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- §1. NHAN PA THUC
Vi du 1. Tinh gi4 tri ctia biéu thitc |
A=x" 173 +17x% - 17x + 20 tai x = 16.
Gidi : Cdch 1. Chii ¥ ring X = 16 nén x — 16 = 0, do d6 ta bién déi dé biéu
* thitc A chita nhiéu biéu thic dang x — 16.
A=x*- 16x3—x?’+ 16x2+x2— 16x—-x+16+4 '
= x(X = 16) — X2(x — 16) + X(X — 16) — (X — 16) + 4 = 4.
Céach 2. Trong biéu thitc A, ta thay cic s6 17 bdi x + 1, con 20 thay bdi x + 4.
A=xt o PE+ D+ + 1) ~xx+1) +x +4
=x4.~x4—x3+x3+x2—x2 —-X+x+4=4.

Vi du 2. Tim ba sd tu nhién lién ti€p, biét rang n€u cong ba tich cua hai
trong ba s8 4y, ta dugc 242.

Gidi : Goi x — 1, X, X + 1 12 ba s6 tu nhién lién tiép. Ta cé :
X(xX-D+xx+D+x-1)x+1)=242.

R Sau khi rit gon ta duoc 3x% — 1 = 242 nén x° = 81.
Do x la s6 tu nhién nén x = 9. Ba s6 tu nhién phai tim 12 8 ; 9 ; 10.

Bdi tép

Nhan don thire véi da thirc

1. Thuc hién phép tinh :
2) 3xP(6x" 3 + 1) - 250 9x™3 =) b)s™_ 450
c) 62 6% = 433 - 1. |



Tim x, biét :

a) 4(18 — 5x) — 12(3x = 7) = 15(2x — 16) = 6(x + 14) ;

b) 5(3x + 5) —4(2x —3) = 5x + 3(2x + 12) + 1 ;

) 2(5% —8) — 3(4x — 5) = 4(3x —4) + 11 ;

d) 5x — 3{4x — 2[4x — 3(5x - 2)]} = 182.

Tinh gi4 tri cha céc biéu thic :

) A=%" =305 = 31x+ 1 mix=3l:

b) B=x>— 15x" + 16x° — 29x” + 13x tai x = 14 ;

) C=x"-10x 3 10x" - 10x" + ... + 10x* — 10x + 10 tai x = 9.
Tinh gi4 tri chia biéu thifc sau bing cach thay s& b&i chit mot cich hop li :

1 L. 1 6% 4 _ 4.
315 651 105 ~651 315651 105

Nhan da thic véi da thirc

Thuc hién phép tinh :

4+::c?'+:-:2+:a:+1);

3

a) (x — 1)(X° + X
b) (x+ DEC - +x - +x° —x+1).

Tim x, biét :

aA)(x+2)x+3)~-x-2)(x+35)=6;

b) Bx +2)2x +9) — (x +2)(6x + ) = (x + 1) = (x = 6) ;
¢)32x-1DBx-1)-2x-3)9x-1)=0.

Cho a + b + ¢ = 0. Chiing minh ring M = N = P véi :
M=a(a+b)a+c); N=bb+c)b+a); P=c(c +a)(c+b).
Chitng minh cac hing dang thic : ‘

a) (x+a){x+b)=x2+(a+h)}{+ab;

b)(x+a)(x+b)x+c)= X + (a+b+ n::):ls'.2 + (ab + bc + ca)x + abc.
Choa+b+c= Zp. Ching minh hing déng thic :

2bc + b? + ¢% — a® = 4p(p — a).



10. Xétcdcvidu:53.57=3021, 72.78=5616.

Hay xay dung quy tic nhan nhdm hai s6 c6 hai chir s8, trong dé cdc chif s6
hang chuc bing nhau, cdn céc chit s6 hang don vi ¢6 tdng bang 10.
11. Cho bi€u thitc
M=(x-a)x-b)+x-b)(x-c)+(x—c)x—a)+ xz.
Tinh M- lhep a, b, c, biét ring x = %a + %b + %c.

12. Chodaysé 1, 3, 6, 10, 15, ..., n(n2+ D,

Chl?ﬁg minh ring tong hai s6 hang lién tiép ciia diy bao gid ;::ﬁng la s6
chinh phuong.

13. S6 a gom 31 chif s6 1, s6 b gém 38 chit s6 1. Chitng minh réng ab — 2 chia
hét cho 3.

14%, 56 3°° + 1 ¢6 1a tich cila hai s6 tu nhién lién tiép khong ?
15%*, a) Thuc hién phép tinh : 1
A=+ + P2 429 17 914 _510 99 57 Ly,
b) S6 22+ 1c61as6 nguyén t6 khong ?
- ~Vidu:42.
Bai tap : 225, 227, 228, 230 dén 233.

§2. CAC HANG DANG THUC PANG NHO

Thuc hién phép nhén da thiic, ta dugc cdc hing ding thic sau :
1. (a + b)® = a% + 2ab + b,
2. (a—b)% = a% - 2ab + b*.
3.(a+b)a-b)=2a" - b’
4. (a+b)’ =a° + 3a%b + 3ab’ + b>
(a+b)’ = 2> + b + 3ab(a + b).
5.(a-b)’ =a’ - 3a’b + 3ab” - b’
(a-b)’ =a> —b> - 3ab(a - b).



6.(a+b)a’—ab+b))=2a>+b.

7.(a-b)a" +ab+b’)=a —b".

Ta ciing co:

- S S :
(a+b+c¢c)"=a"+b" +c¢” +2ab + 2ac + 2bc.

Téng quat clia cdc hing dang thic 3 va 7, ta ¢6 hing dang thic :

8. 2" —b"=(a—-b)a" ! +a" b +a" 32 + ...+ ab"2 '-l_-'B“”l)
v61 moi s6 nguyén duong n.

Téng quét clia hang dang thitc 6, ta ¢6 hing déng thic :

9.2" +b" = (a+ I:)}{an_1 —a"%p+a" B2 — . —ab" 2 bn_l)
véi moi s6 1€ n.

Téng quét clia c4c hing dang thic 1, 2, 4, 5, ta c6 cong thic Nm-tbﬂ (xem
chuyén dé Tinh chia hét doi vdi s6 nguyén). :

Vi du 3. Chiing minh rang s6 3599 viét dugc dudi dang tu::h chia hai s6
tu nhién khac 1. .

Giai : 3599 =3600 - 1 = 60% — 1 = (60 +1)(60-1) = 61 59

Vi du 4 Chitng minh ring biéu thic sau viét dugc dmﬁrl dang tﬁng cac binh
phuong clia hai biéu thic : s

K2+ 2+ 1) +3(x +2)% + 4(x + 3%
Gidi : x* +2x+ P +3(x+ 2% 4 4(x + 3)° = e
=x‘+ 2(:( F2x 4+ 1) +3(x% +4x +4) + 4(x° + 61 ¥ 9) l i
S xZF 2T+ AX +2 43+ 12x + 12 + 4% + 24x+36 G
= 10x% + 40x + 50 oy
= (x> + 10X + 25) + (9%° + 30x + 25)
= (x +5)% + (3x +5)%.

Vi du 5. Cho x+y+z=0,
xy+yz+zx=0.
Ching minhrang x =y =2z.



; chi'i:Taﬁcé (x+y+z)2=){2+y2+22_+ 2(Xy + yz + zX).
Suy ra ' '0=12+}'.r2+22+2.0 .
hay . | - 0=x2+y2+zz.
Viyx=y=2z(=0).
Vidu6
W) Tinh A=—12422-3% 4 42— . _ 09 4 1002
b) Tinh A=-1%+2% -3+ 4> 4+ ()% n?
Gidi ; 2) A = 2* =13 + (@* = 3H + ... + (100 - 99%) 1
= (2= 1)(1+2)+ (4= 3)(3+4) +... + (100 - 99)(99 + 100)

=1+2+3+4+...+99+ 100

100.101 — 5050.

-—
—

b) Xét hai trudng hop
Néun chinthi A= (22—13+ @2 -3+ ...+ [n2 - (n - 1)%)
=14+2+3+4+...+(n-1)+n |
n(n+1)
2
Neunldth A== 1H+@-3H+. + (0= 1% - (-2 -n?
2

=1+2+3+4+...+(n—1)—n

:n(n-l)_nz_ n(n + 1)

2 &
Chii y . Hai ket qua trén c6 thé viét chung trong mot cong thiic

1)

Ly A0,

(-1) >

Vidu7.Cho X+y=a+b, (1)
Al A e 2)

Chiing minh ring x° + y =2 +b.



Gidi : Tacé : X HyY =X+ —xy+yD). . (3)

Tu(l)suyra: | {x+y)2‘=(a'+b)2,
tirc 1a . x* 4+ 2xy +y* =a? + 2ab + b2,
i P GO . e
Do x® + y* =a“ + b nén 2xy = 2ab, suy ra xy = ab. (4)
Thay céc két qua (1), (2), (4) vao (3), ta duoc

X +y = (x+ y)I(x% + y* - xy) = (a + b)@Z + I:;_2 —ab) =a°> + b,

Vi duS.Chna+b=m,a—b=n.Tinhabvﬁa3—b3thcumv&n.

Giai :

-0 m+n

C{if:hf.Tira+b=m,a—h=n,la.t1’nhdm‘;:fc b=m o
s ) e
Do dé ab=m+n_m n_m nl;
2 2 4 LN .
B S m+nJ3_ m—n]j_(;'n.+n)3—-(m'-n)3 _
2 2 8 '
2 3
Riit gon biéu thic trén, ta dugc M
Cdch 2. Ta cé
7 S g

-1

4ab = (a + b)® -~ (a—b)> =m® — n? nén ab="2

¥

Tacéa’ - b = (a - b)(a® +ab + b%) = (a — b)[(a + b)’ - ab]

[2 mz-—ﬁzJ n(3m? +n®) 3m%n+n’
=n/m° - = — =

4 4 o
Bdi t&p
. Tinh gia tri clia cdc biéu thic : .
63% —47? 437% -363%
4 5k )
215% - 105

5372 _ 463%



17. Sosanh A = 26% — 24> va B = 27% - 252
18. Tim x, biet: _
4x+ 1%+ 2x - 12 -8(x-1)(x + 1) = 11.
19. Riit gon cdc biéu thic :
@) 2%(2x = 1)® = 3x(x + 3)(X — 3) — 4x(x + 1)°:
b) (@ - b +¢)%~ (b - c)? + 2ab - 2ac :
c) (3i - 1_)2 -23x+1)(3x +5) + 3x + 5)2;
d) 3+ DG+ DE* + EE+ 13+ 1)32 +1);
e) (@+b-c)’+(a-b+c) -2(b-c):
g (a+ b+c)2+(a— b-c)2+ (bmc'-a)2+ (c—a- b)2
h}(a+b+c+d) +(a+b—c—d) +(@a+c-b- d) +-(a+d b—c)
20. Cho x +y = 3. Tinh gi4 tri clia biéu thitc
A=x’ +2xy+_y —4x — 4y + 1.
21, Choa® +b* +¢2= m. Tinh gi4 tri cha biéu thic sau theo m :
A= {Ea+2b—c) +{2b+2c—a) +(2c+2a—b)
22, Hay Vi€t cac s6 sau day dudi dang tich clia hai s6 tu nhién khic 1 :

a) 899 ; b) 9991.
23. Ching minh ring hiéu sau day I mot s& gém toan céc chif s6 nhu nhau :

7778 - 2023°
24, Ching minh céc hing ding thic
 @+brol+al b’ e P =@ b)Y+ (b+o)l 4 (cta)e
b) x4. + y4 + (X + y)4 u 2(:12 + Xy + yz)z. |
25. Choa® - b?=4c2, Chiing minh hdng déng thifc
(3a—-3b + 8c)(5a - 3b— Sc) (3a - Sb)

.26. Ching mmh ring néu (a + bz)(x +y ) = (ax + by) v6i X, y khdc O thi
a b

Lo



27. Chu'ngrrunhrﬁngnéu(a + b’ +c)(x +y +z)—(ax+hy+cz) Vi

X, y,zkhacﬂlthl b=E.
X 4 2
28. Cho (a + b)* = 2(a” + b?). Chitng minh ring a = b.

29. Ching minh ring a = b = ¢ néu ¢6 mot trong céc diéu kién sau :

2:ab+bc+ca; "h}(a+‘b+c]2=3(a2+b2+c2);

a) a4t b% +¢
¢) (a + b+ c)* = 3(ab + be + ca). .
30. Hay viét cdc biéu thitc sau duéi dang téng clia ba binh phu'tmg

a)(a+b+c) +a +b +c2;-

b) 2(a ~ b)(c — b) + 2(b — a)(c —a)+2(b-c)(a-c).
31. Tinh gi4 trj cha biéu thic a” + b* + 54, biétranga + b+c=0va:
a)az+b2+c2=2; b)a2+b2+02=1.l

32, Choa+b + ¢ = 0. Chitng minh a®+b*+ct biang méi bi_é'u thiic :

a) 2(a’b” + b°c? + c%a?) ; b) 2(ab + b + ca)?;
) @ + b? + c?)? |
2 ' .
33. Chu‘ng minh rang cdc biéu thic sau luon luén c6 gid tn duung v6éi moi gid

tri cua bién : |
a)‘)x -6x+2; b)x2+x+1; c)2x2+2x+1._f.

@ Tim gid tri nho nhat cha cdc biéu thitc : | _
A)A=x"—3x+5: b) B= (2x — 1)* + (x + 2)%.

@ Tim gi4 tri 16n nhét cha céc biéu thitc : ik
a)A=4—x2+2x; b)B=4x-.x2.

36. Ching minh ring :
a) Néu p va p2 + 8 1a c4c s6 nguyén té thi p2 +2 cﬁﬁg 1a s6 nguyén t6.
b) Néu p va fﬁp"3 + 1 1a cdc s6 nguyén t6 thi 2p + 1 cﬁhg 12 s6 ngﬁyén to.



37.

38.

39.

Chitng minh ring cdc s sau la hops6 : -

a) 999 991 ; 'b) 1 000 027.
Thuc hién phép tinh :

a) (x—2)° —x(X + 1)(X — 1) + 6x(x - 3) ;

b) (x = 2)(x* — 2% + 4)(x + 2)(x* + 2x + 4).

Tim x, biét : h

a) (x-3)(x2+_3x+9)+x(x+2){2-x)=1;

40.

41,

42,

43.

44,

45.

46.

47.

b) (x +1)° — (x - 1)° - 6(x — 1)* = -10.
Rit #on cdc biéu thic :
a)(a+b+c)3-(b+c—g}3—(a+.c—b)3—(a+b—c)3;
b) (a4 b)® + (b +c)’ + (c +2)° - 3(a + b)(b + c)(c +a).
Chimng minh cdc hing ding thic :

) +brer = wb? P e+ B e+ a). |

%

b)a3+b3 +c3—3abc=(ﬁ'+b+c)_(az+b1+c2—ab—bc—ca).
Cho a + b + ¢ = 0. Chitng minh riang a>+b° +c° = 3abc.
Cho x + y = a va xy = b. Tinh gid tri cla céc biéu thic sau theoava b :
a) X’ +y°; b x> +y .c)x4+y4; Hx +y .
a) Cho x + y = 1. Tinh gid tri ciia biéu thic x° + y° + 3xy.
b) Cho x — y = 1. Tinh gid tri ctia biéu thic - y?' - 3Xy.
Cho a + b= 1. Tinh gi4 tri cta biéu thic _

M =a> + b + 3ab(a® + b%) + 6a’b%(a + b).
a) Cho x +y =2 va x* + y* = 10. Tinh gié tri cda biéu thic X° + y°.
b)Ch;?K-l;'}'=av‘axz+y2=b.Tﬁ1hx3+y31heoavﬁb,
Chitng minh ring : .

a) Néu s6 n Ia tdng chia hai s6 chinh phuong thi 2n ciing 12 tdng cla hai s6

chinh phuong.



48.

49.

50.

51.

52,

33.

b) Néu s6 2n la téng cla hai s chinh phmmg thin cung 1a téng clia hai s6
chinh phuong.

¢) Néu s6 n la t6ng ciia hai s6 chinh phuu‘ng thi n’ ciing la tﬁng clia hai s6
chinh phuong.

d) Néu moi s6 m va n déu 1a tdng cha hai s6 chinh phu:mg thi tich mn cung'
la tong cha hai s6 chinh phuong.

M@i s6 sau la binh phuong clia s6 tu nhién nao ?

a) A =99..900..0 25; 2 .9800...0 l
n n
c)C=44..488..8 9: dyD = ! W A _2, e
n n-l n+l
Chiing minh rang cdc biéu thic sau 12 s6 chinh phucmg :
a) A = 11...1—22...;; b)B=11..1+44..4 + 1.
' 2n s N
a)Choa= ! b =100...05. Ching minh ring ab + 1 1 s& chinh phlm‘ng
n- 1

b) Cho mét ::la}r $6 c6 s6 hang ddu 12 16, cdc s6 hang sau 13 s6 tao thanh
bang cich viét chen s6 15 vao chinh giita s6 hang lién trude :

16, 1156, 111556, ..
Ching minh rang moi s6 hang ctia ddy déu la s6 chinh phuong.

‘Chitng minh rang ab + 1 13 s6 chinh phuong véi a = !1..._],2‘, b= !1...14.

Ching minh rang véi moi s& tu nhién a, ton tai s6 tu nhién b sao cho ab + 4
la s6 chinh phuong. y

¥

Cho a 12 s6 gém 2n chits6 1,b1a s6 gdmn + 1 chir s6 1, ¢ 1a s6 gém n chir

. 80 6. Chimg minh ring a + b + ¢ + 8 1 s& chinh phuong.

54,

33.

56,

Ching minh rang biéu thiic sau khong 1a lap phm:mg ctia moét s6 tu nhién :

1019 4+ 5.10% «

Chu‘ng minh ring tich ba 56 nguyén ducrng lién ti€p khong 1a lap phuong
clia moét s6 tu nhién.

Ching minh ring s6 A = %{11...; - 33...300...0) 12 lap phuong clia mot s6
n n n :
tu nhién.



'57. Chia 27 ﬁuﬁ can c6 khéi lugng 10, 20, 30, ..., 270 gam thanh ba nhém cé
kh6i lugng bing nhau. |

58*. Chia 18 qua can c6 kh6i luong 1%, 2%, 3%, ..., 18° gam thanh ba nhém c6
khoi lugng biang nhau.

59*, Chia 27 qué can c6 kh6i luong 1%, 2%, 3% ..., 27° gam thanh ba nhém c6
khéi lugng bing nhau.

~ Vi du : 40, 41, 43 dén 45, 47 dén 49.

Bai tap : 192 dén 194, 196, 202, 205, 208 dén 214, 216, 218 dén 221, 229
234 dén 258. '

LI
§3. PHAN TiCH PA THUC THANH NHAN TU

Dé phan tich mot da thic thanh nhén ti, ta thudng diing céc phuong phdp :
— Dat nhén tr chung. .
— Duing cdc hang dﬁng thitic dang nha.

— Nhém céc hang tr mot ciach thich hgp nhdm lam xuﬁt hién dang héng
dang thitc hodc xudt hién nhan tir chung méi.

Dé phan tich da thitc thanh nhan t{, ngudi ta cdn dung cdc phuong phép
khdc. Xem chuyén dé Mot sé phuong phdp phdn tich da thitc thanh nhan ti.

Vidu 9. Phan tich da thitc sau thanh nhan tir :
x* + 27 +2%% 4x+1
Gidi: x*+x3+2x% +x+1=*+2x2 +1)+ (x> +x)
= &2 +1)% +xx% + 1) = &2 + D> +x +1).
Vidu 10. Choa+b+c=0. Rﬁt gon biéu thiic
M=a’+b>+ +::(a2 + bz-) — abc.

Gigi: M=a’+b’+a’c+b’c—abc=(a +ac)+ (b’ +b’c)-abe

= a%(a + ¢) + b2(b + ¢) — abc = a*(=b) + b’(-a) — abc

=—aE(a+b+c)=D.



Vidu 11 '
a) Phan tich da thitc sau thanh nhan th:a+b° + {:3 — 3abc.
b) Phan tich da thitc sau thanh nhan t&r bang cach 4p dung céu a):
| x-y+@~2+@z-x°
Gidi : a) a>+b° +c - 3abc = (a+ l:s)3 ~3a’b-3ab’ + ¢’ - _3labc
=[(a+b)’ +c>] - 3ab(a + b +¢)
=(a+b+c)[(a+ b)z—c(é+ b) +c2] —3ab(a+b+c)
-=(a+b+c}(a2+23b+bz—ac—bc:+c2—3ab)

2---ah—!m::-—c::.»l).

.=(a+b+c)(a2+ b2+ ¢
b)batx-y=a,y-z=b,z-x=cthia+b+c=0. |
Do dé theo cau a) ta ¢6 &b e — 3abc =0 =>_33 +b° +¢> = 3abc
Sx-y+y-2+@-x’= 3(x =YXy - 2)(z - x).
Can nh6 két qua cia cau a) dé van dung vio gidi toén.

Vi du 12. Phan tich céc da thitc sau thinh nhan tir :
a)(a+b+c)3~as—b3—c3; : '
3 3 3 3-
b)8X+y+2)y —(x+y) —(y+2) —(z+x)".
Gidi : a) Ap dung nhiéu lan cong thic (x + y_}3 =x>+ y3 + 3xy(x + y), tacé:

-{a+1:a+.::)3—:313—t:3—(:3=[(a+b)+::.j13—a?'—l;h3--(:3

=(a+h)3+(I:3+3c(a+b){a+b+c)—33—b3—c3

&

=33+b3+3ah(a+b}+c?+3c(a+b)(a+b+c)+-a3—b3-c3 ;

= 3(a + b)(ab + ac + bc + cz)

=3(a+ b)[a(b + c) + c(b + ¢)]

= 3(a + b)(b + ¢)(c + a). _

b)Datx'+y=a,y+z=b,z+x=cthia+b+c=2(x+y+z).l)athfrc

dachocédang (a+ b+ c:)l3 —a-b —¢,

Ap dung két qua ca cau a), da thiic da cho béng :
3a+b)b+c)c+a)=3(x+2y+2z)(y+2z+x)(z+2x + ).

Chii y : Can nh6 két qué chia cau a) dé van dung vao giai todn.



Vidu 13. Phan tich d.a thitc sau thanh nhan ti :
. P= xz(y -2z)+ yz(z -X)+ zz(x - y).

Gidi : Cdch I. Khai trién hai hang tir cui r6i nhém céc hang tir am xuat
hién nhéin t chung y - z.

P= xz(y_ -Z)+ yzz - xy2 +x2° - yzz
=Xy~ )+ yz(y - z) - x(y* - 2°)
=(y-— z){x2 + YZ — Xy — X2)
=(y-2)x(x-y)-z(x - y)]
G == -y -2).
Cdch 2. Tach z — x thanh - [(y — 2) + (x - )], ta ¢é
P=xXy-2)-yl(y-2) +(x —yl+x-y)
= (y -2 - y) —(x - y)(y* - 2)
=y -2)X+y)x-y) - & =y)y + 20y -2)
=(y-2)x-y)x+y-y-12)
=(y-2) X - y)x -z).
Cach 3. Xem vi du 37.
Vi du 14. Xét hang déng thitc (x + 1)° = x> + 3x% + 3x + 1.

Lén luot cho x bang 1, 2, 3, ..., n 1di cong timg vé n ding thidc trén dé tinh
gid tri cia biéu thic :
S= LR R SR
Gidi : Tit hing ding thitc di cho ta c6 :
. Padeatennei

3 =02 5. 2% +5.24+1

(n+ 1}3=n3+3n2+3n+ 1.
Cong timg v€ n dang thitc trén réi nit gon, ta dugc

M+ 1P =1 4+30%+ 2%+ .. +0D) +3(1+ 24 .. #0) +n.



60.

61.

62.
63.

64.

Do do

3 3n(n+l)_

30+ 2 ¢ bn ) S me 1) G40 =

= (n'+ l)[(n +1)% *g;-l- = }= (n + 1)[ﬂ2 + %J = ‘Ll,'“(“ +1)@n+1).

Vay S = —;-n(n +1)2n + 1).

Bai tap
Phan tich thanh nhan tir :
a) (ab— 1)* + (a + b)%; b) x> +2x°+2x+ 15
c) x° — 4x% + 12x - 27 ; -2t s 2k-1
€) X'+ 20 + 2% + 2% + L.
Phén tich thanh nhan tir :
a)x2~2x-4y?-4y; b)x4+2i3’—-4x—4;
¢) x2(1=x%) - 4 — 4x%; d) (1 + 2x)(1 - 2%) — X(x + 2)(X - 2) ;

e)xz+y2—:{2y2+x}f—x—}'.

Ching minh ring 199° — 199 chia hét cho 200.

Tinh gi4 tri cita biéu thic sau, biét x° ~x =6 : |
| A=x-xt+ P +xi-x |
Phén tich thanh nhan tir :

a) ﬂ[bz +c+ bec) + l:u(r.:2 R ac) + c:(.a2 +b° + ab) ;

b) (a+ b +c) (ab + bc + ca) — abc ;

c*)a(a + 2b)° — b(2a + b)°. |

65.

Phan tich thanh nhan tir :
a) ab(a + b) —bc(b+c)+ac(a—-c);

b) a(b® + ¢2) + b(c? + 2%) + c(a® + b) + 2abc



) @+b)a’ — b))+ (b+ )b =) + (c +a) (P —ad) ;
d) a’(b—c) + b’ (c —a) + c3(a = b)
e)a’(c — b%) + b'(a~ ) + (b — a%) + abe(abe - 1),
66*. Phan tich thanh nhan tir ; | _
2) a(b +¢)* (b—c) + bc +a)* (c —a) + c(a + b)’ (a—b) :
b) a(b — c)° + bfc —a)’ +ca-b)’;
c) a’b’(a - b) + b’c’(b - ¢) + cZa%(c —a) :
d)ab® + ¢ + b(c® + a2) + c(a®+b’) - 2abc —a° - b> - ¢°;
e)a'(b-c)+b*c—a)+cta-b).
67. Phin tich thanh nhan tir :
a) (a+ b+c)3—(a+b—c)?"—(b+c—-a)3— (c + a-b)3.
b) abc — (ab+bc +ca)+(a+b +¢) - 1.
- 68. Chitng minh réng trong ba s6 a, b, c, t6n tai hai s6 bing nhau, néu :
az(b -C)+ bz{c —-a)+ cz(a -b)=0.
69. Ching minh.rﬁng néua’ +b* = Zab thi a=b. ‘

70*, Chiing minh ring néu a>+ b+ =3abcva a, b, ¢ la cac s6 ducmg thi
a=b=c.

71*, Chitng minh ring néua’ +b +ct+d =4abcdvéa h ¢, d la cdc s6 duong thi
a=b=c=d.

72. Chitng minh ring néum=a + b + ¢ thi

_ (am + bc) (bm + ac) (cm + ab) = (a + I:.)2 (b + c}z (c + a}z.
73. Choa’ + b”=1,¢% +d® = 1, ac + bd = 0. Chiing minh ring ab + cd = 0.

74. Xét hing ding thitc (x + 1)% = x> + 2x + L.
Lan luot cho x bang 1, 2, 3,..., n rdi cong timg v€ n diang thiic trén dé tinh
gidtrichabi€uthic S;=1+2+3+ ... +n. ’
75%, Bang phuong phap tu'ﬂng tu nhu & vi du 14 va bai tap 74, tinh gi4 tri cla
bxéuthucsa-l + 2 43% % and.
~ Vidu : 26 dén 39.

Bai tap : 166 dén 191, 195, 197 dén 201, 203, 204, 206, 207, 215, 217,
222 dén 224, 226.



§4. CHIA PA THUC

Pa thic A(x) goi la chia hét cho da thic B(x) khdc 0 néu tén tai da thic

Q(x) sao cho A(x) = B(x). Q(x). |
' Ngudi ta ching minh dugc rang : Véi moi cip da thitc A(x) va B(x) trong dé
B(x) # 0, tn tai duy nhat cap da thitc Q(x) va R(x) sao cho A(x) = B(x).Q(x) + R(x),
~ trong d6 R(x) = 0 hodc bac chia R(x) nhé hon bac clia B(x).

Néu R(x) = 0 thi A(x) chia hét cho B(x). Néu R(x) # 0 thi A(x) khong chia
hét cho B(x), khi d6 Q(x) la thuong va R(x) I1a du cia phép chia A(x) cho B(x).

Vi du 15. Tim s6 tu nhién n dé da thitc A chia hét cho don thic B :

A g 3:h‘:n—l}.ﬂ:'-_ sy MI}’4 ,' B 2x _Y
Tim thuong A : B trong trudng hop dé. ' »
Gidi : Diéu kién dé A chia hét cho B la

.n—123_'

n+1=23 n=4

4 = & n=4
6=2n n<4
4=>n

Vay véi n = 4 thi da thiic A chia hét cho don thic B. Khi d6

' i 39 53

= —y“ —==x".
I=g¥ g

Vi du 16. Xac dinh cdc s6 hitu ti a va b dé da thiic x +ax+b c:hla hét cho
da thic x + X = 2.

Gidi : Cach &5 Dat tinh chia :

x3 + ax +b

= (3:“;3}'15 - 5x5y4) : {2x‘3}f

}(3+x2 - 2x ] - x=1

—.xz+(a+2)x+b
% - X+2

(a+3)x+(b-2)




Dé chia hét thi da thic du phai bing 0 véi moi gi tri ciia x, nén :
a+3=0 la=-3
=
b-2=0 b=2,
Vay véia=-3;b=2thix’ +ax + b chia hét chox’ + x - 2.
Cdch 2. (Phtmng phdp hé sé bat dinh)
Pa thic bi chia c6 bac ba, da thu‘c chia c6 bic hai nén thm:tng 1a mot nh1
thic bac nhat, hang tir bic nhat 1a X1 X% =X
Goi thuong la x + ¢, ta ¢ :
x3+ax+b=(x2+'x—2)(x+c}
néen > +ax+b=x+ (c+ Dx? + (c - 2)x - 2¢.
Hai da thic trén bang nhau nén :

II
|_-

c+1=0 e

II
LAJ

c—2=a < 4a
-2c=b b

Vay véia=-3,; b=21hix3+ax+bchiah€l r.:hc:fzﬂi2 + X -2, thuong lax — 1.
Cach 3. (Phuong phap xét gia tri riéng) |
Goi thuong khi chia x> + .ax +bchox’+x-21a Q(x),tacd:

x> +ax +b=(x - (X +2) Qx).

Vi dang thitc dting v6i moi x nén lan luot cho x = 1, x = -2, ta dugc :
l+a+b=0 at+b=-] a=-3
— —
—-B8—-2a+b=0 -2a+b=28 b=2.
Véia=-3:b=2thix" +ax + bchia hét cho x> + x - 2.
Bai tap
Chia don thac cho don thirc

76. Thuc hién phép tinh :

6 6§ 2 913253 43

12
s W27 :9°; c) -
| 310 506

a)8



¥ i

78.

79.

80.

81.

82.

83.

84.

85.

Ching minh rang biéu thic sau khéng 4m vé6i moi gi4 tri cia bién :

A =(-15xy°) : (=5xy).
Chiing minh ring gid tri ciia biéu thic sau khong phu thudc vao gid tri cia
bieny (x#0;y=0):

B= %xzyj : [—%xy] + 2x(y - [)(y'+ 1).

Tim s6 tu nhién n dé don thic A chia hét cho don thifc B :

R 4xn+ly2 B= 3}(3}?11?1.

Chia da thire cho don thiuc
Thuc hién phép tinh :

a) (lazxd' + ia}-:3 - gaxzj : (— Eaxz] :
A 3 3 3

b) 4[%): - 1) + (12}{2 -3x): (-3x)— (2x + 1).
Thuc hién phép tinh réi tim gi4 tri nho nhét cla bi€u thitc :

A = (9xy? - 6x2y) : (-3xy) + (6x%y & 2x4) : (2x2).
Tim s6 tu nhién n dé da thitc A chia hét cho don thic B :

A= 75"y - 5x3-y4 ! B= 5;\:2}'“.

Chia da thic cho da thic

Rut gon biéu thic _
[ +y) -2 =y + 3 + )T : x + y).

Chia cac da thiic :

a) {3x4—213-2x2+4x —8): (xz—l); :

b) (2x° — 26x — 24) : (x> + 4x + 3) :

¢) (x° = Tx + 6): (x + 3).

Xdc dinh hang s6 a sao cho :

a) 4x2—6x + achia hétchox -3 ;



86.

87.

88.

89.

90.

b) x> +x +a chia hétchox + 3 ;

c) x° + ax* — 4 chia hét cho x* + 4x + 4.
Xdac dinh hidng s6 a sao cho :

a) lw‘ih-t2 —Tx+achiahétcho2x-3;
b32x2+ax+lchiachnx—3d1r4;

c) ax” + 5x* ~ 9 chia hét cho x — 1.
X4c dinh c4c hing s6 a v b sao cho :

a) x4+ax+hchiahé'tchﬂxz—4;
3 : ; 2
b)xﬁ+ax +bx—1chiahétchox —-1;

c) x> + ax + b chia hét cho x> + 2x - 2.

Xéc dinh cdc hiing s6 a va b sao cho :

a)'x4+axz+bchiahé't chuxz—};+ 1%

b) ax3 + bxz + 5x — 50 chia hét cho x2 +3x - 10 :

c) 314 + bx3 + 1 chia hét cho (x - 1}2 8

d) x* + 4 chia hét cho x* + ax + b.

Tim céc hing s6 a va b sao cho x° + ax + b chia cho x + 1 thi du 7, chia

cho x — 3 thi dir -5.

Tim céc hing s6 a, b, ¢ sao cho ax3 + bxz + ¢ chia hét cho x + 2, chia cho

x” — 1 thi du x + 5.
~ Vidu : 46, 50 dén 59.
Bai tap : 259 dén 275.



Chuong I1
PHAN THUC PAI SO

§5. TINH CHAT CO BAN CUA PHAN THUC.
RUT GON PHAN THUC

: - - . P B ' = o ? # - A - = w #
Phan thirc dai s6 1a mot biéu thic c6 dang = trong do A va B la cidc da
thic, B= 0.
Phén thic dai s6 ¢6 céc tinh chat co ban sau :

— N€u nhén ca tir thic va mdu thitc cia mot phan thiic vm ciing mot da
thitc khéc 0 thi duge mot phan thiic bang phan thic di cho.

— Néu chia ca tir thitc va mau thiic cia mot phan thic cho ciing mot nhan
tr chung cua ching thi duge mot phan thiic bing phan thitc da cho.

Muén rit gon mot phan thiic dai s, ta ¢6 thé ;
= Phan tich t thic va mau thic thanh nhan tir ;

~ Chia ca tir thic va mau thic cho nhén tir chung.
Vidu 17. Cho phén thic

(a% + b? +c2)(a+b+c')2 + (ab + bc + ca)®
(a+b+c) —(ab + bc + ca)

a} Tim cdc gid tri cha a, b, ¢ dé phan thic duge xdc dinh (tic la dé mau
khdc 0).

b) Riit gon phan thitc M. E

Giai : Taco

M=

&

(a+b+c) —(ab+bc+ca):chaz+b2+c2+ab+bc+ca=0
< 2a° +2b° + 2¢® + 2ab + 2bc + 2ca = 0 |
<::~{a+b)z+(b+c)2+[¢+a}2=0<:>&.+b=b+'c=c+a=0
cva=h=c=0.

Vay diéu kién dé phan thic M duoc x4c dinh 12 a, b, ¢ khong déng thoi
“bang 0. .



b}Chuyr&ng(a+b+c) = 9* +b +c +2(ab+bc+ca) Do do, ta dat
aZ 4+ b2+ ¢ =Xx,ab+bc+ca=y. Khldé(a+b+c) =X+ 2y. Tacé

M=x(x+2y)+}f-=x +.2xy+y _(x+y) =Xk
: X+2y-y . XY X+y

4 .
=a +b2-+c2+ab+bc+ca.

Vi du 18. Rt gon phan thiic

(b—c)3 +(c-—a}3 +(§—b)3

az(b -c)+ bz(c —a)+ cz(a - b)'
Gid : Phan tich mau thiic thanh nhan ti :
(b~ &)+ B —a) + oo la — W)t lh o) 4 WP b o 0P — b

CA =

= a’(b - c) + be(b — ¢) — ab® — ¢2) = (b - c)(a® + be — ab — ac)
=(b-c)[a(a-b)-c(a—b)] =(b-c)a-b)a- c).
{b - 0)3 +(c —-3}3 + (a - b)3 ‘

Dods A
' —(a = b)}(b-c)c —a)

Ta c6 nhén xét : Néux + y + z = 0 thi x> + y3 +7° = 3xyz (chiing minh :
Xem bai tap 42). Datb-c=x,c~a=y,a-b=2zthix +y + 2z =0. Theo nhin
XEéL trén :

L 3 3
A:x +y +zZ =3:-{yz=_3‘
- ~XyZ —XyZ
; o I . . n’+2n
Vi du 19. Chitng minh ring véi moi sé nguyén n thi phén s6 3 S
n’ +3n°+1

la phéan s6 t6i gian.
Gidi : D¢ ching minh:phan s6 da cho 12 t6i gian, ta s& chiing t& ring tir va -
mau chi ¢6 udc chung 1a + 1.

Goi d 1a ude chung cha n> +2nvan®+ 3n°+1.Tacé:
n’+2nid=n@’+2n) id=>n*+20% 4, (1)

T T N e | Ed.:(n2+1)2=n‘*+_2n2+1 td. ()



91.

92,

93.

94,

Tu (1) va (2) suy ra
'+’ +)-@' +20°)id=>1id=>d=21.
3

n~ +2n
2

1A phan s6 t6i gidn.

n +3n“+1

Vi du 20. Chitng minh rang
l+x 4+ + % 4+ =1 +1) @+ +xHA + B +x"%. (1)
Gidi : Goi vé tréi ciia déng thiic (1) 12 A, vé phai 1a B.
Tacé (1 -x). A =1- x> theo hing ding thitc 8,

2 4 8 16 : 32
(1-%).B=(1-x)1+0)1+A+x)1+xD)A+xH=1-x""

32 .

1_

Néu x # 1 thi A va B déu bing phan thic  Dod6A=B.

1-X%
Néu x = 1 thi hai v€ cla (1) déu bing 32. Do dé A = B.
Trong ca hai truong hop, dang thiic (1) déu ding.

Bdi tap
Tim gid tri ca x d€ céc phan thic sau bang O :
' x*+xP +x+1 ', x* - 5x% + 4
L — ; B ==
X =X +2x"—-x+1 x' -10x“ +9
Riit gon cédc phén thiic :

_ 1235.2469 - 1234 4002

a) A= 1 b) B= : X
) 1234 .2469 + 1235 ) 1000.1002 - 999.1001 |
Riit gon cédc phén thiic :
33 - 7x2 + 5x - | (K-Y)3—3KY(K+Y}+Y3 :
2X" —X" —-4x+3 ’F—GY
2 2 2 : .
& X“ +y° +2z° - 2Ky + 2Xz — 2yz
x° - 2Xy + y2 —z?
Riit gon cédc phéan thic v6i n 1a s6 tu nhién :

(n+ 1! : n! (n+D!—(n+2)!
e —— b) ; c -
n!(n + 2) (n+1)! — n! (n + D!+ (n + 2)!




95. Riit gon chc phan thiic

2x% - 7x% - 12x + 45 _
3x> - 19x2 £33x -9

x3+y3+z3

a’(b-c)+b*(c-a)+c?(a-b) )
ab® — ac? — b + be? !
3

a)

3 3 - :
&) X" -y +2z° + 3xyz d) 3xyz

7l

x+yP2 +(y+22 +@z-x%72 x = y)% +(y = 2)% + (z - x)’

96. Ching minh ring céc phan s6 sau t8i gian véi moi s6 ﬁ_r nhién n :

gy 30+l pyl2ntl. n’+2n gy 2+l
5ﬂ+2.! .3{.]'['!'4"2-1r ﬂ4+3ﬂ2+1‘_ 2n2_1.
;- o’ +n+1 . o
97. Chiing minh ring phéan s6 3 khéng t6i gian véi moi s6 nguyén
n+n+1

duong n.

98. Viét gon biéu thitc sau duéi dang mét phan thic

(xz - X+ 1)(x4— xz

FDE -2+ D=+ D2 - x4 1),
(ax + by + cz)?

X2+)’2+2,2

2

99. Cho biét x, y, z khac 0 va = a” + b% + 2.

Clidng minh dng 2= 22 8.
X y z

100*. Cho bi€t ax + by + cz = 0.

be(y — )7 + ca(z - x)? + ab(x — y)?

ax? + byz +cz?

Rit gon A =

X%+ ¥ 41

(-2 + @2z -x) +(x -y

2

101. Riit gon , bi€tring x +y +z=0.

102. Tinh gi4 tri ciia bidu thic A = = ;F,' biét x* — 2y* = xy (y#0;x+y=0).
i : X y

4y , biét rang 9x° + 4y2 = 20Xy va

103. Tinh gid tri cha phan thic A =
3x + 2y

2y <3x<0.



104. Cho 3x - y = 3z va 2x + y = 7z. Tinh gia tri clia biéu thic

%2 — 2Xy

J'L:z+}J2

M = (x=0,y=0).

105. Tim s6 nguyén x dé phan thifc sau ¢6 gi4 tri 2 s6 nguyén :

a) 2 ; b) - 25 - C)T7—-:
S 2x -1 X“+1 - x°=x+1
2 _ g | | '
d) X~ =59 . &) x+2-
X+38 X2+4 :
106. Tim s6 hiru ti x dé phan thic 21 c6 gid tri 1a s6 nguyén.

X“+1
107*, Chung minh rang néu céc chit s6 a, b, c khic 0 thod min diéu kién
ab : bc =a : ¢ thi abbb : bbbc =a: c. :

108. Diém trung binh mén Todn ciia céc hoc sinh nam va nir hai lép 8A va 8B
' duogc théng ké ¢ bang sau :

L6p 8A Lép 8B Ci hai 16p 8A va 8B
Nam 7.1 8,1 7,9
No 7,6 9,0
Ci 6p 7,4 8,4

Tinh diém trung binh mén To4n ciia céc hoc sinh chia ¢4 hai I6p 8A va 8B.

f{.

§6. CAC PHEP TINH VE PHAN THUC

Mu6n céng céc phan thic, ta quy déng mau-thifc, cong céc tir thitc véi
nhau, gilt nguyén méu thic chung, réi rit gon phan thic vira tim dugc.

Muén trir di m¢t phan thic, ta 4y phan thirc bi lru ¢ong voi phén thitc déi

cta phan thifc trir.

‘Muén nhﬁn cdac phan thic, ta nhﬁn céc ti thitc v6i nhau, cac miu thic véi
nhau, r6i rit gon phan thic vira tim duge. Mudn chia cho mot phan thitc khac 0,
ta lay phan thic bi chia nhan véi phan thic nghlch dau cua phﬂn thic chia.



Vidu 21 | - .
Choa+b+c=0vaa,b,c déu khdc 0. Rut gon biéu thirc

ab bc ca
e N T e T S S B
a“ +b° -c¢ b +c“—a c“+a“ -b

Gidi : Thra+b+c=0suyraa+b=—c.

Binh phuong hai vé, ta dugc a® + b’ + 2ab = ¢’ nén a” + b’ — ¢ = —2ab.
1

Tuong tu, b2 + c?' - a2 = —2bc va cz + 32 - b2 = —2ca.

ab g bc L <8 I 1 1 3
-2ab -2bc -2ca 2 2 2 2
Vi dd 22. Riit gon biéu thitc
[P . + 22+ 44'+ 83.
1=% 1+X T14x*+1+%x" l+x

Giai : Do dac diém ctha bai todn, ta khong quy déng mau tat ca cic phéan
thitc ma cﬁng lan luot ting phan thic.

2 2 4 8
+ + +

Do dé A

A= '
1-x% 1+x% 1+x* 1+x8 _
4 N 4 i 8 8 4 8§ 16
1-x* 1+x% 1418 1-x% 1+x® 1-x!6
Vi du 23. Riit gon biéu thiic
B 33.‘* 52+___+ _2n+12.
(.25 (23 [n(n + 1)]

Giadi : Du‘cmg nhién khong thé quy dong maéu tat ca cac phan thic. Ta tim
cdch tich moi phan thitc thanh hiéu ctia hai phan thic réi ding phuong phip
khtr lién tiép. Ta c6 : .

2k +1 . _(k+D*-K* 1 1
Kk+D? KAk+D* K (k+ 1)
T I S 1 1
Do dé6 B=——-—t+t—-—=+ - =
1* 2% g% i (AT
—1- | n(n + 2)




Vi du 24, Xac dinh céac s6 a, b, ¢ sao cho
| _ a);+ b N c . (1)
(s Dx=1) 4] x—1
Gidi : Thuc hién phép cong & v& phai ctia (1) :
l{:am:+l:)){x--1)+::(:c2 +1) ax? —ax +bx — b+ cx? + ¢ 2

x% +1)(x-1) x2 + I)(x - 1) B

_ (@a+c)x® +(b—a)x +(c—b)
% +1)(x-1) '

Dong nhét phin thitc trén véi phéin thiic 5 1 ——, ta dugc :
" +Dx~1D
a+c=0 2 ‘ 1 y
+b= :
b=a=0 = " = ¢=—; b=——.
c-b=1 2 2
c—b=
| . I |
o] 1 2 2.2
Do dé a = ——. Nhu vy : 5 e ek :
2. “+Dx~-1)  x*+1 x-1

Vidu25.Cho A= —- (] - 14} |

x+y’lx* y
| ]
B = 2413—13’{:: 2512“2'
(x+y)°\x" . ¥, (X+yr\x* -y
Thuc hién phéptinh A+B+C. ¥

Giai : Taco

- v -xt P+ -t XAy -0

x4y4(x + y)3 x4y4(x + 3)3_ ' x"_‘yf‘(x + y}zl
_ | 2 _ 2
a8 ( 1 b, 1:9h=x ]

x+HS y3 xty k%2

2 [1 1 y-x]_ 2y =% +xy(y-X)

— — - : 5
x +y)* ; x+y)* Xy’

}{3 y szz



v B (y - X)(y% + 2xy + x> ) __2Ay-x)
x+y)* Xy (x +y)x3y®

Dads A+B+Cs O X )(y—x)+ 2y - x)

ylx+y? Py x+y)

_ Py -0 2y -x) _ -0’ +xP+2xy) _y-x
xtyt (x + y)? x'y*(x + y)? xy?

Bai tap

109. Thuc hién phép tinh :

x+3 2x-1 x-3

a) = = ;
x+1 x-1 x2_1
1 1 o 1
+ - + .

X(x+y) yx+y) x(Ex-y) yy-x)

110. Thuc hién phép tinh :

1 1 1
a)A = + + 3
(@a-b)a-c) (b-a)b-c) (c—a)c-b)
B B g S 1 ;
a(a—=b)a-c) bb-a)b-c) cl(c—a)c-Db)
¢)C = be i _ac i ab :
(a-b)a—-c) (b-a)b-c) (c —a)(c-b)
2 2 2
d) D = a b c

@-b¥a-c)  (B-a)b—c) e —B)

111. Cho a, b, ¢ 1a cdc s8 nguyén khic nhau d6i mét. Chitng minh ring biéu
thic sau c6 gid tri 1a mot s6 nguyén :
a3 o b3' c3
= + + ;
(a—-b)}a—c) (b-a)b-c) (c—a)c—-b)
112. Cho 3y — x = 6. Tinh gid tri clia bleu thic

X 2}; 3y
}f—-2 x -6

A



2 2 2 2 2

2
113. ﬁmx,y.z,bié'tréngx e A Ty rL
7 - SR 5

114. Tim x, y, biét ring X2 + y? + — 4 — = 4.
o 2 2

115, Cho biét :

B | =

+£+£:l
b ¢

116. Cho .o FrdaZop
a b ¢
va I E-I-E-I-E:z_

X N .F
i G o i ¥ ag bz cz-'
Tinh gia tri cua biéu thirc : e

117. Cho(a+ b + 5)2 = a’ + B % _c_2 vaa,b,c -khﬁc 0. Ching minh ring

L, . L 3
a .b3 _c3 abc
118. Cho B sl B,

b ¢c- a a ¢ b

Chiing minh rang trong ba s6 a, b, ¢, tén tai hai s6 bang nhau.

()

(2)

(1)

(2)

119. Tim cic gid tri nguyén cua x dé phan thic sau cé gid tri 1a s6 nguyén :

2i3 —'6x2+x—8'

a) A = d
X-3
4 . H.d oD e
b) B=¥ _ 21{2 3x +:8x 1 :
i Xx° =-2x+1
& oon o _
C)C=x_+3x + 2X“ + 6% 2__

' xz+2



120. Riit gon biéu thiic sau véi x =

342

x+3a x-3a 2a
A= + -~ + a.
_ 2-X 2+X 4—x2
- 121. Riit gon biéu thifc : '
O o T T R
o 2 % 2 i 2 +(a—b) +(b-c¢) +(c a).
a-b b-c c¢-2a (@a-b)(b-c)c-a)

123, G bl 210K SRR Abe-b g o tinh ring trong
ab- bc ac

ba phan thifc & v€ trai, ¢6 it nhdt mot phan thic bing 0.

123, Xic dinh cédc s6 a, b, ¢ sao cho :
+ i.bi-'-c; b) 2l _ & - b ;

Xx“+1) X ‘x*+1 X -4 X-2 X+2
1 a b c

— — + iR :

E+D)°(x+2) x+1 @x+1)* x+2

124. Rt gon biéu thiic

a)

<)

'B=(ab+bc+'ca)(1+1+1j—abc[ AT l].

a b C aZ bZ ‘:2

125. Cho a, b, ¢ khic nhau doi mot va l + % + i = 0. Rut gon céc biéu thifc :
: S :

a
a)M=21._+21 +2-l "
a”+2bc b“ +2ac c +2ab
by N = z.bc + ,zca + b "
o " a“+2bc b +2ac ¢ +2ab
2 2 2
c) P= za + zb + 2‘: ,
a® +2bc  b” +2ac ¢ +2ab
126. Cho céc s6 a, b, ¢ khic nhau doi rﬁtjtvﬁ a+b=b+rc=c-};a_ Tinh gid
c a

tri ctia biéu thitc

e ) )



127%, Cho a° + b + ¢® = 3abc vaa + b + ¢ # 0. Tinh gid tri ciia biéu thic :
E ar + B° &

N — 5
(a+b+c)

128. Riit gon cédc biéu thic :

)

2 #® .52  gn+
=] i<t P <1 - Conedt =}
129, Riit gon céc biéu thic : |
N 1

b) B =

- a) - + + ...+ :
L2 23 34 (n—=1)n
B e g :
25 58 8.11 (3n + 2)(3n + 5)
d 1 . 1 1 1

- + ot —
123 234 345 (n=1n(n+1)
130. Ching minh ring véi moi s6 tu nhiénn > 1 :
1 1 L+ L 1
- +

a) o i 2 -
2. 4 6, (P 2
b}%+%+-%+...+%{l;
3e B Y 2n+1)*~ 4
131. Ching minh ring v6i moi s6 tu nhiénn > 2 : , 4
A:.g+ 12+ 12+...+L2<'3.
gr g <. n“ 3
132. Ching minh rang véi moi's6 ty nhiénn > 3 :
L i3 51 1 1
B=—3+—3+—3+...+—3¢:—.
3 47 5 n® 12

133. Ching minh ring vi moi s6 tu nhiénn > 1 :

A=[l+—1—][l'+-l—][l+i]--.[1+ . ]-::2.
- 3.3 2.4 3.9) \ n(n+2) |




- 134. Chti'n;g minh rﬁ‘;ng v6i moi s6 tunhiénn=>2:

.Bé(l—z)(l——g—)(l—i}..[l- = ):-i.
s 6 12 20 nn+1) 3

135. Rit gon biéu thiic

3% _ 1 7RL ) 114w A%

A= 5 s — —

| : 52 -197-113% -1 452 -1
136*. Chimg minh réng : '

2418 +1 48 +1 93 +1

a) A = ; !
2.y 2.1 432 9° 7

#
b) B =

<

b |

gy By
22 +1 3+1 w41
137*. Riit gon biéu thitc |
R ) M G P o) R S
G+t + 1Y +4)..23% + 9)
138. Riit gon biéu thiic ;
M= 5 L + 1 + 2 . + 3 E 2 4
a* -5a+6 a’-Ta+12 a2-9a+20 aZ-1la+30
139. Riit gon biéu thitc

'(n—l n-2 n-3 2 A J (1 | 1]
+ + + ..+ + =+ =+=+..+—|
Nk, < B 3 n=2 hn=1J'\2 3 4 n

140. Riit gon biéu thiic . .
1 1§ 1 1 1

2
> —,
-3

P

+ + +.+ +
A _12n-1) 32n-3) 5@2n-5) (2n-3)3 (n-1).1
. 1+ ! +i+ e v
3 2n -1
141. Cho _ abc =1 _ (1)
W asbRbE R, @)
: a. b -c

Chitng minh rang trong ba s6 a, b, c, t6n tai mot s6 bing 1.



- 160. Cho hai s6 nguyén duong ava b trong d6é a > b. Tim s6 nguyén ducmg c
khéc b sao cho

aS+b3_a+b
a° 4 ¢ a"’cl..

161, Cho day s6 a,, a,, a3,..; sao cho :

& = _ay -1 _ —ﬂ’:Ll_

ap = g = yeee s 8p = .
. a; +1 - a) +1- " ag g +1

a) Chitng minh rang a; = as.

b) Xdc dinh nam s6 dau clia ddy, biét rang a;g; = 3.

162. Tim phan 5 2 Khdc 0 va s6 ty nhién k, biét ring _n_1-= o
% .
163*. Cho hai s6 tu nhién a va b (a < b). Tim téng cac phan sﬁ' t6i glan cé mau

bing 7, médi phan s6 16n hon a nhung nho hon b.

.164. a) Mic san xudt cia mot xi nghiép nam 2001 tang a% so v6i nam 2000,
nam 2002 tang b% so véi nam 2001. Mic san xudt cha xi nghlep dé nam
. 2002 tang so véi.nam 2000 la :

A) (a + b)% : B) ab% : | Q) [a b algob]% ;

a+b ab
+ %
100 10000

D) (a+b+-a£]% . E)
100
- Hay chon céu tra 16i ding. - | Y
b) Mét s6 a tang m%, sau d6 lai gidm di n% (a, m, n 1a c4c s6 duong) thi
duge s6 b. Tim lién hé gitam vin dé b > a.
165*, Chitng minh rang cic tong sau khong 12 s6 nguyén :
g g

a) A=l+l_+i_+...+l (neN,n>2):

n * |

1})13—l 1+3!-+...+
% N9 2n+1

(ne N,nz=1).

~ Bai tap : 463 dén 465.



CHUYEN DE

| MOT SO PHUGNG PHAP
"~ PHAN TICH PA THUC THANH NHAN TU

Trong chuyén dé nay, ta chi phan tich da thic thanh nhén tir v6i cdc he
sO nguyén. \ - :

I - PHUONG PHAP TACH MOT HANG TU THANH NHIEU HANG TU
Vi du 26(3). Phan tich da thitc thanh nhan tir:

3x — 8x + 4.

, Gtm Pa thiic trén khéng chita nhan tir chung, khéng ¢6 dang mét hang
dang thic ddng nhé nao, ciing khong thé nhém céc hang tir. Ta bién doi da thiic
dy thanh da thic ¢6 nhiéu hang tir hon.

Cdch 1. (Tach hang tir thit hai) -

31{2 - 8x +4=3x2—6x -2X+4=3x(x-2)-2(x=2)=(x = 2)}3x - 2).

Cdch 2. (Tach hang tir thit nhat) |
312-8x+4:4x2—8x+4—x2={2x—2}2;x

=2x—-2+x)2x-2-x) =(3x - 2)(x - 2). _

Nhdn xét : Trong car.:h 1, hang tu‘ —8x dugc tach thﬁnh hai hang tir -6x

Va —2X. Trnng da thitc 3x° - 6x — 2x + 4, hé s6 cua cic hang tur la By =0y =2, B
Céc hé s6 thir hai va thit tv déu gép -2 ldn hé 6 lién trude, nho dé ma xuat
“hién nhan tu chung x — 2.

2

Mat wch téng quét, dé phan tich tam thic béac hai ax” + bx + ¢ thanh nhan

by ¢
t, ta tach hang tlr bx thanh b;x + b,x sao cho —- = o tic la by b, = ac.
_ a 2

Trong thuc hanh ta lam nhu sau :
Buoc 1 : Tim tich ac.
Budc 2 : Phan tich ac ra tich ciia hai thira s6 nguyén bang moi céch.

Buée 3 : Chon hai thira s6 ma t6ng bing b.



Trong vi du trén, da Llru’rc.3x2 —8x+4c6a=3,b=-8,c=4.Tichac=34=12.
Phan tich 12 ra tich ciia hai thita s6, hai thita s6 may cing ddu (vi tich ciia
ching bang 12), va cing 4m (dé tdng cia ching bing -8) : (-1)(~12),
(=2)(=6), (=3)(—4). Chon hai thira s§ ma tng bing -8, d6 la ~2va-6,

Vi du 27(3). Phan tich da thifc thanh nhéan tir :
4x* - 4x - 3.
Gidi : Cdch 1. (Téch hang tir thit hai) | |
4x% —4x -3 =4xP + 2x - 6x — 3= 2x(2x + 1) = 3(2x + 1) = (2x + 1) (2% — 231
Chd ¥ ring hé s6 —4 duoc tich thanh 2 va —6 c6 tich bing ~12, bing tich
cua 4(-3).
Cdch 2. (Téch hang tix thit ba)
4x* —dx—3=4x" —dx+1-4=2x-1)* = 22 = 2x + 1) 2x - 3).

Nhan xér : Qua hai vi du trén, ta thdy viéc tich mét hang tit thinh nhiéu
hang tur khac thudng nhdm muc dich :

— Lam xudt hién cdc hé s6 tl I¢, nh& d6 ma xudt hién nhéan tir chung (cich 1) ;

— Lam xuét hién hiéu cha hai binh phuong (cich 2).

Véi céc da thic ¢6 bac tlr bac ba trd lén, dé dé dang 1am xuit luén cac hé
s6 11 1¢, ngudi ta thudng diung cich tim nghiém ciia da thiic.

Ta nhic lai khdi niém nghiém ctia da thitc : s5 a dugc goi la nghlr’:m cua da
thic f(x) n€u f(a) = 0. Nhu vay, néu da thirc f(x) cé nghiém X = a thi né chifa

nhéan tir x — a.

Ta ching mmh dugce rang nghiém nguyén ciia da thu‘c, néu ch, ph:u la uéc
ctia hé s6 tu do. ks

That vay, gia sir da thic a x" + alx"'i + ...+ a,_;X +a, v6i cic he s6 a,,

aj, ..., a, nguyeén, ¢6 nghiém x = a (a € Z). Thé thi

i + ...+ bn—l)*

a X + alx“‘l oot a, X +a,=(x- a)(bnx"'l + byx
trong do by, by, ..., b,_; nguyén. Hang tir ¢6 bac thdp nhat cta tich & vé phai
bang —ab,_;, hang tr c6 bic thdp nhdt cha v& trdi bang a,. Do dé

—-ab,_) =a,, tic ala udc cla a,.



Vi du 28(3), Phan tich da thic thanh nhan tir :

| f(x) =% —x> -4, | |

Gidi : Lan lugt kiém tra véi X =+ 1, + 2, + 4, ta thiy f(2) = 2> = 2> - 4 = 0,
Pa thic ¢ nghiém x = 2, do d6 chtta nhan thr x — 2. |
~ Tatdch cdc hang tir nhu sau :

Cdch 1. x3—'x2~4=x3—2x2+xzh'2x+2x—4

=X (X -2) + XX ~2) + 2 = 2) = (x - (K% £ x +2).
Cdch 2. x.3-x2-4=x3—8—xz+4
= (X -2+ 2x +4) = (X + (x-2) -
=(x-2D(X°+2x+4-x=2) = (x - 2)(X% + x +2).
Chi y 1 : Khi xét nghiém nguyén cla da thic, nén nhé hai dinh Ii sau:
a) Néu da thitc f(x) c6 tdng cdc hé s6 bing 0 thi 1 13 nghiém cia da thic,
do dé da thitc chita nhan tir x - 1.
Chang han, da thitc x° - 5x° +8Xx—-4¢61-5+8—-4=0nén 1 la nghiem
cua da thiic, da thitc chita nhan tir x — 1.
b) Néu da thiic f(x) c6 16ng céc hé s6 cha hang tir bac chan bang tong cédc hé
s clia hang tlr bac 1€'thi —1 1a nghiém ctia da thic, da thifc chifa nhén tir x + 1.
Chéng han, da thitc x> — 5x° +3x+9¢c69-5=3+1 nén—l Ianghiem
cua da thitc, da thic chia nhan tir x + 1. -

Chiing minh hai dinh I trén, xem céc vi du 51 va 52.

Chii y 2 : Dé nhanh chéng loai trir cdc wéc cla hé s6 tu do khong la
nghiém cua da thic, c6 thé dung nhan xét sau :

- f 1 &
Néu a la nghiém nguyén ciia da thic f(x) va f(1), f(~1) khac 0 thi . (L)l va
el déu la s6 nguyén.
a+l ,
Chitng minh. S6 a 1a nghiém cia f(X) nén
' f(x) = (x - 2).Q(x). (1).
Thay x = 1.vdo (1),tacé f(1)=(1 —a).Q(1).
Dof(l)#0néna=1,vi thé Q(1) = lf(l) , tirc 1a AL l1a s6 nguyén.'



f(-1)

a+1

Thay x = —1 vao (1). Chitng minh -tuo‘ng tu, ta cling c6 1a sé nguyéﬁ,

Laymotvidu: -~ f(x) =4x” - 13x° + 9x — 18,
Cicufccia 181a+1,+2,+3,+6,+9,+18. |
f(1)=4-13+9-18=-18, f(-1)=—4-13-9 - 18 =—44.

18 " -18 =18
-3-1" 46-1"49-1"

Hién nhién + 1 khong 12 nghiém ciia f(x). Ta thay

-18
18 -1

khong nguyén nén -3, £ 6, + 9, + 18 khong la n'ghierﬁ cha f(x).

Ta thay % khong nguyén nén 2 khong 1a nghiém ctia f(x). Chi con -2 va 3.
Kiém tra ta thdy 3 1a nghiém cua f(x). Do d6, ta téch céc hang tirnhu sau :
4x> = 13x% + 9x - 18_:4}[3 — 12x* = x* + 3x + 6x — 18
=4x® (x = 3) - x(x = 3) + 6(x ~ 3) = (x = 3) (4x" — x +6).
Vi du 29(3). Phén tich da thirc thanh ﬁhz‘m_ tir:
3= Tx° +17x=5..

Giai : Cic s6 £1, =5 khong 1a nghiém cta da thic. Nhu vay, da thic
khong c6 nghiém nguyén. Tuy vay, da thic ¢6 thé c6 nghiém hitu ti khéc. Ta
chiing minh duge rang trong da thirc c6 cdc hé s6 nguyén, nghiém hitu ti (néu

c6) phai ¢ dang. P trong dé p 1a uéc cha hé sé tr do, q la uéc ducfng ctia hé
: q . | . _

s6 cau-nhe‘{l{*}.

. (*) That vay, gia sir da thitc a,x" + a;x""' + ... + a,_,x + a, v6i cdc hé s6 a,, a,,..., a_ nguyén,
. =1 " :

co nghiém hitu ti x = B, trong dé p,q € Z, q >0, (p, q) = 1. Thé thi
q ' :

ax" +ax" 4L dagx +ag = (qx - p) (BoX™ "+ by i +b ),

Ta c6 —pb,-| = ay, gb, = a, nén p la udc cla a,, cdn q la udc dwong clia a,.



Xét cdc s6 ig_, ig-‘, ta thay % la nghiém cua da thitc, do dé da thiic chifa
thira s6 3x — 1. Ta tdch cdc hang t& nhu sau : |
3 - TX° + 17X =5 =35 = x° = 6x> + 2x + 15x = 5

=X(3x — 1) = 2x(3x - 1) + 5(3x = 1) = (3x — 1)(x*> = 2x + 5). -

[1 - PHUGNG PHAP THEM VA BOT CUNG MOT HANG TU
1. Thém va bét ciing mét hang tir lam xuat hién hiéu cta hai
binh phuong

2

Vi dd 30(3). Phan tich da thic thanh nhan tir :
ax* + 81.
Gidi : Thém va b6t 36x° :
4 4 2 sy
4x" + 81 =4x" + 36x" + 81 — 36X
2 2 2 2 2
=(2x" +9) - (6x)" = (2x" + 9 + 6x) (2x" + 9 — 6X).
Vi du 31(3). Phén tich da thic thanh nhan ti :
| 64x* + y*.
Gidi : Thém va b6t 16x2y? + .
64x* + y* = 64x* + 16;(23,;2 + y4 - E6x2y2 = (8x% + yz 1% (4xy}2
= (8}:2 + },2 + 4KY){3?’.2 + ),2 - 4xy).
2. Thém va bét ciing mdt hang tir lam xuat hién nhan tir chung
Vi du 32(3). Phan tich da thitc thanh nhan tir :
; xs +Xx -1l
Giai : Cdch 1.

3 2 2

x5+x-—1=xs—x4+x3+x4'—x +x"=-x"+x-1

=x3(x2—x_+ 1)+x2(x2—x+1)-—(x2-—x+ 1)

=& -x+ DE +x5-1).



Cdch 2. Them va bét x° -

x5+x-1=x5+x2—'x2+x—1='x2(x3+ 1)—(x2-x+ 1)

= —x+ DI+ D= 1] = @ -x+ DEC + 2= 1),
Vi du 33(3). Phan tich da thitc thanh nhan tr :

. A
X +x +1.

Gm: Thém va bét x ¢

T, 2 7 2 .
X +X +1=%x —xX+x " +x+1

=;;\(£+ 1)(}{3 = 1) + (xz-:-x +1)

=X+ DX - DEE+x+ D+ (C+x+1)

2

=(x2+x'+ 1}(1;5—x4+x -x+ 1).

Chit y : Céc da thic dang x3m+1 + ™2 4 | nhux + %2+ 1y %+ xﬁ + 1,

5 "
X+X +1,x+ xg + l, ... déu chifa nhan tir x* + X + 1 (xem vi.du 57).

[1I - PHUONG PHAP POI BIEN

Vi du 34(3). Phan tich da thitc thinh nhan tir :

X(X + 4)(x + 6)(x + 10) + 128.
Gidi : _. |
X(X + 4)(x + 6)(x + 10) + 128 = (x* + 10x)(x° + 10x + 24) + 128,
B*ii{lt':'c2 + 10x + 12 =y, da thiic da chu.-;:é dang : '
| (y - 12)(y + 12) + 128 = y ~16=(y +4)(y - 4)

= (x% + 10X + 16)(x” + 10x + 8 =(x+2)(x+ 8)(x” + 10x +8).

" Nhdn xét : Trong vi du trén, nh& phuong phép déi bién, ta da dua da thiac
bac bon déi véi x thanh da thic bac hai déi véi y-

Vi du 35(3). Phan tich da thitc thanh nhan tir :

"A=xte 6 + T~ 6x 41



Gidi : Gia sir x # 0. Ta viét da thic du6i dang :

A= KZ(KZ FEEH T2 Jr_ll) = xz[[x2'+ —1-} + 6[:{ - lJ B ?}.
X 'xz xz X

Dé_ilx—i=ythix2+L=y2+2.Dudé'
X x2

A=x(y" +2+6y+T)=x(y +3)* = (xy + 3x)°
: 1 2
'=[x[x——]+3x] =(x2+3x— 1)2,

X
Dang phén tich nay cing diing véi x = 0.
" Chii ¥: C6 thé trinh bay 15i giai cia vi du trén nhu sau :
A=xé+6x3—2x21~9x2—6x+ 1

=x +2x°Bx - 1) +@x = 1)? = (x* + 3x - 1)%.

IV — PHUONG PHAP HE SO BAT DINH
Vi du 36(3). Phan tich da thic thanh nhan ti ;
| V62 + 1222 - 14x + 3.

Gidi : Cic s6 +1, £3 khong 12 nghiém cha da thic, da thitc khéng cé
nghiém nguyén, ciing khong cé nghiém hitu ti. Nhu vay néu da thic trén phan
tich dugc thanh nhén ti thi phdi ¢6 dang (RE +ax + b) Ixz + ¢cx + d). Phép nhéan
nay cho két qua x4 (a + c)x3 +(ac+ b+ d):«:2 + (ad + bc)x + bd. Dong nhat
da thitc nay véi da thic da cho, ta duoc hé diéu kién :

a+c=-6
ac+b+d=12
lad+bc =-14
bd = 3.

Xétbd =3 v6ib,d e Z, b e {1, +3). V6ib=3thid = 1, he diéu kién
trén trd thanh :
a+c=-6"
ac = 8 1
a+3c=-14,



Suy ra2c=-14— (- 6)=-8.Dodé c = -4,a =-2.
Vay da thifc i cho phan tich thanh (x* — 2x + 3)(x° — 4x + 1).
Chii ¥ : Ta trinh bay 15i gidi ctia vi du trén nhu sau :

x4—613+12x2—14x+3=

=x4—4x3+x2—2x3+8x2—2x+3x2— 12x + 3

= x2(x2 = 4x + 1)—2x(x2—4x-+ 1)+ 3(x2-—~4x + 1)
= (2 -4x +1) (x> - 2x + 3).

V - PHUONG PHAP XET GIA TRIRIENG
Trong phuung phip nay, trudc hét ta xdc dinh dang cidc nhén tr chira blé’n ;

clia da thiic, réi gdn cho cdc bién céc gid tri cu thé dé xdc dmh nhan tir con lai.
Vi du 37(3). Phan tich da thic thanh nhan ti :

P=x’ (y—-2)+y (z—x)+z(x—y)(vidu.13).

Gidi : Thu thay x boi ythi P =y ( -2z)+ yz(z_ —y) = 0. Nhu vay P chia .
hét cho x —y. |
Ta lai thdy néu thay x bdi y, thay y bdi z, tha}’ z bdi x thi P khong doi (ta

néi da thiic P ¢6 thé hodn vi vong quanh x = y = z — X). Do dé, n€u P da chia
hét cho x — y thi ciing chia hét choy —z va z — x. Vay P c6 dang

k(x = y)(y —2)(z - X). - :
Ta thdy k phéi I hing s6 (khéng chita bién) vi P c6 bac ba doi v6‘1 tap hop

cdc bién x, vy, z, cdn tich (x — y) (y — z) (z — X) cling c0 bac ba doj véu tap hUp
cac bién x, v, Z. :

Vi déng thifc x (y zZ)+y (z—x}+ z (x y) = k(x y)(y —z)(z —X) dung :
v6i moi X, y, z nén ta gdn cho cdc bién x, y, z céc gid tr riéng, ching han x = 2,

y=12z= O( / , ta dugc :
41+1.-2)+0= kll(-—2)<:>2—-2k<::>k-,—1
- VayP=-(x-y)y - 2)(z—x) = (x = y)y - 2)(x — 2).

(*) Céc gid tri cha x, y, z ¢6 thé chon tuy ¥, chi cdn ching d6i mot khac nhau dé
(X = y)y - 2z)(z-x)=0.



Bai tap

Phén tich céc da thiic sau thanh nhan tir (tir bai 166 dén bai 179)

166(3). a) 6x> —11x +3: b)-2x% + 3x — 27 ; &) 222 = Sxy = 32,
167(3). a) x> +2x -3, o b) xj— TX+6: .
)X +5x7+ 8x + 4 d)x” - 9x° + 6x + 16.
e)x =xF—-x_2; —_— g X +X5—x+2:

h) x> = 6x% - x + 30.

- 168(3). x¥~ 7x — 6 (giai bing nhiéu cach). |

169(3). a) 27x> — 27x% + 18x — 4 : b) 2x> = x>+ 5X + 3 ;
o) (x*-3)% + 16. |

170{3}. a) (x2+x)2-—2(x2+x)~ LS - b)xz+2xy+y2—x—y— 12 -
c)tx2+x+1)(x2+x+2)—12; ‘
dX+2)(x+3)x+4)(x+5)-24.

171(3). a) (x.+ ﬁ) (x 4_-..23) (x +3a) (x + 4a) + i’ ;

" b) (xz+y2.+ 22) (x+y 4-;:)2 + (xy'+ly;z+zx)2;

2)2—2(114124-},r2+32)(:ac+y+z}2+

e 26t +yt vz Py 42
+(xX+y+ z)d.

172%(3). (a + b +¢)’ —4(a’ + b’ + ¢®) - 12abc bing céch d6i bién: data+b=m,

a—b=m
4 2 6 }
173(3). a)4x —32x“+1; . b} x +27;
)36+ x4+ ) - (P x4+ 1) d) x> - 4)? + 9.
174(3). a)4x" + 1 : b) dx* + y* - ¢) x* + 324,
175(3). a)x5+x4+1: .b)x5+>t-i;l; c)xg+x7+l;
d)xﬁ—x4—1 _ .e,)x?+x5+l; 0 g)x3+x4+1.

176(3). a) a° + a® + a’b? + b* — b b*) x> +3xy +y* = 1.



177(3). Ding phuong phép hé s6 bat dinh :

®4x4+4x3+5x2+2x+1; B b)'xd—?x3+14x2*—7x+1;
c) x4—3x+63; ' . d).(x +'1)4+(x2+x+ 1)2.
178%%(3).a) x° +.14x" + 1 ; | b) x° +98x" + 1.

179(3). Dung phuong phéap xét gid tri riéng :
M=ab+c- a)2 +b(c +a —b)2+ c(fa+b— c)2+

+(@+b-c)(b+c—a)lc+a—b)
180(3). Chiing minh ring tich ctia b6n s6 tu nhién lién ti€p cong thém 1 la mot
s6 chinh phuong. | ' -
181*(3). Ching minh ring s6 A = (n + 1)4 +n" + 1 chia hét cho mot sd chinh
phuong khdc 1 v6i moi s6 n nguyén duong. -
182(3). Tim céc s6 nguyén a, b, ¢ sao cho khi phan tich da thite (x + a)(x = 4) -
thanh nhan tir ta dugce (x + b) (x + ¢).

183(3). Tim cdc s6 hiu ti a, b, ¢ $a0 cho khi phén tich da thiic x3 + ax + bx +C
thanh nhan tir ta duoc (x + a) (x +b) (x + C).

184(3). S6 tu nhién n cé thé. nhin bao nhiéu gid tri, biét ring khi phlan tich da
" thitc X2 + X — n thanh nhan tir ta duge (x — a) (X + b) véi a, b 14 céc s6 tu
nhién va 1 <n <100 ? '
185(3) Cho A =a® ¥ b% + ¢ , trong d6 a va b 12 hai s6 tu nhién lién tiép,
| c = ab. Chitng minh réng JE la mot 56 tu nhién l&.

TiNH CHIA HET POI VI SO NGUYEN

| Tinh chia hét d6i véi s6 nguyén da dugc tnnh bay & cac cudn Nang cao va

phdt trién Todn 6, Ndang cao va phdt trién Todn 7. Nhd sir dung cic hing dang
thiic ddng nhé va phén tich da thic thanh nhan tir, & 16p 8 ta c6 kha nang giai
quyé&t nhiéu bai toan vé chia hét phic tap hon & cdc 16p dudi. .

[ - CHUNG MINH QUAN HE CHIA HET

i

“Goi' A(n) la ﬁu}t biéu thitc phu thudc vao n (n € N hoac neZ).



Chii § 1 : DE ching minh biéu thic A(n) chia hét cho mot 56 m, ta thuong
phan tich biéu thiic A(n) thanh thira s6, trong d6 ¢6 mot thira s6 1a m. Néu m 1a -
hop s, ta phan tich né thanh mot tich cdc thira s6 doi. mot nguyén t5 cung
nhau, r6i chiing minh A(n) chia hét cho tat ca cdc s6 d6. Nén luu y dén nhan
xét : Trong k s6 nguyén lién tié€p, bao gid ciing t6n tai mot boi s6 cha k.

Vi du 38(3). Chiing minh ring |

A= n3t[n2 - ’?)2 = 36n chia hét cho 5040 véi moi 6 tu nhién n.

Gidi : Phan tich ra thira s6 : 5040 = 2* 32 .5 7.

Phantich A = n[n’(n’ - 7)? = 36] = n[(n® - 7n)? - 6]

) # =n(n’ - 7n-6) (n° - 7n + 6). |

Talaic6  n°=Tn-6=(n+1)(n+2) (- 3)

n°-Tn+6=(n-1)(n-2) (@ +3).

Do dé A=(n—3)(n_-2)(n-l)n(n+1)(n+2)(n+3).

Day la tich ciia bay s6 ng_uj'én lién ti€p. Trong bay s6 nguyén lién tiép :

— Ton tai mot béi s6 ctia 5 (nén A chia hét cho 5) :

— Ton tai mot boi s6 clia 7 (nén A chia hét cho 7) :

~ Ton tai hai béi s& clia 3.(nén A chia hét cho 9)

—Tén tai ba boi s6 cha 2, trong d6 c6 mot boi s6 clia 4 (nén A chia hét cho 16).

A chia hét cho cdc s6 5, 7, 9, 16 do6i mot nguyén t6 ciing nhau nén A chia
hét cho 5.7.9.16 = 5040.

Chit y 2 ; Khi cﬁfmg minh A(n) chia hét cho m, ta c6 thé xét moi trudng
hop vé s6 du khi chia n cho m.

Vidu 39(3). Chiing minh ring v6i moi s6 nguyén a thi

a) a® —a chia hét cho 2 ; b) a® —a chia hét cho 3 ;
c) ad —a chia hét cho 5 ; | d) al —a chia chét cho 7.
Giai :

a) g% a=a(a— 1), chia hét cho 2.

b) a’ —a= a(az =1 =(a - 1) a(a + 1), tich nay chia hét cho 3 vi ton tai
mot boi cua 3, |



¢) Cdchl. A=a°—a=a@®+1) (@ -1).
Néu a = 5k (k € Z) thi a chia hét cho 5.
Néua=5k+1(k € Z) thia’— 1 chiahétcho5. o
Néua=5k+2 (ke Z)thia’+ 1 chiahét cho 5.
Trudng hop nao ciing ¢6 mot thira s6 clia A chia hét cho 5 _
Cdch 2. Phan tich a’ — a thanh mot tdng ciia hai s6 hang chia hét cho 5 :
Mot s6 hang 1a tich clia ndm s6 nguyén lién ti€p, moét s6 hang chita thira s6 5.
as—a=a{az— l){az+ 1)
‘=a@’-1) @ -4+5)
2 2 2
=a(a“-1)@ —4)+5a(a" - 1)
=(a-2)(a—1)a@a+1)(a+2)+5a@ - 1).
S6 hang thit nhat 1a tich cia ndm s6 nguyén lién ti€p nén chia hét cho 5, s6
hang thit hai ciing chia hét cho 5. Do d6 a> - a chia hét cho 5.
Cdch 3. Giai tuong tu nhu céch 2 : Xét hiéu giffa a° — a va tich nam s6

nguy'en lien ti€p (a—-2)(a—1) a(a+ 1) (a + 2), duge Sa(ﬂ2 —1). Do dé a’—a
chia hét cho 5.

d) Ban doc ty chitng minh.

Chii y : Bai todn trén 1a trudng hop riéng clia dinh 1f nhd Phéc-ma"”. Dinh
Ii nay thuong duoc dién dat dudi hai dang : |

- Dang 1 : Néu p 1a mot s6 nguyén t6 va a la mot s6 nguyén thi a” — a chia
hét cho p. | #

- Dang 2 : Néu a 1a mot s6 nguyén khong chia hét cho s6 nguyén t6 p thi
a””! — 1 chia hét cho p.

Hai dang trén la tuong duong. Chinh Phéc-ma da phat biéu dinh li cia
minh dudi dang 2. - '

Vidu 40(2)

a) Chiing minh rang mot s6 chinh phuong chia cho 3 cl'u 6 thé co sd du :
bang O hodc 1. '

(*) Pierre de Fermat (1601 — 1665), nha todn hoc Phép.



b) Chu‘ng mmh ring mot 56 chinh phuﬂng chia cho 4 chi c6 thé c6 s6 du‘
bang 0 hoic 1.

¢) Céc s6 sau -qé I s6 chinh phuong khéng ?
M = 19922 +1993% + 1994° ;
N = 1992% + 1993° + 19947 + 19957 ;
v P=1+9'%0104'% 4 1994'%
d) Trong day sau.cé ton tai sd ndo 12 s6 chinh phunng khong ?
| 11:111; 1311, 11111,
IGif"i : Goi A 1a s6 chinh phuong A = n’ (@ e N).
a) Xét cac trudng hop .

n=3k(k e N)= A = 9k?, chia hét cho 3.

n=3k+1(keN)= A=9k"+6k+ 1, chiacho3 dul.

Vay s6 chinh phuong chia cho 3 chi ¢6 thé c6 s6 du hang 0 hoic 1.

b) Xét cac truong hop : | |

n=2k (k € N) = A = 4k, chia hét cho 4. - |

n=2k+1(keN) = A=4k"+4k+1=4k(k+ 1) +1, chiacho 4 du
(chia cho 8 ciing du 1).
- Vay s& chinh phuong chia cho 4 chi cé thé.cé s6 du bang 0 hodc 1.

Chii';é : Tir bai todn trén ta thay :

— S6 chinh phuong chin thi chia hét cho 4.

— S6 chinh phuong 1€ thi chia cho 4 du 1 (hon nira, cﬁia cho 8 ciing du 1).

c) C:ic:. s 1993% 1994° 1a s6 chinh phuong khong chia hét cho 3 nén chia
cho 3 du 1, con 19922 chia hét cho 3. S6 M la s6 chia cho 3 du 2, khﬁng 1a s6
chinh phuong.

Cic s6 1992, 19947 1a 56 chinh phuong chin nén chia hét cho 4. Cic s6

19932, 1995 12 56 chinh phuong 1é nén chia cho 4 du 1. S8 N 1a s8 chia cho 4
du 2, khong 1a s chinh phuong.



Cic 56 94'%, 1994'% 1a 56 chinh phuong chdn nén chia hét cho 4. Con

- 9" 1a 56 chinh phuong 1é nen chia cho 4 du 1. S5 P 1a s6 chia cho 4 du 2,
khong 1a s6 chinh phuong.

d) Moi s6 cua day déu tan cling bai 1 1 nén 1a sé chia cho 4 du 3. Mé.t khac,
s6 chinh phuong 1é thi chia cho 4 du 1.

Vay khong c6 s6 nao clia ddy Ia s6 chinh phuong.

Chii y 3 : Khi ching minh v€ tinh chia hét clia cdc lu¥ thira, ta con st dung
dén céc hang déng thiic 8, 9 & §2 va cong thiic Niu-ton sau day :

(@a+b)" =2+ cla"_lb + xczan_-?’b2 + ..+ anlabn—i +b".

Trong cong thitc trén, v€ phai 1a m6t da thitc c6 n + 1 hang tu, bac cta méi
hang tr d6i véi tAp hgp cdc bién a, b 1a n (phédn bién s6 cia mébi hang tlr co
dang a ipk trongdéi+k=nv6i0<i<n,0<k <n). Cic hé s6 C1s C35 ooy
¢p—1 duoc xac dinh bdi bang tam gidc Pa-xcan (h.1) :

n=01 1

n=111]|1

n=2| 2] 1

h n=3]1[3[3]1
n=4|1|4|6|4]1 4|6
n=5|1|5|10|10| 5| 1 10
C; C, C3 Gy
Hm,;r! . Hinh 2 ’

Trr.mg hinh 1, cdc sd doc theo mot canh géc vudng bing 1, cic s6 doc theo
canh huyén bang 1. Céong méi s v6i sb lién sau bén phai thi duoc s6 diing ¢
hang duéi cha s6 lién sau 4y, chang han & hinh 2.

Ap dung cdc hang dang thitc d6 vao tinh chia hét, ta ¢6 ¥6i moi s6 nguyén
a, bva 0 ty nhiénn :

a =k chia hétchoa—-b(a#b);
a?™! 1 2" Chia hétchoa + b (a % —b) ;

(a +b)" = BS a + b" (BS a 12 boi ciia a).



Dic biét nén luu ¥ dén :
" @+ 1)"=BSa+1;
“(ai— 1)2“=BSa+ Jox
a-1)™!'=Bsa-1.
Vi du 41(2). Ching minh rédng v6i moi s6 tu nhién n, biéu thitc 16" — 1
chia hét cho 17 kl‘:i va chi khi n 12 s6 chan.
Gidi : Cdch 1. Néu n chin (n = 2k, k € N) thi A =16%% — 1 = (162)k -]

chia hét cho 16% - 1 theo hing ding thic 8, ma 16% - 1 = 255, chia hét cho 17.
- Viy A chia hét cho 17. |

Néwn Ié thi A = 16" + 1 — 2, ma 16" + 1 chia hét cho 17 theo hing ding
* thirc 9, nén A khong chia hét cho 17.

Vay A chia hét cho 17 <> n chan.

Cdch 2. A= 16" -1=(17-1)" -1 =BS 17 + (<1)" - 1 (theo cong thifc
Niu-ton). | . -

- NéunchinthiA=BS17+1-1=BS17.

Né€unléthi A=BS 17 - | - 1, khong chia hét cho 17.

Chit y 4 : Ngudi ta con ding phuong phap phan ching, nguyén 1i Di-rich-lé
dé chiing minh quan hé chia hét.

Viduy 42(1). Chitng minh ring t6n tai mot boi cia 2003 ¢6 dang
2004 2004 ... 2004, °
Gidi : Xét 2004 s6 :
a; = 2004
a5 = 2004 2004

33004 = 2004 2004 .... 2004 (nh6m 2004 ¢6 mait 2004 1an).
Theo nguyen If Di-rich-lé, 16n tai hai s6 c6 cling s6 du khi phép chia cho 2003.
Goi hais6d6 1a ap, vaa, (1 Sn<m<2004)thi a,, —a, : 2003.Tacé
am — 2y = 2004 ... 2004 0000 ... 0000 = 2004 ... 2004. 10°".
m-n nhém 2004

Do 10%" va 2003 nguyén té cung nhau nén 2004 ... 2004  chia hét cho 2003.
' m—n nhém 2004




Mu6n chia hét, ta phai cé 2 chia hét cho n(n — 1), do d6 2 chia hét cho n.
Ta.ch::

n 1 -1 2 =g
n-1 0 -2 - "1 -3
n(n—1) 0 - 2 6

loai . ~loai

Ddp s6 in=-1;n=2.
Chii y :

‘a) Khong thé néi da thiic A chia hét cho da thiic B. (3 dﬁy chi t6n tai nhu‘ng
gia tri nguyén clia n dé gid tri clia biéu thitc A chia hét cho gid tri clia biéu thiic B.

b) C6 thé thay viéc dat phép chia béng cdch bién ddi:

420" —3n+2=n(n’-n)+3m°-n)+2.

Vi du 47(2). Tim s6 nguyén duong n dé" n° + 1 chia hét cho o’ + 1.
Gidi : Bién d6i : ' S
n + 1 in3+1{::rnz(n3+l)-(n2r*1)-fn3+l :
Sh+D)@-1): (n+1}{n2-n +1)

on-1: nz—n+1(v1n+1¢0)

Né’u n=1 th1 ta dugc O chia hét cho 1.
Néun}lth1n~1<n(n—1)+1*n -n+1, dodén—ikhﬁnglhéchm
hét chon® —n + 1.

-Vay gid tri duy nhét ctia n tim dugc 1a i /

Vi du 48(2). Tim s6 nguyén n dé n° + 1 chia h&t cho n3 + 1.
Gidi : Ciing bién déi nhu & vidu 47,tacén—1:n’ —n'+1
-1 in ~nsl = n{n—l)inz—n+l'-::»nz—ni.ﬁz—n+l

= (n° -—n+1)~—1 1'12-11+l:>1 n2-n+l.

C6 hal trm:mg hop :

nz—n+1“1<:>n(n-1)-0v::n—0 n=1. Cacglamnaythnaman'
dé bai. '



n2-n+1'=—I¢>n2~n+ﬁ=0,v0nghiém.
Vayn =0, n=1la hai s6 phéi tim.
Chiy -Tun-1: n’ —-n+lsuyran(n—1} nz—n+llaphf:pkeuthcu

chir khong 12 phép bién déi trong dwong. Do dé sau khi tim dugc n = 0 =1,
ta phai thu lai..

Vi du 49(2) T‘1m 56 tunhlénnsan choz — 1 chia hét cht}?

Gidi : Néu n = 3k (ke N) thi2"— 1 = 2% _ 1 =gk ~ 1 chia hét cho 7.
Néun=3K+1(k e N)thi 2"~ 1 =2 P r e Y T = BT 1,
Néun=3k+2(keN)thi2"-1=2%2_1-402%_1)43-BS7+3
Vayf'—lchlahétchu?{:}n—%(kEN)

‘BAi 'fﬁp
186(3} Chiing minh rang véi moi s nguyen n,taco:

: a)n + 3n? + 2n chlahét cho 6 ;

b} {n +n— 1) - '1_'Chla- hét cho 24.
187(3). Chiing minh rang :

a) n +6n ¥ 8n chia hét cho 48 véi mei si'.ch_ﬁn n:;

b) n* — 10n* + 9 chia hét cho 384 véi mei 5612 u. |
188(3). Ching minh rang n® + n® —2n? ch'iﬁ hét cho 72 v6i moi s6 nguyén n.
139(3) Chﬁﬁgminh rang ¢ D 9 chia hét cho 72 v6i moi s6 nguyén duong n.
'190(3) Chimg minh ring véi moi s6 tu nhién a va n: '

a) '?'—‘._va 7™** ¢6 hai chir s6 tan cung nhu nhau :

b) a v a’ ¢6 chif s6 tan ciing nhu ﬁh'au :

c) aﬂ ve‘i aﬁ e co chir sﬁ tan cung nhu nhau (nz=1)."

191(3). Tim diéu kién cta sé tr nhxén a d€ a* + 3a + 2 chia hét cho 6.

192(2). a) Chn a 1a s6 nguyén t6 16n hon 3. Chitng minh réing a® — 1 chia hét
cho 24. '



b] Ching minh ring néu a va b 1a cdc s6 ngu}fén to lrm hUn 3 thi a° — b
chia hét cho 24.

¢) Tim diéu kién cta s6 tu nhién a dé a* — 1 chia hét chn 240.

193(2). Tim ba s6 nguyen t6 lién tiép a, b, ¢ sao cho o + ¢t ciing 12 s6.
nguyén t6. : :

194(2). Cho bon sé nguyén duong a, b, c, d thoa man a° + b’ = ¢* + d%. Chimg
mmhranga+b+c+dlahop56
- 195(3). Chu bon sO nguyén duong a, b, ¢, d thua man ab = cd. Chung minh
ranga +b +c +d’ 1ahopss.
196(2). Chorcdc s6 tu nhién a va b. Chiing minh rang :
a) Néu a + b? chia hét cho 3 thi a va b chia hét cho 3.
b) N&u a® + b’ chia hét cho 7 thi a va b chia hét cho 7.
197(3). Cho céc s6 nguyén a, b, ¢. Ching minh ring :
a) Néu a + b + ¢ chia hét cho 6 thi a’ I+ b> + ¢’ chia hét cho 6.
by Néu a + b + ¢ chia hét cho 30 thi a° + b° + ¢ chia'hét cho 30.
198(3). Cho cic sd’ nguyén a, b, c thoa min a + b + ¢ = 0. Chiing minh rang :
a) >+ b + ¢’ chia hét cho 3abc ;
b) 2’ + b> + ¢ chia hét cho 5abc.

199(3). a) Viét s6 1998 thanh téng ciia ba s6 tu nhién tuy ¥. Ching minh rang

tdng céc lap phutong clia ba s6 tu nhién do chia hét cho 6.
’é
b)* Viét so 1995[995 thanh téng cla nhléu 56 tl.I nhién. Tc‘;ng céc lap

‘phuong ctia c4c s6 tu nhién d6 chia cho 6 du bao nhiéu ?
200(3). Chiing minh rang véi moi s6 nguyénava b : '

a) a’b —ab° chia hét cho 6 ; 1 b) W= ab5 chia’ hé’t cho 30.

201¢3). Ching minh ring moi s6 tu nhién déu viét dugc duéi dang b> + 6¢c
trong d6 b va c 1a cic s6 nguyén. |

202*(1). Ching minh ring néu céc s6 tu nhién a, b, ¢ thoa min diéu kién
a’+b2=c’ thi abc chia hét cho 60. . '



203(3). Chimg minh rang tong céc lap phuong ctia-ba s& nguyén lién tiép thi
chia hét cho 9. |

204(3). -Chl_’mg minh ring né€u tdng cic 1ap phuong cta ba s6 nguyén chia hét
cho 9 thi ton tai mot trong ba s6 d6 1a bdi s6 cua 3.

205(2). Cho day s6 7, 13, 25, ..., 3n(n— 1) + 7 (n € N). Chiing minh rang :

a) Trong nim s& hang lién ti€p cua day, bao gid ciing ton tai mot boi s6
cla 25.

b) Khong cé ;fi hang nao cua day 1a lap phuong cia mot s6 nguyén.
'206(3). a) Chiing minh rﬁﬁg néu s8 tu nhién a khong chia hét-cho 7 thi
- a° — 1 chia hét cho 7. |
b) Ching minh rang néu n la lap phuong cia mot s6 tu nhién thi -
(n — 1)n(n + 1) chia hét cho 504.
207(3). Chitng minh riing A chia hét cho B véi :
a)A=1"+2>+3%+ ... +99% +100°,
B=1+2+3+..+99+100;
b)A=1"+2+3%+ .. +98°+99°,
B-—-_'l +2+3+..+98 +99,
208(2). Céc s6 sau c6 la s6 chinh phuong khong ?
a) A =22 ...24 (c6 50 chir s6 2) ; | b) B=44...4 (c6 100 chit s6 4) ;
)A=1994"+7; | d)* B= 144 ... 4 (c6 99 chit 55 4).

209(2). Cé thé dung ca nam chit s6 2, 3, 4, 5, 6 1ap thanh s6 chinh phuong ¢6
nam chix sé dugc khéng ?

210(2). Ching minh ring tong cta hai sé chinh phuong 1¢ khong 1a s6 chinh
phuong. |

211(2). Chitng minh ring moi s6 1é déu viét dugc dudi dang hiéu cla hai s6
chinh phuong. |

212%(2). Chitng minh rang :
a) A = 12+ 2% + 32 + 4% + __ + 1007 khong 12 s6 chinh phuong ;
b) B= 12+ 2%+ 3%+ 4% + ... + 56” khong 12 s6 chinh phuong ;

¢)C=1+3+5+7+...+nlaso chinh phuong (n 1),



213(2). Chiing minh ring":
a) Mot s6 chinh phuong tén cling béng 9 thi chit s6 hang chuc la chi s6 chin.
b) Mot s¢ chinh phuong 1€ thi chit s6 hang chuc 14 chir s6 chén.
¢) Mot s6 chinh phuong tan cling bing 6 thi chi s6 hang chuc la chit s6 1.

d) Mot s6 chinh phuong tan cing bang 5 thi chit s6 hang chuc bing 2 va
chir s6 hang tram 12 chit s6 chén. .

214(2). a) Mot s6 chinh phuong cé chit s6 hang chuc b?mg 5. Tim chir s6 hang
don vi. -

b) Mot so chmh phuong c6 chit s6 hang chuc la chir s6 lc Tim chir s6 hang
don vi.

. €) C6 bao nhiéu s6 ty nhién n tir 1 dén 100 ma chif s6 hdng chuc ciia n” 12
chir s6 ¢ ?

215(3). Chtrng minh rang :

a) Tich cua hai s6 nguyén duong lién ti€p khong 13 s6 chinh phuong.

b)* Tich cua ba s6 nguyén duong lién ti€p khong 1a <6 chinh phuong.

¢)* Tich ciia b6n s6 nguyén dwong lién ti€p khong la s6 chinh phuong.
216(2). Cho hai s6 ty nhién a va b, trong d6 a = b - 2.

Chiing minh rang b’ —a> viét dugc dudi dang tong cia ba sé chinh phuong.

217(3). Tim s6 nguyén duong n dé biéu thuc sau la s6 chinh phUo‘ng

a)n -n+2; b)n4—n+2,

'c)n -n+2; : - d)*ns—n+2 p
218(2). Tim s& nguyén té p dé 4p + 1 1a s6 chinh phuong.

219%(2). Chung minh rding néun+ 1va2n+1(ne N) d‘éu 1a s6 chinh phuong -
thin chla hét cho 24. : -

220%(2). Ching minh rang né’u 2n + 1 va 3n + 1 (n € N) déu 12 s6 chinh
phucng thi n chia hét cho 40.

221(2). Tim s6 nguyén t6 p dé :
a) 2p° + 1 cling la s6 nguyén t6 ; |
b) 4p2 + 1 va sz + 1 ciing 1a nhiing s6 nguyéh 10. -



222(3). Tim s6 ty nhién n dé gid tri cGa biéu thitc 13 s6 nguyén to :

n“ + 3n

a) 190" ~Sn~25: . ° b)8n®+ 10n+3: ¢)

223(3). Ching minh ring véi moi s6 nguyén n :
a) n® + 7n + 22 khong chia hét cho 9 ;
b) n® - 5n - 49 khong chia hét cho 169.

224(3). Cac s6 tu nhién n va n° ¢é tdng cdc chit s6 bﬂng nhau. Tim s6 du ctia n
khi chia cho 9.

225%(1). a) Cho chin s6 ty nhién tir 1 dén 9 xép theo thi tu tuy y. Lay s6 thi
nhdt grir 1, lay s6 thit hai trir 2, 14y s6 thi ba trir 3,.. lay s6 thir chin trir 9.
Chu‘ng minh rang tich cta chin s6 méi 1ap dugc 1 mot s6 chan.

' b) Cho hai ddy s0 a;, a,, as, ..., ag va bj, by, bs, ..., by, trong d6 a, ay, ..., g
la céc s6-nguyén va by, b,, ..., by ciing 12 chin s& nguyén trén nhung 1y theo
thit ty khéc. Chiing minh réng tich (a; — b,) (a, — b,) ... (ag — bo) la 56 chin.

226(3). Tim s6 nguyén' n sao cho :
a)n’+2n-4chiahétcho11;
b) 21'1_3 +n’+ n + 1 chia hétcho2n -1 ;
¢) n’ - 2 chia hétchon - 2 ;
d)n3— 3n2—3n— 1 chia hét cho n2+n+ yi
e) n* = 2n° + 2n’° - 2n+1 -chia hét chon® - 1 -
g)*n —q* +2n+7¢hlahetchon + 1.
22'?(1) D6 vui : Nam sinh cua hai ban

Mot ngay clia thap ki cu6i ciing ctia thé ki XX, mot ngum khach dén thim
truong gap hai hoc sinh. Ngudi khach hoi :

— C6 I€ hai em bang tudi nhau ?

Ban Mai tra 18 :

— Khong, em hon ban em mot twidi. Nhung tong céc chu‘ s0 clia nam sinh
méi ching em déu 12 s6 chin.

— Vdy thi cdc em sinh nam 1979 va 1980, ding khéng ?
Ngudi khach da suy luan thé nao ?



228(1). Tim s6 nguyén dwong n dé 2" 1a s6 nam gilta hai s6 nguyén to sinh
doi'” (hai s nguyén t6 goi 1 sinh doi néu ching hon kém nhau 2 don vi).
229%(2). Cho céc s6 nguyén a, b,_ ¢, d, e, g thoa man 2’ +'l.':f2 + e a2 + e = gz.
Ching minh ring tich abcdeg 1a s6 chén.
230(1). Chimng minh ring v6i moi s6 nguyén a, b, ¢, d, tich
(a—b)(a—c)(a-d)(b—c)(b-d)(c—d)chia hét cho 12.

231%(1). Chitng minh riing 6 thé ¢6 dén 33 s6 nguyén duong khédc nhau, khong
qué 50, trong d6 khong tén tai hai s6 nao ma mot s6 gap doi s6 con Jai.

232(1). Ching minh rang tén tai vo sd boi clia 2003 ma trung bi€u dién thap
phan clia chiing khong c6 céc chirs6 0, 1, 2, 3.

233(1). Ching minh rang ton tai 56 tu nhién k sao cho 2003"‘ — 1 chia-hét cho-51.
Céc bai todn sit dung cdc hing ddng thitc 8,9 va ¢ong thitc Niu-ton.
234(2). Chitng minh ring 2" — 1 chia hét cho 7. |
235(2). Chitng minh rang 2"° + 37" chia hét cho 13_'
236(2). Chiing minh réng 17" + 19" chia hét cho 18.-
237(2). Chimg minh rang 36% — 1 chia hét cho 7, nhung khong chla hét cho 3?
238(2). Chiing minh ring céc s6 sau 12 hop s6 :
2)a’-1; | ~ b) 1000 001. | . )24,

239(2). Ching minh ring 1.4 +2 .42 +3 . 4> +4.4* +5.4% +6.4° chia hét
cho 3. : " p

240(2). Chimg minh ring biéu thiic A =31" - 15" — 24" + 8" chia hét cho 112
v6i moi s tu nhién n. -

241(2) Tim s6 tu nhién n dé 3" — & chla hét cho 8.

242(2). Tim s6 tu nhién n dé 3> + 2™ chia hét cho 25.
243(2). Tim s6 ty nhién n dé 5" — 2" chia hét cho 9.
244(2). Tim s6 ty nhién n dé 5" — 2° chia hét cho 63.

- gon goi 14 hai $6 nguyén 16 sénh doi.



245(2). Tim s'a’-u;‘nhieﬂ n dé 1" + 2" + 3" + 4" chia hét cho 5.
246(2). Tim s6 du khi chia 2222 + 55° cho 7.

.247(2). Tim s6 du khi chia 2'°** cho 7.

248(2). Tim s6 du khi chia 3'°?3 cho 7.

249(2). Tim s6 du khi'chia 1992'9% + 1994!9% cho 7.
250(2). Tim s6 du khi chia 3'%%8 + 51998 .ho 13

: . .10t _gl0
251%(2). Tim_sfi du khi chia 9 -5" cho 13.

2n+l -
252%(2). Ching minh ring s6 A = 22 + 3 Ia hop s6 v6i moi s6 nguyén
duorig n. ;

253(2). Tim s6 du khi chia cdc s6 sau cho 7 :

91945
a) 2 '

1930
, b) 32
254(2). Tim s6 du khi chia (n® - D' . ® = 1)*** chon (n € N).
255(2). Cho ab = 455'%. Tim s du trong phép chia a + b cho 4.

256(2). Tim hai chit s6 tAn cing cua ;-

¥i
A3 s b) 77 .

L
!

257(2). Tim ba chif s6 tan ciing ciia 3'%,
- 258%(2). Thay cdc dau * bdi cac chir s6 thich hop :
89% = 496 9 * * 290 961.

TINH CHIA HET POI VOI PA THUC

I - TIM DUCUA PHEP CHIA MA KHONG THUC HIEN PHEP CHIA

1. Pa thitc chia cé dang x —a (a la hing)

Vi du 50(4). Chu'ng mmh ring s6 du khi chia da thic f(x) cho nhi thic
— a bang gid tri cia ¢a thic f(x) tai x = a.

Dinh I Bé-du (Bézour, 1730 — 1783, nha todn hoc Phip).



Giai : Do da thic chia x — a ¢6 bac nhat nén s6 du khi chia f(x) cho x — a
la hing sé'r.

Tacé - f(x)=(x—a).Q(x) +r.

Dang thiic trén ding v6i moi x nén v6i x = a ta ¢6

f{_a) =0.Q(a)+rhay | f(a) =r.

Chit y : Tu'dinh 1i Bé-du ta suy ra :
Da thiic f(x) chia hét cho x — a khi va chi khi f(a) = 0 (tic 1a khi va chi khi
a la nghiém cua da thuc).

Vi du 51(4). Chiing minh ring néu da thiic f(x) c6 tdng cdc hé s6 bang 0 thi |
da thic ay chia hét cho x — 1. ;

Gidgi : Goi ~ f(x)=ax" + alxnfl F e ey X

Theo gia thiét, ag+a,+...+a,.;+a,=0. o " (1)

Thf;D dinh li Bé-du, s6 du khi chia f(x) cho x—11la
r=f(l)=a,+a,+..+a_, +a;. )

Tir (1) va (2) suy rat = 0. Vay f(x) chia hét cho x — 1. |

Vi du 52(4). Ching minh ring néu da thic f(x) c6 tdng cac hé s cha cic

hang tir bic chén bing t6ng cdc he s6 clia cdc hang tir bac I¢ thi da thic 4y chia
hét cho x + 1. |

Gidi : Goi f(x) =2, x*" + a;x®" ! + a,x®" 2 4 .. 4 B %0 81 X + Az,
trong d6 a, c6 thé bing 0. - ) |
Theo gia thi€t, a, + a, + ik ay, =ay; +az+..+ay,-;nén
_ (ED +a, + v azn) s (ﬂl g ol i L, Elzn_.,l) =0, (1)
Theo dinh 1i Bé-du, s6 du khi chia f(x) cho x + 1 bing
I = f(—l) = gyl @y = st dyn—2 — dyp—-1 T3 |
= (@ + 2y + ... + 2) — (4] + a3 + ... + 2y, - (2)
Tir (1) va (2) suy rar = 0. Vay f(x) chia hét cho x + 1.



2. Da thifc chia c6 bac tir bac hai trd 1én
Vidu 53(4} T'im dl.r khi chia

q
X +x5+x +1ch0x — 1.

Giai : DE tim du trong trudng hop nay, ta thuong ding cic céch sau :
Cdch 1 (lach ra & da thitc bi chia nhung da thitc chia hét cho da thitc ch1a) |

Ta biét rang x" = 1 chia hét cho x — 1 v6i moi s& tir nhién n nén x>" — 1
chia hét cho x* — L.

Dodéx*-1,x°~ 1, ... chiahét chox® - 1.
Ta cé
}T+x5+x3+1_=x?—x.+xj'—-x+xj-x+3x+l
=x( - 1)+ x(x* ~'1) + 22 1) + (3x + D).
Du khi chia x” + x> + x> + 1 cho x* — 1 12 3x + £
Cdch 2 (xét gi tri riéng)
Goi thuong 12 Q(x), du 1a ax +b. Ta c6
x?+x5+x3+1~(x+l)(x—l-) Q(x) + ax + b véi moi x.

| Dang thite diing véi moi x nén véi x = 1 ta duoc4=a+b (1), véix=~1ta
duge -2 =-a + b (2). Ta(l)va(2)suyraa=3,b=1.
Du phai tim Ia 3x + 1.

Chii y : Dé tach ra cac da thic-chia hét cho x° — 1, hoac X% + 1, cin nhé lai
cdc hing dang thitc 8 va 9 :

a" — b" chia hétchoa—b(a=b);
“a" + b" (n1é) chia hét cho a + b (a # —b).

11 - SO BO HOOC-NE®)
1. Vi du 54(4). Chia c4c da thic :
8) (K7 —5%% 4Bk -4) (x—2) b (lev9x2+6x+ 10): (x + 1) ;
c)(x —?x+6) (x + 3). |

® Horner (1786 - 1837), nha todn hoc Anh.



Gidi : Dt tinh chia da thic, ta du@c cdc ket qua (ban doc tu gidi) :
a) Thuong 1a x* = 3x +2. -
b) Thuong 1 x> — 10x + 16, du 1a — 6.

c¢) Thuong la x2 - 38 +2,

2. Sd do Hoéc-ne

Ta c6 thé tim dugc két qua khi chia da thic f(x) cho nhi thic x —a (a la
héng s6) bing mot cich khic.

Tré lai céu a) cta vi du trén :

i

(x> = 5x% + 8x — 4) : (x — 2). Cdc heé s§ cha da-thic bi chia thi ty Ia
1,-5,8,—4;hangsGatrong vidunayla2. |
a) Dt céc hé s6 cha da thitc bj chia theo thif tu viio céc coOt clia dong trén !
R At N P
T8 PO L .
b) Trong bon cot dé trong & dong dudi, ba cot dau cho ta cic hé s6 cua da
 thirc thuong, cot cudi cliing cho ta s& du. |

— S8 & cot thit nhat cha dong dudi bang s6 tuong g & dong trén :
Lo | s |8 |
, a=2 | 1 | B |
— K& tir cot thit hai, mbi s6 & dong dudi dugc xac dinh béng cich lay a nhan
véi 6 cing dong lién trudc, i cong v6i s6 cling cot & dong trén (xem hinh 3).

1 5| 8 | 4
A
a=2 1 e ;
SRR
X
1 -5 g8 | 4
| .
At .
a=2 1' <3 2 Sado:
) R A

» <

Hinh 3



- Tac6 thuong bing x° - 3x + 2, s& du béng 0.
So dé ciha thuat todn trén dugc goi 1a so d6 Hobe-ne.
Ban doc hay diing so d6 trén dé kiém tra lai két qua clia céc cau b) va c).
‘Nhu vay néu da thic bi chia 13 aﬂx3 +a;x” + a,X + a3, dathicchialax—a
ta dugce thuong I:t{,x2 + b;X + by, du r. Theo so d6 Hobc-ne ta ¢é : |

" dg , & ‘ & | 3

| b, =3, | b, =ab, + a, ’ b,=ab; +a, r=ab, + a,

d

3. Chig minh s¢ dé Ho6c-ne

# o e o= -2
Tdng quét v6i da thiic bi chia la a x" + AET o+ WX s, # B X+ a,,

“da thic chia 1 x — a, thuong 1a box“:_] + blx"'2 s o bn_zjlc. + bn_l_,'du r. Ta
can chiing minh ring :

b, =a,

bl = ﬂbu + dy

bz = abl + E.z
bn-l = abn—ﬁ +a,
r =ab,_; +a,.

That véy, thuc hién phép tinh
(x —a) (bx" ! +bx" 24 4 by X+ b)) 1
roi rit gon, ta dugc
| bx" + (b, - ahﬂ)xn_l + ...+ (by-; —ab,_5)x —ab,_; +r. '
Dong nhat da thic ndy véi da thitc bi chia, ta duogc

bﬂ i =a,
bl = &bo = 3-1
by-1 @by, =a,

r—ab,_ = a,.



Tir 6 suy ra diéu phi ching minh.

4. Ap dung so do Hnéc-ne dé tinh gia trj cua da thu'c f(x)taix=a

So dé Hodc-ne cho ta thuong va du khi chia da thic f(x) cho nhi thitc X - &.
Chd ¥ ring theo dinh Ii Bé- du, s& du khi chia f(x) cho x — 2 bang f(a). Do do

dung so do Hooc-nc ta ciing tinh dugc gia tri ciia da thie f(x) tai X = a.
Vi du 55(4). Tinh gla tri cua 2 da thic f(x) = X+ 3x% — 4 tai x = 37.

Gidi : Theo dinh 1i Bé-du,- £(37) 1a s6 du khi chia f(x} cho X — 37. Ta lap so '_
dé Hobc-ne : i

l 1 \ 3 ‘ 0 l 4
a=‘37l 1 l37.1+3=4013?.40+U=14_80..3?.148{}—4:54’?56

Vay f(37) = 54 756.

Il - CHUNG MINH MOT DA TH(C CHIA HET CHO MOT DA THUC KHAC

Ta chi xét.cac da thic mot bién. Thuung ¢6 céc cach sau
1. Cach 1. Phan tich da thic bi chia thanh nhan ti, trong d6 c6 mot nhan
tir 1a da thidc chia.

Vi du 56(4). Chitng minh ring X" + " 1+ 1 chia hét cho x™* + X" + 1 V6i
moi s6 tu nhién n.
Gidi: x> +x' I ) ] =g’ -(x +1) ("
=(x"+x _+1)(x4“.-x +1. *
Tiép tuc phan tich : _
e l=x oy |~
—(x +1) —(x) —(x R ke +1)(x =% 1)
Vay x4 x* + 1 chia hét cho x° +:-; + 1.
2 Cach 2. Bién déi da thitc bi chia thanh mot téng céc da thic chia he
cho da thic chia.

Vi du 57(4). Chiing minh rang M+l 4 30*2 4 1 chia hét cho x>+ X +
véi moi s6 tu nhién m, 0. '



20 . 3m#l | 3n+2 2
Gl s ¥ 4 3™ f ™ gy b ™ x x4 ]

= x(x>™-1) +x2(x3n =Dl ExeD.

Ta thay x_3 ~1vax™ - 1 chia hé't cho x* - 1, du d6 chia hét cho Rl
Vay x>™1 4 x**2 4 | chia hét cho x* + x + 1.
Vi du 58(4). Chiing minh ring véi moi s6 tu nhién m, n'thi

2

_ x$m+4 4 x6n+2 41 Chia hét cho x? - x + 1.
Giai :
J‘:t’a-m+4 + xanZ ol s xt?-m+:4 2 J{4 & X6n+2 _ xﬁ i K4 i K2 41
p =50 - P3G - D X+ ).

Dpxﬁm— 1 Exﬁ'—l,xsn—l x°—1va

x —l“(x +l)(x =1): x -x+1,

2

4 2 .
X +X +]ﬂ(x2+1)2.—x X —-x+1

nén suy ra diéu phai chiing minh.
3. Cach 3. Sir dung céc bién déi tuong duong, chang han dé ching minh
f(x)  g(x), c6 thé chitng minh f(x) + g(x) : g(x) hodc £(x) - g(x)  g(x).
Xem bi tap 268. | | "
4. Cach 4. Ching 16 ring moi nghiém cta da thiic chia déu 12 nghiém cla -

da thic bi chia'” (ta cong nhan ring diéu nay dﬁn dén da thirc bi chia chia hét
cho da thifc chia). |

Vi du 59(4). Cho f{x) = (x> +x = 1)‘“ (x* = x + 1'" - 2. Chiing minh
rang f(x) chia hét cho X=X,

Gidi : Pa thitc chia ¢ hai nghiém : x =0 va x = 1. Ta s& chtng t6 rang x = 0
va X = 1 ciing 1a nghiém cua da thic bi chia.

(*) Chid ¥ rang ¢ day d:::i hoi phéi xét cd nghiém boi ciia da thl.'lc Chfing han 1 1a nghiém béi .
hai clia da thitc (x - 1) 1 1a nghiém boi ba cua da thifc (X - l) Pé chia hét, néu da thirc chia
- ¢6 nghiém a vdi boi K thi da thifc bi chia phai c6 nghiém a vdi boi 16n hon hay bang k.



Tac6f(0)=1+1-2=0nén f(x) chiahétchox. Talaic6f(1)=1+1-2=0
nén f(x)-chia hét cho x — 1. Cic nhan tir X va x — 1 khong chita nhan tir chung.

Do dé f(x) chia hét cho x(x — 1).

Bai tap
{@). Khong dat tinh chia da thic, hay xét xem da thic x* - 9x%-4+ 6 + 16 ¢6
ay khong chia hét cho : :
238 & B - - b) x - 3.
260(4). Tim du khi chia céc da thitc sau :
a) x* (Kz ¥ 1) b xP (xz +1).
‘{4]. Tim du khi chia x + x>+ X + X° cho :
X =13 ' b) x> - 1.
4]. Tim dur khi chia x°° + x> + x'! + x +7cho:
x +1; | ﬁxz + 1.
@,. 50 , 49 2

). Tim du khi chia da thic f(x) = x° + x4+ .+ x* + x + 1 chd x* - 1.

2644). Tim da thiic £(x),biét ring f(x) chia cho x — 3 mi dur 7, f(x) chia chox -2
thi du 5, f(x) chia cho (x — 2) (x — 3) thi dugc thuong la 3x va con du.

265(4). Tim da thic f(x), biét ri'mg f(x) chia cho x — 3 thi du 2, f(x) chiachox + 4
thi du 9, con f(x) chia cho x* + x — 12 thi duﬂc thuong x? + 3 va con du.

266(4). Khi chia don thic x® cho x + %, ta duoc thudngl la B(x) va du 12 s6 I;.
Khi chia B(x) cho x + % ta duoc thuong 13 C(x) va du 13 s6 r,. Tinh r,.

267(4). Ching minh ring : ;
a) x°" + x' + 1 chia hét cho x4+ x1%4+1; '

| b) x% — x° — x19%

c) x'® — 10x + 9 chia hét cho (x - l)2 :

d)* 8x° — 9x® + 1 chia hét cho (x — 1)

chia hét cho x* - x + 1 :



268(4). Chitng minh rang f(x) chia hét cho g(x) véi :

f(x)=x'}9+xgg+xﬂ+...+x”+ |

g(x)=1;9+x8+x7+,..,+x+ 1.
269(4). Chimg minh ring da thitc (x +y)° + (x — y)° chia hét cho da thic x° + y°.
270(4). Chimg minh riing v&i moi s6 tw nhién n :
a) (x + 1)2“ el T i 2x —1chiahétchox(x+1)(2x + 1);
) x2

cx+1)

+2x°™1 4 | chia hét cho (x + 1)2:

42 L (x = 1)*™*? chia hét cho x> + 1.

271(4). Ghiing minh rﬁng v6i moi s6 tr nhién n thi (x" - 1) (x"*' - 1) chia het
cho(x+1)(x - ])

272(4). Chitng minh rdng v6i moi s6 tu nhién m, n thi

xﬁm-l_-d & x6n+2 2

i s 4
+ 1 chia hétcho x +x° + 1.

273*(4}. Tim s6 tu nhién n sao cho x> + x" + 1 chia hét cho x2+x+ 1.

274(4). Xic dinh s6 k dé da thiic

A=x’ +y3 +z + kxyz chia hét cho da thitc x + y +Z.

275*(4). Cho da thitc f(x) c6 cdc hé s6 nguyén. Biét ring f(0), f(1) 14 cdc s6 1é.
Chimg minh rang da thic f(x) khong c6 nghiém nguyén.

Ble-do Pa-xcan va J-xéc Riu-ton

Pa-xcan (Bfa;se Pasca!) sinh & Phap n&m 1623. Lic
nhé Pa-xcan rat yéu nén cha éng da gidu di moi sach vd lién
quan dén Toan hoc, sg rang nhing suy nghi cang thang sé
anh hudng khéng t6t dén si¢ khoé clia con minh.

Nhung cau bé Pa-xcan van dén vdi Toan hoc : cau da
tu xay dung mén Hinh hoc “cla riéng minh" : cau dat tén
cho dudng thang la cai gay, dudng tron 1a banh xe, hinh chil
nhat la mat ban... Cau cling da céng nhan mét sé tinh chat
dau tién (tién'dé) rai chiing minh dudc nhiéu tinh chat khac,
trong dé co6 dinh li vé téng cac géc clia mét tam giac. Lic d6
cau mdi 12 tudi. , Ble-do Pa-xcan




B6n nam sau, Pa-xcan lai hoan thanh mot luan van khoa hoc, trong dé c6 dinh i
v& "hinh luc giac than ki" : Néu mét luc glac noi tiép mot dudng tron (hoac mot elip,
mot parabol, tng quat : ndi ti€p mot thiét dién coénic) thi ba giao dlem cla cac duong
thang chiia cap canh ddi nam trén mot dudng thdng® (h.4). Dinh Ii ndi tiéng nay 1a mét
trong nhitng dinh Ii cd s& cla mdn Hinh hoc xa anh.

Hinh 4

Nam 19 tudi, dé giup cha dd vat va trong tinh toan, Pa-xcan da lam tang cha mot
chlec may tinh. May tinh nay gﬁm nhiéu banh xe rang cua {lén két v8i nhau, cac banh
xe gan véi cac chir sé, su chuyén dich cla banh xe lam chuyen dich cac chir s6, cho
phép thuc hién dudc cac phép tinh cdng va trir. Sang ché nay dudc gidi khoa hoc
danh gia cao.

Nam 1654, Pa-xcan céng b6 cong trinh vé tam giac sé, dudc goi la tam giac
Pa-xcan, cho phép tinh dugc mét cach don gian cac hé sé trung khai trién cta nhi
thiic Niu-ton. Pa-xcan la ngudi dau tién dinh nghfa chinh xac va van dung phuong
phap quy nap toan hoc dé chimng mmh :

Pa-xcan con nghién clu cac bién cé ngau nhién, dat nén méng cho mon xac
suat. Ong ¢ling nghién clu vé cac dai lugng vo clng bé va da di rat gan dén phép
tinh vi phan va tich phan ma Niu-ton va Lai-bo-nit la nhitng ngudi sang lap.

V@& vat li hoc, Pa-xcan la mot nha thuc hanh tai gidi. Ong da timra dinh luat mang
tén ong : Cac chat 1dng va chat khi truyén ap suat di nguyén ven, khong thay déi va
theo moi phuong. Cac may ép ding nudc, thang may dung nudc, phanh ham dung
dau... déu van dung dinh luat nay.

Pa-xcan cing 1a mot nha van véi cubn Tv tudng mang tinh ngu pgon luan Ii.
Pa-xcan bi mét tai nan xe ngua vao nam 1654 va mat nam 1662, ltc méi 39 tudi.

I-x&c Niu-ton sinh & Anh nam 1642"" va mat bé tir khi cau chua chao doi.

(*) Isaac Newton (1642 — 1727), nha todn hoc va vt Ii hoc Anh. Theo Bdch khoa 1oan thie
Anh va Petit Larousse (Phap), Niu-ton sinh nam 1642, Theo Bdach khoa Diie va Dai bdach khoa
toan thie Nga, 6ng sinh nam 1643, 2

Niu-ton sinh vio cubi thing 12 nam 1642 theo lich cii, ufc la vao ddu nam 1643 theo lich
mai. Lic do nude Anh van dung lich cii, con cic bang cong gido o bire dung lich méi. Vi thé
¢o su khdc biét ndi trén.



Tai nangcla Niu-ton da s6m ndy nd ngay tir héi nién thigu.
Khoang 12 tudi, cau bé Niu-ton da lam Idy dudc déng hé nudc
va dong hé chi gid theo béng mat trdi. Chiéc cdi xay gié nhd
cla cau dat canh nha lam moi ngudi ngac nhién vi quay dudc
ca trong ltic khéng c6 gi6 : cau da nhét mét chu chudt bén
trong, chudt chay lam chuyén déng cac canh quat clia c6i xay.

Cau be tinh nghich Niu-ton con 1am dan lang khi€p sd khi
cau lam chiéc diéu c6 budc dén 16ng dd & dudi rdi thd diéu va
giat soi day diéu dé tao ra mot "'ngdi sao chéi" nhay nhét trén
bau troi. . | : I-xdc Niu-ton

Nam 1661, Niu-ton hoc dai hoc va dugc su chi bao hét long clia gido su Ba-rau.
Thai sinh viéh, Niu-ton da chimg minh dudc dinh Ii vé khai trién cha (a + b)" ma vé
sau nguﬂ} ta goi la nhi thie Niu-ton.

Cong lao Idn nhat cla Niu-ton trong Toén hoc 1a sang tao ra phép tinh vi phan
tich phan, dong thai va dc Iap véi Lai-ba-nit. Vi phan tich phan cia Niu-ton dam chét
hinh hoc, con vi phan tich phan cla Lai-bo-nit lai gidu tinh dai s6. Nhimg kham pha
cia Niu-ton vé vi phan tich phan thuc hién truéc Lai-bo-nit 10 nam, nhung lai céng bé
céng khai sau Lai-bd-nit 3 nam. Cac thanh qua kiét xuat ca Niu-ton va Lai-bo-nit da
tao ra mét cudc cach mang I6n-trong toan hoc, :

Niu-tan cling la mét nha vat Ii thién tai. V&i ba dinh luat chuyén déng va dinh luat
var vat hép dan, Niu-ton da xay dung mén co hoc ma ngay nay ngudi ta quen goi 14
Co hoc cb dién. Nha cac dinh luat d6, ngudi ta da phat hién ra nhitng hanh tinh méi,
da tinh toan dudc chinh xac thai diém nhat thuc va nguyét thuc.

M6t ngudi ban clia Niu-ton c6 ké lai trong héi ki clia minh : Mét budi t6i nam 1665,
Niu-ton ngdm tréng tai vuon nha. Thay mét qua tdo roi xuéng gan chd ngdi, 6ng tu hdi
~vi sao qua tao roi ma mat trang lai khéng roi. Ong da di dén két luan vé su hat 1an

nhau gitra cac vat : "Hai vat hat nhau vdi mét luc cé cudng d6 ti 1& thuan véi khéi
lugng ctia chiing va ti 1& nghich véi binh phuong clia khodng cach giira ching".

S0 di Niu-ton cong bé dinh luat van vat hap dan cham dén 10 nam vi 6ng da phai
danh thdi gian dé nghién clru cac phép tinh tich phan dé tim ra nhitg lap luan cén
thiét chiing minh su chinh xac c@a dinh luat.

Trong linh vuc quang hoc, Niu-tan 1a ngudi dau tién chirng minh dudc anh sang
trang la hén hop clia bay mau : d6, da cam, vang, luc, lam, cham, tim. Thién vin hoc
hién dai cling chiu on Niu-ton vdi phat minh cla éng vé kinh thién van phan xa bang
céach dung mét guang céu thay cho kinh thién vin khic xa dung thau kinh, nho dé da
nhin thdy dudc cac vé tinh clia sao Méc.

Niu-ton con dudc giao céng viéc dic tién, 1am Giam déc Vién duc tién. Chi sau
ba ndm nghién cltu, 6ng da thay déi toan bo day chuyén san xudt va dat mic c( hai
gidy cho ra mét dong tién bac dung tiéu chuan chat lugng. Ong con cé nhiéu cong
trinh xuat sac vé nién dai hoc trong lich st.



Cé6 tai nang xuét sac trong rat nhiéu finh vue, Niu-ton lai Ié ngudi khiém tﬁn glan
~ di, c6 long nhan tir d6 luong, hay gitp dd ngudi khac. Niu-ton ciing th&ng thﬁn dau
tranh bao vé 1é phai va dugc moi ngudi mén phuc. Cau bé Niu-ton dé non, dm yéu,
tudng chifng khng séng ndi, vay ma da séng dén 85 tudi, mﬁt chua phéi dung kinh
va chua rung mét cai rang !

M3i lam viéc nén Niu-ton nhiéu khi dang tri. Ngudi ta ké lal nhiéu chuyén vui vé
tinh dang tri clia 6ng : bd d8ng hé vao ndi ludc va cim qua trimg trong tay "dé tinh gid
lude trimg"” ; khoét hai 16 to nhé & clra @& 16.to cho ché va 16 nhd cho méo chui ra chui
vao ; moi ban dén an, chay vao phong giai quyét mét bai toan, ban &n xong va ra vé
van khong hay, thdy bat dfa dang dd lai nghi minh da an rdi sao van théy déi...

Cho dén gia Niu-ton van khﬁng ngung lam viéc. Nam 1716, Lai-bo-nit du‘a ra mot
bai toan rat khé thach thifc cac nha toan hoc chau Au. Nhan dugc bai toan d6 vao
budi chidu sau khi tif Vién dic tién tré vé, Niu-ton da giai xong bai toan ngay sau bira
" an chiéu, lic dé ong 74 tuﬁi, Nam 80 tudi, Niu-ton lai bat tay vao sifa chita cudn
Nhirng nguyén Ii toan hoc cla triét hoc tu nhién xuét ban lan thit ba. Chinh Lai-bd-nit
da néi v Niu-ton nhu sau : "Xét vé toan hoc tir budi so khai-dén khi xuat hién Niu-tan
thi Niu-ton da lam dugc moét nlra, ma la mot nifa t8t hon nhiéu".

* Tén cha Niu-ton dugc dat cho don vi Iu'c ki hiéu N, Con tén cla Pa xcan dugc
dat cho mot ngdn ngir 1ap trinh cda tin hoc : ngbn ngir Pa-xcan.

Pa-xcan mat khi Niu-ton méi 20 tudi, nhung cé6 mdt cau nbi clia Pa-xcan minh
hoa dugc cho viéc Niu-ton tim ra dinh luat van vat hdp dan khi quan sat mét qua tao
rai trong vudn nha : "Chi c6. nhu‘ng khi fm da dugc chudn bi méi ¢6 dudc nhimg phat
minh tinh co". : _



P HAN HINH HOC

Chuong I
‘' TUGIAC |
§1. TU GIAC

Tu g{éc ABCD la hinh gém bon doan thing AB, BC, CD, DA trong do bat
ki hai doan thing nio ciing khong cling ndm trén mot dudng thing.

Cac . gidc duge nghién citu trong chuong 1a tif gidc 16i, d6 1a i gidc luon
ndm trong mot nra mat phing ma by 12 dudng thing chia bat ki canh nao ciia
tif gidc. _ _

Khi néi dén ti¥ gidc ma khong chi thich gi thém, ta hiéu dé 1a ti gidc 16i.

Tdng bon géc clia mot ti gidc bing 360°. |

Vi du 1. Tt gidc ABCD ¢6 B+ D = 180°, CB = CD. Chiing minh ring AC
la tia phén gidc cua géc A. ‘ .
Gidi : (h,5) Trén tia d6i cha tia DA 14y diém E sao.cho DE = AB. Ta cé
B+ ADC = 180°, EDC + ADC = 180° nén B = EEET
C . AABC=AEDC(c.gc)= A1 =E (1)
AC =EC.

Tam gidc CAE ¢6 AC = EC nén 12 tam gidc
can, do do

-

A R Az =E | 2)
Hinh 5 | Tir (1) va (2) suy ra AC la tia phéan gidc clia géc A.

Bai tap

L. Ti gidc ABCD c6 hai dudmg chéo vuong géc, AB = 8 cm, BC = 7 cm,
AD = 4 cm. Tinh d6 dai CD.



2. Ti gidc ABCD c6 A — B = 50°. Céc tia phan gidc cua cac géc Cva D_cﬁt
nhau tai I va CID = 115°. Tinh cdc goc A va B.

3. Cho tif gidc ABCD, E 1a giao diém cia cdc dudng thing AB va CD, F la
giao diém clia cdc duong théing BC va AD. Cc tia phan gidc cia cic géc E
vi F cét nhau & 1. Ching minh rang :

2) Néu BAD = 130°, BCD = 50° thi IE vuong gbc v6i IF.
b) Géc EIF bang nua téng clia mot trong hai c;'g:p g6c doi cha i giac ABCD.

4, Chimg minh rang néu M la giao diém cdc dudng chéo cia t gidc ABCD thi
MA + MB + MC + MD nho hon chu vi nhung Ién hon nta chu vi ti gidc.

5. So snh do dai canh AB va duong chéo AC cia i gidc ABCD biét ring chu |
vi tam gidc ABD nho hon hodc bang chu vi tam gidc ACD. |

6. Ta gidc ABCD c6 O 13 giao diém ctia hai duong chéo, AB = 6, OA = 8,
OB = 4, OD = 6. Tinh do dai AD. - |

7%, Cho nam diém trén mat phéng trong d6 khong co ba diém nao thang hang.
Chitng minh rang bao giJ cung <6 thé chon ra dugc bon diém 1a dinh cla
mot tf gidc 161 |

§2. HINH THANG

Hinh thang la ti gidc ¢6 hai canh déi song song.

Hinh thang can 1 hinh thang ¢6 hai g6c ké mot day bang nh_'aﬁ. Trong hinh
thang can, hai canh bén bang nhau, hai dudng chéo bang nhay Dé ching minh
m6t hinh thang 12 hinh thang cin, ta chiing minh hinh thang d6 c6 hai géc ke

-

mot ddy bang nhau, hodc c6 hai dudmg chéo bang nhau.

Doan thing néi trung diém hai canh bén chia hinh thang 13 dudng trung
binh cta hinh thang. Dudng trung binh ctia hinh thang thi song song v6i ha
ddy vi bing nia tong hai day. Pudng thang di qua trung diém mot canh b&
ciia hinh thang va song song VOl hai ddy thi di qua trung diém canh bén thi ha
va 12 dudng trung binh cla hinh thang.

Vi du 2. Cho tam gidc ABC ¢4 BC = a, cidc duong trung tuyén BD, CE. L&
cic diém M, N trén canh BC sao cho BM = MN = NC. Goi I 14 giao diém cl
AM va BD, K 12 giao diém ctia AN va CE. Tinh d¢ dai IK.



Gidi : (h.6) DN 13 dudng trung binh cia AACM nén DN // AM.
ABND ¢6 BM = MN, MI // ND nén I 12 trung
diém cta BD. Tuong tu K 12 trung diém cta CE.

Hinh thang BEDC c¢6 I va K 1a trung diém cua hai
dudng chéo nén dé dang chitng minh dugc

IK=(BC~*ED}:2=‘ (a——) 2——
2 4
Hinn G (Ban doc tu ch}’mg' minh).
Vi du 3. Mot hinh thang cin c6 dudng cao bing nira tong hai ddy. Tinh
g6c tao bgi hai dudng chéo hinh thang.
Gigi : (h.7) Xét hinh thang can ABCD

(AB // CD), dudng cao BH va A B
BH = M (1)
2
Qua B ké dudng thang song song v6i AC,
" : , ki
catDCoE. . 5 , T, =
Ta c¢6 BE = AC, AC = BD nén BE = BD. Hinh 7
Tam gidc BDE cén tai B, dudng cao BH nén
DH = HE = DTE. | ()

Ta c6 AB = CE nén
AB + CD = CE + CD = DE. ' (3)
Tir (1), (2), (3) suy ra BH = DH = HE.
Céc tam gidc BHD, BHE vuéng cén tai H nén DBE = 90°.
T;i ¢6 DB L BE, AC// BE nén DB L AC.

‘Bai tap

Hinh thang .
8. Cho mot hinh thang €6 hai ddy khong bang nhau. Ching minh rang :

a) Téng hai géc ké ddy nhd 16n hon téng hai géc ké ddy 16n.

b) Téng hai canh bén 16n hon hiéu hai ddy.



10.

11.

12,

13,

14.

15*, Trén doan thing AB ldy cdc diém M va N (M nidm giita A va N). V& vé

16.

~ Hinh thang ABCD c¢6 A D = 90° ddy nhdé AB = llcm, AD = 12cm

. Tinh cdc géc cua hinh thang can do.

“doan thing MA, MB, MC, doan 16n nhat nho hon tong hai doan kia.

BC = 13:::111 Tinh do dai AC.

Hinh thang ABCD (AB // CD) c6 E la trung diém cia BC, AED = 90°,
Ching minh rang DE 1a tia phan gidc cia goc D.

Hmh thang can

Hinh thang can ABCD (AB // CD) c6 dudng chéo BD chia hinh thang
thanh hai tam gidc can : tam gidc ABD cén tai A va tam glﬂc BCD can tai D.

Trén doan thing AB Idy mot diém M (MA > MB). Trén ciing mot nira mat|
phing c6 b& AB, vé cc tam gidc déu AMC, BMD. Goi E, F, L, K theo thi
tr 12 trung-diém cha CM, CB, DM, DA. Chu‘ng mmh ring EFIK la hinh;

thang cin va KF = —CIJ

Cho diém M nim bén trung tam gidc déu ABC. Ching minh ring trong baj

Pudng trung binh cla hinh thang, cta tam giac
Cho tam gidc ABC, trong tam G.

a) V& dudng thing d qua G, cit cdc doan thang AB, AC. Goi A', B, C' 1a
hinh chiéu cia A, B, C trén d. Tim lién hé giita cic do dai AA', BB', CC'.

b) Néu duong thing d ndm ngoai tam gidc ABC va G' 1a hinh chi€u ciia G
trén d thi cdc d6 dai AA', BB', CC, GG' ¢6 lién h¢ gi ?

mot phia cia AB cdc tam gidc déu AMD, MNE, BNF. Goi G Ia trong tam
ctia tam gidc DEF. Chimg minh riang khodng céch tir G dén AB khong phu
thudc vao vi tri ciia cic diém M, N trén doan thang AB. 2

Tt gidc ABCD c6 E, F theo thi ty 12 trung diém ciia AD, BC.
| AB + CD '

a) Ching minh rang EF <

b) Tit gidc ABCD c6 diéu kién gi thi EF = ,*‘."_,B._’ZT_CB ?



17. T giéc. ABCD c¢6 AB = CD. Chiing minh ring dudng lhﬁn.g di qua trung
di€m ciia hai dudng chéo tao véi AB va CD cac géc bing nhau.

18. Trong ti gidc ABCD, goi A', B, C', D' thit tir 12 trong tAm clia céc tam giéé
BCD, ACD, ABD, ABC. Chting minh ring b6n dudng thing AA’, BB, CC,
DD' déng quy. |

19. Cho tam gidc nhon ABC, truc tam H, M la trung diém ctia BC. Qua H ké
dudng thang vuong géc v6i HM, cit AB va AC theo thi tu & E va F.

a) Tren tia d6i ciia tia HC, 14y diém D sao cho HD = HC. Ching minh ring
E la truc tdm ctia tam gidc DBH.
b) (ﬁhl’mg minh ring HE = HF.

20. T gidc ABCD c6 B va C ndm trén dudng tron c6 dudng kinh 1a AD. Tinh
d6 dai CD biét ring AD =8, AB=BC=2.

§3. DUNG HINH BANG THUGC VA COMPA

Giai bai todn dung hinh (bang thuGc va compa) 14 chi ra mot s6 hitu han
lan cdc phép dung hinh co ban va cdc bai toin dung hinh co bin réi chiing td
hinh dung dugc c6 di cic diéu kién ma bai todn ddi hoi.

Lai giai ddy dii cia mot bai todn dung hinh gém bén phén :

1. Phdn tich. Gia sit da c6 mot hinh thod man cdc diéu kién ctia bai to4n.
C6 thé v thém hinh méi 1am xuét hién nhiing y&u t6 néu trong dé bai hoac lam’
xudt hi¢n nhimg hinh c6 thé dung dugc ngay. Pua viéc dung cdc yé&u t6 con lai
cla hinh phai dung vé cdc phép dung hinh co ban va cdc bai todn dung hinh co
ban da biét.

2. Cach dung. Néu thi tu timg budc dung hinh dwa vao céc phép dung hinh
~cd ban va céc bai toan dung hinh co ban, déng thdi thé hién cdc budc dung dé
trén hinh vé. |

3. Chimg minh. Ding lap luan ching t6 rdng véi cdch dung nhu trén, hinh
da dung thoa man cac diéu kién cla bai todn.

4, Bién ludn. Chi rd trong trudng hgp ndo bai todn dyng duoc va dung duoc
bao nhiéu hinh thod min dé bai (hinh thoa man dé bai dugc goi 1 nghiém hinh).



o

Vi du 4. Dimg tam gidc ABC, biét AC=b, AB=c, B-C =a.

Giai : (h.8) y - A
A \D x /

Hinh 8
a) Phdn tich

Gia sir da dung dugc AABCc6 AC=b, AB=¢c, B-C =q.
Keé Ax // BC, ke tia Cy sao Ba =B (Cy va A cing phia déi véi BC).
ABCD la hinh thang cén nén :

e — —— ) €

CD=AB=c, ACD =BCD-BCA=B-BCA =a.

Tam gidc ACD dung dugc (biét hai canh va gbc xen giita).

Piém B thoa man hai diéu kién : ndm trén duong thing qua C song song
véi AD va DAB = ADC.

b) Cach dirng

— Dung AACD ¢6 AC=b,CD = ¢, ACD =a.

— Qua C dung dudng thing Cm // AD.

— Dung tia An sao cho DAn = ADC, cét Cm & B.

¢) Chitng minh

T gidc ABCD cu AD // BC DAB = ADC nén 12 hinh thang cén, do do
AB=CD =g, ABC DCB.

Ta c6 ABC - ACB = DCB - ACB = ACD = a.
d) Bién ludn
Bai todan c6 mot nghiém hinh néu b > ¢ va o < 180°,

" Chii ¥ : Piém B dugc dung & vi du 4 1a giao diém cha hai tia Cm va An.
Diém B di dugc dung la giao diém ciia hai ducrng, hay téng quét 12 giao cua hai

tap hop (quy uch)

(*) Chi ti€t hon vé tim tap hgp diém (quy tich), xem chuyén dé Tim tdp hop d:‘é'm_.



Phuong i]hép lay giao cla hai qu¥ tich goi la phuong phdp quy rich tuwong
giao. Noi dung clia phuong phdp nay 1a : Dé dung mot diém, ta phan tich diém
do thoa man hai diéu kién, do diéu kién thi nhit diém thuéc mot quy tich, do

diéu kién thi hai diém thuoc mot quy tich khdc, giao diém cua hai quy tich 4y
- cho ta diém phai dung. | '
Khi phén tich mét diém thuéc dudmg ndo, cin nhé cic kién thic sau -

— Diém céch déu hai diu cia doan thing AB thi nim trén dudng trung truc
cua AB. '

— Di€ém cdch déu diém O mot khoang r thi nim trén dudng tron (O ; 1).

~ Diém nam trong géc va cich déu hai canh cla goc thi ndm trén tia phan
gidc cua goc dy. | |

Ciing cdn chi ¥ dén s6 giao diém ciia hai dudng. Hai duong thang c6 thé
¢6 0, 1 hodc vo sG giao diém tuy theo ching song song, cit nhau hay tring.
nhau. Dudng thang va dudng tron (O ; r) ¢6 thé ¢6 0, 1 hoac 2 giao diém tuy
theo r < h, r = h hodc r > h (h Ia khoang céch tir O dén dudng thang). Hai
dudng tron ¢6 thé c6 0, 1, 2 hoic vo s6 giao diém.

Dua vao s6 giao diém 4y ma ta bién luan bai todn.

Vi du 5. Ching minh rang t6n tai mot hinh thang c6 dﬁ dai bén canh bing
do dai bon canh clia mét tit gidc cho truéc.

Gidi : (h.9) Goi a, b, ¢, d 14 do dai bén canhclati - A 4 g
gidc (a 2 b 2 ¢ 2 d). Cin chitng minh tén tai hinh thang
¢6 do dai bon canh nhu trén : Chon ddy 16n bing a, day c b

nho bang d. Ta dung ABEC réi dung D va A (h.9). akidl

Dé ching minh tén tai hinh thang ABCD, ta s& D . E C
chimg t6 ton tai ABEC (tam gidc nay c6 thé suy bién o g
thanh doan thing). That viy, ta c6 | . - Hinh9

b+tc>a-d(vid+b+c>adoa,b, c, d 12 bén canh cia ti gidc),

a-d+b2c(Ma>c b2d)a-d+c>bab,c2d).

Bai tap
21. Dung hinh.thang ABCD (AB // CD), biét :

a) AB = lem, AD = 2cm, BC = 3cm, CD = 3cm. -
b) AB=2a,CD=b, AC=c, BD =d. |



22. Dung hinh thang can ABCD (AB ;’! CD), biét AB=a,CD = b, D=a

23, Dung tif gidc ABCD, biét ba goc va : N '
2) Hai canh ké nhau; b) Hai canh d6i nhau.

24. Dung tam gidc ABC, biét B =, C =a, BC-AB=d.

25. Dung tam gidc ABC, biét : ‘

a) A =a, BC=a, AC-AB=d;

b) B-C=«, BC=a, AC- AB=d.
~ 26. Dung tam gidc ABC, bi€t : '

)E—u,BC=a.AC+AB=s;
b*)B C=q,BC=a, AC+AB=s.

' 27*. Dung tam gidc ABC, biét A =, AB+AC=s, du&mg trung tuyén AM =

28. Dung tam gidc ABC, bi€t BC = a, duong cao AH = h, dudng trung tuyén
BM =m. :

29, Dung tam gidc ABC, biét ducrng cao AH = h, dudng cao Bl = k, dudng
trung tuyén AM = m.
30. Dyng tam gidc ABC ¢6 B = 3C biétAB=c, AC= b-
- 31. Dung tam gidc, biét d6 dai ba dudng trung tuyén.
32. Cho goc xOy va diém G & trong géc. Dung tam gidc OAB nhin G 1am
- trong tam, ¢6 A thugc Ox, B thugce Oy.
33*, Dung tam gidc ABC c6 B — C=90°, biét dudng phan gidc AD =d, DC=m.

34*, Cho dudng thang m va hai diém H, G thuoc cing mot nia méat phing
bd m. Dung tam gidc ABC c6 Bva C thuﬁc m, nhan H 1am truc tam, G lam
trong tﬁm

35*, Dung tam gidc ABC vuong tai A c6 AC = 2AB, biét BC = 5cm.

36. Cho tam gidc ABC. Dung dudng thang DE song song véi BC (D thubc AB
E thudec AC) sao cho DE = DB + CE.

37. Cho tam gidc ABC. Dung dudng thing DE song sung vai BC (D thuéc AB,
E thutc AC) sao cho AE = BD. '

38*, Cho hai dudng thing song song a va b, di€m C thuoc a, diém O thudc nira
mit phing khong chifa b ¢6 bd a. Qua O dlmg dudng thing m cit a, b theo
thitu 6 A, BsaochoCA=CB.



39%, a) Cho dudng thing xy va hai diém A, B thudc hai nira mat phang d6i
nhau bd xy. Dung diém M thudc xy sao cho AMx = 2BMy.

b) Giai bai todn trén trong trudng hop A va B thuéc ciing mét nira mat
phéng bd xy. :

40*. Cho tam gidc ABC. Dung diém M sao cho néu vé MA' | BC, MB' L AC,
MC' L ABthi A'B=RB'C=CA.

~Vidu:62

’ §4. POI XUNG TRUC
Hai diém gol 1a d6i xing vé6i nhau qua dudng thing d néu d 12 dudng trung
tric.cia doan thing néi hai diém d6. Khi mét di€m nim trén dudng théng d thi
diém d6i xiing v6i nd qua dudng thing d 14 chinh diém dé.
Né€u hai doan thing (géc, tam gidc) d6i xing v6i nhau qua mot dudng
thang thi chiing bing nhau.

Hinh thang can nhan dudng thing di qua trung diém hai'd4y 1am truc d6i Xtng.

Vi du 6. Cho dudng théng d va hai diém A, B nim ciing phia déi véi d.
Dung diém C thuéc d sao cho AC + CB ¢ d6 dai ngin nhat.

Hudng suy nght. Bai todn tré nén don giin néu dé bai A
cho A va B ndm khéc phia déi véi d. Khi d6 C 1a giao diém
cia d véi doan thing AB (h.10a). Trong trudng hop A, B d.
ndm ciing phia d6i véi d, ta cé thé tao ra diém B' nim khéc C -
phia v6i A d6i v6i d ma do dai CB' luén luén bang CB khi
C thay d6i-vj tri trén dudng thing d. Diém B' chinh 13 diém
déi xing véi B qua d.

_ Hinh 10a

Gidi : (h.10b)

Phan tich. V& B' d6i xing véi B qua d. Goi M 1a
di€m bat ki thudc d. Ta c6 MB' = MB. Do d6

' d AM + MB = AM + MB' > AB' (hiing s6).

Vay gid tri nhé nhat cia AM + MB bing AB' <
M thudc doan thing AB'.

Cdch dung. Dung B' d6i xiing véi B qua d. N&i A
Hinh 10b vGi B, ciat d & C.




Chitng minh. Goi M 12 di€m bat ki thuoc d. Ta cé
AM + MB=AM + MB' =2 AB, AC+CB=AC+CB =AB.
Vay AC + CB < AM + MB.

Bién ludn. Bai todn ¢ mo6t nghiém hinh.

Vi du 7. Cho hai dudng thing x, y va hai diém A, B. Dung diém C thudc x,
diém D thuéc y sao cho A, B, C, D 14 céc dinh cha hinh thang can c6 AB 12 mot
canh ddy.

Gidi : (h.11)

Phén tich. Gia sit da dung dugc hinh thang can
thoa min dé bai. Goi d 12 dudng trung truc cua AB.
Dung dudng thing x' qua D va qua giao diém cta d
va X (néu d // x thi x' 1a dudng thing qua D va song
song vdi x). Khi d6 x' d6i xing véi x qua d. Piém D
thod man hai diéu kién : thudc x' va thude y. Tir d6
dung dugc diém C.

- Hinh 11

Cdch dung

— Dung dudng trung truc d clia AB.

— Dung dudng tﬁﬁng x' d6i xting véi x qua d.

~ Goi D 12 giao diém clia x' vd y. Dung C d6i ximg véi D qua d.
Chitng minh. Ban doc ty chitng minh.

Bién ludn.

' _ Néu x' tring y thi bai todn c6 v6 s6 nghiém hinh (h.12). Khi’d6 x va x'
d6i xiing v6i nhau qua d ; néi cdch khdc d tring v6i phan gidc cua géc tae boi X
va y (h.12a) hodc d 1a dudng thing song song cich déu x va y (h.12b).

Xy A , D ¥,
D d A X
: B
B d
/ C x c X
a) b)



—Néux'// y thi bai toan khéng c6 nghiém hinh (h.13). Khi d6 d song song
v6i mét tia phan gidc cha géc tao bdi x va y (h.13a) hoic d song song véi
dudng thang song song cich déu x va y (h.13b, c).

y X A g ! - - :
x!
B [A IA
" X B X d ‘
7 ! : ] X=X
a) |

Hinh 13

— Néu x' cét y thi bai todn c6 mot nghiém hinh (h.14). Khi d6 d cat cd hai
duang,thﬁng chita phan gidc cta géc tao bsi x va y (h.14a) hodc d cit dudng
thang song snng cich déu x va y (h.14b).

BB

a)

Hmh 14
Riéng néu x' cit y tai diém D thuoc d, bai todn khong cé nghiém hinh
(hinh thang can suy bién thanh tam gidc can, h.15 a, b) ; néu x' cit y tai diém D
thang hang v6i AB, bai todn khong c¢6 nghiém hinh (hinh thang can suy bién
thanh doan thing).

Hinh 15
Chii y
1. Trong céch dung trén, do chii ¥ dén tinh d6i xing truc, ta da dung d 1a

dudng trung truc ciia AB, khi d6 dudng thing d x4c dinh, cdc diém C va D déi
ximg véi nhau qua d. Ta thdy : D déi ximg véi C qua d, ma C thudc duong



Do d6 AE = 2/7 (cm). Suy ra AM = /7 (cm).

A
H s
m A
B M = C ). i
H :
¢ | .

Hinh 17 Hinh 18

Cdch 2. (h.18). K& BH L AC, MK L AC. Ln luot tinh dugc AH = 2 cm,

HB = 2\5 cm, MK = \6 cm,_HK= I;C = 245 =4 (cm), AK =2 cm. Tir doé
tinh dugc AM = 7 cm.
Bai tap

4.

48.

- 49,

S0.

- S1.

Cho diém D ndm bén trong tam gidc déu ABC. V& céc tam gidc déu BDE,
CDF (E, F, D nim ciing phia d6i véi BC). Chitng minh ring AEDF 12 hinh
binh hanh.

Cho tam gidc ABC can tai A. Lay diém D trén canh AB, diém E trén canh
AC sao cho AD = CE. Goi I Ia trung diém cta DE, K la giao diém cta Al
va BC. Chitng minh rang ADKE 1a hinh binh hanh.

a) Ching minh ring doan thing néi trung diém hai dudng chéo va cic doan
thdng néi trung diém céc canh d6i cia t gidc gip nhau tai mot diém.

Bai todn cua Giéc-gon (Gergonne, nha toan hoc Phdp, 1771 — 1859).

b) Dung dinh Ii trén ching t6 ring néu mot t gidc c6 cdc dudng thing néi.
trung di€ém cdc canh ddi di qua giao di€ém hai dudng chéo thi t gidc d6 1a
hinh binh hanh.

Cho tif gidc ABCD. Trén canh AB ldy cic diém E, F sao cho AE = EF =
FB. Trén canh CD l4y céc diém G, H sao cho DG = GH = HC. Goi M, [, K,
N theo thi ty la trung diém cia AD, EG, FH, BC. Chitng minh rang bén
diém M, I, K, N thang hang va MI = IK = KN.

Hinh binh hanh ABCD 6 A = 60°. Ldy ¢ac diém E, F theo thir tu thude
cdc canh AD, CD sao cho DE = CF. Goi K 1a diém d6i xing véi F qua BC.
Ching minh ring EK song song véi AB. |



52. Cho tam gidc ABC ¢ E > 90°. Trong géc A vé cdc doan thing AD, AE
sao cho AD vuﬁng géc va bing AB, AE vuong géc va bang AC. Goi M la
trung diém cta DE. Chimg minh ring AM vuéng géc véi BC.

53. V& ra phia ngoai tam gidc ABC céc tam gidc ABD vuéng can tai B, ACE
vuong can tai C. Goi M la trung di€m ciia DE. Hay xé4c dinh dang cua tam
gidc BMC.

~ 54, Cho tam gidc déu ABC, mot dudng thang song song vdi BC cit AB, AC &
D, E. Goi G 1a trong tam clia tam gidc ADE, I 12 trung d:ém cua CD. Tinh
s0 do cdc gdc cua tam gidc GIB.

§5. Cho diém E thudc canh AC ctia tam gidc déu ABC. Dunng vuong géc véi
AB ké tir E cat duong vuéng goc vdi BC ké tir C tai diém D. Goi K 1a trung

diéfh cia AE. Tinh KBD.

56*. Cho tam gidc déu ABC, diém M thudc canh BC. Goi D 12 diém d6i xing
v6i M qua AB, E Ia diém d6i xtng véi M qua AC. V& hinh binh hanh
MDNE. Chitng minh rang AN song song véi BC. |

57*%. Cho tam gidc ABC. Ldy cdc diém D, E theo thit tu thudc tia d6i ciia céc tia
BA, CA sao cho BD = CE = BC. Goi O la giao diém clia BE va CD. Qua O
Ve duﬁng thang song song v6i tia phan gidc cua géc A, dudng thing nay
cat AC 0 K. Chiing minh ring AB = CK.

§6. POI XUNG TAM

Hai diém goi 1a déi xu’ng v0Oi nhau qua diém O.néu O 1a trung diém cua doan
thing néi hai diém d6. Diém d6i ximg cta diém O qua diém O la chinh diém O.

Néu hai doan thing (géc, tam glac) d6i xing v6i nhau qua moét diém thi
chiing bang nhau.

Hinh binh hanh nhén giao di€ém cua hai dudng chéo 1am tam d6i xdng.

Vi du 10. M6t hinh binh hanh ¢6 bén dinh
nam trén bGn canh clia mét hinh binh hanh khic.
Chitng minh ridng céc tdm cia hai hmh binh hanh
do trang nhaw. -~ g/ / O

Gidi : Goi EFGH 1a hinh binh hanh c6.b6n dinh H
‘ndm trén bén canh cla hinh binh hanh ABCD (h.19).
Goi O la tam cta hinh binh hanh EFGH, ta s ching D § G C
minh O ciing la tdim cua hinh binh hanh ABCD. Hinh 19




Goi P, Q theo thit tu 12 trung diém ctha AD, BC. Ta c6 OP la dudng trung
binh cta hinh thang AEGD nén OP // DG. Tuong tu, OQ // GC. Suyra P, O, Q
théng hang. | |

Chiing minh twong tu, O thuoc dudng trung binh RS ciia hinh binh hanh
" ABCD. Do AR // OQ va AR = OQ nén ARQO Ia hinh binh hanh. Suy ra AO // RQ,
- AO = RQ. Tuong tu, OC // RQ, OC = RQ. Tir d6 suy ra O la trung diém ciia
AC. Do dé, O la tam clia hinh binh hanh ABCD. '

Vay cédc tam cla hai hinh binh hanh EFGH, ABCD triing nhau.

Vi du 11. Cho tit gidc ABCD, diém E thuoc AD, diém G thuoc BC. Dung
diém F thuoc AB, diém H thu6c CD sao cho EFGH la hinh binh hanh.

Gidi : (h.20) | B

Phaén tich : ' ‘

Goi O 1a trung diém cia EG thi O 12 diém -
xéc dinh. -

F d6i xing véi H qua O ma H thudc CD nén

F thuoc dudng thing d6i ximg v6i CD qua O. 5 11 M C
Mat khic F thuc AB. : ' Hinh20
Cdch dung : '

Dung trung diém O cua EG. | ,
Dung dudng thing déi xing v6i CD qua O, cét AB & F (dé dung dudng
thing d ta dung OM L CD, dung N d6i xiing véi M qua O, r6i ké qua N dudng
“thang song song véi CD). FO cét CD & H. Né6i EF, FG, GH, HE. "

Chitng minh :
| AOMH = AONF (g.c.g) nén OH = OF.

Tit gidc EFGH ¢6 OH = OF, OE = OG nén la hinh binh hanh.

Bién ludn : T ]

— Néu d tring AB (khi d6 AB // CD, O céch déu AB va:CD) thi bai todn ¢6
v6 s6 nghiém hinh. : :

— Néu d // AB (khi d6 AB // CD, O khong cdch déu AB va CD) thi bai todn
khong c6 nghiém hinh. ' ' ¢

— Néu d cat AB (khi d6 AB khong song song v6i CD) thi bai toin c6 mét
nghiém hinh. =~ | R



Bai tép

58. Cho tam gidc ABC, goi D, E, F theo thi ty 12 trang diém cita BC, AC, AB,
Goi O la mét diém b4t ki, A' 13 diém d6i xing v6i O qua D, B' 1a diém dé6i
ximg v6i O qua E, C' 1a di€m d6i xiing v6i O qua F. Chiing minh ring céc
dudng thang AA', BB', CC' déng quy. '

59. Cho géc xOy khéc géc bet va diém M thudc mién trong cla géc.
a) Qua M dung dudng thing cit céc tia Ox, Oy theo thit tuy & A va B sao
cho M Ia trung diém clia AB.

b) Chiing minh ring tam gidc AOB nhan dugc trong cich dung trén c6 dién
tich nho nhat trong tat ca cdc tam gidc tao bdi cic tia 0x, Oy va mét dudng
thi’lng bat ki qua M.

60. Dyng tam gidc biét mot dinh, trong tm va hai dudng thing di qua hai dinh
con lai.

61. Cho ti gidc ABCD va mot diém O nim bén trong tf gidc. Dung hinh binh
hanh EFGH nhan O.1am tim d6i xing, c6 bén dinh nim trén bén dudng
‘thang chita canh ti gi4c.

§7. HINH CHU NHAT

Hinh chi nhat 12 tif gidc cé b6n géc vuong.

Hinh chif nhét c6 t4t ca cdc tinh chat chia hinh binh hanh va hinh than g cén,
trong d6 chi y dén tinh chét : Trong hinh chif nhat, hai dudng chéo bang nhau
va cit nhau tai trung diém ciia méi dudng.

Dé€ chitng minh mét tit gidc 1a hinh chit nhat, ta chitng minh t& gidc d6 c6
ba goc vuong, hodc ching minh tit gidc d6°1a hinh binh hanh c6 maot trong cac
tinh chat sau :

~ C6 moét géc vuong ;

— C6 hai duong chéo béng nhau.

Ap dung vio tam gidc, ta c6 : .

— Trong tam gidc vuéng, dudng trung tuyén ving véi canh huyén bing nira
canh huyén.

— Néu mot tam gidc ¢c6 dudng trung tuyén ing v6i mot canh bing nira canh
dy thi tam gidc d6 la tam gidc vuong.



Vi du 12. Tinh cdc canh AB, AD cia hinh chit =~ A ~a B
nhéat ABCD, biét rang dudng vudng géc AH ke tir A
dén BD chia BD thanh hai doan thing HD = 9 cm,

HB = 16 cm. b
Gidi : (h.21) Dat AB=a, AD=b. “H
Ap dung dinh Ii Py-ta-go vio AABD vuéng, ta c6 D _ C
a’ + b? = BD? = 257 = 625. (1) Hinh 21

Ap dung dinh Ii Py-ta-go vao c4c tam gidc vuéng AHB, AHD, ta ¢6
a2 — b% = (HB? + AH?) — (HD? + AH?) = HB? - HD? = 16* - 9% =175. (2)

T (1) va (2) suy ra a% =400 nén a = 20 cm. Tir dé b= 15 cm.

Vay AB =20 cm, AD = 15 cm.

Vi du 13. Cho tam gidc ABC cén tai A. Tir mot di€ém D trén ddy BC, vé
dudng thang vudng géc véi BC, cit cac dudng thing AB, AC ¢ E, F. V& cic
hinh chit nhat BDEH va CDFK. Chimng minh ring A 1a trung diem ctia HK.

Gidgi : (h.22) Goi I va O la tAm céc hinh chit nhat BDEH va CDFK. Ta c6

B; =Dy, C; =Dy (tnh chst hinh chit nhit) ma
< ‘ B; =C; nén ﬁ1=131=61=62.D0d6BEﬂ'DK,
e A - DH // CA. Suy ra AIDO 12 hinh binh hanh.

: EToad i AIDO 12 hinh binh hanh nén AO = ID, ma HI = ID,
I nén AO = HI. Ta lai ¢6 AO // HI nén AOIH la hinh
binh hanh, do d6 -

AH//10, AH=10. (1)

1 V2 1 - Chitng minh tuong tu, AIOK Ia hinhsbinh hanh nén

B D C :
Hinh 22 AK // 10, AK = IO. )

Tir (1) va (2) suy ra H, A, K thang hang va AH = AK.

Vay A la trung diém cla HK.
" Vi du 14. Cho hinh binh hanh ‘ABCD, cic dudig cao AE va AF. Biét
~AC =25 cm, EF = 24 cm, tinh khodng céch tir A dén truc tam H cua tam gidc AEF.
Hudng dan :K&CN L AB, tinh d6 dai NF.
Gidi : (h.23)
Ké CN L AB. Tt gidc EHFC c6 EH // CF, HF // EC nén 12 hinh binh hanh.
Ta c6 AN = HF (vi cling bang EC).



Tt gide ANFH ¢6 AN = HF, AN // HF nén A N B
I3 hinh binh hanh, suy ra AH = NF va AH //'NF.

Ta lai ¢6 AH L EF nén NF L EF. .

: F
Tam gidac EFN vuéng tai F ¢c6 EF = 24 cm, 3
NE=AC=25cm nén
2 2 2 2 2
NF = NE™ - EF =25 - 24" = 49. D E - C
Suy ra NF =7 cm. Do d6 AH =7 cm. Hinh 23

Bai tap

62. Cho thm gidc ABC vudng tai A, dudng cao AH. Goi L, K theo thi tur 12 hinh
chiéu cta H trén AB, AC. Goi M 1a trung diém cta BC. Ching minh ring
- AM vuodng goc véi IK.

' 63. Cho hinh binh hanh ABCD, O 12 giao diém hai dudng chén,'H la hinh
| chi€u clia A trén OD. Biét rang cdc goc DAH, HAO, OAB bang nhau.
Chitng minh rang ABCD 14 hinh chit nhat.

64. Cho tam gidc ABC, truc tam H, I 12 giao diém cic duong trung truc. Goi E
1a diém dé6i xing véi A qua I. Chiing minh rang BHCE la hinh binh hanh.

65. Cho tam gidc ABC vuoéng tai A (AB < AC), duong cao AH. Trén canh AC
~14y diém E sao cho AE = AB. Goi M Ia trung diém clia BE. Chitng minh
rang HM I tia phan gidc clia géc AHC..

- 66. Cho hinh thang can ABCD c6 AB // CD, ACD = 60°, O la giao diém cla -
hai dudng chéo. Goi E, F, G theo thit tu 14 trung diém cua OA, OD, BC.
Tam gi4dc EFG 14 tam gidc gi ? Tai sao ?

67. Goi H 12 hinh chiéu cla dinh B trén duong chéo AC cua hinh chif nhat
ABCD, M va K theo thi tu 12 trung diém cta AH va CD.

a) Goi I va O theo thit ty 12 trung di€ém cta AB va IC. Chung minh ring
MO = J—IC.
£

b) Tinh sé do géc BMK.

68. Cho tam gidc ABC c6 do6 dai cdc canh bang a, b, c, chu vi bang 2p, cdc
chiéu cao twong ting bing h, m, n. Chitng minh réng :

a) (b+C)2 >a’ +4h%; b)h* <plp—a); ¢ h? 4+ m? + n? ﬁpz.



69*. Cho hinh thang vuong ABCD ¢ A=D = 90°, AB = AD = %‘i Qua

diém E thudc canh AB ké du'cmg vuong gée v6i DE, cat BC tai F. Chimg
minh ring ED = EF.

70*. Cho hinh chit nhat ABCD c6 BDC = 30°. Qua C ké dudng vuéng géc véi
BD, cat BD & E va cit tia phén gi4c clia géc ADB & M.
a) Ching minh rang AMBD 12 hinh thang can.

b) Goi N Ia hinh chiéu cia M trén DA, K 14 hinh ch1éu caa M trén AB.
Chitng minh rang ba diém N, K, E thing hﬁng '

71. Cho hinh chit nhat ABCD.
a) Ching minh réng néu M la mot diém bat ki nim trong hinh chit nhat thi

MA? + MC? = MB? +MD

b) Két qua trén c6 thay déi khong néu diém M nim ngoai hinh chit nhat ?

72%. Cho tam gidc ABC. V& ra phia ngoai tam gidc ABC cic hinh chit nhat
ABDE, ACFG, BCHK. Chitng minh rﬁng cdc dudng trung tryc cua EG, FH,
KD déng quy.

~ Bai tap : 337, 338, 352, 353, 360.

§8. DPUONG THANG SONG SONG VOI
MOT PUONG THANG CHO TRUGC

Xem chuyén dé Tim tdp hop diém
~Vidu - 23,24, 26, 217.
Bai tép : 141, 142, 144 dén 146, 148 dén 154,

§9. HINH THOI

Hinh thoi 1 tif gidc c6 bdn canh bing nhau.
Hinh thoi c6 tat ca céc tinh chdt cia hinh. binh h?mh Trong hinh th-:n hai
dudng chéo vuong géc voi nhau va Ia dudng phén gidc ciac goc clia hinh thm



Pé chflﬁg minh mét tif gidc 1a hinh thoi, ta bhﬁng minh t& gidc d6 c6 bon
canh bang nhau, hoic ching minh ti gidc d6 12 hinh binh hanh c6 mot trong
cac tinh chat sau :

— C6 hai canh ké bang nhau ;

— C6 hai dudng chéo vuong géc ;

— C6 mot dﬁfmg chéo 1a dudng phan giic clia mot géc.

Vi dy 15, T gidc ABCD c6 € = 40°, D = 80°, AD = BC. GoiEvaF la
trung diém clia AB va CD. Tinh EFD, EFC.

Gidi : (h.24) Goi M, N theo thit tr 13 trung
di¢m cia BD, AC. Ta c6 NF Ia dudng trung binh
ciia tam gidc ADC nén NFC = ADC = 80°, MF
la dudng trung binh cla tam gidc BDC nén
'MFD = Bﬁ = 40°. Suyra:

MEN = 180° — (80° + 40°) = 60°.
Tir gidc EMFN c¢6 b6n canh bing nhau nén 13 hinh thoi. Do d6
F1 = F2 =60°: 2 = 30°.
Vay EFD = 30° + 40° = 70°, EFC = 30° +80° = 110°.

Bdi tap

73. Xic dinh dang ctia mét it gic, biét ring :
a) Td gidc d6 c6 hai truc doi xing vudng géc véi nhau vi khong di qua
.dinh cia tit giic ;
b) Tit gidc d6 c6 hai truc d6i xing 12 hai dudng chéo ciia né.

74. Cho tam gidc ABC. Piém D thudc canh AB, diém E thuoc canh AC sao cho
BD = CE. Goi L, K, M, N thec thi tu 12 trung diém ctia BE, CD, BC, DE.

a) T gidc MINK 1a hinh gi ? Vi sao ?
b) Ching minh rang IK vuéng géc véi tia phan gidc At clia géc A. -

75. Cho hinh binh hanh ABCD, AB = 2AD, D = 70°. Goi H 1 hinh chiéu ciia
B trén AD, M la trung di€m clia CD. Tinh s6 do géc HMC.



76.

7.

78.

Goi O la giao diém cdc dudng chéo cla hinh thoi ABCD, E va F theo thif tu
1a hinh chi€u ciia O trén BC va CD. Tinh cdc géc cua hinh thoi biét rang
EF bing mot phan tu dudng chéo cla hinh thoi.

Trén cdc canh AB, BC, CD, DA cta hinh binh hanh ABCD, 1dy theo thi tu

cac diém E, M, N, F sao cho BM = DN, BE = DF Goi I, O, K theo thit tu

1a trung diém cia EF, BD, MN.
a) Chiing minh ring ba diém I, O, K thing hang.
b) Trong trudng hop nao thi ca nam diém A, 1, O, K, C thiang hang ?

T gidgc ABCD cé cdc dudng chéo cit nhau tai O va chu vi cdc tam gidc
OAB, OBC, OCD, ODA bing nhau. Chitng minh rang ABCD la hinh thoi.

79%. Goi H 14 truc tim cta tam gidc déu ABC, dudng cao AD. Ldy diém M bit

ki thuoc canh BC. Goi E va F theo thi tu Ia hinh chi€u ciia M trén AB, AC.
Goi I 1 trung diém ctia AM.

a) Xdc dinh dang cua tur gidc DEIF.
b) Chimg minh riing cdc dudng thing MH, ID, EF déng quy.

§10. HINH VUONG

Hinh vuong 12 tif gidc c6 bon géc vuong va c6 bon canh biang nhau.
Hinh vuong c6 t4t ca cdc tinh chét cla hinh chit nhat va hinh thoi.
Dé chitng minh mét tit gidc 1a hinh vuéng, ta chung rnmh tt gidc d6 1a hinh

chif nhat ¢c6 mot trong cdc tinh chat :

— C6 hai canh ké bang nhau ; | | ¥

— C6 hai dudng chéo vudng goc ;

— C6 mot dudng chéo 1a dudng phan gidc cia mot goc.

Hodc chiing minh tif gidc d6 1a hinh thoi ¢6 mdt trong cac tinh chat :

— C6 mot goc vudng ; |

— C6 hai dudng chéo bang nhau,

Vi du 16. Goi M Ia diém bat ki trén doan thing AB. V& vé mot phia clia

AB céc hinh vuéng AMCD, BMEF.

a) Chitng minh rang AE L BC.



b*) Goi H 1a giao diém clia AE va BC. Chitng minh ring ba diém D, H, F .
thdng hang.

c¢) Chitng minh ring duong thang DF luon luon di qua mot diém c¢6 dinh
khi diém M chuyén dong trén doan thang AB c6 dinh.

Gidi : (h.25) a) Xét ACAB, ta ¢6 CM 1 AB, BE 1L AC (vi BE J_ MF,
MF // AC). Suy ra AE 1 BC.

b) Goi O la glan diém cia AC va DM. Do D " C
AHC =90° (cau a) nén OH—-&(—:—, do do |\t ~I o
DM ° ~ o/ | 4R=HF
OHZT, Tam gidc MHD c¢6 duong trung | 1 E
tuyén H@ bing nira DM nén
MHD = 90°. (H A I M -

Ching minh tuong tu, -‘fm_h 25

| MHF =90°, (2)
Tir (1) va (2) suy ra D, H, F, thang hang.

_ c) ch I 1a giao diém cua DF va AC ; A DMF c¢6 DO = OM, OI // MF nén
I 12 trung diém ctia DF.

Ké II' L AB thi I' 1a trung diém ctia AB va
' AD+BF AM+MB AB

= = —=—
| 2 2 2
Do dé I la di€ém c6 dinh : I nam trén duong trung truc cia AB va cidch AB
AB
mot khoang bang 5
Bai tap !

80. Tt gidc ABCD c6 E, F, G, H theo thit ty 12 trung diém ctia AB, BD, DC,
CA. Tim diéu kién cta u gide ABCD dé EFGH la hinh vuéng.

81. Cho hinh vuéng ABCD, diém M nim trén duong chéo AC. Goi E, F theo
" thit tu 1a cdc hinh chiéu cia M trén AD, CD. Chitng minh rang :

a) BM vuéong géc véi EF.
b) Céc duong thang BM, AF, CE déng quy.,



82.

83.

84.

85.

86.

87.

38.

89.

90.

Cho hinh vuéng ABCD. Di€m E nam trong hinh vuéng sao cho tam gidc
ECD can cé géc ddy biang 15°. Ching minh riang tam gidc ABE 1a tam
giac deu.

Cho tam gidc ABC cén tai A, géc day 75° va hinh vudéng BDEC (céc diém
A, D, E nam clng phfa d6i v6i BC). Hiy xé4c dinh dang ctia tam gidc ADE.
Cho hinh vuéng ABCD, diém E thudc canh CD, diém F thuoc canh BC.
Chimng minh rang chu vi tam gidc CEF béng nira chu vi hinh vuéng khi va
chi khi EAF = 45°

Cho hinh vuéng ABCD, diém M thuoc canh AB. Tia phan gidc clia goc
MCD cét canh AD & N. Cho biét BM = m, DN = n. Tinh d6 dai CM theo m

va n.

Cho hinh vuong A'B'C'D' nim trong hinh vuéng ABCD sao cho thit ti céc
dinh theo cung moét chiéu l1a nhu nhau (tic 1a né€u vé hai duong tron, moi
dudng tron qua cac dinh cua mét hinh vuéng, thi chiéu di trén dudng tron
th A lan luot qua B, C, D va tir A' lan lugt qua B', C', D' la nhu nhau).
Chitng minh ring trung diém cdc doan thiang AA', BB, CC, DD' 14 dinh
ctia mot hinh vudng. ¥ g

Cho hinh vuéng ABCD. Lay cic diém E, F theo thit tu thudc cic canh AD,
AB sao cho AE = AF. Goi H 12 hinh chiéu ciia A trén BE. Tinh CHF.

Cho diém M thudc canh CD ctia hinh vuéng ABCD. Tia phan gidc cua goéc -
ABM cat AD ¢ I. Chimg minh ring BI < 2MI.

Ve ra phia ngoai clia mét tam gidc cac hinh vuéng cé canh la canh cta tam

‘gidc. Chiing minh réng :

a) Cdc doan thang néi trung diém mot canh clia tam gidc véi tarh cdc hinh
vuong dung trén hai canh kia bang nhau va vuéng géc véi nhau.

b) Doan thing ndi tim hai hinh vuéng bing va vuéng géc véi doan thing
noi tam hinh vuéng thit ba véi dinh chung ciia hai hinh vuéng trudc.
Cho tam gidac ABC. V& vé phia ngoai tam gi4dc cdchinh vuéng ABDE,
ACFG c6 tam theo thit tuy 1a M, N. Goi I, K theo thi tu 14 trung diém cia
EG, BC. |

a) Chiing minh rang KMIN 12 hinh vuﬁng

b) Néu tam gidc ABC c¢6 BC c6 dinh va dudng cao l.l.l’ﬂ'llg u‘ng bang h khéng
déi thi I chuyén dong trén duong nao ?



91. Cho tif gidc ABCD. Goi E, F, G, H theo thit tr 1a tam cdc hinh vuong cé
- canh AB, BC, CD, DA dung ra phia ngoai tit gidc. Ching minh rang :

a) Tt giac EFGH c6 hai dudng chéo bang nhau va vuong goc véi nhau.

b) Trung diém cdc dudng chéo clia céc tif gidc ABCD, EFGH la dinh cia
mot hinh vuéng.

92. Cho bén diém E, G, F, H. Dung hinh vuong ABCD cé b6n dudng thing
".chifa canh di qua b6n diém E, G, F, H.

93. Cho ba diém E, O, F. Dung hinh vuéng ABCD nhén O lam giao diém hai
dudng chéo, E va F thit ty thudc :

a) Cic dudng thang AB va CD ;
b) Ceic dudng thang AB va BC.

94. Cho ba dudng thang a, b, d. Dung hinh vuﬁng ABCD c6 A thudc a, C thude b,
con B va D thuéc d.

~ Bai tap : 143, 147, 368, 370, 373.

Chuong II
DA GIAC. DIEN TiCH CUA DA GIAC

§11. PA GIAC

Da gide AjAjAs... A, 12 hinh gém n doan thang (n 2 3), trong do6 bt ki hai
doar thing nao cé mét diém chung ciing khong ciing nam trén mét dudng thang.

Da gidc 16i 1a da gidc luon nidm trong mot nira mat phing ma b Ia dudng
thing chifa bt ki canh ndo ciia da gidc dé.

- Khi néi dén da gidc ma khong chi thich gi thém, ta hiéu dé6 1a da gidc 16i.
Tdng s6 do cdc géc ciia da gide n canh 13 (n — 2).2v hay (n - 2). 180°.

Da gidc déu 1a da gidc c6 tat ca cdc canh bing nhau va tat ca cdc goc
bang nhau. ;

Vidu 17, Tﬁng cdc gbéc clia mot da glac n canh trir di géc A ctia né bing
570°. Tinhn va ‘A .



Gidi : Tacé (n—2) 180° - A =570%nén A = (n — 2) 180° — 570°.
Do 0°< A < 180° nén 0 < (n—2) 180 — 570 < 180

< 0<n- 2—~5—?‘Q<1

180
1 | 1
S0<n-5—<1&5—-<n<6b-—,
| o 6 6
Do n 12 s6 tu nhién nénn = 6 va _
 A=(6-2). 180° - 570° = 150°.-

Vidu 18. Ngil gidc déu ABCDE c6 cac dudng chéo AC va BE cét nhau ¢ K. _
Chitng minh rang CKED la hinh thoi.

| A Gidi : (h.26) Goéc cua ngi gidc déu bang
1/ 2 s
ﬁ\ < 2)'IE;{)E):FE}EIO. Tam gidc ABC can tai B co
B " E . 5 :

ABC = 108° nén EI = El = 36°. Do dé
Az = 2-- 108° - 36° = 72°.

Hinh 26 © Tacé Co+D =72°+108° = 180°

nén AC // DE. Chimg minh tuong tu, BE // CD. Do d6 CKED la hinh binh
hanh. Ta lal ¢6 CD = DE nén CKED la hinh thoi.

Bai tp -
Da giac . ¢
95. Tinh s6 canh ciia moét da gidc, bi€t rang da gidc d6 ¢6:

a) Téng céc géc trong bing tdng cdc géc ngoai (tai mbi dinh ctia da gidc
chi ké mot géc ngodi) ;

b) S6 duong chéo gdp d6i s6 canh ; }
¢) Téng cdc géc trong trir di mot gbe cha da gidc bing 2570°.

96. Cho ngii gidc ABCDE. Gdi M, N, P, Q theo thi ty la trung diém cta AB,
BC, DE, AE ; goi I 1a trung diém cta NQ, K Ia trung diém cna MP. Chimng

minh rang IK r’f D, IK= —CD



97. Ching minh rang néu mot luc gjac co cac goc bang nhau thi hiéu céc canh
déi dién bang nhau.

98*, Luc glac ABCDEF c:é s& do céc goc {lmh theo df}} Ia mét s6 nguyen va

A~BRRil wC= D=D-E=B-F. Gi tri lcm nhat cia A c6 thé
bang bao nhiéu ?

Da giac déu
99. Goi M Ia diém bat ki trong tam gidc déu ABC. Cic diém A', B, C' 12 hinh

chiéu cua M trén cdc canh BC, AC, AB. Tinh ti s6 MA +MB+MC ;
B'+ BC'+ CA'

100. Cho luc gidc déu ABCDEF, M va N theo thi ty 12 trung diém céia CD,
DE. Goi I l1a giao diém ctia AM va BN.

a) Tinh AIB.

b*) Tinh OID (O la tam cua luc gidc déu).
Huéng dén : Chiing minh rang IO, ID la cic tia phan gidc clia hai géc ké bu,

101. Ching minh rang ngu gidc c6 ndm canh bang nhau va ba géc lién tiép
bang nhau 12 ngii gidc déu.

102. Chu’ng minh ring trong da gidc déu 9 canh, hi¢u gita dudng chéo lon
nhat va duong chéo nho nhat bang canh cla né.

103. a) Tim s6 n sao cho mat phang cé thé duoc phi l(m bm céc da gidc déu
bang nhau c¢6 n.canh.

b) C6 ton tai cdc ngil giac bang nhau {kh{mg yéu cdu déu) dé phi kin mat
phiang khong ?

c) S6 do céc goc cua da gidc déu n canh 14 s tr nhién. Cé bao nhleu gid tri
ctia n thoa man bai toan ?

A)24: B)22: 012 : D)10.
Hay chon cau tra 13i diing.

~ Bai tap : 342.

§12. DIEN TICH CUA PA GIAC .

Dién tlch hinh chi nhat : S = a.b (a la chiéu dai, b 12 chiéu rong).
Dién tich hinh vuﬁng S = a (a la canh).



Dién tich tam gidc: S = %ah (ala canfi, h 1a chiéu cao tuong ting).

2{

Dién tich tam gidc déu : S = (a 1a canh).

Dién tich hinh thang : S = -l— (a + b).h (a va b 1a hai day, h 13 chiéu cao).

Dién tich hinh binh hanh, hinh thm . S = a.h (a la canh, h la chiéu cao
tuong tng). - * -

Dién tich hinh thoi, dién tich wf gidc cé hai dudng chéo vudng géc :

S= -;—dldz (dy va d, la hai dudng chéo).

Vi du 19. Tinh dién tich hinh thang ABCD c¢6 canh bén AD = a, kho&ng
cach tur trung diém E ctia BC dén AD bing h.

: (h:27) Qua E, ké dudng thang song song
- véi AD, cét AB va CD theo thif tu tai. M va N.

AENC = AEMB (g.c.g, ban doc tu chiing
minh), suy ra SENC = SEMB- Céng S ABEND vao - g
hai v€, ta duoc Sppcp = SAMND- '

IAMND la hinh binh hanh nén

S iy = AD.EH = ah,

A B M

Viy Sspcp = ah. - Hinh 27
Vi du 20. Tam gidc ABC c6 ba g6c nhon, v& cdc dudng cao BD, CE. Goi H,
K theo thit tur la hinh chi€u cta B, C trén dudng thing ED. Chiing minh ring :

'a_} EH = DK.
b) Sggc + Sppe = Spukc-

Gidi : (h.28) Goi M, 1 theo tht tu 12 trung
diém ctia BC va ED.

AMDE c¢6 MD = ME (cung bing %BCJ nén

1 tam gidc can, do d6 MI L ED.



Hinh thang BHKC c¢6 BM = MC, Ml // BH // CK nén I 13 trung diém ciia HK.
Ta c6 IH = IK, IE = ID nén EH = DK.
b) V& EE', IT', DD' vuong géc v6i BC. Ta c6 II' la dudng trung binh cia

hinh thang EE'D'D nén II' = %{EE '+ DD'). Do d6 :
Seec + Sppc = % BC.EE' + %‘BC.D_D' = % BC(EE' + DD') = BC.II'. (1)
Qua I, v& dudng thang song song véi BC, cit BH va CK & P va Q. Ta c6
- Ta Hai ¢6 APIH = AQIK (g.c.g) nén SPIH = Sqik.» do do

SBPQC = SBHKC- - (3)
Tix (l), (2), (3) suy ra SBEC . i SEDC = SBHKC'

Vi du 21*, Cho hinh binh hanh ¢6 b6n dinh ndm trén bén canh ciia mot ti
gidc, trong d6 hai dinh ctia hinh binh hanh 13 trung dlém hai canh déi cua ta
gidc. Chiing minh rang dién tich hinh binh hanh bang nira dién tich ut gidc.

Gidi : (h.29) Xét t gidc ABCD va hinh binh hanh 8 EM
EFGH c¢6 E, G la trung diém AB, CD. Goi O 1a tam cla
hinh binh hanh EFGH,' M va N Ia trung diém ctia BC va \a
AD. Do EMGN ciing 12 hinh binh hanh nén O ciing 13 E/ oN \
A

trung diém ctia MN. Xét hai trudng hop :

a) Néu F khong trang M thi EMHN 13 hinh binh By B
hanh. Khi d6 FM // NH nén BC // AD suyra ABCDIa ~  Hinh2?
hinh thang Dé thay

1
SEFGH = ESA-BCD-
b) Néu F tring M thi H tring N.

g 2 _ : |
Khi d6 SEFGH = SEMGN = 5 SABCD -

Vi du 22*, Tinh dién tich hinh thang cé hai dudng chéo dai 6 m va 10 m,
doan thang néi trung diém clia hai ddy béng 4 m.



Gidi : Goi ABCD Ia hinh thang c6 AB // CD, BD = 6 m; AC = 10 m (h.30).
Goi E, F, K theo'thi ty I trung diém cha o ~ & g
AB, CD, BC. Ta cé EK la dudng trung binh cta : :
AABC nén EK = AC:2=10: 2 = 5(m), FK Ia
duodng trung binh ciia A BDC nén
FK=BD:2=6:2=3(m).
aEFKanF +FK =4"+3° =25 . Hinh30

= 52 = EK* nén EFK = 90° (dinh 1i Py-ta-go dao)
Goi H la trung diém ciia AD. Dé dang ching minh dugc EHFK 1a hinh
binh hanh nén | |
| Senrk = 2- Sgrx =EF.FK=4.3=12(m%. =
Dé dang chl’mg minh dugc Sypep = Z'SEHFK (ban doc tr chiing m.ihh);

Vﬁ}' SABCD 24 m

Chii y : Cdc doan thang EF, AC, BD dﬁng quy vi trong hinh thang trung
di€ém cua hai ddy va giao diém ciia hai {Iuerng chéo 1a ba diém thing hang, xem
BG dé hinh thang & Ndng cao va phdt trién Todn 8 tdp ha;

Bc":i i‘f.‘]_p

Dién tich hinh chir nhat, hinh vunng, hinh tam glac

104 Cho mot hinh chir nhat ¢6 céc kich thudc 1a a va b-(a va b c6 ciing don vi
do). Cic tia phan gidc cdc géc cla hinh chit nhat cat nhau tao lhanh mot
gidc. Xdc dinh dang tif glac d6 va tinh dién tich cta né.

105.; Tam giac ABC vufmg tai C co BC =a, AC=b. Vé phla ngual tam giac
ABC, v€ tam gidc DAB vuo6ng can tai D. Goi H, K theo thif tu 12 hinh chleu
cia D trén CB, CA. Tinh dién tich cta & gidc DHCK.

106. Tam gidgc ABC vuong tai A ¢6 BC = a, AC = b, BC = c, dién tich S.
Chitng minh ring 4S = (a + T c)(b + c ). v

- 107. Cho tam gidc ABC vuong tai A, cic dudng phﬁn giﬁc cua cdc géc Bva C
cit nhau ¢ L. Biét hinh chiéu cua B, IC trén BC 1a m, n. Tmh dién tich cuia .
tam gidc ABC. |

108. Cho tam gidc ABC, m Ia trung diém ciia BC. Goi O 1a mot diém bat ki.
Tim lién heé giita dién tich cdc tam gidc OAM, OAB, OAC.



109 O la mot d1ém nam trong tam gidc ABC Goi D, E, F theo thi tu 1a cdc
hinh chiéu ctia O trén BC; AC, AB. Trén cic tia OD. OE. OF 1dy lan luot
cdc diém A', B', C' sao cho OA' = BC, OB' = AC, OC' = AB.

~ a) Ching minh ring dién tich tam gidc A'B'C' khéng phu thuéc vao vi tn
cta diém O trong tam giic.

b) Diém O ¢é vi tri gi d6i véi tam gidc A'B'C' ?

110. Cho tam giac ABC, dudng trung tuyén AM. Goi D Ia diém nim giita B va
M. Qua M ké' duong thing song song v6i DA, cat AC & E. Hiy chon cau
tra 10i diing trong cdc céau sau :

A) Dién tich tam gidc DEC thay déi phu thuéc vio vi tri clia diém D.

B) Dé¢n tich tam gidc DEC bing % dién tich tam gidc ABC.

C) Dién tich tam gidc DEC bing % dién tf;ch tam gidc ABC.

111*. Cho tam gidc ABC. Léy cdc diém D, E, F theo thif tu thudc cc canh AB,

BC, Cﬁk sao cho AD = %AB,'BE = %BC, CF = %—CA. Céc doan lhﬁng"AE".,

BF, CD cit nhau tao thanh mét tam gidc. Ching minh rang dién tich tam
gidc nay bing % dién tich tam giac ABC,

112*, Cho tam gidc ABC c6 dién tich S. C4c diém D, E, F theo thit tu nim trén cic
canh AB, BC, CA sao cho AD = DB, BE = %EC, CE = %FA. Cé4c-doan thang

AE, BF, CD cat nhau tao thanh mét tam gidc. Tinh dién tich tam gidc do.

113. Tinh dién tich tam gidic ABC, biét AB = 3cem, AC=5 cm, dudng trung
tuyén AM = 2 cm.

114. Tinh dién tich tam gidc, biét d6 dai ba dudng trung tuyén ctia né bing
15 cm, 36 cm, 39 cm.

115. Cho tam gidc ABC vuéng tai A, AC = 20 cm, AB= 15 cm.
a) Ldy diém D trén canh BC sao cho AD = AB. Tinh do dai BD.
b) Lay diém D trén canh BC sao cho BD = 4 cm. Tinh d6 dai AD.

116. C6 tam gidc nao ma do dai cic dudng cao déu nho hon 1 ¢m nhung dién
tich bing 2000 cm? khéng g



117. Cho tam gidc ABC c6é do dai cdc canh bing 2, b, c, dién tich tam gic
bing S. Chiing minh rang
6S < 32 - l::r2 + czl.

Dién tich hinh thang, hinh binh hanh, hinh thoi

118. Tinh dién tich hinh thang can c6 dudng cao bang h, biét rang hai dudng
chéo cha hinh thang vudéng géc v6i nhau.

119. Tinh dién tich hinh thang c6 hai dudng chéo dai 9 m va 12'm, t6ng hai
day bang 15 m. : . | '

120. Qua giao diém O ciia cic dudng chéo ciia mot hinh thang, vé duong thing
song song véi hai ddy, cit cdc canh bén 0 E va G. Chiing minh rang OE = OG.

121. Hinh thang ABCD c6 dién tich S, ddy DC gdp doi ddy AB. Goi M Ia trung
diém cira AD, K 1a giao diém ctia BM va AC. Tinh dién tich tam gidc ABK.

122. Diém O Ia giao diém cdc dudng chéo ciia hinh thang ABCD (AB // CD).
Biét dién tich cc tam gidc AOB, COD theo thif tu bang a”, b°. Tinh dién
tich hinh thang (a, b > 0). : ' :

123. Cho hinh binh hanh ABCD c¢6 dién tich S. Goi M, N, I, K theo thif tu ]la trung
diém ctia AB, BC, CD, DA. Goi E va F theo thi ty 1a giao diém cua KB véi Al
vi MC. Goi H va G theo thit ty 12 giao diém ciia DN véi Al va MC.

a) Ching minh rang EFGH la hinh binh hanh.
b) Tinh dién tich hinh binh hanh EFGH theo S.

124. Cho hinh thoi ABCD c6 canh bang a. Ldy diém M trén canh AD, diém N
trén canh CD sao cho DM = CN. Tinh dién tich hinh thoi ABCD, biét ring
tam gidc BMN la tam gidc déu.
Dién tich t(r giac d

125. Tu giac ABCD co B '=90°, AB=4cm, BC=3cm,CD=12cm, AD =13 cm.

~ Tinh dién tich t& gidc ABCD.

126. T gidec ABCD c6 O 1a giao diém cha hai doan thang néi trung diém cac
canh d6i. Chiing minh rang

1
Saop + Spoc = 7 SABCD:
127. Cic dudng chéo clia mot t gidc chia tf giac do thanh bén tam gidc trong
d6 ba tam gi4c c6 dién tich bang 30 cmz, 60 cmz, 90 cm”. Tinh dién tich t
gidc do. . b,



128. Chu'ng mmh rang

3
a)SE b

vOi S 1a dién tich cta tam gidc cé dé dai hai canh béng a, b

Rt LS [
a + b + c + d ] w - - ] - " # - w ® o
b) S < : i vor S 1a dién tich cha tit gidc c6 do dai bon canh

bang a, b, c, d..
129. Goi a, b, ¢, d 1a do dai bén canh lién ti€p cla mot t gidc c6 dién tich S. -
Ching minh cdc bat dang thic sau va chi 15 khi nio x4y ra dang thitc.

a) 4S < (a + c)(b + d) : b)16S<(a+b+c+d)>

130. Goi 4, b, ¢, d 1 d6 dai bon canh (khong nhat thiét lién ti€p) cha mét tit gidc
c6 dién tich S. Ching mink rang 25 < ab + cd. Khi no xdy ra ding thic ?
131#*. Cho tit gidc ABCD, E va F theo thi tu 12 trung diém ciia AD va CD. Biét

BE + BF = a, chiing minh ring
az

SaBcD < i

132. Cho hinh binh hanh ABCD. Cic diém E, F, G, H theo thi tu thudc cdc
canh AB, BC, CD, DA sao cho EG khéng song song v6i AD. Cho biét dién
tich tf gidc EFGH bang nira di¢n tich hinh binh hanh ABCD Chu‘ng minh
rang HF song song v6i CD.

133. Cho tam gidc ABC, E 1a trung diém cia AC. L4y diém D trén canh BC
- sao cho BD = %BC, ldy diém G trén canh AE sao cho AG = EAE' Poan

thing AD cat BG, BE theo thi tw & M, N. Tinh dién tich ti gisc MNEG
theo dién tich tam gidac ABC.

134%. Cho tam gidc ABC dién tich S. Ldy cdc diém E, G trén BC sao cho
BE = EG = GC. Goi D, H theo thi tu 12 trung diém cta AC, AB ; I la giao

diém cia GH va BD ; K la giao diém ctia AG va BD. Tinh dién uch Lt
gidc EIKG.

135%. Ching minh rang tam gidc c6 mot dinh la giao di€m hai canh d6i ciia
~ mot ti gidc, hai dinh kia la trung diém hai dudng chéo ctia ti gidc d6 cé

dién tich bﬁng i dién tich tir giac.



Dl_ﬁlﬂ hinh

'136. Cho tam gidc ABC. Dung céc diém D va F ndm trén canh AB, E nam trén
canh AC sao cho dudng gip khiic CDEF chia tam gidgc ABC ra bon phén c6
dién tich bang nhau.

137. Mot manh vuon hinh tam gidc ¢ mot giéng D ndm trén canh BC. Hay
chia méanh vudn thanh hai phin c6 dién tich bang nhau boi mot dudng
thang di qua D. |

138. Cho tt gidc ABCD. Dung duong thiang di qua A chia t gidc ra hai phan
c6 dién tich bang nhau. |

139. Cho tam gidc ABC. Dung diém O nim bén trong tam gidc sao cho dién
tich cdc tam gidac AOB, BOC, COA tiléevéil; 2; 3. -

140%. Cho t gidc ABCD. Dung diém O nam bén trong tit giic sao cho néu noi
O véi trung diém cdc canh cla t gidc thi i gidc duoc chia ra bén phin c6
dién tich bang nhau.

~ Vidu : 25, 28, 29, 30, 53 dén 55, 58, 61, 63 dén 65, 67, 68.

Bai tap : 155,156, 157 dén 170, 324 dén 331, 335, 336, 339 dén 341, 343
dén 349. 354, 355, 357 dén 359, 361, 363 dén 367, 369, 371, 372. .

CHUYEN DE
TiM TAP HOP PIEM

‘Bai todn tim tdp hop diém (con goi la guy tich) duge chinh thic gi6i thiéu
& 16p 9. Tuy nhién, hoc sinh kh4 va gidi c6 thé 1am quen vGi dang todn nay
ngay ti 16p 8 véi cdc kién thic thudc chuong trinh Hinh hoc 16p 7 va ldp 8.

I - HAI TAP HOP BANG NHAU

Ta di biét ring : Tdp hop cdc diém cdch mot dieong thang xy 6 dinh mot
khodng bang h khong déi (goi 1a tap hop A) 1a hat duong thang song song voi
Xy va cdch xy mét khodng bang h (goi la tap hop B). -

Hai tap hop A va B néi trén la hai tap hop bing nhau. Ta biét rang
VxeA=>xeB
LA=Be
YxeB=>xeA.



Do d6 mu6n chiing t hai tap hop diém A va B bang nhau, ta phai ching
minh hai diéu : :

— Néu M 12 mot diém bat ki thuoc A thi M ciling thudc B. (1)

— Néu M la mot diém bat ki thuoc B thi M ciing thuoc A. )

Diéu (1) ching td ring tap hop B chia tap hop A, diéu (2) ching to ring
tap hop A chia tap hop B. Phii chiing minh ca hai di€u trén mdi két luan dugc
A va B la hai tap hgp bing nhau.

Do d6 bai todn “Tim tdp hop cdc diém c6 chung mot tinh chat « nao do”
dugc trinh bay theo ba phén :

Phan 1 : Ching minh ring néu div:m M c6 tinh chat o thi diém M thudc
mot hinh J nao dé.

Phén 2 : Ching minh ring néu diém M thudc hinh H thi dlém M c6 tinh
chat c.

Phin 3 : Két luan rﬁng tap ho‘p cic diém M c6 tinh chat o 12 hinh H.

Chu y

1. Phén 2 la dao ciia phén 1, do d6 n€u goi phan 1 1a phan thuan thi phdn 2

la phan dao.

2. Theo phin thuan, hinh H chita moi diém c6 tinh chat o, khong chua
thi€u diém nao. Theo phan ddd; hinh H chi chifa nhing diém .c6 tinh chit a,
khong chita thira diém nao khéc. Nhu véy, hinh H gém va chi gom t4t ca nhitng
diém c6 tinh chét o

11— CAC TAP HOP PIEM DA HOC

Khi giai bai toan vé tim lap hop diém, cin nhé 131 ba tap hop diém da hoc cf
lcrp 7 va mét tap hop diém hoc &16p 8 :

—~ Tap hop céc di€ém cdch mot diém O c6 dinh mot khoang R khong déi la
dudng tron tim O, ban kinh R.

— Tap hgp cdc diém cdch déu hai ddu cia mot doan thang ¢ dinh 12 dudng
trung truc clia doan thang ay. |

— Tap hop cic diém thudc mién trong moét géc ¢§ dinh va cich déu hai
canh clia n6 la tia phan gidc cha goc dy.

— Tap hop cdc diém cich dudng thing xy c6 dinh mot khodng bang h
khong déi la hai dudong thang song song vdi Xy va cach xy mot khoang bang h.



Il - viDU

Vi du 23(8). Cho dﬁﬁmg tron tdm O c@ dinh, ban kinh 4 cm, diém A cé
dinh trén du&mg trdn, diém B chuyén dong trén dudng tron. Tim tap hop céc
trung diém M cla AB. :

Gidi : Phan thugn. (h.31a) Goi I 13 trung dlem cla AO thi I la d1ém co

dinh. IM la dudng trung binh ctia tam gidc AOB nén IM = %z 2 cm, Diém

M luén céch diém I c6 dinh 2 cm nén M thudc dufrleg'trhn tam I ban kinh 2 cm.

Hmh 31

Phdn ddo. (h.31b) Ly diém M bt ki thuoc dudmg tron (I 2 ¢cm), M khéc A.
Ta sé chung minh ring M |2 trung diém ctia mot doan. thang nao d6 c6 mot dau
1a A va mét dau thuoc duung tron (O).

That vay goi B la giao d1ém cia AM va {0), tam glac IAM cidn nén

IAM = IMA AOAB céan nén OAB B, suy ra IMA\ B do d6 IM // OB
Tam gidc OAB ¢6 OI = IA, IM // OB nén AM = MB.

Két lugn. Khi diém B chuyén dong trén (O), tap hop céc trung diém M cla,

AB la duong tron (I, 2 cm), trit diém A 4

Vi du 24(8) Cho géc vuéng xOy c6 dinh, diém A c6 dinh trén tia Oy,
- diém B chuyén déng trén tia Ox. T‘nn tdép hop céc trung dlem M cua AB.

Gidi : Cdch 1 (h.32)

Phan thudn. OM Ia ducmg trung tuyén Ung v6i v
canh huyén cla tam gidc vuong OAB nén OM = AB iR

HE

ma MA é_ﬁ , suy ra MA = MO. Dlém M céch déu /\,\

hai diém O va A ¢6 dinh nén M thu-ﬁc dm:mg trung O
‘truc ctia OA. ol e Hinh 32




Gidi han : Vi doan thang AB chi thuéc mién trong géc vudong xOy nén
diém M nam trén tia Hm thuéc dudng trung truc ciia OA va thuéc mién trong
gbc xOy. ;

Phdn ddo. Lay diém M bt ki thudc tia Hm thi

MO = MA, o (1)
suyra R MAO = MOA. ' (2)

Goi B la giao diémi clia AM va Ox. Ta cé
MBO + MAO=90°, MOB+ MOA =90° 55
nén tur (2) va (3) suy ra MBO ;m. Do dé :
# MO = MB. (4)

Tix (1), (4) suy ra MA = MB, do d6 M la trung diém ctia AB.

Két ludn. Khi diém B chuyén dong trén tia Ox thi tap hop céc trung diém M
cia AB la tia Hm thudc dudng trung truc cia OA va thudc mién trong géc xOy.

Cdch 2 (h.33) |

Phan thugn. Dat AO = h (khong d6i). VE MK L Ox. Tam gidic AOB c6
AM =MB, MK // AO nén MK = A—EO = g Diém M cich Ox c6 dinh mét khoang

A 4 khﬁng déi g nén M thudc dudng théng song song véi Ox,
Hh M m ) ) . h
cach Ox mot khoang 2 :
O h L 1
o K B Giot han : Vi M chi thu¢c mién trong goc vudng
Hinh 33 xOy nén M nam trén tia Hm thudc dudng thing song

~ song ndi trén.
Phan ddo. Ldy diém M bat ki thudc tia Hm. Goi B la giao diém cta AM
- va Ox. Tam gidc AOBcé AH=HO = % , HM // OB nén M Ia trung diém ctia AB.

Két lugn. Khi diém B chuyén dong trén tia Ox, tap hop cic trung diém M
- cha AB la tia Hm thudc dudng thang song song véi Ox, cdch Ox mot khoang

2— va thudc mién trong goc xOy.



IV - THU TU NGHIEN CUU VA TRINH BAY LCJI GIAI BAI TOAN TIM
TAP HOP PIEM

1. Tim hleu dé bai

'Phan biét cdc y€u t6 6 dinh y€u t6 khong ddi, quan hé khong déi, yéu t8
chuyén dong (bao gém diém chuyén dong da biét vi tri va diém chuyén dﬁng
phai xdc dinh vi tri). :

Chang han trong vi du 24 thi :

— Yéu t6 ¢6 dinh : géc vudng xOy, dlem A.
— Y&u 16 khong déi : do dai AO = h.

— Quan hé khong déi : MA = MB.

— Yéu t6 chuyén dong : diém B chuyén dong trén tia Ox, di€ém M dang cin
xdc dinh vi tn

2. Du doén tap hop diém

Pé du dodn tap hop diém phai tim, ta thudng v& chinh x4c vai vi tri cla,
diém dé (it nhat 1a ba vi tri) r6i bang truc gidc dodn nhén diém d6 chuyén déng
trén hinh nao. :

Khi du dodn tap hop diém, nén chd y dén :

~ Diém ddc biét : Trong vi du 23, khi B & vi tri d6i xitng v6i A qua O thi
M & vi tri O, vay O 1a mét diém clia tap hop phai tim. Trong vi du 24, khi B &
vi tri O thi M & vi tri H, trung diém cla AO, diém H 1a mét diém cla tap hop
phai tim.

— Vi tri giéi han : Trong vi du 23, khi B ti€n d’é’n A thi M 1i€én de:n A, diém
A 12 vi tri gi6i han cua tap hop phai tim.

— Diém vo tdn : Trong vi du 24, khi B chuyén dong xa diém O v6 tan trén
tia Ox thi M ciing chuyén dong xa vo6 tan. Nhu vay, M khong thé chuyén dong
trén duong tron.

— Tinh déi xitng : Tmng vi du 23, chuyén déng clia dlém M ¢6 tinh d6i
xiing qua dudng thang c6 dinh AO nén tap hop diém phdi tim nhan OA lam
© truc d6i xing.

3. Phan thuan

— Phét hién quan hé giita-diém M can xac dinh vi trf v6i cac diém c6 dinh,
cac dudng thang cO dinh. Néu du dodn diém can xdc dinh vi tri thudc duclng
tron, ta ching té né. cich mot dlém ¢6 dinh mot khodng khong ddi. Néu du



dodn diém cin xdc dinh vi tri thugc duong théng, ta chiing 6 né cich déu hai
di€m c6 dinh, hoic cich mot dudng thang c6 dinh m@t khodng khong déi.

D€ phit hién ra cdc quan hé dy, c6 thé phai vé thém dudng phu (diém I
trong vi dyu 23, doan MK trong céch 2 clia vi du 24).

— Dua vao cdc tap hop diém co ban da hoc, chi ra diém M cin xéc dinh vi
tri thuéc moét hinh ndo dé, ching han hinh H. |

= Gidi han hinh H néu diém M khong thuéc toan b hinh H ma chi thuoce
hinh H', mot bo phan cla hinh H (tia Hm trong vi du 24).

4. Phan dao
~ Ldy diém M bat ki trén hinh H'. Bé;lg v€ hinh, tao ra cdc diém chuyeén
dong khdc duoc néu trong bai todn (diém B trong vi du 23 va vi du 24).

— Chiing 16 ring diém'M c6 tinh chdt ma dé bai néu lén (M Ia trung diém
cua AB trong vi du 23 va vi du 24),

5. Két luan

Tap hap cic diém M phai tim 13 hinh H'. |

Chii y : Hau hét cdc bai todn trong cuén sich nay duge hoi dudi dang : Néu
'diém M c6 tinh chat o thi diém M nim trén dudng nao ? Do dé trong 10i giai
cua bai chi trinh bay ngi dung ciia phdn thuan. Chi tiét hon vé phan dio va ciach
ching minh phan dao trong bai ton tim tap hop diém, xem Ndng cao va phat
trién Todn 9 1ap hai. |

V - PHAN CHIA CAC TRUONG HOP TRONG ‘BAI TOAN TIM TAP
HOP PIEM

Trong moét s6 bai todn, ta cin phan chia céc trudng hop khi két luan "tap
hop cdc diém M ¢6 tinh chat o 1a hinh H".

1. Xét diém M thuéc timg mién
Néu mét khang dinh 1a ding khi diém M & vi tri ndy nhung lai khong ding

khi M & vi trf khéc thi ta can xét diém M thudc tirmg mién rdi 1dy hop céc tap
hop diém tim duoc.

Vi du 25(12). Cho tam giic ABC c¢6 dinh. Cic diém M sao cho cdc tam
~gidc MAB va MAC ¢6 dién tich bang nhau nim trén dudng nao ?



Gidi : Syap = Smac = BB' = CC' (BB, CC' 1a cdc dudng vudng goc ke tur
B va tir C dén MA). Xét hai truong hop : .

a) Diém M thuoc mién trong goc BAC hoac goc déi dinh véi né (h.34), wic.
la B va C niam khdc phia d6i v6i AM. Khi dé duong thang AM cat doan thﬁng
BC ¢ 1. Do BB' = CC', BB' // CC' nén BB'CC"]a hmh‘ inh hanh I 1a trung dlém
ctia BC. Diém M thuoc dudng thing AL

C
T
|

|

I

|
c

Hinh 34 M i " Hinh 35
-~ b) Diém M thuoc mién trong géc ké bu véi géc BAC (h.35), tiic 1a Bva C
nam cling phia d6i v6i AM. Do BB' = CC, BB' // CC' nén BB'C'C 1 hinh binh
hanh, AM // BC. Diém M thudc dudng thang qua A va song song véi BC.

- Két lugn chung : Cac di€ém M phéi tim gém dudng thang chita dudng trung
tuyén Al cha tam gidgc ABC va dudmg thing qua A song song véi BC, trir diém A.

2. Xét timg \f! tri cua hinh da cho

Néu céic hinh da cho cé nhitng vi tri khac nhau 1am cho hinh dang cta hinh :
H thay dGi thi ta cdn xét timg vi tri ciia hinh da cho.

Vi du 26(8). Cic di€ém M céich cléu hai dudng thang c6 dinh xy, x'y' nim.
rén dudng nao ?

‘Gidi : Trudng hop xy cét x y 6.0, diém M nim trén bon tia pltan gidc ctia
bdn géc tao boi hai dudng thing (bon tia nay 1am thanh hai dudng thing vuong
goc vdi nhau tai O, xem hinh 36).

X y'

Hinh J’ﬁ ' . Hinh 37

Trm:mg hop xy // x'y', diém M ném trén dudng thing song song cich déu
xy va x'y' (h.37). ‘



3. Xét ting trudng hdp cla tinh chat a da cho

Néu tinh chadt o c6 nhitng truong htsz khac nhau lam cho hinh dang cta
hinh H thay déi thi ta cdn xét riéng tung truong hop cua tinh chat a.

Vi du 27(8). Cho géc vudng xOy c¢6 dinh, diém A cd dmh trén tia Oy,
di€ém B chuyén dong trén tia Ox. Pinh C cédc tam gidc ABC vuéng can tai B
nam trén duong nao?

Dir dodn tdp*hop diém (khi C va O nim khéc phia déi v6i AB).

Khi B trung O lhi C trung D (D thudc tia Ox sao cho OD = OA), dé 1a
diém c6 dinh.

Chi ¥ rang khi B chay xa v0 tan trén tia Ox thi C ciling chay xa vo tan.
| Tirﬁcéc nhan xét trén, ta du dodn cac dinh C nam trén mot tia goc D.
Giai :
a) Truong hop C va O nam khéc phia dc’ii vai

’ . AB(h.38):
" £ Trén tia Ox lay diém D sao cho OD = OA, D 1a
', diém c6 dinh. Ké CH L Ox, AAOB = ABHC (canh
r Lt
g ] huyén — goc nhon) suy ra
0
0 B D H X OB =CH, (1)
Hinh 38 OA = BH. (2)
Ta lai c6 OA = OD nén tir (2) suy ra BH = OD, do d6
_ OB = DH. (3) y
Tir (1) va (3) suy ra CH = DH. | o
'Vay CDH = 45°. Diém C chuyén 2

dong trén tia Dm tao véi Dx géc 45°
va thudc mién trong géc xOy.

b) Truong hop C va O nim cing
phia déi véi AB (h.39) :

Ban doc tu gidi dugc C chuyén
dong trén tia D'm’, chinh la tia Dm

quay quanh A géc 90° ciing chiéu | m'
quay cua kim dong hﬁ Hinh 39



Bai tap

141(8). Tam gidc ABC ¢6 BC ¢4 dinh, I Ia trung diém cia dudng cao BH Cac
diém I ndm trén duong nao ?

142(8). Cho g6c xOy ¢6 dinh, dudng thang d c6 dinh vuong géc véi Ox tai A,
diém B chuyén dong trén doan thing OA. Trén tia Oy ldy diém C sao cho
OC = OB. Dudng vuong géc v6i BC tai C cit duang thing d & D. Céc trung
diém M ctia BD ndm trén dudng nio ? |

143(10). Cho hinh vudng ABCD c6 dinh. Diém E chuyén dong trén tia d6i clia
tia AD, diém F chuyén dong trén tia d6i cla tia BA sao cho BF = DE. Cic
trung di€ém M ctia EF ndm trén dudng nio ?

144(8). Cho géc xOy <o dinh ¢6 s6 dd bing o < 180°, Mét tam giac ABC can
tai A c6 canh bén bang a khong ddi, géc ddy bing -‘;- tam gidc d6 thay déi

vi tri sao cho B thugc tia Ox, C thudce tia Oy, A va O khéc phia d6i véi BC.
Cdc diém A nam trén dudng nao ? '

145(8). Cho tam gidc vuong can ABC c6 dinh. Diém M chuyén dong trén canh.
huyén BC. Buong thang qua M va vudng géc véi'BC cit cic dudng thang |
BA, CA theo thi ty & D, E. Goi I 12 trung diém ctia CE, K 1a trung diém
cua BD. Céc trung diém O cta IK ndm trén dudng nao ?

146(8). a) Cho doan thing AB c6 dinh, diém M chuyén dong trén doan thang
'd6. V@ trén ciing mét nira mat phing b AB cédc tam gidc déu AMC, BMD.
Céc trung diém [ clia CD nim trén dudng nao ?

b) Ciing cdu hoi nhu cau a), trong dé cdc tam gidc déu vé trén hga nira mat
phing d6i nhau bo AB.

147(10).-Cho doan thing AB ¢6 dinh. diém M chuyén dong trén doan thang dé.
Cdc trung diém doan ndi tam cdc hinh vuéng cé canh theo thit ty 1a MA va
MB nam trén dudng nao ?

148(8). Cho géc vuong xOy ¢6 dinh, diém A ¢ dinh trén. tia Oy, diém B chuyén
dong trén tia Ox. V& tam gidc déu ABC (C va O khdc phia doi véi AB).
a) Cic diém C ndm trén dudng nao ?

b) Céc trung diém H cia AC nam trén dudng nao ?

¢) Cic trung diem K cta BC nam trén dudng nio ?



149(8). Cho géc vudng xOy ¢6 dinh, cdc diém A, B ¢ dinh thudc tia Ox, diém

" Cchuyén dong trén tia Oy. Pudng vuong géc véi CA tai A va duding vudng
gbc CB tai B cit nhau 0 M. Céc di€ém M ném trén duong nao ?

150(8). Cho goc xOy c6 dinh khic géc bet va mot do dai h.
a) Cdc diém M thudéc mién trong clia géc c6 tong cdc khoang cdch tir M
dén Ox va dén Oy bang h nam trén dudng nao ?
b) Ciing hoi nhu cau a), trong dé thay tong bang hiéu.

151(8). Cho tam gidc can ABC c6 dinh (AB = AC). Hai diém D, E theo thtt tu
chuyén dong trén cdc canh bén AB, AC sao cho AD = CE. Cic trung diém
M cua DE ndm trén dudng nao ?

lSZ(B)fChG tam giac ABC c¢6 dinh. Goi Bx, Cy theo th tu la tia doi cua cac tia
BA, CA. Cdc diém D, E theo thit tu chuyén dong trén céc tia Bx, Cy sao
cho BD = CE. Cic trung diém M clia DE nam trén dudng nao ?

153(8). a) Cho géc xOy khac géc bet. Diém C chuyén dong trén tia Ox, diém D
chUyén dong trén tia Oy sao cho OC + OD = a. Céac lrung diém M cia CD
nam trén dudng nao ? :

b) Ciing hoi nhu cau a), trong d6 thay OC + OD = a bdi OC - OD = a,

154%(8). Cho tam giic ABC co _dinh (AB < AC). Hai diém D, E theo thi tu
chuyen dong trén cdc canh BA, CA sao cho BD + CE = a < AB. Céc trung
diém M clia DE nam trén dudng nao ?

155(12). Cho hai doan thing AB, CD ¢6 dinh ¢6 do dai bang nhau. Céc diém M
sao cho cdc tam gidgc MAB va MCD ¢6 dién tich biang nhau nam trén
duong nao ?

156*(12). Cho tit gidc ABCD, E la giao diém cta AB va CD, F la giao diém cta
AD va BC, I va K theo thit tu 1 trung diém ctia BD va AC.

a) Cic diém M thudc mién trong ctia tir gidc va c6 tinh chat

SmaB *+ SMmep =%SABCD nam trén dudng nao ?
b) Goi N la trung diém ctia EF. Chiing minh ring cédc diém I, K, N thang
hang. -

-157{8}. Cho hinh chit nhat ABCD c6 dinh. Tim tap hop cic diém M sao cho :
a) MA? + MC* =MB®+MD?; . b) MA + MC = MB + MD.



SUDUNG CONG THUC DIEN TIiCH
PE THIET LAP QUAN HE VE PO DAI
- CUA cAc POAN THANG

Cic cong thic dién tich chota cic quan hé vé do dai cla cic doan thﬁng.
ching rét c6 ich dé giai nhléu bai todn,

- Vidu 28(12). Cho tam gidc déu ABC.

a) Chitng minh rang néu diém M’ thudc mién trong cia tam giic ABC
thi tong cdc khodng cdch tir M dén ba canh cla tam gidc bang chi€u cao cua
tam giac. ;

b) Quan hé trén thay doi nhu thé nao néu diém M thudc mién ngﬁal cua
tam giac ?

Gidi : Goi a va h la canh va chiéu cao ciia AABC, MA’, MB', MC la cac |
khodng cdach tit M dén BC, AC, AB.

a) Neu M thuéc mien trong AABC (h.40) thi :

SMBC + Smac *+ SMAB = Sasc

= %BC.MA'+ %AC.MB*+ %AB.MC"; %BC. AH

2R
5

2(MA'+MB‘+MC)-

=>MA +MB +MC h.

| b) Néu M thuéc mién ngoai AABC va thuuc mién
trong géc A (mién 2, h.41) thi :

Smac + SMaB — SMmBc = SABC

.h

SN R fpe - a2
2 2 2 2

= MB'+ MC' - MA' = h.
Tuong tu : Néu M thudc mién ngoai AABC va thudc . Hinh 41
mlén trong goc B (mién 3) thi MA' + MC' = MB' =h.
| Néu M thuﬁc mién ngoai AABC va thudc mién trong géc C (mién 4) thi




| MA' + MB' - MC = h.

Néu M thudc mién trong géc d6i dinh véi géc A (mién 5) thi :

| " ~ MA'-MB'-MC=h.

Néu M thudéc mién trong géc d6i dinh véi goe B (mién 6) thi :

. _ MB' - MA' - MC' = h.

Néu M thudc mién trong goéc déi dinh véi géc C (mién 7) thi :

\ MC -MA'-MB'=h. -

Vi du 29(12). Céc diém E, F nidm trén ciac canh AB, BC cta hinh binh
h\émh ABCD sao cho AF = CE. Goi I 1a giao diém cua AF, CE. Chiing minh
rang ID la tia phan gidc cua goc AIC. ‘

Hudng suy ludn (h.42)

DE ching t6 D thudc tia phan gidc cia goc
AIC, ta vé DH L IA, DK L IC réi chiing minh rang
DH = DK. Hai doan thang nay 14 cdc dudng cao cua
AAFD vi ACED ¢6 canh ddy tuong tng 12 AF va

" CE (bang nhau theo gia thiét), do dé chi cén chiing
minh S,ep = Scpp, cdc dién tich nay déu bang

%SABCD' Ban doc U gidi bai todn.

B

Hinh 42

Vi du 30(12). Cho tam gidc ABC ¢c6 A >90° D 1a diém nim gilta A va C.
- Chiing minh réing téng cdc khoang cdch tir A va tir C dén BD 16n hon dudng cao
ké tir A va nhé hon dudng cao ké tir C ctia tam gidc ABC.

" Gidi : (h43) Goi AH, CK la cic
- dudng cao cua AABC. Ké AE va CF
vuong goéc véi BD. Dat Sypc =S. Ta

co. AE=;§@, CF=£—CBD~ nén

BD
AE + CF = E
BD
Hinh 43
Ta lai cé6 AH=~2‘S*, CK =£S-.'
' BC BA

Do A > 90° nén BA < BD < BC, do d6 AH < AE + CF < CK.



Bai tap
153(12). C6 tar: pide nao ma do dai ba dudng cao bang 3 cm, 4 cm, 7 cm khong ?-
159(12). Do dai hai canh cha mot tam gidc bang 6 cm va 4 cm, nira tdng cdc
chiéu cao ing vot bai canh dy ba g chiiéu cao Umg véi canh thit ba. Tinh dé
dai canh thir ba.
160(12). Ching mint: rang mol tam gide 1a tam gidc vudng néu cdc chiéu cao
h,, hy, hi. cua no thod man diéu kién

2 2
(_11?!._ o+ Eﬂ_ = ]
.hb ' hc |

161(12). Tinh cdc canh ctia mot tam gide ¢6 ba dudng cao bing 12 cm, 15 cm,
20 cm. ’
162(12). Goi h,, hy, h,. 1a ba dudng cao cha mot tam gidc, chiing minh ring
1 f. =q°
.+..

< .
ha hb hc

163(12). Tam gidc ABC c6 do dai cdc canh 12 a, b, ¢, cic chi€u cao twong (g
[2 h,, hy, he. Biét rang a + h, = b + hy = ¢ + h,. Chiing minh rang tam gidc
ABC la tam gidc déu. .

164(12). Cho diém O thugc mién trong tam gidc ABC. Cic tia AO, BO, CO cit
cdc canh cua tam gidc ABC theo thit ty & A", B, C'. Chimg minh réing :

OA' OB' OC'_

a) . = 1.
AA' BB' CC'
. OA OB O b s Ay G ;

b) AN + BB’ + C((Z:' = 2 (bai toan cta Giec-gon, nha 1odn hqc}’hap].

M= it + OB + OC 2 6. Tim vi tri ca O dé 1ong M ¢6 gid tri nhé nhat.
OA' " OB' OC' - -

d*) N = Us . B R ch > 8. Tim vi i ¢l O € tich N ¢0 gid tri nho nhat.
OA" OB' ocC'

165(12). a) Ching minh ring tdng cdc khoang cich ilr difm M nim trén ddy
mot tam gidc can dén hai canh bén khéng phis thude vio vi tf cta diém M :
- ]
trén canh day. | :
b) Két qua trén c6 gi thay ddi néu di€m M thude dudng thing chita canh
day nhung khong thuéc canh déy ?



166(12). Cho tam gidc ABC can tai A. Tim tap hcp cdc diém M thudc mién
trong tam gidc hodc nam trén canh cda tam glac. sao cho khoang cdch tir
diem M dén BC bﬁng téng cdc khodng cdch tir diém M dén hai canh kia.

167(12). Cho tam gidc déu ABC ¢6 dinh ¢6 chiéu cao h. Tim tdp hop céc diém
M c¢6 téng céc khoing cach dén ba canh cua tam gidc bing do dai m khéng
doéi (m > h).

168(12). C 1a mot diém thuﬁc tia phan gidc clia géc xOy c6 s6 do bang 60
M la diém bat ki nam trén dudng vuéng goc vai OC tai C va thudc mién
ngoai cua géc xOy. Goi MA,:MB theo thit tu 13 khoang ciach tr M dén Ox,
Oy. Tinh do ddl OC then MA, MB.

169(12). Cho tam gidc déu ABC, cdc dudng cao AD, BE, CF. Goi A', B, C' 1a
" hinhychiéu cia diém M (nidm bén trong tam gidc ABC) trén AD, BE, CF.
Chitng minh rang khi diém M thay déi vi tri trong tam gidc ABC thi :

a) Téng A'D + BE + CF khong doi.
b) Tong AA" + BB' + CC khéng déi.

170(12) Cho tam gidc ‘déu ABC, A, B', C' theo thit tu 1a hinh chiéu cta diém M
(nam beén trong tam gidc ABC) trén BC, AC, AB. Cic duodng thang vuoéng
g6c véi AB tai B, vuong 86c¢ vo1 BC tai C, vudng géc véi CA tai A cét nhau
0 D, E, F. Ching minh rang :

a) Tam gidc DEF Ia tam gidc déu.

b) Téng AB' + BC' + CA' khong phu thudc vao vi tri ctia diém M trong tam
gidc ABC: -

~ Bai doc thém .
T MIEN TRONGC VA MIEN NGOAI ClA DA GIAC DEN CAC ME CONG

1. Binh li Jor-dang

Hinh 58 biéu dign mét da giac don”) va hai didm A, B. Liéu c6 thé tim dudc mét
duang di tit A dén B ma khdng cét canh nao clia da giac hay khong ?

(*) Da giac don 14 da gidc ma :
— Méi dinh chi 1 diém chung clia hai canh ;
~— Hai canh bat ki hoac khong et nhau, hodc cit nhau tai dinh.



Cau tra loi 1a : khéng tim dude. Diéu nay da dudc
nha toan hoc Phap Jor-dang (Camille Jordan, 1838 -
1922) ching minh trong dinh li mang tén éng : o -

Mdi da giac don phan chia mat phang thanh hai
tap hop c6 tinh chét ; _I_

— Hai diém bat ki thudc cung mét tap hop déu cb
thé néi dudc vai nhau bdi mét dusng gap khuc khong
- cat canh cla da giac. : ‘ Aa

. — BAt ki dudng g&p khuc nao ndi hai diém thuéc | N
hai tap hop ciing phai cat canh cla da giac. ;N
Mbi tap hop diém nhu vay goi la mét mién ; mién \ :
chiia hoan toan mét dudng thang nao dé goi la mién X
ngoai, mién con lai goi la mién trong.” Hinh 44
V@i mot hinh chit nhat, xac dinh mét diém thudc |
mién trong hay mién ngoai cua nd khéng ¢ gi khd khan. Nhung véi da giac & hinh 44,
diéu nay khung phai Ia don ghan Binh [i Jordéng cho phep Xac dinh nhanh chong mét
diém thudc mién trong !‘1:51';r mién ngoé| cla da giac : chi can vé qua diém do rnéi tia
khéng di qua dinh nao cla da giac rdi dém sé giao dlém cla tia dé véi cac canh cla da
giac :

\<

— Néu s6 giao diém la s6 chan thi diém do thuéc mién ngoai clia da giac.
~ Néu sé giao diém 1a s6 Ié thi diém d6 thuéc mién trong. .

M6t cach truc quan, ta thdy rang tU mién ngoai cta da glac muén vao mién trong
clia da giac, phai "vuot bién gidi" mét Ian, sau d6 mudn ra mién ngoai cla da giac phai
"vuot bién gidi" mot 1an nia. .

Trén hinh 44, tia Ax co ba giao diém vdi cac canh cla da giac nén A thuéc mlen
trong clia da giac, tia By c6 hai giao diém véi cac canh clia da giac nén B thude mién
ngoai cha da giac. Do A va B thudc hai mién khac nhau nén moi dudng gap khuc ndi tir A
dén B déu phai cat canh clia da giac.

; L PRI T,
2. Mé cung va nhiing truyén thuyét ?f % ?
Hinh 45 14 mét da giac don, ciing 1& [ ﬁ e U
mot mé cung @ I-ta-li-a thé ki XIl. Mé cung g’ 7 _ % . g g g
(hay mé 16, mé dao, tiéng Hi Lap la PPV Ao A7
labyrinth) thuong dugc hiéu la mét hé ? 7% ? /m Z fﬁ '; # ‘;,"/ ?
théng duong ngdm gbébm nhiéu nhanh ? ? A4 17 % ? % % :’/:
ngang doc ndi chang chit v8i nhau. Mé ?’ /’//7 /;;S g /ﬂ 2
cung clng dudc ding dé chi nhitng cong é g é f % g g é ;,5
trinh gm rat nhiéu hanh lang, I16i di duge P4 14 117 222117 190
bao boc xung quanh véi vé van nga ba, ?’ f— ? 7 % U é 2
nga tu, ngod cut. Z21% ﬁ/j G\ zrrrnts é 721z
S : AV V) Vorzzzzzza VA A ezzzzz2A VA VA
~ Ngugi bi dan vao mé cung chi nhin é 7% ? 7217
thdy mot phan cua duong di nén rat kho % m ,e'ﬁ m’é ?
din‘n hu’ﬂng va co thé khﬁﬂg tim ﬁhﬁ?C 16 ?;f[j/j////_.’gfg/[[////

ra. Cac mé cung trong cac Kim tu thap & Hm!'r 45



Ai Cap la nhimyg dudng ham 15i den nhu muc, chi cao cé mét mét, ngang moét mét. Cang
vao sau, dudng cang hoc hiém, c6 doan din dén giéng nuﬁc co doan dan dén bifc tudng
da. Phai rét khé khan méi tim dén dugc nhitng gian budng réng rai c6 quan tai usp xac
cac vua chua, hoang hau.

Theo truyén thuyét Hi Lap thi mé cung dau tién
dugc xay dung trén dao Cret, mét dao I16n & Dia
Trung Hai. Trén dao nay cé con quy Mi-no-tap dau
bd minh ngudi. N6 bét ngudi thg xay tai ba Pé-dan
phai 1am mdt mé cung gébm vé s6 can phong vdi
nhimg dudng ngang, 16i doc ngoan ngoéo va nhing
ngd cut bat ngd. Chin nAm mét 1an, dan thanh A-ten
phai céng nap bay cap trai tai gai sdc nhét vao mé
cung cho quai vat an thit. Pa co nhiéu trang si lan
md vao mé cung, nhung néu khéng bi lac I6i roi kiét
s(ic thi cling khéng chéng cu ndi véi stic manh hung
- han clia quai vat. Cudi cung hoang t* Té-dé; con IEIeIER
trai vua E-ghé, da vao dudc mé cung nhd Ian theo ;
sdi chi clia nang cong chua xinh dep A-ri-at-na, con L0
vua Mi-nét trao cho. Sau mét tran chién dau quyét liét, chang da-giét chét quai vat va ra
“dudc khoi mé cung ciing bdi chinh cuén chi nay (h.46).

Mé cung da trd thanh mét tir @& chi mét tinh hudng phic tap. nan gidi, con cudn

chi’ A-ri-at-na dugc dung dé chi mét gidi phap hop Ii, sang sudt nham thoat khai tinh
trang bé tic.

Mé cung kha phd bién & nhidu nuc Chau Au trudc kia. Vao thé ki XiI, vua Anh Hen-ri Il
da xay mot mé cung dé ddu co tinh nhan xinh dep, nhung cudi cling ciing bi hoang hau
E-1&-6-no phat hién nhd dlng "sdi chi A-ri-at-na".

O Trung Qudc, tran dé bat quai do Khdng Minh bay ra cling chinh 14 mét mé
cung. Tuéng Ngo la Luc Tén khéng biét da di vao tir clra T, lac 16i khéng tim dugc
dudng ra, may nhd cu gia Hoang Thita Ngan, chinh 1a b8 v Khéng Minh, dét ra cira
Sinh mdéi thoat chét, -

3. Rat c6 thé C4 Loa la mét thanh mé cung'”

Viéc xay dung thanh C8 Loa clia An Duong Vuong thé ki lll-Il trudc Cong nguyén da
dude huyén thoai hod véi than Kim Quy. Nhung thanh C8 Loa lai Ia mét cong trinh c6 that.

Theo si ca, thanh dudc xay dung quanh co chin 18p theo hinh con éc. Di tich con lai

dén nay chi thdy ba I6p gém ba vong thanh dap biing d4t khép kin theo thit tu tif trong ra
ngoai la thanh Noi, thanh Trung va thanh Ngoai.

Thanh Noi hinh chir nhét c6 chu vi 1650 m, mat thanh cao 5 m, rong 6 - 12 m. Thanh
Trung ¢é chu vi 6500 m, méit thanh réng 10 m, ché cao nhét la 10 m. Thanh Ngoai ¢6 chu
vi 8000 m, doan cao nhat con lai khoang 8 m (h.47).

£ Theo Nguyén Nhu Mai, bdo Nhdn Ddn chii nhdt ngay 28-5-1989.



Tif tru6c dén nay, da c6 nhidu tac phd&m phan tich tai nang sang tao cla ngudi Au
Lac trong viéc dap thanh va gia tri quan su clia thanh C38 Loa.

Nhung cé mot diéu rat rd rang ma chua thay ai dé& cap : thanh C8 Loa thuc chit Ia
mot mé cung rat déc dao, ra ddi cach day da hon hai nghin nam. -

Thanh Ngoai

Séng Hoang G|ang :

Hinh 47
Chii thich : 1. cira Bac ; 2. cira Tay Bac ; 3. cira Tay Nam ;
4, clra Nam ; 5. clra Dong ; 6. dam Ca : 7. giéng Ngoc

Chi c&n ¢ trén binh dé chia ba 1Gp thanh con lai cling di thdy su phlc tap va day bi
an cla viéc thiét k6 mé cung nay. Cac Idp thanh bao guanh c¢6 dang dong tam léch, &
phia nam sit gan nhau, toa réng ra vé phia bic. Thanh Ngi chi c6 mét cong & cira Nam.
Céc c8ng & thanh Trung va thanh Ngoai khéng thang tuyén ma dat léch nhau. Cac vach
thanh tring diép két hop véi mang Iudi séng, hao, ao, dam chdng chit tao thanh nhing
chdé don 1ong, nhimg vat can khé vugt qua dudc. o] day c6 ca clta "TU" nhu clra Béng.
Mudn dot nhap thanh tai clfa nay, phél vuot séng Hoang Giang, nhung ré sang trai vap
phai ngach cut, ré sang phai sa lay vao dam Ca.

Clra Nam la hudng tiép can vdi thanh Noi gan nhét, nhung & day thanh cao, hao sau
xen k& nhau ba bén tang véi nhimg u canh nhé cao, khdng dé gi ma lot qua dugc.

Cé thé ndi chac chan rang quan Triéu Pa, nhat la quan ki, tién cong vao C8 Loa la
sa vao mot mé cung khdng 18, khéng cé 16i thoat. Trong Thuy trong vai tro & ré xam nhap
vao triéu dinh An Duong Vuong chic khéng chi &n cdp bi mat cla nd lién hoan (nd than
Kim Quy trong truyén thuyét). Ciing gidng nhu nang A-ri-at-na, nang Mi Chau da trao "sdi
chi d6" cho ngudi tinh dét nhap mé cung. Nhung ti€c thay, Trong Thuy khong phai 1a
hoang t(f Té-dé nén vua An Duong Vuong phai bd thanh C8 Loa ma chay va Mi Chau da
phai tra gia dat cho su ca tin 4y bang ca cudc doi minh !



4, Con chudt may cliia San-non

Ngay nay, mé cung khéng chi la mét dé tai giai tri. Nguoi ta da dé ra nhiéu bai toan
vé mé cung, lap cac thuat toan, cac chuang trinh € giai cac bai toan d6. Nam 1951,.nha
toan hoc va ki su My San-non (Shannon, sinh nam 191 ) da ché tao ra con chudt may
biét tim dudng di trong mé cung. Nhiing bai toan vé& mé cung nhu tranh cac ngd cut d&
tim dudng vao hoac dudng ra nhanh nhat, di dén moi nhanh clia mé cung, mdi nhanh:di
dang hai lan va mdi lan theo mét chiéu khac nhau... la nhiing bai toan c6 (g dung quan
trong cho mét nganh toan hoc tré tudi : nganh diéu khién hoc. '

5. M&i ban vao tham vudn

Hay quan sat hinh 48, d6 la mét vutdn hoa dep do vua Anh Vin- hem 11l xay dung vao
thé ki XVII, dén nay van con. - .

Hinh 48

Hai bén 6i di 12 hai hang rao cay nhiéu mau séc. & chinh gilta vudn cé hai cay dai
thu va hai ghé& da quy. Nhung vao dudc gilta vudn khéng phai dé dang. Nao, bay gids maoi
ban vao tham vuon hoa do !



§1. Nhan da thue
1.

2.

| L(‘)I GIAL CHi DAN HOAC PAP SO —

PHAN DAI SO
Chuong I - PHEP NHAN VA PHEP CHIA PA THUC

a) 5x" ; b)) 55" -45"=5": ¢)64.
a)x=06; b)x=0; ' c)xﬂ%; d)x =-2.
a)A=l.

b) Tai x = 14 thi
B= x> - 15x* + 16x> - 29x? +13x
= x° —(x + 1}:«:4 + (X + 2)x3 - (2x + l)x2 +xXx-D

:xﬁ'—xs~x4+x4+2-x3—2x3—12+x2—x

=-X=-14.
c¢) Thay 10 boix + 1. Ddp s6°: 1.

A={2+a)b—_3a{4—b)—4ab+12a=

=2b+ab - 12a + 3ab-4ab + 12a=2b = —2~

651
a)xé—l; b)x?+1.
a)X=-3; b)xz—% ; c)x =0

Do ai+ b+c=0nénM=a(a+b)a+c)= a(—c)(-b) = abc.
Tuong tu : N =abc, P=abc. Vaiy M =N =P,



10.

11.

12.

13.

14.

15.

§2.
" 16.

17.

Thuc hié:n phép tinh & tirng Ve,
Bién ddi v& phii : 4p(p — a) = 2p(2p — 2a) = (a + b + c)(b + ¢ — a). Két qua
ctia phép nhan niy cho ta 2bc + b® + ¢ - a2,
Xét hai s6 ab va ac ¢6 b + ¢ = 10. Hiy chitng minh ring :
(10a + b)(10a + ¢) = 100a(a + 1) + be.

] ! - - A . o - . L e
Quy tdc : Nhan chir s6 hang chuc véi chit s6 hang chuc thém 1 réi viét vao
sau tich dé tich clia hai chir s6 don vi (tich nay viét bing hai chit s6).

Vidu:34.36=1224; 81 .89 = 7209.

.Mzﬂ‘(xz~ax~bx+ab)+(x3—bx-cx+bc)+(x2—ax—cx+ac)+x2_

_ =4x2—2x{a+b+-c)+ab+bc+ca.
Thay a + b + ¢ = 2x, ta duge M = ab + be + ca.
(n—l)n+n[n+1)=ng'
2 2 |
S6 a chia cho 3 du 1, s6 b chia cho 3 du 2. Data"3m+l b=3n+2
(m, n nguyén) thi ab ~ 2 chia hét cho 3.

Xét a,_) +a, =

Trudc hét, ta chitng minh ring Emh clia hal s6 tw nhién lién tiép chia cho 3
thi du O hoac 2.

S6.3°” + 1 chia cho 3 dur 1 nén khong thé Ia tich ciia hai s tu nhien lién tiép.
a) Thuc hién phép nhan réi it gon, ta ducc :
A=2"240B 428 224 4 (918 _ 51T 517y, (29 4 29 910y 4 |
= 2% 41 (chd y ring cic biéu thic trong ngoic déu bang 0).

b) Theo cau a), ta c62°% + 1 la hop s6.
Cac héng dang thic dang nhd
1 4
a) —.; b) —.
) 20 ) 5

A < B.



18.

19.

20.

21.

22,

23.

24,
25.

26.

X= ——.

a) X3 — 16x% + 25x. |
b)[a—(b—-c)]* = (b-c) iR D =

=42 — Dl i) b O oo U B o B~
= g% _'—2&b+2:_3c+ 2ab — 2ac = a’.

c]{)@t3x+5=a,3x+1=b.Biéuth&cdﬁchn-bﬁng.{a-b}z=42=16.
S G e 64 o =t L .64

d) Nhan biéu thic dachovéi3 - 1,duoc 37" - 1. Pdpso . B= 5.-(3 - 1).

e) 2a% ; g) 4(a% + b% +c?) ; h) 4(a® + b% + c? + d?).

A= x+y)’ -4x+y)+1=32-4.3+1==2.

A= (2a+2b+2c-3c) +(2b+2c +2a - 3a) + (2c + 2a + 2b — 3b)2.

Bata+ b+ c¢c=xthi

A= (2x = 3c)? 4 (2x — 32)? + (2x — 3b)?

= 4x% — 12cx +9¢% + 4x2 —.123}{ +9a% 4 4x% — 12bx + 9b?
=12x% - 12x(a + b + ¢) + 9@% + b% + ¢?)
—12x% - 12x2 £92 + b2 +c2) = 9(a? + b% + c2) = 9m.
a) 899 =900 — 1 = 30% - 1= (30 + 1)(30 — 1) = 31 . 29. /
b) 9991 = 10 000 - 9 = 100% — 32 = 103. 97.

7778% — 2223% = (7778 +2223)(7778 — 2223) = 10001 . 5555 = 55 555 555.
Thuc hién cdc phép tinh & ting Vé. ‘

Bién déi vé trdi duoc (5a — 3b)® — 64c?. Thay 4c? bing a® — b,

Tinh hiéu cha v€ trai va v€ phai, ta dugc (ay — bx)2 =0 nénay=>bx. Dox,y
KhdcOnen 2 =2
Xy



27.

28.

29,

30.

31.

32.

Bién doi dang thiic di cho thﬁn‘h (ay — bt:s()2 + (bz b cy)2 + (az — cx]z =
(a+b)* =2(a? +b?) = a% +2ab+ b? = 22% 4 26

| =>32—Zab+b2=0:(a'—b}2=0:>a=b.
Chii 5 : Bai ndy la trudng hop xdy ra ddu "=" ciia bit ding thic

(a+b)> <2(a? +b?), day Ia truong hop dic biét ciia bt ding thic
Bu-nhi-a-cép-xki. -

a) a + b2 +¢? = ab + bc + ca = 2a? +2b2_ +2¢% = 2ab + 2bc + 2ca
=5 B - o= =0 =ashey
b) Bién déi ding thic da cho thanh (a — b)? + (b - ¢)2 +(c —a)? = 0.

Chi y : Cau nay la tm:‘:mg hop xay ra ddu "=" cia bat ding thic

(a+b +c} < 3{3 + b2 +¢2), day 1la truong hop dac biét cha bat dang
thic Bu-nhi-a-cop-xki.

c) Bién déi déng thitc da cho thanh (a — E)z + (b — a‘.:_)2 + (c — a}l2 = 0.

a) (a+l:r'+’-:]|2 +2a2 +b2 +c2 =

= a2 + 0% +c2 +2ab + 2bc + 2ac + a2 + b2 + ¢2

= (a+b)* + (b +c)? +(c +a)’.

b) Dz}ila—b=x,'b—c=y,c*a=z_thix-_r-y.+z=[]l. - (1)
Ta s& ching minh —2xy — 2x;z —2yz = x° + }-2 + 32. Chi can binh phuong
hai vé ciia (1) 12 dugc dang thic trén. -

1
23 b) —
a) }2

a) Binh phuong hai vé€ ctia a + b +c= 0, dugc
a? + b2 4 ¢2 +2(ab+bc+ca)=0

nén az+h2+c2=—2(ab+be+ca). : {i}.

Binh phuong hai vé& cia (1), duoc



- 33,

34.

at + bt +ct 4 2(‘&1.21:32 + -bzcz +cC ag) =

= 4a%b? + b2c? + c?a? + 2abc(a + b + )] = 4(a’b? + b%c? +c

Suy ra at + b+t = 2{312&;_2 +b2c? + c2a? ).
b) c) Ban doc tu chﬁng minh. |
a) 9x2 — 6x + 2 = 9x2 —6x+1+1*(3x—1) +121.

2
2 2 1 3 o | 3.3

b 1= Xt —F—=|Xt=]| =2 -,
) X° FE+l=x"4X T ( 2] 227

C) 2x2 +2x+1=x2 +x2+2x +1 =x° +{x-+1]2 = 0.
Khong xay ra ding thic. Do d6.2x% + 2x +1 > 0.
3

2 . 2
3)A=(K—E) +1—1'2£':rninA=Evc’;‘ix=-
2) 4 4 4 2

b)B=5x*+525 ;minB=5véix=0.

35.

36.

a)A=5-(x-1)*<5;maxA=5v6ix=1

b)B= 4—(x-2)* <4 ;max B=4v6ix =2.

a) Xét p =3k + 1 (k nguyén) thi pz +8 :3,1a hop s6.

Xétp=3k+2thi p> +8:3, lahops6.

37.

38.

39.

130

Vay p = 3k, ma p la s0 nguyén t6 nén p = 3.

Khi d6 p® + 2 = 11, 1a s6 nguyén t6.

b) Tuuﬁg tu cau a), li_rn dugc p = 3.

2) 999 991 = 1 000 000 — 9 = 1000% — 3% = 1003 . 997.

b) 1 000 027 = 100% + 3% : 100 + 3.

a)-5x-8; | b}:*ri-'6 — 64,
1

=17, b)x=—-—.
a)x | )X 5

(2)



40.

41,

42,

43.

a)[a+ (b+)P ~[(b+c)-aP —[a—-(b-c)P —[a+(b-c).

' Ddp s6 : 24abc.
b) 2(a3 + b3+ &3 - 3abc).
Thuc hién cic phép tinh & timg V€.

Chii y - Céch bién déi biéu thic & v& trai dé dugc. biéu thic & vé phm Xxem
cdc vidu 11, x12

Thay c = — (a + b) lan lugt vao ting v€ 16i thuc hién phép tinh.
Chu y : Bai toan nay cung dugc suy ra truc ti€p tir hing ding thirc & bai 41b.

a) }:2 + yz =(x+ y}2 — 2Xy =_32 - 2b.

- b) x> y?' =(x+ y)3 - 3Xy(x +y) = a> - 3ab.

44,
45.

- 46.

47.

c) x* +y* = (x + y%)% - 2x%y? = (a2 = 2b) - 2b% = a* — 4a%b + 262,

d) X +y° = (& + )% +v2) - x2y2(x + y).

| Ddp 56 : a° - 5a%b + 5ab?.
a)l;b)l. | |
M= 1.

a) Ta tinh dugc xy = -3 va 12 5 y3 = 26. Xem céch giai téng quét & cau b).

b) X + },3 = (x + y}(xz - Xy + }’2} = a(b — xy). (1)
Tinh Xy theo a va b, ta c6
9. - Y, - a? b
X+y=a= x“ +2ky + y* =a” = xy = : - (2)
. e -
Tix (1) va (2) suy ra X +y3 = a_ﬁiléa_).l

a) Chon= a®+b? (a,b e N). Khi dé6
2n=2a% +2b? = a% + 2ab + b% + a2 — 2ab+ b? = (a + b)? #(a— by

- a4 o 2 fa N2
b) Cho 2n = a® + b?. Khidén = 2 ;’h =[a;bj +(a2b].




48.

49,

Chi ¥ ring a” + b® la s6 chdn nén a va b cing chan hoac cing I¢, do d6

a+b a—b
va la s6 nguyén.
> B guy

¢) Chon = a® + b2. Khi dé n? = (a? + b?)? = (a® - b%)? + (2ab)’.

d)GiﬁSf!'m=-ﬂz +b2 van=c® +d?. Khidé
mn = (32 + b2 ){11:2 + dz) = a2c? +a%d? + b%c? + b%d?
= a%c? + 2abed + b2d? +a%d? - 2abed + b2c?
= (ac + bd)* + (ad — bc)?.- |
a).Dat 99..9 =a thi 10" =a+1.

n

A= 99..9 00..025 = (a.10").100 + 25 = a(a + 1).100 + 25
—_—

n n

= 100a% +100a + 25 = (10a + 5)* = (99...95)°.
’ n
b) Dat 99..9 = a.

n

Bién déi dugc B = (10a + 9)% = (99...9)%.
n+l

c)Pat 11..1 =a thi 10"-*93+1
n

C= 44.488.8+1=4a.10" +8a+1
R S i S
n n

=4a(9a+1)+8a+1=36a2 +12a+1 = (6a + 1)* = (66..67)%.
' n-1
d) Dat 11...1= a. Bién déi duge D = (30a + 5)° = (33.23 5)2.

n

Dﬁtll A= alhl 10" =9a + 1.

1'1

a) A = (3a)2.
b)B= (3a +1)%.



S0.

a)Tac69a+1= 10", b= 10" +5=9a+6. Do dé
ab+1=a(%a+6)+1= (3a+1)°2

'b) Céin chitng minh A = ]1...] 55...56 13 s6 chinh phuong.

5—,—‘
n n-1

Dt 11..1 =athi 10" =9a+1.Tacé: A = (3a +1)2.

S1.

52,
33

54.

S55.

~ 56.

L i

n |

Cdch 1. Gii nhu cau a) bai 50.
Cach2 Chiyrangb=a + 2 nén

; ab+1=a(@+2)+1=(a+1)?=(1l..137
i e —
) n
Chonb =a+4. _
bat 11... 1 = k. Biéu thj a, b, ¢ theo k, ta s& duoc a = k(9k + 2), b= 10k + 1,
el 5 _

n
c=6k.Ddpsd:a+b+c+8= 3k +3)2.
Ta thdy :
10y <10% +5.10%+ 1 <100 +3.10%)% + 3.10% +1= (10% + 2.

Vay 1[}15‘:l +5.10°" + 1 khong 1a lap phwong clia mot s6 tu nh:én
Chung minh rang :
(n—1)3 -c:(n——l)n(n+l)=n(n2—1)=n3—ﬁ <n.
Dit 11..] =k Pdpss: A= (3k)® = (33..3)°.
n n
Nhan xét :
n+(n+5+M+7)=3n+12=A,
m+1)+(+3)+(n+8)=3n+12=A,
MmM+2)+(n+4)+(n+6)=3n+12=A,

Chia chin qua can 10, 20, 30, ..., 90 thanh ba nhém nhu trén, kh6i luong
cdc nhém déu bang nhau. Lin Ihli hai va lan thit ba ciing 1am nhu vay.



58.

39.

§3.
60.

61.

Nhan xéttz

n® +(n+5°% =20 +10n+25=A +12,

n+1)% +(+4)°% =202 +10n +17 = A + 4,

+2° +(m+32 =202 +10n+13 = A. |
Lan thi nhat, chia sdu qué can1?, 22, ..., 6% thanh baphdn: A +12, A +4, A,
Lén thit hai, chia sdu qua c&n?z, 82, _— i22 th?mﬁ baphdn:B,B+12,B +4

Lén thit ba, chia sdu qua can13, 142, ..., 182 thanh baphdn: C +4,C,C+ 12

Nhém thi nhat gém cdc phdn : A + 12, B, C + 4. Nhém thit hai gém céc
phin : A + 4, B + 12, C. Nhém thit ba gém céc phdn A, B + 4, C + 12.
Khoi lugng méi nhém déu bang A + B + C + 16.

Nhan xét :

02+ @m+52+(+ 7% =302 +24n+ 74 = A+ 18,
m+D2+m+3)2 +m+8)°% =302 +24n+74= A + 18,
¥ .

(n+2)2+(n+4)2+(n+5j2 =3ﬁ2+24n+56= A.

Nhém thit nhat gém cdc phan: A, B + 18, C + 18. Nhém thi hai gém céc
phdn : A + 18, B, C + 18. Nhém thit ba gém cdc phdn A + 18, B +:18, C.
Khéi lugng m6i nhém déu bang A + B + C + 36. .

Phan tich da thirc thanh nhan tlr

2) Dip s6: (0% + )@ +1). i SR
b) Pdp 56 : (x + 1)(x2 +x +1).

¢) Gop x> — 27. Ddp 56 : (x - 3)(x% —x +9).

d) Gop x* 1. Ddp 56 : (x - 1} (x + ).

e) Gop x* +2x% + 1. Ddp 56 (x* + I)(x + ).
a) (x +2y)(x — 2y) — 2(x + 2y) = (x + 2y)(x — 2y — 2).
b (x2 + 2)(x% = 2) + 2x(x2 - 2) = (x% - 2)(x2 + 2x + 2).



62.

- 63.
64,

65.

o x2 —xt L 4 az? = 52 = (2 + 2P = (x+ x>+ 2%x —x° -2).

d) 1-4x2 —x(2 - 4) =1-x} +4x(1-0) = (1 - )1+ 5+ 12),

e) (x:"'_ -X) + (yz - xzfz) +(xy —y). Ddp s6 (X - I)(ll - Y)(X + ¥ + Xy).
199% — 199 = 199(199% — 1) =.199.200.198 : 200.

A= (5 -2x% +x2) + (=3 —x) = (x3 %)% + (& —x) =62 +6=42.
a) (a+ b+ c) (ab + bc + ca).

b) (a + b)(ab + be + ca) + c(ab + be + ca) — abc
= (a# b)(ab + b + ca) + abc + c2(a + b) — abc

=(a+b) (ab+bc+ca+ c2). Ddp 56 : (a+ b)(b + c)(c + a).

c)Viét da thic duéi dang a[(a + b) + b]> — bla + (a + b)]® réi dat a + b lam

nhan tir chung. Pdp 56 : (a +b)(a = b)>.
a) (a + b)(b + c)(a - c). |
b) ab? + ac? + bc? + ba2 + (ca’ + cb? + 2abc)
=ab(a+b)+ c2(a+b)+cla+b?
= (a+ b)(ab + ¢ +ac + be) = (a + by(b + )(c + a).
¢) Viét b? — c? duéi dang : —{(a2 - b%) + (c? — a?)]. |
BN B — ) =5

d) Tach ¢ — a thanh — [(b—c¢) + (a - b)] :

a’(b-c)-b’[(b—-c)+(a- b+ @ —b) =

=£m—ﬂ—§wgg;$@:m+émem

= (b-c)(a’ - b) - (a - b)b> - 3).
Pdp 6 : (a—b)a—c)(b-c) (a+b+c).

e) (a% - b)(b% —¢)(c2 —a).-



66. a) Vi€t ¢ — a duéi dang — [(b—c¢) + (a — b)]. |
~ Ddp s6': (a-b)b-c)c—a)a+b+c)

b) Cdch 1. A = a(b-c)® +b(c —a)® +c(a - b)°.

Giit hang tir thit nhat. Khai trién céc hang tr sau.

Cdch 2. Viét ¢ — a duéi dang — [(b — ¢) + (a — b)], ta duoc

A= a(d-c)’ —b[(b~c)+(a—-b) +c(a - b)’.
Ap dung cong thic (x + y)3 = x> + 3xy(x +y) + y3, ta duoc
A=a(b-c)y —bl(b-0c)® +3(b-c)a—b)a-c)+(a=b)J+ca—b)
= (b-c)*(a - b) - 3b(b - c)(a - b)a —c) - (a — b)3(b - ¢)

= (b—c)(a—b)[(b - c)> —3ba —c) - (a — b)2].
Dé dang phén tich dugc biéu thiic trong d4u ngodc vuéong thanh
| [Ic —a)a+b+c). '
‘Ddp 56" (a—b)(b- c}(c -a)a+b+c).
c) (a— b){a - c}(b - c){ah + be + ca).
d) al(b - c)? —a?]+bl@a +c)® — b2]+ c[(a — b)® — 2],

Phan tich méi bi€u thic trong ddu ngoac vuéng thanh nhan tir réi dat
a+ ¢ — b lam thira s6 chung. -

Ddp 50 . (a+c-b)(b+a-c)(c+b—va}
e)a'b-c)-b(b-c)+@-b)+ct@-by= /
=0b-o)a® ~b) - @-byp* -t
=(b—c)a—b)a+ b)(a? + b%) - (a - b)(b - OXb + E)(b? +c? ).
=(b - c)(ﬁ —b)(a® +ab® +a%b+ b —b° - be? ) bzcl - 53).
Ddp 56 : (a - b)(b - c)(a — c)(a® + b? +c2 +ab + be + ca).

67. a)Data+b—-c=x,'b+c—'a=y,(i'+-a—,b=zthi |

X+y+z=a+b-c+b+c—-a+c+a-b=a+b+ec,



Ap d'ung hiang dang thitc :

(x+y+z) -x3 —y -2 —3{x+y){y+z)(z+x) (vi du 12a),

- tacd: (a+l:~+r;)3 (a+b )_-{b+c:—a) +(c+a—b) =

68,

69,
70.

71.

712

=3(a+b~c+b+c—~a)(b+c—a+c_+a—b)(c+a-—b+a_+_b~c)
=3.2b.2c ! 2a=24abc.

b)abc—bc:—iab'l+b—ac+q+a—1

_ =bc(aﬁl)~—b(a-.1)—c(a—l)+(a—l) :

=(a=1)bc-b-c+1)=(a-1)b-1)c—1).

'Blendrﬁja(b c)+b2{c-a)+c(a—b) Olhanh(a—h)(b—c)(a—c) {}-

(xem vidu 13),

Ta suy raa=b, hoac b =, hoic ¢ = a. Vay trong ba s6 a, b, ¢ tén tai hai
s0 bang nhau.

a% + b2 =2ab:~a2—2ab+b2=0:>(a—b)2=D:>a=b.
Theo vidu 11a, tacé:
a3+b3+c3—3abc=(a+b+c)(a2+b2+c-2—ab—bc-ca].

Do dé néula3+b3‘ +¢® = 3abc vaa,b,c>0thi

a2+b2'+c2-ab—bc~éa=0.

Ap dung bai 29a dé gidi tiép.
a* + b4 +ct 144 = 4abcd

a% =222 + b* + c* — 2c24% + 4% + 2422 4abed + 2¢2d? = 0
= (@* - b2)? + (2 - d%)? + 2(ab - cd)? R =
Ban doc tu ching minha=b=c =d. _
am +bc=a(a+b+c)+bc=a{a+b)+ac+bc=(a+b)(a+c)

Tuong tu, bm +ca = (b + c)b + a), cm + ab = (¢ + a)(c + b). Suy ra diéu
phai chimg minh. |



73. Doa’ +b® =1, ¢ +d% =1 nén |
ab +cd =ab.1 + cd.1 = ab(c2 + d2) # cd(a? + b2).
Phan tich da thifc ndy thanh nhan tir dugc (be + ad)(ac + bd), bing 0.
74. Tacé : A+12 =12 +2.1+1

QR =22422+1

m+1)?=n®+2n+L
Céng timg v&€ n ding thic trén réi rit gon :

{n-|-1)2-= 12_+2(1+2+...+n) + n.

Tir d6 tinh duge S; = “(“; 2"

75. Xét hing ding thic (x +1)* = x% + 4x> + 6x2 + 4x + 1.
~ Lén lugt cho x bidng 1, 2, 3, ..., n, taduge :
A+ =i* +412+612 +41+1

QD = 2" 342 +622 44251

(n+ 1% = n* + 403 +6.n? +4n+1.
Cong timg vé& n déng thifc trén réi rit gt_m : |
a+D =1 +a@@ + 2 4L+ E62+ 22 + i 40d) ¥
| | +4(1+2+..+0)+n
=1+ 483 + 65, +4S; +n. '

n(n + 1)

S, = -é—n(n +1D(2n + 1) (xem vi du 14). |

n®(n + 1)?

T d6 tinh duge S5 = 2



. §4.

88.

Chia da thirc

76.-a) 812 : 46 = (2%)12 ; (22)6 = 936 , 912 _ %4,
b) 314. |
915 253 43 (32)15 253 (22)3 330 .26 320
o Qe MY WL T
310 506 . 310 956 56 310 253 26 257
77. A=3x%y* >0 véimoix vay.
78. B = —21}?2 + Zx(yz -1)=-2x
79. n e {,2 )
80. a) —%axz. ~2x+ 1. ' b) —=3x — 4.
81. A= x? $. 0%, =
min A=-1véix=-1vaytuyy.
82. ne {3:4).
83. x? +y2 — XY + X + 5y.
84. a) 3x% —2x + 4 ; b)2x-8; ¢) x2 =3k +2.
- 85. a)a=-18; | bya=-15; c)a=3.
86. a)a=-12; b)a=-5; c)a=4.
87. a) C6 thé giai bang ba cach : dat tinh chia, hé s6 bt dinh, xét gia tri riéng.

Dip sé :a=0;b=-16.
b) Cé thé giai bing ba cich nhu cau a). |
. Pdpsé:a+b= O(uiclaatuyy, b=-a)
c) Cn thé giai bﬁng hai céich : dat tinh chia, hé s6 b4t dinh.
Ddpsé:a=-6;b=4.
a) Cdch 1. Dat tinh chia ta dugc thuong bing x2 + x +a, du (a — 1)x +

+ (b — a). Muﬁn chia hét thi da thic du phai déng nhét bing 0, do dé a = 1,
b=a. Viya=b=1.



 Cdch 2. Thuong c6 dang x* +cx +b. Nhan né v6i x% —x +1 réi déng

89.

90.

nhat véi x4,+axz-+b, tadugcc—-1=0,b-c+1=a,c-b=0.Suyra
a=b=c=1. '

b) Cdch 1. Dat tinh chia.
Cdch 2. Pong nhat (x2 + 3x — 10)(ax + 5) vdi da thifc bi chia, dugc 3a+5=b,
I5-10a=5.Suyraa=1,b=8.
Cach 3. Xét ax’ +bx® + 5%~ 50 = (x + 5)(x - 2). Q). Lén luot cho
X =-5,X =2, ta dugc

-125a + 25b = 75 —5a+b=3 a=1

= o —

8a +4b = 40 22+ b =10 b = 8.
¢) Giai bang hai cich nhu cau a). Ddp s6:a=3,b=-4,
d) Phan tich x* + 4 thanh nhan tir, dugc (x2 + 2x + 2)(x2= 2x + 2).
Viya=+2,b=2.

x>+ ax + b=(x+ 1). P(x) + 7 nén véi x = -1 thi-1—a+b=7, titc 1z

a-b=-8, (1) |
X+ ax +b = (x - 3).Q(x) - 5 nén v6i x = 3 thi 27 + 3a + b = -5, tifc I3
. 3a+b=-32. 2)
T (1) va (2) suyraa=-10, b= -2,
Trong hing dang thitc ax> + bx2 + ¢ = = (X + 2) P(x) cho x = =2, ta duoc
-8a+4b+c=0.
Trong hing déng thic ax> + bx? + ¢ = (x + 1)(x ~1).Qx) +x + 5,

lﬁnlug‘tchox=lvﬁx=—l,duqca+b+c=6; -a+l::+c=4.
| Ddpsé:a=1,b=1,c=4



§5.
91.

92.

Chuong Il - PHAN THUC PAI SO

Tinh chét co ban ctia phan thirc. Rit gon phan thirc
ayx=-1; bx=12 ‘

(x + D(2x + 1) - x i
x2x+ 1) +x+1 '

b) Dat 1000 = x. Ddp s6: B = 2.
Gx-Dx-1*  3x-1

a)Diat 1234 =x.Tacé A =

93. a) > = , b) x2.
2x +3)(x -1 2x+3
(x-—y+z)2, X-y+2
c) — :
(X-y+z2)(x-y-2) x-y-z
l(n' ' | '
94. a} “(n+1) e n+l : _ b) n! =l .
n!_{r1+2) n+2 ‘ ! n![(n+1)-1] n

9s.

96.

;: (n+)-n-1) -n-1
S (m+D!n+3) n+3

(x-3°(2x+5) _2x+5
x=3%(3x-1) 3x-1°

2) (a — h)(-b'— c)a-c) a-c

- : b)
| (a—=b)b-c)b+c) b+-c

C)%(x-y&z); d)%(x+j+z}.

a) Gia sir (Bn+1,5n+2)=d. .
Taco3(5n+2)-5GBn+1):d=1": d::f_dzil.
b) Ban doc tu giai.

c) Gia sir (n° + 2n,n? +3n? + =d.

Tacé (n* +3n2 + 1) - 1'1![1'1'3 +2n)=n%+1:d.

Dodé (n* +3n2 + ) - (n? +1)2 =n? i d.

Suyral :d=d=%],

d)Gidsitd e UC(2n+1, 202 -1) = n2n+ 1) - 2n2 -1)=n+1:d
=>2n+2:d=>2n+2)-2n+1D=1:d=>d==*1.



97. Tir va mau ciing chifa thira s6 n + n + 1 16n hon 1.

98. Nhan biéu thitc di cho A véi x* + x + 1, ta dugc
| | 64 , 32

(x2+x+1).A=x + X +1.
g o 32
D{)?12+K+I=f—‘01'1éﬂA=.x 2+x +1.
X“+x+1

99. Hiy ching minh (ay — bx)? + (az - cx)? + (bz - cy)? = 0.

100. Tacé B = be(y - z)z + ca(z - x)?‘ + ab(i - y)2

= I:w::y2 + bez? + caz?

+ cax? +_al::-:n:2 - .ﬂhy2 — 2(bcyz + acxz + abxy). (1)
Tir gia thiét suy ra L8

- azx.z + b2y2 +C

Tu (1) va (2) suy ra

2 g 2(bcyz + acxz + abxy) = 0. (2)

B= axz(b +c) + byz(a +c¢)+ czz(a +b) + a?x? + bzyz + c2z2

=ax-z(a-t-b+c)+by2(a_+b+c)+czz(a+b+c)

=(a+b+c)ax’ + l}}f2 +cz?).

. Do dé: A= 2 =a+b+ec.

ax> + b}'2 + cz?

SN ¢ S
101. Dap 50 : o - /

2

102. xz—xy—-ZyZ:D =54 +x}r'—2xy—2}'2=0

SXX+Y)-2yx +y) =0 (x + y)(x = 2y) = 0.

Dox+y#0nénx=2y.Dodé:
aa =Y ¥ &

1
_2y+y 3y 3

9x2 + 4y2 -12xy 20xy—12xy _ 8xy _ 1
9x2 + 4y* +12xy 20xy +12xy 32xy - 4

103. A% =



Do 2y <3x<0=3x-2y>0,3% +2y <0 = A<O.

Vay A = =L

2
104. Tinh x va y theo z, dugc x = 2z, y = 3z. Thay cdc gi4 tri chia X va y vio

biéu thitc M va r'!it. gon duoc M = '1'—38

105. a)x e {«—1-;'0; 1-;2}; o 'B)-'x e {-2;0;2}:
| 'c)xe{—‘Z';D';l;S}; '

d)x_z—'5.95fx+8¢:>.x2—"64+55x+'8f::>5::i:|-8-- .
"z g : | - Ddp 56 KE{-—I3 —7;—'3}.

L B)X + 2 x+4:>(x+2)(x 2): x2 +4=:-x +4-8: x%+4
=:-8 x2 +4. |

Xet G +4 bang 4, bang 8 1éi thir lai, ta dugc x = — 2 thoa man bai todn.
10 10 -k
x4 +1

106. Dat —k.eZ,tacékx + b= 0 3 =

~ Ta phai c6 ml: k 2 0.nén 0 *:'kﬂ 10. Ta c6 bang sau :

k 1 2173 4 516 71} 8 9 | 10
ST o T 7.3 | 2 3 1.1 1
=—— | 9 4. [ | &F el (S0 T (£t S
. k 3 2 . 3 7 4 9
KEQ Cahe it = ; v —3 .
P m’-ij iz +1, + 3,3 0
& 2’ Iy L

107 abbb .c = (1000a .+ 111b)c = 1000ac ' + lllbc = ac + lllc(Qa + b)

a. Bbbe = a(1110b + c) = ac + 1110ab.
~ Cén chiing minh 111c(9a + b) = 1110ab, tic 13 c(9a + b) = 10ab.



Theo gia thiét _
ab.c=bc.a = (10a + b) ¢ = (10b + c)a = 10ac + bc = 10ab + ac

= 9ac + bc = 10ab = ¢ (9a + b) = 10ab.

Chi y: Cécacchits6a, b, c thod man dé bai, ching han 16 : 64 = 1 : 4,
khi d6 1666 : 6664 =1 : 4. '

108. Goi s6 hoc sinh nam va nif cia 16p 8A theo thi tu lﬁ: a va b, s6 hoc sinh

nam va nif cta 16p 8B theo thi tu la c va d. Ta can tim ?il]—fdgd Tacé:
: +

T.1a+7,6b _ 7.4, | . %
a+b.

8 lc+9d - 8; % ' )
c+d ;

?Ia+81c:_7’9' s 3)
a+c

Tir (1) suy ra b = 1,5a. Tl‘r(3)suyrac—4a Tir (2) suy rad 05(: do doé
d = 2a. Ta duoc : |

?ﬁb+%i_?ﬁija+9£a;2&ma_84
b+d 1,5a +2a 3,5a S0

Diém trung binh phai tim 12 8 4.

§6. Cac phép tinh vé phan thirc .

109. a) -1.
b) gk g YA :1—1=0.
Xy(x +y) xy(x-y) xy Xy
110, a) A=0.
b)B= be(b - ¢) —aca —¢) +aba - b) - . Rt gon dugc i
abc(a — b)(b —c)(a —c) abc
c)Um 1,

a®(b - c) + b%(c — a) + c2(a - b)
@-b)b-c)a—-c)

d)D= = 1.



Uit P__a(b c)+b3(c—a)+c(a—b)
(a-b)a—c)b-c)

Phén tich tir thanh nhan tir duoc (a — b)(b-c)a-c)a+b+c).
VayP=a+b+c. '

ik A_Sy 6, 2x ~ (x+6)

=3+ 1=4.
y=2. X—-6
' 2 2 2 2 2 .
5 C I T T -E-y L4 suy ra
2 3 4 5 -
# ﬁ_ﬁ + ﬁ_ﬁ 4 Ei_z_z_ =0
L 2 D 3« 3 4 5
nén i}4:-2+£1i,12*+—1—zz=[). Dodéx=y=2z=0,
10 15 20

114...(x2+-1?)+ 1..f2+i2 =4::>(x2+—%-—2)+ y2+i2—2J=0

1
( 1]2 [ lJZ | x_x x2 =1
: | X=—] +|{y—— | =20=2¢" 7 =
- y ‘ LN !
¥

Cé6 bon dép s6 ;

X ] i < <1
y 1 -1 1 -1
115. Tir (1) suy ra
a? b2 2 “lab ac
Do (2) nén ~i—+—1—+i=l, suy ra Mz_l.
ab ac be abc -

Dodéa+b+c=abc.



116. Tir (1) suy ra bcx +acy +abz =0.

2 2 2
@ suy i et S +2[*’Llj a"‘:+':"'“'J_4.

x2 '}rz' 72 Xy X2 ¥yZ
3 .2 2 '
Dodéa b2 c2:4_2_abz+acy+bcz=4.
x? y"  Z Xyz
117. Tix gia thiét suy ra ab + bc + ca =0.
: 1
tos 2PN E g it 40 i
abc A A b oe

Sau d6 chitng minh ring néu x + y +z = 0 thi
| x> + y3 ~1—_z3 = 3xyz (xem bai 42).
118. Tu gia thiét suy ra |
a2c +ab2 + be? = b%c + a2b + ac? = a2(c — b) —a(c? —b%) +bc(c —b) =0
= (c - b)(a® — ac —ab + bc) =0 = (c — b)a - b)a —¢c) = 0.

Tén tai mot trong cac thira s6 ¢ — b, a — b, a — ¢ bing 0. Do dé tmng ba s@
a, b, ¢ 14n tai hai s6 bang nhau. |

119. a) A = 2x* +1- x e {-2:2:4:8).

X—3
b)x € {0;2}; - ¢)x € {0}.
120. A = 6ax + 4x — 2a ba 2x(3_a+2)2f2a A
4% 4-x
121. Pata-b=x,b-c=y,c—a=zthix+y+z=0.
2 2 2 2
TacéA-z+g g X“+y°+2z ={K+}’+Z) S
x ¥ Z Xyz - XYZ
122. Thuc hién phép tinh & v€ trdi, ta dugc moét phan ‘thic cé bﬁ_ng
a2 +b%> —2ab-c2.Dodé(a~b+ca-b-c)=0.Vayb+c—-a=0
hoica+c-b=0. . :

(@+bx? +cx +a

123. a) Thyc hién phép tinh ¢ v€ phai, duoc =
x(x“ +1)



Dongnh&tvmphanthﬁc—-l——— tadum:a+b 0,c=0,a=1. Suyra

x(x +1)
b=-1
X(x“+1) .x le-f*ll
-b)a=—,b=-—; c)a=-1h=lc=l
4 4.

' 2 1499 Vg
124. B=(ab + be + ca) . b+ be + ca ﬂbﬂ(ﬂb +b%” +c%a”)
‘abc - . a?pc2

ﬂ (ab + bc + ca)? az_lt)2 +b%c? + c%a?

abc el LN e
— Zabc{a+b+c) -2(a+b+c)
abc

125. Tir gia thiét suy ra ab + bc + ac = 0 nén
a% + 2bc = a + bc+(—ab —ac) =a(a—-b) - c(a« b) = (a - b)(a-c).

Tl.m‘ng ;.. - 2 zac = (b = a)(b —c),
1:2 +2ab=(c-a)(c—b).
. 1. 1 =

: + + :
(@a-b)a-c) (b = a)(h—c) (c —a)(c.—b)
b b-~c+c-a+a-b &

(a—b)b-c)a—-c)

b) N B . ca i ab a2
.. (a-b)a-c) (b-a)b- c) (c—a)c—-b)

2 ' 2 1l
¢)P= a b C

+ + L
@-ba-c) (b-a)b-c) (c-a)c-b)
126 Tacé'a+b—b“:—c"'a=a+b+b+c+c+a=3(ﬂ+b+c)_
| vie . a L b cta+b at+b+c

Néua+h+c¢0th1nsﬁtrénbang2 Suyraa+b= 2c b + ¢ = 2a, do dé
a-c=2(c—-a)nénc=a, trdi voi dé bai.




i . B W |

a+b b+c c+a
T b . d

Viva+b+c=0.Taco M =

127. Ta ¢6 a°+b> +c> —3abc = (a+b+c)a? + b +c? —ab—bc —ca) (xem
bai 41b). | |
Doa3+b3+c3=3ahc via+b+c#0nén

a2+bz+c2—ab—bc-ca=0.

: ' 32 1
Dédangsuyraa=b=c. Vay N=——=—.
(3a)” 3
128. a) A = “;_ 24 50, MeolAut D
2 32 42 n®
- 123.{n-1) 345..(n+1) 1 n+l1 n+l
23.n . 23.n b 2 2n
2 52 - 2
b).B = 13 ....2n+1)" . Dt

T 133557..2n+ D2n + D@2n +3) n+3"

129. a) Viét _ thanh - L roi dung phﬁung phép khir lién ti€p.
(n-=Dn n—=1f n :

; 1
Dadp s6 : 1 - —.
n

1 1 1

b) Viét thanh l( - )
(3n + 2)(3n + 5) 3\3n+2 3n+5
) ' ¥V

o 41 1 on+l’

Pdp s6°: —| — - o= ;

A 3(2 3n+5] 2(3n + 5)

1 1 1 1 ] o, (a=-Dn+2)

c) = — - . -Ddpso: :

(n —Dn(n + ) 2ln=-Dn n(mn+1) r 4n(n + 1)




' < + + .t
32 52 ‘@n+1? P® -] s2_3 Cn+1)% -1
. o L 1
= — s ——
24 46 2n(2n + 2)
M1 I=3. 1 1 1 1(1 1 J 1
=l m e — = m b —— | = === <—.
V24 48 2n 2n+2 2\2 2n+2). &4 .
131. Nhén xét ; _1 "R =2[ e J
n®  4n? -1 2n—-1 2n+1

Do do

sz[l-

Lk 1 1 (1' | ) 2
—t e+ = =2 T

¥ AYT T -1 2+l 3 2n+l1l 3
1 1

132. Tathiy: -~ < E: 1 - 1:@+D=(n-1)
SRR n® n’~n (-Dn@+1) 2 (n-Dn@+1)

b et ] }
" 2|@-Dn n@+D1) ;

Do d6 : '_
) | 1 1 1 1 1
B< - - + — —t.. + -
2123 34 34 45 (m-=Dn n(n+1)
1.1 1
<—.—=—
T2 6 12
1 (n +1)
133. Nhan xét : 1 + = !
n(n+2) n(n+2)
Do d6 - .
i 2 # £ m+1° _ 23 .+ 23....(+1)
1.3 24 35 7 nn+2) 12 .6 34 ..n+D
o e 1' _2 o
1 n+2
| 2 -n2+n-2 (n—1)(n+2)
134. Nhan xét: 1 - = 5 :

n(n+1) A n(n + 1) n(n + 1)



_14 25 (n—=1(n+2)

Do do - B= ;
: | 2.3 34 n(n + 1)
Riit gon dwoc B = _I_.n+2 l'.

n- 3 3

4.6'8.10 12.14 74446 46 23
136. Nhan xét : |

n’ +1 _(+D@® —n+1) _ (+D[(n -0,5? +0,75]

-1 @m=@+n+1) (n-1)[(n+ 0,5)* +0,75)
Do d6 '

135 Ao 2.4 6.8 1012 24 2 1

a)

_30L5° +0,75) 42,52+0,75)  10(8,52 +0,75)

A : e s = .

12,5 +0,75) 2(35%+0,75) 89,5 +0,75)
_34....10 15°+0,75 _9.10 3 3 %0 _3
12....8 952,075 1.2°91 2791 2

b) Giai twong tu nhu trén.

po123. .- 25 +0,753,5 +0,75). ...[(n + 0,57 + 0,75]
© 345 41,5 40,7525 +0,75). -..l(n - 0,52+ 0,75]

1.2 (0+0,5%+0,75
nn+1)" 1524075

2 n’+n+1 2% +n+l) 2

nn+1) 3 " 3n(n+1) 3

—
—

137. Xét n'+4=(n*+2)%-4n®= 0?20+ 2)mZ+2n +2) =

C=[n-1%+1][(n + 1)* + 1]. Do d6

po @402+ @+pE*+) 0% +1)22% +1)
@+ +) 6 +nE2+1) @22+ 14 + 1)
1 1 o

24241 ST




138. Viét moi phan thitc thanh hiéu cia hai phan thic, duoc

M:alﬁhaiZ:(a—Qia—ﬁ)'
139, A =221 “52+...+“;(E£2) sl
- ;4- _+ﬁE2I+nIll—lF1-...—1.
=n+ %;%+ +n111__("_l]
=§'1 %+ +n'_l_1+%='-n[%+%+“.+%)=n.ﬂ
Va)’:A:an.

I Y - I i I l I z
140. Chi y rang Xn—K) - 2n[k + 2n-—k)' Do d6

sl -4 1: 1 ] .l L .1
‘Zn[[l+2n-1J+[3+2n-3)+"'+[2n-3+3J+(2n—1+1]]'

Tong cac phan thitc thd nhat trong méi ddu ngoac bing

1., 1 1 1
i i e b e LY
bang B. Téng cdc phan lhu‘c tha hal trong moéi ddu ngodc ciing bang B
Vay A_Lzs_g Dod6 A:B=-1.
2n n
141. Tir (2) tacé g +bsc= otactab
: abc
Do abc = 1 nén a+ b+ c=bc+ac + ab. (3)

Dé chiing minh trong ba s& a, b, ¢ tén tai mot s6 bing 1, ta sé ching minh
| (a=1)b-1)(c-1)=0.
Xét :(a—1)(b—1)(c—l)=(ab—-a-—b+1)((:—-1)
=abc—-ab—a:c+a—bc+b+c—1
=(abc - 1)+ (a+ b +c)—(ab+ ac + bc).
Tir (1) va (3) suy ra biéu thitc trén bang 0.

Do dﬁ, ton tai mot trong ba thira s6 a— 1, b— 1, ¢ — 1 bang 0. Vay, tén tai
mot trong ba s@ a, b, ¢ bang 1.



+ % - ——-1-*—‘ Hay ching minh ring

142. Taco =
X+y+z

1.1

Xy
(x+yXy+z)(z+x)=0.

143, Hai biéu thiic khong thé cing bang 0. Chimg minh bang phan chiing.

144. Cong timg v€ ba dang thic da cho duge

a+b+c=ax+by+cz=ax-l'-2a=a{x+2)

nen 1 = -
XxX+2 a+b+c
; i} b | (o
Tuong by, +2 a+b+c’ z+2 a+b+c’
b+c¢ |
S M2F2TC
Wy a+b+c

145. a) Nhén t& va mau ctia phan thitc thi hai véi a, thay 2 & mau cia phan
thic thit ba boi abce, ta duoc :
a ab 2 aab?2

M=ab+a+2+2+ab+a+a+2+ab a+ab+2 =

b) Nhan tir va mau cta phan thic thi hai véi a, thay 1 ¢ mau ctia phan thic
_thit ba bdi abe. Pdp 56 : N = 1. :
146. Tu gia thiét suy ra a(b-c)=c(a-b). (D
1 1

“a;b+c : '
Taco -c+a-b*{:(a——b)’ : A

b-c a _a(b-c)’
Tl (1), (2),.(3) suy ra diéu phai ching minh.

1 1 a-b+c (3)

3 3 3 .
b
a) A=a & bc+c . Tacoa+b+c=0nén a’ +b> +c> = 3abe (xem
a i .
bai 42). Do dé A = 3. | : '
b}b+c=7a=:rb2+2bc+c2=a2=_:»a2—b2vc2=2'bc.

Tuong tu, b2 =¢? -’ = 2ac, ¢t —a’-b*=2ab."
a’ b? c? "aa+h3+c3

=Sk % Db - Dabe




Tac6a+b+c=0néna’ +b+c3=3abe (xem bai 42)

! __3abc_§
DGdUB_Eabc—Z'-

148, Goi M=2-B b-c c-a ..
: g _9H &y b

' - 2 2
M€ a2 (b—c+-c—aj_=1+ c b°-bc+ac-a

a—-b a-b\ a b a-b’ ab
J ¢ f(a-b)c—a-b)_. 22 = 27}
—l+a—b'_ ab _lfab q1+abc'
3 < 1
ofigty, M—2-=1422 b __y 2b°
L gu‘I'Mb-c 1+abc’ Mc—a 1+abc
3 % A . :
Vay A =3+ 285D 20) g (119 454 ¢ = Jabe, xem bii 42).

- 149. Tir gia thiét suy ra :
a’b - a’be — b°c + ab’c? = ab? — ab’c — a’c + a’bc
2 2 2 2 2
= ab(a — b) + c(a” — b") = abc“(a — b) + abc(a” - b°)

= (a - b)(ab + ac + bc) = abc(a — b)(c + a + b).
Chia hai v& cho abc(a - b) #0.

150. TfIx+}-’+Z=.'Usuyrax2=(j!+z)2,y2¥(x+z)z,zz=(x+y)2.
Do dé |
axz + b}r2+a::z2 = a(y +z)2+ b{k +:«:}2 +c(x + y)z =
= a;(_‘,a*2 +2yz + zz) + I:r(x2 + 2xz +zz} +c(x2 + 2xy + y2)=
= xz{b+c) +y2(a+c) +zz(a+ b) +2(éyz+ bxz+cx}?}. (1)
Tha}rb+c=-a,a+c=—b,a+b=—cdoa+b+c=0_

vi thay ayz + bxz + cxy = 0 do -3+$+§=0 vao (1), ta duogc

' 2
ax’ + byz +cz = ~ax* - byz -~ CZ

nén 2ax” + Zby2 +2c2°=0= ax’ + by2 + cz?‘ = (.



151, Tir gid thi€t suy ra x +% —y+li=z4 -}1; Do d6

z .
SO O . o P O U T SRS (S
zZ Yy yz X Z XZ Yy X Xy
Suy ra x=y)y-2)z-x)= .(x..y)(g.-zzg(z—x}
' X°y“z"
: 293
nén - X=Yy-2)z-x)XyzZ -1)=0.
Ban doc tur gidi ti€p bai todn.
152. Nhan hai v& cia —— + b = =1 véia+b+c, ta duoc
_ b+c c+a a+b
2 2 el
a +a(b+c)+b +b(c+a)+c -+c(a+b}=a+b+c
b+c . c+a a+bh
2 2 2
nén . ™ b +b+——+c=a+b+c.
' b+c c+a a+b.
¢ b c
153. 2 . %
3 T]'.rbmc+c—a+a—b 0 suy ra
a __b - =bg—al:w;auc—{:2
b-¢c a-c¢c b-a (a—b)(c—a)
Nhan hai v& v6i —— = —3 = b? — ab +ac - ¢” Tuong tyu
, b-c (b—C)zl‘ (a —b)(b—-c)c—a) =
b =c:2—-bf.:+b.=.|—a_2 c _ a? — ca + cb — b2

c-a) ®-Ac-a@-b G_p? (C-a)a-b)b-1)

Cong timg vé ba ding thirc trén.

154, a) az -2 ; b) a(a® - 3) ; ey at<dal +2;
d) Chu ¥ rang J(z'l'-i ;*c3+i =x5+-1—+x+i._£ldpsé’: a> - 5a° + 5a.
X x> X X

155. Trudc hét, tinh x* theo a. Ta c6

4 .
x -1 4 4 i -

3 =g =x —~l=gx-+a=sSx —ax4=a+'1 -
X +1 '




- xt - 21

2a
a“ +1

Thay vao M va rit gondugc M =

156. Cdch 1. Tacé

- 2
x2—4x+1=0=;~x2—x+1=3x:r-}-{-—_x£-+—1=3. (1)
+x+1=3x2+x+1

X . X

K4+12+1=X2—X+1){2
x? X .
"f- 'x2+x+l' xz—x+l 22X s

Ta thay = = = +—=3+2=5.

VayA=35=15.
Céch 2.

A=

x*+xf 41 &P +DEox? (@x)? - x2
z 2 B ey

X X - X
157. Xétx =0thia=0,M=0. Xétx #0 thia = 0.
Ms—7—p—=—2 —. (1)

x4+x2+1 X" —-x+1 x2+x+l

A=

Ta cé

2 L 2 '
X +x+1=x —x+1+2x=1.+2=1+2a. Q)

X ', ' X X a a
a_ _ _az-
1+2a 1+2a’

Tu(l) va(2) suyra M = a.

o, |
Két lugn : M = 1 f: 5, - Dap s6 nay chung cho ci hai trudng hop x = 0 va
. - 2 . .
x#0 (khix =0thia=0nén ——— =0, tic 1a M = 0).
1 +2a

158. Ta xét biéu thic x +y + xy + 1, biéu thitc nay bang x(y + 1) + (y + 1) hay
(x+ I)(y + 1).



2 2
Tugidthi€tsuyrax+1= 8+t - o 4. 4bc -
2bc . Gt
Dodé(x+1)(y+1)=2=>xy+x+y+1=2=xy+x+y=1.
159. a) Pat a—b=n, - | (1
a—

trong dé a,b,n € N;b#O.Tacébn—'b=nnénb(n—l)=n.
Néu n = 1 thi a = b. Khi dd; theo (1) thi n = 0, loai.
Xétn#1,tacd

n | 1 ) S A
b—n_1—1+—n__1. [3)

Vin-1laudcciua 1nénn-1¢ {1;-1}.
Véin—-1=1thin=2,tr(3)suyrab=2,a=4."
Véin—1=-1thin=0,tir(3)suyrab =0, loai.

Vaya=4,b=2. Thirlai: 4—2=%.
b) Gidi tuong tu cdua). Ddp sé6 :a=2;b=1.
160. Dﬂ_a+ba‘-0,‘a+c¢0nén

> )

3 5 3 3 3.,
a” + + + +
b a+b a~+b a~ +<¢

= = —abl+b2=az—ac+c2'
a® b o a+c a+b a+c . :

& a

<:>b2—c2=ab—ac-::>(b+c)(b—c)=a(b—c),
Dob-c#0nénb+c=a. Vay,c=a-b. -

¢
161. a) Lan luot tinh duge a3 = —--1—., a4 = i , a5 = 4.
- a 1—3.1 '
b) Ticaua) suyraa; =as=ag=... =a;g; = 3.
Tirc’[étinhdu@cal =3, a :% , a3 =—-:J;-) ;a4=-42;'as= ,

162. Ta ¢6 mnk = mn + kn. Chia hai v& cho n, dugc mk = m + k. Do d6
m = k(m — 1). Nhu vay m chia hét chom — 1. Tt d6 tim dugc m = 0 (loai)
vam=2.Khidék=2.

Phan s6 phii tim c6 dang % vak=2.



163. Tong phdi tim bing A ~ B, trong d6

})+[a+2)+ +(

R )
A= _2
(“? 7 "= 7

%[(’.r'a F 1)+ (T2 +2)+ ..

ﬁ[(?a +1) + (Tb = D][(Tb - 1)

%(a +b)(7b—Ta —1),

B=@+1)+@+2)+..+(b=2)+

= 2@+ D+b-Dlib-1-@+1)+1]=

Tinh hiéu A — B, ta duoc 3(b> - a2).

+ (7b -

bﬂl)

¥

)

2) +(7b = 1)] =

- T 1) 4] =

(b-1)=
1
EE‘? +b)(b—a-1).

164. a) Gia sir mic san xudt cda xi nghiép nam 2000 la 1 thi mifc sin suat nam

2001 1a 1+ 1_0_5' miuc san xudt nam 2002 1a
[1+ﬁ][1+%] =1+ b nait lﬂanO(]'

tang so .vﬂi-nﬁm ZQOO la: al-é-ﬂb + lﬂagf}l} hay (a +b+ %)%

Vay, céu trd 10i D) 1a ding.

b) Ta c6 b =a —ISO-](I IDUJ

o el

Diéu kién dé b > a Ia [1 + _._..](

dugc 100(m — n) > mn.

L

100

] > 1. Rit gon di€u ki¢n nay, ta

165. a) Goi k l1a s6 nguyén 16n nhdt sao cho 2* <n. Chon méau chung la 25p
trong dd P la tich cdc s6 1é khong vuot qua n. Chi ¢6 duy nhit mot thira

s6 phu (cha phan s6 J%-) 13 s6 18, con
2

moi thira s6 phu khdc déu chan.



Nhu vay sau khi quy déng mau, miu 12 s6 chin, tir 12 s& 1&. Do dé A
khong 14 s6 nguyén. .

b) Goi k la sé nguyén I6n nhét sao cho 3* < 2n + 1. Chon méu chung 12
3*p trong do P la tich céc thira s6 nguyén t8 1é khong vugt quéa 2n + 1. Chi

c6 duy nhdt mot thira'sG phu (ctia phan s& —I~) khéng chia hét cho 3, con
3k

moi thira s phu khdc déu chia hét cho 3. Nhu vay sau khi quy déng maiu,
mau chia hét cho 3, tir khong chia hét cho 3, do d6 B khong la s6 nguyén.

MOT SO PHUONG PHAP PHAN TiCH

PA THUC THANH NHAN TU
166. a) (3x = 1)(2x - 3) : b) (2X + 9)(x - 3) ; c) (x - 3y)(2x + y).
167. a) (x - D)(x2 +x+3); b) (x — 1)(x = 2)(X + 3) ;
¢) (x+ 1)(x +2) : ) (x+ 1)(x = 2)(x - 8).

e) Viét da thifc dudi dang x* —1 - (x? + x + 1). |
Pdp 56 : (x —2)(x% +x +1).
g) - 2 1a mot nghiém. Ddp s6': (x + 2)(x% - x + 1).

~h) 2 1a mét nghiém. Pdp 56" : (x + 2)(x = 3)( x - 5).
168 Ddp 56 : (x + 1)(x + 2)(x = 3).

Chii ¥ ring - 1 12 mot nghiém, ta c6 cdc céch bién déi :
Cich1.x}-7x-6=x3+1-7x-7. |
Cach 2. x3—'7x—6=x3—x—6x—§. \
Céch 3. x° -7:!{—-6:.1;3 -x2+xzd -X=-06x-6."

Cich 4. x° —7X;6 = 7% - —;Eixf" - 6.

Chi ¥ ring - 2 12 mot nghiém, ta c6 cic cich bién déi :
Cich5. x* - 7x =6 = x> - 4x - 3x - 6.



Céch6. x* = Tx~6=x> + 8~ Tx - 14.
Chi ¥ rang 3 1a mot nghiém, ta c6 c4ch bien ddj :

CENT.2° ~ = B b 2 Dy g &
Cich8. x> = Tx =6 = x3 =27 - 7x + 21.

169. a)'-;: 2 mot nghiém. Bién déi : 27x% — 1 — 2752 + 18x — 3.

Ddp 55 : (3x - 1)(9x2 - 6x + 4)

b) —% la mé}t nghiém. Ddp 56 : 2x + l)(x2 —-Xx+3).

¢) (-3 416 = x4 —éx2 59 516
= x* +10x% +25-16x% = (2 + 5)2 — (4x)?
= (x* +4x + 5)(x% - 4x + 5).
170. a) Pat x>+ x = y. Ddp 56 : (x* +x - 5)(x%+ x + 3).
b).Datx+y=a.ﬂg’psd': (X+y+3)(x+y-4), |
¢) bat Xex+1 =j,r. Pdp 56 : (x* +x + 5)(x + 2)(x - 1).
d) Bién d6i : (x*+ 7x + 10)(x2+ 7x + 12) - 24.
Dat & HTE4 1] =I-y. Ddp 56 : (xz+ TX + 16)(x + 1)(x + 6).
171. a) Dat X2+ Sax + 5a% = y. Pdp s6°; (;.;2 + 5ax + 532)2.

b)Az(x2+y2+zz)(x+y+z)2+(xy+yz+zx)2.

2 2=a,xy+yz+zx=b,

‘Pat x° + y.z +z |
A=a(a+2b)+ b = (a + b)2 = (xz +,y2._+ 2% + Xy + yZ + zx)z.
c) M= -2(x4 + y" + z,4) - (:_{2 + y2 + 12)2 - 2(::2 +'y2 + 22) (x+y+ z)2
+(X+y+ z)*.
D€ ¥ ring céc bidu thitc x +y + z, X% + y2 + z2 xuat hién nhi€u ldn trong

bi€u thiic M. Ta dat :=L4+3r‘4+z‘t = a, x2+y2+zz=b,;g:+y+_z=c, .



Tacé M=2a— b%=2bc? +c* = 22— 2b% + b2 —2bc? + ¢*
= 2(a - b%)+ (b - c?)2.
Tacéa- b’ = —2(1:2)'2 +x22% + yzzz), b-¢? = —2(xy + xz + yz). Dodﬁ
M =-4(x2y2 +x2z% + yzzz) + Hxy + ﬁz + yz)z

= szyz + Sxyzz - Sxyzz = 8xyz(Xx + y + 2).

A=(a+b+c)3—4(a3+b3+c3)—123bc. Data+b=m,a—h=nthi.

4ab = m2 - nz',

3 2 2 m®-n®)
a>+b> =(@a+b)(a-b)’ +ab]=m|n e =k

_.rn3 + 3mn

4

2

Tacé A:(m+c)3—4 .—4:3'-—3c{m2—n2}- ;

= 3(-c® + mc? - mn? + cn?).
Bién déi dau ngoic thanh (m - c)(c + n)(c — n).
Vay A=3a+b-c)c+a-b)c-a+bh).

173. a) Téch —32x* thanh 4x% — 36 x°.

Pap s’ : (2x% + 6x + 1)(2x% = 6x +1).

b)x_6+2?=(x2+3)(x4-3;;2+9}= ™

(x% + 3)(x* +6x2 +9-9x2)= (x2 + 3)(x2 + 3 + 3x)x2 + 3 30).
)Chi ¥ x* +x% +1=(x% +x+ D(x% - x +1). |

Ddp 56 2(x - D2(x% +x +1).

d) (2x* - 4}2'+ 9 = 4x% —16x% + 25 = 4x* + 20x2 + 25 - 36x2

= (2x% +6x + 5)(2x% - 6% + 5).



174. a) Them va bot 4x2. Ddp 56 : (2x% + 2x + 1)2x2 - 2x + 1),
b) Thém va bét 4x.2y2. E}r‘ip 56 : (_2)!:2 + 2xy + yZ)(2:;_2 — 2Xy + yz) .
¢) Thém va bt 36x>. Ddp 56 (x +6x + 18)(x% — 6x + 18).

175. a)Thém va bét. x°
5 4 5 4 3 3

X" X +lEAXT+X X =%+ 1

= xf*(xf”“)_—(x ~DE2 +x+1)

= X2 +x + D3 —x +1).
by Them va bét. x2. Dap 56+ (< + x + 1)(x® — x2 + ).
c) Thém va bét x2 + x.

' xg+x?+l=(x3-x2)+(x?—x)+(x2+x+l}.

.E}c?p'so“'.'-(xz + X + I}{x6 s 1).
d) Thém va bét x2 +x. D&p 86 ; (xé - X + 1)(x3 - X s 1).
¢) Thém va b6t x2 + x. Pdp 56 (x +x + (x> — x4 + x> —x+1)
g) Them va b6t x*. Dap s6: (x* —x2 + D2 +x + D2 = x +1).
176. a) a® —b® +a* +a%b? +b? = (% +a2b? + bY@ -b + 1) =
= (a% +ab +'b2)(a-3 ~ab + b?)@% - b2 + 1).
b) x? 4 3xy + 3'3 -1= (x,3 + B_xz}i + 3:{},!2 + y3 - l)} 3x2y — 3xy2 + 3xy =
=[x +y)’ —1-3xy(x +y 1) =
=(x+y—-IJ{32+2x}r+y2+x+y+l—3x}*}=
={x+y_—l){x2 ~ Xy + y* +X+y+ 1)
177. a) 2x* +x + 1)%. C6 thé tach 5x? thanh 4% + x2.

b) (x* = 3x + 1)(x2 —4x + 1).



¢) (x2 = 4x + 7)(x2 + 4x +9).

d) (x? +2x +2)2x% +2x +1).
Cdch gidi khéng ding phuong phdp hé so bdt dinh :

x+D P Hx+ )2 = (x+ Lf +x2(x + 12 +2x(x + 1) + 1
= (o DRI+ 12 + X214 (22 4 2x 4 1) = (25 2%+ D[k + 12 4+ 1]
= @x2 + 2% + (2 + 2% + 2).
178, a) A = x® + 14x* +1 = x* + 1)? + 12x%.
" Them va bét 4x*(x* +1) duoc
A= D2 4P F D+ dxt - 4P 1 1)+ 80P
= (x* +1+2x2)2 —4x2x* +1-2x%) |
= (x* + 22 + 1% - 4x2(x% < 192 = (x* +2x2 £ 1)% — (2x3 — 2x)?
= (:u:4 +2x° +2x2 - 2x + l)(:‘;"r - 2x3'+ 2x2 + 2x + I}
b) xB +98x4 +1 = (x* + 1) + 96x*
= (x* + 1% + 16x%(x* + 1) + 64x% — 16x2(x? + 1) + 32x* =
=(x*+1+ szl)z' - lnS;!cj"(;!c4 +1- 2:(2) =
= x? +8x2 12 —16x2(x2 12 =
=t 8x2 4 1P — (4 ax)? =

= (x? +4x7 +8x% —4x + (x? = 4x3 + 8x% + 4x + 1).
_Ch;i y : Cdc da thic & cau a), b) 1a cdc trudng hop dac biét clia da thic

1

X +(4at +82% +2x* 41 (1) véia=1lvaa=2.
Da thic (1) lai 1a trudng hop dic biét cha da thitc |
%5 (434 +8a%b + 2b2)1;4 +b* véib=1.
Cdc ket qua tong quét trén do Tran Thanh Son va Pinh Nho Tam, hoc sinh
8H trudng Trung Vuong Ha Noi nam hoc 1999 — 2000 dé Xuat.



179. Kiém tra v6i a = 0 thi M = 0. Do vai trd binh ding cla a, b, c nén M c6
nhdn tr abc, nhan tr con lai 13 hang s6 k.

Choa=b=c=1dugck=4. Viy M = 4abc.
180. Bién déi n(n + 1)(n + 2)(n + 3) + 1 thanh (n? + 3n + 1)

181. A=(n+ D' +n*+1=® +2n+ 12 -2 + * +0® + D)
= +3n+ D02 +n+ D)+ @ +n+D)@m2—n+1)

= 2 +n+1@2n% +2n+2) =22 +n + 172
182. V6i moi x ta ¢ (x+a)(x—4)— = (X.+ b)(x + ¢) nén 'ft_‘rix=4thi
~74 (4 + b)(4 +¢). ) _
Xethaltmcfng_ht;Ip:4+_b=1,4+c=—-?'vz‘14+b=_7,4+c=-l.
Trudng hop thi nhat cho'b = -3,c=-11,a=~10,tacé
 x-10x-4)-7=x-3)x - 11).
Truong hgp thd haichob=3,c=-5,a=2,tacé
X +2)(x —4)— T = (x + 3)(x - 5).
183. Nhén (x + a)(x + b)(x + c), duoc
x3+('a+b+c)x2+(ab+bc+ca)x+abc.
Dodéb+c =0 (1), ab+bc+ca=b (2), abc=c (3).
Tir (1) ¢6 ¢ = - b. Thay vao (2), dugc ab — bz—ab—b@ b2 +b=0
<bb+1)=0b=0; b=-1. -
Néu b =0thitir(l)cé c=0, con (2) va (3) ludén dang nén a tuy v.
Néub=—-1thi (1)céc=1,tr(3)c6a=-1.

Tom lai, ta co x?’+ ax? = xz(x + a) hoic

x> ~x2 —x+1=(x-1>%x+1).

184. Doéng nhat x2+ X — n véi x +(b—a)x —ab,tadugcb-a=1vaab=n.

Do dé a(a + 1) = n. Do 1 < n < 100 nén tich hai s tu nhién lién tiép
a(a + 1) c6 thé bang 1.2,2.3, 3.4,..., 8.9, 9.10, gdm chin cip s6.

Vay c6 chin gia tri cha n thod min bii toan.



185. A=a’ +b% +c? =a? + (a+1)? +a(a +1)? =233 +2a+1+a(a+1)?

= -4 (a+l) +2aa+D+1= [zm[al+1}+1]2
Taco\f_—a(a+1)+1,la sﬂlc.

TINH CHIA HET 961 VOI SO NGUYEN

186. a) Bién déi : n> + 3n? +2n n(n + 1)(n +2), dé 1a tich cha ba s6
nguyén lién tiép.

b) Bién di : (n — I)n(n + 1)(n + 2), d6 Ia tich clia bon s& nguyén lién tiép.
187. a) Bién déi : n(n.+ 2)(n + 4) réi thay n = 2k, duoc 8k(k + 1)(k + 2).

b) Phan tich n? - 10n2 + 9 thanh nhan tir réi thay n = 2k + 1. '
188. Bi€n ddi: A= n® +n* - 2n% = n2(n? - 1)(n? + 2).
Xét cdc truong hopn = 2a, n = 2a + 1 dé ching minh A : 8. _
Xét céc trudng hopn =3b,n= 3b £ 1 dé chiing minh A : 9. Suyra A : 72.
189. BiénddiB=3" -9 =9" -9 nenB i9.
| Dé chitng minh B : 8, viét B dudi dang | :
B= (3")Y -1-8= G -pE" + D=
'~ vachi y rang 3" -1 va 41 la ha1 s0 chan lién tlé'p | #
190. a) Higu 74 -7 = (74 - 1) = 2400 . 7", |
b) a° -~ a = a(a® + 1)(a% — 1) chia hét cho 2 va 5.
c) Gidi tuong ty nhu cu b).

191. az +3a+2=(a+1)a+2), luon chia hét cho 2.

a2 +3a+2 3eval 42 3@3 ch1acho3du1¢>akhong chia hét
“cho 3. '

Diéu kién phai tim 12 a khong chia hét cho 3.



192. a) Ta c6 a* 1a s6 chinh phuong 1¢ nén chia cho 8 du 1, a2 I s6 chinh

phuong khong chia hét cho 3 nén chia cho 3 du 1. Suy ra a® — 1 chia hét
cho 8, chia hét cho 3, do d6 chia hét cho 24.

b) Ap dung lge'l qua cua céu a).
0)240= 2*.3.5;A=a%~1=@%2-D@2 +1) = (a+1)@- D)@ +1)

Néu a 1€ thic(a + 1)(a = 1) I3 tich ciia hai s6 chdn lién ti€p nén chia hét

cho 8, con aZ +1 chia hét cho 2, do d6 A chia hét cho 16. Con néu a chin
thi A khong chia hét cho 2.

Néua=3k+1 (k e N) thi a2 —1 chia hét cho 3, do d6 A chia hét cho 3.
Coh néu a = 3k (k € N) thi A chia cho 3 dur 2.

Néua=5k+1 (k e N) thi a’ — 1 chia hét cho 5, néua =5k £ 2 (k € N) thi

a® + 1 chia hét cho 5, do d6 A chia hét cho 5. Con néu a = 5k (k € N) thi A
chia cho 5 du 4.

Vay dléu kién dé a* —1 chia hét cho 240 12 a 1é, khéng chia hét cho 3,
khong chia hét cho 5.

Chui y : T két qua trén, ta c6 bai todn : Néu a 13 s6 nguyén t6 16n hon 5 thi
a® — 1 chia hét cho 240.

193. Xét hai trudng hop :
a) Trong a, b, c c6 mot s& bang 3. Khi dé 22 +32 4 52 = 38, 1a hop s6, loai ;
con 3% +52 + 7%= 83, 1a 56 nguyén to.
b) Ca a, b, ¢ déu 16n hon 3. Khi d6 aZ b?‘, ¢? déu chia cho 3 du 1 nén
a? + b2 + ¢ chia hét cho 3, 1 hop s6, loai. Ddp-s6':3;5; 7.

194. Xét biéu thic A = (a® —a) + (b% = b) + (¢ - ¢c) + (d% - d).
Dé thay A 1a s6 chén (vi biéu thifc trong méi ddu ngoac 1a tich cia hai s6
nguyén lién ti€p) nén (a;2 +b% +.¢% + dz)— (a+b+c +d)lasé chin.
Tir dé bai a® + b% = 2+ d? nén a? + b2 + 2+ d? 12 56 chén.

Vay a+ b +c +d 1a s& chdn, téng nay lai 16n hon 2 nén 12 hop s6.



195. Goi UCLN (a,c)=%,tacéa = kay, ¢ =ke; va (a, ¢p)=1.
Thay vao ab = cd dugc ka;b = kcyd nén
ajb = ¢yd. _ (1)
Tacé ajb:c; ma (aj,c))=1nénbic. f)e}t‘ b= cm(m e N), thay vao
(1) dugc ajeym =cyd nén aym=d.
Do do A=a’+b +c° +d = k’a) +cfm5 +k5c +af’m5
= kj(al +cl)+m (31 - cl) —(31+w::1)(1-:5 + m )
Do aj, ¢j, k, m la cic s6 nguyén duong nén A 1a hop s6.
196. a) Nhan xét : Mot s6 chinh phuong khi chia cho 3 chi ¢6 thé du 0 hoac 1.

Ta c6 a + b2 chia hét cho 3. Xét céc trudong hop ciia téng hai s6 du : 0 + 0,

0+ 1,1+ 1,chicé0 +0 chia hét cho 3. Vay a2, b chia hét cho 3, do dé
a va b chia hét cho 3. '

b) Nhdn xér : Mot s6 chinh phuong khi chia cho 7 chi c6 thé du 0, 1, 2, 4

(that vay, xét a.14n lugt bing 7k, 7k £ 1, 7k +2, 7k + 3 thi a chia cho 7
thi ty dw 0, 1, 4, 2).

Ta c6 a®+ b chia hét cho 7. Xét céc trudng hop cta téng hai s6 du : 0 + 0,
0+1,0+2,0+4, 1+1,1+2,2+2,1+4,2+4,4+4,chicé0+0 chia

hét cho 7. Vay a?, b2 chia hét cho 7, do d6 a va b chia hét cho 7.
197. a) Xét hiéu '

@+ +)-@sbro)=@ =)+ (b =)+ =0).
Méi biéu thiic trong ddu ngodc & vé& phai déu chia hét cho 6.
b) Xét hiéu (a't5 +b° +c5) —{(a+b+c). Giai tuang tu céu a).
198. a)a+b+c=0=>c=-(a+b). Dodé - |
| a3 +b% +¢® =a’ + b? - (a +b)® = —3ab(a + b) = 3abc.
bjd+b+c=0=sc=—(a+b), Dodf | |
a®> +b° +¢® =a® +b° - (a + b)> = - 5a% - 10a°b? - 102%b> —5ab*.

= Sab(a’ +2a%b + 2ab2 + b3).



Biéu thifc trong ddu ngodc bang
a’ + b’ +2ab(a + b) = (a + b)(a? — ab + b?) + 2ab(a + b)
= (a + b)a® +ab + b%).
Véy,_aﬂ +b° +c? = Sa’d:»r:(.a2 +ab + bz) s
199. a) Ap dung cau a) bai 197 (chd ¥ ring 1998 chia hét cho 6).

b) Pat 199517 =a = a; +a, +... +a,. Goi

3= aij’+a%+...+;ar$'1 =(a?-31)+(a% —az)fl-...-i_-(ag -8, + 1.

Mét'dau ngodc déu chia hét cho 6. Chi cén tim s6 du khi chia a cho 6. Chii-
y rang 1995 1a s 1é chia hét cho 3 nén a ciing la s6 1€ chia hﬁ't cho 3, do dé
chia cho 6 du 3. Vay S chia cho 6 duir 3.

200. a) a’b-ab’ =a’b—ab-ab’> +ab=b> —a)—a(b> —b) ; bifu thic
trong moi dau ngoac chia hét cho 6.

b) Vit a’b —ab’ thanh b(a® - a) - a(b - b).

201. Goi a la mét s6 ty nhién tuy y. Ching minh rang a> —a chia hét cho 6,
suyraa= a° - 6k.

202. 60 = 2235, a% + b% =2 (1)
Nhan xét:n=BS3+1= n* =BS3+1,n=BS5+ 1 = n® = BS5 + |,
n=BS5+2=n2=BS5+4,n=BS4+1= n®>=BS8+ 1,n=BS4+2
— 1% = BS8 + 4. |
Néu a, b, ¢ déu khong chia hét cho 3 thi az,_ b?’, ¢ déu chia cho 3 du 1.

Khi d6 a + b% = BS3 + 2, con ¢ = BS3 + 1, tréi véi (1). Vay t6n tai mot
trong ba s6 a, b, c chia hét cho 3, do dé abc chia hét cho 3.

- Néu'a, b, c déu khong chia hét cho 5 thi az, bz, ¢? chia cho 5 du 1 hoiic 4.

Khi d6 a2 + b% chia cho 5 du 0, 2, 3, con c2 chia cho 5 du 1, 4, tréi véi (1).
Viy ton tai moét trong ba s6 a, b, ¢ chia hét cho S.



Néu a, b, ¢ déu khong chia hét cho 4 thi a2, b2, c? chia cho 8 du 1 hoic 4.

Khi d6 a2 + b chia cho 8 du 0,2, 5, con ¢ chia cho 8 du 1, 4, tréi Vi (1.
Vay t6n tai moét trong céc s6 a, b, ¢ chia hét cho 4.

Két lugn : abc chia hét cho 3 . 4 . 5 tic 1a chia hét cho 60.
203. Cdch 1. Gui ba 's6 nguyén lién ti€p 12 n-=1, n, n + 1. Bién déi
(n —1)° +n° + (n + 1) thanh 3(n3 = n) + 9n, chia hét cho 9.

Cach 2. Trong ba s6 nguyén lién ti€p, c6 mot sé chia hét cho 3, mot s6
~chia cho 3 du 1, mot s6 chia cho 3'du 2. Ching mmh. rang t6ng cla céc s6

(a)’, (3b + 1), 3c — 1)? chia hét cho 9.

204. Gia sir a°> + b + ¢ chia hét cho 9 (1). Giasira, b, c déﬁ khﬁﬁg chia hét
cho 3 (c6 dang BS3 + 1) thi 1ap phuong cua méi s6 cé dang BSQ +1,dodé
a> +b> + ¢ = BS9 + n+np+n,trongdé n, p, e {1;- 1} Khong
co cach chon ba s6 1, 1, r3 nao dé tong chia hét cho 9, trdi véi (1).

Vay t6n tai mot trong ba sé a, b, ¢ 12 boi clia 3. |

205, a) Ta c6 a3 chia hét cho 25. Cin chu‘ng mmh ra’mg asp43 chia hét cho 25.
That vay : -

“asgy3 = 3(5k + 3)(5k +2) + 7= 3(25k? + 25k + 6) + 7 = BS25.

b) n(n - 1) chia cho 3 du 0 hoac 2 = 3n(n - 1) chia cho 9 du 0 hoac 6 =
3n(n - 1) + 7 chia cho 9 du 7 hodc 4. Trong khi dé, l4p phuong clia mét s6
- nguyén chia cho 9 chi ¢6 thé du 0, 1, 8.

206. a) Bai todn la truong hop dac biét clia dinh 1 nhd Phéc-ma ; aP~ ];— 1 chia
hét cho p voi p = 7 Chu‘ng minh truc tlép

1—(a +I)(a - 1).

Né’ua-—?k + 1 (ke N)thi a BS7+1neua—'7ki2thla—BST 8,
néua-?k+3th1a =BT +27 Taluénluﬁncna +1huﬁca — 1 chia
hét cho 7. Do d6 a% —lchlahétchn 7. |

b) 504 = 3°.7.8 Ditn = a’, cin ching minh

A= (a® -1) a’(a® + 1) chia hét cho 504.



Néu a chin thi a> chia hét cho 8 ; néu a 1 thi a3 — 1 va a° + 1 12 hai s& chén
lién tiép nén (a> — 1)( a> + 1) chia hét cho 8. Do d6 A chia hét cho 8.

Né’u a chia hét cho 7 thi A chia hét cho 7. Néu a khong chia hét cho 7 thi
a® —1 chna hét cho 7 (céu a).

Néu a chia hét chn 3 thi a° chia hét cho 9. Néua =3k + 1 thi a°>= BS9 + 1,

nén a°> — 1 hu&c a> + 1 chia hét cho 9. Do d6 A chia hét cho 9.
207. a) B =100. 101 2 =50, 101.

DE ching minh A chia hét cho 101, ghép cap : 13 +100%,23+ 993
Dé chitng minh A chia hét cho 50, ghép cap : 13 +993 23, 983,...

4
b) Giai tuong tu cu a).

Chii y : Téng quat, ta c6 v6i k 18 thi 1¥ + 2% + 3% & 4 n¥ chia hét cho
l+2+3+..+n.

Céch giai ctia bai todn téng qu.-.'i[ na_',r cing tuong tu nhu cdch gidi sau day

véin =99,
Goi C =1k 42k 4 3k +...+99k,D=1+2-I+3+ .+ 99 = 2921—-10
gg'lm.Tacé

Ta s& chimg minh C:

2C = (1% +99%) + (2K +98%) + ... + (99¥ + 1¥).
Do k la s6 1€ nén cac bi€u thifc trong mbi ddu ngoic chia hét cho 100, do dé
2C : 100. . (1)

Mic khéc, ta viét C = 1¥ + 2% + ... + 98¥ + 99k
C =985 +975 4 41K 4 9ok

nén 2C" = (1% +98%) + (2K + 97%) + .. + (98K +1¥) + 2. 99K, Do k 12 56 I¢
nén c4c bi€u thitc trong méi d4u ngodc chia hét cho 99, do d6

2C:99. (2)
Do 99 va 100 1a hai s6 nguyén t6 cung nhau nén tir (1) va (2) suy ra
99.100

chaC D.

:99.100, dodé C:



208. a) A chia cho 3 du 2 nén A khong 1a s6 chinh phuong.
b) Bién d6i : B=4 . 11...1. Dé B 1a s6 chinh phuong thi 11...1 phai la s6
Hw_p“

A
100 100
chinh phuong. S6 11...1 tan cing bing 11 nén chia cho 4 du 3, khong 1a.
100

's6 chinh phuong. Do d6 B khong 14 s6 chinh phuong.
¢) A chia cho 4 du 3 nén khong la s6 chinh phuong.
dyB= 4.3611 ... 1

5—~,—J’
97
S6 3611 ... 1 chia cho 4 du 3 nén khong 1a s6 chinh phuong.
— st L

97
Do d6 B khong 1 s6 chinh phuong.

209. S6 ¢6 nam chir s6 tao boi cac chix s6 2, 3, 4, 5, 6 1a s6 chia cho 3 du 2 nén
khong la sd chinh phuong.

210. MB&i s6 chinh phuong 1€ chia cho 4 dur 1 nén t6ng clia chiing chia cho 4 du 2,
khong 12 s6 chinh phuong. |

211. Moi so 1é déu c6 dang 2k + 1 (k € N).

Ta cé : dk+1=(k+1-kk+1+k) = (k+1)?-k%.

212. a) A gém 50 s& chinh phuong chén, 50 s6 chinh phuong 1. Méi s& chinh
phuong chin chia hét cho 4 nén téng clia 50 s6 d6 chia hét cho 4. Moi s6
chinh phuong 1é chia cho 4 du 1 nén tong ciia 50 s6 d6 chia cho 4 du 2.

A la s0 chia cho 4 du 2, khong la s6 chinh phuong. ¢
b) Ta viét B dudi dang téng ciia 57 s6 chinh phuong lién ti€p :
S= 02+ 12422 4.5 562, |
Ta thdy tdng clia ba s6 chinh phuong lién tiép chia cho 3 thi du 2. That vay :
(n— 1)2 +n? + (n+ 1).2 = 3n? + 2.Viét B duéi dang téng ciia 19 nhém :
B= (02 +12 +22) + (3 + 4% + 5%) + ... + (54% + 55% + 56%).
= 19(B53+2)=BS3+38¥BS3+2.
S6 chia cho 3 du 2 khong 14 s6 chinh phuong. Vay B khong 12 s6 chinh phuong.



~c)Patn=2k-1(k e N,k>1). Tacé

_1+(2k-1)
2

C=1+3+5+..+(2k-1) .k = k%

Vay C la s6 chinh phuong.
213.'a) n® tan cing bing 9 = n’ =(10a+3)” =100a>+60a +9 =
= 10(10a® + Ga,)+ 9. 6 chuc cia n? 1a IGIa2 + 6a, la s6 chin. Va}r chir s6

hang chuc ctia n? 13 chir s& chén.
b) Goi n? Ia s6 chinh phuong lé thi

# n®= (10a+b)? trongdéb € {1;3;5;7;9).
Tacé n? = 10(10a2 + 2ab) + b2.

Vi b? c6 chit s6 hang chuc chidn va 10a® + 2ab 13 56 chin nén chi s6 hang
chuc ctia n® 1a chit s6 chén.
¢) Cdch I. Xét
2 = (10a + 4)? = 100a® £ 80a + 16 = 10(10a2 +8a + 1) + 6.

Cdch 2. Ching minh bing phan chimg. Gia sir n® tan ciing bing 06, 26,
46, 86 thi vo Ii (vi s6 chinh phuong chén thi phai chia hét cho 4).
d) Xét n? =(10a + 5)% =100a(a + 1) + 25. '

214. a) S6 chinh phuong khong c6 tan cling béng 2, 3, 7, 8. Xét cdc s6 ¢6 tin ciing
50, 51,54, 55, 56, 59 : cdc s6 c6 tan ciing bing 50, 54 c6 dang BS 4 + 2,
cac s6 c6 tan cing 51, 55, 59 ¢6 dang BS 4 + 3, chiing déu khong la s6
chinh phuong.

Vay s6 chinh phuong di cho c6 tan ciing bing 56, chit 6 hang don vi bing 6.
Vidu: 16% = 256, 34%=1156.

b) Goi n® = (10a + b)> = 10(10a% + 2ab) + b%. Chit s hang don vi phai
tim Ia chif s6 tan ciing ciia b2 | | '

Theo dé bai, chir s6 h?ang. chuc clia n? 1a chit s6 1¢ nén chit s& hang chuc
ciia b phai 1&. Xét cdc gi tri ciia b tir 0 dén 9, chi c6 b? = 16 va b2= 36



co chir s6 hang chuc 1é, chung déu tan ciing bing 6. Vay n® cé cl:ur sO tan
cung bing 6. " :

¢) Gidi tuong t nhu cau b), néu n” c6 chit s6 hang chuc 1¢ thi n phai c6
tan cing bang 4 hoac 6. Nguoc lai, n€u n c6 tan ciing bing 4 hoac 6 thi chir

s6 hang chuc ciia n 13 chit s6 8.
Tir 1 dén 100, c6 20 56 ¢6 tan ciing bing 4 hodc 6 (d6 1a cic s6 4, 6, 14, 16,
.., 94, 96). Vay ¢6 20 s n phai tim.

215. a) Xét hai s6 nguyén duong lién tié’p nvan+1(mz21).V6in21thi
n? <n(@+1) < (n+ 17,
\?ay-n(n + 1) khong la s6 chinh phuong.
b) Xét ba s6 nguyén duong lién ti€pn— 1, n, n I+ 1 (n=>2). Tacd
(a-Dn@+1)= n@®-1).

- Ta thdy n va n? -1 12 hai s6 nguyén td cing nhau (that vaynéun : d va
n®—1:dthil:dneénd-= t1). Do dé .né’u n 2% - 1) 12 s6 chinh phuong
thi ca hai thira s6 n vd n® — 1 déu Ia s6 chinh phm:mg
Ta c6 nhan xét: Véin>2thi n> - 1 khong 1a s6 chinh phuﬂng vi

- (n- 1)2':11 I-r:n2

Viy uch cua ba 86 nguyén du’ufng lién tlép khéng 12 s6 chinh phuong.
c) Xét bon s6 nguyén dlmng lién ti€p n, n + 1, n + 2, n + B. Ta thdy
(n® + 3n + 1) — 1 khéng Ia s6 chinh phuong (ding nhan xét & cau b).

216. b° -2a° = (a+2)’ —a>. Bién déi thanh a® + (a +2)* + (2a +2)%.
217, a) Véin=1thi n® - n * 2= 2 khong 1 s6 chinh phw:mg
Véin=2thin -n+2=4, 1 sé’chmh phuong.
V6in> 2 thi n? - n + 2 khong Ia s6 chinh phuong vi

(n-1? <n® -(n-2)<n.



b) Véin > 2 thi (02 —1)2 <n* = (n -2) < 1) nén n* — i + 2 khong I3
s6 chinh phuong. o s

Xétn=1 van= 2. Bupm' ns= 2.
¢) n° <n+ 2 chiacho 3 du 2 nén khong 1a s6 chinh phwong.

d) Trudc hét chimg minh rang n’—n:s (xem vi du 39),

Suy ra n° — n + 2 chia cho 5 du 2. S6 chia cho 5 du 2 thi tan ciing bang 2
hoac 7, do d6 khéng 1a s6 chinh phuong.

218. 4p+ 112 s6 1é va 12 s6 chinh phuong nén

/ 4p + 1 = (2k + 1) = 4k® + 4k +1 (k nguyén)
=4p=4k(k+1) = p=k(k +1).

Do p 1 s6 nguyén tonénk=1.Khidép=2vadp +1 =9= 32,

219. Ching minh n chia hétcho 3 : Néun =3k + | thin + 1 = 3k + 2, khong
la s6 chinh phuong, loai. Néu n = 3k + 2 thi 2n + 1 = 3(2k + 1) + 2, khong
1a s6 chinh phwong, loai. Vay n chia hét cho 3. |

Ching minh n chia hét cho 8 : Ta ¢6 2n + 1 1a s6 chinh phuong 1¢ nén chia
cho 8 du 1 (1), do dé 2n chia hét cho 8, n chia hét cho 4, n + 1 14 s6 chinh
phuong 1€ nén chia cho 8 dur 1, do d6 n chia hét cho 8.

220. 2n + 1 la s6 chinh phuong lé nén chia cho 8 du l1=>nchin=3n+11a
s0 chinh phuong 1é, s6 nﬁy chia cho 8 dur 1 nén 3n chia hét chn 8,dodon
- chia hétcho 8 (1) ¢ ‘

Cédch 1.3n+ 1 tancing 1, 5,9 = 3n-tan cing 0, 4, 8 = n tan cing 0, 8, 6.
Loai truong hop n tan cing 8 (vi khi d6 2n + 1 tan cing 7, khong 1a s6
chinh phuong), loai truong hop n tin ciing 6 (vi khi dé 2n + 1 tan ciing 3,
khong la s6 chinh phuong). Vay n tan cing 0 (2).
Tir (1) va (2) suy ra n chia hét cho 40.
Cdch 2.2n + 1, 3n + 1 1a céc s6 chinh phuong 1€ nén tan ciing bang 1, 5, 9
~ do d6 chia cho 5 du 1, 0, 4. Téng cta chiing 12 5n + 2 nén méi s6 2n + | va
3n + 1 déu chia cho 5 du' 1, do dé 2n va 3n déu chia hét cho 5, vay n chla
hét cho 5 (3).

Tir (1) va (3) suy ra n chia hét cho 40.



221, 8) Xét p="3k + 1 vap =3k +2 déu khong xiy ra. Xét p= 3k, tim dugc p=3.
b) Xétp =Sk 1 thi 4p? +1 1a hops6. B
Xétp =Sk £ 2thi 6p% +1 12 hop s6.

Do d6 p = 5. Khi d6 4@2 +1=101; 6p + 1 = 151 déu I3 céc s nguyen t6.

222. a) Phan tich thanh nhan tir : | | '

1202 - 5n =25 = 1202 + 151 - 200 - 25
= 3n(4n + 5) — 5(4n + 5) = (4n + 5)(3n - 5).

Do 12n* - 5n - 25 12 s6 nguyén t6 va 4n +5>0nén3n-5>0.Talaico

3n-5<4n + 5 (vin=0)nén dé 12n% - 5n—-251a s6 nguyén to thi thira
s6 nho phai bang 1. '

Giai diéu kién 3n - 5= 1, dugc n = 2.
Khi d6, 12n® —5n-25=13. 1 = 13, 12 56 nguyén t6.
Vay v6i n = 2 thi gid tri cha biéu thite 12n% — 5n — 25 1a s6 nguyén t6 13.
b)Biénddi:  8n® +10n+3= (2n+ 1)(4n + 3). |
| Dép s6:n=0, khid6 8n® + 10n+ 3 = 3.

n(n + 3)

c) A= DoAlas&lunh1énnénn(n+3) 4. Haisbnvan+3

khong thé cung ch&'n, Vay hoac n, hoac n + 3 chia hét cho 4.
Néu n =0 thi A =0, khong 1a s6 nguyén t6. 4
Néu n =4 thi A =7, 1a s6 nguyén 6.

Néun=4dkvéike Z,k>1thi A = k(4k + 3) 1a tich cla hai thua sO 16n
hon 1 nén A la hop s6.

Néun + 3 =4 thi A = 1, khong la s6 nguyén t6.

Néun+3=4kvéik e Z, k> 1thi A =k(4k- 3) 12 tich cua hai thua 56
16n hon 1 nén A 12 hop s6.

Viyn=4,khido A="T7.
223, a) Cdch I. A= +Tn+22=(a+5@+2)+i2.



Ciéc s6 n + 2 van+ 5 c6 hiéu bang 3 nén ching clng chia hét hoac cling
khong chia hét cho 3. Néu chiing cung chia hét cho 3 thi (n + 5)(n + 2)
- chia hét cho 9, suy ra A khong chia hét cho 9. Néu ching cung khong chia
hé€t cho 3 (3 14 s6 nguyén t6) thi (n + 2)(n + 5) khong chia hét cho 3, suy ra
A khong chia hét cho 3, do d6 khong chia hét cho 9. -
Chu y. Trong cdch giai nay, ta di bién déi n? + 7n + 22 vé dang
(n+a)n+b)4csaocho (n+a)—(n+b)=3(iclaa—b=3)vaia+b=7,
dodéchona=35,b=2, -

Cdch 2. Gia sir A = n? + 7n + 22 chia hét cho 9 thi f:éc biéu thiic sau chia
hét cho 3 : n® + 7n + 22-9n-21, n®-2n+ L m-1% n-1 Thay
n =.3"k + 1 vao A 1a lai dugc mot biéu thirc khéng chia hét cho 9. Vay vdi
moi $6 nguyén n thi n% + 7n + 22 khong chia hét cho 9.
" b) Giai tuong tu cu a). -

224, S6 n va n? c6 tong céc chir s6 bing nhau nén n® — n chia hét cho 9 . Ta
laic6(n,n~1)=1nénn=BS9 hoacn=BS9 + 1. |

225. a) Goi chin s6 ban dau la a, a,, ..., aq thi chin s6 méi la a;, —1,
ay -2, .., ag—9. D& ching minh tich cia chin s6 méi Ia s6 chin, ta

ching t6 ring tén tai mot s6 mdi 12 s6 chin. That véy, gia sir chin s6 méi
déu 12 s6 1é thi téng cta chiing la s6 18.

Do d6 (@ -1 +(a3 =2)+... +(ag —9) la s6 1&

nén (aj+ ag +...+ag) —(1+2+..+9)[as6le,
suyraQlasélé, vo li.

b) Chi ¥ rang (a; — by) + (2 — by) + ... + (ag — bg) = 0. Giai tuong tu nhu
cau a). !

226. a) n® +2n-4=(n-3)(n+5)+11 chia hét cho 11. Vay n = BS 11 + 3
hoac n=BS 11 —5.
b)Pdpsé:1,0:3:—2.
c) n> — 8 + 6 chia hét cho n — 2 nén 6 chia hét chon - 2.
Ddps6:3;1;4;0;5;-1;8; -4



d) Phai ¢6 n® +n + 1 1a uéc cha 3. Chd ¥ ring n? + n + 1 > 0 nén chi xét
n” +n+1=3hoacn® +n+1=1.

Dipsé:1;-2;0; —-1.
e)A=nt-20°+20% ~2n+1=(m-12@m*+1),

B=n*-1=@%+1n+ n -1).
Don #+ 1 nénn - 1 chia hétchon + 1 = 2 chia hét chon + 1.
Dip s6':0;5~2; —3 (chd ¥ rang n = 1 loai).

2

g)Chiﬂ.H3—ﬂ2 +2n+7chon“ +1,dugcn—1,dun+ 8.

n+8in’+1@+8)(n-8)=n’-64: n+1

—n?+1-65 ‘n2+1 =65 n®+1.

Lan luot cho n? +1 bing 1;5;13; 65, dugc n bang 0 ; £2; + 8. Thir lai,
cac gid trin =0, n =2, n = — 8 thoa man.

227. Chir s6 tan cung cta nam sinh cha hai ban phai 12 9 va 0 vi trong trudng
hop nguoc lai thi téng cic chit s6 cta ndm sinh clia hai ban chi hon kém
nhau 12 1, khong thé ciing 1 s6 chén.

Goi nam sinh cia Mai 12 19a9 thil +9 +a+ 9 = 19 + a. Mu6n téng nay
la s6 chinthia e {1;3;5;7:9}. Hién nhién Mai khong thé sinh nam
1959 hoac 1999. Vay Mai sinh nam 1979, ban cia Mai sinh nam 1980.

228. Xét ba s6 tu nhién lién tiép 2" — 1,2, 2" + 1, t6n tai mot boi cira 3, d6 1

20 _ 1 hodc 2" +1.°

gt /
Néun>2thi 2" +1 > 2" —1 > 3 nén boi clia 3 néi trén 1a hop s6.

Xétn=1,n=2 thi n =2 thoa mén bai todn :
2" -1=3, 2" +1=5. :
229. Gia su céc s6 a, b, ¢, d, e, g d2u ¢ thi binh phu?ﬂng ctia méi s6 déu chia
cho 8 du 1. Do d6 vé€ trdi chia cho 8 du 5, con v€ phai chia cho 8 du 1, vo Ii.
Vay ton tai mot trong cc s6 do 1a s6 chan.
230. =(a-Db)a-c)a-d)(b-c)b-d)c-d).

Xét bon s6 a, b, c, d khi chia cho 3, ton tai hai s6 c6 ciing s6 du khi chia
cho 3, hiéu cua ching chia hét cho 3, nén P chia hét cho 3.



Xét bén-sd a, b, ¢, d khi chia cho 4 :

— Néu t6n tai hai s6 ciing s6 du khi chia cho 4 thi hiéu ciia ching chia hét
cho 4, do dé P chia hét cho 4.

— Néu b6n s6 4y c6 s6 du khéc nhau khi chia cho 4 (13 0, 1, 2, 3) thi hai
s6 ¢6 s6 du 1a 0 va 2 ¢6 hiéu chia hét cho 2, hai s6 ¢6 s6 du 13 1 va 3 cé
hiéu chia hét cho 2. Do dé P chia hét cho 4.

231. MJi s6 nguyén duong khong qud 50 déu viét dugc dudi dang a = 2*.b
voike {0;1;2;3;4;5},be{1;3;5;... ;49).
Choncdcs6cok=0,conbe {1;3;5;...;49}, cic sdnaylal, 3,35, ..., 49,
gébm 25s6.

Choh cdc s6 c6 k=2, conb e{1;3;5;7:9; 11}, cdc s6 ndy 1a 4, 12,
20, 28, 36, 44 gém sau sd. -

Chon cics6c6 k=4, conb € {1; 3}, cdc s6 nay 1a 16, 48, goém hai s6.

Trong 25 + 6 + 2 = 33 s6 trén, khong c6 hai 56 nao ma mot s6 gip doi s6
con lai.

Chii y : Néu c6 thém mot s6 nita, Khdc 33 s6 da cho, nho hon 50 thi trong
34 56 nay, ton tai hai s6 ma mot s& gip doi s6 con lai.

That vay, néu s6 thit 34 c6 dang 2. k' (k' = 1, 3, 5, ..., 23) thi né gdp déi
mot trong céc s6 ¢6 dang 2°. k, néu s6 thi 34 ¢6 dang 2. k' (k'= 1, 3, 5)
thi né gdp doi mot trong cdc s6 ¢6 dang 22k, néu s6 thit 34 cé dang 2°
thi n6 gap doi mot trong céc s cé dang 3 k.

232. Goi a la s6 tu nhién ma trong biéu dién thap phan ctia né khong c6 cic
chirs6 0, 1, 2, 3. C6 vo s6 cédc s6 a nhu vay.

Xétddy s6:a, aa, .., aa..a
\—v_-l
2004 s6 a

Tén tai hai s6 c6 ciing s6 du khi chia cho 2003.

Gid sithais6 d6 12 a, =aa..a va a, = aa..a (m>n).
\.__V:__,..- A | S
mso a nséa

Hay ching minh ring s6 aa..a chia hét cho 2003.
| 80 a
m-n



233. Xét 52 56 : 2003, 20032, 2003°, ..., 2003%2
Ton tai hai sd co6 cung s6 du khi chia cho 51. Gia si hai 56 d6 1a 2003™ va-
2003" (1 £n<m<52). Khidé
2003™ - 2003° : 51
nén 2003"(2003™ 7" —1) : 51.
Do 2003" vi 51 nguyén 16 cing nhau nén 2003™ " — 1 chia hét cho 51.

Chi y : Néu cdc s6 nguyén duong a va m nguyén t6 cung nhau thi ton tai

s6 tu nhién k sao cho a® —1 chia hét cho m. C6 dinh 1 cho phép chi ra
dugce s6 k, d6 1a dinh 1i O-le, trong d6 k 12 s6 lugng cédc s6 nguyén duong
nho hon m va nguyén t6 cing nhau véi m. Chi ¥ rang s6 k tim theo cdch

ndy khong nhat thiét 12 s6 nho nhat dé a* -1 | m.

Cach tim s6 lugng cic s6 nguyén duong nho hon m va nguyén t6 cung
nhau véi m nhu sau :

— Néu m la s6 nguyén t6 thik =m — 1.
— Néu m 12 hop s6 va dang phan tich ra thira s6 nguyén t6 1a a*bYc”... thi

B33

Trong bai todn trén m =51 = 3.17 nén

k=51(1-1J(1—i)=51.3.E=32.
3 17 3 N

Nhu vay v6i dinh 1f O-le, ta chi ra duge 2003*2 -1 51.

234, 251 | = 2*)'7 1 chiahétcho 23 -1=7.

235. 2704370 = 22)3 4 (32)35 = 435 + 935 chia hét cho 4 + 9 = 13 (4p dung
El'2k+l + b2k+l ti b) 4

236. 17" +19'7 = 17" + 1)+ 197 —1) : 18. (4p dung a?¥*! L pZKHl a4 .
a —b":ia-b). |



237, 36% ~1 chia hét cho 36 - 1 = 35 nén chia hét ¢ho 7.
[T (36%% 4 1)~ 2 chia cho 37.dir 2.
238. a) 4°° — 1 chia hét cho 4 — 1 tife 13 429 _ chia hét cho 3, ma 4% —1 > 3
~ nen 4% —llaht;fp_sfi. | ' |
b)1 000 001 = 1003 + 1° chia hét cho 100 + 1. Vay 1 000 001 Ia hqﬁa $6.
- ©) 27 +1=4" +1 chiahétchod+1, - T
239. Tac6 4" = (3 £1)" =BS3+1 nén bidu thitc d cho bing
/ BS3+1 +2+3+4+5+6 BSS+21 chia hét cho 3.
240. A = c31“ 15") — (24" - 8™) chia hét cho 16 ;
A= (31" =24™) - (15" - 8") chia hét cho 7.
241. Xét cic trudng hop n chin va 12. Bap §6°: n chan.
242. A = 32043 | 240+l _ 57 420 +_2.24" = |
= 95 30 i 2(32“ + 2% =BS25 + 2'(9_“ +16").
Néu n 1 thi 9" + 16" chia hét cho 25, do d6 A chia hét cho 25.

Né€u n chin thi 9" tan cing bing 1, con 16" tan cing bang ‘6, suy ra
2(9™ +16") tan cung bing 4,vay A khong chia hét cho 25.
Pdp 56 ' n 1é.

243. Lan lugt xét n = 3k, n—3k+1 n—3k+2 ch1c6n=3kth1 B
chia hét cho 9. . : :

244. 5" - 2" chia hét cho 9 < n 13 boi ciia 3 (cau a).
5" — 2" chia hét cho 7 < n chin. Dap s6': n = 6k (k € N).
245. Pat A= 1™ + 20 430 4 40

NéunlasS1éthi 1" +4" i 5va 2"+ 3" : Snen A : 5.



Néun =4k + 2 (k € N) thi
X o 24k+2 A 34k+2 +44k+2 . (l ¥ 42k+1}+(92k+1 + 162k+1)
“chia hét cho 5. '
Néu n = 4k (k € N) thi
A=1+ 27640 3% L 4% = 14 165 + 81F + 162K,
tan cling bang 4, khong chia hét cho 5. e
Ddp s6 : n khong chia hét cho 4.
246. 222 155 = @S T+ 1P+ ®BS 1 -1 =
=BS7+1+BS7-1=BS7.
247. Lu thira ciia 2 sit véimot boiclia 7132° =8 =7 + 1.
Ta thdy 1994 chia cho 3 du 2. Do d6 |
21994 _ 32 42 =47+ 1) = 4BS T+ 1)=BS 7+ 4.
248. Lu¥ thira cha 3 sat v6i mot boi cha 7 12 33=27=BS7-1.
Ta thay 1993 chia cho 6 du 1. Do d6
g9 _qbk+l_qa3k _qpgq_ 1K= 3(BS74+1)=BST7+3.
249, Chii ¥ rang 1995 1a bdi cha 7, do dé

A=1992"% + 1994 = Bs 7-3)" + BS 7- 1) =

=BS7-3"" +BS7-1.

Theo bai 248 thi 3'*° =BS 7 + 3. Dods A=BS7~(BS7+3)~1=BS7-4
Véy A chia cho 7 du 3.
Chii ¥ : D€ tim s6 du cha phép chia luy thira a° cho m, ta c6 thétim mot
luy thira clia a sat v6i mot boi ciia m (chang han la a"), sau dé viét b dudi
dang nk + r (bai 247) hoac 2nk + r (bai 24_3).

250, Cdch 1. Ching minh ring 3'°%® =BS13+1, 5'%% =BS13-1

Vay 310 5P o hét cho 13. h

Chch2. A= 31998 1993 = (33)666 ( 2 999 27666 + 25999 -

s (27656 1)+ (2 5999 ).

Ta ¢6 27°%° — 1 chia hét cho 26 (hang déng thic 8), 25°% + 1 chia hét cho
26 (hing ding thitc 9). Vay A chia hét cho 13.



251. Ta tnn mot luy lht.ra clia 9 sét v6i mot bfn chia 13,d6 12 9° = 729 BS 13 + 1.
Do d6 ta viét 10'! dudi dang (BS 3 + l) =3k+1.Tacé

910" _ g3k+1 _ 993k _ 9(BS 13+ 1) = O(BS 13+ 1) = BS 13 +9.
Luy thira clia 5 sét v&i mot boi ciia 13 1a 57 = BS 13 — 1.
Viét 9'% duéi dang 4n + 1 thi
10 Satih: _
59" =5+l =552 = 58513 ~1)" =5BS13 + 1)=BS 13+ 5
L .a. o - ln *
(cha ¥ ring néu viét 9% dui dang 2m + 1 thi 57 = §2mHl _ 5(BS 13 - D™,
ch:;ra xdc dinh dugc s6 du vi chura biét m chin hay 1€).
- IUI 1 91[] - .
Vay 9 -5 chiacho 13 du 4.
252. Ta sé chitng minh A chia hét cho 7. Luy thiva ciia 2 s&t v6i mot boi chia 7
122> Tacé |
2™ =@ -1 =BS3-1=3k+2.
Do d6 ,
A=25*43=402+3=47+1 +3=BS7+7=BS7.
Talaicd A> 7, dodé A la hgp sé.
253. a)du 1 ; b) du 4.

3k+2

254, 0’ - 1) =BSn-1, @* - )***=BSn- 1. Vay
(n3 L 1)mmz
255, Cdch 1. Ta thay 455'> = (BS 4 —1)'> =B 4 + 1. Do dé, a va b chia cho 4

cing du 1 hoac cung du 3. Trong ca hai trudng hUp trén, a + b chia cho 4
du 2.

Céch2. Xétbiduthtcab+a+b+1=ab+ 1)+ (b+ 1) =(a+ 1)(b oy ).
Do avablenén(a+ 1)(b+ 1) chia hét cho 4, titc 1a

(ab +1) + (a + b) chia hét cho 4. (1

IV pSyal.

Talh.ﬁy _
ab = 4552 = (BS 4 - 1)1 =BS4+1=ab+1=BS4+2.  (2)
Tu(l)v4(2)suyraa+b BS 4 + 2.



256. a)3°” =338 23010~ )" = 310" - ... + 499.10 - 1) =
= 3(BS 100 + 4989) =
b) Xéts6mii 7' =(8—1)’ =BS8 — 1 =4k + 3. Ta c6

7
77 =73 = PR 2 343.0.00% = (L43)(.01) = .43

mju B SU 49 1

257, 3" - (o - 1j* = 02 —50.10 + 1

= BS 1000 + ... 500 — 500 + 1 |

= BS 1000 + 1. Vay 3'" ¢6 tan cing 12 001.
Chii y : Tong qudt, ta ching minh dwgc ring néu n 12 6 1é khong chia hét
cho 3 thi ba chit s6 tadn cling cta n'*% 12 001.

Trudc hét, ta thiy mot s6 n khong chia hét cho 5 thi chia cho 125 ¢6 s6 du

bang 1. Diéu nay da dugc ching minh & chi § cta vi du 45, day, do cé
thém di€u kién n 12 56 1€ nén con c6 thé chitng minh bing céch sau :

ntan cung bang 1, 3,7,9 = n’ tdn cung béng 1
s al0D (.“4}25 = (10k 1
_25.24 >
= BS 1000 + S —(10k)~ + 25. I{}k+1—BSI25+1 (1)
-, 100 50,2 5 s £ oo vim :
Tacon — =(n"")" 1a s6 chinh phuong 18 (vi n lé) nén chia cho 8 du 1. (2)
Tir (1) va (2) suy ra 0% [ chia hét cho 1000, tic 1a tan cling bang 001.

Tir két qua nay, ta con suy ra : Néu n 1a s6 1é khfmg chia hét cho 5 thi n
va n ¢6 ba chir s6 tan cing nhu nhau. -

258. Ta c6 89° — | chia hét cho 89 — 1 nén chia hét cho 11, 89° — 1 chia hét
cho 89 + 1 nén chia hét cho 89 + 1, do d6 chia hét cho 9. Pat 89 _1=A.

A = 496 9xy 290 960 chia hét cho 11 va 9. B

Tfing cac chir s6 hang lé tir phai sang trdi cia A bing 36 + y, tdng céc chif
s6 hang chin cua A bing 18 + x.

A chia hét cho 9 nén 54 + x +y chiahét cho 9, tr d6 x +y € {0:9: 18] :
A chia hét cho 11 nén -

(36 +y) — (18 + x) chia hét cho 11, trdé6 x —y € {7 ; —4}.




Né’ux+'y=01hix=y=ﬂ, loai.
Néux +y=18thix =y =09, loai.

Né’ux+y 9: chuyr.ingx-i—yvax—ycung chdn hodc cing 1é nén
X-y=7.Tadugcx=8,y=1.

Vay 89° = 496 981 290 961.

i

TINH CHIA HET POI VOI PA THUC

259. a) C6; b) Khong.
260. a) % ]—x I—x+x—_x(x - 1) + x. Tathayx -—l—(x } —. 1 nén
chia hét chux ~ 1, do dé6 chia hét cho x° + 1.
Vayx ! chia cho x* + 1 dux.
b) Dur —x.
261 a)Du4;  b)Du4x.
262. a)r=f(-1)=—=1-1=1-1 +7=3.Du3. |
)X +x + x4 x4+ 7= xx® 1)+ x+ 1)+ xx 0k 1) 2%+ 7
Chii y ring (x)* + 1, 6% + 1, x»’ + 1 chia hét cho x° + 1 (theo hing
dﬁng thitc 9). Vay du phai tim 1a —2x + 7.

263. Goi thuong khi chla f(x) cho x - 11AQ(x),dulaax + b. Taco
B - DO e
Dang thitc trén ding vé6i moi x. Lén lugt chox =1 vax=-1.
Ddp : Du khi chia f(x) cho x> - 1 1a 25x + 26.
264. Tru6c hét ta tim dur khi chia £(x) cho (x — 2)(x — 3).

- Xét f(x) = (x = 3).A(x) + 7, ' (1)
f(x) = (x — 2).B(x) + 5. 2)
Cdch 1. Xét f(x) = 3x(x - 2)(x - 3) + ax.+ b. (3)

T (1), (2), (3), bang cichchox =2, x =3 tatimduoca=2, b= 1. Du cia
phép chia f(x) cho (x — 2)(x — 3) 1a 2x + 1.



Do d6 £(x) = 3x(X = 2)(X = 3) + 2x + 1 = 3x° — 15> + 20X + 1.

Cdch 2. Tir (1) suy ra | -

(x — 2)f(x) = (x = 2)(x = 3).A(x) + 7(x — 2). %)

Tir (2) suy ra | - .

(x = 3)E(x) = (x = 2)(x = 3).B(x) + 5(x — 3). (5)
Lay (4) trir (5) duge f(x) = (x — 2)(x - 3)[A(X) - B(x)] + 2x + 1.
Du khi chia f(x) cho (x — 2)(x — 3) 1a 2x + 1. Gidi ti€p nhu cich 1.

265. Ddp 56 - x* + x>~ 9x% + 2x — 31.

266. Dat -% =a,tacod: xs = (x —a).B(x) + 1.

Chox =athir =ag, do dé:
x® —a® = (x —a).B(x)

8 8

nén  Bx)="——"=x* +ax? +a?)(x +a). -
X—a

Ta cé (x* + a0 + aH)(x + a) = (x — 2).C(x) + 1.

Cho x = a, ta dugc : 2a".2a°.2a = rynénry = Ba’.
1

1
Thay a = -—, taduoc r) = ——.
Y 2 °" 16

267. a) Thém va b6t x*° vao da thic bi chia.

b) Bién déi: x* = x* —x" = (P - x + - * + 1) - (P  y,

c)x10-10x+9=(x —1)—10(::.-—1) (x—-1)x +x8+x7+ .+X+1-10)
Biéu thic trong ddu ngoic thu hai bang (x - 1)+(x - l)+ c+ (x - l),J
chia hét cho x - 1.

d)8x - 9% +1=8(x"-1)-9x° - 1)

== DBE + X+t x+ 1)=& +x 4. +x+ D).

Biéu thic trong ddu ngoic éuéng bing
ng—-x-’_—xﬁ—xs—xd’—xs-xz—x— {

chia hét cho x — 1 vi tdng cdc hé s6 bang 0.



268. Trudc hét ching minh ring f(x) — g(x) chia hét cho g(x).

” 88
Tacé f(x} g(x)—x —x9+x ~—13+...+x11—x=

= = D - )+ xx - 1),

Céc biéu thitc trong diu nguac déu chia hét cho x'° - 1, ma x'° ~ 1 chia
hét cho g(x). | :
- 6 2,3 R 2 2
269. (x+y} +(X=yY) =[x+y)T +[(x-v)] chia hét cho (x + y)" + (x — y)",
tifc 1a chia hét cho 2(x” + y?), do d6 chia hét cho x2 + y2.

270. a) Ching minh rang moi nghiém ctia da thic chia déu la nghiém cia da
thirc bi chia.

b) D’; thic bi chia bang {xznﬂ + 1)2, chia hét cho (x + 5

C)_ (x + I)4n+2 + Ifx - 1}4n+2 = [( + 1) ]2I'I+I e [( _ 1)2]2n+1

(x + B + (x = 1)?, tifc 1 chia hét cho 2(x2 + 1),

271. Vinvan + 1 1a hai s& tu nhién lién ti€p nén cé mét s6 chin, mot sé 18.
Da thifc bi chia cé dang
' 2k+1

x = 1)’

chia hét cho

~ 1) =" = 1).AX).(x - 1).B(x)

= (x + D(x - D*.AX).Bx).

272. Truéc hét, ta chitmg minh x5+ 4 x50+2

tuong tu nhu vi du 58.
6m+4 6n+2

+ 1 chia hét cho x> + x + 1. Gii

Pa thidc x + 1 chia hét cho xz + X + 1 va chia hét cho x2 -x+1

(vi du 58), hau da thitc nay khong co nhan ti chung bac nhit. Do dé

6m+4 + 32" 5 chia hét cho tich {x + X+ 1){x —~ X + 1), tic la chia hét

ch0x4+x2+l

273. Xétn=3k,n=3k+1,n=3k+2. Trong trucmg hop dau, sé du clia phép
chia bang 3. Trong hai trudng hop sau, s& du bang 0. Vay s6 cdn tim n
khong chia hét cho 3.

274. Goi thuong khi chia da thitc A cho x + y+2z1a Q, ta cé
~x3+y3+23'+kxyz=(x+y+z).{1
Déng thiic trén ding véimoi x,y, znén véix =1, y=1,z=-2tacé:
1414+ M- (L4 1 -0 5-6-2k=0=>F=~3.



Véi k = -3 ta c6 x° + y3 g e 3xyz chia h&t cho x +'y +z (thuong béng
%% .4 yz + 2%
Vayk=-3.
275, Giaslrala Ilghiem nguyen cua f(x). Véi moi x, ta ¢é f(x) = (x — a).Q(x)
trong d6 Q(x) la da thiic c6 hé s& nguyén, do dé
f(0) = -a.Q(0), f(1)=(1 -a).Q(1)

Do f(0) las6 le nén ala s 1é, do f(1)las61énén 1 —a 1A s6 1¢, mau thuin
vo1 nhau. '

— Xy — yZ — zX).

PHAN HINH HOC

Chuong I - TU GIAC

§1. Tr giac

1. (h.49) Goi O la giao diém cta AC va BD. A
Ta cb -

OC? +OD? + OB? + OA? = BC? + AD?
=7 +4% =65

vi  OA? +0B? = AB? =82 —64.

Suy ra OC? + OD? = | hay CD? = 1.
Vay CD = 1. _I
2. (h.50) Ta tinh duge C+D =130°, do dé A
A+ B =230°.
Ta lai ¢6 A-B=50°. Tir d6 A = 140°,

5 _ ono D %]
B =90". ; : Hinh 50




3,

a) Xem cich gidi tng quét & cau b.

b) Gié sir E va F ¢6 vi trf nhu trén hinh 51, cdc tia
phan gidc clia cdc géc E va F cit nhau tai I, Truée
hét ta chiing minh ring BAD +C = 2EIF.

Thay vay, goi H va K 1a giao diém cta FI véi
AB va CD. Theo tinh chat géc ngoai clia tam gidc

-~

ta co BAD:ﬁ1+a,C=E1—mnén

BAD +C = Hj + Ky
= (EIF + B) + (EIF- p) = 2EIF,

Do db EIF = (BAD + C) : 2.

Ban doc tu chitng minh. |

(h.52) Cong timg vé& : AB+CD<AC+BDvaAB+BD<-AC+CD:>

2ZAB<2AC= AB {AC

A

Hinh 52 Hinh 53

x? +y* =36

(h.53) Ké AH L OB. Pat BH=x, AH=1y.Ta c6 :
x + 4% + y* = 64.

2 193
T TR

Tir dé ta tim dugc : X =

Mfw

Do dé: AD? = HD? + AH? =115 +%-§= 166 .
Vay AD = 166 .

X€ét bon diém A, B, C, D. Néu bén diém dé 1a dinh ciia mot ta gidc 16i thi
bai todn dugc chiing minh xong. N€u bén di€m d6 khong 1a dinh clia mot
tf gidc 16i thi tén tai mot diém (gia st D) nam trong tam gidc c6 dinh la



§2.

101-

11.

ba diém con lai (h.54). Chia mat phing thanh
chin mién nhv hinh v€, di€ém thi nam E ndm
bén trong mot mién (vi trong nam diém khéng
c6 ba diém thing hang).

Néu E thudc cdc mién 1, 4, 8, ta chon bén diém
1a E va A, D, B. Néu E thuoc cdc mién 2, 3, 7,
ta chon E va A, D, C. Néu E thudc cdc mién 3,
6,91ta chon E va B, D, C. ' ) Hinh 54

Hinh thang

‘Qua mot dinh cta diy nho, ké dudng thang song song véi canh bén cua
hinh thang. ' .

(h.55) K& BH L CD. Ta tinh dugec CH = 5 ¢cm, CD = 16 cm.

Tir dé6 AC = 20 cm.

A 11 B
I
i
I
12 :r 13
I
1 =
D H 0
Hinh 55 Hinh 56

(h.56) Cdch 1. Goi K la giao diém cta AE va DC, &ABE AKCE (g.c.g)

= AE = EK. Vay AADK can, Dj = D3. J

Cdch 2. Goi F 12 trung diém ctia AD. Ta ¢6 EF //CD nén E; = D.
Mat khiac AAED vuﬁng nén

EF = FA =FD = E; = Do.
Vay D1 =D

(h.57) Dat ADB =x. Ta tim dugc x = 36°.
Cic géc cha hinh thang can bing : 72°,
72°, 108°, 108°. |

Hinh 57



12. (h.58) Chitng minh EF // KI, EKI= FIK = 60°. Suy ra KF = EI = Z—D.

A

M

S 3 o B £ ©

_ Hinh 58 | Hinh 59 :

13. (h.59). Qua M v& MD // AB, vé ME // BC, vé MF // AC, dugc ba hinh
thang cén, do d6 MA = DE, MB = EF, MC = DF, c4c doan thing MA, MB,

MC la do dai cua cdc canh ciia ADEF nén doan 16n nhét nhd hon téng cla
hai doan kia.

Cdch khdc. AM cat BC & K. Ta ¢6 MA < AK < AC = BC'< MB + MC.
Tuong tr, MB < MA + MC, MC < MA + MB.

14. a) (h.60a) Lay diém I trén dudng trung tuyén AM sao cho I 1a trung diém
cua AG. Ke AA', BB', CC', II', MM' vuéng géc véi d.

Dap aé :AA'=BB'" + CC\.

?

el M——
m‘ e ——
m

@

- SO

i | e
c

b)
Hinh 60

b) (h.60b) Goi BE la duong trung tuyén cia AABC, M la trung diém cua
BG. Ve AA', BB, CC', EE', GG', MM' vuéng goc véi d. Tacé :

MM' + EE' = 2GG'
= 2MM' + 2EE' =4 GG’
= BB'+ GG' + AA' + CC' = 4 GG'
= AA' + BB + CC' = 3GG".



1S. (h 61) Goi K 1a giao di€m ctia AD, BF thi AABK déu. Truéc hét chitng minh
rang t(‘_”mg cdc khoang céch tir D, E, F dén AB bang duﬁ‘ng cao KH = h clia

AKAB (h khéng déi). Do dé khoang céch tir G dén AB bﬁng 5 (theo bai 14).
K i

E

A M N B |
Hinh 61 Hinh 62

16. (h.62) a) Goi K 1a trung diém ctia AC.

Ta c6 EF < KF + KE, tir d6 2EF < AB + CD nén EF*CM

¥) EF = -AH;—CD- & E, K, F thing hang < AB J/ CD.

17. (h.63) Goi M 12 trung diém ciia AD, I va K 1a trung diém ciia AC va BD.
" Dudng thing IK cit AB, CD 6 E, F.
AMIK can nén Kj = I
Ta lai cé 1{1 E1 (sole m}ng, AB /| KM), I = f‘] (so le trong, IM // CDj.
Vay El Fl

Hinh 63 8§ Hinh 64
18. (h.64). Goi E, F la trung diém ctia AC va BD ; I 12 trung diém ctia A'C. Ta
c6 EI // AA', do d6 AA' di qua trung diém M cua EF. Tuong tu, BB', CC,
DD’ ciing di qua M.



19. (h.65) a) MH 12 duong trung binh cia ACBD nén MH // BD. Do MH L EF
nén BD L EF. Ta lai ¢c6 BA L HD, D ; A
do d6 E la truc tAm cia ABDH. g :
b) Goi G 1a giao di€ém cha DE va BH, K
1a giao diém ctia BH va AC.
ADHG = ACHK (canh huyén - géc nhon)

HK. _ 5 G
AHGE = AHKF (g.c.g) = HE = HF. : . Hinh 65
20. (h.66) Goi O 12 tam cta dudng tron, H 1 giao c

diém ciia OB va AC.

Ta ¢6 BA = BC, OA = OC nén OB la dudng
trung truc ctia AC, do d6 OB L AC va AH = HC.
OH Ia dudng trung binh ciia AACD.

PbatCD =x thi OH = % nénBH= 4 - % Hinh 66
Ta co

. AB? - BH? = 0A? - OH? (ciing bing AH?)

v 2
nén 4 — [4—%] = 16-—[%] . Tirdé dugc x =7. Vay CD = 7.

§3. Dung hinh badng thudc va compa

- 21. a) (h.67a) Tru6c hét dung ABEC biét ba canh BC = 3cm, BE = CE = 2cm.
Sau d6 dung diém D va diém A.

A 1 B

Hink 67 -
b) (h.67b) Truéc hét dung ABDE, biét bacanh DE=a + b, BE=c, BD =d.
Sau d6 dung diém A. -



22. (h.68) Tru6c hét dung tam gidc AADE cé A _a B

DE =b - a, D =AED = o. Sau d6 dung céc
diém C va B.

D b-a E G
Hinh 68

23. a) Cach dung duoc thé hién trén hinh 69a).
b) Céch dung dugc thé hién trén hinh 69b).

_ Hinh 69
24, (h.70) ; A

I. Phadn tich. Gia su da dung dugc AABC c6
B =8, C=o, BC-AB=d. Trén BC ldy diém D
sao cho BD = AB thi DC=BC-BD =BC - AB=d.

Tacc':ﬁABDcif.nnén ADC=9[}D+-I§=9'U°+—B* B I. D d ¢

2 Hinh 70

(g6c nay dung dugc bang thudc va compa).
— AADC xdc dinh ngay vi bi€t mot canh va hai géc ké v6in6.

- Diém B thuoc tia déi ctia tia DC. Mat khic do BA = BD nén B thuoc
dudng trung truc cua AD. -

2. Cdch dung

— Dung AADC cé D = 90° +%, DC = d.-E', = Q.

~ Dung dudng trung truc ctia AD, cit tia d6i clia tia DC & B. N6i AB.
3. Chitng minh. B thuoc dudng trung truc ciia AD nén AB = BD. Do dé
BC—-AB=BC-BD=DC=d.



" AABD cin ma ADC=9D°+% nén ADB=90°—%, do dé §=[’:. Con

E

C=o.

4. Bién ludn. Bai todn c6 mot nghiém hinh néu dung dugc AADC, tic la
néu 90° +-g-+cr; <180° @ a < 90° —%.

. (h.71) a) Trén AC 14y diém D sao cho AD = AB A

thi DC = d, BDC = 90° + % Dung ADBC, réi

dung diém A. D

b) Teen AC ldy di€ém D sao cho AD = AB thi
DC = AC - AB =d. Tinh B 5 i

S _ - & - Hinh 71
DBC = ADB - C = [90" -%J-c

E.‘ _ B-C _o .
22 ‘
Dung ABDC, réi dung diém A. Chi ¥ ring c6 thé dung dugc hai diém D

nhung chi chon D sao cho BDC > 90°.

M|I;u}
min}

. (h.72) 5
a) Phdn tich. Trén tia doi cla tia AC ldy diém D
c
sao cho AD = AB thi AABD can nén D = E;-. A
-~ Dung ABDC, réi dung A. | b
Cdch dung. B c
- Dung D5 - &. gt - B

: Hinh 72
— Trén tia Dx 1dy DC =s. =

— Dung dudng tron (C; a) cét tia Dy & B.
— Dung dudng trung tryc clia BD cit canh DC 6 A.

Bién ludn. Goi h 1a khoing cich tir C dén Dy. Piéu kién dé bai todn cé
nghiém hinh 12 h<a <s. '



27,

28.

29,

30.

31.

b) Trén tia d6i chia tia AC 1ay di€ém D sao cho AD = AB (h.72). Tinh

5§(§=§+—A—=ﬁ+[900—§~~2]=90°+B_C = 90° + =,
- 2 2: 2 2

goc nay dung duoc bang thude va compa . Dung ABDC, réi dung diém A.

(h.73) Trén tia d6i cla tia AB 14y D, trén tia déi
cua tia AC lay E sao cho AD = AE = AB. Ta c6

EC=s, DC = 2m, DEC = 90° —%. Dung AEDC

roi dung A, sau dé dung B.

Vé MK vuéng goc véi BC thi MK = % Dung

ABMK, r6i dung diém C, sau dé dung diém A. Hinh 73

' BI
(h.74) Tam gidc vuong AHM dung dugc. VE MK L AC thi MK = ST

| =

Dung ti€p tam gidc vuéng AMK.

biéu kién dé ¢6 nghiém hinh : % <m, h<m.

C E

Hinh 74 : Hinh 75 #

(h.75) Ldy E trén AC sao cho CBE = C thi ABE = 2C, AEB = 2C. Do d6

AABE cian. Suyra EC=b-¢, BE=b-c.

Dung AABE biét d6 dai ba canh.c, ¢, b — c.
Sau dé dung diém C.

(h.76) Goi K 1a trung diém ciia CG. AGDK cé

cdc canh bang % do dai cic dudng trung tuyén

cua AABC. Dung AGDK, réi dung F, C. Sau d6
dung B, A. : Hinh 76



32,

- 33.

34.

35.

Diéu Kién dé c6 nghiém hinh 12 Im —n|<p<m+n véim,n,pladodiiba
dudng trung tuyén di cho.

(h.77) Trén tia OG lay C sao cho OC = 30G. Qua C v& cic dudng thang
song song vdi cac canh ctia goc.

, A

4

Q A X
Hinh 77 Hinh 78
(h.78) V& dudng vuéng géc véi BC tai B, cit AD & K, cit AC & H. Ta c6
Eﬁﬁ=&ﬁ§=§lz +E, ﬁf(-ﬁ=ﬁ1 +E]§E nén E}Bﬁ:ﬁﬁﬁ, do dé
ADB = 45°, ADC = 135°.

Dung AADC (c.g.c) réi dung B.

(h.79) Goi O 1a giao diém cédc dudng trung
truc cia AABC thi G nam giita H va O, déng
thdi HG = 2GO (ban doc ty ching minh).

Do dé biét vi tri H, G thi dung duoc O. Sau dé
dung OM L m. Trén tia MG ldy MA = 3MG.
Dung (O ; OA) ¢it m & B va C.

Bai todn luon ¢6 mot nghiém hinh vi dudng
tron (O ; OA) luén cit m.

(h.80) Goi M 1a trung diém cia AC. V& AH,
MK 1 BC. AABH = ACMK (canh huyén —
goéc nhon) nén BH = MK, AH = CK. Ta lai c6

MK =-%. Suy ra BH = % Ma CK = HK

B H K C

1 : Hinh 80
nén BHzg-BC =1lcm, AH = 2 cm. Dung

duge AABH, rdi dung C.



36. (h.81) Dung tia phan gidc ctia cdc géc B va C, ching cat nhau & I. Qua I
dung DE // BC.

Hinh 81 Hinh 82
37. (h.82) Qua E vé& dudng thing song song v6i AB cit BC & F. Chitng minh
rang AF la tia phan gidc cla g6c A. )
Truéc hét dung F, rdi dung E.
38. (h.83)

Phdn tich : Qua C vé CH L AB, cit b o D. AACB

can nén CAB = CBA, ma CAB = ABD. Do dé
CBA = DBA, suy ra OD = OC.

Cach dung : Dung dudng tron (O ; OC) catb
o D.

Qua O dung dudng vuong goc véi CD cat a, b & A, B.

Bién ludn : Goi h 1a khodng céch tir O dén b. Tuy theo OC > h, OC = h.
OC < h ma bai toan ¢d 2, 1, 0 nghiém hinh.
39. (h.84) |

a) Phdn tich : Qua A vé dudng vuoéng goc véi
BM, cit xy & C. Ta chitng minh dugc BA = BC,

vi thé xdc dinh duge C, do dé xdc dinh dugc M.

b) Dung B sao cho Xy 1a dudng trung tryc  y
cua BB'. Dua vé cau a).

40. (h.85) Dé cho ba doan thing bing nhau A'B, Hinh 84 B
B'C, C'A c6 lién hé v6i nhau, ta "dich" ching |
dén M : V& dudng thang qua M song song véi A'B va dudng thing qua B
song song v6i A'M, ching cét nhau & H. V& dudng thing qua M song song
véi B'C va dudng thang qua C song song véi B'M, chiing ¢t nhau & I. V&




§4.

41.

42.

43.

dudng 'thﬁng qua M song song véi C'A va
dudng thing qua A song song v6i C'M, chiing
cit nhau 0 K.

Cic dudng thang AK, BH, CI cit nhau & D, E,
F. ADEF xac dinh duogc vi ¢6 cdc canh theo thit
tw vuéng goc véi AB & A, v6i BC 6 B, véi CA &
C. Con M la diém cdch déu ba canh clia ADEF
nén 1a giao' diém cha cdc dudng phan gidc
(trong hoac ngoai) cta tam gidc. Bai todn c6
bon nghiém hinh.

0 Hinh 85
Bgn xung truc

(h.86)

a) AEBF can tai B, BD la tia phan giic éila
géc B nén BD la dudng trung truc cua EF.
Vay E va F déi xing véi nhau qua BD.

b) Ta tinh duge BIC = 120°, nén Ij = 60°,
suy ra iz. = 60°, i3 = 60°. |

Vay IF la tia phan gidc clia géc BIC.

¢) AIDC = AIFC (g.c.g) = IF = ID, CF = CD. Hinh 86

Do dé CI la dudng trung truc cua DF. Vay D va F déi xiing v6i nhau qua CL.

(h.87) Dung D' déi xing véi D qua OE, dung E' d6i xing véi E qua OD,
E'D' cit duding thang DO va EO 6 B va C.

Bién lugn - Néu DOE < 90° hoic D, O, E théng hang : khong c6 hghiém

hinh ; néu ADOE can & O va O = 120° thi E trung D' : v6 s6 nghiém hinh ;
con lai : mot nghiém hinh.

A

B'I

4
h
C - d
B E D C ‘B
H:‘_u."r 87 Hinh 88

Dung B' d6i xiing v6i B qua d. Giao diém clia AB' va d cho ta diém C (h.88).



44,

45.

.Hai tam gidc niy di c6 HC = EC,

(h.89)
Phan tich : Qua A ké dudng thing m // CD. Ké

dudng trung truc d ctia CD, cit m & M. Goi G A d M B m
la trong tam clia AABC. - |

Ta dung doan thang CD, dudng thing m, diém :h G

M, diém G. !

Chi ¥ ring AABC cin (do D =2ACD) nén g fﬁ = =
GA = GC, do dé dung dugc diém A. r6i diém B, S

Ban doc ty néu cach dung.
Do GA = GC > GM nén dudng tron (G : GC) cat m. Bai todn luén cé
nghiém hinh.

(h.90) Ta s& ching minh ring AA', BB',
CC' la cdc dudng trung truc cha ba
doan thing c6 cdc'ddu 1a D, E, F thi tu
la cdc diém d6i xting véi M qua AB,
AC, BC. _

D€ chitng minh AA' 1a dudng trung truc
cua DE, ta cdn chiing minh AD = AE
(cing bang AM) va A'AD = A'AE.
(Goi O Ia giao.diém cdc duding phan
gidc cua AABC, dat

OAM = 0AA' = o,
MAB = A'AC =8

thi  A'AD = 2a + 28,
A'AE = 2a + 2).

(h.91) Bé ching minh ACE = BCE,
ta gép doi cdc géc trén bing ciach
vé H d6i xing v6i E qua AC, vé K
doi xung v6i F qua BC. Cin phai
ching minh HCE = FCK. Muén vy
ta s€ ching minh HCF = ECK bang
cach chimg minh AHCF = AECK.

CF = CK. Cin chitng minh FH = KE.



§5.
47.

48.

49.

50.

Ta tao ra' mét doan thing trung gian : vé [ d6i xiing véi E qua AB. Lin luot
chimg.minh :

AFAH = AFAI (c.g.c) suy ra FH = FI, AIBF = AEBK (c.g.c) suy ra FI = EK.

Hinh binh hanh

(h.92) ADBC = AEBA (c.g.c) nén DC = EA, do d6 DF = EA. Tuong tu,
DE = FA.

Hinh 92 Hinh 93
(h.93) Ké DM, IN song song véi BC. Hay chiing minh AM = CE, MN = NE,
tirdé N 1a trung di€ém cla AC, I Ia trung diém clia AK.
(h.94) a) Goi E, F, G, H la trung diém ciia AB, BC, D, DA ; I, K la trung
diém cta BD, AC.

Chitng minh rang EFGH, EIGK la hinh bmh hanh, do d6 FH va IK déu di
qua trung diém ctia EG.

b) Goi O 1a giao diém hai dudng chéo va M 1a trung diém cia IK. Néu EG,
FH cét nhau tai O thi theo cau a), M tring O, do d6 I va K trung O. Tt
glac ABCD ¢6 O la trung diém ciia hai dm:mg chéo nén 13 hinh binh hanh.

i ljf, :‘;’
| D G H ¢
Hinh 94 Hinh 95

(h.95) IF va HN song song va béng nhau vi ciing song song va bang mot
nira BG. Do dé IFNH la hinh binh hanh. Ta lai ¢6 K 1a trung diém cia FH
nén I, K, N thing hang va K Ia trung dlem cha IN.




51.

52,

54,

chiing minh rang MB=M'C, MM' = e

Ching minh twong ty, M, 1, K thing hang va I K
1a trung diém ctia MK. Vay M, I, K, N thing

AW
hang va MI = IK = KN, . 1:_
(h.96) Goi N la giao diém cia ED va KC, F
A Ex 1 N

ANCD déu ma CK = DE (cuing bing CF) nén
ANKE déu. Vay EK // AB. - Hinh 96

(h.97) V& hinh binh hanh ADKE, AADK = ABAC (c.g.c) (chi ¥ ring
ﬁ = BAHﬁ(-‘:‘ vi cling bl vGi géc DAE nén Rl = 9. ‘Goi H la giao diém.
cua AM va BC. '

Tacé B+ BAH = A; + BAH = 90° nén AH L BC.

Hinh 97 Hinh 98
(h.98) Trén tia d6i cha tia MB 14y MN = MB, BDNE la hinh binh hinh nén
EN L AB, EN = AB. Ta lai ¢6 EC L AC, EC = AC. Tir d6 dé dang c6
AENC = AABC (c.g.c), NC = BC, NC L BC. :

Do d6 ABCN vuéng cin, suy ra ABMC /

vuong can tai M. .

Cdch khdc. (dung kién thic clha §2). V&

DD', AA', EE', MM' vuéng géc véi BC réi
BC

(h.99) Cdch 1. Qua C, v& dudng thang song
song véi BD, cat DE & K. Ta ¢6 BDKC Ia
hinh binh hanh nén B, I, K thang hang. Hay
chiing minh raing AGDB = AGEK (c.g.c) dé Hinh 99




56.

5.

. (h.100) V& F sao cho K 12 trung diém cta DF thi

- AMNN' nén

suy ra AGBK cén c6 géc & dinh 120°. Do d6 cic géc cia AGIB bang 907,

60°, 30°. _

Cdch 2. V& H sao cho I 12 trung diém ciia GH réi chiing minh ring AGBH

la tam gidc déu bang cich chiing minh '
AHCB = AGAB (c.g.c).

AF // DE, AF = DE. ADEC ¢6 E = C = 30° nén
DE = DC, suy ra AF = DC.

ABAF = ABCD (c.g.c) nén BF = BD, B| = B;
¢ 3 - -, 1 !
Talaicé By + B3 =B2 + B3 = 60°, do d6 ADBF

déu, f{ﬁf}: 30°, - Hinh 100
(h.101) Goi O Ia giao diém cia DE va MN. Ké DD', O0O', AH, NN', EE’

N
C

vuong goc véi BC. Ta sé chitng minh AH = NN,

Ta c6 OO' 1a dudng trung binh cla

NN'=2.00'". (1)
Goi I 1 giao diém clia MD va AB, K la
giao diém clia ME va AC, dé chimg minh
AH = MI * MK. (2)

Vi OO0’ Ia dudng trung binh cua hinh
thang DEE'D' nén

DD' + EE'=2.00". = (3)

Ta c6 EME' = 30° nén EE' =_% = MK. Tuong ty, DD' = MI, suy ra

Hinh 101

. DD' + EE' = MI + MK. _ (4)
Tix (2), (3), (4) suy ra " AH=2.00. | (3)
Tur (1) va (5) suy ra AH = NN'. Tir d6 chitng minh dugc AN // HN/, uic la
AN // BC. -

(h.102) V& hinh binh hanh ABMC thi AB = CM. Ta s& ching minh ring
CM = CK. Truéc hét, ta ching minh M, O, K théng hang. That vay,



By :%El z%CBM ‘nén BO 1a tia

phan gidc cua géc CBM. Tuong tu, CD
la tia phan gidc clia géc BCM. Do dé
MO la tia phan gidc clia géc BMC. Suy
ra OM song song véi tia phan gidc cua
goc A, vay K, O, M thing hang.

T My = %BMC - BAC =&

nén ACMK can. Suy ra |
CK = CM = AB. Hinh 102

§6. D3i ximg tam

58. (h.103) AB' song song va bing A'B (vi ciing song song va bang OC) =
ABA'B' la hinh binh hanh = AA' cét BB' tai trung diém cta méi doan. Ta
¢6 BCB'C' 1a hinh binh hanh = CC' cit BB' tai trung diém cia méi doan.

Suy ra di€u phai chiing minh.

Hinh 103 Hinh 104
59. (h.104)

a) Cdch 1. Qua M dung dudng thing song song véi Ox, it Oy & D. Dung B
d6i ximg véi O qua D ; BM cit Ox d A.

Cdch 2. Dyng N d6i xing v6i O qua M. Qua N dung NA // Oy, NB /£ Ox.
b) Qua M, v& dudng thing bat ki (khong tring véi AB), cit Ox, Oy thit tu &

A', B'. Ta s& ching minh ring Sgsp < Soap-. That vay, cé duy nhit mot
dudng thang qua M cét Ox, Oy & A, B sao cho M la trung diém ciia AB nén



60.

61.

§7.
62.

MA', MB' khong bing nhau. Gia sit MA' > MB' ; trén tia MA' ta 14y ME = MB'
thi S\ = SpaE < Smaa-

Chang han cin dung AABC biét dinh
A, trong tdm G va cic dudng thing
dj, d; sao cho B € d;, C € d,

(h.105). Truéc hét ta dung trung
diém M cua BC. Chd ¥ ring B va C

1 I I
i 3 . 3 : ' C
dol Xung véi nhau qua M nén C la ™
giao diém clia d, va d'; (d'; 1a dudng \ %1

thang d6i xing véi d; qua M). L Hinh 105

Chéng han cén dung hinh binh hanh EFGH ¢6 tam O, E < AB, F  AD,
G € CD, H € BC (h.106). G 1a giao diém clia CD va dudng thing a déi xiing
v6i ABqua O. H la giao diém ctia BC va dudng
thang b déi ximg véi AD qua O.

Bién luan :

— Néu ABCD la hinh binh hanh thi bai todn cé
v0 s6 nghiém hinh (khi O 14 tdm cda hinh binh
hanh) hoac khong cé nghiém hinh (khi O
khong 12 tam ctia hinh binh hanh).

= Néu ABCD la hinh thang ma khéng 12 hinh . Hinh 106

binh hanh thi bai todn cé v6 s6 nghiém hinh _
(khi O cdch déu hai*ddy) hoac khong c6 nghiém hinh (khi khong cach déu
hai dady). .

- Con le}i : mot nghiém hinh.

Hinh chir nhit

(h.107) Goi O 1a giao diém ciia AH va IK, N
la giao diém cla AM va IK. Ta cé

—— s e, e

MAK = MCK, OKA = OAK nén

—T— e, e,

MAK + OKA = MCK + OAK = 9_0"
do d6 AM . IK. |




63.

64.

66.

67.

(h.108) Ké OK L AB. Héy chitng minh ring A K B

3
DH=HO = 0OK. AL
Xét AOKB vuong cé OK=%OBnén(r)§1K=30°, 0
suy ra BAH =60°, BAD =90°. Hinh binh p C
hanh ABCD la hinh chir nhat. Hinh 108

(h.109) I 1a giao diém cdc dudng trung truc cia AABC nén IA = IB = IC.
Talaico IA=1EnénJA=IB=IC =[E.

Hay ching minh AC L CE dé suy ra BH // CE. Tuong tu, CH // BE. Do dé
BHCE la hinh binh hanh.

A
I E
B H K C
Hinh 109 Hinh 110
(h.110) Ké EK L BC, EI L AH. AM = KM vi ching la ciac dudng trung
tuyén ttng véi cing mot canh huyén cla hai tam gidc A 5

vuéng. AH = KH vi cing bang EI.

AAHM = AKHM (c.c.c) nén AHM = KHM. Suy ra
HM la tia phan gidc cua géc AHC.

(h.111) Céc tam gidic OCD, OAB Ia tam gidc déu. St
dung tinh chat dudng trung tuyén {ing véi canh huyén,
tinh chat dudng trung binh cia tam gidc, tinh chat
canh bén hinh thang cén, ta ching minh duogc AEFG la
tam.gia‘c déu. Hinh 111

(h.112) a) BIKC la hinh chi nhat nén O la Irung diém cta IC va BK. Xét

AIMC vudng, ta c6 MO = EIC



b) AMBK c6 MO =%IC = %BK nén BMK = 9.[}':'.
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Hinh 112 Hinh 113
68. Xét AABC ¢6 BA =2, AC=b, AB=c (h.113) | |
a) Qua A ké duong thang d song song véi BC. Goi D 1a diém d6i xting véi
B qua d. Ta ¢6 BD = 2h. Tam giac DBC vuobrig tai B nén

BD’ + BC? = CD? < (b + ¢)’.

o
o
O

Do d6 4h +a% < (b + )% (1)
b) Tix (1) suy ra 4h® < (b +c)?> —a% = (b + ¢ + a)(b + c — a) = 4p(p - a).
Do dé h? < p(p — a).

c) Céng tl‘.‘mg_ vé cdc bat dﬁng thic h2 < p(p — a), m? < p(p — b),
1'12 < p(p —c).

69. (h.114) D& thdy DBC = 90°. Goi M 1a trung
diém cla DF. Theo tinh chat dudng trung
tuyén ng véi canh huyén cta tam giac
vuong, ta cd

EM = BM (ciing bang %).

Hinh 114

Xét tit gidc MEBF, ta ¢6

————— o p—— L —

EBF = 135°, MEB + MFB = MBE + MBF = EBF = 135°

nen EMF = 360° - 2.135° = 90°.
ADEF c6 dudng cao EM la dudng trung tuyén nén ED = EF.



70. (h.115) a) Dé thdy Dj=D; =Ds=30° N M
C; = 30°, By = 30°. <

ABMC c6 dudng cao la duong trung tuyén nén | K>
la tam gidc can, suy ra MBC =120°, do d6
By =30% - % 1

MK la duﬁng trung truc cua CD nén 1 truc d6i D C
xung cua hinh chit nhat, do d6 AM = BM. Suy Hinh 115

ra ;‘;1 = ]§1 = 30°,

Tit gidc AMBD c6 AM // BD (vi Aj = By =30°) va ADB = MBD = 60°
nén la hinh thang cén. _
b) M thudc tia phan gidc cta géc NDE nén MN = ME.

ANME céin cé6 NME = 120° nén MNE = 30°, ()
Ta lai c6 MNAK la hinh chit nhat nen MNK = A; = 30°. 2)

Tur (1) va (2) suy ra N, K, E thing hang.
71. a) Ké ME 1L AD, MF L BC, MG L AB, MH L CD (h.116a).
MA? + MC” = MB? + MD? vi ciing bing ME> + MG? + MF? + MHZ2.
b) Két qua khong thay déi. Ban doc ty chitng minh. Ching han nhu trén
hinh 116b, ta c6 MA® + MC = MB? + MD? vi ciing bing

ME? + AE” + MF° + CF%.
E M F
o e T S I
1 I 1 ‘
: A% 1§
A G B : :
B
\ A G|
; :
E ety M I__F lI
1 f =@
| 1
D HC D H G
a) b)
Hinh 116

72. (h.117) Goi M Ia giao diém cic dudng trung truc cia DK va FH. Theo két
qua ¢ bai 71 ta c6



MA®+ MD? = ME® + MB?,
MB® + MH” = MK> + MC?,
MC? + MG? = MF? + MAZ.

Cong timg v€ ba dang thic trén réi rit
gon, ta dugc

MD? + MH? + MG® = ME? + MK® + ME2,

D

Do MD’ = MK?, MH = MF nén

Hinh 117

MG’ = ME?, |
suy’ra MG = ME, titc 12 dudng trung truc ctia EG ciing di qua M.

§9. Hinh thoi

73. a) Hinh chit nhat ;
b) Hinh thoi.
74. (h.118)
a) MINK 12 hinh thoi.
b) Goi G, H theo thif t 1a giao diém ciia MN v6i AC, AB. Ta chitng minh
duge My = G, M = H réi ching minh MG // At va suy ra IK L At.

To°
D M C

Hinh 118 Hinh 119
75. (h. 119) Goi N 1a trung diém ciia' AB, hay ching minh MN la ducmg trung

truc ctia HB. Pdp s6 : HMC = 105°.



76. Xét hai trudng hop :

i 8

78.

clia BF, do BE = DF nén QI = QO.

AQIO can. Goi G, H la giao diém cta OI

a) (h. 120a) EF = iBD thi C = A =120°, B=D = 60°.

b) (h.120b) EF = iAC thi C = A =150°, B =D = 30°.

Hinh 120
(h.121) a) Trudc hét, ta ching minh ring
dudng thing Ol tao v6i AB va AD céc gée
bang nhau. That vay, goi Q Ia trung diém

Néu ABCD la hinh thoi thi [, O, A thc}lng
hang. Tuong tu, K, O, C thing hiang. Do
dé nam diém A, I, O, K, C thing hang.

Néu ABCD khong la hinh thoi, ta ¢6

Hinh 121

voi AD, AB. Ta co O=1 nén G = ﬁ do d6 HG song song 'vc':ri tia phan
gidc Ax cua géc A. Tuong tu, OK song song véi tia phan gidc Cy cua géc C.
Nhung Ax // Cy, do dé I, O, K thang hang.

b) Trong truong hop ABCD la hinh thoi thi nim diém A, L O, K, c
thing hang. | . B

(h.122) Gia sir OC = OA, OD > OB. Trén

doan thang OC ldy diém E, trén doan thing B
OD ldy diém F sao cho OE = OA, OF = OB.
Tt gidc ABEF la hinh binh hanh, chu vi

AOAB béng chu vi AOEF. £

Theo dé bai, chu vi AOAB bing chu vi
AOCD nén chu vi cdc tam gidic OEF va

Hinh 122



9

OCD béang nhau, tic 12 EF = EC + CD + DF. Diéu nay chi xay ra khi C
trung E va D trung F. Vay ABCD la hinh binh hanh. -

Sau do6 ching minh ti€p ABCD la hinh thoi bing cédch sir dung diéu kién
chu vi AOAB bang chu vi AOBC & dé bai.

(h.123) a) Dé dang ching minh dugc ADIE déu
(DI = EI = -;-AM, DIE = 2DAE = 60°). Tuong

tur, ADIF déu.'Vay DEIF 1a hinh thoi.

b) Goi O Ia giao diém cta ID va EF. Cin ching
minh M, O, H thing hang. Goi N 12 trung diém
cia AH. Ching minh OH va MH cung song
song vai IN.

Hinh 123

§10. Hinh vuéng

80.

81.

T gidc EFGH c6 EF // GH, EF = GH (vi EF, GH cing song song va bing
AD) nén la hinh binh hanh (h.124a).
Ta ciing ¢6 EH // FG // BC, EH = FG = %

Diéu kién dé hinh binh hanh EFGH tr¢ thanh hinh vuéng la : EF 1 EH va
ER = EH < AD 1 BCva AD = BC (h.124b)..

- B
A
F
"D G e
a) b)

| Hinh 124 i 8
(h.125) a) Goi K 1a giao diém cha EM va BC. Tacé [ e
AEMF = ABKM (g.c.g) nén MFE = KMB. 1317 .
Goi H la giao diém ctia BM va EF. Dé dang chlmg EXD gk
minh dugc BH L EF. H ‘x\
b) AADF = ABAE (c.g.c), tir d6 chimg mmh dugc N
AF 1 BE. Tuong tu, CE L BF. Ta ¢6 BM, AF,CEla F C

cdc dudng cao ctia ABEF nén chiing dong quy. Hinh 125



82. (h.126) V& diém I ndm trong hinh vuong sao cho AIAD can 1ai I ¢6 goc &

diy bing 15°. Ta ching minh dugc ADIE déu, AIAE = AIAD (c.g.c) nén
AE = AD. Tuong tu, BE = BC. Do d6 AE = BE = AB.

A

O
O
oo

i C
Hinh 126 . Hink 127

83. (h.127) V& tam gidc déu BIC vao trong hinh vuong roi ching minh rang
DE, AD, AE cing bing Al, do d6 AADE déu.

84. (h.128) Tren tia doi ciia tia DC lay DK = BF, R B
AADK = AABF (c.gc) nén AK = AF, ’
KAF = 90°. - | FEN E

a) Ching minh ménh dé "EAF = 45° thi chu
vi CEF bing nira chu vi hinh vuéng" (twong tng

véi tir "khi") ;
- . K D - C
EAF = 45° = EAK = 45° Hinh 138

= AEAK = AEAF (c.g.c) = EK = EF.
Do d6 chu vi CEF = CE + CF + EF = CE + CF + EK = CE + CF + ED + DK
=CE+CF + ED+FB(b3ngnuachuwhmhvuﬁngABCD)
bj Chitng minh ménh dé "chu vi CEF bang nua chu vi hinh vuéng thi
EAF = 45°" (twong ting Véi tir "chi khi") : , .
CE+CF+EF=CB+CD=EF=ED+BF = EF = ED+DK EK,

AEAK = &EAF (c.co)= EAK EAF = EAF 457,



85. (h.129) Treén tia dGi cta tia BA 14y diém K sao cho BK = DN = n. Hay
ching minh AMCK cén tai M. Tir d6 CM =m + n.

D G
¢ : Hinh 129 Hinh 130
86. (h.130). Goi E, F, G, H thit tu 1a trung diém cua AA', BB, CC, DD'". Goi |

K la trung diém cia BC, CD'. Hay chitng minh AFIG = AGKH (c.g.c) dé
suy ra GF = GH, GF L GH.

87. (h.131) Goi K la giao diém ctua AH va CD thi BFKC la hinh chit nhat. Gidi
twong t nhu bai 67. Ddp s6: CHF = 90°.

A F B

. Hinh 131
88. (h.132) VE MH L BI, MH cit AB ¢ E. Ta c6

Hinh 132

ME 2MH = 2MI. (1)
Ta s& ching minh ring BI = ME.
That vay, vé MK L AB, AMKE = ABAI (g.c.g) nén ME = BL.

(2)
Tur (1) va (2) suy ra BI < 2MI.

89. (h 133) Xét AABC c6 D, E, F la trung di€ém cua cédc canh BC, AC, AB va
A', B!, C' la tam céc hinh vuéng dung trén ba canh ay.



90.

91.

a) Trudc hét chimg minh AA'DF = AFEB' (c.g.c)'. tir dé chi’mg minh dugc
FA'=FB'va FA' L FB'.' |

b) A AFA'= A CFB' (c.g.c).

Tir d6 chiing minh duge B'C' = AA' va BC' L AA".

Hinh 133 Hinh 134
(h.134) |

a) Cdch 1. Theo bai 89a cdc tam gidc KMN, IMN vuong can nén KMIN Ia
hinh vuéng. - : - |

Cdch 2. AAEC = AABG (c.g.c), tit d6 EC = BG va EC L BG, do d6 MK = KN

va MK L KN. Ti gi4dc KMIN la hinh binh hanh ¢é MK = KN va MK L KN
nén la hinh vuéng.

b) Goi P 1a diém d6i xting v6i A qua I thi AEPG 1a hinh binh hanh. Lan
luot ching minh PA = BC, PA L BC. Tix -

d6 suy ra I chuyén dong trén dudmg thing
song song véi BC, cich BC mét khoang

bing h + %BC

(h.135) a) Goi K la trung diém cia AC. |
Theo bai 89a, ta cé

KE = KF, KE L KF, KH =KG, KH 1 KG.
AFKH = AEKG (c.g.c).

Tir d6 suy ra duge FH = EG, FH 1 EG.

" Hinh 135



92,

93.

94.

nén € thugc dudng thing a' d6i ximg véi a qua d.

b) Goi M, N thit ty 12 trung diém ciia HF, EG thi KM, KN I céc duimg
trung tuyén tuong ting cia hai tam gidc trén, do d6 KM = KN, KM L KN.
Vay AMKN vuéng cén tai K.

Goi I 1a trung diém cta BD, chiing minh tuﬁng tr, AIMN vuéng can tai .
Do d6 IMKN la hinh vuéng.

(h.136) Phdn tich. Qua G, vé& GI L EF, cit CD ¢ K.

Ta c6 AGG'K = AFFE nén GK = EF. Ta dung dugc - g
HK 1a dudng thang chia canh hinh vuéng.

Bién Iudn. Qua G, c6 thé v GI L EF, hoac
GI L EH, hoac GI L HF. Véi méi cich trong ba
cgh trén, c6 hai céch chon diém K (ching han

trén dudng thang GI L EF, ¢6 hai diém K va K' sao
cho GK = GK' = EF).

Do d6 bai todn c6 3 x 2 = 6 (nghiém hmh) Riéng trudng hop mot trong hai
diém K hoac K' tring v6i diém thit tu, bai todn ¢6 vo s6 nghiém hinh.

A

D K G H C
Hinh 136

a) (h.137) Dung E' déi xiing véi E qua O, dung F' d6i ximg véi F qua O, ta
xac dinh dugc cdc dudng thang AB va CD.
A E F B A § B
1 I T
\“ ) i
v !
Ly . "
O Iy FtE-""/ i W i
F 5 0
J‘ \\ i’
D = E' C D E - C
Hinh 137 Hinh [38

b) (h.138) Dung E' d6i xitng véi E qua O, dung F' déi xing véi F qua O.
Pua vé bai todn dung hinh vuéng biét bon diém thudc bén dubng thing
chita canh hinh vuéng {bai 92).

(h.139) C déi xtng véi A qua d, ma A thudc a

Mat khéac C thuoc b.

Bién ludn :

— Néu d cat cac dudng phan gidc cla cdc géc
tao boi hai dudng thang a va b, hoac dudng
thang song song cdch déu a va b : mot nghiém.

Hinh 139



— Néu d song song (hoic tring) véi mot ducmg phan gidc cua cdc gﬂc tao
boi hai dudng thang a va b hoac dun‘ng thing song song cich déu-a va b :
khong c6 nghiém hinh (hoac v6 s6 nghiém hinh).

Chuong 1I - PA GIAC. DIEN TICH CUA PA GIAC

§11. Da giac
95. Goi s6 canh clia da gidc la n.
a) Taco Lt = 2n. Ta tim dugcn = 7.

b) Ta ¢6 (n — 2).2v = 4v. Ta tim dugc n = 4.
¢) Gidi twong tuvidu 17. Pdp s6 :n=17.

96. (h.140) VE thém F la trung diém ctia CE. Chd y rang MNFQ 12 hinh binh
hanh nén ba diém M, I, F thing hang.

Hinh 140 Hinh 141 V
97. V& céc tia phan gidc clia cic géc B, D, F, chiing cat nhau tao thinh AGHI
- nhu hinh 141. Ching minh ring AGHI déu.

98. Téng cdc géc trong cia luc gidc bing (6 —2).180° = 720

~~ o~ -~

DIE ﬁ ﬁ E=C —E=1€—Ie=a,ta=c

Oh

A+B+C+D+E+F 720°
::A+(A o) + (A - 20) + (A - 30) + (A - 4a)+(A 5a) = 720°

= 6A - 150 = 720° = 2A = Sa + 240°.



" Do A lasé tu nhién va chia hét cho 5 nén A <175,
V6i A =175 thi o = 22°. Gid tri 16n nhat ciia A Ia 175°.
99. (h.142) Qua M v& céc dudng thing song song véi céc

canh ctia AABC, chiing chia méi canh thanh ba doan
thang X, y, z nhu hinh vé. Ta ¢6 :

-MAI+MB'+MC'=KJ§+YJ§+ZJ§=
2 2 2 e
-+ X
3
=(K+Y+Z)€- (1) Hinh 142

AB +BC + CA' = (z+%)+(x+§)+(y+%}=%—(x+y+z.}. @)

Tu (1) va (2) suy ra ti s6 phai tim bang ?3

100. (h.143) a) AADM = ABEN (c.g.c) nén
Al = B1. Goi. O la giao diém cta AD va
BE, K 1a giao diém clia AM va BE. Ta cé.
BIK = AOK = 60°, Vay AIB = 60°.

b) V¢ OG L AM, OH L BN. Ta c¢6
AOGA = AOHB (canh huyén - géc nhon)
nén OG = OH, suy ra IO la tia phan gidc
cha géc AIN, = (T}

V& EE' L BN, DD' L AM, DD, L BN. Ta
c6 EE' = DD' (bdng hai lidn céc doan :
thang bang nhau OH, OG), ma EE' = DD; nén DD = DD', suy ra ID Ia tia

Hinh 143

phéan gidc clia géc MIN. (2) .
o A
Tix (1) va (2) suy ra OID = 90°.
101. (h.144) Trudc hét, xét ti gide ABCD, ta c6 B=C, B E

AB = CD nén ABCD la hinh thang cén (ban doc tu
chitng minh), suy ra BAD = CDA, do d6 BAE = CDE A
(tic1a A = D). Hinh 144



- -~

Chung minh lm:mg tu doi voi ti gidc ABCE, ta dwoc C =E. Vay
A=B=C=D=E | |

102. Goi ABCDEFGHI la da gidc déu 9 canh, AE la C
dudmng chéo 16n nhat, BD 14 dudng chéo nho nhat, B D
ABDE 14 hinh thang can (h. 145} Vé BH L AE,

DK 1AE, ABC = 140° neén ABH = 30°. Ta c6 A

AH = f;_B nén AE — BD = AB.

103, . 4) Giai didi kisn 3603 22180
- 1 Hinh 145

Ddp sé ' nbang 6, 4, 3.

b) C6, chang han ngii gidc 12 nira cta luc gidc déu

(xem h.146).

c) m la s6 tu nhién
n
360 . :
s 180—~T la s tu nhién = 360 : n. Hinh 146

Phan tich 360 ra thira s6 nguyén t6 : 360 = oty .
S6 360 c6 24 uée tu nhién. Do n > 3 nén ta loai cdc s6 1 va 2, con lai 22
udc. VAay ciu tra 161 B 12 ding.

§12. Dién tich cua da giac _

104. (h.147) EFGH la hinh vuong c6 dudng chéo bang a — b, dién tich bing
1 2 - _
—{a —b)".
2( )

- B
I
HX--4--3F . |b K
I
D a ir - D
Hinh 147 Hinh 148

105. (h.148) DHCK Ia hinh vuéng c¢é canh bang %{a + b), dien tich béng

I 7
—(a + b)“.
4(a )



106. Tacé (b+c+a)b+c—a)= (b+c)? —aZ = b2 + 2bc +c2 — a2 = 2be,
Mat khac S = %bc nén 4S = 2bc.

i Viy 4S = (b + ¢ + a)(b + ¢ - a).

107. (h.149) Goi H, M, N theo thi tu I hinh chiéu ciia
[ trén BC, AB, AC. Dat IH =IM = IN = x. Ta ¢6
AM=AN=x,BM=BH=m,CN =CH =n. Pat

 Sppc =S tacé:

B m H n C
2S=AB. AC=(x + m)(x + n) , Hinh 149

4 =xz+xm+xn+mn (1)

" Theo dinh 1i Py-ta-go :
e -i-rn)z+(M+n)2=(m+n)2

2 2

x :
= 2X"+2xm+2xn+m°“+n =,mz+2mr::+n2

= x* + xm + xn = mn. (2)
Tir (1) va (2) suy ra 28 = 2mn nén S = mn.

108. Vé MM', BB', CC vuodng géc v6i OA. Xét hai trudng hop :
1) B va C nam khdc phia d6i véi OA.

‘a) Néu BB' 2 CC' (h.150) thi MM' = EB“?CE nén

" MM'.OA-= %BB'DA —%CC'.OA

b) Néu BB' < CC,, tuong tw Sgap = SpAac — SoAB- .

Hinh 150 Hinh 151



2) B va C nim cung phia d6i v6i OA (h.151).
Ta.cé MM’ ='—BB;:i nén MM’ . OA = «é—BB'.OA + %CC'.OA. .
Do dé ZSOAM = SUAB + SOAC‘ .
109. (h.152)
a) AA'OB' va AABC c6 hai cap canh bing nhau, cdp géc xen gilta bi nhau
nén dién tich bang nhau (dé ching minh). Piém O nim bén trong ADEF
‘nén nam bén trong AA'B'C'. Vay S, .g:c' = 3Sapc -

b) O la trong tam cia AA'B'C'. -

B D M c
Hinh 152 Hinh 153
- 8 ' 1
110. (h.153) Spgc = Sppm + Semc = SAEM + SEMc = SaMmc = ESABC‘

Vay cau tra 1oi B 1a diing.

111. Goi tam gidc tao thanh 12 MNK nhu hinh 154. r
SAkB =33, Spke = 25xkp =62 (1) -
\ N
(Vi Spgc = 25EB» SkEC = 2SkER)- .

Suy ra Sach = 72, Sppe = 2la. (2) Hinh 154
T (1) va(2) suyra

6 2 -
AKC 21 ABC 7 ABC



2

Tuong tu, SBM&"& = SCNB = ?SABC
- 6. 1
Do dé SFLKC +SBMA +SCNB= ?SABC = SM:NK =$S.ﬁBC
112. (h.155) Goi H, I, K thif tu 1 giao diém cta AE A
va BF, BF va CD, CD va AE. N
| | :
Ggi i SAKD =3 (l) ‘\\
: R SISF
[hi ' SAKB 3 - C
Ta ¢6 Spge = 2Spxp (chung diy AK, duong & E =
cao ke tir C gdp doi dudng cao ké tir B) = 4a. (2) Hinh 155
Tir (1) va (2) suy ra B
- 4 2
Sake =—=Sacp = =S. 3
AKC = T9ACD = (3)

Bing phwong phép tuong tu nhu trén, ta tinh Sgy, va Scpg.

Gﬂl SBHE =b thi SBHC H?ﬁb, SBHA = 3SBHC = 0b (Chung dii)’ BH,
duong cao ke tir A gap ba dudng cao ké tir C).
9 3

Suyra - S =—3S =—3S, (4)
y BHA 10 ABE 10

Goi Scip =c thi Sgpp =4¢, Scp = Scia = 4¢ (chung ddy CI, dudng cao
ke tir B bang dudng cao ké tir A).
4 1

Suy: ra Sc = ESBCF = ES. (5)

Tu (3), (4), (5) suy ra

9
SAKC +SBH.A +SCIB"' %S+ —3—-8 lS —S.

10 5 10
Do do6 SHIK"'S-*“ELS—iS
10 10 i
113. (h.156) G(}l- K 12 trung diém ciia AC. 2,5 "
Ta ching minh dugec AAMK thod man 2 2 2,5
dinh 1y Py-ta- go dao nén \ \
' B M C

AMK = 90°. Hinh 156



Ta tinh dugc Sppk = 1,5 cm?.
Tir d6 Sppc = 6 cm?.

114. (h.157) | |
Goi G la trong tam clia AABC cé dudng
trung tuyén AD = 36 cm. V& K la trung
diém cta GC. Chd y rang ADGK vuodng
tai D. ]

Pdp s6 - Sape = 360 cm?. Hinh 157

115. a) (h.158) V& AH L BC. Ta tinh dwoc BC =25 cm, AH =12 ¢m, BH =9 cm.
Vay BD = 18 cm. '

Hinh 158 Hinh 159
b) (h.159) Pdp s6 : AD = 13 cm. |
116. Tam gidc can c¢6 ddy bing 8000 cm, dudng cao e
tmg véi ddy bang %cm (h.160). Dién tich tam -
e - | B ' C
glac bang : Hinh 160
, . : 3
1 1 8000 = 2000 (cm?),
22

cdc dudng cao déu nhd hon 1 cm.
117. Ta chiing minh dugc 2S < ab, 2S<ac,2S<bcnén
6S<ab+bc+ca. _ (1)
Ta ciing chitng minh dugc |

ab + bc +ca < aZ + b% + c2. : (2)

Tir (1) va (2) suy ra 6S < a2 + b? + 2.



118. (h.161) Xét hinh thang can ABCD c¢6 AB // CD, AC L BD. Qua B vé
dudng thing song song véi AC, cat DC & K. Chu’ng minh ring rlBDK

vuong can. Ddp 56’ h.

A '
M N
H C K D ¢ K

Hinh 161 Hinh 162
119. (h,162) Xét hinh thang ABCD c¢6 AB // CD, BD = 9 m, AC = 12 m,
AB + CD = 15 m. Qua B vé dudng thang song song véi AC, cit DC & K.
Chimg minh ring ABDK vuéng tai B. Ddp s6': 54 m”.

D

120. (h.163) Truéc hét ching minh ring Sxop = Spoc. Do d6

%—OE h = —OG . h (h 1a chiéu cao hinh thang) suy ra OE = 0G.

A B A B

- D
. Hinh 163 Hinh 164
121. (h.164). Goi I 1 trung diém cia AC.

Tacdéd MI =%DC = AB.

1
S = —S = —S . —S o
AEK 2 ABM 2 AMI 3 ADC

: 2 1 2 1 :
Talaicé S =—S. Suyra § = ==98 = =S, .

: ADC 3 y ABK 3 3 12 A B
' ' 0
Tacé OA:0C= SAOB : ScoB = a? :m, - b?

i RN
OA:OC=.SAGD:_SCOD=m.b - Hinh 165



by
Suy ra 2 -0 nenm?-= a’b?, do d6 m = ab.
m p2

Vay Sppep = 8 +b% +2m = a2 + b% +2ab = (a + b)Z.
123, (h.166)

a) AMCI 12 hinh binh hanh nén Al // MC. Tuong tu, KB // DN. Vay EFGH
12 hinh binh hanh.

b) Dat HI = a, ta tinh dugc CG = 2a, EG = 2a, EH = 2a, AE = 2a nén

EH=2AL |
5

, 2 o 1 1 |
Ta ¢o Sgron = SSa1cM ma Sajcm = > SABCD 1én Sgrgy = 5 SABCD.

A M B

" Hinh 166 Hinh 167
124. (h.167) Ke ME // NF // BD.

. Hiy chiing minh BENF I hinh thang ¢6 hai dudng chéo bing nhau dé suy
" ! ) '2
ra ACFN déu, do d6 A CBD déu. Ddp s6': a*y3

125. (h.168) Chii § ring AACD vuéng tai C. Pdp s6': 36 cm?. -

12 D D t H H C
Hinh 168 Hinh 169

126. Goi E, F, G, H 1 trurig diém cia cic canh cia td gidc ABCD (h.169).
Trudc hét chiing minh 2



SAoD * Sgoc = SgrGH: (1)
sau d6 chitng minh SErgH = %SABCD- (2)
Chitng minh (1) nhu sau : V& AA', BB, FF' vuong géc véi EG, chi y ring
OE =0G = EEG ta cé

\ AA’ BB' EG AA'+ BB'
S + S = 0E.— + OG. = >
OAE OBG ) 5 7 2
"EG ;
= —E- FF = SEFG (3)
Tubng tw, S(}DE +Socg = SglG- . 9.

Tu (3) va (4) suy ra (1). Chiing minh (2) danh cho ban doc.

Chii y : Toéng quat hon, xem bai 156a.
127.. C6 ba dép s6 : 360 cm?, 225 cm’, 200 cm®.
128. (h. 1?0)

- a) Goi h la chiéu cao \ing v&i canh a, tacé S = %ah

nén 4S =2ah < 2ab < a® + b2,
Viy S < (a® + b%) : 4.
Xay ra ddu bing <> h=b, a =b, AABC vuéng can.

Hinh 170

b) Theo cau a) Sypc < (a” + b?) : 4, Sxpc < (c +d?) : 4. Do dé

S<@ +b%+c%+d?):4

Xay ra ddu bing < AABC vuong cén tar B, AACD vuodng cén tai D <
~ ABCD 12 hinh vuéng. .

129 (h.170) .
a) Ta co ESABC ab, ZSADC <cd nén 2S < ab + cd (xay ra dau bang
& B=D =90°). Tuong tir, 28 < be + ad (xdy ra déu bing <> A = C = 90°).

Suy ra 455ah+cd+ bc +ad =(a +c)(b + d). (@)
Xay ra dau bang <> ABCD 14 hinh chit nhat.



b) Ta s€ chiing minh rang
(@a+b+c+d)’>4@a+c)b+d). 2)
That viy,data+c=x,b+d=y,(2) & (X +y)224xy¢{x—y)2;:0.

Tir (1) va (2) suy ra d.p.c.m. Xay ra ddu biang <> ABCD la hinh chi¥ nhét va
atc=b+de ABCD la hinh vuéng.

130. a) Truong hgp ava b 1 hai canh ké (xem bai 129a).

b) Trudng hop a va b 1a hai canh déi (h.171) : VE C
dsi xung véi C qua duong trung tre ciia BD ;-

SABCD = SABCD:-

Theo cau a) : SacD € %{ab + cd).

Xay ra ddu bing < ABC' = ADC' = 90°. Hinh 171
Chi y : Diéu kién xdy ra dau bang & cdu a) c6 thé dién dat : ABCD 1a 1t
gidc noi ti€p trong dudng tron c6 dudng kinh AC.

Diéu kién xdy ra ddu bing & cau b) c6 thé dién dat : ABCD la tr giéc. nodi
ti€p trong ducmg tron cé dudng kinh AC & ABCD 1 t gidc noi ti€p trong

dudng tron ¢6 dudng kinh AC' (ACC'=90°) <> ABCD la 1 giéc noi tiép
c¢6 AC L BD. |
131. (h.172) Dé thiy Sapcp = 2SBEDE-

a2

Ta can ching minh Sgppp < L

dung Spgr lam trung gian : V& BB, DD' vudng
géc véi EF, dé thdy BB' > DD' nén

SBEDF < 2SBEF (1) Hinh 172
L . e oo x+y) 2l
Mat khéc, dat BE = x, BF = y thi 2Sggg < Xy, ma xy < ; 3 = z nén
a2
2SggE < T (2)
a’ a?

Tir (1) va (2) suy ra Sgppg < 5 do d6 Sppcp < 5



132. (h.173) V& EK // AD. Ta c6 -

I 1
SEFKH :E(SEBCK +SgApKk) = '_;_TSABCD

: 1
ma S GH = —S B suy ra Sy KH = S . :
EFG 2 ABCD EFKH EFGH 0 K G ¢©

do d6 Spyy = Spgy nén HE // KG. ‘  Hinh173
133. (h.174). Goi F Ia trung diém céa DC thi EF J/ AD - A

- nén BN = NE. Goi I 12 trung diém cia GE thi
NI'// MG nén AM = MN, Ta cé

4 ] 1
SAMG = ESANG = ESANE

5 5 5 Hinh 174
AR SMNEG = ¢ SaNE = > Sagg = 24 SABC

134. (h.175) Goi F la trung diém ctia GC.

' A
Tacé KG// DF, BG = %BF nén ching minh duoc
K6 = DR =2 A
5 5
Dijl’[ ' SIKG =a (I) ; , \\
_ B E 3 F C
Tk 5 5 5
thi SAIG =-—a, SBIG = —a, SIEG = —a. (2) Hinh 175
2 o 4
T (1), (2) suy ra
] 9
S5 =—a+a=-_-a, ‘ 3) -
EIKG 4 4 (3)
2 g 7
Talaic6é Spg==a+a=—a nen
2 2
1 & 35 35a 3 105
S =—a.—=-—a, S = ———— =] 4
S AT T8 &
9 105 6

Tu (3), (4} suy ra SE[KG . S:‘\BC =._1— . '—8-— = E



135. Goi M, N Ia trung diém céc dudng chéo BD, AC cia ti
giac ABCD, E 1a giao diém ciia AD, BC (h.176). Taco -
SEMN = SEDC — SEMD ~ SENC ~ SDMC = SMNC
1

B G SR D
EDC QEBD ZEAC ZDBC 2AMC

Il

|
5 Sepc ~Sesp ~SpBC) *

1 3
+ 2 Bepc ~Sgac ~Same) C
1 1 Hfﬂh I?ﬁ
=0+ 2 (Sapm + Scom) = 7 5aBCD -

Chii y : Néu tit gidc ABCD ¢6 F la giao diém cta AB va CD thi tir bai toin
trén ta cling cé SpyN = %S ABCD - Suy ra E va F cich déu dudng thing MN.
Do d6 dudng thing MN di qua trung diém ciia EF. Dudng thing di qua M, N
va trung diém ctia EF goi 1a duomg thang Gau-xo.

136. Lay BD = iBA, CE = %CA, AF = %AD.

137. Cdch 1 (h.177) Néu D 1a trung diém clia BC thi DA 1a dudng thing phai
dung. Néu D khong la trung diém cla BC, qua trung diém M ctia BC ké
dudng thing song song v6i DA cét canh cla tam gidc ¢ E, DE la dudng
thang phai dung.

i

LAY {
II\ f"

I
I
I
1
I
|

1

1
I

B M D C B 0= - ©
Hinh 177 Hinli 178
Cdch 2. (h.178) Giasu DB=DC.

Qua C vé duong thang song song véi DA, cit BA & K. Nhu vay, AABC
dugc bién déi thanh ADBK ciing dién tich. D€ chia ADBK thanh hai phan
¢ dién tich bang nhau, chi cin dung dudng trung tuyén DE cua nd.



138. (h.179) Qua trung di€m K ciia BD, v& duding théng song song vdi AC; cit
DC ¢ E, AE 12 doan thang phai dung.

B D E.__C
Hinh 179 | Hinh 180

139. (h.180) Dung D, E trén BC sao cho BD DE:EC=1:2:3 QuaDveé
dfdng thing song véi AB, qua E vé& dudng thing song song véi AC, chung-
cat nhau tai diém O phai dung. -

140. (h.181) Goi E, H 1a trung diém clia AB, AD, tacé

1
SOHAE = ZSABCD' (1)

Goi M la trung diém ctia AC, ta ciing cé
1
_ SMHAE = 7 SaBCD- (2)
T (1) va (2) suy ra

SOHAE = SMHAE 1€n Soug = SMuE-
Do dﬁ_' OM // HE, OM // BD. - (3)

Tuong tu, goi N 1a trung di€ém cua BD thi ON // AC'(4). Hai diéu kién (3)
va (4) xdc dinh diém O.

Hinh 181 -

TiM TAP HOP PIEM

141. (h.182) Céc diém I ndm trén dudng trdn c6
- dudng kinh BM, trir diém B (M la trung diém
cua BQC).

Hink 182



142, (h.183) AOCM = AOBM (c.c.c) nén M thudc tia phéan giac Om cua goc xOy.
Gidi hagn : Khi B trang A thi M tring Q (Q 12 giao diém clia Om va d). Khi
B tién dén O thi D tién dén Q, M tién dén P (P la trung_diém cua 0Q). M
nam trén doan thang PQ thudc tia phan gidc Om, trir diém P.

E X
M
N _________
: B [ F
A >, : ,
’, |
¥ I
.H, !
P I
"f |
1
D C H: ; K
Hinh 183 . Hinh 184

143. (h.184) Vé MN L DA ; vé MH L DC. Ta c¢6 2MN = AF, 2MH = FK + DE
nén MN = MH.

Cic diém M nim trén tia B, tia d6i ciia tia BD.
144. (h.185) V& AH L Ox, AK L Oy. Ta c¢6 BAC = HAK (cing bi v6i xOy)

nén KAC = HAB. Do d6 AKAC = AHAB, suy ra AK = AH. Do dé A
thudc tia phan gidc clia géc xOy.

Giot han : Khi C trung O hoac B tring O thi A tring P (OP = a). Khi AB 1 Ox
(lic d6 AC L Oy) thi A trung Q (Q cach Ox va Oy mot khoang bang a).

D
A ¢
W) A
|
¥. * B M C
Hinh 185 - Hinh 186

145. (h.186) Chi ¥ ring AKMI 12 hinh chi¥ nhat. Cdc diém O nim trén dudng
trung binh PQ cua AABC (PQ // BO).

146. a) (h.1872) 1 cdch AB mot khoing khong déi. I nim trén dudng trung
binh PQ ciia A KAB, trir P va Q (KAB la tam gidc déu). |



4 Hinh 187
b) (h.187b) Céc dudng thang AC va BD c6 dinh. I nim trén doan thing PQ
cich déu hai dudng thang dé, trir P va Q.

147. a) (h.188a) I nam trén dudng trung binh PQ cua AKAB vuéng can, trir P
vaQ (PQ // AB). |

D C

J‘TQ

D G O e
Vg |

- 1y

O ‘:\\ E F ," '
ZASSNG A 7 MNP

'1.\ 0 ,f/ 0
A M B P R T
a) b)
Hinh 88

b) (h.188b) I ndm trén doan thing PQ song song
cach déu AC va BE, trir P va Q.

148. (h.189) a) V& AAOD déu (D nam trong goc
xOy) thi D 14 diém ¢& dinh thuéc tap hgp diém
phai tim. Hay chitng minh CD L AD.

Cic difm C ndm trén tia Dm L AD tai D va
thudc mién trong goc xOy.

Hinh 189



Ta c6 OC OD =a,0C~ OB = a = OD = BC. Trén tia d5i cia tia Ox la}’
di€ém E sao cho A 14 trung diém cia CE thi AM la dudng trung binh cua
ACDE, do d6 AM // DE. Chi y ring AODE can tai O nén néu vé Oz la tia
phén gidc cua géc xOy thi DE // Oz, de d6 AM // Oz.

Cic diém M nam trén tia At song song vdi tia phan gidc cua goc xOy

(A thudc Ox, OA = %).

154. (h.197)Khi E trung C thi D tring G (BG = a),
M 6 vi tri I, trung di€ém cla CG. Khi D tring B G
thi E tring H (CH = a), M & vi tri K, trung
diém cia BH. Ta s€ ching minh ring K, M, I p

thing hang. ;

That vay, goi O la trung diém cia BC, N 13

trung diém clia CD. Ta ¢6 O, N, I thing hang. B 0 c
Hinh {97

Ta ¢6 20K = CH, 20l = BG, CH = BG = a _

nén AIOK cin. TA c6 2NM = CE, 2NI = DG, CE = DG nén AINM can.

Cdc tam gidc can [OK, INM cé géc & dinh bang nhau nén NIM =6_1E, do

d6 I, M, K thang hang. Céc diém M nim trén doan thing KI.
155. Xét ba trudng hop :

1. Cédc duding thang AB va CD cit nhau & O

(h.198) :

Céc diém M ndm trén hai dudng thing chita

cdc tia phan gidc cla cdc géc tao bodi hai

dudng thang, trit giao diém O ctia chiing.

2. AB // CD. Céc diém M nam trén dudng

thing song song cdch déu AB va CD.

I
|
I
|
I
5
I
|
I
1
I

Hink 198 "

3. AB, CD thu¢c ciing mot ducrng thang a : Céc diém M nim trén toan mat
phang, trir dudng thing a. o = i
156. (h.199)
a) Cde di€m I, K thuoce dudng phai tim vi
1 1 1

S1aB + Sicp = 5 °ABD * 5 SBcp = S Sacp, cling vy d6i véi K.



Ta sé& ching minh ring M thuoc doan E
thing IK. "Dén" cdc doan thing AB,
CD vé E : trén tia EA ldy EG = AB,
trén tia ED lay EH = CD.

Ta cé:
SiHG *+ Senc = SiHEG = SmE + SicE =
1

= Sicp + SpaB = 'Z-SABCD- (1) ‘
p Hinh 199
SKHG * SEHG = SKHEG = SKHE + SKGE
| 1
4 = Skep * SkaB = 7 SaBcp: (2)

: 1 _
SMHG * SEHG = SMHEG = SMHE *+ SMGE = Smcp + SmaB = > 5aBcp- (3)
Tir (1), (2). 3) suy ra Sigy = SkoH = Smgh - Do d6 khoang cdch tir I, K,
M dén HG nhu nhau nén I, K, M thuéc cling mot dudng thang song song vO1
HG. Cic diém M ném trén phin dudng thing IK thuoc mién ti gidc ABCD.

b) Dé ching minh ring N thing hang véi IK, ta sé chiing. minh

| il
SNHG ;- SEHG - ESAECD . That vay .

SNHG * SEHG = SNHE ~ SNGE
1 1 :
= SNeD ~SNaB = 5 (Srep ~ SpaB) = 2 Sasen: (4)
Tir (1), (2), (4) suy ra Sy = Skng = SN te 1a I, K, N ¢6 khoang cich

dén HG nhu nhau. Vay L K, N thing hang (chd ¥ rang I, K, M, N thuoc ciing
mot nira mat phang c6 ba HG).

Chat y ; Cach khac giai cau a) (h.200).

Ta lhay trung diém 1 ctia BD cung la
mot diém thudc dlmfng phai tim. Ta cé

1
SamB + ScMmp = ESABCD

. : |
ma  Sag +Scp = ESABCD

Hinh 200



nén SaMB * ScMp = SAmB + Sci-
Tru di Sl +Sz, ta di.l’t:fc :

SgpMm +Scaom = Sapr + Spqr |
(P la giao diém clia AM va BD, Q Ia giao diém cta DM va CI).

Cong thém S3 + Sy, ta dugc :

Spm + Scm = Samm + Spiv-
Ta lai cé Sgpg = Sppv nén Scpvy = Sapv- Suy ra dudng cao e bang
dudng cao AA'.

Nhu vay, AA'CC' 1a hinh binh hanh. Do dé A'C' di qua trung diém cua AC,
tie 12 IM di qua trung diém clia AC.

Vay M nam trén dudng thang di qua trung diém cilia hai dudng chéo tir gidc
ABCD (phan thudc mién tr giac).
157, (h.201) E A B

a) Ding thic MA? + MC? = MB? + MD?* (1)
ludn luén ding. Tap hgp phai tim 12 toan mat phang.
b) MA+MC=MB+MD . () D 6
- 5 Hinh 201
— (MA + MC)? = (MB + MD)
= MA*+ MC” + 2MA . MC = MB® + MD” + 2MB . MD -
= 2MA . MC = 2MB . MD '

4

= MA . MC = MB . MD. | - 3)

Tir (1), (3) suy ra (_MA — MC)2 = (MB - MD}Z.
Do dé MA - MC = MB - MD | (4)
' hodc MA — MC = MD - MB. ' (5)

Tix (4) va (2) suy ra MA = MB, do d6 M thudc dudng trung true ciia AB.
Tix (5) va (2) suy ra MA = MD, do d6 M thudc dudng trung truc cua AD.
Vay tap hop cdc di€m M phai tim 13 hai truc déi xitng ctia hinh chi nhat.



SU DUNG CONG THUC DIEN TICH DE THIET LAP
QUAN HE VE 96 DAI CUA CAC POAN THANG

158. Co.
159. Ddp 5o : 4,8 cm.

\2 z 2 2 .
160. (h—dJ +(E‘l} =l::~[2] +[E) a-.l::>bz+«:2=a;2
hy, b, a a .

— Tam gidc vudng tai A.
161. Tinh ti s6 giia cdc canh dé suy ra tam gidc vuong. Céc canh goc vuong
bang 20 cm va 15 cm, canh huyén bang 25 cm.
162. Géi a, b, ¢ 1a ba c;aﬁh twong vng véi cdc duong cao hy, hy, he. Goi S 1a
dién tich tam gidc. Tacé
28 28 28 I -1 1

a<b+c=> < + b < + —
h, hy, he h, hy he

163. Xéta+ h, =b+hy, taco

~b= hb-h=2—5—9§_2s(—-i] 25,220
b a b a

s - B2 =
: ab

— tam gidc can tai C hoac vuéng tai C. | (1)
Tuong tu, tam gidc can tai B hoac vudng tai B (2)
_ tam gidc can tai A hodc vuong tai A. (3)

Xay ra ca (1), (2), (3) khi va chi khi tam gidc ABC déu.
164. (h.202) Goi S 1a dién tich AABC, ki hiéu Sy, Sy, S3
- nhu hinh vé. Ta c6

OA " SZ _ 83 _ SZ + 53
OA' Soac Soas  Si

OA' _Soa'c _Soa'B _Soac +50A'B =i. (2)
AA' Smc Saa'B SaactSaaB S




2 OA S2+S3
T (1), (2) suy ra = .
U.() y At S

OA' OB' OC'_ S S, S,

Q) — + — +— =

AA'" BB' CC' .S S5 S
OA OB OC §2+S3+Sl +S3+Sl+52

=1.

b) + + - =
AA' BB' CC S S S
M = Sy +S3.+SI +53 +Sl+32 -
Si Sy 53

(S22 S S ) 8 By >2+2+2=6.
S2 §1) \83 § S| 53 |

(52 + S3)(S; + S3)(S; + S7)

d)N =
515253
L N2 = (52 + 838 +83)°(S) + 5,
(515:83)°
1 45233.43133.35[32 SR
(815255)

Xay ra ddu bang trong hai cau c) va d) < O 1 trong tam clia tam giéc.

165. a) Tong cdc khoang cdch tir M dén hai canh bén bing chiéu cao ing véi
canh bén.

b) Hn:u Cac khoang cach tir M dén hai canh bén bﬁng chiéu cao tng véi
canh bén.

166. (h.203) Goi MD, ME, MF la khoang cich tr M
dén AB, AC, BC. Theo dé bai :

MD + ME = MF. (1)
Qua M vé IK'//BC. VE IH LAC, II' L BC. Tacé : _
MD + ME = IH, R e o
MF =1T'. (3) Hinh 203

Tir (1), (2), (3) suy ra IH = II' = CI 1 dudng phan gi4c céia AABC. Tuong
tr doi véi BK. Tap hop cic diém M 1a doan thang IK néi chén hai dudng
phan glac BK, CIL.



167. Xét diém M thuéc timg mién nhu & vi du 28,
tip hgp phéi tim 14 cdc canh cua mdt luc
gidc (h.204).

Ching han véi M thuoc mién 2, ké
MA' 1 BC, MB' L AB, MC' L AC,tacé
MA'+ MB' + MC' = m.

= MB' + MC'- MA' + ZMA'=m
= h+2MA'=m (do MB + MC — MA' = h)
m~-h Hinh 204

4 " ’ i
168. Chii ¥ ring diém M thuoc dudng thing chifa canh cta tam gidc déu OEF
(h.205). Pdp 56 : OC = IMA — MBI.

‘Hinh 205

169. (h.206)
a) Ké MH L BC, MI .L AC, MK L AB. Ta ¢6

AD = MH, BE = M, CF = MK. Dé dang ching -

minh téng A'D + BE + CF béng h (h 1a chiéu cao p

ciia AABC). '

b) Dua vao két qua cia cau a). Ta co _ o B

AA'+BB +CC =3h-2h=h. F 8 v

170. (h.207) V& céc dudng vuong géc tir M dén ba % A, qC

canh cia ADEF. Téng cic dudng vuong géc nay

bing AB' + BC' + CA'. Nhu vay AB' + BC' + CA'

bang chiéu cao cha tam gidc déu DEF (dong thoi ' D

bing ntra chu vi cia AABC). Hinh 207



