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Chuong 111
PHUONG TRINH BAC NHAT MOT AN

§7. KHAI NIEM VE PHUONG TRINH.
PHUONG TRINH BAC NHAT MOT AN

1. Ta goi hé thic dang A(x) = B(x) 1a phuong trinh véi 4n x. Gidi phuong
trinh A(x) = B(x) 1a tim moi gid tri cia x dé cdc gia tri tuong ting ctia hai biéu
thitc A(x) va B(x) bang nhau.

Tap hop cdc gia tri dé goi la tap nghiém cuia phuﬁng trinh da cho, va
thuong dugce ki hiéu la S.

2. Hai phuong trinh dugc goi la twong duong néu ching cé cing mot
tip nghiém.

3. Khi gidi mot phuong trinh, ta c6 thé :

— Chuyén mot hang tl tir v& nay sang v€ kia va ddi ddu hang t dé.

— Nhan (hoac chia) ca hai v€ véi ciing mot s6 khac 0.

Khi d6 phuong trinh méi twong duong véi phuong trinh da cho.

4. Phuong trinh bac nhéat mot 4n 1a phuong trinh c6 dang ax + b = 0 trong
d6 x 1a 4n, a va b 1a cdc s6 da cho, a 0. '

Khi giai phuong trinh c¢6 hé s6 chit trong muc nay, ta ciing xét cdc phuong
trinh c6 dang ax + b =0 trong d6 a = 0.

Vi du 60. Giai phuong trinh sau, véi a la hang (ta con goi a la tham s6) :
a(ax + 1) =x(a +2) + 2.
Giai : Bién doi phuong trinh di cho thanh :
a’x —ax-2x=2-2
@x(agua—ZJ:E—a :
<@a+a-2)x=2-a. (1)



Ki hiéu S 1a tap nghiém cta phuong trinh di cho, ta ¢é :

Ne’ua;e-i,a;ezthzs:{; 1 }
- a+ 1
Néu a = —1 thi (1) ¢6 dang Ox = 3, v6 nghiém, S = &,

Néu a = 2 thi (1) co dang Ox = 0, phuong trinh nghiém ding véi moi x,
S=R.

Vi du 61, Gidi phuong trinh véi a 1a tham s6 ;
X8 X+3
3 a

‘Gidi : Dicu kién xdc dinh clia phuong trinh : a # 0.

- | (1)

Bién ddi phuong trinh :
(NN ax—-a)=3(x+3)-6a
<;t>ax—-azz3x+9—6a
¢:>ax~3x=az— 6a + 9
& (a-3)x=(a-3)>% ()
Néu a # 3, phuong trinh ¢6 nghiém x = a - 3.
Néu a = 3 thi (2) ¢6 dang :
0x = 0, moi x déu la nghiém.
Két lugn:
Néua=#0;a#3 thi(l)cémodtnghiém:x=a-3.
Néua=3 - thi (1) nghiém diing v6i moi x.
Néua=0  thi(l) vé nghiem.

Vi du 62. Ching minh réng tén tai cdc hing s& a, b, ¢ dé phuong trmh sau
c6 v6 s6 nghiém :

x—ab x-ac. x—-bc ;
+ + —=a+b+c¢ (1)
a+b a+c b+c
Gidi : Diéu kién xdc dinh clia phuong trinh :

a+b#0;a+c#0;b+c#0.



e (oot )y (22 )
a+b a4+ C b+c '

x~ab+uac-_bc+-x—ac-ab+-bc+x—bc—ab—ac_

<> . 0
a+b a+tc b+c
i i i |
<> (x — ab — bc — ca) + +- 3117
. a+b a+c b+c
(1) c6 v6 s6 nghiém < 1 + l =0, (2)

i |
a+b a+c b+c
Chéng han ta chona=1; b= 1. D& (2) x4y ra ta chon ¢ 520 cho :
l-i- 1 i b :O{:} 2 ::_.IC)C:'—S.
2 1+c 1+c¢ T+¢ 2

Nhr vay (1) ¢6 v6 s6 nghiém, ching hankhia=1:b=1;c = -5.

Vi du 63. Giai phuong trinh
 X-a x-b 2ab
—i_ = ;

a+b a-b pZ_og

3 (ava b la hang).

Gidi : Diéu kién xdc dinh ctia phuong trinh : a # £ b,
‘Bién di phuong trinh : |
| (x - a)(a ~ b) + (x —b)(a + b) = —2ab
<> ax — bx — 2 + ab + ax & bx — ab — b> = ~2ab
& 2ax=a" +b” - 2ab | |
& 2ax = (a - b)°. | (0
(a " b)*

Néua=0thix = ;
. Z2a

Néua=0thi(i)codangOx=b 2. Do a # bnén b # 0, phuong trinh vo nghigm.
Két ludn : |

o

2a

EERY:
Né’ua#U,a¢ibthiS={(a b)}

Conlai,S=.



Bai tép
- 276. Giai cdc phuong trinh :

a) (x +2)° —(x—2)° = 12x(x - 1) = 8 ;
b) (X + 5)(x +2) ~ 3(4x - 3) = (5 - x)*;

O Bxr=1)7=5@x + 1)+ (6x—3)2x + 1) = (x - 1)
277. Giai cdc phuong trinh :

X-5 x-4 x-3 x~-100 x-101 x-102
a) H + — = + + k-
- 100 1{]_1 102 5 4 3
b) 29—::(_"2?"}:+-25mx+23—x+21—.x:_5.

21 23 28 27 29

278. Giai phuong trinh v6i ciac tham s a, b :
" a) a(ax+b}=h2(x—* 1) b) azx—-ab:bz(xn 1).
279. Giai phuong trinh v6i tham s6 a :

X-a x-—1 2a
+ = :
adl d=] 1-pu* .

x+a~-1 x—-a "x-a
.-}.. L e

b 4+ —
) &-I"Z a—2 4_32

=Q: .

< 2
c)3}1+_£- 3a  4ax +(2&+i)x_ 3a

a a+l @+1)? a@+1)? @+

280%*, Giai phu‘crn_g'trinh voi cdc tham s a, b, ¢ ¢

X—-a X=-b x-c¢
+ +

a) _ 2t e
b+c ¢+a a+b

-mx—a+wa+x—cx 3x ;
b+c c¢+a a+b a+b+c
a+b-x a+c—-x b+ec-x  4x

C) + + = ] = e

C b a a+bh+c
G 2a+b+c-3x a+2b+c-3x a+b+2c-3x 9%
d) . + + =6 -

a . b _ c a+b+c



§8. PHUONG TRINH TICH

Phuong trinh tich (mot 4n) 12 phuong trinh cé dang :

AGB(X)... =0 | (1)
trong dé A(x), B{x) , 1a cdc da thric. _
Dé giai (1) ta chi cﬁn giai tiing phm:mg trinh A(x) =0, B(x} =0, ... r6i ldy

tat f:a cdc nghiém cta ching,.

Cic phwong phdp phan tich da thic thanh nhan tir ¢6 vai trd quan trong
trong viéc dwa mot phuong trinh vé dang phuong trinh tich. Cich dat 4n phu
cling thudng duge st dung dé trinh bay 161 gidi dugc gon gang.

Vi du 64. Giai phuong trinh :
(x +3)° - (x +1)° = 56.
Gidi : Cach 1
x+3° -~ (x+ 1) =56
& x3+9x2+27x+27;x3—3x2#31*1=56
& 6% + 24X + 26 = 56
— 6{x2+4x—5}_={}
& 6(x% —X +5x'=5) =
Sx-1D+5(x-1)=0
SE-DEx+5=0

Két ludn : S={1;-5}.

Cdch 2. Cha ¢ rang x + 2 la trung binh cong cta x + 3 va x + 1, ta dat
X + 2 =y, phuong trinh tr& thanh :

(y+1)° = (y-1)7 =
3 2 3 2 e
<y +3y " +3y+1-y +3y° -3y +1=56

© 6y’ +2=56y =9 y=13
Véiy=3thix=1.Véiy=-3thix=-5.
Két lugn : S={1;-5}.



- Vi du 65. Giai phuong trinh :

x>+ (x =17 =(@x-1°. 1
Gidi : Tathdy x + (x — 1) =2x — 1. Dat x — 1 = y thi (1) c6 dang :
x3+y —(x—i—y}
& Xo 4+ y?’ =x° 4+ y3 + 3xy(x + y)
o xy(x+y)=0
X =0 . = x =0
< |y=0 < |x-1=0 <& |x=1
x+y=0 2x -1 =0 x=l
i 2
Ké?fugin:Sz{O;%;I}.

" Vi du 66. Gii phuong trinh :
x+1D2x+2)+(x- 1) (x=2)=12.
Gidi : Rit gon v€ trdi cia phuong trinh, ta dugc :
23 +10x =12 & X +5x~6=0
&3 -1 +5x-1)=0
& (X - 1)(x2+x+$_)=0.

Dé dang chitng minh dugc x> +x+6%0.DodsS= (1}.

Vi du 67. Giai phuong trinh :
(x ~ 1)(}; +4x+3) = 192

Gidi : Bién doi phutmg trinh thanh :

L - Dx+ (X +3) =192 & (x — D(x + D3(x +3) = 192.
Pit x + | =y, phuong trinh tr& thanh '

| (v = vy +2) = 192 & yA(y* — 4) = 192.
Paty” — 2=z thi z + 2 > 0, phuong trinh tr thanh :
| Z+D)Z—2)=192 & 2> =196 <>z =+14. .



Loai z = —14 vi trdi v6i diéu kiér z + 2 > 0.
“-.fcﬁz+l4th1y =16,dodéy =t4.
Véiy=4thix+1=4nénx=3. Vﬂly——4th1x+1——4nénx~ﬂ5

Két lugn : S= {3 ; -5}.
Vi du 68. Giai phuong trinh :
x - 6)* + (x - 8)* = 16.
Gidi : Dat x — 7 =y, phuong trinh trd thanh :
y+D*+ -1t =
Riit gon ta dugc :
2yt 41292 +2=16 = y* +6y° +1=8
| ¢>Y4+6}'2*7=0.
Daty2=zzﬂ,tacézz+ﬁz-?=ﬂ.
Phuong trinh nay cho z; =1, z, = -7 (loai).
Vaiz= l,tacéyzz Inény==1.
T do X1 =8 X2 = 0,

Chui y : Khi giai phm:mg trinh bac bén dang (x +a) +(x + b} =c, ta

thudng dat an phuy = x + — b

Vi du 69. Giai cdc phwong trinh :

a) xV+33 +4x2 +3x+1=0; | (1)
b) x> —x% +¥3x3 +3x% —=x+1=0. | 2)
Gidi :

a) Ta thdy x = 0 khong 1a nghlém clia phuong trinh (1). Chia hai vé& cta (1)
cho x> # 0, ta dugc :

x2-+3x+4+§+i2=0
X X

& [x2+%—)+3[x+ij+4=&
X X



1
Bﬁtx+—i~=y thi x2+—2:y2—2,taduqc y2+3y+2=£}.
x : ;

Dodd yy =~1;y9 =~-2.

Véiy=-1,tacéx + i = —1 nén xg +Xx+1=0,vd nghit‘;‘;m'.
X

. 1
Véiy=-2,tacéx+ —=-2 nén (x + 1)° =0, do dé x = ~1.
x L)

Két ludgn : S= {~1}.
Chii y : Cling c6 thé gidi phuong trinh (1) bang cdch bién déi v€ trai thanh
(x + 1)2{:112 + x + 1).

b) Ta thdy x = -1 la mot nghiém chia phuong trinh (2) vi téng cdc hé 56 cla
hang tir bac chidn bang tdng céc hé so cia hang tir bac 18. Bién ddi phuong trinh
(2) thanh :

| x+ D =20 +5x% = 2x + 1) =0

Giai phuong trinh

X' -2 +5x°-2x+1=0 (3)

Ta thay x = 0 khong 1a nghiém cta (3). Chia hai v€ cta (3) cho x% # 0,
ta dugc :
x2—2x+5¥g~+—1-=l}

X, x2

&> (xz +-—1-2—j-2[x+1]+5=0.
X x

bat x + l-y thi x +—~!—2——y — 2, taduogc y — 2y + 3 = 0, vo nghiém.
X x | .

Két lugn : S = {—1).

Chii y : Ta goi cdc phuong trinh (1) va (2) la phwong trinh déi ximg : céc
hé 56 cua da thitc & v€ trdi c6 tinh d6i xtng qua hang tir diing giita.

Phuong trinh (1) 1a phuong trinh d6i xing bac chin, phuong trinh (2) 12
phuong trinh déi xtng bac 18.



Phuong trinh d&i xiing bac 1€ bao gid cling nhan x = —1 lam mot nghiém,
do d6 bang cdch chia hai v€ cho x + 1, ta thu dugc phuong trinh do6i xting béac
chan 2n. : |

Phuong trinh d6i xidng bac chan 2n déi véi x dua dugc vé phuong trinh

* bac n d6i v6i y bing cdch dit 4n phu y = x + i
X

Ta.c6 nhan xét sau dé kiém tra lai nghiém cta phuong trinh d6i xiing :

Néu a 12 nghiém ctia phuong trinh thi L cling 1a nghiém clia phuong trinh. -
a .

Vi dy 70. Ching minh réﬁg cdc phuong trinh sau vo nghiém :

a) xP—-x>+2x% ~x+1=0; | (1)
b) x* + X3+ x> +x+1=0. )
Gidi :

a) Bién ddi phuong trinh (1) thanh :
G2 +12 —x(x2+1) =0 & X+ (X +1-%)=0.
Ca hai nhan tir & v€ trai déu duong.
Keét luan : S= . |
b) Cdch 1. Nhan hai v€ ctia (2) véi x — 1, ta dugc :

(x—l)(x4+x3+x2+x+1)=0

550 = S =1 (3)

Phuong trinh (3) c6 nghiém X = 1($}, nhung gia tri nay khong thoa maén
phuong trinh (2)¢. |

Két lugn : S= .

(*) Giai thich diéu nay : néu x > 1 thi x>>1, néu x < 1thi x>< 1 (xem tinh chdt cha bat
déng thic thude chuyén dé Chimg minh bdt ddng thiic).

(*#) Nhén hai v€ cta (2) v&i x -~ 1 khﬁng phai [2 mot phép bién d6i tvong duong. Phuong trinh
(3) 12 hé qua clia phuong trinh (2) : moi nghiém cta (2) déu & nghiém cla (3) nhung khong
khiing dinh dugc moi nghiém cta (3) déu 14 nghiém cia (2). Do d6 phai thir lai cdc nghiém
ctia (3).



4

.+X3 2

- Cdch Z.Chfrngmiﬁh ring x +X“+x+1>0.
Chii y : Cdc phueng trinh (1) va (2) ciing 12 cdc phuong trinh d6i xing. Do

dé cling c6 thé gidi ching bang cdch dit 4n phuy = x + L,

X
‘Bai tap v
Gidi cdc phuong trin (tix bai 281 dén bai 289) :
281. a) x3.+2:{2+x+2:0; b) x3+2x2-—x-2:0; |
¢) X2 ~x% -21x+45=0 : d) x3+3x%2 +4x+2=0;
e) x* +x% +6x-8=0: g) x> +1)? =402x - 1) ;

h) (x=1° +2x+3° =27x3 +8: ) 6x* =x®=7x2+x+1=0.
282, a) (x? — 5x)% + 10(x% ~ 5%) + 24 = 0 : |
T BEE it 2P wsrye o1

c) (x2+x+1){x2+x+2)=12 :

&) (x?® Hx=DxP 4 =3 =12 :

e) X(x + DX* +x +1) =42 :

g) *+x+ 12 =36x* +x2 +1).

283, a) x(x + (X = 1)(x +2) = 24 :

b)(X—4)x-5)(x~6)(x-7)= 1680

X+ +IDNE-5)(x~-6)=180:

d) 2x(8x - 1)’(@x - 1) =9 ;

e) (12x + 7)°(3x + 2)(2x + 1) =3 ;

g) 2x + D(x + D*2x + 3) = 18.

284, a) (x" - 6x +9)° - 15(x* - 6x + 10) = 1 ;

b) (x> + 1) +3x(x% + 1) +2x 2 =0 :

) (x* = 9)% = 12x +.1.



285. 2) (x +3)" + (x+5)* = 16 ; D x-2'+x-3"=1;
&+ D +(x-3)*=82; B x-25"+x-1,5=1.
286. 2) (4 -x)° + (x~2)° =32 b) (x = 1)° + (x +3)° = 242(x + 1) ;
287. ) (x+ 1) +(x=2 = 2x-1)%: B x=7)+(x-8)"=(5-2%)".

288. a) x” —3x” +4x° =3x + 1 =0;
b)3x% = 13x3 + 1652 —13% + 3 =0 ;
c) 6x4+5x3—--38x2+5x+6=0;
A+ 2 43 +3x% 4 2x +1=0;
e)6x4+7x3-—36x2~?x+6=0;
g}2x4—9x3+14x2*9x+2=0;
h) 6x" +25x°+ 12x° = 25x + 6 = 0,

289, x5:x4+x3+x2+x+2.

290. Chitng minh rédng cdc phuong trinh sau vé nghiém :
a) X' = 2% +4x” = 3x +2=0;

b)x5+x5+x4+x3+x2+x+'l:U.'

- §9. PHUONG TRINH CHUA AN 6 MAU THUC

Cac budc giai phuong trinh chita 4n & méu thic :
~ Tim diéu kién xédc dinh (PKXD) clia phuong trinh.
~ Quy dong miu thic & hai vé€ clia phuong trinh réi khir méu thic,
— Giai phuong trinh vira nhan duge.
- Nghiém cta phuong trinh 1a cédc gid tri tim dugc cha an thod man diéu
kién xdc dinh. _ !
Vi du 71. Giai phuong trinh :
X -1 LXT 3 2

Tt (1)
Xx—-2 x-4 (x~2)(4-x)_




Gidi : DKXD cta phuong trinh 1a x # 2, x # 4.
Bién doi phuong trinh (1) : :
(X = D(x-4) + (x +3)(x - 2) = -2.
Thu gon phuong trinh, ta duge 2x(x —2) = 0
Nghiém ctia (2) 1a x; =0, x5 = 2.
x; = 0 thoi man PKXD, x, = 2 khong thoa man DKXD.
Két ludn : S={0). | |

Vi du 72. Giai phuong trinh v6i cdc tham s6 a, b :
_1..+l+l=—l (1)
a b x a+b+x

Gia’i:DKXDcﬁaphuo‘ngtr'inh:axO;b;tO;x#O;x;ﬁ—ar—_b.

Bién d6i phuong trinh

1 1 a+b a+b a+b
e ————= & B,
a+b+x x ab -x(a+ b+ x) ab

Néu a + b =0 thi (1) cé v6 s6 nghiém : x bat ki khéc 0.
‘Néua+b#0 thi:
—J{(a+b+x)=ab<::>ab+ax+bx+x2:0

S((x+a)x+b)=0

'Pé —a thod man PKXD, ta phai ¢6 :
~a#0 a#0 o
F— . Cdc diéu kién nay da co.
-a#—-a-—>b b#0
D& —b thoa man DKXD, twong tu ta phii c6:a#0: b= 0.
Két lugn :
Néua#0:b#0;a+b=0thl (1) cé vo s6 nghiem : x bat ki khac 0.

Néua#0;b=0;a+b=0thi(l)conghiémx =-a v x = -b.

I



Vi du 73. Giai phuong trinh :

X+a x-—3
_I_

= 2 (a la hang).
X+3 x-a .

Gidi : DKXD cia phuong trinh 12 x # =3, X # a. | y
Bién ddi phuong trinh :
(x+a)x—a)+(x-3)x + 3N =2(x + 3_)(:-;-- a-)'.
. Thu gon phuong trinh, ta duoc

Dt G5 =L 3 | (2)
a) Néu a #3thi x = 22 3. Gié tri nay la nghiém cua phucmg' trinh da
cho néu
i S | N C)
a-3
va # a 4
5 (4)

Giai diéu kién (3), ta duoc a # —3. Giai diéu kién (4), ta ciling duge a # —3.

Vaynéua=+3 thix= 22 12 nghiém cta phuong trinh di cho.

-b) Néu a = 3 thi (2) c6 dang 0x = 0, nghiém diing véi moi x thoa mén diéu
kién (1), tirc la x # -3 va x # a (do a = 3 nén diéulki{én nay la x # 3).

Két ludn :

Néua¢i3this={a;3}°. y

Néua=3thiS={x | S 50 3
" Néua=-3thiS=02.

Bdi tap
Gidi cdc phuong trinh (1 bai 291 dé’n bai 297) :
RPN o P R

x+1 x=2 x2_x-2



X+6 x~-5 2x% +23x + 61
x=5 x+6  x%4x-30
6 +x+2'_ 18 4 B
X—5 x-8 (x=5)(8-x)
x-4 x+4 |
. 4 =
X-1 x+4+1
L 1 ' 9
e) e = ;
x+1 x~-2 X+D2Z-%)
e x? _ Tt B3

2 XA C KB gl

b)

©)

d) 2%

X+ 1 X -1 : 3
292. a) 3 g = 7 5 X
: X7 +X+]l x7—-x4+1 xXT+x"+1)

b) s o x=2 B 6
' x> +2x +4  x° ~2X + 4 x-'(x_'ﬁ o 16).

1 +a

293, =1-a (ala hing).

I—X

: N 2
SR OO )
2a+ X 2a-%X x2 . 45° |

Mo WL R
x—_Ea x ~ 3b

294, a)

X =dtd X=Bed 4 - (a va b la hang)';

295. -a)

X ~-a x-b  (x—a)x—b)

a a1 1
= +
X+a X-1 X+

1 i oy n
296. a)—m-_—-m—=-_+-]———1~(av‘abléhﬁng,arﬁﬁ,b#@);
a+b-x a b x

- 2 | : 5
) 4 - — e 1 — : {a,b,clahang,a=0,b=0). -
alb—x) bb—x) alc-%x) blc—x) :
i ' 1 ' ] i S
297. + i : + (a la hang)
(x+a)2-—1 {x+[)2~32 xz—(a+1)2 ;ﬁczz-—(a—l)2

b) - (ala hing).




298. Chiing minh rang phuong trinh sau ¢ ba nghiém phan biét :

ot e Y e oy & il e B L0, neibeil
b - a XxX—a Xx-b - :

299%, Giai phuong trinh

X—ajximc)  K=bIX =) ' (ks o il v bl ban-asi s
(b—-a}b—-¢c) {(a—-b)a-c) _ o

'§10. GIAI BAI TOAN BANG CACH LAP PHUONG TRINH

Budc 1. Lap phuong tr‘zrih d

— Chon 4n va dit diéu kién thich hop ch.f::u an.

— Biéu dién céc ﬁigti lwgng chua biét theo 4n va cdc dai luong da biét.
— Lap phuong trinh biéu thi sy twong quan clia céc dai hrong,

Buéc 2. Gidi phuong trinh. _'

Bude 3. Chon két qué thich hop va tré Ioi.

Vi du 74. Vao th€ ki thi III trude cong nguyén, vua xit Xi-ra-ciit giao cho
Ac-si-met kiém tra xem chi€c mil bing vang cia minh c6 pha thém bac hay
khéng. Chi€c mil ¢é trong lugng 5 niuton (theo don vi hién nay), khi nhung
ngap trong nudc thi trong luong giam di 0,3 niuton. |

Biét rang khi can trong nudc, v“ang giam % trong luong, bac gidm %
trong Iwong. Hoi-chi€c mii chia bao ﬂhlf:!] gam bac ? (vat c6 khdi lugng 100 gam

thi trong luong bang 1 niuton).

Gidi : Goi trong Iugng bac trong mil 12 x (niuton) (0 < x < 5). Trong luong
vang trong mi 1a 5 — x (niuton). Khi nhing ngap trong nudc, trong lugng bac

1T —x + . : i w & = .
glam 1—(—}- (niuton), trong luong vang giam (niuton), s
x X 5-x
Phuong trinh : — =(,3
. 10 20
X =1,

Trong lugng bac trong mii 1a 1 niuton. Chi€c mii chtta 100 gam bac.



Chi y : Khi gidi todn bing cdch lap phuong trinh, ngoai 4n da chon, doi
khi ngudi ta con biéu thi nhiing dai lugng chua biét khdc bang chit. Diéu 1f thd
la cac chit do fuy tham gia vao qud trinh giai bai todn nhung ching lai khong
" ¢d mat trong dédp s6 cua bai todn. Ta xét vi du dudi day :

Vi du 75. Mot ngudi-di mot nira quing dudng AB v6i van toc 20 km/h, va
di phin cdn lai v6i van t6c 30 km/h. Tinh van t&c trung binh cGa ngudi dd trén
toan bd quang dudong.

Gidi : Goi van tdc trung binh phai tim 1a x (km/h), (x > 0). Ta biéu thi mot
nirta quing dudng AB 1a a km (a > 0). Thoi gian ngudi d6 di'nira ddu cliia quéng

dudng 12 % gidy, thoi gian di nita sau cia quing dudng 12 ;—D gid.
Phuong trinh :

a a 2a
+ = —,
20 30 X

Giai phuong trinh trén, ta duogc ;-

L, 1. 2

EE " 56 X .
X = 24.
Van t6c trung binh 1a 24 km/h. |
Chit ¥ : |

a) N&u van toc trén nira ddu cha quing dudng 1a a km/h, van téc trén nlta

km/h.

sau 12 b km/h thi van t6c trung binh trén cid quing dudng bing 177
a b
Dai luong nay goi 1a trung binh di€u hoa cha a va b.

b) Trung binh diéu hoa clia hai s6 duong a va b nho hon hoac bang trung
binh cdng ctia hai s6 dy. That vay .
2 22b _a+b

" < vi 4ab < (a +b)>.
a+b 24

|

1
.E._
b



Bai tap
300. H&i khéch qua dudng, cho hay Di-6-phang tho bao nhiéu tudi ?

Biét thoi tho du cta 6ng chiém é cudc doi,
-115 cudc doi ti€p theo [a thoi thanh nién soi ndi.

Pén khi 1ap gia dinh thi lai thém % cudc doi.

5 nam nifa troi qua, va mgt céu con trai da dugce sinh ra.
Nhung s6 ménh budc con chi séng bing nira di cha.
Ong da tir trdn 4 nam sau khi con mat.
Di-0-phang tho bao nhiéu, hay tinh cho ra ?
Bai todn bang tho ghi trén mé cia Di-6-phdng, nha todn hoc ¢ Hi Lap thé ki 11 111,
301, Tim s6 tu nhién c¢6 bén chit s6, bi€t ring néu viét them mot chit s6 1 vao
ding trudc va mot chit s6 | vao ding sau s6 d6 thi s6 d6 tang gap 21 lan.
302. Tim mot s6 tu nhién c6 sdu chif 6, biét rang chit s6 tin ciing clia n6 bing
" 4 va néu chuyén chit s 4 d6 1én vi trf chit s6 ddu tién thi s6 phi tim ting
gép bdn lan. | .
303. Tinh tudi ctia hai me con hién nay, bi€t ring cdch diy 4 nam thi tudi me
gdp 5 ldn tudi con, sau day 2 nam thi tudi me gip 3 ln tudi con. .
304. Mot hinh chit nhat c6 chu vi bing 320m. Néu tang chiéu dai 10m, tang
chiéu rong 20m thi dién tich tang 2700m>. Tinh méi chiéu.

305. Mot ca nd tudn tra di xuoi khic song tir A dén B hét 1 gio 10 phit va di
ngugc dong tr B vé A hét 1 gitr 30 phiit. Tmh van tdc riéng clia ca no, biét
rang van téc dong nudc la 2 km/h.

306. Mot ngudi di tir A dén B vé§i van toc 24 km/h rﬁi di tié'p tir B dén C véi
véan téc 32 km/h. Tinh quang dudng AB va BC, biét ring quing dudng AB
dai hon quéng dudng BC la 6km va van t6c trung binh clia ngudi d6 trén ci -
quang dudng AC 1a 27 km/h.

307. Quing dudng tit A dén B gém doan lén d6c AC, doan ndm ngang CD,
doan xuéng doc DB, téng cong dai 30km. Mot ngudi di tir A dén B 16i tit B
vé A hét tat ca 4 gid 25 phit. Tinh quang dudng nim ngang, biét ring van
téc 1én doc (cd ldc di 1an lic vé) 1a 10 km/h, van téc xubng déc (ca lic di
lan lic vé) 1a 20 km/h, vén tdc trén dudng ndm ngang 1a 15 km/h.



308. Lic 8 gid, An roi nha minh dé dén nha Bich véi van téc 4 km/h. Lic 8 gid
20 phiit, Bich ciing roi nha minh dé dén nha An véi van t6¢ 3 km/h. An gap
Bich trén dudng, réi ca hai cing di vé nha Bich. Khi tr& vé dén nha minh,
An tinh ra ring quing dudng minh di di dai gdp bén lan quang duong Bich
da di. Tinh khodng cdch tir nha An dén nha Bich.

309. Mot ngudi di xe dap, mot nguoi di xe mdy va mot nguoi di 6 to cung di tr
A dén B, khéi hanh 14n luot ldc 7 gid, 8 gid, 9 gidy v6i van tdc theo thit ty
bang 10 km/h, 30 km/h, 50 km/h. D&n mdy gio thi 6 to & vi tri cdch déu Xe: -
~dap va xe mdy ?

310. Ngudi ta pha 3 kg nu6c néng & 90°C véi 2 kg nuée lanh & 20°C. Tinh
nhiét do sau cung ctia nudc (b6 qua su mat nhiét). | |
311, C6 hai loai dung dich mu6i I va IL. Ngudi ta hoa 200 gam dung dich mu6i I
voi 300 gam dung dich mudi II thi dugc mdt dung dich c¢6 nong dd6 mudi la
'33%. Tinh néng d6 mudi trong mdi dung dich I va II, biét ring ndng do
~mudi trong dung dich I I6n hon néng d6 mu6i trong dung dich I11a 20%.

312, Hai doi cong nhan ciing lam mét céong viéc thi hoan thanh céng viéc dé
trong 24 gid. N€u doi thi nhét 1am 10 gid, déi thit hai 1am 15 gio thi ca hai
doi lam duoc mot nira cong viéc. Tinh thoi gian mdi doi 1am mot minh dé
xong cong viéc.

313. Cho n s6 nguyén duong (khoéng nhit thiét khdc nhau) trong dé cé sd 68.

Trung binh cong clia n s6 d6 bing 56. Khi bd s& 68 d6 di thi trung bmh
cong chan — 1 sﬁ con lai bang S5.

a) Tim n.
b) S6 16n nhit trong n s6 da cho.c6 thé bing bao nhiéu ?

314. Trong mot budi hop mat gifta hai 16p 8A va 8B, c6 tat ca 50 hoc sinh
tham gia. Cdc ban 16p 8B-tinh s6 ngudi quen & 16p 8A va thdy riang ban
Anh quen 11 ban, ban Bic quen 12 ban, ban Chau quen 13 ban,... va cit
nhu vay dé€n ban cudi cing 1a ban Yén quen tdt ca cdc ban cua 16p 8A.
Tinh s6 hoe sinh méi 16p tham gia hop mat.

315. Mot nong dan mang cam ra chg, bdn cho ngudi khach thit nhat % s& cam

va thém % qué, ban cho ngudi khich ~thﬂr hai % $6 cam con lai va thém



_ —% qua, ban cho ngudi khéich th'l.’;" ba % s® cam con lai va thém % qua... Ct

" tiép tuc nhu vay cho dén khi ngudi khéch thit s4u mua xong thi s6 cam vira
hét. Tinh téng 6 cam chia ngudi nong dan dem bén. '

316*. C6 ba canh dong c6 nhu nhau, ¢4 ciing luén moc déu nhu nhau trén toan
b6 médi canh dong. Biét ring 9 con bd an hét s6 cd c6 sdn va $8 ¢d moc
thém clia cdnh dong I trong 2 tudn, 6 con bod an hét s6 co c6 sin va s6 co
moc thém cha cdnh dong II trong 4 tuén.

" ) Tinh xem trén méi cénh déng, s6.¢d moc thém trong mét-tudn bing may
phén clia s6 cb ¢6 sdn lic ddu ?
b) Bao nhiéu con bd an hét s6 co cé san va sé co mr:rc thém ctia ¢anh
déng III trong 6 tudn ? |

317*. Bdi todn cua Niu-ton. Mot canh dong c6 moc day nhu nhau, ¢6 luon moc
déu nhu nhau trén toan bo canh déng. Biét rang [2 con bo dn hét cd trén

19 aero trong 4 tudn, 21 con bd an hét cb trén 10 acro trong 9 tudn. Hoi

3
bao nhiéu con bd an hét cd trén 24 acro trong 18 tudn (1 acro = 4{}47m2).

318*. Mot khdch du lich di tir A dén B nhan thdy cit 15 phit lai gip mot xe
buyt di cliing chiéu vugt qua, ct 10 phiat lai gap mot xe buyt chay nguge
lai. Biét ring céc xe buyt déu chay véi cing mot van téc, khdi hanh sau
nhitng khodng thdi gian bing nhau va khong dimg lai trén dudng (trén |
chiéu tir A d€n B ciing nhu trén chiéu nguogc lai). Héi ¢t sau bao nhiéu
phtit thi cdc xe buyt lai 1an luot roi bén ?

319*, Trén quiang dudng AB ctia mét thanh phd, cit 6 phul lal c6 mot xe buyt di
theo chiéu tir A dén B, va ciing ctt 6 phiit lai c6 mot xe buyt di theo chiéu
nguoc lai. Cdc xe ndy chuyén dong déu vdi cing van tdc nhu nhau.

Mot khéch du lich di bo tir A d€n B nhan thdy ctt 5 phit lai gdp moét xe di
tir B vé€ phia mmh Hoi cit bao nhiéu phit lai c6 mot xe di tir A vuot qua
ngudi dé ?



Chuong IV
.BAT PHUONG TRINH BAC NHAT MOT AN

§11. LIEN HE GIUA THU TU VA PHEP CONG, PHEP NHAN

1. Ta goi hé thic dang a > b (hoiic a < b, a 2 b, a < b) 1a mot bat ding thic.
D€ chitng minh b4t dang thic a > b, ta xét hiéu a — b va chitng minh rang
hiéu do6 1a so duong.: _ :
Cic cach khdc ching minh bét dang thitc duge néu trong chuyén dé Bdt
ddng thitc.

2. Cdc tinh chat sau clia bat dang thic duge néu trong SGK :
— Tinh bac céu : | | |
ﬁ:‘nb;b:-c:*-a:»c.
— Cong hai v€ cha bat dang thitc v6i cﬁﬁg' mot s !
a>b=>a+c>b+c

— Nhan hai v& clia bt ding thitc véi cling mot s6 :
a>b:c>0=>ac>bc
-a}b;q{0:>33<bc.

Céc tinh chét khdc duoc néu trong chuyén a8 Bdt ddng thite.

Vi du 76. Ching minh céc bét déng thic :

5
js‘_L2+~yzg(ffi+2}’)

2 ny.
Gidi : Xét hidu

2 A - el
szz_(xzy) _ 22X +2y }21 s ik

X~y +y* _ (x-y)? >0
2 : 2 o
Viy %2 +y2'2-—--~—(x+y}2

Xay ra dang thitc khi va chi khi x = y.



| 2 2 * I e Y
Xét'hiéu:m——,}—y}—-—%};:x +2xy;y 4xy _ (X 2}*) S

2

X}'. _ 1
X4y ra dang thitc khi va chi khi x = y. | |

" Nhdn xét :

3.
2, (x+7y)
2
clia hai s6 x, y va binh phuong clia téng hai s6 d6. .

2 2 :
(x +23")__. > 2xy hay [x_;-_y) 2 xy cho lién hé giﬁa_tﬁ?ng

hai s8 x, y va tich clia hai s6 d6. Véi x, y khéng am, bat déng thic nay dugc

Bit dang thiic x2 +y cho lién hé giﬁ?.ﬁ tong cdc binh phuong

Bit déng thiic

viét dudi dang : Xr¥ JXy (trung binh céng clia hai $6 16n hon hodc bing
trung binh nhan cia ching), d6 1a bdr dang thiic Co-5i'") v6i hai s6 khong am.
Vi du 77. Chitng minh cdc bit déng thic :

I s
a)x+¥22 voi x> 0;

1 4 i :
b) B— a_+bvma}0,b>0.
sz a) Xét hiéu : |
5 . ,
gadl g XH1=2x (=D 0 o 1250 k0.
X ' _ X ¢ X - .

Xay ra dang thic khi va chi khi x = 1.
b) Xét hiéu : | |
1 4 _ b(a+b)+a(a+b)-4ab

I
a' b a+b ab(a + b)
2

~2ab+b% _ (a-b)?
ab(a + b) " ab(a + b)

Xay ra dang thic khi va chi khia=b.

>0, via b>0.

{(*) Cauchy (1789 - 1857), nha todn hoc Phap.



Nhdn xét :

Bt ding thic x + "3? >2 (v6i x > 0) cho lién hé giffa mot s6 duong véi
nghich dao ctia né. |
| 1. 4

a dz - 1 —*E
Béat dang thic a+b T

nghich ddo cia hai s§ duong va nghich dio clia téng-hai s6 dé.

(véi a, b > DI) cho lien hé giﬁa tong cac

~ Bdaitép
320. Ching minh c4c bat ding thitc :

) 4x° +4x+5>0; B xP=x+1>0: ¢)a’+ab+b>>0.

L

g
321. Chung mmh bﬁt déng thitc Bk bl & i,
2
. X—-x" -1 .
322. Rut gon r6i ching minh rang bi€u thic sau khéng am véi moi gid tri

cua x:

X 4+ X +x+1

x* - %%+ 2x2 X ]

' 323. Ching minh cdc b4t ding thitc

; ' 4 3

d)a>+b>2ab(a+b)v6ia, b>0: b) a* + b* = ab(a® + b?).
324. Ching minh cic bit dang thic :
a) (212 +Ib2)(x2 + y-z) }.'(ax + by)z
{bﬁt déng thitc Bu-nhi-a- cop-xki v6i hai cap s6 a, bvax, y)( )

b) (a +b 4+ )(x +y +Z )>(ax+by+cz}
(bdt dang thitc Bu-nhi-a-c¢8p- kam hai bd basda, b, c vé X, V, Z)
325. Choa va bcung déu. Chiing minh rng :

a)Néua}bthi—m{-]—' | b)%sr_zl

>
5 =2,

(*) Bu-nhi-a-cop-xki (1801 — 1889), nha todn hoc Nga.



326. Goi

: 2 : la trung binh diéu hoa cha a va b. Ching minh réng trung
et ..[... Fers 2 :
a b

binh diéu hoa cha hai s6 duong a va b nho hon hodc bang trung binh cong
ctia hai sg ay.

327. Ching minh cdc bat dang thic :

2) 2(a% + b3 2 (a + b)? ; |

b) 3(a2 + b2 +c?) 2 (a+ b £ ¢)2 3 3(ab + be + ca).
328. Chfmg minh céc bat dang thitc :

- LS x. . ' 4 4 4
: a“ +b a-+b a +b a-+b

) :} A :;. .
a) 3 .n( 5 ] ; b) > _( ) :

a% + b2 4+ c? }(a+b+c]2

¢} o 3

~ Vidu: 88 dén 122.
Bai tap : 358 dén 417.

§12. BE{T PHUONG TRINH BAC NHAT MOT AN

1. Bt phuong trinh bac nhdt mot 4n 12 bat phwong trinh ¢ dang ax +b>0
(hodc ax + b < 0, ax+b3*0 ax+b*’£{l) tmngdﬂxlafm avablacac s& da
cho, a # 0. |

2. Hai bat phuong trinh dugc ggi' Ja mdné duong néu ching c-f) cimg mot
tap nghiém.

3. Khi gmi mot bat phuong trinh, ta c:{'i thé :
- — Chuyén mot hang tlr tir v& nay sang v€ kia v ddi dau hang tir do.
~— Nhan (hodc chia) ca hai v&€ v6i cing mot s6 duong.
~ Nhan (hodc chia) ca hai vé’ vm cung mot $6 am va déi chiéu cla bat
phuong trmh |
Vi du 78. Gidi bdt phuong trinh véi m 12 hing :

2
mx+1lz2m +x.



* Gidi : Bién déi twong duong :
mx + | 2_m,2+x<:;:m_x—x2m2m 1< (m- i)x.amz— 1. (1)
Néu m > 1 thi nghiém clia bt phuong trinh lax >m + 1.
- Né&u m < 1 thi nghiém cha bat phuong trinh Ia x ﬂ;m + 1.
Néum =1 tlﬁ (1) codang Ox 2 0 nghiém cta bat phuong trinh 14 moi x.
Vidu 79. Giﬁ,i bét phudng trinh véi a 1a hfin-g :

X+ 1 +
+ax > 2 .2
a a

-—2};

_ Gidi : Diéu kién xac dinh cha bat phuﬁng trmh la a # 0. Blén doi bat
phuong trinh :

1 % .

S S S BT
a a a a
@aﬁ+2x>gwi
. a a
f:;*{a+2)x‘:-§: | )
Néu a > =2, a # 0 thi nghiém clia bit i : .
> » 1 nghiém cua phuﬁngtnnhigx:?a{a+2)
Néu a < -2 thi nghié
| ua _1ng.llfm cua bdt phuong trinh 12 x < a@ D)

Néu a = -2 thi (1) ¢6 dang U:{ > —% nghiém ding véi moi X.

| Vl du 80. Ki hiéu [a} (phﬁn nguyén clia a) 12 s6 nguyén 1n nhat khong
‘UHU[ qué a. Tim x biét rang : : :
| [35{ 28]
7 |=

Gidi : Theo dé bai, x 12 s6 nguyén 16n nh4t khong vuot qué

SX"S.Dndé

[3;(__5} (7 =i Y O 0
=X > 7
L % &7 @



329.
330.

331.

332,

Giai bét phuong trinh (1) ¢

U_{_ —4X —~ 5

{_1@05 -4x —5 <7

<:>5.£+4x<12<::--%2x>-3.

Theo (2), x € Z, do dé x = -2,

Bdi tap
Tim gid tri clia x thod man ca hai bat phuong trinh
2x  3-2x _ 3x +2 . X 3-2x _ 3x-5
+ = va —+ 2 :
5 3 2 2 3 6
Tim s6 nguyén x thod mé&n ca hai bt phuong trinh :
MR E b8 W 10,000
| 5 2 6 4
Tim s6 nguyén x thod mén ca hai bat phuong trinh. f
23x-4)<3(4x-3)+ 16 va 4(1 +x)<3x +5.
.Cho biéu thic : |

( I = 2 Smx] 1-2x
A= + - : ;
(l=X. " X+l 1-%7 %~}

a) Rut gon biu thic A.
b) Tim x dé A > 0.

333. Cho biéu thitc :

334.

a) Rit gon bidu thic B.
b) Tim x d€ B< ~1.
Giai bat phuong trinh :

i)

X+2 X+5 x+8 x+11
- > 4 .
80 86 83 80




335. Giai céc bét phuong trinh vdi a 1a hiang :
a)2(x +2)<afa—x);
Max—a)<x-1;
2% 1 4x — 1 a — 2ax
c) 5 - s - 3
a°-a+1 2a+2 2a°-2a+2 l+a
336. Tim gié tri cia m dé nghiém cuia phuong trinh sau 1a s6 duong :

m + 1
x -1

= - m..

~ 337. Tim gid tri chia m d€ nghiém ctia bat phuong trinh 4mx > x + 1 1a:
ayx>9; - ' b) x < —5. |

- : 2
; ; +7
338. C6 bao nhiéu s8 ty nhién n nam gitta 1 va 2000 sao cho phan s6 n i

khong phai 1a phan s6 t6i gian ?
339, Cho mot day céc s6 tir nhién bat ddu tr 1. Ngudi ta xod di mot s§ thi

5 o .y
trung binh céng cua cédc s con lai bang BSE' Tim $6 bi xo4.
340 Tim céc s6 nguyén a va b sao cho : g ¥ _2ab +2b% —4a + 7 < 0.

34x +197]
341. Tim x biét rang [—jﬁn—%} 2x + 1.

§13 PHUGNG TRINH CHUA AN
TRONG DAU GIA TRI TUYET mi

Pé gi4i céc phuong trinh chia fin trong ddu gid tri tuyét d6i, cin khir ddu
* gid tri tuyét déi. Ta nhé lai : Gid tri tuyét d6i chia mot biéu thic bang chinh né -
néu biéu thiic khong am, bing s6 dGi ctia nd néu biéu thitc am :

A AnéuAz0
| -A néu A <0. |
Do d6, dé khir ddu gid tri tuyét doi, cdn xét gid tri clia bién lam cho biéu

thitc khong am hay am. Néu biéu thic nim trnng ddu gid tri tuyét doi la nhi
thitc bac nhdt, ta cdn nhé dinh i sau ; -



DPinh li vé ddu cia nhi thirc bdc nhdt ax + b (a #0)

Nhi thicax +b(@a=0): =

- cung dédu v6i a voi cdc gid tri clia X 16n hon nghiém cua nhi thic ;
— trdi dfu véi a véi cdc gi tri cla x nhd hon nghiém clia nhi thite.

' . o ol i ' “ b .
Chiing minh. Goi X, la nghiém cta nhi thitc ax + b thi x, = ~—. Xét

a
ax +b b .
=X+ — =X~ Xg.
a a |
. . ax +b S
Néux >x,thix - x,>0 = >0 = ax + b cung dédu véi a.
a :
. . ax +b z
Néux <x,thix~x,<0= <0 = ax + b trdi ddu vdi a.
. P

Chéng han : Xét ddu cdc nhj thic =2x + 1 va'x + 5 r8i viét k&t qua vao mot
bang, tacé

1
X -5 =
—2x + 1 o ok 0 ~
x+5 | - 0 3 o+
Vidu 81. Glal phuong trinh :
_ |x—-5|-f—ix+3‘ 3x - 1. o (1)
- Gidi : Lap bang xét ddu cdc nhi thitc x -5 vax +3
X -3 5
X =5 - _ - 0 +
X + 3:. - 0 + £ +

Xét ba khoang gi# tri clia bién x :
a) X < -3 : phuong trinh (1) c6 dang :
(D= %) = (X L3y 3Ix~ 1, tlmduﬁc

X = 3 loai vi gid tri nay khong thudc khoang dang xét.



b) -3 <x < 5 : phuong trinh (1) ¢6 dang :
(5 m'x)+(x+3)m3x— 1 < ~3x = -9, tim dugc
x = 3, thudc khoang dang xét.
c) x 2 5 : phuong trinh (1) c6 dang : _ |
X=3+x+3)=23x-1& —-x=1, tim duge
x = —1, khong thudc khoang dang xét.
Két ludn : S= {3}.
Vi du 82. Giai phuong trinh : .
|2x — 1} + |2x — 5] = 4. . (1)
Gidi |
Cdch 1. a) Xé’; khoang x < % (1) co dang :

_1—-2x+5-2x=4,timduqc

X = —é— , khéng thuoc khoang dang xét.

. b) Xét khoang % $x< %, (1) c6 dang :

| 2% ~ 1 +5=2x =4 & 0x = 0.
Phuong trinh nghiém ding véi moi x thuoc khoang dang xét, tic Ia

lﬁ-xﬂg.
2 2

¢) Xét khoang x > % (1) ¢6 dang :
2x — 1 +2x — 5 =4, tim duoc

% = g—, khong thuoc khoéng dang xét.

Ké?!ﬁg”n:S: xt'&]wii X ifsﬂ'.
2 2

Cdch 2. Ap dung hai 1dn bt déng thﬁc Al > A (xay ra dang thic khi va chl
khi A = 0) taco:

le-l!—HS—ZxIE{qul}+(5—--2x)m



Theo dé bai, phai x4y ra dang thic, do d6

-

1
i »
=1
x-120 . e ¢::>—1-£x£-5—
5~2x20 5 J, 2
S :
2
Vi du 83. Giai phuong trinh : |
Ikl -3| =x + 1. o (1
Gidi |
a) Xét khoang x = 0, (1) ¢6 dang | _ |
x =3l=x+1. o (2)

L@ixxét hai trudng hop :
Véix=3,(2)cédangx -3 =x+ [ vo nghiém.
V6i0<x<3,(2)cé6dang 3 —-x=x + 1 <> x = |, thudc khoang dang xét.
b) Xét khoang x < 0, (1) ¢6 dang-l-x — 31 = x + 1 titc 12

_ X +3l=x+1. | (3)
Lai xét hai trusng hop : |
Vai—-3=xx<0, {3)C0dangx+3wx+l vénghiem

Vix<-3, 3)cddang~—x-3=x+1x= —2 khodng thuéc khuang
dang xét. :

Két ludn : S={1}.

Bdi tap
' Gidi cdc phitang tiinh :
342. a) 2x =3+ (5x - 1) =0 . b x—1=Ix-5;
&) Ix — 1 =13x —5l: - d) 2t = lx+ 1i=2
e)lx-4l+Ix+11=9; g)Ix =3l +Ix - 5l=2.
343. .a} x| -2Ix-21+3I1x=31=4; b) IxI —2Ix + 1+ 3 Ix +21 = 0;
) lxl=2lx = 11+3Ix-2l=4; A Ix+1+Ix+2+Ix+3l=

344, a) xlx + 3l - [x* +x+1l=1: b)Ixl * — 3ixl +2=0.



345, {ixi-1] =x+1.
346. a) Ix — 4| - x = 2a'(a 12 hang) .; % b) Ix =31+ 15 — xl = 2a (a 12 hing).
347*. 2ix + al - Ix — 2al = 3a (a 12 hang).

§14. BAT PHUONG TRINH CHUA AN
TRONG DAU GIA TRI TUYET BOI

Dé gidi bt phm:mg trinh loai nay, ta cling khit ddu gia trj tuyét d6i nhu d6i
Vi phuong trinh chia 4n trong ddu gia tri tuyét doi.

Vi du 84. Giai bdt phuong trinh : |
| x| - x +2<21x -4l - (1)

Gidi : Lap bang xét ddu cdc biéu thitc x va x — 4 :
X 0 4
X - g + +
X —4 i - 0 +

a) Xét khcang x <0, (1) c6 dang :
"K"X+2‘:2(4-—X)¢}OX{6,
nghiém ding véi moi x thude khoang dang xét x < 0.
b) Xét khong 0 < x <4, (1) c6 dang
X=~X+2<8~2x<x53. |
Nghiém ctia bat phuong trinh (1) thudc khodng dang xét 12 0 < x < 3,
c) Xét khodng x 2 4, (1) ¢6 dang : | |
X-X+2<2x-8<¢>x 25,
thoa mén diéu kién x = 4.
Két lugn : Nghiém cha bét phuong tﬁnh dicholax<3;x25.

Nhdn xét : Trong cach gidi trén, ta d3 kht ddu gzé tri tuyét dsi ba,ng cach
xét timg khoang gid tri clia bi€n. Trong mot s§ trudng hr;fp, ¢ thé giai nhanh
hon cdch ding phuong phdp chung néi trén bdi cdc bign ddi twong duong sau :



Dang 1
a) Véi a 12 s6 duong, ta ¢6 ; If(x)] < a < —a < f(x) < a.
b) If(x)l < g(x) & —g(x) < f(x) < g(x).
Dang 2 |
| f(x)<—a

a) V&i a 1a s6 duong, ta ¢6 : H(x)l > a <
| f(x)>a

f(x) < - g(x)
f(x) > g(x)

Dang 3 If(x) 1> Ig(x)l < [f)1 > [2(x)]%

b) H(x) > g(x) < [

Vi du 85, Giai bat phuong trinh : . |

' 312x — U <2x+1 (D)

Gidi ‘ | '

Cach.l (theo phwong phdp chung) :

- a) Xét khoang x < %,-(I) c6 dang :

31 -2x)<2x+ 13 -6x<2x+ 1
| 1 |

<:>-8x-<:-2<::>x>z;

Nghiém cha bét phuong trinh thuoe I{hoﬁng_néy la % <X < %

; | : |
b) Xét khoang x 2 g (1) c6 dang :

32X -D<2x+ 1< 6x-3<2x+1

<:>4x<:4_<:i>x<1.

Nghiém cz_‘,'la bat phuong trinh thudc khodng nay Ia % £ x<T,

Két lugn : Nghiém ctia bdt phuong trinh da cho 1a % & wgl,



Cdch 2 (bién d6i thanh bat phuang trinh tucfng_dlrﬁng theo dang 1b) :

: 32x 1D > —-2x +1) 6x -3 > -2x ~1
3i2x - H<2x+ 1 < : o :

32x ~ 1) < 2% + 1 6 =3 <2x+1]
{8};::-2 , x:‘>~1w 1
- 4 o—<x<l].
4x < 4 -
_ | x <1
Bai tap
Gidi cdc bdt phuong trinh : |
348, a)13x - 21< 4 ; b) I3 ~2x 1l <x + 1.
349, a)13x - 11>5; B)Ix+ L2 x+1,
350, a)lx+ 1>lx-2l; b) Ix — 11> Ix + 21 - 3.

351, a)lx — Il +1x~5/>8: by Ix ~ 31+ Ix + 1l < 8.

§15. BAT PHUONG TRINH TICH.
BAT PHUONG TRINH THUONG

Vi du 86. Giai bat phuong trinh :
x2—2x +1<9.
Gidi |
CCachl. X -2x+1<9ex-1Y<9eix-1i<3

&S -3<x - <5 & -2<x<4.

Cdch 2. Bién déi thanh bt phuong trinh dang tich :
_ | x2—2xf8<0<::>{x+2}(xm4}<:{}.

Lap bang xét ddu céc nhithic x + 2 vix — 4 :

X -2 4

X+2 . w & B B +
- ox-4 w | - 0 o+
x+Dx-4 ] + 0 = - 0 +

Nghiém cuia bdt phuong trinh 1 - 2 < x < 4.



Vi du 87. Giai bdt phuong trinh :

+ T
— 21,
X -1
Gidi : Diéu kién xdc dinh ; x # 1.
l~5:n¢21 . 1“5"‘._12{} e 1~53ux+1 -
X —1 Xl X -1
<:>2~m6#20<:¢-1*3x = (.
X -1 Lo K |
Lap bang xét ddu :
X .1“ I
3
1 —3x + 0 - -
x=-1 I - . - 0 +
1-3x | " y ” )
X~ 1
Nghiém cha bt phuong trinh 15%-:_1};{ 1.
Bai téip.
352, Giai cdc bat phuong trinh : |
2) 4x" —4x +1>9; b) (X2 =27 = DRx +3-%%)20 ;
9 x3:-4x_2+5x—20}0; d) x2+2x+2}x2+4}{_-+5_1" |
%3 %% = 10x ~8 x+1 . x+2

353. Tim diéu kién clia x d€ biéu thitc sau ¢6 gid tri am :

A_(i—xwx+3}(x+3 xul]

x+3 x-1) \x-1 x+3/

354, Tim diéu kién clia x va y dé€ biéu thidc sau c6 gid tri duong :
| (Kzﬁxy sz},z\ },z' { 3
A:L 5 + =5 JL 3 5+ J
| Yo+ Xy X7+ Xy X~ — Xy Riomy




355. Tim diéu i(iv!i:n clia x va y d€ biéu thic A 16n hon 1 :

e
. _ _ 1
A= 2}[ —;'( y.: 3y 2'|" :i.
yo Xy X7+ Xy X” — Xy X+y )] ¥

356. Tim gid tri cha x d€ bi€u thic sau 16n hon 1 :

X 2
x-=2 x-3 |
357. Tim gid tri cha m d€ phuong trinh sau ¢é nghiém am :
2
=4 - m
X1 :

CHUYEN DE
CHUNG MINH BAT PANG THUC

[ - CAC TINH CHAT CUA BAT DANG THUC
Ngoai cic tinh chét clia bat dang thiic dugc néu o §11 ta.con su dung céc
tfnh chét sau :

1. Cong timg v& hai bét dang thuc cung chléu duge bit ding thitc moi
cung chiéu v6i cic bat dang thitc da cho :

a::-b,c::_d:>~3+c>b+_-d.
Chit y : Khéng dugc trir ting v€ hai bit dang thitc ciing chicu.

2. Trur tung v€& hai bat riang thitc ngugc chigu, duge bﬁt déng thic méi cung
chiéu vOi bﬁt dang thitc bi trix :

a>b,c<d=a-c>b-d.
3. Tinh chat don diéu ctia phép nhan ;-
a) Nhan hai v€ cla bét dﬁn.g thitc véi cling mot s6 duong :
a>b,c>0= ac > bc.

b) Nhan hai v€ cta bat dang thitc v6i cling mot s6 am va déi chléu clia bét
dang thiic :

a>b, c<0=>ac < be.



4. Nhan timg v€ hai bét déng thiic cing chiéu ma hai vé khong am :
, a>b20,c>d20= ac>bd.
5. Nang 1&n lu§ thira bac nguyén duong hai v€ cia bat déng thiic
asbis0= a5t}
a>be a” >b" véinlé;
| lal > bl < a™ > b" véi n chén.
6. So sanh hai 1u§ thira cing co $6 véi s6 mi nguyén duong :
Néum>n>0thi: a>1=.a" >a";

a=1= g™ =a";

Agwel = a™oab, |
7. Ldy nghich ddo hai v& va doi chiéu bdt dang thiic néu hai vé ciing diu :
a>b,ab>0= i{% (xem bai 325a).
a

- Chu y : Ngoai céac bdt dang thic chat chang han a > b, ta cdn gap cdc bat
- dang thitc khong chit, chdng han a > b (titc 12 a > b hodc a = b). Trong cic tinh
chat trén, nhiéu diu > (hoac <) ¢ thé thay béi > (hoac *i)

Il - CAC HANG BAT PANG THUC
1. Ngoai cdc hang bat ding thic a® >0 : —a’ < 0, can nh& cdc hang bit
déng thic lién quan dén gid tri tuyét d6i :
lal 2 0. X4y ra ding thic khia =0
lal > a. Xay ra dang thitc khia > 0 ;
la + bl < fal + Ibl . Xay ra déng thtc khiab> 0
la - bl 2 lal — [bl. X4y ra déng thitc khi ab > 0 va lal > Ibl
(céc diéu Kién nay con c6 thé dién datlaa>b > 0 hodc a < b < 0).
Ching minh bét ding thiic ja + b < [a] + [b| nhur sau :
|a +b| < [a] + [b] : (1)
& a’ +2ab+b° <a’ +2ab| + b’ (i hai vé& ciia (1) khong am)
< ab<|ab] B )
Bt déng thitc (2) ding, vay (1) 12 ding.



Chitng minh bat dang thiic |a — b| 2 |a] — |b| (3) nhu sau :

Néu |a| < {b| thi (3) hién nhién diing.

Néu [a| = |b} thi (3) twong duong véi : |
a—bl> = (ja] - [b})* < a”—2ab+b*>a’—2Jabl+b” < |ab|>ab (4)
Bit ding thic (4) ding, vay (3) 1a ding.

2. Ciing cdn nhé thém mot s6 hing bét dang thitc khdc dé khi giai todn ¢6
thé st dung.ching nhu mét bd dé, chéng han :

32+b222ab;

2 .
+ 2 o
[a b], > ab hay (a + h)z > 4ab (bat dang thic Co-si) ;

2
i%zaib véia, b>0 (vidu77);
a b . "
-E+—32 véi a, b > 0 (bai 325).
a

(2% + b2)(x* + y2) > (ax + by)” (bét ding thic Bu-nhi-a-c6p-xki, xem bai 324).

Il - CAC PHUONG PHAP CHUNG MINH BAT PANG THUC -
" 1.Dung dinh nghia |

Dé ching minh A > B, ta xét hiéu A — B va chitng minh ring A - B 14
sO duong. - _

Vi du 88 (11). Ching minh ring

o (x- 1)(x - 2)(x - 3)(x —4) = 1.
Gidi : Xét hiéu )
(X = 1)(X - 2)(x = 3)(x —4) = (1) = (x> = 5x + 4)(x* - 5x + 6) + 1.
Dat x* - 5% + 5 =y, biéu thitc trén bing (y - D)(y+ D+ 1 = yz > 0,
Vay (x - 1)(x = 2)(x = 3)(x — 4) > —1. o

2. Dung cac phép bién déi tuong duong

Vi du 89 (11). Cho cic s6 duong a va b thoa man diéu kién a + b = 1,
1

Chitng minh ring (1 - —1-] (i + E] > 9.
- a



Giai : Tacd
[1+3](1+i]z9 | (1)
a b

>0 «>ab+a+b+1>9ab (viab>0)

a+1 b+1
&S :
a

e>a+b+1>8abe>2>8ab (via+b=1)
e 1>4ab<>(a+b)>24ab (via+b=1)
o(@a-b)*20. | - 2)

Bit dang thic (2) diing, ma cédc phép bién déi trén tuong dumrng, vay bét
dang thitc (1) dugc ching minh.

Xay rardang thic khi va chi khia=b.
Cdch gidi khdc

(400 ) (12221 222) - (2o 8)

Thuc hién phép nhan va chi ¥ rang % + L >2 doa>0,b>0.
a

Chit y : Khi sit dung phép bién d8i twong duong, cdn luu § cdc bién doi
tuong duong c6 di€u kién, chang han : 1 .
A >b’ e a>bvéiab>0; |
m>n<>a’ >a’ véim,nnguyén duong, a> 1.
Cén chi 15 cédc di€u kién 4y khi bi€n déi tr.rdng duong.

3. Diing céc tinh chit cha bat dang thirc
Viduy 90 (11). Cho a + b > 1. Ching minh rang a* +b* > %

Gidi : Ta c6

: a+b>1>0. ; (1)

Binh phuong hai vé : | -

| (@a+b)’>1=a° +2ab+b">1. (2)

Mat khéc | |
(a-b)2>0=2a°-2ab+b°20. (3)



Cong tling v€ ctia (2) va (3) :

2(az+b2}}1::>a2+b2_>—;— | (4)

Binh phwong hai v€ ctia (4) :

a® +22%% + b4 > ‘14' 6
Mait khdc
| @ -b)*20= a* - 227 + b* 2 0 (6)
Cong timg v€ clia (5) va (6) :

ntad iy s b sl F g ptanle
4 © 7y

Vi du 91 (11). Chiing minh b4t dang thic :

2 42 2

b C C
e
¥ e a2* b

b a
+ =+ —,
a o

Gidi

_ Ap'dung bat dang thirc x* + yz > 2xy (xay ra dang thitc khi x = y), ta c6 :

E w2
C

Tuong tu : | ——F

Cong timg v€ ba bat dang thic trén :

2 2 2 2 2 )

a8 b C a b ¢ a b C a b

2 g gy 22(~«+—+—]:> e e e G
b C a c a b C a© € a

i
-

Vi du 92 (11). Chitng minh céc bét ding thitc voi a,b,cla ééc s& duong :

. | |
a)(a+b+c)[—1—+-1—+—)29; b) 2 4 e et = 1N
a b ¢/ b+c c¢c+a a+b



Gidi
a) Ta co
a a b b ¢ ¢

A:@+b+c{l+l+l]=1+e+—+—+1+—+—+m+1
a b c¢ c a c a

- [a b] [a 'C] [b c]
=34+l =—F+—|+i=F+—|+]—+—}.
. b a/ \c a ¢ b

Dé chitng minh = + 2 > 2 véi x, y duong (bai 325).
¥ ok

Dod6A>3+2+2+2=9VayA=09.
X4y ra dang thifc khi vachikhia=b =c,
b) Ap dung bat dang thic & cau a :
(x +y+z)[*]—+l+l] >9 trongdox,y,z>0
X ¥ %

véix=b+c,y=a+c,z=a+btaduoc:

2(a+b+c}[ : + 1 + _1 JEQ
b+c a+c¢c a+b

n{a+b+@[ I.+ 1 + 1 ]2%5
b+c a+c¢c a+b/
:3a+p+c+a+b+c+a+b+c2%5
b+c . a+c a+b .
i F1+ +1+1+ 24,5
b+c a+c a+b
4 + 2 + 2 > 1,5.

b+c a+c a+b
X4y ra dang thiic khi va chikhia=b =c.
Vi du 93#(11). Cho a, b, ¢ 12 d6 dai ba canh ctia mét tam gidc. Ching
minh rang : '
B 1 1
+ R
a+b-c b+c—-a ct+a-b




Gidi
1 1

Xét + : va chd ¥ ring cdac mau déu dwong, dp dung bat
a+b—-¢c b+c-—a _

v6i X, y > 0 (vi du 77), ta dugc :

ding thitc i+-1—2
X y X+y

1 1 4 2
- = = -,
a+b-¢c b+c—-a 2b b
1 ' 1 2
Tuong tu + S -
b+c—-a c+a-b <
l +I : Eg.
c+a—-b a+b-c a

Cong tung v€ ba bat dang thuc wén réi chia cho 2, ta duuc: diéu phai
chiing minh.

Xay ra dang thic khi va chi khia=b =c.

Vidu 94 (11). Cho x 20, y 2 0, z 2 0. Ching minh rang :

(x + y)(y + z)(z + X) 2 8xyz, (1)
Gidi
Hai v€ chia (1) déu khong am nén dé chitng minh (1), ta s& chiing minh ring
(x + y} (y + 2) (z + x) > 64}{23!222
Tacod . (x + y) = 4xy,

(y + 2)2 = 43!.2;,

(z + :Js'.)2 2 4zx.

Hai v& chia ba bét ding thitc trén déu khong 4m, nhan timg vé& ta duoc

(X + y} (y + z) (z + x) 2 64}{2}*212

=+ +2)(z+ x)] 2 [Sxyz]

Cdc bi€u thifc trong ddu ngoac vuoéng déu khong am nén
| (X + y)y + z)(z + x) = 8xyz.

X4y ra dang thic khi vachikhix=y =z



4, Dung phuong phap phan chiing
Vi du 95 (11). Cho a>+b”<2. Ching minhrang a + b < 2.
Gidi |
Giastra + b > 2, binh phﬁﬁng hai v€ (hai v€ déu duong), ta dugc :
a”+2ab+b” >4 - (1)
Mt khéc ta c6 |
2ab < a” + b? = a® + b° + 2ab < 2(a° + b%)

ma 2(a” + b) < 4 (gia thi€t), do d6

a® + 2ab + b’ < 4 @
méu thuan véi (1).
- Vayphaicéa+b<2,
 Cdch gidi khac. Ta c6 | |
a?+bi<2 (1)

Mait khdc 2ab < a® +b” nén

2ab<a’+b><2 2)
Cong (1) véi (2) : |

a+2ab+b°<4=>(a+b)’<4=>-2<a+b<2.

IV — BAT DANG THUC VOI SO TUNHIEN

Vi du 96* (11). Chiing minh riing v6i moi s6 tu nhién n > 2 ta ¢6

LI
2 g S 4

Gidi

Goi A 1a v& trdi cla bdt dang thic trén. Ta st dung tinh chédt bic cdu cla
bat dang thic dudi dang phuong phdp lam troi : dé ching minh A < B, ta lam
tréi A thanh C (A < C) rdi chimg minh ring C < B (biéu thic C déng vai trd
trung gian d€ so sdnh A v B).



Lam tr6i moi phan s6 & A bing cdch lam giam cdc méu, ta c6 :

1 1 1 1
< = = ;
K kP -k k-1 . (k-Dkck+1)
Do dé : :
| | 1 1 1 L
A< + + ..+ =- + + ... + ;
292 3P 3 n> —-n 123 234 (n ~Dn(n +1)
bat C = : + : TS 1 , nhan xét ring :
. 123 234 (n = Dn(n + 1)
S 2
(m=bn n(n+1) (n-Dnn+1)
nén C:~]- : _- + 1' = ! + i : e 1
2112 23 23 34 (n—-Dn nn+1)
LA B @ i i
212 nn+1)] 4 2n(n+1) 4
] 1 I 1
Va —w t =t b— < —,
Y T 3 %3

Chii y : Khi lam tr¢i mot bi€u thitc, ¢6 trudng hop ta phai chia biéu thic
thanh nhiéu nhém r6i 1am troi trong timg nhém. Xét vi du sau :
~ Vidu 97* (11). Ching minh ring v6i moi s6 tu nhién n > 2, ta ¢é
| | 1 1 1
l+—+—+ ..+
27 —~1

Gidi : Goi v€ trdi clia bat ding thic trén 12 A, ta ¢6 :

1 1 1 I 1 1
A=l4|ot-|+|—=Hut=|+]|—=+. +—]| +..
2 3 2 7 23 15

[ ] 1 )
. O .
=t L g g

O mébi nhém, ta 1am troi bang cich thay cdc phan s§ bdi phan s6 16n nhat
trong nhém, ta dugc :

< I

A.«c1+1.2+~1—.4+i.8+...+~—!—-.2“‘1 = 1 e Fob ¥ T=n,
2 gt 9d pn- |



V - VAI PIEM CHU Y KHI CHUNG MINH BAT PANG THUC
Cha y 1. Khi chimg minh bit ding thic, nhiéu khi ta can doi bién.
Vi du 98 (11). Cho a + b + ¢ = 1. Ching minh ring
az 5 b2 + n::2 > i
3
Gidi :

Déjila=%+'x,bz +y,c:—%+z. Doa+b+c=1nénx+y+2z=0

1
3 ",
Tacod:

i. 2 R | 2
32+b2+c2=(_+x] +(-+y] +(~—+z) —
3 3 3

(e300 3o o3eed
=| =4 =X +X|+|=+=y+y —+—z+2°| =
9 3 3 9 3

I 3 1 |
=-+~§{x+y+z)+x2+y +22~'-=§_+x2+y2+322

l.
3 3

Xé}fradéng_thﬁcapx'zy=z=0<:>a=b=c=-Iw.
Vi du 99 (11). Chiing minh bit dang thic ;
abcz(b+c—-a)a+c-b}a+b-c)
véi a, b, c Ia do dai ba canh cia mot tam gidc,
Gidi
Cdch].Patb+c—a=x,a+c—-b= y,a+b-—c=zthix, }f,z::(} Theo
bat ding thitc (x + y)(y + z)(z + x) = 8xyz (vi du94)tacéd:
2a.2b.2c28(b+c—a)a+c—-b)a+b-0)
= abc>(b+c—a)a+c—-b)a+b-o)
- Xay ra dang thic khi vachikhia=b =c.
Cach2.Tacé:

(b+c—a)(b+a~—c)—b -(cn-a) {'b

(c+a—b}(c+bma)=c —(a—Db) 5(:2

(a+h-c)(a+c—b)=az—-(buc)2-£az.



Nhan tiing v€ ba bat dang thitc trén, ta dugc

[(b+c~a)a+c—b)a+b-c)] < [abe]’.

Céc biéu thiic trong déu ngoac vudng déu duong nén
(.b+c.- a)(a+c—b)a+b-c)<abc.
X4y ra ding thitc khi va chi khia=b=c¢.
_Chti ¥ 2. Vi cac bat dang thiic ma cac bién ¢6 vai tro nhu nhau, ta ¢6
thé sap thir tu cac bién.
Vi du 100* (11). Ching minh bat diang thitc duge néu & vi du 99 :
| abe > (b+c—a)a+c—b)a+b-c) | (1)

trong d6 diéu kién a, b, ¢ la do dai ba canh clia mdt tam glac duge thay bdi a, b,
¢ la céc sd duong.

Giai

Cdch 1. Do vai trd cha a, b, ¢ nhu nhau, ta gia sir ring a > b > ¢. Xét hai
truong hop :

a) b + ¢ < a. Khi d6 v€ trai cna (1) 1a s6 duong, con v€ phai khong duong.
Bét dang thic dugc ching minh.

b) b + ¢ > a. Khi d6 hai v€ cua (1) déu duong. Giai ti€p nhu vi du 99.

Cdch 2. Trong bas6b+c—a,a+c—b,a+b—c, khong c6 qud mot s6 am.
That vay, ching hannéub+c—a<0,a+c—b<0thi 2c <0, tréi v6i gié thiét.

* Néu c6 diing mot s6 am thi v& phai cta (1) 14 s6 am, bat dang thitc (1) hién
nhién dang.

Néu khong c¢b s6 nao dm thi v€ phai ctua (1) la s& dtrﬂng Giai tiép nhu vi
du 99. |

- Cha y 3. Khi chitng minh bat dang thirc, trﬂng nhiéu tru‘i‘rng h(rp ta can
xét tirng khoang gia tri cua bién.
Vidu 101 (11). Chﬁ‘ng minh rang
xX8—x +xP-x+ 1>0.
Gidi
Goi A 1a v€ trai clia bat dang thitc.

Cdch 1. Néu x > 1 thi ta viét A du6i dang x (x — 1) + x(x — 1) + 1. Do
x21nén A>0.



Né’uxalthttavlétAduéldangx +x(1ﬁx—)+(i—x) Doxcclnén
1 -x° >0,dodé A>0.

Cach 2. J
A=x"(x-D-x-D+x*=x-DE - 1) +x%
Né’ule.;h‘l;{"'zl,dodé(x—l}(x?“l}zﬂ,c&nxzbﬁnénﬂi}[}.
N&’ux{lthixT{I,dodé(x—IJ(x?m1}}Q,cﬁnx230nénA}D.

VI - AP DUNG CHUNG MINH BAT DANG THUC VAO GIAI PHUONG TRINH

C6 nhiéu trudng hop dé giai. ;ﬁhuung trinh f(x, y...) = 0, ta lai chiing minh,
bat dang thite f(x, v...) 2 0 hoic f(:-c Vi) & O va chi ra diéu kién cén va da dé
x4y ra dang thic. .

Vi du 102 (11). Giai phuong trinh

x2+}'2+22:.x(y+z). |
Gidi : Tru6c hét ta ching minh ring |
x2+y +22>xy+xz (1)
Bat dang thite (1) ttr{mg dm:mg val
2x° +2y +22° - 2xy —2xz20
Sx-y+x-22+y2 +2220 ®

Xdy ra didng thic & (2), tic 12 & (1), khi vaichikhix =y =z = 0. D6 1a
nghiém ctia phuong trinh.

Chii y : Cling c6 thé bién d6i phuong trinh da cho thanh :

| 2x2+2y2+222—2xy—2xz=0
SE-Y+x-2 +y +22=0

i A {
Bai tap
Ching minh bat dang thic

Chiing minh cdc bdt ddng thitc (tix bai 358 dén bai 371) :
358(11).a) a” +b> +c*2ab+be+ca: b at+bi+ct+d > dabed.



359(11). a) At ebtects abcla+b +c¢);

g > azbzcz(_ab + bc + ca).

b) a8 + b8 +C
360(11). a) a” + b” > ab ; B) x>+ Xy +y° 20

¢) a(a + b)(a + c)(a + b + ¢) + b2 2 0. |
361(11). 2) (a° + b)@* +bY) 2 (2> +B)?; b) (a + b)@® +b) < 2(a* +b").
362(11). 2) 2(a° +b) > (a + b)(@> +b) v6ia, b>0;

b) 4(a> +b°) > (a + b)° véia, b > 0.

363(11). a° + b°> + abc > ab(a + b + ¢) vdi a, b,_c > 0,

364(11). a) 8(a* + b%) > (a + b)*; b) (a + b%)* > ab(a + b)”.
1365(11).a)a” + b+ c 2 a(b+c); b) a® + b’ + ¢+ d* > a(b + ¢ + d).
366(11). 2) x* — 4x +5 > 0; b) x* ﬂx+%so..

367(11). a) a° + b? +cz+%Ea+b+c‘;

b)a® +b* + 2> 4ab.
© 368(11). X" + 4x + 1 >3x" v6ix 2 0.
369(11). a) (x - 1)(x = 3)(x = 4)(x - 6) + 9> 0 ;

b) a” +4b” +4c” > 4ab ~ 4ac + 8bc.

| , |
370(11). [ﬁ ; Y. ; d] > (a + c)(b + d).

371%(11). 2) 8(a” + b” + ) 2 (a+b)® + (b +¢) + (c +2)° véia, b, ¢ > 0.
b) (a+b+c)3za3+b3+c3+24abcvﬁia,b,c‘:_>0.

372(11). Cho a + b + ¢ = 0. Chitng minh ring ab + bc + ca < 0.



373(11). Cho a, b, c 12 d¢ dai ba canh clia mot tam gidc.
Chitng minh rang :
a)az+b2+cz<::2(ab+bc+ca);

b) - : + 2 + : _:::31;
b+c—-a a+c~b a+b-c

’ j— I ‘; * . U mE .
c) : ; cling 1a do dai ba canh cua mot tam giac.
a+b b+c c+a ; :

374(11). a) Cho cé4c s6 duong a, 'b., ¢ ¢ tich bang 1. Ching minh rang
(a+ 1)b+1)c+1)>8.
b) Cho c4c s6 a vi b khéng Am. Chitng minh ring
(a + b)(ab + 1) > 4ab.

375(11) Cho céc s6 ducrng a, b, ¢, d ¢6 tich bang 1. Chamg minh rﬁng

| -12+b +c2+d +ab +c¢cd = 6.

376(11). Cho cédc s6 duong a va b thoa mén a+b =a-b. Chiing minh ring

a +b +ab< 1.

377(11) Chitng minh céc bat dang thuc sau bang cach xét ting khuaﬂg g1a tri
clia bién :

aJA=x4+x3+x2+x+1}G;
B Cmx®wx’ +x wx s >0,
Gidi cdc bai tir 378 dén 384 bdng phz{&n g phdp phdn chiing :

378(11). Chitng minh rAing n€ua + b+ c >0, abc > 0, ab + bc + ca > O thi
a>0,b>0,¢>0. . '

379(11). Ching minh ring néua>3,b>3,a° +b” 225thia+b> 7.
'380(11). Cho ba s§ a, b, ¢ khac nhau d6i moét. Ching minh ring tén tai mot
trong c4c s6 9ab, 9bc, 9ca nhd hon (a + b + ¢)°.

- 381(11). Chtmg minh ring khéng c6 ba 4] dm:mg a, b, c nﬁo thod mén cé ba bat
ding thic : -
1

a+—<2; b+l~=:2-; c+l-—:2.
b C a



382(11). Chung minh rang khong c6 cdc s6 a, b, ¢ nao thoa man ca ba bit ding
thac . _

b —c| > fa}, |c — a] > [b], |]a ~ b| > [c].

383(11). Chung minh ring khong c6 cac s6 duong a, b, ¢ n2o thoa min ca ba
bt ding thic :

4a(l1 =b)>1, 4b(l1-c)>1, 4c(l-2a)>1.
384(11). Cho a° + b> = 2. Chiing minh ring a + b < 2.
 Gidi cdc bai tir 385 dén 389 trong dé ¢6 sdp thir ty cdc bién :
385(11). Cho a, b, ¢ 1a do dai ba canh ctia mot tam gidc. Chiing minh ring

a b c
a) + + A
b+c c+a a+b

b)a’ +b> + ¢ + 3abe > ab(a + b) + be(b + ¢) + ac(a + o).
386(11). Chiing minh bt déng thic :

2) 2(a° +b%) 2 (2> + b)(@ + b) :

b)3@ +b°+cty 2@+ 02+ @ + b7+ ),
'387(11). Cho a + b = 2. Chting minh ring a8 + b% > a7 +b’.
388%(11). Chiing minh bat ding thitc sau véia, b, c >0 :

a) a(a - b)(a - c) + b(b - c)(b — a) + c(c — a)(c ~ b) 2 0 :

b a® +b°+c® 2 2’ + b +¢®a (a, b, ¢ > 0).

389%(11). Chiing minh rang t6n tai mot trong céc s6 (a — b}z, (b — c}z, (c — 3)2

2 2 2 .
| b“ +
khéng 16n hon Al =

—

390*(11) Cho a, b, ¢ 1a d¢ dai ba canh clia mét tam gidc ¢6 chu vi béng 2.
a) Sosdnha,b,cvdil ;
b) Chitng minh rang a’ +b” +c® + 2abec < 2.

391(11). Cho [x| 2 2, [y| > 2. Chiing minh ring :

2l g L ' b) Phuong trinh B 200

a)
Xy Xx+y 2004

vO nghiém.



392(11).a) Choa + b+ ¢ =6 vaab + bc + ca = 9. Chitng minh rﬁng_0£a£4,
0<b<4valO=scs4.

b)Ch0d+b+c*2vaa +b2+c% =2 Chiing minh ring 0 < a i-zi

(}Sbiivéﬂicﬂi
3 ' 3

393%(11). Chiing minh rang néu a, b, ¢ 12 d6 dai ba canh chia mot tam gidc thi

[.a b CJ [a ‘c b)
! T [ R R
Eb & a ¢c b a

394(11). Chiing mi.nh rang vdi a, b_, ¢ >(¥thi:

: ac ab
) —Adr—b—2Z atb +¢;
a C

i

ab be ca a+b+c
+- -+ <
a+b b+c c¢+a 2

. - . - a b &
395(11). Chiing minh rang véia, b, c>0thi 1 < + + < 2,
: ! a+b b+c c+a

396*(11). Chiing minh rang véi a, b, ¢ > 0 thi :

2 2 2 R
a}l—+-]?—-3‘>-1+2' : b}a +b gl za+b+c;
b2 2% b a ' b ¢ a i
a’ b? c? a+b+c
c) + + > !
b+¢c c¢c+a a+b 2
397%(11). Chitng minh rang véi a, b, ¢ > 0 thi
a® b* c* a b g
+ + o + +

b? +¢* c* +a° a +b2 b+tc c+a ‘a+b
398(11} Chiing minh rang khi vi€t du6i dang s6 thap phan vo6 han, s6

100
(ZLZS] ~ ¢6 2000 chit s6 thap phan ddu tién sau ddu phay bang 0.

399%(11). Cho 101 s8 ay, ay, ..., ajp; trong d6 a; = 5, a; = 3, '+-I-,‘..,
_ ; aj

1

Apy] = A+ a—'véi moi n = 1. Ching minh rdng :
2 n

a) &51}11; - b}lsﬁfﬂ.lﬂl'ﬂii5,.1.



400(11). Cho sdu doan thang c6 do dai trong khoang tr 10 cm dén 75 cm.
Chitng minh rdng bao gid cling chon duoc ba doan thing. lam thanh ba
canh clia mdt tam giéc.,

401(11). D& vui : Ai néi ding ? Mot don vi cong an héng ngay ding thuyén
mdy di xudi khidc séng tir A dén B rdi quay trd lai A. Hém ﬁy, dt’mg nudc
chay nhanh hon hém trude. Chién st Tam vui vé néi :

- Hnm nay nudc chay nhanh, thuyén xuﬁi nhanh hon nén ta s& vé sém hon.

Chién s1 Hoa khéng tdn thanh :

- Di nhanh dugc bao nhiéu thi lai v€ chim bdy nhiéu ! Nhu vay thuyén vin
di véi thai gian nhu hdom trudc. :

Ai diing ? Ai sai ? Biét ring vén toc neng cua thuyén méy khong doi trfmg _
ca hai ngay. :
B4t dang thirc véi s8 tu nhién

2 4 6 2
402(11). Cho A = T g Ll Ching minh rang 14 < A < 20.

37577 199"
Chitng minh cdc bdt dang thire (tlt bai 403 dén 410) :

a2 1 10 208 1
3°6°9°12 7310 ~ 25
3

s 1 2n + 1
404(11).23) A = — 4 o+ —— ...+ <1 {(n nguyén duong) ;
(D.2) A = 2+ =+ T < (" nguyén duong)
b)B=-l-+-:-Z-+-3—+...+nm1f:](nEN';nE;Z).'
21 31 4! n! |
T T . B
405(11). C = e + = + o + ot D < 2 {(n nguyén dl{cmg}.
N T TR 100
406(11). A = E‘F 22 . 23 i g 24 A ey "F"é—lﬁ“{'}-‘_{ >
: ,
407(11). Bani+i -+-L<:L{HEN;H23).
3P 43§ n° 12 - )
408%(11). Gl g 34”3— LU

Fo < =
3 .32 3% 3100 4



409(11). 1< —— 4 L o 4

n+l n+2 n+3 3n-+1

410’*‘(11).3{-«:'.i + 1 + E +...+—1-«=::£.
5 2004 2005 2006 4006 4

411(11). a) Chiing minh b4t dang thic :

1 1 1
1+ —+—+..+
2%~

b) Chiing minh ring v6i moi s6 duong A, ta luon tim dugc s& tu nhién n dé
1+£+i+m+l}ﬁ

412#(11). Cho bén s6 nguyén duong a, b, c, d, trong dé téng ba s6 bat ki chia

cho s con lai déu cé thuong 1a mot s& nguyén khdc 1. Ching minh rang
trong bén s6 a, b, ¢, d, t6n tai hai s& béng nhau.

< 2 (n nguyén duong).

> % (n nguyén duong).
1 .

413%(11). Tim céc s6 ty nhién x va y sa0 cho x* ¢c6 y chit 86, con y’ ¢6 x chit 6.
414%(11). Ching minh bat dﬁng thitc (n'!)2 > n” v6i moi sé’ tw nhién n = 3.
415%(11). K{ hiéu [a] la s6 nguyén 16n nhat khﬁng vuot qua a. Chitng minh
- rang [x]+ [yl < [x +yl.

B4t dang thirc va phudng trinh
416(11). Diung phlr{:rng phép bt ﬁﬁng thu‘c dé gial céc phur.mg trinh :

2) (x+y) =+ D(y-1);

b)_x +y +zz+_t2=x(y.+z~}-t);

c) (xz + l)(y2 + 4)(32 +9)= 43}{}!3 X, y,z2>0);

d) (x + Dy + D(x +y) = 8xy (x,y 2 0).
417(11). Ki hiéu S(n) la tong cac chit s6 ctia n. Tim s nguyén duong n sao cho :

“a)n +S(n) = 2018 ; b*) S(n) = n” — 20050 + 7.



TIM GIA TRI NHO NHAT, GIA TRI LON NHAT
CUA MOT BIﬁU THUC

I~ GIA TRI NHO NHAT, GIA TRI LGN NHAT CUA MOT BIEU THUE

1. Cho biéu thic f(x, y...)

Ta n6i M la gid tri 16n nhat (GTLN) cta biéu thitc f(x, y...), ki hiéu
max f = M, néu hai diéu kién sau duoc thod min :

- Vi moi x, y... d€ f(x, y, ...) xdc dinh thi |
f(x, ¥...) <M (M I2 hing s8) (1)
— Tén tai x4, yg... 820 cho
5 YoM )
2. Cho biéu thifc f(x, y...) |

Ta ndi m la gid tri nhé nhdt (GTNN) cta biéu thic f (x y...), ki hiéu min f = m,
néu hai diéu kién sau duogc thoa min :

~ Vé&i moi x, y... dé f(x, v, ...) x4c dinh thi
f(x,y..)2m(mla h.ifing o) . - 1)
~ Tén tai Xor ¥o-- 520 cho
f(Xgs Youur) = E - (2)
3 Tiéng Latinh : minimum 12 nhd nhat, maximum 13 ic’m nhét.

4. Chd ¢ rang néu Ehl c6 diéu kien (1) hay (1') thi chu'a thé néi g1 Vé Cuc tri
clia mot biéu thitc.

Chang han, xét biéu thitc |
| A=(x-D%+ (x=3)>2

Mic du ta ¢6 A = 0, nhung chua thé két luan dugc min A = 0, vi khong ton
tai gid tri nao cta x dé A = 0.

Céch giai ding : Xem vi du 103,
Vi du 103 (11). Tim gi4 tri nhd nhat ciia bidu thiic
A== D —-3"



Gidi : Tacc} |
2 ey 2 '
A=X ~2X+1+Xx =6x+9=2(x"—-4x+35)
5 Dy =B 40 B

- A=26x-2=0&x=2
‘Vay min A =2 khi va chi khi x = 2,

II - TIM GIA TRI NHO NHAT GIA TRI LON NI—IAT CUA BIEU TI—I(YC
CHUA MOT BIEN

1. Tam thirc bac hai

Vidu104 (11).

2) Tim GTNN ciia A =2x" - 8x + 1.

b) Tim GTLN ciia B = —5%> — 4x + 1.

c¢) Cho tam thﬁc.béc hai P = ax” + bx +C.

;l*im GTNN ciia P néu a > ‘C}

Tim GTLN ciaPnéua<O.

Gidi N | |

A Am2xf = Bx + 1 =2(x% cdx 4+ 4) =T =2 = D= T 27,
min A = -7 khi va chi khixzz. | | o

b)B--—ﬁx -4x+1—-—5(x +§-x+i]+g:,—-5[x+g-J +g»£2.
5 25 _ 5 55

max B m'—z- khi va chi khi x = —%—.

' 2 2
G}P=3x2+bx+£:za(x2+2xj+c:ﬁ(x+ﬁ) +c—E-~.
o : | a 2a .

. b B,
Datc,—--*'=k.D0[x+-—-} 20 nén:
" 4a : 2a

; ' 2
mNé'ua}Othia[x-fn;m] =0, dadoPzk:
2a



min P =k khi vachi khix = m?,i y
a

2
—Néua«:{}th‘ia(x—kg—b—-) =0, doddP=k:
: a : :

max P=k khi vachi khi x = —~-§-..
. )a

2. Da thiic bac cao hon hai

Vidu 105 (11). Tim GTNN cua:
= X(x = 3)(x ~ )(x - 7. .
Gidi
A= (x° —?n,.(xz—’?an 12)
Dind Txwbmyth
| A=(y-6)(y+6) =y~ 36 -36.

minA=-36cy=0cx -Tx+6=0&x;=1;x,=6.

3. Phan thic c6 tir 1 hiing s6, mau Ia tam thic bac hai

Vi du 106 (11). T“meGTNN clia A = 4 5
- 6X — 5—9x
Gidi
ool ~2 ~2
x> -6x+5 (3:'-;—1) bl
Thm@r®p4)zoxmn@x—u4424.&&%_ _12 £l
- - Gx-1)"+4 4.
. : . . o -2 -2
(theo tinh chata > b thi — < ;E vdi a va b ciing ddu) = 2 =
- a

Gx-1%+4 4

Az
.2

minfikﬂ—l @3:—{-—1:0-::}:{:1.
2 3



4. Phan thitc ¢6 mau 1a binh phuong ciia mot nhi thic
Vi du 107 (11). Tim GTNN cua

3x% —8x + 6
2_2x+1

A=
Gidi | |
Cachl.Ditx~1=ythix=y+1.Tacé:
Ay +D* -8y +D+6 3y -2y+1

ny _ }’2

A =

~ Lai dat L thi
y

A=3-2z+ z°=(z— 12 +2 22

mnA=2 Se=l1y=1& = § e

x—1
Cdch 2. Vit A duéi dang téng clia 2 v6i mot biéu thiic. khéng am :

Qx? —4x + 2+ (X2 ~4dx+4) . (x-2)7
A= = weiin L A, T 22,
; X —2x +1 x—1
minA = 2 khi va chi khi x = 2. |
5. C4c phan thitc dang khac
Vi du 108 (11), Tim GTNN va GTLN clia
A._ 32 4x
R e o .
- _Gza: De tim GTNN, viét A dudi dang :
_ e
A:x 4:&::4 %= (xz 2) 1>-1
x“+1 x“+1
min A = —1 khi va chi khi x = 2. | |
D€ tim GTLN, viét A duéi dang :
e i 7 2 _ 2
Azéix + 4 ;x 4x l=4“(2x2+1) <

x° +1 . X7 +1



max A =4 khi vichi khi x = —%.

Chi y : Loi giai trén tuy gon, song cach viét bidu thic A dum céc dang
trén c6 phdn thiu tu nhién, Trong trudng hgp phan thic ¢é méu 1a da thic bac
hai va tir c6 bac khong qud hai nhu & vi du 108, ta c6 mot phuong phép xéc
dinh dugc gid tri nhd nhdt va gid tri 16n nhdt clia bifu thic (néu c6). D6 1a
phuong phdp tim mién gid tri cia ham sé. Phuong phép nay duogc trinh bay
trong cuén Ndng cao va phéf trién Todn 9 tap hai.

111 - TIM GIA TRI NHO NHAT, GIA TRI LGN NHAT CUA BIEU THUC ¢6
QUAN HE RANG BUOC GI{UA CAC BIEN

Vidy 109 (11). Tim GTNN clia A = x> + y3 + xy biétrang x +y = 1.
Giai : Sir dung diéu kién da cho dé rit gon biéu thic A :

A= (x+y)(x — Xy + ¥ }+xy~+x2-xy+ y + Xy = x>+ yz.
Dén day ¢6 nhiéu cich giai :
Cdch 1. Biéu thi y theo x réi dua vé tam thitc bac hai doi véi x

Thay y = 1 — x vao biéu thitc A :
2 5 2 i-2 1 i
CAEXTH( ~xX) =2~ +'1.=2(x~—-j.+—.2—-.
( ) ( X) > e

mil’lA“—*khlVﬂChi}(th-l y:l_ Ly
. 2 27 :
Cdch 2. St dung diéu kién di cho lam xudt hién mot biéu thitc méi cé chia A :
x+y=1=x>+2%y+ y2=1 M)
Mit khac | .
x-y)*20=x*-2xy+ y2 20 )
Cong (1) v6i (2) | |
1

2(){2 + yg)a 1 "_"*px‘f_z+ yz_;‘: 5

' minA:ikhivﬁchikhi}{:y:}-.
2 - 2



Cdch 3. St dung diéu kién di cho dé€ dua vao mot bién mdéi :

1 1
Datx:—z- +athiy:3~ —&Biéuthixz+ y2 theo a, ta dugc :

—

P 2
x2+y2: [—1—+a] +[—I-—a] =~1—+232‘£i.
2 2 2 0

Vidu 110 (11). Cho x +y +z = 3.
a) Tim GTNN clia A = x* + y% + 32
b) Tim GTLN cua B =xy + yz + 2x.

¢) Tim GTNN ciia A + B.
Gidi : Binh phuong hai v&€ clia déng thitc x + y + z = 3, ta duoc :

x2+ y2+22+2{x3r+yz+zx}:_9 | ()
thicla A +2B=9,
- Dé dang ching minh duoc : _
| | A>B 2)
x4y ra dang thitfc khi vachikhix=y =2z ;
ayTu(l)va(2)suyra3dAzA+2B=9 nén A = 3.
Do d6 min A = 3 khi va chi khi x = y=z=1.
Chii y : C6 thé gidi ciu a hang céch doi bién : dit x = | + a, y=14% b

z—l+cr61xetx2+y + 72,

| | ‘b) T (1) va (2) suy ra 3]35;5;+2B=9, nén B < 3. Do d6 maKBﬁ_Skhi va
chikhix=y=z=1,

Chii y : C6 thé giai cau b dya vao cdua: vi A + 2B =9 nén B 1én nhit <>
A nhd nhat.

) Tac6A+2B=9maB<3(caub)nénA+B26.
Do dé min (A + B) =6 khi vichikhi x=y=2z=1,

Vi dy 111 (11) Tim GTNN va GTLN cila :
a) Biéu thitc A, biét ring A(A-1)<2;



b*) Biéu thitc A =2 — x — y — z, biét ring __
(2—«x—y~uz}2x4-xzm },2 -
Gidi o _,
a) Ta dung phuong phdp xét d&fu mot tich dé tim GTNN, GTLN cia A
* Bién d6i ; 2
| AA-1DS2&A*~A-2 <0 (A+1)A-2)<0.
Lap bang xét ddu ;

A .

A+ 1 - 0 + o +
A-2 - ® % - 0 +
(A + 1)(A ~2) + 0 = 0 +

ﬁﬂdﬁ_“l SA<2;minA=-1;maxA=2.
b) Tir gia thiét ta cé |
' X+y+z=2-A (D)
_:{2+ }’2+-22:4~A2“ | . @)
Ta dua ra mot bit ding thitc trong dé chita x +y +z va_xz + yz + zz_.
Taco

(x+y+z)2=x2+ y2+22+2(xy+yz+2x) (1)
Mat khdc, dé dang chiing minh dugc :
‘ XY +yz+ 22X < X° + y2+22-' C(2)

"I‘tr(l}va(ﬁ)suyra{x+y+z) «:3(;.; + y +z) xayraﬂangthm:khl
va chi khi x—-y-.»:

Do dé (2— A)” < 3(4 — A?). Bién déi bat déng thiic nay ta ctuqc A’-A-2<0.
Giai ti€p nhu cau a ta duoc -
X+y+z=3

'minAzml-::-{ {::-xzry:z:L

+y+z=0
. maxAzZ(:}{x ik S x=y=z=0.
X=y=2z



IV — CAC CHU Y KHI TIM GIA TRI NHO NHAT GIA TRI LON NHAT
CUA MOT BIEU THUC

1. Cha ¥ 1. Xhi fim cuc tri (GTNN hodc GTLN) cta biéu thic, ta c6 thé
doi bién.

Chﬁng han, & vi du 103 ta c6 thé daitx — 2 = Y khi a6
_=(y+l) ry-D°=y +2y+1+ y* -2y+1—2y %222,

mnA=2&y=0x=2,

 2.Ch& § 2. Khi tim cuc i chia biéu thic, ﬂhi..é‘ﬂ khi ta thay diéu kién dé biéu
thitc nay dat cuc tri bdi diéu kién tuong duong 12 biéu thic khéc dat cyc tri.

Chéng han . — A 16n nhdt < A nhd nhat,
}- larn nhit <> B nho nhat jﬁ;ﬁ;éi B>0,
C 16n nhét <> C 2 16n nhét v6i C> 0.

x4+1

Vi dy 112 (11). Tim GTLN va GTNN clia A = ———
(x“ + 1)

" ¢ ' i g
Gidi : Chd ¥ ring A > 0 nén A 16n nhit < T nhé nhat,

A nhé nhit & -;: 16n nhét. Ta 6 :

Lﬁ(x2-+132_x4+2x2+i_i+ 2x%

A i X4+II _ 2% gt x¥ 41

' L) 4 2x2

Tim GTLN cta A : Tacdé2x" 20, x'+ 1 >0 nén y > 0.Suy ra
X +1

1
—21+0=1.
N

min%‘= 1 khi vachikhi x=0. Do dé max A = 1 khi va chi khi x.: 0.



Tim GTNN clia A : Tac6 2x° € x*+ 1 {dé ching mm‘n ddu "=" x4y ra khi

2
4

: o i | |
va chi khi xzﬂl]mﬁerl:»Gnén 7 El.Suyra—ilnleE;
- x* 41 A

maxi—- = 2 khi va chi khi %= 1. Do d6 min A = % khi va chi khi x = £1.

Chit y :
1.Céch khéc tim GTLN cda A ;
I R 2
B +;) sz = 1 _,,_;}ma,g [
x*+D" . . x"+ 1}

max A = I khi va chi khi x =0.
2. Céch khac tim GTNN ciia A ;-

Cdch 1. Dat 5 =y nhu vi du 107.
: Xx° +1
Céch 2. |
A\ XT3 O #(x® «1) L, (x2 1)2 L
2x* +* 22 4 1) 2 x% 4+ 1)2 e

min A = %khi va chikhi x = + 1.

3.Chii ¥ 3. Khi gidi todn cuc tri, nhiéu khi ta cdn xét ting khoang gié tri
ctia bién, sau d6 so sdnh cdc gid tri cha biéu thic trong cdc khoang dy dé tl;m
GTNN, GTLN. -

Vi du 113 (11). Tim GTNN clia
| A=3x -1~ 413x 11 +5.
Gidi : Dat13x — 1l = y thi
A=B3x—-1F-4Bx-1+5=y2 —dy+5=(y-2°+121,

mnA=leo y=2oB3x-1ll=2& xlzl;xzz—é.

Vidu 114 (11). Tim GTNN cha |
B=Ix~2l+ix-3l



Gidi

Céch 1. |
a) Xét khoang x <2thiB=2-x+3-x=5-2x.
Dox <2nén—2x>-4,dod6B>1 | (1)
b) Xétkhodng 2<x <3 thi B=x-2+3—-x=1 v {3y
¢) Xétkhodng x >3thiB=x-2+x—3=2x 5.
Dox>3nén2x >6, dodé B> 1 : 3

- So sanh (1), (2), (3) ta dugc min B = 1 khi va chi khi2 <x < 3.

Cdch 2. Do gié tri tuyét d6i cha mot s6 1én hon hodc bing s§ d6 nén
B=lx-2+lx=-3l=lx=-21+13~-xI> (x-2)+B-x)=1
- X —2320 - - |

DodéminB=1<& <> 2<x<£3.

3~x20
Vidy 115 (11). Tim GTNN clia
| | A=Ix—-1+Ix=7+1x =9l

Gidi
Do gia tri tuyét d6i cha m@t'sfi I6n hon hodc bing s6 d6 nén
X=1 +Ix -9 =x-1l+19-xl2x-1 +9-x=8 (1)
Ta lai c6 x -7 20 @) "
Tir (1) va (2) suy ra A > 8. |
| x=120
DodéminA=8<«> {9~-x20 <x=7.
X =7

4, Chéi ¥ 4. Khi fim cuc tri ciia mét biéu thifc, ngudi ta thudng st dung céc
bdt ding thic dd biét. Xem muc Cdc hdng bdt ddng thire thudc chuyén dé
Chitng minh bdt ddng thitc. :

Vi du 116 (11). Chox~ + y2=52. Tim GTLN cia A = 2x + 3y.

Gidi | -

Ta nhan thdy 2x + 3y va x4 yz la céc thanh ﬁhﬁn cha bit dang thﬁc-
Bu-nhi-a-cGp-xki (ax +-b}*}2 <(a 24b 2)(x2 + yz) voia=2,b=3,



Theo bat dan g thic trén :

(2x + 3y)* < {22+32)52 :,»(2“33:) <13.13.4
= 12X + 3yl £ 26 = 2x + 3y < 26.

' i - (1)
maxA=26< <2 3 : - |
| X +3y=2 0 2)
2

2

Thay y = % vao x =

+ y2 = 52, ta dugc X° + ?_x__ = 52. Giai phuong trinh
4 . :

nay duge: x =+ 4,
Véi x = 4 thi y = 6, thoa mén (2). Véi x = —4 thi y = -6, khong thoa man (2).
Vay max A = 26 khi va chikhi x =4,y = 6. |

5. Chu y 5. Trong céc hang bat dang thitc, cdn chd ¥ dén hai ménh dé sau,
cho ta GTLN cta tich, GTNN cta téng :

— Néu hai s6 c6 tdng khong d6i thi tich cla chiing lﬂn nhat khi va chi khi
hai s§ d6 bang nhau.

~ Néu hai s6 duong cé tich khong déi thi téng cha chiing nhé nhit khi va
chi khi hai s6 d6 bing nhau.

Pé chitmg minh hai ménh dé trén, ta ding bdt ding thic (a + b)? = 4ab :

= Néu hai s6 a va b ¢é a + b =k (hang s6) thi tr (a -t-b_}2 = 4ab ta cé
k? k? . |
ab < T do dé max(ab) = - khi va chi khi a =b,

~ Néu hai s6 duong a va b ¢6 ab = p (hing s6) thi a + b nhd nhat <> (a+b)°
nhd nhat, do d6 min (a + b)” = 4p khi va chi khi a = b.
Vl du 117 (11). T‘im GTLN clia
ﬁ(x - 3x + (21 +3xwx)

Gidi : Céc biéu thitc x* ~ 3x + 1 va 21 + 3x - xz ¢ téng khong déi (bang
22) nén tich cta ching 16n nhét khi va chi khi

x2—3x+1:21 +3x—x2<::>x2-3x~?1{}m{}

SX=-Nx+2)=0 X =5; xp =2,



Khidé A=11.11 =121, \
Vay max A = 121 khi va chikhi x =5 ho#ic x = -2.
Vi du 118 (11). Tim GTNN cuta biéu thitc

16x% + 4x + 1

- ' véi x > 0.
2X

Giai

Viét B dudi dang 8x + 2 + zi Hai s6 8x va gi 12 hai s& duong, co tich
X 2X

khong d6i (bang 4) nén téng ciia ching nhd nh4t khi va chi khi

8x = 1+<::> 16x°=1¢x= —1~ (chii}?'rﬁng_x > 0).
2X : 4

3 e
i

2

6. Cha y 6. Trong cdc vi du trén, ta chi ra 1dt cd cdc gid tri ctia bién dé xay
ra déng thitc. Tuy nhién, yeu cdu cha bai toan tim GTNN, GTLN khﬁng doi hoi
nhu vay, chi ¢dn ching to rdng ton tai gid tri clia bién dé xdy ra déng thic.

Viy min B = = 6 khi va chi khi x=:11-._

Vi du 119 (11). Tim GTLN ciia A = ab + bc + cd, biét rdng a, b, c, d 1 céc
s6 khong am c6 téng bing 1.

Giai :
Cdch 1. Giastazbzc2>d>0.Tacod
A=ab+bct+cdLab+ac+ad=ab+c+d)

| 2 1
=a(l -—a)=a—-a = —[aﬂ-—) 4+ —< =,
4 4
Khong cdn tim diéu kién cdn va di dé A = i, tic la khﬁ'r'lg can giai tdt ca

cdc diéu kién be = ac, ed = ad, az—%, b+c+d= vﬁb,c,dé&’l’achicé‘in

chira A= ikhi, ching han,a=b = %,c:dzi}.

Vay maxA-_% khi, ching han,a=b =

mf-



Cdch 2.
| A =ab+bc+cd<ab+ad+be+cd=(a+c)b+d).

Ap dung bt ding thitc xy < (x—-—;}i} ta co :

a+c+'b+'d]-2 1

A=(a+c)b+d) = ( 2

a+cCc=

[

Az —e <b+dﬂ
4

ad =0
a,b,c,dz20

Vay maxA-é: khi, chéng han a=he c=d=0

L

2"

V - BAI TOAN CUC TRI VOI SO TUNHIEN
Vi du 120 (11). Tim GTLN ciia biéu thic

A= Y v6i X, v 12 céc s6 tu nhién.

S—-(X+Y)

Gidi : Tacéx +y #5.

Xét}.;—ky. <4;

-Néuy=0thiA=0. |

~Néul<y<3thiA= Lo
| S={Rk£Y)

—~Néuy=4thix=0vaA=4

L o )
5=(x+y)

So sénh cdc gid tri trén cha A, ta thdy max A =4 khi vachi khi x =0, y = 4.

Xétx+y=26thiA=




Vi du 121 (11). Tim GTNN va GTLN cia tich XY, biét rang x vay la cac
s6 nguyén duong thod man x + y = 2005.

Gidi : Ta cé
4xy = (i + y)z —(x - y)2 =2005° - (x - y}z.
Gia sit x > y (khong thé xdyrax =y). Tacé :
xy 16n nhit <> x — y nho nhét ; xy nho nhéit <> x — y 16n nhét.

Dol<y<x<2004nénl <x-y<2003.
Tacd : min(x —y) =1 khi va chi khi x = 1003, y = 1002.

max(x — y) = 2003 khi va chi khi x =2004, y = 1.
Do dé : max (xy) = 1005 006 khi va chi khi x = 1003, y = 1002.

min (xy) = 2004 khi va chi khi x = 2004, y = 1.

Vidu 122 (11). Tim GTNN cta biéu thitc
A = [11™ - 57| véi m, n I3 c4c s6 nguyén dirong.

Gidi : Ta thdy 11™ tan cing bing 1, con 5" tan clng bing 5. Néu
11™ > 5"thi A tan cing bang 6, n€u 11™ < 5" thi A tan cing bing 4.

Ta chi ramot trudng hop A=4:véim=2,n=3thi A=|121 - 125| =
Nhu vay min A = 4 khi, ching han, m =2, n = 3,

B&i tép
- 418(11). 2) Tim GTNN ciia A = x° - 5x + 1.

b) Tim GTLN ctia B= 1~ x” + 3x.
419(11). Tim GTNN cta céc biéu thic :

A)A=x+8)"+x+6)": b) B=(0,5¢ +x)> - 3]0,5x 2 +

)C=(x-D(x=-3)(x*—-4x+5); d)D=x*-2x3+3x2 —2x +1;

e)E=x?-6x> +10x> =6x+9; ) G=x>+x—-6)X>+x +2).
420(11). Tim GTNN ciia c4c biéu thc : |

DA=Ix-3+Ilx=7; . b) B=12x — 31 + 12x - 11 ;

O —x+U+Ix>—x-2l: d)D= x>+ x 431 + x> + x - 6.



421(11). Cho x + 2y = 1. Tim GTNN ctia x> + 2y°.

422(11). Cho 4x — 3y = 7. Tim GTNN ctia 2x° + 5y~ .

© 423(11). Choa + b= 1. Tim GTNN ciia a* + b*.

424(11). Cho a + b = 1. Tim GTNN ciia a3 + b°.

425(11). Cho xy = 1. Tim GTNN cta Ix + yl.
426(11). Tim GTNN ciia cic biéu thic :

a)A=2x2+y2.—2xy-2x+3;

b)B=x"-2xy + 2y +2x - 10y + 17 ;

B = xz—xy+ y2 —2x_—2y:

d)D=x2+xy+ y? —3x = 3y;

e¥) E= 2x° +2xy + 5y° — 8x — 22y.

427(11). Tim GTNN clia

2_
T 3x2 6x+17:
X“—-2Xx+5
6
) C= x° +27

428(11). Tim GTNN clia

2 —
2) A = X é;x +1
X
429(11). Tim GTLN cia
DT .
(x +10)
430(11). Tim GTNN va GTLN cua
2) A = 2?2— 1% ;
X“+9

x4—3x3+6x2-9x+9!

b) B

d) D=

b) B

b)B

b) B

2x% — 16X + 41
x2 —8x +22

x% 4512
x2+8

4%% - 6x + 1
(2x — 1)?

bt

(x +100)%

8x +3 '
4x% +1




2x+ 1

ey C=
X% +2

-
; | D= 3){ 2x+3.

x2+1

2 2
.+.
431(11). ) Tim GTNN cia A = ———-%

x* +2xy+yz

*

b) Tim GTLN cia B= —

: (2 1Y 5 1
c) Tim GTNN cua C= Lx +—1y" + :

432(11). Tim GTNN ctia
o K (x + 4)(x +9)

; 2
veix >0 ; _ b)Bm'w

s
3
6 :
[x+l) -—[x6+ 1]-—2
X x°
d) D= 3 véi x > 0.
i
[}{'f‘“}:") ‘}‘[:{34"—3}
X =
433(11). Chox +y=1,x >0, y > 0. Tim GTNN ctia
) :
a) l+~*;
X ¥y
&2 2

b) —+ — (avab la hang s6 duong di cho) ;
X Yy - |

(o)
Cl [ X b Yohen] .
X

¥

- 2 A WSS
434 (11). Tim GTNN cia : sz + yz + — v&i x va y cling déu.
Xy :

4 S T — 1 1 T
435 (11). Cho cic s6 duong x va y thoa man s e Tim GTNN cua
X y

a) A=Xxy; b)B=x+y.



436(11). Tim GTNN cua

a)A:(a+b}(i+%] véia,b>0;
. a

lﬂB=(w+b+m(l+juwgvﬁa,hc}0;

a b ¢
1 1 1 . '
c)C=(a+b+c+d)j—+—+—+—|véia,b,c,d>0.
: a b ¢ d

4375‘(1 1). Cho a, b, ¢ 1a cdc s6 duong. Tim GTNN ctia

kst ® g & L 6

b+c c+a a+b

a - b+c b a+c C a+b
+ -+ 4 4 + :
b+c a a+c b a+b &
438%(11). a) Cho cédc s0 duong X, y, zcé téng_ bang 1. Tim GTNN cia

b) B=

A= i,
XyZ |
b) Cho cic s6 duong X, v, z, t ¢6 tong bang 2. Tim GTNN clia
Z+y+2XK+Y)
xyzt '

B =

439*(11). Tim GTNN clia. A= == + L bidering x, v, z & che 88 duong
Xy VZ @ ZX

va x>+ y2 +22 =3
440*(11). a) Tim GTLN cda tich xy v6i X, y 12 cdc s6 duong, y 2 60 va x +y = 100.
b) Tim GTLN ctia tich xyz véi x, v, z la cdc s6 duong, 2= 60 v X + y +z = 100,
441(11). Tim GTNN cia A = 5+% . biétring | <x <y <z <t<25.
e - y | |
442(11). Tim GTLN cta

2 2

a) A = (x + z)(y + t) biét ring x2+y2+z F 1] 2

b*) B= (x +2)(y +0) biét ring x? + y? + 227 + 2% = 1.



443(11). Tim GTNN cnta

A= lx-21+1x-31+Ix~4l;
DB=ix-l+Ix-21+I1x-3 +Ix -4l

444(11). Tim GTLN

A=Ix—-yl+lx—-zl+ly-zlvoi0O<Xx,y,2<3,
Bai toan cyc tri véi s6 ty nhién

© 445%(11). Tim GTLN clia A = —— 4 ——Ye v6ix, y € N.
x+y B8-(xX+y)

446*(11). Tim GTNN clia A = 136" - 5" | v6i m, n 12 cdc s§ nguyén duong.
447(11). Tim GTNN ctia biéu thic A = x> + 4y, biét ring x, v i cdc s6tu nhién
va A khong phai 1a s6 chinh phuong.

448(11). Cho céc s6 nguyén a, b, ¢, d thod min a < 2b, b < 3¢, ¢ < 44, d < 100.
Tim GTLN ca a. |
x4 + y? | ,
449(11). Cho A = 15 trong do x, v va A 1a cdc s6 nguyén duong.

a) Chitng minh ring x va y déu chia hé&t cho 3.
b) Chitng minh rdng x va y déu chia hét cho 5.
¢) Tim GTNN cta A.
4
450%(11). Tim GINN cda A = &Y

3

trong d6 x, y 1a cdc s6 nguyén duong
X : :

va A 1a s6 tuy nhién 1€
451*{11) Cho day (1) gém 50 s6 hang :

T ) 2049500435 BOWE o B0550°

| Xét day (2) gébm 49 s6, Ia UCLN cta mdi s& hang ctia ddy (1), khong ké s6
hang cu6i cling, v6i s6 hang ding lién sau né trong dd}' dy. S6 16n nhit
trong day (2) 1a bao nhiéu ?

452%(11). a) Tim s6 tu nhién n 16n nh4t sao cho s¢ 2005 viét duoc dlICI} dang
tong ctia n hgp sé.

b) Ciing hoi nhu cau a, nhung thay 2005 bai 2007.



453%(11). Cho sdu chir s6 1, 2, 3, 4, 5, 6. Dung sau chit s6 nay viét thanh hai s6
cO ba chit s6. Chitng minh réng trong t4t ca cdc cip hai s6 duge viét, cap
hai s6 135 va 246 ¢6 tich nhé nhét.

454*(11). Tim s6 chinh phuong 16n nhat, biét ring néu xo04 hai chi¥ s3 tan cling
cia n6 (hai chit s6 nay khong ciing bang 0), ta lai dugc mot s6 chinh phuong,

‘Bai doc thém

PHUONG TRINH, MOT SAN PHAM CUA TR TUE CON NGUO!

Ching ta bat déu tir mot bai todn ¢6 quen thude :
Vira ga vira cho '
Ba muoi sau con
Bo lai cho tron
Dém di tram chan
Hdi co6 bao nhiéu ga, bao nhiéu cho ?
Loi giai bai todn bang phuong phap sé hoc :
Ta tam gia thiét rang tat ca 36 con déu la ga thi s6 chan c6 : 2.36 = 72 (chéan)
So vai dé bai thi s6 chan hut di: 100 -~ 72 = 28 (chén)
Theo cach gia thi€t tam nhu trén thi méi con ¢hé bi hut d] 4 — 2 = 2 (chan)
Vay s6 chd 14 28 : 2 = 14 (con) ; '
S6gala: 36 - 14 =22 (con)
Ta xét thém mot 18i giai khac : Ta gid st 88 ga va s8 ché déu 1a 18 con thi téng
s8 chén la :
' 2.18 +4.18 = 36 + 72 = 108, vuct qua 100.
S6 ga phai I6n hon 18. Gia sl s8 ga 1a 23 con thi s8 chd 1a : 36 — 23 = 13 (con),
téng s6 chan 14
2.23+413 =46+ 52 =98, it han 100.

86 ga phai nhd hon 23 va 16n hon 18. Gia st s6 ga 12 21 con thi s6 ché !a ;
36 - 21 = 15 (con), téng s& chan 13 :

2.21+4.15 = 42 + 60 = 102, vuot quéa 100.
S6 ga phéi I6n hon 21 va nhd hon 23. S8 ga la 22 con, s8 ché la:36-22= ‘14 (con),
tdng s6 chéan la
2.22+414 =44 + 56 = 100. ding véi dé bai.



Loi giai trén mang tinh md mam va phai thi chon, tuy nhién no ggi cho ta mot y
tudng méi - N&u goi s8 ga 1a G thi s8 ché 1a 36 — G, ta phai ¢ :

2.G+4 (36 -G) = 100.

Viéc tim gia tri ctia G trong dng thic trén khéng cb gi khé khan, Phuong phéap giai
nhu trén chinh & phuong phép gidi bang cach lap phudng trinh. Phuang phap nay khéng
ddi hdi nhitng meo riéng dé€ gidi timg bai toan, dudng 161 dé gidi hét slc rd rang : ta chi
can viét duge ding thic thé hién quan hé gilia s8 phai tim va cac s6 d3 biét, va néu giai
dugc phudng trinh (diéu nay khéng cé gi kho khan) 1a ta giai duge bai toan.

Gial toan bang phuong phéap dai s8 khac véi gidi toan bang phuong phép sé hoc
& ché ngudi ta dua vao dai lugng chua biét, quan hé gilta dai lugng chua biét va cac
dai luong da bist dan dén phuong trinh, r6i tir viéc gidi phuong trinh ma tim ra chinh
dai lugng chua biét. Trong cudn S6 hoc phd théng, Niu-ton da viét : Lap phuang trinh
chinh la "phién dich tir ngén ngl thong thudng sang ngdn nglr dai s&". Chung ta lay vi
du sau day do chinh Niu-tdn néu ra trong cuén sach trén :

Ngén nglf théng thuding Ngon ngif dai s6.

Mt nha budn ¢ mot sé tién X

Nam dau tién éng ta tiéu hét 100 bang | x - 100
cla s tién nay

Ong ta tang thém mot phan ba sé tién Xx—100 Ax — 400
con lai {(x - 100} + 5 hay 3
Nzm thif hai 6ng ta tiéu thém 100 bdng | 4x-400 . 4x—700

s — L (M RBY —rssmsinnmn

3

Sau d6 ong ta tang thém mot phan ba | 4x-700 4x-700 " 46x - 2800
s@ tién conlai S hﬁﬁf ~a
Nam thir ba éng ta tiéu thém 100 bang | 16x — 2800 15;.{ 3700 ’

Ong ta lai tang thém mét phén ba s6 | 16x - 3700 163700 64x 14800
tién con lai 9 F 27 ay >7

Thé Ia 6ng ta giau gdp doi lic khdi dau |* 64x 14800
27

= 2%

P& tim s tién ban d4u, chl cén gidi phuong trinh trén.

Loai ngudi da biét giai phyong trinh kha sém. Nguoi Ba-bi-lon, ngudi Ai Cép da
glai cac phuong trinh bac nhat va ca phuong trinh bac hai tir nhiéu thé ki trudc Cong
nguyén. Ngudi Hi Lap coi trong Hinh hoc, it chd v dén S8 hoc va Bai sé, tuy nhién
trong cudn S& hoc cla Di-6-phang (thé ki 1l - 1il) con luu fai nhiéu phudng trinh bac
nhat, bac hai va phuong trinh vd dinh,



3 Trung ﬁs cac nha toan hoc da cb nhiéu déng gop to i6n
cho su phat trién clia Pai s8. Pau thé ki X, nha toan hoc Ai“"' ik
Khovarizmi {(Al-Khowarizmi) da viét mét cudn sach ndi tiéng vé
phuong phap "phuc héi" {al~giép) va phucng phép "so sanh" (al-
mukabala), phuong phap 'phuc héi" tudng tu viée chuyén vé va .
ddi dau mét hang tir, phudng phép “so sanh" tuong tu viéc thu -
gon cac hang tf déng dang. TU “al -giép" sau nay trd thanh tén .
goi clia mon Pai s6 (tiéng Anh : Algebra, tiEng Phap : Algebre).:

Céac nha toan hoc Trung Qudc cling dat duge nhiéu thanh
tyu vé phudng trinh. Trong cudn Clu chuong toan thuat (xuat
hién khoang thé ki | va dén nam 263 duge Luu Huy thal Tam
quéc cht thich cho hoan chinh), chugng thir tam cua cudn’
sach 1a chuong Phuong trinh. T "phtfcing trinh” cb nguan gbc - % e
12 do ngudi Trung Quéc viét cac hé s8'clia 8nvao cac O VuUBNG - . Af. Rhovarizmi -
(phuong), cac s@ trong & vudng dé dugce tmh toan theo mét. -~ -
trinh tu, mét quy tc-(frinh). :

Céac phdﬂng trinh trudc kia chua dudge viét. gon nhu ngay’ nay. Chang han phuﬁng trinh
3x? = 2x% + 2x -1, theo cach viét clia Bra-ma-glp-ta (An Do) thé ki Vil ¢é dang sau

iava 3

lavazia2ru 1

(s8 1 cb dau chém ding trudc de chi s8 - 1}
Theo ti€ng Viét : 4n binh phuong 3

&n binh phuong 2, 8n 2, hahg t& ty do —1.

bén nam 1545, Cac~ﬁa~nn (I-ta-li-a) con viét phugng trinh x> + 2X :'B_nh;r sau : -
cubus. p.2. positionibus xquantur 3 | o |
(Theo ti€ng Viét : lap phuong ctia &n cdng 2 &n bang 3).

Nhiéu nha toan hoc d3 dua ra nhuag ki hiéu d& vigt gﬂn c4c bai toan va cac perdng
trinh ; d&u cdng va trir (+, -) bai Uyt-man (Widman, ngudi Tiép) nam 1489, ddu nhéan {x)
b3i O-tg-rit (Oughtred, ngudi Anh) nam 1631, ddu nhéan va chia (., 1) bdi Lep-nit (Leibniz,
ngudi Bic) ném 1698 d&u bang (=) bdi Ri-co (Recorde, ngudi Anh) ndm 1557, sG m

cua luy thisa ( ,...) bdi Bé-cac (Desc:an‘es ngudi Phép} ném 163?

Ngoai phudng trinh béc nhat va phuong trinh bac har, ngum ta con tim ra cach-
‘gidi cac phudng trinh bac ba, béc bén va nghién clu van dé gidi cac phuong trinh co
bac cac hon bon (xem Nang cao vé phéat trién Toan 9 tap ha1)

Cé thé ndi phuong trinh 14 mét san phdm cla trf tué con ngudi, va cac phuong
trinh ngay cang cb vai trd quan trong khéng chi tmng cac |Eﬂh vifc khoa huc tu nhien
méa con trong ca linh vuc khoa hoc xa hoi. : '



|

Puin HINH HOC—

Chuong IIT
TAM GIAC DONG DANG

§13. DINH LI TA-LET

Chuong 111 bét ddu béng viéc nghién cttu & 56" ciia hai doan thang, 46 1a ti
s6 cdc do dai cha ching theo ciing mét don vi do.

7 P m -, . . - « i
Cho doan thang AB va mot ti s6 — > 0, ton tai duy nhat mot diém C thudc
n :

doan thang AB sac chu% = L Piém C goi 1a diém chia trong doan thing AB
. - n )

theo ti s6 ™2 (khi d6 di€m C chia trong doan thing BA theo ti s§ —).
n - 133

(ﬂ;, ('}, Eﬂ], tén tai duy nhdt mét

; g o T
~+ Cho doan thang AB va mdt i s6 ~
: n n

n . i
diém D thuoc dudng thing AB nhung nidm ngoai doan thing AB sao cho
%‘% = 2 Piém D goi 1a diém chia ngodi doan thing AB theo ti s6 — (khi

no . n

d6 diém D chia ngoai doan thing BA theo ti s6 —).
m

Trén hinh 1, diém C chia trong doan AB theo ti $6 1 : 2, diém D chia ngoai
ABtheotisd 1: 2. -

D A C B
Hinh I
- B A'B o :
Néu AF —— thi ta c6 cdc cdp doan thang i Ié : cdp doan thing AB
7 M TR

va CD ti 1¢ v6i cap doan thing A'B' va CD'. Pinh li Ta-iét cho ta céc c&p'dnan



A thang i 1& : Pudng thing song song v6i mot canh cla

tam gidc thi dinh ra trén hai dudng thing chia hai canh

b E kia cdc cip doan thing twong tng ti 1& (do d6 tao véi céc

dudng thing chita hai canh kia mot tam gidc méi cb ba

canh tuong tng ti 1€ v6i ba canh cta tam gidc ban ddu).
AD AE DE

Hinh 2 DE //BC = ~— = = (h.2)
: AB AC BC :

Vi du 31. Cho hinh thot BEDF néi tiép tam gidc ABC (E thuéc AB, D
thudc AC, F thudc BO).

~a) Tinh canh hinh thoi biét AB = 4cm, BC = 6¢cm ; Téng qudt vGi AB=c¢,BC=a.~

'b) Chitng minh ring BD <

R
véi AB=c, BC=a,
a -+ .

¢) Tinh d6 dai AB, BC, biét AD = m, DC = n, canh hinh thoi bang d. _
Gidi : (h.3) |
a) Goi canh hinh thoi 12 x. Ap dung
dinh If Ta-1ét vao AABC v6i ED //BC ta c6 :
ED AE _ X 4 — x

BC AB 6 4

=¥ =24 om.
o ; v ac
Hinh 3 : Tong qudt, x = :
a+ ¢

b) Trén tia d6i chia tia BC 14y diém K sao cho BK = BA. Ta ¢6 AABK can,
tir 46 BD // KA. Ap dung dinh 1i Ta-lét vao ACAK v6i BD // KA tacd:

BD CB BD  a

== 5=t (1)
AK CK AK a+c

Trong AABK, ta c6 :
AK < AB+BK =c+c=2c (2)
Tir (1) va (2) suyra:

px:
a e = ac

BD < :
a+c a+C




¢) Ap dung dinh 1f Ta-1ét vao AABC v6i ED.// BC ta ¢6 :
ED=AD-:> d _ . m — BC = d(m+n)b
BC AC BC m+n : m

Tuong ty  AB zm
- n

~ Chii y ; Tit két qua cha cau b, ta ¢4 :

1 a+c I{1 1}
> ==|—+—|.
.BD 2ac 2ia ¢
Do d6, néu goi AM, BD, CN 1a cdc dudng phén gidc cia AABC va AC = b thi
1t 1 11

+ — + > = +—+ —,
AM BD CN a b ¢

- Vidu 32, Cho tam giﬁc ABC (AC > AB). Ldy cac diém D, E tuy ¥ theo thi
tu ndm trén cdc canh AB, AC sao cho BD = CE. Goi K 12 giao diém cta cic

dudng thang DE, BC. Chitng minh rang ti 56 % khong phu thudc vao cich
~ chon céc di€ém Dva E. | |
Goi y cdch gidi
Céch 1. D€ lam xuft higén mot ti s6 bing A
% ta v& qua D duong thang DG // AC (h.4). |
Theo dinh If Ta-1ét, ta ¢ :
KE KC KE EC
KD KG KD DG
Trong hai ti s6 trén, ta chii ¥ dén ti s6 sau, Vi
- do dai EC duogc néu trong-gia thiét (EC = BD),

Ta thay %'bﬁng {_B_}% va ti 86 nay bing

BA . -
EE (vi DG/ AC). -
Cach2 VEEH// AB(h.5)tacd:

KE _EH _EH _ AB

KD BD EC AC




Céch 3. V& DM // BC (h.6). Ban doc
tu giai. | -

Nhén xét :

Trong cé4c bai tp van dung dinh If Ta-lét,
nhiéu khi ta cdn v& thém mot dudng thing
song song véi mot dudng thing cho trude.

Bay la moét cich v& duong phu hay _
dung, vi nhé d6 ma tao thém duoc cdc cap Hinh 6
doan théng i lé.

Vi dy 33. Cho hinh thang ABCD c6 AB // CD, AB < CD. Goi O 1a giao
di€m cla hai dudng chéo, K 1a giao diém clia AD va BC. Dudng thing KO cit
AB, CD theo thit tur ¢ M, N. Ching minh ring : ' '

2 o M8 SECLRLLY

ND NC NC ND
¢) MA = MB, NC = ND. '
Gidi : (h.7)

a) Ap dung dinh If Ta-1ét vio céc tam gidc KDN,
KNC véi AB// CD, tacé : . :

MA KM MB KM MA MB

ND KN’ NC KN’ NC

b) Ap dung dinh 1f Ta-lét vao céc tam gidc ONC,
OND véi AB// CD, tacé :

"MA OM MB OM -MA MB
) = % - 3 Su}r ra o (2)
NC ON ND ON NC ND
) Nhan ting v& (1) v6i (2) ta duoc : )
2 2 '
- MA M :
= 4 . suy ra MAZ = MB? titc 1a MA = MB.
ND.NC NC.ND
Tir d6 NC = ND.

Nhén xét : Tix vi du trén, ta suy ra ;

Trong hinh thang ¢6 hai canh ddy khéng bing nhau, duong thing di qua
giao diém cilia cdc dudng chéo va di qua giao di€m clia cdc dudng thing chia
hai canh bén thi di qua trung diém ctia hai canh d4y

Tinh chat nay c6 nhiéu ting dung quan trong, dugc goi 1a b4 dé hinh thang.



B&i tap

171. Trong hinh thang ABCD (AB // CD) ¢6 AB = 28¢m, CD = 70cm, AD = 35cm,
v& mot dudng thang song song v6i hai canh ddy, cat AD, BC theo thd ty & E
va F. Tinh do dai EF, biét rang DE = 10cm.

172. Goi O la giao diém clia c4c dudng thdng chita hai canh bén AD, BC cla
hinh thang ABCD. Dudng thing di qua O va song song v6i AB cét céc
dudng thang AC, BD theo thit tr & M, N. Chitng minh ring OM = ON.

173. Cho hinh thang ABCD c6 cédc canh ddy AB = a, CD = b. Qua giao diém O -
cua hai dudng chéo, ké dudng thing song song véi AB, cit AD va BC theo

1 S

thit tv 6 E va G. Chiing minh ring ——=——=— +—,
OE OG a b

174, Cho hinh thang ABCD (AB // CD). Mot dudng thang d song song vé6i hai
canh ddy cit hai canh bén AD, BC theo thtt tr & M, N va cét hai dudng
chéo BD, AC theo thittu & H, K.

a) Chiing minh ring MH = KN,
b) Hay néu cach dyng dudng thing d sao cho MH = HK = KN,

175. Tam gidc ABC ¢6 AC > AB, AC = 45cm. Hinh chi€u cta AC va AB trén
BC theo tha ty 12 27cm va 15cm. Dm:mg trung truc cia BC cat AC & N.
Tinh d6 dai-CN.

176. Cho hinh binh hanh ABCD, di€m G chia trong canh DC theo ti s6 1 : 2,
diém K chia trong canh BC theo ti 6 3 : 2. Tinh d6 dai ba doan thing do
AG, AK dinh ra trén BD, biét rang BD = 16cm.

V& dudng thang song song trong cac bai tir 177 dén 13? dé tao
thanh céc cdp doan thing ti 18

177. a) Cho tam gidc ABC c6 A=120°, AB=3em, AC = 6cm.
Tinh d6 dai dudng phan gidc AD. | |

_1+1
AB AC

b). Cho tam gidc ABC véi dudng phan gidc AD thod min

Tinh 86 do géc BAC.

178. Cho tam gidc ABC. Chiing minh rang néu mot dudng thing cit canh AB
& D, cat canh BC & K, va cit tia d6i cfa tia CA & E sao cho BD = CE 1%;1 ti

Ils] 5B khong doi.
KD



179. Cho tam gidc ABC, diém D chia trong canh BA theo ti s6 1 : 2, diém E
chia trong canh AC theo ti s6 2 : 5. Goi F la gxao diém cna cdc dudng
thang ED va BC. Tinh ti s6 FB : FC.

180. Cho tam gisc ABC, diém D chia trong BC theo ti s6 1 : 2, di€ém O chia
trong AD theo ti s6 3 : 2. Gm K 1a giao daem clia BO va AC. Tinh ti s6
AK : KC,

181. Cho tam gidc ABC, dudng trung tuyén AM, Goi I 12 diém bat ki trén canh
BC. Pudng théng di qua I va song song v6i AC cit AB & K, dudng thang di
qua I va song song véi AB cat AM, AC theo thit ty & D, E. Ching minh
rang DE = BK.

182. Tit gidec ABCD c6 E, F theo thi ty 1a trung diém ciia CD, CB ; O 12 giao
. 2 : s
diém clta AE, DF ; OA = 40E, OD = -3~OF. Chiing minh rang ABCD la

hinh binh hanh.

183. Pudng thiang di qua trung di€ém cdc canh d6i AB, CD cha tit gidc ABCD
cit cic dudng thing AD va BC theo thit ty & I va K. Ching minh ring
IA ID= KB: KC, - |

184. a) Qua diém M thuodc canh BC clia tam gidc ABC, vE cic duong thing
song song v&i hai canh kia, ching cat AB, AC theo thd tw & H, K. Ching

- AH 4 o ) = A
minh ring t6ng E+ % khong phu thudc vao vi trf cua diém M trén

canh BC,

b) Xét trudong hop twong tu khi diém M chay trén dudng thﬁng BC nhung
khong thudc doan thing BC.

185. a) Cho tam gidc ABC, dudng trung tuyén AM. Qua trung diém O cla AM, v&
dudng thing cit cdc canh AB, AC theo tht ty & B, C'. Chiing minh rang khi

y ; 3w = . B '
dudng thang thay doi vi trf ma vin di qua O thi tong %1—% khong dou.

b) Téng quat hod bai todn trén khi O 12 mot diém ¢ dinh trén doan thang AM.

186. Cho tam gidc ABC vudng cin tai A, dudng trung tuyén BM. Trén canh BC
14y diém D sao cho BD = 2DC. Chiing minh rang BM vuéng goc véi AD.

187. Cho tam gidc ABC vuong tai A. Cic diém D, B thudc canh BC sao cho
BD = DE = EC. Biét AD = 10cm, AE = 15cm. Tinh d¢ dai BC.



188. Cho tam gidc ABC vuodng tai A. V& ra phia ngoai tam gidc d6 cdc tam gidc
~ ABD vuodng can tai B, ACF vuéng cén tai C. Goi H 12 giao diém ctia AB va
CD, K 1a giao diém ctia AC va BF. Ching minh rang :
a) AH = AK,
b) AH® = BH . CK.

189, Tt gidc ABCD c¢é M la trung diém ctia CD, N 12 trung diém cta CB. Biét
ring AM va AN ciét dudng chéo BD thanh ba doan bang nhau. Ching minh
rang ABCD la hinh binh hanh.

190. Trén canh BC cda hinh vuong ABCD canh 6, 14y diém E sao cho BE = 2,
Trén tia d6i ctia tia CD 14y diém F sao cho CF = 3. Goi M 12 giao diém cla

'AE v BE. Tinh AMC .

191. Cho tam gidc ABC. Mét dﬁbﬁg thang cit cdc canh BC, AC theo thi tu &
D, E va cét dudng thing BA & F. V& hinh binh hanh BDEH. Pudng thing
di qua F va song song v6i BC cat HA & I. Ching minh rang FI = DC.

192, Cho tam gidc ABC, dudng phan gidc AD, dudng trung tuyén AM. Qua
diém I thuéc doan thing AD, ké IH vudng gbc v6i AB, IK vudng goc voi
AC. Goi N Ia giao diém cia HK v AM. Chiing minh rng NI vuéng géc
véi BC. |

193. Cho tam gidc ABC c6 ba géc nhon, truc tam H. Mot dudng thang di qua H
cit AB, AC theo thit tw & P, Q sao cho HP = HQ. Goi M 1 trung diém ciia
BC. Chitng minh ring HM vuoéng géc véi PQ.

Huéng ddn : Qua C v& dudng thang song song véi PQ, cit AB & N. Ching
minh rang HM vuéng géc véi NC.

194. Hinh chit nhat ABCD ¢é M, N theo thi tu [a trung d1ém ca AD, BC. Goi
'E 12 mo6t diém bat ki thudc tia d6i cha tia DC, K 1a giao diém clia EM va
AC. Ching minh rang NM 14 tia phan gidc clia géc KNE, | -

195, Cho hinh binh hanh f‘&BCD, diém M thuoc canh BC, diém N thudc tia déi
cha tia BC sao cho BN = CM. Céc dudng thing DN, DM cit AB theo thif ty

&E,F. Ching minh ring AE? = EB.EF.

196. Mot dudng thang di qua dinh A cta hinh binh hanh ABCD cét BD, BC,
DC theo thit ty 0 E, K, G. Chiéing minh rang :

a) AE* = EK .EG;
{ {1
AE  AK  AG

b)



¢) Khi dudng thang thay dm vi trf nhung van di qua A thi tich BK. DG ¢¢
gid tri khong déi.

197. Cho tam gidc déu ABC. Céc diém D, E theo tht tu thudc cdc canh AB, AC
sao cho AD = CE. Goi M 1a mot diém b4t ki thudc canh BC. VE MH song
song voi CD (H thuéc AB), v& MK song song véi BE (K thuoc AC). Ching
minh ring khi diém M chuyén dong trén canh BC thi tdng MH + MK ¢6 gia
tri khong doi.

198. Cho tam gidc déu ABC, trong tam G, M 1a mot diém bﬁt ki nam bén trong
tam gidc. Pudng thing MG cit cdc dudng thang BC, AC, AB theo thd tu &
A', B, C'. Chung minh rﬁng
A'M B M C M
A'G B G C'G

199. Cho fam gidc ABC vudng can tai A. Cdc diém D, E, F theo thir tu chla trong
~ cdc canh AB, BC, CA theo cling moét ti s, Chitng minh rang : AE = DF,
AE vudng gbe vi6i DF.

200. Cho hinh thang ABCD (AB // CD} c¢6 dién tich S, AB = %—CD. Gol E, F

theo thi ty 1a trung diém cta AB, CD. Goi M 12 giao diém clia AF v DE,
N la giao di€ém cla BF va CE. Tinh dién tich tf giac EMFN theo S.

201*, a) Cho hinh binh hanh ABCD, M la trung didm cha BC. Piém N trén
canh CD sao cho % = 2. Goi giao diém ciia AM, AN véi BD 1a P, Q.

Ching minh rang Sapo = %SAMN-
b) Ching minh rang két luan & cau a vin ding néu thay diéu kién "M la
trung diém cua BC, N trén canh CD sao cho %: 2" bdi di€u kién téng

quat-hon "M trén canh BC, N trén canh CD sao cho £ = Z.E% "
ND MC

202 Cho goc xOy va diém M ¢6 dinh thudc mién trong cha gbc. Mot dui‘rng |
thﬂng thay déi vi trf nhung ludn di qua M cét cdc tia Ox, Oy theo thi ty &

A, B. Goi Sy, S, theo thity la dlﬁtn tich céc tam gidc MOA, MOB. Ching
wn ; 1 1 i B 2
minh rang tong — + — c¢é gid tri khong doi.
Sp 5y
Hudng ddn : Xét vi trf gisi han chia dudng thang khi nd song smng'véi Ox
dé dy dodn gid tri khong doi. -



203%, Cho géc xQOy. Céc diém A va B theo thit ty chuyén dong trén céc tia Ox

va Oy sao cho -(—)IE+L = — (k 12 hing 26) Ching minh rang dudng

OB
thang AB luon ludn di qua mﬁt diam ¢d dinh.

204*. Cho hinh thang ABCD (AB // CD). Diém E thudc canh AD, diém F thuoe

canh BC sao cho —]:E— = oL = i Goi M, N theo thit tu I3 giao diém cta .
DA BC 3 |

EF v6i BD, AC. Chiing minh ring EM = NE.

205. a) Cho tam gidc ABC. Trén tia d6i cha tia CB ldy diém A' sao cho
' BA': A'C = 3. Trén canh CA ldy diém B' sao-cho CB': BA =1:3. Goi C
- la giao diém ctia A'B' va AB. Ching minh ring C' 12 trung diém ctia AB.

b) Chﬂng minh bai todn tdng quzit Néu mot duﬂng théng khong di qua cdc -
dinh clia tam gidc ABC va cit cdc dudng thang BC, CA, AB theo thtt tir &

A', B, C thi AB' CA' BC = 1 (dinh i Mé-né- Iauyt}.
B'C'A'B C'A -

Mé-né-la-uyt, nha todn hoc Hi Lap thé' ki I ~I1.

206. a) Chiing minh rang néu trén cdc canh d6i dién véi cdc dinh A, B, Cclia

tam gidc ABC, ta 14y cdc diém twong dng A', B, C' sao cho AA', BB, CC

déng quy thi i .CA ; 2t = 1 (dinh lf Xé&-va). |
B'C A'B C'A

Xé-va (Céva, 1648 — 1734), nha toan hoc I-ta-li-a.

b) Ching minh rang két luan trén van dung n€u cic diém A', B, C' thudc

cdc dudng thing chita cdc canh clia tam gidc, trong do co dung hai diém
nam ngoai tam gidc.

207. Cho tam gidc ABC. Tam O cua cac hinh chit nhat MNPQ thay déi nhlmg
luén ¢6 M thudoc AB, N thuéc AC, P va Q thuéc BC, chuyén dong trén
dudng nao ? .

~ Bai tap : 362.

§14. DINH LI TA-LET DAO
Dinh If Ta-}ét ddo cho ta mot ddu hiéu nhan biét hai duong thdng song song :
Né€u mot dudng thang cat hai canh clia tam gidc va dinh ra trén hai canh 4y

cac cap doan thang twong ng ti 1& thi dudng thing dé song song v4i canh con
lai cua tam giéc.



Pinh 1i van ding trong truong hop ciucrng thang cit phdn kéo dai cha hai
canh cua tam giac.

Vi du 34. Cho tir gide ABCD, diém M thudc canh AB. Lan lugt vé ME
song song voi BD (E thuéc AD), EG song song v6i AC (G thuoe CD), GH song
song v4i BD (H thuoc BC). .

a) Chiing minh rang MEGH la hinh binh hanh,

b) Tinh chu vi ti gidc MEGH, néu ABCD 1a hinh chit nhat ¢O du&mg chéo
biang m,

Gidi : a) (h.8) Ta ¢c6 ME // BD, EG // AC GH // BD nén 4p dung dinh If
Ta 1ét vao cédc tam gidc ABD, ADC, BCD ta cb

BM DE DG BH
MA EA GC HE
Do do6 MH // AC (dinh If Ta-1ét daﬂ)
Ta ¢6 MH // EG, ME // HG nén MEGH la hinh binh hanh.
B

M H

m
w

; h |
Hinh 8 Hinh 9

b) (h.9). Goi 1, K 12 giao diém clia BD v6i MH, EG ; O 1a giao diém ciia
AC va BD. Ta c6 OA OC nén dé dang ching minh duge IM = IH, KE = KG,
suy ra IM = IH = Bl, KE = KG = KD. :

Do dé chu vi tit gidc MEGH bing .
2(IH + HG + GK) = 2(Bl + IK + KD) = 2BD = 2m.
Vi du 35. Cho tam giéc ABC. Cdc diém D, E, F theo thit tu chia trong cdc

canh AB, BC, CA theo ti s6 1 : 2. Céc diém I, K theo thi tu chia trong cdc doan
. thing ED, FE theo ti s6 1 : 2. Chiing minh ring IK // BC.

Gidi
Cdch 1. (h.10) V& cdc diém M, N theo thit tr chia trong cdc doan thing

BD, EC theo ti s6 %



MD IDL 2
nén MI // BE (dinh If Ta-1ét d4o).

FK FN( "1'")
KE NCl 2

THE6 °  BM EI[ 1]

nén KN // EC (dinh If Ta-lét dio). B e T
ngg LB 15 7
BA BD BA 33 9
CN_ CNCF 21 _ 2
| CA CFCA 33 9
né L CN ra MN // BC (dinh lf Ta-1ét dao).
BA
Tir MN // BC, MI // BC, NK // BC nén theo tién A

dé O-clit bon diém M, I, K, N thang hang va IK // BC.

Cdch 2. (h.11) Goi M 1a trung diém cba AF.
Goi N 1a giao diém ciia DM va EF,

AD _ AM 1)
DB MC ( 9
nén DM // BC(dinh If Ta-1ét ddo)

MN // EC, ma MF = FC nén EF = FN,

Ta ¢cod

. EK EK EE 21 | El
Ta cé 5 e e 5 e 22 e [NIA o = —
- EN EBFEN 32 3 ™ED 3
n 8 o Bl iy ra IK // DN (dinh 1f Ta-lét dio).
EN  ED
Vay IK // BC.

Bdi tap
208. Cho hinh thang ABCD (AB // CD), M 1a trung diém ctia CD. Goi I 1a giao
diém ctia AM va BD, K 14 giao diém ctia BM va AC,
a) Chitng minh rang IK // AB.



b) Pudng thang IK cit AD , BC theo thit tw & E, F. Ching minh rang
El = IK = KF.

209. Diém E thuoc canh bén BC clia hinh thang ABCD. V& dudng thing di qua C
va song song v6i AE, cit AD § K. Chiing minh ring BK song song v6i DE.
210. Cho tam gidc ABC, diém I thu¢c canh AB, diém K thudc canh AC. Vé

IM//BK (M e AC), vé KN // CI (N € AB)
Ching minh ring MN /1 BC. |
211. Cho tt gidc ABCD. Pudng thing di qua A va song song voi BC cat BD &
E. Duong thang di qua B va song song véi AD cit AC & G.
a) Chitng minh rang EG song song v&i DC.
b) Gia sl AB song song v6i CD. Chiing minh ring AB® = EG . DC.

212. Tt gidc ABCD c6 AC vuéng géc va bing BD. Cic diém E, F, G, H theo
thit tw chia trong cdc canh AB, BC, CD, DA theo ti s6 1 : 2. Ching minh
rang EG = FH, EG vuéng géc véi FH. .

213%, Cho tam gidc nhon ABC, cdc dudng cao AD, BE, CF. Goi I, K. M, N
theo thit t 1a chan cédc dudng vudng géc ké tr D dén BA, BE, CF, CA.
Ching minh rang bon di€m I, K, M, N thing hang.

214. Cho tam gidc ABC, diém D thudc canh BC, diém M nim giita A va D. Goi
I, K theo thit ty 12 trung diém cta MB, MC. Goi E 1a giao diém cfia DI va
AB, goi F 1a giao di€ém ctia DK va AC. Ching minh ring EF // IK.

215%. Cho tam gidc ABC, cdc duong trung tuyén BD, CE. Goi M la diém bat ki
thugc canh BC. V& MG song song véi BD (G thude AQ), v&8 MH song song
v6i CE (H thudc AB).

a) Ching minh rang BD va CE chia HG thanh ba phén bang nhau,
b) Ching minh ring OM di qua trung diém ctia HG (O 12 trong tam AABC).

216*. Cho hinh thang ABCD (AB // CD). C4c diém M, N thuoc cdc canh AD,
CN . o s ' ;
BC sao cho AN = . Goi céc giao diém cia MN véi BD, AC theo thit -
MD NB

ty la E, F. Qua M ké duodng thing song song véi AC, cat DC G H.
- a) Chitng minh ring HN // BD.

b) Goi I 1a giao diém clia HO va MN. Chiing minh ring IE = IF, ME = NF
(O Ia giao diém hai dudng chéo AC va BD). '




217*, Cho tam gidc ABC cén tai A, dudng trung tuyén BM. Goi O 1a giao diém
cdc dudng trung truc cua tam gide ABC, E 12 trong tam ctia tam gidc ABM.
Chitng minh ring EO vuéng géc véi BM. '

218%. Chia mdi canh ctia mét tif gidc thanh ba phin bang nhau rdi néi cdc diém-
chia tuong tng trén cdc canh déi dién, ta dugc bon doan thing (hai doan

thing n6i cdc diém chia tu’-:mg ng t:én mot cap canh d6i thi khong cat
nhau). Chitng minh rang : -

a) Mbi doan thing trong bén doan thing iy déu bi chia thanh ba phin
bang nhau.

TS - S |- : :
b) Dién'tich tr gidc ¢ gifta bang —9- dién tich t giac ban dau. .

§15. TINH CHAT PUGNG PHAN GIAC CUA TAM GIAC

Duwong phan gidc coa tam gidc chia canh d6i dién thanh hal doan thang e
vGi hai canh ké hai doan thang 4y.

AD 1a dudng phan gidc clia géc A = —g{% = -EE (h.12)

A Pudng phéin gidc gbc ngoai clia tam gidc cling
co tinh chdt tuong tu :
. AE la tia phan gidc ngoai clia goéc A
£ B D ¢ EB _AB

= —— = (h12)
Hinh 12 | EC  AC

Ta ¢6 thé néi : Néu tam gidgc ABC c6 %E— k thi dudng phan giac trong

cta goc A chia tmng doan thing BC theo ti s6 k, va néu k = 1 thi dudng phén
‘gidc ngoai ctia goc A chia ngoai doan thiang BC cling theo ti s6 k.
Vidu 36. Cho tam gidc ABC ¢6 BC =a, AC=b, AB = ¢, dudng phan gidc AD.
a) Tinh cac do dai BD, DC. |
b) Tia phan gidc clia géc B cit AD & 1. Tinh ti s6 Al : ID.

¢) Cho BC bang trung binh cong ctia AB va AC, goi G 12 trong tam ctia tam
gidc ABC. Chiing minh rang IG // BC,



Gidi : (h.13)
a) AD la dudng phan gidc cda AABC nén

BD AE ‘e
DC AC b
Suy ra
BD ¢ :>BD_ C #BD* ac B D M ol
BD+DC c¢c+b a c+b c+b Hina 13
" Dol DE st B
: ' c+b c¢+b
b) BI 12 dudng phan gidc ctia: AABD nén
S D= K Bl g ot S0
c+b a
¢) Theo cdu b ta ¢cd AI:C+b.Né’ua# b+c[mﬂ:
1D a 2

Ta lai c6 g% =2 (M Ia trung diém cha BC).

Al AG
Nhu vay — = —, suy ra IG // DM, titc 12 IG // BC.
W vay =y} yr 1/ alG// |
Cdch khdc gidi cau ¢ ma khong diing két qud ciia cdc cdu ava b :
K&IT L BC. Tacd Sppe = 31'—?;5 II'. Néub+c=2athi Sypc = %‘i I,

Ta lai ¢6 Sype = %JI'. Do d6

l
Sipc = ESABC | (D

Dé chiing minh SGrc = és ABC - (2)

T (l} va (2) Suy ra SIBC = SGBC ' tir d6 1G ,f',r" BC.

Baitép

219. Cho tam gidc ABC vuﬁng fai A, dudng phan gidc BD. Biét AD = 3cm,
DC = 5c¢m. Tinh cdc d¢ dai AB, BC.



220. Cho tam gidc ABC, dudong phan gidc AD. Piém M thuoc canh AB, diém N
thuoc canh AC sao cho BM = BD, CN = CD. Chtng minh rang MN song
song voi BC.

221. Cho tam gidc ABC ¢6 AB = 4em, AC = 6¢cm, dm:mg phan gzéc AD. D1ém
O chia trong AD theo ti s6 2 : 1. Goi K 1a giao diém ctia BO va AC. Tinh ti
s6 AK : KC,

222, Cho tam gidc ABC, dudng trung 11:3:&11 AM Céc na phén gidc cha céc go{:
AMB, AMC cét AB, AC theo thtt tw 6 D, E.

a) Chitng minh rang DE song song véi BC.
b) Cho BC = a, AM = m. Tinh d6 dai DE.

¢) Giao diém I cha AM va DE chuyén dong trén dudng ndo néu tam gidc
' ABC ¢6 BC ¢4 dinh, dudng trung tuyén AM bing m khéng déi ?

d) Tam gidc ABC c6 diéu kién gi d€ DE 1a dudng trung binh cta tam gidc do ?

223. Trong tam gidc ABC, dudng phan gidc AD chia canh d6i dién thanh céc
doan thang BD = 2cm, DC = 4cm. Pudng trung truc ctia AD cét dtrcrng
thang BC ¢ K. Tinh do dai KD.

224, Cho tam gidc ABC ¢6 AB = 8cm, AC = 12cm, BC = 10cm. Goi I 1a gwﬂ
diém ctlia cdc duong phan gidc, G 1a trong tam cia tam gidc ABC,

a) Chitng minh ring 1G // BC.
b) Tinh do dai IG.

225. Cho hinh binh hanh ABCD. Tia phan gidc ctia géc BAD cédt BD ¢ M, tia
phan gidc clia géc ABC cat AC & N. Ching minh rang MN // CD.

226. Cho tam giac ABC cé cac dudng phan giac BE, CF cét nhau & O va

@ £9 = & . Chitng minh ring tam gidc ABC vubng tai A.

BE. CF 2

227%*, Tinh dién tich tam gidc ABC, bzé’t rang AB = l4cm, AC = 35¢m, dudng
phan gidc AD bang 12cm.

Huéng ddn : V& DE // AB va tinh dién tich tam gidc ADE.

228, Cho tam gidc ABCcé BC=a, AC=Db, AB=c (b > ¢), céc du’cmg phéan
gidc BD, CE.

a) Tinh cdc do dai CD, BE réi suy ra CD > BE.

b) V& hinh binh hanh BEKD. Chiing minh ring CE > EK.
¢) Chitng minh ring CE > BD.

~ Bai tap : 332.



'§16. CAC TRUGNG HOP PONG DANG CUA TAM GIAC

Hai tam gidc dong dang véi nhau néu ;

— Ba canh cua tam gidc nay tuong fGing ti lé vOi ba canh cua tam gidc kia
(truong hop canh — canh — canh).

— Hai canh ctia tam gidc nay tuong tng ti 1€ véi hai canh ciia tam giéc kia
" va cédc gbc xen gitfa hai canh 4y bang nhau (trudng hop canh — géc — canh).

- — Hai gdc cha tam gidc nay ldn luot bing hai gdc cua tam gidc kia (truong
hop géc ~ gdc). |
Vi du 37. Cho tam gidc ABC, dudng phan giac AD. Gid st AC=b, AB =c,

DB = m, DC = n. K& tia Cx sao cho DCx = BAD (tia Cx khéc phia véi A dsi
voi BO).

a) Ching minh r_ﬁng AD. DI = mn.
b) Ching minh rang AD’ =bc — mn.

Gidai : (h.14)
a) Xét AABD va ACID, ta cé :

BAD= ICD (gia thiét),

BDA = IDC (d6i dinh).

Do dé AABD va ACID dong ddng (g.g), suy ra B VC
]§ — T A_D - _Q.I?, tir do B , 1 |

BD ID’ X
AD.DI = DB.DC = ITin. (i) Hinh 14
b) Xét AABD va AAIC, tacd :

BAD = IAC (theo gia thiét)
B=1 (chitng minh trén)
Do dé AABD va AAIC déng dang (g.g), sﬁy ra % ﬂ_%, tr d6

AD. Al = AC. AB=bc (2)



Th (1) va(2)suyra
AD.Al - AD.DI =bc —~ mn = AD (Al — DI) = bc - mn

e ADZ: bc — mn.

Vi du 38. Mot hinh thang ¢6 bén dinh thudc bén canh clia mét hinh binh
hanh. Ching minh ring ton tai m¢t dudng chéo clia hinh binh hanh di qua giao
diém hai dudng chéoe cha hinh thang.

Gidi : Goi O 1a giao diém céc dudng chéo EG va FH cua hinh thang EFGH
néi ti€p hinh binh hanh ABCD (h.13).

i Xét AOEF va AOGH, ta ¢6 EF // GH nén

M 7 AOEF va AOGH déng dang, suy ra .
s |
E : OE _ EF

(1)

D V * Xét AAEF v A CGH, ta c6
H . N ;
A = C (g6c déi clia hinh binh hanh)

Hink 15 " AER = CGH (ciing bing M).

Do d6 AAEF va ACGH ddng dang (g.g), suy ra

AE EF.
— = —, (2)
CG GH
AE (}E
Tir (1 2 — = :
( ) va ( ]Sll}’l'd G OG
Xét AAOE va ACOG, taco
AE’ &= 9}3_ (chiing minh trén) ;
CG OG

AEO = CGO (so le trong, AD // BC).
Do d6 AAOE va ACOG déng dang(c.g.c), suy ra AOE =.COG.

Ta lai c6 AOE + AOG = 180° nén COG + AOG = 180°.

Do d6 ba diém A, O, C thing hang.Vay dudng chéo AC cia hinh binh
“hanh ABCD di qua giao di€m hai dudng chéo clia hinh thang EFGH.



Bai ’rﬁp
Trudng hop canh — canh — canh

229, Tu' gidc ABCD c¢é AB = 4cm, BC = 20cm, CD = 25cm, AD = 8cm,
= [0cm. Hay xdc dinh dang cla tir gidc.

230. a) Hai tam gié;c sau c6 dong dang hay khong néu do dai céac cénh clia
" chiing bang 8cm, 12cm, 18cm, va 27cm, 18cm, 12¢m ?

b) C6 thé khing dinh ring hai tam gidc ¢6 hai cdp canh bing nhau va ba
cdp gbc bang nhau thi hai tam gidc 4y bang nhau hay khong ?

231. Tam gidc ABCc6 BC=a, AC=b, AB=c va a® = be. Chitng minh rang
tam gidc ABC dong dang vdi tam gidc cé d6 dai cdc canh bang do dai ba
duong cao clia tam gidc ABC,

Trudng hgp canh — géc¢ — canh

232. Tam gidc ABC c6 AB = 4cm, AC = 6¢cm, BC = 8cm, M 1a trung diém cla
BC, D 14 trung diém ctia BM, Tinh do6 dai AD.

233. Tam gidc ABC ¢6 AB = 12cm, AC = 18cm, BC = 27cm, diém D thudc.
canh BC sao cho CD = 12cm. Tinh d6 dai AD,

234. Tam gidc ABC c6 AB = 4cm, AC = Scm , BC = 6¢cm. Chiing minh rang
A=2C.
235. Cho hinh thoi ABCD canh a c6 A = 60°. Mot dudng thing bat ki di qua C
cét tia d6i cha céc tia d6i cha cdc tia BA va DA theo thit tw tai M va N,
- a) Chitng minh ring tich BM.DN c6 gi4 tri khong doi.
b) Goi K 1 giao diém cfia BN vi DM. Tinh BKD .

Truong hop goéc —~ goc

236. Cho tam giac ABC (AB < AC) dmng phén gidc AD, Duong trung truc cua
AD cit BCG K.

a) Chitng minh riang AKAB d6éng dang v6i AKCA.
b) Tinh d6 dai KD biét rang BD = 2c¢m, DC = 4cm.
237. Cho tam gidc ABC (AB = AC), dudng phan gidc AD. V& tia Dx sao cho

CDx = BAC (tm Dx va A cung phia d6i v4i BC), tia Dx cit AC o E.
Ching minh ring :



a) Tam gidc ABC déng dang véi tam gidc DEC.,
b) DE = DB.
238. Trén canh huyén CB ciia tam gifc vuéng ABC, 14y diém D sao cho CD = CA.
Goi E la diém d6i xiing v6i D qua C.
a) Chitng minh rang céc tam gidc ABD va EBA dong dang.
b) Goi BC = a, AC = b, AB = c. So sanh a2 véi b2 + ¢ ma khong ding
dinh 11 Py-ta-go.
239. Cho tam gidc ABC, dudng phén gidc AD. Ching minh ring
AD’? < AB. AC.
240. a) Tam gidc ABC ¢6 B = 2C, AB = 4cm, BC = Scm. Tinh do dai AC.
b*) Tinh d6 dai cdc canh cla tam gidc ABC ¢6 B = 2C biét rang s do cic
canh 1a ba s6 tu nhién lién ti€p.

241. Cho tam gidc ABC cén tai A, dudng phan gidc BD. Tinh do dal BD bigt
ring BC = 5cm, AC = 20cm.

242, Cé4c dudng phén gidc cdc gbc ngoai tai cdc dinh B va C clia tam gidc ABC
cit nhau & K. Dudng thing vuong goc véi AK tai K cit cdc dudng thing
AB, AC theo thi ty ¢ D, E. Chitng minh ring :

a) Cac tam gidc DBK va EKC déng dang.
b) DE® = 4BD.CE.

243. Cho tam gidc ABC can tai A, géc ddy a. Cic diém D, M, E theo thi tu

thudc cac canh AB, BC, CA sao cho DME = o.. Chitng minh rang cdc tam
gidc BDM va CME déng dang.

244, Cho tam gidc ABC, dudng trung tuyén AM. Qua diém D thutj}é canh BC,
vé duding thing song song véi AM, cit AB va AC theo thit tu 3 E va F.

a) Chitng minh réng khi diém D chuyén dong trén canh BC thi téng DE + DF -
cé gi4 tri khong déi.
b) Qua A vE dlmfng thang song song véi BC, cit EF & K. Ching mmh rang
" K 1a trung diém ctha EF.

245. Cho céc tam gidc ABC va A'BC' ¢6 A+ A’ = 180°, B=B'. Goi BC = a,
AC=b,AB=c,BC'=2a, A'C'=b', AB = ¢'. Chilng minh rang aa' = bb' + cc.



246. Cho tam gidc ABC, I 1a giao diém ctia ba dudng phan gidc. Pudng thing
vuong géc véi CI tai I cat AC, BC theo thit ty & M, N. Chitng minh rang

a) Tam gidc AIM déng dang v@i tam gide ABI.

oy AM _ (ALY
BN \BI)

247. Tam gidc ABC cé AB < AC, céc dudng phan gidc BD va CE. K& tia Bx sao

cho DBx = DCE (tia Bx va A nam clng phia déi véi BD), Bx cit DA ¢ F,
cét CE & G. Chiing minh ring :

a) CG{CE, b) BD < CE.

Phoi hdp céc trudng hgp canh — géc — canh va goe — goc

248. a) Cho doan thang AB = a. Goi C la diém d6i xdng v6i A qua B. V& diém
D sao cho DA = a, DC = 2a. Goi M 1a trung diém clia AB. Tinh d6 dai DM..
b) Chi bang compa, hdy dung trung diém M ctia doan thing AB cho trudc,
cho biét tia Bx 1a tia d6i cia tia BA.

249. Cho di€ém M nim trong hinh binh hianh ABCD sao cho MAB = MCB. Qua
M v& dudng thang song song véi BC, cit AB va CD theo thtt tw & G va H.
Qua M vE dudng thang song song véi AB, cit BC & F. Chiing minh ring :

a) Tam gidc AGM déng dang véi tam gidc CEM.
b) MBC = MDC .
250. Tam gidc ABC can tai A c6 BC = 2a, M 1 trung diém ctia BC. L4y ¢4c
diém D, E théo thit tu thude céc canh AB, AC sao cho DME =B
a) Chitng minh rang tich BD. CE khong d6i.
b) Chitng minh rang DM I tia phén gidc cha géc BDE.
¢) Tinh chu vi AAED néu AABC 1a tam gidc déu.
251*. Cho hinh vuéng ABCD, O l giao diém clia hai dudng chéo. Liy diém G

thuoc canh BC, diém H thuoc canh CD sao cho GOH = 45“ Goi M 1a
trung diém ctia AB. Ching minh ring : '

a) Tam gidc HOD d6ng dang v6i tam gide OGB.
b) MG song song v&i AH.



252. Lyc gidc ABCDEF ¢6-B = D= F, AB = BC, CD = DE, EF = FA. Goi K 12
~ diém d6i xung v6i F qua AE. Chting minh rang BCDK: I2 hinh binh hanh.

'Dung hinh
253. Dung tam gidc ABC, biét do dai ba dudng cao ciia né bang h,, hy, hy.
cho trudc. ' |

254, Cho tam gidc ABC. Dung hinh binh hanh AEMD c¢é D, M, E theo thi tu
thudce cdc canh AB, BC, CA sao cho cic tam gidc MDE va ABC déng dang.

255. Cho tam gidc ABC. Dung diém M thuéc canh AB, diém N thuoc canh AC
sao cho BM = CN = %I\.{[N |

256. Cho bon diém A, C, D', B thang hang theo thit ty dy. V& v& mot phia clia
AB cdc hinh vuong ABCD va A'BCD". Chung minh rang céc dudng thang
AA', BB CC, DD {iﬁng quy.

~Vidu: 66.

§17. CAC TRUONG HOP PONG DANG
CUA TAM GIAC VUONG

Hai tam gidc vudng dong dang véi nhau néu : |

— Hai canh géc vudng cia tam gidc nay ti 1& véi hai canh goc vuéng ciia
tam gidc kia (truong hop canh — gé¢— “canh). - |

— Mot gée nhon cla tam gidc nay bﬁng.mfgt géc nhon cua tam gidc kia
(trudng hop goc — goc). ’ |

— Canh huyén va mét canh gbéc vuéng clia tam gidc nay ti 1& véi canh huyén
va canh goc vuodng clia tam gidc kia (trudng hop canh huyén — canh géc vuérig},

Vi du 39. Tinh chu vi clia tam gidc ABC vuong tai A, biét rang dudng cao

AH chia tam gidc d6 thanh hai tam gidc AHB vd AHC c6 chu vi theo thi tu
bing 18cm va 24cm.



Gidi : (h.16)
Xét AAHB va ACHA, ta c6
AHB = CAB = 90°,

ABH = CAH (cting phu vdi goc HAB).

Do d6 AAHB va ACHA déng ﬁang (g.g), suy ra - Hinh 16
AH AB HB AH+AB+HB 18

CH CA HA CH+CA+HA - 24

Xﬁt &AHB va ACAB, chiing c6 :
AHB = CAB = 9{]

3 S
.. 9

B Ia gbéc chung.
Do d6 AAHB va ACAB déng dang (g.g), suy ra
'AH _AB _HB _AH+ AB+HB 18
CA CB AB CA+CB+AB CA+CB+AB.
Tir (1) , ta dat AB = 3k, CA = 4k. Xét AABC vudng tai A :

- (2)

CB? = AB? + CA? = (3k)? + (4k)* = (5K)*

nén CB = 5k. Do dé f}ﬁzg
CB 5
Tix (2) su rag’--— e Vay chu vi &ABC;b*‘ingIS E=30(cm)l |
TS chuvia ABC. ' =5 |

Vi du 40. Tam gidc ABH vuong tai H-c6 AB = 20cm, BH = 12cm. Trén tia
d6i cia tia HB 14y diém C sao cho AC = g—AH |
a) Chitng minh rang cdc tam gidc ABH va CAH dong dang.
b) Tinh BAC .
| Gidi : (h.17)a) Tacd
AB_20_5_AC
| BH 12 3 AH
- Xét AABH va ACAH, tacé :

B 12 H S oF
m:ﬁﬂgﬂﬂ, , Hinh 17



AB
AC AH |
Do d6 AABH va ACAH déng dang (canh huyén — canh géc vuong).

{chitng minh trén)

| b) T cau a suy ra F:Eii=£§ﬁ Ta lai cé BAH+E§?I~:9D° nén
BAH + CAH = 90°. Do d6 BAC = 90°. |

Bdi tap

257, Cho tam gidc ABC vuodng tai A, hinh vuéng EFGH noi ti€p tam gidc sao
cho E thudc AB, F thudc AC, H va G thuoc BC. Tinh d6 dai clia canh hinh
vuong biét rang BH = 2cm, GC = 8 cm.

.258. Cho hinh binh hanh ABCD, LHG dudng cao CE, CF. Ké DH, BK vuong goc

v6i AC. Chitng minh ring AC*= AD.DF + AB.AE.

259. Cho tam glac nhon ABC, cdc dudng cao BD va CE cét nhau & H. Chtmg
minh 1ang BC® = BH.BD + CH.CE. :

260. Cho tam gidc ABC (AB # AC). Goi E va F theo thi tv 1a cdc hinh chi€u
cua B va C trén tia phan gidc cta géc A. Goi K 1a glao diém cha cdc dudng
“théng FB va CE. Chéng minh ring AK 12 tia phan gidc chia gbc ngodi tai
dinh A clia tam gidc ABC.

261. Tinh ti s6 hai canh géc vuong clia mot tam gidc vudng biét rang dudng cao va
dudng trung tuyén tng vdi canh huyén ciia tam gidc ti 1& vai 12 1 13. |
262, Cho tam gidc ABC vudng tai A, AC = 3AB. Ly céc diém D, E thuoc AC

520 cho AD = DE = EC. Chiing minh ring AEB + ACB = 45°.

263. Hinh thang vuong ABCD ¢6 A = D = 90°, AB = 4cm, DC = 9em, BC = 13cm..
Tinh khoang cdch tir trung diém M cia AD dén BC.

264. Hinh thang vuéng ABCD cé A = B 90°, AB = 7cm, DC = 13cm,

BC = 10cm. Dudng trung truc cta BC cat dudng thﬁng AD & N Tinh do
“dai MN (M Ia trung diém ctia BO).

265%. Cho hinh binh hanh ABCD. Hai duong thing di qua tam cia hmh binh

~ hanh chia né ra bén t¢ gidc ¢d dién tich bang nhau. Bu&mg thang thit nhat

cit BC 6 E, dudng thang thit hai ciat CD & F. Chitng minh ring diém E chia
canh BC va diém F chia canh CD theo cling mot ti 6.

266. Cho hai diém A, M. Dung hinh vuéng ABCD sao cho diém M chia canh
BC theoti s [ : 2,



267. Cho tam gxa{: ABC. Hinh chi nhat DEGH c6 D thudc AB, E thudc AC, G

va H thudc BC.

a) V& Ax song song véi BC, vé CK vuong goc v6i Ax (K thuge AX). Gm 1
Ia giao diém ctia BK va DE. Chiing minh ring GC = DI.

b) Suy ra céch dung hinh chit nhat néi trén blé’t tam gidc ABC va do dai
dudng chéo cia hinh chif nhat. .

~Vidy:56.
~ Bai tap : 333, 334, 336, 356, 374.

§18. TI SO CAC PUONG CAO, Ti SO DIEN TICH
CUA HAI TAM GIAC PONG DANG

Neéu hai tam gidc dong dang thi :

~ Ti s6 cdc dudng cao tuong Gng bing ti s6 déng dang.
— Ti 86 céc dién tich bang binh phuong clia ti s6 déng dang.

Vi du 41, Cho tam gidc ABC ¢6 cic géc B va C nhon, BC = a, dirﬁ'mg cao

- AH = h. Tinh canh cta hinh vuéng MNPQ ¢6 M thuéc AB, N thudec AC, Pva Q
* thuéc BC.

Gidi : (h.18) Goi giao diém cha AHva MN laK.
Do MN // BC nén AK 1L MN. ‘
Ta ¢6 MN // BC nén AAMN va AABC dﬁng dang, do do ti s& hai duong

cao tu-:mg ang bang ti s6 déng dang :

']

B

: 'AKHMN
A . AH BC'
: bat MN =KH = x ta ¢é
Mg h N h—-x X '
K : = — =5 Xxh = ah — ax-
h a
h b => x(h + a) = ah
Q H P G .
Hinh 18 - .
a+h
ah

Canh ctia hinh vuéng MNPQ béng

a+h



Vi du 42. Cho tam gidc ABC va hinh binh hanh AEDF c6 E thu¢c AB, D
thudc BC, F thudoc AC. Tmh dién tich hinh binh hanh, biét rang SEBD BCm

gFDC = lZcm
Gidi : (h.19) AEBD va AFDC déng dang (g.g) nén
A .
(2] -(R)
SFEC DF EC . ' F
| 2 L E
Ta cd SEB_D :SFDC:3212ﬁ1:4=(5) .
B D c
Do dé BE _ED ot Hinh 19
DF FC 2 w
Suy ra: AE = DF = 2BE.
AF=ED= lFC ;
; . )
Vﬁ}' SADE = ZSBED =2.3%h (Cl‘ﬂz) .

SADE =7 Spng = 1= 6 (em*),

SAEDF = SADE "r‘SADF o 6 +6 = 12{{3{1'1 )

Chii }* Téng quat néu SEBD = m SFDC = [l thl SAEDF = 2‘\!'

Bai tap
Ti s6 cac dudng cao

268. Hinh thang ABCD c6 canh ddy AB dai 8cm, canh ddy CD dai 12cm. Diém
M ndm trén dudng thing AB sao cho dudng thing DM chia hinh thang
thanh hai phdn c6 dién tich bang nhau. Tinh d6 dai BM.

269. Piém M chuyén dong trén ddy nho AB clia hinh thang ABCD. Goi O 12 giao
didm clia céc dudng thing chita cdc canh bén clia hinh thang, ¢ 12 giao diém
ctia OA va CM, H 1a giao diém clia OB va DM. Chiing minh rény khi diém M

" chuyén dong trén s:i:'-;mh AB thi tdng e + L khong déi.
- . - GD HC



270. Cho ba dudng thing song song a, b, ¢ theo thit ty 4y, diém A thudc a,
diém B thudc b. Goi M 12 mot diém bat ki thudc ¢. MA cdt bd B, MB céta
& A'. Chiing minh réng khi diém M chuyén dong trén ¢ thi dudng thing
A'B' luon ludn di qua mot diém cd dinh.

Ti s& dién tich
271. Cho tam gidc ABC c6 dién tich S, cdc dudng trung tuyén AD, BE, CF. Goi
S’ la dién tich tam gidc ¢4 d¢ dai ba canh bang AD, BE, CF. Chitng minh

ring §' = -%S.

272, Bm:mg cao clia mot tam gidc dai 16cm, né chia canh day thanh hai doan
thang ti 1¢ v6i 1 : 8. Tinh do dai doan thing song song vdi dudng cao iy va
chia tam giac di cho ra hai phéin c6 dién thh bang nhau.

273. Hinh thang ABCD 6 céc day AB = b, CD = a (a > b). Poan thing MN
song song voi day, ¢6 hai dau thudc hai canh bén chia hinh thang ra hai

2 ol
phﬁn ¢6 dién tich bing nhau. Chung minh rang MNZ2=2 T b :

274, Cho hinh vu@ng ABCD cé do dal canh bidng 2tm. Goi E, F theo thit ty 1
trung diém cta AD, DC. Goi I, H theo thit tu 12 glao diém ctia AF v6i BE,
BD. Tinh dién nch ti gidc ETHD.

275. Cho hai tam gzé{: dong dang cé ti s6 dong dang 12 mét 6 ty nhién. Mot
canh clla tam gidc nho hang 3cm, dién tich cha tam gidc nhd nay cung la
mot s6 tu nhién (don vi cm ) Tinh dién tich cia - mdi tam gkir:: blét hléu

dién tich ctia ching bing 18cm’.,

276%. Tam gide ABC c6 B = 60°, C = 20°, BC = 4cem. Goi D 1a trung diém cha
AC. Trén canh CB ldy diém E sao cho CE = CD. Tinh téng dién tich c4c
tam gidc ECD va ABD. -

277*. Cho tam gidc ABC can tai A, tryc tam H chia dudng cao AE theo ti s67: 1.
Giao diém I cdc dudng phan gidc cta tam giac chia AE theo ti s6 nao 7

278%. Cho tam gidc ABC. Trén canh AB ldy c4c diém I va K sao cho Al = IK = KB
trén canh BC ldy cdc diém D vi E sao cho BD = DE = EC, trén canh AC
ldy cdc diém F va G sao ¢ho AF = FG = GC. Goi M 14 giao diém clia AD
va BF, N la giao diém cta BG va CK, P 1a giao diém clia AE va CL



a) Ching minh rdng cdc carih ctia tam gidc MNP song song vdi cac canh
cua tam gidc ABC. .
b) Tinh dién tich tam gidc MNP theo dién tich tam gidc’ABC.

279%. Cho tam gidc ABC vuéng cén tai A, dudng cao AH va dudng phan giac
BE. Pudng vuéng géc v6i BE tai E cit canh BC & G, cat tia d6i cha tia AB

& D. Ké EF vudng géc véi BC. Cho biét AD = 15cm; HF = 20::::1:1 tinh dxén
tich tam gidc ABC.

~ Vidu: 57, 59, 60.
Bai tap : 375 dén 377.

§19. UNG DUNG THUC TE CUA TAM GIAC PONG DANG

Nho cdc tam gidc déng dang, ta c6 thé xdc dinh dugc céc chidu cao, cdc
khoang céch... ma khong cén do tryc ti€p. |

Vi du 43. M6t ngon dén dit trén cao & vi tri A, hinh chi€u vudng goéc cha
né trén mat dat 13 H. Ngudi ta dat mot chiée coc dai 1,6m thang diig & hai vi
trf B va C thing hang véi H, khi d6 béng cha chiéc coc dai 0,4m va 0,6m. Bi€t
BC = 1,4m, hay tinh do cao AH. |

Gidi : (h.20) Goi BD, CE la béng cla A
coc va B, C' la vi tri twong ung ctia dinh coc.
Piat BB'=CC' =a, BD=b, CE =¢, BC=d,
AH = x. Goi I 1a giao diém clia AH va B'C'.
AAB'C' va AABC dong dang B th . N
= Al = B'C - ‘ o : a | a
AH BC L | B
_ X~a d | | Dp B H € ¢ E
X b+d+c : o] S
= xb + xd + xc — ab— ad - ac =xd Hinh 20
ab + ac + ad |
= X =
b+ |
(est)
=x=a|ll+
b+c ,
z’ipdun tha s6: AH = 1,6 I+~—~Ef-~—-—\ = 3,84 (m)..’
ung tay so : Al ) 0,44—{),6} » -



Bdii 14 “\
i P C
280. Mot ngudi ding cdch mot ngéi nha 200m, dat mot que dai

Scm, cdch mat 40 cm theo phuong thing ding thi vira van
che l4p chiéu cao ctia ngo6i nha. Tinh chiéu cao ctia ngdi nha.

281. Mot giéng nudc c6 dudng kinh DE = 0,8m (h.21). D& x4c
dinh do6 sau BD cia giéng, nguoi ta dat mot chiée gay & vi
trf AC, A cham miéng gi€ng, AC nhin thing t&i vi tri E &
gbc chia diy giéng. Biét AB = 0,9m, BC = 0 2m Tinh dd
sau BD clia ‘giéng.

Hinh 21

Chuong IV |
HINH LANG TRU DUNG. HINH CHOP PEU

§20. HINH HOP CHU NHAT

Hinh hop chit nhat c¢6 6 mat, cdc mit 12 nhiing hinh chit nhat (h.22). Hinh
lap phwong 12 hinh hop chit nhat ¢6 cdc mat 12 nhiing hinh vuong.
- Cho hinh hop chif nhat ¢6 chiéu dai a, chiéu rong b, chiéu cao c. Dién tich
xung quanh ciia hinh hop chit nhat tinh bdi cong thic : Sxq = 2(a.+ b)c. Thé
tich ctia hinh hép chit nhat tinh bdi cong thifc : V = abe.

M6 hinh cfia hinh hop chu nhﬁt cho ta hinh
D' _.,C' 4nh cédc quan hé khong gian sau (xem h.22) :

E . ~ Hai dudng thing song song 1a hai dudng
Al B thang cling ndm trong moét mat phang va khéng
: ¢6 di€ém chung, chang han AB // A'B".

; i .~ Hai dudng thang phan biét ciing song song
i vl mot du&mg thdng tht ba thi song song voi
P a B nhau, ching han AB // p'c vi ching ‘cing song
Hinh22 song véi A'B'.




— Duding thing A'B' khéng nam trong mat phang (ABCD) va song song véi
dudng thing AB ctia mat phing (ABCD), ta ¢c6 A'B' // mp (ABCD).

— Mat phéng (A'B'C'D') chia hai dudng thing cit nhau A'B', B'C’ cling
song song v&i mat phang (ABCD), ta ¢6 mp (A'B'C'D") // mp (ABCD).

— Hai mat phang phan biét ¢6 mot diém chung A thi ching cé chung mot

duong lhang di qua A, goi 14 giao tuyén ctia hai mit phing. Chiing han AB la
giao tuyén clia hai mat phang (ABCD) va (ABB'A).

— Pudmng thing A'A vuéng géc véi hai dudng thing cét nhau AB, AD cta
mit phang (ABCD), ta c6 A'A L mp (ABCD). |

— Khi A'A L mp (ABCD) thi A'A vudng géc v6i moi dudng thing di qua A
va ndm trong mit phing (ABCD), ching han A'A L AC.

~ Mit phfing (A'B'BA) chita dudng thing A'A vudng géc vdi mit phang
(ABCD), ta ¢6 mp (A'B'BA) L mp (ABCD).

Vi du 44. Trong cdc hinh hop chit nhét cd cdc kich thude 1a s6 nguyén a, b,
cmaa+b+c=09, hinh nao cé thé tich 16n nhdt ?

Gidi : Xét tdt ca cdc truong hop hinh hop chit nhat cé cdc kich thuée
- nguyén va tong bang 9 :

Vi =1.17=7 Vs =2.2.5=20
V= L= 12 Vg =23.4=24
V3 =135=15 V, =333=27
V= 144=16

Ta thdy hinh hop chit nhat ¢6 cdc kich thude 3, 3, 3 (hinh fxp phuﬂng) co
thé tich 16n nhat (1a 27).

Chii v : Tong quat, ta chiing minh duoc : Tr-:mg cac hinh hop chir nhat co
céc kich thuéc a, b, ¢ ma a + b-+ ¢ = 9, hinh 1ap phuong cé thé tich 16n nhat.
Dé chitng minh diéu nay, phal dung bit ding thic Co-si véi ba s8 du’cfng a,’b,c
(xem Ndng cao va phdt trién Todn 9, tap mot).

Vi du 45, Cho hinh lidp phuong ABCD. A'B'C'D". Biém E chia DB theo ti
s6 1:3, diém F chia B'A-theotisd 1 : 3.

a) Chitng minh ring A’ B'CD Ia hmh chu nhﬁt Tmh dién uch hinh chi nhﬁl '
d6 néu canh hinh lap phuong bang a.



b) Goi M la diém chia DA theo ti 56 1 : 3. Ching minh rdng mat phéng
(EMF) song song vdi mat phing (A'B'CD). i

* ¢) Chitng minh ring EF song song v6i mat phang (A'B'CD).

d) Ching minh EF song s::mg v6i mat phang (A’ BCD} ma khong st dung
k&t qua cua cau b.

Gidi : (h.23)
. Df N —C a) A'B'// CD (vi ciing song song v6i AB),
. ;{ \ . A'B'=CD(vicingbing AB)
o 51\\ ‘\‘} B - nén tif gide AB'CD la hinh binh hanh.
/ : ‘n\ i Ta ¢6 DC L CC' va DC L CB neén
[k %‘%L\:_h_ --7¢ DCLmp(BCC'B), suy ra DC L CB.
T * Hinh binh hanh A'BCD ¢6 DCB' = 90° nén
Al T B! " 12 hinh chit nhat.
Hinh 23

| Ta {inh duge B'C = ay?2 .nén |
Suder = A BBC ~aiT- 1243,

b) ADAB c¢é L = EE (: i) nén ME // AB. Ta lai ¢c6 AB // A'B' nén

3
ME // A'B'. Suy ra ME // mp (A'BCD). MF // DB' = MF // mp (A'B'CD).

Mat phing (MEF) chtta hai dudng thdng cit nhau clng song song véi |
mp (A'B'CD) nén mp (MEF) // mp (A'B'CD).

¢) T cau b suy ra EF // mp (A'B'CD).
" d) (h.24) Trong mp (ABB'A"), g0i K 14 giao diém

D G
cia BF va A'B'. Tacéd AB // A'B' nén ANE .
i
KF _BF _ | Wil

i
1 11]
FB FA 3 Ry
i
=~ = 22 . BR//DK. R T N A
FB EB SO/

" Ta lai'c6 DK n?im trong mi) (A'B'CD) nén
EF // mp (A'B'CD). Hinh 24




Vi du 46. Hiy dién cdc ddu chém vio -
méit dé tréng cha vién sdc séc hinh lap 2
phuong & hinh 25a sao cho vién stc sic L ®
thda man hinh 25b (chi ¥ rdng & vién siic ¢
séc, téng hai s& & hai mat d6i nhau bao gid ) : b)

cling bang 7).
g bang 7) Hinh 25
Gidi
Quan sdt hinh 25b ta thdy : Khinhin thang vao mit chira so 2 sao cho mat

chita 6 6 & trén thi mat chita s6 3 & bén trdi. Ap dung nhfm xét nay vao hinh
25a thi mat doi dién vai mat aé tréng chita s6 3, do d6 mat dé tréng chia s6 4.
Ban doc tu dién cdc dfu chdm vio hinh,

Vi du 47. Mot hinh 14p phuong 16n canh 4 dugc ghép lai tr 64 hinh lap |
phuong nhd canh |. Ngudi ta son tat ca sdu mat ciia hmh lap phuong Iém Tinh
88 hinh lap phuong nhoé canh 1 ma :

a) ¢6 ding mot mit duoc son ;

b) cé dflng hai mat dugce son ;

c:j c6 ding ba mat duge son ;

d) khong c6 mit nao dugc son,

Gidi : (h.26) |

a) O mbi mat, cé 4 hinh lap phwong nhd dlft_:f{: son -
mot mat (cdc hinh duge gach soc). G s4u mat cd : . ﬁ' TR x

4.6 =24 (hinh) -

x w ‘E-a T
=

b) & moi canh, ¢ 2 hinh 14p phuong du(;rc son hai

AR

N NN

mat (céc hinh ghi ddu "x"). & 12 canh ¢6 :
| 2.12 = 24 (hinh)

¢) O méi dinh, ¢6 mot hinh lap phuong dugc son
‘ba mat (12 hinh & géc). O 8 dinh 6 : 8 hinh,
d) Cdc hinh 1ap phuong nhd khong c6 mit nao duge son 14 cac hinh lap

phuong nho "& bén trong”, ching tao thanh mét hinh l4p phuong cé canh 2,
gdm : 2.2.2 = 8 (hinh) |

Hinh 26



B&i tap
Hinh hdp chif nhat
282. Cho hinh hop chit nhat ABCD.A'B'C'D". Goi M; N theo thtt ty I trung

diém cua AD, DC. Goi I, K theo thit tu 12 trung diém cha B'A', B’ C' Chu’ng
mmh rﬂng MN song song véi IK,

; Dlgn_t:ch | _
283, Tinh dién tich toan phan cta mot hinh hop chit nhat cé chiéu dai 4cm,
chiéu rong 3cm, dudng chéo clia hinh hop bing 13cm. ¥k
284. Mot hinh hop chit nhat ¢6 tdng d6 dai cdc canh bang 140cm, khoang cich
tir mot dinh dén dinh xa nhét bing 21 cm. Tinh dién tich toan phan.
2835. Cho hinh hop chitnhat ABCD.AD'CD'. qu M 14 trung diém ctia CC'.
a) X4c dinh giao tuyén cha cdc mat phing (ABB'A") vi (B'C'M).
b) Xéc dinh giao diém ctia dudng thaing DM va mat phing (A'B'C'D"). |
¢) Xdc dinh giao diém cha dudng thing B'M va mat phing (ABCD).
286. Cho hinh hop chit nhat ABCD.A'BCD" Goi M, I theo thit ty lfi. trung diém

cia AA', CC'. Chiing minh rang céc mat phing (ADI). va (B'C'M) song
song véi nhau.

287. Cho hinh hdp chit nhat ABCD.A'BCD'. Goi H, 1, K theo thit tu 1a trung
diém clia AB, AA", C'D'. Ching minh ring m4t phiang (HIK} song song véi
m&t phiang (ACD").

| 288. Cho mot vién stc sic thoa méan hinh 27a.
a) Hiy dién cdc d4u chdm vao mat d€ tréng & hinh 27b.
b) Hiy dién cdc ddu chdm vao cdc hinh khai trién (h.27¢, d).

. =
‘0' e CQ A :a: c-e
: : rape e ®
§ ° hd : 000 o®
@ . : °
a) b) c) d}

Hinh 27



289%. Mot con nhén dang & vi tri E trong mét gian™ D C
phong hinh lap phuong (h.28, E nam trén AB va
! :

| R R —

AE = EAB)' Con nhén mu6n bd qua ca sidu mat A
cla gian phong r6i trg vé E. Tim dudng di ngan R A
nhdt clia con nhén. ;zf'
N T R A E B .
The tich i

290. Tinh dién tich xung quanh clia hinh hdp chit nhat
ABCD.A'B'C'D' cé day ABCD 1a hinh vuong canh a va dlan tich hinh chit

nhat ADC'B' bing 2a”.

291. Hinh hop chit nhat ABCD.A' B C'D' ¢6 ddy ABCD 1a hinh vuéng, dién tich

- mat chéo (BDD'B') bing 80{:1‘1‘1 M va N theo thi tu 12 trung diém clia AA'
va CC', MN = 8cm. Tinh thé tich hinh hép chif nhat.

292 Mot cdi hom hinh hop chit nhat ¢6 chiéu dai 36¢cm, chiu rong 15cm, chiéu
cao 16cm. SO hinh lap phuong canh 3cm nhiéu nhat chita trong hom d6 1a :

A) 180 . B)300; C) 320; D) 192.
Hay chon céu tra loi diing

293. Mot hinh hop chif nhat duge ghép bai 42 hinh lap phuﬂng canh lcm. Biét chu
vi ddy cha hinh hop chir nhat 13 18cm. Tinh céc canh clia hinh hop chif nhat.

Cac dang khac

294. Cho mot hinh lap phuong. C6 bao nhiéu doan théing 1 0
~ ma hai mit cta né 1a hai dinh cta hinh lap phuong ?

295. Ngudi ta ghi vao céc dinh cha mot hinh lap phuong 1
cdc s6-0 hoac 1 nhu trén hinh 29. Ct mdi bude, ta |
cong thém 1 don vi vio mdi s6 thudc cing mot canh B e s
cta hinh lap phuong. Sau mdét s8 budce, ¢6 thé xay ra ,
tdm s6 bang nhau & tdm dinh cha hinh lap phuong 1 0
duge khong 7- Hinh 29

296. NEucxi ta vi€t vao sdu maf clla mot hinh lap phuong sdu s6 co téng bang
21. Sau d6 & mdi dinh clia hinh lap phuangi ta ghi mot s6 bidng téng cic s6
& céc mat chia dinh dé6. Tinh tong céc s & cac dinh.

297. Méi hinh lap phuwong canh 5 duoc ghep bdi 125 hmh lap phuong nho canh
l. Tinh s@ hinh lap phuong nhoé gidp véi :

o i s m f n

a) 6 mat cia cdc hinh lap phuong nhd khac ;



b) 5 mit ctia c4c hinh 14p phuong nhé khéc ;

c) 4 mat clia cdc hinh lap phuong nhd khéc ;

~ d) 3 mat chia cdc hinh lap phuong nhd khic,
298. C6 125 hinh lap phuong don vi ghép lai thinh mot hinh 1ap phuong 16n

canh 5. Ngudi ta son sdu médt cta hinh lap phiong 16n. Tinh s6 hinh lap
phuong don vi ¢d it nhit mét mat duge son. |

299. D€ son mot hinh lap phuong sao cho hai mat ké nhau c6 mau khéc nhau,
$0 mau it nhét cin dung la
A)2; B)6: C 4, D)3 E) S,
Hay chon cau tra 101 ding. |

300. Mot hinh lap phuong canh 10 dugc tao thanh bdi 1000 hinh lap phuong
' don vi. Ta c¢6 thé nhin thay nhiéu nhat bao nhiéu hinh lap phuong don vi ?

301. Mot hinh 1ap phuong canh 5 gom 125 hinh lap phwong don vi. Ngudi ta
khoan thiing hinh 1ap phuong 1dn theo ba dudng khoan t m&i mat dén mat
doi dién, miii khoan lot vao hinh Iap phuong don vi & chinh gitta. C6 bao

~ nhiéu hinh lap phuong don vi bi xuyén thiing ?

302%. Mot khéi gd hinh lap phwong cé canh 3dm. O chinh giita méi mit chia
hinh lap phuong, ngudi ta duc mot 16 vudng cé canh ‘Idm théng sang mat
déi dién, tam cia 16 vuéng 1a tam clia mit hinh lap phuong, cd¢ canh ctia
16 vudéng song song vd&i canh cta hinh lap phuong. Sau khi di duc ba 16
thong, dién tich toan phdn cua khéi con lai bang bao nhiéu ?

§21. HINH LANG TRU PUNG
Hinh lang try ding c6 hai ddy la hai da.giéc, cac .
mat bén 1a nhitng hinh chit nhat (h.30). ‘D C
Hinh lang try ding c6 ddy 13 hinh binh hanh goi 1a o
hinh hop ding. A f
Dién tich xung quanh ctia hinh lang tru ding bang : T j
Chu vi ddy x chiéu cao h ' |B
1
Sxq = 2ph \|{ ‘o
Thé tich clia hinh lang tru diing bang : A f

Dién tich ddy x chiéu cao = | \

+ Br
¥ =5k | Hinh 30




Vi du 48. Cho hinh 14p phuong ABCD. A'B'CD'. Goi E, F theo thi ty 12
trung di€m cia AB, AD. Ngudi ta cit hinh lap phuong theo mét phing chta EF
‘v song song v6i mat chéo (BDD'B') thi hinh 1ap phuong dé dugc chia thanh hai
hinh lang try. Tinh s6 mat, s& dinh, s6 canh ctia méi hinh lang tru.

D c Gidi : (h. 31}
EA ) Hinh lang tru nhoé ¢6 S mit, 6 dinh, 9 canh.
! .
E . —a - - 1
A ? . A Hinh lang try I6n ¢6 7 mat, 10 dinh, 15 canh.
% | Chiy:Néugoi M 1a s6 mat, D 1a s5 dinh,
%:}“—ﬂ-mﬂ ) C la s6 canh thi & hai hinh lang tru trén, ta thay :
G/\\‘ C E - i # " ' ) -
KA M + D - C =72, Dé-cdc 'dad phat hién ra cong thic
’ ] *\ ) .
A 0 \B trén khi nghién ctu cdc da dién déu. Nam 1755,

Hink 31 O-le da chitng minh cong thic tuyét diéu d6 véi

moi da dién 161 tuy ¥.

Bai tap

| 303. a) Tinh s6 mat, s6 dinh, s6 canh clia m6t hinh lang tru ding c6 ddy 12 mot
da gidc 100 canh ; n canh (n = 3),

b) Chéing minh cong thtc M + D ~ C =2 dm v6i hinh lang tru dang (M, D,
C theo thi tu 12 $6 mat; s6 dinh, s8 canh)

304, a) Trong cic s6 : 36, 25, 18, 17, 11, 6, 4, s6 nao khéng thé 12 s6 dinh clia
mot hinh lang tru ding ?

b) Trong cédc 6 : 12, 20, 9, 15, 32, 6, s6 niao khéng thé 1a s& canh cha mot
~hinh lﬁng tru ding ?

305. Cho hinh’ lang tru ditng ABCD. A'B'C'D' ¢6 déy 1a hinh thoi. Biét dudng cao
AA' = Scm céc dudng chéo AC' = 15cm, DB' = 9cm. Tinh canh AB cna day.

- 306. Cho hmh ling tru ding ABC.A'B'C' ¢6 ddy 1a tam gidc déu, M 1a trung
diém ctia BC, AA' = AM = a.

a) Tinh canh day cua hinh lang tru.

b) Tinh dién tich xung quanh va thé tich clia hinh lang tru.

307. Mot thing hinh hop chit nhat c6 chiéu rong 10dm, chiéu cao 8dm, trong thiing
dyng mot phan nudc. Khi nghiéng thiing cho nuée trong thiing vira van pht kin



Hinh 32
mit bén 10dm x 8dm thi nudc con phi —i— ddy cla thiing (h.32).

~ Tinh chiéu cao clia myc nudc khi thing dat ndm ngang.

§22. HINH CHOP PEU. HINH CHOP CUT PEU

" Hinh chép ¢6 ddy 14 mot da gide, cdc mat bén l1a nhitng tam gidc ¢6 chung
mot dinh, 1a dinh clia hinh-chop. '
Hinh ch6p déu Ia hinh chop c6 day la da giac déu, céc mat bL.n la nhiing
tam gidc cén (h.33). '

S

Hinh 33 " Hinh34

Khi cdt hinh chép déu béi mot mat phang song song vdi ddy, phﬁn hinh
‘chép nim gilta mat phang d6 va mit phiang ddy 1a mdt hinh chup cut déu
(h:34). Trong hinh chép cut déu, cdc mat bén [a nhitng hinh thang can.

Dién tich xung quanh Lua hinh chép déu bang : Nira chu vi ddy x Trung doan
qu = pd - :

Dién tich xung quanh cta hinh chép cut déu bang :
Nira téng chu vi hai ddy x Trung doan

Seq = (PP




; e - S "
The tich cua hinh chép bang : gdxén tich day x Chiéu cao.

VmiSh
3

Vi du 49. Mot hinh chép va mot hinh lang tru ding c6 dién tich ddy bang
nhau. Chiéu cao cla hinh chép gip doi chiéu cao cia hinh lang tru. Ti s6 céc
thé tich cha hinh chép va hinh lang tru bang :

A) = By — Crls D)y —.
) 3 ) 3 ) )
Hay chon cau tra 101 ding.
Gidi |
Goi S va h theo thit ty 12 dién tich ddy va chiéu cao chia hinh lang tru. Khi
do hinh chép cd dién tich ddy S va chiéu cao 2h. -
Thé tich hinh chép : V; = %S.Qh = %—Sh,
Theé tich hinh lang tru : V, = Sh.

Ti s6 céc thé tich clia hinh chép va hinh lang tru bing -g- Vay céu tra 10i B

la ding.

Vi du 50. Tinh thé tich hinh chép tam g1ac déu cd canh day bang \5 va
cdc canh bén bang 1. .

Gidai : (h.35)

Cdch 1. Ki hi¢u nhu trén hinh v&. Xét tam giac
CBM vudng tai M :
- BM? = BC? - cM? = (2)% - "‘E = B D
- : 2 2 "’
BM = £ - - | -
ﬁ _ Hinh 35
BH_,.Q_.BM:E}_@:_\.@+~ !
3 372 B



Xét AAHB vuong tai H :

NN 2 1 1
AHZ = AR? «BHZ w ] =02 | o ol A w
| (F)--5imang
1 1 =3 B
Spepy = —CDBM = —~ 2. 322
BCD 9 2‘[- > 5
1 13 1 1
Vi o S AHa M o G
g DGR 372 °J3 6

Cdch 2. ACAD c¢6 CD? = (2% =2, ACZ+AD?=12+1% =2 nén
CD? = AC? + AD?, suy ra CAD = 90° . Tuong tu ﬁﬁ‘é = BAD = 90°." |
Xét hinh chop c6 ddy 1a tam gidc vudng CAD dm?mg cao lé BA, thé tich
hinh chép béng :
f o

1 L
V.=3Scap BA= 1.

L | —

Vi du 51%, Mot hinh chop cut déu cé ddy 1a hinh vui‘-ng, cdc canh day
bang a va b. Tinh chiéu cao cha hinh chép cut déu, biét rang dién tich xung
‘quanh bing tdng dién tich hai ddy.

Giai : Ki hiéu nhu trén hinh 36,

Dién tich xung quanh hinh chép cut déu
béng tong dién tich hai ddy nén

(2a +2b)d = a? + b2,

2 2
Do dé ORI (1)
: : 2(a + b)
Goi I, I' theo thi tu 1a trung diém cdia BC, ' Hinh 36

B'C. Tac6 OT // AB' // AB // OI, QT va OI x4c
dinh mit phing (O'T10). Trén mit phing d6 k& I'H L OL.°

D&tII—d I'H o OO h Tacod :

=01~ OH=

a_b
2 2



| N -
hZ:I'IzmHIzmdzm(azb). | (2)

Tu (1) va (2) suy ra: |
(a? + b2 G- by _ (@2 + b2)% — (22 — b2)?

h* = _
4a+b)?® 4 4a+b)
_ 4a%p? a%p?
4(a + b)* (a+b)?
Dods e chhe
a-+ b

Vi du 52. Cho hinh chép A.BCD cb day Ia tam gidc BCD Gm E, F theo
thit ti 1a trong tdm cila cdc tam gidc BCD, ACD

a) Chiing minh ring EF song song v&i AB.

b) Goi K la trong tam cua tam gidc ABC. Chung mmh ring cdc dudng
thang AE, BF, DK déng quy.

Gidi : (h.37) ; . : ; A

a) Goi M 12 trung diém ctia CD. Theo tinh chat
dudng trung tuyén ta cé

EEBM,ME=%MB;

F e AM, MF:-%MA,

P

Ta co EIE ME. nén EF // AB (dinh 1f

MB MA 3
Ta-1ét dao).

b) AE ciit BF tai G. Ta c6 EF // AB nén %i—; - E

AB’
EF MF |

Ta lai c0 — =-—— = —~. Do d6 G chia trong EA theotisd 1: 3.
AB MA 3

~ Ching minh tuong ty, DK cit AE tai diém G', cling chia trong EA theo ti
s6 1:3suyraG=G' Vay AE, BF, DK déng quy.



Bai tGp
Hinh chép déu

308. Hinh chép i gidc déu S.ABCD c6 canh ddy 20cm, chiéu cao 10cm. Tinh
do dai canh bén '

309. Hinh chép tam gidc déu S.ABC c6 tit ca cdc canh hang 2dm. Tinh c!o dai
doan thang MN néi trung diém hai canh d6i ABva SC.

310. Tinh thé tich hinh chép luc gidc déu ¢6 canh ddy Scm, canh bén 13cm.

311. Cho mot khéi gb hinh lap phwong ABCD. A'B'C'D' canh 4. Tai dinh A,
ngudi ta cua 1dy ra mdt hinh chép ¢6 mot dinh 12 A, ba dinh con la nam
" trén ba canh xuft phat tir A va cdch A 1a . Tai cdc dinh khédc cha hinh lap
phuong, ta cing lam nhu vay. S6 canh clia phin g6 con lai la :
A) 24 B)12; O)16; D) 36 ; E) 30.
Hay chon cau tré 161 ding.

312. Cho mot khaoi gf} hinh lap phﬁ{}‘ng Ngudi ta cua khm gb theo mot mat phang
di gua trung diém ca ba canh xudt phét tir mét dinh ca hinh lap phuong.

a) Tinh thé tich ciia phdn gb nhd bi cua rdi ra, biét canh cla hinh lap
phuong bang 2.

b) Phin gé cdn lai ¢6 bao nhiéu mat, dinh, canh ?

313*. Cho mot khoi gd hinh lap phuong. Tai mébi dinh cta hinh lap phuong,
ngudi ta cwa khdi gd theo mot miat phing di qua trung diém cta ba canh
xudt phat tir dinh &y. . |
a) Phin gb con lai ¢6 bao nihi¢u mit, dinh, canh ?

b) Tinh ti 86 cdc thé tich clia phdn gb con lai so véi khéi g6 ban dau.

314%, Hinh chép tam gidc déu S.ABC cé cdc mit la tam gide déu. Goi O 1a

trung diém chia dudng cao SH ctia hinh chép. Ching minh rdng

AOB = BOC = COA = 90°.

Hinh chép cut déu
315. Cho hinh chép cut déu ¢d hai ddy 1a céc hinh vadng canh a va 2a, canh
bén bang a. Tinh :

a) Trung doan ; b) Dién tich xung quanh ; ~ ¢) Pudng cao.



316. Chn hmh chdp cut déu ¢6 hai ddy 1a cdc hinh vuéng canh a va 2a, trung
doan bing a. Tinh :

a) Dién tich xung quanh ; 'b) Canh bén ; c) Duﬁmg cao.

Hinh chop

37, Chm‘lg minh cong thiuc M + - P = C =2 d6i vdi hinh chép M, Db, C thec::- thir
twr 1a s6 mit, s6 dinh, s8 canh).

318.__Ch{3 hinh chép tam gidc S.ABC, diém G 12 trong tdm ctia tam gidc SBC.
Goi K 1a trung diém ctia SA. Hay xdc dinh giao diém cta dudng thing KG
va mit phing (ABC).

319|I Hinh ch6ép A.BCD.c6 AB =a, CD =b. Goi M, N thE{) thit tu 14 trung diém

a+b

ctia AD, BC. Chiing minh rang‘MN <

320. Cho hinh chép A.BCD. Chitng minh ring ba doan thing néi trung diém
cic cap canh d6i ctia hinh chép gip nhau tai mot diém (AB va CD 12 mét
cdp canh déi cta hinh chép).

321. Cho hinh chép S.ABC. Trén SA, SB, SC ldy theo thit tu c4c diém A", B, C'
sao cho cdc dudng thang A'B', B'C', C'A’ theo thit ty khéng song song véi
AB, BC, CA. Goi D 1a gian diém ctia A'B' va AB, E 14 giao diém clia B'C
va BC, F 12 giao diém cha C A’ va CA. Chiing minh ring ba dxem D,E,F
thang hang. : :

322* Chiing minh rang trong mot hinh chép tam gidc bat ki, ton tai ba canh xudt
' phat tir cing mét dinh méa moét canh nhd hon téng clia hai canh kia.

323%*. Hinh chép A.BCD c6 do6 dai sdu caph bing 7, 13; 18, 2’2’, 36, 41. Canh
nao doi dién véi canh ¢ do dai 41 7
CHUYEN bBE

TINH CAC PAI LUGNG HINH HOC
BANG CACH LAP PHUONG TRINH

Phuong trinh dai s6'1a mot céng cu giﬁp ta giai nhiéu bai todn hinh hoc, -
nhdt 1a cdc bai tip vé tinh toén.



Vi du 53(12). Tinh dién tich tam gidc c¢6 do dai ba canh bang 10cm, 17cm,
2lem, ' : -

Gidi : (h.38)

Xét AABC ¢d6 AB = 10cm, AC = 17cm, BC =21 cm.
Goi AH 1a dudng cao cua tam gidc, Vi BC 14 canh I6n
nhét clia tam gidc nén B, C < 90°, do d6 H ndm gifta B
va C. 5

BatHC=x,HB;y,ta(:6: ' B YH X ©

. ot . 21 .
X+y=21 (1)  Hinh 38
Mat khic AH? = 10? — y*, AH? =17% - x* nén -
x2 —y? =172~ 10% =289 — 100 = 189 @)

CTx()va (@) suyrax+y=21,x- y=09.

Dodéx =15,y =6. Tacé AH> = 10> - 6> = 64 nén AH = 8.
Vay Sapc = o= 8d(em®).

Chii y : Trong vi du 53, ta tinh dwgc dién tich tam gide khi biét do dai
ba canh. ' '

Vi du 54 duéi day cho ta cong thitc t8ng quit tinh dian tich tam gic theo
ba canh. '

Vi du 54(12). Cho tam giac ABCc6 BC =4, AC=b, AB=c, dién tich S.
Chitng minh ring S = /p(p — a)(p — b)(p — ¢) v6i p 12 nira chu vi clia tam gide

(cOng thic Hé-rong). |
Hé-réng, nha todn hoc Hi Lap thé'ki I.
Gidi : (h.39) Gia sita = b = ¢. V& dudng cao AH. Do

A
a 1a canh I6n nhédt cha tam gidc nén B va C la cdc géc
b ~ nhon, do d6 H nim gifta B va C (chd ¥ rdng néu khong
¢ " sép xép a 2 b = ¢ thi phdi xét hai trudng hop : H thuoc
hoiic khong thu6c doan thang BC, phic tap hon).
B .
B H.x ¢ Trude hét ta tinh CH theo a, b, c. BPat CH = x, ta cé :

e AB? - BH? = AC? - CH? (cing bing AH” ), do d6 :



'cz—{a—-x)z:bz—xzﬁZaxéaE_ﬁrbZ—cz
g% ufhPp?
S :
2a
Trong AAHC ta co :
)
| 5 y2 3
AHE:'ACZ*CHztbz*[a *2 C}
a

_ Aaht =% b =)

422
Suy ra
- 2 | 5.5  x8 w8 25
§2=(lpc an| = Lpe? ap2. A8 @ +b° -c)
2 4 16
Tit clia phan thic trén c6 the bién doi thanh |
Qab)?—(a%b ~c2? = (2ab + 2% + b% - c%)(2ab - 2% ~ b + ) = .

= [@+1)? —?)[c? ~ (a - b)*] =
=(a+b+c)a+b-c)(c+a- b)(c— a+b)=

=2p (2p ~ 2¢) (2p— 2b)(2p ~ 2a) = 16p(p — c)(p - b)(p — 2).
Vay  S=p(p-a)p-b)p-0).

Vi du 55(12). Tmh chiéu cao moét hinh thang can cé dién tich bang 12cm :
dudng chéo bang Scm. ‘

Gidi
Goi BH la dudng cao clha hinh thang can ABCD
. st < AB + CD i o 3 .
(h.40). D¢ thﬁy_DH = BT Do dé dat BH = x,
2 C
X"+ y =25 .
DH =y, taco )

2 2 = 2 '
+ 2xy =25+ 24 +y) =49 +y =7
Sipa JE TY #2 &) {x y
x2+y2 —2xy=25-24  |(x-9)% =1 (x -y ==l



Dodé:x=4;y=3hoicx=3;y=4,

Dudng cao cia hinh thang cin bang 4cm hoic 3cm.

Vi du 56 (17). Diém M n3m trén canh huyén clia B
mot tam gidc vuong dién tich 100cm’ va c6 khodng  1i[—
céch dén hai canh géc vudng bing 4cm va 8cm. Tinh
‘do dai cdc canh gbc vuodng. -

Gidi : (h.41) ' ' A-I'

VEMH L AB, MK L AC. DatBH=x,KC =y. Hinh 4l

ABHM va A MKC déng dang = % = fi— = Xy =32, (1)
_ y | .

Mat khéc, AB.AC = 25, 5= (x + 8)(y + 4) = 200. | (2)

T (1)va(2)suyra y’ - 17y + 16 =0nén (y — 1)(y - 16) = 0.

Vay y; =1y, =16. R
Véiy=1thix=32,tac6 AC=1+4 =5 (cm), AB =32+ 8 = 40 (cm).
Véiy=16thix=2,tacé AC= 16 + 4 =20 (cm), AB =2 + 8 = 10 (cm).
Ddp 56 AC=5 cm, AB = 40 cm v AC =20 cm, AB = 10 cm.

Vi du 57 (18). Cho tam gidc ABC. Qua diém D thuéc canh BC, v& céc
dwong thang song song véi AB, AC tao thanh mot hinh binh hanh ¢6 dién tich

bing -g- dién tich tam gidc ABC. Tinh ti s6 BD : BC.

Gidi : (h.42)

Détggmxthz-l?g—-i—x Tac:é
BC BC

3
SAKDE = “S"SABC
Skep * Sgpc
SABRC
AKBD va AABC dong dang nén

2
Skap _ (?2) 2

5 . - - Hinh 42
nén —
8

(1)



2 s
ﬁEDC va aABC d&ng dang nén SEDC .. (EE] = (1 - x)z.

ABc <BC
Suy ra SKBD * SEDC _ 2 4 (1 - 52 )
SaBC

Tir (1) va (2) suy ra :

2 - B ; 3 1
K4+ (l-xY === @x-3{4x-1)=0& Xy=— ;| Xn=—.
( ) 3 ( Ji ) 157 257
Vayf.sd =2 biig> hoacs,
- BC 4 4
_B&ii{:p

324(12) Dudng phan gidc cla cdc géc tu & mot canh ddy cia mot hinh thang
“céit nhau tai mot diém thudc canh ddy kia. Tinh cédc canh cta hinh thang,
biét chiéu cao bing 12cm, cdc dudng phan gide ndi trén dai 15¢m va 13cm.
325(12). Trén cac canh AB, AC chia tam gide ABC dién tich S, 1dy cdc diém D,
E sao cho AD = -lmAB, AE = EAC. Goi K la giao diém cua BE va CD.

Tinh dién tich t¥ gidc ADKE.

326(12) Trén cdc canh AB, BC clia tam gidc ABC dlén tich S, ldy cac diém D,
E sao cho AD = %A_B, BE = %}-BC. Goi K la gaao diém clia AE va CD. Tinh

dign tich tam sidc BKC.

327(12). Tinh dién tich ctia mot tam gidc can c¢6 chiéu cao ng “UCII canh G‘ay

 bang 10cm, chiéu cao ng véi canh bén bing 12cm. _

328(12). Tinh dién tich mot tam gidc cé ba dudng trung tuyen bang 30cm
Siem, 63cm.

329(12) Hinh vuéng EFGH néi tiép hinh vu{‘uﬁg ABCD sao cho E, F, G, H chia
cdc canh cta hinh vuong ABCD theo ti s6 k. Tinh 1{ biét ring

SERGH = ESABCD

330(12). Mot tir giac c6 mbi dudng chéo bing a, tdng céc 'dudng trung binh
cha ti gidc” bing b ("dudng trung binh clia 1 gidc" la doan thing noi
trung di€m hai canh d6i clia ti gidc). Tinh dién tich ti gidc theo a va b.



331 (12). Tinh dién tich t& gidc ABCD, biét ring AB vuéng géc véi CD,
AB = 6cm, BC = 15cm, CD = 8c¢m, DA = S5cm.

332 (15). Tinh do dai dudng phan gidc AD cla tam gidc ABC biét rang
AB = 12cm, AC = 15¢m, BC = 18cm.

333*(17). Tinh dién tich tam gidc ABC c6 dudng cao AH = 6¢m, biét rang AH
chia goc A theo ti s6 | : 2 va chia canh BC thanh hai doan ma doan nho
bang 3cm.

334* (17). Cho tam gide ABC nhon, AC > AB, truc tam H. Goi M 12 trung

diém cha BC, O 12 giao diém cic dudng trung truc clia tam gidc ABC. Biét
HO song song véi BC, OH = 11cm, OM = 5cm. Tinh do dai BC.

TOAN CUC TRI HINH HOC

I - BAI TOAN CUC TRI

Céc bai todn cuc tri trong hinh hoc ¢é dang chung nhu sau : Trong tat ca
cac hinh ¢6 chung moét tinh chét, tim nhitng hinh sao cho mét dai luong nao d6
(nhu d6 dai doan thing, s6 do goc, s6 do dién tich...) ¢ gid tri 16n nh4t hodc
gia tri nha nhat.

Céc bai todn cuc {r1 thudng dugce trinh bay theo hai céch :

—Cdch I . Trong cdc hinh ¢6 tinh chat cha dé bai, chi ra mot hinh, réi
chiing minh rang moi hinh khédc déu c6 gid tri (ctia dai luwong phai tim cuc tri)
I6n hon (hodc nhé hon) gid trj clia dai luong d6 & hinh da chi ra.

— Cdch 2 : Thay diéu kién mot dai lwong dat cuc tri (I6n nhat hodc nho

nhit) bang cdc diéu kién twong duong, cudi cling din dén mot diéu kién ma ta
xédc dinh dugc vi tri cha cdc diém d€ dat cyuc tri.

Loi giai trinh bay theo cdch 2 ty nhién hon vi né mang tinh chit tim kiém.
Dudi day 1a mét vi du giai theo hai cdch trén. - -

Vi du 58(12). Trong céc tam gidc ABC c¢6 ciing canh BC va ciing dién tich,
hdy tim tam gidc c6 chu vi nho nhét.

Gr.m
Cdch 1. (h.43) Xet AEBC can tai E va AABC bit ki ¢6 cung dién tich (A va .

E ndm ciing phia d6i véi BC, A khéc E), ta ¢c6 AE // BC. Ta sé chitng minh ring
chu vi AEBC nhé hon chu vi AABC, béng c4ch chitng minh



BE + EC < BA + AC. D

. : : d .l ;
Goi D 1a diém d6i xing v6i Cqua E, tacé i
. 7
~  BE+EC=DC (1) / E
. A [ "1

ABDC ¢6 DE = EC, EA // BC nén EA di qua  \ “pa_
trung diém ctia BD. Ta lai ¢6 DB L BC (vi tam gidc s S
BDC c6 dudng trung tuyén BE bing nlra CD) nén i “
EA L BD. Suy ra EA 1a dudng trung truc cta BD, |
nén AB = AD. Do d6
BA + AC = DA + AC. 2)
AADC ¢ DC< DA + AC. (3)

T (1), (2), (3) suy ra BE + EC < BA + AC. Vay trong céc tam gidc ABC
¢6 cling canh BC va ciing dién tich, tam gidc can ddy BC c6 chu vi nhé nhat.

D Cdch 2. Xét cdc AABC c6 canh ddy BC khong doi
va ¢ cing dién tich. Do chiéu cao ng véi BC khong

Hinh 43

i
!
ol

ll1 A\ E déi nén A chuyén dong trén dudng ’_thﬁng d // BC (h.44).

i Goi D 1a diém d6i xitng véi B qua d, ta c6 AB = AD.

T Chu vi AABC nhd nhdt <> AB + AC nhd nhat.

B c Tacé AB+ AC=DA + AC = DC (khong d6i) ;
RIS AB + AC =DC ¢ D, A, C thing hang.

Khi d6 A & vi trf giao diém E cta DC va d, AEBC can tai E.

Vay trong céc tam gidc ABC ¢ cing canh BC va ciing dién tich, tam giac
can v6i canh ddy BC c6 chu vi nhé nhat.

Vi du 59 (18). Cho géc xOy khic gdc bet va mot diém M thudc mién trong
chia géc. Dung dudng thang di qua M va cét hai {:anh clia gbc thanh mot tam
gidc ¢cd dlén HCh nho nhat.

. Gidi
Cach 1. (h.45)

Qua M dung dudmg thing song song vdi Ox,
- cdt Oy & D. Dyng B déi xing véi O qua D ; BM
cit Ox & A. Ta s ching minh rang AOAB ¢6 dién g .
tich nhé nhat. " Hinh 45




Qua M, v& dudng théng bat ki (khéng tring v6i AB), cit Ox, Oy theo tha
tw & A', B'. Ta s& ching minh ring Spap < Spu g . That vay, cé duy nhat mot

dudng thang qua M cdt Ox, Oy & A, B sao cho M 14 trung diém clia AB neén
MA', MB' khong bang nhau. Gid st MA' > MB, trén tia MA' ta 14y ME = MB'

thi Sypp' = Smag < Syaac- Do dé SoAB < SoA'B'-
 Cdch 2. V& MH //-OH, MK // OB (h.46) thi
Sonmk khong d6i. Pat Soumvkx = S3, Sagm = St
Smne = Sz, Sapc = S. Pit MA = a, MB = b. Ta ¢6

; X
nén 53_ — 1 — M. '_
S S Hinh 46

Céc tam gide AKM, MHB, AOR dang dang nén

Si _ a jz E;l..m- b JE
S a+b)’ S a+b

Sy_g_at+b® b s (a + b) . i

S (a+b)*> (a+b? S3  2ab

(4p dung bat déng thiic (a + b)® > 4ab, x4y ra ding thitc khi v chi khi a = b),

Vay S = 283, do d6 dién tich AOB nhd nhit khi va ch1 khi a = b, khi d6 M
1a trung diém clia AB. :

IT - CAC BAT DANG THUC THUONG DUNG BB GIAI TOAN CUC TRI

1. Quan hé giira dudng vudng géc va dudng xién
Quan hé nay thudng duogc sit dung dudi dang :
~ Trong cdc tam gidc vuéng (cé thé suy bién thanh doan thiang) cé céc

canh géc vuong AH va canh huyén AB thi AB > AH, x4y ra d4u bfmg khi va
chi khi B triing H.

— Trong céc doan thdng néi tir mot diém dén cdc diém thudoc mot dmng
thang, doan thang vuong goc vii dudng thdng c6 do dai nho nhat,

— 'I’mng céc doan thing néi hai diém ndm trén hai dudng thing song song,
doan thang vudng géc véi hai dudng thing song song ¢6 dé dai nhod nhat



Vi du 60 (18). Cho hinh vudéng ABCD. Hay ndi uép trong hinh vuéng d6
mot hinh vuéng c6 dién tich nho nhat.

Gidi : (h.47) Goi EFGH la hinh vudng néi tiép trong A—EX B
hinh vuéng ABCD. Tam cia hai hinh vut’_’sng nay phal trung Al
nhau tai mot diém O.

EGFH 20E20E _ . o =
Ta ¢b SEFGH = 5 e = ZOEZ. Nhur
viy S nho nhit < OE nho nhit. Goi K 12 trung diém cla D & b
AB, ta c6 OE 2 OK (hing s6) ; OE = OK < E triing K. Hinh 47

Vﬁy dién tich EFGH nho nhit khi cdc dinh E, F, G, H 12 trung diém cdc
canh ctia hinh vuéng ABCD.

2. Quan hé giita dm‘:mg xién va hinh chiéu .

 Trong hai dudng xién cling ké tir mot diém ndm ngoai mot dudng thing
dén dudng thing d6, duding xién nao ¢6 hinh chiéu Ién hon thi 16n hon. '

Vi du 61 (12). Cho tam gidc ABC. Qua A dung A
dudng thing d cit canh BC cia tam gidc sao cho téng
cdc khoang céch tir B va C dén d ¢é gié tri nho nhit.

Gidi : (h.48) Goi D 1a giao diém ctia d va canh BC.

- V& BB, CC' vudng gbc vai d. V&i moi vi tri clia D trén _ VC
canh BCtacd: B 2 &

Hinh 48

Sgap + Scap = SABC
# 4 . ; ) 28
= —AD.RBB'+ —ADCC _S:>BB+CC = ——
2 AD

Do d6 BB' + CC' nhé nhit < -E% nho nhit <> AD 16n nhat..

Gié sit AC = AB thi trong hai dudng xién AD, AC, dudng xién AD ¢6 hinh
chi€u nho hon, do dé6 AD < AC (hing s6) ; AD = AC <> D tring C.

Vay duong thiing d phai dung 1a dudng thing chita canh 16n nhat trong hai
canh AB, AC. .

Chii y : Bb diéu kién duong thing d cit canh BC; xem bai 369.

3. B4t ddng thitc tam gidc

Véi ba diém A, B, C bat ki, ta c6 AC + CB > AB; AC + CB= AB & C
thuoc doan thing AB.



D€ sir dung bét déng thitc tam gidc, doi khi ta phai thay déi phia cla mot
doan thang d6i véi mot ducmg thang. .

Vi du 62 (3). Cho tam giac ABC can tai A va diém D cé dinh thu¢c canh
ddy BC. Hay dung mot dudng thdng song song v6i BC, cit hai canh bén & E va
F sao cho DE + DF ¢6 gid tri nho nhit.

Phdn tich cdch gidi (h.49) Ta d6i phia ciia doan
thang DE d6i véi dudng thing AC béng c4ch tao ra
mot doan thing D'E' sao cho D'E' = DE, E' trung F va
D' ¢6 dinh. Muén vay ta quay D quanh A mot géc
bing géc BAC (trén nira mit phang khéng chita D, ¢6
bo AC, dung tia Ax sao cho CAX = BAD , trén Ax
ldy D' sao cho AD' = AD). Nhu vay D' 1a diém c6

s s dinh va D'F = DE (vi AD'AF = ADAE theo trudng
hop canh — gbc — canh), |

Ta c6 DF + DE = DF + FD"z DD' (hing s6)..

Do d6 DF + DE nho nhat <> DF + FD' nhé nhﬁt <> F 1a giao di€ém cha DD
va AC,

4. Cac b4t dang thitc dai s6
Céc bit dang thic thudng duogc sit dung 1 :
— Bét ding thitc vé lu§ thira bac éhﬁn :

- i T (1)
%% <0 P (2)
~ B4t déng thitc Co-si : (x +y)” = 4xy hay x +y 2 2./xy (3)

v6i X, y khong am, x4y ra diing thitc khi va chi khi x = y.
Chd ¥ ring tir bat ddng thitc (3), ta con suy ra voi hai s6 khong am x, y :
—Néux+ylﬁhanc= S thl Xy © X =y |

— Néu xy 1a hiang s6 thi (X + y),,., &> x = y.

D¢ sl dung c4c bdt ding thic dai s6, ta thudng dat mot do dai thay déi
bang x, biéu thi dai lwong cdn tim cuc tri bing mot bzeu thic cua X, roi tim
dléu kién dé biéu thitc ¢6 cuc tri.



Vi du 63 (12). Giai vi du 60 bang cdc cdch khéc.

Giai : (h.50) Xét hinh vudng EFGH néi ti€p hinh vué«ng ABCD, ta co
AE = BF = CG = DH. Goi AB = a, AE = x thi

EB=FC=DO=HA=a—X.
Cdch I. Goi dién tich hinh vuéng EFGH 1a S, ta ¢0 :

Smag._il.x(a—x-):
2
=%~ 2ax + 2x° =
2 2 2 ' e
s ol 22 58 D G C
' 2 2" & Hinh 50
2

minS = % & X = % <> B 1a trung diém cha AB.
Luu ¥ - Ta ki hiéu minS 1a gid tri nh nhdt cla S, max$ [ gid tri 16n nhat
ctua S.

X8 ~X) 16n nhat

Cach 2. SEF‘GH nho nhat < 4SAEH Ién nhat < 4.

<> x{a — x) 16n nhit. |
Chd ¢ réng x va a — x 12 hai s6 duang ¢6 téng khong déi (bing a) nén tich
clia chiing 16n nhét khi va chi khi hai s6 8y béng nhau. Khi dé

X =g~ XX mg— <> E 1a trung diém ca AB.

Vi du 64 (12). Cho tam gidc ABC vuong can ¢c6 AB = AC = 10cm. Tam
gidc DEF vuéng can ¢ D néi ti€p tam gidc ABC (D thuoc AB, F thudc AC, E
thude BC). Xdc dinh vi trf chia diém D dé€ dién tich tam gidc DEF nhd nhat.

Gidi : (hSI)GmAD x. K& EH L AB thi AD = EH = BH xDHml[} 2%
Ta cé

1 1 )
S = —DE.DF = —-DE* =
DEF . h 7 e

= Z(BH” + DH?) = 21x” + (10 - 2)°] =



i %{5}{2 ~40x + 100) = %(:{2 - 8X + 20) =

I

%(x ~ 4 +10 > 10.

minSpgr = 10 (cm?) <> x = 4. Do d6 AD = 4cm,

5 IR G S 1
Chi y : Tong quédt, minSppp = gSABU

Hinh 51

Vi du 65 (12). C4c dudng chéo cla ti grac ABCD r::at nhau & O, Tinh dién
tich nho nhat cia ti gide, biét S, op = dem?, Scop = 9(:11'1 :
Gidi : (h. 52) o E
Ki hiéu nhu hinh vé. Ta ¢6 :
54 OA 81
Ss - 0oC S3

A B

:>S|S~2:SES¢; ' {1)

Theo bat dang thitc Co-si ;
Hinh 52 Sy + Sy 2 2838, =249 =
Ta céd
S=8, +S,+S;3+S5,24+9+12=25
HAXS =25 (o) ki VA oHT I
S3= S, < SM,,C = Spep <> AB J/ CD.

Chity : Tﬁng qudt, thay 4 va 9 boi a va 'o ta cd maxS = («E + w’_)

Il - CAC CHE‘! Y KHI GIAI TOAN CUC TR] - | |
~ Chi ¥ 1. Khi gidi. cdc bai toédn cuc tri, nhiéu khi ta can bién do6i tuong duong
diéu kién cuyc trj cua dai lugng nay thanh diéu kién cyc tri cta dai lugng khdc.
Vi du 66(16). Cho tam gidc ABC ¢6 ba gbc nhon, M 1a mot diém bat ki

nam trén canh BC. Goi E, F theo thit tu 13 hinh chi€u ctia M trén AB, AC. Tim
vi trf cia M dé EF ¢6 do dai nho nhat.



- Gidi : (h.53) Chd ¥ dén hai tam gi4c vudng chung
~ canh huyén 12 AEM, AFM, ta goi I 1a trung diém cha
- AM, tac6 IA = IE = IM = IF. Nhu vay EF 12 canh ddy
cia tam gidc can IEF. D& thay EIF = Zﬂﬁ, ma
EAF khong déi nén EIF khong ddi. Tam gidc can
EIF c6 s6 do géc & dinh khong ddi nén canh ddy nho
nhdt khi va chi khi canh bén nhd nhat. Do d6 EF nho Hinh 53
nhit < IE nhé nhat <> AM nhé nhat. Khi d6 M Ia
chan dudng vubng goc ké tir A dén BC.

‘Chi § 2. Nhiéu bai todn cyc tri ¢6 lién quan dén bai todn tim tap hop diém :
Trong tdp hop cdc hinh cé chung mot tinh chat, khi ta ¢6 dinh mot s6 yéu t6
khong d6i cha hinh, cdc di€ém con lai ¢6 thé chuyén dong trén mot dudng nhat
dinh, viéc theo ddi vi tri ctia ching gidp ta tim duge cuc tri cia bai todn. |

Vi du 67(12). Trong cdc hinh binh hanh cé dién tich va mot dudng chéo
khéong d6i, hinh nao ¢6 chu vi nhd nhat ?

Giai : Xét cdc hinh binh hanh ABCD c6 BD ¢6 dinh

B’ | | .

AN (h.54). Dién tich hinh binh hanh khong doi nén dién tich -
A 2
. 0 tam gidc ABD khong ddi, do d6 A chuyén dong trén

1

I

1 ,_,

= s d duong thang d // BD. |

i E 2 4
i Cén xdc dinh vi trf ctia A trén d dé BA + AD nhd

B/V\D nhat. Ta doi phia clia BA d6i véi d bang cdch. 14y B' d6i
C

xtng véi B qua d. Khi d6 B' ¢§ dinh,
BA + AD = B'A + AD = B'D (hing s6).
Hinh 54 BA + AD nhd nhit <> B'A + AD nhé nhit < A 13
giao di€ém cha d va doan B'D. Khi dé AB = AD.
Vay hinh binh hanh cé chu vi nhd nhét khi né 1 hinh thoi.
Chia y 3. Khi. gidi cdc bai toan cuc tri, ¢6 khi ta phai tim gid tri 16n nhat
(nho nhit) trong timg trudng hop, réi so sanh céc gid tri 4y véi nhau dé tim gid
tri 16n nhat (nhd nhat) cia cé bai todn. |

Vi dy 68(12). Cho tam gidc ABC. Dung dudng thang d di qua A sao cho
tdng cac khoang céch tit B va C dén d ¢ gi4 tri 16n nhét.

Gidi : Goi BB', CC' 1a khodng céch tir B va C dén d. Xét hai truong hop :



i. Dudng thing d cit canh BC tai D (h.55) :
BB' + CC £ BD + CD = BC. | .

(Chd ¥ ring néu B hodc C 16n hon 90° thi ddu A

bang khong dat dugc, nhung d1éu dé khong anh hm}ng ) \
* i
dé€n bai todn). '.‘

2. Puodng thang d khong cét c:ajmh BC. Khi d6 d cit B D C

canh CE véi E 1a diém d6i xing véi B qua A. C\C
Gidi nhu trudng hop 1, ta duge BB' + CC' < CE,
Bay gio ta so séénh BCva CE ;

Hinh 56

) Trong hop BAC > 90° (h. 56a). Néu ké CH L. BE thi H thudc tia d6i ciia
tia AB hén HB > HE, do d6 BC > CE. Ta c6

max(BB' + CC)Y=BC <« d L BC.

b) Trudng hop BAC < 90° (h. 56b). Néu ké CH | BE thi H thuﬁ:: tia d6i cla
tia AE nén HE > HB, do d6 CE > BC. Ta ¢6

max(BB' + CC") = CE < d L CE,
¢) Trudng hop BAC = 90° (h. 56¢). Ta ¢6 BC = CE. Do dé

max(BB' + CCY=BC=CE < d L BC hoac d L CE.
Chit y

1. Néu goi M 1 trung diém ctia BC thi CE // AM, CE = 2AM nén két luan
clia bai todn con duoc dién dat nhu sau :

~ Néu BAC > 90° thi max(BB' + CC').= BC < d L BC.



~ Néu BAC < 90° thi max(BB' + CC') = 2AM <> d L AM.

~ Néu BAC = 90° thi max(BB' + CC') = BC = 2AM <> d L BC hoic d L AM.

2. Déc biét hod vi du trén khi tam gidc ABC vudng can tai A, ta ¢d bai todn :
Cho hinh vuéng ABCD. Dung dudng thing d di qua tam cla hinh vudéng sao
cho téng cic khodng céch tit bén dinh clia hinh vuoéng dén duding thang d6 c6
gid tri 16n nhat.

Tra 1oi : Cic duong thang phai dung gém ha1 dudng thing f.:hua dlrﬁmg
trung binh ctia hinh vuéng. :

Badi tép

335(12). Tinh dién tich lcm nhdt cua td gidc ABCD, biét AB AD =
BC=CD=b. |

336(12). Trong céc hinh chit nhat ¢ dudng chéo biang d khong déi, hinh nao
- c6 dién tich 16n nhat ? Tinh dzén tich 16n nhat dé.

337(7). Cho tam giac ABC vubng tai A, diém M nim gifta B va. C Goi D, E
theo thit ty 1a hinh chiéu cia M trén AC, AB Tim vi tri cia M d€ DE ¢é d6
dai nho nhdt, :

- 338(7). Cho tam gidc ABC vubng tai A, dufmg cac AH. Goi D, E thea thir tu

thudc ciac canh AC, AB sao cho DHE 90° . Tim vi trf clia D E dé DE cé
do dai nho nhét

339(12). Cho tam gidc ABC vmﬁng can tai A, BC = 2a. Mot dufmg thang d bat
ki di qua A va khong cit canh BC. Goi I va K theo thit tu 12 cdc hinh chiéu
clia B va C trén d, goi H 12 trung diém cta BC. Tmh dién tich 16n nhat ctia
tam gidc HIK.

34(}(12) Cho hinh chit nhat ABCD. Trén cdc canh AB, BC, CD DA 14y theo
thit tu cdc diém E, F, G, H sao cho AE = AH = CF = CG. Xac dinh vi tri
ctia c4c diém E, F, G, H dé t& gisc EFGH c6 dién tich 16n nhat, néu :

~ a) AB =40cm, BC =20cm ;
byAB=a, BC=b (b <a<3a)

341(12). Ngudi ta dung mot doan day cing thanh ba doan thang tao v6i mot
bic twdng 1am thanh mot hinh chit nhat. Hay chl ra cich cing day dé hinh
chit nhat dé c6 dién tich 10’11 nhat.



342(11). Tim diém M sao cho t8ng céc khodng céch tir M dén cdc dinh ctia mot
luc gidc déu cho trude 12 nho nhat. : -
343(12). Chitng minh ring trong cic tam gidc c6 cling canh déy va cling chu vi,

tam gidc can c6 dién tich 16n nhat.
344(12). a) Trong céc hinh chit nhat ciing chu vi, hinh nao ¢6 dién tich 16n nhat ?

b) Trong cdc hinh chit nhat cling dién tich, hinh ndo ¢6 chu vi nhod nhit ?
345(12). Trong céc hinh thoi cing chu vi, tim hinh c6 dién tich 16n nhit.
346(12). Trong cdc hinh thoi c6 cling dién tich, hinh ndo ¢ chu vi nhé nhat ?
347(12). Chiing minh rallg

a) Trong cdc t gidc cling chu vi, hinh vudng c¢é dién tich 16n nhat.

b) Trong cdc tit gide cling dién tich, hinh vuéng cé chu vi nhd nhat.

348(12). Tt gidc ABCD c6 C + D =90°, AD = BC, AB=b, CD = a (a > b).
Goi E, F, G, H theo thi ty 1 trung diém cta AB, AC, DC, DB. Tinh dién
tich nhé nhdt clia tir gidc EFGH,

349(12). Trong céc tit gide c6 tdng hai dudng chéo bang s, tit gidc nio ¢ dién
tich 16n nhat ?

350(4). Cho géc nhon xOy va diém A thudc mién trong ctia géc. Dung diém B
thude tia Ox, di€m C thudc tia Oy sao cho tam gidc ABC ¢6 chu vi nhé nhat,

351(4). Cho géc nhon xOy va cic diém A, B thudc mién trong clia gbc. Dung’
diém C thuéce tia Ox, diém D thuoc tia Oy sao cho dudng gap khic ACDB
cd do dai ngln nhat,

352(7). Cho hinh chit nhat ;'&BCD Tim tr gidc ¢6 bén dinh [huﬁc bbn canh cla
hinh chit nhat sao cho chu vi t& gidc cé gid tri nho nhét.

353(7). Cho diém E thude canh AB ciia hinh chit nhat ABCD. Dung cac diém
| F, G, H theo thit ty thudc cdc canh BC, CD, DA sao cho tif gidc EFGH cé
chu vi nho nhat.

354(12). Cho hinh chit nhat ABCD dién tich S. Tim dién tich nhd nhit chia céc -
ti gidc EFGH c6 bon dinh 1an lugt thudc bon canh AB, BC, CD, DA cha
hinh chit nhat va AE + CG < AB, AH + CF > AD.

355(12). Cho hinh vudng ABCD canh a. Tim dién tmh I6n nhat cua cdc hinh
thang c6 bon dinh thudc bén canh ciia hinh vuong va hai canh ddy song
song voi mot dudng chéo cuia hinh vuong,

356(17). Cho hinh vuéng ABCD canh 6cm. Diém E thu6éc canh AB sao cho
AE = 2cm, diém F thuéc canh BC sao cho BF = 3c¢m. Dung céc diém G, H
theo thit tu thudc cic canh CD, AD sao cho EFGH 12 hinh thang :



a) c6 day EH, FG va c6 dién tich nho nhét ;
b) c6 day EF, GH va c6 dién tich 16n nhét.

357(12). Cho hinh chit nhat ABCD c¢é cdc kich thudce 1a a va b. Tim dién tich 16n
nhét ctia hinh chit nhat EFGH ngoai tiép hinh chit nhat ABCD (m6i dinh cla
hinh chit nhat ABCD nam trén mot canh ctia hinh chit nhat EFGH). :

358(12). Cho tam gidc ABC. Xdac dinh vi tri cla cdc diém D, E trén cdc canh
- AB, AC sao cho BD + CE = BC va DE c6 d6 dai nho nhit. -

359(12). Trong cédc tam gidc vudng c6 téng hai canh géc vuodng khong ddi, tam
gidc nao ¢6 chu vi nho nhat ?

360(7). Ching minh ring trong cdc tam gidc vuéng c6 canh huyén khéng déi,
tam gidc vudng can cd chu vi 1gn nhat,

.361(12). Cho tam gidc ABC c6 céc goc B va C nhon, BC = a, dudng cao AH = h.
Xét hinh chit nhat MNPQ néi ti€p tam gidc ¢c6 M thude canh AB, N thudc
canh AC, P va Q thudc canh BC. Hinh chit nhat MNPQ & vi tri ndo thi dién

_tich cia né c6 gid tri 16n nhat ? |

362(13). Tu mot tdm kim loai hinh tam gidc vudng, cit ra mot hinh vuong theo
hai cich :

Cdch 1 : Mot géec cia hinh vuong tring v6i géc vudng clia tam gidce, dinh
d6i dién thudc canh huyén cta tam gidc.

Cdch 2 : Mot canh clia hinh vudng ndm trén canh huyén cla tam gidc, hai
dinh kia thudc hai canh géc vudng ctia tam giic.

Céch cit nao cho hinh vudng ¢6 dién tich 16n hon 7 |

363(12). Cho tam gidc ABC vudng can ¢6 canh huyén BC = a. Cic diém D, E theo
thit tu chuyén dong trén cdc canh AB, AC. Goi H va K theo thit tu 1a cdc hinh
chi€u ctia D va E trén BC, Tinh dién tich 16n nhét clia tit gidc DEKH.

364(12). Cho tam gidc ABC. Tim di€ém M thudc mién trong hodc nam trén canh
clia tam gidc sao cho tdng cac khoang céch tir M dén ba canh ciia tam gidc
c6 gid tri nho nhét, | -

365(12). Cho tam gidec ABC. Tim diém M thuéc canh BC sao cho tdng cic
khoéng cdch tir M dén AB va.dén AC c6 gid tri nhd nhat,

366(12). Cho hinh thang ABCD. Tim diém M thudc mién trong hodc nim trén

canh cta hinh thang sao cho téng cdc khodng cdch tit M dén cdc canh clia
hinh thang c¢6 gié tri nhoé nhat.

367(12) Hdi nhu vi du 61, trong dé d{fcmg thdng d ¢6 thé cit hoac khéng cat
canh BC.



368(10). Cho hinh vudng ABCD va mot di€m K ndm bén trong khong trﬁng véi
tam hinh vudng. Dung qua K mot dudng thing sao cho nd cét hinh vuong
thanh hai phén c¢6 hiéu cdc dién tich 16n nh4t.

369(12). Cho tam gidc ABC can tai A. Cic di€m M, N theo thit ty chuyén dong
trén cdc canh AB, AC sao cho AM = CN. Xéc dinh vi trf cia M, N dé :
a) MN c6 gié tri nhé nhét ;
'b) dién tich tam gidc AMN c¢6 gid tri 16n nhit.

- 370(10). Cho tam gide ABC Vum]g cén tai A, Diém M thllﬂ-: canh BC, gm E va
F theo tha tir 12 hinh chiu cta M trén AB va AC. Chung minh rang khi
diém M chuyén dong trén canh BC thi :

a) Chu vi tit gidc MEAF khong déi ;

b) Pudng thing di qua M va vuéng géc véi EF luon ludn di qua mot diém
- Kcédinh;

¢) Tam gidc KEF c6 dién tich nhd nhdt khi M 12 trung diém ctia BC.

371(12). Cho-tam gxac ABC dlén tich S. Céac dlém D, E, F theo thit tu thuéc céc

canh AB, BC, CA sao AD _ BE CF = k. V61 gid tri nao cua k thi-dién

_ AB  BC CA
tich tam gidc DEF c6 gid tri nhd nh4t ?
372%(12). Cho tam gidc ABC c¢6 BC = a, AC = b, AB = c. Tim diém M nam ben

2 e a b ¢ , . . : 2
trong tam giac sao cho — + — + — ¢4 gid tri nhd nhdt, trong d6 x, y, z theo
Xy z

thit ty 1a khodng cich tir M dén cdc canh BC, AC, AB.

373*(10) Cho tam gidc ABC c6 céc géc nhd hon 120°, Tim diém M nim bén
- trong tam gidc sao cho tdng MA + MB + MC c6 gi4 tri nhd nhit.

374(17). Cho hinh vuéng ABCD canh a, diém E thuéc canh BC, diém F thuoc
canh AD sao cho CE = AF. Cic dudng thang AE BF cét d:m’ng thang CD
theo thtt tw & M, N, :

.a) C‘hu’ng minh ring CWI DN = 4%,

b) Goi K 12 giao diém ctia NA va MB. Chitng minh ring MKN = 90°.
¢) Céc diém E va F ¢6 vi trf nhu thé nao thi MN ¢6 do dai nho nhat ?

375(18). Cho tam gide ABC. Qua mot diém bét ki thude canh BC, v& céc dudng
thang song song vOi hai canh kia tao v&i hai canh 4y mot hinh binh hanh.
Tim'vi trf clia diém M d€ hinh binh hanh c6 dién tich 16n nhit.



376 (18). Cho tam giac ABC. Qua diém O ndm bén trong tam gidc, v& cdc
dudng thAng song song v6i cdc canh cla tam gidc, chia tam gidc thanh ba
hinh bmh hanh va ba tam gidc nho.

a) Biét dién tich tam gzac ABC bﬁng 81cm’, hai trong ba tam gidc nho ¢6 .
dién tich 4cm” va 16cm”. Tinh dién tich tam gidc con lai.

b) Ching minh rang téng dién tich cha ba tam gidc nhd 16n hon hodc bang

, 1 dién tich tam gidc ABC. Diém O & vi tr nao thi xdy ra diu bing ?
377%(18). a) Cho hinh thang ABCD v mot diém N thuoc canh ddy AD. Chiing

j s - ‘ y MB NA . .
minh rang néu diém M thudc canh day BC sao cho I = ;ED thi phéan

chung cha hai tam giac AMD, BNC c6 dién tmh I6n nhit.

b) Cho hinh thang ABCD. D:mg cdc diém M, N theo thi tu thudc céc canh
'd4y BC, AD sao cho phén chung cda hai tam glac AMD, BNC c¢é dién tich
[6n nhdt.

Bai doc thém

TA-LET VA PY-TA-GO

Ta-lét va Py-ta-go la hai nha toan hc:c xa xua nhat ma lich s& Toan hoc con ghi
lai dugc. Ta-1ét sinh trudc Py-ta-go niia thé ki, ting 14 thay day Py-ta-go va da danh
gia cao tai nadng cla cau hoc tro nho tudi.

Ta-lét sinh khodng nam 624 va mét khoang 547 trudc Cong nguyén. Ong smh ra

& thanh phd Mi-lé giau c6 ctia x( 1-6-ni thinh- vuang ven bién phia tay Tiéu A. Ta-lét f
da dén Ba-bi-lon, Ai Cap va thu thap tu nhitng xr 8 dy nhiéu kién thic toan hoc. Ong
dude coi la ngu‘m sang lap nén Toéan hoc Hi Lap.

Ta-1ét 1a nha budn, nha chinh tri va triét hoc, nha toan h:::-c vé& thién van hoc. Ong
la ngudi dau tién trong lich s Toan hoc dua ra nhitng phép ching minh. Ong da
chiing minh dugc dinh Ii vé sy tao thanh cac doan thang ti 1& (dinh i Ta-1ét) va céac
dinh | vé hai gbéc d6i dinh, hai goc & day cla tarn giac cén, gbc ndi tiép chan nita
duong tron.

Ta-ét da do dugc chiéu cao cha cac Kim tu thap bang cach do bdéng clia ching,
tinh dugc khoang cach tur con tau dén cang nhd cac tam giac dong dang. Ta-ét la
ngudi dau tién trong lich str doan trude dugc cac ngay nhat thuc : hién tugng nay da



xay ra dung vao ngay ma ong du doan, ngay 28 thang 5 nam
585 trudc Cong nguyén, trong su kham phuc clia moi ngudi.

Bang tic 1a ching ta khéng biét gi vé cac chitng minh
cu thé ctia Ta-lét. C6 18 dng cling st dung rong i‘Eii phu‘ﬁng
phap gdp va f:hcsng hinh, “cé lic 6ng xem xét van dé mot
céch t6ng quat, c6 lic lai dua vao tryc giac la ch y&u" (theo
Pro-clo, thé ki V, nha binh luan v8 toan hoc cb Hi Lap). Phai
dén Py-ta~go, hinh hoc méi cé nhiing bién d8i sau sac, va ba
thé ki sau, véi O-clit, hinh hoc mdi thye su trd thanh mét khoa
hoc suy dién.

Ta-lét Ta-lét chét ltc gia mét cach dot ngdt khi dang xem mot
(624 - 547 tr.C.N) dai hoi thé van. Trén md 6ng cé khic dong chil : "Nam mé
nay nhd bé 1am sao | Nhung quang vinh clia con ngudi nay,

ong vua clia cac nha thién van, mdi vi dai lam sao I".

F’y~ta go sinh khoang nam 580 va mét khodng nam
500 trudc Céng nguyén. Ong sinh trudng trong mét gia
dinh quy toc & ddo Xa-mét, mdt ddo giau c6 & ven bidn
E-gié thudc Dia Trung Hai.

M&i 16 tudi, cdu bé Py-ta-go da ndi tiéng vé tri thong
minh khac thudng. Cau theo hoc nha toan hoc néi tiéng
Ta-lét, va chinh Ta-lét ciing pha| kinh ngac we tai narrg
cla céu.

PE tim hidu nén khoa hoc clia cac dan tdc, Py-ta-go da

danh nhiéu nam dén An D6, Ba-bi-lon, Ai Cap va da trd nén
uyén bac trong hau hét cac linh vuc quan trong : s8 hoc,
hinh hoc, thién van, dia Ii, &m nhac, y hoc, triét hoc.

Vao tuﬁi 50, Py-ta-go mdi tré vé t8 qudc cla minh. Ong thanh lap mdt ngdi
truding & mren Nam I-ta-li-a, nh&n hang tram mén sinh, ké ca phu ni, v&i thai gian hoc
5 nam gom bén bd mén : hmh hoc, todn hoe, thién van, am nhac. Chi nhing hoc sinh
gidi vao cudi ndm thir ba méi f}'u’nc chinh F’y-ta~go truc tiép day. Trudng phéi Py-ta go
da ﬂﬂng mot vai trd quan trong. tmng viéc phat trién khoa hoc thdi ¢6, dic biét [a vé sd
hoc va hmh hoc.

Py-ta~go da ching minh hé thu’c gJLra dd dai cac canh cia mot tam gtac vuéng
{dinh i Py-ta-go). Hé thitc nay da duge ngudi Ai Cép, ngudi Ba-bi-lon, ngudi Trung

Quéc, ngudi An D9 bigt dén tir trude, nhung Py-ta-go 1& ngudi du tién chiing minh hé
thie dy.

Trudng phal F'y ta-go khao sat hinh uuong ¢6 canh dai mét don vi va nhén ra
rang khong thé bidu thi d6 dai dudng chéo cla né béing mot s _hguyén hay phan sé,
tic 1a tén tai cac doan thang khéng biu thi duge theo dc:an thang den vi bdi mot sé
hitu 1. Sy klen nay c‘l’uf:ic; s0 sanh vdi viéc fim ra hinh hoc phi C-clit & thé ki XIX.

Trm:jng phai Py-ta-go cung ﬂgh:en clfu &m nhac. Ho giai thich rang ddé cao cla
&m thanh ti & nghlch v8i chiu dai clia day va ba sgi day dan c6 chidu dai {] & vdi 6,
4, 3 s& cho mét hgp am ém tai. .




_ Py-ta-go con nghién clu ca kién truc va thién van. Ong cho rang Trai Bat c6 hinh
cau va d tam cua vl tru.

Py-ta-go va cac mén dé cia &ng ton thd cac con s va gan cho mdi con s& mot ¥
nghfa than bi : ho cho réng 88 1 1a ngudn gdc cla moi 6, biéu thj cho 1& phai ; s6 1&
14 "s6 nam", s6 chén Ia "sd nii" ; s& & biéu thi viéc xay dung gia dinh ; $6 7 mang tinh
cht clia sifc khoé ; s6 8 biéu thi cho tinh yéu... Trudc lic vao nghe gidng, cac hog trd
clia Py-ta~go doc nhiing cau kinh nhu : "Hay ban on cho ching t6i, hi nhiing con s&
than linh da sang tao ra loai ngudi I".

. Py-ta-go cling viét nhiéu van tho va néu I&n nhitng phudng cham x& thé nhu :
.- Hay séng gian di, khéng xa hoa.

~- Hay tén trong cha me.

— Hay tap chién thang sy d6i khat, su Ui biéng va sy gian d.

~ Ché coi thudng stc khoé. Hay cung ¢cdp cho ¢d thé ding lac nhitng dé an, thirc
udng va sy luyén tap cén thiét.

~ Chua nham mat ngl néu chua soat lai tat
ca cac viéc da fam trong ngay.

~ Pimg thdy cai béng to clia minh trén vach
trong ma tudng minh vi dai.

~ Hay chi tam nhimng viéc ma sau dé minh
khéng héi han va ban minh khéng phién long.

~ Trong x4 giao ding d6i ban thanh thi ma
hay ddi thd thanh ban.

~ Hoa quéa cGa dat chi c6 mét 18n trong nam,
con hoa qua cla tinh ban thi nd sudt bén mua.

Ngay 8-8-1977, khi phat nhiing tin hiéu vao : Hinh 57
v try nham tim ki€ém su lién fac v&i mot nén van .
minh ngoai Trai D&t, ngudi ta d& phat mét hinh v& déc trung cho dinh Ii Py-ta-go
(h.57). C6 1& cac chuyén gia vi tru cho rang néu c6 nhiing sinh vat théng minh &
ngoal Trai Bat, chdc hdn ho cling phai biét d&n dinh 1i Py-ta-go.

NHONG BAI TOAN CUA NHA VAN LEP TON-XTOI

| Ai cling biét Lép Ton-xtdi la nha van I6n cda nudc Nga (1828 - 1910). Nhung it

ngudi biét rang 6ng dong thdi cling 14 tac gid cta nhiéu bai todn hay. Tu duy van hoc
hinh tugng va tu duy toan hoc chinh xac cling hoa chung trong bd 6c cua Dng DugGi
day la bén bai toan cta ong.



L]

1. Bai toan ding chu

Trong cau chuyén "Con ngudi ¢6 can nhigu dat khong ?°, Ton-xtdi cé ké vé mot.
nong dan cé quyén nhan manh rudng ma anh ta chay duge vong quanh né trong mét
ngay. D& cb nhiéu rudng nhét, anh ta phai chay theo dudng nao : theo canh hinh
vudng, theo canh lyc giac déu, hay theo dudng tron ? Van.dé tac gia dat ra chinh 1a
mot bai toén cuc trj : bai toan dang chu (clng chu vi) : Trong cac duding cb cung mot
chu vi, dudng nao bao boc mét dién tIGh lon nhat ? (Gc la dughg tron).

2. Bai toan rudi va nhén

Mot con nhén va mét con rudi dau trén hai mat
tm:lng déi dién clia mét cdn phong ToNn-xtbi khong ! .
" mb ta su viéc dudi khia canh clia mét cudc dudi bit e B

f
i
i

sinh finng va hap dan, Véi cach nhin toean hoc, éng
dat ra cau héi ma ngay ca nhing ngl.rﬂl lam toan

. N
R ——

cling it d€ y d&n : Con dudng nao ngan nhét.déan con . s iR e
nhén bd dén chd con méi ? o Gj
Chang han cén phong dai 7m, réng 6m, cao = 7 ——— e

4m, con nhén d cach mép tudng 2m, carh san 1,5m Hink 58

(thugc mat tudng 7m x 4m), con con rudi dau cach
meép tudng doi dién 1m, cach trdn 1,5m (h. 58),/

Con nhén cb thé bo theo c‘fucmg qua mét tudng bén trai, hoac qua mat tu’o:ng bén
phai, hodc qua trén, hodc qua san. Cluang dudng ngdn nhdt 1 modt trong bén
doan AB4,AB; ,AB3, AB,4 trén mét khai trién clia can phong (h. .59)

Bang dinh Ii Py-ta-go ta tinh du_s:_:ﬁc AB; =14,04m, AB, =197 ~12,04m,

AB; =116 ~ 10,77m, AB, =+/116~ 10,77m. Nhu vay hanh trinh ngan nhat ma chu
nhén phai thyic hién I1a 10,77m béng céch hodc bo qua trdn, hodc bd qua san.

I
4 . M
: 83/! 1.5

Hinh 59



3. Bai toan voi nudc |
L.&p Tén-xtdi viét nhiéu truyén k& cho thi€u nhi. Ong ciing viét nhiéu bai toan cho
hoc sinh. Dugi day 1& mot bai toan ma Ton-xtdi viét trong cudn sach cho tré nhé :

Ngudi ta cho nubc chay day mét thing qua hai ng. Nhung thing cb mét 16 rd
dudi day nén sau 2 gid nudc trong thiing sé& chay ra hét. Biét rang néu thiing khéng bi
chdy thi mdi 8ng sé& chay mdt minh ddy thiing trong 15 phut va 24 phat . Hdi ndu md
ca hai dng thi sau bao lau chiéc thiing bi rd s& day nudc ?

Bai toan trén phl hgp véi trinh d6 hoc sinh 18p 6 cla ta. Trong 1 phat, ugng nubc
chay vao dudc :
| 1 1 1

Ll 1o L thin
15 24 120 10 &

" nén thiing sé day nudc sau 10 phat.

4, Bai toan cat co -

Mot doi cat cb trén hai canh dong, canh ddng 16n c6 dién tich gap ddi canh ddng
nhd. C& doi cét cd & canh dong I6n dude nita ngdy thi nlra ddi tach ra cat ¢d & canh
dong nhé. Bén hét ngay hom d6, canh déng 16n duge cat xong, canh déng nhé con lai
mot phan, mét ngudi trong ddi duge giao cét ndt phdn dé trong ca ngay hém sau. Tinh
sG ngudi clia ca doi (nang sudt cla méi ngudi nhu nhau). -

L&i gidi bang cach lap phirang trinh @ Goi s6 ngudi clia ¢& doi la x va nang sudt
(trong mot ngay) ¢lia mdi ngudi ta y (don vi dién tich) thi dién tich canh déng 16n 1a:

Xy Xy_3xy
| 2 4 . 4°
dién tich canh déng nhé 1a : -
xy y“xy-l-dy
4 4

Bai toan dan dén phuong trinh :

3xy _ 2(xy+4y)
4 4

,Suyrax=8.

Toan déi ¢6 8 ngudi. )

Ton-xtdi khong gidi nhu trén. Ong da gidi bang mot cach gidi s6 hoc gon gang va
day vé dep sang tao : Trén canh déng i8n, ca doi cat nira ngay réi nlra doi cit nda
ngay thi xong, ching t& rdng nla ddi cét nlta ngay dugc 1/3 canh déng nay. Canh
déng nhd cb dién tich bang 1/2 canh déng 16n ma nlra doi cat nlra ngay duoc 1/3 canh
déng 16n nén phan con lai chua cit xong bang : %_~~;—=%dién tich canh ddng 16n. Do
d6 trong mét ngay, mét ngudi cét duge 1/6 canh déng 1dn.



Phan co da cat clia ca doi trong mét ngay bing :

1 4 & ;. uu
14+ =—=— canh dong 14n.
3°3 86 g
Vay s6 ngudi clia ca doi la
| k 8 1
— . —= & ngudi
6'g - 8

Ton-xt6i con dung hinh vé dé minh hoa 1¢i giai cha bai
todn (h.60), trong d6 ba & bén trai la dién tich canh déng 16n
(mdi 6 do nlra ddi lam nita ngay), hai & bén phai la dién tich
céanh dong nho (6 phia dudi do nira doi 1&am nlra ngay, & phia
trén do mot ngudi lam nét trong ngay hém sau).

o[-

. Céch giai cla Ton-xtbi that gan gli vdi suy nghi daon
gian cla nh:.mg ngudi ndng dan Nga ma ong mo ta trong cac
tac pham clia minh. :

Phai chéng chinh tu duy 16 gic clia mén toan lam cho
nhiéu chuyén ké clia Ton-xtéi cé két cdu Lhit ché, mang tinh
triét I sdu sdc ? Va phai chang nhitng cam xtc clia nha van
d& lam cho nhiéu bai toan va céch g[al clia dng gidu tinh
tham mi va rat nén tho ?

(B
o=

(] B
0o [~

Xin d&n ra day cau néi thd vi cha Ton-xtdi ban v& tinh
khiém ton : "Con ngudi ta 1a mot phan s8 ma & s§ 1a gia bri
that, con méu s6 1a gia tri mé ngu::n ta tu‘dng la minh c6. Néu
mau sé cang lén thi phan s6 cang nhé. Néu mau sé 1a vﬁ tén thi phan sd bang 0",

That khd ma phéan biét duge dé 1a phat biu cla mat nha van hay clia mot ngi.rcn
nghrén cu‘u toan hoc. Chat toan va chat thd da hoa lam mét trong con ngudi Ton-xtdi,

Hirz.fz 60



LGI GIAI, CHI DAN HOAC PAP SO

PHAN DAI 5O

Chuong III — PHUONG TRINH BAC NHAT MOT AN

§7. Khai niém vé phudng trinh. Phuong trinh bac nhat mot an
276. a)'x#—i; | b)x=1,2; c]x=-%.

277. a) Trir 1 vao mdi phan thic, ta dugc
x-105 x-105 x-105 x-105 x-—105 x-105
+ i == 4+ 4o ;
100 101 102 5 4 3

@{xmlasa[I 1 lmi—i—ijzo

o x =105,

| b) Cong 1 vao mdi phan thitc & v€ trdi, cong 5 vao ve phai, ta duoc

1 L. 1. 1 L
b e —— 4
21 23 25 27 29

(50 - x)( }:[}.Vayxzﬁﬂ.

278. a) Bién d6i phuong trinh thanh (a% - b%)x = —b(a + b).

Néua=+bthix=. 0 ;
b-a

Néu a = b thi phuong trinh nghiém dding véi moi x (néu b = 0) hoic vé
nghiém (néu b % 0).

Néu a = - b thi phuong trinh nghiém diing v6i moi x.

b) Bién ddi phuong trinh thanh (a2 - hzjx = b(a — b) rdi gidi tvong ty nhur |
cau a. '



279. a) Dicu kién : a # + 1. Bién d6i phuong trinh thanh 2ax = (a - 1}2.

(a - 1)?
2a

Néua:eﬂ(véa;&_i-l}thiS:{ }.Né’ua:_ﬂthiS:@‘.

b) Diéu kién : a + 2. Bién déi phuong trinh thanh (2a — 1)x =2(2a - 1),
Néua = % thi x =2. Néua= -;: thi Ox = 0, vo s@ nghiém.
c)Piéukién:a=0,a=% ~1. Bién d6i phuong trinh thanh :

3&(32'—a+1)x _ 3aa’-a+1)
aa + 1) @+1P°

Doa#0,a#~-1,a"—a+ 1#0 (ching minh d& ding) nén x = +1
; a

280. a) Trir | vao mdi phan thic & v€ trii, trir 3 vao v€ phai :
X-a-b-¢c x-b-¢c-a x-c-a-b
- +

= ()
b+c a+c a+b-

a‘:}(x—a“bﬂ.c)( : + 1.+ i_ J=0.
. b+¢c a+c¢ a+b

i 1 1

— -+ e e
| b+c a+c a+b
X=a+b+c, | |
Néu A = 0, phuong trinh ¢ tap.nghiém 1A R.
b) Trir 1 vao mdi phan thic & v€ trdi, trir 3 vao v€ phai roi rit gon duoc :

(x-—a-bwc){ : + > + 1 - - )z[}.

b+¢c ¢c+a a+b a+b+c

Néu A = # 0, phuong trinh ¢6 mot nghiém :

Ban doc ty giai tiép. |
c¢) Cong 1 vao mdi phén thitc & v€ trdi, cong 3 vao v€ phdi roi rit gon duge

(a+b+c— x){l+i+i—%i~—mﬂﬂ.
. ¢ b a a+b+c) -

~d)Diéukién:a,b,c,a+b+cs0 Trir | vio mdi phan thic & v€ trij, trir 3
vao v€ phai : -



_a+b+'r:;-3x+'a-+b+c-3x+a+b+cm3xu3{a+b+c)—-9x
a b c at+b+c

<:::=~(a+b+c—3x)[-1-+-1r+lm-——§—*]'=0.
a b ¢ a+b+c

D{itl+'~1—+i--—m—~?-}~m-:A,nL€uA¢0thEx:m,néz’uﬁ=0thi
a- b ¢ a+b+c & 3

phuong trinh c6 vo s& nghiém.
§8. Phuong trinh tich
281. a) (x + 2)(x* +1) = 0. Nghiém : — 2.
b) (x + 2)(x* — 1) = 0. Nghiém : - 3 500 A,
¢) (x - 3)%(x + 5) = 0. Nghiém : 3; - 5.
d) (x + DO + 2% + zj = 0. Nghiem : — 1.
e) (x ~ 1)(X + 2)(5{2 - X +4) 284 0;_Nghiém o1y~ 2.
g) (x - 1)*(x” +2x +5) = 0. Nghiém : 1.

{ 2
h) Ne¢hiém : 3 ; ——; ——,
) Nghié 5T

i) (x% - 1)(2x — 1)(3;;} 1) = 0. Nghiém: - 1;1; ,;_ %
282. a). bat x'z_“ 5x = y. Ta dugc },2 + 1{}y4}24:0, trdé yp =—6; yp = —4.
Véiy=—-6tadugec xy =2 ; X9=3. |
Véiy = -4 taduge .x3 =1 5 x4=4.
b}Ng_hiém:_6;-'—“4;‘“i; 1 |
) Pat x4 x+1=y. Tadugec y2>+y— 12=0,td6 y; =3 1y, = —4
Véiy=3tadugc x; =1 ; x;= 2. Véiy=—4, v nghién.

d) Nghiém : 2 ; -3.
¢) Nghiém : 2 ; -3.



Trxtal= (xz + X + 1_)()(2 —Xx +1). Phuong trinh ¢é

g) Chi ¥ ring x
dang (x° + xd x> - 2x + 1) =0. Ddp 56 : x = 1.
283. a) Nghiém : -3 ;2.
b) Nghiém : -1; 12.
¢) (x% - 3x - 10)(x2 = 3x — 18) = 180.
Dat 2B w Tl y. Tim duge y = +14,
V6iy=14taduge X; =7; xy = 4.
Vély =-14taduge x5 =0; x4 = 3.
d) Nhan 8 vao hai vé, ta duoc 8x(8x - 1)%(8x — 2) = 72.
Pit 8x - 1 m'}; ta dugc : |
G+ Y o-D=T26 (5% - 9 +8) =0 y* =9,
Trudng hopy =3 chox = % Tr:uﬁmg hopy=-3chox= -‘-i*. :
¢) Nhan hai vé véi 24 ta duge (12x +7)*(12x + 8)(12x + 6) = 72.
s |

Dat 12x +7 =y. Ddp 56 : —%;.—g. |

g) Nhan hai v€ v6i 4 r6i dat 2x + 2 =y, Ddp 50 : % ;- g

\2.84. a) ity = X%~ 6% +9 > 0, ta dugc y; = - 1 (loai), y, = 16.
| | | Pdp s6': -1 ;7.
' b}Datx2+ I =y ta dugc yz +3xy+2}{2=0.¢>(}¢+x}(y+2x}=0.
| Bdp s6": ~1.
¢) Thém 36x* vio hai v&. Ddp s6 - 4: 2.
285. a)Patx +4=ytadugcy = +1,
Véiy=1thix=-3. Véiy=~I thi x = -5.
b) Patx — 2,5 =y. Nghiém : 2 ; 3.

| )2 02 d)us-;i
- 2.2



286. a) Dat x — 3 = y réi rit gon duogc y4+2y2——3:0. Ddp 56 : 4 ;2.
b)Patx+1=y.Ddpsd:0;-1;~2.
287. a)(x+¥)3+(xm2}3+(1—~'2x)3m0.£)§tx+1=a,xm2'zb,1—2x:c
thia+b+c=0. i
o B3 G | 1
Dodéa +b +¢ #3abc.\fayabc=0.£}apso:-l;2;E.
b) Datx ~ 7 =a, x - 8 = b ta dugc

a” g hre (a + b}4 =0 < 43]3[&2 +%ab + sz =

: 2. ' _ A
Xét a* + %ab +b% = (a + ;b) + I—E-bz 2 0 nhung khong xay ra ddu bang.
| Ddp s6 : 7 ; 8.

| ; | ’
288. a) batx + — =y ta duoc yz--By-!-Z_:U. Dap sé : x = 1.
- X

b)) bat x + ! =y ta duoc (y — 1)(3y — 10) = 0. Pdp scﬁ':_% ;3.
X

I o 10 ' 1 ]
¢) Piat x + — = v ta duoc =—, = DA 56 02 — =3 — —,
) D3 . Y1 =592 3 P 5 "

d) Dap 56" : —1.

e) Dat x.-—l =vy. Pdp s : 2 . ;=3 l
X 2 3

g) Chia hai vé& cho x°. Papsd:1;2; %

1
P -l
2

h) Chia hai v& cho x2. Ddp 56 : ~2 : %

289, (x° -~ x* + x4 x2+x+1)=0

S rx2+x+D=0.

SixP +x+1=0vo nghiém (xem vi du 70).

Ddp s6 : x = 2.

& x-2)(x +x

Phuong trinh x* + x



290. 2) Dua phuong trinh vé dang (x> = x + )(x? ~x +2) = 0
b) Dua phuong trinh vé dang x7 -1 = 0.

§9. Phuong trinh chira an ¢ miu thie

291. a)};z%; bx=0:. c)xzﬂrthcémﬁrl,xiﬁzloai.
d) Vo nghiém ; e} Vo nghiém ; g) Moi x # £ 3,
292. a)x=§; b)x=§. |
2 8

293, BKXD : x # l Bién dai phu{:ﬁng trinh thanh (a - 1)x = 2a.

Néua=1thix=

- . + 0 2 .
- . Giai diéu kién o | dugca#-1. .
a-—1 . gl s

Néu a = | thi phuong trinh d2 cho vé6 nghiém.

Két !uarz Néuaz+1 th: Xi= _%%....__

a—1
Con lai : v6 nghiém.
294, a) DKXD : x # + 2a.
Bi&n ddi phuong trinh thinh ax = ~2a°,
Néu a # 0 thi x = ~2a, khong thod man PKXD. .
Né&u a = 0 thi phuong trinh nghiém ding véi x bat ki # 0.

b) Néu 2a = 3b, phuong trinh nghiém ding véi moi x # 2a. Nén 2a # 3b,
. phuong trinh v6 nghiém,
295, ) DKXD:x # a, X # b. Vi€t phuong trinh duéi dang :
1 1 a

o i — .
l1-a X=b (x-—a)x~-Db)

I+

S x-b-x+a=ae0x=b

Néu b # 0, phuong trinh vo nghiém Néu b = 0, phuong trinh nghlém ding
véi moi x khdc a va b. .

b) DKXD : x # * 1, X # —a. Bién ddi phuong trinh vé dang :
' ' (1-a)a+2)x=a(a—1).



Kétludn :Néua#0,a#+1,a#-2thiS= {m : }
; a+2

Néua=1thiS={xIx=+1}.Conlai,S=.
1296, a) DKXD : x # 0, x # a + b Bi¢n déi phuong trinh vé dang :
(a+b}x—a)x~Db)=0. |
Néua+b#0thiS={a;b}. NSua=b=0thi S= {x Ix # 0}.
b) DKXD : % # b, x # c. Bién d6i phuong trinh vé dang :
| 2a - b)(c — X) = (@~ b)(b — x).
Néua#b,bxcthi$S={2c—-b): |
Néua=bthiS={xix=#b,x#c}.
Con lai, S= @, |
4% 4 1
a-1|

297. Né’ua:—l,aaﬁﬁthiS:{ }.Cfml@iS:’@.

298. DKXD : x # a, x # b. Bién d6i phuong trinh ;-

XxX—a X-b b a
+ +

b_ a  Xx-—a X —b
B - a(x —a) + b(x -b) _b(x —b) +a(x - a)
~ab (x'-a)x = b)

<> fa(x —a) + b{x - b)] le - (K._ a}l(:ic - b)] i)
- +.b2

- Gidi a(x - a) + b(x ~ b) = 0 duoe x = = , thoa min DKXD.

a-+b
Gidi ab = (x ~ a)(x ~ b) du@c x =0 va x = a+ b déu thoa min PKXD.
D& they 0,a + b, 20

12 ba nghiém phan biét.
a+b

a-—x X ~b
+ : = 1
(a~b)}b-c) (a-—Db)a- c)}
(a~x)a-c)+(x—Db)}b-c) 1
(a~b)(b—c)a-c)

299, (x — c){

& (X~ o).



& (x-0)[(a® —b*)~x(a-b) ~ c(a-b)] = (a— b)(b - c)(a—c)
>x-c)a-b)a+b~x—-c)=(a-bi}b-c)a~-c)
SX-c)a+b-x-¢)~(b-c)a-c)=0

& xX—-a)x~b)=0. Két ludn : S={a;b}.

§10. Giai bai toan biing cach lap phuong trinh
300. Goi x 1a tudi tho ctia Pi-6-phang. Ta ¢6 phwong trinh :
i

—vx+lx+-lux+5+ix+4:x ; X = 84.
6 12 2 |

Di-6-phing tho 84 tudi.

301. Goi s6 phai tim 13 abed, ta ¢6 labedl = 21, abed,
Phuong trinh : 100 001 + 10x = 21x ; x = 9091.

302. Goiso phéi tim Ia abcde4 | ta c6 abeded 4 = d4abede

Dat abede = x, phuong trinh @ (10x + 4) . 4 = 400000 + x ; x = 10256.
S6 phai tim : 102564, .

303. Goi tudi con hién nay 1a X, phuong trinh :
O 3(x+2)-5(x~-4)=6;. x = 10.
Tudi con hién nay 12 10, tudi me hién nay 1 34.
304. Goi chiéu dai 12 x (m). Phuong trinh :
(x +10)(180 - x) — x(160 — x) = 2700 ; x = 90.
Chiéu dai 1a 90m, chiéu rfmg 1a 70m.
305. Goi van tdc riéng cha ca n6 la x (km{h) Phuong trinh :

1i(x+2} lw(x-—2), x = 16.

306. Goi quing du’cmg AB la x (km). Phuong trinh :
X  X- 6 _2x -6
24 32 o7
AB dai 30km, BC dai 24km.

307. Goi quing duong CD la x(km). Quang dudng AC + DB = 30 - x. Ké ca
lic di va lic vé thi quing dudng ndm ngang dai 2x, quang duong lén déc
dai 30 - x, quing duong xuong ddc dai 30 - x.

rox a3



Phuong trinh : .
2x 30-x 30-x 5
+ + )
. 15 10 20 12
308. Goi quang dudng tir nha An dén nha Bich la x(km). Quang dudng An da
di 1 2x, quing dudng Bich didila2x: 4 = % Goi C l1a chd hai ngudi gap

=8,

nhau thi BC = s s =3{~.
2 4
A C B
Thot gian An di'doan ACla : .. 4=§~£. - t :
4 .16 | -X
4
Thai gian Bich di doan BC 1a = : 3= = ” g
gian Bich di doan 477 12 - Hinh 61
Phuong trinh : L. o ¢ X =3.2.Ddp 58 3.2 k.
16 12 3

309. Lic 9 giv, ngudi di xe dap cdch A 20km, nguoi di xe mdy cich A 30 km,
Goi x 12 s6 gitr dé 6 t6 & vi trf cach déu hai ngudi kia (ké tix ldc 9 gid).

Phuong trinh =
| 50x ~ (20 + 10%) = (30 + 30x) ~50x i x =

0,
6
Dap s

§6 : 9 giv 50 phut
310. Nhiét do sau cing cha nuée 1a 62°C.

311. Goindng do6 mudi trong dung dich I Ié X (%).

“20_500— x = 45,

| 100 100

Néng d6 mudi trong cac dung dich I va 1112 45% va 25%.

312. Doi tht nhét cdn 40 gid, doi thit hai cdn 60 gio dé lam mot minh Xong
~ cbng viéc.

Phu(mg trinh : 2(}{}.—— + 300.
100

' —- 6
313. a) Phuong trinh : Sﬁﬂ___‘}_,,,}j =55 ;n=13.
) ,
b) Téng cla 13 s6 da cho bing : 56.13 = 728.
Trong 13 86 d6, c6 mot s6 68, téng cha 12 s6 cdn lai bing : 72, — 68 = 660,
S6 16n nhdt trong 12 s6 con lai dat duge néu 11 s6 bang 1, khi d6 s6 16n nhat
bing : 660 — 11 = 649.



314. Goi s6 hoc sinh cha I6p 8B 12 x. |
Ban tht nhat ctia 16p 8B (ban Anh) quen 10 + 1 ban cta 16p 8A.
Ban thtt hai ca 16p 8B (ban Bic) quen 10 + 2 ban clia 16p 8A.
Ban thif ba cta 16p 8B (ban Chau) quen 10 + 3 ban ctia 16p 8A.

Ban thit x ctia 16p 8B (ban Yén) quen 10 + x ban ciia 1c:rp 8A, d6 la tat cd s6
hoc sinh 8A.

Phuong trinh : x + (10 + x) = 5{} s X = 20,
Lé6p 8B ¢é 20 hoc sinh, 16p 8A ¢6 30 hoc sinh dy hop mat.
315 Bdp 56 : 63 qua.

316. a) Goi s6 cb c6 sin trén mdi cdnh d6ng 1a 1 (phdn dién tich), s§ c6 moc
- thém trong mdt tudn trén moi cdnh déng bang y 14n s6 ¢d ¢6 sén.

86 ¢6 9 con bd an trong 2 tudn & cdnh déng I bing 1 + 2y 14n s6 cd c6 sén,
do dé moi-con bod trong mot tudn an :

1+ 2y

1an s6 c6 ¢c6 sdn. . (1)

SO ¢& 6 con bo an trong 4 tudn & canh d-;’mg Il bang 1 + 4y 1an s6 co cé sén, |
do dé mbi con bo trong mot tudn an : |

1+ 4y

14n & cd ¢6 sin. (2)

| Tir (1) va (2) suy ra l-;‘;y W S i

S6 ¢6 moc thém trong mot tudn bing % s0 ¢o ldc dau.

+ 4y

=1+6y.ﬁay

- b) Goi s6 bd phai tim 12 x. Lap luan twong tu ta ¢6 l p
o o %

y = i vao phuong trinh, ta dugec x = 5.

Vay 5 con bo an hét s6 ¢b c6 san va s8 ¢ moc thém cia cdnh déng III
~trong 6 tudn.

Chu y : Céch giai s6 hc}c xem cudn Ndng cao va phdt trién Todn 6 tap hai.
317. Bap $6 : 36 con bo.



318. Goi thoi gian phéi fim 12 x (phiit). Ta goi thoi gian ngudi du lich di to A
dén B [ a phiit. Xét cdc xe buyt di theo chiéu tir B d€n A : Trong a phut di

tir A dén B ngudi do gip % xe nguoc chiéu chay lai, trong a phiit di tir B
dén A ngudi d6 gap % xe cing chiéu vuot qua (di tir B dén A). Nhu vay
trong 2a phit ¢6 %+ % xe di qua A theo chiéu tir B dén A.

Blongiinh s oe b g e et i T

' X B x 15 10
Ct 12 phit cdc xe buyt lai [an fugt rdi bén,
Chii  : Giai bing phuong trinh s6 hoc : Gia sl nguoi du lich di tir A dén B
trong 30 phit r6i di tir B vé A trong 30 phdt nifa thi ngudi d6 gap 30 : 10 =3 xe -
di ngugc chiéu (di tir B-dén A) va 30 : 15 = 2 xe di cling chi€u (di tir B
dén A).

Vay ct 60 phit ¢6 3 + 2 =5 xe di tit B dén A qua d;a diém A. Do dé ci
60 : 5 = 12 phiit lai c6 hai xe cing chiéu rdi bén.

319. Goi thdi gian phdi tim 12 x (phit). Biéu thi thoi gian nguoi du lich di tir A
- dén B la a phuit.

Phuong trinh : A B s
- 6 5 X )

Chuong IV ~BAT PHUGNG TRINH BAC NHAT MOT AN

§11. Lién hé giira tha ty va phép cdéng, phép nhan
_32[}. a)4x2+4x+5 = (2x + 1}2+4}0_

2
b)xzwx-l-l:(x-l +3250.
o 2] 4

. 5 |
c) a + ab + b2=(3+—} wi— =0,



x=x241 2 T

321. Higu: —— S B <O(MWix*—x+1>0).
' X —x“~1 X=X"=1 x“—-x+1
) S 2 . n i . L R
322, Rit gon t&r va méu cho X — x + 1 # 0 duoc 5 . Phén thhic nay ludn
' X +1 .

luén khﬁng am,
323. a) a’ + b Eab(a+b)¢::>—_a2 ~ab+b2 Eab;::-{a-h)z_lzt}:dﬂng.
by a? + b* —abaZ +b2)=a? —adb+ b4 —ab>
=a’@a-b)-b>@-b) = (a-b?*@* +ab+b%) 20,
324. a) (a% + b2)(x? + yg} — (ax + by)2 = | | |
= a’x? + azyz +Ib2}{2 + b2y2 gyt 2abxy — b2y2 =

= (ay — bx)” 2 0. X4y ra déing thitc khi va chi khi ay = bx.
b) Bién déi hieu

(32 +b? + »::2){19{2 + yz + 32 }. — (ax + by + cz)';"-

thanh (ay — b;*s:}2 + (az — cz'{)2 + (bz - cy)z.
325, a)Hiéu:.l-—l—=bma-c:{}(v‘ib—a{ﬂ,ab}{}}._
a b ab '
: 2 2. 12
0 (R T WL . C ) SRS PR WS
b a ab : ab

326. Xét hiéu :
a+b 2 _a+b 2ab (a+b)®-4dab _(a-b) i

2 1.1 2 a+b  2@a+b) 2@+b)
a b |
327. a) Hieu: 2(a® + b%) ~(a +b)* = a2 - 2ab + b% >0
b) Hiéu :

3(a% + b% + ¢*) — (a% + b + c? + 2ab + 2ac + 2bc) =
= 2a% +2b% +2¢? ~2ab ~2ac —2bc = (a — b2 + (b—c)® + (a - )% 2 0.

Hiéu: (a+b+c)’ ~3(ab+bc+ca)=(a~b)Y +(b-c) +(c—a)>0.



328. .a} Ban doc tu ching minh.
| b) Ap' dung céu a) hai 1an ta c6 :

2 5 -
a4+b4 ~2 {az—kbz} }[a-i-bf
2 2 _ = 9 =
a* + b + ¢ }(a+b+c]2
3 RN 3

c)
& 3a% + 3b° -1'-3022 a4 b2+ c2+2ab+la¢+2iﬁc
w(a—~b)2+(b—c)2+(cma)220. :

§12. Bit phuong trinh bac nhat mot dn
329, vk | .
330. Tacox=>12,x<13vaxeZnénx=12.

33L Tacé_xpui—, x<lvaxeZnénxe {-2;-1;0}

. 1
332. a) A= véix¢i'l;}(¢l. b)A>0khi -1 #x < —.
1~ 2x 2 2
333. a)B=WK+3v6ix¢(};x¢i3.
: X
—x+3<—1 | ﬁ{{} x>0
b)B<~1 X &4 x = ;
X#EQ x2E3 RS T
334. Cong 1 vao mdi phan thic réi dat nhéan ti chung :
(x+91) -—1--+-1—*—-1-5—~}m):={}¢:>x-::-—91.
89 86 83 20

335. a) (a+ 2)x <a® 4.
Néua>-2thix<a-2.
Néﬁu-acmzth‘ix;a—z
Néu a = -2 : Vo nghiém.



b)Néua>1thix<a+ 1. Né’ua{lthix}a+2 Né’ua-ithi{)xi{}
nghiém ding vG6i moi x.

- % 2 5 . - o ’ i o .
- ¢) Truée hét xoa —-2-—--3{-"-— 0 hai v€. Néu > 0 (tic la a < ~1 hodc a > 0)
; a“ —a+1 a+l

" thix < 2. Néu {o(mcla-l-:a-c:mtmm%.

a+1

336. DKXD x # 1. Dua phuong trinh vé dang (1~ m)x 2.
Néu m = 1, phuong trinh v6 nghiém.

Néum# [ thix =;2—. Giai diéu kién x # | duqfé m# —1.
~- m

Nghiém chia phuong trinh I3 x = voim#+ 1.

l-m |

. e . m<l1
Phuong trinh ¢6 nghiém la s6 duong < { |
_ ms=-1

337. Giai bat phuong trinh

dmx > x + 1 _ (1)
(1) < (4m - Dx > 1. |
Néum = -}E- thi (1) vd nghiém.
Néum > 1 thi nghiém cta (1) lax > ‘
4 4m ~ 1
Néum < s thi nghiém cta (1) lax < :
4 '_ m—1
a) D€ nghiém cta (1) lax >9, cin va di la
,m:v-l r > I
4 "y 5
< g T omo= —,
Ly T s T s
4m — BT Y
'b) Dé nghiém cta (1) 1a x < -5, can va di la
B ”
4 5 1
3 = & m = -,
bl il ?
4m -1 S |




n2 +7 (n+4)(n-4)+23
n + 4 n+4 '

338. A=

A rit gon dugc <23 vA n + 4 c6 uc chung khic £1 <> n + 4 § 23,
Giai bat phuong trinh 1 < 23k - 4 < 2000, dugc %{ k< 8’}’%. Do k e N¥

nén k nhan 87 gid tri (1a 1, 2, 3, ..., 87). Vay c6 87 s6 tu nhlf:n n phai im.
339, Giasirta ¢ n s6 ty nhién lién ti€p tir I dén n.
Néu xod s6 1 thi trung binh cong cha cdc sd ¢on lai la:
2434+..+4n 2+n)n-1) 2+n
n-1-  2a-D 2

Néu xo4d s6 n thi trung binh cng ctia cdc $6 con lai 1a :

'E+2+...+{n-~1} nn-1) n

n-1 2(n~—1) T
Tac6 — < 35—?~'£n+2«:::>n{?0i{n+2¢:>68&1¥-< £,

Don € N nénn =69 hodcn=70.

Véin = 70, tong ciia 69 s6 con lai 1a: 35 —1% .69 ¢ N, loai.

V6in = 69, téng clia 68 s6 con lai 1a ; 35%.68 = 2408.

S6 bi x0d 12 56 ¢ (1 +2 + ... + 69) — 2408 = 2415 — 2408 = 7.
340. Do a va b nguyén, ta cong 1 vao v€ trdi clia bit phuong trinh dé cho va dugc :
% = Dab #2b* = de 4850
¢ 2a° —4ab +4b” - 8a +16 <0 -
e @-20V+@a-4°<0a=4,b=2.
Cdch khdc. Bién d8i thanh : (a —b-2)"+ (b - 2)* < L.

34 +19
0< —-(2x+1) <1 1
}:2x+1<:> 11 Grbsl ()

2x+1lelZ (2)

34x+ 19

sat. |



(l)@0£12x+8<_11@-8512x¢3¢3~—§§2x «:%

@—%£2x+i{ % Do(2)nén2x + Il =0hoac2x+ 1= 1.

Hai nghiém : x;= - = ;x5 = 0.

1.
2 3
§13. Phuong trinh chira an trong diu gia tri tuyét déi
342, a) Xétx > 3 ta duoe x = 1, loai.

Xeét x < 3 ta duge x = mg—. Ddpsd . x = ~"5~.

3
x=l=x-S5 Ox = —4
by Cdch 1. Ix= 1 =lx =5 <> T Ll .
: Xx—-]=5-x 2x =6

Cdch 2. Binh phuong hai v€.
| i.x~l|=!x-5!<:>x2*2x+1=x2—10x+25

e =2 e x=3,

c) 2 va ~3—;
2
dy -1 va 3.

e) Xét x < -1 ta duge x = -3, Xét ~1<x < 4, phuong trinh v6 nghiém.
Xétx >4 ta duge x = 6 . Két ludn : S= {3 : 6)
0) 3gwas, | |

343, a)% v‘it-g-; b) -2 ; c)x=4;0<x<1.

d) Khong nén may méc xét céc khoang gid tri clia x. Chd ¥ riing v€ trdi cha
phuong trinh khéng am nén vé€ phai khong am, do dé x > 0. Phuong trinh
tréthinhx + 1 +x+2+x+3=4x. Tt dé x =6.

344, a) Chd ¥ rang x“+ %X +1>0. Pdp s6:x = 1.
b)baty=1IxI>0.Hdp s6: x =+ 1.



345. Khir ddu gid tri tuyét d6i tir trong ra ngoai @ trudc hét xét X > 0, x <0.
Pdp s6:~1 <x <0, | |

346, a)~NEux=24thix~4—-x=2ac0x=a+2.
Néu a# -2 :vonghiém;néua=-2:vo sﬁilnghi@m (x 2 4).
~Néux<4thid4-x-x=2a<>x=2-a Taphdic62-a<4 < a>-2.
~ K&t ludn : Néu a > -2 thix:Z—a;né’ua='-2:vﬁsﬁ’.nghit§m X =4 ;
néu a < ~2 : vo nghiém.
b)Néua=1thi3<x<5 Néua>lthixj=d—ax; =4+a Nua<l:
vO nghiém.

347. — Néua> 0 thi - a < 2a. Xét cdc trudng hgp x < —a, —a <X <2a, x > 2a,
ta dugc cdc nghiém : x = -7a, x = a.

— Néu a £ 0 thi 2a £ -a. Xetcactrucmghqpxc:Za 28<x<-a,X%X>-8a,
ta duwgc nghiém : x = ~a.

§14.'Bé"t phuong trinh chita an trong dau gia tri tuyét dai

348, a)_-%«:x«cz; b}g’-c:xf:d,.
3 3 .

I 4 - )

349..3_);:-::-§;x:v-2; hix=0:% =1

350. a}}{}-;“. | | b) x < 1.

351, a)x-«:‘~1 x> 7. b)) -3<x<5.

§15. Bét phuong trinh tich, bdt phuong trinh thudng
352. a) Cdch 1. Bién ddi thanh bat phuong trinh tich 4(x + 1)(x —2) > 0.~
Cdch 2. Dua bit phuong trinh vé dang 12x ~ 11 > 3.
| Pdp sd:x>2;x<-1.
b) Hai nghiém : — 1 va 3.
Ox<-2;-1<x<4;x>4.

d)x<-2;x>-1.



X2 +2x + S

353, A=~ — A<0© x>~]1déngthdi x =% 1.
. 4x +1)

T S
354.A=(x ) A>0&y>0,x#0,x7y.
y

3585. A:uml—i;A}lﬂ:}x}f{{},x+y;&0.

X X
356, 2<x<3.
' T - 6-m
357. Nghiém cta phuong trinh : x = X v m # 4.
- m

Phuong trinh ¢6 nghiém 4m < 4 < m < 6.

CHUNG MINH BAT PANG THUC

358. a) _Ta c6 : a° + b2 > 2ab, b% + ¢2 = 2he ¢+ a?“a 2ca. Cong tifng’vé’
cdc bdt dang thiic trén. S ' -
b) ;ip dung bt '_dfmg thic x2 + },f?‘ 22Xy ta cé :
| at +p? = 2&2132, ¢t +d* > 20242
Dod6 a*+b* +c*+d* 2 2(ab)? + (cd)?] = 2. 2abed = dabed.

2

359. a) Ap dung X% + y2 + 27 2 Xy +yz+ zx (1) (cau a), ta cd

| a’ +‘I;)'i1 +¢ > a%b? + b2c? + t_:gaz.
Lai ap dung (1), tacéd:
a?b? + b2 4 c%a% > ab%c + be?a + a2be =abc(a + b + ¢).
b) Giai tuong tu cau c.
) 2
360. a) Cdch 1. az+b2—ab=(a-§) + — 2 0.

Cdch 2. a2 +b% “ab 2 0'e 2a +2b2 —2ab > 0

¢:-(a~—b}2+32+b220.



Cdch3.Tacé a® +b* > 2ab, a% +b* = 0. Cong timg v€ hai bt ding
thic trén roi chia cho 2. - -
b) Giai tuong tu cau a.

¢) A=a(a+b)a+c)a+b+c)+ bic?
& (az + ab + ac}(32 + ab +.?‘1c + be) + bzczq'
B Dat az+:;_1b+ac=lm, hc%nth‘iA:m(m--i—n)+n2=m2+mn+n220.
361. a) Bién d6i twong duong thanh a’b?(a — b)? > 0.

b) Bién i twong duong thanh 0 < (a — b)” (a” + ab + b°).
362. a) Chia hai v€ cho s6 duong a + b. Bi€n ddi tuong duong thanh

(a-b)*20.
b) Higu : 4(a> +b”) — (a + b)* = (a + b)[4(a - ab + b?) —(a + b)]
=3(a+b)a—b)” > 0. |
363. Hieu: a° + b3 + abc —ab(a + b+ ¢) = (4 + b)a—b) 2 0.

364. a) Tir a* + b* 2 22b?, cong a* + b* vao hai vé duge :

abpp* o é_(az +b2)%
Tuong tu a° + b2 E%(a +b)2. Tirdé suy ra a% + b > é(a +b)*.

b) Xét hieu (a% + b2)? - ab(a + b)* duoc
at —a’b+b* —ab® = a(a - b) - b3(a - b) = (a - b)?(a® +ab + b2) 2 0.

365. a) a® +b% +¢* 2 ab+c) < 2a° +2b% + 2> 2 2ab + Zac
o @-b+@-of+b’+t20.
b) a® +b% +c? +d* 3 ab+ac+ad
> 4a2 + 4b2 + 4c? +4d% > 4ab + dac + 4ad

& (a~2b)° +(a=20)" + (a-2d)* +a° 2 0.



366.3) x* ~4x+5=x% —4x2 +4+4x% ~4x+ 1= -2+ 2x-1)*>0.

Khong x4y ra dang thic. Do d6 x~ — 4x + 5 > 0.
2 2
WSRSRE TN - ) ) (P
2 7
Khong xay ra dang thic, do d6 x* - x -'E-% > 0.

367. a) (a2+b2+02+%)-(a+b+c)

i 1 3 X ¥ [l L
—(a a+4]+.[b b+4]+[c {:+4J
2 2 2

S N O e 21
(- 2F +(0-4) +c-1) 20

bya® +b% +2 — dab=a® + b% — 22%b% + 2a%% — 4ab + 2
= (a* - bj)z " 2.(ab _1%20.
368. x° +4x + 1 —3x2.=x(x—2)2+x2+ 1 >0 (vi x};(}).
369. a) (x ~ 1)(x = 3)(x = 4)(X — 6) + 9 = (x* = Tx + 6)(x> — Tx + 12) + 9.
Pat x> - 7x +9 = 3; biéu thifc trén bing : |
(a-3)a+3)+9=2a>0.
b) (a” + 4b° + 4c%) - (4ab - o Sbc} =
= (a ~ 4ab + 4b%) + 4c* + (4ac — 8bc)
= (a - 2b)* + 4c® + dc(a - 2b)
= (a—-2b+26)220.

370. Ap dung bit dﬁng thie (x + }r)z Z 4xy ta dugce :

(a+b+c+d}2:{(a+c)+{b+d}}2

5 5 y =(a+c)b+ d}.



371. a) Ap dung bit ding thic 4x° + 43,:3 > (x + y)3 v6i X, y > 0 (b 363b) ta
duoc : 42° + 4b° > (a+b) 4b° + 4¢° ‘:-*(b-l-c) 4¢” + 4a° >{c+a) Cong
ting v€ ba bét déng thitc trén,

b){a+b+c) > 2%+ b° + ¢ + 24abc
< (a+b)ab+bc+ca+ cz) > 8abc (ban doc ty bién d6i)

=5 azb + azc + acg

+ ab? + b2 + be? — Gabe > 0 (ban doc tu bién déi)
@(azb+bc2v?;abc}+(azcvi—bzcmZabc)+(acg+ab2—23bc:)§i_0'
mb(a—vc} +c(a—-b) +a(b-c) 20, |

%y a+b+ch{]:f>(a+b+c) =0=a +b +c° +2(ab+bc+ca}—

= ab+bc+caxg.

373. a) Nhan hai v& clia a < b + ¢ v6i s6 duong a, ta dugc a° < ab + ac.
Tuong ty b> < ba + b, ¢’ < ca+cb. Cong timg vé céc bét déng thic trén.

bybatb+c~a=x,c+a—-b=y,a+b—~c=zthi2a=y+2 2b=Xx+2,
2c=Xx+y.Tacd:

2a " 2b 5 2¢ _ytz x+z Xty
b+¢c—a a+c~b a+b-c X Y z

=(1+5‘+(£+£J+[£+ijza
X yJ X z y z

Suy ra diéu phai chiing minh.

c)Tacba+b>c,b+c>a,a+c>b.

, | 1 T .

Bt a+c+b+c}a+b+c+b+c+ama+b+c
S 2 _
a+b+a+b a+b’

Tuﬂngtu'l I L copranlot s

a+b a+c¢ b+c a+b b+c a+c’
374. a) Nhan tiing v€ cdc bit dang thic

(a+ 1)’ 24a, (b+1D*24b, (c+1)’24c.
b) Nhan timg v€ cdc bat déng thitc (a + b)® > dab, (ab + 1)% > 4ab.



375. Tacéa- + b +c> +d”> +ab+cd > 2ab + 2cd + ab + cd = 3(ab + cd).

" Ta lai ¢6 ahmdxamfgaz.

Suy ra di€éu phai chiing minh.

376. Theodébﬁi a——b-a +b mia’+b >a ~b’ (dob}ﬂ)n&na—b}
>a’ - b, Chiahazvéchaa~—b(chuyranga b>0via—b=2a>+b>>0).
377. a)Cczch} A(x—l)*x - 1. Tablétrangneux:rlthlx 21 néuxe:l

thi x° < 1. Do d6 : ;
5 3

Neux>1thi Zl>0=A>0 Naux<1ti Z=>0 =450
Néu x = 1 thi hién nhién A > 0.

Cach2. A=x '+ +x+x+1=xx+ 1)+ (x+1)+x°

=x+DEC+ D+ =&+ DA -x+D+x220.
D#u bang khong xay ra. y
b) Giai twong ty vidu 101, Xétx 2 1 vax < 1.

378. Gidstta<0:

Néu a = 0 thi trdi v6i abe > 0.
Néua<0:Doa+b+c>0nénb+c>0. Doabe >0 nén be < 0.
Suy ra a(b + ¢) + be < 0, mau thuén v&i ab + be + ca > 0. '
Vay a>0. Tuong ty, b>0,c> 0.

379. Pata=3+x,b=3+ythix >0, y3-‘='~0 Tacdba+b=6+(x+y) Tasé
chitng minhx +y 2 1.

Giasuﬂgxa}yfilthix2+2xy+jr2<;1nénxz-l-y_z-::l(dDZ}(yzﬂ).
Khido . ' .

2 .2 2 2 ) 5. e
a"+b"=C+x)+@B+y) =I8+6(X+y)+ (X" +y)<18+6+1 =25,
trdi v6i gi4 thiét a” + b° = 25.

Vayx+y21l,suyraa+b2>7.

380, Gid st 9ab > (a + b +c)’, 9bc > (a + b + ¢)%, 9ca > (a + b + c)>. Cong
ting v€ cdc bit dang thic trén rdi chia cho 3 duoc :



S(ah+bc+caja(a+b+c)2:?ab+bc+cazaz+b2+c2 (1)
Mat khdc dé€ dang ching minh duge 2> +b*+c?>ab+bc+cavéia,b,c
khédc nhau déi modt, mau thuan véi (1). ‘

1 , I

381. Gia sir ton tai cdc s6 duong a, b, c ma 'a+—11;-{2, b'+#é+<2, C-J-E{Z
; .

thi a + % +b+licy EI{ < 6. Hiy ching minh diéu nay v6 1.

382. Giasmb-ci > [al, |c — a| > [bl, Ja — b] > Ic] thi (b — ¢)* > &%, (c — a)* > b7,
(amb) > ¢ Do d6 : (b—c+a)b-c-a)>0, (c-—a+b){c—a—b}>0
(a— b+c)(a b-¢)>0.

Nhan timng v€ ba déng thic trén s& dﬁn dén diéu vo 11
383. Giastr4a(l —b)>1,4b(1 ~c¢)> 1, 4c(1 —a) > 1 thi nhan ting vé' ta duoc

64abc(l —a)(1 -b)(1 -c)>1 (1)
Mat khdc, ta lai co -
| 4a(1 - a) =4a—4a° < 1 . 2)
- (vi 1+432;i-4a=(23+ 1}220).Tuﬂng tu _ |
4b(1 - b) <1 3
4c(l —¢) =1 L (4)

T gia thi€t phadn ching va tir a, b, ¢ duﬂng suyral—a, 1 -b,1-cciling
duong. Do d6 ta nhan timg vé€ cdc bt déng thitc (2), (3), (4) va dugc : :

64abc(l ~ a)(1 - b)(1 = ¢) £ 1, mau thuln véi (1).
384 Cach 1. Gidsta+b>2. Dita=x+y,b=x~y,tacd
a+b=2x>2=%x> 1 C()

Tacd 2’ £b° = (x + y]3 + (X - y),j =2x* + 6};}?2.
Do (1) nén 2%x° > 2 : 6}(}*2 = 0. Vay aE_' +b > 2, trai voi gia thiét.
Céch 2. Gidska+b>2.Tacé: -
(a+b)>>8 = a°+b>+3aba+b)>8=>2+3ab(a+b)>8

=5 ab(a + b) > 2 = ab(a+b) > a3 + b (via + b = 2)

= ab >a” ~ ab + b (chia hai v€ cho s6 duong a + b)

= 0> (a-—b)?, vo li.



385. a)Giasrazb=c>0thia+bza+czb+c.

C__¢ b ._b- a _ a
a+b b+c’ c+a b+c’b+c b+c’

Ta cé

Cong timg v€ :
a_ . b L_C . _a

< ' | =2,
B e Y e Taa s sl

Chit y : Ta ciing ching minh dugc : Néu a, b, ¢ > 0 thi

a. . *b . e 3 )
& = :
b+c+c+a+a+hw2(KﬂmVIdUQZb)

b)Sépxép:a=b>c>0=cla—c)b-c) 2 0= ¢’ +abe> ac? + be?,
Ta cén phai c'hfmg.m_inh
a’ +b° + 2abe > ab(a+b) + bc + a’c.
B4t ding thitc ndy tuong duong véi (a — b)’(a + b ~¢) = 0.
386. .a) Higu : 2(a® + b%) - (a> + b)(2° + b°) biing (a° — b*)(a° — b°).
Gidsta>bthia -b>>0vaa b 20,
b) 'I'he.cn cAu ataco:
2(° +b%) 2 @ + b)) +b%)
2% + ¢®) = (0% + B + )
2({:3 + ag) = (1':.:3 + a3)(¢5 + asj
Cong timg v& ba bat ding thifc trén, ta duoc :
4(38 + b5+ ég) > (a8 +b% 4 ég) + 33(35 +b° 4+ cﬁ) + b3(35 £ B ::-:5) +
| | o + ca(as +b° + cj)
 =23@ 4+ 2@+ P+ D@+ ).
387. Chi ¥ ring a + b = 2, ta xét hiéu
2% +63) =27 +b7) = 22 + b8) ~ @ + bY@ + b7).
Bién déi hiéu nay thanh (a — b)a’ —b').

Gidstta>bthia—b20via —b' 20.



388. a)Sipx€p:a=b=2c20.
aa=b)a—-c)+bb-c)b—-a)+c(c—a)c—b)=
=aa-b)a-b)+(b-c)]-bla-b)b-c)+cla—c)}b-c)=
—a(a—-b)?+a@a-b)b—c)—ba-b)b-c)+cla—cyb-c)=
= a(a ~ b} +(b-—c}(a~b) +c(a-cb~c)=0.

b) Khong mit tinh tong quit, gla sir ¢ 1a 56 nho nhét trong ba 80 a, b, c.
Xét hiéu ¢ : :

a +b +cﬁ-a5b—bﬁc—~c5

a=a(a-b)+b(b-c)+c(c—a)=
=a’(a-b)-b[(a-b)+(c~a)]+c(c—a) =
=(aub)(ﬂf’—b5}+(c~—a)(c5—b5).

Doc <, c'ibnénc;a{O cﬁmbﬁfiﬁ -duéﬁ(c—a}(cjmbs)z[]

Con (a—b)(a -—b}cung khéngam (thﬁtvﬁy nfua—-bz=0thia —bszﬂ
- néu a - be-:{}thla w < 0)."

b) Khong méit tinh téng quat, gia st ¢ 1a s6 nhd nhét trong ba sd a, b, c.
Xét hiéu :

2+ b +;5—asb—bsc—-csazaﬂ(a—b)+b5(b——c}+cﬁ(c—~a)=' ._
= 2% @a-b)~b'[(a-b)+ (- D]+ c-a) =
= (a - b)@@> - b) + (c - a)(c® - b°).
Dﬂcﬂa,ﬂﬂ-bnén-c——aﬁcﬂ,cs—b5.£O,dadé(c“a}{csmbﬁ}a(}.;
Con (a - b)(a® — b%) cling khong 4m (thdt vay néua-b >0 thia’ - b’ >0,
néu a — bf:Othlasmb5<O)
389. Goi m 14 s6 nhd nhat trong céc hiéu a - b, b c'.&mc.
Gidstazb>cthim>0. Tacé: |
a-b2m>0=(a-b’2m
2

b-—cam.‘—z'{}:b(h-c)zzm.

2

a-cz2Zmz=z0=(a ---{:)2 > 4m?,
" Cong timg vé :
(a—b)? + (b~ c)’ + (a—c)* = 6m”



:;3{32-1-b3+c2)—(a+b+c)236m2

2 2 2
:¢3{az+b2+c2}26m2:- 3 +b2 tC > m?

390. a}Gxas&a“}b‘}c Ta c6

aa:b+¢:::>23.c:a+b+c—2:>a<:l:>h<1 e 1.
b) Ti‘:_cﬁuaa_uyra.(l —a)(l - b)(1 - c) > 0. Riit gon tadm::fc

ab + bc+ca:::1+abc | (D
Ta lai cé .
(a+b+c)”=a®+b”+c*+2(ab + be + ca) |
= 4 =2+ b7+ ¢* + 2(ab + b + ca), - )

- Tu (1) va(2)suyra

4:~az+b2+c2+2{1+abc}::';>4>'az+b2+c2+2+2abc

:>a2+b2+(:2+23bc<2.'

1 |

x-i-y o1 s

391.

x
iE

b) Suy ra i cdu a.
392. a) Tac6b+c=6~a,bc=9—a(b+c)=9-a6~a)=9 —6a +a’.

Ap dung bt dang thic (b-:-c:)z'} 4bc, ta duge |

(6—&) = 49 - 6a+a):’:>3.a -12&<{}::>a({1-4)<0:>[}<a{4
Tuong tr 0 <b <4, 0<c<4.
b) Gidi tuong tur cau a). C6 thé ép dung bét dﬁng thite (b + c:)?' = 45{: hoac

dp dung bdt ding thic 2(1::2 +C ) =z (b + c) ta dugc 3a - 4& < 0 tir d6
suy ra diéu phai ching minh.

W5 J 2B a8 bl B S B i us a_":4"1“’_&4-'3_b|*=:1
b ¢ a c b a c a |
|(a—~c)ac+{b—a)ab+(cmb}bc :
<1 (1)
abc - :

Mait khéc a, b, ¢ 12 ba canh cia mét tam gidc nén

|a—cj .|b——a| lc~b J(awc){b—a}( wb)l
—6~—<I,—-6~—{1, = <1 suyra g

<1 (2)



- Biéu thitc trong ddu gid tri tuyét doi cua (2) va (1) doéi nhau (ban doc tu
klém tra} do d6 tir (2) suy ra (1). : : :

b ac ab
—t—==C| =+ |2 " C = — Z 2a,
394, a) " +.b c[a+b]_.2c (doa, b,c>0) qung tur 5 + » 23.
ﬂb bc 2 ] - 2 - =
i + = > 2b. Cong timg v€ ba bat dang thic trén.

i - a - b i o 4 . L i | -
b) Ap dung bét dang thic xyy Z e véi x, y >0 (vi du 77b), Ita co !

ab £a+b1 be £b+c1 ca £c+ak
a+b 4 b+c¢ 4 c+a 4
Céng timg v€ ba bat dang thic trén. |
395. Do a, b, ¢ duong nén :
a a a+c
< <
a+b+c a+b a+b+c
b b b+a
< <
b+ec+a b+c¢c a+b+c
T
c+a+b c¢c+a c+a+b

a b C
> + & 2
a+b b+c c+a

| 2 2 2 2
b a_b)_|a b’ | ,fa b} (2, b
0 B A‘ [bz +";"2""] [_b ' 3]_[b2"+ 32} Z(h ' ﬂ)+(b " a)'

Cong titng ve : Lt

Doa, b>0nén" _
| 2 2 @ >
A2'{%+P——}m2('5+13~)+2=[i'~1) +[E-—1], > 0.
b az b a b . a
2 ) |
b) Xét &+ b =2 "'t;b ?_zﬁb:Za (doa, b 0).

- p? c?
Twong tu —+e = 2b, = +a = 2c.
Cong timg v€ ba bit dang thic trén.
c) Xét :
az_ b+ {23)2 + (b + ¢}2 i, 4a(b + ¢)

. > —a (dob, ¢ > 0).
brc 4 40 + 0 Ahpgy " o Be ¥




52 ' 2

T bl C a+b ‘
e e a T b’a+b+ 4 =°
Cong timg v€ ba b4t déng thitc trén.
397, Xét:
z 2 2 ;
a _.a _a@+ac-b°~c¢ ) _ abla —b)+ac(a—c) (1)
b2+c? bre w21 (b* + c?)(b + c)
Tuong tu
b> b _ bo(b—c) + ba(b - a) )
AINEE T T SN N TR
c” +a (c” +a“)c +a)
c? ¢ _ ca(c—a)+cb(c - b) (3)

2 +b2 2+b (32 0y 4 b

Cong timg v€ (1), (2), (3) ta duoc :

a2 b2 ::2 a b &
: 3, 9 TG g e | TlaE et T +b
b +¢* c¢“+a” a“+b G G5 A%

1 !
= ab(a ~ b) — +
s [(b2 + )b + ) (324-(;2)(3-%-(:}}

1 1 ;
+ ac{a - ¢) -
@-e [(b2 +cH)b+c) (a2 + b*)(a + b)_ '
. 1 :
- -+ be(b - - — :
’ C)[(a.z +ci)a+ce) (2% +b%)a+b)

Gia sir a 2 b 2 ¢ > 0 thi cdc ddu ngodc tron va ngoic vaudng cla biéu thitc
trén déu khong am. Suy ra diéu phai chiing minh.

398'. Ta co : | |
0
[_2_,,.]1000 e -ijlow ()™ =—1 _ _000.01.
225 A 200 102 1020@0 ’\1_‘9“9;;

Suy ra diéu phai ching minh,



399. a) Theo gid thié’t 3n+1 = az fis + 2. Do @6 :

an
a%=25
a%za%+%+2

a1

a%l :ago +F1--+2.

2
450
el 2 |1 i 2 .
Cong tiing veé : a5 = |~ + ..+t —— |+ 125 > 117 = a5 > 11
* A asp

b) Tuong tu nhu ciu a :

Hy /)

a%{n = [—-}-—- -+ _‘_.-|—‘...._]..,.....] -+ 225:‘? 152 = 31[” = i5
aj 4100 :

Dé chimg minh a,, < 15,1, chd ¥ ring 15,1% = 228,01 ta cén chiing minh :
1,1 I |

S NS ST Spe—— I | §
2 2 2 ’
ap  ap 2100
Tdco: -—1—2~+.,.+.~—51—~:{%+,..+%—J+[%+...+EL]f-:
.M 4100 \% - 25 251 2100 /
{_50.3m+5(}_3—<5{}—w+5{}~—-<2+—1-<301
a? a2 25 112 2
4y - a5y |

400. Goi do dai cdc doan thing di cho la a;, a,, ... ag. Gia sir

10sa;fa,<..Sa5<75. |
Néu bét ki ba doan thang nao ciing khong thé 1ap thanh mot tam gidc thi :
a;2a;+2;210+10=20
a4 2 a, + a3 2 10 + 20.= 30
ajza3+a4220f38258

352&4+35230+50280,V{\)H.



401. Goi khoang cach AB la s (km), van tS¢ riéng cha {huyén may 14 a (km/h),
van t6c dong nudc ngay hom trude 12 b (km/h), van toc dong nudc ngay
hém sau la ¢ (km/h) trong d6's>0,a>0,0<b<c.

Ngay hém truée, van téc thuyén lic xuéi 14 a + b (km/h) e nguoc laa—b
(km/h), thoi gian di khit hoi (di tir A dén B r6i trd vé Ay la:

8 s _  2as G
A= a+b +a—b - 2% _ p2 (819)-
Tuong tu, _ghﬁii gian di khit h6i trong ngay hom sau la :
| .8 s _ 2as s
I e T he T a2 o2 (g10):
Do{}{b{cnénaz—bzbazmczm 2233 < 22352 :ztx{:y.
e g
Nhu vay ci Tam lan Hoa déu sai : thoi gian thuyfzn di hom sau i4u hon
hom trude.
402. D& ching minh A < 20, ta 1am troi mdi phan s6 cia A bang cac:h ding
bat dang thic Lt n“ - Tac6: )
_2 46 200
A‘l 3757199
2 35 199
3 2:46...200 2.3.5..199 200 2
Suyra AT < TSy T4 108 T 1 1= 400 =>A<20.
DéE chiing minh A > 14, ta lam gidm mdi phan s6 clia A béng cach ding
batﬁangthﬂc L B il
n n+1°

403. Goi A la vé trdi clia bat dang thic. Ta lam tréi A dé duge mot bidu thite C
- dé rdt gon hon. Muén vay biéu thic C phéi c6 nhiéu thira s& gi6ng nhau &
t va O miu.
4

Nhan xét hai phan s6 canh nhau, ching han%v‘ag,[a théy 4 hon 3 1a 1,
con 6 hon 4 1a 2. Ta lam troi - n:f:“;‘i i n® < 0% + n — 2 véi moi
| . I 4 7 10 208

2).Dodé: A=L 2 1 10 208
n>2). Dodd 369

12 77 201



8 W

3.8
4777107 208

Suy ra

14.7.10..208 13.6.9..207 _ 1 1_ 1 _ 1 _(1Y
13.6.9.12..210°3.4.7.10 ...208  210°3 630 625 \25)°

Do d6 A < =e.

25

sze:

404. 2) Viét 22““” - thanh *2 R .
n“(n + ) n (n+1)

- 1
(n—1! nl

2 i
405. D Fit-=1 _nn4l) 1 L f 1

m+D! @+ M+ (-1 @+

1 (1 1 1Y (1 1
z—!ﬂu‘s—]*(a ,E]*(ﬁ‘ﬁ)*

Taed :

i 1 1.
{(n-])i ¥ (n+1)!]“

“%*_%!+2L!+%+ *‘(n'lur}[??l*ﬁ* ”51_ (mil):]=
%+F+%_$—(nil)i_ _;:—*_(n}rl}*

406. 2A-l+-§—__+§2—+:—;-+ . ;gg | '. : e (H
A= %+f§+§§u+ 299%4-;%% @)
Lay (1) trir (2) duoc : -

. A= [1_,_%.1.2%-1-21—34- _"‘ZE)QJ*;%?}

~ Hay chitng minh bi€u thic trong ddu ngoac nho hon 2.
407. Giai tuong tu vi du 96.



408, 3C=1+24+3 4 929 100

R 298 T 399
1.2 99 100
C= 3+32+"'+399+3100
' - 1Y 100
Suy ra : 2C=(1+-+--+ L+ ]__ o (1)
) 399 | 73100

o , —
- Hay chiing minh biéu thitc trong ddu ngoic nhd hon Y

R . 1 1
409. Goi Amn+1+n+2+.,.+2n+1+,..+3 +3I]+1

Téng A c6 2n + 1 s6, ghE:p thanh n cap céc phan s& cich:déu hai déu con
lai mot phén s& & giita 12 | |

| n+1
Mbi cap bing :
1 N 1 __ 4n+2 ,. 4n+2 2
2Zn+l-k 2n+1l+k (2114*1}2 -2 (2n+1)2 2n+1)

2 |
n+ 1 a4l

Vay A > = 1.

Pé ching minh A < 2, lam tr6i A bing cdch thay méi phan s6 ctia A bdi
phan s& 16n nhat.

e T 1 1 1
K G A 2004 © 2005 ' 2006 " 4006

_ Ching minh A > g- : Téng A ¢6 2003 56, ghép thanh 1001 cap phar s6

cach déu hai ddu, con lai-mot phan s& & giita 12 3;05.

WO N 6010 _ 2
M1 cp bing © S50 Tk T 0057k 30052 3005

2 2092 3

~ Chitng minh A < % : Dat 2004 = n, ta cé :



1. |
A_n+n+1+'“+n(n~2)'

A= ! + l + ...+

1
n4{n=2) n+n=73) n’

| 1 I 1 L. o
Cong lai: 2A = [ 2n-2)+[n+1+2n—3]+ +(2n—2}n]

Ta s& chitng minh nhém dau va nhém cuébi cé gid tri 16n hon cdc nhom

khic bang cich ching minh :
11 1 1 i e K] -
n+2n—2>n+k+-2nm2-k (1) vs10<k<n~2.

3n-2  3n-2

n(2n-2) (n+k)2n-2~k)

< n(2n-2)<(n+k)2n~2~k)

& 2n° - 2n < 2n% - 2n — kn + 2kn — 2k — k*

ok <kn-2k < k<n-2:ding.

1 1 _ 3n-2 _Sn=2 .3
Vf‘ty2A<[n+2_nn—2)'{n"1)m__n(2n—— )( - 1) o ~::2.

2~

Do dé A {%.

A11. a)GmA_1+i+i et
3 2"__

. vi du 97, ta dd ching minh ring

A <n. Bay giv ta chitng minh A > -g- Taco .

VUL R A TS T | L
'A,ﬂ1+2+(3+4J+£5+'"+3j+'"'+2“_1_'
L 41 . 1 1 ! 1 1 1
= ] bbb |+ F oo | — e —— | —
2 {3 22] {2%1 23] [2““1“ 2“j g

- Thay méi phan s6 trong mdi ddu ngoic bm phén s6 nho nhit trong dau
ngodc dod :

A>1+l+—~1—— 24— 1

2 22 23 " 2]’] ' . 2& =
I :

=relplyd u 1
ml+2+2+2+... 3 oo +5 2n>2.



> 2 néutachonk=2"~1thi

: 1
b) Apdungcaua: 1+ Fhodhor 45

]

Nhu vay néu chon k = 2" — 1 thi SEEE: 1 2A

1

3+ ‘I‘k}ﬂz——A

b+c+d a+c+d a+b+d
Wﬂm:‘-‘_:—..:n!—'—'_:

| a b , - C
Theogiﬁthiétthim:rl;taiaicéd{ci_b{aﬂénb+c+d‘=:3.a,dadé
m<3;vaym=2. |

DE thay

412. Gidstra>b >c >d. bat

b+c+d b+c+d a+c+d
= < < = I,
a - b b

:a+;+d {a+§+d{a+2+d=
Suyranz3,pz4. |
”fﬁcéb+c+d=2.a,a+c+d'23b,a+b+d24c.

Cong timg v€ ta dugc : -
2a+2b+2c+3d22a+3b+4c=>3d2b+2c>d+2d=3d, vo L.

413, Tacé x* c6y chits6 = 10" < x* < 107,
y’ ¢6 x chit s6 = 107! < g 10%
Gidstrx2y. Tac6x* < 10 < 10" = x < 10.
Ta chon cdc s6 x* sao cho x < 10 vi x* = 10" véi moi y — 1 nhd hon x.
Cic 6 22 3%, ..., 7' khong thoa min (ching han 2% < 10, 3° < 10%,...). Xét
cac 56 1', 8%, 9%, tathdy : 10°< 1 < 10", 10" < 8% < 10%, 10° < 9° < 10°.
Dépsé:x=y=1;x=y=8;x=y=0.
414, n!=1x2x3x..xkx..xn
Cnl=nn-1D0-2)..(n-k+1)..1

Suy ra (n!)* = (1.n).[2(n ~ D1.[3(n = 2)] ... [k(n — k + 1)] ... (n.1). Ta s&
chiéing minh ring biéu thiic trong méi ddu ngoac vuong déu 16n hon n.



Thatvay
k(in-k + l)mnzkn—-nm_kz_!-k:n'(k_1}“1{(1(__1}:-
=(n-kK)k-—1)>0vin>k> 1.

415. Taco [x] = x, [yl Synén [x]+ [yl £x + vy, tic 1a [x] + [y] 12 s6 nguyén
khong vuot qud |
X+y . B
Mait khdc, theo dinh nghia phdn nguyén, X + y} 1a s6 nguyén 16n nhat
khéng vuot qué

| x+y | )
T (1) va (2) suy ra [x] + {y] < [x + v]. '
416. a)Dat x + 1 =a, y —~ 1 = b, Phuong trinh tré thanh (a + b)?’ = ab. Dé dang
tinhdwgca=b=0.Ddp s¢': x=-1,y= 1. |
b) Bign ddi: (x -2y + (x — 222 + (x = 202 + x2= 0.
| Pdp sé:x=y=z=t=0.
cyPdpsd:ix=1l,y=2,2=3, '
d) St dung bit ding thic (x + 1}(3»' + 1}(x + y) 2 8xy (xem vi du 94).
X4y ra ding thitc khivachikhix=y=1,x=y =0, '

417. a) Tacé n+Sm)=2018 | (D)

| nén : n< 2018 B | 2)
S(n) <1 +9.3 =28,

n=2018 - 28 = 1990 ' _ (3)

T (2) xfé‘l (3)ysuyra n= ]§"§E hodc n = 20bc .

‘Thay n = 199a vao (1) dugc 2a = 9, loai.
Thay n = 20bc vao (1) dugc a=0, b= 8. Pdp 56 : 2008.
b) S(n) = n* ~ 2005n + 7 | (1)
_ Xétn = 2005 thi S@) =7 va (1) diing. |

~ Xét n > 2005. Ta ¢6 S(n) = n® — 2005n + 7 > n(n — 2005) > n, tac la
S(n) > n, vo Ii. :

*XetiﬁnﬁZ(}{}f-’r.Tacénm128,n—2004£0nén




(n - 1)(n~2004) <0 = n®— 2005n + 2004 <O

= n° = 2005n + 7 < ~1997-= S(n) < 0, vo If.
' i ‘ Ddp 56 : n = 2005.

‘TIM GIA TRI NHO NHAT, GIA TRI LON NHAT

CUA MOT BIEU THUC
&) minA < 2l o 5 | 1. .3
418, a) minA = 4<:>x-2, b)_maxB—dr«:::-x—iz.

419, a)Patx+ 7=y, A=2y* + 12y +232 2.

minA=2-<::.~y={}:::>x=—?.

b) Pat [0,5x% + x| = y ; minBzu% & y=

b | U

s X =1;x%=-3."
C)Datx2-¥4x4¢3=y;minC:—i«:::-x:Z.

L
| 16 P
e)Ez(xzm3x)2+(x—'3)220;rﬁinE:0t>x'r:3'.

AD=x*-x+ 1% minD = = & x.=

g) Dat x? + X =Y. Tacd |
G=(y~6)y+2)=y? ~dy~12=(y -2 - 16,
minG:nlﬁéylzz; X4 =—2 ; X9 = 1.
420. ) A=|x-3|+|7T-x|2x—-3+T-x=4."

: X—-320
minA=4<< o oaEhed Lo LT
T-x20
b}min'B=2<:::-1-f;x£§;‘
' 2 s

¢) Tacod xz-—x+l>_0 nén

2—K+I+2+X—:{2I=3.

C=x2—x.~+1+|2+x—x2]2x
MnC=3&2+x-x"20 x+1)(2-x)20e -1 <x<2.

HmnD=9%e -3<x<2



421, Thayxw1~2yvé<}A:x2+2y2,dugcA=6y2~4y+1.-

T =i g =1
mmﬁugﬁ.y—y:{ 3"

422, Thay y = i Jm vao B = 2x? + 5y° duge

9B = 98x” — 280x + 245 = 2(7x — 10)* + 45 > 45.

. R =10 .. 3
mlnB—S@x—?,yu 7

(a+b)

423. Ta chiing minh dugc a® + b4 2 2 8 .

1'11'111(:-in-1-|:>4 =~é»<:‘>a:b:=

o=

424. (a+b)’=2"+b> +3abla+b)=1=(a°+b’) + 3ab. Do dé a> +b° nhod
nhit <> ab 16n nhét.

Khi d6 a® + b3 =

Talaicoa+b=1nénab 16n nhidt < a.=b:l 1

"‘é".
X ]

=X s v -1)%220);

425. |x +y|= "

minjx+y|=2x=1ox=%,khidsy==1..

426. ) A=x =2y + Y+ X0 -2k + 1 +2=(x =2+ (x = 12 +222,
minA—Z@X"y?l' d |
b)Bﬂ-{x*y) +2(X—y)+ 1+ (y—4) m(xmy—i-l) +(y 4) = 0.
mnB=0&x=3;y=4,

G)C:xzuxy+y2—2x_m2y;

2=~y +x~27+(y~-2)2-8>-8.

mnpC=-4d << x=y=2, |

d)D=x2+xy+y2-3};~3y;—~x2-2x+}'2-—2y+x3’.—x~.y;
D+3=x—-1D +(y-1DP+xy—x—y+ 1

| =(x= D2+ @y - D>+ x=-I)y- D).



Patx~1=a,y-1=bthiD+3=a>+b*+ab>0.

minD=~3<:>a=b=0¢:>x=y¥1.

Nhdn xét : Loi giai trén tuy trinh bay gon, nhung c¢6 phan thi€u tu nhién khi
xét biéu thitc D + 3. Céch gidi sau dai hon nhung dudng 16i gidi r rang hon.

D=x2+xy+y2—~3x—-3y.=x2+(y—-3)x+y2~3y

. 27 2
[XZ _l_{y._B)x_j_@jl_“yz _I3y“(}f ';3}

1!

5

( y~3)2 4y2—12ywy2+6y—9
+--§w +

s s) L3y -6y 9=(x+~3’23] +%(ym1}2~3éw3.

y’m
minD = -3 < - &
X+y23=0 {

) Giai theo nhan xét & cau d.
E =2x” +2xy + 5y° — 8% — 22y = 2(x” + yx — 4x) + 5y° — 22y

_ . sl
:2[x+(ym4)x+(f’ 4‘_“ }-:-5;.:2-223:-9’-;2“

y =1
P S

: 2 '
Ti€p tuc bién déi duge E = z(x + 2 5 4] + %(y =% -~ 26.

mnE=-26x=1vay=2

427. 2) A =3+ 2 . . Bhnsk: maoh=ik e =i
: X“ =2x+5 2
by B 32 >3 ominB =3 e x=4,
(x-47 +6 2 2 -

C)C=Xg+33{+3;miHIB:%ﬁ-KZ—%.

HDD=x'-8*+64 minD=48 <> x=+2.



428. Giai twong tu vi du 107.

a) A.ml—i+-}—.{)aty=-l-;minAz—3<::>x=i.
X x2 X .2
_ a 3 3
b)Datyhh-—i,mmB:E@x—_i—.
429. Giai tuong tu vi du 107, |
a)Daty:x+i{};A=—}~wﬂl~9~. Batl:z;maxﬁxz—l—@x:lﬂ.
Yy y* y 40
i
oL _
b) mawadrOO & x= 100,
7 2 _ il g2
430. a) A=2’?2 12}{&_(}( 12x+236} .(x -{-9):(:{2 6) 121
X +9 X“+9 - X“+9
min A = =1 & x =6,
Ao 21-12x  @4x%436) -4k’ +12x+9) _ ,  (2x+3) <4
_xz+9 | X% +9 _ x%4 Qg
maxA:ﬁf'fz:;-x:—%, |
oy B = 3513 _4xS etxrd-a® -1 dx+D?
4x% +1 APy ] 4;{_24-1 -
mnB=-1¢&x==-1.
B_16X2+4~16X2+3K—i"4(4}(24-1)“(4){“1)2_~4_(4xm1)2{4
4x% +1 - 4x% +1 .

méx Bimd ane-x = ulw
: 4

p ped
ﬂ}C:-mzi—i;min-{"J‘:—-}u@xx—h
2(x“ +2) 2 2
)2 ’
C:I-{Kz D smaers 1% S0
X%+ 2 |
2
{:i){):(}{“2 D +2 fminPE 2 &ixe]
x* +1
O x+1)? ,
D=4-— max D=4 & x =-~1,

x% + 1



431. a)mmAu% <> X =Y.
2

b) Véix =0 thi B = — = 0.
X +1

Véix #0thi x*+122x>>0nén 4"‘ < < 2::-1-.
: T +1  2x 2

Viy maxB=— < x=% 1.

1
2

'c).C-=2+(x2y2 + 212} ﬁmdugcmincﬁ4c>xy=i1.

|
. 2 |
432, a) A=2 .”3“36_“5-6-“3 Cac 86 duong X VA S0 66 tich
X X X
khong déi nén téng cla chiing nhé nhat khi va chi kh1 X = ?-’E
<
min A =25 x=6.
2 . .
b}BxK + 200x HODGU:[:{ ID{]GDJ + 200,
X X
min B = 400 <> x = 100,
'c}C=K“2+: : +-2— Apdungbﬁtdangthu E bzzmm,wo,
¢ x~Z 3 b a
tacéxgz—k 3 P minCzZ%&xu2z3¢>x:5.
K.....

1



e n . . Do x, y > 0 nén Jf—-nhénhfitf;:fxylénnhﬁt@x=y
| Xy Xy Xy
(chi yrangx +y=1); min A =4,

433. a) A =

ey Bl Pl _atty) M@ty 2 Ay b o

X y X y X y

43 2 .
:[ay+be+az+b2.
. X y

s 2

Céc 56 duong 22 va 2% 6 tich khong d8i nén tdng clia ching nhé nhat
- ; _ nho
khi va chi khi
2 2 o ' ‘
el s bx @32y2=b2x2<:>ay=hx.<:>a(l ~-xX)=bx <& X = L 5
X y - a+b

. min B = (a + b)*.

a+b

¢) Chd ¢ rang tuy ta c6 x+-}~22,y+-1-225 nhung biéu thic
: X y &

NS ' 2
C= (x + l} + [y + l} khong co gid tri nhd nhdt bing 22 +2° =8 vi
X Y

ddu bing cla hai bt ding thic trén khong déng thdi xdy ra do cé dlﬁll '

kién x +y =1,

] 1 TR TN N RN Ry

Pat x+—=a,y+—=b. Tacé6C=a" +b aa(a+b) {dé dang ching
X y o |

minh diéu nay). Can tim gié tri nho nhét cha a + b.

Tacéa+b=x+y+l+i=l+l+i. Can tim gid tri nhd nhét cla

X vy Xy
l.;.i Xem cau a. minC=E¢>a=h,X=y¢:}x=3f=~!~
X y 7

434, A=x2+y2+i.22xy+—~2-=2(xy+mlw) >2.2=4.
Xy Xy Xy

mnA=4&x=y,xy=1<x=y=1hoicx=y=-1.

vy



435. a) Ap dung a®+b’2 2ab,tacé :

1 12+ 12 2 = xyz4{chi ¢ x,y>0).
2 X ¥ Xy

I
i
AV

min (xy) =4 x=y =2,
b) Tacd: (x + y}z > 4xy = 16 (4p dung cau a).

Dox+y>0,tacomin(x+y)=4d>x=y=2.

436. 2) A=2+[%+'E)a4 .minA=4<a=bh,

- a
b)B=’3+{E+E]+[E+EJ+{E+EJ29;minB-:9¢:‘>a=b=c.
b a c a ¢c b
I minC =165 4 =b=t =4,
437, )'T4 chitag mish duoe A=—t 2 3% 215 véia, b 650

b+c c¢+a a+b
(xem vi du 92).

minA=15<b+c=a+c=a+bea=b=c.

b)Bz( a_ . b LC J+[b+c+a+c+a+b]:

b+c a+¢ a+b a b c

=A+(E+3]~|~[E+i)+(ﬁ+9)a1,5'+6=7,5.'
a b a ¢ b ¢ |

minB=75«a=b=c. : .
438. a) Tir gid thiét suy ra 1 = [(x + y) + z]>. Ap dung b4t déng thtc
(a +b)* > dab, ta 6 :

i = [(:{ + y) -t-z]zzci(x + y)z.

Nhan hai v& v6i s6 duong > dugc
. Xyz
o 4z(x + y}z g 4z 4xy - 16
Xyz = Xyz = Xyz ‘
X+y=2
min A =16 {x = X = o z“wl-
= 4 = g = 4:« B 2

X+y+z=1



b) Giai twong tu clu a, ta cb :
A=[(X+y+D)+ P 24X +y+2) =12 x+y+2)t
= X+y+z2[(x+y)+ z}z.t = 4(x + y).zt

2
— (Ix_+y+z)_(x+y) S 4(x+y) zt wrs
Xyzt xyzt

t=1.

' 1
minleﬁmxzy:", Z:i,
; 4 2

439. Ap dung bit ding thic (a + b + ¢©) [14_%4.}..]:_} 9 voi a, b,c >0
S ' a c

(bai 436b), Uong doéa = xy, b =yz, ¢ = Xz, ta dugc (xy + yz + zx}.A 2 9.
Do dé '
9 < (xy +yz+2x).A < (x* +y% + 2%).A < 3A.

mnA=3ox=y=2z | |
- 440. 1) Cdch 1. Tac6 x < 60,y 2 60 nén
(60 - x)(60 —y) <0 = 3600 - 60(x +y) +xy <0
=> 3600 ~ 6000 + xy <0
| = xy < 2400
max (xy) = 2400 <> y = 60, x = 40,
Cach2. Daty=60+tvéit=>0.Tacé:
- xy = (100 = y)y = (100 ~ 60 — )(60 + t) = (40 — 1)(60 + 1)
= 2400 ~ 20t — t* < 2400.
max (xy) = 2400 & t =0 < y = 60, x = 40.
b) Ta cé vy < 60, z > 60 nén
(60 — y)(60 ~ z) <0 = 3600 — 60(y + z) + yz <0
= yz £ 60(y + z — 60) |

(x+y+zu—6(})2

= xyz < 60x(y + z — 60) < 60. = 30.40% = 48000,




(7 = 60

=y+2-60 =60
max (xyz) = 48000 < { = @{Z

X+y+z=100 x=y=20
Hx,'yEU
x _ 1 z, 2
441, Do1<x<y<z<t<25nén — >~ ; = > — (xdy ra dang thic < x = 1,
y z t 25
y =z, t=25). |
Ta cé : A=i+521+i§
. | gt & @S
Hai s& duong & va 2—2'5 c6 tich khéng déi nén téng clia chiing nhd nhét khi
% " : _ |
s R 2
vichikhi ~=— << z2"=25z2=5z2>0).
z. 25

minA=—§-<::>x=l,y=z=5,t#25.

442, a) A = Xy + Xt +yz + zt.
- Tacd2xy < x° + y{_zm £ %%+ tz,}yz < yg + 22, 2t < 7%+t nén
A2+ Y+ 2+t =2,
max A =1 @x'=y=z=t= i%.
b)B= ky + Xt + yz + Zt,
Tacd:dxy < 2x% + 23!2, 4zt < _222 + 2t2, Axt < x° + 4t2, dyz < 3?2 -+ {1::2
nén AB<3(x° +y° + 222 +29) = 3.

maxB=-§-¢>x=}nz=t,}{m2t,ym22:v&:{2+y2+222+2t2=I

~1
K:}?m—-—-—

J3
9
"

hodc <

|_&|_‘

3
iy



443. Giai teong tu vidua 115.
a)|x -2|+4-x]22 valx-3|20.
2<x<4

minA:Z‘-@{ oy G
X =3

by lx -1l +13-xl22valx-2| +[4-x]| 22

1£x<3

- 2L x<L3.
2<xs4

'minBzél@{

444. Khong mat tinh téng qudt, gia st x 2y >z Tacd
A=X—-y+xX—-2+y—2=2X~-2z
Dox<3nén2x<6,doz=0nén-2z<0.Suyra A<6.
TacoA=6ox=3,2=0,ytuy ¥ (0 2y s 3).

Vay max A = 6 khi va chi khi trong ba s8 x, y, z c6 mot s6 bang 3, mot s6
béng 0, s6 con lai c6 gid tri tir 0 dén 3.

445. Xét hai trudng hop : |
| a) X + y <8 : Lai xét ba trudng hop :
Néuy =0 thi A= 1.

Neul<y<6thl —— <, —2— <6 =>A<T.
: X+y 8 — (X +y) '

Neuy=7thix=0vaA=7.

¥ ab

< — <1 =A<
8~ (x+y) X+ y

b)x+y>8:Tacd

So sdnh cdc gid tri trén ciaA,tacomax A=7< x. =0, y="7.

446. Ta cé:36™ tan cing biang 6, con 5" tan ciing bing 5. Néu 3,6‘""’_5 5" thi A
tin cling Bﬁng 1. Néu 36™ < 5" thi A tan cling bing 9.
Xét kha nang A =1:Tac6 36"~ 5" =1 ¢ 36" - 1 =5". Ping thic nay

khong xdy ra vi v€ trdi chia hét cho 35 nén chia hét cho 7, con v€ phai
khong chia hét cho 7.

Xétkhanang A=9:Tacé 5" — 36" =9 = 5" chia hét cho 9, vo 1i.



Xét kha nang A = 11 Xay ra duge kha nang nay, chang han v6i m = 1,
n=2thi A=|[36- 5 | =11.
Vay min A = 11.

447. S6 ty nhién A khong 1a s6 chinh phuong nén A > 1.

XétA=2,tacd?2= X + 4y nén x 12 s6 chin. Khi d6 v& phai chia hét cho
4, v& trai khong chia hét cho 4, loai. |

XétA=3,taco3 = x* + 4y nén x la s6 1é. Khi d6 v€ phai chia cho 4 du 1,
v& trdi chia cho 4 du 3, loai.

XétA=5taco5=x +4y. Khidéx=y=1.

Vay GTNN ciia A 11 5.

448. Ta c6 a 16n nhat < b 16n nhat < ¢ 16n nhdt < d 16n nhdt. Do a, b, ¢, d 1a
cdc s6 nguyén nén |

d<100=d<99;
c<4.99 =396 =>c<395;
b<3395=1185=b< 1184 ;
a<2.1184 =2368 = a <2367. -
Vay max a = 2367 <> b = 1184, ¢ = 395, d = 99,
449, a) Dé thdy n€u s0 nguyén a khong chia hét cho 3 thi a® chia ;‘,hc- 3 du 1.
Do A 12 6 tu nhién nén x* +y”* ¢ 15, do dé

x4yt | (1)
Ta s& chimg minh x : 3. | |
Gia st x khong chia hét cho 3. Thé thi x” khong chia hét cho 3, v khong chia -
h&t cho 3,y khong chia hét cho 3. Do x va y khong chia hét cho 3 nén x* va
y4 chiacho 3 du 1, ﬁuy rax” + y4 chia cho 3 du 2, trdi v6i (1). Vay x: 3.
C.hﬁng minh twong tu ta duge y : 3.

~ b) Dé thdy néu a khong chia hét cho 5 thi a” chia cho 5 du I Ban doc tu
~ chitng minh ti€p.



c) Tu cau a va cau b suy ra X m y Chla hét che 15. Do x, y nguyén duong
nénx z 15,y = 15, do d6 x* +y > 15% + 15", Suy ra

4
A:x +y 315 k15 ~ 6750,
15 15
min A = 6750 < x =y = 15. |

450 Goid= UCLN(K y)thix =da,y= db, (a, b} = 1.

(da + db)* d4(a+b) | d(a+b)
(da &2 2

Ta co A=

Do (a, b)=1nén(a,a+h}=_E,dodé{aB,{a+b)4):l,suyrad533.Giésff
d=ca’ véi ¢ nguyén duong. Khi d6 Ax¢(a+h}4 véi a, b, ¢ nguyén dﬁﬂfﬂg.
DnAiasélenéncvﬁa-ﬁ-blasﬁie BéAnhonhﬁttachonc*] a+b=3,
khi d6 A = 1.3% = 81.

Déa-:—b:SthlhoacaﬁE,.b:i(khidﬁdzg,x:i6,y=8)hu@ca=1,
b=2(khidéd=1,x=1y=2).

VayminA=81<::>x'=16,y=8hﬁ“@cx=l,y:2.
451. 49 s6 hang ddu cta ddy (1) c6 dang 20 + n’ (n=1, 2,.., 49). G{;}i d lasé
bt ki ciia ddy (2), d = UCLN (20 + 0%, 20 + (n.+ 1)), |
Tacé (20+n°+2n+1)—(20+n2) id =2n+1:d
| :?2(20+n2]—n(2n+ 1) :d :>4U—n-5'd
=2(40-n)+(2n+1):d =81 id
Dodéd<81l.Véid=8ltac640-ni8t.Done {1;2;3;..;49) nén
n = 40. |
Vay s6 16n nhat trong dy (2) 12 81, d6 1a UCLN (20 + 402,20 + 41%).

452. a) Dé n 16n nhat khi viét 2005 duéi dang téng cta n hop s0, ta phai chon
c4c hop s6 nhd nhét. Trong n hop s6 d6, phai tén tai mot hop s6 1€. Do hop
$6 nho nhat 1a 4 va hop s6 1€ nho nhét1a 9 nén :

200529 +4(n - 1).
Giai bat phuong trinh trén, ta duge n < 500,



GTLN ctia n 12 500 khi 2005 duge viét dudi dang :

2005=9+4+4+.. +4
499 56

b) Giai twong tu nhu cau a, ta duge n < 50{]%. ‘Do n 12 s6 ty nhién nén

n £ 500,
Ta tim duge GTLN ctia n 12 499 khi 2007 dwge viét dudi dang :

2001 =154+4+4+..+4.
498 58

453. Goi cap hai s6 c6 ba chit s& lap dugce 1a max, E D¢ tich ctia hai s6 nho
nhit, cdc chit s6 m, n phai bang 1 va 2. Khong mit tinh téng quét, gia st

m=1,n=2,tacdtich lax.2bv

P& tich trén nhd nhat, ta phéi c6 a, b € {3 ; 4}. D& dang chitng minh duoc -
13x . 24y < 14x . 23y. |

Xét tich 13x. 24y trong d6 x, y & |5, 6}. So sanh 135 . 246 véi 136 . 245,
ta duoc 135. 246 < 136 . 245. Vay 135 . 246 2 tich c6 gid tri nhé nhat.

454. Goi s6 chinh phuong phéi fim 1a n°, ta c6 n® = 100A + b (A 12 6 tram,
I <b<99). Theo de bai, 100A 1a s6 chinh phuong nén A Ia s6 chinh phuong.

Pat A = a° (a € N). Cin tim gié tri 16n nhdt ciia a.

Tacod: nz:‘»lﬂl}az::n:nlﬂa:n:zf(}a+1:>' |

n’ 2 (10a + 1)* = 100a” + b > 100a° + 20a + 1 = b > 20a + 1.
Dob<£99nén20a+1<99— 2ac<4.
Ta ¢6 : n° = 100a + b < 1600 + 99 = 1699, Kiém tra : 42 = 1764,
41% = 1681. S6 chinh phuong 16n nhat phai tim 12 1681 = 417



PHAN HINH HOC |

Chuong I - TAM GIAC PONG DANG

§13. Binh li Ta-lét

171. (h.62) K& AK // BC, cét EF & I. L4n luot tinh dugc EI = 30cm, EF = 58cm.
| M o N

D K Cc D C
Hinh62 =~ Y63
172. (h.63) Chitng minh ring oM = ON. Hiy diung cdc ti s§ trung gian :
AB AB -
co Do
CB’ DA

3, fhbd) Tk me BB BB
a DA b AD

"OE OE DE+AE
n — + =

né - - = 1. Do do

a b AD
OE(}-+-1—— =1-hay.m—l~=.—i~+—l-_. Hinh 64

a b OE a b |
Tuong tu _ zi+l.

OG a b |
174. (h.65) | - A B
g DL DM O8O e MH KN ” \
AB DA CA AB V\H K\

b) Goi I 1 giao diém cta AH vaCD. S C

Hay chitng minh MH = HK <> DI = IC,  Hink 65



Tlr d6 suy ra cdch dung : Goi I 1a trung di€ém clia CD, H 1a g:ao diém cha
Al va BD. Qua H dung d /{ CD.

175. Goi M la trung diém ciia BC, AH L BC. Xét
hai trudong hop :
a) B < 90° (h.66a)

CN CM CN 21
CA CH 45 27
A A

\N

= CN = 35cm.

D e P ——

1
|
!
1

1. 11
B H M 3 H BMC
a)
Hinh 66
b) B> 90° (h.66b)

Ll CM:}};EHE = CN = 10¢cm.
CA CH 45 27 '

176. (h 67) Goi E, F 1a glao diém cha AG, AK
v&i BD. Ta cé :

DE_DG _DG _1
EB AB DC 3

nén DE= -l—EB = lDB = 4cm.
3 4

Tuong tu, BF = %BD = 6cm. Vay EF = 6cm, Hinh 67.
177. (h.68) a) Ké DE // AB, AADE déu. Dit
AD = DE = EA = x. Ta ¢6 o X :
DE_CE x 6-x /di>\
e o e i X
AB CA 3 6 — S~

Tudé x =2. Ddp 56 : AD = 2cm. Hinh 68



b) K& DE // AB. Dat DE = EA = x. Ta 6
DE_CE_ x _AC-x_ X
AB CA ~AB AC AC
X X 1 1 {
(D

] e 7T —

=> + o :
AB AC AB AC x

Theo dé bai 1 + LI . Suy ra AD = x, AADE déﬁ'; BAC = 120°.
i AB AC AD : :

KE CE BD BA
D CG CG CA

178. (h.69) Ké DG // BC. Tacd .

Hinh 69  Hinh 70

179. (h.70) Ké BG //DE. Tacs 12 - EG _EG EA._DBEA 12 1
FC EC EA EC DA _EZC 25 5
180. (h.71) Ké DG // BK. Chd ¥ ring | A
AK AK KG > el
KC KG KC G
_ _ AK 1
Baps:é.KcﬁE. 2 o .
, ) Hinh 71
181. (h.72) Ké MG //IE. Tacd :
BK BA A
XL~ AC (1)
AC
DE_MG_MG _BA
AE AG 'GC AC
BK - DE
Tir (1 a (2 v EZ s a Kl = AE
(1) va (2) suy ra X AL ma nén

BK = DE.



182. (h.73) K& EI // DA, ldy X la trung diém cta CF. |
bat OD = 2a, OF = 3a. Ta tinh duge Ol = 0,52 ; IF = 2,52 ; EK = 2,5a. Tur
do EIFK la hinh binh hanh nén FK // IE // AD. Suy ra BC // AD.
Ta lai ¢6 BC = AD (ciing bang 4EI), vay ABCD 14 hinh binh hanh.

| Hinh 73 Hinh 74
183. (h.74). Goi M, N 12 trung diém ctia AB, CD. V& AE, BF // DC Ta ch

IA _AE _BF KB
ID DN NC KC'

184. a) (h.75) o | A
AH AK _CM BM _ BC 4
AB T AC  CB HETelL BC H K
b) Né’u M thudc tia d6i cta tia CB thi e =
| C AB £ o %
Néu M thudc tia d6i cha tia BC thi _AH - AK = 1. Hinh 75
| B AC
185. (h.76) a) V& BI, CK // B'C". Ta ¢6 :
AB  AC _ Al L AK AL+ AK
AB' AC' A0 AO AQ
_(AM-MD)+ (AM + MK) 2AM 1
AO A0
A B’ B
M .
D!
'S,
D C

Hinh 76 Hinh 77



b) Chi cdn O 12 mot diém 6 dinh thuoc doan thing AM, khong ddi hdi O
la trung diém cta AM. Gid tri khong déi cua- t(‘;ng’ bang 2AM : AO.

C6 thé dién dat bai todn nay duéi dang Cho hinh hmh hanh ABCD diém
C' ndm trén duﬁmg chéo AC (AC' < EAC} Qua C' v& dudng thing d cit

cdc canh AB, AD & B, D' Chfmg minh rang AB B . B (h.77)
. ' AB' AD' AC

186. (h?S)KeCKﬁAD Ta 6~Bﬁ:—]§£}-=2. Ta lai ¢é
- AK - DC

BA = AC = 2AM nén AK = AM.
ACAK = ABAM (c.g.c) nén Ci = Bj.

Suy ra. ]§1 + El = 61 + §_= 90°. Vay AD L BM,
B

A e N
)}’
J

Hinh 78 Hinh 79

187. (h.79) K& DH // AC, EK // AB. P4t DH = x, EK =y thi AC = 3x,
AK =2x, AB=3y, AH = 2y

Xét AAHD vuéng tai H : x° + 4y° = 100.

Xét AAEK vuong tai K : 4x% + y* = 225,

Suy ra 5(}(2 + yzj = 325. Tt d6 xi — y?' = 65.

Chi ¥ ring BH = v, ta tinh duoc BD = v/65 , nén BC = 365 cm.
188. (h.80)

a)Dit AB=c, AC=b.Tacé:

| | AH AC b

P | A
HB BD ¢ M




AK AB ¢

= — = — 2
KC CF b @
Tu (1), (2)suyra
AH  AH b
¢ AH+HB b+c
A.K = L A ; Hinh 80
b AK+KC b+¢ '
Sy B Wi e o R =
b+c b+c :
b) T (1), (2) suy ra A = =t ma AH = AK nén AH2 = BH.CK.
HB . AK-

189. (h.81) Goi E, F I giao diém cha AM, AN véi BD ; goi G, H 1a giao diém
cua MN vdai AD, AB. Chitng minh GM = MN = NH.

A 6 B H

N
= M

| D cC 23 F G
- Hinh 81 Hinh 82
190. (h.82) Goi H 12 giao diém cha CM vi AB, G 1 giao diém ctia AM va DF.

Ta tinh duge CG = 12, FG = 9, BH - F né BH _3

n == =2 BH=2 BH=BE,
| FG 6 9
ABAE = ABCH. Daép s6: AMC = 90°.

191. (h.83) Goi K la giao diém Cfl&l AC va FI, M la
giao diém clia AB va EH. Ta c6

FI  MH

K F 1"

Hinh 83

= ] 1

FK ME -

Dl 2  H

FK FE \/
BD FD A BD-ME _FD-FE B
ME FE ME  FE |



o MH _DE (3)
ME FE '

Fl DC
T (1), (2), (3 — = —— nén FI = DC.
(1), (2), (3)suyra —: PKHH

192. (h.84) Qua N k& EF // BC thi

NE = NF. (1)
Ké EG // HK thi |
o GK = KF. (2)
Dé chiing minh AH = AK, AE = AG nén
EH = GK. 3) |
Tit (2) va 3)suyra Hinhs

| EH = KF, AIHE = AIKF (c.g.c), IE = IF.
AIEF can tai I, IN ]a duong trung tuyén nén IN L EF. Do d6 IN L BC.

193. (h.85) Qua C ké dudng thing song song vdi PQ, cit AB & N, cit AH & K.
Do HP = HQ nén KN = KC. Tir d6, KM la dudng trung binh ciia ACBN,
KM // NB nén KM L CH: B '

M la tryc tdm ctia ACHK nén HM L NC. Suy ra HM L PQ.

A B
K
M N
E D C H
Hinh 85 Hinh 86

194, (h.86) Goi I 1a giao diém clia MN va AC, H 12 giao diém clia KN va DC.

Do MI = IN nén EC = CH. ANEH cén tai N. T d6 chiing minh dugec NM
“1a tia phan gidc cha géc KNE,



195. (h.87) Ta c6 MN = BC => ADMN Ia hinh binh hanh = AN // DM. Ta c6
AE EN EB

e e ey, AR R
EF ED EA

Hinh 87 Hinh 88
196. (h.88)
EK EB AE ‘
a) = AE’ = EK EG.
AE ED EG
b) Diéu phai chitng minh twong ducrng vl &__E" + ﬁ-E— =1
AK AG

(AE_DE AE_BE _ AE AE_DE BE BD _

Tach —— = , = n
AK DB’ AG BD AK  AG BD BD BD
¢) Ta c6 L (1)
KC CG
KC CG
=== 2)
b DG |

Nhan timg v& (1) va (2).ta dugc EES " 55 — BK.DG = a.b (hiing 6, a va

b 12 d¢ dai hai canh AB, AD).
197. (h.89) Ta cé :

MH MK BM MC BC
CD BE BC BC BC

Ta lai ¢6 CD = BE (vi AACD = ACBE), suy ra

- MH MK
CD CD

=1 = MH + MK = CD.




-198. (h.90) Goi ba dudng trung tuyén ciia AABC 12 AD, BE, CF. Vé D', E, F
12 hinh chiéu ctia M trén BC, CA AB. Tacd :

AM  B'M cwl _MD' ME' MF
AG BG CG GD GE & GF

bit GD = GE GE= = (h 12 chiéu cao cua AABC) thi tong trén bang

Hinh 90 : Hinh 91
199, (h.91) VEEH .L AB. Tacé:
HE BE AD
AC BC AB
Tir gia thi€t suy ra AD = CF, ma AD = EH = BH nén AH = AF.
AAHE = AFAD (c.g.c) = AE = DF.
DE dang chdng minh dugc AE L DF.

, ma AC = AB nén HE = AD.

200. (h.92) Dat Sypy = X.
_MF_MD _DF_3 3

— nén S = —X D’
°MA ME AE 2 NUBME=3S “ RS
3 3 9 A E B
S ==X, S =—3 = —X.
AMD = % SpME =7 SAMD = 4
Tu dé SAEFD == gf"}{ : (2)
6 D F 0

Tir (1) va (2) suy ra Seppp = —8S .
( £ BVE T s ARED Hinh 92



Tuong tu, Spnp = E‘SBEFC

23

6
, Suy ra SgppMpN = E'SABCD = ‘5;;5«

SAPQ _ SAPQ Sapn _ AQ AP

SAMN SapN Samn AN AM
Ta cén tmh cdc ti sﬁ’ ﬁ_@, f-‘-ri-
AN’ AM

AQ AB _

.

201. (h.93) Trudc hét ta cé

a) Taco

Vay SAPQ = ESAMN-

Hinh 93

b}Taco-c—N——-Z -]—33% Batl%im—k thi -@—=2k.

ND MC’ MC ND |
bat MC = x thi BM = kx. Piat ND = y thi CN = 2ky.

) AP  AD x+kx k+1 AP k+1

Tacod e = == e =

PM BM Ex k AP+PM 2k +1

AP k + 1

= = . (1)
AM 2k +1 : -

AQ _AB _y+2ky 2k+1
QN DN y 1
L _AQ 2%+l _ AQ_2k+]
AQ+QN 2k+2 AN 2k +2
AQ k+1 2k+1 1

T (1) va (2) suy ra AP.. = . = —,
' B AM AN  2k+1 2k+2 2

" Mat khéc,

(2)

s I . :
Vay Sapq = ESAMN-



202. (h.94) Vé MK // OA, tac6

OK _ AM _ Smok _ Smoa
‘OB AB Smop  SaoB

SMOK _ Sll - S; +3 _ 1
S §1+$ SS9 Smok
1 1 1

o : =
S Sy Swmok

e

- - o | = A X
(khong doi). Hinh 94

Chii y : Néu v& thém AA' L OM, BB’ .L OM thi tu 1 + — khong déi, ta

S 59
, | 1 5 1 1 " e
€0 5 - + T — khong doi, suy ra % e khong doi. Ta
— OM.AA' —.OMDBB' o
2 2
lai c6 MA = AA’, MB 2 BB' nén
L . 12 hing s6.

$—— ¥
MA MB AA' BB
Tir d6 ta c6 bai todn : Cho géc xOy va mot diém M ndm trong géc dy. Qua
M hay dung mot dudng thang cit hai canh cha géc 6 A va B sao cho
| .
‘MA _ | _
Pudng thing phai dung 1a dudng vudng gbc véi OM tai M.
203. (h.95) Du do4n diém ¢6 dinh : Néu 1dy A’ thudc
Oy, B' thugc Ox sao cho OA' = OA, OB = OB thi
1 + L ~I~ Diém c6 dinh néu c6 phii I
OA' OB' k : .
giao diém ctia AB va A'B'. Goi giao diém dé 1a C,
r rang C phai thugc tia phan gidc cta gée xOy.

+ l 16n nhat.
MB

Chitng minh. V& tia phan gidc ctia géc xOy, cit
AB & C. VE CD // Ox thi OD = DC = a. Ta ¢6 _
-DC BD = a OB ~a a a 1 | ]
oS = = e e = | = —— e = —, Mt
OA BO OA OB OA OB OA OB a .
khic, theo gia thigt —— + —— = . Vay DC =k, C 12 diém c6 dinh.

OA OB k : . o




204. (h.96) K& AA', CC', EE', FF' vudng gbc véi
BD. Goi O la giao diém clia-AC va BD. Ta ¢é

LAA:

EM EE' 3 _AA" OA 1)
MF FF" lCC’ cc' . ocC -
Tuong tu | _
- FN OB *
== )
NE OD
Tu (1) va (2), do i = 2L nén
OC OD
'EM _ FN EM . FN EM _FN -

- — ety — EM = FN.
MF  NE EM + MF . FN + NE F F :

Cdch gidi khdc : Xem bai 216.
205. (.97) a) Xem céu b.

b) Goi a, b, ¢ theo thit tu la khoang céch tir A, B, C dén dudng thing
A'B'C', Ta ¢6 : -

o8

BI

a
WAL 1
B'C ¢ (1
CA' ¢
el 4 9
AB b (2)
BC' b '
. = ()
C'A a
Nhan (1), (2), (3) ta dugc di¢u phai chitng minh. | Hinh 97

Chiy: .

l. Trong ba diém A', B', C' thiing hang c6 hai trudng hop : hodc ¢é ding
mét diém, hodc ca ba diém nim ngoai AABC. Khong c6 trudng hop khong
c6 diém na2o hodc c6 ding hai diém nim ngodi tam gidc. That vay, néu
AABC ndm vé mot phfa clia dudng thing d thi d khong cdt bat cit canh nao
clia tam gi4c : ca ba diém A", B', C' déu nim ngoai tam gidc ; néu AABC
nam vé hai phia clia d thi trong ba diém A, B, C c6 hai diém thudc cing
mot nlta mat phing bd d, diém con lai thuoc nira mat phing ddi, dudng
thang d chi cit hai canh clia tam gidc va khong cét canh thit ba : chi c6 mot
trong ba di€ém A', B, C' ndm ngoai tam gidc.



2. Do lai ta ¢6 : Néu cdc diém A’, B', C theo thit tu thudc cac dudng thing BC,
CA, AB sao cho trong ba diém A', B, C ¢6 ding mot diém hoic ca ba diém

AB' CA' BC' 3 ; 3 ,‘
A i = ] thi ba diém A', B, C' thang hang.
B'C A'B C'A ‘
That vay, gid sit A' 1a diém nim ngoai AABC. Khi dé B, C' hoac déu nim
trén canh tam gidc, hodc déu nim ngoai tam gidc, do d6 dudng thang B'C’
cat BC tai moOt di€ém A; ndm ngoai tam giac. Ta s€ ching ‘minh ring A4
' m]ng_ A': Do Ay, B, C' thang hang nén theo dinh I{ thuan :
AB' CA; BC' _

nam ngoai AABC va

. . =1, 1
B'C AB CA (D
Mat khéc, theo gia thiét :
AB' CA' BC' o
B'C A'B CA
CA; CA'

Tu (1), (2) suy ra = A; va A' chia ngo‘ai- CB theo cing mét

| AB A'B
ti s6 => A tring A'". Do d6 A', B', C' thing hang.
- 206. a) Qua A v& duong thang song song véi BC, cit BB, CC' & N, M (h.98).

TachH:
AB' AN
B'C . CB’
BC' BC
C'A AM’
CA' MA
= ; Hinh 98
A'B° AN

Nhéan cdc ddng thiic trén theo timg v€, ta duoc
diéu phai chitng minh.

b) Chiing minh tuong tu cau a (h.99).

Chut y : Cac hé thic viét & dinh If Mé-né-la-uyt va
dinh Ii Xé-va nhu nhau. Ché khéac nhau 1a vi tri
cha cdc diém A', B, C':

— ( dinh If Mé-né-la-uyt : c6 ding mot diém,
hoi#ic cé ba diém ndm ngoai tam gidc.

— ( dinh 1i Xé-va : khong ¢6 diém nao, hoic ¢é
dung hai diém nim ngoai tam gi4c. ’ Hinh 99




207. (h.100) Goi E, F, R, S theo thg tu 13 trung
diém cua dudng cao AH, canh BC, MQ, NP.
Goi O 1a trung diém clia RS. Dung bé dé hinh
thang ching minh B, R, E théng hang, C, S, E
thing hang, E, O, F thang hing. Piém O
chuyén dong trén doan thing EF, tri E va F.

§14. Dinh li Ta-lét d3o " Hinh 100
208. (h.101)
MI ID DM MC MK

N f ke - s — IK // AB (dinh If Ta-1ét d40)
IA IB AB AB B |
B KK | Al
b = cing bang ———
) DM - mc (cung bang o)

ma DM = MC nén EI = IK. Tuong tu IK = KF."

A B
NN
+ T M G .
Hinh 101 ' Hinh 102
209. (h.102) Goi M 12 giao diém cia ABva KC, N 1a giao diém chia AE va BK.
.. AN MK KA . '
Ta cd = - (do AE // MC) = ~— (do AM // CD). Do d6 KN // DE.
NE KC KD ST
210. (h.103)
NK //IC =» £ = AK (1)
. Al  AC -
IM // BK = AL BN (2)
AB = AK
AN AM
Nhan tirme v€ (1) va (2) duoc = suy ra
g v€ (1) va (2) duc AR ac W

MN // BC. _ Hinh 103



211. (h.104) Goi O 12 giao diém clia AC va BD.
OE _O0A

a)AE//BC= 1
) " o it (D)
B AD = S e 28 2)
. OD OA |
Nhan titng vé& (1) va (2) duogc
ob = E{Q suy ra EG /{ DC. - Hinh 104
OD OC’ |
AB DC

b Ta s& chiin mnhran —— = —  That viy, do EG // AB, BG;‘;‘AD
) g mi gEG AR vay, /

AB I/ CD nén AB OA 5 0 DC, suy ra AB* = EG.DC.
" EG 0G OB AB
212 (h.105) Goi M 1a trung diém cia CF N Ia trung diém cha DG Ching

minh rang QEMG AFNH.

8
/D
M
5 N/ .
. ]
VR
HN\ N
D S | -
Hinh 105 Hinh 106
213. (h.106) Goi H 12 giao diém ctia AD, BE, CF.,
Tacé - Sy B0 B = IK-// FE (1)
IF DC KE | |
. Tuong tu ' MN // FE (2)
Ta lai 6 s = BE ST R 3)
| FA  HA EA - -
Tir (1), (2), (3) suy ra I, K, M, N thing hang.
El FK
214. (h.107) Goi N la trung di€m ciia AM. Hﬁy chung mmh rang - XD

(diing ti sO trung gian AN)
ND "~



Nhan xét : C6 thé thay diéu kién "I, K 1a trung
diém cha MB, MC" bdi diéu kién téng quét hon
"I, K chia trong MB, MC theo cling mdt ti s6".
215. (h.108) K{ hiéu nhu hinh v&, ta c6
| HI HN EO |

HG HM EC 3

GK 1 :
- Tuong tt — = —, suy ra HI = IK = KG. Hinh 107
. HG 3 | _ :
_b) Trudce hé_'t chitng minh Ll = ;}; (cting .bi‘mg %) dé suy ra NP // HG '

Do ONMP 14 hinh binh hanh nén MO di qua trung di€ém cta NP, tir d6 MO
di qua trung diém ctia HG. - | | ¢

" Hinh 108 Hinh JéQ
DH DM BN '
HC MA NC |

b} Gc}i G la giao diém cia HM va BD, Q 1a giao diém ctia HN va AC. Ta cé
MG _ AO _BO _ NQ |

GH OC 0D QH

Goi K 12 giao diém clia HO va GQ.

Do OGHQ 12 hinh binh hanh nén GK = KQ. Tir dé6
ching minh dugc IE = IF, IM = IN, ME = NF.

217. (h.110) Goi G la trong tam cia AABC.

216. (h.109) a)

= HN // BD.

= GQ-// MN.

Goi MN, BF I cdc dudng trung tuyén ciia AABM.
Ta c6 GO L BC ma BC // MN nén GO 1 MN, B
tie 13 Hinh 110




GO L ME. s ! (1)
‘Tac6 MO L AC, ma EG // AC nén |
| MO LEG. = 2)
Tix (l) va {2) suy ra O 1a truc tam cha AMEG, nén EO 1. GM, tidc 12 EO L BM.
218. (h.111) -

a) Hidy ching minh NE // BD, NE = %BD,

KG // BD, KG = %BD, suy ra NE // KG,

NE = %KG. T d6 NP = %NG. Tuong ty

Hinh 111

GQ = %NG. Do d6 NP = PQ = QG.

Chitng minh tuong tu doi v&i cdc doan théang con lai.
b) Tru6c hét ching minh rang Sgpk :"‘?;‘SABCD* tuong tu
SPQRS :%SEFIK, suy ra diéu phé.] Cl’lffﬂg minh.

§15. Tinh chit dudng phan giac clia tam gic
219. (h 112) A?: EE 2 nén AB = 3y, BC = 5y. Ap dung dinh lf Py-ta-go

ta tinh dugc y = 2, tir d0 AB = 6¢cm, BC = 10cm.

A
%
B | 8"
Hinh 112 | Hinh 113
220. (h.113). B _ 58 o BV BB BN _ON, - MN //BC.

DC AC CN AC AB AC



221. (h.114) K& DE // BK. Ta c6 2% - AR KE
KC KE KC

Tinh -1?1-5 duoc ~2~ tinh —@ duoc E
KE )

Ddp 6 : o i |
KC 5

222 (h.115).

: . DA EA
a) Ching minh ran = : . :
S ® DB~ EC | A

b) _DE - AD e L . bit DE = x thi m.E
BC AB AM D _
M e, 5 M c

X 2 oy n 2am
.m a+2m S | Hinh 115
, PR | am e i , ' .
~c)Tacod MI = EDE = g Céc diém I chuyén dong trén dudng tron tam
a+2m '

M bén kinh

(trir giao diém ctia nd véi BO).
a+2m '

d) DE la duong trung bmh clia ,ﬁ.ABC < AD=DB & MA = MB & &ABC
vudng tai A,

223. (h.116) V& duong phan giéc clia
gbc ngoai tai A, cat BC G E. Ta ¢6
EB_AB DB 2 |
EC AC DC 4 2
Suy ra EB = BC = 6¢cm, ED = 8cm.

KD = %9 s 4em.

Hinh 116
A
Cdch gidi khdc : Xem bai 236. '
224. (h.117) ‘

a) Giai tuong tu vi du 36.

b) Ta tinh dr}-:;rc DM = lcm nén IG = %cm,

Hinh 117



225. (h.118). Pait AB=a, AD=b.
Tacéwmkﬂ N = b
MB a DM+MB b+a
DM - b DM 2b
= = = = .
2DO b+a DO b+a

Tm::rng fu CN = 2b . Hinh 118
B b+ a :
DM CN |
Suy ra —— = , viy MN // CD.
7 DO CO Y 4

226. (h.119)PatBC=a, AC=b, AB=c.

. A ‘
Ta tinh duoc -
CE = ab BO“'*H-E-C BO - a+c F
a+c OE b 'BE a+b+c 0
' £

CO a+b

/ B
Tuong tv CF = AT . ' Hinh 119

(a+c)a+ E) = 1 Tu dd ta ching minh duoc
{(a+b+c) '

Tix gia thi€t suy ra

a% = b? + ¢ nén AABC vudng tai A.

. EA BD AB

227. (h.120). VE DE // AB. Ta c6
. EC DC AC’
tinh dugc EA = 10cm.
Trong AAED cén tai E, vé dudng cao EH Lin luot

tinh dlI(}C AH = 6cm, EH = 8cm, S*\DE = 48:::1’11

Sapc = 168cm?; Sppc = 235,20m’ 5 —
28. (h121)
2) Theo vi du 36 ta ¢6 CD = ~2 BE = —
: Coa+c q + b\
ma b > ¢ nén
AD B o B ee meDSBE

a+¢ a+c¢c a-+b ; Hinh 121



b) Ta ¢c6 CD > BE, BE = DK = CD > DK => K; > Cs. qy
Talaicéb&c@ﬁzbazmﬁﬁzzfig nén' | |

K, }Cz - (2)
Tur (1), (2) suy ra Kl + K2>C3 +C2 — EKC > ECK ::‘»CE::EK

c)CE>EK,EK=BD=CE>BD..

Nhdn xét : Tl bai todn trén suy ra :

1. Trong tam giac c6 hai canh khong bang nhau, dudng phan gaéc ting vdi
‘canh 1én hon thi nho hon.

-2. Né€u mot tam gidc ¢é hai dudng phan gidc biang nhau thi tam giac 4o la
tam gidc céan,

§16. Cac trudng hop déng dang ctia tam giac

229. (h.122) AABD va ABDC déng dang (c.c.c). T¢ 4 g
gidc ABCD 1a hinh thang,

230. a) Hai tam gidc dong dang (c.c.c). 8/ Ao =
b) Khong'thé khing dinh nhu vay. Hai tam gidc
O céu a c6 hai cap canh bang nhau vi ba cip géc b 23 £
bang nhau (vi hai tam gidc ddng dang) nhung Hink 122

khong phai 14 hai tam gidc bing nhau.
ah, bhy ch, ah, hy h,

231. Tac6 ah, = bhy, = ch, = = oy = we
: be be bc be - ¢ b
Dnbt::aznén' by = hy = hc.
a C b

232. (h.123) AABD va ACBA déng dang (cga) nén @ i -ﬁi:

1
CA CB 8 2
Suy ra AD = %CA = 3¢cm.

A
12 18
B D 12 C
_ _ - — 27
Hinh 123 Hinh 124

233. (h.124) ADCA va AACB déng dang (c.g.c). Ddp s6 - AD = 8cm.



234. (h.125) Trén tia d6i cha tia AB 18y diém E sao cho AE = AC = Scm. Hay
chiing minh AABC va ACBE déng dang (c.g.c) dé suy ra ACB = E. Tir d6
BAC = ACE +E =2E = 2ACB. -

Hinh 125 ; Hinh 126
235. (h.126)

a) BM . DN = 32. |
b) AMBD va ABDN déng dain (c.8.c) = Mi=B.
ABMD v AKBD c6 hai cip géc bang nhau = BKD MBD = 120°.
236. (h.127)°
a) Ta c6 Dl—A2+A3 va Di=A1+C ma A=Az nen A3 =0C.
AKAB va AKCA déng dang (g.8)

_b) Tir i::;ﬁuasuy ra BB AB,
. KA AC
:  AB DB 2 1
ma P i B i e
AC DC- 4 2
nén-KB'zl KA.
2

Do do KB = %KD Tu 60 tinh duoc KD - 4cm.

Cach khéac gLﬁl cdu b : Xem bai 22’5
237. (h.128)

a) AABC va ADEC déng dang (g.g).

b) Sir dung cau a va tinh chédt duong phan gidc
dé chiing minh L Vi Lung bing _‘iﬁ .
DC  DC AC  Hinh 128




238. (h.129) a) Ta c6 B= Az = Aj, AABD va AEBA déng dang (g.g).
b)Tucéuasuyra—BzBD = e ma#b.’[trdésuyra a® =b% + .
EB - BA  a+b ¢ |

Chu y : Bai todn trén cho ta mot cdch ching minh dinh If Py-ta-go. . |

A LA

1/3\32 ;
; B |

"B a~-b D b © b E

B = B

Hinh 129 | . Hinh 130
239. Liy E trén AC sao cho ADE =B (. 130),
AADE va AABD dong dang (g. g)

= AD nb = AD? = AB.AE‘, < AB.AC
AB AD
(chd ¥ ring AE < ACvi ADE = B < ADC).
240. (h.131) |

~a) Trén tia d6i cha tia BA ldy BD BC,
AACD va AABC dong dang (g.g2) -

AC AD
oy = -
AB = AC |
-5 A = G, . = " Hinh 131
b) Theo céu a, ta ch | _
AC = AB.AD = AB(AB+BC):>b -~C(c~+—a)—c + ac. (1)
Tagob}cnénchlcéhal khénanglab_c+ Lhodacb=c+2.

— AC2 =AB.AD = 4.9

Néub=c+1thitr(l)suyrac+1)P’=c?+ac=2c+1=ac=cla—2)=1,
loai, vic =1, a= 3, b= 2 khong la cdc canh ctia mot tam gidc. | -
Néub=c+2thiti(1)suyra(c+2)° =c” +ac=>dc+4=ac=cla—-4) =4
Xétc=1,2,4;chicdc=4,a=5,b=06thod min bai todn.

241. (h.132) Trudc hét tinh CD theo tinh chat dudng phan gidc : CD = 4cm.
Cdch 1. Tinh BD = 6cm theo cédch g'iﬁi & bai 240.



Cdch 2. V& duong phan gidc CE cta ACBD. Pit,
DE=x,EB=y,tac6 CE =y,

ACED va ABCD déng dang (g.g) =
ED EC CD X ¥

_EC_CD _ 4
CD BC BD 4 5 BD ,
+y h},BD o . Hnh 132
9 :
4

Ty — = 13_};)_ ta duge BD = 6 (cm).
BD 0

cdc ti s8 ftrén

cling béng

Céch 3. Tinh BD theo cong thic tong quét duge néu & vi dy 37 :
BD? = AB.BC - AD.DC.
242, (h.133) a) .&ADE can (c6 dudng cao cling 1a dudng
phén gzac} —- D=E. Ki hléu a, B, v nhu hinh v&,
T gidc DBCE ¢6
2004 2B +2y =360° = o+ B +y = 180°.
Ta lai co CKE+ oty = 180“ (xét ACKE) nén

CKE = B.

Vay ADBK va AEKC d6ng dang (g.g).
b) Suy ra tir cau a. 3 Hinh 133

243. (h.134) Ta ¢6 M+ B+ D1 =180°, M;+ DME + M =180° ma
| ﬁmmnénﬁimﬁz._ o |
- ABDM va ACME déng dang _{g.g}.'

| B D M - C
Hinh 134 Hinh 135
DE‘ DF BD DC - BC

244, (h.135) a) - = 2. Vay DE + DF = 2AM.
'AM T AM_ BM | MC BM

' o . FK KE : KA
b} Ching minh ran — cung bang ——).
~b) g_ g R (cung bang MC)



245, V& &A_IZ}E bang AA'B'C’ nhu hinh 136. K¢ EF // BC.
| EF//BC= L Y
AB AC ¢ b
=5 bb' =c.AF. (D
AABC va A EDF déng dang (g.8)

BCAB g « €

DF ED AF+{: '_ a' - Hinh 136
ﬂaachF+cc (2) |
THU}\% (2) suy ra aa' = bb' +cc
246. (h.137)a) Tacd -

Bhom A T
Mi =90° - C1 = LA, ""ﬁ"'.
_ 2 2
suy ra f1 = % = EBH»}T Do ﬁ;ﬁ AAIM va AABI déng Hinh 137
dang (22). | |

b) Tir cau a suy ra i = Al nén AI* = AM.AB.
AL AB "

5 |

o

Tuong ty BI* = BN.AB. Do d6 AL BN <
B2 BN

247. (h.138)a) AC> AB= B > C = DBA > Gy = DBE.
Goi I 13 giao diém cha BD va CE thi G nim giita I

va E, suy ra |
| CG<CE. (1)
b) Do §1 :?(AZ] vétﬁxéz nénﬁ?ﬁ}_lﬁ suyra B C
CF > BF (2) Hinh 138
. AFBD va AFCG déng dang (g.g) suy ra |
| BD _ BF
3

CG CF’



Tir (2) va (3) suy ra |
ﬂ | BD<CG. 4)
Tir (1) va (4) suy ra BD < CE. -
-~ Nhdn xét ;
Tit bai todn trén (cling nhu tlr bai 228), tasuyra :

1. Trong tam gidc ¢0-hai canh khong bang nhau, dudng phén giac ttng véi
canh 16n hon thi nhd hon. :

2. Néu mot tam gidc ¢ hai dudng phan gidc béng nhau thi tam gidc dc- la
tam giac can.

248. (h.139) 2) AMAD va ADAC déng dang (c.g.c)

: _ a
MD MA::}_T\_’“I_I:_)_ g:%:.MDza.

=

DC DA 2a a
- b) - Du’ng dudng tron (B ; a), cat tia Bx & C.

~ Dung cdc dudng trdon (A ; a) va (C ; 2a), A“‘“ M B KL
ching cat nhau & D, e ] -
‘ | Hink 139

~ Dung dudng tron (D ; DA) cit AB’ & M.
249. (h.140) a) Ta c6 G = Fi (ciing bing ABC).
AAGM va ACFM dong dang (g.g).

b) Tir cau a suy ra AG_ = MG. Do AG = DH, .
. OF. 1 PR
CF = MH, MG = BF nén L = BF.
- - MH MF

Do d6, ADHM va ABEM déng dang (c.g.c).
Suy ra MDH m'h?ﬁhlhﬂ titc 1a MDC =~I\TI-E(§.
250. (h.141)

~a) Ta cd DMC = DN1E+CME ‘mat khic

 DMC=B+BDM, ma DME=38 nén
CME = BDM. | | o Hinh 141




Do d6 ABDM va ACME déng dang (g.2)
BD  BM

S =
CM CE

= BD.CE = CM.BM = a’.

.b} ABDM va ACME déng dang con suy ra : e = il =5 oM = B
= ME CM = ME. BM
- (vt CM = BM). Do d6 ADME va ADBM déng dang (c.g.c) = MDE = BDM.
¢) Tr cau b suy ra DM 12 tia phan gidc clia géc BDE, EM la tia phan gidc
cia gbc CED. Ké MH L DE, MI L AB, MK L. AC. Ta cé DH = DI, EH = EK,
do dé chu vi ADE = Al + AK = 2AK.

Ta lai c6 CK = IN;C = E—, AC = 2a nén AK = 1,5a. Viy chu vi tam giac

ADE bing 3a,
251. (h.142) a) Ta cé

| A M a B
HOD + O; =135°, OGB + Oy = 135°
nen FIE)?) = 56-13 ' g 0.4
AHOD va AOGB déng dang (g.g). 45° |G
by Tl chud suy ra - PO | |
OB BG | | . T
Pt BM = a thi AD = 2a, OB = OD = a2, Tabgesa
Ta co - ) .
HD.BG = OB.OD = av2.av2 =2a.a= AD.BM
| HD _BM |
AD ~ BG

AAHD vi AGMB . dfing dang (cge) suy ra
~ AHD = GMB. Do d6 HAB = GMB, vay MG // AH. B
252, (h.143) AABC va AAKE déng dang (g.g) =

A
AC _ L&_I::’i do d6 ABAK va ACAE déng dang (c.g.c). G \ﬂ\;}/‘/ -
AE AK’ . ' L
- D ' |

Tuong tu ADKE va ACAE dong d.gmg. Suy ra
ABAK va ADKE dong dang. Ti s6 déng dang bang Hinh 143




253. (h.144).

% =1 nén ABAK = ADKE = BC = DK. Tuong ty CD = BK. Vay BCDK -~

12 hinh binh hanh.

Phdn tich. Goi a, b, ¢ 1a d6 dai cdc canh clia
AABC phéai dung. Ta c6 ah, = bhy = ch,.

Chia cho by dude <t et Dy B
: e Th,
h,hy,

d6 ba canh a, b, c ti 1& véi h,; hy, h

c

 Biét h,, hy, h, ta d:_xn.g duoc k = E';ib- (dung doan ti 1& thi tu). Do dé ta

dung dugc mot tam gidc dong dang véf;: tam gidc phéi dlmg.

Cdch dung. Dung AB'C' ¢6 AB' =k, AC = h,,BC = hy,.

| Dung dudng cao AH'. Trén tia AH' dat AH = ha. Qua H dung dudng thang

saﬁg song véi B'C, cit AB', AC 6 B, C, ta duge ﬂfiBC cén dﬂng,

Ching minh. Goi BD, CE la cdc dudng cao cha f."mBC Ta Sﬂ ching minh
ring BD = 'hy,CE =h,.

| Ti 6 hai du’dng cao bang ti 6 nghich dao cua hai canh tuﬁng ing nén

AH AC -ha AC
—; i

"BD. BC _ BD  BC

Talsicé RS e, " @)
- BC BC b, . .

,'.(1.-)'

”il”ir"'(l}, (2) suy ra

h

—a —

BD

Tuong tu nhu trén, ta co

AH

h,
hy

AB h, AB

_nén Bl)= hb.

CE

= =
BC CE BC

(3)



254. (h.145). Chi y ring AMDE = AAED nén cdn -

255, (h.146). L4y N' bat ki thuoc BN, k& N'M' // NM.,

Ta lai co
AB AB' bh,hy:h, h,
'BC B'C' - hy - h

(4)

h h
Tir (3, (4)suyra —& = 2 pnégnCE=h..
[ir (3, (4) suy r CE h nen. ¢

C

Bién ludn. Bai todn ¢6 mot nghiém hinh < dung duge AAB'C <

| i -8 4
<

|ha'-hh|<.hahb <h, +hy & |— - <—+t
_ he. P Ty hy| he Thy by

Chii v« S& khong chinh kéc néu dung AA'B'C' nhu sau :

~ Dung tam gidc c6 d6 dai ba canh béing h,.hy,h,

- Dung AA'B'C' ¢é d6 dai ba canh 1a chiéu cao clia tam gidc trén.
— AA'B'C' dong dang v4i tam gidc phai dung.

Sai ldm cta cdch dung nay la ngay trong budc dung thi nhét da doi hoi
trong ba doan thang h,,hy,h., mbi doan phai nhd hon téng clia hai doan

‘kia, trong khi diéu kién d6 khong nhat thiét phai ¢6. Ching han, mot tam

gidc cén c6 canh ddy a, canh bén b trong déa:b=1:5 thi h, : hy =5:

do d6é h,:hy :h.=5:1:1, tam gidc ndy c6
5 By i | | |

dung AAED dong dang véi AABC. Dung E' bét ki
thuoe AC. Dyng D’ thuoc AB sao cho AE'D'= B.

Goi I la trung diém cha D'E', giao diémi clia Al va
BC cho ta diém M.

N'C' // NC.

Tacd:
BM' M'N' BN' NC
BM MN BN NC

= BM': M'N': N'C = BM: MN: NC )
- = ]2 ul,




Tir d6 suy ra cich dung : Trudc hét cfgrng tt gidc BM'N'C' biét ba canh va
hai géc ké véi canh tht tw : BM' = a, MN' = 2a, NC = a
(a 1a mot do dai tay §), M'BC'= ABC, N'C'B = ACB, céich dung duge
thé hién trén hinh 146. BN’ cit AC 0 N. Dung NM // N'M.

256. (h.147). Goi O 1a giao diém clia AA' va BB Ta

s& ching minh réng cac 611(’_mg thang CC DD’ i e
cling di qua O. That vay : o . !

OB' OA' a*B*mB*C’ . 5 /A

D ¢

OB OA AB  BC' o W
Do d6 AOB'C' v AOBC déng dang (c.g.c) ' 70

e B’E}‘E = ﬁgé _ A & D' B
Tir 46 C, O, C' thing hang. Tuong tu D, O, D' |

L Hinh {47
thang hang. "

§17 Céc trudng hdp dnng dang clia tam gidc vudng
257. (h.148) AEHB va .ﬂCGF déng dang (g.2). Dap $6 : 4em.

A
£l F
X
: [1 in
B2 H G 8 G
Hink 148 . Hinh 149
258. (h.149) Tt AADH va AACF déng dang (g.g) suy ra dugc
| .~ AD.AF=AC.AH (1
Ta AACE va AABK dfi’mg dang (g.g) suy ra dugc .
AB.AE = AC.AK {(Z)

TD: (1) va (2} suy ra:
AD.AF + AB.AE = AC(AH + AK) = AC?
259, (h.150) Ke HK L BC. Tl cdc tam gidc dong dang, ta chung minh dugc
BH.BD = BK.BC | ¢
CHCE=CKCB -~ . @



. Cong (1) véi (2) ta duge déang thic cdn ching minh.

Hinh 150 R Hink 151
36: sy 2w BE A eteutes AnpE i ANCR BhiE Diie) =
KF CE AF |
AK // BE = AK L AE.

261. (h.152) bat AH = 12k, AM = 13k thi HM = 5k, CH = 18k (gid st AB < AC). .

Ta ¢6 AAHB va ACHA d6ng dang nén éf i o 108 2—

HC i8k 3
al ' :
S |
A D\LJVC
B H M - ¢C Mo

Hinh 152 _ ' . Hinkh 153
262. (h.153)

Cdch 1.VEM déi xing véi B qua D, &EAB va ABMC df_')ng dang (c. g c)
— F1 = MBC.

Dodé Ei +C = MBC + C = D = 45°.
Cdch 2. Dat ABzAD=DE=EC:athi | |
BD = 3° -:-a—Ea &RaamCDED CD - FD
" ED’

= -

ACDB va ABDE déng dang (c.g.c) = C ;1’55‘3‘.
Do dé .~ E;+C =E; +DBE =D = 45°



263. (h.154) HD : V& BH L CD, MK L BC. AMKN va ABHC déng dang (g.g).
| A B | - -

P
m

M N K o
| \ LN
‘ N

[ .

D H C N
Hinh 154 ‘Hinh }55

264. {h 155) Vé BH L CD, MK 1L AD z‘;MKN va ABHC dong dang (g. g} nén
tinh dugec MN = 12,5¢m.

265. (h.156). Goi M la giao diém cha FO va AB
(O 1a tdm cha hinh binh hanh).

Ta ¢6 Sompe = Sopce ma Smoe = Sgop nén
- Smee = Speg- Do d6

EB.MI = ECFK (MI, FK L BC).
EB _FK . FC FC

EC MI MB FD Hinh 156
266. (h.157) Qua M v& dtrcrng vudng goc vGi AM, it AB & N. Hay ching

minh rang MN = %AM do cin dung dugc d]ém N.

Vay

C6 hai cdch 14y diém N vé hai phia cia AM nén bai todn c6 hai nghiém hinh.
A B N | A | K x -

M.

D C B H G C
" Hinh 157 . " Hinh 158
267. (h 158) a) AEGC e» ACKA (g.2) |
_, GC _EC _DB_ DI
AK  AC AB AK

b) Suy ra DICG la hinh binh hanh = Cl= DG = m. Dung K réi v& d’uﬁng
. tron {C; m) cit BK 6 L.

= GC= DL




Tuy theo s6 giao diém ciia dudng tron véi BK ma bai todn ¢6 0, 1, 2
nghiém hinh. -

§18. Ti s6 cac dudng cao, ti s8 dién tich cha hai tam giac déng dang’
268. (h.159) Chi § ring

| Sasp * Sascp = % ‘:% 13 B;
nén M thudc tia doi clia tia BA. Gol E la glao diém cha X
DM va BC, dat EH = hy, EK = hz, HK = h (EH 1 dudng .
cao clia ABEM, HK 1a dudng cao clia hinh thang). = b5 C
. 2 200 2 “h 6 | e

ABEM - ACED =
| _ BM EH BM _hy 1
~C> EK 1__2 _hz s .

Vay BM = 2,4cm.

269. (h.160) Qua O v& dudng thang song song v6i AB cat CM DM thit tu al, K.
CICdtODUG DK cit OC & H. .

OG OH o) OK - IK
GD HC CD CD D"

Téng khong ddi bing h, : hy (hl i khoang cdch tﬂ' ¢ dén AB hz la ch1€:u'_
cao hinh thang). '

Ta cod

Hink 160 . " . Hmhlél. - o b
270. (h.161) Goi giao di€m clha A'B' véi AB la O. Hay c'hfmg minh rang O 12
OA _AA' _hy. )

diém c6 dinh (O chia tmng doan thang AB theo ti sﬁ BB T
. : 2



- 274. (h.165) Trudc hét ta tinh dién tich cdc tam gidc

271. (h.162) Goi G 1a trong.tam clia AABC, H la trung diém cla CG. Ldy
SGDH lam trung glaﬂ S QS’GDH vaS= }L‘ESGDH

B M C

Hinh 162 | Hinh 163
272. Ki hiéu nhu trén hinh 163 SNMC = iSABC SAHC = %SAEC'
Ta tinh duoc ti sO dlen tich cac tam glac NMC va AHC; nén tinh dugc i sO
“I\_‘E Dap 56" : NM = 12cm
AH

273. (h.164) Goi O la giao diém clia AD va BC.

Dat Sppnm = Swinep = S Pat MN = x

. ; S b 2
AOAB c» AOMN nén —QAB. - [—] :
| - SoMN  \X

2
AODC e» AOMN nén Sopc . (i} .
- | Somn  \X

Do d6 o | " Hinh 164

a2 +b” _ Socp +Soas _ (Somn + ) + Somy - S)
x? ~ SomN SOMN

= 2,

az+b2

s _ .
Vi % == : - :
Yy 5 . _ . A ; B

- AlE, DHF. . T M

D& dang ching minh dugc AF L BE.

\H
AAIE ¢~ AADF nén '

S:‘\IE “AE | B ' D H F C

2 . 3 -
SaDF AFT O  Hinh 165



Ta cé SADE = lcm® nén SAIE = écmz.

ADHF va ABHA doéng dang theo ti s6 % nén ta tinh_duq¢ dudng cao HH'

clia ADHF bing %cm. Do dé Spyp = %cmz.-

_ . 7
Tir d6 ta tinh duge Sgyyp = Ecmz.
275. Goi dién tich ciia tam gidc nho 1a x {-:.m ), tl 88 dﬁng d&ng ctia ha; tam

gide 1a k (x, k € N).

Tacé-x+1 = k? nén I—}%“k ~1 vak* — 1 1a wéc cia 18. Tr d6 tim
X X : ‘ .

dugc k =2, x = 6.

Dién tich cua hai tam gidc 1a Gcm va 24cm”.,

276. (h. 166} VE tam gidc déu BCF (F va A cling
phfa d&i vé6i BC). Trén canh FB ldy G sao

cho FG =AB. Ta c6. AACG can c6 géc &
dinh béing 20°, AABC = AGFC (c.g.c).

Dat Sgep = Sy, Spapp = S,- Td ¢6 ﬁECD va
AACG dﬁng dang {g.2), -

4

R ()

1 L B TE
Sy = ESAB‘C = E{SABC + SGRe) (2) Hinh 166

Tt (i) va (2) suy ra

1 : .
S +8§, = E(SACG + SABC +Sgrc)

1 | 42J_ |

=_8 = _. 3 cm
2 SBRC = 7 «/" (em?)

277 (h 167) Theo tinh ch4t dudng phan glac

Al AB  (AI}* AB®> AE2+BE2 [ARV
“'—")L = = =1 +1 (1)

E BE IE) pBe2  pg2 BE



AAEB va ABEH dong dang (g.g)

2 _'
A (_‘?‘E] = Sage _ AE _ 8 (2)
- BE |

Sgey  HE -
Ta (1), (2) suyra

ALY =8+1=9 = .3
IE _ | IE o | |
278. (h. 168) a) Ta cé ' - . - Hinh 167
s &_ % nén KG // BC va KG = % BC.
AB AC 3 3

Do dd' NK = %NC, suy.ra CN = %-CK.

Ching minh tuong tu, CP = %CI.

Suy ra NP // IK va NP = g-lK

Hink 168

Chitng minh tuong ty, MP // BC, MN // AC. | o
3. 31 1
bNP-*-—IKz—uuAB-wAB Do:db S = 28 e
) 5 5'3 5 MNE= 2 AECD
279. (h.169) K& EN // BC, cit AH & M, cit AB A
6 N. Ta thy AABC va AANE dﬁng dang /
@ M m E
' TTUUC hélt ta tinh S ANE : N
&BDG can taji B. Do NEH BG nén ANDE / |
: ; L L
cén tar N, | B . v F G C
Ta dé dang tinh duge | " Hinh 169

EN = 2EM = 2.20 = 4{} (cm)
Suy ra NE = 40::111, NA =25 cm. '

Tacé AM? = AN? - NM? = 25% _ 20? — 225 nén AM = [5cm.

Sanp =%NE.AM =-;-.4{}.15 = 300 (cm?).



Bay gio ta tinh ti s6 dong dang % cia AABC va AANE.

ABDG ¢6 DE = EG, EN // BC nén BN = ND = 40cm, do do
AB 65 13

AB = 25+40 65 (cm), —— '
AN 25 §

SHBC SANE [153J = SUU E“E“:g%* 2828(@1’11 )‘

§19. Ung dung thuc t& cla tam giac déng dang

280, Ddp s6: 25m.

- 281. Dap s6': 2,7m.

Chuong IV — HINH LANG TRU DUNG. HINH CHOP PEU

§20. Hinh hép chir nhat

282. (h.170). Chu‘ng minh ring MN // AC // A'C // IK. D N -C
-283 (h.170). Ta tinh dugc AC = Scm CC = 12cm. M :
| Dién tich xung quanh : 168{:111 dién tich toan A . B
. , e
_ phén : 192em? ; : | D;:_%H B ot
234, Gm a, b, c la cac kich thuéc céia hinh hop chu’ | !_,”- o “':J
nhat, ta ¢6 : . | AL
Al B
"Hinh 170

(4(a + b +¢) :140
{ a’ + b2+ c? = 21
Dién tich toan phén béng : 1
| 2(ab+bc+ca)=(a+b+ r:,)2 — (&2 +b? +-c2)'
= 352 — 441 = 784(cm?).

285. (h.171)
a) Giao tuyén Ia BB'.



b) DM cit D'C' 41, 1'1a giao diém phai tim. -
¢) BM cdt BC ¢ K, K 1a giao diém phéi tim.

K
D C
] ‘H\
i ~ :
] o
A I B ~ M _
|
D c! I
A B . |
| Hinh 171 Hinh 172
286. (h. 172) AD // B'C' (vi cung song song véi BC) nén - e
AD // mp (MB'C). | | s
AMCT 12 hinh binh hanh nén Al // MC, do d6 Af s
Al // mp (MB'C). k| 7
Do d6 mp (ADI) // mp (MB'C). 15 =
287. (h.173) HI // BA' // CD' = HI // mp (ACD) (1) /o 'f{'”y c
o3 i i A B
HK // AD" = HK // mp (ACD') (2) .
Tu (1) va (2) suy ra mp (HIK) // mp (ACD").
288. Xem hinh 174. Giéi tuong tu vi du 46.
| o @|loa
m.- L @ @
2 L) . G‘G
e % e s | w{iie _
: o o []i]es
a8 o a a Z
2
a) | b) -9
Hinh 174

289. Trai sdu mat cta hinh hop chit nhat ABCD.A'B'C'D' nhu trén hinh 175a
Dé di theo dudng ngin nhat tir E dén E' (E thuoc canh AB cia mit ABB'A'

va AE = %AB, E' thudc canh AB ctia mat ABCD) trén mét khai trién, con



nhén phéi di theo doan thang EE'. Pudng di clia con nhén tmng phung 1a
duong EFGHIKE trén hinh 175b.

A A E B

H e /If
- | I
A! Bl / Cl A: .:i|_ G

a) b)
Hinh I75
290. (h.176) S, = 4a°\3, V= a>/3.
D ¢

1Y B
A : 0 { o
! ‘\\ A _ ; B
; N + ] b= N
A ’ __,-"T## ~d
1) \ My~ -
o By o = [ D' - L)
£yt C o o ~ C
// D r‘// \\\
A‘ 3 B. | Al B'-
-Hinh 176 - Hinh 177

291. (h.177) AC = MN = 8cm, BD = 8cm, BB' = 10cm. Pdp 56 : 320cm”.

292. Tathdy 36 :3=12,15:3=5,16:3 = 5%. Sé hinh lap phwong canh

3cm nhiéu nhit chita trong hom 1a : 12 . 5. 5 = 300 (hinh). Do dé cau tra
161 B 1a dung



293. Goi d6 dai cdc canh ddy la a va b, chiéucaolac. Tacoa+b=9va
abc = 42 nén a, b 14 uSc cta 42 va nhod hon 9.

Céc udc chia 42 ma nho hon 9 1a l', 23,67

Néu céc canh ddyla6va3 thic= % khong 1a s tu n'_hién.

Néu cdc canh ddy la 7 vﬁ 2thic= ;%- = 3, Vay c4c canh cta hinh hop chit

nhét Ia “Tem, 2¢m, 3cm.

294. Hinh lap phuong c6 8 dinh. S6 doan thang c6 hai mit 12 hai diém trong 8

dinh do 1a %?— = 28,

295. Lic ddu, tdng tdm s6 & céc dinh clia hinh 14p phuong 13 5. Sau méi buée,
tong tang thém 2 don vi, nén téng cdc s6 & tdm dinh ludn ludn 12 sd 18,
khong thé chia hét cho 8. Do d6 khiong thé xay ra tdm s6 biang nhau.

~296. Goi sdu s6 ghi trén cdc mat cia hinh lap phuong la a, b, c, d, ¢, g, ta ¢é
a+b+c+d+e+g=21. Goix la tdng phai tim. Do hinh lap phuong cé
8 dinh, méi dinh la téng clia ba s& (trong sdu s6 trén) nén x la tong cha
24 $6. Cdc s6 a, b, ¢, d, e, g c6 s6 14n xudt hién nhw nhau trong téng x nén
moi 86 cO mit 24 : 6 = 4 (lan).

Vayx=4(a+b+c+d+¢+g)=4,21=84*- |

297. Giai tuong tu vi du 47. S6 phai tim & cdc cau a, b, ¢, d.theo thi tu twong
duong s6 hinh lap phuong nhdé duge son 0, 1, 2, 3 mat.
Ddp 56 a) 27 ;b) 543 ¢) 36'; d) 8.

298. Né¢u ta ldy ra cdc hinh lap phuong don vi dugc son thi con lai hinh lap
phuong canh 3 chia 3.3.3 = 27 hinh 1ap phuong don vi khong dugc son.
S6 hinh 1ap phuong don vi ¢6 it nhat mot mat dugc son 1 : 125 — 27 = 98.

299. Ba mat chung dinh phéi son bdi ba mau khéc nhau. Viay sd rnim khong
thé it hon 3. S6 mau 12 3 khi ba mat con lai son cling
mau v&i mit d6i dién véi né. Vay s6 mau it nhit cdn &
dung 14 3. Do d6 cau tra 16i D 1a diing.

300. Ta nhin thdy nhiéu hinh lap phuong don vi nhdt khi ¢6 A
ba mit cua hinh lap phucmg I6n 16 ra (ba mit A, B, C
trén hinh 178). . Hinh 178




Gia su ta bo di cdc hinh lap phuong don vi duge nhin thdy : bo 1dp ngoai

cua mit A, 16p ngoai clia mat B, 16p ngoai cia mit C thi con lai mét hinh

lap phuong canh 9, gém 9.9.9 = 729 hinh lap phuong don vi.

Céc hinh lap phuong don vi nay khong nhin thdy.

Nhw vay s6 hinh vuéng don vi dugc nhin thdy nhiéu nhét 1a :
1000 — 729 = 271.

301. (h.179) Trong l4n khoan thit nhét ¢6 5 hinh lap -
| phwong don vi bi xuyén. Trong ldn khoan thit hai ™ '
c6 thém 4 hinh lap phwong don vi bi xuyén. Trong
lan khoan thit ba c6 thém 4 hinh lap phuong don
vi bi xuyén. Vay tdt ca c¢6 13 hinh lap phuong don
vi bi xuyén.

L]
NN
NN NN

Nhdn xét ;- Hinh 1ap phuong don vi nim & tam cha

hinh 1ap phuong 16n bi xuyén ba lan. |
302. (h.180) Téng cong phdi duc bay khéi lap phwong don vi (canh 1dm),

gbm sdu khoi & sdu mat vad mot khéi & chinh gifta bén trong (xem h.180b).

Hinh 179

[
%

a) b)
Hinh 180

Dién tich toan phan clia kh&i g6 Iic ddu : 3.3.6 = 54 (dm?).
Sau khi duc mﬁt khdi 1ap phuong don vi & méi mat méit ngoai cia khéi gb

giam di 1dm? , nhung bén- trong ting thém Sdm®. Do d6 sau kht duc sau
khoi & sdu mat thi dién tich cla khoi gb 1a:

54+ (5~ 1). 6 =78 (dm>).

Khi duc ndt khoi lap phuong don vi & chinh giita, dién tich khéi gb gidm di
6dm* (la dién tich toan phan clia khéi lap phuong don vi dy).



Vay dién tich toan phan cua khéi gb con lai 1a :
78 — 6 = 72 (dm ).

§21. Hinh lang tru ditng |
- 303. a) V&i da gidc ddy 6 100 canh, hinh lang tru c6 102 mét, 200 dinh, 300 canh.
- Véi da gide day cO n canh hinh lang tru ¢6 n + 2 mat, 2n dinh, 3n canh (n = 3).

b) Suy ra tir cau a.

304, a) Goi n 1a s6 canh ctia da glac ddy. S6 dinh cfa hinh lang tru 1a 2n (véi
n 2 3)nén khéng thé 1a 25, 17, 11, 4. :

b) Goi n 12 s& canh cta da gidc ddy. S6 canh cila hinh Iang tru 1a 3n (vai
n > 3) nén khong thé 1a 20, 32, 6.

305, (h. 181) Goi O 1a giao dlém ctia AC va BD Ta lan luot tinh dugc AC’ = 200
0OA* =50, BD’ =56, OB’ = 14, AB’ = 64. Pdp s6 ° AB = 8cm.

D ' C
| A C
X
N"""\_.i 1 B B
Tai
1 N
T - |
/E:F_%;“" & AR~ mb e &
PN | _ \/
A B' o = B
Hinh 181 : Hinh 182
. ; | o 3
306. (h.182) a) AB = % ' b) Sy = 232, v=2 f

307. Goi a la chiéu dai cua ddy chau va x 1a chiéu cao ctia ‘muc nudc phai tim
(don vi : dm). Khi thiing nudc dat nim ngang thi khéi nuéc 12 mot hinh

hop chit nhat cé thé tich 10ax (dm>).

Khi thung nu6c dat nghiéng thi khéi nude 1a moét hinh lang tru dding, ¢6
chiéu cac 10dm, ddy la mot tam gidc vudng ¢6 cdc canh gbc vuong 1a 8dm

va i—-a, thé tich biang %.8. %a. 10 = 30a (dm°)

s

Tir 10ax = 30a, ta tinh duge x = 3 (dm).



§22. Hinh chép déu. Hinh chép cut déu
20

308. (h.183) Ta tinh dugc OA = ﬁ SA% =300, SA =300 (cm)
£
Hinh 183 Hinh 184

309. (h.184) Ta tinh duoc R 5
CM= 3, MN?=MC?-NC?=3-1=2. i
Pdp s6: MN = /2. |

310. (h.185) Ta tinh duoc

S-%\/_ h=12, V= 15043 (cm®).

311. (h.186) Hinh lap phuong ¢6 12 canh. Sau méi 1ldn A
cua, $0 canh tang thém 3 nén sau 8 lan cua s6 canh

‘tang thém 3.8 = 24. S§ canh cta phan gd con lai 13 B c
12 + 24 = 36. Do dé D la céu tra 16i diing. Hinh 185
| | D s
' N
/M
A B
K /G
- A B
Hinh 186 | . Hinh 187

312. (h.187). a) Dap s6: -é Xem vi du 50.

b) Hinh lap phuong ¢6 6 mit, 8 dinh, 12 canh. Sau khi bi cua, s6 mat

tang 1, s@ dinh tang 2, sd canh tang 3. Do d6 phén gé con lai ¢6 7 mat,
10 dinh, 15 canh.



313. (h.188) a) Phdn gb con lai ¢é 14 mit : 6 mat 14 hinh
vuong va 8 mat la tam gidc déu,
S6¢ dinh cha phdn gb con lai la s6 dinh cta 6 hinh
vudng, trong d6 mdi dinh dugc tinh hai l4n, nén s8

dinh 1a fz—ﬁ- = 12,

S6 canh cha phdn g con lai 1a s6 canh chia 6 hinh
vudng, nén s6 canh la 4 . 6= 24.

b) Goi canh ctia hinh l4p phuong 121. 2a, thé tich hinh l4p phuong 12 8a°.
3
M&5i hinh chép & mdi géc c6 thé tich 35-.

- 3 3
Phan g& con lai ¢6 thé tich : 82> ~ 8 . = 20; .
3
T 6 phai tim 12 2{?  (8a%) = g-.

314. (h.189). Goi a la canh ciia hinh chép, M la
trung diém ctia AB. Lén lugt tinh duge :

2 a«@ a\/’ﬁ:

CH= ~-CM =~———,  SH=
= S 3

| p
Tuong ty OB% = OA? = Ei" Hink 189

a>  a’

ABOCcé6 OB2+0C2=2_4+Z2 _a%2-pc? = BOC = 90°.

2 2
Tuong ty, AOB = COA = 90°.
315. (h.190) a) Ta tinh dugc

2a—a
2

CK =

==, C'K
2

b) Syq = (42 + Za)_.%@ = 33a%.

Hinh 190



2a

a a
€)O0C= =, O'C'=—,  HC=0C -+ 0'C' = —,
§2 V2 TR
" | 2 2 r 5
CH? =C'C2 g2 = 2 [ 2 ) _2 :>CH—-—- 01[}:_&__1;
: J2 2 ; 2

316. (h.190) a) S,y = (4a + 2a)a = 622,

- D < 73 ’
B)CK = 2, C 'C2=C’-K2+Kczza2+(3} .o c*c_?i
2 2 4 -
2a a a
G)UC——~ 'C'=—, HC=0C-0'C' = =,
J2

V2

T— W%

317. Goin I 36 canh ctia da gidc ddy cla hinh chép. S6 mat cta hinh chép 1a
n+1,s6dinhlan + 1, 6 canh 1a 2n, do d6 : ' |

{ﬁ

C'H? = C'C? ~ HC? :[

a\/3

:>CH-~—— 00 =

Ms P

M+D- C~(n+1)+(n+i)—2n-—2

318. (h.191) Goi M la trung diém ctia BC, I 12 giao diém ctia KG va AM. D6 13
giao diém cia duo’ng thang KG va mp (ABC). '

Hinh 191 - Hinh 192
319 (h.192) Goi T 1a trung diém clia BD. Xét AMTN :-




320. (h.193) Ki hi¢u nhu trén hinh v& Dé dang chiing minh EFGH Ia hinh
binh hanh, goi giao diém hai dudng chéo EG va FH 1a O. Ta thiy IFKH
cing 12 hinh binh hanh nén O ciing 1a trung diém ctia IK. -

Hinh i93 | Hinh 194
321. (h.194) |

Diém D € AB ma AB nim trong mp (ABC) nén D € mp (ABC) )
Diém D € A'B' ma A'B' nim trong mp (A'B'C') nén D e mp (A'B'C) (2)
Tix (1) va (2) suy ra D thudc giao tuyén cia mp (ABC) va mp (A'B'C).
Chitng minh tuong tu, E va F ciing thudc giao tuyén cla mp (ABC) va
mp (A'B'C'). Vay D, E, F thing hang. |
322. (h.195) Goi AB la canh Ién nhét ctia hinh chép. Ta A
s&€ ching minh rang hodc ba canh xudt phat tir A,
hodc ba canh xudt phét tix B thod méan bat ding thitc
tam gidc, b 3
Xét hai tam gidc nhan AB lam canh : | B D
AABC : AC+ BC> AB
AABD : AD + BD > AB.
Suy ra (AC + AD) + (BC + BD) > 2AB.
Tén tai mot trong hai téng : AC + AD hoiac BC + BD-
16n hon AB.
323. (h.196) Xét canh c6 do dai nhé nhat 1a 7. Hai canh
- O cing mdt méat véi canh d6 phai ¢é hiéu nhd hon 7,
chicé thé 1a: 13 va 18, hoac 36 va 41. Gid st AB =41,
BE =36, AC =T, ‘

Hinh 196



Khi dé CD, AD nhéan cdc gid tri {13 ; I8} .
— Xét CD = 18. Khi d6 AD = 13, BD = 27, AABD ¢é AD +BD < AB, loai.

~ Vay CD = 13, AD = 18. Do d6 canh d6i dién véi canh AB (c6 do dai 41)
1a canh CD (c6 do dai 13).

CHUYEN DE

Tinh cac dai lugng hinh hoc bang cach lap phudng trinh

324. (h.197) AE, BE la cac tia phin gidc ciia cdc géc tu A B
(E € DC). Gid sit AE = 13cm, BE = 15cm. Vé /‘W\
AH L CD, BK L CD. Dé dang tinh dwoc EH = 5cm, ! |
EK = 9cm. Chd ¥ ring ADAE can tai D, dit D H E K C
AD =DE =x thi DH = x - 5. | Hinh 197

" Giai phuong trinh
 x-57+122=x"duoc x = 16,9 (cm).
Tuong tu, ta tinh duge BC = 12,5cm. Con AB = 14cm, CD = 29,4cm.
3235. (h.19f8) Gc_)_i K iﬁ giao diém ctia BE va CD. Diat Sgap = X,Sgag = V-

 Tac64x +y= %s; 4y +x = i—s . Dé dang tinh duoc x + y'= %s.

Hinh 198 | Hinh 199

326. (h.199) Pt Sgap = 2, Sgpg = b. Tacé 3a+b = —13—3; 2a +3b = %—S.

Ta tinh dHﬂCb = “%‘S DD do SBKC "--" %S .



327. (h.200) Goi do dai canh ddy cla tam gidc 1a x (cm), dd dai canh bén la
e |
y(cm). Ta ¢ 10x = 12y va [-;—) +10% = yz. Ta tim dugc x = 15. Dién

tich clia tam gidc bang 75em? .

Hinh 200 Hinh 201

328. (h.201) Xét AABC c6 trong tam G, dudng trung tuyén AD. Goi K la trung
diém cta CG, Tam gidc GDK c¢6 ba canh bang 10, 17, 21 (don vi : cm).

Ta tinh dugec Sgpg = 84cm? (giai nhu vi du 53).

Sapc = 1008cm?.

329. (h.202) bat BE = CF = DG = AH = x thi A kx E X B
AE = BF = CG = DH = kx. ' |

Tacé AE? + AH? = EH? = (kx)? +x% = EH® ' Hk

2 3 oD
Mat khac _@% | = kx) +x :3_
AB? 9 (x+kx)* 9

b G C
Bién déi phuong trinh dugc ' - Hinh 202
s |

> =2 & 2K _5k+2=0< 2k - Dik-2)=0.
&K% - 9 ;-

,\ 1 |
Vayk;;Z;k2=E. - | £ B

330. (n.203) Ta tinh dién tich hinh thoi EFGH c6 EF = i;» o 0 \|F

tong hai dudng chéo bing b. Pit OE = x, OF = y. Ta
2 |
Céxz“i“}’z:ﬂ."‘“,X-I*}’:-E-.T&tfﬂhdﬂ{;rc: D G C

4 Hinh 203




Ddp s6': Sagep =

331. (h.204) Cdch 1. K{ hiéu nhu trén hinh vé.
Xét cdc tam gidc vudng OAD va OBC ;

X% +y% =25 | (1)
(x+6)° +(y+8* =225 (2

Rit gon (2) va chi § ring x? + y? =25, g

ta duge # | Hinh 204
6 + 8y = 50 NG T
T (1) v (3) : '

-6x+y —8y +25 = 0:>(x 3) + (y — 4) =0= x= Sy 4,

BDdp s6': 480m s

Cdch 2. V& hinh binh hanh ADCK. Chﬁ’ng minh rang BK + KC = BC, suy
ra K nédm gifta B va C ABCD la hmh thang Bap cé 48cm?.

- 332. (h.205) . | A

Cdch 1. Ké AH L BC, ta tinh dugc BD = 8cm,.
BH = 6,75cm, HD = 1,25cm. Ta ¢d

AD? = AH? + HD? = AH? + 1,252 (1) L= -
N B HD G
AH® = AB® - BH? = 122 - 6,75° 2) Hinh 205

T (1), (2) suy ra
AD? =122 - 6,752 +1,25° = 100 = AD = 10cm.
Cdch 2. Theo tinh chat du’cmg phin gidc ta tinh duogc BD = 8cm. Chﬁ ¥

e 4 BD . BA.
rang —= — nén AABC va &DBA dong dan
| gBﬂ Bcn ng dang (c.g:.c)
_, AB AB AC 12 _ 15 — DA = 10cm
DB DA 8 DA



333. Gi sit HB < HC (h.206). Goi AD la dudng phan gi4c chia AHAC. Ta c6
| DH_AH_ 3 _ 6
DC AC DC AC

Pat DC = x thi AC = 2x. Ta ¢6 AHZ + HC? = AC2 nén

| 6> +(3+x} -(2:{) S X ~2%-15= U@ xl-'——E (loai) ; x5 = 3.

Ddap 56 33cm”.
' A
. N .
9)
H
H a
B D M 2
_ Hinh 206 | - Hinh 207
334. (h.207) AOMN va AHAB déng dang (g.g) |
OM Ll => AH = 2\'10- 10.
HA AB 2
bat DC = x, DB =y. ABDH va ,«:_‘:ADC déng dang (g.g)
= = = e =_§—' = xy = 75.
. AD DC 15 X
Tacé  x—y=(DM+MC) - (BM ~ DM) = 2DM = 22.
Dodé  (x +y} —{K-m}'} + 4xy = 22 +4?5 784.
Suy ra X + y = 28. Vay BC = 28cm.
Toan cuc tri hinh hoc
335, (hZOS) SﬁhBCD = ?'Sf"kBC L Eb,

‘max Sapcp = ab <> ABL BC. Khi d6 B'=D =090°.

2
336. Hinh vudng c6 dién tich 16n nhét, bang %—

Hinh 208



337. (h.209) DE = AM = AH (AH la dudng cao cla ﬁABC) Vay DE nhé nhﬁi
<> AM nho nhit < M trung véi H.

Hinh 209 Hinh 210
338. (h.210) Goi I 1a trung diém cha DE.

DE = IA + IH = AH. Vay min DE = AH < I thuoc doan thing AH <
HD L AC va HE 1 AB. -

339, (h 211). Ching minh rang AHIK vuong ¢an tai H Goi HE 1a dudng cao
clia AHIK thi Syx = HE? < HAZ. Do dé

max (Syg ) = a’ oE tring A < d L AH.

K

Hinh 211 : Hmh 212

340 (h. 212) a) Goi S' 12 téng céc dién tich cha bon tam gidc vudng cé dinh A,
B,C,D. Tach SEFGH 1én nhit < S' nho nhat,

Dit AE = AH = CF = CG = x. Biéu thi S’ theo x réi tim gid tri nho6 nhét cla
né. Ddp 56 : 450 cm 2,
b) Ddp 56°: (a+b)" : 8, khi d6 x = (a +b) : 4. A 5

341. (h.213) Goi a la chiéu dai doan day, x 12 d6 dai cdc |
canh ctia hinh chit nhat ma vuong goéc véi tuong. Ta cd

X

D a-2x C-
SABCD = X(a B 2)() nén 28 = 2){(3 = 21{) Hinh 213



Hai s§ 2x va a — 2x ¢6 téng khﬁmg déi nén tich clia ching 16n nhét khi va chi
khi 2x = a — Zx thc la x = -;r- Nhu vay cén cing day dé tao thanh hinh chit.

nhit ma cac canh vuéng géc v{i tudng bang —;— chiéu dai doan day, con canh

song song véi tuong bang %- chiéu dai doan day.

342, M la tdm cua luc giz’u: déu.

343. Xét AABC can tai A va AA'BC bét ki khong can ¢ A’ cé cling chu vi. Qua
A v& dudng thang m // BC. Xét vé mot phia cla B(,

Néu A' & vi tri* A, thuoe m (h.214) thi Sy e =Sppc, theo Vi du 58,
chu vi AA;BC> chu vi AABC, trdi v&i gia thiét.

8 i B ' G
Hinh 214 ' Hinh 215

Néu A’ & vi trf A, nim ngoai dai tao bdi m va BC (h.215) doan thing A,B cit
m ¢ D. Ta c6 chu vi AA,BC > chu vi ADBC > chu vi AABC, tréi véi giﬁ thiét.
Vay A’ phai nam trong dai tao bodi m va BC, do d6 SaBC < Sagc: |

344. Goi x, v 1a cdc kich thudc clia hinh chit nhﬁt Diing bat ding thitc

(x + y} = 4xy.
a) Chu vi hinh chit nhat khong déinén x + vy la h*an.g s8, khi d6 xy 16n nhat
<> X =y, Vay hinh vudng c6 dién tich 1dn nhat.
'b) Dién tich hinh chif nhat khéng ddi nén xy 12 hing s6, khi d6 x + y nhu
nhat Ry, Vay hinh vudng ¢ chu vi nho nhét.
345, Xét hinh thoi canh a va hinh vuong canh a. Goi h 12 dudng cao cua hinh -

thoi, taco6 h<a=> ah <a L Dién tich hinh thoi nhd hon hodc bing dién
tich hinh vuéng. Vay trong cdc hinh thoi ¢ ciing chu vi, hinh vuéng cé
dién tich 16n nhét. :



346. Xét hinh thoi canh a dudng cao h va hinh vuéng canh b, trong d6 ah = b*. Ta

c6h<a=>ah<a’ Suy ra b> < a” nén b < a. Chu vi hinh thoi 16n hon hoac
bang chu vi hinh vuéng. Vay trong cdc hinh thoi ciing dién tich, hinh
vuong ¢6 chu vi nhd nhit,

347, a) Goi a, b, ¢, d 1a do dai cdc canh ciia td gl:ﬁc cé chu vi C khang doi.

Theo két qua clia bai 129b (tip mot) tacd 16S<(a+b+c + d) . Do chu vi
- 2

tt gide khong ddi nén tf gide c6 dién tich 16n nhét bing % Khi do i
gi4c 12 hinh vuéng.
b) Str dung két qua bai 129b (tap mot).

348. (h.216) Tt gidc EFGH la hinh vuong
c6 -:flm:rng chéo HFE. Goi K la trung
diém ctia AD, ta c¢6 .

K
HF>KF-KH=2-2,
7 3

~ Goi S 1a dién tich hinh vuéng EFGH, P |
.66 ' . Hinh 216
2 2
g HE?  @-b?
2 8

(a - b)*

min S = K H, F théng hang < AB // CD Khi dé ABCD la

hinh thang can ¢6 C = D = 45°, CD=a, AB=b.

349, (h.217) Xét tit gidc ABCD ¢6 AC +BD =s. Goi O Ia gldﬂ dlém cha hal
dudng chéo. Ta cb :

Sapc = 7 ACDK < ~ACOD

suy ra Sppcp < %AC{OB + OD) = %AC.BD (1) .

3
e 4 2 ) + #
Ap dung bat dang thiic xy < (X 5 y) ta co Hinh 217



=~ | 2)

Tu {I) va (2) suy ra SABC

>
max$ = % < ACLBDvaAC=BD= -

350. (h. 218) Dung D déi xing véi A qua Ox, dung E do6i xing voi A qua Oy.
- Poan thang DE cit céc tia Ox Oy tai cdc diém B, C.
Chii y : Diéu kién xOy«aﬁ 90° Iam chu A(}D +AOE < 180° nén tia OA

nam giita hai tia OD, OE, do d6 doan thang DE cat hai tia Ox, Oy tai céc
diém khong tring O.

Hink 218 . Hinh 219
351. (h 219). Dung E d6i xing v6i A qua Ox, dung F d6i xiing véi B qua Oy.
EF cit Ox, Oy 6 C, D.

- 332, (h.220). Goi EFGH-1a t& giéc ndi ti€p hinh A | E B
chi nhat, M va N thit tu 12 trung diém cta EH X
vi FG. Ta ¢c6 EH = 2AM, FG = 2NC nén H M T

chu vi EFGH = 2AM + (EF + GH) + 2NC. -

[‘a lai c6 EF + HG = 2MN (xay ra déu bang < D & | &
EF // MN // HG). Hinh 220

Do d6 chu vi EEGH > Z(AM + MN + NC) 2 FAC

Chu vi EFGH nhd nhét bang 2AC khi va chi khi A, M, N, C thang hang va
EF /f HG // AC. |

Khi d6 EFGH 1a hinh binh hanh c6 céc canh twong tng song song véi cdc
dudng chéo ctia hinh chit nhét (¢6 v6 56 hinh binh hanh nhu vay).




Chii § - Néu ABCD 12 tit gi4c bat ki thi :

— Tt gisc ABCD phai c6 didu kien A +C = 180° va
cac goc tao bdi duding chéo va cic canh déu 12 géc nhon
thi méi t6n tai ti gidc noi ti€p c6 chu vi nhod nhét.

— Mot trong cdc tt gidc ndi ti€p ¢6 chu vi nho nhat 1a -
td gidc c6 dinh la chan cdc dudng vudng goéc ké tir |
giao diém cdc dudng chéo dén cdc canh cla t gide ABCD (h.221). C6 vo
s6 cdc 1 gidc néi ti€p ¢b chu vi nhd nhit, ching 1a cac tif gide ¢é canh
twong ng song song véi canh cla it gide EFGH (hai canh ké cfa cdc
gidc nay tao véi canh twong tng cha gidc ABCD cdc gbc bang nhau),
353. (h.222) Cdch 1. Theo bai 352,
tr gidc EFHG c¢6 cdc canh song
song v&i cdc dudng chéo cua
hinh chitr nhat ABCD, tir d6 suy | G
ra cach dung, ' A > o

Hinh 221

- Cdch 2. Dung M d6i xting voi E
qua BC, dung N d6i xtng v6i E ,{j’“““““"""”‘"““‘““"_‘-‘,5
qua AD, dung P d6i xiing véi N Hinh 222 |
qua CD. Khi dé g " |

- chu vi EFGH = EF + FG + GH + HE = MF + FG + GH + HN
> MF + FG + GP > MP. .
Do d6 cac diém F, G phai dung la giao diém cliia MP va BC, CD, con H 1a
giao diém clia GN va AD. | |
354. Ki hiéu nhu trén hinh 223, Ta ¢é

Si = Sz, 832 84, 35 = 55, S?' = Sg nén SEFGH = ‘%S

min S = .IS@S =0 KMEIN%:?‘ EIAD
EFGH = 3 ? B KI = MN EG//AD

<> mot dudng chéo cla ti gide EFGH song song v6i mot canh ciia hinh
chit nhat ABCD (h.224) | |



8 L.
20T .
1191 5
H T N
3
4 6
D G C
Hinh 223 |  Hinh 224

355. K{ hieu nhu trén hinh 2252). Dat CF = x, DH = y.

SerGH = SABCD ~ SAEH ~ SBEr — ScrG ~ Spoy ;

2 @~y ye-%n x* ya-x

2 2 - 2

=4

a® —-(1'»:2 —2xy+y2)_ a* —(}{—'}r)2 < 3’

2 . 2 2

; |
max SgpgH = %-«t:»x =y < HF // AB (khi d6 EG // BC) (h.225b)

] ' CT -

S F
: ) 71 A SR— F
y’ i

d -
D G X C D G C

a) | | b)
Hinh 225

356. a) (h.226) Dt AH=x,CG=y. Tathfy Sgpgy A 2 E . 4 B

nho nhdt <& Sppy + Segr + Spay  16n nhit. Pat | 5
Sagg + Scar +Spgg =S, tacd " H

285 =2X 4+ 3y + (6 - x)(6 — y) = Xy — 4x — 3y + 36. z
Do AAEH va ACGF déng dang (g.g) nén :

AL SRS TY O P D G Y C

CG  CF y 3 Hink 226



Do d6 28 = 42 — (4x + 1?-).
; X

Ta c6 28 16n nhat < 4x + 18 nho nhét.
: - _

Hai s6 duong 4x va 18 c6 tich khong d6i nén 4x + L nho nhdt khi va chi
X X

b v g 3‘—2@ (cm), y = 24/2 (cm).

X
b) (h.227) Dat SAEH + SCGF + SDGH = 8, A2 E 4 B
Ta théy Sppgy 16n nhit <> S nhé nhat. Dat DH = x, - 3
DG = y, ta tinh ducjcl | _ F

2S=xy - 2x -3y + 30 va 4x =3y. H
| : , ; ; % 3
) e ¢ :
- Tirdd 28 = 1 > + 30. Ta tinh duogc D Y G T
Hinh 227

88 = 3(y - 3)* + 93.
- Tacéd Sgrgy 16n nht <> Snho6 nhit < y =3 (cm), x = 2% (cm), -

- 3587. Kfhiéu cdc do dai x, v, z, t nhu trén hinh 228a: Ta c6 :

. 2xy£x2+y2=az, 2t S 2"+ 2= b .
Suy ra | 2(xy + zt) < a®+b°.
F F
z t
X A ) A K45° B
E b |
\ ja E G
y L G »!
D C D C
H H
a) b)

Hink 228



S _{a+b)2

SEFGH = Xy + ZL + ab < + ab 5

max Sgpgu =5 khi va chi khi x =y , z = t. Khi 46 EFGH 12 hinh

vuong ¢6 canh tao véi canh cta hinh chit nhat ABCD gé.c 45° (h.228b).
358. (h.229) Trén BC 1dy BF = BD thi CF = CE. Goi A

O 12 giao diém cla céc tia phan gidc cdc géc B

va C. Dé dang chitng minh dugc AODE can tai O

¢6 gboc & dinh khong d6i : X

Pit A = o thi ﬁé&”:g{}%% nén

Iﬁ_: 360° -'2[90° + %)nx 180° _ a . | ‘ Hinh 229

" Do d6 DE nhd nhét <> OD nhd nhdt < OF nhd nhét <> OF L BC. Khi d6
D, E 14 hinh chiéu ctia O trén AB, AC. -

359. Goi b, ¢ 1& cdc canh géc vuodng cha céc tam gidc vudng cb b+c= 2m
(hdng s6). Chu vi tam gidc nho nhd&t < canh huyén nho nhit < b- + ¢
nhd nhat.

Patb =m + x thi ¢ = m — x. Khi d6
be e’ = (m + x}z + {m —x}g = 2m? + 2x° > 2m”.
Nhu viy min (b2+c2) =2m2<::>b=c._

360. Xét cic tam gidc vuodng cé canh huyén a khong doi. Goi x, y 1a d6 dai céc
canh g6c vuong. Ta co . '

2xy <Xty = kP 4y + 2y 2% +y0)
:>(x+y)2£2_a?':>x+y£a«ﬁ.
max (x +y) = av2 < x =Y.

Chu vi tam gidc vudng 16n nhét bing a + a2 khi va chi khi tam gidc do
vudng can.

361, (h.230) DatNP=x, MN =y. Tacd :

SAMN * SpMNC = SaBC



= y(h - x) + x(a + y) = ah

:,>h3f+ax=ah:>ym%(hﬂx). (1)
Dé chitng minh { 1), cling ¢c6 thé X€t cic tam gidc déng dang AMN va ABC
y _h- |

su = —— i d =—(h-x  °
arm == Oy ( ). | %
Goi dién tich MNPQ 12 S. Tix y = — {h — X), biéu .

ML\ N
thiSthEDXdH{!’C S= xy = -Hx(hmx) Doavah y

X

A cic hing s6 duong nén S 16n nhit <

x(h ~X) 16n nhit. Tathdy x vah - x lahais6cs B Q H P ¢
. téng khong déi nén tich 16n nhét khi va chi khi | '
hai 6 bing nhau, tic 13 ; Hinh 230

x=h—x¢::-xxh
2

Khi d6 MN la dudng trung binh clia AABC.
362. Goi b, ¢ 1a do dai cdc canh géc vuong, a 12 do dai canh huyén. Trong cich

cat thi nhat (h.231a), canh hinh vuong bing bbc (xem vi du 31a). Trong
. _  Bae . .

cdch cat thit hai (h.231b), canh hinh vuong bing ahh (xem vi du 41).
- - a+

Sau d6 chiing minh ring bo > i (chd ¥ ring bc = ah).
| ' " b+c a+h
A
D =
B G F C
| b)
| Hinh 231

363. (h.232) Tacé:

S = (DH +,EK)%IS * (BH + KC). ff_lf_



Ta thdy (BH + KC) + HK = a khong d6i nén A
tich (BH + KC). HK 1én nhat khi va chi khi

"

BH + KC = KH = 5 Khi d6 dién tich DEKH D

. " 1 a a a’ Y s sl . ; ez

16n nhdt bang —.-—.,—=— khi va chi ki B H K . C
2 2 2 8. . - - a -

HK = % C6 v6 56 tf gide DEKH nhu viy. Hinh 232

364. (h.233) Dat BC=a, AC =b, AB = ¢, khoang céch tir M dén cdc canh trén
theo tht tw 12 X, v, z, dudng cao ing v6i BCIah.

Ta c6 ‘ Smac + Smac + SmaB = SABC
= 2 x4 E.y+ L2=2h = ax+ by + cz = ah..
o AT ] 2 2 ! '

Giastazbz=cthi
ax +ay + az 2 ax + by + cz=ah_
:>x+}r+zz=:h. X4y ra ddu bang
<:>ay+az=by+cz<;:>y(a¥b)+z(a—c)=0_

—~ by =0
(= (a—bly o> y=z=0 (1) . - Hinh233
(a—-¢)z=0 i - ' |
hosc ~ a=b,z=0 | @
hodic a=b=c 3)

Truong hop (1) dng v6i M tring A ; trudng hop (2) tng v6i AABC can
~ tai C (C la gbéc nhd. nhét) va M thudc ddy AB ; trudng hop (3) dng voi .
AABC déu, M bat ki.

Vay téng cdc khoang cach tir M dén ba canh cha tam gidc ¢6 gi4 tri nhd
nhét bing dudng cao ting v&i canh 16n nhédt. Néu tam gidc déu thi M 1a
diém bat ki nam bén trong hodc ndm trén canh clia tam gidc. Né’u tam giac
can c¢6 canh'bén 16n hon canh ddy thi M thudc canh ddy.

Cac trudng hop con lai, M triing véi dinh cia goc 16n nhét trong-tam giac. |
365. Giai twong tu bai 364. Téng nhd nh4t bing chiéu cao Ung véi canh 16n
nh4t trong hai canh AB, AC. Néu A ABC can tai A : M 1a diém bat ki thugc
ddy. Con lai : M trang v6i dinh d6i dién véi canh 16n nhdt trong hai canh
AB, AC. | | |



366. Néu hinh thang can : M la diém bdt ki thuéc ddy nho. Néu hinh thang
khong cén : M trung véi dinh clia géc 16n hon trorig hai goc ké ddy nhé.

367. Phai xét them trudng hop d khong cét canh BC. Ta Idy E E
d6i xing véi B qua A (h.234), khi d6 d cit doan thing CE.
Gidi tuong tu nhu vi dy 61.

Trong cd hai trudng hop, dudong thing d phdi dung chua .
canh 16n nhét trong hai canh AC, AB.

Chii y : Dic biét hod bai todn khi AABC vuéng can tai A, -
ta ¢6 bai todn : Cho hinh vuéng ABCD. Dung dudng thing - ginh 234

di qua tdm hinh vuéng sao téng céc khodng céch tir bon

dinh hinh vuéng dén dutng thang c6 gid tri nhd nhat (Trd loi - du{mg
thang phai dung gém hai dudng thang chita dudng chéo hinh vuong).

368. Qua K, dung dudng thang cét hai canh ké clia hinh vuong tao thanh mét
tam gidc ¢6 dién tich nhé nhédt. Xem vi du 59.
369. (h.235) a) V& MM, NN' L BC. Ta c6 |

e = B

- Do d6 min MN = %‘2 & MN//MN < M, N la

trung diém cta AB, AC.

1

i
b) Goi I la trung diém ctia MN. Qua I ké dudng S e -
thdng song song vdi BC, cit AB, AC & P, Q thi Mo KON C
P,Q la trung diém ctia AB, AC. Ta luén co Hinh 235

|
|
i
i
i
[l

SP;MTIQ < SAPQ {xem vi dﬂ 59) nén SAMN < i SAB{: ,. Xﬁ,y ra diu bﬁng khi
MN Ia dudng trung binh PQ.

370. (h.236) a) Chu vi MEAF bing AB + AC. B .
-
b) Goi K Ia giao diem clia HM va dudng vuong géc LT e
voi AC tai C. o Ll Mi:.?{f._.(;
Hiy chiing minh rang CK = CA. NS
o : ' H rf
¢y 'Faich . | 1,
Skem = Sgems SkmF = Scmr = Sker = Sperc: o A F C

Do-d6 Skpp nhd nhat <> Sspp 16n nhit <» AE, AR~ [inh 236

16n nhat < AE = AF (chii ¥ ring AE + AF khong d6i). Khi d6 M 1a trung
diém ctia BC.



371. (h.237) a) Dung Sppc lam trung gian, ta coé
Sepe = kSgpes Sgpe = (1 - k)S nén
| Sepg = k(1 = k)S.
Tuong tu d6i véi SADEs SCEE- Suy ra
S; + S5 + 83 =3k(1 - k)S.

Ta thdy Spgp nho nhit <> S; + S, + S3 16n nhit
<> k(1 — k) 16n nhdt. Do k va 1 =k c6 téng khong

ddi nén tich k(1 ~ k) 16n nhat khi va chikhik=1- k,téc la k =

Hinh 237

|

372. (h.238) Ta nghi dén biéu thitc ax + by + ¢z ¢6 A
gid tri khong d6i bing 2S. Hay chitng minh

(ax+by+cz)[3+g+-gj E(a+b+c)2
X ¥y z)

' 2
dé€ suy ra E+-E.+—2 wt ot :
X 'y z . 25

Xay ra ddu bang khi va chi khi x = y =2z, tic la M
1a giao diém céc dudng phan gidc clia tam gidc.

373. (h.239) O phia ngoai AABC, v& cic tam gidc déu ACC' va ABB,. V& cédc tam
gidc déu AMM' va AMM,; nhu & hinh 239. Ta ¢6 AAM'C' = AAMC (c.g.c).
Khi d6 MA = MM', MC = M'C' = BM + MA + MC=BM + MM' + M'C' > BC'
(hang s6). Vi thé€ M phai thuoc doan thing BC'.

Lap luén twong ty nhu trén, M phai

thudc doan théng CB;. Nhu viy M
la giao di€ém ctia hai doan thing B,

- BC' va CB;.
Chu ¢ rdng

BAC + CAC' < 120° + 60° = 180°,

BCA + ACC' < 120° + 60° = 180°
nén doan thang BC' cat canh AC tai Hinh 239

mot diém nim giita A va C. Tuong .
tu, doan thdng CB, cit canh AB tai mot diém nim gifta A va B. Do d6 tén tai
giao di€ém M ciia cdc doan thing BC', CB; va diém M ndm bén trong AABC.

Hinh 238




374. (h.240) a) AB // MN
_CM _CE_AF_BA
BA BE FD DN
= CM. DN = AB? = 22
~ AB CM AD

b)ééauatacéﬂ=~hnén—=%_ N D a C M
AB DN . CB DN Hinh 240

Do d6 ACMB va ADAN déng dang (c.g.c) nén CMB = DAN . Suy ra
CMB + DNA = 90°. Vay MKN = 90°.

¢) MN nhé nhét < CM + DN nhd nhat. Cdc do dai CM, DN ¢é tich khéng
d6i (cau a) nén téng ctia chiing nhd nhat khi va chi khi CM = DN.

Khi d6 CM? = a%, CM = DN = a. D6 dai MN nhé nhat bing 3a khi va chi
khi E, F theo thtt tur 12 trung diém ctia BC, AD.

375. Ki hiéu nhu trén hinh 241. Dat Sppe =S,
Spem = S1» Spmc =Sz, Sapme =S3. Pt BM =x,

MC=y,BC=a,tacéx+y=a.

Sq

DnSézSu(S]+SEJnén?;1uM

S
Cac tam gidc DBM, EMC, ABC déng dang nén

i_(if S‘Zz_..[if
S a) S a)

Do dé
23_ - x? +)"2 B a* -(xz +};2) _(x +y)2 —(x2-+.yz} _ 2xy
S a’ a” &2_ 2’

S3 16n nhét <> xy 16n nhat. Céc s6 x, y c6 téng

- khong déi nén tich cta chiing 16n nhét khi va chi

khi x = y. Khi d6 M 1a trung diém ctia BC, va

dién tich hinh binh hanh ADME bing nira dién
tich tam gidc ABC.

376. (h.242) a) Dat BC = a ; dit x, y, z 14 canh song

song v6i BC hoac nam trén BC clia cdc tam gidc

nhé ; Sy, S,, S3 1a céc dién tich clia ching, S 12




dién tich AABC. Céac tam glac nho déng dang véi AABC nén :

*’x]z S, 4 (2V x 2
e e e e— | :}-—-.—xm.
L a S 81 \9 a 9
s oN2 £oa
. a S 81 \9 a 9
Chﬁ}}f'réng x+y+z_anén}—{~+y+5=1_Su}rrai=l-
a a a w 3
) S zz 1
‘Do dé —1:(*] =~ = 83 =9 (cm).
_ S a 9 -
2 2 2
b}Tacﬂ: Sl+SSE-+SB=X +y2+z (1}
- a

2

Tﬂrx+y+z-—;asuyra X +y2 -l_-z2 +2(xy+xz+yz)='az.

Nhung x4 yz Fof > Xy + Xz + yZ nén

3(:‘:2 + }{2 + 22) > 2’

(2)
Tx (1) va(2)suyraS;+ S, + 532 %SABC- Xay ra ddu bing < OD = OE,

OF = OG, Ol = OK <> O la trong tdm cia AABC.

377. a) (h.243) Goi E la giao diém cla B M M &
AM va BN, F la giao diém cia DM
va CN. Truéc hét ta thdy EF // AD. . s)
That vy | Y e~ H

ME BM MC MF |
EA AN ND FD
Goi M' 1a diém bat ki khdc M thuoe A | N D
ddy BC, gia st M' ndm gilta B va M. Hinh 243
Goi I 1a giao diém ctia AM’ va BN, goi K 12 giao diém cta DM' va CN. Véi
diéu gia si trén, I ndm giita B va E, K ndm gitta N va F. Ta s& chitng minh -

=> EF // AD.

rang Spenk > Syrink - Mudn vay chi cdn ching minh Syoxr > Syogrr (O 12
giao diém clia AM va DM"),

Goi giao dlém cha EF v6i M'A va M'D 1a G va H. Ta sé chitng minh
GE = HF. That vay, do EF // BC // AD nén



GE AE DF HF
M'M AM DM M'M

= GE=HF.

Do d6 Syge = Spur - Suy 1a Smace = Sumnr 1 Samm = :S‘DMM' b= o
SMOEG = Smour- T2 €6 Syok > Smour = Sm'OEG > SM'OEI- >
Suy ra diéu phai chtng minh, e B e
b) (h.244) C6 dinh diém N thuoc canh ddy AD; ta dung diém M th_uéé canh 4

BM AN w T
day BC sao cho = . Theo cau a, Sypne 16n nhit,
¥ BC AD MENF ;

Ung v6i diém N' bat ki thuéc canh ddy -
AD, dung diém M' thudc canh ddy BC
BM' AN’
BC
M'E'N'F' ¢ dién tich l6n nhat. Ta s&
Chli'ﬂg minh I'iﬂg SMENF = SM'E'N‘F' .
Theo céu a, ta c6 EF // AD, E'F' // AD. j
Bay gid ta s€ chitng minh E', E, F, F . Hinh 244
‘thing hang. That vay, ' |
BE' BM' BM BE

sao cho , ta dugc tt gidc

- =——=— =EE//AD.
E'N' AN' AN EN o
Vay E', E, F', F thing hang.
Ta lai cé ;
E'F' M'E'- ME EF . EF=EF.

AD '‘M'A  MA AD |
Do dé Syrg'p' =Smer VA SN'E'R' =SNEr = SM'E'N'E' = SMENR: -
Nhu vay cdc diém M, N phai dung la cdc diém chia trong BC va AD theo
cing mot i s6. Bai todn ¢6 vo s6 nghiém hiph.
Dé dung cdc diém M, N néi trén, ta chd § ring néu AB cat CD &P thi P,
M, N thing hang, con n€u AB // CD thi MN // AB // CD. e ik



