MOT SO BAI TOAN VE PUONG TRON

A.MOT SO KIEN THUC CAN NHO

I. Suw xac dinh dwong tron

1. Pinh nghia: Puong tron tdm O ban kinh R (R >0) la hinh gom cac diém céch diém O

mot khoang bang R. Ki hi¢u (O;R) hoc (O)

2. Vi tri twong d6i cia mét di€ém d6i véi mot duwong tron

Cho dwong tron (O;R) va diém M, khi dé
o M nam trén duong tron (O;R) khi va chi khi OM =R.

o M nim trong dudong tron (O;R) khi va chi khi OM <R .
o M nam ngoai duong tron (O;R) khi va chi khi OM >R.

3. Cach xac dinh dwong tron: Qua ba diéin khong thang hang ta vé dwoc mot va chi mot dweong
tron va tdm dwong tron dé la giao diém cic dwong trung truc cua tam gidc tgo duwoc tw ba
diém do.

4. Tinh chat d6i xtitng caa duong tron
e Duwrong tron la hinh co tam doi xieng. Tam cia dwong trom la tdm doi xing cua dwong tron
do.

e Duwong tron la hinh cé truc doi xieng. Bat ki dwong kinh nao ciing la truc doi xitng ciia
dwong tron.

II. Lién hé gitta dwong kinh va day cung.

1. So sanh d¢ dai cua dwong kinh va day

Trong cdc ddy cua dwong tron, didy lon nhat la dwong kinh.

2. Quan hé vudng goc gitta dwong kinh va day
o Trong mot dwong tron, dwong kinh vudng géc véi mot day thi di qua trung diém cua diy
ay.

o Trong mot dwong tron, dwong kinh di qua trung diém cua mot diy khong di qua tdm thi
vudng géc voi ddy dy.

3. Lién hé gitra ddy va khoang cach tir tAim dén day

e Trong mot dwong tron hai thi ddy bang nhau thi cdch déu tdm va hai ddy cich déu tdm thi

biang nhau.
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o Trong hai ddy cua mt dwong tron thi ddy nao Ién hon thi ddy doé gan tdm hon va ddy nao
gan tam hon thi ddy dé 16n hon.

II1. Vi tri twong d6i ctia dwong thang va duong tron.

1. Vi tri twong d6i ciia deong thing va duong tron

Cho duong tron (O;R) va duong thing A. Dt d =(0O,A) la khodng cinh tir O dén A.

Vi tri twong d8i ctia duong thang va S6 diém Hé thuc gitta d va
duwong tron chung R
Duong thang va duong tron cat nhau 2 d<R

Duong thang va duong tron tiép xuc

nhau

Puong thang va duong tron khong giao

0 d>R
nhau

Khi dwong thang A va dwong trom tiép xic nhau thi dwong thang A dwoc goi la tiéh
tuyén ctia dweong tron. Diéin chung ctia dwong thing va dwong tron duwoc goi la tiép diem. Khi
dwong thang A va dwong trom tiép cdt nhau tai hai diém thi duong thang A duwoc goi la cat tuyén
cua dweong tron.

2. Dau hiéu nhén biét tiép tuyén ctia dudong tron
o Néu mot dwong thang la tiép tuyén ctia mot dwong tron thi né vudng goc véi bian kinh di
qua tiép diém.
o Néu mot duwong thang di qua mot diém ciia dwong trom va vudng géc véi ban kinh di qua
diéin do thi dwong thing dy la tiép tuyén ctia dwong tron.
3. Tinh chat cta hai tiép tuyén cat nhau
Né&u hai tiép tuyén ctia mot dwong tron cat nhau tai mot diém thi:
e Diém dé cich déu hai tiép diém.
e Tia ké tir diém do di qua tdm la tia phin gidc cua goc tao boi hai tiép tuyén.
e Tia ké tiv tdm di qua diém do la tia phan gidc ciia goc tgo bdi hai ban kinh di qua cic tiép
diém.
4. Duong tron ndi ti€p tam giac
e Duong tron tiép xiic v6i ba canh cia mot tam gidc dwoc goi la dwong tron ngi tiép tam gidc,

con tam gidc dwoc goi la ngoai tiép dwong tron.
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e Tam ctia dwong tron ndi tiép tam gidc la giao diém ciia cdc dwong phin gidc cic géc trong

tam gidc.
5. Duong tron bang tiép tam giac
o Duong tron tiép xiic voi mgt canh cuia mot tam gidc va tiép xiic voi cdc phin kéo dai cua hai
canh kia dwoc goi la dwong tron bang tiép tam gidc.
e V6i mét tam gidc, c6 ba dwong tron bang tiép.
o Tdm ciia dwong tron bang tiép tam gidc trong goc A la giao diém cuia hai dwong phin gidc
cic goc ngoai tai B va C, hodc la giao diém ciia dwong phin gidc géc A va dwong phidn gidc
ngoai tai B(hodc C).
IV. Vi tri twong d6i ctia hai dwong tron.
1. Tinh chat dwong ndi tim
o Duwong noi tim cua hai dwong tron la truc doi xitng cuia hinh gom ca hai dwong tron do.
o Néu hai dwong tron cit nhau thi hai giao diém doi xirng v6i nhau qua dwong néi tam.
o Néii hai dwong tron tiép xiic nhau thi tiép diém nam trén duong noi tam.
2. Vi tri twong d6i ctia hai duong tron

Cho hai dwong tron (O;R) vd (O';r). Dat d =00

SO diém | Hé thuic gitta d voiR
Vi tri twong ddi cua hai dwong tron
chung var
Hai duwong tron cat nhau 2 R-r<d<R+r
Hai duong tron ti€p xtic nhau:
- Tiép xtic ngoai 1 d=R+r
— Tiép xtc trong d= |R —r|
Hai dwong tron khong giao nhau:
—Ongoéi nhau 0 d>R+r
— (0) dung (O) d<[R-1]

3. Tiép tuyén chung ctia hai duong tron

Tiép tuyén chung cia hai dwong tron la dwong thang tiép xiic v6i cd hai dwong tron dé.
Tiép tuyén chung ngodi 1 tiép tuyén chung khong cit dogn ndi tim. Tiép tuyén chung trong la tiép
tuyén chung cit dogn néi tim.
V. Goc voi duwong tron.
1. Goc 6 tam

e Mot sO khéi niém
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+ Goc ¢6 dinh trung véi tam dwong tron dwoc goi la goc o tam.
+ Néu 0° <o <180° thi cung nam bén trong géc tron dugc goi cung nhd, cung nam
bén ngoai goc tron duoc goi cung 1on.
+Néu « =180° thi mbi cung la mot nira duong tron.
+ Cung nam bén trong géc tron duoc goi cung bi chan. Géc bet chan ntra duong tron.
+Ki hiéu cung AB 1a AB. S8 do ctia cung AB duoc ki hiéu 1a sdAB
e Mot so tinh chat
+ Dinh 1i 1: Néi C 1d mot diém nim trén cung AB thi saAB = sdAC +sdBC
+ Dinh li 2: V6i hai cung nhd trong mét duwong tron hay trong hai dwong tron bang nhau thi
hai cung bang nhau cing hai ddy bang nhau, nguwoc lgi hai ddy bang nhau cing hai cung bing
nhau.
+ Dinh li 3: Vi hai cung nhé trong mot dweong tron hay trong hai dwong tron bang nhau thi
cung lon hon cang ddy lon hon, nguwoc lai ddy lon hon cing cung lon hon.
2. Goc noi tiép
o Dinh nghia: Géc ndi tiép la goc c6 dinh nam trén dwong tron va hai canh chita hai ddy cung ctia
dwong tron dé. Cung ndm bén trong géc dwoc goi la cung bi chin.
e Dinh li: Trong mot dwong tron, s6'do ciia géc ni tiép bang nira s6'do ciia cung bi chin.
e H¢ qua: Trong mot dwong tron thi
+ Cdc goc ndi tiép bang nhau chin cdc cung bang nhau.
+ Cdc goc ndi tiép cing chian mot cung hodc chin cdc cung bang nhau thi bang nhau.
+ Goc ndi tiép (nhé hon hodc bang 90°) cé s6'do bang niva s6'do ctia goc & tim cting chin mot
cung.
+ Goc ndi tiép chin nira dwong tron la géc vudng.
3. Goc tao béi tia ti€p tuyén voi diy cung.
o Dinh li: S6'do ciia goc tao béi tiéh tuyén véi ddy cung bang nira sd'do ciia cung bi chin.
o H¢ qud: Trong mot dwong tron, goc tao béi tia tiéh tuyén véi ddy cung va géc ndi tiép cing chin
mot cung thi bang nhau.
4. GOc c6 dinh ¢ bén trong dwong tron va goc c¢é dinh 6 bén ngoai dirng tron
o Dinh li 1: S6'do ctia géc c6 dinh 6 bén trong dwong tron bang nira téng s6'do hai cung bi chin.
e Dinh li 2: S§'do ciia goc c6 dinh 6 bén ngoai dwong tron bang nia hi¢u s6'do hai cung b chin.
5. Tt giac noi tiép
e Dinh nghia: Tit gidc c6 bon dinh nam trén mot dwong tron la tie gidc ndi tiép duwong tron.

e Dinh li 1: Tir gidc ndi tiép thi tong s6'do hai géc doi dign bang 180°.
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e Dinh li 2: Tir gidc c6 t6ng s6 do hai géc doi dign bang 180° thi tir gidc d6 ndi titp dwoc dwong
tron.
Chit y: Trong cdc tir gidc dd hoc thi hinh chit nhdt, hinh vudng, hinh thang cin ngi tiép duoc
dwong tron.
6. DPuong tron ngoai ti€p, duwong tron ndi ti€p
e Duwong tron di qua tdt cd cic dinh ctia mot da gidc dwoc goi la dwong tron ngoai tiép da gidc va
da gidc dwoc goi la da gidc ni tiép dweong tron.
o Duwong tron tiép xiic voi tat ca cdc canh ciia mot da gidc dwoc Qoi la dwong tron nii tiép da gidc
va da gidc dwoc goi la da gidc ngoqi tiép dwong tron.
e Cho n —da gidc déu cé canh a, khi do
Ay . . s e a . a
— Bdn kinh dwong tron ngoai tiép, noi tiép la R = 1800 vd T = T

2 tan
n n

2
A A e g g \ \ C a8 A a1y a
— Lién hé giita bin kinh dwong tron ngoai tiéh va ndi tiép la R* —r* = e

2sin

7. Do dai dwong tron, cung tron. Dién tich hinh tron, hinh quat tron.

e Dg dai C ciia mgt dwong tron bin kinh R dwoc tinh theo cong thirc: C=27R = zd

o Trén dwong tron bian kinh R, dg dai | ciia mdt cung n° dugc tinh theo cong thirc: 1= %R(r;
e Di¢n tich S ctia m@t hinh trom ban kinh R dwogc tinh theo cong thirc: S = zR?

7R’n IR

:S:—
360 2

o Di¢n tich hinh quat tron bin kinh R, cung n° duwoc tinh theo cong thikc: S =
VI. M6t s6 kién thirc bo sung

1. M6t s6 tinh chat vé tiép tuyén

Tinh chit 1.1. Cho duong tron (O; R) va diém M nam ngoai duong tron. Vé tiép tuyén MT
véi T tiép diém va cac cat tuyén MAB, MCD. Khi d6é ta o
MT? = MA.MB = MC.MD = OM?* -R?

Nhdn xét: V6i mot diéim M cd'dinh thi OM? —R? khong doi, do d6 MT? va MB.MC khong déi. Ta

goi dai lwong P, o = OM? —R? la phirong tich ciia M doi vdi dwong tron (O).

/(0)
e Tinh chit 1.2. T& gidc ABCD c6 MA.MB =MC.MD véi M la giao diém ctaa AB va CD thi
t giac ABCD noi ti€p duong tron.

e Tinh chit 1.33. Cho t gidc ABCD ndi ti€p duong tron, goi M la giao diém cta hai
duong chéo AC va BD. Khi d6 ta <6 MAMC = MBMD =R? -OM?

e Tinh chat 1.4. Tt gidc ABCD c6 MAMC =MB.MD véi M la giao diém cta hai duong
chéo AC va BD thi tit gidc ABCD ndi tiép duong tron.
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e Tinh chét 2.1. Cho hai duong tron (O, ), (O,) tiép xtic nhau tai A, tir M bét ki vé cac cét
tuyén MAB véi (O,) va MCD véi dudng tron (O, ). Khi d6 M nam trén tiép tuyén chung
tai A cta hai dueong tron khi va chi khi MA.MB =MCMD.

e Tinh chat 2.2. Cho hai duong tr‘on(Ol), (Oz) cit nhau tai A va B. Tt difm M trén

duong thang AB vé MCD la cat tuyén véi duong tron (O
duong tron (O1 ) , khi d6 ta ludén c6 MC.MD = MEMF
Nhdn xét: Tiép tuyéin qua diéin A trong tinh chat 2.1 va dwong thing MAB trong tinh chit 2.1

,) va MEF la cat tuyén voi

dwoc goi I truc ding phwong ciia hai dwong tron.

2. M6t s6 dau hiéu nhan biét t giac ndi tiép

e Tinh chit 1. Tt gidc ABCD ndi ti€p duong tron khi va chi goc trong cua tt gidc va goc
ngoai ¢ dinh ddi dién bang nhau

e Tinh chat 2. T& gidc ABCD noi ti€p dudng tron khi va chi khi ACB = ADB

e Tinh chat 3. Tt gidc ABCD noi tiép dudng tron khi va chi khi MAMB =MC.MD, véi M
la giao di€ém cta AB va CD.

e Tinh chit 4. T& gidc ABCD c6 ndi ti€p duong tron khi va chi khi MAMC =MB.MD, véi
M la giao di€ém ctia hai duwong chéo AC va BD.

3. M6t s6 dinh 1i hinh hoc néi tiéng

e Duong tron Euler: Cho tam giac ABC c¢6 cac duong cao AD, BE, CF dong quy tai H. Goi
M, N, P Ian luwot ta trung diém ctia BC, CA, AB. Goi S, R, Q Ian luwot la trung di€m caa HA,
HB, HC. Khi d6 chin diém D, E, F, M, N, P, Q, R, S cung nam trén mot duong tron.

e Hé¢ thitc Euler: Goi R, r [an luwot 1a ban kinh duong tron ngoai ti€p va duong tron noi
tiép tam giac ABC. Goi d la d6 dai doan ndi tam ctia hai duong tron. Khi d6 ta cé
d* =R(R-2r)

e Dinh ly Ptoleme: Tt gidc ABCD noi ti€p duong tron khi va chi khi
AB.CD+AD.BC=ACBD.

B. MOT SO Vi DU MINH HOA

Vi du 1. Cho tam gidc ABC vudng can tai A c6 duong cao AH. Trén doan thang HC 14y
diém K r6i dung hinh chit nhat AHKO. Vé duong tron (O; OK), dudng tron nay cat canh
AB tai D, cit canh AC tai E. Goi F 1a giao diém thw hai cua (O) vdi duong théng AB.

Chiing minh r?mg bon diém D, A, O, E cung thudc mot duwong tron.

Loi giai
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Ké OM L AE;ON L AF, khi d6 OMA = ONA = 90" B
Tt giac AMON c6 OMA = ONA = MAN =90° nén

AMON la hinh chit nhéat. Vi tam gidc ABC vuong D '

can tai A nén duong cao AH dong thoi la duong

phan giac. A

Do dé ta duoc HAC = %E&E =45" nén suy ra

OAM = HAO—HAC = 90° —45° = 45" =%MAN

Suy ra AO la tia phan giac cua goc MAN. Tir d6

AMON la hinh vuéng nén AM = AN;OM =ON.

Xét hai tam giac vuéng OME va ONF c6 OE =OF

va OM =ON nén AOME = AONF = ME = NF

Tt d6 suy ra AM+ME = AN + NF = AE = AF = AAEF vudng can tai A.

Do d6 suy ra DFE =45". Ké dwong kinh FI ctia dwong tron (O) khi d6 ta duoc

OFD = ODF

Vi DOI la goc ngoai ctia tam giac ODF nén DOI = OFD + ODF

Do d6 ta duoc DOI = OFD + OFD = 2.0FD. Chttng minh teong tw EOI = 2.0FE

Tir d6 561+E/61:2.(65T)+6ﬁ). Suy ra DOE = 2.DFE =90° nén DOE = DAE =90°.
Tt d6 O va A thudc duong tron duong kinh DE nén bon diém O, A, D, E cung thudc mot

duong tron.

Vi du 2. Cho duong tron (O; R) ¢6 hai duong kinh AB va EF vudng goc véi nhau. Lay D 1a
mot diém thudc cung AE nho va M la giao diém cua AD va OE, N la giao diém ctia OE va
DB.

Chting minh rang MA.MD = ME.MF = MN.MO

Loi giai
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ViD thudc duong tron (O) nén M

ADB =90° = MDN = 90°

Hai tam gidc vuong MOA va MDN dong dang

vOi nhau nén % = M—O = MA.MD =MN.MO D
MN MD

Ké duong kinh DK ctia duong tron (O), khi do ta

duoc OFD = ODF. Vi KOF la gdc ngoai cua tam 4 0 B
giéc ODF KOF = ODF + OFD

Nén ta duoc KOF = ODF + ODF = 2.0DF . Chuing

minh tuong tu ta co KOB =2.0DB..
Suy ra KOF +KOB = 2(6[)\F+Cﬁ) nén ta duoc

ﬁ:z.ﬁ:ﬁ:%ﬁ:ﬁ

Vi D thudc dudng tron duong kinh EF nén EDF =90°. Do ¢6 EDB = EDF — BDF = 45°

Tt d6 suy ra MDE = MDN-EDB=45" nén tam giac AOF vudng can tai O, do do

AFO = 45

—_—

Tt cac két qua trén ta duoc AFM =MDE nén suy ra hai tam giac MAF va MED dong
dang.

Do do ta dwoc % = MF = MA.MD = ME.MF

MD
Vay ta dwoc MA.MD = MEMF = MN.MO

Vi du 3. Puong tron ngoai ti€p va duong tron ndi ti€p tam giac ABC c6 ban kinh Ian luot

— e~ e~ -

la R var. Biét rang BAC— ACB = ABC-BAC. Tinh dién tich tam giac ABC theo R var.

Loi giai
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Goi O va I lan lwot la tam duong tron ngoai tiép va
tam duwong tron noi ti€p tam giac ABC va goi D, E, F
lan luot 1a cac ti€p diém cta duong tron (I) voi AB,
AC, BC. Khi d6 ta co

S =1AB.r+1Ac.r+1Bc.r:1r(AB+AC+BC)
2 2 2

ABC ~— A
2

:%r(AD+AE+BD+BF+CE+CF)

Ma ta c6 AD = AE,BD = BF,CE = CF nén ta duoc

S usc =%r[2.AD+2(BF+CF)J =r(AD+BC)

—

Vi BAC-ACB = ABC-BAC nén 2BAC = ABC + ACB

Tir d6 ta duoc 3BAC =180° = BAC = 60° = DAI = 30"

Trong tam gidc vudng DAI c6 AD = DI.cot DAI =r.cot 30° =1v/3

Ké dudng kinh AM ctia dudng tron (O), khi d6 ta duoc OAB = OBA

Tt d6 suy ra ﬁd:(ﬁ+(ﬁ:ﬁ/{:2.@.Tu’ongtuta @6 COM =2.0AC

Suy ra BOM+@:2(@+@Z): BOC =2.BAC =2.60" =120

Ké OH vudng géc véi BC ta duge HB = HC = % va HOC = %B/&: = 60"

R+/3

Trong tam gidc OHC c6 HC = OC. sinI—T(-)E =R.sin60° = T

Tir d6 suy ra BC =2.HC = R+/3 nén ta duroc S ,5c =r(r 3+R\/§)=\/§.r(R+r)

Vi du 4. Cho tam gidc ABC nhon c6 I 1a tim duodng tron ndi ti€p. Chiing minh rang

_ AB.AC(AB+AC-BC)
- AB+BC+CA

AT?

Loi giai
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Goi D la giao diém ctia Al v6i BC, E la giao diém thit hai
cua Al véi duong tron ngoai ti€p tam giac ABC.
Khi d¢6 ta thdy AAEB ©> AACD va ADEB > ADCA nén

AE_AC . DE_DC
AB AD DB DA

Tir d6 ta dugc AE.AD = AB.AC va DE.DA =DB.DC N/c
Do d6 (AE-DE)AD = AB.AC-DB.DC

Hay ta dwoc AD? = AB.AC-DB.DC

ta duoc

Ta c6 AD la duong phan giac ctia tam giac ABC nén ta

duwoc

BD AB BD AB AB.BC

= = = =>DB=———

CD AC BD+CD AB+AC AB+AC

Hoan toan twong tw ta dwoc CD = _ACBC nén ta dwoc
AB+AC
2
AD? = ABAC-2PACDE _ ABAC ~(AB+BC+CA)(AB+AC-BC)

(AB+AC)  (AB+AC)

Al AB AB AB+AC
Ma ta lai c6 Al la phan giaccta t idc ABD nén — = = =
atalaico a phan giac cua tam giac néen DI BD - ABBC C

AB+AC

AB.AC(AB+AC-BC
Al _ AB+AC 1 46 ta duoc AL = ( )
AD AB+BC+CA AB+BC+CA

Vi du 5. Cho hinh binh hanh ABCD tam O. Goi E, F, G theo thit ti 1a hinh chiéu ctia D trén
AC, AB, BC. Chttng minh r:?mg O nam trén duong ngoai ti€p tam giac EFG.

Suy ra

Loi giai
Ta xét hai truong hop:
+ Truong hop 1: Hinh binh hanh ABCD c6 5 G_, o
goc B tu.
Ta c6 tam gidc BFD vudng tai F co O la F E
trung diém ctia BD nén tam gidc BOF can o
tai O.

A D

Suy ra BOF =180° —20BF. Tuong tut
BOG =180° - 20BC.

Tur d6 ta c6 FOG = 360" ~2ABC = 2BAD
Do cac t& giac AFED, DEGC noi ti€p nén
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~ ta duoc
FEO = ADF =90’ ~BAD va GEC = GDC =90’ —BCD =90° ~BAD

Suy ra lﬁE\G=180°—(lﬁE\O+(ﬁ)=2®. F

Tt d6 suy ra FOG =FEG hay t&¢ gidc OEGF

ndi tiép. A D
+ Truong hop 2: Hinh binh hanh ABCD c6

gbc B nhon. 0

Ta 6 cac ti giac DECG va DEAF ndi tiép nén

ta co

DEG = DCG = ABC va DEF = DAF = ABC
nén FEG =2ABC

Mat khac ﬁ) = 2KBT) va [ﬁ = 2@ nén
FOG = 2ABC

Tit d6 ta dwoc FEG =FOG nén suy ra t& gidc FOEG noi tiép.

Vi du 6. Cho tam giac ABC c6 ba duwong cao AD, BE, CF. Goi G, P lan luwgt la hinh chiéu
cua D trén AB va AC. Goi I, K Ian luot 1a hinh chiéu cua E trén AB va BC. Goi M, N lan
lweot 1a hinh chiéu ctia F trén AC va BC. Chiing minh rang sau diém G, P, I, K, M, N cling

nam trén mot dwong tron.

Loi giai
Ta xét cac treong hop sau:
+ Truong hop 1: Tam giac ABC vudng, khong mat tinh tong quat ta gia st tam giac ABC
vuong tai A, khi d6 ba diém A, E, F trung nhau. Ba diém N, D, K trung nhau. Cac diém I
va M trung véi A. Khi d6 ta cé ti gidc AGDP la hinh chit* nhat nén cac diém A, G, P, D
cung nam trén mot duong tron. Tt dosuy ra G, P, I, K, M, N.
+ Truong hop 2: Tam giac ABC c6 ba géc nhon, A
khi d6 ti gidc AGDP ndi tiép duoc

Suy ra GAD:(ﬁ’B, tr dé6 ta duoc ! M
GPC+GBC=180" nén t&r gisc BCPG ndi tiép
duong tron. iy

Dé thay céc tt gidc BCEF va EFIM noi tiép duong

tron nén ta dugc FEC +FBC = 180° L
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Tir d6 ta duoc FEC = GPC nén suy ra EF//GP

Mt khéc ta c6 MIF +MEF = 180’

Nén suy ra MIF + MPG = 180°

Do d6 tit gidc GPMI néi ti€p duoc trong dudng tron (O, )

Twong tu ta chtiing minh duoc tt gidc MNPK noi ti€p trong duwong tron (Oz)
Hoan toan tuong ty nhu trén ta duoc t giac AIKC noi ti€p

Tir t& gidc BCPG noi tiép ta dwoc MPG =GBC két hop véi MIF + MPG = 180°
Ta duoc MIF+GBC =180° nén suy ra IM//BC, tuong ty ta duoc LP//AB.

—

Twr d6 ta duwoc IMP + MCK = MCK + AIK = AIK +IKP = 180° suy ra IMP +IKP =180°

Do d6 tir giac KPMI ndi tiép dudng tron (O, ).

Qua ba diém khong thang hang chi xac dinh duy nhat mot duong tron nén ba duong tron
(O1 ) , (Oz) va (03) trung nhau. Vay sau diém G, P, I, K, M, N cung nam trén mot duong
tron.

+ Truong hop 3: Tam gidc ABC tu, chiing minh hoan toan twong tu ta cling duoc sdu diém

G P LK M, N cung nam trén mot duong tron.

Vi du 7. Cho duong tron (O) c6 duong kinh AB va day CD song song véi nhau. Tue C ké
cat tuyén song song véi AD cat duong tron (O) tai E, dwong thang BE cat CD 6 F, qua F ké
duong thang song song v6i AD cat AB tai M. Chitng minh MC 1a tiép tuyén ctia duong
tron (O) .

Loi giai
Ta xét cac truong hop sau
+ Trueong hop 1: Diém E va day cung CD nam
cting ntta mt phang bo AB.
Xét tam giac MAC va tam gidc FDB ta co

—_— —

CD//AB nén ta duoc AC=BC;MAC =FDB,
Va MF//AD nén t& gidc MADF la hinh binh
hanh. Ttt d6 suy ra MA =FD

Dé thdy AMAC = AFDB nén suy ra

MCA = FBD
Lai c6 CE//AD nén ta duoc AC = ED = CDA = EAD; EAD = EBD
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| Két hop cac két qua trén ta thu duoc MCA = CDA . Tir d6 suy ra MC 1a tiép tuyén ctia
duwong tron (O).

+ Truong hop 2: Diém E va day cung CD nam trén hai nira mit phang d6i nhau bo AB.
Hoan toan tuong tu ta cling chitng minh dwgc MC la tié€p tuyén ctia duong trong (O).
Chii yj: Vi tri cia CD thay d6i dan téi hinh vé khic so v6i truomg hop 1, vi vdy yéu ciu khi lam bai

phai xét ca hai triwong hop 1 va 2, cich chitng minh hoan toan twong tie.

Vi du 8. Cho tam gidc ABC noi tiép duong tron (O) va duong kinh AD, qua D cat keé tiép
tuyén véi duong tron cat canh BC tai P, duong thang PO cat canh AB, AC tai N va M.
Chting minh rang OM =ON.

Loi giai
Tt C ké duong thang song song véi PO cat AB A
kéo dai tai Q, CQ cit AD tai E. GoiI la trung
diém BC, khi d6 ta dwoc OI L BC=> OIP =90".
Lai ¢6 PD la tiép tuyén ctia duwong tron (O) nén o
ta dugc AD L PD= ODP =90°.

P | C
e —_— E
Hai g6c OIP va ODP cung nhin doan OP dudi W

goc vudng nén cac diém O, I, D, P cung nam Q

trén mot duong tron

Tir d6 ta dugc OPI = ODI (cing chan chung Ol

) va PO//CQ nén OPI =ICQ

Do d6 ta duoc ICE = ODI = ICE = EDI. Dan dén bén di¢m E, I, C, D ndm trén ciing mot
duwong tron.

Tir d6 suy ra EIC =180° —EDC =180° — ADC =180" — ABC = QBC

Nén ta dwoc IE//BQ va IB=1C nén suy ra EQ =EC. Tt d6 ta dwoc OM = ON

Vi du 9. Cho tam giac ABC c6 BAC =30". Puwong phan giac trong va ngoai ctia géc ABC
cat canh AC Ian luot tai B, B,, dwong phan gidc trong va ngoai ctia géc ACB cit canh AB
lan luot tai C,,C,, dudng tron ngoai tiép tam gidc BB,B, cat duong tron ngoai tiép tam
gidc CC,C, tai diém P ¢ trong tam gidc ABC. Goi O la trung diém B,B, . Chting minh rang
CP vuong goc voi BP

Loi giai
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Do BB,; BB, lan luot la duong phan giac

trong va phan giac ngoai cia ABC nén

B,BB, =90°. Khi d6 tam gidc BBB, 1a
tam gidc vudng tai B. Do O la trung diém

cua B B, nén O la tam duong tron ngoai

ti€p tam giac BB,B, . Do vay ta c6

— -

OBC = OBB, - CBB, = BB,0-B,BA = BAC
OB OA

T d6 suy ra AOBA ©> AOCB nén ta dugc — =——=0A.0C=0B’
OC OB
, , OA Op P
Do d¢ ta dugc OA.OC =OP* = oF " OC suy ra AOPC > AOAP = OPC =PAC.

Ta c6 bién ddi goc nhu sau

PBC - PBA - (PBB, + 5,5C) - ABB, - BB, |~ 2755, - POB,

=PCA-OPC=PCA-PAC

— e~ — -

Do d6 suy ra PAC+PBC =PBA +PCA. Hoan toan tuong tu ta duoc

—_——

PAB+PCB=PBA +PCA.

Cong tiing vé& hai dang thikc cudi ta thu dwoc
PAC +PBC+PAB+PCB = PBA + PCA + PBA + PCA
Ttr d6 suy ra 1800—(@+@)=2(1ﬁ+@):1ﬁ+1@:600

Ma theo gia thiét thi BAC =30° nén suy ra PBC+PCB =90" = PB L PC

Vi du 10. Cho tam giac nhon ABC khong can noi ti€p duong tron tam O. Lay diém P trén
canh AB sao cho BOP = ABC va l1ay diém Q trén canh AC sao cho (ﬁ — ACB. Chang
minh rang duong thang ddi xtiing véi BC qua PQ 1a tiép tuyén ctia dwong tron ngoai tiép

tam gidc AQP.

Loi giai
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~ Gia st dudng thing AO cit BC tai D. Do O
la tam duwong tron noi ti€p tam gidc ABC
nén OA =0OB.

Tir d6 ta duoc OAB =OBA . Ma theo gia

thiét ta <6 OAB = ABC nén ta suy ra duoc

hai tam giac ABD va BOP dong dang véi

nhau. Ttr d6 ta suy ra duoc

% = % = AB.BP = AD.BO va

BPO = ADB.

Hoan toan tuong tu ta cling c6 hai tam giac

ACD va COQ dong dang vdi nhau.

Tir d6 ta ciing duoc AC.CQ=AD.CO va CQO = ADC.

Do d§ APO+AQO =180 ~BPO-+180" ~CQO = 360° ~( ADB-+ ADC) = 180"

Suy ra t&t giac APOQ ndi tiép duong tron hay diém O nam trén duong tron noi tiép tam
giac APQ.

Goi E la giao diém ctia duong tron ngoai ti€p tam gidc APQ vo6i duong tron ngoai ti€p tam
giac ABC. Ttr d6 ta c6 OE = OA nén suy ra OAE =OEA va ttt giac AEQO noi ti€p nén
AEO = AQO.

Két hop voi tir giac AQOP noi tiép ta suy ra dugc AEO = AQO = BPO = ADB.

Tt d6 suy ra EAO = ADB nén AE song song voi BC. Ma ta lai c6 OB =0OC nén

AB.BP = AC.CQ

Khong mat tinh tong quat ta gia st ABC > ACB. Khi d6 goi M la giao diém ctia PQ va BC
la M thi diém ndm trén tia d8i ctia tia CB.

Tt giac AEPQ noi ti€p duong tron nén ta dugc PAE + P/(-Q\E =180°, két hop véi AE song
song véi BC nén ta suy ra dwoc PAE + ABC =180". Tir d6 ta duoc
EPQ=EAQ;EAQ=ACB nén EPQ= ACB

Tt d6 suy ra hai tam gidc EPQ va ACB dong dang véi nhau. Diéu nay dan dén hai tam

— e~~~ e~

Mt khac ta lai 6 OACz%(lSOO —A/CY:)=900 _ABC va EAC=ACB

Ttr d6 suy ra AOB = 180" —26A\E=180°—2(90°—ﬁ+@)=2(@—,@)
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Do d6 ta duoc APE = 2(1@—@) .

— — e~ _—— -

Nén ta dugc PMB = ACB-MQP = ACB— AQP = ABC— ACB

— e~ e~

Suy ra PMB = BEP = ABC - ACB nén t& giac BPEM ndi ti€p duong tron.
Két hop voi PBE = PEB ta duoc BMP = PME nén MP la phan giac cua goc BME hay noi
cach khéc thi hai duong thang ME va BC d6i xting véi nhau qua PQ.

Lai c6 EQM =180° —EQP = 180° - ABC va PEM =180° - ABC

Tt 46 dan dén hai tam gidc MQE va MPE d6ng dang véi nhau, do d6 ta dwoc
ME? = MP.MQ

Suy ra ME la tiép tuyén cua duong tron ngoai ti€p tam giac APQ.

Vi du 11. Cho ba dudng tron (O, ), (O,), (O,) tiép xtic ngoai timg doi mot. Tix cac ti€p
diém ctia hai dudng tron (O, ), (O, ) ta ndi v6i véi hai tiép diém con lai. Chitng minh hai

duodng thing nay cat duong tron (O, ) tai hai dau cua dudng kinh.

Loi giai
Cac tam giac O,AC,0,AB,O,BC la cac tam

giac can nén ta duoc

AO,C=180" —20,AC;
AO,B=180° —20,BA;
BO,C =180" —20,CB

Ma cac goc nay la goc cua tam giac O,0,0,

nén ta co

AO,C+AO,B+BO,C=180"

= 0,AC+0,BA+0,CB=180°

L —_—

Mt khac ta lai c6 O,BM =0O,BA; O,CN =0,CA

Vi cac tam giac MO,B,BO,C,CO,N la cac tam gidc can nén

BO,M +BO,C+CO,N =180° —20,AC +180° —20,BA +180° —O,CB =180’

Hay ta dugc MO,N =180° nén MN la duong kinh cia duong tron (O3 )

Vi du 12. Cho tam giac ABC ngi tiép duong tron (O; R). Ké cac duong cao BE va CF cua
tam giac ABC. Goi M 1a trung di€ém ctia BC. Goi I la tdm duong tron noi ti€p tam gidc ABC
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va D 1a giao diém ctia Al véi duong tron (O). Tim cac gid tri ctia k &€ ID =kOA biét rang

tam gidc MEF déu.

Loi giai

Ta c6 I1a tam duong tron noi ti€p nén DB =DC = DI

Do M 1a trung diém ctia BC nén MB=MC=ME. 7
Do d6 khi BAC =90° thi E =F, diéu nay tréi véi gia
thiét.

Vay ta duoc BAC = 90°. Ta xét cac truong hop sau B!/C
+ Truong hop 1: Néu BAC <90°.

Khi d6 ta c6 EMF = 180" —(B/M\F+C/\1\/IE). Tam gidc

BEC va BFC vuong nén tam giac BMF va MCE la
tam giac can
Do d6 BMF =180° —2FBM va CME =180° - 2ECM

Suy ta 213/1\/1\15:2(ﬁ4+@—900)=2(180° —155(:—90°)=1800 ~2BAC

Ma ta lai c6 EMEF = 60° nén ta dwoc 180° — 2BAC = 60", E

Do d6 BAC = 60° nén suy ra BAD = 30°

T d6 ta 6 BOD=60° = BI=R=0A = DI=R = k =1. B v c
+ Truong hop 2: N&u BAC >90°. Khi d6 ta cé 0

EMF = 180° —(ﬁ\_/I\E +C/\1vu:) ~180° —(180O _2EBC +180° —21?/('273)

=2(E/B\C+F/C\B—90°)=2(90° _ECB+90" —1?13?:—900)
=180°—2(E/C\B+F/BE)=180° —2(1800—13/A\C)=2(1§A?:—9o°)
Ma ta c6 EMF = 60° nén BAC-90° = 30° = BAC = 120°
Suy ra = BAD =60° = BOD =120° = MBD = 60’
Tir d6 ta dugc BD=R+/3 = ID=R/3 = k=+/3

Vi du 13. Cho tt gidc ABCD ndi tiép duong tron (O). Duong thang AD cat BC tai F, AC
¢4t BD tai E. Goi I, M, N Tan luot 1a trung diém cua EF, AB, CD. Ching minh re‘”mg hai tam
giac IME va IEN dong dang véi nhau.

Loi giai
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Dung cac hinh binh hanh AEBK, DECL. D
Khi d6 ta dwoc A

— e~~~

FAK = FAB-KAB = BCD - ABD
—BCD-ACD = ACB

Dé thdy AFAB e AFCD; AEAB > AEDC

Do d6 ta duge 2~ 22 _AB _TA
CE EC CD EFEC

Tir d6 suy ra AFAK 0 AFCE . Hoan toan tuong ti ta chitng minh duwgc AFDL < AFBE.

—

Do d6 ta duwoc KFA = EFC = EFB = DFL = AFL
Suy rabadiémF, K, L théng hang nén IM//FK va IN//FL, do d6 ta lai duoc ba diém I, M, N

thang hang.
Ta co l\ﬁ =E/(-3KT va @=£=@ nén ta dwgoc AMBE > ANCE
NC CD EC

Tt d6 suy ra MEB = NEC = DLE. Ma ta c6 AFDL ¢ AFBE nén ta dugc FEB=FLD

Ttr cac két qua trén ta suy ra duoc FEK =FLE nén ta dugc [EM = INE
Dbén day ta suy ra duoc AIEM @ AINE. Bai toan dwgc chiing minh.

Vi du 14. Cho tam gidc ABC. Duong thang d bat ki song song v6i BC cat AB, AC lan luot
tai D va E. Gia st ton tai mot duwong tron (O) ti€p xtc vi cac canh AB, AC va ti€p xuc voi

BE, CD. Chting minh rang tam gidc ANC can.

Loi giai
Goi M 1a giao diém cua BE va CD. Theo tinh chat hai A
tiép tuyén cat nhau ta duoc AD +ME = AE+MD
Mat khac do DE//BC nén S S

S S

suy ra

EBC — ©DBC

ABE — 2ACD

Tt d6 goi r 1a ban kinh ctia dwong tron (O) thi ta dwoc

lr(AB+AE+BE)=lr(AC+AD+CD)
2 2

Hay ta duoc AB+BE+AE=AC+CD+DA

pat 22 - t(0<t<1). Do DE//BC nén
AB

AD _AE_DE _,
AB AC BC
ME_MD _DE_,

Ciing theo dinh 1i Talets ta co = = =t.
MB MC BC
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ME MD  t
E CD t+1
1 1

AB+—BE=AC+——CD
t+1 t+1

Vatalai c6 AB+tAB+BE=AC+tAB+DC
Do dé suy ra - AB+—LBE =~ AC+—L_CD
1+t 1+t 1+t 1+t

Tt d6 ta duwoc

. Két hop cac két qua trén ta duoc

Do dé ta duoc [ 1=t |aB=[1-1=t ]ac = 2 AB= 2L AC= AB=AC
1+t 1+t 1+t 1+t

Vay tam gidc ABC can tai A.

Vi du 15. Cho tam giac nhon ABC ndi tiép duong tron (O). Cac duong cao AD, BE, CF cat
nhau tai H. Duong thang EF cat duong tron (O) tai M va N(MF nam gitta M va E). Chiing

minh rang AM 12 tiép tuyén ctia dwong tron ngoai tiép tam giac MDH.

Loi giai
Trong ntta mat phang b AB khong chita diém C
vé tia ti€p tuyén Ax v6i duong tron (O). Khiddta
6 ACB =BAXx. E
M3t khéc ta c6 BFC = BEC = 90° nén tt giac ”

BCEF ndi tiép duong tron. Suy ra BFE = ACB

Do d6 ta dugc BAx = BFE nén suy ra Ax song B D c
song voi EF

Ma ta c6 OA vudng goc voi Ax nén ta suy ra OA

vuong goc voi EF. Ttr d6 suy ra AM = AN nén ta

duoc ABM = AMF
Xét hai tam gidc ABM va AMF c6 BAM la géc

chung va ABM = AMF nén AABM o AAMF

Do d6 ta thu duoc AB _AM = AM?* = AB.AF.
AM AF
Xét hai tam giac AFH va ADB ¢6 FAH 1la goc chung va AFH = ADB nén AAFH «> AADB

Tt d6 ta duwoc AF = AH = AB.AF = AH.AD
AD AB

K&t hop cac két qua trén ta dwoc AM? = AH.AD = AM _ AH
AD AM

Suy ra AAMH © AADM, do d6 ta dwoc AMH = ADM.
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V@ tia tiép tuyén Mt ctia duong tron ngoai tiép tam gidc ADH, tia Mt nam trén nita mat

_ // phang bo MH khéng chita diém D. Khi d6 ta c6 FIMt = HDM nén ta suy ra duoc

HMt = HMA , diéu nay dan dén hai tia Mt va MA trung nhau hay MA 1a la tiép tuyén ctia
duong tron ngoai ti€p tam gidc MDH.

Vi du 16. Cho tam t& gidc ABCD ndi tiép duong tron (O) c6 E la giao diém cua hai duwong
chéo AC va BD. Chitng minh rang néu ABD =60 va AE=3CE thi ti giac ABCD luén co
AB+CD=AD+BC hoac AB+BC=AD+CD.

Loi giai
Vé DH vudng goc véi AB tai H, DK vudng goc véi K
BC tai K. D

Ta c6 AH = AD.cosHAD = AD.cos60° = % va X

\/—AD

DH = AD.sin HAD = AD.sin 60° = A - B

Tam giac HBD vuong tai H nén theo dinh li Pitago

ta co
2 2
BD? = BH? + DH?> = BD? :(AB—AZDJ +(\/§?D]

Ap dung dinh 1i Cosin cho tam gidc ABD ta duoc

BD? = AB? + AD? — 2AB.AD.cosBAD = AB? + AD? — AB.AD

Trong tam gidc DCK vudng tai K c6 DCK = 60" nén ta duoc CK = % va DK = V3.CD :

Tt @6 ta dwoc BD? = BK? +KD? = (BC 5 J [*/_CDJ =BC?+CD?+BC.CD

Do d6 ta dugc AB* + AD” — AB.AD =BC’ +CD* + BC.CD.

Mt khéc dé thay hai tam gidc EAD va EBC dong dang véi nhau nén ta dwoc AB_([Z) = %
AB EB

Lai ¢6 hai tam gidc EBA va ECD dong dang véi nhau nén —=—
CD EC

Két hop vdi gia thiét AE =3CE ta duoc AD AB_EA BB _ 5. AD.AC=3BCCD

BC CD EB EC
Tir d6 ta duoc AB* + AD? ~2AB.AD = BC* + CD* ~2BC.CD < (AB-AD)’ =(BC-CD)’

AB+BC=AD+CD

Suy ra AB—AD=+(BC-CD)= :
AB+CD=AD+BC

Vay ta c6 diéu phai chiing minh.
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| Vi du 17. Cho hinh binh hanh ABCD c6 A >90° va M la trung diém BC. Duong thang AM
cat duong tron ngoai ti€p tam gidc ABC tai N. Goi H 1a hinh chiéu ctia C trén canh AB.
Chting minh rang t gidc ADNH noi tiép duong tron.

Loi giai
Theo gia thi€t ta c6 MB=MC va A
A D
CH 1 AB;A=C=90"
Twr d6 ta duwoc MH =MB
—_— —_— — — .o

Pong thoi ciing c6 BAN =BCN; AMB=CMN B c
nén ta duwgc AAMB 2 ACMN . Tt d6 suy ra
MB _AB . Ma tix gidc ABCD la hinh binh N
MN CN
hanh nén AB=CD. Do d¢ ttr hé thirc trén ta

MN CD
suy ra dugc ——=——

MH CN

Mat khac ta lai co HMB = ZI-/I@ nén ta duoc

—

HMN = HMB + BMN =HMB+%(1§E+ZE) =2§(§+(1ﬁ1\\1+§\1\c)
=2(90°—1ﬁ)+(1§&1\\1+§\r\c)
Ma ta lai c6 ABC = ANC (chan cung AC)

— — e~~~

Do d6 ta suy ra duoc HMN =180° - ABC + BAN = BAC + BAN = BCD + BCN = DCN

Nén AMHN © ACDN do d6 CDN = MHN .

—_—

Tir d6 ta c6 NDA = CDA — CDN = ABC —~ MHN = MHB - MHN = NHB
Hay tt gidc ADNH la t& gidc ndi ti€p dwong tron.

Vi du 18. Cho tam gidc nhon ABC c6 AB < AC va hai duwong cao BD, CE cat nhau tai H.
Goi I 1a trung diém BC. Hai duong tron ngoai tiép ctia hai tam giac BEI va CDI cat nhau &
K. Goi giao diém ctia DE véi BC 1a M. Chting minh rang t& gidc BKDM ndi tiép duong

tron.

Phan tich tim 10i giai

Nhén thdy cac duong tron ngoai tiép cac tam giac ADE, BEI va CDI cung di qua
diém K. Nhu vay dé chiing minh t& giac BKDM noi ti€p dwong tron. Ta can chi ra cac t&
giac AEDK va AEHD noi ti€p. Ttc la nam diém A, E, H, K, D cung thudc duong tron
duong kinh AH.

Loi giai
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| 4

- Theo gia thiét ta duoc cac t giac BEKI va

CDKI ngi ti€p duong tron. Tt d6 ta thu

duoc

— e~ e~ -

ABC+EKI =IKD + ACB =180°

Ma ta lai cé

— e~ e~~~ -~

BAC+ ABC + ACB + EKD + EKI + IKD = 540°.

Do d6 suy ra BAC +EKD =180 nén tir gidc Seel - -

EAKD ndi tiép duong tron. Tt d6 ta co

ADE = AKE, két hop véi

BD 1L AC; CE L AB suy ra ti giac BECD néi

tiép.

Do d6 ta dugc ADE = ABC. Két hop

ADE = AKE = B = AKE = EKT + AKE = EKI + B = 180"

Vay ta duoc ba diém A, K, I thang hang. Trong tam gidc BCD vudng tai D ¢ I1a trung
diém canh huyén BC nén ta duoc IKC =IDC =ICD. Lai c6

— — e~~~

IKC =KAC+ACK; ICD =ICK +KCD nén suy ra KAC=ICK . Ma ta lai co KAD = DEK
(chdn cung DK) nén suy ra ICK = DEK do d6 t& giac MEKC néi tiép. Tir d6 ta duoc
MEC = MKC.

Theo két qua trén ta c6 IKC = AED = MEB; MEC = MEB +90°; MKC = MKI + IKC

Suy ra MKI =90° = MK LKI nén cac diém A, E, H, [, K nam trén duwong tron dueong kinh
AH

Do d6 HK L AI nén ba diém M, H, K thang hang.

Tt gidc DEHK néi tiép nén ta duwoc HEK = HDK va t& giac MEKC ndi tiép nén ta duoc
KEC = KMC
Do d6 suy ra KMC = HDK = KMB = BDK hay t& giac BKDM noi tiép duong tron.

Vi du 19. Cho tit gidc ABCD c6 dwong chéo BD khong phai la phan giac ctia cac goc ABC
va ADC. Liy diém M nam trong t¢ gidc thdéa man diéu kién ABD=MBC va
ADB =MDC. Chttng minh rang ti gidc ABCD noi tiép duong tron khi va chi khi
MA =MC.

Loi giai
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- +Diéu kién can: Gia st ti gidc ABCD ndi tiép.

" Kéo dai BM cit AC tai N, DM cit AC tai E. Khi

| 4
do ta duwoc ABCN @@ ABDA . Do d6 suy ra
CN_aD ()
BC BD
Ta c6 ADAE @ ADBC nén ta duoc AD _AE
BD BC

va AED-BCD (2)

Tt (1) va (2) suy ra %:%, vivay CN=AE.

— — — — — — — — e~

Ta c6 ANB=NBC+ACB,BCD=ACD+ACB=ABD=ACB=NBC+ACB

Suy ra MEN = MNE nén ta giac MNE can tai M hay MN = ME = MA = MC.

+ Diéu kién du: Gia st ta <6 MA =MC. Khi d6 goi giao diém ctia CD va DM véi duong
tron ngoai ti€p tam gidc BMC Jan lwgt la P va Q. Vi MBC = MPC nén AADB % AMDP do

. DB DP
do suy ra —=—( )
AD MD
. ., T ST A < as BP BD
Ma ta lai c6 ADM =BDP nén ta dugc AADM » ABDP. Tt d6 suy ra —=—— (2)
AM AD
Tir (1) va (2) suy ra —0 =20 (3).Laic6 ADMC « ADPQ nén ta dugc Q9 _Dr
MD AM MC DM
. BP PQ e
Két hop (3) ta dugc —— =——=". Theo gia thiéet MA =MC = BP =PQ
AM MC

— -

Tt d6 suy ra t giac ABCD noi ti€p duong tron.

Vi du 20. Cho hai dudng tron (O, ), (O,) tiép xuc trong tai M(duong tron tim O, ndm
trong dudng tron tam O, ). Lay di€m N khac M trén dudng tron (O, ), qua N ké ti€p tuyén
voi duong tron (OZ) cat duong tron (01) tai A va B. Duong thang MN cat duong tron
(O,) tai E. Goi I 1a ti€p diém cua mét ti€p tuyén ké tir E véi duong tron (O, ). Puong
thang EI cit dwong tron (01) tai C. Chttng minh ring I 1a tim duong tron noi tiép tam

giac ABC.

Loi giai
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Qua M ké tiép tuyén vé6i hai duong tron cat
duong thang AB tai D. Khi d6 theo tinh chat
hai tiép tuyén cat nhau ta c6 DM = DN . Tir

do suy ra tam giac DMN can tai D nén ta

duvoc DMN = DNM

Talai co

DME = DMA + AME =%(sd1\71_§+sd@)

Theo tinh chat goc cé dinh nam trong duong

trong ta c6 DNM = %(sdl\//l_g + Sdﬁ)

Tir d6 ta thu duoc AE = BEnén AE = AB nén E 1a diém chinh gitta cung nho AB.

Tt d6 suy ra CI la phan giac cta géc ACB.

Xét hai tam giac MAE va ANE co BAE = AME va AEM la goc chung

Suy ra AMAE © AANE nén ta duogc % _AE L AE?—MENE

NE

Hoan toan twong ty ta cling chiimg minh duwoc AEIN « AEIM nén suy ra EI = ME.NE

Do d¢6 ta dugc AE =1IE nén tam giac AEI can tai E, suy ra EAI=AIE.

—_—

Do d6 ta suy ra duoc CAI = AIE -CAE =IAE-EAB =1IAB hay Al la phan giac cua goc

CAB.

Trong tam gidc ABC c6 Al CI la cac duong phan giac trong nén I la tam dwong tron noéi

tiép tam giac ABC.

Vi du 21. Cho t& giac ABCD c6 hai duong chéo vuong goéc védi nhau tai O. Goi M, N, P, Q

theo thit tw d8i xting v6i O qua AB, BC, CD, DA. Duong thang AN cat duong tron ngoai

tiép tam gidc OMN tai E, duong thang AP cit duong tron ngoai tiép tam giac OQP tai F.

Chting minh rang bén diém M, E, F, Q cing thudc mot duwong tron.

Loi giai
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VIO, M dsi xtng nhau qua AB va O, N d6i xting
nhau qua BC nén tam duong tron ngoai tam giac M N

OMN la B.

Hon nita AC 1L BDnén AO la ti€p tuyén cua

duong tron ngoai tieép AOMN. A c
Vi AAOB = AAMB nén AM Ia tiép tuyén duong
tron ngoai ti€p AOMN.Do d6 suy ra AM = AN

Twong tu ta ¢6 OC, CN 1a tiép tuyén véi duong D
tron ngoai ti€p AOMN.Lai c6 AO=AQ=AM va
CO=CN=CP nén AAMQ can.

Do dé AMQ = AQM nén

— = -

AME -QME = AQF -MQF.
Vi AM, AQ la tiép tuyén ctia cac dwong tron ngoai
ti€p tam giac MNQ va PQO nén ta duoc

L — — -

Do d6 ta duwgc AME =MNE; AQF = QPF

— e~

Suy ra MNE - QME = QPF - MQF = QME - MQF = MNE - QPF (1)

Vi AM tiép tuyén ctia dudng tron ngoai ti€p tam gidc MNO nén AM? = AE.AN..
Vi AQIa ti€p tuyén ctia duong tron ngoai tiép tam gidc PQO nén AQ* = AF.AP.
Khi 46 AE.AN = AF.AP nén t gidc EFPN noi tiép = FEA = FPN va EFA = ENP.
Cha y dén PNC = NPC ta c6 bién d6i goc nhu sau

ﬁd—EF/az(ﬁ+AEM)—(ﬁ+@):ﬁ’l\\l+180° —MNE—ENP -180° + QFP

:(ﬁ)l\\r—ﬁ)—l\er@J:woo—MOA—l@

=(F/PI\\I—§\I\P)—(180° —@—1@)+(1800 —@—ITC')E)

=(ﬁ>ﬁ ENP)+MOA+NOC QOA —POC

—
—

— FPN - ENP + MNO + ONP - QPO - OPN

L —

=(1:/p1\\r_6\1\1>) (ENP ONP)+MNO OPQ

=FPO-ENO+MNO-QPO =

— L — L — L — (

Tir (1) va (2) nén FEM — EFQ = QME - MQF

NON - ENO) QPO FPO) - MNE- QPF (2
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" Nén suy ra FEM + MQF = EFQ+QME = FEM + MQF = 180° . Vay t gidc MEFQ ndi tiép.

Vi du 22. Cho tam giac ABC noi tiép duong tron (O). Puong tron (K) tiép xtac véi AC, AB
lan lwot tai E, F va tiép xac trong véi duong tron (O) tai S. Cac duwong théng SE, SF cit
duong tron (O) lan luot tai M, N khac S. Cac duwong tron ngoai tiép cac tam gidac AEM,
AFN cat nhau tai P khéc A. Goi giao diém ctia EN, FM véi duong tron (K) Ian lwot 1a G, H.
Goi giao diém cta GH v6i MN 1a T. Chitng minh rang &t gidc AMPN 1a hinh binh hanh va

tam gidc AST can.

Loi giai
D& thdy APF =180° - ANS = 180° — APE
nén ba diém E, P, F thang hang.
Tac6 APM = AEM va AEM =SEC két
hop véi SEC = EFS nén ta dwoc
EFS = PAN . Dicu nay dan dén t giac
ANFP néi tiép duong tron. Do d6

APM =PAN nén AN song song voi PM.
Chiing minh hoan toan tuong ty ta duwoc

AM song song v&i PN. Do vay tir gidc

AMEN la hinh binh hanh.

Dé thdy céc ta gidc SKF va SON dong dang véi nhau nén suy ra KF song song véi ON.

Twong tu ta cling c6 KE song song vdi OM. Tir d6 suy ra SF_SK_SE nén MN song
SN SO SM

song voi EF.

L —

Tir d6 ta dwoc HGE = HFE = HMN nén t& gidc MNGH néi tiép.

Gia st TS cat duong tron (O) va (K) Ian luot tai L va J, khi &6

TSTL=TM.TN =TH.TG =TS.TJ . Tt d6 suy ra ba diém S, L, ] trung nhau nén TS la ti€p
tyén ctia duong tron (O).

Tt giac AMEN 1a hinh binh hanh nén AP va MN cat nhau tai trung diém I ctia mdi duong.

— e~ e~

Ta c6 TAM = PES = FST = NAS va AMI = AMN = ASN nén AAIM &> AANS

Ttr d6 suy ra AM.SN = ALLAS . Twong tw ta dwoc AN.SM = ALSN = AM.SN.

™ _ SM* _ AM?

TN SN* AN*

Tt d6 ta suy ra duoc TA 1a ti€p tuyén véi duong tron (O). Do d6 tam giac AST can tai T.

Do TS la tiép tuyén véi duong tron (O) nén
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Vi du 23. Cho t¢ gidc ABCD c6 H, K, L Ian luot la chan dwong vuong goc ha tit D xudng
CA _AB_BC
DK DH DL

AB, BC, CA. Chting minh rang t& giac ABCD ndi tiép khi va chi khi

Loi giai
+ Diéu kién can: Gia st t& giac ABCD noi tiép B
duong tron. Khi d6 goi (O) ngoai ti€p tit gidc
ABCD.
Trén duong tron (O) 1y diém N sao cho AN =BC

suy ra AB=NC. Tt d6 ta dwoc ADN = B/D\C . Goi

E la giao diém ctia ND véi AC. Khi d6 3 C
CAD=CBD. Lai ¢6 Kw

z@ =%(sd@+sda\\l) :%(Sdﬂ)+5d@) = B/CT)

>

Tt d6 AADE @ ABDC, ma DK va DL la hai duong

DK _AE _ BC _AE
DL BC DL DK

cao twong trng nén

Lai c6 ACDE @ ABDA, ma DK va DH la hai duwong cao tuong ttng nén % = %

N BC BA AE CE AC
Tir d6 ta duoc + = + =

DL DH DK DK DK
+ Diéu kién du: Gia st t giac ABCD c6
CA AB BC

= +—— Ta can chitng minh ABCD noi
DK DH DL

ti€p duong tron.

That vay, goi D’ la giao diém ctia DB véi duong

tron ngoai ti€p tam gidc ABC. Khi d6 t& giac
ABCD’ noi ti€p dwong tron. Goi H', K’, L” Tan
lwgt 1a chan dwong vudng goc ha tir D’ xudng
AB, BC, CA.
Chiing minh twong ti nhu trén ta cé

CA AB BC

DK DH DL

Mat khac theo dinh li Talets ta lai c6
D'H D'B_D'L

DH DB DL

D'B.DH va D'L':D B.DL

Ttr d6 ta suy ra dwoc D'H'=
DB
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" Tird6 ta thu duoc ma ta lai co

AB BC ACD'B . ., CA AB BC

DH DL DBD'K' ) DK DH DL

Goi M la giao diém cua BD va AC, khi d¢ ta dwoc DB = DK = D'M )
DB DK DM
DB-D'B| [DM-D'M| DD' DD'
= - =
DB DM DB DM
Ma ta thdy DB > DM nén tir d6 ta suy ra duwogc DD'=0 hay hai diém D va D’ trung nhau.

Theo tinh chat day ti s6 bang nhau ta thu duwoc

Do d6 t& giac ABCD noi ti€p duong tron.

Vi du 24. Cho hai dwong tron (01;R1) va (02 ;Rz) véi R, >R, sao cho tiép tuyén chung
ngoai M,M, vudng goc vdi ti€p tuyén chung trong N N, tai di€m A. Goi PP, la tiép
tuyén chung trong thit hai cua hai duong tron trén trong dé cac diém M,;N;P, thudc
duwong tron (O1 ?R1) va M,;N,;P, thudoc duong trong ( 2). Tinh dién tich tam giac
APP, theo R, va R,.

Loi giai
Dé thdy cac duong thang
0,0,;N,N,; PP, dong quy tai mot diém,
goi diém d¢ la diém K.

Theo tinh chét cac tiép tuyén chung cta &

hai duwong trong ta c6 NN, =PP,. Lai ¢ > I
ngoai M,M, vudng gbc vdi ti€p tuyén 7‘\

chung trong NN, tai di€ém A nén ta

dwoc NN, =PP, =R, -R,.

Mat khac ta c6 O,N,//O,N, nén ap dung
dinh 1i Talets ta co

N,K :&: N,K _ R,

N.K R, NN, R, +R,

R
K&t hop v6i NN, =PP, =R, —R, ta dugc P,K =N,K =

R, (Rl _Rz) _ 2RR,
R, +R, R, +R,
Goi E la giao diém ctia hai tiép tuyén PP, va M\M, .

Suyra AK=AN, +N,K=R, +

Khi d6 ta c6 MM, =EM, +EM, =EM, +EP, =EM, +EP, + PP, =2EM, + PP,
Mat khac ta lai c6 MM, =R, +R, = AN, + AN, =2AN, + N N,

Do dé két hop v6i NN, =PP, =R, -R, ta duoc EM, = AN, =R,

Tt d6 suy ra AE=AM, -EM, =R, -R,
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Do vay ta duwoc EM, = AE+AM, =R, -R, +R, =R,
R,(R,-R,) R?+R:

2

R,+R, R, +R,

Suy ra EK = EP, -KP, =EM, —-KP, =R -

Tam gidc AEK vuodng tai A c6 duong cao AH nén ta dwoc AH.EK = AE.AK
AEAK _ 2R1R2 (Rl _Rz)

Tir d6 ta tinh duwoc AH =

EK R} +R]
2
RR,(R,-R
Vay taco S, =%AH.P1P2 =— ;(2 +1R2 ) :
1 2

Vi du 25. Cho t& giac ABCD khong phai hinh thang noi tiép duong tron tam O. Goi E 1a
giao diém cua AB va CD, F la giao diém cua AD va BC, H 1a giao diém cua AC va BD.
Chting minh rang OH vuong goc véi EF.

Phan tich va loi giai
Goi G la giao diém cua dwong tron ngoai
ti€p tam giac CDF va EF(F khac G). Ta
can chiing minh duoc hai ti gidc AOCG

va BOCG noi ti€p duong tron, tir do ta

suy ra duoc OG vudng goc voi EF. Khi do

ta chi can chitng minh duoc ba diém O, H

va G thang hang la bai toan duoc chiing
minh.

That vay, ta c6 cac ta giac CDFG va
ACBD n¢i tiép nén ta duoc

— — —

CGE =CDA; CDA =CBE

Tt d6 ta dwoc (ﬁ = 6]3\13 , do d¢6 t& giac

CBGE néi tiép duong tron.

Suy ra (ﬁ=(§C\E,métalaiCé (EC\E=(ﬁ nén suy ra (ﬁ=(ﬁ Ttr d6 suy ra tix giac
ABGF noi ti€p duong tron.

Do vay AGF = ABF két hop véi ABF = CDA thi ta dwoc AGF = CDA nén ta lai c6 t giac
ADEG noi tiép duong tron.

Do do ta duwoc ﬁz(ﬁ, ma ta lai co C/\GEzﬁ, do do ta duwoc @+€G\E=2ﬁ
Ma ta c6 2CDA = COA nén AGF + CGE = COA .
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Suy ra AGF + CGE + CGA = COA + CGA =180 nén ttr giac AOCG noi tiép duong tron.

Ta lai co [ﬁ:[ﬁ; ]ﬁ:[ﬁ nén ]ﬁ=B/G\E+26C\B

Lai c6 2DCF = BOD nén DGF +BGE = DOB.

Suy ra DGF + BGE + DGB = BOD + BGD = 180° nén tir gidc BODG ndi tiép dudng tron.

Do d6 ta c6 OGA =OGC ma AGF = CGE, suy ra (ﬁ:(ﬁ.Méhaigécnéyk‘ébﬁnhau
nén suy ta mdi géc cd s6 do 90°. Do d6 ta duwoc OG L EF.

Hai duong tron AOCG va BODG ¢6 hai giao diém 1a O va G. Két hop véi

HAHC =HBHD suy ra diém H phai nam trén duong thang OG hay ba diém H, O, G

thdng hang. Vay ta duoc OH vudng gdc véi EF.

Vi du 26. Cho t& giac ABCD ndi ti€p duong tron tam O c6 AC vudng goc v6i BD. Céc tiép
tuyén tai A, B v6i duong tron (O) cat nhau & X, cac tiép tuyén tai B,C véi duong tron (O)
cat nhau &Y, cac tiép tuyén tai C, D véi duwong tron (O) cat nhau & Z, cac tiép tuyén tai D,
A véi duong tron (O) cat nhau ¢ T. Gia st XZ va YT xat nhau tai E. Chttng minh rang tam
duong tron noi ti€p cac tam giac ETX, EXY, EYZ, EZT, TXY, XYZ, YZT, ZTX cung nam

trén mot duong tron.

Loi giai
Trudce hét ta phat biéu va chitng minh bo dé: Tk
giac ABCD ngoai ti€p duong tron (I) véiM, N, P, Q
theo th ty la tiép diém cua (I) véi AB, BC, CD,
DA. Goi O la giao diém ctia AC va BD. Khi d6 O

ciing 1a giao diém cta hai doan thang MP, NQ va

t& giac ABCD ndi tiép khi va chi khi MP vudng gbc

voi QM

That vay, bai toan c6 hai truong hop

+ Treong hop 1: Tt giac ABCD c6 mot cap canh
doi dién song song véi nhau, khi d6 b dé€ hién
nhién dung.

+ Truong hop 2: T gidc ABCD khong c6 cap canh

do6i dién nao song song véi nhau. Khi d6 goi O’ la
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- giao diém cua AC va MP. Qua A ké AL //CD v6iL

thudc MP.

Ta co ﬁ/I=ﬁ/I=%deQP=m nén ta duoc AL = AM

OA_LA hay oA =%. Hoan toan teong tw ta goi O” 1a giao
o'c cCp o'c cp

Theo dinh 1i Talet ta c6

:%. béyla MA = AQ; CP =CN nén ta dwoc

diém ctia AC va NQ, khi d6 ta duwoc
o"C CN

O'A O"A
0'C 0'C

, suy ra O’ va O” trung nhau. Nhu vay ta dugc AC, MP va NQ dong quy voéi

nhau. Chting minh tuong tu ta duwgc BD, MP va NQ dong quy v6i nhau. Lai c6

o — L — /\)

POQ = 360° —(PDQ +0QD+O0PD

— -

— 360" —(1800 —6ﬁ3)—(90° —1@)—(900 —1\7151) — QIP + NQI + MPI
Hay ta dugc @z@—(l@ﬂ\ﬁ)
Ma ta co l\/ICSI—i-l\//II?I:Il/\IE—i-P/I\ZI, do d6 ta duoc C/Qﬁ’zl’/@—(IN/a+P/1\ZI)

— —

Mat khac ta ¢c6 MIB =IMO +INO+MON .
Ttr d6 suy ra @’+hﬁ:@—(®+lﬁ)+ﬁ)+ﬁ)+@:2@

Do d6 MON =90° < QIP + MIN =180° < PDQ +MBN =180° < Tt giac ABCD néi tiép
duong tron. Vay bo dé duoc chitng minh xong.

Tro lai bai toan: Goi I1;1,;1,;1,;1;1;1 ;1L
[an luot 1a tAm dwong tron noi ti€p cac tam
giac ETX, EXY, EYZ, EZT, TXY, XYZ, YZT,
ZTX. Theo bd dé trén ta cé E thudc hai
dwong chéo XZ, YT va t¢ gidc XYZT noi

tiép duong tron.

Tt d6 ta duwoc ﬁ{=2)a{.Mé

EDT = EBX nén ta dwoc TED = XED . Két

hop véi AC vudng gbéc voi BD ta duoc

AET = AEX, do d6 diém I, thudc EA.

Hoan toan tuong tu ta cling chitng minh

duoc diém I, thudc EB. Ma ta lai c6
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XA =XB nentacoﬁzﬁ E:Q
LE XE XE 1,

Tir d6 theo dinh li Talets ta suy ra LI, song song v6i AB. Chitng minh hoan toan twong tw

ta cting duoc 1,1, song song v6i BC, 1.1, song song v6i CD, I I, song song v6i DA.

Ma ti¢ gidc ABCD noi tlep durong tron nén ta duoc DAB+DCB =180".
Do d6 ta dwoc LLIL LI+ ILLL LI, =180°, suy ra t& giac I,I,LI, noi ti€p dudng tron.
Lai c6

LI +LII, =TLY+ACB=180° - M+>ZAF3=90°+%TX/\Y+90°—%K\><B=180°

17572 17372
Do d6 t¢ giac I,I.LI, noi ti€p duong tron. Chitng minh hoan toan twong ty nhuw trén ta
ciing duoc cac ti giac LI LI % LLLI,, LILIL nditi€p duong tron. Vay cac diém
I;0;L,;1,;I;1 ;1 ;1 cing nam trén mot duong tron.

Vi du 27. Cho duong tron (I) ndi ti€p tam giac ABC, ti€p xtc véi BC, AC lan luot tai D, E.
Dudng thing AD ct duong tron (I) tai diém tht hai la P. Gia st BPC =90°. Chting minh
rang AE+AP=PD.

Loi giai

Trudc hét ta phat biéu va chitng minh hai bo dé sau:

Bo dé 1: Cho tam gidc ABC va cac diém D, A
E l4an luot trén duong thang BC sao cho
bb EB( 6i BD <BC < BE va DAE = 90" K
DC EC

. . . B D\IC E
)- Khi d6 AD va AE theo thit tu 1a duong L
phan giac trong va phan giac ngoai cua
tam giac ABC.
That vay, qua D ké duong thang KL song song véi AE (K € AB;L e AC). Do AD vuong goc
v6i AE nén AD vudng goc voi KL. Theo dinh 1i Talets va cht y dén ]];_2 = %
BD <BC<BE ta co

KD KD AE_BD CE _BD CE 1-KD-1D

LD AE'LD BE CD CD BE
Tt d6 suy ra tam gidc KAL can tai A nén AD la duong phan giac ctia goc EAE, két hop
véi DAE=90" ta suy ra dugc AD va AE theo thit tu 1a dwong phan giac trong va phan
giacngoai cua tam gidc ABC.

Vay bo dé 1 duoc chitng minh.
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B6 dé 2: Cho tit gidc ABCD ndi tiép duong tron

A
(O). Céc tiép tuyén véi duong tron (O) tai A, C cat / D,
nhau tai S. khi d6 ba diém S, B, D thang hang khi /
va chikhi AB.CD = AD.BC s y
That vay, gia stt ba diém S, B, D thang hang(B nam
C

gita S va D). Khi d6 ta ¢ SAB=SDA va
SCB =SDC suy ra ASAB © ASDA va

ASCB »» ASDC.

Két hop v6i SA =SC ta duoc

ﬂ=S—A =£=E, suy ra AB.CD = AD.BC.

AD SD SD CD

Nguoc lai, gia st AB.CD = AD.BC. Khi d6 goi D’ la giao di€m tt¢ hai ctia SB véi duong

tron (O).

Chttng minh twong te nhw trén ta dugc AB.CD'=AD'.BC

Ma ta lai c6 AB.CD = AD.BC nén ta thu duoc S = AD' .
CD AD

Két hop véi CD'A = CDA ta duoc ACD'A © ACDA

Do d6 suy ra CAD'=CAD , suy ra hai tia AD va AD’ trung nhau nén hai diém D va D’
trung nhau.

Vay ba diém S, B, D thang hang. B& dé 2 dwoc chizng minh.

B D C K

Trd lai bai toan: Goi F 1a ti€p di€m cua ctia duwong tron (I) véi AB, K 1a giao diém ctia BC
va EF. Ldy dém L thudc doan EF sao cho CL song song v6i AB. Goi Q la giao diém tht hai
cta PC vdi duong tron (I).
Theo dinh li Talets va chtu y la AE = AF;BD =BF;CD =CE ta co

KB _BF _BF AF_BF AF_BF _BD_ CK_BK

KD CL AFCL AFCE CE CD CD BD
Két hop vdi PC vudng goc voi PB, theo bd dé 1 trén ta suy ra duoc

— — —

QPK =CPK =CPD =QPD
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~ Ap dung b6 d@ 2 cho ti¢ gidc EPFD ta dugc EP.DF = FP.DE
Ap dung bd dé 2 cho t gidc EPFD ta suy ra duoc KP tiép xtic véi dwong tron (I).
Tt d6 ta suy ra duoc @( = (jﬁ’ Do dé6 @ = Cji’ . Ttr &6 dan dén tam gidc DPQ can
tai Q nén suy ra QD =QP. Lai 4p dung bd dé 2 va dinh 1li Ptoleme cho t& giac PEQD noi
ti€p ta duoc
2PE.PQ = 2PE.DQ = PE.DQ + PD.EQ = DE.QP
Tir d6 suy ra 2PE=DE.
Tt d6 cht1 y dén hai tam gidc APE va AED dong dang véi nhau ta duoc
2AE=AD; 2AP=AE.
Vay ta dugc AE+ AP =2AE-AE+AP=AD-2AP+AP=AD-AP=DP

Bai toan duoc chitng minh xong.

Vi du 28. Cho hinh cht nhat ABCD va duong tron (O) ti€p xtc véi cac canh AB, BC, DA.
Tt C ké tiép tuyén véi duong tron (O) cat AD tai E. Vé duong trong (I) noi tiép tam gidc
DEC va duong tron (J) tiép xtic véi CB, CE va tiép xtic ngoai véi dwong tron (O). Biét rang

hai dwong tron (I) va (J) c6 cung ban kinh. Tinh ti s& cua AB va AD.

Loi giai
Trudce hét ta phat biéu va ching minh bd dé
sau: Cho hai dwong tron (O; R) va (O’; r) tiép

xuc ngoai véi nhau. Goi BC la ti€p tuyén chung

ngoai ctia hai duong tron, khi do ta co
BC=2VRur

That vay, goi A la giao diém ctia hai duwong tron

(O) va (O’). Vé tiép tuyén chung trong tai A ctua
hai dwong tron, tiép tuyén nay cat BC tai L.

Theo tinh chat ctia hai tiép tuyén cat nhau ta c6 IA =IB;IB=I1C=IA=IB=IC= %

Do d6 tam giac ABC vudng tai A nén ta duoc BAC =90°

Lai theo tinh chat ctia hai tiép tuyén cat nhau ta c6 OI la phan giac BIA va OTla phan giac
AIC ma BIA va AIC Ia hai gbc ké birnén OIO' =90° . Theo hé thic luong trong tam giac
vuong,

Tacod IA* =OA.0A'=Rr=1IA =+Rr.Ma BC=2IA=2+Rr
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Tré lai bai toan: Ta ki hiéu d la khoang A B

(x,YZ)
cach tr diém X dén duong thang YZ. Goi T la
tiép diém caa hai duwong tron (O) va (J). Goi F 1a

giao diém cua BC va tiép tuyén véi duong tron Q 9 s
(J) ké tir E(khac EC). Goi G 1a giao diém cuia TF

va AD. Goi M, N Ian luot 1a giao diém cuta

m

A

duong tron (J) voi EF, BC. Goi P 1a giao diém G N
th hai cita dudng tron (O) v6i TM. Goi @ 8 [ ) -yl
theo thi ty 1a ti€p diém dwong tron (O) véi AD,

BC. Goi K, L theo tht tu la tiép diém cta CE voi

dudng tron (O), (). Dt R, r Ian luot 1a ban kinh

cua duong tron (O), (J) va CL =CN =x. Ta thay

EF//CD//OQ//IN va GP//EF nén ta duoc GP//IN

hoac GP va JN trung nhau.

diry TP OP 0Q TQ Y

Lai c6 T, N, Q thang hang nén ta c6 = =—= =—==
d ™ JM JN TN d

(T,EF) (T,EF)

Két hop voi OP_OQ_R, 1 nén ta duoc d
M r (T,PG)

Tl d6 cht y 1a T, PG, JN cuing thudc ntra ndt phang bo EF nén ta suy ra duwoc PG va JN

=d >d

(T.IN) (T,EF)

trung nhau.

biéu d6 ¢ nghia 1a GN song song v6i QS. Lai thay ti giac OPGQ la hinh vuong két hop
theo bo dé trén ta thu duwgc R =OP =0Q =SN =2yR.r nén suy ra R =4r. Ta c6 t& giac
JNFM la hinh vudng nén suy ra

EC=EK+KL+LC=EQ+SN+LC=SF+SN+LC=25S5N-FN+LC=2R-r+x

Hay ta duoc ECzZR—iR+x:§R+x.Mé ta c6 EFC=90° va EF:ZR;FC:%R+X.

2 2
Nén theo dinh li Pitago ta duoc (£R+xj = (ZR)2 +(iR +xj S X = %R .

Do d6 ta duge 6AD =6BC =6(BN+NC) = 6(2R+%Rj =7.2R =7AB hay ta duoc % :%

Vi du 29. Cho duong tron (O) c6 duong kinh AB. Duong thang d vudng goc véi AB tai T
va cat duong tron (O) tai P, QI khong trung véi O). Ldy diém M bat ki trén duong thang
d(M khéng triing véi I). Cac tia AM va BM cit duong tron (O) theo thit tu tai C va D. Hai
duong thang CD va AB cat mhau tai K. Chitng minh rang KP va KQ 1a hai tiép tuyén cua
duwong tron (O).
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Loi giai
Ta xét cac treong hop sau M
+ Truong hop 1: Diém M ndm ngoai

duong tron (O). Goi H la giao di€ém cua C

AD va BC.

Vi AB la duong kinh ctia duong tron (O) H
néntacéo AD L BM va BC L AM. A K
Tt d6 suy ra H 1a triec tam tam gidc MAB.
Lai c6 MI L BC nén MI cling la duong

cao ctia tam giac MAB, do d6 H thudc
doan thang M.

Nhu vay ta co

ACH + ATH =90° +90° =180° hay ttr gidc
ACHI ndi tiép duong tron.

Lai c6 CHA la géc ngoai ctia tam giac
HAB va OB =0OC nén ta suy ra duoc

— e~ — e — e ————

CIO=CIA =CHA =HAB+HBA =DAB+CBO = DCB + BCO =OCD =OCK
Két hop voi COI =KOC suy ra hai tam gidc OCI va OKC d6ng dang véi nhau.

OK OK OC OP

Ttr &6 d€'y dén OP =OC ta suy ra duoc = =—=—
op OC OI 10

Ma ta lai co KOP =POI nén suy ra duoc hai tam gidc OPK va OIP dong dang véi nhau.
Do d6 ta dugc KOP =POI =90° nén KP 1a tiép tuyén ctia dudng tron (O).

Do P va Q d6i xttng vdi nhau qua AB nén KQ ciing la tiép tuyén ctia duong tron (O).

+ Truong hop 2: Diém M ndm trong duong tron (O). Khi d6 1ap luan tuong ty nhu trén ta
duoc M 1a truc tam tam giac HAB. Dén day ldp lai cdc chitng minh nhuw trén ta cling suy ra

duoc KP va KQ la tiép tuyén ctia duong tron (O).

Vi du 30. Cho tam giac ABC c6 A>B>C noi ti€p duong tron tam O va ngoai ti€p duong
tron tdm 1. Diém M nam chinh gitta cung nhé BC ctia duong tron (O), E 1a trung diém caa
BC va K la diém ddi xting véi I qua E. Puong thang MK cat duong tron (O) tai diém thi
hai 1a P. Chitng minh rang P thuoc cung nho AC va BP = AP +CP

Phan tich tim 10i giai
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Dé thay AEIB=AEKC nén I@:%ﬁ<%ﬁzﬁ/{ do d6 K nam trong

BCM. Ta c6 E, C nam vé mot phiavéi AM=K vaC nam vé mot phia AM. Do d6 diém K

nam trong géc AMC nén diém P thudc cung nho AC. D& chiing minh BP = AP +CP ta ldy
diém Q trén BP sao cho PA =PQ. Khi d6 ta thay t& giac ABQI ndi tiép. Goi H la giao diém
cua QE véi PM thi t& giac QIHK Ia hinh binh hanh. Khi d6 E 1a trung diém QH néna t&
giac BQCH la hinh binh hanh, tt d6 BQ=CH. Nhu vay d€ ¢6 BP=PA+PC ta can co
CH=CP, diéu nay hoan toan xay ra do tam giac PCH can.
Loi giai

EI = EK
Tacd <EB=EC = AEIB=AEKC

TEB = KEC
Do d6 ta duoc

@:ﬁ=§ﬁ<§@:=@

Tl d6 suy ra K nam trong gdc BCM.

Do ABC > ACB nén E, C nam vé mot phia véi

AM = K va C nam vé mot phia AM. Do d6

diém K nam trong géc AMC nén diém P thudc
cung nho AC.
Lay diém Q thudc BP sao cho PA =PQ. Khi d6 ta c6
PAQ=AQB :%(1800 —@):%(180" —XC\B) :%(@TC—KEC)
Do d6 ta duoc @Jrﬁ:%,@?::@JrﬁsE

Mat khac ta c6 P/AE = ITB?? nén suy ra L/A;(\Q = IT’B Vi vay tt giac ABQI la t&t giac noi tiép

Do dé @:@:@:%@E:QPM, suy ra AB // PM va 1Q // PM.

Goi H la giao diém QE va PM thi tt gidc QIHK 1a hinh binh hanh (do IQ//KH, IQ = KH).
Khi d¢6 E 1a trung di€m QH, suy ra t& giac BQCH la hinh binh hanh, ttr d6 ta duoc
BQ=CH.

Do PM // AB va IB // CK nén ﬁ:@:%ﬁ::ﬁ% .

Suy ra tam gidc PCH can. Do d6 ta dwoc CH = CP nén ta duoc BP =PA +PC.
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| Vi du 31. Cho t&¢ giac ABCD noi ti€p duong tron cé I 1a giao di€m ctia hai dwong chéo. Goi

I,;1,;1,;1, theo thit ty 1a tam duwong tron ndi ti€p cac tam giac IAB, IBC, ICD, IAD. Chiing

minh rang t& giac 1,1 LI, ndi tiép khi va chi khi t gidc ABCD ngoai tiép.

Loi giai
Trudce hét ta phat biéu bo dé: Néu I 1a tam duong tron ndi tiép tam giac ABC thi ta c6
_ AB.AC(AB+AC-BC)
AB+BC+CA

AT

B6 dé dugc chiing minh trong vi du 5.
Trd lai bai toan: Do t¢ giac ABCD noi ti€p duong
tron nén ta duwoc AIAB @ AIDC va AIBC @@ AIAD

IA+IB-AB _IC+ID-CD .
IA+IB+AB IC+ID+CD

IB+IC-BC TA+ID-AD

IB+IC+BC IA+ID+AD
+ Chttng minh diéu kién can: Gia st tt¢ giac 1,1 LI, \_/

ndi ti€p duwong tron. Khi dé ta co 11,11, =11, .II,

Do d6 ta duoc

Theo bo dé trén ta cod

, IAIB(IA+IB-AB) , ICID.(IC+ID-CD)

' JA+IB+AB ' °  IC+ID+CD
, IBIC(IB+IC-BC) _, IDIA.(ID+IA-DA)

2 IB+IC+BC '~ *  ID+IA+DA
IA+IB-AB IC+ID-CD IB+IC-BC IA+ID-AD

IA+IB+AB IC+ID+CD IB+IC+BC IA+ID+AD

IA+IB-AB IC+ID-CD IB+IC-BC IA+ID-AD
IA+IB+AB IC+ID+CD IB+IC+BC IA+ID+AD’

AB CD _ BC _ DA
IA+IB IC+ID IB+IC IA+ID

AB+CD  BC+DA
IA+IB+IC+1ID IB+IC+ID+IA

biéu nay c6 nghia la t giac ABCD ngoai ti€p duong tron.

Tt d6 ta duwoc

Két hop vdi két qua trén ta duoc

Do d6 ta duoc

Nén suy ra hay ta dugc AB+CD =BC+DA

+ Chting minh diéu kién du: Gia st t& gidc ABCD ngoai ti€p duong tron ta can ching
minh t& gidc LL LI, ndi ti€p duong tron.

That vay gia st t¢ gidc 1,111, khong noi ti€p dwong tron. Khi d6 ta co II, II, = IL,II,

Tuwong te nhu trén ta dwoc
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IA+IB-AB IC+ID-CD IB+IC-BC IA+ID-AD

. #* .
IA+IB+AB IC+ID+CD IB+IC+BC IA+ID+AD
IA+IB-AB IC+ID-CD IB+IC-BC IA+ID-AD

= # = .
IA+IB+AB IC+ID+CD IB+IC+BC IA+ID+AD
AB CD BC DA

= * =
IA+IB IC+ID IB+IC IA+ID

ABTCD _,_ BC*DA 4.0 4 duoc AB+CD#BC+DA
IA+IB+IC+ID  IB+IC+ID+IA

Diéu nay c6 nghia 1a t&t gidc ABCD khong thé ngoai tiép duong tron. Diéu nay mau thuan

Tt d6 ta duwoc

Két hop vdi két qua trén ta duoc

Do d6 ta duoc

Nén suy ra

vdi gia thiét tir giac ABCD ngoai tiép duong tron. Vay diéu gia st la sai hay t¢ gidc LI LI,

ndi tiép duong tron.

Vi du 32. Cho tt gidc ABCD c6 ADC=BCD=90°. Liy mét diém E trén canh CD. Céc
duong cao AM, BN ctia tam gidc ABE cat nhau tai H. Goi giao diém ctia DM va CN 1a K.
giao diém ctia KH va CD 1a L. Chttng minh rang KH = KL.

Loi giai
Trudc hét ta phat biéu va chiing minh bd dé: Cho A
tam gidc ABC c6 cdc duong cao AD, BE, CF cat
nhau tai H. Goi I 1a trung diém cua AH. Khi d6 bon '
diém D, E, F, I cung thudc mot duwong tron.

That véy, dé thay HIE = 2FHAE; HIF = 2HAF nén ta

duoc EI\F = ZB/AIZ

Do t giac BDHF ndi tiép duong tron nén ta cd

HBF = HDF

Do tit giac CDHE ngi tiép duong tron nén ta c6

HDE = HCE

Do tt giac BCEF ndi ti€p dwong tron nén ta cd EBF = FCE. Tir d6 suy ra EDF = 2FBH.

Do vay c B
E]iufn::z(ﬁa?ﬂﬁ:):zgo():wo(’ , .
Suy ra t& gidc DEIF ngi ti€p duong tron. BO 5

dé dwoc chirng minh. .

Tro lai bai toan: Goi P 1a giao diém ctia EH
va AB, Q la trung diém ctia EH. Khi d6 theo

bd dé trén ta duwoc bon diem M, N, P, Q cung b A

thudc mot duong tron. Ta co
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" ADE = AME = APE = 90’ = BCE = BNE = BPE
nén cac da gidc ADEMP va BCENP ndi tiép

duwong tron. Do do ta duwoc

MKN = 180° — KMN — KNM = 180° —(ET\/IT\I—M)—(E/NF/I—ﬁ)

~180° — EMN — ENM + EMK + ENK = MEN + EMD + ENC
— AEB+EAD+EBC = AEB+90° — DEA +90° — CEB

— AEB+180° - DEA - CEB = AEB + BEA = NEB + MEA
- APN + BPN = 180" - MPN

Tt d6 ta duoc K thudc dwong tron ngoai ti€p tam giac MNP nén K thudc duong tron

ngoai ti€p tam giac MPQ. Do d6 suy ra EDM = ]ﬁgl\\/l = (51—’1\\/1 = QKM nén ta dwoc DE song
song voi KQ.
Két hop voi QH =QE ta duwgc KH=KL.

Vi du 33. Cho t¢ gidc ABCD va cac diém P, Q nam trong ti giac sao cho cac tit gidc ABPQ
va CDPQ noi tiép dwong tron. Gia st ton tai diém E thudc doan PQ thdéa man IEA\Q —EBP
va E/DTQ ~ECP. Chitng minh rang t gidc ABCD noi tiép duong tron.

Trich tai liéu Todn Quoc té’- IMO shorlist 2008

Loi giai
Khi E 1a trung diém ctia doan thang PQ
thi dé thay AB, CD cling song song v&i
PQ. Khi d6 tit gidc ABCD la hinh thang
can. Do d¢ t& giac ABCD noi ti€p duong

tron. Khi E khong 1a trung di€ém ctia PQ
thi AB, CD khong song song véi PQ. Khi

d6 goi S la giao diém cua AB va PQ. Tw
gidc ABCD la tt giac 16i nén diém S nam
ngoai doan thang AB.

Ta xét hai treong hop xdy ra nhu sau:

+ Truong hop 1: Diém S nam trén tia doi

cua tia BA.

Do géc BPS la goc ngoai cua tam giac BPE. Lai ¢6 tit gidc ABPQ ndi tiép duong tron va

EAQ = EBP nén ta duoc BES = BPS—EBP = SAQ-EAQ = SAE

Tt d6 suy ra SE 1a ti€p tuyén ctia duwong tron ngoai tiép tam giac ABE.
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+ Truong hop 2: Diém S nam trén tia d6i
cua tia AB.

Do goc BES 1a goc ngoai ctia tam giac BPE.

Lai co t& giac ABPQ noi ti€p duong tron va

E/AIQ _ EBP nén ta duwoc

BES =BPE + EBP =SAQ+EAQ=SAE

Tu d6 BEP =180° —BES = 180° ~SAE = BAE.
Tt d6 suy ra SE la ti€p tuyén ctia duong
tron ngoai ti€p tam gidc ABE.

Nhu vay ca hai truong hop ta déu dwgc SE la tiép tuyén ctia duong tron ngoai tiép
tam gidc ABE. Ttr d6 dé dang chttng minh dwoc SA.SB =SE’. Do tit giac ABPQ noi tiép
duwong tron nén ta cting chitng minh duwgc SA.SB =SP.SQ. Ttr d6 suy ra SE* =SP.SQ. Chu
y la xét tling treong hop nhuw trén ta thu duoc
Né&u S ndm trén tia d6i ctia tia BA thi ta duoc

SE* =SP.5Q =(SE-EP)(SE + EQ) =SE’ +(EQ—-EP) SE-EP.EQ
EQ-EP
EP.EQ
- EP-EQ
EP.EQ

Suy ra SE = . Né&u S n3m trén tia ddi ctia tia AB, 1ap luén tuong ty ta thu dugc

Nhu vay két hop lai ta duoc SE = g Hoan toan tuong tu goi S’ 1a giao diém cua

EP.EQ

[EP-EQ|
EP.EQ

ta duwoc SE=S'E hay hai diém S va S’ trung nhau. Ttr d6 ta duwoc SP.SQ =SA.SB=SC.SD,

do d6 suy ra t& giac ABCD noi ti€p dwong tron.

PQ va CD. Xét cac treong hop nhu trén ta cting chitng minh dugc S'E = T dod

Vi du 34. Chting minh ring trong mot tam giac thi deong tron Euler tiép xtic trong véi

duong tron noi tiép.

Loi giai
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Ta dé dang chtrng minh dwoc trong mot Q

tam gidc ludén co AH =20M voi H 1a triee tam P

tam giac, O la tdm dwong tron ngoai ti€p tam giac

ABC va M la trung diém ctuia BC.

Goi E 1a trung diém OH khi d6 E tam duong tron \o

Euler.

Goi SQ la duong kinh duong tron (O). Ke
AP 1 SQ;EF 1 BC, khi d6 EF la duwong trung
binh ctia hinh thang OHKM nén ta duwoc

HK+OM =2EF. Tt d6 suy ra

PO=PM-OM =AK-OM =AH+HK-OM
=20M +HK-OM =OM + HK = 2EF

PQ _AP
T IN
Hai tam giac SDC va SCA c6 ASC chung, SAC =SCD nén ASCA © ASDC
Tirds 22 -5C . 5c? —spSA. ViTla tam duong tron noi ti€p nén
SC SA
SC=SB=SI=SI>’=SD.SA.

T A, I, D, S ha vudng goc 1én BC twong tng tai K, N, D, M. Khi d6 ta c6 MN? = MD.MK
Suy ra ta c MN.NK = MK.DN . Két hop véi (1) ta duwgc IN.PQ =MN.NK.

Ta c6 AAPQ @ AIMD = = PQ.IN = AP.DN = MK.DN(1)

Ta c6 EI* =(IN—EF)’ +(MN-MF)’ = EP = (IN—%} (MN——N;KJ hay
EI’ = IN? - IN.PO +i(POz +MK?)-MN.MK +MN? = io& ~IN? -IN.PO-MN.NK
2
=1R2+r2—IN(QP+PO)=1R2+1~2_RI= Ry
4 4 2

\ 14 R- Pa \ \ A . - A - N 7 s . \ \
Tt d6 suy ra EI = > —r. Vay duong tron ndi tiép tiép xtc voi duong tron Euler.

Vi du 35. Cho duong tron tam O ¢ ban kinh R va mot diém M nam trong dudng tron.
Qua M vé hai day cung CD va EF khong di qua tam O. Hai ti€p tuyén tai C va D cta (O)
cat nhau tai A, hai tiép tuyén tai E va F cua (O) cat nhau tai B. Chting minh rang AB va

OM vudng gbc voi nhau.

Loi giai
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Goi H 1a giao diém cua OM va AB, goi P la giao diém ctia AO va CD, goi Q 1a giao diém
cua BO va EF. Khi @6 ta c6 OA 1L CD, OB LEF.
Tam giac AOC vudng tai C c6 CP la duong cao
nén ta co

OA.OP =0C’* =R?

Tam giac BOF vudng tai F c6 FP la duong cao nén
ta co

0Q.0OB = OF* =R?
Do d6 ta dwgc OA.OP = OB.OF = oP = OB .

0Q OA

Hai tam giac OPQ va OBA co I@ chung va
or_oB
0OQ OA’

Do d6 ta duwgc AOPQ > AOBA nén ta duoc
OAB =OQP.
Mit khéc ta lai c6 OPM = OQM = 90", do d6 ti gidc OPMQ ndi tiép nén ta duoc

OQP = OMP
Ma ta lai c6 OMP + PMH =180°. Tir d6 ta dugc OAB+PMH =180° nén ttr gide AHMP

ndi ti€p duoc. Do APM =90° nén ta duoc AHM = 90° hay AB va OM vudng goc vdi
nhau

Vi du 36. Cho tam gidc ABC c6 goc BAC <90°. Gia st P 1a mot diém thudc mién trong ctia
tam giac ABC sao cho BAP = ACP va CAP = ABP. Goi M va N 14 lugt la tam duong tron
nodi tiép cac tam giac ABP va ACP, R la d¢ dai duong tron ngoai tiép tam gidc AMN.

Chting minh rang 1.1 + L + !
R AB AC AP

Loi giai
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- Goi E la giao diém ctia PM va AB, F la giao

y

V diém cuia PN va AC. T gia thiét ta co

AABP @ ACAP . Do do6 ta duwoc
APB = APC =180° —BAC. F

Suy ra EPF Z%(@+PTP\C) ~180° - BAC,
nén tit gidc AEPF ndi ti€p. Cling tt
@:ﬁtaduqcﬁ:ﬁ,dodéta B o

duoc AE = AF.
Do M, N la tam duwong tron nodi ti€p cac tam

giac ABP va ACP nén AM, AN la lan lwot la

phan gidc ctia cac goc EAD, FAP.

Ap dung tinh chit duong phan giac cho céc tam giac AEP va AFP ta co
PM AP AP PN

EM AE AF PF

Do d6 ta dwoc MN//EF nén ta dwoc MN MP__ MP AP .Laico
EF PE ME+MP " AE+AP
EF =2AE.sin BAC nén ta duwoc MN = EF. PM __EEAP _2AEAP sin BAC
PE AP+AE AP+AE’ 2

Ap dung dinh 1i sin cho tam gidc AMN ta c6

1 _2sinMAN _ 2 BAC _AP+AE _ 1 L1

R MN  MN’ 2 AEAP AE AP
Mt khac do AABP 0 ACAP nén ta duoc AB.AP = AC.BP; AC.AP = AB.CP

ABAP _ AC.AP
BP+AP AP+CP

Nén ta duwoc AB. AP+ AB.CP=ACBP+ACAP &

vy 1L _ BP 1 _ CP
AC ABAP’ AB AC.CP

Theo tinh chat dwong phan giac ta co AE_DBE_AE+BE__ AD AE = AP.AD

= g ———
AP BP AP+BP AP+BP AP +BP

Tuong tw ta cling c6 AF :M. Do d6 ta dugc AE = ABAD _ AF = ACAP
AP +CP BP + AP AP +CP
N 11 BP+AP AP+CP)_1( 1 1 BP Ccp 1 1
Tir d6 suy ra +—+ + =——+
AE 2| ABAP AC AP ) 2| AB  AB ABAP ACCP) AB AC

Dodotadu’ocl= 1 + 1 + 1
R AB BC CA

Vi du 37. Cho t& giac ABCD ngi tiép duong tron tam O. Goi I va J lan luot la trung diém

ctia BD va AC. Chting minh rang BD 1a tia phan giac ctia géc AIC khi va chi khi AC la tia

phan giac cua goc g]B .
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Loi giai

Trudc hét ta phat biéu va chitng minh cong thitc: Cho tam

A
giac ABC ndi tiép duong tron (O; R) khi d6 ta ludn co
AB.BC.CA
SABC == 5 -
4R o
That vay, vé duong kinh AD khi d6 ta c6 ACB= ADB
e
D

Ma ta c6 tam gidc ABD vudng tai B nén

Sihﬁ:ﬂ:ﬁ. Do d6 ta duoc SinC:ﬁ,
AD 2R R
Tacd S, = lpccasina=Llpcca AB_ABBCCA
2 2 2R 4R

Tré lai bai toan: Ké CM//BD véi M nam trén duong tron O. Khi d6 ta c6 BM =CD va

DBM = BDC
Do I ta trung diém ctia BD nén IB=1D, t&t d6 ta

dwoc ABIM = ADIC suy ra BIM = DIC

+ Néu BD la phan giac cta goc AIC thi ta dwoc
AID = DIC

Ma ta lai cé I;IK/I — AID nén ba diém ATM théng

hang.

Goi R la ban kinh dwong tron (O), ta cd
AB.BMMB . ADDMMB _. .

S v :T va S, u =T.V111a

trung diém ctia AB nén ta dwoc S,,, =S,,,,- Suy ra
AB.BM = AD.DM
Lai co CD=BM, BC=DM nén ta c6 AB.CD =AD.BC.

Ké DN//AC véi N nam trén duong tron (O) khi d6 ta dege AD=CN, AN =CD

.y AB.BN.NA BC.CN.NB
Ao S =g PPan =T 4

to DN di qua trung diém J cia BD. Khi d6 ta c6 AD =NC, [ﬁ = I\/IE] suy ra
AJD=CJN = AJB
Do d6 AD la phan gidc cua goc ]?]E .

.Do d6 ta duoc S, =S, - Piéu nay ching

+Né&u AD 1a phén gidc ctia géc BJC. Thi lap lai cic chting minh nhu trén ta duoc BD la

phan giac cua goc AIC. Vay bai todn duoc chitng minh.
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| Vi du 38. Cho tt giac ABCD ndi tiép duong tron (O) c6 goc BAD ti1. Qua A veé cdc tia
vudng goc véi AD, AB Tan luot cdt cdc canh CB va CD tai P va Q. Gia st duong théng PQ

cat dwong thang BD tai M. Chttng minh rang MAC =90°.

Loi giai
Do tt giac ABCD noi ti€p nén
DAB+BCD =180°
Ta co
DBA + QAP = DAP + QAB = 90° +90° = 180"
Twr d6 ta duoc ﬁ)z@’
Lay diém E d6i xiing véi A qua PQ, khi d6

ta dwoc 6A\P =(5E\P . Do d6 suy ra
QEP=BCD

Ma hai diém E va C cling nam trén nita mat
phang bd PQ va cling nhin doan PQ nén tt
giac PQEC ndi tiép duong tron. Suy ra
ECQ=EPQ

Ta co ]ﬁ’a:@ va @=]§A\E nén ta dwoc ]ﬁ’a:[ﬁ

Do d6 tix gidc DACE ndi tiép, nén diém E thudc dwong tron (O). Khi d6é ta duoc
DBE = DAE = QPE

Tl d6 ta duoc t giac MEPB noi ti€p

—_—

Suy ra MEP + MBP =180°, lai c6 MEP + MAP; MBP = DAC
Do d6 ta c6 MAP + DAC =180° = MAC + CAP + DAC = 180° = MAC + DAP = 180"
Ma ta 6 DAP =90° nén ta duoc MAC = 90"

Vi du 39. Cho tam gidc ABC c6 E, F tudc doan CA va BA sao cho EF // BC. Duong trung
triec cia doan théng BC cdt AC tai M, duwong trung truc cua doan EF cit cit AB tai N.
Puong trong ngoai tiép tam gidc BCM cit CF tai P khac C, deong trong ngoai tiép tam
gidc EFN cat CF tai Q khéc F. Chting minh rang duong trung truc cua PQ di qua trung
diém caa MN.

Loi giai
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" Goi H va K theo thtt ty 13 hinh chiéu cia M
vaN trén CF. Goi S, T, U, V theo tht tv 1a
trung diém ctia MN, HK, BC, EF. Dé thay
cac ti gidc BCMP va NEFQ noi ti€p duong

tron.

Do d6 ta duoc MPH = MBU va

NOK = VEN

Lai c6 MHP = MUB = 90°; NKQ = NVE = 90°
Suy ra AMHP «> AMUB; ANKQ > ANVE
HP UB KQ VE

MP MB’ NQ NE

béy U, V Ian luot la trung diém ctia BC va

nén ta duwoc

EF nén
Hp = mp, 2P _yp UB _ BC MP
MP MB 2 MB
KQ=NQ.XQ _ng VE _EF NQ
NQ NE 2 NE

Do céac tir giac BCMP va NEFQ ndi ti€p va lai c¢6 EF//BC nén ta duoc

— e~ e~~~

{Mﬁ):ﬁﬁ):@;%:@=ﬁ

Do do ta dugc AMBP <> AFCE; ANQE  ACBF suy ra MP = E; NQ = B

MB FC NE CF

BC.EF
2CF

MH//NK va SM =SN suy ra ST//MH//NK. Diéu nay c6 nghia la SI 1a dwong trung truc

Ttr d6 ta dwoc HP = =KQ.Két hop véi TP =TQ, suy ra TH=TK. Ma ta c6

cua QP. Ttr d6 ta duwoc duong trung triec cua PQ di qua trung diém ctia MN.

Vi du 40. Cho tam gidc ABC nhon ndi ti€p duong tron (O) véi duong cao AD. Ti€p tuyén
tai B va C voia duong tron (O) cat nhau tai T. Trén doan thang AD 1ay K sao cho
BKC =90°. Goi G la trong tam tam giac ABC, KG ¢t OT tai L. Lay cac diém P, Q thudc
doan BC sao cho LP//OB, LQ//OC. Céc diém E, F [an lwot thudc doan AC ca AB sao cho
QE va PF cung vuong goc voi BC. Goi (T) 1a duong tron tam T di qua B, C. Chitng minh

rang duong tron ngoai tiép tam gidc AEF tiép xtic véi duong tron (T).

Loi giai
Goi H la truc tam tam giac ABC, goi M va I lan lugt 1a trung diém ctia BC va EF. Goi N va

Y theo thtt tw la giao diém cua BH va TO véi AC, X la giao di€ém ctia hai dwong tron ngoai
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ti€p hai tam gidc BMF va CME. Ta thay G 1a giao diém ctia OH va MA. Biém M va I thudc
doan OT. Xét hai tam gide AHN va YCM c6 ANB=CMY =90° va HAN=MYC nén
AAHN » AYMC

Suy ra ta duoc A—H:ﬂ Lai c6 OM//HA va ba A
Y CM

diém H, G, O thang hang nén theo dinh li Talet ta v

KA LM
duoc
KH LO c o

Ma LQ//CO nén theo dinh 1li Talets ta co l

LM _QM
LO QC

QM EY
QC EC’

_LM_QM _EY . T
KH LO QC EC

KA +KH EY+EC AH CY AH KH

Va QE//MY nén ta dwgoc ——

Tt d6 suy ra

= =
KH EC K4 CE __CY CE
Do dé ta duoc 2H _HN _KH " 46 ta duoc AKHN o AECM .
CY M CE

Mat khac ta thdy t& gidc BKNC ndi ti€p nén KCB =KHN =EMC. Tuong tu ta duoc
KBC = FMB.

Do d6 ta c6 FME =180° — FMB— EMC = 180° — KBC — KCB = BKC = 90"

D3 thay
15&:3600—@—@:(1800—@)+(1800—E/><1\71)=F/BK/I+E/CT/I=180°—1@TE

Do d6 tir gidc AFXE noi tiép dwoc. Lai co
BXC = 360° — FXB — EXC — FXE = 180° — FMB — EMC +180° — FXE

180° —2BAC BTC

—FME +BAC =90° + BAC =180 — ~180° —

Do d6 X thugc duong tron tam T. Ttr cac két qua trén suy ra X la mot giao diém ctia duwong
tron ngoai ti€p tam gidc AEF v6i duong tron (T).
Goi X’ la giao di€ém thtt hai cia duong tron ngoai ti€p tam giac AEF v6i duong tron (T)

— — e —

Khi d6 ta c6 BXF = BXX'+FXX'=BCX'+FEX'
Ta lai c6 tir gidc BFXM néi ti€p nén suy ra EMF = EQM =90°, EQ//IM va IM =1IE =IF
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// Ttr d6 FXB =FMB = MEQ = EMI =1EM =IEX + MEX = FEX + MCX = FEX + BCX
/ —— e e e
| 4 Két hop cac két qua lai ta duwgc BCX'+FEX'=FEX+BCX, suy ra X va X’ trung nhau

Vay duong tron ngoai ti€p tam gidc AEF tié€p xtc v6i duong tron (T).

Vi du 41. Cho tam gidc ABC véi hai duong phan giac trong va ngoai ctia goc BAC Ian
lot Ia AD va AE. Chitng minh ring AB.AC = BD.CD + AD? = EBEC — AE?

Loi giai
Goi O la tam duwong tron ngoai tiép
tam giac ABC, tia AD cit duwong tron
(O) tai M nén M nam chinh gifta cung
BC. Tia d6i cta tia AE cat duong tron

(O) tai N nén N cling ndm chinh gitta g

cung BC. T d6 ta dwoc MN la
duwong kinh cua dwong tron (O). Tw
do ta duwoc NM L BC. Xét hai tam

gidc AMB va ADC c6 MAB=DAC
va AMB=ACD

Suy ra AAMB > AACD = % = % nén ta duwoc AB.AC=AM.AD

Tir d6 ta dugc AB.AC=(AB+DM)AD = AD* + DM.AD.

Xét hai tam giac BMD va ACD c6 MBD=CAD va BDM=CDA nén ta duoc
ABMD ©» AACD
Tt d6 ta duwoc BD _AD = AD.MD =BD.CD
MD CD
Do d6 ta suy ra AB.AC = AD? + DM.AD = AD? + BD.CD

Xét hai tam giac ANB va ACE c6 BAN = CAE va ABN = AEC = AMN

Nén ta deoc AANB 2 AACE suy ra AB = AN
AE AC

Do d6 ta c6 AB.AC= AN.AE =(EN-AE)AE =EN.AE - AE
Xét hai tam giac EAC va EBN c6 EAC =EBN va ACE =BNE nén ta duwoc AEAC @ AEBN

Tt d6 ta duwoc AE = EB = EB.EC =EN.EA
EC EN

Do d6 ta duwgc AB.AC =EN.AE - AE* =EB.EC-EA?
Vay ta duwoc AB.AC=BD.CD + AD? =EB.EC- AE?
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Vi du 42. Cho tam giac ABC ndi ti€p duong tron (O; R). Goi I 1a tdm va r 1a ban kinh cta
duong tron noi ti€p tam giac ABC. Goi J la tam va r, 1a ban kinh dwong tron bang tiép goc

A ctia tam gidc ABC. Chting minh rang OI° =R* —2Rr va OJ* =R? +2Rr,

Loi giai
Trudce hét ta phat biéu bd dé: Cho duong tron (O; R) va c
mot diém A ndm trong duong tron(A #O). Qua A ké hai
day cung CD va EF, khi do ta o
AC.AD = AE.AF =R*-0A? D
That vay, Goi I, H Ian luot la trung diém caa CD va EF,

P

khi d6 ap dung dinh li Pitago ta c6 F
OA’ = AT’ +OI” = (DI-DA)(AC-IC) +(R* ~IC?)
=DLAC-AD.AC-DILCI+DA.CI+R*-IC?
=ID(AC+AD)-AD.AC+R’ -2IC* =ID.CD-2IC* - ACAD +R?

Déy la CD =2IC nén ta duoc OA*> =R* -~ AC.AD hay AC.AD=R*-0A’
Hoan toan twong tu ta dwgc AC.AD = AE.AF=R? -0A?

Tré lai bai toan : Ta ¢ IB] =ICJ =90° nén tir giac N A
IBJC noi ti€p duong tron duong kinh IJ. Goi M 1a
trung di€ém ctia IJ nén M 1a tam duong tron ngoai
ti€p ti gidc IBJC nén M la diém chinh gitta cung nho
BC caa (O). Tt d6 ta duwoc MI=M]J.

oY

Goi D va E lan lwot 1a hinh chiéu cta I va J trén

duong thang AB va MN la duong kinh duong tron
(O).

Xét kai tam gidc vuong IAD va MNB co B/AT] ~BNM ’
nén ta duwoc AIAD «© AMNB
1A _D
MN MB
IAMB =IA.IM =ID.MN = 2Rr
Ap dung b8 dé cho day cung AIM ta duoc
IAIM =R*-0Or

Twr d6 ta duwoc R*> —OI° = 2Rr hay R*> -2Rr =OI*

Twe do suy ra
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JA _JE

Twong tu ta c6 hai tam gidc JAE va MNB dong dang nén ta duoc N-MB hay
Ja _JE
MN M]J

Tt d6 ta duwoc JAMJ = JEMN =2Rr,
Xét dwong tron (O) va cat tuyén ta dé dang chiing minh dwoc JA.JM = O]* —R?
Tt d6 suy ra OJ> —R? =2Rr, hay OJ* =R*+2Rr,

Vi du 43. Cho tam gidc ABC va duong tron (O) ndi ti€p tam gidc ABC ti€p xtc voi AB, BC,
CA lan luot tai D, F, E. Puong trong bang tiép tam Q tiép xtc véi canh BC, tia AB, tia AC
lan lwot tai K, H, P. Puong thing DE cét cac tia BO va CO Ian luot tai M va N. Puong
th.’?mg HP cit cac tia BQ va CQ Ian lwot tai R va S. Chttng minh r.’?mg

SP SR RH

a) AFMN = AKRS by 2 =22
AB BC CA

Loi giai
a) Xét truong hop diém M nam ngoai va diém A
N nam trong tam gidc ABC. Cac treong hop

con lai twong tw. Ta co

_—— _— 180°-BAC — — ——

MEC = AEN = — - OBC+0OCB =MOC

Nén t¢ giac MCOE ngi ti€p dwong tron, do do
ta duoc OEC = BMC = 90°.

Twong tu ta cling duoc t giac CRQP noi tiép
duong tron nén ta duoc @ = @ =90". Mt
khac MBQ = 90"

Ttr d6 ta duoc tit gidc MBRC la hinh chit nhat.
Goi T 1a trung diém ctia BC. Ta ¢6 M va R déi
xtng véi nhau qua T. Tuong te N va S d6i
xttng véi nhau qua T.

Tir tinh chét cua tiép tuyén ta dwoc BH=AH-AB=p—(AD+BD)=CF trong d6 p la nita
chu vi cua tam gidc ACB. Tt d6 suy ra BF =CK

Do d6 ta duwgc TF =TK hay K va F d6i xting v6i nhau qua T. Ttr d6 cac ti giac MFRK,
NFSK, MNRS 1a cac hinh binh hanh. Do d6 ta dwgc AFMN = AKRS
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Do d6 ta duoc K/R\S = 1@ . Hoan toan twong ty ta dwoc I(STQ = KBE

Tt d6 suy ra AKRS @ AACB nén ta duoc KS _SR_KR
AB BC AC
Ma ta lai c6 KS=PS va KR =HR nén suy ra PS = SR = RH
AB BC CA

Vay ta c6 diéu phai chiing minh.

Vi du 44. Cho tam giac ABC va mot diém D trén canh BC(D khac B va C). Goi E va F lan
lwot 14 tam duwong tron noi ti€p cac tam gidc ABD va ACD. Chitng minh rang néu bén
AD+DB _AB

AD+CD AC’

diém B, CE, F cung nam trén mot dwong tron thi ta co

Phan tich va loi giai
Goi M, N Ian luot la giao di€m cta DE,
DF véi AB, AC. Puong thang EF cat
AB, AC Tan luwot tai P va Q. Goi I 1a
giao diém ctia AD va EF. Do E va F lan
luwot la tam duong tron noi ti€p cac tam
giac ABD va ACD nén E va F la giao
diém cac duwong phan giac ctia hai tam

giac ABD va ACD. Trudc hét ta biéu

dién duoc cac ti s§ bang nhau ¢ chita
AD+BD va AD+CD. Theo tinh chat

duong phan gidc trong tam giac ta

duwoc
AD:AM:AD+DB:AM+BM: AB :>AD+BD: AD
BD BM AD AM AM AB AM
AD:AN:AD+DC:AN+NC:AC:>AD+DC:AD
CD CN AD AN AN AC AN

Nhu vay bai toan sé dugc chirtng minh néu ta chi ra dwgc AM = AN.

— e~~~

That vay, do t& giac BEFC ndi tiép nén ta duwgc APQ = ABE +PEB = ABE + BCF

Tt d6 ta duwoc @ = %(ﬁ + @) . Hoan toan twong tu ta cting duoc

—_

AQP:%(XB\GXC\B).
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Nhu vay tam gidc APQ can tai A nén AP = AQ. Qua A ké dudng thang song song véi PQ

va cat DM, DN lan luot tai R, S. Ta c6 EP_AP_AQ_FQ nén ta duoc IE_EP
El Al Al IF IF FQ
Theo dinh 1i Talets ta co E_AR . Ttr d6 ta duoc EP_AR nén suy ra EP_FQ .
IF AS FQ AS AR AS
Mait khac ta lai co EP = MP va FQ _QN , tir do ta duwoc MP = NQ nén MN//PQ
AR MA  AS AN’ MA NA
Ma AP = AQ nénsuy ra AM =AN. Ttr d6 ta duoc AD+DB = AD;CDC
Do d¢ ta suy ra duoc AD+DB _ AB . Vay ta c6 diéu phai chitng minh.
AD+CD AC

Vi du 45. Cho t& giac ABCD c¢6 AB >BC va ngoai tiép duong tron tam O. Goi E va F lan
luot 1a giao diém cta BD véi duong tron (O). Puong thang qua O vudng goc véi AC tai H.

Chtrng minh BHE = DHF.

Loi giai

Trudc hét ta phat biéu va chitng minh hai b dé sau:

Bo dé 1: Cho tam giac ABC va hai diém A
) E
M, N sao cho BM.BN = AB -, khi do
CM.CN AC F
BAM = CAN. N

That vay, qua B ké duong thang song
song v6i AC cat AM, AN Tan luot tai E va
F.
Theo dinh li Talets ta c6
BE MB BF _BN
AC MC'AC CN
BE.BF BM.BN AB’ BE AB

T d6 ta dwoc —= =——> suyra —=—-.
AC® CMCN AC AB BF

Diéu nay din dén AEAB o AAFB nén BFA = BAE.
Ma ta lai co ﬁz(ﬁ,néntt‘rdéta duwoc m=(ﬁ
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BG dé 2: Cho diém A nam ngoai duong tron (O) K
va cat tuyén ABC. Cac tiép tuyén tai B, C véi

dudng tron cat nhau tai K. AE va AF 1a c4c tiép
tuyén véi duong tron (O) ké tir A(E, F la cac tiép c
diém). Khi d6 ba diém K, E, F thang hang. B

That vay, dung KH vudng géc véi OA tai H. Dé A "o
dang chiing minh duoc t giac BHOC noi tiép

dwoc duong tron dwong kinh OK. Tt d6 suy ra
AH.OA = ABAC=AF.

Goi H' la giao diém cua EF va OA, khi d6
AH'.OA = AF?

Tl d6 ta dugc hai diém H va H’ trung nhau hay
ba diém K, E, F théng hang

Tré lai bai toan: Goi M, N, P, Q lan luot la céc ti€p diém ctia dudng tron véi cac canh AB,
BC, CD, DA. Lay diém D’ d6i xting v6i Aqua AC. Goi giao diém ctia BD’ véi AC la H'.
Dung OH L AC, ta can chttng minh hai
diém H va H’ trung nhau. Goi S 1a giao
diém cia MP va BD, ké BK//CD véi K thudc

MP, khi 6 ta duoc o2 = PK
DS DP

Ma ta c6 BKM = @ = ]i\/I\K nén ta duwoc

BK =BM. Do d6 ta duoc ﬁzﬂ
DS DP
Goi S’ 1a giao diém cua NQ va BD, khi dé
twong tu nhu trén ta co BS _BN .
DS' QD
BM =BN va DP =DQ nén ta duoc
BS BS'

—— =——, suy ra hai difm Sva S’ trung
DS DS’

nhau. Tt d6 suy ra ba duong thang BD, MP,

NQ dong quy tai S.

Chang minh twong tu ta duoc AC, MP. NQ cling dong quy tai S.
Tt cach dung diém H’ ta duoc H'C la tia phan giac ctia goc BH'D nén suy ra

BH' BS BM

DH' DS DP
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H'B>  BE.BF

Mat khac ta c6 BE.BF = BM?, DE.DF = DP?, suy ra 7=
H'D® DE.DF

Ap dung bd dé 1 cho tam giac H'BD ta duwoc BH'E=DH'F. Nén tir dé ta duoc

FH'C=EH'C.
Goilval lan luot la giao diém caa NM, PQ véi AC. Ap dung dinh li Menelaus cho tam
giac ABC véiba diém M, N, I va tam giac ACD véiba diém P, Q, I' ta duoc

AM BN CI _AQ DP CI'_1
BM CN Al DQ CP Al

Tt d6 suy ra % N tte d6 suy ra hai diém I va I’ trung nhau. Diéu nay cé nghia la MN,
AC, PQ ddng quy tai I. Gia st tiép tuyén voi duong tron (O) tai E, F cat nhau tai I”. khi d6
theo bo dé 2 thi I” thudc MN va ciing thudc PQ. Nén hai diém I va I” trung nhau. T giac
HEIF ndi ti€p duong tron duong kinh OI nén ta duoc EHC =FHC .

L —

E'HC=EH'C=FH'C
E'HC = EHC = FHC

Goi E’ la diém d6i xting véi E qua AC, khi d6 ta ¢ {

Tit &6 suy ra ba diém F, E/, H' thang hang va F, E’ H thang hang.

Tt &6 suy ra hai diém H va H’ thang hang, két hop véi BH'E = DH'F ta duoc
BHE = DHF.

Vay bai todn duoc chitng minh.

Vi du 56. Cho tam gidc ABC néi ti€p duong tron (O). Puong tron (O’) tiép cuc trong véi
duong tron (O) va tiép xtc véi cac canh AB, BC lan luot tai R, P, Q. Goi K 1a tam duong
tron ndi tiép tam gidc ABC. Chiing minh rang ARK =CRK.

Loi giai
Tai R vé tiép tuyén vdi duong tron
(O), tiép tuyén nay cat BC tai D. Khi
dé dé thdy DR =DQ
Tt d6 ta dwoc DC.DB = DR? nén ta
duwoc
DR DC_ DQ_ DQ-DC_QC ‘
DB DR DB DB-DR QB S Q
Cac tam giac RDC va co BDR 1la goc \\/
chung va RBC = DRC nén
ARDC > ABDR
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RC DC QC

Tt d6 ta duwoc = = .
BR DR QB

Diéu nay chiing té RM la dwong phan giac cua goc CRB.

Chitng minh hoan toan tuong ty ta dwoc RN la phan giac cia goc ARB.

Goi AM, CN TIan luot la phan giac trong cua cac goc BAC; ACB, khi d6 giao cia AM va
CN la diém K.

Xét cac tam gidc BOR va MCR c6 RBQ = RBC = RMC va BRM = MRC

Suy ra ta dugc ABQR > AMCR nén ta dweoc BQ_BR . Mét khac ta lai c6
MC MR

@:I@H?CWI:%(@H?&E) va &\M:I&Ha:%(ﬁ}@)

Do d6 suy ra @ = CKM nén tam gidc KCM can tai M. Tt d6 ta dugc MK =MC, ma ta

lai c6 BP =BQ. Nén két hop vdi cac két qua trén ta duoc Br _BR
MK MR

Lai ¢6 PBR = KMR nén ta duoc ABPR © AMKR . Tir d6 dan dén

— —

PRB = NRB = KRM = ERM, nén suy ra BN = AN = EM

— o~ —

Ta c6 BN +BE =EM + BE hay EC =EA. Ditu nay chiing to diém E nam chinh gitta cung

ABC.
Do d6 ta duoc ﬁi?( = Eﬁ( . Bai toan dwoc chitng minh.

Vi du 47. Cho tam giac ABC. Cac duong tron bang ti€p tam giac ABC tiép xtc vdi BC, CA,
AB Ian luot tai A,;B,;C,.Cac duong thang AA ; BB ; CC, dong quy tai N. Goi D, E, F lan

lwgt la hinh chiéu cua N trén BC, CA, AB. Goi R, r lan luot 1a ban kinh duwong tron ngoai
ti€p, ndi tiép tam giac ABC.

Chiing minh re‘“mg SDi = 1(1 —LJ.
SABC R R

Loi giai
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Dit AB=c; BC=a; CA=b va p:a”z’*C.Khidé

theo tinh chat tiép tuyén cat nhau ta tinh duoc

BA, =AB,=p-c; CA, =AC,=p-b; BC,=CB,=p-a
Ap dung dinh 1i Menelaus cho tam gidc ABA,véiba
diém C;;N;C théng hang ta dwoc

C,A CB NAl_lz{p—bJ a NA, _,

CB CA, 'NA p-a)p-b NA
Tir d6 ta duoc NA, _p-a = NA, _p-a . Vé duong cao AH ctia tam giac ABC, khi do
NA a AA, p

AH//ND nén theo dinh li Talets ta dwoc

ND _ NA, _P-a_ \p- AH.(p—a) _ 25, 5c (p—a)

AH AA, p p a.p

2SABC'(p_b)I_ NF = 2SABC (p—C) .
bp cp

T dd S, ., = %ND.NE.sin(180° ~DNE) - %ND.NE.sinKC\B -

Hoan toan tuong tur ta dugc NE =

257 (p—a)(p—b)

5 .sin .ATC\B
abp

Do d6 suy ra

Soe_25°(P-a)(p-b)sinACB 2 165 (p-a)(p-b)¢’ _(p-a)(p-b)c’
S ’ ‘ab.sinACB  a’b’c®’  4p - 4Rp
— — 2 _ _ 2
Hoan toan tuong tu ta cling dwoc Sonr = (p C)(}; Za)b ; Sene = (p b)(zp > c)a
SABC 4R p SABC 4R p

Do dé ta duoe Sore _ (P=a)(P=b)¢+(p=b)(p-c)a*+(p—c)(p-a)b*
SABC 4R2p2
Bién d6i vé phai cua dang thiic trén ta thu dugc
(p=a)(p—b)c’+(p-b)(p—c)a’ +(p-c)(p-a)b’
4:R2p2
(b+c-a)(c+a-b)c*+(c+a-b)(a+b-c)a’+(a+b—c)(b+c—a)b’
B 16R*p>
a*+b*+c* —2(a2b2 +b*c? +c2a2)+2abc(a+b+c)
B 16R*p?
~ 4abcp—14p(p—a)(P—b)(P—C) _16S,,.Rp-16S3,. p’Rr-p’r’ _1(1_1]
16R%p? 16R?p? 16R%p* R

ABC abp

R

S
Do dé ta thu duwoc —2EE = L(l —%) Bai toan duogc chitng minh.
ABC
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| Vi du 48. Gia st M, N 1a cac diém nam trong tam gidc ABC sao cho

AM. AN BM. BN CM.CN _
AB.AC BA BC CACB

1\@ = NAC;@ = I\/I]ij . Chttng minh re‘ing

Loi giai
Trén tia BN 1dy diém K sao cho BCK = BMA . Khi dé ta dwoc ABM = KBC. Xét hai tam
gidc BMA va BCK c6 BCK = BMA va ABM =KBC
AB BM AM AB BK

Suy ra ABMA < ABCK nén ta duoc = = hay ta dugc —=——
BK BC KC BM BC

Mat khac ta lai co A

—_——

ABK = ABM + MBK; MBC = MBK + KBC

Neén ta dwoc ﬁ( = l\ﬁ

AB _ BK

Hai tam giac ABK va MBC c6
BM BC

va ABK = MBC nén dong dang voi nhau.
AB BK AK
MB BC CM’

AB BM AM AM.BC AB.CM AB.BC

Két hop voi = = ta thu dwoc CK = ; AK = ; BK =
BK BC KC BM MB BC

Tt d6 suy ra

Talai cé 1@53 = I\TA\C va MAB = IGK\C nén ta dwoc 1@ = IGK\C, tir d6 suy ra ti giac
AKCN noi ti€p duong tron. Khi d6 ap dung dinh li Ptoleme ta dwoc

AC.NK =AK.NC+ AN.CK

Hay ta duwoc AC.(BK-BN)=AK.NC+AN.CK

AB.BC BNJ _ABCM AMBC

Nén suy ra AC CN+
BM BM

Tt d6 suy ra AB.BC.AC-BN.BM.AC = AB.CM.CN + BC.AN.AN

Chia c& hai v& cho ABBC.CA va chuyén vé ta thu duoc Sd-AN  BMBN  CMON _
ABAC BABC  CACB

Bai toan duogc chitng minh xong.

Vi du 49. Cho duwong tron (O) va day cung AB. Goi I la trung diém cta AB. Qua I dyng hai
day cung MN va PQ sao cho PM va NQ cat AB lan luot tai E, F. Chting minh rang I 1a

trung diém cua EF.

Loi giai

Ta xét cac truong hop sau day:

+ Trueong hop 1: Céc diém E, F Jan luot nam trén doan théng MP, NQ. Khi d6 ta c6 cac
cach chitng minh sau day.
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Cach 1: Do I 1a trung diém ctia AB nén OI vuong géc v6i AB. Goi C la trung di€ém cta PM
va D la trung diém cua NQ nén ta duwgc CO L PM; OD L NQ.

Ta c6 MPQ = NMQ = %sdl\//I—C\Q; PMN = PON = %sdl/’-l\\l

Tt d6 suy ra APIM @ ANIQ nén ta dwoc 1P = FM = 2rc = PC
IN NQ 2DN DN

Hai tam gidc PIC va NID c6 MPQ = MNQ va = - L€
IN DN

nén APIC > ANID suy ra

PCI = NDI

Ta lai c6 COP = OIA =90°. Do d6 OCE +OIE = OCP +IOA =180" nén ttr gidc OCEI noi
tiép duong tron, tir d6 suy ra ECI=EOL. Chttng minh hoan toan twong tu ta dwoc

IOF = IDF.

Két hop cac két qua trén ta duoc IOE = IOF .

Trong tam giac OEF c6 IO vuong goc vai EF va IOE =IOF nén suy ra OI vira la duong cao
vira la phan giac. Do d6 tam giac OEF can tai O, nén OI ciing la duwong trung tuyén ting
voi canh EF.

Vay 1 14 trung diém ctia doan thang EF.

Cach 2. Goi C, D Ian luwot 1a hinh chiéu cua E trén PQ va MN. Goi K, H Ian lwot 1a hinh

chiéu cita F trén MN va PQ. Khi d6 d& thdy ATED o> AIFK nén ta duoc = =2 - =D
IF IK FK
Tuong tw AIEC > AIFH nén ta dwoc IE_IC_EC
IF IH FH
Hai tam gidc PEC va NFK ¢6 MPC = MNF va NKF =PCE nén APEC > ANFK
Do d6 suy ra PE_ E Tuwong ty ta cling dwoc ME _ED
NF FK QF FH
IE? PE ME

Két hop cac két qua tén ta thu dwoc —; —_
IF° NF QF
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Lai chitng minh dwgc ABFN @ AQFA nén suy ra % = 112—1: = QF.FN =BF.FA

Hoan toan twong tuw ta dwoc PEME = AE.BE

[E> AEBE (AI-EI)(BI+IE) (AI-EI)(AI+IE) AP -IE?

IF?  BFAF (AI+IF)(BI-IF) (AI+IF)(AI-IF) AI’-IF’

IE> _AP-IE> AP-IE’+IE’ 1A’
IF*  AP-IF* AP -IF+IF* 1A’
Hay IE’ =TF* = IE = IF. Vay I 1a trung diém ctia doan thang EF.

Tir d6 ta duoc

Do d6 thoe tinh chat day ti s§ bang nhau ta dugc

+ Truong hop 2: Cac diém E, F nam M

ngoai cac doan thang PM va QN. Khi d6 m\
A B .
F

goi C, D Ian luot 1a hinh chiéu ctia O trén
NQ va MP.

Do d6 ta duoc EDO = EIO=90° nén t&
giac EDIO ndi ti€p duwong tron, suy ra ta
duwoc EOI =IDM. Lai ¢c6 CTCTQ:%0 nén
suy ra OCQ+OIF=180° do d6 tu gidc
EOCF noi tiép nén IOF = ICF

Ta c6 AIPM @ AINQ nén ta duoc M = E

IQ NQ
Mit khac do CO L NQ; DO L MP nén C, D lan luot la trung diém cua NQ, MP.

Do d6 ta duoc MM _ DM e 1op v6i PMI=ION = ~sdPN nén AIDM < AICQ.
10 QN CQ 2

Ttr d6 suy ra ICQ =DM =IOF . Két hop cac két qua trén ta thu duoc IOE = IOF hay OI la
phan giac cua goc EOF. Ma ta lai c6 OI vudng goc voi EF nén ta suy ra dwoc Ila trung
diém cuta EF.

Nhin xét: bai todn trong vi du trén dwgc goi la “Bai todn con bwém”, day la mot trong cdc bai todn

nodi tiéhg va c6 nhiéu 1tng dung trong gidi todn hinh hoc.

Vi du 50. Cho tit gidc ABCD c6 Zﬁ = ﬁ =90°. Goi H 1a hinh chiéu ctia A trén BD. Goi
S va T lan luot 1a di€m nam trén AB, AD sao cho H ndm trong ASCT va
CHS - CSB = 90° ; THC-DTC =90°. Chting minh rang duong thang BD ti€p xtc véi

duong tron ngoai ti€p tam gidc TSH.

Loi giai
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" Goi E va F Ian luot 1a diém d6i xtmg véi A
C qua B vaD. Tacé SE=SC do d6 tam

gidc SCE can tai S, suy ra ta duoc

SEB = SCB. y :
Ma theo gia thiét CHS—CSB=90" nén ta H ¢
B

duoc CHS =CSB+90° =180° ~SCB suy ra

t& giac CHSE noi tiép duong tron. Chiing

minh twong tu ta cing dwoc ti giac

CHTF ndi tiép.

Tacd TEF=TC; AE=AC=AF

Trong tam giac CEF c6 BD la duwong

trung binh nén BD//EF, lai c6 AH L BD

nén AH L EFtai M nén ME=MF va

HE =HF.

Kéo dai HC 1dy P sao cho HE =HP, khi d6 H la tdim duwong tron ngoai ti€p tam giac PEF.
Ma t&¢ giac CHSE noi té€p nén ta duoc ESC = EHC ma hai tam giac SEC va HEP lan luot

can tai S va H nén ta duwoc ASEC «© AHEP, nén ta duoc S/E?I = Eﬁ’

Do d6 ta lai duoc ASHE o ACEP . Tir d6 ta duoc SHE = SCE = HPE = HEP, suy ra SH//EP.
Ma & gidc CHTF ndi t&p nén ta c6 FTC = CHF suy ra ATCF « AHPF

Do SHE =SCE (cing chan cung SE) nén HS 1a phan gidc ngoai ctia géc CHE.

Twong tu ta dwoc HT la phan giac ngoai cua goc CHF . Ttr d6

SHT = SCB + TCD = EPF = SHT.

Lai c6 HS = HS . HF =Q.E=E nén ta dwgoc ASHT < AFPE, do d6 S/T?I=F/];i’
HT HE HT EP CP EP

K&t hop véi BD//EF va SH//EP nén ta dwoc STH =SHB. Vay BD Ia tiép tuyén ctia dudng

tron ngoai tiép tam gidc HST hay duwong thang BD tiép xtic v6i duong trong ngoai tiép

tam giac HST.

Vi du 51. Cho hai duong tron (O, ) va (O,) cat nhau tai A va B. Cac tiép tuyén tai A va B
ctia duong tron (O, ) cat nhau tai K. Ldy diém M trén duong tron (O,) khong trung véi A
va B. Goi P 1a giao di€m thit hai cia MA v6i dudng tron (O, ). Goi C la giao diém thit hai
ctia MK véi duong tron (O, ). Goi Q la giao diém thit hai cia duwong thiang CA véi dudn
tron (02 ) Chting minh rang trung diém ctia doan thang PQ nam trén duong thang CM.
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Loi giai
Khong mat tinh tong quat, gia s M thudc
cung lén Kﬁ, truong hop M thudc cung
nho P,EB duwoc chitng minh twong tw. Goi
H la giao di€ém ctia PQ va MC. Ta can
chttng minh duoc PH=QH. Do BK la

) vaKCM

ti€p tuyén ctia duong tron (O,

la cat tuyén cua twong ting nén ta dé

dang chiing minh dugc ABCK «» AMBK

BC CK
suyra — =——
BM BK
Tuwong tu ta duoc AC = C—K Ma ta lai c6 KA =KB, nén ttr cac ti sO trén ta co AC = BC .
AM AK AM BM

Ta lai c6 t& giac AMBC noi ti€ép duong tron (01) nén ta dwoc I\MB = B/(YQ = PMB = B/(-?a
Mt khac t¢ giac AQB ndi tiép duong tron (Oz) nén ta duoc BPM = X(-Q\B — BPM = C/Q\B
MP _BM

CQ BC

Ap dung dinh 1i Menelaus cho tam gidc APQ véi ba diém C, M, H thang hang ta duwoc

CA HQ MP_leP_AC MP BC BM _
CQ HP MA HQ AM CQ BM BC

Do d6 ta dwgoc ABMP 2 ABCQ =

1= HP =HQ

Hay H la trung diém cua PQ. Ta c6 diéu phai chitng minh.

Vi du 52. Cho tam gidc ABC co triec tam H. Puong phan gidc ngoai cua goc BHC cit canh

AB, AC Tan luot tai D va E. BPuong phan giac trong cua goc BAC cit duwong tron ngoai
tiép tam gidc ADE tai K. Chting minh rang KH di qua trung diém ctia doan BC.

Loi giai

Trudc hét ta chitng minh tam giac ADE can tai A.

L —

That vay, vi HD la phan gidc ngoai cua géc BHC nén ta c6

DHB =%(PT]3E+§C\]3) :%[(900 —KBT:)+(90° —K@)} :%EATC

Do do ta dwoc
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ﬁ:ﬁuﬁ:%‘)—ﬁ%ﬁ::%k%ﬁ:

Twong tu ta c6 AED =90° —%@Z, suy ra

ADE = AED hay tam giac ADE can tai A.
Mat khac ta c6 AK la phan giac cua goc DAE nén

cling la duong trung triec cia doan DE, tir d6 suy ra
AK la duong kinh ctua duong tron ngoai ti€p tam giac
ADE. Ttr d6 ta c6 KD L AB, tuong ty ta co KE L AC.
Goi P 1a giao diém cua KD va HB, Q 1a giao diém cua KE va HC. Ta ¢6 KP L AB va

HQ 1 AB, tit d6 suy ra KP//HQ. Tuong tu ta cting dwoc KQ//HP, do do ti gidc KPKQ la
hinh binh hanh.

Goi BB’ va CC’ 1a cac duong cao cua tam giac ABC, ta ¢c6 DP//HC' va QE//HB’

PB_ DB QC EC
PH DC'' QH EB'

Nén theo dinh 1i Talet ta c6

DB HB EC DB
DC' HC'' EB' HB'
ViB, C, B’, C’' cung thudc duong tron duong kinh BC nén ta dwoc ABHC' > ACHB'

Tir d6 ta duoc HB = HC . Két hop véi cac két qua trén ta duoc B = %, nén theo dinh
HC' HB' PH QH

Theo tinh chat dwong phan gidc ctia tam gidc ta co

Talet ta dwoc PQ song song véi BC. Do HK di qua trung diém cta PQ nén HK ciing di qua

trung diém cta BC.

Vi du 53. Cho tam giac ABC c¢6 O la tam duong tron ngoai ti€p va I la tam duong tron noi
tiép ctia tam gidc ABC. Goi D la hinh chiéu cua I trén BC, M la trung diém cua BC va K d6i
xtng véi M qua Al Chiing minh rang KD vudng géc véi O,

Loi giai
Goi giao diém thit hai ctia Al v6i duong tron T
(O) la N, giao diém cua Al véi BC1a F. Goi giao
diém th hai cia MN véi duong tron (O) 1a T,
khi d6 NT la duong kinh ctia duon tron (O).
Goi giao diém cua MK véi AN la H, giao diém
ctia DK vé6i Ol 1a E. Do M va K déi xtmg véi 1D

B M C
K
nhau qua Al nén ta dugc MK =2MH. Xét hai K

tam giac vuong NMH va NFM cé MNH chung N
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n MN FEN
nén ta dwgc ——=——.
MH FM

Do d6 ta duoc ZMN = E Do MN//DI nén
MK FM

theo dinh li Talet ta dwoc
FN FI _FN+FI NI
FM FD FM+FD MD
2MN NI MK 2MN

Tt d6 ——=—— suyra ——=———.Matalai c6 NT =2NO, BN =NI va
MK MD MD IN

NBT = NMB = 90°
Trong tam giac NBT vuong tai B c6 BM la duong cao nén ta duoc

BN? = MN.NT = 2MN.NO

Nén ta dwoc NI* =2MN.NO = 2MN _ NI
NI NO
\ 4 MK NI 4 4 \ g — i Py
Tie d6 ——=——=. Chay la KMD =INO nén ta dugc AMKD  ANIO
MD NO

Do d6 ta dwoc MDE +MOE = 180° - MDK + NOI = 180°
Ma ta lai c6 DMO =90° nén ta dugc DEO =360° —180° —90° = 90°. Vay ta duoc DK L OI.

Vi du 54. Cho tam giac ABC nhon ngi tiép dwong tron (O) ¢d truc tam H, dwong cao AF va
M la trung diém ctia BC. Duong tron duong kinh AH cat HM tai Q khac H. Lay diém X
thudc BC sao cho XH L QM. Goi L, P Ian luwot la trung diém cua QH va QA. Puong théng
qua Q song song v&i LX cat MP tai N. Chttng minh rang duong tron ngoai tiép tam gidc

MNF tiép xtic voi dwong tron duong kinh QH.

Loi giai
Cach 1. Goi AE la duong kinh ctia duong
tron (O) va D d6i xiing véi H qua BC. Khi
d6 dé thdy t gidc HBEC 1a hinh hinh
hanh nén ba diém H, M, E théng hang. Lai
c6 Q thudc duwong tron duong kinh AE
nén ta duoc ATQ\F =90°. Ma Q lai thudc
duwong tron dueong kinh AH nén ta duwoc

CjA\H =90°. Tt d6 ta dwoc

AQH = AQF = 90° nén ba diém Q, H, E K

thang hang. Do vay bon diém Q, H, M, E

thang hang.
DPuong tron (X, XH) cat duong tron (O) tai
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" K khac D.
Khi d6 ta co

)E(T—I=)E—IT<=%(18OO—K/XT—I)=9OO—IEDT—I
—90° ~KEA = KAE = KQE

Ttr d6 suy ra KH va KX 1a tiép tuyén cua duong tron ngoai tiép tam giac KHQ.

Lai c6 KQH = KHX = 90° —K/P-IB nén ta duoc 61(7{ =90°.

Do d6 K thudc duong tron duong kinh HQ nén ta c6 HK L QH va LX L KH nén ta c6
QK//LX//QN do d6 ba diém K, Q, N thang hang. D& thay hai tam gidc KQH va KAE dong
dang nén suy ra hai tam giac KQA va KHE dong dang. Ma ta lai c6 KP va KM lan luot la
hai trung tuyén ctia hai tam gidc KQA va KHE nén ta duoc hai tam gidc KQP va KHM

dong dang nén ta duoc aﬁ( = (j/[T( va 615’ =HKM

Do XH la ti€p tuyén ctia duong tron duong kinh QH nén ta c6 XH L QH

Xét tam gidc XHM vudng tai H c6 dudng cao HF nén ta c6 XK* = XH? = XF.XM

Nén XK tiép xtic v6i duong tron (R) ngoai tiép tam giac KFM. Tt &6 dan dén ba diém K,
L, R thang hang.

Nhu vay ta duoc @:ﬁ(:ﬁ/I:%O —IE—I?2=9OO _PMK .

Khi dé suy ra KRM = 2KNM suy ra N thudc dwong tron (R), Do do ta c6 duong tron (R)
ngoai ti€p tam gidc MNF. Vdy duwong tron ngoai ti€p tam giac MNF tiép xtc véi duong
tron duong kinh QH.

Cach 2. Goi AE la duong kinh ctia duong tron
(O). Chttng minh twong ty nhu trén ta duoc
bdn diém Q, H, M. E thang hang. Goi duong
tron duong kinh QH cit duong tron (O) tai K
khac A. Lay D d6i xting véi H qua BC. Khi d6
D thudc duong tron (O). Khi d6 ta dugc QK

A
AN
vudng goc voi KH - ¢
Dé thay hai tam gidc KQH va KAE dong dang W
T A O - E A D E

nén ta duoc KHQ =KEA . Ma KDH =KEA nén

KDH = KHQ .
Ttr d6 suy ra QE la tiép tuyén cta duong tron
ngoai tiép tam giac KHD, ma lai c6 XH L QE

nén tam duwong tron ngoai ti€p tam gac KHE
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nam trén HX, ma X thudc duong trung triee ctia

DH nén X la tam ctia dwong tron ngoai tiép tam

giac KHD. Tt d6 suy ra XH = XK.

Dé thdy XH tiép xtic véi duong tron ngoai tiép tam gidc QHK nén suy ra XK tiép xtc véi
duong tron ngoai ti€p tam gidc QHK. Chiing minh tuong tw cach 1 ta dwgc ba diem K, L,
R thang hang.

Nén ta duoc @:@:@:900_1@5:900 _PMK suy ra CjI—E(:I(I\E’

Ciing tr HK L QH va LX L KH nén ta c6 QK//LX//QN do d6 ba diém K, Q, N thing
hang.

D& thdy LKH = QHK, @:%@:%(1800 —21?1@):900 ~RMF

Ta c6 bién d6i goc sau day
6K\F+ﬁ/IT\I =(5K\L+I@+m+ﬁ\d\l’ —90° — RKH + RKM + MKF + FMP
=90° - KHQ + RMK +90° - RMF + FMP = 180°
Do d6 t& giac NKFM néi ti€p, suy ra duong tron ngoai ti€p tam giac MNF ti€p xtic voi

duwong tron dueong kinh QH.

Vi du 55. Cho tam gidc ABC nhon ndi tiép duong tron (O) va P la mot diém nam trong
tam giac ABC sao cho BPC =180° - BAC. Cac duong thang PB, PC cit CA, AB Ian luot tai
E va F. Puong tron ngoai tiép tam giac cat duong tron (O) lai di€ém G khac A. Puong tron
duong kinh PG cat duong tron (O) tai K khac G. Goi D 1a hinh chiéu ctia P trén BC va M 1a
trung diém ctia BC. Chiing minh rang hai duong tron ngoai tiép cac tam gidc KGP va

KDM tiép xtic nhau.

Loi giai
Tir BPC =180° —~ BAC suy ra EAF +EPF =180" R
nén t giac AEPF noi ti€p duong tron. Ttr d6 G
ta duwoc lﬁ;\G = ﬁ’?}
Gia st duong thang GP cat duong tron (O) tai
N khéc G. Z)\°
Lai c6 t& giac GNBK noi ti€p duong tron (O)

nén ta duoc MNG=GAF. Khi d6 T w[’ c
NPC = FPG = FAG = BNP nén ta c6 BN//PC.

Hoan toan tuong tuwc ta co CN//BP. Do do t&
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" gidc BNCP I hinh binh hanh nén M 1 trung

diém cua NP.

Goi Q do6i xtng voi P qua diém D, khi d6 DM

la duwong trung binh cta tam giac PON suy ra

PQN =90°.

Lai c6 OM L DM nén suy ra OM la duong trung truc ciia NQ, do d6 Q nam trén duong
tron (O).

Goi NR la duong kinh duwong tron (O), ma ta lai céP/QI\\T =90°. Ttr d6 suy ra ba diém P, Q,
R thing hang.

Ta c6 KPG =90° ~KGP va KNR =90° KRN ma ta c6 KGN = KRN nén KPG =KNR

Lai c6 KQR =KNR nén suy ra KPG =KQP. Tt d6 GN la tiép tuyén cua duong tron ngoai
tiép tam gidac KPQ.

Goi tiép tuyén tai K va P cia duong tron ngoai tiép tam giac KPG cat nhau tai T.

Khi dé ta 6 KTP = 180° — 2KGP = 2(900 —K/RE) _ 2RNK = 2KQP

Lai c6 LK =TP nén T la tam duong tron ngoai ti€p tam giac KPQ, ma BC la dwong trung
triee caia PQ nén T thudc BC. Suy ra TP vuong goc voi GN. Trong tam giac PTM vudng tai
P ¢6 PD la duong cao nén TK? =TP?>=TD.TM, suy ra TK la tiép tuyén chung cta hai
duong tron ngoai ti€p hai tam giac KDP va KDM. Do d6 hai duong tron ngoai ti€p cac

tam giac KGP va KDM tiép xtic nhau.

Vi du 56. Cho duwong tron (I) noi ti€p tam giac ABC ti€p xtic voi cac canh AB, AC lan luot
tai P va Q. Goi giao diém ctia BI, CI v6i PQ Ian luot 1a K, L. Chting minh rang duong tron
ngoai ti€p tam giac ILK tiép xtc voi duwong tron (I) khi va chi khi AB+AC=3BC

Loi giai
Goi D la tiép diém ctia dwong tron (I) véi BC. Goi (O) 1a dwong tron ngoai tiép tam giac
ABC. GoiJ la giao diém cua Al v6i duwong tron (O). Trudc hét ta chirng minh I la tam
duong tron noi ti€p tam giac DKL.
Thét vay, do I 1a tim dudng tron ndi tiép tam gidc ABC nén ta c6 BIC = 90° +%]§A\(2 .Ma
AP va AQ la hai ti€p tuyén cua duong tro (I) nén tam giac APQ can tai A. Tte d6 ta c6
BAP = 90" +%1§AI: .

Do d6 suy ra BQL = BIC nén tt giac BQLI noi tiép, nén ta duoc LQI=LBI

THCS.TOANMATH.com TAI LIEU TOAN HOC




Ma ta c6 LQB+LIB = 180° = LQI+LIB = 90" A

nén ta duoc LBI+LIB=90". Tir d6 suy ra

BLI=90" hay BL vudng géc véi LC. Ching
minh twong tu ta cling duoc BK vuong goc
voi KC

Goi T la giao diém ctia BL va CK, khi d611a

A
4A{Q‘b{ ‘

Vf‘"“?~\
I, T thang hang. /A“’A’A
D3 théy cac tt gide BLKC, MLID va CKID noi | —

ti€p nén ta cd

KBL =KCL; LBI = LDI; KCI =KDI

triec tam caa tam gidc TBC. Do do6 ta dwoc D,

\

Tir d6 suy ra LDI = KDI nén DI I phan gidc

cta géc LDK. Hoan toan tuong tu ta cling
dwoc LI 1a phan gidc cua goc KLD. Do d611a
tam duong tron noi ti€p tam gidc DKL.

Puong tron ngoai tiép tam giac IKL ti€p xtc véi duong tron (I) khi va chi khi R(IKL) =§

vdir la ban kinh dwong tron (I) va R la ban kinh duwong tron ngoai ti€p tam giac ILK.

IKL)

Keé IX vudng goéc v6i LD tai X, IY vudng goc voi PQ tai Y.
x R g
Dé dang chitng minh dugc AILK @ AIBC nén ta duoc _g I IX sinIDX = si1r1é
R 1D ID 2

~

R(ILK) _IP r

=—=—. Tt dosuyra R
J IA Al (

IKL)

=% khi va chi khi IA =21 < JA =3]B=3]C (*)

Do t giac ABJC noi ti€p duong tron (O) nén ap dung dinh li Ptoleme ta duoc
ALBC=ABJC+AC]JB=(AB+AC)JB

Két hop vodi (*) ta dwoc AB+ AC =3BC. Vay bai toan duoc chitng minh.

THCS.TOANMATH.com TAI LIEU TOAN HOC



BAI TAP TU LUYEN

Bai 1. Cho P 1a mot diém ndm trong tam gidc ABC (CA % CB). Céc tia AP, BP, CP cat

duong tron ngoai tiép I' cua tam giac ABC lan luot tai cac diém K, L, M. Tiép tuyén tai C
ctia duong tron T cat duong thang AB tai S. Chttng minh rang néu SC = SP thi MK = ML .
Bai 2. Xét nam diém A, B, C, D va E sao cho t& giac ABCD la mét hinh binh hanh va BCED
1a mot t& gidc ndi ti€p. Cho 11a mot duong thang di qua A. Gia st rang 1 cat mién trong
cta doan thang DC tai F va cat duong thang BC tai G. Ciing gia st rang EF =EG=EC.
Chting minh rang 114 phan giac ctia géc DAB.

Bai 3. Cho ABCD la mot ti giac 16i véi hai canh BC va DA bang nhau nhung khong song
song. Ldy hai diém E va F [an lugt ndm trén BC va DA sao cho BE = DF. Hai duong chéo
AC va BD giao nhau tai P. Cac duong thang BD va EF giao nhau tai Q, hai duong thing
EF va AC giao nhau tai R. Xét moi tam gidc PQR khi E va F thay d8i. Chtiing minh rang
nhing duong tron ngoai ti€p cac tam giac nay c6 mot diém chung khac ngoai diém P.

Bai 4. Cho t& giac 16i ABCD véi duong chéo BD khong phai 1a phan giac ctaa goc ABC va
gécﬁ . Mot diém P nam trong ti gidc sao cho PBC = DBA va PDC = BDA. Chuing
minh rang ABCD la mt t gidc ndi tiép néu va chi néu AP =CP.

Bai 5. Cho ntra duong tron tdam O duong kinh BC. Lay diém A trén ntta vong (O) sao

cho AOC > 60°. Goi EF 1a trung truc cta AO, D 1a trung diém cung AB. Ké duong thang
qua O song song vdi AD gap AC tai J. Chiing minh J 1a tam dwong tron ndi ti€p cta tam
giac CEF.

Bai 6. Cho hai duong tron cit nhau tai M va N véi AB la tiép tuyén chung gan diém M.
Qua M vé& mdt cat tuyén song song véi AB cat hai vong trén tai C va D. AN va BN cat CD
tai P va Q; CA va DB giao nhau tai E. Chttng minh rang PE = QE.

Bai 7. Tam gidc ABC c6 goc A nho nhét. Hai diém B va C chia dwong tron ngoai ti€p thanh
hai cung. Diém U trén cung BC khong chtta A. Trung truc cua AB va AC cat AU Ian luot
tai V va W. BV cat CW tai T. Chting minh rang AU =TB+TC.
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Bai 8. V& duong tron tim O bat ki di qua hai dinh A, C cta tam gidc ABC va cat hai canh
AB, BC theo thtt tu tai K, N. Cdc dudng tron ngoai tiép hai tam giac ABC va KBN cat nhau
tai B va M. Chting minh rang OMB =90’ .

Bai 9. Mot duong tron c6 tam O trén canh AB ctia mot t& giac noi ti€p ABCD. Ba canh con
lai tiép xtic véi duong tron. Chtiing minh rang AD +BC = AB.

Bai 10. Cho t& giac 16i ndi tiép ABCD c6 dwong tron ndi tiép tam I. Goi P la giao diém cua
AP _ Al?

CP CI*

AC va BD. Chitng minh rang

Bai 11. Cho tam gidc ABC va diém ] la tam duong tron bang tiép goc A ctia tam giac ABC.
Puong tron nay ti€p xac véi AB, AC, BC lan luot tai K, M, L. Gia st LM cit BJ tai F, KM
cat CJ lai G. Goi S, T lan luot 1a giao diém cta AF, AG véi BC. Chiing minh rang M 1a
trung diém ctaa ST

Bai 12. Cho tam gidc nhon ABC ngoai ti€p duong tron tam I va ndi tiép duong tron tam
O. Gia st M la trung diém cuia duong cao AH ctia tam giac ABC. Puong tron (I) ti€p xtc
v6i BC tai D. Puong thang MD cat dting tron (I) tai diém thi hai 1a P. Duong thang qua I
vudng gdc véi MD cat BC tai N. Duong thang NR, NS tiép xtic véi duong tron (O) Tan luot
tai R va S. Chiing minh rang bon diém R, P, D, S cing thudc mdt duong tron.

Bai 13. Cho tam giac ABC c6 AB< AC noi tiép duong tron tam O va diém D nam chinh

—

gitta cung BAC cua duong tron (O). Goi E la chan duong vudng goc ha tt D xudng

AB+AC
—

duong thang AC. Chting minh rang CE =
Bai 14. Cho tam gidc ABC c6 ABC > 90°ndi ti€p duong tron (O). Trén tia AB lay diém D
sao cho ACD=90". Gia sz d a duong thang qua D va vuong goc véi AO. Goi E 1a giao
diém cta d véi duong thang CA va F 1a giao diém cta (O) véi duong thang d(F nam gita
D va E). Chting minh rang hai duwong tron ngoai tiép tam gidc BEF va CDF tiép xtic nhau
tai F.

Bai 15. Cho tam gidc ABC nhon c6 D la hinh chiéu cuia A trén BC, M 1a trung diém ctaa BC

va H 1a trec tam tam gidc ABC. Goi E la giao diém cua duong tron ngoai ti€p tam giac
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 ABC véi tia MH va F la giao diém cua duong tron ngoai tiép tam giac ABC véi tia ED.

y

i:"?‘ﬁ- 3
Chtrng minh rang BE_ ﬂ
CF AC

Bai 16. Cho tam giac ABC nhon thoa man diéu kién AB>BC va AC>BC. Goi O va H lan
lwot 1a tdm duong tron ngoai tiép va truc tam tam gidc ABC. Gia sit duwong tron ngoai tiép
tam gidc AHC cat duwong thang AB tai M va duong tron ngoai tiép tam giac ABH cat AC
tai N. Chting minh rang tam ctia dudong tron ngoai tiép tam giac MNH ndm trén duong
thang HO.

Bai 17. Cho tam giac ABC c6 BAC =60" va AB> AC. Goi I la tdm duwong tron noi tiép va
H 1 triec tAm ctia tam gidc ABC. Chiing minh rang AHI = %XB\C

Bai 18. Cho tam giac ABC c6 goc BAC 16n nhat. Trén duong tron ngoai ti€p tam giac ABC
1dy D va E Ian luot la diém chinh gitra cac cung ABC va ACB. Puong tron C, diqua A, B

va tiép xtc voi AC tai A. Puong tron C,di qua A, E va ti€p xtc voi AD tai A. Hai duong

tron nay cat nhau tai diém thtt hai la P. Chting minh rang AP la phan giac ctia gbc BAC

Bai 19. Cho tam ABC va hai diém M, N lan lwot trén hai canh AB, AC sao cho

MB =BC=CN. Goi R va r [an luot la ban kinh dwong tron ngoai tiép va ndi tiép tam giac
ABC. Tinh ti s6 MN theoRvar.
BC

Bai 20. Cho A, B la hai diém khéac nhau trén duong tron (O) va P trung diém ctia doan
thdng AB. Cho duong tron (O, ) tiép xtic véi AB tai P va tiép xtic véi dudng trd (O). Tiép
tuyén d khac duong thing AB cua duong tron (O,) di qua A, Puong thing d ct dudng
tron (O) tai diém thtt hai 1a C khac A. Goi Q 1a trung diém ctia doan thang BC. Puong tron
(O,) tiép xtic véi dudong thing BC tai Q va tiép xtic v6i dudng thang AC. Chung minh
rdng hai duong tron (O,) va (O) ti€p xtic véi nhau.

Bai 21. Cho tam gidc ABC ¢6 AB+AC=3BC. Duong tron (I) ndi tiép tam giac ABC tiép

xtic v6i BC tai D. Goi T 1a mot diém ddi xting véi D qua I. Cac duong thang BT va CT cat
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canh AC, AB Ian luot tai M, N. Chiing minh rang tam duong tron ngoai ti€p tam giac
TMN nam trén AL

Bai 22. Cho tam giac ABC ndi tiép duwong tron (O) c6 AB+BC =2BC. BDuong tron (I) ndi
tiép tam gidc ABC ti€p xtic v6i cdc canh BC, CA, AB Ian luot tai D, E, F. Goi M, M_ lan
luot 1a trung tuyén ctia CA va AB. Giao diém ctia M,M_ va EF la L. Chting minh rang
duong tron (L, LI) ti€p xtic véi cac duong tron (I) va duong tron duwong kinh AO.

Bai 23. Cho tam giac ABC nhon ndi ti€p duong tron (O). Ldy diém P bat ki trén cung BC
khong chita A(khong trung véi diém B va C). Tia AP cat BC tai D. Lay diém Q d&i xtng
véi P qua D. Puong tron duong kinh AQ cat duong tron (O) tai G khac A. Puong tron
duong kinh GQ cat duwong tron (O) tai K khac G. Puong thang GQ cat duong thang qua O
song song vé6i AP tai M. Duong thang KG cat duong tron ngoai tiép tam giac KDM tai N.
Chting minh rang duong thang MN di qua trung diém ctia AG.

Bai 24. Cho tam giac ABC nhon ndi ti€p duong tron (O). Ldy diém P bat ki trén cung BC
khong chita A(khong trung véi diém B va C). Tia AP cat BC tai D. Lay diém Q d&i xtng
véi P qua D. Puong tron duong kinh AQ cit duong tron (O) tai G khac A. Puong tron
duong kinh GQ cat duwong tron (O) tai K khac G. Puong thang GQ cat duong thang qua O
song song véi AP tai M. Chitng minh rang duong tron ngoai tiép tam giac KGQ va KDM
tiép xuc véi nhau.

Bai 25. Cho tam giac ABC c6 duong phan giac BE. Puong tron qua A, B tiép xtc véi AC
cat BC tai diém D khéac B. Goi K 1a tam duong tron noi tiép tam gidc ACD. Puong thang
EK cat duong tron ngoai tiép tam giac ABE tai L. Chitng minh rang tdm ctia dwong tron
ngoai tiép tam gidc LBC nam trén dudng tron ngoai tiép tam giac ABC.

Bai 26. Cho tam gidc nhon ABC c6 cac duong cao AD, BE, CF cat nhau tai H. Duong thang
EF cit BC tai P. Qua D vé duong thang song song véi EF cat AC tai Q va cat AB tai M.
Chiing minh rang dudng tron ngoai tiép tam giac PQM di qua trung diém ctia BC.

Bai 27. Cho tt gidc ABCD. Trén cac dwong thang BC va AD 14y lan luot cac diém E va F
sao cho AE//CD va CF//AB. Chitng minh rang t gidc ABCD ngoai tiép duong tron khi va

chi khi t giac AECF ngoai ti€p duong tron.
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Bai 28. Cho hinh binh hanh ABCD. Ly diém E trén duong tron ngoai ti€p tam giac BCD
sao cho hai diém E va A khéc phia so véi BC. Mot duong thang d di qua A cat DC tai F(F
nam gitta C va D) va cat duong thang BC tai K. Gia st ta ¢ EF = EK = EC. Chting minh
rang 1a duong phan gidc ctia gdc DAB.

Bai 29. Cho tam giac ABC vuong tai A c¢6 duong so AH. Goi Q, [, J lan luot 1a tam duong
tron noi tiép cac tam giac ABC, ABH, ACH. Goi R la ban kinh dwong tron ndi tiép tam giac
ABC. Chting minh réang hai duong thang AQ va IJ vudng goéc véi nhau tai K va

2
KKy = AR
BC

Bai 30. Goi M 1a trung diém canh BC cta tam giac ABC. Goi E 1a chan duong vuong goc

ha tir B xudng AC va F la chan duong vudng gdc ha tir C xudng AB. Biét tam giac MEF la
L4 A /4 2 n TK s . \ Pay \ \ A . - A .7 \ \ .
tam giac déu. Tinh ti s0 = Vo T la tam duong tron noi tiép tam giac ABC va K la giao

diém thit hai cta tia AT v6i duwong tron ban kinh R ngoai ti€p tam giac ABC.

Bai 31. Tl:l’ diém M trén duong tron noi tiép tam gidc déu ABC c6 canh bang a ké cac
duong thang song song v6i AB va AC, chung cat BC Tan luot tai P va Q. Chitng minh rang
BP? + PQ* + QC? =§

Bai 32. Cho tit gidc ABCD c6 hai duong chéo cét nhau tai O. Cac duong tron ngoai tiép cac
tam gidc OAB, OBC, OCD, ODA tiép xtc véi BD Ian lugt tai H, K, M, N. Chting minh rf?mg
HM =KN khi va chi khi t& giac ABCD ngoai ti€ép duwong tron.

Bai 33. Cho tam gidc nhon ABC noi ti€p duong tron (O). Ttr diém A, B, C dung céc tiép

tuyén véi duong tron (O). Tiép tuyén tai A cat hai ti€p tuyén con lai tai M, N. Ha duwong

cao AH ctia tam gidc ABC. Chting minh rang HA 1a phan giac ctia géc MHN

Bai 34. Cho ti giac ABCD khong phai la hinh thang ndi ti€p duong tron (O) va hai tam
giac ABD, ACD nhon. Goi E, F lan luot 1a triec tm ctia cac tam giac ABD, ACD. Hai diém
M, N Tan luwot thay d6i trén doan théng BE, CF(khac v6i cac dau mat cua doan théng) sao
cho BM =CN. Khi d¢ t& gidc AMND c6 thé ndi tiép duong trong duwoc khong.

Bai 35. Cho t gidac ABCD ndi tiép duong tron tam (O) dong thoi lai ngoai ti€p mot duong
tron khac (O’). Goi N, P, Q, M Ian luot 1a cac ti€p diém ctia duong trong (O’) véi cac canh

AB, BC, CD, DA. Chttng minh rang MP L NQ.
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Bai 36. Cho tam giac ABC c6 AB=AC, duong cao AH va phan giac AD. GoiI la tam
duong tron noi tiép tam giac AHC, biét BDI =45°. Tinh s3 do goc BAC.

Bai 37. Cho tam giac ABC ngoai ti€p duong tron (O, r) va M la trung diém cua BC. Goi
giao diém ctia duong cao AH va MO 1a I. Chitng minh rang Al =r.

Bai 38. Cho tam giac ABC khong can tai A va c6 cac goc ABC,ACB la cac goc nhon. Xét
diém D di dong trén canh BC sao cho D khong trung véi B, C va hinh chiéu ctia A trén BC.
Duong thang d vudng géc véi BC tai D cat duong thang AB, AC Tan luot tai E va F. Goi
(N) va (P) Tan luot 1a duong tron noi tiép cac tam gidc BDE, CDF. Chitng minh rang d di
qua tam duong tron ndi tiép tam giac ABC khi va chi khi tiép tuyén chung khéc d ctia hai
duong tron (N) va (P) di qua diém A.

Bai 39. Cho tam giac ABC khong can tai A va co cac goc ABC,ACB 1a céc gbc nhon. Xét
diém D di dong trén canh BC sao cho D khéng trung v6i B, C va hinh chiéu ctia A trén BC.
Puong théng d vudng goc v6i BC tai D cit duong théng AB, ACTan lwot tai E va F. Goi M,
N, P Tan luot 1a tim duong tron noi tiép cac tam gidc AEF, BDE, CDF. Chitng minh rang
bdn diém A, M, N, P cting nam trén mot duong tron khi va chi khi tiép tuyén chung khac
d ctia hai duwong tron (N) va (P) di qua diém A.

Bai 40. Cho tam giac ABC nhon noi ti€p duong tron (O) c6 truc tam H, duwong cao AF va
M la trung diém ctia BC. Puong tron duwong kinh AH cat duong tron O) tai Q khac A.
Puong tron duong kinh HQ cat duong tron (O) tai K khac Q. Puong thang KQ cat duong
tron ngoai tiép tam gidc KFM tai N khac K. Chtrng minh rang MN di qua trung diém caa
AQ.

Bai 41. Cho tam giac ABC c¢6 3 géc nhon, trung tuyén AO c6 d dai bang d6 dai canh BC.
Puong tron dwong kinh BC cit cdc canh AB, AC thi tu tai M, N (M khac B, N khac Q).
Puong tron ngoai tiép tam gidc AMN va duodng tron ngoai tiép tam giac ABC cat duong
thang AO Ian luot tai I va K. Chitng minh t&t giac BOIM noi ti€p duoc mot dreong tron va
t& giac BICK la hinh binh hanh.

Bai 42. Cho tam gidc déu ABC ndi tiép dwong tron (O; R), M 1a mot diém bat ki trén cung
nhé BC (M khéc B, C). BPuong tron (O’; R) tiép xtc trong vdi duong tron (O; R) tai diém M
(v6i R’ <R). Cac doan thang MA, MB, MC Ian luot cit duong tron (O’; R’) tai diém thit hai
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laD, E, F. Tt A, B, C ké cac tiép tuyén Al BJ, CK véi duong tron (O’; R') trong d6 1, J, K la
cac tiép diém. Ching minh DE // AB va Al = BJ + CK.

Bai 43. Cho hai duong tron (O, ) va (O,) tiép xtic ngoai tai T. Cac di€m A va E nam trén
duong tron (O, ). Céc duong thing AB, DE tiép xtic véi dudng tron (O, ) Ian luot tai B,

AB

D. Goi P 1a giao diém ctia AE va BD. Chiing minh ring AT

_ED s ATP+ETP=180°
ET

Bai 44. Cho hai duong tron tim O va O’ cat nhau tai A va B sao cho OA vuong géc véi
O’A, OO’ cit hai duong tron tai C, E, D, F sao cho cac diém C, O, E, D, E, O’, F nam trén
duong thang theo thit tu d6. BE cat duong tron (O) tai diém thit hai 1a K va cat CA tai M.

BD cat duong tron (O') tai diém thé hai 1a L va cat AF tai N. Chting minh rang:
KE LN _ O'E

KM LD OD

Bai 45. Cho tam giac ABC nhon c6 cac duwong cao AA’, BB’, CC'. Goi D, E, F Ian luot la tam

L —

duong tron bang ti€p trong cac géc B'AC', C'A'B, B'A'C ctia cac tam giac AB'C’, BC'A’,
CA’B’ twong Ging. Duong tron bang tiép trong gbc BAC ctia tam giac ABC tiép xtc véi
BC, CA, AB Ian luot tai M, N, P. Chting minh rdng tim duong tron ngoai tiép tam giac
DEF la truc tam tam giac MNP.

Bai 46. Tam giac nhon ABC ¢ truc tam H. Puong tron di qua H véi tam la trung diém caa
BC giao v6i duong BC tai A, va A,. Tuong tu, duong tron di qua H véi tam la trung diém
ctia CA giao v6i duong CA tai B, va B,, duong tron qua H véi tam 1a trung diém ctia AB
giao v6i duong AB tai C, va C,. Chitng minh ré”mg A A,,B,B,,C,C, cung nam trén

mot duong tron.
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HUONG DAN GIAI

Bai 1. Goi O la tam cta duong tron I, vi
SC la tiép tuyén cta (O) nén

SC? —SA.SB = SP? =SASB = 2L - 5B
SA SP

Do dé ASAP o ASPB — SAP = SPB
— 180" —SAP =180° — SPB = SPL = BAP

Hon ntra P/Lk=B/AH’ nén P/LT<:S/PI

Suy ra SP // LK. Khong madt tinh tong

quat ta co thé gia sc CA <CB.
Khi d6 dit PCO=a, 0<a <90°. Do SC vudng gbc véi CO nén PCS=90" —c .

Do SP =SC nén tam giac SPC can tai S, suy ra SPC=SCP=90" -« . Clting do OM =0C

nén tam giac OMC céan tai O, suy ra CMO=MCO=a. Goi K, I'Tan lwot 1a giao diém cua
MO va PS, MC va PS

Do dé S/I<\M=CMO+1\//II\S=a+(90°—a)=90°.Ta duoc OM L SP, ma SP // LK nén ta

duwgc OM L LK. Cac diém K, L, M cung thudc (O) nén suy ra tam gidc KLM nay can tai M
hay MK=ML.

Bai 2. Goi K 1a giao diém ctia hai duwong chéo hinh

binh hanh ABCD, goi M, N Ian luot 1a trung di€ém K
cua CF va CG. |

Khi d6 ta c6 ta c6 KM // AF va MN // FGnén K, M,
N thang hang va song song véi duong thang 1.

Do d6 ta dugc EF = EC nén EM vuong goc voi CF
va EG=EC nén EN vudng géc voi CG. biém E
cling nam trén duong tron ngoai tiép tam gidc BCD
nén K, M, N la dwong thing Simson ctua E d6i
voi tam gidc BCD.

Tt do ta dugc EK la dwong trung tric ctia doan

thang BD.
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Tt d6 suy ra ﬁ:ﬁ::ﬁ:@:%lﬁ:%[ﬁ:%]ﬁ

Diéu nay dan dén 11a duong phan gidc caa goc BAD. Vay ta c6 diéu phai chitng minh.
Bai 3. Duong tron ngoai ti€p ctia hai tam
giac PAD va PBC giao nhau tai P va S. Ta
sé chiing minh S la diém chung khac caa
cac duong tron tiép tam giac PQR khi E va

F thay d6i, c6 nghia la ta can chiing minh

t¢ giac PQSR noi ti€p hay ta can ching

minh SQR =SPR. Tir tinh chét cia goc

cung chan mdt cung trong hai duong tron

qua tit giac PADS va PBCS ta co
ADS=SPC=SBC va DAS=5PD =5CB

Theo gia thiét ta c6 AD =BC nén ta duoc AADS = ACBS do dé SD =SB

Két hop voi gia thi€t BE = DF, ta suy ra AFDS = AEBS

Do dé ta duoc SE =SFva FSE = DSB. Suy ra hai tam giac can FSE va DSB dong dang véi

nhau

Nén ta duoc QFS=QDS, didu nay din dén tir gisc QFDS noi tiép. Tir d6 ta duoc

FDS=SQR, mata lai <6 FDS=SPR. Do d6 ta duoc SQR =SPR.Vay ta c6 diéu phai

chtrng minh.

Bai 4.

+ Diéu kién can: Néu t¢ giac ABCD noi ti€p thi

AP =CP

Ké duong thang BP va DP cat AC Tan luot tai G va

H.

Theo gia thiét PBC=DBA va PDC=BDAva dua

vao nhitng goéc cung chan cung ta c6 ba tam giac

BAD, BGC, CHD c¢6 hai géc bang nhau tirng d6i mot
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nén chung dong dang.

Suy ra ty sO cC_AD va BGC=CHD nén ta
BC BD

giac PGH can
Ttt d6 suy ra PG=PH va Kﬁ’=6(-3\l’
Hoan toan teong tt AADH @ ABDC nén ta dwoc

AH_AD
BC BD

Tt d6 ta dwgoc CG=AH. Do d6 suy ra AAHP = ACGP nén AP =CP.

+ Diéu kién di: Néu AP =CP thi ta giac ABCD noi B
tiép

Vé duong tron ndi tiép tam gidc BCP cat CD va DP

A . AY .2 - A \ \ ~ C
lan luot tai E va F. Theo gia thiét va dwa vao nhitng

gbc cting chan cung ta c6 AADB > APDE \ ' (
b

AD

Twr do6 ta dwoc — = Q, lai cO XD\P = ]i)\E nén suy A
BD ED
a

ra AADP » ABDE. Suy ra ta duoc AP _DP

BE DE’

cting c6 ADCP ©> ADFE nén ta suy ra S E
EF DE

Ttr cac diéu trén va theo gia thiét AP =CP ta dwgc BE =FE nén ta giac BEF can. Diéu nay
dén dén FBE = BFE . Tt gidc noi tiép BFEC nén ta dwoc BFE + BCE =180".

Ma ta lai c6 BFE =FBE=EPD =BAD . Do d6 ta dugc BAD+BCD =180°. Didu nay chimg

to t& gidc ABCD ndi tiép. Vay t& giac ABCD noi tiép néu va chinéu AP =CP.
Bai 5. Ta o BOD~_BOA va BCA=—BOA. A

Do d6 ta duoc BOD = BCA nén ta duwoc OD //
CA. Ma ta lai ¢6 OJ // AD. Tk d6 suy ra t&t gidc  F J

OJAD la hinh binh hanh nén suy ra B o) C
AJ=0D =R. Theo gia thiét EF la trung truc cua

OAnéntaco AF=0OF=R va AE=0OE=R.
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| 4

- Nén tr d6 ta dugoc AF=AJ=AE=AO=R, diéu nay chiing to tit gidc FJOE noi tiép trong
y

duwong tron tam A ban kinh AO=R. Theo trén ta c6 AF=AE =R nén ta duoc AE = AF
do do suy ra FCA = ACE ,nén CA la duwong phan giac cua goc ECF trong tam giac CEF.
Véi dueong tron tam A ta co E/F\] :%E/\A] Véi dueong tron tam O ta co E/\A] = EFC suy ra

EF\] = %ﬁ?\c nén FJ cling la duong phan gidc ctia goc CFE trong tam giac CEF. Tt d6 suy

ra ] la giao di€ém cac duong phan gidc trong ctia tam giac CEF, d6 chinh la tam duong tron
ndi tiép cua tam gidc CEF.
Bai 6. Theo gia thiét AB // CD ta duoc EBA =EDC

. Do AB la tiép tuyén véi duong tron I') nén ta

duvoc ABM = BDM

—_

Tir d6 ta duoc EBA = ABM

Chtng minh twong tw ta ¢ EAB=BAM.

Do vay ta dugc E/ATS = m nén ta duwoc
AE=AM

Ttr d6 ta duoc ﬁ:@ nén suy ra K]\Ezm
Suy ra EM L AB nén ta dugcEM L PQ

Do IA la tiép tuyén cta vong I', va IB la ti€p tuyén cua vong I, nén ta co
IA*=IM.IN = IB?

Tt d6 ta dwgc Al =BI nén suy raMP =MQ. T d6 ta dwgc tam giac EPQ c6 EM la duong
cao va cting la duwong trung tuyén. Do d6 tam giac EPQ can, nén suy ra EQ = EP

Bai 7. Kéo dai BV va CW cit duong tron ngoai tiép tam

A
giac ABC lan luot tai X va Y. Vi JW la duong trung truec X
ctia AC nén tam gidc AWC can tai W. Ttr d6 ta duoc b
CAU= @, ma ta lai co ﬁ: = ﬁ, canh AC chung N
nén hai tam gidc ACY va CAU bang nhau. Do d6 ta \ /
LS

dueoc AU=CY.Ttdosuyra AU=CY=TY+TC (1)

U
Vi IV la duong trung truc ctia AB (theo gia thi€t) nén

tam gidc AVB can tai V.
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Te d6 ta duoc ];ATJ:PTB\X, ma ta lai ¢b

CAU = ACY = ABY

— —— e~

Do d6 ta dwgoc BAU+CAU=ABX+ABY. Nén ta duoc ]/S?Z:)/& , do do suy ra

BYC=YBX nén tam giac YTB can tai T. Tt d6 suy ra TY=TB. Do d¢ ta duoc
AU=TB+TC.

Bai 8. Goi giao diém cua BM va AC la L.
Goi r la ban kinh duong tron tam O, d la
khoang gitra hai diém I va O.

Khi d6 phuwong tich cta diém I d6i véi
vong tron tam O la

d® -r’=I0>- ON*=IC.IA = IN.IK

Truc dang phuong cta hai dudng tron la

tap hop cac diém c6 phuong tich bang

nhau d6i véi hai duong tron d6. Néu hai

vong tron ¢t nhau tai hai diém thi truc

dang phuong di qua hai diém ay.

Dé thdy AC, KN, BM Ian luot 1a truc dang phuong cta ting cdp duong tron (O) va (O1 ) ,
(0,) va (0,), (O) va (0,). Do dé suy ra ba truc ddng phuong nay dong quy tai .

Do vy ta c6 dang thitc IM.IB = IN.IK =I0” - ON” (1)

Vi NMI=NCA (ciing bi1 véi géc AKN ). Do d6 NMI +NCI =180

Twr d6 suy ra t& giac IMNC ndi ti€p nén ta dwoc BM.BI = BN.BC = BO’ -~ ON? (2)
Tix (1) va (2) ta duge IMIB-BM.BI =10” - BO* = IB(IM - BM) = 10” - BO?

Hay (IM+BM)(IM-BM) =10 - BO* = IM* — BM* =10’ - BO?

Diéu nay dan dén OM L MB nén ta suy ra OMB =90°
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Bai 9. Goi J, K Tan luot 1a tiép diém caa
dueong tron (O) voi BC va AD.
Dét]/CE):a va I@B:ﬂ, te d6 suy ra

BCD =2a va CDA=24. Tt gidc ndi tiép

ABCD c¢6 BAD+BCD=180". Tir d¢ ta
duoc BAD +2¢ = 180" hay
BAD =180° - 2a

Lay diém M trén tia AD sao cho AM =AO

ta s€ c6 tam gidc MAO can tai A,

Tir d6 ta duge AMO = %(1800 - ﬁ)) nén suy ra KMO = %[1800 —(1800 —205)] =a
Hai tam giac vuéng OKM va OJC c6 OK=0J=Rva 1&6:]?:?):0; nén ching bang

nhau. Tt d6 suy ra KM =]JC (1). Ldy diém N trén BC sao cho BN =BO, khi d¢ ta sé

—

c6 tam gidc NBO céan tai B. Chtitng minh hoan toan twong tw nhu trén ta sé co JNO =g va
hai tam gidc vudng OKD va OJN bang nhau. Nén ta dwoc KD =]N (2). Tir d6 ta dugc
AO=AM=AK+KM va BO=BN=BJ+]JN

Cong theo vé€ va két hop vdi (1), (2) ta dwgc AO+BO =AK+]JN+BJ+KM

Hay suy ra AO+BO =AK+KD +BJ +]JC nén ta duwoc AB=AD + BC

Bai 10. Ban doc ty vé hinh

Goi r 1a ban kinh duong tron tam I. Gia st rang M, N, P,Q Ian luot 1a tiép diém cua duwong
tron tam I vOi cac canh AB,BC,CD,DA. bat
AM=AQ=x,BM=BN=y,CN=CP=2DP=DQ-=t

., C
r r A2 S5 1-cosA
Taco Al= ,Cl= .Do do = = . St dung dinh ly cosin cho
2 d .
sin? sin (2: g2 T-cosC

AB?+AD?>-BD? _ (x+y)2 +(x+t)2 ~BD?

tam giac BAD ta c6 cos A = SABAD = 2(x N y)(x N t)

(x+y) +(x+t) ~BD* BD*-(y-t)

Sy oS A ) 2k y)(xet)
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(Z+y)2 +(z+t)2 —-BD? B BD? —(y—t)2

Twong tu ta cling chitng minh dwgc 1-cosC=1-

2(z+y)(z+t) _2(z+y)(z+t)'

Do dg AL _(x*y)(x+t) ABAD _ 25, . 2Sup _Sun _ AP

CI* (z+y)(z+t) CBCD &nBAD sinBCD Scyp CP
Bai 11. Ta c6 KM L B] nén KM song song voi A
dwong phan giac goc ABC. Khi d6 . R

BMK = ABC; FMB =~ ACB.
2 2 B $ T

Goi X 1a giao diém cua KM va FJ. Trong tam L

giac XMF co

XFM = 90° —1@—@?:%@2.

Cac giao diém K, M d6i xting nhau qua FJ
nén ta duoc @:ﬁ/{:%ﬁj:@

Do d6 bén diém K, I, J, A cing nam trén mot duong tron nén ta duoc ﬁ = ]T<\A =90°.
Diéu nay dan dén KM//AS, nén t giac SKMA 1a hinh thang suy ra SM = AK.

Hoan toan twong twe ta c6 TM = AL. Hon nita ta lai <6 AK = AL nén ta deoc SM =TM

Bai 12. Ttr cach xac dinh diém P suy ra NP la ti€p tuyén cua duong tron (I). Ta xé ching
minh ND = NS hay N thuoc truc dang phurrong ctia hai dwong tron (I) va (O). Goi J 1a tam
duong tron bang tiép géc A cta tam giac ABC, ta can chiing minh dwoc D, M, J thang
hang.

That vay, goi T 1a diém d6i xting vdi D qua I, khi d6 T thudc duong tron (I). Goi L 1a tiép
diém ctia (J) véi BC. Dé thay ba diém A, I, ] thang hang, do d6 ta dé chitng minh duwoc A,
T, L thang hang. Tt d6 theo bd d& hinh thang ta dwoc ba diém L, M, I thang hang.

Gia st MD cit JL tai J'. Do AH//LJ nén theo dinh i Talets ta c6 % =%. Mat khac ta

cting tho dinh li Talets ¢ ML _AT 1T _ EDo dé ta duoc D =£, suy ra hai diém J
ML AL JL JL L J'L

va] trung nhau. Tt d6 ta duwocba diém M, D, ] théng hang.

Goi E la diém chinh gitta cung BC khong chtta A cta duong tron (O), khi d6 ta duoc
EI=EB=EC.
Lai cé II/SI =90" nén tir d6 ta duoc E la trung diém cua IJ. Goi F 1a giao di€m ctia MD va IN,

doba diém M, D, J théng hang nén JF L FI. Két hop cac diéu trén ta duoc cac diém B, J, C,
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Wl T cung thudoc mot duwong tron tam E duong kinh IJ. Tt day ta thdy do N thudc doan BC

nén N thudc truc déng phuong ctia hai duong tron (O) va (E). Mt khac tam gidc DIN
vudng nén ta lai c6 NENI=ND’. Tt d6 ta duwoc phuong tich cia N d6i véi hai duong
tron (E) va (I) 1a bang nhau, do d6 N thudc truc dang phuong ctia hai dwong tron (E) va
(). Nhu vay N la tim dang phuong ctia ba duong tron (I), (O) va (E). Tit d6 suy ra N
thudc truc dang phuwong ctia hai duong tron (I) va (O). Tir @6 suy ra NP =ND =NR = NS
hay cac diém P, D, R, S cting nam trén dueong tron tam N. Vay ta cé diéu phai chitng minh.
Bai 13. Goi I 1a diém chinh gitta cung nho BC cta N

duong tron (O), do D la diém chinh gitta cung BAC

cta duong tron (O) nén ID la duong kinh ctia duong

tron (O). Xét hai tam giac ADI va ECD co

DAI=DEC=90" va AID chung. Suy ra

BN% )
C CD CD

AADI & AEDC nén ta dwoc e =—=CE=AL— I
Al ID ID

(*)
Ap dung dinh 1i Ptoleme cho t¢ giac ABIC noi tiép
duong tron (O) ta dwoc ALBC =BLAC+IC.AB

IB(AB+AC) IB CD

. Thay vao (*) ta dugc CE=(AB+AC).—.— (**)

béyla IB=IC nén Al= )
BC ID

Goi M la trung diém ctia BC. Xét hai tam gi4c IBM va IDC ¢6 IBM =IDC va

BMI = DCI = 90"

Nén ta duoc ATBM ¢ AIDC suy ra —0- 1D, 1B D _, 1B D _1

= = . =1= .
BM CD BM 1D BC ID 2
AB+AC

Ttr d6 ta duwoc CE = 5
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Bai 14. Goi K 1a diém d6i xting véi A qua O, A

B_ N
khi d6 ta dwoe ACK =90", do d6 ba diém D, V
\

C, K théng hang. Mit khéc do ABC > 90°

nén tia BK sé nam gifta hai tia BA va BC. Ta

sé chitng minh KF la ti€p tuyén chung ctuia

hai duong tron ngoai ti€p hai tam giac BEF
va CDF. That vay, do E 1a giao diém cua hai
duwong cao trong tam giac AKD nén E la truc
tam. Suy ra ba diém B, E, K thang hang va
KEF =180° - KAD = KFB.

Ttr d6 ta dwoc AKEF 0 AKFB nén ta dwoc KF? = KE.KB. Mit khéc ta lai ¢6

KFC = KAC = KDF

Do d6 ta suy ra AKFC ©> AKDF nén ta duoc KF?> = KC.KD

Tr d6 ta dugc KF? =KE.KB=KCKD nén KF la tiép tuyén chung cta hai duong tron
ngoai ti€p tam gidc BEF va CDF. Vay hai duwong tron ngoai ti€p tam giac BEF va CDF tiép
xuc nhau tai F.

Bai 15. Ta xét cac treong hop sau A

+ Truong hop 1: Tam gidc ABC can tai A, khi d6 E
ta dugc AB=AC, suy ra BF =CF. Do d6 taludn

, BF AB 0
0 —=——.
CF AC
+ Truong hop 2: Tam gidc ABC khong can tai A, B D c

khi d6 khong mat tinh tong quat ta gia st
AB > AC. Goi (O) la dwong tron ngoai ti€p tam
giac ABC. Goi AK la duong kinh cua duong tron
(O). Ta c6

BCK = ACK ~ ACB = 90° - ACB = CBH

CBK = ABK — ABC = 90° - ABC = BCH
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Tt d6 suy ra ABCK ©> ACBH . Dé dang chirng minh dwoc tt gidc BHCK 1a hinh binh hanh
nén M la trung diém cta HK, hay ba di¢ém M, H, K thang hang. Tt d6 ta c6
AEM = AEK =90°. Lai c6 AEM =90° = ADM nén bén diém A, M, E, D cling ndm trén mot
duwong tron. Ttr d6 suy ra AMB = AED = AEF = ACF. Mat khac ta lai co ABM = AFC nén
ta dwoc AABM o AAFC

AM AC AM AB

Ttr d6 ta dwgc — =——, nén ta dugc —— =——. Mt khac do BM = CM nén suy ra
BM FC CM FB

BF _AB

CF AC’

Bai 16. Dit BAC =a; ABC =b; ACB=c. Goi O’ 1a tAm duong tron ngoai ti€p tam giac
MNH. Goi M’ va N’ Ian luot la giao diém ctia duwong tron (O) véi CH va BH(M’ khac C va

N’ khéc B). Ta c6 bon diém A, M, H, C cung nam trén mot dwong tron nén ta duoc

MHM'=MAC=a
Hon ntra m:m:@::a.

Ta cling co ABH=ACN'. Tir HM' L AB va

HN' L AC nén ta duoc M'HB =90° - ABH=a
Do d¢ tit giac HBM'M la hinh thoi. Hoan toan
twong tu ta chirng minh duoc tir giac HCN'N 1a

hinh thoi. Goi P va Q lan luwot 1a hinh chiéu ctia

O’ trén HM va HN. Khi d6 P va Q lan lwot 1a
trung diém ctia HM va HN. Goi R va S Tan lugt
la hinh chiéu cua O trén HM va HN. Tac6 O 1a
tam duong tron ngoai ti€p cac tam gidc M'BC
va N'BC nén R la giao diém cta HM véi duong
trung triec ciia BM’ va S la giao diém ctia HN
voi CN'.

Khi d6 ta cé % = %, tlt d6 suy ra ba diém H, O, O’ thang hang. Vay tdm ctia dueong

tron ngoai tiép tam gidc MNH nam trén duong thang HO.
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Bai 17.

A
Cach 1. Goi D 1a giao diém cua AH va BC, goi (O) 7
la duong tron ngoai ti€p tam giac ABC va goi K la K
giao diém thit hai cia AH véi duong tron (O). ' § ‘
DPuong thang qua I vudng goc véi BC cat BC va \ < |
cung nho BC ctia duwong trong (O) lan luot tai E va K/E y
N. Khi d¢6 ta cé K

BIC = 180" —(IBC~ICB| = 180° —%(KQHKC\B)

—~180° —%(1800 —EATC) — 90" +%1§x\c ~120°

Ta ciing c6 BNC =180° — BAC =120° = BIC.
Mat khac ta lai c¢6 IN vudng goc véi BC nén ta dwoc IE = EN. Do H la triec tam cua tam
gidc ABCnéntaco DH=DK.Laico ED LIN va ED L HK. Tt d6 suy ra ti¢ giac IHKN la

hinh thang can, nén ttr d6 suy ra IH = NK. Tt d6 ta dwoc

AHI =180° —THK =180~ AKN = ABN . Tix IE =EN va BE LIN ta d& dang suy ra duoc hai

tam giac IBE va NBE bang nhau.
Do d6 suy ra lﬁzﬁ:ﬁ:%ﬁ,n@nta dwoc ﬁz@z%ﬁ

Cach 2. Goi P, Q, D lan lwot 1a chan duwong vuong goc ha tir cac dinh B, C, A cta tam giac
ABC.

Ta can chimg minh IBH =ICH Ta c6 ITSI\—I:A/BE’—XB\I:%O—%@ va
ICH =30 _EABC

Do ABH=ACH =30" va ACB+ABC =120°. Suy ra t giac BIHC ndi tiép duong tron. Do
6 ta duoc BFI=BCI = ACB. Mit khic

BHD = 90° — HBR = 90° —(Kﬁ—ABH):HOO _ABC
Do dé AHI = 180° — BHI - BHD = 60° —%@+ﬁ=600—%(1200 —ﬁ)+§3€=%ﬁ

Vay ta duoc AHI = %X]-EE biéu phai chitng minh.
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Bai 18. Xét truong hop tam gidc ABC co

goc B/AI?, cac truong hop khac chiing

minh twong tw. Gia st O,,0, lan luot la
tam cua hai duong tron C,va C,. Ta sé
chitng minh cac duong tronC,, C, va

duong thang O,E cung di qua diém P.

7

That vay, trén doan thang O,E ldy diém
Q sao cho BO, =QO,, suy ra diém Q nam
trén duong tron C,. Do duong tron C,
ti€p xuc véi AC tai A nén ta co
BO,A =2BAC.

Hon nita do E 1a diém chinh gitta cung ACB nén hai diém E va O, nam trén duong trung

triee cta AB. Tt d6 suy ra O,E 1a phan giadc cua goc BO,A . Do dé suy ra BO,Q = BAC.
Tam gidc BO,Q can tai O, nén suy ra BQE =90 +%@3 =90’ +%B/ATZ Ta cling ¢4 Q
nam trén duong trung trecO,E ctia AB nén A va B d6i xting véi nhau qua O,E. Tir d6 ta
dwoc K(-Q\E = B/Q\E =90° +%]§&E

Vi dwong tron (O, ) ti€p xtc v6i AD tai A nén ta cing c6 AO,E=2DAE =180’ - BAC.

Do d6 ta duoc %@+@ :%A/OTEH@ =90° +%B/R:+%(1800 —EAI:) =180° nén Q

nam trén duong tron C,. Tir d6 ta duoc Q 1a giao diém cua hai dwong tron C,, C,. Tl d6

suy ra hai diém P va Q trung nhau. Do d¢6 ta duoc BAD = %BOlP = %@Z . Vay AP la

phan gidc cuia goc BAC.
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Bai 19. Goi duong tron (O) va (I) Tan luot 1a
duong tron ngoai ti€p va noi tiép tam giac ABC.
Goi D 1a giao diém ctia duong thang BI véi
duong tron (O). Do I 1a tam duwong tron noi tiép

tam gidc ABC nén tir d6 ta suy ra D la di€ém chinh

gitta cung AC khong chira B. Ttr d6 ta duoc

OD LCN va OD=R.
Trudc hét ta chitng minh hai tam giac MNC va
IOD do6ng dang véi nhau. That vay, do BC =BM

nén duong phan giac BI vudng goc véi CM. Do

OD 1 CN va ID L MC nén ODI = NCM

—

Trong tam giac MNC c6 ME_M_ 2sin BCM
NC BC

. Do ﬁ:=%(ﬁ+é)=]ﬁ,tt‘l’d(’) ta duoc

ID=CD = AD.
Gia st E la giao diém thtt hai cia DO v6i duong tron (O), khi d6 DE la duong kinh cta

cta duong tron (O).

Suy ra DEC =CBD :lﬁ/[ =« . T d6 ta duoc DL _CD_2Rsina 2sina
2 DO OD R

Do d6 suy ra C—NI:E, nén ta dugc AMNC @ AIOD . Ttr d6 ta co @=ﬂ=g.

CN DO BC OD R
Theo hé thizc Ole ta cé OI* =R? —2Rr nén ta dwoc h];I—CN =./1 —%
Bai 20. Goi S 1a ti€p diém cta hai duwong tron T
(O) va (01) . Goi giao diém thi hai khac S cua A
duong thang SP véi dwong tron (O). Goi X 1a d A p 5
v6i duong tron (O, ). Goi M la trung diém ctia ) o
XP. Khi d6 ta cé ﬁi’=KS\P nén suy ra 0,0

X
ABPT @ AASP. Ttr 6 ta duoc PT = % Lai co
PB PS &

S/IS( = m . Do do6 ta c6 APAM  AASP, nén
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XS M XP . XP MA
taduwoc —=——=—"—va —=——
XP MA 2MA SP PA

Ttr cac két qua trén ta duoc ﬁﬂ _Xr .PA _Xr .MA = l Goi A’ 1a giao diém cuaa
XP PB 2MA PS 2MA XP 2

dting tron (O) véi duong trung truc ctia doan thang BC sao cho A va A’ ndm cling mot

phia so v6i BC. Goi N 1a giao diém ctia hai duwong thang A’Q va CT. Khi d6 ta dwoc

—

ANCQ  ATBP . Tuong tuy ta cing duwgc ACA'Q @ ASPX. Ttr d6 suy ra

8—2 = %; §—§ = % nén ta duoc QA'=2QN. Do d6 N la trung diém cua A'Q. Goi Y la

tiép diém cua dudng tron (O,) v6i AC. Khi d6 ACN = ACT = BCT = QCN

Lai cd6 CY =CQ nén ta degc AACN =AQCN, suyra NY L AC va NY=QN =NA"

Do d6 N la tam ctia dudng tron (O, ) hay hai dwong tron (O, ) va (O) ti€p xtic v6i nhau.
Bai 21. Goi X la trung diém cua Al Ta sé ching
minh X la tam duwong tron ngoai ti€p tam giac
TMN. Goi E, F la tiép diém cua duong tron (I) voi
AC va AB. Goi duong tron (O) ngoai tiép tam giac
ABC. Goi giao diém cta Al véi duong tron (O) 1a].

Goi giao diém cta wong tron (I) voi duwong tron

ngoai tiép tam gidc IBC 1a K, L sao cho K ndm giita
L va C. Do ttr giac BCIL ngi ti€p va TLDE noi ti€p

két hop véi tinh chat ctia hai ti€p tuyén cat nhau

khi d6 ta c6 BLI=180° ~ICB; TLE = TDE = ICB. Tt
dé suy raba diéem B, L, T théng hang. Hoan toan
twong tu ta dwoc ba diém C, K, L thang hang. Tt
dé suy ra M, N 1a tiép diém cua dwong tron bang

tiép goc B, C voi AC, AB.

Ta c6 MTN = BTC = EDF =90° - BAC. Dt AB=c
va p lantra chu vi tam gidc ABC. Ta lai co

AM =CE =p-AB
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| 4

Va cling céNF:AB—2BF:AB—(AB+BC—CA):AC_BC: AC+BC-AB _

Nén ta dwgc AM = NF, tir d6 suy ra AAXM = AFXN do d6 FNX = AMX

Tt d6 suy ra t& gac AMXN néi tiép. Lai c6 AX 1a phan gidc cta goc MAN nén

MAX =NAX hay AM=XN. Do dé ta duwoc XM = XN nén X nam trén duong trung truc
cua MN.

Lai co NXM =180° ~=BAC = 2MTN nén X la tim duong tron ngoai ti€p tam gidc MNT
Bai 22. Goi M, la trung di€m cua BC. Goi giao
diém ctua Al v6i duong tron (I) 1a K. Do duong
tron (I) ndi tiép tam giac ABC nén ta suy ra AB,
BC, CA la cc tiép trén cua (I).

Theo tinh chat tiép tuyén cit nhau va két hop

gia thiét ta duoc
AL = AF — AB+AC-BC _ 2BC2—BC _ B2C

Tir d6 suy ra AF=BM,_ . Do AK la phan giac

cua goc BAC nén K ndm chinh gitta cung BC

khong chita A cua dwong tron (O). Nén duogc

FAI=KBM_va KM_ 1 BC

Tt d6 dan dén AAFI=ABM K nén ta dugc

Al=BK

Ta lai co I/BI\<:IT3?Z+(?BT<=%(@I+K]§Z), 1?121:@, do d6 ta duoc

1?1?<=180°—(ﬁ@ﬁﬁ):woo—%(ﬁ:hﬁ)—@

BAC+ ABC -1 (BAC- ARC) - ! (BAC- ABC) - K
Do d¢6 ta duogc tam giac BKI can tai K, suy ra BK =1K
Khi ttr d6 ta duwoc Al=BK =DI, suy raIla trung diém caa AK. Do d6 ta dugoc AK L Ol
Do O la tam duwong tron ngoai ti€p tam gidc ABC nén suy ra OM_, OM, , OM_ lan luot la
duong trung truc cua BC, CA, AB. Nén ta duoc AM O =AM, 0=90°. Tt d6 suy ra

M, , M, thudc duong tron duong kinh AO. Lai c6 m =90° nén I thuodc duwong tron
duwong kinh AO.
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Do IE L AC, IF 1L AB nén E, F ndm trén duong thang Simson ctia I d6i véi tam gidc

AM, M.

Tl d6 suy ra IL L M,M_ nén ba diém I, L, D thang hang

Diéu nay dan dén ba diém A, L, M thang hang nén tlr d6 ta suy ra L 1a trung diém ctia
M.M..

Goi T la tam dwong tron duong kinh OA, khi d6 TI di qua trung diém L

Ttr d6 hai duong tron (L, LI) va (T) ti€p xtc vdi nhau.

Tt IA =IK va M_K=1ID ta duwoc LI= % nén suy ra (L, LI) tiép xtic vdi duong tron (1)

Bai 23. Goi GQ cit duong tron (O) tai E khac G. Do A/GTQ =90° nén AE la duwong kinh cua
duong tron (O). Do OM//AP va O la trong diém ctia AM nén M la trung diém ctia QS. Tt
do ta dwgc DM//PS va cung vudng giac véi PA nén DM la trung truc cua PQ. Do ti giac

AHKE n¢i ti€p duong tron (O) nén ta duoc KGE=KAE. Do d6 ta c6

KQG = 90" ~KGQ = 90° —KAE = AEK = QPK
Lai ¢ tit giac KPEA noi tiép duong tron (O)
nén I@ _KEA Do d6 ta duoc
LQG =KPQ, suy ra GS tiép xuc véi duong
tron ngoai tiép tam giac KQP.

Goi tiép tuyén tai K, Q ctia duwong tron

ngoai tiép tam gidc KGQ cat nhau tai T.

Khi d6 KTQ =180° — 2KGQ = 2KQG = 2KPG

nén T la tam duong tron ngoai ti€p tam giac

KPQ

Ma DM la duong trung truc cia PQ nén T
nam trén DM. Trong tam giac TQM vuong
lai Q ¢6 QD la dwong cao ta c6

TK?> =TQ? =TD.TM. Ttr d6 suy ra TK 1a tiép
tuyén cta duong tron ngoai ti€p tam giac

KDM . Hay TK la tiép tuyén chung cua hai
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duong tron ngoai tiép tam giac KGQ va

KDM vdi tiép diém la K

Suy ra duong tron ngoai ti€p tam giac KGQ va KDM tiép xtc voi nhau tai K.

Goi S, X Tan luot ta tam duong tron ngoai ti€p cac tam giac GKQ va KMD, khi d6 K, S, X
thang hang.

Dé thdy hai tam giac vudng KGQ va KAE dong dang véi nhau tir d6 suy ra hai tam giac
KGA va KQE dong dang véi nhau. Goi R la trung diém ctaa GA, khi 6 KR va KM Ian luot

la trung tuyén ctia hai tam giac KGA va KQE nén suy ra hai tam giac KGR va KQM dong

dang v6i nhau. Nén ta dugc GRK = QMK

Tt d6 ta duoc t giac KGRM ndi tiép. Khi doé ta cd bién doi goc sau

DMN =180° — DKN = 180° —(EI<\S+XI<M+MI<D)

~180° —(90°—I</1\/1\R+T/1\/IT<+90°—T1\/1/T))

Diéu nay dan dén ba diém M, N, R thang hang. Vay ta c6 diéu phai chiing minh.
Bai 24. Goi GQ cét dwong tron (O) tai S khac

G.Do AGQ=90" nén AS la duong kinh cta /‘
duwong tron (O). //
M la trung diém cta QS. Tt dé ta duoc \\*’
X
DM//PS va cung vuong giac voi PA nén DM ) '\\“ \MAX
SN
—— §

ti€p (O) nén KGS=KAS. Do d6 ta duoc 5

Do OM//AP va O la trong diém cua AM nén

N0

la trung truec cua PQ. Do t& gidc AHKS noi

KQG =90° ~-KGQ = 90° ~KAS = ASK = QPK
Lai c6 tr gidc KPSA noi tiép duong tron (O)
nén I@ _KSA.Do d6 ta duwoc
LQG=KPQ, suy ra GS tiép xtc véi duong
tron ngoai tiép tam giac KQP. Goi tiép tuyén
tai K, Q cua duong tron ngoai tiép tam giac

KGQ cét nhau tai T.
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Khi dé ta co Ia’a =180° - 2@ = 21@ —2KPG nén T la tAm duong tron ngoai ti€p tam
giac KPQ

Ma DM la duong trung truc ctia PQ nén T ndm trén DM.

Trong tam gidc TQM vuodng lai Q c6 QD la duong cao ta co TK? =TQ* =TD.TM

Tt d6 suy ra TK la ti€p tuyén ctia duong tron ngoai ti€p tam giac KDM

Hay TK 1a tiép tuyén chung ctia hai duwong tron ngoai ti€p tam giac KGQ va KDM véi tiép
diémla K

Suy ra duong tron ngoai tiép tam giac KGQ va KDM tiép xtc vdi nhau tai K.

Bai 25.

Cach 1. Goi I la tam dwong tron noi tiép
tam giac ABC. BPuong tron ngoai ti€p tam
giac AIE cat CI tai ] khac 1. Khi d6 ta c6
(/Z]\E ~TAC nén suy ra ACE]J <> ACIA

Do d6 ta duoc

CE_Cl . crg=cEca.
cJ CA

Dé thay CAD = ABD (Gbc noi tiép va goc
tao boi tia ti€p tuyén véi day cung cung

chan mot cung) va AK, CI lan luot 1a

phan gidc cua CAD; ABC nén tir d6 ta
duoc IZA\C = ITSE

Xét hai tam gidc CKA va CIB ¢ ACK =BCI va KAC =IBC nén ACKA © ACIB

-y CK CA CD
Tir d6 suy ra = = .
CI CB CA
CK CD CK CD

CK.CJ = E.(CI.C]) = C—A.(CE.CA) =CECD= BT

Valai cé E/CT< = I/Cl\D nén ta dugc ACEK «» ACJD, suy ra C/ET< = 6]1\3 .
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Do L la giao diém cta KE v6i dwong tron ngoai ti€p tam giac ABE nén L 1a giao diém cua

KE v6i JD, tir d6 suy ra AEL = AJL nén tt giac CEJL noi tiép dwong tron. Do d6 ta duoc

—_

DLK = KCE = KCD nén ttt giac AKCL néi tiép duoc.
Ciing tir ACKA @ ACIB ta duoc AKJ = CIE = CAJ nén ta dugc ACAJ o AAK]
Do d6 ta dwoc % - % — AJ? = JK.JC = JDJD nén AJAD o AJLA

— — e~ e~

Suy ra ﬁ=®+ﬁ=%(ﬁ—@)+%@=%ﬁzﬁ
Tt d6 suy ta tt giac ABLE noi ti€p duong tron. Suy ra duoc
BLC = BLE +ELC = 180" —B/AI}%@Z:BOO —%EAI:
Goi S 1a tam duwong tron ngoai tiép tam giac BLC khi d6 ta ¢
BSC=2(180° ~BLC) = 2[1800 —(1800 —%ﬁ\cﬂ - BAC
Tt d6 suy ra S thudc duong tron ngoai ti€p tam giac ABC. Vay ta c6 diéu phai ching

minh.
Cach 2. Trudc hét ta thdy CAD = ABC (G6c noi ti€p va goc tao boi tia tiép tuyén véi day

cung cting chan mdt cung). Goi giao diém cia AK va BC 1a F.

Ta c6 FAC = %[TA\C = ; ABC = CBE, do d6 tt giac AEFB noi ti€ép duong tron.
Do BE la phan giac cua goc ABC nén
diém E nam chinh gitta cung AF ctia
duong tron ngoai ti€p tam gidc ABE. Tt
do ta duoc LE 1a duong phan giac cua

goc ALF vaCA la phan gidc cuia goc

BCA

Ap dung tinh chit duong phan giac cho
tam giac ALF, CAF ta duoc

LA KA CA

= = . Goi CL cat duong tron
LF KF CF

ngoai ti€p tam gidc ABE tai M khac L.
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Khi d6 ACEM e ACLA va
ACBM > ACLF.

Do d6 ta duoc ME_LA _LF_MB nén suy ra BM =ME.

MC CA CF MC
Tt d6 suy ra BM = ME = ELM = MLB hay LC la phan gidc ctia goc BLE

Tir d6 ta duoc BLC =CLE = %@ . Goi N 1a diém chinh gitta cung BC c¢6 chita A ctia

duong tron ngoai ti€p tam gidc ABC, khi d6 ta c6 NB=NC va BNC = BAC =2BLC hay N
la tam duong tron ngoai ti€p tam gidc BLC
Bai 26.

Cach 1. Vé duong kinh AA’ ctia duong A
tron (O). Goi giao diém cua AH’ v6i BC la

S ca cat duong tron (O) tai diém thit hai 1a .
K. Khi d6 dé thay HB song song véi A’C 0
va CF song song v6i A’B. Ttr d6 suy ra tir

.7 \ \ \ 3\ A \ B S D C P
giac BHCA’ 1a hinh binh hanh, nén S 1a \k 0

trung diém ctia BC. Nhu vay dé ching

minh duong tron ngoai ti€p tam giac
PQM di qua trung diém cta BC. Ta can
chitng minh dwoc tit gidc MSQP noi tiép.

That vy, d& thsy A'AC=A'KC=CBA .

Suy ra ta co

— e~

CAH+HAA'= AKE+KEC = A'BC

—

Dé thdy t gidc AKEH noi ti€p duong tron nén ta dugc HAE = HKE, suyra A'AD = EKC
ma

Tt giac BFEC ndi tiép duong tron nén ta co ABC = FE/TX, nén ta suy ra duoc

ABD = FEA = CEP

— e~

Lai <6 ABC+CBA'=90° nén ta duoc A' AH+HAC+ABC = A' AH+HAC +FEA = 90°

Do d6 ta suy ra duoc AA’ vudng goc voi EF. Ttr d6 ta co

— — e~ — -

ACB = BPF + FEA = 90° — CAH = BPF+90° ~CAH—-A'AH = BPH = A' AH = EKC
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© Tir d6 dAn dén tt gidc EKPC ndi tidp duong tron, nén ta dugc FEA = CEP = CKP

— —— e~

Do ta c6 FEA + CAH + A' AH = FEA + HKE + EKC = 90° nén suy ra HKE + EKC + CKP = 90°

Tir d6 ta duoc AKH +PKH =180 nén ba diém A, K, P thing hang va H la tryc tm tam
giac APS

Goi giao diém thit hai cua dwong tron (O) voi AD la H’

bén day ta thay t giac ASH'P ndi tiép duong tron nén suy ra DS.DP = AD.DH'=DB.DC

Lai do MQ song song v6i EF nén MQA = FEA = ABC nén t giac BMQC noi ti€p duong
tron.

Tt d6 ta dwoc DC.DB = DQ.DM Két hop hai ké qua trén ta dwgc DM.DQ = DS.DP nén t&t
giac MSDP noi ti€p duong tron. Vay duong tron ngoai ti€p tam giac PQM di qua trung
diém caa BC.

Cach 2. Dé thay g}ﬁ: = B/]il\) nén ta duwoc ISI-E\C = FE/K = E]-ET’ . Do QM song song vdi EF nén

ta lai c6 MQA = (SI-ETD , tir d6 suy ra CED = SQ\C biéu nay dan dén tam giac tam giac DEQ
can tai D nén ta dugc DQ = DE . Chitng minh hoan toan twong tw ta dwoc DM = DF
Dit AB=c;BC=a;CA=b va BAC=a; ABC=f; ACB=7.

Trong tam gidc vuong ABE va ACF c6 AE =ccosa; AF=bcosa

Ttr d6 ta dwoc AE? =c? cos® a; AF? =b? cos”

Ap dung dinh 1i cosin cho tam giac AEF ta duwoc EF? = AF + AE* ~2AF.AE.cosa

Suy ra ta dugc EF’ = cos’a (b2 +c” —2bccos a) = EF’ =a’cos’a = EF =acos«

Hoan toan tuong tu ta cting chitng minh duwoc DF =bcos f; DE =ccos y

Ma cac tam gidc FDM va EDQ can nén ta dugc DM =DF =bcos #; DQ=DE =ccosy .
Gia str drong tron ngoai tiép tam giac PQM cat BC tai S. Khi d6 ta <6 DM.DQ = DS.DP
Lai ¢6 tir gidc BMCQ ndi tiép duong tron nén ta dwgc DM.DQ = DB.DC

Ttr d6 ta dwgc bceos B.ccosy =ccos B.bcosy =BD.DC=DS.DP.

Ap dung dinh li Menelaus cho tam gidc ABC véi ba diém E, F, P thang hang ta duoc

BF PC EA CP

AF BP CE 1:>bcosoz a+CP acosy 4 b cosy 142 121
BF PC EA acosfp CP "ccosa c cosf
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Tt d6 ta suy ra duoc

Dl a2 BD p_ aCD _ 5p _ alD
BD| ' CD CP_ CD BD-CD BD-CD
BD+a)-BD?
P=ﬂ:>BD+DP=ﬂ:>DP=( a)
BD-CD BD-CD BD—CD

p_2BDCD _ 2DSDP

_ g BD-CD
BD-CD BD-CD

DS

Diéu nay chiing té S la trung diém cua BC. Vay duong tron ngoai tiép tam giac PQM di
qua trung diém cua BC.

Bai 27. Trudc hét ta phat biéu va chiing

minh b6 dé sau: Cho t& giac ABCD. Goi
giao diém cua AB va CD la K, giao diém
cua BC va AD 1a L. Khi d6 cac diéu kién
sau day twong duong vdi nhau:

a) Tt giac ABCD ngoai ti€p duong tron

b) BK+BL =DK+ DL

c) AK+CL=AL+CK

¢ Ta chitng minh tt gidc ABCD ngoai
tiép dwong tron tuwong dwong véi
BK+BL =DK+ DL

+ Néu tt giac ABCD ngoai tiép duong tron, khi d6 goi E, F, G, H Ian luot la cac ti€p diém
cua duong tron voi AB, BC, CD, DA. Ta co6

BK +BL = (KE-BE)+(BF +FL) = (KG - BF) +(BF+HL)
=KG+HD+DL =KG+DL+DG =DK+DL
+Néu BK +BL = DK+ DL. V& duong tron (O) ndi ti€p tam giac AKD.

T L vé tiép tuyén véi duong tron (O) cat AK tai B
Theo chttng minh trén ta dwoc B'K+B'L = DK+ DL

T d6 ta duoc |BK—B'K| =|B'L—BL|:> BB' =|B'L—BL

, nén hai diém B va B’ trung nhau.
biéu nay ching to t giac ABCD ngoai ti€p duong tron.
e Ta chitng minh tt gidc ABCD ngoai ti€p duong tron teong duong voi

AK+CL=AL+CK
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+ Neéu t& gidac ABCD ngoai tiép duong tron, khi d6 goi E, F, G, H lan luot la cac tiép diém
cta duong tron voi AB, BC, CD, DA. Ta co6

AK +CL =(AE+EK)+(FL-CF)=(AH+KG)+(LH-CG)
=AH+LH+KG-CG=AL+CK
+ Néu AK+CL =AL+CK. Chiing minh tuong tw nhu trén ta cling duoc ti gidc ABCD

ngoai tiép duong tron.

Tro lai bai todn: Ta xét cac treong hop sau L
+ Néu tir giac ABCD ¢6 mot cap canh song

song hodc ca hai cdp canh cling song song.

Khi d6 bang cach kiém tra truc tiép ta duoc

ti gidc ABCD ngoai ti€p duong tron khi va ﬂ \/

chi khi t& giac AECF ngoai tiép duwong tron.

+ Néu ti giac ABCD khong c6 cap canh nao

-

song song voi nhau. Khi d6 goi giao diém
cua ABvaCDlaL, giao diém ctia AD va BC
laL, giao diém cua AE va CF la M. Theo bd
dé trén ta co ti giac ABCD ngoai ti€p duong
tron khi va chi khi
AK+CL=AL+CK < CM+CL=AL+AM
Khi va chi khi t& giac AECF noi ti€p duong
tron.
Vay t& gidc ABCD ngoai tiép duong tron khi va chi khi tt giac AECF ngoai tiép dwong
tron

Bai 28. Vit gidc BCED noi ti€p duong B c H K

tron nén ta co (ﬁz(ﬁ, ta ki hiéu
CDE = CBE = ¢.
bat EF=EK=EC=x.Khi do E la tam

duong tron ngoai ti€p tam gidc CKF,

duong tron nay c6 ban kinh 1a R = x. Dé
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thay tam gidc CEK céan tai E, dat

CKE =KCE = & . Tam giac CEF can tai E
nén ta dugc FCE = KFE = p.Dey ta thdy
rang hai tam gidc AFD va KFC dong dang
vOi nhau nén ta dwoc

AD _FD_ BC _FD
KC FC  KC EC

Mat khac ta c6 6]-373 = E/CT< — E/B\C =a—¢. Ap dung dinh 1i sin cho tam gidc BCE ta duoc
BC X BC X P

— = = — =—— Hay ta duwgc BC=— .sin(a—qo).
sinCEB sing sm(a —go) sing sing
Ttr tam gidc can DEK ta ¢ cosa = E—H = cosa = lC—K = CK =2x.cosa .
X
X

Twong tu trong tam gidc DEF va CEF ta c6 FD = .sin( B go) va CF =2xcos 3.

sing
BC sin(a—(o) Vé@_ sin(,B—(o)
K 2cosa.sing FC 2cosf.sing
Suyratadu’QCE=@<:> sin(ﬁ—.(o) _ sin(a—.(p) @sin(ﬂ—(o):sin(a—qp)
CK FC 2cospf.singp 2cosa.sing cos [ cosa
Nhung 0<a; f<90°, do d6 ta dwgc 0<a—¢@; B—a <90°.

+Néu ta co a > f thita cod cosa <cosf va sin(a—go)>sin(ﬁ—go).

Tir d6 ta duoc

sin(,B—(p) - sin(a—(p)

Suy ra ta duoc
cos [ cosa

+Neéutacé a<f thitacd cosa >cosf va sin(a—¢)<sin(S-9).

sin( 3 — i -
(,B g0)>s1n(0¢ (p)'
cos f cosa
Do d6 ta suy ra dwgc a = . Khi d6 hai tam giac CEK va CEF béng nhau, nén ta duwoc

Suy ra ta dugc

CK=CF.

—_—

Tir d6 ta dwoc tam gidc KCF can tai C nén suy ra BAK = CFK = CKF = DAK hay AK la

phan giac cua goc DAB.
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Bai 29. Goi R,,R, Ian luot la ban kinh A
duong tron noi ti€p cac tam giac ABH,
ACH.

bat AB=c,BC=a,CA=b,AH=h. Goi J

giao diém ciia AL, AJ v6i BC Ian luot 1a M, \)

N B M H D N C

Goi giao diém cua BI v6i AN la E. giao
diém cua CJ véi AM 1a F. Tt gia thiét ta

duoc

—_—

ABF =HAF =BCF = ACF

—

ABE =CBE =HAE =CAE

Khi d6 AABC o> AHBA nén 28 -8R _BH 4y 0o AABC o0 AHAC nen 2SR _CH )
BC R AB "BC R AC
2 2 2 2
Tir (1) va (2) ta duoc R1R+2R ABBZ;A‘C =1=>R2+R2=R? (3)

Tacé (R, +R,) <2(R?+R?) nénsuyra R, +R, <V2R (4)

Ciing tir (1) va (2) va ap dung bat dang thitc Cauchy ta dwoc

R+R, BH CH_, [BHCH | A —2[:1{ R >2R'\E )
R AB AC VABAC BCAH *" " Va

Dé thdy h< AD = Ehay0<x——<—nentadurocx(1 2x)>0<:>x>2x ex2\2.x

a 2
Do d6 ta suy ra h > \/Eh, nén ta duoc R, +R, ZM (6)
a a a

Déng thtic xay ra khi va chi khi R, =R, hay tam gidc ABC vuong can tai A.

RAB RAC R?’ah R’h
BC = BC a’ a

Tir (1) va (2) tacd R R, = 7)

Tt tam Q ctia dwong tron noi ti€p tam giac ABC ha duong vudng goc xudng cac canh ctia
tam gidc ABC ta c6 hé thitc b+c=a+2R. Ap dung hé thizc nay vao cac tam gidc ABH va
ACH ta duoc

2(R+R,+R,)=(AH+BH-AB)+(AH+CH-AC)+(AB+AC-BC)=2AH

Tt d6 ta dwoc R+R, +R, =h (8)
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Ké TJ vuong goc v6i AH tai T va JP//AH, IP//CB cat JP tai P va cat AH tai V. Tam giac IJP
vudng tai P ¢6 IJ* =IP* +JP? hay IJ* =(R, +R2)2 +(R, —Rz)2 =1 =+2R = AQ (9)

Ta c6 ﬁ+1ﬁ=(@+}ﬁ)+ﬁl=ﬁ+@=%o va BA=BN, AE=EN.
Twong tu ta c6 CF L AM va CA=CM,AF=FM.

Do d6 EF l1a dudng trung binh ctia tam gidc AMN nén EF//BC va EFC =FCB (10)
Tte d6 suy racacdiém, J, E, F nam trén duwong tron duong kinh IJ. Tt IE L AJ,JF L Al va

IE cat JF tai Q nén AK chinh la duong cao ctia tam gidc AI] hay AQ LIJ tai K.
Ttr d6 ta duoc A, ], K, F, T thudc dwong tron dwong kinh AJ va A, I E, K, V thudc duong

tron dudng kinh AL Tt d6 ta dwoc EAK =IAH va EIJ = EFJ,

Két hop voi (10) ta duoc EAK = ﬁl, suy ra AIAV c© AJAK nén ta co6 v_x = R, _Al
Al A] K] AJ

(11)
. AT _TATT R, _AJ

Hoan toan tuong tu ta duwoc FAK = JAH nén AJAT « AIAK suy ra K- AL (12)
R , . 2.

Tw (11) va (12) ta dwoc —+ = X nén KILKJ =R R, .Keéthop vdi (7) ta duwoc KLK] = RCAH
KJ R, BC

Bai 30. Ki hiéu K, ]%, C 12 s8 do ba gdc trong ctia A

tam giac ABC. Tu BTK =%(;‘:+]§) va F

~

ﬁ=@+g suy ra ta dugc BTK =TBK nén

ta duwoc BK = TK B M c
Cha y la MF = BM =MC = ME nén tam giac MEF

can tai M. Tt d6 ta duoc tam giac MEF déu nén

EMF = 60°

Khi A =90 thi diém E va F trung nhau, diéu nay
trai véi gia thiét. Nén ta xét hai treong hop sau

+ Treong hop 1: Tam giac ABC cé géc A nhon.
Khi d6 ta dwoc
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EMEF =180° —(13/1@+(:/\1\/m) 180" —(1800 _2FBM +180° —2@)

=2(ﬁ/{+f€1\\/l—900)=2(180° —13/&:—900):1800—22

Ma ta c6 EMF = 60" nén ta duoc A =60°, do d6 BAK = 30° suy ra BOK = 60"
TK BK

Diéu nay dan dén BK =R nén ta dugc R R =1

+ Truong hop 2: Tam gidc ABC c6 goc A tu. Khi do6 ta duoc
EMF = 180" - (BME + CMF ) = 180" (180" ~ 2EBC+ 180" ~ 2FCB)

~2(EBC+FCB-90" | = 2(90° ~ECB+90° ~FBC-90"

~ 180" ~2(ECB-+ FBC) 180" ~2(180" - A} = 2A -180"
Ma ta c6 EMF = 60" nén ta duoc A =120°, do d6 BAK =60° suy ra BOK =120°
Tir d6 ta duoc MBK = 60°, diéu nay dan dén BK = R+/3. Do d6 ta dugc Tlf BI? J3
Bai 31. Goi H, E, F lan lwot 1a trung diém cta
BC, CA, AB. Duong thang qua M song song

v6i AB cat BC tai P va cat AC tai T, duong

thang qua M song song véi AC cat BC tai Q

va AB tai J, Duong thang qua M song song
v6i BC cit AB tai I va cit AC tai N.

bat BP =x;PQ=y;QC=z. Do tam giac ABC B p " 0 c

déu nén ta cd

BP=AT=MI=MJ =1I] =x
PQ=MQ=NC=MP=IB=y
QC=MN=AJ=MTNT =z

T d6 ta duwoc BP? + PQ* +QC? = AT? + TN? + NC* = AJ* +JI? +IB*. Nhw vay chi can xét
diém M nam trén cung nho EF 1a da.

Cach 1. Ta ¢6 a’ =(x+y+z)2 =x*+y’ +2° +2(xy +yz+zx) (1)

Goi D la giao diém ctia MQ v6i duwong tron noi ti€p tam giac ABC.

Khi d6 ta c6 QMH = QHD nén ta deoc AMHQ <> AHDQ), suy ra QH _ = Qb hay

QM QH

QH? =QD.QM
Ma ta c6 QD =M]J = x nén ta dugc QH’ = xy (2).
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Mit khac do Q thudc doan thing HC nén ta dwoc QH = HC—QC = Xﬂz’”—z: Xry-z

©)
Tk (2) va (3) ta dwoc (

X+y—2z

2
] =xy, khai trién va thu gon ta duoc

x? +y2 +2z° =2(xy+yz+zx)
2
Thay vao hé thitc (1) ta dwge x* +y* +2z° = a?

Cach 2. Gia st EF cit MP tai U va cit MQ tai V. Ta ¢6

—_—

MEF = MFN =FMV; EMU = MEI = MFE

Tir d6 suy ra AMEU > AFMV nén ta duoc I\Fj[_L[]J = % hay MUMYV =EU.FV nén

UV?=BP.QC

Mat khac ta lai c6 PQ-UV =MQ-MV =VQ = %. Tt d6 ta 6 bién d6i sau
A =xy +yz+zx =BP.PQ+PQQC+QC.BP = PQ(BP+QC)+UV"
a a a_a a’
= PQ.E—UV(PQ—UV) =PQ2-UV.2= E(PQ—UV) -5
Thay vao hé thiec (1) ta dwge x* +y* +2z° = %
Cach 3. Goi G la tam tam giac déu ABC, xét diém M nam trén dwong tron tam G ban kinh
GM =r. Goi H va K Ian luot 1a chan duong vudng goc ha tir G va M xudng BC. Ké GS
vuong goc voi MK(S thudc MK). bat PQ =2PK =2QK =y . Gia st K thu¢c doan BH. Khi
do ta co

BP*+QC? =(BH-PK-KH) +(CH-KQ+KH)’

2 2 2
12 Y x| +|2-YikH| =2/ 2-Y| yokm?
2 2 2 2 2 2

Mit khac ta c6 KH?> =MG? -MS? =r* —(MK—SK)2 =12 _[___

2
Tir d6 ta dwoc BP? + PQ* +QC? = %(a—y)2 +y?+2r° —%(y—%} =%a2 +21°

2

Ma GMzrz%.Tﬁ’ d6 ta dwoc BP? + PQ? + QC? =a?
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Bai 32. Xét tam giac OAD c6 duong trong noi ti€p B

v0i cac tiép diém P, Q, N. Theo tinh chat tiép
tuyén cat nhau ta c6 . K
AD+DO+0OA =2AP+2DP+20N =2AD + 20N NAHS

Do do ta dwoc ON = DO+AD-AD

OB+0OC-BC

Hoan toan tuong tu OK =

Tt d6 suy ra
AC+BD-AD-BC
2

KN =KO+ON =

AC+BD-AB-CD

2
Ta c6 HM = KN < AC+BD;AB_CD =CA+BD;AD_BC < AB+CD =BC+AD

biéu nay tuwong duong véi tix giac ABCD ngoai ti€p dwong tron.

Tuong tw ta cting chitng minh dwoc HM =

Bai 33. Tir M va N ha MP, NQ vudng goc voi BC. Khi d6 MP, AH, NQ song song v&i
nhau.

Do dé NCQ = BCy = BAC = CBx = MBP nén ABPM  ACQN = o- - BM (1)
cQ CN

Theo dinh li Thalet ta cé E =M .Mat khac MA =MB va NA =NC nén
HQ AN

HP AM MB )
HQ AN NC
HP PP _MB MB HP-BP HB

Tt (1) va (2) suy ra = = . Do d6 ta dwoc = =
HQ CQ NC NC HQ-CQ HC

Mt khéc lai c6 MBC = NCB nén AMBH > ANCH = MHB = NHC
Ma AH L BCnén MHA = NHA nén HA la phan gidc cua goc MHN.

Bai 34. Trudc hét ta phat biéu va chitng minh b6 dé sau:
Trong mot tam giac thi khoang cach tit mot dinh dén ‘\
trgc tam bang hai lan khoang cach tir tim duong tron

ngoai ti€p dén canh ddi dién cua dinh do.

That vay, gia st gia thiét bai toan dwgc cho nhw hinh vé,
ta can ching minh duoc AH =2MO. Goi K 1a diém doi
xting véi A qua O. Khi d6 tir giac BHCK la hinh binh
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| 4

~ hanh nén ta suy ra duegc ba diém H, M, K thang hang va
y

M la trung diém ctia HK. Trong tam giac KAH c6 MO la
duong trung binh nén AH =2MO. B6 dé duoc chiing
minh.

Tré lai bai toan: Ap dung bs dé trén ta dwoc BE = CF, ma ta c6 BE//CF nén tt giac BCFE la
hinh binh hanh. T gidc BCNM ciing la hinh binh hanh nén ta dwoc MN//EF.

Goi B’ 1a giao diém cua BE v6i AD. Ta c6 BB’ vuong
g6c véi AD. Do AED =180° - ABD va

AFD =180° —A/CT), ma ta lai ¢ ABD = ACD. Nén ta

duwoc KETD = Xﬁ), diéu nay dan dén tw giac AEFD

ndi tiép duong tron.

Do ];A\C:ﬁ va (ﬁ:ﬁ? nén ta duwoc
EAB=FDC
Gia st t giac AMND néi ti€p duwong tron. Khi d6 tte

t giac AEFD noi ti€p nén ta duoc

— — e~ -

AMN + ADN = AEF + ADF

—_— —_—

& AMB'+B'MN + ADN = AEB'+B'EF + ADF hay ta dugc AMB'+ ADN = AEB'+ ADF.

Ma ta c6 B'MN =B'EF nén ta duoc ADN -~ ADF = AEB'— AMB' hay NDF = MAE.
L4y diém P ndm cung phia véi D so véi CF sao cho hai tam gidc PFC va AEB bang nhau.
Ta co F/P?? = E/A\B, két hop véi E/E = ﬁ? ta duoc F/I-’E = F/D\C ,suy rabon diém F, P, D, C

cung thudc mot duong tron. Cling tir cach 1dy diém P cho ta hai tam gidc PFN va AEM

be‘ing nhau nén ta dwoc NPF = MAE . Két hop véi NDF = MAE ta dwoc NPF = NDF nén
bon diém N, D, P, F cung thu¢c mot duong tron. Do d6 nam diém F, P, C, D, N cung thudc
mot duong tron. Diéu nay 1a vo li viba diem N, F, C théng hang. Chtng té diéu ta gia st

la sai. Do vay t& giac AMND khong thé ndi tiép duoc.
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Bai 35. Goi giao diém cua O’A va MN la H, giao
diém ctia O’'C va PQ la E. Ta c6 t& giac ABCD noi
tiép duong tron (O) nén ta duoc A+C=180" . Tt
giac ABCD lai ngoai ti€p duong tron (O’) nén theo

tinh chat hai tiép tuyén ct nhau, ta c6

~

m%& O'CQz%C

:m+0/'®:900:>m:@

O'M MA

cQ QO

bat MA=AN=x;BN=BP=y;CP=CQ=2z,DQ=DM=t, OM=0'Q=r.

Do d6 ta duwoc AO'MA «© ACQO'=

Khi d6 ta c6 — == =1? = x.z. Tuong tu
z r
ON_NB I Y =y.t
DM MO' t r
Suy ra r* =x.z=y.t Do AM va AN la hai tiép tuyén cua duong tron (O’) nén ta c6 O’A L

AO'NB > ADMO' =

MN tai M va H 1a trung diém ctia MN. dp dung hé thiec lwong vao AO'MA vudng tai M,

c6 duong cao MH nén ta dwoc

1 1 1 1 11 r? 4x* (x.2)
2 = ST R 2:_2+_2:>MN2: 2 2:>MN2:2—
MH- MA® O'M 1MN X T X" +r x+(x.z)
2
, 4x’z C - .
Suy ra MN” = N . Hoan toan twong ty ta cing co
X+z
2 2 2
PQ2:4XZ; NP2=4y t; MQ2=4yt
X+z y+t y+t
Do d6 ta duoc
2 2 4xz|x+z
MN? 4 PQ? = X2 B2 (37)_ 4y g
X+zZ X+2z X+z
2 2 4yt(y+t
NP7 Q7 < 2 Tt )=4yt=4r2

y+t y+t y+t
Nhu vay t& gidc MNPQ c6 MN? + PQ* = NP? + MQ” . Theo bd dé bon diém ta duoc
MP 1 NQ
Bai 36. Ban doc ty vé hinh.
Goi O la giao diém cua AH va BD, ta c¢6 CO la 1a phan giac cua goc ACB suy ra
ACO=BCO.
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~ Ha OK L AC(K € AC), khi d¢ ta xét cac treong hop sau:

| 4 + Truong hop 1: Néu K trung véi diém D, khi d6 tam giac ABC déu vi c6 O vira 1a tam
duong tron nodi tiép vira la trye tam, do d6 ta duoc BAC = 60".
+ Treong hop 2: Néu K thudc doan DA va khong trung véi D, khi d6 ta c6
Do I 1a tam duwong tron noi tiép tam giac AHC nén 1€ OC va OHI = CHI = 45" . Suy ra hai
tam giac OHC va OKC bang nhau, nén ta dugc OKI = CKI = 45° = OKI = ODI = 45° . Do d6
t&r giac OKDI ndi tiép nén COD = CKI = 45° . Tir d6

2COD ~2(OBC + GCB) - ABC -+ ACB > ABC + ACB 90"

Do d6 ta duoc BAC =90°.

+ Truong hop 3: Néu K thugc doan DC va khong trung véi diém D, khi d6 twong ty nhuw

treong hop 2 ta chitng minh duoc ti gidc ODKI ndi ti€p. Do d6 ta duoc

DOC = CKI = 45° = BAC=90".

Tuy nhién khi d6 ta cé B/D\C > B/AIZ =90° mau thuan vdi diéu kién K thudc doan DC. Do

d¢é truong hop 3 khong xay ra. Khi tam giac ABC déu hodc vudng can tai A ta déu chiing
minh dwoc BDI = 45"

Vay BAC = 60" hosc BAC =90°

Bai 37. A
Cach 1. Gia st duong tron tam O ti€p xac véi /
cac canh véi cdc canh BC, CA, AB Ian lwot tai P =\Q y
K T V. T &
Goi KE la duong kinh ctia duong tron (O). ©
Duong thang di qua diém E va song song voi
B HKMF C

BC cit AB, AC Ian luot tai P va Q. Khi d6 PQ
tiép xuc véi duong tron (O) tai E.
Goi 2p=AB+BC+CA . Khi d6 ap dung dinh

AQ EQ AQ+EQ AV
AC FC AC+FC AC+FC

AQ AP PQ AQ+AP+PQ AT+AV AV
AC AB BC AB+BC+CA  2p  2p

Tt d6 ta dwgc FC=p—-AC, ma talai c6 2BK =2p—-2AC nén ta dugc BK=p-AC

li Talets ta co

Lai c6
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Diéu nay dan dén FC = BK, suy ra MK = MF nén MO la duong trung binh ctia tam giac
EKF

Suy ra MO//EF nén ttt gidc AIOE la hinh binh hanh. Do d6 ta dugc AI=OE =r

Cach 2. Tia OA cat duong tron ngoai tiép tam gidc ABC tai D. Khi d6 AD la tia phan giac
cua goc BAC nén diém D nim chinh gitta cung BC khong chtra A, suy ra BD=CD.

Nén ta dwgc MD L BCva MD//AH. Ap dung dinh 1i Talets ta dwoc % = %

— —— e~~~

Talai c6 BOD = BAO+ ABO =CBD +OBC =0OBD nén ta dugc OD =BD.

Goi T 1a tiép diém cua AB vdi duwong tron tam O, khi d6 ta c6 AAOT «> ABDM
AM _ AO _ AO _ OoT
MD DO BD MD
Cach3.bat AB=c¢,BC=a,CA=Db va 2p=a+b+c.

Tt cac két qua trén ta duoc ,nénsuy ra AI=0T =r

Khong mat tinh tong quét ta gia st AC > AB, khi d6 hai diém H va K cting nam trén tia
MB.

Ta 6 b’ —c* =HC? -HB* =(HB + HC)(HC - HB) = 2aMH

Cht y 1a diéu nay ding cho ca hai treong hop H ndm gitta B va M hodc B ndm gitta M va
H.

MH _b’-¢® 2 _b+c

Ttr d6 ta dugc MK =KC-MC. Suy ra MK:E.Dodétacé .
2 MK 2. b-c a

Mat khac ta c6 AH.a=28ABC=2r(a+b+c) nén ta suy ra AH:a+b+c:1+b+c
r a a
Do vay Al _AH-HI AH IH :AH—MH:1+b+c—b+C:1.Véytaduc_yc Al—r
r r r OK r MK a a
Bai 38.
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o Gia sit duong thang d di qua diém tam duong .
tron ndi ti€p tam giac ABC, khi d6 do D ta tié€p

diém ctia duong tron noi tiép tam gidc ABC voi BC

nén ta dwoc ta co

AB+BC-AC __ CA+CB-AB

2

BD = CD

Tt d6 suy ra

BA+BC-AC CA+CB-AB_ . . |

BD-DC=

Goi giao di€m cua tiép tuyén di qua A(khic AB) N P

ctia duong tron (N) véi duong thang 1a T. Khi &6 B b c
t gidc TABD ngoai ti€p duong tron nén ta duoc

AB+TD=AT+BD

Két hop vdi dang thiic trén ta duoc

AC+TD=AT+CD

biéu nay chiing to tit gidc TACD ngoai ti€p dwong

tron.

Vay AT ti€p xtc v6i duong tron (P) hay ndi canh

khac AT 1a ti€p tuyén chung ctia hai duong tron

(N) va (P) di qua diém A.

Goi giao diém ctia ti€p tuyén d6 véi duwong thang d 1a T. Khi d6 cac t giac TABD va
TACD ngoai ti€p duong tron. Do d6 AB+TD =AT+BD va AC+TD=AT+DC. T d6
BD-DC=AB-AC.

Lai 6 BD+CD =BC nén ta duoc BD = AB+BZC‘AC; CD- CA+CZB—AB

Tt d6 suy ra D 1a ti€p diém cta duwong tron noi ti€p tam giac ABC véi canh BC. Tt d6 suy

ra d di qua tam duwong tron noi ti€p tam giac ABC.
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Bai 39. e Gia stt ti€p tuyén chung cta hai duong
tron (N) va (P) di qua A, ta can chtitng minh bon
diéem A, M, N, P cung nam trén mot dwong tron.
That vay, d€'y 1a cdc ba diém E, M, N thang hang
va ba diém F, M, P thing hang. Do d6 ta c6
NMP =180° — EMF =180° - £900 EiFJ
180°—BAC BAC
2 2
Mt khac do tiép tuyén chung khac d ctia hai
duong tron (N) va (P) di qua diém A nén

=90° -

@’:%B/AIZ.Dodétadu’oc ﬁﬁ’=@) nén

t& giac AMNP noi tiép duong tron.
Ta can chiing minh tiép tuyén chung khac d ctia hai duwong tron (N) va (P) di qua A

That vay, lap luan nhuw trén ta dwoc NMP = % . do tix gidc AMNP noi tiép duong tron

nén ta duoc NMP = NAP. Tit d6 suy ra NAP = %QA\C . Qua A vé tiép tuyén Ax cta

duwong tron (N), khi d6 ta dwoc @ = %B/A;( Do d6 ta duwoc

APx =NAP-NAx = %BAC 5 BAx = 5 CAx=PAC

Tl d6 suy ra Ax doi xtiing véi AC qua AP, ma AC tiép xuc v6i duong tron (P) nén Ax cling
tiép xtc véi duon tron (P). Suy ra tiép tuyén chung khac d cua hai duong tron (N) va (P)
di qua diém A.

Vay tir hai y trén ta dwoc bdn diém A, M, N, P cing ndm trén mot duong tron khi va chi

khi d di qua tam dwong tron noi ti€p tam gidc ABC.
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Bai 40. Goi L va R Ian luot la tdim duong
tron ngoai ti€p cac tam giac KHQ va KMF.
Ta can chting minh ba diém K, L, R thang
hang.

That vay, goi AE la dwong kinh ctia duong 0
tron (O) va D d6i xiing véi H qua BC. Khi

d6 dé thdy t gidc HBEC 1a hinh hinh X

R c
hanh nén ba diém H, M, E théng hang. Lai K

c6 Q thudc duwong tron duong kinh AE D E

nén ta duoc 1@ =90". Ma Q lai thudc

duwong tron dueong kinh AH nén ta duwoc

QAH =90, Tt d6 ta duoc

AQH = AQF =90° nén ba diém Q, H, E

thdng hang. Do vay bon diém Q, H, M. E

thdng hang. Goi tiép tuyén tai K va H cua

duong tron ngoai tiép tam giac KHQ cat

nhau tai X.

Khi d6 ta c6 XKH = XHK = KQH (gbc noi tiép va gdc tao boi tia ti€p tuyén voi day cung
cting chan mot cung). Ma ta lai ¢6 K/QT-I ~KAE (hai géc ndi tiép cling chdn cung KE ctia
duwong tron (O)). Ttr d6 ta co

KXH =180° — 2KHX = 180" —21</QT{=2(90° —@):2(900 —@)zzﬁzzﬁ

Lai c6 XH =XK nén X la tam duong tron ngoai tiép tam giac KHD.

Do D va H d6i xitng nhau qua BC nén BC la duong trung triec ctia DH, ttr d6 suy ra X
thudc dwong thang BC. Do XH 1a tiép tuyén ctia drong tron dueong kinh QH nén ta co
XH 1 QH

Xét tam gidc XHM vudng tai H c6 dudng cao HF nén ta co XK* = XH? = XF.XM

Tt d6 suy ra XK la ti€p tuyén chung ctia hai dwong tron ngai ti€p tam giac KQH va KFM

voi tiép diém K 1a giao diém cta hai dwong tron. Do d6 ta suy ra hai duong tron ngai ti€p
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~ tam gidc KQH va KFM vi tiép xtic nhau K. T d6 suy ra hai tam duong tron va tiép diém
cing nam trén mot duwong thang.

Goi P 1a trung diém ctia AQ, ta can chitng minh ba diém M, N, P thang hang.

That vay, ta c6 bon diem Q, H, M, E théng hang, ttr d6 suy ra K/(_Qﬁ — KAE nén hai tam
giac vuong KQH va KAE dong dang. Ttr d6 suy ra hai tam giac KQA va KHF dong dang

Ma ta lai c6 KP va KM Ian luot la hai trung tuyén cua hai tam giac KQA va KHE nén ta

duoc hai tam giac KQP va KHM dong dang, suy ra 6PT< =QMK va 6K\P = I@ .

Tt &6 suy ra t& giac QPMK noi ti€p dwong tron. Ta cd bién ddi gdc sau

—

CMN = QKF = QMK +LKM + MKF = KPQ + RMK +90° - RMF
—90° - PMK + RMK +90° ~RMF = 180° - BMP = CMP
Do d6 ba diém M, P, N thang hang hay MN di qua trung diém ctia AQ. Vay ta c6 diéu
phai chitng minh.
Bai 41. Vi ti gidc AMIN noi ti€p nén

ANM = AIM
Vi ttt gidc BMNC ndi tiép nén ANM = ABC

— AIM = ABC .Suy ra t& giac BOIM noi ti€p

Tt chitng minh trén suy ra tam giac AMI dong

dang véi tam gidc AOB
_AM_ AL \1A0=AMAB()
AO AB

Goi E, F la giao diém ctia dwong thang AO véi
(O) (E nam giita A, O).
Chiing minh twong tu (1) ta duoc:

AM.AB = AEAF =(AO-R)(AO+R)=AO’ -R* =3R’

2 2
— ALAO=3R* = A= R 3R SR R
AO 2R 2 2
Tam giac AOB va tam giac COK dong dang nén
2 2
OAOK=0BOC=R*=OK=—~— -~ _R
OA 2R 2

Do d6 ta dwgc OI = OK suy ra O la trung diém IK, ma O 1a trung diém ctia BC
Vi vay BICK la hinh binh hanh
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Bai 42. K€ tiép tuyén chung Mx ctia hai duong tron
(O) va (O'). Khi d6 ta duoc

— — —

MAB = BMx; MDE = xME

Suy ra MAB = MDE nén AB // DE.

Ta cé AI* = AD.AM; B]2 =BE.BM
BE _AD _ BE _BM

BM AM AD AM M

2 2

Do d6 ta duoc B] == BE.BM = BM2

Al AD.AM AM

Suy ra BJ = ﬂ, tuong ty ta dugc K = %
AM Al AM

Al
, ma ta chtng minh dugc AM =BM+CM.

Suy ra

BJ+CK BM+CM

Nhu vay ta co
AM

Suy ra AI=BJ+CK.

Bai 43.

+Goi r,;1, Ian Iwot la ban kinh ctia cac duong
tron (O, ) va (O,). Goi F 1a giao diém cua ET
voi duong tron (02 )

Xét hai tam gidc ETD va EDF 6 DEF la goc

chung va EDT = EFD nén AETD ¢ AEDF

T d6 suy ra ET_ED _ pp?—ETEF.Ta lai ¢6
ED EF

- EF-ET _FT
ET? ET? ET ET

ED) | _ED’ | _ETEF_
ET

Xét hai tam gidc can O,ET va O,FT c6 O,ET =O,FT nén AO,ET © AO,FT.

T
Do do ta dwoc E:O—2=r—2. Tt d6 ta duwoc
ET OT 1

EDY . 1, (ED) «r ED |t

— | -l=2= | —=| =2+1=>—= | 2+1

ET I, ET I, ET L,
Chiing minh hoan toan tuong tw ta cling duoc AB_ 211, Tirdé ta thu duoc AB_ED

AT \r AT ET
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+ Goi C la giao diém ctia AB, DE. Ap dung dinh li Menelaus cho tam gidc CAE véi ba

diém P, B, D thang hang ta duoc ra E BC_ 1.
PE DC BA

PA DE BC PA DE—1:>%—£
PE'DC'BA PE'AB  PE DE’
Lai co AB _ED :>AB AT nén suy ra E:AT Ttr d6 ta suy ra TP la dwong phan giac

AT ET ~ED ET PE ET

Ma ta lai c6 BC = DC nén ta thu duoc

ngoai tai dinh T cta tam giac ATE.

—_—

Do d6 ta duoc ATP = %AFT Nhu vay ATP+ETP = ATP + ATP+ETP = ATF + ETA =180°

Bai 44. Ta co XE)BEZK(EJ va KO"\()ZZAXPE. Ma ta cé 6@':900 nén

AOO'+AO0'O=90".

Tir d6 suy ra ACF+AFC =45°. Ma tam L

giac O’AL can nén ta lai co

O'AL:%(180°—m):90°—%ﬁ .

~90° — ABL =90° — ABD =90° — ACF

Mat khac ta c6

CAL=CAO+OAO'+O'AL.
Do dé

CAL = ACF+90° +90° — ACF = 180°.

Tt &6 suy ra ba diém C, A, L thang hang. Chizng minh hoan toan twong tu ta ciing dwoc

K, A, F thang hang.

Ap dung dinh lia Menelaus cho tam gidc CME véi by ba diéem K, A, F thfmg hang ta duoc
KE AM FC 1 KE ACEF

. ) =1= =
KM AC FE KM AMFC
Ap dung dinh lia Menelaus cho tam giac CME véi bo ba diém K, A, F thang hang ta duwoc
LD AN CF N LN _ AN.CF

LN AF CD LD AFCD
., EF 2EO' O'E Do dé KE LN ACEF.AN.CF ACANFE ACANO'E

Lai - _OE
O D 20D 0D P KM ID AMFCAFCD AMAFECD AMAFOD

— —

Do hai tt gidc AEBF va ACBD noi ti€p nén ta duoc EBA = EFA; ABD = ACD
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MAN = CAF = 180° —(X(:\F+ﬁ:?:) ~180° — 45° = 135°
Suy ra ta dugc

— e~ e~ -

MBN = EBA + ABD = EFA + ACD = CAF =45°
Tir d6 ta dwoc MAN +MBN =180 nén tir gidc AMBN ndi tiép duong tron.

L — e~ e~ -

Tt d6 ta dwoc AMN = ABN = ACD = ACF, suy ra MN song song v6i CF.

AC _AF _ ACAN _,

= = =
AM AN AM.AF
KE LN ACAN.O'E KE LN O'E

KM LD AM.AF.OD KM LD OD
Bai 45. Goi I 1a tam duong tron bang tiép

Theo dinh li Talets ta dwoc

Do d6 tr ta thu duoc

goc A cua tam giac ABC. Goi H 1a tiép diém
ctia duong tron (E) véi duong thang BC.

Nhan thdy ba diém E, B, I thang hang va ba

diém I, C, F thang hang.
Dé thay t giac AC'A’C ndi tiép duoc, do d6

ta c6 EA'H:%m' :%ﬂ\czﬂﬁ).
Xét hai tam gidc vuong EA’H va IPA c6

EA'H=IAP nén suy ra AEA'H c» AIAP

Do do ta dwoc HA = E Ma ta lai c6 IM =1P, MB =PB va HE//IM nén ta co EH = HB
PA IP IM BM

HA'_EH_EH_HB _HB _ HB _PA
PA IP IM BM PB °  HA' PB

Do d6 ta dwgc HP//AA’. Nén theo tién dé Oclit thi ba diém E, H, P théng hang, do d6

Tir d6 suy ra

IM//EP.

Tir d6 ta duoc PEI = PIB = EHM nén ta c6 tam giac EPI can tai P, suy ra EP =PI =1IM

T giac EPIM c6 EP//IM va lai c6 EP =PI =1IM nén no la hinh thoi.

Hoan toan twong tu ta cling dwoc PIND, FNIIM 1a cac hinh thoi

Tt d6 ta dwoc EM//IP//DN va EM =PI =DN; FM//NI//DP va FM = NI =DP

Suy ra cac tix giac EMND, FMPD la cac hinh binh hanh nén ta dwoc PM//FD va MN//DE.
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Goi O la tam duwong tron ngoai ti€p tam giac DEF, kho d6 ta ¢6 OD = OE = OF

Két hop v6i PE =PI =PD nén ta duoc PO la duong trung triec ctia DE hay PO L DE

Ma ta c6 DE//MN nén ta c6 PO L MN. Chitng minh teong tw ta dwoc ON L MP.

Vay O la truc tam tam giac MNP.

Bai 46. Goi [, ], K lan luot 1a trung diém cua BC,
AB, AC va P la giao diém tht hai cua hai duwong
tron tam J va K.

Khi d6 ta c6 JK vudng goc véi PH. Vi JK//BC nén ta
dugc JK vuong goéc véi AH. Do d6 diém P nam
trén duong cao AH cta tam gidc ABC va AH cling
la dwong thang di qua hai giao diém ctia hai dwong
tron tam J, K. Tt doé ta suy ra duoc
AB,.AB,=AC,.AC, nén tt gidc B,B,C,C, noi tiép
duong tron.

Chting minh tuong tu ta ¢ BH 1a duong thang di
qua hai giao diém ctia hai duong tron tam I, J. Nén
ta dwoc BA .BA,=BC,.BC,, do do ti giac

A A,C,C, ndi ti€p duong tron.

Va CH la 1a duong thang di qua hai giao diém cta hai duwong tron tam I, K. Nén ta duwoc

CA,.CA,=CB,.CB,, do d6 tit giac A,A,B,B, noi tié€p duong tron

Nhu vay cac t giac B,B,C,C,, A|A,C,C, va A A,B,B,ndi ti€p cung mot duong tron

172127

biéu nay chung té 6 diém A ,A,,B,,B,,C,,C, cung nam trén mot dwong tron cé tam la

giao diém cac duong trung truc cia AB, BC, AC va d6 ciing chinh la tdim duong tron

ngoai ti€p tam gidc ABC.
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