a 37 don vi. Tim s6 da cho.

19.13. : Mot s6 ¢6 bdn chir sb ¢6 chir s6 hang don vi 12 6 . Néu chuyén 6 1én dau duoc s6 ¢ 4 chir sé mai.
Téng cua hai s6 ¢6 4 chix s6 nay 1a 8217. Tim s di cho.
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19.14. Tong 4 s6 1a 720. Néu 14y sb thi nhat cong 5, s thi hai trir 5, sb thir ba nhan 5 va sé thu tu chia 5 thi ca
4 két qua bang nhau. Tim 4 s6 do.

19.15. Baitoan co :
Mot dan em nho dung bén song
To nho ban nhau chuyén chia bong
Mdi ngudi nim qua thira nim qua
Mbi ngudi sau qua mot ngudi khdng
Hoi ngudi ban tré dang dirng budc
C6 méy em tho, may qua bong.
Dang toan c6 ngi dung Hinh hec, Ly, Hoa

19.16. Chu vi mét thira ruong hinh chit nhat 12 200m. Néu giam chiéu dai 10m va ting chiéu rong 4m thi dién
tich giam di 200m?. Tinh kich thuéc cua thira rudng do.

19.17. Sau khi kéo dai ban kinh cia mot duong tron thém 5em thi dwoc mot duong tron méi. Tong chu vi duong tron
MGi va dudng tron ban dau bang chu vi cia mot dudng tron c6 duong kinh 90cm. Tim béan kinh dudng tron ban dau.

19.18. Hoa mot khdi lwong dung dich NaCl loai | ¢6 ndng d6 30% voi mot khéi lugng dung dich NaCl loai 11 ¢6
nong do 25% duoc mot 1000g hdn hop dung dich NaCl c6 ndng d6 27%. Tinh khéi luong dung dich NaCl mdi loai.

19.19. Pha 10kg nu6c néng ¢ nhiét do 90°C véi Skg nude & 24°C. Tim nhiét do cudi ciing cia nuéc (bd qua su
mét nhiét)
Dang toan téng hep, toan nang cao
19.20. 100 g3, vit, thé, cho
Vira du 290 chén
S6 vit bang s tho
S6 tho bang nira sb cho.
Hoi may vit, may ga
Va may cho, may tho?
19.21. Cha hon con 30 tudi. Trudc day 4 nam tudi cha gap 4 tudi con.
a) Tim tudi cha va tudi con hién nay?
b) Cach day (trudc hoic sau) may nam tudi cha gap 2,5 lan tudi con?
19.22. Mot nguoi trong quyt, sau khi thu hoach dé lai nha 10 qua con lai dem ra cho ban. Lan thir nhat ban 6

qua va gsé qua quyt con lai. Lan thi hai ban tiép 12 qua va Esﬁ qua quyt con lai. Lan thir ba ban tiép 18 qua

Y 1 A 5 - Y - , r A A A A= N <\ A A - N A - X= 1z A \
va ESO qua quyt con lai. Ctr ban nhu vay dén lan cuoi cung thi vira hét so6 quyt va so quyt moi lop trong dugc la

bang nhau. Tinh quyt ma ngudi d6 thu hoach , s6 quyt mdi lan ban va sé lan bén.

19.23. M6t tam ton hinh chir nhat ¢ chu vi bang 114cm. Nguoi ta cat bo bon hinh vudng cé canh 1a 5cm & bbn gdc
roi gap 1&n thanh mot hinh hop chit nhat (khdng ¢ nép).Tinh cac kich thudc ciia tim ton da cho. Biét rang thé tich
hinh hop bang 1500cm®,
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(Thi hoc sinh gisi lop 9 tinh Qudng Nam nam hoc 2008 — 2009)
19.24. Mot khu vuon hinh chir nhat ¢é dién tich 900m? va chu vi 122m. Tim chiéu dai va chiéu rong cua khu
vuon.

(Thi hoc sinh gidi I6p 9 TP Pa Nang ndam hoc 2008 — 2009)

19.25. Thang thi nhat hai to san xuit duoc 900 chi tiét may. Thang thir hai to I vuot mac 15% va té II vuot

muc 10% so véi thang tha nhat vi vay hai t6 da san xuat dugc 1010 chi tiét may. Hoi thang thir nhat mdi t6 san
xuat duogc bao nhiéu chi tiét may?

(Pé thi vao 16p 10 truong THPT Chu Vin An va Ha Noi — Amsterdam nam hoc 2008 — 2009).

19.26. Mot may bay tryc thing bay tir A dén B cach nhau 960km vdi van toc 280 km/h. Khi bay tir A dén B do bi
gi6 can nén thoi gian bay phai nhiéu hon 1 gio so véi thoi gian bay tir B dén A (do duoc gio diy). Tim van téc cua
gio.
((Pé thi vao 16p 10 chuyén Todn truong THPT chuyén Quang Trung, Binh Phudc
nam hoc 2009 — 2010).
19.27. Hai nguoi cdng nhan cung lam mot cdng viéc trong 18 gio thi xong. Néu ngudi thir nhat 1am 6 gio va
ngudi thir hai 1am 12 gio thi chi hoan thanh dugc 50% cong viéc. Hoi néu lam riéng thi mdi ngudi hoan thanh
cbng viéc do trong bao 1au?
(Pé thi vao 16p 10 trwong THPT chuyén PHSP Ha Ngi nam hoc 2009 — 2010)
19.28. Mot nhom cong nhan dat ké hoach san xuat 200 san pham. Trong 4 ngay dau ho thyc hién dung mirc dé
ra, nhitng ngay con lai ho da 1am vuot mac mdi ngay 10 san pham nén da hoan thanh ké hoach sém 2 ngay. Hoi
theo ké hoach mdi ngay nhdm c6ng nhan can san xuat bao nhiéu san pham?
(Pé thi vao 16p 10 truong THPT chuyén DHSP Ha Néi nam hoc 2011 — 2012)
19.29. Mot ngudi di xe dap tir A dén B cach nhau 36 km. Khi di tir B trg vé A nguoi d6 ting van téc thém
3km/h, vi vay thoi gian vé it hon thoi gian di 1a 36 phat. Tinh van tdc ngudi di xe dap khi di tr A dén B.
(Pé thi tuyén sinh I6p 10 THPT chuyén tinh Bdc Ninh ndm hoc 2013 — 2014)

19.30. Cho quéang duong AB dai 120km. Llc 7 gio sing mot xe may di tir A dén B. i duoc % quang duong xe
bi hong phai dirng lai sita mat 10 phut rdi di tiép dén B véi van téc nho hon van tde lac dau la 10km/h. Biét xe

méy dén B luc 11 gio 40 phut trura cting ngay. Gia Sir van téc xe may trén % quing duong ban dau khdng thay

A= N A A 5 7 A 1 ~ \ N .~ A A= I ; . 5 , X -
doi va van toc cua xe may trén N quang duong con lai ciing khong thay doi. Hoi xe may bi hong luc may gio?

(Pé thi tuyén sinh I6p 10 THPT chuyén PHSP Ha Ngi nam hoc 2014 — 2015)

19.31. Mot xe tai di tir A dén B véi van toc 40km/h. Sau khi xe tai xuit phat mot thoi gian thi mot xe khach

cling xuét phat tir A véi van téc 50km/h va néu khong co gi thay doi thi s& dudi kip xe tai tai B. Nhung sau khi

di duoc mot nira quing dudng AB xe khach ting van toc 1én 60km/h nén dén B sém hon xe tai 16 phat. Tinh
quang duong AB

(Pé thi tuyén vao 16p 10 chuyén DHSP TP Ho Chi Minh ndm hoc 2015 — 2016)

Chuyén dé 20. PHUONG TRINH NGHIEM NGUYEN

A. Kién thirc can nhé
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1. Phuong trinh nghiém nguyén 1a phuong trinh ¢6 nhiéu an s6, tat ca cac hé s6 ciia phuong trinh déu 1a s6
nguyén. Céc nghiém can tim ciing 13 s nguyén. (Phuong trinh nghiém nguyén con goi 13 phuong trinh
Diophantus — mang tén nha toan hoc ¢ Hy Lap vao thé ky thi 11).

2. Phwong trinh nghiém nguyén khéng c6 cong thuc giai tong quét, chi ¢6 cach giai caa mot s6 dang. Trong
chuyén dé nay duoc gidi thiéu qua mot sb vi du va bai tap cu thé.

3. Céch giai phuong trinh nghiém nguyén rat da dang, doi hoi hoc sinh phan tich, du doan, d6i chiéu va tu
duy séng tao, 16gic dé tim nghiém.

B. Mét s6 vi du
1. Dang phwong trinh bdc nhdt2 én ax+by=c (a, b, c € Z; a, b khong dong théi bang 0).

Ta c6 dinh 1y sau: Diéu kién can va du dé phuong trinh ax + by = ¢ (a, b, ¢ € Z; a, b= 0) ¢ nghiém nguyén la
wdc s6 chung 16n nhat cia a va b 1a woc cuac. (tac 12 (a, b) | ¢).

Vidu 1. Tim nghiém nguyén cua cac phuong trinh :
a) Xx—3y=5. 1) ; b) 2x -5y =20. 2 ;
c) 3x—-7y=24. (3); d) 20x — 11y =—49. 4).
* Tim cach gigi : Cau a) hé s6 ciia an x 14 1, ta ¢4 thé tinh ngay an x theo y. Khi d6 y 1dy cAc gia tri nguyén thi chic
chan x nguyén. Cau b) ; ¢) vé gia trj tuyét ddi thi hé s6 ciia x nho hon hé s6 ciia y. Do d6 ta tinh x theo y. Ta tach phan
nguyén , dit phan phan sb bang an sé méi va dua vé phuong trinh méi ¢6 cac hé s6 nho hon hé sb cua phuong trinh
ban dau. Tiép tuc cach giai nhu trén cho dén khi c6 mot an s6 ¢ hé sé bang 1 va duoc tinh theo an sb kia ¢ hé sé
nguyén. Sau do tinh x, y theo an s6 méi cudi cling bang cach tinh nguoc tir dudi 1én.
d) V& gia tri tuyét d6i thi hé sé cua y nho hon hé s6 cua x . Do d6 ta tinh y theo x. Tiép tuc 1am nhu b).
Giai
a)Tr(l)taco x=5+3y.Néuy=te Z thix e Z

5+3t
¢ (te2)

Vay phuong trinh (1) ¢ nghiém nguyén téng quat la {

(Mudn tim cac nghiém nguyén bang sb cu thé thi ta chi viéc cho t cac gia tri nguyén cy thé :
Thiduvoit=2thi (x=11;y=2); voit=-3thi x=-9;y=-3),...)

b) Tir(2)tacd2x= 5y +20 < x=10+2y+%.

Péx e Zthiy e Z va %e 7. Do do dat %:t (te Z)tassco y=2t

va x =10+ 2.(2t) + t = 10 + 5t.

. x=1
Vay phuong trinh (2) ¢6 nghiém nguyén tong quat la { ot (te2).

¢) Cach 1 : Tuong tu b).
Cach 2 : Nhan xét: USCLN(3; 24) =3 nén daty = 3t (te 2)
Tacd 3xX-7y=24 < 3x -2lt=24 < X —-7t=8 < x=8+Tt.
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, x=8
Do d6 phuong trinh (3) cé nghiém nguyén tong quét la { 3t (te2).

20x +49

d) 20x-11ly=-49 < 1ly=20x+49 < y= 11

9x +5
11

9X+5€Z. Pt 9x +5

Tach phan nguyéntacd y=x+4 +

Péy e Z thi xe Zva

=t (t € 2)

Taco 9x+5=11t @x—%—t % Dt%-u (ue 2

9u+5 u+1 u+1

TaCé 2t-5=9u o t= =4u 2+T DtT—V (VEZ)

Tacou+1l=2v < u=2v-1

Tathdyve Z; ue Zvate Z. Tudo x e Z va y € Z

Tinh nguoc tu dudi Ién ta dugct =4(2v—-1)+2+v=9v-2.
X=t+u=09v-2)+(2v-1)=11v-3
y=x+4+t=(11lv-3)+4+(9v-2)=20v-1.

Vay nghiém nguyén tong quét ciia phuong trinh 1a {X =1lv=3 (ve2).

y=20v-1
Chay : Qua bén thi duy trén ta c6 thé rit ra phuong phép giai sau :
Buwéc 1. Tinhancd gié tri tuyét d6i cua hé sé nho hon theo an kia .

Buéc 2. Ta tach phan nguyén , dat phan phan sé bang an sé méi va dua vé phuong trinh méi ¢6 cac hé sé nho
hon hé s6 ciia phuong trinh ban dau. Tiép tuc cach giai nhu trén cho dén khi c6 mot an sé ¢ hé s bang 1 va
duoc tinh theo an sé kia c6 hé s6 nguyén. (Viéc tach phan nguyén can linh hoat sao cho gia tri tuyét d6i cua hé

sb cua an trong phan phan sé nho nhit)

Buéc 3. Sau d6 tinh x, y theo an s6 méi cudi cling bang cach tinh nguoc tir dudi 1én.

(Néu mot trong hai hé s6 va hé sb tu do co USCLN =k > 1: k € Z thi ta c6 thé dat mot 4n bang an mai kt (te

Z) — (xem vi du 1c) dé rat ngan cac budc giai phuong trinh.)

Vide 2. Tim nghiém nguyén duong cta cac phuong trinh :
a) 7x + 3y = 65. 1); b) 5x + 4y = 12. 2);
c) 3x-8y=13. (3).

*Tim cach gidi: Trudc hét ta tim nghlem nguyén tong quat cla cac phuong trinh. Sau d6 dwa vao biéu thuc
nghiém, ly luan, giai tim ra gi tri nguyén ciia an sé méi cudi ciing &¢ x >0 vay > 0.

Gidgi
657X

a) (1) < 3y=65-7x hay y= 3
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X pat Z_TX =t, (te 2)

Taco x=2-3tvay=21-2(2-3t)+t=17 + 7t.

Téch phan nguyén : y=21-2x + 2

. X=2-3t
Do d6 phuong trinh (1) cé nghiém nguyén tong quét la (te2).
y=17+T7t
. 2-3t>0
béx>0vay>0 taphaicd & —£<t<g
17+7t>0 7 3
NP L o R , . . X=2 Xx=5
Tuwddcod t=0;—1;—2 taco cic nghiém nguyén duong ctia phuong trinh (1) 1a : y=17 ; y=10

- |x=8
’ y:3

b) Do UCLN(4; 12) =4 . Do d6 tadat x = 4t, (te 2)
Tacd 20t+4y=12 < 5St+y=3 < y=3-5t

. X =4t
Do d6 phuong trinh (3) c6 nghiém nguyén tong quét la { 3 5t (te2).

. . |4t>0 e x
béx>0vay>0 taphaicd {3 Et> 0 & 0<t <§ khbng co gia tri nguyén nao cua t théa man.
ol >
Vay phuong trinh (2) khong c6 nghiém nguyén duong.

C) Taco 3X—8y:13 ©3X:8y+13 <:>X:8y'3i':|.3

Téch phan nguyén duoc X =3y +4 + 1_T . bat ]'_Ty =t, (te 2)

Tacd y=1-3t va x=31-3t)+4+t=7-8t
" N 2 , L | x=T7-8t
Nghiém nguyén tong quat cua phuong trinh 1a § 3t ,(te2)

7-8t>0

Péx >0 vay > 0 ta phai co
1-3t>0

Voi 7-8t>0 < t<g va 1-3t>0 <o t<%

Két hop dugc t < % (*) . Lan luot cho t ldy cac gia tri nguyén 0; —1; —2;—3... thoa min (¥) ta tim dugc
c4c gia tri twong tng cua X va y 1a nghiém cua phuong trinh (3). Vay phuong trinh (3) ¢6 vo sé nghiém nguyén
duong.
2. Dang phwong trinh bac nhdt nhiéu @n aj X, + @y Xo +...+ apXn = C
(ay; @ ;..;an;Ce Z;ar; ay;...; an khong dong thoi bang 0).
Ta c6 dinh ly sau: Diéu kién can va du dé phuong trinh a3 Xp +a;Xp +..+ anXn=C(ar;a ;..;an;C€ Z;a
;@ ;... 8y #0) ¢6 nghiém nguyén 1 wdc s6 chung 16n nhat cua a; ; @ ;...; a, 1a udc cuac. (Tuc Ia (a1, az,..
an) | ¢).
Vi du 3. Giai phuong trinh trén tap s6 nguyén:
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Ox +13y +52=6. 1)
Gidi
(1) & x+5(y+2z)+8(x+y)=6
Datu=y+z; v=x+y khido(l) < x+5u+8v==6
S X=6-5u-8v; y=v—-XxXx=v-6+5u0+8v=5u+9v-6
Vaz=u-y=u-5u-9v+6=6-4u—-9v
X =6-5u—-8v
Vay nghiém tong quéat cia (1) 13 {y=—6+5u+9v ,(ueZ;veZ)
z=6-4u-9v
3. Dang phwong trinh bac cao mgt an
Vidu 4. Tim nghiém nguyén cua cac phuong trinh :
Q) 2x°+x-21=0. 1) : b) x3—5x =2(x—3). (2);
c) x*+2x*—x*-8x=12. (3).
* Tim cach gidi : Ta chuyén vé dua vé dang A(x) = 0 sau d6 phan tich A(x) thanh nhan tir .
Gidgi: Q) 2x*+x-21=0 < 2x*—6x+7x—21 =0
& 2X(X-3)+7(x-3) =0 < (xX-3)(2x+7) =0
{2x+7=0 {x=—3,5 (loai) . o o
= . Nghiém nguyén cua (1) la x = 3.
Xx—-3=0 X=3
by x}-5x=2(x-3) < x*-7x+6 =0
e X(x-1)+x(x-1)-6(x-1)=0
o (KP+x-6)(x-1)=0 < (x+3)(x-2)(x—1)=0
Xx+3=0 X=-3
< |x—-2=0 <|x=2 .Tapnghiém nguyéncua (2) 1asS= {-3;1;2}.
Xx-1=0 x=1
b) x*+2x*—x*—8x= 12
o X -+ 23 -8x+3x-12=0
& X-2)(x+2)(*+2x+3)=0. Dox*+2x+3=(x+1)>+2>0, Vx nén nghiém nguyén ciia phuong
trinh (3) 1a x = +2.
Vi du 5. Tim nghiém nguyén ctia phuong trinh :
2 xz+4x+4+xj+4x+5:z | )
X +4X+5 X°+4x+6 6
b) (x+3)°+ (x+4)°+(x+5)° =(x+6)°. )
* Tim cach gigi : a) Ta thiy tir vd miu cac phan thiae déu cé x* + 4x giéng nhau, ta dat an phu dé giai.
Honnirax?+4x+5=(x +2)°+1va x> +4x+6=(x +2)?+2 déu dwong véi moi x nén PKXD laxe R.
b) Duing khai trién (a + b)®=a® + 3ab + 3ab® + b®
Gidi
Pt x? +4x + 5=y ( € Z ) ta dugc phuong trinh
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2
y=1, vy 7 o =Dy+D+y” 7
y y+1 6 y(y +1) 6
= By’ -1+y)=7(y° +y)

& 5¥-7y-6=0 < (5y+3)(y-2)=0.

Ta tim duocy = —g (loai) vay=2 eZ.

X =
Vayx?+4x+5=2 < x> +4x+3=0 <:>(x+1)(x+3)=0<:>[ 2
X =—

Nghiém nguyén cta phuwong trinh lax=-1vax=-3.
b) Tacod (x +3)° = x>+ 9x* +27x + 27 ;
(x +4)° = x> + 12x° + 48x + 64
(x +5)° = x3 + 15x° + 75x + 125 ; (x +6)° = x3 + 18x* + 108x + 216
Dodo (x +3)°+ (x + 4 +(x +5)° = (x +6)° < 23 +18x*+42x=0

2
o 2X(E+9x+21)=0 < x=0 do x*+9x+21= (x+§j +%>0,Vx.

Nghiém nguyén cua phuong trinh 1a x = 0.

4. Dang phwong trinh bic cao nhiéu dn

Vi du 6. a) Tim nghiém nguyén duong cua phuong trinh 5(x +y) =xy ;
b) Tim nghiém nguyén cta phuong trinh 2(x +y + 9) = 3xy.

*Tim céch gidi : Cac bai thuoc dang nay thuong dung phuong phap phan tich , tirc 1a bién d6i mot vé thanh mot
tich , con vé kia la mot sb. Viét sé thanh tich cac thira s6 va cho tuong tng véi cac thira sé cuaa tich kia ta s& tim
duogc céc gid tri nguyén cua an.

Gidi
a) Taco5(x+y)=Xxy < xy—-5x-5y+25=25
< X(y-5)-5(y-5)=25 < (x-5)(y—-5)=25
Vi X;y>0 => x-5>-5vay-5>-5nén 25=55 =125=25.1

Giai cac cap ta tim duoc cac nghiém nguyén duong sau :

X—5=5 x =10 x-5=1 X=06 X—-5=25 x =30
< ; = ; =
y—5=5 y =10 y—-5=25 y =30 y—-5=1 y=6
b)2(x +y+9)=3xy < 3xy—-2x-2y-18=0
< OXy—6X—-06y = 54 < Oxy—-6x—-6y+4 = 54+4
< 3X(By-2) —2(3y—-2) =58 < (3x—-2)(3y—2)=58
Tabiét 58 = 1.58 =58.1 =2.29=29.2 =
(-1).(-58) = (-58).(-1) = (-2).(-29) = (-29).(-2)
Do d6 gial tirng cap ta cd nghiém nguyén cua phuong trinh trén 1a :
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(x;y) = (1; 20) ; (20; 1) ; (0;-9); (- 9; 0)
Vi du 7. Tim nghiém nguyén duong ctia cac phuong trinh :
a)2(x +y+2z)+9=23xyz. 1)
b)2(t+x+y+z)+7=3txyz. (2)
* Tim cach gidi : a) Ta c6 2x + 2y + 2z + 9 = 3xyz . Pay 1a phuong trinh ma vai trd cac 4n nhu nhau, ta ding
phuong phap cuc han. Ta gia st 1< x <y <z va chia hai vé cua phuong trinh vira 1ap cho xyz rdi 1ap luan so
sanh dé tim nghiém.
b) Tuong tu dung phuong phap cuc han.
Gidi
a) Do vai tro cia x, y, z nhu nhau nén khong mét tong quét ta gia st 1< x <y < z. Chia hai vé cua (1) cho
s6 duong xyz ta c6 £+£+£+i=3 .D01<Xx<y<z nén x* <xy<xz<yz<Xxyz
YZ XZ Xy Xyz
Do d6 ta ¢6 3=3+3+3+is§ = X' <5 = x=1;2
yZ Xz Xy Xyz X
*Voix=1: Thayx=1vao (1)tacé:
2y+2z +11 =3yz (la) & 3yz-2y-2z=11 < 9yz-6y—62=33
< 3y(Bz-2)-2(3z-2)=37 < (By-2)(3z-2)=37 =1.37
{3y— 2=1 {y =1
S

. Taconghiém (x,y,z)=(1;1; 13
Tlaz-2-37"|2-13 ghiem G ¥, 2) = (1 4 19

*Voix=2 :Thayx=2vao (1)tacd:
4+2y+2z +9=6yz < 6yz-2y-2z=13 < 36yz—12y-12z=78
& 6y(6z— 2)-2(62-2)=82 <« (by—2)(6z—2)=82 =1.82=241

by—-2=1 by—-2=2 o

va deu khong co gia tr én d }

{62—2:82 {62—2:41 L KTong €0 9ia i neuyen duong
Vay: Do vai tro cia x, y, z nhu nhau nén phuong trinh cé 3 nghiém nguyén duong la (X, y, z) = (1; 1; 13) va c&c hoan
vicianola (1;13;1); (13;1;1).
Cha y : Khi giai phuong trinh 2y + 2z + 11 = 3yz ta giai bang phuong phap phan tich. Ta c6 thé tiép tuc giai bang
phuong phap cuc han ciing dugc :
+E+E£1—5:> 3y<15

y yz.y
= y=1;2;3;4;5. Lan lugt thay vao phuong trinh (2) ta nhan duoc khiy =1thi z=13convéi y=2;3; 4;5ta
khong tim duoc s6 nguyén duong z.

b) 2(t+x+y+z)+7=3txyz. (2)

Dol<y<znéntr 2y+2z +11 =3yz = 3:g
z
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Do vai trd cia X, Y, z, t nhu nhau nén khong mit téng quét ta gia st 1< t< x<y<. Tu (2) =
3=i+i+i+i+is¥
Xyz Xzt xyt yzt xyzt t
=t<5 = t=1
Véit=1thi 2(x +y + z) + 9 = 3xyz. Pay chinh la phuong trinh trong cau a). Ta tim duoc nghiém la (X, y, z) = (1;
1; 13).
Vay nghiém nguyén duong cuia phuong trinh (2) la
txvy.2)=(1;1;1;13); (1;1;13;1);(1; 13; 1; 1) ; (13; 1; 1, 1).
Vi du 8. a)Tim nghiém nguyén cua phuong trinh x* — 100 = y(6x —13y)
b) Tim nghiém nguyén duong cua phuong trinh :
U+21+31+ . +x1 =y
* Tim loi gidi : Ta ding phuong phép loai trir & giai cac bai toan dang nay.
Cau a) bién d6i phuong trinh duoc (x — 3y)* = 22.(25 — y?). Véix,y €Z thi (x — 3y)?1a s6 chinh phuong. Do
d6 (25 —y?) = 0va la sb chinh phuong. Ly luan 4y dung dé loai trir din cac gia tri cia y va tim x.
Cau b) ta biét x! = 1.2.3....x
Gidi
a) x> — 100 = y(6x —13y ) & x* — 6xy + 9y* = 100 — 4y*
& (x-3y)’=2%(25-y") > 0 = |y|<5 va 25—y’ lasé chinh phuong.
+Voiy=0thix= %10
+V6iy= +1thi 25-y?=24 khong chinh phuong.
+Voiy= +2thi 25-y?=21 khéng chinh phuong.
+Voiy= +3thi 25-y?*=25-9=16 las chinh phuong.
Khi 4y (x — 3y)?=4.16 =64 = 82 . Do d6 x —3y = 8 hoic x — 3y = -8.
Véiy=-3thi x=-17 hoac x=-1
Voiy= 3 thi x=17 hoac x=1.
+ Tuong ty voiy = £4tacod:
Véiy=—4thi x=-6 hoac x=-18
Véiy= 4 thi x=18 hoac x =6.
+ Tuong tu voiy = +5taco :
Voiy=-5thi x=-15; V6iy=5 thi x=15 .
Vay nghiém nguyén cua phuong trinh trén 1a :
(X, ) = (10;0); (-10;0) ; (-17;-3) ; (-1, -3) ; (17;3) ; (1;3) 5 (-6; —4);
(- 18;-4); (18;4) ; (6;4) ; (-15;-5); (15; 5).
b) V&i x > 5thix! : 10
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nény>= 11+21+31+41 + 5!+ . +x! =33+ 5! + ... + x! ¢6 tin cing la 3, ma khong c¢6 s chinh phwong nao
co tan cung la 3. Vay x <5.

Voix=1 thi 1!=y* = y=1.
Voix=2 thi 11+2! =y> = 3=y khong c6 gi4 tri nguyén dwong cua y.
V6éix=3 thi 1!+21+3l=y* = 9=y = y=3.
Voix=4 thi 1!+21+31+41=y* = 33=y* ciing khong c6 c6 gia tri nguyén duong cua y théa mén.
Vay nghiém cua phuong trinh 1a (x,y) = (1:1) ; (3;3).
Vidu 9. Tim nghiém nguyén ciia phuong trinh x° —5y° — 252°=0.
*Tim cdch gidi : Ta st dung tinh chat chia hét va phuong phép xudng thang dé giai.
Gidi
Gid st (Xo ; Yo ; Zo) 1a nghi€ém nguyén cua phuong trinh ttc 1a
Xy =5y, =25z, =0 (2), khi d6 xo i 5. Dit xo = 5x;. Thay vao phuong trinh (2) ta dugc 125x; -5y, —25z; =0
hay 1a 25x; -y, =5z, =0 (3).

Chung t6 yo: 5. Pdt yo = Sy;. Thay vao (3) ta lai c6 5x; —25y;, —z, =0 (4)
Chung t6 7o} 5. Dt zg = 5z;. Thay vao (4) talai ¢c6 x; =5y, =25z =0 (5)

Nhu vay (x; ,y1,21) = (% ,%,Z?Oj cling 1a nghiém cua phuong trinh.

Ct tidp tuc mii ta co (:—Q%E—g) € Z, Vk eZ Do doxo=yo=2=0.

Vay phuong trinh (1) ¢6 nghiém nguyén duy nhét 1 (0; 0; 0)

Vidu 10. Tim sb abc véia # 0 thoa man abe +acb = cec .
*Tim cdach giai : Ta st dung cAu tao s va tinh chét chia hét dé giai.
Gidi : abc+acb=ccc < 100a+ 10b+c+100a+ 10c+b=111lc
< 200a+11b=100c <> 100(c—2a)=11b : 100

Mab lachitsd,b eN; 0<b<9 nén b=0.Khidé c=2a
Nhuvaya=1;2;3;4 vac=2;4;6;8.
Ta ¢6 céc sb sau thoa min 102; 204; 306; 408
C. Bai tap ap dung
Dang phwong trinh bic nhit 2 4n : ax+ by =c
20.1. Tim nghi€ém nguyén cta cac phuong trinh :

a) 8x—-y=15 ; b) 5x + 12y =33 ;

c) 14x-9y=21 ; d) 29x + 15y =20
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20.2. Ching minh rang néu udc chung lon nhét ciia a va b khong chia hét ¢ (tic 1ac/ (a, b)) thi phuong trinh ax + by =
¢ (a;b = 0) khéng cd nghiém nguyén.
20.3. Tim nghiém nguyén duong cua cac phuong trinh :

a) 4x +5y =19 ; b)3(x+y+1) = 412-y) ;
o Z-F2 i 9606 =yRxY)

Dang phwong trinh bac nhdt nhiéu én a; Xy + a, Xp +...+ an Xp. = b
20.4. Giai phuong trinh trén tap sb nguyén —4x +3y+8z=9
Dang phwong trinh bdc cao 1 dn
20.5. Tim nghiém nguyén cta cac phuong trinh :
a) 3x*—14x= 5 ; b) X(2xX* +9x +7)= 6 ;
c) x*+2x°-19x*+8x +60=0;
d) (x*—13x* + 36)(x* + 2x) = 65x°> — 5x*— 180 .
20.6. Tim nghiém nguyén cua phuong trinh :
2 (N S
(X+D(x+3) (x+2)° 12
(X +2)? N (x+20°+1 1
(X+2)°+1 (X+2)*+2 2
c) (x+1)°+(x+2)°+(x+3)° =(x+5)°— (x+4)°.
Dang phwong trinh bic cao nhiéu dn

b)

20.7. a) Tim nghiém nguyén cua phuong trinh 6(x +y) =xy + 33 ;
b) Tim nghiém ty nhién ctia phuong trinh 3(x + y) = 2xy.
20.8. a) Tim ba s6 nguyén dwong sao cho téng bang tich ;
b) Tim nghiém nguyén duong ctia phuong trinh :
5(x+y+z+t)+4=6xyzt.
20.9. a) Tim nghiém nguyén ctua phuong trinh
XAy —3) -2y’ (x - 1) +6x=7  ;
b) Tim nghiém nguyén duong ctia phuong trinh :
Xy* +2xy — 27y + x = 0.
20.10. Tim nghiém nguyén cua cac phuong trinh
a) X*+5y°+1=2y(2x-1);
b) X?+2y°+2xy+2x—2y +5=0 ;
Q) 2X°+2y2+7°—6x+9 = 2y(X +2) ;
d) x?+3y?+4z%+2xy—4yz — 12y +36 =0.
20.11. Tim nghiém nguyén cta phuong trinh
X+ X +x°= (y-1(y* +y+1).
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20.12. Tim nghiém nguyén cta phuong trinh

(X + D)(x +2)(x +8)(x +9) =y~
20.13. Tim nghiém nguyén caa phuong trinh x® -2y — 47°=0,
20.14. Tim s6 c6 hai chit s6 ma sé ay 1a boi cua tich hai chit s6 do.

20.15. Tim tat ca cac hinh chit nhat véi do dai cac canh 1a s6 nguyén dwong c6 thé cat thanh 11 hinh vudng
bang nhau sao cho mdi canh hinh vudng 1a mét sé nguyén dwong khéng 16n hon 3.
Xy yz X _

20.16. a)Tim nghiém nguyén duong cua phuong trinh — +—+—=1;
3z 3x 3y

b) Tim ba s6 nguyén duong sao cho téng cac nghich dao cua chiing bang % .

20.17. Chtrng minh phuong trinh 2x? — 9y? = 11 khong c6 nghiém nguyén.
1 1

20.18. Chlrng minh phuong trinh 1 + 1 +==———¢06 mét sb hiru han nghiém nguyén duong.
X y z 2016

20.19. Tim nghiém nguyén cta phuong trinh :
8X%Y? + X + y* = 10xy.
(Pé thi tuyén sinh THPT khoi chuyén Todn va chuyén Tin PHOG Ha Noi nam 2006)

20.20. Tim sb ty nhién nho nhat biét ring khi chia sé d6 cho 2005 thi duoc du 1a 23 con khi chia sé do6
cho 2007 thi duoc du 32.

(Pé thi vao 1ép 10 chuyén PHSP TP H6 Chi Minh nam hoc 2007 — 2008)
20.21. Mot doan hoc sinh di cam trai bang 6 t6. Néu mdi 6 t6 chd 22 ngudi thi thira 1 ngudi. Néu bét di 1
6 td thi c6 thé phan phéi déu tat ca cac hoc sinh 1én cac 6 to con lai. Hoi ¢ bao nhiéu hoc sinh di cam trai
va c6 bao nhiéu 6 t6? Biét rang mdi 6 t6 chi chd khong qua 30 ngudi.
(Thi hoc sinh gidi 16p 9 Thira Thién — Hué ndm hoc 2008 — 2009)
20.22. Tim cap s6 ty nhién (m; n) thoa man hé thic m?+n’=m+n +8.
(Peé thi tuyén sinh vao Iép 10 THPT chuyén Lé Quy Pén, Binh Dinh ndm hoc 2011 - 2012)
20.23. a) Tim cac cap s6 nguyén (x; y) thoa man 5x* + 8y* = 20412.
(Pé thi tuyén sinh vao lép 10 THPT chuyén KHTN- BHOG Ha Ngi ndm hoc 2013 - 2014)
20.24. Tim cac cap sb nguyén (x; y) thoa man diéu kién 6x° + 5y = 74.
(Pe thi tuyén sinh vao ép 10 THPT chuyén L& Quy Bén, Binh Pinh nim hoc 2014 - 2015)
20.25.  Tim c4c s6 nguyén duong x, y thoa min phuong trinh
(x +y)° = 120y + 3.
(Pe thi tuyén sinh vao l6p 10 chuyén trieong PHSP TP Ho Chi Minh nim hoc 2013 - 2014)
20.26. Tim céc tat ca cac s6 nguyén duong x, y sao cho 3% —2Y=1.
(Pé thi tuyén sinh vao lép 10 chuyén truomg PHSP TP Ho Chi Minh nim hoc 2014 - 2015)
20.27. Tim cac cap sb nguyén (x; y) théa man x%y + xy —2x*—3x +4 = 0.
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( Dé thi tuyén sinh vao lép 10 THPT chuyén TP Ha Ngi ndam hoc 2014 - 2015)
20.28. Tim nghiém nguyén ctia phuong trinh :
3% -2y’ —5xy +x -2y —7=0.
(Péthi vao I6p 10 chuyén truong PHSP TP Ho Chi Minh ndam hoc 2015 - 2016)

Chuong IV

BAT PHUONG TRINH BAC NHAT MOT AN
Chuyén dé 21. BAT DANG THUC
A. Kién thiic can nhé
1. Pinh nghia
* Hg thicdanga>b ( haya<b;a > b ;a < b) goi la bat dang thic.

* a>b < a-b>0 ; a<b < a-b<0.
2. Tinh chat

a) a>bh < b<a d) Tinh chat nhan :

b) Tinh chat bac cau : *a>bh <« ac>bcnéu c>0
a>b;b>c= a>c a>b < ac<bcnéu c<0
a<b:;b<c= a<c a>b < ac=bcnéuc=0

¢) Tinh chat cong : *a<hb < ac<bcnéu c>0

\a>b = a+c>b+c a<b < ac>bcnéu c<0
a<b = a+c<b+c a<b < ac=bcnéuc=0

e) Cong vé véi vé cua hai bat dang thuc ciing chiéu duoc mot bat dang thie cling chiéu.
f) Trurtung vé cua hai bat dang thirc nguoc chiéu ta dugc mot bat dang thuc clng chiéu véi bat dang thuc
thi nhat. .(Khong dugc trir vé véi vé cua hai bat dang thuc ciing chiéu)
g a>b>0 = a">b" (neN);
la|>b|] = a">p"
a> b — a‘2r1+1 S b2n+l.

h)y Véim>n>0 néu a>1 = a"> a";
a=1 = a"=a"
0<a<l = a"<a".

) Néuab>0vaa>b thi —<=

a b
3. Cac phuong phap chirng minh A >B ; (A <B tuong ty) :

1) Dung dinh nghia chung minh A—B >0  (Xét hiéu hai vé).

141



2) Bién doi twong dwong : A>B <A;1>B; ©A;>B; & ... A>B,; Néu A,>B,dingthi A
> B dung .

3) Phan ching : Gia sit A < B dan téi mot diéu vo ly. Vay A > B

4) Chirng minh bang quy nap toan hoc :

+ Buéc 1 : Chirtng minh bat dang thie dung voi n = ng.

+ Budc 2 : Gia st bat dang thire ding voi n=k (k > ng) , ta chitng minh bt ding thirc dung véi n =k
+1

Tir d6 két luan bat dang thuc dung véi moi 6 tu nhién n > no.
(Phuong phap quy nap todn hoc thuong duoc sir dung khi trong bat dang thirc ¢6 sy tham gia cua n véi vai tro 1a
mot sb nguyén duong tiy ¥ hoic s6 nguyén duong 1dy moi gia tri bat dau tir ng nao do).

5) Phurong phdp tong hop :
+ Str dung tinh chét va cac hang bit dang thuc.
+ Sur dung tinh chét bac cau (lam troi) A>C;C>B = A>B
4 . Mot s6 hang bat dang thirc
a) a2>0 Vva Diu “="xayra < a=0;
b) [ajza Va Diu “="xdyra < a>0;
¢) Bat ding thic gia tri tuyét doi :
* |a+b| <|a| +|b|( Dau “="xay ra < ab > 0).
* |a—b|>|a]—|b| (Diu“="xdyra < ab > Ova [a|>|b| ).
d) Bat dang thtc tam gi4c : vai a; b; ¢; 14 3 canh tam giac :
a+b>c; a-b <c

e) Bat dang thizc Cauchy (Augustin Louis Cauchy [1789 — 1857 nha toan hoc Phap]: Vi n s6 khong am ag, ay, ..., an
(n eN*) taco

a,+a,+..+a,
n

n
j >a,a,..4,

Diu “="xdyra < a;=a;=.. = a,

2
* Chu y : Vai dang bat dang thiic cu thé hay gap c6 thé sir dung nhu bo dé : (%) >ab hay (a+b)? >

4ab ; a%+b® > 2ab.
f) Bat diang thuc Bunyakovsky [Victor Yakovlevich Bunyakovsky (1804 - 1889) nha toan hoc Ngal.
Vi moi bo n s (a1; az; ...;ap) ; (by; by ...;by) tachd :

(a,b, +a,b, +..+a b ) <(a’+a’+..+a’)(b? +b’+...+b?
1~1 22 n=n 1 2 n 1 2 n

a

al __2 e
b, b

Diu“="xayra < 3t dda=th; (i=1n).Néub; = 0 thi diu“="xdyra < o=
1
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* Chay : Dang cu thé hay gap (a° + b%)(x? + y?) > (ax + by)?
B. Mt s6 vi du
Vidu 1. Choavab Ia hai s bat ky chung minh riang

b < (a+bj2 <az+b2

2 2

* Tim cach gidi : Bai todn nay thuc chat gdm hai bai toan: Chung minh

1) (‘”bj PLIRLENA 2) ab < (%) @).

2 2
Tir (1) va (2) ta suy ra két qua.
Véi mdi cau 1) hodc 2) ta déu c6 thé dung 4 cach : Bién ddi twong duong; Xét hiéu hai vé; phan ching va tong
hop.
Gidi
Ta chang minh

2 2 2
1) ath) a+b bang ca 4 cach :
2 2

Cach 1: Bién doi twong dwong

a+b) _a’+b?>  a?+2ab+b® a’+b?
< < <
2 2 4 2
o a?+2ab+b?< 2a%+20* < —a’+2ab-b?<0
o —@-2ab+b%) <0 < —(a—b)*> <0 (hiénnhién dung).
Diu “="xayra < a=b.
Céch 2 : Xét higu

2
<0

(a+bj2_a2+b2 _a’+2ab+b? -2’20 —(a-h)
2 2 4 4

2 2
Céch 3 : Phan chizng

2 2 2
Vay (a+bj <2 +b Diu“="xayra < a=b.

. a+b2 a2+b2 2 2 2 2
Gia su ) > 5 & a“+2ab+b > 2a°+2b

o —a?+2ab-b*>0 =-(a°-2ab+b?)>0 < —(a—h)>>0voly.

2 2
Céach 4 : Téng hop
Tacd (@a-b)? >0« —(a®>—2ab+b?) <0 < —a*+2ab-b?< 0

2 2 2
Vay (a+bj <2 +b . Diu“="xayra< a=b.
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2 2 2 2
o d+2ab+ b < 282420 o 2 +22b+b <8 ;b

2 2 2
Hay(a;bJ <8 erb (1). Dau“="xayra < a=b.

2
2) Chtng minh : ab < (%) (2) < 4ab < a%+ 2ab + b

<0 < a-2ab+b?> & 0 < (a—b)?hién nhién ding.

2 2 2
a;bj <8 erb . Déu“="xdyra < a=b.

Tu () va(2)suyra ab < (
. ... [a+Db 2 2 )
*Nhgn xét : — >ab < (a+b)">4ab ;

4 4 4
T bai toén a) ta co thé suy ra (a;bj <2 erb

Y a+b) _a?+b? . o o N . g ,
That vay do 5 < 5 hai vé bat dang thitc déu duong nén binh phuong hai vé ta co

4 2 12\
(ﬂj S(a +b ] (1); cling bai toan a) ta lai cO

2 2

2 2\2 4 4 4 4 4
D) 2D oy Te()va (@) tacs (a”’j &b
2 2 2 2

Vidu 2. a) Chung minhring (a—9)(a—8)a—-7)@a—-6) > -1 Va;
b) Chitng minh (@ + b%)(x* + y%) > (ax + by)> Va,bvax,y.
Ap dung ching minh (2x + 3y — 32)? < 13(x? + y? + 22 — 2yz)

* Tim cach gidi : a) Hoan vi nhan tir (a— 6) & vé trai va thuc hién phép nhan (a—6)(a—9) va(a—8)(a—7)ta
thdy xuét hién a? — 15a & hai két qua Ta nghi dén viéc dat 4n phu . Ta xét hiéu hai vé dé chiing minh.

b) Xét hiéu hai vé va bién déi.
Gidi
a) Xét hiéu (a—9)(a—6)(a—8)(@a—7) — (- 1)
= (a®— 15a + 54)(a® — 15a + 56) + 1
Pit a?— 15a + 55 = b thi biéu thuc trén bang (b— 1)(b + 1) + 1 =b*> 0
Vay (a—-9)(a-8)(a—-7)(a—6) > — 1.
b) Xét hiéu (a® + bA)(x* + y?) — (ax + by)?

2

a®x? + a?y? + b?? + b?y? — a’x’ — 2axby — b?y
a’y>— 2aybx + b*? = (ay —bx)* >0
Vay (@ + b?)(x? + y?) > (ax + by)?V a, b va x, y. Ddu “="xay ra < ax = by
Ap dung : Ta viét bat dang thac (2x + 3z — 3t)* < 13(x? + 22 + £ — 22t)
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Dudi dang [2x + 3(z — O)]? < (22 + 3%)[X* + (2% 2zt+ )]

Hay [2x + 3(z - )] < (22 + 3))[¥* + (z— 1)

Patz—t=y thi (22+3%)(x*+Vy?) > (2x + 3y)* dung theo bit ding thuc vira ching minh & trén.
Vi du 3. a) Chiang minh tong céc binh phuong ctia hai s6 bt ky khéng nho hon hai 1an tich hai s do.

b) Chang minh véi x >0 thi x + 1.9 (tong mét sé duong vai nghich dao cua né khdng nho hon 2).
X

¢) Chuang minh véi a, b, ¢, d 1a cac s6 duong va théa man abced = 1 thi
ab+cd >2va a®+b*+c?+d* 2> 4.
*Tim céch gidi : a) Luuy (a—hb)®> > 0

b) Khir mau , chuyén vé xuat hién hang bat dang thuc.

¢) Luuy doabcd =1 néncd = %, sir dung két qua b) dé ching minh.

Gidi
a) Goi hai sé laavab . Hién nhién (a—b)> > 0 < a’—2ab+b*> >0
o a+b? > 2ab
b) Véi x> 0; x + % >2 o XX -2x+1>0< (x—1)*> 0 dung.
Diu“="xayra < x=1.
c)bat ab=x. Doa,b,c,d>0va abcd=1néncd = i:
ab+cd=ab+i=x+122
ab X
*Taludbn cé a°+b? > 2abva c?+d? > 2cd
néna’+b’+c’+d* > 2(ab+cd) > 4.
Diu “="xayra < a=b=c=d=1.
Vidu 4. a) Chung minh a?+b’+c? > ab+bc+ca, V a;b;c
b) Ching minh a® + b? +c®> < 2(ab + bc +ca) véi a;b;cla3 canh mot tam giéc.
*Tim céch gidi : a) Bat dang thirc ¢ a® + b? ta nghi t6i st dung bat ding thuc a® + b® > 2ab, ...
b) Véi a, b, ¢ 1a ba canh tam giac phai sir dung bat dang thac tam giac.
Giai
Q) Tacd a’+b® > 2ab;b?+c®> 2bc;c®+a’ > 2ac.
Cong vé vai vé ba bit ding thirc ciing chiéu trén ta co
2@ +b*+c’) > 2@ +bc+ca) = a+b*+c®>ab+hc+ca.
Diu“="xayra < a=b=c.

b) Ap dung bt dang thuc vé ba canh trong mot tam giac :
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lb—c|<a<(b—c)* <a’
lc—a|<b < (c—a)* <b’
la—b|<c <= (a—b)* <c?
Do d6 (b—c)*+(c—a)’ +(a—b)* <a®+b* +c?
o b?—2bc+c’+c®—2ca+a’+a’—2ab+b*<al+b’+c?
< a’+b%+c?<2(ab+bc+ca).
*Chay : a) Ta con céch rat hay sir dung : bién doi trong duong :
a?+b’+c® > ab+bc+ca < 2a°+2b?+2c¢® > 2ab + 2bc + 2ca
< a’-2ab+b?+b*—2bc+c?+a’— 2ac+c* >0
< (@a-h)?> +(b—c)?+(c- a)? = 0 hién nhién dung.
Diu“="xayra < a=b=c.
Vi du 5. a) Ching minh rang véi ba sé a, b, ¢ tly y ta ludn ¢6 :

2
MZ&b-ﬁ-bC-ﬁ-C&

b) Chirng minh (3a)® + (3b)*+ (3c)> > 3  vsia+b+c=1.
*Tim cach gidi : a) Taco (a+b +c)?>=a’ +b?+ c?+ 2ab + 2ac + 2bc. Do d6 c6 thé bién ddi trong dwong bang
cach nhan hai vé véi 3 roi xét hiéu hai vé.
b) Khé chiing minh tryc tiép. Ta doi bién dé chung minh.
Gidi
(a+ b+c:)2
L >ab+bc+ca < (a+b+c)’ >3ab+3bc+3ca
Xét hiéu

(a+b+c)2 —3ab—3ac—3bc =a’ +b? +¢? +2ab + 2ac + 2bc —3ab — 3ac — 3bc

=a+b’+c?—ab—ac—bc = 1(2a2+2b2+202—2ab—2ac—2bc)
= %(a2 —2ab+b2+b2—2bc+c2+cz—2ac+a2)

2
= %[(a— )2+(b—c)2+(c—a)2}20.(:h1’xng to: WZab+bc+ca.

Diu“="xayra < a=b =c.
* ChG Y : a) C6 thé bién doi tuong duong tiép tir (a+b+c)’ >3ab+3bc+3ca

< a’+b*+c” +2(ab+ac+hc) > 3(ab+ac+bc)
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< a’+b*+c? >ab+ac+bc bat dang thire da duoc chitng minh & vi du 4.
- Ta c6 thé dung céc cach khac ( phan chang, tong hop déu duoc).
b) Cach 1: bat3a=1+3x;3b=1+3y;3c=1+3z.

Doa+b+c=1ma 3(@+b+c)=3+3(Xx+y+2).Suyra x+y+x =0.
Ta c6 (3a)” + (3b)* + (3c)® = (1 + 3x)? + (1 + 3y)* + (1 + 3z2)°=
= 1+6x+X°+ 1+6y+y+ 1+62+2°= 3+6(x+y+2)+(C+y +7%)
=3+(C+y* +79) > 3 (dox+y+z=0)

Vay (3a)? + (3b)? + (3c)? > 3. Ddu“="xayra <>a=h=c= %
Céach 2 : Swur dung bat dang thirc Bunyakovsky ta co :

(32 +3%+3)(a®+b?+c% > (3a+3b+3c)’=9@@+b+c)’=9
— 27(a° +b*+c?) > 9 = 9a° + 9b® + 9¢?) > 3
Hay (3a)? + (3b)*+ (3c)> > 3. Ddu“="xayra < a=b=c= %
Vi du 6. Chting minh néu a > —1 thi véi moi s6 nguyén dwong n, ta déu c6
(1+a)">1+na (Bat ddang thitc Becnuli)
*Tim cach gidi : Bat dang thirc ¢6 sy xuat hién cua n véi vai trd 1a mot sb nguyén duong tiy y.Ta st dung phuong
phép quy nap toan hoc dé chiing minh.
Gidai
Véin=1tacd (1+a)=1+a hién nhién ding.

Gia st bai toan dung v6i 56 nguyén duong n=k tirc 12 (1 + a)* >1 + ka

Nhan hai vé véi s6 duong (1 +a) tacé (1 +a)<** > (1 +ka)(1 +a).Taco
(l+ka)(l+a)=1l+a+ka+ka’= 1+ (k+1)a+ka®>1+(k+1)a
vay (1+a)'>1+(k+1)a
Bai toan dung véi s6 nguyén duong n = (k + 1) . Theo nguyén 1y quy nap bai toan dang véi moi s6 nguyén
duong n.
Vidu 7. Véia, b, clacac sé duwong ching minh rang :

11 1 1 1
a) (a+b)(g+6j24; b) (a+b+c)[g+6+gj29.
* Tim cach giai : Cac bat dang thirc khi bién d6i vé trai déu xuat hién cac sé dwong nghich déo. Do d6 ta sir
dung két qua caa vi du 3 b) : mot s6 duong cong véi nghich dao caa nd khdng nho hon 2 khi ching minh.
Giai
1 a b

a) (a+b)(1+—j:1+—+—+1:2+E+924 vi E+922
a b b a b a b a
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(theo vidu 3taco %va b 1a hai s6 duong nghich dao cua nhau).
a

Dau “="xay ra < a =b.

b)(a+b+c)[ +1+1) 1+3+3+9+1+E+E+E+1:
b c b c a c a b

3+[E+Ej+[i +Ej+[—c 4—bj23 +2 +2 +2 =9,
b a cC a b c

Diu “="xayra < a=b=c .
*Nhdn xét : Tir hai bat dang thtc trén ta c6 thé suy ra nhitng bai toan twong tu :
Choa, b, c,d,e>0 ching minh

(a+b+c+d)( +1+1+1j216
b c¢c d
(a+b+c+d+e)(1+1+1+1+1j225
b c d e

Tong quét cho ai; as; as; ...; an>0 taco

1 1 1 1 5
(a+ ax+ agt+ ... +ap)| —+—+—+...4— | = n°,(n>2;neN)

al a2 a3 an
Chung minh : Ta c6 (a;+ ax+ as+ ...+ a) £i+i+i+...+ij =

a1 a‘2 a‘3 an

O 1 R 1 PN PR e P 1 WO U R [ S B
a2 al a3 al an al a3 aZ an aZ an an—l
>n+2(n-1)+2n-2)+2(n-3)+ .. 122 +2 =

n+2[1+2+ .. +n-1]=n+ 2><n(nT_1) =n+n’—n=n’

Dau “="xay ra < a;= a=as=...=a, .
Vidu8. Chox;y;z>0 .Chang minh rang:
X \Y% z

+ + 3’
Y+Z Z+X X+Yy 2

* Tim cach gidi : Ta thiy néu cong 1 vao mdi hang tir & Vé trai, sau khi quy ddng mau ta thiy xuat hién nhan ter
chung (x +y + z). Vi thé ta bién d6i vé trai bang cach thém bét cuing sé 3 dwa vé céc dang toan di chang minh.
Gial

Bién doi vé trai ta co :

X + y + z =[ X +1}+(—y+1j+( z +1J\—3

Y+Z zZ+X X+y (W z




_ (x+y+z+x+y+ z, x+wzj 3 - (x+y+z)[ 1
y+zZ  Z+X X+ y+z 2 x| x+y)

9 3
[(x+y)+(y+ 2)(z x) U S P Y
Yy+2Z Z+X X+Yy 2 2

[Ap dung két qua vidu 7b véi (x +y)=a; (y+2z)=b; (z+x) =]
Vi du 9. Cho a, b, ¢ > 0 chitng minh rang :
a) (a+b)(b+c)c+a) > 8abc

2
b) 3 —+i+i >4 1 + ! + !
ab bc ca a+b b+c c+a

* Tim cé&ch gidi : Dé c6 (a+ b)(b + c)(c + a) thu xét
(a+b)’(b +c)’(c+a)’vita co (x +y)* > 4xy (bat ding thuc Cauchy)
Gidi

a) Taco (a+b)® > 4ab. Tuong tu (b + ¢)* > 4bc; (c + a)* > 4ca.

Doa, b, c>0nén 2 vécua caba bat dang thirc déu duong nén ta nhan vé véi vé dugc
(a+b)’(b +c)’(c +a)* > 64a’b’c® < [(a+b)(b+c)(c+a)]* > [8abc]®
< (a+Db)(b+c)(c+a) > 8abc do cac biéu thirc trong ngoic [ ] déu duong.
Diu “="xayra < a=b = c.
1 1 a+b+c 8(a+b+c)

b) Taco —+— 4+t
ab bc ca abc 8abc

Tu clu a) da chaeng minh (a + b)(b + ¢)(c + a) > 8abc ta c6 :
i+i+i2 8(a+ b+ ¢)
ab bc ca (a+ b)(b+ c)(e a

- i+i+i24(a+b}k4(b+ CH 4(e a
ab bc ca (a+ b)(br c)(e a)

[ 1 1 1 j 8 8 8
&2l —+—+— |2 + + (@)
ab bc ca/) (b+c)(c+a) (c+a)@a+b) (a+b)(b+c)

Mit khac (a+b)’ > 4ab < i>

ab  (a+b)?

4 ;izizi+i+i2 4 + 4 + 42 (2)

—>
bc (b+c)*> ac (c+a)® ab bc ca (a+b)®> (b+c)® (c+a)

tuong ty ta co

Cong vé vai vé cua (1) va (2) ap dung hang dang thicc ¢ vé phai :

X2+ Y2+ z2 + 2Xy + 2xz + 2yz = (X + y + 2)? vo*lX—L:y=LiZzitaCé

a+b b+c c+a

2

3(i+i+ij>4£ ! + ! + ! ) (3) dpcm
ab bc ca a+b b+c c+a
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Dau “="xay ra trong (1); (2)va (3) < a=b =c.

Vidu10. ChoA= —— 41 1 1

+ ot
59 913 13.17 (4n +1)(4n +5)

* Tim cach gidi : Bai toan c6 sé tdng quat n voi n e N*. Ta c6 thé chirng minh bang quy nap toan hoc. Tuy

nhién ting hang tir ciia A ¢ quy luat c6 thé phan tich sau d6 rat gon nén ta sir dung phwong phap tong hop.

Giai

Nhan xét: voi k e N*
1 _ 1[(4k+5)—(4k +1) _1( 11 j
Ak +1)(4k+5) 4| (4k+1)(4k+5) 4\ 4k +1 4k +5

Do do : A:1(1_1+1_1+ + 1 1 J:l(l 1 j<1

van eN*. Chiang minh A< i

45 9°9 13 7 4n+1 4n+5) 4\5 4n+5) 20
Vi du 11. Chitng minh ring Vx eR :

|X+1012| +|x—1004| > 2016 ;
Gidi

dp dung bat déng thic |a+ b| <|a|+|b|

|x+1012|+|x—1004| =|x+1012|+ 1004 — x| > |x +1012+1004 — x| = 2016 .
Diu“="xayra < -1012<x <1004
C. Bai tap van dung

21.1. @)Cho A= %+9 Chimg minh A > 2néuab>0vaA <—2 néuab<0.
a

_ . a’+b’+c® _(a+b+cY
b) Chung minh V a, b, c thi 2

3 3
3 3
.a +b

3
¢) Ching minh (a;bj < Va,b>0 .

21.2. Chang minh rang :
a) a+b’+c?+3>2@+b+c), V ab,c.
b) a®+b’+c’+d’>ab+c+d), V ab,c,d.
c) @+b*+c?+d*+e? >ab+c+d+e), Vab,cd,e.
d) a?+b*+c’+d°+ab+cd =6,V ab,c,d>0vaabed=1.
a®*-b®> b®-c® c*-ad
+ +

ab? bc? ca

21.3. a) Choa.b.c #0. Chang minh

b) Choa, b, ¢ >0 . Chingminh —2—+—2 4+ € o1
a+b b+c c+a
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£1+1

21.4. a) Chang minh ¥ x,y>0taco —+—;
X+y 4x 4y

b) Tu d6 chitng minh Vv a,b,c>0taco:
4 4 4
2a+b+c+2b+c+a+20+a+b

21.5. Chtang minh :

a)a>+b®+abc > ab@a+b+c) vdiab,c>0;

b)a®+b%+c® > 3abc vsia;b;c>0;

c)8@+b3+c®) > (@a+h)y+(b+c)]+(c+a)]vsia b, c>0.
21.6. Cho a, b, c 1a d6 dai cac canh cia mét tam gidc. Chung minh

a) a’(b+c—a)+b*c+a—bh)+c’(a+b— c)< 3abc;

b)a+b+c<2.

b+c c+a a+b
21.7. a) Chang minh (2x —3)(2x —6)(2x — 7)(2x —10) + 36 > 0;
Déu “=" xay ra khi nao ?
b) M=x*°_x? B +x* _x+1>0 vx.

21.8. Choa, b, ¢ >0 chitng minh ring

1 1 1
<Z4+ 4=
a b c

a b C a+b b+c c+a_ 1t

+ + + + : >

b+c c+a a+b C a b 2
21.9. Cho x; y; z la cac sé dwong. Chitng minh rang :

[ 1 1 1} 9
2 + + > .
X+Y Y+Z Z+X) X+ W Z

21.10. a) Ching minh 2050, 2016 2016 = 2016 ;...
1.3 3.5 5.7 2015.2017
b) Biét n! =1.2.3...(n—1).n  (n e N*). Chtngminh G<1
1 2 3 2015

VOi G =

—+—+—+...+
21 31 41 2016!

¢) Chuang minh véi moi s6 tu nhién n>1tacod H < %
1+i+i+i+ +—1

1?23 5 7777 (2n-1)?

21.11. Chtitng minh :

t _r ,_r 1 . 1 <l
2016 2015°+1 2015*+2 2012°+3 2015° +2015 2015

véi H =
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21.12. Tim céc sb nguyén x, y, z, t thoéa mén bt ding thic

X2 +y* + 7% +12+13< xy + 3y + 2z + 6t.

21.13. Chung minh rang v6i moi sb tw nhién n > 2

1 1 1 1 37
Sh=1+ + + +it— > —
nN+1 nNn+2 n+3 2n 24

21.14. Chtng minh rang néu [x|<2; |y| <2 thi [2(x+Yy)|<|4+xy]|.
21.15. Ching minh riang néu a, b, ¢ 1a ba s6 théa man diéu kién :
abc>0 @
a+b+c>0 (2)
ab+bc+ca>0 3)
thi a, b, ¢ 1a ba s6 duong.
21.16. Chang minh rang véi moi s6 ty nhién n > 2taco

n 11
—<l+—+=+..+
2 2 3

<n
2" -1

21.17. Véi bdn sé thuc a, b, ¢, d hdy chiing minh :
(1 +ab)® + (1 + cd)® + (ac)® + (bd)® > 1.
(Pe thi Olympic Toan hoc thanh pho Léningrat nim 1985)

3 3

21.18.8)Cho A= =+ Y trong d6 x, y Ia céc s dwong thoa xy = 1.
1+y 1+Xx

Chuang minh rang A >1.
(Pe thi chen hoc sinh gici Todn 9 qudn 9 TP Ho Chi Minh ndm hoc 2011 —2012)
b) Cho ba sé duong a, b, ¢ chitng minh
(3a+h)(2c+a+b) <(2a+b+c)
(Pe thi chon hoc sinh gigi mon Toan lop 9 TP Ho Chi Minh ném hoc 2012 — 2013)
21.19. Cho x, y la hai s6 thyc duwong. Chiing minh rang :
L +X)(A+y?) = (x +y)(L +xy).
(Pé thi tuyén sinh vao I6p 10 chuyén truong DHSP TP Ho Chi Minh néim hoc 2012 — 2013)
21.20. Ching minh a°>+b° > a®h? + a®b® biétringa + b >0.
(Pe thi tuyén sinh vao I6p 10 chuyén tink Pong Nai ndm hoc 2012 —2013)
21.21. Cho ba s6 duong a, b, ¢ théa man abc = 1. Chtirng minh rang :
1 1 1 1
2120743 02 +20°13 423213 SE'
(Bé thi chon hoc sinh gici mdn Toan I6p 9 tinh Béic Giang ndm hoc 2012 —2013)

21.22. Cho cé4c s6 duong x, y thdaman x —y = x> +y*
Chirng minh ring x* +y* < 1.
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(Pé thi tuyén sinh vao lép 10 THPT chuyén tinh Bic Ninh ném hoc 2013 — 2014)
21.23. Cho ba s duong x, y, z. Chting minh rang :
X N y z 3

+ <
2X+Y+Z X+2y+zZ X+y+2z 4

(Pe thi tuyén sinh vao lép 10 chuyén truong PHSP TP Ho Chi Minh nam hoc 2013 — 2014)

21.24. a) Ching minh rang néu x >y >1 thi x+12y+i ;
X y

b) Cho 1<a,b,c<2 chang minhring (a+b + c)(%%%)gl&
(Pé thi tuyén sinh vao I6p 10 THPT chuyén Tran Phi, Hdi Phong ném hoc 2013 — 2014)
21.25. Cho hai s6 thuc a va b théa man a + b = 2. Chiring minh rang :
a®+b? < at+b*
Peé thi vao lop 10 chuyén Toan truong DHSP TP Ho Chi Minh nim hoc 2014 — 2015)
21.26. Cho a, b, ¢ > 0 thoa méan abc = 1. Chting minh rang
1 1 1 3
abtat2 bcibi2 ca+ct2 SZ'
(Pé thi hoc sinh gidi 16p 9 triong PTTH Tran Bai Nghia, TP Ho Chi Minh nam hoc 2014 — 2015)

Chuyén dé 22. BAT PHUO'NG TRINH BAC NHAT MOT AN

A. Kién thic can nhé

1. Bat phuong trinh 4n x : ¢6 dang A(x) > B(x) ( hoic A(x) < B(x) ; A(X) > B(X) ; A(X) < B(x)),
trong d6 A(X) va B(x) 1a hai biéu thirc chira bién x

2. Bit phuong trinh bac nhat mot an : ¢6 dang ax+ b>0 (hoic ax+b<0; ax+b>0; ax+b < 0 )trong
d6 avab la haisd d cho,a=0 .

3. Nghiém cuia bat phuong trinh 1a gia tri ciia an, khi thay vao bat phuong trinh dwgc mot khang dinh dung.
Tap hop tat ca cac nghiém caa mot bat phuong trinh 13 tap nghiém cta nd. Giai mot bt phuong trinh 1a tim tap
nghiém cua bat phuong trinh do.

4. Hai bat phuong trinh twong dwong : C6 clng tap nghiém.
5. Quy tac bién doi bat phuong trinh :
a) Quy tac chuyén vé: Khi chuyén vé mot hang tir ciia bat phuong trinh phai d6i dau hang tir do.

b) Quy tic nhan vai mot sé : Khi nhan hai vé caa bat phuong trinh véi mot s khac khong ta phai : Gitr
nguyén chiéu bat phuong trinh néu sé d6 duong , d6i chiéu bat phuong trinh néu sé d6 am.

6. Bat phuong trinh dang (hodc dwa vé dang) : ax+b>0 (a=0)
c6 nghiem x > b néua>0;x< b néua<o0
a a
Céc bat phuong trinh ax +b<0; ax+b > 0; ax+b < 0 (a= 0) giai twong tu.
B. Mt s6 vi du
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Vi du 1. Trong céc bt phuong trinh sau, bat phuong trinh nao 1a bat phuong trinh bac nhat mot an. Kiém tra
xem gia tri x =4 la nghiém cua bt phuong trinh nao trong cac bat phuong trinh bac nhat mot an.

a) 2x+3y>6y+7; b)-5x+4< 2-3x ;
c) —-5y+8y+4< 3-25y (any);
d) 8x-3>1-6x +15x; e) x¥*-6x+5 <0.

* Tim cé&ch gidi : - Dwa vao dinh nghia , bat phuong trinh nao dwa duoc vé dang ax+ b>0 (hoic ax +b <0; ax
+b>0; ax+b <0 )trongdd avab la hai sd dd cho, a= 0 . C6 thé chi can cin ctr bac cao nhét caa an trong
bit phuong trinh 14 bac 1.

- Nghiém cua bat phwong trinh 1a gia tri cua an, khi thay vao bat phuong trinh dwoc mot khang dinh dung. Do
d6 xét bat phuong trinh f(x) > g(x) (1) . Thay x = xo vao (1). Néu (o) > g(xo) thi X =X, 1a nghiém cua (1)

Néu f(xo)< g(Xo) thi x =Xxo khdng la nghiém cua (1)
(xét twong tu VGi cac bat phuong trinh khac)
Gidi : Céc bat phuong trinh b)—5x+4< 2-3x (anX);
c)—5y+8y+4< 3-25y (any); d) 8x—3 > 1-6x +15x (anx)
la céc bat phuong trinh bac nhat mot an.
Do x = 4 nén chi xét cAc bat phuong trinh an x
bat f(x)=-5x+4 ; g(xX)=2-3x

h(x)=8x—3 ; p(x)=1-6x +15x.

Taco:* f(4)=—-54+4=-16 ; g(4)=2-3.4=-10.

f(4) < g(4) nén x = 4 la nghiém cua bat phuong trinh —5x + 4 < 2 —3x .
*h(4)=84-3=29 ; p(4)=1-64 +154=37.

h(4) < p(4) nén x = 4 khdng la nghiém cua bat phuong trinh
8x -3 >1-6x +15x.
Vi du 2. Giai cac bt phuong trinh bac nhat mot an ¢ vi du 1 trén va biéu dién nghiém trén truc so.
* Tim cé&ch gidi : Ta dung cac quy tic bién d6i bat phuong trinh dé giai.
Gidi
* Giai bat phuong trinh : —5x +4 < 2—3x
& —X+3X<2-4 & -2X< -2 ;

= X>-2:(-2) < x>1.

% X

PO

* Gial bat phuong trinh : 8y —5y+4< 3 +25y
< 8y-5y-25y< 3-4 < 05y <-1

< X <(=1):05 & X <=2
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NNe)
R<
R

* Giai bat phwong trinh : ~ 8x—3 > 1—6x + 15x

< 8X+6x-15x 2 1+3< —x 24

< X < 4:(-1) & x <-4
-4
] 9 XA
g ¥ =

Vi du 3. Giai céc bat phwong trinh :
a) Bx—7>3(x—-2)+2x;
b) 4(1,5x +2,5) < (X +3)*+(5—-X)(Xx +5);

> (2x-3)°.

d) 4x(x—1,25) + @

* Tim céch gidi : Sir dung cac quy tac bién doi bat phuong trinh dua cac bat phuong trinh vé dang ax + b > 0;

Gidi
a) 5x -7 >3(X—2) +2X < S5X—-7 >3x—-6 +2x;
& X —-3X-2Xx > -6+7 & x>l
Bat phuong trinh v6 nghiém.
b) 4(1,5x + 2,5) < (X +3)*+ (5-x)(X +5)
o 6x+10< X*+6x+9+25 —x* < 6x-6x< 25+9 —10
< 0x< 24 nghiém dung V Xx.
Nghiém cua bat phuong trinh la x € R
< 12(x—4)—-60x +120 < 15(x +3)—20(x—2)
< 12x—-48-60x + 120 < 15x +45-20x +40
< 12x—60x + 20x — 15x < 45-120+40 + 48

& —43x < 13 = XZ—E.
43

> (2x-13)°

d) Ax(x—1,25)+ 3(1‘23")

& 8x(x—1,25) +3(1-3x) > 2(4x*—12x +9)
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< 8x2-10 +3-9x > 8x*—24x +18

& 24X -9 > 18+10-3 <  15x > 25 = ng

3
Vidu 4. Tim x sao cho : 2(3x—4)<8x—-10 <7x-2.

* Tim cé&ch gidi : Giai bat phuong trinh kép nay thuc chat 1a giai dong thoi hai bat phuong trinh 2(3x — 4) < 8x

—10 va8x—-10 <7x-2.
Gia tri cua x thoa man ddng thoi ca hai bat phuong trinh 13 nghiém.
Gidi

6Xx—-8<8x-10 6x—-8x<8-10
2(3x—-4)<8x—-10 <7x-2 <

8x-10<7x-2 8x—-7x<10-2

1<x<8.

X>-2:(-2)
X<8
Vi du 5. Cho hai bat phuong trinh :
Xx—-3 11+x 3x-5 X X—4 2Xx—9 3x+2
+ > (1) va 5+ <X— +
5 4 2 5 2 3
a) Tim gia tri cia x théa man hai bat phuong trinh

)

b) Tim gia tri nguyén caa x thoa man hai bat phuong trinh.

{—Zx <=2
= =

X<8

* Tim cach gidi : Y&u cau cua bai toan lIa tim nghiém va nghiém nguyén chung cia hai bat phuong trinh. Ta
phai giai hai bat phuong trinh r6i tim céc gia tri nguyén caa nghiém trong khoang nghiém chung cua hai bat

phuong trinh.
Gidi
Xx—3 11+x 3x-5
+ >
5 4 2
< 4(x—3) +5(11 + x) > 10(3x — 5)
< 4x-12+55+5x >30x-50 < 9x—30x>-50- 55+ 12

Giai bat phuong trinh (1) :

< —21x > -93 = x<2—

Giai bat phuong trinh (2) : 5+X%4<x—2)(_9+3)“r2

< 150 + 6(x —4) <30x — 15(2x —9) + 10(3x + 2)
< 150+ 6X — 24 < 30x —30x + 135 + 30x + 20
< 6Xx —30x<-150+24+135+ 20

& —24x < 29 = x>—§

24

a) Gia tri cua x thoa man hai bt phuong trinh 1a —% <X < %
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b) Gia tri nguyén caa x thoa mén hai bat phuong trinh 1a :
x €{—1,0;1;2;3;4}.
X2 +6x+9 —x*+3x*+9x—27
X*+27  X*—-6x+9

R0t gon biéu thirc A rdi tim gid triciax dé A<O0.

Vidu 6. Cho A=

* Tim c&ch gidi : Bai todn yéu cau tir két qua rat gon A giai bat phuong trinh A < 0. Luu y PKXD cua A va
cac hing dang thuc.
Gidi
PKXDb x =43
(x+3)2 (x—3)2 _ -1
(x+3)(x2 —3x+9)'(x2 —9)(3—x) x*—3X+9

2
Dox?-3x+9= (x2—2.x2+%j+2747=(x—gj +27f7>0,Vx.

Doddé A <0voix #+3.
Vi du 7. Giai bat phuong trinh sau véi a, b 1a cac hang s6 duong.
a—ax > b—b%
* Tim cach giai : Bat phuong trinh bac nhat ¢6 hé sb bang chit. Khi giai luu y bién luan cho hé sé cua an.
Giai
a) < a-ax > b-b%x < (*-a)x >b-a.
& (b-a)b+a)x > b-a Q)

Néu b > a thi b —a > 0. Nghiém cua bat phuong trinh 1a x> bi ;
+a

r N - 14 1
Neu b <athib—a<0.Nghiém ctaa bat phuong trinh 1a x < bra
+a
Néub =athi (1) tro thanh Ox >0 bat phuwong trinh v6 nghiém.
Vi du 8. Tim gid tri cia m dé phuong trinh sau c¢6 nghiém duong
2(x—-m) X-2 X+2 X+m

= m=x2). (1
2—m 2+m 2-m 2+m ( ) @)

* Tim céch gidi : Ta giai phuong trinh c¢6 hé sé bang chir lai nam & mau, do d6 dac biét luu y DPKXD va sau khi
tim nghiém 1ap luan dé nghiém duong.

Gial
(1) bién di thanh 2(x —m)(2+m) —(2—m)(x—2) = (x+2)(2+m) — (X+m)(2—m)
& AX+2mX—4m-—2m?—2x + mx + 4 —2m =
2X + MX + 4 +2m — 2X + mx — 2m + m?
o 2x+mx=3m*+6m < x(m+2)=3m(m +2)

Voim=#-2th m+2 #0 tacdo x=3m
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Pé x > 0 thi 3m > 0 hay m > 0.

Vay véi m>0 vam = 2 thi phuong trinh ¢c6 nghi¢ém duong.
Vidu 9. Giai cac bit phuong trinh :

2x—-1016 N 2x —1000 < 2x—-16 N 2x -1

a) : 1)
1000 1016 2000 2015

b) 5X—100+5X—200 < 5X—500. 2)
900 800 250

* Tim cach gidi : @) Thém (- 1) vao mdi hang ttr & hai vé rdi quy ddng mau tirng cip ta thiy xut hién nhan tu
chung 2x — 2016. b) Thém (- 1) vao mdi hang tir & vé trai, thém (- 2) vao vé phai rdi quy dong mau tirng cip
ta thay xuat hién nhan tir chung 5x — 1000. Ta c6 c4ch giai sau :
Giai
2x—1016 2x—1000 2x—-16 2x -1
-1+ -1< -1+ -1

1000 1016 2000 2015
2x—2016 N 2x —2016 < 2x—2016 N 2x —2016

1000 1016 2000 2015

1 1 1 1 1 1 1
+ - - <0. Do + - -
1000 1016 2000 2015) 1000 1016 2000 2015

a) () <

>0 nén 2x - 2016 <0 < 2x < 2016

<:>(2X—2016)(

& x <1008,
by (2) & P00 | 5x-200 | 5x-600 ,
900 800 200
o SXCL000 5x-2000 51000 o e oo L, L L) g
900 800 200 900 800 200
1 1 1 19

<0 Nén 5x-1000 >0 < x> 200

Do + - =—
900 800 200 7200
C. Bai tap van dung
A PN X-1 x-2 ., .. .. ,
22.1. Tim céc gia tri nguyén cua x dé bieu thirc A = > "3 €0 gia tri 16n hon 4 nhung nho hon 5.
22. 2. Giai cé&c bat phuong trinh :
a) 3x—-2>5(x-2)+2(3-X) ;
b) 5(x +2)? < (2x +3)(2x —3) + (x —5)* + 30X ;
C) 425 +1) > 9(x +3)(x—3)+(2-x)?+1;
d) x® < 2x + 56.
22.3. Giai bat phuong trinh :
X+1 X+2 x+3 x+4
+ > + :
2 3 4 5
22.4. Timgiatri cuax thoa man hai bit phuwong trinh :
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X+2 2(x—1)_X A x_2_2x—3<(2x—1)2+x

a) ——-5> . (1 2
) 3 4 @) 3 6 12 @)
b) 2x—1_§S 2(x+1)_i. 3)
5 2 3 10
va 2X(X —5) + x(x —2) > 3(x + 4)(x — 4) — 12. (4)

22.5. Tim sb nguyén x thoa man ca hai bat phwong trinh :

2)3(2x-5)>26-7%. (1) va XD x+ 1o )

5 15

b) X;1—1£ 2X4_3 C(3) VA A(x—1)(C+x+1) > (42 +3)x—16. (4)

22.6. Tim gia tri nguyén cia x dé 3(x-1)—4< 3X;11 < 2+45X -2.

2
22.7. Chobiduthue A= 2X > [ 1
5 2x—5) | 125-20x° ' 2x+5

a) Rat gon biéu thac A ;
b) Timx dé A < —2;
¢) Tim x dé A > ax véi a la mot hang sé.

_4:2+a la s6 duong nhung nhé hon 2.

22.8. Tim gia tri cia a dé nghiém cua phuong trinh

22.9. Giai cac bat phuong trinh véi a, b 1a cac hang s6 (a=0).

a) a(x—a)>5(Xx—5) b) ax_b+(a+b+1)x>2?b.

22.10. a) Giai bat phuong trinh :
5X+1015+5X+1000 5x+1 5X 1 5x -2 5X 10
1000 1015 2014 2016 2017 2025
1,11, 1

22.11. Cho A= —+—+—+
13 35 57 A1

22.12. Mot doi bong da tham gia mot giai dau. Poi dau 20 tran va duoc 41 diém. Theo quy dinh cua giai, mai tran
théng duogc 3 diém, mdi tran hoa duoc 1 diém, mdi tran thua 0 diém; Goi s6 tran thang cua doi do6 1a x, sb tran hoa lay
vasd tranthua la z, im x, y, z . Biét rang s6 tran thing cua doi d6 1a mot s chan.

22.13. Ky hiéu [a] (phan nguyén cua a) 1a s6 nguy@n 16n nhat khong vuot qué a. Tim x €Z biét rang

{8x—3} = 2x+1.
5
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X+1 X+4 X+5 x+7
-2> + + .
2002 1999 1998 1996

(Pé thi chon hoc sinh gisi 16p 8 huyén Thurong Tin Ha Tay (cii) nam hoc 2002 — 2003)

22.14. Giai bat phuong trinh

22.15. Giai bat phuong trinh x+ |x-1] >5.
(Thi vao 1ép 10 Quéc hoc Hué nam hoc 2003 — 2004)
Chuyén dé 23. BAT PHUONG TRINH DANG TiCH, THUONG

A. Kién thitc can nhé
1. Bét phuong trinh dang tich : A(x). B(x) > 0
(hodac A(x). B(x) <0; A(x). B(x) 20 ; AX).B(x)<xC) ;

2. Bat phuong trinh dang thuong: w >0 ;
B(x)
(hoac 2 (o, AK) S5 Ay
B(x) B(x) B(x)

3. binh ly vé dau caa nhi thac bac nhat ax +b (a=0):

Nhi thire bac nhat cung dau véi a khi x > b
a

Nhi thirc bac nhat trai diu voi a khi x < b
a

Do —— langhiém cua nhj thirc ax + b nén dinh 1y duoc phat biéu :
a
Nh; thizc ax + b (a=0) cing ddu véi a vdi cac gia tri cua X lom hon nghiém cia nh; thizc, trai dau véi a
Vo Cac gia tri cua X nho hon nghiém cua nhi thic..

4. Phuong phap giai cac bat phuong trinh dang tich, thuong : Phan tich thanh nhan tir chira céac
nhi thic bac nhat. Lap bang xét dau cua nhi thac bac nhat ax +b

b
X a
ax +b trai dau voi a 0 cuing dau véi a

B. Mét s6 vi du
Vidu 1. Giai bat phuong trinh  (2x — 9)(1945 + x) > 0.
* Tim cach gidi : Véi tich A.B > 0 xay ra khi A va B cliing diu . Do d6 A>0va B>0hoic A<Ova B<0.Ta
O céch giai :
Gidi
Céch 1: Bat phuong trinh da cho twong duong véi :
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2%—-9>0 2X>9 X>45
1945+ x>0 X >-1945 X >-1945 X>4,5
& & &
2x-9<0 2X <9 x<4,5 X <-1945
i 1945+x <0 i X <-1945 | X < -1945

Vay nghiém cua bat phuong trinh 13 x > 4,5 ; x <— 1945,

* Cha y : Bang viéc 1ap bang xét ddu cua tirng thira s cua tich 1a nhi thire bac nhét ta cd cach 2 : Lap bang xét

dau :
X —1945 4,5
2x -9 - 0 - | +
1945 + x — | + 0o +
(2x —9) (1945 + x) + 0 - 0o +

Vay nghiém cua bat phuong trinh :
Vidu 2. Giai bat phuong trinh (x — 6)(x + 10) < —x?+ x + 30.

* Tim cach giai : Ta phan tich vé trai thanh nhan ti, xuat hién nhan tir chung va chuyén vé dé dua vé phuong

trinh tich.
Gidi

X >4,5 hodac x <-—1945.

Q) Taco— x>+ x +30=—x?+6x—5x +30=—(x—6)(Xx +5)
Do d6 bat phuong trinh thanh (x — 6)(x + 10) + (x — 6)(x + 5) < 0
< (X-6)(2x+15)<0.

Lap bang xét dau :

X —7,5 6
X—6 - | - 0 +

2x +15 - 0 + |
(x-6)(2x + 15) + 0 - 0 +

Nghiém cua bat phuong trinh la —7,5 <x< 6.
Vi du 3. Giai bit phuong trinh x*+ 36 > 13x* sau do biéu di&n nghiém trén truc sé.
* Tim cach giai : Chuyén tat ca vé mot vé roi phan tich vé d6 thanh nhan tir va giai bat phuong trinh tich.
Gidi

Tacod x*+36 > 13x° o x-13x%+36 > 0

o XKoo axP+36 >0

S X=2)x+2)(x=3)(x+3)>0.

o (F-9)(x*-4) =0

Lap bang xét dau :

X -3 -2 2 3

X—2 - | - | — 0 + | +
X+ 2 — | — 0 + | +
X-3 - | - | - - 0 +
X+3 - 0 + | + | + | +
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Vé trai + o - 0 + 0 - 0 +

X<-3
Nghiém cua bat phuong trinh 1a : | —2 < X <2 Biéu dién nghiém :
X=>3
3 -2 2 3
Voo b 0 Vs d X
RCcccom t mecccom
Vi du 4. Giai bat phuong trinh : 2016-6x <0
X(X+8)

*Tim céch gidi : Pay 1a bat phuong trinh dang thuong cia (2016 — 6x) chia cho x(x —8). Tacd 2016 —6x =0
< Xx=336;Xx+8=0 < x=-8

Giai
PKXP: x # Ovax = —8.Pat A= 2016-6x Lap bang xét dau :
X(x+8)
X -8 0 336
2016 — 6X + | + | + 0 -
X - | - 0 + |
X+ 8 - 0 + | + | +
A + [ - [ + 0 -
-8 0
A< 0 khi =r
X > 336
J— 2 —_—
Vi dy 5. Gii bét phuong trinh X285 5 1)
X +2x—-15

Va biéu di&n nghiém trén truc sé.
*Tim cé&ch gigi: Néu chuyén vé , rit gon Vvé trai ta dugc bat phuong trinh dang thuong. Phan tich céac tir, mau thanh
nhan ttr rdi 1ap bang xét dau .

Giai
bKXb x#3; x=#-5
2
—x? —5x+28 X"=X-2 (X+D(x-2) o Ak ;
e -——"""—42>0 0 5——20 ———720 Lap bang xét dau ta co:
W= e 1s X2 +2x—15 (x—3)(X+5) 4P bang xet dd
-5 -1 2 3
- | - 0 + | + | +
- L
- - 1 - T -1 -0
X+5 - 0 + | + | + | +
VT + | - 0 0 - I +
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X<-5

Nghiém cua bat phuong trinh 1a | —1<x<2. Biéu dién nghiém :
X >3
5 -1 2 3
NI Sl R X
P EE660 T B ECEERN

Vi du 6. Cho biduthiac A= | > X713 (2X=9 5 o)), 17X
X+3 2x-9 ( x°-9 1+Xx
Tim x dé : A<O0.

* Tim cach gidi : Khi rt gon biéu thirc va khi tim x d& A <0 cin lyu y DPKXD. Do sau khi chia 1 — x ciing
thanh mau sb nén x = + 1.

Gidi
Ratgon A: PKXDb: x=#+3; x#+1;, x=#45 . Tacd:

A | 5 _5(x=3) (2x-9)@-x*+9) | 1+x
| x+3 (2x-9)"  (x-3)(x+3) |1-x

| 5 51-x°+9) | 1+x _5(x=3)(x+3) 1+x _ 5(x=3)(1+Xx)
| x+3 x+3 |1-x x+3  1-x 1-x

Lap bang xét dau :

X -1 1 3

X—3 — | — | — 0 +
1+x - 0 + | + | +
1-x + | + 0 - | -
A + | - [ | -
: . -l<x<1

Vayde A <O thi
Xx>3;X#4,5

Vi du 7. Giai bat phuong trinh :
1 1 1 1
XX X2—3x+2 X —Bx+6 X —39x+380

*Tim cach gigi: Bat phuong trinh ¢6 an & mau nén luu y PKXPD.
Tacox?—x=x(x—1); x> —3x+2=(x-1)(x - 2) ;... c6 dang téng quat A.(A — 1). Ma

1 A-(A-) 1 1
A(A-1]) AA-D) A-1 A
thiac dang thuong.
Giai

. Ta phan tich cac phan thic & vé trai roi rat gon, s& dugc mot phan

bKXD  x¢{0;12;3;...;19;20} .
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Bién doi bat diang thirc thanh :

1 1 1 1
+ + +..+ <0
X(x-1) (x-D)(x-2) (x-2)(x-3) (x—19)(x —20)
1 1 1 1 1 1
S L Ry -
Xx-1 X x-2 x-1 Xx—-20 x-19
= 1 —1<0 = L<0
x—20 X X(x —20)
Pit A= _0 lap bang xét ddu
X(x —20)
X 0 20
X - 0 + |
x—20 — | — 0
A + I - I +
A< 0 khi xe{1,23;..;19} va 0<x<20
m-5

Vi du 8. Giai bat phwong trinh 5 >3 véi m 1a tham sé.

* Tim cach gidi : Bat phuong trinh c¢6 an & mau lai c6 tham sé nén phai luu y PKXD va bién luan tham sé6 m
khi giai bat phuong trinh.

Giai
PKXD: x # 2
m—5>3 = m—5_3>0 = M>O
X—2 X—=2 X—2
m+1

Ta thay m+1—3x=0<:>x=T.

Taco +l>2<:>m>5va m+1<2<:>m<5.DétB:W.
X_
Lap bang xét dau : khim > 5
X 5 m+1
3
m+1-—3x + | + 0 -
X—2 — 0 | +
B — | + 0 —
L. , i . . . m+1
V6&i m > 5 taco nghiém cua bat phuong trinh 1a : 2<X<

Lap bang xét dau : khim <5
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X mT-i-l 5
m+1-3x + 0 — | -
X—2 - | - 0 +
B — 0 + T —
m+1

Véi m < 5 ta c6 nghiém cua bat phuong trinh 1a : <x<2.

Vidu 9. Tim gié tri cia m dé nghiém ciia phuong trinh sau 16n hon 3 :
m=3_ 3+m
X-3

* Tim cach gigi: Bai toan giai phuong trinh v4i tham sb, tim nghiém sau d6 coi tham sé m 1a 4n dé
nghiém 16n hon 3 thyc chat | giai bat phuong trinh an m.
*Gidi

a) Voix #3tacOo m-3=(x-3)(3+m) & x(m+3)=4m +6

* Vi m = -3 phuong trinh tré thanh 0x = — 6 v nghiém.

*Voim#-3 < X = 4m+6
m+3
Pé x > 3 ta phai co : Am+6 5 AM*6 5 M3 .0
m+3 m+3 m+3
Pit C= m-3 Lap bang xét dau
m+3
m -3 3
m+3 — 0 + | +
m-—3 — | — 0 +
C + I - 0 +

Péx>3thi m>3hoicm<— 3.
B. Bai tap van dung
23.1. Giai bt phwong trinh x* + 3x — 1 < 2x + 5 va biéu din nghiém trén truc sé
23.2. Giai cac bat phuong trinh sau :
a) (19x +8) (2 -9x) (3x —2)(30 - 4x) >0 ;
b) (10 — x)(5x — 2001) + 3x* — 25x — 50 < 100 — x°.
23.3. Giai cac bat phuong trinh va biéu didn nghiém trén tryc sd.
a) x° — 9x%+ 26x — 24 <0 ;
b) x*— 7x% + 22x + 36 > 4(x® + 3).
23.4. Giai c4c bat phuong trinh sau va biéu dién nghiém trén truc s6
a) (2x + 1)(4x + 3)(8x +5)* < 9;
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b) (2x —1)(2x — 2)(4x — 5)(4x - 7) > 18
c) (x* — 3x + 2)(2x — 3)(2x — 5) > 30.
23.5. Giai c4c bét phuong trinh :
Q) (X*+2)(x*-2) (x*-8) < 96 ;
b) Xx*+4 > 26(x* + 2x + 2) + 3x® + 6x% + 6X ;
c) x(¢—27)(x + 1) > 6(x% - 27).
—2X+9
1945+ 70x
23.7. Giai c4c bat phuong trinh :

1+5x22 ; b) 3x Sle2x—l ;
X—4 X—2 X+2

23.6. Giai bat phuong trinh

a)

Q) —— <2 g X 1 g
x—-3 x-1

X+3
X —5

(x—2016)(x_3+ X+1j

_ Xx+1 x-3
23.9. Cho A= (X_g—Hlj

238. Timxd 3< <5,

Xx+1 x-3
RUt gon A sau d6 tim gia tri cua x dé A<0

X  x*=27 x*—3x+9). 9
Xx+3 x*+27 x*-9

23.10. Cho B = : .
( X? +X—6

Timx dé B > 2015.
23.11. Tim gi4 tri cia m dé phuong trinh c6 nghiém khong &m
3 _5om.
X—-2

23.12. Giai bat phwong trinh sau :

2
PR N [ R | SE R | R P S
3 6 10 15 21 28 7
23.13. Giai bat phuong trinh sau :
2 2 2 X + X +1945
— — ..+ )
1.2 34 99.100 2
23.14. Giai bat phuong trinh :

X 1 x-1 2a(l-x)-a’
5 - <= + 3 )
a‘—a+l1l a+1 a“—-a+l 1+a

a7/ Lot oL
51 52 99 100
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23.15. Cho A= (E +lj(£ +1j(£+1]...[i+1j
8 18 30 260

1 1 1 1
B=|1-— |l1-= |l1-= | [1-—
( 22)( 32)( 42)( 102]
Timx dé B<X=2 <A.
30

23.16. Giai bét phuong trinh X—_i’ <3
X_

(Thi tuyén sinh 16p 10 THPT Thara Thién - Hué ndam hoc 2001 — 2002)

2
23.17. Gia bit phuong trinh 3+ 22> T, 9
X*+6 X°+1 x°+3 x°+5

(Khdo sét chat luong hoc sinh gici lop 8 huyén Thuong Tin , Ha Néi nim hoc 2010 - 2011)

Chuyén dé 24. PHUO'NG TRINH. BAT PHU'O'NG TRINH CHU'A DAU GIA TRI TUYET

1310]
A. Kién thirc can nhé
. ~ A L . ~ e A néU' A Z O
1. PBinh nghia ve gia tri tuyét doi : |A| = R
-A néu' A<O

2 . Bat phuong trinh chtra an trong dau gié tri tuyét ddi :

a) Dang 1: * [f(X)|<a < -a<f(X)<a. (a>0)

*[F[<g(x) = —g(x)<F(x)<g(x).

b)Dang 2: *[f(x)[>a < r(x)m . (a>0)
£(%) <—ot
. f(x) >g(x)
feol-g60 = L(x)<—g(x)

c)Dang3:  [f(x)|>|g(x)| < [F)] >[g()] .
3. Mot sb bat dang thac quan trong vé gia tri tuyét doi :
la|+|b| =|a+b| xdy ra diu ding thirc : ab >0
va |a|—|b|<Ja—b| xay radau dangthic:ab >0 va |a| = |b|
B. Mt s6 vi du
Vidu 1. Giai cac phuong trinh :
a) |2x—9|=2015; b) |2x—3=3x—4;
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¢) (x — 3)* +[2x—5| - (x +4)(x —4) =0.

* Tim cach gidi : Cac phwong trinh chtra ddu gi4 tri tuyét d6i dang don(cé mot dau | [). Ta st dung dinh nghia
vé gia trj tuyét d6i dé giai.
Gidi

a) Cach1:*Néu2x-9 20<:>x2%th‘| |2x-9| =2x-9
Tacd:2x-9=2015 < 2x=2024 < x= 1012 (théa man)
*Néu2x-9< 0 < x< % thi |[2x—9| =9-2x

Tacd: 9-2x=2015 < —2x=2006 < x=-1003 (thoa man).
Nghiém cua phuong trinh 1a : x =—1003 ; x = 1012.
Céch2: |2x—9|=2015 < {2)(_9 =L {X =itz
2x—9=-2015 x =-1003
b) *Voix > 15 thi|2x—3=2x-3
Phuong trinh thanh 2x -3 =3x-4 < x=1loaivix > 1,5.
* Vi x < 1,5 thi [2x -3 =3-2x
Phuong trinh tré thanh 3—-2x =3x -4 < —5x=-7 < x=1,4 thoaman .
Vay nghiém duy nhat cia phuong trinh 1a x = 1,4.
2x—-3=3x-4 {x =1

Chi y :Tranh mac sai lam  |2x—-3=3x—4 < IEN
2Xx—-3=4-3x x=14

RO két luan ludn nghiém cia phuong trinh lax =1 vax = 1,4.
Sai l1am & chd vé tréi ludn khong am nén 3x —4 > 0 < x > % Do d6 néu giai kiéu nay thi phai thir lai
nghiém trudc khi két luan.

) PT < x*~6x+9 +[2x-5-x*+16=0 < [2x-5=6x-25
* V6i x> 25 tacd 2x-5=6x-25 < x=5.
* V§i x<2,5 tacd 5-2x=6x-25 < x =375 (loai).
Phuong trinh ¢6 nghiém duy nhat x = 5.
Vi du 2. Giai cac phuong trinh :

a) x> 3|x| =18 : b) [x* —4x-1=31 ;
c)‘x2—2x+4‘:8x—x2—8.

* Tim cach gidgi: St dung dinh nghia vé GTTD .
Gial
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a)V6ix 2 0thi |x| =x; X*-3|x| =18 < x*-3x-18=0

X =
& X+3)(x-6)=0 @{X .Loai x=-3.

Véix<O0thi |x| =-x; x*-3|x| =18 < x*+3x-18=0

X=3
&S X+6)x-3)=0 < L( 6.Loai Xx=3.

Nghiém ctia phuong trinh lax =+ 6
X —4x-1=31 x*—4x-32=0
b) ‘x2—4x—1‘:31 & &
X’ —4x-1=-31 X —4x+30=0
X 2 Xx=8
Phuong trinh xX*—4x-32=0 < (X-8)(x+4)=0< A
X =—
Phuong trinh x> —4x +30=0 v6 nghiém
Vi X*—4x+30 =(x—2)?+26>0, VX.
Vay nghiém cta phuong trinh lax=8vax=-4.
c) DoX*—2x+4=(x-1)>+3>0, VX nén

\x2—2x+4\=x2—2x+4 .Dodd PT < x> - 2x+4=8x—-Xx>—8

& X¥-B5x+6=0 o (x-3)(x-2)=0 < {

Vidu 3. a) Giai phuong trinh ||2x—5|-7|+9=21;
b) Gii phuong trinh : ||2x -1/ - 4|+8|-10=15.
* Tim cach gigi : Cac phuong trinh trén c6 nhiéu diu gia tri tuyét déi 16ng vao nhau (Dang 1ong ) :
|lax +b|+c|+d =e
Hoac : |||ax—|—b|—|—c|—|—d|—|—e= h
Ta str dung phuong phap bo dan cac dau gia tri tuyét ddi tir ngoai vao trong.
Giai
|2x-5|-7=-12 |2x-5|=-5 (loai)
a) PT < [2x-5-7|+9=21< =
|2x 5|~ 7=12 [2x 5| =19

2x—-5=-19 X =—7
= )
2x—-5=19 X =12
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b) PT & [|2x —1| — 4|+ 8| = 25 c{

|2x—1—4|+8=-25

pzx —1]—4]=-33 (loai)

|2x—1-4[+8=25 |2x —1]— 4| =17
- |2x-1-4=-17 |2x—1]=-13 (loai) 2x—-1=-21 x =-10
2x-1-4=17 2x—1)=21 2x-1=21  |x=11

Vi du 4: Giai cac phuong trinh :

a) [Xx =3 +[3x—6|~[5-2x|=8;  b)|x*—9+|x*—25/=26 ;

c) |x +1] +|x + 2| +|2x + 5 =10x.
* Tim céch gidi: Cac phuong trinh c6 nhiéu dau gid tri tuyét d6i nhung roi nhau (dang roi )
|lax + b|+|cx +d|+...+|px+g| =m.

Ta lap bang xét c4c gia tri tuyét ddi roi giai phuwong trinh. Cau c) ta nhan xét vé trai khdng am nén suy ra ngay x
> 0.
Giai

a) Lap bang xét gia tri tuyét dbi (hay bang pha dau GTTD):

X 2 2,5 3
x-3 3-x | 3-x | 3-x 0 x-3
|3x—6| 6 — 3X 0 3X—-6 | 3Xx—6 | 3x-6
|5—2x| 2X -5 | 2X—5 0 5-2x | 5-2x
Vé tréi 14-6x | OX + 2 |  4x-8 | 6x—14
Vay:+ Voix<2 thi 14 —-6x =8 <  x=1 (théa man)
+ Vi 2<x<2,5 thi 0x+2=8 VOnghi¢ém
+ Vi 2<x<3 thi 4x-8=8 < x=4 (loai)
+ Vi X>3 thi 6x-14=8 < x= 1—31 (théa man)
Ay . X 2
Nghiém cia phuong trinh : Xx=1 va Xx= 35
b) Lap bang xét GTTD :
X* 9 25
‘Xz _9‘ 9-x* 0 X“-9 | X“-9
‘Xz _25‘ 25 — x* | 25— x* 0 x°-25
Vé trai 34 - 2x° | 0x“ - 16 | 2x° - 34
Véi x*<9; 34— 2x* = 26 o xX¥=4 o x=4+2.
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V6i 9 <x?<25; 0x*-16=26 Vo nghiém
Voi X2>25; 2%-34=26 < x? =30 < x = +4/30.
Vay nghiém ciia phuong trinh lax = +2vax = + /30.
c) Phuong trinh |X +1] +|2X + 5| +[3x + 2| =10x c6 vé trai khdng &m nén 10x=0=x>0 do d6 x
+1+2x+5+3x+2=10x < xX=2.
Vidy 5. Gidi phuong trinh  [|3x — 4| —5|—|x + 2| =1.
* Tim cach gidi : Phuong trinh chira dau gid tri tuyét déi cé dang hdn hop (vira 16ng, vira roi)
lax +b| +¢| +|dx + €] +...+ |mx +n| =
Ta phéi hop linh hoat cc cach giai ¢ cac vi du trén :
Gidi
(1) o ||3x—4| -5 =1+|x+2] o 345 =1x+2
3x —4|-5=—1—|x+2|
[|3x—4|—|x+2| =6
|3x —4|+|x+2|=4

a) Véi [3x—4|—|x+2|=6 ta lap bang xét gia trj tuyét doi :

X
P 4
3
|3x — 4 4 — 3x | 4 — 3x 0 3x-4
|x+2| —-2-X 0 X+ 2 | X+ 2
VE trai 6 — 2x | —4X +2 | 2X — 6
Voi X <-2; 6-2Xx=6 < X = 0 (thoamén).
Vi —2<x<% ; —4Xx+2=6 < x=-1 (thoaman)
.. 4 o
Vi x > 3 ; 2X—-6=6 < x=6 (thoaman)
b) V6i [3x—4|+|x+2| =4 lap bang xét gia trj tuyét dbi :
X
7 4
3
|3x—4| 4 — 3x | 4 — 3x 0 3x—4
|x+2| —-2-X 0 X+2 | X+2
Vé trai 2 —4x | —2X+6 | 4x — 2
Voi x <-2; 2-4x=6 < x = -1 (khong thoa méan).
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Vi —2<x<% ; —2Xx+6=4 < x=1 (thoamén)

N

Voi X > = 4x-2=4 < x:g (théa man)

w

Vay tap nghiém cia phuong trinh 1a S = {_1; 0:1; g; 6}

Vidu6.  Giai cac bat phuong trinh :

a) [4x-5<25 ; b) [2x—6]<x+2.
*Tim loi gidi: Céc bat phuong trinh c6 dang [f (x)| < aVa [f(x)]<g(x). Do do6 ta str dung dinh nghia vé gia tri
tuyét déi dé giai hoac giai theo cach giai sau.  * [f(x)|<a < -—a<f(X)<a (a>0)

*F<g(x) < -gx)<f(x)<g(x)  (9(x)>0)
Sau khi giai xong luu y khi tap hop nghiém : nghiém bat phuong trinh |[f (x)| <o phai thoa mén dong thoi
ca hai bat phuong trinh f(x) < o va
f(x) > —a; nghiém bat phuong trinh [f (x)| <g(x) phdi thoa man dong thoi ca hai bat phuong trinh f(x) <
g(x) va f(x) >—g(x);

Gidi
a) |[4x-5<25 & —25+5<4x<25+5
= -20<4x<30 <& -5<x<7,5
b) Cach 1: Taco |2x—6]=2x-6 néu x >3

|2x—6]|=6—-2x néu x <3
Vithé:* Néu x > 3 thi [2x—6|<x+2 < 2X-6<X+2 < x<8
= 3<x<8
*Néux <3thi 2x—6|<x+2 < 6-2Xx<x+2 & —3x<-4

4 4
= X >— - —=<X<3
3 3

~ .. N 4
KOt hip ta ®-ic nghiOm cia bEt ph--ng trxnh Iu § <X<8

Cach2:Tacb v6i x>—-2thix+2>0

Tacd [2x—-6/<x+2 < —-Xx-2<2Xx-6<X+2

2X—6< X+ 2 X <8 — X<i
< 2X—6>-—Xx—-2 < 3X >4 X > —

; 4
Nghiém cua bat phuong trinh 1a 3 <XxX<8

Vi du 7. Giai c4c bat phuong trinh va biéu dién nghiém trén truc sb :
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2X +3
X -1

a) [2x-7|>15; b) ‘ ‘>1 (voix = 1);

c) [x*-3>5-2x.

*Tim loi giai: Cac bt phuong trinh dang [f(x)|>o va [f(X)|>g(X).

Do d6 ta sir dung dinh nghia vé gia tri tuyét d6i dé giai hoic giai theo cach giai sau:

X F(x)>a
fX)|>a < L‘(X)<—oc (a>0)

F(x) > 900
*If
feol>g0q < {f(x)<—g(x)

Sau khi giai xong luu y khi tap hop nghiém : nghiém bét phuong trinh [f(X)|> o chi can théa man mot trong hai
bat phuong trinh f(x) > o hodc f(X) <—o ; nghiém bat phuong trinh [f (x)| > g(x) chi can théa man mot trong  hai
bt phuong trinh () >g(x) hoic f(x) <-g(X) .

* Loi gidi -

2X—7>15 2X > 22 X>11
a) [2x-7|>15< = S
2x—-7<-15 2X < —8

X <-4
-4 11
\ / X
/ AN
2x+3>l 2x+3_l>o x+4>0(*)
2X+3 x—1 x—1 x-1
S T ke T | 2xe3 l3x+2
X= X*2 1 X*2 1<0 X2 200
x-1 x-1 x—-1

<4 ) X< -4
Giai (*) co [ . Giai (**) c6——=<x<1. Hop nghiém 2
x>1 3 X

2
-4 ) 1 X <—4
N . 2.0 X |*
v g X 4N Xx>1
bsss4 5 S
L ox<1
-4 2 X X < —4
3
X>—=
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Nghiém cua bat phwong trinh da cho 1a 2
, x*—3>5-2x x*+2x-8>0 (*)
C) ‘x —3‘>5x—2 & &
Xx?-3<2x-5 X2=2x+2<0 (**)

2 X>2
Giai (*): xX*+2x-8>0 < (x+4)(x-2)>0 < 4
X< —

Giai (**):Dox?—2x+2=(x—1)2+1>0, VX nén (**)vd nghiém.

Biéu dién nghiém :

-4 2
¥ { X
/ A
Vi du 8. Giai cac bat phwong trinh :

a) |x—4|>[3x+9|;

b) |x|—|x+1]+|2x —5| <3x —86.
* Tim céch gidgi: C4c bat phuong trinh da cho (viét tit BPT) déu c6 nhiéu biéu thtc trong diu gia tri tuyét
d6i nhung roi nhau. Ta lap bang xét gia tri tuyét ddi cta cac biéu thiuc dé giai bat phwong trinh.
Gidgi : a) Cach 1: Lap bang xét gié tri tuyét doi:

X -3 4

|x _4| 4 —x | 4 —x 0 X—4

|3x+9| -3x-9 0 3x+9 | 3x+9

*Voi x< -3 thh 1) & 4-x>-3x-9 < x >-65
*V6i -3 <X<4 thi BPT & 4-x>3x+9 < x <-1,25
*V6i x>4 thiBPT © x-4>3x+9 < x< -6,5 (loai)

Hop hai khoang nghiém : —6,5<x<—-3 vda —3<x<-1,25 tadugc nghiém cua bit phuong
trinhla —-6,5<x<-1,25

Chay : Ta con cach giai khac don gian hon dya vao:
[F00[>o0)| < [FOOT >[9(0]
Céch 2 : Binh phuong hai vé ta c6 :
BPT < x?-8x+16>9x’°+54x+81 < 8x*+62x+65 <0
& (4x +5)(2x +13) <0 & —6,5<x<-1,25
b)Lap bang xét gié tri tuyét di :

174



X -1 0 2,5
x| —X | —X 0 X | X
|x +1| —Xx-1 0 x+1 | X +1 | x+1
|2x—5| 5—2X | 5-2x | 5-2x 0 2x-5
*Voi x<-1 BPT <

X+X+1+5-2x<3x-6
& bx<-12

< x>2,4 (loai)
*V6i-1<x<0 BPT <

X-X-1+5-2x<3x-6

< —IX<-2 < x>§ (loai)
*Véi 0<x<25 BPT & < XxX—-X-1+5-2x<3x-6

= —5x <10 & X>2
*Véi X > 25 BPT <

X -X-1+2Xx-5<3x-6
& -3x<0

(dung véi moi x)
Vay nghiém cua bat phuong trinh 13

x>2
C. Bai tap van dung
24.1. Giai cac phuong trinh :
3x—-4
a) [X_8_x_10 . b) ) 2xH1_, Px-4
2 5 5 5 2

24.2. Giai cac phuong trinh :
a) [|2x| —3|—1=1; b) ||x| —2| = 2x —6.
24.3. Giai cc phuong trinh :
a)|4x +5|+|4x —5|=10;
b) |2X — 6| +|x —5| —|x + 2| =5;
c)|x + 4|+ 2[1—2x|—3|x|=5—4x.
24.4. Giai phuong trinh:

a)[x* —2x-1 =2; b) [x* —6|=x;
c) 4x—x*=[x=1+[x-5| ; d) ‘XZ—ZS‘—‘X2—9‘2X2—2X+17.

24.5. Cho phuong trinh [ —2|+|x —5|=m (v&i m la tham so). Hay cho biét véi gia tri nao ctia m thi phuong trinh c6
hai nghiém, vo s nghiém, vo nghiém?

24.6. Giai phuong trinh |2|X| —5| = |X —3| + 4.
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24.7. Giai phuongtrinh |2|x —5|—9|+|2|x —5|-11| =12.

24.8. Giai c4c bat phwong trinh :

a) \x2—4x+2\<14 ; b)|[x—3<X*+2x+3 ;
c) |2x—5| < 2X3+5 .
24.9. Giai cac bat phuong trinh :
a) 25x—1>5x+1 b) ﬁ+4>3 : C)
2X . 2 2
——4>2 : d) |[-x* —2x—2016 |> x +2018.
X+3
24.10. Giai cac bat phuong trinh :
2x —3
a) [2x -3 Zi ; b)2—x£‘x2—4‘ ;
2+5+8+...+489 91
c) |4x+5/>x*—2x+5 ; d) —2.[3x -5 > x* —x+1. 24.11. Giai c4c bat phuong
trinh :
a) |x+5/<|[x -3 ; b) |x — 5+|x—6|>3x—11.
24.12. Giai cac bat phuong trinh :
a)|x—4-6/-8>2 ; b)[2x-3-11+5<6.

* Mgt sé dé thi:
24.13. Giai phuong trinh |X| +|X +ﬂ +|X + 2| =7.
((Pé thi vao I6p 10 chuyén, Quéc hoc Hué ndam hoc 1994 — 1995)
24.14. Giai phuong trinh  |x* —1]+[x* —1| =3.
(Thi hoc sinh gigi lép 9 TP Ho Chi Minh nam hoc 1994 — 1995)
24.15. Giai phuong trinh |X| —|X — 2| =2.
(Thi vao I6p 10 chuyén Lé Hong Phong TP Hé Chi Minh nam hoc 1995- 1996)
24.16. Giai phuong trinh ~ (x—1)*+2[x—1|-8=0.
(Thi hoc sinh gigi 16p 9 PT TP Hé Chi Minh néim hoc 2001- 2002)
24.17. Giai phuong trinh [2X +5| = x* +3x —1.
(Thi vao lép 10 PT néng khiéu PHOG TP Ho Chi Minh nédm hoc 2003- 2004)
24.18. Giai phuong trinh |X+1]+[x -1 =1+|x* ~1].

(Pé thi tuyén sinh THPT chuyén PHOG Ha Néi nam 2004).

2006 2006

24.19. Giai phuong trinh |x — 2005 + |x — 2006 =1
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(Pé thi hoc sinh giéi 16p 9 tinh Thanh Héa nam hoc 2004 — 2005)

Chuyén d@ 25. GIA TRI NHO NHAT VA GIA TRI LON NHAT CUA BIEU THU'C

A. Kién thic can nhé
1. Xét trong tap xac dinh (D) :
a) Hang sb a 1a gid tri 16n nhit cua A(X) VGi X = Xo néu :
VX, AX) < AXo)=a . Kyhiéu: maxA(X)= a < X=X
b) Hang s6 b 1a gia tri nho nhat caa B(X) véi X = Xo néu
VX, B(X)>B(Xg)=b. Kyhicu: minBX)=b < x=Xp
¢) Hang sé a 1a gia tri lon nhat caa A(X,Y,..) VOi X =Xo: Y =VYo: ...
néu Yxy,... AXY,..) < AXo,Yo,...) = a
Ky hiéu: maxA(x,)y,...)=a < X=Xo;Y=Yo; ..
d) Hang sb b 12 gi tri nho nhat cia B(X,y,...) VOi X =Xo Y =VYo; ...
néu Vxy,.. B(xy,..) > B(XoYo..)=b
Kyhigu: minB(xy,.)=b < X=X;Y=VYo;...
2. binh ly vé cuc tri : a) Néu téng hai s¢ dwong khéng doi thi tich cua ching lén nhat khi va chi khi hai sé d6
bang nhau.
b) Néu tich cua hai s6 diong khéng d@oi thi téng cia ching nhé nhat khi va chi khi hai s6 dé bang nhau.
3. Mot sb bat dang thirc hay dung : (d3 néu trong chuyén dé 21)
a. Bat dang thuc Cauchy .
b. Bat dang thirc BuniacOvxky .
c. Bét dang thirc vé gia tri tuyeét doi.
d. Bat dang thirc tam giéc.
B. Mgt s6 vi du
1. Dgng tam thetc béc hai va dira vé tam thic bdc hali
Vidu 1. a) Timgidtri l6n nhitcia  A(x) =2015 + 2x — X%
b) Tim gid tri nho nhit cia  B(x) = 2x*—2(x - 5).
¢) Tim gia tri nho nhat cia C(y) = (y + 2)° + (y - 5)°
*Tim loi gidi:
Pé tim gia tri 16n nhat caa A(X) ta phan tich A(x) thanh mét s6 a trir di binh phuong mét tong (hozc hiéu) . Tir
dotimxp dée VX A(X) < A(Xp)=a .
Khidy maxA(X)= a < X=X
Pé tim gia tri nho nhat caa B(x) ta phan tich B(x) thanh binh phuong mét tong (hoac hiéu) trir di mot sé b. T
do timxp dé VX B(X) >B(Xp) =b .
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Khidy minBxX)=b < x=Xxo
Gidi
a) A(X) = 2015+ 2x — x> = 2016 — (x* — 2x + 1) = 2016 — (x — 1)°
Do (x—1)> > 0, VYxnén 2016 — (x — 1)* < 2016, V x.
Do d6 max A(x)=2016 < x-1=0 < x=1

2 2
b) B(x) = 2x* —2x+10=2(X* —x+5) = woaxie B ofx i B o 2fx-i) 0, VX.
2 4 4 2 2 2
2
Nén Z(X—lj +1—921—9 V X
2 2 2
19 1

Doddé minB(x)=— << Xx=—
2 2

C)C(y)=(y+2)°+(y—5)°=y* +4y + 4 +y* — 10y + 25

=2y* 6y +29 = 2(y2—3y+2—29]

3 9 49 3 49 49
=2y 2y 242 oo y-2 | s vy
(- de 222y 2] 22 vy

Do d6 min C(y) = 24,5 < y=1,5.
2. Dang da thirc mét bién bdc lén hon hai :
Vidu 2.a) Timgiatri nho nhdtcia  C = x*— 6x3+ 12x* — 18x + 15.
b) Timgiatri lénnhitcua D =(y—2)(y-5)(y—6)(9-Y).

* Tim cach gigi : a) Str dung tach hoac thém bét dé bién doi biéu thic 1am xuat hién cac binh phuong mot
nhi thic.

~ b) Hoan vi va nhén ting cap lam xuat hién céc biéu thie ¢ phan gidng nhau y? — 11y rdi dat an phu

de giai.
Gidi

Q) C=x"—6x>+9x? + 3x° — 18x + 27 — 12

= X*(x =32 +3(x — 3)° - 12 = (x —3)’(x* +3) - 12 .
Dox*+3>0 Vx ;(x—3)P?>0,Vx = (Xx—3)*x*+3)-12 >—12,Vx
Néen minC=-12 << x=3 .
b) D = [(y - 2)(9 - Iy~ 5)(y — 6)] = — (¥* — 11y + 18)( y* — 11y + 30)
Paty’—1ly+24=z tac6 D=—(z—6)(z+6)=36-2°< 36 Vz
VaymaxD=36 < z=0 < Yy —11ly+24=(y-3)(y—8) =0

<y=3;y=8.

3. Dang da thirc nhiéu bién bdc hai
Vi du 3. ) Tim gia tri nho nhat cua A(x,y) = X* + 2x + 9y’ — 6y + 2018.
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b) Tim x, y, z dé da thuc B(x,y,z) c6 gia tri 16n nhat.
B(X,y,z) = 1 — (2X* + 2y? + 7 + 2xy — 2XZ — 2yz — 2X — 4y)
*Tim céch gidi: a) Bién doi biéu thuc thanh téng cac binh phuong cac nhi thirc véi mot hang sb.
b)Dung tach, thém bt céc hang tir 1am xuét hién binh phuong céc biéu thuc. Stir dung hang dang thuc :
a®+b’>+c®+2ab+2ac+2bc = (a+b+c)
Gidi
a) A(X,y) = X%+ 2x +1 + 9y? — 6y + 1 + 2016 = (x + 1)°+(3y — 1)+ 2016.
Do (x+1)> >0, vx va(By-1%>=0, Vy
Nén (x + 1) + (3y — 1)>+ 2016 > 2016, VX:y
Do d6 min A(x,y) =2016 < (x=-1;y= %)
b) B(x,Y,2) =1 — [(*— 2x+ 1) + (Y~ 4y + &) + (C + Y + 2+ 2xy —2x2 —2yz) ~5] =6 —[(x — 1) + (Y —2)* + (x +
y—2)" <6, Vx,y,z
x-1=0 X
Do d6 max B(x,y,z)=6 < y-2=0 <1y
z

1
2
X+y-z2=0 3

4. Dang phan thac

16 _
x> —2x+19°
x? -9
x*+3
1+2x —x?
X?—2Xx+2

Vi du 4. a) Tim gia tri 16n nhit cua biéu thec A =

b) Tim gi4 tri nho nhat cua biéu thac B =

¢) Tim gia tri 16n nhat cua biéu thac  C =
Gidi
a) Dox*—2x+19=(x-1)*+18>18 , Vx =
1 1 16 _16_8

- <~ YXx > A= —— <=,
(x-1)°+18 18 (x-1)’+18 18 9

Vay maxA = g & x=1 .

2 —
b)B=X +23 12:1— 32 . Dox*+3>3 Vxn2n
X +3 X +3
12 y
> <4 =1- 32 >-3,Vx. VEy minB=-3 < x=0.
X +3 X“+3
1+2x—x* 3-(x*-2x+2) 3
c) C= — = 2 ) -
X" —2X+2 X" —2X+2 X" =2X+2
2 2 A 1 3
Dox“—2x+2=(x-1)+1>1 Vxnén — =<1 = —-5—<3
(x=D°+1 (x=D°+1
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L3
(x—-1*+1

5. Dang ching minh gid tri 1én nhdt (nhé nhdt)cia biéu thic

—-1<2,vx Vay maxC=2 << x=1.

] , . o, L _ —x*+x-1 .
Vidy 5.8) Chung minh gia tri I6n nhat cia A = ——— (x#1) la
X°=2x+1
3 o
. khivachikhi x=-1
2_
b) Chitng minh gi trj nho nhét cia B = X —2X"2 (x.q) |a% khi va chi khi x = 2

*Tim cach gidgi: +Phwong phap chang minh max A(x) =a (alahingsd): Ching minh A(X) < a, Vx va
cd (Xo) saocho A(xo) =a.

+ Phuong phap chang minh min B(x) =b (b lahang sé) . Chang minh B(x) > b, ¥ X va ¢ (Xo) sao cho
B(xo) =b .

Gidi
. —x?+x-1_ 3
a) TachtngminhA= ————<—— Vx=1 Thatvay Vvx =1
X —=2x+1 4
2 2 2 2
XAx-l 3 XXl 3 g X ol g oD
x?=2x+1~ 4  x*-2x+1 4 x?—2x+1 (x-1)°

Hién nhién ding. Ddu “="xayra < (x+1)°=0 < x=-1

x2-2x+2 1

b) Ta chitng minh B:—zZE Vx=0.Thatvay Vx =0
X
2 2 2 _ 2
X 22x+223 X 22x+2_£20®x 4>:+420<:>(x 3) 50
X 2 X 2 2X 2X

Hién nhién ding. Déu “="xayra < (x—2)°=0 < x=2
6. Dang cuing tim gia tri I6n nhdt va nhé nhdt ciia mgt biéu thic
Vi du 6. Tim gid tri 16n nhét va nho nhét ciia biéu thic M = %.

X2 +
Tim céch gidi: Bién d6i biéu thc M dé c6 a<M<b, Vx (a, b 1a cac hang sd)
Gidi
(X +10x+25)—(x*+5) _ (x+5)°

M
x*+5 x*+5

-1>-1, VX

Dodd minM=-1 < x=-5

_ 5(x?+5)—5(x* —2x +1) _5_ (x—1)?
x*+5 x*+5
DoddomaxM=5 << x=1.

7. Dgng bai tdp &p dung dinh Iy, tinh chdt vé cuc tri:

* M <5, Vx
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Vi dg 7. Chimg minh dinh 1y: 1) Néu téng hai sé duong khong doi thi tich cua chang lén nhat khi va chi khi
hai so dé bang nhau.

2) Néu tich cua hai sé dirong khéng doi thi tong cua chiing nhé nhat khi va chi khi hai sé d@6 bang nhau.
Apdung: a) Timgiatri nho nhatcua T = %Jr% , VoI X >2.

X_
b) Cho 7a + 9b =42 véia, b>0. Tim gia tri 16n nhat caa tich P = ab .
Gidi
Goi 2s6 duongla avab.
Tacé(a—b)>>0 < a*—2ab+b®> >0 < (a+b)® > 4ab.

2
1)Néu a+b=k>0 khongdsithi 4ab < k¥ < ab skj

2
Vay max(a.b):k? = a:b:E
2) Néu a.b=h >0 khong dditacéd (a+b)> =4h =
a+b>2vh. Dodé min(a+b)=2vh < a=b=+h.
16 X 16 X—2 2
+—= + +— .
X—2 4 x-2 4 4

%;XT_Z la 2 s6 duong c6 tich

Apdung: a) T=

Ta co véi x > 2 thi X=2

nhit < 16 _x=
X—2
& (x—2)>=64. Phuong trinh ¢6 2 nghiém x=10vax=—6.
Nghiém x = 10 thoa man diéu kién cua bai. Vay minA=45 < x=2 .
bp) Xé';] 63P = 7ax9b trong d6 7a + 9b = 42 khong d6i nén tich caa ching 16n nhat khi va chi khi hai sé d6
ang nhau.

X

= 4 khong doi nén tong cua ching nho

-b‘
N X

7a=9b=21.Vay maxP =7 <:>a:3;b:%.

Vi du 8. : Chang minh tong mot sé dwong véi nghich dao cua nd cé gié tri nho nhat 1a 2.

Ap dung : a) V6ia, b >0 tim gi4 tri nho nhat cua A :(a+b)(l+%j;
a

b) Véia, b, ¢ >0 timgiatri I6n nhat caaB =1— (a+b+c)(§+%+%j.

Gidi

Goi s6 duong 1a x . Thi s nghich dao cia né la 1
X

Tacétich x~=1 khong dbi nén tong X+ nho nhét khi va chi khi x == < x = 1. Vay min(x+1j= 2
X X X X

= x=1.
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a) A =(a+b)(§+%): %+§+2 =2.Do % va g 14 hai s6 duong nghich dao nhau. Theo chung
minhtrén A > 2 +2 =4,
Vay minA=4 < a=b.
b) Taco C=(a+ b+c)(1+l+1j= 3+(§+Ej+(9+gj+(g+gj
a b c b a c b)\a c
Theo chang minh tréntacé C >3 +2+2+2= 9.
NenB=1-C<1-9 Vay minB =-8 < Xx=y=1z
8. Dang bai tdp cac bién bi rang bugc béi cac hé thic
Vidu 9. Chox+y+z =6.
a) Tim gid tri nho nhit cua biéu thuc A = x*+y?+ 7%
b) Tim gia tri I6n nhat cua biéu thuc B =Xy + yz + zX ;
¢) Tim gia tri nho nhat caa biéu thac A — 2B .
Gidi
Q)CAch1: X +y+2=6 = (X +y+2)>=x>+y? + 22+ 2(xy + yz + zx) =36. Mat khac x> +y? > 2xy;y* +
72 > 2yz ;2% + X% > 2zx.
Do d6 cong vé véi vé cua ba bat dang thirc cung chiéu nay ta duoc :
200+ +7%) 2 2(xy +yz +2X) = X2+ Y+ 22+ 20+ P +7%) =2 36 = 3(*+y*+7%) > 36. Vay min
A=12 & x=y=x=2.
Cach 2 : Ap dung bét déng thirc Bunhiacopski cho b 3s61, 1, 1vax,y, ztacd (x.1+y.1+z.1)? <(1?
+12 +12 )( X2+ y2+ ZZ)

(x+y+2z)? 36

Hay (x +y + X)? < 30¢+y*+z) Tu do A > 3 ?=12, VX, y,z. Vay min A=12

& X=y=z=2

b) Theoa)tacd A+2B=36 va A>B =3B <A+2B=36nén B<12 > maxB=12 <
X=y=z=2.

c) TacOA+2B =36 ma B <12nén:
A-2B=A+2B-4B > 36-48 = min(A-2B)=-12 < x=y=z=2.
9. Dgng bai chsra ddu gia tri tuyét doi
1945-|2x-9

2015

b) Tim gia tri nho nhat cua biéu thuc B = |2x—5|+[2x-11] ;

Vi du 10. a) Tim gia tri lon nhét cua biéu thac A=

¢) Tim gié tri 16n nhat cua biéu thac C = 4[5x—8§ — 16 — (5x - 8)°. Gidi

Ta ludn c6: Vx,[2x—-9| > 0 do d6 1945 —|2x—9| < 1945 va
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1945—|2x—9| 1945
A= < .Dau“="xdyra < 2x-9=0 < x=4,5
2015 2015

Do do maxA=%=@ & X=45
2015 403

b) Cach 1: St dung [a|+|b|>[a+b| . Ddu “="xdyra < ab>0.
Ta co B = |2x—5|+|2x—11|=|2x -5 +[11-2x| > [(2x—5)+(11-2x)|= 6
Vay B > 6 Dau“="xayra < (2x—5)(11—2x)> 0 Lap bang xét dau :

X 2,5 5,5
2X -5 - 0 + | +
11 - 2x + | + 0 -
Vé tréi — 0 + —
(2x-5)(11-2x)>0 < 25<x<55.
Dod6 minB=6 < 2,5 <x <5,5.
Céch 2 : Lap bang xét gia tri tuyét doi :
X 2,5 5,5
|2x — 5| 5-2x 0 2X -5 | 2Xx -5
|2x—11| 11 - 2x | 11 — 2x 0 2x — 11
*V6i x<2,5 taco B=16-4x>6. 1)
*V6i 25<x<55thi B=6. 2
*Vgi x>55 taco B=4x-16 >6. 3)

Tu (1); (2); (3) taco

mnB=6 < 25<x<55.
c) bit 5x-8=y thi

C = 4|5x—8 — 16 — (5x — 8)? = 4|5x—8 — 16 — |5x—8§[

= (P -dy+4)-12=—(y-2%-12<-12.
VaymaxC=-12 < y=2 < [px—8=2 < x=2;x=1.2.
C. Bai tap van dung:
Dang tam thsc bdc hai va dwa vé tam thitc bac hai
25.1. Tim gia tri nho nhat cua cac biéu thuc :
a) A(X) = 4x* + 8x + 15;
b) A(y) = (y+1)°+(y—2)° + (y—3)"— (y + 4)%
C)A@Z)=(z+2)°—(z-2) (" +2z+4).
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25.2. Tim gid tri 16n nht cua céc biéu thic :
a) B(x) =15+ 6x—x*;
b) B(Y) = (y' -2 +2(y— 1)’ + 2-y)2 +Y) ;
117> - 227+33
GGG
2? 3? 42 107

Dang da thirc mét bién bdc lén hon hai

25.3. a) Tim gi4 tri nho nhat cua biéu thae C = (x — 3)(x — 5)(x% — 8x + 17)
b) Tim gié tri 16n nhét cua biéu thic D = (1 — x)(x® — 11x% + 41x — 55);
c) Tim gi4 tri nho nhat cua biéu thac E = (x? + 9x + 18)(x* + X — 2) + 1;
d) Tim gi tr lon nhét cua biéu thic F = 2018 | (x-2014)"+ (x~2016)' |
Dang da thirc nhiéu bién bac hai
25.4. a) Tim x, y dé biéu thirc sau dat gia tri nho nhat va tim gia tri do :
M(x,y) =x°—2xy +4y* +12y +22.
b) Tim x, y dé biéu thirc sau dat gia tri 1on nhat va tim gia tri d6 :
N(X,y) = 2006 — x> — 3y* — 2xy — 2X + 6y
¢) Timx, y, z dé biéu thic sau dat gia tri 16n nhat va tim gié tri do :
P(x,y,z) =1 —x*—y?— 7% + 2x + 4y + 67
d) Timx, y, z, t dé biéu thtc sau dat gia tri nho nhat va tim gia tri do :
QX,Y,zt) = (X +y + )% + X* + y* + 2t* + 2xt — 4y — 6t + 113.
25.5. a) Tim gia tri nho nhat cua biéu thic
R = X2+ X2+ X2 4.+ X2 — (X, + X, + X5+t Xy0)
b) Véine Nvan>1 . Tim giatri nho nhat cua :
S= X2 +22X2 + 3 X2 +...+N°X2 +2(X, +2X, +3X, +...+NX ) +2n
¢) Véine Nvan>1 . Tim gia tri Ién nhat cua biéu thuc :
T =250+ X, + 2%, + 3% +..41X, ) =(F+2° 48 4407 )= (X} 3+ +...+ )

Dang phéan thac

25.6: a) Tim gi4 tri 16n nhat cua biéu thac A = . 200 ;
16x° —8x+21
—50
b) Tim gia tri nho nhat cia biéu thuc B = —; ;
X —4X + 6
¢) Tim gia tri 16n nhét cua biéu thic E = 2015

X% +y?—2(x+y)+2018’
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2
N\ =7 . 4 -? —2
25.7 @) Tim gid tri nho nhit cia biéu thic D = 2+ 2X*9

xZ+2
2
b) Tim gié tri l6n nhat cua biéu thuc E = 5X2+ 0
X°+5
2_
¢) Tim gia tri nho nhat caa biéu thac F = w :
X +4
2
, , +
d) Tim gié tri I6n nhét cua bidu thie G = 2% F1OX+38.
X“+4x+8
25.8. a) Tim gitr lon nhit cua bidu thic () = ——x—— ;
X +2x+1
2 — — —_—
b) Tim gié tri nho nhét caa bidu thirc g(x) = —x——-2x +1372(X~2)
X —4x+4

VOi X#2.
Dang chizng minh gia tri Ién nhdt (nhé nhdt)cia biéu thirc
25.9. a) Chung minh gié tri nho nhét cua biéu thuc A = x* — 6x + 15 1a 6 khi va chi khi x = 3.
—X*+4x+4

b) Chtng minh gia tri I6n nhat cia biéuthtcB= ———— 138 < x=2.
X*—4X+5

2

c)ChoC = L+2y chting minh rang :
2+y

maxC=1 < y=1lva minC=-05 < y=-2.
25.10. Ching minh rang véi x € Z , cac biéu thuc :

aQ)A= 430 cO giatri 16nnhatla30 < x=3

b)B = x=26 co giatrilonnhatla24 < x =2
1975— o L1

c) C= 1975-x cé giatrinhonhat Ia — 31 < x =1944.
X —1945

Dang cling tim gid tri lén nhdt va nhé nhdt ciia mét biéu thic
25.11. Tim gid tri 16n nhat va nho nhat cia céc biéu thic :
bx 41 X% +4x+6

a)D= ; b)E= x212x+3

S 9xX*+2
2X% +2X+2
C) G= 3% oxs1 Vi x20; d K=x+y véix*+y* =50,

Dang bai tdp ap dung dinh Iy, tinh chdt vé cuec tri
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25.12. a) Chung minh trong céc hinh chix nhat c6 ciing chu vi, hinh vuéng c6 dién tich 16n nhat.
b) Chitng minh trong céc hinh chit nhat c6 cting dién tich , hinh vuéng c6 chu vi nhé nhét.

25.13. a) Tim gié tri nho nhat cua biéu thac B - (X+8)(2x+9) Véi x>0
X
x> +3
b) Tim gia tri nho nhat cua biéu thuc C = 1
X+

c) Tim gia tri 16n nhét cua bidu thac D = (x> — 5x — 20)(28 — x> + 5x) .

v6i x>0.

25.14. a) Vdi a, b, ¢ > 0 tim gia tri 16n nhat caa biéu thac G = 2020 —(E +E +Ej ;

b) VGia, b,c,d >0 tim gia tri nho nhit caa biéu thac
H=(a+b+c+d)(1+£+1+ij+4.
a b c d

25.15. Véix,y, z >0. Tim gia tri nho nhat cia cac biéu thirc

(1 1 ) (1 1 j (1 1 j
a)K= X| —+—— |+Y| —+—— |+Z| —+—— |;
Yy VYy+2z Z Z+2Z X X+Yy

XZ +(y+2)° +y2+(z+x)2 2 +(X+Y)

X(y+2) y(z+X) zZ(X+Yy)
Dang bai t@p cac bién bi rang bugc béi cac hé thic

b)L=

25.16 Tim gié tri nho nhat cua cac biéu thuc sau
a)D=a’+b? véia;b>0vaa+h=4;
b)E=a’+b*+c® véia b,c>0vaa+b+c=3;
c)F=a’+b®+2ab biéta+b=2.
25.17. a) Tim gié tri 16n nhat cua biéu thac G =2ab voi a+2b=2;
1 1
+ +
a+l b+1 c+

b) Tim gié tri 16n nhét cia biéu thirc H = l—( lj véia, b,c >0vaa+b+c < 3.

Dang bai chira ddu gia tri tuyér déi

25. 18. Tim gia tri nhé nhat cua céc biéu thuc sau:
a) L = [5x—201d +|5x— 2020;
b) M = |x—2015-+|x— 2016 +| x— 2017+| x— 201f ;
c) N = (19x — 8)° ~10[19x—§| + 1970 .

25. 19. Tim gia tri 16n nhat cua cac biéu thuc sau:

6+2y| 0 0 = 2014 1954
5 [7y—5/+60 60

a)P=8-
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c) T=|x+5-|x+2
25.20. Tim gia tri nho nhét cua biéu thuc :
S = |z-1+|z-2|+|z—3+...+|z—99|+|z-100.

25.21. Tim tit ca cac gia tri cia x dé ham sb y=‘x2 +x+16‘+‘x2 +x—6‘ dat gié tri nho nhét va tinh gia tri nho
nhét do.
(Thi vao 10 THPT Chu Van An & Ha Noi Amsterdam nam hoc 2000 — 2001)
25.22. Cho biéu thirc A = — x?— y? + Xy + 2X + 2y.
Hay tim cip sb (x , y) dé biéu thirc A dat gi4 tri 16n nhat va tim gia tri do.
(Thi vao 10 THPT Chu Van An & Ha Ngi Amsterdam nam hoc 2001 — 2002)
OC+y) - (X" +y%)
(xX=-1(y-1)
(Thivao lép 10THPT chuyén PHQG Ha Néi nam 2004)
25.24. Tim gi4 tri nho nhit cia P = 5x% + 9y? — 12Xy + 24x — 48y + 82
(Thi vao 10 THPTchuyén Lé Hing Phong TPHG Chi Minh néiim hoc 2004 — 2005)

25.23. Tim gié tri nho nhét cua biéu thic P = trong d6 x, y 1a nhirng s6 thuc 16n hon 1.

25.25. Cho x > 0. Tim gid trj ciia x dé biéu thic N =—— dat gia trj lon nhét .
(x+2010)

(Thi vao lép 10 chuyén Toan THPT Lé Khiét Quang Ngdi ndm hoc 2009-2010)
3x% +6x+10
X2 +2x+3
( Thi chon hoc sinh néng khiéu lép 8 huyén Lam Thao Phi Tho nam hoc 2009 — 2010)
25.27. Tim gid tri nho nhét cua biéu thic P = x>+ xy + y*— 2x — 3y + 2010 khi céc s thuc x, y thay doi. Gia tri
nho nhat dé dat duoc tai cac gia tri nao cua x vay.
(Pé thi tuyén sinh vao lép 10 THPT chuyén Quac hoc Hué nam hoc 2010 — 2011).
25.28. Cho s6 ty nhién n ¢6 hai chir s, chir s6 hang chuc 1a x, chir s6 hang don vi la y (nghiala x = Ovan =
10 +y). Goi M= ——
X+Yy
a) Timn dé M = 2.
b) Tim n dé M nho nht.
(Pé thi tuyén sinh 16p 10 PT nang khiéu PHQG TP Ho Chi Minh nédm hoc 2010 — 2011).

25.29. Choa, b, clacacsd thucthéaman 0<a<4; 0<b<4;0<c<4 ;
vaa+ b+ c=6. Tim gia tri 16n nhat caa biéu thuc :

25.26. Tim gia tri I6n nhat cua biéu thuc B =

P=a’+b’+c®+ab+bc+ca
(Bé thi hoc sinh gidi I6p 9 TP Ha N7 ndim hoc 2013 — 2014)

Chuyén dé 26. PONG DU THU'C

A. Kién thirc cAn nhé

I. Pinh nghia: Cho sé nguyén m > 0. Néu hai sé nguyén a va b khi chia cho m c6 cuing s6 du thi ta néi a déng
du véi b theo modun m va ky hiéu :
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a=b(modm) .
Chay: a) a=b(modm) la mot ddng du thire véi a la vé trai, b 1a vé phai.
b) a=b(modm) < a-b: m < 3Jtez saochoa=b+mt.

¢) Néu a va b khong dong du véi nhau theo modun m ta ky hiéu :

a # b (mod m).
Il. Tinh chit :
1. Tinh chat phan xa : a = a (mod m).
2. Tinh chat d6i xang: a=b(modm) = b = a(modm).

3. Tinh chit bic cau :
a=b(modm);b=c(modm) = a=c(modm).
4. Cong hay trir tirng vé caa dong du thirc ¢6 ciing modun :
a=b(modm); c=d(modm) = a+c=Db+ d(modm)
Tong quat: a =b;(modm),i=1;2; ...k =
aat at..t a =by + by £...£ b (mod m).
5.a) Nhan hai vé ciia dong du thirc véi mot sé nguyén :
a=Db(modm) = ka=kb(modm) véik eZ
b)Nhan hai vé va modun ctia dong du thic véi mot s6 nguyén duong:
a=Db(modm) = ka = kb (modkm) véik e N*
6. Nhan ting vé caa nhiéu dong du thire c6 cing modun :
a=b(modm); c=d(modm) = ac = bd (mod m)
Tong quat a = b; (mod m), i=1;2;...; k = a; ay...ax = biby...bx (mod m).
7. Nang hai vé cua mot dong du thire 18n cling mot liy thura
a=b(modm) = a“=b“(modm) (k eN*)
8. Nél{ hai s6 ¢ong du véi nhau theo nhidu modun thi ching déng du voi nhau theo modun 1a BCNN cua
cac modun ay :
a=b(modm),i=1;2;..;k = a=b(mod[mg; my..;m]). Pac biét néu (m;, m;) =1 (,j=1;2;...;
k) thi
a = b (mod m;)) = a = b (mod my. my.....my).
9. Néu a = b (modm) thitap hop cac wdc chung cia a va m bang tap hop cac uéc chung cua b va m.
bacbiét: a=b(modm) = (a, m)=(b, m)
10. Chia hai vé va médun ctia mot dong du cho mot ude dwong chung cua ching :

a=b(modm),k e UC@bm) k>0 = %E(mod%)
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bac biét:ac = bc (modm) = a=b | mod m
(c,m)

I11. Mt sé dinh 1y (ta thira nhan khdng chang minh)

1. Pinh Iy Fermat bé. Cho a la s6 nguyén duong va p 1a s6 nguyén t6. Khi d6 ta luén c6 a® = a (mod p).
Pic biét néu (a, p) =1thi a**=1(mod p).

2. Pinh Iy Wilson. Véi moi s6 nguyén té p thi (p — 1)! =—1(mod p).
3. Pinh ly Euler. Cho m 12 s6 nguyén duong va a 1a s6 nguyén té ciing nhau véi m; @(m) 1a sé cac sé
nguyén duong nhoé hon m va nguyén t6 ciing nhau véi m. Khi d6 a®™ =1 (mod m).

]

Ch y: Néu sb nguyén dwong m c6 dang phan tich thanh thira s6 nguyén to: m = pi*.p3....p% thi @(m) =

m(l_i](l_i]...(l_ij .

P1 P, Py

B. Mot s6 vi du

1. Dang toan tim sé dw trong phép chia cé duw

* Tim cach gidgi : Vi hai s6 nguyén a va m, m > 0 lubn c6 duy nhat cap sé nguyén g, r sao cho a=mq +r,

a =r(mod m)

0<r<m.Détim sé du r trong phép chia a cho m ta can tim r sao cho {0<
<r<m

Vidu 1. a) Tim s6 du trong phép chia 1532° —1 cho 9.
b) Tim sb du trong phép chia 2016”°*® + 2 cho 5
Gidi
a) Tac6 1532 =9.170 + 2 = 2 (mod 9) do d6 1532° = 2° (mod 9) = 1532° -1 =2°-1(mod 9). Vi2’—
1=31 = 4 (mod 9). Do d6

1532° — 1 = 4 (mod 9). Vay s6 du can tim 12 4.

b) Tac6 2016 = 1 (mod 5) do d62016%®= 12 (mod 5) =
20162 +2 = 1% + 2 (mod5). Vil+2=3 = 3 (mod 5). Do d6
2016°°® + 2 = 3 (mod 5). Vay sb du cén tim 13 3.

Vidu 2. Changminh (20132 + 2014%°'° — 2015%%'% )1 : 106

Gidi

Ta phai tim s6 tu nhién r sao cho
0= r = (2013°%% + 2014%°'® _ 2015%°'¢ )1 (mod 106)

Tac6 2013 =106.19 — 1 = 2013= —1(mod 106) = 2013***= 1(mod 106)
2014=106.19 = 2014= 0 (mod 106) = 2014?*'®= 0(mod 106)
2015=106.19 + 1 = 2015= 1(mod 106) = 2015°°**= 1(mod 106)

Do d6 (2013%°% + 2014%°*° _ 2015%"'° )= 0 (mod 106).

Vi du 3. a) Hay tim chit s6 tan cung caa 9%
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b) Hay tim hai chit s6 tan cung cua 3%

Gidi

a) Tim chit s6 tan cuing cua mot s6 1a tim du trong phép chia sb d6 cho 10. Vi 9" **=9.81"

N T U A a9 .« ~ QA pA N >
Do 9™ 1asb 1¢ nénsd 9° cd chir sé tan cuing 1a 9.

b) Tim hai chit s6 tan cling caa mot s6 1a tim du trong phép chia sé d6 cho 100.

Tacé 3*=81 = —19(mod 100) = 3° = (- 19)(mod 100)
Ma (- 19)? =361 = 61(mod 100) Vay 3% = 61(mod 100)

31 = 61.9 = 549 = 49 (mod 100)

3% = 492 = 01 (mod 100)  (do 49% = 2401 = 24.100 + 1)
Do d6 3" = 01 (mod 100) nghia 12 hai chit s6 sau cling cua 3'°%° [4 01.
2. Dgng toan chang minh sg chia hét:
Khi s6 du trong phép chia a cho m bang 0 thi a : m. Nhu vay dé chung to
a : mtaching minh a = 0 (mod m)
Vidu 4. Chang minh 4% _7: 9
Gidi

Taco4®=64 =1(mod 9) = 4%°= (4)" = 1(mod 9)

Mt khac 42 =16 = 7(mod 9) = 4?°'8 = 4%%® 42 = 1.7 (mod 9)
Vay 42 _7 =0(mod9) hay 42°%_7 9,
Vi du 5. Chirng minh ring 122"+ 11™2 : 133 (n e N)
Gidi
Cach 1:Tac6 12° = 144 = 11(mod 133) ; 11? = 121 = —12(mod 133)
Dodo 12°™ =12, (12?)" = 12.11" (mod 133)

11™% =112 11" = ~12. 11" (mod 133)
Do d6 12"+ 11™% = 12.11"-12. 11" = 0 (mod 133).
Vay véin e N thi 122™1+11™2 © 133,
Cach 2: Tacd 12% =144 = 11(mod 133) =12*" = 11" (mod 133) (1)
Ma 12 = — 11 (mod 133) (2) Nhan vé vai vé cua (1) va (2) ta co :
122" 12 = 11" (- 11%) (mod 133) = 12*™! = _11™2 (mod 133)
1221+ 11™2 = 0 (mod 133) hay 12°™"+ 11™? : 133,
3. Dang todn xdc dinh ddu higu chia hét

Vidu 6.Chosbéa=aa,,.aa, (1<a,<9; 0<a,<9;i=0;1;..;n-1)

n-n-1*

Hay xac dinh dau hiéu chia hét :
a) Cho 3; b) Cho 4.

9(mod 10).
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Gidi

Tacéa=aa, ,.aa, =a.10"+a,1.10"" + .. +a;.10 +ao.

a) Tacod 10 = I(mod 3) doddai. 10' = a;(mod 3),i=1;2;3;...n
Do d6 an.10" + a,.1.10"1 + ..+ a..10 + ag = (@, + anat ...+ a; + ag) (Mod 3)
Vaya: 3 < ap+ap1+ ...+ a3 +a = 0 (mod 3)

& aptapt.tata: 3

b) Tac6102=100 = 0 (mod4) = a.10' = 0(mod 4),i=2;3;..;n
= a,.10" + a,.1.10"* + ...+ a1.10 + a9 = (a1.10 + ap) (Mod 4)
Viya:4 < a.10+a=0(mod4) < aa, : 4.
4. Dang toan s dung cdc dinh ly
Vi du 7. Chitng minh rang véi moi s6 ty nhién n thi :

2*"" 13" +2007 chia hét cho 22

34 n+l

Gidi
Theo Dinh ly Fermat bé ta c6 2'° = 1(mod 11) ; 3'® = 1(mod 11)
Tacd 3*=81 = 1(mod 10) = 3**'=3 (3")" = 3(mod 10)
= 3"™1=10k+3, (k € N)
Mt khéc 2% = 16 = 1 (mod 5) =2*" = 1(mod 5)
= 2"1=2,2%"= 2 (mod 10) = 2" =10t+2, (t € N)
Do do 2% +37"" +2007 = 213 + 392 1 2002+ 5

= 23.(210)k +32.(31°)t +22.91+5 = 2°+3°+0+5 = 0 (mod 11)

Ma 2" +37" +2007: 2 (vi 2*™ lasd chin 37" lasd I 2007 14 s 1&).
Do(2;11)=1 nén  2*" 437" +2007 : 22.

Vidu 8.Cho a;;ay; ...; axs la 2016 s6 nguyén duong . Ching minh riang diéu kién can va da dé
a; +a) +aj+...+a5,,:30 laa; +ap + ... + axps : 30.
Gidi

Theo dinh ly Fermat bé , do 2; 3; 5 1a cac s6 nguyén t va a la sé nguyén duong bat ky ta co :
@ =amod2) = a'=()’=a’=a(mod2) = a° = a(mod 2)
S=a(mod3) = a’=a’ a’=aa’=a’= a(mod 3)

a® = a(mod 5)

a
Theo tinh chat néu hai sé dong du v6i nhau theo nhiéu modun thi chung dong du véi nhau theo mé dun 1a
BCNN cua cac modun ay.

Dodé a° =a(mod2.35) hay a° = a(mod30) = a>—a = 0 (mod 30)

NghTa la (af +a2 +a§ +...+a§016)— (a1 +a+ ..+ 8.2015) =0 (mod 30)

VAy ag+ag+ ... +ams 30 < @) +aj+aj +...+a5,:30

Vi du 9. Chirng minh ring trong cac sé tu nhién thé nao ciing ¢6 s6 k sao cho 1983“— 1 chia hét cho 10°.
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(Dé thi hoc sinh gidi toan cdp 2 toan qudc nam 1983).
Gidi
Vi 1983 khong chia hét cho 2 va khong chia hét cho 5 ma 10° = 2°.5° nén (1983; 10°) = 1. Ap dung dinh
ly Euler taco :
1983 =1(mod 10°).

Taco ¢(10°)=10° (1—%) (1—%) =4.10" . Nghiala 1983*% —1: 10°
Vay k = 4. 10%.
4. Dang toan khéac
Vi dg 10. Chirng minh rang 1* + 2% + 3% +4% khong chia hét cho 5.
Giai
Do 5 13 s6 nguyén té nén theo Dinh Iy Fermat bé tacé: véia=1;2;3;4tacé a =a(mod5) < a*=1
(mod 5) < a* =1 (mod 5).
Do do 1%+ 2%+ 3% 4+4% =1+1+1+1 =4 (mod5).
Ching to 1% + 2% + 3% 4+ 4% 1 5,
Vi du 11. Chuang minh riang véi mdi s nguyén té p ton tai vo sé sb6 ¢6 dang 2" —n, (n eN) chia hét cho p.
(Thi vé dich Canada nam 1983)

Gigi: *Néup=2thi2"-n:2 vn=2k (keN).
*Néup = 2 do (2;p)=1 néntheo dinh ly Fermat bé ta c6 :
"1 = 1(modp) = 2°'-1=0(modp) = 2" —1=0(modp).
Hayla 2°%"_1:p (keN:;k> 2).
Mat khéc (p—1)* = (- 1)* = 1 (mod p)

= 20U ()= [2“’-1)” —1} —[(p -1)° —1} ip

ip ip
Vay tdn tai vO 56 sb ty nhienncé dang n=(p—1)*, (vkeN; k> 2)saocho2"—n: p.
C. Bai tap van dung
Dang toan tim sé duw trong phép chia cé dw
26.1. Tim s6 du trong phép chia

a) 8! —1 cho 11. b) 2014°°*° + 20162 + 2018 cho 5.

c) 2°°+41% cho 7 d) 1°+3°+5°+..+97°+99° cho 4.
26.2. Tim sb du trong phép chia :

a) 1532°—4 cho 9 ; b) 22°% cho 25:

c) 2014°™ cho 13.
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26.3. Tim s6 du trong phép chia :
a) A = 35°— 35° + 35* — 35% + 35'° + 35% cho 425.

b) B = 10° +10" +10' +...+10"" cho 7.

26.4. a) Tim chix sé tan cling cua 4%
b) Tim hai chit s6 tan cing cua 3°.
c) Tim ba chir s6 tan cing cua s 2°*2,
Dang toan chiing minh sw chia hét
26.5. Ching minh :
Q)41 _6:7 by 2™ _2:15 (ne N);
c) 327 :13; d) 20®° -1 : 341.
26.6. Chiing minh 18907 + 1945%"° + 201728 : 7,
26.7. a) Chuing minh 5555722 + 2222°°%° + 155541 @ 7
b) Cho M= 220" +119% +69%°" +(220+119+ 69)'
Chtng minh M : 102.
26.8. Chiing minh rang 52", 2™ + 221 3™ 138 (n e N¥)
Dang toan xac dinh ddu higu chia hét

26.9.Chosda=aa,,..aa, (1<a,<9; 0<a <9;i=0;1;..;n-1)

a .
Hay xac dinh dau hiéu chia hét :
a) Cho 9; b) Cho25; c¢)Cho 11; d) Cho 8.
Dang toan si dung cdc dinh ly co ban
26.10. Cho A= 22" +19 véin e N*. Chiing minh ring A 12 mot hop sb.
26.11. Cho B = (12!)"+2016%". Chung minh ring B chia hét cho 13.

26.12. Chung minhrang véin e N :

22 n+l

a) 227 43017
b) 22" +2.12°" + 510 :11.
Dang toan khac:
26.13. a) Vi gia tri nao caa sé tu nhién n thi 3" + 63 chia hét cho 72.
b) Cho A =20" + 16" —3"— 1. Tim gia tri tu nhién cua n dé A:323.
26.14. Tim céc sb nguyénté pthoamin 2°+1:p.
26.15. Tim tét ca cac s6 nguyén té p sao cho p? + 20 1a s6 nguyén t6 .
26.16. Cho p l1a s6 nguyén t6. Chang minh rang s6 ab®— ba® i p véi moi sé nguyén duong a, b.
26.17. a) Chting minh riang tong cac binh phuong cua ba s6 nguyén trong phép chia cho 8 khéng thé ¢ du 1a 7.
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b) Chttng minh phuong trinh 4x® + y* + 922 = 2015 khong c6 nghiém nguyén.

26.18. Tim hai chit sé tan cling cia 20112

(Pé thi Olympic Todn Singapore nam 2010)

26.19. Cho biéu thac A = (2% + b?%%? + ¢?%2) — (3?%% + h2°%® + ¢2°%) v g, b, ¢ 14 cac 56 nguyén duong.
Chting minh riang A chia hét cho 30.

(Pé thi chon hoc sinh gici mén toan 16p 9 TP Ha Ngi nam hoc 2011 — 2012)
26.20. Chirng minh rang khdng tdn tai cac bo ba s nguyén (x; y; z) thoa man ding thic  x* + y*=72* + 5.
(Pé thi vao 16p 10 truong THPT chuyén KHTN, PHKHTN, PHQG Ha Ngi nam hoc 2011 — 2012).
26.21. Tim hai chir s6 cudi cing cua s6 A = 41'% + 572012,
(Pé thivao I6p 10 truong THPT chuyén KHTN, PHQG Ha Ngi nam hoc 2012 — 2013).

26.22. Cho a, b Ia hai s6 nguyén duong théa man a + 20 va b + 13 cuing chia hét cho 21. Tim sb du trong phép
chia A=4%+9° +a+bcho 21.

(Pe thi tuyén sinh 16p 10 THPT chuyén Tran Phi Hdi Phong nim hoc 2013 — 2014)
26.23. Cho n la mot s6 nguyén duong ching minh A =21+ 251 + 1 [ hop s6.
(Pé thi hoc sinh gisi lop 9 TP Ha Ngi ndm hoc 2014 — 2015)

26.24. Ching minh A = 2012*" + 2013*" +2014*" +2015*" khong phai 14 s§ chinh phuong véi moi s6 nguyén
duong n.

(Pe thi tuyén sinh vao ép 10 chuyén truong PHSP TP Ho Chi Minh nim hoc 2015 — 2016)

HU'GNG DAN GIAI - DAP SO
Chuyén dé 1. PHEP NHAN CAC DA THU'C
1.1a)Taco:
A=12x>+4x-3x-1-5x" +15x — x* + 3x + 4x — 12
A =6x"+23x —13.
b) Taco:
B=(5X—2)(X+l)—3X(XZ —X—3)—2X(X—5)(X—4)
B =5xX" +5x —2x -2 - 3x" + 3x" + 9x — 2x(x* — 5x — 4x +20)
B = -3x® + 8x* +12x-2-2x" + 18x* — 40x
B = —5x° + 26x°-28x-2.
1.2.8) (X +x+2).(x-3)
=X+ X2 +x-3x*-3x-3
=x*-2x*-2x-3
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b) (x* —3x+1).(2 —4x)
= 2X* —6X+2—4x> +12x° — 4x
= —4x% +14x* 10X + 2.
c) (X*+3x—2).(3+x—2x)
=(x* +3x-2).(3-x)
=3x" +9x—6—x* —3x* + 2x
=—x*+9x—6-x*—3x* +2x
=—x*+11x-6.
1.3.a) Taco
C=5x"+5x-2x—-2-5x"—x+15x+3—-17x - 51
= C = -50. '
Vay biéu thirc C = -50 khong phu thudc vao x.
b) D = 6x* + 48x — 5x — 40 — 6x” — 9x + 2X + 3 — 36X+27
= D=-13.

Vay gié tri biéu thirc D = -13 khong phu thudc vao gia tri cua bién x.

1.4.3) 5x* — 35X — 15X + 105 - 5x* + 10x — X + 2 = 25
—41x +107 =25
-41x = -82
X=2.
b) 3x* +15x — 21x — 105 - 3x* —2x +3x +2 = -13
-5x -103 =-13
-5x =90
x =-18.
1.5.a) Taco:
A=12x—-8-15x* +10X +3x —6 — 2x* + 4X
A=-17x"+29x 14
Véi x= - 2, thay vao biéu thiic ta ¢6 :

A=-17.(=2)" +29.(-2) —14

A=-68-58-14
A=-140.
b) Ta c6:
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B =5x.(x—4y)-4y.(y-5%)
=5x? —20xy — 4y + 20Xy
=5x* —4y?

1 1 ,
Thay Xz—g? YZ—E vao biéu thiec ta co:

2 2
B=5. L +4. 1 :5.i+4.l=§.
5 2 25 4 5

1.6.a) Vé6i x =2020nén ta thay 2021= x+1vao biéu thuc, ta co:
A=x"—(x+Dx° + (X+Dx* = (x+Dx® + (X +D)x* = (X+Dx+ x+1
A=x" =X =X+ X+ X =X =+ X+ X = xP—x+x+1

A=1.

b) Vi x = - 19 nén ta thay 20 = - x + 1 vao biéu thic, ta co:
B=xX"4+(-X+Dx* + (=x+DX® +..4+ (X +D)X* + (=X + DX+ (—x+1)
B=x" x4+ x" =X’ +x* =+ 4+ X —x*+x—x+1
B=1.

1.7.
a) 2x°.(ax’ + 2bx + 4c) = 6x* — 20x® +8x?

< 2ax’ +4bx® +8cx* = 6x* —20x% +8x*(1)

(1) dang vai moi X

2a=6 a=3
&14b=-20=<b=-5
8c=8 c=1

b) (ax+b).(x* —cx+2) = x>+ x> -2
< ax® +bx? —acx? —bex+2b+2ax =X + X2 =2

< ax® +(b—ac)x’ +(2a—bc)x +2b = x* + x* —2(2)

(2) dtng vai moi X

a=1 a=1
a=1

2b=-2 b=-1
= = b=-1
b-ac=1 -1-1c=1 5

2a—bc=0 2—-(-1).c=0

1.8.Bién dbi da thirc, ta co:
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A=(2-n).(n*=3n+1) +n.(n* +12)+8
A=2n’-n*-6n+3n*-—n+2+n*+12n+8
A=5n°+5n+10:5.

1.9.Xét Vé trai:
(x—a)(x—b)+(x—b)(x—c)+(x—c)(x—a)
=x’—ax-bx+ab+x*-bx-cx+bc+x*—-ax-cx+ca

=ab+bc+ca+3x2—2x(a+b+c)

=ab + bc + ca + 3x* — 2x.2x
=ab +bc+ca - x%
Vé tréi bang vé phai suy ra diéu chiang minh.
1.10. Taco (a—l)(b—l)(c—l)=(a—1)(bc—b—c+1)
=abc-ab-ac+a-bc+b+c-1
=abc—ab—-bc—-ca+a+b+c—1

:abc—(ab+bc+ca)+(a+b+c)—1

=abc—-abc+1-1
=0.

Chuyén d@ 2. CAC HANG PANG THU'C PANG NHO

21 Q) A=xX —4X+4+ X +4X+4+X° +9x* +27x +27 +27x° +27x* +9x +1
A =28%° +38x* + 36X + 36
Vay hé bd cua x* 14 38.
b)B=4x’ —4x+1+ X —4x+4+x’ —9x* +27x 27 +27x> - 27x* +9x -1
B =28x" —31x* +28x - 23
Vay hé sb cua x* 1 -31.
2.2.a) Taco:

A=x"+0,2x+0,01

=x*+0,2x +(0,1)

=(x+0,1)
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Veix=09=A=(09+01) =1
b) Ta cé:
B=x’+3x*+3x+2

= x> +3x* +3x+1+1

=(x+1)%+1

Véi x=19thi B = (19 n 1)2 +1=28000+1=8001.

c) Taco:

C=x"-2x*+3x"-2x+2
=x' =2+ X2+ 2x* = 2x+2
=(X*=x)"+2.(x* = x)+1+1

=(x*—x+1)*+1

vsi X' —x=8=C=(8+1)°+1=81+1=82

23 a)A = 356 —144" (356 +144)(356 - 144) _ 500.212 _ 53

256° — 244° (256+244)(256—244) 500.12 3

b) B = 253%+ 94.253+472 = 253%+2.47.253+47% = (253+47)%= 300% = 90000.
c) C = 136% 92.136+ 46%=136°- 2.46.136+ 46°= (136-46)° = 90° = 8100.
d) D = (100% + 98%+ ... + 2%) - (99°+ 972 +...+1°%) = (1007 - 99°%) + (98%- 97%) + ... + (2°- 19
= (100- 99)(100+ 99) + (98- 97)(98+ 97) + ... + (2-1)(2+ 1)
=1.(100+99) + 1.(98+97) + ... + 1.(2+1)
=100+99+...+1=(100+1) +(99+2) +...+ (61+50) =101+ 101+ ... +101=101.50
20212 (20202 - 2019) 2019° (20202 + 2021)

24 A= (20202 - 1)(20203 + 1)' 2020° —1

2021° (20202 —2020+1) 2019 (20202 +2020+1)
(2020 +1)(2020 - 1)(2020 + 1)(20202 — 2020 + 1) ' (2020 - 1)(20202 +2020 + 1)

= L.ZOlQ =1.
2019

2.5. @) Taco A=4x*+8xy+4y* +x° —2X+1+Yy* +2y+1+2018
=4(x+y)’ +(x=1)% +(y+1)* + 2018 > 2018.
Vay gia tri nho nhat cia A = 2018 tai x = 1; y = -1.

b) Tacéd B=4x* +4xy +y* +x* —2x+1+y’ +4y +4 + 2015

=5050.
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B=(2x+y) +(x-1) +(y+2) +2015 > 2015.
Vay gia tri nho nhat caa B 12 2015 khi x = 1;y = -2.

1 1
C)M=XZ—2xy+y2+4x2—4x+1+zz—z+z—21

2
B 2 2 1 1
—(X+y)+«2x—1)+(z—£j-—212—2—.

x-y=0
PO , . 1
Dau bang xay ra khi 2X—1=0:>x=y=z=5.

1
z——=0
2

- . N 1
Vay gia tri nho nhat cua M la _ZZ khi x =y=z:z.

2.6.
a) (X+2)*+(x+3)*-2.(x-2).(x-3) =19
& (X=2)? +8x+(x—3)* +12x—2.(x—2).(x-3) =19
& 20x+[(x-2) - (x-3)] =19
< 20x+1=19
< 20x =18

S X=—.
10

b) (x+2).(x* —2x+4) —x.(x* =5) =15
<X +8-x*+5x=15
<:>5x+8:15<:>5x:7<:>x:%

) (Xx=1)°+(2-x).(4—2x+x*) +3x.(x+2) =17
< (x=1)°+8-x*+3x* +6x=17

<X -3x%+3x—-1+8-x*+3x* +6x =17
S 9x+7=17

<:>9x:10<:>x:%

2.7.Taco X’y +xy* +x+y = 2016
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Xy(X+y)+X+y:2016
11(X+y)+(x+y):2016
12(x+y)=2016 = x +y = 168.
\ 2 2 2 2
Ma x* +y* =(x+y) —2xy =168 —2.11 = 28202.
28.Taco A=a’+a’—Db’+b’—3ab(a-b)-3ab+ab
Az&3—3&b(a—b)—b3+az+b2—23b
A=(a-b) +(a-b) =7°+7* =302
2.9.
a) X.(x-6)+10>0
< X*—6x+9+1>0
& (x=3)°+1>0
(luén dang)
b) (x=3).(Xx=5)+3>0
< x*—8x+18>0
=X -8x+16+250 ©)
& (x=4)°+2>0
(Iludén dang)

C) x> +x+1>0

oxX+x+1+350
4 4

S| X+=| +=>0
2 4

(luén dung)
2.10.3) X*-2x+5+y?-4y = 0
o (X2-2x+1) + (Y -4y +4) =0
& (x-1°+ (y-2)°=0
& (x-1)°=0; (y-2)*=0 (Vi (x-1)%, (y-2)*=0)
oSx=1;y=2
b) 4x%+ y? - 20X - 2y + 26 = 0
< (4%%- 20X + 25) + (y*- 2y +1) = 0
< (2x-5)%+ (y-1)=0
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< (2x-5)°= 0 va (y-1)= 0 (Vi (2x-5)%, (y-1)2>0)
5
S X=— ;y=1.
5 y

C) X+ 4y?+ 4y - 12x +5=0

< (9x%-12x +4) + (4y?+4y +1) =0

& (3x-2)%+ (2y+1)°=0

< (3x-2)°= 0 va (2y+1)*= 0 (vi (3x-2)%, (2y+1)* > 0)

ox=2,y=-1

37Ty

2.11.
a) x> +4y* +4x-4y+10=0

S X +A4X+4+4y* —4y+1+5=0

& (X+2)°+(2y-1)*+5=0
Ma (x+2)*+(2y-1)*+5>5>0
Suy ra khdng c6 x, y thoa man dé bai.
b) 3x* +y* +10x —2xy +29=0

S X2 =2xy + Y2 +2x* +10x+29=0

& (X—y)? +2.(x+2,5)%+16,5=0.
Ma (X=Y)* +2.(x+2,5)* +16,5>16,5>0
Suy ra khong c6 x, y théa man dé bai.
C) 4x*+2y* +2y—4xy+5=0

& (Ax2—axy +y) + (Y2 +2y+1D)+4=0

S 2x—y)P +(y+1)*+4=0
Ma (@X=Y)?+(y+1)°+4>4>0
Suy ra khdng c6 x, y thoa man dé bai.
2.12.a) Tacd A = 15— 8x — X2 :31—(16+8x+x2)=31—(4+x)2 <31.
Vay Gia tri 16n nhat caa A 1a 31 khi x = -4.
b) Tacé B =6 - (4—4X+x2):6—<2—x)2 <6.
Vay gié tri 16n nhat cua B 12 6 khi x = 2.

¢) Tac: C=10—(x" —4x+4)—(y* +4y+4)
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C=10-(x-2) —(y+2) <10.

Vay gia tri I6n nhat caa N 12 10 khix = 2; y = -2.
2.13.Ta co:
(X+Y)? =X*+y*+2xy =17+2xy =9

<:>xy:¥=—4

X+ y? = (x+Y)® =3xy(x+Yy) =27-3.(-4).3=63.
2.14.Ta c6 hang dang thuc: (X+Y)® =x*+y° +3xy(x+Y)
(a+h)* =a’+b* +3ab(a+h).
Két hop vai (1) va (2) suy ra xy =ab .(3)
Mt khéc, tr (1) suy ra (x+Y)*> = (a+b)* < x>+ y* +2xy =a’ +b* + 2ab
Két hop véi (3) suy ra: x> +y* =a’ +b’.

2

2.15.a) Tacé 2bc+b* +c* —a* = (b+c) —-a’

=(b+c+a)(b+c-a)=2p(2p-a)=4p(p-a)
Vé tréi bang vé phai. Biéu phai ching minh.
b) Ta cé (p—a)Z +(p—b)2 +(p—c)2
=p° —2ap+a’+p’ —2pb+b® +p® - 2pc + ¢
= 3p° —2p(a+b+c)+a2 +b? + ¢

2

=3p’ —2p.2p+a’ + b’ +c¢® =a’ +b’ +c* —p*.

Vé trai bang vé phai. Biéu phai ching minh.

216Taco A= 99..9 =10"" -1 nén A® = (10" - 1)
——

2020 chit s 9

A% =10%** - 2.10°°*° +1=99...9800...01
%{_/ H,_/

2019 2019
Téng céc chir s6 cua A? 13 : 9x2019 + 8 + 1= 18180.

Tong céc chir s6 cua A 1a: 9x 2020 = 18180.

Vay tong céc chir s6 caa A? va téng céc chir sb cua A bang nhau.

2.17.Tu gia thiét ta co:

(aer—Zc)2 —(a—b)2 +(b+c—2a)2 —(b—c)2 +(c+a—2b)2 —(C—a)2 =0 (¥

Ap dung hing ding thic: x* - y* = (x+y)(x - y) taco
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(a +b- 2c)2 a b)Z
c)2
2

(C+a—2b)2 C a)

(
(
(

ZC)(Zb —ZC) = 4(a —C)(b —c)

_( _ 2a —
(b+c—2a)2 —(b— 2b—Za)(Zc—Za):4(b—a)
_( _ 26 —

2b)(2a —2b)

I
IS
—_
(@]
|

o
~—~—
—_—

jeb}
|

o

~

Két hop vai (*) ta co
4(a-c)(b-c)+4(b-a)(c-a)+4(c-b)(a-b)=0
& (a-c)(b-c)+(b-a)(c—a)+(c-b)(a-b)=0
< ab-ac-bc+c®+bc-ba-ac+a’*+ac-bc—-ab+b*=0
o a’+b*+c¢®—ab-bc—ac=0
< 2a’ +2b” +2¢* —2ab - 2bc —2ac =0
< a®-2ab+b*+b* —2bc+c* +c¢* —2ca+a’ =0
& (a-b) +(b-c) +(c-a) =0
a-b=0

s<{b-c=0&<a=b=c.

c—a=0

2.18.

-Vé6inlasd chin = n = zk(k < N*)th‘l n* +4" =16k* + 414 nén n* +4"1a hop sé.

-Voinlaséle. Patn=2k-1 (ke N, k>1)thi taco:

n' +4"= p* 4 2.0%.2" + 4" — p?.2""

= (nz + 2" )2 —n%.2% = (n2 +2" — 2k.n) (nz +2" + Zk.n>.

Ta co:

n’+2" —2n=n’-2%n+2%% 42" 252 = (n — gk )2 + 221 gk o (n — gk )2 42251
ma

n?+2"+2n>n’+2"-2n suyra n* + 4" 1a hop s6.

Vay n* + 4" 1a hop s6 véi n 1a 6 tu nhién [én hon 1.

2.19.a)Taco (a +b)2 - (a —b)2 = 2(&12 +b2)

=4+(a-b) =2.A

=4<2A = A>2.
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Vay gia tri nho nhat caa A 1a 2 khia=b = 1.

P)Tux+2y=8=x=8-2ysuyra

B =(8-2y)y=8y-2y" =8-8+8y -2y’

B=8-2(2-Yy)*<8.

Vay gié tri 16n nhat cia B 1a 8 khiy = 2; x = 4.

2.20. Tur gia thiét, ta co (X+Y)* =3xy +12 < 6xy = 2(x+y)* —24.
Taco: A=3(X°+Yy?)=3(X+Yy)> —6xy =3(X+Y)* —2(x+Yy)’ +24=(Xx+y)*+24 .
Vay gi4 tri nho nhat cua A 1a 24 khi x+y:0<:>{xz2 ;{X:_z.

y=-2 |y=2

221.bat a-b=x; b-c=y;c-a=Z=X+y+z=0=z=—(x+Yy)

Taco: X +y*+72° =210 = x>+ y* - (x+Y)® =210 & -3xy(x+y) = 210

< xyz=70.Do0 X,Y,Z la sb nguyén c6 tong bang 0 va xyz = 70 = (-2).(-5).7 nén

x,y,2e{-2,-57} = A=|a—b|+|b—c|+ =14.

2.22. Tur x* - y* = 2020 suy ra x; y cting chin hozc cung lé.

c—a

e TH1: Néu x; y cing chin Pit x = 2m;y = 2n
4m® — 4n® = 2018 = 2m* — 2n” = 1009
V& trai chan, con vé phai lé.
vo i.
e TH2: Xétx;ycunglé. batx =2k +1;y=2q+1
Taco(2m+1) —(2n+1) =2018 < 4m® + 4m - 4n° — 4n = 2018

Vé trai chia hét cho 4, vé phai khdng chia hét cho 4, vo .
Vay khong tdn tai sé nguyén x; y thoéa man x? - y* = 2020 .

Chuyén dé 3. PHAN TiCH DA THU’C THANH NHAN TU'

3.1.
a) ab(x-2) - a’(x-2) =a(x-2)(a+b) ;
b) 4x3y?- 8x%y®+12x%y = 4xPy(xy - 2y + 3X).
3.2.
a) (xy+1)*- (x+y)*= (xy+1- X- y)(Xy+ 1+ x+Y)

= [x(y-1) +1-y]x(y+1) +y +1]

=(x- 1)(y- 1)(x+ 1)(y+ 1).
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b) a+b+c2+(a+b—c+2€)(a+b—c—2c)

( )
(a+b+c) +(a+b+c)(a+b-30c)
=(a+b+c)(a+b+c+a+b-3c)
=(a+b+c)(2a+2b-2c)=2(a+b+c)(a+b-c)
c) (a%+ 9)%- 36a° = (a*+ 9- 6a) (a’+9+ 6a) = (a-3)*(a+3)>.
3.3.

a)3(a—b)+(a-b) =(a-b)(3+a-b).

b) (a+b)2—2(a+b)+1=(a+b—1)2.

C) (2bc+b2 +c? —az)(Zbc—b2 -c’ +az)

= [(b + C)Z - az}[az - (b - C)Z}
= (b+c+a)(b+c—a)<a+b—c)(a—b+C).
3.4.
a) X°- 4xy + 4y*- 9a° = (x-2)*- (3a)® = (x- 2- 3a)(x- 2 + 3a).
b) xy(a®+ b?) - ab(x*+ y?) = xya® + xyb?- abx? - aby® = (xya*- abx?)+ (xyb?- aby?)
= ax(ay- bx) + by(bx- ay) = (ay- bx)(ax- by).
c) x*(a-b) - 2xy(a-b) + ay*- by? = x?(a - b) -2xy(a-b) + y*(a-b)
= (a-b)(x*- 2xy+y*) = (a-b)(x - y)* ;
d) 8xy° - x(x-y)* = X[(2y)* (x-y)’] = XQy-x+Y)[4y*+2y(x-y)+(x-y)’] = X3y - X)(* + 3y?).
3.5.

2,2

a) A= x* +2xy + v - 4x%y = (x+y) - 4x’y

= (x+y—2xy)(x+y+2xy).
b)B=(x"—y)(x* +¥") = (x—¥)(x* + xy + ¥*) (x + ¥)(x* = xy +¥?).
C) C = 4xy(x* + y2) —6(X% + y*)(x+ ) +9(x + y?)

= (x> +y*)(4xy —6x -6y +9)

= (x> +y*)[2x(2y —3)-3(2y -3)]
=(x*+y?)(2x-3)(2y -3).

d D= 25—(aZ—Zab+b2)=25—(a—b)2
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= (5+a—b)(5—a+h).
3.6.

a) x> +3x°y—4xy’ -12y°

= x*(x+3y) —4y*(x+3y)
=(xX=2y)(x+2y)(x+3y).

b) x* +8y” + x* — 2xy + 4y’

= (x+2y)(x* - 2xy + 4y*) + (x* - 2xy + 4y?)
= (x+2y +1)(x* - 2xy + 4y*).

c) 3(a—b+c)(x2 +12xy+36y2)
=3(a-b+c)(x+6y).

e) ax’+a-xa’-x

:ax(x—a)—(x—a)

:(x—a)(ax—l).

3.7.

a) (X—l)(xz+x+1)+5(x—1)(x+1)+3(x—1)
=(x—1)(x* +x+1+5x+5+3)
= (x-1)(x* +6x+9)
=(x-1)(x+3)".

b) aa(a2+a+1)+(a2+a+1)
=(a*+a+1)(a’ +1)
=(a*+a+1)(a+1)(a’ —a+1).

0 (x_l)s_ya:(x_l_y)[(x_l)z+(x_1)y+yz}
=(x—y-1)(x —2x+1+xy -y +¥°).

d) x*(5x -3y)-9y*(5x - 3y)

= (5x - 3y)(x2 - 9y2)
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= (5X - By)(x — 3y) (X + 3y).
3.8.

a) Xz(x—l)—(x—l):(x—l)(xz—1):<X—1)Z(x+1)'
b) X4—(X—1)2 :(Xz—x+1)(x2+x—1)l

C) (Zab+a2 +b? —1)(2ab -a’-b’ +1)

=[(a+b)2_1}[l_(a_b)2}

:(a+b+1)(a+b—1)(1+a—b)(1—a+b)

3.9. DUng hing dang thie ddng nhd, phan tich A thanh nhan tir, ta duoc:
A= (ny +x* +y? - ZZ)(ny -x*—y*+ zz)

= [(x+y)2 —ZZ:H:ZZ —(X—y)2:|

A=(X+y+2)(x+y—-2)Z+x-Yy)(y+2—X)

Do X, Yy, z la 3 canh cua 1 tam giac, suy ra:
X+y+2>0,Xx+y-2>0,z+x-y>0,y+z2-2>0
= A>0.

3.10. Cong Vé theo vé cia hai dang thirc ta dugc:
a’-3a’+5a-17+b* 30> +5b+11=0

o a®-3a’+3a-1+b*-3b*+3b-1+2(a+b-2)=0
< (@-1)°+(b-1)°+2(a-1+b-1)=0
<:>(a+b—2)(a2+a+1+b2+b+l+2):0

2 2
Vi a2+a+l+b2+b+l+2:(a+%j +(b+%j +3%>0:>a+b:2.

3.11. Xét vé trai, ta co:

a(b* =1)(b* =1)+ b(a* —1)(c’ 1)+ ¢(a” —1)(b* - 1)

= a(bzc2 -b*-c* + 1)+b(azc2 —a*-c* + 1)+ C(azb2 —a*-b*+ 1)

= ab’c® — ab® —ac® + a + a’bc* — a’b — bc® + b + a’b’c — a’c - b*c +a

= (a +b+ c) - (azb +ab® - azbzc) — (a(72 +a’c - azbcz) -~ (bc2 +b’c - abzcz)
= abc - ab(a +b- abc) - ac(c +a- abc) - bc(c +b- abc)

= abc + abc + abc + abc = 4abc.
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Chuyén dé 4. HANG DANG THU'C MO RONG

4.1.Khai trién ta co:

(a+b+c)2 =a’+b*+c® +2ab+2bc+ 2ca:
(a—b+c)2 =a’+b*+c®*-2ab-2bc+2ca:
(a+b—c)2 =a’+b® +c* +2ab - 2bc — 2ac;

(b+c—a)2 =a’+b*+c®*-2ab+2bc—2ca.
Cong ting Vé ta duoc:

(a+b+c)2+(a—b+c)2+(a+b—c)2+(b+c—a)2 :4(a2+b2+cz).

s ) 2 2 )
Nhan xét: Ta co thé van dung dang thic (x+y) +(x—y) :z(x2 +y2)dé giai, that vay:
(a+c+b)2+(a+c—b)2 :2[(a+c)2+b2};

(b+a—c)2+(b—a+c)2 =2[bz+(a—c)2]

2

Suy ra: (a+b+c)2+(a—b+c)2+(a+b—c)2+(b+c—a)
:2[(a+c)2 +(a—c)2 +2b2} =2[2(a2 +c2) +2b2} =4(aZ +b’ +cz).

4.2.Ta co:

a) A=x"4+9x*+27x+27 + x* +16x° + 96Xx* + 256X + 256 +
x° 4+ 25x* + 250%° + 1250x + 3125%X + 3125.

= x° +26x* +267x° +1355%* + 3408x + 3408.
Vay hé sb cua x° 12 267.
b) B=x*-6x* +12x -8+ x* +12x* + 54x* + 108x + 81 +

x° —20x* + 160x® — 640x* + 1280x — 1024.
B=x"-19x* +173x® = 592x* + 1400x — 951 .

Vay hé sb coa x® 14 173.

4.3. Taco:

(a+b+c)® =3(ab+bc+ca) < a® +b*+c*+ 2ab + 2bc + 2ca = 3(ab + bc + ca)
& a’+b*+c®—ab—bc—ca=0« 2a° +2b* +2c¢* —2ab—2bc—2ca=0

& (a-b) +(b—c) +(c—a) =0.
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DAu bang chi xay ra khi a = b = ¢, ttc 14 tam giac d6 1a tam giac déu.
4.4.T1‘1a+b+c=O:>(a+b+c)2:O<:>az+bz+cz+2ab+2bc+2(:a:O.
Ma az+bz+cz=2:>ab+bc+ca:—1:(ab+bc+ca)2:1

= a’b’* + b’c® + c*a’ + 2ab’c + 2bc’a + 2ca’b = 1

= a’b* + b’c® + ¢’a’ +2abc(a +b +c) =1=a’b* +b’c®* +c’a’ =1.

<\ 2 2 2 2 2 22 2 4 4 4 212 2.2 2.2
Tra“+b“+c =2:(a +b +c) =2"=a +b*+c +2(ab + b“c +Ca)=4
—a*+b*+c*+2-1=4=a*+b* +c* =2.

4.5.Tu X+y+z:0:>(x+y+z)2:O:XZ+y2+zz+2(xy+yz+zx):0
Ma xy+yz+zx=0 nén x*+y*+2z*=0 dodox=y=z=0.
Vz_in:(O—l)Zm+12°“’+(0+1)2017 =1.

4.6.Tr gia thiét ta co :

a’x® + a’y® + a’z® + b’x* + b’y® + b’z + ¢’x* + ¢*y* + ¢’Z°

= a’x” + b’y® + ¢*z* + 2abxy + 2acxz + 2bcyz

< a’y® —2abxy + b’x* + a’z* — 2acxz + ¢’x* + b’z* — 2bcyz + c*y® =0
< (ay - bx)2 + (az - cx)2 + (bz - cy)2 =0

Pang thuc chi xay ra khi va chi khi

Il
o< 0olIN o<
0
o |
Il
o<
Il
0N

ay—-bx=0 ay = bx
az-cx=0 & qjaz=cx &
bz-cy =0 bz = cy

OIN P |[X »|xX

4.7.Tu a+b+c:2:>(a+b+c)2:4:>a2+b2+cz+2(ab+bc+ca)=4.

Ma a’+b*+c*=4nénab+bc+ca=0.

DET[E:X:E:k:X:ak; y =bk; z=ck.

a b c

Xét xy + yz + zx = abk® + bck® + cak® = (ab + bc + ca)k2 = 0. Diéu phai chang minh.

48.Tach: F(X)=x'—2x>+3x*—2x+2
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1 3 9 25
=X =X+D*+1=[(X-2)*+= +1> —+1=—.
( ) I 2) 4:I 16 16

25 25
F(x)>Z2 . va in F(xX)=== taix=0.5.
Suy ra F(x) 16 - Vay min (x) 1 tai x=0,5

4.9. Ap dung hing ding thirc: (a+b+c)®=a’+b*+c’+3(a+b)(b+c)(c+a)
< 1=1+3(a+b)(b+c)(c+a) < (a+b)(b+c)(c+a)=0

Vay, c6 mot sé bang sé ddi cua mot sb khac.

Giast a+b=0csc=1A=1.

Tuong tw, néu b + ¢ = 0 hoic ¢ + a =0, ta ciing duoc A = 1.

4.10. Bién d6i Vé trai:

x' +y* +(x+y)4 =x* +y" +x* +4x%y + 6x°y* + 4xy° +y*

= 2()(4 +y* +2x%y + 3x%y? + 2xy‘°’)

= 2()(4 +y*t +xy? +2x%y? +2x%y + 2xy3)

= 2<x2 +y2 + xy)2

Vé tréi bang vé phai , diéu phai chang minh.
4.11.
a) Turgiathiéta+b+c=0= a*+b*c?+ 2(ab +ac +bc) =0
— a’+ b%+ c¢?=-2(ab+ ac+ bc)
= a'+ b'+ ¢+ 2(a’d’ + a’c’ + b’c?) = 4( a’b’+ a’c’+ b’c?)+ 8abc(a + b + ¢)
= a'+b'+ ¢ =2(a’b’+ a’c*+ b*c?) (vi a+ b+c=0) (1)
b) Mat khic 2(ab+ac+bc)*= 2(a’b”+ a’c® + b’c)+4abc(a + b +¢) .
= 2(ab+ac+bc)’ = 2(a’b’+ a’c’™+ b’c?) (vi a+b+c=0) (2)
Tu (1)va (2) = a*+ b+ c¢* = 2(ab + ac + bc)™.
4.12.
a) Ta co xét vé trai: S(X3 +v° + 23)(x2 +y° + zz)
= 5X° + 5y° + 52° + 5%’ (y2 + Zz) +5y° (xz + zz) +52° (X2 + yz) @))
Tux+y+z=0=>Xx+y=-—=2z2=>X+y +2xy =7
=X +y =2 —2xy.
Tuong tu: y* +2* = x* —2yz ; z2* +x* = y* — 2zx.

Thay vao (1) ta co:
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5()(3 +y° +23)(X2 +vy? +zz)

=5x° + 5y° + 52° + 5x° (XZ — 2yz) +5y° (y2 —~ sz) +52° (z2 — 2xy)

=10x* +10y° +10z° — 10>(yz(x2 +y° + ZZ) 2

3 3

. A Ty + X .
Mat khac: x° +y® + z° = 3xyznén xyz = X Ty vz , thay vao (2) ta cé:

10()(3 +y° +Z3)(X2 +vy° +zz)

5<x3+y3+za)(x2+y2+zz>=10(xs+y5+z‘5)— 3

= 15(}(3 +y° +Z3)(X2 +y? +Z2) = SO(X5 +y° +z5)—10(x3 +y° +Za)(X2 +y? +zz)
= 25(}(3 +y° +23)(X2 +y? +zz) = 30(}(5 +y° +z5)

&5 +y +2) (X +y +2°) =6(x’ +y’ + 2). (diéu phai chiing minh)

b) Tacd x* +y* +z* = Z(XZy2 +y*z? +zzxz) va x° +y° +2° =3xyz.

NEn 7xyz(X2y2 iy —|—ZZX2) _ 7(}(3 +;,3 +za) | (X4 +5;4 +z4) -

Xét (x3 +y° +23)(x4 +y*+ z4)
=x"+y +7 +x3(y4 +z4)+y3(x4 +Z4)+Z3(X4 +y4). (4)
Tux+y+z=0
SX+y=-z=>X +y +2xy=2" => X +y’ =7 - 2xy
= x' +y* +2x%y* = 2" +4x’y* - 4xyz®
suyra x* +y* =z +2y°7° — 4x’yz.
Tuong tu ta co: y* +z* = x* + 2y°z° — 4x’yz;

z' +x* =y* +22°x* - 4xy’z;
Thay vao (4) ta co:
(X3 +y° + z?’)(x4 +y+ 24) =X +y +7 +%x° (x4 +2y°z° —4x2yz)
+y° (y4 +27°x% — 4xyzz) +7° (24 +2x%y* — 4xyzz)
= 2()(7 +y + z7)+2xzyzz2 (X+y+ z)—4xyz(x4 +y* +z4)
él:(x3 +y° + ZS)(X4 +y'+ 24)

3

=2(x7+y7+z7)—

& 3(X3 +y° +Z3>(X4 +y! +z4) = 6(X7 +y’ +z7)—4(x3 +y° +23)(X4 +y! +z4)
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= 7(X3 +y° +Z3)(X4 +y! +z4) = 6(X7 +y’ +z7).
Thay vao (3) ta co: 7xyz(x2y2 +vy?z? + szz) =x’ +y’ +7Z . Diéu phai chang minh.
c) Xét (x2 +y° +zz)(x5 +y° +z5)
:x7+y7+z7+x5<y2+z2)+y5<22+y2)+z5(xz+y2)(5)
Ty X+y+z2=0=>X+y=-2=X+2xy+y =2’
Suyra x> +y* =7z —2xy ;
Tuong ty y° +7z° = x* — 2yz;
X +2z* =y® - 2zx.
Thay vao (5) ta c6:
(XZ +y° +ZZ)(X5 +y° +z5) =X +y +72 +x° (xz —2>(y)+y5 (yz —2xz)+25 (z2 —2xy)
= Z(X7 +y’ +z7)—2xyz(x4 +vy* +z4)

2()(3 +y° +ZS)<X4 +y* +Z4)
3

=2(X7+y7+z7)— (6)

6(X7 +y’ +z7)
7

Theo cau b, ta co: (x3 +y° + 23)(x4 +y*+ 24) =
Thay vao (6) ta co:

4(X7 +y’ +Z7)

(X2+y2+Zz)(x5+y5+z5):2(x7+y7+z7)— -

=N 7(X2 +y° + zz)(x5 +y° + zs) = 10(x7 +y + z7)
Diéu phai chang minh.
Chuyén d& 5. PHAN TiCH DA THU'C THANH NHAN TU' BANG MOT SO PHUONG PHAP KHAC
Phwong phdp tich mét hgng ti thanh nhiéu hang tir

5.1.a) 4x° —4x-3=4x"-4x+1-4

=(2x-1) -4

=(2x-1-2)(2x-1+2) = (2x-3)(2x +1).
b) 2x* —5x -3 =2x" + X —6x —3

= x(2x+1)-3(2x+1)
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= (2x+1)(x-3).

) 3x* —5x—-2=3x"+ X - 6x—2
=X(3X+1)—2(3X+1)

:(3x+1)(x—2).

52.a) x’+2x-3=x"-1+2x-2

:(x—1)<x2+x+1)+2(x—1)
:(x—l)(x2+x+l+2)
=(x—1)(x2+x+3).

b) X’ -7x+6=%x"-1-7x+7

=(x-1)(x* +x+1)-7(x-1)
=(x=1)(x* +x+1-7)
(-1 +x-o

= (x—1)(x* - 2x +3x - 6)
=

)
X — 1)( )<x+3)

C) X +5X* +8x+4=x"+xX"+4xX" +4X+4x+4

= (x+1)(x" +4x+4)

= (x+1)(x+2)".
5.3 ) Tacé P=<x2—x+2)2+(x—2)2
P=x"+x"+4-2x" +4x" —4x+ X’ —4x + 4

P=x*-2x"+6x*-8x+8

P=x*-2x"+2x* +4x* —-8x+8.

x*
XZ(X —2X+2)+4(X2—2X+2)=(X2—2X+2)(XZ+4)
b) Tacd: Q =6x° +15x" +20x° +15x° +6x + 1

Q = (6x" +3x* ) + (12x4 + 6X3) + (14x3 +7X) + (8x2 +4x)+ (2x +1)
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Q

= (2x+1)(3x* +6X° +7x" + 4x +1)

Q=(2x+1)(3x4 +3x" +3x° + 3% + 3X° +3x + x* + x +1)

= (2x+1)(x* + x+1)(3x* + 3x +1).

0)C = (x* —5x° +4x*) - (4xX° — 20x" + 16x) + (4x* — 20x + 16)

=(x2 —5x+4)<x2 —4x+4)

= (X —1)(X —4>(X —2)2
5.4,
a) A=10x" +20x%y? +10y* —27xy(x* + y?) —130x°y?
=10(x* + y*)* = 27xy(x* + y*) -130x°y*
=10(x* + y?)? + 25xy(x* + y?) = 52xy(x* + y*) —130x%y?
=5(X* + y?).(2X% + 2y* +5Xxy) — 26Xy (2X* + 2y +5xy)
=(2X% +2y? +5xy).(5x* +5y* — 26Xy)
= (2X% + Xy + 4xy + 2y?).(5x* — xy — 25xy +5y?)
=(2x+Y).(x+2y).(x=5Y).(5x—y).
b) B=x"-4x* +3x° +3x* —4x +1
=x"+x*-5x*-5x°+8x" +8x* -5x* -5x +x +1
=(X+1) x* -5x° + 8x° —5X+1)

:(X+1) X4—2X3+X2—3X3+6X2—3X+X2—2X+1)

(

(
=(X+1)(X2(X2—2X+1)—3X(X2—2X+1)+(X2—2X+1))

(

(

= bc(a+d)(b—c)—ac(b+d)(b—C)—ac(b+d)(a—b)+ab(c+d)(a —b)
=c(b-c)(ab+bd-ab-ad)-a(a-b)(bc+cd-bc-bd)
=c(b-c)(bd-ad)-a(a-b)(cd-bd)

= cd(b—c)(b—a)—ad(b—a)(b—c)

= d(b—c)(b—a)(c—a).

5.5. ) 4)(()(2 + XY + XZ + yz) (x +y+ z) +y’Z’
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= 4X[X(x+y+z)+sz(X+y+z)+y222

:4x2(x+y+z)2 +4xyz(x+y+z)+yzzz

:|:2X(X+y+Z)+_VZ]2
:(2x2+2xy+2xz+yz)2.
b)3(x4+2x2+1—x2)—(x2+x+1)2
3|:X +1 x} x+x+1)
3(X2+X+1)(X2—X+1) (x2+x+1)2
( 2+x+1)[3x2—3x+3—x —x—l]
(x2+x+1) 2X2—4X—|—2)
=2(X2+X+1)(X—1)2.
0) X' =2y" —x’y* x4yt = (X -y ) = (Y YY)+ (K Y
(X +y)X = y) =y (K +y) + (X + YY)
(X% +y2).(x* =2y* +1).
d)2x* + 4x’y® +2y* — x°y — xy° — x*y’

—o(x + ) - xy (x4 y?) - xy?

“a(x ) - axy () (8 + ¥) -

_a(x 4 y?)(x 4y - xy) +xy (2 + ¥~ x)

_ (x4 ¥ - xy) (2 + 257+ xy).

5.6.0)M = 3xyz + Xy’ + Xz + yX* + yZ* + zX* + zy°

~ (xyz+ Xy + ) + (xyz b x4 22) + (xyz+ y7 + 257)

=Xy(z+y+x)+xz(y+z+x)+yz(x+z+y)

=(X+y+z)(xy+xz+yz).
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b) x®y® + x*y* +1
=(x*'y* +1)2 —x'y*
= (XY =x2y? +D)(x*y* + x2y? +1)
= (x"y* —x?y? +1)[(X2y2 +1)° —x2y2]
= (x*y* = x2y? +1)(X*y? = xy +D(X°y* + xy +1).

ON = (Xy +xy*) + X'z +x2" +xyz) + (y’z + y2* + Xy2)
N=xy(x+y)+xz(x+z+y)+yz(y+z+x)
=xy(x+y)+z(x+y+z)(x+y)
=(x+y)| xy+z(x+y+2)]
=(x+y)(xy+xz+yz+7)
=(x+y)(y+z)(z+x).
5.7.8) P(x) = 2x* +2x° = 9x* - 9x* + 7x" + 7x + 6x + 6

= 2x % (x+1) - 9x* (x+1) + 7x(x+1) + 6(x+1)

=(x+1).(2x° - 9x* + 7x + 6)

=(x+1).(2x° — 4x* - 5x* +10x — 3x + 6)

=(x+1). (x-2). (2x*-5x-3)
=(x+1). (X-2). (2x*-6x+x-3)
=(x+1). (x-2). (x-3). (2x +1)
b).Véi x 1a s6 nguyén thi x-3 ; x-2 12 hai s6 nguyeén lién tiép nén(x - 3).(x - 2)52 = P(x)fz.
Véi xi3 = x-3i3 = P(x)i3
Véix:3 du 1 thi 2x+1i3 = P(x)i3
Véix:3du2thi x-2:3= P(x)53 = P(x)33 Vé&i moi x 1a s6 nguyén
Vi UCLN (2;3)=1 nén P(x)i6.

5.8.a) 2x° —5x*+8x—3
=2x3 —x? —4x* +2x+6Xx—3
= (2x-1)(x* —2x+3)
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b) a(b—c)* +b(c—a)’ +c(a—b)* —a®—b* —c®+4ahc
= ab® —2abc +ac® +bc? — 2abc + ba® + ca® — 2abc + cb? —a® —b* —¢® + 4abc
=ab® + ac® + bc® + a’b + a’c + b’c —a® - b* - ¢® — 2abc
= (—a3 —a’b+ azc) + (Zazb +2ab’® — Zabc) + (—ab2 -b* + bzc) + (ac2 +bc® - c?’)
=—az(a+b—c)+Zab(a+b—c)—bz(a+b—c)+cz(a+b—c)

(a+b—c)(—a2 +2ab - b* +cz)

(aer—c)[c2 —(a—b)z}

(a+b—c)(b+c—a)(c+a—b).

c) (xX*—3x-1)>-12x*+36x+39
= (x> =3x-1)* —12(x* —=3x-1) + 27
=(x*-3x-1-3)(x* -3x-1-9)
= (x* —3x—4)(x* —3x-10)
=(X+D(x—4)(x+2)(x-5).
d) a* +2a’b” + b* + ¢* —2b’c* — 2a’c® — 4a’b’

_ (az +b? )Z +c? — 22 (az + bz) — 4a’b?

az+b2+c) —4a’b’
a’+b*-¢c? +2ab)(a2+b2+cz—2ab)

(
(
[a+b }[a b’ - }
(

a+b+c)(a+b c)(a—b+c)<a—b—c).

Phuwong phdp thém bét cung mét hang ti
5.9. a)a(b+c)<b2 —cz)+b(a+c)(c2 -b*+b* —a2)+c(a +b)(a2 —cz)

=a(b+c)(b’—¢*)-b(a+c)(b*~c’)-b(a+c)(a* ~b*)+c(a+b)(a - b*)
=(b*-¢*)[a(b+c)-b(a+c)]|-(a*~b*)[b(a+c)-c(a+b)]

= (b* —¢*)(ac - bc) - (a* — b*) (ab - ac)
=¢(b+c)(b-c)(a-b)-a(a+b)(a-b)(b-c)
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=ab(a-b)-bc(a-b)-bc(c-a)+ca(c-a)
=b(a-b)(a-c)-c(c-a)(b-a)
=b(a-b)(a-c)-c(a-c)(a-b)
=(a-b)(a-c)(b-c)

c)a(b* —¢*)-b(b* - c” +a* —b*)+ c*(a* ~ b?)
=a(b’—c*)-b(b’ —c*)-b(a’ —b*) +c(a’ — b*)

a +ab+b2)—( —b)(b— )(b2+bc+cz)
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5.10.8)(a~b) +(b-c) ~(a-c)
=(a~b)'+(b-c) ~[(a-b)+(b-c)|
=(a-b) +(b-c) ~(a~b) ~3(a~b) (b-c)-3(a-b)(b-c) ~(b-c)
=-3(a-b)(b-c)(a-b+b-c)
~3(a-b)(b-c)(c-a)
) (x+y) +3(x+y) z2+3(x+y)Z +2 — %~y ~ 2
=x" +y' +3xy(x+y)+3(x+y) z+3(x+y)Z - X —y’
:3(x+y)(xy+xz+yz+z2)
_3(x+y)(x+2)(y +2)
5.11.8) X' + X" +1=x —x+X +x+1=x(x" =1)+(x* + x +1)
= (5 + 1) (x-1) (3 x+ 1)+ (32 x 1)
= (x* +x+1)[x(x3 +1)(x—1)+1}
= (% +x+1)(x - X —x+1).

b)x* +x+1=x*-x"+x"+x+1

:xz(x6—1)+(xz+x+1)
=X2(X3+1)(X—1)(X2+X+1)+(X2+X+1)

(X2 +x+1)[x2 (X3 +1)(X—1)+1:|

=(X2+X—|—1)(X6—X5+X3—X2+1).

O)x*+x +1=x>+x +x*-x*+1

IXG(XZ+X+1)—(X3+1)(X3—1)

=X6(X2+X—|—1)—(X3—l—l)(X—l)(Xz—l—X—l—l)

x° +X+1)(x6 —(X3 +1)(X—1))

:(x2+x+1)(x6—x4+x3—x+1).
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d) x°+x+1
=X =x*+(X* +x+1)
= X*(X=D(X* +x+1) +(x* +x+1)
= (X} =X+ (X* + x+1)

Phwong phdp doi bién
5.12.a) Tacdé M = (4x+1)(3x+2)(12x—1)(x+1)—4
M = (12x* + 11x + 2)(12x* + 11x — 1) - 4.

Pt 12x*> +11x — 1=y, da thic c6 dang:
Mz(y+3)y—4:yz+3y—4=y2—y+4y—4

M= (y - 1)(y + 4).
Tirdo suy ra M = (12" +11x - 2)(12x* + 11x + 3)

b) Ta co N:(x+3)2(x+2)<x+4)—12
=(x2+6X+9)(x2+6x+8)—12.

bit x* +6x + 8 =y, da thuc c6 dang
N=(y+1)y-12=y* +y-12=y" -3y +4y -12
N=(y-3)(y+4).

Tirdo suy ra: N = (x* + 6x +5)(x* + 6x +12)

N = (x* +x+5x+5)(x* + 6x +12)

N = (x+1)(x+5)(x* + 6x +12).

5.13.8) Tacd A = (48x° +12x - 4x—1)(3x° + 3x +2x +2) -4

= (4x+1)(12x-1)(3x +2)(x+1) -4

Pén day, giai giéng bai 5.12 a.

b) B = (4x" +44x +120)(X* +22x +120) - 3x°

it 4x* +33x +120 = y suy ra: B = (y +11x)(y - 11x) - 23x’

B=y’ —121x* — 23x* = y* — 144x°
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B=(y-12x)(y+12x).

Tirdé suy ra B = (4x* + 11x + 120)(4x2 + 45X + 120)

5.14. a) Dty = 6 - x, khi 46 da thirc c6 dang: M= (1+y) +(y-1) —2=2y* +12y°
= M=2y*(y* +6).

Tir d6 suy ra: M =2(6-x) (x* —12x +42).

b) Pty =x - 2, khi d6 da thirc c6 dang: N = (y 1) +(y +1) —16 = 2y* +12y* ~ 14
N=2(y* oy 7)<y +7)(y 1) =2l )y 1)+

Tirdo suy ra: N = 2(x* - 4x +11)(x - 3)(x - 1).

¢)bit y =x* -1=y* =x* —2x* + 1. Bién déi biéu thuc, ta co:
P=(x*-2x"+1)-3x’ +3x - 4x* = (x" —1)2 —-3x(x* 1) -4x’.

Tir do, biéu thirc 6 dang: P = y* - 3xy —4x* = y* + xy — 4xy — 4x" = (y + x)(y - 4x)
Tir dG suy ra: P=(X2+x—1)(x2—4x—1).

d)bat y = x* —2=y* = x* —4x® + 4. Bién ddi biéu thuc, ta c6:
Q=(x"-4x"+4)-x" +2x - 6x’ :<X2—2)2—X(X2—2)—6X2
Tir do, biéu thirc 6 dang: Q = y* — xy — 6x* = y* + 2xy — 3xy - 6x" = (y + 2x)(y - 3x)
Tir d6 suy ra: Q=(x*+2x-2)(x*-3x-2)
5.15.a) Taco: A = (X* +10x)(x* +10x + 24) + 128
Dit vy = x* +10x + 12, da thuc c6 dang: A = (y—12)(y+ 12)+128 = y* — 144 + 128
A=y -16=(y+4)(y-4).
Tirdo suy ra: A = (x* +10x +16)(x* +10x +8) = (x +2)(x + 8)(x* + 10x +8).
b) P4t x - y = a; y —z = b. Da thirc ¢ dang

a”+b° - (a+b) =a’ +b* ~a® - 5a‘b - 10a’b? - 10a’b’ — 5ab* - b’

= —Sab(a2 + 2a’b + 2ab* + bs)
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= —5ab (a3 +a’b+a’b+ab’ +ab® + b3)

= —5ab(a+b)<a2 +ab+b2)

Tir do suy ra

-5(x- y)( >< >[<x y) +(x=y)(y-2)+ (v-2) |
:5( - (X2+y + 7' — Xy — XZ— yz).
C)Pz( - 8x” +8) (3X3—6X)

=2(x* —4x* +4)-3x(x* - 2) + X’
=2(x2—2)2—3x(x2—2)+x2

Pt x* — 2 = a, da thuc ¢ dang:

P =2a’ - 3ax + x* = 2a® — 2ax —ax + x°
P =(a-x)(2a-x)

Trdosuyra P=(x"-2-x)(2x’ -4 -x)

=(X2+X—2X—2)(2X2—X—4>

= (X+1)(x—2)<2x2 —X—4).
d)(x+a)(x+4a)(x+2a)(x+3a)+a4
= (XZ +5ax+4az)(x2 +5ax+6az)+a4

Pit x* + 5ax + 5a° = y da thic c6 dang (y—az)(y+az)+a4 =y’ -a*+a* =y’

Tur d6 suy ra: (x2 + 5ax + 5a’ )2.
5.16.a) bat a+b-c=x;b+c—-a=y;c+a-b=z
Pa thirc ¢6 dang: M =(Xx+y+2)*-x°—y*-7°

M =(X+VY)+3(x+y)’z+3(x+y)z2? + 28 -x*-y* - 7°
=3+ Y 4+ 3xy(x+ y) +3(x+y)’ z+3(x+y)z" — x> —y?
=3(X+y).(Xy + X2+ yz +2°)

=3(X+Yy).(x+2).(y+2)

= M =3.2c.2a.2b = 24abc

b) it & +b*=x;c’—a* =y =>b*+c* =x+y
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Pa thuc ¢6 dang:
N=x}+y°—(x+y)®
N=x3+y?—x*—y*=3xy(x+Y)

N =-3xy(X+Y)
= N =-3(a° +b?)(c* —a®)(b* +c?)
hay N =3(a®+b?).(a* —c?).(b* +c?)

c) bat x=a;-2y =b;3z=c. Pa thac c6 dang:
P=(a+b+c)’-a’-b*-¢’
=3(a+b)(b+c)(c+a)
= P=3(x-2y)(3z-2y)(x+3z)

5.17.

2_2

a) A=2x"* +4x’y* + 2y* —Xy(x2 +y2) -xy
:Z(X2 + yz)z —Xy(x2 + yz) - x%y®
pat X +Yy’ =a;xy=b da thic c6 dang:
A=2a’-ab-b’=2a’-2ab+ab-b°
=(a - b)(Za + b)
= B= (Xz +y? - Xy)(ZXz +2y% + Xy)
b)B = (x —18).(x +35).(x = 7).(x +90) — 67X’
= (x* =17x—630).(x* —83x —630) —67x°.
Pit x* —~50x—630=y . Pa thic c6 dang:
B = (y+33x).(y —33x) - 67x°
B = y*-1089x* - 67X’
B =y? —1156x" = (y —34x).(y +34x)
= B = (x* =50x — 630 —34x).(x* —50x — 630 + 34x)
B = (x? —84x — 630).(x? —16x — 630).
0)C = (4% —2).(5x+7).(L0X+ 4).(2x +1) +17
= (20x* +18x —14).(20x* +18x +4) +17

Pat 20x* +18x—-5=y . Pa thuc c6 dang:
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C=(y-9).(y+9)+17
=y*-81+17=y*-64=(y-8).(y+8)

= B =(20x* +18x—5-8).(20x* +18x—5+8)

= B = (20x? +18x —13).(20x? +18x +3).

Phwong phdp dong nhat hé sé
5.18.
a)Q=x"-8x"—x+12.

a) Cacsd +1; 43,44 ; 46, +12 khdng phai 1a nghiém cta da thirc R nén R khong c6 nghiém nguyén, R ciing
khong c6 nghiém hitu ty. Nhu vay néu R phan tich duoc thanh nhan tir thi phai ¢6 dang : (x> + ax + b)( x°
+cx+d),véia,b,c,deZ.

Khai trién dang nay ra, ta dugc da thirc : x* + (a+c)x® + (ac+b+d)x> + (ad+bc)x + bd. Pong nhat da thic nay Voi
f(x) ta dugc hé diéu kién:

a+c=0 a=-1

ac+b+d=-8 =-4
&

ad + bc =1 Cc =

bd =12 =-3

TacoQ =<X2 —X—4)<X2 +x—3).

b) Cacsd +1;+3,+4; +6 , +12 khdng phai 1a nghiém cua da thec R nén R khong c6 nghiém nguyén, R ciing
khong c6 nghiém hitu ty. Nhu vay néu R phan tich duoc thanh nhan tir thi phai ¢6 dang : (x> + ax + b)( x°
+cx+d),védia,b,c,deZ.

Khai trién dang nay ra, ta dugc da thic : x* + (a+c)x® + (ac+b+d)x> + (ad+bc)x + bd. Pong nhit da thirc nay véi
f(x) ta dugc hé diéu kién:

a+c=1 a=-2
ac+b+d=1 b=3
ad + bc =1 c=3
bd =12 d=4

Vay R = (x* - 2x + 3)( x* + 3x + 4).

c) Cécsd +1;+3,47; 49, +21; + 63 khong phai 12 nghiém cua da thac S nén S khdng ¢ nghiém nguyén, S
cling khong c6 nghiém hitu ty. Nhu vay néu S phan tich duoc thanh nhan ta thi phai c6 dang : (x> + ax +
b)(x*+cx+d),Vvdia,b,c,d e Z.

Khai trién dang nay ra, ta dugc da thirc : x* + (a+c)x® + (ac+b+d)x? + (ad+bc)x + bd. Pong nhit da thic nay Voi
f(x) ta dugc hé diéu kién:
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a+c=0 a=-4
ac+b+d=0 b=7
ad + bc = -8 c=4
bd =63 d=9

Vay S=(x*-4x + 7)( x> + 4x +9).
d) Taco: F= Xz+2xy—8y2+2X+14y—3=(X+4y)(x—2y)+2X+14y—3
Gia su: F:(X+4y)(x—2y)+2X+14y—3:(X+4y+a)(x—2y+b) vai moi X, y
<:>a(X—Zy)+b(X+4y)+ab=2X+14y—3 ding vai moi X, y
{a+b2
a=-1
<7i4b-2a=14 < :
bos
ab=-3
F:(X+4y—1)(x—2y+3).
Phuwong phdp xét gid tri riéng ciia bién
5.19.

a) St dung phuong phap xét gia tri riéng, ta nhan duoc da thirc cO nhanter lax +y, y + z, z + x. Do vay
khi phan tich ta dinh hudng c6 nhén tu trén.

5 5
—Z

A:(X+y+z)5—X5—y
=(X+y)5+5(X+y)4Z+10(X+y)BZZ+10(X+y)2Z3+5(X+y)Z4+ZS—X5—y5—ZS
=(X+y)5+5(X+y)4z+10(x+y)322+10(X+y)zz3+5(x+y)z4
—(X+y)(X4—X3y+X2y2—Xy3+y4)
:(X+y)[ (X+y)4+5(X+y)32+10(X+y)ZZZ+10(X+y)23+5z4
—X4+X3Y—X2Y2+Xy3—y4 J
:(X+y)[ X"+4X3y+6)(zyz+4xy3+y4+5(X+y)sz+10(x+y)zz2
+10(X+y)23+5z4—X4+X3y—Xzy2+Xy'3—y4 ]
=(X+y)[ 5X3y+5X2y2+5Xy3+5(X+y)3Z+10(X+y)ZZZ+10(X+y)23+5Z4 ]
= 5(X +y)[ X’y +x’y* + xy’ + x°z + 3x’yz + 3xy°z + y’z
+2x°2° + Axyz’ + 2y°z" + 2x7° + 2yz° + z* ]
= 5(X - y)[ (X3y - XSZ) + (X2y2 + Xzyz) + (szyz + ZXZZZ) + (Xy3 + X_VZZ)
+ (nyzz + ZXYZZ) + (2Xy'z2 + 2XZ3> + (ysz + yzzz) + (yzz2 + yza) + (y23 + 24) ]
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5(X+y)( +z)[ x* + x*y +2x*z + xy* + 2xyz + 2x2° + y’z + yz° + Z° ]

5(

= 5(X+y)(y+z)(x+z)(x2 +y*+ 2z +Xy+yz+ZX).

o

Yy
+y)(y +Z)|: (X3 + XZZ) -l—(XZZ +2x2° +Z3) + (Xzy +2xy7 +yzz)+ (Xy2 +yzz) ]

b) Nhdn xét. Véi x =y thi B =0, cho nén x - y 12 mot nhan tir ctia B. Do vai trd binh dang cia X, y, znény - z
va z - x cling 1a nhan tir cia B, ma B ¢6 bac 4 d6i véi tap hop cac bién nén

B=kx-y)y-2)(z-x)X+y+72).
Chonx=0,y=1,z =2 dugck=1.VayB=(x-y)(y-2)(z-xX)(x +y +2) .
c) Nhdn xét. Véi a=-b thi C =0, cho nén a+ b 13 mot nhan t&t ciia C. Do vai trd binh dang ctia a, b, c nén b +
c va ¢ + a cling l1a nhan tr cia C, ma C c6 bac 3 d6i véi tap hop cac bién nén
C=k(a+b)(b+c)c+a)
Chona=b=c=1dugck=1. Vay C=(a+Db)(b +c)(c + a).

Chuyén dé 6. SO CHINH PHUONG
6.1. Ta co:

A =22499...900...0 +10™" + 9
—— ——

n-2 n+2

A =22499..9x10""* +10""" +9
H_/

n-2

A = (225 00...0 — 1] x10™?* +10"" +9
—

n-2

A= (225x10“‘2 — 1)x10“+2 +10™' +9
A =225.10" =10 +10™" + 9

A =225.10"-90.10"+9

A= (15.10n - 3)2 la sé chinh phuong.

2n
6.2. Taco A=44..4=411..1= 4.10 -1

2n 2n

10" -1

B=88..8=811.1=8.

n n

Xét
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2n n__
40" -1) 28(10"-1) ,

A+2B+4=

9 9
410" -4+16.10" —16+36
- 9
4007 +410"+4) [200"+2) ]
e
— (66...68)?

n-1
Ta c6 diéu phai chitng minh.
n _ 4.(10" -1
6.3. Ta co: azlo9 L ; bz%

2 f—
Pt 10" = x=>a == 9‘1; b H(x=1)

9
x2—1+4x—-4+49 (x+2Y
a+b+1= 5 = 3

Ma x+2=10......02:3= a+b+11a s6 chinh phuong.
6.4. Dt n* —14n —256 = k*véik € N

:>(n—7)2 —305 = k? :>(n—7)z ~k*=305= (n-k-7)(n+k-7)=305
= n-k-7n+k-7€U(305)= {+1;+5+61; +305}

Man-k-7<n+k-7 néntaco:

n-k-7 -305 | -61 |5 1
n+k-7 -1 -5 61 | 305
Suyra:

n 40 | 160
k 28 | 152

Vay véin e {40;160} thi n?— 14n -256 14 56 chinh phuong,
6.5. Gia sir ton tai s6 tw nhién n thoa man dé bai. Pat n?+2018 =m? (me N )
= (m-n)(m+n)=2018 (*)
Khi d6: + Néu m va n khac tinh chén 1¢ thi (m-n)(m+n) ¢, mau thuan véi (*).
+ Néu m va n cung tinh chan I¢ thi (m-n)(m+n) chia hét cho 4, mau thuan vai (*).
Vay khong ton tai s6 tu nhién n théa man n? + 2018 1a s chinh phuong.
6.6. Dit a 1a s6 nguyén duong bat Ki.

« Xétachdn. bat a=2n (neZ")
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Taco: a®=8n’=n’[(2n+1)* - (2n-1)*]
=(2n° +n)® = (2n* —n)? )
« Xétale. Dat a=2n+1 (neN)
Taco @ =(2n+1)° =(2n+1D)’[(n+1)* —n°]
=(2n* +3n+1)>—(2n* +n)° 2)
Tir (1) va (2) suy ra diéu phai chang minh.
6.7.Vi a<b<c<d néntacodthédit a=b—k va d=c+h
Khid6 a+d=b+c<=b-k+c+h=b+c<=h=k
Vay a=b—-k va d=c+k
Do d6
@ +b* +c* +d? :(b—k)2+b2+cz+<c+k)2
= 2b* + 2¢* + 2k* — 2bk + 2ck
= b* +2bc + ¢ + b* + ¢* + k* — 2bc — 2bk + 2ck + k*
=(b+c) +(b-c-k) + k.
D6 13 tong cua ba sé chinh phuong.
6.8. Taco f(X)=(X+2)(X+5)(X+3)(X+4)+1
= (x* +7x +10)(x* + 7x +12) + 1
:(x2+7x+10)2+2(x2+7x+10) +1
z(x2+7x+10+1)2 :(x2+7x+11)2.

Véi x 1a s6 nguyén thi x* +7x + 1114 s6 nguyén .
Vay f(x) ludn co gié tri 1a s6 chinh phuong.

(vi h,k eN)

6.9.a) Gia sir A la s chinh phuong, Pat A=k? vai k 12 s6 nguyeén.

Taco: A=n*(n—-1)(n+1)+2n*(n+1)
=(n+)n*(n° =n*+2) = (n+)n*[ n®+n° —2n° + 2]
=(n+1)n’ [(n +1)(n2 —2n+2)}

= (n+1)°n’[(n-1)*+1]

Suy ra (n+2)°n’[(n—1)*+1] =k?2 nén (n—1)° +1 12 s6 chinh phuong.

Ma (n—1)° <(n-1)*+1<n* = (n-1)°+1 khong phai s6 chinh phuong.
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Vay A khong phai sb chinh phuong.

b) Gia st a=m’+n’*;b= p®+q°(m,n, p,qeZ) , khi do:
ab = (m2 - nz)(p2 - qz) = m’p’ + m’q* + n’p* + n’q’
= m’p® - 2mnpq + n’q* + m*’q’ + 2mnpq + n*q°*
ab = (mp +nq)’ +(mg—np)?, ta cé diéu phai chitng minh.

6.10. Pat n+5=a%;n+30=b* (véi a;beN)= a<b.
= b*-a*=25< (b-a)(b+a)=25=1.25vi b—a<b+a.
b-a=1 {a=12

n=139.
bra=25 ~ |b=13 =

Tur @6 ta co6 hé: {
6.11. Taco abla sé chan, xay ra hai trudong hop.
-Truong hop 1. Néu hai sé cling chin thi a® +b?:4.
Pit a? +b? = 4k (k € N). Khi d6, chon ¢ =k —1.
Tacod a’+b*+c* =4k +(k—1)* = (k +1)°.
-Truong hop 2. Néu mot s6 chin, mot s6 1é thi ta dat a® +b? = 2k +1(k € N). Khi d6, chon ¢ =k?.
Taco a’+b”*+c” = (k+1)°.
Vay ludn chon duoc s6 c¢sao cho a® +b? +c?1a s6 chinh phuong.
6.12.a) Pat X’ +21=k’(keZ)= (k-x)(k+x)=21=k-x k+xe U1

Ma y(21) ={+1;£3;£7;+21}.
Ban doc tu giai duoc x =2 va x = 10.

b) Pat m=(2k +1)%n=(2k +3)?(k € Z).

= (m-1)(n—1) =[(2k +1)° —1}[(2k +3) —1] =16k (k +1)2(k +2).
Ta c6 16 chia hét cho 16.

- Néuk I& thi (k + 1)* chia hét cho 4.

- Néu k chan thi k(k + 2) chia hét cho 4.

k, k + 1, k + 2 labasé lién tiép nén k(k + 1)(k + 2) chia hét cho 3.
16k (k +1)%(k +2)192 . Ta c6 diéu phai chung minh..

6.13. * Vi xe{0;L, -1} = khong thoa man.

* Véi x ¢{0;1;,—1}. Trudc hét ta chitng minh néu x® + x+6 1a mot sb chinh phuong thi xe Z .

s m ..
Gidsut x=— V&I m;neZ;n>0;(m;n)=1.
n

2 2
. m’ m_ m’+mn .
Tacod: X’ +X=—+—=——"—eZ < m +mnin’
n> n n

—m’+mnin=m?:n. Do (Mn)=1l=>m:in=>n=1=xeZ.
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Dit x2+x+6=k*(k€Z) = 4x* +4x+24=4k> & (2x +1)* +23=4K* _ 4k —(zx+1)z =23

2k +2x+1

< (2k+2x+1)(2k —-2x-1) =23 = {ZK _oy1S U23)={+1;,+23},

Ban doc tu giai dugc x =-6vax =5.
6.14. bt n* +n’ +n*+n+1=k* (1) voi k nguyén duong , ta co
(1) < 4n* +4n® + 4n® + 4n + 1 = 4K’
& (an + n)z +2n* + (n + 2)2 = (Zk)2 (2).
Cach1.Tu (2) = (21()2 > (2112 + n)2 = (Zk)z > (2112 +n+ 1)2
Do Kk, n nguyén duong
= 4n* +4n® +4n’ +4n + 4 > (2n’ +n+1)2
& (n+1)(n-3)<0on<3=ne{123}.
Thay vao (1) tht lai, ta duoc két qua duy nhét n =3 thoa mén diéu kién dé bai.
Cach 2. Xéthigu A = (20 +n+2) —(2k) =5n° >0
= (2112 +n+ 2)2 > (21()2 (3)
Tir (2) va (3) suy ra: (2112 +n+ 2)2 > (zk)Z > (an + n)2
= (Zk)2 = (an +n+ 1)2 do k, n nguyén duong
< (n+1)(n-3)=0<n-3=0<n=3.

Khidé n* +n’ +n’ +n+1=121=11%
6.15. T 2a*+a=3b>+b tacé a>bva
& 2@-b)+a-b=b’

<>(a - b)(2a+ 2b +1) =b’ (*)

bat (a-b; 2a+2b+1)=d

—(a-b):d;(2a+2b+1):dvab:d
= {2a+2b+1 -2(a-b)} :d = @b +1) :dmab: d

= l:dhayd=1.

Vay a-b va 2a +2b +1 nguyén t6 cung nhau, két hop véi (*) ta co:

230



a-bva4a+ 4b + 1 déu la s6 chinh phuong.

Chuyén dé 7. CHIA PA THU'C CHO PA THU'C

7.1. Theo dinh ly Bézout ta co: f(—l) = —6;f(2) =21
=2(-1) +a(-1)-b=-6=a+b=4(1)

=2.2+a2-b=21=2a-b=5 (2
Tr(l)va(2)suyra3a=9=a=3b=1
7.2. Theo dinh ly Bézout ta 6 : P(O) =10 P(l) =12 P(z) =4 P(S) =1 :
Dung phuong phap ndi suy Newton.

Tadat: P(x)=d+cx+bx(x—1)+ax(x —1)(x —2)

Cho x =0 ta dugc P(0) =d, suy rad = 10.

P(x)=10+cx + bx(x - 1) +ax(x - 1)(x — 2)
Chox=1tadugcP(1)=10+c,suyrac=2

P(x)=10+2x + bx(x —1) + ax(x —1)(x — 2)
Chox=2tadugcP(2)=10+4 + 2b,suyrab=-5.

Do d6 P(x) =10 + 2x-5x(x —1) + ax(x — 1)(x — 2)

Chox=3taduqcP(3):10+6—30+6a,suyra-14+6a:1:a:g.

Vay P(x) = 10 + 2x-5x(x — 1) + gx(x “1)(x-2)
Rt gon ta duoc :
5 25

P(x)==x*-—x*+12x+ 10
2 2

7.3. Xét ax + by + cz = (x2 —yz)x+(y2 —zx)y+(z2 —xy)z
=x’ —xyz+y® —xyz+2z’ - xyz
=x° +3x’y + 3xy’ +y° +z2° - 3x’y — 3xy° — 3xyz

=<X+y)3 +7° —3xy(x+y+z)

=(x+y+z)[(x+y)2 —(X+y)Z+ZZ:|—3XYZ

=(X+y+z)(x2+y2+zz—xy—xz—yz)
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:(X+y+z)(a+b+c).
Suy ra ax + by + cz chiahétchoa+b +c.

7.4. Cach 1. Tach f(x) = (x+ 1)(x +7)(x + 3)(x+ 5) +2020
- (x2 + 8x+7)(x2 48X + 15) +2020
Pat x* +8x+12=y = f(y) =(y -5)(y +3)+2020.

f(y)=y* -2y +2005= f(y):y du2005.
- f(x) chia cho x? + 8x + 12 dur 2005.

Cach2. g(X)=x*+8x+12.

Taco: g(x)=x"+8x+12=(x+2)(x+6)

Goi da thic throng I3 q(x) da thirc du 1a ax+b, thi: T (¥)=9(X).a(x)+ax+b

*Xétx:-21 ta co f(_2)=0—23.+b:>—28.+b=2005 (1)
a=0

Tu (1) va (2) suy ra |p = 2005.

Vay da thue du la  2005.

7.5.Tacod B=3(x-y)(y-z)(z—x)
Xétx=y:>A=0:>AE(x—y)
XétY:Z:>A=O:>A§(y—z)

.Xét X=z=>A=0= Af(z—x) :Af(x—y)(y—z)(z—x) ma A:3 = AEB(X—y)(y—z)(z—x)hayA

7.6. Dat phép chia ta co:
x -3 + ax +b X2 -3x+4
xP 3 AP X‘—4
-Ax5 +ax +b
-4x% +12x -16
(@a-12)x +(b+16)
Pé A(X) : B(X) @{a_lz =0 {a:lz .
b+16=0 b=-16
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7.7.Tacd x2+3x+2:(x+1)(x+2)

bat thuong 1a q(x), ta co:
x'—ax’*+b= (X + 1)()( -+ Z)q(x)

-Chonx=-1taco (1) —a.(-1)+b=(-1+1)(-1+2)g-D=a+b=-1 (1)

- Chonx =2 Taco: (—2)4 —a(—z)z +b= (—2 + 1)(—2 +2)q(—2) = b-4a=-16(2)
Tr(l)va(2suyra:3a=15=>a=5=b=4
7.8.

Céch 1. P(X)chiachoxthidu1:>C=1:>P(X)=axz+bX+1.

Theo dinh Iy Bézout: P(-1) = 3;P(1) =5

:>a(—1)2+b(—1)+1=3:>a—b=2 (D).

al’+bl+1=5=a+b=4 (2
Ter()va(tacoa=3;b=1.

Kétluanvaya=3;b=1;c=1.

Céch 2. Viét da thirc P(x) duéi dang: P(x) = a(x + 1)x + mx + n.

Chonx=0,tadugc PO)=n=n=1.

Do d6 P(x) =a(x + 1)x + mx + 1.
Chonx=-1,tadugcP(-1)=-m+1=-m+1=3=>m=-2,
Do do P(x)=a(x+ 1)x - 2x + 1.
Chonx=1,tadugcP(1)=2a-1=2a-1=5=a=3.

Kétluanvaya=3;b=1;c=1.

7.9.Taco:
x> -3x* -3 +6x® -20x  +2025 ‘x2-4x-+1
X Axh X ‘x3+x2+5
x* -4x° +6X°
x* 4% X

5x>  -20x  +2025
5x> -20x +5
2020
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Tudotacd B =(x2 —4><+1)(x3 +x° +5)+2020.

Vi gia thiét x*—4x + 1 = 0 suy ra B =2020.

7.10. Véi P(0) = 26 = ¢ =26 suy ra P= ax” + bx + 26.

TacéP(l)=3=a+b+26=3=a+b=-23(1).

Taco P(2) =2020 = 4a + 2b + 26 = 2020 = 4a + 2b = 1994 = 2a + b = 997(2).

Tur (1) va (2) suy ra: a = 1020; b =-1043.

Vay a =1020; b =-1043; ¢ = 26.

7.11.

a) Theo dinh ly Bézout, f(x) : g(x) c6 phan du 1a f(1)

=r=1£(1)=1"+1"+1" +..+1+1=101.

b) Pit f(x) chia cho g(x) duoc thuong 14 q(x) va phan du la ax + b. Ta cé:

f(x) = g(x).q(x)+ax+b = (x—l)(x+1)q(x)+ax+b.

e Chonx=1tadugc f(1)=(1-1)(1+1)q(1)+al+b=101=a+b (1).

e Chon x =-1 ta dugc f(—l) = (—1 - 1)(—1 + 1)q(—1) + a(—l) +b=1=-a+b (2).

Tur (1) va (2) ta duge b = 51 va a = 50. Vay phan du khi chia f(x) cho g(x) 12 50x + 51.

¢) Theo dinh ly Bézout f(x) chia cho g(x) ¢ phan du 1a f(-1) suy ra :

r=£(-1)=100(-1)" - 99(-1)" +98(-1)" ...+ 2(-1) —(~1)+1
=100+99+98+...+2+1+1=5051

d)TaCé f(X):XZ+X+1+X9_1+X1945_X_3

ma x? + X + 1 chia hét cho x> + x + 1.

x° — 1 chiahdtcho x> =1 vax® -1chiahétchox? +x + 1

— x° -1 chia hét cho x? + x+ 1.

X' —x = x(x1944 — 1) = Xl:(XS )648 — 1}){3 -1

= x'™ — xix? + x + 1. Do d6 f(x) chia cho x* + x+ 1 ¢6 phan du 1a-3.
7.12.

a) Thuc hién phép chia ta co:

XX +2x¢ +ax +b XX+ x+1

XX +xt +X x+1

X (a-1)x +b
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X + X +1

@2)x  +(b-1)

Pé f(x) chia hét cho g thi 10 2~ 0 e ]2 =2
€ 5
© J b-1=0 |b=1

b) Tacé P(x) = x* —x +x7 —x+x" —x+x° —x + 5x + 2020,
Tacox'™ —x = x(x“’0 —1)§x4 —1ma x* -1:x*+1nén x"* —x:x* +1.
x7 —x = x(x36 —1)3)(4 —1ma x* -1:x*+1nén x¥7 —x:x* +1.

x° —x :x(x4 —1)Ex4 —1ma x* -1:x*+1nén x° —x'x*+1.

Suyra x" —x+x¥ —x+ x> —x:x* +1.

Suy ra P(x) chia cho x?+ 1 du 5x + 2020.

7.13. Djt da thirc thuong la q(x) va phan du la ax + b . suy ra f(x) = q(x).g(x) +ax+b
= f(x)=(x+1)(x-3)q(x)+ax+b

Theo dinh Ii Bézout ta c6 f(—1) = —45;f (3) =165

Taco £(-1)=(-1+1)(-1-3)q(-1)+a(-1)+b=-a+b

= -a+b= —45(1)_

Taco £(3)=(3+1).(3-3).q(3)+a3+b=3a+b=3a+b=-165 (2)

Tu (1) va(2)suyrada=-120=>a=-30

Thay vao (2) ta co: 3(30) + b=-165=b=-75
Vay phan du f(x): g(x) 1a : -30x — 75.

7.14. Bat phép chia ta c6:

x> -3 -3x -1 |[x*+x+1
XX +xt +X X -4
S4x° -4x -1
-4x% -4x -4
3

Mudn cho gia tri caa C chia hét cho gia tri ciia D thi ta phai c6 x> +x+1e€U (3)= {J_rl; J_rS}

X>+x+1 |1 -1 3 -3

X 0;-1 |¢ 1;-2 )
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Vay Véi X € {0; ~1;1; —z} thi gia trj cua biéu thirc C chia hét cho gia tri biéu thic D.

7.15. bat phép chia ta co:

6x* -7x*  +ax? +3X +2 X?-x+b

6x* -6x>  +6bx? X* — X + (a-6b-1)
x> (a-6b)x*  +3x +2
X + X2 - bx

(a-6b-1)x° +(3+b)x  +2
(a-6b-1)x* -(a-6b-1)x  +b(a-6b-1)
(a-5b+2)x  +(2 —ab+ 6b” +h)

a-5b+2=0 - a =5b-2(1)
2—ab+6b>+b=0 2—(5b—2)b+6b2+b:0(2)

Pé f(x) chiahét cho g(x) thi {

Giai (2) taco: 2—5b* +2b+6b*+b =0

&b +3b+2=0=b +b+2b+2=0< (b+1)(b+2)=0.
- Truonghop1.V6ib+1=0=>b=-1=a=5(-1)-2=-7.
- Truonghop 2. Véib+2=0=b=-2=a=5(-2)-2=-12.
Vay voi (a;b) e {(—7; -1),(-12; —2)} thi f(x) chia hét cho g(x).

7.16. Taco: F(X)=2x"—x*—x* —x+2
f(x)=2x" +2x* =X —x—=3x* +2
f(X) = 2x*(X* +1) = x(x* +1) = 3(x* +1) +5
f(x)=(x* +1D)(2x* —x—3) +5
f(X)ig(X) &5 X +1ox* +1e {145l & x> {04} © x € {0; -2 2} :
7.17. f(x) chia cho X’ =5x + 6 dugc thwong 1a1—x* va con du = f(X) c6 bac 4.
bat: f(x) = ax* +bx® +cx* +dx+e .
Theo dinh ly Bézout: f(x)chiachoXx—2thidu2= f(2)=2=16a+8b+4c+2d+e=2
f(x)chiacho x—=3thidu 7 f(3)=7 ,8la+27b+9c+3d+e=7
Gia st f(x)chiacho x* —5x+6thi duoc thuong 1a 1—x*va con du q(x) = q(X) =mx+n
— f(X) = (1—x*)(X* =5x+6) +q(X)

a=-1
f(x) =—x*+5x>—5x* =5x+6+q(X) =><b=5 :>{

2d +e=-2 {dzO
c=-5

3die=—2  |e=-2
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= f(X)=—x*+5x*-5x" -2
Ngoai ra ching ta c6 thé giai bang phuong phap noi suy Newton.

7.18. Theo dinh IV Bé t f : 2 §2)=0 f 'X—1— f(1) = 0 8+4a+2b-a-1=0 a:__7
.18. Theo dinh ly Bézout: f(x)ix—-2 =f(2)=0, f(X):x-1=f(1)=0.= b e 2

7.19. Ta c6 so dd Horner

f 2 0 -3 4 -5

a=-2 2 -4 5 -6 7

Vay thuong 13 g(X) =2x> —4x* +5x—6vasé dula 7.
Nhdn xét. Ngoai ra ching ta con c6 thé giai bang cach chia thong thudng ( dit phép chia ).
7.20. bat phép chia, ta co:

4 3

x*  +ax + bx? +CX +1 x3-3x%+3x -1

x* 33 +3x2 -X X + (a+3)

(@a+3)x° +(b-3)x* +(c+l)x  +1
(a+3)x* -3(at3)x* +3@+3)x  -(a+3)
(b+3a+6)x* +(c-3a-8)x + (a+4)
Dé phép chia hét thi:

b+3a+6=0 a=-4
c-32-8=0<<b=6 .
a+4=0 c=-4

Nhdn xét. Ngoai ra, quan sat hé sé cao nhit va hé sé tu do cua dathirc bi chia va da thirc chia. Dé phép chia hét
thi da thac thuong phai la x — 1. Do vay ta co:

x* +ax® +bx2 +ox+1= (x*- 3% + 3x — 1)(x - 1)

=x* —4x® +6x° —4x +1.
Pong nhat hai vé ta dwoc: a=-4,b=6,c=-4.
7.21. Ta c6 A la binh phuong ctia mét da thic thi:

A= (Xz +cx+d)2 =x* +2cx’ +(C2 +2d)Xz + 2cdx + d?

MaA=x*-2x>+3x*+ax+Db

2c = -2 a=-2
c*+2d =3 b=1
Suy ra o =a=-2;b=1.
2cd = a c=-1
d*=b d=1
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Vay A=x*-2x" +3x* —2x +1.

Chuyén dé 8. PHEP CHIA HET TREN TAP HOP SO NGUYEN

8.1. Xét chir sb tan cling n ta co:

n 0 1 2 3 4 5 6 7 8

n“+n+l | 1 3 7 3 1 1 3 7 3

= n?+ n+ 1khong chia hét cho 5=> n® + n + 1 khéng chia hét cho 2025.
8.2.a) Taco n®* —n = n(n—l)(n+1).
n—1; n 1a hai s6 nguyén lién tiép nén n® —n:2
n—1; n;n+lla basd nguyén lién tiép nén n® —n:3
=n’-n:6=n’-n+2 khong chia hét cho 6.
b) Tacé n’ —n:n(n—l)(n+1)
Véinlasolé, diatn =2k + 1, biéu thic c6 dang:
(2k +1)2k(2k +2) = 4k (2k +1)(k +1)

Taco k vak + 1 1 hai s6 nguyen lién tiép = k(k +1)i2= 4(2k + 1)k(k +1):8
-V6ik:3thi 4(2k +1)k(k+1)i3
-V6ik:3dulthi2k+1:3=4(2k+1)k(k+1):3

-V6ik:3du2 thik+1:3=4(2k+1)k(k+1)i3

Vay 4(2k +1)k(k +1)i3 voi k 1a s ty nhién.

Ma UCLN (3; 8) = 1 nén n® —ni24

8.3. Tacé (2a +3b)(2b +3a) = 6(a’ + b*) + 13ab.

Ma a® +b*i13 va 13ab:13 nén 6(a2 + bz) +13abi13 = (2a + 3b)(2b + 33)513Va§y ton tai it nht mot

trong hai s6 2a + 3b ; 2b + 3a chia hét cho 13.

8.4. Xét (a3 +b® +C3)—(a+b+C)=(aS —a)+(b3 —b)+(c3 —C)
Ma a’ -a:3; b®-b:3; ¢’ —C§3:>(a3 +b° +c3)—(a+b+c)§3
Suyra (a3 +b? +c3)33 khi va chi khi (a +b + c):3.

8.5.a) Vi 15=3.5ma (3, 5) = 1 nén ta chiing minh M chia hét cho 3 va 5.
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Ap dung hing dang thiic ta c6 :

199377 - 1 = 1993'°7 - 17 chia hét cho 1993 -1, ma 1993 -1 chia hét cho 3 nén(1993" - 1) chia hét cho 3.
1997 + 1 = 1997 + 1'% chia hét cho 1997 +1 , ma 1997 +1 chia hét cho 3

nén (1997 + 1) chia hét cho 3.

Do d6 1993"7 + 1997 = (1993"7 - 1) + (1997"** + 1) chia hét cho 3.

19937 - 1993 = 1993[(1993%°* - 1] chia hét cho 19932 + 1, ma 1993* + 1 chia hét cho 5 nén 19937 - 1993
chia hét cho 5

1997 - 1997 = 1997[(1997%°°* - 1] chia hét cho 1997 + 1, ma 1997* + 1 chia hét cho 5 nén 1997 - 1997
chia hét cho 5

.Do d6 19937 - 1993 + 1997" - 1997 chia hét cho 5

= 19937 4+ 1997 _ 3990 chia hét cho 5 = 19937 + 1997"** chia hét cho 5
Suy ra M chia hét cho 15.

b) Ta c6 1993"7 + 1997 chia hét cho 5 nén M c6 tan cung 12 0 hoac 5.

Mait khéc 1993 + 1997'** 1a chdn nén M ¢6 tan cung 1a 0.

8.6. Ap dung cong thirc a" —b":a—b véia, b, nl1asé tunhina#b
2903" —803":2903 — 803 = 2903" — 803" :2100
464" —261":464 — 261 = 464" — 261" :203.

Ma 2100:7;203:7 = 2903" — 803" — (464rl - 261“)57 hay A:7

2903" —464":2903 — 464 = 2903" — 464" :2439
803" —261":803 — 261 = 803" —261":542.
Ma 2439:271; 542271 = 2903" — 464" — (803" — 261" )i271 = Ai271
Ma UCLN (7;271)=1= A:7.271 hay A : 1897.
8.7. Cach 1.Chia day cac s6 nguyén duong tir 1 dén 2006 thanh 201 doan : [1 ; 10], [11 ; 20], [21 ; 30], ...,
[1991 ; 2000], [2001 ; 2006]. Vi X c6 700 s6 nguyén duong khiac nhau nén theo nguyén 1i Di-rich 1¢, ton tai it

nhat 4 sd trong 700 s6 trén thudc cing mot doan. Mit khac, vé6i 4 s6 bat ki, luon ton tai it nhat 2 s6 khi chia cho

3 ¢6 cung s6 du, hiéu cta hai s6 d6 chia hét cho 3, suy ra hiéu hai s6 nay thuoc tap hop E= {3 ; 6; 9}.
Cach 2.
Chia X thanh 3 tap hop nhu sau :

A={x/x=3k+1,k € N};
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B={x/x=3k+2,k eN};
C={x/x=3k+3,keN};

C6 700 s6 dugc chia thanh 3 tap hop, theo nguyén Ii Di-rich 1&, ton tai mot tap hop c6 it nhat 234 phan tir. Trong
tap hop nay luon ton tai hai s6 cach nhau 3 hoac 6 don vi. That vay néu céc so trong tap hop chi cac nhau it nhat
9 don vi thi s6 16n nhat trong tap hgp khong nho hon 9.233 = 2097 > 2006, mau thuén véi gia thiét. Suy ra trong
X luon ton tai hai s6 cdch nhau 3 hoac 6. Vay trong tap hop X luon tim dugc hai phan tr x, y sao cho x - y thudc
taphop E = {3; 6; 9}.

8.8.Patm =2k (k € 2)
Tacoé m® +20m = 8k® + 40k = 8k(k® +5)

Xétk chin = 8ki16 = 8k (k* +5)i16

Xétkle = k* +5i2 = 8(k* +5)i16 = 81<(1<2 +5)i16

Xétk: 3= 8k(k’ +5):3

Xét k khong chiahétcho 3k =3m+1= k* =9m* +6m+1

= k*+5=9m’ +6m + 6:3 = 8k (k> +5) 3

Ma UCLN (3; 16) = 1 nén 8k(k2 + 5);48 hay (mz + zOm) chia hét cho 48.

8.9. Taco 4a” + 3ab—11b* =4a® + 3ab—-b* —10b° = (4a —b)(a + b)—lOb2
4a’ +3ab-11bi5 < (4a —b)(a + b):5 (vi 1007 :5).

- Truonghop 1. 4a —bi5 <> 5a—(a+b)i5 <> a+bis

Ma a* —b* = (a* + b*)(a+b)(a—-b) nén a* ~b*i5,

- Truonghop2:a+bi5maa’ —b* =(a’+b’)(a+b)(a—b) néna* -b*:5.

Vay 4a’ + 3ab — 11b* chia hét cho 5 thi a* — b* chia hét cho 5.
8.10. Pt hai sd nguyén d6 laavabthia+b:3

Xét a' +b' = (a+b)(a* ~ab+ b*) = (a+b)| (a-+b) ~3ab |:3
= (a +b)[(a+b)2 —3ab}93uy raa’+b*:9

8.11. Xét n = 0 thi A = 1, khdng phai s nguyén t6 .
Xét voi n =1 thi A =3 1a s nguyén té.
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Xétn>2.

2012 2011

Tact A=n*?-n*+n*"'—n+n*+n+1

=n’ (n3'67° — 1) + 11(113'670 — 1) + (n2 +1n+ 1) :

3.670

670 . . .
Ma n*®7° —1=(n3) —1n°-1n*-1'n*+n+1=n*""-1'n*+n+1

= Ain’+n+1Ln’+n+1>1van*+n+1<A nghiala A khong phai 12 s6 nguyén té véi n > 2. Vay chi
€6 n =1 théa man.

8.12. Theo dé bai f(x) c6 dang f(x)=ax®+bx*+cx+d (aeZ")

Taco: 2020= f (5)— f (3) = (5°—3*)a+(5* —3))b+ (5-3)c

=98a+16b+2c
= 16b + 2c = (2020 -98a)

Taco: f(7)-f@) =7 -a+(7-1%)b+(7-1)c

=342a +48b + 6¢

= 342a +3(16b + 2c)
= 342a +3.(2020 - 98a ) = 6060 + 48a 3

Vay f(7) — f(1) 1a hop sd.

8.13.

a) Tacok>+3k+5=(k-4)"+11(k - 1). Suy rak® + 3k + 5 chia hét cho 11 khi va chi khi (k - 4)* chia hét cho
11. Do 11 la s6 nguyén t6 nén diéu nay chi xay ra khi k — 4 chia hét cho 11 hay k = 11t + 4 vdéi t 1a s6
nguyen.

b) Gia st c6 k nguyén sao cho (k* + 3k + 5) chia hét cho 121. Khi d6 (k* + 3k + 5) chia hét cho 11. Theo cau a)
thik =11t +4, thay vaotaco:

kK> +3k+5=(k-4)+11(k - 1) = 121t + 121t + 33 khong chia hét cho 121 ( vi 33 khong chia hét cho 121).

Mau thuén.

Vay (k* + 3k + 5) khong chia hét cho 121.

8.14. Tir gia thiét ta co

a’b® + b’c® + ¢’a’ + 2ab’c + 2bc*a + 2bca® = a’b® + b’c® + c’a’
:2&bc(a+b+c):0:>a+b+c:0 viabc #0

Taco: a’+b’ +c’ =a’ +b’ —(a+b)3

=a’+b’-a’-3a’h-3ab’-b’ = —3ab(a+b) = 3abc:3.
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8.15. Taco A(n) =n° (n2 —1)(11z +1) =n° (11—1)(n+1)(n2 +1)
-Néunchin =>n*:4 = A4.

Néunle = (n-1)(n+1)i4 = Ai4.
- Tacon—1;n;n+1labasénguyén lién tiép nén (n—l)n(n+1)§3 = A'3
-Néun:5thiA:5

Néun:5dulhogc4thi (n-1)(n+1)i5=Ai5

Néun:5du 2hoic3=n?:5du4 =>n* +1:5= A:5.
Ma 3; 4; 5 nguyén té ciing nhau tirng d6i mot nén A : 3.4.5 hay A :60.
8.16.a) Taco: P = (a+b)(bc+ab +c’ +ac)+abc

P=(a+b)[c(a+b+c)+ab}+abc
P:(a+b)c(a+b+c)+(a+b)ab+abc
P:(a+b)c(a+b+c)+ab(a+b+c)

P:(a+b+c)(ab+bc+ca).

b) Tra+tb+c:6=P:6
a+b+ci6=a+b+ci2= a,b,citnhittdn tai mdt sé chin = abc:2 = 3abc:6 = P —3abc:6.
8.17. Tacd a° + b’ +c° +d° :5(05 +d5)35
Xét a5+b5+c5+d5—(a+b+c+d)=(a5—a)+(b5—b)+(c5—c)+(d5—d)
Ma a° —a:a<a4 —1):a(a2—1)(a2 +1).
-Néu a:5=a’-a'5
-Néua=5k+1thia*-1:5=a’—-a:5.
-Néua=5k+2thi a*+1:5=>a’-a'5.
Vay voi a la sb nguyén thi a®>—a: 5.
Tuong tu tacé b° —bi5;c° —¢:5d° —d:5
:>a5+b5+c5+d5—(a+b+c+d)f5

Maa’+b’+c’+d°5=a+b+c+d:5.

242



a’+3a’+2a a(a+l)(a+2)
24 24
a; a+1; a+2lacac sé nguyén lién tiép = a(a+1)(a+2):3(1)
Vi alasb chin nén ta dit a=2k (k e N).
k(K +1)(2k +1)  k(k+1)(2K +1)

8.18.Taco: A=

A

24 6
k;k +11a céc s6 nguyén lién tiép = k(k+1):2=a(a+1)(a+2)i4 (2)
Tur (1) va (= AecZ.

n+1
819.Tacé a, +b, =2.2"" +2=(2") +2=4""+2.

V6i n 14 s6 tu nhién thi 4™ chi c6 thé tan ciing 1a 4 hoidc 6 = a, +b,, chi c6 thé tan cuing 14 6 hoic 8
— a_+b_khong chia hét cho 5 = a_va b, khong cling chia hét cho 5. (1)
Xét a b = (22 420 41)(220 -2 p1) = (22 ) - (2) =4t 22 42
= 4™ 1115 (vi 2n+1 @)
a.b :5 (2)
Tir (1) va (2) suy ra c6 mot va chi mot trong 2 s6 a_ hoac b, chia hét cho 5.
8.20. Tacd p 1asé nguyén té 16n hon 3 nén p° chia 3 du 1
= p°-1:3 (1)
Mt khac p 1a s6 nguyén t6 16n hon 3 nén p—1; p+1 l1a hai s6 chan lién tiép.
= (p+1)(p-1):8= p°-1:8 (2)
* Ma (3,8) = 1, tir (1) va (2) suy ra diéu phai chitng minh.

Chuyén d& 9. PHAN THU'C DAI SO. TINH CHAT PHAN THU'C DAI SO

9.1. Dung dinh nghia, ta c6 :

) A=(x+1)

b) M=x*+x-2.
Nhdn xét. Ban c6 thé dung tinh chat co ban clia phan thic dé giai bai nay.
9.2. Tr a’ —a’b+ab®-6b* =0

= a® — 2a’b + a’b — 2ab® + 3ab® - 6b* = 0

S (a —~ 2b)(a2 +ab + 3b2) =0

Via>bh>0 =>a*+ab+3b*>0dodba—-2b=0=a=2b
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Viv B = a' —4b* 16b* —4b* 12b* 4
Y T 4 T b _eadb' 63t 21
(Za—b)(3a+b)+(5b—a)(3a—b)

(Sa - b)(3a + b)

9.3.Taco P =

_ 6a” + 2ab — 3ab — b* + 15ab — 5b* —3a® + ab
9a’ — b?

p

_ 3a’-6b’ +15ab
9a’® — b®

T gia thiét 10a® — 3b° + 5ab = 0 = 5ab = 3b* — 10a”.

3a® —6b* + 9b* —30a® -27a’ +3b* _ 3
9a’ — b? "~ ga’-b*

Tudoésuyra P =

2020-2015  2020° - 2015 2020 — 2015

9.4.Taco A = = 5 < p p
2020 + 2015 (2020+2015) 20207 + 2015

= A <B.

95.a)A = >0 x-2>0& x>2,

X—-2

b) B= <0=x-3<0&x<3.

Xx—-3

x—-1

c) C= >0< x-1vax—5cungdiu; max—1>x-5nénx—-5>0hoicx—1<0

< Xx>5hoacx <1.

9.6.a) Taco (1:—12(nzz+n+1) _ (n—l)(n2+n+1)
e (e
_ 2
(D 1)(11 +n+1) Vi Véi s nguyén duong n thi % +141>1nen & N ohin o hong "
ol e
gian.

b) Bat UCLN (6n+ 1; 8n +1) =d véi d € N*
=6n+1:d=24n+4:d
8n+1:d = 24n +3:d

:>(24n+4)—(24n+3)£d:>12d:>d:1

— UCLN(6n + 1; 8n +1) = 1 = Phan s t4i gian.
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9.7.a)TacéA=%s§=1
(x+1) +3 3
— Giatri I6n nhatcua A la 1 khix =- 1.
b)Tacc’)B:—52 s§
(2x—1) +2 2

o ‘ NI 1

Giatrilén nhat cua B la 2 khi x = 2

9.8. Tu2x+y=11zva3x-y=4zsuyrabx =15z = x = 3z
Tu2x+y=11zvax=3zsuyray =5z.

2x* —3xy _187°-45z° -9

x2+3y?  9z2+757% 28

Thay vao biéu thic, Q =

9.9. Tur gia thiét:

s s 5a=b(TM)
5a2 +2b? =11ab < (5a—b)(a—2b) =0
a=2b(L)
4a* -125a°
Thay 5a=bvao A ta dugc: A=a2—5§‘:—11.
a®+10a
9.10. Tur gia thiét: 4a’® +b® =5ab < 4a’ +b’ —5ab=0<4a’ —4ab—ab+b’ =0
(4a-b)a-by=0 | =20
& (4a—b)(a—b)=0 <
a=b(TM)
X a® 1
Suyra a=b.Thay vao Ptadugc: P=—=—.
3a” 3
9.11. Tir gia thiét % _1 suyra X’ —x+1=2x < x*-3x+1=0.

X‘'—-x+1 2

Tacod: x* —3X3+18X—1:(X2—3X+1)(X2—1)+15X.
x3—2x2+7x+1=(x2—3x+1)(x+1)+9x.

Voi X2 —3x+1=0taco P=<X2_3X+1)(XZ_1)+15X _15x_ 5
(x2—3x+1)(x+1)+9x 9x 3

9.12.Tacd X —2Xy+2y> —2X+6y+5=0< x> —2xy+y* +y* —2X+2y+4y+5=0

<:>(X—y—1)2+(y+2)220.

DAu bang xay rakhix—y-1=0vay+2=0hayy=-2; x =-1.
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2
Twds suyran = Y LA 7

a(-1)(2) 8

9.13.Tir 2a° +a =3b" +b < 2a” —2b” +a-b =b" < (a-b)(2a+2b+1)=b* (1)

Pt UCLN(a—b;2a+2b+1)=d
=a-b:d2a+2b+1:dvab:d
:>[za+zb+1—z(a—b)]zd:>4b+15d mab:dhayd=1

= a—b va2a+2b+1nguyén té ciing nhau suy ra _ab phan sé tdi gian.
2a+2b+1

Chuyén dé 10. RUT GON PHAN THU'C

2x3 —7x* —12x+45
3x® —19x° +33x—9
_ 2x3—6X" —x* +3x—15x+45
~ 3x%—9x% —10x? + 30X +3X—9
_(x=3)(2x* —x—15)
~ (x=3)(3x2 —10x+3)
_(2x+5)(x=3) _ 2x+5
- (3x-(x-3) 3x-1
b)
\ - _(a=D*~11(a-1)’+30
3(a-1)* -18(a*—2a)-3
N = [(a-1)* -5][(a—1)* 6]
3(a-1)" -18(a—1)*+15

10.1. a)

N (@>*-2a-4)(a’-2a-5) a’-2a->5
~3(a-1>-5][(a-1)?-1] 3a*-6a

10.2.
A n®+2n’-1
n®+2n%+2n+1
A n®+n®+n’-1

T ent+n?+en+n+l

_ n(n+)+(-1(n+1) n’+n-1
n“(n+1)+n(n+)+n+1 n?+n+1’
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X =2x"+2x° —4x* —3x+6

M x* +2x—8
M < x*(X—2)+2x*(x—2) - 3(x-2)
- (X —2)(x+4)
M < (X =1)(x* +3)
X+4

N:xy2+y2(y2—x)+1
Xyt 2yt X2 +2
B vy +1 1
(X +2)(y*+1) x*+2
abc—bc+a-1-ab+b—ac+c
a’b—a’—-b+1
(a—1)(bc+1-b—c)

(b-1)(a*-1)

_ (a-1)(b-1)(c-1) _c-1
(b-1)(a+1)(a-1) a+1

10.3. P=

10.4. bat x = 2003 Ta c6:

[ X* (x+10)+31(x+1)-1].[ x(x+5)+4]
(x+1)(x+2).(x+3)(x+4)(x+5)

(x3 +10x? +31x+30).(x2 +5x+4)

(x+1)(x+2)(x+3)(x+4)(x+5)

Phan tich tu thitc thanh nhan tur, ta dugc:

(x+2)(x+3)(x+5)(x+1)(x+4)
(x+1)(x+2)(x+3)(x+4)(x+5)

10.5. Thay 1=ab+bc+ca , ta duoc :a*+2bc—-1=a’*+bc—ab—ca=a(a—b)—c(a—b)=(a—c)(a-b).

Tuong ty: b* +2ca—1=(b—c)(b—a)
c®+2ab—-1=(c-a)(c—b).
(a-b)(a-c)(b-a)(b-c)(c-a)(c-b) _—(a-h)*(b—c)’(c-a)’ _

Vay B = =
ay (a—b)’(b-c)’(c-a)’ (a—b)*(b-c)*(c—a)?
X*+x3+x+1
10.6. a) A=
) X*=x3+2x% —x+1
3 3
e Ao X(x*+1) +x*+1

CX(0C —x+1) + X2 —x+1
X+ —x+D)  (x+1)?
OC+D(C-x+1)  x*+1
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(x+1)*

b) A= >0.
) x2+1
Vay biéu thuc Akhong am V.
2
107 ) M=— X *3
X+ 2X°+7X +2X+6
3x*+3
M= 7, 2 3 2
X"+ X +2X°+2X+6X"+6
- 3x%+3 3
OC+D)(X*+2x+6) X2 +2X+6

b) x2+2x+625:>2;£§.
X“+2X+6 5

DAu bang xay ra < X=-1. Vay gié tri 16n nhat cua phan thuc 1A M = g khix = - 1.

x*(x=2) +2x*(x—2) —3(x—2) _ (x=2)(x"+2x*-3)

10.8. Tacé: A=
(x+D(x-2) (x+D)(x-2)
2 —
Ao (x* +3)(x=1)(x+1) (@ +3)(x-1)
x+1 .
4 8 2020

Tacé:Q: 1+x" +x +...... + X

(1+X4 + x5 4. +X2020)+(X2 + x5+ x4 +X2022)

1+ x* + x4+ x20% 1

(1+X2)(1+X4 +x° +...+x2°2°) 1+x%

10.9.Détzzz:E=ksuyra:x:ak;y:bk;z:ck.
a b c

a’k? + bk? + otk K[t + b4 cf)

Tuddétaco P = - = >
(a2k+b2k+c2k) K’ (a2 +b? +c2)
1
SuyraP=———.
y a’+b*+c?

10.10. Xét tir thuc ta co:

ab’ +ac’ +a’b + bc* +a’c + b’c
= (ab2 +a’b+ abc) + (ac2 +a’c+ abc) + (bc2 +bc? + abc) — 3abc
:ab(a+b+c)+ac(a+b+c)+bc(a+b+c)—3abc

= (a+b+c)(ab+ac+bc)—3abc
= abc(ab +ac + bc —3)
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a(b2 +Cz)+b(az +Cz)+c(a2 +b2)

= abc. Piéu phai chirng minh.
ab+bc+ca-3

Vay suyra:

10.11. Ta co:

(x2+a)(l+a +a%° +1 x+ax®+a+a’+a’x’+1
(¥*-a)(1-a)+a’x*+1 x*-ax’-a+a’+a’x’ +1

)
~ (1+x2)+(1+ xz)a+(l+x2)a2 ~ (l+x2)(l+a+a2) l+a+al
- (l+x2)—(1+x2)a+(1+x"')a2 - (1+x2)(1—a+a2) T 1-a+a®

Vay gia tri biéu thiec P khdng phu thudc vao gia tri cia x.
x(x2 - 1)

10.12. TaCéP:(1+xy+x+y)(1+xy—x—y)

P X(x—l)(x+1) _ X

e+ )(y+1)(x-1)(vy-1) (y+1)(v-1)

Picukiénx#+ 1;y#+ 1.

—-499 —-499 -1

Vai X =-499, y =999 thay vao ta dugc P = = = .
(999 n 1)(999 - 1) 1000.998 2000

10.13. Ta co:

A X(X+5)+y(y+5)+2(xy—3) _ x*+5X+y>+5y+2xy—6

X(X+6)+ y(y+6)+2xy X> +6X+ Y +6Yy +2xy
(x+ y)2+5(x+ y)—6:(x+y+6)(x+ y-1) x+y-1

(x+y)2+6(x+y) (x+y+6)(x+y) CoX+y
Picukiénx #-y;x+y#-6.

2019
2020

10.14. Xét bc(y—z)2 +Ca(Z—X)2 +ab(x—y)2

Véi x +y = 2020 thi gia tri biéu thac A=

= bey? — 2bcyz + bez? +caz® — 2cazx + cax” +abx” — 2abxy + aby®
=(a’x* +aby” +acz” ) +(abx® +b*y* +bcz® )+ (acx® + bey” +¢°2* )
(a®x? +b%y* + ¢z + 2abxy + 2bcyz + 2cazx)

=(a+b+c)(ax* +by” +cz*)—(ax+ by +cz)’

=(a+b+c)(ax® +by* +cz*) (viax + by + ¢z = 0).

Tir d6 suy ra, vé tréi
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ax® +by? +cz? B ax® + by’ +cz? 1

bo(y—z)° +ca(z—x) +ab(x—y)* (a+b+c)(ax +by? +cz?) a+b+c

Chuyén dé 11. PHEP CONG VA PHEP TRU CAC PHAN THU'C PAI SO
111, Taco, >4 __ 8 b
(x+1)°  (x+1)° (x+1)

3x+1 a +bx+b
(x+1)°  (x+1® (x+1)°

3x+1 bx+a+b
= =
(x+1®  (x+1)°

o 3x+1=bx+a+b @{b:?’ @{b:?)

a+b=1 a=-2
11.2. Ta cé:

20(x+3)2 5(x—5)(x+5)_(x+3).3.(x+1)

(x+5)5(x+1)  5(x+1)(x—5)  3(x+3)(x+5)

4(x+3)° X5 x+1
(x+5).(x+1) x+1 x+5

_ 4(x+3)2 +(x+5)2 —(x+1)2
A= (x+1)(x+5)

4% + 24X +36+ X* +10x +25—x* —2x -1
A:
(x+1)(x+5)

Cax?+32x+60  4(x+3)(x+5) 4(x+3)
A ) xr1) (xes)(xe1) | xed

11.3.a) Taco:
_a'-a _3a2—2a+a2—4
a’+a+l a a-2

— 2 -
P:a(a ]2.)(3- +a+1)_3a+2+w Piédu Kién a # 2.
(@*>+a+1) (a-2)

P=a’-a-3a+2+a+2=a’-3a+4.

b)P=a’-3a+2,25+1,75=1,75+(a-15)*>175. Ddu“="xay ra<> a=1,5
Vay gié tri nho nhat cua P 12 1,25 dat dugc khia=1,5.
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x* + X 2% +3x+1

11.4. a) Taco: Q=—; +1 (PK: x=-1)
X°—X+1 x+1
2_
Q- x(x+1)(x X+1) 1 (2x+1)(x+1)
X°—=X+1 x+1

Q=x*+x+1-2x-1=x*—x.
b) Q=x?—x+0,25-0,25=(x—0,5)2 —0, 25> —0, 25,
Vay gié tri nho nhét cia Q14 -0,25 dat dwoc < x=0,5.
11.5. Ta co:
a®+1 a*-1 a‘-a*+a-1

+ +

M= a a’-a a-a’
M = a2+1+(a—1)(a2+a+1)_a4—a3+a—1
a a(a—1) a(a®-1)
M < a’ +1, (@°+a+l) (@°-D@° +)-a(@-1)
a a a(a®-1)
M < a’+l+a’+a+l a’+l-a
a a
M < a’+2a+1

a

ey (v
(v )

2 +¥')_ x'+y' _a

11.6. Tir gia thiét = a =

= a-= .

X4_y4 X4_y4 2
e E+E_X4+Y4 +X4—y4 _(X4+y4)2+(x4—y4)2
a co: a - X4_y4 X4+y4 N (X4—y4)(X4+y4)
:g+gzz(xg+yg):x8+y8 :g+1:a2+4

2 a )(B—y8 Xs—y8 4 a 4a

a‘+4 4a a* +24a’*+16
=M= +— =
4a a‘*+4 4a(a2+4)

11.7. Ta co:

2
_(x +1)(2X+1)+4:x2+1+ 4
2x+1 2x+1

A

DéA e Z thi e”Z <:>2x+1e{i1} @Xe{O;—l}.

2x+1
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118, Bidndsi X __ Y 2(X2Y) o xtox-ytey 2(x-y)
y'-1 x*-1 x¥+3 (Y¥-)(X-1) x}y*+3

o (XKoY= 2(x-y)
Xy(y? +y+1)(x*+x+1) x’y*+3

(dox+y=1l=y-1=-xvax-1=-y)

(x—y)(x+y)(x2 +y2)—(x—y) . 2(x-y)
XY(XY? + VX + Y + Yy 4+ XYy +Y+XT+X+1)  xXPy*+3

(x—y)(x*+y*-1) +2(x—y)
XY[ XY+ Xy(X+Y) +X* +y +xy+2] X’y +3

(X—y)(XZ—X+y2—y)+2(X—y) = (x=y)xCx =D +y(y-D]  2(x-y)

xy[ X*y* +(x+y)*+2]  x’y*+3 xy(x?y? +3) X’y* +3
= XY)XEN+YEI] | 2(x-y) - (x=Y)(E2xy)  2(x-y)
Xy(x?y? +3) xX2y? +3 xy(x’y*+3)  x’y*+3

—2(x-y)  2(x-y) _
Xy?+3 Xy’ +3

11.9. Tu x+y+z=0=x>+Vy*+2° =3xyz
Tur gia thiét, tacod y+z=—-Xx= y? +2° —x* =-2xy .

Lam tuong tu, thay vao P, ta dugc:

RS . y? N 22 X+y'+7° 3xyz -3
2yz  -2xz -2Xy  —2Xyz 2xyz 2
P2
2

11.10. Tacé: 1+1+1:0 O XY+yz+2X=0 & yz=—Xy—-2X .
X y z

yz yz B yz

X2+2yz Xe-xy—zx+yz  (x-y)(x—2)
ZX ZX
Tuong ty: — = .
y +2x (y-2)(y-x)

Xy Xy

2+2xy  (z-x)(z-Y)
_ yz N ZX N Xy _ yz(z—y)+xy(y —X)+ zx(Xx—2) 1
X=y)x=2) (y-2)(y—-x) (z2-x)(z-Y) (X=y)y—-2)(z-X)

11.11. Tt gia thiét suy ra:
a+b+c=2(ax+by+cz)
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=a+b+c=2(c+cz)=2c(l+2)

Non: L __x
' z+1 a+b+c’

1 2a 1 2b
Twong tuw: = ; = .
x+1 a+b+c y+z a+b+c

1 1 1 2a+2b+2c_,

Suy ra: P= + -+ =
Xx+1 y+1 z+1 a+b+c
, . 6a’+ab-b*+10ab-6a”-5b*+3ab 14ab-6b’
11.12. Taco : —— = =
4a°-b 7ab—-3b

11.13. Xét phan thiic tong quét:
@n+17+n®  @n+D[(@n+1)*—n@n+)+n* ] (3n+1)@3n? +3n+1) g
(n+1)%-n® 3n% +3n+1 3n* +3n+1 '
Do d6: A=3B.1+)+(3.2+)+(3.3+D +......+(3.50+1)
A=3(1+2+3+.....+50)+50
A= 3875.

11.14. Tir gia thiét chuyen vé, ta c6: x> —2+i2+ y -2+=+2"-2+==0
X y z

1
X=< 2 2020
LY LY N i X*=1 [x*%=1
R e
X y z y 22:1 22020:1
1
z==
z
=P=1+1+1=3.

11.15. Ta tach timg phan thic thanh hiéu cta phan thic roi dung phuong phéap khir lién ti€p, ta dugc :

2k+1 _(k+D)’-k* 1 1
Kk+1)?  KA(k+D)® k¥ (k+1)°
1 1.1 1 1 1 1 _n(n+2

Dod6B= -+ +.+—5— =1- = :
PR T T T T T () T (41 (n+D)?

(2x—1)(3x +1) +(5 - x)(3x - 1)
(3X - 1)(3)( + 1)

11.16. Taco A =

_6X°+2x-3x—-14+15x-5-3x" + X
9x* -1

A

3 +15x-6  3(X° +5x-2) M
9x> -1 9x* — 1 '

A
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Tir didu kién 10x* + 5x = 3 = 5x = 3 - 10x”thay vao (1) ta c6:

N\ 3(x2+3—10x2—2) :3(1—9x2) L
9x* —1 9x*> -1

_ 2
11.17. Taco: A = 2x + 3y _ 6 —xy X *9

x(y+2)—3(y+2) x(y+2)+3(y+2) (X—3)(X+3)

Ao 2X+8y  6-xy x*+9

<y+ 2)()(—3) (y+2)(x+3) (X—3)<X+3)

(2x+ 3y)(x+ 3)—(6—xy)(x—3)—(x2 +9)(y+2)
(X—3)(x+3)(y+2)

_ 2x% 4+ 6x + 3xy + 9y — 6x + 18 + X’y — 3xy — X’y —2x° —9y — 18

(x—3)(x+3)(y+2)
AR g
ab N bc N ac
Be)(e ) (e-a)a B) a b))
ab(a—b)+bc(b—c)+ac(c—a)
(a —b)(b —c)(c —a)
Xét tir thuc, ta co:

ab(a—b)+bc(b—c)+ac(c—a)

A=

A

11.18. Tacéd: S =

S =

= ab(a —b)+bzc —bc® +ac® —a’c

:ab(a—b)—c(a+b)(a—b)+cz(a—b)

1 1 1

192 T2 00 A= ) (x+5)  (x+5)(x+6)  (x+6)(x+7)  (x+7)(x+8)

254



1 1 1 1 1 1 1 1

A= — — _ _
(x+4) (x+5) (x+5) (x+6) (x+6) (x+7) (x+7) (x+8)
AL 1 4
_(x+4) (x+8)_(x+4)(x+8)'
2 4 3
b) Taco B=
)80 B ) (x+3)  (x+3)(x+7) | (x+7)(x+10)
g1 1 1 1 1 1
S (x+1) (x+3) (x+3) (x+7) (x+7) (x+10)
gt 1
Xx+1 x+10
~ 9
 (x+1)(x+10)
Chuyén dé 12. PHEP NHAN VA PHEP CHIA CAC PHAN THU'C PAI SO
12.1. Ta co:
Al x x*-3  7x+10)  x+7
x-2 x*+2x+4 x*-8) x*+2x+4
A:X(Xz+2X+4)—(X2—3)(X—2)—(7X+10)' x+7
(X—Z)(XZ+2X+4) "x*+2x+4
A:X3+2X2+4X—X3+2X2+3X—6—7X—10_ X+7
(X—Z)(XZ+2X+4) "X +2x+4
A= 4x* - 16 ‘X2+2X+4

(X—2)(X2+2X+4) X+7

. 4(x-2)(x+2) .X2+2X+4:4(x+2)

(X—Z)(X2+2X+4) x+7 x+7
] _(X—l)(x2+x+1)—(x+1)(xz—x+1) X(X3+X2—X—1)
12.2. Taco A = x(x+1)(x—1) . "
A:Xs—l—Xs—l (Xz—l)(X-l-l)

(X+1)(X—1)- x+1
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A _9 .(Xz—l)(X-i-l)

= -2.
(x+1)(x-1) x+1
Vay biéu thirc A = -2 khdng phu thudc vao bién.
12.3. Taco
2 2 2 (ZX2 + _V)Z -4
Ao| XY XAy ry-2

2y — X (x+y)(2y—x) 'X(X+y)+(x+y)

A=X2_y2+X2+y2+y_2'(2x2+y—2)<2x2+y+2)

(X+y)(2y—x) . (X+y)(x+1)
2x° +y -2 (X+Y)(X+1) x+1
A= . = .
(X+y)(2y—X) (2x2+y—2)(2X2+y+2) (2y—x)(2x2+y+2)
12.4.
_1\2 _ 2
a) Taco: P= (x=1) 2—1 22( a1 32X (PK: x+1,0)
3x+(x-1) X’ -1 X=1] X" +X
P__ (x-1)°  1-2x"+4x . XC4x+1l | 2
(XD x4+ (X-D(X*+x+1)  (X-D(X*+x+1) | x*+1
P__x3—3x2+3x—1—1+2x2—4x+x2+x+1_ 2
| (X=D(x* +x+1) xP+1
~ x* -1 X2 +1
(xX-D(x*+x+1) 2
P:X2+1.
2
2
b)P:X +12%.Déu bang khéngxéyra.vayP>%.
12.5.
3 3 2
2) Ta c6: P=(X2 1+x2+1}2(x 22x+1)
X2—X  X2+X X2 — X
2 2 _
P=[X +x+1+x x+1J:2(x 1)
X X X
2 _ 2 2
p_ 2X°+2 :2(x 1):x +1. X _X +1. PK: x40, x £ 1.
X X Xx x-1 x-1
2
) Taco P= 1 xi14
x—-1 x—-1
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VixelZ=o>x+1leZ & e’

x-1
< Xx-1€eUQR)suyra:
x-1 1 ]2 -1 (-2
X 2 |3 0 -1

Két hop voi tap xac dinh x ¢ {0;1,-1} thi x € {23} ta duoc P € Z.
_ 2
12.6. a) Ta co: A:( ZX - )2( yj:[ 3y >+ ! j:ﬁ
y +Xy X +Xy X" =Xy X+y)y

A:[ x? _xy—yzj:( y? . x* —xy jzi
xy(x+y) xy(x+y)) \ x(x+y)(x=y) Xx(x=y)x+y)) Yy
X -xy+yt L X oxy+y? X
COxXEY) X =Y)(X+Y) Ty
Ao Xx=y)(x+y) . X

Xy(x+y) -y

DK:xy#0, x# 1.
b) A>1 eds0ex>0 .
X

12.7. Tu x2+i2:7<:>x2+2+i2=9<:>(x+1)2 _9mx+1-3
X X X X (V\|X>O)
e Taco
(x+1).(x2+i2):3.7<:> x3+i3+x+1:21:> x3+i3+3:21
X X X

X
= A=18
e Taco

(x2+i2).(x3+i3):7.18<:> x5+i5+x+1:126<:> x5+i5+3:126
X X X X
= B =123

12.8. ) Xét k* +4= (k2 +2) 4k = (k2 +2-2k).(k? + 2k +2)
=| (k=1)" 1] (k+1)"+1].
Ap dung két qua trén véi k = 1,3,5.,....,19.Ta cé:

_ (02+1).(22+1).(42+1)(62+1). (87 +1)(10° +1) ““(162+1)(182+1)
(2°+1)(4+1) (6°+1)(8 +1) (107 +1)(12°+1) (187 +1)(20% +1)
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1 1
S 20°+1 401
b) Tuong tu cau a, 4p dung cong thiic:

e ey

1
Ta duoc két qua B=——-.
1241

12.9. VéGi ab=1, a+b#0, ta co:

o'+t 3(a®+0°) ,_6(a+b) :a3+b3+3(a2+b2)+6(a+b)
(a+b)’ (ab)’ (a+d)'(ab)  (a+b)(ad)  (a+b)’  (a+d)'  (a+d)
:a2+52_1+3(a2+b2)+ 6 :(a2+b2—1)(a+b)2+3(a2+b2)+6
(a+b)2 (a+b)4 (a+b)4 (a,+b)4

(oz2+b2 —1)(a2+b2+2)+3(a2+b2)+6 ~ (a2+b2)2+4(a2+l)2)+4 ~ (a2+b2 +2)2
(a+b)’ - (a+b)’ ~ (a+b)'

(a+5 +2a0) [(as0) |

(a+d)'  (a+b)'
vay P=1 v6i @0=1 a+b=0

2 2_ 2 2_ 2 _
1210, Xét x41o 2 r2be+c’—a’ _ (b+c) -a _(b+c-a)b+c+a).

2bc 2bc 2bc
. b’ + 2bc + ¢* —b” + 2bc —¢? 4bc
Xét y+1= = :
(b+c-a)(b+c+a) (b+c-a)(b+c+a)

Vay P=xy+x+y=(x+1)(y+)-1=2-1=1.
)

1 1 1 2(a+b+c)
St Sttt
a~ b c abc

(@)

=0= a+b+c=0.

. . 2(a+b+c)
Tu (1 2 _—
r(l)va(2) = ~be

Taco:a®+b®+c® =(a+b)®—3ab(a+b)+c® = (a+b+c)® —3abc(a+b+c)—3ab(—c) =3abc:3.
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12.12. a) Xét 1 — —— _Krek-7 _(k-1)(k+7)
k(k+6)  k(k+86) k(k+6)

thay k = 6; 7; 8; ..; n ta duoc:

g _ 513 6.14 7.15 (n-1)(n+7) 5.6.7...(n-1) 13.14.15....(nn +7)

©6.12 7.13'8.14°" n(n+6) 6.7.8...n  12.13.14..... (n+6)
B 5(n+7)
12n
b) Xét 1+ 22 K +ak+2' (1<+2)Z

k(k+4) k(k+4) k(k+4)
Thay k = 1; 2; 3;...; n ta dugc:

? 4 5  (n+2) 34(n+2) 6(n+1)(n+2)

T15 26 37 n(n+4) 12(n+4) (n+3)(n+4)

Chuyén dé 13. BIEN DOI CAC PHAN THU'C HO'U Ti

2 |.&-8 2
0,5a+1) a+2 2a-a

13.1. Tacé: A:[a+ > (@=%2,0)

2 _ 2
A:[a t2a 4 j_(a 2)(a’+2a+4) 2

a+2 a+2) a+2 a(a—2)

_a’+2a+4 (a-2)(@°+2a+4) 2
a+2 a+2 a(a—2)

12
a-2 a(a-2)

A

_a-2
~a(a-2)

A==,
a
(b+c)’ —a® bac+a b?+c?—b?+2bc—c?
2bc  b+c-a a+b+c
A_(b+c—a)(b+c+a) b+c+a 2bc

2bc ‘b+c—a a+b+c
A=a+b+c.

13.2.a) A=
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2(x+y)
2 2 2
b)Bz(y —yerz | X _3yz} Y2 +(x+y+z)
X y+z y+z) Xty+1Z
Xyz

(y+z)<y2—yz+zz)+x3—3xyz 2x(X+y)
X(y+z) Xx+y+z

B_y3+23+x3—3xyz. 2

- 1 X+y+z

B:

+(X+y+z)2

+(X+y+z)2

5 (x+ y+z)(x2+y2+22—xy—yz—zx).2
- (x+y+2) +(

x+y+zf

B =2x* +2y® + 22" - 2xy-2yz-27X + X* + y* + z° + 2Xy+2yz+27X

B =3x*+3y* +3z°.

2
13.3. a) Taco A:(E+ 23 j: X >+ ! (x#0;£3)
3 x*=3x) (27-3x" x+3
A—_X2_3X+9—-_ —x’ L 3x-9
| 3X(x=3) | [ 3(x=3)(x+3) 3(x—3)(x+3)

A__x2—3x+9__ —x*+3x-9
| 3x(x=3) | [ 3(x—3)(x+3)

-X-3

X

A=

b) A<-lo A+1<0 &

_X_3+1<0 <:>_—3<O e x>0 .
X X

Vay, Xx>0;x =3 thi A<-1.

13.4. Tacé: M = X(x+2)-(x+2) | x-3
h ' X*(x+1) —3x(x+1) | x(x-1)

} TXD x #{0; 1; - 1}

Y :(x—l)(x+1)(x+2).{ x—3 }

X(x—=3)(x+1) X(x-1)
X+2
M= 7
x=1(L)
X+2 )
M=——-=3e3"=Xx+2 &(3Xx+2)(x-1)=0 < )
X X:?(TM)
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_ 2
13.5.a) Tacod: A= 2X + 2 + 1 ; x—2+10 X (x=12)
X—=4 2—-X X+2 X+2

A X _ 2(x+2) L x=2 _x2—4+10—x2
| (x=2)(x+2) (x=2)(x+2) (x+2)(x=2) | ( x+2 = x+2
A__x+x—2—2x—4 [ x*=4+10-x?
L (x=2)(x+2) | X+2
Al 6 68 _ 1
(Xx—=2)(x+2) x+2 2-X
1 X:E(TM)
o) = = 2
X=—=(TM
2( )
Vc’rix=lth‘|A=i=§.
2 15 3
Vc'riX=—1th‘| Azizg.
2 2,5 5

c) A<k0e2-x<0 &x>2
Vay véi x>2thi A<O .
d) AcZ ©1:(2-x) ®2-xe{+l} ©xe{31}

Vay, xe {31} thiAcZ.

13.6.a) TXD:x#3; x#4.

12x —45 X+5 2Xx+3

Taco: Q= (x—3)(x—4)_x—4_ X—3

=12x—45—(x+5)(x—3)—(2x+3)(x—4)

Q

(x—=3)(x—4)
Q_12x—45—x2+3x—5x+15—2x2+8x—3x+12
B (x—3)(x—4)
o —3x* +15x —18
- (x—3)(x—4)
Q_—3(x—2)(x—3)_—3(x—2)
a (x—3)(x—4) T x-4
x=3
b) |x|:3:{
X=-3
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x =3 (loai)
Vé6ix =-3thi Q :_715.

—-3X+6 6
0 Q= (x—4) __3_x—4

QeZ <

64GZ:X—46U(6)

Ma U(6) ={1,2;3;6;-1;,-2;,-3; -6}

X-4 1 2 3 6 -1 -2 -3

X 5 6 7 10 3 2 1

Két hop vai tap xac dinh, ta co:
Xe {—2;1; 2:5,6; 7;10} thi Q nhan gia tri nguyén.
13.7.a) Dox+y=1suyra (x> —y?)* =(x—y)* va y>*—x>=—(x-y)

2 2 2
A Y X, Yy 2x°y X
Suyra: A= : +— -

W \(x-y) (voy) ¥ox

A YK y2—2x2y—x2(><—y)}

Xy (x—y)?

y—X_ y?=2xXy = x>+ x%y
A=I"Z: !

Xy (x-y)

ALY XY XXy y-x Y X (X+y)
xy  (x-y) Xy (x—y)
Cy=x Y =Xt y=x (x=y)* (x—y)’
Xy (x—y)’  xy  y-x Xy

2 2
b) Ta c6 pc V) =dy Oy, L gy vi theo gia thiét x > 0, y < 0.
Xy Xy Xy

13.8. Taco: x+y+2=0 & x®+y*+2® =3xyz =3.
Xy+yz+2x=0 & x*y® + y*z® + 2°x* = 3xy.yz.zx = 3.
XC+yP+ 2 =(C+y + ) —2x°y* —2y* 7 272} =9-2.3=3.
Vay M =1.

x-1 -3 . _—2a-4 -a-2

13.9. Taco: X, =——= ;X = = ;
X, +1 2a+l 2a—2 a-1

-a—-2-a+l1 2a+1 a-1
X4: = ; X5

-3 3
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VAY X, =X g = Xiig =eoeee

Xo020 = X4 =3 &

13.10.

b) M :3x+§22 3X.—
X X

6.

Dau bang xay ra < x=1. Vay gid tri nhé nhat caa M 1a 6 khi x = 1.

1311 Tach A — {(1x)(1+x+x2) +XH(1+X)(1X+X2) _XJ | (1_X2)2

1-x 1+X 1+ x>

Vi x> >20dodd A=1+x">0vsi moix = +1.

(x— y)(x+y) (x+y)2} 1
(x+y)’ xy xy* | x-y

p_| X7y, x2y? 1
x+y Xy (x+y)2 X-y

13.12. Taco: P=
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p_ X_y+ 2xy2 . 1
X+y (x+y) X=y

x-y 1 2xy 1
P= . + >
X+y X-y (x+y) X-y

P_ 1 - 22xy

X +Y (x —y )(x+y)
3 __ S .3,

X2 —2X+2 (x—1)2+1

Suyra P-Q=-—

Vay gia tri nho nhat cia P — Q 1a -3 khi x = 1; y tlly ¥ khac {1,0;-1} .

13.13.Tacoy = (x=5)(x+5) _x(x=5)(x+5) _x(x-5)

X+10x+5 (x+5)2 (x+5)
_ (x—5)(x+5) _ (x—5)2(x+5) _ (x—5)2
x* —5X +15X + 25 (x+5)° X+5
X—5
x?(x—5)

Tir do suy ra: Xy =
X+5

~ X?-5x e x? —5x—x*-bx _ —10x
X+5 X+5 X+5

:>y—x_—10x_X2(X—5) —10x  X+5 -10

xy x+5  x+5  x+5 x*(x-5) x(x-5)°

X —5X ‘o X2 —5X+Xx°+5x _ 2x°
X+5 X+5 X+5

_YEX 2x* X*(x=5) 2x* x+5 2
xy Xx+5  x+5  x+5 x*(x-5) x-5

2 _2(x+5)|+ 2 +2(x+5)
x5 (x-5)'| x-5 (x-5)

a | -10
Do vay A_Zx(x—S)‘+

2(x=5)-2(x+5)| | 2(x=5)+2(x+5)
(x-5) | (x-5)’

10 N
x(x—5)

20 | ax

__ 20 .
(x-5)°| (x-5)’

_x(x—5)
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20 20 4x

= + +
X(x=5) (x-5)° (x-5)’
20(x—5)+20x+4x*  4x* +40x-100

x(x—5)2 - x(x—5)2

Chuyén dé 14. CHO’NG MINH PANG THU'C DAl SO
14.1. Xét V€ trai:

1+1+1 1_pb+pa pp+c

p-a p-b p-c p (p-a)(p-b) p(p—c)

_ c L ¢ _clp(p=c)+(p-a)(p-b)]
(p-a)(p-b) p(p-c)  p(p-a)(p-b)(p-c)
_c.[sz—p(a+b+c)+ab]_ abe

p(p-a)(p-b)(p-c)  p(p-a)(p-b)(p-c)

Vé trai bang vé phai, suy ra diéu phai chang minh.
14.2. Tu a+b+c:13(a+b+c)2 =1<a’ +b2+c2+2(ab+bc+ca):1

Maa’*+b*+c*=1nénab+bc+ca=0.

Bét5:X:E:ksuyrax:ak;y:bk;z:ck.
a b c

Xét xy + yz + zx = abk? + bck? + cak? = k* (ab + bc + ca) k*.0=0.

11 1Y 1 1 1 2 2 2
14.3. Thatvay,tacod:| —+—+— | =S+—+—+—+—+—
ey (abcj a? b> c¢® ab bc ca
S 1,1 1,20000 aihec=0)
b ¢ ab+bc+ca
1 1 1
=¥+F+C—2.
Ta c6 diéu phai ching minh.

7 A N 3 A ~ 5 N 1 1 1 \ A ~ 5 A 7 A , . \ = 3
Nhdn xét. Néu a,b,cla cac so hiru ti thi _+B+_ 1a s6 hitu ti nén ban cd thé ching minh dugc bai toan sau:
a c

Y . x . 1 1 .
Choa,b,cla cac s6 hitu ti khac 0 théa mdn a+b+c=0. Chitng minh: —2+b—2+—2 la binh phuong cua mot so
C

htru ti.
Néu dat a=Xx—y;b=y—z;c=2z—x thi ta duoc bai todn hay va kho sau: Ching minh rang
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1 1
2+ 2+
(x=y)* (y-2)° (z-x)
144 . Tva+b=-c =a*+b*+2ab=c* =>a’*+b*=c*-2ab

> la binh phuong cua mot so hiru ti.

Suvra a’+Db? _CZ—Zab__ +Zab
y +b e C
C b*+c? 2bc ¢ +a? 2ca
Tuong tu ta co: =-a+—; =-b+—
b+c a c+a b

Tir d6 suy ra vé tréi 1a:

2ab  2bc 2ca Z(azbz + b’ + Czaz)
+ ¥ _
C a b acb

VI=-a-b-c+

1)

Mit khac ta co: (a+b+c)2 =0=a’+b*+c” :—z(ab+bc+ca)
Binh phuong hai vé ta dugc:

a* +b* +c¢* + Z(azb2 +b’c® + czaz) = 4a’b’ + 4b’*c® + 4c*a® + 8abc (a +b+ C)
=a*+b*+c* = Z(azb2 +b%*c* + czaz) 2)

Tir (1) va (2) suy ra diéu phai chang minh.

14.5. Tt gia thiét suy ra

(Xz — 3y) (y - 3xy) = (yz - 3X)(X - 3xy)

< Xy = 3x’y = 3y® + 9xy” = xy® — 3xy® — 3x* + 9x’y

< 8xy” - 8x°y +3xy’ —3x’y —3y* +3x* =0

= (y - X)(8xy + 3xy(y + x)) - 3(X+ y) =0

Do x #y nén 8xy + 3xy(y + x) —3(y +x) =0

= 3(y+ x) = 3xy(y+ x)+ 8xy .

Chia ca hai vé cho 3x ; y khac 0, ta duoc:

1 1 8 .2 . .
—+ — =X+ y + — . bicu phai chitng minh.
X 'y 3

146. Te a’* +b*> +¢® :(a+b+c)Z =a’+b*+c? :az+b2+cz+2(ab+bc+ca)
Suyraab+bc+ca=0
Xét a® +2bc =a* +2bc —ab—bc —ca

=a2—ab—ca+bC:(a—b)(a—c)
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Tuong tu ta coé b* + 2ac = (b — c) (b ~ a)
¢ +2ab=(c-a)(c-b)
a)Xét vé trai ta co:

a’ N b? N ¢t a’ . b? N c?
a’+2bc b’+2ac c’+2ab (a-b)(a-c) (b-c)(b—-a) (c—a)(c—h)
612<b—c)+b2(c—a)+(32(a—b)_az(b—c)erzc—abZJracz—bc2

G o) @ ba b

az(b—c)+bc(b—c)—a(b+c)(b—c) (b—c)(a2 +bc—ab—ac)

TR gb g @R b

b) Xét vé tréi, ta co:
bc ca ab bc ca ab
- +— += = + +
a’+2bc b*+2ac c*+2ab (a—b)(a—c) (b—c)(b—a) (c—a)(c—b)

bc(b—c)+ac(c—a)+ab(a—b) ~ be(b-c)+ac® —a*c+a’h—ab’

(a-b)(a—c)(b~c) (a-b)(a—c)(b~c)
_be(b—c)+a*(b—c)-a(b—c)(b+c) _(b-c)(bc+a’—ab—ac)
(a-b)(a—c)(b-c) (a-b)(a—c)(b-c)

_(a-b)a-c)b-c)_,
(a-b)(a—c)(b—c)

14.7. Tu a® +b* =(a+b-c)> = a’ =(a+b—-c)*—b*;b* =(a+b—-c)* -a’

Suyra
_a’+(a-c)® (a+b-c)’-b*+(a-c)’
" b?+(b—c)®> (a+b—c)®’-a’+(b—c)’
_(a+2b-c)(a-c)+(a—c)’
"~ (b+2a—-c)(b—c)+(b—c)?
_(a-c)(2a+2b-2c) a-c
~(b—c)Ra+2b-2c) b-c
11 1

. 1
14.8. Turgia thiéttacd: —+—+—=
X Y Z X+y+z

VP

< (Yz+X2+Xxy)(X+y+2)=xyz
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S XYZ+ Y2+ Y2+ XPZ+XYZ + XZ% + XPY + XY’ +XYZ = XYZ
S XYZ+YZ+YZ? + X2+ XYZ+X2° + X2y +Xy* =0

S yz(X+Y)+2* (X+Y)+xz(X+Y)+xy(x+y)=0
<:>(x+y)(yz+22+xz+xy)=0

< (x+y)(y+z)(z+x)=0

X+y=0
Suyra|y+z=0

X+2=0
Néu x +y =0 thi tr X +y + z = 2020=2z = 2020 .
Néuy+z=0thitr x+y+2z=2020=>x=2020 .
Néu x +z=0thi tr x +y +z =2020=>z=2020 .
Suy ra diéu phai ching minh.

149.Toa*-b=b*-c=d* - b =b—c:>(a+b)(a—b)=b—c

a+b=2C L aiba1o 2O 1)
a-b a-b
\ 2 2 b—C
Tuongty,tr a“—~b=c"—-a=>a+c+1= 2
a-c
2 2 b—a
b*-c=c"—-a=b+c+1= (3)
b-c

Tir (1), (2) va (3) nhan tiring Vvé ta duoc:
(a+b+1)(b+c+1)(c+a+1)=—1.

14.10. Tir gia thiét, 4p dung tinh chat day ti s6 bang nhau ta co:
X’—yz Y -xz X' -yz-y’+xz _(X-y)(x+y+2z)
X—XyZ Y-XyZ X—XyZ—Y-+Xyz X—Yy
X*—yz y'-xz Xy-yz xy’-x’z x’y-yz-xy’+x’z
X—XyZ Y-Xyz Xy—-Xy’z Xy—-X’yz Xy—Xy’z-Xy+x’yz

=X+Yy+2z (1)

XY(X—Y)+Z(X2 —yz) (Xx=y)(xy+Xxz+yz)

x*yz —xy’z (x—y)xyz
= w :£+£+l (2)
Xyz Xy z

1 1 1
Toe()va(2)suyra X+y+zZ=—+—+— .
U (VA @) suyra X4y +Z=d T
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14.11. Tir gia thiét, suy ra (x+3j(y+3j €l xy+i eZ.
y X Xy

2
Xét x3y3+%=(xy+iJ[x2yz+%1}=(xy+ij{£xy+ij 3}
Xy Xy Xy Xy Xy

e Z , diéu phai chimg minh.

Suy ra, x°y* +

X3y3
14.12. Ta co:
X Xz o Xyz B Xyz )
1+x*  yz+x%yz  yz+x(x+y+2z) (X+y)(x+2)
Tuong tu: 2y2 = 2xyz . (2
1+y" (y+2)(y+Xx)
3z 3Xxyz

_ e
1+2%2 (z+X)(z+Y) ®)
Tur (1), (2) va (3); cong vé vai vé, ta co:
X N 2y N 3z _ Xyz N 2Xyz N 3xyz
1+x% 1+y® 1+722 (x+Y)(x+2) (Yy+2)(y+X) (z+x)(z+Y)

_xyz[y+z+2(z+x)+3(x+y)]
XY+ +X)

_ Xyz(5x +4y +32)
(X+Y)y+2)(z+%)

Ngoai cach giai trén, ban cd thé giai bang cach dit a=

X

1 o . .
:c==, tr gia thiét, tacé ab+bc+ca=1, ding
z

thirc can chimg minh tuong duong véi:
a_ . 2b N 3c  Sbc+4ca+3ab
1+a> 1+b* 1+c* (a+b)(b+c)(c+a)

Thay 1=ab+bc+cavao cac mau o vé tréi, roi bién doi vé trai ta dugc diéu phai chung minh.

k2+k+1_1 1 1 1

=1+ :1 .
k(k +1) k(k+1) k k+1
Thay lan luot k =1,2,3,......,n ta dugc:

VT = 1+1—1 + l+l—1 + 1+1—l oot 1+£—i
2 2 3 3 4 n n+l

14.13. Taco:

kK2+k+1 1 Kk

Nhén xét. Ta ciing c6 thé bién ddi bai toan nhu sau;: ————— = —+——.
¢ ne Y Rk+D) K k41

Thay lan luot k =1,2,3,......,n ta duoc:
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n L_n2+2n
n+l n+1
2 drg 4 4 8
14.14. Taco: 4= y + 22y 2+4y4(x4y4)+82/
X+y X +yo (X +y)(X-yY)
2 4
4= y 4 2y + 4y

Xx+y X+y* x'-y*
y 2y (¢ -y)+4y"
X+y (C-y)(x*+y?)
y 2y y(x—y)+2y°
<:>4:X+ = 2= 2 2
y X‘-y X: -y
<:>4:ryy<:>4x—4y=y<:>4x:5y.

b=

. g2
14.15. T gia thiét ta co %4 + %4 = %

= b(a +b)x4 + a(a +b)y4 -~ (xz + yz)z ab

< abx® + b?x* +a’y* + aby* = abx® + 2abx’y”* + aby*
< b*x* —2abx’y* +a’y* =0

2 2

2

<:>(bx2—ay2) :0<:>bx2—ay2:O<:>X—:y—.
a b

Theo tinh chat day ti s6 bang nhau, ta co:

X _ ¥y _xX+y 1

a b a+b a+b

2n 2n 1 2n 2n 2
X Y o = + Y-

a2t bt (a N b)n a®  b" (a + b)n |
by AXD)(X=0) B(x-a)(x—c) _c(x-a)(x-b)
14.16. Xét P(x) = (@ 0)(a0) + (b—a)(b—c) + (c-a)(c-b)

P(X)za(x—b)( c)(c—b)+b(x-a)(x—c)(a-c)+c(x—a)(x-b)(b-a)
(a-b)(a—c)(c-b)
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F)(X)za(x—b)(x—c)(c—b)—b(x—a)(x—c)(c—b)—b(x—a)(x—c)(b—a)+c(x—a)(x—b)(b—a)
(a—b)(a—c)(c—b)
o) (0N e DI B) b x-2)]-(x-a)(b-a)[b(x-¢)-c(x-b)]
(a—b)(a—c)(c—b)
I3()()_(x—c)(c—b)(ax—bx)—x(x—a)(b—a)(b—c)
(a—b)(a—c)(c—b)
o) XADNED(x-0)-(x-8)]_x(a-b(e-b)(a=0) _,
(a-b)a-0(c-b)  (a-b)(a-c)(c-b)
s _a’(x-b)(x—c) b*(x-a)(x—c) c*(x—a)(x—h)
X Q)= Th)aze) * (b-a)b=c) © (c-a)(c-b)
_a’(x—h)(x—c)(c—b)+b*(x—-a)(x-c)(a—c)+c*(x—a)(x—c)(h-a)
o0 (@-B)(a-o)(c-D)
Xét tir s6:

a’(x—b)(x—c)(c—b)+b*(x—-a)(x—c)(a—c)+c*(x—a)(x—c)(b-a)

=a’(x-b)(x—c)(c—b)-b*(x-a)(x—c)(c—b)-b*(x-a)(x—c)(b-a)
+c?(x—a)(x—b)(b-a)

[(x—c)(ax+bx—ab)—(x—a)(bx+cx—hc)]

[ax2 +bx? —abx —acx — bex + abc — bx? — cx? + bex + abx +acx —abc]
[ax® —cx® | =x* (a—b)(c—b)(a—c)

. O(x) = x*(a—b)(c—b)(a—c) )
) =GBy a—o)c-p) *

Vay suy ra P?(x) = Q(x).
14.17.  Tugia thiét, suyra xy+yz+2x=0. Dt Xy =a; yz =b;zx =c, khi do:

D& dang chiing minh a®+b® +¢® = 3abc.

Xy yz zx_a +b’+c® _ 3abc

= =3, diéu phai ching minh.
72 Xt y? abc abc U phai chung

14.18.T1‘rgiéthiétsuyra( X ¥, 2 J.(x+y+z)=2(x+y+z)
y+zZ Z+X X+Yy
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2 2 2

= X + X+ y +y+ Z +Z2=2X+2y+22
y+z Z+X X+Yy
2 2 2
e X Y 2 _yiy+z Piéuphai ching minh.

Y+Z Z+X X+Yy

14.19. Bién d6i vé trai :

a+b a-b a+b(b—c c—aj
) + +

a-b a+b a-b\b+c c+a

c [c—b a—cj ¢ (bc—b*+a*-ac
=1+ + =1+
b-al a b b-a ab

¢ (a-b)(a+b-c - (a=b)(-c-c 2¢? 2c’
’ b—a'( )(ab ) :1+a—b'( )a(b b1 b abe
Vé trai bang vé phai, ta c6 diéu phai chitng minh.
Chuyén dé 15. PHUONG TRINH- PHUONG TRINH BAC NHAT MOT AN
15.1. (V& tréi viét tit 12 VT; vé phai viét tat 1a \VP)
Véix=8taduoc: VT=8a-8-3=8a—11; VP=8a-11
Nhu vay VT = VP, Va. Vay phuong trinh ludn nhan x = 8 la nghiém di a lay bat ky gia tri nao.

=1

15.2. a)Haivédéubing 6x—6 ;  b)Haivé déubing 99y +y*
2 _ _ 2 _
0 2 (z 53+2(z 5 _( +22)(z 5):2—5:VP
z°+2 Z°+2

15.3. Vx>0 thi |[2016x|=2016x. Khido 2016x — [2016x|=0
< 2016x — 2016x =0 < 0x = 0 nghiém ding VX >0.
15.4. a) Vx VT ludn I6n hon VP 5 don vi ;
b) Vy VT >0 ;VP<O0
¢) Khiz =—5vé phai khong c6 nghia.

Khi z=-5
2,7, 2 37 -
VP:ZZ +72-15 27°+10z2-3z-15 (22 3)(z+5):22_3: (2z-5)+2;
Z+5 z+5 Z+5

V& phai luén I6n hon vé trai 2 don vi .
d) Vvt thi VT <0 con VP >0.
15.5. @) Vi m =4 phuong trinh c6 dang 0x® =0 nghiém dung V x.
b) Véim =5 phuong trinh c¢6 dang 0x* =1 vé nghiém.
c) V6i m = 0 phuong trinh ¢6 dang 20x* = — 4 v6 nghiém vi 20x*> 0, V'x

d) V&i m= 6 phuong trinh co6 dang 2x°=2 < x*=1 < x==1.
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15.6. a) Tuong dwong vi cing tap nghiém S = {2,5}
b) Phuong trinh (x — 6)(X + 6) = 0 ngoai nghiém x =6 con c6 nghiém
X = — 6 nén hai phuong trinh khong twong duong vi khong cung tap nghiém.
¢) Tuong duong vi cung vo nghi¢m.
15.7. a) Khong twong dwong vi x = — 2 khdng phai la nghiém ctia phuong trinh x° + 3x = (x + 1)

b) Khong twong duong vi y = 5 1a nghiém |y| =5 nhung khong la nghiém cia y+5=0.
¢) Twong dwong vi ching cung tap nghiém S = {-3;3}.

15.8.a) Thay x =5 vao ca ba phuong trinh déu nghiém dung.

b) Céc cap phuong trinh (1) va (2); (1) va (3) ; (2) va (3) déu khong twong dwong vi déu khéng ciing
tap nghiém.
159.Tac0126-3x=0 < —3x= -126 < x=-126:(-3) © x=42va 3x+2=7x-10 < 3Xx-7x=—
10-2 < —-4x =-12 & x=3.
Nhu vay X = 4,2 la nghiém cia phuong trinh (1); x = 3 1a nghiém cua phuong trinh (2). Vay nghiém phuong
trinh (3) lax =—2.
Dodd 5-k(-2)=8 < 2k=8-5 < k=3:2 < k=15
15.10. a) V6i m=3 taco Ox + 3 =3 nghiém ding V X ;

b) V6i m= -3 tacd Ox+3=-3 < Ox=-6 vb nghi¢m;

c) V6im=5 taco 32x +3=5 < x:i;

16
. . 3 1
d) V6im=0 tacd —18x+3=0 < x=—==.
18 6

15.11. a) x = — 3 la nghiém cua phuong trinh nén

—-15+2n-8=-6 -7 < 2n=15+8-6 -7 < 2n=10 < n=5.
b) Khin= —2017 ta c6 phuong trinh 5x —4034 -8 =2x-7 .

< bx—-2x = -7+4034+8 << 3x=4035 <& x=1345.

15.12. Vé tréi la tong caa 50 hang tr, mdi hang tir chtra trong dau () 12 mét tong 2 s6 hang, mot s6 hang chia
X va hé sb cua x lan luot 1 sb thi tu cua cic hang tir, s6 hang kia lan luot 12 céc s6 1 tir 1 dén 99. S6 céc s6 1é
ciing 14 50 s6. Do d6 (x + 1)+ (2x +3) + (3x + 5) + ... + (50x + 99) = 5050

&S X +H2x+3x+...+50x+1+3+5+ ... +99 =5050.
< x(1+2+3+..450)+(1+3+5+...+99) =5050

@+ 520).50 -, (1+99).50

< 1275x =5050-2500 < 1275x =2550 & X=2.

15.13. Ta biét day sb cong (tir s6 thir hai , cac s6 déu bang sé lién trudc cong véi ciing mét s6; sé duoc cong vao
ta goi 1 khoang céch) c6 cach tinh s6 s6 hang 1a: [|sé cudi — s6 dau| : khoang cach] + 1

=5050 < 1275x + 2500 =5050
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Vé trai cua phuong trinh s& c6 1 +4 + 7 + ...+ 61 la tong cac sé hang cua day sé cong c6 khoang cach (hay
cong sai) 1a 3. Do d6 s6 s6 hang cuatong sé 1a (61—1):3+1=21.
Tacoé (x+1)+(2x+4)+(Bx+7)+...+(nx+61)=420
SE+2x+3x+...+tnx)+ (1+4+7+...+61)=420
a) n chinh lasd sé hang cuaténg 1 +4+7+ ...+ 61; n 8t o
b) Phuong trinh trd thanh:
(142434 +2D)x+ (1+4+7+..+61)=420
o (2121 (+61.21
2 2
& 231x = -231 & x=-L

15.14.a) Taco 9= 1+1+...+1 vaghép mdi sé 1 voi mot s6 hang con lai duoc:
9s0'1

2x+1+1 + X—+2+1 + X—+3+l +..+ X—+9+1 =0
9 8 7 1
2x+10 2x+10 2x+10 2x+10
+ + +..+ =0
9 8 7 1

= 420 < 231x +651 =420

< (2x+10) 1. i =0; Do 1.1 il
9 8 7 2 9 8 7 2

Nén 2x+10=0 < 2x=-10 < x=-5.

1 x-2 X—2014+X—2015

b) Bién i thanh >—=+2X—< 4 4
2015 2014 2

x—l_l N x—2_1 - x—2014_1 N x—2015_l 0
2015 2014 2 1

Xx—-2016 x-2016 Xx—-2016 x-2016
+ + + =

-2015=0 &

ot 0
2015 2015 2 1
< (x—2016) L S =0;Do LJri+...+1+1;«r&0
2015 2014 2 2015 2014 2

Nén x-2016=0 < x=2016.

15.15. Sau khi khai trién va rdt gon phwong trinh da cho ta dwoc phwong trinh c6 dang ax® + bx + ¢ =0. Muén
try thanh phuong trinh bac nhat mot an ta phaic6 a=0vab =0.

Tacd mx(x—5)-(Xx—-4)(x+1)=22
SmME—5mX—X*—X+4x+4-22=0 < M-1)x"—(5m-3)x —18=0

a) Pé phuong trinh tré' thanh phuong trinh bac nhat c6 mot an sé thi ta phai co:

3 < m=1

m-1=0 m=1
=
5m-3#0 m;tg

Khi m = 1 phuong trinh tré thanh (1 - 1)x*—(5—3)x —18=0
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& —2X-18=0 < —-2x =18 < x =-9.
b) Khi m =0 phuong trinh tr¢ thanh : (0—1)x2—(0—3)x -18=0

3,63

2
& - X +3x-18=0 & X*-3x+18=0 < (x—zj +5 0

2
Do (x—gj +% >0 VX nén phuong trinh vd nghi¢ém.

¢)Khi m=2 phuong trinh tré thanh (2 —1)x*— (10— 3)x —18=0
S X-Tx -18=0 < xX*—9x+2x —18=0 < X(x—9) +2(x —9)=0
< X9 +2)=0 < x=9 hoac x=-2.
15.16. a) Phuong trinh bac nhat mot 4n c6 dang ax + b = 0. Dé phuong trinh di cho tré thanh phuong trinh bac nhat
mot an thi hésé coax?lam?—25=0vahésdciaxlam+5 =0.Taco1+5+9+13+..+1971a tdng cac sb
hang cua ddy s6 cong co khoang cach (hay cong sai) la 4.
Ta c6 s6 s6 hang cua tong & vé phai s& 1a (197 —1) : 4 + 1 =50
val+5+9+13+...+197 = (1 +197).50 : 2 = 4950
Khi 4y phuong trinh tré thanh (m? — 25)x? + 10(m + 5)x + 5025 = 4950

< (M?=25)x* + 10(m + 5)x + 75 =0

2_25= m—-5)(m+5)=0
Taco {m 25 O@{( X ) <m=5

m+5 =0 m= -5
V6im=5 phuong trinh tré thanh : < (25— 25)x* +10(5 +5)x + 75=0
hay 0x? + 100x +75=0 hay 100x +75=0 la phuong trinh bac nhit c6 mot 4n sé. Nghiém caa phuong trinh

lax= —E:—OJS.
100

b) x = n la nghiém caa phuong trinh A(x) = B(x) néu A(n) = B(n)
Do d6 khim =10 ta c6 (10° — 25)x* + 10(10 + 5)x + 75 =0
< 75X +150x +75=0 < 75(x*+2x+1)=0
< 75(x+1)%=0 = X+1=0 < x=-1.
c) Khi m = — 5 phuong trinh tro thanh 0x? + 0x + 75 = 0. V6 nghiém vi ¥x gia tri VT 1a 75 con VP 13 0.
d)Khi x=1ta ¢ (m®—25).12+10(m+5).1+75 =0
VT=m?-25+10m+50+75=m? +10m +25+75=(m+5)*+75>0
vm . VT #VP nén x =1 khéng la nghiém cua phuong trinh vm.
15.17. V6i x > 1 phuong trinh thanh x —1=2x -3 < x =2 (thdéa man DK)

Véix <1 phuong trinh thanh 1 -x=2X-3 < x= % (loai).

Nghiém cua phuong trinh la x = 2.
15.18, x+1+x+2 _ x+3+x+4<:> X+1+1+X+2+1: x+3+1+x+4+1
9 98 97 9 99 98 97 96
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=S (x+100)(1+i—i—ij:0 < x=100 do (iJri—i—ij#O
99 98 97 96 99 98 97 96

15.19, 2—x_1:1—x_ X C>2—x 1o 1-x 1 X 1
2013 2014 2015 2013 2014 2015

o (2005-x)| =+ 1
2013 2014 2015

Chuyén dé 16. PHUONG TRINH PUA PUQC VE DANG
ax+b=0 (hayax=-hb).

ij < x =2015.

16.1. Céac phuong trinh déu chira cac mau sb. Do d6 ta thyuc hién viéc quy dong mau sé cac phan sé roi khir
mau sé (thuc chat 12 ta nhan hai vé cua phuong trinh véi cing mau sé chung). Riéng c) va d) ta phai quy dong
riéng cac phan thirc trén cac tur roi dua vé thanh mot phan thic sau d6 méi quy dong mau hai vé. O cau b) ta c6

o,5|al;
2

- Trong qué trinh giai cd thé rat gon cac hang tir d6ng dang ting vé sau d6 mai chuyén vé, va bo nhitng hang tir
gidng nhau & hai vé néu co.

*Papsdra) x=1: b)x=-1;; c)x:Z% . d)x=-4
16.2. Céc phuong trinh déu chtra cac biéu thirc vé phan sé va s thap phan. Trude hét ta rit gon cac biéu thirc
do, tiry theo cac biéu thirc ta bién ddi thanh phan sé hay sb thap phan thuan tién cho viéc tinh.

1 1 1} 15 70-105+126-155 15 -64 15

a) Taco 21—3—+4——5—
3 2 5 6

16 30 16 30 16

Do d6 phuong trinh trg thanh -2y = % (3—-8y)+ 7%. Giai dugc y =4,5.

2 .z 8,54+0,46-4,5:0,25 8,54+0,46—-4,5:0,25 9-18
b) Bien doi 5 = - =-3
2,68+2—5 2,68+0,32 3

Phuong trinh thanh —3%:[% Z) >+3 hogc -3+0,25y=(05y-0,25y) 05+3

Giai duoc X = 48.
1 .1 13 31 7 39-62-28+36 15

) 3,25-5=-2-+3="-""_—43=2 % PTT_

6 3 4 6 3 1 O
vao0s540254 1.+, 1,11 1.1 3t
81632 24816 32 32

Do d6 phuong trinh tr¢ thanh —Ey ( 15) 4=20 52,31

12 31732

Giai dugc y =8.

16.3. a) Bé phuong trinh c6 nghiém 1a z = 3 phai c6 :

(3-2%- (3+5m-2) + (3+3)> =2(3*-m+1)+8(m-5).3 +28
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Giai phuong trinh tim dugc m = 4.

b) (z—2)’— (z+5m—-2) + (z+3)* =2(Z* - m+ 1) +8(m—"5)z + 28
Khai trién rit gon , chuyén vé ta duoc phuong trinh (41 —8m)z = 3m + 15
3m+15
41-8m’

Néu m = % thi phuong trinh c6 nghiém z=z=

Néu m= 2 tacs 0z= 3.2 415 vo nghiém vi 381 15-253 ¢
8 8 8 8
) n . . 5, 2m-3X
16.4. Giai phuong trinh (x — 2)(X + 3) = x(x — 1) + 10 dugc nghiém x = 8. Vay phuong trinh X° — 5 +

5(x + m) = x> — 6x* + 31 c6 nghiém x = 2
2m-3.2
2

Nghia 1a 2% — +5(2 + m) = 2° - 6.2% + 31. Giai tim duoc m = —%

16.5. a) Ta bién doi phuong trinh da cho thanh phuong trinh
3x-5 3x-6 3x-294 +3X—295

+
295 294 6 5
<:>(3x—300)[i+i—1—1j:0. Tim duoc x = 100.
295 294 5 6

74+x 75+x 76+x T77+Xx 78+X
+ + + +
125 124 123 122
- 74+X+1 N 75+X+1 N 76+X+1 N 77+x+1 N 78+X+1 0
126 125 124 123 122
1 1 1 1 1
b
126 125 124 123 122
X-50 x-51 x-52 x-175
- + + -
49 48 25
O Vé trai caa phuong trinh, néu ta thém (— 1) vao mdi phan thtc trong ba phan thirc dau va thém (+3) vao
phan thic thir tu roi quy ddong mau tirng cap ta lam xuat hién 4 phan thie déu co tir 1a x —100. Viéc thém vao
khong 1am thay doi gié tri cua vé trai vi—1 -1-1 + 3 =0.

Taco [ X220 g |¢[ X230 ) [ X292 4], [X1P 1 5) g
50 49 48 25

b) Bién doi thanh : +5=0

<:>(200+x)( ]:O. Tim dugc x = —200.

¢) Bién d6i phuong trinh thanh : 0

o (x=100) L+ L 1V 0  Tim duoc x = 100.
50 49 48 25
) Bién déi thann - 2350, X100 4x-95 4x-110 4145
25 35 45 55

O Vé tréi ciia phuong trinh, phan thuc thir nhat néu ta thém 10, phan thic thir hai thém — 4; phan thic tha ba
thém —3; phan thic thi tu thém —2; phan thac the ndm thém —1 thi gia trj vé trai khong d6i vi10 -4 -3-2-1
=0; taquy ddng mau tirng cap 1am xuét hién 4 phan thirc déu cd tir 1a 4x —200.  Tur dotaco
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4X_350+10 . 4X—100_4 . 4X—95_3 N 4X—110_2 . 4x—145_1 “0
15 25 35 45 95

1 1 1 1 1
(4x—200)(—+—+—+—+—j =0 . Tim duogc x = 50.

15 25 35 45 55
Nhdn xét: O cac bai toan thudc dang trén cac phuong trinh sau khi bién doi ta khong quy dong tat ca cac mau sb,
hudéng giai 1a 1am xuat hién cac tir thie gidng nhau bang cach thém, bét vao mdi phan thic cac sé thich hop thanh
mét cap, sao cho gia tri cac vé ctia phuong trinh khong thay déi. Bang cach quy dong mau tirng cap ta s& lam xuat
hién cac tir thuc gidng nhau. Khi dit thanh nhan tir chung, nhan tir con lai s& 1a tong, hiéu cac phan s ma tinh khac
khéng cua no 1a diéu dé nhan ra. Tir d6 ta tim duoc nghiém caa phuong trinh .
16.6. Pay la cac phwong trinh chira tham sb. Can dic biét luu ¥ diéu kién xac dinh cta cac phuong trinh va sau khi
bién d6i vé dang ax + b = 0 hoac ax =—b , (a = 0), phai bién luan cac gié trj cua a dé xac dinh nghiém cta phuong
trinh.

a) PKXP: m #+ 2.Bién d6i phuong trinh thanh
X-mMm-2)+(xX-2)(M+2)=—4m <  2mx=(m-2)

(m-2)°
2m

Néum#0vam=#+2 thi x=

Néum = 0 thi phuong trinh tr¢ thanh 0x =4, phuong trinh v nghiém.
b)) Dom.np=0nénm=0 ;n=0;p=0.

Nhan hai vé caa phuong trinh véi mnp = 0 ta dugce phuong trinh tvong dwong :  m(X —m) +n(x —n) + p(x —
p) =2mn + 2np + 2pm

< x(m+n+p)—(m?+n?+p’+2mn +2mp + 2np) = 0

SxMm+n+p)— (M+n+p’=0 < (M+n+p)x —(M+n+p)]=0

*Néum+n+p = 0 thi nghiém ciia phuong trinh 1a x=m+n+p

*Néum+n+p=0 thi phuong trinh thanh 0(x —0) =0, vd s6 nghiém.

y—m_l_ y—-m-n+3
n-3 n-3
Xuat hién tir thac (y — m —n + 3). Do d6 ta chuyén vé rdi viét —3 = —1 — 1 — 1 va ghép mdi s6 véi mot phan
thuec.

PDKXD m#3; n23; m= —n

Bién déi phuong trinh thanh (y_m —1j+[y_” —1j+( y+3 _ j:o

16.7. a) Ta nhan thay . Lam tuong tu nhu vay vai cac phéan thuc con lai  ciing lam

n-3 m-3 m+n
- y—m—n+3+y—n—m+3+y+3—m—n:0
n-3 m-3 m+n
<:>(y—m—n+3)( ! + ! + ! JzO
n-3 m-3 m+n
L1 1 1 . . . A
Neéu + + # 0 thi phuong trinh c6 nghiémy=m+n-3.

n-3 m-3 m+n
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Néu ! + ! - ! =0 phuong trinh tré thanh O(y — m —n + 2) = 0 théa mén véi moi y . Phuong trinh
n-3 m-3 m+n

vO s6 nghiém véi m=3; n=3; m = —n.

b) Twong ty a) Bién d6i phuong trinh vé dang :

(3y—n_p_1j+(3y_p_m_1)+£3y_m_n_1]20 = [Sy_(m 4+nNn4+ p)][i+£+1j =0
m n P m n p

New S+tillo o y= E(m+n+p).

m n p 3
. 1 R . A & . .
Néeu —+—+—=0 = phuong trinh tr¢ thanh Oy =0 cd v s6 nghiém véi m.n.p=0;
m n p

16.8. Cac phuong trinh déu chira nhitng biéu thirc vé sb, phan sd, sé thap phan, ddy sb, phan sé . Ta can rit gon
trude rdi thay vao phuong trinh dé giai. Khi rit gon can luu ¥ cac quy luat cua ching.

TR EEYE

va 1+2+4+3+...+199+200= =20100

Phuong trinh tré thanh ——— 200x—18070 = [ — —1.20100
100 100

Giai phuong trinh tim duoc x = 10.

7 N\7 7 7 16 27 40 112 28 39 410 814
) = 41| —+1| —+1|.| —+1]|== 2 =E s 22
9 Jl20 )(33 105 9°'20'3377105 1.9'2.10'3.11"7.15

2_ p—
_234...8 891014 64 o thanh: (x+3)° ~(x=5)(x+5) _64 15
1.23....7 9.10.11....15 15 2 15256

dugcx=-06

06+°_3 14 o 3(0,2+1—1j 14(1—1,5J s -

(x+2) . Giai

7 11 3
c) + = + =—+—=1

10 10 20

2+ 7030 10[0,242-1| 20[1-15] 10 10
7 11 3 7 11 3

1 11 1 1+2+3-6

—+—t-—==—— =0

12 6 4 2 12

Phuong trinh tré thanh  92x—-1=-8(x—3). Giai duoc x =0,25.

16 .9. Pay la mot bai kho, hay, doi hoi linh hoat va sang tao. Trong ca ba cau ta gap cac phan sé dang
. VR g m 1 1 ., s

——— Vvdia;mlacacsova a#—m.Ta bién doi =—- de rat gon céac biéu thuec.

a.(a+m) a.(a+m) a a+m

9 9 9 9 11 1.1 1 11

a)— + + b ——=l- - -
110 1019 1928 8291 © 10 10 19 19 28 82 91

L0 podotacs 2+183 318240, 5270
o1 91 o1 91 4 5
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Giai phuong trinh tim dugc z =0,1
6060 6060 6060 _6 (1 1 1 1 j

b) Tacé: 10+

+ + ot Sttt
1212 2020 9090 6 12 20 90

=60 1 + 1 + 1 +...+ 1 =60 E—£+l—l+1—l+...+1—i =60. 11 =24
23 34 45 9.10 2 3 3 4 4 5 9 10 2 10
2015 2016+2017  2015.2016+2017  2015.2016+2017
2016 2017 —2015 2016. (2015+2) — 2015 2016.2015+2017
Phuong trinh tré thanh 24(z—1) =76 — z. Tim dugc z = 4.
2017 2017 2017 2017( 10 10 10
c) bat A = + +..+
111 212 100.110 10 [1.11 2.12 100.110)
_ 2017 11_1+12_2+ 110-100 2017 1_1 3_1 i_i
10 \ 111 212 7 100.110 10 11 2 12 7 100 110
2017 1 1 1 1 1
=—| |1+ || ==+ —
10 K 2 100} (11 12 110)}
Xét M = 1+l+...+i - 1+i+...+i =
2 100 11 12 110
1 1 1 1 1 1 1 1 1 1 1
I+=++— |- —F—F ot — || —F =+t — || =+ —+..+— |=
( 2 10j (101 102 110] [11 12 100) (11 12 100)
1+£+...+i — i+i+...+i nén A= 2017 M
2 10 101 102 110 10
, 2018 2018 2018 2018(101-1 102-2 110-10
Xét Bz ——+——+...+ = + +..+
1.101 2.102 10.110 100 { 1.101 2.102 10.110
_2018(, 1 1 1 1 1
100 101 2 102 10 110
2018 1 1 1 1 1 2018
— || 1+ =+ = || =+ +..+ = .M
100 2 10 101 102 110 100
Dodé tace 20x v, 2 = 2018
10 10 100
2018 2017 _ 2018 100 _ 2018
100 ~ 100 100 2017 2017
16.10. Ta thay néu chuyén vé rdi ghép _Lei (221 duogc tra 1 1) tma-c- Tuong ty ta
c bc b bc b c bc
¢6 cch giai - Chuyén vé va viét phuong trinh i cho thanh [ =8- 1 1], (1=b 1 1) ft=¢ 1 1},
bc b c ca C a ab a b
t-a-c-b t-b-a-c t-c-b-a
= + + =0
bc ca ab
< (t—-a-b- c)(i+i+ij:0
bc ca ab
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Néu i+i+i # 0 phuong trinh ¢c6 nghiém t=a+b+c
bc ca ab

. 1 1 . L
Néu — + —+— =0 phuong trinh nghiém dang v&i moi t.
bc ca ab

16.11.12 - 3(x —2)* = (x + 2)(1 - 3X) + 2X <

12 -3 —4x +4) = (- 3x* —Bbx +2) +2x < 15x =2 < x:%

16.12. Bién d6i phuong trinh thanh:
(2041 — 1001x)% + (2010 — 1000x)? = 2(1001x — 2041)(1000x — 2010)
&> (1001x — 2041)% + (1000x — 2010)° — 2(1001x — 2041)(1000x — 2010) = 0
bat 1001x—2041=a va 1000x —2010=b taco
a®—2ab+b’=0 < (a-b)*’=0 < a=b
Hay 1001x — 2041 = 1000x -2010 <« x=31.
16.13. Goi s6 ty nhién nhé nhat Ia x . Ta giai phuong trinh :
X(X+ 1) +X(X +2) + (x +1)(x +2) =1727 < x*+2x =575
o (x+1)% =576 < x=23.
Vay 3 sd ty nhién can tim 1a 23; 24; 25.
Chuyén dé 17. PHUONG TRINH TICH
1
2
b) Chuyén vé, dat (x- 4) 1am nhan tix chung. Tap nghiém : S={-2;-0,25;2}

17.1. a) x=—g , X=
3

c)x=-1, x=11; d x=-05, x=45.
172. a)y’— 3y-2=0 < Y- 2y?+2y*—4y+y—-2=0
& VY- 2+2y(y-2)+(y-2=0 < (Y +2y+1)(y-2)=0
o (y+1)y-2)=0 oy=2;y=-1
)y + 2y’ ~4y-8=0 < (y+2*(y-2)=0 < y=+2;
)Y+ 2y*+ 2020=2011 < y*+ 2y?+ 9=0 ;
& Y+ 3y y-3y+3y + 920 < Y (y+3)- y(y+3)+3(y+3)=0

2
< (y+3)(y— y+3)=0.Do y*- y+3= (y—%) +lzl>0,Vy nén y=-3

d) (y- 1)’y +3)-(y—1)*(y+3) = 5y +16
< (y-1)%— 5y—-16 =0 o Y o2y%+y-5y-16 =0
o Y o4y*+2y* — 8y+4y—16 =0
& Yy-4)+2y(y - ) +4(y-4) =0 < (y-4)(y*+2y+4) =0.
Doy*+2y+4=(y+1)>+3>0, Yynén y=4.
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17.3. Pay 1a cac phuong trinh bac cao. Ta phai sir dung hé qua cua dinh ly Bézout (xem vi du 2) dé xac dinh
nhan tr chung va phan tich thanh nhan tir bang phuong phap tach, thém bot.

a)2'+2°-77-2+6=0 < (z+3)z-2(z+1)(z-1)=0
Tap nghiém cua phuong trinh la S={-3;-1,1; 2}

b)2°—127' + 2327 +36=0 < (Z®+1)(z+3)z-3)(z+2)(z-2)=0
Tap nghiém cua phuong trinh 1a S = {—3; —2; 2;3}

C) 2428 -207% +4z =622 -52+1 < 247°-267° +9z2-1=0
o 28 -1222-1477+72 +22-1 =0 << (2z-1)(122%7z +1) =0
o (22-1)(127%-3z -4z +1) =0 < (2z-D)[3z(4z-1)-(4z -1)] =0
< (22-1)(3z-1)(4z-1) =0
Ta tim duoc tap nghiém cua phuong trinh la S = {1 ; 1 ; 1 .

4 3 2

* Nhdn xét : Cau c) con c6 cach giai khac . Néu phan tich ngay hai vé thanh nhan ti trudce ta thiy 62> — 5z + 1 =
6z2-3z2-22+1=(2z-1)(Bz-1) vacé 24z°-20z° +4z = 4z(3z — 1)(2z - 1) vi thé phuong trinh tré
thanh 42(22-1)(3z-1)-(2z-1)(3z-1) =0 < (2z-1)(3z-1)(4z-1) =0 .
17.4. Céc phuong trinh nay khi khai trién déu 13 phuong trinh bac cao vi thé phuong phap chung 1a chuyén vé, khai
trién, rit gon dua vé dang A(t) = 0 sau d6 phan tich vé trai thanh nhan tr. Tuy nhién néu xuat hién cac da thirc chtra an
c6 phan hé sé cua c&c an cling bac giéng nhau , ta c6 thé dat an phu dé giai .

a) Chuyén vé, khai trién, rit gon, sau d6 phan tich vé trai thanh nhan tir bang tach, thém bét cac hang tir ta
dugc phuong trinh :

28 450 4t-12=0 < (t—-2)(t+1)(t?—t+6)=0.
Suy ra nghi¢m cua phuong trinh lat=-1 ; t=2.
Nhgn xét : Con céch giai khac, dung phuong phap dat an phy :
-0+ (2t+1)°=13+8t < (B-t)2+4(t-1)-12=0
Pat t? —t=uta c6 phuong trinh v’ +4u—-12=0 < (U+6)(U-2)=0

V6i u+6=0 :>tz—t+6:0v6nghiémvit2—t+6:(t—%j2+§>0,w
Vi u—2=0=t?-t-2=0 < (t—2)(t+1)=0 nén t=2;t=—1.
b) Cach 1: Chuyén vé, khai trién, rt gon sau d6 phan tich thanh nhan tir dua v& dang : (t — 1)(t + 2)(* + t +
5)=0.
Cach 2: Ta bién d6i bai toan nhu sau (B +t+ 1) =10— t—(t+2)(E +1)
o E+t+ 1) =12 (t +2)— (t+2)(E +1)
o EB+t+ )P =12- t+2)E+t+1) o E+t+1)E+t+2)-12=0;
Pit t?+t+ 1 =u.Phuong trinh tré thanh u(u +1)—12=0
S U+ U-12=0<U-3)(U+4)=0. Hay (?+t-2)(t?+t+5)=0
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V6i P+t-2=0 < (t—1)(t+2)=0 < t=1hoict=—2
o o, (. 1Y 19
Voit"+t+5=0 vonghiémvi t°+t+5= t+§ +Z >0 Vit
Vay tap nghiém cia phuwong trinh S = {-2;1}
C) (P+t)> -2 +t)+1=5{t+1t)-9
Pit t*+t=z phuong trinh tré thanh z* —2z+1=5z-9
& 72-72+10=0 < (z-2)(z-5)=0
Todoco t?+t-2=0 < (t—-1)(t+2)=0 < t=1lhoict= -2
?+t-5=0 < (t—4)(t+5)=0 < t=4hoict= -5
Vay tap nghiém cua phuong trinh 1a S = {-5;-2;1;4}
d) (C-3t+2)(E-T7t+12) =24
o (t-1)(t-2)(t-3)(t-4)=24 < (P-5t+4)(*-5t+6)—24=0
Pat  t?—5t+4 =y phuong trinh trd thanh y(y +2) —24 =0
o VP +2y-24=0 < (y+6)(y—4)=0 < y==6hoacy=4.
*\oiy+6=0tacd t*—5t+10=0 vd nghiém vi

2
t? _5t+10= (t—gj +%>O,Vt

*\/6i y—4=0tacd t?*—5t =0 < t(t—5)=0 < t=0hoict=5
Phuong trinh ¢6 hai nghiémla t=0;t=5.
Nhdn xét : Ta c6 thé dat t*— 5t+5=u thi phuong trinh tr& thanh
uU-1)(u+1)-24=0 < (U-5)(u+5) =0.
Hay (t2—5t)(t?— 5t + 10) = 0 . Giai ta cling dugc két qua trén.
17.5. Trong cAc bai toan xuét hién cac dang (a+b)*; (a—b)’ va @®+b’ Luuy: (a+b)’=a®+b®+3ab(a+b)
va a’+b’=(atb)(a*Fab+b’)
a)bat y=4x+3; z=2x-5; thi y—-z=2x+8. Tacd:
y-2=(y-2° o y-2=y -2 -3y2(y-2) = 3yz(y-2)=0

y=0 4x+3=0 Xx=-0,75
<1z2=0 hay |2x-5=0 = X=2,5
y-z=0 2Xx+8=0 X=—4

Tap nghiém cua phuong trinh 1a S={-4;-0,75;2,5}

b) Patu=3x+2016;v=3x—-2019 thiu+v=6x—-3.
Phuong trinh trén tré thanh u® + v — (u+v)® =0 hay
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W+ [P +v¥+3uvu+v)]=0 < -3uv(u+v)=0

u=0 3x+2016=0 X =-672
< |v=0 & |3x—=2019=0 < |[x=673
u+v=0 6x—-3=0 x=0,5

Tap nghiém cia phuong trinh 1a S={-672;0,5; 673}
c) 2x—7)*+ (9-2x)* +=152.

bat 2x-8=ythi2x-7=y+1; 9-2x=1-vy.

Do d6 phuong trinh tré thanh  (y + 1) + (1 —y)* = 152

Khai trién, rat gon (hodc dung hing ding thic a* + b* ) ta duoc

6y’ +2=152 < 6y*~150=0 < 6(y +5)(y—5)=0.

-V6i y+5=0thi 2x—-8+5=0 < x=15
-V6i y-5=0thi 2x-8-5=0 < x= 6,5

Tap nghiém cia phuong trinh 1a S={1,5;6,5}

17.6. Luuydang a*-b*;va (a+b)’ =a*+4a’+6ab? +4ab® +b*
a) Pat 2x—4 =y phuong trinh tré thanh (y—1)* + (y + 1)* = 16

SV AP +6y Ay +1+y + AP+ 6y + 4y +1=16

S +12% - 14=0 o V' +6yP-7=0 < (Y-1)(?*+7)=0

Doy’+7>0,Vy nén y"—1=0 < (2x—4)>-1=0

2x-5=0 |:X=2,5

< (2x-5)(2x-3) =0 & =
2x—3=0 x=15
Tap nghiém cua phuong trinh 1a S={1,5;2,5}.

Chiy:Cothédat2x —-5=yva2x—-3=ztaco y'—z*=(y—2)* (ban doc tu giai).
b) Pt 4x—19=y;4x—-20=z thiy+z=8x—39 tacod y*' +z'— (y+2)* =0
o V+zt - vy —4yPz—6y*z? —4yz® -7 =0

o —4y’z—-6y°z° -4y’ =0 < 4yz(y2+gyz+zzJ=0
( 3 Jz 7, y=0 4x-19=0 [x=4,75
Sdyz || Yy+-2| +—2° |=0& = =
4 16 z=0 4x-20=0 X=5
Tap nghiém cua phuong trinh la S= {4, 75; 5}

¢) (5x+2,5)" —(5x-1,5)" =80

Pit 5x +0,5=y phuong trinh tré thanh (y +2)* - (y — 2)* = 80
Ta dung khai trién cua (y + 2)* = y* + 8y* + 24y? + 32y + 16
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(y—2)"= y*—8y*+24y* — 32y + 16
Thay vao , chuyén vé, rit gon dugce phuong trinh y* +4y—5=0
© Y-l+tdy-4=0 & (y-DY +y+1)+4y-1)=0

2
o (Y-1)(y’+y+5) =0 y=1vi y*+y+5= (y+%) +¥>O,Vy

Dod6o5x+05=1 < x=0,1.
* Nhdn xét : Céch giai khéc cua c) (ban doc ty giai tiép):
y+2)' - (y-2" = [y +2)° - (y-2)°] [y + 2)* + (y - 2)°] = 8y.(2y"+ 8)
Phuong trinh tro thanh 16y° + 64y —80=0 < y* +4y-5=0.
17.7. a) VV&i a = 2 phuong trinh tré thanh x3— 6x° + 5x + 12 = 0.
< X+1)(x-3)(x-4)=0 .Suyra x=-1,x=3,x=4.
b) X*-x-6=0 & (x—-2)(X*+2x+3)=0 < x=2 Vi
X2+2x+3=(x+1)2+2>0, Vx.
Pé x=2 langhiémtaphaico: 8-12a+5a+6a =0 < a=S8.
17.8. @) Thayx =3 tacé —4m?+ 8m =0tiacla m*~2m =0 nénm =0 hoic m = 2.
b) Thaym?*—2m=0tacd (x—2)°-7(x—2)+6=0
Pit x—2=ytacod Y'-7y+6=0 < (y-1)(y—-2)(y+3)=0
y=1, y=2;vay= -3.
Tacd x-2=1 < x=3; x-2=2 & x=4; x-2=-3& x=-1;
Vay phuong trinh c¢6 ba nghiém: X=-1;x=3;x=4.
17.9. a) IMXC-18°-mx+2=0 << (Mx—2)(9x*-1)=0
< (Mx-2)3x-1)(B3x+1) =0
mx—-2=0

*Néum =0 thi { .Tim duoc X =

(Bx+1)(3x-1)=0 X= %

3~
Wl

*Néum=0 thi x:i%.

b) 4m® + 45 = x(36 +5m?) < (mx—3)(mx + 3)(4x —5) = 0.

mx—-3=0 3
*Néum =0 thi {mx+3=0 .Timduoc x= +— ; x=1,25.
m
4x-5=0

* Néum =0 thi x=1,25.
17.10. a) Nhan 2 vao nhan ti tht hai, nhan 4 vao nhan tir thi ba & vé trai va nhan 8 vao vé phai ta co :
(4x —5)%(2x -3)(x—1)= 15 < (4x—5)%(4x —6)(4x —4) =12
Pat 4x—5=t Tacé t(t+1)(t—-1)=12 < t'— t*-12 =0
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o (B—4)(t*+3) =0.
*VoitP—4 =0 tec 1A (dx—5)°—4=0 < (4x—-5-2)(4x-5+2)=0
< x=1,75hoacx=0,75

*\/6i t?+3=0, vonghiémvi t?+3>0 Vt.
Tap nghiém cua phuong trinh la S={0,75;1,75}.

b) (2x + 7)(x + 3)*(2x + 5) = 18;

Nhan hai vé cia phuong trinh véi 4 ta dugc
(2x + 7)(2x + 6)*(2x + 5)= 72. Pit 2x + 6 =y phuong trinh trd thanh
(y+LYA(y-1)=72 <y - y*-72 =0
& (-9 +8) =0 < (y-3)(y+3)(y’+8) =0.Doy*+8>0,Vy.
T doécox=-15hoacx=-4,5
Tap nghiém cta phuong trinh 1a S={-4,5;-1,5}.

c) (¢ —3x+2)(2x—3)(2x—5)=6 < (Xx—1)(Xx—2)(2x—3)(2x—5) = 6
< (2x —2)(2x—4)(2x—3)(2x—5) = 24
< (42— 14x + 10)(4x2 - 14x + 12) = 24,
Pit 4x®—14x + 11 =y phuong trinh tro thanh (y — 1)(y + 1) = 24
oy -1=24 < (y-5)(y+5)=0
-V6i y—5=0 taco 4x*—14x+6=0 < (x—3)(4x—2)=0
< x=3hoac x =0,5.
-V6i y+5=0tacé 4x*—14x +16 =0 v nghiém vi
4x* — 14X + 16 = (2x—£j2+%>O,Vx.Vaytap nghiém 1a S={0,5;3} .

17.11. a) Phuong trinh trong cau a) 1a phuong trinh déi xtng bac I¢ (bac 3) nén c6 mot trong cac nghiém 1a — 1.
Phan tich vé trai thanh nhan ti ( luu y chic chan c6 mét nhan tr chung 1a (z + 1) vi mét trong cac nghiém 1a —
1)

Tac62z°-377-32+2=0 < (z+1)(z-2)(2z-1)=0
Tap nghiém cua phuong trinh la S= {—1;% ; 2}

b) Phuong trinh trong cau b) la cac phuong trinh ddi xting bac chin (bac 4). Ta nhan thiy z = 0 déu khong phai la
nghiém nén z = 0. Ta chia hai vé caa phuong trinh cho z* va dung phuong phap dat 4n phu dé giai tiép. Ta nhan
thdy z = 0 khong phai 1a nghiém cua phuong trinh nén z = 0. Ta chia hai vé cua phuong trinh cho z # 0 dugc
phuong trinh twong duong:

32° - 13z + 16 —§+% =0 @3(z2+%j—13(z+1j+16=0
Z 7 z z
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bit z +l =t thi z° +i2 = t? — 2. Khi 4y phuong trinh tro thanh :
Z z

3(P—2)-13t +16 =0 < 3t —13t +10=0 < (t—1)(3t —10)=0

Véi t—1=0tucla z+£—1:0 < 22—z+1=0 Vo nghiém vi
z

2
2 z+1=]z-% +§>0,VZ.
2 4

Vi 3t—10=0tuc la 3z+§—10:0 & 32°-102+3=0
z

< 32°-92-z2+3=0 < 32(z-3)-(z-3)=0 < (z-3)(3z-1)=0

z=3

z-3=0

& & 1 . Vay tap nghiém ctua phuong trinh 1a S= 1 ;3
3z-1=0 z== 3

c) Giai twong ty cau b) , chia hai vé ciia phuong trinh cho z% # 0 dwoc phuong trinh twong duong:
2(22 +%j+(z+1j—6:0
z z

1 N 1 ., s
bat z+—=u thi 22+—2:u2—2. Khi ay phuong trinh tré thanh :
z z

215-2) +u-6 =0 <= 20> +u -10=0 < (U-2)(2u+5)=0

Tir d6 ta tim duogc tap nghiém cua phuong trinh 1a S={-2;-0,5;1}
17.12. Goi s6 tu nhién nho nhat [a x thi x3 + (x + 1)* + (x + 2)* = (x + 3)*
& 2C-12x - 18=0 < X-6x -9=0< (x—-3)(¢+3x+3)=0

2
& X=3 Vi X*+3x+3= (x+§j +§>O,VX .

17.13. baty=x+15 tacod (y—-6)(y—-5)(y—4)-8(y—-15)=0

< Y(yYP-15y+66)=0. Do y’—15y+66= (y—%}z +%>0 Yy

= y=0 = x=-15. (Cach khac: bat x + 10 = y. Ban doc ty giai)
17.14. Bién dbi phuong trinh thanh (x — 2)(X — 3)(x —4)(x +5) =0

Tap nghiém: S={-5;2;3;4} .

17.15. Bién ddi phuong trinh thanh (x + 1)(x + 2)(x + 3)(x + 4) =24

< (0 +5x+4)(X* +5x +6)=24.

Patx? +5x+5=ttaco (t—1)(t+1)=24< *=5 < t= +5.
Xétvoit=5vat=—5 tatimduoc hainghiémlax=0 va x=-5.
17.16. Bién d6i thanh (x + 1)(6x*— 35x> + 62x* — 35x + 6) = 0.
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Ta tim duoc x = —1 12 1 nghiém. Véi 6x* — 35x> + 62x* — 35x + 6 = 0 do x =0 khdng la nghiém nén chia
hai vé cho x° ta dugc :

6(x2+i2]—35(x+£]+62:0. bat x+£:y thi x2+i2:y2—2
X X X X
Phuong trinh tro thanh 6(y*—2) - 35y +62=0 < (2y—5)(3y—10)=0

Thay y=x+E vao 2y —5=0 giai ra ta tim dugc X =2 hodc x = %
X

Thay y=x+l vao 3y—10 =0 giai ra ta tim dugc X =3 hoac x =
X

w |

Tap nghiém cta phuong trinh la S = {—1;% ;% 12 3}.

17.17. Nhan (3x + 4) v6i 2 ; (x + 1) véi 6 va vé phai véi 12 ta duoc
(6x + 8)(6x + 6)(6x + 7)°=72. Diat6x+7 =y phuong trinh tro thanh
(Y+y-1Y=72 < yV'-yY-72=0 = (Y-9)(Y’+8)=0 < y=+ 3(doy*+8>0, VY). Giai tip ta tim

duogc nghiém x = 2 vax= > .
3 3

17.18. (xX* = 2x)? +3x* —6x=—2 < (X*—2x)* +3(x*—2x) +2=0 .

Patx’—2x=ytacd y?+3y+2=0 < (y+1)(y+2)=0< y=—1lhoicy=-2.V6ixX*-2x=-1 < (x
~1?=0 < x=1.

VGixX*—2x=-2 < (x—-1)>+1=0 vo nghiém.

17.19. (4x + 3)°(2x + 1)(x + 1) = 810 < [8(2x2 +3x)+9}(2x2 +3x+1) =810
Pit 2x*+ 3x =y phuong trinh trd thanh

By +9)(y+1)-810=0 < 8y’ + 17y - 801=0 < (y—9)(8y +89) =0

*y_9=0tacla 2¢+3x—9=0 < (X +3)(2x-3)=0 < x=-3hoacx =15.

* 8y + 89 = 0 tuc 1a 16X + 24x + 89 = 0 vO nghiém vi 16x* + 24x + 89 = (4x + 3)>+ 80 >0, V x. Vay phuong
trinh cé hai nghiém x =-3vax=1,5.

Céch khéc: Bién dbi phuong trinh thanh (4x + 3)%(4x + 2)(4x + 4) = 6480. it
4x + 3 =y . (Ban doc ty giai tiép)
17.20. x3+3x—-140=0 < x> —5x°+5x> —25x +28x — 140 =0

2
& (X—5)(X* +5x+28)=0 < x=5 dox? +5x+28=(x+gj +%7>O, VX
17.21. (x* ~2x) +3(x~1)=x(2x~1) & (x* ~2x) ~2(x* ~2x)-3=0
Pit x> — 2x =y phuong trinh thanh y*—2y-3=0 < (y—3)(y+1)=0

Thay y = x? — 2x vao ta c6 tap nghiém cua phuong trinh 1a S = {-113}.
17.22. D3t 2x* — x =u phuong trinh tro thanh :
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W+u-12=0 < (U-3)(u+4)=0 < u—-3=0hoacu+4=0.
*y-3=0taco2xX*~x-3=0 < (x+1)(2x—3)=0 < x=—1hoicx =15.

2
*U+4=0tacd 2¢—x+4 =0vdnghiem vi 2¢—x +4 = Z(X—%j +3§1 >0,V x. Vay phuong trinh ¢6 hai nghiém x = -1

vax=15.

17.23. (x? — 4x+11)(x* ~8x? +21) =35 & [(x—2)2+7J[(x2—4)2+5}:35

(x—2)2 >0,VX va (x2 —4)2 >0, Vx nén vé trai khdng nho hon 35.
Tasuy ra & x=2 . Vay nghiém cua phuong trinh [a x = 2.

Chuyén dé 18. PHUONG TRINH CHUA AN O MAU THUTC
18.1. a) PKXDP: x#3;x#-4. Luuy:x®+x—12=(x—3)(x + 4)

Pap s6: x = 27.
b)DKXD: x#2; x#3;x= 4. Bién ddithanh 2x*—17x +30=0 Péapsd: x=2,5;x = 6.
¢) PKXD:x=1;x£-2. Luuy:x’+x-2=(x—1)x+2). Papsd: x=-0,8.

d) DPKXD:x#1; x# 4. Luuy:x*—5x+4=(x—1)(x-4).
Papsd: x=2; x=-5,
18.2. a) PKXD: x#3;x#—-3. Luuy:x°—9=(x—3)(x +3)

Bién dbi thanh —x*+4x—4 =0 Papsd: x=2.
b) Tacox*-8 = (x—2)(x* +2x +4) ma x> +2x+4=(x+1)>+3>0
Vx nén DPKXD : x=2. Biénddithanh — (¢ -3x*+3x—-1) =0 Papsd: x=1.

) PKXD: x#15;x%-3. Luuy:2x*+3x—9=(2x - 3)(x + 3)
Bién ddithanh x*—4x-21 =0 < (x+3)(x-7)=0 < x=-3hodcx =7. Nghiémla x=7 (loaix=-3
vi khéng thoa man BPKXD).

18.3. Céc phan thirc ¢ cac phuong trinh trong bai xuat hién da thirc bac bén & mau sé , viéc phan tich cac mau
thanh nhan tir doi hoi viéc thém , bat cac hang tir mot cach hop ly, sang tao.

Q) Nhan xét: (y+1)>+1=y*+2y+2>0, Vy
(y-1P%+1=y*-2y+2>0, Vy
4 _ 2 2 _ 2 2
y'+d = (Y +2P -4y =(y+2y+2)(y'-2y+2)>0, Vy
Do d6 PKXP 1a Vye R. Quy ddng, khir miu, chuyén vé va thu gon duoc phuong trinh y? + 2y —8=0 < (y
+4)(y—2)=0 < y=-—4 hoicy=2. Ca hai gia tri déu thoa man PKXP. Phuong trinh c6 hai nghiém I3 y =
—4vay=2.

b)Tacoy> +2(y+2)=y?+2y+4=(y+1)>+3 >0, Vy
va yP-2(y-2) =y’ -2y+4=(y-1°+3 >0, Vy
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Vi+ 4P+ 16 = v+ 8yP + 16 — 4y? = (Y + 4)% — 4y
= (Y +2y+4)(y'-2y+4)>0, Vy
Do d6 PKXP 1a Vye R. Quy ddng, khir mau, chuyén vé va thu gon duoc:
YV +16y-36=0 < (y+18)(y—2)=0 < y=-18 hoacy=2.
Ca hai gié tri déu thoa man DKXD. Vay phuong trinh ¢6 hai nghiém 13 y=—18vay =2.

, 1 1 3 2y—2
c)y - = N
yiy-D)+1 y(y+D+1] (Y +y +)y y -y+l

2
Tacoy(y—1)+1=y*—y+1= (y—%) +%>O,Vy :

2
y(y+l)+1=y2+y+1=(y+%j +%>0,Vy;
VYl =y 2y 41—y = (1)
= (Y +y+1)(y’-y+1)>0, Vy

VaybKXbla y #0.

Thuc hién cac budc giai ta dugc nghiém cua phuong trinh la y=1,5.
184. a) bKXb:z #0.
Bién ddi thanh 22° - 32— 4=0 < (@z-2)2Z%+z+2)=0

2
o222 do22+z+2=2|[z+1] B >0,Vz.
4 16
z =2 thoa man DKXD nén la nghiém cta phuong trinh .
b) PKXD:z #0. Tac62z°~32°-32+2=0

< (z+1)(z-2)(2z-1)=0 < z=-1;2=2 hoac z:%

Ca ba gia tri ndy déu thoa man DKXD nén 1 nghiém cia phuong trinh..
c)Doz?~6z+10 =(z-3)’+1>0, Yz nén PKXD: Vz e R.

Pit 22-6z +10 =t>0 tach (t+3)—%=0 o 2+3t-10=0

o (t+5)(t-2)=0 < t=2(dot>0) < z°-6z+10 =2

z2=2

z=4

z=2; z=4 déu théa man DKXD nén la nghiém ctia phuong trinh.
d)PKXD: z #2

Luuy z°—8 =(z-2)(Z*+ 2z + 4)

< 2Z2-2)z-4)=0 < {

2°+2z+4 o
bat +—2+:t Bién ddi phuong trinh thanh t? + 8t +7 =0
Z_
t=-1
< t+)(t+7)=0 < L .
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2 z=-1
*\git=-1 thiz+2—22+4:—1 =72437242=0(24+1)(z+2)=0 < { - Thoa man DKXD
Z— Z=—
2
* \/6i t= —7 thi #:—7 =727497-10=0< (2-1)(2+10) =0
Z_

z=1
= . Théa man DKXD.
z=-10

Vay tap nghiém cia phuong trinh 1a S ={-10;-2;-1;1}

18.5.Trong c4c cAu a) ; b) ta thiy xuét hién cac hang tir chira an cting bac trong cac da thirc ¢ hé s gidng nhau nén sir
dung phuong phap dt an phu dé giai. Cau ¢) sau khi chia ca tir va mau cho t 0 méi xuat hién an phu.
a)DKXD : t#-2. Pat tP—4t=u vau=—4 va u=-b5.
Phuong trinh tro thanh 2 _U4F3 _ 1 gich 43i duocu? +9u—70 =0
u+S u+4
u-5=0
< U-5Uu+14)=0 <
u+14=0
iy 2 t=5
#V6iu-5=0 & F-4t-5=0 & (-5)t+)=0s | .
+ Véiu+14=0 < t?—4t+ 14 = 0 vd nghiém vi
P —4t+14 = (t—-2)+10>0 Vt
Phuong trinh ¢6 hai nghiém la t=-1va t=5.
b)PKXD: VxeR dot? +2t+3 =(t+1)*+2>0 Vt
P+2t+4 =(t+1)%+ 3>0 Vt
Pat t?+2t+3= u phuong trinh tro thanh u—_1+L=E
u u+l 12
Bién ddi phuong trinh thanh  7u®—17u—12=0
< U-3)(7u+4)=0 < u=3 (dou>0).
Hay t°+2t+3=3 <o t°+2t =0 < t(t+2)=0 < ‘oo
Nghiém cta phuong trinh 1a t=—2va t=0.
O)PKXD: t?+3t+2=(t+1)(t+2) =0khi t=—1 va t 2.

2
Vi P+t+2= (t+%) +£ >0, Vt. Do t=0 khong phai langhiem = t =0 . Chiaca tir va mau cua hai

phan thuc & vé trai cho t ta duge phuong trinh

3 2 3 2 . 2 s \ . i A

5 + 5 =l —+——=1voi t+—=u vau=—-1 va u =-3. Giai phuong trinh v&i an u ta
t+¥+3 t+Y+1 u+d u+l t
duoc UP—U-6=0 <= U-3)(u+2)=0

< u=3hoic u=-2thoa man DKXD.
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Véi u=3 taco t+%=3 o P-3t+2=0 < (t-1)(t-2)=0
< t=1hodct=2.
Véiu=-2 taco t+%:—2 < tP+2t+2=0 vo nghiém vi

+2t+2=(t+1)°+1>0, Vt Vaynghiém cua phuong trinh 13 t=1vat=2.

18.6. a) Hai vé c6 nhan tir chung. Ta chuyén vé rdi dua vé dang A(x).B(x) = 0

PKXD: «x ¢§ . Bién ddi PT thanh (x2—2x—24)(3x_2+1j=0
9 8x+9
X=-4

+Voi X2—2x-24=0 < (x+4)(x—6)=0 @{X_Es

+ Vi +1=0 < 3x-2+8-9x=0 < x=1

8-9x
Ca ba gié tri trén cia x déu thoa man DPKXD nén tap nghiém ciia phuong trinh 1a S={ -4 ; 1; 6}.
b) Cac mau sé kha phuc tap nén khong dé tim DKXD. Néu ta chuyén vé rdi cong , trir cac phan thic cing mau ta
thay xuat hién nhan ti chung 1a (x — 5)

Tir d6 6 cach giai sau : Bién d6i phuong trinh vé dang :

X-5 = X=5
2x* —5x+3 2x°-9x+7
1 1 X—5)(4—-4x
=N (x—S)( . — ]:0 & — (x—=5)( : ) _
2X°=5X+3 2X"-9x+7 (2x* =5x+3)(2x" —9x+7)

Xéttirsd (Xx—5)(4—-4x)=0 < x=1hoicx =5.

+V6i x=1thi 2x*-9x+7=0 = phuong trinh khéng x4c dinh.

+V6i x=5thi (2x*—5x+3)(2x*-9x+7)=28.12 = 0.

Vay nghiém duy nhat ciia phuong trinh 1a x =5

18.7. PKXD : x # +a. V4i DPKXD trén ta bién ddi phuong trinh thanh :
X, 2 _ 5a” +15ax

=——""——_ Quy dong va khir mau dugc phuong trinh
X+a X-a 4(x°-a)

Ax(x —a) + 8x(x + a) = 5a* — 15ax
o 12x° - 1lax-5a"=0 < 12x° +4ax —15ax —5a° = 0
< (3x +a)(4x -5a) =0.
3 2
X-5 X+5 25-x°

a) Giai phuong trinh voi X # £5taconghiém x=4.

a=-12

Voix=4taco (12+a)(l6-5a)=0 < :
a=32
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b) Khia=6 thi (3x +6)(4x-30)=0 < {X B c thoa man BKXD.

188. BKXb: x =0

Chuyén vé ta co

m? +n® +2mn +m2n2 1
X x> \m

5 —+£j+(m+n):0
n

- (m+n)® N mn(m-+n)

X X’

+(m+n)=0. Quydong va khtr mau dugc phuong trinh

(m+n)x2+m+n)’>x+mn(m+n)=0 < (m+n)[x*+ (m+n)x+mn] =0
+ Néum +n=0thi phuong trinh théa man Vx = 0.
+Néu m+n = 0thix*+(m+nx+mn=0

X=-Mm
< (Xx+m)(x+n)=0 @{ thoa man BPK x # 0.
X =-N

18.9. a) §KX§ : x #2; x #3; x #4; Phan tich cd&c mau thanh nhan tir ta cé
3 4 5 14
(x=2)(x=3) (x=3)(x—-4) (xX-2)(x=4) (x=2)(x—-3)(x—4)
Quy ddng va khir mau dugc phuong trinh
3(x —4) — 4(x — 2) = 5(x — 3) + 14
< 3X—-12-4x +8 =5x—- 15+14 < x=-0,5 thoa man BPKXD.
b) DPKXD : x ¢{-1,-2;-3;...;—19;-20} .

Nhan xét: vain e N thi L _(xanal)-(x+m) 11
(x+n)(x+n+1) (X+n)(X+n+l) x+n x+n+l
Bién d6i phuong trinh d cho thanh : L + L ot L B
X+D)(x+2) (x+2)(x+3) (x+19)(x+20) 42
1 1 1 1 1 1 19
- + - .ot - =—
X+1 X+2 X+2 X+3 X+19 x+20 42

1 1 1 3 . ~
& —— = 19 . Quy dong va khir mau dugc phuong trinh
Xx+1 x+20 42

x=1
X*+21x-22=0 < (x-1)(x+22) =0 < { - thoa man PKXD

¢) BPKXD: x & {0; 2;4;6;8;10}
Nhan xét : voin € Ntacd

2 _(X+n)-(x+n-2) 1 1
(X+N)(X+n-2)  (X+n)(X+n-2) X+n—2 X-+n

Bién doi phuong trinh da cho thanh :
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2 2 2 5

+ +...t =—

X(X-2) (x-2)(x—4) (x-8)(x-10) 12
1 1 1 1 1 1 5 1 1 5

= - +...+ —_— & —_——=—
X—2 X X-4 x-2 x-10 x-8 12 x-10 x 12

Quy ddng va khir mau duoc phuong trinh x?—10x—24=0

X
& X-12)(x+2) =0 < { 5 thoa man BKXD.
X

18.10. Ta c6 thé van dung cac budc dé giai. Néu quy ddng mau ngay s& xuat hién cac da thic bac ba, viéc thuc
hién s& dai . Tuy nhién c6 phuong phap kha sang tao va ngan gon nhu sau :

*PKXD :x # 2;X #3.  Bién doi phuong trinh thanh :

(x2—4x+4)+2+(x2—6x+9)+3:(ZX_5)_ x> —24
X—2 X-3 (x-2)(x-3)
2 3 x> 24
o (X_2)+E+(X_3)+E=(2X_5)_m

2 3 x> 24
= + +
x-2 x-3 (x-2)(x-3)

Quy ddng va khtt miu duoc phuong trinh ~ x* +5x —36 = 0
Y g p g

& X+9)(Xx-4)=0 < x=-9hoacx =4 théa man BPKXD.
18.11. PKXD : 2x*—-5x+3=(x—1)(2x—3) = Okhix #1vax 1,5

2 3
2% +x+3= 2[x+%) +§>O,VX. Do x = 0 khéng la nghiém cua phuong trinh , dat 2x + ; =t . PT <
2 13
2X -5+ 2x+1+> t=5 t+l
X X
) t=1
< 61°—-39t+33=0< (t-1)(6t-33) =0 <= .
3
e 2x+—=1 {2x2—x+3=o. @
aco
2 _
2x+§=1—1 4x° —-11x+6=0. (2)
X

2
(1) vo nghiemvi 2x*—x + 3 = Z(X—%j +§>O,Vx

(2) © x-2)(4x-3)=0 < x=2hoacx = % thoa man DKXD.
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3

.

18.12. T (a+ b =a’+b®+3aba+b) = a®+b’= (a+b)®—3aba+bh)
Ap dung dé giai phuong trinh. Ta co PKXD : x = 1

3 2
PT & (X+Lj - 3X. X (x+ X j+ 3 -2=0
x-1 x-1 x-1) x-1

x2 Y x2 ) x? x?
= -3 +3 -1-1=0. bat y= ta co
x-1 x-1 x-1 x-1

V-3 +3y-1-1=0 < (y-1°=1 = y=2.

2

Vay phuong trinh ¢6 hai nghiémlax=2; x =

=2 = X=2xX-2 &S X-2X+2 =0

Hay la

Phuong trinh d cho vo nghiémvi x*—2x+ 2 = (x—1)’+1>0 VX
18.13. PKXD: x € R dox*—4x+5=(x—2)>+1 #0; Vx.
Patx’—4x+5=ythiy > 1va — x*+4x—1=—y+4 . Phuong trinh thanh

5

=5
§—y+4:o ©b5-y+4y=0o(y-5(y+1)=0< {y

y =—1(loai)
*X*~4x+5=5 < X(x—4)=0 < x=0hogcx=4. Tap nghiém S = {0; 4} .
18.14. PKXD x ¢ {2;3;4;5;6}

= + L + ! + L
x=2)(x=3) (x=3)(x-4) (x-4)(x-5) (xX-=-5)(x-6)
1 1 1 1 1 1 1 1 1
— + — + — + - ==
X—3 X-2 xXx-4 XxXx-3 X-5 x-4 x-6 x-5 8
@L—L=E = X*-8x-20=0 < (x+2)(x-10)=0
X—6 x-2 8
< x=-2hogcx=10. Tap nghiém S = {-2;10}.

PT

1
8

18.15. DPKXD : x¢; vaxt = -2

X (x*-56 X(x* 56
( )_21>3<+22:4 - ( )_5+1_21>;+22:0
4-7x X +2 4-7X X +2
x3—56x—20+35x+x3+2—21x—22_0
4-Tx x%+2
o (x3—21x—20)[ t 1 ):o
4-T7x X°+2

*Xétx3—21x-20=0 < (X + 1)(X—5)(x +4)=0 ta tim duocC :
=—4;x=-1; x=5thoa man bKXD.
1 1

* Xét +———=0 bién ddi thanh x> - 7x + 6 =0
4-7xX X°+2
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< (X-1D)(X-2)(x+3)=0 tatimdugc x=-3;x=1; x=2thoaman BKXD.
Vay tap nghiém cia phuong trinh 1a S = {—4; -3; -1;1; 2; 5} .
18.16. bKXDb: x = +1.

x? X 2X

-= = = X*(x+1)-x*(x-1)=2x < 2x*-2x=0
x-1 x+1 x°-1

< 2X(x—-1)=0 < x=0hodcx=1. Loai x = 1. Tap nghiém S = {0} ..
18.17.BDKXPb: x#0 vax # —1.

1 3 2 1 3 2
2t 772 & —-l=l-——mt 0
X° x+1 (x+1) X x+1 (x+1)
1-x* x*-x (L-x)[ (@+x)*+x°]
A 2 7 & 2 2 =
X (x+1) X“(x+1)

1-x=0

Véoi X0 vax = —1thi 1-x)|Q1+x)}*+x*|=0 <
( )[( ) } (1+x)°+x*=0
*\V5iXx—1=0 < x=1thda man PKXD.

*Véi (1+x)°+x3=0 @ 1+xP°=-x* < 1+x=-x <:>x:—% théa man DPKXD.

Tap nghiém 1a S = {—%;1}.

18.18. bPKXP : ¥xeR

Patx?—2x+2=t>0 phuong trinh tr& thanh E'+L=Z
t t+1 6

= 5-7t-6=0 < (t—-2)(5t+3)=0 < t=2(dot>0)

Hay xX*—2x+2=2 < x*-2x=0 < x(Xx-2)=0 < x=0hicx=2.

Tap nghiém 1a S = {0;2}.

Chuyén dé 19. G141 BAl TOAN BANG CACH L4P PHUONG TRINH

19.1. Xe taxi di 1 gio 20 phdt (bang %gic‘r) VGi van téc 60km/h. Ta tinh duoc quang duong AB. Xe 6 t6 khai hanh
sau 10 phdt, nghi giita duong 14 phut cing dén B mot Iic v6i xe may. Nhu vdy xe may di chdm hon 6 t6 10 + 14 =

24 (phat) = E gio. So sanh thoi gian cua 6 t6 va xe may di ta 1ap dugc phuong trinh. Ta ¢d cich giai :  Quéang

duong AB dai la 60, g =80 (km)

Goi van téc xe may la x km/h (x > 0), thi van toc 6 to 1a (x + 10) km/h.
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Thoi gian xe may di hét quing duong AB 4 80 (h) ; thoi gian 6 t6 di trén quang duong AB (khdng tinh thoi
X

: 80
ian nghi) la h).
gian nghi) la ——=- (")
Ta c6 phuong trinh : 80__80 =g . Giai phuong trinh dugc x = 40.
X X410 5

Van téc xe may 1a 40 km/h va 6 t6 1a 50km/h

19.2. Thoi gian xe mdy di trén doan duong AC bang thoi gian 6 t6 di hét doan dudng AB cong véi thoi gian
nghi va thoi gian di trén doan BC. Tur d6 c6 cach giai sau : Van toc xe 6 t6 la 75 : 1,5 = 50 (km/h); Van toc xe
may la 40 km/h; 6 phat = % gio. Goi d6 dai quang duong AB la x km (x > 0) thi d6 dai doan AC la %X

(km). Ta c6 phuong trinh : X + L + X x

50 10 500 400
Giai phuong trinh dugc X = 200  thoa mén diéu kién cua an.
Tra loi : Quang duong AB dai 200km;

Thoi diém gap nhau la 7 +

19.3. Lic tau thity cach déu ca nd va thuyén 1 thi do dai doan sng tau thiy di duoc trir di do dai doan song thuyén di
duoc bang vai do dai song ca nd di duoc trir di d6 dai doan sébng ma tau thuy di duoc. Tir d6 ¢ cach giai sau:

Goi thoi gian tau thiy di tir A dén khi cach déu ca nd va thuyen 1 x gio (x > 0). Dén 10 gio khi tau thuy khéi hanh
thuyén da di dugc 20km va ca nd da di duoc 25km.

Ta c6 phuong trinh : 30x — (20 + 10x) = (25 + 25x) — 30X
Giai dugc x = g thoa méan diéu kién caa an. (% gio = 1 gio 48 phut)

Tra loi: Lic 11 gio 48 phat thi tau thay cach déu ca nd va thuyeén.

19.4. Néu tr E tré vé thi DC 1a doan 18n déc, CB 1a doan xuong doc. Van toc 1én doc ciing 1a 30km/h va xudng
doc ciing 1a 60km/h. Tong thoi gian ca di lan veé 1a 7 gio 45 phat . Tt d6 ¢6 cach giai:

Goi quang duong DE dai x km (x > 0) thi doan duong AB la 2x km; doan duong CB dai la gx km ; doan
CD = 0,5x. Thoi gian ca di va vé la 7 gio 45 phit = % gio. Ta c6 phuong trinh :
3x 3 x 3 x 3&x 31
—t——t—t—F—t——=—
40 240 120 40 60 480 4

Giai phuong trinh tim dugc X = 40 thoa man diéu kién cua an

Tur 6 tim duoc quang duwong AE dai 155km.

19.5 Van téc béo trdi 1a van toc dong nude. Néu tinh dugc van tdc riéng cua ca né ta tinh duwoc do dai quéng
séng AB, nén ta chon 4n mot céch gian tiép. Ca ndé nguoc % quang song AB hét 2 gid 24 pht, ta tinh dugc thoi

gian ca nd nguoc hét quing song BA. Quang song AB ciing chinh 1a BA , ta dwa vao d6 dé lap phuong trinh va
cé cach giai sau :
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Van téc beo trdi chinh 12 van tdc dong nudc. Ta co 12 phat = 0,2 gio ; 400 m = 0,4km. Vay van téc dong nudc
10,4 : 0,2 = 2(km/h). Goi van téc riéng cua ca nd 1a x km/h (x > 2). Van téc cua ca nd khi xubi la (x + 2) km/h
va khi nguoc la (X — 2) km/h.

Ca nd ngugc % quang sdng AB hét 2 gio 24 phit = 2,4 gid vay néu cing van tdc nguoc ca nd di hét quing

song AB hét  (2,4:2). 3 =3,6 (gio).

Theo bai ra ta c6 phuong trinh :  3(x +2) =3,6(x — 2)
Giai phuong trinh dugc X = 22 thoa méan diéu kién cua an.
Vay quang séng AB dai la 3. (22 + 2) =72 (km).

*Cha y: Céch khac : Ta biét vy — Vi, = 2vgn Nén goi quang song AB dai x km thi van téc ca nd xudi 1a g (km/h),

. L2 .
van toc cand ngugc la —x:— = 5—Xta c6 phuong trinh x =4. Giai dugc x = 72.
3 5 18 3 18

19.6. Van téc trung binh cua 6 to trén ca doan duong bang d6 dai doan dudng chia cho thoi gian 6 t6 di hét doan

dudng. Thoi gian 6 to di hét doan duong
bang tong thoi gian 6 to di timg phan doan dudng . Ta ¢ cach giai sau :

1 R ) R . .
Ta dat 3 doan duong MN la a thi doan duong con lai 1a 2a . Poan duong MN la 3a. Goi van toc trung

binh cta 6 td trén ca doan duong la  x km/h (40 < x < 60) thi thoi gian 6 t6 di hét doan duong 12 % (gio)
X

v o aag L . O R . T2 R
Thoi gian 6 t6 di 3 doan duong MN dau la 50 (9i0). Thoi gian 6 t6 di doan duong con lai la 0 (gio).
Ta c6 phuong trinh : i+§ :ﬁ = i+i :E

60 40 x 60 20 X

Giai phuong trinh ta tim dugc x = 45 thoa man diéu kién cua an.
Vay van toc trung binh cua 6 t6 trén ca doan duong la 45 km/h

19.7. Tac6 Sb san pham vuot mac = S6 % vuot muc x Sb san pham theo ké hoach. Tir d6: Goi 6 san pham duoc
giao cuato I 1a x san pham (x > 0) thi s san pham duoc giao caa to 1112 2x san pham, cuato 111 1a 4x san pham.

- S6 san pham vuot mic cia to 11a30% . x , caa td 1112 20%. 2x , caa to 11112 10% . 4x. Theo bai ra ta co
phuong trinh : 30%x + 40% x + 40% x = 220

Giai phuong trinh dugc X = 200 thoa man diéu kién cia an.
Vay : S6 san pham dugc giao : T6 | : 200 san pham; T6 11 : 400 san pham; T6 111 : 800 san pham;

19.8. S6 may bom san xuat = S6 may bom san xuat 1 ngdy x S& ngay san xuat.
4 . ‘ N > s gs 900
Tur do6: Gol s0 may bom du dinh san xuat trong 1 ngay la x chiéc (x € N*) thi s6 ngay du dinh lam Ia — (chiéc).
X

S6 may bom thyc 1am duoc 12 500 + 70 = 570 (chiéc). S6 may bom thyc san xuét trong 1 ngay 1a x + 5 (chiéc). S&
ngay thuc lam la S0 (ngay). Ta ¢6 phuong trinh : 00 = S0 +1
X+5 X X+5
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X=25
Giai phuong trinh : X* +75x —2500 = 0 <> (X - 25)(x +100) =0 &

x=-100
Tacd x =25 thoa man diéu kién cuaa an.
Vay S6 may bom du dinh san xuét trong 1 ngay la 25 chiéc.
S6 ngay du dinh 1am la % =20 (ngay)
19.9. Pay la loai toan ning suit lao dong, khéi lwrong cong viéc 1a 1 con duong. Tabiét:  Khai lirong cong viéc

(K) =
Thoi gian hoan thanh cong viéc (t) x Nang sudt lao déng (N)

Poan dudng hai doi 1am chung 4 ngay cong doan dudng doi 11 1am 10 ngay tiép va doan dudng doi | tro lai 1am 28
ngay chinh 13 con dwdng can lam. Ta cé cach giai sau .

Hai d6i lam chung 1 ngay dugc % con duong. Goi thoi gian doi 11 lam mot minh xong con duong la x ngay

(x >20).Thi 1 ngay doi II lam dugc 1 con duong ; doi I lam duoc (% —ij con duong.
X X

Ta c6 phuong trinh i+E+28 1.1 =1.
20 X 20 X

Giai phuong trinh tim duoc X = 30 théa mén diéu kién.

Vay thoi gian lam mot minh xong con duong cua doi Il 1a 30 ngay. Tu do tim dugc thoi gian lam mot minh xong
con duong cua doi | 1a 60 ngay.

19.10. Khéi luong cong viéc cu thé 1a 1 bé nude (lwong nude day 1 bé). Hai voi cling chay 1 gid dugc % bé nudc.

A N\ - A S Y A A 3 Ie 5 1A 1 A Z 7 b 2
Neéu mot voi chay mot minh sau x gio day bé thi lvong nudce chay trong 1 gio la — bé. Ta cd lugng nudc voi | chay
X

trong 2 gio + lugng nude voi 11 chay trong 1 gio + lugng nude 2 voi clng chay trong 2 gio 20 phit = 1 (bé) . Ta o
céch giai sau :

* Gidi : 2 gio20 phut = % gio. Mot gio hai voi cung chay dugc % bé.
Goi thoi gian voi | chay mot minh day bé 1a x gio (x > 4), mot gio voi | chay

1 .. s 1 1.,
mot minh dugc — bé ; mot gio voi 1l chay mot minh duoc 1% bé ;
X X

2 (1 1) 71
Ta c6 phuong trinh —+| ——— |+ —.—=1.
x \4 x) 34
Giai phuong trinh tim dugc X = 6 thoa man diéu kién.

Pap s6 : Thoi gian chay mot minh day bé cua voi | 12 6 gio, voi 111 12 gio.
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19.11. Voi lll ¢ %bé nudce (tir day) nén lac dau hai voi | va 1l cling chay dé day % bé nudc. Sau d6 3 voi cting chay

day 3 bé con lai va lugng nudc trong bé duoc thém s€ bang tong luong nudc hai voi chay vao trir di lugng nudc

chay ra. Thoi gian hai voi chay day % bé nudc va thoi gian ba voi chay day % bé nudc chinh 12 2 gio 48 phit = %

gio Ta co cach giai sau .
Goi thoi gian voi tha hai chay vao mot minh day bé 13 x gio (x >0)

Suy ra 1 gio voi thir hai chay v Mbt gid voi | chay mot minh dugc % bé . Mot gio hai voi cling chay dugc
X

Z+= bé.
X

. . 1 1 1
Ba voi cung chay mét gio luong nudc trong bé con Z+___ =
X

1

12 6
Ta c6 phuong trinh E(1+EJ+E(E+EJ=E
34 x) 316 x) 5

Giai phuong trinh ta s& ¢6 : 19x* —30x —504 =0 < (x—6)(19x + 84) =0

Tim duoc x = 6 thoa méan diéu kién.

1
+=.
X

Vay thoi gian chay mot minh day bé cua voi 11 12 6 gio.

19.12. Baitoan lién quan dén cAu tao s6. S6 c6 hai chirsé 1a ab =10a +b ; Pdi chd duoc s ba =10b+a véi

a,b eN; 0 <a <90 <b <9 ). Ta co cach giai:

Goi chit s6 hang chuc 1ax (x € N; 3 <x <9) thi chir s hang don vi 1a (X — 3). S6 di cho :

X(x —3) =10x + (x —3) ; Bdi chd céc chir s6: (x —3)x =10(x -3) +x

_10x+(x=3) _
3

Giai phuong trinh duoc X = 9 ph hop diéu kién caa an.Sé can tim 1a 96.

Ta c6 phuong trinh 10(X —3) + X 37

19.13. Bai toan lién quan dén cAu tao s6. S6 c6 bén chir sb ma chir s6 hang don vi la 6 13 abc6=10.abc+6;
Chuyén 6 1én dau duoc s6 6abc =6000+abc véi a,b,ceN;0<a<9;0<b,c<9) . Tir d6 c6 cach giai : Goi 56 c6
ba chit s6 ding trusc s6 6 1ax (x € N; 99 < x < 1000) thi sb di cho1a x6=10x+6; Chuyén 6 1én dau dugc
s6 6x = 6000+ X

Ta c6 phuong trinh  10x + 6 + 6000 +x = 8217

Giai phuong trinh duoc x = 201 phi hop diéu kién cua an

S6 can tim 1a 2016.

19.14. Goi két qua sau khi bién d6i ciia bon sé 1a x (x € R) thi : Sb thir nhat 13 x —5. S tha hai la x + 5. S6
thirbala x:5.S6thatula x.5

Ta c6 phuong trinh (X —5)+ (X +5)+x:5+x.5=720

Giai phuong trinh duoc x = 100 thoa man diéu kién cua an.
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Vay s6 thir nhat 1a 95; sb thir hai 1a 105; sé thir ba la 20; s6 tht tu 14 500.
19.15. S8 em duoc chia & cach chia tha hai it hon s6 em duoc chia & cach chia thir nhat 13 1 em. T d6 ¢6 cach
giai:

C s s . . . , o X—5 . . , .
Goi x la s0 qua bong dem chia. S6 em dugc chia ¢ cach thir nhat la = em. S6 em duoc chia & cach tha hai

la X Taco phuong trinh X=5_ X =1
6 5 6
Giai phuong trinh duoc x = 60 (qua bong) va sé tré 1 11 em.
19.16. Vi hinh chit nhat : Chu vi = (dai + rong) x 2;
Dién tich = dai x rong . Dién tich cti — dién tich mai = 200 m?. Ta c6 cach giai : Nua chu vi la 100m. Goi
chiéu dai thua ruong 1a x (m);( 0 < x < 100) thi chiéu rong la (100 — x) (m). Chiéu dai sau khi giam 1a (x — 10)
(m), chiéu rong sau khi ting 1a 100 — X + 4 = 104 — x (m).
Ta c6 phuong trinh : x . (100 — x) — (x —10).(104 — x) = 200
Giai phuong trinh dugc X = 60 thoa méan diéu kién cua an.
Vay thira ruong c6 chiéu dai 1a 60m, chiéu rong 1a 40m.
19.17. \Véi duong tron : Chu vi =Puong kinh x 7 ; Goi ban kinh dudng tron ban dau 1a x cm. (x > 0), thi ban kinh

sau khi kéo dai 1a (x + 5) (cm). Chu vi duong tron ban dau 1a 7©.2x (m); Chu vi dudng tron sau 1a .2(x + 5) (m); Ta
co phuong trinh : T.2X+ T.2(X+5) = .90 <& 2x+2(x +5) =90

Giai phuong trinh tim dugc x = 20 thoa man diéu Kién cua an.
Viy ban kinh dudng tron ban dau 1a 20 cm.
19.18. Nong do phan traim (C%) ctia mot dung dich 1a sé gam chat tan chira trong 100 gam dung dich

C% =t 1009 .
mdd

Khéi lugng NaCl trong dung dich loai | + Khéi lwong NaCl trong dung dich loai 1l = Khéi lugng NaCl trong
1000 gam dung dich nong do 27%. Ta c6 cach giai : Goi khéi luong dung dich NaCl loai 1 1a x gam (0 < x <
1000) thi Goi khéi lwong dung dich NaCl loai 11 1a (1000 — x) (gam).

Ta ¢6 phuong trinh :  30% x + 25% (1000 — X) = 27% . 1000

Giai phuong trinh tim dugc  x = 400 thoa man diéu kién cua an.

Vay khéi lugng dung dich NaCl loai | 12 400g; loai 11 12 600g.

19.19. Bai toan lién quan dén viéc tim nhiét lwong toa ra, thu vao caa nudc theo cong thic Qua = C.m (t — t)
va Quu = C.m (t; — t;) voi C la nhiét dung riéng cia nude, m 1a khéi luong cua nuéc.. Nhiét luong téa ra cia
10kg nudc & 90°C bang nhiét luong thu vao cua 5kg nude & 24°C. Ta cé cach giai: Goi t (d6 C)Ia nhiét do cudi
cling cta nuéc sau khi pha 24 < t < 90). Nhiét lvong téa ra cua 10kg nuéc & 90°C 1a C. 10 (90 — t) (J) va nhiét
luong thu vao cua 5kg nudc ¢ 24°C 13 C. 5 (t— 24) (J)

Ta c6 phuong trinh C. 10 (90—t) =C.5(t—24) < 10(90—t) =5 (t—24)

Giai phuong trinh duoc t = 68 thoa mén diéu kién cua an.

Vay nhiét d6 cudi ciing sau khi hoa cua nuéc la 68°C.
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19.20. Mot dai lugng bai toan khong cho nhung coi nhu da biét, d6 1a ga va vit déu c6 2 chan; chd va tho déu
c0 4 chan.

S6 vit+sb ga+sb tho +s6 chd =290
S6 chan vit + s6 chan ga + sé chan tho + sb chan ché = 290. Ta c6 céch giai:

Goi s vit 1a x con (0 < x < 100) thi s6 tho 1a x con , s6 ch6 1a 2x con , s6 ga 12 100 — 4x (con). Ta c6 phuong
trinh :

2 + 4x + 8 + 2(100 — 4x) = 290

Giai phuong trinh duoc x = 15 thoa méan diéu kién cua an.
Vay s6 vit 1a 15 con; sb ga 1a 40 con; sb tho 1a 15 con; sé choé 1a 30 con.
19.21. Trong bai toan tinh tudi, khi cha thém 1 tudi thi con ciing thém maot tudi nén hiéu gitra tudi cha va con
luén khong doi. Ta c6 cach giai :

a) Goi tudi con hién nay la x (tudi; x > 0) thi tudi cha hién nay 1a x + 30. Trudc day 4 nam tudi con 1a x — 4
va tudi cha la x + 30 — 4 = x + 26.
Ta c6 phuong trinh : x +26 =4(x —4)
Giai phuong trinh duoc x = 14 thoa man diéu kién cua an.
Vay tudi con hién nay la 14 va tudi cha la 44.

b) Goi y la tudi con IGc tudi cha gap 2,5 tudi con (y > 0), do cha ludn hon con 30 tudi nén tudi cha lic ay

lay + 30.
Ta c6 phuong trinh  y+30=2,5y
Giai phuong trinh tim dugc y = 20 thoa méan diéu kién cua an.
Vay sau day 20 — 14 = 6 nam nira thi tudi cha gap 2,5 lan tuoi con.
* Ghi chd : a) C6 thé chon an gién tiép 1a tudi cha (hodc con) khi tudi cha gip 4 lan tudi con. (ban doc ty giai).

b) Néu chon z 1a s6 nam tir nay dén khi tudi cha gap 2,5 lan tudi con
(z> 0 la sau day z ndm , con z < 0 1a trudc day z nam). Ta c6 phuong trinh 25(l14+z)=44+ 1z ta
tim duoc z = 6.

19.22. Tuong tu Vi du 10. Pap s6 : S6 quyt dem ban : 150 qua, s6 1an ban 12 5 1an. Sé quyt thu hoach : 160 qua.

19.23. Nira chu vi tim ton 12 57cm. Goi kich thuéc thir nhat cua tim ton 14 x (cm); (10 < x < 57). Thi kich thuéc thir
hai 1a 57 — x (cm).

Sau khi gap thanh hinh hop chit nhat, ba kich thuéc cia né 1a x — 10 (cm); 47 — x (cm); 5cm.Ta ¢ phuong trinh (x —
10)(47 —x).5 = 1500 < x*—57x +770=0

& (X-35)(x—22)=0 < x=35vax=22. Cahaigiatri déu thoa man.

Vay kich thudc ctia tim ton 1a 35cm va 22 cm.

19.24. Nira chu vi 12 61m. Goi mét chiéu 1a x (m) (0 < x < 61) thi chiéu kia 12 61 — x (m). Ta c6 phuong trinh
X(61 —x) =900 < x*—61x +900=0

& (X—25)(x— 36) =0 < x =25 hoic x = 36. Ca hai gia tri déu thoa man.

Vay chiéu dai va chiéu rong caa khu vuon 13 36m va 25m.
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19.25. Goi sb chi tiét may thang thir nhat té | san xuat 1a x (chi tiét may, 0<x< 900) thi t6 Il san xuét 1a 900 — x
(chi tiét may). Ta c6 phuong trinh :

115 _ 110(900-x)
100

Giai phuong trinh tim duoc x = 400. VAy thang tha nhat to | san xuat 12 400 chi tiét may va thi to 11 san xuat la
500 chi tiét may.

115%x + 1109%(900 — x) = 1010 hay =1010

19.26. Goi van téc cua gi6 1a x (km/h), 0< x < 280. Thoi gian bay tir A dén B 13 2:(?0 (h). Thoi gian bay tur
—X
B dén A la 20 (h). Ta c6 phuong trinh : %0 __ 960 .1 pién déi thanh x2 + 1920x — 78400 =0
280+ X 280—x 280+X
=

(X — 40)(x + 1960) = 0 . Nghiém x = 40 thoa mén diéu kién dau bai.
Vay van téc cua gio 1a 40km/h.
19.27. Goi thoi gian 1am mot minh xong cdng viéc cia ngudi thir nhat 12 x

. s . . 1 . . . . 1 1) . i
gio ( x > 0) thi mét gio nguoi do lam dugc — cong viéc. Mot gio nguoi thir hai lam dugc (E__j cong Viéc.
X X

Theo bai ra ta c6 phuong trinh :

Em(i_lj:% & x=36.

X 18 x

Ngudi thir nhat 1am mot minh trong 36 gio xong cong viéc. Nguoi tha hai 1am mot minh trong 1 : (%_3_165)

= 36 (gio) xong cbng viéc.

19.28. Goi ning suat du kién 1a x (san pham / ngay) (x € N*). Thoi gian hoan thanh theo ké hoach 1a 20
X

(ngay). Bén ngay dau ho lam duoc 4x san pham. Nhitng ngdy sau ning suat 1a (x + 10) san pham / ngay. Sé

ngay hoan thanh sé san pham con lai 1a 200—_13)( Theo bai ra ta c6 phuong trinh :

X+
200 _,_ 200 ‘13" + 4. Bién dbi phuong trinh thanh x?+ 30x — 1000 =0 < (x — 20)(x +50) =0 < x =20
X X +
do x € N*.

Vay ning sudt dy kién 1a 20 san phdam / ngay .
g e x ke 18 , .. 36 36 36
19.29. Goi van toc nguoi di xe dap khi di tir A dén B 1a x (km/h), x > 0. Ta c6 phuong trinh > xi3 = 50
X X+
Bién ddi thanh x? + 3x — 180 =0
< (x—12)(x + 15) = 0. Nghiém x = 12 thoa man diéu kién.
Vay van téc nguoi di xe dap khi di tir A dén B 1a 12 km/h.
19.30. Néu C 1a vi tri xe may bi hong thi AC = 90km ; CB = 30km. Goi van tc (km/h) ciia xe may khi di tir A
dén C la x , x > 10 thi vén téc cua xe may khi di tir C dén B 1 (x — 10) (km/h). Xe may di quing duong AC hét
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30
X -10

90 (h) va CB hét (h). Thoi gian sira xe may 10 phut = % h. Thoi gian xe di hét quing duong AB (ké ca stra
X

xe) la 4 gio 40 phat = %h.

Ta c6 phuong trinh 90,30 1 1% i&n déi thanh 3% — 110x + 600 = 0
x-10 6 3
< (X —30)(3x — 20) = 0. Nghiém x = 30 thoa man diéu kién.

Thoi gian di tir A dén C 1290 : 30 =3(h). Thoi diém bi hong xe lic 10 gio sang cing ngay.

19.31. Goi quing dudong AB dai 1a x km, x > 0. Thoi gian xe tai di hét quing duong AB 13 410 (h). Thoi gian

du kién cua xe khach tir A d&én B 1 %(h). Thoi gian xuat phat sau caa xe khach so vai xe tai la 410 - % di
Thoi gian xe khéch thuc té di ta =<+ 1 X ) - 16 phit = —h
250 260 15
Ta c6 phuong trinh X L+L+i+(i —Lj & X =160 thoa man diéu kién. Vay quang duong AB
40 100 120 15 (40 50
dai 160 km.
Chuyén dé 20. PHUONG TRINH NGHIEM NGUYEN
. . . X=t
20.1. a) Hésocuaanyla-1. Papso: teZ
y=8t-15

b) Veé gia tri tuyét ddi thi hé sé cua x nho hon hé sb cua y . Do d6 ta tinh x theo y. sau d6 tach phan

. Do 56 - x:12u+9_u 2
nguyen . ap SO . ,Uue

s P y=5u+1
c)Taco(14;21)=7nén y: 7. Diaty=7ttacd phuong trinh
o X=9u-3
2X — 9t = 3.Tiép tuc [am nhu b) ta tim dugc ue”Z.
y=14u—-7
d) Cach 1 : Phuong trinh di cho (viét tat 12 PT) :
20x + 15y =20 < y= 20—-29x :15—30x+5+x :1_2X+5+x
15 15 15
bat 5+—X:u ,(ue Z) tac6 x=15u-5
15
. A 2 , . | X=15u-5
Nghiém nguyén tong quéat cua PT la
y=11-29u
Cach2:Tac6(15;20)=5nén x: 5.  Datx = 5t ta ¢6 phuong trinh

Xx=15u-5
y=11-29u '

29t + 3y = 4. Tiép tuc lam nhu b) ta tim duoc { uezZ

20.2. Ta ching minh bang phan ching :
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Gia stir phuong trinh ax + by =c¢ (a; b = 0) ¢ nghiém nguyén la (Xo; Yo) tuc la axo + byp =c¢ . Goi (a; b)
=dthia=dm;b=dn(m,n € 2).

. c
Ta co dmxp +dnyp =¢c = mxg + nyp :a

Doc / dnén %ez = mXo + Nyp ¢ Z didunay vo lyvim;n; Xo; yoe Z = dpcm.

, X=5t+1
20.3. a) Nghiém nguyén tong quat la { At ; teZ . Nghiém nguyén duong la (x ; y) = (1 ; 3).

b) Bién d6i PT thanh 3x + 7y = 45. Do (3; 45) =3 nény : 3.

=15-7t
(te2).

2 X
Phuong trinh ¢6 nghiém nguyén tong quét la {

Péx>0vay>0 taphaico O<t<§ vay t=1; 2. Phuong trinh c6 hai nghiém nguyén duong la (x ; y) =
(8;3):(1,6).

¢) Bién d6i PT thanh 8x — 9y = 30.
X=9t+6
y=8t+2
y)=(6:;2);(15;10);(24;18); ...

d) Bién d6i PT thanh x* + 2xy + y* =25 < (x +y)? =5°
Hay |X+y|:5 .Dox>0;y>0nénx+y=>5 vaphuong trinh c6 4 nghiém : x;v)=01:;4;2;3);@3;
2);(4;1).
204.Tacd —-4x+3y+8z=9 < x+8(y+z)-5(x+y)=9.

Nghiém tong quat 1a { ;teZ vat=0; 1;2;3;..Phuong trinh c6 vo sd nghiém nguyén duong (x ;

batu=y+z; v=x+y
X=9-8u+5v
Nghiém nguyén tong quat cua PT la {y=-9+8u—4v (ueZveZ2)
z=9-T7Tu+4v
20.5. Ta chuyén vé dua vé dang A(x) = 0 sau d6 phan tich A(x) thanh nhan tir bang tach va thém bét cac hang tir.
a)3x*—14x =5 < 3x*+x—-15x -5 =0 < (x-5)(3x+1)=0
Nghiém nguyén cua phuong trinh la x = 5.
a) X(2P+X+7)=6 < 2 +9x°+ 7x -6 =0
& (X+3)(x+2)(2x-1)=0. Tap nghiém la s = {-3;-2}
)X +23 19 +8x+60=0 < (X—2)(x + 2)(x + 3)(X—5) =0.
TapnghiemS= {-3;-2;2;5}.
b) (X*—13x%+36)(x? + 2x) = 65%° — 5x*— 180
o K-13C+36)C+2x+5)=0 < (C—4)F-9)(¢+2x+5) =0
& (X=2)(X+2) (X +3)(x—3)(X*+2x +5) =0
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Dox?+2x+5=(x+1)*+4>0, VX nénnghiém nguyén caa phuong trinh PT 1a x = +2 ; x = £3.
206. a) DPKXD: x#-1; x=#-2;X=# —3.
1 1 1

Phuong trinh  bién d6i thanh > - =—.
X +4X+3 X +4x+4 12

. 1 1 1
Piat x* + 4x + 3 =y phuong trinh trd thanh =———=—suyra
y y+1 12

yY+y-12=0 & (y-3)y+4) =0

*x2+4x+3-3=0 < x(x+4)=0 < x=0hoicx=4.

*x2+4x+3+4 =0 < (x+2)%+3=0 vonghiémvivétrai>0 Vx.

Vay phuong trinh ¢6 2 nghiém 14 0 va — 4.

x2+4x+4+x2+4x+5_1
X2 +4X+5 X2+4x+6 2

b) Cac mau déu duong nén PKXP 1a x € R. Bién dbi phuong trinh thanh

Y_—1+L:% suyra 3y2—y—2=0 < (y—1)3y +2) = 0. Tir ddy tim dugc

y y+1
nghiém cuia phuong trinh 1a x = — 2.

c) Ap dung hing ding thic (a + b)*=a + 3a’b + 3ab? + b®
Taco (x+1)°+(x+2)°+(x+3)°%+(x+4)°*—(x+5)* =0
< 3x3+15x% + 15x = 25

Vé tréi chia hét cho 3; vé phai khong chia hét cho 3. Phuong trinh khong ¢6 nghiém nguyén.

Patx’+4x+5=y tacod

Chay: Cauc)cothédit x+3 =y (e Z). Phuong trinh tr& thanh
(-2 +(y—1P>+y +(y+1>°—(y+2°=0,ritgonthanh 3y’ —~12y* +6y=16  20.7. a) 6(x +y) = xy + 33
< (X-6)(y—6)=3.
Vi3=13=31 =(-1)(- 3) = (- 3)(- 1) Giai cac cap ta tim dugc cac nghiém nguyén sau: (X;y)=(7;9);
9;7);(53);@3;5).

b) 3(x+y)=2xy < 4xy-6x-6y =0 < (2x-3)(2y-3)=9
Tabiét9=19=91=(-1)(-9=(-9)(1)=33=(-3)(-23)
Giai tung cap ta co6 nghiém ty nhién cta phuong trinh trén la :

(X y)=(2;6);(62);(3;3);(0;0)
20.8. a) Goi ba s6 nguyén duong 12 x ; y; z. Theo ddu bai x + y + z = xyz. Do vai tr0 X, y, z nhu nhau nén gia
st 1<x <y<z.Chiahai vé cia phuong trinh cho xyztaco 1 = i-i-i-l-ig% hay x*<3 = x=1.

yz zX Xy X

Thay x =1 vao phuong trinhtacé 1 +y+z=yz < yz-y—-z =1
< (y-1)(z-1)=2=1.2. Tu d6timdugcy=2;z=3.
Nghiém nguyén duong ctia phuong trinh la :

Xy,2)=(1;2,3);(1:32):(2;31),;(2:13):;3@:2,1);3:1; 2).
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b) Gia st x>y>z>t>1, chia hai vé cia phuong trinh cho xyzt ta coé
i+%+%+%+xiyzts% = <4 = t=1.
*Thay t=1vao phuongtrinh tacdé: 5(x+y+z)+9=6xyz
Tacling c6 6 = %+%+%+%S% = 72<4 = z=1;2.
+Voiz=1 thi5(x+y) +14=6Xxy < 6xy—5x-5y =14
&< 36Xy —30x —30y + 25 =109 < (6x —5)(6y—5)=109.1
6x—-5=109 x=19
C>L5X—5:1 G{yzl
+Véi z = 2 giai tuong tu, khdng cd nghiém nguyén duong.
Vay nghiém nguyén duong ctia phuong trinh 1a (x;y; z; t) =(19; 1; 1; 1)
vacachoanvi (1;1;1;19); (1;1;19;1);(1;19;1;1).
20.9.a) PT < X*(Y?—3)—2y’x +2y° + 6X = 7
o XY -3)-2x(yY*-3)+2(Y*-3)=1 & (Y-3)(x*-2x+2)=1
Dox,yeZ nény’—3 eZ ;x*~2x+2 eZ.vithé

= Sqly=-2.

x?-2x+2=1 |[(x-1?=0 1
2_3=-1 2=2
va y = y (khéng cd nghiém nguyén).
X?=2x+2=-1 |(x-1)*+2=0
Vay nghiém ctia phuong trinh la (x ; y)=(1;-2); (1 2).
b) xy? +2xy — 27y +x =0 o X(yP +2y +1) =27y
27y
o X(y+1)? =27y = x=
(y+1)°*

Ta biét hai s6 nguyén duong y va y + 1 nguyén t6 cing nhau nén

y I (y+1)>?vith27: (y+1)? = (y+1)* =1 hodc(y +1)*=9.

Tur d6 tim dugc nghiém cua phuong trinh 1a (x; y) = (6 ; 2).

20.10. Chtiynéu A? + B2+ C?*=0thi A=0;B=0vaC=0
a) Bién ddi PT thanh (x—2y)? + (y + 1)* = 0. Nghiém (x;y) = (- 2;—1)
b) Bién ddi PT thanh (X +y + 1)?+ (y — 2)*> = 0. Nghiém(x ; y) = (- 3 2)
¢) Bién déi PT thanh (x —y)* + (y—2)* + (x —3)*=0

Nghiém: (x;y;z) =(3;3;3).

d) Bién ddi PT thanh (x +y)*+ (y—22)*+ (y—6)*=0
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Nghiém (x;y;z)=(-6,6;3).
20.11. Bién ddivédang 1+x+ x*+x3= y*. Taxét cac truong hop:
1) x=0 thiy=1. 2) x=-1thiy=0. 3) x=1thiyeg Z
AHVGEiIix>0 (1+x)°=1+3x+ 3x+x3>1+x+ X +x°= y*>x°
Viy (1+x)°>y*>x® hay 1+x>y>x didunay khong thé xay ra ddi véi sé nguyén dwong.

5)Véi x<—1.Patt=—1-xthi t>0va x =— 1-t. Thay vao phuong trinh taco 1+ (- 1-1t)+ (t* +2t
+1)— (B +32+3t+1) =y’

Hay —(E+2%+2t)=y® = y<0 hay £+2¢2+2t =(-y)°
Pat —y=z tacoé +2t°+2t =7° véi z>0.
Taco(t+1)° =t +3+3t+1>t+20+2t =2°>1
Hay (t+1)° > 2°>t = t+1>z>t didunayvo ly.
Vay phuong trinh chi ¢6 hai nghiém (x;y)=(0;1);(-1;0)
20.12. *V6iy=0thi x= -1;-2; -8;-9.
*\/Giy = 0 tacd (x° +10x + 9)( X* + 10x + 16) = y*
Pit xX*+10x+9=z eZdox €Z.Tacd z(z+7)= Y hayz> +7z=y*.
Néu z >9thi z22+62+9<z°+7z=y* <z +8z+16
Hay (z+3)2<z?+7z=y* <(z+4)* voly. Vay z <9
X*+10x+9 <9 < x(x+10) <0 <« -10<x<0. Lan luot thay cac gié trj cua x ta c6 nghiém :
x;9=(-1;0);(-2;0:(-8;0);(-9;0);(-5;-12);(-5;12);
(-10;-12); (- 10 12).
20.13. Ta st dung tinh chat chia hét va phuong phap xubng thang dé giai.
Gia sir (Xo ; Yo ; Zo) la nghiém nguyén cua phuong trinh tuc la
X5 —2ys—4z; =0 (2) ,khidd xo: 2. Dit X = 2x;. Thay vao phuong trinh (2) ta duoc  4xS —y: —225 =0;
Dityo=2y; talai cO 2x} -4y’ -z =0 Ditzo=2z;talai c6 X} -2y’ -4z =0. Nhu vay (X1, Y1, 21) =

2'2'2 2Kk ok

Yo=120= 0.
Vay phuong trinh (1) c¢6 nghiém nguyén duy nhét 1a (0; 0; 0).

X zZ A ) \ . K - , (X z ,
(—0 Yo —Oj ciing 1a nghiém cua phuong trinh. Ctr tiép tuc méi ta co ( o Yo —Oj €Z, VkeZ. Doddxo=

20.14. Goi s6 ¢6 hai chitsd do 1a xy (x,y eN; 0<x,y<9).

Taco xy =10x+y=kxy (k eN*) = y=x(ky—10) : x dod6y=mx
= mx=x(kmx-10) > m=kmx-10 =10=m(kx—1) => m=1;2;5.
Véim=1thikx=11 = x=y=1,

Véim=2thikx=6 = x=1;2;3 tuongttngcdy=2;4;6.
Véim=5thikx=3 = x=1 tuongungcoy=>5.

Sécantimla xy=11;12;24;36; 15.
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20.15. Goi chiéu dai, chiéu rong hinh chir nhat lan luot 12 x va y . Canh hinh vuéng can citralaz . Taco x;y;
zeZ ;x>2y; z<yvaz<3.

Tacd xy=11z* (1). Tir (1) = x hoic y chia hét cho 11. Vai trd cia x va y trong phuong trinh nhu nhau nén
tagiasix : 11taclax =11d

= 11dy=11z> = dy=z°.  Taxétcic truong hop co thé cua z :

V6iz=1,chicothé d=1;y=1 = x=11
V6iz=2,chicothé d=1;y=4 = x=11
d=2;y=2 = x=22
d=4;y=1 = x=44
V6iz=3,chicothé d=1;y=9 = x=11
d=3;y=3 = x=33
d=9;y=1 = x=99

Trong 7 nghiém cua phuong trinh vira tim chi ¢6 3 nghiém thoa man bai toan do la (x;y)=(11;1);(22;2) ;
(33;3).

20.16. a) Vaitro x ; y; znhunhau . Tagid st Xx>y>z2>1
Tace Y, Y2, 2X X, ZIY X1 ¢
3z 3x 3y 3z 3(x vy

VGix, y>0 th (x—y)2>0 o X+y2>2xy < +¥>2.
y X

Doclc'>1:ﬁ+E X+§ 25+2=z =z=1=>y=x=1
3z 3\x y) 3 3

Vay (x;y;2)=(1;1,1).

. . S a1 .11 1 11
b) Goi ba so nguyén duong cantimlax;y;z. TacO —+—+—=—
Xy z 12
, 3.1 1 1 11
Vaitro X ; y; znhunhau. Tagidse x>y>z>1 tacO —=2—+—+—=—
z x vy z 1

= zsﬁ = z=2;3.V6iz=2 thay vao valy luan tuong tu ta tim dugc (y =3 ; x =12) ; (y = 4; X = 6).
Véi z =3 tatim dugc (y=3; X =4).

Nghiém thoamén baitodanla (x;y;z)=(12;3;2);(6;4;2);(4;3; 3)cung cic hoan vi ctaa ching.
20.17. Gia str phuong trinh c6 nghiém nguyén la (Xo ; Yo) ta co :

22 —9y2 =11=> y I¢ tiaclayp =2k + 1 (ke N*). Tacd 2x2-9(2k+1)* =11
= X, -18k(k+1)=10 = X, chan tac laxo=2m (meN*). Tiac la

Am? -18k(k+1)=10 = 2m*—9k(k + 1) =5 vb ly vi k(k + 1) I tich hai s& nguyén lién tiép nén chin. Vé
trai chin, vé phai 1é. Do d6 phuong trinh 2x* — 9y* = 11 khong cé nghiém nguyén.

. . 1
20.18. Vaitrox;y;znhunhautagidse O<x<y<z .Tacd —<

2016
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:x>2016.Tacéi:£+ +ls§ = 2016 <x<3.2016
2016 x Z X

1
y
Vay ¢6 hiru han s nguyén duong x. Ung véi mdi gia trj cua x ta co

1 1 11 2 = y< 2.2016x < 2.2016x

y< < <2.2016°
2016 x y z vy x—2016 1

Vay y hitu han = z hitu han. Do d6 phwong trinh ¢6 mét s hiru han nghiém nguyén duong.
20.19. Taco 8x3y*+ x>+ y* =10xy < 8xy(xy—1) + (x—y)>=0 (*).
Do (X —Y)? > 0 nén néu x , y 1 nghiém nguyén cia phuong trinh thi
xy(xy—1) <0 = 0<xy<1.Dox,ynguyén nén chi cé hai kha nang :

-Néuxy=0thi tr (*)tacox=y=0

-Néuxy=1thi tr(*)tacox=y= +1.
Phuong trinh ¢6 3 nghiém nguyén (x,y) la (0; 0) ; (1; 1) ; (- 1; - 1).
20.20. Goi sé tu nhién can tim la n. Ta co:
n =2005x +23 = 2007y + 32 = 2005y + 2y +32 (X; ¥ € N)
_ 2005k-9

2

n nho nhét khi y nho nhat, y nho nhat 1a 998 khi k = 1.
Vay s6 tu nhién nho nhat can tim 1a n = 2007.998 + 32 = 2003018.

20.21.Goi s6 6 16 luc dau lax (x eN vax > 2), s6 hoc sinh di cim trai s& 1a 22x + 1. Theo gia thiét néu sb xe la
X — 1 thi s6 hoc sinh phan phdi déu cho tat ca cac xe . Khi d6 mdi xe chd'y hoc sinh (y eN va 30 > y>0). Ta
co

— 2y + 9 =2005(x — y) = 2005k (K € N*) = vy

x-1y=22x+1 < y= 22X+1:22+£
x-1 x-1

Vix,y €N nén x — 1 phai 1a wéc sé caa 23, 23 nguyén té nén :

*x—1=1 < x=2 suyray =22+ 23 = 45 (tréi gia thiét)
*X-1=23 & x=24 suyray=22+1=23<30.
Vay 6t 14 24 va s6 hoc sinh 1222 . 24 + 1 = 529.
20.22.Dom,n e N nén m?+n’=m+n+8 < 4(m?+n?) =4(m+n +8)
& @AmP—4m+1)+(@n*—4n+1)=34 < (2m-1)* +(2n—1)> =3+ 5% (*)

2m-1=3 m=2 _ (2n-1=3 n=2
= va =
2n-1=5 n=3 2m-1=5 m=3

Tu (*) = {
Cohaicap (m;n) thoaménla (2;3)va(3;?2).

20.23. Nhan xét : Vi a, b 1a cac s6 nguyén thoa madn a®+b? :3thi a:3vab :3.Tacob5x?+8y*=20412 <
(6x% + 9y?) — (x* + y?) = 28. 9°

Suyra x*+y? i3 < x:3vay:3.Patx=3x;;y=3y; (X3, Y1 €2)
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Thay vao phuong trinh ta dugc 5x7 +8y =28.9% .
Tuong tu tacd X; = 3%z ;Y1 =3Y2 (X2, Y2 €Z) ta dugc 5x; +8y; =28.9

Tuong tw ta co Xo = 3X3; Y2 = 3ys (X3, Y3 €Z) ta dugc 5x; +8y; =28

Suyra y; §§<22 nén y2 =0 hogc y; =1.

*V6i yi =0 thi X} :% (loai).

*Voi yi=1thi x=2" = x;=92%y.=9= x;=9°2%y =9
= x=9%.2% y? =9, Vay c6 4 cap sb nguyén (x; y) thoa man 1a (54; 27) ; (54; —27) ; (-54; 27) ; (-54;
-27).
20.24. Tur diéu kién da cho 6x? + 5y°=74 = ychinva x=0;y=0.

Néu cap s (Xo; Yo) 1a mot cap sé nguyén thoa man diéu kién thi cac cap s6 (Xo; —Yo); (~Xo; Yo); (—Xo; — Yo)
ciing thoa man diéu kién, do d6 chi can xét x >0,y > 0. Tur diéu kién suy ra5y’< 74 = y’<15 = 0<y<4
= y=2(viychin) = x=3.

Vay C4c cap s6 nguyén (x; y) thoa méan dicu kien Ia (3;2) ; (3;-2) ; (-3;2) ; (-3;-2).
20.25. Dox,y eN* nén tacd (x +y)° =120y + 3 < 120(x +y)
= (x+y)'<120<4* = x+y<4.

Cingdox,y eN* nén 2 < x+y<4;mal20y+3lasdlé = x+ylasdlé. Dodox+y=3.Vivay3®=
120y+3 < y=2 = x=1

Nghiém nguyén duong ctia phuong trinh 1a (x , y) = (1 ; 2).
20.26. Tac63-2'=1 < F-1=2"(1) .
*Néu x chin tuc 1ax = 2k (k € N*) . Tir (1) taco (3“+1)(3*-1) =2¥

3 +1=20 . .
Do do trongdoa,b € Nvaa>bh.

K_1=2°

Xét22-2° =(3¥+1)-(3*-1)=2 = 2°(2* P-1)=2 nén
22 -1=1 ([22P"=2 (a-1=1 ([a=2
= = =
2°=2 b=1 b=1 b=1
Do d6 {sk 1_21 =23=6=3=3"=k=1khidox=2

Te(l)co:2Y=32-1=8=2° = y=3.

*Néu x letaclax =2k +1(k € N).
X6t 3% _1=3(8% 1) +2=3(9— 1) +2 chia cho 8 du2
vi (9-1%:(9-1) = Pchiacho8du2 = =2 = y=1
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Tac63*-1=2" = x=1.

Vay tat ca cac cap sé nguyén duong (X, y) 1a (2; 3) va (1 ; 1).

20.27. 4=x(2x+3 —y—-xy) = 4:x = x e{4;-2;-1,1;2;4} (*)
Tu phuong trinh = xy(x + 1) = 2x*+3x -4 = (x + 1)(2x + 1) - 5

= (x+1)(-xy+2x+1)=5 = 5: (x+1) = x €{-6;-2;0;4} (**)
T (*)va (**) =>x e{-2;4}.Véix=-2thiy=-1.Vsix=4thiy=2
Vay c6 hai cap (x; y)thcamédnla(-2;-1)va(4;2).

20.28. 3X° —2y°—5xy +X—2y—7=0 < 33X’ —6Xy +Xy—2y°+X—2y=7
S X(X-2y) +y(X—-2y)+(Xx-2y)=7 << (X-2y)(3x+y+1) =T.
Tac67=7.1=1.7=(7).(1)= (-1).(7)

Do d6 taxét truonghopsau: Xx—-2y=7(*)va 3x+y+1=1(**)
Tux—-2y=7 < x=7+2y thayvao (**)taco3(7+2y)+y+1=1
< 21+7y=0< y=-3 thayy=-3 vao (*) tacOx+6=7 < x=1.
Tuong tu Vai cac truong hop khac ta khong tim duoc X ; y nguyén.

Vay nghiém nguyén cta phuong trinh da cho la (x ; y) = (1 ; — 3).

Chuong IV. BAT PHUONG TRINH BAC NHAT MOT AN
Chuyén dé21. BAT PANG THUC
21.1.a) Véi ab>0.Tacd (a—h)> >0 < a’+b?> 2ab.

2 2
Chia hai vé cua bat dang thac cho ab > 0 ta co a’+b 22ab RIS E+922 .Dau “="xayra < a
ab ab b a
=b
*Voi ab<0 .Tacd (a+b)?>0 < a?+b*>—2ab. Chia hai vé cua bat déng thic
2 2 ’
cho ab<0 tace & +0B° _—28b a2, b_ 5 pi «=yayra e a=-b

ab ab b a
b) Chitng minh : Tir (a—b)?+ (b—-c)®+ (c—a)* = 0
= 2(a® + b? + c?) >2ab + 2ac + 2bc
= 3(@*+b® +c?) > a’+b% +c? + 2ab + 2ac + 2bc .
= 3(@*+b’>+c?) > (a+b+c)?
Chia 2 vé cua bat dang thac nady cho 9 ta c6 dpcm.

Diu“="xdyra < a=b =c.

. (a+b) a+b a®+3ab+3af+ B— 43— 4B
c) Xét hiéu - = 5
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_3(@=b)+3’@-b) _-3a-b)’-b") _-Ba-bP@+h) o . . o
: < b >

8 8
Diu “="xayra < a = b.
21.2. a) Taco néunhan, chuyénvé taich 3=1+1+1 thi xuit hien a?—2a+1=(a—1)*...Dodé: ta
c6 a®+b*+c?+3>2@+b+c)
o a’-2a+1+b?—2b+1+c?—2c+1>0
o @-1)%+(-1)°%+(c—1)* > 0 dung
Diu“="xayra < a=b=c=1
b) Vé phai c6 ab + ac + ad. Néu nhan 4 vao hai vé, chuyén vé va tach 4a® = a®+ a’ + a> + a* két hop vai cac
hang tir khac s& xuat hién hing dang thic.
Do d6 Nhan hai vé vdi 4 ta duoc 4a” + 4b” + 4¢”+ 4d° > 4ab +4ac + 4ad
< (a—2b)?+(@a—2c)*+ (a—2d)*+a’ > 0 dung. Ddu“="xayra < a=b=c=d=0
a a aZ 2 2 2 ,
c) Nhan xét: ab=2. =.b: ac=2.= .c; ... do d6 ta nghi t6i viéc tach a thanh — + — + —+— d& ghép
2 2 4 4 4 4
v6i b% c?,d?*, e’ Tach
a+b?+c?+d’+e? >ab+c+d+e)

2 2 2 2
oL b |+ L —actc? |+| L —ad+d? |+] & —aete? |20
4 4 4 4
a Y (a Y (a ¥ (a Y
@(__bj +(__cj +(——dj +(__ej >0 ding
2 2 2 2

*Chu y: Cach khéac : Néu nhan hai vé véi 4 ta bién doi twong duong thanh
(a—2b)* + (a—2c)* + (a—2d)* + (a—2e)* > 0 dung.
d) Voi a b, c,d>0 |, ap dung bat dang thizc Cauchy :
a®+b?>2ab; c?+d® > 2cd dodd
@ +b?+c?+d*+ab+cd > 3(ab+cd)

do abcd=1 = ab+cd=ab+ ibzz . Ta c6 dpcm.

a
3_ 3 2 r 2 r 2 2 2 2
213 &) Nhanxéet &2 =2 D 1o a6 vt ding thirc bién aéi thanh 22, S 2P Ca
ab b® a b ¢ a° a b c

aY b’ cY b c a
2(—) +2[—j +2(—) >2.—4+2.—+2.—
b c a a b C

b

2 2
Ap dung bét ding thac x%+y* > 2xy cb (%j + [—j > 2.%.9 —2.2 x¢ tuong tu roi cong vé véi vé cac
C c C

bit ding thirc cling chiéu ta duoc dpem.
b) Via,b,c>0nén a+b+c>a+b>0. Dung phuong phap lam troi
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a a b b . c
< . Tuong tu < va
a+b+c a+b a+b+c b+c a+b+c c+a

chiéu ta duoc

a b c a+b+c
+ + > =1.
a+b b+c c+a a+b+c
21.4. a) Bién d6i twong duong : v x,y>0
1 1.1 L x+y (x +y)*>4xy

S = S
X+y 4x 4y X+y 4xy
o XH2&xy+ Y2 Axy o X*-2xy+ y*20 < (x—Yy)’=0 dung.
Diu“="xayra < X =Yy .

b) Ap dung bt ding thirc vira chitng minh ta c6 :

1 1 1 1 1 1 1 1

— <4 =—+ <—+—+—. (1)
2a+b+c 8a 4(b+c) 8a 4b+4c 8a 16b 16¢C

Tuong tu <i+i+i (2)

2b+c+a 8b 16c 16a
1 1 1 1
— <y 4
2c+a+b 8c 16a 16b
Cong vé véi vé caa ba bat dang thuc cang chiéu (1) ; (2) : (3) ta dugc:
1 1 1 1 1 1
<

+ + <—+—+— hay
2a+b+c 2b+c+a 2c+a+b 4da 4b 4c

4 4 4 1 1 1
<4 4=

+ + <
2a+b+c 2b+c+a 2c+a+b a b c

(3)

Diu“="xdyra < a=b=c
21.5.a) Xéthieu a®+b*+abc—ab(a+b+c) =(@a+b)(a—-b)>>0
b) Xéthiéu a®+b*+c®*—3abc=(a+b +c)(@ +b?+c?—ab—ac—hc)
2 2 2
(@a=b)*+(b-c) +(c—a) 50

=(a+b+c).
( ) 5

c) Bién ddi thanh
4@+ b} —(@a+bP+4*+c - (b+c)y+4(cP+a%)-(c+a)P’=0
Xét 4(a® + b*) — (a+hb)* = (a+b)[4(@>—ab + b?) — (a+h)?]
=3(a+h)(a—b)* > 0.
Tuong tu V6i 4(b* + ¢) — (b +c)® va4(c® + a°) — (c + a)° ta suy ra dpem.

21.6. a)Vai trod a, b, ¢ nhu nhau, khong mat tong quéat giasir a > b > ¢ > 0. Bién doi bat dang thic di cho
duogc bat dang thtc twong duong

a®+ b+ ¢+ 3abc—a%(b+c)—b*c+a)—c’(a+bh) >0
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< a®+b*+c3+3abc— a’h—a’c —b%c—b’a—c’a—c?h) >0
< a’(a—b) +b*(b—a) + c(2ab—a’—b?) + c(c?*—bc +ab—ac) >0
< (a-b)@-b*-ca—-b)*+c(c—a)c—b) >0
< (@a-b’@@+b-c)+c(a—c)b-c) =0
Hién nhién dingvi a >b; a+h>c;a>c b >c¢>0

. : . s iz . X N
b) Trudc hét ta ching minh véi X, y, k 1a cac s6 duong va — <1 thi
y

§<XLk .That vay xét hiéu §—X+k _k(x=y)

y y+k y y+k y(y+k)
X—y<0 (do giathiét x <y).

<0 doy(y+k)>0va

Doa<b+c;b<c+a; c<a+bnéntaco :
a a-+a b b+b c c+cC
< : < : <
b+c b+c+a <c+a c+a+b a+b a+b+c

Cong vé véi vé ba bit dang thuc cuing chiéu ta duoc :

a b c <2(a+b+c):2'
b+c c+a a+b a+b+c

21.7. a) Nhan xét : néu nhan (2x — 3) véi (2x — 10) va (2x — 6) vdi (2x —7)
s& cling xuat hién 4x? — 26x . Do d6 c6 thé dat bién phu . Bién dbi vé trai
(2x — 3)(2x — 6)(2x — 7)(2x — 10) + 36 = (4x* — 26x + 30)(4x° — 26x + 42) + 36
Pat 4x*—26x+36=ytacod (y—6)(y+6)+36 =y*-36+36=y* >0.
Diu“="xayra < y=0 < 4*-26x+36=0 < 2x*~13x+18=0
X=2)(2x-9)=0 < x=2; x=45 .

by Taco M =xB0¢-1) +x(x*-1) +1
Vi x21nen x> 1=x-120;x"3>1 dodd M>0. (1)

*Voix<ltacd M= x* + x*(1 - x) + (1 - x)

Dol>xnén 1>x*hay1-x>0;1-x>0;x**>0;x*>0 nén M>0. (2).

dpcm.
21.8. Taco:

a+b+ b+ c, c+ az(_aJr_bj +(_a+_cj +[_b4_cj 2 12 2 6. (1)

c a b b a c a c b
Theo ching minh & vi du 8 thi :
a + b + c 2—3. (2)
b+c c+a a+b 2
Tu (1) va (2) suy ra dpcm . Dau “="xay rakhi a=b=c.

Céch giai khéc :

Ta () va(2) =
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a b C a+b b+c c+a
+ +

bat A= A=
b+c c+a a+b C a b

Ta c6 2A = 2a N 2b N 2C Lo a+b+b+c+c+a
b+c c+a a+b c a b

2a  2b 2c +(1 3)[& b b+c ocr aj

+ + — 4=
b+c c+a a+b 2 2 (o a b

2a b+c 2b c+a 2c ab) 3a b a c b c
+ + + + : — |-+ +— +—
b+c 2a c+a 2b a+b 2 2b a ¢c a ¢ b

Ap dung baitoan: voix>0thix+ — >2 taco:
X

2A22+2+2+§(2+2+2):6+9:15 :Az%.
Diau“="xayra < a=b=c.
* Can tranh sai 1am sau day khi giai bai toan nay :
a b (o a+b b+c c+a
A= + + + + + =
b+c c+a a+b C a b

( a b+ cj [ b ¢+ aj ( C b+ c}
+ + + + :
b+c a c+a b a+ b a

1 . A X N . - A N X 4 . - A N - \ ,
Dox+ = >2voix>0nén A >2+2+2=6 kétquasai. Sai lam ¢ cho néu xét riéng tirng cap thi dang
X

nhung xét déng thoi ca ba cap sé thi dau diang thic khdng thé xay ra vi khi ay a=b+c; b=c
+a, c=a+b —a+b+c=2(a+tb+c)vdly.

21.9. Bién déi thanh [(x+y)+(y+2)+(2+x)](xiy+yiz+zixj29

1 1 1 .
Dit x+y=a;y+z=b;z+x=c tadugc (@a+b+cC) g—l—B—l—E >9 | (Ban doc tu lam

tuong tu Vi du 7).

21.10. a) bat B= —+— —+...+;

1.3 35 57 2015.2017
Th‘IZB=1—£+£—1+...+ 1 1 4 <1 = dpcm
3 3 5 2017 2017 2017

b) Nhan xétvsi k e N* ; k>1 taco:
k-1 k-1 Kk B 1 1 _i
kI (k-D'k (k-D'k (k-D)'k (k-1D! k!
Do do G:E—l+i—£+...+ r 1 = 1- L <1
i 21 21 3! 2015! 2016! 2016!
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¢) Ta lam troi bang cach tir hang tir tha hai cua H ta bot mdi mau s 1 don vi . Ta co
L S S
1?2 -1 5°-1  (2n-1)*-1
1

b ——
24 4.6 (2n—-2).2n

11 1 1 1 1 1 1/1 1 5
=l+—| =———+———+...+ —— =l = | <=
2\2 4 4 6 2n—2 2n 2 2 2n 4

21.11. Nhanxét . 2015%+ 2015 = 2015(2015 + 1) = 2015.2016
1 1 1
< < )
2015.2016 2015% +1 2015
1 1 1
< < )
2015.2016 2015°+2 2015
1 1 1
< > < >
20152016 2015°+3 2015

Taco:

1 1 1
= < .
2015.2016 2015%* +2015 2015
Cong vé véi vé cac bat dang thuc trén ta co

2015 2015 1 1
—————<S< > Hay <S< .
2015.2016 2015 2016 2015

. 1 1 1 1
Vé6i S= 5 + 5 + 5 +...+ > )
2015 +1 2015 +2 2015°+3 2015° + 2015

21.12. Dox,y,z,te Z néntaco:
XC+y +72+t2+13-xy-3y—2z2-6t <0

< (C—xy +0,25y)+(0,75y* -3y +3) + (2 -2z + 1)+ (-6t + 9) < 0
< (x—0,5y)?+3(0,5y -1)* + (z-1)* + (t—3)* < 0
= (XVvz1)=(12;1;3).

21.13. Tachtng minh bang phuong phap quy nap toan hoc :
1 1 19 37

-Voéin=2thi S;=1+=+==—>— dang.
3 4 12 24

- Gia st bat dang thtrc dang véi n=k (k eN, k> 2) tac 1a S, > oa

. o . . 7
Ta chirng minh bat dang thirc dung véoi n =k + 1, tic 1a Syyq > §—4 . Thatvay: Sx=

1 1 1 1 37
1+ + —+ +o > —
k+1 k+2 k+3 2k 24
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1 1 1 1
+ + +
k+2 k+3 k+4 2k + 2

1 1 1 1

Sk+1 = 1+

Do d6 S+ — Sk= + — = >0
OO0 ST STl 2k+2 k+1 2(k+D(2k+1)
Suy ra Sg+1 > Sk > % . Vay bit dang thizc dung V n > 2.

21.14. Do [X|<2;]y|<2 nén x’<4;y’ <4
nghiala (4—-x%)>0 va (4-y9)>0 .
Tacdé (@A-xHAE-y)>0 .
Ma (4 —x)(4-Yy?) =16 + x> — 4(X* + y°)
= (16 + 8xy + X3y — 4% + 2xy + Y2 = (4 +xy)’ —[2(x +Y)]°>0 .Dodo (4 +xy)*>[2 (x +Yy)]* Hay
|2(x+y)|<|4+xy]|.
21.15. * Ta st dung phuong phéap phan chang :

Gia st tréi lai, trong ba s6 a, b, ¢ ¢6 it nhat mot s6 khong duong. Do vai trd cia a, b, ¢ nhu nhau nén khong
mét tong quét ta coi a < 0. Nhung theo (1) a phai khac 0 vay a<0 vataco bc < 0.

Theo (3) ab+bc+ca=a(b+c)+bc>0néna(b+c)>—bc>0
Maa<0nén b+c<Osuyra a+b+c<0 trai véi (2)
Vay a, b, ¢ phai 12 ba s6 duong.

21.16. Bai toan ¢ thé giai bang phuong phap quy nap toan hoc (ban doc tu ching minh). Céach khac la ta sir
1
2"-1"

e A < A Y A = A ’ - \ z 5 =R ’ - 1 1
dung tinh chat bac cau, lam troi biéu thac hoac tirng nhdém cua biéu thie @ Dat A=1+§+§+...+

a) Chung minh A<n

) 11 1 1 1 1 1 1
Taco A:1+(—+—j+(—2+...+—j+(—3+...+—j+...+( <+t j
2 3 2 7 2 15 2" 2"-1

Ta lam trdi & ting nhom bang cach thay cac phan sé trong nhém bang phan sé 16n nhat cia nhém ta co

A<1+£.2+i2.4+i3.8+...+i_1.2”’1 =1+1+1+..+1=n.
2 2 2 2"

b) Chitngminh A> n:2. Tacé

1 (1 1 1 1 1 1 1 1 1
A=l+—+H -t [+ =+t |H sttt |ttt ottt o o
2 \3 2 5 2 9 2 2" +1 2") 2"

7
A

Thay mdi phan s6 trong tung nhém biang phan s nho nhat trong nhom ta co
A>1+1+i2.2-|ri3.22+...+i.2”’1—i:1+ﬂ—i>E
2 2 2" 2" 2 2" 2
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21.17. (1 +ab)*+ (1 +cd)® + (ac)® + (bd)* =
1+ 2ab+a%?+1 +2cd + c?d® + 2(ac).(bd) + (ac)’— 2abcd + (bd)?
1+ (1 +ab+cd)y®+ (ac—bd)* > 1.
2
Yo x Yt eyt (XZ +y*) - 2%y’ +(X+Y)(X2 —xy+y*)

3
1+ Xy+X+Y)

21.18.a)Doxy=1nén A=+
1+y 14X T+x)1+y)

2 2\ 2 ?
) 2ty )

1+1+X+Y)
4-2+(xX+y)(2-1
Dodo A > ( y)( ):2+X+y:1 (dpcm).
2+X+Yy 2+X+Y

b) Ap dung bat ding thuc 4xy < (x +y)*taco:

4(3a+b)(2c+a+b) <(Ba+b+2c+a+h)?=4(2a+b+c)?

— (Ba+b)(2c+a+h) <(2a+b+c)® (dpcm).

2 2
taco

21.19. Ap dung bt dang thuc ab <

(X+Y)?+@+xy)®  @A+x3)L+y*)+2x.2y
(x+y)1 +xy) < > = >

2 2 2 2
< (1+X )(1+y );(1+X )(1+y ) :(1 +X2)(l + y2) — (dpcm)
21.20. Xét hiéu a® + b> —a’h® — a’b® = a(@* — b?) — b3(a? - b?) =
(@ —b?)(a®-b*) = (a—b)*(a+b)@@®—ab+b% >0 do
2 2
bj +£20 .
4

a+b>0;(@-b)?>0;vaa’—ab+b’= (a—z

21.21. Tacéa’+2b*+3=(a+b?) + (b*+ 1) +2 > 2ab + 2b + 2.
b?+2c? +3 > 2bc + 2¢ + 2.

Tuong tu
c2+2a%+3> 2ca+2a+2. Dodbd
1 1 1 1( 1 1 1 ]
+ + <= + +
a’+2b*+3 b?+2c°+3 c*+2a*+3 2\lab+b+1 bc+c+l ca+a+l
Véi abe = 1 thi
1 1 1 1 ab b 1 = dpem.

+ + = + +
ab+b+1 bc+c+l ca+a+l ab+b+1 b+l+ab 1+ab+b
21.22. Tir gia thiét = x—y>0 = x—y =X +y¥*>x*—y’= (x = y)0C + xy + V).
Vay x-y > (x-Y)¢ +xy +y) = X +xy+y’ <1 = x*+y*<1 (dpem).

21.23. Tr 4abs(a+b)2@iél[l+ijvdia>0;b>0
a+b 4\a b
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. X X x( 1 1
Taco = <= +
2X+Y+z2 (X+Yy)+(X+2) 4{X+y X+z

Yy R z
va
X+2y+2 X+Y+22

Tuong tu Vi

X y 4 X( 1 1 y( 1 1 z( 1 1
+ + <= + += + +- +
2X+Y+Z X+2y+Z7 X+y+22 A4\ X+y x+z) 4ly+x y+z) 4lz+y Z+X

_1 Xty X+z y+z =§ . (dpem).
4\ X+y X+z Yy+z 4

21.24. a) x+£2y+E < x—y+£—120 @wzo ding vi x>y >1.
X y Xy Xy

b) Do vai tro a, b, ¢ nhu nhau, gia st 1<a<b<c<2;
bat x = E;y:% VoI 1<Xy<2 ;xy <2 = ysg.
a X

Xét hiéu hai vé va ap dung két qua cau a) ta co :

(@+b+ c)(1+1+lj—10:[x+lj+(y+ij+[xy+i]—7
a b c X y Xy

S(x+1j+(g+§j+(2+lj—7:3—X+§—g=B(X_l)(x_z)SO
X X 2 2 2 x 2 2X

Dau “=" xay ra < X =1hodc x =2 dong thoi xy =2
< (a,b,c)=(1;1;2);(1; 2; 2) vacac hoan vi.
21.25. Taco (a+h)? < (a+b)*+ (a—hb)>=2(a® + b?
Tuong tu (a° + b%)? < 2(a* +b%) = (a+b)? @2+ b?)?< 4(a® + b%)(a* + b*
Ma(a+b)?=4 = (a®+b?)’< (@®+b?)(a*+b*) = a®+b® < a*+b*

21.26. Ap dung bat dang thirc 1 1(1+1j vGi x>0 ;y >0 va st dung gia thiét abc = 1 ta co :
X+y 4{x vy

1 1 1(1+1j_1(abc+1jhay
ab+a+2 (ab+1)+(a+1) 4lab+1 a+1) 4\ab+abc a+1
L SE ¢ + L (*); Tuong tu L Sl a + L (**)
ab+a+2 4\c+l a+l bc+b+2 4\a+l b+l
1 1( b 1
<= +
ca+c+2 4\b+1 c+1
1 1 1 3
. + <—.
ab+a+2 bc+b+2 ca+c+2 4
Chuyén dé 22. BAT PHUONG TRINH BAC NHAT MOT AN

22.1. C4ch 1: Ta giai bat phuong trinh kép

j (***). Cong vé véi vé cua ba bat dang thic clng chiéu (*), (**) va (***) ta c6
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x-1 x—2>4
- - o a2 2
x-1 x-2 <5 o 2 3 - X >23
2 x—l_x—2 X <29

2 3

4<

<5

Céc gié tri nguyén cua x thoa mén 23 <x <29 la x e{24;25;26;27;28}

Céch 2: 4<XT_1_XT_2 <5 < 24<3(x-1)-2(x-2)<30

& 24<x+1<30 < 23<x<29 vacing cé két qua trén.
22.2. Sir dung céc quy tic bién ddi bat phuong trinh dua cac bat phuong trinh vé dang ax +b >0
a) 3Xx—-2 >5(x-2)+2(3-x) < 0x>-2 nghiém ding V X.
Nghiém cua bat phuong trinh 1a x € R
b) 5(x +2)* <(2x +3)(2x—3) + (x—5)*+30x < Ox<-4
Bat phuong trinh vo nghiém.
C) 4(25%x°+1) = 9(x +3)(x—3)+(2-x)’+1 < 4x >-80
< X >2-20
d) Thém vao hai vé — 64 lam xuét hién dang x> — 4% ¢ vétrai va
2(x—4) 5 véphai. Tacd x> <2x+56 < x°—64 <2x+56-64 <
(X—BC+4x+16)—2(x—4) <0 < (x—4)(x*+4x+14) <0
Dox?+4x+14=(x+2)*+10>0,Vxnén tacox—4 < O hay x < 4.
X+1 Xx+2 x+3 x+4
2 " 3 g 4 i 5
< 30(x+1)+20(x+2)>15(x +3) + 12 (x + 4)
& 23x>23 & x> 1
* Chi y : d) Nhan xét: néu thém (- 1) vao mdi hang tt & hai vé réi quy dong tirng cap ta thay xuat hién nhan ter
chung 1a (x — 1). Do d6 con cach sau :

X+1 X+2 x+3 x+4 X+1 X+2 X+3 X+4
+ > + = -1+ 1> —-1|+ —-
2 3 4 5 2 3 4 5

=S (x—l)(%+%—%—%}>0 < x>1 do (E+%—E—lj>0

22.3.

22.4. a) Giai bat phuong trinh (1) ta c6 x > 4,6. Giai bat phuong trinh (2) ta c6 x > % Giatri x>4,6 thoa

man ca hai bt phuong trinh.
b) Giai bat phuong trinh (3) ta c6 X>—1. Giai bt phuong trinh (4)tacé x <5.Giatrji -1<x<5
théa man ca hai bat phuong trinh.
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22.5. a) Giai bt phuong trinh (1) ta c6 x > % Giai bt phuong trinh (2)tacé x < 2.Giatri x =2 thoa
man ca hai bt phuong trinh.
b) Giai bat phuwong trinh (3) ta c6 Xx>-35  Giai bat phuong trinh (4) ta c6 x < 4 . Vay
xe{-3-2,-1,0,1,2;3,4}.
22.6. Giai ting bat phuong trinh ta c6 :
3x-11

3(x-1)-4< < 15x—-15-20 <3x-11 & 12x<24 < x<2

3x-11 2+5x
c <

-2 & 12x-44<10+25x-40 &< —-13x< 14 <X >—%

Do do —%<x <2 . Céc gia tri nguyén cua x thoamén la xe{-1;0;1}

22.7. Sau khi rut gon biéu thuc A ta giai bat phuong trinh A < —2 va phuong trinh chira tham s6 A > ax . Ta
dic biét luu y PKXPD cua A va bién luan khi giai bat phuong trinh chira tham sé.
a) DPKXb: x#+25

_ 4x? _1OX+25.5(2)§+5)(5_2X) __(2x+5)
5(2x -5) 4x° -10x+25
b)Pé A<-2tacd—(2x+5)< -2 < 2x+5>2 < 2x > -3
= X >-15.
C)A> axticla —2x-5>ax < ax+2x<-5 < (@a+2)x<-5

Néu a>-2 thix<_—5 : Néu a<-2 th‘|x>_—5;
a+2 a+2
Néua= —2 taco Ox <—5 voly.
2_
22.8. DKXD x # 2,5 tacd 4:2+a
2X -5
< (@a-2)(a+2)-(2+a)(2x-5)=0; < (@+2)(a —-2x+3)=0

Néua=-2 thi a—2x +3=0 < x:a—;r3

Xx >0khi a+3>0 < a>-3

x < 2 Khi aT”Q o a+3<4 o a<l.

Vay dé nghiém cua phuong trinh sau 1 s6 duong nhung nhé hon 2 :
—3<a<lvaa=#-2
(Néu a=—2 thi tacd Ox =0 phuong trinh c6 v6 s6 nghiém do d6 c6 vo sb6 nghiém duong trir X = 2,5) .
22.9. a)a(x—a)>5(x—5) <« ax—a° > 5x—25
< (@a-5)x>(a-95)(a+5)
Néu a> 5 thi nghiém ciia phwong trinh 14 x> a+5
Néu a <5 thi nghiém ciia phuong trinh1a x< a+5
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Néu a = 5 thi bt phwong trinh trd thanh 0x > 0, vo nghiém.
b) Bién doi bt phuong trinh ta 6 :

x+(a+b+1)x>9+2—b <:>(a+b+2)x>%
a a a

*Néua+b+2>0:thi X>L
a(@a+b+2)

*Néua+b+2<0:thi  x< _ %
a(a+b+2)

*Néua+b+2= 0;thi Ox>@ khi 4y :
a

Néuab > 0 : Vo nghiém.  Néuab <0 : V& sb nghiém.

22.10. Thém 1 vao mdi hang tir & hai vé rdi quy déng mau ting cap ta thay xuat hién nhan tir chung 2x + 2015.
Ta c0 cach giai :

5x+1015 N 5x+1000 Sx+1 5x 1 S5X -2 5x 10
1000 1015 2014 2016 2017 2025
5x+1015 5x+1000 Sx+1 5x -1 S5X -2 5x-10
= +1+ +1+ +1> +1+ +1+ +
1000 1015 2014 2016 2017 2025

<:>(5x+2015)(1+1+1—1—1—1j>
1000 1015 2014 2016 2017 2025

1 1 1 1 1 1
+ + - - - >0
1000 1015 2014 2016 2017 2025

nén 5x +2015>0 < 5x>-2015 < x>-403.

22.11. 2A:£+£+£+...+i=l 1+1 1+1 1+...+1 1 10
1.3 35 57 9.11 3 3 557 9 11 11

( 1j£ 1] ( 1 j( 1 j 22 3% 92 10° 20
B=|1+—||1+— | |1+ — || 1+ — |=— —..... =—
1.3 2.4 8.10 911) 1324 810911 11

2A<% <Btuc la E<2—X<§

11 11 11
Do do xe{6;7;8;9}

10<2x<20 < 5<x<10

22.12. Ta lap cac phuong trinh biéu thi tong s6 tran va tong s diém, xét xem x bi chin boi hai gia tri ndo. T
do tim ra cac gia tri ciax vay, z.

* Goi s tran thang cua doi do 1a x, sb tran hoa la y va sb tran thua 1a z
(X, ¥,z eN). Tacox +y+z=20. (1); dong thoi 3.x + L.y + 0.z = 41. (2)

Tur(2)taco 3x+y=41 suyra 3x <41l < x<4§1—13Z

3
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Tr()va2) = 2x-z=21 = 2x>21 < xz%l:m%

Nhuvéle%SXSlS%.Do xeN = x=11;12;13.

Doxlaséchinnénx=12. Tirdécod 3. 12+y=41 = y=5va z=3

22.13. Do [a] 1a s6 nguyén 16n nhat khong vuot qua a nén néu [a]=nthinla sé nguyénva 0<a—n<1.

8x -3
. — < -(2x+1) <1
Vi thé {SX 3}:2x+1 & (2x+1)<
2x+)eZ
, 8x -3
Xet 0< —-(2x+1)<1 & 0<8x-3-10x-5<5

< 0-2x-8<5 & 8<-2X<13 & —-82>22x>-13

& -7 > 2x+1>-12.
Do2x+1 e Zva2x+11as6lé nén 2x+1=-7 < x=—4,

2X+1=-9 < x=-5; 2Xx+1=-11 < x=-6.

Viy x e{-4;,-5-6}

X+1 X+4 X+5 x+7
22.14. —-2> + +
2002 1999 1998 1996

X+1 X+4 X+5 X+7
S ——+1>| —+1 |+ —+1|+| —=+1
2002 (1999 j (1998 j (1996 j
x+2003>x+2003+x+2003+x+2003
2002 1999 1998 1996

<:>(x+2003)( t 1 1 1 j>
2002 1999 1998 1996

0 1 - 1 - 1 - 1 <0 nén x+2003<0 <« x<-2003.
2002 1999 1998 1996

22.15.* Véix > 1thi |x—1=x—1. Bétphuong trinh tr& thanh

X+X-1>5 < 2x >6 < x>3 (théa man).

*Véix <1thi [x—1=1-x Batphuong trinh tré thanh x +1-x >5 < 0x > 4 v0 nghiém.

nghiém cua bat phuong trinh 14 x > 3
Chuyén dé 23. BAT PHUONG TRINH DANG TICH, THUONG

23.1. Biénddithanh x*+x-6<0 < (x-2)(x+3)<0
Cach1l: Lyluan x-2<0va x+3>0 (dox+3>x-2,Vx)

Céch 2 : Lap bang xét dau .
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Tadéucokétqua -3 <x<2.

0O
3
LN
X
A

-3
£ . .
an

Biéu dién nghiém trén truc sé:
23.2. a) Lap bang xét dau. Nghiém la x < —% ; S <X <§ hoic x> %

b)Nhan xét : 3x? — 25x — 50 = (3x + 5)(x — 10) = — (10 — X)(3x + 5)
Mit khac 100 — x?= (10 — x)(10 + x) . Do d6 ta bién doi
BPT < (10 —x)(5x —2001) — (10 —x)(3x +5) — (10— x)(10 + x) <0
< (10 -x)(x —2016) <0
x <10

Giai bat phuong trinh dugc
X >2016

23.3. Pay la cac bat phuong trinh bac ba va bén. Ta chuyén vé rdi s dung hé qua dinh ly Bézout (nham
nghiém) dé phan tich vé trai thanh nhan tir.

a) BPT & (x-2)(x-3)(x-4)<0

A ) f A s o 3<x<4
Lap bang xét dau tim duoc nghiém :
X<2
2 3 4
9 . Y J \ X
M / A 7 ~

b) Chuyén vé va bién d6i BPT < (x + 1)(Xx + 2)(x — 3)(x —4) > 0

X<-2
Lap bang xét dau tim duoc nghiém 1a: | -1<x <3 . Biéu dién nghiém :
X>4
_2 _1 0 4 X
» i . . . ¥ i
5 28 ¢ p¢ 8

23.4. a) Nhan 4 vao nhan tir thi nhat, nhan 2 vao nhan tir thir hai va nhan 8 vao vé phai ta duoc :
BPT < (8x + 4)(8x + 6)(8x + 5)% < 72
Pit8x+5=y tacd (y—1)(y+ 1)y’ < 72
o (YP-1LY-72<0 < Y -y-72<0
= (-9 +8) <0
Do y*+8=(8x+5)+8>0; Vx nén y*-9 <0
Hay (y—3)(y+3) < 0. Thayy=8x+5vaotacé:
Bx+2)(8x+8) <0
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. 1 2w . . .
Giai dugc —1<x< 7 (Ban doc tu biéu dien nghiém trén truc so)

b) Nhan 2 vao nhan tir thir nhat, nhan 2 vao nhan tr thi hai va nhan 4 vao vé phai ta duoc :
BPT < (4x — 2)(4x — 4)(4x — 5)(4x — 7) > 72
< [(4x - 2)(4x — D][(4x — 4)(4x - 5)] = 72
< (16x% = 36x + 14) (16x* — 36x + 20) > 72
Piat 16x> —36x +17=ytacd (y-3)(y+3)-72 >0
Sy -8120 < (y-9)(y+9)=0
9 81 23

Doy + 9 = 16x*— 36X + 26 :(4x)2_2.4x,E s

2
:(4X—g) +?>O, VX trdo taco y—92=>0

Hay 16x*-36x+8 >0 < 4x*-9x+2>0 < (4x-1)(x-2) =0
1

Giai bt phuong trinh nay dugc |« 4 . (Ban doc tu biéu didn nghi¢m)
X=>2
C) BPT & (x—1)(x-2)(2x—-3)(2x-5)>30
& (2x - 2)(2x — 4)(2x — 3)(2x —5) > 120
< (4x% - 14x + 10) (4x* — 14x + 12) - 120 >0
Pat 4x*-14x+11=ytacod (y—1)(y+1)—120>0
oy -112>0 < (y-11)(y+11) >0
9 39

Do y+11=4x2—14x+22=(2x)2_2.2x% P22

Dodd y—11>0 hay 4x°—14x>0 < 2x(2x—7) > 0.

X>3,5

. (Ban doc tu biéu dién nghiém)
x<0

Giai bat phuong trinh dugc {

23.5. @) BPT < (x*—4)(x"-8) <96
o x-12x*+32-96 <0 < xX®+4x* —16x*-64 <0
o (x*-16)(x* +4) <0.
Dox*+4>0Vxnénx'-16 <0 < (x+2)(x—2)(x*+4) <0
Dox?+4>0Vxnén(x+2)(x—2) <0 < -2<x<2

*ChU y : Cau a) c6 thé ding phuong phép dat bién phy : Patx*—6=ytacd (y+2)(y—2) < 96 < y*—4-—
96 < 0
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< V¥-100<0 < (y—10)(y+10) <0
Doy+10=x*-6+10=x*+4>0 Vxnény—10< 0
hay x*—16 < 0 rdi giai nhu trén ta dugc —2 < X < 2.
b) Péyrang x*+ 4 = x*+ 4x?*+ 4 — 4x* = (X* + 2)* - (2x)* =
(X2 +2x+2) (X*—2x + 2)
Do d6 ¢ (x*+4) — (X% + 2x + 2)(3x + 26) >0
S+ +2) (F—2x+2) —(x*+2x+2)(3x +26) =0
S C+2x+2) (X¥— 5x— 24) 20 < (X*+2x+2) (x—8)(x +3) >0
Dox?+2x+2=(x+1)?+1>0 VX nén tachi xét
Xx<-3
(x—8)(x+3) >0 C{XZS
) BPT < (—27)(x*+x—6) >0
& (X=3)(X*+3x+9)(x-2)(x+3) >0
Tacéx2+3x+9:(XJ%)ZJF%7 >0VxXx ;Vay(x-3)(x+3)(x-2) >0
—-3<X<?2

Giai bat phuong trinh ta ¢c6 nghiém :
p g Znie L( 53

23.6. PKXD x ¢—% . Lap bang xét dau :

Nghiém cua bat phuong trinh 1a _389 <X < S
14 2
23.7.a) bPKXD x # 4 ;
X>4
BPT c>1+5x—220 = 9+3X20 = g
X —4 X—4 X<-3
b) PKXD X %42 BPT o —X*2
(X+2)(x-2)
X< -2
Lap bang xét dau ta tim duoc 2
—ESX<2

c) PKXD x #8vax=6

—x+10 0 {6<x<8

BPT &« ——— <
(x=8)(x—16) x>10

(Xx+3)(x—2) S

d) bPKXD x #3vaxz#1l ;BPT <
(x=1(x-3)
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X < —3

Lap bang xét diu , nghigm 1a l<x<2
X >3
23.8.
X+3>3 5<x<9
3< <5 4o o < x>7 & T7<x<9
X—b X+3
<5 X <5
X—-5
239.DKXD x #3;x #+ 1; Rat gon :
A (x—2016)(2x* —4x+10) (x—2016)(x* —2x +5)
B 8—-8x B 4(1—x)
Dox?—2x+5=(x—1*+4>0 Vxnén
_ X > 2016
A<0 o X=2016 4 Giai duoc Vi X -1
4(1—x) x<1
23.10. PKXD: x #+3; x #-2; Ratgonduoc B = 2=x
X+3
B> 2015 & 2-X52015 & 2% 201550 « —2010X-0043,,
X+3 X+3 X+3

Giai bat phuong trinh nay duoc .

23.11. Voix #2tac6 3=(5-m)(x-2) < x(m-5)=2m-13

*V6i m =5 phuong trinh trg thanh 0x = — 3 vO6 nghiém.

*\6i m=5 thi o x = 2m~13
m-5
, - m=>6,5
bé x > 0 taphaico 2m 1320 = {
— m<5

23.12. Taco 1)t (3—1 i—l i—l 1)
3 6 10 15 21 28
2 2 A2 (22 )
2.3 3.4 4.5 5.6 6.7 7.8
—4 —10 —-18 —28—-40 54 14 25 3.6 4758 6.9 3
2334 4556 6.7 78 233445566778 7
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2
Do d6 bat phuong trinh tré thanh gx >X7—4 < x*—3x—-28<0

&S X-7(x+4)<0

Giai bat phuong trinh nay ta dwoc -4 <x<7.
1 1111 1 1
+

23.13. Xét i+i+...
1.2 34 99100 1 2 3 4 99 100

1111 1 1 11 1

-t —F— 2| ==+ +—

1 2 3 4 99 100 (2 4 100)

1111 1 1 11 1 1 1 1 1
—+—t—t—tF.t—=t—— |+ —F ===+ —+. =+ —
1 2 3 4 99 100 ( 2 3 50) 51 52 99 100

Viy x*+x+1945>1975 < x*+x-30>0 < (Xx-5)(x+6)>0 .
X<-6

Giai bt phuong trinh duoc {
X>5

23.14. Véia = -1 thi

X 1 X 1 2a—2ax —a’
BPT < > — <= - + 3
a“-a+l1 a+1 a“-a+l1l a“-a+l 1+a
1 1 —a’—2ax+2a

a’-a+l a+l (a+D)@ —-a+1)

a+l-a’+a-1+a°+2ax—2a 2ax
5 <0 < > <0
@+hH@" —a+l (@a+D(@" —a+l)

2
Doa?_a+1=[a_t +§>0,Va nén ta chi xét 22X <0
2 4 a+l

o a iz . a . .
Xét dau ctla —— cb: Néu a<—1hoac a>0 thi ——>0nghiémlax <0.
a+l a+l

Néu -l1<a<0 thi —2—<0 nghiém lax >0
a+l

Néu a = 0 thi bat phuong trinh trd thanh 0x <0 v6 nghiém

23.15. Taco A=(£+1j[£+lj(i+lj...[ 6 +1j
1.8 29 3.10 13.20

14 24 36 266 2.7 3.8 4.9 14.19 _

1.8°2.9°3.10 771320 1.8°2.9°3.10 13.20
2.34...13.14 7.8.9...18.19 49
1.2.3....12.13 '8.9.10.....19.20 10

3 8 15 99 13 24 35 911

B ——.—..... = . ——
2 33 44 1010 2.2 3.3 44 10.10




1.238...89 34.5...1011_ 11
2.3.4...9.10 2.34...9.10 20

11 x-2 49 33 2x-4 294
—<—<— & —< <—
20 30 10 60 60 60
& 37<2x <298 < 185<x <149

33<2x—-4<294

X—-3 X-3 x—3—3x+3< —2X 2X

23.16. — <3 —-3<0«< leo—<0e—>0
x-1 x-1 x-1 x-1 x-1
Lap bang xét dau :
X 0 1
2X - 0 + |
x—1 - | - 0
VT + | - | +

Vay x>1; x<0 langhiém cua bat phuong trinh.
x*-4 5 7 9

- < +
x*+6 x*+1 x*+3 x°+5

2_
<:>X24+1—25 +1—27 +1—29 <0
X“+6 X +1 X +3 X“+5
X*—4 x*—4 x*—-4 x*-4
2 + 2 + 2 + 2
X“+6 Xx°+1 x°+3 x°+5

1 1 1 1
o (x2-4 + + + <0
( )[x2+6 x*+1 x*+3 x2+5j

23.17. 3+

<0

f—

o (X-2)(x+2)<0 o —2<x<2do 4+ T L g
X°+6 XxX°+1 x°+3 Xx°+5

Chuyén dé 24: PHUONG TRINH- BAT PHUONG TRINH
CHUA DAU GIA TRI TUYET POI

24.1.a) Bién d6i PT < |5x—12|=10x—32

Taco Vi [5x—12/>0 nén 10x — 32 > 0 < x > 3,2.

Khi 4y |5X—12| =5x—-12. Phuong trinh tro thanh 5x — 12 = 10x — 32

ta tim dugc X =4 (thoa mén) ; Vay nghiém cia phuong trinh 1a x = 4.
b) Bién d6i PT < 5[3x—4|=22-6x
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e 4 \ e 4 . 2
Xeét vol X 25 ta tim dugc X = 2 ; Xét véi X <§ ta tim dugc X = ——

2 :5 =
242. YPT & |2x-3=2 <« [I X| [x 42,5

12x| =1 X =+0,5
b) *Véi [x|>2 thi |x]-2|=|x|-2
Phuong trinh tré thanh < |[x|-2=2x-6 < |x| =2x-4

V6i x>0 tacd x=2x-4 << x =4 (thoaman)
Voi x<0 tacd —x=2x-4 <:>x:ﬂ(loai

*Voi x| <2 thi |x|-2|=2-|x]

Phuong trinh tré thanh < 2—|x|=2x-6 < |x| =8-2x
Véi x>0 taco x=8-2x @x:%(loaivi x| <2)

Voi x<0 tacdo —x=8-2x < x =8 (loai)
Phuong trinh c¢6 nghiém duy nhét 1a x = 4
24.3. Lap bang xét gia tri tuyét ddi rdi giai cac phwong trinh.

a) Tap nghiém la —% <X s%

b) Bang xét gia tri tuyét doi :

X -2 3 5
|2x -6 6-2x | 6-2x 0 2X —6 | 2x-6
|x 5| 5-x | 5-X | 5-x 0 x-5
|x+2| -x-2 0 x+2 | X+ 2 | x+2
Vé tréi —-2x+13 | —-4x+9 | O0x-3 | 2x — 13

*Voi x<-2 PT © —-2x+13 =5 < x=4 (loai)
*Voi—-2<x<3 PT < —-4x+9 =5 o 4x<-4 < x=1
*V6i 3<x<5 PT & 0x-3=5 < 0x=8 (v0nghi¢m)
*V6i x>25 PT < 2x-13 =5 < 2x=18«< x=9
Tap nghiém 1a S = {1; 9}

c) Lap bang xét GTTD. Nghiémlax=-0,25; x=0,5.

x?-2x-1=2 {(x —-3)(x+1) =0
=

24.4.2) PT & \
x?—2x-1=-2 (x-1°=0
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Tapnghiém: S={-131} .

b)Luuy : x > 0. Tépnghiém S={2;3} .

) Vetrai dx — x> =4—(4—4x+x)=4-(2-x)* < 4
Vé phai : ap dung bat dang thuc |a|+|b|>|a+b| taco
Veétrai @ [x—1+|x -5 =[x -1 +|5—X| =[x —1+5-x| =4
Suy ra vé phai bang vé trdi bing4 = x =2.

d) Ap dung bat dang thuc : |a|—|b|<|]a—b| taco:
Vé trai |x* - 25[-|x* -9 <[x* —25—-x"+9| =16
Mat khac vé phai x*— 2x + 17 = (x — 1)> + 16 > 16

Suy ra vé phai bang vé trai va bang 16 = x = 1.
24. 5. Lap bang xét gia tri tuyét déi:

X 2 5
[x—2| 2-X 0 X — 2 | X _ 2
x—5| 5-x | 5-x 0 X-5
Vé tréi 7 —2x | 0x + 3 | 2x — 7

. R 7-m : .
*Voix<2 thi (1) & 7-2x=m <& X=——-Ilanghiém neu

7-m

<2 < m>3.
*V§i 2<x <5 thi (1) < Ox=m—3 v0 s6 nghiém néum = 3.

. . m+7 . . .
*Voix>5thi (1) © 2x—-7=m < x= il l& nghiém néu

m+7

>5 < m>3.

m+7

Vay Néu m > 3 thi (1) c6 hai nghiém la  x :Y_Tm Vi X =

Néum =3 thi (1) c6vd sb nghiém 2<x<5.
Néu m < 3 thi (1) vo nghiém.
2|x|-5=x—-3|+4 2|x|—|x—-3|=9
246. PT <
2|x|-5=—-4—|x-3| 2|x|+|x—3|=1
Lap bang xét gié tri tuyét di tim duoc tap nghiem 1S = {— 12 ; 6}
24.7. Dit [x-5) =t (t> 0). Phuong trinh tr¢ thanh |2t —9|+|2t-11=12.
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Lap bang xét gié tri tuyét ddi tim duwgct=2vat=8.

. X=7
Voi 122 & [x-5=2 <

X=3

. x =13
Vi t:8<:>|x—5|:8 =

X=-3

x> —4x—-12<0

248. Q) BPT & -14<xX®* -4x+2<14 <
X? —4x+16>0

*xX2-4x+16= (x-2)" +12 >0 VX

* x2_4x-12 = (x-6)(x+2) <0 << —-2<x<6
Nghiém cua bat phuong trinh1a  —-2<x<6

b) x-3<x*+2x+3 & —x®?—-2x-3<x—-3<x*+2x+3

2
*x2 4+ X+ 6= (x+%} +?>0,VX >0

*x2+3x =x(x+3)>0 < [x>0

X <-3
‘A ) WA \ . | x>0
Nghiém cua bat phuong trinh 1a [
X<-3
6x-15<2x+5
c) BPT< < 1,25<x<5
6x-15>-2x-5

x>0,6

2(5x-1) >5x +1 5x >3
24.9.a) BPT < =

< 1
2(5x-1) <-5x -1 15x <1 X<E

x>0,6
Nghiém bét phwong trinh 1a 1
X<—
15
b) Véi x#2 bt phuong trinh da cho twong duong véi:
L+1>3 i—2>0 5_2)(>0 2<x<§
X—2 X—2 X—2 2
1 < 1 < 4x — <
——+1<-3 ——+4<0 <0 —<X<2
X—2 X—2 X—2 4
. 7 5 .
Hop nghiém duoc Z<X<E trax=2.
¢) Véi x #-3. Tuong tu (b) hoic bién ¢6i BPT < X—_g>2.
X +

Tim dugc —9<x<-1 trrx=-3.

= |

x2+3x>0

X>+Xx+6>0
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d) Tac6 |-x* —2x—2016 | = x* +2x+2016 (do —x* —2x — 2016 < 0; V)

va x> +2018>0, VX nén BPT < x%+2x + 2016 > x>+ 2018
&S 2X>22 o x =1,

24.10. a) 2+5+8+..+89= 28930 _q; 15
) 2x—-3>=15 X=>9
Dodo BPT < [2x—3/>215 <
2x—-3<-15 X<—-6

b) BPT @\x2—4\22—x =N

X=2
[x2—422—x [(x—2)(x+3)20 [
= =

X <-3
x> —4<x—-2 X=2)(x+1) <0
—1<x<2
, x=>-1
Tong hop nghiém:
ong hop nghié L(S_s
c)
4% +5>Xx*—2x+5 x* —6x <0 (1c)
BPT < <
4X +5< —(x* —2x +5) x> +2x+10<0 (20)

(Ic) © x(x-6)<0 < 0<x<6
(2¢) vb nghiém
Nghiém cua bat phuong trinh 1a 0 <x <6

2
d) Tacoé —2.]3x—5/<0;vx va x2—x+1=(x—%j +%>0;VX

Nén bt phuong trinh v6 nghiém
24.11. a) Binh phuong hai vé . Hoic lap bang xét gia tri tuyét ddi.
Nghiém cua (1) la x <-1.
b) Lap bang xét gia tri tuyét doi :

X 5 6
|x—5| 5-x 0 X-5 | X-5
|x—6| 6 — X | 6 — X 0 X—6
Vé tréi 11 - 2x | Ox + 1 | 2x — 11

*Voix<5 thi (2) & 11-2x>3x-11 < x< 44
*Voi 5<x<6thi(2) < 0x+1>3x —11 < x<4 (loai)
*Voix>6 thi (2) © 2x-11>3x-11 < x<0  (loai)
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Vay nghiém cua (2) la x < 4,4.

x—4]-6>10 x—4|>16
24.12.2) BPT & ||x—4|-6|>10 <

[x—4-6<-10 | |x—4|<—4 (loai)

X—4>16 X > 20
o =

X—4<-16 X<-12

b) BPT < [[2x—3-11]<1 < -1<[2x-3-11<1 &

-12<2x—-3<12 -4 5< x<7,t

2x-3 <12

) ) 10<:> 2x—2>10 = X> 6
[2x~2> 2x—2<—10 X<—4
6<x<7,5
—4,5<x<-4
24.13.Lap bang xét GTTD rdi xét cac khoang :

Hop nghiém ta dugc nghiém cua BPT la {

*Néux <—2thiPT <& —X-X-1-X-2=7 < X = —%

*NéU -2 < X<—1thiPT & —X-Xx-1+x+2=7 < x =—-6 (loai)
*Néu—-1<x< 0thhPT & —x+x+1+x+2=7 < x =4 (loai)

*Néux>0thi PT & x+x+1+x+2=7 < x = %
. s TR 10 4
Phuong trinh c¢6 hai nghiém la x = 3 vax = 3

24.14. ‘xz—l‘+‘x2—4‘: ‘xz—l‘+‘4—x2‘ >x2-1+4-%x>=3

—2<x<2
Déu “="xay ra < (X’ -1)(4-x°)20c 1<x* <4 < 1<X| <2 < 1 [x>1
x<-1
1<x<?2 )
. Nghiém phuong trinh [a 1<x<2 ; -2<x<-1
—2<x<-1

24.15. Lap bang xét GTTD rdi xét cac khoang :

*V§i X <0 phuong trinh thanh —x-2+x=2 < 0x=4 v0 nghiém.

*Voi 0<X <2 phuong trinh thanh x -2 +Xx=2 < x=2 (nhan)

* Vi x>2 phuong trinh thanh x —X+2=2 < 0x+2 =2 vdsd nghiém.
Vay nghiém ctia phuong trinh 1a x >2

24.16. baty = |X —1| thiy > 0. Phuong trinh tr¢ thanh :

V' +2y-8=0 < (y-2)(y+4) =0 < y=2 hoic y=—4 (loai).

X-1=2 X=3

x—1:—2<:{x=—1

Nghiém ctia phuong trinh lax =3 va x =-1.

Viyy=2 < |x-1] =2 < {
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24.17.* Néu x >-2,5 thi |2x +5| = 2x+5 khidy 2x+5=x+3x—1
& X+x-6=0 < (x+3)(x-2)=0 < x=—3hoacx=2.Loai x=—-3
*Néu x <-2,5 thi [2x+5|=-2x -5 khi dy —2x-5=x°+3x -1

& X¥+5x+4 =0 < (x+4)(x+1)=0 < x=—4hoicx=—1. Loai x=— 1.
Nghiém ctia phuong trinh la x =2 vax=-—4.

24.18. Taco |ab|=|a].|b| nén

|x+]4+|x—]4:1+‘x2—1‘ < [x+1.x=1 =[x+ —|x -1 +1=0

o (xod1). (et >0<:»[

X+1-1=0 (1)
x-1-1=0 (2)

X=0
X=2

*(1)<:>x+1=4_rl<:>{x ;(2)<:>x—1=i1<:>{

Tép nghiém cua phuong trinh la S = {—2;0; 2}

24.19. * Khi x = 2005 ; x = 2006 thi vé trai va vé phai déu cung sé tri 1al. Do d6 x = 2005 va x = 2006 la
nghiém cua phuong trinh.

*V6i x <2005 thi [x —2005| >0 va |x—2006|>1

2006 2006

Do d6 [x—2005 " +|x—2006| " >1=> phuong trinh v nghiém.

*\/gi x > 2006 thi [x —2005|>1 va |x —2006| >0

2006 2006

Do d6 [x—2005 " +|x—2006| " >1=> phuong trinh v nghiém.

*VGi 2005 <x<2006thi 0<x—2005<1va —1<x—2006<0

2006 2006

= |x—2005 " <|x—2005=x—2005 va |x—2006 " <|x—2006|=2006—x

2006 2006

= |x—-2005 +[x—2006] " <x—-2005+2006—x=1 = phuong trinh v nghiém.
Vay nghiém cua phuong trinh la x = 2005 va x = 2006.
Chuyén dé 25:  GIATRINHO NHAT VA LON NHAT
25.1. @) A(X) = 4(x + 1)+ 11 > 11, ¥x.Vaymin A(x) =11 < x=-— 1.
b)A(y) = 2y*—16y—2=2(y—4)*-34 > -34, Vy.
Vaymin A(y) =-34 < y=4.
C)A(z) =6z°+ 122+ 16 =6(z + 1)*+ 10 > 10, V z.
VayminA(z) =10 < z=-1.
25.2. a)B(X)=24—(x*-6x+9)=24—(x—-3)°< 24, Vx.
Vay max B(x) =24 < x=3.;
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b)B(y) = —2y?—4y+10=12-2(y +1)*< 12, Vy;
VaymaxB(y) =12 < y=-1;

) 1 1 1 1 11 , 1 1.3
¢) Rut gon (?—1)(3—2— )(F—l](ﬁ—lj = 20 (ban doc tu rut gon . Luu y ?—1=—§ :

1 24 1 9.11

1= o :__)_

¥ T 33 10 10.10
Do d6 B(z) = —20(z° -2z +3)=—-40-20(z—-1)°< -40 , Vz;

Vaymax B(z) =-40 < z = 1.
25.3.a) C=(x*—8x +15) (x*—8x + 17)
Patx’—8x+16=y tacoC=(y-1)(y+1)=y*-1>-1, Vy. VAy minC=-1 < y=0 < (x—4)*=
0 & x=4,

b) D= (1 -x)(X—5)(x*— 6x + 11) = — (x*— 6x + 5) )(x* — 6x + 11)

Pat x> —6x +8=ytacd D=—(y—3)(y+3)=9-y* <9, Vy

VaymaxD=9 <y=0 < x°—6x +8=0 < (x—2)(x—4)=0 @[

) E=(x+6)(X +3)(x +2)(X— 1) + 1= (x* + 5x — 6)( X* + 5x + 6) + 1
Pit x> +5x=ytacd E= (y—6)(y+6)+1=y*-36+1>-35,6 Vy

VayminE=-35< y=0 < x*+5x = (X+5)x =0 <x=0;x=-5.
d) Pat x-2015 =y thi F =2018 - | (y+1)' +(y-1)" |

Ap dung hing ding thuc (a + b)* = a* + 4a°b + 6a%b? + 4ab*® + b* tac6
F= 2018 - 2(y* + 6y° + 1) = 2016 — 2(y* + 6y°) < 2016, Vy
Vaymax F=2016 < y =0 < x = 2015.
25.4. a) M(x,y) = (x—y)>+3(y+2)*+10 > 10, VX .
Do d6 min M(x,y) =10 & (X=-2;y=-2) .
b) N(x,y) = 2015 — (x +y + 1)~ 2(y — 2)? < 2015, V Xy
Do d6 maxN(x,y) = 2015<= (x =-3; y = 2).
¢) P(x,y,2) =15—(x—1)>—(y—2)°— (z—-3)* < 15, VXxy,z
Do d6 maxP(x,y,z) =15<=> (x=1;y=2;z=3).
d) Q(x.y,zt) = (X +y + 2)° + (X + 1) + (y— 2)* + (t—3)* + 100 > 100, V¥ x,y,z,t. Do d6 min Q(x,y,zt) =
100 & (x=-3;y=2;z=1;t=3).
25.5. 8) R= (¥, —2) +(X,=2) +(X,=2) +...+ (X, ~2) ~40> 40, ¥X,(i=12,..,,10)

MNR=-40 & (X1=X2=..=X1p0= 2)

b) Tacé i2x?—2ix, +1=(ix,~1)° . Do d6
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S= (X, 1% +(2x, -1+ (X5~ +...+(nx, =D *+n >n, vx,(i =1,2,...,n)

Dodé6 minS=n < X, =1 xzzl; ngl;_”; anl.
2 3 n

c)Tacd Xi2 — 2iX; +i? :(Xi —i)2 (i=1,2,3,...,n). Dodd:

T=100— (x; — 1)*— (x2—2)* —(X3—3)* —... —(Xn—N)?> <100, VX
Do do maxT =100<= (X1 =1; X2 =2 ; X3 =3;...; Xnp = N).
25.6. a) A = 200 <290 _19, vx
(4x —1)?+20~ 20

Vay maxA= 10 < x= 0,25

-50 _ -50 S -50
(X? —4x +4) +2 (x—2)2+2_ 2
VayminB= -25 <« X=2

2015 < 2015

(x-1)° +(y—1)°+2016 2016

x=1
Vay max E :—2015 = {
y=1

2016
2 2 _ x —1)°
4(x +2)+2(x 2X+1)=4+(2—)24,Vx
X% +2 X +2
Vay minD=4 <& x=1
5(x*+5)+1
b)E:(z—)=5+ > DoV xtacé X*+5>5 < 5 £1c>5+ 21
X“+5 X°+5 X“+5 5 X“+5
=> maxE=52 < x=0.
2(x —2)?
x* + 4

b) B = =-25 Vx

c)E= VXY

25.7:a) D=

c) F=2+ =>2,VX . VayminF =2 & x=2.

6
d) Q=4+ S4+Z,VX = maxQ=55 < x=-2

(x+2)° +4
3(x+1)-3 3 3 1

=—-  Pity=—

(x+1)? X+1 (x+1)° R

25.8.a) V6i x =-1; f(x) =

1 1 1 1Y 3 3
tacd f(x)= 3y —3y?= 3|y’ -2y —+-—=|=3|y-=| +2<2 v
(x) = 3y—3y (y yS+y 4} (y )+4 y

Vay max f(x) = % =L % hay x =1 .

1 2 2 . 1 L
b) g(x) = — +3=y? -2y +1+2=(y-1)" +2>2 Vy Voi y=—— vaVvdsix=2
) 9(¥) o2 x2SV Y (vy-1) y véi y=-—
ming(x)=2 < y=1 hay x =3 .
25.9. a) Taching minh A > 6, V x. That vay

X*-6x+15>26 < x—6x+9>0< (x-3)°>0 ding Vx.

<

26
5

, VX

. Vay
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Déu “="xayra < x=3.

b) Ta ching minh B < 8 ,¥ x. Thatvay: V x ta cé
2 _y?2 _ 2 L _ 2
><2+4x+4S8 - X +4x+24 8(x 4X+5)§0 - 9(x 22)
X*—4x+5 X°—4xX+5 (x-2)"+1

& X=2.

< 0hién nhién dung . Dau “=" xay ra

_9_ w2  _(yv_1?2
OXét c_1= 1t g Lrayz2oy ~y-Y)
2+y 2+y 2+y

C<1 Vy,dau“="xdyra < y=InghialamaxC=1 <y=1.

<0,Vy. Nhu vay

2 2
X6t C + 1 _ 1+232/+£=2+4y+22+y =(y+22 S
2 2+y° 2 2+Yy 2+Yy
C>-05, Vy,ddu“="xayra < y=-2 nghialaminC=-05 < y=-2
25.10.a)Vai x>4thi A<0.Vdix eZ
Xét x < 4 thi mau 4 — x 1a s6 nguyén duong.Phan sd A ¢6 tir va mau déu duong, tir bang 30 khong doi
nén A Ion nhat < mau (4 — x) 1a s6 nguyén duong nho nhat.

Dodo4—-x=1 <« x=3khido A=30.VaymaxA=30 < x=3

0,Vy. Nhu vay

b) Vi x# 3 thi
B_X—26_(x-3)-23_, 23 _, 23
X—-3 X—-3 X—3 3—X
B lon nhétkhi —2o—  16nnhdt . Néux>3 thi - < 0
3-X 3—-X
NéuX<3thi —2>>0 nén -2 Isnnhét < (3 —X) nho nhat
3-X 3—-X
3—-x>0
3—x nho nhat = 3-x=1 hay x=2.
3-x)ez

Khido maxB=24 < x =2.
1975—x_30—(x—1945) 30

c) Voix=1945thi C = = -1
X —1945 X —1945 X —1945

bat E = Tacé Cnhonhit < Enhonhat .

x —1945
*\/oix >1945thi E>0

*\/§i X <1945 thi E <0 nén C nho nhit < s ddi cua E 16n nhat < % I6n nhat . Do 1945 —
—X

. 30 . 2
X>0nén —— l6nnhat <
1945 —-x

(1945 — x) nho nhat

339



1945-x>0

(1945—-X)  nho nhét — 1945 _x=1.

Khido C=-31.
1945-xeZ

Vay min C = - 31 < x = 1944,

2 2 2
2511, 2) D = (9% +2)—£9x —6x+1) 1 (3x2—1)
OXx“ +2 OXx“ +2

<1 VX

Do domaxD =1 = X =

12x+2  (9x*+12x+4)—(9x*+2)  (Bx+2)> 1_ 1

= 5 = 5 = > - —>-= VX
2(9x° +2) 2(9x° +2) 2(9x“+2) 2 2
Do d6 minD = —l = X = —E
2 3
2 g2 2
b) E = 2(x ;L2x+3) X*_ 5 i X <2 vx
X +2X+3 X°+2X+3

Do @6 maxE =2< x=0

- 2X22+8X+12 B (x2+2x+3)+(x2+6x+9)_£+ (x+3° |1 iy
T 22X +2x+3) 7 2(x% +2x+3) 2 2(x*+2x+3) 2’
. 1
Do minE = > & X=-3.
2(x* +x+1) 2
= = < >
9 G (X* +X+1) + X 1. X <2,Vx=0.
x> +x+1
VaymaxG=2 <x=0.
2X° +4x+2-2 2 2 1
*X6t voix> 0 thi G=2 X7 X_5 X o - Do X+-22 nén
X +2x+1 X“+2x+1 X424t X
X
2 3 N
2— 2—,Vx>0.VayminG =15 < x=1.
X+—+2
X
d)Taco 2xy <X2+Y* = (x +Yy)? <2(x*+y?) = 100
= Ix+y|<10 =

-10 < x+y<10
Vay max K=10 < x=y=5; minK=-10 <& x=y=-5

25.12. Ap dung truc tiép dinh ly vé cuc tri.
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2
2513 a) p=2X+2X+72 5 12,05
X X

Tacovéi x>0 thi 2x va L2 13 hai sé duong c6 tich bang 144 khong doi
X

nén tong cuaa ching nho nhat khi va chi khi hai sé d6 bang nhau tic 1a :

2X :E < x%=36. Nghiém x = 6 thoa man diéu kién cua bai .
X

Vay minB=49 < x=6 .
2 p—
(X +2x+1)+4 2(x+1)_( x+1) + 4 5
X+1 X+1

b) C =

¢4 tich bang 4 khong doi

Taco véix >0, 2s6duongx + 1 va
X+1

. 4 ; ;
Nén Cnhénhat < X+1= a1 < (x+1)*=4. Nghiém x = 1 thoa min diéu kién dau bai . Vay min C
+

=2 x=1.

c) Téng (x* — 5x — 20) + (28 — x? + 5x) = 8 khong ddi nén tich cua ching lon nhét khi hai sé d6 bang nhau x? —
5Xx—20=28—X*+5X <Xx*—5x—24=0 < (x+3)(x-8)=0 < x=-3;x=8.
X=-3

Vay maxD=44=16 < {
X=8

25.14. a) Ta da biét x+L>2,¥x>0. Do do%+922 (1).
X a

Do vai tro cua a, b, ¢ 1a nhu nhau nén ta gia sc a>b>c>0.
Tacba—c > 0vab(a—c) >c(a—c) = ab—bc +c? >ac =
b b ¢ a b (a b c

———1- >1(2) Te(Q)va) = —+—+- >3:>G 2020
a b ¢ a cC a

j <2017.
C

Vay maxG =2017 < a=b=c va ab,c>0.

b) H= 4+(a bj+(ﬁ+fj+(ﬂ+gj+(9+ﬁj+(9 9]+(£ d) +4>8+26=20
b a/ \c a) \d a/ {c b)d b)\d ¢

Vay minH=20 < a=b=c=d va a b,c,d>0.
25.15. a)K:(§+X+£]+( X + y + z j

y z X Y+Z Z4+X X+Yy
Taco XY, 253 (xem bai tap 25.14) va X ¥, ¢z ZE(XemVI'dl_JSChuyéndéZO) = K
y z X Y+Z Z+X X+y 2
23+§=g
2 2
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VayminK=45 < x=y=z vaxy,z>0.
b)Biénddi L= 4 Y 4 £  Y¥z z¥X X+Y
Y+Z Z+X X+y X y z

= * Y ¢ +[§+X]+[£+Ej+(x+5jz§+2+2+2
y+zZ Z+X X+y Yy X Z X z y) 2

VayminL=75 < x=y=z vaxy,z>0.
25.16: a)a+b=4 = 16 =a*+b*+2ab=2("+b’)—(a—h)?
= 16 <2@*+b’) = a?+b*>8. Vady minD=8 < a=bh=2.
b) Tac6 3(a’ + b® +c?) > (a+b +c)® (xem bai tap 21.1)
Dodé 3E > (a+b+¢)’=9.VayminE=3 < a=bh=c=1
O)F=a®+b*+2ab=(a+b)@a®>—ab+b*)+2ab.Doa+b=2 nénF =2(a®>—ab +b% +2ab =2a+
2% = 2a°+2(2-a)’=4a"-8a+8=4(a-1)+4>4,va VayminF=4 < a=b =1

25.17. a)a+2b=2 = a=2-2b = G =2ab=4(1-b).b=-4(b*-b)
_ 1Y . _ 1
=4 b_E +1<1,vb Vay maxG =1 < b—E va a=1.

b)bata+1l=x; b+1=y; c+1=z thi

\

. 1
X+y+z=a+b+c+3<6nén ——=>—va.

X+y+X 6

Tacé(x+y+z)(1+1+1j29(xemvidu7chuyéndé21):>1+1+l2 J
X y z X Y 7 X+y+z

9 3
>Z="=
6 2

maxH = —%@X:yzz:Z < a=b=c=1

25.18. a) Sirdung bat dang thtc [a]+|b|>[a+b|. Dau “="xdy ra <>ab > 0.
L=[5x — 2010|+|5x — 2020 = [5x — 2010|+|2020—5x| > [5x — 2010+ 2020~5x| =10
Vay L > 10. Dau “="xayra < (2020 —5x)(5x —2010)> 0
<402 <x<404. Dodd minL=10 < 402 < x < 404.
(c6 thé 1ap bang xét gia tri tuyét d6i dé giai)

b) §4£t M, =[x —2015+|x—2018| ; M, =|x—2016|+|x 2017

Giai tuongtuya)tacd minM; =3 > < 2015 < x <2018
minM,=1 > <& 2016 £ x £ 2017
VEy minM =4 & 2016 < x <2017
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c) Dat[L9x —8[=y thi N'=y?—10y+ 25+ 1945 = (y—5)* + 1945 1945.

Vay min N =1945 < y=5 <:>|19x—8|:5<:>x:E;x:3.
19 19
25. 19. a) maxP=8 < y=3
1 1
<

) |[7y—5/=0 7y-5+60>60 & ——— < —
b) Vytacd |[7y-5=0<|7y—5/+60=> C>|7y—5|+60 50

2014 _ 2014 2014 1954_ 2014 1954
= < = - < 1
7y-5+60° 60  |7y-5+60 60 60 60

Vay maxQ =1 <:>y:§.
c) Vi X<-5thi T= - x-5+x+2=-3
Voi—5<x<-2 thi T= x+5+x+2=2x+7
Do-5<x<-2 nén-10<2x<-4=-3<T<3
V6i x>-2thi T=x+5-x-2=3
Vay max T=3 < x > -2
25.20. bat Sy = |z—-1|+|z-100 ; S>= |z—2|+|z—-99;

Ss= |z—3+|z-99; ...; Sso = [z-50/+|z—51.  Tuong ty bai 24.18 a)

Tacb : minS; =99 o 1 <z<100
minS, = 97 = 2<z< 99
minS; = 95 = 3<z< 98
min Sz = 3 = 49 <z <52
min Sgg = 1 = 50 <z <51

Tacdé 1+3+5+..+97+99=(1+99).50:2=2500
Vay minS = min S;+ min S+ min Sz+... min Sge+ min Sso = 2500
& 50 £z <51

25.21. Ap dung bét dang thtc [a]+|b|>[a+D], ddu “=" < ab> 0

Taco yz‘xz+x+16‘+‘6—x2—x‘z‘x2+x+16+6—x2—x‘=22.

Diu “="xayra < (X*+x+16)(6—-x*-x)>0 < 6-x*—x >0 do
2

X2+ X + 16 = (x+%) +%>0,VX.

Hayld xX*+x-6<0 < (x+3)(x-2) <0 <-3<x<2
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Vayminy =22 &-3 < x < 2.

25.22. Tacd 2A = 8 — [(X*— 2xy + Y?) +(x*— 4x + 4) +(y*— 4y + 4)]
=8-[(x—y)’ + (x-2° +(y-2)°] < 8

> maxA=4 < X=y=2.

2 2

2523, p= YOy XXDHY ) X7y
(x-D(y-1) XDy y-i x-1

Pitx—1=avay—-1=b, dox>1vay>1nén a>0vab>0 dongthdi x=a+1lvay=b+1.

_ @+’ +(b+1)2 .
b a

P

Ap dung bét ding thic (x + y)* > 4xy va x + %22 (v6i x > 0) taco

@+1)%>4a:(b+1)° > 4b; NénP 24_5+4?b:4[%+2j28

VayminP=2 <a=b=1hayx=y=2.

25.24. TacO P = (4x* + 9y? + 64 — 12xy + 32x — 48y) + (X* — 8x + 16) + 2
= (2x-3y+8)2+ (x-4)*+2 =2

X=4 X:4
z . 2x-3y+8=0 .
Dau“="xayra < = 16 -VayminP =2& 16

25.25. Sir dung bat ding thac (a + b)® > 4ab
X 1
<

Taco : (x +2010)% > 4. 2010. N = <
aco: (x ) X = N = x+2010)° 8040

Vay max N = 1 , dat dugc khi x = 2010 .
8040

1 1

25.26.B=3+———-=3+——
X" +2Xx+3 (X+1)°+2

7
<_
2

=> maxB=35< x=-1
25.27. Xét 4P = (4x°+y* +4 + 4xy — 8x —4y) +3y*— 8y + 8036

2

= (2x+y72)2+ 3[y2_§y+@j :(2)(+y72)2+ 3(y_ﬂj +@224ﬂ

3 3 3 3 3
= min(4P) = 24092 = minP = 6023 <:>y:£;x:1 .

3 3 3

10x+y
25.28.a)M=2 < =2 & 10x+y=2x+2y < y=8x

X+Yy

Vix;ylacacchirsénén 1<x<9: 0<y<9 = x=1;y=8; n=18.

Khi dy
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x+y+9x:1+ X =1+ d ‘Mnhénhit < L 16n nhit
X+Yy X+Yy X

b) M =

1+~
X

< ylénnhitvaxnhonhit = y=9;x=1van=19 = minM = 19

25.29. Do vai tro a, b, ¢ nhu nhau. Gia sra =max{a,b,c} khido 2<a<4.Taco

_a’+b*+c’+(a+b+c)®  a’+b*+c?+36
2
—a)’=2a°—12a+36

P

.Mt khac vibc > 0néna®+b?*+c’=a’+ (b +c)*—2bc < a’+(6

a>b;a>c;bc=0
= 2[(a-2)(a- 4)+10< 20 = max@+b*+¢’) =20 < {(a-2)(a-4) =0
a+b+c=6
< (a; b; ¢) = (4; 2; 0) hoac (4; 0; 2).
Khi d6 max P =28 < (a; b; ¢) = (4; 2; 0) va cac hoan vi cuaa no.

Chuyén dé 26: PONG DU THUC

26.1. V6i nhitng bai toan dang nay, phuong phap chung 1a tinh toan dé di ¢én a = b (mod m) vai b 12 s6 ¢6 tri
tuyét d6i nho nhét c6 thé duoc (tot nhat 13 b = £ 1) tir d6 tinh duoc thuan lgi a" = b" (mod m)

a) 8! =1.2.3.45.6.7.8.

Tac634=12 =1(mod11);2.6=12 = 1(mod 11);7.8 = 1 (mod 11) Vay 8! =5(mod 11) = 8! -1=4
(mod 11). Sb du trong phép chia 8! — 1 cho 11 1a 4.

b) 2014 = — 1 (mod 5) = 2014?°*® = — 1 (mod 5)
2016 = 1 (mod 5) = 2016%"® = 1 (mod 5) ; 2018 = 3 (mod 5)
20145 + 2016%°° + 2018 = 3 (mod 5).
¢) 2°=1(mod7) = 2°°=(2°% 4 =4 (mod7)
41=-1(mod7) = 41% = (-1)®*® = -1 (mod 7)
2°0+41% =4-1 = 3(mod 7).
d)1° =1 (mod 4); 3°=—-1(mod4); 5° =1 (mod4) ;..;
97° = 1 (mod 4); 99° = — 1 (mod 4). Papsd : Du 0.
26.2.a) 1532 = 2 (mod 9) = 1532° = 2° = 5 (mod 9)
—1532°— 4 = 1 (mod 9)
b)2°=32 =7 (mod 25) = 2'°=(2°%=7?=—1(mod 25).
2000 _ (210)200 = 1)200 = 1 (mod 25).
c) 2014 = 155.13 — 1 nén 2014 = — 1 (mod 13); 2015°° =2k +1 (ke N)

52016

= 2014%% = (- 1)*" = — 1 (mod 13). Pépsd : du 12.
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26.3. a) Taco 35°=1225=425.3—50 = -50(mod 425)
35°=35% 35 = -50. 35 = — 1750 = —50(mod 425)
35% = (35%)% = (- 50)? = 2500 = —50(mod 425)
Twong tu véi 35%; 35%°;35% . Turdo c6 A = —100(mod 425).
Hay s6 du trong phép chia A cho 425 [a 325.
b) Ta c6 10° = 7.14285 + 5 = 5(mod 7); 10° =5.10 = 1(mod 7);

10" -4=99...96 = 0(mod 2) va 99...96 = 0(mod 3) = 10" -4 = 0(mod 6)
%/_/ %,_/

n-1s6'9 n-1s6'9

=10"=4(mod 6) va10"=6k +4 (k,n € N¥).

Dod6 10° =10°* =(10°)".10* =10*(mod 7)

Vay B = 10* +10* +10* +... +10* = 10. 10* = 10° = 5(mod 7).

26.4. a) Ta tim du trong phép chia sé d6 cho 10.

Vi 42= 6(mod 10) nén 4% = 4° = (4%)* 4 = 6.4 = 4(mod 10) = chit s tan cling 14 4.

b) Ta tim du trong phép chia s§ d6 cho 100. Theo vi du 3 chuyén dé 26 ta da c6 3'°° = 01 (mod 100) nghia 1a
hai chir s6 sau ciing cua 3% 13 01. S6 3% 1a boi s6 cua 3 nén chir s6 hang tram cta né khi chia cho 3 phai 6 sb du
14 2 d chia tiép thi 201 chia hét cho 3 (néu sb du 14 0 hay 1 thi 001; 101 déu khong chia hét cho 3). Vay s6 3% =
3% - 3 ¢4 hai chir s0 tan cling bang 201 : 3 = 67.

c) Tatim du trong phép chia sb d6 cho 1000. Do 1000 = 125.8 trudc hét ta tim sé du ciia 2°*2 cho 125. Tur hing
dang thic:

(a+b)°>=a° + 5a’h + 10a°h® + 10a’b® + 5ab* + b° ta c6 nhan xét néu a: 25 thi (a + b)° = b>(mod 125).
Vi2!°=1024 = — 1 (mod 25) nén 2°=25k -1 (k € N).
Tunhanxéttréntacd 2%° = (2'%)° = (25k—1)° = — 1 (mod 125)
Vivay 2°% = (2591 2%2 = (- 1), 22 = 2'2 (mod 125).
Do 22 =2 22=1024. 4 = 24.4 = 96 (mod 125). Vay 2°'2 = 96 (mod 125).
Hay 2°=125m + 96, me N . D02 8;96:8 nénm : 8 = m=8n (n € N).
2°12 = 125. 8n + 96 = 1000n + 96. VVay ba chir sé tan cuing cua sb 2°*2 13 096.
26.5. Bé chungtdo a: mtachang minh a = 0 (mod m)

a)41=42 -1 = — 1 (mod 7). Do d6 41" = (- 1)®* = — 1 (mod 7)
Hay 41%°" = 6 (mod 7) = 41" - 6= 0 (mod 7)

b) Tac62*=16 =1 (mod 15) = 2*" =1 (mod 15) = 2*"—1=0 (mod 15)
Do d6 2™ -2 =2(2" - 1) =0 (mod 15).

¢) Taco 3°=27 =1 (mod 13) ; 3"° = (3%?°.3 =3 (mod 13)

Tac6 2* =3 (mod 13) = 2° = 12 = — 1 (mod 13)
2% = (2", 2* =3 (mod 13)
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Dod63™ -2 =0(mod13) hay 3°-27:13

d) 341=11.31
*Tac62°=32 =-1(mod 11) ; 20=22-2 = — 2 (mod 11)
Do d6 20" = (- 2)*= —(2°)® = 1(mod 11)
* 20" = (2°)°. (5°)° = 1(mod 31) do 2°= 1(mod 31) va5°= 1(mod 31)
Do d6 20™ = 1 (mod 11.31) hay 20*°> = 1 (mod 341) = 20" -1 : 341
26.6. 1890 = 0 (mod 7) ; 1945 = — 1 (mod 7) ; 2017 = 1 (mod 7)
18907 = 0 (mod 7) ; 1945°% = — 1 (mod 7) ; 20178 = 1 (mod 7) = dpcm.
26.7.a)Ta c6 5555 = 793.7 + 4 = 4(mod 7); 2222 = 318.7 — 4= — 4(mod 7)
55552222 4 99995555 _ 42222 + (- 4)5555 42222(43333 1) (mod 7)

Do 43333 -1= |:(43 )llll _]_j| : 43 =64 =1 (mod 7) nén (43)1111 =1 (mod 7)

Hay 4**** _1 = 0 (mod 7) . Do d6 5555%%% + 2222°°*° = 0 (mod 7) va
155541 = (2. 7777)H = 21 77771 = 0 (mod 7) = dpem.

b) Tac6 102 = 2.3.17. Ta c6 (220 + 119 + 69)'% = 0 (mod 102)
*220 =0(mod 2) ;119 = -1 (mod 2) ;69 = 1 (mod 2) = M = 0 (mod 2)
*220 = 1 (mod 3) ;119 = -1 (mod 3) ; 69 = 0 (mod 3) = M = 0 (mod 3)
*220 = —1(mod 17);119 = 0 (mod 17) ; 69 =1(mod 17) = M = 0 (mod 17)
(Déy119%° va 69% lacac sb 1¢) ; = M = 0 (mod 2.3.17). Hay M : 102
26.8. Dat A =51 2™ + 22" 3™ Taco A2, Vne N*;

Taco A=2"(5""1. 2 +2™ 3™y =2"(25"". 10 +6".9)
Do 25= 6 (mod 19)= A= 2"(6"*.10 +6"".9)= 2"6"". 19 = 0 (mod 19)
Hay A:19. Ma 2;19)=1 = A:19.2 = A: 38

269.Tac6a=aa,,.aa, =a,10"+a,1.10"" + ..+ 2,10 + a .
a) Tacod 10 = 1(mod 9) do d6 ai. 10' = g (mod 9) ,i=1;2;3;...;n

Do do a = (a, + angt ...+ a; + &) (Mmod 9). Vay

a:9 < ap+ant..taa+ag=0(mod9) < ap+apyt..+tag+a: 9.
b) Tac6 10%=100 = 0 (mod 25) = 4. 10' = 0 (mod 25),i=2;3;..;n

= a = (a;.10 + ap) (mod 25).

Viya:25 < a.10+a =0(mod25) < aa, : 25.
¢) Do 10 = — 1 (mod 11) = &.10' = & .(- 1)' (mod 11)

a=(@+a +ta; +..)—(a1taz +as+ ) (mod1l)

Dodba: 1l < (@p+a, +a4 +..)—(ag+az+as +_) =0(mod 11)

Tuc 14 hiéu coa tong cac chir s6 & vi tri 1é va tong cac chit s & vi tri chin bang 0.
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d) Tac6 10°= 1000 = 0 (mod 8) = a. 10' = 0 (mod 8) ,i=3; 4; ...; n.

— a = (a2. 10° + a;.10 + ap) (mod 8).
Viya:8 < ap.10°+ a;. 10+ay=0(mod8) < a,aa, : 8.
26.10. Theo dinh ly Fermat bé, do 11 13 s6 nguyén t& nén ta co

2% = 1 (mod 11) = 2! = 1 (mod 11)

— 210+ 1=2 21" = 2(mod22) = 2!"*1=22k+2(k € N)
Do 23 la s nguyén té ta ciing c6 2% = 1(mod23) = 22 =222 =427 = 4 (mod 23) = 27 +19 =4
+19 = 0(mod 23) Tucla A : 23. Ma A>23, Vn>1 nén A lahop sb.
26.11. Theo dinh Iy Wilson : Véi moi s6 nguyén té p thi (p — 1)! =—1 (mod p).
Do 13 nguyén to nén 12! =-1 (mod 13) = (12!)” = (-1)"*= -1 (mod 13).
Tac6 2016 =13.155+1 = 1 (mod 13) = 2016°°*® = 1 (mod 13).
Dod6 B = (12!)°+2016%" = 0 (mod 13). Hay B : 13.

26.12. a) Theo Dinh ly Fermat bé , do 7 12 6 nguyén té nén 2° = 1 (mod 7).
Tacod 4 =1 (mod3) = 4" = 1 (mod 3) = 2.4" = 2 (mod 6) . Nghia la
2241 =2(2)"=2.4" = 2 (mod 6) = 2""*1=6k +2 , (ke N)

Mat khac 2%" = (2°)"=8" =1 (mod 7) = 3.2°" = 3 (mod 7).

Dodé 27 +3.2" = 2%*243 =22 (2% + 3 =221+ 3 = 0(mod 7).
b) Do 11 la s6 nguyén té nén 2'° = 1 (mod 11)

Tacé 16 = 1 (mod 5) = 16" = 1 (mod 5) = 2.16" = 2 (mod 10). Nghia 1a 2*"**=2(2%)"=2.16" = 2 (mod
10) = 2""*1=10k +2 , (ke N)

Mat khéc 12 = 1 (mod 11) = 12™"**= 1 (mod 11) = 2. 12" = 2 (mod 11) ;
Do 10* = 1 (mod 11) =10*" = 1 (mod 11) = 5.10*" = 5 (mod 11).
Vithé 22" +2.125 1510 = 21%*24 245 =22+ 7 = 0 (mod 11).
26.13. a) Tac672=8.9va(8;9)=1.
*63 = 0 (mod 9); khin=2thi 3" = 0 (mod 9) do d6 3" + 63= 0 (mod 9).
*Mat khéc, véin =2k (ke N*) thi 3"—-1=3%_1=09_1=1%_1
= 0 (mod 8) do d6 3" +63=3"—1+64 = 0 (mod 8).
Vayvsin=2k (keN*)thi 3"+63: 72.
b) Tac6323=17.19va (17;19) = 1.

*A=(20"-1)+(16"-3" = P+ Q.
Tacd 20" = 1(mod 19) = P = 0 (mod 19).
Néun=2k (ke N*)thi Q =16%—3* = (-3)*-3* =3%_3% = 0 (mod 19) = A =P+ Q = 0 (mod 19)

*A=(20"-3")+(16"-1)= P’ +Q’
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20"= 3" (mod 17). Do d6 P’ = 20" — 3" = 0 (mod 17).
Néun=2k (keN*)thi Q’=16%-1=(-1)*-1 =1—1 = 0 (mod 17)
=>A=P+Q =0(mod17). Do (17;19)=1nén A = 0(mod 17.19).
Vay véin=2k (keN*)thiA=20"+16"-3"-1 : 323.
26.14. Theo dinh ly Fermat bé ta c6 2° = 2 (mod p) nén néu 2” = — 1 (mod p) thitacd 3 = 0 (mod p) = p=3.
Mat khac khi p=3 thi2°+1=9 = 0 (mod 3) . Vay p=31asb cintim.
26.15. Vi p = 3 thi p® + 20 = 29 la s6 nguyén tb.
Véip # 3thip? = 1(mod3) nén p?+20 =21 = 0(mod 3).
Vay p?+ 20 | 3 mat khac p? + 20 > 3 nén p? + 20 1 hop s6 . Vay chi c6 1 sé nguyén té can tim lap = 3.
26.16. Vi a,b eN*. Néuab: pthiséab’— ba: p
Néuab 7 p thi(a, p)= (b, p)=1. Do d6 a"* = b"'=1(modp) =
a”'— b"*=0(modp) = ab@™*- b"*) = 0 (mod p)
= ab’— ba’=0(modp) hay ab’— ba’: p, Va, b eN*.
26.17.a) Giasra, b,c € Z maa’+b?+c? =7 (mod 8).
Taco a=0; +1; +2; +3; 4(mod8) = a’ = 0; 1;4 (mod 8)

= b*+c?=7;6;3 (mod8). Diéunayvo lyvi b?>=0;1;4(mod8) vac’ =0;1;4(mod8) = b*+c’>=0
:1;2;4;5(mod 8).

Vay a + b?+ ¢? #7 (mod 8).
b) Apdungciua)tacod voi xX,y,ze Z
A% + 2 + 922 = (2x)? + y* + (32)® £7 (mod 8).
Ma 2015 =8. 251 + 7 =7 (mod 8)

Vay phuong trinh da cho khong c6 nghiém nguyén.
26.18. Tac6 2011 = 11 (mod 100) ; 11? = 21 (mod 100) ; 11° = 31 (mod 100);
11° = 21.31 = 51 (mod 100) = 11%° = 51? = 1 (mod 100).
Tacd 2010°® = 0 (mod 10) = 2010*® =10k (k € 2)

— 2011 = 2011'% = 11'% = (11'%¢ = 1 (mod 100). Do d6 hai chit sé tan ciing 12 6 01.
26.19. Bai toan c6 nhiéu cach giai. Sau day 1a cach giai theo dong du thirc:

*Tacd Vn eN*thin°—n =0(mod30)  (vidu 8 chuyén dé 26 da chung minh)

A = (32012 _ g2008 4 (2012 _ [y2008y | ((2012 _ 2008y

A =22 (25— a) + b2 (b° — b) + ¢ (c° — ¢)

Tacda’—a =0(mod30) = a*®” (a°—a) =0 (mod 30)

Tuwong tu b?*®®" (b° —b) = 0 (mod 30) ; c®” (c®—c) =0 (mod 30)

Vay A = 0(mod30). Hay A :30.

26.20. Gia sir ton tai bo ba s6 nguyén (x; y ; z) théa man x* + y* = 7z* + 5
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o xt+y +24=824+5 ().
Xét vai mot s6 nguy@n a bat ky thi néu a chan thi a=2k (ke 2)
= a*=16k* = 0 (mod 8) ; néualéthia* = (2k + 1)*=1 (mod 8)
Dodox*+y* +z* =0;1;2;3 (mod 8). Trong khi d6 8z* + 5 =5 (mod 8) mau thuan vai (1). Vay khéng tdn
tai cac bo ba sé nguyén (x; y; z) thoa man ding thuc  x* +y*=7z*+5,
26.21. Tac6 41%= (40 + 1)* = 40° + 80 + 1 =81 (mod 100)
41*=81% = 6561 =61 (mod 100) = 41° =61. 41 = 1 (mod 100)
— 41 =41. (41°)* = 41 (mod 100)
Mat khac 574 = 10556001 = 1 (mod 100) =57%%*? = (57%)°* = 1 (mod 100)
Vithé A = 41+ 1(mod 100).
Do d6 hai chit sé cudi ciing cuasdé A = 41 + 5712 |3 42
26.22.Doa+20:21 = a=1(mod3) va a=1(mod?7)

b+13:21 = b =2(mod3) va b =2 (mod7)
SuyraA=4+9"+a+b=1+0+1+2=1(mod3) = A = 10 (mod 3)
Xéta=3k+1;b=3q+2 véik qe Ntacd 4°=4%*"1 =464 = 4 (mod 7)
9° = Q%" = 2342 = 4. 8% = 4 (mod 7).
Dod6A=4*+9"+a+b=4+4+1+1=10(mod7) = A = 10 (mod 7)
A =10(mod 3)vaA = 10 (mod 7)ma(3; 7) =1 nén A = 10 (mod 3.7)
Hay A = 10 (mod 21). Vay s6 du trong phép chia A cho 21 1a 10.
26.23. 22 =1(mod7) = (2%" = 1 (mod 7) =2*"*1 =2,(2*)" = 2 (mod 7).
va 21 =22(2%" ! = 4 (mod 7).
Nen A=2+4+1=0(mod7)nghiala A:7. Mavsine N*thi A>7.
Vay A la hop s.
26.24. ¥n eN*tacd 2012*" = 0(mod 2) ; 2013*" = 1 (mod 2) ;
2014 = 0 (mod 2) ; 2015""=1(mod2). Do dé A =2 =0(mod2).
* Talai c6 2012 = 0 (mod 4) = 2012*" = 0 (mod 4) ;
2014 = 2 (mod 4) = 2014 = 2°= 0 (mod 4) = 2014""= (2014%)*'=0 (mod 4)
D02013 = 1(mod4) = 2013"" = 1(mod 4);
D02015 = — 1 (mod4) = 2015"" = (- 1)*" = 1 (mod 4)

Vay A = 2 (mod 4) nghia 1a A chia cho 4 du2. Taco A : 2; A 1 2?%; 21asb nguyén tb. Vay A khong Ia sé chinh
phuong V n eN*.
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