MOT SO BAI TOAN
VE PUONG CO PINH VA PIEM CO PINH

1. MOT SO KIEN THUC CAN NHO

Bai toan vé duong cd dinh va diém c6 dinh la mét bai toan khoé, doi hoi hoc sinh phai
¢6 ki ndng phan tich bai toan va suy nghi, tim toi mot cach sau sic dé tim ra dwoc 1oi giai.
Mot van dé quan trong khi giai bai toan vé duong ¢d dinh va diém ¢4 dinh du doan duogc
yéu t8 ¢6 dinh. Thong thuong ta die doan cac yéu tS ¢S dinh bang cac phuong phép sau:
» Giai bai toan trong treong hop ddc biét dé€ thady dugc yéu t6 c¢d dinh can tim. Tt d6 ta
suy ra truong hop tong quat.
e Xét cac duong dac biét d€ cia mot ho dwong dé thay duoc yéu t6 ¢d dinh can tim.
e Dya vao tinh d6i xting, tinh doc 1ap, binh dfmg cua cac doi twong dé€ han ché pham vi
cua hinh t& d6 c6 thé tim duoc yéu td c6 dinh.

Khi giai bai toan vé duong c6 dinh va diém c6 dinh ta thuwong thuc hién cac budc
nhuw sau:
a) Tim hiéu bai toan: Khi tim hiéu bai toan ta xac dinh dwoc
+Yéu t6 c6 dinh(diém, duong, ... )
+Yéu t6 chuyén dong(diém, duong, ... )
+Yéu t6 khong d6i(dd dai doan, dd 16n goc, ... )
+ Quan hé khong d6i(Song song, vudng géc, thang hang, ... )
b) Du doan diém c6 dinh: Dya vao nhitng vi tri dic biét cua yéu t6 chuyén dong dé duw
doan yéu td c6 dinh. Thong thuong ta tim mot hodc hai vi tri ddc biét cong thém véi cac
d3c diém bat bién khac nhu tinh chat d6i xting, song song, thang hang ... d¢ dw doan
diém c6 dinh
¢) Tim toi hudng giai: Ttr viéc dy doan yéu td c6 dinh tim mdi quan hé gitra yéu t6 d6 véi

cac yéu t0 chuyén ddng, yéu td co6 dinh va yéu to khong doi.
y y y y
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II. CAC VI DU MINH HOA

Vi du 1. Cho ba diém A, C, B thang hanh theo thit tw d6. Vé tia Cx vuong goc véi AB. Trén

tia Cx 1ay hai diém D, E sao cho % = g—g =3. Duong tron ngoai tiép tam giac ADC cat

duong tron ngoai ti€p tam gidc BEC tai H khac C. Chiing minh rang duong thang HC

ludn di qua mot diém ¢S dinh khi C di chuyén trén doan thang AB.

Phan tich tim 1oi giai

Tim hiéu dé bai: M

+Yéu to cd dinh: doan th:fmg AB

+Y&u t& khong d6i: BEC =30°, ADB = 60°
Do d6 s do cung BC va cung CA khong doi.

Ba diém B, D, H thang hang va E, H, A thang hang

Du doan di€m cd dinh: Khi C trung B thi (d) tao
vGi BA mot géc 60°, suy ra diém cd dinh thudc tia
By tao vdi tia BA mot goc 60°. Khi C trung A thi
(d) tao v6i AB mdt goc 30°, suy ra di€ém cd dinh

thudc tia Az tao vdi tia AB mot goc 30°

Khi By va Az cdt nhau tai M thi M 1a diém 5 dinh? Nhan thady M nhin AB ¢d dinh
dwdi 90° nén M thudc duong tron duong kinh AB.
Tim hwong chtng minh: M thudc duwong tron duong kinh AB ¢d dinh do dé can ching
minh s& do cung AM khong d8i. That vay sdAM = 2MCA = 2CHA = 2CDA =120°

Loi giai

Ta ¢6 tanng—gzﬁ:>6=6o°.Ta1aicé CHA = CDA = 60"

Goi giao diém cua duong tron duong kinh AB v6i CH la M. Ta c6 MHA =60°.
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" Ta 6 sdAM =2MCA = 2CHA = 2CDA =120". Do d6 s8 do cung MA khéng d8i. Lai c6
duong tron duwong kinh AB ¢6 dinh nén M ¢6 dinh do d6 CH luén qua M ¢6 dinh.

Vi du 2. Cho duwong tron (O;R) va day cung AB= RV3. Lay diém P khac A va B trén day
AB. Goi (C;Rl) la dwong tron di qua P ti€p xtc véi duong tron (O;R) tai A. Goi (D;R2)
la dwong tron di qua P tiép xtic véi duong tron (O;R) tai B. Cac duong tron (C;Rl) va
(D; Rz) cat nhau tai M khac P. Chting minh rang khi P di dong trén AB thi duong thang

PM lu6n di qua mét diém cd dinh.

Phan tich tim loi giai

Tim hiéu dé bai:

+Yéu to cO dinh: Puong tron (O;R) va day AB
+ Yéu t6 khong doi: DPCO 1la hinh binh hanh. S6 do 0

cung BP ctia dudng tron (D;R,) va s8 do cung AP clia

dudng tron (R, ), s6 do goc mkhéng doi

Du doan diém c6 dinh: Khi P triing vdi A thi PM 1a ti€p

tuyén cta (O;R) nén diém c§ dinh nam trén tiép tuyén
cua (O;R) tai A. Khi P tring v6i B thi PM 1a ti€p tuyén
cua (O;R) nén diém cd dinh ndm trén tiép tuyén cua
(O;R) taiB.

Do tinh chdt d8i xting ctia hinh nén diém c& dinh nam trén duong thang qua O va vuong
gbc v6i AB. Do d6 diém ¢ dinh ndm trén duong tron ngoai tiép tam gidc OAB

Loi giai

Vé duwong tron ngoai tiép tam gidc OAB cat PM tai I. Vi AB= R+/3 neén s& do cung AB cta
duwong tron (O;R) bang 120°. Tam gidc BDP can ta D nén ta duoc OBA =DPB va tam
giac OAB can tai O nén OBA = OAB. Do d¢ ta dwoc BDP = BOA nén s6 do cua cung BP

cua duong tron (D;Rz) va s0 do cung BA ctia duong tron (O;R) déu bang 120°. Hoan
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" toan twong tw ta duoc s8 do cung PA cua (C;R, ) ciing bang 120°. Do d6 ta ¢6 BMP = 60°

va AMP =60’ nén BMA = BMP + AMP =120° = BOA
Tt gidc BMOA c6 BMA =BOA nén tt giac BMOA noi ti€p hay M thudc duong tron ngoai
ti€p tam giac BOA. Ttr d6 suy ra IMA =PMA =120°. Vay I thudc duong tron ngoai ti€p

tam giac AOB va s8 do cung IA bang 120° nén I ¢ dinh. Vay MP di qua I ¢8 dinh.

Vi du 3. Cho hinh vuéng ABCD c6 tdm O. Vé duong thang d quay quanh O cat AD, BC
thtt tu tai E, F. Tt E, F Tan luot vé cac duong thang song song véi BD, CA chung cat nhau
tai I. Qua I vé duong thang m vudng gdc v6i EF. Chitng minh rang m ludn di qua mot

diém cd dinh khi d quay quanh O.

Phan tich tim 10i giai

Khi di€ém E trung v6i diém A thi Hlqua Ava

vuong goc voi AC. Khi diém E trung véi diém D thi
HI qua B va vudng goéc voi BD. Do tinh chat d6i  F
xtng ctia hinh vé nén diém c§ dinh nam trén duong E

trung triec caa AB. Ttr d6 ta du doan duoc diém c6

dinh K nam trén duong tron duong kinh AB B [ A

Loi giai

D& thay diém I thudc AB. Ta 6 THE +IAE =180"nén
tr giac THEA noi tiép. Tir d6 suy ra IHA = [EA = 45°
Ta lai c6 THF+IBF =180° nén ti giac IHFB noi tiép.
Do d6 BHI = BFI =45’

V& dudng tron duong kinh AB khi d6 ta ¢6 BHA =IHA + BHI =90° nén H thudc dudng
tron duong kinh AB. Gia st HI cat duong tron duong kinh AB tai K. Khi d6 ta co
sdKH = KHA =THA = 90"

Do K thudc duong tron duong kinh AB va s§ do cung KH bang 90° nén diém K cd dinh.
Vay HI luén di qua di€ém K ¢6 dinh khi d quay quanh O.
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'| Vi du 4. Cho duong tron (O) ban kinh R va mot duong thang d cat (O) tai C, D. Mot diém
M di dong trén d sao cho MC >MD va 6 ngoai duong tron (O). Qua M ké hai ti€p tuyén
MA va MB (véi A, B 1a cac tiép diém). Chting minh duong thang AB di qua diém c8 dinh.

Phan tich tim 10i giai

Do duong thang OH cho trude, nén du F
doan AB cdt OH tai diém 8 dinh. Goi H 1a
trung diém CD va giao diém cta AB v6i MO, A

OH Ilan luot 1a E, F. Ta thay t& giac MEHF noi ﬁ D M

ti€p va tam gidc OMH vudng nén ta c6 thé suy o
ra dugc OF khong doi. Ttr d6 suy ra F co dinh.
Loi giai B

Goi H 1a trung diém CD va giao diém ctia AB
v6i MO, OH Ian luot la E, F. Tam giac OBM
vuong tai B c6 duwong cao BE nén ta dugc
OE.OM = OB* =R?
Ta lai c6 FHM = FEM = 90° nén t giac MEHF ndi tiép
Xét hai tam gidc OHM va OEF c6 géc MOF chung va OHM = OEF = 90° nén dong dang
voinhau

OH OM OE.OM

Do d6 ta dwgc —=——=0F = .
OE OF OH

2

Ttr d6 ta duoc OF =
OH

. Do duong tron (O) va duodng thang d cho trude nén OH khong

ddi. Tt &6 suy ra OF khong d8i. Ma diém O c8 dinh nén diém F c8 dinh. Vay duong thang
AB di qua diém F cg dinh.
Nhdn xét: Bai todn vin diing trong trieong hop diém M nam trén tia doi cia tia CD. Khi d6 dwong

thing AB vin di qua diém F cd dinh.

Vi du 5. Cho doan théng AC ¢8 dinh, diém B ¢ dinh ndm gitta A va C. Buong tron (O)
thay doi luon di qua A va B. Goi PQ la duong kinh ctia duwong tron (O), PQ vuong goc AB,
(P thudc cung 16n AB). Goi CP cat duong tron (O) tai diém thit hai I. Chitng minh QI luén

di qua mot diém c6 dinh khi duong tron (O) thay d6i.
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~ Phan tich tim loi giai

Do diém A, B, C c6 dinh nén ta dy doan
duwong théng IQ cét AB tai diém c6 dinh.
Chting minh t& giac PDKI noi ti€p. Dya vao ti
giac noi tiép va tam giac dong dang ta ching
minh duong thang da cho di qua K ¢ dinh.

Loi giai
Goi IQ cit AB tai K. Ta ¢ t& giac PDKI noi tiép
Xét hai tam giac vuong CIK va CDP co DCP
chung nén tam gidc CIK dong dang tam gidc
CDP, do d6 suy ra

G _CK . rcp=cpck
CD_ CP

P

N

Q

CA

Lai thay hai tam gidc CIB va CAP dong dang nén suy ra % =—=CLCP=CACB

CA.CB

Tt d6 ta dwgoc CK.CD=CA.CB=CK =

Do A, B, C c0 dinh nén CA, CB, CD khong d06i. Khi d6 d6 dai CK khong ddi nén ta suy ra

dugc diém K ¢6 dinh. Suy ra IQ ludn di qua diém K ¢6 dinh khi duong tron (O) thay d6i..

cpP

Vi du 6. Cho duong tron tam O va hai diém A, B ¢d dinh thudc duong tron d6 (AB khong
phai 1a dwong kinh). Goi M 1a trung diém ctia cung nho AB. Trén doan AB 1ay hai diém C,

D phan biét va khong nam trén duong tron. Cac duwong thang MC, MD cat duong tron da

cho twong tng tai E, F khac M

a) Chttng minh rang bon diém C, D, E, F ndm trén mot duong tron.

b) Goi O,, O, tuong tng la tam cac duong tron ngoai ti€p tam gidac ACE va BDF.

Chting minh rang khi C, D thay d6i trén doan AB cac duong thang AO, va BO, ludn cat

nhau tai mot diém co dinh.

Phan tich tim 10i giai

+ D& chiing bon diém C, D, E, F ndm trén mot dwong tron ta di chirng minh t gidc CDFE

ndi tiép, mudn vay ta chitng minh
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+ Puong tron (O) cho truéc nén du doan AO, di qua diém chinh gitta cung 16n AB. Van
dung t gidc noi ti€p, ta chitng minh hai duwong thang cling di qua diém c8 dinh, 1a diém

chinh gitta cia mot cung.

Loi giai
a) Ta xét cac truong hop sau
+ Xét truong hop C nam gitta A va D. Khi d6 ta M
théy dugc MCB = 1(sd1\7u§+sd/§1§) va g v
2 A . D B
H
FE - 1(saViA +sdAE / o

Ma ta thdy s8 do hai cung MB va MA bang nhau
E F
nén ta duoc MCB = MFE. Lai ¢ Q_/

MCB + BCE = 180° nén suy ra BCE +MFE =180".

Tt d6 suy ra t& giac CDFE noi ti€p duong tron.

+ Xét truong hop D ndm gitta A va C. Chiing minh

hoan toan tuong ty ta ciing duoc bon diem C, D, F,

E cing nam trén mot duong tron.

Vay bon diém C, D, F, E cung nam trén mot duong

tron.

b) Ta xét trudng hop C nam gifta A va D, treong hop con lai chitng minh tuong tu.
Ha O,H L AC va c6 O,A =0,C nén tam gidc O,ACcan tai O,.

Do d6 O,H 1la tia phan giac ctia goc AO,C do dé ta duwgc AO,C= ZA/(SlT{.

Mata c6 AO,C= 2AEC nén suy ra K(')FI = AEC.

Lai c6 AEC =MAB nén AO,H =MAB.

Xét tam gidc AO,H vudng tai H nén K(')l\H + I—/IA’—B1 =90’

Do d6 ta duge MAB+HAO, =90° nén MAO, =90°.

Suy ra MA la ti€p tuyén cua duong tron (On).

Kéo dai AO, cat duong tron (O) tai N, suy ra MON =2MAN =180° nén M, O, N thing
hang.

Lai c6 MN vudng goéc véi AB nén N la diém chinh gitta cung 1én AB.
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Lap luan tuong ty BO, di qua N la diém chinh gitta cung 1én AB. Do d6 AQO,; BO, di qua
N la diém chinh gitta cung 16n AB. Vay AO,; BO, ludn di qua 1 di€ém c6 dinh .

Vi du 7. Cho tam giac ABC va diém D di chuyén trén canh BC (D khéc B va C). Buong
tron (Ol) di qua D va ti€p xtuc AB tai B. DPuong tron (Oz) di qua D va ti€p xtic AC tai C.
Goi E la giao diém tht hai ctia duong tron (Ol) va duong tron (O2 ) Chting minh rang
khi D di dong trén doan BC thi duong thang ED ludn di qua mot diém ¢ dinh. Két qua
trén con dung khong trong treong hop D di dong 6 ngoai doan BC.

Phén tich tim loi giai
Chting minh duoc A, B, C, E cting ndm trén duong tron. Goi DE cat duong tron
(O) tai diém thit hai S. Ta dw doén dudng thang DE di qua diém 8 dinh S. Tuy nhién dé
chitng minh S ¢ dinh ta can chi ra s6 do ctia mot trong cac cung SA, SB, SC khong doi.
Loi giai
Goi (O) la duong tron ngoai tiép tam giac ABC. Puong tron (01) di qua D va tiép xtc véi

AB tai B nén ABC =BED. Puong tron (O, ) di qua D va tiép xuc véi AC tai C.

Nén ACB=CED A s

— — e~~~

Suy ra BAC+BED +CED = BAC+ ABC+ ACB =180".

Do d6 t& giac ABEC ndi ti€p duong tron.

A » . N O-
Goi DE cat duwong tron (O) tai diém thit hai S. Tt
ABC =BED ta suy ra dugc nén hai cung AC va SB 3
1 2

bang nhau. Ma s3 do cung AC khong d6i va B ¢8 dinh

nén diém S ¢d dinh. Do d6 S 1a diém cd dinh. Vay

duong thang ED ludn di qua mot diém ¢ dinh

Truong hop diém D nam ngoai doan BC. Chang han D

nam trén tia ddi tia CB(truong hop D thudc tia d6i tia

BC chitng minh tuwong tu).

Ta chitng minh dwoc bén diém A, B, C, E cting nam trén duong tron (O)

Goi DE cat (O) tai diém thit hai S. Ké tia Cy la tia d6i cta tia CA. Khi d6 trong duong tron
(0,) taco CED = DCy; DCy = ACB . Suy ra CED = ACB nén ta dugc SEC =180° — CED

khong doi.
Vay diém S c8 dinh. Vay duong thang ED luén di qua mot diém cd dinh
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Vi du 8. Cho gbc vudng xAy, di€ém B ¢6 dinh trén Ay, diém C di chuyén trén Ax. Puong
tron tam I ndi ti€p tam giac ABC tiép xtc v6i AC, BC theo th tw & M, N. Chttng minh

rang duong thang MN luén di qua mot diém 8 dinh.

Phan tich tim 10i giai

Chting minh t& giac BIHN ndi ti€p, dua vao t giac noi ti€p d€ chiing minh MN di

qua diém cd dinh

Loi giai
Goi H 1a giao diém cua Al véi MN. Twe B
CM =CN nén tam gidc CMN can tai C.

N
Suy ra CNM =90’ —%6 do @6 H
|
BNH =90’ + %(A:
A M C

Do I 1a giao diém cac duong phan giac trong

clia tam gidc ABC nén BIA =90’ +%(Af .Do

do ta duoc BIA = BNH nén suy ra tit giac

BIHN noi tiép.

Lai c6 BNI=90° = BHI =90". Do d6 tam gidc ABH vuéng tai H.

Ma ta c6 BAH = 45" nén suy ra tam giac ABH vuong can tai H. Do A, B ¢6 dinh nén diém
H c6 dinh.
Vay MN luén di qua diém H ¢6 dinh.

Nhdin xét: Truong hop tong qudt ZA\y =« thi tam gidic ABH vuong tai H va BAH = %. Suy ra

diém H c6’ dinh.

Vidu9. Cho duong tron tam O, day AB. Biém M di chuyén trén cung lén AB. Cac duong
cao AE, BF cta tam giac ABM cat nhau 6 H. Duong tron tam H ban kinh HM cat MA, MB
theo thir tw 0 C, D.

a) Chting minh rang duong thang ké tir M vudng gdc véi CD ludn di qua mot diém

cd dinh.
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b) Chttng minh ring duong thang ké tit H va vudng goc véi CD ciing di qua mot

diém c6 dinh.

Phan tich tim loi giai

+ Trong phan a, dua vao t giac ABEF noi ti€p
duodng tron ta dw doan duong thang ké tir M
vuong goc voi CD ludn di qua diém O c¢6 dinh.
D€ c6 duoc diéu nay ta can chiing minh duoc

OM vuong goc voi CD.

+ Trong phan b, dua vao tinh chat trong tam gidc ~ * \1 ®
khoang c4ch tlr tryc tam tam gidc dén dinh bang :
hai Ian khoang cach ttr tdim duong tron ngoai ti€p
dén canh twong tng.

Loi giai
a) Ké tiép tuyén Mx véi duong tron (O). Khi d6
theo tinh chat ti€p tuyén ta co BMx = MAB.
Do AE va BF la duong cao ctia tam giac MAB nén t& giac ABEF noi ti€p duong tron
duwong kinh AB.
Tir d6 ta c6 MEF = MAB. Do d6 MEF = BMXx, suy ra Mx//EF. Suy ra OM vudng goc voi EF
Ta c6 H la tam duong tron ngoai ti€p tam giac MCD va HE vuong goc véi MD nén E la
trung diém MD
Twong tu F 1a trung diém MC. Suy ra EF 1a duwong trung binh tam giac MCD
Do d6 EF//CD va OM vudng goc v6i EF nén OM vudng goc voi CD. Ma ta c6 diém O c6
dinh.
Diéu nay chiing to rang duong thang ké tir M vudng géc véi CD ludn di qua mot diém O
cd dinh.
b) Goi K 1a diém d6i xting véi O qua AB ta c6 OK vudng goéc v6i AB. Ma ta lai co MH
vuodng goc voi AB. Suy ra MH song song vdi OK. Lai c6 trong tam gidc khoang cach tte
truc tam tam giac dén dinh bang hai lan khoang cach tir tam duong tron ngoai tiép dén

canh tuong tng. Do do6 ta duoc MH = OK.
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Vay t giac MHKO la hinh binh hanh. Nén ta suy ra dwoc HK song song véi OM
Lai c6 OM vudng goc véi CD nén HK vudng géc véi CD. Vay duong thang ké tir H vuong

goc CD di qua diém K. Do diém O va AB cho truede nén K la diém c6 dinh.

Vi du 10. Cho tam giac ABC, M la diém bat ki thudc duong tron (O) ngoai ti€p tam giac
dy. Goi D la diém d6i xtiing véi M qua AB, E la diém d6i xtiing v6i M qua BC. Chiing minh

rang khi diém M di chuyén trén duong tron (O) thi DE ludn di qua mot diém cd dinh.

Phan tich tim 1oi giai

Dua vao cac t& giac ngi tiép, ta chting
minh duvoc H, I, K théng hang. Du doan
duong thang DE di qua truc tAm ctia tam

giac ABC c¢6 dinh. D€ chitng minh dwong

thang DE di qua triec tim ctia tam giac

ABC ta can chtrng minh ba diém D, N, E
thang hang.

Loi giai
Goi H, I, K theo thtt ti 1a chan cac duwong
vuong goc ké tir M dén AB, AC, BC.
Truwdc hét ta chiing minh ba diém H, I, K
thang hang.
That vay, dé thay cac tt giac AIMH, CKIM nén ta suy ra dugc AIH = AMH va
CMK =CIK.
Ma ta lai thay HAM = MCK nén ta dwoc AMH = CMK . Tir d6 ta suy ra duoc AIH = CIK .
Tl d6 suy ra ba diém H, I, K thang hang(duong thang Simson). Goi N 1a truc tim cta tam

giac ABC. Goi giao diém ctia AN véi duong tron (O) 1a F. Ta co BCN = BCFnén suy ra BC

la trung truc NF. Ma BC la trung triec cua ME. Ttr d6 suy ra MEN = NFM =FNE. Ta lai co

NFM = ACM va HKM = ACM

Suy ra HKM = MEN do d6 NE song song voi HK. Chitng minh tuong ty c6 ND song song
voi HK
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Vay D, N, E thang hang. Vay DE di qua tric tam N ctia tam giac ABC nén DE di qua diém

cd dinh.

Vi du 11. Cho duwong tron tam (O). Ttr di€ém A ¢6 dinh ¢ ngoai (O) ké ti€p tuyén AB, AC

t6i (O) (B, C tiép diém). Laydiém M trén cung nho BC. Goi D, E, F thtt tu la hinh chiéu tw
M dén BC, AC, AB. Goi MB cat DF tai P, MC cat DE tai Q. Chitng minh duong thang ndi
giao diém cua hai duong tron ngoai ti€p tam giac MPF va MQE lu6n di qua mot di€ém co

dinh.

Phan tich tim loi giai

Canh BC c6 dinh cho trudc nén ta du doan A
du doan duong thang MN di qua diém c§ dinh
thudc canh BC. Chitng minh t¢ gidc MPDQ noi

tiép tir d6 suy ra MN di qua trung diém PQ. Van

dung dinh 1i Talets dé suy ra MN di qua trung F
diém BC.
P
Q
Loi giai
Goi duong tron ngoai ti€p tam giac MPF va MQE WC
ct nhau tai M, N. Duong thr?mg MN cit PQ, BC 0

thit tw tai K va L. Ta c6 cac tie giac MDCE, MDBF
noi tiép

Suy ra MCE = MDE = MBC va MBF = MDF = MCB

Do do ta dwoc

- PMQ + MCB + MBC = 180"
Do d6 MPDQ la tx giac ngi ti€p. Nén ta suy ra MQP = MDP = MCB.. Tit d6 suy ra PQ song
song voi BC
Lai c6 MQP = MCB = MEQ. Nén KQ la ti€p tuyén cua dwong tron ngoai ti€p tam giac

Chting minh twong tu ta duoc KP la tiép tuyén ctia duong tron ngoai ti€p tam giac MPF.
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Ttr d6 ta chtiing minh dwge KM.KN =KQ? va KM.KN = KP? nén suy ra KP =PQ.
Xét tam giac MBC c6 PQ song song v&i BC va KP =PQ nén theo dinh 1i Talets suy ralla
trung diém BC. Diéu nay ching t6 MN di qua diém cd dinh I la trung diém BC.

Vi du 12. Cho t¢ giac 16i ABCD ndi tiép duong tron (O) , c6 dinh A ¢6 dinh va cac dinh B,
C, D di chuyén trén (O) sao cho BAD >90°. Ké tia Ax vudng goc véi AD cat BC tai E, ké
tia Ay vudng goc voi AB cat CD tai F. Goi K 1a diém ddi xting ctia A qua EF. Chting minh

rang duong thang EF ludn di qua mot diém cd dinh.

Phan tich tim loi giai

Dy doan duong thang EF di qua diém cd dinh 1a O. Cha y rang EF 1a duwong trung truc
cua AK, do d6 dé chtirng minh EF di qua O ta can chi ra duoc OA =OK. Muodn vay ta can
phai chi ra tit gidc ADKC noi tiép.

Loi giai
Tt gidc ABCD ndi tiép nén BAD+BCD =180° va A :
BAD = EAF = BAE + EAF + FAD + FAE i
—FAB+ DAE = 180"
0
Suy ra BCD = EAF, mit khac do A va K d6i xing °\F c

qua EF nén EKF = EAF. Do d6 ta duoc EKF = ECF
nén tix giac EFKC noi ti€p. Vi EFKC ndi ti€p nén

—_—

FCK FEK ma FEK =FEA, FEA =KAD nén ta
duoc I@ = ﬁ(

Suy ra tit gidc ADKC noi ti€p, suy ra K thudc duong tron (O) nén OA = OK
Do d6 O thudc duong trung triuc cua AK nén O thudc EF hay EF luén di qua diém O c6
dinh.

Vi du 13. Cho duwong tron (O) c6 duong kinh AB ¢d dinh. Biém M di dng trén duong
tron (O)(M khéc A va B). Cac tiép tuyén ctia duwong tron (O) tai A va M cat nhau tai C.

Duong tron (I) di qua M va tiép xtc véi AC tai C ¢ duwong kinh CD. Chiing minh rang
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duwong tron (O).

Phan tich tim loi giai
Goi H 1a chan duong vudng goc ha tir D xudng BC. Kéo dai DH cit AB tai K. Goi N
la giao diém cua CO véi duong tron (I). Ta du doan diém K la diém cd dinh. Mudn cé
duoc diéu nay ta can chitng minh dwoc K la trung di€ém ctua AO. Nhan thdy N la trung
diém ctia CO. Nhu vay d€ c6 K la trung diém ctia AO ta can chi ra duoc NK song song voi
AC.
Loi giai

Ta ¢ MC la tiép tuyén ctia duong tron (O) nén

MC L MO. Trong duong tron (I) c6 CMD = 90°

nén MC L MD . Tir d6 ta dugc MO/MD dodéta I °

dwgc MO va MD trung nhau nén ba diém M, O, D M

thang hang. Lai c6 CA la tiép tuyén ctia dwong tron §

(O)nén CA L AB. Lai c¢6 AC la ti€p tuyén véi A ! J 5

dwong tron (I) tai C nén CA L CD, tirt d6 CD//AB.
Suy ra DCO = COA
Ma ta lai cé COA = COD nén ta duwoc

DOC = DCO , suy ra tam gidc COD can tai D. Goi

H la chan dwong vudng goc ha tit D xuéng BC. Ta

c6 CHD =90° nén H thudc duong tron (I). Kéo dai

DH cat AB tai K. Goi N 1a giao diém ctia CO véi

duwong tron (1), ta cd CND = 90"

Lai ¢6 tam giac COD céan tai D nén CN =NO. Tu d6 ta duoc ti gidc NHOK ndi tiép

duwong tron.

Ta ¢6 NHK = NOK = DCO nén ta duwoc NHO + NKO = 180"

Lai 6 NDH = NCH va CBO = HND = HCD nén ADHN © ACOB

3 HN OB . OB OA OA CN ON_ HN ON
Tir d6 suy ra —— =—. Tuong tu ta cing duoc = ; = = = =
HD OC OoC OC OC Cb OC HD CD
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" Ma ta c6 ONH = CDH nén ta duge ANHO  ADHC, do d6 NHO =90°

Tir d6 ta duoc NKO =90° , suy ra NK//AC. Ma N la trung diém cua OC nén K la trung
diém cua OA.

Do A, O ¢§ dinh nén K ¢8 dinh. Vay duong thing di qua D vudng géc véi BC ludn di qua

diém K c0 dinh.

Vi du 14. Cho duong tron (O; R) c6 dwong kinh AB va mot diém M bat ki nam trong (O)
nhung khong nam trén dwong kinh AB. Go N 1a giao diém ctia deong phan gidc trong ctia
goc AMB véi duong tron (O). Puong phan gidc ngoai ctia goc AMB cét duong thang
NA, NB Ian luot tai P va Q. Duong théng MA cit duwong tron duong kinh NQ tai R,
duong thang MB cat duong tron duong kinh NP tai S va R, S khac M. Chiing minh rang
duong trung tuyén tng véi dinh N ctia tam gidac NRS ludn di qua mét diém c6 dinh khi M

di dong phia trong duong tron.

Phan tich tim loi giai

Qua R ké duong thang song song véi PQ cat AN tai C, qua S ké duong thiang song
song v6i PQ cat BN tai D. Goi I 1a trung diém ctia CD. Ta nhan thdy CD song song véi AB.
Goi I la trung diém cua SR va ta du doan NI di qua diém ¢d dinh O. Mudn ¢6 diéu do ta
can chiing minh I cling 1a trung diém cua CD. Diéu nay d6ng nghia v6i viéc chitng minh
tx gidc CRDS la hinh binh hanh.

Loi giai
Qua R ké dwong thing song song voi MF\
PQ cat AN tai C, qua S ké duong ¢ ! b

thang song song véi PQ cat BN tai D. s

Goi I la trung diém cuaa CD. Ta sé A
chitng minh CD song song vdi AB.

That vay, do N nam trén duong tron

duong kinh AB nén ta 6 ANB =90" N
suy ra AN L BN, do dé BN la tiép

tuyén cta duong tron duwong kinh

THCS.TOANMATH.com TAI LIEU TOAN HOC




" PN. Tir d6 ta c6 ABMN > ABNS.

—_— e

Vi PQ la duong phan giac ngoai cua tam giac AMN nén ta c6 SMP = AMP = QMR = BMQ.

Mt khéc ta lai c6 SMP = SNP va OMR = ONR .

—

Do d6 ta duoc SNP QNR nén suy ra SNP+SNR = QNR +5NR = CNR SNB

—

Xét hai tam giac BNS va RNC c6 CNR =SNB va RCN = MPN =NSM = NSB
Do d6 ta duwgc ABNS ©© ARNC nén ta dugc ABNS ©© ARNC «© ABMN
Tuwong tw ta cling c6 ADSN ©> ARAN > ANAM

Ta thdy ABNS > ARNC = NB _ NS = NB.NC =NR.NS
NR NC
ADSN @ ARAN = NS _ND = NA.ND = NR.NS
NA NR
N NA NC
Ttr d6 ta duoc NB.NC =NA.ND = ﬁ = ND’ theo dinh 1i Talet dao ta dwoc AB//CD.

Do d6 trung diém ctia AB, trung diém cta CD va N thang hang. Ttc 1a N, O, I thang hang.
MN _BN _ pc_NBNC

Lai c6 ABMN @ ARNC = —= =
" RC MN
ADSN o ANAM = DN DS =SD= NA.ND
MN NA MN

Két hop cac diéu trén ta dwgec RC =SD ma ta ¢ RC//SD nén t& giac RCSD la hinh binh
hinh.

Do d6 hai duong chéo CD va SR cat nhau tai trung diém ctia mobi duong, suy ra I 1a trung
diém cta CD ciing la trung di€ém ctia SR. Khi d6 NI 1a duong trung tuyén ctia tam gidc
NSR. Do d6 ta dugc duong trung tuyén NI ludn di qua di€ém O ¢6 dinh. Vay duong trung
tuyén xudt phat tir N cta tam giac NRS ludn di qua diém O ¢ dinh khi diém M di dong

trong duong tron (O).

Vi du 15. Cho tam gidc nhon ABC cd dinh va khong can ndi ti€p duong tron (O), duong
phan giacsAD. Lay diém P di dong trén doan thang AD va diém Q trén doan thang AD
sao cho PBC = 6]-31\6; . Goi R 1a hinh chiéu ctia Q trén BC. Duong thang d di qua R va vudng

gbc v6i OP. Chiing minh rang duong thang d ludn di qua diém ¢ dinh khi P di chuyén.

Loi giai
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~ Cach 1. Goi giao diém thit ctia AD véi duong

Tn

tron (O) la E nén E la diém chinh cung BC. V&
duong kinh EF cua (O). Goi M la trung diém
ctia BC. Khi d6 ba diém E, O, F thang hang. L4y
diém N d6i xtiing véi M qua AD va H la trung P
diém ctia MN. Khi d6 H thudc AD. Ta sé chiing D

minh duong thang d di qua diém N c8 dinh. Dé

thiy RMN = OEP . Do QR//MN nén theo dinh li

m

QD _DE _QD+DE _QE .

Talet ta duoc = = = .
DR DM DR+DM RM

thay hai tam giac vuong AHDM > AMDE nén

DE ME 2ME
DM MH MN

QE _2ME_ MN _2ME
RM MN MR QE

c6 PBE =PBC+CBE =QBA + QAB = BQE. Trong tam giac FBE vuong tai B c6 BM la

duong cao nén BE” = EMLEF . Xét hai tam gidc EBP va EQB c6 PBE = B/Q\E va ]ﬁa chung
nén AEBP o AEQB

Do d6 ta duoc . D& thdy CBE = QAC =QAB va theo gia thiét ta

Suy ra EP_EB — EP.EQ = EB? = EM.EF = 2EM.EO nén ta dugc 2EM _ EP
EB EQ EQ EO
Tt d6 ta dwoc MN_EP . Xét hai tam gidc OPE va MNR ¢6 RMN = OEP va MN_EP
MR EO MR EO

nén ta duwgc AEPO @ AMNR . Suy ra MNR = EPO.
Goi RN cét OP tai K, d& thay tt gidc PHNK néi tiép nén ta dwoc PKN =PHN =90°. Do d¢

ta diegc RN vuong goc véi OP, suy ra RN tring voi duong thing d. Do d6 duong thang d
di qua diém N & dinh.

Céch 2. Dung duodng c6 AH cta tam gidc ABC. Qua H dung duong thang vudng gdc véi

OD cat duong thang qua D vudng géc véi OA tai X, tir d6 ta duoc X 6 dinh. Ta sé ching
minh dwong thang d di qua diém X ¢6 dinh.

That vay, goi giao diém ctia OD v6i AH la M, giao diém cua OP v6i AH la L. Puong tron

(O) cat duong thang AD tai diém thit hai 12 F.
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Ap dung dinh 1i Menelaus cho tam gidc ADM v&i
ba diémO, P, L thang hang ta duoc

LA PD OM LM PD OM Ta

=1, tir d6 suy ra

LM PA OD LA PA'OD’

% Sxs _ QA _ ABBQ vy Seas _ PA _ BABP
Sw, PQ BPBD S, QD BQBD

.Chu y la OF//AM, két hgp cdc ti s0 trén ta duoc

QA BA’PD FA PD OM PD LM

QD BD?*PA FD PA OD PA LA

RH QA LM

RD QD LA

Ma do QR//AM nén ta duoc

Dé thdy AXDH > AOAM nén suy ra

AXDR © AOAL din dén XRD =OLA .

Goi giao diém cua XR va OP la E, khi d¢ t& giac LERH néi ti€p dwgc nén ta suy ra

LER =90°

Do vay duong thang qua R va vudng géc véi OP di qua diém X cd dinh. Tir d6 ta c6 digu

phai chitng minh.

Vi du 16. Cho tam gidc ABC ¢ dinh. Cac diém E va F di ddng trén cac doan CA, AB sao

cho BF =CE. Giao diém cta BE va CF la D. Goi H, K 1a tryc tdm cac tam giac DEF va DBC.

Chting minh rang duong thang HK ludn di qua diém 8 dinh khi E va F di dong.

Phan tich tim 10i giai

Goi AG la phan giac ctia géc BAC véiG thudc BC. Duong tron ngoai ti€p tam giac

AGB va AGC cit Ian luot AC va AB tai M, N khéac A. Goi (O) la duong tron ngoai ti€p tam

giac va P la diém chinh gitta cung BC c6 chita A ctia dwong tron (O).
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Ta sé chtitng minh HK di qua P ¢8 dinh.
Mudn vay can chiing minh dwgc HK, BS,
CT dong quy tai P.

Loi giai
Goi AG la phan giac cta goc BAC véiG
thudc BC. Puong tron ngoai ti€p tam giac

AGB va AGC cit Ian luot AC va AB tai

M, N khac A.

Dé thdy t gidc ANGC ndi tiép duong
tron nén c6 BN.BA = BG.BD. Tt giac
AMGB noi tép nén duong tron nén ta cd
CM.CA =CG.CB. Do AG la phan giac

ctua tam giac ABC nén AB_ @
AC GC
BN BN.BA CA BGBC CA BG CA AB AC _ 1
CM CM.CA AB CGCB AB CG AB AC AB
Tt d6 ta dwoc BN =CM, ma theo gia thiét ta c6 BF = CE nén ta duwgc NF = ME.

Tir d6 ta duoc

S Sear Sase . NF AC  AC
S.. 'S AB ME AB

Ttr d6 ta cb

BME ABC BME

. BM_BM AD BC AB AB

Lai cé = . = . = Sonr _ CN
CN AD CN AC BC AC

.Tr d6 ta duwoc —+=
BM

BME

Goi (O) 1a duwong tron ngoai tiép tam giac va P la diém chinh gitta cung BC ¢6 chita A cta
duwong tron (O).
Ta sé ching minh HK di qua P. That vay, goi EH, FH Ian luot cdt PB, PC tai S, T. Do
SE L FC nén
ESB = 360° — SBC —~ FCB—90° = 270 —(900 —%B/A\CJ—F/C\B

~180° — FCB— NCB = 180° - NCF
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Sesz _ SBSE

Hoan toan twong tu ta duoc FTC =180° —MCE . Tir d6 dé théy =oNcE

CNF

S, _ TCTF
S... BMBE

BME
M3t khéc chtt y 1a SEB = TFC, tir d6 ta duoc
ESEB  Sg: See Sene Smuz  SBSE CN BMBE SB ES EB

CN.CF BM TC.TF TC FT FC

FTFC S, Soy Seur S

BME TCF

Tt 46 ta suy ra % =1=SB=TC nén ta dwgc ST//BC. Lai thdy do H va K lan luot la tryc

tam cta cac tam gidc DEF va DBC nén ta c6 BK L CF; EH L CF suy ra SH//BK, twong tu ta
cting c6 CK//HT.

Tt &6 suy ra hai tam gidc HST va KBC c6 canh twong ting song song nén HK, BS, CT dong
quy tai P.

Vay HK di qua diém c6 dinh P. Vay ta c6 diéu phai chttng minh.

Vi du 17. Cho hinh thoi ABCD va mdt diém M di dong trén canh CD. Duong thang BM
cat cac duong thang AC, AD Ian luot tai G, C. DPuong thang AM cét CE tai F. Chting minh

rang duong thang GF ludn di qua mot diém cd dinh khi M di chuyén trén canh CD.

Loi giai
Goi Q 1a giao diém cua giao diém cua FG va BD. Ta sé chtiing minh diém Q ¢ dinh bang
cach x4c dinh ti s§ ma Q chia doan thang BD c6 gia tri khong d6i. Khi d6 ta can xét cac
trueong hop sau:
+ Truong hop 1: Néu M 1a trung diém caa CD, E
khi d6 G la trong tam cua tam giac BCD. Tt do

BG —E:Z,suyratadu’oc E:E.Méta 2
GA 2

GM GO y .
lai c6 BC//AE nén ta duoc GC = GB = BC = l
GA GE AE 2 A 0 G ¢
Q
Ttr &6 BC =DE nén t& giac BDEC la hinh binh
hanh. Do vay M la giao diém cua hai duong B

chéo ctia hinh binh hanh, Tee do ME -1 _GM
MA 3
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BQ_BG_1_ BQ
QD “GE 2 QO

Do d6 ta dugc GF song song vdi AD, nén ta thu dwoc — =2.

Suy ra Q la trong tam tam gidc ABC. Tam giac ABC cd dinh nén Q ¢6 dinh. Do d6 duong
thang GF luon di qua mot diém ¢ dinh 1a Q.
+ Truong hop 2: Néu M khong phai 1a trung
diém ctia CD. Ta can b6 sung thém diém H 1a

giao diém cua FG va AD. Khi d6 dat canh cua

hinh thoilaava x= @
MC A
Do hai tam giac MDE va MCB dong dang véi Q
nhau nén ta co E=MD x = DE =x.BC =xa B
BC MC

T &6 ta duoc AE=a(x+1) va

GA_GE_
GC GB
Ap dung dinh li Menelaus cho tam gidc CDE véi ba di¢ém A, M, F thang hang ta dwoc
FC AE MD

FE AD MC
Tir d6 ta duoc E.(x+1).x:1:>5:#.
FE FE  x(x+1)

Ap dung dinh li Menelaus cho tam gidc ACE véi ba diém G, H, F thang hang ta dwoc
HE GA FC

HA GC FE
Tir d6 ta duoe = (x+1).——— =1m Do ooy HE X pp HE_ X
x(x+1) HA HA-HE 1-x AE 1-x
, X X
Do d6 ta duwoc HE =—— AE =——.ax
1-x 1-x
X 1
HE 1_X'a(x+) x+1 HE x+1  x+1 HE x+1
Suy ra = = nén ta duoc = = = = .
DE ax 1-x HE+DE x+1+1-x 2 HD 2

Ap dung dinh lia Menelaus cho tam giac BDE véi ba diém Q, H, G thang hang ta dugc
QD GB HE _

QB GE HD

Q 1 x+1_,_ QD
QB x+1 2 QB
tuyén ctuia tam giac ABC.

=2. Tt d6 ta duoc % = %, ma BO la duong trung

Do d6 suy ra
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Do d6 Q la trong tdm tam giac ABC nén Q ¢ dinh. Vay duong thang GF ludn di qua diém
Q ¢d dinh la trong tam tam giac ABC khi M di chuyén trén canh CD.

Vi du 18. Cho hai diém c6 dinh B va C. Mot diém A thay doi trén mot trong hai nira mat
phang bo BC sao cho A, B, C khong thang hang. Dung cac tam giac vudng can ADB va
AEC v6i DA =DB; EA = EC sao cho diém D nam khac phia véi diém C so véi AB va diém
E nam khac phia so véi diém B so véi AC. Goi M 1a trung diém ctia DE. Chting minh rang

AM luon di qua mot diém cd dinh.

Loi giai
Ta xét cac truong hop sau £
AMXN
+ Truong hop 1: Xét tam giac ABC co b
BAC =90’
Khi d6 cdc diém D, A, E thang hang nén. Lay
B C

N d6i xting voi A qua M khi d6 N va M cling
thudc dwong thang ED. Ta c6

AD =BD; AE =CE; DM =EM; AM =MN

Ttr d6 ta duoc
EN=EM-MN=DM-AM=AD va

DN =DM +NM=EM+MA = AE

Do d6 ta dwoc NE = DB; DN = EC nén hai tam giac vudng BDN va NEC bang nhau
Ttr d6 ta dwgc NB = NC nén tam gidc BNC can tai N. Lai co

DNB+ENC =90° = BNC =90° nén tam gidc BNC vudng can. Tir d6 ta duoc AM di qua

diém N c6 dinh

+ Truong hop 2: Xét tam gidc ABC c6 goc BAC A E

nhon. H
D

Lay N do6i xting v6i A qua M. Khi d6 t& giac

AEND la hinh binh hanh. Ta ¢6 BD =DA =NE

va DN=AE=EC B C

Ta lai c6 NDB =90° —NDA =90° — AEN = CEN
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| 4

- Tw do6 ta dwoc ABDN = ANEC suy ra BN =CN

va BND =ECN. Suy ra tam gidc BCN can tai N
Mt khac ta c6 AE L CE va DN//AE nén ta duoc DN L CE. Goi giao diém cua DN va CE

1a H, ta cé HNC +HCN =90°. Do d6 ta dwoc HNC + DNB =90° nén ta duoc BNC =90°.
Do vay tam gidc BNC vuong can tai N nén N la di€ém c6 dinh.

Truong hop 3: Xét tam giac ABC c6 goc BAC ti1. Chiing minh hoan toan tuong tu ta cling
duwgc AM di qua diém N ¢d dinh.

Vay AM luon di qua diém N ¢6 dinh khi A di dong.

Vi du 19. Cho hinh thang ABCD c¢6 AB//CD. Trén cac canh AD va BC 14y lan luot cac diém

M, N sao cho % = CB—I(\:I . Puong thing qua M song song v6i AC cat BD tai P va cat CD tai

K. Goi I 1a trung diém ctia MN, O 1a giao diém ctia AC va BD. Chitng minh rang duong

théng IK ludn di qua mot diém c6 dinh.

Phan tich tim 10i giai
Hinh thang ABCD ¢6 dinh nén O ¢6 dinh. Ta du doan IK di qua di€ém c6 dinh O.
Nhu vay ta can chitng minh duoc ba diém I, K, O thang hang. Cht y rang I 1a trung diém
ctia MN va t¢ giac POQK hinh binh hanh nén d& chiing minh I, K, O thang hang ta can chi
ra dwoc PQ song song véi MN.
Loi giai

Goi Q la giao diém ctia KN va AC, S la

giao diém cua OK va PQ. Trong tam giac
ACD c6 MK//AC nén theo dinh 1i Talets
, AM CK

ta c6 —— =——. Ma theo gia thiét ta c6
DM CD
AM CN CK CN
——=——nén ta duwgc —=——.
DM BC CD BC
Trong tam gidc BCD co KN nén
CD BC

theo dinh 1i Talets dao ta dwoc KN//BD.
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Do d6 t¢ giac POQK 1a hinh binh hanh, suy ra S la trung diém ctaa PQ. Trong tam giac
MP Dp

DAO c6 MP//OA nén ta duoc OA-OD" Trong tam giac DOC c6 PK//OC nén ta duwoc
PK = E Do d6 ta duwoc MP = PK = MP = NQ , suy ra PQ//MN. Goi S’ la giao diém
OoC OD OA OC PK QK

PS' S'Q KS'
Ml IN KI

cua KI va MN. Chitng minh twong tu ta duoc .Mata c6 IN =IM nén suy

ra PS'=QS'. Diéu nay dan dén hai diém S va S’ trung nhau, do d6 ba diém K, I, S thing
hang. Ma ba diém K, S, O thing hang nén suy ra bdn diém S, K, I, O thang hang. Vay ba
diém O, 1, K thang hang. Ta ¢ diéu phai chirng minh.

Vi du 20. Cho tam giac ABC va duong trong tam I noi ti€p tam gidc. Goi E va F lan luwot 1a

giao diém cua (I) véi AC va AB. Goi G va H lan luot d6i xting véi E va F qua I. Puong
thr?mg GH c4t IB, IC Ian lwot tai P va Q. Gia st B, C ¢d dinh va A thay doi sao cho 2—2 =k

(khong ddi). Chitng minh rang dwong trung triee ctia PQ ludn di qua diém & dinh.

Loi giai
Goi giao diém cua BI va CI voi EF lan luot la A
KvalL.
Theo tinh chat hai tiép tuyén cat nhau ta c6
AE = AF nén tam gidc AEF can tai A. Do do

ta co

—_— —_ 0—/\
KEC:AEF=M

BAC

=180°—(90°+ J=1800—1§i?:=12i?:

Do d6 ti gidc KEIC noi ti€ép duoc duong
tron, suy ra IKC =IEC ma IEC =90° nén
IKC = 90"

Hoan toan twong tu ta duoc ILB =90°.
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Goi M la trung diém cua BC va J Ia trung diém ctia KL, khi d6 dé thdy cac tam giac BLC va
KBC vuong cé chung canh huyén BC nén ML = MK nén tam giac KLM can tai M, do d¢ ta
duwoc MJ L EF

Do G, H d&i xting qua lan luot 1a diém d8i xting v6i E va F qua I nén duong thang GH d4i
xung véi duwong thang EF qua 1.

Goi giao diém cua GH va FE vé6i Bl Tan luot la P va K, khi d6 ta duwgc AKEI = APGI nén

IP =IK hay I la trung diém cua PK, tuwong tu ta dwgc I la trung diém caa LQ. Vay KL va
PQ d6i xttng véi nhau qua L

Goi R 1a trung di€ém ctia PQ thi R va J d6i xttng véi nhau qua I hay I 1a trung di€ém cta RJ.
Gia str duong trung truc ctia PQ cat BC tai N, khi d6 ta dwoc RN L PQ va PQ//EF. Két hop
véi MJ L EF ta dwoc RN//MJ. Gia str tia TI cat BC tai D, khi &6 ID vudng goéc véi EF nén ID
cling song song véi RN va MJ. Hinh thang RJMN c6 IR =1J va ID//RN//IM nén ta dwoc
ND =MN.

Do AD la duong phan gidc cua tam gidc ABC nén ta cd j:—]é = % =k khong do6i va BC c6

dinh nén cac diém D va M ¢6 dinh. Do diém N va M d6i xiing qua D nén N ¢6 dinh hay

duong trung triec cua PQ ludn di qua diém c6 dinh.

Vi du 21. Cho diém A thay d6i nam ngoai duong tron tam (O; R) ¢§ dinh. Vé cac tiép
tuyén AB, AC véi duong tron (O)(B, C thudc duong tron (O)). Vé cat tuyén ADE voéi
duong tron (O)(D, E thudc dueong tron (O)) va D nam gifta A, E. Tia AD nam gitta hai tia
AO va AB. Goi F la diém d6i xting v6i D qua AO, H la giao diém caa EF véi BC. Ching

minh réng duong thang HA luon di qua mot diém 8 dinh.

Loi giai
Goi H' 1a giao diém cua AO va BC. Do D B
va F d6i xting v6i nhau qua AO nén S
OF =0OD =R. Suy ra F thudc duong tron :
(O)va c6 AH'D=AH'F. Do AB, AC I § A de /)
hai tiép tuyén cua duong tron (O) nén ta
dwoc AB=AC va AO la tia phan giac C
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cua goc BAC. Do d6 tam giac ABC can
tai A va AO L BC. Xét hai tam giac ABD

va AEB c6 ABD = AEB va BAD chung.

Do d6 ta dugc AABD > AAEB nén AB_AD — AB? = AD.AE.
AE AB
Tam gidc ABO vudng tai B c6 BH’ 1a duong cao nén AB* = AH'.AO.
Tt d6 ta duoc AD.AE=AH".AO= AD_AH
AO  AE
, AD AH'
Xét hai tam giac ADH’” va AOE c6 20 AE va DAH' chung nén AADH'» AAOE

Tir d6 ta dwoc ADH' = AOE nén tir giac DH'OE noi ti€p duong tron

Suy ra AH'D=O0ED va OH'E = ODE. Ma ta c6 OE=OD =R nén tam giac ODE can tai

O, suy ra @z(ﬁ.Dodé mzﬁ,vivéytaduqc A/I-ﬁ:=CTH'\E

Ta c6 EH'F= AH'F+AH'E=OH E+ AH'E = 180°
Diéu nay dan dén ba diém E, H’, F thang hang, suy ra hai diém H va H’ triing nhau
Vay ba diém A, H, O thang hang. Ma O ¢8 dinh nén AH lu6n di qua diém O ¢ dinh.

Bai toan 22. Cho tam giac nhon ABC ndi tiép duong tron (O) c6 BC ¢d dinh. Goi duwong
tron (I) ti€p xic véi BC, AB, CA Tan luwot tai D, E, F. Goi giao diém cua EF va DI 1a K.
Chting minh rang duong thang AK ludn di qua mot diém cd dinh khi A di dong trén
duwong tron (O).

Phan tich tim 10i giai

Tam giac ABC ¢ BC ¢6 dinh nén trung diém M cting ¢ dinh. Ta dw doan duong
thang AK di qua diém M c8 dinh. Mudn vay ta can chitng minh ba diém A, K, M thang
hang.

Loi giai
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- Goi M la trung diém ctia BC, suy ra M c6 A L s

dinh. Goi N la giao diém cua AK va BC.

Ta c6 AE va AF la hai ti€p tuyén ctia

duwong tron (I) nén ta dwoc EAI=TFAI. x \
E
Qua A vé duong thang song song véi BC I
cat DI tai L va cit EF tai S.
B D NM c

Qua K vé& duong thang song song v6i BC
cit AB, AC Ian lwot tai X va Y. Ta ¢

DI L BC va AS//BCnén AL LLI.Do dé

ta duoc ALI = AEI = AFI = 90°

Tte d6 suy ra cac diém A, E, L F, L cung nam trén mot dwong tron.

— e~~~

Do d6 ta dugc ELI = EAI =IAF =ILF, suy ra LK la phan giac cua tam giac LEF. Do d6 LK
va LS la duong phan giac trong va phan gidc ngoai cuia tam giac LEF. Nén ta duoc
KE_SE_ KE_KF
KF SF SE SF

KE . KY KF

Ta c6 XK//AS va KY//AS nén theo dinh li Talets ta c6 ﬁ =— vVva —=—
AS SE AS SF

Tt d6 suy ra KX =KY. Trong tam gidc ABN c6 XK//BN nén theo dinh li Talets ta c
XK AK
BN AN

KY AK

Trong tam gidc ACN c6 KY//CN nén theo dinh li Talets ta c6 a = E
Két hop voi KX =KY ta suy ra dwgc BN =CN hay N la trung diém ctia BC. Ttr d6 suy ra
M va N truing nhau nén ba diém A, K, M thing hang hay duong thang AK luén di qua

diém cd dinh M.

Vi du 23. Cho tam gidc déu ABC noi tiép duong tron (O). Ldy diém M thay d6i trén cung
AB khong chira diém C. Dudng thang AM cat tiép tuyén tai B, tiép tuyén tai C véi duwong
tron (O) va dwong thang BC Tan luot tai E, F, H. Chitng minh rang duong thang di qua
giao diém khac M ctia cac dwong tron ngoai tiép cac tam giac MAO, MBF, MCF va diém H

ludn di qua mot diém c6 dinh.

Loi giai
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H v (o
Goi N 1a giao diém ctia BF va CE. Kéo dai MN cét BC tai S. Khi d6 ta c6 ABE = ACB va
ACB =BAC nén ta dugc ABE = BAC. Tir d6 ta duoc BE//AC.

— e~

Mit khac ta c6 EBC = ABE+ ABC = BAC+ ABC =120°. Tuong tyr ta dwoc CF//AB va
BCF =120°
Hai tam gidc ABE va FCA c6 ABAE © ACFA va BEA = CAF nén AABE o AFCA

Do d6 ta duoc g _BE — AB.AC=BE.CF = BC*=BE.CF = BC _BE

AC CE BC
eon oy BC _ BE

Hai tam giac EBC va BCF c6 EBC = BCF va CF-BC nén AEBC > ABCF

Do d6 ta duoc CEB = FBC hay NBC = CEB. Hai tam giac CBN va CEB co NBC = CEB va
CBN chung nén ACBN ¢ ACEB. Suy ra BNC = EBC = BNC =120° nén

BNE =180° - BNC = 60’

Mat khac ta lai co BME = ACB = 60° nén BNE = BME. Ttr d¢ suy ra ti gidc BEMN noi ti€p
duong tron. Chiing minh twong tu ta duoc té giac CFMN noi ti€p dwong tron.

Tit d6 ta c6 NEB = NMB va NBS = NEB nén NBS = NMB hay SBN =SMB

Hai tam gi4c SBN va SMB 6 BSN = MSB va SBN =SMB nén ASBN © ASMB

T d6 ta duoc % = SS_II\SI — SB? = SM.SN . Hoan toan twong tu ta cling duwgc SC* = SM.SN
Tt d6 SB=SC hay S 1a trung diém ctia BC. Dé dang chiing minh dwoc
AB=BC=CA=R+j3.

Tam giac OBC can tai O c6 OS la dwong OS cling la duong cao va duwong phan giac cua

tam giac BOC.
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* Tir d6 ta suy ra SO =§ va SA = % Tir d6 ta dugc SB =SO.SA, ma ta 6 SB? = SM.SN

nén ta dugc SO.SA =SM.SN hay 2—2 _50 . Két hop véi MSA chung nén

SM
ASON «» ASMA

Do d6 ta duoc SON =SMA . Suy ra tit gidc AONM ndi ti€p duong tron. Mat khac t giac
BNOC ciling noi ti€ép duong tron.

Goi N, la giao diém cua OH v6i duong tron ngoai ti€p tam giac OBC, goi N, la giao diém
ctia DH véi duong tron ngoai ti€p tam giac OAM. Khi d6 ta c6 HN,.HO =BH.HC va
HN, .HO = HM.HA

Ma ta c6 HB.HC = HM.HA nén ta duoc HN,.HO =HN,.HO = HN, =HN, = N, =N,
Khi d6 giao di€ém ctia hai dwong tron ngoai ti€p hai tam giac OBC va OAMla N, =N,

Ma N la giao diém cutia hai duong tron ngoai ti€p hai tam gidc OBC va OAM nén

N, =N, =N.

Ma N, thuéc OH nén N ciing thuéc OH. Ta c6 N thudc cac duong tron ngoai ti€p cac tam
giac OBC, OAM, MCF nén N la giao di€m ctia ba duong tron d6. Ttr d6 ta duoc giao di€ém
ctia cic duong tron ngoai tiép cac tam gidc MAO, MBF, MCF va O, H 1a c4c diém thang
hang. Do d6 ta duoc dwong thang di qua giao diém khac M ctia cac duong tron ngoai tiép

cac tam giac MAO, MBF, MCF va diém H luon di qua mét diém O c6 dinh.

Vi du 24. Cho tam gidc ABC can tai A. Goi M, N tht ty 1a cac di€m di dong trén cac duong
thdng AB, AC sao cho trung diém I cia MN nam trén canh BC. Chttng minh rang duong

tron qua 3 diém A, M, N ludn di qua mot diém c6 dinh khac A.

Phan tich tim 10i giai

Do duong cao AH ctia tam gidc ABC can cho truedc, nén du doan duwong tron ngoai
tiép tam gidc AMN cat AH tai G va G 1a diém cd dinh. Chiing minh t giac MBIG ndi tiép
va van dung t& gidc noi ti€p d€ chtirng minh duong tron di qua mét diém cd dinh.

Loi giai
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~ Xét truomg hop M thuoc canh AB khi d6 N thudce A
tia d6i cuia tia CA(trueong hop N thudc canh AC
thi chitng minh tuong tw). Goi giao diém duong
cao AH cua tam giac ABC v6i duong tron di qua
3 diém A, M, N 12 G. Vi tam gidc ABC can tai A ° N |
nén AH la phan giac cuia goc BAC. Do dé ta

duwoc GM =GN hay tam gidc GMN can tai G. Tt

do suy ra GI vudng goéc voi MN. Lai co tam giac
GIM dong dang véi tam giac CHA nén
IGM = ACB = ABC.

Ma B, G cing nam trén ntta mat phang bo MI. Suy ra t giac MBIG ndi tiép nén ta duwoc

GBM =90’ Suy ra GB vudng gbc vSi AB tai B. Do d6 G 1a
giao diém ctia AH va duong thang di qua B vudng géc AB
Suy ra G ¢d dinh. Vay duong tron di qua A, M, N di qua 1 diém cd dinh khac A.

Vi du 25. Cho dwong tron tam O dwong kinh AB, diém C ¢d dinh trén duong kinh &y (C
khac O). Piém M chuyén dong trén duong tron. DPuong vuong goc véi AB tai C cait MA,
MB theo thit tv ¢ E, F. Chting minh duong tron ngoai ti€p tam giac AEF ludn di qua qua

mot diém co dinh khéac A.

Phan tich tim 10i giai

Puong tron (O) va duwong kinh AB ¢6 dinh. £

Puong tron ngoai tiép tam giac AEF cat AB tai K. Khi
d6 ta dy doan K 1a diém c6 dinh.
Loi giai

+ Xét truong hop diém C thudc doan OB. Goi K 1a giao

diém ctia dwong tron ngoai tiép ti€p tam giac AEF véi

L . KO ¢
canh AB. Taco CFB=A va KFC=A tit d6 suy ra

(ﬁ = I&E . do do FC la trung triec BK hay ta dwoc
BC =CK. Do B va C ¢6 dinh nén K la diém c6 dinh.
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Vay duong tron ngoai tiép tam giac AEF luon di qua
diém K c0 dinh.
+ Tuong tu treong hop diém C thudc doan OA. Ching minh hoan toan twong tu ta cd

duong tron ngoai ti€p tam giac AEF ludn di qua diém K ¢6 dinh.

Vi du 26. Cho tam gidc ABC, duong cao AH, (H nam giita B va C). Dung vé phia ngoai
tam gidc ABC cac tam giac BAE va CAF sao cho BAE = CAF =& < 90° va AEB = AFC =90°
. Chting minh rang duwong tron ngoai ti€p tam gidc HEF ludn di qua mot diém ¢ dinh

khac H khi géc o thay doi.

Phan tich tim loi giai
Du doan duong tron ngoai A
ti€p tam giac HEF di qua trung diém

cua BC. Goi M la trung diém cua BC. P N

Ta can chiing minh bon diém E, H, M,

F cing nam trén mot duwong tron.

Loi giai
Goi M, N, P thtt tu la trung diém BC,
AC, AB. C6 tam giac AEB dong dang
tam giac AFC
Tt cac t giac AHBE, AHCF noi tiép.

— — - L — 1

Suy ra AHE = ABE = ACF = AHF. Ta lai c6 EPzMNz%.AB va PMzFNzE.AC

Mt khac ta c6 EPM = EPB + BPM = 2a + BAC = 2¢: + MNC = MNF
Do d6 AEPM = AMNF nén suy ra EMP = MFN . Do d6 ta duoc

EMF = EMP + PMN + NMF = MFN + MNC + NMF = 180° ~FNC = 2.NCF = 2.ACF
Ma lai c6 EHF = 2.ACF = EHF = EMF. Ma H, M cing nam trén ntta mt phang bo EF. Suy
ra E, H, M, F cting nam trén mot dwong tron. Suy ra dueong tron ngoai tiép tam giac HEF

ludn di qua mot di€ém cd dinh M la trung diém BC (khac H)

Vi du 27. Cho duwong tron (O) va day cung AB. Lay diém E trén day cung AB (E khéac A va
B). Qua E vé day cung CD ctia duong tron (O). Trén hai tia DA, DB 14y hai diém P, Q d6i
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" | xttng qua E. Chttng minh rang duong tron (1) tiép xtc véi PQ tai E va di qua C ludn di qua

mot diém cd dinh khi E di dong trén day cung AB.

Phén tich tim loi giai
Doan thang AB ¢ dinh. Do d6 duit doan c
duong tron (I) di qua diém cd dinh thudc doan

AB va diém d¢ la trung diém AB. Goi giao diém

cua duong tron (I) véi AB 1a M. Ta sé chiing -0
minh M 14 trung diém AB dwa vao hai ti s§ bing
nhau c6 cling mau s6.

Loi giai
Goi M la giao di€ém ctia AB va duong tron (I). Do

EP la ti€p tuyén ctua duong tron (I) nén

CMA = PEC = QED

Mat khac ta lai co BAC=BDC. Suy ra tam giac CMA dong dang véi tam giac QED nén
AM DE

CM  QE

Chttng minh twong ty ta cling dwoc DEP = BMC va ADC = ABC nén tam giac BMC dong

dang tam giac DEP nén ta duoc bM _DE_DE . Ttr d6 suy ra AM _BM = AM =BM.
CM PE QE cCM CM

Do d6 duong tron (I) ludn di qua trung di€ém M ctia AB la diém c6 dinh.

Vi du 28. Cho tam gidc ABC vudng can tai A c6 duong cao AH. Trén doan thang HC 14y
diém K roi dung hinh chit nhat AHKO. Vé duong tron (O; OK), duong tron nay cit canh
AB tai D, cat canh AC tai E. Goi F 1a giao diém thit hai cta (O) véi duong thang AB.

Chting minh rang dudng tron ngoai tiép tam gidc DOE luén di qua mot diém cd dinh.

Phan tich tim loi giai
Du doan dwong tron ngoai ti€p tam giac DOE ludn di qua mot di€m A cd dinh.
Nhu vay ta can chitng minh t giac AOED noi ti€p. Nhan thdy AAEF vudng can tai A, khi
d6 ta sé dwoc DFE=45". Do d6 dé chting minh bon diém A, O, D, E thudc mot duong
tron ta phai chting minh DOE =90°. Ttc 14 ta can phai chimg minh duoc DOE = 2.DFE
Loi giai

THCS.TOANMATH.com TAI LIEU TOAN HOC




y

| 4

~ Ké OM L AE;ON L AF, khi &6 OMA = ONA =90’ :

Tt gide AMON c6 OMA = ONA = MAN =90° nén

AMON la hinh chi nhat. Vi tam gidc ABC vuong K
can tai A nén duong cao AH dong thoi la duong AAm

C
phan gidc. N—T6

Do d6 ta duoc HAC = %B/AIZ =45" nén suy ra

OAM=®—IT&=90°—45O=45°=%MAN ;

Suy ra AO la tia phan giac ctia goc MAN. Tir d6

AMON Ia hinh vuéng nén AM = AN;OM = ON

Xét hai tam giac vuéng OME va ONF c6 OE =OF va OM =ON nén
AOME = AONF = ME = NF

Tt d6 suy ra AM+ME = AN + NF = AE = AF = AAEF vudng can tai A.

Do d6 suy ra DFE =45 Ké duwong kinh FI ctia duong tron (O) khi d6 ta duoc
OFD = ODF

Vi DOI 1a goc ngoai ctia tam gidc ODF nén DOI = OFD + ODF

Do d¢ ta duoc DOI = OFD + OFD = 2.0FD. Chttng minh twong tw EOI = 2.0FE
Tt d6 ta duwoc 551+E/61 =2.(CTFT)+61%).

Suy ra DOE = 2.DFE = 2.45" =90° nén DOE = DAE =90".

Ttr d6 O va A thudc dwong tron duwong kinh DE nén bon diém O, A, D, E cung thudc mot

duong tron

Vi du 29. Cho ba diém A, B, C 8 dinh n3m trén duong théng d (B ndm gitta A va C). Mot
duong tron (O) thay doi luén di qua A va B, goi DE la duong kinh ctia dwong tron (O)
vudng géc véi d. CD va CE cat duong tron (O) lan luot tai M va N. Khi duong tron (O)

thay d6i thi hai diém M va N di dong trén dwong cd dinh nao.

Phan tich tim 10i giai

Do KMC = KNC =90° nén M, N thudc dudng tron duong kinh KC. Ma ta ¢6 diém C

c6 dinh nén ta tuw doan M, N chay trén duong tron duong kinh KC ¢6 dinh. Mudn vay ta
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can chiing minh diém K c6 dinh, diéu nay c6 nghia 1a ta can chi ra dwgc mét trong cac
doan théng AK, BK, CK khong doi.

Loi giai
Goi H, K Tan luot la giao diém ctia CA véi DE
va EM. Do A, B, C ¢4 dinh nén H cd dinh.

Xét hai tam giac CMK va CHD co

M=H=90"; DCH la goc chung. Suy ra
ACMK @ ACHD

CK _ M

— CK.CH=CM.CD (1)
o cH

Xét hai tam giac CMB va CAD c6
CMB = CAD; ACD

la goc chung. Suy ra ACMB > ACAD = M _CB = CM.CD=CA.CB (2)

CA D
Tir (1) va (2) ta dwoc CK.CH = CA.CB = CK = SACB

khong d6i nén K la diém c¢6 dinh
Tam giac CDE ¢6 K 1a triec tam nén DN cing di qua diém K ¢6 dinh. Ma

DME = DNE =90 (g6c ndi tiép chén nita duong tron) nén KMC = KNC =90°. Vay khi
duong tron (O) thay d6i thi hai diém M va N di dong trén duong tron ¢d dinh duwong kinh
CA.CB

CH

CK, vdi CK =

Vi du 30. Cho duong tron (O; R) va mot day cung AB c6 dinh cach tdm O mot khoang d
(0 <d< R) . Hai duong tron (I) va (K) ti€p xtic voi nhau tai C, cung ti€p xtc véi AB va tiép
xtc trong véi dwong tron (O)(I va K nam cling nita mit phang bo AB). Khi hai dueong tron

(@) va (K) thay doi thi diém C chay trén dwong cd dinh nao.

Loi giai
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" Ta xét cac treong hop sau:

+ Truong hop 1: Ba diém I, K, O nam trén mot
ntta mgt phang bo AB. Goi tiép diém ctia (I) véi
ABlaD, tacd ID L AB. Goi tiép diém cuta (I) va
(O) 14 E. Khi d6 ta c6 ba diém O, 1, E thing

hang.

Goi F 1a diém chinh gitta cung AB khong chtra

E, tacd OF L AB. Lai co EL = DI nén ba diém
EO FO

E, D, F thang hang. Tuong tu (K) tiép xtic véi
AB va (O) Ian luot tai M, N thi ta dwoc ba diém
M, N, F thing hang,.

Ta co lﬁz%]ﬁz%lﬁzlﬁ; Mz%I\TKT\I:%F/Ol\\I:ﬁEI\\I Do d6 ta duoc

AFDM @ AENE nén ta suy ra FD.FE =FM.FN (1)

Gia st FC cat dwong trong (1) va (K) tai giao diém thit hai theo thit tw 1a C,, C,.Khido dé
dang chiing minh dwoc FD.FE =FCFC,; FMFN =FCFC, (2)

Tt (1) va (2) ta duwoc FC, =FC, nén suy ra C=C, =C, hay FC la ti€p tuyén chung cua (I)
va (K)

Hon nita ta lai c6 FD.FE = FM.FN =FC* (3)

Mit khéc do F la diém chinh giita cung AB nén ta c6 FAD = FEA
Tl d6 ta dege AFAD oo AFEA suy ra FD.FE =FA?(4)
Tix (3) va (4) ta duoc FA =FC, ma ta lai thdy FA = [2R(R-d)

Vay C thudc cung tron AB ctia duong tron (F; FA = ZR(R —d)) ndm trong duong tron

(O) va khong 1dy hai diém A, B.
+ Truong hop 2: Ba diém I, K nam khéc phia v6i O so véi AB. Khi d6 ta dwoc quy tich

diém C khi hai duong tron (I) va (K) thay doi la cung tron AB cua duong tron

(F; FA = [2R(R+ d)) nam trong dwong tron (O) va khong 13y hai diém A, B.

Vi du 31. Hai dwong tron tam O ban kinh R va tam O’ ban kinh R’ (R >R ') ti€p xtic nhau

tai A. Tia Ax ctia goc vuong >:A\y cat duong tron (O) tai B khac A va tia Ay cat duong tron
(O’) tai C khéac A. Goi H 1a hinh chiéu ctia A trén BC. Chiing minh rang khi géc vuong
@ quay quanh A thi H chay trén mot duong tron.
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Loi giai
Goi K 1a giao diém cua BC va OO/, ta xét
hai truong hop sau: Cy

+ Truong hop 1: Hai duong tron (O) va

(O) tiép xuc trong tai A.

Do R >R' nén K thudc tia ddi caa tia

O0.
Tt gia thiét ca bai ra ta c6
CBA +BCA =90° va BAO+CAO'=90".
Do do6 ta dwoc
CTB\C+B/C6'=(Cﬁ+(ﬁS\A)+(B/CTX+A/CB'):(CTA\B+C/AB')+(C/B,\A+B/C\A)=180°
Suy ra OB va O’C song song v& nhau, nén theo dinh li Talets ta c6 KO _ Q
KO BO
. , R'(R+R' .

Tardssuyra KO R o RUR b 46 3 quge ak -k v - 2R

KO+R+R"'" R R-R' R-R'
Do d6 di€ém A va K ¢6 dinh va AHK =90° nén diém H chat trén duong tron duong kinh

AK.

L —

D& ¥ 1a do géc xAy chi quay dén vi trf cac géc B,AC, va B,AC,, lac d6 B,C, va B,C, la

tiép tuyén chung ctia hai drong tron (O) va (O’). Khi d6 hai tiép tuyén nay cat duong tron

duong kinh AK tai D va E nén diém H chi chay trén cung ADE cua duong tron duong
kinh AK.

+ Truong hop 2: Hai dwong tron (O) va (O) tiép B

xtc trong tai A. Khi d6 K ndm trén doan OO'.

Twong tu nhw trén ta chitng minh dueoc BO va

CO’ song song v6i nhau. Tt d6 suy ra

KO' _CO'_ R KO'
= > — =
KO BO "R (R-R')-KO'
Lo RERIR |y 2RRY
R+R' R+R'

Ma diém A co dinh nén diém K ¢ dinh. Mat
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khac ta lai 6 AHK =90° nén digm H chay trén
duong tron duwong kinh AK c6 dinh.
Vay khi goc vudng X/A\y quay quanh A thi diém H ludn chay trén duong tron duwong kinh

AK c0 dinh.

Vi du 32. Cho tam giac ABC vudng tai A. Véi mdi diém K trén canh AC dung wong tron

tam K tiép xuc véi BC tai E. Dung BD tiép xtic véi duong tron tam K tai D khac E. Goi M,
N, P, Q Ian lwgt 1a trung diém ctia AK, AD, BD, MP. Goi S la giao diém ctia duwong thfmg

QN va BD. Hoi khi K di dong trén canh AC thi diém S di dong trén duong nao.

Loi gidi
+ Khi diém K trung vdi diém A thi khong BA
ton tai diém S.
+ Khi diém K trung véi diém C thi diém S

trung voi diém C.

+ Khi diém K trung véi giao diém H cua

AC v6i duong phan gidc ctia goc B thi cac

diém D, N, S trung véi diém A.

+ Ta xét diém K khong trung voi cac diém

trén va ndm trén doan CH, trueong hop

can lai chttng minh hoan toan tuong tu.

Goi I la trung diém cua BK, ta ¢c6 MI va PN Ian luot la duong trung binh cta tam giac ABK
va ABD.

Do d6 ta dugc MI=PN = %AB va MI//PN//AB, suy ra tit giac MIPN la hinh binh hanh

nén trung diém Q ctia dwongchéo PM ciing 1a trung diém ctia NI. Ttr d6 suy ra bon diém

QS I N thr?mg hang.
Trong tam gidc vuong ABK va DBK c¢6 IA =1D = %BK nén tam gidc IAD can tai I, ttr d6 IN

1a duong trung triec cia doan thang AD. Vi diém S thudc IN nén ta gidc SAD can tai S nén

tac6 SAD=SDA.
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| 4

~ Dé thdy tt gidc ABKD ndi tiép duong tron nén ta duoc ADB = AKB. Tt d6 suy ra

e

S/AT)=A/K\B nén ta dwoc ﬁ:+@=é+l&\E.Talaicé I&zl@\D va KAD=I(]§\D

nén ta duoc FAC=C , suy ra tam giac FAC can tai F nén FA =FC.

~

Dé thay FBA =90° —C = FAB nén tam giac FAB can tai F, tir d6 suy ra FA =FB hay F la
trung diém ctia BC. Vay diém F thudc duong trung tuyén AF cuia tam giac ABC.

D&y la tia BD va tia BA ludn nam cting phia d6i véi BC nén khi K ndm trén doan AH thi S
nam cting phia véi A trong nita mit phang bo AC.

Vay khi K di dong trén AC(K khéc A) thi ¢iém S nam trén tia AF c6 chtta duong trung

tuyén AF ctia tam giac ABC.

Vi du 33. Cho doan thang BC véi trung diém I va duong thang d khong cat doan thang BC
va vudng gbc véi duong thang BC. Diém A thay d6i trén duong trung triee ctia doan

thang BC. Sao cho AI16n hon khoang cach tir A dén d. Goi giao diém ctia AB, AC véid
l[an luwot 1a E, F. Goi M 1a mét diém trén duong théng d sao cho AM = % Chtng minh

rang AM ludn ti€p xtc voi mot dwong tron cd dinh.

Phan tich tim 10i giai

Do BC c6 dinh va I ¢d dinh nén dwong tron £
duong kinh BC c8 dinh. Ta du dodn duong thang £, In
AM tiép xuc voi duong tron dwong kinh BC. No

Loi giai
Lay diém M, N thudc duong thang d sao cho
EF 2 g
AM=AN = o Cac doan thang AM, AN, AE cat
Mo
duong thang qua C song song véi d Tan luot tai . N
° [
M,;N;E,. .

CE

0

Tac6 AM=AN _EF nén suy ra AM, = AN, =
2
Tt d6 AM, = AN, = Al nén ta duoc
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Do vay M, 1a tia phan giac ngoai tai dinh M, ctia
tam gidc AM N, .

Ma tam gidc AM N, can tai A va Al song song voi M N, nén Al la phan gidc ngoai tai

dinh A ctia tam giac AMN,. Do d6 I 1a tam duong tron bang ti€p géoc AN M, ctia tam
giac AM N, .

Mat khac do IC vudng géc véi M N, nén duong tron duong kinh BC ti€p xtic voi cac
canh cta tam giac AM N, . Diéu nay chiing to AM ti€p xtc vdi duong tron duong kinh
BC, ma BC ¢d dinh nén duwong tron duong kinh BC ¢d dinh. Vay AM ludn tiép xtc véi mot

duong tron ¢6 dinh.

Vi du 34. Cho duwong tron tam O dwong kinh BC ¢8 dinh va mét diém A khac B, C di dong
trén duong tron. Tiép tuyén tai A véi duong tron (O) cat BC tai D. Goi E la diém ddi xtng
véi A qua BC va H la hinh chiéu vudng goc ctia A trén BE. Goi I 1a trung diém cua AH.
Puong thang BI cit duong tron(O) tai K. Chiing minh réng drong tron ngoai tiép tam

gidc ADK ludn tiép xtic véi mot duong thang cd dinh.

Loi giai
Goi M 1a giao diém cua AE véi BC. Vi diém A
E d6i xting véi A qua BC nén DE 1a tiép
tuyén cta duong tron (O). Tt d6 suy ra AE

vuong goc voi BC va MA = ME. Ma theo gia

thiét ta c6 IA =IH nén suy ra IM song song
voi BE. Do d6 ta duoc @ = IZB\E = K/A\E
nén bon diém A, I, M, K cung nam trén mot

duwong tron. Ttr d6 suy ra TAM =IKM .

— e~ -~

Ta co BAH =BAE -HAE = BKE —-IKM = MKE

—

Mit khéc ta ciing ¢ ABD = EAD va BAH =90° — ABH = 90° - EDM

—

Do d6 ta dwgc KDM =KEM = KEA =KAD nén BD la tiép tuyén cta duong tron ngoai ti€p
tam gidc ADK. Nhu vay duong tron ngoai ti€p tam gidc ADK ludn ti€p xtic voi duwong

thang BC c8 dinh.
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BAI TAP TU LUYEN
Bai 1. Cho duong tron (O) va duong thang (d) nam ngoai duwong tron. I 1a diém di dong
trén (d). Duong tron duong kinh OI cat (O) tai M, N. Chting minh duong tron duong kinh
OI ludn di qua mot diém 8 dinh khac O va duong thang MN luon di qua mot diém 6
dinh.
Bai 2. Cho doan AB ¢6 dinh, M di dong trén AB. Trén cung mot nita mat ph:?mg bo AB vé
hai hinh vudng MADE va MBHG. Hai dudng tron ngoai tiép hai hinh vudng cat nhau tai
N. Chting minh duong thang MN ludn di qua mot diém cd dinh khi M di chuyén trén AB.
Bai 3. Cho ba diém thang hang A, B, C theo thtt tu d6. Mot duwong tron (O) thay ddi nhung
ludn di qua B va C. Tit A ké hai tiép tuyén AM, AN dén duong tron (O). Puong thing MN
cat hai doan AO, AC Tan luot tai H va K. Chitng minh dwong tron ngoai tiép tam gidc
OHK ludn di qua hai diém c6 dinh.
Bai 4. Cho hai duong tron (O; R) va (O'; R') cit nhau tai hai diém phan biét A va B. Tt mot
diém C thay doi trén tia d6i cua tia AB. Vé cac ti€p tuyén CD; CE véi duong tron tam O
(D; E 1a cac tiép diém va E nam trong duong tron tam O'). Hai duong thang AD va AE cét
duong tron tm O' Tan lweot tai M va N (M va N khac véi diém A). Puong thang DE cét
MN tai I. Chttng minh rang:

a) MLLBE = BLAE

b) Khi diém C thay d3i thi duong thang DE ludn di qua mot diém cd dinh.
Bai 5. Cho duong tron tam O duong kinh AB =2R. C la mét diém thay d6i trén duong
tron (O) sao cho tam gidc ABC khong can tai C. Goi H la chan duwong cao ha tir C. Ha HE
va HF tuong ting vudng géc véi AC va BC. Cac duong thang EF va AB cit nhau tai K. Ha
EP va FQ vuong goc véi AB.

a) Chting minh rang duong tron duong kinh PQ tiép xtic véi duong thang EF.

b) Goi D la giao diém ctia (O) va duong tron duwong kinh CH, D # C. Chitng minh
KA KB =KH? va giao diém M ctia cac duong thang CD va EF ludn thudc dwong thang cd
dinh

Bai 6. Cho duong tron tam O ban kinh R va day cung BC ¢6 dinh c¢6 d6 dai BC = V3R, A
la mot di€ém trén cung 1én BC. Goi E la diém d6i xtiing v6i B qua AC va F la diém d6i xting
v6i C qua AB. C4c duong tron ngoai tiép tam giac ABE va ACF cat nhau tai K(K # A) .
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a) Chtrng minh K ludn thuéc mot duong tron ¢ dinh.

b) Xac dinh vi tri cta diém A dé tam giac KBC c6 dién tich 16n nhat va tim gia tri d6
theo R.

c) Goi H 1a giao diém ctia BE va CF. Chitng minh AABH o AAKC va duong thang
AK ludn di qua mot diém cé dinh.
Bai 7. Cho tam gidc ABC vudng tai A. Trén duong thang vudng géc voi AB tai B ta 13y
diém D di dong cling phia véi C d6i véi duwong thang AB.

a) Chting minh rang néu AC+BD < CD thi trén canh AB lu6n ton tai hai diém M va
N sao cho CMD = CND =90°

b) Gia st diéu kién trén dugc thdéa man. Puong thing qua A song song véi MD va
duong thang qua B song song véi MC cat nhau tai E. Chitng minh rang dwong thang DE
ludn di qua mot diém c6 dinh.
Bai 8. Cho hai diém phéan biét A va B ¢6 dinh. Mot diém C di dong sao cho ABC=qa
khong d6i véi 0° < a <180°. Purong tron tam I ni ti€p tam gidc ABC va tiép xtic vdi AB,
BC, CA lan luot tai D, E, F. Cac dwong thang Al, BI cat duong thang EF lan luot tai M va
N
a) Chting minh rang doan thang MN c6 d6 dai khong doi.
b) Chiing minh rdng duong tron ngoai tiép tam giac DMN ludn di qua mot diém cé dinh.

Trich dé thi hoc sinh gioi Qudc gia THPT nam 2009
Bai 9. Cho duong tron (O) va diém A nam ngoai duong tron. Ké hai tiép tuyén AB va AC
véi duong tron (O) ¢6 B, C la tiép diém. Goi P la diém thudc tia d6i cua tia BA, Q la diém
thudc tia d8i ctia tia AC sao cho PQ 1a tiép xtc véi duwong tron (O). Qua P ké duong thing
song song voi AC va cit duong théng BC tai E. Qua Q ké duwong théng song song voi AB
cat BC tai F.
a) Chttng minh rang cac dwong thang QE va PF luon di qua diém c8 dinh lam luwot
laM, N.
b) Chitng minh rang tich PM.QN c6 gid tri khong d6i.
Trich dé thi chon dgi tuyén dw thi IMO 2011
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Bai 10. Cho duong tron (C) tam O cd dinh va mot di€ém M khac O. Puong kinh AB quay
quanh O nhung duong thang AB khong di qua M. MA, MB cat (O) tai cac diém thit hai A’,
B.

a) Chttng minh rang duong thang A’B’ di qua mot diém cd dinh.

b) Chttng minh rdng duong tron ngoai tiép tam giac MA’B’ di qua mot diém ¢4 dinh.

Bai 11. Hai duong tron (O) va (O’) cat nhau tai hai diém A va B. Trén tia d6i Ax ctia tia AB
ta lay diém M. Tt M ké t6i duong tron (O’) hai ti€p tuyén MC va MD (C, D la céc tiép
diém va D nam trong (O)). Dudng thang AC cat (O) Ian thit hai tai P va AD cat (O) Tan thi
hai tai Q. Chitng minh rdng duong thang PQ di qua mot diém cd dinh khi M thay déi trén
tia Ax.

Bai 12. Cho tam giac ABC. Mot duong thang d thay ddi cat cac canh AB va AC tai M va N
sao cho

x.@+ y.N—C =1 (x,yla cac sd thuc duong cho trudc)
MA NA

Chiing minh rang duong thang d luon di qua mot diém cd dinh.

Bai 13. Cho duong tron (O; R) ¢6 dinh va mot diém A di dong trén duong tron. Goi H la
diém chuyén dong bén trong duong tron (O) sao cho AH = R2. Puong thing vudng géc
véi AH tai H cat dwong trong (O) tai B, C. Puong trong duong kinh AH cit AB, AC Tan

luot tai D, E(khac A). Chting minh rang duong thang DE ludn di qua diém mot cd dinh.

Bai 14. Cho tam gidc ABC nhon c6 M la diém nam trong tam gidc thoa man MBA = MCA..
Vé MD, ME tuong ting vuong goc voi AB, AC. Goi I 1a truc tam tam gidc ADE. Chiing
minh rang MI ludn di qua mot diém ¢ dinh khi M thay ddi trong tam gidc ABC.

Bai 15. Cho duong tron (O) c6 duwong kinh AB. Mot diém C thay doi trén ti€p tuyén tai A
ctia duong tron (0). Vé cat tuyén CDE véi duong tron (O)(tia CD nam gitta hai tia CA va
CO. Hai diém D va E thudc duong tron (O) va D nam gifta C, E). Goi M la giao diém ctia
CO va BD, Goi F 1a giao diém ctia AM véi duong tron (O)(F khac A). Chitng minh rang
duong thang EF ludn di qua mot diém 8 dinh.

Bai 16. Cho diém A nam ngoai duong tron (O). Tir diém A vé hai tiép tuyén AB va AC(B,
C 1 hai tiép diém) va cat tuyén ADE thay d6i véi duong tron (O) sao cho tia AD nam gitra

hai tia AO va AB. Duong thang qua D va song song v6i BE cat BC, AB Ian luot tai va Q.
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Goi K d&i xting véi B qua E. Chttng minh rang duong thang PK luon di qua mot diém cd
dinh.

Bai 17. Cho tam giac ABC c¢6 vudng can tai A. Lay diém M bat ki trén canh BC (M khac B
va C). Goi H va K Ian luot 1a hinh chiéu cua M trén AB va AC. Goi I 14 giao diém cua CH
va BK. Chitng minh rang duong thang MI ludn di qua mot diém c§ dinh khi M di dong
trén BC.

Bai 18. Cho duong tron (O; R) duong kinh AB ¢d dinh. Lay C la mét diém di dong trén
duwong tron (O) sao cho BC > AC. Vé CH vuong goc voi AB tai H, HM vuong goc véi AC
tai M. Duong thang qua O song song véi BC cat tia tiép tuyén tai A véi duong tron (O) &
E. Puong thang qua O vudng goc v6i AB cat BC tai D. BE cat AC tai I. Céc ti€p tuyén tai
O, D ctia dwong tron ngoai tiép tam gidc OBD cit nhau tai G. Puong thang qua B vudng
g6c v6i TH cat CH tai N. Duong tron ngoai tiép tam gidc AMN cat CH tai diém K khéc N.
Chting minh rang duong thang GK ludn di qua mot diém cd dinh.

Bai 19. Cho ba diém c8 dinh A, B, C thang hang, B nam giita A va C. Goi (O) thay d6i ludn
qua B va C, qua A ké cac duong thang tiép xtic véi (O) tai E va F( E khong trung F). Goi I
la trung diém ctia BC va N la giao ctia AO va EF. Puong thang FI cit (O) tai H. Chting
minh rang:

a) EH song song véi BC

b) Tich AN.AO khong doi.

c) Tam duong tron qua ba diém O, I, N ludn thudc mot duong thang ¢ dinh.

Bai 20. Cho géc xOy va hai diém M, N Ian Iuot trén hai tia Ox va Oy. Goi d Ia dudng

phan gidc ngoai ctia goc >Z)\y valla giao diém cua duong trung treec cia MN véi duong
thang d. Goi P va Q 1a hai diém phan biét trén duong thang d sao cho IM =IN =1P =1Q.
Goi K 1a giao diém ctia MQ va NP. Chting minh rang K ndm trén mot duong thang cd
dinh.

Bai 21. Cho tam gidc ABC nhon c6 truc tam H va BC ¢6 dinh . Puong phan giac ngoai ctia
goc BHC cit canh AB, AC Ian luot tai D va E. Buong phan giac trong cua goc BAC cit
dudng tron ngoai tiép tam gidc ADE tai K. Chitng minh rang duong thang KH ludn di qua

mot diém co dinh.
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Bai 22. Cho tam gidc ABC vuong tai A. Xét tam giac MNP vudng tai M dong dang véi tam
gidc ABC c6 M ndm trén canh BC va N, P nam trén cac canh con lai. Chitng minh rang khi
M thay d6i trén BC thi duwong tron ngoai ti€p tam giac MNP ludn di qua mot di€ém co
dinh.

Bai 23. Cho AABC nhon c6 C<A. Puong tron tam I ndi ti€p A ABC tié€p xtic véi cac canh
AB, BC, CA lan luot tai cac diém M, N, E. Goi K la giao diém ctia BI va NE.

a) Ching minh ring AIB =90° +% :
b) Ching minh 5 diém A, M, [, K, E cung nam trén mot duong tron.
c) Goi T la giao diém ctia BI véi AC, chitng minh rang KT.BN =KB.ET.

d) Goi Bt 1 tia ciia dueong thang BC va chita diém C. Khi 2 diém A, B va tia Bt c§ dinh;
diém C chuyén ddng trén tia Bt va thod man gia thiét, chiing minh rang cac duong thang
NE tuong ting luén di qua mot diém ¢ dinh.

Bai 24. Cho duong tron (O) va (O’) cat nhau tai hai diém A va B. Trén duong thang AB ta
14y mot diém M bat ky sao cho diém A nam trong doan BM (M=A). Tt di€m M ké t6i
duong tron (O') cac tiép tuyén MC va MD (C va D 1a cac tiép diém, C nam ngoai (O)).
Duong thang AC cat Tan thit hai duong tron (O) tai diém P va duong thang AD cat lan thi
hai dwong tron (O) tai Q. Puong thang CD cat PQ tai K.

a) Chting minh rang hai tam gidc BCD va BPQ déng dang

b) Chiing minh réng khi M thay d3i thi duong tron ngoai tiép tam gidc KCP ludn di qua
diém c6 dinh.

Bai 25. Cho goc X/A\y =90" va mot diém M nam trong gdéc d6. Goi H, K Tan lwot 1 hinh
chiéu ctia M trén tia Ax, Ay. Trén duong thang qua M vudng géc véi HK 14y diém P sao
cho PM = HK. Khi M thay ddi trong goc ;Ax\y thi diém P chay trén duong c6 dinh nao.
Bai 26. Cho duong tron tron (O; R) va day cung BC ¢6 dinh. Diém A di dong trén doan
thang BC. Goi D 1a tam duong tron di qua hai diém A, B va tiép xtic véi duong tron (O; R)
tai B, E 1a tam duong tron di qua A, C a tiép xac véi duong tron (O; R) tai C. Goi M 1a giao
diém thit hai ctia hai dwong tron tam D va tam E. Tim quy tich di€ém M khi A di dong trén

doan thang BC.
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Bai 27. Cho duong tron (O) va hai di€ém M, N ¢§ dinh(M nam ngoai duong tron va N nam
trong duong tron). Mot day cung AB thay ddi va di qua N. Hai cat tuyén MA, MB cat
dudng tron tai diém thi hai theo thit tw 1a C, D. Chting minh rang:

a) Buong tron ngoai tiép tam giac MAB di qua mot diém cd dinh.

b) Puong thang CD di qua mot diém c8 dinh.

Bai 28. Cho diém A c6 dinh trén canh Ox ctia géc xOy. Mot dwong tron (I) ti€p xtc véi Ox,
Oy lan luot tai D, C. Tiép tuyén thit hai ké tit A dén duong tron (I) ti€p xtac véi (I) tai E.
CHuing minh rang DE ludn di qua mét diém cd dinh.

Bai 29. Cho hai duong tron (01) va (Oz) cat nhau tai hai di€ém A, B sao cho O, va O,
nam cling mdt phia so véi duong thang AB. Hai diém M, N Ian lwot thay ddi trén (01) va
(Oz) sao cho MBN =« khong ddi va M, N ndm vé hai phia so véi AB. Gia sit MO, va
NO, cét nhau tai P. Chting minh rang duong trong ngoai tiép tam giac PMN ludn di qua

mot diém co dinh.
Bai 30. Cho tam giac déu ABC ndi ti€p duong tron tam O. Trén cung nho AB cua duong

tron (O) 18y diém E sao cho E khac A va B. Duong thang AE cat cac tiép tuyén tai B, C ctia
duong tron (O) lan lwot tai M va N. Goi F la giao diém caa MC va BN. Chiing minh:

a) Hai tam gidc CAN, tam gidc MBA dong dang v6i nhau va BM.CN =BC”.

b) BC la ti€p tuyén cua duong tron ngoai ti€p tam giac MBF.

c) EF ludn di qua mot diém cd dinh khi E thay d6i trén cung nho AB cua (O) (E khac A va B)
Bai 31. Cho ba diém phan biét A, B, C thang hang theo thtt tw d6. Goi (O) la duwong tron
tam O bat ky di qua B va C (BC khong la duong kinh cua (O) ). Ké tir A cac ti€p tuyén AE,
AF dén (O) (E, F la céc ti€p di€ém). Goi I va K Ian Iuot 1a trung diém cua BC va EF; dudng
thang FI cat lai (O) tai D. Chttng minh rang:

a) Bon diém A, E, O, I cing ndm trén mot duong tron, chi rd duong kinh ctia dwong tron
do.

b) ED song song voi AC.

c) Néu (O) thay d6i nhung luoén di qua B va C thi tam duong tron ngoai ti€p tam giac OIK

ludn thudc mot duong théng cd dinh.
Bai 32. Cho duong tron (O), duong thang d cat (O) tai hai diém C va D. Tit diém M tuy y

trén d ke cac tiép tuyénMA va MB véi (O) (A va B la cac ti€p diém). Goi I la trung diém
cua CD.
a) Chitng minh t&t giac MAIB noi ti€p.
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b) Cac duong thang MO va AB cit nhau tai H. Chiing minh H thudc duong tron
ngoai tiép A COD.

c) Chitng minh rang duong thang AB ludn di qua mot diém cd dinh khi M thay d6i
trén duong thang d.

d) Chumg minh 1\1\2—2 - E‘éﬁ
Bai 33. Cho duong tron (O; R) ¢6 BC 1a day c§ dinh (BC < 2R); E la diém chinh gitta cung

nho BC. Goi A la diém di dong trén cung 1én BC va AB < AC (A khac B). Trén doan AC lay
diém D khéc C sao cho ED = EC. Tia BD cit dwong tron (O; R) tai diém thi hai la F.

a) Ching minh D la truc tam cua tam giac AEF.

b) Goi H 1a treec tam ctia tam giac DEC; DH cit BC tai N. Puong tron ngoai ti€p tam
gidc BDN cat duong tron (O; R) tai di€ém tht hai 1a M. Chting minh duong thang DM
ludn di qua mot diém c6 dinh.
Bai 34. Cho tam gidc ABC(AB < AC) c6 cac goc nhon, ndi ti€p trong duong tron tam O. Goi
M Ia trung di€ém ctia canh BC, E la di€m chinh gitta cia cung nho BC, F la diém d6i xting
caaE quaM.

a) Chttng minh rang EB” = EF.EO

b) Goi D la giao diém ctia AE va BC. Chiing minh rang CMR céc diém A, D, O, F
cung thudoc mot duong tron

) Goi I 1a tam duong tron ndi tiép tam giac ABC va P la diém thay dodi trén duong
tron ngoai tiép tam gidc IBC sao cho P, O, F khong thang hang. Chting minh rang tiép

tuyén tai P ctia duong tron ngoai ti€p tam giac POF di qua 1 diém c6 dinh .
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HUONG DAN GIAI

Bai 1. Ké OH vudng géc véi (d) cit MN tai E. ta
c6 H ¢d dinh va H thudc duong tron duong kinh
OI vay duong tron duwong kinh OI ludn di qua K 0
c6 dinh. Xét tam giac OEF va tam giac OIH c6 goc g

O chung va OFE = OHI = 90"

Nén tam giac OEF dong dang véi tam giac OIH |

do d6 ta duoc OF = OH = OE.OH=0F.OI. Lai
OE OI

6 IMO=90"nén xét tam gidc vudng OMI c6
duong cao Gng v6éi canh huyén MF nén

OF.0l = OM?

2

Do d6 OF =M
OH

hang s6. Ma O 1a diém c8 dinh nén E ¢ dinh. Do d6 MN di qua diém E

cd dinh.

Bai 2. Gia sit MN cat duong tron duong kinh AB tai I

G H
Ta ¢6 ANM = ADM = 45° (g6c ndi tiép cling chan N
E D
cung AM cua dwong tron ngoai ti€p hinh vudng
AMDE)
A B

Ta c6 BNM=BGM =45’(géc ndi ti€p ciing chin

cung BM cua duong tron ngoai ti€p hinh vudng

MBGH) [
Do d6 ta duwoc ANB = ANM +BNM =90° nén N

thudc duong tron duong duong kinh AB

Do d6 ta duoc vay sdAl=2ANI = 2ANM = 90°. Vay

I thudc duong tron duong kinh AB va s6 do cung Al

bang 90°.

Suy ra I c§ dinh hay duwong thing MN di qua diém I ¢§ dinh.
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" Bai 3. Qua O Ké duong thang vudng goc N
v6i BC tai I ta ¢6 I la trung diém cua BC

nén I c6 dinh. Té¢ gidc OHKI c6

— A
OHK =OIK =90° nén ndi ti€p duoc. Suy < /
C

ra IOH = HKA hay tam gidc AOI dong

dang voi tam giac AKH.

Do do ta duoc
& = & = AK.AI=AO.AH

AH Al

Trong tam gidc ONA vudng c6 duong cao NH nén AO.AH = AN?

AB.AC

Lai c6 AN? = AB.AC. Do d6 ta dugc AK.AI=AB.AC= AK = la h:?mg sO. T d6

suy ra K c6 dinh. Vay duong tron ngoai tiép tam giac OHK di qua hai diém c¢6 dinh I, K.
Bai 4. ban doc tu vé hinh

a) Ta co BDE = B/AFE(cfmg chan cung BE cta duong tron tam O) va BAE = B/I\E\I(cfmg

chén cung BN ctia duong tron tam O') nén ta duoc BDE = BMN hay BDI=BMN suy ra
t giac BDMI noi tiép.

Do dé ta duoc MDI = MBI (cing chan cung MI), ma MDI = ABE (cuing chan cung AE ctia
duwong tron tam O) nén suy ra ABE = MBI .Mat khac ta co BMI = BAE nén suy ra tam giac

MBI dong dang voi tam giac ABE. Tt d6 ta duwoc Z/I—é = % = MI.BE = BLAE

b) Goi Q la giao diém cta CO va DE. Khi d6 OC vudng gdc véi DE tai Q.

Twr d6 ta dwoc tam gidc OCD vudng tai D ¢6 DQ la duong cao nén OQ.0OC = 0D’ =R?

Goi K giao diém ctia hai duong thang OO' va DE, goi H la giao diém ctia AB va OO'. Khi
do ta c6 OO' vudng gdc voi AB tai H. Xét hai tam giac KQO va CHO c6 (AQ —H-= 90° va 6
la goc chung

Do d6 tam giac KQO dong dang vdi tam giac CHO, suy ra % = % = 0OC.0Q =KO.OH
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Ttr d6 ta duoc KO.OH =R? = OK = &
OH

. Vi OH c6 dinh va R khong d6i nén OK khong

ddi do d6 diém K c8 dinh. Vay khi diém C thay ddi thi duong thang DE ludn di qua diém
K c6 dinh.

Bai 5. a) Xét truong hop AC<BC, c
goilla giao diém cua EF va CH. Vi 5 N
AEHF 12 hinh chit nhat nén I 1a trung > '
diém cta EF. Tac6 IH //EF valla
K, M A P H 00 B

trung diém ctia EF nén H la trung
diém caa PQ. Khi d6 duong tron
dwong kinh PQ la duong tron tam H
ban kinh HP. Goi T la hinh chiéu cta

H trén EF, ta 6 PEH = EAH va

— —

TEH =IHE, IHE =EAH

Nén PEH = TEH, do d6 ta dwoc APEH = ATEH = HT = HP
Suy ra ta c6 HT L FE, HT = HP nén EF ti€p xtic véi duong tron duwong kinh PQ.

Trueong hop AC > BC, ta chitng minh twong tu.

— e~ e~ -

b) Xét truong hop AC <BC, ta c6 KEA = FEC = CHF = CBK nén ta dugc AKAE ©> AKFB

Do d6 ta dwoc KA = KE = KA KB=KEKEF.
KF KB

Mt khéc ta 6 KHE = HCE = HFK nén AKHE o AKFH

Do d6 ta duoc % = % — KH? =KEKF. Tt d6 suy ra KH? =KA KB

GoiJ 1a giao diém caa OC va EF, ta co 663 =6If va ]/FE = I/C\F

Do dé OCF +JFE = 90° = CJF = 90° = OC L FE

Tam gidc OKC c¢6 CH va KJ 1a hai dudng cao cat nhau tai Inén ta duoc OI L CK

Mit khac duong tron (O) va duong tron tdm I duong kinh CH cat nhau tai C va D nén OI
la dwong trong truc ctia CD, suy ra OI L CD. Do d6 ta duwoc C, K, D thing hang,.

Vay K ciing la giao diémctia CD va EF, nén M truing véi K hay K thudc duong thang AB ¢
dinh.
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Trueong hop AC > BC, ta chitng minh twong tu.

Bai 6. a) Xét duong tron ngoai tiép tam giac E

0y
N

ACF ¢6 Xﬁ? = @ . Xét duong tron ngoai

ti€p tam gidc ABE c6 AKB = AEB va xét

durong tron tam O co6 B/A\C:%B/O\C ViCvaF

doi xtiing qua AB nén ta ¢

— — —

ACF=CFA, CAB=FAB

Vi hai di€ém E va B d6i xttng qua AC nén

ABE = AEB va BAC=EAC

Ma ABE = FAC do d6 BKC+BOC =180" suy ra t& gidc BOCK noi ti€p. Vay K thudc
duong trong ngoai tiép tam giac BOC, ma tam giac BOC ¢6 dinh do d6 K thudc duong
tron co dinh.

b) Vé OO 1 BC tai O’, KK' L BC tai K. Goi I 1a giao di€ém ctia BC va AK.

Ta co BO'=O'C—%=£ Do d6 OO'=+vOB*-0'B* = R

Nén ta duwoc cosBOO' = OO]? ; BOO' = 60° = BOC = 120"

Do d6 ban kinh duong tron ngoai ti€p tam giac KBC la R. Ta c6
KK'<2R, O'O<0I, OK<2R nén

- Lkk'BC<IKIBC ——(OK Ol)BC <—(2R——j R3 =
2 2 2

3\/§R2
4

ngoai ti€p tam giac OBC va cac diém K’, I, O’ trung nhau < BK=CK< AB=AC< K
nam chinh gitta cung 16n BC.

—

c) Taco ACH=ABH, ABH=AEH= ACH = AEH do d6 tir giac AHCE ndi tiép
Do d6 ta duoc AHE = ACE.

— — - — — —

Lai c6 AKC=CFA,CFA = ACF,ACF = ABE,ABE = AKE = AKC = AKE nén ba diém K, C
E thang hang, do d6 AHB = AKC.. Mit khac

ABH = ACH, ACH = AFC, CFA = AKC = ABH = AKC

—_—

Hai tam giac ABH va AKC dong dang vi AHB = ACK, ABH = AKC

3\/_ R?

S

KBC

Do d6 S , ddu bang xay ra khi va chi khi OK la duong kinh ca duong tron

KBC -
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Ma ®=90°—§A\C,6K\C=6B\C=%(1800—B/O\C)

Nén ta duoc AKC =OKC nén hai tia KO va KA trung nhau hay KA luén di qua diém O
cd dinh.
Bai 7. a) Vé OH vuong goc véi AB tai H.

Taco BD L AB, CA L AB, OH L AB. Do

do ta duwoc BD//AC//OH. Ta ¢6 O la trung

diém ctaa BC nén OH la duong trung binh

cua hinh thang ABDC

_ AC+BD

= OH .Ma AC+BD<CA

nén OH<%.

Ta c6 d < Rnén duong thang AB cat
duong tron duwong kinh CD tai hai diém
phan biét la M va N.

Ta c6 OH 1a duong trung truc ctia doan thang AB nén OA = OB ma AC//BD nén

ACD+BDC =180".

Khong mat tinh tong quat, gia stt tam gidgc ACO ¢6 ACO >90° do d6 A ndm ngoai duong
tron (O).

Ma OB =OA >OC nén B cling nam ngoai duong tron (O).

Suy ra M va M nam trén doan thang AB va ta c6 CMD = CND =90°.
b) Goi L la giao di€ém cua AE va CM, F la giao diém ctia MD va BE.

Ta c6 AE//MD, MC vudng géc véi MD. Suy ra ta duoc AE L MC = ALM = MLE =90°.

Tuong ty ta 6 BFD = MFE = 90°. Xét tam gidc BMD va tam gidgc ACM c6

—_—

MBD =CAM, BMD = ACM

Do d6 ABMD » AACM = MD = E Tuong tw ta dwoc ABDF «» AAML = BD = ED
MC MA MA ML

Tt giac MLEF c6 LMF = FME = MLE =90° nén la inh chit nhat, do d6 FE =ML
. FD _FD BD MD

Do vay — = = = )
YEF ML MA  MC
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FD FE
MD MC
Nén AFDE « AMDC suy ra FDE = MDC nén hai tia DE va DC trung nhau, suy ra C, E, D

Xét tam giac FDE va tam gidc MDC c6 DFE =CMD =90° va

thang hang. Vay DE lu6n di qua diém c6 dinh C.
Bai 8. a) Chting minh doan thang MN c6 d6 dai khong d6i. Trude hét ta chiing minh

—— O_
AIN:180—(1‘

That vay, do I 1a tam duong tron ndi tiép tam giac ABC nén ta dugc
AIB =180" ~(IAB-+IBA) = 180" —%(C/A\B+C/B,\A)

~180° —%(1800 —K\CB) ~90° +%XC\B ~90° +%

S e 0_
Do d6 ta dwoc AIN =180° — AIB =180° — (900 +%j = MT“
— — 0 _ ACR — — —
Lai c6 NFA = CFE = w _ %(BAC+ ABC) - AIN
Tt d6 suy ra t& giac ANIF ndi ti€p duong c
tron. Do d6 ta duwoc Il/\ﬁ: = ITAE: = ITM\D va
ANI = AFI = 90°
N F EN
Mat khac tai c0 ANIM @ AAIB nén ta
———— 0 —
duoc MN = NI =cosAIN = coslgo—a
AB
0 p—

Tt d6 suy ra MN = AB.cos 180 —a khong 5 B

d6i.

b) Goi K la trung diém ctia AB va ta da c6

ANB =90° nén ta duoc KA = KB =KN

Tir d6 suy ra AKN = KNB +KBN =2KBN = ABC (1)

Mt khac tir ANIM @ AAIB nén ta duoc NMI = IBA = IBE (2)

Twr d6 suy ra ti gidc IMEB noi ti€p dwong tron, nén ta dugc IMB = IEB = 90"

Do d6 suy ra MAN = NBM = %XB\C Suy ra t& gidc IMBD ndi tiép duong tron do

IMB +IDB = 180"
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4)
Tit (1) va (4) suy ra NKA = NMD, do d6 t&t giac NKDM moi tiép dudng tron

Hay dwong tron ngoai tiép tam giac DMN di qua diém K ¢d dinh. Vay ta c6 diéu phai
chttng minh.

Bai 9.

Cach 1. Trudc hét ta phat biéu va chiing A

minh bd dé sau: Cho tam giac ABC ngoai

tiép dwong tron (I) ti€p xuc véi AB, AC Jan E

luot tai E, F. Duong thang qua B song song

véi AC cit EF tai K. Giao diém ctia CK va G

AB la G. Khi d6 tam giac AIG vuong tai L. B c
That vay, dat AB=c,BC=a,CA=b va
2p=a+b+c. Do BK//AC nén tam giac

BKF can tai B nén ta dwugc AE=AF=p-a

Theo dinh li Talets ta c6 BG = BK = p-b = AB :£:>AG:E
AG AC b AG b P
-a
Ma talai c6 AF =p—a nén ta duoc AF_ p(i )
c
A A 1- -a
Ta ciing c6 Al=—2F . AH= AFsina = A0 g AL cosA _p(p-a)
2 7 Al 2 2 p

sin—
2

AF AH p(p-a)
AG Al bc
AIG vudng tai I. Vay bd dé duoc chiing minh.
Tré lai bai toan

Ttr d6 suy ra . Do &6 GI song song véi EF. Diéu nay dan dén tam giac
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a) Goi M, N Ilan luot la giao diém caa QE A
voi AB va PF véi AC. Do PE song song véi
AQ va QF song song v6i AP. Ap dung bd

dé trén ta duoc cac tam giac OMA va

ONA vudng tai O. Ttr d6 suy ra M, N la [

cac diém ¢d dinh. ¢ ;
E B © N

b) bat AB=AC=a; BP=x; CQ=y.Khi M

do chu vi cua tam giac APQ la

p=2 (a +X+ y) P D 0

Theo bo dé trén ta tinh duoc

2AP.PQ
AP+PQ+AQ
_ AP(AP+PQ-QA) (a+x)x
B AP+PQ+AQ _a+x+y

AM = AP -

(Y)Y g g6 ta o Prgn = X 243DV
a+X+y a+X+y a+X+y
(a+x)x (a+y)y
a+x+y a+x+y
That vay, goi R 1a ban kinh duon tron (O) khi d6 ta c6
:ﬁ:AP.AQ.sinlgﬁ\CQ(x+a)(y+a): R
o 2 a+x+y sin BAC

(+a)(y+2) 6 ik b khong asi, pae S0+
a+x+y a+x+y

Hoan toan twong tw ta dwoc QN =

Ta can chting minh PM.QN =

c6 gia tri khong doi.

S

Tte d6 suy ra =k khong doi. Ttr d6 ta

co
(a+x)(a+y)=k(a+x+y)<:>a(a+x+y)+xy=k(a+x+y)

XY _k c6 gia tri khong d8i, do d6 —
a+x+y a+x+y

(a+x)x (a+y)y
a+x+y a+x+y

Suy ra a+ c6 gia tri khong doi

Vay PM.QN =

6 gia tri khong doi.

Cach 2. a) Gia st duong tron (O) ti€p xuc v6i BC tai D. Goi K, L Ian luot la giao diém caa
QO v6i BC va PK véi OD. Do O tam duong tron ndi ti€p va B la ti€p di€ém nén ta c6 OB
vuong goc voi AP.

D& thay duoc PKO =90° nén ta duoc ALOP @ AQOA va ALKO © ALPD
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OKZLOZOQDOK: PB
PD LP QA OQ QA
OK PE EM
0Q QA MQ
Theo dinh li Talets dao suy ra MO song song véi BC ma O ¢ dinh va M thudc AB nén suy

Do do ta dwoc .Lai c6 PE =PB nén ta dwoc

ra M cd dinh.

Chang minh hoan toan twong tu ta duoc N 1a diém cd dinh

b) Theo trén ta dugc ba di¢ém O, M, N thang hang.

T d6 dé chttng minh dugc APOM » AONQ nén ta dweoc

% = S—E = PM.QN = OM.ON = OM”

Ma MO khong d6i nén tich PM.QN ¢6 gia tri khong doi.

Bai 10. Goi L, K, I Ian luot la giao diém ctia duong M
thang OA véi A’B’, duwong tron ngoai ti€p tam giac /
MAB va duong tron ngoai ti€p tam gidc MA'B’.

=
, . e e ’
a) Ta chttng minh L la diém c6 dinh ‘

T& giac MAKB ndi tiép duong tron va cé giao diém /

hai dwong chéo 1a O, nén OM.OK=OA.OB . Suy ra °

_ OAOB
OM

OK khong do6i, nén K la diém cd dinh.

Ta c6 MAL=MBA=MKA nén AMA'L % AMKA

suy ra ta dwoc MLMK = MA'MA

Vi K ¢6 dinh va ML.MK khong d6i nén hién nhién L la m¢t diém c¢8 dinh .

Vay duong thang A’B’ ludn di qua diém c8 dinh 1a L 1a giao diém ctia OM véi A'B’
b) Ta chiing minh I1a diém cd dinh

MA" MO an MI:MA.MA

Do MIA'=MB'A'=MA'O nén AMA'l » AMOA = = neé
MI MA MO

Vi cht y MAMA’ khong d6i (li luan teong tuw cau a) ta suy ra I la diém c6 dinh.

Vay duong tron ngoai ti€p tam gidc MA’B’ luon di qua mét diém c6 dinh khacM 1aT.

THCS.TOANMATH.com TAI LIEU TOAN HOC




Bai 11. Trudc hét ta phat bi€u va ching 5
minh b6 dé: Cho tit gidc ABCD noi tiép N 2

duwong tron (O). Khi d6 AB.CD = AD.BC khi

m

va chi khi duwong chéo AC di qua giao diém

cua hai tiép tuyén caa (O) tai B va D.

D

Chting minh: Gia sit AC di qua giao diém
cua hai ti€p tuyén cua (O) tai B va D. Goi
giao diém d¢ 1a E. Khi d6 dé dang chimg
minh duoc

ABCE «» AABE :Ezgvé ADCE > AADE :>E=g

AB BE AD DE
BC_CD

Ma CE =DE nén B = AB.CD=AD.BC.

Lai gia s AB.CD = AD.]?CD va goi E, E’ Ian luot 1a giao di€ém cua tiép tuyén cta (O) tai B
va D vé6i duong thing AC. Tuong tu trén, ta chitng minh diegc CE = DE' nén c6 duoc E
trung E’.

Tt day ta thay rang bd dé duwoc chiing minh.
Tré lai bai toan.

Goi N la giao di€ém ctia ti€p tuyén tai A va

B ctia (O’), AN cit (O) tai diém thit hai 1a

K. Ta sé chitng minh rang PQ di qua giao

diém cutia hai tiép tuyén cua (O) tai B va

K.
That vay, t& gidc ACBD ndi tiép (O’) co

duong chéo AB di qua ti€p tuyén ctia (O’)
tai C va D nén theo bd dé trén thi
AC.BD =AD.BC, suy ra
sin ﬁ sin SA\B =sin SCTA sin EAE
= sin IZA\P sin B/AE =sin I@ sin ]3/153
N sin BAP _ sinBAQ - PB OB

— — = = = PB.QK = PK.QB
sinKAP sinKAQ PK QK
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Do dé, theo bd dé trén thi PQ di qua giao diém cua tié€p tuyén tai K va B cta (O), 10 rang
giao diém d¢6 la diém c6 dinh nén ta c6 diéu can chitng minh.
Bai 12. Trén BC 14y diém D sao cho % = % tir
d6 suy ra D 1a diém ¢ dinh. Duong thang d Tan
lwot cat AB, AC, AD tai M, N, E. Qua B, C ké

cac duong thang song song véi d, Ian luot cat

AD tai B’ va C’
Theo dinh li Talets ta co MB :EB ;NC :EC
MA EA'NA EA
vaBD_BD_y_  BD-yC'D=0
C'D CD «x
Két hop vdi giai thiét ta duoc
%+y£—1<:>XEB+yEC'—1<:>X(ED B'D)+y(ED+DC')=EA

'DoyB'D) - _ EA _
< (x+y)ED+(yC'D-xB D)—EA<:>(x+y).ED—EA<:>ED X+y

Do % =x+y khong d6i nén E la diém c6 dinh (do A, D la diém cd dinh). Vay duong

thang d ludn di qua diém E & dinh.
Bai 13. Vé duong tron dueong kinh AH . Khi d6 ta co A
AEH=90° va ADE = AHE. Ma ta c6 AHE = ACB

(cung phu véi goc E/I-I\C). Do d6 ta dwoc ADE =BAC.

Mat khéc ACB=—AOB va OA OB =R. Do do tam o ¢
gidc OAB can tai O nén ta duoc DAO +%ATO\B =90°. ch
Vé AK vudng goc voi DE tai K. Xét hai tam giac AED

va ABC c6 EAD la goc chung va ADE = ACB
Suy ra AAED © AABC va ban kinh dwong tron ngoai ti€ép tam giac ABC 1a R, ban kinh

5 R\2
Rv2 . Nén ta duoc ﬂzi, ma ta co
2 AH R

duong tron ngoai ti€p tam gidc AED la

AH=R+2 suyra AK=R.

Ttr d6 suy ta hai diém K va O trung nhau hay DE luén di qua diém O c¢& dinh.
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Bai 14. Trudc hét ta phat bi€u va chitng minh A
bo dé sau: Cho tam giac ABC va hai diém E, F
lan lwot thudc canh AB, AC sao cho EF//BC. Hai

E F

diém M, N Ian lwot thudc BC, EF sao cho
MB _NE i d6 ba diém A, M, N thing

MC NF B M c
hang.
That vay, gia stt AE cat BC tai diém M’. Khi d6
do EF song song vdi BC nén ta duoc

EN AN FN

BM' AM' CM'
Suy ra ta duoc MDB _NE nén ta duoc MDB_ E Suy ra hai diém M va M’ trung nhau.

M'C NF M'C MC

Vay ba diém A, M, N thang hang. BS dé dwoc chiing minh.
Tro lai bai toan: Goi H la triec tam tam gidc
ABC. Goi P, Q theo thtt ty 1a BH, CH v6i MD,
ME. Goi K, L theo thtt tu la trung di€ém cua
DE, PQ. Vi, H theo thit tw la trwe tam cac

tam giac ADE, ABC va MD, ME theo thit te

vuodng goc voi AB, AC. Do d6 ta duwoc
DI//PH//ME va EI//QH//MD. Tt d6 ta duoc
cac tir gidc MDIE va MPHQ 1a cac hinh binh
hanh. Nhu vay ta c6 duoc cac bo ba diem

thang hang 1aM, [, Kva M, L, H.

Talai c6 MBA = MCA nén cdc tam giac vuong MBD va MCE dong dang v6i nhau.

Tir d6 suy ra % = lé—IE) Vi H 1a tryc tam ctia tam gidc ABC nén ta co

HBA =90° - BAC = HCA..

Do d6 cac tam giac vuong PBD va QCE dong dang véi nhau, nén ta dwoc 11:/1/[—(13 = ](3:—];
Két hop voi Mb_BD ta suy ra MD_MP nén theo dinh li Talets thi DE//PQ.
ME CE ME MQ
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Ttr d6 cht y 1a K, L theo thtt tw la trung diém cua DE, PQ nén theo bd dé trén thi ba diém

M, L, K thang hang. Tl d6 ta suy ra duoc ba diém M, I, H thang hang. Diéu nay c6 nghia

la MI lu6n di qua diém H hay MI luén di qua mét diém c6 dinh.

Bai 15. Vé AH vuong goc véi OC tai H. Xét cac tam

giédc CAD va CEA c6 CAD =CEA va ACD chung.
Suy ra ACAD < ACEA nén

CA _CD
CE CA

= CA?*=CD.CE.

Tam giac ACO vudng c6 AH la duong cao nén

CA? = CH.CO

Tir d6 ta duoc CH.CO = CD.CE — <P - CH
CO_ CE

Xét hai tam giac CDH va COE c¢6 C—D = C—H
CO _ CE

EC\H chung, nén ta dugc ACDH > ACOE. Ttr d6
suy ra CHD = CEO

Mat khéc ta co ADB =90° nén ta c6

ADM + AHM =180 nén tir gidc ADMH ndi tiép

duwong tron. Tt d6 suy ra DAM = CHD.

Ma ta la ¢6 CEF = DAM, tit d6 ta duoc CEF = CEO.

C

Diéu nay dan dén hai tia EF va EO tring nhau. Vay ba diém E, O, F thang hang.

Bai 16. Goi H, I Ian luot la giao diém
cua BC vdi OA, DE. Ta ¢6 AB, AC la

hai ti€p tuyén véi duong tron (O) nén

B

E K

AB = AC va AO la phan gidc cua goc A
BAC. Do d6 AO I duwong cao cuia tam

giac ABC.

Xét hai tam gidc ABD va AEB c6 BAD
chung va ABD = AEB nén suy ra
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 AAEB % AABD
Tir d6 ta duoc AB? = AD.AE

Trong tam gidc ABO vudng c6 BH 1a duong cao nén AB? = AH.AO

Tt d6 ta dwgoc AD.AE=AH.AO= AH_AD . Tte @6 suy ra AAHD > AAEO nén

AE AO

AHD = AEO
Do d6 ti gidc OEDH noi tiép duwong tron, suy ra OHE = ODE
Tam giac ODE c6 OD = OE nén can tai O, suy ra ODE = OED

Tt &6 ta duwoc OHE AHD Ta c6 OHE + EHI = AHD +IHD =90° nén ta dwoc EHI IHD,

do d6 HI Ia tia phan gic ctia géc HED . Goi Hx 1a tia ddi ctia tia HE, khi d6 ta c6

xHA = AHD = OHE

Do d6 HA la dwong phan giac cta HED. Ti d6 ta duoc D _AD

ED AE

iy . A 1 . DQ _AD e
Trong tam gidc ABE c6 DQ//BE nén theo dinh li Talets ta c6 BE AR Trong tam giac
IBE c6 BE//PD nén theo dinh li Talets ta co6 E = E . Ttr &6 ta duoc @ = E nén
BE IE BE BE
DQ=DP.
Trong tam gidc ABE c6 DQ//BE nén theo dinh li Talets ta c6 % = %
AQ 2DQ PQ

Do d6 ta duoc . Hai tam gidc APQ va AKB c6 ig I};E va KQ\P = ATBT(

AB  2BE BK
nén AAPQ > AAKB. Tt d6 ta dwoc @’ = ﬁ( nén hai tia AP va AK trung nhau. Diéu
ndy c6 nghia 1a duwong thang PK ludn di qua diém c8 dinh A,

Bai 17. Ban doc tuw vé hinh

Goi D 1a diém d8i xting v6i A qua BC. DPuong thang DI cat HK tai N. Goi P 1a giao diém
ctia hai dwong thang HM va DC.

Xét tam giac BHD va tam gidc AKB c6 BD = BA,BH = HM = AK nén ABHD = AAKB

Ttr d6 suy ra BK vudng goc véi HD tai E. Hoan toan twong tw ta duwoc CH vudng goc voi
KD taiF.

Trong tam gidc DHK c¢6 hai duong cao KE va HF cat nhau tai I nén DN vudng gdc véi KH.
Mt khéc ta dé thdy APDM = AMHK nén ta dwoc PMD = MKH . Tir d6 suy ra MD vuong
gbc voi HK.

Nhu vay MD va DI clung vudng géc véi HK nén ba diém M, I, D thang hang.
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biéu nay c6 nghia la MI ludn di qua diém D ¢6 dinh.
Bai 18. Goi F la giao diém caa O va AC, S la s
giao diém cua AE va BC. Khi d6 dé dang thay
duoc E, F lan luot la trung diém ctia AS va

AC. Hai tam giac AHI va CNB c6 HAI = NCB :

va AHI = CNB nén AAHI > ACNB. Do dé ta

IA AH
dvoc —=——.
CB CN

T gidc AMKN noi ti€p nén CK.CN = CM.CA

Lai ¢6 CH? =CM.CA va CH’AH.BH

Do dé ta duoc CK.CN = AH.BH — 21 _ CK
CN BH
Ttr d6 ta duoe 2L = K BH _CK
CB BH BC Al
BH BC CK BC

Lai ¢4 CB> =BH.AB nén — =— do d6 ta dwoc — =—
BC AB Al AB

Ma ta lai c6 IZC\B = @ nén ta dwoc ACBK «© AABI

Tt d6 suy ra CBK = ABI nén ta dugc CBK = ABE

Ta c6 ABCA @ ABAS ma E, F [an luwgt 1a trung diém ctia AS, AC nén suy ra ABCF ©> ABAE
Suy ra (ﬁ = Klﬁi, két hop véi EBT< _ ABE ta duoc 6]-3?( = (ﬁ , suy ra hai tia BK, BF

tring nhau. Do d6 ba diém B, K, F thang hang.

Ta c6 AODG « AHCF nén ta duwoc DG = oD va ABOD « ABHC nén ta duoc oD = BD
CF HC HC BC
, DG BD | s A
Do do ta duwoc DF = BC ma ta lai c6 GDB =FCB nén ADGB > ACFB

Ttr d6 ta suy ra ]51;3 = (ﬁ = (?I;E = (ﬁ , do d6 hai tia BG va BF trung nhau, suy ra ba
diém B, G, F thang hang. Do d6 ta dugc B, G, K, F thing hang nén ba diém B, G, K thang

hang. Ma B ¢§ dinh nén duong thang GK ludn di qua diém B c8 dinh.
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Bai 19. a) Ta co nam di€ém A, E, O, I, F cung thudc

mot duong tron duong kinh AO

Nén AEF = ATF ma AEF =EHF va AIF=HIC, do

vay HIC = EHF suy ra EH song song véi BC.

d
E
Q
A B K I c
b) Tam giac ABF dong dang véi tam giac AFC nén NZ\/
F

ta co AF? = AB.AC. Trong tam gidc vudng AFO

vudng tai F va duong cao FN ta c6 AF? = AN.AO
nén AN.AO=AB.AC

(khong doéi do A, B, Cla ba diém c6 dinh)

¢) Goi EF cit AB tai K, dé thdy bon diém K, N, O, I cung thudc mot duwong tron nén duong
tron qua I, N, O cling di qua K. Ta chitng minh duoc Tam giac AOI dong dang véi tam
giac AKN nén c6 AN.AO = AK.AI, do Al va AN.AO khong d6i nén K ¢ dinh nén duong
tron qua I, N, O c6 tam nam trén trung truc cua IK ¢6 dinh. Tt d6 suy ra tam duong tron
qua ba diém O, I, N ludn thudc mot duong thang cd dinh.

Bai 20. + Néu K thudc cac doan thr?mg MP va 3

NQ. Khi d6 goi I’ 1a la giao diém cta d véi
duong tron ngoai ti€p tam gidc MON. Do

duong thang d 1a phan gidc ngoai ctia goc

X/C-); nén I’ chinh la di€m chinh gitta cung

MON, suy ra I'M =I'N hay I’ chinh la giao
diém cta d véi dwong trung truec cia MN. Tt
d6 suy ra hai diéml va I’ trung nhau. Do d6
t& giac MION nd tiép duoc, suy ra ta co

NIO = NMO. Theo gia thiét IM =IN = IP = IQ

ta duoc ti gidc MNPQ ndi tiépduong tron

tam I, dwong kinh PQ nén ta c6 PIN =2PMN.

Tit cac diéu trén ta duge NMO =2PMN nén MP la phan giac ctua goc OMN
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Tuong tw ta cling dwoc NQ la phan gidc cua goc ONM
Do K 1a giao diém cua MP va NQ nén K la tdm dwong tron noi ti€p tam gidc MON, suy ra
K thudc duong phan giac ctia goc @, tirc 1a K thudc mot duong thang cd dinh.

+ Néu giao diém K nam ngoai cdc doan thang MP va NQ, 1ap luan tuong tu ta dwoc K 1a
tam duong tron bang ti€p cua tam giac OMN, tirc 1a K thudc duong phan giac ngoai ctia
goc x/O\y nén K ciing thudc mot duong thang cd dinh.

Vay trong moi truong hop ta ludn c6 K ciing thudc mot duong thang cd dinh.

Bai 21. Trudc hét ta chitng minh tam gidc ADE can tai A

A.

That vay, vi HD la phan giac ngoai cua goc BHC nén

ta co

—

DHB:%(}TB\CHTC\B)

=%[(90° —XB\C)+(90° —K(:Tsﬂ - %EAI:

Do d6 ta duoc

ADE = DBH + DHB = 90" —lﬁ+%]ﬁ=90° —%B/AI:

Tuong ty ta ciing c6 AED =90° —%B/A\C, tir d6 suy ra ADE = AED hay tam giac ADE can

tai E.

Mat khac ta c6 AK la phan giac cua goc DAE nén cling la duong trung triec cua doan DE,
tte d6 suy ra AK la duwong kinh ctia deong tron ngoai ti€p tam giac ADE. Tt d6 ta c6

KD L AB, teong tw KE L AC.

Goi P 1a giao diém cua KD va HB, Q la giao diém cua KE va HC. Ta ¢6 KP L AB va

HQ 1 AB, ttt d6 suy ra KP//HQ. Tuong tu ta cting dwoc KQ//HP, do do t gidc KPKQ la
hinh binh hanh.
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- Goi BB’ va CC’ la cac duong cao cua tam gidc ABC, ta ¢c6 DP//HC’ va QE//HB’ nén theo
y

PB_ DB QC EC
PH DC'’ QH EB'

dinh 1i Talet ta co va theo tinh chat duong phan giac ta c6

DB HB EC DB
DC' HC'EB' HB'
ViB, C, B’, C’ cung thudc duong tron duong kinh BC nén ta dwoc ABHC' > ACHB'

Ttr d6 ta duoc HB = HC . Két hop véi cac két qua trén ta duoc B = %, nén theo dinh
HC' HB' PH QH

Talet ta dwgc PQ song song véi BC. Do HK di qua trung diém cta PQ nén HK ciing di qua
trung diém ctia BC. Do BC ¢6 dinh nén trung diém ctia BC c6 dinh. Vay duong thang KH
ludn di qua mot diém c6 dinh.

Bai 22. Vi hai tam gidc vuéng ABC va MNP dong dang véi nhau nén cac goc nhon tuong
tng bang nhau. Khi d6 ta xét cac treong hop sau:

+ Truong hop 1: Diém N ndm trén canh AC. Khi d6 t& giac ANMP noi tiép duong trong

nén diém A nam trén duong tron ngoai tiép tam gidc MNP.

Mat khac ta cO0 MAB = l\fl\ﬁ3 = ATl;C nén tam giac MBA can tai M. Ttr d6 ta dwoc tam giac
MAC can tai M. Suy ra M 1a trung diém ctia BC
+ Truong hop 2: Diém N ndm trén canh AB. Khi d6 tudgiacs ANMP noi tiép nén

MAP = MNP = ABC
Mat khéc ta lai cd ABC+ACB=90" nén ta dwoc MAC+ACB=90". Tit d6 AM vudng goc
voi BC.
Nhu vay trong ca hai treong hop thi M ludn 1a diém cd dinh nén dwong trong ngoai tiép
tam gidc MNP ludn di qua mot diém cd dinh.
Bai 23. A
a) Xét tam gidc AIB ta c6

AIB 180" - (IAB-+IBA | v

~180° —{—ﬁ;@J

~ ~

0_
Mzgoo +=
2 2

=180° -
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b) Dé dang chttng minh dwoc t gidc AMIE noi tiép. Chiing minh duoc tit giac AMIK noi
tiép.
Do d6 5 diem A, M, L K, E cung nam trén mot duwong tron.

¢) Chttng minh dugc AAKT @ AIET = % = % va AAKB «» AINB = KB _ AK

BN IN

Do IE =IN nén ta duoc KT = KB = KT.BN =KB.ET.
ET BN

d) Do A, B va tia Bt ¢d dinh nén ta c6 tia Bx c6 dinh va ABI=qa khong d6i (tia Bx la tia

phan gidc cua ABt )- Xét AABK vudng tai K ta co6 KB = AB.cosABI = AB.cosa khong doi
Nhu vay diém K thudc tia Bx ¢d dinh va cach goc B mot khoang khong d6i do d6 K cd

dinh. Vay cac duong thang NE twong tng ludén di qua mot diém c6 dinh.

Bai 24. a) Ta ¢6 ﬁ):ﬁ)méﬁ)=]§’6 M

suy ra BCD = BPQ.

M3t khac ta lai c6 BQP = BAC va BAC = ADC ‘

, suy ra BDC = BQP . Do d6 AACD  ABPQ. 7

b) Tt chttng minh trén ta duoc BPK = BCK

&

nén tix giac BKPC ndi tiép. Ttr d6 suy ra duong

tron ngoai ti€p tam gidc CKP di qua diém B c6

dinh

Bai 25. Ta xét hai truong hop sau day

+ Truong hop 1: Hai diém M va P nam «

cting phia so véi HK. Khi d6 diém P nam

trong goc X/A\y .

Tt diém P ha PE vuong goc voi Ay véi E ]

thudc tia Ax va ha PF vudng goc voi Ax P

voi F thudc Ay.

Kéo dai HM cat PF tai L. d

Hai tam gidc vuong MP va KMH c6

KH = PM va HKM = PMI nén ta duoc
AMIP = AKMH
Tt d6 ta duwoc MI=KM =PM va
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PI=MH =KA nén suy ra PF = AF hay

PF=PE

Tt d6 suy ra P thudc tia phan gidc At cua goc ZA\y
+ Trudong hop 2: Hai diém M va P nam khac phia so véi HK. Khi d6 14y diém P, d5i xting
v6i P qua M thi ta dwgc MP = MP, = MA nén tam gidc APP, vuong tai A. Ttr d6 suy ra P
thudc duong thang d vudng géc véi tia phan gidc At ctia goc X/A\y

Bai 26. Do duong tron (O) va duong tron tam D tiép
xtc véi nhau tai D nén ba diém O, B, D thang hang.
Puong tron (O) va duong tron tam E ti€p xtic nhau
tai C nén ba diém O, E, C thang hang.

— — e~

Khi d6 ta c6 DBA =DAB, DBA =ECA va

— e~ e~ -

EAC =ECA nén ta duwoc DBA =EAC,DAB =ECA
Ttr d6 dan dén OB//AE va DA//OE. Suy ra t¢ giac
ADOE la hinh binh hanh. Goi K 1la tdm cua hinh binh
hanh ADOE nén K la trung diém cua AO va DE. Hai
duong tron tam E va tdm D cit nhau tai M va A nén
MA 1a duong trung truc cua doan thang DE. Goi I 1a
giao diém cua DE va AM, khi d¢6 IK la dwong trung
binh ctia tam giac AMO, do d6 K//MO. T d¢6 ta
duoc tir gidc DOME la hinh thang. Ma ta co

DM = OE nén hinh thang DOME can. Do d¢ t& giac

DOME noi tiép dwong tron.

1 ——

Xét hai tam gidc MBC va ADE c6 MBC = ADE = %ADM va MCB = AED = EAEM

Do d6 ta dugc AMBC > AADE nén suy ra BMC = DAE = BOC khong doi

Do BC c8 dinh nén M thudc cung chtta géc BOC khong ddi
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Bai 27. a) Goi P la giao diém khac M ctia
duong tron ngoai ti€p tam gidc MAB véi
MN. Ta sé chitng minh diém P c6 dinh.
That vay, ta c6 NP.MN = NA.NB nén ta

NANB R?-OM?
MN MN

dwoc NP = la hang s

v6i R 1a ban kinh ctia dwong tron (O). Ma
duong thang MN ¢4 dinh nén P ¢8 dinh.

Vay duong tron ngoai tiép tam giac MAB ludn di qua diém cd dinh.

b) Do t gidc ABCD ndi tiép nén ta c6 MCD = MBA va do t&t gidc MAPM ndi tiép nén

MBA =MPA, do d6 ta dwoc MCD = MPA . Goi Q la giao diém ctia CD v6i MN. Ta c6 tir
giac CAPQ noi ti€p nén MQ.MP =MAMC.

MCMA OM?-R?

Ttr d6 suy ra MQ =
yraMQ=—" MPD

la hang so.

Ma MN c6 dinh nén Q la diém & dinh. Do vay duong thing CD luon di qua diém Q cd
dinh.

Bai 28. Lay diém B thudc tia Oy sao cho

OB =0A. Goi F la giao diém ctia DE v6i AB,

goi K la giao diém ctia OI va CD. D€ cting

minh F ¢§ dinh ta st chttng minh diém F

thudc OL.

Goi C 1a tiép diém cua Ox véi duong tron (O).
Ta xét cac treong hop sau day
+ Truong hop 1: Néu diém A thudc doan OC

va E ndm trén cung DK. Khi d6 ta c6

FAC =180° —OAB = 90" +% va 1%?::%51?::900 —%
Do do ta duwoc F/AI? + F/E\C =180° nén t& giac ACEF noi ti€p duong tron, suy ra da giac

ACIEF ndi tiép duong tron. Do d6 ta dwge AFI =90 suy ra F thudc OL
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- +Truong hop 2: Néu diém A thudc doan OC va E nam trén cung CK. Khi d6 chirng minh

teong ty ta cling duoc diém F thudc Ol.
+ Treong hop 3: Néu diém A khong thudc doan OC. Khi d6 chitng minh twong tu nhuw

trén ta cting duoc diém F thudc OL

Bai 29. Truc hét ta ching minh O PO, khong déi.

That vay, géc O,PO, khong ddi khi ca chi khi O, MN +O,NM khéng d3i.

L —

Hay O,MB+O,NB+BMN +BNM khéng déi. Didu nay tuong duong véi

O,BM+0,BN +180° - khong déi hay O,BO, +180° -2 khong di. Do d6 ta duoc
O,PO, khéng déi.
Nhu vay duong tron ngoai ti€p tam giac PO,0O, cd dinh.

Goi Q la giao diém ctia dwong tron ngoai ti€p tam gidc PMN va tam giac PO,0, .

Khi d6 ta dwoc MO,Q =NO,Q va PMQ =PNQ nén ta duoc QMO, =QNO, .

Do d6 hai tam giac MO,Q va NO,Q dong dang nén 88: = 11\\14821 .

Két hop véi duong tron ngoai ti€p tam giac PO,0, ¢ dinh ta suy ra diém Q c6 dinh.

Bai 30. N
aTacém=1@,laicé A
ACN =BAC=60" nén AB//CN -
. M
Suy ra MAB = ANC nén ta c6 tam giac
ACN va tam gidc MBA dong dang voi
nhau. B ¢
K
Suy ra A—C:C—N,Vi AB=AC=BC nén v
MB AB
c6 BM.CN =BC”.
b) Dé ching minh  duoc
MBC = BCN = 120"
Lai ttr AC_ C—N’ca co BC _CN nén tam giac MBC dong dang véi tam giac BCN, do d6
MB AB MB BC

BMC = CBF. Suy ra BC la tiép tuyén ctia duong tron ngoai tiép tam giac MBF.
c) Ta co BMC = CBF. Trong tam giac MBC c6 goc MBC =120° nén FBC +FCB = 60°
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Lai co MFB = FBC + FCB (g6c ngoai tam giac BFC) nén MFB = 60°
Mit khéc tir gidc AEBC noi tiép nén MEB = ACB = 60" .Suy ra MEB = I\//IﬁB(= 600) nén te

gidc MBFE ndi tiép. Vay c6 BEK =BMF. Goi EF cit BC tai K. Ta c6 tam gic EBK dong
dang véi tam gidc BFK vi co BEK = BMF = FBK va EKB chung. Ttr d6 suy ra KB*> =KEKF.
Chting minh tuong tu ta c6 KC> =KEKF nén KB=KC do d¢ K 1a trung diém ciaa BC(cd
dinh). Vay c6 diéu phai chitng minh.

Bai 31. a) Co OE L AE va OI L BC hay OI L Al X

Suy ra bon diém A, E,O,I cung thudc mot c hD
dwong tron. Duong kinh ctia duong tron nay la

AO. 0

b) Goi Ex la tia d6i cua tia EA. Ta c6 xED = EFD

Do 5 diém A, E, O, F cung thudc duong tron A BT/ C

duong kinh AO nén ta duoc EAI=EFI. Tir d6 ta F

duoc xED = EAI suy ra ED//AC.
c) Goi giao diém cua EF va BC 1a H.
Ta c6 AAIO > AAKH, AAKF > AAFO va AABF > AAFC

Khi dé ta c6 AH.AI=AK.AO=AF = ABAC = AH = APAC

khong doi (A,B,C,Ico

dinh) = H 6 dinh. Tt giac OKHI ndi ti€p, suy ra duong tron ngoai ti€p tam giac OKI di
qua H valcd dinh.

Vay tam duong tron ngoai tiép tam giac OKI nam trén duong trung triee ctia HI 1a mot
duong thang cd dinh.

Bai 32. a) Ta c6 MA, MB 1a cac tiép tuyén cua

(O) nén ta duoc MAO = MBO = 90°
Do I 1a trung diém ctia CD %

= Ol L CD = MIO = 90°
nén A, I, B cung thudc duong tron duwong kinh M ¢ yD

MO. Suy ra tt gidac MAIB néi tiép duong tron B
dwong kinh MO.

b) Ta c6 MA = MB va OA = OB nén MO la Q
duwong trung trirc cia AB nén MO L AB. Do d6

MH.MO = MB®
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Lai co Iqﬁ:l\fli):%sdl/iz,do do ta duoc

AMBC «» AMDB
:>E=@:>MC.MD:MB2
MC MB
N MC MO T
Tt d6 ta dugc MHMO = MC.MD. Suy ra MH = ﬁ: AMCH > AMOD = MHC =MDO

Suy ra ti gidc CHOD noi ti€p, do d6 H thudc dwong tron ngoai tiép A COD.
c) Goi Q la giao di€ém cua AB va OI. Hai tam giac vuéong MIO va QHO c6 JOH chung

2 2
MO_9Q_ 0g-MOOH_OA" R & 11 bén kinh (O)
OH OI Ol Ol

khong d6i). Do O, I ¢d dinh nén d¢ dai OI khong doi, lai ¢6 Q thudc tia OI ¢d dinh nén Q la

Do d6 AMIO «» AQHO =

diém cd dinh.

— — — 0 _ ~O
d) Ta c6 AHC =90° + MHC =90° + ODC =90° + w (ACOD can tai O)

:1800—%ﬁ)z%(%O“—Sd@):%stAD:@
Lai c6 CAH = CDB. Ttr d6 ta duoc AAHC o ADBC = E—‘é‘:%

Ta c6 AMBC «» AMDB =

" MB MC MC

= =—=
MB MC BC BC
2
Do d¢6 suy ra ta duoc MD_ HAZ .
MB HC

Bai 33. a) T gidc ABEC noi tiép nén suy ra

MD MB _BD (BDT_MD MB MD

duoc ABE+ACE =180°. Ma EDC = ACE va
ADE +EDC =180°nén ABE = ADE. Két hop véi
BAE = DAE suy ra ABE = ADE. Mat khac
EB =EC=ED nén AE la trung triec ciia doan
BD. Do d6 ta duwgc AE L BF (1) va

AB=AD = ABD = ADB.

Két hop véi ABD = DCF va ADB =FDC (d6i
dinh).

Suy ra FDC=FCD = tam giac FDC can tai F.
Do d6 FD = FC. Két hop véi ED = EC nén ta
dwoc EF la trung truc cia DC suy ra DC L EF
(2).

Tt (1) va (2) suy ra D la triec tam ctia tam giac
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AEF.
b) Ké duong kinh EK cua (O; R). Khi d6 diém K ¢d dinh.

Tt gidc BDNM noi tiép nén BMD = BND = BMD = 90° — BCE = 90° —%B/AI: (3)

Tt giac ABMK ndi tiép nén BMK =180° - BAK .
Ma BAK = BAE + EAK = 90° +%B/A\C :>B/1\E<=90°—%B/AE (4)

Tt d6 suy ra BMD = BMK. Suy ra ba diém M, D, K thang hang. Do d6 MD lu6n di qua
diém K cd dinh.

Bai 34. a) Xét tam giac BEF va OBE co OEB chung nén
ABEF © AOBE, ttr d6 suy ra EB* = EF.OE

b) Do ABDE @ AABE nén ta dugc

EB’ = EA.ED = EF.OE

e~~~ e~~~ e~~~

BIE = BAI+BIA =TAC+IBC =EBC+IBC=IBE do d6

tam gidc EBI can tai E nén ta dwoc EI=EB=EC nén E

la tam duwong tron ngoai ti€p tam giac BCI

Do EP? =EB? =FE.EOnén

AEFP > APOE = FPE = POE

Goi K la tdm duwong tron ngoai ti€p tam giac PFO
Vé tiép tuyén Px ti€p xtic v6i duwong tron K tai P, ta

dwoc FPx =FOP = EOP =FPE do d6 Px trung véi PE

nén Px di qua diém E c& dinh.
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