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MOT SO KY THUAT SU DUNG
BAT PANG THUC AM - GM VA BAT PANG THUC
BUNYAKOVSKI

MOT SO BAT PANG THUC THUONG DUNG
A. MOT SO QUY TAC CHUNG KHI SU DUNG BAT PANG THUC AM
-GM VA BAT PANG THUC BUNYAKOVSKI

e Quy tic song hanh: Da sd cic bat dang thirc déu cé tinh d6i xting nén ching ta

c6 thé sit dung nhiéu bat dang thtic trong chitng minh mot bai toan dé dinh huéng

cach giai nhanh hon.

“u_rn

e Quy tic diu bang: D&u trong bat dang thitc 6 vai trd rat quan trong. N6
gitip ta kiém tra tinh dung dan cta chitng minh, dinh hudéng cho ta cach giai.
Chinh vi vay khi giai cac bai toan chizng minh bat dang thirc hodc cac bai todn cuc
tri ta can ren luyén cho minh théi quen tim diéu kién ctua dau béng mac du modt sO
bai khong yéu cau trinh bay phan nay.

e Quy tac vé tinh dong thoi ctia ddu bang: Chiing ta thuong méc sai [am vé tinh

“__rsr

xay ra dong thoi cua dau khi 4p dung lién ti€p hodc song hanh nhiéu bat dang

thizc. Khi 4p dung lién ti€p hodc song hanh nhiéu bat dang thitc thi cdc ddu “="
phai cung duoc théa man véi cuing mot diéu kién ctia bién.

e Quy tac bién: Dai vdi cac bai toan cuc tri ¢d diéu kién rang budc thi cuc tri

thuong dat dwoc tai vi tri bién.

e Quy tac doi xitng: Cac bat dang thirc ¢ tinh ddi xtimg thi vai tro ctia cac bién

“u_rr

trong cac bat dang thic 1a nhir nhau do d6 dau “=” thuong xay ra tai vi tri cic bién
d6 bang nhau. Néu bai toan c6 dieu kién d6i xting thi chiing ta c¢6 thé chi ra ddu

“u_rs

xay ra tai khi cac bién d6 bang nhau va bang mot gia tru cu thé.
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I. MOT SO KY THUAT SU DUNG BAT PANG THUC AM- GM
1. Ky thuét tach ghép bo s6

1.1 Ky thuat tach ghép co ban

Bai 1: Cho 3 s8 thuc dwong a, b, c. Chiing minh rang: (a+b)b+c)c+a)>8abc

Bai 2: Cho 4 s8 thwee dwong 4, b, ¢, d. Chttng minh rang:

\/E+\/w£,/ia+bic+di

Bai 3: Cho 3 s0 thuc duong a, b, ¢ thoa {S >§ . Chttng minh rang:
>

Je(@a—c)+./clo—c) < +ab

Bai 4: Cho 3 s8 thwec dwong 4, b, c. Chitng minh rang:

1+3%/abc <3/(1+a)l+b)1l+c)

, : =1 . T
Bai 5: Cho 2 s6 thwec dwong a4, b thoa {Z o1 Chttng minh rang;:

ab-1+bJa-1<ab
Bai 6: Cho 2 s8 thite duong 4, b. Chitng minh rang: 16ab(a—b)* <(a+b)*
Bai 7: Cho 3 s8 thiee duong 4, b, c. Chitng minh rang:
a(l+b)+b(d+c)+c(l+a)> 3%(“ M)

Bai 8: Cho 2 s8 thuc dwong 4, b. Chitng minh rang: ab + % +g >a+b+1

Bai 9: Cho 3 s0 thuc duwong a, b, c thda a+b+c=10. Tim GTLN cua:

A =a’’c®

1.2Ky thuat tach nghich dao

Bai 1: Chting minh rang: %+ bso ,Va,b>0
a
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Bai 2: Chttng minh rang: a+ Ll >3 ,Va>1
a —

a’+2

Bai 3: Chitng minh rang: >2 ,VaeR
va® +1
‘e . . 3 3a’ 1
Bai 4: Chiing minh rang: -<=,Va=0
1+9a" 2

2

Bai 5: Tim gid tri nho nhat cua biéu thtee: A=(a+1)° +( a :
a+

2
+2] ,Va=-1

Bai 6: Tim gié tri nho nhat ctia biéu thic: A=a+ 2, va >0
a

Bai 7: Chiing minh rang: a + >3 ,Va>b>0

b(a—b)

Bai 8: Chitng minh rang: a+ ~>3,Va>b>0

(a—b)b+1)

1.3 Ky thuat ghép d6i ximg

Trong ki thuat ghép d6i xting ta can nam mot s6 thao tac sau:

.. |a+ + +
Phép cOng: 2 2 2
2(a+b+c)=(a+b)+(b+c)+(c+a)

abc =+/abvbcvca,  (ab,c>0)

Phép nhan:
a’b’c? = (ab)(bc)ca)

Bai 1: Cho ba s6 thuc dwong 4, b, c. CMR: b—c+%+a—b2a+b+c
a c

a’? b®> c®_ b ¢ a

Bai 2: Chobasothuc abc=0. CMR: —+—+—>—+-+—

b2 C2 2
Bai 3: Cho ba s0 thuc dwong 4, b, c théa abc=1. CMR:

b+c c+a a+b
+ + >Ja++b+c+3
Ja Wb Ve

a+b+c

Bai 4: Cho AABC,AB=c,BC=a,CA=b,p= . CMR:
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1
(p—a)p-bfp-c)s<Zabe

a+b+c

Bai 5: Cho AABC,AB=c¢,BC=a,CA=b,p= . CMR:

1 1 1 (1 1 1)
+ + >2 —+—+—
p-a p-b p-c a b c

1.4Ky thuat ghép cap nghich dao
Trong ki thuat ghép cip nghich dao ta ing dung bat dang thitc sau
V6i ne N" va X;,X,,....x, >0 thi

1 1 1),
(X + X, 4.t X, ) —+—+.+—|2n
Xl X2 Xn

Chting minh bat dang thtic trén :

Tacoévdi x,X,,...,x, >0 thi

1 1 1 1
(x1+x2+...+xn{—+—+..+— > na/X,X,.. X, .Nn =n?

X, X, X, X, X, ... X

V6i n=3 va x;,X,,%;, >0 thi
1 1 1
(X + X, +X ) —+—+—{>9
X X, X

Bai 1: Cho ba s6 thuc dwong 4, b, c. CMR: bre cxa a+b,g

a b c

a b c
+ +

Bai 2: Cho ba s6 thuc dwong 4, b, c. CMR:
b+c c+a a+b

>3
2

(Bit ding thitc Nesbit)

2 2

c a b2 >a+b+c

Bai 3: Cho ba s6 thuc dwong 4, b, c. CMR: + + >
a+b b+c c+a 2

Bai 4: Cho ba sd thiec dwong 4, b, c thda a+b+c<1. Ching minh bat dang

thirc sau:

1 1 1

5 +— +— >9
a+2bc b“+2ca c°+2ab
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2. Ky thuét d6i bién s6
C6 nhitng bai toan vé mat biéu thiic toan hoc twong ddi cong kénh,
khé nhan biét duegc phuong hudng giai. Bang cach d6i bién sd, ta 6 thé dua
bai todn vé dang don gian va dé nhan biét hon.
Bai 1: Cho AABC,AB=c,BC =a,CA=h. CMR:
(b+c—a)c+a-b)a+b-c)<abc (1)

Bai 2: Cho AABC,AB=¢,BC =a,CA=b. CMR:

a + b + ¢ >3 (1)
b+c-a c+a-b a+b-c
Bai 3: Cho AABC,AB=c,BC =a,CA=h. CMR:
2 2 2
a b ¢ >a+b+c(1)

+ +
b+c-a c+a-b a+b-c

a+b+c

Bai 4: Cho AABC,AB=c,BC=a,CA=b,p= . CMR:

1 1 1 p

(p—af (p-bF (p—cf (p-aXp-bXp—c)

a + b + ¢ zﬁ(l)
b+c c+a a+b 2

1)

Bai 5: Cho ba s6 thuc dwong 4, b, c. CMR:

Bai 6: Cho 3 s0 thyc khong am 4, b, c thoa (a+c)b+c)=1 . CMR:

1 1 1
>4
(a—bf  (a+cf (b+c)

Bai 7: Cho x, y, z la cac s thuc duwong thay d6i va thoa man diéu kién
xyz=1.
Tim GTNN cta biéu thttc:

A x2(y +2) .\ y2(z+x) . 2 (x+y)
y\/§+22\/5 247 + 2x/x x\/;+2y\/§

3. Ky thuit chon diém roi
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Diém roi trong cac bat déng thiee la gia tri dat duoc cua bién khi dau

“u_rs

trong bat dang thiic xay ra.

“u_rw

Trong cac bat dang thirc dau “=" thuong xay ra o cac truong hop sau:

e Cac bién c6 gia tri béng nhau. Khi d6 ta goi bai toan cé cuc tri dat duoc tai
tam

¢ Khi cac bién c6 gia tri tai bién. Khi do ta goi bai toan c6 cuc tri dat dugc tai
bién

“u_ry

Can ct vao diéu kién xay ra cta dau trong bat dang thic ta xét cac ky
thuat chon diém roi trong cac treong hop trén
3.1 Ky thuit chon di€m roi trong bai todn cuc tri xay ra ¢ bién

Xét cac bai toan sau:

Bai toan 1: Cho s8 thuc a>2. Tim gid tri nho nhat (GTNN) ctia A=a++
a

Sai lam thuong gap la: A=a+ é >2 /a% =2.Vay GTNN cua A la 2.

Nguyén nhén sai lam: GTNN cta A 1a 2 < a=tea=1vo ly vi theo gia
a
thuyét thi a>2.
a

Loi gidi ding: A-a+—-2:1,
a 4 a

3a al 3a 32 5
— 22 - +—=>1+===
4 4 a 4 4 2

, a 1
Dau “=" xayra < —== haya=2
y 13 y
Vay GTNN cua A 1a g

Vi sao chung ta lai biét phan tich dwoc nhu 10i giai trén. Day chinh la ky
thuat chon diém roi trong bat déng thitc.

Quay lai bai toan trén, dé thay a cang ting thi A cang tang. Ta dw doan A dat
GTNN khi a=2.Khi @6 ta néi A dat GTNN tai “Piém roi a=2" . Ta khong

thé ap dung bat dang thicc AM - GM cho hai s8 ava é vi khong thoa quy tac
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dau “=". Vi vay ta phai tdch a hodc é dé khi ap dung bat dang thiec AM -
GM thi thoa quy tac ddu “=”. Gia st ta stt dung bat dang thitc AM - GM cho

v ~ a. 1 s 4 o N . \ a 1 Ja A
cap so (—,—j sao cho tai “Piemroi a=2" th1i — ==, ta ¢ so d06 sau:

a a a a
a_2
a:2:> o a:)—:—:}a:4
11
a 2
Khi do: A=a+1=%+3—a+E va ta c6 1oi giai nhuw trén.
a a

4 A? ° 2 \ e z A \ e z - A7 a 1 z A2 4 z
Lwu y: Dé giai bai todn trén, ngoai cich chon cdp so (—,—j ta co thé chon cic cdc

o a
. A 1 9 a . 1
cdp s0'sau: aa,g hodc a,g hodc | a,— |.

oa
Bai todn 2: Cho s6 thye a> 2. Tim gid tri nho nhat cua A=a+ iz
a

So d6 diém roi:

a_z2

a=2=1¢ a:>£—£:>(x:8
117 a 4
a’ 4

Sai [am thwong gap la:

A=§+i2+222/3.i2+7—a= /i+ﬁz /L+L2:g.Dé'u “=" xay ra
8 a 8 8 a 8 2a 8 22 8 4

<a=2.

Vay GTNN caa A la

M|

Nguyén nhan sai [im: Mic dit GTNN ctia A 1a % la dap s8 dung nhung

cach giai trén mac sai lam trong danh gid mau s8: “ a>2= ‘,Zi > ‘/2—12 la
a .

Ly

sal .
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6.2
+_
8

+i+%23.3

a a a
=42 =2 >
88a2 8 8'8

6a
8

Nlw
N|l©

Loi giai dung: A= iz +
a

“” II

Dau “=" xay ra <a=2

Vay GTNN cua A 1a %

Bai 1: Cho 2 s thiee dwong 4, b thoa a+b<1. Tim GTNN ctia A=ab+ 1b
a
Bai 2: Cho s6 thuc a>6. Tim GTNN cua A=a’ >, 18
a

Bai 3: Cho 3 s0 thuc duong a,b, ¢ thoa a+2b+3c>20 . Tim GTNN cuta

A=a+b+c+§+i+ﬂ
a 2b c

ab>12

be>g Chting minh rang;

Bai 4: Cho3 s6 thuc dwong 4, b, ¢ thoa {

1 1 8 121
abc 12

(a+b+c)+2(i+—+—
ab bc ca

Phan tich:

Du do4n GTNN cita A dat duoc khi {S:f 7 tai diém roi a=3b=4,0=2.

Giai:
Ap dung bat dang thicc AM - GM ta c6:

a b 2 a b 2 1
—+—+— >31/—.—.—=—
18 24 ab 18 a 2

132 13, 13a13b>2\/EE12_1
18 24 18 24 V1824
@+@22\/13b 13,1813, 13
48 24

48 24 ~N4ag' 24" 4
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Cong theo v& cac bat dang thtic trén ta duoc:

1 1 1 8 121
(@a+b+c)+2 —+—+— |+—>
ab bc ca abc 12

3.2 Ky thuét chon di€m roi trong bai toan cuc tri dat dwgc tai tim
Xét bai toan sau:

Bai toan: Cho 2 s6 thuc duwong 4, b thoa a+b<1.. Tim GTNN cua

A=a+b+£+1
a b

Bai1: Cho 3 s0 thuc dwong 4, b, ¢ thoa a+b+c< g . Tim GTNN cua

A=a+b+c+1+l+1
a b c

Bai 2: Cho 3 s6 thuc dwong 4, b, ¢ thoa a+b+c< g . Tim GTNN cua

A—a’+b?ecteielil

a b c
Bai 3: Cho 2 s6 thyc duong 4, b. Tim GTNN cua A= atb +@
Jab a+b

Bai4: Cho 3 s6 thuc dwong 4, b, c. Tim GTNN ctia

a b c b+c c+a a+b
A= + + + + +
b+tc c+a a+b a b C

Bai5: Cho 2 s6 thuc dwong 4, b thoa a+b<1. Tim GTNN cua:

1 1

A== 4 =
a’+b? 2ab
Bai 6: Cho 2 s6 thyc duwong 4, b théoa a+b<1. Tim GTNN cua

1 1
- 2 2 T
1+a”+b”® 2ab

Bai 7: Cho 2 s6 thuc dwong 4, b thoa a+b<1. Tim GTNN cua

! +i+4ab

T a’+b’  ab

Bai 8: Cho 2 s6 thuc dwong 4, b thoa a+b<1. Tim GTNN cua
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1

Bai 9: Cho ba sd thyc duong x,y,z thoa 1
X

o__ 1 1

= + +
a®+b® a’bh ab?

+121_ 4 Tim GTLN cua
y Z

1

= +
2X+Yy+2 X+2y+

+
Z X+y+2z

Dé thi Dai hoc kh6i A nam 2005

4. Ky thuit nhin thém hé so

Bai 1: Tim GTLN ctia: A=a’(l-a) ,a<(0,)

Giai:

Do a,1-a>0 nén 4p dung bat dang thitc AM - GM ta c6:

3
A= Lat(2a)- Laalzza) < 1212122
2 2 2 3

4
27

= A<
AN ALy 2 2
Dau “=” xay ra <:>a:2—2a:§

Vay GTLN ctia A Ia 217

18
227

Bai 2: Tim GTLN cua: A=2a%(2-a) ,a<(0,2)

Giai:
Ap dung bat dang thiecc AM - GM ta co:

4
A:%a.a.a.(6—3a)s%[a+a+a+6_3a) 27

4 T 16

Dau “=" xay ra <:>a=6—3a:g

Vay GTLN cua A la %

<
Bai 3: Cho cac s6 thuc dwong 4, b thda {S ; s

DPAO VAN NAM 10
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A=(3-a)4-b)2a+3b)

Giai:

Ap dung bat dang thiecc AM - GM ta co:

A= 2(6 2a)12-3b)2a+3b)< 6(6 2a+12 33b+2a+3bj g

o a=0
Dau “=" xay ra < 6-2a=12-3b=2a+3b = GQ{b—Z

Vay GTLN cua A 1a 36

a=?2

Bai 4: Cho cac so thuc a4, b, c thoa {b>6 . Tim GTLN cua:
c>12

bcv/a—2 +cad/b—6 +abi/c—12

abc

A=

Giai:
Ap dung bat ddng thitcc AM - GM ta co:
a-2)+2 ahc

be be (
bcva— :—,/ia—zi.ZS—. =
2 242
ca ca (b-6)+3+3 abc
6— ,/b 6 < =
3 /9
ab ab c 12)+4+4+4  abc _ abc
abi/c - 12 = 4,/ic 12i444<
4 TN

Khi do ta co:

a_beva-2+catb-6+ab¥e-12 1 1 1 5 1
ahc “202 %8 a2 82 R
a-2=2 a=4

Dau “=" xay ra < <b-6=3 <<b=9
c-12=4 c=16

5
Vay GTLN cua A la
y VAT

Bai 5: Cho 3 s0 thyc duong 4, b, ¢ thoa a+b+c=1. Tim GTLN cua:

A=+vJa+b++Jb+c++Jc+a
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Phan tich:

Do A la biéu thirc d6i xtng v6i a, b, ¢ nén ta dy doan GTNN cua A dat tai

a+b:E

3
a:b:c=l:>b+c:E
3 3

2

c+a=—

3

Giai:

Ap dung bat dang thitcc AM - GM ta co:

Ja+b = \E‘/(am)% < \E% (1)

3 (b+c)+:23
«/b+cs\/;.T @)

(c+a)+3
\/c+a£\/§.T3 (€))

Cong theo vé& cac bat dang thirc (1), (2) va (3) ta duoc:

2(a+b+c)+3.E

A:Ja+b+Jb+c+Jc+asJ§. > 3_J6

a+b=g
3

. “"_rr 2 2 l

Dau “= mwrac>b+c:§¢3a=b:c=§
2
C+a=—
3

Vay GTLN cta A 1a V6
Luu y: Trong bai toan s dung kij thudt nhin thém hé so, ta sé sir dung kij thudt chon

diém roi dé’tim hé so"cho phi hop.

Bai 6: Cho 3 s8 thuc dwong a4, b, ¢ thda a+b+c=3. Chiing minh rang:

3fa+2b+3b+2c +¥c+2a <33
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Phan tich:

“u_r

Do biéu thitc da cho la biéu thirc d6i xttng véi a4, b, ¢ nén ta dy doan dau

xay ra khi:
a+2b=3
a=b=c=1=>b+2c=3
c+2a=3
Giai:

Ap dung bt dang thitcc AM - GM ta co:

3a+2 :%WS%(6+2b)+3+3:6+a+2b 1)

3/ 3 3%/9
6+b+2c
Yb+2c < ——=— 2
33/9 @)
6+C+2a
Ye+2a<———— 3
33/9 ®)

Cong theo v& cac bat dang thic (1), (2) va (3) ta duoc:

18+3(a+b+c)

33/9

3a+2b+3b+2c+3c+2a<

= 3%/3 (dpcm)

Bai 7: Cho 4, b, ¢ €[-2;2] thoa a+b+c=3. Chitng minh rang:

Ja—a? +Ja—p? +J4—c? <33

Phan tich:

“u_yrr

Do biéu thirc da cho la biéu thirec d6i xtiing véi 4, b, ¢ nén ta dy doan dau

xay ra khi:
4-a*=3
a=b=c=1=1:4-b*=3
4-¢*=3
Gidi:

Ap dung bt ddng thitc AM - GM ta co:
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1 1 (4-a?)+3 7-a°
4-a2 = Ja-a?p<—. - 1
V3 3 2 243 @
2
4—b2s72:/t_; @
2
Ja—c? < 72:/% 3)

Cong theo v€ cac bat déng thie (1), (2) va (3) ta duoc:

21—(a2 +b? +cz)

23

Ma theo bat dang thitc Bunyakovski ta c6

Ja—a? +a-p? ¢ fa-c? <

a+b+c) <@l+1+1)la®+b?+c?
( ) <( X
< a’+b%+c? 2—(a+b+c)2

_(a+b+c)’

nén va—a? +4-b? +4-c? < 3 =33 (dpcm
e (dpem)

5. Ky thuat ha bac

5.1Bai toan 1

Cho cac s6 thuc duwong a, b, ¢ thoa min diéu kién a+b+c=1 (*). Tim gia tri
nho nhat ciia bi€u thiee A=a’ +b* +c?

Phén tich: Su chénh 1éch vé sO ma cta cac biéu thitc a® +b*+c® va a+b+c
goi cho ta stt dung bat dang thitc AM - GM dé ha bac a?+hb?+c?. Nhung ta
can ap dung cho bao nhiéu s6 va la nhitng s6 nao? Can ctt vao bac cua cac
bién s6 a, b, ¢ trong cac biéu thirc trén (sO bac giam 2 Jan) thi ta can ap dung
bat dang thiec AM - GM Ian luot cho a?, b?va c?’cung véi 1 hang s§ dwong
twong ung khac d€ lam xudt hién a, b va c. Do 4, b, ¢ duong va ¢ vai tro

nhu nhau nén ta du doan A dat gia tri nho nhat khi a=b=c, ti (*) ta cd
a=b=c= % Mt khac thi ddu “=" ctia bat déng thitc AM - GM xdy ra khi chi
khi c4c s§ tham gia bang nhau. Khi d6 ta c6 10i gidi nhu sau:

Loi giai:
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Ap dung bt dang thitcc AM - GM cho 2 s8: a* va % ta co:

a+ix2a2t-25 (1) DAu = xay ra <:>a2=%<:>a:%
Twong tu:
b2+ 152y (2) Dau “=" xay ra ob=1

9 3 3
c+ix2 (3) Dau “=" xay ra oc=t

9 3 3

Cong theo v€ cac bat déng thie (1), (2) va (3) ta duoc:

a2+b2+c2+£22(a+b+c):g:>a2+b2+c2 -1
3 3 3 3

Wl

Dau “=" xayra < a=b=c=

Vay GTNN ctia A Ia %

Bai 1: Cho céc s6 thuc duwong 4, b thoa man diéu kién a® +b* =1(*). Tim gia tri

16n nhAt ctia biéu thitc A=+a ++/b

Phan tich: Can ct vao bac ctia cac bién sd a, b trong cac biéu thic trén (s6
bac giam 6 1an) thi ta can ap dung bat dang thicc AM - GM Ian lugt cho a® va
b® cling véi 5 hang s8 duwong tuong tng khac dé lam xuat hién Ja va b.
Do a, b duwong va c6 vai tro nhw nhau nén ta du doan A dat gia tri 16n nhat

khi a=b, tr (*) tacd a®*=b*= % Mat khéc thi dau “=" cua bat déng thttc AM

- GM xay ra khi chi khi cac s6 tham gia bang nhau. Khi d6 ta c6 1oi giai nhw
sau:
Giai:

Ap dung bat ding thiec AM - GM cho 6 s6: a° va 5 s6 % ta co:

5
a’ +5.% > 6.6 a3.(%j = 6.i.\/5 (1) D&u “=” xay ra < a° :%<:> a _ 1

e 32
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Twong tu:

5
b* +5%>66 b3( ) —6— b (2) Ddu “=" xayra < b=—"— L

325 2

Cong theo v& cac bat dang thiic (1) va (2) ta duoc:

3 3 1 1 6/n5
a’+b +52G.F(\/EM/B)@HSZG.W(\/EM/B)@ a+\/5s\/2—

Dau “=" xayra < a=b=

e{/_

Vay gid tri 16n nhat ctia A 1a §/2°

Bai 2: Cho 3 s6 thuc dwong 4, b, c thda ab+bc+ca=3. CMR: a’+b®+¢* >3

Giai:

Ap dung bt déang thitcc AM - GM ta co:

a® +b® +1>34a%° =3ab (1) s +c+1>3bc(2); ¢ +a*+1>3ca(3)
Cong theo v& cac bat dang thic (1), (2) va (3) ta duoc:

2(a® +b? +¢*)+3>3(ab+hbc +ca)
2% +b*+¢*)+3233

o a’+b’+c¢® >3 (dpem)

Bai3: Cho 3 s0 thuc duwong a, b, c thoa a°®+b*+¢®*=3. CMR: a° +b° +¢°* >3

Giai:

Ap dung bt déang thitcc AM - GM cho 558: 356 a° va2sd 1, ta co:
3a° +2253a"1.1=5a" (1)

Tuong tu:

3°+2>50°(2); 3c®+2>5¢° (3)

Cong theo v& cac bat dang thic (1), (2) va (3) ta duoc:

3(a® +b® +c®)+6>5(a° +b* +c?)
& 3@® +b° +c°)+6>53

o a’+b°+c® 23 (dpem)

Bai 4: Cho 3 s0 thuc dwong 4, b, c thda a’h® +b’c® +c’a® =3. CMR:
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a’+b’+c¢c’ >3

Giai:

Ap dung bat dang thitc AM - GM cho 7s8:3s8 a’ ,3 s8 b’ va s 1, ta co:
3a’ +3b7 +1>74a% b?1 =7a%° (1)

Twong tu:

3" +3c’ +1>7b%* (2); 3¢’ +3a’ +1>7c%® (3)

Cong theo v€ cac bat déng thie (1), (2) va (3) ta duoc:

6(a” +b” +c”)+3>7(a’h? +b°c® +c*a®)
6@’ +b +c)+327.3

<a’+b’ +c’ 23 (dpem)

Bai 5: Cho 2 s6 thuc dwong 4, b. CMR: a* +b* +4>2a+2b+ab

Giai:

Ap dung bat ding thitcc AM - GM, ta c6:
a?+4>2\a*4=4a(1); b>+4>4b (2); a’+b?>2ab (3)
Cong theo v€ cac bat déng thiee (1), (2) va (3) ta duoc:

2a® +2b* +8> 4a +4b + 2ab

< a’+b’+4>2a+2b+ab (dpcm)

Bai 6: Cho 3 s8 thuc duong a, b, c. CMR: a* +b® +¢® > a?vbe +b?Jea +c?Vab

Giai:

Ap dung bat dang thitcc AM - GM cho 6 s8: 4 56 a°,1 56 b va1s8 c’ta co:
4a% +b° +¢® > 63/a? b c® =6a’oc (1)

Tuwong tu:

4b% +c® +a’ >6b%VJea (2); 4c® +a® +b® >6c2VJab (3)

Cong theo vé€ cac bat déng thiee (1), (2) va (3) ta duoc:

6(a° +b* +¢*)> 6(a2\/&+b2\/a+02\/%)

< a®+b® +c® > a%Jbc +b?Jea+c?Vab (dpem)
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Bai 7: Cho cac s6 thuc duwong 4, b, ¢, m, n. CMR:

am+n+bm+n+cm+n Zambn+bmcn+cman

Giai:

Ap dung bat dang thitcc AM - GM cho m+n s8: m 56 a™" van s& b™" ta co:

ma™" +nb™" > (m+ n).m+\"/(a"‘+" J'b™ )" =(m-+n)a™" (1)
Tuong tu:
mb™" + nc™" > (m+n)b"c" (2)
mc™" +na™" > (m+n)cma" (3)
Cong theo v& cac bat dang thic (1), (2) va (3) ta duoc:
(m+n)a™" +b™" +¢™")> (m+n)a™" +b"c" +c"a")
a"™" +b™" +¢c™" >a"b" +b"c" +c"a" (dpcm)
Luu 3j: Bat ding thirc chiing ta viea chitng minh sé duwoc sie dung trong chieng minh

cdc bai todn sau nay.

Bai8: Cho 3 s8 thuc duong 4, b, ¢ thoa abc=1 . Chitng minh bat dang thitc
sau:
L + L + L <1
a’+b*+1 b*+c®+1 cP+a’+l
Giai:

T kétquabai7tacd a™" +b™" +¢c™" >a™b" +b"c" +c"a"

m=2
Chon {n=1 taduwoc:
c=a

a’+b®+a’>a’b+b’a+a’a=a’b+b’a+a’
=a’+b’>a’b+b%a

1 < 1 _ abc __ ¢
a*+b*+1 a’b+b’a+1 a’b+b’a+abc a+b+c

(doabc =1) (1)

Tuong tu:
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1 a
< 2
b*+c*+1 a+b+c )
L b @

c+a’+1 a+b+c
Cong theo v€ cac bat déng thiee (1), (2) va (3) ta duoc:

1 1 1 a+b+c
3 3 + 3 3 + 3 3 S
a+b°+1 b°+c°+1 c’+a’+1 a+b+c

=1(dpcm)

5.2 Bai toan 2

Cho cac s6 thuc dwong a, b, ¢ thoa man diéu kién ab+bc+ca=1. Chitng
minh ring: 10a® +10b% +¢? > 4

Giai:

Ap dung bat dang thicc AM - GM ta c6:

2 2

8a’ +C? > 21/8a2.% = 4ac
2 2

8b? +C? > 21/8b2.% — e

2a% +2b? > 24/2a.2b? = 4ab

Cong theo vé& 3 bat dang thtic trén, ta co:

10a® +10b% +c? > 4(ab+bc +ca)=4.1=4

8a2:i
2 a=b L
2 = = —
Dau “=" xay ra < 8b2=% & A 3
2 A2 C=7
2a°=2b 3

Day 1a mot 10i gidi ngan gon nhung c6 vé hoi thidu ty nhién. Ching ta sé
thic mic tai sao lai tdch dwoc 10=8+2. Néu tach cach khéc, chéng han
10=6+4 liéu c6 giai dugc khong? Tat nhién moi cach tach khac déu khong
dan dén két qua, va tach 10=8+2 ciing khong phai la sy may man. Bay gio ta
sé tim i do viéc tach 10=8+2 ¢ bai toan trén.

Véi 0<a<10. Ap dung bat dang thitc AM - GM ta c6:
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2 C2
o’ +—>2 aaz.? =+/2aac
¢’ c?
ab2+5 22 O{bz.?=\/2abc

(10— a)a? + (10— b? > 2,/(10 - a)a’(10— & o? = (20— 2a)ab
Cong theo vé& 3 bat dang thitc trén, ta co:
10a? +10b? +c? > +2a(ac+bc)+ (20— 2a)ab

Lic nay ta can bang diéu kién gia thuyét, tic la:

a=8
V20 =20 - 20 < 20 = 400 - 80 + 4a? < 2 —4la +200=0= 25 10
a=—>
2

=a=8

Khi do ta co loi giai bai toan nhu trén.

Bai1: Cho cac s6 thuc dwong 4, b, ¢ thoa man diéu kién ab+bc+ca=5.
CMR::

3a® +3b° +c” >10
Giai:

Ap dung bt dang thicc AM - GM ta c6:

2 2

222+ > 21/2a2.c— =2ac
2 2
2 2

202+ 5 >2 2025 —onc
2 2

a’ +b? > 2/a2b? = 2ab

Cong theo vé& 3 bat dang thtic trén, ta co:

3a® +3b% +c? > 2(ab +bc +ca)=2.5=10

5.3 Bai toan 3

Cho cac s6 thuc duwong a, b théa man diéu kién a’®+b’ <1. Tim gia tri 16n

nhat cta biéu thitc A=a+4b
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Phan tich:
Du doan A dat GTLN khi a® +b® =1

Gia st A dat GTLN khi {E:“ .Tacod a®+p° =1 (1)

Ap dung bt dang thitcc AM - GM cho 3 s8: a° va2s6 o’ ta co:
a’+2a° >33 ag.(a3)2 =3a’a

Tuong tu:

b®+28° > 3b (5 =38%

Cong theo v& cac bat dang thiic trén ta duoc:

(2% +b°)+2(a® + B°) > 32%a+34%

Pé xuat hién ¢ vé phai a+4b ta chon «, 3 sao cho

3a’a:3p°b=a:4b

S TR
g 4 p 2
a_1 £
Te@M)va(@)tacéhé: g 2 = 3
a+p=1 |p=? 3

Khi do6 ta c6 1oi giai sau:
Giai:
Ap dung bat dang thitcc AM - GM ta co:

11 11 1
a’+-+->33a° 2.2 ="-a
9 9 99 3/3

b3+8+§ A

i/_
Cong theo v& cac bat dang thtic trén ta duoc:

(a®+b%)+2 (a+4b)

T
= a+4b <3 [( )+2]£33&/§
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, 1 3
N
Dau “=" xay ra khi o
y b3_§ 2%
3

Vay GTLN cua A 1a 3%/3

Bai 1: Cho céc s6 thuc dwong 4, b, ¢ thoa man diéu kién a+b+c=3. Tim
GTNN cua

A =4a® +6b” +3c?
Phan tich:

Véi a,f,7>0. Ap dung bat dang thitc AM - GM ta cé:
43 + o > 242’ o = 2/Aaa

6b2 + B > 2,/6b2.B = 2,/6 b

3¢% + 7 > 2,/3¢%.y = 2,/3y¢C

Cong theo vé& 3 bat dang thtic trén, ta co:

4a% +6b% +3c2 + a++f+y > 2/4aa+2,/68b+2,/3yc

a+b+c=3
a+b+c=3 a:\/g
4
’ 4a° =
Dau “=” xay ra < s B :\/E+\/E+\/zz3
6b? = 3 b=\ 4 V6 V3
/4

3=y
o= !
3

Chon «a, B,ysao cho 4a=68=3y

a B, |r_
Ta c6 hé phuong trinh: \/;+\/;+\/; =3

da =6 =3y
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i

4 6 3

= ,8:4—a :>\/§+1/4—a+ /4—a:3:>\/5(l+1+gj=3
6 4 6.6 V3.3 2 3 3

_4a
=73
8
P73
S>a=4=>
_16
’=3

Khi d¢6 ta cd 10i gidi bai todn nhu sau
Giai:
Ap dung bat dang thicc AM - GM ta c6:

43’ +4>2/4a%.4 =8a

6b? + 2> 2 /8b2.9 =8b
3 3

3c? +E22 3c2.E =8c
3 3

Cong theo vé& 3 bat dang thtec trén, ta duoc:

4a’ +6b2+3c2+4+%+%28(a+b+c):24

= 4a’ +6b? +3c? >12

a+b+c=3
4a° = 4 a=1
Dau “=" xayra < {gp? =8 bz%
3
, 16 A
3c =3 3

Vay GTNN cua A la 12

6. Ky thuat cong thém

Bai1: Cho 3 s6 thuc duwong g4, b, c. Chting minh bat dang thtkc sau:

a b c¢c_1 1 1
2t et 22
b ¢ a~ a b ¢

Giai:
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Ap dung bt déng thitcc AM - GM ta co:

a 1 al 2 b 1_2 c 1_2
— +=> 2‘/—.—:— 1); —=+=>= (2); —4+=>=2@3
b> a b’ a b (D ¢ b c ) a’ ¢ a )

Cong theo v& cac bat dang thic (1), (2) va (3) ta duoc:

a b c 1 1 1_2 2 2

S+ttt +o2—+—+=

b c a a b c¢c a b c
a b 1 1 1

= —+4—+— dpcm
b?  ¢? a2 a b c (dpem)

Bai 2: Cho 3 s6 thiee duong 4, b, c. Chiing minh bat dang thiic sau:

2 2

a b? C a+b+c
+ + >
2b+c 2c+a 2a+b 3

Giai:
Ap dung bat déang thitcc AM - GM ta co:

2 2
a +2b+cz a .2b+c:@ )
2b+c 9 2b+c 9 3
2 2
b 20+a_2_b(2) c 2a+b 2(3)
2c+a 9 2a+b 9

Cong theo vé& cac bat dang thirc (1), (2) va (3) ta duoc:

a’ b? ¢  3@a+b+c)_ 2a@+b+c)
+ + + >
2b+c 2c+a 2a+b 9 3
2 2 2
a b c a+b+c (d cm)

2b+c 20+a+ 2a+b
Luu 1j: Trong bai todn s dung kij thudt cong thém hé so, ta sé sir dung kij thudt
chon diém roi va kij thudt ha bic dé’ tim hang tir cho phit hop.
Vi du:
e DOoi vdi bai 1 bat déng thirc da cho c6 tinh d6i xang véi a, b, ¢ nén ta du

doan dau “=" xay ra khi a=b=c . Khi d¢6 t;izziz=1 , ta chon 1 )
a® a a

e D&i véi bai 2 bat dang thiec da cho ¢é tinh ddi xténg véi a, b, ¢ nén ta du
a’?  a’

doan dau “=" xay ra khi a=b=c . Khi d¢ =
2b+c 2a+a

a ~ ?
=3 muon st dung
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bat ddng thitc AM - GM dé lam mat mau thi ta cong thém % Chon mau

. ~m +2b+c 2a+a a
la sO 9 vi = =—,
9 9 3

Bai 3: Cho 3 s6 thuee dwong 4, b, c. Chttng minh bat dang thitc sau:

a+b® b*+c® cC+ad
+ +

>2(a+b+c)
ab bc ca

Giai:

Ta co:

+—+—+—+—
c b a ¢

a3+b3+b3+c3+c3+a3_a2 b?> b®> ¢ c¢* a’
ab be ca b a

Ap dung bt dang thitcc AM - GM ta co:

2 2 2 2
@ ib22/db-2a@); Liazad @ ;% vc220(3);
b b a C

2 2 2

%+b220 4); C;+a22c 5) ; a?+022a (6)

Cong theo v& cac bat dang thuic tir (1) dén (6) ta duoc:

2 2 2 2 2 2
a_+b_+b_+c_+c_+a_+2(a+b+c)2 Ha+b+c)
b a ¢ b a c
2 2 2 2 2 2
:>a—+b—+b—+c—+c—+a—22(a+b+c)
b a ¢ b a c

al+b® b*+c® ci+a’
+ +
ab bc ca

>2(a+b+c) (dpem)

Bai4: Cho 3 s8 thuc dwong 4, b, c. Chting minh bat dang thirc sau:

Giai:
Ap dung bat ding thicc AM - GM ta c6:

a’ 1 1 a® 11 3 b2 1 1_3 c2 1 1_3
_+_+_2331’_-_-_:_ 1), —+—+=-2—-(2);, —+=-+=-2>2—-@
b?® a a b® a a b() c3bbc() a3cca()

PAO VAN NAM 25 [P]: 0988.624.083




FSG TON 8 LOP TOW TIAY HAM

Cong theo v& cac bat dang thikc (1), (2) va (3) ta duoc:

a? b®> c? 1 1 1 1 1 1
—t g+t -+ (23 —+—+—
b cC a a b c a b c
a? b? ¢2_1 1 1
> —+—+—2>2—+=+- (dpcm
b ¢* a* a b c(p )

Bai5: Cho 3 s8 thuc duong g, b, c. Chttng minh bat dang thtic sau:

3 3 3
a~ b’ ¢
—+—+—>a’+b*+c?
b ¢ a

Giai:

Ap dung bt déang thitcc AM - GM ta co:

3 3 3 3
a L a e 233\/E=3a2 @ ;
b ' b b b

3 b3 CS C3
—+—+c?230% (2) ; ——+-—+a’*>3c* (3)
cC C a a

Cong theo v& cac bat dang thuc tir (1), (2) va (3) ta duoc:

3 3 3
2(a—+—+C—J+(a2 +b? +c2)2 3(a2 +b? +cz)
b ¢ a
3 3 3
SN A I (dpcm)
b ¢ a
Bai 6: Cho 3 s thite dwong 4, b, ¢ théa abc=1 . Chitng minh bat dang thitc
Sau:
a’ b c’ 3
+ + >=
(L+b)l+c) (L+c)i+a) (L+a)il+b) 4
Giai:

Ap dung bat ding thiec AM - GM ta c6:

a’ 1+b 1+c>3\/ a® 1+bl+c 3
@ .

: : —-a @) ;
(1+b)(1+<:)+ g | 8 +b)l+c) 8 " 8 4a()

b® 1+c 1+a_3
>—b (2) ;
(1+c)(1+a)+ g 8 4 @)
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c? 1+a 1+b 3

Qraien) 8 8 24"

Cong theo v€ cac bat déng thiee (1), (2) va (3) ta duoc:

a + b’ + ¢ +£(a+b+c)+§>§(a+b+c)
@+b)l+c) (+c)l+a) (@+a)l+h) 4 4
= a + o ¢ 1(a+b+c)——> 3/abc —
(L+b)1+c) (1+c)(1+a) (1+a)(1+b) 2 4 4

(dpcm)

Bai7: Cho 3 s6 thuc duwong 4, b, c. Chitng minh bat dang thic sau:

4 4 4
a b c
+—+ 2Za+b+c

bc? ca®’ ab

Giai:
Ap dung bat dang thitcc AM - GM ta co:

a* a’
—— +b+c+c>44— bcc=4a (1)
bc bc

4

— +Cc+a+ax4b (2)
ca’

C4
——+a+b+b>4c (3)

Cong theo v& cac bat dang thic (1), (2) va (3) ta duoc:

+2 + % i3@+b+c)z4atbrc)

= + - Cb2 >a+b+c (dpcm)

Bai 8: Cho 3 s6 thuc dwong g, b, c. Chttng minh bat dang thitc sau:

ab  bc | ca >1(£+1+1j
c’(a+b) a’(b+c) b*(c+a) 2

a b c

Giai:
Ap dung bt déng thitc AM - GM ta co:
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2ab +a+b22 2ab .a+b=1 1)
c’(a+b) 4ab c’(a+b) 4ab ¢
hc b+c_ 1 ca c+a_1
+ >= (2); + >— (3
a’(b+c) 4bc a @) b’(c+a) 4ca b ©)

Cong theo v& cac bat dang thiic (1), (2) va (3) ta duoc:

ab bc ca a+b b+c c+a_ 1 1
+ + +

1
cz(a+b)+a2(b+c)+b2(c+a) 2ab ' abc 4ca a b c
1

ab bc calllll

1 1 1
cz(a+b)+az(b+c)+b2(c+a)+4_b+4_a+4c o aeTar e
ab  be  ca 1(111

:cz(a+b) a’(b+c) b’(c+a) 2la b cj (dpem)

Bai 9: Cho 3 s thuiee dwong 4, b, c thda a? +b? +¢2 =3 . Chitng minh rang;

a’ b® c?
+ +
b+c c+a a+b

>3
2

Giai:
Ap dung bat dang thitcc AM - GM ta co:

3 3
a +a(b+c)>2 a a(b+c):a2

> . 1) ;
b+c 4 b+c 4 D
3 3
b +b(c+a)sz @ . (a+b) 2 (3)
c+a 4 1+b 4

Cong theo v& cac bat dang thiic (1), (2) va (3) ta duoc:

al b3 c® ab+bc+ca
+ + +
b+c c+a a+b 2

>a’+b%+c® (1)
Mat khacta cod: a™ +b™" +¢c™" >a™b" +b"c" +c"a"
n=1

Chon {m =1 ta duwoc:

a’+b*+c’>ab+bc+ca

a’+b?+c? S ab +bc +ca
2 B 2

(2')

Cong theo v& cac bat dang thiic (1))va (2') ta duoc:
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a’ b? c® ab+bc+ca a*+b*+c*_ , ., , ab+bc+ca
= + + + + >a“+b " +c "+ ——m——
b+c c+a a+b 2 2 2
3 3 3 2 2 2
a b c a“+b°+c” 3
= + + > =— (dpcm)
b+c c+a a+b 2 2

Bai 10: Cho 3 s8 thuc duong a4, b, c. Chting minh bat dang thiic sau:

a.5 5 5
b—2+—2+—22a3+b3+c3
¢ a

Giai:

Ap dung bat déang thitcc AM - GM ta co:

b° c’
C—2+bc2 >2b° (2); a—2+ca2 >2c® (3)

Cong theo v& cac bat dang thic (1), (2) va (3) ta duoc:
5 5 5
Z—2+:—2+%+ ab? +bc? +ca’ > 2(a® +b° +¢°)(1')

Mat khactaco: a™ +b™" +¢c™" >a™b" +b"c" +c™a"

Chon {m =1 ta dwoc:
n=2

a®+b®+c®>ab®+bc® +ca’® (2')

Cong theo vé& cac bat dang thirc (1")va (2') ta duoc:

Z—z+c—z+;—z+ab2 +bc? +ca®+a’+b*+c’> 2(a3 +b? +c3)+ab2 +bc? +ca’
a5 5 CS

3 3 3
:>b—2+c—2+¥2a +b°+c (dpcm)

Bai 11: Cho 3 s8 thuc dwong 4, b, c. Chitng minh bat dang thtic sau:

3 3 3
a b ¢ zl(a2+b2+c2)
a+2b b+2c c+2a 3

Giai:

Ap dung bt déng thitcc AM - GM ta co:
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3 3
a +a(a+2b)22\/ a .a(a+2b):ga2 1)
a+2b 9 a+2b 9 3
3
b blb+20)

3
c +c(c+2b)>2 > 3)
b+2c 9

=2—C
+2b 9 3

2
>Zh? (2);
3 (2)

Cong theo v€ cac bat déng thiee (1), (2) va (3) ta duoc:

3 3 8
a b c +1(a2+b2+c2)+g(ab+bc+ca)zg(a2+b2+Cz)
a+2b b+2c c+2a 9 9 3
3 3 8
o2 b ¢ +g(ab+bc+ca)2§(az+b2+cz) (19
a+2b b+2c c+2a 9 9

Mat khactaco: a™ +b™" +¢c™" >a™b" +b"c" +c"a"

Chon {m =1 ta dwoc:
n=1

a’+b?+c?>ab+bc+ca

= %(a2 +b% +¢? )zg(ab+bc +ca)(2")

Cong theo vé& cac bat dang thirc (1")va (2') ta duoc:

3 3 3
L . Jrg(ab+bc+ca)+g(a2 +b% +c2)>
a+2b b+2c c+2a 9 9

oo

(a? +b’ +c2)+§(ab+bc +ca)

3 3 3
L S zl(a2 +b? +c?) (dpem)
a+2b b+2c c+2a 3

Bai 12: Cho 3 s8 thwec dwong 4, b, c. Chitng minh bat dang thiic sau:

b+c c+a a+b_2 2 2
+ + > —+=
a? b2 c2 a b c

Giai:

Ap dung bt ddng thitcc AM - GM ta co:

b+zc+ 4 S0 }b+2c. 4 _4 )

a b+c a- b+c a

c+a 4 4 a+b 4 4
+—2>— (2) ; + >— (3

b> c+a b ) ¢ a+b c 3)

Cong theo v& cac bat dang thic (1), (2) va (3) ta duoc:

b+c c+a a+b 4 4 4 4 4 4
> 5 + + > —+—+—

+——+ + > —
a b c a+b b+c c+a a b ¢

(1)
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11 ,[T1 4 4,
a b Vab 2Jab a+b ’

1,1, %4 3y, I A 7T
b ¢ b+c c a c+a
Cong theo v€ cac bat déng thie (1'), (27), (3’) va (&) ta duoc:

222>ﬂ4444

4

b+c c+a a+b 4 4 4
sttt + + =4+ =>—F—+— + +
b C a+b b+c c+a a b ¢ a b ¢ a+b b+c
b+c c+a a+b_2 2 2
+ + >—+—+—= (dpcm
3.2 b2 CZ C(p )

a

cC+a

Bai 13: Cho 3 s8 thuc dwong 4, b, c. Chitng minh bat dang thitc sau:

2 2 2
a—+b—+4L2a+3b

b ¢ a

D4u “=" ctia bat dang thitc xay rakhi a=b=2c

Giai:
Ap dung bt dang thitcc AM - GM ta co:

2

2 2 2
%+bzz,/%.b=za 1) 2 iacca@;: X iazac )
C a

Cong theo vé cac bat déng thiee tir (1), (2) va (3) ta duwoc:

2 2 2
a +b—+4i+a+b+4022a+4b+4c

b ¢ a

2 2 2
:>a—+b—+4iza+3b (dpcm)
b ¢ a

Bai 14: Cho 3 s8 thuc duong 4, b, c. Chiing minh bat dang thtkc sau:

2 2 2
a, b +16C Zl(64c—a—b)
b+c c+a a+b 9

D4u “=" ctia bat dang thitc xay rakhi a=h=2c

Giai:
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Ap dung bt déng thitcc AM - GM ta co:

2 2 2
a +4(b+c)2@(1); b +4(c+a)24_b(2); 16¢

+(a+b)>8c (3)
b+c 9 3 c+a 9 3 a+b

Cong theo v€ cac bat déng thire ttr (1), (2) va (3) ta duwoc:

2 2 2
a b 16 +E(a+b)+§c2ﬂ(a+b)+80
b+c c+a a+b 9 9 3

2 2 2
-2 4 b e 21(64C—a—b) (dpcm)
b+tc c+a a+b 9

7. Ky thuat AM - GM nguoc diu
Xét bai toan sau:
Bai toan: Cho 3 s6 thuc dwong 4, b, ¢ ¢6 tong thoa diéu kién :a+b+c=3.

Chting minh bat dang thitc sau:

+ + >
a’+1 b*+1 c*+1

1 1 1 3
2

Phan tich va giai:

Ta khong thé dung truc tiép bat dang thicc AM - GM véi mau vi bat dang
thitc sau d6 sé doi chiéu:

1 1 1 1 1 1_3
<-4+ —>=

2 T3 += = 5. =
a+1 b°+1 c¢c°+1 2a 2b 2¢ 2

o L, 1.1t 11 31 .3 1 _3
2a 2b 2c 2a 2b 2¢ 23/abc 2a+b+c 2

Pén day chung ta sé bj lung tung trong cach giai. O day ta sé sit dung lai bat

dang thitc AM - GM theo cach khac:

1 a’ a’ a
a’+1 a’+1 2a 2 )
Tuwong tu ta co: 21—9 (2); ! >1-% (3)
b? +1 2 c?+1 2

Cong theo v€ (1), (2), (3) ta dwoc:

1 1 1 a+b+c 3
+ + >3- =— (dpcm
a’+1 b*>+1 c?+1 2 2 (dpem)
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Nhan xét: Ky thuat AM - GM nguoc dau c6 thé hiéu la ta 18y nghich ddo hai
vé'ctia bat dang thitcc AM - GM sau d6 nhén hai vév6i -1. Khi d6 d&u ctia bat

dang thiic ban dau sé khong d6i chiéu.

Bai 1: Cho 3 s0 thyc duong a, b, ¢ c6 tong thoa diéu kién:a+b+c=3.

Chiing minh bat dang thitc sau:

1 1 1 .3
+ + >
l+ab 1+bc 1+ca 2
Giai:
Ta co:
1y @b, @b _, Jab
1+ab 1+ab 2./ab 2
Twong tu ta co: ! 21_‘/E @); 1 21_\/5 @)
1+bc 2 1+ca 2

Cong theo vé€ (1), (2), (3) ta dwoc:

E s >3- 2 (Jab + Voo + Vea)

+
l1+ab 1+bc 1+ca

23_1 a+b+b+c+c+a :3_a+b+c
2 2 2

Bai 2: Cho 3 s0 thue duong a, b, ¢ c6 tong thoa diéu kién:a+b+c=3.
Chttng minh bat dang thitc sau:

a b C 3
2 st 2 T2 27
b +1 c¢c°+1 a“+1 2

Ta co:
2 2
Za =a-— 621b Za—ﬂza—a—b (1)
b +1 b +1 2b 2
, b bc C ca
Twong tu ta co: >b-— (2); >c-— (3
R 241 2 @ a’+1 2 @)

Cong theo v€ (1), (2), (3) ta dugc:
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2a N 2b N 2d Zaer+C_ab+bc+ca (1)
b*+1 c°+1 d°+1 2
Mat khac ta co:
2 2 2 2 2 2
ab+bc+cas<® erb o0 erc 4 & ;a —a’+b?+c? =(a+b+c)’-2(ab+bc+ca)
2
:>ab+bc+ca£wzs (2"

Tt (1’) va (2') ta co:
a N b N c
b>+1 c*+1 a’+1

23—§=g (dpcm)

(a+b+cy

Luu y: Ta sé si dung két qua ab+bc +ca< =3 trong chitng minh cdc

bai toan khdc.

Bai 3: Cho 3 s0 thuc duong a, b, ¢ c6 tong thoa diéu kién:a+b+c=3.
Chting minh bat dang thiic sau:

a+l1 b+l c+1
o+ — >
b +1 c¢°+1 a“+1

Giai
Ta co
2 2
L PN o RN CE= PP, -Ea. Bt
b +1 b +1 2b 2
Tuong ty ta cé: b2+12b+1_bc+c @ ; c2+12C+1_ca+a 3)
c°+1 2 a“+1 2
Cong theo v€ (1), (2), (3) ta dugc:
a+l b+1 c+1 a+b+c+ab+bc+ca
+ + >a+b+c+3-
b*+1 c*+1 a’+1 5
Za+b+c+3_ab+bc+c:a
2 2
(@+b+c)’
2§+3-# :§+3_§:3
2 2 2 2

Vay
a+l b+l c+1
+ + >
b?+1 c¢*+1 a’*+1
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Bai 4: Cho 3 s6 thuc dwong 4, b, c . Chitng minh bat dang thtkc sau:

a’ b® c? a+b+c

2 2+ 2 2+ 2 2 2

a“+b°- b °+c° c°+a 2
Giai:
Ta co:

a’ ab? ab? b

———=a-———=za-—=a—-—- (1
a’+b? a’+b? 2ab 2 @)

3 C c? a
Tuwong tw ta co: >b-— (2); >c-— (3

&1 b? +¢? 2 @) c?+a? 2 3

Cong theo vé€ (1), (2), (3) ta dwoc:

al b3 c? a+b+c a+b+c
5t 55+t 5 zatbh+c— =
a+b° b +c° c°+a 2 2
(dpem)

Bai 5: Cho 3 s0 thyc duong a, b, ¢ c6 tong thoa diéu kién :a+b+c=3.
Chiing minh bat dang thic sau:

a b C
2 + 2 + 2 Z
b°c+1 c“a+1 a‘b+1

Giai
Ta co
2 2 b./a(ac
2a . azlbc L, ab’c :a_ab\/E: _ by/a )Za_b(a+ac)
b%c+1 b%c +1 2b/c 2 2 4
a

1
>a——(ab+abc 1
:>b20+1 4( ) @)

Tuong tu ta co:

b
c’a+1

c
a’b+1

zb—%(bc+abc) 2); 2c—%(ca+abc) (3)

Cong theo vé€ (1), (2), (3) ta duoc:

a b C ab+bc+ca abc ab+bc+ca abc
>a+b+c- - =3 - -

+ + 1
b’c+1 c’a+1 a’b+1 4 4 4 4 (1)

Mat khac ta co:
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2
(a+b+c) > ab+ b +.ca C>%Zabercma 2)

4

3:

3=a+b+c>3¥abc Qiza%c (3")

Cong theo vé€ (1'), (2), (3") ta duoc:

a b c 3 1
5 +— +— +—4+=>
bc+1 ca+1 ab+1 4 4

a b c
+ + >2 (dpcm
b’c+1 c’a+1 a’b+1 (dpem)

Bai 6: Cho 3 s0 thuc duong a, b, ¢ c6 tong thoa diéu kién ab+bc+ca=3.

Chitng minh bat dang thic sau:

a b c
3 + 3 + 3 -
2b°+1 2c°+1 2a°+1

Giai:
Ta cé:
a_ _. 2ab’ >a_ab‘?‘_a_ziab )
2b® +1 b>+b®+1 3b? 3
, b 2bc c 2ca
Twong tw ta co: >b- 2); >C— 3
&1 2c® +1 3 @ 2a® +1 3 ®)

Cong theo vé€ (1), (2), (3) ta duoc:

a b c 2(ab +bc +ca)
3 +— +— >a+b+c—
2b°+1 2¢c°+1 2a°+1

=a+b+c-2 (1Y)

Mat khac ta co:

2
Mzab+bc+ca

—a+b+c>./3@b+bc+ca)=3 (2")

Cong theo vé (1) va (2) ta dugc:

a b C

—t—5 -+t —-+tatb+c=za+b+c+1
2b®+1 2c°+1 2a”+1

a b C
= + +
2b°+1 2¢®+1 2a*+1

>1 (dpcm)
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Bai 7: Cho 3 s3 thuc duong 4, b, ¢ . Chting minh rang:

3

a b3 o a+b+c
2 2+ 2 2+ 2 2 2
a+ab+b° b +bc+c° c°+ca+a 3
Giai:
Ta co:
3 2 2 _
2 a _a- ?b+ab 22a_ab(a+b):a_a+b:2a b )
a“+ab+b a‘+ab+hb 3ab 3 3
Tuong tuy ta co:
b3 2b-c c? 2c—a
5 -2 2); 5 -2 (3)
b +bc+c 3 c“+ca+a 3
Cong theo v€ (1), (2), (3) ta dwoc:
al b3 c? a+b+c
+ + > dpcm
a’+ab+b?> b?+bc+c® c?+ca+a? 3 (dpem)

Bai 8: Cho 3 s0 thuc duong 4, b, ¢ c6 tong thoa diéu kién a+b+c=3.

Chting minh bat dang thitc sau:

2 2 2
a+a2b2 " bch2 " c+c2a2 =1
Giai:
Ta co:
a’ 2ab’

2ab? 2.0\
—_— ——2 — = =3 b 1
a+2b? 2 a+b®+b? 2 R/ab* : 3 (@) @

Tucyng tu ta co:

ORI PR VO

3
Cong theo v€ (1), (2), (3) ta duoc:
a’ b? c’

2
T + o + Y 2a+b+c—§[3\/(ab)2 +3\/(bc)2 +3\/(ca)2}

>3—§[\/ab ) +3/(bc)? +\/ca} *)

Mat khac ta co:
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3(ab)’ =3/aabb < %M (1)
Twong tu:
(e ) s&;” @) ; (cay s% (3)

Cong theo vé€ (1), (2) va (3’) ta ¢

3(ab)? +3/(bc)? +3(ca)’ s%(a+b+c)+%(ab+bc+ca)

_g(a+b+c) M =3

32
3 37 3 3

3.3+1.
3 3

:—g[\/ab ) +3(oc)? +3(ca)’ }2—232-2 (%)

Tt (*) va (**) ta co:

a’ b2 c?
+ +
a+2b®> b+2c? c+2a’

>3-2=1 (dpcm)

Bai 9: Cho 3 s0 thyc duong a, b, ¢ thoa diéu kién a+b+c=3. Chitng minh

bat dang thirc sau:

a’ s b2 N c?
a+2b® b+2¢® c+2a®

Giai
Ta co
2 3 3
a s=a— 2;33b s>a- 2ab :a—zbi/? (1)
a+2b a+b’+b 33/ab® 3

Tuong tu ta co:

2
O sp2ah? @

b+2¢3 3 +2a°

>C-— a\/_2 (3)

Cong theo vé€ (1), (2), (3) ta dwoc:

2 2 2
a__, b - 32a+b+c—§(b3\/¥+c3b2+a§/0—2)

a+2b® b+2¢® c+2a

23—§(b§/a_2+c3 b? +a§/c—2) *)

Mat khac ta co:
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ba;/?:bs/—a_a.lgb(a+§+1j:b(2a3+lj: 2ak;+b D)

Twong tu ta co:

2lp? < 2bc3+c 2); a%/c—z < 2ca3+a (3

Cong theo vé€ (1'), (2), (3") ta duoc:

(b%/a_2+ci/b_2+ai/c_2)sa+b+c+§(ab+bc+ca)

3
2
catb+c 2 (a+b+c) o (%)
3 3 3
a’ b? c’

Tk (*) va (**) ta co: >1  (dpcm)

+ +
+2b® b+2c® c+2ad
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B. MOT SO KY THUAT SU DUNG BAT PANG THUC
BUNYAKOVSKI
I. BAT DPANG THUC BUNYAKOVSKI

1. Cho 21 s6 thyc batki a,,a,,...,a,,b,,b,,...b. neZ,n>1, taludn co:

n

(ab, +a,b, +..+ab, ) < (af +al+.+ aHZbe +b? +...+b§)

A1 2 . ! 2 . a a
Dau “=" xay ra khi va chi khi =+ =

a
2 —..="(quyvuwdc b =0thi a =0
b, b, o (quy i =0)

n

2.
IL. MOT SO KY THUAT SU DUNG BAT DPANG THUC
BUNYAKOVSKI

1. Ky thuét tich ghép b s6

Bai 1: Cho cac s0 thye duong a, b, c thoa a+b+c=1. CMR 1,115

a b c

Gidi:

Ap dung bat ddng thitc Bunyakovski :

§+%+%:(a+b+c)(;+;+1] (\/_\/_+\/—\/_ \/_\/_jz 9

Vay 1+1+129
a b c

Bai 2: Cho céc s0 thuc duwong 4, b,e. CMR :

\/a+b +\/ b+c +\/ c+a _ 5
a+b+c a+b+c a+b+c

Giai:

Ap dung bat dang thixc Bunyakovski :
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\/ a+hb \/ b+c \/ cra )
+ +
a+b+c a+b+c a+b+c

£(12+12+12{ a+b . b+c ,_c+a ]:6

a+b+c a+b+c a+b+c

:\/ a+b +\/ b+c +\/ cta _ 6
a+b+c a+b+c a+b+c

Bai 3: Cho cac s6 thuc duwong 4, b, c thoa ab+bc+ca=4. CMR:

a*+b*+c* >%

Giai:

Ap dung bat dang thitc Bunyakovski, ta c6 :

(®+12 +12fa* +b* +¢*)> (La® +10% +1.¢% ) = (a2 +b® +c? fb? +¢? +a?)
> (ab +bc +ca)(ab + bc + ca) = 16

=a*+b*+c*> % (dpcm)

a b
Bai4: Cho céc s6 thue dwong 4, b. CMR — +— >+Ja ++/b
) & N

Giai:

Ap dung bt déng thiic Bunyakovski, ta ¢ :

(2 + b —[ﬂmiﬂ [I f](f +b)

o {a
a b
:3@E+JQ33€+7§
(dpcm)

2 2 2
Bai 5: Cho cac s6 thuc duwong a, b. CMR a+b+c<2 AL
b+c c+a a+b

Giai:

Ta co:

a+b+c= a vb+c + b c+a+ ¢ Ja+b
N Je+a Ja+b

Ap dung bat ding thixc Bunyakovski :
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(a+b+c)2s{(\/;cher[\/ciajz+(\/ac+bj2][(\/b+c)z+(\/c+a)2+(M)Z}
s[ al (b, J[Z(a+b+c)]

b+c c+a a+b

a’ b? c?
+ +

b+c c+a a+b

:>a+b+C£2( J(dpcm)

Bai 6: Cho cac s6 thuc dwong g4, b thoa a® +b? =1. Tim GTLN cua
A=avJl+a+bvl+b

Giai:
Ap dung bat dang thitc Bunyakovski :
A=al+a+bVl+b < (a2 +b*fl+a+1+b)=a+b+2
< \/\/(12 +12Xa2 +b2)+2 =m

a’+b®=1

Dau “=" xay ra < a__. b <:>a:b:£
va+l b+1 2
1 1
a b

Vay GTLN ctia A la v+/2 +2

Bai7: Cho sO thuc 4, b thoa 36a® +16b?> =9. Tim GTLN va GTNN cua

A=-2a+b+5

Giai:

Ap dung bat déng thiic Bunyakovski :

(36a2 +16b2{(— %)2 + Gﬂ > [6&(— %) + 4b.ﬂ2 = (-2a+b)’

= (-2a+b)’ <2
16

:—23—2a+b3—

H|lOo

:E£—2a+b+5s§
4 4

Ta co:

PAO VAN NAM 42 [P]: 0988.624.083



FSG TON 8 LOP TOW TIAY HAM

36a% +9b% = 9 5
a==
GTNN ctia Ala -2 khie 82 _4 ] 5
4 11 9
3 4 20
—2a+b:—E
4
36a% +9b% = 9 ”
a=-=
GTLNcﬁaAlé% Khi < 6—124—;’ - 95
"3 4 =%
—2a+b=E
4

Bai 8: Cho cac s6 thuc duwong 4, b, c. CMR:

4 4 4
2% 1 bt 4ot 2(a+3bj +[b+3cj +(c+3aj
4 4 4

Giai:

Ap dung bat dédng thitc Bunyakovski, ta ¢ :

4 27? i
(a+3bj _ (EJFEJFEJFEJ < (i+i+i+iJ(a2 1b?+b? +b2)
4 4 4 4 4 16 16 16 16

si(a2 +b? +Db? +b2)2
16

s%(l+1+1+1)(a4 +b* +b* +b*)

)

(a+3bj4 a* +3p*
= <
4 4

Twong tu:

(b+30)4 - b* +3c*

4 4 @)

(c+3aj4 - c*+3a*

1 2 ©)
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Cong theo vé€ (1), (2), (3) ta dwoc:

4 4 4
(atfbj +[bz3cj +(c+43aj <a’+b* +c* (dpcm)

Bai 9: Cho a,b,ce(0,1). CMR +ahc +./(1-a)1-b)l-c)<1

Gidi:
Ap dung bat déng thitc Bunyakovski :
<x/abc +Jl-a)l-b)1- c))2 <[a+(@—-a)Jbc+(1-b)1-c)]=bc+(@1-b)1-c)
= Jabc +,/1—a)1-b)1-c)<./bc +(1-b)1-c) <~/bc +-/1-b)1-c)
Ma

(Vbe +JA-bYi—c)f <[o+@-b)Jc+@-c)=1
= Joc +./1-b)1-c)<1

Vay ta co:
(Vabe +JA-a)i-b)i-c)f <1

hay

Vabe +,/(1-a)1-b)1-c)<1
Luu y: Trong cich chitng minh trén ta di sir dung bt ding thiec
Vx+y <dx+ly (xy>0)
Dé dang chirng minh tinh chit nay, ta cd:

(\/;+\/§)Z:x+y+2\/x_y>x+y (x,y>0)
=Xy > x+y

Bai 10: Cho cac s6 thuc dwong 4, b, c. CMR

a__ b L c 9
(b+cy (c+af (a+by 4a+b+c)

Giai:

Ta co:
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(a+b+0){(b jc)z + (C+ba)2 " (afb)z}
-[(Vaf +(¢5)2+(ﬁﬂ[(f J ( E J ( g ”

+C c+a a+cC

2
a b c
> + +
(b+c c+a a+bj
Ma ta co:

a b C 3
+ >—

+ >
b+c c+a a+b 2

(bat dang thitc Nesbit, da chiing minh trong phan trudc)

( a b c jz 9
= + + >Z
b+c c+a a+b 4

:>(a+b+c)[ a_, b ¥ 0)2}2%

(b+c)® (c+a) (a+b
a b c o 9

:>(b+c)2 +(c+a)2 +(a+b)2 “4(a+b+c)

2. Ky that chon di€m roi

Bai 1: Cho cac s thuc dwong 4, b,c thoa a+b+c>6. Tim gia tri nho nhat

(GTNN) ctia

A:\/a2+bi2 +\/b2 +i2 +\/c2 +i2
c a

. Phan tich:
Chuyén doi mot biéu thic trong can thanh mot biéu thirc ngoai can. Gia st

vOi cac sO a, f ta co:
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¢4t o L \/(cz+i2j(a2+,82)2 ! (ac+ﬁj
a a2+ﬁ2 a a2+ﬁ2 a
S As [a(a+b+c)+ﬁ(£+l+1ﬂ
a’ + p? a ¢

Do A la biéu thirc d6i xtng v6i g, b, ¢ nén ta dew doan GTNN cua A dat tai
a=b=c=2

So d6 diém roi:

Bl B~ B[

a=4
B=1

a=b=c=2=> :%:ab:bc:ca:%,chon{

R|o R|o Q|

Két hop véi “ ki thuat chon diém roi trong bat dang thitc AM - GM” ta ¢ 10i

giai:
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Giai
a2+—2—i. (a2+i2 .(42+12)2L(4a+£j
b 17 b 17 b
sztizzi.\/(b2+i2 .(42+12)2i(4b+£j
c 17 C 17 c
c%%;i, (c2+i2 .(42+12)2 ! (4c+£j
a 17 a e a
A>_L 4(a+b+c)+(£+1+1j L E(a+b+c)+(g+9+g+1+1+£) Dau
17 a b c 17| 4 4 4 4 a b c

a_1l
4 b
”_”Xayra P 9=1<:>a:b=C=2
4 c
c_1
4 a
Vay GTNN ctia A la Nzﬁ

Bai 2: Cho cac s6 thuc duwong g, b,c thoa a+b+c>6.. Tim GTNN cua

A:\/a2 — Jr\/b2+L +\/C2 —t
b+c c+a a+b

.Phan tich:
Chuyén d6i mot biéu thirc trong can thanh mét biéu thitc ngoai can. Gia st

vOi cac sO a, f ta co:

+
b+c +Jc+a

SA>_ 1 a(a+b+c)+ﬂ(\/ L =+ L L ﬂ
2 a+
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Do A la biéu thirc d6i xtng v6ia, b, ¢

nén ta diu doan GTNN caa A dat tai

a=b=c=2
So d6 diém roi:
a_1
a pb
=4
a=b=c=2= B:i:>z:ab:bc:ca:ﬂ,chon “
a pc p =
c_1
a pa

Két hop véi “ ky thuat chon diém ro
giai:

Gidi

i trong bat dang thitc AM - GM” ta c6 1oi

1 1

1

{4(a+b+c)+(

+ +
Ja+b +Jb+c Jec+a

)

1

1

4(a+b+c)+3.3\/

9

Ja+b Ja+b Je+a

|

Ha+b+c)+

Ja+b+Ja+b++Jc+a

=)

Ha+b+c)+ (1

2112 +1%(a
9
J6(a+b+c)

Ha+b+c)+

|

9 9

+b)+(b+c)+(c+a)

ﬁ(a+b+c)+%(a+b+c)+

|

2\/€(a+b+c)Jr 2./6(a+b+c)

31

9

317

—.6+3
8 2+/6(a

e,\/%(a+b+c).

Vo6i a=b=c=2 thi GTNN cua A la

=

2

317
2
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Bai 3: Cho cac s6 thuc duwong a4, b,c thoa a+b+c++/2abc >10. Tim GTNN cta

\/8 9b® c*a’ \/8 9c®> a’b’ \/8 9a’® b*c®
A= +—+ + +—+ +.=+—+

a2 2 4 \p2 2 4 N2 2 4

Do A la biéu thirc d6i xtng v6i g, b, ¢ nén ta dgw doan GTNN cua A dat tai

a=b=c=2

So do diém roi:

a_1l

a pb

=4

a=b=c=2= E:i:>g:ab:bc:ca:ﬂ,chon “

a pc B 1 B=1

c_1

a pa

Két hop véi “ ki thuat chon diém roi trong bat dang thite AM - GM” ta c6 10i

giai:
Giai
2 2,2
\/2+18+4\/%+% ca ££+9b+ca
a a
2 22
2+18+4\/£2+9L a’b <—+9b+ca
b 2
2 2.2
\/2+18+4\/£2+9i bc <—+9b+ca
C

:M.Az(§+%+9+9(a+b+c)+(ab+bc+ca)

2(§+a}{%+bj+(%+cj+(2a+bc)+(2b+ac)+(2c+ab)+6(a+b+c)

> 2\/§.a + 2\/%.b + 2\/%3 +2+/2abc ++2+/2abc ++2+/2abc +6(a+b +c)

>12+6(a-+b+c+2abe )> 72

Véi a=b=c=2 thi GTNN ctia A 13 66
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