TUYEN CHON 111 BAI TOAN

BAT PANG THUC PAC SAC

Trong cht dé nay, chting t6i da tuyén chon va gidi thiéu mot s8 bai toan bat dang
thitc hay va kho, cung véi d6 la qua trinh phan tich d€ di dén hinh thanh 10i giai cho bai
toan bat dang thitc d6. Tl cac bai toan d6 ta sé thay duoc qud trinh phan tich ddc diém caa
gia thiét bai toan ciing nhu bat dang thitc can chiing minh, tir d6 c6 nhitng nhan dinh,

dinh hudng dé tim toi 1oi giai va cach trinh bay 10i giai cho mot bai toan bat dang thirc.

Bai 1. Cho a, b, cla cac s6 thue dwong. Chirng minh ré“mg:

bc N ca N ab >i+i+i
a2(b+c) bz(c+a) c2(a+b)_2a 2b 2c

Phan tich va loi giai
Trudc hét ta du dodn ddu dang thikc x4y ra tai a=b=c. C6 thé ndi day la mot bat
dang thitc hay tuy nhién né khéng thue su khé. Quan sat bat dang thikc ta c6 mot cach tiép
can bai toan nhu sau
Cach 1. Tl chiéu cta bat dang thiec, ¥ tudng dau tién 1a st dung bat dang thitec AM — GM
dé¢ danh gia. Nhung ta stt dung bat déng thitc AM — GM cho bao nhiéu s8? D€ y bén vé

& 7 g 7 4 ’ 1 \ A ~ 2. . 4 1 A ?. ~ g ’
trai bat dang thirc co6 chira — va bén vé phai lai chita — nén ta st dung bat dang thirc AM
a a

. AN ~ AN A PN 7 . bc i A 2 \ ~ 9
— GM cho hai s0, ta cling can triét tieu cac dai lugng bic’ Chu y dén bao toan dau dang
+c

thitc ta c6 danh gia sau

b+c) 4bc

bc +b+c>2 bc  b+c 1
a’(b+c) 4bc a’ ( a

ca c+a ab a+b>1

Thyee hién twong tw ta c6 — + 21 P + >
b(c+a) 4ca b c(a+b) 4ab ¢

Cong theo v& cac bat dang thikc trén ta duoc

bc N ca N ab +b+c+c+a+a+b
az(b+c) b2(c+a) Cz(a+b) 4bc 4ca 4ab

1. 1.1
a c

1
+—+
b
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peyla 2e cra arb 1M1 1 1) 4 nay ta thu duoc
4bc 4ca 4ab 2la b c

bC + ca + ab >l+l+1_l(l+l+1J
az(b+c) b2(c+a) cz(a+b)_a b ¢ 2la b ¢

bc N ca N ab >i+i+i
az(b+c) bz(c+a) c2(a+b)_2a 2b 2c

Hay

Vay bat ding thikc dreoc chiing minh. Dang thitc xay ra khi va chikhi a=b=c.
Céch 2. Y twdng thit hai la 4p dung bat dang thitzc Cauchy — Schwarz dang phan thtic ta

duoc

bc L@ ab (ab+bc+ca)2
a’(b+c) b’(c+a) cz(a+b)_abc[a(b+c)+b(c+a)+c(a+b)]

Bat dang thirc sé duoc chiing minh néu ta chi ra duoc

(ab+bc+ca)2 1 1 1

abc[a(b+c)+b(c+a)+c(a+b)] 2a 2b 2c

Bién doi vé trai ta duoc

(ab+bc+ca)2 (ab+bc+ca)2 1 1 1

abc[a(b+c)+b(c+a)+c(a+b)J N 2abc(ab +bc+ca) “2a 2b 2¢

Diéu nay c6 nghia la bat dang thitc duoc chitng minh.

Cach 3. Y twong tiép theo la sit dung phép bién d6i tuong duong d€ chitng minh bai toan.

Chit  dén phép bién d6i 241 -abtbetea

————+—=—+———, khi d6 ta thu duoc bt ddng thtic can
a (b+c) a a (b+c)

ching sau

ab+bc+ca+ab+bc+ca+ab+bc+ca 3[1 1 1)
az(b+c) bz(c+a) cz(a+b) 2

a b c

3(ab+bc+ca
1 1j = ( ) . Bén luc nay ta dwa bai toan can

A A?e A 7. . 3
Bién d6i vé trai ta lai dwoc —| —+—+—
a b c 2abc

1 1 1 S 3

chimg minh thanh a’ (b + c) i b? (c +a) " c? (a +b) ~ 2abc

Dén day ta bién ddi bat dang thikc bang cach nhan ca hai vé& véi tich abc ta dwoc
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bc ca ab
+ +
ab+ca bc+ab ca+bc

>3
2

Bat dang thikc cudi cung la bat dang thitc Neibitz. Diéu nay dong nghia véi viéc bat dang
thitc duoc chitng minh.
Cach 4. Ta tiép tuc phan tich tim 15i giai véi y teong d6i bién, quan sat bat dang thic ta

bc 1

e

1 1 1 11 1 1
1 1) (1 1) (1 1 25(??5}
o) wlen) <Be)

nhan thay , khi &6 bat dang thitc can chitng minh dwoc viét lai thanh
a

~+
Cc a

a b

Dén day ta dat x 1 y =% ;z=1 Kni d6 bt dang thtic tro thanh
a C
2 2 2
X n y " Z 2X+y+Z
y+z z+X X+y 2

Bat dang thitc cudi cting 1am ta lién twéng dén bat dang thitc Bunhiacopxki dang phan

thirc
2
X oy 7 >(X+Y+Z) _X+y+z

+ + >
y+z z+X X+y 2(x+y+z) 2

Vay bat déng thiic dwoc chiing minh. Dang thitc xay ra khi va chikhi a=b=c.

Bai 2. Cho a, b, c la c4c s6 thuc duong. Chiing minh rang:
a’ b’ c’ a’+b’+¢’
2 2 + 2 2 + 2 2 2
a~+ab+b~ b +bc+c® c +ca+a 3

Phan tich va loi giai
Quan sét cach phat biéu ctia bai todn thi y twdng dau tién 1a st dung bat dang thic
Bunhiacopxki dang phan thitc va khi d6 ta duoc

2
a° b’ &’ (a3 +b’ +c3)
+ + >
a’+ab+b’> b?*+bc+c® *+ca+a’® a’+b’+c’+a’b+ab®+b*c+bc? +c’a+ca’

b+ 3 1H3 4
a c ,a +b’ +c

a’+b’+c®+a’b+ab’ +b*c+bc* +cfa+ca® 3

Nhu vay ta can chi ra dugc

Hay Z(a3 +b° +c3) >a’b+ab” +b’c+bc’ +c*a+ca’
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Dé thay a®+b* > ab(a+b); b+ 2bc(b+c); c+a’> ca(c+a)
Cong theo v& cac bat dang thikc trén ta duoc
Z(a3 +b’ +c3) >a’b+ab” +b’c+bc” +c’a+ca’

Vay bat dang thiic duoc chitng minh. Dang thiic xay ra khi va chi khi a=b=c.

5

Y tuong thit hai 1a st dung bat dang thixc AM — GM, d€' y dén dai luong —————
a“+ab+b

3
bén vé trai va dai luong a? bén vé& phai, ta nghi dén st dung bat dang AM — GM cho hai

s6 duong, d€'y dén ddu dang thirc xdy ra tai a=b=c va can triét tiéu duoc a’ +ab+b’

) s a(a2+ab+b2)
nén ta chon hai s6 do 1a — > . Khi 6 ta dwoc
a+ab+b 9
a° a(a2 +ab+b2) a° a(a2 +ab+b2) 233
2 ol 224 2’ -
a~+ab+b 9 a“+ab+b 9 3
Ap dung tuong tu ta c6
b b(b2+bc+c2) 23 & c(c2+ca+a2) 23
+ > ; + 2
b* +bc+c” 9 3 " c*+ca+a’ 9 3
5 5 5
Dé don gian héa ta dat A =— 2 s+ b S+ = 5
a"+ab+b~ b +bc+c® c +ca+a

Cong theo v& cac bat dang thikc trén ta duoc

A+a(a2 +ab+b2)+b(b2 +b(:+c:2)+<:(c2 +ca+a2) N 2(513 +b3+c3)
9 9 9 3

5(a3 +b° +c3)—(a2b+ab2 +b’*c+bc? +c2a+ca2)

Hay A>
y 9

Phép chiing minh sé hoan tat néu ta chi ra dugc
5(a3 +b’ +c3)—(a2b+ab2 +b’*c+bc? +c2a+ca2) B +bP+c°
>
9 3
& Z(a3 +b’ +c3)2a2b+ab2 +b’c+bc’ +c’a+ca’

Dén day ta thuee hién twong tw nhuwe cach 1. Vay bat dang thikc dwoc chiing minh.

Bai 3. Cho a, b, c 1a cac s8 thye duwong théa man a+b+c=1. Chiig minh rang:

%+l+i+l230
a“+b"+c° ab bc ca
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Phan tich va loi giai

7 A, 7 < 7 ~? . 1 7 Y < 7 M
Trudce hét ta du doan dang thirc xay ra tai a=b=c= 3" Quan sat bat dang thitc can

chting minh ta nhan thay cic bién déu ndm dwdi mau nén rat tw nhién ta nghi dén cac bat
dang thitcc AM — GM, Cauchy — Schwarz dang phan thtg, ...

Cach 1. Trudc hét ta tiép can bat dang thitc trén véi y tuong danh gia bang bat dang thic
AM - GM. D€'y dén bao toan dau dang thiic ta c6 a* +b* +c* =ab+bc+ca nén dau tién d&

tao ra dai lwong ab+bc+ca ta c6 danh gid quen thudc la 1 + 1 + 1 > 9% .
ab bc ca ab+bc+ca

Do d6 ta c6 bat dang thirc %+l+l+i2 5 12 =+ 2
a“+b"+c> ab bc ca a"+b°+c” ab+bc+ca
A " oo . 1 9
Nhu vay ta can phai chitng minh duoc + > 30

a’+b*>+c®> ab+bc+ca

Lai cht1 y dén déanh gia twong tu nhu trén nhung ta can cdng cdc mau sao cho co thé
viét duoc thanh (a+b+ c)2 diéu nay c6 nghia la ta can dén 2(ab+bc+ca). Dén day ta hai
huodng la:

SN

a’+b>+c® 2(ab+bc+ca) (a+b+c)

2
+ Thir nhét 1a dénh gi4 -=(1++2]), Tuy nhién

danh gia nay khong xay ra ddu dang thtec.
1 1 1 9

+ Thtt hai la danh gia ————+ + > ==9.
a~+b°+c® ab+bc+ca ab+bc+ca (a+b+c)

Bat dang thirc sé duoc chitng minh néu ta chi ra duoc 7 oy
ab+bc+ca

(a+b+c)2

Tuy nhién, dé thay >ab+bc+ca<>ab+bc+ca< %

Do dé ta dwoc 7 o Vay bat déng thirc dwoc chiing minh.

ab+bc+ca
Cach 2. St dung bt dang thitc Cauchy — Schwarz dang phan thirc, cht y dén ddu dang
thirc xdy ra thi ta duoc

1 1 1 1 S 16 S 16

+ + + > > =12
a’+b*+c*> 3ab 3bc 3ca a2+b2+c2+3(ab+bc+ca) (

a+b+c:)2 +:1))(a+b+c:)2
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B4t dang thitc sé dugc chtiing minh néu ta chi ra dwoc 2L + 1 + L >18
3lab bc ca

D&y tiép bat dang thirc Cauchy — Schwarz ta duoc

2(1 1 i S 6 S 6 _18
ab+bc+ca 1(a+b+c)2

3lab bc ca 1

Vay bat dang thiic duoc chitng minh.
. AL 3 iy A . 1 9
Cach 3. Theo mot danh gia quen thuéctacé —+—+—2———
ab bc ca ab+bc+ca
1 1 1 1 9

Dodétacébé’tdéngthl’xcﬁ+—+—+—22 5+
a“+b"+c® ab bc ca a“+b°+c° ab+bc+ca

Ap dung tiép danh gia trén ta dugc

_ 12 + 1 + 1 <a2+b2+cz+2ab+2bc+2ca)29
a“+b"+c” ab+bc+ca ab+bc+ca

——— 2 29.Métkhéctalaicé;221
a“+b"+c° ab+bc+ca ab+bc+ca

Hay

l+l+l230.

Cong theo vé& cac bat dang thic trén ta duge ————— +
a“+b°+c” ab bc ca

Vay bat dang thiic duoc chitng minh. Dang thiic xay ra khi va chi khi a=b=c=

Bai 4. Cho a, b, cla cac s6 thuc dwong thdéa man a+b+c=3. Chiing minh réng:

a b C
—t—=+—=2>3
Jo o a
Phan tich va loi giai
Trudc hét dé mat ddu can ta dat x:\g ; y:\E; z:\E , khi d6 tir gia thiét ta co

2 2 2

x> +y2+2z> =3 va bét déng thirc duoc viét lai thanh ~+2—+Z >3. Quan sat bat déng
y z X

thitc va du doan duoc dau déng thirc xay ra tai x=y=z=1, ta c6 mot sO y twong ti€p can

bai toan nhuw sau
Cach 1. Ttr cAch phét biéu vé trdi ta nghi dén st dung bat dang thitc Cauchy — Schwarz

dang phan thiec. Tuy nhién can chti y dén gia thiét x* +y” +z* =3, khi d6 ta c6 danh gia
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2 4 4 4 (x2+y2+z2)2 9
Z X z
—= + > =

2
+y_+ 2 2 2 2 2 20 U2 2 2
Z X Xy yz Z X xy+yz+zx Xy+YZ+ZX

2
y

Ta quy bai toan vé chtirng minh >3 32Xy +y’z+2z°x

X’y +y’z+2z°x

Ma theo bat dang thicc AM —~ GM ta duoc
X*+xy’ 2 2X°y; v +yz’ 22y°z; 20 +2x° > 277X
Do d6tacod xX° +y° +2° + X’y +xy° + X’z +xz2° +y’z+yz’ > 3(x2y+yzz+xzz)
Ma ta cé dang thirc quen thudc
(x2 +y? +z2)(x+y+z) = +y* +2° + Xy + Xy’ +X*z2+X2* + Y’z +yZ
Do d6 ta dwoc <x2 +y’ +22)(x+y+z) > 3(x2y+xz2 +yzz)

De'y tiép dén gia thiét x* +y* +z° =3, ta c6 x+y+z> X’y +y’z+xz’

Ma ta c6 x+y+z£\/3(x2+y2+zz) =3 suy ra 3> X’y +y’z+z°x.

Vay bat dang thitc duegc chiing minh. Dang thitc xay ra khi va chikhi a=b=c=1.
Cach 2. Ciing tir cach phét biéu vé trai ta nghi dén danh gid bang bat dang thicc AM — GM,
tuy nhién khi 4p dung truc tiép ta can cht y lam triét tiéu cdc mau s& va danh gia vé binh
phuong ctuia cac bién. Do d6 ta danh gia nhu sau

X—2+x2y22xz; y—2+y2Z22yz; Z—2+Z2x22z2

y z X
Cong theo v& cac bat dang thikc trén ta duoc
Xyt 7

_+y_+—+x2y+yzz+z2x22X2+2y2+222 =6

y V4 X
2 2 2

Hay X—+y—+Z—26—(x2y+y2z+zzx).
y z X

Bai toan sé dugc chiing minh néu ta chi ra dugc 6 —(xzy +y’z+ sz) >3 hay

3>’y +y’z+7z°x

bén day ta lam nhw cach th 1.

Cach 3. Ciing 4p dung bat dang thitc AM — GM, tuy nhién trong tinh huéng nay ta binh

phuong hai vé trudce
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2 2 2

Pat A= +Y 12 hidé ta duoc
y Z X

2 2 2V 4 4 4 2 2 2
A’ :(X—+Y—+Z—J :x_2+y_2+z_2+2(x Y yz,z XJ
y Z X Z X V4 X y

y

bén day ta chu y dén cach ghép cdp sau

4 2 2 4 2 2 4 2 2
x* x X z z 7zt z°xX  z°X
LS IS NETORS 0230 s STORRIN < 0.1 PO
y z z Z X X X y y

Cong theo vé& cac bat dang thitc trén ta dugc
A? +<x2 +y’ +22)24(x2 +y’ +ZZ)<:>A2 >9=>A>3

2 2 2

Hay XX 23, Vay bat dang thitc dwoc chitng minh.

y V4 X
Déng thitc xdy ra khi va chikhi a=b=c=1

Cach 4. Trong cac hudng tiép can trén ta déu thyc hién danh gia sau qua trinh d6i bién ma

4 > 22 Pay1a mot dénh

Jb b+l

gia cung chiéu ma van bao toan dau dang thitc, ta thi thiec hién ti€p xem sao

quén di mot danh gid quan trong la 2b <b+1, khi d6 ta c6

i+£+i>2a+2b+2c
Jb Jo Ja b+l c+1 a+l

Theo bat dang thitc AM — GM ta c6

Bat dang thtkc sé duoc chitng minh néu ta chi ra dugc 2a_, 2b FEECINS 3. Nhin

b+1 c+1 a+1

cach phat biéu ctia bat dang thitc ta nghi dén bat dang thitc Bunhiacopxki dang phan thtc.

Theo bat dang thizc Bunhiacopxki dang phan thtic ta c6

2 2b  2c _ 2(a+b+c) _ 6(a+b+c)
+ + > >
b+1 c+1 a+1 ab+bc+ca+3 (a+b+c)2+9

6(a+b+c)2 _

(a+b+c)2+9 -

Ta can chiing minh duoc

Hay 2(a+b+c) =(a+b+c) +9&(a+btc) =9 a+b+c=3

Déng thikc cudi cling chinh 1a gia thiét. Vay bat ding thikc dwoc chiing minh.

Bai 5. Cho a, b, c 1a cac s8 thuire khdng am bat ki. Chiing minh rang;
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a’+b*+c? +2abc+122(ab+bc+ca)

Phan tich va loi giai

Trudc hét ta du doan duwoc dau déng thirc xdy ra tai a=b=c=1, quan sat bat déng
thirc ta nghi dén mot s y twdng ti€p can nhu st dung nguyén li Dirichlet, st dung tinh
chat cua tam thic bac hai, sit dung bat déng thiec AM - GM,, ..., bay gio ta di phan tich
ting y tuong dé tim 10i giai cho bai toan.
Cach 1. Trudc hét ta thdy ta d€ y dén dang thizc xay ra tai a=b=c=1 diéu nay c6 nghia la
khi dang thtic xay ra thi a—1; b—1; c—1 cling bang 0, ngoai ta trong bat dang thtic chira
cac dai lvong ac,bc,abc, ... nén ta nghi dén tich c(a —1)(b — 1), tuy nhién ta chua thé khang
dinh dwoc tich d6 c¢6 khong am hay khong nén ta st dung nguyén li Dirichlet.

Theo nguyén li Dirichlet trong ba s6 a—1; b—1; c—1 ludn ton tai hai s6 cung dau,

khong mat tinh tong quat ta gia st hai d6 1a a—1;,b—1, khi d6 ta c¢é

(a-1)(b-1)20<c(a-1)(b—1)20 <> abc—ac—bc+c=0
Khi d6 ta c6 a® +b* +¢* +2abc+1=(a—b) +(1-c) +2(abc—ac—bc+c)+2(ab+bc+ca)
D& théy (a-b) +(1-c)’ +2(abc—ac—bc+c)>0 nén ta c
(a—b) +2ab+(1-c) +2c+2abc—2ac—2bc+2(be+ca)>2(ab+bc+ca)

Suy ra a’+b” +c’ +2abc+122(ab+bc+ca)
Vay bat dang thitc diegce chitng minh. Dang thitc xay ra khi va chikhi a=b=c=1.
Cach 2. Dé thay bat dang thitc c6 bac hai d&i véi moi bién do d6 ta c6 thé viét lai bat dang
thirc vé dang da thirc bién a, con b va ¢ dong vai tro tham s6

Ta viét lai bat dang thitc can ching minh 1a a® +2(bc—b—c)a+b’ +c* —2bc+1>0

Xét f(a)=a’ +2(bc—b-c)a+b’ +c* —2bc+1

Quan sat da thic f(a) ta nhan thady néu bc—b—c >0 thi khi d6 ta ludén c6 f(a) 20, tic
la

a’+2(bc—b-c)a+b’+c* —2bc+120.

Bay gio ta xét truong hop sau bc—b—-c<0
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Khi dé ta c6 A, =(bc—b—c)’ —(b”+c*~2bc+1)
Dé 'y dén hé sd cuia hang tr bac hai la s duwong nén dé f(a) >0 thi ta phai chi ra dwoc
A, =(bc—b—c)2 —(b2 +c’ —2bc+1) <0
Hay be(b-2)(c-2)-1<0
D&y dén bc—b-c<0 ta duoc (b—1)(c—1)<1, luc nay xdy ta cac kha ning sau
+Ca (b-1); (c—1) cing nho hon 1 hay ca b, ¢ déu nho hon 2, khi d¢ theo bat dang thirc
Cauchy ta duoc

b(2—b)s@=1;c(2—c)£@=l

Suy ra bc(b—Z)(c—Z) <1 nén ta co bc(b—2)(c—2)—1 <0.
+ Trong hai s (b—l); (c—l) c6 mot sO 16n hon 1 va mot s6 nho hon 1 khi d6 trong b, ¢ cd
mot sd 16n hon 2 va mot s6 nhd hon 2 suy ra bc(b—2)(c—2) <0 nén ta cling cd
be(b-2)(c-2)-1<0.
Nhu vay céa hai kha nang déu cho A, <0 nén bat dang thiic duoc chitng minh. Vay

bai todn duoc chitng minh xong.

Cach 3. Dé& thdy theo bat diang thic Cauchy ta ¢4 danh giad
2abc +1=abc+abc+12>33a’b’c?

Luc nay ta duoc bat dang thic a® +b® +c” +2abc+1>a” +b* +c” +33a’b’c* .

Ta can chi ra dugc a? +b? +c* +33a’b*c* > 2(ab +bc+ca). Pé lam mAt can bac 3 ta co

thé dat a® =x%; b> =y°; ¢ =2°, khi d6 bat dang thitc duoc viét lai thanh

X’ +y° +2° +3xyz > 2(\/x3'y3 + \/ysz?’ NS )

Dé& y dén danh gia 2,/xy <x+y khi d6 ta viét duoc

2(\/x3y3 +\/y"’z3 NS ) <xy(x+y)+yz(y+z)+zx(z+z)
Bat dang thitc sé duoc chitng minh xong néu ta chi ra duoc

X’ +y’ +2° +3xyz2 xy(x+y)+yz(y+z)+zx(z+z2)
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Khai trién va phan tich ta dwoc bat dang thitc xyz > (x+y—z)(y+z-x)(z+x~-y)

Day la mot danh gid dtng quen thudc. Vay bat dang thizc duoc chitng minh.
Cach 4. Ngoai cac cach giai nhu trén ta cting c6 thé tham khao thém cach giai sau:
Ta viét lai bat dang thitc can chiing minh 1a (a +b+ C)2 +2abc+1>4(ab+bc+ Ca)
bdt a+b+c=k, khi d6 ta can phai chitng minh
k? +2abc+124(ab+bc+ca) <> 4(ab+bc+ca)-k* < 2abc+1
Ta dé dang chttng minh dwoc abc < (a +b —c)(b +c —a)(c +a —b) hay

abc S(k—2a)(k—2b)(k—2c) = 4k(ab+bc+ca)—k(a+b+c) < 8abc
9abc
k

<::>4(ab+bc+ca)—l<2 <

Nhu vay dé hoan tat chitng minh ta chi can chi ra dwgc

9—2k)ab
9abe S2abc+1<:>¢£1

3 3
Theo bat dang thitc Cauchy ta c6 abc < (a - l; - Cj = 12(—7 nén can chitng minh

(9-2k)abe _(9-2K)k® _(9-2Kk)K’

k 27k 27

+ Néu 9-2k <0, bat dang thitc trén hién nhién ding.
+Né&u 92k >0, khi d6 ap dung bat dang thirc Cauchy ta duwoc

(9-26)K* _ 1 (9-2k+k+k) _
27 27 3

Vay bat déng thikc dwoc chiing minh.

Bai 6. Cho a, b, c 1 cac s8 thye duwong thda man a+b+c =3. Ching minh rang;

a b C 3
+ + >
ab+3c bc+3a ca+3b 4

Pha tich va 16i giai
Trude hét ta du doan duoc dau dang thikc x4y ra tai a=b=c=1. Quan sat cdch phét
bi€u ctia bai toan ta nghi dén st dung cac bat dang thitc Cauchy — Schwarz, AM — GM,....

Chti y dén dau dang thirc xdy ra ta c6 cac y tudng tiép can bai todn nhuw sau
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Cach 1. Y twong dau tién 1a st dung bat déng thirc Cauchy — Schwarz dang phan thtec, khi

do ta duwoc

2
a b C (a+b+c)
+ + >
ab+3c bc+3a ca+3b a2b+b2c+c2a+3(ab+bc+ca)

(a+b+c)2

Ta can chi*ng minh
& a2b+b2c+c2a+3(ab+bc+ca)

> % hay ta can chitng minh

4(a+b+c)2 > 3(a2b+b2c+c2a)+9(ab+bc+ca)
& 4(&12 +b’ +c2)2 3<a2b+b2c+c2a)+ab+bc+ca
Ma ta c6 a’ +b” +c” >ab+bc+ca, do d6 d€ hoan tat chiing minh ta can chi ra duoc
3(a2 +b’ +c2) > 3(a2b+b2c +c2a)
Nhan thay trong bat dang thitc can chitng minh, vé& trai cé bac 2 va vé& phai c¢6 bac 3, do &6
treede hét ta dong bac hai vé. Chu y dén gia thi€t a+b+c=3 ta cd
3(a2 +b? +c2) > 3(a2b+b2c+c2a) < (a +b+c)(a2 +b? +c2)2 3(a2b +b’c +c2a)
<a’+b’+c’ +ab® +bc’ +ca’ > 2(a2b+b2c+c2a) < a(a—b)2 +b(b—c)2 +c(c—a)2 >0
Bat dang thikc cudi cing hién nhién dung.
Hodc ta c6 thé chting minh theo bat dang thicc AM — GM nhu sau
a’ +ab” >a’b; b® +bc® >b’c; ® +ca’ >c’a
Cong theo vé& cac bat dang trén ta cling duoc diéu phai chiing minh.
Vay bai toan duogc chitng minh xong.
Cach 2. Trong bai toan c6 gia thiét a+b+c=3 va trong bat dang thtkc ciing xuat hién cac
s0 3. Vay thi cac s0 3 d6 an y gi hay khong?
D€ y ta thdy ab+3c=ab+c(a+b+c)=(a+c)(b+c), dp dung twong ty ta viét lai

a b C

(a+c)(b+c) (a+b)(c+a) (c+a)(a+b)

duoc bat dang thirc can chitng minh la > %

Dén day ta cé cdc hudng xtr 1i bat dang thitc trén

+ Hudng 1. Bién d6i tuong dwong bat dang thitc trén ta dwoc
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a N b C 3
(a+c)(b+c) (a+b)(c+a) (c+a)(a )

<:>a(a+b)+b(b+c)+c(c+a) ( b)(b+c)(c+a)

@4(a +b*+¢? +ab+bc+ca)>3(3 a) 3- )( )
<:>4(9—ab—bc—ca)23[27—9(a+b+c)+3(ab+bc+ca)—abc}
<:>36—4(ab+bc+ca)29(ab+bc+ca)—3abc<:>36+3abc213(ab+bc+ca)

Bat déng thirc cudi cung ta thdy cé su xudt hién ctia cac dai lwong ab+bc+ca; abe va
chti y dén chiéu ctia bat ding thirc ta d€'y dén abc>(a+b—c)(b+c—a)(c+a—b) hay
abc>(3-2a)(3-2b)(3-2c) <> 3abc+9>4(ab+bc+ca) <> 3abc+36 > 4(ab+bc+ca)+27
bén day dé€ hoan tat chitng minh ta can chi ra duoc
4(ab+bc+ca)+27 213(ab+bc+ca) <ab+bc+ca<3
Vi9g= (a+b+c)2 > 3(ab+bc+ca) = ab+bc+ca <3. Nhu vay bai toan duoc chiing

minh xong.
+ Hudng 2. D& don gian hoa bat dang thitc ta dgt x=b+c; y =c+a; z=a+b, khi d6
X+y+z=6.

xy 3% o . . VN +Z-X Z+X-y X+y-z
Bat dang thitc can chitng minh duoc viét lai thanh Y + Y XYz

3
Xy yz zZX 2

Hay x* +y*+2z° > 3)(% Ap dung bat dang thitc AM — GM ta dugc

3 2
X+y+z
xyzS(H—éﬂrZJ :8:>3X2yZ312 va X’ +y’ +7° 2¥=1Z

\ . 7 M s A 7 3X Z ~ A e 4 lé
Ttr hai bat dang thiic trén ta ¢6 x* +y” +2° > Ty bén day bai todn dugc chiing
minh xong.

+ Hudng 3. Tt dai luong ta lién twong dén ky thuat thém — bot trong bat

_a
(a + c)(b + c)
dang thitc AM — GM, ta dugc

N +a(a+c)+a(b+c)2§:> a +a2+ab+2ac>3_a

(a+c)(b+c) 8 8 4 (a+c)(b+c) 8 4
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Ap dung twong tu ta duoc
b b’ +bc+2ab _ 3b c ¢’ +ca+2bc 3¢

(a+b)(c+a)+ 8 g (b+c)(a+b)+ 8 4

Goi vé& trai cia bat dang thitc 1a A, khi d6 cong theo v& cac bat dang thiic trén ta duoc

a’ +£;1b+2ac+b2 +bc+2ab+c2+ca+2bc S 3(a+b+c)

A+ >
8 8 8 4

2 (a+b+c)2

Ha A>2_(a+b+c)2+(ab+bc+ca)>2_(a+b+c) +f=3
y 1 . 22 :

W |

bén day bai toan duoc chitng minh xong.

Bai 7. Cho a, b, c 1a cac s6 thuc duong bat ki. Chting minh rang:

a’ b* \/az +Db? \/bz +c? \/cz +a’
it + +
b ¢ a 2 2 2

Phan tich va loi giai
Cach 1. Trudc hét ta dw doan d&du dang thiic xdy ra tai a=b=c, quan st bat dang thiic ta
nhan thay vé trai chita cac can bac hai, do do6 ta hudng dén danh gia lam mat cac can bac
hai. Tuy nhién néu ta sir dung dénh gia 2(a’+b*)>(a-+b) thi s& thu duoc bét dang thiic
nguoc chiéu. Nén ta nghi dén binh phuong hai v€, c6 diéu néu khai trién theo phép bién

ddi trong duwong thi van con cin bac hai. Ap dung mot danh gid quen thudc ta cd

2
3 a2+b2+b2+c2+c2+a2 S \/a2+b2 +\/b2+c2 +\/c2+a2
2 2 2 a 2 2 2

2 2 2 2 2 2
> 12 a“+b b +c c +a
Hay \/3(a +b” +c )2\/ > +\/ 5 +\/ 5

2 2 2
N N , a C
Nhuw vay ta can chi ra duoc ?+_+_ > \/3(a2 +b? +c2)
c a

2 2 2
1o A ~ 7. ~, [N . a C A ~ 7 .7 ~, & ’
Chu y bén vé trai xuat hién dai lugng —+—+— nén ta sé danh gia theo bat dang thtxc
c a
Cauchy — Schwarz dang phan thtrc, tuy nhién ta can danh gid 1a xuat hién a® +b* +¢*. Khi

do ta duoc
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2 2 2 4 4 4 2 4+ p? A%
+b c _a b" ¢ a +b +c

c a a’b b%c c*a a’b+b’*c+c’a

(a2 +b*+c? )2

Dén day ta can chitng minh duoc > [3(a® +b* +c?
Y 8 " a’b+b’c+c’a \/ ( )
Hay (a2 +b* +c? )3 > 3(ei2b+b2c+cza)2
, 2
Nhan th&y (a®+b*+c*) 23(a’b +bc” +c%a’)

Do d6 ta dugc (a® +b* +c ) 3(a’” +b’c* +c%a’ )(a* +b” +c?)
Ma theo bat dang thiic Cauchy — Schwarz thi

(a’b* +b°C +c%a’)(a® +b +¢* ) 2 (a’b+b’c+c” a)
Do d6 ta duogc (a® +b% + ) 23(a’b+bPc+c%a)

Vay bai todn duoc chitng minh xong.
Cach 2. Bay gio ta thie danh gia tir v€ trai sang v€ phai dong thoi lam xuat hién cac can bac

. N VRV a’+b’
hai nhu vé phai xem sao? Dé y dén phép bién doi 5 +b=

, khi d6 ta sé sit dung bat

dang thitc AM — GM dé danh gia, chti y dén dang thitc xay ra tai a=b =c nén d¢ triét tiéu

2 2
b 6 mau ta cong thém vao 2b, nhu vay ta sé duoc a ;b +2b>2, ’2(&12 +b2) .Do @6 ta c6

2 2 2
dénh gia +3b=2 P +2b22,[2(a” +17)
b b

Thuee hién tuong tu ta duoc bat dang thikc

a—2+b?2+§+3(a+b+c >2\/2(a2 +b2)+2\/2(b2 +C2)+2\/2(C2 +a2)

Phép chitng minh sé€ hoan tat néu ta chi ra duoc

2\/’2(a2 +b2)+2\/l2(b2 +c2)+2\/2(c2 +az)—3(a+b+c)2\/a2 ;bz +Jb2-2|-C2 +\/C2 ;az

2 2 2 2 2 2
Hay \/a +b +\/b C +\/C "3 sa+b+c
2 2 2
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Dén déy thi don gian hon rdi, d& y dén bat déng quen thudc 2(x* +y?) = (x+ y), khi

2 2 2 2 2 2
a“+b Za+b; b +c 2b+c; c +a 2c+a
\} 2 2 2 2 2 2

2 2 2 2 2 2
A Ay A, < ’ A a + b b +C c" +a
Cong theo vé cac bat dang thitc trén ta duoc \/ 5 +\/ +\/ > >a+b+c

do ta duoc

2
Vay bat ding thikc dwoc chiing minh.

Cach 3. Chu y 1a dang thitc xay ra tai a=b=c va trong cac bién c6 cdc lily thira bac 2, do
d6 ta thir bién d6i hai vé d& 1am xudt hién cac dai luong kidu (a—b)’; (b—c)’; (c—a)’.

7 A, « A7 A% A 7. A 7 N a2 a - ‘l:))2
Trudc hét ta bién doi vé trai, dé y la F —2a+b= b

, nhu vay ta sé duoc

2 Da+b+>—2b+ct+t—2c+a= + +
b C a

Co e (ab) (o] (ca)
b
2 2
Do d6 suy ra a_2+b_2+§:(a—b) +(b—c) b
c a b C C

Nhu vay dé€ bat dang thitc twrong duong thi ta phai b6t & vé& phai dai luong (a+b+c)

b +c?
2

2 2 2 2
. “ cnr ame Len , a“+b c +a . e 1A
va ta can bién do6i biéu thtic \/ > +\/ +\/ > —(a+b+c) lam xuat hién

(a—b)Z; (b—c)z; (c—a)z.

2
Ta d& y dén phép bién dsi ,/az +b’_at+b_ (2-b) , hoan toan twong
2 2 2\/2(a2+b2)+2(a+b)

tuw thi vé phai tro thanh

(a—b)2 . (b—c)2 . (c—a)2

2[2(a? +b?) +2(a+b) 2,[2(b*+c?)+2(b+c) 2,[2(c +a?)+2(c+a)

bén day ta chi can chi ra duoc 1 L
b 2 [2(a?+b?)+2(a+b)

hoan toan dting. Twong tu ta trinh bay duwoc 10i gidi nhu sau: Bat dang thitc can chiing

>0, r0 rang danh gia nay

minh twong duong voi
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2 2 2 2 2 2 2 2 2
a?—2a+b+b——2b+c+C——2c+az\/a +b +\/b e +\/C ra ~(a+b+c)
b

C a 2 2 2
2 2 2
<:}(E:l—b) +(b—C) +(c—a) 5 ’a2+b2_a+b+ b2+c2_ te, c2+a2_c+a
b C C 2 2 2 2 2 2
2 2 2 2 2
@(a—b) +(1o—c) +(c—a) N (a-b) N (b-c
b C c 2\/2(a2+b2)+2(a+b) 2\/2(b2+c2)+2(b+c)
(c—a ?

2 l_ 1
b 2\/2(;;12 +b2) +2(a+b)

@(a—b) +(b—c)

2_2\/2(b2+c2)+2(b+c)

+(c—a)2 1 L >0

c 24,2(C2+a2)+2(c+a)

1
b Zﬂfz(a2+b2)+2(a+b) c 2¢2(b2+c2)+2(b+c) c 24f2(c2+a2)+2(c+a)
Chiing minh sé hoan tat néu ta chi ra duoc A,B,C>0. That vay

1 1 2,,2(a2+b2)+2a+b o

=B_2\/2(&12 +b2)+2(a+b) ) 2\/2(a2 +b2)+2(a+b)

Hoan toan tuwong twe ta c6 B,C>0. Vay bai toan dwgc chitng minh xong.

Cach 4. Bay gio ta tht bién doi tir v€ phai sang v€ trai xem sao, ¢ ddy ta can lam mat cac

cdn bac hai. D€ thyce hién duwoc bién d6i d6 ta nghi dén danh gia Z(a2 +b2)2(a+b)2

nhung tiéc la danh gia nay lai nguoc chiéu. Mot cach khac d6 1a st dung danh gia kiéu

2«fxy <x+Yy, danh gid nay cung chiéu nén ta tdp trung theo hudng nay. Nhu vay ta can

2 2

. a
viéet duoc

2

hién ‘% . D&Y ta thay

sao cho xuat hién tich cta hai dai lwgng va sau khi danh gia thi xuat
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2 2 2 2
\/a +b \/ 2 a +b < fa2+b2_ bgé(%ﬁ_bJ:

2 2 2 2 2
Ap dung tuong tu ta duoc b®+c” <— b—+2c b ;< 4 Sl £ +2a-c
2 2\ ¢ 2 2

Cong theo vé& cac bat dang thitc trén ta dugc

1(a* b* ¢ \/a2 +b’ \/bz +c’ \/cz +a’
—| —+—+—+a+b+c + +
2lb ¢ a 2 2 2

2 2 2 2 2 2 2 2 2
Hay a—+b—+c—+a+b+c22\/a +b +2\/b rC +2\/C ra
b ¢ a 2 2 2

Dbén day ta trinh bay hoan toan twong tw nhu cach thir nhat.

a2-b? bP-c? 2_a?
+ +
a+b b+c c+a
a’ b? c? b? c? a’
+ = +

+ =
a+b b+c c+a a+b b+c c+a

Cach 5. Dé'y ta thdy =a-b+b-c+c—-a=0 nén ta duoc

2a> 2b*  2¢? _a2+b2_i_b2+c:2_’_cz+a2

Suy ra + =
a+b b+c c+a a+b b+c c+a
2 2 2 2 2 2
Theo bat dang thizc Cauchy ta c6 1 a—+b—+c—+a+b+c 22 + 2b + 2
2{b ¢ a a+b b+c c+a

2 2 2

Ma theo bat dang thittc Bunhiacopxki dang phan thtkc ta c6 % +2+5 >atb+c
c a

2

2 2 2 2 2 2 2 2
, a~ b° ¢ _a +b° b +c ¢ +a
Do d6 ta duoc —t—+—2> + +

c a a+b b+c c+a

Phép chiing minh sé hoan tat néu ta chi ra duoc

a’+b*> b*+c* *+a? a’+b? b? +¢? c?+a’
+ + > + +
a+b b+c c+a 2 2 2

Dén day thi 4p dung bat dang thiic Cauchy ta duoc

L \/(a2+b2)(a+b)2

2 S 2 B a’ +b?
a+b a+b \J 2
2 2 2 2 2 2 2 2
Apdungtuongtutathudu’qc b +c Zo,/b e ; c +a 2«’C +a
b+c 2 c+a 2

Cong theo v& cic bat dang thitc trén ta thu duoc
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a’+b> b*+c* *+a’ a’+b? b? +¢? c* +a’
+ + > + +
a+b b+c c+a 2 2 2

Vay bai toan dugc chitng minh xong.

Bai 8. Cho a, b, cla cac s6 thuc dwong théa man a+b+c=3. Chitng minh réng:

a’ b? c’ >3
2 T T =05
b°+1 c¢°+1 a +1 2

Phaén tich va loi giai
Cach 1. Dé dang du doan dwgc ddu déng thirc xay ra tai a=b=c=1. Quan sat bat d:fmg
thitc ta thay c6 danh gia b®>+1>2b, tuy nhién danh gid nay cho ta mot bat dang thikc
nguoc chiéu. Chinh diéu nay goi y cho ta st dung ki thuat AM — GM nguoc dau. Khi d6
ap dung ta dang thitc AM — GM ta duoc

2&12 2 a;b2 5 g2 _a’b? _ _a’b
b°+1 b°+1 2b 2
2 2 2 2
N bc ¢ C
Hoan toan twong ty ta dugc ——>b* ——; ——> 2_fa
c+1 2 a +1 2
2 2 2 2 2 2
as e 4% , b C b+bc+c
Khi d¢ ta c6 bat dang thirc za +——+— >a2+b>+ -2 2
b +1 c"+1 a"+1 2
2 2 2
" . : b+bc+c 3
Ta can chting minh a2 +b?+c? -2 5 aZE.
D&y dén a+b+c=3 suyra a’+b*+c* >3.
2 2 2
s . +b” + 3 ,
Khi d6 ta c6 a2+b2+c22%+5 hay ta c6

» 12 o, ab+b’c+c’a_a’+b*+c* a’b+b’c+c’a 3
a“+b +c - > - -
2 2 2 2

Phép chiing minh sé hoan tat néu ta chi ra dugc

2 2 2 2 2 2
a“+b"+c ab+bc+ca 3_3
5 — 5 +525<:>a2+b2+c22a2b+b2c+c2a

Dénh gia trén la mot danh gia ta da tling gdp va c6 thé chitng minh dugc bang phép
bién ddi twong dwong
a’+b*+c*>a’b+b’c+ca (a+b+c)(a2 +b’ +c2)2 3(a2b+b2c+cza)
= a(a—b)2 +b(b—c)2 +c(c—a)2 >0

Bat dang thiic cudi cling ludn duing.
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Hojc stt dung bat dang thixc AM — GM

a’+b*+c® >2a’b+b’c+cfa (a+b+c)(a2 +b’ +c2)2 3(a2b+b2c+c2a)
<a’+b’+c’ +ab® +bc” +ca’ > 2(a2b+b2c+c2a)
Dé thay a’ +ab” >2a’b; b’ + bc? > 2b’c; ¢ +ca® > 2c%a. Cong theo v& cac bat ding
thitc ta dwoc ddnh gid nhu trén. Vay bat dang thitc duoc chiing minh.
Cach 2. V& trai ctia bat dang thirc goi y cho ta st dung bat dang thitc Cauchy — Schwarz
dang phan thttc, do d6 ta c6 danh gia sau

a2 N b2 N C2 S (a+b+c)2
b*+1 ®+1 a’+1 a’+b*+c*+3

Phép chiing minh sé hoan tat néu ta chi ra duoc

2
(a+b+c) ZE
a’+b*+c*+3 2

<:>4(ab+bc+ca)2a2+b2+c2+9

Ma a+b+c=3 suy ra a’+b’*+c®*>3 nén a’+b’>+c*+9>12, suy ra ab+bc+ca>3,
day la mot danh gia sai. Do vay cach dung truc ti€ép khéng dem lai hiéu qua. Diéu nay co6
nghia 1a ta can bién d6i trede r6i méi c6 thé sit dung duoc bat dang thite Cauchy —
Schwarz.

Ta bat dau véi gia thiét, nhu trén ta suy ra dugc a’ +b” +c* >3, cho nén khi ap dung
bat dang thitc Cauchy — Schwarz dang phan thitc ta can lam xuat hién dai lwong
a’ +b” +c”. Khi nay ta duoc

a’ b* c’ a* b* ct ("‘2 +b” +c* )2

+ + = + + >
b>+1 ®+1 a*+1 a’b*+1 b*c*+1 c*a’+1 a’b*>+b*c®+c%a’+3

(az +b? +¢? )2

a’b? +b*c* +c*a?+3

Bai toan quy vé chirng minh > %
2
HayZ(a2 +b% + cz) > 3(a2b2 +b’c* +c’a’ + 3)
Theo mét danh gia quen thudc ta 6 (a2 +b* +¢? )2 > 3(a2b2 +b’c’ + c2a2)

2
Vatlr a’ +b” +c” > 3 ta suy ra duoc (a2+b2+cz) >9.

Cong theo vé hai bat dang thikc trén ta duoc Z(a2 +b*+¢? )2 > 3(a2b2 +b*c® +c%a’ + 3).
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Vay bat ding thikc dwoc chiing minh.
Cach 3. Sau hai cach lam nhuw trén, ta thi tiép can véi bat dang thitc véi cach d6i bién xem
sao. D€'y dén gia thiét a+b+c =23 ta can lam xudt ién s6 3 trong cac phan s6

a> 3 3a’
b*+1 3b*+3 3b*+a+b+c

Nhin phén s6 sau khi bién d6i ta khong tim thay y twdng doi bién.

2 2
Tuy nhién tir a+b+c=3 suy ra a’ +b* +c*> >3, khi d6 ta c6 za >— Ez’>a —
b°+1 3b"+a”+b"+c

Hoan toan tuong tw ta dugc

a’ b? c? 3a? 3b? 3¢?
2 + 2 + 2 Z 2 2 2 2+ 2 2 2 2+ 2 2 2 2
b°+1 c¢“+1 a“+1 3b °+a"+b“°+c” 3c"+a"+b"+c° 3a"+a"+b"+c

bén day ta thay dugc y tuong doi bién va cach doi bién hop li nhat dé la

Dat x 3a y 3b° z —3C2 suy ra x+y+z=3
s = " = ; = P y 7 =
a’+b*+c? a’+b*+c? a’+b*+c?
2 2 2
. s , a b C X Z
Khi d6 ta co + > y

> —t5—=2 + +
b +1 ¢ +1 a"+1 y+1 z+1 x+1

Phép chiing minh sé€ hoan tat néu ta chi ra duoc X , Y . 2z23
y+1 z+1 x+1 2

Ap dung bat dang thiic Bunhiacopxki dang phan thitc ta duoc

x |y .z (x+y+z) N (x+y+z)

y+1 z+1 X+1_xy+yz+zx+3_l<x+ +Z)2+3
3 y

2
6

N | W

Vay bat déng thic dwoc chiing minh. Dang thitc xay ra khi va chikhi a=b=c.

Bai 9. Cho a, b, ¢ 1a c4c s8 thuc duong bat ki. Chitng minh rang:

(a2 +2)(b2 +2)(c2 +2)29(ab+bc+ca)

Phan tich va loi giai
Cach 1. Dé dang du doan duoc déng thirc xdy ra tai a=b=c=1. Theo mdt danh gia quen

thudc ta co 9(ab +bc+ ca) < 3(a +b+ c)z. Nhu vay ta can chiing minh

(az +2)(b2 +2)(c:2 +2) > 3(a+b+c:)2
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Quan sat bat dang thikc trén ta nghi dén bat dang thitc Cauchy — Schwarz. Nhu vay
ta can dénh gid tir (a+b+c) lam xudthién a®+2, dé'y ta thdy
(a+b+c) <(a’+1+1)(1+b*+c*)=(a’ +2)(1+b* +¢*)
Phép chting minh s& hoan tat néu ta chi ra dugc
3(a*+2)(1+b% +c*) <(a” +2)(b* +2)(c* +2) = 3(1+b* +*) < (b* +2)(c* +2)
Bién d6i twong duong ta thu duoc
3(1+b% +¢*) <(b*+2)(” +2) < 3+3b* +3¢” <b’c® +2b +2¢” +4

&b’ -b*—c’ +120 < (b*1)(c*~1)=0

Nhu vay ta chi can chi ra duoc (b2 —1)(c2 —1) >0, tuy nhién vi vai tro cta a, b, ¢ nhw
nhau nén theo nguyén li Dirichlet thi trong ba s& a’*—1; b>~1; ¢>~1 ludn ton tai hai s6
cung dau va ta hoan toan c6 thé gia st hai s d6 1a b*>-1; ¢>—1. Nhu vay bai todn duoc
chirng minh xong.

Ngoai ra ta ciing ¢ thé dénh gia tir (a+b+ c)2 lam xuat hién a® +2 theo bat dang

(b’

thttc Cauchy — Schwarz nhu sau (a +b+ C)2 < (a2 + 2) 1+ 5

, , . ~ N A~ A > 2 2 (b + C)2
Phép chtrng minh sé hoan tat néu ta chi ra duoc (b + 2)((: + 2) 23| 1+——
Bién d6i tuong duwong bat dang thitc trén ta dwoc
b? +c? +2b°c? —6bc+220 < (b—c) +2(bc—1) 20
Bat dang thitc cudi cting luén dung. Do vay bai toan duoc chitng minh xong.
Cach 2. Véi cc bat dang thitc khi ma ta khong thé tim ra dwgc ngay cach danh gia thi tot
nhat ta nén khai trién n6 ra néu cé thé, véi bai toan nay khi khai trién ta duoc

a’b’c? +2(a2b2 +b*c? +c2a12)+4<a2 +b? +c2)+8 >9(ab+bc+ca)
Chu y bén vé€ phai c6 dai luong ab+bc+ca va néu danh gia vé trai vé ab+bc+ca thi

dwoc a®+b”* +c® >ab+bc+ca; a’b® +1+b’c* +1+c%a’ +122(ab+bc+ca)
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Khi d6 ta dwoc

a’b’c? +2(a2b2 +b*c? +C2a2)+4<a2 +b? +c2)+8 >a’b’c? +2+8(ab+bc+ca)

Ma theo bét ding thitc AM — GM ta lai ¢6 a?b’c® +1+13 33a?b’c? = 2L _9abe
33abc a+b+c

D&y dén dénh gid (a+b+c) +9abc>4(a+b+c)(ab+bec+ca)

9abc

24(ab+bc+ca)—(a+b+c)2, khi d6 ta cé
a+b+c

Ta dwoc

a’b*c? +1+124(ab+bc+ca)—(a+b+c)2

Do do ta duwoc
a’b’c® +2 (azb2 +b’c’* +c’a’ ) +4 (a2 +b” +c? ) +8
> 4(ab+bc:+ca)+4(ab+bc+ca)+4(a2 +b’ +c2)—(a+b+c)2
>4(ab+bc+ca)+4(ab+bc+ca)+ab+bc+ca=9(ab+bc+ca)
Vay phép chiing minh hoan tat.
Cach 3. Ngoai cac cach trén ta c6 thé tham khao thém cach stt dung nguyén li Dirichlet
nhu sau:

Trong ba sd a®—1; b>—1; ¢* —1 ludn ton tai hai s6 cing ddu. Khong mat tinh tong
quat ta gia st hai s6 do la a>—1; b*> -1, khi d6 ta duoc
(a>-1)(b*-1)20<a’b*—a>~b* +120. Ta b

(a2 + 2)(b2 + 2)(c2 + 2) =a’b’*c’ + 2(a2b2 +b’c® +c’a’ ) +4(a2 +b” +c? ) +8
=c’ (azb2 —-a’-b’ +1)+(2a2b2 +2)+(3b2c2 +3)+(3c2a2 +3)+3(a2 +b’ +c2)+(a2 +b2)
> (2@12b2 + 2) + (3b2c2 + 3) + (3c2a2 + 3) + 3(a2 +b* +c? ) + (a2 + bz)
Ap dung bét dang thitcc AM — GM ta c6
2a’b” +2 > 4ab; 3b*c* +3 > 6bc; 3c*a’ +3 > 6ca;
a’+b? >2ab; 3(a2 +b? +c2) > 3(ab+bc+ca)
Cong theo vé& cic bat dang thitc trén ta dugc

(2a2b2 +2)+(3b2c2 +3)+(3c2a2 +3)+3(a2 +b? +c2)+(a2 +b2) >9(ab+bc+ca)
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Suy ra (a2 +2)(b2 +2)(c2 +2) >9(ab+bc+ca)

Vay bat ding thikc dwoc chiing minh. Dang thitc xay ra khi va chikhi a=b=c=1.

Bai 10. Cho a, b, c la cac s6 thuc duong théa man a(a +b+ c) =3bc . Chiing minh rang;

3

(a+b)3 +(a+c)3+3(a+b)(a+c)(b+c) (b+c)

Loi giai

Du doan dwoc ddu dang thiic x4y ra tai a=b=c, Quan sat bt dang thitc trén ta c6
mot sO nhan xét nhw sau:

+ Bat dang thitc c6 ba bién nhung chi ¢6 b, ¢ cé vai tro nhu nhau, do vay ta c§ gang
quy bat dang thtec hai bién bang phép dat an phuy.

+ Bat déng thirc ¢6 su xudt hién cua cac dai lwgng a+b; b+c; c+a, cho nén ta ciing
co thé doibién x=a+b; y=b+c z=c+a.

+ Gia thiét a(a +b+ c) =3bc ta cd thé viét duoc thanh (a +b)(a + c) =4bc, khi do6 co
thé stt dung cac bat dang thitc AM — GM hoéc mét s bat dang thizc phu d€ danh gia
Tt cAc nhan xét d6 ta c6 mdt s8 y twong chitng minh bat dang thitc nhu sau
Cach 1. Trudc hét ta viét lai gia thiét

a(a+b+c)=3bc <> a’ +ab+bc+ca=4bc< (a+b)(a+c)=4bc
Lacnay ta dat x=a+b; y=a+c thi duoc xy =4bc

bé'y dén danh gia

x3+y3=(x+y)(x2—xy+y 2(x2+y [( +xy}

\/[x y +2xy}[x y)2+xy}:\/2 +8bc}.[(b—c)2+4bc}
=J (b0 +4be| (o) <\fa(brc) (b+c) =2(b+)

Do d¢ ta duoc (a+b)3 +(a+c)3 < 2(b+c)3. Ta can chtiing minh

(a+b)(a+c)(b+c)< (b+c) .

That vay (a+b)(a+c)(b+c) 4bc(b+c) (b+c) (b+c):(b+c)3

Vay bat déng thiic dwoc chiing minh. Dang thitc xay ra khi va chikhi a=b=c.
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b+c-a b c+ta-b_  a+b-c

Cach2.bat x=b+cy=c+a;z=a+b,suyra a= 5 5 ;7 5
2
e N (e 3[X2_(Y—Z)} .
Khi d6 gia thiét duoc viét lai thanh : = : SX =y +z°-yz

Bat dang thitc can chitng minh duoc viét lai thanh
vy’ +2° +3xyz <5x° & (y+z)(y2 +z° —yz)+3xyz <5x’ < x(y+z)+3yz <5x°
Tir gia thiét x> =y*+2z> —yz suy ra X’ > yz va 2x>y+z
biéu nay dan dén 3x” >3yz va 2x* 2x(y+z).
Cong theo v& hai bat dang thtic trén ta dwoc 5x* > x(y+z)+3yz.

Vay bai toan dugc chitng minh xong.

Cach 3. Bat déng thirc can chiing minh dwoc viét lai thanh

(a+b)3 . (a+c)3 . 3(a+b)(a+C)(b+C) <5
(b+c) (b+c) (b+e)

_a+b_ _ a+c

bat x = ; , bat dang thitc can chiing minh tro thanh tré thanh
b+c b+c

x’+y’ +3xy <5

a+b a+c (a+b)(a+c) _ a(a+b+c)+bc B 2a(a+b+c)—2bc

Ta cod xy = = = =
e b+c b+c (b+c)2 (b+c)2 (b+c)2
2 2
Do d6 ta dwoc x +1=(a+b) +(a+c) =x>+vy?
Y (b+c)2 Y

Suy x> +y’ =x+y nén X’ +y’ +3xy <5< x+y+3xy <5

2
e 1_1 (x+
Ma ta ¢6 (x+y)2£2(x2+y2)=XYZJr SE+( SY) =>x+y<2=>xy<l1

Do d¢6 ta dugc x+y+3xy <5. Vay bai toan duoc chitng minh xong.
Cach 4. Gia thiét duoc viét lai thanh

a(a+b+c):3bc<::>a2 +ab+bc+ca:4bc<:>(a+b)(a+c):4bc

Ap dung bat déng thitc Cauchy ta co 3bc = a(a +b+ c) >3ai/abc = a< \/l; .Tacod
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(a+b)3+(a+c)3 :(a+b)(a+c)(2a+b+c)+(b—c)2 (2a+b+c)
£4bc(2\/E+b+c)+(b—c)2(2\/@+b+c)
:(2&+b+c)[(b—c)2+4bc}:(\/g+\/z)2 (b+c)2 32(b+c)3

Lai cé (a+b)(a+c)(b+c) 4bc(b+c) (b+c) (b+c) (b+c)

Cong theo v& hai bat dang thtrc trén ta dwoc bat dang thitc can chirng minh.

Bai 11. Cho a, b, c 1a c4c s8 thue dwong thoa man abe = 1. Chiing minh rang:
a’(b+c)  b*(c+a)  *(a+b)

+ + >2
b\/g+2c\/2 C c+2a\/a_ a a+2b\/l;

Phan tich va loi giai
Trudc hét ta du doan ddu dang thitc xay ra tai a=b=c. Quan sat bat dang thtic ta
nhan thay, d€ don gian hda ta can thuc hién phép doi bién x = a\E ;Y= b\E ; z=c\c, tuy
nhién ta khong thé doi bién ¢ cac tit s6, do d6 ta can phai bién d6i ti s6 sao cho xuat hién
cac dai lwong ava; byb; e, nhung bién déi theo cach nao day? Chu y dén chiéu ctia bt

dang thitc ta c6 danh gia a®(b+c)> 2a’\bc, d& ¥ dén gia thidt abc=1, nén ta thay bc

khi do ta duwoc a (b + C) >2a’/bc =2av/a =2x, ap dung tuwong tu ta c6 bat dang

bang
(

thixc

a’(b+c)  b’(c+a) (a+b) 2a%/bc 2b%\Jca 2c%\Jab
bx/l?+2c«/_ C C+2a\/_ a\/_+2bx/_ b\/_+2c\/_ c«/_+2ax/_ a\/_+2b\/_
2ava 2bJb 2c\c 2x 2y 2z
b\/_+2c\j_ C c+2a\/_ a\/_+2b\/l; Y+2Z z+2x X+2Y

Bay gio ta can chi ra duoc X ;Y 4 Z >
y+2z z+2x Xx+2y

Dén day ta c6 hai huéng dé chiing minh bat dang thiic trén

+ Huéng 1. Skt dung bat déng thitc Cauchy — Schwarz dang phan thic.

2
2 2 2
7 X 7z X+y+z
y + = + y + > ( )

Taco y+22+z+2x x+2y_x(y+2z) y(z+2x) z(x+2y) 3(xy+yz+zx)

(x+y+z)
3(xy+yz+zx)

Theo mot danh gia quen thudc ta nhan thay >1.

THCS.TOANMATH.com TAI LIEU TOAN HOC




Z ’ \ N\ . /4 ’ .
Y 4 >1, tiec la bai toan duoc chiing minh.

Do do ta ¢c6 +
y+2z z+2x X+2y

+ Hudng 2. Tiép tuc d6i bién dé don gian hda cdc mau sd
Dat m=y+2z;, n=2z+2x; p=x+2y khi dé ta suy ra

_4n+p-2m_ _ 4p+m-2n Z_4:m+n—2p

7

9 Y=" g 9

Bat dang thitc can chitng minh duoc viét lai thanh

4n+p—2m+4p+m—2n+4m+n—2p 51

9m 9n 9p
Hay 4(£+p+ )+(P+ +—}>15
m n p m p n

Danh gid cudi cting luon dung vi theo bat dang thitc Cauchy ta ludén co

4[£+£+—j>43 =
m n p m

+ =3

SI"U

LU, P
1Y m

5|8

>33 £ m
m n

o B

n
P

Vay bat dang thiic duoc chiing minh.

Bai 12. Cho a, b, c 1a cc s6 thuc dwong théa man a+b+c=3. Chitng minh rang:

1 1.1 3

+ <
a’+b*+2 b*+c*+2 PF+at+2 4

Phan tich va loi giai
Dau tién ta dw dodn ddu dang thikc x4y ra tai a=b =c=1. Quan sat bat ddng thiic ta
c6 thay d€ dé danh gia hon ta can ddi chiéu bat dang thirc, khi d6 ta dwoc bat dang thitc
sau

a’+b? b? +c? N c* +a’

a?+b*+2 b *+c*+2 *+a*+2

>3
~2

Dén day ta cé cdc hudng tiép can bat dang thitc trén nhu sau:
Cach 1. St dung bat dang thitc Cauchy — Schwarz dang phan thitc. Tuy nhién d€ sit dung
duogc danh gia do ta can viét cac tir sd thanh binh phuwong dung. Nhw vay cach thit nhat 1a
ta viét bi€u thac
2
aZ+b? a> b2 a2 +b? _(\/a2+b2)

= + hoac = .
a?+b*+2 a’+b*+2 a’+b*+2  a’+b*+2 a*+b*+2

Ta tiép can véi tling treong hop
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+ Trreong hop bién d6i biéu thikc theo cach thit nhat va ap dung bat dang thiec Cauchy —
Schwarz ta thu dwoc bat df;ing thitc sau

a’+b’ . b*+¢’ . c+a’ 2(a+b+c)2
a’+b*+2 b *+c*+2 c2+a2+2_2(a2+b2+c2)+6

Bat dang sé dwoc chiing minh néu ta chi ra dugc 2(a+b+c)2 > 3(a2 +b’ +c2)+9 . Két

hop véi gia thiét a+b+c=3 thi bdt dang trén trd thanh 3>a’ +b? +c?, rd rang danh gia
trén la sai.
+ Trueong hop bién d6i biéu thiic theo cach thit hai va 4p dung bat dang thitc Cauchy —

Schwarz ta thu duwgc bat dang thitc sau

2
2 1.2 2, 2 2, 2
22 +b> b2 4 2 o +al (\/a +b +\/b +cC +\/C +a )

+ + >
a?+b*>+2 b*+c*+2 PF+a*+2 2(a2+b2+c2)+6

B4t dang sé& duwoc chitng minh néu ta chi ra dugc

2(«/&12 +b? +4b? + % 44 +a° )2 26(:;12 +b? +c2)+18
Bat dang thitc trén twong duong véi
2 Jla #6767 ) [0 ) () [ ) (@ 1) 2t 4 b k0

Quan sat cac dai legng vé trai ta nghi dén bat dang thitc Cauchy — Schwarz, ttic 1a ta 6

\/(az +b2)(b2 +C2) > b? +cz;1;\/(b2 +<:2)(c2 +a2) >c? +ab,'\/(c2 +a2)(a2 +b2) >a’ +bc

Cong theo vé& ba bat dang thtic trén ta duwoc

2l +0) (0 ) o {7+ ) rat) [ o) (o 7))

2
22(a2+b2+c2+ab+bc+ca)=a2+b2+c2+(a+b+c) =a’+b%>+c*+9

Nhu vay bat dang thitc dugc chiing minh xong.
Cach 2. Tiép tuc véi bat dang thitc Cauchy — Schwarz dang phan thirc nhung ta can tao ra

binh phuwong dung trén cac ti s6, khi d6 ta c6 cac cach sau
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2
2+b? +b
2a ;lo = 12 = (a+b) ~, ap dung tuong tu
a’ b7 +2 2(a+b)

1+a2+b2 (a+b)2+m

Bién doi biéu thic

va st dung bat déng thirc Cauchy — Schwarz ta duoc bat drfmg thirc

a’+b’ b* +c’ > +a’
a’+b*+2 b*+c*+2 c*+at+2
4(a+b+c)2
2(a+b ? 2(b+c 2(c+a
(a+b)2+£2+b2) +(b+c)2+ ]£2+C2) +(c+a)2+ C(2+a2)
Ta can chiing minh duoc
2(a+b ? 2(b+c 2(c+a ?
8(a+b+c)223 (a+b)2+%+(b+c)2+%+(c+a)2+ £2+a2)

2 2 2
Hay 24> (a +b)2 +(b+c:)2 +(c:+a)2 + 2;?:1:2) + Zl(;:;) + 2((:2(3::2)

Bién d6i twong dwong ta thu duoc

(a_b)z(az o —1j+(b—c)2(b2icz _1)+(C_a)2(cz o —1)20

6
-1>0; -1>0;
a’+b? b? +¢? ’+a

bén day ma ta chi ra duoc —12>0 thi bai toan

2

dugc chiing minh hoan tat. Vi vai tro cta a, b, ¢ nhw nhau nén d€ don gian hoa ta nén sép
thi ty cac bién, khi d6 chi can chiing minh hiéu nho nhat khong am la duoc.

6 6

T gy 6 s . N
Gia st a>b>c, khi do ta dwgc ——— <——— <———. Khi d6 xay ra cdc truong
a“+b” c +a” b +c

hop sau

o Néu a’+b* <6 thi bat dang thizc hién nhién dting.

e Néu a’ +b*>6, khi d6 ta dwoc

T 1<0, nhu vay nhan dinh trén hoan toan sai va
a‘+

ta phai huéng khac. Tuy nhién sau mét qua trinh bién vat va ma ding tai day thi hoi phi,

ta nén thtr xem véi a® +b” > 6, 6 khai thac duoc gi khong?

x A 7. 1
Dé thdy vdi a® +b* 26 ta dugc ————<

1 va a+b<3:>b<§,khinéy ta duoc
a’+b*+2 8 2

THCS.TOANMATH.com TAI LIEU TOAN HOC




1 1<1 1<1 1 10 10 5

+ < + < + =
b?+c*+2 *+a*+2 a*+2 b*+2 8-b*> b*+2 16+b2(6—b2) 16 8

! L L <3 Vay trong truong hop nay bat dang

DodétalaicO ———F—+——F—+—5—
a“+b " +2 b °+c+2 c+a"+2 4

thitc cling duing. Nén bai toan cling dwoc chirtng minh.

Bai 13. Cho a, b, c 14 cac s6 thiee drwong tity y. Chitng minh rang 3+E+52a+b+b+c
b ¢ a b+c a+b

+1

Phan tich va loi giai

Trude hét ta dw doan ding thitc x4y ra tai a=b=c. Quan sat bat dang thikc ta nhan
thdy chua thé st dung dwoc ngay cac cac bat dang thitc AM — GM hay Cauchy — Schwarz.
V6i nhitng bai toan nhw thé nay thi y twdng dau tién cé thé 1a bién doi twong duong vi bat
dang thttc c6 hinh thitc khéng quéa cong kénh phtic tap.
Céch 1. Dau tién véi y tudng bién d6i tuong duong, ta quy dong va duoc bat dang thiec
sau:

a(a+b)(b+c) b(a+b)(b+c) c(a+b)(b+c)

- + - + - 2(a+b)2+(b+c)2+(a+b)(b+c)

Khai trién cac vé ta dwoc

a(a+b)(b+c)+b(a+b)(b+c)+c(a+b)(b+c)
b C a
2 2 3 2 2
=E+a2+ab+ac+£+b—+b2+ab+c2+bi+E
b C C a a

Va  (a+b) +(b+c) +(a+b)(b+c)=a®+3b* +c* +3ab+3bc
Nhu vay bat dang thikc sé duoc chitng minh néu ta chi ra duoc

2 2 3 2 2
ac,ab b—+bi+—C22b2+2ab+ab
b c ¢ a a

Quan sat danh gid trén ta nghi dén bat dang thitcc AM — GM, khi d6 ta c6
a’c b’ b’c ab’ , a’c b b’ b

—+—2>2ab; —+—2>2b"; — +—+—+—2>4bc
C a C b a C a

2 2 3 2 2
A N o1 3% oA c ab” b’ bc C
Cong theo vé cac bat dang thirc trén ta duoc % + 2 22 2S5 0b% 4 2ab+ab
c ¢ a a
Nhu vay bat dang thitc duoc chitng minh.

Cach 2. Tir y tudng bién do6i twong duwong nhu trén ta cd nhan xét
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a+b+b+c+2:(wﬂﬂ{%b+cf+2@+bﬂb+ckz @+2b+®2
b+c a+b (a+Db)(b+c) ab+b*+bc+ca

Quan sat chiéu bat dang thic ta lién twdong dén bat dang thic Cauchy — Schwarz
dang phan thitc. Van dé 1a ta trién khai vé& trai nhue thé nao dé€ khi ap dung bat dang thikc
trén thi c6 v€ phai nhu trén. D€y 1a trong phép bién doi trén ta da cong thém vao vé trai

véi 1 va chu y dén sy xuat hién ctia 2b nén ta c6 danh gia sau

2 2 2
2 p* & b*_(a+b b+c a+2b+c
3+E+E+1:a_+b_+c_ b_z( )+( )2 ( )
c a ab bc ca b* ab+bc ca+b? ab+bc+ca+b?
Tt hai két qua trén ta dugc E+_+£+12a+b+b+c+2
c a b+c a+b

a+b b+c
+

b+c a+b

Hay i+E+EZ
c a

+1. Diéu nay cé nghia 1a bat dang thtrc dwoc chitng minh.

Cach 3. Quan sat bat dang thiic ta nhan thay theo bat dang thitc AM — GM thi

E+E+ S 3. a+b+b+c

C
c a b+c a+b

Va lai thay a+b+b+c_2=(a+b)2+(b+c)2—2(a+b)(b+c)= (a—c)2
' b+c a+b (a+b)(b+c) (a+b)(b+c)

+1>3

Nén ta s€ chitng minh 3+E +S3> atb, btc —2. B4t dang thtic nay tuong duong
b c a b+c a+b

voi

a—b+b—c+c—aZ (a—c)2
b ¢ a (a+b)(b+c)

Déy rang b—c=b-a+a—c, do d6 ta viét lai dwoc bat dang thiic trén thanh

a-b a-b c-a c-a (a—c)2
- = >
b C a c (a+b)(b+c)

(a=b)(c-b) (c—a)2> (a—c)

Hay bc i ca _(a+b)(b+c)

Tiép tuc khai trién va thu gon ta duoc
b(c-a)’(b*+ab+bc)>a(a-b)(b—c)(a+b)(b+c)< (b-ac) 20

B4t dang thitc cudi cling ludn ding hay bai todn duwoc chitng minh xong.
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Bai 14. Cho a, b, c la cac s thuc khong am thoa man (a+b)(b+c)(c+a) >0. Chttng minh

rang:

a(b+c) N b(c+a) . c(a+b)

b?+bc+c® c*+ca+a’ a’+ab+Db?

Phan tich va loi giai
Cach 1. C6 thé néi day 1a mot bat dang thitc khd, ngay ca budc dau du doan dau dang thi
xay ra. Bit dang thitc trén xay ra ddu dang thitc khong chi tai a=b=c ma con tai
a=b,c=0 va cac hoan vi. Quan sat bat déng thirc ta nhan thay khong thé danh truec ti€p
duoc mau vi cac dai luong a’; b*; ¢® trdi hon cac dai lwong ab;bc; ca. Do d6 dé cd thé
dua ra cac danh gia hop li ta can bién doi cac phan thic trude. Cha y la ta ¢ thé dua mot
trong hai thita s§ trén ti xudng mau, nhung ta chon dwa b+c vi dudi mau cb

b’ +bc+c’ :(b+c)2 —bc . Khi nay ta duoc

a(b+c) a(b+c) a

b” +bc+c’ (b+c)2—bc (b+c)- be
b+c

Dén day thay c6 thé ap dung bat dang thitc Cauchy — Schwarz dang phan thitc duoc nén

ta lai bién d6i nhw sau

a(b+c) ~ a2(b+c) ~ a2
b* +bc+c’ a(b+c)2—abc a(b+c)- abc
b+c
b(c+a) ~ b2 . c(a+b) B c?

Hoan toan tuwong tw ta ¢

2 2
cC +ca+a
b(

772 2
abc " a’+ab+b c(a+b)— abc

c+a)-
c+a a+b

Khi d6 theo bat dang thitc Cauchy — Schwarz dang phan thtic ta dwoc

a(b+c) . b(c+a) . c(a+b)

b*>+bc+c*> c*+ca+a’ a’+ab+b?

a’ b? c?
B b b b
a(bre)= o blera)= 70 clarb)- 7
(a+b+c)2

2

2(ab+bc+ca)—abc 1 + 1 + 1
a+b b+c c+a
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Phép chitng minh sé€ hoan tat néu ta chi ra duoc

(a+b+c)2

>2
2(ab+bc+ca)—abc( 1 1 + 1 j

+
a+b b+c c+a

<:>(a+b+c)224(ab+bc+ca)—2abc( ! + 1 + 1 j
a+b b+c c+a

< a?+b?+c? +2abc 1 + 1 + 1 22(ab+bc+ca)
a+b b+c c+a

Theo bét ding thitc dang ~+~+L>—2
X y Z X+y+Z

ta dwoc

1

a2+b2+c2+2abc( 1, it j2a2+b2+c2+ Yabe

a+b+c

a+b b+c c+a

9abc
a+b+c

Ta can chi ra dugc a’ +b* +c* + >2(ab+bc+ca), bt ddng thirc nay tuong

duong v6i a’ +b’ +¢” +3abc>a(b+c)+b(c+a)+c(a+b).
Khong mat tinh tong quat ta gia st a>b >c. Khi d6 ta c6
(a—b)2 (a+b—c)+c(a—c)(b—c) >0
<a’+b’+c”+3abc>a(b+c)+b(c+a)+c(a+b)

Nhu vay bat dang thiic trén duoc chitng minh. D&u dang thiec xdy rakhi a=b=c.
Cach 2. B4t dang thiic can chirng minh c6 cac dai luong bac hai lién quan dén a® +b’ +¢?
hodc ab+bc+ca, do do ta thir tim mdi lién hé véi cac dai luong nay xem sao. D€ y 1a ta sé
chi tim mdi lién hé ab+bc+ca thdi vi nhu cach 1 thi a® +b* +¢? trdi hon nén mudn danh
gia theo chiétu ting lén la rat kho. D€ y ta nhan thay
b’ +bc+c” +ab+ca+ca=(b+c)(a+b+c).

Nhw vay y twong 1a lam dwdi mau xudt hién téng b*> +bc+c” +ab+c+ca, diéu nay

c6 thé thyee hién dwoc bang cach nhan ca tir va mau véi ab+bc+ca roi st dung danh gid

AM - GM. Nhu vay ta s€ lam nhu sau

a(b+c) _ a(b+c)(ab+bc+ca) N 4a(b+c)(ab+bc+ca)

b* +bc+c? (b2+bc+c2)(ab+bc+ca)_(b2+bc+c2+ab+bc+ca)2
B 4a(ab+bc+ca)
_(b+c)(a+b+c)2
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Hoan toan twong tw ta duoc

a(b+c) b(c+a) c(a+b)
b2+bc+c2+c2+ca+a2+a2+ab+b2
4a(ab+bc+ca) 4b(ab+bc+ca) 4c(ab+bc+ca)
2 + +

- (b+c)(a+b+c)2 (c+a)(a+b+c)2 (a+b)(a+b+c)2

Phép chitng minh s€ hoan tat néu ta chi ra duoc

4a(ab+bc+ca) . 4b(ab+bc+ca) . 4C(ab+bc+ca)

(b+c)(a+b+c)2 (<:+a)(a+b+c)2 (a+b)(a+b+c)2 =2

a N (a+b+c)

Dé'y ta viét lai bat dang thikc trén thanh +
+Cc c+a a+b 2(ab+bc+ca)

Danh gid trén dung theo bat dang thitc Cauchy — Schwarz dang phan thtzc.
Do vay bat bat dang thiic diegc chitng minh.

Bai 15. Cho a, b, c la cac s0 thuc duwong thoa man diéu kién a+b+c=3. Chiing minh ré“mg

2
[a+b+b+c+c;aJ 24(ab+bc+ca)(l+i+ 1 J

C a a? b* &

Phan tich va loi giai
Ta nhan thdy cach phat biéu ctia bat dang thiic c6 dang A® >4BC, véi

A= a+b+b+c+c+a :B= (ab+bc+ca) C= 1+l2+1
C a b a- b° c

Nhan xét nay kha déc biét, né gitp ta lién hé véi danh gid quen thuodc ctia bat dang
thitc AM - GM dang (x+y)2 >4xy v6i x,y>0. Do d6 mot cach ty nhién ta dwa ra cac
huéng tiép can bat dang thirc trén la:

+ Thit nhat. Biéu dién A=X+Y, véi X, Y 1a hai dai lwong thich hop dé c6 dugc bat déng
thiee A® >4XY, tir d6 chting minh XY > BC. Trude hét ta trién khai A va BC nhw sau

ab b ac

a c¢c ¢c b b a bach ac
C ¢ a® bp?

A=—F—+—4+—+—+—=X+Y; BC=—+—+—+
c ab c¢c a b a b b
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Dé y thay trong BC c6 cac hang tk ab, bzc, a—f va trong X+Yco a E; < E < ,2 Do d$
' a’’' b c’c’a’a’b’b
\ 4 4 r 4 ab bC aC
ta chon X va Y sao cho tich XY ¢6 chtra cac hang tv —-; —; —, ta ¢ thé chon nhu sau
¢ a

a c ¢ b b a) .o o . ST oga
X:(—+—+BJ;Y:(—+—+Bj.Tucacnhanxettrenta o cac 1oi giai nhue dudi day
c a c a

Ap dung bat dang thitcc AM — GM ta duoc

a+b b+c c+a ? a ¢ c b b a : a c c\(b b a
+ + =|| —4+—+— |+ —+—+—|| 24| —+—+—|| —+—+—
C a b c a b c a b c a b/lc a b

Ta can chtrng minh (3+£+£J(E+E+%jZ(ab+bc+ca)(%+%+%}
a c

Cc a c a

That vay, bat dang thtic trén twong duong véi

ab b a> b bc ¢ . c baabbccbcaca
+—+—+—+—+—+1+—+—_— ——t—F—F—F -+ —+—
P ¢ bc a a’ b abzabczazbcabzc
2 2
o2 412,338 +bc—ac—ab20<:>—( )( )20
bc b c bc bc

Vi vai tro ctia a, b, ¢ trong bat dang thtic nhu nhau, nén khong mat tinh tong quat ta
giasit a>b, a>c. Do d6 bat dang thiic cudi cing ding.

Vay bat déng thiic dwoc chiing minh. Ddu dang thitc xay rakhi a=b=c=1.

+ Thi¢ hai. Biéu dién BC :%-CD voi D 1a mot dai lwong thich hop dé ¢6 duoc bat dang

2
thiec 4BC < (% + CDJ , tt d6 chitng minh %+ CD < A.Tatim D nhu sau:

Xét hicu A_E_CD:a+b+b+c+c+a_ab+bc+ca_D iz iz+l
D C a b D a- b° ¢
N s 1s 1 AN N A A .1 1 a+c N x ,
Dé y 1a khi xem b 1a mot bién thi hé s6 caa b la —+——F,nhu’ vay dé thu biéu thirc
a ¢

ta c6 thé cho hé s8 cta b bang 0 hay chon D =ac. Tit cac nhan xét trén ta cé cac 10i giai
nhu dudi day
Theo bat dang thitc AM — GM ta c6

2
4(ab+bc+ca)(al2+%+l2js[m+ca(%+%+%ﬂ

C ca a C

THCS.TOANMATH.com TAI LIEU TOAN HOC




Ta can chttng minh 5 +§ =2

ab+bc+ca (1 1 1) a+b b+c c+a
——————+ca < - +

ca a C a b

(a—b)(b—c)

Bién ddi twong dwong bat dang thiic trén ta duoc 2 >0, Vivai tro cta a,

b, ¢ trong bat dang thitc nhit nhau, nén khéng mat tinh tong quat ta gia st a>b>c. Do
d6 bat dang thiec cudi ciing dung.

Vay bat dang thiic duoc chiing minh. Ddu dang thiic xay rakhi a=b=c=1.

Bai 16. Cho a, b, c la cac s0 thuc duwong thoa man diéu kién 1 + % + 1 < 16(a +b+ c) . Chting
a C

minh rang

1 1 1

(a+b+,/2(a+c))3 Jr(b+c+a/2(b+a))3 +(c+a+1/2(c+b))3

<8
9

Phan tich va loi giai
Trudc hét ta du dodn dang thirc xay ra tai a=b=c, nén khi d6 tlr gia thiét ta thay

duoc 1=16a:>a=i,do dé dang thiic xay ra tai a=b=c=i.
a

DAu tién ta bit dau voi gia thict -+ % +1<16(a+b+c). That vay, theo mot danh gi
a C

quen thugc ta dwoc

16(a+b+c)>l+l+l_ab+bc+ca_ (ab+bc+ca)’ N 3(a+b+c)
“a b ¢ abc _abc(ab+bc+ca)_(ab+bc+ca)

1

8 A
<= .Nhuw vay ta c6 gang chirng minh dwoc
6(ab+bc+ca) Y gang & )

Hay

1 1 1 1
+ + <

(a+b+\/2(a77+c))3 (b+c+\/2(b77+a))3 (C+a+\/2(c77+b))3 6(ab+bc-+ca)

3
D¢ ching minh duoc diéu do ta can chi ra duoc (a+b+4/2(a+c)) > A va ta phai

xac dinh dwoc A. Diéu nay lam ta lién twdng dén bat dang thiic AM — GM theo hudng tir

trung binh cong sang trung binh nhan.

D&y dén dau déng thiic xay ra tai a=b:c=i khi d6 ta thay a+b = 1/E‘T“ = ‘/aTH
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Do d6 4p dung bat déng thitc AM — GM cho ba s& dwong trén ta c6

a+b+a}2(a+c) =a+b+,’aT+C+ ’aTch 233’%
3

a+c >27(a+b)(a+c)<:> 1 < 2
Hay {a+b+2\/j} 2 > (a+b+m)3_27(a+b)(a+c)

Hoan toan tuwong tw ta cé

1 2 _ 1 - 2
(b+c+ /—2(b+a))3 ~27(b+c)(b+a)’ (c+b+\/2(c7+b))3 " 27(c+a)(c+b)

Cong theo cac bat dang thirc trén ta duoc

1 1 1 4(a+b+c)

(a+b+,/2(a+c))3 +(b+c+\/2(b7+a))3 +(C+a+\/2(c7+b))3 ) 27(a+b)(b+c)(c+a)

Phép chiing minh sé hoan tat néu ta chi ra duoc

4(a+b+c) . 1
27(a+b)(b+c)(c+a) 6(ab+bc+ca)

Mt khéc ta dé dang chiing minh dwoc

Hay 8(a+b+c)(ab+bc+ca)<9(a+b)(b+c)(c+a).Danh gia trén ta mot danh gia ding
1 N 1 N 1 p 1
(a+b+ﬂ/2(a+c))3 (b+c+,/2(b+a))3 (c+a+\/2(c7+b))3 6(ab-+bc-+ca)

Nhu vay bat dang thitc duoc chiing minh. Dau dang thitc xay rakhi a=b=c= i :

Do do

Bai 17. Cho a, b, c 1a cac s8 thuc dwong thoa man diéu kién abc = 1. Chting minh rang:

1 1 1 (a+b+c)3
+ <
1+a’> 1+b’> 1+¢ 18

Phan tich va loi giai
Dé dang du doan duoc dau déng thirc xdy ra tai a=b=c=1, quan sat dai luong vé&
trai va chiéu bat dang thiic ta nghi dén viéc d6i chiéu bat dang thic. Khi d6 bat dang thiic

can chiing minh teong duwong véi

3
3 3 3 a+b+C 3 3 3
a b C <( ) 18[ a b C

3
+ + < + + +(a+b+c) 254
1+a® 1+b° 1+¢ 18 1+a® 1+b° 1+c3j ( )
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2
a’ a’

a4 M N\ a A Y g 7 A 2. 2
Déy rang abc=1 thi 5= S = > nén bat dang thic trén trd thanh
1+a® abc+a’ bc+a

2 2 2
18] 2 —+ b ~+ ¢ . +(a+b+c)3254
bc+a” ca+b” ab+c

Lai cling tit abc=1 ta cd (a +b+ c)3 >27abc =27, do d6 phép chitng minh sé hoan

2 2 2
Ny A , a b C 3
tat néu ta chira duwoc >+ >+ =
bc+a” ca+b” ab+c” 2

V& trai ctia danh gia trén ¢ ddu hiéu ap dung bat dang thitc Cauchy — Schwarz dang phan
thitc. Ltc nay ta dwoc

2
a2 b2 CZ S (a+b+c)
+ + >
bc+a® ca+b? ab+c® a’+b’*+c*+ab+bc+ca

(a+b+c)2

— >3 hay ab+bc+ca>a”+b”*+c?, day la
a“+b"+c" +ab+bc+ca

Va ta can chi ra duoc

mot danh gia sai. Do d6 ta khong thé tach ra chitng minh nhw trén duogc.

18(a+b+c)’
a’+b*+c*+ab+bc+ca

Tuy nhién d& y dén khi a=b=c=1 thi =(a+b+c) =27

Diéu nay goi ¥ cho ta st dung bat dang thitc AM — GM dang x+y = 2,/xy .

18(a+b+c)2

Khi d6 ta duwoc —————;
a‘+b " +c" +ab+bc+ca

(asbs 3>2\/ 18(&1+b+c)5
(a C) ~ \a’+b*+c*+ab+bc+ca

Phép chitng minh sé hoan tat néu ta chi ra duoc

5

18(a+b+c

2\/ —— (2 ) 254<:>(a+b+c)5Zﬂ(a2+b2+c2+ab+bc+ca)
a“+b " +c" +ab+bc+ca 2

That vay, theo bat déng thttc AM — GM ta duoc

(a+b+c)6:[(a2+b2+c2)+(ab+b<:+<:a)+(ab+bc+ca)}3
(a2+b2+c ) ab+bc+ca)2281abc(a2+b2+c2)(a+b+c)
= 1(a2+b2+c ) a+b+c)

Khi d6 ta duoc (a+b+c)5 281(&12 +b? +c2).

Nhu vay ta chi can chi ra rang 2(a?+b?+c?)>a?+b?+c® +ab+bc+ca
y 8
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Bét dang thiic trén tuong duong vdi (a —b)2 +(b —c)2 +(c —a)2 >0, la mot bat dang thiec

hién nhién ding.

Vay bat dang thiic duoc chitng minh. Ddu dang thiic xay rakhi a=b=c=1.

Bai 18. Cho a, b, c 1a cc s6 thiee dwong thoa man diéu kién abc =1. Chiing minh rang;

1 1 1 1
+ + <=
a+b+4 b+c+4 c+a+4 2

Phan tich va loi giai
Dé dang du doan dau dang thitc xay ra tai a=b=c=1. Tir gia thiét va bat dang can
chitng minh déu goi y cho ta phép doi bién
+Y twong thix nhatla a=x; b=y’; c=2z’ d€ sit dung mot danh gia quen thudc 1a
X’ +y’+4> xy(x+y)+4xyz > xy(x+y+4z)

2 2 2

+Ytu’c’yngthljfhaitad6ibiéhdang a=i;b=z;c=E hoac a=X—;b=y—;c=Z—,...
y z X yz zX Xy
Cach 1. Dit a=x’;b=y’;c=2’, tir gia thiét abc=1 suy ra xyz=1
A, < ’ A ’ . N \ 1 1 1 1
Bat dang thitc can ching minh tr6 thanh ——+——F—+——F— < —
X’+y'+4 y' +z°+4 z74+x°+4 2

D&y ta thdy x* +y° +4> xy(x+ y)+ 4dxyz > xy(x+ y +4z), ap dung twong tu ta dwa bat

dang thttc can chitng minh tré thanh

1 N 1 N 1 Sl
xy(x+y+4z) yz(y+z+4x) zx(z+x+4y) 2
<:>Z+X+ysl<:> 4z+4x+4y <2
X+y+4z y+z+4x z4+x+4y 2 x+y+4z y+z+4x z+x+4y
-3 4z N 4x N 4y e X+y N y+z P S
X+y+4z y+z+4x z+x+4y X+y+4z y+z+4x z+x+4y
Dit A = Xty . y+z . zZ+X
X+y+4z y+z+4x z+x+4y
Ap dung bat dang thiec Cauchy — Schwarz dang phan thtic ta dugc
4(x+y+z)2 4(x+y+z)2

A= -
g (x+y)(x+y+4z)+(y+z)(y+z+4x)+(z+x)(z+x+4y) 2(x2+y2+zz)+10(xy+yz+zx)

bé chiing minh A >1, ta can chiing minh
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4(x+y+z)2 ZZ(X2 +y’ +zz)+10(xy+yz+zx) SxX+yt+2° 2 Xy +yz+2zx
B4t dang thitc cudi cing dting véi moi x,y,z>0.
B4t dang thitc duoc chiing minh. Dau déng thitc xay ra khi va chikhi a=b=c.

;b= y ;= Z Kkhi d6 bat dfmg thitc duoc viét lai thanh

Cich2.Dit a=2>
y V4 X

yz zX Xy

2 + 2 + 2 Sl
Xz+y +4yz xy+z +4zx yz+x +4xy 2

Xz +y’ Xy +2° yz+x° o1

Xz+y’ +4yz Xxy+2z’ +4zx  yz+x* +4xy

Bat dang thitc trén twong duong véi

Ta tach ra chiing minh hai bat dang thtic sau

y2 Z2 X2

\%

zX Xy yz

v

2 + 2 + 2 l
XzZ+y +4yz XxXy+z +4zx yz+x +4xy 2
1

2

2 + 2 + 2
Xz+y +4yz Xxy+z +4zx yz+x +4xy
Trudc hét ta chiing minh bat dang thitc thit nhat

Dé thdy theo bat dang thitc Cauchy — Schwarz dang phan thttc ta dwoc

yz N 72 N x2 S (X+y+Z)2
xz+y’ +4yz xy+z' +4zx  yz+xX +4xy X +y +2°+5(xy +yz+2x)

2
(x+y+z) .

Ta can chi ra dwgc ——— 1
X +y +z +5(xy+yz+zx) 2

hay

2(x+y+z)2 >x*+y’ +2° +5(xy+yz+zx)<::>(x+y+z)2 >3(xy +yz+2x)

Danh gid cudi ciing 1a mot danh gid dting, do vay bat dang thikc thit nhat dwoc chiing

minh.

Ciing theo bt dang thitc Cauchy — Schwarz dang phan thtkc ta c6

zZX Xy yz (Xy +yz+zx )2

>

+ + 2
xz+y2+4yz Xy+Z2+4ZX yz+x2+4xy x2y2+y2z2+z2x2+5(x2yz+xyzz+xyzz)

Ta can chi ra duoc
2 (xy +yz+ zx)2 > Xy +y’2t + 27X + 5(x2yz +xy°z+xyz’ )

o (xy+yz+ zx)2 > 3(x2yz +xy°z+xyz’ )
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Dénh gia cudi ciing 1a mot danh gid dting, do vay bat dang thitc thit hai duoc chitng minh.

Vay bai toan dugc chitng minh xong

Bai 19. Cho a, b, c la cac s6 thuc duwong thoa man diéu kién a+b+c= 1 + % + 1 . Chting
a c

minh rang:

(a+b-c)(b+c—a)(c+a-b)<1

Phan tich va loi giai
Quan sat bat dang thirc nhan thay néu vé& trai 1la mot s6 am thi bat dang thitc hién
nhién ding. Nhuw vay ta chi can ching minh cho treong hop vé trai duong la dugc. Bai

toan c6 gia thiét rat phitc tap nén truede hét ta danh gia gia thiét trede. Quan sat hai v€ cua

gia thiét ta nghi dén danh gia (a +b+c)(1+l+1j >9. Do d6 ta nhan hai v€ ctia gia thiét
a c

voi (a+b+c) va ap dung danh gia trén ta suy ra duoc a+b+c>3. Bay gio ta can ching

minh duoc (a +b-— c)(b + c—a)(c +a—b)<1. D& don gian hoa bai toan ta c6 thé bdi bién

phu x=b+c—a; y=c+a-b; z=a+b—c va khi nay ta can ching minh xyz<1 vdi gia

thiét mdi la x+y+2z>3. Véi gia thiét va két luan nhu vay ta thdy kho c6 thé dua ra duoc

cac danh gia hop 1i, do d6 ta nghi dén viéc st dung ti€p gia thiét ban dau va véi cach doi
2

- A A - A/, . .2 - A \ 2 2 ?. ~, \7/
bién nhu trén ta viét lai dugc gia thiétla x+y+z= + + . Stt dung bat dang
X+y y+z z+X

thiec AM — GM d¢€ déanh gid ta duoc

2 2 <

2 1 1 1
<
x+y y+z z+x [y Jyz ax

Hay \/;+\/§+\/; > [xyz(x+y+z).Dén day ta ciing chua thé chi ra duoc xyz<1

X+y+z=

D¢y dén dang thiic xay ra tai x =y =z =1 nén theo dénh giad AM - GM ta c6

X+y+z+3
—L > iIx+ +z
2 vz

Két hgp vdi trén ta duoc Hyfw24xyz(x+y+z)<:>x+y+z+322,\’xyz(x+y+z)

D&y lai 6 x+y+2z>3 nén 2(x+y+x)2x+y+z+3 nén ta dugc

THCS.TOANMATH.com TAI LIEU TOAN HOC




2(x+y+z)22 xyz(x+y+z):>222 xyz <> xyz<1

bén day bai toan duoc chitng minh
Ngoai ra cing ttr cach phan tich nhw trén ta c6 thé chitng minh theo phwong phap
phan chttng nhu sau
Gia stt xyz > 1. Khi d6 theo bat dang thicc AM — GM ta duoc
2 . 2 N 2 < 1 N 1 N 1
X+y y+z z+X \/; \/y_z Jzx
Hay \/;+\/§+\/;2\/><y_z(x+y+z), vi xyz>1 nén \/;+\/;+\/;>x+y+z

X+y+z=

Tuy nhiém ciing theo bat dang thitc AM — GM ta duoc Jx < XTH , thiét lap cac danh gia

tuong tw ta co

Hy#%z x+\/§+\/2>x+y+z:>x+y+z<3
Mat khac x+y+z= 2 + 2 + 2 > 2 =>X+y+z23

X+y Y4z z+X X+y+z
Mau thuan nay chiing t6 diéu gia st trén 1a sai, do vay xyz>1. Nhu vay bat dang thikc
trén duoc chitng minh, dau dang thic xay rakhi a=b=c=1.
Nhdn xét. Ta c6 thé’ si dung phwong phdp phdn chitng theo hwéng nhw sau
Gid st Xyz <1, khi d6 tir gid thiét ciia bai todn suy ra

(x+y+z)2 (xy+yz+zx) = 2(x+y+z)+2(xy+yz+zx)+xyz(x+y+z)

Theo biit ding thitc AM — GM va két hop v6i gid ste ta lgi c6
xy+yz+zx23%/>m>3; X+y+z>3

Do do

(x+y+z)2(xy+yz+zx) )
>2(x+y+z)

2(x+y+z) (xy+yz+zx)

(
9
(
9

>2(xy+yz+zx)

2(x+y+z) (xy+yz+2zx)

>xyz(x+y+z)

Cong theo vé'a bit ding thitc trén ta duoc
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(x+y+z)2 (xy+yz+zx) >2(x+y+z)+2(xy+yz+zx)+xyz(x+y+z)
Diéu nay mau thudn v6i dang thirc trén, do d6 diéu gid st la sai. Nhuwe vdy bit ding thiec trén dicoc

chitng minh.

Bai 20. Cho a, b, c la cac s6 thuc dwong bat ki. Ching minh r?mg

a N b N C
Ja?+8bc b?+8ca +c*+8ab

>1

Phan tich va loi giai
Bat dang thic trén da duoc chiing minh bang bat dang thitc Cauchy — Schwarz
dang phan thttc. Bay gio ta di phan tich xem c6 thém cach chiing minh nao khac nira hay
khong?
Cach 1. Nhan thay bat dang thitc c6 chita cdn bac hai, do d6 nén ta c6 thé danh gia lam
mat cdc dau can bac hai thi co hoi sé cao hon. Tuy nhién cdc danh gid mau thitc déu khong
dem lai hiéu qua. Do dé mot cach ty nhién ta nghi dén phép doi bién. Chu y 1a ta co thé
d6i bién cac mau thite ciing 6 thé ddi bién cc phan thirc. O day ta chon cach ddi bién ca
phan thtic.
b c a’ a? X

a o )
'y = ;Z= . Khi do duoc x™ = = =
Ja? +8bc Jb? +8ca Jc +8ab a’+8bc  8bc 1-x°

2 2 2 2

Hoan toan tuong tw ta duoc - = c __~Z =
8ca 1-y° 8ab 1-z

bat x=

2 2 2 1

Khi d6 ta duge ———— .2 = — &
1-x* 1-y" 1-z= 512

(1-x)(1-y?)(1-2*) = 512¢y*’
B4t dang thitc can chitng minh tro thanh x+y+z>1. Vi gia thiét va bt dang thitc nhu
trén, d€ chitng minh dwoc bai toan ta can khai thac duoc tong x+y+z, do d6 ta nghi dén
phuong phap phan ching.
Gid st 0<x+y+z<1.Khidd ta duoc
(1—x2)(1—y2)(1—22) >[(x+y+z)2 —xz}[(x+y+z)2 —y}[(x+y+z)2 —zz}
Hay (1—x2)(1—y2)(1—z2) >(x+y)(y+z)(z+x)(2x+y+z)(x+2y+z)(x+y+22)

Dé thé'y (x+y)(y+z)(z+x)28xyz;(x+y+z+x)(x+y+z+y)(x+y+z+z)264xyz
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Do d6 ta duoc (x+y)(y+z)(z+x)(2x+y+z)(x+2y +z)(x+y +2z) 2 512x°y*z’
Suy ra (1-x*)(1-y?)(1-2*)>512x’y’z*, diéu nay tréi véi gia thiét.
Vay khong thé 6 0 <x+y+z<1, ticla x+y+z2>1.

Vay bat dang thiic duoc chitng minh. Dang thiic xay ra khi va chi khi a=b=c.
1

, a
Cach 2. Dé y ta tha’ =
g g Ja? +8bc \/1+ 8bc

, hoan toan tuong tu ta nghi dén dat an phu

2
a

bc ca __ab 1
X=a—2,y:§,Z_C—2:>XYZ_

1 1 1

+ + >1
J1+8x ([1+8y 1+8z

Khi d6 bat dang thitc can chitng minh trd thanh

Dé thdy (1+8x)(1+8y)(1+8z)=1+8(x+y +z)+64(xy +yz+2zx)+512xyz.
Theo bat dang thitc AM — GM ta suy ra duwoc (1+8x)(1+8y)(1+82) > 3°

B4t dang thitc can chitng minh tuong duong véi

(VI BxfTrBy + L+ By 1482 + T+ BzAT+8x ) 2 (1+8x)(1+8y)(1+8z)

<:>8(x+y+z)+2\/(1+8x)(1+8y)(1+8z)(«/1+8x +41+8y +J1+8z)2510

Ap dung bat dang thitcc AM — GM ta c6

8(x+y+z)28; \ll(1+8x)(1+8y)(1+82) >3’

J1+8x +\/1+8y+\/1+82 23.%/\/1+8x.\/1+8y.\/1+8z =29

Do d6 ta dugc 8(x+y+z)+2\/(1+8x)(1+8y)(1+8z)(\/1+8x +1+8y +\/1+8z)2510

Vay bat ding thikc dwoc chiing minh.
Cach 3. D&y theo bat dang thitc Cauchy — Schwarz ta ¢6

(a+b+c)2 s( a + b + ¢ J(a\/az +8bc +by/b? +8ca +cvc? +8ab)
Ja?+8bc b?+8ca +c?+8ab

Mit khéc ciing theo bat dang thitc Cauchy — Schwarz ta dwoc

ava2 +8bc + byb? +8ca +cyc? +8ab = ava® +8abc +/b/b® +8abc ++/cy/c® +8abe

< \/(a+b+c)(a3 +b%+¢° +24abc)
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Ta chiing minh duoc (a+b+ c)3 >a’ +b®+c® +24abc nén ta duoc

avJa? +8bc +byb? +8ca +cy/c? +8ab < (a+b+c)2

b C 2
Suy ra a+b+c2£ a + + Ja+b+c
d ( ) (\/a2+8bc Jb?+8ca c?+8ab ( )

a b C

Ha + +
4 Ja?+8bc b*+8ca +/c+8ab

>1

Vay bat dang thiic duoc chitng minh. Ddu dang thic xay rakhi a=b=c.

Bai 21. Cho a, b, c 1a cac s8 thuc dwong théa man a’ +b® = c®. Chiing minh rang;

a’+b*—-c? >6(c—a)(c—b)

Phan tich va loi giai
Quan sét gia thiét va bat dang thitc can chitng minh ta nhan thay vai trd nhu nhau

3 3
? . « A7 ~ \ . o« A a A A ~?
ctia hai bién a, b. Hon nia tir gia thiét a’ +b® =%, ta thu dugc —+— =1. Dén day dé don
¢

.2 4 4 ~? v b \ Pa L - N/, - A \ 7.
gian hoa ta c6 thé dat x =2, y=— va nhu vy gia thiét duoc viét thanh x°+y° =1 voi
c c
0<x, y<1.
Ta bién d6i dé viét lai bat dang thikc theo bién méi nhw sau

2 2
Bat dang thikc can chiing minh twong dwong véi a_2 + b—2 -1>6 {1 - E} [1 - EJ , lac
¢ c c c

nay ta duoc bat dang thirc can ching minh la x* +y* 1> 6(1-x)(1-y).
Tir gia thiét ta can lam xuét hién tich (1-x)(1-y)
D&y tir gia thiét ta duoc X’y* =(1-y*)(1-x") =(1-x)(1-y)(1+x+x*)(1+y +y?)
Theo bat dang thitc AM — GM ta ¢6 1+x+x >3x; 1+y+y> >3y, do d6
X'y’ 29xy(1-x)(1-y) < xy 23,/(1-x)(1-y)
Lai tir gia thiét ta dwoe x* +y* —1=x*(1-x)+y* (1-y) 2 2xy,/(1-x)(1-y) 26(1-x)(1-y)
Hay x* +y* —126(1-x)(1-y), vi ddu ddng thitc khong xdy ra nén ta dugc bat dang

thixc
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X +y* -1>6(1-x)(1-y).

Vay bat ddng thikc ban dau dwoc chiing minh.

Bai 22. Cho a, b, ¢ 1a cac s6 thiee dwwong thda man abe = 1. Chiing minh rang:

(a3 +b3)(b3 +c3)<c3 +a3) 22\/2(2+a3b3 +b’c? +cfa® +a + b’ +c3)

Phaén tich va loi giai
Truedc hét ta du dodn dang thitc x4y ra tai a=b=c=1. Quan sat bt ding thtc ta
thay cac bién déu c6 liy thira bac ba nén dé€ don gian ta cé thé déi bién

Dit x=a’; y=b’; z=c’, khi d6 ta c6 xyz=1.Bat dang thitc can chting minh tré

thanh (x+y)(y+z)(z+x)22\/2(2+xy+yz+zx+x+y+z)

Dé'y dén gia thiét xyz=1 ta viét lai dwoc bat dang thitc nhu sau

(x+y)(y+z)(z+x)22\/2(xyz+xy+yz+zx+x+y+z+1)

Rt (x+y)(y+z)(z+x) > 2\f2(x+1)(y+1)(z+1)

Binh phuong hai vé€ ta duoc [(x + y)(y + Z)(z + x)]2 > 8(x + 1)(y + 1)(2 + 1)

bén day ta nghi dén viéc ghép theo cdp dé ching minh. D€ y bén vé trai c6 dai
lwong x+y va ta can bién ddi lam xuat hién x+1, nén ta st dung bat dang thic Cauchy —

Schwarz.

2
Ap dung bat dang thtic Bunhiacopxki ta duoc (x + y)2 (x + lj > (x + 1)4 hay ta duoc
y

bét déng thite (x+y) (x+xz) 2(x+1)' @ (x+y) (1+2) =(x+1)
Tuong tu ta dugc cac bat déng thuc y* (y+2z) (1+x) 2 (y+1)'; 2% (z+x) (1+y) 2(z+1)’
Nhan theo v& cac bt dang thtkc trén ta dwoc
Cy*2* (x+y) (y+z) (z+x) (1+x)2 (1+y) (1+z)2 >(x+1)’ (y+1)4 (z+1)4
Hay (x+y) (y+2) (z+x) 2(14x] (14y) (1+2)
Mit khéc ta lai ¢6 (1+x) (1+y) (1+2) 2 (1+x)(1+y)(1+2)8xyz =8(1+x)(1+y)(1+z)

Do d6 ta duoc bat dang thirc [(x+y)(y+z)(z+xﬂ2 > 8(x+1)(y+1)(z+1)
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Bat dang thitc duoc chitng minh. D&u dang thitc xay rakhi a=b=c.

Bai 23. Cho a, b, c 1a cac s6 thiee dwwong thda man abe = 1. Chiing minh rang:

1 1 1 2

1) ety (cr1) e (er])

Phan tich va loi giai
Dé dang du doan duwoc bat diang thixc x4y ra tai a=b=c=1. Quan sat bat dang
thitc ta nhan thay khong thé danh truec tiép bang bat dang thitc AM — GM hay Cauchy —
Schwarz duogc. Do d6 ta tinh dén phuong an bién d6i bat dang thitc triedc. Tt gia thiét goi

y cho cho ta cac cach d6i bién nhu

2 2 2

y

X zZ . . X z .
—;b:X; c=—hodca=—;b="—;c=— hoaca=
y z X yz ZX Xy X y z

a=

D¢y dén tinh d6i xing ctia bat dang thiic ta loai cach d6i bién thit nhat vi né bién
bat dang thiic d6i xting thanh bat dang thitc hoan vi sé& gay khé khin hon. Trong hai cach
d8i bién con lai ta wu tién chon cach thit ba vi cac bién déu nam dudi mau nén khi bién d6i
thi cac liiy thtta sé duoc dua lén tix va co hoi sé 16 rang hon. Hy vong ta sé gap may man

voinhan dinh nay.

Pit a=Y;b=22; =2 khi d6 bat déng thirc cin chiing minh tré thanh
z X y

4 4 4 2.2 2
Z X 2Xvz
Yy + y >1

(xy+zz)2 +(zx+y2)2 (yz+x2)2 (XY+Z2)(ZX+YZ)(YZ+X2) )

Dé'y dén bat dang thirc Cauchy — Schwarz ta c6 (xy +2z° )2 < (x2 + zz)(y2 + zz)

4 4
V4

Suy ra (ijzz )2 > (x2 7 )(y2 +zz) . Hoan toan twong tyr ta duwoc

4 4 4 4 4 4
Z X V4 X
+—7 + > - Y -

(Xy+z2)2 (ZX+}72)2 (y2+x2)2 (X2+Z2)(y2+zz) (X2+y2)(zz+y2) (y2+X2)(ZZ+X2)
:X4(y2 +Z2)+Y4(ZZ+X2)+Z4(X2+},2)
v o o)

Ciing theo danh gia nhu trén (xy+z2)(zx+y2)<yz+x2) < (x2 erz)(y2 +Z2)(Zz +x2)
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2X2y2Z2 . 2X2y222
(xy+z2)(zx+y2)(yz+x2) - (x2 erZ)(y2 +zz)(z2 +x2)

Do dé ta dwoc bat déng thirc

Khi d6 ta cé

4 4 4 2..2_2

z Ly L X N 2X°y'z
(xy+z2)2 (Zx+y2)2 (yz+xz)2 (xy+z2)<zx+y2)(yz+x2)
x* (yz+zz)+y4 (Z2+X2)+Z4 (x2+yz)+2x2yzz2
(x2+y2)(x2+z2)(y2+zz)

x* (y2+zz)+y4 (22 +x2)+z4 (x2+y2)+2x2yzz2
(x2+y2)(x2+zz)(y2+zz)

Ta can chtng minh

>1. D€y ta phan tich

duwoc
x* (y2 +z2)+y4(z2 +x2)+z4 (x2 +y2)+2x2yzz2 :(x2 +yz)(x2 +zz)(y2 +zz)
x* (y2 +zz)+y4 (22 +x2)+z4 (x2 +y2)+2x2y‘2z2 1
(x2 +y2)(x2 +zz)(y2 +z2)

Nhu vay bat dang thitc ban dau duoc chitng minh. Dau déng thitc xdy rakhi a=b=c=1.

Do do

Nhan xét. Ddy thuc sy la mét bat ding thirc kho va qud trinh phdn tich tim 10i gidi ciing cé phin
may mén. Tuy nhién néu ta khdng gidm suy nghi dén cdc khd ning cé thé'xdy ra thi may mdn do sé
khong dén véi ban than.

Ngoai ra cdc ban co thé tham khdo thém cdch gidi khic sau
Vi abc =1 nén trong ba sd'a, b, ¢ luén cé hai s6'nam cing phia so véi 1. Khdng mat tinh tong qudt

tagﬁsﬁhﬂsﬁmﬂdavdblﬂddémcé(1—aX1—b)20c>a+bsl+ab:£il
C

2(c+1)

Do dé ta dwge (a+1)(b+1)(c+1)=(1+a+b+ab)(c+1)=2(1+ab)(1+c)< -

Ap dung bat ding thitc Cauchy — Schwarz ta c6

1 1 1 1
+

(el (0 )12 (1) 12]

a

b N a 1
(1+ab)(a+b) (1+ab)(a+b)_1+ab_c+1

Do do ta dwoc
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1 1 1 2
+ +

(tra) (1+b) (1re) (+a)(1+b)(ive)

e 1 .« _c(c+1)+1+c:1

Cetl (cr1) (ex1) (c+1)

Nhuw vy bit ding thire ban ddu dweoc chitng minh. Ding thirc xdy rakhi a=b=c=1

Bai 24. Cho a, b, c la cac s0 thuc duong tuy y. Chiing minh rr:fmg:

a’b bic c’a

4 21.2 4+4 2 2 4+4 2.2 4<1
a“+a’b"+b* b *+bcc+c® c*+ca‘+a

Phan tich va loi giai
Quan sat bat déng thirc ta nhan thay co thé rut gon duoc cac bién c6 bac 1 o ti moi
phan sd sau khi danh gia mau s bang cach 4p dung bat dang thitc AM — GM cho hai s8
duwong a*+a’b*>2a’b

3 3 3
DOdé 4 aZbZ 4S Sab 4= 3a 3
a“+a’b"+b* 2a’b+b* 2a’+b

Tuong tw ta duogc
a’b N b’c c’a - a’ N b® N ac’
a*+a’b*+b* b*+b*+ct t+cfat+at 2a°+b® 20+ 2% +ad
3 3 3
a
3 3 + fl: 3 + 3C 3 S 1
2a’+b” 2b°+c¢® 2c”+a

Phép chitng minh sé hoan tat néu ta chi ra duoc

Bién ddi trong dwong bat dang thiic trén ta duoc

3 3 3 3 3 3

a b C b C a

3 3+ 3 3+ 3 331 3 3+ 3 3+ 3 321
2a°+b”> 2b’+c® 2c’+a 2a’+b”° 2b’+c® 2c’+a

Dén day ta c6 hai huéng d€ chitng minh bat dang thitc nhu sau
+ Hudng 1. Ap dung bat déng thitc Cauchy — Schwarz dang phan thtkc ta dwoc
b’ c’ a’ b° c® a’
+ + = + +
2 +b> 2b°+c® 2c®+a’ 2a’b’+Db° 2b’c’+c¢®  2c%a’ +a’
(a3 +b’+¢° )2
>

T a®+b° +c®+2ab® +2b%® +2c%°

=1

Vay bat ding thikc dwoc chiing minh. Diu dang thitc xay ratai a=b=c.
+ Huéng 2. Ta don gian héa bat dang thiic bang cach dat x=a%; y=b’; z=¢’

Bat dang thitc can chiing minh duoc viét lai thanh
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y ., =z X 1 1 1

> > +2 21<:>2 +2 +2 >1
X+y 2y+z 2z+x X4 2y 4 224
y z X
Pit m=>;n=2; p=£:>mnp=1. Khi d6 bat dang thic can chitng minh trd thanh
y z X

1 1 1
+ + >
2m+1 2n+1 2p+1

Hay ta can chitng minh

(2m+1)(2n+1)+(2n+1)(2p+1)+(2p+1)(2m+1)=(2m+1)(2n+1)(2p+1)<=2(a+b+c)=6

Dénh gid cudi cuing ludén dung theo bat dang thitc AM — GM va mnp =1.

Vay bai todn dugc chtiing minh xong. Dang thikc xay ra khi va chi khi a=b=c.

Bai 25. Cho a, b, c 1a cac s8 thuc dwong thoa man abc = 1. Chiing minh rang:

3(a4b4 +b'c* +c4a4) 8a° b’ 33
2 2 2 + 3 + 3 + 3 Z 6
a“+b”+c (bc+a) (ca+b) (ab+c)

Phan tich va loi giai
Trudc hét ta dy dodn dang thikc xay ra tai a=b=c=1. Quan sat bat dang thitc nhan
thdy dai luong a*b* +b’'c* +c*a* ¢d bac 8 nén ta can danh gia dai lwong do6 vé dai lugng
bac thap hon. Theo mot danh gia quen thudc ta c6
a*b* +b*c* +c'a* >a’b’c® (a2 +b” + CZ) =a’+b*+¢’
S(a‘“b4 +b'c* +ca’ )

a’+b’+¢c?

Do do ta ¢co >3

Nhu vay bat dang thiic sé dwoc chiing minh néu ta chi ra dugc

8a’ 8b° 8¢c°
>+ >+ 323
(bc+a) (ca+b) (ab+c)

3 3 3
Hay — 24+ P © 53 pgyden abe=1, ta viét bit déng thic trén thanh
(bc+a) (Ca+b) (ab+c)

a’ b® c?

G Gl G
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Dit x=a%;y =b*;z=c> = xyz =1, khi d6 bat dang thitc trén tro thanh

3 3 3
X Z 3
y -

(1x) (1+y) (1+2) 8

Ap dung bat dang thitcc AM — GM ta duoc

x° x° 1.3 ¥ ¥y y’ 1.3 y* 7 zZ2 1.3 z
T ol 8 2 (el (Lol (eol B2 (1aal (Laal 8- 2(11a7
(1+x) (1+x) (1+x) (1+y) (1+y) (1+y) (1+z) (1+z) (1+z2)
Do d6 ta duoc 2x° + 2y° 4 22’ i 3 > 3 X’ + y’ N z’
TS e TP i (e s e

Nhu ay phép chitng minh hoan sé hoan tat néu ta chiing minh dwoc

2
x> y 7’

(Lx) (+y) (e2)

Dit m =xy; n=yz; p=2zx= mnp =1, bat dang thiic trén tré thanh

T e T

(yz+1)2 (Zx+1)2 (Xy+1)2_4

1 1 1 3
7t 2t 727
(m+1) (n+1) (p+1) 4
Ta co ! =+ 1 =2 1 + 1 __1 -
m+1)" (n+1) (mn+1)(m+1j (mn+1)( 1) mn+
n m
2
Mait khac ta lai co 1 + 1 == p + 1 zz(p_1)2+§2§
mn+1 (p+1)” p+l (p+1) 4(p+1) 4 4
Do dé 1 - 1 + 1 2% la bat dang thiic ding

(m + 1)2 (n + 1)2 (p+ 1)2

Suy ra bat dang thiic ban dau duwoc chiing minh. Dau dang thitc xay ratai a=b=c=1.

Bai 26. Cho a, b, c 1a c4c s8 thuc dwong tuy y. Chitng minh rang:

2 2 2
b L be L b a2 (ab3+bc3+ca3) a,b e
C a b b ¢ a

Phan tich va loi giai
Dé dang du doan duoc ddu dang thikc xay ra tai a=b=c. Quan sat bat dang thtrc

ta thay v€ phai chira can bac hai nén ta can phai danh gia lam mat can bac hai trudc, cha y
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dén chiéu cua bat ding thc ta sit dung bat déng thie AM — GM dang 2./xy <x+y. Nhw

vay néu ta st dung ngay bat dang thitc AM — GM thi dwoc

2 (ab3+bc3+ca3) L) PRI TSN SN
b ¢ a b ¢ a

C6 diéu khi danh gia biang bat dang thitc AM — GM thi cac dai lwong dua ra can
phai dong bac. Do d6 danh gia nhu trén khéng duoc hop 1.

Nhu vay dé danh gia duwoc ta can phai bién ddi bat dang thiec trudc, chd v 1a hai dai
luwgng trong can c6 bac 4 va 0, do do6 ta cd dua vé cung bac 2 br:ing mot phép bién doi,

chang han

ab® +bc® +ca’
2 (ab3+bc3+ca3) abiel, ( ).bc a,b,c
b ¢ a bc b ¢ a

ab’ +bc® +ca’
Khi nay ta c6 danh gia 2\/(ab3+bc3+ca3)(%+h+5j g( - )+bc(%+h+£j
c a c c a

Phép chiing minh sé hoan tat néu ta chi ra duoc

— == +——+a’+b*+c’
bc

Cc a

ab® +bc® +ca’ 2 2 2
( )+bc(a b cjsab +bc ca
C a

Bién d6i tuong duwong bat dang thitc trén ta dwoc

2 3 2 2 2 2
a a bc® ab® bc® ca
—++—+cat+tb’+—<—+—+—+a’+b*+’
C b a C a b
3 2
a ca al(b—a)la-c
@az—?+——ca20<:> ( b)( )20

Dén day ta hoan toan c6 thé gia st trong ba s6 a, b, ¢ thi a 1a s6 ndm giita. Do d6 bat dang

thitc cudi cung ludn dung. Vay bai toan duoc chitng minh xong.

Bai 27. Cho a, b, c 1a cc s8 thuc dwong thoa man abc = 1. Chting minh rang

a'b  Db'c cta _ 3
+ + >
a’+1 b*+1 *+1 2

Phan tich va loi giai
Dé dang du dodn duwoc dau dang thitc xdy ra tai a=b=c=1. Quan sat bat dang

thitc ta nhan thay trén t mdi phan s6 c6 chira cac lily thira bac chdn. Do d6 rét ty nhién ta
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nghi dén st dung bat ding thitc Cauchy — Schwarz dang phan thikc. Tuy nhién triedc khi

ap dung ta can kht thtra so bac 1é trude.

Cach 1. Cht y dén gia thiét abc =1, ta viét lai dwgc bat dang thitc nhu sau
4 4 4

a b < .3

3 + 3 + 3 -
a’c+ac b’a+ab cb+bc 2

Ap dung bat dang thiic Cauchy — Schwarz ta dugc

2
at b* o (a2 +b’ +C2)
>

3 + 3 + 3 - .3 3 2
a’c+ac b’a+ab c’b+bc a’c+b’a+cb+ab+bc+ca

2
(a2+b2+c2)
3

Phép chiing minh sé hoan tat néu ta chi ra duoc S 5
a’c+b’a+c’b+ab+bc+ca

<3
2

Hay 2(a2 +b?+c? )2 > 3(a3c +b’a+c’b+ab +bc+ca)
Bién ddi twong dwong bat dang thiic trén ta duoc

2(a4 +b* +c4)+4(a2b2 +b*c’ +c2a2) > 3(a3c+b3a+c3b)+3(ab+bc+ca)
Dé thay theo mot danh gid quen thudc ta c6

a’b? +1>2ab; b*c* ++1>2bc; c’a’* +1>2ca = a’b* +b’c* +c?a’ +3> Z(ab +bc+ca)

Ma ab+bc+ca > 33/a’b’c’> =3 suy ra a’b® +bc? +c’a® >ab+bc+ca
Do dé ta duoc 3(a2b2 +b*c® + czaz) > 3(ab +bc+ ca)

Chttng minh sé hoan tat néu ta chi ra duogc
Z(a4 +b*+c* ) +a’b® +b’c® +c%a’ > 3(a3c +b’a+ c3b)
That vay, theo bat dang thixc AM - GM ta duoc
a*+a*+a'+b* >4a’b; b* +b* +b* +c* >4b’c; ¢t +ct +c* +a* > 4c’a
=a'+b*+b*>a’b+b’c+c’a
Va
a* +a’b? >2a’b; b* +b*c? >2b’c; ¢* +c%a’ >2c%a

=a*+b*+c* +a’b’ +b’c® +c’a’ > 2a’b+2b’°c+2c’a

Cong theo vé hai két qua trén ta duoc

2(a4 +b*+c* ) +a’b? +b*c* +c*a* > 3(a3c +bla+ C3b)

Vay bai todn duoc chitng minh.
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4 4
ab 3D 44ne tide a danh

Cach 2. Khi quan st bat dang thtic ta nghi dén la danh gid — 155
a’+ a

gid nay cho mot bat dang thitc nguoc chiéu. Chinh diéu nay goi y cho ta st dung ky thuat
Cauchy nguoc dau.

Bién d6i va ap dung bat dang thiic Cauchy ta duoc

4 2 2
Ezlb =a’b- ?b Za2b—ﬂza2b—é
a”+1 a“+1 2a 2
. . b4 b 4
Hoan toan tuong tu ta duoc — € >p2e-2X, Sa >cta -2
b°+1 2 ¢ +1 2
4 4 4
s b b+bc+
Khi d6 ta dwoc 3a +— +— S >a’h+bic4+ct2rRCTCA
a’c+ac b’a+ab c’b+bc 2
. , . e , b+bc+ 3
Phép chiing minh sé& hoan tat néu ta chi ra dwoc a2b+b2c+c2a—a—2ccazz

Hay 2(a2b+bzc+c2a) >3+ab+bc+ca
Dé thay a’b+b’c+c’a>3%/a’b.b’c.c’a =3
Do d6 ta can chi ra dwoc a’b+b*c+c’a>ab+bc+ca
Ap dung bt déng thirc AM — GM ta c6 a’b+a’b+b’c>3a*b*c =3ab
Thiét 1ap cac bat dang thitc twong tu va cong theo vé ta duoc
3(a2b +b’c+ Cza) >3(ab+bc+ca)

Hay a’b+b’c+c’a>ab+bc+ca. Vay bai toan dugc chiing minh xong.

Bai 28. Cho a, b, c 1a cdc s6 thuc dwong thoa man a+b+c=3. Chitng minh rang:

a* . b* . ct .3
(b+c)(b2 +C2) (c+a)(c2 +a2) (a+b)(a2 +b2) 4

Phan tich va loi giai
Trudc hét ta du doan dau dang thikc xdy ra tai a=b=c=1. Quan sat bat dang thtic
ta nhan thdy cdc dau hiéu skt dung bat dang thitc Cauchy — Schwarz dang phan thikc, st
dung ki thuat danh gia mAau,....
Suy nghi dau tién khi quan sat bat dang thic d6 la ddu hiéu 4p dung bat dang thikc

Cauchy — Schwarz dang phan thitc. Nhu vay khi do6 ta duoc
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a* b* c*
(b+C)(b2 +c2) ' (c+a)(c2 +a2) ' (a+b)(a2 +b2)
(a2 +b® +c’ )2

- (b+c)(b2 +c2)+(c+a)(c2 +a2)+(a+b)(a2 +b2)

(a2 +b*+¢? )2

(b+C)(b2 +c2)+(c+a)(c2 +a2)+(a+b)(a2 +b2)

Nhu vay ta can chi ra dugc > %

D€ y ta thay khi khai trién mau thi xuat hién dai lugng a’ +b’ +c® va danh gia dai
lwong d6 theo ki€u a® +b’ +c’ <? rét phikc tap. Do d6 danh gid mot cach truc tiép nhu vay
c6 vé khong dem lai hiéu qua. Nhu vay dé 4p dung c6 hiéu qua ta nén bién d6i bat dang
thirc vé mot dang khac.

Chu y la tai cac mau xuat hién tich ctia hai dai leong do do6 ta sé€ dua mot dai lugng

1én trén tir s6. Khi d6 ta cd cac cach bién déi la

2\ 22 2
a
a’ _(\/b+cj a* L\/b2+c2J

(b+c)(b2+c2)_ b*+c? hogela (b+c)(b2+c2): b+c

D€'y rang sau khi 4p dung thi ta thu dwoc bidu thitc 1a tdng cdc mau s8, do d6 chi y
dén gia thiét a+b+c=3 thi ta chon cach bién ddi tht hai. Khi nay bat dang thtc can

chiing minh dwoc viét lai thanh

Jb? +¢c? N c® +a’ N Ja? +b? S
b+c c+a a+b B

3
4

Dén day ap dung bat dang thitc AM — GM ta dugc

Jb?+c? N c®+a’ N Ja?+b? S \/b2 +c? \/c2 +a’ \/a2 +b?
b+c c+a a+b 2(a+b+c)

a’ . b . ¢ 3
Jb?+c? JP+a? a+b? 2

Nhu vay sau mot s6 budc danh gia ta dwa dwoc vé mot bat déng thirc 6 vé don gian

Phép chitng minh sé hoan tat néu ta chi ra duoc

hon va bat dang thirc can chiing minh ldc nay ciing ¢6 dau hiéu 4p dung bat dang thiic

Cauchy — Schwarz dang phan thttc, khi d6 ta dwoc
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a’ b? c? . (a+b+c)2
+ + >
b2 +c? 2 +a? ai+b? JbP+c® +4a+c? +4a+b?

Va ta ¢an chimg minh duoc Vb2 +¢ +ya+c® +va’ +b* <342, tuy nhién danh gia nay lai

sai vi

Jb2+¢ +Ja+c? +4/a% +b? 2%(a+b+b+c+c+a):3«/§.
2

Nhu vay d€ dam bao cac danh gia dung chiéu ta can nang liy thira ctia cac phan sd 1én, do
dé ta c6 danh gia

a’ N b . SN (a2+b2+c2)2

b2+ 2 +a2 Jai+b® aiVb +c? +b*a+c? +c2at +b?
Mt khac theo bat dang thitc Cauchy — Schwarz ta duoc
a2\Vb* + +b*Ja+c® +c*\al +b2 < \/(az +b? +c2)[a2 (b2 +c2)+b2 (c2 +az)+C2 (a2 +b2)}

= \/2(a2 +b? +c2)(a2b2 +b’c? +c2a2)

Do do ta duwoc
(a2+b2+c2)2 N (a2+b2+c2)2

a2\b* + +b*a+c? +c2al+b? \j2(a2 +b? +c2)(a2b2 +b?c? +C2a2)

(a2+b2+c2)2 .3
\/2(612 +b? +c? )(azb2 +b*c + czaz) 2
Hay (a2 +b*+c? ), /(a2 +b% + cz) >34a?b? + b2c? +c%a>

D€'y tanhan thdy a’ +b* +c* > \/3(a2b2 +b’c® +c’a’ ); val+b?* +c* > atbie_ V3

NG

Ta can chi ra duoc

Nhan theo vé& hai bat dang thitc trén ta dugc diéu phai chitng minh.

Nhan xét. Co thé thdy bai todn trén da dwoc chitng minh xong, tuy nhién lai qué vdt vd trong viéc
tim 107 gidi. C6 mot diéu dé nhin ra 1a néu bai nay dwoc ra trong mot ki thi ma thoi gian cd han thi
cdch nhw trén s& 18y hét thoi gian ciia cdc bai todn khdc. C6 phdi dang cé mot cdch gidi khdc ngin
gon hon hay khong? Ta thir quan sdt kij lai bit ding thitc mot lam nita xem sao? Ta nhdn thiy
trong moi phan thiec thi tie 6 bdc 4 va mau c6 bdc 3, chit y dén gid thiet a+b+c=1 thi ta cé thé

dong bic nhw sau
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a’ b* c* a+b+c

(b+c)(b2+C2)+(c+a)(c2+a2)+(a+b)(a2+b2)_ 4

Do dé ta hwéng dén don gidn hda cdc mau so, diéu nay lam ta nghi dén chieng minh mot
dinh gid kiéu (x+y)(x* +y*)<2(x* +y?). Ddy la mgt danh gid chitng minh duoc bing phép

bién doi twong dwong. Biy gio ta thir dp dung dianh gid dé xem sao

a' b* c*
(b+c)(b2 +c2) ! (C+a)(c2 +a2) ’ (a+b)(a2 +b2)
a’ b* c*

- 2(b3+c3)+2(c3+a3)+2(a3+b3)

Phép chirng minh sé hoan tit néu ta chi ra dirgc

a' b* c* a+b+c

2(b3+c3)+2(c3+a3)+2(a3+b3)_ 4

Bit diing thitc nay c6 thé' chitng minh dwoc bang cich dp dung dong thoi bit ding thirc

Bunhiacopxki dang phin thitc va bat ding thirc Cauchy.

Bai 29. Cho a, b, c 1a cac s8 thue dwong tuy y. Chiing minh rang:

a’ b’ c /a+b+c
2 2t 2 2t 2 7 S 3
5a° +(b+c) 5b” +(c+a) 5¢* +(a+b)

Phan tich va loi giai

Truedc hét ta du dodn ddu dang thitc xay ra tai a=b=c. Quan sat bat dang thikc can
chitng minh ta thdy duoc su phtic tap cta bai toan. Suy nghi dau tién khi doc bai toan dé
la khtr duoc cac can bac hai bén vé trai, tuy nhién ¢ day ta khong nén binh phuong vi biéu
thic trong can tuong doi cong kénh. Nhu vay ta can mot danh gia dé€ c6 thé khir hét cac
cén bac hai hodc mot danh gia ma dwa vé chi mot can thire. Chti ¥ dén chiéu ctia bat dang
thttc can chitng minh ta nghi dén bat dang thiic Bunhiacopxki. Mt khac chti y dén tong
a+b+c bén v€ phai vi thé ta can danh gia sao cho c6 thé rut gon duwgc a+b+c. Twr cac
nhan xét do6 ta co:

Ap dung bt dang thiic Bunhiacopxki thi
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a’ b? c’
2 2 T 2 2 T 2 2
5a +(b+c) 5b +(C+a) 5¢ +(a+b)
< (a+b+c) a’ —+ b’ —+ < .
5a2+(b+c) 5b2+(c+a) 5C2+(a+b)

2

Nhu vay phép chiing minh sé hoan tat néu ta chi ra duoc

a’ b? c? 1
2 ot 2 > 2 2 Sg
5a +(b+c) 5b +(c+a) 5¢ +(a+b)

bén day ta d€ y lai thdy 5a’ +(b+c)2 =5a’ + b’ +c* +2bc va chu y dén ddu dang
thirc x4y ta co c6 5a’ +(b+c)2 = (a2 +b’ +c2)+<2a2 +bc:)+(2a2 +bc), khi nay ta nghi dén
bat dang thiic Bunhiacopxki dang phan thitc. Nhu vay ta can c6 trén ti (?)a)2 , diéu nay ta

hoan toan c¢6 thé lam duoc. Khi nay ta sé dugc
2

a (Ba)2 <l.( a2 2a’ J
"9

_1
5a’ +(b+c)2 9 (a2 +b? +C2)+(2a2+bc)+(2az+bc) a’+b*+c’ +2a2+bc

Hoan toan tuwong tu ta thu duoc

b’ 1 b’ 2b* ) c 1 c 2¢?
2 ol 2.2 T ’ 2 ol 22 2 T2
5b2+(c+a) 9{a“+b"+c° 2b"+ac 5c2+(a+b) 9{a“+b"+c° 2c"+ab

, a’ b’ c? 1 2a* 2b* 2¢?
Do d6 >+ >+ ~<—| 1+ — +— +—
5a’+(b+c) 5b’+(c+a) 5c°+(a+b) 9\ 2a'+bc 2b"+ca 2c +ab
2 2 2
Bay gio ta can phai chttng minh duoc 1 1+ 3a + 22b + 3C < 1
9 2a+bc 2b°+ca 2c"+ab) 3
2a’ 2b? 2¢?

Bat dang thite d6 twong dwong véi + + <
& & & 2a’+bc 2b’+ca 2c*+ab

bc N ca N ab S
2a’+bc 2b*>+ca 2c*+ab

Dén day ta d6i chidu bat dang thirc va duoc

Theo bat déng thitc Cauchy — Schwarz dang phan thtic thi

2
bc N ca N ab S (ab +bc+ ca) B
2a’+bc 2b*+ca 2c*+ab  a’b? +b*c® +c%a? +2abc(a +b+c)

Nhu vay danh gia cu6i cung la mét danh gia dang.
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Do d6 bat dang thitc ban dau duegc chitng minh. Dau dang thikc x4y ra tai a=b=c.

Bai 30. Cho a, b, c la cac sd thuc duwong thoa man diéu kién ab+bc+ca =3. Chiing minh
rang:

(a+b2)(b+c2)(c+a2)28

Phaén tich va loi giai
Quan sat bat dang thikc ta thdy bén vé phai 6 cac dai luong a+b*; b+c?; c+a’ va
ta can tim dwoc mot dai lwgng trung gian ma cac danh gia phai cung chiéu, do dé suy
nghi dau tién 1a d6ng bac cac hang tir trong moi dai lwong trén. D& thure hién dugc viée
nay ta dé y dén bat dang thitc Cauchy — Schwarz. Liic nay ta duoc ta

<a+b2)(a+1)Z(a+b)2}(b+cz)(b+1)2(b+C)2;(C+aZ)(C+1)Z(C-i-a)z

Nhan theo vé ta duoc (a+b2)(b+c2)(c+a2)(a+1)(b+1)(c+1)2 [(a+b)(b+c)(c +a)]2

Hay (arbf)(brc’)(cra’)> [(?:1))(( ))((Cci))]

[(a+b)(b+c)(c+a)] .

a+1)(b+1)(c+1)

Phép chitng minh sé hoan tat néu ta chi ra duoc

Trong cac danh gid trén ta chua st dung dén gia thiét. Ta can phai sit dung gia thiét
cho céc danh gia tiép theo. Nhan thdy ta chwa thé sit dung ngay duoc gia thiét nén ta can
bién d6i gia thiét vé mot dang khac truede. That vay, tir gia thiét ab+bc+ca=3 ta dé dang
suy ra a+b+c>3 va abc<1.

Dé thdy (a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc=3(a+b+c)-abc>8
Do do tir gia thiét ta suy ra duoc (a+b)(b+c)(c+a)=8

(a+b)(b+c)(c+a)
(a+1)(b+1)(c+1)

Nhu vay ta can chi ra dugc >1

Hay (a+b)(b+c)(c+a)z(a+1)(b+1)(c+1)
Dbé'y dén cac phép bién doi
(a+b)(b+c)(c+a)=3(a+b+c)—abc28
(a+1)(b+1)(c+1)=abc+ab+bc+ca+a+b+c+1
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(a+b)(b+c)(c+a)—(a+1)(b+1)(c+1)
=3(a+b+c)—abc—(abc+bc+bc+ca+a+b+c+1)
=2(a+b+c)—2abc—422—2abc20

Do do suy ra (a+b)(b+c)(c+a)2 (a+1)(b+1)(c+1)

Nhu vay bat dang thitc dwoc chiing minh. Dau dang thitc xdy ratai a=b=c=1.

Bai 31. Cho a, b, c 1a cac s6 thiee dwong théa man a+b+c =abc. Chiing minh rang;

b C a 3
+ + >
avb*+1 byc?+1 cyal+1 2

Phan tich va loi giai

Tt gia thiét ctia bai toan la a+b+c=abc suy ra l+i+l =1. Khi nay suy nghi
ab bc ca
e i 1y aw 1 1 1 L er e s , .
hét sttc te nhién la dat x=—;y= E; z=—. Do do gia thiét cua bai toan trd thanh
a C

Xy +yz+2zx =1 va bat dang thtic can chting minh duoc viét lai 1a
X y z

+ +
\/y2 +1 \/ZZ +1 \/x2+1

Vi gia thiét xy+yz+2zx =1 ta thay duoc Vx> +1 = \/xz +Xy +yz+2zX = \/(x+y)(x+z)

>3
2

Tuong tw ta duogc \/Jy2 +1= \j(y+z)(y+x);\/22 +1= \/(Z+x)(z+y)

DE'y tiép ta lai c6 theo bat dang thitc AM — GM thi X 52X

\/(y+x)(y+z) CX+2y+z

Hoan toan tuong tu ta duoc

X .,y .z _ X . y . z
\/y2+1 JZ2+1 W2 +1 \/(y+x)(y+z) \/(z+x)(z+y) \/(x+y)(x+z)
S 2x 2y 2z

> + +
X+2y+z X+y+2z 2x+y+z

2y 2z

Phép chiing minh sé hoan tat néu ta chi ra dugc + +
X+2y+z X+y+2z 2X+y+z

>3
2
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V6i bat dang thikc trén thi sit dung bat dang thitc Cauchy — Schwarz dang phan

thiec 1a hop 1i nhat. That vay, 4p dung bat déng thitc Cauchy — Schwarz dang phan thtic ta

duwoc
2x 2y 2z 2x° 2y? 277
+ + = + +
X+2y+z X+y+2z 2X+y+z x(x+2y+z) y(x+y+22) z(2x+y+z)
2 ’ 2 ’
N (x+y+z) N (x+y+z) _3

x+y+z)2 2

(x+y+z) +xy+yz+2zx (x+y+z)2+( g

Nhu vay bai toan duegc chitng minh xong. Dau dang thitc xay ratai a=b=c= J3.

Bai 32. Cho a, b, c la c4c s8 thic dwong thdéa man a,b,c>1;a”> +b” +¢®> =4. Chting minh

rang:

1 1

= (\/a —1+\/b2 14+ —1)

Phan tich va loi giai

Khi quan sat bt dang thitc can chitng minh thi suy nghi dau tién la d6i bién lam

mat cdc can bac hai. Tt suy nghi d6 ta dat x=+a”-1; y=\/b2 —1; z=+Jc*—1. Khi d6 ta

suy ra

=xX*+1; b :\/y2 +1; c=~Z2+1.
Gia thiét ctia bai toan dugc viét lai thanh x* +y” +2z*> =1. Bat dang thic can chiing
minh tré thanh

1 N 1 N 1 < 9
I +1 \/y2+1 Jz2+1 2(x+y+z)

1 1 1 9
Hay (x+y+z)£\/x2+l+\/yz+1+\/zz+1jsE

Ta viét vé trai ctia bat dang thitc trén thanh

X .,y .z ytz  z+X Xty
I +1 \/y2+1 Jz2 +1 «/x +1 \/y +1 \/z +1

y+z X+ y+z X+
z+X y <3 va zZ+X y <3

\jx +1 \/y +1 \/Z +1 \/x +1 \/y +1 \/Z +1

Luc nay ta du doan
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Quan sat ki cdc biéu thtic trén va cht y d&én chiéu cta bat dang thiic ta nghi dén

danh gia c6 thé dua cac dai lwong vao trong cung mot can bac hai. D€ thuc hién diéu nay

ta lién tuong dén bat dang thirc Cauchy — Schwarz dang a+b+c < \/3(a2 +b* + cz) :

3x* . 3y’ N 3z
2x? +y2 +7% X +2y2 +7z% X +y2 +277

Khi @6 ta dwoc X Y T S\/

U2 +1 \/y2+1 Jz2+1

1 .y 3x* 3( X X’ .
Mat khactalaic6 ——<— + , ap dung tuong tu ta dwgc
2 2 2 2 2 2 2 2

X" +y +z° 4\ xX+y x4z

3x* . 3y’ N 3z*
2x? +y2 e +2y2 +z2 X2 +y2 +272

3
2

. X y z 3
Do dé + + <=
I +1 \/y2+1 NS

Nhu vay bat dang thitc sé duoc chiing minh néu ta chi ra duoc

+Z Z+X X+y <3

\/x +1 \/y +1 \/Z +1

biéu nay c6 thé thuc hién hoan toan tuong tw nhu trén

y+z | z+Xx | Xty _ 3(y+z)2 N 3(z+x)2 . 3(x+y)2
U2 +1 \/Y +1 «/z +1 2 +y*+2" X2y’ +72" X +y 4277

. . 3(y+2)° y: 7
Dé dang chitng minh dwoc <3 + > |- Tuong tu ta duoc

2x* +y? +27° X’ +y? X4z

Js(y+z)2 3z 3(xry)

2x? +y2 +77 X2 +2yz+z2 x2+yz+222

2 2 2 2 2 2
z z X X
<3 2y 2T 2 2T 2 2T 2 2T 2 Pl 2y 2 =3
X+y X +z Z+y X+y X" +z y+Z

Nhu vay bat dang thitc duoc chitng minh. DAu dang thitc xay ra tai a=b=c=

R

Bai 33. Cho a, b, c 1a cac s8 thuc dwong bat ki. Chting minh rang:

\/a(b+1)+\/b(c+1)+\/<:(a+1) < 3(a+1)(b2+1)(c+1)

Phan tich va loi giai
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Céach 1. Trude hét ta du doan duwoc déng thirc xay ra tai a=b=c=1. Quan sat bat c’[:fmg

thirc ta nhan thdy ca hai vé&€ déu cha cac dai lwgng a+1; b+1; c+1, do d6 ta bién doi bat
dang thiic bang céch chia ca hai v& cho (a+1)(b+1)(c+1). Khi d6 bat déng thirc duoc viét

lai thanh

a N b N C <3
(a+1)(c+1) \(a+1)(b+1) \(c+1)(b+1) 2
bén day ta thay c6 hai huéng danh gia la
+ Hudng thit nhat ta st dung bat dang thirc Cauchy — Schwarz dua cac dai luong trong

can bén vé trai vao trong cung mot can bac hai thi duoc

\/(a+1;(c+1)+\/(a+1)]:zb+1)+\/(c+1)c(b+1)

<\/ 3a_ 8 3
“\(a+1)(c+1) (a+1)(b+1) (c+1)(b+1)

a b C
(a+1)(c+1) (a+1)(b+1)  (c+1)(b+1)

Nhu vay ta quy bai toan vé chitng minh

<3
4

Bat dang thitc trén twong duong véi

4[a(b+1)+b(c+1)+c(a+1)] < 3(a+1)(b+1)(c+1) < 3abc+3>ab+bc+ca+a+b+c
Nhan thdy danh gia trén khong dung.
+ Hudng thit hai 1a 4p dung bat déng thiec AM — GM theo chiéu tit trung binh nhan sang

trung binh cong. Cht y dén dau dang thitc xay ratai a=b=c=1 ta c6

\/(auf(m) :J(HS'(ch)%(ail*ciJ

Hoan toan tuong tw ta duoc

b 1[1+b} c <l(c+1j
(a+1)(b+1)_2 a+1l b+1) (c+1)(b+1)_2 c+1 b+1

Cong theo v& cac bat dang thikc trén ta duoc

\/(a+1)a(c+1) +\/(a+1)b(b+1) +\/(c+1)c(b+1) <

Vay bai toan duoc chitng minh xong.

THCS.TOANMATH.com TAI LIEU TOAN HOC




Cach 2. Nhan xét twong ti nhw trén nhung ta hudng theo danh gia lam vé trai xudt hién
nhan t&t chung la 1 trong trong 3 dai lwong d6 véi mong mudn cé thé giam xudng con hai

bién. Chu y dén chiéu bat dang thic ta co

\/a(b+1)+\/b(c+1) S\/(a+1)[b+1+b(c+1ﬂ

Khi @6 ta duoc

\/a(b+1)+\/b(c+1)+\/c(a+1) S\/(a+1)[b+1+b(c+1)]+\/c(a+1)

3/(b+1)(c+1)
2

B4t ding thirc sé duoc chitng minh néu ta chi ra dugc Vbe+2b+1++/c <

bén day néu ta dua dwoc cac dai luong dwdi ddu can bén trai vao trong mdt can
thitc thi co hoi sé cao hon, tuy nhién ciing twong tu nhu trén ta tht lam xat hién thém
nhan t chung dé rut gon xem sao. Chti y la bén vé phai chita hai dai luong b+1; c+1 nén
ta sé€ co danh gia vé trai vé mot trong hai dai luong trén.

+ Trudce hét ta dénh gia vé b+1, d€ y la (bc+2b+1)+(c+1)=(b+1)(c+2), do d6 ta can

lam xuat hién c+1 d& khi bat dang thitrc Cauchy — Schwarz ta duwoc (be+2b+1)+ (c +1).

Dey la \/_=\/c+1.‘/%,khi d6 ta duoc
C+

Jbcr2b+1 ++/c+1. Lls\/[(bc+2b+1)+(c+1)](1+ c j:\/(b+1)(c+2)(2c+1)

c+ c+1 c+1

Phép chiing minh hoan tat néu ta chi ra duoc

J(c+2)(2c+1) L 3Jc+1 -
2

c+1

(c+2)(2c+1)<9(c+1)

Dénh gia cudi cing ludn dting theo bat dang thitc AM — GM . Vay bai toédn dwoc
chitng minh xong.

+ Bay gio ta thit ddnh gid vé c+1, khi d6 theo bat dang thitc Cauchy — Schwarz ta c6

Jbc+2b+1++/c =1/bc+2b+1 +1.«/€£\/(1+c)(bc+2b+1+1)
3Jb+1
2

Va ta can chi ra dwoc ybc+2b+2 < < bc<b+1. Tuy nhién danh gia cudi cung

khong dung, do d6 hudng danh gia nay khong hop li.
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Bai 34. Cho a, b, c 1a c4c s8 thuc dwong tuy y. Chitng minh rang:
1 1 1 9
+ + >
a’+ab+b*> b’+bc+c® ’+ca+a’ (a+b+c)2

Phan tich va loi giai
Dé dang du doan dau dang thic xdy ra tai a=b=c. Quan sat bat dang thitc trén ta
nghi dén danh gia quen thudc
1 1 1
2 PR > T2 2 2 5 5 5
a“+ab+b” b +bc+c” c +ca+a 2(a +b +c )+ab+bc+ca

Va ta can chi ra dwoc 2(a2 +b? +c2)+ab+bc+ca < (a+b+c)2 < a’+b*+c*<ab+bc+ca
DPang ti€c danh gia cudi cung lai la mot danh gia sai. Nén ta phai tim hudéng danh gia
khac.

Quan sét ki bat dang thirc trén ta thay duoc su lién quan gitta cac mau s6 véi cac
dai lwong a’ +b” +c?; ab+bc+ca, ta thir xem ¢ moi lién hé nao hay khong?

D¢y ta thay (a2 +ab+b2)+(c2 +bc+ca) =a’ +b” +c” +ab+bc+ca, diéu nay dan
dén

a’+b’+c’+ab+bc+ca a’+ab+b’+c’+bctca N c(a+b+c)
a’ +ab+b’ a’ +ab+b’ a’+ab+b’

Hoan toan tuwong tu thi ta dwoc

(a2+b2+c2+ab+bc+ca) - 1 —+— 1 —+— 1 -
a“+ab+b” b +bc+c”® c“+ca+a

=3+(a+b+c)( ¢ a ,_ b j

+
a’+ab+b*> b*+bc+c® c*+ca+a’

Nhu vay bay gio ta can chiing minh dwoc
9(a2 +b% +¢? +ab+bc+ca)

(a+b+c)2

C a b
3+(a+b+c + + >
( )[a2+ab+b2 b* +bc+c’ c2+ca+a2j

a b
2 2+ 2 2+ 2
a“+ab+b” b +bc+c” ¢ +ca+a

bé y tiép dai luong theo bat dang thtrc

2 4

Cauchy — Schwarz dang phan thttc ta co

C a N b S (a+b+c)2 _ a+b+c

+ =
a’+ab+b* b *+bc+c® *+ca+a’ (a+b+c)(ab+bc+ca) ab+bc+ca
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Nhu vay phép chiing minh sé hoan tat néu ta chi ra duoc

(a+b+c)2 g 9(a2 +b? +¢? +ab+bc+ca)

ab+bc+ca (a+b+c)2

(a+b+c)2 . 6(a2 +b? +c2)+3(ab+bc+ca)

ab+bc+ca (a+b+c)2

Hay

Hay (a+b+c) >3[2(a’+b*+c*)+(ab+bc+ca) |(ab+be+ca)

Dén day thi ta nghi dén stv dung bat ding thitic AM — GM d€ danh gia. D& y 1a khi
ddu dang thirc xay ra thi 2(a’+b’+c*)+ab+bc+ca=3(ab+bc+ca) nén ap dung bat
dang thitc AM — GM ta duoc

3(ab+bc+ca)| 2(a’ +b” +¢*) +(ab+be-+ca) |

[3(ab+bc+ca)+2(a2 +b? +c2)+(ab+bc:+ca)}2
4

< =(a+b+c)4

Vay bai toan dugc chitng minh xong.

Bai 35. Cho a, b, c la cac s0 thuc duwong thoa man a+b+c=1. Chiing minh réng:

\/a2+abc+\/b2+abc+\/c2+abc .1
c+ab a+bc b+ac _2\/abc

Phaén tich va loi giai
Dé dang duy doén dugc ddu dang thitc xay ra khi va chikhi a=b=c= % . Nhan thay
cac dai luong trong can va & cac mau chua dong bac nén suy nghi dau tién do la dong bac

cac dai lwgng d6. D€y dén gia thi€t a+b+c=1 ta thay

a’+abc=a’ (a+b+c)+abc=a(a+b)(a+c)
c+ab=c(a+b+c)+ab=(a+c)(b+c)

Hoan toan tuong tu

b2+abc=b(a+b)(b+c); c2+abc=c(a+c)(b+c)
b+ac:(a+b)(b+c); a+bc:(a+b)(a+c)

Khi d6 bat dang thitc can chirng minh trd thanh
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\ja(a+b)(a+c) \/’b(b+c)(a+b) \jc(a+c)(b+c)< 1

(c+a)(c+b) | (a+b)(a+c) « (a+b)(b+c)  24abe

a\/bc(a+b)(a+c)+b ac(b+c)(a+b)+c\/ab(a+c)(b+c) 1
(c+a)(c+b) (a+b)(a+c) (a+b)(b+c) 2

Hay

Quan sat bat dang thiic trén ta lién twéng dén bat dang thicc AM - GM, dé'y 1a
bc(a+b)(a+c) = c(a +b).b(a+c) :b(a+b).c(a+c)
Trong hai c4c viét trén ta chon cach viét tht nhat vi khi st dung bat dang thite AM
- GM dang ZM <x+Yy thi khong tao ra cac dai lwong c6 chita cac binh phuong (Nén
nhé la cac binh phwong bao gio cling trdi nhat trong cac dai lwong bac 2). Khi d6 ap dung
bat dang thitc AM — GM ta dugc

\/bc(a+b)(a+c) < b(a+c)+c(a+b) _ab+2bc+ca
2 2

Ap dung twong tu ta dugc

a\/bc(a+b)(a+c)+b ac(b+c)(a+b)+c\/ab(a+c)(b+c)
(c+a)(c+b) (a+b)(a+c) (a+b)(b+c)
<a(ab+2bc+ca)+b(ab+bc+2ca)+C(2ab+bc+ca)
~ 2(c+a)(c+b)  2(a+b)(a+c) 2(a+b)(b+c)

Phép chiing minh sé hoan tat néu ta chi ra duoc

a(ab+2bc+ca) N b(ab+bc+2ca) . c(2ab+bc+ca)
(c+a)(c+b) (a+b)(a+c) (a+b)(b+c)

Hay
a(a+b)(ab+2bc+ca)+b(b+c)(ab+bc+2ca)+c(c+a)(2ab+bc+ca)<(a+b)(b+c)(c+a)
V& tréi ctia bt déing thitc c6 bac 4 con v& phai c6 bac ba nén ta co thé dong bac I
a(a+b)(ab+2bc+ca)+b(b+c)(ab+bc+2ca)+c(c+a)(2ab+bc+ca)
<(a+b)(b+c)(c+a)(a+b+c)
Trién khai va rit gon ta duwoc
a’(b+c)+b’(c+a)+c’(a+b)+a’b’ +b’c’ +c’a’ +5(a2bc+ab2c+abc2)

<a’ (b+c)+b3 (C+a)+c3 (a+b)+2(a2b2 +b?c? +c2a2)+4(a2bc+ab2c+abcz)
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Hay abc(a+b+c)<a’b’+b’c* +c’a’, day la mot danh gid ding

Vay bat ding thikc dwoc chiing minh. Ddu dang thitc xay ratai a=b=c= % :

Bai 36. Cho a, b, c 1a c4c s8 thue dwong tly y. Chitng minh rang:

(a+b+c)3 (a+b—c)(b+c—a)(c+a—b)327a2b2c2

Phan tich va loi giai

Cach 1. Dy doén ddu dang thiic xay ra tai a=b=c. Dau tién ta nhan thay néu vé trai cua
b4t dang thitc Am thi bat dang thikc hién nhién dting. Nhw vay ta chi can chitng minh cho
treong hop vé trai khong am 1a duoc.

Xét trudng hop (a+b—c)(b+c—a)(c+a—b)=0, khi d6 dé dang ching minh duogc
(a+b—c)2 0; (b+c—a) >0; (c+a—b)2 0.

Quan sat bat dang thiic can chiing minh thi y twong tiép can dau tién 1a d8i bién, ta
c6 thé dit x=a+b—c; y=b+c—a; z=c+a—b suy ra ta duoc

a= X+Z,‘b= X+y,‘C= y+Z(X,y,ZZO)
2 2 2

Khi d6 bat dang thitc can chitng minh dwoc viét lai thanh
64xyz(x+y+z) <27(x+y) (y+z) (z+x)
Theo mot danh gid quen thudc ta c6 3xyx(x +y+2) < (xy +yz+2x)’
Do d6 ta duoc 64.3xyz(x+y+2z) <64(x+y+z) (xy+yz+2zx)
Phép chitng minh s& hoan t&t néu ta chi ra dugc
64(x+y+z) (xy+yz+zx) <327(a+b) (b+c) (c+a)
L4y cén bac hai hai vé€ ta duoe 9(x+y)(y+z)(z+x)28(x+y+z)(xy +yz+2x)

Day la mot danh gid dang quen thugc. Do d6 bai toan dwoc chitng minh
Cach 2. Quan sat bat dang thiic can chiing minh ta lién twong dén bat dang thixc AM —

GM, khi d6 néu ap dung truc tiép thi ta c6 27(a+b—c)(b+c—a)(c+a—b)£(a+b+c)3

nén bai todn quy vé ching minh (a+b+c)6 <27%a’b’c’, tuy nhién danh gid d6 la mot
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danh gia sai. Do d6 ta khong thé st dung truc tiép bat dang thitc AM — GM nhu vay dwoc
ma can bién d6i bat dang thirc truedc.

D&y ta thdy khi dang thitc xdy ra thi a(b+c-a)=b(c+a-b)=c(a+b-c) valaicé
a(b+c-a)+b(c+a-b)+c(a+b-c)=2(ab+bc+ca)-(a*+b*+c’)
Do d6 ta nghi dén ap dung bét déng thitc AM — GM cho ba sd trén, khi dé ta duoc
27abe(a+b—c)(b+c-a)(c+a-b)<[a(b+c-a)+b(c+a—b)+c(atbc)]

Hay 27abc(a+b—c)(b+c—a)(c+a—b) S[Z(ab+bc+ca)—(a2 +b? +c2)]3. Khi dé ta duoc

27abe(a+b—c)(b+c-a)(c+a-b)(a+b+c) <[2(ab+be+ca)—(a? +b* +*)[ (a+bc)
Phép chting minh s& hoan t4t néu ta chi ra dugc

[2(ab+be+ca)—(a2+b7 +¢) | (a+brc) <P%ab’c’
Léy can bac ba hai vé ta duoc (a+b+c)| 2(ab+be+ca)-(a” +b?+c*) | <abe

Khai trién va rat gon ta duoc
a’ +b’+c’ +3abc>a’ (b+c)+b’(c+a)+c?(a+b)<>abc>(a+b—c)(b+c—a)(c+a—c)
B4t dang thitc cudi cling 1a mot bat dang thiec ding.

Bat dang thitc duoc chiing minh. D&u dang thitc xay ra tai a=b=c.

Bai 37. Cho a, b, c 1a cac s8 thue dwong tuy y. Chiing minh rang:

(a—b—c)2 (b—c—a)2 (c—a—b)2 1
7t 7t 725
2a2+(b+c) 2b2+(a+c) 2c2+(a+b) 2

Loi giai
Trwdc hét ta du doan ddu dang thirc xay ra tai a=b=c. Quan sit bat dang thtic ta
thay c6 thé tiép can theo hudng st dung cac bat dang thikc Cauchy, Bunhiacopxki,...

Cach 1. Dau tién ta nhan thay tai cac mau s ctia cdc phan thiic c6 chita cac dai legng binh

phuong (a+b)2,(b+c)2,(c+a)2. Chti y dén chiéu cua bat dang thitc ta c6 danh gia quen
A 2 2 2 . 27 X ~ ) N 2 2 2 \ \

thudc (a+b) < Z(a +b ) khi d6é mau sé trd thanh Z(a +b" +c ) Hoan toan twong tu ta

thu dwegc bat dang thitc
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2 2 2 2 2 2
(a—b—c) . (b—c—a) . (C—a—b) : 2(a—b—c) +(2b—c:a) —l;(b—c—a)
2a2+(b+c) 2b2+(a+c) 2c2+(a+b) 2a” +2b" +2c

(a—b—c)2 +(b—c—a)2 +(b—c—a)2 1
2a% +2b” +2¢7 2

Phép chiing minh sé hoan tat néu ta chi ra duoc

Hay (a—b—c)2 +(b—c—a)2 +(b—c—a)2 >a’+b’*+c”

Trién khai va thu gon ta duoc a® +b* +¢* >ab+bc+ca. Pénh gia cudi cuing dung v4i moi
a, b, c. Vay bat dang thitc dugc chiing minh xong.

Cach 2. Quan sat bat dang thitc ta nhan thay ddu hiéu st dung bat dang thitc

Bunhiacopxki dang phan thtrc, khi do ta co

(a—b—c)2 (b—c—a)2 (c—a—b)2 (a+b+c)2
2 + 2 + 2 Z 2 2 2
2a2+(b+c) 2b2+(a+c) 2¢* +(a+b) 2(a2+b2+c2)+(a+b) +(b+c) +(c+a)
- , ) (a+b+c)2 1
Ta can chtirng minh dwoc >—

2(a”+b? +c2)+(a+b)2 +(b+c) +(c+a) 2
Hay 2(a+b+c)2 22(&12+b2 +c2)+(a+b)2 +(b+c)2+(c+a)2

Khai trién va thu gon ta dugc ab+bc+ca>a’+b” +c*, day 1a mot danh gid sai nén
ta ditng chitng minh theo cach nay & day.
Do khong thé sit dung bat dang thitc Bunhiacopxki truc tiép nén ta can bién doi bat
dang thiic trude xem ¢ thé sit dung dugc hay khong? Tuy nhién ta sé bién d6i cach nhu

thé ndo day? Trudc hét ta tim méi lién hé cua cic dai lwgng trong mdi phan thitc thi thay

rang
(a—b—c)2 _a2+(b+c)2—2a b+c)
2a’ +(b+c)2 2a? +(b +C)2
hoc)V 2 2 2
Nhu vy ta 8 6 (a b C) 2_1=a +(b+c) 2a(2b+c)_1=_a +2a(b+c2)
2a2+(b+c) 2a2+(b+c) 2a2+(b+c)

Va néu ap dung tuong ty thi ta thu dwoc
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Cb_cf boc—af A bV
(a c)2+( C a)2+ (c a )2_
2a2+(b+c) 2b2+(a+c) 2c2+(a+b)

2 2 2
_ a +2a(b+c)+b +2b(c+a)+c +2C(a+b) >l_3=_§

B 2e12+(b+c:)2 2b2+(c+a)2 2c2+(a+b)2 2 2

a’ +2a(b+c)+b2 +2b(c+a)+c2 +2c(a+Db)
2a” +(b+c)2 2b? +(c+a)2 2¢2 +(a+b)2

<2
2

Hay

D& y dén chibu bat ding thic ta thdy khong thé st dung bat ding thirc
Bunhiacopxki dang phan thitc digc. Cling chti y dén chiéu cta bat dang thic ta nghi dén
mot dénh gid kiu 2a> +(b+c)’ 2?. Vi khi ddu déng thirc xdy ra thi 2a’ #(b+c) nén ta
khong st dung bat dang thiic Cauchy ma nghi dén bat dang thiic Bunhiacopxki dang co
ban. Khi d6 chti y dén dau dang thit xdy ra ta c6 danh gid

[Za2 +(b+c)2}(2+4)2[2a+2(b+c)}2 =4(a+b+c)z.

Va ap dung hoan toan twong ty ta thu dwoc

az+2a(b+c)+b2+2b(c+a)+c2 +2c(a+b)
2a” +(b+c)2 2b? +(c+a)2 2¢? +(a+b)2

Sé.az +2a(b+c)+b2+2b(c+a)+c2+2c(a+b)
2 (a+b+c)2

(a+b+c)z+2(ab+bc+ca)
(a+b-|rc)2

_3.
2

o o , 3 (a+b+c)2+2(ab+bc+ca)
Phép chitng minh sé hoan tat néu ta chi ra dwoc —- 5
2 (a+b+c)

<2
2

a+b+c 2+2 ab+bc+ca
( )
(a+b+c)2

5
Ha <=
Y 3

Bién ddi tuong duong bat dang thiic trén ta duoc (a+b+ c)2 >3(ab+bc+ca)

Dénh gia cudi ciing ding véi moi a, b, c. Vay bat dang thitc duoc chitng minh.

Bai 38. Cho céc s6 thuc thoa man a,b,ce {% ; 1} . Cht'ng minh r?mg

a+b b+c c+a _

2< + + <
1+c 1+a 1+b

Phan tich va loi giai
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x \ 7 ~, < 7 A 7. A7 A M . 1 \
Dé dang du dodn dwoc bat dang thitc bén trai xay ra dau bang tai a=b=c= 5 va

b4t dang thitc bén phai x4y ra ddu bang tai a=b=c=1. Quan sat bat dang thtic ta thdy c6

thé don gian héa bang cach doi bién va ta c6 thé doi bién bang cach sau

bat x=a+1, y=b+1;, c=z+1, khi d6 ta dwoc x,y,ze{%; 2}

B4t déng thic can chiing minh duoc viét lai 1a 2< XY 2 Y¥272 24X72 4

z X y
Bay gio ta di ching minh ting bat dang thirc

+ Trudc hét ta ching minh 2 < x+y—2+y+z—2+z+x—2

z X y
peyla XHYT2 1 XFYTZT2 40 46 hoan toan twong tu ta viét lai bat ding thitc trén
Z Z
nhu sau
5<XVYT2 g, yF2T2 g ZEXT2
Z X y
Hay 5£(x+y+z—2)(l+l+lJ
X y Z

~ A 14 ./ A \ ]‘
Dat t=x+y+z, theo mot danh gia quen thudc thi —+—+—2> =

1 1 9 9
X 'y z X+y+z t

Nhu vay ta duoc (x+y+z—2)(%+l+1Jz(t—2).%
y z

9(t_2)25<:>t22
2

Phép chiing minh sé€ hoan tat néu ta chi ra duoc

Tuy nhién day la mot danh gid dung vi t=x+y+z 2%+§+% :%
Vay bat ding thikc bén trai dwoc chiing minh.

x+y—2+y+z—2+z+x—2S3

+ Chtrng minh
z X y

Ta viét lai bat dang thitc nhut sau

(§+X]+(X+EJ+(§+Ejg3+3+z+2
y X z 'y zZ X X'y z
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R6 rang ta khong thé stt dung cac bat dang thitc Cauchy hay Bunhiacopxki. Trong
tinh hudng nay ta d& y dén phép sap tht tu cac bién d&€ quy bat dang thirc vé bat dang

thirc it bién hon.

A 7 4 A? 4 2 2 3 . 7 ~ 7
Khoéng mat tinh tong quat, ta gia st 5 <x<y<z<2.Khidd tasé cd

(§+XJ_(§+Z):(Z‘Yﬂfz‘ZY)go

y X 2 X 2xy

, X X 2 . \
Do do ta duwoc —+ Y <—+—. Hoan toan tuong tu ta duoc

y X 2 X
y,z .y, 2  x.z_x.2
z'y 2y z X 2 X
Cong theo vé& cac bat dang thtic trén ta duoc (i + Xj + (Z + Ej + (E + Ej ax+ 2 Y2
y X z 'y z X X 2y

Ta can chtrng minh x+— +y 2<3+2+2+2<::>x+ +y<3+_
X 2y X 'y z X 2 z

Bat dang thitc cudi cting 1a mot bat dang thie dting vi

E—3=wso@x+zs3

X+

X X X
Ye1<2
2 Z

Vay bat déng thiic bén phai duwoc chiing minh. Dau dang thitc xay ratai a=b=c=1.

Bai 39. Cho a, b, c 1a cac s6 thuc dwong tity y. Chttng minh rang:

(2a+b+c)2 . (a+2b+c)2 . (a+b+2c)2
2a2+(b+c)2 2b2+(c+a)2 2c2+(a+b)2 -

Phan tich va loi giai
Trudc hét ta du doan dwoc dau déng thirc xay ta tai a=b=c. Quan sat ky bat drfmg
thitc ta c6 mot sO nhan xét nhu sau
+ B4t dang thitc dong bac 0.
+ Bat dang thirc c6 cc phan thitc lién quan dén cac dai lwong binh phuong.
+ Trong moi phan thtic ta thay & cac ttr va mau c6 sy 13p lai caa cac dai leong.

Tt nhitng nhan xét trén ta c6 cach hudng ti€p can bai toan nhu sau.
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Cach 1. Bat dang thirc dong bac 0, nén y twdng dau tién 1a d6i bién theo hwdéng chuan héa

bat x= 3a ;Y= 3b ;7= 3c ,khidétaco x+y+z=3.
a+b+c at+b+c a+b+c

2 232 3b 3¢ Y 2
(2a+b+c) _ \a+b+c a+b+c a+b+c _(2X+Y+Z)

2a” +(b+c) 2( 3a T{ 3b . 3b j2_2x2+(y+z)2

Khi d6 ta dwoc

a+b+c a+b+c a+b+c
Ap dung tuong tu ta dugc bat déng thirc can chitng minh try thanh

(2x+y+z)2 N (x+2y+z)2 N (x+y+2c)2 .

2x° +(y+z)2 2y? +(z+x)2 27° +(x+y)2

(3+x)2 N (3+y)2 . (3+z)2

H <
v 2+ (3x) 2y +(3-y) 222+(3-2)

2 2 2
X" +6x+9 LY +6y+9 Lz +6z+9

Ha <
Y 3 —6x19 3y’ —6y+9 32 —67+9

Dén day ta thay cac phan thitc c6 dang nhw nhau d6i véi mdi biéh nén ta du doan la

x> +6x+9

mﬁmx+n
X" —0X+

Dé tim m va n ta c6 thé sit dung phuwong phap hé s6 bat dinh hodc la cach sau day

K H6x+9 1 - 2(2x+3) <4(x+1)
3x*-6x+9 3 2+(X_1)2 -3
Ap dung hoan toan tuong ty ta duoc

X +6X+9 ' +6y+9 7 +67+9 <4(x+y+2+3)_8
3x*—6x+9 3y’ -6y+9 3z°—6z+9 3

Vay bat ding thikc dwoc chiing minh.
Cach 2. Ttr nhan xét cac phan thic lién quan dén cac dai lwong binh phuong nén ta thie
phan tich c4c t& ra xem c6 m&i lién hé gi véi mau khong? Khai trién tir s6 ta duoc

(2a+b+c)2 =4a* +4J:a(b+c)+(b+c)2
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Mit khac quan sat bat dang thitc ta nhan thay can phai d6i chiéu bat dang thic

2

(2a+b+c)

truedc, nén ta nghi dén phép bién doi k- ~, khi d6 dé doi chiéu bét dang thiic
2a’ +(b+c)

ta can tim k sao cho 3k—82>0 va day ta chon k nguyén thi cang t6t.

Truwdc hét ta thir voi k=3 thi dwoc
(2.91+b+c)2 _6a’ +3(b+c)2 —(2a+b+c)2 ~ Z(a—b—c)2
2a% +(b+c) 2a% +(b+c) 2a% +(b+c)

Nhu vay ta thady k=3 thi phép bién doi twong d6i dep, ta can thuc hién tiép cac
phan thtrc con lai d€ xem c6 danh gia dwgc gi hay khong? D€ y la néu khong thé danh gia
duogc thi ta thir ti€p vdi cac sd khac 16n hon.

Ap dung tuong tu ta dugc bt déng thirc can chitng minh tré thanh
2 2 2
(a—b—c) . (b—a—c) . (c—a—b) : 21
2a°+(b+c) 2b°+(c+a) 2c+(a+b) 2

Day chinh 1a bat dang thiic da duoc chiing minh trong bai 51, ta c6 thé trinh bay lai mot

cach nhw sau

Ap dung bét dang thtic co ban (x+ y)2 < 2(x2 +y’ ) , ta duoc

(a—b—c)2 . (b—c—a)2 . (C—a—b)2 >(a—b—c)z+(b—c—a)2+(b—c—a)2

2az+(b+c)2 2b2+(a+c)2 2C2+(a+b)2_ 2a’ +2b” +2¢?
2 2 2

Ta can chirng minh (a—b—c) +(b—c—a) +(b—c—a) 21
2a® +2b* +2c? 2

Hay (a—b—c)z+(b—c—a)z+(b—c—a)z25;12+b2+c2

Trién khai va thu gon ta dugc a® +b” +c” >ab+bc+ca, ddnh gia cudi cing dung.
Vay bat déng thikc dwoc chiing minh.
Cach 3. Chu y dén su ldp lai ctia cac dai luong a,b+c trong ca phan thic thi nhat nén ta

co thé viét lai duoc
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2 2+b+C 2 2 £+1 2
(2a+b+c) ~ a hoc (2a+b+C) _ \b+c

5 2 2 g B 2 2
+(b+ +(b+
2a (b C) 4 b+c 2a (b c) o @ 1
a b+c
A an 1 o 4w b+c ., . a o A A g
Nén dé don gian hoda ta c6 thé dat x= hodc x= o’ Trudc hét ta tiép can véi véi
a +C
cach dat thir nhat.
. . . b+c c+a a+b . as e 32 ,
Hoan toan twong tu ta ddt dwoc x=——; y= o ; Z= . Khi do6 bat dang thirc
a C

can chitng minh tré thanh

(x+2)2 Jr(y+2)2 +(Z+2)2 <8

+
X*+2  y* 42 72 +2

X*+2  yP 42 2P +2

g 0

Ap dung bét dang thizc Bunhiacopxki dang phén thttc ta dwoc

(x—l)2 (y—l)2 (z—l)2 (x+y+z—3)2
X2+2 + 2 2 + 2 2 2 2 2 2
y + z°+ X +y +z°+6

(x+y+z—3)2

>1 hay 2(x+y+z-3)2x"+y* +2* +6

Ta can chi*'ng minh >
& X%+ y2 +z°4+6 2

Hay (x+y+z—6)2 +2(xy+yz+zx—12)20 (*)

Dé thdy, theo bat dang thitc Cauchy ta duoc

>12

Xy + Y247 = b+c c+a c+a a+b a+b b+c 23i/|:(a+b)(b+C)(c+a)]2

a b b c c a abc

Do d6 bat dang thirc (*) 1a bat dang thikc ding

Vay bat ding thiic dwoc chiing minh. Diu dang thitc xay ratai a=b=c.

Nhdn xét. Véi cich dit thit hai, hoan toan twong tw ta viét duoc bit dang thitc cin chitng minh

thanh

(2X+1)2 . (2y+1)2 . (22+1)2

2(x—1)2 Z(y—l)2 2(z—1)2
2x*+1  2y*+1  22°+1 ’ ’

>1.
2x*+1 2y’ + 722 +2

<8 hay

Tuy nhién véi cdch doi bién nay, sau cdc dinh gid ta thu dwgc xy +yz+xz <12. Ban doc tw

kiém tra xem ddnh gid ta thu dwoc cé ding khong.

Bai 40. Cho a, b, c 1a c4c s8 thuc dwong thoa man diéu kién abc = 1. Chting minh rang:
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3 3 3
a +1 b +1 c+1 <2+ab+bc+ca

+ +
Ja'+b+c +Jb'4c+a ct+atc

Phan tich va loi giai
Dé dang du doan duoc dau df;ing thirc xdy ra tai a=b=c=1. Quan sat bat déng
thirc ta nhan thay cac dai lwong trong can bac hai dudi cac mau chua dong bac, chu y dén

gia thiét abc=1 ta c6 thé dong bac la a*+b+c=a*+abc(b+c) :a(a3 +b’c +bc2). Tt 1a

khi d6 ta dugc Va*+b+c = \/a(a3 +b2c+bc2) . Lai thay bat dang thtic chita can dudi mau,
nén ta can danh gia lam mat can bac hai, Cht y dén chiéu bat dang thiec 1am ta lién twong
dén bat dang thitc Cauchy dang 2,/xy <x+y. Nhu vay dudi mau can cé mot tich hai dai

luong dong bac, dé y ti€p bén vé€ phai c6 2vab+bc+ca nén ta c6 thé dwa xudng duwdi

mau, do d6 ta sé cd tich 2\/(313 +b2c+bc2)(a2b+abc+ca2). Dén day ap dung bat dang

Cauchy thi ta duoc

3

a’+1 a’+1 a’+1

= >
2\a* +b+cfab+bc+ca 2\/(613+b2C+bC2)(a2b+abc+ca2) a’ +b’c+bc” +a’b+abc+ca’

bé'y tiép ta thdy
a’+1=a’ +abc=a(a2 +bc)
a’ +b%c+bc? +a’b+abc+ca’ = (a2 +bc)(a+b+c)

a’+1 a’ +abc a

Do d6 ta dwoc > — =
2\/a4+b+c.\/ab+bc+ca (a +bC)(a+b+c) a+b+c

Ap dung hoan toan tuong tu ta dugc
b’ +1 . b c’+1 . b
2\b* +c+arab+bcrca a+b+c 2t tatcfabrbetca atbtc

Cong theo v& ba bat dang thikc trén ta duoc

a’+1 b®+1 c+1
+ + >1
2Jat+b+cifab+bc+ca 24b*+c+asab+bet+ca 24c* +a+cfab+be+ca
3 3 3
Hay a +l b+l b +1 <2+/ab+bc+ca

+
Ja*+b+c b*4c+a ct+a+c
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Vay bat ding thitc dwoc chiing minh. Ddu dang thitc xay ra tai a=b=c=1.

Bai 41. Cho a, b, c 1a cac s6 thiee dwong thoa man a+b+c = 3. Chitng minh rang:

\/a+3 +\/b+3 +\/c+3 23\/5
a+bc b+ca c+ab

Phan tich va loi giai

Trudc hét ta du doan dwoc dau déng thirc xay ra tai a=b=c=1. Quan sat bat dzfmg
thiec ta nhan thay bat dang thiec c6 chita can bac hai nén suy nghi dau tién d6 1a tim cach
loai bd cac ddu can, dé€ lam diéu nay ta cd thé binh phuwong hai v€, nhung cach lam nay
khong lam mat hét cac ddu cin ma con lam cho bat dang thitc thém phic tap, ta ciing
khong thé dwa cac phan thiic dudi ddu cin vao cling mdt cin bang bat dang thtic
Bunhiacopxki vi sé tao ra mot bat dang thitc nguoc chiéu. Do d6 ta nghi dén st dung bat

dang thiic Cauchy dé danh gia, khi d6 ta dwoc

a+ + c+ a+3)(b+3)(c+3
\/a+lfc +\/llo+ c?; +\/c+a?l; = 3§/\/(a(+ bc))((b+ca))((c+a)b)

(a+3)(b+3)(c+3) g
(a+bc)(b+ca)(c+ab) B

Phép chiing minh sé hoan tat néu ta chi ra duoc

Hay (a +3)(b +3)(C + 3) > 8(a +bc)(b + Ca)(c + ab) . Tuy nhién d€ chiing minh dwgc
danh gia nay lai hoi kho, nén ta tam dirng y twdng nay tai day.

Nhu vay dé chitng minh bat dang thikc trén ta can phai cé nhitng bién d6i truede. Ta
viét lai bat dang thiec can chiing minh thanh

\/2(a+3) +J2(b+3) +\/2(C+3) .

a+Dbc b+ca c+ab

D&y dén gia thiét a+b+c=3, khi d6 ta viét duoc a+3=(a+b)+(a+c) do do ta sé

\/2(a+3) \/2(a+a+b+c) a+b a+4c
= =12 +
a+bc a+bc a+bc a+bc

Dén day ap dung bat dang thitc quen thudc | /2(x+ y) 2Nx+\y , ta duoc

duwoc
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| a+3)

J2(3+a+b+C) a+b a+c \/a+b Ja+c
= =.[2 + > +
a+bc a+bc a+bc a+bc a+bc a+bc

b+3 +3
Apdungttrongtutaduocﬂ’ \/b+a b+c «/ < \/c+a
b+ca \b+ca’ \ c+ab c+ab c+ab

Céngtheovébabﬁfdéngthﬁchéntaduqc

JZ(a+3) Jz(b+3) \/2(C+3) \/a+b \/a+c \/b+a \/b+c \/c+a \/C+b
+ + > + + + + +
a+bc b+ca c+ab a+bc a+bc b+ca b+ca c+ab c+ab

Luc nay xudt hién cac phan thic trong can c6 cung ti s6 nén ta ghép lai theo nhém,

khi d6 ta sé duoc

\/a+b +\/a+b S 4+Ja+Db S Z«E\Ia+b 3 Z«E\Ia+b B 2\/5

Ja+bc +Jb+ca a+bc+yb+ca a+bc+bica \/(a+b)(1+c) N

Vbtc Vbrc  2V2  Jera Vera 22

\fb+ca \/c+ab \/a+1 \/a+bc \/c+ab_\/b+1

Ap dung tuong tu ta dueoc

Cong theo vé& cac bat dang thitc trén ta dugc

\/a+b \/a+b \/b+c \/b+c \/c+a \/c+a «/_ \/_ x/_
+ + + Do
\/a+bc «/b+ca «/b+ca «/c+ab \/a+bc \/c+ab \/c+1 \/a+1 \/b+1

concs [, O3] BErd], 2 207 248

a+bc b+ca c+ab \/C+1 \/a+1 Jb+1

Phép chiing minh sé hoan tat néu ta chi ra duoc

zJ_ 2J’ 22 1 1 1

>6 ha + + zi

«/c+1 x/a+1 «/b+1 y»\/c+1 \/a+1 «/b+1 \/5

That vay, ap dung bat dang thitc Bunhiacopxki ta duoc

1 1 1 9 . 9 3

+ + > > =
Jo+1l Ja+1l b+l a+l+vb+l++c+1 \/3(a+b+c+3) 2

Vay bat ding thitc duwoc chiing minh. Ddu dang thitc xay ra tai a=b=c=1.

Bai 41. Cho a, b, c1a cac s6 thuc duwong thoa man diéu kién ab+bc+ca =3. Chiing minh
rang:

a+2b N b+2c . c+2a
2a+4b+3c> 2b+4c+3a> 2c+4a+3b*

Phan tich va loi giai
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Quan sat bat dang thite thi suy nghi dau tién d6 la d6i chiéu bat dang thiec va dé

thuc hién diéu nay ta c6 phép bién doi twong dwong sau
2(a+2b 2(b+2 2(c+2
(@e20)  2(ov2)  2(ern) _
2a+4b+3c® 2b+4c+3a® 2c+4a+3b’

2(a+2b) 2(b+2c) 2(c+2a)
Hay - 1+ >
2a+4b+3c 2b+4c+3a 2c+4a+3b
2 2 2
Hay ¢ >+ a >+ b 221
2a+4b+3c® 2b+4c+3a” 2c+4a+3b° 3

Bat dang thitc c6 ddu hiéu sit dung bat dang thitc Bunhiacopxki dang phan thikc nén
trude hét ta ap dung bat dang thiic Bunhiacopxki dang phan thtec thi dwoc
c’ a’ b
+ +
2a+4b+3c® 2b+4c+3a’ 2c+4a+3b’
2
& 2 b (\/a_3 +4b° + x/c_s )

- c(2a+4b+3c2)+a(2b+4c+3a2)+b(2c+4a+3b2) - 3(a3+b3+c3)+6(ab+bc+ca)

(]

1
3(a3+b3+c3)+6(ab+bc+ca) 3

Phép chiing minh minh s€ hoan tit néu ta chi ra duoc

Hay /a’b’ +yb’c® ++/c’a® >ab+bc+ca
D& chitng minh bt déng thiic trén ta ap dung bat déng thitc Cauchy va dé  dén gia
thiét ab+bc+ca =3 thi duoc
Ja’b® +yb’c® ++/c%a’® :(\/ae’b3 +\/EE)+( b’c’ +\/§)+( c’a’ +\/a)—(\/£+\/l;+\/a)
22(ab+bc+ca)—(\/£+\/a+\/a)

2ab+bc+ca+3—\/3(ab+bc+ca) —ab+bc+ca

Vay bat dang thiic duoc chitng minh xong. Dau dang thirc xdy ratai a=b=c=1.

Bai 42. Cho a, b, ¢ la c4c s8 thuc dwong thoa man a’b® +b’c® +c’a’ > a’b’c’. Chirng minh
rang:

a’b’ b*c? c’a’

cs(az+b2)Jra‘°’(b2+c2)+b3<c2+a2)Z

™| &

Phan tich va loi giai
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Du doén dugc ddu dang thizc xay ratai a=b=c= J3 . Trudc hét ta viet lai gia thiét

thanh alz ; % +Cl2 ~1, do d6 rét tw nhién ta nghi dén phép d6i bicn.
% ]- ]- 1 . 7 .2 Y o A/ s 1) 2 2 2 \ ~, &
bat x=—,y :E'Z =—. Khi d6 gia thiét dugc viét laila x" +y” +z° 21 va bat dang
a C

3 3 3
, VI A3
thirc duoc viét lai thanh 2X >+ 2y >+ 2Z > >
y +z" z°+XxX" X +y 2

Quan sat bat dang thiic trén ta nghi dén bat dang thitc Bunhiacopxki dang phan thic,
khi d6 ta duoc.

2
3 3 3 (x2+y2+zz)

y2+22 72 432 x2+y2 _X(y2+Z2)+y(ZZ+X2)+Z(X2+y2)

<x2+yz+z2)2 J3

x<yz+z2)+y(z2 +x2)+z(x2+y2) 27

Ta can chitng minh dwoc

oy 2y 2] 2 Bl )y ) )]
Dén day ta can danh gid vé& phai sao cho xudt hién x*+y*+z*, st dung bat dang

thiec Cauchy ta co:

3
2x2+y2+22+y2+zzJ

X(y2+zz)=%\/2xz(y2+z2)(y2+22)<%\/£ 3

Tuwong tw ta cling c6

Cong theo v& cac bat dang thikc trén ta duoc

x(yz+z2)+y(z2+x2)+z(x2+y2)sﬁ.<x2+y2+z2).m

3

Cudi cung ta can chtitng minh duoc

%.(x2+y2+22).1/X2+y2+22 SZ(X2+y2 +ZZ)2 <:>1SX2+y2+ZZ
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Déanh gia cudi cung la mot danh gia dung. Vay bai toan dwoc chirng minh xong.

Bai 43. Cho a, b, ¢ 1a cac s6 thiee dwong tity y. Chitng minh rang:

a b C
Jb+c «/a+c \/a+b \/_(J;+J_+J_)

Phan tich va loi giai

Trudc hét ta du dodn dwoc dau déng thirc xay ra tai a=b=c, Quan sat bat dzfmg
thirc ta nhan thay c6 mét s6 nhan xét sau

+ Bat dang thiec c6 dau hiéu st dung bat dang thirc Bunhiacopxki dang phan thiic

+ B4t dang thikc chita cac cdn bac hai nén ta nghi dén bat dang thitc Cauchy

+ Day 1a bat dang thiic dong bac nén ta nghi dén phép doi bién

Ttr nhitng nhan xét trén ta di tim hiéu cac hudng tiép can bai toan nhu sau

Cach 1. Trudc hét ta bat ddu véi bat dang thitc Bunhiacopxki dang phan thiic thi dugc

danh gia

C b e (el

+ + >
Jb+c a+c a+b a+b+b+c+c+a

Nhu vay phép chitng minh sé hoan tat néu ta chi ra duoc

(Vassbrie)
Ja+b+yb+c+ic+a _ﬁ(\/a_h/gh/;)

Hay \/E(Ja_+\/g+\/z)2\/a+b +Vb+c+c+a

Tuy nhién danh gia cudi cung lai 1a mot danh gia sai, do d6 ta khong thé dung

duoc truc ti€p nhw vay, diéu nay lam ta nghi dén viéc bién ddi bat dang thite trudc.

a+b+c

e e

béy la —«/b+c, hoan toan twong tu ta viét vé tri ctia bat dang

thitc trén la

a b C 1 1 1
\/b+C+x/a+C+x/a+b=(a+b+C)(«/b+C+x/a+b+Ja+CJ_(Jb+C+Ja+C+Ja+b)

Do d6 bat dang thirc dugc viét lai thanh

1 1 1 1
(a+b+c)(«/b+c+«/a+b+«/a+cj_(\/b+c+Ja+c+\/a+b)2$(\/;+£+\/g)
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Dén day theo bat dang thitc Bunhiacopxki ta dugc

9 b
(a+b+c)[ 1 N 1 N 1 JZ (a+ +C)
«/b+c \/a+b «/a+c \/a+b+«/b+c+\/c+a

Phép chitng minh sé hoan tat néu ta chi ra duoc

9(a+b+c) —(\/a+b+\/b+c+\/c+a)2%(\/;+\/g+\/g)

Ja+b+yb+c+ic+a

Pé'y 1a theo bat déng thitc Cauchy ta duoc Ja+b+b+c+c+a< \/3.2.(a+b+c)

Do do ta ¢co

(a+b+c) S a+b+c \/m J a+b+c Z

1
Va+b+yb+c+yc+a \/6 a+b+c J2 J2

b C
Suy rata duoc \/b+c \/a+c \/a+b \/_(\/_Jr\/_h/_)

Vay bat dang thitc duegc chitng minh xong,.

(Va 4B +4e)

Cach 2. Bay gio ta thit ap dung bat dang thitc Cauchy xem c6 chiing minh duoc bai toan
khong. D€'y ta thdy cdc phan s§ c6 mau chita cdc can bac hai va ta phai danh gia sao cho
bat dang thiic thu duoc cling chiéu véi bat dang thitc can chitng minh. Diéu nay lam ta
lién twong dé bat dang thitc Cauchy dang 2\/; <x+y.Cht y dén d&du dang thtec xay ra

ta viét lai bat dang thitc can chitng minh thanh

1 a b C 1
+ + >
2a+\/2_b+\/2[\/b+c Ja+c \/a+bj 2

Lic nay ta can danh gia cdc mAu theo kidu ( 2a ++2b +/2¢ )\/b +c<?. D&y la khi

Khai trién thi  (v2a+v2b +V2c )b+ =v2afb+c+(v2b++2c|Vb+c. Do do theo bt
ding  thic  Jx+ \/; <\ ,2(x +y)va bat dang thic Cauchy ta duoc

J2b +v2c <2Jb+c; Ji.\/msza%b“
Nén ta co
(V22 ++2b ++2¢)Vb+c =v2ab+c+(V2b +v2c)Vb+c
Sza%lmum_\/m:zaw;wc
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Ttr d6 suy ra . Ap dung tuong tu ta c6

a 2a
>
( 2a +x/2b+x/2c)xib+c 2a+5b+5c

2b C 2c

b
> ; >
( 2a+\/2_b+\/Z)\/c+a 2b+5c+5a (\/g+\/2_b+\/2)\/a+b 2c+5a+5b

Dén day cong theo vé ctia cac bat dang thirc trén thi dwoc

1 a N b N C S 2a N 2b N 2c
Pa+\2b+V2c\\b+c Ja+c Ja+tb) 2a+5b+5c 2b+5a+5c 2c+5a+5b

Phép chiing minh sé hoan tat néu ta chi ra duoc

2a 2b 2c S l

2a+5b+5c 2b+5a+5c 2c+5a+5b 2

That vay, theo bat dang thitc Bunhiacopxki dang phan thtic ta dwoc

2a N 2b N 2c
2a+5b+5c 2b+5a+5c 2c+5a+5b
2 2
2 b b
N (a+b+c) - (a+b+c) 1

~ 2a® +2b*+2c” +10ab+10bc+10ca 4(a+b+c)2 2
Vay bat dang thiic duoc chitng minh xong.
Cach 3. Bt dang thtkc can chiing minh 1a bt dang thitc dong bac % do d6 ta st dung

phép ddibién x = 3 ;Y= 3b ;z= 5¢ . Khi d6 ta dwoc x+y+z=3
a+b+c a+b+c a+b+c

Bat dang thitc can chiing minh twong dwong véi

a+b+c ( a b C

\/aﬂic \/b+C+Ja+C+Ja+bj "2 a+b+c(\/g+«/_+\/_)

H X y z _i
ay \/Y+z+\/z+x+\/x+y>\/§(\/;+ y+\/;)

Két hop véi didu kién x+y+z=3, bat dang thiic tro thanh

z 1
\/3 X \/3 X \/3 X J_(&+\/§+J_)

Dé dang chitng minh dwoc > = —(t 1) voi 0<t<3

,.p
N
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Ap dung bat dang thiic trén ta duoc

X 7z 1 3 1
o [ Do I LN

Vay bat dang thiic duoc chitng minh xong.

Bai 44. Cho a, b, c 1a cac s6 thuc dwong thoa man a” +b” +c? =3. Chitng minh rang:

a b C
+ +
a’+2b+3 Db*+2c+3 c*+2a+3

1
<—
2

Phan tich va loi giai
Dé dang du doan duoc dau dang thitc xay ra tai a=b=c=1. Quan sit bat dang
thtic ta lién tuong dén danh gia quen thudc a’+2b+3=a’+1+2b+2>2a+2b+2. Ap

dung tuong tu ta duoc

a b C 1 a b C
+ + <= + +
a’+2b+3 Db*+2c+3 c*+2a+3 2la+b+1 b+c+1 c+a+1

b C

+ + <1
a+b+1 b+c+1 c+a+1l

Nhu vay ta can chitng minh

D& c6 cac danh gia hop ly trude hét ta ddi chidu bat dang thikc
That vay, bat dang thtic trén tuwong dwong véi

S b +1-—S >3-1=2
a+b+1 b+c+1 c+a+1

b+1 c+1 a+1
+

+ >2
a+b+1 b+c+1 c+a+1

Hay

Bat dang thitc trén lam ta lién twong dé bat dang thitc Bunhiacopxki dang phan thitc

b+1 c+1 a+l (b+1)2 (C+1)2 (a+1)2
+ n - n n
a+b+1 b+c+1 c+a+1 (b+1)(a+b+1) (c+1)(b+c+1) (a+1)(c+a+1)
(a+b+c+3)2

“(arD)(arcr )+ (br1)(brar1)+(cr)(csbrl)
Phép chiing minh sé hoan tat néu ta chi ra dugc

(a+b+c+3)2 N
(a+1)(a+c+1)+(b+1)(b+a+1)+(c+1)(c+b+1)

D&y dén gia thiét a® +b* +c* =3 ta c6
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(a+1)(a+c+1)+(b+1)(b+a+1)+(c+1)(c+b+1)

:a2+b2+c2+ab+bc+ca+3(a+b+c)+3

:l(a2+b2+c2)+ab+bc+ca+3(a+b+c)+2:l(a+b+c+3)2
2 2 2

Khi d6 ta d (a+b+c+3)2 = (a+b+c+3)2 =
1dofa duoc (a+1)(a+c+1)+(b+1)(b+a+1)+(c+1)(c+b+1)_;(a+b+c+3)z_

Vay bat dang thiic duoc chitng minh xong.

Bai 45. Cho a, b, c 14 cac s6 thiee dweong tity y. Chitng minh rang

a b a 3«/5

+ + >
Jab+b? bc+c®  ea+a? 2

Phan tich va loi loi giai

Quan sat bat dang thtec ta nhan thay y tuéng sit dung bat dang thiic Bunhiacopxki
dang phan thitc d& danh biéu thikc vé trai hodc 1a stt dung bat dang thitc Cauchy dé danh
gia mau, nhung trudc hét dé c6 nhitng danh gia dam bao dau dang thtic ta du doan dau
dang thitc xdy ra tai a=b=c.

Dau tién ta tiép can véi bat dang thitc Bunhiacopsxki dang phan thitc. D€ y 1a ta
khong nén st dung triee tiép vi khi d6 dudi mau cé cac dai lwong mii 2 nén sé trdi hon. Do
do ta sé danh gia nhu sau

a b a (a+b+c)2
+ + >
Jab+b? Jbc+c® +Jca+a® avab+b? +bybc+c? +cyca+a’

Nhu vay phép chitng minh sé hoan tat néu ta chi ra duoc

(a+b+c)2 32

>
avab+b? +bybc+c? +cyca+a’ 2

Dé dé dang hon ta chti y dén danh gid mau triede. Chu y dén ddu dang thiic xay ra
thita c6 2b=a+b. Do d6 4p dung bat dang thizc Cauchy ta c6

2b+(a+b) _a+3b
2 2

2b.(a+b)<

Hoan toan tuong tw ta duoc

a’+3ab b’>+3bc c*+3ca

NN Y]

avab+b? +bybc+c? +cyca+a’ <
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88

(a+b+c) N (a+b+c)
avab+b* +bybc+c® +cyca+a’ @ +3ab_ b’+3bc ¢’ +3ca

NN AN

(a+b+c)2
a’+3ab+b*+3bc+c? +3ca

Khi d6 ta sé duoc

Va nhu vay ta can phai chiing minh duwoc Z%. Hay

(a+b+c) 23(ab+bc+ca), danh gid nay la mot danh gid ding, do d6 bt déng thiic duoc

chttng minh.

Bay gio ta thi tiép can véi bat dang thitc Cauchy véi dénh gid cac mau xem sao. D&

y la Ja’+ab = \/a(a+b) , tich nay 1am ta lién tudng dén bat dang thitc Cauchy dang quen

thudc 2,/xy <x+y.Cht y dén ddu dang thirc xdy ra ta duoc

J2b.(a+b) < 2b+(a+b) _a+3b
2 2
b LA 2a\2 N 2b\2 N 2c\2

+ > :
Jab+b> bc+c® yca+a® a+3b b+3c c+3a

Ap dung twong tu ta dugc

Phép chitng minh sé hoan tat néu ta chi ra duoc

Za\E N 2b\/3 N ZC\E S 3\/5 ha a b C

> y + +
a+3b b+3c c+3a 2 a+3b b+3c c+3a

>3
4

Ap dung bat dang thitc Bunhiacopxki dang pham thtic ta dwoc

a b c (a+b+c)2
+ + > .
a+3b b+3c c+3a a’+b*+c®+3ab+3bc+3ca

. . (a+b+c)2 3
Ta can phai chitng minh dwgc ————— >—
a”+b"+c" +3ab+3bc+3ca 4
Hay 4(a+b+c)223(a2+b2+c2+3ab+3bc+3ca)

Khai trién va thu gon ta duoc a® +b” +¢* >ab+bc+ca, day la mot ddnh gia ding.
Vay bai toan cling dwoc chitng minh
Nhdn xét. Trong bai todn trén thi hai y twdng tiép cdn la nhw nhau, chi khic nhau & chd la ding
cong cu gi truede thoi. Ngoai ra ta cé the dimg phwong phip d6i bién dé chitng minh bat dang thirc

a b c>§

+ + >
a+3b b+3c c+3a 4
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Digt x=a+3b; y=b+3c; z=c+3a. T do suy ra

a=x—3y+9z.

b= y—32+9x;C= z—-3x+9y
28

28 28

Bit ding thitc trén duwoc viét lai thinh 3[5 AN 5} —(Z N 5} > 6. Cdc ban thir chitng
y z X X y z

minh tiép xem sao?

Bai 46. Cho a, b, ¢ 1a cac s6 thiee dwong tity y. Chitng minh rang:

(a2 +3)(b2 +3)(c2 +3) 24(&1+b+c+1)2

Phan tich va loi giai
Trudc hét ta du doan duoc ddu dang thikc xay ra tai a=b=c=1, quan sat bt dang
thiec ta thay dau hiéu sit dung bat dang thitc Bunhiacopxki.

Cach1.Déyla a>+3=a’+1+1+1, Do d6 4p dung bat dang thirc Bunhiacopxki ta c6

b+ ? b+ ? b+ b+ ?
(a2+1+1+1) 1+ |+ °l+1]>1a+21+2"C 1411 =(a+b+c+1)2
2 2 2 2

(b’

Hay 4(a2+3){2+ >

Jzzl(a+b+c+1)2

2
Bai toan quy vé chiing minh (b2 + 3)(c2 +3) > 4[2 + (b J;C) }

Mit khac, ap dung bat dang thitc Cauchy ta lai c6
(b3 +3)(c3 +3) =3b” +3c® +b’c® +9=2b% +2¢ +(b2 +c2)+(b2c2 +1)+8

2
>2b2+2c2+2bc+2bc+82(b+c)2+84[@+2J

b+c)2

Nhu vy ta duoc (a2+3)<b2+3)(c2+3)24[( > +4](a2+3)24(a+b+c+1)2

Vay bat déng thiic dwoc chiing minh. Dang thitc xay ra khi va chikhi a=b=c=1.

Céch 2. Ngoai ra ta ciing c6 thé 4p dung bat dang thirc Bunhiacopxki nhu sau
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2 2 2
(a2+1+1+1){1+(b+c+1J +(b+c+1j +(b+c+1}}
3 3 3

>(1a+b+c+1+b+c+1+b+c+1J2
> 1. 3 3 3
2
2
Ta can chiing minh (b2 +3)(c2 +3)24[1+WCT+1)]

That vay, bién d6i twong dwong ta duoc
(b+c+1)
(b*+3)(c* +3) 24| 1+:———— | <= 3b°c” +5(b* +c*)-8(b+c)—-8bc+1120
3

&2(b+c-2) +(b—c) +3(bc-1) 20
Bat déng thire cudi ludn dung, do do ta co

(a2 +3)(b2 +3)(c2 +3)24[@+4J(a2 +3)24(a+b+c+1)2

Vay bat déng thiic dwoc chiing minh. Dang thitc xay ra khi va chikhi a=b=c=1.

Bai 47. Cho a, b, c 1a cdc s6 thuc dwong théa man a+b+c=9. Chitng minh rang:

a’+b® b*+c° c3+a3>9
ab+9 bc+9 ca+9

Phan tich va loi giai
Quan sat bat dang thixc ta nhan thdy tir clia cac phan thitc chita cac dai lwong
a’+b°, b*+c’,c’+a’. Chu y dén chiéu ctia bat dang thite, cac dai lwong d6 lam ta lién
tuong dén bat déng thire 4(x’ +y)2(x+y)’, ngoai ra chu y dén tich ab c6 thé danh gi
vé (a+ b)2 . Bay gio ta thit xem cac phan tich d6 c6 thé gia quyét duoc bai toan khong?

Cach 1. St dung bat dang thiic quen thudce 4(x3 + y3) > (x+ y)3 ta co

a’+b’ =4(a3+b3)2 (a+b)3
ab+9 4ab+36 4ab+36
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Mit khac, theo bat dang thirc Cauchy ta c6 4ab < (a +b)2 va (a +b)2 +36>12 (a +b)

Do d6 ta duoc

ab+9  4ab+36  (a+b) +36 (a+Db)" +36 12(a+Db)
¢ , b’ +c c’+a’
Ap dung tuong tu ta c6 >b+c-3; >c+a-3
bc+9 ca+9

Cong vé theo v& ba bat dang thtc trén, ta duoc

a’+b® b+ P +al
+ +
ab+9 bc+9 ca+9

>2(a+b+c)-9=9
Vay bat dang thitc duegc chitng minh. Dang thitc xay ra khi va chikhi a=b=c=3.

Cach 2. St dung bat dang thirc quen thudc 4(x3 + y3) > (x+ y)3 ta co

2% +b° N (a+b)3 ~ (a+b)3 +4ab+6+3 _ab 9
ab+9 4ab+36 |4ab+36 24 6 2

Ap dung bét dang thizc Cauchy ta duoc

(a+b)’ 4ab+6 (a+b)’ 4ab+6 _ a+b
+ +3>37]3- : =3
4ab+36 24 4ab+36 24 2

S+b° _3(a+b
Do dé ta duwoc a+b > (a )_@_2
bc+9 2 6 2

3+ 3(b+c 3.3 3(c+a
Tuong tuw ta cé b +c > ( )—E—g; c*a. ( )—2—2
bc+9 2 6 2 ca+9 2 6 2

Cong vé& theo vé ba bat dang thitc trén va két hop véi danh gid quen thuoc, ta duogc

ab+bc+ca 27

(a+b+c)2 07
23(a+b+c)—T—723(a+b+c)_—__

18 2

a’+b® b’+¢c° +C3+a3

+ =9
ab+9 bc+9 ca+9

Vay bat déng thiic dwoc chiing minh. Dang thitc xay ra khi va chi khi a=b=c=3.

L
C2

Bai 48. Cho a, b, c la cac s6 thuc duwong théa man lz + % +— =3. Chitng minh rang;
a

1 1 1
+ + <

1+ (a+b)3+abc 1+ (b+c)3+abc 1+ (c+a)3+abc

W

Phan tich va loi giai
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Dé dang dy doan duwgc dang thikc xay ra tai a=b=c=1. Quan sat bt dang thtic ta

nhan thdy duoc sy phtic tap ctia bai toan. D& chitng minh duoc bat dang thitc trén ta can
phai don gian hoa duwoc cac can thitc ¢ cac mau s, dong thoi khai thac that khéo léo cac

gia thiét ctia bai toan. Quan sat ky gia thiét va bat dang thitc can chitng minh ta nhan thay

Ly
Ibl

néu ta danh gia duoc vé trai vé dai lugng

1 1 N\ \ . 14 .2 . A,
= — thi xem nhu bai toan dwoc giai quyeét.
a c

X A \ .2 . A 7 A? 1 1 ]— A o\ PR 7 7
Dé thay ttr gia thiét ta c6 thé suy ra dwoc —+ 5 +—<3; abc>1. Bay gio ta di tim cach danh
a c
gid cac mau

Cach 1. Ap dung bét dang thitc Cauchy vao gia thiét ta duoc

1 1 1 3
2

2732 [
a b C 3 a2b2C2

= abc>1

1 . 1 =1,(a+b)3+1—1
1+a/(a+b)3+abc 1+1/(a+b)3+1 (a+b)3

D¢y lakhia=b=1thi (1+a+b)=|1-(a+b)+(a+b)' |, do 6 ip dung bit ding thirc

Do dé6

Cauchy ta co

J(@+b) +1= [(Lrarb)[1-(a+b)+(a+b)

< (1+a+b)+[1—(a+b)+(a+b)1 _1+(a+b)2
- 2 - 2

(a+b)3+1—1< 1
(a+b)3 “2(a+Db)

Suy ra (a+b)3 +1-1< (a+2b) hay

V2 1 1 Y \
Do d6 ta duoc < . Hoan toan twong tu ta dwoc

1+ (a+b)3 +abc 2(a+b)

1 1 1 1 1 1 1
: n . n . SE crTot
1+«/(a+b) +abc 1+1f(b+c) +abc 1+ (c+a) +abc a+ +te cta
Ta can ching minh t, .t

a+b b+c c+a 2

That vay, theo mot danh gia quen thudc két hop véi gia thiét ta duoc
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1 1 1 1 1 1 1 3
+ + <= —+- <=
a+b b+c c+a 2\a b c) 2

B4t dang thitc dugc chiing minh. Dang thikc xay ra khi va chi khia=b=c=1.
Cach 2. D&y thay c6 s8 1 & dudi mau nén d€ dé danh mau hon ta c6 thé &p dung bat dang
thitc Bunhiacopxki dang phan thitc dé tach s6 mot ra khoi mau s8. Chu y dén ddu dang

thitc xdy ra ta duoc

9

1+3
«,a+b +abc 16 1+1/a+b +abc a+b)3+abc

Dé'y lai thay trong mau s c6 chira dai lwong abc nén néu ta danh gia duoc

(a+ b)3 vé ab thi c6 thé dit dwoc nhan tir chung. Ap dung bt dang thizc Cauchy ta c6

(a +b)2 > 4ab, khi d6 ta duoc

1 B 1

< -
\/(a+b)3+abc \/(a+b)4ab+abc \/ab(4a+4b+c)

Bay go dé triét tiéu can bac hai ta d€ y dén bat dang thirc Cauchy dang 2,/xy <x+y.

Chti y 1a can bao toan dau dang thic nén ta cd

1 _ 3 <2[ 1 1 j
\jab(4a+4b+c) \/9ab(4a+4b+c)_3 9ab 4a+4b+c

Mat khéc lai theo bat déng thitc Bunhiacopxki dang phan thtrc ta co

11 (4+4+1) 1(4.4.1
da+4b+c 81 4a+4b+c 81 (a b c
Do do ta dwoc 1 = <— 1 + 3 1 (4 4 lj
1+\/(a+b) tabe 16 32ab 9%la b c
Ap dung tuong tu ta duoc
1 1 1

+ +
1+\/(a+b)3+abc 1+\j( ° 4 abc 1+\/(c+a)3+abc

3 3(1 1 1 9(1 1 1
| —+—+— |+ +—+=
16 [ab bc caj 96(&1 b cj
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3 3(1 1 1) 9(1 1 1) 3
Ta can ching minh —+—| —+—+— [+—| —+—+— [<—
16 32\ab bc ca) 9%\a b c) 4

That vay, Ap dung hai bat dang thitc quen thudc ta dwoc

1+l+1£ 3 l2+l2+l2 =3; i+i+l lz+i2+l2=3

a C a- b° ¢ ab bc ca a~ b° c

3 3(1 1 1 9(1 1 1 3 9 27 _3
Tedésuyra —+—| —+—+— [+ —| —+—+— |[S—+—+—

16 32lab bc ca) 9\la b c 16 32 96 T4

B4t dang thitc duoc chiing minh xong.

Bai 49. Cho a, b, cla cac s6 thuc duong théa man a+b+c=1. Chiing minh rang:

a’+b*+2 b2+c +2+c +a+2 512
a+b-ab b+c bc c+a-ca

Phan tich va loi giai
Cach 1. Quan sat bat dang thitc ta nhan thay cac mau s§ khdng dong bac, cht y dén gia
thiét cuia bai toan ta viét lai dwoc

a’+b”>+2 B a’+b’*+2
(a+b)(a+b+c)—ab a’+b*+ab+bc+ca

a’+b*+2 1 2—ab-bc—ca
a’+b*+ab+bc+ca

bévla
y a’+b*+ab+bc+ca

Khi d6 4p dung tuong tu ta diege bat dang thitc can chitng minh tré thanh

—ab—-bc—ca 2—ab-bc—ca

—ab—-bc—ca
> +a’+ab+bc+ca

+
a’+b*>+ab+bc+ca b*+c*+ab+bc+ca

Bat dang thitc c6 cac tit gidhg nhau nén ap dung moét danh gia quen thudc ta duwoc
—ab—-bc-ca 2—ab-bc-ca

—ab—-bc—-ca
c*+a’+ab+bc+ca

a’+b*+ab+bc+ca b*+c*+ab+bc+ca
9(2—ab—bc—ca)

- 2(&12 +b? +c2)+3(ab+bc+ca)

Phép chiing minh sé hoan tat néu ta chi ra duoc 2-ab-bc-ca =1
2(a2 +b’ +C2)+3(ab+bc+ca)

Dé dé€ triét tiéu cac dai lwgng am trén tir sO ta cha y dén (a +b+ C)2 =1,khido tacod

2—ab-bc—ca 2(a+b+c)2—ab—bc—ca

Z(a2 +b? +c2)+3(ab+bc+ca) B Z(a2 +b? +c2)+3(ab+bc+ca)
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Vay bat ding thirc dwoc chiing minh. Dang thitc xay rakhi a=b=c= % :

Cach 2. Két hop voi gia thiét ta cé bién d6i nhu sau
a+b-ab =(a+b)(a+b+c)—ab=a2 +b*+ab+bc+ca

a’+b’+2 a’+b’+2 a’+1 b?+1

Do do ta ¢co == == +t———
atb—-ab a“+b°+ab+bc+ca a“+b°+ab+bc+ca a‘+b +ab+bc+ca

Ap dung teong tu ta duoc

b*+c*+2 b?+1 c?+1

b+c—bc b?*+c*+ab+bc+ca b?*+c*+ab+bc+ca

c’+ba+2 c?+1 . a’+1
c+a—-ca c*+a’+ab+bc+ca c?+a’+ab+bc+ca

Mit khac theo bat dang thiic Cauchy ta duoc

a’+1 a’+1
+
a’+b*+ab+bc+ca c*+a’*+ab+bc+ca
4(a2+1) 4(a2+1)

=4

~2a”+b’+c”+2(ab+bc+ca) 22 +(a+b+c)2

Ap dung twong tu ta duoc

b?+1 . b?+1
b*+c®*+ab+bc+ca b*+a’*+ab+bc+ca

2 2

c +1 N c+1 >4

b*+c®+ab+bc+ca c®>+a’+ab+bc+ca

a’+b*+2 b*+c*+2 *+ba+2
+ + >12
a+b—-ab b+c-bc c+a-ca

Vay bat déng thiic dwoc chiing minh. Dang thitc xay rakhi a=b=c= % .

Cdng theo vé€ cac két qua trén ta duoc

Bai 50. Cho cac sO thuc théa man a,b,c e (0;1) va abc= (1—a)(1—b)(1—c) . Chttng minh
r?mg:

a’+b* b*+c* P+at_ 15
+ +
b C a 8

Phan tich va 1oi giai
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Quan st bat dang thitc ta nhan thay can phai d&i bién dé& lam mat di cac dau trir bén

v€ phai, do d6 rat ty nhién ta nghi dén phép doi bién x=a—b; y=b-1; z=c—-1, tuy nhién

quan sat ky gia thiét thi ta c6 thé bién doi

abe —(1-a)(1-b)(1-c) & L=I=0NI=¢)

abc

bén day ta dat x=1_a;y=1_b;2=1_c.
a b C
Khidotacd xyz=1va a= 1 ;b= 1 ;= 1
1+x 1+y 1+z

Do xyz=1 nén trong cac sd x, y, z c6 hai s0 nam cung phia so véi 1, gia st hai s6 d6

+z

la x vay. Khi dé ta co (x—l)(y—1)20<:>x+ysl+xy= L
z

Ap dung bat dang thitc Bunhiacopxki ta dwoc

1 1 S 1 N 1

(1+x) JF(HY)2 (1+xy)(l+;J (1+Xy)[1+yJ

X

y N X 1z

= (T+xy)(x+y) (1+xy)(x+y) Cl+xy 14z

Tt d6 ta duwoc

Pabiale—t 4t 1 .z 1 ( 2)+1 (22 1) ;353
(1+x) (1+y) (1+2) 12 (1+2) (142  4(1+z)] 4 4
Bat dang thitc trén viét lai dwoc thanh £+b—2+é+a b 2
c a

Ap dung bét dang thiic Bunhiacopxki ta duwoc

2 2 2 4 4 4 2+b2+22

a- b~ ¢ a b C a c
+ + = 2 2 2 2 2 2 2

b ¢ a ab b°c ca ab+b°c+ca

Ma ciing theo bat dang thiic Bunhiacopxki dang phan thitc ta duoc

a’b+b’c+c’a< \/(az +b? +c2)(a2b2 +b*c? +c2a2) < \/% (a2 +b*+c? )(a2 +b*+¢? )2

) ) ) 2 b2y 2 2
. a? b® ¢ a“+b"+c
Tt dosuyra —+—+—2=

Tt - - =\/3(a2+b2+c2)2%
\/3(a2 +b? +c2)(a2 +b? +c2)
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Mat khéc ta lai cd (a3 +b3+c3)(a+b+c)2(a2 +b? +C2)2;3(a2+b2 +c2)2(a+b+c)2

3
Do &6 ta duoc 3(a3+b3+c3)2 Z(a2+b2+c2)3 2(%} =a’+b’+c 2%

2 2 2
N A b° ¢ 3 3 15
Tucacketquatrentaduoca—+—+—+a3+b3+c325+§:§
c a

Vay bat dang thiic duoc chitng minh. Dang thiic xay ra khi va chi khi a=b=c= % .
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