NHOM GIAO VIEN TOAN VIET NAM

On thi tét nghiép THPT dot 2

ciw VD — VDC, made 102
PE THI TOT NGHIEP THPT POT 1 NAM 2021

Vusi thi man Tadn iy thi tét nghiée THPC dat 1 nam 2021 dién w vaa chiéw
ngay 7/8/2021. DVai thi mén Godn gom 24 ma dé, dwae lay tiv 4 ma de géc la: Ma dé
101,102, 103, 104. Vi dung dé thi nam trong chuwang tiink CHPC, chiv yow chuang
tunh lap 12, trong dé 38 caw daw 6 miie do nhan biét, théng hicw duge w trang cic méa dé
nhéim kiém tra kién thite ca ban cia lp 11, lép 12; trang cde ma dé tiv caw 39 dén caw 45
kicm tra kién thite hoe sinb & mite dé van dung, tiv caw 46 dén caw 50 & muic dé van dung
trink THPC.

Kiy thi- tét nghicp THPT dat 2 nam 2021 sé diéw w trong 2 ngay 6/7/8/2021,
Nhém Gido view Gadn Vist Namv xin giiis téi qui thay cé va cic em bair vich “Phan
THPT dot 1 Nam 2021”
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BO1 mat phang di qua dinh va tao véi mat phang chita ddy mot goc bang
60° ta thu dwoc thiét dién 1a mot tam giac déu canh 4a. Dién tich xung quanh cta (N ) b;‘img :
A. 8\/77m2. B. 4\/571’612_ C. 81374’ ) D. 4/7ra’ i

FB: Truong Quéc Toan — Ta Minh Ditc
Phan tich dinh huong tim Loi gidi:
- Day la bai toan tinh dién tich xung quanh ctia hinh nén;
- D€ tinh dién tich xung quanh ctia hinh nén ta 4p dung cong thiee S, = zrl;
- Trong bai toan nay duong sinh / =4a, nén ching ta chi can xac dinh ban kinh ddy r cta
hinh nén (N) thong qua gia thiét bai toan;

Loi giai

Goi [ la tam cua duwong tron ddy cua hinh nén.

Ta c6 thiét dién qua dinh la tam giac SBA.

Goi M la trung diém cta doan théng AB.

Ta chting minh duoc 4B L (SIM ), suy ra géc gitta mit phing di qua dinh va mit
phang chtta ddy ctia hinh nén la SMI =60

4a2\/§ P \/g

Xét tam giac SIM vuong tai I tacod SI =3a;IM = a3 .

Xét AIMA vuong tai M ta c 1A=~ IM* + MA* = \[3a* +(2a)" = a7 .

Vay dién tich xung quanh cua hinhnénla S, =zrl = ra7.4a = 4Tnd*.

Do tam gidc SAB déu canh 4a, suy raSM =

Binh lugn:

- Day la bai toan tinh dién tich xung quanh cta hinh nén, dé€ lam dwoc bai nay yéu cau cac
em hoc sinh phai nhé cong thitc tinh dién tich xung quanh ctua hinh nén; cach xac dinh thiét
dién ctia mat phang véi hinh nén va xac dinh duwoc goc gitta hai mit phang. Tuy dang toan
nay khong mdi, nhung dé€ giai quyét duoc bai toan nay thi cdc em hoc sinh phai ¢ hoc lwc
kha tro lén.

Huéng phit trién:

Hu6ng phit trién 1: Thay doi gia thiét cho chiéu cao va dién tich thiét dién. Yéu cau tinh thé
tich ctia khoi non

Huodng phit trién 2: Thay gia thiét goc bang ban kinh day ctia hinh nén. Tinh khoang cach
tte tam cua ddy dén mat phéng

Huong phit trién 3: Git nguyén gia thiét, mat cat chia khdi nén thanh hai phan tinh thé tich
mot phan ctia khéi nén
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Huoéng phit trién 4: Thay ddi gia thiét cho ban kinh day hinh nén; mit phang di qua dinh
va tao voi mat phéng chtra ddy mét goc. Tinh dién tich thiét dién.
Hudng phit trién 5: Thay doi gia thiét bai toan cho ban kinh, chiéu cao ctua hinh nén. Mt
phang di qua dinh hinh nén cat mat phang chita day la tam gidc can c6 canh day cho trudc.
Tinh géc tao béi hai mat phang.
Hudng phit trién 6: Xay dung cac bai todn tuong tu trén hinh tru
Cac vi du minh hoa
Caul. Cho hinh nén c6 chiéu cao bang 24/5. Mot mit phang di qua dinh hinh nén va cat hinh nén
theo mot thiét dién la tam gidc déu c6 dién tich bang 943 . Thé tich ctia khdi nén duoc gidi
han béi hinh nén da cho bang

3257
—

A. B. 327 . C. 32457 D. 967 .

Loi giai

, AB*3  AB*\3
Tacod Sgp = =
4 4
R=0A4=+SA4>-S0* =/36-20=4
Thé tich cia khéinénla V = %ﬂth = # .

Cau2. Cho hinh nén c6 dinh S, day la duwong tron tam O sao cho SO = 6+/5, mot mit phang (@)
cat mat non theo hai dwong sinh S4, SB. Biét khoang cach tir O d&n mat phang (e) bang
2x/§ va dién tich tam giac S4B b:;“mg 360. Thé tich khoi néon béng
A. 1325745 . B. 265745 . C. 1325V5. D. 26545 .

Loi giai
Chen A

=93 = AB* =36= 54 =36
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= OH =d(0,(a))=2+/5
1 | 1 | 1 | | 1 2 310

OH* S0 OF _OF OH® SO :(2\/3)2 _(6\/5)2 I

2

$1 57707 - J(%)ﬁ[ﬂ oG

VSt aB =14 = 4= S5 _ 360 -8J10

S =—=SI. ) =
S4B 2 SI (9\/5}
2

012+1A2_\/(8f) (J_J 57106

2
o1 (5\/?] 635 =13257245

3
Cau3. Cho hinhnéndinh §, ddy la duong tron (0;3). Mot mat phang di qua dinh ctia hinh nén cat
duong tron day tai hai diém 4 va B saocho SA= AB =5. Khoang cach tit O dén mat phang

(SAB) bang
NREES g, W33 o V33 D. i,
5 15 15
Loi gidi

Goi [ la trung diém A4B.

AB 1 SO
Ta c6 { = AB 1 (SOI)=>(SAB) L(SOI).
AB 1Ol

Trong (SOI'), ké OH L SI, H €SI thi OH 1 (SAB).
= d(0;(S4B))=OH .
Ta c6: SO =/SA* 04> =/5*-3* = 4.

2
Ta cb: O =\JOA> — AI* = 32—(3 =g.
1 L1 4 oy 433

Tam giac vuong SOI co: s=——Ft+t——=—+—=>0H=——.
OH" oI SO 16 11 15
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Cau 4.

O,(S4B)) = OH =——

433
15

Mot khéi nén c6 ban kinh déy bang 2a, duong sinh bing a+/7 (tham khao hinh dudi day).

S

Mot mat phang qua dinh va tao véi day ctia hinh nén mét géc 60° chia khdi nén thanh hai

phan, goi ¥ 14 thé tich phan nho hon. Gia tri cia ¥ bang

A. (4”*/5—1}:3. B. (4”*/5—1]613.
9 3

4”9\/3 + 3} a.

C. (47[3\/5 —3}13. D. [—

Loi giai

Gia stt mat phang qua dinh va tao v6i ddy mot goc 60° cat khdi non theo thiét dién la
tam gidc SMN nhu hinh vé.

Goi [ 1a trung diém cua MN. Khi d6 OI L MN,SI 1. MN ti gia thiét ta c6 goc

SI0 = 60°.

Xét tam giac SOM ta c6 SO = NSM?—oM?* = \/ga.

SO 3
Xét tam giac SIO tacd Ol =——— = ﬁ =a, tir do xét trong tam giac OIM ta duoc
tan60° /3

—— — 1 .
IOM =60, suy ra NOM =120°, S, =E.OM2.sm120° =34
Goi §, la dién tich hinh vién phan tao boi day MN va cung nhé MN. Ta c6

S, Z%E.OMZ —Soum 2(4?”—\/5)(12.
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DO1 MOt mat phéng di qua truc ctia hinh nén ta dwgc mot tam gidc vuot
can c6 canh huyén béng ax/i , BC la day cung ctia duong tron ddy hinh nén sao cho mat
phéng (IBC ) tao voi mat phéng chtta ddy hinh nén mot goc 60°. Tinh theo a dién tich S cta
tam giac IBC.

a2\/§ a’ aZ\/E 2a’

A S= . B. S=—. C.S§S= . D.S§=—-.

3 3 o 3 3
Loi giai

Tam giac IDC vudng can c6 DC = a\/E = [H=HC= valC=a.

a2
2
Goi E la trung diém canh BC, goc gitra mat phang (IBC) va (BCD) la IEH =60°.

IH
Trong tam giac IHE c6 IE=—— =ﬁ.
sin 60 3

Tam giac IEC ¢6 CE =IC*-IE* = |a® —%az :a?.
a2
T
Ciu6. Cho hinh nén dinh S c6 ban kinh day R =+/3, chiéu cao & =2+/2. Mit phing (a) qua dinh

Vay S=EILEC =

. 2 :
S cat day ctia hinh nén theo day cung c6 d6 dai E Tinh goc tao bdi mat phang () va mat

phang chtta ddy ctia hinh nén.
A. 30° B. 45° C. 60° D. 75°

Loi giai

s

2 7. \ \ 4 4 2
Goi 4, B la hai giao diém cta («) voi duong tron day, ta co 4B =—.

J3

Goi M la trung diém AB, tacé OM L AB,SM 1 AB => gbc tao boi () va mat day
‘ OM =~JOB> — BM? =¥, tanS/]M\O=g—AO/[
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al day la hai duong tron tdam O vatam O', ban kinh day 7 = a+/3, chiéu cad
hinh tru 4 = a. Mt phang (@) di qua trung diém ctia 00" va tao véi 00" mot goc 60° va (o)
cat duwong tron day tam O theo day cung 4B . Do dai doan 4B la:

A. 2a. B. —. C.—. D. 3a.

-
_ecd__1__

-

- —

Goi M, N lan luot 1a trung diém cua OO va AB. Ta ¢
AB LON, AB 1. 00' = AB 1 (OMN). Goi H1a hinh chiéu cia O trén MN thi
OH 1 (@)

Ta c6 (00';(4BM ) = (00'; MH ) = (00'; MN ) = OMN = 60°

a\3

Tam giac OMN vuong tai O c¢6 ON = OM..tan OMN < 0N=%.tan60° =

2
AB =2NB =23JOB* —ON? =2,|34" —3% —3q.

Cau8. Cho mot hinh tru tron xoay va hinh vuéng ABCD canh a c¢6 hai dinh lién tiép 4,B ndm trén
duong tron ddy tht nhat ctia hinh try, hai dinh con lai ndm trén duong tron day tht hai ctia
hinh tru. Mat phéng ABCD tao voi mat phéng chtta day hinh tru mot goc 45°. Tinh dién tich
xung quanh hinh tru?

27a*\3 za*3 ra*\3 ma’\3

e . = . C. S, = e D. S, = I

A.S, =

Goi P,Q,E lan luot la trung diém caa AB,CD,00". Goc gitta (ABCD) va mat day la

[

.Taco EQ—— dodo O'Q=EO =
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ﬂ.a 6 .a\/E _ﬂ'az\/g
4 2 2
Cau9. Cho khoi tru c6 thiét dién qua truc OO 1la mot hinh vudng canh b?mg 2. Mat phéng (P) di

Dién tich xung quanh cta hinh trula S, =2

qua trung diém I ctia OO’ va tao véi mit phang chita ddy cua khéi tru mot géc bang 30°.
Dién tich ctia thiét dién do (P) cét khéi tru gan s6 nao sau day nhat?

A. 3,6. B. 3,8. C. 3,5. D. 3,7.

Loi giai
Chon A

Do thiét dién qua truc OO" 1a mot hinh vudng canh béng 2 nén chiéu cao cua hinh
trula #=2 vabankinh ddyla R=1.

Gia st giao tuyén ciia mit phang (P) va déy chira tdm O la dudng thang d. Goi E
1a hinh chiéu cia O trén d . Khi d6 goc gitra (P) va mit phang chira day la goc
OEI =30°.

Trong tam gidc vuong IOE c6 tan OEI = % = OF = =3 >1.Do d6 diém E

2
3
3
nam ngoai duong tron ddy nén thiét dién 1a Elip.

Trong tam gidc vuong AHM c6 cos AMH = % = AM =

43 23

Hay2a=T<:>a=T.Mé CD=2b=2:>b:1

Thiét dién 1a hinh elip nén dién tich bang zab =

23T 3,62 .
3

2x+5 khi x>1

3x° +4 khi x<1

F(0)=2.Gi4 tri cia F(-1)+2F(2) bang

A.27. B. 29. C. 12. D. 33.

Cau 40: Cho ham sb f (x)z{ . Gia st F la nguyén ham cua f trén R thoa man
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Phdan tich dinh hwong tim loi giai
Dang toan: Cho ham s6 F 1a nguyén ham ctia f voi f 1a ham cho béi nhiéu biéu thirc. Bai todn yéu
cAu tinh gia tri cua biéu thirc F tai mot s6 diém. Dang toan nay ta c6 2 cach lam chinh sau
* Cach 1: Tim ham s6 F (1a tim cac hang s6 C,,C,,...) dua vao cac gia thuyét di cho (nhur lién tuc, co

dao ham, F (xo) ,...). Tuy theo yéu cau bai toan ma st dung ham s F di tim dugc mot cach phu hop.

Cu thé hon ta co:

2x+5 khi x>1 x2+5x+C1 khi x>1
Budc 1: f(x)=

3 ek x<l L )T P +4x+C, Mhi x<1’

Buéc 2: Tim céc hing s6 C,,C, dva vao F(0) = 2 va tinh lién tyc ciia ham so.

Buée 3: Tinh gié tri ctia biéu thic F(—1)+2F(2).

* Cach 2: Sir dung cong thiuc F(b)—F(a)= ij(x)dx phu hgp. Cu thé & bai trén ta lam nhu sau
Bude 1: F(1)=[ £ (x)dx+ F(0).

Budc 2: DEy F(-1)+2F(2)=[ F(-1)-F(1)]+2[ F(2)-F(1)]+3F(1), céc biéu thirc trong déu

b
ngoic vudng c6 dang L f(x)dx

Fb-Nam Phuong
Loi giai

* Cach 1
2x+5 khi x>1 x*+5x+C, khi x>1
f(x)=<_, = F(x)= .
3x"+4 khi x<1 X +4x+C, khi x<1

X’ +5x+C, khi x>1

X +4x+2  khi x<1

Ham s0 lién tyc trén R = lim F (x) =lim F (x) = F(I) ©1+5+C =1+4+2 = C =1

x—-1" x>0

{x2+5x+1 khi x>1

X +4x+2 khi x<1

Vi F(O)=2:>C2=2:>F(x):{

= F(x)= . Vay F(-1)+2F(2)=-3+2.15=27.
* Cach 2
Nhén xét: Him s6 f (x) lién tuc trén R.

Do d6 F(~1)+2F(2)=-3+2.15=27.

Binh ludn:
- Pay la dang toan thude mﬁc d6 van dung, viéc nhan ra huéng giai doi hoi hoc sinh phai ndm chic
cac khai niém va tinh chat cua nguyén ham cting nhu cac phuong phap tim nguyén ham.
Huwong phat trién:
- Khéng cho diéu kién F(a)=m. Yéu cau tinh F(b)—F(c).
- Thém diéu kién nhu: c6 dao ham, lién tuc,....
- Thay dbi diéu kién kién ctia dé bai bang cach cho F(a)+ F(b) =k . Yéu cau tinh F(n)+ F(m).
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Cau 1:

Cau 2:

Cau 3:

Cau 4:

2x-1  khix>1
3x° -2 khix<l
F(0)=2.Giatriciia F(-1)+2F(2) bing

A.9. B. 15. C.11. D. 6.

Loi giai
2x—1 khix>1

Taco: f(x):{3x2—2 khix <1

Matacd F(0)=2=C,=2.

. Gid su F la nguyén ham cia f trén R théa man

Cho ham s6 f(x):{

¥ —x+C, khix>1
:>F(x)zjf(x)dx= , : ' .
x =2x+C, khix<l1
Mit khéc ham s0 F languyénhamcua f trén R nén y=F(x) lién tuc tai x=1 .
Suy ra lim F(x)=1lim F (x)=F()= C, =1.
x—=1"

x—-1*

Il
w

L x*—x+1 khix>1 F(-1)
Khi do ta co: F(x)= suy ra

X’ —2x+2 khix<1 F(2)=3

Vay F(-1)+2F(2)=9.

2x+3 khix>1

3x*+2khi x<1

F(0)=2.Gié tri ctia F(—1)+2F(2) bang

A. 23, B. 11. C. 10. D. 21.
Loi giai

Dé thay ham s6 f lién tuc trén R.

F(1)=F(0)= f(x)dv= (x> +2)f(x)dr=3= F(1) =5.

Cho ham sb f (x):{ . Gia st F 1a nguyén ham cua f trén R théa man

F(-1)+2F(2)= [ f()dv+2[ f()dr+3£(1) ==6+12+15=21,

A3 . n v A1 s A A 3x*+2 khix>2 .
Bietrang F(x) lién tuc trén R la mt nguyén ham cua ham s6 f(x) = . Gia tri
4x*—18 khi x<2

ctia biéu thirc F(—1)— F(3) bang

A. 7. B. 18. C. 8. D. 32.
Loi giai
-1 3
Taco: F(-D)=FQ3)= f(x)de—[ f(x)dx=18.
L . , ! khi x>0
Biét rang F(x) lién tyuc trén R 1a mdt nguyén ham cta ham so f(x) =< +2x+1 va

(2x+1y  khi x<0
F(4)+ F(-1)=8. Gia trj ctia biéu thirc P = F(-2)+2F(12) bang
281 121

A. 20. B. 27. C. —. D. —.
B 16 8

Ta cb : 8—2F(0) = F(4)— F(0)+ F(~1)— F(0) = j:f(x)dx+jo“f(x)dx= 2= F(0)=3.
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Cau 5:

Ciu 6:

Cau 7:

Cf(x)dv2[ f (x)dv+3F(0) =27

vx+1 khi x>0

Biét rang F(x) lién tuc trén R, 1a mot nguyén ham cua ham s6 f(x) = va
(2x+1) khi x<0

FQR)+F(-1)= ? . Gia tri ctia biéu thic P = F(-2)+ F(8) bang
A. 20. B. 27. C. 58. D. 29.

Loi gidi
Chon D

Fl(x)=§ (x+1)3 +C, ,x>0
Taco F(x)=

4
F=3"D e vco
A . A . 2 1 13
Do F(x) lién tuc trén R nén 111(1)1+F(x):hr})gF(x):F(0)<::>C1+§:§+C2 @CI—CZ:—Q.
. 16 1 19 7 1 17
Va F(3)+F(—l)=8<:>?+C1+§+C2=?<:>C1+C2=§.Suyra. C1=g,cz=ﬁ.
Tinh F(8)+F(—2)=18+l+§+1—7=29.
6 8 24
ax+1 khix>1

Cho ham sb f(x) :{ V6i a, b 1a cac tham s thyc. Biét rang £ (x) lién tuc va c6

x*+b khix<l
dao ham trén R. Tich phéan / = J._zl f(x)dx bang

AL B 2. o D. 2.
3 3 - 3 3

Loi giai
Ham sb lién tuc trén R nén sé lién tyc tai x, =1 < lil’}’l f(x)=lim f(x)=f(1)
x—>1* x—>1"
& lim(ax+1) =lim(x* +b) = fl) < a+1=1+b < a=h.
x>t x—1"
Ham s6 c6 dao ham trén R nén co dao ham tai x, =1 < lim f'(x) = lim f(x)
x—1* x—1

2x+1khix>1

x2+2khix<1

Do do: I=:2[1f(x)dx=:i‘1f(x)dx+jf(x)dx=jl(x2+2)dx+Jj‘(2x+l)dx=?-

<:>1ir¥(a)=lir?(2x)<:>a=2. Suy ra a=b=2:>f(x)={

ax’ +bx+1 khi x>0

] . Biét rang ham s6 f(x) c6 dao ham trén R. Tich phan
ax—b-1 khix<0

Cho ham s6 f(x) = {
1= ].f(x)dx béng

A —- B. —- C. -14.

=

10.

Loi giai

+) f(x) c6dao ham trén R = f(x) lién tuc trén R = f(x) lién tuc tai x=0.
ién tuc tai tail x=0 < < lim f(x)= lim f(x)= f(0)
x—0" x>0~
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= lim (ax—b-1)= f(0) & -b—-1=1b=-2.

x—0" x—0

+) f(x) c6 dao ham trén R = f(x)c6 dao hamtai x=0.

f@-f©) (@ -2x+1)-1

lim ————~2 = lim = lim (ax—2)=—2.
x—>0+ x—=0 x—>0" x—=0 x—0"
i LSO e ()]
x—0" x—=0 x—0" xX— O x—0" '
f(x)c6daohamtai x=0 & lim —————— /()= /(0 = lim J0=70) Sa=-2.
x—0" x—=0 x—0" x—=0

—2x? —2x+1 khi x>0

Do do, f(x)= .
S {—2x+1 khi x<0
-1 -1
Vay I=[ f(x)dx= [ (-2x+1)dx=10.
-3 -3

x +3, x2>1

Chu8: Cho ham sb f(x)= { . Gia st F 1a nguyén ham cua f trén R thoa man F(0)=1.

5-x, x<1

3
Tinh I=I Ccos X s1nxdx+jF dx
0

A 142 B. E c. L p. 12
2 13 2 2

Loi giai
x3
—+3x+C,, x=1
Taco F(x)= 5
5x—%+C2, x<l1

Ma F(0)=1=C, =1.
Vi f(x) lién tuc tai x=1 nén F(x) lién tuc tai x=1< lim F(x)=1lim F (x)=F(1)

x—>1" x-1*
<:>5—l+1=l+3+C1 =3 =£.
2 3 6

3
X

—+3x+£, x21

VéyF(x)= . 6

Sx—2 41, x<l1
2

I =

o'—.N\N
S 0 | N

2
f(cosx)smxdx+jF dx=— f(cosx cosx +IF
1

f(x)dx+!.F(x)dx

(S S S

2 3
(5—x)dx+j e B ge 142
I\ 3 6 12

Cau 41: C6 bao nhiéu sd nguyén x théa man (3"2 - 9")[10g3 (x+25)-3]<0
C. 26. D. 25.
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Cau 1.

Phan tich dinh huong tim 10i gidi:

- Day la bai toan giai bt phuong trinh ma, 16garit dang f(x).g(x)<0.
- b€ giai bat phuwong trinh chung ta can dat diéu kién sau d6 tim nghiém cua ting phuong
trinh f(x)=0 va g(x)=0. Tiép theo lap bang xét dau f (x).g(x) va tim tdp nghiém tir d6
két luan sd nghiém nguyén thoa man bat phuwong trinh.
Fb-Lé Thanh Binh
Loi giai
Chon C
Ta c6 diéu kién xac dinh ctia bat phuong trinh la x > -25.
Dat A(x) = (3*2 —9")[log3 (x+25)-3],x>-25.

3 9 =0 x=0vx=2.
log;(x+25)-3=0<x=2.

Ta c6 bang xét ddu A(x) nhu sau

€T \—25 0 2 +0o0

aolll = o o+ o0+

x=2

-25<x<0

Két luan: c6 26 nghiém nguyén thoa man.

Binh lugn:

- Day la bai toan giai bat phuong trinh ma va logarit trong dé viéc tim nghiém cua ting

phuong trinh mii va 16garit kha don gian. Tuy nhién qua thuc t& thi hoc sinh thuong mac

cac sai sot sau:

% Quén khong dat hay dé€ 'y diéu kién ctia 16garit. Ttr d6 dan dén tap nghiém la
(—o0;0]u{2} nén két luan la vo sd.

Tur d6, A(x)SOc:{ :xe{—24;—23;...;0;2} (do xeZ).

% Thiéu nghiém x =2 nén két luan 1a c6 25 s6 nguyén x .
Day la cau hoéi kiém tra kién thic @ miec d6 van dung.
Hudng phat trién:
Huéng phdt trién 1: Thay d6i ham s6 , hodc cd thé cho thém 1 ham s8 nita dang
f(x).g (x)h(x) <0.
Huéng phdt trién 2: Thay d6i thanh dang f(x).g(x)=0, f(x).g(x)>0 hay f(x).g(x)<0

Bai tap tuong tu

Tap nghiém ctia bat phuong trinh (32" —9)(3x —%7]\/3”1 —1 <0 chtta bao nhiéu s6 nguyén ?
A.2. B. 3. C. 4. D.5.
Loi giai

biéu kién 3" -1>20= 3" 21l x> -1.
+Ta co x =-1 la mét nghiém cua bat phuwong trinh.

+Véi x > -1, bat phuwong trinh twong duong véi (32x —9)(3)‘ —ij <0.
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Cau 2.

Cau 3.

Cau 4.

t<-3
1

Dat 1=3">0, taco (t2—9)(t—ijs0 <:>(t—3)(t+3)(t—i)so S .
27 27 2—7£t33

z, SA «A oA 1 l X
Két hop diéu kién ¢ =3" >0 ta dugc nghiém ESIS3<:>ES3 <3< -3<x<1.

Két hop diéu kién x > -1 ta dwgc —1< x <1 suy ra truong hop nay bat phuong trinh
c6 2 nghiém nguyeén.

Vay bat phuong trinh da cho ¢6 tat ca 3 nghiém nguyén.

Tap nghiém ctia bat phuwong trinh 3".x* +54x +5.3" > 9x” + 6x.3" +45 Ia

A. (—oo;l)u(2;+oo) B. (—oo;l)u(2;5)
C. (—oo;1)U(5;+0) D. (1;2)U(5;+x).
Loi giai

Bat phuong trinh 3*.x* +54x+5.3" > 9x” + 6x.3" +45 twong duong véi:
(3%.x2 —9x7)+(-6x.3" +54x)+(5.3" —45) >0 x7 (3" —9)—6x(3" —9)+5(3x -9)>0

(372950 [x>2
5 x<1
5 X —6x+5>0 x>5
<:>(3x—9)(x —6x+5)>0<:> sllx>s o .
3*_9<( 5 1<x<?2
x<
i X’ —6x+5<0 {1<x<5

Vay tap nghiém ctia bat phuong trinh da cho la (1;2)w(5;+).

Cé bao nhiéu sd nguyén x thda man (3)‘2 —9")[log2 (x+32) —5] <07?

A. 31. B. V0 s0. C. 32. D. 33.
Loi giai

Xétham s8 f(x)= (3x2 _9x)[1og2 (x+30)-5], voi x>-32.

37 —9" =0 37 =3 x=2
= =
log,(x+32)-5=0 |x+32=2" |x=0

Cho f(x)=0&

Ta cé bang xét ddu nhu sau:

X | —x -32 0 2 ]
£ | ) - o - o0 +
Suy ra tap nghiém ctia bat phuong trinh f/(x) <0 la S =(-32;0)u(0;2)

Mat khac x€Z nén x e {—3 1;-30;-27;...... ;—2;—1;1} .

Vay c6 32 sd nguyén x théa man.

C6 bao nhiéu sd nguyén x thoa man ,/log; x —1.(2" —1024) <0?

A. 6. B. V0 s6. C. 4. D.5.
Loi giai

Diéu kién logsx—1>20<x2>5.

Xétham s f (x)=flog, x—1.(2* =1024), v6i x>5.
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_1= =5
og, x—1 Oc{x

2°-1024=0 x=10
Ta c6 bang xét ddu nhu sau:
X | - 10 +

5
f(x) | B - 0+

Suy ra tap nghiém ctia bat phuong trinh f(x) <0 1a § =(5;10)
Mat khac x€Z nén x e {6;7;8;9} .
Vay c6 4 s6 nguyén x thoa man.
Cau5. Cobao nhiéu sd nguyén x thudc khoang (-2020;2021) thoa man 2776 Jog, x > log, x?
A. 2017. B. Vo s0. C. 2016. D. 2015.

Loi giai
Diéu kién x>0.

V6i x >0 bat phuwong trinh da cho twong duong véi 2)‘2_7"+6.log7 x—log, x>0

= (2x2’7x+6 —1).log7 x>0

Xétham s8 f(x)=(27 -1} log, x, v6i x>0.

-  (thoa man diéu kién

x=1

Cho f(x):O:{

x>0)

Ta cé bang xét ddu nhu sau:
x| —= 0 1 6 +o0

f(x) | ) - o - o =
Suy ra tap nghiém ctia bat phuong trinh f(x) >0 1la S =[6;+w)U{l}.
Mat khac x la s6 nguyén thudc khoang (-2020;2021) nén x € {1;6;7;8;9;....;2020} .

Vay c6 2016 s6 nguyén x théa man.

27T 120 [x¥*—Tx+6=0 {x—l
= =
log, x=0

Cau42: Trong khong gian Oxyz , cho duong thang d : %: yT_l =z _12 va mat phang
(P):x+2y+z-4=0.Hinh chiéu vudng géc ctia d trén (P) la duong thing cé phuong trinh:
A.E:—+1:Z+2. Bozzy_—i-lzz+2'

2 1 —4 3 2 1
c Xyl z72 p. Xyl z-2
2 1 —4 3 2 1

Phan tich dinh huéng tim 10i giai:

- Pay la bai toan 1ap phurong trinh dueong thang la hinh chiéu vuéng goc ctia mot duong
thang 1én mot mat phang.

- D& lap phuong trinh duwong thang ta can biét hai diém hogc biét mot diém va mot véc to
chi phuong ctia no6

- Trong 10i giai sau day ta sé di theo huéng 1ap phuong trinh duong thang d' 1a hinh chiéu
cta d trén (P) khi biét hai diém bang cach.

+Tim A=d N (P)

+Tim hinh chiéu ctia H ciia Bed,B# A lén (P). Khi d6 d'la dudng thing 4H
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Fb-Lé Tai Thang
Loi gidi
Chon C
Toa d6 giao diém 4 ctia d va (P) théa man hé phuong trinh:

y=1 z-2 x=0

X
1 1 -1 &{y=1=4(0;1;2).
x+2y+z-4=0 z=2

Lay diém B(1;2;1)ed . Goi H lahinh chiéu cia B trén (P).

x=1+t
= Phwong trinh BH : {y=2+2t¢
z=1+t¢

Do H = BH(\(P) nén toa d6 diém H thoa man hé phuong trinh: 4(0;1;2)

-

1

t=——

3
x=1+t¢ _2
=2+2¢ Y

z=1+t¢ y—i 333 33 3

x+2y+z-4=0 3
2

z=—
3

Goi d' 1a hinh chiéu vudng goc cuia d trén (P) = d' diqua 4 va H
= d' c6 mdt vector chi phuong 1a u = (2:1;-4).
Vay phuong trinh duong thang d' 1a: %: yT_l =z _42 .
Nhan xét: Day la cach lam theo chuan ty luan duya trén tu duy hinh hoc don gian.
Cach nay hoi dai nhung hoc sinh trung binh thi dé lam.

Binh lugn:

- Day la bai toan lap phuong trinh duong thang, dé xac dinh cac yéu t8 lap duoc phuong
trinh ctia dwong thang néi trén hoc sinh phai cé kién thitc tdng hop lién quan dén tim toa
do giao diém, tim hinh chiéu ctua di€ém lén mat. Dac biét, hoc sinh phai nhan ra mau chét
ctia bai toan 1a khi tim hinh chiéu ctia duong thang ta can tim hinh chiéu ctia hai diém phan
biét ctia duong thang d6 1én mat phang. Trong truong hop duong va mét cat nhau thi diém
cat chinh 1a mot diém trén duong thang 1a hinh chidu do.
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- O bai toan nay ta c6 thé dé thay d'=(P)n(4BH) véi (4BH) la mat phing chira d va

vudng goc (P). Vi vay ta c6 thém cac hudng giai nhuw sau:

+ Huéng 1: Ta 1ap mit phang (Q) chtta d vudng géc véi (P), khi dé ta im d'=(P)n(Q).
+ Huéng 2: Tim véc to chi phuong cta d'1a u= [[a,a},a} va lap phuwong trinh d' co
VTCP u diqua 4.

Trong cac hudng thi ta chon hwdng 2 1a nhanh nhat véi bai toan trac nghiém.
Loi giai (theo hudng 2)

Chon C
Toa d¢ giao diém 4 ctuia d va (P) thoa man hé phuong trinh:

y-1 z-2 x=0

x

11 -1 e{y=1=4(0;1;2).

xX+2y+z-4=0 z=2

Tac6 n, = (1,2,1); u, =(1,1,-1) nén u= [[Z,EJ,E} =(4,2,-8) hay chon

u=(2,1,-4).

Vay phuong trinh duong thang d' 1a: g =T

Cach nay nhanh nhung doi hoi su twong teong cao, tinh toan nhanh, véi hoc sinh kha

trd 1én sé thich cdch nay hon. N6 rat phit hop cho bai toan trac nghiém.

Bai tap twong ty

x+1 y-2 z-2
2 -1

1a hinh chidu vudng géc ciia duwong thang d trén mat phang (P) c6 phuong trinh la

x+1 y-2 z-2

Caul. Chodwong théng (d): va mat phéng (P):2x+y—-3=0.Duong théng A

x-1 y-1 z-3

A. B.
-1 2 4 -1 2 4
C. x+1=y—2=z—2. D. x—lzy—1=2—3.
4 -8 5 4 -8 5
Loi giai
Chon D
Toa do giao diém A4 ctia d va (P) la nghiém cta hé:
2x+y-3=0 x=1
x+l_y-2 z-2&3y=1=4(LL3).
2 -1 1 z=3
Lay B (—1;2;2)e d, goi H la hinh chi€u cua B xudng mat phéng (P).
x=-1+2¢
Phwong trinh dwong théng (BH ): y=2+t .Toad¢ diém H la nghiém cta hé:
z=2
2x+y-3=0
=—1+2¢
* < H l;E; .
y=2+t 55
z=2

inh chiéu Ala duong thang di qua hai diém 4, H .
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Cau 2.

Cau 3.

. Puong thang Adi qua 4 c6 vecto chi phuong

i, =—5AH = (4;-8,5).
\ \ & \ X — ]. y - ]. zZ— 3
Phuong trinh duong thang Ala: 18 5

Trong khong gian Oxyz, cho mit phang (P):x+y+z-3=0 vaduong thang

1 z-2 o L . . NI
d :%=%: z " . Hinh chiéu vudng géc cia d trén (P) c6 phuong trinh 1a
A x+1:y+1:z+1 B. x—lzy—lzz—l
-1 4 5 3 -2 -1
C. x—lzy—lzz—l D. x—lzy—4:z+5
1 4 =5 1 1 1
Loi giai
Chon C
Goi M la giao diém ctia d véi (P).
x+y+z-3=0 xX+y+z=3 x=1
Toa do cia M la nghiém ctia hé: < x y+l z-2¢© 2x-y=1 <<y=1
1 2 -1 |x+z=2 z=1

= M(l;l;l)
Lay diém N (0;-1;2)ed .
Mot vec to phap tuyén ctia mat phang (P) 1a: n=(L11).

Goi A la dudng thing di qua N vanhan n=(L;1;1) lam vec to chi phuong.
z

Phuong trinh duong thang A:%=yT+1= 12
Goi N’ 1a giao diém ctia A v6i (P).
2
ng
x+y+z-3=0 X+y+z=3
Toaddcua N'langhiémctiahé: ¢ x  y41 z-2ex-y=1 <& y=—§
111 x—z=-2 .
z=—
3
(2,_1.8
37 373
—":(—l,—i;éj:—lu(lA, 5)
333 3
Duong thing can tim di qua diém M (1;1;1) va nhan u = (1;4;-5) lam vec to chi
-1 y-1 z-1
phwong nén c6 phuong trinh xl =2 1 z s
. . x y-2 z+1 | P . N
Cho duwong thang d: 5= 3 -5 va mdt phang (P): x—y—z—2=0.Phuong trinh hinh

chiéu vudng goc cua d trén (P) la
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x=1-t x=1-t
A Jy=1+2t . B. qy=1+2¢ C.qy=1-2t . D.{y=1+2¢.
z=-2-3¢ z=-2+3t z=-2-3¢ z=2-3¢

Loi giai

Duong thing d c6 véc to chi phuong u, =(2;-3;2).
Mt phing (P)c6 véc to phap tuyén n, = (1;-1;-1).
Mit phang (Q) chita d va vuong goc véi (P);
Duong thing d' 1a hinh chiéu vudng géc caa d trén (P), d'=(P)n(Q)
Véc to phap tuyén ctia mit phang (Q)1a n, = [IE ,a] =(5;4:1)
Véc to chi phuong clia d' 1a u, =[ n, 1y | =(3;-6;9) ==3(~1;2;-3)
Ta thay duong thang d thuoc (P) nén diém M, ed' = M, e (P). Thay toa do diém
M, (1;1;-2) 6 dap an A thdy théa man phuwong trinh (P).
Ciu4. Trong khong gian voi hé toa d6 Oxyz, cho mit phing (P): x+y+z-3=0 va dudng thing
-5 y+l _z -2

. Hinh chiéu ctia d trén (P) c6 phuong trinh la duong thang d'. Trong

1 2 -1
cac diém sau diém nao thudc duong thang d’?
A. M (2;5;-4). B. P(1;3;-1). C. N(1;-1;3). D. 0(2;7;-6).
Loi giai
x=t
Goi A=dn(P). Vi Aed:{y=-1+2t= A(t;-1+21;2—1).
z=2-t

Mitkhdc Ae(P)=t—142+2-1-3=0< r=1. Vay A(1;1;1).

Ldy B(0;-1;2)ed . Goi A la duong thing qua B va vudng goc (P).
x=t'

Thi A:qy=-1+1".Goi Clahinh chiéu cua B lén (P).
z=2+t

Suyra Ce A= C(t';—1+1;2+1").

Mat khac Ce(P):>t'—1+t’+2+t'—3:O<:>t’=§.Véy C(z,_—lﬁj

— (-1 4
Lucnay d' qua A(1;1;1) va cé mot vecto chi phuong la AC=[ ,?,gj Hay d’

nhan u = (1;4;—5) lam mot vecto chi phuong.
x=1+s
Suy ra d':{y=1+4s.Vay diém thudc duong thang d’ 1a M (2;5;-4).
z=1-5s
Cau 43: (MPD 101 BGD&DT NAM 2020-2021) Cho ham s& bacbay = f(x) c6 d6 thi la duong cong
trong hinh bén. S& nghiém thuc phan biét cia phuong trinh f ( f (x)) =11la
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\
|
el ettt
~ O 1
l\D T
8Y

A.9. B. 3. C.6. D. 7.

Phan tich dinh huéng

o - Bai toan c6 mtrc do VD thudc dang “Tuwong giao d6 thi”, da xudt hién nhiéu trong dé
thi cac nam trudec.

O-Y twong: Cho d6 thi, bang bién thién,... cia ham s6 y = f (x) . Héi s6 nghiém cta
phuong trinh f(g(x))=a véi a la hang s6.

B1: Vé duong thang y =, dua vao do thi, bang bién thién da cho dwra phwong trinh vé
dang g(x)=¢,.

B2: Tim nghiém ctia phuong trinh g(x)=¢,.

FB-Ngonguyen Quocman

Loi giai
Tir 6 thi ham s0 ta cé
yA
AN 3
5 1 i
N i
'z | 1 [l
1 0O \/xz x
_1 ----- ;
f(x)=x va x <-1 (1)
f(f(x)=1e] f(0)=0 ).

J(xX)=x, va 1<x,<2 (3)
Dua vao db thi, (1) c6 dtng 1 nghiém, (2) va (3) mdi phuong trinh ¢6 3 nghiém
phan biét va 7 nghiém trén phan biét nhau.
Binh luan:
- Viéc “hop” cac f vao nhau sé gay khé hiéu hodc nham 1an cho cac hoc sinh chua gép
dang nay hodc hoc chuwa kj. Chua k&, duong thing y=a c6 thé cat d6 thi ham sg
y = f(x) ban d4u tai nhiing diém “khong dep” 1a cdch lam bai toan “kho gan” thém. Doi

khi, @& hoc sinh c6 thé dé tiép can hon, quen thudc hon, ta c6 thé “an chirng” cac con s

X, %, nhu bai trén boi cac gia tri gan dung, vi du nhuv x, #-1,7;x, = 1,7.
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- C6 rat nhiéu hudng dé€ cd thé mo rong bai toan, nhu thém vao tri tuyét doi, tham so,
thay a boiham sd,....hodc thay vi cho d6 thi, bang bién thién ctia f (x) thi c6 thé cho do

thi hodc bang bién thién cua f'(x).
Cac vi du twong tu:
Cdul. Chohamsdbacba y=f(x) c6do thi trong hinh bén. S5 nghiém ctia phuong trinh

f(f(x))=01a

YA
2
-9 .
/ ON_1 =«
A.3. B.9. C. 4. D. 7
Loi giai
Chon D
fx)==2 O
Tir d6 thi ham s8 ta c6: f(f(x))=0<| f(x)=0 (2)
f(x)=1 )

Phuong trinh (1) cé nghiém duy nhat, phuong trinh (2) va (3) modi phuong trinh c6
3 nghiém phan biét. Tat ca cdc nghiém trén déu phan biét nhau nén phuwong trinh ban
dau co tong cong 7 nghiém.

Cdu2. Choham sdbacbdn y=f(x) c6 do thi nhw hinh vé. S§ nghiém ctia phuong trinh

s,
s

\ N / i
VCRVAE:
A. 3. B. 2. C. 4. D. 6.

Loi gidi
Chon C

Diéu kién: f(x)#-3

Khi d6 ta co: %)(:2 =le f(x)= % . Dya vao do thi, phuong trinh f(x) =% co 4

nghiém phan biét.
Cau3. Choham sdbacbdn y=f(x) c6 do thi nhw hinh vé. S6 nghiém ctia phuong trinh
S—/(f(%) _

TG
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Cau 4.

Loi giai

Deyrang f(f(x))+32—1+3=2>0,‘v’x
(f(x))

m)FE =le f(f(x)=1 .

Ta co:
(

yh

=)
)
<®>._
8Y

f(x)=0 @
Vé duong thang y =1, ta cé: (*) & f(x) =a<-1 2)

f(x)=b>1 (3)
Dua vao do6 thi, phwong trinh (1) ¢6 4 nghiém phan biét, phwong trinh (2) vo
nghiém, phuong trinh (3) ¢6 2 nghiém phan biét khac vo6i 4 nghiém trén. Vay phuong
trinh da cho c6 tong cong 6 nghiém.
Cho ham s6 bacba y = f(x) c6 d6 thi nhu hinh vé.

Yl

N

)%

S6 nghiém ctia phuong trinh f ( f (|x|)) =0 la

A. 10. B.12. C. 14. D.8.
Loi giai

f()=xe@) O
Tt do thi ham s6 ta c6: f(f(|x]) =0 | £ (]x]) =2 2)

f(|x|): e(3+0) (3
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a suy ra do thi y = f(|x]) nhu hinh vé

/\2/\3 |
VI

[
Ttr d6 dé thay phuwong trinh (1) c6 6 nghiém, phwong trinh (2) ¢6 4 nghiém va

phuong trinh (3) c6 2 nghiém phéan biét. Tat ca cac nghiém trén déu phan biét nhau
nén phuong trinh ban dau c6 tong cong 12 nghiém.
Cau5. Chohamsdbacba y= f(x) c6 d6 thi nhw hinh vé.

yh

R P2
K

3 -

S8 nghiém ctia phuong trinh f( f(x)+x)=11a
A 5. B.7. C.9. D. 3.
Loi giai

f(x)+x:ae(—3;—2) f(x):—x+a
f(f(x)+x)=1<:> f(x)+x=0 = f(x):—x

f(x)+x=be(3;+x) f(x)=—x+b
Ta c6 cac duong thang y =—x+a; y=x; y=—x+b nhu hinh vé (2 duong khéng qua
goc toa do déu tao vdi 2 truc cac tam gidc vudng can).
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Cau 6.

Cau 7.

Dua vao do6 thi, phuwong trinh da cho c6 dung 5 nghiém.
(Chuyén Lam Son Thanh Héa - Lan 3) Cho ham s y = f(x)=x’ -3x* =3x+4. Goi m 1a s

nghiém thuc cua phuong trinh \/ f ( f(x)- 2) -2=3-f(x). Khang dinh nao sau day ding?
A.-m=T7. B. m=4. C. m=6. D. m=9.

Loi giai
batt= f(x)—2. Khi d6 phuong trinh thanh 1/f(t)—2 =l-t< {

t<1

f(t)-2=(1-1)

t<1 t<1 t=1
- A= <~ — .
£ -3 —4r+2=1-1) (£ -4 -2t+1=0 g=3 Vi3

x =3x"-3x+4-2=1
=1 , 3_ \/E.M(X)i phuong trinh déu cé 3 nghiém phan biét 1an
X =3x"-3x+4-2=

nhau nén phuong trinh ban dau cé tong cong 6 nghiém.
Cho ham s6 bacbon y = f(x) c6 d6 thi nhw hinh vé.

S6 nghiém ctia phwong trinh =—f(x) la
g phuong ()2 (x)
A.S. B. 6. C 2. D. 3.
Loi giai

Diéu kién:
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3 *
- O

Dua vao do thi, (*) &t e{-3;-1;c},ce(3;4). So diéu kién nhan r=c = f(x)=c,
phuong trinh nay c6 2 nghiém phan biét.
Ciau8. Choham sdbacba y= f(x) c6 dd thi nhw hinh vé.

SO nghiém ctia phuong trinh f (xf (x)) =2 la

A.5. B. 4. C.3. D. 6
Loi giai
o | f(¥)=-=
Ta co: f(xf(x)):2<:>l:xf (x) = 4" (do x =0 khong la nghiém)

TE=4 -2

~ A /4 AV . \ 4
Ta vé thém cacdo thi y=—— va y=—
X X
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|
)
)
8

Dua vao do6 thi, phwong trinh da cho tong cong c6 6 nghiém.
Cau9. (MP 102 BGD&DT NAM 2019-2020) Cho ham s6 bacba y = f(x) c6 d6 thi la duong cong
nhw hinh vé bén dudi.
]

)
-1

sY

SO nghiém thyc phan biét ciia phuong trinh f (x3 f (x)) +1=01a
A. 6 B. 4 C.5 D. 8

Loi giai
Chon A
x3f(x):ae(—6;—5) Q)]
Tacs: (X f(0)+1=0 f(Xf(x)=-1c| X f(x)=be(-%-2) (2
X f(x)=0 ©)
x=0

+ Phuong trinh (3) twong duong { (6<x <a<5)
x=x,(-6<x <a<-

+Cacham s6 g(x)= 2 va h(x)= % dong bién trén céc khoang (—0;0) va (0;+0),
x

3
X
va nhan xét rf?mg x =0 khong phai 1a nghiém cta phuong trinh (1) va (2) nén ta cé:
f(x)=g(x)
f(x)=h(x)
xll)rgof(x) = +oo;}i_)rgl f(x) =-1
+ Trén khoang (—00;0), ta c6 ¢ lim g(x)= lim /(x)=0 nén cac phuong trinh

lim g (x)=lim A(x)=+o0

x—=0" x—0"
f(x)=g(x) va f(x)=h(x) c6 nghiém duy nhét.
0= )=

+Trén khoang (0;+00), ta c6 4 lim g(x)= lim 4(x)=0 nén cc phuong trinh

x>+ X—>+00

}LI};I g(x)=1limA(x)=—o0

x—0"
f(x)=g(x) va f(x)=h(x) c6 nghiém duy nhét.
Do d6, phuong trinh f (x3 f (x)) +1=0 c¢6 6 nghiém phan biét.
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trong hinh vé bén.
\y |

=2

S8 nghiém thuc phan biét ctia phuong trinh f (x*f(x))+2=0 1a
A. 8. B.12. C.6.

Loi giai
Chon D

S
O

=)
X f(x)=0
f(¥f®)+2=0< ;?g;zzg)) véi 0<a<b<c.
xzf(x):c(3)

Xét phuong trinh f(x) = %(1) (m>0).

Goi @, B lahoanh do giao diém cua (C):y = f(x) va Ox; a<0< .

()& /()5 =0.Dit g(x) = ()~

Dao ham g'(x) = f'(x)+ 2)6—’;1 .

Treong hop 1: x<a; f'(x) < 0;2X—T <0=g'(x)<0

Ta cé xl_i)rgog (x) =+, g(a) = —% < 0. Phuong trinh g(x) =0 c6 mot nghiém thudc

(—o0).

Truong hop 2: a <x< f
f(x)<0, Z50 suyra g(x)<0 Vxe(a,f).
X

Truong hop 3: x> ; f'(x) > 0; Z—T >0= g'(x) >0
X

lim g (x)=+w,g(f)= —% < 0. Phuong trinh g(x) =0 c6 mot nghiém thudc (S,
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rinh f(x)= ﬂ2 6 hai nghiém Vm >0.
x

Taco: X’ f(x)=0< x=0v f(x)=0: c6 ba nghiém.
Vay phuong trinh (1) cd 9 nghiém.
Cau44: Chohamsd f(x)=x"+ax’ +bx+c vdi a,b,c 1a céc s6 thyc. Biét ham s

g(x)=f(x)+/"(x)+/"(x) co hai gid tri cuc tri 1a =3 va 6. Dién tich hinh phéng giéi han

boi cac dwong y =M va y=1bang
g(x)+6
A. 2In3. B. In3. C. Inl8. D. 2In2.

Phan tich dinh huong tim 10i gidi:

- Day la bai toan tinh dién tich hinh phéang giéi han boi hai @6 thi ham s& trong truong
hop mot d6 thi ham s6 1a d6 thi cua ham an véi gia thiét vé cuc tri;

- D€ giai bai toan dau tién can xac dinh hai yéu t&: tinh chat ciia ham an tir gia thiét va
nghiém cuia phuong trinh hoanh d¢ giao diém ctia hai d6 thi hai ham sg;

- Trong bai toan nay, hai yéu t0 trén chi xac dinh dwoc vi ham an la ham béc ba c6 hai
diém cuec tri véi hai gia tri cuc tri cho truede va nghiém cua phwong trinh hoanh d6 giao
diém chinh 1a hai diém cuc tri cia ham an.

- Tt d6, 4p dung cdng thiic tinh dién tich hinh phang véi luu y néu ham f (x) khong doi

i £ (x)

ddu trén (a;b) thi ﬂ f(x)|dx =

FB-Pham Tuan
Loi giai

Ta co

f'(x)=3x"+2ax+b; f"(x)=6x+2a; [ (x)=6;

Khi do g(x)=f(x)+/"(x)+f"(x)=>g'(x)=f"(x)+ " (x)+6.

Vi g(x) c6 hai gia tri cuc trila =3 va 6 ma g(x) 1a ham bac ba c6 hé s§ caa x°

duong nén g(x) co hai diém cuc trila x, <x, va g(x)=6, g(x,)=-3.

Phuong trinh hoanh d¢ giao diém cta hai duong y = /(%) vay=1la
g(x)+6

O

g(x)+6

= f(x):g(x)+6

< f(x)=f(x)+f"(x)+ f"(x)+6

< f(x)+f"(x)+6=0

<:>g'(x)=0<:{x_x1

X=X,

)

ién tich hinh phang gidi han boi cac duong y = va y=11a
g(x)+6

[ e
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Cau 1.

g’(X) X,
mjd)‘=‘ln‘g(x)+6ux1 ‘=|1n12—ln3| =2In2.

Binh luan:

- Day la bai toan tinh dién tich hinh phang gi6i han boi hai d6 thi ham sd trong truong
hop mét d6 thi ham s6 la d6 thi ctia ham an véi gia thiét vé cuc tri, d€ xac dinh cac yéu
t6 lap duwoc cong thie tinh dién tich hinh phang hoc sinh phai c6 kién thtic tong hop lién
quan dén cuec tri, gia tri cye tri cua ham s6, tich phan ham tri tuyét doi va tich phan ham
an. Day la cau hoi kiém tra kién thie & mie d¢ VDC.

- DBay la bai toan st dung tinh chat diém cuc tri cia ham bac 3 da gap trong dé minh hoa.
Cé thé xay dung cac hudng phat trién d6i voi tinh chdc diém cyec tri cia ham s6 bac 3.

- Luwu y: V6i hudng giai dung ham cta bai toan sé gap kho khan khi xay dung lai ham
=)

g (x) +6

Hudng phat trién:

Hudng phit trién 1: Giit nguyén gia thiét va cho dién tich hinh phang héi gia tri cuc tri
con lai.

Huéng phit trién 2: Thay cho gia tri cye tri cia ham s8 g (x) cho d6 thi cia ham s8 g (x)
khong thay doi két luan.

Hudng phit trién 3: Hai ham s§ f(x) va g(x) cé mdilién hé bang bién thién gitt nguyén
gia thiét vé gia tri cuc tri cia mot ham s6 c6 moi lién hé gitra hai ham f (x) va g (x) voi
cach dung lai ham sd.

Huoéng phat trién 4: Thay doi gia thiét vé gid tri cuc tri cia ham f (x) va cho hai ham so
c6 mai lién hé gitta nghiém va cuc tri véi cac dung lai ham so.

Hudng phit trién 5: St dung tinh chat hai diém cyec tri va diém udn ciia ham bac 3 d€ xay
dung lai ham s& va tra 1oi yéu cau bai toan vé dién tich hinh phang.

Huéng phit trién 6: Thay doi gia thiét vé cuc tri cia ham s6 f(x) va gitt nguyén ham

g (x) cho thém diéu kién gia tri tai diém cyec tri cia ham f (x) .

Bai tap tuwong tu
Cho ham s0 f(x):x3+ax2+bx+c voi a,b,c la cac s6 thuwc. Biét ham so

g(x) = f(x)+f’(x)+f”(x) c6 hai diém cuc tri véi gia tri cuc tiéu la -3 va dién tich hinh

phang gi6i han boi cac duong y = % va y=1 bang 2In2.Gia tri cwc dai ciaham g (x)
g(x)+
bang
A. 6. B. 3. C. 18. D. 8.
Loi giai
Ta cé:

f’(x)=3x2+2ax+b;

f"(x):6x+2a;

f"(x)=6;

Khi do g(x)=f(x)+f"(x)+/"(x)=g'(x)=f"(x)+ 1" (x)+6.
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N cuc tri voi gid tri cuec tiéula -3 ma g (x) 1a ham bac ba c6 hé sd

P 3 A / YN - 1 \ A
cta x” duong nén g (x) c6 hai diém cuc trila x, <x, va g(xz) =-3 nén

g(x)+6>0,Vxe[x;x,].

Phuong trinh hoanh d¢ giao diém cta hai duong y = /(x) S va y=11a
+

Dién tich hinh phang gi6i han boi cac duong y = /(%)
g (x) +6

i
+6}k‘ ‘J gic +6}k :‘1 (g(x)+6) ln3‘ 21n2.
)+6)=

Do g(x1)>g X, :>1n(g(x1

va y=11a:

ln‘g

In3+2m2=In12= g(x,)=6.
Cau2. Cho ham s0 f(x)=§x3+ax +bx+c VvOi ab,c la ciac sO thuc. Biét ham sO

g(x)=f(x)+/"(x)+f"(x) c6 do thi nhu hinh vé

Dién tich hinh phang giéi han boi cac duwong y = /() va y=1bang
g(x)+ 4
A.2In3-1In2. B. In3. C. In12. D. 2In2.
Loi giai
Ta cé:

f'(x)=2x*+2ax+b;

f"(x)=4x+2a;

S"(x)=4;

Khi @6 g(x)=f(x)+f’(x)+f"(x) :>g'(x)=f'(x)+f”(x)+4.
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0 g(x) thi g(x) c6 hai diém cuc tri x, <x, va

g2(%)=8g(x)=-2; g(x)+4>0,Vxe[x;x,].

Phuong trinh hoanh d6 giao diém cua hai duong y = {()x) va y=11la
X))+
e
g(x)+4
<:>f(x)=g(x)+4
o f(x)=f(x)+f'(x)+f"(x)+4
< f(x)+ f"(x)+4=0
<:>g'(x)=0<:>[x_xl.
X=X,
Dién ti . 2 L. i . _ f(x) 11
ién tich hinh phang gidi han béi cac duong y = va y=1la:
g(x)+4
:fo)_ldx:J% Lx)_l I
: g(x)+4 : g(x)+4

(RN

X2
Rl

ey

Ji( el

Cau3. Chohaihamsd f(x)=ax’+2x* +bx+1;g(x)=cx’ +4x+d c6 bang bién thién nhu sau:

ln‘g(x)+4

=|In12-In2[=2In3-In2.

x |—o0 o B +oc0
1 I

—h —00

/() w\/\x

Biét rang ham s6 y = f'(x)—g'(x) c6 gia tri cuc trila 2. Khi d6 dién tich hinh phéng

g(x) 0

PR — - -

gidi han bdi cac duwong y =f(x);y =g(x);x =lx=2 béng

A B.2. c L D. L.
2 4 2

Loi giai

\ A . « 17 A . 2 \ . « 17 A M
Ham so g(x) =cx’ +4x+d dat gia tri I6n nhat tai x = —— va gid tri Ié6n nhat bang
c

g(—zjﬂ nén c(—gjz +4(—gj+d =1<:>—i+d =1,(1).

c c
Ham s6 g(x) c6 hainghiém la & va B nén g(x)=c(x—a)(x—2).
Hon ntra f (x) c6 hai diém cuc tri x=a va x= /0 nén

x)=3ax’ +4x+b=3a(x—a)(x- )
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Khi do y:f'(x)—g‘(x):g(x)—g'(x):cx2+ 4—20)x+d—4 dat cuc tri tai diém

4-2c¢ 2 ., . . 2
x=- =l-—vagiatricpctri y|1-—[=2.
2c c c
2
Suy ra y(l—g):c(l—%) +(4—20)(1—2j+d—4:—i—c+d:2 (2).
c c c c

Tur (1) va (2) suy ra c=-1.
d=-3

—%x3 +3x7 —Tx+4

1 [ 3
Dodé ja=-~.Vay §=| dx==.
3 ! 4

b=-3
Ciu4. Cho hai ham so f(x) =ax’ +2x° +bx+l;g(x) =cx’ +4x+d véi a,b,c va d 1a cac sO thuc

thoa man ac # 0. Biét phuong trinh g (x) =0 c6 hai nghiém phan biét la hai diém cuec tri ctia
ham s6 f(x) voi hai gid tri cuc trila -1 va 3. Dién tich hinh phang giéi han boi cac duwong
y=—f(x)+g(x);y=l bang

/(%)
A.In2. B.2In2. C. In6. D. 2In3.

Loi giai

% g(x) c6 hai nghiém 1a ¢ va f nén g(x):c(x—a)(x—ﬂ).
Hon nira f(x) c6 hai diém cuc tri x=a va x= /0 nén, f(a) = —l;f(,B) =3
f'(x) =3ax’ +4x+b= 3a(x—a’)(x—ﬂ)

12a
3q 124 3ad | o e
D d, ! = = [ —_— ' — .
odé f (x) . g(x) 3ax” + ; X+ ; = 3ad=b =f (x) g(x)

c
Xét phuong trinh hoanh d¢ giao diém cta hai duong la

—f(x)+g(x): < f(x)+g(x)=0< f'(x)=0< =

o)l e =0e ()0 7
Ar@ee) |, @), [te@) ] [, ()
S| 7o w7 s e e e
=1n\f(x)\£=|1n4—1n2|=1n2.

Caub5. Chohamsd f(x)=x"+ax’ +bx+1 vi a,b la cic s6 thyc khdc 0. Biét ham s& f'(x) c6 hai
diém cyec tri x,,x, thoaman x, =x,+2 va f(x)+ f(x,)=-2. Dién tich hinh phang gi¢i han

S (x)-1

boi cac duong y = ;y =4 bang
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C.11.

Loi giai

Ta co f'(x) =3x" +2ax+b va f"(x) =6x+2a.

Do ham s6 f (x) co hai cec trila x; va x,, nén x,x, la hai nghiém phan biét cuia
2a

X +x,=——
phuong trinh 3x* +2ax+b=0=>

XX, =—
172
3

Hon ntra f(x1)+f(x2)=—2:>f(—§J=—l.

Ma x,—x, =2 suyra a=6;b=9.

Ham s& f(x):x3+6x2+9x+1 nén f(x)-1 =x"+6x+9.

x
Xét phuong trinh hoanh d¢ giao diém gitra hai duong la
5 x=-1
X +6x+9=4< :
x=-5
-1 _1 -1
Vay = | UACI [ +6x+5|dx = 32
WX s 3

Cau 6. Choham so f(x) =x’+ax’ +bx+c véi a,b,c 1a cic s6 thue. Biét ham s6 f(x) co hai diém
cye tri X, %, thoaman x, =x +2 vahamsd g(x)=f(x)+f"(x)+ f"(x) c6 g(x)=-6.Dién
tich hinh phang gi6i han boi cac duong y = g(x);x=x va x=x, bang
A.8. B. 4. C. 2. D. 16.

Loi giai
Do ham s8 f (X) co hai cuc trila X; va X, théa man x, =x,+2, nén
f'(x):3(x—x1)(x—x2):3(x—xl)2—3(x2—xl)(x—xl):3(x—xl)2—6(x—x1).
Khi d6 f(x):(x—xl)3—3(x—x1)2+C va f"(x)=6(x—x)-6.
Ma g(x)=f(x)+f'(x)+f"(x)=(x—x1)3+C—6 suyra g(x)=C-6=-6=C=0.
Vay

S:T‘g(x)‘dxzﬂ(x—xl)3—6‘dx=

X2

=8.

T[(x—xl)3—6}dx =

X

B(x—xl ) 64

Cau 45. Cho khoihop chitnhat 4BCD.4'B'C'D' c6 day 1a hinh vudng, BD = 2a, goc gitta hai mat
phéng (A4'BD) va (ABCD) bang 30°. Thé tich cua khdi hop chit nhat da cho bang

23
A. 6\/§a3. B. %af ) C. 2\/§a3. D. T\/_a3.
Phan tich dinh huong tim 10i gidi:
- Day 1a bai toan tinh thé tich ctia khoi hop chit nhat;
- D€ tinh khoi hop chit nhat ta ap dung cong thiec ¥V = B.h;

X

+ Trong bai todn nay B=S,., dé dang tinh thong qua gia thiét
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+ Xac dinh duong cao h=A44', viéc tinh 44" duoc quy vé viéc xac lap mdi lién hé gitra
goc gifra hai mat phang (4'BD) va (4BCD) véi duong chéo cta day.

Fb-Ng6 Dung

Loi giai
A D
N
N\
11\ N
11\ b
B/ I \ N " C/
I\ N
I \ N L
I \ N
/ | \ AN
\
1 7 _
/ = -
I/ — - O\ ~
B -7 ~

Goi 0 la tam hinh vuong 4BCD .
Vi BD L 04 va BD 1 AA' nén BD L (A'OA)= BD 1 04'

Lai 6 (4'BD)N(ABCD)=BD. Do d6 ((4'BD),(ABCD))=A'04=30" (Hinh vé
trén).

Vi ttt gidc ABCD 1a hinh vudng ¢ BD =24 nén OAd=a va AB=AD=a\?2 .
Xét tam gidc 4'40 vuongtai 4 c6 O4=a va A'04=30 nén

AA' = OA.tan 30" =%.

Vay thé tich kh&i hop chit nhat ¥ = AB.AD.AA' = a~/2.a\2 g = ?J :

Binh luan:

- Bay la bai toan tinh thé tich ctia khoi hop chit nhat, d€ giai quyét duoc bai toan nay
yéu cau hoc sinh phai ndm vitng cong thitc tinh thé tich khai hop; cach xac dinh goc
gitta hai mat phang; thiét 1ap moi lién hé gitta dwong cao voi gia thiét da cho cta bai
toan d€ tinh chiéu cao ctia khoi hop. Pay la cau hoi kiém tra kién thicc @ miee d VD.
Hudng phdt trién 1: Mot bai todn tiwong tur, tuy nhién ta thay d6i mot chut vé gia thiét
day. (cdu 1)

Huong phat trién 2: Vé cach xac dinh duong cao, tir d6 xac dinh dwoc goc. (ciu 2,3)
Hudng phat trién 3: Thay d6i gdc gitta mit bén va mat ddy thanh goc gitta mit bén va
mat bén (ciu 4)

Hudng phit trién 4: Ta cho 2 gia thiét vé gdc, khi d6, gia thiét duwong cao duwoc an trong
gia thiét vé goc, st dung mdi quan hé dé di xac dinh duong cao. (cdu 5)

Bai tap twong ty
Caul. Cho khoi hop chit nhat 4BCD.4'B'C'D"', ddy ABCD c¢6 AB=2A4D =2a. Goc gitra hai
mat phang (B'4D) va (ABCD) bang 45°. Thé tich ctia khdi hop chit nhat da cho bang
A. #a? . ¥a3. %azﬂ . 85 a.

C.
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Loi giai

Bai toan hoan toan twong tw v6i dé bai gdc. Vay nén ta sé giai rat gon nhu sau:
Goi H la hinh chiéu vudéng goc ctia B 1én canh AC.

Khi d6 ta sé c6 ((B'AC),(ABCD))= B'HB = 45°

Dan dén AB'HB vudng can tai B=> BB'= BH .

Xét tam gidc ABAC vuodng tai B,BA =2a,BC =a khi d6 duong cao

BIH — BA.BC _ 2a.a =2_a
JBA® +BC? \/(za)z IPERENCE
45

Véy VABCD.A’B'C’D' =BA.BC.BB' = Ta

Cau2. Cho khoi lang tru tam giac déu ABC.A'B'C' c6 AB=3a. Goi M la trung diém 44’ . Goc
gitta hai mat phang (MBC) va (4'B'C’) bang 30°. Thé tich ctia khéi lang tru 4ABC.4'B'C’

da cho bang
A. ﬂaﬁ. B. ﬂGS. C. ﬁf. D. Mcf.
8 4 8 4
Loi giai
A C
5

Goi N la trung diém BC. Khi d6 ((MBC);(A'B'C"))=(MN; AN )= MNA =30
Xét AMAN ¢6 AN:%am —30° :>MA=37":>AA'=3a

273

—a

Vay Vpc apc = 4
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BE"CO day ABC la tam giac déu canh a. Goi M la trung diém BC, cha
duong cao ha tit § xudng mat phang day chinh la trung diém H ctia doan AM . Biét goc
gifta hai mit phang (S4B),(4BC) bang 60° . Thé tich ctia hinh chép da cho bang

- i e 8y &

A —d. B. —4°. D. —=a°.
8 8

16 Y)
Chon C

Loi giai

S

Dung HE 1 AB tai E.
Khi d6 ((S4B),(ABC))=(SE,EH )= SEH = 60"

1 ax/§

Ta co EH:%d(M,AB):Zd(C,AB):T, suy ra SH = EH .tan 60° :%

Cau4. Chohinh chép S.4BC c6 day ABC latam giac vudng cantai 4 canh 4B = a . Hinh chiéu
vudng gocctia S trén mit phang (4BC) trung véi trung di€m H cua BC. Biét goc tao boi
hai mit phang (SAC) va (SBC) bang 60°. Thé tich cta khéi chop da cho bang

ch @ c.L. «

24 =2 6 =

Loi giai
Chon B

B

a2

Ta c6 AABCvuong can tai A,AB=a — BC=a\2 va AH :T.
Ta dung HI 1S4, khi d6 ta c6 S4 L (IBC).
Ma SA4=(SAB) N (SAC)=> goc ((S4B);(SAC)) = (IB;IC) =60’
Khi d6 c6 2TH: BIC=60" hodc BIC=120".

=60". Khi d6 BI = BC=a\2 >a=BA=0ly.
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Cau 5.

Cau 46:

0°.1<hidc331=01=“‘f:> -
a\/i Cl\/g g

Ta xét AHSAvuong tai H,HA= — va dwong cao HI = e = SH = 5

3
VAy Vi e = %SH.AB.AC - ;’—2
Cho chop S.ABC, day ABC la tam giac vudng tai 4,BC =24, ABC =30" . Hai mit bén
(S4B),(SAC) clng tao véi ddy mdt goc bang 60°. Biét hinh chiéu vudng goc H ctia S
xudng mit ddy nam trén canh BC . Thé tich ctia hinh chép da cho bang

A. @cf. B. @cﬁ. C. ch. D. Mf_
12 6 2 4
Loi giai

T Hdung HE L 4B tai E va HF 1L ACtai F .
((S4B),(ABC))=SEH = 60°

_ = dat HE = HF =x
((84C).(4BC))=SFH =60’

Ta cd tanCztan6O°:E<:>\/—= ad =x= a\/g
FC a—x 3+l
3a
Suy ra SH = HF .tan60° =
Y \/§+1
Vay Vs ipc = éSH.AB.AC 3 +4ﬁ .

[TNTHPTQG -MDB122-Nam 2021] Trén tap hop cac sd phtec, xét phuong trinh
z —2(m+1)z +m* =0 (mla tham s thyc). Cé bao nhiéu gia tri cia m d€ phuong trinh dé

c6 nghiém Z, théoa man |ZO| =6?

A. 2. B. 3. C. 1. D. 4.
Phan tich dinh hwong tim 101 giai:
+ Khai théc |z,|=6. Néu Z;la sd thuc thi |z,| =6 < z, =16; Néu

zy=a+bi (a,beR;b#0) thi |z,|=a> +5° .

+ Trong tiing truong hop Z,1a nghiém thuce, Z, 1a nghiém phuc khong suy bién ctua

phuong trinh z* —2(m + 1) z+m’ =0 ta phai chu y t6i diéu kién twong tng cia m dé

kiém tra két qua.
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twong: Kiém tra viéc moét sd em hoc sinh quén khong xét treong hop Z, la so thue.
Fb-Khai Nguyén
Loi giai
Phuong trinh da cho c6 A'=(m+1)* —m’ =2m+1.
« N&u A'=2m+12 0thi phuong trinh c6 nghiém thue =7, €Rma |z,|=6

&z, =16

Sm=6+23

6> =2(m+1).6+m*=0 2 0 12m + 48 =
Khi d6 ta cé: ( ) [m F12m+48=0

=S
(=6)" =2(m+1).(=6)+m? =0 [m*—12m+24=0
(thoa man diéu kién A'>0).

e Néu A'=2m+1<0 thi phuong trinh c6 phttc khong thue Z=m+1iim
Khi d6 |z,|= 6 < ‘m+1ii\/—2m—1‘= 6 <:>\/(m+1)2+(«/—2m—1)2 —6 c{

Thay m =—6 thoa man A'<0 va m=6 khong thoa man A'<0.
Vay co 3 gia tri cha m thoa man bai toan.
Bai tdap twong tw
Caul: [Nhom Gido Vién Toan Viét Nam] Trén tap sO phiic cho phuong trinh z° + az + b =0 v6i
a,b € R . Biét rang hai nghiém ctia phuong trinh c6 dang w+2 va 2w—5+3i véi W 1la mot

m=6

m=-6

s6 phtec. Gid tri ctia tdng T=a+b bang

A. 81. B. 82. C. 100. D. 64.

Dinh huong

+ Khai thac gia thiét thdy phuong trinh ¢ hai nghiém phttc khong thyce. Day 1a co so
dé€ ap dung tinh chat vé nghiém phtrc khong thuc cua phuong trinh bac hai.

+ Trén tap hop cac sd phtic, xét phuong trinh az?> + bz +c=0 vOi a,b,ce R vaa#0.
Khi d6 néu Z,,Z2, la cac nghiém phttc khong thuc ctia phuwong trinh thi:

-b=xi|A —
A=b>-4ac<0 va z, =—||.th§mthéy Z,=2,; z,+ z, =_2,
a

2a
Al

ZI_ZZ|=

LR _Lpr_c.
212y _|Zl| _|Zz| ==y
a

Loi giai
+Vi w+2 va 2w—5+3i véi W 1a mot sO phtic 1a cac nghiém ctia phuwong trinh da cho
nén chung la cac nghiém phttc khong thue.
+Goi Z,2, la cdc nghiém phttc khong thuc ctia phwong trinh da cho= z, =z, . Dat
Z=WH2=x+) (x,yeR )= w=(x-2)+yi =2w-5+3i=(2x-9)+(2y+3)i=z,.

_ x=2x-9 x=9 90— 04
Vi z = A P .Nhu vay z, =9—i;z, =9+i.
+Vi z;, =z, nén y=—(2y+3) I wvay Z )

a=—(zl+zz):—18
' b=zz,=82

Cau?2: [Swu Tam Trén Nhom Gido Vién Toan Viét Nam] Cho cdc sd thuc Gva bsao cho phuwong

=a+b=64 =Chon D

trinh z> + az+b = 0 ¢6 hai nghiém phtic Z;,2, khong thuc. Trén mat phang toa dd Oxy, goi
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@PITOL la diem biéu dién cac s8 phitc Z;,Z,. Biét rang AOAB c6 modt goc bang
120°. Ménh dé nao dudi day dang?

A. 2+3)b=d. B. 3b=a’. C. 2b=d. D. b=d.

Pinh huong

Dung tinh chat vé nghiém phuic khong thuc ctia phuwong trinh bac hai hé s thue.
Loi giai

+ViPhuong trinh z* +az+5=0 (a,b € R ) c6 hai nghiém phtic Z;,Z, khong phai la
—-ati |A|
2
+Taco Od=|z|=b; OB=|z,|=b; 4B =|z - z,|=\Jab-a> . Thdy 04=0B
= AOAB can tai dinh O . Vi AOAB can tai O va c6 mot goc béng 120° nén
AOB =120°
= (Vab-a’ )2 =(VB) + (V) ~2vbb cos120° < b=a* =Chon D

Cau3: [Chuyeén Pai Hoc Vinh-L2/N2021] Cho cac s6 thuc b, ¢ sao cho phuong trinh z° + bz +¢ =0

sOthucnén A=a’-4b<0 va z,, =

6 hai nghiém phuc Z;,Z, thdéa man |Z1 —4+3i| =lva |Z2 —8—6i|=4. Ménh dé nao sau day
dang?
A. 5b+c=4. B. 5b+c=-12. C.5h+c=12. D. 5b+c=-4.
Loi giai
+Neéu Z;,Z, la cac nghiém thuc cia phwong trinh da cho thi tie |Z1 —4+3i| =1
= (Zl _4)2 +9=1=(z —4)2 =-8. Diéu nay vo ly.

+Néu 2,2, la cac nghiém phirc khong thuc thi z, =z, . Dat 2z, =x+yi (x,y €R)

=z, =Xx—)i.
{|z1—4+3i|=1 \/(x—4)2+(y+3)2 =1 (" +y7)-2(4x-3y) =24
. ay &
|Zz_8_6l|:4 \/(x—8)2+(—y—6)2 _ (x2+y2)—4(4x—3y):—84
24 24 18
yi=36 T s EEE
Q{x Y = .Suy r .
4x -3y =30 18 24 18 .
y==—7= Z,=—+—1I
5 5 5
be 48
+ __(ZlJrZz)__?:>5b+c=—12:>ChgnB

c=2z2z,=36

Cau47: [TNTHPT QG-MD122-Nam 2021] Xét cac s8 phirc z,wthoa man |z/=1va [w]=2. Khi

z+i (VV) +6+8i| dat gia tri nho nhat, Z—WI bang
A.3. B. V5. c.g. D.—“2521.

|[pran tich dinn huong tim 1i gidi:
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Khai thac két luan, thay can ap dung BDT mo dun
z+4§)+6+842b+84—z+4ﬂ%=10—z+4§%(D_K&}@pgﬁmh@tngﬁdéq

z+d§)+6+8427,

Z+l( )‘<|Z| ‘( )‘=3(2).T1‘rdéysuyra

H+ Tim z,w d€ dang thitc 6 (l) va (2) xay ra.
Fb-Khai Nguyén
Loi giai
z+i(w)|=10-
Z+l( )‘<|z| ‘ (_)‘:3 (2)
= |z+i(w) +6+8127 (3).
+ Dang thtic & (1) xay ra khi va chi khi z + i(;) =k(6+8i)voi keRva k<0. Déng

z+i(w)| (1)

zvi(w)+ 6481 2[6+81 -

+ Ta co

thitc & (2) xay ra khi va chi khi 7 = tz( ) véi teR va t > 0. Nhu thé, dang thtic &

3 4.
=—=——i
(1),(2) dong thoi xay ra khi va chi khi 58 56 hay dang thiic & (3) xay ra khi
w=————I
5 5
3
z=—S——j
va chi khi >
w=—o— 2
5

J29

z+i(;v)+6+8i‘ =7,khi d6 |Z—W1 :T —=Chon C

+ Véy min
Binh luan
[Day 1a bai thi trac nghiém vé GTNN, GTLN ctia biéu thitc chtta md dun s8 phitc. D&
giai bai toan nay chi can 4p dung truc ti€p cac BDT mod dun, nhung yéu cau phai chi
duoc khi nao dang thiic xay ra. Piéu nay gy khé khan cho hoc sinh vi cac em kho
nhd néu khong ty chitng minh dwgc BBT mo dun.

Cac cau tuong tu
Caul: [Nhom Gido Vién Toan Viét Nam] Xét s6 phtec - thay d6i thdéa man |Z - i| = 2. Biét biéu thuc

T =|z+3i|+2|z—4—i| dat gi4 tri nho nh&t khi z = x+ yi (x,y €R). Hiéu x—y bing
3-6v13 6713 -3 3+6V13 3+6v13
A ———. B. ———. C.——/——. D.———.
17 17 17 17
Pinh huong
Khai thac két luan: Biéu thiec T=|z+3i|+2|z—4—i| dat gié tri nh6 nhét. Ta phai “can

bing hé s8” (lam xuét hién thita s 2 & biéu thirc |z +3i|) trude khi &p dung bat ding

|%| |4
Zz

Loi giai

thttc mo dun béng dfmg thirc sau: |Zl +Zz| = (21,22 €eC;z, #0,z, # 0).
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Cau 2:

Cau 3:

[4i

2=

-

[4d

=2

(4)

aco |2+3i|=|(z—i)+4i =

(z—i)+

zl; T=2(|Z|+|4+i—z|)

>2[z+4+i-z|=2417 (1).

z=k(4+i),(keR,0<k<1) 4+8J13 1+213 .
=>z= + i.
|z—i]=2 17 17

+Déng thirc & (1) xay ra khi {

3+6J13
17
[S6 Nam Dinh-Nam 2021] Xét cic s§ phic zW théa man |z-2 +|z-2i =6 va

|w—3—2i| =|w+3+6i|. Khi |z—w| dat gia tri nho nhat, hay tinh |z].

+Vay x—y= = Chon C

1 1
A.1+2. B. V2 -1. C. -. D. —.
i 5 \/g

Dinh huong
+ Khai thac gia thiét, thay |z-2[ +|z-2i[ =6 ©|z—-1-i]=1;

w—3-2i| =|w+3+6i
= y= _%x_z (W=x+yi, (x,yeR)).

+ Khai thac két luan, viét [z—w = |(1+i-w)+(z=1-1)| 2[l+i=w|—|z =1~

> (3 ’
:\/(I—X) +(Zx+3j -1 (*)
Loi giai

+z=2f +]z-2i =6 & (z=1=i)+(i-D[ +](z-1-i)-(i-1)[ =6

&2 =14 +i-1' |=6 = ]z-1-4=1.

+Dat w=x+yi, (x,yeR). Khi d6 |w—3—2i|=|w+3+6i| =y= _%x_z.

2
+|z—w|:\<1+z-—w>+<z—1—f>\z|1+f—w4—|z—1—f|=J<1—x>2+(§x+3j 1),
+ Khi x:—% thi y:—% va w:—%—%i.Démg thiec o (*) xay ra khi va chi khi
z=1-i=k(l+i-w) véi keR va k<0. T z—1-i=k(1+i—w)

' 5
= |=1=i|=[k(1+i-w)| = k=—5 = z =2+ L S|f| =" =Chon D
[Détham khao-2018] Xét cdc s6 phtic z = x+ yi (x,y € R ) thdéa man |z —4—3i| =+/5 . Khibicu
thirc P:|z+1—3l'|+|z—1+l'| dat gid tri 16n nhat, gia tri caa x+y béng
A. 4. B. 6. C. 8. D. 10.
Pinh huong
+Nhan thdy |z+1-3i=|(z-4-3i)+5

, |z=1+i]=|(z=4-3i)+(3+2i)| do d6 khéng tinh
duoc alz+1-3i + B|z—1+i[ theo |z—4-3i| (e, p1a cac s8 thuc).
#Tuy nhién ta lai co|z+1-3 +|z= 1+ =2 [z=if |21 |.

Loi giai
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Cau 4:

Cau 5:

Crlemteif | = Al +h-2if | =25+ (1),

tlz—i]=|(z—4-30)+(4+2i)|<|z—4-3i|+]4+2i| =35 (2) . Ding thiic 6 (2) xay ra

z+1—3i|

JkeR, k20
Khi {z—4-3i=k(4+2i) = z=6+4i.
|z-4-3i|=5
+Ttr (1) va (2) suyra P <1042 (3) . Déng thitc 6 (3) xay ra khi va chi khi déng

z=6+4i

|Z+1_3i|=|2—1+i| < z=6+4i =Chon D

thirc & (1) va (2) dong thoi xay ra @{

[Chuyén Hung Vwong Binh Dwong-L5N2018] Xét cac s6 phic z = x+ i (x, ye R) thoa man
|z—143i| =|z+3~i]. Khi |z~ 1-2i| |z + 1-i|| dat gi4 tri 16n nhét, X' +)" bing
A. 0. B. 16. C. 54. D. 27.
Loi giai
+Ta c6 [z=1+3i| =|z+3—]] :>\/(x—1)2 +(y+3) :\/(x+3)2 +(y-1) & x—y=0.
+ Trong mat phang phtc, goi M (Z), A(1+2i) va B (—1 + i) . Khi @6, Mthudc duong

théng (d) c6 phuong trinh x—y =0. Nhan thdy 4,B nim cling mdt phia d&i véi (d).
+ AB ¢6 phuong trinh: x -2y +3=0; Xét hé {x—y=0 Sx=y=3.

x=2y+3=0
+]z=1-2i|~|z +1~i] =|M4- MB| < 4B =+/5 . Déng thiic xay ra khi va chi khi ba diém
M, A, B thang hang hay M1a giao diém ctia duong thang AB va duong thang
(d) hay M (3;3) =Chon C

[Swu Tam Va Bién Tap] Xét cac s6 phic z,wthay ddi thoa man |Z|=2, w—3+2i| =1. Khi

‘22 —2zw— 4‘ dat gid tri 16n nhat, Z—W| bang
2485
A. 6. B. ?\/_ C.2 D. 2V5.
Loi giai
z—z

» . . L2, 2
+bat z=x+yi vdéi x,y e R thi ) =yl;V1|Z|=2nenx +y :4:>—2£y£2

= 0<y+2<4=(y+2) <16,

zZ—z

2

<4[liy-3+2i[+[3-2i—w|]| =4[-3+(y+2)i|+4 =4+4,9+(y+2)° <24 Tu day suy ra

2> —2zw-4{<24 (1).

+ |22 - 22w 4| =|2] =4iy—w| = 4|(iy—3+2i)+(3-2i - w)|

- w

z=2i
+Dang thtic & (1) xay ra khi va chi khi { 18 14 - Vay max‘z2 —2zw—4‘ =24, khi
w=—-——I
5 5
44 z—w|:6 —Chon A
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vinh-L2/N2021] Cho céac sd thue b, ¢ sao cho phuong trinh z° + bz + ¢ =0

c6 hai nghiém phtc Z;,Z, thoéa man |Z1 —4+3i| =1va |Z2 —8—6i|=4. Ménh dé nao sau day
dung?
A.5b+c=4. B. 5b+c=-12. C.5h+c=12. D. 5b+c=-4.

Loi giai

+N&u 2,2, la cdc nghiém thuc cta phuong trinh da cho thi tir |z, —4+3i =1

=(z,-4) +9=1=(z -4)’ =—8. Dicu nay w0 Iy.

+Néu Z;,Z, 1a cac nghiém phtic khong thuc thi z, =z, = ‘Z -8-— 61" =4.

{1=|zl—4+3i|2|zl|—|—4+3i| (1) {|zl|£6
Ta co —

. 2_1—8—6i‘2|—8—6i|—‘z_1‘ ) ‘Z_I‘Z ] :>|Zl|=6.Déng thirc 6 (1) xay ra

khi va

chi khi z =k(—4+3i) véi keRva k<0. Tir day tinh duoc 7, = 2% _18

- ?i (thdéa man

(2))Vé zZ, =2—54+§i.

48

bz_(zl+22):_?:>5b+c:—l2 —=Chon B

+

c=2zz,=36

Cau7: [Chuyén Vinh -L2/N2018] Trong cac s6 phtic - thoa man ‘zz + 1‘ =2|z

, 801 Z, va Z,lan luot

1a cac s6 phtic c6 md dun nho nhat va 16n nhat. Khi 6 mo dun cta sd phitc W=z, +2, bang

A. 2\2. B. 2. C. V2. D.1++2.
Dinh huong

+ Khai thac gia thiét: ‘22 + l‘ =2 |Z| =N |zz|2 +l+z2+22=4 |z|2
2 +(z) =4 -4 -1.

—\2
+Z2 +(z)

:(z +;)2 27z :(z+2)2 —2‘2‘2 >_2 |Z|2 ,
Loi giai
> - 2 2V 2 |

+Tacod: ‘zz +1‘ = 2|z| N |22| +l+z7+2% = 4|Z|2 oz +(Z) =4|Z| —|z| —1.

+ Mgt khac: 2 +(z) =(z+2) 2l 22 (1). suy ra 4fof |2 1> 2]

|2 =6z +1<0 < -1+4/2 <|2| <1442 Déng thitc & (1) xay ra khi va chi khi

z+z=0 < z lasd thuan ao.

+Dé dang c6 z, = (ﬁ_l)i va z, =(\5+1)i- Tir dd w=z,+2z, =2J2i va |w| =22

—Chon A
Caus: [S6GD&DTHaNam-LIN2018] Xét céc s§ phtac z=a+bi(a,beR) thoa man

1 .
4(z-z)-15i= i(z+E—l)2 . Khi Z—5+3i dat gia tri nhd nhat, —a + 4b bang
A. 7. B. 6. C.5. D. 4.

Loi gidi
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39

Z—l+3i
2

2 2 2
) Y2 230 539 Khigel
2) 12197 2) T8 8 2

. 39
+Vay min =?;Khi d6 —a+4b=T7 =Chon A

z—l+%
2

Céu48: Chohamsg y = f(x) c6 daoham f'(x)=(x-7)(x*=9),VxeR. C6 bao nhiéu gié tri
nguyén duong ctia tham s6 , dé€hams8 g(x)= f (| x4 5x|+ m) c6 it nhat 3 diém cyc tri?

A. 6. B. 7. C. 5. D. 4.
Phin tich dinh huong tim 10i gidi:
- Day la bai toan cyc tri ham hop c¢é tham s6: Tim tham s6 ,» déhamsd y=f (u (x,m)) co
dtng (it nhat, nhiéu nhat) & diém cuc tri (1).
- Cach gidi bai toan (1):
+ Mot s6 bai ma y = f (u(x,m)) la ham s6 chn thi d0 thi ham s8 y = f (u(x,m)) nhan 0y
la truc d6i xting. Khi d6, viéc xét s6 diém cyec tri cia ham s6 y = f (u (x,m)) tren R quy vé
xét s6 diém cue tri cua ham s6 nay trén (0; +OO) Hams6 y=f (u (x,m)) co 2k+1 diém cuec tri
khi va chi khi y = f (u(x,m)) ck diém cyc trj trén (0;+00).
+ Tong quat: Trong nhiéu bai toan, ta sit dung tinh chit (*) sau
Choham o f (x) va u (x) lién tuc trén R, khac ham héng trén moi khoang. Goi X;,X,,..., X,
1a cAc diém cuc tri cua f (x) .
Khi do:
1) Néu X, la nghiém ctia phwong trinh u(x)= xi,(i = L_n) thi X, cling 1a diém cuc tri cia ham
sd f (u(x)) Hon nira, néu X; la diém cuc dai (cuc tiéu) caa f (x) thi X, cling la di€ém cuc dai
(cuc tiéu) ctia ham s6 f (u(x)) .
That vay, theo dinh nghia cuc tri, X; 1a diém cyc tri cta f (x) <& ton tai khoang (ai;bl.) chita
X; sao cho f(x)<f(x,) hay f(x)>f(x;) véimoi xe(a;; b)\{x}.
Ma u (x) lien tuc trén R nén ton tai khoang (cl. ;d i) chta X, sao cho
u(x)e(a; b)\{x}, vxe(c; d)\{x}.
Do vay: f(u (x))< f(u()c0 )) hay f(u(x)) > f(u(x,)) voi vxe(cd)\{x}.
Suy ra, X, ciing la diém cuyec tri cia ham s6 f (u(x)) Hon nira, néu X; la diém cuc dai (cuc

tiéu) caa f (x) thi X, cting la di€ém cuc dai (cyc tiéu) cia ham s6 f (u(x)) .

2) Ta ¢ [f(u(x))]' =u'(x).f’(u (x)), voi moi xeR. Do do:
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’

+Qua diém X, ma u'(x) ddi dau thi [ £ (u(x))] d6i déu.
+Néu X, la diém cuec tri cia u (x) thi X, cting la diém cuc tri cua f (u(x)) .
Tt d6, ta c6 két qua sau:
S6 diém cuc tri ctia ham sd f (u(x)) bao gbm s6 diém cyec tri cia u (x) va s6 nghiém ctia cac
phuong trinh u (x) =Xx;, v6i i=Ln. Dong thoi cdc nghiém nay phai khac di€ém cuc tri cua
u(x).

FB-Chu Thom

Loi giai

Déy rang: u(x)= ‘x3 + Sx‘ +m ¢ cung s& diém cyec tri véi ham s8 y = h(x) = ‘x3 - Sx‘ .

Ta c6 BBT ctia ham y = h(x)= ‘x3 +5x‘ nhuw sau:

T — 0 —+00

o | \ 0 _— -

Suy ra u(x)= ‘x3 + Sx‘ +m co dung 1 di€m cuyc tri.

Ta c6 g’(x)=‘x3+5x‘,.f'( x3+5x‘+m).
x=17
Tu gia thiét f'(x)=(x=7)(x¥" -9)=0<| x=-3.
x=3
u(x)=‘x3+5x‘+m=7 ‘x3+5x‘=7—m

Ta co: f'(‘x3 +5x‘+m> =0 u(x) =‘x3 +5x‘+m =3 < ‘x3 +5x‘ =3-m (2).
u(x)=‘x3+5x‘+m=—3 ‘x3+5x‘=—3—m
Ham s6 g(x) c6 it nhat 3 diém cuc tri <> (2) c6 it nh&t 2nghiém phén biét khac 0.

T bang bién thién cua ham s6 ‘h(x) tacd T-m>0m<7.

Ma meZ* nén me{l;2;3;4;5;6}

Vay co 6 gid tri ctia » thoa man yéu cau dé bai.
Binh luan:

- Trong cach giai trén, mau chét 1a tim duoc s6 diém cyc tri cta u(x) = ‘x3 + Sx‘ +m va tim
duwoc m d€hé (2) ¢ it nhat 2 nghiém phan biét khac 0. Ca 2 yéu cau cung duoc giai quyét
dwa vao bang bién thién ciia ham sd y = |h (x)| = |x3 + 5x|.

- Ngoai céch giai trén, ta 6 thé thdy g (x)= f(|x* + 5x|+m) 1a ham s8 chdn. Vi vay, g(x)
cé it nhat 3 diém cuc tri & g(x) o it nhat 1 diém cuec tri trén khoang (O; +00)

Huong phdt trién:

Hudng phit trién 1: Thay gia thiét cho cong thirc f7(x) thanh cho db thi hay bang xét ddu
ctia f"(x), d6 thi hay bang bién thién cta f(x).
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u6ng phit trién 2: Thay d6i ham s6 u(x,m).

u6ng phit trién 3: Thay ddi vi tri cta tri tuyét d6i, hodc bo tri tuyét ddi, vi tri tham s6
(m khong phai hé s6 tu do).
uwéng phit trién 4: Thay ddi cau hoi: C6 it nhat k cyc tri, ¢4 nhidu nhat & cyec tri, c6 ding

k cuec tri.
Bai tap tuong tu
Caul: Chohamsd f (x) c6 bang xét ddu dao ham nhu sau
T | —00 4 o 6 +o0
(@) + 0 - 0 + 0 4

Coé tit ca bao nhiéu gid tri nguyén dwong cta tham s6 » d€ ham sé
g(x)= f(|x“ —-2x* - 3‘+ m) 0 it nhit 7 diém cyec tri?

A. 2 B. 4 C. 3. D. 5.
Loi gidi
bit u(x)=|x4—2x2—3‘+m. Ta c6 u(x) c6 cung sd di€m cuc tri v6i ham sd
h(x)=|x* - 2x* =3|. Do thi h(x)=|x* - 2x* - 3| nhu sau:
Y

4

X

2 -1 0 1 2
Tt d6 suy ra ham s u(x) = ’x“ -2x° —3| +m c6 5 diém cuyec tri.

T gia thiét suy ra ham s6 f (x) c6d2diémcuctrila x=4; x=5.

g'(x)=|:|x4—2x2 —3|+m:|' f'(

x'—2x? —3|+m).

|x4—2x2—3|+m=4 |x4—2x2—3|=4—m

Ta co f’(|x4—2x2—3|+m)=0<:> 3).

|x4—2x2—3|+m=5 |x4—2x2—3|=5—m
Ham s6 g (x)= f(|x4 —2x? —3‘+m) cé it nhét 7 di€m cyc tri < (3) ¢6 it nhat 2 nghiém phin
biét khéc diém cyc tri ctia u(x) ©5-m>0<m<5 ma me N’ nén me{l;2;3;4}.

Ciu2: Chohams8 f(x) lién tuc trén R c6 ding 2 diém cuc trj va c6 d6 thi nhw hinh vé

\y

[ S -

i
i
1

@)

\

Cé tat ca bao nhiéu gid tri nguyén ctia tham s6 » thudc [—20;20] d€ ham s6

r) = f(x*|x—3|+m) c6 nhigunht 7 diém cyc tri?
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Cau 3:

C. 2.
Loi giai

Dat u(x)=x’ |x—3|+m = g(x)=f(u(x))=g'(x)=u'(x).f"(u(x)).
Xét ham sO u(x):x2|x—3|+m c6 cung diém cuc tri véi ham sO
h(x):x2|x—3|:‘x2(x—3)‘=‘x3—3x2‘.

Bang bién thién cua ham s6 y=x3 ~3¢ nhu sau:

xr |—o0 0 2 +00
y + 0 - 0+
0 +0o0
y / \ /
< 4 |
Suy ra, d6 thi ham s6 y =h(x) nhu sau
-
T

O 2

Ttr d6 thi suy ra ham s6 y =h(x) c6 3 diém cuc tri=> u (x) c6 3 diém cuec tri.

_u(x)zxz |x—3|+m=1
Ham so g(X) €6 qua 7 diém cuyec tri <> hé , c6 qua 4 nghiém
_u(x)zx |x—3|+m:2

} _x2|x—3|:1—m
phan biét khac diém cuec tri cta (x) .Ta cé

_x2 |x—3|=2—m.

u(x)=x2|x—3|+m=1

Do vay, hé { c6 qua 4 nghiém phan biét khac diém cuc tri cua

h(x)
B —20;0
= {1 m>0 = {m < ma » nguyén thudc [_20220] ::’{m G[ ] =6 20 gia tri

u(x):x2|x—3|+m=2

l-m=#4 m# -3 m#—3
cua , dé€ g(x) c6 qud 7 diém cuc tri.Vay s6 gia tri nguyén cta tham sd » thudc
[-20,20] d& ham 6 g(x) = f(x*[x 3|+ m) c6 nhiéu nhét 7 diém cuc tri la 41-20=21.
Cho ham s8 y = f(x) c6 dao ham 1a ham da thiic bac 4. Biét ham s8 /(x) ¢6 d thi nhu
hinh
vé. Co tdt ca bao nhiéu gia tri nguyén ctia tham s6 » thudc [—10;10] dé€ ham s6

g(x)= f(x3 —3mx’ + 2) c6 dung 6 diém cuc tri?
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A. 8. B.10. C. 21. D. 20.
Loi giai
Chon D ]
x=0
x=2m
g’(x)=(3x2—6mx)f’(x3—3mx2+2)=0<:> u(x):x3—3mx2+2:0 4).

_u(x) =x -3mx’+2=4
N&u m =0 thi (4) c6 3 nghiém phan biét1a x=0;x=+Y2 =>g(x) khong thé c6 6 diém cyc tri.

Néu m <0 thi ta c6 bang bién thién

T —00 2m 0 +00
u'(x) + 0 — 0+
2 — 4m? +00
u(z) / \ /
—00 2 B

1
g(x) c6 dlng 6 diém cuc tri <> (4) c6 dting 6 nghiém <> 4<2—4m’ < m< —i/;.

Néu m >0 thi ta c6 bang bién thién

r  l—o0 0 2m +00

u'(x) + 0 — 0 +

9 +00
ol Se

1
g(x) c6 dung 6 diém cuc tri < (4) c6 dung 6 nghiém <> 2—4m’ <0 = m > i/;

. 1 1
Vay, g(x) co dung 6 diém cuec tri thi m < —i/; hodc m > i/; )
Ma » nguyén thudc [—10;10] nén c6 20 gia tri cua » .

Cau4: Chohamsd f (x) .Biét rang f’ '(x) la ham sd da thitc bac bon cd d6 thi nhw sau
y

N ;
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Cau 5:

uc cia tham s6 ,, d€ham s6 g(x)=f (ez" —2me") c6 nhiéu diém cur

D. m>+2.

tri nhat?

A.m<—2. C.m<-1.

Loi giai

B. m>1.

(%)
Tacd g'(x)=0<|u(x)=-1
(%)

Ham s g (x) 6 nhiéu diém cuc tri nhat << (5) c6 nhiéu nghiém nhat

<m>0 va 0 (6 c6 nhiéu nghiém nhat.

ux)
3

(
u(X)
(
u(x

u(x)=2

Khi m>0,taco u (x)=0<:>x:lnm.

Bang bién thién

r  |l—o00 Inm +oo
o (z) _ 0 +
0 oo
u(a) ~C . —
m |
(6) c6 nhiéu nghiém nhét < {mmii jem> J2.

Cho ham s8 y = f'(x) xac dinh va lién tuc trén R va c6 bang bién thién nhu hinh vé

92 +00

0 — 0 +
/ 4 1 /m
£ 3

Cd bao nhiéu gid tri nguyén cua tham s6 m € [—10;10] déhams6 g (x)= f (

ex—x—5|+m) co

gne 9 cuc tri?
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C.3.
Loi giai

Dat u (x) =

e’ —x—5‘+m :>g(x)=f(u(x)) = g'(x):u'(x).f'(u(x)).
Ham s6 u(x)=
h(x)zex—x—S.

Xétham s6 h(x)=e*—x—-5=h'(x)=€"'—1=0<>x=0. Bang bién thién

, VOl

e’ —x-5

e'—x— 5‘ +m c6 cung di€ém cyec tri voi ham s6 ‘h (x)‘ =

€T —00 0 +OO(

W (x) - 0 + |

+00 +o0
W) S y _—

Suy ra d6 thi ham s6 ‘h(x)‘ c6 dang

0

Tt bang bién thién suy ra ham s6 ‘h(x)‘ 6 3 diém cyc tri= u(x)=

ex—x—5‘+m co3

diém curc tri.

o ~ ‘ex—x—5‘+m=—1 e"—x—5‘=—1—m
Ta co f(u(x))—0<:> = (7)
ex—x—5‘+m:2 ‘ex—x—5‘=2—m

Ham so g(X) c6 dang 9 diém cuc tri & (7) c6 dung 6 nghiém phan biét khac diém

0<-1-m<4 —4<m+1<0 —S<m<-1

2-m=>4 <:>{mS—2 <:>{mS—2
ma meZ=»c6 3 gia tri cia m .

Cau49: [Cau 49 THPT QG 2021- Ma 103] Trong khong gian Oxyz , cho hai diém A(l;—3;2) va
B(—2;1;—4). Xét hai diém M va N thay d&i thudc mit phing (Ox) sao cho MN =4. Gia tri
16n nhat caa |4M — BN| bing
INPN:3 B. 313, c. Vel. D. V85,

Fb-Vo Trong Tri & Khai Nguyén

cuee tri ctia u(x)<:>{ & -5<m<-2,

Phan tich dinh huéng tim 10i giai:

1. Cac bai toan quen thudc:

+ Cho hai di€ém 4, B ¢§ dinh nam khéc phia d6i véi mat phang (0! ) . Xét diém M thay doi
thuoc (), khi do:

MA+MB > AB. Déng thitc xay ra khi va chi khi M =M", trong &6 M ' 1a giao diém caa
doan théng AB véi (a).

f https://www.facebook.com/groups/toanvd.vdc



NHOM GIAO VIEN TOAN VIET NAM

|MA—MB|=|MA—MB'|< AB'. Déng thic xay ra khi va chi khi M =M", trong d6 B' la diém

d6i xting v6i B qua («) va M la giao diém ctia doan thing 4B' véi ().

+ Cho hai di€m 4,8 ¢8 dinh nim cling phia d6i véi mét phéng (&) . Xét diém Mthay d6i
thudc ((Z), khi do:

MA+MB=MA+MB'> AB'. Dang thtic xay ra khi va chi khi M'=M", trong &6 B' 1a diém
d6i xting véi B qua (@) vaM ' 1a giao diém ctia doan thing A4B' véi ().

|M4—MB| < AB. Dang thtic xay ra khi va chi khi M'=M", trong 6 M ' 1a giao diém cta
doan thang 4B véi ().

2. Tro lai bai toan.

[Bai toan gan ghii véi mot bai toan quen thudc 1a tim gia tri 16n nhat cta |AM —BM|

voi M thudc mit phang (Oxy). Viée dé cho xuét hién diém N véi rang buoc MN =4
nén ta c6 thé ding phép tinh tién dé bién [AM — BN|=|AM — B' M| quen thudc bing
cach 18y diém B' sao cho BB'= NM .

Loi giai 1
Chon D
Théy hai diém 4, B ndm khac phia so v6i mat phang (Oxy) . Goi B, 1a diém d8i xting cua
B qua (Ow) thi B/ (—21;4) va BN=BN. Goi (P) 1a mit phing di qua B, va song song voi
(Ow) thi (P) c6 phuong trinh z=4. Goi H 1a hinh chiéu vuéng goc ctia diém A 1én (P)
thi H(1;-3;4). Goi B, 1a diém sao cho BB, =NM thi B, (P).

!
M N~
N
(Oxy) \\
B

Ta c6: AH=2, BH=5, BB,=MN=4 (vi ZTB;=W ), BN=BM (wi @2@
= BN=B,M). Trong (P), diém B, thay d6i thudc dudng tron (C) c6 tim B, va ban kinh
R=BB =4

AM—BN| =|AM-BN|=|AM—-BM| <AB, =\AH’+(HB,Y <\ AH+(HB+BB,)

=\/g = |AM - BN | <+/85 (1) Déng thic 6 (1) xay ra khi va chi khi diém B, ndm gitra hai
diém B,, H va M =AB,N(Oxy).
Vay max|4M - BN| =85

Loi giai 2
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Cau 1:

N A, B nam khéc phia so v6i mat phéng (Oxy) .Goi 4, 1a diém d6i xtng
ctia A quamit phing (Ow) thi 4, (1;-3;-2) va AM=4M . Goi M(a;b;0) va M(a;b;0), ta

co: \/(a—c)2 +(b—d)2 :4 hay (a—c)2 +(C—d)2 =16, m:(a_l’b_i_?”z),
BN =(c+2;d-1;4); AM -BN =(a—c-3;b—d+4-2).

|40~ BN|=| 4 - BN| =[ 40| [ BN| <[40~ BN| =[(a—c=3)" +(b-d +4)' +4
= J(a=c)’ +(b—d)’ +29+2[4(b~d)~3(a~c)]

s\/45+2\/(42 +33)((b—d)2+(a—c)2) =85 = | AM - BN| <85 . Khi M(%;—%;Oj

va N(?;—%;O) thi | AM — BN|=+/85 . Vay max|AM —BN|=+/85.

Binh luan:

[Day 1a bai toan duoc phat trién tir ‘bai toan 2’ trang s6 7 trong SGK Hinh Hoc Nang
Cao lop 11.

Hai thon ndm 6 hai vi tri 4 va B cdch nhau mot con s6ng (xem rang hai bo song la
hai duong thang song song. Nguoi ta dw dinh xay mot chiéc cau bac qua song (cd
nhién cau phai vuong goc véi hai bo song va lam hai doan duong thang tir 4 dén M
vatie B d&n N .Hay xac dinh vj tri chiéc cau MN sao cho AM + BN ngéan nhat.

A

M

N N

B

L4y di€m A' sao cho 44'= MN khidé AM =A'N va AM +BN=A'N+BN > A'B.

Huong phat trién

Hudng 1: Tim gia tri nho nhdt caa AM + BN .

Hudng 2: Bo b6t rang budc diém N e (Oxy), khi d6 4, thudc mit cau tAm 4, ban kinh bang
A4,.

Cdc bai tap twong tu

[Tran Quéc Luat-THTT thang 12 nam 2017] Trong khdng gian vdi hé toa do Oxyz, cho céc
diém 4(0;0;2) va B(3;41). Tim gia tri nho nhét ciia AX +BY véi X,Y la cac diém thudc
mat phang Oxy sao cho XY =1.

A. 3. B. 5. C. 2+\/ﬁ. D. 1+2\/§,
Loi giai 1
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Cau 2:

;4;1) nam cling phia d6i v6i mit phang (Oxy) Goi A' 1a diém doi
xtmg véi diem A qua (Ow), khi d6 4'(0,0;-2) va AX=A4'X.

Vi X,Ye(Oxy) nén goi X(a;b;O), Y(c;d;O). Vi XY =1 nén \/(a—c)2 +(b—a’)2 =1 hay

ﬁ=(a;b;2), ﬁ=(3—c;4—d;1), H+ﬁ=(a—c+3;b—d+4;3).

AX+BY  =AX+YB  -|0X|+[/B :[1X+75 = J(a=c+3) +(b—d+4) +9
:\/(a—c)2+(b—d)2+34+2[3(a—c)+4(b—d)] =\/35+2[3(a—c)+4(b—d):|

> f3s-2[3(a-c)+4(b-d) 2\/35—2\/(32+42)((a—c)2+(b—d)2) =5 = AX+BY>5 . Khi

8 32 11 44 .
X(—;—;O) va Y(—;—;Oj thi AX +BY =5.Vay min(A4X +BY)=5.

515 515

Loi gidi 2

Thay A(O; 0;2) , B(3; 4; 1) nam cung phia d6i v6i mat phéng (Qty) Goi A' 1a diém doi
xtng véi diém A qua (Ow), khi do 4 (0;0,-2) va AX =4X .
Goi (P) 1a mat phing chita 4, va song song mit phing (Oxy) suy ra (P) c6 phuong trinh la
z=-2.Goi K lahinh chiéu cua B 1én (P) thi K(3;4;-2),khi d6 BK=3, K4 =5.
L&y diém 4, sao cho A4 =XY, khi do AX =AY (vi 44 =XY < AX=A4Y),
A, e(P) va trong (P), A, thude duong tron (C) tam A ban kinh R=44,=1(wi
A4, =XY).

(Ozy) : / /

AX+BY = AX+BY = AY+BY > 4B =\|BK> +(KA)’ >\|BK* +(KA ~R)’ =5

=> AX +BY >5(1). Déng thtic ¢ (1) xay ra khi va chi khi 4, la giao diém tht nhat cta

duong thing 4Kvéi (C ) (A thudc doan thing 4K) dong thoi ¥ = 4,BN (Oxy) )

Vay min(AX +BY)=5.

[Cau 49 THPT QG 2021- Ma 103] Trong khong gian Oxyz , cho hai diém A(l;—3;2) va
B(—2;1;—4). Xét hai diém M va N thay d8i, trong d6 M thudc mat phang (Oxy) va N tuy y
ocho MN = 4. Gia tri 16n nhat caa |[AM — BN| bing
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B. 3V13. L. D. V85.

Céu 50. C6 bao nhiéu sé nguyén y sao cho ton tai x e (%, 6} théa man 27 = (14x)27"*2

A. 19. B. 21. C.20. D. 18.

Phdn tich dinh hwong loi gidi
- Bay la bai toan c6 mirc d0 VDC (c6 thé 1a cau kho nhat cua dé thi THPT QG nam 2021).
- St dung phuong phéap “Logarit héa hai v&” dé xét phuong trinh mii dang:

a’tm = u(x;m).bg(x;'"), (0<a;b#1) (v6i m 1a tham s6)
Dinh hudéng tim 1oi giai:
B1: Dua vao phuong trinh da cho tim di€u kién cho phuong trinh.
B2: Coi ¥ nhu tham s, ldy logarit co s6 27 hai vé, sau d6 dua phuong trinh vé dang f (x) =0.
B3: Sir dung ki thuat chia mién gié tri ciia tham s6 va xét ham sé f (). Muc dich dé dénh gia
duoc tinh don diéu cua ham s6 f (x) va st dung dugc dinh 1y gid tri trung binh.
St dung cac don vi kién thuc:
o Néu £ lién tuc trén doan [a;b] va f(a).f(b) < 0 thi phuong trinh f(x) =0 co it nhat
mot nghiém trén khoang (a; b) .
Str dung kién thue n@y da lam cho viéc gjéi toan tr@r thanh vi¢c thir sai trong viéc chon cdp a, b.
Thay vao d6 dung két qua sau (khong thé giai quyét tron ven viéc thir sai nhung da giam thiéu mot
phan):
Cho f lién tuc va don di€u trén doan trén [a; b] . Khi d6 phuong trinh 1 (x) =0 ¢6 nghiém trén
khoang (a;b) khi va chi khiva f(a).f(b)<0.
o Néu a>e thi ham s6 f(x) =log, (1 +x) —x nghich bién trén [0; +00) :

Luu y: log, (1+x)<x véimoi x>0 va aZe.

Fb: Nguyén Sy - Nguyén Thanh Hai
Loi gidi

Gia sir ton tai y € Z dé phuong trinh trén c¢6 nghiém x e (%, 6) .Suyra l+xy>0

Lay logarit co sb 27 hai vé, PT di cho tuong duong
3x* +(y-18)x-log,, (1+xy)=0.

Xét ham sd f(x)=3x"+(y-18)x-log,, (1+xy), véi xe(%;6j.

l+xy>0 |
-Voi y<0,do 1 = y>—-—,Suyra -3<y <0 hay ye{—l;—2}.
x X

+)V6i y=-1,tacé f(x)=3x"-19x-log,, (1-x) la ham sd lién tuc trén E;lj :
2 o \ , Cn (2
Do f [5) =-11 va lim f (x) = 400 suy ra phuong trinh ¢6 nghiém trén [E;lj .
x—1"

+)Véi y=-2,tacd f(x)=3x"—20x-log,, (1-2x) 1a ham s lién tuc trén l:%,%j .
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-6 va lim f (x) = o0 suy ra phuong trinh c6 nghiém trén (%,%) .

x| =
2

x=0
- V6i y =0, phuong trinh trd thanh 3x* -18x=0< { ., khong thoa man.

-Véi y>19,taco

J(x)=6x+(v= 18)_3(1+xy)1n3

2
"(x) 6+ —>O,‘v’xe(l;6].
3(1+ ) In3 3

Suy ra f'(x)ddng bién trén (%;6).Do do
f’(x)>f'(lj:2+(y—18)—#>0 vi (3+y)1n3>y:>—¢>—l

3 (3+y)In3 (3+y)n3
Suyra f (x) 1a ddng bién trén (%;6). Suy ra

7(x)> f( j———logz7(1+yj 7

3 3
1

Xét ham sb g(¢)=t-log,, (1+¢), t>0. D& thiy gr(t):l—m

12 ham ddng bién, do d6
1 y) 17 19) 17 1
—|=g|=|-—2g|=|-—>0.Suyra >0Vxe|—;6|.
f(zj g(sjs g(zjf yra f(x) (3]

Do d6 PT trén khong c6 nghiém thudc (%, 6) .

- V6i 1< y<18.Dohamsé f(x)=3x"+(y-18)x-log,, (1+xy) lién tuc trén [%;6]
Ta lai c6 ham s6 g(¢)=¢—-log,, (1+1), dong bién trén (0;+x).
\ Iy » v\ 17 1 y) 17
Ma f|=|==-1lo I+=|-——=f|-|=g|=|-—=< 6—— 0,V yel|L;18
A e 1427 (D)) ) o e
Mitkhéc f(6)=6y-log,, (1+6y)=g(6y)2g(6)>0,Vye [1;18].
1
Suyra f (Ej S (6) < 0. Do d6 phuong trinh trén c6 nghiém trén (%, 6}.
Vay c6 tit ca 20 gid tri nguyén cua y théa méan yéu cau.
Binh lugn:
- Viéc sir dung BDT Bernoulli dé danh gia nhu 101 giai sau day 1a sai:
C6 bao nhiéu s6 nguyén y sao cho ton tai x e [%, 6) théa man 27°°* = (1+xp)27"?
A. 19. B. 21. C.20. D. 18.
Loi giai
Ta c6: 279 = =(1+x).27" & D7 14y o 27 =0,

Mt khdc: 27°7 #9718 _1—xy = (1+26)" ™% —1-xp 2 1+26(3x> + xy—18x)—1-xy
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=78x" +25xy —468x .

+Véi y219 = 7 ity g —xy > 78x” +25xy —468x > 84x’ +7x >0Vx € [§;6) (loai).
+ V6 p<—3 =277 214y <1-3x<0Vrxe (%;6) (loai).

+Véi y=-2=x =% (théa man).

+Véi y =—1 = x=1 (théa man).

(loai)
oat).
=6

Le 3x2—18x 2 X
+Voi y=0= 27 =1< 3x —18x:0<:>{
+V6i 1< y<18. Xétham sb f (x) =277 _1—xy.
Do f(%]=3y‘”—1—%<0Vye{1;2;....;18} va

f£(6)=27"-6y—1>0Vy e{1;2;...;18} nén phuong trinh f(x)=0 luén c6 nghiém

thudc (1;6)
3
Toém lai ye{—2;—1;1;2;....;18} . Vay c¢6 20 sd nguyén y théa min yéu cau bai toan.
Luuy:
e Néua>-1thi(I+a) 2ax+1 véi x<0 hogec x>1.
e Néua>-1thi(l+a) <ax+1 véi 0<x<I.

- Khi giang day cho HS ching ta nén phét biéu bai toan dudi dang. “Co bao nhiéu gia tri

. . ; : 1
nguyén ciia tham so m dé phwong trinh 27° " = (1+xm)27"** ¢6 nghiém thudc (5;6j 27

Huwéng phit trién:

Huwéng phat trién 1: Thay bién y boi tham sd m quy vé bai toan tim tham s6 m nguyén dé
phuong trinh ¢6 nghiém. )

Hudng phat trién 2: St dung phuong phap danh gia hai vé cua phuong trinh hodc sir dung cac
bat dang thirc co ban. )

Hudng phat trién 3: St dung phuong phap ham so.

Cac vi dy twong tu: ) ) . ) )
Huwong phat trién 1: Thay bien y boi tham so m quy vé bai toan tim tham so m nguyén dé phuong
trinh co nghiém

Caul. Co bao nhiéu s nguyén m dé phuong trinh 273 = (1+xm)27"" ¢6 nghiém

xe(l;Sj?

3

A. 16 . B. 18 . C.15.
Loi giai

17 .

1=

. . 1
Gia str ton tai m € Z dé phuong trinh trén c¢6 nghiém x € (5;5] :

1 1
T phuong trinh, suy ra xm>—1. Do xE(g;S),nén taco m>——>-3 hay m=>-2.
X

Phuong trinh d4 cho tuong duong véi 27° oAsxrn _ (1+xm)=0.
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> 1
=277 (14 xm) trén khoang (E;SJ

x)

Taco f(5)=27"—-1-5m>0VmeZ va f(%]:3_14+m_1_%m’

Xét ham s6: g(m)=3'”‘14—1—%,ta c6 g'(m)=0<m=14-log,(3In3)=m, ~12,9.
BBT:

-3 my, 16 +»

g'(m) - 0 +

g(m) \ /'

) {g(—3)>0 va {g(16)>0
g(—2)<0 g(15)<0
g(m)<0e me{-2;-1;..;15} .

, két hop v6i BBT suy ra véi m nguyén 16n hon -3 va

1
+V6éi me{-2;-1;1;...;15} tacod f(gjf(S) <0, nén phuong trinh f(x) =0 ludn c6 nghiém

1
trén khoang (5;5) .

+Voi m=0,tacod f(x)=0< x=0,x=>5 khong thoa man.
+V6i m>16; Ta c¢6 phuong trinh
f(x)=06 2775 = (14 xm) < 3x* —15x+ xm —log 27 (1+mx) = 0

. 1
Xét ham so h(x) =3x’ —15x+xm—log,, (14 mx) trén khoang (5;5) .Taco

2
h'(x) =6x—15+m—L:>h"(x) =6+m—2 >0,‘v’xe(—;5).
(1+mx)In27 3(1+mx) In3 3

\ ‘A A 1 " \ ) A A " , 1 ,
Vi i'(x) lién tyc trén doan 5;5 nén ham s6 /'(x)dong bién trén khoang 5;5 . Do d6

m

h'(x)>h'(%j:2+(m—15)—(L>O vi (3+m)ln3>m nén _W>_

3+m)ln3

. . 1 1 14
Suy ra 4 (x) la dong bién trén [5;5} . Do do, h(x)>h(§J:%—log27 (1+%)—?

, x o 1
Xéthamsb g(r)=r—-log,, (1+t), 1>0.Déthdy g (t)=l—m>0,w>0 , suy ra
g(¢) 1a ham ddng bién, do d6 h(%)=g(?j—%2g(8)—?>0. Suy ra h(x)>0‘v’xe(%;5}.

1
Do d6 phuong trinh trén khong c6 nghiém thudc khoang (E;Sj .

Vay me {=2;-1;1;2;...;15} , hay c6 17 gia tri nguyén ctia tham s6 .
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)21) C6 bao nhiéu s6 nguyén y sao cho ton tai x e (%;3) thdéa man

273 = (1+ xy)279" ?

A. 27. B.9. C 11 D. 12.
Loi giai

N . 1
Gia str ton tai y € Z dé phuong trinh trén c6 nghi¢m x € (5;3) .Suyra l+xy>0

Lay logarit co s6 27 hai vé, phuong trinh di cho twong duong
3x* +(y—9)x—log,, (1+xy)=0.

bat f(x)=3x2+(y—9)x—log27(1+xy), xe(%ﬁ). Ta xét cac truong hop sau

e Néu y<O0thi —y<i<3,suyra y>-3 hay ye{-1;-2}.

+)Véi y=—1thitacd f (%) <0 va lim f (x) =+ suy ra phuong trinh c6 nghi¢m trén
567

11 1
+) Tuong tu, véi y = -2, phuong trinh ciing c6 nghiém trén (3’5) C (5;3] .

. x=0
e Néu y = 0 thi phuong trinh trd thanh 3x* -9x =0 < { khong thoa man.
X

e Néu y>10,tacod

oo oY
J(x)=6x+(y=9) 3(1+xy)n3’
"(x)=6 Y 0,V (—;3).
(%) +3 1+xy)21n3> xe

Suy ra f'(x) ddng bién trén [%;3} . Do d6
f’(x)>f'(lj=2+(y—9)—L>O.
3 (3+)In3
Suyra f (x) 1 ham s6 dong bién trén [%;3} . Do d6

f(x)>f(§j:§—log27 (1+§J—§.

Xétham sé g(¢)=r—log,, (1+7), t>0. D& thay g'(r)=1-

Al oo

1
Nén phuong trinh khong c6 nghiém trén (?3} trong trudng hop nay.

O \ \ A
—3(3+t)ln3 > g(t) la ham dong

bién, suy ra

<9 thi tir tinh dong bién cua g(l) , tasuy ra
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= |-=<0,VI<y<9,
3 3) 3

F(3)=g(3y)>0,v1<y<9.

N 5z 1
bicu nay dan dén phuong trinh c6 nghi¢m trén (5;3).
Vay c6 11 gia tri nguyén cua ¥ thoa man yéu cau.

Huwong phat m;én 2. Str dung phwong phdp dinh gid hai vé ciia phwong trinh hoic si
dung cdc bat dang thirc co ban.

Cau3. C6 bao nhiu cip sd nguyén (x; y) thoa  man |x| <2020 va
25 120217 2 (x+2y ~2) =42
A. 1. B. 2020. C. 2021. D. 0.

Loi gidi
Néu x+2y-2>0=>2"%>222021" 7 (x+2y-2) > 0= 2" +2021° 2 (x + 2y -2) > 4.
Néu x+2y-2>0=2" <27 2021" 2 (x+2y-2) < 0= 2" +2021" 7 (x +2y-2) < 4.

Néu x+2y-2=0=2"=222021" "7 (x+2y-2) = 0=> 2" +2021" 72 (x+2y-2) =4,
Viy x42y-2=0< x=2-2y,do ~2020 < x <2020 = —1009< y <1011.
Do yeZ nénco 2021 gia tri, nén c6 2021 cip sd (x;y) thda man.

Céud.  C6 bao nhiéu cdp sé nguyén (x;y)véi 1< y <2020 théa man biéu thire sau:
log3(4x+2xy+y2)—log3(2"y)=%.
A.11. B. 15. C. 10. D. 6.

Loi gidi
Chen A

2
Dit a=2">0,suyra log3(a2 +ay+y2)—log3(ay)=zay—_a

2

2 2 2 2
olog, IS 5.8 tog (Lt 2] o114 ()
ay yoy y a y

Nhan thy VP(*) <1, VT (*)= log, (§+§+ljc“§”ﬁog33=1 dindén =12 y=2"
Do 1<y <2020=1<2" <2020 < 0<x<log, 2020~10,98 .
Vi xeZ nén x c6 11 gia tri, mdi gi tri clia x twong tmg mot gia tri y.
Vay nén co 11 cip sb (x; y) thoa man.

Huwéng phat trién 3. Siv dung phwong phdp ham sé.

Cau 5.  Co bao nhiéu cip s6 nguyén (x;y)vc’yi 2<x<y<99 thoaman x* >y* ?
A. 4751. B. 4750. C. 4656. D. 4657.
Loi giai

T x* > " <:>ylnx>xlny<:>£>ln—y,xéthémsc‘) f(t)=lnTt, te[2;99].
X Y
_1-In¢

_tz

Co f'(¢t) = f'(t)=0=t=e~2,71.
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Suy ra ham s6 f(¢) dong bién trén doan [2;e] va nghich bién trén doan [e;99] .

Inx Iny

-THI1. x>3 (xe[e;99]) thi T>7:>y>x23, suy ra co C927 =4656 ceip(x;y) thoa
man.

- TH2. x=2 thi ln2>lny<:>11:4>lny:>y>4:y25’x:2 c6 95 cap(x;y) thoa
man. g ’

Vay nén c6 4656+95=4751 cip s6 (x;y) théa man.
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