VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

CHUYEN DPE 1. CAN THUC VA CAC BAI TOAN LIEN QUAN

Cau 1. »= (TS vao 10-Chuyén Hai Phong 23-24)

Cho bidu thic A= X2 VX 1 | x+l (V6i x>0).
XWX +1 Xx—Jx+1 x+1) 2Jx
R0t gon biéu thec A va ching minh A<2.
0 Loi gial
2
A (+) ke 2k
(\/;+1)(x—\/§+1)' 2 x=/x+1’
Ta c6: ASZQZ&SZX—Z&JrZ@(\/;—l)Z >0 (luén ding).
X—~/X +1
Vay A<2.

Cau 2. . (TS vao 10- Chuyén TP Pa Nang 23-24)

Cho hai biéu thic: P=—~"Y _ .[f X M]

-y WY Py -
x\/;—y y—X y+y\/_ 5 X > >0, x#
2(\/;_\0) Vi 0,y>0, y.

R0t gon cac biéu thuc P,Q va ching minh rang véi cac s6 x,y duong phan biét tuy y
thi 4Q+1>2P.

va Q=

[ Lai giai
Taco: P=v/x+y=2P=2Jx+2y.

Q= X+y:>4Q+1 2(x+Yy)+1.

Suy ra: 2(4Q +1-2P) =4x+4y+2-4/x -4y = 2/x -1 + (2[y -1).
Vi x#y nén 2(4Q+1-2P)>0=4Q+1>2P.

Cau 3. » (TS vao 10-Chuyén Can Tho 23-24)

20x-9  x+3 2Jx+1
X—5Jx+6 x-2 3-x
a) Rut gon biéu thic P .
b) Tim tat ca s6 nguyén X sao cho P nhan gia tri 1a s6 nguyén

Cho biéu thirc: P = vGi x>0 va x#4,x#0.

3 Loi giai
a) Voi x>0 va x=#4,x#9, ta co:
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Téng hop: Duy Tudng

20x-9  Jx+3 2x+1  2dx=9  (Vx+3)(3-vx)+(2vx+1)(Vx-2)

P= -

T X—5X+6 Xx-2 3-+x _(&—2)(&—3) (Vx-2)(3-vx)

20x-9  9-x+2x-3Vx-2 _ 2Jx-9+9-x+2x-3x -2

ool (k) e

_ —Vx+x-2 :(\/;_2)(\/;+1):«/;+1.
N e

Ix+1 fx-3+4 4

b) Ta co: P:\/;_B— T3 —1+&_3-

Pé P nhan gia tri 13 s6 nguyén thi &4_3 phai nhan gié trj 1 s6 nguyén
= &4_3 e{-4,-2,-11,2,4}.

9 &4_3:—4©&—3=—1:x:4(1oai).
+)&4_3:1@\/§—3=4:>x=49.

1 \/;4_3:_2@\/}—3?2:”:1.

9 &4_3=2@\/§—3=2:>x=25.

+) \/;4_3:—1@&—3:—4@\/_=—1(10;31)-

9 \/_4_ —4esXx-3=1=x=16.

Viy x e {1;16;25;49} thi P nhan gi4 trj 1a s6 nguyén.

Cau 4. w» (TS vao 10-Chuyén Ba Ria Viing Tau 23-24)

x—3\/§ 2X J 1—«/?

voi x>0, x=1, x#09.

Rat gon biéu thac P =£

x—2dx -3 Xx-1) x—2Jx+1
O Loi giai
[ox=3x o 2x ) 1=k
P= Y 2Jx 3 X—lJ'x—Z\/;H voi x=0,x#1,x=09.
o_| _WxG6x=3) 2x | 1-Vx  ((Wx2x ) 1
(V1) (Vo=3) =1 f (o gx) Wxel x=1) "1
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

[&W*)‘ZX}.@_ P A e L

x-1

:—\/;(1—x):\/—

X.
x-1

Cau 5. w=. (TS vao 10-Chuyén Bic Giang 23-24)
X—y X—Yy ] X2+ y?

Py Y ey —xry | -y

véi x>y >0.

R0t gon biéu thiee Q = [

L Loi gii

[ 2 2
Véi x>y>0tacéd Q= ( —y (x-y)° J Xy

Y6y o 0=y o) ey

X+y

\/x+y+\/x y \/x+y \/x y]\/x —y?
JX+y X +yt Xy

=x-y. = .
g y

'\/xz—y2 y

-]

2 2

Vay Q:X el voi x>y >0.
y

Cau 6. = (TS vao 10-Chuyén Bic Ninh 23-24)
Rt gon biéu thic P =+/3+22 —4/3-242 .

Lo giai
Ta co: P=\/3+2J§—\/3—2«/§=\/(«/§+1)2 —\/(«/5—1)2 -2 +1-V2-1=V2 +1-V2+1=2.

Vay P=2.

Cau 7. w (TS vao 10- Chuyén Binh Duong 23-24)

2x+«/16x+6+\/§—2+ 3
X+24x =3  x-1 /x+3

a) Rut gon biéu thuc A.
b) Tim tat ca cac gid tri x nguyén dé A la so6 nguyén.

Cho biéu thire: A= -2.

O Loi giai
x>0
X1

2X++/16X +6 f 2 3
x12dx—3  Jx-1 Jx+3

a) biéu kién xac dinh {

Taco: A=
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

_ 2x+44x+6 +(&—2)(J§+3)+ 3(x-1) _2.(&—1).(&+3)
(V1)) (Ve-g)(Veg) - (Vg)(xes) - (Ve-1)(Vees)
:2x+4\/§+6+x+\/;—6+3\/§—3—2x—4\/;+6
EEE
(2x+x=2%) + (4% +4/x +3Yx = 4/x ) + (6 -6 -3+6)
(Vx-1)(Vx+3)
Xx+4/x+3  x+ x+3«/§+3_‘/;(\/;+1)+3(\/;+1) (\/;+1)(\/§+3) Jx+1

e I e o e s R N Rt

Vay A=\&Jrl Vol X2 0; x#1.
Ix-1
b) A_‘f+1 “14—2 13§ nguyén khi 2 : (J_ ):&—16 U(2) = {-2-L12} .

G T

Ta c6 bang sau

Jx-1 -2 -1 1 2
Jx -1 0 2 3
X (loai) 0 4 9

Vay A c0 giatri nguyén khi x €{0;4;9}.

Cau 8. » (TS vao 10-Chuyén Binh Binh 23-24)
Tinh gia tri cua biéu thuc: (x3 +4x° - 23x +1)2024 Voi Xx=33-2

Loi giai
Ta co: x=3J§—2 nén:
x2=(3J§—2)2=31—12J§ va x3=(3J§—2)3 —81/3-162+36+/3-8 =117/3-170.

Suy ra: (X3 +4x% —23x +1)2024

:[117[ ~170+4(31-1243) - 23(3@—2)@

024

2024

(17[ 1704124 — 483 —69/3 +46+1)
12024 1

Cau 9. w (TS vao 10-Chuyén Binh Phudc 23-24)

3a+y9a-3 Ja+l Ja-2
a+a-2 J5+2 1-a
a) Rutgon P.

b) Tim a nguyén dé biéu thazc P nhan gia tri nguyén.

Cho biéu thirc P = véoi a>0, a=l.

0 Loi giai
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

3a+3va-3 J_+1 Ja-2
(Va-a)(varg] Vavo Ve

_ 3a+3/a-3 (Va+1)(Va-1) (J5+2)(J5—2):3a+3ﬁ-3-(a_1)-(a-4)
(Va-1)(Va+2) (Va-y)(Va+2) (Va-1)(Var2)  (Ja-1)(Ja+2)

a+3Ja+2 _(\/5+1)(\/5+2) Ja+l
(\/_ )(\/_+2) («/5 1)(«/5+2) Ja-1

J5+1_(\/5—1)+2_ 2

Ja1i a1 1+\/5—1'
\/52_1 ceZeJa-1leU{2}={-2-112}.

+) Truong hop 1: Ja-1=-2 oa=-1 (v6 nghiém) .
+) Truong hop 2: Ja-1=-1 ©Ja=0 <a=0 (nhan).
+) Truong hop 3: Ja-1=1 o Ja=2 < a=4 (nhan).
+) Truong hop 4: Ja-1=2 ©Ja=3 <a=9 (nhan).
Vay dé P nhan gia tri nguyén thi a<{0;4;9}.

a) Taco: P=

b) Taco: P=

Pé P nhan gi4 tri nguyén thi

Cau 10. . (TS vao 10-Chuyén Cao Bing 23-24)

R0t gon biéu thire sau:

[x ~108+23x 1}( 75— x \&+3

X—16 X+ /X =12 \/_+4

J, (x>0,x#9,x#16).

‘ Loi giai
biéu kién xac dinh: x>0; x#9; x#16.

N X —108+ 23/x 75—-x  Jx+3
Taco: P= ( x—16 1](“\/_ 12 J’+4]
_(X_16+23\/;_92_1j_ (75— x)(/x+4)+ (VX +3)(x+/x ~12)
- x—16 ' (\/;+4)(x+\/;—12)

_ 23(\/;—4)_ 75X +300 — Xa/X — 4X + Xa/X + X —12+/X + 3%+ 3y/x — 36
(&)2 _16 (\/;+4>(x+\/§—12)

_ 23 . 66\/;+264 _23(X—16+\/;+4) _é
Cxea| (Vxra)(xex-12) | 66(Vx+4) 66

(Vx-3).

Cau 11. » (TS vao 10-Chuyén bak Nong 23-24)

SAN PHAM CUA NHOM WORD-GIAI-TACH VA 10



VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

Véi x>0, cho céc biéu thuc A=\fx—_1 va B_[ 1, 1-Vx
JIx I xadx
a) Tinh gia tri biéu thic A khi x =64 .
b) RUt gon biéu thuc B.
¢) Tim x dé A3
B 2
Loi giai
2) Véi x— 64 (tha mén didu kien x > 0) thi: A= ¥64=1_8-1_ T
Jea 8 8

Viy A:% Khi x = 64

x-1 1-Vx_Vx-1 Yx-1 x-1-Wxsd W (Vx-1)

b ): B = = .
VT BT R W TR (V1) R(Vxe1) () e
Vaszﬁjv(yix>0.
J_ 1 Jx- 1.3

c)Taco \f f+1 (DKXB x>0 va x=1)

C_l ﬁJri g \/_XTH—2>O @W>O <:>2—\/;>0(v‘|x>0)

X X X

X<2=>Xx<4.

Két hop diéu kién, ta dugc 0<x <4 va x #1.

Vay§>g khi 0<x<4va x=1.

Cau 12. . (TS vao 10-Chuyén Pong Nai 23-24)
Cho s thyc x thoa man 3 < x < 4. Rat gon biéu thuc:

A=yx—2+2x—3 +4/x—2-2Jx-3.

D Loi giai
Ta co: A:\/(\/EH)Z +\/(\/E—1)2 :‘\/ﬁ+l‘+‘\/ﬁ—l‘.
Vi 3<x<4 nén 0<\/E<1,suy ra {gj:g

Vay A=/x-3+1-+/x-3+1=2,

Cau 13. w (TS vao 10-Chuyén Dong thap 23-24)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

Ix=2 x-2x
a) Rat gon biéu thuc P .
b) Tim tit ca cac gia tri cua x dé P >1.

Cho biéu thuc P:( Jx 4 J:\&;z VGi Xx>0,x#4.

0 Loi giai
JIx 4 J 2 x—4 2 2(x-4) 2

-2 J(V-2) [ +2 T P (Vx-2) vz x4 VK
b)le:i21:>\/§sz:sxs4

Ix

Do x>0,x#4 nén 0<x<4.

a) Ta co: Pz[

Cau 14. w (TS vao 10- Chuyén Gia Lai 23-24)

ChobiéuthfrcP:[ 2 —\&_ZJ:X&véix>0;x¢4.Timx déP:%.

Ix=2 Jx+2) x-4
0 Loi giai
o2 x=2) kX _
a) Ta co: P_(\/;—z_\/;+2J'x—4 VoI Xx>0;x#4.
o[ 2(/x+2) _(&—2).(&—2)]_ XX
WX -2).(x+2) (x=2).(x+2) ) (Vx=2).(x +2)
o_[26/x+2) - (x-2).(/x-2) | (fx-2).(/x+2)
(X -2).(vx +2) ' X
p_[__—x+8Vx J(&—Z).(&u)
Wx-2).x+2) ) XX
b _ ~VX(x-6)
o
p__Nx-6
X
Vay P——\/;X_6 VoI X>0;X#4.
pé P:1<:>—\/;_6:1
3 X 3
& -3.(Jx—6)=x

& x+3x-18=0
& (Vx+6).(¥x-3)=0
Jx = -6 (ktm)
= .
Jx=3<x=9 (tm)
Vay x=9 thoa mén dé bai.
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

Cau 15. % (TS vao 10-Chuyén Ha Tinh 23-24)

Tim tat ca cac sb thuc x dé sz la s6 nguyeén.
x—\/;+2
0 Loi gial
Taco: p= > = > .
X—~/X+2 (\/;_1j +Z
2 4
Suyra: 0< pﬁgz§.Mé p lasé nguyénnén p=1 2.
4
THL: pzlc;:lcx—\/}—3:0:>\/§:1+\/l_3:x:7+\/1_3.
X—X+2 2 2
TH2: pZZQLzzazx—zx&—l:o:\/—:“*@:>x:2**/5.
X—X+2 2 2
Vay ¢6 hai gia tri can tim 1a x = 7+£/E; 2+2\E.

Cau 16. = (TS vao 10-Chuyén Ha Nam 23-24)

/X 1 ][&H Jx -2

1+ x+/x )| x=1 _x—\/§—2
1. RGt gon biéu thic A
2. Tim tat cd cac s6 nguyén cua x dé [2A-1+1=2A.

ChobiéuthfrcA:( J VG Xx>0,x#1 X # 4.

O Loi giai
1 A= (*&)3_1 Y+l x-2
' T+X+ X% (\/;+1)(\/§—1) (\/;+1)(\/§—2)
:(ﬁ—l)(x+\/;+1) Jx+1 B Jx -2
l+\/§+x '(\/;+1)(\/;—1) (\/;+1)(\/;—2)
1 1 2 2
:(\/;_1)(\/;—1_\/%1) =(&_1)(&—1)(&+1) T X+
2.4) 2A-1+1=2A = 2A-1=2A-1=2A-1>0= Az%
2 1
<:>\/§+1ZE<:> X <3< x<L9.

Két hop voi didu kién x>0; x =1 x=4=xe{0;2;3;5,6;7;8;9}.

Cau 17. » (TS vao 10-Chuyén Hai Duong 23-24)
Cho hai s6 a,b thoa mén cac diéu kién ab =1, a+b=0. Rat gon biéu thuc:
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

Q:;(i_kij_'_;(i_'_i]_kL
(a+b)’la’ b’ (<'12+b2+2)2 a® b’} (a+b)'

0 Loi giai
Taco: a>+b*+2= (a+b)2 nén:

1 (1 1} 3 (1 1} 6
Q=—F| St |t w2 e |t
(a+b)’\a” b)) (a+b) \a” b") (a+b)

~ a3+b3 (a2+b2) 6 _(a3+b3)(a+b)+3(a2+b2)+6
_(a+b) (a+b)* (a+b)4 - (a+b)*
a *+b*+ab a2+b2)+3(a +b? )+6_a4+b4+4(a2+b2)+6
(a2+b2+2) - (a2+b2+2)2

_(a4+b4+2a2b2)+4(a2+b2)+4_(a2+b2)2+4(a2+b2)+4 _(a2+b2+2)2 )
B (a2+b2+2)2 - (a2+b2+2)2 - (a2+b2+2)2 o

Vay Q=1.

Cau 18. = (TS vao 10-Chuyén Hau Giang 23-24)
2a-5Ja a-2
a+2Ja Ja+2'

1) Tim tat ca cac gid tri ciaa dé A> %

Cho biéu thuc A= véGi a > 0.

2) Tim tat ca cac gia tri caa a dé biéu thuc A nhan gia tri nguyén.

0 Loi giai

2a-5Ja a-2 2a-5Ja-+a(Wa-2) a-3Ja Ja(a-3) a-3

DT A= ol Va2 aWa+2)  Ja(Wa+2) JaWar2) vai2
Dodé: A> L o Ja- 3.1 L oya_63yat2oaz8o a6
2 \E+2 2

Va-3_Jat2-5_, 5
JE+2 JE+2 \/5+2'

D& thdy ~/a +2> 2, véi moia > 0.

2. Taco: A=

5 5

A=1- = =1-A>0. Suyra A<1 (1
a2 Jav2 Y @
a+2=i<:> a= > —2=2A+3>O. Do 1-A>0 nénsuyra A>—§ @)
1-A 1-A 1-A 2
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VAO 10 CHUYEN CAC TINH NAM 2023-2024

Tu (1) va (2) suy ra —g< A<l
Do AeZ nén A=-1hoac A=0.
Vé6i A=0, taco f:%—2=3<:>a=9.

) , 5 1 1
Vo1 A=-1 tacohd = -2="oa=—.
\/— 1+1 2 4

Téng hop: Duy Tudng

Cau 19. w (TS vao 10-Chuyén Chung Kom tum 23-24)

Rt gon biéu thirc: A= (v/5-1)1/6+25 .

3 Loi giai
A= BB+’ =(B-1)(5+1)=4.

Vay A=4.

Cau 20. = (TS vao 10-Chuyén Hung yén 23-24)

Cho biéu thic: P =

2 2X — Xa[X =2

a) Rat gon biéu thuc P .

X
+ +
Ix-1 Jx-2 x=3Jx+2

VoI x>0, x=1 x#4.

b) Tim tat ca cac gia tri ciia x dé [P|-P=0.
Loi gial
a) Voi x>0, x=1, x#4,taco:
P:\/§X—1+\/§2—2+2:—_3)3§+_22
=X(\/§—2) 2(\/;—1) 2X— XX -2

N

_ x\/§—2x+2\/;—2+2x—x\/§—2
(Vx-2(Vx-1]

2
Ix -1

b) |P|-P=0<|P|=P < P20.

Khi d6 >0=>/Xx-1>0=x>1

2
Ix -1
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

Két hop voi PKXD x>0, x#1, X =4 taduoc x>1, x=4.

Céau 21. w (TS vao 10-Chuyén Khanh Hoa 23-24)

a) Cho biduthiac M =—— 41 g XXX s

Ix+dx=1 Jx=x-1  1-Vx

Rt gon M va tim gia tri nho nhét caa M.

b) Tim tit ca cac s6 ty nhién n sao cho A=+/n+3++/n++/n+3 1as6 nguyén.

Lo gii
1 1 x\/_—
N P R N e R e
Rt gon M va tim gia tri nho nhét caa M.
* Ratgon M :

a) Cho biéu thirc M = Véi x> 1.

M = 1 N 1 _4xx—x

(R T) (VR ) 1( )
= 4x-2/x-1

* Tim gia tri nho nhat cua M :
Dt t=+/x-1, (t>0) = x=t*+1

2
Khi d6 M :4t2—2t+4:(2t—%) +%2%, vt>0

M =2 Khi va chi khi t =+ tic 13 x = = (TMBK).
2 2 16
Vy gid tri nho nhét cia M 1a % Khi x:%.

b) Tim tt ca cac s6 tu nhién n sao cho A=+/n+3++/n++n+3 1as6 nguyén.

Cach 1:

bat m=vJn+3+4yn+n+3,meZ*

—n+ n+3:(m—\/n+3) —m?+n+3-2m/n+3 =>/n+3=1

Do d6 vn+3eQ

Ma n+3eZ=n+3eZ

m? +3
2m+1

€Q
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

= 2m+1jm* +3=> 2m+14m’ +12 = 2m 1 (2m+1)° - 2(2m +1) +13] = 2m+113

Vin>0 :>\/n+32\/§:>m2\/§+\/\/§>3

2
Viy 2m+1=13=>m=6=Jn13=2 13 _3-n-6
2.6+1
Vay n=6 lasé tu nhién duy nhit tim duoc.

Céach 2:
bat a=n+3vab=n++/n+3(abeN)

:33—3+J5=b:{J5+%T—b——<:(&@}1) @J6f=
= (2va+1-2vb) (2/a+1+24b ) =

2\/5+1+ 2\/5> 2\/5+1—2\/5
2Ja+1+2Jb >0

2Ja+1-2Jb =1
-
2Ja +1+2Jb =13

Vay n=6

Tacd a,beN :>{

=>a=b=9=n=6

Cau 22. = (TS vao 10- Chuyén Lai Chau 23-24)

Cho biéu thuc: A= X+4\f+4 X+( ( ! j(v(yix>0;x¢1)
X+~/% — 2 - \/_+1 1-+/x
a) Rut gon biéu thic A.
b) C6 bao nhiéu gié tri nguyén cua x dé A> 1+42003
V2023
L Lo giai

a) A= x+4\/;+4 X + /X ( 11 j

X+ /X — 2 1-x Tx+1 1-x

(‘/;“LZ)Z N \/;(\/;Jfl) :\/§—1+\/§+1
] i ) )

x+2 X }. 24x
BB (Vx+1)(vx-1)

2 (Ve
TR 2k W
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Téng hop: Duy Tudng

Jx+1
Jx

1+/2003
\/2023

o Vx+1 1442003
Jx o 42023

o, Vx+/2023++/2023 - /x —V/x-y/2023 _
- >

Vay A=

VoI x>0 x=1

b) A>

=+2023 x>0
o Jx <2023

& X <2023
< 0<x<2023

- Jx+1 S 1++/2003
Ix <2023

Két hop voi diéu kién véi x> 0;x =1 c6 2022 gia tri thoa méan diéu kién.

Cau 23. » (TS vao 10-Chuyén Lang Son 23-24)

3
RUt gon biéu thae A= 2x+1 Jx . x—ﬂ VG x>0,x#1.
\/x_g_l X+/Xx +1 1+/x

Léi giai

3
RUt gon biéu thire A:( 2x+1 Jx J.[X—MJ,V& Xx>0,x=1.

\/x_3_1_x+\/;+1 1+\/§
A:[2x+1_ \/; ){x 1+\/x_3J

\/x_3—1 x+\/;+1 _1+\/;
( (- M(f)(f)J

- (\/;—1)(x+\/;+1)_(\/;—1)(x+ x+1) 1+\/;

B 2x+1—x+\/;

B (\/;—1)(x+\/;+l).(

X—1l+X—=X)= X+\/;+1 X=1)=
S | PV FTI b

Cau 24. » (TS vao 10-Chuyén Lao Cai 23-24)
Cho biéu thuc:

o_[3=Vx Yx-2 9-x | (x=3Jx _ Jx+1
- Ix=2 Jx+3 x+/x-6 X—9  X+4Jx+3

J,véi x>0, x=4,x29.
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

Tim céc gia tri caa x dé P nhan gia tri nguyén.

D Loi giai
a) P= 3—\/;+\/;—2_ 9-x ) x—3«/§+ \/;+1
- Ix-2 Ix+3 x+/x-6 X—9  Xx+4/x+3
:9—x+x—4&+4—9+x_[ XX -3) N Jx+1 J
Wx-2)Wx+3) | (x-3(x+3) (x+D(Wx+3)
_ Wx=2® x+l_ x-2 Vx+3_ 3
(WX =2)Wx+3) Ix+3 x+3 x+1l T x4l

IX>0,Vx>0,x#4,x%29 =X +1>1>0,Vx>0,Xx#4,Xx#9

=0< <3, Vx=20,x#4,x#9
X+1
=1>1- 3 >-2,VX20,Xx£4,Xx#9 =21>P>-2,vx>0,x#4,x%9
\/;+1
Ma P nguyén nén P e{-2;-1;0}
Ta c0 bang
P -2 -1 0
3 3 2 1
\/§+1
3
1 — 3
\/;+1 5
1
X 0(Tm) Z(Tm) 4 (Ktm)

Vay xe {0;%} thi P c6 gia tri nguyén.

Cau 25. % (TS vao 10-Chuyén Nghé An 23-24)

Tim xe R sao cho x++/2024 va 1—\/2024 déu 1a cac sé nguyén.
X

Léi giai

Tim xe R saocho X++/2024 va 1—\/2024 déu 1a cac so nguyén.
X

a=Xx++2024 X=a—+/2024
Dat 1

=
b==-42024 1:b+\/2024
X

X

=1=(a-+2024)(b++/2024) < 2025-ab=(a-b)/2024 (1)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

VT eZ:VP(l)eZ:&zb
:>1:(a—\/2024)(a+\/2024) o a2 =2025=a=+45

V6i a=45= x=45-+2024
V6i a=-45= x=-45-/2024 .

Cau 26. w. (TS vao 10-Chuyén Quang Ninh 23-24)

Chobiduthie p=| _2¥4X 2 3 ) p 56X gy,
2x+5x -12 2/x-3 fx+4 Jx+4 4

a) Rat gon biéu thuc P.
b) Tim gi4 tri 16n nhit cua P.

[Lai gisi
a) Ta co:
P:(5+4\/§—2(\/§+4)+3(2\/§—3)}_(x+4\&+5—6\/§j
(2Vx =3)(x+4) | Jx+4
P:{ 8x —12 J_[x—zﬁwj
(@Vx-3)Wx+4) ) | Vx+4
o__ 4 Jx+4 4

_\/§+4'x—2\/§+5_ x—2\/§+5'

b) Taco x—2\/§+5:(\/§—1)2+4:>x—2\/§+524 VGi szo,x;t%.

Khi d6 P <1 véi szO,x;t% Dau “="xay rakhi x =1.

Gia tri 16n nhat caa Pl1a 1 khi x=1

Céau 27. w. (TS vao 10-Chuyén Quang Binh 23-24)

a) Tinh gia tri cua biéu thic A=+/7— 43 + /26 +1543.

b) RGt gon biu thic B = Ja+l :( a_,_ 2 jvé’ia>0vaa¢4.
a-4Ja+4 \a-2/a a-2
L oi giai

a) Taco:
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

A=+T7-43+326+153 —\/ \/2+I) =2-\3+2+3=4
b) V&i @>0 v a#4.taco

=\/5+1_( a +aJ=\/5+1_[\/5+aJ
Na-2¢ \VaWa-2) va-2) (a-27 (Ja-2 Va2

_ Ja+1 _a+\ﬁ= Ja+1  a-2 _ 1 _
(Wa-27 Ja-2 (Va-2)° Ja(Wa+l) Va(Wa-2)

Cau 28. . (TS vao 10-Chuyén Phii Yén 23-24)

a) Cho biéu thic A =(

x+2 Jx L1 JIx-1
XX =1 X+x+1 1-+/x ) x+1

6+245 .\ 6—2:/5
2+46+24/5 2-46-25

b) Cho biét 1+%:«/§ (a>1b>1). Ching minh ring ab—+1-a%?+a’ +b° =1
a

RUt gon biéu thic; tinh gia tri ciia A, biét x =

L éi gidi
a) Véi diéu kién x>0,x =1, ta co:
2
_x+2+\/;(\/;—1) ( X+1) Jx -1 (\/;—1) x4l x4l
XX —1 \/_+1 xVx -1 x-1 x+x+1

Lai

_ 6+2\5 6-2v5  6+2/5 6-245 2(3+J§) 23~ Jg)
2+\/6+2\/_ 2_ \/6 2.5 2+\/_+1 2-5+1 3+5 3-5

Ja+1 _3

44d+1 7

Do d6 A=
c) Taco:

a>1,b>1nén 1+%=\/§<:>az+b2=2a2b2—2ab
a

Khi d6: B =ab—~/1-a’h? +2a%h’ —2ab = ab— (ab-1)°
Via>1l,b>1=ab>1nén B=ab-ab+1=1 (dpcm)

co

Céau 29. w (TS vao 10-Chuyén Phi Yén 23-24)

+ + :
XX =1 X+x+1 1-+/x ) x+1

a) Cho biéu thic A =(

X+ 2 Jx 1 J_\/;—l
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

, y o . 6+2/5 6—2+/5
R0t gon biéu thuc; tinh gia tri caa A, biét x = +
2++/6+24/5 2-+6-25

b) Cho biét l+%=\/§ (a>1,b>1). Ching minh rang ab—~/1-a’h’+a’+b’ =
a

L &i gidi

Cau 30. w (TS vao 10-Chuyén Phu Yén 23-24)

a) Cho biéu thic A =(

x+2 Jx L1 Ix-1

XWX =1 x++4/x+1 1-x ) Jx+1

. . o . 6+25 6—245

R0t gon biéu thuc; tinh gia tri caa A, biét x = +
2+46+245 2-+/6-25

b) Cho biét 1+%=\/§ (a>1,b>1). Ching minh rang ab-~/1-a’h’ +a’+b® =1
a

DL oi giai

Cau 31. = (TS vao 10-Chuyén Pha Yén 23-24)

X+2 Jx L1 Ix-1
XX =1 x++4/x+1 1-x ) Jx+1
6+25 6— 2f

2+ 6+2f 2-46-25

a) Cho biéu thic A :{

RUt gon biéu thic; tinh gia tri cia A, biét x =

b) Cho biét 1+%:«/§ (a>1b>1). Ching minh ring ab—\/l—a2b2+a2 +b* =1
a

L i giai

Cau 32. = (TS vao 10-Chuyén Thira Thién Hué 23-24)

2++/a _\/5—2]_ Ja
a+2Ja+l a-1 ) aJa+a-+a-1

khong phu thude vao gia tri cia a, voi a>0 va a=1.

a) Chtng minh gia tri ctia biéu thic P :(

ML &i giai

2++a Ja-2 .
(\/g+1) (ﬁ 1)(Va+1) | (a-1)(va+1)

aVdéia>0vaaxltaco: P=

<
[+ 2)(E-1)-(1 ><¢a+1>}_
o)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

2| (A E

= =2.

AR

Vay gid tri cua P khong phu thudc vao gia tri cua a.

Céau 33. = (TS vao 10-Chuyén Lam Son Thanh Hoa 23-24)

Cho céc s6 thuc x,y thda man x = 0va (x+\/x2 +2023)(y+\/y2 +2023) =2023

2024x+y

Tinh gié tri biéu thic:
2023x -y

ML oi giai

Ta co: (\/x2 42023+ x)(\/x2 2023 x) — X2 +2023-x2 = 2023 (1) (1)
(Jy2 42023+ y)(«/yz +2023 - y) — y242023—y? = 2023 (2)

Tur 91) va (2) két hop véi giai thidt ta suy ra +/x? + 2023 —x =/y? + 2023 +y (3)
Tir (20 két hop gia thiét ta suy ra v'x2 +2023 —x = /y2 + 2023 -y (4)

Lay (3) - (4)theo Vé ta duoc: —2x =2y = y=—x

2024x—x 2023

Khi do6: P= =
2023x+x 2024

Cau 34. = (TS vao 10-Chuyén Théi Binh 23-24)

Cho cac sé thuc khdng 4m a,b,c thod man dong thoi cac diéu kién va ++/b++/c =8;
a+b+c=26;abc =144, Tinh gia tri caa biéu thirc

1 1 1
P= + +
Joc-Va+9 Jea-vb+9 ab-c+9

L i giai
Pit (ﬁ,%,ﬁ):(x,y,z) (didu kién x,y,z>0)

=S X+Yy+2=8;X°+y’ +2°=26;x’y*2* =144

2 2 2 2
X+y+2) —(X"+y +z
:>xy+yz+zx:( y ) 2( y ):19;xyz:12

Taco yz—x+9=yz—x+x+y+z+1=(y+1)(z+1)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

Tuong ty xz—y+9=(x+1)(z+1);xy—z+9=(x+1)(y+1)

1 1 1
P= + +
Jbc-va+9 Jea-+b+9 ab-+c+9

1 1 1 X+1+y+1+z+1
= + + =
yz-x+9 xz-y+9 xy-z+9 (x+1)(y+1)(z+1)

B X+y+2+3 B 11 _1u
XYZ+X+Yy+zZ+xy+yz+zx+1 12+19+8+1 40
11
Vay P="=.
Y0

Céau 35. w (TS vao 10-Chuyén Tay Ninh 23-24)

Tinh gi4 tri cia bidu thic T =13+ 44/3 —4/13—-44/3 .
L oi giai

Taco: T =13+ 43 —\13-43

—J12+2231+1-412-2.231+41 = \/(zﬁ +1)2 —\/(2\/5—1)2
:‘2\/§+1‘_‘2\/§—q =23+1-2/3+1=2.

Cau 36. = (TS vao 10-Chuyén Son La 23-24)

xJY +Vx = yx =y
1+\/W

a) Rat gon biéu thic Q.
b) Tinh gia trj bidu thirc Q khi x =2024+ 24/2023; y =2024 — 22023,

Cho biéu thirc Q = véi x>0;y>0.

ML i gisi
a) Rat gon biéu thic Q.

X y+ﬁ—y&—ﬁzﬂ(&—ﬁ)+(&—ﬁ)

Q= 1+\/@ 1+\/@
(5 1)(45 )
) 1+\/@ :\/;_\/V'

b) Tinh gi tri biéu thirc Q khi x =2024+ 24/2023; y =2024—2+/2023.

Q = /2024 + 24/2023 — /2024 — 242024
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

S = e

=2023 +1-/2023 +1=2

Cau 37. w (TS vao 10-Chuyén Tién Giang 23-24)

. 2 . 2 4
Tinh gia tri cua biéu thirc P =(x* +2x+ 2021 o tai X = - .
( ) x—+15 B6-1

L oi giai

24 o A 2
o B (E (B TV ~(¥5+1)

=5 +3-5-1=43-1

Suyra (x+1)° =3 x> +2x=2
Do d P=(x*+2x+2021)" =(2+2021)" =2023°*

Ta co:

Cau 38. = (TS vao 10-Chuyén Tuyén Quang 23-24)
a) Rat gon biéu thuc P = 15Vx 11 + 3x -2 - 29x+3 voi Xx>0,x#1.
x+2\&—3 1—\& \&+3

b) Tim gi4 tri nho nhat cua biéu thac Q =L\/5+6 véi a>4.
Ja-2
MLoi gial

a)p:15\/;—11+3ﬁ—2_2&+3: 15Vx-11  3Jx-2 2/x+3
x+20x-3 1-Vx  x+3 (Jx-1)(x+3) Vx-1 3

sx-11 (3Vx-2)(Vx+3) (2vx+3)(vx-1)

) () ()

_ 15¢/X 11— 3X = 9/X + 24/X + 6 — 2X + 2/x = 3/x +3
()

7JX —5x -2 (\/;—1)(2—5ﬁ) ~2-5Jx

) ()

b) Q= a—3\/§+6: a—4\/5+4+\/5—2+4
Ja-2 Ja-2

:x/a—2+\/_4_2+12 2\/<\/5—2)-\/54_2 +1=5

Déu “=" xay ra khi \/5—2=J_4 2<:>\/5—2=2c>a:16
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

Vay minQ =5 khi a=16.

Cau 39. w (TS vao 10-Chuyén Vinh Long 23-24)

. .2 2
a) Tinh gia tri biéu thec A= 4+2\@+ 6—2\@+—
) Tinh g J J 5+83
b) Cho bidu thic p=| Lt ___ 2VX (1229 ygixs 0rx 1.
Ix=1 xJx+/x-x-1 X+1

R0t gon biéu thuc P .

MLai giai

2
a) A:\/4+2\@+\/6—2\@+m

2 7 2(V5-+3)
:\/(\/§+1) +\/(\/§—1) +T
=3+1+6-1+/6-3=2\5

(1 24/x [ 2Jx
) P_K\/;—l_x\/;jtx/;—x—l}(l_mj

:( 1 20k J_(x—&&ﬂ}
Yx-1 (x+)x-1) ) | x+1

X+1-2x _(\/;—1)2 (\/;—1)2 X+1 1

IR e R R ST T S N e

Céau 40. w. (TS vao 10-Chuyén Long An 23-24)

2
Ja+l Ja-1)(sJa 1 .

- ————= vo6i a>0,a=1.
Ja-1 vati) 4 4da
a) Rut gon biéu thuc T.
b) Tim tat ca cac gia tri cta a dé T=-Va-1.

Cho biéu thuc T {

AL oi giai
a) Ruat gon biéu thire T.

e (@_LI
(Va-1)(va+1) |\ 4 4a

| (Vo) - (Va-1) (1)
(Va-1)(va+1) |\4va

_4a (a1

(o]

SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10



VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

_a-1

INEY
b) Tim tAt ca cac gia tri cua a dé T= —\/5—1.
Ta co:

4a
Ja =-1 hoic «/_:%

Két luan a= 1
25

Céau 41. w (TS vao 10-Chuyén Nga — Phap — Trung Hoa Binh 23-24)
5 2
Tinh gia tri biéu thic: A:(l—ﬁ) +/20 .

Lo giai
A=(1-+/5)?++20=1-25+5+2/5=6.

Céau 42. w (TS vao 10-Chuyén Tin — Hoa Binh 23-24)

x* -4
X—2

b) Tinh gié tri bidu thirc: B =4+ 243 +y4—243

a) Rat gon biéu thuc: A=

Lo giai
a) DKXD: x # 2.

X —4 (x=2)(x+2) s
X—2 X—2

b) A=/4+243 +4/4-23 = J(3+1)? +/(3-1)* =B3+1+3-1=23.

A +2.

Céau 43. w. (TS vao 10-Chuyén Thai Nguyén 23-24)

Cho bidu thie A<| Y +L Yx+2 3 ), Ix )
Jx—2 1-Jx  x=3Jx+2 Jx -1
a. Rat gon biéu thuc A o
b. Tim cac gia tri nguyén cua x dé biéu thac A nhan gia tri nguyén.

COL o giai
X#4
a)bk: < x#1.

x>0

. Ix+1 Jx+2 3 _ Jx
Taco A:{&—Z_l—&_x—3&+2}[2_\/_x——l} :
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

A_[\/;+1_\/;+2_ 3 JKZ_LJ
Wx=2 1-Ux x=3x+2)

Jx -1
Lt L S It R
(2] e

A=

e

Ao 20x=4) x-1
(o)1) Vo2
2(&+2)

A=/

(Vx-2)
. Azz(&u): 3

(Vx-2) he
Vi AcZ véi xeZsuyra \x —2 €U (8) = {+1;+2;+4;48;0}
Tir d6 ta thay X e{9;1;,16;0;36;100;4} két hop dk c6 x e {9;16;0;36;100} .
KL vay x e{9;16;0;36;100} thi AeZ.

Céau 44. w (TS vao 10-Chuyén Yén Bai 23-24)
X+ 3y/x L3 )1t
X+2dx =3 x—+/x ) x-1

a) Tim diéu kién xac dinh va rit gon biéu thic A.
b) Tim tat ca cAc giatricua x d¢ A=4.

Cho biéu thirc A =£

. LAOL o giai
a) + bicu kién: x>0;x =1
+ Ta co:
[ x+3Jx 3 1

_£x+2\/§—3+x—\/§}\/§—1
_[(x/\;/;—(l\)/(;x/}323)+\/;(j;—l)]'(&_l)

= x+i
—Jx NS

b) V6i x>0;x=1 taco

Jx=1 [x=1I
A=4:>x/§+%=4:>x—4\/§+3=0:>(\/§—1)(\/§_3)=0:{[ :{ (1)

Vay véi x=9 thi A=4.
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

Cau 45. % (TS vao 10- Chuyén DHSP Ha Noi 23-24)
R0t gon biéu thic:
Al X A8Vx  2x+4x 16-4x

= + +
X —24/X + 4 Jx X +2

VoI x>0.

L Loi giai
bat \/§ =a, suy ra x =a*. Khi d6 ta duoc biéu thirc

a‘*+8a 2a*+a 16-4a’
+ +

a’-2a+4 a a+2
a(a+2)(a2 —2a+4) 2a%+a 16—43>
= + +
a’-2a+4 a a+2

=a(a+2)+2a+1-4(a-2)

Cau 46. = (TS vao 10- Chuyén Hoa Binh 23-24)
2 _
a) Rut gon biéu thie: A= X -4
X—2
b) Tinh gia tri biéu thic: B =4+ 23 +vJ4-23
MLoi giai
x2—4 (x=2)(x+2
ADPKXD: x#2. A= =( )X+ )=x+2
X—2 X—2

b) A=/4+23 +4/4— 243 =\JB+1)? +/(\3-1)? =~/3+1+~/3-1=2./3.

Cau 47.w. (TS vao 10-Chuyén Bén Tre 23-24)
Cho biéu thirc

Ao x+4\/;+4+x+\/§ ( 1 1
Xx+x-2 1-x Ix+1 1-x

a) Rat gon biéu thuc A.
b) C6 bao nhiéu gia tri nguyén caa x dé A > 1++2023 ?
2023

],Véi X>0,X=1.

i COL o giai
a) Rut gon biéu thac A.
Ta co:
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
A [x+4\/;+4 x+\/_J( 11 j
x+x=2  1-x ) {x+1 1-x
[ (e ) ( 1, 1 j
- (Vx-1)(vVx+2) (1) (1+4x) | Wx+1 Vx-1
Jx+2 \/;j.Zﬁ

T\ x-1 1oV ) x-1
_(x+2  Jx ]_2«&
Ix-1 Jx-1) x-1
2 x-1
_1 2%
X+1
Jx

1++/2023 "
J2023

b) C6 bao nhiéu gia tri nguyén caa x dé A >

Ta co6 bién doi sau

J1+ J2023 J_+1 1++/2023 Ny
> 2023x ++/2023 > /x +/2023x
J2023 Jx J2023

= X £4/2023 = x< 2023
Két hop véi diéu kién xac dinh ban dau, ta duge 1< x<2023(x € Z).

Vay c6 2022 gia tri nguyén ctia X thoa man yéu cau bai toan.

Cau 48. ». (TS vao 10-Chuyén Hai Duong 23-24)
a) Cho hai s6 a,b thoa man cac diéu kién ab=1, a+b=0. Rat gon biéu thuc:

Q—;(i_kij_k;(i_kij_kL
(a+b)’\a® b’ (a2+b2+2)2 a® b*) (a+b)’
b) Cho hai s6 duong x,y thoa man x\/y2 +1+yVx? +1=+/15 . Tinh gia tri cua biéu

thirc: P :(\/X2 +1—X)(\/y2 +1—y)

L oi giai
a) Vi ab=1=a’+b*+2=(a+b)’. Taco:

0- L (L) S (1.1), 6
(a+b)3 a® b’ (a+b)4 a’ b (a+b)4
=a3+b3+3(a2+b2)+ 6
(a+b)3 (a+b)4 (a+b)4
(a3+b3)(a+b)+3(a2+b2)+6
(a+b)4
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Téng hop: Duy Tudng

B a“+b“+ab(a2+b2)+3(a2+b2)+6
B (a2+b2+2)2
B a4+b4+4(a2+b2)+6

(a2 +b* + 2)2

(a*+b*+2a%m*)+4(a’ +b*)+4 (a® +b2)2+4(a2+b2)+4

(a2+b2+2)2 (a2+b2+2)2

(az+b2+2)2
Sp S Y |
(a®+b*+2)
b) P=+x*+1y? +1+xy—(x\/y2 +1+ y/x2 +1):\/x2 +1\/y2 +1+xy—~/15
Dit M =x* +1y* +1+xy = M? :(x2 +1)(y2 +1)+x2y2 +2xy X2 +14y? +1
=2X°Y + X2+ Y2 142Xy X+ 14y +1

=x* (y2 +1)+ y? (x2 +1)+2x\/y2 +LyVx° +1+1

:(x\/yz +1+yV/X +1)2 +1
=16=>M =4.
Vay P=4-4/15.
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
CHUYEN PE 2.
GIAI BAI TOAN BANG CACH LAP PHUONG TRINH - HE PHUONG TRINH

Cau 1. = (TS vao 10-Chuyén Tin Ha Noi 23-24)

Trén ban co hai tdi keo: tdi tha nhat cd 18 vién keo, tdi tha hai cd 21 vién keo. An va Binh
cing choi mot tro choi nhu sau: mdi luot choi, mot ban s& lay di 1 vién keo tir mot tui bat ky
hoac 1a mdi tai Iéy di 1 vién keo. Hai ban luan phién thyc hién luot choi cia minh. Nguoi dau
tién khong thé thuc hién dugc lugt choi ctia minh 13 ngudi thua cude, ngudi con lai 1a nguoi
thang cudc. Néu An 1a ngudi 1ay keo trudc, hdy chi ra chién thuat choi cia An dé An 13 nguoi
thing cudc.

0 Loi giai
Dau tién An lay 1 vién keo tir tdi cd 21 vién keo. Lic nay ca 2 tai déu cd sb keo 1a sé chan.
Chién thuat sau d6 thi Binh bdc thé nao, An s& boc giong hét thé.
Nhu vay, sau lugt dau, An dwa 2 tdi vé c6 chan keo.
- Néu Binh lay 1 vién tir tGi nao dé thi sb keo con lai trong tai d6 1 s6 1¢, An sé& lay 1 vién tir tui
€0 50 keo la so ¢ @6 dé dua 2 tui vé c6 chan vién keo.
- Néu Binh lay mdi tli 1 vién keo thi ca hai tai déu c6 s6 keo 1a s6 1¢, An lay mdi tli 1 vién keo
dé dua 2 tai vé co chan vién keo.
Do vay, néu Binh thuc hién dugc thi budc tiép theo An van thuc hién duoc. Ma chi ¢d hitu han
budc nén chac chan An 1a nguoi chién thang.

Cau 2. » (TS vao 10-Chuyén Ddng Thép 23-24)

Phién cho hé Lotus sir dung hai loai thé: loai thé gia 3000 dong va loai thé gia 4000 dong. Vao
dip nghi hé, ban An muon dung hét so tien tiet kiém ctiia minh d€ mua x thé loai gid 3000 dong va
y thé loai gia 4000 dong. Tim s6 cach mua c6 du ca hai loai thé néu tien tiet kiém cua ban An
la 2023000 dong.

Loi giai
Ta ¢6 phuong trinh 3000x +4000y = 2023000 < 3x+4y = 2023
Suyray :m >1=1<x< 2019 =673
Mt khéc ta c6 y = 202?;—3x _ 2024 —-4x -1+ x 56— x4+ x;l

Pé y nguyén thi x—1 chiahétcho 4,suyra x=1+4k,keZ.
Kéo theo y=505-3k .

Do d6 1<1+4k <673< 0<k <168.

Vay c6 169 cap (x;y)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

Cau 3. = (TS vao 10-Chuyén Chung Kon Tum 23-24)

Gidi bai toan sau bang cach ldp phwong trinh hoac hé phuong trinh:
M6t con Robot dugc Iap trinh dé chuyén dong thang déu trén mot quing duong tur diém A dén
diém B theo quy tic: Di dwoc 120 cm thi dung lai 1 phat, di tiép 240 cm rdi dung lai 2 pht, di

tiép 360 cm rdi dung lai 3 phdt..., tong thoi gian tir khi bat dau di chuyén tir A cho d&én B 1a 253
phit. Tinh quang duong tir A dén B biét van toc ciia Robot khong ddi 1240 cm/pht.

O Loi giai
Goi sb lan di cia Robot (theo quy luat di rdi lai nghi) 1a x (x>1, xeN").
Thoi gian di cua Robot theo quy luat la:

142(? + 240 + 360 +...+120X =34+6+9+..+3x= 3x(>;+1)

(phat).

Thoi gian nghi cua Robot 1a: 1+2+3+....+x—1:¥ (phut).

3X(x+1) N X(x-1)
2

Giai phuong trinh tim duoc: x, =11 (théa man ); X, = —% ( khéng thoa man).

Theo bai ra ta c6 phuong trinh: =253 & 2x° +x—-253=0.

Quang duong tir A d&én B 1a: 3.11.12

40=7920( cm).

Céau 4. » (TS vao 10-Chuyén Khanh Hoa 23-24)

Lan cat thir nhat, ban An cat mot manh gidy hinh vudng thanh 4 hinh vuéng nhoé bang nhau
(hinh v&). Lan cat tha hai, ban An lay mot trong cac hinh vudng dé cat thanh 4 hinh vudng nho
bang nhau (nhu 1an thir nhat), va cir 1am nhu vay nhiéu lan. Hoi sau bao nhiéu lan cét thi ban
An c6 dugc 55 hinh vuéng?

Loi gii
Sau lan cit thi nhat ban An c6 duoc 4 =3-1+1 (hinh vudng).
Sau lan cat thir hai ban An c6 dugc 3+4 =7 =3-2+1 (hinh vuéng).
Sau lan cét thir ba ban An c6 dugc 3+3+4=10=3-3+1 (hinh vuéng).
= Sau x lan cat, ban An c6 dugc 3x+1 (hinh vuéng).

Theo dé bai, ta c6 phuong trinh: 3x+1=55 < 3x=54 < x= 5—34 =18 (n).

Vay sau 18 1an cit ban An c¢6 duoc 55 hinh vuéng.
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

Cau 5. w= (TS vao 10-Chuyén Lao Cai 23-24)

Lac 7 gio 30 phit hai xe 6 t6 cling xuat phat tir A dén B véi van téc cia mdi xe khong thay doi
trén ca quing duong. Xe thir hai ¢&én B sém hon xe thir nhat dung 1 gio. Llc quay tro vé, xe
thir nhit tang van toc thém 5km/h, xe thi hai van giir nguyén van toc nhu lic di nhung ding ¢
tram nghi 36 phut, do d6 xe thw hai vé dén A cuing ltc vai xe thir nhat. Biét ring quéing duong
tir A dén B 1a 180km. Hoi luc di, xe thi nhat dén B IGc may gio?

Loi gidi
Goi van tdc xe thir nhat va xe thir hai luc di tir A d¢én B lan luot 1a x (km/h), y (km/h) (y >x>0)

Thoi gian xe thir nhat di tir A dén B 1 @(gic‘r)
X
o L g X . 180, ..
Thoi gian xe thir hai di tir A dén B la — (gio)
y
2 .. 3
Doi 30 phat =z h
o R SR £ . 180 , ..
Thoi gian xe thir nhat di tir B dén A la a5 (9io)
X+

Thoi gian xe thir hai di tir A dén B 1 §+@ (0io)
y

180 _180

+1 (@)
Theo bai ra ta c6 hé¢ phuong trinh
180 3 180
a5 sty @
X+5 5
Xx+50=0 x=-50 (KTM
Ter () va(?) = 180 24—&@2X +10x-4500=0 < = ( )
X 5 Xx+5 Xx—45=0 x=45 (TM)

Thay x =45 vao (1) ta dugc y =60 (thoa man)

Vay xe thir nhat di ¢én B ldc 7h30pht + % h = 11h30pht.

Cau 6. x= (TS vao 10-Chuyén Son La 23-24)

Hai d6i thanh nién tinh nguyén cung lam chung mot cong viéc thi hoan thanh trong 6 gio.
Néu hai d6i lam riéng thi thoi gian hoan thanh cong viéc cua doi tha hai it hon thoi gian hoan
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
thanh céng viéc cua doi thir nhat 1a 5 gio. Hoi néu 1am riéng thi mdi doi hoan thanh cong viéc
trong bao lau?
COLoi giai
Goi thoi gian doi thir nhat 1am riéng va hoan thanh 1a x gio (x> 6)
Thoi gian d6i tha hai lam lam riéng va hoan thanh la x—5 gio
e a1t AAs 1 i
Mot gio ca hai doi lam duoc —+—5 cong Vviéc
X X—

Theo bai ra ta ¢6 phuong trinh 1+i _1
X X-5 6
< 6(x—5)+6x=x(x-5)
< X2 -17x+30=0

x =15 (t/m)
{x =2 (loai)

Vay d6i mot lam riéng hoan thanh cdng viéc sau 15 gio va thoi gian doi hai hoan thanh riéng la 10
gio.

Cau 7. = (TS vao 10-Chuyén Long An 23-24)

Nhéan dip ki niém 10 nam thanh 1ap, cira hang GNH c0 thuc hién chuong trinh giam gié cho
mat hang X 1a 20% va mat hang Y 1a 15% so véi gia niém yét. Ba Gidi mua 2 mon hang X
va 1 mén hang Y phai tra sé tién 12 395000 dong. Ngay cudi cling ctia chuong trinh, cira hang
thay d6i bang cach giam gia mat hang X 14 30% va mat hang Y 1a 25%. Vao ngay hom do,
¢6 Binh mua 3 mén hang X va 2 mén hang Y thi tra sé tién 12 603000 dong. Tinh gia niém
yét cia m&i mon hang X va Y (gi& niém yét la gia ghi trén mén hang nhung chua thuc hién
giam gia).

ML oi giai
Goi gia niém yét cia mat hang X va Y lan luot 13 x,y (dong)
2 (1-20%) + y(1-15%) = 395000
Lap duoc hé phuong trinh
3x(1-30%) + 2y (1— 25%) = 603000

x =130000

Giai dugc
{y = 220000

Két luan.

Céau 8. = (TS vao 10-Chuyén Nga — Phap — Trung Hoa Binh 23-24)
Di Ut dy kién trong 160 cay Thanh Long trong mot khu vudn hinh chix nhat theo hang, mdi
hang c6 s6 cay bang nhau. Do mé rong dién tich khu vuon nén Di Ut di trong thém dugc 82
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
cay bang cach trong thém 3 hang, mdi hang thém 2 cay so véi du dinh. Tinh sé hang cy va sb
cay Thanh Long & m&i hang ma Di Ut du dinh trong trong vuon lac dau.

Lo giai
Goi sb hang cay Thanh Long Di Ut du dinh trong lac dau 13 x (xe N)

S6 cay trong & mdi hang ban dau 1a: 160 (cay)
X

Lap dugc phuong trinh: 160 +2= 242
X X+3

Giai phuong trinh tim dugc: x=8 (TM); x=30 (TM).
Néu sé hang cay la 8 thi s6 cay & mdi hang 1a 20;
Néu sb hang cay 1a 30 thi sb cay ¢ mdi hang 1a 160:30 = % (loai).

Vay, s6 hang cay 1a 8 va s6 cay & mdi hang 1a 20.

Céau 9. = (TS vao 10-Chuyén Tin Hoa Binh 23-24)
Két thic nam hoc 2022 - 2023, Hoa hoi Binh: “Bgn ¢ bao nhiéu bai kiém tra dat diém 8 va
diém 9 vdy?”. Binh tra 10i: “Sé bai kiém tra dat diém 8, diém 9 cua té nhiéu hon 21 va téng sé
diém cia cac bai kiém tra @6 la 183”. Em hiy tinh gitip Hoa xem Binh ¢ bao nhiéu bai kiém
tra dat diém 8 va bao nhiéu bai kiém tra dat diém 9 nhé.

L oi giai
Goi 56 bai diém 8 va diém 9 ciia Binh dat dugc lan luot 12 X, y (bai)(x,yeN").

Theo gia thiét x+y > 21.
Tong sb diém cua tat ca cac bai kiém tra d6 12 183 nén ta c6: 8x+9y =183.

Tac6 183=8x+9y>8(x+y)= x+ys%.

Do x+yeN va 21<x+ys% nén x+y=22.

X+Yy=22 X
=
8x+9y =183

Vay Binh dugc 15 bai diém 8 va 7 bai diém 9.

=15
Taco hé { _- (thoa mén).

Céau 10. w (TS vao 10-Chuyén Hoa Binh 23-24)

Két thiic nam hoc 2022 - 2023, Hoa héi Binh: “Ban ¢6 bao nhiéu bdi kiém tra dat diém 8 va
diém 9 vay?”. Binh tra 10i: “Sé bai kiém tra dat diém 8, diém 9 cia t& nhiéu hon 21 va tong sé
diém ciia cdc bai kiém tra d6 la 183”. Em hdy tinh giap Hoa xem Binh c6 bao nhiéu bai kiém
tra dat diém 8 va bao nhiéu bai kiém tra dat diém 9 nhé.

L oi giai
Goi s6 bai diém 8 va diém 9 cta Binh dat dugc 1an luot 1a x, y (bai) (x, ye N*) .
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Téng hop: Duy Tudng
Theo gia thiét x+y >21.
Téng s6 diém cua tit ca cac bai kiém tra d6 13 183 nén ta co: 8x+9y =183.

Tacc')183:8x+9y28(x+y):>x+y£%.
. 183 .
Do x+yeN va 21<x+y£? nén x+y=22.

(théa man).

L x+y=22 X=15
Ta co hé

=
8x+9y =183 y="7
Vay Binh duoc 15 bai diém 8 va 7 bai diém 9.
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
CHUYEN PE 3. HAM SO

Cau 1. »= (TS vao 10-Chuyén TP Pa Ning 23-24)

Trén cling mat phang toa dg, cho parabol (P):y=x? va dudng thang (d):y=kx+5. Duong
thang (d) cét parabol (P) tai hai diém A va B. Goi C,D lan luot 1a hinh chiéu cua A B trén
truc Ox .

1) Khi k = -4, tinh dién tich hinh thang ABDC .

2) Timtatcacac giatricua k dé AD va BC cat nhau tai 1 diém nam trén duong tron duong kinh
CD.

M Loi giai

(@)

0

1) Phuong trinh hoanh do giao diém cia (P) va (d):
X =-4x+3 < x> +4x-5=0,
Co6: a+b+c=1+4+(-5)=0 nén phuong trinh c6 hai nghi¢m phan bigt:

R c -5
=lvax ==—=—=-5.
Xy 27371

Voi x=1=y=1"=1.
Véi x=-5=y=(-5) =25
Vay toa do giao diém cua (P) va (d) la A(1;1) va B(-5;25).

(AC+BD)CD (25+1).6
2 2

Dién tich hinh thang ABDC : Spgpc = =18 (dvdt).

2) Goi la giao 1 diém cua AD va BC.

Vi I thudc dudng tron duong kinh cD nén: CID =90° (gdc ndi tiép chan nira dudng tron)
= AD L BC

- Phuong trinh hoanh d¢ giao diém cua (P) va(d):
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
x* =kx+5 < x> —kx-5=0.

Co: ac=-5<0, do d6 dd thi hai ham s trén ludn cat nhau tai hai diém phan biét c6 hoanh d¢ trai
dau.

Goi toa d6 hai giao diém la A(X;Y,) Va B(X,;Y,)-

X, + X, =k

- Theo dinh Ii Vi-et:
XX, =—5
- Phuong trinh duong thang AD c¢6 dang: Y =ax+b.

Ta co: y,=ax +b - kx, +5=ax +b
Yo =axp +Db O=ax,+b

=kx, +5=a(x—x%,) (1).
- Phuong trinh duong thang BC c6 dang: Y =aX+b'. Tuong tu nhu trén ta co:
kx, +5=a'(x —X,) (2)-
Nhan (1) va (2) vé theo vé ta dugc:
(kx1+5)(kx2+5):—a.a'(x1—x2)2
& k%X +5K (X, + %) +25= (X +X, ) —4xX,
& —5k? +5k* +25=k* + 20
o k?=5<k=+5.
Viy k=5,

Cau 2. » (TS vao 10-Chuyén Can Tho 23-24)
Trong mat phang OXY, cho duong thing (d):y=2mx—4m+5 (M Ia tham sO) va parabol
(P):y=x*.Tim tat ca gia tri cia m dé (d) cat (P) tai hai diém phan biét A, B sao cho ba diém

O, A/ B tao thanh tam giac vudng tai O.

q AL oi giai
Ta c6 phuong trinh hoanh d¢ giao di€ém cua (P) va (d):

X’ =2mx—4m+5 = x> -2mx+4m-5=0.
A =4m? —16m+20 > 0(VVm) => Phuong trinh c6 hai nghi¢m phén biét:

2 _ 2
X, = 2m-+4m’ —16m -+ 20 =m++m*—4m+5 = yA:(m+\/m2—4m+5)

2
—_— 2— 2.
o 2m \/4m2 16m+20 _ e —am =5 = y, - (- —4m+5)

AAOB vuéng tai 0 = OA’ + 0B’ = AB® (DPinh 1y Pythagoras)
2 2

S X+ Ya+Xe+Ya=(Xa=Xg) +(Ya—Vs)

S Xa+ YA+ X+ Ya = Xa—2XXg + X + YA —2Y, Vs + V2

)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

S XpXg +Y,Yg =0

s (=45 ) - —am 5 )+ (4 Vi a5 (m— a5 =0
(m+\/m2—4m+5)(m—\/m2—4m+5)=0 )
7| (o am ) o —am )=t

Gii (1)
(m+\/m2—4m+5)(m—\/m2—4m+5):0<:>mz—(m2—4m+5):0
<:>4m—5=0c>m:g . Loai vi khi m:% thi s& nhan duoe X, =0 v& y, =0, diém B tring voi

diém O khong tao dugc tam giac.
Giai (2):

(m+\/m2—4m+5)(m—\/m2—4m+5):—1<:> mz—(m2—4m+5):—1

< 4m—-5=-1 < m =1 (nhén).
Vay m=1.

Cau 3. ». (TS vao 10-Chuyén Bic Giang 23-24)
Cho duong thang d 6 phuong trinh: y =(3m+1)x—6m—1, M la tham sé. Tim mdé khoang

céch tir goc toa do dén duong thang d 12 16n nhat.

ML oi giai

Chi ra duong thang d ludn di qua diem M (2;1)
Goi H 1a hinh chiéu vudng géc cua O trén duong thang d

Suy ra OH <OM Vm

Chi ra duong thing OM ¢6 phuong trinh 13 y = % X

Do OM 1.d nén %(3m+1)=—1c>3m+1=—2c>m=—1. KL.

Cau 4. = (TS vao 10-Chuyén Bic Ninh 23-24)
V& dudng thang (d) 1a dd thi ham s6 Y = 2X+4 . Tinh khoang c4ch tir gc toa d6 O dén dudng
thang (d).

AL oi giai
V& duong thang (d) 1a do thi ham so y =2X+4.
Ta c0 bang gia tri sau:

X 0 —2

SAN PHAM cUA NHOM WORD-GIAI-TACH VAO 10



VAO 10 CHUYEN CAC TINH NAM 2023-2024

y=2Xx+4 4

o

—> D0 thi ham s6 1a duong thang (d) di qua cdc diem A(0;4); B(—2;0).

Ta vé& duoc dd thi ham s6 Y = 2X+4 nhu sau:

[ 2 B I =

H
B

y =2x+4

L J

/2 10
-1

Goi OH la khoang cach tir 0 dén AB.

Tong hop: Duy Tudng

Ta c6 d6 thi ham s6 (d) cat hai truc toa do tai A(0;4); B(—-2;0)Nén OA=4; OB =2 va tam giac

OAB vudng tai 0 = 5= 12 + 12
OH OA° OB

N 12:%+%=£:OH=1=%(dvd‘[).
OH2 4% 22 16 J5 5

(hé thire lugng trong tam giac vuéng)

Cau 5. (TS vao 10-Chuyén Cao Bing 23-24)

thtr hai).

Trén mat phang toa o OXY , cho parabol (P):y = x? va duong thang (d):y = —x+6 Cét nhau tai
hai diém phan biét A, B . Tinh téng d6 dai OA va 0B (lam tron két qua dén chir s6 thap phan

MLoi giai

Phuong trinh hoanh d¢ giao diém cua parabol (P) va duong thang (d) la:

-6=0 <:{

X>=—X+6 < x2+X

X=-3
x=2

Toa do giao diém A, B cua (P)va (d)la A(-3;9), B(2;4).
Do d6, tong d6 dai cia hai doan thing OA va OB 1&:

T =OA+0B = /(0+3)° +(0-9) +/(0-2)" +(0—4)" =00 ++/20 ~13,96.

Cau 6. »= (TS vao 10-Chuyén bak Nong 23-24)

dé (P) va (d) cat nhau tai hai diém phan biét c6 hoanh do X, X, sao cho |x, —x

Cho parabol (P): y:%xz va duong thang (d): y=mx—%m2+m+1 v6i m 1a tham sé. Tim m

2|:2'

Phuong trinh hoanh d¢ giao diém cua (P) va (d)

1)(2 =mx—£m2+m+1 s x-2mx+m?-2m-2=0 Q).

2

SAN PHAM cUA NHOM WORD-GIAI-TACH VAO 10

Lo giai

la:




VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
Taco: A'=b"?—ac=(-m)’ —1(m2 —2m—2)= 2m+2.
Dé (P) va (d) cat nhau tai hai diém phan biét thi phuong trinh (1) ¢6 2 nghiém phan biét thi:

a=0 1-0
= = m>-1.
A'>0

Véi m > —1 ¢6 2 nghiém phan biét. Ap dung hé thuc Vi-ét, ta co:

x1+x2=_?=2m

c
X, . X, =g=m2—2m—2
Taco: [x, —x,|=2 <3(x1—x2)2 =4 <:>(x1+x2)2—4x1x2:4

= (2m)’ -4(m" ~2m-2)=4 e 2m+2=1m=—"(m).

1
Viay m=-—-=.
ay >

Céau 7. = (TS vao 10-Chuyén Hau Giang 23-24)
Trong mat phang véi hé toa do OXy, cho ham s6 y =%x2 c6 do thi (P) vaham s6 y = mx+n c0

do thi 1a duong thang (d). Tim cac gié tri cia m va n dé duong thang (d) cat d6 thi (P) tai hai diém
cOhoanh dd la —2 va 4.

7 T "L giai
Vi duong thing (d) cét db thi (P) tai hai didm A va B ¢6 hoanh d6 13 —2 va 4 nén ta co:
* X =2=Y, :%.(—2)2 =2=A(-22)ed =-2m+n=2.

* X =4= Y, :%.42:8: B(4,8)ed = 4m+n=8.

-2m+n=2
dm+n=8
m=1
n=4

Tur d6, ta c6 hé phuong trinh {

Giai h¢ phuong trinh trén, ta dugc {

Céau 8. » (TS vao 10-Chuyén Chung Kon Tum 23-24)
Trong mit phang toa do OXY , cho duong thang (d): y=(m+2)x+3. Tim gia tri cia m dé duong
thang (d) cat hai truc OX; Oy lan luot tai hai diém A va B sao cho tam gi4c AOB can.

Lo giai
biéu kiegn m= -2
Do duong thang (d) céthai truc OX; Oy lan luot tai 2 diém A va B nén

SAN PHAM cUA NHOM WORD-GIAI-TACH VAO 10



VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

_3 .
A( ;0]:>OA:‘—3: 3 va B(0;3) = 0B =3.
m+2 m+2| |m+2|

Ta co tam gidc AOB cén tai O nén:

3 =3
OA=0B & =3 | M+2 .:{m:_l(tm).
m+ 2 3 __3 m=—3 (tm)
L m+2

Vay Me{-1-3} thi tam gi4c A0B can.

Cau 9. » (TS vao 10-Chuyén An Giang 23-24)

Cho duong thang (d): y = (5m—6) x+ 2021 v6i m la tham sb.

a) biém 0O(0;0) c6 thuoc (d) khdng? Vi sao?

b) Tim cac gia tri cia m dé (d) song song véi duong thang: Y = 4X+5.

COLoi giai
a) Thay x = 0 va y = 0 vao phuong trinh duong thang: (d): y = (5m—6)x+ 2021 ta dugC:
0=(5m—6).0+2021<> 0 =2021 (VO Iy)
Viy diém O(0;0) khong thudc duong thang (d).
5Sm-6=4

b) Puong thang (d) song song véi duong thang: y = 4x+5 < om=2
2021+#5

Vay m = 2 thoa mén dé bai.

Cau 10. = (TS vao 10-Chuyén Thira Thién Hué 23-24)

Trén mét phang toa d OXy, cho parabol (P):y = x? va duong thing (d):y = % X+m. Tim tat ca
cac gia tri cia m dé (d) ct (P) tai hai diém phan biét A, B sao cho tam gidc OAB vudng tai A.
COLoi giai

Phuong trinh hoanh d¢ giao diém ciia (d) va (P):
2x° =%x+m < 4x*—x-2m=0 (1)
(d) cat (P) tai hai diém phan biét A, B < (1) c6 hai nghiém phan biét
<:>A=1+32m>0<:>m>—i.
32

Vi tam giac OAB vudng tai A nén OA L AB, hay OA L (d).
Mt khac, duong thang OA di qua O nén OA c6 phuong trinh 4 Y = —2X.

2= _2x.

Phuong trinh hoanh d¢ giao diém cua OA va (P): 2X
Phuong trinh c6 hai nghiém x, =0; x, =—1, suy ra A(-12).
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Vi (d) diqua A nén 2=%.(—1)+m,suy ra m:g (théa man).

Vay m =g la gié tri can tim.

Céau 11. w (TS vao 10-Chuyén Tay Ninh 23-24)

Cho hai duong thang (d,):y =ax+5 Va (d,):y=3x+b—2.Tim &b biét (d,) va (d,) cung di
qua diém M (2;-3).
EdLoi giai
Do (d,) va (d,) cung di qua diem M (2;-3) nén ta co: {2a+5=—3 @{a=—4.
6+b-2=-3 |b=-7

Viay a=-4;b=-7.

Céu 12. = (TS vao 10-Chuyén Tay Ninh)

Cho parabol (P):y=2x* va duong thang (d):y=(7-m)x+3m-3. Tim céc gié tri nguyén am cua

m dé (P) cat (d) tai hai diém phan biét co6 hoanh do nho hon 4.

Lo giai
Phuong trinh hoanh d6 giao diém cua (P):y=2x* va (d):y=(7-m)x+3m-3 Ia;
2x* =(7-m)x+3m-3 < 2x* —(7-m)x+3-3m=0
A:(7—m)2—4.2.(3—3m):m2—14m+49—24+24m
=m?+10m+25=(m+5)" >0, Vme R .
Pé (P) cit (d) tai hai diém phan biétthi A >0« m=-5.

Khi d6 phuong trinh c¢6 hai nghiém phan biét:
/-m-m-5 -2m+2 -m+1

%= 4 4 2 ’
7—-m+m+5 12
X, = ————~=2_3,
4 4

n A <. , +1
Yéu cau bai todn < <4 -mM+l<8e -—mM<7<m>—7.

Vay tap cAc gié tri nguyén &m thoa yéu cau bai toan caa m Ia: {—6;-4,-3;,-2;-1} .

Cau 13. = (TS vao 10-Chuyén Son La 23-24)

SAN PHAM cUA NHOM WORD-GIAI-TACH VAO 10



VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
Cho parabol (P):y=x* va duong thang (d): y = (2m—3)x+3m—5 (M la tham s0).
a) Xéc dinh gid tri cia m dé duong thang (d) di qua diém A(-2;3).
b) Tim m dé duong thang (d) tiép xdc vai parabol (P).
AL oi giai
a) Xéc dinh gid tri cia m dé duong thang (d) di qua diem A(-2;3).

buong thing (d) di qua diém A(-2;3) nén ta co:
(2m-3).(~2)+3m-5=3

= -4m+6+3m-5=3
S -—-m=2<<sm=-2

b) Tim mdé duong thang (d) tiép xdc véi parabol (P).
Phuong trinh hoanh do giao diém:  x2 —(2m-3)x—-3m+5=0 (*)
A=[~(2m-3)] ~4(-3m+5)=4m’ ~12m+9+12m-20=4m* 11

Puong thang (d) tiép xtic vi parabol (P) < phuong trinh (*) c6 nghiém kép

Ji1

4m2 -11=-0& m:iT.

Cau 14. . (TS vao 10-Chuyén Tién Giang 23-24)
Trong mat phang toa do OXy, cho parabol (P):y=x* va duong thang (d):y=2(m-1)x+3.
Tim tat c4 cac gia tri cua tham s6 m dé duong thang (d) cét parabol (P) tai hai diém phan biét c6

hoanh d¢ x;,x, thoa méan x, +2x, =5.

AL oi giai
Phuong trinh hoanh d6 giao diém cua (P) va (d) la:
x?=2(M-1)x+3< x*-2(m-1)x—3=0
Do 1.(-3) = -3 <0 nén phuong trinh trén lu6n c6 hai nghi¢m phan biét x, x,
Do d6 dudng thang (d) ludn cét parabol (P) tai hai diém phan biét c6 hoanh do x;,X, .
+X,=2(m-1) (1

Theo hé thuc Vi-ét, ta c {Xl .=2(m-1) (9

XX, =3 (2)
X, =7-2m

L4 2x, =5 tre (1) v& theo V& ta duoc
ay X +2%, @) ve © o duo {&zz(m_l)-(7—2m)=4m—9

X, =17-2m
X, =2(m-1)—(7-2m)=4m-9
Thay vao (2) ta dugc (7—2m)(4m—9)=-3 < —-8m*+46m—60=0
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m=2
< 4m*-23m+30=0<= 15
m=—

4
Vay me {2;%}.

Cau 15. w (TS vao 10-Chuyén Nga — Phap — Trung Hoa Binh 23-24)
Trong mit phing toa &6 OXy cho duong thang (d): y=ax+b.Tim a, b biét duong duong
thang (d) di qua A(-1 2)va song song véi dudng thang (d'): y =3x+2.
MLoi giai
(d) song song véi duong thang (d) <> a=3;b#2
=(d):y=3x+b (b#2). (d) diqua A(-1;2) = 2=3.(-1)+b<b=5(TM)

Céau 16. = (TS vao 10-Chuyén Tin Hoa Binh 23-24)
Trong mit phang toa do OXY, cho duong thang (d):y=ax+b. Tim a va b d@é duong thing
(d) di qua hai diém A(1;3) va B(2;5).

L oi giai
(d) di qua hai diém A(L;3) va B(2;5) 12703
2a+b=5

Giai hé¢ phuong trinh ta duoc: a=2; b=1.

Cau 17. = (TS vao 10-Chuyén Yén Bai 23-24)
Trong mat phang toa do OXY , cho parabol (P):y = x? va duong thang (d):y =2x—m—2. Tim
tat ca cac gia tri cua tham sé m dé (d) cét (P) tai hai diém phan biét lan luot c6 hoanh d§ x,, X,

thoa man x7 +1=2x,.

q AL oi giai
Phuong trinh hoanh dg giao diém cua (P):y =x? va (d):y=2x-m-2 la:
X2 =2Xx—-m—-2< x* —2x+m+2=0(*)
+ (d) cét (P) tai hai diém phan biét lan luot c6 hoanh do X, X, <> Pt (*) ¢6 hai nghiém phén biét
S A>01-(M+2)>0m<—1.
+ Theo dinh li Vi- ét, ta co:
{x1+x2 =2 @{X2:2—X1
XX =m+2  [%.(2-x)=m+2,(**)
Ma: x7 +1=2x, nén x’ +1= 2(2—&)@[: 213
+Voi x =1, thay vao (**) ta dugc: m = -1, (loai)
+Voi x, =-3, thay vao (¥*) ta dugc: m=-17, (théa man)
Vay m=-17.
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Cau 18. = (TS vao 10-Chuyén DHSP Ha Noi 23-24)
a) Mot khay nudc c6 nhiét d6 125°F khi bat dau cho vao ti da. O trong tu d4, cir sau mdi gio,
nhiét d6 caa khay nudc lai giam di 20% . Hoi sau bao nhiéu gio, nhiét d6 caa khay nudc chi con la
64°F ?

. R 1 N A A < R A
b) Cho parabol (P):y =ax®(a=0) diquadiem A —1;5 . Tim toa d6 ciia diém M trén parabol

(P) sao cho khoang cach tir diém M dén truc tung gap hai lan khoang cach tir diém M dén truc
hoanh.

Lol gial
a) Nhiét do cua khay nudc sau mdi gio con lai 80% =%. Goi t (gio) la thoi gian dé nhiét do giam vé

64°F . Khi do6 ta c6 phuong trinh sau

t t 3
(5] 125-sae (2] -3
5 5 125 \5

=1t=3
Vay sau 3 gio nhiét 4o cua khay déa giam vé 64°F .

. 1
b) Do parabol (P):y =ax*(a=0) di quadiém A(—l; Ej nén a-(-1)°= % =3 =%

1 . .
Khi d6 parabol (P):y :%xz, ta dat M (XM ;EX“Z" j Tuc la khoang cach tir diém M dén truc tung

1 x,, , khoang cach tir diém M dén tryc hoanh 1a %xf,, :

Do khoang cach tir M dén truc tung gap hai lan khoang cach tir M dén truc hoanh nén

J

Cho Parabol y=%x2(P),duc‘mg thang (d):y=—3x+2 v6i m=0 vadiém 1(0;2)
m

1 <
Xy :Z-Exf,, S Xy = X5 < %, (Xy —1)=0 < X, =0 hoidc x, =1.

N |-

Vay tat cd toa do di€ém M thoa méan bai toan la M (0;0) hoic M (1;

Cau 19. ». (TS vao 10-Chuyén Bén Tre 23-24)

a) Chtig minh rang duong thang (d) luon cit (P)tai hai diém A, B phan biét.
b) Goi H, K 1an Iuot 14 hinh chiéu ctua A, B trén truc hoanh. Chimg minh rang tam giac IHK 1a
tam giac vudng. i
¢) Chung minh rang d¢ dai ciia doan thang AB 16n hon 4.
Loi giai

a) Phuong trinh hoanh d¢ giao diém cua (P)va (d)la: %xz - Zxi2,m 0(1)
m

:>1x2+£x—2=0:>x2+ix—4=0
2 m m

Do A, :% +4>0,Vm =0 nén phuong trinh (1) Iudn ¢6 2 nghiém X, X, phan biét.

Mait khac, sb nghiém cua phuong trinh(1) chinh la ) giao diém cua (P)va (d)
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Vay duong thing (d) luén cit (P)tai hai diém A, B phan biét.

1 1
b) Ta dat A(x;y,).B(X,;y,) hay A(Xi;lez), B(XZ;EXZZJ-KM doé H(x;0),K(x,;0)-

4
‘ +X, =——
Ap dung Vi-et cho phuong trinh (1) v6i 2 nghiém phan biét X, X, ta co R m

XX, =—4
2 2 2 16
HK® = (%, =%, ) =(% +X,) —4X1XZ:F+16
IH? =(x —0)° +(0-2)" = x?+4

Ta tinh duogc ) )
IK? =(x,-0) +(0-2) =x,"+4

IH? +IK? = x12+x22+8=(x1+x2)2—2x1x2+8=r1n—§+16

Suy ra HK? = IH? + IK?, hay tam gidac IHK vudng tai | .
¢) Ta di chimg minh AB’? >16 v&i moi m = 0. That vy,
1., 1.,Y 1
B = ()" + [ 307 = 317 | = (6 =R+ 06 1) g~k

1 16 4
= (X, —x)° +[1+—(x1 +x2)2} =(—2+16j(1+—2j :6_‘:+8_(2)+16 >16,vm = 0
4 m m m* m
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CHUYEN PE 4. HE PHUONG TRINH

Cau 1. w= (TS vao 10-Chuyén Tin Ha Noi 23-24)
X+y+3xy=9

3

Giai hé phuong trinh {

x*+y®=9

[ Loi giai
bat a=x+y, b=xy (a2 > 4b) . Hé phuong trinh da cho tr¢ thanh:

a+3b=9 3b=9-a 3b=9-a
3 =193 =33 2 '
a’-3ab=9 |a’-a(9-a)=9 |a’+a’-9a-9=0
[(a=-1
kt
9-a b=E( m)
=5 3
b=9-a a=-3
= ila=-1 o (ktm).
(a+1)(a+3)(a—3)=0 a3 b=4
a=3 a=3 t
s m

Vi a=3;b=2, tir d6 ta tim duoc nghiém (x;y) e{(12);(21)}.

Cau 2. » (TS vao 10-Chuyén Hai Phong 23-24)
\/9( X+1+ &) =1

Giai h¢ phuong trinh:
y+4y =x* +3x-3-2(x+1)4/x

Loi giai
bKXD: x>0; y>0.

PT thir nhit < [y =Vx+1-Vx (1)
PT thir hai = (yfy +2) =(x+1-x) .

+THL: |y +2=x+1-+/x & [y = x=/x =1. Két kop vai (1):

X>1
\/x+1=x—1<:>{ 2 4 0<:>x=3;y:7—4\/§ (tmdkxd).
X*—3X=

+TH2: \Jy +2=—x-1++/x (VO Iy Vi {Jy +2>0;—x~1++/x <0).
Vay x=3y=7-43.

Cau 3. = (TS vao 10-Chuyén Da Nang 23-24)

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
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(xz—y)\/E=x(y—x+2)

Giai h¢ phuong trinh
(y-1)(y-3x—3)=x"-3x+3-8Vx-2

O Loi giai
(xz—y)\/x—Z:x(y—x+2) (1)
Giai hé:
(y-1)(y-3x-3)=x"-3x+3-8Jx-2 (2)
bK: x>2
Xét phuong trinh (1):

(y-D)(y—-3x-3)=x*—-3x+3-8Ix-2 = y*—3xy -4y +3x+3=%x"-3x+3-8x -2
= X*(X=2) =3X*VX—2 —4x/X =2 = X* +6X+8Jx -2 =0

= (X*=3x*+6X) —/X—2(Bx* +4x-8)=0= x> —3x(x—2) —V/x-2(3x* +4x-8) =0
Dit t=+x—2 thi t?=x—2 va 4x—8=4t
(x* =3xt?) —t(3x* +4t*) =0 = x° —3x’t = 3xt* —4t° = 0= (X — 4t)(X* +tx +t*) =0

2
Ma x* +tx+t? = (x+éj +%t2 >0 (d4u bang khdng xay ra)

Ta dugC: X =4t = X =4JX—2 = x> =16(x—2) = x* -16x+32=0
X=8+42 : nhan

X=8+4v2 = y=x3/x -2 = 8+ 42) /6 + 442 = (8+44/2).(2+2) =32 +16+/2
X=8-4J2 = y=x/x—-2=(8-4/2)6-442 = (8-42).(2-2) =32-16+2

x=8+4«/§ . {x=8—4\/§

Vay h¢ phuong trinh c6 hai nghiém: va
y=32+16+/2 y=32-16+2

CAau 4. ». (TS vao 10-Chuyén Can Tho 23-24)
x*—y*-35=0

Gial phuong trinh va hé phuong trinh sau:
P s > PIHORS {2x2+3y2—4x+9y=0

Lo giai

3_\3_ac_
Tacs ) ) y’—35 20 (1)
2x* —4x+3y*+9y =0 (2)

Nhan hai vé ctia (2) vé6i 3 ta duoc:

3(2x* —4x+3y+9y) =0 6x*—12x+9y* + 27y =0 (3)
lay (1)—(3) ta dugc:

x*—y?—35-6x"+12x—-9y*—27y =0
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< X2 —6x2+12x-8—y> -9y —27y-27=0
X2 -3x*+3x.2° -2 —y* —3y** 3y 3 -3 =0
<:>(x—2)3—(y+3)3:0

<:>(x—2)3:(y+3)3

S X-2=Y+3

S X=Y+5

(1)< (x—y)(x* +xy+y*)=35 (4)

Thay x=y+5 vao (4) ta duoc:

(y+5) +y(y+5)+y* =7
< Y +10y+25+ Y2 +5y+y? =7
< 3y?+15y+18=0

y=-2
N
+) Véi y=-2,tacd x=3
+) Véi y=-3,tacd x=2
Vay nghiém cua hé 1a (3; —2) va (2;—3).

Cau 5. » (TS vao 10-Chuyén Bic Kan 23-24)

2

y>—2x>—xy—y+2x=0

JE—y-1l+x+y=1

Giai h¢ phuong trinh {

Loi giai
CyP-2x2—xy-y+2x=0()
Taco
JE-y-1l+x+y=1 (2)
biéu kién: x*—y-1>0.
=2X
Taco: (1) <:>(y—2x)(y+x—1):0<:{y
y=1-x
V6i y =2x thay vao (2) ta dugc:

x<t x<t
X2 =2x-1=1-3x & 3 o 3

x?—2x—-1=1-6x+9x> 8X°—4x+2=0

x=1 =0
Véi y=1-x thay vao (2) tadugc: VX’ +Xx-2=0< X" +x-2=0 c{ :{y

Vay tap nghiém cuia h¢ phuong trinh: S ={(1;0);(-2;3)} .

(v6 nghiém)

X=-2 y=3

CAu 6. » (TS vao 10-Chuyén Bic Giang 23-24)

VAO 10 CHUYEN CAC TINH NAM 2023-2024
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o . X2+ X—2Xy =2
Giai hé phuong trinh: :
X'+ x° —4x%y = 4 - 4x%y?

0 Loi giai
[ X+ x—2xy =2 X2 —2xy =2-X
Taco Xy = 4 3 2,,2 2
X'+ X2 —4x%y = 4- 4xPy? (x* = 4xy +4x*y? )+ x* —4=0

X°—2Xy =2-X
x —2xy +x°-4=0

21X -4=0

X2 —2xy =2 —X
—-4x=0

"l
{x —2xy 2-x
“lu

x* —2xy =2-x(*)
<91 x=0
X=2

+) Vé6i x =0, thay vao (*) ta dugc 0=2 (V0 ly).

+) Vi x =2, thay vao (¥) ta dugc y =1.

Vay hé phuong trinh c6 nghiém duy nhét (2;1).

Cau 7. » (TS vao 10-Chuyén Bic Ninh 23-24)

6Xx+6Yy =2023|x
Giai h¢ phuong trinh { y | y|.

X—2y =3xy
O Loi giai
6x+6y =2023|xy| (1)
X—2y =3xy (2)
TH1: Néu xy > 0= |xy|=xy. Khidéhéphuongtrinhcédang
1 1
61461 —2023 6L 6——2023 9-=2032
6x + 6y = 2023xy v X vy y
_2y=3x 1 1 1 i1 1
X=ey =91 ——2— R Z_22-3
y y X y X
12032 9
y 9 - 2032 - 2032.
2032 .1 12025 18
2t 2-=3 = X=——
9 X x 18 2025

TH2: Néu xy <0=|xy| = —xy . Khi d6 hé phuong trinh c6 dang
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6lielo2023 |6lielo2023 |9l -_2014
6X+ 6y =-2023xy y X y X y
—2y=3x i1 1 111 111
Xmey=9% Z_22-3 32 _6-=9 Z_22-3
y X y X y X
1 -2014 9 9
y 9 Y= %014 2014
2014 ,1_, |1 _-2041 18
9 X x 18 2041

TH3: x=0 hodc y =0 khi d6 ta cé (x;y)=(0;0) thod man.

. 18 9 )\ (-18 -9
Vay nghiém cua hé ph trinh (X; : X : :(0;0) ;.
Ay nghiém ciia ¢ phuong trinh ( y)e{(2025 2032) (2041 2014]( )}

Céau 8. » (TS vao 10-Chuyén Binh Binh 23-24)
X +yi=7

(x+y)(4+3xy)=- (y<R).

Giai h¢ phuong trinh {

0 Loi giai

X +yi=7
{(X+ y)(4+3xy) =2 (x.yeR).

3
- (x+y) =3xy(x+y)=
(x+y)(4+3xy)=-2
bat a=x+Y, b=xy, khi d6 ta c6 hé phuong trinh

-3ha=7
{a 4+3b)=
-3ba=7
{4a+3ab_—
a’+4a=>5
4a+3ab=-2

{
{(a (a*+a+5)=0

4a+3ab=-2
“lina
=

oo

_1
Suyra{ Y
Xy =—-2

Do d6 X,y (néu co) la hai nghiém cua phuong trinh X*-X -2=0
X =1
X=2

0

0

& (X+1)(X -2)=0 @[
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SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10
x=-1 [x=2
Suy ra ;
s ot
Vay tap nghiém ciia hé phuong trinh S ={(-1;2); (2-1)}.

Cau9 = (TS vao 10-Chuyén Binh Phudc 23-24)
2X° +y? —-3xy+7x-5y+6=0

A Y2 49X+ 9= \2x+y+2 + [x+4y+1

Giai h¢ phuong trinh: {

Loi giai
2X* +y? —3xy +7x-5y+6=0 1
Giai h¢ phuong trinh: d d d @ .
AX2 — Y2 49X+ 9= \2x+ Yy +2 +x+4y +1 (2)

2X+y+2>0
X+4y+1>0
Phuong trinh (1)<:>(2x2 —xy+3x)+(—2xy+ y’ —3y)+(4x—2y+6):0
& x(2x—y+3)-y(2x—y+3)+2(2x—-y+3)=0
< (x—y+2)(2x-y+3)=0
X—y+2=0
C{Zx—y+3=0
+) Trudng hop 1: x—y+2=0< y=x+2, thé vao phuong trinh (2) ta co:
4x2—(x+2)2+9x+9:\/M+\/x+4(x+2)+1
< 3% +5Xx+5=~/3x+4 +~/5x+9

& 3% +3x=| 3x+4 — (x+2) ]+ Bx+9 — (x+3)

+) Diéu kién: {

<:>3(x2+x)— 3X+4—(x+2)? . 5Xx+9—(x+3)°
V3X+4+(x+2) V5x+9+(x+3)
@3(x2+x)= m + i
V3x+4+(x+2)  V5x+9+(x+3)
1 1
x> +x)| 3 =0
= (3 ) +\/3x+4+(x+2)+\/5x+9+(x+3)
x24+x=0
13y 1 + L =0

M+(x+2) M+(x+3)

Xx=0
sSix=-1
1 1

3+ +
V3X+4+(x+2)  Bx+9+(x+3)

-0 ()

Tir diéu kién ta c6 x> —% = X+2 2% va x+32§ nén phuong trinh (*) c6 vé trai luén duong

nén phuong trinh (*) vO nghiém.
Véi x=0 tacd y=0+2=2 (thoa man diéu kién)

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong




SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10
Véi x=-1tacod y=-1+2=1 (thoa min diéu kién)
+) Truong hop 2: 2x—y+3=0 < y=2x+3, thé vao phuong trinh (2) ta co:

4x2—(2x+3)2+9x+9:M+\/x+4(2x+3)+1
& -3 =4x+5++/9x+13
& -3x-3=(\/4x+5-1)+(Ox+13-2)

4x+4 9x+9

= +
NAX+5+1 A/9x+13+2
4 9
< (x+1 + +3 (=0
( )(\/4x+5+1 VOX+13+2 J

Xx=-1
< 4 9

+
VAX+5+1 \9x+13+2
Ta thiy phuong trinh (**) ¢6 Vé trai ludn duong nén phuong trinh (**) vé nghiém.
Vé6i x=-1taco y=2.(-1)+3=1 (théa man diéu kién)

Két luan: Vay hé phuong trinh c6 tap nghiém a S = {(O; 2);(—1;1)} .

+3x+3=0

+3=0 (*%)

Cau 9. » (TS vao 10-Chuyén Cao Bing 23-24)
|x|+y? =10

Giai hé phuong trinh: :
2|x|-3y* =-25

0 Loi giai

2|x|+2y?* =20 (1)
2|x|-3y*=-25 (2)

Trir ting vé phuong trinh (2) va (1), ta dugc: 5y> =45 < y* =9= y=43

Vé6i y =+3, thay vao phuong trinh (1), ta dugc [X|=1= x=+1

Vay tap nghiém cua hé phuong trinh da cho 1a S = {(—1;3),(1;3),(—1;—3),(1;—3)}

H¢ phuong trinh da cho tuong duong véi hé sau: {

Cau 10. = (TS vao 10-Chuyén Pak Lak 23-24)
X° —6x* +13x—10— (X -y +2)4/x—y+1=0

Giai hé phuong trinh :
phione {(3x2+18x—2xy+6y—yz)w/x—y+6—24x—8yO

O Loi giai
X —6x” +13x—10—(X—y+2){/x—y+1=0 (1) X—y+1>0
. DK: .
(3x2+l8x—2xy+6y—y2),/x—y+6—24x—8y:0 (2) {X—y+620

Tir (1) = (x-2)° +x-2=(Jx—y+1) +fx—y+1
a=x-2

Dat{ ta dugc: (a—b)(a2+ab+b2+l):0:>a:b:x—2: X—y+1.
b=x-y+1

Tu (2):>[(3x+y)(x—y)+6(3x+y)} X—y+6-8(3x+y)=0

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong




SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10

y =-3X
< (3X+ X—y+6)X-y+6-8(=0 .
( y)[( y+6) 4 ] c{ X—y+6=2
THL y =-3X y =-3X
: =
X—2=\X-y+1 X—=2=+/4x+1 (*)

>2
(*)@{X = x=4+13= y=—12—3«/173-

x?—-8x+3=0

X—y+6=2 X—y+1=-3 . N
TH2: = (khong thoa man DK).
X—2=x—-y+1 X—=2=X-y+1

So véi diéu kién, suy ra hé da cho c6 nghiém (x;y)= (4+ J13;-12 —3J1_3) :

Cau 11. = (TS vao 10-Chuyén biak Nong 23-24)
y(y-x)=2x*+3x+1 (1)
XAy = x-y+7=7y-3x"+1 (2)

Giai h¢ phuong trinh: {

[ Loi giai
DKXD: {X”ZO
X—y+720
PT(1) @ 2x* +xy—y*+3x+1=0
< (X+Yy)(2x—y)+(x+y)+(2x-y)+1=0
& (x+y+1)(2x—y+1)=0
< y=2X+1 (vi Xx+y>0 nén x+y+1>0).
Thay vao phuong trinh (2), ta duoc:
VX4 2X+1 =X =2X~1+7 =14x+7-3x* +1

& V3X+1-/6-x +3x* ~14x-8=0 (PKXD: —%S X<5)

@(\/3x+1—4)—(\/6—x—1)+3x2—14x—5:0

- 3x+1-16 3 6—x-1

V3x+1+4 6-x+1
@(X—S)-( 3 1

V3X+1+4 6-x+1

3 1

+
V3x+1+4 6-x+1

Do d6 x=5= y =11 (thoa mén).
Vay (x,y)=(511).

+(x—=5)(3x+1)=0

+3x+1j:0

+3x+1>0

1
Vi X=>—= nén
3

Cau 12. . (TS vao 10-Chuyén Pong Nai 23-24)
X +y?=5

Giai h¢ ph trinh: .
14l h¢ phuong trin {(x+1)(y+1)=6
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SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10

Lai gidi
S:X+ 2— =
bat y.Hé phuong trinh tré thanh ST-2P 5.
P=xy S+P=5
$?-2(5-5)=5 $?+25-15=0 (*)
= = .

S=-5P=10
Phuong trinh (*) c6 A'=1*+1.15=16 nén .
S=3 P=2

S=-5
Vi {P 10 thi x, y 1& hai nghiém cta phuong trinh

X?+5X +10=0 (phwong trinh v6 nghiém).

[S=3 . e
Vi ) thi X, y la hai nghiém cta phuong trinh

X
X?-3X +2:0<:{x ) (Vi a+b+c=1-3+2=0).

Vay hé phuong trinh ¢6 hai nghiém la (1; 2) va (2;1).

Cau 13. w (TS vao 10-Chuyén Dong Thap 23-24)
x(3y+1)-y=3

X +y’+xy=3

Giai h¢ phuong trinh {

D Loi giai
x(3y+1)-y=3 [x-y+3xy=3
=
X +y?+xy=3 (x—y) +3xy =3

u=x-
Dét{ y
V =Xy
[(u=0
V:3—u { _1
066 h o X u+3v=3 u+3v=3 3 Y=
a co hé phuong trin = = -
 PRIonS u*+3v=3 |[u*-u=0 [U=0 u=1
u:1 V:E
L 3
u=0 X—y=0 =v=1
Vi y = X=y
v=1 xy=1 X=y=-1
u=1 x—y=1 x:3+g/£ x:?’_(;/ﬁ
Vi 2= 2 =hé co nghiém la hoac .
V= (XY= —3+4/33 —3-4/33
3 3 y:T y:T
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SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10

Vay h¢ phuong trinh ¢6 4 nghiém (1;1), (—1;—1), [BJFF;_BJM/@J,(:S_@;_B_\/@].

6 6 6

Cau 14. w (TS vao 10-Chuyén Gia Lai 23-24)
X(y+2)+2=5y
(xy=1)*+3(1-y*) =0

Giai hé phuong trinh: {

[ Loi giai
+) Xét x =—1,x =—2 nhan thiy khong phai 12 nghiém cta hé phwong trinh.
+) Nhan hai vé ciia phuong trinh (1) véi (x+1)(x+2) rdi trir di phuong trinh (2) ta duoc phuong
trinh; (X—y)(x*y +2x* +8x—3y+10)=0
X(y+2)+2=5y {y2—3y+2=0 {x: y=1
= <
X=Y X=Y X=y=2
Xy =5y —-2x-2
S5xy +6x—-3y+10=0

+) TH1: x=y:>{

+) TH2: x*y+2x° +8y—3y+10:0<:>{

Xy =5y—2x-2
(5y —2x—2).x+2x* +8x-3y+10=0
Xy =5y—-2x-2
5xy +6x—-3y+10=0
Xy =5y —-2x-2
<
2x =11y
11y* +12y+4=0
“ox=11y (v0 nghiém)

Vay h¢ phuong trinh c¢6 nghiém la:

(x.y)e{(L1)i(2:2)}

Cau 15. » (TS vao 10-Chuyén Ha Tinh 23-24)
(x+2)(2-y)=8

J11-4(x—y) + x*y* +1=3xy.

Giai h¢ phuong trinh {

Loi giai
bK: 11-4(x-y)>0

(x+2)(2-y)=8=2(x-y)-xy=4=2(x-y)=4+Xxy
Thé vao phuong trinh (2) ta co:

JI1-2(4+xy) + X*y* =3xy +1=0 & 3-2xy + x*y* —=3xy +1=0
©(~/3—2xy —1)+x2y2 -3xy+2=0

2(1-xy)

2
& ———+1-xy)2-xy)=0 = (1-Xy)| ———+2—-xy |=0
{3-2xy +1 (L-xy)2=) ( y)(~/3—2xy+1 y}
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SAN PHAN

I CUA NHOM WORD-GIAT-TACH VAO 10

2 3
Sxy=1 (D0 ———+2-xy>0, Vxy<—

O g Y YY)

y—i 1 —1

Ta co: {Xy:l = X = y:; = y_x

' —y)= 1

2(x-y)=5 2(x—— 5 |oxtsx_2-0 |xo3EVAL
X 4

Vay hé phuong trinh ¢6 nghiém la:

_ 5+/41 —5+41)  (5-+/41 -5-41
V)= =37 [ 2

Cau 16. » (TS vao 10-Chuyén Ha Nam 23-24)

Giai h¢ phuong trinh {

2%+ xy(2y — X) + 2x* +6x = Xy + y* +3y
J30C +Y) +7 +\[BX2 +5y +14 =4—y—x*

2. biéu kién: {

@ Lai giai

3(x*+y)+7>0
5x* +5y+14>0

Phuong trinh (1) tuwong duong vai

2X3 +2xy? = X2y +2X° +6X = xy + Yy +3y

& (2% = X2y) + (2xy% — y*) + (2x* — xy) + (6x—3y) =0
S XRx=Y)+ Y (2x=y)+x(2x-y) +3(2x—y) =0

S x=Y)(XP+y?+x+3) =

0

1, ., 11
<:>(2x—y)[(x+§) +y +Z]_O

&S 2X—-y=0< y=2x

Thay y =2x vao phuong trinh (2) ta dugc

V3X2 +6X+7 +4/5x2 +10X+14 = 4— 2X — x>

& (V3X°+6X+7 —2) + (\5x* +10x +14 —3) + (x> +2x+1) =0

3(x+1)?

S(x+1)° +(x+1)?=0

o +
N3 +6X+T+2

< (x+1D%( 3

5x° +10x+14 +3

32 +6X+T +

Vi 3

+1)=0

5
+
2 +/5x°+10x+14 +3
5

+
N3P +6X+T7+2 5x*+10x+14+3

+1> 0 nén phuong trinh twong duong vai

(x+1)? =0 x+1=0 x=-1=y=-2 (tm)

Vay h¢ phuong trinh ¢6 nghiém (x;y) = (-1 -2)

Cau 17. » (TS vao 10-Chuyén Hai Duong 23-24)

VAO 10 CHUYEN CAC
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SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10

- Xy+2x+y=2
Giai h¢ phuong trinh: < °
X“+Yy +2x+4y=3

Loi giai
(x+1)(y+2)=4

2. Hé phuong trinh da cho tré thanh ) )
(x+1) +(y+2) =8

a=x+1 ab=4
bat ta dugc hé
b=y+2 a’+b?>=8

ab=4 ab=4
“(a+by—2ab=8"" |(a+b) =16

Vay tap nghiém cua hé phuong trinh 1a S = {(1;0);(-3;-4)}

Cau 18. w. (TS vao 10-Chuyén Hau Giang 23-24)
2x+y=3m-1
Cho h¢ phuong trinh y
3X—y=m+3

a) Giai hé phuong trinh (1) véi m =0.

(1) (voi m la tham sd).

b) Tim m dé hé phuong trinh (1) c6 nghiém (x; y) sao cho x, y 1a 6 dai hai canh caa hinh

chir nhat c6 d6 dai duong chéo bang 10.

Loi giai
a) Vi m=0, hé phuong trinh (I) trd thanh {
2
X==
Giai h¢ phuong trinh trén, ta dugc 9
Y="5

{2x+y:3m—1 {2x+y:3m—l @
=
b) Ta co 3X—y=m+3 9x—-3y=3m+9 (2)

VAO 10 CHUYEN CAC TINH NAM 2023-2024
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SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10
Lay (2) trir (1), tacé 7x—4y =10.

7x—4y =10

Két hop véi gia thiét, ta c6 h¢ phuong trinh (v6i 0 < x, y < 10).
X +y° =100

Giai hé trén véi diéu kién 0 < x, y < 10, ta duoc { o
y =

X=6
Thay { vao hé phuong trinh (I), ta tim dugc m=7.

Céau 19. w. (TS vao 10-Chuyén Hau Giang 23-24)

x*—y®-3(2x* - y?) -5y +14x-9=0
Giai héphu:ongtrinh{ y =3 y7)=3y :

J2-y +43-x=2x-2
[ Loi giai
3—-x=>0
S 1<x<3
.bicu kiégn: 12-y>0 < .
y<2
2x—2>0

Khi dé,taco (1) & (x-2)°+2(x-2)=(y-1*+2(y-1) (3)

Uu=x-2 )
bt . Khi do
v=y-1

R u’+2u=vi+2v

SU -V +2u-Vv)=0< (U—V)(U*+uv+Vvi +2)=0
2 2 2 2

& U-v) (uﬂj B lcovi[us Y] +3 4250
2 4 2 4

SuU-v=0u=v=x-2=y-1l< y=x-1
Thay y=x-1vao (2), tacd
V3—X+/3-X=2X-2 < 2/3-Xx=2Xx-2</3—-x=x-1

S3-x=xX"-2x+1 X -x-2=0

& x =2 (thoa diéu kign) hogc x = -1 (thoa dieu ki¢n)
= y=2-1=1 (thda dieu ki¢n).

Vay, hé phuong trinh c6 nghiém la: (x; y)=(2;1)

Céau 20. w. (TS vao 10-Chuyén Chung Kum Tum 23-24)

. ‘ X+my =3m-3 X AN e o i A
Cho h¢ phuong trinh: (m la tham so). Tim cac gia tri nguyén caa m

mx+y=2m-2
dé hé phuong trinh c6 nghiém duy nhét (x;y), trong 6 x;y la cac s6 nguyén.

0 Loi giai

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong




SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10
X+my=3m-3 X+my=3m-3
(M?—1)x =2m?—5m+3

Dé hé phuong trinh c6 nghiém duy nhat thi m* —=1#0 < m = +1.

mx+y=2m-2

X_2m—3_2_ 5
Suy ra hé phuong trinh ¢6 nghiém duy nhat 13 m +15 m +1.
y=3-—
m+1

Vi M nguyén dé hé phuong trinh c6 nghiém duy nhét 1a céc sé nguyén thi m+1phai la woc cua 5
= m+1e{l;,-15-5} = me{0;-2;4;-6} (théa man).

Vay me{O; -2;4; —6} thi hé phuong trinh c6 nghiém duy nhat (x;y), trong d6 x;y la cac sé
nguyén.

Céau 21. w (TS vao 10-Chuyén Chung Kon Tum 23-24)

2-x)V1-x-yy-1=0 (1)
x+2+,Jy+1=3 (2)

Giai hé phuong trinh: {

0 Loi giai
DbKXD: x<1; y>1.
D) & L-X)V1-x—(y-Dy-1+V1-x—,/y-1=0
bat v1-x=u (u>0); /y-1=t (t>0)ta dugc phuong trinh:
u-t=0

u?+ut+t>+1=0

u3—t3+u—t=0<:>(u—t)(u2+ut+t2+1):0@{

S U-t=0=21-x=y-1l<x=2-y

T (2) suyra J4—y +4/y+1=3 (DKXD: 1<y <4)
=5+2 (4—y)(y+1):9@m=2:3y_yz:0©[y=0 (KTM)

y=3 (TM)
Vay hé phuong trinh ¢ nghiém (X;y) = (-1;3).

Cau 22. ». (TS vao 10-Chuyén Hung yén 23-24)
X +y*+Xx+y=8

Giai h¢ phuong trinh .
2X2 +y? =3xy +3x—2y+1=0

D Loi giai
X+ y?+x+y=8 1
Giai h¢ phuong trinh y 4 ( ) :
2x* +y? —3xy +3x—2y+1=0(2)
(2)<:>2x2—3x(y+1)+(y—1)2:0
< (x—y+1)(2x-y+1)=0
x=y-1

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong




SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10

+) TH 1: x=y-1, thay vao (1) ta dugc:

(y—1)2+y2+(y—1)+y:8<:>2y2+4y+2:8c> y2+2y—3:0<:{

. Néu Y=1thi x=2
. Néu Y="3 thi x=—4

y=1
y=-3

2
+) TH 2: x=y7_1, thay vao (1) ta duoc: [VT‘lj +y2+7_1+y:8c>5y2+4y—33:0

Tacd A'=2°+5.33=169.
-2-13

Phuong trinh c6 hai nghiém phan biét: y, = - -3y, =

. Néu Y="3 thi x=-2

Vay, hé phuong trinh c6 nghiém (x;y)e {(2;1);(—4; -3);(—2; —3);[

2)

Céau 23. w (TS vao 10-Chuyén Lai Chau 23-24)

. X*+y +x+y=8
Giai h¢ phuong trinh { Y Y

@

2X2 +y* =3xy+3x-2y+1=0 (2)

Léi giai

XX +y +Xx+y=8 )]
22X +y? =3xy+3x—-2y+1=0(2)

- X +y +Xx+y=8
(x—y+1)(2x—y+1)=0

(*)

x2+y2+x+y:8(**)
y=2X+1

X
X +y*+x+y=8
x=y-1

X +y +Xx+y=8
X=y-1

Giai (*) {

VAO 10 CHUYEN CAC TINH NAM 2023-2024
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SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10

x=1
x=y-1 x=y-1 {
= - = :y—1<:> y=2 & y=2
(y—1)2+y2+(y—1)+y:8 2y* =8 {y——Z Xx=-3
y=-2
Gia ()| 1YY
y=2x+1
y=2X+1
A 2

X +(2x+1)2+x+(2x+1):8

y=2x+1
=
5x?+7x+2=8

y=2x+1

=N
5% +7x—6=0

3

X==

y=2X+1 5

3 11

S x== < YT
5 3)

X=-2 X=-2
y=-3

Vay hé phuong trinh da cho c6 4 nghiém (1; 2);(—3; 2);(—2; —3);(%%}

Cau 24. » (TS vao 10-Chuyén Lang Son 23-24)

X? —2y* +xy-3x+3y=0
Giai h¢ phuong trinh Yo y .
X+ Yy +X+y-4=0

Loi gidi
X* —2y* +xy—3x+3y=0

Giai h¢ phuong trinh
X2+ y?+Xx+y-4=0

Tur (1), taco: x> =2y +xy—3x+3y =0 x* +2xy —xy —2y* —3x+3y =0
< X(x+2y)-y(x+2y)-3(x-y)=0<=(x—Yy)(x+2y-3)=0

x—y=0 X=Y
= =
X+2y-3=0 X=-2y+3
Vai x =y thay vao (2), ta co:
(2) e X +xX*+Xx+x-4=02x"+2x-4=0= X" +x-2=0

Vi a+b+c=1+1+(-2)=0=> phuong trinh c6 hai nghiém phan biét:
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SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10
X, =1=y, =1,

X,==2=Y,=-2.
Voi x=-2y+3 thay vao (2), ta co:

(2) = (-2y+3)" + y* +(-2y +3)+ y—4=0 4y* ~12y +9+ y* 2y +3+y-4=0
< 5y*-13y+8=0

Vi a+b+c=5+(-13)+8=0= phuong trinh c6 hai nghiém phan biét:
y; =1=x,=1;
Y, =§:> X, =—2.§+3:_—1.

Vay hé phuong trinh c6 tap nghiém la: S = {(1;1);(—2;—2);(%'%} .

Céau 25. w. (TS vao 10-Chuyén Nam DPinh 23-24)

2 2
. . XT+y =Xy+X—-y+2
Giai héphufongtrlnh:{ 5

Xy =y(x+y+4)+x

0 Loi gidi

X2+ Yy =Xy +X—y+2 XP =Xy +y =X—y+2 (5)
&

X +y =y(x+y+4)+x (x+y)(x2—xy+y2):xy+y2+4y+x (6)

Thay (5) vao (6) tadwoc (X+Y)(X—y+2)=xy+Yy’+4y+X
2 2 X=2y
S X -xy-2y*+x-2y=0<(x-2y)(x+y+1)=0<

X=-y-1
Vé6i X =2y, thay vao (5) duoc

Ay —2y* +y? =y+2 3y -y-2=0<

Tim dugc (X;Y) =(2;1) va (x; y):(_g;_g .
Vi X =—y—1, thay vao (5) duoc

y=0
5

3

(y+1)2+(y+1)y+ yo=—y-1-y+2<3y*+5y=0=
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‘ . A s 2 5
Tim duoc (X;¥)=(-10) va (x;y)=| =;-= |.

Vay hé co ding bén bo nghiem (X;y) 1a (21), (—g;—éj, (-1,0), (—;——j.

Cau 26. w. (TS vao 10-Chuyén Nghé An 23-24)

2X — X+ Y =+/2y —X* +2X
(2—ﬂlx+ y)\/x2 +4=23x

Giai hé phuong trinh {

0 Léi gisi
2x—x+y =42y —x*+2x (1)
(2-x+y )V +4=243x (2)

Piéu kién xac dinh cua hé phuong trinh 1a X +y >0;2y —x*+2x>0.

Do \/X+Vy > 0;\/2y—x2 +2X >0 nén tr h¢ phuong trinh da cho ta co

Gidi hé phwong trinh {

2x> \[x+y
- (2-Jxry) =2(x+y)-x
R 2x> \Jx+y
-5 559) -
©x=yx+y (2)

= (2-x)Jx* +4 = 2/3x
X<2 Xx<2
<:>{(2—X)2(x2 +4)=12x2 c>{(x2+4)2 —4x(x2+4)—12x2 =0

X<2 X<2
< (x2+4—6x)(x2+4+2x):0Q{x2—6x+4:0
< x=3-4/5,y=11-55

Vay hé phuong trinh da cho ¢6 nghiém la (x;y)

(3—J§;11—5J§).

Céau 27. w (TS vao 10-Chuyén Ninh Binh 23-24)

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong




SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10

1 1 9
X+Y+—+—=—
. X y 2
Giai hé phuong trinh: :
9 3 1 1 lj
S| X+ = X+= || y+—
4 2( yj( yJ( X
Cd Lo giai
bK: x#0; y=#0
Data:x+£; b:y+1
y X
9
a+bh=— 1
EY

HPT da cho trd thanh o 3
—+>a=ab (2)
4 2

NP 9 X _

Tu (1): b=5—a. Thay vao (2):

g+§a=a g—a <9+6a=2a(9-2a)
4 2 2

42’ -12a+9=0c(2a-3)" =0

<:>2a—3:0<:>a:§:>b:3.

Vay:
x+ o3
y 2 :{2xy+2:3y 3)
1=3 4
y+£=3 xy+1=3x (4)
X
=y =2X
Thay vao (4):
x=1
2x° -3x+1=0 < 1
X=—
2

X=1=y=2 (tm)

x:%: y=1 (tm)

Vay (x y)e{(l;Z);(%;l]}.

Cau 28. ». (TS vao 10-Chuyén Pha Tho 23-24)
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2(x+\/x2—7x+1):1—y+\/m

Cho h¢ phuong trinh:
y2—2(x—2)=3\/(y+1)(y2+2x)

(x, yeR).

Loi gidi
2( )+ —x+1)=1-y+yy'+3 (1)
yz_z(x_g)zg\/(y+l)(y2+2x) (2)
PK: (y+1)(y2+2x) >0
Tu phuong trinh (1)
= (2x+y-1)=q/y* +3-2,/x* ~x+1
1
2 -1)= 2 3-4 2 1)|.
C>( X+y ) |:y + (X X+ ):| \/y2+3+2\/X2—X+1
2x+y-1)=| y?—(2x-1)° | X
<(2x+y-1) [y (2x )J\/y2+3+2\/x2—x+1
1
2 “DN=(v-2 1 2x—1).
e B e sey e
) y-2x+1 | |2x+y-1=0
& (2x+y-1) \/y2+3+2\/X2—X+1 1}_0©{y—2x+1=\/y2+3+2\/xz_x+1

+) Truong hop 1: 2x+y—-1=0=2x=—y+1 thay vao phuong trinh (2) ta duoc

(2)>y2-1+y+4=3[(y+1)(y? -y +1) > y2 -y +1+2y+2=3)(y+1) (v’ -y +1)

Piat a=,/y+1,b=y’-y+1  (PK: y>-1)

a=b
=2a’-3ab+b*=0<(a-b)(2a-b)=0<
2a=D
y=0= x:1
-V6i a=b=y+l=y’-y+ley? -2y=0= 21
=2= X=——
y 2
(AT s T3

4

r 2
-V6i 2a=b=4y+4=y’-y+1ly -5y-3=0<

—37+5 N37 -3
Ve Ty

+) Truong hop 2: y—2x+1:\/y2+3+2\/x2—x+1 (PK: y—2x+1>0)
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Binh phuong hai vé ta duoc

(y-2x+1) =y*+3+4(x’ —x+1)+4\/(y2 +3)(x*—x+1)

S Y HAX +1-4xy —Ax+2y =Yy’ + 4X® —4x+7+4\/(y2 +3)(x2 —x+1)

<:>—4x+2y—6:4\/(y2+3)(x2—x+1) <:>—2x+y—3:2\/(y2+3)(x2—x+1) 3)
bK: y>2x+3

Binh phuong hai vé cua (3) ta duoc

(—2x+y—3)2:4(y2+3)(x2—x+1)

S AP+ Y +9-Axy +12X -6y =4X"y* —4xy’ + 4y +12x° —12x+12

©3(4x° +y° +1-4xy—4x+2y)=0

&(2x-y-1)'= 0 2x-y-1=0c2x=y+1
Két hop véi diéu kén y>2x+3tacd 2x=y+1>2x+4<0=4 (Vo Ii)
Vay hé phuong trinh da cho c6 4 nghiém

ot B2

2 4 2 4 2

Phan I: Dé thi va dap an.

Cau 29. = (TS vao 10-Chuyén Quang Tri 23-24)

THy—+ry =3
Jo+144y+1=3
L i gisi

Giai h¢ phuong trinh {

s |y =0 S=z+y
biéu kién: . bat (§* > 4P)
x,y > —1 P=uzy

Hé phuong trinh da cho tré thanh:

S>3
S—\/;=3 P g 32
&1P= 85—
S+2+20S+P+1=9

2\/s+ S—3'41=7-8

:>2\/S+ S—32+1:7—S:>4 S —5S+10 =49 —145 + S?

§=-1
35 —65 —9 =10
=4 <=)>S:3

. , S=3 r+y=3
Thur lai thay S = 3 théa man. Khi do6 ta dugc .

=
P=0 zy =0
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SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10

Giai ra ta dugc tap nghiémcaahé S = 0;3 ; 3;0

Cau 30. = (TS vao 10-Chuyén Quang Ninh 23-24)

X°—2X—Xy+y+1=0
x2+3x—,/y2+5x—1—2=0'

AL oi giai
X2 —2X—Xy+y+1=0< (X-1)(x-1-y)=0<>x=1 hoic y=x-1
V6i X =1 ta co6 phuong trinh \/m:2<:> y=0
V6i y = x—1 ta c6 phuong trinh X2 +3x —v/x2 +3x —2=0
Pat t =vXx? +3x, t >0, pttro thanh t* —t—2=0<t, = -1 (loai), t =2 (théa man)
Véi t =2 taduge X° +3Xx—4=0< X =1 X, =—4.
Vay hé phuong trinh ¢6 hai nghiém la (1; 0) : (—4; —5) .

Giai h¢ phuong trinh {

Céau 31. w (TS vao 10-Chuyén Quang Binh 23-24)

X +x+y=1

Giai h¢ phuong trinh :
(x> +D(x+y-1)=-2

ML oi giai
a) Ta co:
X +x+y=1 (X +D)+(x+y-1D=1
&
(X +D(x+y-D=-2 |[(X¥*+D(x+y-1)=-2
=x+1, (u>1 u+v=1
Dat u=x"+1 (u=1) (*)taduqchéphuongtrinh{
v=x+y-1 uv=-2
u=2
v=-1
< 1
u=-—
L
{V:Z L

thay U=2,v=—1 vao (*) tacd
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x=1
X*+1=2 x=11 y=-1
= =
X+y-1=-1 X+y=0 x=-1
y=1

Vay h¢ phuong trinh c6 hai nghi¢m (—l; 1); (1; —1)

Cau 32. = (TS vao 10-Chuyén Phu Yén 23-24)

Giai h¢ phuong trinh sau:
(xy)3 +3xy® +2=6y°
3y’ =y’ +2
L i gisi

(xy)3 +3xy’ +2=6y°(1)
3xy’ =y?+2(2)

2

Uu=xX ~ .z
Pt {V yf.Déthay y=0.Tu (2) suyra 3xy=y jz>0,dodéta1u6ncé u>0,v>0(3).
= y

u*+3uv+2=6v (4)

Ta c6 hé phuong trinh maéi:
7P 8 { 3uv=v+2 (5)

3
Thé (5) vao (4) ta duoc: v=— 5+4 (6)

Thé (6) vao (5) ta duoc:

3u'—u®+12u-14=0< (u-1)(3u° + 2u° +2u+14) =0 (7)

Déi chiéu voi didu kien (3) thi 3u®+2u®+2u+14 >0 nén (7) cb nghiém u=1.
Véi u=1,tr (6) suyrav=1hay y’=1< y=+1=>x==1.

Vay hé phuong trinh c6 2 nghiém: (X; y) = (1;1) va (xy)=(-%-1).

Cau 33. w (TS vao 10-Chuyén Thira Thién Hué 23-24)

X* +1=xy

ML &i giai

JX—2y-3+2y*+4y=0 (1
Xéthéphu:ongtrinh{ XZey=moray +4y ()

X*+1=xy (2)

2 —_—
Giai hé phuong trinh {“X_zy_3+2y +4y_0.
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Dé thdy x =0 khong théa (2) nén (2) < y= x+2. Thay vao (1), ta dugc
X

2
/—x—z—3+2(x+1j +4[x+£j:0
X X X

=N —x—3—3+2(x2+2x+1)+2[i2+3+1j=0
X X X

2 » (1 .Y
= —x———3+2(x+1) +2|=+1| =0
X X

<:>—x—z—3= x+1:1+1=0
X X
< x=-1.
Voi x=-1,tasuyra y=-2.
Vay hé pt da cho c6 nghiém duy nhat (x;y) = (-1,-2).

Cau 34. = (TS vao 10-Chuyén Lam Son 23-24)

VAO 10 CHUYEN CAC TINH NAM 2023-2024

8/xy -2y -8y +4=(x-Yy)?
2.2y —y? (\/8—2x —2\/5+1) =4y +5.2—y —10Jx -2

Giai hé phuong trinh: {

L i giai
8y/xy—2y -8y +4=(x—y)? @
242y - y* (VB-2x-2\2y +1) = 4y +52-y ~10Jx-2 (2)
\ 0<y<
bieu kién: y=2
2<x<4

Taco: (1) < 4(xy—2Y)+8xy—2y +4=(X+Y)* & 2\/Xy -2y +2=X+Y
SAxy-2) =X+ Y +2xy —4X—4dy+4 & (X—Y)  —4(x—-y)+4=0
SX=Yy+2

Thé vao (2) ta dugc:

2\2y-y?(Ja-2y -2\2y +1) =4y +52-y -10/y (3)

bat a= \/ﬂz 0, b= \/VZ 0, phuong trinh (3) tr¢ thanh:

2ab(v2a—22b+1) = 4b? +5b—10b

a=2b (4)

22ab+2b=5 (5)
12

+ Giai (4): «/2—y=2\/§<:>2—y=4y<:>y=§:>x=€

+Giai (5): 24/2ab+2b < (2a% +b?)+ (b? +1) =2(a? +b?)+1=5

< (a-2b)(2v2ab+2b-5)=0 <
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. {bzl {yzl
Dau "="xayra"<"

= (Vo ly)
b=av2 = |Jy=42(2-y)
Suy ra phuong trinh (5) v6 nghiém.
12 2
VA X; =(—:—
ay (6y)=(7)

HVAO 10

Cau 35. = (TS vao 10-Chuyén Théi Binh 23-24)

x> —xy’ -6y =0

Giai hé phuong trinh
(x+y)(x+2y)=3(xy+2)

] {xa—xy2—6y=0 (1)
(x+y)(x+2y)=3(xy+2) (2)
Taco (2) < x*+2y* =6(3).

Lai co (1) & x*—xy* —y(x* +2y*) =0 x* = xy* —yx* =2y =0

@(X—Zy)(x2+xy+y2):0
D& thiy (x;y)=(0;0) khong la nghi¢m ctia hé nén x* + xy +y* :(x+

= x =2y thay vao (3) ta dugc 6y* =6 < y==+1
+Néu y =1= x =2 (thir lai thoa man).
+Néu y=-1= x=-2 (thtr lai thoa man).

Vay hé c6 nghiem (x;y)e{(2;1);(-2;-1)} .

2 2
zj S
2 4

Cau 36. = (TS vao 10-Chuyén Son La 23-24)

. X2+ xy—2y° =x+2y
Giai hé phuong trinh: 1 ) , g
X*+2Xy=x"+y° -1
AL &i giai
Phuong trinh (1) < X* +2xy —xy —2y® = X+ 2y
S X(X+2y)—y(X+2y) =x+2y

< (X+2y)(x—y-1) =0

VAO 10 CHUYEN CAC TINH NAM 2023-2024
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X+2y=0 X=-2y
= &
X—y-1=0 X=y+1

+) Vi x=—-2y thé vao (2) ta c6:

8y’ +8y’ =4y’ +y 1o by’ =l y=4+

ol

1 2
+)y:£:>x:—£

1 2
HYy=—"F==2>X=—F

5

+) Vi x =y +1 thé vao (2) ta co: (y+1)3 +2(y+D)%y=(y+D)*+y*-1

< (y+1)@y*+2y+1)=0

y=-1
=
3y2+2y+1=0 (VN)

Véi y=-1=x=0

KL: Hé c6 ba nghiém (—

%;%M%;—%}(O?—D-

Cau 37. w (TS vao 10-Chuyén Tién Giang 23-24)
3 =2x+4y

Giai hé phuong trinh :
P s {2x3+y3=3x+3y

AL oi giai
{3x3 =2x+4y (1)
2x°+y* =3x+3y (2)
Lay phuong trinh (1) trir phuong trinh (2) vé theo vé ta dugc:

3

X —y3:—x+y<:>(x—y)(x2+xy+y2)+x—y:0
2 3 2
& (x=y)(X* +xy+y*+1)=0<>x=y do x2+xy+y2+1=(x+%j +%+1>0,VX,y

Thay y = x vao phuong trinh (1), ta dugc 3x° = 6x < {

X =++/2.
Vay tap nghiém cua hé phuong trinh da cho 1a S = {(O;O);(ﬁ;ﬁ);(—ﬁ; —\/E)} .

Céu 38. = (TS vao 10-Chuyén Tuyén Quang 23-24)
2x° +y? +3xy—3x-9=0

JXP—y+3=2x+y

Giai hé phuong trinh {
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[Léi giai
Hai huéng bién d6i phuong trinh (1)
Cach 1: phuong phap tach.
2x° +y*+3xy-3x—-9=0
& (2% +xy+3x)+(y* +2xy +3y) -3y —6x-9=0
< X(2x+y+3)+y(2x+y+3)-3(2x+y+3)=0
y=-Xx+3
< (2X+y+3)(x+y-3)=0<
(@ery+a)(xey-3)=0es V08
Céch 2. Coi (1) 1a phuong trinh bac hai mot an'y, ta co:

A =9x2 —4(2x* —3x—9) = (x+6) khi d6 tim dugC y =—x+3 VA y=-2x-3

*TH1: V6i y =—x+3 thay vao phuong trinh (2) ta dugc.

X2 +Xx—-3+3=2x—x+3

> X>-3 9
SAX +HX=x+3& ) ) S X=——
X +X=X"+6X+9 5
Vi x:—g:>y:g+3:ﬁ
5 5 5

*TH2: V&1 y =-2x-3 thay vao (1) duoc.

VX2 +2X+34+3=2x-2x-3 < Vx* +2x+6 =—3 PT vd nghiém=> hé vd nghiém

*Két luan: hé ¢ nghiém duy nhat (—gz—;j

Cau 39. » (TS vao 10-Chuyén Vinh Long 23-24)

X_¥y_>
Giai hé phuong trinh 1y X 6 .
XZ_y2:5
AL oi giai
bK: x#0;y#0
X 5 2,2
XyE [Xeys
y X 6 <39 xy 69 .
xX*-y*=5 |x*-y*=5 Ty
6
Xy =6 =5
xz—y2:5<:> 36
X*——=5
X
2 36 4 2
X*—— =0 X -5x"-36=0<x=13
X
X=3=>y=2
X=-3=>y=-2

VAO 10 CHUYEN CAC TINH NAM 2023-2024
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Vay nghiém cia phuong trinh S ={(3;2),(-3;-2)} .

Cau 40. » (TS vao 10-Chuyén Nga — Phap — Trung Hoa Binh 23-24)

1+y:3
Giai h¢ phuong trinh:
__y=1
X
CALoi giai
DKXD: x#0
X X x=1
3 13 Q{ 4,0
—-y=1 —-y=1 y=
X X

Céu 41. = (TS vao 10-Chuyén Tin Hoa Binh 23-24)
x(y-1)+y(x+1)=6

Giai hé ph trinh:
al h¢ phuong trin {(X—l)(y+l):2

ML oi giai
X(y-1)+y(x+1)=6 [2xy—(x—-y)=5 [xy=3 y’+y-3=0
=S =S N
(x=-D(y+1) =3 Xy+(x—y)=4 x—y=1 X=y+1

1+J1_3.—1+J1_3]. {1—@.—1—{3]
= : : .

Tim duoc cac nghiém:
2 2 2

CAu 42. = (TS vao 10-Chuyén Vinh Phiic 23-24)
Giai h¢ phuong trinh

x+y+x+2y:6
%
2 2
X2+ y?+ 2 +4Z =14
(xy)
L oi giai
bKXD: x,y#0
2 1
x+y+X+2y:6 x+y+£+£=6 X+—+y+==6
Xy y X X y
, 5 XP+4y? 1 4 < 2\’ 1Y
X“+y + —=14 X +y +—+— =14 (x+—) +y+—| =20
(xy) y© X X y
< 2 . 1 T
bat x+—=a; y+—=b thi h¢ tré thanh
X y

a+b=6 a+b=6 b=6-a
f— = <~
a?+b?=20  |a?+b*=20  |a’+(6-a) =20
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SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10
b=6-a b=6-a b=6-a
=
“la?-6a+8=0 " (a-2)(a-4)=0 |a=2,a=4

X+—=2 ) 2
x2—-2x+2=0 x=1)"+1=0 (1
+) TH1. Véi a=2 thi b=4 taco: X <:>{ " @{( ) ®

y?—4y+1=0 y2—4y+1=0

y+—=4
y
Ta thay pt (1) v0 nghiém nén h¢ phuong trinh vé nghiém.

+) TH2. Véi a=4 thi b=2 taco:

2
Z -4
X+x {x2—4x+2=0 {(X—Z)ZZZ {X:Zi\/Z
= =

, S ) ( Thoa man )
y>—2y+1=0 (y-1)" =0 y=1

y+£:2
y

Vay nghiém (X, y) cua hé phuong trinh Ia (2—\/5;1);(2+\/§;1).

Cau 43. = (TS vao 10-Chuyén Yén Bai 23-24)
x(x+1)(x+3y)=20

Giai h¢ phuong trinh
 PRIonS {x2+2x+3y=12

MLoi giai
x(x+1)(x+3y)=20 - x(x+1)(x+3y)=20
X* +2x+3y=12 X(x+1)+(x+3y)=12

5 {m = x(x+1)
+ bat:
n=(x+3y)

Hé pt (I):{

m.n=20
+Khido hépt(l) & {m N_1p’ suy ra m,n la nghiém cta phuong trinh: X? 12X +20=0
+N=

{mzlo {m:Z
= hoac

n=2 n=10
2
_1 10 = 1 X“+x-10=0
* Xét truong hop m O<:> x(x+ )<:> 2_x
n=2 2=(x+3y) y:T
[ X_—1+«/H
2
541
y:
6
=
-1-441
2
5++/41
=%
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x=1
2 f—
m=2 [2=x(x+1) X' +x-2=0 {y:3
* Xét truong hop & 10-x <
n=10 ~ |10=(x+3y) y==5— {x:_z
y=4

Vay, tap ngiém cua hé phuong trinh da cho la:
S ={(1;3);(—2;4);[‘1+2*/H;5—(«3/5}[—1—\/@5:@}

2

Cau 44. . (TS vao 10-Chuyén Ning Khiéu DPH Quéc Gia TPHCM 23-24)
Giai h¢ phuong trinh sau:

(x+y)(4+iJ:1

Xy

(4x+lj(4y+lj =-20
X y

bKXb: x,y =0

(x+y)(4+xiyJ:1 [4x+%j+(4y+%jzl
(4x+§j(4y+§]:_zo© (o2 ay+2] o

1
a=4x+—
. X .. . . R a+b=1
bat 1 hé phuong trinh da cho tré thanh: { b= 20
b=4y+= ab=-
y

Theo dinh Iy Viete ddo, a va b la nghiém cta phuong trinh: t* —~t-20=0 < ('[ —5)(t +4)=0 <
t=5
t=—4

4x+1—5
x 4x2 —5x+1=0 4x-1)(x-1)=0
*TH1: a=5 va b=—-4. Ta co: X @{ + @{( )S )
4

4y+£=— 4y? +4y+1=0 (2y+1)" =0
y
x=1hayx:1
= . 4 thoa PK
Y=—§
*TH2: a=-4 vab=5.
1 1
4x+==—4 2 X=—=
AX* +4x+1=0 2x+1) =0
Ta c0: )i <:>{ 2+ " @{( ) < 2 : thoa BK
ay+Los 4y =5y+1=0  [(4y-1)(y-1)=0 || _jpay-1
y 4
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Vay hé phuong trinh da cho c6 cac nghiém la: 1;—l : l;—l X —l;l : —1;l
2)\4 2 2 2 4
Cau 45. = (TS vao 10-Chuyén Bén Tre 23-24)
1 9
X+y+—=—
. . y X
Giai hé phuong trinh
4 A4y
X X
COL o giai
Diéu kién xac dinh: x> +y? %0
4 4
Tacé(2)c>x+y=—2(x+y)<:>(x+y)(—2—lj=0
X X
X+y=0 X=—y
S|4 =
—2:1 X:iZ
X
+) V61 X = -y, thay vao (1), ta de(_)’c:1 :—EDE:O (vo 1y).
y y y
1
. . 1 9 2 y:—(TM)
+) Véi X =2, thay vao (1), tadugc: y+—=—-2=2y" -5y+2=0= 2
y 2 y=2(TM)
1
. N 1 9 ) y=——(TM)
+) V6i X = -2, thay vao(l), tadugc y+—=-=+2 =2y  +5y+2=0=> 2
y o2 y=-2(TM)
A 1A . . A 1 1
Vay hé phuong trinh c6 nghiém (X;y) € {(2; 2) : (—2; —2),(2; E] : (—2; —Ej}

Cau 46. = (TS vao 10-Chuyén Hai Duong 23-24)

. Xy+2X+y=2
Giai h¢ phuong trinh: § ©
X“+Yy +2x+4y=3

ML oi giai
x+1)(y+2)=4
+(y+2)2 =8

2

Hé phuong trinh da cho trd thanh {

a=x+1 ab=4
bat ta duoc hé
b=y+2 a’+b*=8

(x+1)

~ ~
(a+b) —2ab=8  |(a+b) =16

ab =4 {ab:4 (1)
- a+b=4
<4qla+bh=4 < b4
a+b=—4 {a_ (2)
| l(atb=-4
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Cau 47. % (TS vao 10-Chuyén DHSP Vinh 23-24)
5x+y=x’y*-15

Giai hé phuong trinh
P s {2x+3y=3x2y2—13xy—6

MLai giai

5x+y=x"y?—15
Ta dat phuong trinh nhu sau { y y

(1)

2x+3y =3x"y? —13xy -6 (2)

Truong hop 1. Néu x =0 thi —15=y =-2 v Iy nén trudng hop nay vo nghiém.

Truong hop 2. Néu x = 0, ta c6 bién dbi nhu sau

(1).3-(2) = 13x=13xy -39 = xy =x+3 <= y:1+E
X

Thé y ~1+2 vao phuong trinh (1), ta co: Bx+14> (x+3)>—15
X X

<:>5x2+x+3=x(x2+6x+9)—15x S X +x2-7x-3=0

<:>(x+3)(x2—2x—1)=0 @XE{—3;1+\/§;1—\/§}.
Néu x =-3 thi y=1+§=0.
X
Néu x=1++/2 thi y=1+§=—2+3ﬁ.
X

Néu x=1—+/2 thi y=1+§=—2—3ﬁ.
X

Vay tit ca cac nghi¢m (X;y) thoa man 1 (-3;0);(1+v2,-2+32);(1-+2,-2-3V2).

VAO 10 CHUYEN CAC TINH NAM 2023-2024
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CHUYEN PE 5. PHUONG TRINH

PHAN I. PHUONG TRINH BAC HAI

Cau 1. w= (TS vao 10-Chuyén Ba Ria Viing Tau 23-24)

Cho a, b, ¢ la cac sb thuc thoa man diéu kién

c_1 _ .
ZZ. Chung minh rang phuong trinh

ax® +bx+c¢ =0 co it nhat mot nghiém am.

O Loi giai
s ) . a—-4b+1
Tugiathicttaco a=0 va Wso = a(a—-4b+16¢)<0
= a’ —4ab+16ac <0 = a’ —4ab + 4b® < 4b? —16ac = (a—2b)* < 4(b* —4ac)

=A=20

Do d6 phuong trinh c6 2 nghi¢m X;; X, thoa man: X, +X, =—; XX, =
a

(1)

¢ 2% ta dugc: —(X +X,) —4%,X, 2% = (4%, +1)(4x, +1) <0

o

Thay (1)vao

Néu x,;x, déu khdng am thi vo ly. Vay phuong trinh phai c6 it nhat mot nghiém am.

Cau 2. » (TS vao 10-Chuyén Bic Giang 23-24)
Tim tat ca cac gia tri cia tham s m d€ phuong trinh x* —2(3m-1)x+m*-m—-4=0 c6 hai nghién|

phan biét x;, X, thoa mén ‘x1+x2+~/x1x2 +‘x1+x2—1/><1x2 =2008.

Loi giai
Phuong trinh x* —2(3m—-1)x+m’—m—4=0 (1) c6 hai nghiém phan biét

< A'>0
<:>(3m—1)2—(m2—m—4)>0
< 8m°-5m+5>0

2
<8 m—i +@>0;VmeR.
16 32

Vay phuong trinh (1) ludn c6 hai nghiém phan biét x,, X,

X +X, =2(3m-1)

Theo Vi ét, ta co:
XX, =m?—m-4

Pat A= X + X, +1/% X%, ; B=X+X, —4/XX,
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Tacd AB=(x+%) —xX, =(X1+%J2+3%22>0?VX1,X2
Suyra A va B ludn ciing dau =|A|+|B|=|A+B|

Do 6 [, + X, + x|+ X + %, = x| = 2008
<:>‘x1+x2+\/E+x1+x2—\/E‘:2008

& %, +X,| =1004

< 2[3m -1 =1004

m_ 503
< B3m-1=502<| 3
m=-167

Cau 3. » (TS vao 10-Chuyén Binh Duong 23-24)
a) Cho phuong trinh x> +2mx-1-2m=0 (m la tham s)
Chuang minh rang phuong trinh luon ¢6 hai nghiém X, X, v&i moi gia tri caa m.
b) Cho phwong trinh (ax® +bx +c¢)(bx* +cx+a)(cx” +ax+hb)=0, x 1aanséd a, b, ¢ la cac sé thuc
khéc 0 vathoa man ac+bc+3ab < 0. Ching minh rang phuong trinh d4 cho ludn c6 nghiém.

Loi giai
a) Taco: A'=m’—(-1-2m) = m*+2m+1 - (m+1)2>0 véi moi M
Vay phuong trinh ludn c6 hai nghiém X,, X, véi moi gia tri caa m.
ax’ +bx+c=0

b) (ax® +bx+c)(bx* +cx+a)(cx’ +ax+b)=0 < | bx* +cx+a=0
cx’+ax+b=0

A, =b®-4ac; A, =c’ - 4ab; A, =a?—4bc.

Ta co:
ac+bc+3ab<0

< ac+bc<-3ab

< —4(ac+bc) >12ab

Ta co:

A, +A,=b’—4ac+a’—4bc =a’+b’—4(ac+hc)

>a’+b*+12ab =a’+b? +3(c2 —AZ) =a’+b*+3c” - 3A,

= A, +A,;+3A,>a*+b*+3c’ >0

= A +A;+3A,20

Vi A, +A,+3A, >0 nén cd it nhat mot s6 khong am. Do d6 phuong trinh d cho ludn co nghiém.

Cau 4. w (TS vao 10-Chuyén Binh Dinh 23-24)
Gia st phuong trinh X —ax+2 =0 (a latham sb) cé hai nghiém X, va X, .
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Tinh P=x’+X; theo a.

Loi giai

Phuong trinh x> —ax+2=0 (a la tham sb), c6 hai nghiém x, va x, khi A=a*-8>0

o a’>8 < a<-243 hoic a>23
- C [x+x,=a
Theo hé thac Vi-ét ta co:
X1X2:2
Ta co: P:xf’+x§:(x1+x2)3—3x1x2(x1 +x2)

—P=a’-32a=a’-6a véi a<-23 hoic a>23.

Cau 5. w (TS vao 10-Chuyén Binh Phudc 23-24)
Cho phuong trinh 5x% +mx—28=0, voi m la tham sé. Tim m dé phu
nghiém X, X, phan biét thoa man 5x, +2x, =1.

ong trinh da cho co hai

A Loi giai
Phuong trinh c6 A=m*-4-5-(-28) =m?+560>0 véi moi meR
= Phuong trinh luén ¢6 2 nghi¢m phéan biét me R .
=T
Theo dinh ly Vi-et ta co: 28 1)
XX, =——

2Ne)

Két hop (1) va 5x, +2x, =1 ta c6 hé:
SX, +2x, =1
5x, +2x, =1 5%, +2x, =1
Q{ X +2X, Q{ X +2X,

X, + X, :—% SX +5X, =—m 3X, =—m-1
5x1+2._m_1:1 :2m+5
- 15
-m-1 -m-1
2 = 3 2 = 2

Thay X,, X, tim dugc vao (2) ta co:
2m+5 -m-1 _@

15 3 5
19
e 2m?+Tm—247=0 < | 2 (nhan)
m=-13

Két luan: Bé théa man bai toan thi m e {—13; %} .

Cau 6. »= (TS vao 10-Chuyén Cao Bing 23-24)

Cho n lasé tu nhién (n>1).

Goi a va b 1a hai nghiém cia phuong x* —2025nx —2024 =0.

Goi ¢ va d Ia hai nghiém cua phuong trinh x* —2023nx —2024=0.

Chang minh rang (a—c)(b—c)(a+d)(b+d) 1a mét s6 chinh phuong.
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Loi giai
Tir gia thiét a va b 12 hai nghiém cua phuong trinh x> —2025nx—2024 =0 ¢ va d 1 hai nghiém
ctia phuong trinh x* —2023nx —2024 = 0. Theo dinh Ii Viet, ta c6
{a+b 2025n {c+d 2023n
)

va eN*).

ab =-2024 cd =-2024
Do d6 (a—c)(b—c)(a+d)(b+d)
~[(a-c)(b+d)] [(b-c)(a+d)]
=(ab+ad —bc—cd)(ab+bd —ac—cd)
=(ad —bc)(bd —ac)

=abd?® —a’cd —b%cd + abc®

=2024(a* +b*)-2024(c? +d?)

= 2024] (a+b)" ~(c+d)’ |
2024/ (2025n)" - (2023n)’ |

= (4048n) (n € N*) la mot 6 chinh phuong (dpem).

Cau 7. » (TS vao 10-Chuyén bak Lak 23-24)

1) Tim tat ca cac gia tri cua tham sé m dé phuong trinh x* —2x—3m—-2=0 c6 nghiém.

2) Goi X, X,, X;, X, la cac nghiém cta phuong trinh (X +1)(x+3)(x+5)(x+7)=1. Tinh gia tri
biéu thirc P = X X,X;X, .

3 Loi giai
1) Phuong trinh da cho c¢6 nghiém khi A’>0<1+3m+2>0 < m>-1.
2) Phuong trinh da cho twong duong véi (X* +8x+7)(X* +8x+15)-1=0
t=—4+17 (TMPK
Dt t=x*+8x+7 (t>-9). Tadugc t* +8t-1=0 < ( ).
t=—4—+17 (TMBK)
x2 +8x+11-17 =0
X2 +8x+11+17 =0

Vay P = X%, =(11-+17 )(11++17) =104,

Khi do, PT da cho twong duong l:

Cau 8. w (TS vao 10-Chuyén bak Lak 23-24)

Cho da thuc f (x) théaman 2f (x)+3f (2—x)=5x"-8x+3 (1) véi moi sé thuc x.
a) Trong dang thuc (1), thay x bdi 2—x va ghi ra két qua.

b) Giai phuong trinh f (x)=-1.

O Loi giai
2f(x)+3f (2—x)=5x*-8x+3 (1)
a) Trong (1) thay x boi 2—x ta dugc: 2f (2—x)+3f (x)=5(2— x) -8(2-x)+3
< 3f(x)+2f (2-x)=5x*-12x+7 (2)
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b) Tir (1) va (2) ta dugc: -5 (x) = 2(5x2 —8x+3)—3(5x2 —12x+7)

< —5f (x)=-5x"+20x-15< f (x)=x*—4x+3.

Khidé: f(x)=-1lex*-4x+4=0=>x=2.

Cau 9. » (TS vao 10-Chuyén bak Nong 23-24)
Giai phuong trinh: (x+3)" +(x+5)" =82.

Loi giai
Pt x+4 =t. Khi d6 phuong trinh tro thanh: (t-1)" +(t+1)* =82
St 47 4617 — At +1+t* +4t° +6t° + 4t +1=82
&t +6t°—40=0< (t* +10)(t°-4) =0

otP=4 (Vi t°+10>0Vt)

t=2=>x=-2
t=—2=>Xx=-6
Vay S ={-2;-6}.

Cau 10. . (TS vao 10-Chuyén Pong Nai 23-24)
Giai phuong trinh: (x—2)(x+1)(x+3)(x+6)+56=0.

) [ Loi giai
Viét lai phuong trinh thanh

(x=2)(x+6)(x+1)(x+3)+56=0 <:>(x2+4x—12)(x2+4x+3)+56:0.
Pat t=x"+4x-12,tacé

t(t+15)+56=0 < t*+15t+56=0.

Tacd A=15°-4.156=1

t=-7
t=-8

Voi t=—=7 thi X*+4x-12=-7 < x* +4x-5=0.
x=1

X=-5

Do d6 phuong trinh trén c6 nghiém {

Giai trong tu trén, ta duoc {
Véi t=-8 thi X*+4x-12=-8< x*+4x-4=0.

X=—2+2:/2

X=-2-2J2°

Giai trong tu trén, ta duoc [

Tap nghiém cia phuong trinh a S = {1;—5;—2+2J§;—2—2J§}.
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Cau 11. w. (TS vao 10-Chuyén Dong Thép 23-24)
Cho phuong trinh x* + 2mx+m? —2m+4=0 (m |a tham s6). Tim tat ca cac gia tri caa tham s6 m
dé phuong trinh c6 hai nghiém phan biét x,, X, thoa:

(x,+m)(x, +m)=m*—-6m+7.

[ Lai giai
Phuong trinh c6 hai nghiém phan biét x, X, © A'=2m-4>0<m> 2,
S=X+X, :—9:—2m
Theo hé thirc Vi-et a

P=xX,=—=m’-2m+4

S oo

Taco (X +m)(X,+m)=m’—6m+7 < XX, +m(X +X )+m?=m*-6m+7

m=1
<:>m2—4m+3:0:>[
m=3

So véi diéu kién tacd m =3 la gia tri can tim.

Cau 12. . (TS vao 10-Chuyén Dong thap 23-24)
Giai phuong trinh x* +5x*-6=0.

D Loi giai
bit t=x* (t=0)
Ta dugc phuong trinh t* +5t—6=0

t=1
= .

t=—6 (loai)
Véit=1=x"=1= x=+1
Vay phuong trinh c6 nghiém x ==1.

Céau 13. w= (TS vao 10-Chuyén Gia Lai 23-24)
Cho phuong trinh X* +2(M+1)x+m’+2m-3=0 (m la tham s6). Tim m dé phuong trinh ¢6 hai
nghiém phan biét x;X, théaman x°+X,” =16.

Loi giai
Xét phuong trinh bac hai x*+2(m+1)x+m*+2m-3=0
Tacé: A =(M+1)>—(m*+2m-3)
A=m’+2m+1-m*-2m+3

A=4>0
Vay vai moi m phuong trinh ludn ¢ hai nghiém phan biét X; X,
X1 — M =—m _|_1
1
X, = w __m-3

Theo d& bai: x°+Xx,” =16
Nén (-m+1)° +(-m-3)> =16

sm?P-2m+1+m?*+6m+9=16
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<2m?P+4m-6=0
< m?P+2m-3=0
< (Mm-1).(m+3)=0

m=1
& { (théa man)
m=-3

Vay v6i m=1;m = -3 thi thoa méan dé bai

Céau 14. w (TS vao 10-Chuyén Hau Giang 23-24)
Cho phuong trinh bac hai x> —mx+m—-1=0 (*)

11
a) Goi a va b la cac nghiém ctia phuong trinh (*) khi m=2023. Tinh M = g+6'

b) Tim m dé phuong trinh (*) c6 hai nghiém phan biét X, X, thoa man:

xl\/ngxz\/Z:g.

[ Loi giai
a) V6i m = 2023, phuong trinh (*) trd thanh x* —2023x +2022 =0 (**)
Do a+b+c=1-2023+2022 =0 nén phuong trinh (**) cd hai nghi¢m.
a+b=2023

Goi a va b la cac nghiém cua phuong trinh (**). Theo hé thac Vi-ét, ta co
ab =2022

Khido M =1 1_2+h_2028
a b ab 2022
¢ =0 nén phuong trinh (*) c6 hai nghiém x =1 hoac x=m-1.

m-1>0
Phuong trinh (*) 6 hai nghiém phan biét khong am < {m 141 ol<m=2 (1)
-1+

b) Do a+b+

Xét phuong trinh Xl\/z + Xz\/g =9 (2)

Véi diéu kién (1), vi X, VA X, ¢ vai tro nhu nhau trong (2) nén ta gia sir X, =1, X, = m-1.
Taco xi\/Z+x2\/Z:9<:>l+(\/M)3 =9

o Wm-1)’=8oJVm-1=2 & m-1=4< m=5 (thoa man).

Vay gi4 tri can tim [Am = 5.

Cau 15. » (TS vao 10-Chuyén Chung Kom tum23-24)
Goi X,; X, 1a hai nghiém ctia phuong trinh x* —x—3=0. Khong giai phuong trinh, hay tinh gia tri

bidu thic: B = +X2

X, X
1 Loi giai

. . X +X =1

. Theo BL Viét, ta co: .
XX, =—3

Khi @6 B=ﬁ+ﬁ — )(124_)(22 — (X1+X2)2_2X1X2 :12_2'(_3) :__7.

X X XX, XX, -3 3
Vay B=—.

ay 3
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Cau 16. = (TS vao 10-Chuyén Chung Kom Tum 23-24)
Giai phuong trinh: (4x* —7x+4)(3x* —4x+3) =3x°.

0 Loi giai
(4x* =Tx+4)(3x* —4x+3) =3x" (1)
Tathdy x =0 khdng phai 1a nghiém caa phuong trinh (1).
Xét x =0, chiaca 2 vé cua (1) cho x* ta duoc phuong trinh.

R O R

1
bat x+—=t. Ta dugc phuong trinh:
X

t=1
(4t-7)(3t-4)=3 <12t -37t+25=0 < 25

12

. 1 2 _
*Voit=1 =>x+-=1x*—x+1=0 @(x—%j +%:O (Phuong trinh v6 nghiém).
X

4

.2 1 2 3 N

*Voit= 1—5:>x+—:§ =12x* -25x+12=0 < 2 (thoa man diéu kién).
X

4

Vay phuong trinh c6 tap nghiém S :{%%}

Céu 17. = (TS vao 10-Chuyén Ha Nam 23-24)
Cho parabol (P):y=x* vaduong thang (d):y=(m+2)x—m-8 (véi m la tham sb). Tim céc gia
tri cia m dé dwong thang (d) cdt (P) tai hai diém nam bén phai tryc tung, c6 hoanh do X, X,

thoa man x° —x, =0.

q Loigiai
. Phuong trinh hoanh d¢ giao diém ctia parabol va duong thang la:
x> =(m+2)x-m-8< x*—(M+2)x+m+8=0 (*)
A=(m+2)"—4(m+8)=m>-28
S=x+X=m+2(1
Theo hé thac Vi-ét ta cé [t ( )
P=x.X=m+8 (2)

Dé dudng thang (d) cat (P) tai hai diém nam bén phai truc tung thi phuong trinh (*) ¢6 2 nghiém

duong phan biét.

A>0 m®—-28>0 m>247;m<-2J7
P>0<{m+8>0 <{m>-8 om>247.
S>0 m+2>0 m> -2

Theo bairatacod X’ —x, =0 X, =%’
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3 _
Thay vao (1), (2) ta dugc: {Xi +3X1 =m+e
X. X, =m+8
Suy ra xf—xf—xl:6<:>(x1—2)(xf+xf+2x1+3):0<:>x1—2:0<:>x1:2:>x2:8

Thay vao (1) ta dugc: 2+8=m+2 <> m=8 (théa man diéu ki¢n).

Cau 18. w (TS vao 10-Chuyén Khanh Hoa 23-24)
Cho phuong trinh x* +bx—7+2b=0 (1) (an x), véi b 1a tham s6 nguyén.
a) Chimg minh phuong trinh (1) ludn c¢6 hai nghiém phan biét x,, X,. Tim b dé x> = 9x,.

b) Chang minh rang néu b 1a s6 nguyén I¢ thi phuong trinh (1) khéng c6 nghiém hiu ti.

[ Loi giai
a) Giai phuong trinh: 5x° +6x-11=0.
x=1
Cach1.Taco: a+b+c=5+6-11=0 = 11
X=——"
5

Vay phuong trinh da cho c¢6 hai nghiém phan biét 1a x, =

—3+J6_4:1 . _3-4f64 11
S elin s -

’ 5 5
Céch 2. Taco: A =3’ -5.(-11) =64 > 0 nén phuong trinh da cho ¢6 hai nghiém phan biét

= —3+5Ja 1vax - —3—5ﬁ _ —;1

Vay phuong trinh da cho c¢6 hai nghiém phén biét 1a x, =

—3++/64 oy 3-64 -11
5 L 5 5
b) Xét phuong trinh x* —2(m—-3)x—6m-7=0c6 a=1 b'=—(m-3);c=-6m-7
Ta co: A'=[—(m—3)]2 —(-6m—7)=m’+16 > 0v6i moi m thuac R.
Suy ra phuong trinh ludn c6 hai nghiém phan biétx,, Xx,:
=2m-6

Theo vi-ettaco: |+ 2 o

XX, =—6m—7
Theo dé bai ta co:
C=(%+%) +8%X, =(2m—6)" +8(-6m—7)=4m? - 24m + 36— 48m—56
=4m® —72m - 20 = 4(m” —18m+81) - 4.81- 20 = 4(m-9)’ —344
Vi (m=9)°>0VYm e 4(m-9)°" >0 Vm & (m—9)° 344> -344 ¥m
Vay C . =-344 Dau bang xay ra khi va chi khim =9
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Cau 19. » (TS vao 10-Chuyén Lai Chau 23-24)
Tim cAc gia tri ctia tham s mdé duong thang (d):y=-x+m+1 cat parabol (P):y=x* tai hai
diém phan biét c6 hoanh d6 x,, X, thoa man diéu kién :

X2 —X,—4m+1=0.

0 Loi giai
Xét phuong trinh hoanh d¢ giao diém cua (P) va (d)
X =—x+m+1
X2 +x-m-1=0 (*)
Dé (d) cit (P)tai hai diém phan biét (P) thi (*) c6 hai nghiém phan biét

:>A>0<:>1+4(m+1)>0 < 4m+5>0 <:>m>_75

Taco: x”*—x,—4m+1=0 (1)

Vi x, langhiém cua (*)= x° = —x, + m+1 thay vao (1) ta duoc
X +M+1-Xx,-4m+1=0 < —(x+X,)-3m+2=0

Theo Vietta co: X, +X, =—1=1-3m+2=0< m=1 (Nhan)
Vay m=1

Céau 20. w. (TS vao 10-Chuyén Lao Cai 23-24)
Cho phuong trinh X* —(m-4)x-m-2=0 véi mla tham sb. Tim tat c4 cac gia tri cia m dé

phuong trinh d4 cho ¢6 hai nghiém phan biét X, X, thoa man diéu kién:

VX2 +2023+ % (M=8-%) =X +2023+ X, (M—X,).

Loi giai
Ta co: Az(m—4)2 —4(—m—2):(m—2)2 +20>0VmeR nén phuong trinh luén cd hai nghiém
phan biét X, X, v&i moi m.

. 5 A, X R . L\ [ XX =m-4
Vi X, X, la nghi¢m cia phuong trinh nén theo dinh ly Vi — et ta co:

X 42023+ % (M=8-x)=4/x; +2023+X,(m-X,) (1)
=34 +2023—(x12 —mx, ) —8x, = /X +2023—(x22 —mxz)

& X2 +2023 +4x, —M—2—8%, = /X2 +2023 + 4x, —m—2

XX, =—m—2
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2 2

X =X
X +2023 + X2 +2023

=4(X +X%,)

X +X,=0
“lx-x —4(\ +2023+ ¢ +2023) (2)

T (2) co:

2
(\/xf +2023+4/X2 + 2023) = X + X2 + 4046+ 2% +2023. X +2023

> X+ X5+ 2[X,X,| 2 X+ X; — 2% X, :(xi—xz)2

SN (\/xf +2023 +4/%? +2023)2 > (4 =%,)

[% = %]
X2 +2023 + /X2 +2023

<1 (3)

Tur (3) nén (2) khong xay rado do: X, +X,=0&m-4=0<m=4

Vay m = 4 thi phuong trinh da cho c6 hai nghiém phén biét X, X, thoa man diéu kién:

JXE +2023 4% (M=8—x,) =+/%; + 2023+ X, (M—X,)

Cau 21. » (TS vao 10-Chuyén Ngh¢ An 23-24)
Giai phuong trinh x* —4x%+6x*—4x-3=0.

O Lai giai
Giai phuong trinh x* —4x* +6x*—4x-3=0.
Bién doi phwong trinh ta co
x*—4x* +6x°-4x-3=0

S X =2 = X2 = 2X3 +4XP +2X+3x* —6Xx—-3=0
= xz(x2 —2x—1)—2x(x2—2x—1)+3(x2—2x—1):0

<:>(x2 —2x—1)(x2 —2x+3):0
+Vsi X2 -2x-1=0< XE{l—JE;1+J§}.
+Voi X*-2x+3=0< (X—l)2 +2 =0, phuong trinh v6 nghiém.

Vay phuong trinh da cho c6 tap nghiém la S = {1—\/5;1+ \/E}

Phan I: D& thi va dap an.

Cau 22. = (TS vao 10-Chuyén Thira Thién Hué 23-24)
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Tim m dé phuong trinh x2—2(m—1)x—m2+2m—3:0 (x 1a an sd) c6 hai nghiém x,, X, thoa
MaN X2 +1—X =4/X +1+X,.

AL oi giai
Taco ac:—(m—1)2—2<0,v6i moi m.
Suy ra phuong trinh luén ¢6 hai nghiém phan biét vai moi m.
Taco \/ﬁ—xi =X +1+X, <:>\/x12 +1—\/x22 +1=X+X,

2 2
X =%

=N =X +X
\/xf+1+\/x22+1 S
<:>(X1_X2)(X1+X2):X1+X2
\/xf+1+\/x22+1
X, +X%X,=0

SN
\/xf+1+\/x§ +1=X%—X,
TH1: x,+x,=0<2(m-1)=0<m=1.

TH2: & X +1+ X +1=% —x, <:>(fo +1—x1)+(~/x22 +1+x2):0 (Vo ly).

Vay m=1.

Cau 23. = (TS vao 10-Chuyén Son La 23-24)

Tim tat ca cac gia tri cua tham s6 m dé phuong trinh X* —2mx+m?—m+1=0 c6 hai nghiém X, X,
thoa man x> —x +4mx, =16,

COLoi giai
Taco: A'=m’—(m*-m+1)=m’-m’+m-1=m-1

Dé phuong trinh x* —2mx+m?—m+1=0 ¢ hai nghiém X, X, thi A’>0
&m-1>20m=>1.
X, +X, =2m

Theo dinh li viet: ,
XX, =m°—m+1

Mitkhac: X; —X; +4mx =16 < X; X +2(X, +X, )% =16
S X=X +2X +2X. X, =16 <> X2 + X2 +2X,.X, =16

m=2 (t/m)

C>()<1+><2)2:16<:>(2m)2 =16 = m? :4<:>[m=—2 (loai)

Céau 24. w (TS vao 10-Chuyén Quang Binh 23-24)
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Cho phuong trinh x? +2(m+1)x—m?—3=0 (m la tham s4). Tim tit ca c4c gié tri cia m dé phuong
trinh c6 hai nghiém x, < x,thoa mén |x,|—|x, + 5| > 2023.

L i giai
Taco ac=-m?—-3<0, ¥Ym e R nén phuwong trinh ludn c6 hai nghiém tréi diu, suy ra

X <0<X,.
Theo Viettaco x, +x, =-2(m+1)
Theo bai ra ta c6 |x |—|x, +5|> 2023 < —x, — X, -5 > 2023
S X, + X, <2028 <> —2m—2 < —2028

< 2m> 2026 < m>1013. Vay m>1013.
Cau 25. = (TS vao 10-Chuyén Pha Yén 23-24)

Cho phuong trinh ax”+bx+c=0(a=0) véi a,b,c la cac sé thyc thoa 2a—b+c=0. Chung
minh rang phuong trinh lu6n c6 2 nghiém phan biét va 2 nghiém khong thé déu duong.
ML oi giai
Taco: A=b?—4acma 2a—b+c=0nén A=(2a+c) —dac=4a’+c’ >0
Vay phuong trinh luén c¢6 2 nghi¢ém phan biét.
X +X, = b
Gia str 2 nghiém da cho 1a x, x,. Theo dinh ly Viet, ta co: a
c
XX, = g

Tt gia thiét 2a—b+c:0:>9—3:2,d0 do
a a

—(X +%,) = XX, =2 (X +1)(X, +1)=—1(*). Néu 2 nghiém déu duong thi (X, +1)(x,+1)>1,
mau thuan véi (*).

Vay 2 nghiém cuia phuong trinh khong thé déu duong.

Cau 26. = (TS vao 10-Chuyén Quang Binh 23-24)

Tim tat ca cac cap sb nguyén dwong (m;n) biét rang hai phuong trinh x> —2mx—-3n=0 va
X2 —2nx—3m=0 (v&i X laan) déu c6 nghiém nguyén.

(L i giai
Phuong trinh X*—2mx-3n=0 (1) c6 A, =m’+3n.

Phuong trinh X* —2nx—3m=0 (2) c6 A, =n’+3m.

SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10



VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
Vi hai phuong trinh c6 nghiém nguyén nén A, A, déu 1a s6 chinh phuong.

Khéng mit tinh tong quat, gia st m > n >0, khi d6

m? <m2+3n<(m+2)2 :>m2+3n:(m+1)2:3n:2m+1.
Dodo n lasd 6. Pat n=2k +1=> A, =4k? +13k + 4.

+) Néu k e {1;2;3; 4} thi A," khong 1a s6 chinh phuong.

+)Néu k=0= A, =4=m=n=1 (théa man).

+) Néu k =5 thi A," =169 = m=16,n=11 (thoa man).

+Néu k >5 thi (2k+3)" <4k?+13k +4 <(2k +4)° = A, khdng & s6 chinh phuong.
Vay cac bo sé (m;n) thoa man la: (11),(1116),(16;11)

PHAN II. PHUONG TRINH CHUA CAN.

Cau 27. = (TS vao 10-Chuyén Quang Ninh 23-24)
Giai phuong trinh X* + X —6 = 3(X — 2)/X +1.

‘ Lo giai
abiéu kién: x>-1
Taco X2 +X—6=3(X—-2)VX+1 < (x=2)(x+3)=3(x=2)/x +1=0
& (X—2)(x+3-3/x+1) =0 < X =2 (théa min dk) hoic X +3—3Vx+1=0
X+3-3x+1=0 x+3=3/x+1 < x* —3x =0 < x, = 0;X, =3 (théa man dk)
Tap nghiém cta phuong trinh 1a S = {O; 2;3} :
b) x> —2x—xy+y+1=0< (x—D(x-1-y)=0< x=1 hoic y=x-1
V6i X =1 ta c6 phuong trinh \/m=2<:> y=0
V6i y = x—1 ta c6 phuong trinh X* +3X—+/x* +3x-2=0
Pat t =x? +3x, t >0, pttro thanh t* —t—2=0<t, = -1 (loai), t = 2 (théa mén)
V6it=2 tadugc X +3Xx—4=0< X =1 X, =4,
Vay hé phuong trinh ¢6 hai nghiém la (l; 0) ; (—4; —5) :

Cau 28. = (TS vao 10-Chuyén Quang Tri 23-24)

Giai phuong trinh \/31’ +1-— \/23: -1=1
AL oi giai

biéu kién z > %

Taco 3z +1 -2 —1=1324+1=1+2z-1
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Binh phuong hai vé, ta dugc

z=1
WU —1=z+1042—1=g0+1 o> —6r+5=0%c - (TM)
T =

Vay phuong trinh c6 tap nghiém S = 1;5

Cau 29. = (TS vao 10-Chuyén Thira Thién Hué 23-24)

Giai phuong trinh 2(\/x +9 —3)(\/9 —X +3) -9,
L i giai
biéu kién: —9<x<9.

Taco (\/x+9—3)(«/9—x+3)=%<:> 81— X2 +3(\/x+9—\/9—x)—2—27:0
Pit t =vX+9-v9-x, suy ra t* =18—2+/81— X’ , ta c6 phuong trinh:

18-t? 27 9 1

2
- oe-Lia20e (-3 -0st=3
2 2 2 2 2

Véi t=3,tacd VX+9-49-Xx=3<=/x+9=3++9-X
S X+9=18-X+6/9-X < 6/9—x =2x-9

9 9
X2— X>=
= 2 oo 2 S X= % (théa man).
36(9—x)=4x"-36x+81 4x* =243
Vay S= {#} .

Cau 30. = (TS vao 10-Chuyén Lam Son Thanh Hoa 23-24)

Giai phuong trinh: (x—4)+/x —(x—)/5—x =2x* ~10x+5
AL oi giai
PKXD: 0<x<5
Phuong trinh da cho < (x—4)(v/x — (x—1)\/5—x = 2x? ~10x +8
x—1 4—
= (x-1
Tiel (x-1

< (x=1)9x—-4)(

X
————=2x"-10x+8
V5—x+1

1 1
&+1+J5—x+1

(Xx-1)(x—4)=0 Q)
& 1 1

NPT e

Giai (1): (x-1)(x—4) =0 < K i (Thaman DK )

< (x-4)

~2)=0

Giai (2): V6i diéu kién 0< x <5 ta co:
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_1 4
{\/?+121 N 1 1
= = + <2
JBox+1>1 1 x+1 Box+1

V5—x
DAu " ="khdng xay ra nén phuong trinh (2) v6 nghiém
Vay phuong trinh da cho c6 hai nghiém x =1vax=4

Céau 31. = (TS vao 10-Chuyén Thai Binh 23-24)

a) Giai phuong trinh 3x* + x—6 :4x(\/5x—6 —1)

ML oi giai

biéu kién x > g

P2 thid ’ —x*+5x—6
Tu gid thiét taco —x® +5x—6=4x(/5x—6 —x) <= —Xx* +5Xx—6=4X.———
( ) \J5X—6 + X

@(x2—5x+6).[L—1j=0

\VBX—6 + X
X —5x+6=0(*)
= 4x
— 1=0(**
J5X -6 + X ( )
Gidi oh trinh (*): (*) & (x—2)(x—=3)=0 K=2(t/m
i () (x- X=9)=U=
ai phuong trinh (*) x=3(t/m

Giai (**): (**)<:>3x=\/5x—6 < 9x? =5x—6<:>9x2—5x+6:0<:>9x(x—gj+6=0 vO nghiém
Vi x2§:>9x(x—§j>0:>9x(x—§)+6>0.
5 9 9

Vay phuong trinh ¢6 tap nghiém S = {2;3} .

Cau 32. w (TS vao 10-Chuyén Son La 23-24)

Giai phuong trinh: X* —4x++/x* —4x-5=7.
DL oi giai
Diéu kign: x*—4x-52>0(*) hay (x<-1; x>5)

Phuong trinh X* —4X++X* —4Xx-5=7 & X" —4Xx-5+x*-4x-5-2=0
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Pit t =vx* —4x-5 (t> 0) ta dugc phuong trinh t* +t—2=0

t =1 (t/m)

Giai phuong trinh t*+t-2=0 < i
t =—2(loai)

Véi t=1taco Vx*—4x-5=1

x:2+\/1_0(
x:Z—@

x:2+\/1_0
x:Z—@

c>x2—4x—5=lc>x2—4x—6=0c{ t/m (*))

KL: Phuong trinh da cho c6 hai nghiém [

Cau 33. w. (TS vao 10-Chuyén Tuyén Quang 23-24)

Cho phuong trinh x* —4x*+m+2=0 (1), véi m la tham sd.

a) Giai phuong trinh (1) khi m=-7.

b) Tim m dé phwong trinh (1) c¢6 4 nghiém phan biét x,, X,, X;, X, théa man

1 1 1 1
E+X—22+X—§+X—§=2X1X2X3X4.
L oi giai

a) Khi m = -7 phuong trinh (1) tr¢ thanh

-1
5
b) Piat x* =t ta c6 phuong trinh t* —4t+m+2=0 (2)

+ Dé (1) c6 4 nghiém phan biét thi (2) phai c6 hai nghiém dwong t,;t, phan biét,

x4—4x2—5:0c>(x2+1)(x2—5):0<:> Xz: = x=+5
X% =

biéu kién la
A'=4-m-2>0
S=t+t,=4>0 < -2<m<2
P=tt,=m+2>0

+ Khi d6, khong mat tinh tong quét, gia sir

X =—yti% =i =—Jtix =t

suy ra X.X,.X;.X, =t.t, va X’ =X =t; X} =X =t,

. 1 1 1 1
+ Thay vao dang thuc — +— +— +— = 2X, X, X;X, ta duoC
X, X5 X,

1. 1) t+t,
2[t1+tj 2t t, = ¥ tt,

2 2
Vai t +t,=4; t.t,=m+2 suyra
m+2=2 m=0
= =
m+2=-2 |m=-4(L)

m=20

:m+2:>(m+2)2=4:{
m+2
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Cau 34. » (TS vao 10-Chuyén Vinh Long 23-24)
a) Tim tat ca c4c gia tri m cua dé phuong trinh x> —=5x+3m+1=0 (xla ansd; m la tham sb) co
hai nghiém phan biét x;; X, thoa mén‘xf — xzz‘ =15.

b) Giai phuong trinh: (x~1)* = x* —2x+3.

ML oi giai
a) Co A =21-12m

Phuong trinh ¢6 hai nghém phéan biét A>0< 21-12m>0< m< %

e e | X X, =5
Theo hé thac Vi-ét:
XX, =3m+1

Ta cé‘xf—xg‘:15<:>‘(x1+x2)(x1—x2)‘:15<:>|x1—x2|:3

(Xl_XZ)Z =9

<:>(x1+x2)2—4x1x2 =9

&5 -4(Bm+1)=9<21-12m=9

< m=1(théa man)

Vay m=1

b) (x—l)4 = x2—2x+3<:>(x—1)4 :(x—1)2+2c>(x—1)4—(x—1)2 -2=0.
Pt t=(x-1)° (t>0)

Phuong trinh tré thanh t* —t-2=0
=t =-1(loai); t =2(nhan)

x1=—\@+1
&
XZ:\/E+1

Vay tap nghiém ctia phuong trinh S = {—\/§+1;\/§+1} .

Véi t=2 e (x-1)" =2

Céau 35. w (TS vao 10-Chuyén Long An 23-24)
Tim tat c4 céc gia tri cua tham s6 m dé phuong trinh X* —(2m—1)x+m? -7 =0 c6 hai nghiém

phén biét x,, X, thoa man diéu kién 4x, +3x, =1.

LA Loi giai
Tacdé A=—4m+29

Dé phuong trinh c6 hai nghiém phan biét thi A>0< m< ?

Theo hé thirc Vi-éttaco : x, +X, =2m-1; x.x, =m*—7
+X,=2m-1 =4-6m
Taco: {Xl 2 :{Xl

4%, +3x, =1 X, =8m-5
m=1
XX, =m* -7 < 13 (nhan).
m=—
49
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Cau 36. = (TS vao 10-Chuyén Nga — Phap — Trung Hoa Binh 23-24)
Giai phuong trinh: x* —3x*-4=0

AL oi giai
x*-3x*-4=0. Pat x*=t(t>0) ta duwogc phuong trinh: t*-3t—4=0. Tim duoc
t=-1(1); t=4(n)
Suy ra dugc nghiém cia phuong trinh: x =2; x =-2,

Cau 37. » (TS vao 10-Chuyén Nga — Phap — Trung Hoa Binh 23-24)
Cho phuong trinh X2 —2mx+m?—m+1=0 (m la tham sd).
a) Tim gia tri cia m dé phwong trinh c6 hai nghiém X, X, .

b) Tim hé thic lién hé giita x, va x, khong phu thudc vao tham s6 m.

AL oi giai
a) Phuong trinh ¢6 nghiém < A'>20< m-1>20<m2>1
X, + X, =2m @

b) Ap dung hé¢ thic Vi — ét:
) Ap dung hé {xlxzzmz—erl 2

Tu (1) taco: m= % thay vao (2) ta dugC: XX, :(

2
&+&J_&+&+L
2 2

Cau 38. = (TS vao 10-Chuyén Tin Hoa Binh 23-24)
a) Cho phuong trinh: x* —3mx+m?—-5=0 (m la tham s6). Tim m dé phuong trinh c6 hai nghiém
X,; X, thoa man: x” +3mx, -13<0.

b) Giai phuong trinh: (X* —6x)*+(x—3)* =29.

MLoi gial
a) Taco A=9m° —4(m*-5)=5m*+20>0, Vm.
Suy ra phuong trinh luén ¢6 2 nghiém phan biét véi moi m.

g g {&+Xz=3m
Theo hé thac Vi-ét ta cé: ,
X.X, =m® -5

X2 +3mx, —13<0 < X7 + (X +X%,)X, —13<0 < (%, +X,)* = %X, —13<0
< (Bm)> —(m*-5)-13<0=8m* <8< -1<m<1
b) (X* —6X)° +(x—3)* =29 & (x> —6X)* +(x* —6x)—20=0 (1)
t=4

Pit t = X* —6X, phuong trinh (1) tro thanh: t* +t-20=0 < L &

x:3+«/1_3
x:3—\/ﬁ

x=1
Xx=5

Vi t:4:>x2—6x:4<:>x2—6x—4:0<:{

Véi t=-5=x*-6x=-5< x2—6x+5:0<:{

Cau 39. w (TS vao 10-Chuyén Tién Giang 23-24)
Chiing minh ring phuong trinh (ax’ +2ox+c)(bx* +2cx+a)(cx* + 2ax+b) =0 Iuén c6 nghi¢m
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véi moi s6 thuc a,b,c.

Loi giai
ax’+2bx+c=0 (1)
Taco (ax’ +2bx+c)(bx’ +2cx+a)(cx’ + 2ax+b) =0 <> | bx’ + 2cx+a=0 (2)
cx’+2ax+b=0 (3)
O Trudng hop 1: Néu ab.c = 0thi phuong trinh da cho ludn ¢ nghiém
A =b*-ac
O Truong hop 2: Néu ab.c=0,tacd A, =c’—ab

A, =a*-bc.
Khi d6 Z(Al'+A2'+A3'):2a2+2b2+202—2ab—2bc—2ca —(a—b)?+(b—c)*+(c—a)’ >0

Suy ramot trong basé A,', A,', A, khong am.
Do d6, mot trong ba phuong trinh (1), (2), (3) ¢6 nghiém nén ta c6 diéu phai chirng minh

Cau 40. = (TS vao 10-Chuyén Tién Giang 23-24)
Giai phuong trinh 2X* +2Xx—1=3x/2x-1.

AL oi giai
biéu kién: x> % .
bit t =+2x-12>0, phuong trinh da cho tr¢ thanh:

t=X

2x2+t2:3xt<:>t2—3xt+2x2:0<:>(t—x)(t—2x)=0<:>L_2X

Voi t:x,xzé nén v2x—-l=x<2x-1=x> < x> -2x+1=0< x=1.

V&i t=2X, X>= nén +2x—1=2X < 2Xx-1=4x* < 4x* —2x+1=0, phuong trinh v6 nghiém do

N

A'<0
Vay phuong trinh da cho c6 tap nghiém S = {1}.

Céau 41. w (TS vao 10-Chuyén Long An 23-24)
Giai phuong trinh X* —5X+2+(3-2x)Vx* +x+2 =0.

MLoi giai

x2—5x+2+(3—2x)\/x2+x+2:0.
<:>( x2+x+2—2x)(\/x2+x+2+3):0
S +X+2-2x=0 (Vi VX* +X+2+3>0Vx)DPK: x>0

S 3 —x-2=0 x=1(TM), x:—g(loai)

Vay phuong trinh c6 mét nghiém duy nhat x =1.
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Cau 42. » (TS vao 10-Chuyén Binh Thuan 23-24)
Giai phuong trinh 9x? —53x =~/2x+1-71.

M Loi giai

biéu kién: x> —%.

X
biat t=+/2x+1(t>0) suyra t=vy2x+1(t>0)=

2
Khi do pt di cho tro thanh: 9t*-124t*—4t+399 =0« (t-3)(3t+7)(3t*+2t-19)=0

t-3=0 t=3 (M

& | 3t+7=0 < t:—%(l)

2 —
SH2-19=0 " {52, 2t-19-0(9)

+t=3suyra V2x+1=3<2x+1=9< x=4(n)
—1+«/§
=0

3
zﬂa)

+ Vi t = —_1+3\/§ suy rav/2x+1 :—_1+3\/§ PN 2x+1:—59_§\/§ o X :—25_9\/%

25-./58
=

t
+3t2+2t-19=0<

t

Vay S = {4;

Céau 43. w. (TS vao 10-Chuyén Nga — Phap — Trung Hoa Binh 23-24)
Tim cap s6 (x;y) thoa man: 4x° +2y—4x\/§+4x—6\/§+5 =0.

MLoi giai
Taco 4x% +2y—4xJy +4x—6,/y +5=0 (y>0)
4 —AxX(Jy D+ (Jy D)2 +y -4y +4=0 & (2x—Jy +1)* +(Jy -2)* =0

_2= y=4
@{\N 2=0 50 1
2x—Jy+1=0  |X=7

Viy (x;y>=[%;4j.

Céau 44. w (TS vao 10-Chuyén Thai Nguyén 23-24)
Giai phuong trinh : 24X +6 +X* +4x—27=0,

L ai giai
Co 24/X+6 + x> +4x—-27=0 dk: x> -6
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20X +6+ X2 +4x-27=0
PN 2(\/x+6—3)+ X2 +4x—21=0

2
@(X—3){m+(x+7)}—0

< x=3 (Vi +(X+7)>0 dang moi x

2
JX+6+3

KL: Nghiém cua PT la x=3.

Céu 45. » (TS vao 10-Chuyén Vinh Phac 23-24)
Gidi phuong trinh: (X —1)(x+2)(x+3)(x+6)=160

MLoi gial
(x=1)(x+2)(x+3)(x+6)=160 <:>(x2+5x—6)(x2+5x+6):160
o (X2 +5x) —67 =160 < (x* +5x) =142
-2 7)=0
x> +5x =14 (x=2)(x+7)
<, = 5\ 31 S X=2x=-7
X°+5x=-14 (x+§) +Z=O

Vay tap nghiém cua phuong trinh 1a S = {2; 7} :

Cau 46. » (TS vao 10-Chuyén BHSP Ha Noi 23-24)

Cho phuong trinh Xx* —(2m —l)x—(m2 +1) =0 (1) (m la tham s&). Chtng minh rang voi moi gia tri
cua m, phuong trinh (1) luén cé hai nghiém X, X,. Tim h¢ thirc lién h¢ gitra X, X, sao cho h¢ thuc
d6 khong phu thuéc vao m.

L oi giai

Taco Ay =[-(2m-1)p —4.1.[—(m2 +1)] = (2m=1)2+4m2+4>0.
Vi thé véi moi m, phuong trinh (1) ludn ¢6 2 nghiém phan biét X5 X, .
Theo hé thirc Vi-et thi X, +x, =2m -1 va X,-X, =—(m*+1). Khi do ta duoc

4m? = (X, +X, +1)2

m? =—1-Xx, - X,
Tu day ta dugc (X, +X, +1)2 +4x.X, +4=0. Hé thuc nay khong phu thuoc vao m. Bai toan duogc
chuang minh.

Cau 47. » (TS vao 10-Chuyén Hoa Binh 23-24)

a) Cho phuong trinh: x> —-3mx+m?-5=0 (m la tham sd). Tim m dé phuong trinh ¢ hai
nghiém X;; X, théa man: xZ +3mx, —13<0.

b) Giai phwong trinh: (X* —6X)? + (x—3)? =29.

LOLoi giai
a) Taco A=9m? —4(m? -5)=5m?+20>0, Vm.
Suy ra phuong trinh luén c¢6 2 nghiém phéan biét véi moi m.
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o o[ X +X,=3m
Theo hé thirc Vi-ét ta co:
{xl.x2 =m?-5
X2 +3mMx, —13<0 & X2+ (X + %)%, —13<0 < (X + %)% — X%, —13<0
< (Bm)?2—(m?-5)-13<0<8m? <8« -1<m<l1
b) (X2 —6x)?+(Xx—3)? =29 < (x> —6X)? + (X2 —6x)—20=0 (1)
t=4
Dit t = X* —6X, phuong trinh (1) try thanh: t? +t-20=0 < L _ s
x=3+13
x=3-13
x=1
X=5

Vi t=4:>x2—6x=4<:>x2—6x—4=0<:{

Véi t=—5:>x2—6x=—5<:>x2—6x+5=0c{

Cau 48. . (TS vao 10-Chuyén Vinh Phuc 23-24)
Giai phuong trinh: x> +3x+8=2(Xx+1)/x+7

AL oi giai
x> +3x+8=2(x+1)Vx+7 DKXD:x>-7
<:>(x2+2x+1)—2(x+1)\/x+7+x+7:0 <:>(x+1—\/x+7)2 =0 c>(x+1—\/x+7):0
S X+1-/X+7 =0 & Xx+1=+/x+7

x=>-1 x=>-1 x=>-1 .
<9, & = < x =2 ( Théa mén)
X2+ 2X+1=x+7 (x—2)(x+3)=0 X=2;Xx=-3

Vay phuong trinh c6 nghiém x=2.

Céau 49. w (TS vao 10-Chuyén Yén Bai 23-24)
Giai phuong trinh X* = X+ 2+ 2/x+1.

Lol gia
Taco: X* =x+2+24x+1,dat t=/x+12>0,(x>-1)=>t? =x+1=>x=t* -1
Khi d6, phuong trinh da cho tré thanh:
(2 -1) =(-1)+2+ 2t > t* -3t2 -2t =0 > t(t+1)(t* ~t-2)=0
t=0
o t=—1,(|)@[xz_l
t=2 -
Vay tap nghiém cua phuong trinh da cho la S = {-1;3}

Cau 50. . (TS vao 10-Chuyén Bén Tre 23-24)

Gidi phuong trinh (VX+6 —\/x—z)(1+\/x2 +4x—12) g

ML oi giai
X+6>0
Diéu kién xé4c dinh X—2>0 o xX>2

X2 +4x-120>0
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Phuong trinh ban dau trong duong
(Jx+6+\/x—2)(\/x+6—Jx—2)(1+M):8( x+6+ﬁ)

@8(1+M)=8(ﬁ+m)

©1+M:M+m

<:>(1+x/M)2 =(M+m)z

143 + A1+ 23X +4X—12 = X+ 6+ X— 2+ 23/X* + 4x—12

&S X +2x-15=0

@{ x = 3(tm)

x =—5(loai)

Cau 51. w (TS vao 10-Chuyén Hai Duong 23-24)

2 J—
Giai phuong trinh: /X% +3x + 24X —1=2x +, /w
X

Lol gial

X2 +3x>0
biéu kién: {x-1>0 o x>1

2

X +2x—3Zo

X
Phuong trinh tré thanh
-1 3
X(X+3)+24/x-1-2x— w:o
X
x+3)
X(x+3) - (zx/x—1—2x)=

%S(X— x—l)—2(x— x—l):O

< (x- \/ﬁ)(ﬁ—z}o

= x=+x-1(1)
3 La=0" | X3 o)
X
(1)<:>x =x—-1< x> —x+1=0 (vo nghiém)
(2)<:>——4<:>X+3 4x < x =1 (Thoa man diéu kién)

Cau 52. % (TS vao 10-Chuyén DHSP Vinh 23-24)
Giai phuong trinh x° —2x + x~5(x~1)/x —6=0.

CALoi giai
Diéu kién xac dinh: x>0.Dat t= (X—l)\/; phuong trinh tr¢ thanh
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X —2x% +x=5(x~1)/x ~6 =0 x(x~1)* ~5(x~1)/x —6=0
ot?-5t-6=0<(t+1)(t-6)=0

Truong hgp 1. t=-1suyra 0<x<1. bat Jx=a (0<a<l),khidotaco

(x—1)\&=—1<:>a3—a+1:0(vﬁlya3+1—a>0).

Truong hop 2. t =6. Pat «/x =a(a>0), khi do ta c6

(x-1)Vx=6=a’-a-6=0<(a-2)(a’+2a+3)=0

ea=2(via’+2a+3=(a+1)*+2>2>0)

< x =4 (thoa man diéu kién).
Vay tat ca cac nghiém thoa man phuong trinh 1a x=4.

au 1. % (TS vao 10-Chuyén Tin Ha Noi 23-24)
Giai phuong trinh 2x+2=(5-x)v/3x-2.

O Loi giai
s 2
biéu kién: x>—.
3
Tu phuong trinh, tasuy ra 5—x >0 (do 2x+2>0), tuc x<5.

Vi diéu kién % < x <5, phuong trinh da cho twong duong voi:

x=1(tm)
(2x+2)° =(5-x)" (3x-2) = 3(x-1)(x-2)(x-9) =0 | x=2 (tm) .
x=9 (ktm)
Vay phuong trinh c6 nghiém S ={1;2}.
Céau 53. w. (TS vao 10-Chuyén Toan ha Noi 23-24)
Giai phuong trinh v/X—3—+/2x—-7 =2x-8.
Loi giai
DPKXD: XZZ.
2
Phuong trinh tvong duong véi (4 - X)( 1 - 2) =0.
IX=3++/2x-7
TH1: 4—x=0< x=4.
1 .
TH2: +2=0. (V0 nghiém
IX=3++/2x-7 (V0 nghiem)

Két hop voi DPKXD: tap nghiém phuong trinh 1a S ={4}.
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Cau 54. » (TS vao 10-Chuyén Hai Phong 23-24)
Giai phuong trinh: (3x” +4x+6)v/3X* +4x+5 = 27x° +3x.

Loi giai
bat v3x*+4x+5=a, 3x=b
Khi d6 phuong trinh tr¢ thanh:
a’+a=b’+b
< (a-b)(@*+ab+b*+1)=0<a=b (vi a?+ab+b?+1>0)

x20 X_2+\/3_4

Ly =
6x° —4x-5=0 6

3x2+4x+5:3x<:>{

C&u 55. %= (TS vao 10-Chuyén Pa Nang 23-24)
Giai phuong trinh 10X* 43X + 2 = (6X+1)v/x* + 2.

0 Loi giai
Céch 1: Binh phuong 2 vé rdi casio bac 4.
Cach 2: Pit t =+/x*+2 =t* =x*+2 (t > 0). Ta duoc:
X% +3x+t% = (6X+ Dt = (9X* —6xt +t*) +3x -t =0 = (3x—1)* + (3x—t) =0

3x=t {3x=\/x2+2

= Bx-t)(3x-t+1) :O:{

=
+l=t I3x11=1x*+2
1 x—1
x> =x*+2 (3x>0) x=+= (3x>0) 2
~ | ox? 1= x2 42 (3x+120) 2 - 34417
I +bx+1=x"+2(3x+120) g2 6y 1-0@x+120) |x= otV +8
Vay s =%, 23+V17
2 8

Cau 56. . (TS vao 10-Chuyén Céan Tho 23-24)
Giai phuong trinh va h¢ phuong trinh sau: 2x* —(x—2)v/x* = x+1=5x-2.

Lai giai
Piéu kién xac dinh: x* —x+1>0 (dung vxeR)

2x% —(x=2)/X? —x+1=5x—2
& 2x2 =5x+2=(x=2)x’ —x+1
& (x=2)(2x-1) = (x=2)Vx* —x+1
(x-2)=0 1)
)

- (
x> —x+1=2x-1 (2
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(1) © x=2(nhan)

(2) & x* —x+1=4x* —4x+1

< X2 —x=4x* - 4x

< x(x-1)=4x(x-1)

< 3x(x-1)=0

x=0
<:{ (nhan)
x=1

Vay $={0,1,2}

Cau 57. »w (TS vao 10-Chuyén Ba Ria Viing Tau 23-24)
Giai phuong trinh X* —X+6=2x*+8.

0 Loi giai
X —X+6=2x’+8 <:>x2—x+6:2\/(x+2)(x2—2x+4) (1) (PK: x=-2)

Pat a=x+2; b=x*-2x+4 = x*-x+6=a+b.
Phuong trinh (1) tro thanh: a+b=2vab < a-2/ab+b=0 @(JE—JB)Z =0

oJa-Jb=0Va=vb =a=b

SX+2=X"-2x+4 = x*=3x+2=0
Tacé: a+b+c=1+(-3)+2=0

Phuong trinh ¢6 2 nghiém X, =1(nhan); x ,=2 (nhan)
Vay tap nghiém ctia phuong trinh S = {1;2} .

Cau 58. . (TS vao 10-Chuyén Bic Giang 23-24)
Giai phuong trinh: 44/X+3 —/X-1=X+7.

Cd Loi giai
bieu kién: x >1.

Tacod: (1) < x+3—4Jx+3+4+x-1=0
& (WX+3-2)2 +4/x-1=0

@{Mﬂ
Jx-1=0

< x=1.

Vay phuong trinh c6 tap nghiém S = {1} :

Cau 59. . (TS vao 10-Chuyén Bic Ninh 23-24)
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Giai phuong trinh 2X+3+v4X* +9X+2 = 24X+ 2 +/4x+1.

0 Loi giai
PKXD: X2 _71.

Taco 2X+3+4X% +9x+2 = 24X+ 2 +/4x+1
< 2X+3+/(4x+1)(x+2) = 20X+ 2 +/4x+1

& 8X+12+4,J(4x+1)(x+2) =8x+2 +4/4x +1

© AX+1+4X+8+3+2,(4x+1)(4x+8) = 4/Ax+8+4/Ax+1  (¥)

(véi a,b>0) =>a’-b*=7

_ |V4x+8=a
bat
JAx+1=Db

Khi d6 phuong trinh (*) c6 dang
a’+b’+3+2ab-4a-4b=0

& (a+b) —4(a+b)+3=0
a+b=1
a+b=3
a+b=1 a=4

=

a-b=7 b=-

< (a+b-1)(a+b-3)=0 <:{
Néu a+b=1 ma a®-b?>=7 nén {

a+b=3 a=—

Néu a+b=3 ma a’-b?>=7 nén 7 & ) (thoa méan) =x=-

a-b bt
3

3 (loaido a,b>0)

Thur lai dugc nghiém dtng. Vay phuong trinh ¢6 tap nghiém S = {%2} .

Cau 60. »w. (TS vao 10-Chuyén Binh Duong 23-24)
Giai phuong trinh: 4X* +5++/3x+1=13x vdi x e R.

Lo giai
biéu kién x> -1

3
4% +5++/3x+1=13x
& 3Xx+1=-4x* +13x-5

Pit +/3x+1=2y+3, diéu kién yz%3 =3x+1=4y* +12y+9.

Khi d6 ta c6 hé phuong trinh:
2y +3=-4x"+13x-5

{3x+1:4y2+12y+9

- {4x2 —13x+2y+8=0 (1)
4y* —3x+12y+8=0 (2)

Lay (1) trir (2) ta duoc:

4(x* —y?*)-10x+10y =0

< (X+Yy)(4x—-4y-10)=0
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(x+y=0

| 4x—4y-10=0

Y- —x

N 2X-5

AP

Thay y =-x vao (1) ta co:

4x* -13x-2x+8=0

< 4x* -15x+8=0

15++/97 15+4/97

fe—

n 8 y 2 (ktm)
:15_*/9_73y:M (tm)

8 8

Thay y = 2X=5 a0 (1) ta co:

4x% -13x+2x-5+8=0
< 4x2-11x+3=0

. 11+8ﬁ Ly -9 +8ﬁ (@)
=

x:%: y:% (ktm)

15-4/97 . X_11+\/ﬁ

Vay phuong trinh da cho c6 hai nghiém : x = 3 3

Cau 61. = (TS vao 10-Chuyén Binh Dinh 23-24)
Giai phuong trinh v4x—1-2v4x+1+16x*-1=2 (xeR).

Lo giai

A 1
bieu kién XZZ

VAx—1-2J4x+1++16x* -1=2

& A1 -2JAxT1+,)(4x-1)VAx+1-2=0
& Ax=1(1+4/ax+1)-2(1+/4x+1) =0
@(M—2>(1+M):0
C{M—Z:O

1+44x+1=0

o 4x-1=4

5
ox=> (TM

5
Vay S=<—1%.
i {4}
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Cau 62. ». (TS vao 10-Chuyén Binh Phudc 23-24)
Giai phuong trinh: (x+4)(x—2)=2 X? +2x-5 .

A Loi giai
biéu kién: x2+2x-5>0
Taco (x+4)(x—2)=2vx*+2x-5

S X +2Xx—-8=24x*+2x-5
<:>(x2+2x—5)—3:2 X2 +2X-5
Dit t =+/x*+2x-5,t >0 ta c6 phwong trinh trd thanh: t* —3=2t
, t=-1
St°-2t-3=0 &
t=3
Véi t = ~1 (loai)
VéGit=3 taco Vx°+2x-5=3
< X2 +2x-5=9
< x2+2x-14=0

x=-1-+15
= (thoa man).
X=-1++/15

Vay phuong trinh c6 tap nghiém la S = {—l—\/]g;—1+ \/E} .

Cau 63. . (TS vao 10-Chuyén Cao Bang 23-24)

. 1 / 1
Giai phuong trinh: X+ =+, [X? +——-4=3.
X X

O Loi giai
x=0
bieukign < 1

1 1
Dt X+==t,[t|>2 (**). Khi d6 x* +—; =t* -2, phuong trinh (3) c6 dang:
X X

Je<t<3 [\5953
t+yt2—6=3 <=t?-6=3-1t < {[t<-/6 o llt<—6 :t:g

2 _ga_(2_tV t:§
t* —6=(3-t) 5

1
= (t/m(*
Véritzg,thayvéo (**), ta dugc x+1=E < 2X°-5x+2=0 = 2( ())
x 2 x=2(t/m(*))

: 1
Vay nghiém cua phuong trinh da cho 1a S = {E ; 2} .

Céau 64. w» (TS vao 10-Chuyén Ha Nam 23-24)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

Giai phuong trinh (X —1)v/X* +6X+16 = 2X* —6X + 4.

Loi gidi
(X—1)VX* +6X+16 = 2X* —6X+4 < (X —1)VX* +6X+16 = (x—1)(2x — 4)
& (X=1)(VXx*+6x+16 —2x+4)=0

+) x-1=0<=x=1
2X—4>0
+) VX +6X+16 =2x -4 <
X* +6X+16=(2x—4)°
X>2

{X22 o J[x=00)

=
3x*—22x=0 22
= ?(tm)

Phuong trinh da cho c6 hai nghiém x=1;x = 22

Cau 65. = (TS vao 10-Chuyén Ha Tinh 23-24)

Giai phuong trinh VX* +3X+11—+/X+2 = 2x-2.

0 Loi giai

S X>-2
X+2>0

VX2 +3X+11—/x+2 :2x—2<:>\/(x—1)2+5(x+2) —JX+2=2(x-1)

{xz +3x+11>0
K:

Xét x =-2 (khdng phai la nghiém)

2
Xét x > -2 Chia hai vé phuong trinh chov/X+2 ta duoc: ﬁ+5—1:M. bat
X+2 NX+2
x-1
t= ta duoc phuong trinh: +5-1=2t
NX+2 P 8
1
1 t>-—=
2t+1>0 t>——
<AtP+5 2t+1<:>{ ot 41 2 = 2 2<:>t=§
Ce5=(eD) 32 44t—4=0 t=-2t=7
.2 x-1 2 x-1>0
Khi t == ta duoc phuong trinh: =—2x+2=3x-) <
g e e e 2 3 =1 {4(x+2)=9(x—1)2
x>1
o [xzt - [@x—””ﬁ
9% —22x+1=0 x:“ig4 7 9
Vay phuong trinh c¢6 ding 1 nghiém x = ll+94ﬁ
Chit ¥ Hoc sinh 6 thé gidi theo cdch: Bat 4 &+
U y: Hoc sinh co thé giai theo cach: ba
Y- J " |lb=+x+22>0.

Cau 66. ». (TS vao 10-Chuyén Hai Duong 23-24)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024

Tong hop: Duy Tuong

2
Giai phuong trinh: /X% +3x + 24X —1 = 2x+, /w .
X

D Loi giai
X2 +3x>0
1. Piéu kién: {x-1>0 < x>1
2
X +2x—3ZO
X
Phuong trinh trg thanh
-1
1/x(x+3)+2\/x—1—2x— w:o
X
x+3)
x(x+3) - (2\/x—1—2x)=

%3(x— x—1)—2(x— x—1):0

& (x- \/ﬁ)[\/?—z}o

x=+x-1(1)

X+3
—=2(2
= -2(2)

( & X2 =x-1< x> —x+1=0 (v6 nghiém)

() ——4<:>X+3 4x < x =1 (Thoa mén diéu kién)

Vay nghlgm cua phuong trinh 1a x=1.

Cau 67. w (TS vao 10-Chuyén Hau Giang 23-24)
Giai phuong trinh 4X—9+/x +2=0.

Loi giai
Pit X =+/x. Bidu kién: X >0.
Phuong trinh da cho trd thanh 4X? -9X +2=0.

. 1
Giai phuong trinh trén, ta c6 X =2 (nhan) hoac X = 2 (nhan).

*Voi X =2, tacod \/;=2<:>x:4.

. 1 , 1 1
*Vol X ==, taco =— & X=—.
4 \/_ 4 16

Cau 68. w (TS vao 10-Chuyén Hai Duong 23-24)

2
Gidi phuong trinh 3x° — 7% + 6x-+ 4= w |

SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10




VAO 10 CHUYEN CAC TINH NAM 2023-2024

L&i giai

2
1. Giai phuong trinh 3x* —7x? +6x+4 = 3,3/% :

Taco 3x3—7x2+6x+4:3i/@

< 3¢ +9x% +12X + 6 =16X? +6X+2+3i/@
<:>3(x+1)3+3(x+1):16x2+6x+2+3i/@
bit i/@zt:>l6xz+6x+2:3t3

Tong hop: Duy Tuong

Taco 3(x +1)3 +3(x+1)=3’+3t < (x+1—t)[(x+1)2 —(x+1)t+t2} =0

Ma (x+1)2—(x+1)t+t2 >0 (dot=0)
Nén x+1-t=0< x+1=t

2
Khi dé ‘3/% = X+1 3+ 9% +9X+31=16X + 6X+2

<3 -Tx*+3x+1=0

(:)(x—l)(3x2 —4x—1)=0
x=1

ad 2147

3
Thur lai thiy 3 gi4 tri vira tim déu thoa man.

Z—ﬁ.1.2+«/7}
— |

Vay phuong trinh c6 nghiém x e { 3

Cau 69. »w. (TS vao 10-Chuyén Lang Son 23-24)
Giai phuong trinh VX +2 —+/3x—2 = 2x 4.

Léi gidi

2
DKXD: ng'

IX+2-/3x-2=2x-4
SAIX+2-2-3x—2+2-2x+4=0
X+2-4  3x-2-4
<:> — J—
IXx+2+2 3x-2+2

X—2 3(x—2)

<:> —
IX+24+2 3x-2+2

2(x-2)=0

0

-2(x-2)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

@(X—Z)( L 3 _2j:o
\/x+2+2 NJ3X—-2+2
it 3
Ix+2+2 3x-2+2

Vay phuong trinh co tap nghiém la: S ={2} .

. 2 «
—2<0 véi moi ng nén x—2=0<«< x=2 (thoa man).

Céau 70. w (TS vao 10-Chuyén Nam DBinh 23-24)

Giai cac phuong trinh: 2(\/X -1 +1) =X+X+2.

0 Léi giai
Xét phuong trinh (3): 2(\/X -1 +1) = X+~/X+2, diéu kién xac dinh 1a X>1.
3Xx—6
3 2X=1-x+2)-(x-2)=0< —-(x-2)=0
()Q( " ) (x=2) 23X —1+~/x+2 (x=2)
x = 2(TMPK)

3
Q(X_Z)Lm+m‘l}=°©{zm+m:3 (4).
Taco (4) = (2x—1+vx+2) =9 5x-2+4Jx* +x-2=9

11-5x>0

4X? +x-2=11-5
=R X©{16(x2+x—2)—(11—5x)2

11-5x>0 x<d
T ox? —126x+153=0 °
X lebx+ o= X2 —14x +17 =0
11
X< —
&1 5 & x=7-4/2(TMBK)
x=T7+42

Vay phuong trinh (3) ¢6 ding hai nghiém la X=2, x=7— 42

Céau 71. w (TS vao 10-Chuyén Ninh Binh 23-24)
Giai phuong trinh (\/X+23—\/X+7)(\/6—X +2)=8.

Loi giai
Pk: -7<x<6

V6i dk trén thi Vx+23++/Xx+7 =0 do do ()
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
<:>16(\/a+2):8(\/x+23+\/x+7)

@2(\/ﬁ+2)=\/x+23+\/x+7

X+ 23-5+x+7-3+2(2-6-x) =0

X—2 X—2 X—2
o + +2 =0
IX+23+5 Jx+7+3  2+46-x

1 1 2
< (x=-2 + + =0
( )(\/x+23+5 VX+7+3 2+\/6—Xj

< x-2=0 (do L L 2 Oj

+ + >
VX+23+5 X+7+3 2++/6-X

< x=2(TMDK)
Vay PT di cho c6 nghiém duy nhat x =2

CAu 72. = (TS vao 10-Chuyén Pha Tho 23-24)
Tim tat ca cac gia tri cua tham s6 m dé phuong trinh X* —2(m-1)x+m*-2m—-8=0 (1) c6 hai

nghiém phan biét x , X, thoa mén x1+6:\/Z.

[ Lai giai
Phuong trinh (1) ¢6 A':[—(m—l)]2 ~1.(m*—2m—8)=m’ —2m+1-m’ +2m+8=9>0 voi moi m
:>\/E=\/§=3.
Suy ra pt (1) c6 hai nghiém phén biét: m+2 va m-4
Xét hai truong hop:
+ Truong hop 1: X, =m+2,X,=m-4.
Pé X, +6=4/x, thi m+2+6=,/m-4 (PK: m>4)
< m+8=,m-4

<m?+16m+64=m—4
<m?+15m+68=0 (2)

Pt (2) c6 A =15°—4.1.68=—47<0 suy ra pt (2) vd nghiém
+ Truong hop 2: X, =m—4,x,=m+2. Bé x1+6:\/Z thi

m-4+6=,m+2 (BbK: m>-2)
& m+2(1/m+2—1):0

m+2=0 m=—2
& S (t/m)
m+2=1 m=-1

Vay me{-2;-1} lagiatri can tim.

SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10
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A

M CUA NHOM WORD-GIAT-T A

Phan I: Pé thi va dap an.

\CI1I VAO 10

SAN PITA

s

Caul. = (TSvao 10-Chuyén Quang Tri 23-24)

Cho tam gidc ABC nhon, AB < AC. Ké& cic duwdng cao AD, BE,CF cat nhau tai H. T A ké hai
ti€p tuyén AP, AQ dén dudng tron tdm O, dudng kinh BC (P, 13 céc tiép diém va P, F' nam
cung phia so v&i dudng thang AD).

1. Chirng minh AP? = AB.AF va 5 diém A, P,D,0,Q nam trén mot dwdng tron.

2. Chirng minh H, P, thang hang.

3. Chirng minh PF,QE,AD déng quy.

L &i gidi
A

1. Chitng minh AP? = AB.AF va 5 diém A, P,D,0,Q nam trén mot dudng tron
TacO APF = ABP nén AAPF dong dang AABPsuyra AP? = AF.AB.
Ta cd APO = ADO = AQO = 90°nén 5 diém A,P,D,0,Q nam trén duong tron duong kinh

AO. i
2. Chtng minh H, P, thang hang.

Ta ¢c6 AAFH d6ng dang AADBnén AP> = AF.AB = AH.AD. Suy ra AAPH ddng dang
AADP .Dod6APH = ADP 1

3. Chitng minh PF,QE, AD ddng quy.
Goi K lagiao diém QFEva AD.

Tacé KQF = EBF = HDF = KDF nénta giadc DFKQ ndi tiép.

Tac6 PFD = PFB+ BFD =PCB+ ACB

Va KQD = EQP + PQD = ACP + POD = ACP 4+ 2PCD = ACB + PCB
Suyra PFD = K@D

Dodé PFD + DFK = KQD + DFK =180

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Téng hop: Duy Tudng



SAN PIHAM CUA NHOM WORD-GIAI-TACTE VAO 10
Suy ra PF diqua K .Vay PF,QE,AD ddng quy.

Cau 2. = (TS vao 10-Chuyén Quang Ninh 23-24)
Cho tam gidc ABC nhon (AB < AC) ndi tiép dudng tron tdm O. Hai dudng cao
BD, CE c0a tam gidc ABC cat nhau tai H . Tia phan giac ctia goc BAC cat duong
thang BD va duong tron (O) theo thrtwtai M va | (I khac A). Buong thing BD cat
duong tron (O) tai K (K khac B), hai dwong thang AC va IK cét nhau tai Q, hai
duong thang QH va AB cat nhau tai P. Chitng minh:
a) T gidc AMQK néi tiép;
b) Tam gidc APQ can tai A;

1 1 1

+—= :
BC DE MQ

c)

a) BKI = BAI (noi tiép (O) cung chan Bl )
ma BAI = IAC = MAQ = MKQ = t& giac AMQK noi tiép

a) Tt giac AMQK noi tiép = MQA = MKA, lai c6 BKA = BCA (ndi tiép (O) cung chin AB
)
— MQA=BCA = MQ//BC

H la tryc tam cia A ABCnén AH L BC = MQ 1 AH
A AHQ cOHD L AQ,MQ L AH nén M latruc tim = AM L HQ
A APQ cé AM la phan giac, AM 1a duong cao nén A APQ cén tai A.

¢) Goi N 1a giao diém cua Al va CE. AIK = ABK (noi tiép (O) cung chin AK),
ABD = ACE (cung phu véi BAC) = NIQ=NCQ = t giac NICQ noi tiép =
QNC =QIC

C6 BEC = BDC =90° nén tir giac BEDC néi tiép = DEC = DBC, KBC = KIC (néi tiép
(O) cuing chdn KC) = QNC = DEC = NQ//ED

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
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T giac NICQ noi tiép nén MNQ = QCI , tir gidc AMQK noi tiép nén QMN = AKQ
ma AKI = ACI (néi tiép (O) cung chin Al) = QMN =QNM => A QMN can = QM

= QN.
MQ//BC = @:E,NQNED: Ezg
BC DC ED CD
lai c6 MQ = NQ nén MQ+MQ:DQ+CQ:1:> 1 + 1 = 1 .
BC DE DC CD BC DE MQ

Cau 3. = (TS vao 10-Chuyén Quang Binh 23-24)

Cho duong tron (O) dudng kinh AB. Trén (O) lay diém C sao cho AC >BC (C khac B
). Céc tiép tuyén cua (O) tai A va C citnhautai M . Goi H la giao diém cia OM va AC,
K 1a giao diem thtr hai cia BM  véi (O).

a) Chiring minh tir giac AHKM ni tiép.
b) Chixng minh HC la tia phén giac cia goc KHB.
¢) Qua O, ké duong thang song song véi AM cit MC tai P, MC cat AB tai Q. Chang

.+ AM MP
minhrang ——-——=1.
MP

QP

L i giai

a) Tacd AKB =90° (gdc noi tiép chan nira duong tron)
Suy ra AKM =90° (1)
Lai c6 MH L AC (tinh chat hai tiép tuyén cit nhau )

nén MHA=90° (2)

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
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Tur (1) va (2) suy ra ta giac AHKM  noi tiép.

b) Tacd MHK = MAK (cuing chin cung MK )

Va MAK = ABM (cuing chin cung AK )

Suy ra MHK =0OBK (3)

Ta thdy KHO +OBK = KHO + MHK =180° = BOHK ndi tiép.
Nén OHB = OKB (4)

Lai c6 AOBK cantai O nén OKB =0BK (5)

Tu (4) va (5) suy ra OHB = OBK (6)

Tir (3) va (6) suy ra MHK = OHB = KHC = BHC

Hay HC la tia phan giac cua KHB.

c) Vi OP//AM (GT) nén AMO =MOP (hai gdc so le trong)
Ma AMO =OMP (tinh chat hai tiép tuyén cat nhau)

nén MOP =OMP (cing bang AMO)
Suy ra AMOP céan tai P = MP =0OP

Ap dung dinh ly Ta-lIét trong AAMQ ta co AM _ QM
OP QP
N AM-OP QM -QP
OP QP

AM MP AM MP
= -1= = - =1

OP QP OP QP
maMP =OP (chitng minh trén) nén ﬂ—w:l (dpcm).

MP QP

Cau 4. = (TSvao 10-Chuyén Pha Yén 23-24)

Cho doan thang AB, véi M 13 trung diém. Trén duong trung truc Mt cla doan
thang AB Iay diém | bat ky. V& tia AX sao cho Al 1a phan gidc géc BAX. Puong thang
Al cit Ax tai N . Goi C |a diém d&i xttng cia A qua N, H 13 hinh chiéu vudng géc
cta C lén AB.
a) Chirng minh rang tam giac NHB can.
b)  Ching minh dang thirc BH? = HI.BN
c) Khi diém | di chuyén trén dudng trung trwec Mt dén vi tri lam cho tam gidc ABC

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
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vuéng tai C . Hay tinh ty s %

L i giai

A

MH

a) Chung minh rang tam giac NHB can.

Taco: AAHC vudng tai H c6 HN la trung tuyén nén NA=NC = NH nén AHNA cantai N, suy
ra NHA=NAH , do d6 NHA=2I1AB =2IBH = 2NBH (1)

Theo tinh chét géc ngoai cia tam giac thi NHA=HNB +HBN (2)

Tur (1) va (2) suy ra HNB = HBN hay ANHB can tai H .

b) Chung minh dang thic BH? = HI.BN

Theo a) ANHB céantai H suy ra HB=HN =%AC (3)

Xét AANI va ABHI | ta co:
IAN = IBH
IA=1B = AANI =ABHI = IN = IH
AN =BH (=HN)

Dan dén ANIH cantai | = INH = IHN = ANHB o ANIH (Hai tam giac can c6 goc ¢ day bang nhau).

:ﬁ:i: BH.BN = HI.BN < BH? = HI.BN
BN HN

. AB
C Hay tinh ty s6 — .
) ytinhty s6 —*—
Theo hé thirc lugng trong tam giac vuong va dinh ly Py-ta-go ta co:
BC? =BH.BA= AB* - AC* & AB’-BH.BA-AC?=0 (4)
Tur (3),(4) taco: 2AB? — AB.AC —2AC* =0 (5)

Vi AC >0, chia 2 vé cho AC? ta dugc phuong trinh bac 2 véi x = % la:

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
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1-\17 14417 o AB 1+17
4 2 YA 4

Caub5. = (TS vao 10-Chuyén Pha Yén 23-24)

Do <0 (I) néntachon x=

Cho tam gi4dc ABC vudng tai A. Goi D 1a trung diém caa AB, H Ia hinh chiéu vudng
goc cia A 1én duong thang DC . Puong thang qua C va vudng goc voi BC cét duong
thang AB tai E lén duong thiang DC .

a) Chung minh BH vudng goc vai Al .

b)  Puong thing qua B vudng goc véi BH cit duong thing DC tai K. Chirng minh
tr gidc BCEK noi tiép.

L i giai
E

a) Chung minh BH vubng goc vai Al .
Goi M 1a giao diém cua ElI va AC,tac6 M la truc tdm cta tam giac ECD = DM //BC
Tam gidc ABC c6 DA=DB,DM //BC = MA=MC
Tam giac AHC c6 MA=MC,MI//AH = IH =1IC
Goi N 1atrung diém cia AH tacd IN//AC = IN L AD
Tam giac ADI c6 AH L DI,IN L AD dodé N latrycttm = DN L Al = BH L Al
b) Chang minh ta giac BCEK noi tiép.
T BH L Al = IN//AC = IAD =KBD
Xét AKBD va AIAD c6:
IAD = KBD, DA = DB, ADI = BDK
= AKBD = AIAD
= DK =Dl (1)
Vi ADAC @ ADIE (g —g):% =[D)—E:> DA.DE = DK.DC (2)
Tu (1), (2) két hop véi DA=DB suy ra DB.DE = DK.DC
DK DB

— —— = —— = ADEK ©» ADCB = DEK = DCB din dén BCEK noi tiép.
DE DC

Cau 6. = (TS vao 10-Chuyén Thira Thién Hué 23-24)
Cho tam giac nhon ABC (AB < AC) noi ti€p duong tron (O), c6 dudng cao AD va tryc tdm
H . Goi E 13 diém trén (O) sao cho hai day AE va BC song song v&i nhau. Budng thang EH

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong




SAN PIHAM CUA NHOM WORD-GIAI-TACTE VAO 10

cat (O) tai diém thi haila F va cat duong trung tryc cia BC tai M .

a) Chitng minh M 13 trung diém cla EH va AMOF 13 t& gidc noi tiép.

b) Chirng minh OFA+ ODF =180°.

c) Goi K |a diém d8i xing voi A qua O. Tiép tuyén clia (O) tai A cat dudng thang FK tai T .
Chirng minh hai dwong thdng TH va BC song song vé&i nhau.

ML oi giai

N K

a) Chitng minh M 1a trung diém cia EH va AMOF |a tir gi4c ndi tiép.

Vi hai ddy AE va BC song song nén AH vudng goc véi AE va trung truc cia BC ciing la trung
truc cua AE.

Tam giac AEH wvudng tai A nén duong trung tryc cua AE cling chinh 1a duong trung binh cua
tam giac do. Suy ra M 1a trung diém cua EH .

Do d6 MA=ME =MH , suy ra AMH = AEM + EAM =2AEM , hay AMF =2AEF .
Mt khac, ta c6 AOF = 2AEF (gdc ¢ tam va gdc noi tiép cling chan cung AF )

Suy ra AMF = AOF , do d¢ tir gidkc AMOF ngi tiép. (1)

b) Chiwng minh OFA+ODF =180°.

Goi N 1a giao diém thur hai cia AH véi (O).

Taco CBN =CAN (cung chian cung CN).

Talai cO0 CBH =CAN (cung phu voi ACB). Suy ra CBH =CBN .

Tam giac BHN c6 BD vira 1a duong cao vira 1a phan giac nén D 1a trung diém cua HN .
T giac AENF noi tiép (O) va AN cit EF tai H néntaco

HA.HN = HE.HF & HA.2HD = 2HM .HF < HAHD = HM .HF

Suy ra ti gidc AMDF noi tiép. (2)

Tur (1) va (2) tacé AODF noi tiép. Suy ra OAF +ODF =180°.

Mat khac, tam giac OAF can tai O nén OAF =OFA.

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong



SAN PHAM CUA NHOM WORD-GIAI-TACH VAQ 10
Suy ra OFA+ODF =180°.
c) Goi K la diém d6i xing véi A qua O. Tiép tuyén cita (O) tai A cit dwong thing FK tai
T . Chirng minh hai dwong thang TH va BC song song véi nhau.
Tacéd ATF =FAK (cung phu véi AKF ). (3)
Ta lai c6 EAN =90° nén EN 1a duong kinh cua (O).
Tu gidc AEKN c6 hai duong chéo AK va NE bang nhau va cét nhau tai trung diém mdi duong

nén AEKN Ia hinh chir nhat. Suy ra AE = NK , hay AE = NK.

Taco FAK=%SdKN +%SdNF=%SdAE+%SdNF=AHE. 4)

Tir (3) va (4) suy ra ATF = AHE , do d6 tir gidc ATFH Ia tir gidc noi tiép.

Suy ra AHT = AFT =90°.

Taco AH L TH va AH L BC nén TH //BC.

Cau7. = (TSvao 10-Chuyén Lam Son 23-24)

Cho tam gidc nhon ABC(AB < AC)c6 cac duong cao AD,BE,CF déng quy tai H. Goi K la
trung diém cla doan AH

1. Chirng minh ti gidc DEKF ndi ti€p dudng tron, goi dudng tron do la (S).

2. Goi P,Q Ian lwot 13 trung diém clia cac doan thdng EF,BC . Chitng minh AD I3 tiép tuyén
cla dudng tron ngoai ti€p tam gidc HPQ .

3. Goi M, N [an lugt la giao diém cla (S)véi cac doan thang BH,CH . Ti€p tuyén tai D cla
duong tron (S)cat MNtai T. Goi X,Y la cac giao diém cla dudong tron (S)véi dudng tron
ngoai ti€p tam gidc BHC . Chirng minh cac diém T, X,Y thang hang.

L i giai

B

1. Theo gt tr gidc AEHF noi tiép duong tron duong kinh AH = K 13 tdm cua duong tron nay,
suy ra FKD =2FAH (1)vé1 FAH = FEH

Theo gt ta c6 t& giac AEDB ndi tiép duong tron duong kinh ABsuy ra: DEH =BADma
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FAH = FEH = FED = FEH + DEH = 2FAH (2)

Tur (1)va (2)suy ra FKD = FED, suy ra tir giac KEDF ndi tiép duong tron.

2. Theo gttaco ABFC,ABEC vuong tai F,E suyra: QE =QF = QP L EF
Tacé: AHBC ~ AHFE = AHBQ ~ AHFP(c.g.c) = HQP = HPF

Suy ra: DHQ =90° — DQH =90° — HPF = HPQ

Suy ra: AD la tiép tuyén cta dudng tron ngoai tiép tam giac HPQ

3. Chimg minh dugc: M, N lan luot 14 trung diém cia HB,HC suy ra MN la duong trung binh
cau tam giac HBC = MN //BC

Lai do, HD L. BC = H, D dbi xiing nhau qua MN

Do d6: THB =TDM = DNM =TNF (tinh chat dbi xang va tinh chat goc tao boi tia tiép tuyén va
day cung)

Mit khac, do MN //BC = MNF = BCH

Suy ra, THB=BCH = TH latiép tuyén tai H cua dudng tron ngoai tiép tam giac HBC

Goi Y,;Y, lan luot 1a giao diém ciia TX véi (S)va (HBC)

Khi do, ching minh dugc: TD? =TX TY,;TH? =TXTY, ma TD=TH

Do d6: TX.TY, =TXTY, =TY, =TY, =Y, =Y, ma hai duong tron (S)va (HBC)cit nhau tai
Y=Y,=Y,=Y =T,X,Y thing hang (dpcm)

Cau 8. = (TS vao 10-Chuyén Thai Binh 23-24)

Cho tam gidc ABC vudng tai A véi AB=c; AC =b. Vé dudng tron tdm O, duong kinh AB va
duong tron tam O, dudng kinh AC . Goi H |a giao diém thir hai cla hai duong tron (O,) va
(O,). Buong thing d thay d6i ludn di qua A cat cac duong tron (O,) va (O,) lan luot tai cac
diém D;E khongtrung véi A sao cho A namgitta D va E.

a) Chirng minh rang dudng trung truc cla cla doan thang DE ludn di qua mot diém cd
dinh khi duong thang d thay déi.

b) Xac dinh vi tri cia dwong thang d dé dién tich t& gidc BDEC dat gid tri ldn nhat. Tim gid
tri I&n nhat dé theo b, c.

c) Ké dwong thang di qua trung diém cla doan DE va vudng goc véi BC tai K. Ching
minh rang KB = BD? + KH?2.

ML oi giai
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a) Goi I 1a trung diém cua DE, v& duong trung tryc cua DE cit canh BC tai M
Vi D thudgc duong tron duwong kinh AB nén AABD vubng tai D = BD L DE
Vi E thudc duong tron duong kinh AC nén AACD vuéng tai E = CE L DE

= BD//CE = ta gidc BCED la hinh thang.

Vi IM 1a duong trung truc cia DE nén IM L DE = IM//BD//CE, lai ¢6 I 1a trung diém cua DE
nén M 1a trung diém cua BC

Ma BC c6 dinh nén M ¢6 dinh.
Vay duong trung truc cia DE ludn di qua diém M ¢6 dinh 1a trung diém caa doan BC.

b) Tacd 2S.cep = 2S a0 + 28 sce + 25 ,5c = AD.BD + AE.CE +bc
Ap dung bdt AM — GM ta c6

1 1 c? p? 1 2
2S <=(AD?+BD?)+=(AE?+CE?)+bc=—+—+bc==(b+c
BCED 2( ) 2( ) 2 2 2( )

= Sqcep <3 (04

Diu “="xay ra < AD = BD ; AE = CE < d tao v4i AB mét goc 45°.

c) Ap dung dinh Ii Pi —ta— go ta c6: KB? = IB*— IK?;BD* = 1B* - ID?*; KH* = IH* - IK? (1).
Xét (0,):EDH = ABC (2 goc noi tiép cung chan AH)
Xét (0,):DEH = ACB (2 g6c ndi tiép ciing chan AH)
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= DHE = BAC =90° = ADHE vudng tai H

DE

=-n(-2]2)

Tur (1) va (2) = KB2=BD?+ KH? (dpcm)

Cau9. = (TSvao 10-Chuyén Tay Ninh 23-24)
Cho dudng tron (O) dudng kinh AB . Trén (O) I8y hai diém C,D nam khéc phia d6i véi AB

va CD khéng di qua O. Goi E 13 giao diém cta AC va BD, F Ia giao diém cia AD va BC, |

13 trung diém doan thang EF . Chitng minh IC 13 ti€p tuyén cla (O).

E
D
L A 0 B
O
I
(8]
F

= Xét ABEF cO: ADB = ACB =90° (gdc néi tiép chan nira duong tron)
= BA 1a duong cao thir ba. Suy ra: BLF =90° (L € EF).

» Taco: CEF =LBF (1) (cung phu véi CFE).

+ Xét AEFC (C=90°) c6 CI latrung tuyén tng voi canh huyén
= Cl = IE= AEIC céntai | . Suy ra: CEF = ICE (2)
= Mat khac: OCB = LBF (3) (do AOBC céantai O)
Tir (1),(2),(3)=0CB=ICE ().

(*)
» Taco: OCI =ICE+OCA=0CB+O0OCA=ACB=90°.

IC LOC

* o <(0) }:> IC 14 tiép tuyén cua (O).

Cau 10. = (TS vao 10-Chuyén Tay Ninh 23-24)
Cho dudng tron (O) va diém M nam ngoai (O), v& tiép tuyén MA va cat tuyén MBC khong di
qua O (MB <MC). Goi H la hinh chiéu vuéng géc ctia A trén MO .
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1. (1,0 diém) Chirng minh: T gidc BHOC néi tiép.

2. (1,0 diém) Vé duong thang qua B song song véi AC cét cac dudng thang MA, AH [an luot
tai K,I.Ching minh KB =BI .

1. Chuang minh: Tw giac BHOC noi tiép.

- Tacé: AMBA-AMAC (g—g) MA_MB _ \maz —mBMC.

MC MA

- AMAO (A:go°),AH 1 MO = MA? = MH.MO .

Suy ra: MB.MC = MH.MO = MB = w
MO MC

« Xét ABMH va AOMC c6 M chungva M2 _ MH _ \gMH - a0MC (c-g-c).
MO MC

Suy ra; BHM =BCO ma BHM + BHO =180° = BCO + BHO =180°.

Vay ti giac BHOC nai tiép.

2. V& duong thang qua B song song véi AC cit cac dudong thing MA, AH lan luot tai K, 1 .

Chung minh KB =Bl .

Ta co:

« BKIAC = 22 _MB gy
AC MC

. Bl/Aac = oF = BN g
AC NC

= Do tir giac OHBC noi tiép dudng tron nén: OHC = OBC = OCB = BHM .

~ AHC +OHC =90°

Khi do = AHC = AHB = AH la phéan giac trong cua BHC
AHB + BHM =90°
HB BN
=1 )
HC NC
Ma HM L AH = HM Ila phan giac ngoai cua BHC :E=@ ().
HC MC
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Tir (2),(2),(#), (%) = ope = =

—=——=BK =8BI.

AC AC
Cau 11. = (TS vao 10-Chuyén Son La 23-24)
Cho tam giac ABC nhon (AB < AC) ndi ti€p dudng tron (O) cac dudng cao BE va CF cét
nhau tai H. Goi S 1a giao diém cla dudng thang BC va EF; | la giao diém cta SA va duong
tron (O) (v&i | khac A).
a) Chirng minh rang t& giac AFHE 13 t( gidc noi tiép.
b) Chirng minh SF.SE = SI.SA va HI L SA.
c) Goi M I3 trung diém cta BC, ké duwong kinh AD cda (O). Chirng minh ba diém H,M,D
thang hang va H 1a tryc tam tam gidc ASM.

d) Gid sir T 13 diém nam trén doan thang HC sao cho AT vuéng géc véi BT. Chirng
minh hai dudng tron ngoai ti€p cla tam gidc IST va tam gidc ECT ti€p xuc vdi nhau.

L i giai

a) Chitng minh rang tir giac AFHE 12 tt gi4c noi tiép.
Taco: BEA=CFA=90° (gia thiét)

= HEA = HFA =90° hay HEA+ HFA =180°
= tir giac AFHE ndi tiép.
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b) Chuang minh SF.SE =SI.SA va HI L SA.
* Chtirng minh SF.SE = SI.SA

Ta giac BCEF ni tiép (vi c6 hai dinh E va F ciing nhin BC dudi mét géc vubng)
= SFB = BCE (cung bu véi BFE) hay = SFB = SCE

C6 FSB=CSE
= ASFB -~ ASCE (g.9)

L SF_SB_ skse-sesc @
SC SE

Ta lai c6: 1AB = ICB (cung chin cung 1B cua (O)) hay SAB = ICS

— ASBA - ASIC (SAB=ICSva S chung)

A _SB_ gsa=sBsC (2
sc sl

Tir (1) va (2) = SF.SE = SI.SA

*Chung minh HI L SA.

Do SF.SE = SI.SA:SS—Fzg—é = ASIE - ASFA

= IAF = IEF ma IAF, IEF cung nhin canh IF nén t giac AIFE nai tiép duong tron.
Mt khéc: ta giac AFHE nai tiép (cau a).
Hay cac diém I, A, E, H, F cting thuéc mot dudng tron.

=T gidc AIHE noi tiép duong tron ma HEA=90° = HIA=90° = HI 1 SA.
c) Goi M 1a trung diém cia BC, ké duong kinh AD cua (O). Ching minh ba diém H,M,D
thang hang va H 14 tryc tam tam giac ASM.
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* Chimg minh ba diém H,M, D thang hang

M 1a trung diém cta BC va AD la duong kinh nén ta co:
BH //CD (cung L. AC)va CH //BD (cung L AB)
= tir gidc BHCD Ia hinh binh hanh

— BC va DH cit nhau tai trung diém M caa mdi duong hay H,M, D thang hang (3)
* Ching minh H 1a truc tdm tam giac ASM.

Taco: IH L IA (caub) va DI LIA (goc AID=90°) = DI =IH hay H,I,D thang hang (4)
T (3) va (4) = M, D, H, | thang hang

—MH LSA (5)

Mat khac: AH L BC (AH la duong cao thir 3 cua tam giac ABC)  (6)

Tu (5) va (6) = H la tryc tam AASM.

d) Gia st T la diém nam trén doan thang HC sao cho AT wvudng géc véi BT. Chung
minh hai duong tron ngoai tiép cua tam giac IST vatam giac ECT tiép xuc véi nhau.
Ta chirng minh duoc

AT? = AL.LAS = AT 1a tiép tuyén cta dudng tron ngoai tiép AIST (7)
AT? = AE.AC = AT la tiép tuyén ctia duong tron ngoai tiép AECT (8)

Tir (7) va (8) = AT la tiép tuyén chung hay hai duong tron hay hai duong tron ngoai tiép cia tam
giac ITS va tam gidc ECT ti€p xtic v6i nhau.

Cau 12. = (TS vao 10-Chuyén Tay Ninh 23-24)

Cho hinh phang c6 s8 liéu nhu hinh v&. Tinh d6 dai doan thang AE .

B 2cmA

4em E
[l
C D
AL oi giai
B 2cm A
[]
“30°
4em dem \\\ E
1 [ 3cm )
C 2em H D
Ké AH LCD.
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Suy ra: ABCH Ia hinh chit nhat = AH =4cm;HD =CD-CH =3cm.

Xét AAHD (H :90°) 6. AD? = AH?+ HD? =4% +3> =25 — AD =5cm.

Xét AADE (ADE :900) o6 cosa0e =22 ag— _AD__10 103
AE cos30° 3 3
Vay AE =%.

Cau 13. = (TS vao 10-Chuyén Tién Giang 23-24)

Cho duong tron tdm O va mot diém A & ngoai dudng tron d6. Qua diém A vé hai tiép tuyén AB
va AC dén duong tron (O)(B,C la cac tiép diém). Goi H la giao diém cia AO va BC, D Ia
trung diém ctia AC, tia BD cét duong tron (O) tai diém thir hai la E.

1. Chang minh CDEH la mét tir giac noi tiép.

2. Chitng minh rang DA? = DE.DB

3. Goi F la giao diém thtr hai ciia AE véi dudng tron (O). Chang minh OC la duong trung truc
ctia doan thang BF .

MLoi giai
B
F
E
O\ H A
D
C

1. Chirng minh CDEH 12 mét ti giac noi tiép.

Taco

AB = AC (tinh chat hai tiép tuyén cit nhau).

OB =0C (bankinh (O))

Do d6 AO la duong trung truc cua doan thang BC .
AABC c6 D la trung diém AC,H la trung diém BC nén HD la dudng trung binh cua tam giéc
ABC,suyra HD//AB.

Khi d6 HDE = ABE = BCE = HCE :%SdBE.

Do @6, tir gilc CDEH noi tiép.

2. Chitng minh raing DA? = DE.DB

Xeét ADCE va ADBC taco

EDC chung

DCE =DBC :% sd BE.

Suy ra ADCE ~ ADBC( g—g)
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%:%.Suyra DC? =DE-DB
DB C

Mit khéac, do DA=DC nén DA? = DE-DB
3. Goi F la giao diém tht hai cuia AE véi duong tron (O). Ching minh OC la dwong trung truc

Do d6

cta doan thang BF .
+ Tu DA’ = DE.DB nén ta co %:%
DE DA

Xét hai tam gidc DAE va tam gidc DBA co
+) EDA chung;

DA DB
) —=—

DE DA

Do d6 ADAE ~ ADBA(C.g.C)

Suy ra EAD = DBA= BFA:%sd BE, do do BF// AC.

Ma OC L AC nén OC L BF.
Mt khac, OF = OB (ban kinh ctia (O) ) nén OC la duong trung truc cua doan thing BF .

Céau 14. » (TS vao 10-Chuyén Tuyén Quang 23-24)

Cho tam gidc ti ABC c6 ABC >90° néi tiép duong tron (O). Tiép tuyén tai C cua (O) cit dudng
thing AB tai S. LAy diém P thudc mién trong tam gidc OAC sao cho SC = SP . Puong thing
SP cit (O) tai hai diém E,F(E o giita S va F). Céc duong thang AP,BP cit lai (O) lan lugt
tai K,L. Chang minh rang:

a) Tam giac ACS dong dang voi tam giac CBS ;

b) APS =PBS;
c) Ta giac EKLF la hinh thang can.

a) Taco CAS = %SdCEB (@).

Mit khac BCS :%SdCEB (b).
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Tur (a) va (b) suy ra BCS =CAS (1).

Tir (1) va ASC =BSC suy ra hai tam giac ACS va CBS déng dang.

CS AS
b) Tir —= =" =SC*=SB.SA (0.
) Tlra)suyra - o= (©)

Vi SC = SP nén ()= SP? = SBSA= ~F — 32 (g)
SB SP

Tu (d) va PSA=BSP suy ra APSA ~ ABSP.
Do d6 APS = PBS.

¢) Tacé BPS :%(sdBmE +denF) va PAS :%(sdBmE+sdECK) ©).

Vi APSA ~ ABSP nén BPS = PAS. Két hop véi (e) suy ra sdLnF =sdECK (F).
Tur (f) suy ra

LFE + FLK :%SdLKE +%deAK :%(denF +detK)+%deAK =180° = LK // EF.

Do d6 EKLF 1a hinh thang. Hon nita
sdLnF =sdECK = FL = KE = EKLF Ia hinh thang can.

Cau 15. = (TS vao 10-Chuyén Vinh Long 23-24)

Cho tam giac nhon ABC(AB < AC) ngi tiép duong tron (O). Ké duong cao AH cua tam giac
ABC (H thuoc BC ). Goi P;Q lan luot la chan cua duong vubng goc ké tir H dén cac canh
AB,AC.

a) Chirng minh PQH = BAH .

b) Hai duong thing PQ va BC cit nhau tai M. Chtng minh AMQH —~ AMHP va
MH? = MB.MC .

c) Puong thaing MA va cit duong tron (O) tai K (K khac A). KH cat duong tron (O) tai D (D
khéc K).Goi J 1atrung diém cua HD . Chung minh JQ = JC.

ML ai giai

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong




SAN PIHAM CUA NHOM WORD-GIAI-TACTE VAO 10

A
K Q
N
O
M B H C
J
D
a) T giac APHQ c6 APH + AQH =180°
Suy ra t gidc APHQ noi tiép
= PQH = PAH
Hay PQH =BAH .
b) c6 PQH =BAH (cmt)
ma BAH = MHP (cung phu PBH)
nén MQH = MHP
va PMH g6c chung
MQ _ MH ,
= AMQH -~ AMHP = MH*=MP.MQ (1
Q (9.9)= MH -~ MP Q@
Chung minh duoc tir gidc BPQC noi tiép = MBP = MQC
va BMP géc chung
MB _ MP
= AMBP -~ AMQC = MP.M MB.MC (2
QC(g9.9) = MQ~ MC Q= (2)

Tir (1) va (2) = MH* =MB.MC
¢) Vi AKBC la tir giac noi tiép
nén MKB = MCA (cung bu véi AKB ), ma AMC la goc chung
= AMKB -~ AMCA(g.9) = MK :@ MK.MA=MB.MC
MC MA
Ma MH? = MB.MC = MH? = MK.MA
Do AAHM vuéng tai H = HK 1a duong cao ciaAAHM (vi AMHA -~ AMKH )

= AK L KH = AK L KD = AD la dudng kinh cua (O)

Suy ACD =90°nén DC L AC
Ma HQ L AC = DC //HQ nén HQCD Ila hinh thang

Goi N 1a trung diém QC (3) = JN cua la duong trung binh cua hinh thang HQCD
= IN//HQ = IN L QC (4)
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Tur (3)va (4)= IN la duong trung truc cuaQC = JQ =JC .

Cau 16. = (TS vao 10-Chuyén Long An 23-24)

Cho nira duong tron thm O c6 duong kinh AB =2R. Tir A va B lan luot ké hai tiép tuyén Au,Bv
véi nira duong tron. Qua mot diém C thudc nira duong tron (C khac A va B), ké tiép tuyén véi
nira duong tron, nd cat Au va Bv theothatwr & M va N.

a) Chting minh ti giac AMCO noi tiép duong tron va CBO = CNO.

b) Ké CH vudng goc voi ABtai H,goi K 1a giao diém cia CH véi AN. Ching minh ba diém
M,K,B thang hang.

c) Goi S ladién tich cua tam gidc ABC, S, la dién tich cua tam giac MON. Hay tinh ti sb % khi

AM =1,5R.
COLoi giai
u
M
C v
K N
A 0 B

a) Chuang minh ta gidc AMCO noi tiép duong tron va CBO = CNO.
T gidc AMCO ¢0:

MAO =90°; MCO=90°

MAO + MCO =180°

Vay ta gidc AMCO noi tiép dudng tron.

Tuong tu ta co tir gidc COBN noi tiép

= CBO=CNO
b) Chimng minh ba diém M, K, B thang hang.
Tacd: CK//AM nén m:C—N
KA CM
Ma MC = MA, NC = NB nén KN _NB (1)
KA MA

Ta lai c6 MAK = ANB (so le trong) (2)
Tu (1) va (2) ta dugc AAKM (/) ANKB

= AKM = NKB
Ma A K,N thing hang nén M,K,B thing hang (dpcm).
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c) Goi S ladién tich cua tam giac ABC, S, la di¢n tich cua tam giac MON. Hay tinh ti sé% khi
AM =15R.
Tacd AMON () AACB nén tam giac MON vudng tai O, cho ta: OC* =CM.CN = CN :§R ;

MN =MC +CN :%R

S, _(MN)"_169
S AB 144

Cau 17. = (TS vao 10-Chuyén Long An 23-24)
Cho tam gidc ABC vuéng tai A. Goi M 1a mot diém trén canh BC, | va K lan luot 14 tim dudng

tron ngoai tiép tam giac ABM va tam giac ACM. Xéc dinh vi tri cia M dé dién tich tam giac
AIK nho nhat.

MLoi giai

Taco ABC=%AIM =AIK ; ACB=%AKM = AKl .
AIK + AKI = ABC + ACB =90°nén tam giac AIK vudng tai A

S, = % AlLAK > % AE.AF = % AB.AC, v6i E, F theo thtr ty Ia trung diém cua AB, AC

bing thic xay rakhi | =E va K=F, khidé M =H.

Cau 18. = (TS vao 10-Chuyén Binh Thuan 23-24)

Cho tam giac ABC déu c6 duong cao AH . Trén canh BC lay diém M tuy y (M khong tring
B,H,C).Goi P,Q lan luot 1 chan duong vudng goc ké tr M dén AB, AC.

a) Chung minh rang MP +MQ = AH .

b) Goi K 1a trung diém cia AM . Chang minh KH L PQ.

¢) Cho duodng tron (O) nai tiép tam giac ABM . Goi D,E,F theo thu tu 12 tiép diém cua (O) véi

cac canh BM, AB, AM . V& DN vubng gbc véi EF tai N . Chang minh BNE = MNF .
COL o giai
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A
] K
P N F

Q

B D H M C

a) Chting minh rang MP +MQ = AH .
* Do AABC déunén AB=AC =BC.

*TaCO Syuay + Sanent = Sanac < % MP.AB +% MQ.AC :%AH.BC & MP+MQ = AH

Cach 2:

AMQC vubng tai Q = MQ=MC.sin60°

AMPB vuong tai P = MP =MB.sin 60°

Suy ra: MP + MQ = MQ + MP =MC.sin 60°+ MB.sin 60° = (MB + MC )sin 60° = BC.sin 60° (1)
AAHC vudng tai H = AH =AC.sin60° = BC.sin 60°(do AC = BC) (2)

Tu (1) va (2) suy ra: MP+MQ = AH .

b) Goi K 1a trung diém ctia AM . Chang minh KH L PQ.

Taco: AHM = AQM = APM =90° suy ra nam diém A, Q, M, H, P cling thugc mot duong tron
ma HAQ = HAP (AABC déu c6 AH la duong cao ddng thoi 1a phan giac)

suy ra HP = HQ = HP=HQ (3).

+ Ta c6: AMQCva AMPB vudng lan luot tai Q va P ¢6 QK va PK lan Iuot 1a duong trung

tuyén (KA=KM (gt)). KP =KQ = % (4).

T (3) va (4) suy ra: HK la duong trung truc cua PQ suy ra: KH L PQ.
¢) Cho duong tron (O) noi tiép tam giac ABM . Goi D, E,F theo thw ty Ia tiép diém cua (O) véi

cac canh BM, AB, AM . V& DN vubng gbc véi EF tai N . Chang minh BNE = MNF .
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B D M
+ Ké Bl vudng géc vai EF tai 1, Ké MJ vubéng goc véi EF tai J,
Tac6: AEF = AFE (t/c hai tiép tuyén cit nhau) suy ra: IEB = JFC ma BIE = CJF =90°
Ta c6: AIBE dong dang véi AJMF suy ra: 1E =E :2 =ﬂ (Ta let)
IF MF MD JN
IE BE BD IN IN-IE EN
suyra, —=——=——=—= =—
IF MF MD JN JIN-IF FN

suy ra: % :% (do t/c tiép tuyén nén BD=BE va DM =MF) ma BEN = MFN (cung ké bu véi 2

g6c bang nhau AEF = AFE ) suy ra: ABEN dong dang véi AMFN suy ra: ENB = MNF .
Céch 2: Theo tinh chit tiép tuyén ta c6 AAEF can tai Anén suy ra AEF = AFE, do d6
BEI = MFJ

. . 5 . B BE BD IN
Tur day ta dwoc hai tam giac ABIE, AMJF dong dang véi nhau (g.g), suy ra = = =—
y : g g dang (9.9), suy M) - ME - VD~ IN

3%=%3 hai tam gidc ABIN, AMJIN dong dang véi nhau. Do d6 ta dugc: BNI = MNJ hay

BNE = MNF (dpcm)

Cau 19. = (TS vao 10-Chuyén Nga — Phap — Trung Hoa Binh 23-24)

Cho duong tron tam O duodng kinh AB c¢b dinh. V& day cung CD vubng goc véi AB tai H sao

cho AH < AO. Goi K 1a diém bat ky nam trén doan CH, M 1a giao diém cua tia AK véi duong

tron (0). Chung minh rang:

a) Ta giac BMKH noi tiép duoc trong mot dudng tron.

b) AC? = AM.AK.

c) AK.AM — AH.HB = AH”.

d) Khi K di chuyén trén doan CH thi tim dudng tron ngoai tiép tam giac CMK ludn thudc m
duong thang ¢ dinh.

MLoi giai
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C M

D

a) Taco AMB =90° (gbc ndi tiép chan nia dudng tron)

BHK =90° (gt). Suy ra AMB +BHK =180° t& giac HKMB la t& giac noi tiép

b) AB L CD = AC =AD = ACK = AMC

= AACK W AAMC (vi A chung; ACK = AMC)

L AC_AK
AM AC

c) ACB =90°(g6c noi tiép chin nira duong tron)

Suy ra tam giac ABC vudng tai C = CH? =HAHB (2)

Ap dung dinh Ii Pytago trong tam giac HCA vuéng tai H, tacd: CH® + AH? = AC* (3)

Tir (1),(2),(3) suy ra AH?+ AH.HB = AK.AM (dpcm).

d) ACK =CMK :%SdCK , ma CMK :%SdCK = ACK :%SdCK .

= AC? = AK.AM (1)

nén CA la tiép tuyén cua dudng tron ngoai tiép AMCD (Pinh 1i dao goc tao bai tia tiép tuyén va day
cung). Ma CA L CB = tam dudng tron ngoai tiép AMCK nam trén CB.

Tac6 A, B, H cb dinh nén day CD c6 dinh. Suy ra CB cé dinh.

Viy tam duong tron ngoai tiép tam giac CMK  ludn thudc dudng thang CB ¢b dinh.

Céu 20. = (TS vao 10-Chuyén Tin Hoa Binh 23-24)

Cho duong tron (O;R) duong kinh BC, diém H c¢b dinh thudc tia ddi cua tia BC. Qua H ké
duong thang d vuéng goc voi BC. Lay diém M bat ki trén duong thang d, qua M ké cac tiép
tuyén MP, MK véi dudng tron (O) . Day PK cit OM tai N vacit OH tai Q.

1. Chiémg minh ndm diém M, P, O, K, H cuing thuéc mét duong tron.

2. Chitng minh rang OH.0Q = R?.

3. Cho POK =120°. Tinh dién tich tu: gidc MPOK theo R.

4. Chung minh rang khi diém M di chuyén trén duong thang d thi trong tim G cua tam giac
HPC chay trén mot dudng tron cb dinh.

ML oi giai
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1. Tac6 MPO = MHO = MKO =90°
= P, K, H thudc duong tron duong kinh MO.
= M, P, O, K, H cung thugc duong tron duong kinh MO.
2. Xét AMPO vubng tai P, c6 PN 1. MO
= ON-OM =O0P’ (1) (Hé thic lwong trong tam giac vuong).
AONQ€®AOHM (HOM chung; ONQ = OHM =90°).
%:EQOM -ON =0H -0Q (2)
OH OM
T (1), (2) = OH-0Q =OM -ON = OP? =R?,
3. Vi POK =120° nén PMK =60° va MO la phan giac cia PMK
= PMO = KMO =30°
AOPM vubng tai P,c6: OP =0OM . Sin PMO
R
sin30°
APNO vuéng tai N, c6: NP =OP.sin PON

ma PON =90°—OMP =90°—30° =60° (AMPO vudng tai P).

= NP:R-ngT\/é (cm)= KP=R+3 (cm)

= OM =

=2R (cm).

Tac6 OM LKP =S, =%OM.KP= R’V3 (cm?).

4. Lay | 1atrung diém cia HC , G € Pl sao cho PG :gPI.

Tu G ké duong thing song song véi OP cit HC tai E.
HC cb dinh = | ¢b dinh

VAO 10 CHUYEN CAC TINH NAM 2023-2024
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°IPO ¢6 GE /) PO = GE _IE_16_1 (Pinh li talet) (do G latrong tdm cua APHC).

PO 10 IP 3
= IE =€ khong d6i. Ma I, O ¢ dinh = E cé dinh. (1)

GE = ?:% khong doi. (2)

(1), (2) = G e[E; g) ¢é dinh khi M chuyén déng trén d .

Céau 21. = (TS vao 10-Chuyén Thai Nguyén 23-24)

Cho tam gidc ABC vudng tai A va ACB =30°. Goi M 1a trung diém cua canh BC, diém | Ia
tam dudng tron ndi tiép tam giac ABC .

a) Chang minh rang AMC = AIC =120°.

b) Goi N 14 giao diém ciia hai duong thang MI va AC . Chang minh rang AB = AN .

ML ai giai

N

B * i - > | e
D M ¢

a) Goi D la giao diém cua Al va BC. Ta c6 DIC=§+%=45°+15°=60°. Tu 4o

AIC =180°-60°=120°. Lai c6 tam giac ABM can tai va ABM =60°nén tam giac ABM déu.
Dan &én AMC = ABM + BAM = 2.60° =120°. Vay AMC = AIC =120°.
b) Theo cau a) ta c6 tam gidc AMB déu. Suy ra MA= AB = MB. Lai c6 AMC = AIC =120° nén

tt giac AIMC noi tiép. Suy ra MNA:%(SJMB—SJMB)=15°= NMA. Tir d6 tam giac AMN can

tai A.Suyra MA=AN. Vay AB=AN.

Cau 22. = (TS vao 10-Chuyén Thai Nguyén 23-24)

Cho tam giac ABC(AB>BC)c6 ba gdoc nhon, noi tiép duong tron (O). V& cac duong cao
AD, BE va CF cua tam giac ABC . Goi diém H 1a truc tm cua tam giac ABC, I 1a trung diém
cua doan thang DF. Tia Al cit duong tron (O)tai K(K = A), tia BE cat duong tron (O) tai
J(J # B). Chang minh ring:

a) E 1a trung diém cua doan thang HJ ;
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b) Tam dudng tron ngoai tiép tam giac IKD nam trén duong thang BC

MLai giai

a) Ta ¢ tir giac AJCB noi tiép nén CJB = BAC ma BAC =CHJ (cung phu voi FCA). Tir d6

CJH =CHJ , din dén tam gidc AHJ can tai C c6 duong cao CE nén E 1a trung diém cua doan
thang HJ .

b) Xét tam giac DEH va tam giac DAF c6 EDH = ADF (vi DA la phéan giac EDF) va

DEH = DAF (vi tt gidc BDEA noi tiép duong tron duong kinh AB) . Suy ra
HE_FAHE_FAZHE_FA_ A _PA vas AFAlAHID(c—g—c). Dan dén
HD FD HD 2FI HD FI HD FI

KJB = KAB = IAF = DJB. Hay ba diém J,D,K thing hang.

Suy ra DKI = JKA = JBA= ADF. Suy ra AD Ila tiép tuyén cta dudng tron ngoai tiép tam giac
IKD . Lai c6 DA L BC nén tdm cta duong tron ngoai tiép tam giac IKD nam trén duong thang BC

Céu 23. == (TS vao 10-Chuyén Vinh Phuc 23-24)

Cho tam giac A, B,C c6 ba goc nhon, AB < AC va noi tiép duong tron (O). Pudng thang AO cit
duong thang BC tai E. Goi M 1a trung diém cta doan BC . Puong thang AM cat dudng tron
(O) tai N (N = A). Cac tiép tuyén cua duong tron (O) tai diem B va C cét nhau tai diém D.

a) Chizng minh AOND 14 tir giac noi tiép va tia DO 1a tia phan giac caa ADN .

b) Puong thang AD cét duong tron (O) tai P (P # A). Dudng tron ngoai tiép tam giac AME cét
duong tron (O) tai diém F (F = A). Ching minh AB.PC = AC.PB va ba diém E,F,P thang
hang.

c) Ké duong kinh AK cta duong tron (O). Ching minh ba diém D,K,F thang hang va duong
thang FN di qua trung diém caa doan thang DM .

ML oi giai
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A

D

a) Do OB=0C;DB =DC = OD la duong trung truc cia BC
OD LBC=BM 1L0OD

Xét tam gidc AOBD c¢6 BM 1L OD nén tacdé OB*> =OM.OD .

Ma OB =ON (=R) nén ON? = OM 0D :O—gzg—'\N" (1).

Lai c6 NOM = DON (2).
Tur (1),(2) suy ra AOMN «> AOND (c.g.c) = ONM =ODN (3).
Lai c6 AOAN cantai O do OA=ON =R = OAN =ONA=0ONM (4).

Suy ra OAN =ODN va ching cting nhin ON =T gidc AOND ndi tiép.
ONA=ODA ( cling chan cung OA) (5).

Tu (3),(4),(5) = ODA=0ODN .

= DO la phén giac cia ADN .
b) Ta xét ADPB va ADBA c6 BDA chung ; PBD = BAD (vi ciing chan cung PB)
nén ADPB < ADBA (g.9) _,bP_BP
DB AB

Tuong tu ADPC «» ADCA (g.9) = bP = cP .
DC AC
ma DB =DC
= BP = P = AB.PC = AC.PB

AB AC

Goi Q 14 giao diém cua DO véi dudng tron (O) suy ra Q 1a diém chinh giita cung nho BC .
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Lai c6 PAN :%PON (:%sd PN); QON = PAN.

Q la diém chinh giita cung nho PN

doddtaco PQ=QN; BQ=CQ = BN =CQ.

Tur tir giac AMEF ndi tiép duong tron ngoai tiép AAME , ta co:
CFE = MEF —BCF = (1800 - NAF)— BCF

=180° —%sd NCF —%Sd BAF

- %(3600 —sdNCF —sd BAF)

:%sd BPN =BAN
Lai c6 véi (O) thi CFP = %sd CNP

suy ra CFE =CFP (hai géc ngi tiép chan hai cung bing nhau)

suy ratia FE va FP trung nhau, do d6 3 diém F,E,P thang hang.
¢) Tur tr gidc AOND noi tiép = DON = DAN .

Véi duong tron (O) tacdé DAN = PFN; NAK = NFK

Suy ra MOK = MFK nén t giac OMKF noi tiép = OMK +OFK =180° (6).
Ap dung hé thirc luong c6: OM.OD = OC? = OK?(= R?)
OM OK
:>_:_
OK 0D
= AOMK @« AOKD (c-g-c) = OMK =OKD (7).
Lai c6 AOKF can (doOK =OF =R) = OFK =0KF (8).
Tu (6),(7),(8) suy ra: OKD+OKF =180" = 3 diém D,K,F thang hang.
* Chiing minh FN di qua trung diém cua MD .
Goi | la giao diém ciua FN va MD.
Xét AIND va AIDF cé: NID =FID ; IDN = DFI (= NAK)
= AIND ¢ AIDF (c-g-c):%:%:» ID? = IN.IF .
Mat khac IMN = OMA=0ODA+ DAN = IFM .
Tir d6 suy ra AIMN & AIFM (g-g):%:%: IM? =IN.IF.
Suyra ID?’=IM*=ID=1IM .

Cau 24. = (TS vao 10-Chuyén Yén Bai 23-24)

Cho tam gia&c ABC nhon noi tiep duong tron tdm O, cac dwong cao AD,BE,CF
(DeBC,EcCAF e AB). Tiép tuyén tai A clia duong tron (O) cit DF tai M,MC cit (O) tai
| khac C,IB cat MD tai N .

a) Chitng minh rang MA//EF .

b) Chitng minh rang AMAF can, t& giac AINF noi tiép.

¢) Chting minh rang MA? = MN -MD .

d) Goi K la giao diém ciia CF va dudng tron (O). Ching minh ring A, N,K thang hang.
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AL i giai
A
M
|
N O =
K
F
-
.. AE AF
a) Ta cO: AABE ©» AACF (g.9) nén B-AC suy ra AABC «» AAEF (g.g) suy ra AFE = ACB

ma MAB = ACB nén MAB = AFE
Vay MA//EF

b) Chimg minh tuong ty AABC > ADBF (g.g) suy ra BFD = BCA ma MAF = ACB BFD = AFM
nén MAF = AFM suy ra AMAF can .
Vi AABC «» ADBF (g.g) suy ra NFA=BFD =BCD =%sd AlB

Tacd: NFA+NIA= %sd AIB+%sd ACB =180° suy ra tir giac AINF nai tiép.
¢) Vi ta giac AINF noi tiép nén MNI = IAF (clng bl véi INF ) = MCD
suy ra AMNI > AMCD(g.g) suy ra MI.MC = MN - MD
Ta c6: AMAI ©> AMCA(g.g) suy ra MA* =M1 -MC
suy ra MA? = MN - MD
d) Vi MA*> =MN -MD suy ra AMAN > AMDA(c.g.c) suy ra MAN = ADF
Ta cO: FAD = AFM — ADF (g6c ngoai tam giac)
= AFN — MAN = MAF — MAN = NAF
Lai c6: FAD = FCB =%sd BK suy ra BAK = NAF :%sd BK .

suy ra A,N,K thang hang.

Cau 25. == (TS vao 10-Chuyén DHSP Ha Noi 23-24)

Cho hinh binh hanh ABCD c¢6 ABC =120° va BC =2AB. Dyng duong tron (O) c6 dwuong kinh
AC. Goi E,F lan luot 1a cac giao diém thir hai ctia AB, AD véi duong tron (O). Puong thing
EF lan luot cit cac dudng thang BC,BD tai H,S . Chang minh:

a) Tam giac ABD la tam giac vuong.
b) T giac OBEH la t& giéc ndi tiep.
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c) SC latiép tuyén cua dudng tron (O).

CALoi giai
E
B H c
0
F
4 T D

a) Goi T 1a trung diém cia AD. Vi ABCD la hinh binh hanh nén BC = AD, BC//AD nén

BAD =180°— ABC =180°-120° = 60°
va TA:%AD =%BC = AB nén tam giac ABT déusuyra TB=TA=TD.

Tu day ta dugc B thudc duong tron duong kinh AT hay ABD =90°.
Bai toan dugc chirng minh.

b) Theo cau a ) tir ABD =90° ta dwoc OB L AE nén B la trung diém cua AE .
Ma BH//AF nén BH la duong trung binh cua tam giac EAF. Do d6 H la trung diém EF . Vi

EF la day cung cua (O) nén OHE =90°=OBE . Tur ddy ta suy ra OBEH noi tiép duong tron

duong kinh OE.
Bai toan dugc chung minh.
c) Vi AECF latt giac noi tiep, BO//CE (cung vubng goc véi AB ) va BH//AF taco

COS =COD =A0B =ECA=EFA=EHB=CHF =CHS
Tir day ta duoc tir giac CHOS ndi tiép suy ra OCS = OHS = OHE =90°. Vay SC 4 tiép tuyén cua
duong tron (O) . Bai toan dwoc chimg minh.

Cau 26. = (TS vao 10-Chuyén Ning Khiéu PHQG TPHCM 23-24)

Cho tam giac ABC c6 duong tron noi tiép (1). D,E,F lan luot 1a cac tiép diém cua (1) Vvéi
BC,CA, AB . Goi L la chan duong phan giac ngoai cua BAC (L eBC). Vétiép tuyén LH voi
duong tron (1) (H = D latiép diém).

a) Chirmg minh dudng tron ngoai tiép tam giac HAL di qua tam | .

b) Chitng minh BAD =CAH .

c) AH kéo dai cit (1) tai K (K=H).Goi G latrong tm cia tam gidc KEF . DG cit EF tai
J. Ching minh rang KJ L EF .

d) Goi S la trung diém BC, KJ cit (1) tai R (R=K). Chang minh ring AS, IR,EF dong quy.

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong




@ ke
A

SAN PHAM CUA NHOM WORD-GIAI=-TACIH VAO 10

wn

L &i gidi

a) Chung minh dudng tron ngoai tiép tam giac HAL di qua tam | .

Taco: IAL=IHL=IDL=90° nén A L,D,H,| cing nam trén dudng tron dudng kinh LI .

Do d6 duong tron ngoai tiép tam giac HAL diqua | .

b) Chung minh BAD = CAH .

Xét duong tron (HAL), do IH =ID = DAI = HAI (chén hai cung bing nhau)

Ma BAI =CAIl nén BAD =CAH .

c) AH kéo daicat (1) tai K (K#H).Goi G latrong tm ciia tam giac KEF . DG cit EF tai
J. Chttng minh rang KJ L EF .

Ta co: KDC = KHD = ALB
= DK//AL ma AL//EF (cung vubng goc IA), nén DK//EF .
Goi V,N lan luot 1a trung diém KE, EF .

Do DK//NJ nén theo dinh ly Thales, ta co: D—GzK—G:Z:E
GJ OGN GV
= DF/IJV va E=D—G=2
VvV GJ
_gv-DPF_EK
2 2

Do d6 AJKE vuong tai J nén KJ L EF

d) Goi S 1a trung diém BC, KJ cit (1) tai R (R=K). Chang minh ring AS, IR,EF dong quy.
* Ta chtng minh bo dé sau: Cho tam giac ABC ¢6 dudng tron ngi tiép (1). D,E,F lan luot I3 cac
tiép diém cua (1) voi BC,CA, AB. Goi S la trung diém cua BC . Khi d6 AS,DI,EF dong quy.
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B D S C

Goi P 1a giao diém cua EF va DI .Qua P ké dudng thiang song song voi BC cat AB, AC lan
luot tai U,V .
Ta c6: céc tir giac IPUF va IPEV noi tiép
= IUP=IFP=IEP =IVP
AIUV cénnén P la trung diem UV
Goi S' la giao diém cua AP va BC.
PU PV AP
S'B S'C(_ AS‘j
—S'B=S'C (do PU=PV)
Do d6: S' 14 trung diém cua BC
Ma § ciing la trung diém cua BC
Nén A, P,S thang hang.
Vay AS,DI,EF dong quy.
* Tro lai bai toan, d¢é y raing DKR =90° nén D, I,R thang hang. Theo b dé trén ta c6 DI, EF, AS
dong quy. ‘
Do d6 AS, IR, EF dong quy.

Vi UV//BC nén

Céau 27. » (TS vao 10-Chuyén Hoa Binh 23-24)

Cho duong tron (O;R) duong kinh BC, diém H ¢ dinh thudc tia d6i cua tia BC. Qua H ké
duong thang d vuéng goc véi BC. Ly diém M bat ki trén duong thang d , qua M keé céc tiép
tuyén MP, MK véi duong tron (O). Day PK cit OM tai N vacat OH tai Q.

a) Chimg minh nam diém M, P, O, K, H cling thuéc mot dudng tron.

b) Chang minh raing OH.0Q = R?,

¢) Cho POK =120°. Tinh dién tich tir giic MPOK theo R.

d) Chtng minh rang khi diém M di chuyén trén dudng thang d thi trong tim G cia tam gidc
HPC chay trén mot duong tron cd dinh.

MLoi giai

VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong




SAN PIHAM CUA NHOM WORD-GIAI-TACTE VAO 10

a) Taco MPO =MHO =MKO =90°

= P, K, H thudc dudng tron duong kinh MO.

= M, P, O, K, H cung thuoc duong tron duong kinh MO.

b) Xét AMPO vuéng tai P, c6 PN L MO

= ON-OM =0P? (1) (Hé thuc luong trong tam giac vudng).

AONQ” AOHM (HOM chung; ONQ = OHM =90°).
ON _0Q

— < OM -ON =0H -0Q (2
OH oM Q@

Tu (1), (2) = OH-0Q=0M -ON =0P? =R?,
c) Vi POK =120° nén PMK =60° va MO la phan giac caa PMK
= PMO =KMO =30°
AOPM vubng tai P,c6: OP =0M .SinPMO
R
sin30°
APNO wvubng tai N, c6: NP =0OP.sin PON
ma PON =90°-OMP =90°-30°=60° (AMPO vudng tai P).
V3 RJ3

= NP=R'7:T (cm)= KP =R+/3 (cm)

Taco OM L KP = Sypox :%OM.KPz R24/3 (cm?

= OM =

=2R (cm).

d) Lay | 1a trung diém cua HC , G € P1 sao cho PG=§PI.

Tu G ké duong thiang song song véi OP ciat HC tai E .
HC cé dinh = | c6 dinh

°IPO ¢6 GE j PO = GE _1E_16_ (Dmh Ii talet) (do G la trong tdm cua APHC).

PO 10 IP
= IE:% khong d6i. Ma I, O ¢ dinh = E ¢é dinh. (1)
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PO

GE 3 - % khong ddi. (2)

1), 2= G E(E; %j ¢ dinh khi M chuyén dong trén d .

Cau 28. = (TS vao 10-Chuyén Bén Tre 23-24)

Cho tam giac ABC khong co goc tii (AB < AC, BC < 2R ) noi tiép duong tron (O;R)(B,C cb
dinh, A di dong trén cung 16n BC). Cac tiép tuyén tai B va C citnhautai M . Tir M ké duong
thang song song véi AB , dudng thang nay cat (O)tai D va E (D= E, D thudc cung nho BC),
cit BC tai F vacat AC tai | .

a) Ching minh rang MBIC 14 tirc giac ndi tiép.

b) Ching minh rang FI.FM = FD.FE FI.

¢) Tim vi tri cia diém A trén cung 16n BC sao cho tam giac IBC c6 dién tich 16n nhat.

MLoi giai
E
A
B A \ C
F
M

a) Do MB thudc tiép tuyén tai B clia duong tron (O)va MI//AB nén ta co:

MBC = BAC = MIC.

Do d6, MBIC 1a tir giac noi tiép.

b) Tacé ABFI > AMFC (g.g) vi

BFI = MFC (dbi dinh)

BIF = MCF (cung chin cung BM )

Tur day suy ra FB.FC = FI.FM

Tuong tu vai cap tam giac BFE va DFC, ta ciing c6 FB.FC = FD.FE
Suyra FI.FM = FD.FE .

1
) Tacod S =§.BC.d (1,BC).
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Do B va C 14 hai diém c6 dinh nén do dai ctia doan BC khong ddi nén S, c6 dién tich 16n nhét
khi ca chi khi d(1,BC) dat gi4 tri 1on nhét.
Mit khic, do MB va MC lan luot 1a hai tiép tuyén tai B va C cua dudng tron (O) nén
MOB = MCO =90, tirc 13 tir giac MBOC noi tiép dudng tron dudng kinh OM  (goi 1 dudng tron
C ), laico MBIC Ia tir gidc noi tiep
Suy ra 5 diém M, B, 0O, I,C cung thuoc mot duong tron c6 dinh C (do O, M co dinh).
Lai c6 OB =0OC =R nén O la diém chinh giita cung BC ctia C, vi | di chuyén trén cung nay nén
d(1,BC)<d(0,BC) (khong doi).
Ding thirc xay ra khi va chi khi | = O, hay A O,C thiang hang.
Véy khi A 1a giao diém cua OC va (O) thi tam gidc I1BC c6 dién tich 16n nhat.

Cau 29. = (TS vao 10-Chuyén Hai Duong 23-24)
1. Cho tam gidc déu ABC noi tiép duong tron (O), diem E thudc cung nhd AB ciia dudng tron
(O) (E= A E=B). buong thang AE cét cac tiép tuyén tai B,C ciia duong tron (O) lan luot tai
M,N.

a) Chitng minh rang MB.NC = AB®.

b) Goi F 1a giao diém cia MC va BN, H 1a trung diém BC . Chitng minh ring ba diém
E,F,H thang hang.

2. Cho dudng tron (O) va hai diém A,B cb dinh ndm trén dudng tron (O) sao cho AOB =120°.
biém M thay doi trén cung I6n AB ctia dudng tron (O). Puong tron noi tiép tam giac MAB tiép
xUc v6i MA, MB lan luot tai E, F . Chitng minh rang duong thang EF luén tiép xuc véi mot duong
tron cé dinh.

ML ai giai

a) Taco ABM = ACB =BAC =60°= BM // AC = BMA=CAN (1)
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Tuong tu ta cd CN // AB = BAM =CNA (2)

Tir (1) va (2) tacé AAMB ddng dang ANAC (g-g)
= MB _AB = MB.NC = AB.AC = MB.NC = AB?
AC NC 2 2 A 2
b) Goi F la giao diém caa MC va BN, H la trung diém BC . Chung minh rang ba diém E,F,H
thang hang.

MB BC
E _N_C ( )
Mat khdc MBC = MBA+ ABC =60°+60°=120°. Tuong tuy BCN =120°

Suy ra MBC = BCN (4)

Tir (3) va (4) tac6 AMBC” ABCN (c-g-c). Suy ra BMC = NBC
Tacod BFM =BCF + FBC = BCF + BMC =180° - MBC = 60°(5)

Do BEAC néi tiép nén BEM = BCA =60° (6)
Tur (5) va (6) tacé BFM = BEM . Suy ra BMEF noi tiép
BEF = BMF = NBC = FBI . Do d6 AIBF” AIEB (g-g). Suy ra E:—: IB? = IE.IF (7)

Goi | 1a giao diém cua EF va BC. Tura) suy ra MB.NC =BC? =

Chitng minh twong tu ta c6 IC* = IE.IF (8).
Tu (7)va(8)suyra IB=IC=1=H.Vay E,F,H thing hang.
2.
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Goi | latrung diém caa AB. V& AH,1J,BK cung vudng goc EF .
Taco AOB =120°= AMB =60°, hon nita ME =MF nén tam giac MEF déu.

Tam giac vuébng AHE c6 AH = AE.sin 60° :g.AE :g.AD (1)
Tam giac vuong BKF c6 BK = BF.sin 60° =§ BF :gBD (2)
cong vé (1) va (2) taco

AH + BK ngB:ZIJ ngB: 1J zéAB khong dai.

B3

Vi diém | ¢ dinh nén EF tiép xuc véi duong tron ¢6 dinh tam 1, béan kinh TAB.

Cau 30. = (TS vao 10-Chuyén DHSP Vinh 23-24)

Cho duong tron (O) duong kinh AB . Buong thang A tiep xtc véi (O)tai A1 la diém cé dinh
trén doan AB va CD la day cung thay ddi ctia (O) ludn di qua | . Cac duong thang BC,BD cét
A lan luot tai M, N .

a) Chitng minh rang CDMN 14 t&r gi&c noi tiép.

b) Goi K 1a giao diém thir hai ciia duong tron ngoai tiép tam giac BMN voi duong thang AB.
Chung minh rang KMCI & tr giac noi tiep vatich AM .AN khong doi.

¢) Goi T 1a tam dudng tron ngoai tiép ti giac CDNM . Tim vi tri cia CD sao cho d6 dai doan
thang BT nho nht.

MLoi giai
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a) Ap dung hé thuc lugng cho hai tam giac BAM va BAN véi hai dudng cao twong tng la
AC, AD tacd BA* =BC-BM =BD-BN. Vi viy tir gilc CDNM noi tiép.

b) Ta c6 bién d6i g6c MKB = MNB = DCB, vi véy ti gidc CIKM noi tiép.

Do d6 BC-BM =Bl -BK = BA?, tir ddy suy ra K 1a diém c6 dinh.

Tir day ta suy ra AM - AN = AK - AB ¢é dinh.

c) Goi r laban kinh cia (T) thi r*~TA?= AN -AM = a khong doi. Ta ciing ¢6 ID.IC khong doi,
dat b=1D-1IC=r>-TI? suyra TI?~TA*=a—b.

Goi H lahinh chiéu cua K Ién AB theo dinh ly Pythagore ta co.

(Al +2AH)- Al = HI? —HA? = (TI? =TH? ) (TA* =TH? ) =TI* ~TA? =a—b

Tir day két hop véi Al khong d6i ( A va | ¢b dinh) suy ra H ¢b dinh do d6 BH khong doi.
Khi do, theo dinh ly Pytagore ta co.

BT =TH?+BH?*>BH2

DA4u bang xay ra khi va chi khi T trung véi H tac 14 BA 1 trung truc caa CD suy ra CD vudng
g6c AB tai | . Vay khi CD vudng goc véi AB tai | thi do dai doan thang BT nho nhét.
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CHUYEN PE 7. BAT PANG THUC

Cau 1. »= (TS vao 10-Chuyén Ba Nang 23-24)

Cho céc s6 thuc duong x, y,z thoa mdn xyz =1. Chang minh rang:

2008(x2 +y? +22)+15(1+1+1j2 2023(x+y+2).

X y z
Loi giai
+ AM.GM ba sé x+Yy+2z>33/xyz =3
2
+Taco: 2008(x* + y* +z%) +15(1+£+£j > 2008m +15.L
X y z X+y+2

3 - _— (Xx+y+2)° 9

bat t =x+y+z(t > 3), ta phai ching minh: 2008 +15. >2023(Xx+y+2)
X+y+2z

s t° 9
Tuc la: 2008§ +15.¥ > 2023t
= 2008t> + 405 > 6069t°
= (t —3)(2008t* — 45t —135) > 0 )
Trong do:

2008t* — 45t —135 =1993t* +15t* — 45t —135
=1993t* +15t(t —3) —135>1993.3° +15.3.0-135 >0
= 2008t* — 45t -135>0
Tuc 1a (1) dang.
Vay bai toan dugc chitng minh.
DAu bang xay rakhi x=y=z=1.

Cau 2. = (TS vao 10-Chuyén Tin Ha Noi 23-24)
Vi céc sé thuc a,b va ¢ thoaman (a+1)(b+1)(c+1)=(a-1)(b-1)(c—1), tim gia tri nho nhat cua
biéu thic A=|a|+|b[+|c|.

Lo giai

Tir gia thiét ta c6 ab+bc+ca=—1. Trong ba sé a,b,c, ta thay c6 hai s6 cuing khong nhoé hon 0 hozc
cuing khong 16n hon 0 (ba sé véi hai truong hop khdng giao nhau: 16n hon hodc bang 0 (khéng nho hon
0) vanhé hon 0).

Ngoai ra, ¢d thé thay rang khi thay (a,b,c) bai (—a;—b;—c) thi gia thiét bai toan ciing nhu bieu thic P
déu khong doi.
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Vi vay, khdng mat tinh tong quét ta co thé gia sir a>0;b>0. Khi d6, do ab+bc+ca=-1<0 nén c<0

.bat x=—c(x>0),tacéd ab—ax—bx=-1va P=a+b+x.

+1

Tu ab—ax—bx=-1, tasuy ra x:ab . Do do:
a+b
P:a+b+ab+12a+b+i22.
a+b a+b

Déu dang thic xay ra chang han khi b=0;a=1,c=-1.
Vay gi4 tri nho nhit caa P = 2.

Céau 3. = (TS vao 10-Chuyén Toan Ha N§i23-24)
Véi céc s6 thuc khdng am a,b va ¢ thoa man a+2b+3c =1, tim gia tri 16n nhat va gié tri nho nhit
cua biéu thic P =(a+6b+6c)(a+b+c).

0 Loi gii
3 (3 3 2
EP:(Ea+9b+90J(a+b+c)2(\/;a+3b+3cj >(a+2b+3c) =1.
= Pzg.
3

Mat khac, khi a=O;b=0;c=% thi P=§.

Suy ra minP :g.

(5a+10b-+10c)” _ (5a+10b-+15c)°

4P =(a+6b+6c)(4a+4b+4c)< 2 2

25(a+2b+3c)’
_4p B(a+2D43c) 25 25
4 4 16

;b=§;c:0 thi P:§.
8 16

Mat khac, khi a =%
Suy ra max P = §.
16

Cau 4. w (TS vao 10-Chuyén Hai Phong 23-24)
Cho cac sb thuc a, b, ¢ thoa mdn a+b+c=0. Tim gi tri nho nhat cua biéu thuc:
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2a-1 2b-1 2c-1
= + + N
a’+2 b*+2 c*+2

Lo giai
Khong mat tinh téng quat, ta gia sir ab > 0. Khi d6
(a+b+2)° (c+17 _(c=2’ (c+1y
(a+b)>+4 c*+2 c’+4 P42

(c-2% (c+)*_3 2 ,
+ >—<c°(c-2) =20 (d .
c’+4 c*+2 2 ( ) (ding)

P+3>

Xét BDT:

Vay PZ_?S;déudéngthl'rcxéyrachénghankhi a=b=c=0,a=b=-1c=2.

Do dé6 P, =_—3.
2

Cau 5. % (TS vao 10-Chuyén Can Tho 23-24)
Cho bang 6 vudng c6 kich thudc 4x4 nhu sau

MBJi 6 trong bang nay dugc viét mot sé nguyén duong sao cho 16 sb trén bang d6i mot khac nhau va
trong mdi hang, mdi cot ludn ton tai mot s6 bang tong cia ba sd con lai twong tng trong hang, trong
cot d6. Goi M 1a sb 1on nhat trong bang. Tim gia tri nho nhat cia M .

’ ’ , Loi giai
Goi M 1a s6 16n nhat trong 16 so trén bang
Ta thdy tong 4 s 16n nhét trong bang khong vuogt qué tong ciia 4 s6 M,M —-1,M —2,M -3
Trong khi d6 tong ctia 12 s6 con lai dat dugc nho nhét 13 tong 12 s6 nguyén dwong dau tién
Néntaco M +(M —-1)+(M -2)+(M -3)>1+2+3+---+12=78
< 4M > 84
=M2=221
Do d6 gia tri nho nhat cia M 1a 21.
Xay dung mo hinh:
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Cau 6. »= (TS vao 10-Chuyén Can Tho 23-24)
Cho a,b,c 14 cac sd thuc duong khong nho hon 1. Chirg minh:
\/ab—1+ \/bc—1+ Jea-1 _a+b+c
b+c c+a a+b 4

’ o O Lai giai
Ap dung bat dang thuc AM-GM, ta c6
\/ab—1<\/ab—1:l\/§_i:1 fl(a_l)
b+c = 2dbc  2Vc bc 2\cl b
Lai theo bat dang thirc AM-GM, ta co:
1

1
1 E(a_llgl,u:i 1+a_1j
2\ c b 2 2 4\ ¢ b
\/ab—1<1(1+a éj
c

Joc—c 4

c+a

\/ca—l(ler_lj
a a c

ERta

Tuong tu, ta co:

4 (b a

Cong vé theo vé cac bit déng thure trén, ta duoc:

Jab—1+ch—l+Jca—1 _atb+c
b+c c+a a+b 4

Ping thirc xay ra khi a=b=c=42.

(dpcm).

Cau 7. = (TS vao 10-Chuyén Viing Tau 23-24)
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Cho a, b, c lacac sb thuc duong thoa man diéu kién abc =1. Tim gia tri nho nhét cua biéu thic
a2 b2 CZ
\/(1+8a )(1+80°%) \/(1+8b3)(1+80 ) \/(1+80 )L+8a%)
O Loi giai

Ap dung bt dang thuc Cosi ta duoc:

1+2a+1-2a+4a’

J1+8a® = /(1+2a)(1-2a+4a?) < > =2a%+1
Tuong tu: V1+80> <2b?+1 ; V1+8c® <2c®+1
2 2 2
Do do: P> a > 5 b ¢
(2a® +1)(2b* +1) (2b +1)(2¢? +1) (2¢% +1)(2a* +1)
a’ b? c?

Ta chang minh:

(2a® +1)(2b% +1) " (2b* +1)(2c? +1) (2¢” +1)(2a* +1) § )

That vay: (*) 3(2(a’b* +b*c* +c’a’) +a” +b* +c?) > (2a* +1)(2b* +1)(2c* +1)

< 6(a’h? +b’c® +c?a’) + 3(a + b +c?) > 8(abc)® + 4(a’h® + b’c® + c?a’) + 2(a* +b* +c?) +1
& 2(a’h?® +b’c® +c*a’)+a’ +b’ +¢* =9 (Pung)

Vi a%h? +b%c? +c%a? > 3¢a’bic* =3 = 2(a%h? +b%c? +c%a?) > 6

va a’ +b?+c?>33a%’? =3.

- . 1.
Vay gia tri nho nhat cua P la 3 khi a=b=c=1.

CAu 8. »= (TS vao 10-Chuyén Bic Giang 23-24)
Cho x,y,z la cac sé thuc duong va thoa man diéu kién x+ y +z = xyz. Tim gié tri 16n nhét cua biéu
1 1 1

thac P = + + ]

V1+ X2 \/1+y2 J1+7°

0 Loi giai
Tir gia thiét, ta 66—+ + - =1 .
Xy yz xz

Data_1 b:1 :l:>abC>0

X y z

a b C

Gia thiét trg thanh: ab+bc+ca=1;P =

+ +
Vi+a? J1+b?  1+¢c?

Pé y rang:
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a’+l=a’+ab+bc+ca=(a+b)(a+c)

b®+1=b’+ab+bc+ca=(b+a)(b+c)

c’+1=c’+ab+bc+ca=(c+a)(c+b)
Ldc nay ta co:

a b c

+ +
\/(a+b)(a+c) \/(b+a)(b+c) \/(c+a)(c+b)
N P T (e e
= . + . + . .
a+b Va+c b+c \Vc+a c+a \c+b
Theo bat dang thirc C — si (AM-GM), ta c6:

Psé(a+a+b+b+C+CJhayP£;

P=

a+b a+c b+a b+c c+a c+b

DAau = xay ra khi va chi khi a=b=c=—— hay x=y=z=+/3

V3

Vay gi4 tri 16n nhit cua P 1a g dat dugc khivachikhi x=y=z= J3.

Cau 9. »= (TS vao 10-Chuyén Bic Ninh 23-24)

1. Cho cac sb nguyén duong x, y, z théaman x°+y°+2° =18(x+y+1z).

Tim gia tri 16n nhit cua biéu thac F = xyz .

2. Cho cac s6 thyc duong a, b, ¢ théa mdn a+b+c = 3. Chiing minh rang:
15

———  >6-abc.
ab+bhc+ca

Loi giai
1. Theo a)taco (x+y+ Z)S—Bxy(x+ y)=-3(x+y)z(x+y+2)=18(x+y+2)
= (x+y+z) -3(x+ Y)(Xy+yz+2x+2°)=18(x+y+2)
:(x+y+z)3:18(x+y+z)+3(x+ y)(y+2)(z+x)
Ap dung bat d¢ang thuc AM-GM suy ra

3
(x+y+2)" =18(x+y+2)+3(x+ y)(y+z)(z+x)£18(x+y+z)+3(&3y+zzj

3
:>t3S18t+%:>tS9x/§ Voi t=x+y+z mat>0;t:6 nén te{6;12}

x*+y®+12° =108

*THL1:Néut=6 thi{
X+y+2=6

.Giast x>y>z>0thi z<2=2ze{1;2}
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x> +y® =107

khong ¢ x,y e N” thoa man.
X+y=5

+Voi z=1 thi {

3 3
+V6i =2 thi {X +y =100 khong ¢ x,y e N” thoa man.

=216 . .
* TH2: Néu t =12 thi Kryaz .Giasue x>y>z>0thl z<4=7€{1;,2;3,4}
X+y+z=12
: ey =
+Véi z=1thi ma x>y=ye{l;2;3;4;5} khong c6 xeN" théa man.
x+y=11
. 4y =208 «
+Voiz=2thi {7 mA X>y>2=ye {2345} khongc6 xeN' thoa man.
X+y=10
: *+y® =189
+ Vi z=3 thi {X Ty o ma x>y>3=ye{34}=y=4,x=5=F =60 thoaman.
X+y=
: *+y*=152
+V6i z=4 thi {X oy ma x>y>4—=y=4;x=4 khong thoa man.
X+y=8
Vay gi4 tri 16n nhat cua biéu thac F 12 60 khi x=5; y=4; z =3 va cac hoan vi caa chlng.
C . . 1
2. Bat dang thtrc can chirng minh tuong duong véi P = L +abc>6
ab+bc+ca

Trong ba s6 a-1,b-1c—1 ludn ton tai hai sé c6 tich khong am, gia sa (a-1)(b-1)=0

<ab>a+b-1=2-c < abc>(2-c)c

Lai cO ab<(a;bj %(3—0)2; bc+ca=c(3-c)

nén P> 1 15 +(2—-c)c=f(c)
4(3 c) +c(3-c)
Can chang minh f(¢)>6 véi 0<c<3

154

Y (3-¢)(3+30)

< 20+c(c+1)(3-c)(2-c)=6(3-c)(c+1)

<:>20+[c 2—c)|[(c+1)(3—c)]-6[(3—c)(c+1)]20
1)°(c®-2c+2)20

+2c-c’>6

2[(C -1) +1}>O luon dung.

15

gy —————>6-abc. Ddu“="khi a=b=c=1.
ab+bc+ca

Cau 10. = (TS vao 10-Chuyén Binh Duong 23-24)
Cho phuong trinh x> +2mx—-1-2m=0 (m la tham s)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

2023(2x,x, +1)

- dat gia tri nho nhat.
X" —2mx, +1-2m

Tim m dé biéu thic P =

LA Loi giai
V6i moi m phuong trinh da cho ludn cé hai nghiém x;, X,.
Lt . {Xl + X, =—2m
Theo dinh li Viet ta cé:
XX, ==1-2m
Vi X, 1a mot nghiém cua phuong trinh da cho nén:
x°+2mx, —1-2m=0 < x°-1-2m=-2mx,
Ta co:
_2023(2x,%, +1)
~ x2-2mx, +1-2m
_2023(2x,%, +1)
 x2—-1-2m—2mx, +2
_2023(2xx, +1)
- —2mx; —2mx, + 2
_2023(2x,x, +1)
T 2m(X + X,) +2
_ 2023[2(-1-2m) +1]
~—2m(-2m)+2
_ 2023(-1-4m)
C o 4mP 42
~1-4m+4m’ +2 _1J

4m? +2
4m® —4m+1
—
dm° +2
_ 2023(2m-1)?
4m? +2

= 2023(
= 2023[

—2023>-2023 ,v6i moi m
Aryce_ 2 H 1
Dau “=" xay rakhi 2m-1=0 <:>m=§.

Vy bidu thirc P dat gid tri nho nhat bing — 2023 khi m :% |

Cau 11. = (TS vao 10-Chuyén Binh Phudc 23-24)

Cho a, b, c la céc sé dwong. Chtng minh: bc _ca . _a _a+b+c
2a+b+c 2b+c+a 2c+a+b 4
0 Loi giai

Ta lubn c6 bat dang thic: N , v6i moi a,b,c>0,(*)

a b a+b
That vay (*) < (a+b)*>4ab < (a-b)*20 (luon dang). Dau "=" xay rakhi a=b.
Ap dung (*) ta co:
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

1 1 4 1[ 1 1 ] bc 1( bc bc )
_— =" < - < +—
2a+b+c 4 (a+b)+(a+c) 4 a+b a+c 2a+b+c 4la+b a+c

, ac 1( ac ac R ab ab ab
Tuong tu, ta co <= + va < — .
2b+a+c 4\b+c b+a 2c+a+b 4la+c b+c

Cong vé theo vé cac bat dang thuc trén ta co:
bc ca ab 1( bc bc ac ac ab ab
+ + <= + + + + +
2a+b+c 2b+c+a 2c+a+b 4\la+b a+c b+c b+a a+c b+c

bc ca ab bc ca bc ab ca ab
= <— + + + + +
2a+b+c 2b+c+a 2c+a+b 4|(\la+b a+b a+c a+c b+c b+c

bc ca ab a+b+c
(dpcm)
2a+b+c 2b+c+a 20+a+b 4
Diu "=" xayra <a=b=c.

Cau 12. . (TS vao 10-Chuyén Cao Bang 23-24)

Véi a, b, ¢ labasé thuc duong, chitng minh rang:

a’ N b? . c? S a+b+c
J3a2+8b%+14ab  /3b2+8c2+14bc  /3c?+8a’+l4ca 5
0 Loi giai

Trudc hét ta ching minh BT sau: Vé6i 4 sé thuc a, b, x, y va x, y. Taco:

2 2 2
a—+b—2M (2), dau "=" xay ra khi a_b
X Yy X+Yy X Yy
That vay, ta viét BDT (2) dudi dang:

a’y(x+ y)+b2x(x+y)2(a+b)2 Xy <:>(ay—bx)2 >0 (luén dung). Dau " ="xay ra khi a_b
Xy
2 2 2 2 2 2
Ap dung BBT (2) hai 14n ta duoc: @ b* et (axb) ¢f (axbro) o " =" xay ra khi
X Yy Z  X+Y I  X+Y+zZ
a_b_c
X y z
L 2 a+b+c)
Theo B dé (1) taco: 3 a S )

o 3a2+8b% +14ab > +/3a+8b% +14ab

cye

Mat khac, theo BDT GM — AM.

> 3a’+8b* +14ab = )" (v/3a+2b Ja+4b)<z

cyc cye cye

(3a+2b) (a+4b)

=5(a+b+c)

a >(a+b+c) _a+b+c
cyc \/3&2 +8b2 +14ab - 5(a+b+C) S
a’ a+b+c
Hay > (dpcm).
cyzc \J3a% +8b? +14ab 5
Dau "=" xay rakhi a=b=c.

=
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

Cau 13. % (TS vao 10-Chuyén Dak Lik 23-24)
Cho céc sé thuc x, y, z, t thoaman x>+ y® +2z° +t* =1. Tim gia tri I6n nhit cua biéu thirc
A=Xy+XZ+Xt+yz+yt+3zt.

D Loi giai
z 1 2 2
Taco: xy<—(x“+
y<o (¥ +y?)

XZ =

Bl -1 \EH{XZJ{@TZZ} \/§+1{X2+3_\/§ZZ}
4

2 2 T 4 2 2

Tuong tu: xt < >

J§4+1{X2+3—2J§t2} yzs\/iﬂ{y%?’_\/gzz}

yts\/gﬂ{y2 3- \/_ }zt<2(zz+t2)<:>32t§§(zz+t2)

4 2
Suyra A< \/§+2(x +y*+ 7%+t ):\/§+2
2 2
X=y
x:\/g_lz X=y= 5-V5
AT . 2 20
Dau "=" xay ra khi =
yo Y51, 51 [5-45
2 2 20
X +yr+z27 417 =1

Cau 14. » (TS vao 10-Chuyén bak Nong 23-24)
Cho a, b 1a hai sé thuc duong.

a) Ching minh ring ,/(1+a)(1+b) >1++/ab.

b) Cho a+b=ab théaman a®+3a-b>0 va b*+3b-a>0.

N £ .2 1 1 2 2
Tim gia tri nho nhat cua biéu thuc: P = + +./(1+a° J(1+b”).
gt ! a’+3a-b b’+3b-a \/( )( )

0 Loi giai
a) Ta co: (1+a)(1+b)21+\/£ ol+a+b+rab>1+ab+2yab

@(J&—ﬁ)z >0. Dau “="xay rakhi a=b.

b) Ap dung bét ding thirc 1.1, , ta co:

X Yy X+y
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
1 1 4 4

> -
a’ +3a—b+b2+3b—a - (a2+3a—b)+(b2+3b—a) a’+b*+2(a+b)

21 +21 >— f’ = 42(v‘|a+b:ab)
a“+3a-b b°+3b-a a“+b°+2ab (a+b)

Mt khac \/(1+ a’)(1+b*) 21+ab=1+(a+b) (theo cau a)
4  a+b a+b 7(a+h)
+ +

Suyra P> -+1+(a+b) = -+ +1
(a+b) (a+b)” 16 16 8
+) Ap dung bat ding thirc C6 — sy cho 3 s6 dang X+ y+2 > 3,/xyz , ta co:
4 2+a+b+a+b233 4 2.a+b.a+b=§ (1)
(a+b) 16 16 (a+b) 16 16 4

2
+) Ta co: a+b:abs@<:>(a+b)2—4(a+b)20
< (a+b)(a+b-4)>0«<a+b>4 (via,b>0nén a+b>0)

7(a+b)>7

s 5 (@)

=

3 7 21
T (1), @)suyra P>2—+—+1=—.
(1), Q) suyra P>+ +1="

Dau “="xay rakhi a=b=2.

Vay gi4 tri nho nhat cua P:%l khi a=b=2.

Cau 15. w (TS vao 10-Chuyén Dong Nai 23-24)
Cho hai s6 duong x va y théamédn x+y = 2. Tim gié tri nho nhat cua biéu thuc:

2 2
B=Xx"+y +—

X2+y?
0 Loi gii
V6i hai s6 khong am a, b, ta chiang minh a+b > 2+/ab (1)
(a+b) <2(a’+b?) )

Pang thic xay rakhi a=b.

That vay

(1) a-24ab+b>0 @(\/5—\/6)2 >0 (luén déng).
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VAO 10 CHUYEN CAC TINH NAM 2023-2024
(2) = a®+2ab+b? <22’ +2b* <0< (a—b)’ (luon ding).

Ap dung (2):

(x+y) <2(X*+y?) =4<2(X*+y*) =X +y* 22,
Ap dung (1):

2 2 2 2 2 2
X+y+ 1 >2 X“+y :>x+y+21221.
4 XP4y? 4(x*+y?) 4 X4y
Taco mlnB—E
2

X2 +y>=2
bang thac xay rakhi < x+y=2 < x=y=1.

X=y

Vay minB:g.

Tong hop: Duy Tudng

Cau 16. = (TS vao 10-Chuyén Ha Nam 23-24)

Cho a,b,c labasd thuc duong thoa man diéu kién iz + i
a

p_ 1 1 1

iz =1. Tim gié& tri 16n nhat cua biéu thic:
C

+ + .
J5a% +2ab+2b*  5b2+2bc+2c?  +/5c? +2ca+2a’

D Loi giai
Véi a,b,c >0, chirmg minh duoc:

(a+b+c)[£+%+1j29:> ! sl(l+l+1]

a c a+b+c 9\a b ¢

1 11 1 1 1
X+y+2) <3P +y’+2)=> 2+ -+2< 3| S+ S+
(x+y ) (¢ +y"+27) a b ¢ \/ (az b* ¢? J

Voi a,b>0,tacod:

5a” + 2ab + 2b* = (4a® + 4ab +b?) + (a® — 2ab + b?)
=(2a+b)* +(a-b)* > (2a+hb)*
— \/5a% + 2ab+2b? >/(2a+b)? =2a+b

1 1 1(1 1 1) 1(2 lj
= < +—+— —+—
J5a?+2ab+20> 2a+b 9la a b) 9la b
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

1 1(2 lj 1 1(2 1)
Tuong tu: S—|—+—1; <-| 4=
Jsb2+2bc+2c2 9\b ¢ \5c?42ca+2a? 9\c a

p£1(2+1+zgggjg(;ggjzpgz. g(iz+i2+12j:1.@:_3
a b 3 a® b® ¢ 3 3

9 B E c a) 3la b ¢
a=b=c
Diu“="xayra<{1 1 1  <a=b=c=3
a? b2 o

Vay maxP=§ khi a=b=c=4/3.
Céau 17. w (TS vao 10-Chuyén Ha Tinh 23-24)
Cho céc sb thuc a, b, ¢ théaméin a>b>c; ab+bc+ca>0 va a+b+c=1. Tim gié tri nho nhat cua

biéu thirc P = 1 + 1 + 1 + S
a-b b-c a-c 2Jab+bc+ca

D Loi giai
1.1 4 > Zﬁ v6i m>0;n>0

Ta str dung cac bat dang thac — + = > >
m n m+n Jm?4n?

DAau bang xay ra khi m=n

P= L + L + L + >

a-b b-c a-c 2yab+bc+ca

4 1 5 5 5
P> + + = +

a-Cc a-c 2ab+bc+ca a-c 2ab+bc+ca
Lai co: > + > >5 22 = 10y2

a-c 2yab+bc+ca \/(a—c)2+4(ab+bc+ca) \/(a+c)2+4b(a+0)
10V2 1072 (doa+c=1-b)

P> =
J@+c)a+c+4b) /(1-b)(L+3b)
ps 10v6 __ 1oJe 56

- \/(3—3b)(1+3b) ~3-3b+1+3b
2

Gi4 tri nho nhat cia P bing 5v6 khi
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
a>b>c

a>b>c L a=2+\/6
a+b+c=1 b:§ . 6
a-b=b-c S 2 =<b==
atc== 3
a-c=2b(a+c)+ca 3 208
3-3b=1+3b acc=2%4ca |5
9

Céau 18. w (TS vao 10-Chuyén Hai Duong 23-24)
Cho a,b,c 1a c4c s6 khéng am va khong c6 hai sé nao dong thoi bang 0. Ching minh:

1 1 1 10
a2+b2+b2+c2+c2+a22 2"
(a+b+c)
0 Loi gial

Giasa c=min{a,b,c} . Khi do:

2
c
cga:czSac:a2+c2£a2+acs[a+§j

2
csb:>c2£bC:>b2+czsb2+bcs(b+%j

2 2
a’ +b? S(a+£j +(b+£)
2 2
VT(*)Z 1 1 1

o5 o] ] (o]

bat x:a+%;y:b+%.Khidé x>0,y>0va x+y=a+b+c.

Taco

1 1 1 2 1 1 3 4 3
+t—+— 2 +t—=——+ + > —— +
X“+y" y* X XT+y" Xy X +y° 2Xy 2xy X 4y +2xy 2xy

4 3. 4 . 2 10 10 VP (Y

(x+y)2 2Xy_(x+y)2 (x+y)2 (x+y)2 (a+b+c)2

1 3 C=O C:O
Dau bang xay ra khi { <:>{ .
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
Do vai trd cua a,b,¢ binh dang nén dau “=" cuia (*) xay ra khi va chi khi trong ba s6 a,b,c co mét s6

bang 0 va hai s6 con lai bang nhau.

Céau 19. w (TS vao 10-Chuyén Kon Tum 23-24)
Cho a,b>0 théaman a(a—-1)+b(b-1)=ab.
a’+b*+2023(a+h)+4

Tim gi4 tri nho nhat caa biéu thic: F = 5
a

Loi giai
Tu gia thiét a(a—1)+b(b-1)=ab = a’+b*~(a+b)=ab = a’+b*=ab+a+b
Theo bt ding thirc AM - GM, ta c6: a’ +b? >2ab = ab+a+b>2ab =a+b>ab (1)
Lai co: ab+a+b+8=(a’+4)+(b*+4)>4a+4b=4(a+h) =ab+8>3(a+b)>3ab (do (1))
= ab<4.

Datt—f:>0<t<2:f>1:>i>1
Ap dung bt dang thic AM - GM, ta co:

2 2 2
F=%+b—+2023( +—>2,/a—b— 20232/ +—=2t+40461+ti
a

F >2t+f+2019 Z+ti

Theo bat dang thirc AM - GM, ta c6 2t+%22 /2t.% =8 = F >8+2019+1=2028.
Vay min F =2028, dat khi a=b=2.

Cau 20. = (TS vao 10-Chuyén Hung yén 23-24)
Cho ba s6 thyc duong a,b,c théa man ab+bc +ca = 3abc. Tim gia tri I6n nhat cua biéu thuc:

T= \/ 2 +\/ b +\/ c
3b%c?+abc V3a’c?+abc \3a%b?+abc

0 Loi giai

Tacd a,b,c duong va ab+bc+ca=3abc<:>£+%+1=3
a C

Daiti: ,l:y,lzz:{x’y'z>0
a b c Z+y+2=3
Khi @6
1 1
[a | x _ x:\/ y*z* :\/ y*z* <1(yz+y2}
3b%c? +abc ;’32+i 3X42r);Z x(x+y+z)+yz \(x+y)(x+z) 2{(x+y x+z
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
SuyraTSl( L LS S S . | jzl(x+y+z):g

2\ X+y X+Z y+z Yy+X Z+X z2+y) 2
1 1 1
DAu ding thic xay rakhi s X+y y+z zZ+Xxox=y=z=loa=b=c=1
X+y+z=3

Vay MinT=g<:>a=b:c=1.

Céau 21. w (TS vao 10-Chuyén Khanh Hoa 23-24)
a) Chang minh (x—l)2 +(y—l)2 +(z—1)2 > \/§(x+ y—2)(z-1), véimoei x, y, zeR.

b) Tim s6 thuc k nho nhét sao cho bat dang thic sau ludn dung voi moi X, y, zeR:

K[ (x=2)"+(y=1)" +(2-1)" | 2| (x+ y-2)(2-1)]

0 Loi giai
a) Chirng minh (x—1)2+(y—1)2+(z—1)2 2\/§(x+ y—-2)(z-1), véimoei %, y, zeR.

Cach 1:
*) Ap dung bat dang thirc B-C-S, ta co:

[(x_l)z+(y—1)2}[12+12]z[(x_1).1+(y_1),1]2 Q(X_l)z+(y_1)22(><+y2—2) )

Déau “=" xay ra khi XT_lzyT_1<:> X=y

*) Ap dung bit dang thiec AM-GM, ta c6:

(NS S Y (TR T

2
Dau “=" xay ra khi W =(z-1)

*) Mat khac: |(x+y—2)(z-1)|2(x+y-2)(z-1) (@3)
(Dau “=” xay ra khi (x+y-2)(z-1)=0).

T (1), (2) va (3) tasuy ra:

(x—l)2 +(y—1)2 +(z—1)Z > \/E(x+ y-2)(z-1) (4
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VAO 10 CHUYEN CAC TINH NAM 2023-2024
X=Yy

*) Dang thic (4) xay rakhiz <|x+y-2|=+/2]z-1
(x+y-2)(z-1)=0

(Ching hantai x=y=2=1)

Cach 2:

Dat ((x-1), (y-1), (2-1))=(a,b,

(a+b)2+C2 S5 (a+b)’ c?
2 - 2

Taco: VT =a’ +b*+c? >

Tong hop: Duy Tudng

:ﬁ‘(a+b)c‘2\/§(a+b)c:VP

Vay (x=1)" +(y-1)" +(z-1)" 2V2(x+y-2)(z-1) véi moi x, y, ze R

z-1++/2
7

Ding thtic xay ra khi va chi khi x=y =

(Ching han tai x=y=z=1)

b) Tim s thuc k nho nhét sao cho bat dang thac sau luén dung véi moi X, y, ze R

K[ (x=1)"+(y=1)" +(2-2)° |2 |(x+ y-2)(2-1)

Gia sir k 1a s6 thuc nho nhat dé bat dang thirc sau ludn dung véi moi X, y, ZeR:

[0+ (-0 (-2 J2 (e y=2)(2-2) )

— Bit dang thic (*) cling dung khi x=y, |X+y—2|:‘\/§(

(Hay x=y, |z—]4:\/§|x—1|)
Do do: k[ 2(x-1)"+2(x-1)" |2[2(x-1)~2 (x-1)
<:>4k(x—l)2 22\/§(x—1)2 vGi moi xe R

Cho x =2, ta duoc: 4k22\/§<:>k2i
J2

*) Ta chang minh v&i moi k > iz thi bat dang thuc (*) dung.

That véy'

[ +(z—l)2]

Il
/_\

\%

(-1 + (y 1) +(2-1)]

\

N S

SAN PHAIM CUA NHOM WORD-GIA

j 4 (y-1) (2_1)2}+%[(x_1)2+(y_1)2+(z_1)2}

.ﬁ‘(x+ y—2)(z-1)|=|(x+y-2)(z—1)| (theo ching minh cua cau a).
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
Khi k = — thi theo chimg minh cAu a ta cing c6 bt ding thirc (*) ding.

N
1

Vay gid tri k nho nhat can tim 1a k = ——

NE

Céau 22. w (TS vao 10-Chuyén Lai Chau 23-24)
Cho a;b;c la cac s6 thuc duong thoa mén: a+b+c=3.
ab bc ac 3

Chting minh rang: N + N + N gz

0 Loi giai
Taco: a+b+c=3
32:(a+b+c)223(ab+bc+ac)<:>ab+bc+ac§3
bc bc 1( bc bc j
< = < -] ——4+——
JaZ?+3 +a2+ab+bc+ac \/(a+b)(a+c) 2\a+b a+c

, ac 1( ac ac
Tuong tu ta co: <— +

Ta co:

b2+3 2\a+b b+c
ab 1( ab ab J
<z +
Jc2+3 2\b+c a+c

Cong vé véi vé caa cac bat ding thire trén ta dugc:
ab bc ac 1( bc bc ac ac ab ab
+ + <= + + + + +
Jo2+3 Ja?+3 Jb?+3 2\la+b a+c a+b b+c b+c a+c

ab bc ac 1( bc ac bc ab ac ab j
+ + <= + + + + +
Jo2+3 Ja?+3 Jb2+3 2la+b a+b a+c a+c b+c b+c

ab be ac _1(c(a+b) b(a+c) a(b+c)j
+ + <= + +
Jo2+3 Ja?+3 Jb2+3 2| a+b a+c a+c
ab bc ac 1
+ + <—(a+b+c
Je2+3 Ja?+3 b?+3 ( )

ab bc ac
+ + <
Je2+3 Ja?+3 Jb?+3
Dau "=" xay rakhi a=b=c=1

Ma a+b+c=3 nén

N w

ab N bc N ac_ _
Je2+3 Ja?+3 JbP+3

N W

Vay
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

Cau 23. = (TS vao 10-Chuyén Lang Son 23-24)
Cho cac s6 thuc duong X, Y,z théa man x+ y +z = 3. Chirng minh:

a) X +y*+17°>3.

b) %+x2+y2+2224.
X2 +y*+1

C) XY+ YZ+2X >3 Xyz .

Léi giai

a) X*+y’+2°>3.

Vi céc s6 thuc duong X, Y,z théaman x+y+z=23. Ta co:
(x—y)2+(y—z)2+(z—x)220<:>x2—2xy+y2+y2—2yz+22+22—22x+x220
<:>x2+y2+222xy+yz+zx<:>3(x2+y2+zz)2x2+y2+22+2xy+2yz+22x
c>3(x2+y2+22)2(x+y+z)2c>3(x2+y2+22)232c>x2+y2+2223

Vay xX* +y°+2°>3.

X=y=1

DAau bang xay ra khi { o x=y=z=1.

X+y+z=3
3 2 2 2

D) 5——F——=+X+y +2°24.

X2+ Yy +12
Véi cac s6 thuc duong X, Y,z théa man x+y+z=3. Taco:

3 Xry?iz? 2(X+y +7°)
2 2 2+ +
X“+y +12 3 3

2 2 2
S tX +Y +2° =
X*+y°+z

2 2 2
22\/ 3 X+y +2 +?:2+2=4 (Vi X +y*+22>3).

X2+yi+2% 3
A 3 2 2 2
VAy: ————+X +y +2° 24
X +y +12
3 X +yi+7’
Déu bang xay ra khi: { x? + y? + z° 3 oSx=y=z=1.

C) Xy +YZ+2ZX>3/Xyz .
Véi cac sb thue duong X, y,z théaman x+y+z=3. Taco:
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VAO 10 CHUYEN CAC TINH NAM 2023-2024
(xy+yz+ zx)2 = X2Y* + y22° + 2°X° + 2xy%z + 2xyz® + 2X%yz .
Mat khac:

X2y2 + Y2z > 2xPy*z? = 2xy’z

Y2zl +2°x% > 2\ X°y’z" = 2xyz®

X%+ X2y > 24x*y? 2% = 2x%yz

Cong vé véi vé cac bat dang thuc trén, ta co:

2(x2y2 +y2zt + szz) > 2(xy22 +Xxyz° + x2yz)

S XY+ Y 2P+ 27X 2 Xy + xyz + XYz

Tu do ta co:

(xy+yz+ zx)2 > 3(xy22 +xyz° + xzyz) =3xyz(X+Yy+2)=9xyz

= Xy +YyzZ+2X>3/Xyz .
X2y2:y222
2,2 _ 52,2
DAu bang xay ra khi y222—22x2 o x=y=z=1.
Z2°X" =Xy
X+y+2=3

Tong hop: Duy Tudng

Céau 24. w (TS vao 10-Chuyén Lao Cai 23-24)
a) Cho a>3. Tim gi4 tri nho nhit cua biéu thaec Q =a’ to
b) Cho ba s thuc duong a,b,c thoa min a+b+c<1.

a(3bc+1)2 b(3ca+1)2 c(3ab+1)2>

Ching minh ring: B
ung min rang CZ (3ac +l) + aZ (3ab +1) " b2 (3bC +1)

Loi gidi
a) Ta co: a2+£2§
3a 9

©9(3a’+2)>249a < 3(3a° +2) 2832 <92’ -83a+6>0
& (a-3)(9a’+27a-2)>0 (*)

(%) ding vi a—3>0va 92 +27a—2>9.32 + 27.3-2>0
DAu bang xay ra khi a=3
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

Vay gi4 tri nho nhat caa Q = % tai a=3

2 2 2
a (3bc+lj b (30a+1) c (3ab+1} 512

+ +
3ac+1 C 3ab+1 a 3bc+1 b
. 3bc+1 3ca+1 3ab+1
bat: x= VY= V2=
C a b
, , X2 y2 Z2
bat dang thuc tro thanh: — + 2+ —>12
y z X
2 2 2 2
Theo BPT Cauchy — Schwarz: X—+y—+z—zmzx+y+z
y z X X+y+2
Ma x+y+z=3bC+1+BCaJrlJr?’abJrl:3(a+b+c)+£+l+1
c a b a b c
3 6 6
>3(a+b+c)+ >3(a+b+c)+ + >6+ >12
a+b+c a+b+c a+b+c a+b+c

Céau 25. w (TS vao 10-Chuyén Nam binh 23-24)
1. Xét cac sb thuc X, y, z thoaman 0< X, Yy, z <4. Chting minh rang:

X2y + Y22+ 2°X+16 > xy® + yz° + 2x°.
2. Ban dau trén bang viét 2023 sb thuc. Mai lan bién doi s6 trén bang 1a viéc thuc hién nhu sau: Chon

= A Y \ ;o9 A 5 z = A P . \ < A A A 5 A a-+ b HESAE A
rahai s6 a va b nao do ¢ trén bang, xéa hai s6 d6 di va viét thém Ién bang so6 . Gia str ban dau

trén bang ghi 2023 s6 1 va ta thuc hién lién tiép cac bién doi cho dén khi trén bang chi con lai mot sd,

s . 1
chirng minh rang so d6 16n hon P

0 Loi giai
1.C6 P =X’y +y’z+12°x)—(xy* + yz° + 2¢°)
=X’ (y-z)+y*(z-y+y-x)+2°(x-Yy)
=(y-2)(¥ - y?)+(x-y)(2* - y?) ==(x=y)(y-2)(2=).
IP|=|x=Y||y 2|z —X|. Ta di chiang minh |P| <16.

Khong mat téng quat coi 0<z <y <x<4 . Khidéd
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

Pl=(x-2) (- y)(y-2) < (x-2) C2 L

4 4

3
X—Z 4*
Mit khac 0 < X —2 <4 nén |P|S( 2 ) <Z—16 Suy ra P >—16 hay c6 diéu phai ching minh.

2. Nhan xét: Néu ban dau bang viét toan s6 duong thi sau mdi budc bién ddi, cac sb viét trén bang van
duong.

Ki higu T, latong cac nghich d4o cua cac sé thuc viét trén bang ngay sau budc bién doi tha i (i = 0,2022
. 1=0 coi la trang thai ban dAu). Gia st & budc i +1 ta x6a di hai sb duong a,b va viét 1én bang s6
2

1 1 1 a-b
a+b thi: T, T = (_ j _(a=b)" <0
4 a+b (a b ab(a+b)
4

Do d6 ¢6 Ty STyoy <+ <T,.

Ban dau c6 2023 s6 1 nén T,=2023, sau 2022 budc thi trén bang con lai s duong X, khi d6

1 1 11
T <T—2023 suyra x> —— .
2022 = y 2023~ 2048 2%

Cau 26. = (TS vao 10-Chuyén Nghé An 23-24)
Cho cac sé thyc a, b, ¢ théa man a,b,c >1 va a? +4b? +c? + 2ab+12=3(a+5b+c). Tim gia tri
aS a2
2 + 2"
a+(a+b)” a+c

nho nhat cua biéu thic T =

Loi gidi
a’+4b*+c*+2ab+12=3(a+5b+c)

& (a+b)’ —3(a+b)+c*~3c+3(b-2) =0
& (a+b) +c?-3(a+b+c)=-3(b-2)" <0
= (a+b)’ +c?<3(a+b+c) (1)

Ma (a+b)2+c2 >M
B 2

(a+b+c)2
2

< a+b+c<6 (2)

= <3(a+b+c)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024

3 2 2 2 2
, a a a a 4a
TacoT=

Tong hop: Duy Tudng

T (1) va (2) :>(a+b)2 +c?<3(a+b+c)<18

2
T>_ 42
2a+18
2
Ta sé& chang minh da” 1 (3)
2a+18 5

That vy, (3) < 20a*>2a+18

R 2a’>2a
Via>1l=>
18a* >18

= 20a* > 2a+18 suy ra bt dang thic (3) ding

=T Zl
5
a=1 B
. 1 =2 -
=min T == dat duoc & &sa=
5 a+b=c B
a+b+c=6 a

2T 7 2 7T 22 2
a+(a+b)” a+c” a+(a+h)” a+c 2a+(a+b) +c?

Céau 27. = (TS vao 10-Chuyén Ninh Binh 23-24)
Cho a,b,c la cac sb thyc duong thoa man a+b+c = 6. Chirng minh:

a_ . b S >
JoP41 e+l Jai+r

L oi giai
Ap dung BBT C6-si ta co:

o +1= [(b+1)(b?-b+1) <
Vet +1< ¢ +2; Jad+1<

2

2a
+

b%+2

b+1+b*-b+1 b?+2
2 2

a’+2

2b 2c

Do d6 VT = > +—
C°+2 a“+2
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

. 2 2 2
Tacan CM: S = 2a + 2b + 2C >2
b*+2 c¢c°+2 a“+2

3 2a a(b2+2)—ab2 ab2
Ta co: 5 = 5 =a-—,
b +2 b +2 b +2
2 2 2 J2b°> a.(2+b+b) 2a(b+1
Lai 66 ?b _ 22at2 _ 2ab® _al2b’ _ ( ) _2a(b+1)
b*+2 b°+b°+4 334 3 9 9

Tuong tu ta dugc

s ZaerJFC_2(a+b+c)_2(ab+9t))c+ca)

7(a+b+c) 2(ch+bc+ca)

9 9

(a+b+c)2

Tacd ab+bc+ca<

2
Dodo 5>12_28
9 9 3
DA4u bang xay ra khi a=b =c =2.Ta c6 dpcm

Cau 28. = (TS vao 10-Chuyén Phi Tho 23-24)
Xét cac sb thuc duong a,b,c. Tim gié tri nho nhat caa biéu thic:
-2 b SR :
\/az +9bc \/bz +9ac \/cz +9ab

Léi giai

Tach (ax/a2 +9bc +byb? +9ac +c/c? +9ab).F 2(a+b+c)2

Pit Q=av/a? +9bc +b/b? +9ac +c/c? +9ab

Q? =[\E\/a3 +9ahc +~/b+/b? + 9abc +~/c+/c? +9abc}2 <(a+b+c)(a’+b’+c’+27abc)

Talai co a3+b3+c3:(a+b+c)3—3(a+b)(b+c)(c+a)s(a+b+c)3—24abc

3
= (a+b+c)(a’+b*+c +27abc)§(a+b+c)[(a+b+c)3+3abc} ma 3abcg—(a+b+c)

4
:>(a+b+c)(a3 +b+c® +27abc)sM
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
\/1_O(a+b+c)2
3

=0=<

ma (a\/a2 +9bc +b/b? +9ac +cy/c? +9ab).F >(a+b+c)’

310

Suyra F>
y 10

Dau “=" xay ra khi va chi khi a=b=c

3(

Vay minF=—— khi a=b=c

Cau 29. x (TS vao 10-Chuyén Thira Thién Hué 23-24)

Cho hai s6 thyc duong a, b thoa mén 4a” +b* = 2. Tim gi4 tri nho nhat cua biéu thic
4a b 2024
= +— .
2+b l1l+a 2a+b

ML ai gisi
Taco 4a° +b° > 4ab < 2(4a” +b’) > (2a+b)’

c>42(2a+b)2 <:>2a+b£2<:>a+gsl.

Datx:a;yzg,tacé X+y<1.
KhidéiT: a + b +506: X + y +506.
2 1+k2) 2(1+a) a+t2) 1+y 1+X Xx+Yy

Ap dung bat dang thac Cauchy, ta co:

X 4 4 X 8 4
——+—X(1+y)> X ——>—X——Xy;
1ry 9 37 T 1+y 90 9

y 4 4 y .8 4
— 4 —y(1+x)> L >_y——X
1+X 9y( ) 3y<:>1+x 9y 9 Y

1 8 8 506 _ 8 8 4546 8
Suyra =T >2—(X+Vy)——Xxy+ >—(X+Vy)+ + —
Y 2 9( y) 9 y X+Yy 9( y) o(x+y) 9x+y) 9 /

2
2§.2+4546—§.1=1520 @y x X+Y sl)
9 9 914 3 2 4
Do d6 T>£;rO Déu “=" xay ra khi va chi khi x= y_%hya:%;bzl
Vay gié tri nho nhat cua T bang £:0 dat duoc khi a_% b=1.
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

Cau 30. = (TS vao 10-Chuyén Théi Binh 23-24)

Cho ba s6 thuc dwong x;y;z thoa mdn xy + yz+zx =1. Tim gia trj 16n nhat caa biéu thirc
po_2X WY 2% e ogyr_ogy?

N \/1+y2 J1+72

DL i gisi

Ap dung bt dang thuc AM — GM ta c6:

2x 2X B 2X _o X X X X
N \/x2+xy+yz+zx \/(x+y)(x+z) \X+y X+2 X+y X+z

y 1,y 4y 1y  y

Y+Z X+Y 4 y+z X+y

y _1
\/1+y2 \/(x+y)(y+z) 4

z_ _ z <£ z N Z
J1+ 22 \/(x+z)(y+z)_4'Y+Z X+2

2X

= + Y + Z <1+1+
N \/1+y2 J1+72

(1)

S
S| ©

Lai cO x* +28y* +28z2° =%(x—7y)2+%(x—72)2+%(y—z)2+727 (2)
\ 9 19
Tr(l)va(2) =P<—-7T=-—
(1) va(2) 1 1
. X=7y=72
Dau “="xay ra y @X:E;y:Z:@
Xy+yz+zx=1 15 15
Vay MaxP:_Tlg.

Cau 31. = (TS vao 10-Chuyén Tay Ninh 23-24)

Cho a,b,c 1a céc s6 thuc duong thoa man a+b+c>6. Tim gia tri nho nhét caa biéu thirc
M :1(19a+22b+25c)+2(§+§+zj.
6 a b c
DL i gisi
=Taco: a+b+c>6.

M =l(19a+22b+250)+2 E+§+Z = §a+£ + §b+g + §c+E .
6 a b c 6 a 6 b 6 c
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Téng hop: Duy Tuong

Cauchy 2 Cauchy Cauchy

= Xét k,m,n>0: ka+9 > 2410k ; mb+b > 2412m:; nc+— > 24/14n
a

xa=2= 2k +52> 210k

DAu bang xay ra @ka:E:>2k=5<:>k=g.
a

7
« Tuong tu ta tim dugc: m=3, n=§.

= Do do: M:(§a+9j (3b 12) (Zc+gj+ga+gb+gc
2 a b 2 c¢) 3 3 3

M zzﬁm@um%.a:m

« D4u bang xay rakhi a=b=c=2.
*Vay M,,, =40 khi a=b=c=2.

Céau 32. w (TS vao 10-Chuyén Quang Tri 23-24)

Cho céc s6 thyc duong a, b, ¢ théa man ab + be + ca = abe.

1. Chang minh a +b+¢ > 9.

2.Chungminh a +b+c¢>4|— +i+ + 5.
be ca ab
Lo giai
, 1 1 1
1. Tacd ab+bc+ca=abces —+=+==1.
a b ¢
, ., 1 1 5 1
Cach1:Khiddo a+b+c=(a+b+c)|—+=+—-|>3Nabc.33|— =9
a c abe
Céch2: atbhte=(atbte|toti|=3+2+ 00, 8, C53, 900190
a c b a ¢ b ¢ a
2. Taco:
2 2 2
1 1 1 a-+b b+c ct+a
at+tbt+c=(@+b+c)|—+-+—-|= + + -3
a c ab be ca
Ldatbte. 40> +b+¢ a b c
> 3= +5=4|—+—+—|+5
ab + be + ca abe be ca ab

Céau 33. w (TS vao 10-Chuyén Quang Binh 23-24)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
Cho ba s6 thuc duong x, y, z thoa min x+ y+z =1. Chang minh rang:

12 N 12 N 12 S 1 _
XYy+22°+22 YZ+4+2X"+2X XZ+2Y°+2y Xy+YyzZ+12IX
AL oi giai

Ta co:
Xy +22% +22 = xy +22% +22(X+ y + 2) = (X + 22)(y + 22)

oy 2yn) 0y +2x) _[0y+2y2)+(y+20) (g + yz+ 2x)
- Xy - 4xy B Xy

Suy ra 12 > Xy 5
Xy+22°+2z (Xy+Yyz+12X)

Tuong tu ta co

1 S yz
YZ+2X*+2x  (Xy+ Yz +2X)°

1 S ZX
IX+2Y° +2y (XY + Yz +2X)?

©)

Cong vé theo vé cua cac bat dang thie (1), (2), (3) ta duoc

1 N 1 N 1 S Xy+yz+x 1
Xy+222+27  yz+2x°+2x xz+2y2+2y_(xy+yz+zx)2 Xy + Yz + X

DAu bang xay ra khi va chi khi x=y =z :%.

Céau 34. w (TS vao 10-Chuyén Phu Yén 23-24)

Cho x>1, 0< y <1. Chitng minh rang: t 1 2X + 2y
X+1 y+1 X'+y Yy +X
L i gisi
Vi gid thiét da cho, ta s& chang minh —— > % (1)va - >_Y (2
y+1l X°+y X+1 y“+X
(e xy+x-x-y<0< y(x-1)+x(1-x)<0< (x-1)(y-x)<0(3)
(3) ding do x>1,0< y <1.
Dau ding thirc xay rakhi x=1,0<y<1.
(2)exy+y-y* -x<0e< y(x-y)—(x-y)<0< (x-y)(y-1)<0 (4)
(4) dang vi x>1,0<y <1,
Dau dang thtc xay rakhi x=y =1.
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

Cong vé theo vé, ta c6 LN ZX + 2y (dpem)
X+1 y+1 X°+y Yy +X

DAiu déng thirc xay ra khi x=y =1.

Céau 35. w. (TS vao 10-ChuyénSon La 23-24)

Cho x;y;z lacéc s6 thuc duong théa man X+ y+2z = xyz.

1++1+x? L J1+y? L1+ V1+2?
X

Chang minh rang: < Xyz.
y z
QL oi giai
. 1 1 1
Taco: Xx+y+z=Xyz< —+—+—=1
yz X Xy
2 2 2 2 2 2
VT = 1+\/1+x 1+\/1+y L Le1+2 :1+1+l+\/1+2x +\/1+2y ++\/1+22
z X y z X y z

Xet\/—+1 \/— —+—+i
X xy
_ J(sz(al}z[aag (¢iu bing xiy rakhi y - 2
X yAx z) 2{x y z
Tuong tu: /iz 1<}(E+1+1] (dau bang xay ra khi z = x)
y y X 2
/%+1s1[2+1+—j (dau bang xay ra khi y = x)
z 2z y X

1) 1(2 1.1 2 1 1 2 1 1
+ [+ =+ =+ =+ ==+ =+ =
2\X Yy z y z X 7 X Yy

Vay ta phai ching minh 3{ +— 1 +EJ < Xyz
X Yy z

< 3(xy + yz + 2x) < (xyz)?
< 3(xy + yz +2x) < (X + y + 2)?

S 3(XY+YZ+2X) S X2+ yP + 27 4+ 2(XY + YZ + 2X)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

S XY+ YZ+IX S X2 + Y + 77
< 2(Xy + Yz +2X) < 2(X° + y* +2%)
SX=y)P +(y-2*+(z-x)*=0

DAu bang xay ra x =y = z.

Cau 36. x (TS vao 10-Chuyén Tién Giang 23-24)
Cho hai sb thuc x va y théaman x>1y>1

a) Chang minh rang >2.
x-1
) . X2 yz
b) Tim gia tri nho nhat cua biéu thuc T = +
y-1 x-1
Lol gial
a) Chtng minh ring —= . >2.
X_

Ap dung bat dang thtc AM —GM cho hai s6 thuc duong (X —1) va 1 ta duoc

x=(x-1)+1>2,/(x-1)-1=2/x-1

Vay —= -2 v6i moi s6 thuc x >1. Ding thac xay ra khi va chi khi x-1=1 x=2.
X_
. . Xz yz
b) Tim gia tri nho nhat cta biéu thuc T = +
y-1 x-1
Ve r 2 r 2 2
Ap dung bat dang thac AM —GM cho hai s6 thuc duong I va ] ta dugc
y- X—
2 2 2 2
T=2 Y 5o | X Y Y _>2.2.2-8

X
- > . —2._~ .
y-1 x-1 y-1 x-1 Jx-1 Jy-1
Vay minT =8 khi x=y=2.

Cau 37. = (TS vao 10-Chuyén Tuyén Quang 23-24)

Tim gi4 tri nho nhat caa biéu thiac Q = a-3/a+6 voi a>4.
a_

a2

Lot giai
o_a-3a+6_a-4Ja+d+a-2+4
Ja-2 Ja-2

4 4
=£_2+£_2+122J(\5_2)\/5_2 +1=5
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
Déu = xay ra khi va—2=—— < Ja—2=2< a=16
Ja-2

Vay minQ =5khi a=16.

Cau 38. = (TS vao 10-Chuyén Vinh Long 23-24)
x* +10

Jxt+9

Tim gié tri nho nhét cua biéu thirc

MLai giai

Vay gia tri nho nhét cia P:% khi x=0.

Céau 39. w. (TS vao 10-Chuyén Long An 23-24)

Cho a>0,0>0 théa mdn 2a+3b<6 va 2a+b<4. Chang minh rang: —%Saz—Za—bso.

Lo giai
2a+3bs6:>—b2§a—2
2
a2—2a—b2a2—2a+ga—2:(a—gj 2 —g(l)
3 3 9 9

2a+b<4=2a*+ab<4a

:>a2—2a—bs—a7b—bso (2)

Tir (1) va (2) suy ra diéu phai chang minh.

Cau 40. = (TS vao 10-Chuyén Binh Thuan 23-24)

rang

Cho «cac sé duong ab,c théa min ab+bc+ca=3abc. Chang minh
a b C 3
5 +— +— <—.
a‘+bc b°+ca c°+ab 2
COLoi giai
. 1 1 1
*Tacod ab+bc+ca:3abc:>—+5+—:3.
a c

1 1 11 1(1 1
* Theo AM — GM ta c6: a® +bc > 2+/a’bc = 2a+/bc = a_ - ==2 —.—g—(—+—
a?+bc” 2Jbc 4 \b'c 4lb ¢
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
Ching minh tuong tu ta duoc: — b 31(1+£j va — Sl(l+lj

b’+ca 4lc a c’+ab 4\la b
b c 1/1 1 1
Suy ra + < + -+ dpcm
y a’1bc b’+ca ¢ +ab Z[a b cj o (dpem)

Cau 41. » (TS vao 10-Chuyén Nga — Phap — Trung Hoa Binh 23-24)

Cho a; b 1a cac sb thuc dwong. Tim gia tri nho nhat caa biéu thuc: P = a+h .
\/a(8a +b) +\/b(8b +a)
Lol gial
at+b 3 3(a+Db)

Ta co:

Ja(8a+b)+ [o(8b+a) foa(8a+b)+.ob(8b+a)
Ap dung bat dang thic C6-si cho cac s6 duong ta dugc:

9a+(B8a+bh) 17a+b 9b+(8b+a) 17b+a

Q9a(8a+b)< = 2 9b(8b +a 3
(Gavb)< 2+ € "0 (2) va Job(a+a) < 2 2 (3)
Tir (2) va (3) suy ra: ,/9a(8a +b)+,/9b(8b +a) <9a + 9b (4)
+ +
Tur (1) va (4) suy ra: atb >3@+h) 1
\/9a(8a +b) +\/9b(8b +a) 9a +9b 3
DAau bang xay ra khi va chi khi a=b.
Vay min P:%,dat khi a=b.
Cau 42. = (TS vao 10-Chuyén Tin Hoa Binh 23-24)
Tim gia tri nho nhét caa biéu thiac P _g 1 , VoI 0<x<1.
-X X
ML oi giai
Tacs p_2023 1 _(2023-2023%)+2023x (1-X)+X
1—x X 1-x X
_ 2024+ 2923 17X 000449 202X 12X o004 4 242023
1-x X 1-x X
(4p dung BT C0si véi 2 s6 duong)
Pang thuc xay ra 2023x _1-x < 2023x* =(1- x) & X= __t
1-x X \J2023 +1

(loai nghiém x =

1
1-+/2023 )

Vay gid tri nho nhat cia P bing 2024+ 242023 khi x =

1
J2023 +1°

Céau 43. w (TS vao 10-Chuyén Thai Nguyén 23-24)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

3
(2x+9y) <20

Cho x,y 1 céc s thuc duong thod man: 4x* +9y® =10. CMR: P=——— <
4(x°+y°)—-4x—-8y+55

Lo giai
Nhan thay x = %; y =1 1a 1 diém thoa man bai ra vi vy:
(2x+9y)° = (1.2x+3.3y)" <10(4x* +9y?) =100 = 2x+9y <10 = (2x+9y)’ <1000
4(x* +y?) —4x—8y +55 = (2x~1)* +(2y —2)° +50> 50

~ (2x+9y)3
A2 +y?)—4x—-8y+55

Vay P <20 . Pang thirc xay rakhi x==;y=1

N -

Céau 44. w (TS vao 10-Chuyén Vinh Phuc 23-24)
a) Cho 3 s6 thuc duong a,b,c thoa man ab+bc+ca=1. Tim gia tri 16n nhat cta biéu thirc
P 2a N b LG
Ja?+1 ’\/b2+1 Je? +1 ‘
b) Cho 3 s0 thyc khong am a,b,c thoda man ab+bc+ca+abc<4. Ching minh rang
a+b+c>ab+bc+ca

Lo giai
a) Tacéh:
a’+1=a’+ab+bc+ca=(a+b)(a+c)
b’ +1=b’+ab+bc+ca=(a+b)(b+c)
c’+1=c*+ab+bc+ca=(c+b)(a+c)
Khi do thay vao P ta dugc: P = 22 b N ¢

J@ab)are) Jarb)bio) crb)aro)

_2\/ a a [ b 2 |2 1
a+b a+c \2(c+b) a+b \a+c 2(b+c)

Ap dung bat d¢ang thac AM-GM ta dugc:

( a a j 1( b 2b 1( 2c c
P< + +—= + += +
a+b a+c) 2\ 2(c+b) (a+b)) 2\la+c 2(b+c)

a a b b c C
< P< + + + +
a+b a+c 4(b+c) a+b a+c 4(c+b
©P£a+b+a+c+ b+c <:>P$1+1+l=9
a+b a+c 4(b+c) 4 4
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

& &
a+b a+c 7
b 2b b=c a=——
“_2 = \/E
Dau xdyratai <2(b+c) a+b <Ja=7b=7c 1

ab+bc+ca=1 2ab+b? =1 b=c=—=

2 ¢C

a+c 2(c+b)

b) Tacé: ab+bc+ca+abc<4

< abc+2(ab+bc+ca)+4(a+b+c)+8<(ab+2a+2b+4)+(bc+2b+2c+4)+(ac+2a+2c+4)

< (a+2)(b+2)(c+2)<(a+2)(b+2)+(b+2)(c+2)+(a+2)(c+2)

1< 1 + 1 + 1 = 2< 2 + 2 + 2 —3-2>1- 2 +1- 2 +1- 2
a+2 b+2 c+2 a+2 b+2 c+2 a+2 b+2 c+2

<:>1>a+b+c—az+b2+C2

a+2 b+2 c+2 a*+2a b*+2b c*+2c
Laico:

a’ b? c? (a+b+c)2

2 + 2 + 2 2 2 2 2
a“+2a b°+2b c°+2c a“+b“+c“+2a+2b+2c

(a+b+c)2

=1>

a?+b?>+c?+2a+2b+2c
<:>a2+b2+c2+2a+2b+2c2(a+b+c)2

< 2a+2b+2c>2ab+2ac+2bc
< a+b+c>ab+bc+ca (dpcm)

Céau 45. w (TS vao 10-Chuyén Yén Bai 23-24)
Cho céc sb thue duong a, b, ¢ théamén a+b+c <1. Tim gia trj nho nhit cua biéu thic
1 2023
=2 2. 2" :
a“+b°+c° ab+bc+ca

LA Loi giai

Phan tich: Dy doan diém roi: a=b=c= % — min P = 6072

. 1 2023 1 1 1 2021
+Taco:P=———-——+ =+ + +

a“+b“+c° ab+bc+ca a“+b“+c° ab+bc+ca ab+bc+ca ab+bc+ca
+ Ap dung bét dang thtc phy: E+1+1 L,tacé:
a b ¢ a+b+c
1 1 1 > J g—9 (vi0<a+b+c<l)

——— + + >
a“+b“+c° ab+bc+ca ab+bc+ca (a+b+c) 1

+ Ap dung bét ding thirc phu: a® +b? +¢?>ab+bc+ca= (a+b+c)’ >3(ab+bc+ca)
- 1 Z 3 . 2021 > 2021.3 > 6063

ab+bc+ca (a+b+c) ab+bc+ca (a+b+c)
+Suyra: P>9+6063=6072

=6063 (vi 0<a+b+c<1)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024

p a=b=c 1
Diu “=" xay ra < oa=b=c==
a+b+c=1 3

1

+Vay minP =6072 dat duoc khi a:b:c:§

Tong hop: Duy Tudng

Cau 46. » (TS vao 10-Chuyén Ning Khiéu PHQG TPHCM 23-24)
Cho cac sb a,b,c >0 théa man ab+bc+ca =abc.

R
a+b+cf

b) Ching minh rang: (\/5+ b+\/6)2 gabcg( 3

a) Chting minh rang:

MLai giai

a) Chitng minh rang:

R

T gia thiét, ta suy ra: ab+be+ca PR
abc a

=1

1
+_
C

1
b

2
Ap dung bat dang thiac Bunhiacopxki, ta co: (1+1+1)( t.d +1j > (i+i+ij

a b c¢

hay: 1+1+1J J3.

d
T c

b) Chttng minh rang: (\/5+\E+\E)2 <abc <
1 1 1 1 1 1 1 1

1
“Jab o vea v Joc Y
:>\/5+\/B+x/6£\/%:>(\/5+\/—+\/—) <abc (1)

Ta ciing c6: (a+b+c)2 >3(ab+bc+ca)=3abc (2)

Tir (1) va (2) suy ra: (J5+J_+J_) <abc< (

(a+b+c)

Ta co: <1

a+b+c)

Cau 47. = (TS vao 10-Chuyén Hoa Binh 23-24)

Tim gi4 tri nho nhét cia biéu thiuc P = i023 +1 véi 0< x<1.
—X X
L oi giai
Tach P = 2023 +£ _ (2023 -2023x) +2023x N (L—x)+x
1-x X 1-x X

00244 2923% 17X 00440 [2923X 12X 50544002023

1-x X 1-x X
(a4p dung BDT Cosi véi 2 s6 duong)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

, 2023x 1-x 1
Pang thuc xay ra = < 2023x* =(1- x)2 SX= e
1-x X 72023 +1
1
loai nghiém X = —————
(loai nghié 1 ,—2023)
. . 1
Vay gia tri nho nhat caa P bang 2024 + 22023 khi X = ——.
yaat : 2023 +1
CAu 48. = (TS vao 10-Chuyén Bén Tre 23-24)
. 1 . . 2— 1+2
Cho sé thuc X théa man 0 < X < = . Tim gi4 trj nh6 nht ctia bidu thie A= -~ 4=+ X
2 1-2x  3x
COLoi giai
1 2
2—— 1+
1 _ _
bata=—,a>2.Khido A= a, a=2a 1+a+2= +i+a—2+ﬂ.
X 1.2 3 a-2 3 a-2 3 3
a a
Ap dung bat dang thic AM —GM cho hai s6 duong va —= | ta duoc:

a-2

A22+2\/ 3 :\/a—Z 4_16

+ .
a-2 3 3 3

, 1
Dang thirc xay ra khi va chikhi a=5& X = £

Cau 49. = (TS vao 10-Chuyén Hai Duong 23-24)
Cho a,b,c 1a cac sé khong &m va khdng c6 hai sé nao ddng thai bang 0 . Chung minh rang:
1 1 1 10
2 2 + 2 2 + 2 2 Z 2
a+b® b°+c” c"+a’ (a+b+c)

Lo giai
Gia st c=min{a,b,c} . Khido:

2
c
CSa:CZSac:a2+c2Sa2+acs(a+zj
C
csb:>czsbc:b2+c2£b2+bcs(b+§j

2 2
a’ +b? s(a+£j +(b+£j
2 2

VT (%) ! ! !

(o0 O ()

bat x=a+%;y:b+%.Khidé x>0,y>0va x+y=a+b+c.
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng

Taco VT (*)> 21 2+i2 iz
X“+y" y" X
2212+£:212+1+322f’ +3
XT+yS Xy X4+y° 02Xy 2xy X +y° +2xy 2xy
_ 4 3> 4 L3 2 _ 10 _ 10 VP (%)

(x+y)2+2Xy_(x+y)2 '(x+y)2 (x+y)2 (a+b+c)2

(s c=0 c=0 , .
Dau bang xay ra khi { = {a o Do vai tro cia a,b,c binh dang nén dau “=" cua (*) xay ra khi
X = y =

va chi khi trong ba sé a,b,c c6 mét s bang 0 va hai sé con lai bang nhau.

Cau 50. = (TS vao 10-Chuyén BHSP Vinh 23-24)
Xét céc sé thuc khong &m a,b,c thoa man a?+b?*+c?=1. Tim gi4 tri 16n nhat cua biéu thuc
P= ! + L + L .

Ja+l b+l c+2

MLoi giai

! jzz 1,1 2
Ja+l b+l a+l b+1 \/(1+a)(1+b)

__a+tb+2 2 ca+b+2 2 _(1+ 1 jz
ab+a+b+1 Jab+a+b+1 a+b+l +a+b+1 Ja+b+1

1 1 1
+ <1+ .
Ja+l +b+1 Ja+b+1
Mat khac, tacé (a+b+c)>>a*+b’+c®=1suyraa+b>1-c.
Tu day két hop voi c<1 (vi >0 va c?<1),tasuyra

Ta c6 nhan xét sau(

Do d6 ta dugc

P<1+ L + L —1+( L + L jz_l-l- 1 + 1 + 2
 J2-c c+2 J2-c Jc+2 2-C 2+C Ja_c?
=1+ 42+ 2 <1+ i+L=2+i
4-c Jo-¢ 4-1 J4-1 NG

Dau bang xay ra chang han khi a=b=0,c=1. Vay gidtri léon nhatcua P la 2+—.

J3
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
CHUYEN PE 8. GIA TRI CUA BIEU THUC

Cau 1. w= (TS vao 10-Chuyén Tin Ha Noi 23-24)
Cho da thuc f(x)=x*+2x*+3x*+2022x+2023. Ching minh ring da thuc f(X)
khong c6 nghiém hiu ti.

O Loi giai
Ta thay: ghiém néu c6 ciia da thuc f (x) chic chan phai la s6 am.
Gia sir da thic f (x) c6 nghiém hitu ti. Xét mot nghiém hiu ti _Fa(a,b el (ab) :1) cua da thuc

f (x) .Tacé
f (_Faj — 0 a' —2a%h+3a2? — 2022ab° + 2023b* = 0.

Suy ra a‘ chia hét cho b. Ma (a,b)=1nén b=1. T dé:
a*—2a%+3a?-2022a+2023=0.

Suy ra 2023 chia hét cho a hay a e{1;7;17;119;289;2023}.
Thur lai ta thay khong c6 gi tri nao caa a thoa méan.

Vay da thae f (x) khong c6 nghiém hitu ti.

Céau 2. » (TS vao 10-Chuyén Toan Ha Noi 23-24)
Cho a,b va ¢ 1a cac sb thuc khac 0 thoa méan diéu kién a®? —c? =c,c?—b’=b va
b?—a’ =a. Ching minh (a—b)(b-c)(c-a)=1.

D Loi giai
Tu gia thiét, tacé a+b+c=a’-c*+c*—b*+b*-a’=0.
Mat khac, b? —a* =a < (a-b)(a+b)=-a=(a-b)c=a
Tuong tu: (b—c)a=b, (c-a)b=c.
= (a—b)(b—c)(c—a)abc =abc.

Do a,b,c khéac 0,suy ra P =1.

Cau 3. »= (TS vao 10-Chuyén Cao Bing 23-24)

Cho ba sé thyc a, b, ¢ théa man abc = 2023. Tinh gia tri ciia biéu thic:

3 2023a N b L
ab+2023a+2023 bc+b+2023 ca+c+1’
O Loi giai

Tt gia thiét abc = 2023, ta c6
3 2023a N b L
ab+2023a+2023 bc+b+2023 ca+c+1
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VAO 10 CHUYEN CAC TINH NAM 2023-2024

B a’bc . b L ¢
ab+a’bc+abc bc+b+abc ac+c+1
a’bc b c
= + +
ab(ac+c+1) b(ac+c+1) ca+c+l
ac 1 C
= + + .
ac+c+1 ac+c+1 ac+c+1

Tong hop: Duy Tuong

Cau 4. % (TS vao 10-Chuyén Dak Lak 23-24)

Goi X;,X,, X;, X, 1a cac nghiém cta phuong trinh (X +1)(x+3)(x+5)(x+7)=1. Tinh

gia tri biéu thac P = X X,X,X, .

Loi giai

Phuong trinh d4 cho twong dwong véi (X2 +8x+ 7)(X2 +8x +15) -1=0

Dt t=x>+8x+7 (t>-9). Ta dugc t* +8t-1=0 @[

X% +8x+11-+/17 =0
x> +8x+11+/17 =0
Vay P =x%,%x, =(11-417)(11+17) = 104.

Khi do, PT da cho tuong duong l:

t=—4++/17 (TMPK)
t=-4-I7 (TMDK)

Cau 5. w (TS vao 10-Chuyén Hai Duong 23-24)

Cho hai sé duong x,y thoa man x\/y2 +1+ y/x? +1=+/15 . Tinh gié tri cia biéu thuc:

Pz(\/x2+1—x)(\/y2+1—y)

@ Loi giai

P:\/x2+1w/y2+1+xy—(x\/y2+1+ y\/x2+1)=\/x2+1\/y2+1+xy—\/1_5
Pit M =X +1{/y? +1+xy = M? =(x2 +1)(y2 +1)+ X2y? + 2xyN X2 +1.4y* +1

=2X2Y° + X2+ Y2 1+ 2xyV XA+ 14 yP +1

=x*(y? +1)+y* (x* +1)+2x\/y2 +LyVX +1+1

:(x\/yz +1+ e +1)2 +1

=16=M =4.Viy P=4-415.

Cau 6. w= (TS vao 10-Chuyén Ha Tinh 23-24)

Cho a, b, ¢ Ia céc sé thuc khac khong thoa man +%+ 1o
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

1 1
> +— +— =0.
a+2bc b°+2ca c°+2ab

Chting minh rang

Cd Lo giai
E+1+1:0<:>ab+bc+ca:0
a b c

Tac6: a’+2bc=a’+bc+(-ab-ca) = (a—h)(a-c).
Twong ty c6 : b>+2ca=(b—c)(b-a); ¢*+2ab=(c—-a)(c-h).

1 1 1 1 1 1
> +— +— = + +
a“+2bc b°+2ca c“+2ab (a-b)(a-c) (b-c)(b—a) (c—a)(c-—b)
1 1 1 _b—c—(a—c)+a—b_0

“@a-b)a-c) (b-c)a-b) (a—c)b-c) (a—byb_c)a—c)

Cau 7. = (TS vao 10-Chuyén Lao Cai 23-24)
Cho a,b,cla céc sb thuc théa man diéu kién abc =0va a+b+c=0. Chang minh rang

néu a+b+b+c+c+a 2 thi 1 N 1 N 1 1
e = - = .
C a b a2023 b2023 C2023 82023+b2023 +C2023

£ Loi giai
biéu kién abc=0va a+b+c=0

a+b b+c c+a
+ +
C a b

=-2 < (a+b)ab+(b+c)bc+(c+a)ca=-2abc

< a’b+ab® +b’c+bc? +c’a+ca’ +2abc =0

< (a’b-+ab®)+(b’c+abc)+(be® +c’a)+(ca’ +abc) =0

& (a+h)(ab+bc+c?+ca)=0< (a+b)(b+c)(c+a)=0
a+b=0 a=-b

<|b+c=0<|b=-—C
c+a=0 c=-a

Vi a,b,c vai tro nhu nhau. Gia st a=-b

1 1 1 1 1 1

2023 + b2023 C = C2023 + b2023 _ b2023

2023 (_b)zozs + 2023
! 1 1 1

- b2023 + b2023 + (_b)2023 + b2023 + C2023 = a.2023 + b2023 +C2023

a

Cau 8. w (TS vao 10-Chuyén Nam Dinh 23-24)

1. Cho x, y, z la basé thuc khéc 0 thoa man x+%+%=l va 1+§+§=0_ Chung
y 2

X
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

2 2
minh rang i+l L1
4 9

2.Cho f(n) véi n 1a sb nguyén duong. Tinh gia tri cta biéu thuc:

2
- J2n+1++/2n-1

S=f(1)+f(2)+f(3)+-+ f(40).

L&i giai

1. Tu E+g+§:0 suyra yz+2zx+3xy=0 ().

X Yy 1
y 2 y zY y> 7° y Yy z z
To x+=+-=lsuyral=| X+ +=| =xX"+ZT-+—+2| x-Z+LZ.Z+=X
2 3 2 3 4 9 2 23 3
2 2
:X2+y_+z_+3xy+yz+22x @)
4 9 3
2 2
£ A 2 y A
Két hop (1) va (2) suy ra x +Z+E:1.
2(v/2n+1-+/2n-1
2.Taco f(n)= 2 = ( )(do Jan+1-42n-120)
J2n+1++42n-1  (2n+1)-(2n-1)
=+2n+1-+2n-1.

Ap dung diéu trén co:
S=f1)+f(2)+f(3)+-+f(40)

(V8 E)+ (V5 ~B) +(7 - B ) -+ (BL-78)
=81-1=9-1=8.

Vay S =8.

Céau 9. » (TS vao 10-Chuyén Ninh Binh 23-24)
a) Cho a,b 1 hai s6 thuc duong phan biét thoa man(1—a)(1-b)+2+/ab =1. Tinh gié tri
av/a—b/b a b
ab  Ja+vb va-b
b) Biét da thuc f(x) = x*—23x+24 c6 ba nghiém phan biét a,b,c . Tinh gi4 tri cua biéu

thac Q =a®+b* +¢°.

cua biéu thiec P =

Léi gidi

_ a\/a—b\/B—a(\/g—\/B)+b(\/5+\/5)

a)P
) a-b
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
_afb+b/a _ Vab(Va+ib)
a-b  (Ja++b)(Va-+b) a-+vb
*(1-a)(1-b)+2Vab =1
e 1-b-a+ab+2yab =1
e a-2vab+b=ab
& (Va-b) =(Vab)

'Ja-\b=+ab (khi a>b)
|Na-vb=-ab (khi a<b)

Jab__
Jab

*Vay P=1(khia>b) hoic P=-1 (khi a<b).

b) Vi a,b,c 1a ba nghiém cua f (x) nén ta co:

a>-23a+24=0 a’=23a-24
b®-230+24=0 <<={b*=23b-24
c®-23c+24=0 c®=23c-24

=Q=23(a+b+c)-72

Theo Viet: a+b+c=0.
Do d6: Q=-72.

Cau 10. w. (TS vao 10-Chuyén Pha Tho 23-24)

Cho f(x):\/l+%+ﬁ V6i X0, x#—1. Tinh f (1)+ f (2)+ f (3)+...+ f (2023).

0 Loi giai

2
Xét biéu thirc tong quat (1+£—i] v6i a=#0,a=—1ta co:
a a+l

1 1Y .1 1 2 2 2
I4———— | =l+—+ >+ —= -
a’® (a+1) a a+l a(a+1)
=1+i+ 1 +2(a+1—a—1) =1+i+#

(a+1)’ a(a+1) a® (a+1)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

= l+i2+#?_:1+l—i *)
a (a+1) a a+l

Ap dung (*) ta co:
f(1)+f(2)+f(3)+..+ f(2023)

1 1 1 1 1 1 1 1
It—t—m+ It m+—m+ [+ 5+ > tot 1+ >+ >

1 (1+1) 2 (2+1) 3 (3+1) 2023 " (2023+1)
\/1+ 1+i2+\/1+i2+i2+\/1+i2+i+ +\/1+ 1 2+%

1?2 2° 3 N 2023° 2024

1+}—1 1+ l—l l+l—1 +..+ 1+L_L
1 2 2 3 3 4 2023 2024

1 4096575
2024 2024

=2024—

CHUYEN DE 8. GIA TRI CUA BIEU THUC
Phan I: Dé thi va dap an.

Céau 11. w (TS vao 10-Chuyén Quang Tri 23-24)

ChocaCSOthucdu:ongabcthoaman—b+bc+?_a+b+c
C a
Chtrngminha:b:c.
L(‘rigiéi
ab  bc 2
Taco —+— +7—a+b+c<:> ab’ + be + ca =abcla+b+c)
Cc [0

<2 ab ’ +2 be ’ +2 ca f o 2ab.be + 2be.ca + 2ca.ab

& ab—bc2+ bc—ca2—|— ca—ab2:O<:>a:b:c

Cau 12. = (TS vao 10-Chuyén Quang Binh 23-24)

Tinh gia tri caa biéu thuc A=+/7 —4+/3 + 326 +1543.
L oi giai
a) Ta co:

A=+7-43 +326+15\3 —\/ \/2+J_) =2-3+2++/3=4

Cau 13. = (TS vao 10-Chuyén Phu Yén 23-24)

Cho biét 1+%:«E (a>1b>1). Ching minh rang ab-+1-a%’+a’+b’ =1
a

CALoi giai
b) Ta c0:
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

a>1, b>1nén 1+%:\/§<:> a’ +b? = 2a’b? - 2ab
a

Khi d6: B =ab—+/1—ab? +2a%h? —2ab =ab— (ab—l)2
Via>1l,b>1=ab>1nén B=ab—-ab+1=1 (dpcm)

Cau 14. = (TS vao 10-Chuyén Lam Son 23-24)

1. Cho céc sé thuc x,y théa man x = 0va (x+\/x2+2023)(y+1/y2+2023)=2023

Tinh gid tri biéu thirc: Zoex Y
2023~y

2. Cho cac sb thuc a,b,c d6i mot khac nhau thda man: l+%+1 =0
a c

L_‘°ca ab 1
a’+2bc b®+2ca c?+2ab

Chuang minh rang:
L i gisi

1. Ta cé: (\/x2 +2023+x)(x/x2 +2023—x) — X% +2023-x2=2023 (1) (1)

(Vy?+2028-+y)(\/y? +2023-y) = y* +2023-y* =2023 (2)

Tur 91) va (2) két hop véi giai thiét ta suy ra v/x* +2023 —x = /y? +2023 +y (3)
Tir (20 két hop gia thiét ta suy ra +/x? +2023 — x = /y? +2023 -y (4)

Lay (3)—(4) theo Vé ta duoC: —2x =2y = y =—X

2024x—x 2023

Khi do: P = =
2023x+x 2024

2.Tur gia thiét: 1+%+l=O:>ab+bc+ca=0<:>bc:—ab—ac
a c

Suy ra: a*+2bc—(b—a)(b—c),c’ +2ab =(c—-a)(c—b)

bc ca ab

5 +— +— . Ta co:
a+2bc b°+2ca c“+2ab

Piat M =

2bc 2ca 2ab a’ b? c?

2M = > +— +— =3-2M =
a“+2bc b“+2ca c°+2ab

a2 + 2 + 2
a“+2bc b“+2ca c°+2ab

a’ . b? . c?
(a-b)(a-c) (b—-a)(b—c) (c—a)(c—h)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024
a’(b—c)-b’(a—c)+c*(a—b) ab(a—b)-c(a’—b?)+c*(a—b)
(a—b)(b-c)(a-c) - (a—b)(b-c)(a-c)

_(a-b)(b-c)a-c) 1
(a-b)(b-c)(a-c)

Tong hop: Duy Tuong

Tacd: 3—2M =1= M =1(dpcm)

Cau 15. = (TS vao 10-Chuyén Théi Binh 23-24)

2 , s XY x5y
a) Cho céac so thuc x;y khac 0, thoa man: —+==3 va —+-—=10.

y X y X
1 1

Chuang minh —+—=1.
Xy

b) Cho cac sb thuc khéng 4m a,b,c thod min ddng thoi cac didu kien v/a ++/b ++/c =8;
a+b+c=26;abc=144. Tinh gia tri cua biéu thic

1 1 1
P= + +
Jbc-Va+9 Jea-vb+9 ab-+c+9

) COLoi giai
a) Tu gia thiet ta co

X*+y? =3xy
x° +y® =10xy

= (x+ y)(x2 +y2)=3xy(x+y):> X2+ yP +xy(X+Yy)=3xy(x+Y)
< 10xy = 2xy(x+Yy) < x+y=5(x,y=0)

Laico (x+ y)2 =Xx*+y>+2xy =3xy +2xy =5xy = Xy =5

:ﬂzl+1:1 (dpcm).
Xy
b) Dit (\/5,\/5,\/5)=(x,y,z) (diéu kién x,y,z>0)

= X+Y+2=8;X"+y*+12°=26;x’y’z° =144

(x+ y+z)2 —(x2+y2+22)
2

=Xy +YyZ+2X=

=19;xyz =12

Taco yz—x+9=yz—x+x+y+z+1=(y+1)(z+1)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
Tuong tw X2 —y+9=(x+1)(z+1);xy—z+9=(x+1)(y+1)

P

1 1 1
= + +
Jbe-va+9 Jea-vb+9 Jab-c+9

1 1 1 X+1+y+1+z+1

- yz—x+9+ xz—y+9+ Xy—z+9 (x+1)(y+1)(z+1)

_ X+y+z+3 _ 11 _u
XYZ+X+Y+Z+xy+yz+zx+1 12+19+8+1 40

11
Vay P===.
Y00

Cau 16. = (TS vao 10-Chuyén Ha Tinh 23-24)

Tinh gia tri caa biéu thic T = 13+ 4+/3 — 13— 44/3 .
L i giai

Tach: T =13+ 43 —13-43

— 1242243141 -412-2.24/3.1+1 = \/(2J§ +1)2 —\/(2J§—1)2
=[2v3+1-|ov3-1 =243 +1-243+1=2.

Céau 17. w (TS vao 10-Chuyén Tay Ninh 23-24)

Cho a,b,c 1a ba sé thuc khac 0 thoa man 2a_3b_ ¢ 1y gié trj caa bidu thic P = 4ac-cb
b ¢ 6a bc+ 2ab
LAOL o giai
2a =bht
pat: 22-3_ € i p_Cto2at? e 2a=2at 11,
b ¢ 6a 3
c =6at
{b =2a
Suy ra: .
c=06a
Do dé: P — 4ac—-cb 4aba-6a2a 12 3

bc+2ab 2a6a+2a2a 16 4

Cau 18. = (TS vao 10-Chuyén Son La 23-24)

Tinh gié tri biéu thac Q khi x =2024+ 24/2023; y =2024 — 2+/2023.
ML &i giai
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
Q = /2024 + 24/2023 — /2024 — 2/2024

(2023 +1) - (V2023 -1)

=/2023 +1-+/2023 +1=2

Cau 19. » (TS vao 10-Chuyén Tién Giang 23-24)

. 2 . 2 4
Tinh gia tri caa biéu thic P =(x? + 2x+2021 2o tali x= -
Jratn ( ) x—15 5-1

L Loi giai
Ta co:

N v . e 2
“NaJB 1 8”@‘(@_1)(@1)””5*@) ~(5+1)

=\5+43-5-1=3-1

Suyra (x+1)? =3 x* +2x=2

2024 2024

Do d6 P=(X*+2x+2021) " =(2+2021)" =2023".

Cau 20. ». (TS vao 10-Chuyén Hai Duong 23-24)
Cho hai s6 duong x,y thoa man xyy?+1+yx*+1=+/15. Tinh gi4 tri ciia biéu thuc:

P=(\/X2 +1—x)(\/y2+1—y)

MLoi gial
P:\/x2+1«/y2+1+xy—(x\/y2+1+ y\/x2+1):\/x2+1\/y2+1+xy—J1_5
Pt
M =vx*+1y* +1+xy = M? :(x2 +1)(y2 +1)+ X2y? + 2xyA/x% +14/y? +1
= 22Xy + X2+ Y2 14 2xyV X +14YP +1
=x*(y*+1)+ yz(x2+1)+2x\/y2+1.y\/x2+1+1
:(x\/y2+1+ y\/x2+1)2+1
—16=>M =4.Vay P=4—4/15.
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
CHUYEN PE 9. SO HQOC

PHAN 1: CHUYEN DPE CAC BAI TOAN CHIA HET

Caul. = (TSvao 10-Chuyén Tin Ha Noi 23-24)
Cho p 12 s nguyén té lén hon 3. Ching minh ring s A=2°*2 -8 chia hét cho 21.

D Loi giai
Vi p 1as6 nguyén té Ién hon 3 nén p 1as6 I¢ khdng chia hét cho 3, tir d6 suy ra p? chia 2 va 3
déu du 1. Suyra p*+2 c6 dang 6k +3 voi k 1 sé ty nhién. Do do:

272 _g=2%"_8=1-8=0(mod 7).
Va
272 _g=2%"_g=-1-8=0(mod 3).

Nhu vay 2°*2 -8 chia hétchoca 3 va 7 ma (3,7)=1 nén 2° ** —8 chia hét cho [3,7]=21.

Cau2. = (TSvao 10-Chuyén Toan Ha Noi 23-24)

Cho ba sb nguyén a,b va ¢ théa man a®+b*+c? —2abc chia hét cho 6. Chang minh
abc chia hét cho 54.

O Lai giai
Chimg minh trong ba s6 a,b,c ¢6 it nhat mot s6 chdn = abci2. (1)
Chung minh trong ba sé a,b,c ton tai it nhdt mot s6 chia hét cho 3.
Gia st ai3=b*+c?:3
Suyrab va ¢ chia hét cho 3= abci27. (2)

Do (2,27)=1nén tir (1) va (2) suy ra abc:54.

Cau3. = (TS vao 10-Chuyén Béic Ninh 23-24)
Cho céc s6 nguyén duong X, y, zthéaman x*+y° +z° =18(x+y+2)
Chting minh rang x+ y +z chia hétcho 6.

O Loi giai
Taco X +y°*+2° =18(x+y+2)
= (x+ y)3—3xy(x+ y)+2° =18(x+y+2)
= (x+ y+z)3—3xy(x+ y)-3(x+Yy)z(x+y+2z)=18(x+y+2)
Suyra (x+y+2)’ 3= (x+y+2):3 (vi 3 lasé nguyénté) (1)
Laico x°+y°+2°=18(x+y+2) suyra X’ +y°+2° chin
Suy ra X, Y, z cung chan hogc c6 hai s6 lé va mot s chin = (x+y+2)i2 (2)

Tur (1), (2) va (2;3)=1suyra x+y+z chiahétcho 6.
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

Cau4. »= (TS vao 10-Chuyén Binh Phuéc 23-24)
Cho p lasé nguyén té lon hon 3. Ching minh (p—1)( p+1) chiahét cho 24.

D Loi giai
Taco (p-1)(p+1)=p®-1,vi p* l1asd chinh phuong nén p* chia 3 du 0 hogc 1, ma p lasd
nguyén t5 16n hon 3 nén p khong chia hét cho 3= p? khong chia hét cho 3 = p? chia 3 du 1
= p*-1:3(")
Talai co p 1asd nguyén to lonhon 3 nén p ¢ suy ra (p—1)( p+1) latich cua 2 s6 chdn lién tiép
suy ratich (p—1)(p+1) chiahétcho 8 (**).
Tir () va (**) két hop véi (3;8)=1 = (p—1)(p+1) chia hét cho 24.

Cau’5. ' (TS vao 10-Chuyén Dik Lak 23-24)
V& bat ki 17 duong tron, mdi duong tron c¢6 do dai duong kinh 1a mot s6 nguyén duong.
Chuang minh rang trong 17 dudng tron dé, ta luén chon dugc 5 duong tron cd tong do
dai cac duong kinh 1a mot sé chia hét cho 5.

O Loi giai
Goi d¢ dai duong kinh 17 duong tron d6 lan luot 13 a,, a,, a,, ..., &, (a,a,,a,,..8, €Z)
Chia 17 s6 trén thanh cac tap A trong d6 A latap cac s chia 5 du i (i =0,4). Néuco 1 tap
nao d6 chtra nhiéu hon 5 s6 thi tong 5 s d6 chia hét cho 5. CoOn néu moi tap déu chia it hon 5
phan ta, xét 4 tap bat ki, khi d6 tong so phan tir 4 tap nay khéng qué 16 phan tir, do d6 co it nhat 1
phan tir thuoc v?o tap con lai. , ) )
Vay ta cd 5 phan tir thuoc 5 tap khac nhau nén tong 5 s6 nay chia hét cho 5.

Cau 6. = (TS vao 10-Chuyén Gia Lai 23-24)
Chuang minh tong 1° + 2% + 3% +...+103° +104° chia hét cho 7.

7 » 00 Loi giai
+) Ta di ching minh dang thuc tong quat.
P+2+3 4. 40 =1+2+3+...+n)’
. Véi n=1; n=2 dang thic ludn dung.
. Gia st dang thae dang véi n=k:  LP+2°+3 +..+k®>=(1+2+3+..+k)°
J Ta di ching minh dang thic dang voi n=k+1
Khi @6 dang thurc can ching minh:
P+22+3 4+ 4K+ (k+D)° =[1+2+3+..+k+(k+D]J

2 2 2
Ma 1+2+3+4+...+n=M = (1+2+3+4+...+n)° =[n(n2+1)} _n (n4+1)
2 2 2 2
Suy ra M+(k+1)3 _ (kT +3k+2)"
4 4
2 2
<:>(k2+3k+2)2—(k2+k)zzw

& 4k® +12k% +12k +4 = 4(k +1)°

& 4k +1)° =4(k +1)° (ludn dang)

+) Ap dung cong thiac véi n=104. Taco

1P 4+28+3+...4103° +104° = (1+ 2+ 3+ 4 +...+104)
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tudng
Ma1+2+3+4+...+104 = (1+104).104: 2 = 5460;

Lai c6 5460:7

Nén 1° +2° + 3% +...+103° +104° :7 (dpcm)

Cau7. = (TS vao 10-Chuyén Ha Tinh 23-2)
Tim céc s nguyén x, y thoa man 4x* +5y> —4xy +2(2x+3y) +4 <0.

Loi giai
a) Tim c4c s6 nguyén x, y thoa man 4x> +5y° —4xy +2(2x+3y) +4 <O0.
Taco 4x* +5y° —4xy +2(2x+3y)+4< 0 (2x-y+1)* +4(y+1)° <1
(2x—y+1)*+4(y+1)?* =1
2x—-y+1)*+4(y+1)° =0

y+1=0
2Xx—y+1=0
4(y+1)° =1

(2x—y+1)° =1© (2x+2)* =1
y+1=0 y=-1

2x—-y+1=0 x=-1
TH1: (2x—y+1)2+4(y+1)2:0c>{ . <:>{ L
y=-

(vn)
TH2: 2x—-y+1)° +4(y+1)’ =1

(vn).

Vay c6 dang mot cap sé thoa man (x; y) = (-1; -1).

Cau 8. = (TS vao 10-Chuyén Khanh Hoa 23-24)

Chang minh p* —1 chia hét cho 240 véi moi s6 nguyén t6 p > 5.

@ Léi giai

a) Tacd p° lasb chinh phuong =

p .
4 - $-1):3
Két hop véi (1) = { ? =1(mod5) :»{p 1(m0d3; :»{(p ™

Mat khac tir (1) = p lé = p* =1(mod16) = (p‘-1)i16 (**)
Tir (%), (**) va 3, 5, 16 nguyén té cing nhau suy ra (p* —1) i (3.5.16) = (p*-1): 240.

Vay p* -1 chia hét cho 240 v6i moi s6 nguyén té p > 5.
Céch 2:
Do p/3, p/5 nén theo dinh Ii Fecma nho ta c6
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
p°-1:3; p*-1:5 = p*-1:15

Taco p*-1=(p-1)(p+1)(p®+1).

Déthidy p—1< p+1<p®+1va p-1 p+1 p®+1 labasé chan.

Mt khac p—1 p+1 Ia hai s chan lién tiép = (p-1)(p+1):8

= (p-1)(p+1)(p°+1):16 = p*-1}(16-15)=240.

Cach 3:

Taco: p°—p= p(p“—l): p(pz—l)(p2+1) = p(p—l)(p+1)(p2—4+5)
=(P-2)(p-1)p(p+1)(P+2)+5p(p-1)(p+1)

Vi p—2,p-1p, p+1 p+2 125 sb tu nhién lién tiép nén ton tai it nhat mot sb chia hét cho 3 va 5
Ma(35)=1=(p-2)(p+2)p(p-1)(p+1):15 (1)

Lai c6: P 1 s6 nguyén t6 >5 nén p—1, p+11a hai s6 chén lién tiép va p? +1:2

= (p-1)(p+1)(p®+1)i16 (2)

Tu (1) va(@)=(p-2)(p+2)p(p-1)(p+1):240 (vi (15,16)=1)

p =1(mod4)

D@ thay vai p 1a sb nguyén té >5 thi:
y Vol plasongly [pz3(m0d4)

=(p-1)(p+1)i16 (*)

Mt khac, p,(p-1),(p+1) 1236 tw nhién lién tiép = p(p-1)(p+1):3 (**)
Tu (*) va (**) =5p(p-1)(p+1):240

Suy ra p° - p:240

Ma (p,240) =1

= p* —1:240 Vpla sé nguyén t6 16n hon 5 (dpcm)

Cau 9. = (TSvao 10-Chuyén Lang Son 23-24)
Cho biét Pinh ly Fermat nhg: “Cho s6 nguyén té p . Néu sé nguyén x khong chia hét cho p thi
xP*=1(mod p), hay x"*-1:ip”.

1) Chang minh rang véi moi s6 nguyén a thi a°-a:5.

2) Cho hai s6 nguyén a,b. Goi p=4k+3 (keN) la s6 nguyén t5 va p la uéc cua

a’ +b?. Chirng minh p la wécchungcua a va b.

Loi giai
1) Chang minh rang véi moi s6 nguyén a thi a°-a:5.
Néu ai5 thi a(a’-1):5=>a’-ai5.

Néu a khdng chia hét cho s6 nguyén té 5 thi theo dinh Iy Fermat nho ta co:
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
a*'-15=a’'-1i5=a(a’-1):;5=>a’-ai5.

Vay véi moi s6 nguyén a thi a°-a:5.

2) Cho hai sb nguyén a,b. Goi p=4k+3 (keN) la sé nguyén t5 va p la wéc cua a’+b?.
Chung minh p la wéc chungciua a va b.

Truong hop 1: Néu aip thi a’:ip vado a®>+b*: p=b* p=bip.

Néu bip thi b?:p vado a’+b’:p=a’ip=aip.

Vay néu mot trong hai s6 chia hétcho p thi p 1a wdc chungcua a va b.

Trudng hop 2: Néu ca hai sé a va b déu khong chia hét cho p thi theo dinh Iy Fermat nho, ta co:
a’*=1(mod p) va b**=1(mod p).Hay a***=1(mod p) va b**? =1(mod p)

Suy ra: a**? +b*** =2(mod p)

Ma a**? +b™?:a’+b® Suyra a*?+b*?ip=2:p ma p=4k+3 1asd 1é suy ra didu nay vo
ly. Vay truong hop nay khdng xay ra.

Vay véi p=4k+3 (ke N)lasénguyén tdva p la woc cia a’®+b’thi p 1a wéc chung cua a va
b.

Céu 10. = (TS vao 10-Chuyén Nam Dinh 23-24)

Cho hai s6 nguyén duong a, b théaman a®:b, b*:a. Chang minh (a“ +b4)3ab.

0 Loi giai
Tacod a* =a.a® va a®b nén a*:ab.

Tuong tu ciing c6 b*:ab. Suy ra (a“ + b“)iab.

Céu 11. » (TS vao 10-Chuyén Ninh Binh 23-24)
Cho p la mot sb nguyén t6. Chang minh néu plé va ton tai s nguyén x sao cho
(x2 +1)5 pthi (p-1):4.

0 Léi gisi
Vi p lasé nguyén ts lé nén p chicd 1 trong 2 dang: 4k +1hoic 4k +3

Vi (x*+1):p nén p c6 dang4k +1, hay p-1=4kid.

Cau12. = (TS vao 10-Chuyén Phi Tho 23-24)
a) Cho cac sé nguyén a,b,c,d thoa man diéu kién a®+b*-8c*+28d°=0. Chiztng minh
ring (a+b+c+d)’ chia hét cho 9.

b) Chitng minh rang ton tai da thirc P(x)c6 hé sé thuc, bac 2024 thoa man diéu kién
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

P(x2 —2) chia hét cho P(x).

0 Loi giai
a) Ta c0:
a’+b®-8c’+28d°=0=a’+b’+c’+d*:3
:>(a+b)3—3ab(a+b)+(c+d)3—30d (c+d):3
:>(a+b)3+(c+d)3§3
:>(a+b+c+d)353

=a+b+c+d:3

:>(a+b+c+d)259 (dpcm)

101

b) Xét da thuc P(x)=a(x+1)

1012 (

x—2)"", véi acR, da thirc P(x)co bac la 2024

Ta co:
P(x*-2)=a(x*-1)" (x*-4)  =a(x+1)" (x-2)"* (x-1)" (x+2)*"
_ P(X)(X_l)lOlZ (X+2)1012

= P(x2—2) chia hét cho P(x).

Vay ton tai da thuc P(x)=a(x+1)

" (x=2)"" voi hé sb thuc, c6 bac 2024 thoa min da thic

P(x*-2) chia hét cho da thic P(x).

Caul. = (TS vao 10-Chuyén Quang Binh 23-24)

Tim tat ca cac s6 nguy@n n sao cho n?+2 chia hét cho n+1.
ML oi giai
Taco n’+2=n-1+3=(n-1)(n+1)+3.
Vi n?+2i(n+1) ma (n-1)(n+1)i(n+1)nén 3:(n+1)

Suy ra n+1e{-3-1L13} = ne{-4,-20;2}

Cau 2. = (TSvao 10-Chuyén Lam Son Thanh Hoa 23-24)

Xac dinh s6 nguyén duong n 1én nhat sao cho véi moi s6 nguyén t6 p > 7 thi p® —1chia hét cho n
MILi giai
Ta co:
p°—1=(p-1(p+1(p’ - p+1(p*+p+1) (*)
Voi p=11tacé p®-1=1771560=2°325.7.19.37
Voi p=13tacéd p®-1=2%3%7.61.157
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Tir hai truong hop trén, ta thiy rang n=2%3%7 =504 14 s6 nguyén duong 16n nhét thda man
p® —1 chai hét chon, voi p=11,p=13

Tiép theo ta s& chimg minh rang n =504 14 s6 nguyén duong 16n nhat thda man p°® —1chia
hét cho n, véi moi sé nguyén té p >13

Vi plasé nguyéntd lé nén (p—1)(p+8):8

(vi tich cua hai s6 chin lién tiép chia hét cho 8)

Két hop (*), suy ra p®-1:8 (1)

Ta c6: voi moi sd nguyénté p>7thi p®—1=(p*-1)(p*+1):7 (2)

(vi lap phuong ciia mot s6 nguyén khi chia cho 7 du 0 hoidc du 1 hodc du 6)

Cau 3. = (TS vao 10-Chuyén Thai Binh 23-24)

Chung minh rang néu p 1a s nguyén t6 Ién hon 3 thi (7—p)(7+ p) chia hét cho 24 .CALi giai
Do p 1as6 nguyén té va p >3nén p khdng l1a boi cua 3 va 2.
= p?=1(mod 3); p? =1(mod 8) = p® -1:3; p* -1:8= p*-1:24 vi (3;8) =1.

Vi 48:24; p* ~1:24 nén (7-p)(7+ p)=49- p’ =48—(p*-1):24 (dpcm).

Cau 4. = (TS vao 10-Chuyén Thai Binh 23-24)

Tim tat ca cac s6 nguyén n sao cho n?+2 chia hét cho n+1.
Lo giai
Taco n*+2=n*-1+3=(n-1)(n+1)+3.
Vi n?+2i(n+1) ma (n-1)(n+1)i(n+1)nén 3:(n+1)

Suy ra n+1e{-3-1L13} = ne{-4,-20;2}

Cau5. = (TS vao 10-Chuyén Tién Giang 23-24)
Cho hai sé nguyén p,q théa man dang thac p?+q* =2(3pg—4) (*) . Ching minh rang c6 it nhat

mét trong hai s6 p,q 1a boi cua 3

MLoi gial
Chuang minh rang c6 it nhat mot trong hai s6 p,q la boi cua 3
Gia st trong hai s6 p,q khong cd sb nao chia hét cho 3.
Khi dé p®,q° chia 3 du 1. Suy ra:
+) p®+q° chia 3 du 2
+) Trong khi vé phai 2(3pq—4):6pq—9+1 chia3 dul,vlly

Do d6 tromg hai sé p,q phai cé it nhat mot sé 1a boi cua 3.

Cau 6. = (TS vao 10-Chuyén Tuyén Quang 23-24)
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Chungminhrang A = 2% +3m? + 6n — 23 chia hét cho 3 v6i moi 56 tur nhién m, n .

Loi giai
Vi3m?+6n 3 (1) néndé A 3 thi (2°°-23) 3
C6 2% =1(mod3) = (2*) =1°*(mod3) =1(mod3)
hay 2% =1(mod 3) = 2.2%% = 2.1(mod 3)
suyra 2% =2(mod3) (2)
Ma 23=2(mod3)  (3)
Tir (2) va (3) suy ra 2% —23=0(mod3) hay (2°*°-23) 3 (4)
Tur (1) va (4) suy ra A =2%% +3m? +6n—23 chiahétcho3

Cau 7. = (TS vao 10-Chuyén Binh Thuan 23-24)
Ki hiéuS(n) la tong céc chir sé ciia s nguyén duong n. Biét a va b 12 hai s6 nguyén duong
thoa S(a) = S(b) = S(a+b). Ching minh rang a va b chia hétcho 9.

Loi giai
Theo gia thiét ta co:
[a—S(a)]:9 (1) (do n,S(n) cociing s6 dur khi chia cho 9)

[b-5(b)]:9 (2) (do n,S(n) co ciing s6 du khi chia cho 9)

[(a+b)-S(a+b)]:9 (3) (do n,S(n) cb cung sé du khi chia cho 9)

T (3) taco :[a+(b—8(a+b))]59ma S(a)=S(b)=S(a+b) nén [a+(b—8(b))]§9:a39

T (3) ta co [b+(a—8(a+b))]59 ma S(a) = S(b) =S(a+b)nén [b+(a—S(a))]E9:bE9 Vay a

va b chia hét cho 9.

Cau8. = (TS vao 10-Chuyén Thai Nguyén 23-24)
Chuang minh rang:
a) 107 + 2024 chia hét cho 3;
b) n®+2024n+2 khong chia hét cho 10°°% + 2024 vai moi s6 tu nhién n

Lol gial
a) tathdy 10%% +2024 =10...02024 c6 tong cac chir s6 chia hét cho 3 vay 10%°% + 2024 chia hét
cho 3.

b) n®+2024n+2=n°-n+2025n+2=(n-1)n(n+1)+2025n+2 khdng chia hét cho 3
vi (n-1)n(n+1):3 va 2025n:3 nhung 2 khong chia hét cho 3 ma (10 +2024):3

vay n®+2024n+ 2 khdng chia hét cho 10°% + 2024 véi moi sb tu nhién n.

Cau 9. = (TS vao 10-Chuyén BDHSP Vinh 23-24)
Goi M 1a tap hop tat ca cac s6 tu nhién gom 2 chir sb khac nhau. Tim sé nguyén duong k
I6n nhat dé ton tai tap hop con A ¢ k phan tir cia tap hop M sao cho tich cia 4 sb bat ki
thudc tap hop A déu chia hét cho 3.

LA Loi giai
Trudc hét, ta dém so phan tir thugc M ma chia hét cho 3.
Ung vai cac so ¢6 chir so hang chuc la 1,4,7 ¢6 9 s6 thoa man.
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Ung véi céc sb c6 chir s6 hang chuc 1a 2,5,8 ¢6 9 s6 thoa man.

Ung véi céc sb ¢o chix s6 hang chuc 1a 3,6,9 ¢6 9 s6 thoa man.

Vi vay sb phan tir chia hét cho 3 thuoc M 1a 27, ta chiing minh | A, =30, that vay. Trudc hét, A
khdng thé chtra qua 4 phan tir khong chia hét cho 3 bai vi tich caa ching s& khdng chia hét cho 3.
Do d6, | Al,,.=30.

Xay dyng dau bang. Xét A la tap hop céc s6 c6 2 chir s khac nhau chia hét cho 3 va 3 phan tir bt
ky thu@c cac so con lai. , o

Vay so nguyén duong 16n nhat théa yéu cau de bai la 30 .

PHAN 2: CHUYEN PE PHUONG TRINH NGHIEM NGUYEN

Caul. = (TS vao 10-Chuyén Hai Phong 23-24)
Tim cac s6 nguyén té a, b va sb nguyén duong M thoa mén a’+b* +18ab = 4.5".

[ Loi giai
Taco (a—b)’> =4.5"—20ab:5 = (a—b):5= (a—b)?:25.
a,b>2=a?’+b*+18ab=45">80=>m>2

= 20ab=(a—b)*-4.5":25 = 20ab:25= ab:5

a:5 a:5
=| =<{ . =a=b=5m=3.
b:5 b:5

Cau 2. = (TS vao 10-Chuyén Toan Ha Noi 23-24)
Tim tat ca cap s6 nguyén duong (X, y) thoa man x*y —x*y —4x* +5xy — y* =0.

Loi giai
X}y =X’y —4x* +5xy -y’ =0 < xy(x2 —x+1):(2x—y)2.
Gia st p la udc nguyén td chung cia xy va x> —x+1= p=1. (Vo Ii)
Suy ra (xy, x* —x+1)=1.
Do d6 x* —x+1 1a mot s6 chinh phuong. Tir d6 tim duoc x =1.
Tu d6, tim duoc y =1 hoac y=4.

Thir lai va két luan: (x, ) =(11) hodc (x,y)=(L4).

Cau 3. = (TSvao 10-Chuyén Tin Ha Noi 23-24)
Tim tht ca cAc s nguyén x va y théaman x° -y =2(x—y)’ +17.

Loi giai
Pit a=x-y;b=xy(abeZ), (a>=-4b) khi dé ta co:

3

x—y? =(x—y)3+3xy(x—y)=a3+3ab.

Phuong trinh d4 cho tré thanh: a°® +3ab =2a” +17.
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
Suy ra 17 chia hétcho a, hay ae{-1;1;-17;17}.

Voi a=-1,tacd bz_TZO (loai).
Véi a=1,tacod b=6, tir day tim duoc (X, y)e{(3;2);(-2,-3)}.
Vi a=17, ta cé b:? (loai).

Véi a=-17,tacod b=-108, (loai).
Vay phuong trinh c6 hai nghiém nguyén 1a (X, y) <{(3; 2);(—2; —3)} .

Cau4. = (TSvao 10-Chuyén Ba Ria Viing Tau 23-24)
Tim tat ca cac cap so6 nguyén (x;y) thoa man phuong trinh

X2+ XPy —2xy +2x—2y* +2y+1=0,

D Loi giai
XA XY —2XY +2X -2V +2y+1=0 & (x+ Y)(X¥* =2y +2)=-1
Do d6 ta c6 hai truong hop xay ra:

X+y=1 y=1-x y=1-x X=-1

TH1: < <90, = , & (nhan)
X°=2y+2=-1 X“+2x+1=0 (x+1)° =0 y=2
X+y=-1 y=-1-x R .

TH2: ¢ | S W (v6 nghiém)
X°-2y+2=1 X°+2x+3=0

Vay c6 duy nhat cap sé nguyén (x;y) thoa man yéu cau la: (-12).

Cau5. = (TS vao 10-Chuyén Can Tho 23-24)
Tim tit ca cap s6 nguyén (X; y) thod man phuong trinh

X* —2y? —xy+2x+5y-5=0.

D Loi giai
X*—2y? —xy+2x+5y-5=0(x,yeZ)
S X =2XY +3X+ Xy —2y* +3y —x+2y—-3=2
< X(X=2y+3)+y(x-2y+3)—(x-2y+3)=2
< (x+y-1)(x-2y+3)=2

Do d6 ta c¢6 bén truong hop:

X_4

e hop 1 X+y-1=2 3 Loa

: =

monghop Ly oyi3-17) 5 O
3
X+y-1=1 x=1

Truong hop 1: = (Nhan)
X—2y+3=2 y=1
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

5
Truomg hop 1: 4% 7Y 7H=71 X=_§(L'
: &
ruong hop X—2y+3=-2 y_§ oai)
3
X+y-1=-2 X=-2
Truong hop 1: = (Nhéan)
X—2y+3=-1 =

Vay cap (X; y) nguyén can tim 1a: (1;1) va (—2;1).

Cau 6. = (TS vao 10-Chuyén Bic Giang 23-24)
Tim cac bo ba sé nguyén duong (X; Y; Z) thoa man dang thirc dudi day:

X +y° +x* (3y +22)+ y* (3x+22)+2° (x+y)+4xyz = 2023.

[ Loi giai
x>+ y®+x*(3y +22)+ y* (3x+22)+ 2% (X + y) + 4xyz = 2023

& X+ Y 3Py +2X° 2+ 3xy? + 2y? 2+ 22X + 2°y + 4xyz = 2023

& (x3 +3x°y +3xy° + y3)+(2x22+ 2y°z +4xyz)+(zzx+ zzy) =2023
< (x+ y)3+22(x+y)2 +2°(x+y)=2023

< (x+ y)[(x+ y)2 +2z(Xx+Yy)+ 22} =2023

< (X+y)(x+y+ z)2 =7.17°

Vi X, Y,z nguyén duong nénta cdé X+Yy+2>x+Yy>0.Do do:
X+y=7 X+y=7
=
X+y+z=17 z=10

X 1 2 3 4

L
(o))

y 6 5 4 3 2 1

Co
X+Yy=7ma X,y nguyén duong nén ta cd

KL: Cac bd s can tim la (1,6;10);(2;5;10);(3;4;10);(4;3;10);(5;2;10) ;(6;1,10).

Cau 7. = (TS vao 10-Chuyén Binh Phudc 23-24)
Giai phuong trinh nghiém nguyén: x*+xy +y* = x*y?.

O Loi giai
Taco x> +xy+y* =xy?
S X 42Xy + Y = XPYP 4 xy
< (x+Y)* =xy(xy+1)
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Vi xy(xy+1) latich cua hai s6 nguyén lién tiép va (x+y)® 1a mét s6 chinh phuong.

x=0

{x+y:0 y=0
2: X =0 :l

:{(x+y) 0 2= {xy:o o d = {X . (thoa man)
y:_

Xy =-1 x=-1
y=1

Vay phuong trinh 6 tap nghiém la S ={(0;0);(1;-1);(-1;1)} .

Cau8. = (TS vao 10-Chuyén Bak Nong 23-24)
Tim tat ca cac nghiém nguyén (X, y) ciia phuong trinh: Xy —x+3y =6.

O Loi giai
Tim tat ca cac nghiém nguyén (X, y) cia phuong trinh: Xy —X+3y =6.
Taco: xy—x+3y=6 < x(y-1)+3(y-1)=3 < (x+3)(y-1)=3.

Vi X, Y nguyén nén ta co cac truong hop sau:

X+3 -3 -1 1 3
y-1 -1 -3 3 1
X —6 —4 -2 0
y 0 -2 4 2

Vay (%, y)€{(-6:0),(~4-2). (-2 4),(0;2)} .

Cau9. = (TS vao 10-Chuyén Ha Tinh 23-24)
Tim céc s6 nguyén x, y thoa man 4x° +5y* —4xy +2(2x+3y) +4 <0,

Loi giai
Tim céc s nguyén x, y thoa man 4x*+5y* —4xy + 2(2x+3y) +4 <0.
Tach 4x° +5y° —4xy +2(2x+3y)+4<0 = (2x—y+1)* +4(y +1)° <1
(2x—y+1?+4(y+1)> =1
(2x—y+1)°+4(y+1)* =0

y+1=0
2x-y+1=0
4(y+1)° =1

{(2x—y+1)2 =1® {(2x+2)2 =1

2X—y+1=0 [x=-1
THI: (2x—y+1)2+4(y+1)2=0<:>{ X=y @{X

(vn)
TH2: 2x-y+1)° +4(y+1)° =1

vn).
y+1=0 y=-1 (vn)

Viy c6 dung mot cap sb thoa man (x; y) = (-1; -1).

Cau 10. = (TS vao 10-Chuyén Hai Duong 23-24)
Tim nghiém nguyén ctia phuong trinh 6X* +7xy +2y* +X+y—-2=0.

0 Loi giai
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Ta c6 phuong trinh
6X° +Txy+2y° +Xx+y—-1=1
< 6xX +(Ty+1)x+2y° +y-1=1
< (2x+y+1)(3x+2y-1)=
2x+y+1=1
{3x+2y—1:1 ( )

2X+y+1=-1
{3x+2 -1=-1 (2)
y =

ey

y=4

@

y=6
Vay phuong trinh da cho c6 cac cap nghiém nguyén la (x;y) e {(—2; 4);(—4; 6)}

Céau 11. = (TS vao 10-Chuyén Hung yén 23-24)
Tim cac nghiém nguyén (X;y) ciia phuong trinh 2024(x2 + yz)—2023(2xy +1)=

[ Loi giai
Taco 2024(x+y?)—2023(2xy +1) =5 < 2023(x - y)* +x*+y* =2023.1° +1° + 2°
+) TH L:

(x=y)' =1 (|jx-y|=1 {le

y =1 =

X =1 <ix=1 < y=2

y =22 yl-= {x=—1
| ly=-2

+) TH 2:

(x-y) =1 x-y|=1 {XZZ

=22 oix=2 < {ylz

X
y
Vay (xy) e{(1:2);(21):(-5 )( -1}
* Céach khéc: 2023(x—y) +y? =2028(*)

Taco x,yeZ:|x—y|eN.

Néu |x—y|= 2= 2023(x - y)2 > 2028 nén (*) v nghiém. Do d6 [x—y| <1,

+) TH 1. |X— y| =0 x=Yy.Khi d6 (*) co6 dang 2x* = 2028 . Phuong trinh khong c6 nghiém
nguyén.

y=x-1

+) TH 2: |x—y|:1c>[
y=x+1

) . 2 5 x=-1 y=-2
. Xét y=x—-1tacé x*+(x-1) == 2x’-2x-4=0< , = .
X= y:
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. , 2 2 2 X:l y:2
. Xét y=x+1taco x*+(x+1) =5 2x*+2x-4=0< .= .
X=— y:—

Viy (xy)e{(5:2);(22):(-5-2)i(-2-1)}.

Céau 12. = (TS vao 10-Chuyén Lai Chau 23-24)
Tim nghiém nguyén cua phuong trinh: (2x+ y)(X—y)+x+8y =22.

Loi giai
Tim nghiém nguyén cua phuong (2x+ y)(X—Yy)+Xx+8y =22
(2x+y)(x—y)+x+8y=22
< (2x+Y)(x—y)+3(2x+y)-5(x—y)=22
< (2x+y)(x—y+3)-5(x-y+3)=7
< (x—y+3)(2x+y-5)=7

Khi d6 ta c6 cac kha nang sau:

X—y+3=—7 X=-2
KN1: <

2X+y-5=-1 y=38
X—y+3=-1 X=-2
KNZ2: =
2X+Yy-5=-7 y=2
« 10
X—y+3=7 3
. = L
KN3: {2X+y_5:1 ___2( )
3
10
X-y+3=1 =3 (L)
KNL Jox+y-5=7 16
=3

Vay nghiém nguyén cia phuong trinh 1a(x; y) € {(-2; 8); (-2; 2)}

Cau 13. = (TS vao 10-Chuyén Lang Son 23-24)

Tim tt ca cac cap s6 nguyén (x; y) thoa man phuong trinh X* +5X+6y +3xy+1=0.

Loi gidi
Tim tt ca cac cap s6 nguyén (x; y) thoa man phuong trinh X* +5X+6y+3xy+1=0.
X* +5X+6y+3xy+1=0< X* +5Xx+6+3xy+6y—6+1=0
< (x+2)(x+3)+3y(x+2)=5<(x+2)(x+3+3y)=5.

Ta c0 bang sau:

X+2 1 5 -1 -5
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X+3+3y 5 1 -5 -1
X -1 3 -3 -7
-5 -5
y 1 — — 1
3 3
Thoa mén Loai Loai Thoa mén

Vay c4c cap sé nguyén (x;y) théa man la: (-11),(-7;1) .

Cau 14. » (TS vao 10-Chuyén Lao Cai 23-24)

Tim tt ca cac cap s6 nguyén (x, y) thoa man: x 2025

2025 1350

4y =2

y ~+y

@ Loi giai
bat x*° =a;y** =b (a,bez)
Taco: a®=b’*-b’-b+2
Xét: a*—(b-1)’ =b®—b*—b+2—(b*-3b° +3b-1)=2(b-1)* +1> 0= a’ > (b-1)’
Xét a*—(b+2)’ =b®—b* —b+2— (b +6b* +12b+8) = —(b+1)(7b+6)
Néub=-1=a’=(b+2)’

b20:>a‘°’<(b+2)3

b+1<0
b<-2= e :>a3<(b+2)3
7b+6<0

a’=p’
Tom lai: (b—l)3 <a’ s(b+2)3 =|a :(b+1)3
a’ :(b+2)3

‘=P e x=y=1

a
a®=(b+1)’ = b*~b? —b+2=b°+3b>+3b+1 4b® +4b—1=0khdng c6 nghiém nguyen.

x=1

a3:(b+2)3<:>b=—1<:>{
y=-1

Vay phuong trinh ¢6 nghiém nguyén la: (x;y)e {(1; 1),(% —1)}

Céau 15. w (TS vao 10-Chuyén Nam Dinh 23-24)
Tim tét ca cc cap sé nguyén (X;y) théa man x(x2 - y)+(y —3)(x2 +1) =0.

0 Loi giai

SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10




VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

—x3+3x*+3
Tacod X(xX2—y)+(y-3)(x*+1)=0 < y=—"T"" """ (do x> —x+1>0,VX
(= y)+(y-3)(x* +1) V== )
<:>y=—x+2+23X—Jr1 9).
X —x+1

Giasir X,y 1 cac sé nguyén thoa man yéu cau bai toan.

Khi d6 (9) suy ra (3x+1)(X* —x+1) = (3x+1)"i(x* —x+1),

ma (3x+1)° =9(x* —x+1)+15x -8 nén (15x —8):(x* — x+1).

Suy ra 13=5(3x+1) - (15x—8) chia hét cho x* —x+1, do d6 X —x+1e {113},

Néu x?2—x+1=1 thi X2—X=O<:>X€{O;1}. Thay vao (9) tim duoc (x;y):(0;3) va

(X;¥)=(L5) déu thoa man yéu ciu,
Néu x> —x+1=13 thi X*—x-12=0< xe{-3;4}. Thay vio (9) tim duoc (X;y) =(—3;%)

khong thoa man yéu cau, (X;y) = (4;—1) théa man yéu cau.

Vay c6 ba cap (X;y) thoa man Ia (0;3),(L5),(4;-1).

Caul. = (TSvao 10-Chuyén Quang Ninh 23-24)
Tim céc s6 nguyén duong a,b thoaméan a® —2(a+b)? =b* +19.

MLoi gial
a®—2(a+b)’ =b*+19 < (a—b-2)(a* +ab+b?*) =2ab +19
Vi 2ab+19>0, a’+ab+b*>0=>a-b-2>1=>a-b>3
Tra-b-2>1=a?+ab+b’<2ab+19 = (a—-b)’ <19=a-b<4
Vi2ab+19 ¢ > a-b-21¢ =>a-bl¢ = a-b=3

Tra-b=3=b’+3b-10=0=b=-5 (loai) hoac h=2.Vay b=2;a=5.

Cau 2. = (TS vao 10-Chuyén Quang Binh 23-24)

Tim tat ca cac cap sé nguyén duong (m;n) biét rang hai phuong trinh x* —2mx—3n=0 va
x*—2nx—-3m=0 (v&i X la an) déu c6 nghiém nguyeén.
L i giai
Phuong trinh X* —2mx—3n=0 (1) c6 A, =m*+3n.
Phuong trinh x* —2nx—-3m=0 (2) ¢6 A, =n’+3m.

Vi hai phuong trinh c6 nghiém nguyén nén A,",A,’, déu 1a s chinh phuong.
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
Khéng mat tinh tong quét, gia st m > n >0, khi d6

m? <m2+3n<(m+2)2 :>m2+3n=(m+1)2:>3n=2m+1.
Dodo n lasd Ié. Pat n=2k +1=> A, =4k? +13k +4.

+) Néu k €{1;2;3;4} thi A," khong Ia s chinh phuong.

+)Néu k=0= A, =4=m=n=1 (théa man).

+) Néu k=5 thi A," =169 = m=16,n=11 (thoa man).

+Néu k>5 thi (2k +3)° <4k? +13k +4 <(2k +4)° = A, khong Ia s5 chinh phuong.
Vay cac bo s6 (m;n) thoa man la: (1,1),(11,16),(16;11)

Cau 3. = (TS vao 10-Chuyén Lam Son 23-24)

Tim tat ca cac cap so nguyén (x; y)thda man (2y —x*)(2y + x*) = x(x* +1) + 4y
L i gisi
Ta co:
Qy—x)RYy+x) =x(x"+1)+4y = 4y* —x" =x* + x+ 4y

S A4y Ay +1=X +x' +x+1 (2y-1)° = (x+D(x* +1) (1)

y € Z = (2y-1)°1a s6 nguyén duwong lé= (x+1)(x* +1) 1a s6 nguyén duong 1¢
= x+1, x*+1 clng lé va x+1>0

Giasr: (x+1Lx*+D)=d=d lasdlé.

Do (x+1)id = (x*-1)id

Lai co: x* +1=(x" -1 +2=(x*-1)(x* +1)+2id = 2:d = d =1 (do d I¢)

Mt khac, (1) = (x+1)(x* +1) 1a s6 chinh phuong.

x+1,x* +1 12 2 s6 nguyén té ciing nhau nén x+1,x* +1 déu 1a s6 chinh phuong.
Do x*,x* +11a hai s6 nguyén lién tiép va cuing la sé chinh phuong nén x =0
y=0

Voi x=0:>4y2—4y=0:{

Vay (x;y)=(0;0) hoac (x;y)=(0;1)

Cau4. = (TS vao 10-Chuyén Tay Ninh)

Tim nghiém nguyén ctia phuong trinh (X + y)* +2y*(x+1)+(y+2)*-9=0.
AL i giai

Taco: (X+Y)*+2y*(x+1)+(y+2)°-9=0 (*)
S XY H2xy+2xy° +2yP + Y  +4y+4-9=0
= x2—4+2x(y2+y)+4(y2+y)=1

<:>(x+2)(x—2)+2(y2+y)(x+2)=1
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VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong
& (x+2)(x—2+2y*+2y)=

X=
Xx+2=1 X=-1
TH1: ) ——(-11),(-3-2).
X—2+2y +2y:1 2y* +2y—4 = 0
X=-3
X+2=-1 X=-
TH2: , y 1 —(-31).,(-3-2).
X—2+2y +2y:— 2y° +2y 4= O y— 5
Vvay Cac nghiém nguyén cla phuong trinh (*) la:

(x1y) f(-11),(-2-2) (-31).(-3-2)}.

Cau5. w (TS vao 10-Chuyén Tién Giang 23-24)
Tim tt ca cac cap s6 nguyén (p,q) thoa man dang thic p?+q°> =2(3pg—4) (*¥)

Lo giai
Do vai trd caa p,q nhu nhau, khong mat tinh tong quat, gia sir g 12 boi cua 3.
Do g nguyén té nén q =3
Khi do tir (*) tacéd p°+9=2(2p-4)< p*-18p+17=0< p=1 hoac p=17
Do p nguyénténén p=17.
Vay céc cap s6 (p;q) thoa man (*) la (p;q)e{(17:3);(3:17)}.

Cau 6. == (TS vao 10-Chuyén Vinh Long 23-24)
Tim nghiém nguyén cia phuong trinh y* =-2(x* - x’y —32).

Lo giai
y? =-2(x* —x*y—32) < y* —2x°y +2x° —64 =0
A=-x"+64>0<[x/<2
= x==x1,0;£2
Voi x=0< y=18
Véi x=1=y*-2y—-62=0. (loai)
Véi x=-1= y*+2y-62=0. (loai)
Véi x=2=y*-16y+64=0<y=8
Véi x=-2= Yy +16y+64=0< y=-8.
Vay nghiém nguyén cua phuong trinh 1a (0;8); (0;-8); (2;8); (-2;-8).

Cau 7. = (TS vao 10-Chuyén Binh Thuan 23-24)
Tim nghiém nguyén cta phuong trinh: x> +(x+1)* = y* + (y +1)*.

COLoi giai
Ta co:
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VAO 10 CHUYEN CAC TINH NAM 2023-2024

X+ (X+)> =y +(y+1)* @ x> +x=y' +2y> +3y* +2y

Tong hop: Duy Tuong

SXHX+1=y +2y* +3y* + 2y +1
<:>x2+x+1:(y2+y+l)2 *)

<:>x(x+1)+1:(y2+y+1)2 *)

, X= 2 =
+Néu{ y2+y+1=1
X

y2+y+1=—1_> ye{0;-1}.

0
. thi tir (*) suy ra (y* +y+1)2:1<:{
Vay trong trudng hop nay phuong trinh (*) ¢6 4 nghiém la (0;0),(0;-1),(-1;0),(-1;-1).
+Néu x < -1 thido (x+1)2 = x? +2x+1=(x2 +x+1)+x< X2+ X+1< x?
nén (*) khong cé nghiém nguyén.
+Néu x>0 thido (x+1)2 = x? +2x+1:(x2 +x+1)+x> X2+ x+1>x?
nén (*) khong cé nghiém nguyén.
Vay phuong trinh da cho c6 4 nghiém nguyén la (0;0),(0;—1),(—1; 0),(—1; —1) .

Cau 8. = (TS vao 10-Chuyén Vinh Phuc 23-24)
Tim tat ca cac cap s6 nguyén (X, y) thoa min dang thic (y+2)x* +1=y?

Lo giai
Taco (Y+2)x*+1=y’ & (y+2)x' =y’ -4+3 = (y+2)(X’ —y+2)=3

Do x, yla cac sé nguyén nén ta ¢ bang:

y+2 1 -1 3 -3
XX —y+2 3 -3 1 -1
y 1 -3 1 -5
x2 0 -8 0 -8

X 0 (tm) / 0 (tm) /

Vay (xy)e{(0,1);(0,-1)}.

Cau9. = (TS vao 10-Chuyén Yén Bai 23-24)
Tim tét ca cac cap s6 nguyén (X, Yy) thoa man dang thie (y+2)x* +1=y?

MLoi giai
Taco: 2X° +2y? ~5xy+2x—y—-3=0<> 2y’ —(5x+1) y +(2x* +2x-3)=0,(*)
+ Xét diéu kién can dé (*) co nghiém nguyeén la:
A, phai la s6 chinh phuong
& 9x* —6x+25=k?, (ke N) = (3x-1)" —k? =24 = (3x-1-k)(3x—1+k) =24
= (3x—-1-k) va (3x—1+k) la wéc cua —24 cung tinh chén lé nén cung chan va
3x—=1+k >3x-1-k
+ Lap bang gia tri:

3x-1+k 12 2 6 4
3x-1-k -2 -12 -4 -6
3x-1 5 -5 1 -1
—4 . 2 .
X 2 — (loai — (loai 0
3 (loai) 3 (loai)
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9

+V6i x=2, Pt (%) tré thanh: 2y2 —11y+9=0<> |’ 2. Tathdy y =1 thoa mén diéu kién.
y:
_3

+V6i x=0, Pt (*) tro thanh: 2y’ -y-3=0< y=3 . Tathdy y =—1 thoa man diéu kién.
y=-1

+Véy Phuong trinh da cho c6 nghiém nguyén la: (x;y) € {(2;1);(0;-1)}

Cau 10. = (TS vao 10-Chuyén Hai Duong 23-24)
Tim nghiém nguyén cta phuong trinh 6x° +7xy +2y* +X+y—-2=0.

AL oi giai
Ta c6 phuong trinh
6X° +7xy+2y* +x+y-1=1
< 6x +(7y+1)x+2y* +y-1=1
< (2x+y+1)(3x+2y-1)=1
2X+y+1=1 ()
3X+2y-1=1
2X+y+1=-1
i, (2
3X+2y-1=-1
X=-2
W
y=4
X=-4

@={",

Cau 11. = (TS vao 10-Chuyén DHSP Vinh 23-24)
Tim tat ca cac cap s6 nguyén (X;y) thoaman x> -y +2(3y+y)=23.

L &i giai
Ta bién d6i phuong trinh nhu sau
X —y? +2(3x+Yy) =23 (X* +6x+9)—(y* -2y +1) =31 (x+3)* —(y-1)* =31

& (x—y+4)(x+y+2)=31
Tu day. ta xét bang sau

X-y+4 31 1 =31 -1
X+y+2 1 31 -1 =31
X 13 13 -19 -19
y -14 16 16 ~14

Vay tit ca cac nghiém (X, y) thoa mén la (13,~14);(13,16);(~19,16);(~19,-14).

PHAN 3: CHUYEN PE SO CHINH PHUONG

[ Cau1. = (TS vao 10-Chuyén Hai Phong 23-24)
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Cho phuong trinh: x* —2(a+1)x+a’—-2a+1=0 (X la an, a la tham s6). Chitng minh
néu a 1a sé chinh phuong thi phuong trinh di cho c6 hai nghiém ciing 1a nhitng s6 chinh
phuong.

Loi giai
Co A'=(a+1)°—-(a’°-2a+1)=4a>0
Khi do X, =(a+1)-vA'=(a+1)—2v/a =(va-1)>
X, = (a+1) +~/A' = (@a+1)+2va = (\Ja+1)%.

Do a 14 s chinh phuong nén v/a 12 s6 nguyén nén x,; X, 1a sé chinh phuong.

Cau2. s (TS vao 10-Chuyén Binh Dinh 23-24)
1. Tim tat cd gia tri nguyén cua n dé n®+2026 1a mot 6 chinh phuong.
2. Mot hoc sinh viét [én bang mot day gom 2023 s6 nguyén duong sao cho trong day nay
c6 ding 10 s6 hang phan biét. Chang minh rang ton tai nhitng s hang lién tiép cua day
nay cd tich cua ching 1a mot sé chinh phuong.

O Loi giai
1. Pat n*+2026 =k* (v6i k eZ,k>n)
< k?-n*=2026
< (k+n)(k—n)=2026
Tanhan thay k, n phai cling tinh chan, le.
Suyra k+n, k—n déu la sé chan.
Ma 2026 =2.1013 suy ra k+n, k —n khong cting chan.
Do vay khong ton tai s6 nguyén n dé n® +2026 1a mot s chinh phuong.
2. Goi a,,,,...,8,y,, theo thir tu 1a ddy gom 2023 s nguyén duong dugc hoc sinh viét trén bang,
mdi sb trong day nhan mot trong 10 giatri b,b,,...,b, .
Vé6i méi k =1,2,...,2023, dat P, =a,...a latich cua k s6 hang dau tién cua day.
Khi d6 P, =bfbs> ---bi« & day a,..., e, lan luot 1a s6 1an xuat hién caa by, b,,...,b, trong k
s6 hang dau tién cua day.
Xét 2023 bo (o, dyy,- -0 iy ) (V6 k =12,...,2023) theo modulo 2. Ung véi mdi b ta dat
(0t @ -r a0 ) = (Bucs B -+s Brox ) (mod 2)
trong d6 B, €{0;1} (voi i=12,..,10).
Do ¢4 t6i da 2" =1024 bo nhi phan d6 dai 10 (1024 chiéc 16ng) va c6 2023 bd ( By, Lo Puok ) (
2023 con tho), nén ton tai it nhat hai bo bang nhau. Ttc la ton tai hai s6 m,n (m<n) sao cho

(ﬂlm’ﬂZm""'ﬂlOm)=(ﬂ1n’ﬂ2n""’ﬂ10n)
Suy ra cac cap (o, iy ) (@ons @op )s-e-(Gigns Ao ) €0 CUNG tinh chét chdn 1& hay cac hiéu

Oy = Qs Olppy = Olp s e Qg — O dEU 12 SO Chan.

P blaln ba2n . blamn ,
Khi dy —+ =212 0 —pan-@npyfnn  pfin~@on |3 56 chinh phuong.
P blalm [ blam 2 0
RN oyt

m
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Cau3. = (TS vao 10-Chuyén Cao Bing 23-24)
Cho n la s6 ty nhién (n>1). Goi a va b la hai nghiém cia phuong

x?—2025nx—2024=0. Goi ¢ va d la hai nghiém cua phuong trinh
x? —2023nx—2024=0. Ching minh rang (a—c)(b—c)(a+d)(b+d) la mét sé chinh
phuong.

O Loi giai
Tir gia thiét a va b 1a hai nghiém cua phuong trinh x* —2025nx—2024=0 ¢ va d 14 hai nghiém
ctua phuong trinh X —2023nx—2024 =0. Theo dinh li Viet, ta c

2
a+b=2025n c+d= 2023n .
va neN ) .
ab =-2024 cd =-2024
)

Do d6 (a—c)(b-c (a+d)(b+d)
=[(a-c)(b+d)][(b-c)(a+d)]
=(ab+ad —bc—cd)(ab+bd —ac—cd)
=(ad —bc)(bd —ac)

=abd? —a’cd —b*cd +abc?

= 2024(a’ +b?)—2024(c +d?)

- 2024{ (a+b)" ~(c+d)’ |

- 2024/ (2025n)" - (2023n)’ |

= (4048n)2 (n € N*) la mot 6 chinh phuong (dpem).

Cau4. » (TS vao 10-Chuyén Ha Nam 23-24)
Tim tt ca cac s6 tu nhién n dé 2% +2%%" 4+ 2" |a s6 chinh phuong.

’ ‘ L Loi gidi
Gia str SO tu nhién N théa man dé bai. Khi do6 ton tai so nguyén duong k sao cho
2 4 227 4 2" =K 2 9.2°% 42" =k? < (k+3.2%)(k-3.2'") = 2",
k +3.21% =22
. k _3 21012 — 2b = 2a _ 2b — 3 21013
a,beN,a+b=n
2°°-1=3

2b _ 21013

a-b=2 a=1015
= = = n=2028

o222 -1)=32" < {

b=1013 b=1013
Vay véi n=2028thi 2% + 2% 12" 1a s6 chinh phuong.

Cau5. = (TS vao 10-Chuyén Ha Tinh 23-24)
Cho X, y, z la c4c s6 chinh phuong. Ching minh rang (x+1)(y+1)(z+1) ludn viét dugc
dudi dang téng caa hai s6 chinh phuong.
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Loi gidi
Vi x; y; z la cac s6 chinh phuong ta viét thanh x=a’; y =b?; z=c?(a; b; ce Z)
Ta co:
(a®+1)(b* +1)(c* +1) =(a’b* +a” +b* +1)(c* +1) = [(a+b)2 +(ab—1)2}(c2 +1)
=[(ac+bc)2 +(ab—1)1+[(a+b)2 +(abc—c)2}
Ap dung cac dang thirc x* +y® =(x+ y)2 —2xy va X’ +y*=(x- y)2 +2xy co:
(ac+bc)2 +(ab—1)2 =(ab+bc+ ca—l)2 —2(ac+bc)(ab-1)
= (ab+bc+ca—1)° —2(a’c +b*ac—ac—bc)
(a+b)2 +(ab<:—c)2 :(a+b+c—abc)2 +2(a+b)(abc—c)
:(a+b+c—abc)2+2(a2bc+b2ac—ac—bc)
= (ac+bc)2 +(ab —1)2 +(a+b)2 +(abC—C)2 = (ab+bc+ca—l)2 +(a+b+c—abc)?

Vay (x+1)(y+1)(z+1) latdng cta hai s6 chinh phuong.

Cau 6. = (TS vao 10-Chuyén Hai Duong 23-24)
Tim tit ca cac s6 nguyén t5 p 1é sao cho 2p* — p® +16 1a s chinh phuong.

0 Loi giai
bat A=2p*-p*+16
Véi p=3 thi A=169 =13 12 56 chinh phuong. Vay p =3 thoa man.
V6i p>3 thi p?=1(mod3). Suy rap* =(p*)’ =1(mod3)
Suyra A=2p*—p?+16=2.1-1+16=2(mod3)

Do cac s6 chinh phwong chia cho 3 chi du 0 hozc 1 nén A khong la s6 chinh phuong.
Vay p=3.

Cau7. = (TSvao 10-Chuyén Lao Cai 23-24)
S6 nguyén duong m goi 1a s6 tét néu tong cac binh phuong cua tat ca cac udc duong cua
nd (khéng tinh 1 va m) bang 6m+8. Ching minh rang néu c6 hai sé nguyén t6 p,q
phan biét va thoa man pq 1a sé tét thi pqg+ 21a sé chinh phuong.

1 Loi giai
Vi pq la s6 tét nén theo dinh nghia ta co:

6pg+8= p2+q2:>(p—q)2 =4(pg+2)= pq+2 lasé chinh phuong.

Cau 8. = (TS vao 10-Chuyén Nghé An 23-24)
Tim sé nguyén dwong a nho nhat sao cho 2a 1a s6 lap phuong va 5a la sb chinh
phuong.
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Loi giai

Tim s6 nguyén dirong a nhé nhat sao cho 2a 12 sé ldp phirong va 5a 1a sé chinh phuong.

bit 2a = x%;5a = y?, khi 6 d& thiy x,y >0

2
= 5x° =2y’ :x:g(zj
S\ X

2
Dé y rang XezN*:g(l) eN".
X 5\ X

Do d6 XEN*:yfx:yzkx,keN* :>x=§k2,XGN*:>k2§5
X

Ma a,;, =K., > k=5 = x=10,a=500

Vay a=500.

Cau9. = (TS vao 10-Chuyén Ninh Binh 23-24)
Cho p 1a mot s6 nguyén té. Chitng minh 2023p + 23" — 24 khdng 1a s6 chinh phuong.

@ Loi giai
Gia sur ton tai s6 ty nhién x sao cho 2023p +23P — 24 = x?
< x> +1=2023p+23°-23
Theo Fermat nho, ta c6 23° —23=0 (modp)
= 2023p+23°"-23=0 (mod p)
= x’+1=0 (mod p) = p=4k +1
= 2023p +23° - 24=—p+(-1)° =2(mod 4)
Ma x? =0,1(mod4), mau thuan

Vay 2023p +23° — 24 Khong la s6 chinh phuong.
Caul. = (TS vao 10-Chuyén Thira Thién Hué 23-24)

Cho a, b, ¢ 1a ba sé nguyén duong thoa man i+§ = 1 . Chting minh
a c
Q=2a’+4b”>+16c* 12 mot s6 chinh phuong.
LALoi giai
.4 2 1
Taco _+B=_<:> ab =2ac +4bc < ab—-2ac—-4bc=0.
a c

Khi d6 Q =a*+4b’ +16¢* =a’ +4b” +16¢* + 4(ab — 2ac — 4bc)
= (a+2b—4c)® 1a mot s6 chinh phuong.

Cho X,y la cic s6 nguyén duong théa man x> —y va x* +y déu la cac sb chinh phuong.
Chung minh y 1asé chan.
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Cau 2. = (TS vao 10-Chuyén Vinh Long 23-24)
Tim tat ca cac sb nguyén x sao cho gié tri cia biéu thirc x* +x+6 12 mot s6 chinh phuong.

MLoi giai
Giai str x? + x+6 1a sé chinh phuong , suy ra ton tai s k € N sao cho
X2 +X+6=k? <:>4(x2+x+6):4k2
& (2k)" —(2x+1)? =23 & (2k + 2x+1)(2k —2x~1) = 23
2k +2x+1=23
THI1: < X=5
2k —-2x-1=1
2k +2x+1=1
TH2:

= X=-6
2k —2x-1=23

2k +2x+1=-23

TH3: = X=-6
2k -2x-1=-1
2k +2x+1=-1

TH4: & X=5
2k —2x-1=-23

Véi xe{-6;5}thi x*+x+6 la s6 chinh phurong

Cau 3. = (TS vao 10-Chuyén Thai Nguyén 23-24)

Chuang minh rang khong ton tai s6 tu nhién n dé ca hai s6 n va déu 1a cac s chinh phuong.

ML ai giai

2.N=10 12 o cer k2 =317 410 (1)

Giasirtacdo n=k

Ta c6 nhan xét sau: m*=0,1,4 (mod 5)
. k?*=0;1;4 (mod 5) . . _
Vay: =3°:5=17:25 vi(3;5)=1
31 +10=0;3;2 (mod 5)

— 312410/ 25= (1) khong thoa man
Vay khdng ton tai n dé thoa man bai ra.

Cau4. » (TS vao 10-Chuyén Vinh Phuc 23-24)
Tim tat ca cac s6 nguyén duong N sao cho 3n+1, 11In+1 1a s6 chinh phuong va n+3 la s6
nguyén to.

AL oi gidi
Do 3n+1,11n+1 14 sé chinh phuong nén ta dat 3n+1=a’;11n+1=Db* (a,b nguyén duong)
Lai c6 4a” -b® =12n+4-1In-1=n-3 hay (2a-b)(2a+b)=n+3
2a+b=n+3
2a-b=1
Ma 11n+1=b? = 44n+4 =4b? suy ra (n+2)° =44n+4 < n? —40n =0 < n(n-40)=0

ma n 1a s6 nguyén duong nén N—40=0=n=40
Vayn =40 thoa man.

Pé n+3 1 sd nguyén td ma 2a-b<2a+b dodo { =2b=n+2 < 4b* =(n+2)’

Caub5. = (TSvao 10-Chuyén Yén Bai 23-24)
Cho hai s6 tu nhién m,n théa man m?+m=2n?+n. Chiing minh rang m+n+1 1a s6 chinh
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| phuong.

MLoi gial
+Taco: m*+m=2n*+n<(m-n)(m+n+1)=n*(*)
+Vi m,n la hai sé tw nhién goi UCLN (m—n;m+n+1)=d,(d e N*)
+ Suy ra:
{m—n.d . =>(m=-n)(m+n+1)id* =n*id* = nid
m+n+1:d
+Ma: m-n:d =>m:d =>m+n:d =1:d
= (m—-n)va(m+n+1)la hai sé nguyén t cung nhau; két hop véi (*) = (m—n)va(m+n+1)la
hai s6 chinh phuong.
Vay m+n+1 laso6 chinh phuong.

Cau 6. = (TS vao 10-Chuyén Niang Khiéu PHQG TPHCM 23-24)
Cho m, n la cac s6 nguyén khong &m théa mén m?> —n=1.Pit a=n’>-m.
Chang minh rang a khong 1a s6 chinh phuong.

[Loi gia
Giasir a 12 s6 chinh phuong, dit a=b*beN
Nhan xét néu a = 0thi vo ly.

. . m’—n=1
Néu a=1,thévaotaduqc{ ) 1:>(m—n)(m+n+1)=0:>m=n

n°—m=

Khi do: mz—m—1:0<:>m:—\/_ (loa

Xétvoi a>4. Tu: m? =n+1:>m21va n=m>-1.
Thay vao n?>—m=a, ta dugc: (mz—l)2 —m=b’= m:(mz—l)z—b2 =(m2—1—b)(m2—1+b)
:mf(m2—1+b):>m2‘m2—1+b‘

Ma m?>—1+b>m?+1>2m nénsuy ravo ly.
Vay a khong thé 1a so chinh phuong.

Cau 7. = (TS vao 10-Chuyén Hai Duong 23-24)
Tim tat ca cac s6 nguyén té p 1ésao cho 2p* — p® +16 1a s6 chinh phuong.

MLoi giai
Pit A=2p*—p°+16
Vé6i p=3 thi A=169=13% la s6 chinh phuong. Vay p =3 thoa man.
Véi p>3thi p?=1(mod3). Suy ra p* =(p?) =1(mod3)
Suyra A=2p*-p*+16=2.1-1+16 = 2(mod3)
Do cac s6 chinh phwong chia cho 3 chi du 0 hoic 1 nén A khong la sé chinh phuong.

PHAN 4: CHUYEN PE SO NGUYEN TO

Caul. = (TS vao 10-Chuyén Toan Ha Noi 23-24)
Tim tat ca cap sé nguyén (X, y) sao cho xy 13 s6 chinh phuong va X* +xy + y* la s6
nguyén to.

0 Loi giai
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bat xy=a* (aeN).
= x24xy+y2=(x+y) —a?=(x+y+a)(x+y-a).
Do xy >0 nén X va y cung diu

TH1: x>0,y>0=>x+y-a=1=>x+y=a+1l.
=(a+l) >4a’ =a=1.

Tim duoc (X, y)=(L1).

TH2: x<0,y <0. Tuong ty, tim dugc (X, y)=(-1-1).

Két luan: (x,y)=(11) hodc (x,y)=(-1-1).

Cau2. = (TS vao 10-Chuyén Ha Tinh 23-24)

Chung minh rang véi moi s6 tu nhién N 16n hon 1 thi A=n%* +n®® 4+

phai & sb nguyén t6.

—n+1 khoéng

0 Loi giai
+nt—n+l= (nzo24 —n2)+(n2°23 - n)+(n4 +n? +1)

n(n*® —1)+(n*+n*+1)=(n*+n)(n*? -1)+(n* +n’ +1)

1)+
Taco( +0)(n% ~1)=(n* +n)| (n*) " 1]
)

2024 2023

Tacdo A=nT""+n

( 2022

n®+n n?+n)(n-1)(n*+n+1).B chiahétcho n>+n+1
=(n"+n)(n-1).B=(n"+n)(n-1)( )

Laicd n*+n?+1=n*+2n*+1-n _(n2+1)2— 2

=(n”+n+1)(n*~n+1) chia hétcho n®+n+1

Vay A=n"*4+n?*%1n*—n+1 chia hét cho n? +n+1 véi moi s6 tu nhién N 1énhon 1 nén A khéng

phai 12 s6 nguyén td.

Caul. = (TSvao 10-Chuyén Tuyén Quang 23-24)

_ 33m2+6n—22

Tim tat ca c4c cip s6 tw nhién (m,n) d& B +4 lamot sé nguyén t.

L oi giai
Néu X =3m?+6n-22<0 thi BgZ, doddo X =3m*+6n-22>0.
Taco X =3(m*+2n-8)+2= X =2(mod3) = X =3k+2 (k € N). Do do
B=3%?414=927"+4=9.1+4=0(mod13) = B =13.
Tx B=13 suy ra

) ) m’<8 [m’=0 [m=0
k=0=3m“+6n-22=2=>m"+2n-8=0> 5 = = )
m:

Vay cdp sé (M,n) can tim 1a (0,4), (2,2).

Cau2. = (TSvao 10-Chuyén Vinh Phiic 23-24)

Tim tat ca cac s6 nguyén duong n sao cho 3n+1, 11n+1 1a s chinh phuong va n+3 la s6

nguyén td.

MLoi giai
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Do 3n+1,11n+1 1a s6 chinh phuong nén ta dit 3n+1=a*11n+1=Db* (a,bnguyén duong)

Lai c6 4a’ —b*=12n+4-1In-1=n-3 hay (2a—b)(2a+b)=n+3

2a+b=n+3
2a—b=1
Ma 11n+1=b® = 44n+4=4b” suyra (n+2)" =44n+4 < n’>-40n =0 < n(n—40)=0

ma n 1a s6 nguyén duong nén N—-40=0=>n=40
Vayn =40 thoa man.

Pé n+3 1a sd nguyén té ma 2a—b<2a+b dodé { =2b=n+2 < 4b? :(n+2)2

PHAN 5: CAC DANG TOAN KHAC

Caul. = (TS vao 10-Chuyén Binh Phudc 23-24)

Cho mét bang gom 2023 hang, Cot
2023 cot. Cac hang dugc danh s6 | s\
o : . Han 3 ... | 2023

tr 1 den 2023 tu trén xuong ang L 2 4
dudi; cac cot danh so tor 1 den 1 0 1 5 6
2023 tur trai qua phai. Viét cac so 2 9 4 7 113
tu nhién lién tiép 0,1,2,... vao
cac 0 cia bang theo duong chéo 3 3 |8 |12
zic-zac (nhu hinh ve& bén). Hoi so 4 9 | 11
2024 @duoc viét & hang nao, cot 5 10
nao? Vi sao?

2023

O Loi giai

Theo yéu cau bai toan ta thay:

+) Pudng chéo thir 1 danh mot 6 0.

+) Pudng chéo thir 2 danh haisb 1, 2.

+) Puong chéo thir 3 danh basé 3, 4, 5.

+) Pudng chéo thir n danh n s6 (ta chua can biét cu thé cac s nao)

Nhan thay trén mdi duong chéo ludn viét nhiéu hon 1 s nén sé 2024 phai ghi ¢ vi tri dudng chéo
n va n<2023.

. L LR P GV SR n(n +1)
Khi n <2023 ta cotong cac so davietla: 1+2+3+...+n= >
Pén day ta chi can di tim 1 duong chéo lién trude caa duong chéo chira s6 2024 .

Dé thay % =2016 < 2024 . Piéu nay c6 nghia 1a & dudng chéo thi 63 s& c6 63 sb va sé 16n
nhét duoc ghi s& 1a 2015 (vi bit dau 12 s6 0 nén sb thir 2016 s& la 2015). Vay & duong chéo thir
64 s&cO 64 sb la: 2016,2017,...,2079 trong cac s6 nay co chira s6 2024 .
Tir cac dudng chéo ban dau ta thdy & duong chéo thir 64 cac sb 2017, 2018, ..., 2080 s& duoc ghi
giam dan tinh tir trén xudng dudi.
Hang dau tién s& 1a s6 2016 nén s 2024 s& ¢ hang thir 2024 — 2016 +1=9, cot chira s6 2024 sé la
64-9+1=56.

Vay sb 2024 duoc viét & hang 9 va cot 56.

Cau 2. = (TSvao 10-Chuyén bak Lak 23-24) ) ’ 7
Cho 9 hinh vudng c6 d6 dai cac canh la 9 so6 nguyén duong lién tiép. Goi S la tong dién
tich cia 9 hinh vudng da cho. Ton tai hay khéng mot hinh vuéng c6 canh la mot s6
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| nguyén duong va co dién tich bang S ?

‘ Loi giai
Gia stir canh cua 9 hinh vuéng lan luot l1a x, x+1, x+2, ..., x+8 (V&I xe N*),

Taco: S =x? +(x+1)2 +...+(x+8)2 =9x? +72x+ 204.
Gia st ton tai hinh vuéng c6 canh bang y, véi y e N*,
Theo gia thiét ta co: y* =9x* +72x+204 <« y* =3(3x* +24x+68) (*)
Do VP.,i3 nén y*i3, ma 3 la s nguyén té nén y:3.
Khi d6 y*:9 hay VT, 19,
9x*:9
Lai c6 {72x:9 :>VP(*)/9. — Khong tdn tai y.
20479

Vay khong ton tai hay khong mot hinh vubng cé canh 1a mot sé nguyén duong va c6 dién tich bang
S

Cau 3. = (TS vao 10-Chuyén bak Néng 23-24)
Cho tap hop A={201; 203;...; 2021; 2023} gém 912 s tw nhién I¢. Can chon ra it nhat

bao nhiéu sb tir tap hop A sao cho trong cac sé duoc chon ludn ton tai hai s6 cé téng
bang 2288 ?

O Loi giai
Xét cac cip s6 (a,b) trong tap hop A cd tong bang 2288 la:
(2023; 265), (2021; 267), (2019; 269), .., (1147;1141), (1145;1143) (*)
Sé cac cap so (a, b) trong tap hop A c6 tong biang 2288 Ia:

2023-1145 1= 440

S6 cac sé trong tap hop A ma khong c6 sb ghép doi dé téng bang 2288 la:
912-2.440=32.

Chon ra 441 s6 tir (*), theo Dirichlet ton tai mot nhém chira 2 s6 ¢6 tong bang 2288 .
Vay can chon it nhat 441+32 =473 s tir tap hop A ludn tdn tai hai sé c6 tong bang 2288 ..

Cau4. = (TS vao 10-Chuyén Bong Nai 23-24)
Cho da thirc P(x) hé sb thuc. Khi chia P(x) cho da thic (x—5) thi duge du la 7 va

khi chia P(x) cho da thirc (x+1) thi duoc du 1a 1. Xét da thic Q(Xx)=x*—4x—5. Tim
da thirc du khi chia P(x) cho Q(x).

Loi giai
Nhan xét Q(x)=(x—-5)(x+1).

Goi T(x) la da thac thuong, R(X) la da thtc du khi chia P(x) cho Q(x), nghia 1a
P(x)=Q(X)T (x)+R(x).

Vi bac ciia Q(x) 1a 2 nén bac ciia R(X) téi dala 1.
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Khi d6 R(x)=ax+b (véi a, b 1a cac hé sé thuc).

Khi chia P(X) cho da thirc (X—5) thi duwgc du 1a 7, suy ra P(5) =7.

Khi chia P(X) cho da thirc (X+1) thi dugc dula 1, suy ra P(—l)zl.
Tac6: P(x)=(x-5)(x+1)T(x)+ax+b.

Cho x=5, tadugc: 7=5a+b. 1)

Cho x=-1, taduoc: 1=-a+b. 2

Tur (1) va (2) suy ra {

a=1
b=2

Vay R(x)=x+2.

Céau 5.

= (TS vao 10-Chuyén Gia Lai 23-24)

Ban Tuan 1ap ké hoach tiét kiém tién dé mua mét cai laptop phuc vu cho viéc hoc tap nhu
sau:

Hang thang, Tuan tiét kiém cac khoan chi tiéu ca nhan dé danh ra mét triéu ddng. Vao
ngay 01 hang thang Tuan giri vao tai khoan tiét kiém ciia minh mot triéu dong va bat dau
giri vao ngay 01 thang 7 nam 2023 dé huong l3i suat 0,5% / thang theo hinh thuc 14
kép (nghia 1a tién 14i cia thang trudc dugc cong vao vén dé tinh 1ai cho thang sau) va duy
tri viéc nay lién tuc trong 3 nam. (Biét tai khoan ban dau cua Tuan 12 0 ddng va hang
thang Tuan khdng rut von, 14i).

a) Tinh s6 tién tiét kiém cia Tuan c6 dugc trong tai khoan tinh dén ngay 02/8/2023.

b) Tinh dén ngay 02/10/2023 thi sé tién trong tai khoan tiét kiém cua Tuan la bao nhiéu
(1am tron két qua dén hang don vi)?

¢) Hay dé xuat cong thtc tinh tong sé tién trong tai khoan tiét kiém sau ky gui thang tha
n (n 1a s tu nhién, n>3). Sir dung cong thirc d6 dé tinh s tién Tuén co dugc trong tai
khoan tinh dén ngay 02/7/2026.

a)

Lo giai

Tinh sé tién tiét kiém caa Tuin co duoc trong tai khoan tinh dén ngay 02/8/ 2023,

Sau 1 thang, s6 tién trong sé tiét kiem 1a S, =(1.0,5%+1) +1=(1,005)' +1.

Vay s6 tién tiét kiém cua Tuan co duoc trong tai khoan tinh dén ngay 02/8/2023 la:

b)

S, =(1,005)' +1=2,005 (triéu ddng).

Tinh dén ngay 02/10/2023 thi s tién trong tai khoan tiét kiém caa Tuan Ia bao nhiéu (Iam

tron két qua dén hang don vi)?

Sau 2 thang, s tién trong s tiét kiém 1a S, = (1,005)" +(1,005) +1.

Sau 3 thang, s tién trong so tiét kiem 1a S, = (1,005)’ +(1,005)" +(1,005)" +1.
Vay s6 tién tiét kiém cua Tudn co duoc trong tai khoan tinh d¢én ngay 02/10/2023 Ia:

c)

S, =(1,005)’ +(1,005)° +(1,005)' +1=4,030100125 (tri¢u dong).
Hay dé xuat céng thuc tinh tong sé tién trong tai khoan tiét kiém sau ky g thang tha n (n

1a sb ty nhién, n>3). Sir dung cong thirc d6 dé tinh s tién Tuan co6 duoc trong tai khoan tinh dén
ngay 02/7/2026.
Sau n thang (N la s6 tu nhién, n>3), so tien trong tai khoan tiet kiém la:
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n+l
S, =(1,005)" +(1,005)"" +...+(1,005)" +(1,005) +1= (1’0%)05_1 (triéu dong).

1

Vao ngay 02/7/2026 (sau 3.12 =36 thang), sb tién Tuan c6 dugc trong tai khoan Ia:

1,005)** -1 ‘
S, = % ~ 40,533 (triéu dong).

Cau 6.

% (TS vao 10-Chuyén Hung Yén23-24)
C6 mét binh thay tinh hinh tru cao 30cm chira nuéc, dién tich déy binh bang % dién tich

xung quanh, mat nudc cach day binh 18cm (hinh vé bén). Can d6 thém bao nhiéu lit
nudc nira dé nudc vira day binh (Bé qua bé day cua binh, cho 7 =3,14 va két qud 1am
tron dén chir so thap phan thi nhat).

@ Loi giai

30cm
18cm

Goi ban kinh day, chiéu cao hinh try, chiéu cao cot nuéc lan lugt 1a r, h, h, (cm)

Dién tich d4y binh bang % dién tich xung quanh nén ta c6: zr? :%-Zﬂ'l’h o= g =10(cm)

Thé tich nuéc can d6 thém bang thé tich phan khong cé nudc & binh 1a:
V =7r?(h—h)=7.10°(30-18) =3768(cm’ ) ~ 3,8(dm’) =3,8(1).
Vay, can d6 thém 3,8 lit nude nira dé nudc vira day binh.

Cau7.

w (TS vao 10-Chuyén Gia Lai 23-24)

Cho P(x)=x"+ax” +bx™ +ox™® +2x+1 va Q(x) =x* +ax” +bx" +cx”® +dx+e véi a,
b, ¢, d lacac sb thyc. Biét P(x) khi chia cho (x—1) thi s6 du 1a 5 va chia cho
(x—2) thisé dula —4.Dong thoi Q(x) chia hét cho (x—1)(x — 2) . Hiy xéac dinh cac hé
s6d,e

1 Loi giai
Tacd Q(x) = P(x)+dx+e—(2x+1)
\ . . [QW=0
\V4 hia hét cho (x —1)(x—2
I Q(x) chia hét cho (x—1)(x—2) nén {Q(Z)zo

Ma P(x) khi chiacho (x—1) thisédula5 nén P(1)=5
va P(x) chiacho (x—2) thisd dula-4 nén P(2)=-4

+) Cho
+) Cho

x=1taco Q)=P@Q)+d+e-3=d+e=-2
X=2tacd Q(2)=P(2)+2d +e-5=2d +e=9

Khi d6 ta c6 hé phuong trinh

d+e=-2 d=11
=
2d +e=9

e=-13

Vay d =11;e = -13 théa man bai.
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Cau8. = (TS vao 10-Chuyén Hau Giang 23-24)
Tim da thac bac hai f (x) théa man f (1) =-2023 va xf (x—2) = (x—4) f (x), v&i moi
xeR..

D Loi giai
f (x) 1a da thuc bac hai nén f(x) =ax® +bx+c
Cho x=0, tacé f(0)=0 nén x=0 langhiém cua da thuc f(x) =>c=0
Cho x=4, tacé f(2)=0 nén x=2 langhiém cua da thuc f(x)=>4a+2b=0 (1)
f(1) =—2023=> a+b=-2023 (2)
4a+2b=0 a=2023
a+b=-2023" {b _ _4046

Vay da thac f(X) = 2023x* —4046x .

Tu (1) va (2) suy ra: {

Cau 9. = (TSvao 10-Chuyén Lao Cai 23-24)
Gieo mat con stc sic can dbi va déng chat hai 1an lién tiép. Tinh xac suit sao cho téng sd
cham xuét hién trén mat caa con suc sic trong hai lan gieo khong 16n hon 6.

0 Léi giai
Khong gian mau Q :{(1;1),(1;2),...,(1;6),(2;1),(2;2),...,(2;6),...,(6;1),(6;2),...,(6;6)}
n(Q)=36 «

Pit bién c6 A:“ Tong sé cham xuat hién trén mat cia con stc sic trong hai lan gieo khong 16n hon
6”

A={($1),(52),...(55).(21),...(24).(31).(3:2).(3:3).(41).(4:2),(51)}

n(A)=15

Cau 10. . (TS vao 10-Chuyén Phti Tho 23-24)
Ban An viét 1én trén bang 11 s nguyén dwong (khong nhat thiét phan biét) c6 tong bang
30. Chuing minh rang ban An c6 thé xo4 di mot sé sao cho cac sé con lai trén bang c6
téng bang 10.

Loi giai
Goi 11 s6 nguyén duong 1a a,;a,;a,;...;a,.Taco a +a,+a,+...+a, =30
Xétday 1186 a,;8,+a,;8,+8,+8,;...;8, +a, + 8, +...+a,

Néu trong ddy khong c6 sé nao chia hét cho 10 thi ton tai it nhat hai sb chia 10 c6 ctng sé du. Nén
hiéu chia hét cho 10.

Dt higudo1a A. Véi A latong cia motso sb a; (voi i€{1,2,3,...,11}.
Tacoé 0<A<30ma A:10nén Ae{10;20}.
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Néu A=10bai toan dugc chitng minh.

Néu A=20ma a, +a,+a,+..+a,=30suy ra cac s6 con lai cd tong bang 10. Bai toan dwgc ching
minh

Néu trong ddy s6 c6 mot sé chia hét cho 10. Chirmg minh twong tu nhu trén khi d6 bai toan duoc
chttng minh.

Caul. = (TSvao 10-Chuyén Quang Tri 23-24)

Trén mat phang ¢6 5 diém tiy ¥, trong d6 khong c6 ba diém nao thang hang. Chiing minh ton tai 4
diém 1a 4 dinh caa mot tir giac 15i.

ML &i giai
Vé6i moi cap diém M, N bat ki, néu 3 diém con lai nam vé mét phia so véi duong thang
MN thi ké doan thang MN . Cac doan thang vira ké tao thanh mot da giac 16i.
Néu da giac 16i d6 1a ngii giac hoac tir giac thi ta co diéu phai chirg minh.
Néu da giac 16i d6 1a tam giéc, ta goi cac dinh 1a 4, B,C . Ké duong thang di qua 2 diém
D, E con lai.

Khi d6, trong 3 dinh cua tam gic ABC, ton tai 2 diém nam vé mot phia so véi duong
thang DE, chang han la A, B. Ta dugc A, B,D,E la 4 dinh cua mét tir giac 16i. Ta co
diéu phai chang minh.

Cau 2. = (TS vao 10-Chuyén Quang Ninh 23-24)

Trén bang cho 2023 sé nguyén phan biét, mdi sé déu c6 dang a° + b’ trong d6 a, b 1a cac sb
nguyén. Mai lan ta thyc hién mot phép bién doi nhu sau: Xo6a hai s tly y rdi viét them mot s6
bang tich cua hai sé vira x6a. Hoi sau mét sé 1an bién ddi, trén bang c6 sb bang 26.3°°% hay
khong? Giai thich tai sao?

COLoi giai
Do dang thic (x2 + yz)(z2 +t2) =(xz+yt)" +(xt—yz)" nén sau mi Ian bién ddi, céc sb
trén bang ludn c6 dang a° + b’
Do @’ =0,1,4 (mod8) nén a® +b* =0,1,2,4,5 (mod8)
Vi 26.3° =26.3.9"°" =6 (mod8) nén s 26.3°* khong c6 trén bang.

Cau 3. = (TSvao 10-Chuyén Lam Son Thanh Hoa 23-24)

Cho tap hop X ={1,2;..;120} gém 120 s6 nguyén duong dau tién, trong d6 co 60 s6 dugc
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viét bang mau do va 60sb con lai dugc viét bang mau xanh. Chang minh rang ton tai 40s6
nguyén duong lién tiép cua tap X trong d6 20s0 dugc viet bang mau do va 20 so duoc viét
bang mau xanh.

CALoi giai
Ta co:

P’ —1=(p-D(p+1)(p* - p+1)(p°+p+1) (¥

Véi p=11tacod p®-1=1771560 = 2°3%5.7.19.37
Véi p=13tacd p®-1=2%37.61.157
Tir hai truong hop trén, ta thiy rang n=2°3%7 =504 14 s6 nguyén duong 16n nhét thda man
p® —1 chai hét chon, voi p=11,p=13
Tiép theo ta s& ching minh rang n =504 1 s6 nguyén dwong 16n nhat thda man p°® —1chia
hét cho n, voi moi s6 nguyéntdé p >13
Vi plasé nguyéntd lé nén (p—1)(p+8):8
(vi tich cuaa hai s6 chan lién tiép chia hét cho 8)
Két hop (*), suy ra p®-1:8 (1)
Ta c6: voi moi sd nguyénté p>7thi p®—1=(p*-1)(p*+1):7 (2)
(vilap phuqng cua m()’t s6 nguyén khi chia cho 7 du O hOZflC‘ du 1 hodc du 6)
V&i moi s0 nguyén to p >3, khi chia cho 3 dugc s6 du bang 1 hoac 2.
+ Néu p chia 3 c6 s du bang 1 thi né c6 dang p=3m+1
Khi d6 (p—-1)(p® + p+1) =3m(Om* +9m+3) =9Im(3m* +3m+1):9
+ Néu p chia cho 3co du bang 2 thi n6 c6 dang p=3m+2
Khi d6 (p+1D(p® - p+1) =(Bm+3)(9m* +9m+3) =9(m+1)(3m? +3m+1):9
Két hop (*), suy ra p®—1:9 véisd nguyénts p>3 (3)
Mt khéc céc s6 7,8,91a 356 nguyén duong do6i mot nguyén té cing nhau, nén tir (1), (2) va
(3)suy ra p®-1:7.8.9 =504
Vay n =504 1a s6 nguyén duong 16n nhat can tim.

Cau4. = (TS vao 10-Chuyén Tuyén Quang 23-24)
Ban dau, trén bang c6 n sd nguyén duong dau tién duoc viét lién tiép tur trdi qua phai:
1,2,3,...,n=1,n. Ta thuc hién tro choi d6i s6 nhu sau: Mdi luot choi, 1ay ba sé dung lién nhau
a,b,c va doi chd a véi c thanh c,b,a. Hoi sau hitu han lugt choi nhu trén ta c6 thé thu duoc day
sb nguoc lai n,n—1,...,2,1 hay khéng, néu:

a) n=5;

b) n=2024.

AL oi giai
a) V6i n=5 tathuc hién cac budc bién d6i nhu sau:
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1 2 3 4 5
1 4 3 2 5
3 4 1 2 5
3 4 ) 2 1
5 4 3 2 1

b) Vi n=2024: Tathiy rang v6i cach doi nhu trén thi cac s6 1& ludn & vi tri 1é con sé chin ludn &
vi tri chan.

Ban dau s6 2024 ¢ vj tri chan, do d6 n6 khong thé chuyén vé vi tri dau tién trong day s6 2024, 2023,
..., 2, 1 duoc.

Caub5. = (TS vao 10-Chuyén Long An 23-24)

Ong Tué khoa két sat bang mat ma c6 4 chir sb. Ong chi nhé rang trong 4 chit s6 d6 khéng c6 chir
sb 0 va tong cua ching bang 9. Hoi ng Tué phai thir toi da bao nhiéu 1an mat ma khac nhau dé
chic chin mé duoc két sit do?

DL oi gia
Chia dugc thanh cac t6 hop so:
(1,1;1;6), (2;2;2;3), (1;1;2;5),(1:1:3;4),(2;2;1;4),(3;3;1;2)
C6 4 cach dé tha mdi t6 hop s6 (1;1;1;6), (2;2;2;3)
C6 12 cach dé thir mdi to hop s6 (1;1;2;5),(1;1;3;4),(2;2;1;4),(3;3;1;2)
Vay dng Tué phai thuc hién téi da 2.4+4.12 =56 lan

Cau 6. = (TS vao 10-Chuyén Binh Thuan 23-24)

Chia bang vuéng c6 canh bang 23cm thanh cac 6 vudng c6 canh bang 1cm. Ban du, tat ca cac 6
vudng duoc dién bai dau "+". Sau d6, ngudi ta thuc hién doi dau (mdi lan doi dau 1a chuyén "+"
thanh "-", "-" thanh "+") trong cac & vudng & cac dong va cac cot cua bang theo qui tic sau:

- T4t ca c4c 6 caa dong thir i duwoc d6i dau i 1an (ie N va 1<i<23).

- T4t ca céc 6 cna cot thir j duwoc ddidau 5j+1 1an (jeN va 1< j<23).

Hoi sau khi thuc hién tit ca thao tac d6i dau, trén bang con bao nhiéu dau "+"?

Loi giai
* Theo céch chia ta c6 bang 6 vudng 23x23; trong d6 c¢6 12 dong ma i 1¢; 11 dong ma i chin va 12
cotma j 1é; 11 cot ma j chan.
* Theo quy tac doi dau thi & vubng & vi tri ixj (dong the i va cot thir j) s& phai doi dau
i+(5j+1)=i+5j+1lan.
*Do (i+5j+1)—(i+j)=4j+1 ludn la so Ié nén hai s6 (i+5j+1); (i+j) khong co ciing tinh
chén lé. Do d6 nhitng 6 vudng & vi trima (i+ j) 1¢ s& ddi dau mot s6 chén 1an (do i+5j+1 chan),
nén nhig 6 nay sau khi d6i dau van mang dau (+); con nhiing 6 vudng & vi tri ma (i+ j) chan s&
d6i ddu mot sb 1é 1an (do i +5j+1 1&), nén nhitng 6 nay sau khi d6i ddu s& mang dau (-).
*Ta co 11x12+12x11=264 6 vudbng ma (i+ j) I¢, tic 1a sau khi doi dau theo quy tic trén thi trén
bang con lai 264 dau (+)

Cau 7. = (TS vao 10-Chuyén Vinh Phuc 23-24)

Sau khi to chitc mot tran dau giao hitu gitta hai doi bong l6p 9A va 9B, ban t6 chuc cd 11 gdi keo
mubn chia cho hai doi. Mbi d6i duoc chia 5 géi lam phan thuong va 1 goi ban to chuc giir lai dé
lien hoan. Biét rang du chon bét ki géi nao dé giit lai, ban t6 chirc ludn c6 thé chia 10 g6i con lai

SAN PHAM CUA NHOM WORD-GIAI-TACH VAO 10




VAO 10 CHUYEN CAC TINH NAM 2023-2024 Tong hop: Duy Tuong

cho 2 doi ma tdng sé vién keo trong 5 g6i cho mdi doi 1a bang nhau. Chirng minh rang 11 g6i keo
do phai cd so vién keo bang nhau.

‘ , MLai giai
Goi a,,a,,...,a, lan luot 1a s6 keo trong 11 gai.
bit S=a +a,+...+4a,;.
Giasirtontai 1<k,1<11ma a #a,.
Theo bai ra ta suy ra dwoc S—a,,S —a,,...,S —a,, déu lasé chin
= a,,8,,...,; cling chin hoic cting I¢.
Ta thuc hién qua trinh nhu sau:

+Néu a,,a,,...,a, cling chan ta thu dugc b MGi (bl,bz,...,bu):(%,%,...,%j.

+N&u a,a,,...,3, cing Ié ta thu duoc bo mai (b;,b,,....b, ) =(""12_2 , a22_2 8112—2)

Tathiy 11 goi keo véi s6 keo by, b,,...,b, clng théa man dé bai.

Tiép tuc nhu vay dén khi thu dugc bd (X, X,,..., X, ) Maton tai 1< j,i<11 sao cho x, =0; x, =1.
Ma bo (X, X,,..., X, ) thoa man diéu kién dé bai.

Nén X, X,,...,X, clng tinh chin I¢ (mau thuan).

Diéu gia sir 1 sai.

Viy 3 =a,=..=a,.

Cau8. = (TS vao 10-Chuyén Yén Bai 23-24) i

Cho mét da giac deéu c6 23 dinh. T6 mau cac dinh cua da giac bang mat trong hai mau xanh hoac
d6. Chang minh rang luén ton tai ba dinh cia da giac dugc té cung mau va tao thanh mét tam giac
can.

MLoi giai

Aq Ao
Ay

A1z

Goi da giac déu 23 dinh la AA,...A,

Vi da giac déu ¢d 23 dinh 12 sb 1é nén ludn ton tai 2 dinh canh nhau duoc td cling mot mau, gia sir
la A A

Khong mat tinh tong quat gia st A, A, duoc t6 ma xanh.

+ Néu A, duoc td mau xanh, ta duoc tam giac A A, A, can tai A, t6 mau xanh.
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+ Néu A, duoc t6 mau xanh, ta dugc tam giac AA A, can tai A, t6 mau xanh.

+ Néu A, duoc t6 mau xanh, ta duoc tam giac A A A, can tai A t6 mau xanh.

+Néu A;;A; A, khong t6 mau xanh, ta dugc tam gidc A,A,,A, can tai A, to mau do.

Vay ludn ton tai ba dinh cua da gidc duoc td cling mau va tao thanh mot tam giac can.

Cau9. = (TS vao 10-Chuyén bHSP Ha Noi 23-24)
C6 hay khdng céc sé nguyén a,b sao cho (a+b+/2023)? = 2024 + 2023+/2023 ?

‘ , Loi giai
Gia st ton tai a,b la cac so nguyén thoa mén

(a+b~/2023)? = 2024 + 2023+/2023.
Tu day ta suy ra

a? +20230b? + 2ab~/2023 = 2024 + 2023+/2023.
Khi d6 ta duoc

(2ab —2023)~/2023 = 2024 — a* - 2023p*

2024 —-a* —2023b°

. Biéu nay
2ab—2023

Vi a,b 14 c4c s& nguyén nén 2ab—20230. Tir d6 ta c6 /2023 =

2024 —a® —2023b°
2ab—2023
s6 nguyén a,b sao cho (a+b~/2023)? = 2024 + 2023+/2023.

vo ly, vi 42023 1356 vo ty va 1a s6 hitu ty. Vay cau tra loi 1a khdng ton tai cac

Céu 10. = (TS vao 10-Chuyén bHSP Ha Noi 23-24)

Trén bang ta viét da thirc P(x)=ax’+bx+c(a=0).
P(x+1)+P(x-1)
2
P (x+1)+PR(x-1)
2

Ta viét Ién bang da thirc méi B, (x) = roi xoa di da thic P(X).

Ta viét Ién bang da thirc méi P, (x) = rdi x6a di da thirc B (X).

Ta ctr tiép tuc 1am nhu thé nhiéu lan.

Chang minh rang néu ctr lam nhu vay nhiéu lan thi dén mot luc nao do6 ta nhan dugc mot da
thirc khéng ¢ nghiém.

Lo giai
Bang céac phép bién ddi ta c6 cac dang thuc sau
P(x)= P(X+1)JZF P(x-1) —ax’ +bx+c+a
P (x)= Rl +R(xD) ax’ +bx+c+2a

2
Twong ty nhu vay bang phép quy nap, ta c6
P.(x)=ax*+bx+c+na, neZ"

Ldc nay, ta co
A, =b*—4a(c+na)= (b’ —4ac)-4na’.
b*>—4ac , . b’ -4ac

o= (Vi 1o khong doi) thi A, <0.Khi dé da

Xét cac s6 nguyén dwong n thoa man n >

thiee P, (x) khong co nghiém.

Cau 11. = (TS vao 10-Chuyén Nang Khiéu PHQG TPHCM 23-24)
Cho bang 4x4 duoc td bang 6 den hoic tring sao cho:
i) mdi hang cd sb 6 den bang nhau;
i) mdi cot ¢d s6 6 den d6i mot khac nhau.
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a) Tim s6 6 den & moi hang. , ,
b) Mot cap 6 duoc goi 1a “tot” khi c6 mot 6 den va mot 6 trang ding canh nhau. Tim s6 cap
tot nhicu nhat tinh theo hang; so6 cap tot nhiéu nhat tinh theo cot.

[Loi giai

a) Cach 1:

Goi x lasb 6 den trén mdi hang. Khi d6 tong sé 6 den ciia bang 1a 4x.

Do sb 6 den trén cac cot doi mot 1a khac nhau nén sb lwong 6 den ctia cac cot 1an luot 1a bon
trong nam $6 0,1,2,3,4.

Ma tong sb 6 den 1a 4x, chia hét cho 4. Conténg 0+1+2+3+4=22 chia 4 du 2 nén
trong téng phai khdng c6 s6 2.

Khi do: 4Xx=0+1+3+4 < x=2.
Céch 2:
Vi mdi cot c6 s6 6 den d6i mot khac nhau nén tong s6 6 den trong bang phai 16n hon hodc bang
0+1+2+3=6 vanho hon hoic bang 1+2+3+4=10.
Ma mdi hang c6 s6 6 den déu bang nhau nén tong sé & den trong bang phai chia hét cho 4.
Do d6 tong s 6 den trong bang 1a 8. Suy ra sé 6 den & mdi hang 1 2.
b) 8=0+1+3+4.S6 6 den trong cac cotsé 1a 0,1,3, 4.
Xeét s6 cap tot nhidu nhit tinh theo cot:
- Trong cot chira 0 6 den ludn c6 0 cap tét.
- Trong cot chira 1 6 den ludn co 2 cap tot.
- Trong cot chira 3 6 den ludn c6 2 cap tot.
- Trong cot chira 4 6 den ludn c6 0 cap tot.
Vay c6 toi da 4 cap tdt tinh theo cot. Mot vi du cu thé la:

Xét s6 cap tot nhat tinh theo hang:
- Mdi hang déu chira 2 6 den. Va hang 1x4 c6 diing 2 6 den s& chtra téi da 3 cap tot va phai la 1

trong 2 cau hinh sau:

- Nhu vay sb cap tét nhiéu nhat tinh theo hang trong bang 1a 3x4 =12 . Gia sir ton tai 1 cau hinh A
co 12 cap tot tinh theo hang va théa yéu cau bai. Nhu vay moi hang phai co cau hinh la 1 trong 2
cau hinh trén. Vavi c6 1 cot chira 4 6 nén cau hinh A chi cé thé la

Tuy nhién 2 céu hinh trén déu khong thoa yéu cau dé bai. Do do trong bang 4x 4 chi c6 toi
da 11 cap tot theo hang. Vi du:
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Cau 12. = (TS vao 10-Chuyén Ning Khiéu PHQG TPHCM 23-24)
Cho m, n la cac s6 nguyén khong &m théaman m? —n=1.Pit a=n’-m.
a) Chung minh riang a la s 1é.
b) Gia st a=3-2"+1, k 1a s6 nguyén khdng am. Chiing minh rang k =1.

i , CAL o giai
a) Chung minh rang a la so lé.
Vi m?-n=11asb1énén m,n khac tinh chin Ié. Do d6 a=n*-mlasd lé.
b) Gia st a=3-2" +1, k 1a s6 nguyén khéng am. Chtzng minh rang k =1
Taco: a-1=n*-m-m*+n=(n-m)(n+m+1) =3-2=(n—-m)(n+m+1)

Vi n—m ¢ nén n+m+1:2%, do d6 ta xét cac trudong hop sau:

. ) .
-Neu n+m+1=2" thi n—-m=3, ket hop véi m* —n =1, ta duoc: mz—n—4:0:>m:1_\/l_7(L)
2
A K43 % o2 ) m=2
-Néu n+m+1=3-2thi n—-m=1, két hop v6i m*—n=1, ta dugc m>*-n-2=0= .
m=-—

Do d6o m=2(do m>0)
Trdosuyra N=m+1=2+1=3va 3-2=n+m+1=3+2+1=6=k=1
Vay k=1,

Cau 13. = (TS vao 10-Chuyén BDHSP Vinh 23-24)
Cho da thiuc P(x)=x*+bx+c c6 hai nghiém nguyén. Biét ring |c|<16 va |P(9)| lasd
nguyén to. Tim cac hé sé b,c.

MLoi gial
Goi hai nghiém nguyén cua P(x)=x*+bx+c la u,v.
Theo dinh ly Vi— et ta duwgc u+v=-b,uv=c.
Vi |P(9)| 1as6 nguyén t6 nén |(9—u)(9-v)| lasb nguyén té dan dén [9—u|=1 hoac [9-v|=1.
Khong mét tinh tong quat, ta gia sir [9—u|=1< u € {8;10}.
Truong hopp 1. u =10, vi |¢[<16, nén |v|e {0;1} < ve{-10;1}.
Mit khac 9-1=8,9—-0=9,9+1=10 déu khdng la s6 nguyén t5 nén trudng hop nay loai.
Truong hopp 2. u=8, vi [c|<16, nén |v|<2.

Ma v phai la s6 chin nén tir day suy ra v e {-2;2}. Thu lai ca hai gia tri nay théa mén va ta nhan
duogc gid tri cua b,c tuong tng la —10,16 va —6,-16.
Vay tit ca cap (b,c) thoéa man la (b,c) € {(-10,16);(-6,-16)}.

7
h
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