PHAN TiCH VA BINH LUAN MOT SO DE THI
VAO LOP 10 CHUYEN CUA MOT SO TRUONG
TREN CA NUGC NAM 2017

Nhoém thuc hién

e Pham Qubc Sang
Cuu hoc sinh truong THPT Chuyén Nguyén Binh Khiém, Qudng Nam.

e Pham Htu Hiép
Cuu hoc sinh truong THPT Chuyén Tién Giang, Tién Giang.

e L& Minh Cuong
Cuu hoc sinh truong THPT TT Quoc Van Sai Gon
e Bui Tién Loc
Cuu hoc sinh truong pho thong nang khiéu PHQG TPHCM

e Nguyén Thi Tuyét Nhu
Cuu hoc sinh truong THPT Nguyén Trai, Dong Nai

e Chau Ngoc Vinh
Cuu hoc sinh truong THPT Binh Son, Qudng Ngai

e Vuong Pha Quy
Cuu hoc sinh truong THPT Buon Ho, Dak Lak

e Nguyén Cao Ding
Cuu hoc sinh truong THPT Nguyén Tat Thanh, Dong Nai

e Pham Duy Nguyén
Cuu hoc sinh truong THPT Chuyén Lé Khiét, Qudng Ngdi.



Muc luc

[l Dé tuyén sinh vao 16p 10 chuyén Lé Hong Phong, TP HCM| 3

2 Dé thi Phdé thong ning khiéu dai hoc Quéc gia TP. HCM (vong 1)| 19

I3 Dé thi tuyén sinh THPT Chuyén Lam Son-Thanh Héa, vong 1-2017] 31

|4 Da thi tuyén sinh truong KHTN - DHQG Ha Noi nam 2017-2018 (Khong |

38
I5 Dé thi tuyén sinh truosng THPT Chuyén KHTN Ha Noi (Vong 2)| 44
6 Dé thi tuyén sinh truong THPT chuyén, Binh Duong, 2017| 62
[7 Dé thi tuyén sinh THPT Chuyén Lé Hong Phong - Nam Dinh| 69
I8 Dé thi tuyén sinh truong THPT Chuyén Lé Quy Don, Ba Ria - Ving |
|  Tau (vong 2)| 81
9 Dé thi tuyén sinh truong THPT chuyén, tinh Bac Liéu| 94
[10 Dé thi chuyén s6 GD&DT Hung Yén| 103
[11 Dé thi THPT chuyén Luong Thé Vinh sé GD&DT Dong Nail 111

[12 Dé thi tuyén sinh THPT Chuyén Tién Giang| 116




1 DE TUYEN SINH VAO LOP 10 CHUYEN LE HONG PHONG, TP HCM

1 Deé tuyen sinh vao 16p 10 chuyén Lé Hong Phong,
TP HCM
~—1 Bail .

a) Cho céc s6 thuc a,b,c sao cho a + b+ c = 3,a? + b* + 2 = 29 va abc = 11.
Tinh a® + b° + .

b) Cho biéu thitc A = (m + n)? + 3m + n v6i m, n 1a cac sd nguyén duong.

Chitng minh rang néu A 14 mot s6 chinh phuong thi n3 + 1 chia hét cho m.

Phan tich. a) Détinh a®+0°+ ¢, ta can biéu dién a® +b° + ¢® theo céc biéu thic d6i
xting chia 3 bién a, b, c. Trong d6, bac clia a, b, ¢ trong cac biéu thiic d6 nhoé hon 5.
Phan tich theo bac ta dé thay:

i) a®+0°+c = (a®>+0*+*)(a®+ b3+ ) — [a*b*(a+b) + b2 (b+c) + a*(c+a)).

i) a®+0°+c = (a+b+c)(a* + b+ ct) — [ab(a® + b3) + be(b? + ¢3) + ca(c® + a?)).
Nhu vay, ta can tinh ab + bc + ca, a® + b* + 2, a* + b* + 2.
(a+b+c)* = (a®> +1* + ?)

e ab+bc+ca= 5 .

e Tinh a® + 0® + 2.
D6i v6i a® + b® + ¢ ta c6 rat nhiéu dang thic bicu thi a® + b + ¢® qua céc
biéu thiic chita 3 bién a, b, ¢ (a,b, ¢ ddi xitng nhau) nhu sau:
a) a®+ 0+ = (a®+ 02+ ) (a+b+c) — [ab(a+b) +be(b+¢) + ca(c+ a)].
b) a*+ b+ ¢* — 3abe = (a + b+ ¢)(a® + b* + ¢ — ab — be — ca).
c) ad®+ b+ =(a+b+c)—3a+b)(b+c)c+a).

o ot + b+t = (a® + b? + )% — 2(a?b? + b2 + Pa?).

b) Budc 1. Ta can tim méi lién he gitta m va n dé A = (m +n)? + 3m + n 1a s6 chinh
phuong. Do trong A xuat hién (m + n)? nén hién nhien A > (m + n)2 Nhu vay,
néu ta tim duge s6 @ (o € N*) nho nhat sao cho A < (m +n + a)? sau dé ta dung
phuong phap chin dé tim biéu thiic f(m,n) sao cho A = [f(m,n)]%.

Ta xét 3m +n < 2a(m +n) + (@)% (x)

Dé thiy o = 2 1a s6 nguyén duong nh6 nhat thoa ().

Khi d6 ta ¢6 (m+n)* < (m+n)>+3m+n < (m+n+ 2)%
Do d6 (m+n)*> < A< (m+n+2)>
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Tu day, tasuyra A= (m+n+1)%. Dodé m =n+ 1.
Buéc 2. Chiing minh 73 + 1im (hién nhiéen).

Loi giai.  a)
e Tinh ab+ bc + ca. Ta c6
(a+b+c¢)* =ad®+ 0>+ +2(ab+be + ca)
& 3% =294 2 (ab + bc + ca)
& ab+ be + ca = —10.
e Tinh a?V* + b?c® + c*a®. Ta co:
(ab+ be + ca)? = a®b? + b*c? + c*a® + 2abc(a + b + ¢)
& (=10 = a0 + V¥ + 2> +2.11.3
& a’b? + b + fa® = 34.
e Tinh a® 4+ b* + .

Cach 1.
a’+ b+ = (a® + b+ *)(a+b+c)— [abla+b) + be(b + c)]

=29.3 — [ab(3 — ¢) + bc(3 — a) + ca(3 — b)]
= 87 — [3(ab + bc + ca) — 3abc]
= 87 — [3.(—10) — 3.11]

= 150.
Cach 2.
A+ +c=(a+b+e)—3(@+b)(b+c)(c+a)

=27 — 3.[ab(a + b) + be(b + ¢) + ca(c + a) + 2abc]
=27 —3.[ab(3 — ¢) + bc(3 — a) + ca(3 — b) + 2ab(]
=27 — 3.[3(ab + bc + ca) — abc]
= 27— 3.[3.(~10) — 11]
= 150.

Cach 3.

a’+ b+ =(a+b+c)(a®+ b+ —ab—be — ca) + 3abe
= 3[20 — (—10)] + 3.11 = 150.

e Tinh a* + b* + .

Céach 1.

at + bt 4 ¢t = (a® + b+ A)? - 2(a?? + b+ Pa?)
=20" — 2.34 = 773.
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Cach 2.
a'+b0' + ' =(a+b+c)(a®+0°+ ) —[ab(a® + %) + be (b° + ) + ca (P + a?) ]

=3.150 — [ab (29 — ¢*) + bc (29 — a®) + ca (29 — %))
=450 — [29 (ab + bc + ca) — abc (a + b+ c)]
=450 — [29. (—10) — 11.3]
= 773.
e Tinh a® 4+ b° + .

Cach 1.
a® + b 4 = (a® + b + &) (a® + b + ) — [a®b*(a + b) + b2 (b + ¢) + *a*(c + a)]

= 29.150 — [a®6*(3 — ¢) + b**(3 — a) + Pa®(3 — b)]
= 4350 — [3 (a®b* + b*¢* + *a®) — abe (ab + be + ca)]
— 4350 — [3.34 — 11.(—10)]

= 4138.

‘ Cach 2.
a®+ b4+ = (a+b+c)(a*+ b+ ) — [ab(a® + b%) + be(b® + ) + ca(c® + a®)]

= 3.773 — [ab(150 — ¢*) + be(150 — a*) + ca(150 — b%)]
= 2319 — [150 (ab + bc + ca) — abe (a® + b + )]

= 2319 — [150.(—10) — 11.29]

— 4138.

b) Do m,n € N* suy ra

3m—+n<4(m+n)+4
=m+nP<A<(m+n)?+4(m+n)+4
= (m+n)? <A< (m+n+2)>°
Do A la s6 chinh phuong nén A = (m +n + 1)%
T do suy ra
(m+n)?+3m+n=(m+n+1)>
S m+n)?+3m+n=(m+n)>+2(m+n)+1
<3m+n=2(m+n)+1

S m=n-+1.

Khi d6 ta c6: n® +1=(n+1)(n* —n+1)i(n+1).
Hay n? + 1:m.
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Binh luan. a) Day la dang toan kha quen thuoc va da titng xuat hién nhiéu trong

cac ki thi tuyén sinh, thi hoc sinh gidi truéce day. Dé giai bai toan, doi héi hoc sinh
nam ving cac ki nang bién doi dai sb.
Luu y. Ta c6 thé tong quat bai todn dé tinh a™ + b" + ¢ (n la s6 nguyén duong)
bang cach dua bai toan vé day s6 truy hoi (cAch nay toi xin ggi ¥ cach giai thong
qua bai tap tuong tu bén dudi). V6i huéng nay, ching ta c6 thé tinh a® + b + ¢
bang cach sau:

a+b+c=3
Do a,b,c théa : ¢ ab+ bc + ca = —10

abc = 11.
Nén theo dinh Ii Vi-et ta c6 a, b, ¢ 1a nghiém ctia phuong trinh 23 —322—10x—11 = 0.
Khi d6 ta dé thay rang:

a® =3a®> +10a + 11
b = 3% +10b + 11
=3¢ +10c + 11.

T d6 suy ra a®+b°+¢* = 3(a® +b*+¢?)+10(a+b+¢)+33 = 3.29+10.3+33 = 150.

Day 1a bai toan tuong doéi hay khi da s6 hoc sinh tap trung di vao chiing minh chia
hét. Do d6, vo tinh hoc sinh di ngudc lai véi muc dich that sy ctia bai toan 1a tim

mbi lien hé gitta m,n dé A 1a s6 chinh phuong.

Bai tap tuong tu.

a)

b)

1) Cho a,b,c 1a cac s6 thyc théoa man a + b+ ¢ = 9,a® + b* + ¢ = 35, abc = 15.
Tinh a® + 0% + .
Pham Quoc Sang-SV DHSP TPHCM
2) Cho a,b,c 1a cac s6 thyc thoa man a + b+ ¢ = 8,a* + b + ¢ = 30, abe = 10.
Dit S, = a" + b" + . Chitmg minh S, 45 — 85,45 — 175,41 + 10S,,.
Ap dung tinh Sy, S5, Sag.
Pham Quoc Sang-SV DHSP TPHCM

1) Cho bicu thiic A = 4m? + n? + 4mn + 6m + n + 2 v6i m,n 1a cac sd6 nguyen
duong. Ching minh rang néu A 1a s6 chinh phuong thi m? + 1in véi p 1a s6
nguyeén t6 16n hon 2.

Pham Quoc Sang-SV DHSP TPHCM
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2) Cho A = (n®> —n+2m)*+6n*+4m+2n + 1 v6i m,n la cac sé nguyén duong.
Chting minh raing néu A 1a s6 chinh phuong thi (n* + 1): (m + 2) (véi k € N,
k18) va n® — 1:m,Vs € N*.

Pham Quoc Sang-SV DHSP TPHCM

/—4 Bai 2
a) Giai phuong trinh: 2(x + 2)y/3r — 1 = 322 — Tz — 3.
1 10
rT+-———=-1 (%)
b) Giai hé phuong trinh: y
20y —xy —y =1. (*x)

\\

Phan tich. a) Dé thay phuong trinh ban dau c6 dang
(ax +b)Ver +d = ex® + fo +g.

Néu bai toan dang nay c6 nghiem dep ta c6 kha nhiéu phuong phap dé gidi nhung
néu phuong trinh khong c6 nghiém dep hoac ta khong doin dugc nghiém thi ta
thuong st dung phuong phép dit an phu khong hoan toan dé giai.
Dé stt dung phuong phap nay, ta can dat ¢t = v/3x — 1 sau dé dua phuong trinh ban
dau vé dang g(z,t) = 0 véi bac clia z va t trong g(z,t) déu cung bang hai hodc it
nhat mot trong hai bién z,¢ bang hai va bién con lai c6 bac khong qua hai.
Khi phan tich vé phai clia phuong trinh ban dau theo ¢ ta sé git nguyén 322 vi néu
ta phan tich 322 theo ¢ thi khi d6 bac ctia ¢ lac nay 1a bac 4. Nhu vay, phuong trinh
clia ta sé trd thanh phuong trinh bac 4 theo bién ¢ (diéu nay di ngugce v6i muc dich
ban dau).
Vay ta sé phan tich phuong trinh ban dau thanh:

2(x+2)V3r—1=32"+ax +b(3x — 1) +c ().

a+3b=-7

Trong do: (%)
—b+c=-3.

Dat t = v/3z — 1 (t > 0) thi phuong trinh (%) trd thanh
32 +ar+bt* +c=2(x+2)t
3%+ (a—2)x+ bt =4t +c=0
A=(a—2t)" —43(bt* — 4t +¢c) = (4 —12b) 1> — 4t (a — 12) + a* — 12c.
Ta chon a, b, ¢ bat ki thoa (xx) va A la s6 chinh phuong.

Chonb=—-1suyraa=—4vac=—4.

7
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Ngoai ra, ta co thé giai bai toan bang cach binh phuong hai vé dé dua vé phuong
trinh bac 4 1a 92* — 5423 — 1322 + 10z + 25 = 0.
Dé giai phuong trinh trén ta c6 thé sit dung tham s6 hoa dé téch vé trai ctia phuong

trinh thanh tich ctia hai tam thitc bac hai. Sau d6 ta giai tiing phuong trinh "con".

b) Chi can quy dong hai vé ctia phuong trinh (x) 1a ta c6 thé nhan ra sy tuong dong
ve he s6 doi v6i phuong trinh (s*). Hofic chia hai vé clia phuong trinh (%) cho y ta
ciing nhan thay su tuong dong vé hé s6 ddi v6i phuong trinh (). Tit d6, ta c6 thé

cong vé theo vé dé tim méi lien hé gitta z va v.

Loi gidi. a) Cach 1. DPKXD: z >

Wl

2(x +2)V3r—1=32>-Tr -3
&2 +2)V3r—1=32" 40— (3z - 1) — 4.

Dat t = /3x — 1 (¢ > 0). Khi d6 phuong trinh ban dau trd thanh:

37 —4r —t* —4-2(x+2)t=0
307 —2(t+2)x—t*—4t—4=0. (¥

Ta xem () 1a phuong trinh bac hai theo bién z, tham s6 ¢. Ta co:

A =(t+2)°"—3(—t*—4t—4) = (2t +4)*

Khi do:
t+2)—(2t+14 —t—2 2 ~ ~
x:( +2) 3( + ): 3 <_§ (mau thuan véi DKXD do ¢t > 0)
t+2 2t +4
$=(+)J;,( L B

Giai phuong trinh:

r=t+2x—2=+v3x—1

x =2
@ .
22— dr+4=3r—1
7T+v29
<=>£E=T.

2

Thut ta duge tap ngiém cua phuong trinh la S = {

Cach 2. DKXD: z > il))
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Tt phuong trinh ban dau suy ra:

2

Az +2)* (3z — 1) = (327 — 7w — 3)
& 92% — 542® — 1327 + 102 + 25 = 0.
& (22 = T2 +5) (92> + 92 +5) =0

_TEVD
-—
. . N . 7+ 29
Dai chieéu dieu kién xac dinh va thi lai ta thay = = +2
7+ 29
Vay tap nghiém ctia phuong trinh 1a S = {—FZ} .
b) Cach 1. DKXD: z,y # 0.
Ta c6 hé phuong trinh ban dau tuong duong véi:
1 10
o2 =1 (1
b )
20 =1 @
y—x—1=—.
Y
A A P 10 1
Lay (1) + (2) vé theo vé ta dugc: 20y — — =0 < xy = 5
x
1 —1
Thay zy = 2 vao (#*) va giai ra ta duge y = 10 Vy = R
Né 3 =
e Néuy=—=>uo=—
Y710 3
P -1
° Néuyzjéx:—Q

5 3 -1
Thit lai ta duge nghiém cia he la (g, E) va (—2; —).

4
Cach 2. bKXD: z,y # 0.
Do z,y # 0 nén nhan hai vé ctia phuong trinh (*) cho xy va phuong trinh (xx) cho
x phuong trinh ban dau tré thanh:

y+x—10y+zy=0 (1)

20xy* —2*y —xy—2x=0. (2

Lay (1) + (2) vé theo vé ta dugc: 20zy? — 10y =0 = a2y = = (do y # 0).

—1

T

wl\)\»—t

Téi day giadi tuong tu cach 1, ta duge nghiém cua heé 1a ) va (—2;

(319
[ |

Binh luan. a) Day la bai toan kha kho néu hoc sinh khong tiép can phuong phép

"dat an phu khong hoan toan". Da sé hoc sinh di doan nghiém dé tim hudng giai

9
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nhung huéng dé rat kho khan khi nghiem bai toan 1a mot biéu thiic chua cin. Do
d6, ddi véi cac bai todn duge cho & dang (ax + b)Vcx + d = ex? + fx + g ta nén sit
dung phuong phap "dat an phu khong hoan toan" dé giai quyét.

b) Cau hé tuong doéi dé so véi cdc ndm, dé dang nhin ra hudéng gidi khi quy dong

phuong trinh (x).
Bai tap tuong tu.
a) 1) Giai phuong trinh: (2z + 1)y/x — 3 = 22% — 3z — 7.
Pham Quoc Sang-SV DHSP TPHCM

2) Giai phuong trinh: (4o + 3)y/2r — 1 =52+ z — 1.
Pham Quoc Sang-SV DHSP TPHCM
3) Giai phuong trinh: (2x — 1)y/2x +3 =2? + = + 3.
Trich dé thi HSG l6p 10 tinh Dong Nai nam 2017

b) 1) Giéi hé phuong trinh:

1 2
Jy——+-=4
r oy

% —4dx + 22y = 1.
Pham Quoc Sang-SV DHSP TPHCM

2) Giéi hé phuong trinh:

ry+y?—dy=-1

222y — y* — 6zy? = 1.
Pham Quoc Sang-SV DHSP TPHCM

/—4 Bai 3
Cho tam giac ABC c6 AB < AC < BC. Trén cac canh BC, AC lan lugt 1ay cac
diém M, N sao cho AN = AB = BM. Cac dudng thang AM va BN cét nhau tai K.

Goi H 1a hinh chiéu ctia K léen AB. Chiing minh ring:

a) Tam duong tron noi tiép tam gidc ABC nam tren KH.

b) Cac duong duong tron noi tiép cic tam giac ACH va BCH tiép xtc v6i nhau.

Phan tich. a) Goi I 1a tam duong tron noi tiép tam giac ABC.
Dé chitng minh I ndm trén K H ta can chd ¥ dén gid thiét bai toan 1la AABM,

10
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ABAN lan lugt can tai dinh B, A nén cac phan giac BI, Al cla gR’, ABC cling
dong thoi 1 duong cao ciia AABK. Khi d6, ta dé dang chiing minh I thuoc K H.

b) Goi Iy, I, 1an lugt 1a tam dudng tron noi tiecp AAHC, ABHC.
Dé chitng minh céc duong duong tron noi tiép cac tam giac ACH va BCH tiép xtc

v6i nhau ta c6 kha nhiéu huéng dé khai thac nhu:

e Goi Jy, Jo 1an lugt 1a tiép diém cta (1), (Iy) véi HC.
Ta ching minh HJ, = HJy, = J; = Js.

e Chiing minh I11, = ry + 75 trong d6 71,75 lan lugt 14 ban kinh (1), (Io).

e Ching minh 1L, L HC.
Duéi day, toi xin trinh bay huéng di dau tien.

Loi giai.  a) Goi I 1a tam dudng tron noi tiép tam giac ABC.
Do AABM can tai B nén phan giac BI cua ABM cling dong thoi 1a dudng cao.
Suy ra BI1LAM.
Chtng minh tuong tu ta cing ¢c6 AILBN.
Do dé, I 1a tric tam AABM.
Ma MH1AB nén M, I, H thing hang.
Hay tam duong tron noi tiép tam giac ABC nam trén K H.

b) Trudc tién toi xin chiing minh bd dé quen thudc sau:
Bé dé. Cho (I) noi tiép tam gidc ABC'. (I) tiép wic vdi ba canh BC,C A, AB lan
hiot tai D, E, F. Chiing minh ring:

UAE:AF:AB+{S—BQ
iUBF—BD—BC+€f_AQ
A+CB— AB
i) 0 — cp = YATC .
2 B D C

Chitng minh. Ta chitng minh (7) con nhiing tinh chat con lai ta chiing minh tuong
tu.
Do (1) tiép xtic véi ba canh BC,C A, AB lan lugt tai D, E, F nén:

AE = AF,BF = BD,CD = CE.

11
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Khi d6, AB + AC — BC = (AF + BF) + (AE + CE) — (BD + CD) = 2AE = 2AF.
Vay AE — ap — AB+AC—BC

Quay tré lai bai toan :

2

Goi Jy, Jy 1an lugt 1a tiép diem cta (1), (I) v6i HC. Ta ching minh J; = Js.

Ap dung bd dé tren ta co:
HA+ HC—-AC HB+ HC - BC

HJ]__HJ2: 2 2
HA—-HB BC - AC
-T2 T
(AB + AC — BC) — (BA+ BC — AC) BC — AC
4 2
Véy JIEJQ.

Do d6, cac duong dudng tron noi tiép cac tam giac ACH va BCH tiép xtc véi
nhau.
[ |

Binh luan. Day la bai toan kha don gidn thong qua cac tinh chét ciia tam gidc can va
b6 dé quen thuoc.
Bai tap tuong tu.
1) Cho tam gidc ABC ¢6 AB < AC < BC. Trén cac canh BC, AC lay cac diém M, N
sao cho AB = BM = AN. Hai dudng thang AM va BN cét nhau tai K. Goi H
13 hinh chiéu cia K len AB, I}, I, lan luot 1a tam dudng tron noi tiép tam giac
AHC,BHC. I I, cit HK, HC, AB theo tht ty tai G, J, K.
Chitng minh rang HK? = KJ.KG.
Pham Quoc Sang-SV DHSP TPHCM

12
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~—| Bai4 )

Cho z,y 1a hai s6 thyc duong. Tim gia tri nhé nhat ciia biéu thiic:

16 2 2
p= W THY
r+y Ty

N

. 16/ 242

Phan tich. Ta c6 P gom Y vl tY
T+y Ty

Dé don gian bai toan ta can dua P vé zy vh x + y nhu sau:

167y 22+y* 167y 2
p_0vay 4yt 16yay  (@+y)”
T4y zy Tty zy

. Nhu vay, trong P xuat hien zy, x+y, 22 +y2.

Dé thay P dat gia tri nho nhat bang 10 khi z = y.
Do dé, stt dung k¥ thuat chon diém roi tai z = y ta dudc:

oyzy _ o (z+y)? _,
T+y "oy ’

Suy ra khi x = y thi
8vzy  8yxy  (x+y)? 4

T+y T+y zy
Khi dé, stt dung bat déng thitc AM-GM cho ba s6 khong am ta dé dang tim dudc gia tri
nhé nhat ctia P (chit ¥ hoc sinh can chitng minh bat dang thitc AM-GM cho 3 s6).

Ngoai ra, ta c6 thé sit dung dicu kien bang khi P dat gia tri nhé nhat dé them bét céc
hing s6 vao biéu thic dé dé121h gig’x nhu sau:
16,/x
Khiz =y thi —Y7Y g " HY _ o
r+y zy
Khi d6, ta them bét vao P céc s6 8, 2 dé tao ra cac biéu thic phtu hgp.

16,/ 2 2 —u)2? 8 . 2
p_ VW o Y _2+10:($ y)?  8(VT —Y)
Tty Ty zy T+y

+ 10.

Téi day ta c6 thé st dung phuong phép bién déi tuong duong két hop bat dang thic
AM-GM dé chiitng minh:

(-9?  SWT-VE

Ty T+y o
Loi giai. Cach 1. Ap dung bat déng thitc AM-GM cho 3 s6 khong am ta c6:

p_ 16,/7y +a:2+y2 _ 16y N (z+y) Ly

r+y Ty r+y Ty
_ 8\/xy+8\/xy+ (x+y)° .
r+vy r+y Ty

2
>3d&wy8ww(x+w _92-10,

- r+y r+y ay

13
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87y _ (z+y)’

Diang thitc xay ra khi = Sr=y.
T+y Ty
Vay gia tri nhé nhat ctia P 14 10 khi z = y.

16 2 2 )2 8 N 2
Cach 2. Tace: p= VW g, @4y o gy =y 8Ve—vi)
Tty xy2 Ty r+y

2 _
(r—y)? 87—y S0 (%)

Ty Tty

(z+y) (z—y)* —8ay(vVa — \/fy)

(%) & 2y (z + y)
(:)(x+y)($—y)2—8$y(\/_—\/§)2 >0
& (o +) (V- Vi) (VE+vB) — 8ay(vE - v5)' >0
& (Vo —vi) [@+y) (Vo + i)’ —8ay| = 0. (+x)

Ap dung bat ding thic AM-GM cho hai s6 khong am ta co:

+ 10.

Ta ching minh

2
=0

(z+y) (Vo + \/§)2 — 8xy > 2\/@.(2\/\/5.\/@)2 — 8xy = 0.
Vay () ding hay (x) ding. Dang thic xay ra khi z = .
Do d6 P > 10.
Vay gia tri nhé nhat ciia P 1a 10 khi 2z = 3.
Cach 3. Ta c6:
_ 16\/@+ z? + y? _ (Vz — /) 4/Ty +z +y)

P
T4y Ty xy(r +y)

+ 10 > 10.
Vay gia tri nhé nhat ciia P 1a 10 khi 2z = y. [ |

Binh luan. Bai toan kha don gian. Hoc sinh chi can nim vimg bat ding thiic AM-GM
két hop véi ki thuat chon diém roi 1a c6 thé giai bai toan.
Bai tap tuong tu.
1) Cho a,b la cac s thuc duong. Tim gid tri nho nhat ctia biéu thite:
A+ 8Vab  d®+ b

TRLA LT .
ab a+b  abvab
Pham Quoc Sang-SV DHSP TPHCM

Q=

2) Cho a,b,c la cac s6 thie duong. Tim gia tri nho nhat ctia biéu thiic:

18V abc a® + b+

a+b+c * abc )
Pham Quoc Sang-SV DHSP TPHCM

14
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f—4 Bai 5
Cho tam giac ABC' ¢6 goc B ti. Duong tron (O) noi tiép tam giac ABC' tiép xtc
v6i cac canh AB,C A, BC lan lugt tai L, H, J.

a) Céc tia BO,CO cat LH tai M, N. Ching minh bén diem B,C, M, N cing

thuéc mot duong tron.

b) Goi d la duong thang qua O va vuong goc véi AJ; d cat AJ va dudng trung
trie cia BC lan lugt tai D va F. Chting minh bén diém B, D, F, C cuing thuoc

mot dudng tron.

Phan tich. a) Kha d& dang dé nhan ra B,C, M, N nim trén duong tron dusng kinh
BC'. Do d6, ta can chiing minh OM LMC hay tit gidc OHMC noi tiép.

b) Dé chitng minh bén diém B,C, M, N cing thuoc mot dudng tron. Ta sé quy bai
toan vé viéc ching minh ti giac BDFC noi tiép. Tuy nhién, dya trén hinh vé ta
¢6 thé ching minh DJZF, NJZM noi tiép. Khi d6, néu ta goi P la giao diém ctia
DF va BC (ta chiing minh P, L, H thang hang). Thi ta sé c6 c6 hé thiic sau:

PB.PC =PN.PM = PJ.PZ = PD.PF.
Vay ta c6 diéu phai chiing minh.

Lai giai.  a)

Tacé:MHCZ@:m;ABC

ALAH can tai A). (1

MOC = OBC + BCO

_ ABC +BCA _ 180° — ABC
B 2 N 2 ‘

T (1) va (2) ta suy ra MHC = MOC.
Vay tit giac OHMC noi tiép.

Chtng minh tuong tu ta dugc ONLB noi
tiép.

Tt d6 suy ra BN MC noi tiép hay bén diém B, C, M, N ciing thudoc mot duong tron.

b) Goi P = FDNCB. Goi (I) 1a duong trong dudng kinh AO.

15
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Ta co

Ppy1ry = PD.PO = PJ* = Pp) 0
Do d6, P thude truc dang phuong ctia hai dudng tron (1), (O).
Suy ra P, L, H thing hang.

Goi Z la trung diém BC.

Ta c6: NJB = NOB = @do t giac LM, OHMC noi tiép).
Mt khac N7 — 180 — NZM _ 180° —;OC’M
Suy ra NMZ = NJB. Vay ti giac NM Z.J noi tiép.

Ap dung heé thic luong duong tron cho cac tit gidc noi tiep: BNMC, NMZJ,DJZF

—90° — OCM = MOC.

ta co:
PB.PC =PM.PN =PJPZ=PD.PF.
Tu d6 suy ra DEC B noi tiép.
[ |

Binh luan. Bai todn mang tinh phéan loai hoc sinh & cau b). Cau a) 1a mot bai toan

quen thudce, gan nhu ¢6 thé xem la mot tinh chat hay ding trong hinh hoc phang THCS.

Tuy nhién, cau b) tuong déi kho, cau nay tap trung khai thac he thiic lugng trong duong
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Bai tap tuong tu.

1) Cho tam gidc ABC ¢6 goc B ti. Duong tron (O) noi tiép tam giac ABC' tiép xtc
v6i cac canh AB,CA, BC lan luot tai L, H,J. Céac tia BO,CO cat LH tai M, N.
Goi d 1a duong théng qua O va vuong goc véi AJ; d cit AJ tai D.

a) Goi P la giao diéem ctia LH v6i BC. Chitng minh rang PJ? < PB.PC.
b) Tim diéu kién ctia ABC dé tt gidc PN DB noi tiép.
Pham Quoc Sang-SV DHSP TPHCM

— Bai6 .

Trén mot dudng tron c6 9 diém phan biét, cac diém nay duge ndi véi nhau béi cac

doan théng mau xanh hoac dé. Biét ring mdi tam gidc tao bdi 3 trong 9 diém chia
it nhat mot canh mau dé. Ching minh ring ton tai 4 diém sao cho 6 doan thang noi

ching déu c6 mau do.

\\

Loi giai. Ta chiing minh bo dé sau:

Bé dé. Cho 6 diém bit ki sao cho khong ¢ 8 diém nao thiang hang. Hai diém bat ki dugc
noi vdi nhav bang mau ranh hodc dé. Chimg minh ring trong 6 diém ban daw luon ton
tai it nhat 1 tam gidc cing mau.

Ching minh.
Xét b@ 6 dlém Al, AQ, Ag, A4, A5, AG‘ Nél Al A

VOl Ay, Ag, Ay, A5, Ag ta duge 5 doan thang
A1 Ay, A1 As, A1 Ay, Ay A, Ay Ag. Cac dudng thing nay
dugc t6 bdi 2 mau xanh dé nén theo nguyén 11 Dirichle
ton tai it nhat 3 doan cting mau.

Khong méat tinh tong quat ta gia st 3 canh
A1 Ay, A1 As, A1 Ay duge t0 mau do.

Xét AA A3 A, Ay

o AA;A3A, ton tai it nhat mot canh mau do.

As

Khong mat tinh tong quat ta gia st AsAs do. Khi d6 AA; A, As thdéa yeéu cau bai

toan.
o AA AyA3 c6 3 canh mau xanh. Khi d6, AA; A, Az thoa yéu cau bai toan.

Vay bo dé duge ching minh.
Quay trd lai bai toan:
Xét dinh A; (i € {1;2;...;9}).

17
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Goi R(i) 1a s6 doan thing mau dé ké tit A; dén A; (j #4,75 € {1;2;...;9} ).

Goi B(i) 1a s6 doan théng mau xanh ké tit A; dén A; (j # 14,5 € {1;2;..;9} ).

Hién nhién ta c6: R(i) + B(i) = 8.

Ta gid st trong bon diém bat ki c6 it nhat mot canh mau xanh (gia thiét phan chiing).
Ta ching minh B(i) = 3 va R(i) = 5.

Xét tat ca cac truong hop cia B(i) ta co:

e B(i) =2. Suy ra R(i) = 6.

Gia st 6 diém ndi véi A; béi cac canh mau dé 1a
Ai, Ay, Aiy, Aiyy Ay, Ay Theo bd dé (%) trong 6 diém
Ay, Aiyy Aiyy Asy, Aig, Ajg 56 10D tal mot tam gide c6 3
canh ciing mau. Khong mat tinh tong quat ta gia st
do 1a AA;, A, A;,. Mat khac theo gia thiét bai toan:
"tam gidc tao bdi 3 trong 9 diém chita it nhat 1 canh
mau do" nén do do AA; A;, A, c6 3 canh mau do.

Nhu vay, bo 4 diém A, Aiyy Ay, Ai, khong c6 canh

125 113,

nao mau xanh. Trai véi gid thiét phan ching.

e B(i)=14
Khi d6 xét bo 4 diém ndi v6i A(4) bing cac canh mau
xanh. Gia stt 4 diém do6 1a 4;,, A;,, Ai,, Ay,
M3t khac, theo gid thiét phan ching luon ton tai mot
canh mau xanh ndi 2 trong 4 diém dé. Khong mat
tinh tong quat ta gia si doan thing mau xanh dé la
Ai A,

Khi d6, tam giac A;, A;, A;, c6 3 canh mau xanh.

Vo i v6i gia thiét bai toan.
Trudng hop B(i) = 1 ta gidi tuong tu truong hop B(i) = 2.
Cac truong hop B(i) = 6, B(i) =7, B(i) = 8 ta giai tuong tu truong hop B(i) = 4.
Nhu vay ta chi nhan duge B(i) = 3 va R(i) = 5.
Do d6 v6i moi dinh A; ta luon ¢6 R(i) = 5.

Suy ra

£ 9 NS N Z 2
Mit khac dé thay Y. R(i) lai bang hai lan s6 canh mau dé nén (x) khong the xdy ra. Tic
=1

gid thiét phan chiing sai.
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Vay bai toan dudgc giai quyét. [ |

Binh luan. Bai toan thyc chéat la bai toan noi tiéng duge nha toan hoc Ramsey phat
biéu. Mudn gidi bai toan hoc sinh can phai linh hoat trong qua trinh van dung nguyen li

Dirichle.
Bai tap tuong tu.

1) Chitng minh rang trong 9 ngusi bat ki luon tim duge 3 ngudi doi mot quen nhau
hac 4 ngusi doi mot khong quen nhau.

Trich bai toan Ramsey noi tiéng

2) Gia stt mdi diém trén mat phang cé ké luéi 6 vudng duge to6 bing mot trong hai
mau xanh va d6. Ching minh rang ton tai mot hinh chit nhat c6 cac dinh cung
mau.

Trich ludan van thac si- Tran Thi Lién

2 Dé thi Pho théng nang khiéu dai hoc Qubc gia TP.
HCM (vong 1)

~— Bail

Biét a va b 1a cac s6 duong, a # b va

((a+2b)2— (b+2a)2) : <<“\/5+b\/5) (av/a — bv) —3ab> =5

a+b a—>b

1+ 2ab

Tinh S = ——.
m a? + b2

N

Phan tich. Thoat nhin bai toan, ta khong thé tinh ngay S dudc. Viéc tinh S trd nén dé
dang khi ching ta biét duge méi lien hé gitta dai lugng a, b va mdi quan hé ay duge "an
giau" trong dang thitc bén trén. Viéc con lai bay gio 1a bién ddi dang thiic ay dé tim méi
quan hé gitta a va b. Viéc nay kha don gian!

Sau khi bién déi ta sé duge dang thic a — b = 1. Dén day, ta c6 hai hudng giai quyét

sau
Huéng 1. Don gidn nhat, d6laa—b=1<a=1+b. Suyra

142040 202 +20+1
(L 4b)2 b2 224264+ 1
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Huéng 2. Néu tinh ¥ ta c6 thé bién ddi

1+ 2ab
_ 2 _ 2 2 _ _
a—b=1=(a—b)*=1<a"+b _1+2ab<:)a2+b2 =1 hay S =1.

O bai gidi nay, ching toi sé gidi quyét theo Hudng 2.

Loi giai. Véi a,b > 0,a # b ta ¢

((a+26)2—(b+2a)2): (av/a+bvh) (ava—bve) .\ _,
a+b a—>b
(b—a)(3a—|—3b):<(\/_—ﬁ)(ﬁ—i—ﬁ)(a—i—b—@)(a—l—b—l—\/@)_3ab>_3
a+b a—1>b
& 3(a—b):[(a+b)?—4ab] =33(@a—-0b):(a—b)’=3sa-b=1
Suy ra
(a—b)2:1@a2+b2:1~|—2ab©22—:_22321@5’:1.

Binh luan. Day 13 mot dang toan kha quen thuoc va ciing thuong xuat hién trong cac
deé thi trusng PTNK TP. HCM. N6 dudc thac trién tit bai toan rit gon bicu thitc va c6 1é
d6 ciing 14 ¥ do chinh & bai todn nay. Viéc tim ra mdi lién hé gitta dai luong a va b thong
qua viéc rit gon biéu thiic bén vé trai kha don gian. Sau dé bang phuong phap nao do
(thay dai lugng nay bang dai lugng kia hay bién doi truc tiép thanh S) ta sé tinh duge

gia tri cua S.
Bai tap tuong tu.

1. Biét a va b la cac s6 duong, a # b va

<a(a—4biil;(b+2a)> | Km —\/%> (Mﬂ@)] _ 2016,

Tinh S =a +b.
Trich dé thi tuyén sinh 10 PTNK TP.HCM - 2016

2.
~—| Bai2 )

a) Giai phuong trinh (% — 62 +5) (Vo —2 — 2 +4) = 0.

VI (VT +2y—3) =0

z? — 6zy — y? = 6.

b) Giai hé phuong trinh
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Phan tich. a) O cau nay, huéng giai qua ré rang. Day la phuong trinh tich, viéc giai

phuong trinh nay théng qua viéc giai tung "phuong trinh con"

22 —6x+5=0 22 —6z+5=0

=
vVr—2—x+4=0 vVr—2=ux—4.

-0 phuong trinh thit nhat 14 dang phuong trinh bac hai. Dé giai phuong trinh nay
ta c6 thé dung biet thitc A hodc dimg tinh chat "a +b+4c = 0".
) B>0
- O phuong trinh thi hai, day 14 dang VA = B <
A= B2
Va viéc giai phuong trinh can thiic lai chuyén vé viec giai phuong trinh bac hai

quen thudc.

b) O bai toan nay, huéng giai kha ré rang. Phuong trinh dau 1a mot phuong trinh tich.

Nhu bai toan trén, viéc giai phuong trinh thong qua viéc giai hai "phuong trinh con"

xr=0
JIFZ—3=0.
Tt day, viec giai he ban dau sé dua vé viec giai hai hé nhd. Tuy nhién, néu dé ¥, ta c6
thé thiy ngay he
z=0

22— 6y —y* =6
vo nghiem. Do d6, viéc tiép theo chi 1a giai he

vr+2y=3

2% — 6xy — y? = 6.

Giai he nay, don gidn nhat dé la tit phuong trinh dau tién ctia hé trén, ta cé thé biéu
dién duge x = 9 — 2y va thay vao phuong trinh duéi dé thu duge phuong trinh bac hai
theo y. Viéc con lai bay gis d6 1a gidi phuong trinh nay, quay tré lai tim  va kiém tra

nghiém.
Loi giai. a) V6i diéu kién x > 2, phuong trinh da cho tuong duong véi
2 —6x+5=0

vVir—2—x+4=0.
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r=1, (kh@ng thoa z > 2)
x:5,<th6ax22).

e’ —6x—-5=0&

r—4>0
Vr—2—z+4=0Vr—-2=2—-4 & -

r—2=(r—4)>

>4

a2 =T +18=0,(voly).
Vay phuong trinh da cho c¢6 duy nhat nghiem z = 5.

b) BKXD: z > 0,z + 2y > 0.

R6 rang x = 0 khong la nghiém ctia hé phuong trinh da cho. Do d6, véi x > 0, x+2y >

0, hé da cho tuong duong véi

vVr+2y—3=0 r+2y=9 r=9—-2y
<~ ~
2?2 — 6y —y? =6 2% — 6zy — y? = 6. 2% — 6zy — y? = 6.

Ta ¢6
22— 6y —1y? =6 < (r+2y)° —10y(z+2y) + 15y° = 6 < 1552 — 90y + 75 = 0
& YP-6y+5=0y=1VvVy=>=5
o VGiy=1tacox =7, (théa z > 0).

e VGiy=>5tacoxr=—1, (khong thoa = > 0).

Vay he da cho ¢6 duy nhat nghiem (z;y) = (1;7).
|

Binh luan. Bai toan nay la mot dang kha quen thudc trong cac ki thi vao truong chuyén.
N6 khong don thuan la gidi phuong trinh bac hai va hé nhu cac dé thi tuyén sinh vao
truong thuong ma doi héi nguoi gidi c6 nhiéu kién thitc hon thé. Trong bai toan nay, doé
1a viee van dung kién thitc vé phuong trinh tich va phuong trinh cin thic dang VA = B
dé chuyén phuong trinh da cho vé phuong trinh bac hai quen thuoc. Tuy nhién, bai toan

khong qua rac roi doi véi thi sinh.
Bai tap tuong tu.

1. Giai phuong trinh xv/x + 5 = 222 — 5x.
Trich dé thi tuyén sinh 10 PTNK TP.HCM - 2016
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(Vi+z—=3)(y+vz)=0

2?2 +y=>5.
Trich dé thi tuyén sinh 10 PTNK TP.HCM - 2016

2. Giai hé phuong trinh

~—| Bai3

Cho phuong trinh

(z+m)®> =5 (x+m)+6=0. (1)

a) Chtng minh phuong trinh luon c6 hai nghiém phéan biét z, x5 v6i moi tham
s6 m. Tinh S = (z1 +m)* + (x5 +m)* + 5 (z1 + x5 + 2m).

b) Biét z1 < 9, tim m sao cho zy < 1 va 23 + 229 = 2 (m — 1).

\\

Phan tich. Day 14 phuong trinh bac hai véi bién x. Tuy nhién néu tinh y thi day la
phuong trinh bac hai v6i bién ¢t = z + m. Va bai toan trd nén vo cung don gian khi ta

phat hién diéu nay!

a) V6i cach dat nhu vay, ta dé dang tim ra hai nghiéem ¢t = 2V ¢ = 3 hay x + m =
2V z+m = 3. Do vai tron x;, 2o nhu nhau nén ta cé thé gia st x; + m = 2 va

x9 +m = 3. Viéc con lai 1a thay ching vao S va ra két qua cudi cung.

b) O cau nay ciing kha don gian. Véi gia thiét z; < x4 ta c6 ngay x1+m = 2 va xo+m = 3.

Bién doi o theo m va thay vao dang thic 22 + 215 = 2(m — 1) sé tim duge m.

Dén day, con mot gid thiét chua dung dén, d6 1a x, < 1. Day chinh 1a gid thiét loai
nghiém. Don gian nhat 13 thay m vita tim duge xem x5 < 1 khong. Hay mot cach khac

dé tim diéu kien m ngay tt dau dé la zo =3 —m <1 & m > 2.
Lai giai. a) Dat t = x + m. Khi d6 phuong trinh (1)) tré thanh
t* — 5t + 6. (2)

Phuong trinh c6 hai nghiém phan biét v6i moi m khi va chi khi phuong trinh
¢6 hai nghiém phan biét. That vay

tP=5t+6=0&t=2Vt=23.
Khong méat tinh tong quat, gia st ¢, = 2 va t, = 3. Khi d6
x1+m:t1:2véx2+m:t2:3.
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Tix dé
S = (1‘1+m)2+(x2+m)2+5(3:1+x2+2m)
= (x4 m)’+ (x24+m) +5(x+m+a,+m)
= 224+3*+5(2+3) =38

Vay phuong trinh luon c6 hai nghiém phan biét xq, z» v6i moi tham s6 m va
S = (z14+m)* + (z2 +m)* + 5 (x1 + 20 + 2m) = 38,
b) V6i gidi thiét x; < x5 ta suy ra
t1:2 w1+m:2 x1:2—m
ta =3 To+m =3 To =3 —m.
Khi d6
242, =2m—1) e (2-m)’+2B3-m)=2(m—-1) & m>—8m+12=0
& m=2Vm=06.
Kiém tra lai chi c6 m = 6 1a thoa z < 1.
Vay v6i m = 6, phuong trinh da cho c6 hai nghiem 1, 25 thda 1o < 1 vd 22 + 225 =
2(m —1).
[ |

Binh luan. O bai toan nay, khong biét ngudi ra dé ¢6 dung ¥ gi khi qua 1o lidu cho
phuong trinh & dang (z + m)? — 5(x +m) + 6 thay vi dang khai trién ctia ching 22 +
(2m — 5)x + m? — 5m + 6. Tuy nhién v6i dang nao di nita, thi day ciing 1a mot bai toan

khé "dé& tha". Thi sinh hoan toan cé thé ghi diém & bai toan nay.

Bai tap tuong tu.
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~—| Bai4

a)

Nam ké v6i Binh ring ong ciia Nam c6 mot manh dat hinh vuong ABCD dugc
chia thanh bén phan; hai phan (gom cac hinh vuong AMIQ va INCP v6i M,
N, P, Q lan lugt thuoec AB, BC, CD, DA) dé trong cac loai rau sach, cac phan
con lai trong hoa. Dién tich phan trong rau sach la 1200 m? va phan dé trong
hoa 14 1300 m?. Binh néi: "Chic chin ban bi nham roi!". Nam: "Ban nhanh that!
Minh da néi nham phan dién tich. Chinh xac 14 phan trong rau sach c6 dién tich
1300 m?, con lai 1200 m? trong hoa". Hay tinh canh hinh vuong AMIQ (biét
AM < M B) va giai thich vi sao Binh lai biét Nam bi tinh nham?

Lép 9T c6 30 ban, méi ban du dinh déng gép mdi thang 70000 dong va sau 3
thang sé du tién mua tang cho mdi em & "Mai am tinh thuong X" ba géi qua
(gi& tién cdc mon qua déu nhu nhau). Khi cac ban déng di s6 tién nhu dy tru thi
"Mai am tinh thuong X" da nhan cham séc théem 9 em va gia tién clia moi mon
qua lai tang thém 5% nén chi ting duge moi em hai goi qua. Hoi ¢6 bao nhiéu em

ctia "MA4i am tinh thuong X" dugc nhan qua?

Phan tich. Day 1a dang toan "Giai bai toan bang cich lap hé phuong trinh" va 2 bai

toan bén trén kha hay thién huéng vé cic dang toan thuec té.

a) O bai toan nay, khong kho dé ¢6 thé tao ra mot he phuong trinh tir giai thiét d6. That

vay, v6i cach chia dat nhu thé sé tao ra 4 manh dat (hai manh dat hinh vuong va hai

méanh dat hinh chi nhat c6 dién tich nhu nhau). Néu dat z,y lan lugt 1a do dai canh

ctia hai hinh vuong thi ta hoan toan cé thé suy ra duge do dai cac canh ctia hinh chit

nhat. Tt d6, suy ra dién tich ctia manh dat trong rau va manh dat trong hoa.

Tiép theo ta gidi quyét cau héi "Vi sao Binh lai biét Nam bi tinh nham?". Day 1a cau

héi hay nhung khong khé, chi viec ap dung bat dang thitc Cauchy sé ra.

O bai toan nay, ta 6 thé giai quyét theo hai hudng, d6 la "Lap he" hay "lap phuong

trinh".

Huéng 1. Néu ta dit o 1a s6 tién méi mén qua ban dau va y 1a s6 em trong mai am

tinh thuong ban dau. Khi d6, so tién tiéu ton khi mua qua cho cac em sé la
32y = 2(1 + 0,05)2(y + 9) = 3.30.70000.
Tt do, ta c6 thé tim ra =,y va két luan.
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Huéng 2. Néu dat x 1a s6 em trong mai 4&m tinh thuong thi khi dé6
3.30.70000 , ..

- S6 tién mdi moén qua ban dau la e (dong).
T
PRI . 3.30.70000 , _.
- S0 tien moi mon qua ldc sau la 2wt 9) (dong).

Véi gia thiét, méi mén qua lic sau tang 5% so v6i moéi moén qua ban dau, ta co

phuong trinh
3.30.70000 3.30.70000

1+0,00) = ———.
Viéc tim ra x khong qua khé. Tuy nhién d6 khong phai 1a két qua cudi cuing, phai
tinh thém 9 em hoc sinh méi chuyén vao.

Tuy nhién, toi sé chon cach thit nhat dé giai chi tiét!

Lai giai. a) Dat AM = z(m) va CP = y(m). Diéu kién z,y > 0.

Khi do, dién tich trong rau sach la 2% + y*(m?) va dién tich trong hoa la 2zy(m?).

D P C
Theo gia thiét ta co
z? + y2 = 1300 2 + y2 = 1300 Hoa Rau sach
=4
2xy = 1200 xy = 600. I
Q@ N
r+y =250
-~ Rau sach Hoa
xy = 600.
A M B
=20,y =30

Theo dinh 1y Viete déo ta dugc
r =30,y = 20.

Mat khac, do AM < MB hay AM < CP nén 0 < z < y. Do d6 x = 20(m) va
y = 30(m). Vay canh hinh vuong AMIQ 1a 20 m.
Binh biét Nam tinh nham c6 thé do Binh da vay dung bat déng thitc Cauchy z?+1y? >

2y, tidc dién tich phan trong rau sach 16n hon dién tich phan trong hoa.

b) Goi x (dong) la gia tién méi mén qua ban dau va y (em) 1a s6 tré ban dau cta "Mai

am tinh thuong X". Diéu kién z,y > 0,y € N.

- Ban dau, dé mua cho méi em ¢ "MAai am" ba goi qua ton 3zy dong.

- Thue té, dé mua cho mdi em & "Mai am" 2 géi qua tén 2 (14 0,05) x(y + 9) =
21 n 189 e
— .xy+ — - dong.
107 10 s

- S6 tién cac ban 16p 9T c¢6 sau ba thang dong gop 1a 3.30.70000 = 6300000 dong.
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Theo gia thiét ta co

3xy = 6300000 x = 100000
21 189 & (théa x,y > 0,y € N).
E-xy+ﬁ-x=6300000 y = 21,

Vay "MA&i am tinh thuong X" c¢6 tat ca 21 + 9 = 30 em. [ |

Binh luan. Day la bai toan kha hay, tuy nhién theo toi nghi, néu thay tir "da" & bai
toan b) thanh tit "vita A", bai toan sé& hoan chinh hon. Bdi 18, ching ta ¢6 du tién thi ta
van du tién dé mua qua, nhung nhu vay bai toan qua phiic tap déi v6i hoc sinh va c6 1&

¥ do clia tac gid cling chi 6 mitc do nhu thé.
Bai tap tuong tu.

1. Ong An dinh cai tao mot manh vuon hinh ch nhat c¢6 chiéu dai bing 2,5 chiéu
rong. Ong thay néu dao mot cai ho 1a hinh chit nhat thi sé chiém mat 3% dien tich
manh vuon, con néu gidm chiéu dai 5m va tang chiéu rong 2m thi mat ho 1a hinh
vuong va dién tich mat ho giam duge 20m?2. Hay tinh cac canh clia manh vuon.

Trich dé thi tuyén sinh 10 PTNK TP.HCM - 2016

2. Lép 9A ¢6 27 hoc sinh nam va ¢6 18 hoc sinh nit. Nhan dip sinh nhat cia ban X
(1a mot thanh vién ctia 16p), cac ban trong 16p c6 rat nhiéu moén qua tang X. Ngoai
ra moi ban nam ciia 16p lam 3 tAm thieép va mdi ban ni xép 2 hodc 5 con hac dé

tang ban X. Biét s6 tam thiép va s6 con hac bang nhau, héi ban X 14 nam hay nit?

Trich dé thi tuyén sinh 10 PTNK TP.HCM - 2016
— Bai5s

Tam gidc ABC noi tiép duong tron (T) tam O, ban kinh R; BAC = 120°, ABC = 45°,
H la trye tam. AH, BH, CH lan luct cat BC, CA, AB tai M, N, P.

, MP
a) Tinh AC theo R. Tinh s6 do goc HPN va UN

b) Dung dudng kinh AD; HD cat (T) tai E (E # D) va cat BC tai F. Chiing minh

cac diém A, N, H, P, E cuing thuoc mot dudng tron va F la trung diém ctia HD.

¢) Chimg minh AD | NP. Tia OF c&t (T) tai I, chimg minh [ la tam dudng tron
ngoai tiép tam giac HBC va Al qua trung diém ctia M P.
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Phan tich. a) V6i cau a) c6 kha nhiéu cach dé tim ra dugc do dai canh AC, don gian
nhat van 1a 4p dung dinh I3 sin. Ngoai ra, c6 thé xét tam gidc vuong can ACD, ciing
sé tim dugce do dai AC.

Viéc tim ra s6 do goc HPN ciing nhiéu huéng di. Chi yéu 1a van dung cac ti giac noi
tiép va goc noi tiép. Toi xin néu ra mot vai huéng di
~ Ding ti gidc noi tiép HPAN ¢6 HPN = HAN = MAC, (déi dinh). Viec tiép
theo 1& tim s6 do goc MAC. Kha la dé dang, tam gidc ABM vuong can tai M
nén BAM = 45°. Tit d6, MAC = 120° — 45° = 75°.
~ Dimng t1 gidc noi tigp NPOB ¢6 NPB = NCB = 180° — 120° — 45° = 15°. Muc
dich ta tim s6 do géc NPB la béi HPA = 90°, nghia 1a HPN = 90° — NPA =
90° — 15° = 75°.

- Céach trong loi giai...

Viéc tim ty so N ta lai tiep tuc ap dung dinh Iy sin trong tam giac M N P. Viéc

con lai 1a tim ra s6 do goc M PN va M N P. Diéu nay kha don gian!

b) Dé chiing minh 5 diém A, N, H, P, E ciing thuoc dudng tron thi ta chi can chitng minh
them diém F thudc dudng tron ngoai tiép 4 diem A, N, H, P. Diéu nay suy ra tit tam
gidc AEH vuong nén noi tiép duong tron dudng kinh AH.

Dé ching minh F la trung diém HD, ta sé ching minh ti giac HC DB 1a hinh binh
hanh bang cach chiing minh HB || CD va CH || BD.

¢) Nhan thay AD 1L CO, nén viéc chiing minh AD 1 NP quy vé viéc chiing minh
CO || NP. Dé y mot chut, tit giac NPCB ndi tiép nén PNC = PBC = 45° = ACO.
T d6, ta c6 diéu phai chitng minh.

R6 rang, IB = IC nén dé chitng minh I 1 tam duong tron ngoai tiép tam giac HBC
ta chi viéc chiing minh théem IH = IB hay IH = IC hay I H bang v6i mot gia tri thay
thé nao do ciing bang véi 1B, IC. That vay, ta c6 thé chiing minh /[H = IB = IC = R
thong qua tinh chat hinh binh hanh OHID.

Dé chitng minh A7 di qua trung diém M P ta chi can chiing minh duge AM P la hinh
binh hanh. Ro6 rang, da c6 AM || I P nén chi can chiing minh them AM = I P 1a xong.
Dé chitng minh diéu nay, ta can chitng minh HM = OP va AH = OI thong qua viec
xét cac hinh binh hanh HMOP va AHIO.
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Loi giai. a) Ap dung dinh 1y sin trong tam gidgc ABC ta dugc

A 9B e AC — 9Rsin ABC — 2R sin d5° — RV?2.
sin ABC

Do H la tryc tam tam giac ABC nén BH 1 AC tai N va CH 1. AB tai P.

Do do, BNC = BPC = 90°. Suy ra tit gidc BN PC nai tiép dugc.

Suy ra HPN = NBC, (cung bu véi ]TP\C)
Mat khac tam giac BNC vudng tai N nén H

NBC = 90°~NCB = 90°—(180° — 120° — 45°) = 75°.

Vay HPN = 75°.
Lai ¢6 AMC = APC = 90° nén ti gisc APCM

N KA
noi tiép dugc. 4
Suy ra APM = ACM, (cing chin AM). g 452
M

Ma NPA = ACB, (ciing chén BN).
Suy ra APM = NPA = ACM.
= NPM = 2ACM = 2.15° = 30°.

Tuong tw, PNM = 2ABC = 2.45° = 90°.
T MP 1
O MN T sinsoe

D

b) Ta c6 tam giac AED noi tiép dudng tron duong kinh AD nén tam giac AED vuong
tai £. Khi do
ANH = APH = AEH = 90°.

Suy ra nam diem A, N, H, P, E cung thuoc duong tron dusng kinh AH.

Ta lai ¢6 tam gidc ABD va tam gidc AC'D noi tiép duong tron duong kinh AD nén
tam gidc ABD vuong tai B va tam giac AC'D vuong tai C.

Khid6 BH || CD, (cung vuong goc véi AC)vaCH || BD, (cung vuong goc véi AB).
Suy ra ti giac BHC'D la hinh binh hanh.

Suy ra F' la trung diém ctia dudng chéo HD.

c) Ta co CDA = ABC = 45°, (ciing chin 71—(7) nén tam gidc AC'D vuong can tai C.
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Suy ra CO la trung tuyén ciing la dudng cao, vay CO L AD.
Mit khac PNC = ACO (= 45°) nen NP || CO.

Suy ra AD L NP, (cung vuong véi CO).

Ta ¢6 OF la trung truc cia BC' nén IB = IC.

Mit khac, BIC' = 120° nén BIO = 60°, suy ra i

tam gidc BIO déu. Do d6 IB = IC = R.

D& thay F la trung diém ctia OI nén ti giac p
OH D la hinh binh hanh. Suyra IH = OD = R.

Do do, IB = IC = IH = R. Vay I la tam duong N KA !
tron ngoai tiép tam giac HBC.

Dé thay, tam giac BPC vuong can tai P c6 PF B A

12 trung tuyén nén la duong cao, vay PF L BC.
Ma OI L BC nén P, I, F', O thang hang. Suy ra
OP || HM, (cung vuong véi BC).

Lai ¢6 tam giac AMB vudng can tai M nén
MA = MB. Ma OA = OB nén MO la trung
truc ctia AB. Suy ra MO L AB = MO || HP,

(cung vudng véi AB).
Do do, ti giac MOPH la hinh binh hanh. Suy ra HM = OP.
Mat khac, tt giac AHIO c¢6 HI || OA va HI = OA = R nén ti giac AHIO la hinh
binh hanh, suy ra AH = Ol = R. Vay AM = PI. Ma AM || PI nén ta gidc AMIP
I hinh binh hanh. Do d6, dudng chéo AI di qua trung diém ctia dudng chéo M P.

[

Binh luan. Bai todn nay kha thia vi, ngoai kién thic 16p 9 vé ti gidc noi tiép thi bai
toan con c6 thém cac kién thitc vé tinh chat ctia hinh binh hanh, duong trung triye, dinh
Iy sin,... Tuy nhién, bai toan kha phitc tap & hinh vé, hoc sinh khong nén vé vé hét cac
chi tiét trong bai chi dé giai 1 cau ma hay chia hinh ra. Nhu vay, viéc nhin hinh sé dé

dang hon.

Bai tap tuong tu.
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3 Dé thi tuyén sinh THPT Chuyén Lam Son-Thanh
Héa, vong 1-2017

— Bail .
o NG ) <ﬁ+3 VT +2 VZ +2 )
h hitc A=1{1-— : —
Cho bieu thite ( Jotl) \Vo—2 vZ—3 @ 5-5vz+t6)’

véix > 0,z #4vax #9.

a) Rit gon biéu thiic A.

b) Tim tat ca gia tri nguyen ctia z dé bicu thiic A nhan gia tri nguyen.

N

Phan tich. a) Dé rit gon thi trudc tien ta thuc hién quy dong va luu ¥ 1a mau sb
chung ctia /x — 2 va \/z — 3 la: © — 5/ + 6.

. X b
b) Do A nhan gia tri nguyén nén ta sé riut gon thém de dua A vé dang a + B trong
dé a,b € Z va B 1a biéu thiic chiia bién z, dong thai B la udc clia b (trong truong
hop nay B = \/z + 1).

Lai giadi. a) V6i diéu kien x4c dinh ctia biéu thitc A: 2 < 0,2 # 0 va x # 9 ta co:

=0 ) (a5 o)
:( 1 ).((ﬁ+3)(ﬁ—3)—(ﬁ+2)(\/5—2)+(ﬁ+2>>

Vi+1l) (Ve =3)(Vz—-2)
() (e i)
viti) \Ja-2(/i-3)
_VE-?
IRVZESN
b) Ta ruat anA:\\;_;ﬁzl—\/;H, khi d6 dé A nhan gia tri nguyén thi /z + 1

phéi 1a udc ciia 3 hay ta ¢6: \/xr+1=1V/x+1=3 (do y/r+ 1> 0 neén chi lay 2 gia
tri Ia 1 va 3)

Sr=0Vzr=4

[ |

Bai tap tuong tu.
ChoB:<2—2ﬁ_3>:<ﬁ+4—\/§+5+ Vo —14 )

Vo —1 V=5 Jr—4 x-—9yx+20
voix > 0,2 # 1,z # 16 va x # 25.
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a) Ruat gon B.

b) Tim cac gia tri nguyén ctia = sao cho B nhan gia tri nguyeén.

—14
Dépén:a)B:\/_ b) z =0,z =4,z = 36.

Vo1
— Bai2

a) Trong mat phang Ozy, cho ba dudng thang (d) : y = —5(z + 1), (dy) : y =

3z — 13 va (ds) : y = mx + 3 (v6i m 1a tham s6). Tim toa do giao diém I clia

(dy) va (dy), v6i gia tri ndo ctia m thi dudng thing (ds) di qua I7?

r—14+2y/y+2=5
b) Giéi hé phuong trinh: | |
3WVy+2—|z—1|=5.
Phan tich. a) Ta luu y I viéc tim giao diém ctia hai duong thang quy vé viéc giai he

phuong trinh chita phuong trinh ciia hai duong thang do.

b) Ta xem xét hé phuong trinh clia ta trén 2 bién mdi la |z — 1| va /y + 2 roi thuyc
hién viéc giai. Luu ¥ nhé diéu kien y < —2 dé dam béao viéc nhan nghiem giai ra

dugc.

Loi gidi. a) Do I = d; Nds nén toa do clia I théa hé phuong trinh sau:

-9
y=-5(r+1) Sr+y=—5 rT=—
& & N
y=3r+13 —3r+y=13 y="7
2 _9 - X
Suy ra toa do giao diem I(T; T) la gia tri can tim.
. ) 25
Deé (ds) di qua I thi toa do cta diem [ phai théa phuong trinh cta (ds), khi do: 7=
-9 —13
b) DK: y > —2. Ta xem |z — 1| vd v/ + 2 14 2 bién va giai:
|l —1|+2/y+2=5 e —1] =1 r=1 r=-1
= = V

3Wy+2—|z—1/=5 Vy+2=2 y =2 y=2.
Vay hé da cho c¢6 nghiem S = {(1;2), (—1;2)}.
|

Bai tap tuong tu.

32



3 DE THI TUYEN SINH THPT CHUYEN LAM SON-THANH HOA, VONG 1-2017

a) Trong mat phang Oxy, cho ba duong thang (di) :y = 2 + 1,(dy) : y = 4z — 6 va
(d3) :y = mz + 5 (v6i m 1a tham s6). Tim toa do giao diém I ctia (d;) va (dy), voi

gia tri ndo ctia m thi duong thang (ds) di qua I?

2 =3 -y =3 =1
32y —3— |z —3|=5.

Lz 7 10 —20
Dap an: a) I(g; g),m = b) S ={(7;6),(—1;6)}.

~— Bai3 )

a) Tim m dé phuong trinh: (m — 1)2? — 2mx +m+ 2 = 0 ¢6 hai nghiém phan biét
5
21, 9 khac 0 va thoa man hé thic: il + 2 +==0.
) T 2

b) Giai phuong trinh: /22 —2 =9 — bz.

b) Giéi hé phuong trinh:

Phan tich. a) Do dé c6 2 nghiém phan biét nén phuong trinh da cho phai la phuong
trinh bac 2 tic a # 0 va A > 0.
Hé thitc ctia ta chua dua vé dang chi c6 tong va tich hai nghiém nén ta phai rit

gon. Sau d6 4p dung hé thiic Vi-ét dé gidi ra m.

b) Ta xac dinh diéu kién ctia can thitc, tit d6 xac dinh diéu kien dé 2 vé cting dau
(trong trudng hop nay 1a dau +) dé c6 thé binh phuong lam mat cin thitc. Sau khi
ra dugc phuong trinh bac 3 ta nham (hozic bam may) ra dugc mot nghiem 1a x = 3
va st dung so do Hoocnor dé phan tich bac 3 thanh tich ctia da thic bac nhat va

bac hai.

Lai gidi. a) (m—1)2®> —2mz +m+2 =0 (%)

, A >0 m? — (m—1)(m+2) >0
+ De phuong trinh (%) ¢6 hai nghiém phan biét thi &
m # 1 m # 1
m < 2
=
m # 1.

5 2 2 2 5
b Taes Ty T2 0 2@t 73) +bnm
T2 a1 2 2717
Ap dung dinh 1y Vi-ét vao he thic tren ta duge:

=0«& 2(561 + $2)2 + x129 = 0.
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2m m+ 2

2 2 = 2 -1 2) =
(m—1>+m—1 0 8m?*+(m—1)(m+2)=0

—14+ /73 —1—-+73

<:>9m2+m—2:O<:>m:+7Vm:7.
18 18

N -1+ /73 —1—+/73
Vay sau khi so véi dieu kién ta duge m = 41_8\/m: — 5 la cac gia

tri can tim.

b) zv2x —2 =9 — 5z (%), DKXD: z > 1.

Khixz1thix\/Qx—Qz()nénf)—S:cZO@xSg.Témlaitacélgxgi.
(%) & 2*(2x — 2) = (9 — 52)?
& 223 — 272% + 90z — 81 =0
& (v —3)(22° — 212 +27) =0
3
<:>x:3\/x:9\/x:§.
e e 3
So v6i dieu kién ta duge x = 5
3
[ |

Bai tap tuong tu.

a) Tim m dé phuong trinh: maz? — 2ma + m — 1 = 0 c6 hai nghiém phan biét z;, x5
2 2

khac 0 va théa man he thie: —L + 22 4 18 = 0.
) I

b) Giai phuong trinh: zv/z +8 = x + 2.

Pap an: a) m = -, b)z = 1,2 = —4 — 2/3.
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~—| Bai4

Cho duong tron (O) véi tam O, ban kinh R va duong kinh AB ¢6 dinh. Goi M la

diém di dong trén (O) sao cho M khong tring véi cac diem A va B. Lay diém C dbi
xing ctia O qua A. Duong thang vuong goc véi AB tai C cit duong thang AM tai
N. Dudng thing BN cit dudng tron (O) tai diém thit hai 1a E. Cac dudng thing
BM va CN cat nhau tai F.

a) Chitng minh ba diém A, E, F thing hang va ti giac M ENF noi tiép.
b) Chiing minh rang AM.AN = 2R

c¢) Xac dinh vi trf diém M trén duong tron (O) dé tam giac BNF c¢6 dién tich

nho nhét.

Phan tich. a) Nhan thay A la giao diém clia 2 duong vuong géc N M, BC dong thai
FFE ciing 1a duong vuong goc nén y tudng & day sé la ching minh A 1a tryc tam
trong tam gidc BNF'. Sau khi da c¢6 A, E, F thang hang thi dé chitng minh ti gidc

noi tiép ta sit dung dau hiéu 2 goéc bang nhau cting nhin mot canh.

b) Can chimg minh AM.AN = 2R? nén y tudng dau tién sé xuat hién 1a viéc chiing
minh hai tam giac dong dang va hai tam giac d6 c6 chita AO, AB hay CA. Thi
hai ta nhan thay AM.AN = AE.AF-mot phan & day do hai tam gidc chita AE va
AF cua ta chita cd AC va AB nén dan dén viéc xét hai tam giac CAF va tam giac

EAB.

¢) Sau khi tinh dién tich tam gidc BF'N ta nhan thay can tim min CF + C'N, tit day
ta nghi ngay dén viéc sit dung bat dang thitc Cauchy va ciing tat nhién ta can chiing
minh tich CF.C'N la mot hang s6. Viéc dat gia tri nho nhat can xét trusng hop dau
bing xay ra CF = CN dan dén tam giac BFN can. Tiép theo dé xac dinh cu thé
diém M ta nghi dén viéc ching minh ABFN déu dé st dung cac goc 60° co lien
quan dén M.
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M
c A (@] i}
E

Loi gidi.
a) Ta xét tam giac BFN ¢6 BC, NM va FE lan lugt 13 dudng cao ké tit dinh B, N va F,
dong thoi BCN NM = A nén A la truc tam, suy ra A € FE. Vay A, E, F thiang hang.
Ta lai xét trong t giac MENF ¢6: NMF = NEF = 90° va cung nhin canh NF, suy ra
tit giac MENF noi tiép.

b) Theo tinh chat (Todn 9-Tap 2, Bai 23/76) ta c6: AM.AN = AE.AF

Dong thoi lai c6 ACAF ~ AEAB suy ra: jg = ﬁg & AE.AF = AC.AB = AO.AB =
2R? Vay ta da ching minh duge AM.AN = 2R2.

¢) Ta co6: NBC =CFA (do ACFA ~ AEBA theo cau b) nén ta c6 ACFA ~ ACBN =
CF.CN =CA.CB = 3R

Mit khéc: Sapyr = ;B(J.FN - ;3R.FN - ;33.(0,? +ON).

Theo bat ding thitc Cauchy ta c¢6: CF + CN > 2/CF.CN = 2/3R, dau bang xay ra
khi va chi khi CF = C'N-titc BC la dudng trung tuyén, dong thoi BC ciing 1a dudng cao
nén ABFN can tai B.
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2
Ta lai ¢c6 BA = §BC nén A la trong tam tam giac BF N va theo cau a) thi A la cing la
tryc tam vi thé tam giac BFN deéu. Suy ra CBF = 30° hay ABM = 30°.
Vay dé Sapry nhé thi M thuoc dusng tron (O) sao cho ABM = 30°. [ |

~— Bais

Cho a,b, c 13 do dai ba canh tam gidc. Chiing minh rang:

A+ - P+ —-a? A+ -0
+ +

1.
2ab 2bc 2ac o

Phan tich. Dé bai cho a,b,c 1a ba canh clia tam gidc nén ta sé luu y dén bdt sau:
a+b—c> 0. Bat dau bai toan bang viéc chuyén hét sang mot vé va quy dong, do mau

13 s6 duong nén ta chi can xét tit duong 1a thdéa yéu cau bai toan:

i Ta nhan thay c6 xuat hien: a® + b2, b* + 2, a® + 2, khi d6 ta nghi ngay dén viéc lam
xuét hién cac hing dang thic bang cach them bét 2ab, 2bc, 2ac -cu theé ta them bét
2abc.

ii) Sau khi them bét dé duge cac hing dang thiic, ta tiép tuc sit dung hing dang thiic

A% — B? sau d6 dé ¥ ta sé nhan thay c6 nhan tit chung a + b — c.

iii) Sau khi dat nhan ti chung, ta tiép tuc rit gon dé dugc (a+b—c)(c—a+b)(c+a—b)-gdi

i cho ta vé viéc stt dung bat dang thic trong tam giac.

Loi giai. Ta c6:
a4+ - P+E—a® a4 - b
2ab 2bc 2ac
<:>c(a2 + 0% — )+ a(b? + ¢ — a®) + b(a® + & — b?) — 2abe
2abc
sc(a® +b* — &)+ ab® + & — a®) +b(a® + ¢ — b?) — 2abe > 0

> 1

>0
sc(a® +b* — & + 2ab) + a(b® + ¢ — a® — 2bc) + b(a* + & — b — 2ac) > 0

acf(a+b)? - +a[(b—c)* —a*] +b[(a—c)* -] >0

scla+b—c)la+b+c)+alb—c—a)b—c+a)+bla—c—Db)(a—c+Db) >0
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at+b—c>0

Do a,b, c 1a ba canh ctia mot tam gidc nén ta cé: e+ b—a > 0

c+a—0>0.
Suy ra (a+b—c)(c—a+b)(c+a—>b) >0 ludn ding.
Vay ta da ching minh dugce bat dang thic ban dau. [ |

4 Peé thi tuyen sinh truosng KHTN - PHQG Ha Noi
nam 2017-2018 (Khoéng Chuyén)

~— Bail .

2+yl—ay=1

Cau 1) Giai hé phuong trinh
z + z%y = 293

Cau 2) Giai phuong trinh 2(z +1)vVz+1= (Ve +1++V1—2)(2— V1 —2?).

\\

Cau 1)

2 +y? =14y (1)
z(1 + zy) = 297 (2)
Tu d6 mot ¥ tudng tu nhién 1a thay phuong trinh (1) vao (2), ta sé duge phuong trinh

Phan tich. Truéc hét ta bién doi he phuong trinh da cho thanh

méi la:

r=1y

v+ ) =22 < (2 —y) (2 + a2y +2)?) =0 &
22+ zy+2y? =0

Dé dang nhan thay phuong trinh x22 + zy + 2y* = 0 vo nghiém do:
7
%)M% >0 v6iz,y £ 0
Tt d6 thay x = y vao phuong trinh (1) ta duge phuong trinh 222 —x — 1 =0

?+ay+2t=0& (z —

22+ yP =142y (1
Loi giai. He phuong trinh tuong duong Y y (@)

a(l+zy) =2y° (2)
Thay (1) vao (2) ta duge

(2 + ) =2 & (zr—y)(x* + 2y +29°) =0
r=y
2 + xy 4 2y? = 0 (v0 nghiem)

=
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Thay = = y vao (1) ta thu dugce tap nghiém cia hé phuong trinh 14 S = {(1;1), (—1; —1)}.
[ |

Binh luan. Day la mot cau kha dé trong dé thi, diém mau chét ciia bai toan nay 1a dua

dugc vé phuong trinh (x — y)(2? + zy + 2y?) =0

Bai tap tuong tu.

x? + 2% + 2Py = 2
1. Giéi hé phuong trinh sau: Y Y
20 — 23y + 33 =0

2?2 +y?+1 =3y
322y = 10y° +2
Tieu Khanh Van-SV DHSP TPHCM

2. Giai hé phuong trinh sau:

Cau2) 2+ 1)Vatl= Wz +i+vVI—2)(2—VIi—22) (1)

Phan tich. Nhin vao phuong trinh dé cho, néu ching ta dat a = Vo +1vab=+1—2z
thi ta sé c6 a® + b = 2.

Tt d6 vé phai ciia phuong trinh sé trd thanh
(a+b)(a® — ab+ b?) = a® + 1® (Thay 2 = a® + b?)
Mic khac VT'= 2a® nén phuong trinh tré thanh 2a® = o + 0 < a® = b3 < a = b.

Loi gidi. Diéu kién xac dinh: —1 <z < 1.

Dita =+ + 1 va b=+/1— x thi ta sé c6 a® + b* = 2.

Maic khac VT= 243 nén phuong trinh tré thanh 2a® = a® + 0 & a® = 1® < a = b.
KhidovVr+l=y1-azerx+l=1—-02=0.

Vay tap nghiém ctia phuong trinh 1a S = {0}. [

Binh luan.

Viéc dat a = v/z + 1 va b = /1 — x gitp ta dé bién doi va phat hién vé phai clia phuong
trinh 1a mot hing déng thiic, day cling chinh la diém méu chét gitp ta giai phuong trinh
nay.

Viéc dat an phu gitp ta trinh bay 16i giai mot cach 16 rang, tranh nhitng sai lam khong
dang c6, dong thoi gitp ta dé nhin ra huéng gidi quyét ctia bai toan. Tuy nhién, viéc nhin
ra cach dit an phu nhu thé nao, doi héi ngusi lam toan phai cé ki nang tot trong viéc

quan sat va danh gia.
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Bai tap tuong tu.
1. Giai phuong trinh: 9(1 — z)v/1 —z = (V1 + 4z + 2¢/1 — 2)(5 — 2v/1 4 3z — 4a?).

2. Giai phuong trinh: 7(3 + 2z)v/3 + 2z = (V3 — 22 — /3 + 22)(6 + /9 — 4x.

Tiéuw Khanh Van-SV DHSP TPHCM
~—| Bai 2

Cau 1) Chting minh ring khong ton tai cac s6 nguyén x,y thda man dang thiic:

1222 + 262y + 15y% = 4617

Cau 2) Véi a,b la cac s6 thuc duong. Tim gia tri 16n nhat ctia biéu thiic

1 1 1
M:(a+b)<a3+b+a+b3)_ab

\\

Cau 1)
Phan tich. Nhin vao vé trai ciia dang thiic, ta c6 thé dé dang thay ring
1222 + 26zy + 15y = (22 — y)? + (2y)?

Mat khac 4617 = 19.243 nén (2z — y)? + (2y)* = 19.243, suy ra 19|(2z — y)? + (2y)? va
243| (22 — y)? + (2y)%. Ma 19 1a s6 nguyéen t6 c6 dang 4k + 3 nén ta nghi dén bd dé: Néu
pla® + b? thi pla, b v6i p = 4k + 3. Va khi phan tich tiép, ta c6 thé thay duge dicu mau

thuan.

Loi gidi. Ta sé chiing minh bd dé sau: Néu p|a® + b? thi pla, b v6i p = 4k + 3.
Chiing minh phan chiing.

Gié st pla va p|b sai. Khi d6 ¢6 3 truong hop:

THI: pla vap fb

Khi d6 pla® vap [b?, suy ra p fa® + b* (mau thuan).
TH2: p fa va p|b (tuong tu nhu THI)

TH3: p fa va p fb Khi do, theo dinh 1y Fermat nho:
a?~!' =1 (mod p) va b*~! =1 (mod p).

Suy ra a?~! + b~ = 2 (mod p).

Do d6 a***+2 + p*+2 = 2 (mod p).

Hay 26+ 4 p22k+1) = 2 (mod p).

Suy ra a? 4+ b* = 2 (mod p) (mau thuan).
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Vay bo dé duge ching minh.

Vi 4617 = 19.243 nén 19|122? + 26zy + 15y* = 19|122? — 122y + 15y* + 38y

= 19|3(42? — 4wy + 5y%) = 19|42? — 4oy + 3 + 4y* = 19|22 — y)? + (2y)%.

Nhan thay ring 19 1a s6 nguyén t6 c6 dang 4k + 3, 4p dung bo dé trén ta dugc 192z —y
va 19|12y do d6 19|4z suy ra 19|z, y hay 1921222 + 262y + 15y (vo 1i vi 19%|4617)

Vay khong ton tai cac s6 nguyén duong (z,y) théa man phuong trinh. [

Binh luan. Bai toan nay doi héi hoc sinh phéi ¢6 ki ning quan sat tot ciing nhu kién
thiic rong. Bai toan sé kha don gian néu hoc sinh biét duge bo dé va ngudc lai sé khé ma

c6 dugc 151 gidi néu chua biét trude bo dé da neu.
Bai tap tuong tu.

1. Chiing minh rang khong ton tai céc s6 nguyén x,y thoéa man dang thic: 2922 +
162y + 5y? = 2666.

2. Chitng minh ring khong ton tai cac s6 nguyén z,y théa man dang thic: 1322 +
24y + 13y% = 3397.
Vuong Phi Quy-SV DHSP TPHCM

Cau 2

Phan tich. O bai tap nay, dé bai khong cho bat ct dit licu gi ngoai a, b 1a cac s6 thuc
duong, vi vay dé danh gia duge GTLN ctia biéu thiic, ta nghi t6i viec danh gia ting phan
ctia bicu thitc va rit gon véi nhau.

Dau tién, ta thay néu ta nhan a® + b véi 1 + b va st dung bat ding thitc BCS ta sé thay
xuat hien duge (a + b)?, tuong ty véi b3 —ga ta ciing thay xuét hién (a + b)>.

(a® 4 b) <i+b> > (a+b)% (b°+a) (1—|—a) > (a+b)*.

b

+ b+ +1
a/ J— J—
1 1 a b

<
3+b+b3+a ~  (a+0b)?
t a + b & phia ngoai, lam gon dugc biéu thite. Tiép tuc lam gon, ta sé c6 duge két qua.

, khi ¢6 duge diéu nay, ta c6 theé rit gon véi nhan

Khi do
a

Loi gidi. Ap dung BDT BSC ta c6:
1 1

(a® 4 b) <+b> > (a+b)? (b +a) (+a) > (a+b)?
a

b
1 1

= <

a3+b+b3—|—a_ (a+ b)?

1 1
a—i—b—i-g-i-g 1 1 1

T — ¢ Y ___ =1 _—— — =

e VT < a+b ab +ab ab
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Déng thitc xay ra khia =b=1.
Vay gia tri 16n nhat ctiia M 13 1 khia=0b= 1. [

Binh luan. Diém méu chét ¢ bai tap nay d6 1a tim ra duge nhan t& nhan thém vao roi
ding bat dang thitc BSC danh gia duge mot phan ciia biéu thitc. Dé tim dudce nhan ti
nhan thém nay, ta can quan sat xem ta dang mudn xuat hién da thic gi. Va dé tra loi
cho cau héi nay, ta can quan sat tong quét biéu thic dé nhan ra ring ta can rat gon da

thitc nao, va trong bai nay, dé la a + b.

~—1 Bai3
Cho hinh thoi ABCD véi BAD < 90°. Dudng tron tam I noi tiép tam gisc ABD
va tiép xtic v6i BD, BA lan lugt tai J, L. Trén dudng thang LJ lay diém K sao cho

BK song song véi ID.
a) Chiing minh rang: CBK = ABI.
b) Chiing minh rang: KC | KB.

¢) Ching minh rang: C, K, I, L cing thuoc mot dudng tron.
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Phan tich. O cau a) vi ABJ = CBJ nén dé chiing minh CBK = ABI ta cin ching
minh 1BJ = HBJ, mad BD L IH do d6 ta can chiing minh /BHD la hinh thoi. Dé
chiing minh /BH D 1a hinh thoi ta can chiing minh /BH D la hinh binh hanh. Vi BH
song song véi I D nén dé chiing /BH D 1 hinh binh hanh ta can ching minh /D = BH.
Muén chitng minh ID = BH, ta sé chiing minh tam gidc BJH bang tam gidc DJI.

O cau b) Gia sit BKC = 90°, khi d6 tt giac BCKJ noi tiép (vi BJC = 90°). Vay dé
ching minh BKC = 90° ta can chitng minh t gidc BCK J noi tiép. Dé chiing minh tit
gisc BOK J noi tiép ta can chitng minh CJK = KBC. Ma CJK = LJI va KBC = LBI
nén dé ching minh CJK = KBC ta cin chiing minh LBI = fﬁ, do d6, ta can chiing
minh t giac LBJI noi tiép.

O cau c¢) Dé chiing minh L, I, K,C thuoc ciing mot dudng tron nghia la ta can chiing
minh tit gidc LIKC noi tiép. Hay noi cach khéc, ta can chitng minh ILK = KCI. Didu
nay c6 thé dé chiing minh dwoe vi ICK = JBK = IBJ = IL.J.

Loi giai. a) Goi BK N AC = H. Ta ¢6 tam gidac BIH bang tam giac DJI (c-g-¢) do
d6 DI = BH nén ti giac IBHD la hinh binh hanh. Ma BD 1 IH nén t& giac IBHD
1a hinh thoi, suy ra IBJ = HBJ. Ma ABCD la hinh thoi nen ABJ = CBJ do d6
ABI = CBK.

b) Ta ¢6 ILB = IJB = 90° nén tt gide LBI.J noi tiép do d6 KBC = ABI = LJI =
KJC.

Suy ra tit giac BJKC noi tiép, do d6 BJC = BKC = 90°. Vay BC L KC.

¢) Vi BJKC noi tiép nen JCK = JBK = IBJ =1LJ do d6 L,1,K,C noi tiép. W

Binh luan. Cau a) la mot cau kha dé trong phan hinh hoc, tuy nhién dé lam duge cau
nay, hoc sinh can ndm vitng cidc dau hiéu nhan biét hinh thoi ciing nhu cach chitng minh
hinh binh hanh, hinh thoi.

Cau b) ciing khong qua kho dé hoc sinh c6 thé nhin ra huéng giai. Dé lam dugc cau nay,
hoc sinh can nam ving kién thitc vé tit gidc noi tiép duong tron va viéc van dung két qua
clia cau trude nhu 1a mot dit lieu dé cho dé giai quyét cau sau.

Huéng giai cau c) ciing khong khé dé tim ra. Ciing nhu cau b), hoc sinh can nidm ving

kién thitc vé tit giac noi tiép duong tron va viec van dung két qua clia cau trude.

~— Bai4

Tim hgp s6 nguyén duong n sao cho ton tai 1 cach sap xép 1,2, ..., n thanh ay, as, ..., a,

ma khi chia cac s6 ay,aias, a1asas, ..., a1asas...a, cho n ta duge cac s6 du doi mot

khéc nhau.
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Phan tich. Theo dé, ta c6 thé suy ra dudc a, phai la n vi néu ngudc lai gia st ton tai
n#n: a; =n thi trong day a;, a1as, aiasas, ..., a1azas...a, sé c6 it nhat 2 s6 chia hét cho
n (trai voi dé bai). Suy ra ajasas...a,_ 1 = (n — 1)! va ayasas...a,:n.

Tit suy luan dé cling v6i n 1a hgp s6, ta nghi dén mot bé dé: Néu n 1a hop s6 van > 4
thi (n — 1)lin.

Dua vao bo dé nay ta c6 thée két luan duge n = 4 13 két qui can tim.

Loi giai. Ta sé chiing minh bo dé sau: Néu n 1a hop s6 van > 4 thi (n — 1)!in.

Chitng minh: Vi n 14 hop s6 16n hon 4 nén ton tai a,b thuoc Nsaocho 1 <a <b <n va
n = a.b. Suy ra (n — 1)l:ab hay (n — 1)lin.

Trude hét a, phai 1a n vi néu ngugce lai gid st ton tai n # n : a; = n thi trong day
a1, 1G9, 410203, ..., A10203...0, SE c6 it nhat 2 s6 chia hét cho n (trai véi de bai).

Suy ra ajasas...a,—1 = (n — 1)! va ajasas...a,:n.

Néu n > 4 thi do n 1a hop s6 nén (n — 1)!in hay ajasas...a,_1:n (loai).

Néun = 4 thi ton tai mot hodn vi ciia 1,2, 3,418 1,3, 2, 4. Khi d6 diy s6 1,1.3, 1.3.2,1.3.2.4
sé ¢6 s6 dur 1,3, 2,0 khi chia cho 4.

Vay n = 4 13 hgp s6 thoa de. [ |

Binh luan. Bai tap nay 1a mot bai tap kho. Dau tién hoc sinh c6 kha niang quan sét
ciing nhu nhan dinh tét, ta c6 thé rat ra duge nhan xét a,, = n. Khong nhiing vay, bai
tap nay doi héi hoc sinh phai cé kién thitc rong, biét duge bd dé méi c¢6 kha nang giai

quyét duge bai toan.

5 Dé thi tuyén sinh truong THPT Chuyén KHTN
Ha No6i (Vong 2)

~—1 Bail

1) Giéi hé phuong trinh

r+y=+r+3y (1)
4y +ry=3 (2).
2) V6i a,b 1a nhitng s6 thyc duong théa man ab + a + b = 1. Chiing minh rang:

a H b 1+ ab
I+a® 140\ 2(1+a?)(1+02)

\\

Phan tich.
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1) Ta dé thay ring he sb6 truéc x,y 6 phuong trinh (1) bang nhau va cung bang 1.
Tuong tu, he s6 trude x2,y? & phuong trinh (2) déu ciing bang 1.
Do d6, néu binh phuong hai vé phuong trinh (1) sau d6 trit phuong trinh (2) (tri
vé theo vé) thi ta sé triet titu duge 2 va y2. Khi d6, ta dé dang biéu thi méi lien

heé gita « va y bang phép bién doi dai sb.

2) Véi diéu kien ab + a + b = 1, ta nghi ngay tdi viec thay 1 = ab+a + b vao 1 + a®.
Khi d6 ta duge: 1+a* =ab+a+b+a*=(a+1)(a+D).
Tuong tu: 1 +0* =ab+a+b+b*= (b+1)(a+0).
Thay 1+a* = (a+1)(a+b) va 1+b* = (b+1)(a+b) vao biéu thiic can chiing minh
sau d6 thiyc hien phép bién doi tuong duong ta sé c6 ngay dicu phai chiing minh.
Loi giai.
1) DPKXD: z +y > 0.

Tu (1) ta suy ra 22 + y? + 22y = v + 3y (*). Thay (2) vao () ta duge:
3try=a+3ye(@-3)(y-1)=0«
e V6i z = 3 thi (2) tré thanh: y> + 3y + 6 =0 (vo nghiém).

o Véiy =1 thi (2) trd thanh:

r =1 (théa diéu kien x +y > 0)
2 —
rr+r—-2=0&
r = —2 ( khong thda thoa diéu kien z +y > 0).

Thit lai, ta thay (z;y) = (1;1) 1a nghiem cta he.

2)

45



5 DE THI TUYEN SINH TRUONG THPT CHUYEN KHTN HA NOI (VONG 2)

Cach 1. (Bién doi tuong duong ngay tu dau)

a b 1+ab
Tt T THR V21 + a?) (1 + 1)
a(l14+0*)+b(1+a*) 1+ab
I+a)(1+0%) L2l +a)(1+0?)
(a+0b)(1+ab) 1+ab
C+a)(1+0) 21+ a)(+h)
a+b 1

T U+ I+ V2(1 +a?)(1 + b?) (do 1+ab>0)

& V2(a+b) = /(14 a2)(1+b?)
&2a+b)7=1+a)(1+b) (doab+a+b=1)

& (a4 + (a+b)°=(1+d*) 1+
& (40> + (1 —ab)® = (1 +a?)(141?)
& (a®+2ab+ V) + (1 = 2ab + a’b*) = 1+ a® + b* + o’V
< 0=0 (luon dang).
Vay dang thic da duge chitng minh.
Cach 2. (Bién doi dai s6 sau doé bién doi twong duong)
Taco:14+a*>=ab+a+b+a*=(a+1)(a+Db).
Tuong tu: 1 +0* =ab+a+b+b*= (b+1)(a+0).

Ta co:

a b a b
1+ 148 (ax)@+d) b1 (atd)
B 2ab+a+b
(a+1)(b+1)(a+D)
B 1+ ab
C(a+1)(b+1)(a+b)
Mt khéc: 1+ ab 1+ ab 14+ ab

V20 +a)(1+02)  V2(a+1)(b+1)(a+b)? 2(@+1)(b+1)(a+d)
Khi dé6 biéu thic can ching minh tuong duong véi:

14+ ab B 1+ab
(a+1)(b+1)(a+b)  \/2(a+1)(b+1)(a+D)

e a+1)(b+1)=y2(@+1)(b+1)
sabt+a+b+1=2(a+a+b+1)

< 2 =2 (luon ding).

Vay déng thiic da duge chitng minh.
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Binh luan.

1) Day la hé tuong dbi don gian so véi dé thi tuyén sinh vao trudng trong nhitng nam
gan day. Kha don gian dé giai bing toan bing cach binh phuong hai vé sau dé rit

thé (hodc trit vé theo vé).

2) Bai toan khong kho nhung véi cach khai thac lai kha hay véi hudng di rat ro rang
tit viec phan tich ab +a + b = 1 sau d6 thay vao 1+ a? va 1 + b?. Hoc sinh chi can
can than trong cac budc bién doéi tuong duong la c6 thé danh diém t6i da bai toan

N

nay.
Bai tap tuong tu.

r+2y=+2x+3y+4
o2 4+ 4y? + 22y = T.

Pham Quoc Sang-SV DHSP TPHCM
2x + 3y = Va? + 12y + 12

322 + 9y* + 10xy = 22.
Pham Quoc Sang-SV DHSP TPHCM

1) a) Giai hé phuong trinh

b) Giai hé phuong trinh

2) a) Cho a,b,c la cac s6 thuc théa man ab + ac + bc = 3. Chiing minh ring:

c—b+a—c+b—a_0
a?+3 ¥+3 2+3
Pham Quoc Sang-SV DHSP TPHCM

b) Cho hai s6 thyc a, b sao cho |a| # |b| va ab > 0 thda man diéu kien
a—1b a+b 3a—b

= . Tinh gi4 tri ctia bidu thic:
a2—|—ab+a2—ab a? —b? & ’
a® + 2a%b + 3b°

2a® + ab? + 0% .
Trich dé thi vao lop 10 chuyén, TP Ho Chi Minh nam 2016
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~—| Bai2

1) Gia st p, ¢ 1a hai s6 nguyén t6 thdéa man dang thiic:

plp—1) =q(-1) (%

a) Chitng minh ton tai s6 nguyén duong k sao cho p — 1 = kq,¢*> — 1 = kp.
b) Tim tat ca cac sd nguyén to p, ¢ thda man dang thic (x).
2) Véi a, b, ¢ 1a cac s6 thuc duong thoa man ab+ ac+ be + abe = 2. Tim gia tri 16n
nhat ctia biéu thiic:

a+1 N b+1 N c+1
a?+2a+2 b24+204+2 24+2c+2

Phan tich.

1) a) Véiyeu cau chitng minh ton tai s6 nguyen duong k sao cho p—1 = kq, ¢*—1 = kp

thi ta thi ta sé c6 hai huéng gidi quyét bai toan bang cach chitng minh:
e p|¢*— 1= ¢®>—1=kp thay vao (x) ta dugc p= 1= kq.
e ¢|p—1=p—1=kqthay vao (x) ta dugc ¢* — 1 = kp.

b) Hién nhién & 14 duy nhat do d6 tit cau a) ta dudc:
@ —1=k(kqg+1)=q¢—k?’¢—k—-1=0.
Tu do, ta quy bai toan veé viec giai phuong trinh nghiém nguyén theo hai bién
¢,k (cht § chon ¢ nguyén t6).
Ngoai ra, kha don gian dé c6 thé nhan ra p = 3,¢ = 2.
Mic khéc, tir () ta chiing minh duge p | (¢*>—1). Dodé p | ¢g—1 hodc p | ¢+1.
So sanh p = 3,¢ = 2 thi ta sé nghi ngay t6i viéc ching minh p = ¢+ 1. Véi

hudng giai nay ta ciing c6 rat nhiéu huéng di khac nhau dé dan dén két qua.

2) Gan nhu viéc ap dung tryc tiép gid thiét ab+ ac+ bc + abe = 2 vao bai toan la dieu
khong thé. Do dé ta bat dau khai théac tit biéu thic M.
Vi vai tro clia a, b, ¢ trong M 13 nhu nhau nén ta chi can xét mot phan thic trong

3 phan thic sau d6 thuyc hién tuong tir v6i hai phan thitc con lai.
a—+1 B a—+1
a?2+2a+2 (a+1)2+1°
Tuong tu v6i b, ¢ ta sé nhan thay ring biéu thiic M hoan toan c6 thé biéu thi qua

Khong mat tinh téng quat ta xét

a+1,b+1,c+ 1. Do do, ta sé bién doi gia thiét theo a +1,b+ 1,¢+ 1.
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Ta c6
abc +ab+ ac+bc =2

sSabc+ab+ac+bc+a+b+c+l=a+b+c+3

Sa+D)b+D)(c+1)=(a+1)+(b+1)+(c+1)
(a+1)+(b+1)+ (c+1)

@+ )b+ (erl)
1 1 1 -
Tar)0+D  Gr )t (erDl@rD)

Dé don gian bai toan, ta can thay doi bién clia bai toan. Déi chiéu véi gia thiét ciia

N |

1 1
bai toan ta nghi ngay téi viecdat a+1=—b+1=—c+1=
z )

7

Tuy nhién, néu phan tich sau hon ta sé nhan thiy diéu kién ” =7 ctia bai toan 1a
\/_

3
a=b=c=+3-1 haya—{—lzb—l—l:c+1:\/§nénviécdata+1:—,b+1:
x

V3

3
—;c+ 1= — sé giup bai toan tré nén gon gang hon..
2
Ngoai ra, bai toan con c6 huéng di khac 1a dua M vé 2 bién sau d6 danh gia M.

Loi gii.

1) a) Cach 1.
e V6i p = ¢ thi () trd thanh: p(p — 1) = p(p? — 1).

Gidi ra ta duge p =1 hodac p =0 (vo li do p 1a s6 nguyén t0).
e VGip #q.

pp—1)=4q(@-1)=plae¢®-1)=p|¢ —1(do (p,g) =1).

Suy ra ¢> — 1 =kp (k € N*). Thay vao (x) ta dugc p — 1 = kq.
Vay ton tai s6 nguyén duong k sao cho p — 1 = kq,¢* — 1 = kp.

Cach 2.
e V6i p = ¢ giai ra ta duge p = 1 hosic p = 0 ( vo 1 do p 1a s6 nguyen t6).
e Véip # q.
pp—1)=q(@—-1)=q|lp-1=p-1=kq
Thay vao (x) ta dugc ¢ — 1 = kp.
Vay ta c6 diéu phai chiing minh.
b)
Cach 1. Chiing minh & duy nhat.
That vay, gia st ton tai k' (k # k') thoa (x) tic 1a: p— 1 = Kq,¢*> — 1 = k/p.
Tudosuyra(p—1)—(p—1)=q(k—FK)=k—-K=0=k=F. (voli
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Vay k duy nhét.
Khidétaduge ¢* —1=kpe ¢ —1=k(kqg+1) & ¢* —k’q—k—1=0. (*)
Do phuong trinh (xx) c6 hai nghiém nguyén nén A = k* + 4k + 4 1a binh
phuong ciia mot sd nguyen.

e k=1= A =9 gidi ra ta dugc p = 3,q = 2.

e k=2= A =12 loai vi A chinh phuong.

o k>2= (k?)? < A < (k*+1)% (loai do A nam gitta hai s6 chinh phuong

lien tiép nén A khong thé 13 mot s6 chinh phuong).

Cach 2. Tacop=kq+1>qg—1nén (p,g—1)=1.
Mat khac, p | (¢* — 1) suy ra p | (¢ +1).
Khidétacog+1=2p=kq+1=>q+1.
Déng thitc xay ra khi ¢ + 1 = p. Thay vao () ta giai ra duge p = 3,q = 2.
Cach 3. Tacop=kq+1>qg—1neén (p,g—1)=1.
Mat khac, p | (¢* — 1) suyra p | (¢ +1) hay ¢ +1 = mp = m(kq+ 1) (v6i
m € N¥).
Khi dé ta c6: ¢g+1=m(kg+1) & gmk—-1)=1—-m
Dom,keN"nenm=k=1 Vayqg+1=p.
Thay g + 1 = p vao (x) ta giai ra dugc p = 3,q = 2.
Cach 4. Tacop—1=kq, >~ 1=kp=¢—-p=k(p—q) = (p—q) | (¢’ —p).
Suyra (p—q) | (@®—qg+q—p)= - | (@ —0q.
Dodé (p—q)|(¢q—1)=>q-12p—q&2¢=2p+1>kq+2

e k=1=p=3,q=2.

o k>2=2¢>2¢+2 (voli).
Vay p=3,q=2.
Cach 5. Xét truong hop p # q.
Ta ching minh duge p | ¢ + 1 (theo cach 2, 3).
Ta can chtiing minh ¢+ 1 | p.

qg+1]p (1)
g+1lp—1 (2
e THL: q+1|p=q+1=p=p=3,g=2.

Tt (%) ta suy ra:

e TH2: g+ 1|p—1=p—1=m(¢g+1).
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Tu (%) suy ra

pm(g+1)=q(g+1)(¢g—1)
epm=q(qg—1)
Splg-1

=q—12p=2p—1=>q+1. (voli

. L. as 1 1 4
Cach 1. Trué6e hét ta chiing minh bat dang thitc sau: —+— > n Ny >0 (%)
r y x4y

Ta c6 (x) tuong duong véi:

Ding thiic xay ra khi z = y.
Do d6 bat dang thic () da duge chitng minh.

Quya tré lai bai toan ta co:

abc + ab+ ac+bc =2
sSabc+ab+ac+bc+a+b+c+l=a+b+c+3

Sa+D)0+D)(c+1)=(a+1)+(b+1)+(c+1)
(a+1)+(b+1)+(c+1)
(a+1)(b+1)(c+1)
1 1 1
T+ i+ T er D@ty
DataJrlz\/g V3 V3

—,b+1=—;c+1=—.
x Y z

=1

=1
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Khi d6 gia thiét bai toan tré thanh xy + yz + zo = 3 va

B a—+1 b+1 b+1
a2 +2a+2 B2+20+2  B2+20+2
B a+1 b+1 c+1

= + +
(a+17+1 (G+1)7*+1 (c+1)7+1

—_
—_
—_

+ + + + ap dung bat dang thic (*
T Hy) (4p dung g thiic ()

Déng thic xay rakhi a =b=c= 3 — 1.

g ' . x Y <
N khi dua M ve d M =
goai ra, khi dita M vé dang ﬁ(ummz)+<y+z><y+m>+<z+x><z+y>>

ta con c6 thé giai bang cach khac nhu sau:

Cach 2. Truéc tien ta ching minh hai bat dang thic phu sau:

8
) (z+y)(z+2)(z2+y) = §(x+y+z) (xy +yz + zz) ,Va,y,z > 0.
Bién dbi tuong duong bat déng thitc (i) ta dugc:

vy — 2 +y(z—2)* +2(x —y)*> > 0. (luon ding)

Déang thitc xay ra khi z =y = 2.
Vay bat dang thic (i) da duge chiing minh.

i) (z+y+2)? =3y +yz+z2x),Vr,y,2 > 0.
Bién dbi tuong duong (ii) ta dudc:

(x—y)?+(y—2)?°+(2—2)*>>0. (luon ding)

Ding thic xay ra khi ¢ = y = 2.
Vay bat dang thic (i) da duge chiing minh.
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Quay trd lai bai toan ta co:
_ z Y z
M=V(ea e )
_ zy+2)t+ylz+a)+2(@+y)
Sty )
_ 2V/3 (zy + yz + 2x)
(z+y)(z+2)(z+y)
93 (zy + yz + 22)
S Az 4y +2) (zy + yz + 22)
9v/3
4(r+y+2)
< 9\/§
h 44/3 (zy + yz + 27)
v
==

(4p dung (7))

(ap dung (i7))

Déng thiic xay rakhia =b=c= 3 — 1.

Binh luan.

1) Bai toan kha hay khi khai thac rat sau tinh chia hét ctia s6 nguyen t6, dicu kien

nguyén t6 ciing nhau. Tt d6 dua ra cac huéng di thich hgp cho bai toan.

2) Day la toan kha quen thuoc & cap do THPT, tuy nhién véi chuong trinh THCS thi
day la bai toan tuong doéi khé trong viec khai thac gia thiét dé dua vao biéu thic
M. Dé giai bai toan yéu cau hoc sinh can bam sat biéu thitc can chiing minh két
hgp v6i ki nang bién ddi dai s6 thanh thao.

Luu y. Mot s6 diéu kién hay xuat hién trong cac ki thi va huéng giai quyét:

e abc =1 dat a = ,b:f,c:i.
x
. b+ c c+a a-+b
e yyz=xv+y+z+2datr=——,y= 2 = .
a c

T
Y

a b c

—y = z = )

bt T cra a+b
2 2 2

e ab+ bc+ ca+ abc =4 dit a = v b= J c= Z.
r+y

?

y+z z+x’

o xy+yz—+zr+2xyz=1dat x =

Bai tap tuong tu.

1) a) Giai phuong trinh 23 +¢y® — 3zy = p — 1. (z,y € N) v6i p 1a s6 nguyen to.
Trich "nhing bai toan hay tap 1-Buir Ta Long”
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b) Tim cac s6 nguyén t6 z,y, z théa man ¥ + 1 = 2.
Trich "chuyén dé so hoc -Lé Dinh Hudn"
2) a) Chiing minh v6i moi a, b, ¢ khong am c6 ab + be + ca + abe = 4 thi
a+b+c>=ab+ be+ ca.
Trich dé thi hoc sinh gidi quoc gia nam 1996
b) Cho a,b,c > 0 thoa man ab + bc + ca + abc = 4. Chiing minh rang

3(a* +b? + ) + abe > 10.

Trich "nhitng vién kim cuong trong bat ddng thitc todn hoc"

f—4 Bai 3 3
Cho tam giac ABC nhon véi AB < AC. E, F lan lugt la trung diém clia cac canh

CA, AB. Trung truc ctia doan thing EF cit BC tai D. Gia st ¢6 diém P ndm trong
EAF va nim ngoai tam giac AEF sao cho PEC = DEF vai PFB = DFE. PA cét

duong tron ngoai tiép tam giac PEF tai Q khac P.
1) Ching minh rang EQF = BAC + EDF.

2) Biét tiép tuyén tai P clia dudng tron ngoai tiép tam giac PEF cit cac duong
thing C'A, AB lan lugt tai M, N. Chtng minh ring bén diem C, M, B, N cling

nam trén mot dudng tron. Goi duong tron nay tén la dudng tron (K).

3) Chiing minh ring duong tron (K) tiép xtc v6i dudng tron ngoai tiép tam gidc
AFEF.

Phan tich. a) Biéu dién E/Q\F theo cac goc ¢6 lien quan t6i BAC va EDF. Chu ¥,
tinh chét tdng ba géc trong mot tam gidc, tinh chat géc ngoai tam giac...
b) C6 kha nhiéu cach dé chitng minh mot tit giac noi tiép. Tuy nhién, véi didu kien bai

toan ta c6 hai huéng di rat ro:

e ABC = NMC. Véi huéng di nay, ta dé thay ring RFB = PEM (R =
BC N FB). Do d6, ta chi cin ching minh BRE = EPM thi ta sé duge didu

phai ching minh.

e BNM = BCA. Véi huéng nay, ta tap trung ching minh PT'FN va PI'EM

noi tiép la ta c6 diéu can chiing minh.
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c¢) Dé chitng minh duong tron (K) tiép xic v6i dudng tron ngoai tiép tam gidc AEF.
Ta chitng minh hai dudng tron c6 chung tiép tuyén tai giao diém ctia hai dudng
tron.

V6i ¥ tudng nay, ta c6 huéng di rat ro rang nhu sau:

e Budc 1. Tim diém chung clia hai dusng tron (Gia sit 1a diem 7).

e Budc 2. Chitng minh tiép tuyén tai 7' ctia duong tron (K) cling chinh la tiép
tuyén tai T ctia duong tron ngoai tiép tam gidc AEF (hodc tiép tuyén tai T
ctia duong tron AE'F cling chinh 14 tiép tuyén tai T’ clia dudng tron ngoai tiép
tam gidc (K)).

Hay chitng minh FTN = FET + TMN.
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Loi gidi. a) Taco
EQF = 180° — EPF = PFE + PEF
— BFD + CED = (FAD + FDA) + (EAD + EDA)
= BAC + EDF.

b) Cach 1. Goi R la giao diém ctia PE va BC.
Ta c6 PEM = DEF = DFE = RFB (do D thudc duong trung truc ctia EF).
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Mat khac ta ciing co:

EPM = EFP (cung chan cung PE)
EFP=FRB (do EF//BC).

T do6 suy ra EPM = FRB.
Do d6 A PEM ~A RFB (g-g). Suy ra FBR = EMP hay ABC = NMC.
Vay NBMC noi tiép (dpcm).

Cach 2. Goi T la giao diém tht hai ctia AP v6i (AEF).
Tacé@:@+ﬁ:m+@:@:@:lﬁ:@.
Suy ra tit gidc FTPN noi tiép. Tuong tu TEM P noi tiép.

Suy ra BNM = FTA = FEA = BCA.

Do d6 BNC'M noi tiép (dpem).

¢) Ta c6 PFE = DFB,PEC = DEF = BAD = PAC (B dé déng gi4c).
Suyra]*{ﬁ:l%. MétkhécA/T?’:A/E?:A/Ci.
Nen AFQT ~ ADEC ma FE la trun diéem AC.
Do d6, @ la trung diém AT.
Suy ra F'Q)//BT.
Nen TBC = QFE = TPE = TME.
Suy ra tit gidc BTCM nai tiép.
Ta c6 (AEF) tiép xtc véi (BT M) khi va chi khi:
FTN = FET + TMN < FPN = FET + TEP = FEP (déing do MN tiép xtc
véi (EFP)).
Vay ta c6 diéu phai chiing minh.
[

Binh luan. Bai todn c6 cau trac tit dé t6i kho rat ro rang. Cau a) dé b) tuong doi va
cau c) kha kho. Hoc sinh can phan tich ki dé, van dung céc tinh chat noi tiép, cac bo dé
phu nhu bo dé ding giac v.v... Ngoai ra, hoc sinh can vé thém céc yéu t6 dé bai toan trd

nén don gian hon.
Bai tap tuong tu.

1. Cho tam giac ABC nhon noi tiép duong tron tam O c6 AB < AC. Céac dudng cao
BD,CFE cit nhau tai H (D thuoc AC, E thuoc AB). Goi M la trung diém ciia
BC, tia M H cat (O) tai N.
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a) Chitng minh rang nam diém A, D, H, E, N cuing thudc mot dudng tron.

b) Lay diém P trén canh BC sao cho BHP = m, @ 13 hinh chiéu vuong goc
ctia A trén dudng thing HP. Ching minh ring tit giac DENQ la hinh thang
can.

¢) Ching minh rang duong tron ngoai tiép tam gidc M PQ tiép xtc véi dudng
tron (O).

Trich dé thi vao lop 10 chuyén, Hdi Phong nam 2016

2. Cho tam gidc nhon ABC c¢6 AB < AC va noi tiép duong tron (O). Cac dudng cao

BB',CC’ cit nhau tai diem H. Goi M la trung diém BC. Tia M H cat (O) tai diém
P.

1) Ching minh ABPC' ~ ACPB'.

2) Céac duong phan gidc cta céc goc W, CPB lan luot cat AB, AC tai E, F.
Goi O' 1a tam duong tron ngoai tiép AAEF, K 13 giao diém cia HM va AO'.

a) Chiing minh tit gidc PEK F ndi tiép.
b) Chiing minh cac tiép tuyén tai £ va F' ctia dudng tron (O') cat nhau tai

mot diém niam trén dudng tron (O).

Trich dé thi vao ldp 10 chuyén, Ha Noi nam 2016

— Bai 4 .

Cho n 1a s6 nguyén duong, n > 5. Xét mot da giac 16i n canh. Ngudi ta mudn ké mot

s6 dudng chéo clia da giac ma cac dudng chéo nay chia da gidc da cho thanh ding &

mién, mdi mién 14 mot ngi gidc 16i (hai mién bat ki khong c6 diém trong chung).
a) Ching minh ring ta c6 thé thuc hien duge véi n = 2018, k = 672.

b) Vé6i n = 2017,k = 672 ta c6 thé thuc hien duge khong? Hay giai thich.

Phan tich. a) D& hiéu ro bai toan ta xét truong hgp don gidn hon sau d6 phat trién
len: Cho mot da giac 16i 8 canh. Chitng minh ton tai cach chia da giac d6 thanh 2

mién, méi mién 1a mot ngii gidc 16i (hai mién bat ki khong c6 diém chung trong).
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A A

Ay

Tu A; ta ké Ay A5 chia da gidc 8 canh thanh hai ngii gidc 16i (doi mot khong c6
diém chung trong) 1a A; Ay A3 AyAs vy A} A5 Ag A7 As.

D@ thay hai ngii gidc nay c6 dang A; Asp oAk 3430443145 (K =0,1).

Néu tong quat bai toan lén ta sé nhan thay rang da giac 3k + 5 canh luon chia dugc
thanh & + 1 mién, méi mién 14 mot ngii giac 16i (hai mién bat ki khong c6 diém

chung trong).

b) Dé& doan v6i n = 2017, k = 672 ta khong thé thuyc hién duge phép chia nhu yéu cau
bai toan. Ta dé& thay 2017 = 3.672 + 1. Nhu vay, ta c6 thé chitng minh quy nap da
giac c6 dang 3n + 1 canh khong thé chia duge thanh n ngii giac 16i (hai ngii giac 16i
khong c6 diém chung trong).

Ngoai ra, ta c6 thé sit dung tinh chat vé tong cac goéc trong mot da gidc dé tim ra

diéu vo i trong céch chia.

Loi giai. a) 6 dinh 1 diém trong da gidc va goi diém d6 1a A;. Theo chiéu kim dong
ho ta goi cac diém tiép theo 1a As, As, Aa, ..., Aspis -
N6i dinh A; véi dinh As ta duge ngii giac 161 A} Ay Az A4 As. Lai n6i dinh A; véi dinh
Ag. Ta dugce ngii giac 16i Ay AsAgAr Ag.
Hay néi mot cach tong quat, ta ndi dinh A; v6i dinh Aspys véi k = 0,1,2...,670
(chil ¥ ring véi truong hop k = 670 khi noi dinh A; véi dinh Aggs ta sé nhan duge
2 ngi giac 1a Ay Azg12A2013 201442015 va A1 Ago15 Ag016A2017A2018 tao thanh cac ngi
giac 101 Ay Aszpi0Asii 343, 4Asps V6L k = 0,1,2...,671 (do da gidc da cho c6 2018
dinh). Suy ra c6 672 mién la ngii giac 16i ma khong c6 mién nao c6 diém chung.
Vay ta da thyc hién duge mot cach chia da gidc 2018 dinh thanh 672 mién sao cho

mdi mién 14 mot ngii giac 16i (hai mién bat ki khong c6 diém chung trong).
b) Céch 1.
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Asor7
Aso16 A,

A2014

As

As

Gia st da giac 2017 canh chia thanh 672 ngil gidc doi mot khong c6 diém trong
chung. Thé thi tong céc goc trong clia tat ca 672 ngi gidce la 272.540°. Mit khac,
tong cac goc cua da gidc 2017 canh la (2017 — 2).180° (st dung cach chia da giac
thanh (2017 — 2) tam giac doi mot khong giao nhau dé tinh goc).

T day ta suy ra 672.540° = (2017 — 2).180°. (vo 1i).

Vay khong ton tai cach chia da giac 2017 canh thanh 672 ngii giac 16i doi mot khong
c6 diém chung trong.

Cach 2.

Aspya

A3k+3
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Quy nap mot da giac 3n + 1 khong thé chia thanh n ngii giac (*).

e n = 1 hién nhién da giac 4 canh khong thé chia thanh 1 ngii giac.

e (ia sit () dung t6i n = k. Tic ta khong thé chia mot da gidc 3k + 1 khong
thé chia thanh k ngii giac.

e V6in=k+ 1. Xét da giac 3k + 4 canh. Gia st da giac d6 1a A1 As... Asgiq.
Hién nhién A; A,... Az, 4 luon duge chia ra thanh hai da giac A;, A;, A;,... A

13k+1
va Ay Aigy o Aoy o Aigy 5 Ay 520 cho:
AlAQ"'A3k+4 = AilAiQ AiS“'AiskJrl U Ai1A13k+1Ai3k+2 Ai3k+3Ai3k+4
Ai1 AizAi3"'Ai3k+1 N AilAi3k+1Ai3k+2 Ai3k+3Ai3k+4 = Ai1Ai3k+1

trong do6 i; € {1;2;3;..;3k + 4} va i, # i, Vm # n.
Do AzlAngng
diém chung trong (gia thiét quy nap) va A4;, A

khong chia duge thanh cac ngi gidc doi mot khong co
Ai AL, LA

nén A, A,...Asj 4 khong chia duge thanh cac ngii giac doi mot khong cé diém

13k+1

13414 Vi3p 2 Yizpg 3 Lizpta la ngti giac

chung trong.
Vay (x) ding véin =k + 1.
Vay ta c6 dicu phai chiing minh.
Quay trd lai bai toan, ta c6 2017 = 3.672 + 1 ¢6 dang 3n + 1 nén da giac 2017
canh khong thé chia thanh 672 mién, m&i mién 14 mot ngii giac (hai mién bat
ki khong c6 diém chung trong).

[

Binh luan. Day la bai toan hay yéu cau hoc sinh phai ¢6 kha ning tu duy tritu tuong
két hop van dung céc kién thic vé tong cac géc trong mot da giac, kién thiic vé phuong

phap quy nap, tong quat héa mot bai toan don gidn ban dau.
Bai tap tuong tu.

1) Vé6i diéu kién nao ctia n thi cac dudng chéo clia da giac 16i n canh chia da gidc thanh
k ding mién, mdi mién 14 mot ngii giac 16i (hai mién bat ki khong c6 diém chung
trong).

Phdt trién bai todn trén

2) Céc dudng chéo ciia da giac 16i 3n + 7 canh c6 thé chia da gidc thanh n mién, moi
mién 14 mot that giac 16i (hai mién bat ki khong c6 diém chung trong) hay khong?
Giai thich cau tra 15i va dua ra mot phuong an dé thyc hién phép chia do.

Pham Quoc Sang-SV DHSP TPHCM
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6 Deé thituyen sinh truong THPT chuyén, Binh Duong,

2017
—1 Bai1l .
3
a) Gidi phuong trinh 22 — 3z + 1 = —\é_\/:c‘* + 22+ 1.
2? — |a| = |yz]

b) Giai h¢ phuong trinh {42 — ly| = |22|

2 — |a| = |zyl.

N

Cau a)

Phan tich. Mot phuong phap hay lam trong cac bai phuong trinh vo ty la binh phuong
hai vé lam mat can. Tuy nhién, phuong nay dudc coi la "may rii" trong trusng hop nay
khi bac ctia phuong trinh mdéi 1a bac 4. Ta hay ¢ thit binh phuong xem sao, liéu ¢6 "may"
hay khong?

Binh phuong hai vé ctia phuong trinh ta dudc
20" — 182% 4 322% — 18z + 2 = 0.

Nhan xét cac hé s6 ciia phuong trinh, ta dé dang nhan thay day 1a phuong trinh doi xing
bac chan. That may!
Hay thit phan tich dé tim ra mot cach giai khac.

Loi gidi. Cach 1. Binh phuong hai vé cia phuong trinh ta duge
20" — 182% 4 322% — 182z + 2 = 0.

Do z = 0 khong phai 1a nghiém ctia phuong trinh nén chia ca hai vé phuong trinh cho z?
ta duge

9 18 2 5 1 1

20° =182 +32— —+ 5 =0& |(2°+—=|—-9|z+—-|+16=0. (1)
x  x? x? x
y 1 R N
Dit t = 2 + — (DK: [t| > v/2). Khi d6, + - =t"—2
x x

Thé vao phuong trinh (1) ta dugc

t =2 (nhan)

2—9+14=0<
t="7. (loai)
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VéitzquyraaH—l:2©$2—2x+120<:>:r:1.
Thé lai ta thay z = 1xth6a phuong trinh da cho.

Vay phuong trinh da cho ¢6 nghiém duy nhat z = 1.
Cach 2. Phuong trinh da cho tuong duong

(x2—x+1)—2x:_;)/g\/(x2+x+1)(:zc2—w+1).

Dat 2’ —z+1=avaz?+2+1="0(a,b>0). Khi d6, b — a = 2z va phuong trinh da
cho tré thanh

2a — b= \/_\/_ (2)

Do VP (1)< 0 nén suy ra b > 2a. Khi d6, (2) tuong duong véi

b
(2a —b)? = % & 12a® — 13ab+ 3b* = 0
& (4a—3b)(3a—b) =0
4
b= 3¢ (loai)
b= 3a. (nhan)

=

Véib=3athévaiob—a=2ztadusca=c =22 —22+1=0z=1.

Vay phuong trinh da cho ¢6 nghiém duy nhat z = 1.

Binh luan. Day la mot bai phuong trinh vo ty tuong doi don gidn va c6 huéng lam ro
rang. Phuong trinh c6 duge sau khi binh phuong 1a mot dang phuong trinh quen thudc
va da c6 phuong phap giai cu thé.

Ngoai ra, khong khé nham duge mot nghiém ctia phuong trinh 1a z = 1. Khi d6, phuong
phap binh phuong hai vé ¢6 thém co sé cho tinh kha thi clia n6 trong truong hop nay. Ta

c6 thé giai bai toan theo mot cach don gian hon

27 — 182 + 3272 — 182 +2 =10
S —-12*2*-Tz+1)=0
r=1
<~
22 —Tr+1=0. (vonghiem)
Mot diéu can chu ¥ trong bai tap nay la khi binh phuong hai vé ctia phuong trinh sé dan
dén phuong trinh hé qué. Do d6, ta phai thit lai nghiém (nhu trong cach 1) hogc phai dit
diéu kién dé hai vé ctia phuong trinh cting dau (nhu trong cach 2) dé tranh nhan nghiem

ngoai lai.
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e~ [o] = lye]
Cau b) Giai h¢ phuong trinh {42 — ly| = |2z
2 — o] = |wyl.
Phan tich. Day la mot hé phuong trinh ba an xoay vong. Hé da cho duong duong véi
|z[(lz] = 1) = [yz]
yl(lyl = 11) = ||
[21(2] = 1) = |zyl.
Nhan thay VT va VP ciia cac phuong trinh déu 6 dang tich nén ta nghi t6i cach nhan
theo vé clia cac phuong trinh va dat nhan tit chung 1a mot cach lam thuong gip cho loai

hé nay.
jz[(|z] = 1) = [yz]
Loi giai. He da cho duong duong véi q |y|(|y| — 1]) = |2z]

2[(|z] = 1) = [zyl.
Nhan vé theo vé ta dugc

lzyz| =0
zyz|(lz|=D)(ly|—=1)(|z|-1) = |yz||zz||x *
oyl =0 = ol | 5 )

Ma [z] =1 < |z[s [yl =1 <[yl |z = 1] <|z] suy ra ([z] = D([y| = 1)(|z] = 1) < |z|[y]]z].
nén (x) tuong duong |zyz| =0 =y =2 =0.
Vay hé da cho c¢6 nghiem duy nhat (0;0;0).

Binh luan. Bai hé phuong trinh nay ciing thudoc dang co ban ciia hé phuong trinh xoay
vong. Viéc chiing minh phuong trinh (|z| —1)(ly| —1)(|z| = 1) = |z||y| |z|] vO nghiém ciing
dé dang nhan thay, chi can mot chit can than trong bién déi la HS ¢6 thé lay tron diém

cau nay.

Bai tap tuong tu.

1. Gidi phuong trinh v2(2? + 2 — 2) = /o' — 222 + 4.
Nguyén Thi Tuyét Nhv, SV DHSPTPHCM
2 +y? + 22 = 20102
2. Giai hé phuong trinh
3+ + 2% = 20103
Trich dé thi chon doi tuyén HSG Ninh Binh, 2010-2011
HD. Ta c6 23 +y3 + 23 < |23 + |y|® + |2|> < 2010 nén dang thiic phai xay ra.
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V6i .,y 1 cac s6 thyc duong thoa man x > 2y, tim gia tri nhé nhat clia biéu thic
2, 2
x° +
M=%
Ty

Phan tich. Trong gia thiét ctia bai toan, ta dé ¥ dén = > 2y, ta sé sit dung bat déng
thitc AM — GM cho hai s6 2% va 4y?. Khi d6, ding thiic xay ra khi z = 2y.

242 o4 3?4 3 3 5
L gidi, Taco M= 2 1Y T FW SY S 2 S oy 52

Ty Ty Ty Ty T 2 2
. x2:4y2
Déang thiic xay ra khi va chi khi &= 2y.

T =2y

. 5

Vay M dat gia tri nho nhat léMzikhi va chi khi x = 2y. [ |

Binh luan. Day la bai bat déng thiic c6 diéu kién ciia bién don gian, chi can dé y dén
gia thiét ctia bai toan la ta c6 thé dé dang tim ra huéng di dung.
Bai tap tuong tu.

1. Cho z,y la cac s6 thyc duong théa man x > 4y. Tim gia tri nhé nhat ciia biéu thiic
1 1
Nguyén Thi Tuyét Nha. SV DHSP TPHCM

~—1 Bai3
ac

a) Cho a,b,c,d 1a cac s6 thyc duong thdéa man: b+ d # 0 va b d

> 2. Ching

minh ring phuong trinh (z2+ax +b) (22 +cx+d) = 0 (2 14 an) luon c6 nghiém.

b) Tim céc cip s6 nguyéen (z,y) théa man: 22 — y* = xy + 8.

Phan tich. Cau a) Gia thiét ciia bai toan tuong d6i don gian, kho khai thac nén ta sé
thit xuat phat tit yéu cau chitng minh.

Yéu cau chitng minh dan dén mot tuyén phuong trinh. Giai mot tuyén phuong trinh la
mot dang bai tap khong thuong gap. trong trucng hgp nay, ta sé sit dung phuong phap
phéan ching dé chuyén tit giai tuyén phuong trinh vé viéc giai mot thanh he phuong trinh

- dang bai toan kha quen thuoc.
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Loi giai. Cau a) Gié st phuong trinh vo nghiém,suy ra

a2 —4b< 0 2 4 2
:>a2+02—4(b+d)<02>ab+; < 4.
2 —4d < 0. +
Mit khac theo gid thigt ta c6 0 > 9% S 4 Do do. didu pid sit I sai gid thiét
a acC €0 gl1a 1€ a CoO . O do 1eU g1a S a sal gla 1€T.
‘ & b+b — b+d— ’ & &

Vay phuong trinh da cho ludn ¢6 nghiém.
Cau b) Phuong trinh da cho tuong duong z* — zy — (y* +8) = 0. (%)

Coi (*) 1a phuong trinh bac hai an z v6i y 14 tham s, ta c6
A = 5y% +32.

Ta c6 A chia 5 du 2 nén c¢6 chit s6 tan ciing 1a 2 hosic 7. Do d6, A khong phai 1a s6 chinh
phuong suy ra (*) khong ¢6 nghiém nguyén.

Vay khong ton tai z,y nguyén thoa (x). [ |
~—| Bai4 .
Cho tam giac ABC vuong tai A (AB < AC) ngoai tiép duong tron tam O. Goi
D, E, F lan luct 1a tiép diem ctia O vé6i cac canh AB, AC, BC; I la giao diém cia

BO vé6i EF; M la diém di dong trén doan CE.

a) Tinh s6 do goc BIF.
b) Goi H la giao diém ctia BM va EF. Chiing minh ring néu AM = AB thi ti
giac ABHI la tit giac noi tiép.

¢) Goi N la giao diem c& BM véi cung nhé EF ctia (O); P va Q lan lugt 1a hinh
chiéu vuong géc ctia N lén cac dudng thang DE, DF. Xac dinh vi tri ctia diém
M dé do dai PQ 16n nhat.
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Phan tich. Cau a) V6i yéu cau tinh goc trong bai hinh ¢6 dudng tron, ta thuong tim
cach bién déi dé dua vé tong, hiéu clia cac goc noi tiép hoic goc ¢ tam dé dé phan tich

va bién ddi. Dua vio hinh ta dé thiy géc BIF 1a goc AKTF vuong tai K va goc IFK la

gbc noi tiép, nén ta sé phan tich
BIF = 90° — IFK.
Viec tinh goc TFK tuong déi don gian.

Lai giai. Goi K la giao diém ciia BO va DF. Suy ra IKF = 90°.
. 1z — 1 ——
Dé thay DAOF la hinh chit nhat, suy ra DFI = §DOE = 45°.
Do do, goc BIF = 45°. |

A

Cau b.

Phan tich. C6 nhiéu cach chitng minh mot t gidc noi tiép. Tuy nhién, 6 cau a, ta da
tinh dugc goc BIF = 45°, do do6 ta sé chiing minh BAD = BIH dé ching minh t& giac
ABHTI nai tiép. Bai toan quy vé viéc tinh BAH = 45°.

Theo gia thiét clia bai toan, ta c6 AABM vuong can tai A. Mt khac quan sat hinh trong
truong hop nay, ta thay A, O, H thang hang, ma AOLBM nén suy ra AH 1 BM suy ra
. BAC

AH la duong cao trong tam giac can. Tu do, ta c6 the tinh duge BAH = — = 45°.

Giai quyét xong bai toan.
Nhu vay viéc con lai la ta can chiing minh diéu ta quan sat 1a ding, tic 1a A, O, H théng

hang. Cach chitng minh hién nhién nhét trong trusng hgp nay la ching minh OH 1L BM.

Loi giai. Tam gidc ABM vudng can tai A, suy ra ABD = 45°.
Do d6, DBH = DFH = 45°.
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Suy ra tit gihc DBF H noi tiép duong tron.
Dé thay ODBF nai tiép duong tron duong kinh BO nén B, D, O, H, F' cung thudoc mot
duong tron va OH B = 90°.

) ——  BAC
Ma AOLBM (O la tam dudng tron noi tiecp AABC) néen AH 1 BM va BAH = — =

45° = BIH.
Do d6, ABHI nai tiép. [ |

Cau ¢)

Phan tich. D6i véi cac bai toan tim gia tri 16n nhat, nhé nhat trong hinh hoc, ta thuong
tim ra GTLN, GTNN trudc dé c6 duge huéng giai ding. Gia tri d6 c6 thé tim duge thong
qua viéc vé mot s6 trudng hgp cu thé va tim ra quy luat, nhat xét. Trong bai nay, thay
d6i mot s6 vi tri cia M ta c¢6 nhan xét sau:

P thay doi zung quanh vi tri cia E va Q thay doi zung quanh vi tri cia F.

Do d6, ta du doan PQ < EF va di chitng minh diéu nay.

Ta ciing c6 NP luén nhé hon NE. Do do, ta nghi té6i viéc chiing minh ];?7 = x;

T6i day, cong viec quy vé chitng minh ANPQ ~ ANEF. Vé mit hinh anh, ta nhan thay

hai tam gidc nay c6 thé dong dang v6i nhau nén huéng di trén c6 thé kha thi.

L&i giai. Do NQDP noi tiép nen NPQ = NDQ = NDF = NEF.

Tuong tit ta c6 NQP = NFE nén ANPQ ~ ANEF.,
Suyragci:]]gglingEF.

Déng thic xay ra khi va chi khi NP = NE hay P trung F. Khi d6, NELDE, ttc la
ANDE vuong tai E, suy ra DN la ducng kinh.

Vay M la giao diém ctia BN va AC v6i N duge xac dinh sao cho DN la duong kinh ctlia

(0) thi PQ c6 do dai 16n nhét. m
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Binh luan. Day 13 mot bai hinh hoc hay, khac thac van dé ti gidc noi tiép dudng tron
rat tot, doi hoi hoc sinh phai c6 kha ning nhin hinh t6t dé nhan thiy céc tit gidc noi tiép
¢6 trong hinh.

Cau a tuong doi deé.

Cau b 1a mot truong hop cu thé khi c6 them gia thiét AB = AM, nén ta can vé mot hinh
khac dé c6 thé c6 dy doan tét hon. Hinh vé ding, dep luon gitp ich rat nhidu trong viéc
phan tich tim huéng giai bai toan.

Cau ¢ (ciing nhu cdc cau tim GTLN, GTNN trong hinh hoc) mau chét luon 1a viec tim

ra duge gia tri do.

7 Dé thi tuyén sinh THPT Chuyén Lé Hong Phong
- Nam Dinh

~— Bail

P . 1 2 1
a) Tim tat ca cac s6 tu nhién x thoa (\/5_\/5—1> <\/§+1_1>>1'
1 1 1

P N 1
b) V6i a, b, ¢ 1a cac s6 thuc théa man céc dieu kién a + b+ c =3 va — + 7 + - = 3
@
Tinh gié tri biéu thic P = (a — 3)*".(b — 3)**'® (¢ — 3)*"".

\\

) Tim tat c& cac s6 tu nhien z tho (1 2 )( ! 1>>1
a 1m tat Ca cacC SO nnien T oa | —= — — = 1.
' N RV V41

Phan tich. Dé tim s6 tu nhieén = thoa bat phuong trinh thi dau tien ta sé giai bat

phuong trinh dé tim ra tap nghiém roi tim cac s6 tu nhién z trong tap nghiem doé.

D@ giai bat phuong trinh nay ta chi can quy dong va rat gon.

1 2 1
Loi giai. (—= — —1)=>10
e (ﬁ ﬁ—l)(ﬁﬂ ) S
DKXD: x> 0;z # 1

Vol ovr
Va (Ve —1) Vo +17
1

(1) <

=

-1>0

B

N\
|
B
WV
o

3

&l

z—1
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S1<r<4

V6i diéu kien z € N ta suy ra x € {1,2,3,4}. [

Binh luan. Cau nay kha don gidn nhung can luu v doc ki dé bai néu khong sé chi

gidi bat phuong trinh roi quén tim cac s6 ty nhién z.

Bai tap tuong tu.

Tim tat cad cac sO tu nhién = thoa

1 1 1
——1)>1
<ﬁ+1+\/5—1> (ﬁ )
Bui Tién Loc -SV DHSP TPHCM

. s 11 1
b) V6i a,b, c 1a céc s6 thuc théa man cac dieu kien a+b+c=3va — + — + — =
a

1
) b ¢ 3
Tinh gia tri biéu thitc P = (a — 3)**"".(b — 3)*"% (¢ — 3)**"?

Phan tich. Véi cac bai cho gid thiét véi vai tro a, b, ¢ nhu nhau thong thuong ta sé bién

doi dé ra cac ding thitc mdéi rdi thé vao biéu thiic can tinh.

1 1 1 1 b+b 1
Loi giai. Tac():f—i-f—l—f:f@m:—ﬁabc—?)ab—i%bc—?ucazo
a b ¢ 3 abc 3

Ta tinh: (a — 3) (b —3) (¢ — 3) = abc — 3ab — 3bc — 3ca + 9a + 9b + 9¢ — 27 =0

Suy ra P = (CL . 3)2017.(b o 3)2018.(0 . 3)2019 —0. -

Binh luan. Cac bai tinh gia tri biéu thitc dang nay kha don gidn. V6i gia thiét 1a céc
biéu thiic véi vai tro cia a, b, ¢ nhu nhau va biéu thitc can tinh véi s6 v6i mii cla a, b, ¢
khong bang nhau thi thudng biéu thitc can tinh sé c6 gia tri bang 0. Do d6 ta c6 the dé

dang du doan trudc két qua cltia cac bai dang nay.

Bai tap tuong tu.

. . 11 1 1
V6i a, b, c 1a cac so thuc thoa man cac dieu kién a+b+c:2vaf—l—g+—:§.
a c

Tinh gia tri bicu thic

P - 2)2018.(b . 2)2019.<C o 2)2020.

I
—
S

Bui Tién Loc -SV DHSP TPHCM
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~—| Bai2

a) Giai phuong trinh (Vo +5— V2 +1) (Va2 + 6z +5+1) = 4.

2V +3y+2-3/y=vr+2
z? — 3z — 4,/y+10=0.

b) Giai hé phuong trinh

N

a) Giai phuong trinh (v +5— o +1) (Va2 + 6z +5+1) = 4.

Phan tich. Ta dé dang nhan thay phuong trinh nay c6 dang (a — b) (ab+ 1) = 4 v6i
a’> — b?> = 4 nén ta nghi ngay dén viec dat vz +5 = a;v/o+1 = b ta sé duge he
phuong trinh.

Tuy nhién néu tinh ¥ hon ta sé thay o> — b* = 4 = VPQ’ nén khi ta nhan lugng lién hgp
(a—1)(b—-1)=0.

a+b

ta sé duge phuong trinh tuong duong c6 dang

Loi giai. Cach 1

(Vz+5—va+1) (Va2 +6x+5+1) =4 (1)
0

r+5=>

DKXD: ¢z +1>0 S>> —1

22 4+6x+5>0

ver+b=a
Dit (a,b>0)
vVr+1=5b

(@a—0b)(ab+1)=4 (i)
a2 —b? =4 (ii)

Ta c6 hé phuong trinh:

Thay (ii) vao (i) ta dugce: (a — b) (ab+ 1) = a® — V?
< (a—b)(ab—a—-b+1)=0

s@-ba-1)(b-1)=0

a=1"b(voly)
< la=1
_bzl
r+5=1
=
r+1=1
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x = —4 (loai)
x =0 (nhan)

=

Vay z =0
Cach 2

r+5>20
DKXD: ¢x+1>0 S>> —1

22 4+6x+5>0

(Ve +5—Vae+1) (Va2 +6x+5+1) =4

(E)Vf”+5i\/x+1 (Va+5)(x+1)+1) =4

e4(/@+5) @+ 1) +1) =4(Va+5+ Vo +1)

®4<\/(33+5)(:B+1)—\/x+5—\/x—|—1+1):O
& (WVr+s-1)(Vz+1-1)=0

S rx=0 [ |

Binh luan. Bai phuong trinh céan thitc dang nay kha don gian. Theo kinh nghiém thi
hoc sinh sé lita chon céch dit an phu hon 1a cach nhan lugng lién hop vi khi hoc sinh
nhin thay dang quen thuoc sé 4p dung ngay cach dugc hoc ma it khi nao phan tich ki
dé bai dé di dén cach 2.

Bai tap tuong tu.

1) Giai phuong trinh

(Vo —T—-Vo+1)(Va>—1+1) =2

Bui Tién Loc -SV DHSP TPHCM
(Bai nay néu hoc sinh tinh y sé thiy ngay phuong trinh vo nghiem)

2) Giai phuong trinh

(Ve=T-vo+1)(Va? —1+1) = -2.

Bui Tién Loc -SV DHSP TPHCM

2Vr+3y+2-3/y=vr+2

b) Giai hé phuong trinh
r? — 3z —4/y+ 10 = 0.
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Phan tich. Khi gidi cac bai hé phuong trinh ta thuong thit 2 cidch co ban nhat la:
"thé" hoac 1a "cong dai s6". Khi diing phuong phap "thé" ta sé nhan duge phuong
trinh can thitc kha la phiic tap va néu di giai sé rat mat thoi gian va kha nang sai sot
trong qua trinh giai 1a rat cao.

Khi diing phuong phép "cong dai s6" ta khé co thé triet tieu y ¢ mot trong hai phuong
trinh.

Do dé6 ta thit cach dimg bat dang thitc dé dan dén V7T > VP hoac VT < V P rdi diing

diéu kien déng thiic dé tim z, y.

Lai giai. Ap dung BDT BCS: vz + 2 + /33y < /4 (z + 3y +2) = 2\/(z + 3y + 2)
Dau"="khiz+2=y

Thé vao PT2 ta ¢6: 22 — 32 —4v/x +2+10=0

Sl —dr+44+c+6—4Vr+2=0
(4 6)> — 16 (z +2)

& (r—2)7+ —0
(v ) r+6+4vVr+2
x —2)°
@2 =0
(x=2) x4+ 6+ 4V +2

1
s @-22% 1+ >=0
(v ) < T+64+4vVr+2

S =2 [ |

Binh luan. Bai hé phuong trinh dang nay khong quéa khé nhung doi hoi hoc sinh
phai van dung thanh thao cac bat déng thic thong dung.

Bai tap tuong tu.
2Vr+2y—1-32y+1=4vx —2

2 —dr+ 2V —2+1=0.
Bui Tién Loc -SV DHSP TPHCM

Giai hé phuong trinh
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~—| Bai 3 .
Cho duong tron (O) , tit diém A ndm ngoai dudng tron (O) ké hai tiép tuyén AB va
AC véi dusng tron (O) (B,C la cac diém). Goi H la giao diém ctia AO va BC, I

la trung diém ctia BH. Dudng thing qua I vuong goc véi OB cat (O) tai hai diém
D, K (D thuoc cung nhé BC). Tia AD cit dudng tron (O) tai diém thit hai E. DK
cat BF tai F.

a) Ching minh ICEF noi tiép.
b) Chiing minh DBH = 2DKH.

¢) Chitng minh ring: BD.CE = BE.CD va BF.CE* = BE.CD>.

Phan tich. O cau a) véi gia thiét DI 1 BO ta dé dang suy ra AB || DI cung véi gia
thiét tiép tuyén ta ciing dé dang suy ra dugc tit giac ICEF nai tiép.

Cau b) ta phan tich nhu sau: DBH = 2DKH < K nam trén duong tron (B) ban kinh
BD = BH < BD? = BH? = 2B].;BC’ = BI.BC < ABID ~ ABDC' .

Cau c¢) ta phan tich nhu sau:
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BD.CE=BE.CD < bBD CD AB _ BD

~CD AC

BE CE T AE _ BE
BF CD? _BF BD

CF — AE & AB = AC (dang)

CD> BF CD BD

BF.CE? = BE.CD? & = & . =
BE CE? BD BE

< ABFD ~ ABDE .

Loi gidi. a) Chitng minh ICEF noi tiép.

CE2 " BD CE _ BE

Ta ¢6: AB L BO;DI L BO = AB || DI = DIC' = ABC = DEC

= ICEF noi tiép (dpcm).
b) Ching minh DBH = 2DKH.
Xét ABID va ABDC' ta co:
DBC chung
BDI = ABD = DCB
= ABID ~ ABDC = BI.BC = BD?

1
Ma BI.BC = §BH.QBH = BH?

= BD? = BH? = BD = BH Ta ¢6: BDK = ABD = BKD

= ABDK can tai B = BD = BK

Suy ra BD = BH = BK = K thudc (B) ban kinh BD = BH = BK

= DBH = 2DKH (dpem) .

c¢) Chitng minh rang: BD.CE = BE.CD va BF.CE
Xét AABD va AABE ta co6:

BAD chung
ABD = AEB
BD AB
CD
Tuong tu ta c6: AACD ~ AAEC(g.g9) = relohe
ma AB = AC
BD CD

Suy ra BE-CRE = BD.CE = BE.C'D (dpcm) .

DBE chung

BDF = BED
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BF_BD_(JD:BF BD (CD?
BD BE CE ~ BD BE CE?

= ABDF ~ ABED(g.g) =

_BF_cCD?
BE (CE2

= BF.CE? = BE.CD? (dpcm) .
|

Binh luan. Cau a) la mot cau co ban hoc sinh chi can stt dung hét cac gid thiét sé dé
dang tim ra 1oi giai.

Cau b) sé 1a cau kh6 néu hoc sinh khong suy ra duge K nam trén dudng tron (B) ban
kinh BD = BH va khéo léo bién déi BD? = BH? = QB].;BC’ = BI.BC.

~—| Bai4

a) Tim cic s6 nguyen z,y théa man phuong trinh 23 + 1 = 432,

4

b) Tim céc s6 tu nhién x thda man bicu thitc B = z* — 22 — 102 — 25 1a s6 nguyéen

A

to.

\\

a) Tim cic s6 nguyen z,y théa man phuong trinh 22 + 1 = 4y

Phan tich. Dautien tacé 2> + 1 =4y* & 2y — 1.) 2y + 1) = 23 va
(2y+1;2y—1)=1nen 2y +1=0a*2y —1=0%(a,b € Z). Tt d6 suy ra a®> — b* = 2,

sau d6 ta gidi phuong trinh tim dudc a, b r6i tit d6 tim dude z,y.
Loi giai. 2%+ 1 =42 & 2y — 1.) (2y + 1) = 2
Taco: (2y+1;2y —1) =1chonén 2y +1=a?2y —1=10%(a,b € Z)

Suy ra a® — b3 =2

& (a—b)(a* + ab+ b*) =2

a—b=2 a=1
a’+ab+b> =1 b=-1
< - 34VE 3-V33
a—b=1 :T(VOI) - CL:T(VOI}’>
oic
| |a®+ab+ b7 =2 b:_Sz\/ﬁ(v@ly) b:*)’;‘@(vmy)
Suy ra (z;y) = (—=1;0) u

Binh luan. Day la mot bai phuong trinh nghiém nguyén kha don gian, hoc sinh chi

can nhan xét duge (2y + 1;2y — 1) = 1 1a ¢6 thé tim ra 15i gidi cho bai nay.
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N

Bai tap tuong tu.
Tim cac s6 nguyén z,y thdéa man phuong trinh 23 + 1 = 9y2.

Bui Tién Loc -SV DHSP TPHCM
Tim céc s6 tu nhién = thda man biéu thic B = z* — 22 — 10z — 25 14 s6 nguyén t6.

Phan tich. Dya vao dinh nghia s6 nguyén t6 ta sé nghi dén viéc phan tich biéu thic
B thanh nhan tit. Sau d6 stt dung dinh nghia s6 nguyén to ta dé dang c6 duge cac

phuong trinh.

Loi giai. Ta co: B=a* — 22 — 100 — 25 = (22 — 2z — 5) (2?2 + 2 + 5).
Ma B 1a s6 nguyén t6 va 2? +x +5 # 1,Vx € N,

Suyraaz?—z—-5=1

=3
=
z = —2 (loai)
Vay = = 3. [ |

Binh luan. Bai nay hoc sinh chi can stt dung dugc gia thiét 2 1a s6 tur nhién va bicu

thic B 1a s6 nguyén to thi sé dé dang tim ra 151 giai.

Bai tap tuong tu.
Tim céc s6 tit nhién = thda man biéu thic B = z* — 22% + 62 — 9 14 s6 nguyen t6.

Bui Tién Loc -SV DHSP TPHCM

— Bai5s .

a) Xét cac so thuc a, b, c khong am, khac 1 va théa man a + b+ ¢ = 1. Tim gia tri

. 2 1 1
nhé nhat cta bieu thic P = + + (a+b) (4+ 5¢).
a+bc  b+ac

b) Cho tit giac ABCD noi tiép dudng tron (O) ban kinh bang R = 4em (O nam
trong ttt gidc ABC D). Xét 33 diém phan biét nam trong ti giac ABCD sao cho
khong c6 3 diém nao thing hang. Ching minh ring trong 33 diém dé luon tim

) ) ) ) ) 3
dugce 3 diem la 3 dinh clia mot tam giac ¢6 dién tich nhd hon Tch.

a)

Xét cac s6 thic a,b, c khong am, khac 1 va théa man a + b+ ¢ = 1. Tim gia tri nho

nhat clia biéu thic P = + (a+b) (4 + 5c¢).

a+bc+b+ac
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Phan tich. Véi bai nay ban dau ta thay khi cong mau ctia hai phan sb lai ta sé co
tich (a +0) (1 + ¢) nén néu sau dé ta dung BDT Cauchy ta sé rat gon di duge nhan
tt (a + b) va cudi cung két hgp véi dieu kien 0 < ¢ # 1 sé cho ra gia tri nhé nhat clia
P. Va diéu kién a + b + ¢ = 1 duge dung dé gidi dau "=" xay ra.

s _s2s & 1 1 4
Loi gidi. Ap dung BDT: — + - > —— (Vz,y #0)

T Yy T+vy

Ta co:

1 1 4

b) (be+4) > —F———

a+bc+b+ac+(a+ ) (Bet4) (a+0b)(c+1)

4 oc+4 c
= 1-— 5 4) >4 =4, /——+4>28
A=ty T E-96erd) 24/ =7 11’

. 1
Vay min P = 8. Dau "=" xay ra khi ¢ = 0, a:b:§. |

+ (a+b) (5c +4)

Binh luan. O bai nay hoc sinh cé thé sé gip khé khin trong viec giai "dau "=" xay

ra khi" néu chua tan dung dudc gid thiét a + b +c = 1.

Bai tap tuong tu.
Xét cac sb thuc a, b, ¢ khong am, khac 1 va théa man a + b+ c = 1.
1 1

a+ be + b+ ac )
Bui Tien Loc -SV DHSP TPHCM

Tim gi4 tri nhé nhat ciia biéu thic P =

Cho tit giac ABC'D noi tiép duong tron (O) ban kinh bang R = 4em (O nam trong
tit gidc ABCD). Xét 33 diém phan biét nam trong tit giac ABCD sao cho khong c6
3 diém nao thang hang. Chiing minh ring trong 33 diém do6 luén tim duge 3 diém 1a

2 :z 2 . s 2 3
3 dinh ctia mot tam giac c¢6 dién tich nho hon Tcmz.

Phan tich. Day la dang toan kha quen thuoc déi véi nhitng ban hoc hinh hoc to hap.
Viéc chia hitu han diém vao mot hinh nao dé sau dé chiing minh ton tai ba diém c6
dién tich nhé hon hay 16n hon mot s6 ndo d6. D6i v6i dang toan nay, viéc sit dung
nguyén 1i Dirichle 1a hoan toan hop li. Tuy nhién, ta can xac dinh chia 33 diém vao
bao nhiéu mién. Ta chd ¥, nguyen li Dirichle c6 phat biéu don gian nhat nhu sau:"
Chia n + 1 con thd vao n 1ong thi ton tai mot 1ong c6 it nhat 2 con tho".

Nhu vay, dé ton tai mot vimng c6 3 diém thi cAc mién con lai phai c6 nhidu nhat 2
diém. Do do6, ta nghi ngay t6i viéc chia 33 diém vio 16 mién c6 dién tich bing nhau.
Khi d6, ton tai mot mién c6 it nhat 3 diém.

T day, ta chiing minh tam giac do6 c6 dién tich khong qua ?)Zx/gcm?

T6i day, bai toan hoan toan gidi dude bang phuong phap phan chiing.

78



7 DE THI TUYEN SINH THPT CHUYEN LE HONG PHONG - NAM DINH

L&i giai. Ta chitng minh tinh chat sau: "Tit n diém (n > 3) trong dé khong c6 3 diém
nao thing hang, sé tao thanh it nhat n — 2 tam giac khong c6 diém chung trong".
Chiing minh: Ta c¢6 n diém A, Ay, ..., A, (n > 0).

T 3 diém A;, Ay, Ag sé tao thanh 1 tam gide AA; Ay As.

e TH1: Diém A, nam trong AA; A Az thi s6 tam gidc khong c6 diém chung trong
1a 3 (AA1As Ay, AA A3Ay, AA A3 A,).

e TH2: Diém A, nim ngoadi AA; A, A;.

i) Néu A, ndm & vimg 1,2,4 thi sd tam gidc khong c6 diém chung trong véi
tam giac A; Ay A3 tang thém mot.
ii) Néu A, nam & vimg 3 thi sd tam giac khong c¢6 diém chung trong véi tam

giac A1 AsAs tang them hai.

Chiing minh: Ta c¢6 n diém A, Ay, ..., A, (n > 0).

T 3 diém A;, Ay, Ag sé tao thanh 1 tam gide AA; Ay A;.

Néu diém A, nim trong AA; A, As thi s6 tam gide khong c¢6 diém chung trong la 3
(AAL A3 Ay, AAL A3 Ay, AAZA3AL). Néu diém Ay ndm ngoai AA;AsAs thi s6 tam gidc
khong c6 diem chung trong 14 2 (AA; Ay Az, AA Ay Ay) (gid st Az va Ay nam & 2 phia
déi véi Ay Ay). Nhu vay khi tang thém 1 diém thi s6 tam gidc sé tang them it nhat 1a
1 tam giac.

Tiép tuc lap luan tuong tu khi ta thém cac diem As, Ag, ..., A, (n —5 diém) thi s6 tam
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gidc sé tang thém it nhat 1a n — 5 tam gidc.

Vay tit n diem (n > 3) trong d6 khong c6 3 diém nao théang hang, sé tao thanh n — 2
tam gidc khong c6 diém chung trong.

Ta chitng minh: "Trong cac ti giac noi tiép duong tron thi hinh vuong cé dién tich

16n nhat".

1 1 1 1
Ta c¢6: Sapep = Sapc + Sacp = §ACBH + §ACDK < §ACB] + §ACD[

= ;AC.BD < ;QR.QR = 2R?

Déau "=" xdy ra khi AC = BD = 2R < ABCD la hinh vuong.

Bay gio ta sé chiing minh bai toan bing phan ching.

Gia stt trong cac tam giac tao thanh tir 33 diém trong do khong c6 3 diém nao thing
hang, khong c6 tam giac nao ¢6 dién tich nhé hon 34307712. Theo tinh chat ta via
chitng minh thi tit 33 diém sé tao thanh it nhat 31 tam gidc khong c6 diém chung
trong. Khi d6 tong dién tich clia cac tam giac tao thanh tit 33 diém sé khong nhé hon
31.32/g ~ 40, 27cm?.

Ma dién tich t gidc ABCD 16n nhét bang 2R? = 32¢m? diéu nay dan dén mau thuin.
Suy ra diéu phai chitng minh. [ |

Binh luan. Bai hinh hoc t6 hgp & dé nay kha hay, c6 thé néi day 1a cau an tugng
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nhét ctia dé nay. Cau nay co thé chiing minh bang nhiéu phuong phép va st dung cac

tinh chat ciing nhu cac bd dé khac nhau. O day tac gia da st dung phuong phap phan

chiing va st dung thém 2 b6 dé da dude néu ra va chiing minh trén 15i giai.

8 Dé thi tuyén sinh trusng THPT Chuyén Lé Quy
Do6n, Ba Ria - Viang Tau (vong 2)

~— Bail

, 1 =1l
a) Rut gon bieu thic P = (ﬁi—l — \\;_g+1+4\/5>: \/51 véia > 0,a # 1.

b) Giéi phuong trinh (z — 2)v/x — 3 = 3z — 6.

22+ 2y—2y°=0
¢) Giéi hé phuong trinh
3x + 2y = dxy.

] — 1 -_1 —
Cau a) Rt gon bieu thic P = (ﬁtl — ﬁ—i—l —1—4\/5> : \/51 véia > 0,a # 1.

Phan tich. Trong biéu thtc, néu thay phép chia cho \/51 bang phép nhan véi nghich

a —

a—1 2 2 = Z . N P % s a
dao 1a e ta thay sé thay ¢ mau c6 xuat hién /a — 1 va \/a + 1, trén tt xuat hién
a

a—1, nhan xét raing a — 1 = (y/a — 1) (v/a + 1), do d6, viec dau tién ta nghi tdi sé 1a quy
dong phan s6.
Loi giai. V6ia > 0,a # 1, ta co
b (Va+1)° = (a—1>+4/ala—1)a—1
B a—1 Vva

_ 4/a+4y/a(a—1)
N va

= 4a.
Vay véi a > 0,a # 1 thi P = 4a. [ |

Binh luan. Bai tap nay tuong dbi don gidn, chi yéu kiém tra sy tinh toan, bién doi can
than cta hoc sinh.

Ta ciing can chii ¥ cach trinh bay cho that chinh xac, chang han, luon phai ghi diéu kién
thich hop, mac du dé bai da néu dé dam bao tinh chat ché.

Da phan dang toan nay, ta thuong quy dong mau, rdi tinh toan, rat gon. Tuy nhién, c6
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mot s6 bai, viec quy dong phan s6 sé lam cho biéu thic con phitc tap thém, trude hét ta

nén quan sat téng thé biéu thiic va tim ra cac moi lien hé gitta cac s6 hang, biéu thiec...
dé rat gon, nhom, phan tich cho thich hgp. Vi du trong dé thi tuyén sinh vao 16p 10 tinh

Nam Dinh nam 2011 SQ&U:
Cho bidu thite P — —~-— YT VT=@
r+vr+1 Jr—1

a) Rit goi biéu thic P.

voi x > 0,z # 1.

b) Tvm x khi P = 0.

Bai tap tuong tu.

2 -1 1
1. Cho bieu thic P = <3\/E — voi x > 0,2 # 1.

1
r—1 ﬁ—l) T T
a) Rit gon bicu thic P.
b) Tim z dé 2P — z = 3.
Trich dé thi vao lop 10, THPT Chuyén Lé Hong Phong, Nam Dinh - 2011
: °0T+1  1-27 1
2. Cho biéu thic A = 14— ) v6iz >0 1.
o bieu thiic (x+2\/§—|—1+ x_1><—l—ﬁ)v1x T F

Rut gon A va tim cac gia tri nguyén ciia « dé A la sb nguyen.

Trich dé thi HSG Todn 9, Da Ning- 2011

Cau b) Giai phuong trinh (z — 2)v/x — 3 = 3z — 6.

Phan tich. D& dang nhan ra moi lien he 3z — 6 = 3(x — 2), nén ta c6 the giai phuong
trinh nay bang phuong phap bién doi dai sb.

Ngoai ra, phuong trinh nay chi chita mot cin thitc, hon nita, biéu thitc trong can lai 1a
bac nhat, cac biéu thitc ngoai can ciing chi c6 bac nhat. Day 1a dau hiéu cho phép ta c6

thé st dung phuong phap dit an phu, vi bac clia phuong trinh méi sé chi 1a 3.

Lai giai. Cach 1. bKXD: z > 3.

Ta c¢6 phuong trinh da cho tuong duong

(x—2) (Vo —3-3)=0

r—2=0
=
Vr—3-3=0
_x:2 loai
" (1o2)
x =12. (nhan)
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Cach 2. Dat /x — 3 = t, dieu kien ¢t > 0.
Khi d6, # = t? + 3 va phuong trinh tuong duong véi
P+ 1)t=3"+3t" -3t +t—-3=0

St-3)t+1)=0

&t =3 (nhan)

SVr—-3=3& 2 =12

|

Binh luan. Day ciing 13 mot bai gidi phuong trinh chia can thic co ban, tuong doi dé.
O bai nay, ta rat dé nhan nghiém ngoai lai néu khong cht y dén diéu kién xac dinh cta
ctia phuong trinh. Néu chi ¥ DKXD ctia phuong trinh ngay tit dau, ta sé c6 mot cach

trinh bay khac nhu sau:
Do x > 3 nén (z — 2) # 0. Do d6, phuong trinh tuong duong véi

3r —6
Vi-3="

Tr— 2
Ve —3=3< =12

O cach dat an phuy, ta can chi ¥ dén DK ciia an phu, DK ciia 4n phu cang chat, sé cang
lam gidm b6t viec tinh toan sau nay, gitp ta loai di duge mot sd truong hgp vo nghiem

(néu co).
Bai tap tuong tu.

1. Giai phuong trinh 2zv/22 — 3 — x = 4/2x — 3 — 2.
Nguyén Thi Tuyét Nha - SV DHSP TPHCM

2. Giai phuong trinh 2/ +2 — 22 = 5z — 2/x + 2 + 6.
Nguyén Thi Tuyét Nhu - SV DHSP TPHCM

> +ay—2y°=0
Cau c) Giai hé phuong trinh

3x + 2y = dry.
Phan tich. Nhan thay phuong trinh thi nhat 14 phuong trinh déng cap bac hai, néu coi
phuong trinh thtt nhat 14 phuong trinh bac hai theo x véi y 1a tham s6, thi A = 3y nén
ta c6 thé biéu dién z theo y va thé vao phuong trinh thi hai.
Ngoai cach trén, ta con ¢6 nhan xét rang phuong trinh thi hai chi chita bac nhat ctia an
x va bac nhat ctia an y, nén ta c6 thé rit a theo y hodc y theo x va sit dung phuong phéap

thé dé giai heé phuong trinh nay.
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Loi giai. Cach 1. Xem phuong trinh thit nhat 1a phuong trinh bac hai theo z vé6i y 1a

tham so, ta ducgc

r=1y

P 4ry—2P =0«
T = —2y.

. P R . ) y=0=2=0
e V6i x = y the vao phuong trinh thi hai ta duge 5y° — b5y =0 &
y=1=z=1.
D y=0=2=0
e V6iz = —2y thé vao phuong trinh thit hai ta duge 10y?—4y = 0 & 9 4
y=—-=x=—.
5 5

5’5
Cach 2. Phuong trinh thit hai tuong duong

-4 2
Vay hé c¢6 ba nghiém (0;0); (1;1) va ( ; >

z(3 —by) + 2y = 0.

) 3 6
e Neuy = 5 khi d6, phuong trinh thi hai tuong duong 5= 0 (vd nghiém).

. 3
o Neuy # R thi tut phuong trinh thi hai, ta suy ra z = :

2 .
i 5 the vao phuong trinh
thit nhat, quy dong, khit mau ta duge
4y +2y°(5y — 3) — 2y°(5y — 3)* =0
<207 2+ (5y —3) — (5y —3)*] =0

y=0=>2x=0
= =l=z=1
N —4
Y75 5
. o -4 2
Vay hé c¢6 ba nghiem (0;0); (1;1) va <5; 5). [ |

Binh luan. Day la mot hé phuong trinh co ban, tuong déi dé va c6 cach lam quen thudc
v6i hoc sinh.

O cach thi 2 st dung phuong phéap thé, ta can chii ¥ khi chia cho 5y — 3 ta can ddm béo
5y — 3 # 0 nén can phai xét hai truong hop dé tranh mat nghiem.

Bai tap tuong tu.

, 4o — 5xy 4+ y> =0
1. Giai hé phuong trinh

2y% — 3xy = 3.
Nguyén Thi Tuyét Nha - SV DHSP TPHCM
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~— Bai 2

a) Cho da thic P(x) = az? 4+ bx + ¢, (a,b,c € R) va P(x) > 0 v6i moi z € R.
. : . da+b+3c
Chiing minh rang ———— > 1.
a—b+c

b) Cho p la mot s6 nguyeén to. Tim tat cad cac s6 nguyen n dé A = n* + 4nP~! 1a

s6 chinh phuong.

N

Cau a) Cho da thic P(z) = az®*+bxr+c, (a,b,c € R) va P(x) > 0 v6i moi x € R. Chiing
. . ba+b+3c
minh rang —— > 1.
a—b+c
5a + b+ 3c

a—b+c
thuoc va c¢6 nhiéu cach chimg minh déi v6i bai toan chitng minh mot biéu thic 16n hon

Phan tich. Ta sé phan tich dé tit yéu cau chiing minh rang > 1. Ta quen

0, do dé, ta sé biéu ddi diéu can chitng minh vé dang A > 0.

Loi giai. Do da thic P(z) > 0 v6i moi € R nén phuong trinh P(z) = 0 vo nghiém.
Néu a = 0 thi P(z) =0 < bz + ¢ = 0 ¢6 vo s6 nghiem néu (b;¢) = (0;0) hoic ¢6
nghiém x = %C néu b # 0.

Do d6, ta xét a # 0. Khi d6 P(x) = 0 vo nghiém suy ra A = b* — 4ac < 0, do d6

5a + b+ 3c 5a + b+ 3c
—>1le———-1>0
a—b+c a—b+c
da — 20+ 2c
S— >0
a—b+c
2a —b+c
S————— > 0.
a—b+c
Ta co
(2a —b+c)a—b+c)=ala—b+c)+ (a—b+c)?
2
>a2—ba+z+(a—b+0)220.
2a — b 5a+b+3
Do d6 22— 2T ¢ +C>Ohay7a+ i ‘o1
a—b+c a—b+c

Binh luan. Nhu thay & bai giai trén, thuc té ta chi can gid thiét phuong trinh P(z) = 0
vo nghieém. C6 thé ngu ¥ ra dé P(x) > 0, Vo € R nham muc dich kiém tra 1y thuyét va
cach x1t 1y gid thiét cia hoc sinh, nhung vo tinh ciing lam cho bai toan tré nén du gia
thiét.

Trong cau nay, c6 mot chi ¥ can nhic lai ring, déi véi phép bién doéi tuong duong bat

déng thiec, ta khong dude khit mau giéng nhu bién déi ddng thic néu khong khéng dinh

85



8 DE THI TUYEN SINH TRUONG THPT CHUYEN LE QUY DON, BA RIA -
VUNG TAU (VONG 2)

duge mau 16n hon 0. Néu khong can than, ta rat c6 thé méc sai lam nhu bién doi yéu cau

ching minh

5 b+3
M>1<:>5a—|rb—|r30>a—b+c<:>2a—|—b—|—c>O
a—b+c
hodc bién doi
2a — b
O e 2 —bte>0.
a—b+c
[ |
Bai tap tuong tu.
2 3 . < b—2c
1. Cho P(z) = az® + bz + ¢ > 0,Vzx € R. Ching minh rang T b1 <1
a— c

Pham Quoc Sang - SV DHSP TPHCM

Cau b) Cho p la mot s6 nguyen t6. Tim tat ci cac s6 nguyen n dé A = n* +4nP~1 1a s6

chinh phuong.

Phan tich. Ta c6 A =n* +4nP~!, s6 mil cia n lan luct 1a 4 vi p — 1, nén ta sé xét cac

truong hopp—1<4vap—12>4.

Loi giai. Dé thay véi n = 0 thi A = 0 khong phéi 1a s6 chinh phuong.
Xét n # 0.
TH1.p—1<4=p=2Vp=23.

i.p=2=A=n'+4n
e n=-2=A=38 (loai)
e n=—-1= A= -3 (loai)
e n=1=A=5 (loai)

e n=2= A=24 (loai)

n>2=4n < 2n?
Ta c6 (n?)?> =n?' < A=n*+4n < (n* + 1)%. Do d6, A khong phai la mot s6
chinh phuong.

e n< 2= -2n><4n=-2n>+1<4n.
—2++6 ,
T(loal).

Do d6, —n? +1 < 4n va (n? — 1) < A = n' + 4n < (n?)?. Do d6, A khong

Tacé —2n2+1=4n<n =

phai 13 mot s6 chinh phuong.
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ii. p=3= A=n*+4n% Do do
(n*+1)2 < A< (n®+2)>
Do d6, A khong phai 1a mot s6 chinh phuong.

TH2. p—1>4=p>5.

Ta cb
A=n*+4nr 1 =pt (1 + 4np’5)

A 1a mot s6 chinh phuong nén suy ra 1+ 4nP=5 = m2.
Suyram lé = m =2k+ 1,k € Z* (don # 0 nén m # 1).

Khi d6 1+ 4nP=> =m? = 4k?> + 4k + 1 = nP® = k(k + 1) (vo Iy do k.(k + 1) khong thé
biéu dién thanh liiy thita ctia 1 s6 nguyén).

Vay khong c6 s6 nguyén n thoa yéu cau bai toan. [ |

~— Bai3

Cho z,y 1a cac s thuc duong. Tim gi4 tri nho nhat ctia biéu thitc

aw+<1+1>J%ﬂ+yﬁ

:a:2+y2 x oy

Phan tich. Yéu cau tim gia tri nhé nhat clia P ttic 1 ta can tim gia tri A € R nao dé
ma P > A,Vz,y. Nhan xét trong P vai trd clia =,y nhu nhau, ta ciing c6 thé dé thay

diém roi clia bai toan la = y, khi d6, P =

N ©

Do z,y la hai s6 thuc duong nén ta c6 thé ap dung bat ding thitic Cauchy. Ta c6 mot vai

bat ding thic sau:

z? +y? > 2xy, +

v

EIR
<

K| —
< | =

Néu ap dung don thuan cac bat dang thic trén ta dugc
Ty 1 1 1
S a5y (-7 V2(22 4+ y?) > 4
)

N 1 1
thi sé bi nguge chieu. Do do6, ta tap trung khai théac riéng 1é ( + ) va \/2(22 + y?)
r y
theo mot hudng khac.

Ta c6 22+ > 2xy suy ra 2(z2+y?) > (z+y)? 1a mot binh phuong ciia mot tong nén c6 the
o s (1 1Y (z+y)?  a?+y°
dwa ra ngoai can thitc. Hon nita, khi ket hgp véi | — 4+ — | sé dugce = +2
r Yy Ty Ty
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c6 vé lien quan t6i hang tit thit nhat ———.
¢ +y

:L‘Q 2 - Z Z 2
la nghich dao ctia nhau, do dé6, neu ap dung bat dang thtc

+yr Ty
va

Ty 2 4+ y?

Cauchy cho 2 s6 nay sé duge tong clia ching 16n hon mot hing s6 1a mot yéu cau khi

mubn dimg bat dang thitic Cauchy dé tim GTLN hay GTNN.

Hon nta

Lai giai. Ta c6 22 + y* > 2zy suy ra 2(2? + y?) > (z + y)*. Do do

Ty 1 1)
= + -+ - 2(x2 4 92
Y ( y (22 +v?)

x
Ty 1 1
> i
_x2+y2+<x+y>(x+y)
2, .2
S
x? 4 12 xy
> 4y x2+y2+2_ 3y
x? + 52 xy z? + y?
3 2 2
22\/Z+2_M
2(z2 4+ y?)
3 9
>6— = = —.
- 2 2
) 2 +y? = 2zy
Dau "=" xay ra khi dry 2242 STT=Y
22492 xy
. 9 ,
Vay P dat gia tri nhé nhat 1a 2 khi va chi khi x = y. [ |

Binh luan. Khi chiing minh mot bat déng thitc hodac tim GTLN, GTNN ciia mot biéu
thiic, ta thuong rat hay gap phai truong hop "nguge chiéu" nhu phan tich & trén.
Viéc xac dinh dugde diém roi cia bai toan sé dem lai nhiéu lgi ich cho viéc tim huéng giai
bai toan.

Ty 22 + o>

Chang han, khi phan tich t6i P > + + 2, néu khong chi ¥ dén diém roi,
x? 4 2 xy

2+y2 R Ty

Ty Yy y?
2, .2
P> 2\/33 tY i + 2 = 4. Tuy nhién, dau "=" x4y ra khi

ta dé méc sai lam khi sit dung bat ding thiic Cauchy cho

vy x4 y?
2,2

Ty T +y 9 9 L

= Sy =3° + 0 1y).

ER xy y y- (voly)

.22 . . X 1 I2+ 2 4 Q;2+ 2
Véi diem rai la x = y, khi déiy:fva Y = 2 suy ra v _ Y nén
2 +y? 2 xy z? + y? ry
dxy .y

va ap dung bat déng thitc Cauchy

ta sé phan tich P sao cho xuat hién va
v +y? o a? 42
cho 2 s6 nay.

88



8 DE THI TUYEN SINH TRUONG THPT CHUYEN LE QUY DON, BA RIA -
VUNG TAU (VONG 2)

Bai tap tuong tu.

1. Cho z,y la cac s6 thuyc duong. Tim gia tri nhé nhat ctia bicu thiic

3+ 1 1 2/ 2x
P:22y+(+>(x2+y2)—\/_y.
2y r oy Vvt +y?

Pham Quoc Sang - SV DHSP TPHCM
~—| Bai4 .
Cho tam giac ABC nhon (AB < AC) noi tiép dudng tron (O). Goi I 1a tam dudng

tron noi tiép tam gidc ABC. Tia Al cat (O) tai J khac A. Duong thang JO cit (O)
tai K khéc J va cat BC tai E.

a) Chiing minh rang J la tam duong tron ngoai tiép tam giac JBC va JE.JK =
JI?% .

b) Tiép tuyén ctia (O) tai B va C cat nhau tai S. Ching minh rang SJ.Fk =
SK.EJ .

c¢) Duong thang SA cit (O) tai D khac A, duong thang DI cat (O) tai M khac
D. Ching minh réing JM di qua trung diém ctia doan thing I F.

A,

7]

[ A
R,
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Loi giai. Cau a) Do [ 1a tam duong tron noi tiép tam giac ABC nén BAJ = JAC.
Do d6, s6 do cung BJ bang s6 do cung JC, suy ra BJ = JC. Ta c6

BIJ = BAJ + ABI
— CAJ + IBC (do I 1a tam duong tron noi tiép)
= JBC + IBC ( do JBC va IBC ciing chén cung JC)

o —

=JBI

Do do6, tam giac JBI can tai J, suy ra JB = JI.

Vay JB = JI = JC, hay J la tam duong tron ngoai tiép tam gidc IBC.

Chitng minh JEIK = JI?

Ta c6 BJ = JC (cmt) nén OJ LBC.

Ap dung he thie luong trong tam gidc vuong vao AJBK vuong tai B ¢c6 BE la dudng

cao, ta dugc
JI? =BJ*=JE.JK

Cau b) Trudc tién, ta chitng minh S, J, K thing hang.

Tiép tuyén ctia (O) tai B va C cit nhau tai S suy ra SOLBC. Do d6, S, O, J thang hang
( SO, JO cung vuong goc véi BC), suy ra S, J, K thang hang.

Xét ASJB va ASBK c6

BSJ chung

SBJ = SKB (goc tao bdi tiép tuyén, day cung va géc chin cung)
Do do6

ASJB =ASBK (g—g)
_, 5B _SK
SJ SB
Mit khéc, ta ciing c6 BE? = JE.EK
Ta c6 BELSE suy ra

& SB? = SJ.SK

SE? =SB? — BE?
(SJ+JE)*=SJ.SK — JE.FK
JE? + JE.EK + SJ.JE =SJ.SK — SJ* — SJ.JE
JE(JE+ EK + SJ) =SJ(SK — SJ — JE)
JE.SK =SJ.EK (dpcm)
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K

Cau c.
Goi T 1a tam duong tron bang tiép goc A.
Dé thay J la trung diém ctia IT.
Xét AATC va AABI c6
BAI = TAC
ACT = AIB(= 90° + ACT)
Do d6 ABAI ~ ATAC ( g-g)
Suy ra AI.AT = AB.AC (1)
Ta cting chtiing minh duge AAEC ~ AABD, suy ra AB.AC = AE.AD (2).
T (1) va (2), suy ra AI.LAT = AE.AD. Do d6, AAID ~ AAET (c-g-c).
Suy ra ATE = ADI = AJM.
Suy ra JM || ET, ma J la trung diém ctia IT, nén IM di qua trung diém cta I[E. W
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Binh luan. Mau chét ciia bai toan la diém 7.
Day 1a mot bai hinh khoé, rat hay va sing tao, doi héi hoc sinh phai c6 khi nang nhin,
phan tich hinh rat tét, sit dung tot cac tam giac dong dang. Vé6i ap luc vé thoi gian, day

qua that la mot chuéng ngai vat 16n cua cac s tu.

~—1 Bai5s
Cho tit gidc 16i ABCD. Goi M, N lan lugt 1 trung diém ctia AD vh BC; AN cit
BM tai P va DN cit C'M tai Q. Tim gia tri nho nhat ctia biéu thic

NA ND 6 MB MC
NP NQ " MP T MQ

Phan tich. Ro6 rang bicu thiic la tong cac ty lé do dai, né lam ta lap titc nghi téi céc
tam giac dong dang dé tim céac canh ty le. Tuy nhién, theo gia thiét bai toan, ngoai
MA = MD va NB = NC, ta khong tim thém dugc bat ki m6i quan hé nao khac gitta
cac canh NA, NP, ND, NQ, ..., ciing khong c6 yéu to nao vé géc dé tim va chiing minh
cac tam giac dong dang, bai toan cé vé rai vao bé tic, nén ta can bién doi ty le do dai
thanh ty 1& ctia mot dai lugng khac.

Néu ta chu y sé dé thay rang, ta can tinh ty le xﬁ va N, A, P thing hang, nén v6i mot
diém bat ki khong thang hang véi N, A, P tao thanh hai tam gidc c6 day lan lugt 1a N A
va, NP thi hai tam giac nay sé c6 chung duong cao. Khi d6, néu ap dung: Ty lé dién tich

ctia hai tam gidc c¢é chung duong cao bing ty lé hai ddy, ta co thé chuyén ty le do dai hai
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canh thanh ty 1é dién tich ctia hai tam giac. Tuong tu cho cac ty 1é con lai.

T6i day, ta nhan thay tit gia thiét M, N la trung diém ctia AD va BC, ta c6 rat nhiéu
cap tam giac c6 dién tich bang nhau, nén huéng di trén c6 vé kha quan.

Ciing do gia thiét bai toan nén khi bién doi ty lé do dai thanh ty lé dien tich, ta ¢ géng
dua vé ty lé dien tich ctia cidc hinh c¢6 canh hay dinh lien quan t6i M, N, AD, BC cang

nhiéu cang tot, dé co thé khai thac dugce triet dé gia thiét bai toan.

Loi giai. Ta ¢o

NA — Samna _ Sapna _ Sapnm

NP~ Samnp  Sasve  Saun’
Tuong tu ta co

ND _ ScpMN MB _ SABNM MC _ ScpMN
NQ  Sacun’ MP  Saaun’ MQ  Sapun

Do M, N lan lugt 1a trung diém ctia AD vid BC nén Scuny = Spun V& Spun = Samn-
Do do

_NA ND MB MC

g —
~e T Ng T e T Mo
_ SapNM ScDMN . SaBNM . ScpMN
Sacun  SacunN  Saamn  Saamn
_g < 1 n 1 )
ABED\ Saamn | Sacnu
4Sapcp
= Saamn + Samn
1
Ta ¢6 Saamn + Sapun = Saanc + Saamc = B (Saasc + Saacp) = §SABCD-
S
Do d6 S > 8248¢P _ g
ABCD

Dau "=" Xéy ra khi va chi khi SAAMN = SACMN < AB H MN || CD & tu gléC ABCD
14 hinh thang ¢6 AB || CD.

Vay S dat gid tri nhé nhét 1a 8 khi va chi khi tit giac ABC'D 1a hinh thang c6 AB || C'D.
[ |

Binh luan. Mau chét clia bai toan 1a can bién doi tit ty le do dai vé ty lé dién tich. Day
13 mot bai toan hay va sang tao, doi héi hoc sinh ¢6 kinh nghiém, kha nang phan tich dé
va hinh vé dé c¢6 huéng di ding, dong thoi 1a kha nang quan sat, phan tich hinh vé t6t
dé tim dugc cac tam giac c6 dién tich bang nhau.

Dé thi nay c6 sy phan loai thi sinh t6t va nghiéng vé cac ki ning gidi mot bai hinh hoc

khi c6 phan dai s6 tuong d6i dé va phan hinh hoc khé.
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9 Dé thi tuyen sinh trudng THPT chuyén, tinh Bac

Cho n = 2018.2017%016 — 112017 _ 2016 Chitng minh n chia hét cho 17.

Phan tich. Do tinh chat ciia dong du, ta sé tim du ctia cac co sd 16n hon 17 khi chia

cho 17 dé lam don gian hon trong tinh toan.

Loi gidi. Ta c6 2018 = 12 mod 17, 2017 = 11 mod 17 = 20172916 = 112016 mod 17.
Tt d6 ta c6: 2018.20172916 = 12.112016 mod 17.

Hay 2018.20172016 = (11 + 1).112016 = 112017 4 112016 64 17,

Suy ra 2018.20172016 — 112017 = 112016 1104 17.

Suy ra n = 2018.20172016 — 112017 _ 2016 = 112016 _ 62016 10q 17.

Ta lai co:
e 11? =2 mod 17, suy ra 112016 = (112)1008 = 22008 104 17.
e 62 =2 mod 17, suy ra 62010 = (6%)1908 = 22008 04 17,

Do dé ta c6 n = 21008 _ 21008 — () ypd 17.

Vay n chia hét cho 17. [ |

Binh luan. Bai tap nay ciing tuong déi dé, tuy nhién doi héi hoc sinh phai nidm ving

cac tinh chat ctia phép dong du dé co thé cé huéng di va phan tich bai toan tot.
Bai tap tuong tu.

1) Cho n = 2019.20172°'9 + 2019%°'7 4 20262°17. Chting minh n chia hét cho 19.
Pham Quoc Sang-SV DHSP TPHCM

Tim céac s6 nguyén z,y théa man: z2 + y? + 5z2y? + 60 = 372y

Loi giai. Cach 1.
2%+ y* + 5x?y? + 60 = 3Tzy < 2 — 2ry + v = —5x’y® + 35zy — 60
& (v —y)? =52y + 7oy —12) (%)
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Vi (x —y)? > 0,Va,y € Z nén —2y* + Ty — 12 > 0,Vz,y € Z. (1)
Datt=azy,(t €Z). Tu (1) taco -t +7t—12> 03 <t < 4.
MateZnéntacot=3Vt=4hayxy=3Vazry=4

Khi d6 5(—a2y? + 7zy — 12) = 0 nén ti (*) ta ciing c6 (x — y)*> = 0 hay z = y.

Ty =3 r? =3 (khong ton tai z € N),
° =

xy =4 T =2 r=-2
° & V

=Yy y=2 y=-2

Vay cap s6 nguyén (z;y) théa man phuong trinh trén la: (2;2), (—2; —2).
Cach 2. Xét truong hop x,y > 0.
Ap dung bat ding thitc AM-GM cho hai s6 khong am 22, y? ta co:

372y > 2xy + 5xy* + 60
& 35zy = 52’y + 60
& Tey > :E2y2 + 12
= Szy > o2y* + 12
4> (zy—4)°
S2z2ay—4> -2
S 62 oy > 2.

Suy ra, zy € {2;3;4;5;6}.

Mzt khéc, phuong trinh ban dau tuong duong véi:
(x +y)?* = 392y — Sx?y? — 60. (%)
Ta xét cac truong hgp:
e THI1: zy = 2. Tt () suy ra (x +y)?> = —6 (vo li).
e TH2: zy = 3. T () suy ra (z +y)? = 12 (loai vi (z + y)? 1a s6 chinh phuong).
e TH3: xy = 4. Tu () suy ra (z + y)? = 16. Giai ra ta dugc v = y = 2.
e TH4: zy = 5. T () suy ra (z + y)? = 10 (loai vi (z + y)? 1a s6 chinh phuong).

e TH5: zy = 6. Tu (%) suy ra (z + y)> = —6 (vo li).
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Thit lai ta thiy (z;y) = (2;2) 1a nghiem ctia phuong trinh.
Do zy va (—z).(—y) ¢6 vai trdo nhu nhau trong phuong trinh ban dau nén nghiém cta

phuong trinh 1a (2;2), (—2; —2). |

Binh luan. Day la bai toan phuong trinh nghiém nguyén kha quen thuoc, viéc bién ddi
dé thu dugce hing déng roi sau danh gia vé con lai la mot cach gidi thudng xuyen dugc

ap dung doéi v6i dang toan nay.
Bai tap tuong tu.

1. Tim tat ca sd nguyén z,y thoéa 22 — zy = 7o — 2y — 15.

Trich dé thi hsg ldp 9, Yén Bdi, 2011-2012
Dép an. (:Ev y) € {(_3a _9)7 <1a —9)’ (37 _3)7 (77 3)}

2. Tim tat ca s6 nguyeén x,y thoéa 2y? + 22y + z + 3y — 13 = 0.
Trich dé thi thit vao ldop 10, lan 2, THPT chuyén Nguyén Hué, 2016- 2017

bap an. (z,y) € {(13;0), (14, -1),(-2,3),(1,-4)}

Cho a = /2% + Va'P + /y? + Va%y". Chiing minh Va2 + /3% = V/a?.

Phan tich. Thoat nhin bai toan c6 vé kha phtc tap khi xuat hién ctia can thic bac 2
va bac 3. Tuy nhién, d& dang nhan thay, trong biéu thiic clia a va diéu can chiing minh
xuat hien kha nhiéu v22, ¥/42 va lity thita ctia n6. Do do, ta sé dat an phu dé bai toan

dugce don gian hon, dé phan tich hon.

Loi giai. Dat b= v22 > 0,c = /y? > 0. Bai toan trd thanh:
Cho a = Vb? + b2c+ /3 + be? v6i b, ¢ 1a hai s6 thuc khong am. Ching minh: b+c¢ = va2.

Ta co

a = Vb + b2c + V3 + b
= V02 (b + )+ /2(b+0)
=bvb+c+cvb+c (dob,ec>0)
= (b+c)Vb+e

Suy ra a? = (b+ ¢)® hay b+ ¢ = Va2 [ |
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Binh luan. R6 ring bai toan tren ta hoan toan cé thé gidi bang phuong phap bién doi
dai s6 binh thuong ma khong can diat an phu. Tuy nhien, viéc dit an phu ré rang dem
lai 1gi ich rat nhiéu, lam cho bai toan don gidn hon, va kha quen thudc véi hoc sinh.

Khi dit an phy ta can quan tam dén diéu kién ctia an méi. Chang han nhu trong bai
toan nay, néu ta quén xac dinh diéu kién ctia b va ¢, thi khi dua ching ta khéi can bac 2

sé giap kho khan va c6 thé dan dén sai lam.

Bai tap tuong tu.

1) Choz = {/v/28 + 1—{//28 — 1+2. Tinh gia tri biéu thitc P = z°—622+21z+2016.
Trich dé tuyén sinh vao ldp 10 chuyén, tinh Hung Yeén nam 2016- 2017

2) Cho a = \/a! + 22y3/a?y + /y* + 2y?/xy?. Chitng minh: 2z + y iy = V.

Chau Ngoc Vinh-SV DHSP TPHCM
f—4 Bai 4

Giai hé phuong trinh:

2+ 2y* — 2y =z — 3zy

222 + 92 — 17 = 3xy — =.

. r+y—1=0
L&i giai. Phuong trinh thit nhat tuong duong (z-+y—1)(z+2y) = 0 < Y
x4+ 2y =0.
e r+y—1=0« y=1-—x, thay vao phuong trinh thit hai ta cé:
r=2=y=-1
377 —2r -8 =0& 4 7
TR TS
e v+ 2y =0 & = —2y, thay vao phuong trinh thi hai, ta co:
17:> —34
= — xrT = ——
15y —2y—17T=0e | /7 15 15
y=—-1=x=2
—4 7. =34 17
Vay hé da cho ¢6 3 nghiém la (2; —1), (—; =), (——; —)- |

Bai tap tuong tu.

222 — 3y? = 2 — 3y + Sy
1) Giéi hé phuong trinh:

2?2+ y? + 8 = by + .
Pham Quoc Sang-SV DHSP TPHCM
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Cho phuong trinh: 2* + 2(m — 3)z? + 3m + 9 = 0 (v6i m 1a tham s6). Tim tat ca cac

gia tri m dé phuong trinh c6 4 nghiém phan biét.

Lai giai. Dat t = 2? (¢ > 0). Phuong trinh da cho tré thanh:
t?+2(m—3)t+3m+9=0. (%)

Phuong trinh da cho ¢6 4 nghiém phan biét khi va chi khi phuong trinh (%) ¢6 2 nghiém

duong phan biet. Diéu nay dong nghia véi:

m > 9
AN=(m-3?2-3m—-9>0
m < 0
m <3
m > —3.
Vay v6i —3 < m < 0 thi phuong trinh da cho ¢6 4 nghiém duong phan biét. [ |

Bai tap tuong tu.

1) Tim m dé phuong trinh z* + 2maz? — 4m = 0 c6 4 nghiém phan biét 21, 29, 73, 24
théa ] + 23 + x4 + x§ = 4.

Chau Ngoc Vinh-SV DHSP TPHCM

~— Bai 6

Cho céc s6 a, b, c thda man: a > 1;b > 4;¢ > 9. Tim gié tri 16n nhat clia biéu thic

B ben/a— 1+ ac/b —4 +aby/e—9

abe

M

Phan tich. D& thay M =

Va—1 Vb—4 +c—9
+ + :
) e v
Do ba bién a, b, ¢ ¢6 vai tro khong binh dang véi nhau trong bieu thitc M nén de tim gia

Va—1 vVb—4 /c—9

a b c

tri 16n nhat ctia M ta di tim gid tri 16n nhat cta

o Va—1

Xét . Ap dung bat ding thiic AM-GM cho hai s6 khong am ta co:
a
a—1 1 a—l.a<la—1+a2
a o a T a 20
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2 7z - 1
Dé tim dugc gia tri 16n nhat cta ¢ thia? —1=0hay a=1.
a
-1 1
Khi do, Y4~ < =
a 2
b—4 1 -9 1
Twong ti, ta ching minh duge 2 < 1 va ¢ < 6
c

Loi giai. Ta ¢6

a—1 b—4 c—9

Vau1 Vi=d
a b c

Do a > 1;b >4 va ¢ > 9 nén ap dung bat ding thic AM-GM véi céc cap sé khong am,ta

M=

co:
va—1 1
a=(a—1)+1>2/a—-1 = ¢ < -
=
b=0b—-4)+4>4Vb—-4 = ; gi.
-9 1
c=(c—9)+9>6yc—9 = ¢ gé.
c
1 1 1 11
Dodo M < -+ -+ -=—.
o do _2+4+6 B
a—1=1 a=2
Dau” =" xdyrakhivachikhi{p_4—-4 << p=28 [ |
c—9=09. c=18.

Binh luan. Day la bai bat dang thiic kha don gian, chi can nim viing bat ding thic
AM-GM va cach tham sé héa dé triet tieu cac hiang s6 tu do la co thé dat diem toi da
bai toan.
Bai tap tuong tu.
1) Cho céc 86 a,b,c théa man: a > 1;b > 2;¢ > 3 va be + 2v/2ac + 3v/3 = abe. Tim gia
tri nhé nhat cta bidu thiic:
1 2 3

= - + .
@ Va—1 Vb—-2 +c—3
Pham Quoc Sang-SV DHSP TPHCM

2) Cho a,b,c > 0. Tim gia tri nho nhat ctia biéu thiec:

9

3
- — + 1995.
a++Vab+ vVabe Va+b+c
Pham Quoc Sang-SV DHSP TPHCM

S:
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f—4 Bai 7
Cho 3 diém A, B, C ¢6 dinh thang hang (B nam gitta A va C). Vé duong tron (O; R)
bat ki di qua B,C (BC # 2R). Tut A ké cac tiép tuyén AM, AN dén (O; R) (M, N
la céc tiép diem). Goi I, K lan lugt 1 trung diém ctia BC va MN, M N cit BC tai
D. Chiing minh:

1. AM? = AB.AC.

2. Goi O 1a tam dudng tron ngoai tiép tam giac OID. Chitng minh O’ thuoc
duong thang ¢ dinh khi duong tron (O; R) thay doi.

Phan tich. 1. T diéu phai chiing minh AM? = AB.AC ta sé dua vé ty 1é do dai cac canh
AM  AC

dé hi 6 thé dua vé hai t iac dong d dé giai bai todn nay. Ta ¢ —— = ——
¢ hi vong c6 the dua ve hai tam gisc dong dang de giai bai todn nay. Ta ¢ —— = —— -

nén ta xét AABM va AAMC.
2. Dé dang ching minh tam O’ clia duong tron ngoai tiép tam gidc OID la trung diém
ctua canh ID.

Mot cach thii cong cac ban cé thé vé trén cing mot hinh khoang ba diém O, sé nhan
duge tuong tng ba diém O'. Dén day c6 thé du doan dudce ba diém dé cting thudce trung
truc cua ID.

Vay nhiém vu tiép theo ciia ta la ching minh I, D ¢6 dinh. Hién nhién I c6 dinh, vay

con D. Khong qua kho dé chiing minh diéu nay, béi vi:
AD.AI = AM? = const.

L&i giai.

1. Xét AABM va AAMC, ta co:
MAC chung
AMB = ACM (cung chan cung M B)
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Do d6 AABM ~ AAMC (g-g)

AM  AC 5
9B = AM hay AM? = AB.AC (dpcm)

Suy ra ——
2. Do B, C c¢b dinh nén trung diém I ctia BC ¢6 dinh.

Mat khac, do ti gidc IDKO noi tiép néen AD.AI = AK.AO = AM? = const. Do
do6, D c6 dinh.

Ta c6 AOID vuong tai I, nén tam O’ clia duong tron ngoai tiép tam giac OID la
trung diém ctia canh huyén OD.

Khi d6, O'I = O'D va I, D c6 dinh nén tam O’ di dong trén duong trung truyc clia
doan thang ID khi O di dong trén trung tryc ciia BC.

Binh luan. Day la mot bai khong qua kho dé gianh diém tuyet déi. Ngay tit cau 1 ta
da nhan thay mtc do don gidn ciia bai toan, va do ciing la goi v dé ta co thé gidi quyét

not cau 2.

/—4 Bai 8
Cho duong tron (O) duong kinh BC, trén dudng tron lay diém A (A # B, C). Tia
phan giac cia goéc BAC cit (O) tai E, Al 1a duong cao ctia tam gidc ABC.

1. Xac dinh vi trf ctia diém A trén duong tron dé tam giac AIE c6 dien tich 16n
nhat.

2. Tren duong tron lay diém M sao cho géc MCE la goc ti; ké FH, CK lan lugt
vuong géc v6i MC, ME tai H va K. Chiing minh MO vudng gbéc v6i HK.

Phan tich. 1. Déi v6i dang toan cuyc tri hinh hoc, ta phai tim dugdc gia tri cyc dai
hoiic cuc tiéu trude. Sau do, dua vao diéu kien bang clia bai toan dé tim vi trf clia
diém di dong. O bai nay, viec dau tién la ta biéu dién dien tich clia tam giac AIE
theo céc canh c6 trong hinh sau dé stt dung céc bat déng thiic phu dé danh gia dien
tich. Ta dé thay

1 e — 1 —_—
Sarp = 5AJ.JE.simuE = 5AJ.JE.sz'n(90° + OIE)

I 1
fAI IE.cosOIE = fAI IE. ?E fAI Ol = 3 R? — 222

. Tt day, ta c6 thé sit dung bat dang thitc AM-GM dé danh gia dien tich.
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9. Dé chimg minh OM L HK ta cin chimg minh MHK + OMH = 90°. Nhu vay, ta
chi cin bidu dién MHK va OMH theo cac goc da biét sau dé tinh tong ciia ching.

Lai giai.

1. bat 10 = x (z > 0), goi R la ban kinh duong tron
ngoai tiecp AABC.
Ta c¢6: AI = VR? — 22.
Do AFE la phan giac clia géc BAC nén E la diém chinh
gitta ciia cung BC', suy ra OF 1 BC.
Tt d6 ta c6 [E = VR? + 22

1 1 1 —
Ta 6 Sarp = JALIE.sinAIE = S ALIE.sin(90° + OIE) = JALIE. cosOIE

1 ol 1 1 R?
2AIIE[ 2AIO[ 2\/R 2?2x < —(R* —a° + x°) 1

RV2
o

o |

Dau "=" xdy ra khi v& chi khi VR? — 12 =0 <= 2 =

2
T dé ta co AI:\/R2—J;2:R;/_.

. ) . RV2
Vay diem A thudc dudng tron (O) sao cho khoéng céch tit A dén BC' bang ;/_

— 11— 1
2. Taco EMC = §EOC’ = 5900 = 45% suy ra AMEH vuong can tai H.

Tt gidc KCHE noi tiép nén CHK = CFEK (cting chan cung KC).

Ta lai <6 OMH = OME + EMH = OET + 45°.

(vi AOME can tai M nén OME = CTET@

Suy ra MHK + OMH = OEM + 45° + KEC = OEC + 45° = 90°.

(vi AOEC vudng can tai O nén OEC = 45°).

Suy ra OM 1 HK.

[ |

Binh luan. Bai toan khai thac cac tinh chat, van dé kha quen thuoc déi véi hoc sinh
trung hoc co s8. Cach tiép can van dé ciing kha quen thuoc tir viec xac dinh diem A dé
dien tich AAIE 16n nhéat dén ching minh MO 1 HK. Hoc sinh chi can biéu dién dugc
dien tich sau dé st dung bat déng thiic AM-GM dé danh gié 1 c6 thé gidi quyét bai toan
cyc tri. D61 véi viee chimg minh MO 1 HK, ta chi can tap trung chiing minh hai goc

con lai c6 tong bang 90° thi bai toan sé dude giai quyét.
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Bai tap tuong tu.

1. Cho dudng tron (O), ban kinh R, day BC c¢6 dinh khac duong kinh. A 1a mot diém
di dong trén cung 1én BC sao cho AABC nhon. Cac dusng cao BE, C'F cia AABC

cat nhau tai H.

a) Chiing minh t1t gidc BECF nai tiép va AO L EF.
b) Tia EF cat (O) tai I, tia AO cat (O) tai G. Goi M la trung diém BC, D la
giao diém hai duong thing AH va BC. Chting minh AI? = 2AD.OM.
c¢) Trong truong hgp AABC can tai A, goi x 1a khodng cach tit O dén BC. Tim
z dé chu vi AABC 16n nhét.
Trich dé tuyén sinh vao ldp 10 chuyén, tinh Ninh Binh nam 2016- 2017

10 Deé thi chuyén s6 GD&DPT Hung Yén

~— Bail

. 2 -1 2 1
Cho biéu thic P = v — Vot véix > 0,z # 1.

Ve+l -1

a) Rit gon biéu thic P.

b) Tim cac gia tri z dé P =

A~ w

c¢) Tim gia tri nhd nhat cla biéu thitc A = (v/z — 4)(z — 1) P.

N

Phan tich. D6i v6i bai tap nay, hoc sinh chi can quy dong va rat gon tit va mau 1a c6
thé hoan tat yéu cau y a). Ddi v6i ¥ b) thuc chat 1a sy 1ong ghép dé gidi phuong trinh
bac 2. Y c) huéng tdi gia tri nho nhat ciia tam thitc bac 2. Hoc sinh chi can phan tich

tong binh phuong la c6 duge két qua.

Loi giai. Véi dieu kien z > 0,2 # 1.
ol 2/EHl_ VAWE+D) - (VA DWE-1) _ 23

a) —

C Vr+l o o1 r—1 -1
b) Giai phuong trinh:

3 2 3
P:4<:>x\_/§1:4<:>3x—8\/5—3:0<:>(\/5—3)(3\/5+1):0<:>\/E:3<:>a::9

¢) Biéu thic A = (2 —4)(z — 1)P =2y/x(/z — 4) =2(/x — 2)? —8 > 8.

Vay gia tri nho nhat ctia A 1a —8, khi chi khi z = 4.
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Binh luan. Dang truc can thic dé rat gon bidu thitc 1a mot dang kha phd bién trong ky
thi vao 16p 10. Ngoai ra, bai nay con két hop kiém tra kién thic vé tam thic va phuong
trinh bac hai.

. _3 8
Bai tap tuong tu. Cho bidu thite P = “YE =8 VI8 o 0 e 4,

vV —2 vV +2

a) Rit gon bicu thitc P.
b) Tim cac gid tri z dé P = 1.
¢) Tim gia tri nhé nhat ctia biéu thic A = (y/x — 1)P.

P 1
Dap s6. a) P=4y/x.b) z = 16 c) mnA = —1.

Cho Parabol (P) : y = 22 va duong thang (d) : y = 3x + m — 2. Tim tham s6 m dé
(P) cét (d) tai hai diém phan biét c6 hoanh do duong.

Phan tich. Dang bai tap nay hoc sinh can qui vé phuong trinh hoanh do giao diém dé
tit d6 tinh chat nghiém ciing chinh 1a tinh chat hoanh do giao diém. St dung diéu kién

téng tich cac nghiem dé tim ra diéu dién dé c6 hai nghiem phan biét duong.

L&i giai. Phuong trinh hoanh do giao diém 14 22 = 3v+m—2 & 22 —32+2—-m =0 (1).
A>0

Yéu cau bai toan tuong duong (1) c¢6 hai nghiem phan biét duong < { § > 0

P >0
=3
Mataco A=9—4(2—m)=1+4m va
P=2-m
1+4m >0 1
Vay <:>—Z<m<2. [ |
2—m>0

Bai tap tuong tu. Cho Parabol (P) : y = 2% vi dudng théng (d) : y = 3z +m — 2.
Tim tham s6 m dé (P) cat (d) tai hai diém phan biét c6 tung do duong.
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— Bai3 .

, 2> — 22y =2y —x
a) Giai hé phuong trinh
r?4+2r=9—y

[1—2z 3z+2?
b) Giai phuong trinh = :
) Giai phuong trin - o

Phan tich. a) Dé y thiy phuong trinh thit nhat ctia he c6 hé s6 tuong tu nhau, tit do

ndy sinh van dé phan tich nhan ti. Ta thu duge (z + 1)(z — 2y) = 0. Tu d6 thay vao
phuong trinh con lai dé gidi quyét tiép.

2 z 1
b) Nham nghiém ctia phuong trinh nay ta thay = = 3 la nghiém. T d6 thém bét lugng

[1—2 [1-2.1 .
lién hgp cho T —— 3 =1. Sau d6 sé& danh gia thita s6 con lai sau khi gom
l’ =
3

nhan ti, chi ¥ st dung diéu kien dé danh gia.

L&i giai.

a) Ti phuong trinh thit nhat ciia he ta c6

r=—1
P +r—2r0y—2y=0& (z+1)(r—2y) =0&
xr =2y
Xét x = —1 thay vao phuong trinh con lai ta thu duge y = 10.
y=1=x=2
Xét 2 = 2y thay vao phuong trinh con lai ta thu duge 4y>4-5y—9 = 0 < 9 9 .
_ —— :> —
0 YT T T
Vay hé da cho c6 3 nghiem la (—1;10), (2;1), (—2; —4).

— 2z

N 1 1
b) Dieu kién >0 xc (0; 2} )

T
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1-—2x 3r + 22 1 -2z 3 + 22
= = - 1=— -1
x 2 +1 x 2 +1

1—2x

-_ = —1_3:5—1@ 1 -3z 31
1—2x o241 1—2x o241
+1 €T +1
X X
1 1
s (1-3
(1 - 3z) (1—295 >+1+x2
T +1
e
1 1 1 1
Sr=-.Vi + >O,Vx€<();2}

3 ( 1— 2z ) 1+ 22
T +1
T
[ |

Binh luan. a) Mot trong nhiing cach hay gip nhat khi gidi vé hé phuong trinh la viéc
tim ra nhan t ¢ mot trong hai phuong trinh, tit d6 riat va thé vao phuong trinh con lai.
b) Stt dung lugng lien hgp 1a mot phuong phap so cap va rat hitu hieu dé lam cac bai
phuong trinh khi ching ta da doan biét duge it nhat 1 nghiem dep. Bai nay ching ta

ciing c6 thé binh phuong hai vé, nhung kha dai dong va bac ctia = 1a len téi °.

r(y—1)+2y =2(x+1)

V2z—1+zy—3y+1=0
Dap sb. (1;1), (2 — /732 — V2).

Bai tap tuong tu. Giai hé phuong trinh

f—4 Bai 4
Cho tam giac ABC ¢6 ba géc nhon noi tiép duong tron (O), ké duong kinh AN. Lay
diém M trén cung nhé BN ( M khac B, N). Ké M D vuong goc v6i dudng thang BC
tai D. M E vuong goc véi duong thing AC tai E, M F vuong goc v6i AB tai F.

a) Ching minh ba diém F, D, E thang hang.

. .. AB AC  BC
b) Ching minh MF+ME =D

FB+EA+DC’>3
FA EC DB~

¢) Ching minh

N

Phan tich. a) Chung ta c¢6 nhiéu dit kién vé goc, vi rat nhiéu t gidc noi tiép duge

hinh thanh khi lay hinh chiéu ctia diém M lén céc duong thang chita ba canh clia tam
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gidc. Vay ta sé chinh minh hai géc ¢ vi trf d6i dinh 13 bang nhau. Phan tich ngugc sau:
BDF = EDC < BMF = EMC < FBM = ECM. Dé thay FBM = ECM do vi trf

goc ngoai va goc doi trong clia tit gide noi tiep AC M B.

b) Dé chitng minh ding thiic ty s6 nay, mot suy nghi ti nhién nhat 1a ta chia ]\34% thanh
hai ty s6, khi d6 sé chiing minh hai cap ty s6 bang nhau. Tt d6 cong lai, ta c6 dicu can
chting minh.

c) Dé nhan thay day la mot danh gia bat dang thic. St dung AM — GM sé dua ra két
qua can chiing minh 1 I;ﬁgégg > 1. Hon thé biéu thtc ];’i?é’gg chinh 1 két
qua tir dinh Iy Menelaus hoac Ceva.

Lai giai.

a) Ta 6 MFBD, MDEC, MBAC la tit gidc
noi tiép.

Suyraﬁ?: BMF = 90° — FBM va
EDC = EMC = 90° — CEM.

Hon nita FBM = m( gbc ngoai bang goc
ddi trong).

Do d6 BDF = EDC, hai goc & vi tri dbi
dinh.

Vay D, E, F thang hang.
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b) Goi P € BC sao cho BPM = ACM.
Suy ra ABPM ~ AACM, tit d6 ¢ Br =

BM

AC
AM’ A
Hon ntta AAME ~ ABMD suy ra AM-_

Y ME T
BM
DM
vy AC_ BP

YME ™ DM
ACPM ~ AABM
Tuong tu tu suy ra
AAMFE ~ ACMD
AB _ CP
MF~ MD &
Cong theo ve hai dang thic trén ta c6 dpem. A D
c) Tu cau a) ap dung dinh 1y Menelaus cho ¢
tam giac ABC véi cat tuyén 1a D, E, F' thu
duo FB EA DC
C e —
FA'EC'DB FB EA

Ap dung BDT AM —GM tac6: T+ + N M
DC
— > 3.
DB —

Binh luan. a) Dé chiing minh ba diém thang hang, chiing ta nghi téi cac cach giai quyét

sau:
1. Tién dé Euclide.
2. Goc 6 vi tri doi dinh bang nhau.
3. Goc bet.

4. Dinh 1y Menelaus.

Tim tat ca cdc nghiém nguyen ctia phuong trinh y3 — 2z — 2 = z(x + 1)%

Phan tich. Phuong trinh nghiém nguyén c6 dang lap phuong ctia y, cac bién z,y "doc
lap véi nhau". Chuyén z,y sang hai vé, them bét tit d6 tim duge mién nghiém nguyén

clia z dya trén danh gia y? v6i 23 va (z + 1)3.
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Loi gidi. Taco y® = 23+ 222 + 32 + 2. Ro rang 222 + 3z +2 = 2 <:v+ 2>2+; > ; > 0.
Do d6 3? > 23,

Mt khéc, xét |z| > 1.

Khi d6 y® = (z +1)3+1— 2% < (z 4+ 1)%, mau thudn vi 23 < y3 < (z + 1)3.

Vay |z| <1.Khid6o oz =+1Vaz=0.

TH1. z = —1. Thay vao pt dugc y = 1.
TH2. z = 1. Thay vao pt dugc y = 2.
TH3. z = 0. Thay vao pt dugc y = /2 ¢ Z, loai.

Vay phuong trinh ¢6 2 nghiem: (—1;1), (1;2). [

~—| Bai6

Cho a, b, ¢ duong va a*b* + bc* + cta* = 3a*b*c*. Chitng minh:

1 1 1 3
< —.
a3b+202+1+b3c+2a2+1+03a+2b2+1 — 4

Phan tich. Day la 16p cac BDT c6 diéu kién, tit diéu kién, ching ta qui vé diéu kién
1 1 .
i —|— — = 3. Tiep
tuc, dé danh gia duge nhitng phan thic ctia vé trai cia BDT can chu’ng mmh, mot trong
1/1 1
< - < + ) ,Ve,y > 0. Tu doé thong qua céc
y —4\z oy
danh gia AM — GM vé6i diem 10i 1a a = b = ¢ = 1 ta thu dudc két qua.

don gian hon bang cach chia hai vé cho a*b*c?. Tu d6 thu du’dc —+

cac BDT quen thuoc thuong gap la

1 1 1
Loi giai. Cach 1. Tu dieu kien deé bai ta c6 — 1t b + — =3
Trude hét ta ching minh BDT sau: Véi z,y > O ta co:

1 1(1 1)
<-(=4-=
r+y  4d\zr vy

1 1
BDT trén tuong duong véi (z+y) ( + ) > 4. BDT nay dang theo AM — G M nhu sau:
r oy

T4y >2yxy >0

T y VT

T d6 ap dung vao ta co:

1 <1 1+1<11 1+1+1_
adb+2c24+1 ~ 4 \a3b+1 22) — 4\4 \ a3 22 )
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. 11 11 4 1 9
MatheoAM—GMtacog%—g—l—g—l—@ZTbva—le el
e 1 _ 1 3+1+1+2
en ———— < —(— + —
adb +2c2+1 — 16 \4a*  40*
1 1 3
Pet2a?+1 = 16 \4p1 Gt
Tuong tu ta co c—i—la - 1 3
< 2
ca+20+17 16 (404 + >
1 1 3
Cong theo vé cac BDT trén lai ta c6 VT < — T (2( + — b + > +6> =7

Déng thitc xay ra khi chi khi a =b=c = 1.

1 1 1 11 1 3
Cach 2. Tu dicu kién ta c6 7+b4+7 = 3. Mat khac: 3 = af*’@*'g = 3 AP A
abc > 1.

Ta c¢6 a®b+ 2¢2 + 1 > 4vadbct > 4va2c3 = 4y/acy/c. Do dé

1 1 1 /1 1
< < (=4 =
adb+2c2+1 ~ 4y/acy/c — 8<ac+\/5>

1 <1<1+ 1)
Br19.2 11— —
Tuong tu ta cé bc+21a +1 213 ba +/a

1 1
Sl T
Aa+20% + 1 _8<ab+\/[_9)

1/1 1 1 1 1 1
Cong theo vé cac BDT trén lai ta c6 VT < — g (ab + — » + P + % + % + \/E)
Ma theo BDT BC'S thi

1 1 1 _ 1/1 1 1\? 1/1 1 1\* 1 1 1 1\%
—+ +— - +w+ >—|-4+-4+-) >—|—==+—+—

1 1 1
Suy ra — + —= + —= < 3. Tuong tu:

va  Vbhooe

Lol (L Ly
b 4= 3\a? b2 2 3\ab bc  ca
1 1 1
Suy ra — + — —i——<3TufdotacoVT<E 3
ab  bc 8 4
Déng thitc xay ra khl chikhia=b=c=1. [ |

Binh luan. Day ld mot bat dang thiic c6 diéu kien. Tir diéu kien ching ta can dua ra mot
s6 danh gi4, n6 rat quan trong dé dinh huéng gidi cho bai BDT can chiing minh. Trong

qué trinh danh gia luon luon phai xac dinh diém roi cho, 6 day diém roitaia = b =c = 1.

Bai tap tuong tu. Cho cac s6 thuc duong z,y, 2 théa man x + y + 2 = 3zyz. Chitng

minh:

1 1 1 3
< —.
x2+2y222+1+y2+222x2+1+22+2x2y2+1 4
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11 Deé thi THPT chuyén Luwong Thé Vinh s6 GD&DT
Pong Nai

~— Bail

7 1 1
Chobiéutht’tch( at Ve + ):\/a véia>0vaadl.
ay/a+a++a+1 a+1 a-+1

a) Rut gon bicu thic P.

b) Tim cac s tit nhién a # 1 sao cho bicu thitic P nhan gia tri nguyén.

\\

Phan tich. a) Dé y phan tich nhan ti ctia mau av/a +a+a+1 = (a +1)(v/a+ 1).

T d6 qui dong mau thiic sé ngan ngon va dé dang hon.

1 2 .
b) Sau khi riat gon thi P = & =1+ ———. Tu do, dé P nhan gia tri nguyén thi
Va—1 Vva—1
. 2 , . L
phan so ] phai nhan gia tri nguyeén, khi d6 \/a — 1 phéi 1a uée s6 ctia 2.
a —_—

Lai giai. a) Véi dicu kien a > 0 va a # 1 ta co:

B a++a 1 Va—1
P _<a\/5+a+\/5+1+a+1>' a+1
(e 1y e
(a+1)(a+1) a+1) a+1
a 1

_( . ) a+1
\a+1 a+1) Va-1

_Va+1 a+1
a+1 Va-—1
_Va+l
= a1
Vva+1 2
b) Ta c6 P = =1 :
) Ta c6 Ja—1 +\/5—1
2
Tﬁ.’déPEZ@\/_ 1eZ@\/5—1]2@\/E—le{il,iQ}@ae{O;zL;Q}. [ |
a_

~—| Bai2

a) Giai phuong trinh (z + 1)(z + 2)(z + 3)(z + 4) = 24.

, x? —dzy +x + 4y = 2
b) Giai hé phuong trinh

z2 — g2 = =3.
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Phan tich. a) Phuong trinh nay néu ta nhan da thiic vao ta sé thu duge phuong trinh

bac 4. Tuy nhién, day 1a dang clia phuong trinh qui vé bac 2 dang
(x+a)(z+b)(z+c)(x+d) =e véiat+d=0b+ec.
b) He phuong trinh ¢6 phuong trinh thit nhat nhiéu he s6 lien két va phuong trinh thit hai

khé& don gidn. Phan tich nhan i phuong trinh thit nhat ta thu duge (z—1)(z—4y+2) =
0.

Loi giai. a)
(x+1)(z+2)(x+3)(r+4) =24
& (22 + 5z +4)(2? 4+ 5r + 6) = 24.
Dit t = 22 + 52 + 4. Khi d6 phuong trinh trd thanh
tt+2) =242 4+20-24=0&t=4Vt=—6.

Khi ¢ = 4. Thay vao ta dugc 2?2 +5x =0 2 =0V 2z = —b.
Khi t = —6. Thay vao ta dugc 2% + 5z + 10 = 0, phuong trinh vo nghiém.
Vay tap nghiém cua phuong trinh la S = {0; —5}.

b) Tut phuong trinh thit nhat ta c6

2 —dry+rt+dy=2+r-2-dylr—1)=0 (z—-1)(r+2—-4y) =0
THI1. z = 1. Thay vao pt thit hai ta c6 y? = 4 & y = £2.
TH2. x = 4y — 2. Thay vao pt thit hai ta c6 15y* — 16y + 7 = 0, phuong trinh vo nghiem.

Vay hé phuong trinh c¢6 nghiém (1; £2). [ |

Goi x1, 79 14 hai nghiém ctia phuong trinh 22 — 2 — 5 = 0. Lap mot phuong trinh bac

hai nhan 2z; + x5 va x; + 225 lam nghiém.

Phan tich. Dé lap phuong trinh bac hai ¢6 nghiem cho truée thi ching ta can st dung

dinh 1y Vi-ét ddo. Nghia la tim tong va tich cia hai nghiém cho trudc.

Loi giai. Ap dung dinh Iy Vi-ét cho phuong trinh bac hai 22 — 2 — 5 = 0 ta co:
T+ axy=1 (2x1 + xa) + (x1 + 222) = 3(x1 + 23) = 3
Tu doé ta co:
T1.29 = —H. (271 + ) (21 + 219) = 2(23 + 23) + 5109 = 2(x1 + 32)% + 1179 = —
Vay theo dinh Iy Vi-ét ddo thi phuong trinh X2 — 3X — 3 = 0 nhan 2z, + 25 vd 71 + 225

lam nghiém. |
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~—| Bai4

a) Tim cac cdp sb6 nguyén (z;y) théa man z? + 2y? — 2zxy — 4o + 8y + 7 = 0.

b) Cho ba s6 thyc khong am a, b, c. Chitng minh:

ab(b® + be + ac) + be(c? + ca + ab) 4 ac(a® + ab+ be) < (ab + be + ca)(a® 4 b + ¢?)

N

Phan tich. a) Phuong trinh nghieém nguyén duge cho ¢6 dang bac 2 theo ting bién. Dya
vao diéu kién c6 nghiém ctia phuong trinh bac 2 ta thu dude mién gia tri ctia bién con

lai.

b) D& thay bac ctia cac da thitc bing nhau v bat ding thitc x4y ra khi @ = b = c¢. Bién
doi tuong duong BDT can ching minh ta thu duge bat dang thic don gian hon. T
dé stt dung cac BDT AM-GM dé thu duge diéu can ching minh.

Lai giai. a) Cach 1. Xem phuong trinh 1a bac hai theo bién x v6i tham s6 1a y.
22 —22(y+2)+ 22 +8y+7=0

Phuong trinh c6 nghiem < A’ >0 (y+2)? — (22 +8y+7) <& -y -4y -3 >0 &
y € [—3;—1].

THI1. y = —3. Thay vao phuong trinh ban dau ta c6

P4+ 4+1=02r=—1

TH2. y = —2. Thay vao phuong trinh ban dau ta c6

?—-1=0s712==+1

TH3. y = —1. Thay vao phuong trinh ban dau ta c6

-2 +1=0cz=1

Vay phuong trinh c6 (—3; —1), (=2;£1), (—1;1).
Cach 2. Xem la phuong trinh bac hai theo bién y. (hoc sinh tu lam tuong tu).
Cach 3. Phan tich thanh téng binh phuong.

(z—y—27+(y+2)0°=1
Tudaytaco (y+2)?<1le-1<y+2<1le-3<y<—1.
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b) Bién doi tuong duong BDT can chiing minh ra cé:

ab(b? 4+ be + ac) + be(c? + ca + ab) + ac(a® + ab + be) < (ab + be + ca)(a® + b + ¢2)
& ab® + b + ca® + 2abc(a + b+ ¢) < ab® + b + ca® + ab(a® + ) + be(a? + b?) + ca(b* + ¢2)
& 2abc(a+ b+ c) < ab(a® + ) + be(a? 4+ b2) + ca(b? + 2)

Theo BDT AM-GM thi ab(a? + ¢?) + be(a? + b%) 4 ca(b? + ¢*) > ab.2ac + be.2ab+ ca.2be =
2abc(a + b+ ¢). Vay ta c¢6 dieu phai ching minh. [ ]

— Bai5s .

Trong mat phéng toa do cho ngi giac 16i ABCDE cé cac dinh A, B,C, D, E déu la

diém nguyén (diém duogc goi la diém nguyén néu nhu cé hoanh do va tung do déu
nguyén). Chiing minh ring c6 it nhat mot diém nguyén M nam bén trong hodc thuoc

canh cta ngi giac da cho, véi M khéac cac dinh ctia ngti giac da cho.

Phan tich. Bai toan cho nam diém ctia ngii giac 16i ¢6 toa do nguyen bat ky. Bai toan
can chitng minh c6 it nhat mot diém nguyen théa man diéu kién cho trude. V6i yéu cau

bai toan nay, kién thitc thuong st dung nhat 1a nguyén ly Dirichlet.

Lai giai. Trong nam diém A, B, C, D, E theo nguyén 1i Dirichlet thi c6 it nhat ba diém

c6 hoanh do ciing tinh chat chén, 18. Xét cic truong hop sau:

TH1. Gia sit ton tai ba diém c6 hoanh do ciing 1a s6 chdn. Khi dé trong ba diém nay c6
it nhat hai diém c6 tung do ciing tinh chén, 1é. Khi dé trung diém clia hai diém
nay cé6 toa do nguyen. Do ABCDE la ngii giac 16i, do d6 trung diém ctia hai dinh

bat ky luon nam trong ho#c thudc canh, khong trung véi dinh.

TH2. Gia st ton tai ba diém c6 hoanh do cling la s6 18. Khi dé trong ba diém nay cé it
nhat hai diém cé tung do ciing tinh chin, 1é. Khi d6 trung diém ciia hai diém nay
c6 toa do nguyén. Do ABCDE la ngii giac 16i, do d6 trung diém ctia hai dinh bét

ky luon nam trong ho#c thudc canh, khong tring véi dinh.
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— Bai6 N
Cho tam gidac ABC' ¢6 ba goc C/’A\B, ITB\C, BCA déu la gbc nhon. Duong tron tam

O duong kinh BC' cit hai canh AB, AC lan luct tai hai diém M, N; v6i M khac B,

N khéac C. Hai tia phan giac cta hai goc C/'AT?, OMN cit nhau tai diém P.

a) Chting minh OMN = CAB. Chitng minh ti giac AM PN noi tiép duong tron.
b) Goi @ la giao diém ctia hai dudng tron ngoai tiép hai tam giac BMP va CNP,

v6i @ khac P. Ching minh ba diém B, Q, C thing hang.

¢) Goi 01,052,053 lan lugt la tam cia ba dudng tron ngoai tiép ba tam giac
AMN, BMP,CNP. Chiitng minh bén diem O, Oy, Oy, O3 cing thuoc mot dudng

tron.

Lo giai.
a) Cach 1. Ta c6

CAB = (900 _ ;sdm)
(sd@—l—stAC’)
— BCM + NMC

— CMO + NMC

— NMO

N RN | —

Céch 2. Ta c6 AMN = BCA vi BCNM la tit giac noi
tiép. Hon nita BMO = ABC. Vay OMN = CAB.
Suy ra NAP = NMP. Vay AMPN 1a t gidc noi

tiép.
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b) Ta c6 BQP = AMP, vi BMPQ la tit gidc noi tiép.
Hon ntta C/'C—Q?’ = A/]\ﬁj7 vi CNPQ 1a t1t giac noi tiép.
Ma AMP+ANP = 180°. Do d6 BQP+CQP = 180°,
ma hai géc nim & vi trf goc ké. Vay B, Q,C thang

hang.

c) Ta ¢6 OOy L AB vi duong tron (O) va (Og) cat
nhau tai BM. Tuong tuw OO3 L AC. Suy ra 52/663 =
180° — BAC.

Twong tu ta ¢c6 0103 L PN va OO0, 1L PM. Suy ra
0,0,05 = 180° — MPN.

Ta c6 0,003 + 0,0,05 = 360° — (BAC + MPN) =
180°.

Vay 0,0,00, la tit giac noi tiép. Vay bon diém

0, 01, 05, O3 cung thuoc mot duong tron.

12 Dé thi tuyén sinh THPT Chuyén Tién Giang

~— Bail \
V4+2v3 -3
(V5+2) Y175 -38 -2

2. Gidi phuong trinh 22 — /23 + 2 = 62 — 1.

1. Rt gon biéu thic A =

22+ 9y* +8xy +24=0
3. Giai hé phuong trinh

r—3y+zy =0.

\\

Phan tich. 1. Tiép can bai toan nay, ta dé ¥ 4 + 2v/3 = (v/3 + 1)? nén c6 thé khai
can dudce, va tit s6 sau khi rat gon 1a 1. V6i mau s6, khong kho dé doan trong cin
bac ba chinh la lap phuong ctia mot biéu thite, cu thé hon chinh la lien hop ctia

V5 + 2. Tit nhan xét do, bai toan tré nén don gian vo ciing!

2. Tiép can bai toan, ta chi ¥ dé biéu thic trong cin, béi day la can bac hai, nhung
trong can lai 1d mot da thite bac ba. Dé ¥ a3 + z = \/m va néu chuyén vé
1 tt vé phai qua vé trai phuong trinh thi ta lai c6 mot lugng 2%+ 1. Tit day, ta nghi
dén viec dat t = V22 + 1, sé dua phuong trinh ban dau vé dang phuong trinh dng
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cap

t2 — /ot — 62 = 0.

3. Tiép can phuong trinh ta thay rang z? + 9y* 13 mot phan cia (z — 3y)?. Hay néi
cach khac, ta c6 them b6t dé dua 22 + 9y? vé (z — 3y)?. That vay, bién ddi phuong
trinh thi nhat

2?2+ 9> +8xy +24 =0 (v — 3y)* + 14wy + 24 = 0.

Dén day, chic cac ban sé nhan ra viéc can lam tiép theo, d6 1a thay zy = —(x — 3y)
vao phuong trinh trén ta sé thu dugc phuong trinh bac hai theo an (z — 3y). Viéc

con lai la giai chung thoi!

Loi giai. 1. Ta cb

L. VaraEvE (VR -8
(VB+2) VITV5 =38 -2 (542){/(v5-2)° -2
1 1
= — =1

(Va+2)(vV5-2) -2 -1
2. V6ix >0, dat t = va2+ 1> 0. Khi d6, phuong trinh da cho twong duong véi
t? —\/x-t—6x=0.

Do z = 0 khong 14 nghiém ctia phuong trinh nén chia hai vé ctia phuong trinh trén
cho x # 0 ta dugc

t\% t t t
() Ll 6—0e =3 (théat,x > 0)V—= — —2 (khong théa t,z > 0).

N NI NG N
Khi dé
. 9+ V77
t S S
ﬁ:3@\/x2+1:3\/5<:>932+1:9x(:>x2—9x+120(:) x_g_Qﬁ
==
. . 9+ V77 9—/T7
Kiém tra lai ta thay phuong trinh da cho ¢6 hai nghiém z = +2 ; 5
22+ 9y2 + 8xy +24 =0 (z —3y)* + 1y +24 =0
=
r—3y+axy=0 xy = — (x — 3y).

117



12 DE THI TUYEN SINH THPT CHUYEN TIEN GIANG

Thay phuong trinh thit hai vio phuong trinh thi nhat ta duge

r—3y =2
r— 3y =12.

(z—3y)P —14(z—3y)+24=0<

V6i z — 3y = 2 ta ¢6 hé phuong trinh
r—3y =2 r—3y =2
<~
Ty = —2 z - (—3y) = 6.
Theo hé thiic Viete z, —3y 1a nghiém ctia phuong trinh 22 —2z+6 = 0, (vo nghiém).

V6i z — 3y = 12 ta c6 hé phuong trinh

r—3y =12 xr—3y =12
=

xy = —12 z - (—3y) = 36.

Theo hé thic Viete o, —3y 1a nghiém ctia phuong trinh 22 — 1224+ 36 = 0 < z = 6.
Khi do

- Néuxz=6thiy=-2.
- Néuy =6 thi z = —2.
Vay hé da cho c6 hai nghiem (z;y) = (6; —2), (—2;6).

Binh luan. Theo cadm nhan riéng t6i, day 1a mot cau ghi diem trong dé thi nay, béi né

khong danh dé hoc sinh nhiéu.

1. Viee dodn ¢/17v/5 — 38 = {/(v/5 — 2)3 = v/5 — 2 khong hé kho déi véi déi tuong la
céc ban thi sinh thi vao khéi 16p chuyén toan. Va véi suy doan nay thi bai toan nay

khong con gi dé ban luan them.

2. Phuong trinh nay kha hay va cling khong hin 1a don gian. V6i cach dat a2 +1 =1t
khong phai tat ca ciing déu nghi ra. Tuy nhién, véi mot sé ban khéac c6 thé chuyén

phuong trinh vé dang

Va3 + =2 — 62+ 1,

va binh phuong hai vé dé dua vé phuong trinh bac bén véi hé sé bac cao nhét 1a

1. Dén day, viec giai phuong trinh bac boén nay khong qua kho, néu cac ban biét
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rang no6 luon tach duge thanh tich ctia hai tam thic bac hai, nghia 1a sau khi binh

phuong va rit gon, ta hoan toan duwa phuong trinh ay vé dang
(22 +ax +b)(2* +cx +d) =0

bang phuong phap hé s6 bat dinh. Tuy vay, phuong phap nay kha vat va va khong
phai 1& cach gidi quyét hay!

Bai tap tuong tu.

VI3 —4v3+1
(2v2+1) - V~25+22v2+v3-T
755+ 63v2 — 3v2
(Vi—1)-v/8—2V7T—5
Pham Huu Hiép - SV khoa Toan, DHSP TP.HCM

1. a) Rt gon biéu thitc A =

b) Riit gon biéu thic A =

2. Gidi phuong trinh 2 — /26 + 22 = 622 — 1.

4922 + 25¢% — 22y = 35
3. Giai hé phuong trinh

Tx — by + 2zy = 0.
Pham Huau Hiép - SV khoa Toan, DHSP TP. HCM

~—| Bai 2 )

1. Trong mit phang toa do Owxy, cho parabol (P) : y = 22 vi dudng thing

d:y=2(m+1)z—m? m la tham s6. Tim tit cd cc gia tri cia m dé
duong thang d cit (P) tai hai diém phan biét A (z1;91), B (22;%2) thda man

(21 — m)® + 25 = 3m.

2. Cho phuong trinh 22 + mx — 2 = 0, m 13 tham s6. Chting minh phuong trinh
luon c6 hai nghiem phan biet z;, x5 v6i moi m. Tim tat cd cac gia tri ciia m

sao cho biéu thic A = (22 — 1) (22 — 4) dat gia tri 16n nhat.

Phan tich. 1. Tiép can bai todn nay, dé tim céc gia tri m dé dudng thang d cit
parabol (P) tai hai diém phan biét ta sé lap phuong trinh hoanh do giao diém. Tuy

nhien, day chi 13 mot bude "bé nhd" trong viec gidi quyét bai toan nay. Y dd clia

T, — = J
( m)? + 1y = 3m
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Sau khi lap phuong trinh hoanh do giao diém va bién ddi ta thay

2 =2(m+ 1z —m? < 22 —2mx +m? =22 & (z — m)? = 2.

R6 rang ; 1a nghiém ctia phuong trinh hoanh do giao diém nén phai c6

271 = (z; — m)>.

T do, ta co
221 + x9 = 3m.
Dén day, két hop véi he thitc Viete ta hoan toan tim ra m thdéa yéu cau bai toan.
2. Nhin ngay phuong trinh ta da biét phuong trinh nay c6 hai nghiém phan biét 1, zs.
Do vay ta sé khong di phan tich § nay ma tap trung vao y hai.

V6i bai toan nay, viec hoc sinh c6 gang bién doi A vé thanh tong tich dé ding he
thitc Viete 1a vo vong, béi biéu thiic nay khong déi xiing. Do tich a2 18 mot s6 cu

the, nén cach giai quyét tot nhat dé la thay vao va danh gia A.
Loi giai. 1. Phuong trinh hoanh do giao diém ctia parabol (P) v dudng thang d la
??=2m+ 1)z -m*e2®-2(m+1)z+m?=0.
Dudng thang d cit parabol (P) tai hai diém phan biét khi va chi khi
A =[-m+DP+m>>0=(m+1)*+m? >0, (luon ding).

Vay phuong trinh trén c¢6 hai nghiém phan biét x1, zo. Khi d6 theo hé thiic Viete
ta co

£C1+3§'2 :2(m+1)

T129 = m>.

Mat khac

(r1—m)?+ a9 =3m & 22 —-2x;m+m>+12o=23m
& 22 —2(m+ D)z +m?+ 2z, + 29 = 3m
& 21 4 29 = 3Im.

2 171:m—2
Két hop v6i z1 + x2 = 2(m + 1) ta dugc
To = m + 4.
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Thay vao 2122 = m? ta dugc phuong trinh theo bién m
(m—2)(m+4)=m*=2m-8=0&m=4.

Vay véi m = 4, dudng thang d cat parabol (P) tai hai di¢cm phan biét A, B thda
yéu cau dé cho.

2. Do ac = —2 < 0 nén phuong trinh 22 +mx — 2 = 0 ludn c6 hai nghiém phan biét
x1, T2 Vi moi gia tri clia tham s6 m.

Khi do, theo hé thiic Viete ta c6

T1+Tyg=—mM T+ To

T1Ty = —2 Ty = —
Ta co

A=(27-1)(a3—4) = (2125)° —4a?—2244 = 8 5

8
12 < 8-2/ = - a2 =8—4V/2.
L3

-
Dau” =" xay ra khi va chi khi

8 ) 2
;%:x2<:>I2::|:\/§:>$1::F%
L2

V8

Vay m = /8 — \jg; —V/8

[ |

Binh luan. 1. Theo cam nhan riéng toi, bai toan nay that su khong quéa kho, tuy

nhién khong qua don gidn! Sy danh d6 duge thé hien 16 & viec hoc sinh ¢6 phat hien

ra (z; —m)? = 2z; hay khong. Thém nita d6 1a viéc tim ra a1, 25 theo tham sé m
thong qua giai hé

21’1 + 29 = 3m

x1+ 29 =2(m+1).

2. Bai toan nay kha don gian, chi can tinh ¥ dua A vé mot an va ding bat dang thitc

Cauchy 1a duge. C6 khé ching 1a do hoc sinh chuta quen véi viée gidi bat dang thiic.

Bai tap tuong tu.

Tim tat ca cac sd nguyén td p sao cho p? + p + 6 13 mot s6 chinh phuong.
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Phan tich. Véi bai toan nay, do p? + p+ 6 la s6 chinh phuong nén ta cit dit ching bang
mot s6 chinh phuong k2. Lai dé ¥ 1a hé s6 p?, p nhu nhau, nén ta c6 thé nhan hai vé cho
4 dé dua vé dang binh phuong, tit d6 c6 nhitng danh gia tiép theo.

Ngoai cach trén, ta c6 thé kep p? + p + 6 gitta hai s6 chinh phuong, dé han ché truong

hop va giai. Béi day 1a mot tam thitc bac hai nén viéc giai chung 1a kha thi.

Loi giai. Cach 1. p? + p + 6 1a s6 chinh phuong khi va chi khi ton tai & € N sao cho
PPHp+6 = k2 & 4p° HAp+24 = 4K* & (2p+1)2—4k? = 23 & (2p+2k+1)(2p—2k+1) = 23.
Nhan xét 2p+2k+1>2p—2k+1va2p+2k+1 >0 nén

2p+2k+1=23 p=>5
2p—2k+1=1 k=6

Kiém tra lai véi p = 5 thi p> + p + 6 = 36 = 6 13 mot s6 chinh phuong.

Cach 2. Ta c¢6 nhan xét
2 2 2 - 2
pr<p+p+6<p +6p+9=(p+3)°.

Do dé6 chi c6 thé xay ra cac trusng hop sau

PPHp+6=(p+1)> p =15, (1a 86 nguyén t6)
2 2 & 2
pP+p+6=(p+2) p=-3 (voly).
Kiém tra lai véi p = 5 thi p> + p + 6 = 36 = 62 1a mot s6 chinh phuong. [

Binh luan. Day la bai toan thuoc linh vigc s6 hoc va thuong xuyén xuat hién trong dé
thi tuyén sinh vao khéi 16p chuyen Toan ctia truong. Di cling véi né la gidi cac phuong
trinh nghiem nguyen, hay tim s6 dé théa méan diéu kien nao dé. Tuy nhién, mtc do nhitng

bai toan nay khong qua phtc tap.

Bai tap tuong tu.
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/—4 Bai 4
Cho hai duong tron (O; R) va (O'; R') cat nhau tai A, B, (R < R’). Ké tiép tuyén
chung C'D ctia (O) va (0'), (O, D la tiép diem ctia C thuoce (O), D thuoe (0)). Qua
B ké cat tuyén song song véi C'D cat (O) tai F, cat (O') tai F. Goi G, H theo thi
tu 1a giao diém ctia DA, CA v6i EF. Goi I la giao diém ctia EC v6i FD.

a) Ching minh ABCD = AICD.
b) Goi K la giao diém ctia AB va C'D. Chiing minh K 1a trung diém ctia CD.

¢) Chitng minh BI la trung tryc ctia doan thang GH.

Phan tich. a) V6i cau a), ta nhan thay C'D 1a canh chung ctia hai tam gidc ABC'D va
AICD, ngoai ra khong con cap canh nao bang nhau nita. Do vay, ta nghi dén viéc tim
cac cap goéc tuong ing bang nhau. Dya vao gid thiét C'D 1a tiép tuyén chung ctia hai

duong tron va CD || EF, viéc tim ra cac cap goc dé kha don gian.

b) V6i bai toan nay, ban nao ndm vitng vé phuong tich thi viec tim ra 16i giai kha don

gian! That vay, xét phuong tich clia diem K ddi véi dusng tron (O) va (O') ta c6
Prpo)=KC*=KA-KB=KD*= P0).

Suy ra KC = KD tiic K la trung diém ctia C'D.

T ¥ tudng do, ta sé chitng minh ¥ nay dya vao cac ty sé6 dong dang.

c¢) Dé chitng minh BI la trung tryc ctia GH ta can ching minh BI vuéng goc véi GH
tai trung diém B ctia GH. Nghia la can chiing minh hai diéu: Mot 1a B 1a trung diém
clia GH, hai la BI L GH. Y nhét dugc goi v tit cau b). Y thit hai, ta sé chitng minh
thong qua C'D, béi CD | GH.

Ldi gidi. 1. Chitng minh ABCD = AICD.

DoC’DHGHnén]/C’T):C/'E\BVaID/\C:lﬁ’\B.

Ta lai 6 CEB = DCB, (cung chan /BTC') va DFB = CDB, (cuing chéan B—D)

Tfrdésuyra@:l%’\BvalD/\C’:C’DB.

Do hai tam giac BC'D va tam giac ICD c¢6 canh C'D chung; ICD = DCOB va
IDC = CDB nen ABCD = AICD, (g-c-g).
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2. Chitng minh K la trung diém cta CD.
Xét hai tam giac KCA va tam giac K BC' ¢c6

CKA chung;
KCA = KBC, (ciing chin AC).

Suy ra AKCA -~ AKBC, (g-g).

Tuong t ta ciing c6 KD? = KA KB. Do d6 KC = KD.

Vay K la trung diém ctia CD.

3. Do CD L GH nén ta c6 cac dang thiic sau
KC KA KD
BH KB BG’

Tt K 1a trung diém ctia D suy ra
B la trung diém ctia GH. (1)

Mat khac CD = CB va DI = DB, (do ABCD = AICD) nén CD la trung truc
cia BI, tuc la BI L CD. Ma CD || GH nén

BI L GH. (2)
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T va suy ra BI la duong trung truc cia GH.

Binh luan.

Bai tap tuong tu.
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