MOT SO BAI TOAN VE DIEN TiCH

1. MOT SO KIEN THUC CAN NHO
1. Cac tinh chét co ban cta dién tich da giac
Mbi da giac c6 mot dién tich xac dinh, dién tich da gidc 1a mot s6 duong. Dién tich

da giac c6 cac tinh chat sau:

+ Hai da giac bang nhau c6 dién tich bang nhau.

+ Hinh vudng canh c6 d6 dai bang 1(dvdd) thi dién tich 1a 1(dvdt), hinh vudng d6
dwoc goi la hinh vudng don vi.

+ Néu da giac H dugc chia thanh cac da gidc H;;H,;..;H_d6i mot khong c6 di€ém
chung trong. Khi d6 ta duoc S, =S, +5,; +..+5,

+ Néu mot da gidc H suy bién c6 S,, =0thi cac dinh cua da gidc cing nam trén mot
duong thang.
2. Dién tich tam giac

a+b+c

Cho tam giac ABC c6 caccanhlaa, b, cva p= la ntra chu vi. Goi h_;h,;h_

la duong cao twong tng voi cac canh a, b, ¢ va r;r,;r. 1a ban kinh duong tron bang tiép
tng vaéi cac canh a, b, c. Goi R va r [an luot la ban kinh dwong tron ndi ti€p va duong tron
ngoai tiép ta giac ABC. Khi d¢ ta co:

1

1) S, :%aha :%bhb ZECh“
1 . 1 . 1 . .

2) S, 5= Ebc.smA = EacsmB = Eab sinC
abc

3) Sasc =E:pr= p-r

4) Cong thiec Heron: S, = \/p(p—a)(p—b)(p—c)

A B C
5) S,pc = p(p—a)tanE = p(p—b)tanz = p(p—c)tan;
Chii yj : Cong thirc 2 va 5 chi dp dung cho tam gidc nhon.
3. Dién tich cac t giac.

+ Dién tich hinh chi* nhat: S=ab, vdi a, b 1a d0 dai hai canh ctia hinh ch nhat.

THCS.TOANMATH.com TAI LIEU TOAN HOC




h(a+b)

+ Dién tich hinh thang: S = , vOi a, b la d6 dai hai day va h 1a chiéu cao.

+ Dién tich hinh binh hanh: S=ah_, véi a va h_ 1a do dai canh va duwong cao tuong
ung.
+ Dién tich tr gidc c6 hai duong chéo vudng goc: S :%dldz, véi d,,d, la do dai hai
duwong chéo.
+ Dién tich hinh thoi: S=ah= %dl.dZ, véi a va h la d6 dai canh va duong cao, d, va
d, 1a do dai hai duong chéo.
+ Dién tich hinh vuéng: S= a’= %d2, voi a la do dai canh va d 1a d6 dai duong chéo
cua hinh vuoéng.
4. M6t s6 tinh chat cé ban vé dién tich tam gidc.
+ Néu hai tam gidc c6 cting chiéu cao thi ti s§ hai ddy twong ting bang ti s hai dién
tich. Ngwoc lai, néu hai tam gidc cé cting ddy thi ti s§ hai chiéu cao twong ting bang ti s&
hai dién tich.
+ Néu hai tam giac c6 cung chung day va c6 cung dién tich thi dinh thit ba thudc
duong thang song song véi ddy.
+ Puong trung binh trong mot tam giac chia tam gidc d6 thanh hai phan c6 dién tich
tiléevdil: 3.
+ Duong trung tuyén ctia mot tam gidc chia tam gidc d6 thanh hai phan c6 dién tich
bang nhau.
+ Ba tam gidc c6 chung dinh la trong tam ctia mot tam giac con day la ba canh thi c6
dién tich bang nhau.
+ Néu mot tam gidc va mot hinh binh hanh c6 cung ddy va cung chiéu cao thi dién
tich tam giac bang ntta dién tich hinh binh hanh.
+ Véi moi tam gidc ABC ta luén c6 AB.AC>2S, ., ddu bang x4y ra khi tam giac ABC

ABC”
vuoog tai A.

Suc _ ABAC
A'B.A'C

+ Hai tam gidc ABC va A’'B'C’ c6 A=A" hodc A+A'=180° thi

A'B'C
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Cac tinh chat néu trén ctia tam giac duoc chiing minh twong do6i don gian va ta sé
cong nhan chung khi giai cac bai toan vé dién tich.

II. CAC VI DU MINH HOA

a+b+c

Vi du 1. Cho tam giac ABC céd caccanhlaa, b,cva p= la ntta chu vi. Chitng minh

réng:
Sapc = \/p(p—a)(p—b)(p—c)
Loi giai
Trong mot tam gidc ludn ton tai mot dinh ma chan A

dwong cao ha tir dinh d6 ndm trén canh d6i dién
khong mat tinh tong quat, ta gia st d6 la dinh A.
Goi AH=hla dwong cao caa AABC. Ta co
HB+HC=BC

b4t BH=x (0<x<a).Tird6 tac6 HC=a-x

B H C

h*+x* =¢?
Theo dinh li Pitago ta c6 )

h2+(a—x) =b’

2 12, 2
Tt d6 ta dwoc 2ax—a’ =c* —b? :>x=a]2.;_FC
a
a?—b?+? )
Thay vao hé thirc thi nhat caa hé trén ta dwoc h’ +(2—J =c’ hay ta dugc
a
a’-b’+c” a’-b’+c’ (a+c)2—b2 bz—(a—C)Z
W=+ 270 e -
2a 2a 2a 2a
(a+b+c)(a+c—b)(a+b—c)(b+c—a)

4a’
Mat khac ta co 2p:a+b+c:>a+b—c:2(p—c); b+c—a=2(p—a); a+c—b:2(p—b)
4p(p=a)(p-b)(p—c)

a‘2

Susc =3ah =222 [p(p=a)(p-b)(p—c) =P (p-a) (p-b)(p—¢)

Suy ta h* = . Tt d6 ta suy ra dugc

Vi du 2. Cho tam giac ABC. Trén canh AB lay diém M sao cho AB=3AM va trén canh AC
18y diém N sao cho AC=3AN. N&i CM va BN cat nhau tai O. Biét S,,. =24cm’. Tinh
dién tich t gidc OMAN.

Loi giai
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Cach 1: Ta ¢6 S, = 2S,,,, V1 hai tam gidc OMB, A
OAM c6 chung duong cao ha tir O va BM =2.AM.
Lai c0 S, = 2.5,y Vi hai tam giac OCN, OAN

ANO
c6 chung duong cao ha ttrt O va NC=2.AN.
2

ANBC — o
3

Ma S, ;=S S,apc Vi hai tam gidc MBC va B c

NBC ctung chtta tam gidc OBC.
Do vay suy ra S, ;= SyocVa S,on = Spop- Tt d6 suy ra S, =4S,,,  hay
S gy =25

AMON
Ma S, =%SABC. Chonén S,, =%SABC =%.24=4cm2

Cach2:Taco S,,.. = 2S vi hai tam giac cé chung duwong cao ha tir C va MB = gAB
MBC 3 ABC g g g 3

S\ee = %S apc V1 hai tam giac c6 chung duwong cao ha tir B va MC = %AC
Tt d6 ta dwoc S, =S, 5., ma hai tam giac cung chira tam giac OBC chonén S_;,, =S
\ . 2 \ 2 .
Ma ta co S, = ESAOB va Sy = ESAOC nénsuyra S, , =S,
T 1 A 1 . 1 1
Malaico S,,,, = ESAOB nén ta duoc S, = 3 S,oc Va S0 :ZSAMC :ESABC
Hoan toan tuong tw ta dwoc S, = %S apc - Do do
1 1 2
S amon =Saom T Saon = ESABC - 5'24 =4 cm

Vi du 3. Cho tt gidc ABCD va diém O nam trong t& giac. Goi M, N, P, Q 1a cac diém ddi
xtng cua O qua trung diém cdc canh cta ti gidc. Tinh dién tich cua t¢ giac MNPQ biét

S =12cm?.

ABCD
Loi giai

Goi E, F, G, H lan luot la trung diém cua

AB, BC, CD va AD. N&i cdc diém E, F, G,
H khi d6 dé chirng minh t& gidc EFGH 1a

hinh binh hanh .

N6i BD ta 6 S
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Hoan toan tuwong tu ta duwoc

Nén suy ra
Do vay S,y = %S ascp - Ma ta co Sg =455 Sono = 4-Sorn Sora = 4Sonci Sone = 4Sors
Do do6 ta duoc Sy pg =4-Sgpgy - T dO suy ra S\ o =2.5 5

\ 7 _ 2 A _ 2
Mataco S ascp = 12 cm” nén SMNI,Q =24 cm”.

Vi du 4. Cho tam giac ABC c6 do dai cac canh la a, b, ¢ va cac duong cao tuong tng la
h_,h,,h_. Chtng minh rang;
a) Néu h +a=h,+Db thi tam gidc ABC la tam gidc vuong hodc can.

b) Néu h +a=h_ +b=h_+c thitam gidc ABC la tam giac déu.

Loi giai

a) Theo cong thitc dién tich tam giactaco S, ;. = %a.ha = %b.hb =h_ = 2 ;h, =—
a

ABC

Theo bai ra ta c6

a+h =b+h, as 2D p 25, pe2A2P

a b ab

:(a—b)—(a—b)(gjj( b)(l-g}oj[;s:fab

+Néu a =b thi tam giac ABC can
+Néu 2S =ab thi tam gidc ABC vudng
b) Theo cong thitc dién tich tam gidc ta co

1 1 1 25 2S 2S

S,apc ==ah, =—bh =—ch =h ==2;h, =2, h ==2
2702 2 a b

AABC

Theo bai ra ta cod

a+h b+h :>a+§—b+2—sja—b+w:0

a b ab
=b
=(a-b)-(a-b)[ 2 |= (a-b)[1-2|=0=]|?
ab ab 2S=ab
. \ b=c . la=c
Hoan toan twong tw ta suy ra duwoc va
2S =bc 2S=ac
Két hop cac diéu kién trén ta duoc a =b = ¢ hay tam giac ABC déu
Vi du 5. Cho hinh binh hanh ABCD, trén canh AB, CD 1dy cac diém E, F sao cho AF=CE.

GoiI1a giao diém cta AF va CE. Chting minh rang AID=CID.
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Loi giai

Truwéc hét ta chiing minh E

A B
Sarp = %SABCD; Sepc = %SABCD I
That vay, goi AM la duong cao cua hinh binh hanh ‘ F
ABCD xuat phat tiv A. Khi d6 cac tam giac ABF,
AFD, ECD c6 cung duong cao AM D C
Ta co
S g = %AM.BF; S = %AM.AD; Scpr = %AM.FC

Vi BF+FC =BC = AD nén ta duoc

%AM.AD - %AM.BF + %AM.FC =S, =5, +5

CDF

Ls

Matalaico S =S __+S,..+S :>SAFD=E ABCD

ABCD AFD ABF ACDF

Chiing minh twong tirtacd S . Ttr do6 ta dwoc S, ., =S,

CDE ABCD AFD

-1
2
Goi DH la duong cao ctia tam gidc AFD va DK la dwong cao ctia tam giac DEC

1 1

Khi d6 ta ¢6 S,,, =—DH.AF; S___ =—DK.CE
2 2

AFD

Ttr d6 ta dwoc DH.AF = DK.CE. Theo gia thiét AF =CE ta dwoc DH =DK

Nhu vay D nam trén tia phan gidc cta goc AIC nén ta duoc AID = CID (dpcm)

Vi du 6. Cho tam gidc ABC, Tt mdt diém M nam trén canh BC vé cac duong thang song

song v6i AB va AC, cat AC va AB tai Q va P. Chttng minh rang —B+ 1:2

Loi giai
N6i AM, BQ, CP. Do MQ//ABnén S, =S, A
Nén ta duwoc
S amo T Scmo = Semo T Seamo = Same = Spoc p
Hoan toan twong tw ta c6 PM//CA nén duoc \
Samc =Sapc SUY ra Spoc =S ¢

B M c

AP _ SAPC . AQ _ SAQB

Ma ta lai co = ; =
AB S,,. AC S,

nén suy ra

AP N AQ _ S apc + S pgs _ Sarc TSa0s _ Seoc TSacs _ Sasc -1
AB AC S S

ABC ABC
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Vay ta suy ra duoc £+£ =1
AB AC

Vi du 7. Cho tam giac ABC ¢c6 AB=2AC va duong phan giac AD. Goi p la nua chu vi cta
tam gidc ABC va r;r;;r, [an luot la ban kinh duong tron noi ti€p cac tam giac ABC, ADC,
ADB.

Chting minh rang AD = pz

1.2
3\ 1, P

Loi giai
Vi AB=2AC nén S,, =2S, .. Ma hai tam A
giac ABC va ACD c6 chung duong cao ke tir
D nén ta suy ra dugc BD =2CD
1 1

Dé thé,y SADC :ESABD =§S

ABC —

1 .
3P do d6 ta ‘rl r ‘rz

dwoc S, = %pr

Sacp = lr1 (AC+AD+CD)
Mt khéc ta lai c6 2 .

S s0 =%r2 (AB+AD+BD)

AC+AD+CD _ pr

2 3
Cho nén ta duoc h
AB+AD+BD 2pr
2 3r

2
Cong tling vé ta duoc cac dang thikc trén ta c6

AC+AD+CD+AB+AD+BD AC+AB+BC+2AD pr{l 2}
= =p+AD="~ —+

2 2 3

Do d6 suy ra AD:E[1+£J_p

Lon

Vi du 8. Cho hinh binh hanh ABCD. Trén cac canh AB, CD 1dy Ian luot cac diém E, F bat
ki. Goi M, N, K theo tht ty 1a trung diém ctia DE, DF, EF. Goi O la giao diém ctia AM va
CN. Chting minh ba diém B, O, K théng hang.

Loi giai
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Dé chimg minh dwoc S, +Socp =Soxp +S

OCD OAD OBC

ViM la trung diém caa DEnén S, =S,

ViN la trung diém caa DFnén S__, =S,

Dod6tacd S, .. +S

AOE EOB

+S,. . +S

+ SCOD =5 AOD " PFoB T PFCO

Suy ra Sy =Spop

1_.. 1 ,

) , , Saros =S e TS o = EEK BI + EOH.EK
Mat khac ta c6 1 ,

Saros =S o S ek = EFK OH + EFK .BI

EK BI+OH.EK =FK OH+FK .BI = (BI-OH)(EK —FK )=0= EK =FK

Hay K’ 1a trung diém ctia EF nén K =K suy ra BO di qua K hay O, K, B thang hang

Vidu 9. Cho tam gidc ABC va mot duong thang chia tam giac thanh hai phan c6 dién tich
bang nhau va chu vi bang nhau. Chiing minh cic dwong thang d6 ludn di qua mot diém

cd dinh.

Loi giai
Gia st duong thang MN thoa man diéu kién ctia A
bai. Goi O la tam duwong tron noi ti€p cta tam
giac ABC va r la ban kinh ctia duong tron. Khong M N

mat tinh téng quat ta gia st O nam trong hinh 0

MBCN. s -

Ma ta co AM+ AN =MB+BC+CNva
SAMN =S

MBCN

Do d¢ ta suy ra duoc

1 1 1
S ot = Sanio F Saon — Soam = Er.AM +Er.AN ~Soum = Er(AM + AN) ~Sovn
1 1 1
SMBCN = SOMB + SOBC + SOCN + SOMN = Er.MB + Er.BC + Er.CN + SOMN
—r(MB+BC+NC)+ S

Tl cac két qua trén ta dwoc S, =0 nén ba diém M, O, N thang hang hay MN di qua
diém O.
Do O ¢6 dinh nén MN luén di qua di€ém cd dinh.
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Vi du 10. Cho tam giac ABC c6 dién tich S. Trén canh AB, AC lay lan luot cac diém M, N

thoa man diéu kién 1:4—1\1;[ = % =k véi k la mét s6 duwong cho trude. Goi I 1a giao diém cua

BN v6i CM.

S
b) Tinh dién tich t& giac AMIN theo S va k, tir d6 xac dinh k d€ dién tich t& giac

AMIN dat gia tri 16n nhat.

a) Chiing minh rdng S, =Sy

Loi giai
S
a)DoA—M=k nén ta co e _ AM K A
BM S AB k+1
S
Hoan toan twong ty ta dwge —2N¢ = CN__k N
S CA k+1
Do dé ta duoc S,,,. =S, -, nén suy ra M
|
S amc ~Sine = Spne ~Sie hay ta duoc
S amiv = Sisc B I
b) Ta co
Bl _SIBC _SIBC SIAC_l 1_'_1 _k+1
BN SINC SIAC . SINC k . k k2
Ttr dé ta duge e = BL__ K+ g 46 Ome _ BL__k+1
BN BI+IN K tk+1 Sue BN Kiktl
Laido SNk nen 2me - K g _ K g
AN S k+1 k+1
k+1 k+1 k k
Do détaduwoc S, . =—S .. = . S=
PO K2 +k+1 M KP4k+1 k+1 0 KP+k+1

k

Do Véy ta du’OC SAMIN = SIBC = m .

Do k*+12>2knén ta dwoc ..

Vay ta duoc S

AMIN <

%S , d&u bang xay ra khi va chi khi k=1 hay M, N Ian luot la trung

diém cua AB, AC.

Vi du 11. Cho tam giac ABC c6 dién tich S va cac diém M, N, P lan lugt thudc cac canh AB,
MA _ NB_ _ PC_

BC, CAsaocho —=m; —=n; —=k.
MB NC PA
, _ s Sy 1+ mnk
a) Chtrng minh rang = (m +1)(n+1)(k+1) .
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<ls.

MNp S
4

b) Chiing minh rang néu AN, BP, CM déng quy thi S

c) Gia st AN, BP, CM la ba duong phan giac ctia tam giac ABC. Tinh dién tich tam
gidc MNP theo S va ba canh ctia tam giac ABC.

Loi giai
a)bat S =S5 Sgan =545 Sepy =5, Tt
AM m AP 1
AB m+1 AC k+1°

AMP

gia thiét ta c6

Do d6 ta duoc

S, AP.AM _ m

S ACAB (m+1)(k+1)

Hoan toan tuong tu ta duoc

S, n .S, k

S (m+l)(n+1) S (n+1)(k+1)

S, +S,+S, m(n+1)+n(k+1)+n(m+1)
- (m+1)(n+1)(k+1)

Do do ta dwoc

Tt d6 ta suy ra

Syp _ 5,45, +8S, =1_m(n+1)+n(k+1)+n(m+1)
S S (m+1)(n+1)(k+1)
_(m+1)(n+1)(1<+1)—m(n+1)+n(k+1)+n(m+1)_ 1+ mnk
(m+1)(n+1)(k+1) ~(m+1)(n+1)(k+1)
N 1+mnk
Y S T e (k1)
b) Gia sit AN, BP, CM dong quy. Khi d6 theo dinh li Ceva ta c6 AM.BN . cr =1 hay
MB NC PA
mnk =1
2 2 1

Do d6 ta dwoc Swne =

(m+)(ns1)(k+1) 2ymavnodk 4

= ~S. D4u bang xay ra khi va chi khi m =n=k =1 hay M, N, P Ia luot

Mnp S
4

Nén ta dwoc S

la trung diém cua AB, BC, CA.
c) Gia st AN, BP, CM la ba duwong phan giac cua tam giac ABC. Dat BC=a;CA=b;AB=c

Ap dung tinh chit duong phan giac ta duwoc BM _AC b —=>m= b
AM BC a a
Hoan toan tuong tu ta duocn = % k= % .
Thay vao hé thire 2uxr —_ 1Fm0K e e abc
S (m+1) n+1)(k+1) S (a+b)(b+c)(c+a)
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abcS

Do d6 ta dwoc S, = (a+b)(b+c)(c+a)'

Vi du 12. Cho tam gidc MNP va ba diém A, B, C Tan luot ndm trén canh NP, PM, MN.
Qua M, N, P ké cac duong thang Tan luot song song véi BC, CA, AB. Ba duong thang d6
cat nhau theo ting ddi moOt tao thanh tam gidc A’B’C’. Ching minh rang

2
MNP SABC 'SA'B'C'
Loi giai
Ta thay tam gidc ABC nam trong tam gidc M

A’B’C’ va c6 cac canh twong ttng AB//A’B’,
BC//B’C’, CA//C’A’. Do d6 ta c6 thé chiing

minh duoc AA’, BB’, CC’ dong quy tai diém O
nam trong tam gidc ABC.
Do B’C’//BC nén ta dwoc S, ;. =S5 =Scpe SUY

A

raS S

OBMC —
Dé thay hai tam gidc A’B’C’ va ABC dong dang

véinhau, gia st ti s6 dong dang 1a k.

S Sope " Sope Sope
Khi d6 ta c6 2ome _ Zoe - OC _Sone _ Sose nan g dwoc S, e =Sope-Sope = K257

- - OBC"~OB'C' OBC
OBC SOBC OoC SOB'C SOBMC
Hay ta duoc S, = k.S, . Hoan toan twong tw ta duoc S, =k.Syc; Soars = K-Soap
Tt d6 ta duoc S, , =k.S,, nén ta duge S, =k*.S5,0 =S, Shpe

Vi du 13. Cho t&¢ gidc ABCD. Goi M, N, E, F lan luot la trung diém ctia cac canh AB, BC,
1

MENF —
2

CD, DA. Gia stit AC cat BD tai O. Chttng minh rang S Soup =S

OAB ~ “0OCD

Loi giai
Bai toan co hai treong hop xay ra
+ Truong hop 1: Néu S, =S, khi d6 ta

ocp’
dwoc S,,, =S, Tt d6 suy ra AD va BC
song song voi nhau, do d6 ta dwoc M, N, E, F
thang hang. Vay ta duoc

1
SMENF = E SOAB _SOCD =0.
+ Truong hop 2: Néu S, # S, khi d6
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khong mat tinh tong quat ta gia sw

SOAB > SOCD

T d6 ta duoc S, > S, ., Nén suy ra diém C gan AD hon diém B, do d¢6 BC cat AD tai

ABD ACD

diém P nam ngoai BC, AD vé phia C, D twong ting. Tt d6 ta dé thay t&t giac MENF la hinh
binh hanh va APB =ENF.
Dit APB=ENF =, khi d6 ta c6

Syene = MENE.sina = iAD.BC. sina = i(PA —PD)(PB-PC)sina
= i(PA.PB +PC.PD-PAPC-PBPD)sina = %(sPAB +Spep ~Spac — S )
= 3T (usco *Sreo ) S ~(Srcn S 1c0)~(Sreo ~Suco )
= (S ascn =S sco ~Sucn) =3 (Soms ~Socr)
Néu S, <Sqep, thitacod S, = %(SOCD ~Sons)
Két hop cac truong hop lai ta cd S, .\ = %|SOAB ~Soeo|

Vi du 14. Cho t& giac 16i ABCD. Goi E, F lan lot 1a cac trung diém cua AC, D. Gia st AD

¢4t BC tai P. Chitng minh ring S, = is

ABCD

Loi giai
Gia st O la giao diém cua AC v6i BD. Goi M,
N Ian luot la trung diém cua AB, CD. Do AD
va BC khong song song véi nhau nén ta co

Soas % Socp, khi d6 khong mat tinh tong quat

tagiast S, >S5S, Ttr do ta duoc

S i > Sacp Nén suy ra diém C gan AD hon
diém B, do &6 BC cat AD tai diém P nam
ngoai BC, AD vé phia C, D tuong ting. Tt d6
ta dé thay t gidc MENF la hinh binh hanh va
APB =ENF.

D4t APB =ENF =, khi d6 ta 6
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MENF

~MENF.sina =~ AD.BC.sina = l(PA—PD)(PB—Pc)sim
1 4
1

= Z(PA.PB +PCPD-PAPC-PBPD)sina = %(SPAB +Spep ~Spac — S
1

= EI:(SABCD + SPCD ) + SPCD - (SPCD + SACD ) - (SPCD - SBCD ):I
1 1

- E(SABCD ~Sxco ~Ssep ) E(SOAB ~Sow )
) 1
Do dosuyra S, = Z(SOAB _SOCD)‘

Goi Q, R Ian lot 1a giao diém caa PE, PF v6i DC, khi d6 dé thdy DQ va CR nhé hon %CD .
Tl d6 suy ra N nam gitta hai va do d6 N nam trong tam giac PEF.

Do EN song song v6i AP nén ta dwoc S, =S, = lS

1
NED o - Twong tie ta dwoc Sy, = ZS

A BCD

1

Tl d6 ta dwoc S, =S, +Saep + Sapp = Z(sOAB ~Seep +Sacp +S

1
BCD ) = ZSABCD

Vi du 15. Cho hinh thang ABCD(AB//CD) ndi ti€p duong tron (O; R) va ngoai ti€p (I; r).
Tinh dién tich hinh thang ABCD theo R var.

Loi giai
Vi ABCD la hinh thang ndi ti€p duong truong tron A K B
nén la hinh thang can. Goi K, H Ian luot la trung E
diém ctua AB, CD, khi d6 KH la duwong trung truc 4 M
cua AB, CD. Ttr d6 ta duwoc hai diém I va O thudc o
D H C

doan KH va I la trung diém ctia KH.
Gia stt duong tron (O; r) tiép xtic voi BC tai E. Goi
M 1a trung diém ctia BC, khi d6 ta dwgc IE va OM
cung vuong goc voi BC nén IE//OM.

Hinh thang can ABCD ngoai tiép duong tron nén ta c6 AB+CD = AD+BC
AB+BC+CD+AD

Tir d6 chu vi ctia hinh thang ABCD la p = 5 =2BC
Do vay S,;., =2BCr. Dat BC =2x thi ta duoc IM =MB =MC =x
A T E T~ A IE MI
Do IE//OM nén EIM =IOM nén AEIO «» AEIM, suy ta —=——
MI OM

Tr d6 ta duge x> =MI* =IEOM =rJOC? -MC? =ryR*—x* hay x* =r* R’ -1’x’

Xét dang thiic tren ta phuong trinh dn x* thi giai ra ra duoc
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2 2 2 2 2
=L 1+41§ 1|=x= & ,/1+£_1 =L,/,/1+£—1
2 r 2 T \/E T
2
T d6 ta duoc SABCD:ZBC.r:ALX.r:Z\/ErZ.,/ 1+4R2 ~1 (dvdt)
r

Vi du 16. Cho ta gidc déu ABC ndi tiép duong tron (O; R). Quay tam gidc ABC mot goc
90° quanh O ta thu dugc tam gidc A B,C,. Tinh dién tich phan chung cta hai tam gidc
ABCva A BC,

Loi giai

Gia stt duong tron (O) c6 chiéu la A

B
A - B— C— A la chiéu nguoc véi chiéu cua
kim d6ng ho. Gia st quay tam giac ABC mot goc
90° quanh diém O theo chiéu thuan kim dong ho K
Q c

thi thu dwoc tam giac A B,C,. Khi d6 cac diém

A,; B,; C, Ian luot thudc cac cung /A?Z; ATB; BC. A

B T
Do d6 canh A B, cit AB, AC lan luot tai M, N. \</
C1

Twong tw thi A ,C, cit AC, BC lan luot tai P, Q va

B,C, cat BC, BA Ian luot tai T, K. Nhu vay phan

chung cta hai tam gidc ABC va A B,C, la da giac

MNPQTK.

Goi dién tich ctia luc gidc MNPQTK 1a S, khi d6 ta dwoc S=S,,. -5
BC*Y3 _ 343R?

ABC = 4 = 4 .

Mit khéac khi quay mot goc 90° quanh di€ém O thi ta duoc

OA, L OA; OB, LOB; OC, L OC

Tt d6 ta suy ra duwoc OA, // BC, OB, // CA, OC,// AB.

Goi giao diém cua OA, véi AC 1a E. Do cac cung :&z ; ]/SE; (/ZE: c6 50 do bang 90° nén ta

duwoc AMN =90°, ma ta lai c6 MAN =60° nén ta suy ra dugc AN =2AM . Dé thdy

ANEA, can tai E.

AMN

Tacd S

B

Do OE//BD va AOz%AA' nén ta dwoc AE=§AC=§; OE=% R

J3

Tir d6 ta duoc EN=EA, =OA, ~OE =R -~

NG
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Suy ra AN=AE—EN=—=R (R——J=(\/§—1)R

NG

Do vay ta duoc

 MAMN 1 AN ANVE_\BAN? V3[(4-23)R* (2V3-3)R?
AMN — 5 2 > T o 2 . _ -
(2/3-3)r?

crPQ — 4

S

Hoan toan twong tu ta cling duwoc S, =S

(9—3\/5)1{2

4

. Do vay ta dugc

S=

Vi du 17. Cho t¢ giac ABCD vira ndi ti€p, vira ngoai ti€p duwoc duong tron. Chitng minh

rang:

—JABBC.CD.DA

ABCD

Loi giai
Gia st duong tron (I; r) noi ti€p t gidc ABCD va tiép
xtic vii cac canh AB, BC, CD, DA Ian luot tai M, N, P,
Q. bat
AM=AQ=x; BM=BN=y, CN=CP=z;, DP=DQ=t

Do t gidc ABCD noi ti€p duong tron nén
BAD +BCD =180’
Tt d6 dé dang chiing minh dugc AIAM @ ACIN nén

AM M
IN CN

= AM.CN =IM.IN

Do d6 ta duoc xz =1°. Hoan toan tuwong tu ta duoc
yt=r1>
Ta c6 ABBC.CD.DA =(x+y)(y+z)(z+t)(t+x)

Khai trién tich trén ta duoc
AB.BC.CD.DA =2xyzt+yz’t + xz°t + zy’t + xyt* + yzt* + zxt’ + xzt’ + y*t’
+X°yz+xyz® + X727 +xzy” + Xyt + Xzt + xy’t
Chay dén xz=yt=r ta duoc
ABBCCD.DA =1*(xX* +y” +2° +t* +2Xy + 2xz+ 2xt + 2yz + 2yt + 2zt

=r? (x+ y+z+ ’c)2 = (r.p)2 Sasco

Vay ta duoc S%,, = AB.BC.CD.DA.

ABCD
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Vi du 18. Cho tam giac ABC c6 dién tich S va ba di€ém M, N, P thudc cac canh AB, BC, CA
twong tng. Chitng minh rang mot trong ba tam giac AMP, BMN, CPN c6 mdt tam giac co

A 4 A /4 S
dién tich khong vuot qua 1
4 A, A .7 A A 4 A L4 4 oA /4 4 S
Co6 ket luan duoc trong ba tam gidc trén luén c6 mot tam gidc c6 dién tich 16n hon T0° hay

khong?

Loi giai
avps S5 = S O3 = Sepy s Khi d6 ta co
AM AP S, BM BN S, CN CP

Pit S, =S

e N Al Y Rl Sl
S AB AC'S BA'BC'S (B CA
Do do ta dwoc

S, S, S, AM.BM BN.CN CP.AP

-1 72 ~3
S'S’'s AB? BC?  CA?

_(AM+BM)" (BN+CN)' (CP+AP) (1Y @ N c
T 4AB* T 4BC? T 4CcA® 4
-y A T 1 A .
Tir d6 suy ra mot trong ba ti s6 rEAryary khong vuot qua 1 hay mot trong ba s6

S,; S,; S, khong vuot qua % Nhu vay ta khong thé két luan dwoc trongbasé S;; S,; S,

AM BN CP 1
AB BC CA 10°

A J4 A A~ S 2
ludén c6 mot s6 vuot qua 0 chang han ta chon M, N, P sao cho

thikhidé S ; S ; S, déu bé hon %

Vi du 19. Cho ngii gidc 16i ABCDE c¢6 dién tich S. Chitng minh ring trong ndm tam giac

ABC, BCD, CDE, DEA, EAB lu6n c¢6 moét tam giac cé dién tich 16n hon %

Loi giai

Chti y rdng néu diém K nam trén canh PQ ctia B c
té giac 16 MNPQ thi ta ludn cd

Min{S ;0 Soun | < S <Max (S, ;Soun |
+Néu S, >% thi tam giac ABC la tam giac A ’
can tim.
+Néu S, >% thi tam giac BCD la tam gidc
can tim. E

+Neéu S <§V‘aS

anc €7 % thi ta duoc

BCD <
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S
SABCDK = SABC + SBCD - SKBC < E

Nhu vay mot trong hai tam giac KDE hodac KEA c6 dién tich 16n hon %

+Neéu S

KDE

> % thi theo cht y trén trong t giac ACDE c6 diém K nam trén canh AC.

Khi d6 ta duwoc S_.,. =S

CDE — ~KDE

25

>% hoac SDEA Z Oxpg ~
A S . . S . S
+Neéu S, > 1 thi twong titaco S, > 1 hodc S, > 1

A ~ .7 Pa Pay 4 Pay .7 4 oA /4 4 S
Vay trong nam tam giac trén luén c6 mot tam gidc c6 dién tich 16n hon 1

Vi du 20. Trong cac tit giac 61 c6 ba canh bang a cho trudc tim i gidc c6 dién tich 16n
nhat.

Loi giai
Gia st tt gidc 16i ABCD c6 ba canh bang a 1a
AB, AC, CD. Goi H la trung diém ctaa AC, khi
d6 HB vudng goc voi AC. Ddt BH =x thita

duwoc x<a.Tacod

S a5 = Sasc +S AC(BI—I+CD)

ABCD ABC ACD <

D&u dang thiec x4y ra khi va chi khi

ACD =90°.
Talai co

2AC(BH+CD)=Na - (xra)= [(a" =) (x+a)" =y(a=x)(x+a)
) \/%(?’5“5”><)(X+a)3 < \/l(3a—3X+3x+3aj4 _ 33’

3 4 4

2 —
Hay %AC(BH+CD) < 3\/§a .Déng thikc x4y ra khi 3a—3x=a+x < x = % < ACB =30’
2 ACD=90" — _—
Tt d6 ta duoc S, < 3\/_ , déng thitc xdy ra khi < ABC=BCD=120°".
ACB =30"

Vay S dat gia tri 16n nhat 1a

, dat dwoc khi va chi khi t gidc ABCD co

ABCD

3/3a2
4

ABC = BCD =120°.

Vi du 21. Cho luc giac 161 ABCDEF ¢6 dién tich S va AB song song v6i DE, BC song song
voi EF, CD song song vdi FA.
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a) Chting minh rang S

>=
ACE =9

b) Chiing minh rang S

ACE —

S

BDF

Loi giai
a) Qua A, C, E ké cac duong thfmg a, ¢, e lan luot
song song voi BC, AB, AF. Gia sz a cdtctaiM, c
cat e tai N, e cat a tai P. Khi d6 dé thdy cac & giac
ABCM, CDEN, EFAP la hinh binh hanh. Cac hinh
binh hanh nay d6i mot nam ngoai nhau va cling

nam trong da giac ABCDEF. Tir d6 ta duoc

S S +S +S <

ABC + CDE ABCM CDEN EFAP)

1
+gm=5$

N | Wn

Suyra S

2—.
ACE =

Dé thay MN =|AB-DE

;NP:|CD—AF

Tt d6 ta thdy S +Spp +S 5

ABC CDE EFA — 5

S
=—<S5
ACE 2

Hay S

MNP

b) Hoan toan twong ti nhw trén qua B, D, F ke
cac duong thfmg b, d, f lan lwot song song voi
AF, BC, AB. Giastrd cat f tai M, fcatb tai N’, b
cit d tai P’. Khi d6 ta c6
M'N'=|AB-DE|=MN
N'P'=|CD-AF|=NP
P'M'=|BC-EF|=PM

Do do ta dugc AMNP =AM'N'P'. Tt d6 suy ra

S +S +S

ABCM CDEN EFAP

Ttr d6 ta b S,5c +Scpr T Sera = Sprr T Spas + Secn

;PM:|BC—EF|

—<S +S

+S S

CDEN EFAP —

=0 < ba diéem M, N, P trung nhau < AB=DE; CD = AF; BC=EF

c D

= S_SMNP = S_SM'N'P' =5

nén suy ra S

+S +S

DEFM' FABN'

S

BCDP'

ACE — “BDF

Vi du 22. Cho tam giac ABC chtta hinh binh hanh MNPQ. Chitng minh réng

1

MNPQ < E

S S

ABC

Loi giai

Ta xét cac truong hop sau day:
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+ Trueong hop 1: Tt gidc MNPQ c6 mdt canh nam A
trén canh ctia tam gidc ABC. Khong mat tinh tong
quét ta gia st canh MN nam trén canh BC va M

nam gitra hai diém B, N. £/ Q P

Goi giao diém cua PQ v6i AB, AC Ian luot la F va

E. Qua E dung duong thing song song véi AB cat

BC tai D, khi d6 tit giac BDEF 1a hinh binh hanh va
co cung duong cao voi hinh binh hanh MNPQ.

Ma ta lai c6 PQ <EF nén ta dwoc Sy, < Sppgr

1

MNPQ < E

S

nén ta duwoc S

BDEF — ABC ABC

Lai dé thay S <%S

+ Trueong hop 2: Tk gidc MNPQ khong c6 canh
nao nam trén canh cta tam giac ABC. Khi d6
khong mat tinh tong quat ta gia st giao diém cua
MQ va NP vdi cac canh cua tam gidc ABC duoc
ki hiéu nhu hinh vé.

Dé thay t¢ gidc M'N'P’Q’ 1a hinh thang c6 hai
dinh ndm trén mét canh ctia tam giac ABC.

Hai diém M’ va Q hodc hai diém N’ va P’ khong

thé cung thudc mot canh cta tam giac ABC vi
MQ va NP khong ndm tren mdt canh cua tam
giac ABC. Hai dinh M’ va P’ hodc hai dinh N” va

Q' ciing khong thé cting nam trén mot canh ctia

tam giac ABC.

Nhu vay hai dinh M” va N” hodc P’ va Q" cung nam trém mot canh cta tam giac ABC. Gia
st M’N’ ndm trén canh BC. Khi d6 trén doan N'P’ va M’Q’ 1an [an luwot cac diém P;Q,
sao cho N'P, =NP; M'Q, =MQ. Khi d6 ta dugc hinh binh hanh M'N'P,Q, c6 canh M'N’
nam trén canh BC va tam giac ABCD chtt cac diém M/, N’, P, Q". Do d6 chiing minh
tuong ty nhuw trén ta dugc

1 1

M'N'P,Q, < ESABC = SMNPQ < ES

ABC*

THCS.TOANMATH.com TAI LIEU TOAN HOC




Vi du 23. Cho da giac 16i (H) c6 n canh. Ké c4c doan thang ndi trung diém ctia hai canh ké
nhau cta hinh (H) tao thanh da giac (H").
. T n . 1
a) Chirng minh rang néu n=4 thi S(H,) = ES(H)
. Ly o . 1
b) Chitng minh rang néu n>5 thi S(H,) > ES(H)
S(H') 1 N 1

c) Ldy vi du vé ngii giac 16i (H) théa man diéu kién ——

St

Loi giai
a) Xét da giac 16i ABCD nhu hinh vé. Goi M, N, P,
Q Ian luot 1a trung diém ctia AB, BC, CD, DA. Khi
do MQ la duong trung binh ctia tam giac ABD nén

1
ta dugc S, :ZS ABD
Tuong tw ta c6
S 18 ;S 1S ;S =lS

MBN — ~ 2 ABC’ °NCP — A °BCD’ °PD ACD
2 2 Q2

Tt d6 ta duwoc

S,..+S +S. ., +5S

AMQ T PMBN T OncP T PPDQ
1 1 1 1 1
= ZSABD + ESABC + ESBCD + ESACD = ESABCD
Do dosuyra S :lS

MNPQ 2 ABCD *
b) Gia st n-gidc Ioila A A A,...A_va trung di€ém cac canh A/A ;A A ;..;A A, lanluotla
B,;B,;B,;..;B_ . Khido taco dagiadcHla A A A,..A vadagiacH' la B,B,B,...B_.
Céc phan ctia da gidc (H) nam ngoai da giac (H’) 1a cac tam giac
B,A,B,; B,A.B,; B,A,B,;..; B.AB,

1

Tacd Sy, 5 +Syap +Spap T +S g ap= Z(SA an FSaan FSuan FotS o n )

Trong n tam gidc A|A,A;; A,AA,;..;A A A, thihai tam giac lién ti€p mdi c6 phan
chung va hai tam giac khong lién tiép khong c6 diém chung trong. Ngoai ra mdi tam giac
trén chtta mot tam giac khong c6 diém chung trong véi cac tam giac khéc, chang han tam
gidc A M M, nam trong tam gidc A,A,A, va khdng c6 diém chung trong véi cac tam

gidc A,AA; AAA; . A AA,.

37747

Do do ta dwoc SAAA SA2A3A4+"'+SAHA1A2<ZSH
S S S S S _1 S S S S 1 S
uy ra B;A,B, + B,A;B, + B;A,B, +..t BnA1B1_ Z( AALA, + A,ALA, + AZALA; tot A AA, ) < E H
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Hay ta dwoc S(H,) > %S(H) .
c) Xét tam gidc déu c6 canh bang a va I1a trung diém ctia BE. K& hai doan thang IC, ID c6
dd dai bang 1 Tan lwot song song va cuing cling chiéu véi AB, AE. Khi ¢6 tam giac ICD 1a
tam gidc déu va ta dwgc ngti giac 16i (H) 1a ABCDE.

GoiM, N, P, Q, R Ian luot la trung diém caa AB, BC, A

CD, DE, EA. Khi d6 ngti giac 16i H la MNPQE. Tt d6
ta tinh duoc

1 a’+l3 . 1 1 23

SAMR :Z ABE — 16 a SBMN :ZSABC =Z ABI :3—2 : |

2\/5 E
Hoan toan twong tw ta duoc Sy, = a3_2 : N Q
Dat S, =S,k +Spvn T Scnp +Spro +Skor thi ta duroc c P D

S >S +S +S

n AMR BMN EQR —

a2\3
8

a’\3 BE+CE 23 a+1
+ IP < +

Ta co S(H) =S ascoe = Sase T Spcor = 4 2 1 5
Do d6 ta duoc S, =S, —S <a2J§+a+1_a2J§_a2J§+a+1
TTT(E) () T 4 7 s 8 >
5 a2\/§+a+1
) ' ar?
bo S(H) > S xpe :u nén <8 2 2 =l+2. 5‘2"'1
4
410°  2(a+1) 42 4 4 1

Do d6 véi a >

thl < = < =
J3 a3 a3 a3 4.10° N 10°
N

Siy 11 4.10°

Suy ra — <—+——. Vay ngt giac ABCDE chon nhu trén va a > —=- thi ta duoc
Sw 2 10 NE)

S(H') 1 1

—— <.

S 2 10°

(H)

Vi du 24. Cho tam gidc déu ABC va mét diém O nam trong tam giac. Cac tia AO, BO, CO

cat BC, AC, AB. Biét S, +S,,0 +5 =%s s - Chting minh rang it nhat mot trong ba

CNO Al

doan thing AM, BN, CP la dwong trung tuyén ctia tam giac ABC.

Loi giai

THCS.TOANMATH.com TAI LIEU TOAN HOC




Céch 1: Dit S,
MB _ SAMB _ SOMB _ SAMB _SOMB SOAB _ Z

=X; Sgep =Y Sopp = 2- Khi do ta co A

MC_SAMC SOMC S -5 SOAC y y

Suy ra M ____z :>BM: 2 T d6 ta duoc
CM+MN y+z BC y+z

OM SBOM _ SBOM _ SCOM _ SBOM +SCOM _ SBOC X

AMC OMC

= = = = = M C
AM SBAM SBAM SCAM SBAM +SCAM SABC SABC ®
MB BM OM z X zZX
Do ddtasuyra S, . . =
y T BC T T BC AM A T yigs, A T oy
Xy . __Zy . __Xy . yz . __ZX
Turcmg tu ta duoc SCON :m' SAOP _m' SCOM y+z SAON m' SBOP - X+y

Theobairaracd S,,,+Spuo +Seno = %S Apc Nén ta duoc

BMO CNO

1

0= 2(SBOM SCON + SAOP _ESABCJ = SBOM + SCON + SAOP - SBPO - SCOM - SAON

x(z—y)+y(x—z)+z(y—x)= T
zZ+y X+2 y+x  (x+y)(y+z)(z+x)
Véi T=x(z—y)(x+y)(x+z)+y(x—z)(y+z)(y+z)+z(y—x)(z+x)(z+y)
:(z—y)x3+(x—z)y3+(y—x)z3 =(x—y)(y—z)(z—x)(x+y+z)

Do dé6 ta duwgc x =y hodc y =z hodc z=x.Suyra S_,. =S, hodc S, =S,,; hoac

SOBC = SOAB

Nén ta duwoc MB =MC hodc AP =BP hoac AN =NC. Vay it nhat mot trong ba doan

thang AM, BN, CP la duwong trung tuyén ctia tam gidc ABC.

Cach 2: Ddt SOBM =X; SCON =Yy, SAOP =z SCOM =m; SAON =1, SBOP =p

Theobairatacod S,,, +Sg o +S

1 R
oNo = ES \pc Nén ta duoc

S +SCON + SAOP = SBPo + SCOM +5
x OM m

ptz ~ OA _n+y

BOM AON

Hay x+y+z=m+n+p.Do nén ta dugc xy +xn =pm+zm.

Tuwong ty ta dwoc yz+yp = mn+xn; zx+zm =np+yp
Cong theo v& cac dang thirc trén ta dwoc xy +yz+zx=mn+np+p
Do AM, BN, CP dong quy nén theo dinh li Ceva ta duoc

MB NC PA x y z
___:_———1:>xyz mnp

MC NA PB mnp
X+y+z=m+n+p
Ttr d6 ta co hé {xy+yz+zx=mn+np+pm

Xyz =mnp

Theo dinh li Viet thi (x,y,z) la mot hoan vi cua (m,n,p) . Do d6 c6 ba treong hop xdy ra
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+ Truong hop 1: Khi x =m, ta dugc MB=MC nén AM A

la duong trung tuyén ctia tam giac ABC.

+ Truong hop 2: Khi x =n. Goi H va K Ian luot 1a hinh ‘

P
chiéu cta M va N trén AB. y ‘»
Vi ’ ‘

1 1
EMH.AB:SAMB:x+p+z:n+p+z:SNAB:ENK.AB B M c

Do d6 ta dugc MH = NK suy ra MN//AM.

Nén theo dinh If Talet ta duoc b - NA

MC NC°

Ciing theo dinh li Ceva ta cé MB NC PA =1 nén ta duwoc PA =PB. Do d6 CP la duong

MC NA PB
trung tuyén ctia tam giac ABC.
+ Treong hop 3: Khi x = p. Goi K 1a giao diém cua BN A
va MP. Goi Q la diém ddi xting véi O qua K. Goi E va
F theo thit ty 1a hinh chiéu cia M va P trén OP.

Vi x = pnén ta duoc %ME.BO = %PF.BO = ME =BF. ’

Q
Ma ta lai c6 MK _ME  en MK = KP, két hop vdi B M c
PK PF

OK =QK ta dugc MOPQ la hinh binh hanh.

MB QB PB
MC QO PA

Do d6 ta dugc MQ//CO, PQ//AO. Nén theo dinh li Talet c6
NC MB NC PA _
NA NC NA PB

Do d6 BN la duong trung tuyén cta tam giac ABC.

Do d6 theo dinh 1i Ceva ta co 1= NA=NC

Vi du 25. Cho t& giac 16i ndi tiép ABCD c6 duong tron ndi tiép tam 1. Goi O la giao diém

2
ctia AC va BD. Chimg minh ring 20 = 21
co
Loi gial
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Goi r 1a ban kinh duong tron tam L. Gia st rang

M,N,P,Q lan luot la tiép di€ém ctia duwong tron

tam I v6i cac canh AB,BC,CD,DA. Dat
AM=AQ=x; BM=BN=y
CN=CP=z DP=DQ-=t

r r
Ta c6 = = .
aco Al A ,CI —C
sin— sin—
2 2
p s’ 2 1-cosA
Do dé ta suy ra dwoc o g c Stt dung dinh ly cosin cho tam gidc BAD
. 2 A 1-cos

sim

ta co
AB?+AD?*-BD* _ (x+y)2 +(x+t)2 ~-BD?
2AB.AD - 2(x+y)(x+t)

COSA =

(x+y) +(x+t) ~BD* BD*-(y-t)
2(x+y)(x+t) 2(x+y)(x+t)'

Tuong tw ta cting chitng minh dwoc

(z+y)2 +(z+t)2 -BD? B BD? —(y—t)2
2(z+y)(z+t) _2(z+y)(z+t)‘

AI2 _ (X+ y)(x+t) _ ABAD _ 25ABD . 2SCBD _ SABD _ AO

CI* (z+y)(z+t) CBCD &nBAD sinBCD Sep CO

Suyra l-cosA=1-

1-cosC=1-

Do d6

Vi du 26. Cho tam gidc ABC c6 goc A<90° va AC=2AB. Duong phan gidc AD cat
duong cao BH tai K(D thudc BC, H thudc AC). Puong thang CK cat AB tai E. Chting minh
rang tam gidc ABC vuong tai B khi va chi khi dién tich ctia hai tam gidc BDE va HDE bang
nhau.

Loi giai
Do AC=2AB nén ta duoc AB< AC, do d6 A
ACB < ABC néntadu’qc@<90°. H

Tir A<90°, ACB<90° va AB<AC suyradiém  E

K nam trong tam giac.

DB AB 1 BD 1 CD 2

TacO —=—+-=— ta duoc —=—, —=— B D C
DC AC BD 3 BC 3

+ Diéu kién can: Gia st tam giac ABC vudng tai

B.
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" Khi d6 d& thay BAC =60". Tir d6 ta dwoc AH:%AB:%AC va AH=%CH

Ap dung dinh 1i Menelaus cho tam gidc ABC véi ba duong thang AD, BH, CE dong quy ta

EA DB HC R AE 2 , BE 3 EA 2
duwgoc —.—.—— =1 néntadwoc —=—,dod6 —=—; —=—
EB DC HA EB 3 BA 5 AB 5
Khi d6 ta duwoc S apn _AEAH 1 va Scon _CDCH 1
S, ABBC 10 Suc CBCA 2
Cong theo vé ta dwoc S, +S, = %S apc €N Sy o= %S ABC
S .
Ma ta c6 SBDE = ]15?([? ]]:i :% nén ta dwoc S, = %SBEDH. Tk dosuyra S, . =S,
ABC °
+Diéu kién du: Gia st S, =S, -
Theo dinh li Menelaus ta cé %QH—C =1 nén ta duoc AE = 2AH
EB DC HA BE HC
AE 2AH . EB AC-AH

Tir d6 suy ra

AB AC+1AH 1 AB AC+AH
2BDBE AEAH CDCH

Tir d6 ta duoe 22t 4 S, Scon g pay =
BC.BA AB.AC BC.CA

ABC ABC ABC
Tt d6 ta duwoc
2(AC-AH) 2AH? 2(AC-AH)
3(AC+AH) ’ (AC+AH)AC T 3AC
& AC*-5AH.AC+4AH’ =0 < (AC-4AH)(AC-AH)=0 < AC=4AH

AC?

Tt AC=4AH ta duoc AB* =

= AC.AH nén tam gidc ABC vuong tai B.
Vay ta c6 diéu phai chitng minh.

Vi du 27. Cho tam giac nhon ABC c6 ba duong cao AA’, BB’, CC'. Goi D, E va F lan luot

la tam duwong tron ndi tiép cac tam giac AB’C’, BC'A’ va CA’B’. Tinh ban kinh duong tron

ngoai tiép tam giac DEF theo d6 dai cac canh cua tam giac ABC

Loi giai
Trudc hét ta phat biéu va chitng minh bo deé: A
Cho tam giac ABC vudng tai A cé
C = <45°, khi d6 ta ludn c6
sin2 a = 2sina.cosa
That vay, goi AH la duong cao va AM =ala
duong trung tuyén cua tam giac ABC. Khi

dé6 tam gidc AHC ¢4 AHC=90";C=a nén
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Vi AM la trung tuyén ting v6i BC nén
AMB =2a.
Xét tam giac AHM co

AHM =90°; AMH =20 = sin AMH = iﬁ

hay sin2a = AH
a

Do d6 sina.cosa = 2.CH = 2AHCH = 2AH.CH = AH . Do d6 ta duwoc sin2 o = 2sina.cosa

AC AC? BC.CH a

Tro lai bai toan: Goi I 1a tam duong tron ndi ti€p tam giac ABC. Goi r, p, S lan luot la ban

kinh duong tron ndi tiép, ntra chu vi va dién tich ctaa tam gidc ABC. Khi d6 dé dang
chitng minh dugc S=pr.

Dit AB=c, BC=a, CA=b va BAC=2a; CBA =24; ACB =2y.

Khi d6 ta dwoc 0<a; B; ¥ <90° va a+f+y =90". Dé dang chitng minh duoc

—

C'A'B=CA'B'=2a; A'B'C=AB'C'=24;, BBC'A=BC'A'=2y

Tt d6 ta duoc EA'B=FA'B=BAl=a va A'BE=A'B'F=ABI=j
A'E_AF Al

Do d6 ta dugc AA'EB > AA'FB' <> AAIB. Suy ra ta co = =
A'B A'B' AB

Do do ta lai dwoc AA'EF @ AA'BB' nén ta duoc Ezﬂ

BB' A'B'

Tt d6 ta duwoc Ezﬂ ‘EF—ﬂ BB'—ﬁ Al = Al.sin2a.
BB' AB AB AB

Ciing tir AA'EF © AA'BB' ta c6 EFA'=BB'A =90° —~CBA =90° - 2,3
Do d6 ta duoc IFE =IFA'~EFA'=(a+7)~(90°~28)=a+ f+y+ 5 -90° = = CBE
Tuwong tw ta cing dwoc I]D/\Ezﬁzﬂ va ﬁ:ﬁ:y nén ta dwoc E/D\F=ﬂ+7
Hoan toan tuwong tw ta cing dwoc ﬁ) =y+a; [ﬁ =a+p.
Goi R 12 ban kinh dwong tron ndi tiép tam giac DEF. Ap dung dinh Ii sin cho tam giac
DEF va 4p dung d6 dé trén ta duoc ta duoc

EF EF EF  ALsin2a

R= — = =JA.sina=r
2sin EDF 2sm(,8+7) 2cosa 2cosa

_s_yp(p-a)(p=b)(p—¢) z\/(P—a)(P—b)(P—C)

P P P

Tt d6 ta duwoc R=r
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p-b)(p-¢)

-a
Vay ban kinh duong tro ngoai ti€p tam giac DEF la R = \/ (p )( .

P

Vi du 28. Cho tam gidc ABC noi ti€p duong tron (O, R), c6 cac duong cao AD, BE, CF. Tim

cong thizc lién hé gitra dién tich tam gidc ABC véi chu vi tam giac DEF.

Loi giai.
Ta xét cac treong hop sau:
+ Truong hop 1: Tam giac ABC vuong, khong mat tinh
tong quat ta gia stt A =90°
Khi d6 cac diém E, F trung vdi A nén khong ton tai tam
giac DEF.
+ Truong hop 2: Tam gidc ABC nhon.
Goi H 1a trye tdm tam giac ABC. Trudc hét ta ching
minh diém O ndm trong tam gidc ABC.
That vay, vé duong kinh AT cit CB tai V. Gia st O nam
ngoai tam gidc ABC va thudc duwong thang VT, khi d6 ta
duoc
180° < BOT+COT = 2BAO+2CAO = 2BAC = BAC > 90"

mau thuan véi tam gidc ABC nhon.

Nhu vay tam giac ABC nhon thi O ndm trong tam giac. Goi K 1a giao diém AO va FE

Dé thay cac tt gidc AEHF va BDHF ndi tiép.

Ké OP vudng gdc v6i AC tai P, theo tinh chat goc ndi tiép ta co

AEF = AHF = ABC = AOP =90° —OAE

Do d6 ta dugc AKE =90° hay AO L EF. Chitng minh twong ty ta duoc

OB LFD, OC L DE

Ttr d6 ta dwoc S, ;. =S, 1op +Sgrop +5

AFOE BFOD CDOE

Suy ra 25

ABC

Véi p,g la ntra chu vi tam giac DEF.
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y

| 4

-+ Truong hop 3: tam giac ABC tu, khong mat tinh tong

quat ta gia stt BAC>90°. Khi d6 ta c6 H va O nim ngoai
tam giac ABC. Chttng minh tuong tu ta cting duoc

AO LEF

Xét duong trong tam Q d6i xing véi duong tron tam O
qua BC. Dé thdy (Q) la duong tron ngoai tiép tam giac

HBC va hai duong tron (O) va duong tron (Q) co ban

kinh bang nhau. Poan thang OQ vudng géc véi BC tai M.

Xét tam giac HBC co6 ba dwong cao HD, CE va BF. Khi d6
ap dung két qua truong hop 2 ta dugc

S.sc =R(DE+EF+FD)

Mat khac ta c6

2SHBC =2 (SABC + SABH + SACH)

=25,..+AHBD+AH.CD=2S, . +AH.BC

ABC

Tt d6 ta duoc 2S

ABC

+AH.BC =R(DE+EF+FD)= 25

ABC ABC

Ké BQ cat duong tron tam Q tai N, ta thdy AH//CN//OQ va AH =CN =2MQ=0Q
Trong tam gidc vudng BQM c6 MQ® + MB? =R? = 4MQ* + BC? = 4R?

Tt d6 ta duoc 2S

ABC

i)

=R(DE+EF+FD)-AH.BC

=R(DE+EF+FD)-2QM.BC =R.p,, - BCV4R* - BC

Vi du 29. Cho da giac 16i (H) c6 dién tich S. Chitng minh rang luén ton tai mot hinh tam

gidc co dién tich khong vieot qua 2S chira hinh (H).

Loi giai

Trong cac tam giac c6 ba dinh la ba dinh ctia hinh (H) ta chon tam gidc c6 dién tich 16n

nhat. Goi ba dinh cua tam gidc d6 1a A, B, C. Khi d6 ta xét cac truong hop sau:

+Trueong hop 1: Néu S, < 5

ABC = H
2

Qua A, B, C ké cac duong théng lan luot song

song voi BC, CA, AB tao thanh tam giac A'B'C".
D& thdy tam gidc A’B'C’ chita hinh (H) vi néu :

mot dinh ctia hinh (H) nam ngoai tam giac
A’B'C/, chang han diém E nhu hinh vé thi khi d6
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S

s > S ape» di€u nay trai voi cach chon tam giac

ABC.

ABC”

M3t khac dé thdy A, B, C Ian luot 14 trung diém ctaa B'C’, C'A’, A’B’.

Ttr d6 ta dwoc S, ... =4S,,- <2S.

- ABC —

+ Truong hop 2: Néu S

> —
ABC 2
Trong cac dinh cta hinh (H)nam khac phia véi A so
v6i BC ta chon dinh xa nhat, khong mat tinh tong

quat ta gia st diém d6 1a M. Tuong tw goi cac dinh

khac phia B, C d6i v6i CA, AB va xa CA, AB nhat [an

lwot 1a N, P. Khi d6 hinh (H) chtta luc giac
APMBCN.

+S <S

BMC CNA

Tt S, >§ tadwoc S, ,; +S ABC

Qua M, N, P ké cdc duong thang Ian luot song song véi BC, CA, AB va cac dudng thang
nay cat nhau tao thanh tam giac A’B’C’. Theo canh chon M, N, P thi tam giac A’B'C’ chiza
<2§ <2S.

APBMCN —

hinh (H). Theo két qua bai toan trén ta c6 S

ABC
Néu BC 1a mot canh ctia hinh (H) tke 1a khong c6 dinh nao ctia hinh (H) nam khéc phia
ddi véi A so v6i BC. Qua N, P ké hai duong thang lan luot song song véi CA, AB. Hai
duong thang d6 tao véi duong thang BC tam gidc A’B'C’. Khi d6 dé thay tam gidc A’'B'C’
chtta hinh (H)va S, ... <2S <2S.

APBNC —

Néu tam gidc ABC c6 hai canh chang han BC, CA 1a hai canh ctia hinh (H) thi qua P ké
duong thang song song véi AB, duong thang nay tao véi hai duong thang BC, CA tam
gidc A’B’C’. Khi d¢ tam gidc A’B’C’ chita hinh (H) va S, ;.. <255 <25

APBC —

Vi du 30. Cho da giac 16i (H) c6 dién tich S. Chttng minh rang (H) chita mot hinh tam giac
co dién tich:

a) Lon hon 2 b) Khong bé hon %S

Loi giai
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Gia st hai dinh xa nhat cta hinh (H) la A, B. Qua A, B ké hai duong théng a, b ké hai
duong thang vudng goc véi AB. Khi d6 dé thdy hinh (H) nam giita hai duong thang a va
b.

M N
Q A M
/ | dl\
C D

R Q H dy P T

F E \
d

. K 3 i

P B N v B v

a) Duong thang AB chia hinh (H) thanh hai da giac (Hl) va (H2) nam vé hai phia ctia
duong thang AB. Goi hai dinh cta (H,) va (H,) xa AB nhat Ian luot 1a E, F thi cac tam

gidc ABE, ABF nam trong hinh (H), Qua E, F ké cac duong thang song song véi AB, chiing
tao véi a, b mot hinh chit nhat MNPQ chita hinh (H) va khong trung véi hinh (H).

Ls

= E MNPQ

Dé thay S, +S S hoac S

ABE ABF ABE

> %S nén ta duwoc S ABp >

b) Chia AB thanh bdn doan thang bang nhau Al=TH=HK =KB=x.Qual, K, Hké ba
duong thang d,,d,,d, vudng géc véi AB va duong thang d, chia hinh (H) thanh hai da
giac (Hl) va (H2) Giastr d, cit bién ctia hinh (Hl) tai C, D. Kéo dai cac canh chita C, D
cit a, d, tao thanh hinh thang MNPQ chita hinh (H, ). Gia st d, cat bién cua hinh (H,)
tai E, F. Kéo dai cac canh chtta E, F cat d,, b tao thanh hinh thang RTUV chtta hinh (Hz) .

Vi hinh thang MNPQ va RTUV chtra lan luot cac da giac (Hl) va (Hz) nén ta duwoc

S=5,,)+Siu,) < Sunrq + Swruy = CD.2x+ EF.2x = 2x(CD + EF)
3x 3x  3x 3
Ser +Spep = EF.—-+CD.—= == (EF+CD) :Z.Zx(CD+EF)
- a .3 3
Ttr d6 ta dwoc S, . +Spp 2 1 —Snénsuyra S, > g —S hodc S, = S =S

Ngoai ra do hinh (H) la da giac 16i nén hinh (H) chtta cac tam giac AEF va BCD.

Vi du 31. Cho tam gidc ABC c6 dién tich S ngoai ti€p dwong tron (O; r). Ké ba tiép tuyén
ctia duong tron (O; r) gom tiép tuyén song song véi BC cat CA, AB Ian luot tai M, N tiép
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tuyén song song véi CA cat AB, BC lan luwot tai P, Q; tiép tuyén song song véi AB cit BC,
2

MNPQRS < g

AC Tan luot tai R, S. Chting minh rang ta luoén c6 S S.

Loi giai
Goi dién tich cac tam gidc AMN, BPQ, CRS Ian luot
la S,;S,;S,. Goi chiéu cao hai tir A ctia tam giac
AMN va ABC lan luotla h, va h_ thita dwoc
h, =h_-2r.Dé thdy AANM © AABC nén ta duoc

S _ £2_ ha—2r 1_2
S (h,) | h, h,

Tuong tw néu goi h_;h_Tlan lwot la dwong cao ha tir

B, C ctia tam giac ABC.

Khi d6 ta c6 S5 1—£ va = 5, 1—2 . Dé thay
S h, S h

C

S=tah,=—bh, =~bh =r(a+b+c)
2770 2 27

1 a+b+c a b ¢ 1 1
Suyra —=——=—+—+—=—+—+

r 25 25 25 25 h,

h,
m= 1__ _2_ 1__ > 1 1_£ 1_£ 1_£
S h, 3 h, h, h_

I 2
Y i+i+i 1 3_zr.1 -1
3 h h, h /)| 3 r] 3

— . Ttr 46 ta duoc
h_

2

Dodbésuyra S, +S,+S, > %S nén ta duwoc SMNPQRS < ES
D&u bang xay ra khi va chi khi 1—% = 1—% = 1—h— <h_=h, =h_hay tam gidc ABC

a b c

déu.

Vi du 32. a) Cho t& gidc ABCD khong phai la hinh binh hanh. Chttng minh tap hop cac

diém M nam trong t gidc va théa man S,,,; +Sycp = Syap + Sype 12 MmOt duong thang.

b) Chttng minh rang trong ABCD ngoai tiép duong tron, cac trung diém ctia AC,

BC va tam duong tron ndi tiép cing ndm trén mot duwong thang.

Loi giai
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a) Gia st AB va CD khong song song v6i nhau va
chting cat nhau tai diém O nam ngoai canh AB, CD
vé phia B va C. Trén tia OA, OD 14y cac diém E, F
sao cho OE=AB;OF =CD.

Gia str diém M thoa man diéu kién
S n +S =S.,.,+S

MCD MAD MBC

MAB

Khi d6 ta ¢6 Sopr = Sy08 +Syor =S

MOE MOF

’ S \ «A? M ’ 7
Do dé néu S, < % thi diém M nam khac phia

v6i O d6i voi EF. Suy ra

g =SABC -5

OFF OEF
2

S S

MEF — YOEMF

OEMF

, S i 3 .
Néu S, > % thi diém M nam trong tam giac OEF. Suy ra S,,. =S

, S s g A A
Néu S, = % thi diém M thuéc EFnén S, .. =0

Nhu vay trong cac truong hop trén ta thdy S,,.. khong phu thudc vao diém M. Do diém E

MEF
va F c§ dinh nén diém M thudc duong thang d ¢8 dinh song song véi EF hodc trung véi
EF.

b) Néu t& giac ABCD ngoai tiép duong trong (I; r) thi ta <6 AB+CD=AD+BC

1

CD:E

1

Tl d6 ta duoc S, +S, (AB+CD)r:E(AD+BC)r:SIA +S

D IBC

Goi P, Q Ian luot 1a trung diém ctia AC, BD khi d6 dé thay

S,..+S S,..+S...vaS_ ,.+S. . =S

PAB PCD — 2PAD PBC QAB QCD

Do dd I, P, Q thudc tap hop cac diém M thoaman S,,,, +S S, ..»+S

MAB MCD — °MAD MBC *

Do d6 néu ABCD khong phai 1a hinh binh thi ], P, Q thu¢c mot dwong théng. Con néu
ABCD 1a hinh binh hanh thi hién nhién két luan la dung.

Vi du 33. Cho luc giac ABCDEF. Chiing minh rang néu mdi duong chéo AD, BE, CF chia
luc giac thanh hai da gidc c6 dién tich b?mg nhau thi AD, BE, CF dong quy.

Loi giai
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Goi giao diém cua cac cdp dwong chéo AD va BE, BE
va CF, CF va AD Ian lwot 1a M, N, P. Khi d6 néu M
thudc doan CF thi AD, BE, CF dong quy. Gia sit AD,
BE, CF khong dong quy, khi d6 diém M khong thuoéc ¢ N C

CF, suy ra diém M thudc mot trong hai tt giac FABC
hodc CDEF. Khong mat tinh tong quat ta gia st M
nam trong t& giac FABC.

. 1 R
bat SABCDEF =5.Do SABCD = SBCDE =ES nen

S S

MAB — ©MDE

T d6 ta dwoc MA.MB = MD.ME > PD.NE

~ 7 1 A
Twong tw ta cing ¢ S, =Sppa = ES nén ta dwoc S,., =S,;, suy ra

PC.PD =PF.PA > NEMA.

Laicod S;;,5 =Spapc = %S nén ta duoc S, ;. =S, suy ra NE.NF=NA.NB >MP.PC

Tt cac bat déng thic trén ta dwgc MAMB.PC.PD.NE.NF > MA.MB.PC.PD.NE.NF, diéu
nay la vo 1i.
Do d6 gia st AD, BE, CF khong dong quy la sai.

Vay AD, BE, CF dong quy tai mot diém.

Vi du 34. Cho hinh thang ABCD(AB//CD) ngoai tiép duong tron. Goi O 1a giao diém cua
hai dwong chéo AC va BD. Goi ban kinh duong tron ndi ti€p cac tam giac OAB, OBC,

OCD, ODA Ian luot 1a 1,;1,;1,; 1, . Chitng minh rr?mg 1 + 1 = 1 + 1
T

1 I.3 r2 r4

Loi giai
Goi dién tich cdc tam gidc OAB, OBC, OCD, OAD A 5
lanlwotla S;; S,; S,; S, . Goi chu vi cac tam giac S,
OAB, OBC, OCD, OAD lan lwot la p,;p,; p,;p,- Do 5
AB song song v6i CD nén ta dwoc S, =S, . Do tix S

giac ABCD ngoai ti€p duong tron nén ta dwoc
AB+CD=AD+BC. Tt d6 suy ra
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AB+CD+AC+BD=AD+BC+AC+BD
Hay p, +p, =p, +p;-

OA OB AB p,

Dé thdy hai tam gidc OAB va OCD ddng dang véi nhau nén ta dwoc = =—=
OC OD CD p,

b _ OA 5, nén suy ra bh_b . Twong tw ta co —+
p, OC S, S, S, p, OD

P _OB_5 —2 nén suy ra b _ %

3 3

Ta co
2

Suy ra - P P Tu’dotadu’ocp Py PP _PatPs _Po Pu
S, S, S, S, S, S S, S

2

2 2

P Ps_P.,Ps

1 1 1
—t—.
S r T

Ps tr do suy ra l+— =
S4 I.1 I.3

Hay ta dugc

1 3 2

Vi du 35. Cho tam gidc ABC noi ti€p duong tron (O; R) va ba duwong trung tuyén AM, BN,

CP lan luotla m_;m, ;m_. Chttng minh réng L+L+L2E
m m, m_ R

Loi giai

Ta xét hai truong hop sau day:

+ Trueong hop 1: Xét tam gidc ABC khong ti. Ta c6 R = OA > AM -OM, dau bang xay ra
khi O thuoc doan AM. Do d6 ta duwoc R _OA AM OM =1- OM .
m MA MA AM

a

OM _OM _S

Goi AA’ la duong cao ctia tam gidc ABC. Khi d¢ ta lai co A

EE | dang thirc
ABC

xay ra khi va chi khi hai diém M, A’ trung nhau.

S . , o R " ..
Do vay ta duoc R >1 —Soi, dang thiic xay ra khi va chi khi O thudc dona AM dong thoi

ma ABC
hai diém M, A’ trung nhau, diéu nay cd nghia 1a tam gidc ABC can tai A.

THCS.TOANMATH.com TAI LIEU TOAN HOC




\ \ R S \ R S A M A A .
Hoan toan tuong ty ta dwgc —>1-—24¢ va —>1-—2% Dgu bang xay ra lan luot tai
mb SABC mc ABC

B, C
Do O nam trong tam gidc ABC nén S, +Ssc +Socs =S apc

T d6 ta duoc £+£+£23_SOAB +S

ma mb mc SABC

osc T S0ca =3-1=2

Hay ta duoc L+ L+ = > % . D&u bang xdy ra khi va chi khi tam gidc ABC déu.

m m m
a b c

+ Truong hop 2: Xét tam giac ABC tu, khong mat tinh tong quat ta cé thé gia sk A>90°,

Qua A ké duong thang vuong goc véi BC cat duong tron (O; R) tai A’. Goi N’ va P’ lan

lwogt 1a cac trung diém ctia A’C va A’B.
Khi d6 ¢ thé thdy m, =AM <A'M=m_;m,=BN<BN'=m,; m_=CP<CP'=m,

Do do6 ta duoc 1 + 1 + = > L + L + L va ta cling c6 tam giac A’BC la tam giac nhon.

ma mb mc ma mb mc

Chiing minh twong tu truong hop 1 ta duoc L + L + i > 2
m, m, m

C

Dodétaduoci+i+i>£.
m m, m_ R

Vay ta ludn cé 1 +L+ 1 >2 Dau bang xdy ra khi va chi khi tam gidc ABC déu.
m m, m_ R

Vi du 36. Cho hinh binh hanh ABCD. Trén céc canh BC, CD 14y lan luot cac diém M, N

thoa man diéu kién BM _ CN _ k (k la mét s6 cho trudce). Goi P, Q lan luot la giao diém
CM 2DN
ctia BD véi AM, AN. Chting minh rang S, .o =S -
Loi giai
Dé thay A B
1 —
_ 1 P
S xro D AP.AQ.sinPAQ _ AP.AQ s

Sav - LAM AN sinmMan AMAN

2 Q
Ma M=ﬂ:k nén ta duoc

CM 2DN D N C
BM k
= hay

BM+CM k+1
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BM k :>BM_ k
BC k+1 AD k+1

Trong tam gidc PAD c6 MB//AD nén theo dinh li Talets ta co EM _I'M
AD AP
Tt d6 ta duoc M™__k nén suy ra AP _ Kkl hay AP _ k+l
AP k+1 AP+PM 2k+1 AM 2k+1
Lai co CN =k nénD—N=L.Dod(’) DN = 1 :>DN= 1
N CN 2k DN+CN 2k+1 CD 2k+1

Tir d6 suy ra £=2k+1.
DN

Trong tam gidc QAB c6 DN//AB nén theo dinh li Talets ta duwoc AQ = AB
NQ DN
Tir d6 ta duoc £=2k+1:> AQ = 2k+1 = AQ = 2k+1
NQ AQ+NQ 2k+1+1 ~ AN 2(k+1)
S
Do d6 ta dugc APAQ kil 2k+l _ Swo 1 S aro :lSAMN
AMAN  2k+12(k+1) " S, 2 2
T dosuy ra Sy = %S amn €N ta duwoc Sy o =S, -

Vi du 37. Cho tam gidc ABC c6 dién tich bang 1. Lay cac diém M, N, P Tan luot trén cac
BM CN PA
MC NA PB
luot la giao diém ciia AM va CP, AM va BN, BN va CP. Tinh theo k dién tich tam giac
DEF.

canh BC, CA, AB thoa man diéu kién =k vdi k#1;k>0.Goi D, E, F Ian

Loi giai
Vé BH vuong goc voi AM tai H, CK vudng goc véi A
AM tai K. D4t S, , = x. Hai tam gidc ADP va BDP ¢6 /
chung duong cao ha ttt D dén AB va PB = %AP. Nén y
1 X .
ta dwoc S, = ES —.Do dd suy ra N

APD — K
k+1 ‘E \
APD +SBPD =—0X.

k B~_/™ c

Do BH vuong goc véi AM va CK vudng géc voi AM H
nén BH//CK.

S.pp =5

ABD

Do d6 theo dinh 1i Talets ta co BH = M =k
CK MC
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Ttr d6 ta dwoc BH =kCK, suy ra
1 _k+1

Sapc = ISABD = 7)('
2
Twong tw ta duwoc S, ;. =S, = kk—zl.x. Tt d6 S,pc =S, pc +Sapp =X+ kktl.x _k 112(+1.x.
Lai co £=k nén suy ra AP __k :>AP=LAB.
PB AP+PB k+1 k+1
k k K +k+1 k IS
Dodé S,,.=——S,,. =——. Suy ra ta duoc X= =>Xx=
are =1y Tane T W ' 'S k+1 (k+1)(k2+k+1)
, 3(k+1)x
Taco SDEF = SABC _(SADC +SABE +SBCF) =1 - 2
k
3(k+1) K2 3k (k-1)
- 'S '(k+1)(k2+k+1)_ K+k+1 K+k+1
Viy ta duge 5, = )
ay ta duoc =—7
Y ST KP4kl
Vi du 38. Cho tam giac nhon ABC c6 dién tich S va BC=a. Trén canh BC 1dy diém D sao
cho % =k. Tinh dién tich tam gidc c6 dinh 1a tam cac duwong tron ngoai tiép cac tam giac
ABC, ABC, ACD theo a, k, S.
Loi giai
Goi O; O,; O, theo thtt tir la tam duwong tron A
ngoai ti€p cua cac tam giac ABC, ABD, ACD. Khi 0,
do ta suy ra duoc OO, L AB tai M va MA =MB, R
. \ _ N 0
00O, L AC taiNva NA=NC. < OFe/
Ké O,E LBC va OF LO,E. Cacdiém M va E 0
nam trén duong tron duong kinh BO, nén
c\. G DN_P E H B
OO,F = ABH. Ttr d6 ta duoc AOO,F <> AABH
nén ta dugc 00, _AB =00, = OF.ﬂ (1)
OF AH AH
2(PE+EB)-2EB _
Talaicd OF =PE = ( ) :BC BD:CD.
2 2 2
NPT BC n a . a
Ttr gia thiét suy ra —=k+1 nén CD =——, do d¢ ta dwoc OF = .
CD k+1 2(k+1)
Két hop véi (1) ta duoc 00, =2 AB (o)
2(k+1)" AH
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ak _AC
2(k+1)" AH
Ké BR L AC va 0,Q LOO,, xét hai tam gidc O,0Q va BAR ta c6 O,0Q=BAR ( do tir
gidc AMON nodi tiép) nén suy ra AO,0OQ»ABAR. T& d6 ta duoc

Twong tu ké O,G L BC va OK L O,G thita duoc OO, = 3)

0.0 BR_ 0 00 4
0,0 AB AB
T (2), (3) va (4) ta duoc
2 4
Soolo2 :lOZQ.OO1 :1002.001. BR = ka - 25 = k.a :
2 2 AB  g(k+1) (25} 165(k+1)
a

Vi du 39. Cho tam gidc ABC. Cac duong tron bang ti€p tam gidc ABC ti€p xuc v6i BC, CA,
AB lan luot tai A ;B,;C,. Cac duong thfmg AA,; BB,; CC, dong quy tai N. Goi D, E, F Ian

luot 14 hinh chiéu cta N trén BC, CA, AB. Goi R, r lan luot la ban kinh duwong tron ngoai

tiép, ndi ti€p tam gidc ABC. Chitng minh rang Sopr _ T 1-—|.
S R R

Loi giai

a+b+C.Khi A

bat AB=c; BC=a; CA=b va p=

d6 theo tinh chat tiép tuyén cat nhau ta tinh
duwoc
BA, =AB =p-c
CA,=AC,=p-b &
BC, =CB,=p-a

e

Ap dung dinh 1i Menelaus cho tam gidc ABA,

v6iba diém C;N;C théng hang ta dugc B D A c

C, A CB NA, 1= p-b a NA, _1
CB CA, NA p-a)p-b NA
NA, p-a N NA, _p-a
a AA, P
AH//ND nén theo dinh li Talets ta dwoc

ND_NA, p-a =AH.(p—a):28ABc(p—a)

1

Tt d6 ta duwoc

. V& duong cao AH cta tam gidc ABC, khi d6

= ND

AH AA, p p a.p
2S.. .(p—-b 2S —C
Hoan toan twong ty ta dwge NE = w ; NF = w
bp cp
— _— 28*(p-a)(p-b) = —
T dé S, = %ND.NE.Sin(lSOO - DNE) - %ND.NE.sin acs- (e ba)z(p ) sinACB
abp
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Do do

Sy _25°(p=a)(p-b)sinACB 2 165 (p-a)(p-b)* _(p-a)(p-b)c’
S abc ) abp” “ab.sinACB  a’b’c?’ 4p’ - 4R*p?
_ _a)b? _ _o)a?
Hoan toan tuong tu ta cling duoc Sonr _ (p C)(I; 2a)b ; Senr _ (p b)(zp - c)a
S apc 4R"p S asc 4R"p

_ _ 2 _ _ 2 _ _ 2

Do d6 ta duge Soxr _ (P=a)(P=b)* +(p b)(f Zc)a +(p—c)(p-a)b
ABC 4Rp

Bién d6i vé phai ctia dang thtec trén ta thu dugc
(p-=a)(p=b)<’ +(p-b)(p—c)a’+(p—c)(p-a)b’

4Rzp2
~ (b+c—a)(c+a—b)c2 +(C+a—b)(a+b—c)a2 +(a+b—c)(b+c—a)b2
16R2p2
_at+b'ed! —2(a2b2 +bc? +c2a2)+2abc(a+b+c)
16R*p
_ 4abep-14p(p-a)(p-b)(p-c) _165,, Rp-16S},. _p’Rr-p’s’ _1(1_1J
16R*p? 16R*p? 16Rp* R\ R

T

Do d6 ta thu dwoc SDJ R

ABC

(1 —%) Bai toan duogc chitng minh.

Vi du 40. Cho tam giac ABC va D la mot diém nam trén canh BC. Trén canh AB va AC lay

Tan lwot cac diém N va M. Qua M va N ké cac duong thang song song véi AD cat BC tai P

va Q. Chting minh rdng S, ., =max{S,,,, S,c,} khiva chi khi CD=BD va
AM AN
—+—=1
AC AB
Loi giai
+ Trudc hét ta chitng minh khi CD =BD va A
AM AN .
A_C +E thi SMNPQ = maX{SABD, SACD}
That vay, khi CD =BD thi D la trung diém M
cuaBC, suyra S,,, =S, - \
bat ﬂ:m<1; ﬂ:n<1 nén ta dwoc
AC AB
m+n=1 B Q b P ¢
Ta c6 Samy _ ANAM_ m.n nén
S,sc ABAC
S,y =MnS, ;-
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Do MP//AD nén ta co MC:CP:AC_MC:l—m.Tuongtu’tacé B—N=@=1—n
AC CD AC AB BD

, BN.BQ CM.CP
Do d6 ta dU’OC SBNQ :m. BAD’ ©CMP :ﬁ. CAD

Nén ta duwoc S, = (1—m)2 Sacp VA Spo = (1—r1)2 Seap
Tt d6 ta dwoc S =S ,5c = Saun —Semr ~Sing = Sacp TS

MNQP ABC AMN CMP BNQ ACD BAD S AMN SCMP -5 BNQ

Suy ra

Synar =| (1=mn) ~(1-m)" [Seyp +| (1-mn)~(1-n)" |3,

=(2m—mn—m2)S +(2n—-mn—-n? )S

CAD ( ABD

=S,cp
Syinar = [(2m mn-—m ) (2n—mn—n2)]SCAD :[1—(m+n—1)2]SCAD =Scap
Do d¢6 ta duoc S S

Do 2m-mn-m?; 2n—mn-n’® 1a cdc s6 duong va S, nén ta duoc

= max{S ACD}

MNPQ ABD”

thi CD=BD va ﬂ+ﬂ:1

Sco } AC AB

+Ta chimg minh khi S, = max{S,;,,

That vay, do M va N nam trén BC nén ta ¢6 ﬂ:m<1; ﬂ=1r1<1
AC AB

S .
Taco S _ANAM o énta duoc S,,,, =mn.S, .

S ,5c AB.AC
Do MP//AD nén ta co MC _CP _AC-MC =1-m

AC CD  AC
, BN BQ , BN.BQ ) CM.CP

Tu’Ol‘lg tw ta co E = ﬁ =1-n.Do do ta du.’OC SBNQ = m BAD’ 2 CMP ZM'SCAD
Nén ta duwoc S, = (1—m)2 Sacp V& Spno = (1—n)2 Sean
Tt d6 ta duoc SMNQP = SABC - SAMN - SCMP - SBNQ = SACD + SBAD - SAMN - SCMP _SBNQ

Suy ra
S o = [(1—mn)—(1—m)2}SCAD +|:(1—mn)—(1—n)2}SABD

= (Zm—mn—mz)SCAD +(2n—mn_n2)SABD

Do 2m-mn-m?; 2n-mn-n? 1a cdc s& dwong nén ta dwoc

SMNQP_[(Zm mn — m) (Zn—mn—nz)}.max{SCAD,SABD}
:[1—(m+n—1)2}.max{5 S }Smax{SCAD,SABD}

CAD’” “ABD

Do Syeq = maX{SABD/ SACD} nén ta duoc S,,, =S,, vam+n=1
Suy ra ta dugc CD =BD va ﬂ+ﬂ =1
AC AB
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BAI TAP TU LUYEN

Bai 1. Trong tat ca cac tam giac ABC c6 BC=2(dvdd) va duong cao AH=1(dvdd).
Chiing minh rang tam giac c6 ban kinh duwdng tron ni tiép 16n nhat 1a tam gidc can.

Bai 2. Trong mot hinh thang trung di€m cua hai ddy va giao diém cua hai dwong chéo
thang hang

Bai 3. Cho tam giac ABC c6 dién tich l1a S, cac duong trung tuyén AD, BE va CF. Goi S’ la
dién tich tam gidc c6 d6 dai cac canh bang AD, BE va CF. Tinh %

Bai 4. Cho tam giac nhon ABC va diém O nam trong tam gidc ,cic duong thang AO, BO,
CO cat BC, AC, AB lan luot tai A’, B’, C". Chting minh rang :

) OA OB OC 6 b) OA +OB' +oc:' .3
OA OB OC OA OB OC 2

o AN BB CC @ OA OB OC,
OA OB oc OA OB OC

Bai 4. Cho tam gidc ABC c6 duong cao lan lwgt 1a h_,h, ,h_. LAy M ndm trong tam gidc va
t,t,t. la khoang cach ti* M téi cac canh BC, CA, AB cua tam giac. Dadt
BC=a;CA=b;AB=c.

Ching minh rang Min(h,h,,h )<t +t, +t <Max(h h,h)
Bai 5. Cho tam giac ABC ¢6 trung tuyén AM va BC=a. Goi r,1,,1, lan luot la ban kinh

dudng tron ndi tiép cac tam gidc ABC, ACM, ABM. Chiing minh ring —+ 1 > 2(1 2}

r, I, r a

Bai 6. Cho hinh vuong ABCD c6 canh bang 1 va O 1a mot diém nam trong hinh vuéng.
Tim vi tri cia O d&€ OA* + OB + OC? + OD” dat gia tri nho nhat
Bai 7. Cho tam giac ABC c6 BC=a;CA =b;AB=cva diém M nam trong tam gidc ABC.

Goi khoang cach tir M téi canh BC, AC, BA lan luot la x, y, z. Tim vi tri cia M dé a2 b +<

X y z
dat gi tri nho nhat.
Bai 8. Cho géc xOy va diém M 8 dinh bén trong goc d6. Xac dinh vi tri duong thang d di
quaM va cit hai canh Ox, Oy lan luot tai A, B sao cho 1 +L dat gid tri 16n nhat.

MA MB
Bai 9. Chitng minh rang ba dwong trung tuyén ctia tam giac ABC bang ba canh ctia cta

. Tt d6 néu cong thirc tinh dién tich tam giac ABC theo do

A ./ 14 -A 14 3
mot tam gidc cé dién tich ZS ABC

dai cac duong trung tuyén.

Bai 10. Cho tam gidc ABC va mot diém M trén canh BC, Cac duong thang qua M va song
song véi AC, AB ¢t AB, AC Tan luot tai E, F. Goi S,;S,;S, lan luot la dién tich tam giac
AEF, BEM, CCFM.
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a) Chitng minh rang S’ =S,.S, b) Tinh dién tich tam gidc ABC theo
S, vas,

Bai 11. Cho tam giac ABC c¢ dién tich S. Tén canh AB, BC, CA 1y Ian lugt cac diem C’, A,
BA _1 ; CB°_1 Gia sir AA it BB tai M, BB’ cit CC’ tai N, CC’
A'B 2 B'A 3
cat AA’ tai P. Tinh dién tich tam gidac MNP theo S.
Bai 12. Cho t giac 16i ABCD. Goi M, P Ian luwot 1a trung diém ctia AB, CD. Cac diém N, P
[an lwot thudc cac canh BC, DA. Biét rz‘”mg t& giac MNPQ 1a hinh binh hanh. Chting minh
1

S

MNPQ — E

B’ sao cho AC'=C'B;

rang S ABCD

Bai 13. Cho tam giac ABC co AB= 3(cm);BC = 4(cm);CA = 5(cm). Duong cao, duong
phan giac, duong trung tuyén ké tir B chia tam gidc ABC thanh bon phan. Tinh dién tich
moi phan.
Bai 14. Cho t giac 16i ABCD c6 dién tich S. Dat AB=a;BC=b;CD=c;DA=d.

a) Chttng minh ring (a + c)(b + d) >4S

b) Trong cac tit gidc ¢d cung chu vi 2p, tim chu vi c6 dién tich 16n nhat.

¢) Chttng minh rang (a + b)(c + d) >4S

Bai 15.
a) Chting minh rang néu tam giac ABC c6 ba duwong phan giac cé dd dai khdng vuot qué 1
thi S, <—

ABC —E

b) Chttng minh rdng néu tam giac ABC c6 ba duong phan giac c6 d6 dai khong nho hon 1
1
thi S, . >

ABC —ﬁ

Bai 16. Cho da giac 16i (H) c6 dién tich S va chu vi 2p. Chting minh rang:

a) Néu (H) chtra duong tron (O; r) thi r < E

b) Néu (H) ludn chita mot duong tron cd ban kinh r > S .
p

Bai 17. Cho tam giac ABC va diém T thudc canh BC sao cho TB =2TC. Goi H 1a hinh chiéu
ctia B trén AT va D la trung diém BC. Biét rang TAB=2TAC. Chting minh rang
DH L AC.
Bai 18. Cho hinh thang ABCD ngi ti€p duong tron tam O ban kinh R =3cm va
BC =2cm, AD =4cm . Lay mét diém M trén canh AB sao cho MB =3MA.. Goi N la trung
diém cua canh CD. Duong thang MN cat AC tai P. Tinh dién tich t& gidc APND.
Bai 19. Chiing minh rdng tam giac c6 hai duong phan gidc bang nhau la tam gidc can.
Bai 20. Cho tam giac ABC ¢6 r; r,; r.lan luot 1a ban kinh duong tron bang tiép cac goc A,

B, C. Goi R, r Ian luwot 1a ban kinh duong tron ngoai ti€p va noi tiép tam giac. Chitng minh
rang 1, +1, +1. =4R +1
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Bai 21. Cho tam giac ABC nhon ¢6 d_, d,, d_lan luot 1a khoang cach tit tdim duong tron
ngoai tiép O dén cac canh BC, CA, AB. Goi R, r [an luot la ban kinh dwong tron ngoai tiép
va ndi ti€p tam gidc. Chiing minh rang khi d6 ta c6 hé thiee d_+d, +d_=R+r

Bai 22. Cho tam gidc ABC va mot diém O bat ki ndm trong tam giac. Tia AO, BO, CO cat

cac canh do6i dién cua tam giac ABC lan luot tai M, N, P. Chting minh r?mg biéu thic
OA.AP | OB.BM |[ OC.CN
( PO j{ MO j( NO

) o gia tri khong phu thudc vao vi tri di€m O.

Bai 23. Cho tam gidc ABC vudng tai A va hai deong phan giac BD va CE cit nhau ¢ O.
Biét dién tich tam gidc BOC bang a. Tinh tich BD.CE theo a.
Bai 24. Cho tt gidc ABCD noi tiép duong tron tam O. Goi I va J [an luot la trung diém cua
BD va AC. Chitng minh rang BD la tia phan gidc cta goc AIC khi va chi khi AC Ia tia
phan gidc cuia goc ]?]]\D .
Bai 24. Cho tit gidc ABCD ¢6 dién tich S noi ti€p dwong tron ban kinh R. Biét d6 dai cac
canh cta t& giacla AB=a, BC=b, CD=c, DA=d va AC=e. Gia st ton tai m{t duong
tron ti€p xtc véi cac tia d8i cia BA, DA, CD, CB va 2p =a+b+c+d . Chting minh rang
S.e

pz _e?

Bai 26. Cho K la tam dwong tron ndi ti€p tam giac ABC c6 B,, C, theo thi tu la trung

R=

diém ctia AC va AB. Duong thang C K cat duong thang AC tai B,, duong thang B K cat
duong thang AB tai C,. Gia st dién tich tam gidc ABC bang dién tich tam giac AB,C,.
Tinh s do goc BAC.

Bai 27. Cho tam giac ABC c¢ dién tich S. Ba di€ém M, N, P lan luot nam khéc phia voi A, B,
C d6i vdi cac duong thang BC, CA, AB. Qua M, N, P ké Ian lueot cac duong thang a, b, ¢
song song voi BC, CA, AB tuong ting. Goi giao diém cuab va ¢, cvaa, a vab lan luot 1a
A, B, C.

Chttng minh rang néu S, ,; +Syyc +Sens <S thi S, <2S

APBMCN *

Bai 28. Cho tt giac ABCD va hai di€ém M, N Ian luot thudc canh AB, CD sao cho
AM CN
MB ND

diém caa BN vaCM la F.

=k (k la mot s6 duong cho trudc). Goi giao diém cua AN va DM 1a E, giao

a) Chitg minh rang S,,..; = Saep + Sprc -

AE DE BF CF

b) Gia stt k =1, chttng minh rang
EN EM EN FM

Bai 29. Cho tam gidc ABC va duong thang d di qua A. Ha duong thang BB’ va CC’ vudng
goc voi d. Xac dinh vi tri ctia d sao cho BB'+CC' dat gid tri nhé nhat.
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~ Bai 30. Cho tam gidc déu ABC ndi tiép duong tron tam O. Chung minh rang tdng cac binh
// phuong cua khoang canh tir mot diém bat ki trén duong tron dén cac canh cua tam giac
déu ABC bang binh phuong dudng cao ctia tam gidc d6.
Bai 31. Cho tt giac 16i ABCD. Goi P, Q Ian luot la trung diém cua BD, AC. Hai duong
thang qua P, Q lan luot song song v6i AC, BD cat nhau tai M. Chitng minh rang
Saemt =Scom V@ Spen =S apw -
Bai 32. Cho tam giac nhon ABC, c6 cac diém A B, C trén cac canh BC, CA, AB. Chting
AB BC CA
AC BA CB
Bai 33. Cho tam giac ABC va cac diém M, N, P Ian luot nam trén cac canh BC, CA, AB. Goi
A,; B,; C, lan luot 1a trung diém caa AM, BN, CP. Chtitng minh re‘“mg ti sO dién tich cta
hai tam giac A B,C, va MNP khong phu thudc vao vi tri di€ém M, N, P.
Bai 34. Cho tam giac déu ABC c6 canh a va diém M ndm trong tam giac . Cac duong thing
AM, BM, CM ct canh d&i dién BC, CA, AB Ian luot tai D, E, F sao cho
S, T Seom FScin = Sam +Scom TS

AFM BDM CEM
Chting minh rang diém M nam trén it nhat mot duwong trung tuyén cua tam giac da

minh rang AA,, BB,, CC, dong quy khi va chi khi

AEM CDM BFM

cho.

Bai 35. Cho tam gidc ABC nhon va ba duong cao AG, BD, CE cit nhau tai H. Goi I 1a giao
diém ctia DE va AH. Puong thang qua I va song song véi BC cit tia AB, tia DB lan luot tai
P va Q. Goi M 1a trung diém ctia AH. Chting minh réng IP =IQ va I la tryuc tAm ctia tam
giac MBC.

Bai 36. Cho hinh vuoéng ABCD. Ldy diém N trén canh BC sao cho BN =2NC. Xét cac

diémtuwong tng trén AB, CD. Tim diéu kién ctia biéu thitc AE—-DF d€ ton tai vi tri cia M

. S 5
trén AD sao cho —NEME — =
ABCD 9
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HUGNG DAN GIAI
Bai 1. Qua A vé duong thang xy song song véi BC. b

Tacd S,y = %BC.AH - %.2.1 —1(dvdt)

Mit khac S,,. =r.p=1 vdir la ban kinh duong tron x| A NAI y

noi tiép va p la ntra chu vi tam giac ABC. Tt d6 ta

duwoc

%(AB+BC+CA)=1:>r(AB+BC+CA)=2

Goi D 1a diém d6i xting véi B qua xy, ta c6 AB=AD
Vi r(AB+AC+2)=2.Marlénnhdtnén AB+AC+2 nho nhat hay AD+AC nho nhét.

Dé thdy AD+AC>DC khéng d6i. Ttr d6 syt ra Min ,=CD, d4u bang xdy ra khi

(AD+AC
A=A, .Khidé Al la duong trung binh ctia tam giac BCD nén A, la trung diém cua CD,
suy ra BA, =CA , suy ra ABCA, can hay AABC can.

1

Bai2. S =—h(AB+CD
ABCD ~ ( )
1. ({AB CD 1
SAMND = 2 h(T‘l‘Tj = —h(AB + CD)
1 1 B h
SOMB = EthB = Ehl —_— = TAB
1 1. C h
Sone = Ehz.NC = Ehz —= ZZ.CD
. , 1 ] 1 ,
Mataco S,,; = EhrABf S,pc = Eh.AB . Do @6 ta duwoc
1 1 1
Spoc =Sape —Sopas ==h.AB-—h,.AB=—h,.AB
% 21 21 —h, AB=h CD
Ssoc =Sgep —Socp = Eh.CD - Ehz.CD = Ehl .CD
Mat khac S5, =S ,unp + Suno +Swos +Ssoc +Snoc-
Tte d6 suy ra Sy, =S,pcp —Savno ~ Swios ~ Ssoc ~ Snoc

zﬁ.AB+lh1.CD—£.AB :&.AB—ﬁ.CD =0
4 4 4 4 4

Do d6 S, =0 Thang hang nén ba diém M, N, O thang hang.
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Bai 3. + Vi G la trong tam cua tam gidc ABC nén A
AG=2GD, BG=2GE, CG=2GF. Goi H la trung
diém ctia GC nén ta dwgc GH=GF.

F E
Tam gidc BGC c6 HD la duong trung binh nén
HD // BG va HD =%BG suy ra HD =EG. Do d6
B D c

t¢ giac HEGD 1la hinh binh hanh nén
SGDH = SEGH = SEGF

, 1 . 1 . 11 1
Taco SGDH =ESGDC‘ Ma SGDC ZESADC nen suy ra SGDH = E‘ESADC = ESADC

. 1 N 11 Ny
Talaico S, = ES nénsuy ra S_, = BES Ttr d6 ta duoc S=125
+Taco §'= SCDF + SADE + SBEF va SCDF = 3SGDH

Hai tam gidc GDH va EGD c¢6 cling canh ddy GD va hai dinh d6i dién hai canh d6 nam

trén cling mdt dwdong thang song song véi GD nén S, =S, - Ma Sape = 3Seep nén Sape

= 3ScpH
Ta ciing c6 hai tam gidc EFG va EGH c6 canh d4y bang nhau va duong cao bang nhau
Tte do suy ra S, =S,y =Scpy - Ma Sy, =35, nén ta duwoc S, =35,
T cac két qua trén ta duwocS’ =9S . Tte d6 ta c6 S Saom SGDH = 2
S 125, 12
Bai 4. Dé dang chéng minh  duoc A
OA OB OC
AA BB CC o
bét S,S,,S,,S, lan lwot la dién tich cac tam giac B
ABC, OBC, OCA, OAB.
OA AA -OA S S, _S5,+5,
a) Ta co , : 22 T8
OA OA S S, S, —|
B H I A c
Tuong tu ta ¢6 OB. =81+S3; OC. =81+SZ . T @6
S, 0OC S,
suy ra
OA OB OC _S,+S; S +53+S1+52= S, S N i+i . i+i 56
OA OB oC S, S, S, S, S, S, S, S, S,
1

Dau bang xay ra khi va chikhi S, =S, =S, = BS < O la trong tam tam giac ABC.

OA' S, OB S, OC S,

b) Chttng minh twong ti nhw trén ta dwoc = ; = ; =
OA S5,+S, OB S +S,  OC S +S,
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Do do 24 OB L OC =(S,+5,+8S,) + +
OA OB OC 5,+S, 5,45, S ,+8,

Vay OA + OB + OC ZE. Dau bang xdy ra khi va chi khi S, =S, =S, =lS < O la trong
OA OB OC 2 3

~3>-9-3=2
2 2

1 1 1 J 1 3

tam tam gidc ABC
, OA' OB OC A
c) Ta co -+——+——=1nén
AA BB CC
AA BB CC (AA BB CC)OA OB OC
—+—+—— = ——+—— =t ——
OA OB OC (OA OB OC )lAA BB CC
Suy ra AA (BB CC_[5,5,5 5,5 .5 =(S,+S,+5,) L P
OA OB OC S, S, S;,\lS S S S, S, S,

Dau bang xay ra khi va chikhi S, =S, =S, = %S < O la trong tam tam giac ABC

OA OB OC _(S,+S,)(8,+S,)(S,+S,)
OA OB OC S,.S,.S,

(S,+5,) (S:+S,) (S, +S,)" _ 45, 5,455, 45,5,
5255’ T gisig

d) Tacé N =

Do @6 N? = > 64

Tl d6 suy ra N >8. Dau bang xay ra khi va chi khi S, =S, =S, =%S < O la trong tdm

tam giac ABC

Bai 4. Khong mat tinh tong quat ta gia sk
a>b>c.Khido6taduwoch >h, >h,

Ta co Min(ha,hb,hc) =h, va
Max(ha,hb,hc):hC

Laic6 2S,,,. =at +bt, +ct 2c(t, +t, +t )

Suy ra ta+tb+tcs25A%=hc B

Mat khac 2S,,, . =at, +b.t +ct <a(t, +t, +t )

Suyrat +t, +t, Zzsé%zha. Tt d6 ta dwoc h <t +t +t <h_

Do vay ta duoc Min(ha,hb,hc) < (ta +t, +tc) < Max(ha,hb,hc)

Dau bang xay ra khi va chi khi h, =h_ =h_ hay tam gidc ABC déu.
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1 1 A

Bai5.Tacod S, =S, acm ZESAABC =Za.ha.
Taco h, <AM. Tk S,,,- :%a.ha1 =4S, .. =2ah,
nén
4_2h, 2AM_2AM _ AM ‘ ‘ |
a SAABC SAABC ZSAABM SAABM B ' ' ' c
Ma ta lai c6 2S,,,- =(a+b+c).r.
a b c
T&détaduocg=a+b+czz 2 2
r AABC 2'SAACM
a b ¢ ([MA ¢ a MA b a
AM+—+—+— | (7 T3+t |t~ t5T,
:>—+2£ 2 2 2_ 2 2 4 2 2 4 :pAMB+pAMC:l+l
a r 2S S S S I T

AABM

Hay é+gsl+l:l+lzz(1+3J . Vay ta c6 diéu phai chimg minh.

a Ir 1 r a

AABM AAMB AAMC 1 2

T

5 I

T L

2
Bai 6. Cho hinh vuong ABCD c6 canh bang 1 va O 1a mot diém nam trong hinh vuéng.

Tim vi tri ctia O d& OA® + OB’ + OC” + OD’ dat gia tri nho nhat
V& BH L OA khi d6 ta c6 ta dugc 25, ,, =OABH<OAOB. .

Ta thédy (OA—OB) 20 ¢ OA? +OB? 2 20A.0B

Do d6 ta duwgc OA? +OB? >4S

AOAB

Chttng minh dwoc ty ta dwoc

OB*+0C? 24S ,; OC*+0D* 24S_,; OD*+0OA* >4S_, |
Cong theo vé& cac bat dang thitc trén ta duoc i ‘
2 (OA2 +OB?+0C? + ODZ) > 4(S, 05 +Ssos +Ssocn + Saonn ) =4S pen =4

Hay ta dugc OA” +OB* +OC* +OD? > 2

Vay Min(OA2 o8t0ct00?) = 2. D&u bang xdy ra khi va chi khi OA=0B=0C=0D < O la
giao diém cua hai duong chéo AC va BD.
Bai7.Tacd S,;. =S, +Sysc T Sane NéN ta duoc A
SAABC:%+b7y+C7Z hay 2S,,,. =ax+by+cz
Khi d6 ta duoc . .

a b c a b c
2S, | —+—+—|=(ax+by+cz).| —+—+—
O Al e r
=(a2+b2+c2)+ab(i+zj+ac£i+zj+bc(l+£J B a c

y X zZ X z 'y
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Suy ra 25, ;- (a+b+£J>a +b? +¢? +2ab+2bc+2ac = (a+b+c)’
X

y 2z

a b c (a+b+c)2 s a b c (a+b+c)2 2p2
Tt d6 ruy ra —+—+—2=-———— khong d6i. Vay Min| —+—+— |= =

X'y z 25, a5c X'y z 25, a5c S saBc
véi p 1a nita chu vi tam giac ABC. Dau bang xdy ra khi va chi khi M 1a giao diém céc
dwong phan giac.
Bai 8. Gia stt dung duoc duong thang d cit Ox, Oy
lan lwot tai A, B thdéa man diéu kién L+L I6n

MA MB
nhat . V& MC//Oy véi C thudc Ox, khi do ta cd
SMOA _ OA . SBOA _ AB
Syoc OC’'S,.; BM
Su S
Ma ta c6 %=£ nén ta dwgc —MOA — _BOA
OC BM MOC SMOB
Dods —won 1 Svon¥Swon -1 pap 1y khong déi, tir d6 ta duoc
MOB "~ MOA SMOC SMOB 'SMOA SMOC SMOC
1 1 2 2 1 1  kOM
+ =k + =k

Suos  Swon BK.OM AH.OM BK AH 2

Ma ta thay 121; 12 1.Dodétaducyc 1 1<1 1 OMkkhong
BK BM AH AM AM BM AH BK 2

doi

, dau bing xay ra khi va chi khi

Te do6 suy ra Max( L + L J:OM'k

AM BM 2

BM =BK
{ M < AB 1L OM

AM = AH
Vay duong thang d can xac dinh 1a duong thang di qua M va vudng géc véi OM.
Bai 9. Gia st M, N, P lan lwot 1a trung diém ctia BC, B
CA, AB cta tam giac ABC. Dyng hinh binh hanh
BMKN, khi d6 cac tix gidc MNKC, APCK ciing la P M
hinh binh hanh, nén ta duoc AK=CP.
Nhu vay tam giac AMK c6 ba canh bang ba duong ; . | g
trung tuyén ctia tam giac ABC. Do MCKN la hinh
binh hanh nén hai duwong chéo MK, CN cét nhau tai W
trung diém I ctia mdi duong.

235 23 1s, 35

AMC — 4'5 ABC=Z ABC

T do S 2S

AMK — AMI

Dt AM=ma;MK=BN=mb,AK=CP=mC va
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q=%(ma +m, +mc)

Khi d6 theo cong thitc Herontaco S, = \/q(p -m, )(q—mb)(q—mc)

Do vay ta duoc S, - =§SAMK = g\/q(p—ma)(q—mb)(q—mc)
Bai 10.

a) Ta co tit giac AEMF la hinh binh hanh nén
SAEM = SO

Dé thdy ABEM > AMFC nén ta dwoc

2 2 2 2
S, (BMY) (BE|} (Saum | _[Se
s, \cM) \AE) (s, ) s,
Tt d6 ta duoc S,.S, =S

b)Ta c6 S, =5, +5,+25, =({/5, +15, |

Bai 11.
Ta co SMNP =5-S,ws _SBNC _SCPA
Lai c6
AM _ SAMB _ SAMB SCMB _ AB' BC _9
A‘M SA'MB SCMB - SA'MB CB' . BA'
Titr d6 suy ra AM=9A'M =%AA'
. 9 9 1 3
Do d¢6 ta duoc S, ; = ESABA' = 1—58 = ES :
Hoan toan tuong tu ta duoc
BN _ SBNC _ SBNC SANC _ BC' AC _1 4_4
B'N SB'NC SANC - SB'NC AC' - B'C -
, 4 . . 4 4 1 S . ,
Do d6 ta duwgc BN = EBB nén S, . = gSBB'c = EZS == Twong tw ta cling tinh dwoc
2
S.,.==S
CPA 5
3 1. 2 S
Do vay ta cd S =S—-——S—-——-S-——-S5=—
Y e T AT
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Bai 12. Goi [, K Tan luot 14 trung diém ctia BC, AD.

c
N [
Khi d6 dé thay ti gidc MIPK 1a hinh binh hanh B
Do do ta dwoc
1 1 1 F
Seni +Spex = ZSABC + ZSCDA - ZSABCD M
S ey 1
Hoan toan tong tw ta dwoc S, +S,,x = ZS ABCD - £ ] s
N 1
Tt dosuy ra S, = ES ABCD

Do cac t giac MNPQ, MIPK la cac hinh binh hanh nén ba doan thang MP, NQ, IK c6
chung trung diém O.Do vay, néu hai diém I va N trung nhau thi K va Q trung nhau, khi

, 1
do SMNPQ = SMIPK = ESABCD

Néu hai diém I va N khong trung nhau thi hai diém K va Q cling khong trung nhau. Khi
do6 IN//KQ hay BC//AD, nén tit gidc ABCD la hinh thang c6 MP la duong trung binh.

lMP.h=lS

MPQ 2 2 ABCD

Goi khoang canh gitta BC va AD lah, khidotacé S Sy +5

MNPQ — PMNP

1

MNPQ — E

Vay taluén céd S S

ABCD *

Bai 13. Ta c6 AB? + BC? = AC? nén tam gidc ABC g

vudng tai B, nén S=S,, . = ABBC _ 6(Cm2) ) H

Gia st chan duong cao, duong trung tuyén,

duong phan giac ké tir B Ian lwot la H, D, P. Khi

d6 dé thay diém D nam giita hai diém A va P,
diém H nam gitra hai di€ém A va D.

Do d6 tam giac ABC duoc chia thanh bon tam
gidc ABH, BHD, BDP, BPC.

AC 25 ABH 957 25

2
Ta c6 SBPC=%SABC=3(cm2).Dé thdy Sf\%:(ﬂj -2 s :iS:%<cm2)
S

, AD 3 AD 3 SBAD AD 3
Tac) —=—>>—=—-=>"L2=—— = Spap
CD 4 AC 7 S AC 7 7

18 54 72 18 3
Ta du’OC S S SABH =7—2—5=ﬁ<cm2) :SABP_SBAD =3—7=;(Cm2)

:%(cm2); Seop == (em?); Sy =3(cm’).

BAD

Vay ta duoc S, :%(cm2); Seor

BHD
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Bai 14. a) Ta c6 (a+c)(b+d)=ab+cd+ad+bc B

Ta c6 2S AB.BC =a.b, ddu bing xdy ra khi va
chi khi tam gidc ABC vuong tai B.

2S
tam gidc ACD vudng tai D.

2S,,; <d.a, dau bang xdy ra khi va chi khi ¢

DAB —

ABC =

c.d, dau bang xay ra khi va chi khi A c

CDA <

tam gidc DAB vudng tai A.
25, <

tam gidc BCD vuong tai C.

Cong theo vé& cac bat dang thitc trén ta duoc (a + c) (b + d) =ab+cd+ad+bc>4S, dau

bc, dau bang xay ra khi va chi khi

bang xdy ra khi va chi khi t&t gidc ABCD 1a hinh chir nhat.

b) Goi p la ntra chu vi t&t gidc ABCD, khi d6 ta c6 4p® = (a +b+c +d)2 > 4(a + c)(b + d) ,

d&u bang xay ra khi va chi khi a+c=b+d . Mit khac ta c6

(a+c)(b+d)=ab+cd+ad+bc>4S, ddu bang xay ra khi va chi khi ti gidc ABCD la hinh
2

chi* nhat. Do d6 ta dwoc 4p® >16S hay S < %, d&u bang xay ra khi va chi khi t gic

ABCD la hinh chi* nhat va a+c=b+d, diéu nay twong dwong voéi tit gidc ABCD la hinh
vudng. Vay trong cac ti gidc cé cing chu vi 2p thi hinh vudng cé dién tich 16n nhat bang
2

L

4
c) Trong ntta mdt phang cé bo 1a BD chita diém C B
lay diém C’sao cho ABCD =ADC'B .

a

Tt d6 ta duwoc BC'=CD=c; C'D=BC=b
Khidésuyra S,,, =S,pcp =95 A c
Ma ta c6 (a+c)(b+d):ab+cd+ad+bc24S,dé’u d
bang xdy ra khi va chi khi t& gidc ABCD 1a hinh 5 <

chir nhat.

Tt d6 suy ra 4S,,., <(a+c)(b+d), ddu bang xay

ra khi va chi khi t¢ gidc ABC’D Ia hinh chit nhat.

Khi d6 hai tam gidc ABD va C'DB vuong lan luot tai A, C’ va b?mg nhau, do d6 ta duwoc
hai tam giac ABD va CBD bing nhau c6 A =C =90".

Bai 15.
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Gia st ba dueong phan giac AD, BE, CF cua A
tam giac ABC cit nhau tai I.
a) Giase AD<1; BE<1; CF<1 vaBCla canh

16n nhat ctia tam giac ABC.
Khi d6 ta c6 AF <BF; AE <CE nén

1
SAEF < ZSABC B D C
Do dé ta duoc S, > %S apc hay

4
SABC < ESBCEF
Do A >60° nén ta duoc BIF = B+C <60°

4. 41 243 1

2
<=S ~ BE.CF.sin BIF < =sin 60° = =
37MC T3 3 32 3

b) Giast AD>1; BE>1; CF>1 va AC la canh bé nhat ctia ta giac ABC.

T désuyra S

ABC —

1
Khi d6 ta c6 BF > AF; BD > CD nén ta duoc S, > : =S 5c
3 4
Dodésuyra S, ., < 45 hay S,,. > 3SACDF.

Do AC la canh nhé nhat ctia tam giac ABC nén B<60° nén A +C >120°

Ta c6 CID = A;C >60° nén ta duoc 60° < CID <90°.

Do d6 S5 2 4SACDF :é 1 AD.CF. SmCID>zsm6O0 zﬁ_i
3 32 3 3 2 \/5

Bai 16.

a) Xét da giac1oi A A A,...A_, do da giac chita duong tron (I; r) nén cac khoang cach tir I

dén cac canh cua da gidc déu khong nho hon r. Khi d6 ta duoc

S=S5 +S

1
i, FSua, FetS, 4 = E(AlAz d,+AAd, +.+A A d)
> %(A1A2 +AA +..+A A Jr=pr
Trong d6 d,;d,;...;d_ la khoang canh tix I dén AAGAA;.;A A vaplanta chu vichaa
da giac.

Tir d6 ta suy ra duoc r < E
P
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y b) ﬁng véi mdi canh A A, | dung mot hinh chit nhat A A, M. N, nam trong da giac

i

AAA,..A_saocho AN, = zi Ta goi hinh chit nhat A A, MN, la (C,). Khi dé ta c6

CAA,

im Ti+l
S(Cl) —Zp S
Tir d6 ta duoc
Sic)*Sc,) +Sicy FFSc,) = A4, S+ A4, S+ Ah, .S+...+—AnAI S
1 2 3 n 2p 2p 2p 2p
g AA+AA + L +A A g
2p

Goi (HO) hinh b:?mg hop cta n hinh chit nhat noéi trén, khi d6 do hai hinh chit nhat lién
ti€p c6 phan hong lén nhau nén ta dwoc Sty) <S(c,) S(cy) FS(c,) T+ S, =5 biéu nay c6
nghia la hinh (H, ) khong phu kin duoc da gidc A|A,A,...A . Diéu nay chung to ton tai
mot diém O ndm ngoai tat ca cc hinh chit nhat (C,); (C, ); ..; (C,)-

Gia st trong cac duong thang A A ;A A ;.. A A, thi A A, 1a duong thing gan O nhat

va goid la khoang cach tit O dén A A, . Ta sé chitng minh d > 2i
p
That vay, qua diém O ké duong thang vudng géc véi A A. | va MLN. Tan luot tai L va K.

vi doan M,N. va di€m O nam vé mét phia so véi A A, | va di€ém O nam ngoai hinh ch

nhat A A, MN. nén ta duoc d=OL>KL=AN. = 21
P
Nhu vay duong tron tam O c6 ban kinh r=d nam trong da gidc A A, A,..A .
Bai 17.
LAy F d8i xting v6i C qua duong thang AT, A
AT cat CF tai K va FH kéo dai cit AC tai E. Ta
co
5o TB _ S, _ ABsin2TAC _ 2ABcosTAC
TC S,c ACsinTAC AF <
Suy ra AF_ cosTAC = cosFAB
AB T c
5
N

Do d6 AFB=90° = AHB nénsuyraA, H,F, B -
cung thudoc mot duong tron. Ma AT L CF nén
BH//CEF.

—_——

Tir do6 ta dwoc EFK = BHF = BAF = EAK.

Suy ra FH vudng goéc vi AC tai H va H la triec tam tam giac ACF.

Tt 6 dé thay BHCF 1a hinh binh hanh nén suy ra F, D, H, E thang hang. Vay ta duoc
DH L AC
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D
7 ’ 0
H v D
Puongthang MN cit cac duong thang BC va AD Ian luot tai K va H.
HA MA 1 HD _ DN _

Ap dung dinh li Talets ta c6 —=——
BK MB 3 KC CN

Két hop voi gia thiét ta duoc 2+ CK =3AH, AH +4 = CK nén ta duoc
AH=3cm,CK=7cm .

. P _CK 7 cp 7
Tt —=——=— nén ta dugc —=—.
AP AH 3 AC 10
S . -
Tt d6 ta duwoc === CPEN _ 7 enta duoc S, = M.SC ap = E.SC AD
Se;, CACD 20 20 20

Tam gidc CAD va hinh thang ABCD c6 chiéu cao bang nhau. Nén ta xét hai trieong hop
sau

+ Truong hop 1: Tam O cta duong tron nam trong hinh thang ABCD

2
Khi d6 ta duoc hz\/BOZ—BZ \/OAZ———Z\/§+\/—(cm)

Tirdé suyra S, =%(2\/§+J§).§ =%(2ﬁ+¢§)(cmz)

+ Truong hop 2: TAm O cua duong tron nam ngoéi hinh thang ABCD

2
Khi déta duwoc h = \/BOZ - Bi: \/OAz _ 22 22 -5(em)

oy 13 4 13 .
Tt dosuyra S, —%(2\/5—\/5)5 =10 (2\/5 \/g)(cm )
Bai 19. Ban doc ty vé hinh
Xét tam gidc ABC c6 hai phan gidc BD va CE bang nhau.Goi M, N Tan luot 1a cac diém d4i
xtng véi A qua phan giac ngoai cua tam giac ABC tai B va C. Khi d6, r6 rang M, N thudc
BC. Gia stt AM cit phan gidc ngoai goc B tai P, AN cat phan giac ngoai géc C tai Q. Goi R
1a hinh chiéu cta C trén duong thang BP, S 1a hinh chiéu ctia B trén duong thang CQ.
Dé thdy cac tam giac ABM, CAN can nén P, Q Ian luot la trung diém ctia AM, AN;; tic la
PQ la duong trung binh ctia tam gidc AMN hay PQ // BC.
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Ta biét rang hai tam giac c6 chung day va dinh con lai ndm trén cing mot dueong thing

song song v6i day thi dién tich ctia chiing bang nhau. Tt AP //BD // CR ta ¢6

SPBD = SABD’SRBD = SCBD .

Do dé ta dwoc S, =S,sp + Skep = Seap + Scpp = S apc - Hoan toan twong ti ta duoc
SESQ = SABC .

Suyra S, ; = SESQ = %BD.PR = %CE.SQ = PR =5SQ (do BD = CE).

Tt gidc BCSR c6 BSC = BRC =90° nén 1a t gidc ndi tiép, ma PQ // BC nén tt gidc PSR

cting noi tiép. Ta lai c6 PR =SQ nén tit gidc nay la hinh thang can, suy ra

RPQ = SQP = PBM = QCM .
Tt d6 dé dang c6 duoc ABC=ACB hay tam giac ABC can tai A.

Bai 20. Goi D, E, F lan luot la tdm duong tron
bang ti€p cac goc A, B, C va S 1a dién tich ctia tam
giac ABC.

a+b+c

2
:S:>ra(b+c—a)=28.

bat BC=a, CA=b, AB=c va p=

Ta thdy S,  +S,.. —S

DAB DAC ~ “DBC

Hay ta duoc 1, (p—a) =S

Twong tw ta cling c6 1, (p—b) =T, (p—c) =S.
Cong theo vé& cc dang thiic trén ta c6

p(ra +1, +rc)—(ra.a+rb.b+rc.c) =35

Dodésuyrap(ra+rb+rc):2(8 +S5..,+S

BDC ECA

+3S=p(r, +1,+1.)=2S,,. +S (1)

FAB )

Goi O la tim duong tron ngoai tiép tam gidc DEF, dé thay A, B, C 1a cac chan dwong cao

ctia tam giac DEF nén ban kinh duong tron ngoai tiép ABC bang % ban kinh duong tron

ngoai ti€p tam giac DEF.
Dé thay OD vudng gdc v6i BC hay S = %OD.BC =Ra. Twong tu ta c6
Soces =Rb; Sg s =Roc.

Cong theo v& cac dang thirc trén ta 6 S, =

R(a+b+c)=2Rp:>ZSﬂ=4R )
p

THCS.TOANMATH.com TAI LIEU TOAN HOC



Tk (l)va(2)suyrar +r, +r =4R+r.

Bai 21. Ta thdy t& giac ONAP ndi ti€p trong duong

A
tron duong kinh AO nén theo dinh 1i Ptoleme ta c6
AP.ON + AN.OP = AO.PN
>
J

Hay ta c6 %.db +g.dc = R% =cd, +bd_=Ra

\ \ 7 B y
Hoan toan tuong tu ta co M

bd, +ad, =R.c;ad_+cd, =RDb
Ta cling c6 d ,.a=OM.BC=2S_,..

Hoan toan twong trtacod d,.b=5S_.,;d_.c=S5

OCA” OAB *

Cong tat cac cac déng thic trén lai ta dwoc

(a+b+c)(d, +d, +d.)=R(a+b+c)+(Sy,, +Sepe +5

OAB OBC OCA )

Do d6 ta dwoc 2p(da +d, +dc) =R.2p+25=d, +d, +d_=R+r.Taco diéu phai ching
minh.
Nhin xét: Néu tam gidc ABC khdng nhon thi hé thirc trén co thé thay doi thanh
d +d,-d =R+r;d -d, +d_=R+r;d +d_—-d, =R+r
Twong 1eng vdi cdc triong hop tam gidc tu tai C, B, A. Cdc hé thirc nay ciing dwogc chitng minh

twong tw nhw trén.

Bai 22. Dé thdy hai tam gidc OAP va OBP c§ cling A
S
duong cao ha tr O nén ta c6 —9AL = AP bo ds
OBP BP P
N
Sors___AP__ AP So, AP
Soms+Sos BP+AP AB S, AB
Mat khéc ta thdy hai tam gidc AOB va BOM c6
S B M C
chung duong cao ha tit B nén ta c6 -4 = OA 1y
BOM OM

45 Saor _ OAAP
S AB.OM

BOM

Sgom _ OBBM S, OC.CN
S BCON’ S AC.OP

Hoan toan tuong tu ta duoc

CON AOP
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Spom Scon Saor . OBBM OC.CN OA.AP
con Saop S BC.ON AC.OP AB.OM

OB.BM OC.CN OA.AP < as OB.BM OC.CN OA.AP
ay . . =1. Tk do suy ra . .
BC.ON AC.OP AB.OM ON or
Do tam giac ABC c6 AB, BC, CA cho trudc nén AB.BC.CA khong d6i

. OB.BM OC.CN OA.AP
ON = OP  OM

OA.APJ(OB.BMJ(OC.CN

Do d6 ta duoc

AOP BOM

=AB.BC.CA

Suy r c6 gia tri khong doi

PO MO NO

Bai 23. Dat AB=z, BC=x, CA=y.DoBDvaCEla A

. \ A s A ., AD AB z _,
cac duong phan giadcnéntacé —=—=—.Tu
CA BC «x HRD, E

Vay biéu thiic ( j o gia tri khong phu thudc vao vi tri diém O.

do ta duwoc
AD _ z :>AD= z . AD- zy
AD+DC x+z AC x+z X+z B C
Do AO la phan gidc trong ctia tam gidc AOD nén ta
duoc

OB_AB_ OB __AB
OD AD  OB+OA AB+AD

Tt d6 ta duoc OB __xtz , hoan toan twong ty ta duoc OC__x+y
BD x+y+z CE x+y+z

D€'y dén tam gidc ABC vudng tai A nén x* =y’ +z°. Do d6 ta dugc

OD.OC _(x+z)(x+y) x> +Xy + Zy + zx X 4xy+zy+zx 1

BD.CE (x+y+z)2 X +y? +2° +2xy +2yz+ 27X - 2()(2 +xy+yz+zx) 2
Vay ta dugc BD.CE =20B.OC.

~

Do O la giao diém hai dudng phan giac BD va CE nén ta dwoc BOC = 90" +% =135’

Ké BH vuong goc véi OC tai H. Khi d6 tam giac BOH vudng can tai H, suy ra BH = %\E

1 2

Do dé ta duwoc S, = EBH.OC = TOB.OC — OB.OC=2+2a.Tird6 ta suy ra

BD.CE =4a+/2 .
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Bai 24. Ké CM//BD véi M nam trén dwong tron O.

Khi d6 ta <6 BM =CD vi DBM =BDC. Do ta

trung diém ctia BD nén IB =1ID, tt d6 ta dugc
ABIM = ADIC suy ra BIM = DIC

+ Néu BD la phan giac cta goc AIC thi ta dwoc
AID = DIC

Ma ta lai cé B/Ipl — AID nén ba diém ATM théng
hang.

Goi R la ban kinh dwong tron (O), ta cd

_ AB.BM.MB s - AD.DM.MB

ABM — T ADM 4R

S

S
Lai co CD=BM, BC=DM nén ta cé AB.CD=AD.BC.

Villa trung di€ém ctia AB nén ta duoc S suy ra AB.BM = AD.DM

AMB — ©AMD’
Ké DN//AC véi N nam trén duong tron (O) khi d6 ta dwge AD=CN, AN =CD

AB.BN.NA BC.CN.NB
=—— ST
4R 4R
Do d6 ta duoc S, =S - Piéu nay chiing té DN di qua trung diém J ctia BD

Laico S,;,

Khi d6 ta c6 AD =NC, ]ﬁ=®suy ra @=(ﬁﬁ=@. Do d6 AD la phan giac cua
goc g]E

+N&u AD la phén giéc ctia goc BJC. Thi lip lai canh chitng minh nhu trén ta duoc BD Ia
phan giac cua goc AIC.

Bai 24. Goi (O) 1a dwong tron tiép xtc voi
cac tia d6i cua BA, DA, CD, CB theo thit tw
tai M, N, P, Q. Khi d6 theo tinh chat hai
tiép tuyén cat nhau ta c6

AM=AQ,BM =BP,CN =CP,DN = AQ.

Khi d6 ta thdy
AM = AB+BM = AB+BP = AB+BC+CP
AQ=AD+DQ=AD+DN=AD+DC+CN
Do tacd AM =AQ, CN =CP nén ta duoc AB+BC=AD+DC
Malaicéd 2p=a+b+c+d néntadugc a+b=c+d=p.

bat BD=f.Khidétacd S

ABCD — SABC + SADC = SABD + SBCD
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Ap dung cdng thizc vé dién tich trén cho cac tam gidc ABC, ADC, ABD, BCD ni tiép

dwong tron ta dwoc

AB.BC. CA abe AC.CD.DA cde
Smc= TR 4R’ APT T iR 4R
ABBD.DA _adf BC.CD.DB  bcf
Sap = TR TaR’ °T 4R 4R
_(ab+cd)e (ad+bc)f
Do dé ta dwoc S, ., =————— hodc S, T

_ (ab+cd)(ad+bc)ef
ABCD 1 6R2
Ap dung dinh li Ptoleme cho t giac noi ti€p ABCD ta dugc
AD.BC+AB.CD = ACBD hay ac+bd =ef

& 165*R* =(ab+cd)(ad + bc)ef

Suy ra S,

‘ (ab+cd)e A A
T S, op = IR ta dwoc ab+cd = thay vao hé thtc trén ta dugc
e
4Re .S =(ac+bd)(ad +bc) :ab(c2 +d2)+cd(a2 +b2) :ab(p2 —2<:d)+cd(p2 —2ab)
2
=p’(ab+cd)—4abed = %— 48°
Do d6 ta dugc Rp® =Re’+eS hay R = Se
p’—¢’
Bai 26. bdt BC=a, CA=b, AB=c, AB,=x; AC, =y.
Phan gidc BK ct canh AC tai D. Tacé —D - € _ 2 _3a¥¢ y
KD AD CD b
Suyra AD= be va D nam giita A va B,. Ap dung dinh ly Menelaus cho tam giac ABD
a+c
. bc
v6iB,,K,C, thing hang ta duoc B,D ) ClA. KB _ 1. Do d6 ta duoc —a+c 2*¢ 1o
B,A CB KD X b
bc
X = . Twong tu ta cling duoc y = . Tte gia thiét S,,. =S,, . nén suy ra
a+c-b &M gauecy= a+b 8 ARG y
Xy = bc

Tt hop céac két qua trén ta dugce a’ =b” +c” —bc. Theo dinh li cosin ta cd
a’ =b*+c*—2bc.cosA .

Twr d6 ta suy ra cos A :% nén ta duoc BAC = 60°.

THCS.TOANMATH.com TAI LIEU TOAN HOC




Bai 27. Dé thdy ba duong thang AA’, BB/, CC’

dong quy tai diém O va
AA'" BB' CC'
= = =k<1
OA OB OC
gy . S S s
Khi d6 ta c6 2% = 248 —k Hoan toan
OAB SOAB
~ SBMC SCNA
tuong tw ta cling dugc ——~ = =k
OBC SOCA

Do d6 theo tinh chat day ti s bang nhau ta

duoc

S S S S .+S.. . +S S...+S

APB _ ©BMC
S

S

+S

CNA _ “APB BMC CNA _ T APB BMC CNA _ k < 1

S

Soag T Sopc TS S

OAB OBC OCA OCA

w

OA' OA+AA'
OA  OA

OA'B' OA'B'

Do S

Soap NéN ta dueoc 1+k

OAPB —

wn

OAPB OAB'

. n|ln

Hoan toan twong ty ta duwgc —£< =

OBMC

oA _ 41
OCNA

wn
wnlwn

S S ..+S ... +S ...
Ttr d6 ta duwgc —2BC = __OAB OB'C OCA” —1+k<?2

ABBMCN SOAPB + SOBMC + SOCNA

AM CN Kk

Bai 28. a) Twr gia thiét ta duoc = =
AB CD k+1 M

SAMC S

S

CNA k

Tt d6 ta duwoc = .
k+1

ABC CDA

S
S S k D N C
k+1

Samp *Scns = k ay S pup * Scxs = k . Ttr 46 ta duoc
SABD +5 k+1

Neén ta duoc
S k+1

CDB ABCD

S

AMCN — SAMD + SCNB .

Trit ca hai v& ctia dang thitc trén cho S, +S, thi ta duwoc S S, o +S

MENF — “ ADE BCF *

b) Dé thé’y SAMD + SBMC = SNAB va SDNA + SCNB =5

Do k=1 nén Sam =%SMCD 1

MCD
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AE _ Sy _ySum 4y BF _Swc _,S

BMC

SNMD SMCD NF SNMC SMCD
2(S,up +S 2S _25,¢
Suy ra AE  BF _ (Sawo +Sic) =—NAB Hoan toan twong tu ta dugc DE  CF
NE NF S\io S\n ME MF SNAB

Tir d6 ta duoc
NE ME NF MF S

MCD NAB

AE DE MF CF 2(SNAB+SMCD}24

Bai 29.

Dit S=S,,.. Goi D la diém d3i xttng véi B qua A. Ha DD’ vudng goc véi duong thang d,

khidétacd S, ., =S,z =S va DD'=BB'. Duong thang d di qua A ludn cat mot trong hai

duong thang BC hoéc CD.
; 2
+ Néu d cat canh BC tai E thi ta duwoc BB'+CC' = 25 ase + Sace = 25
AE AE AE
25 2S5, 2S

+ Néu d cit canh CD tai F thi ta duwogc BB'+CC' = =ADE 4 =
AF AF AE

Dat x =Max {AB, AC} thi ta duoc AE <xva AF <x.Nhu vay trong ca hai truong hop ta

déu c6 BB'+CC'> é Do d6 ta dwoc
X

+Néu AB > AC thi x=AB va BB'+CC'> i—SB . Déng thtec xdy ra khi va chi khi diém B
trung véi diém E hodc diém C trung véi diém F hay duong thang d tring véi AB.

Vay néu AB > AC thi BB'+CC' dat gia tri nho nhat bang i—%, dat dwoc khi duong thang
d trung voi AB.
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y

4" Tuong tu néu AB < AC BB'+CC' dat gid tri nhé nhat bang i_SC , dat dugc khi duwong

théng d trung véi AC vanéu AB=AC BB'+CC' dat gia tri nho nhat be‘ing i—SB, dat duoc
khi duwong thang d tring véi AB hodc duong thang d trung véi AC.

Bai 30. Gia st K la diém bat ki trén dwong tron (O).
Khi d6 néu diém K trung véi mot dinh cua tam giac
ABC thi két luan trén hién nhién dang.

Xét diém khong trung véi cac dinh ctia tam giac

ABC. Khong mat tinh tong quat ta gia st K nam trén

cung nho AC ctia duong tron (O).

Goi A ;B,;C, lan luwot la hinh chiéu ctia K trén cac
canh BC, CA, AB. Goi AH la duong cao cua tam gidc
déu ABC. Khi d6 ta can chitng minh duoc

KA? +KB] +KC} = AH?.

Truwdc hét ta chiing minh ba diém A ;B ;C, thang hang.

That vy, da thdy AKC=C,KA, =120° nén céc ti gidc AC,B,K; KB,CA, noi tiép duong

tron c6 duong kinh tuong tng la AK va CK. Tt d6 ta duwoc :A/KE =AB,C, va

CKA, =CBA,

—_—

Tt AKC = C KA, =120" ta dugc AKC, +C,KC=C,KC+CKA,

Do d6 ta chira duoc AKC1 =CKA, . Diéu nay dan dén AB,C, = (/ZEXI suy ra ba diém

B,;C, thing hang. D&Y 14 S, . =S¢ +Sy s Va CKB=BKA =60° nén
KC, KA, =KC, KB, +KB, KA.
Mt khac ta lai cO S, ; +Spee = Saxe = Sase

Do d6 ta duoc ABKC, + BCKA, - ACKB, = BC.AH hay KC, +KA, ~KB, = AH.
Tir do ta suy ra KC? +KA? +KB? + 2KC, KA, - 2KC, KB, - 2KB, KA, = AH?

Ma ta 06 KC, KA, =KC, KB, + KB, KA, nén ta duoc 2KC, KA, = 2KC, KB, —2KB, KA, =0
Do d6 ta duwoc KA? +KB? +KC; = AH?. Vay bai toan dugc chirng minh.
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Bai 31. Goi O la giao diém ctia hai duong chéo va c
ki hiéu S=5 Khi ¢6 do MP//AC nén ta duoc

ABCD *

S,pc =S,y NENsuyra S, +S,, =S,,-+S

APC ACM ABC ACP ABC ACM *

T d6 S asce = Sacem - ‘.(

N
Mit khac lai 6 S, :%SABD  Sucr =%SBCD nén ta / P

duoc D
1 1 1
SABP + SBCP = SABCP = E(SABD + SBCD) = ESABCD = ES
Do dé ta dwoc S, =S, sy = %S :

S —lS.

Ching minh hoan toan tuong tw ta duoc Sy, =S 500 = 5

D3t S, =a; Sy = b5 Seyp = G Sayp =d

AMD

Khi d6 tit S, 5, +Syue =S g = ES ta dugc a+b =%s

Twong tw ta cling ¢4 S, +S,\p =5 :%S nén a+d:%S

ABMD

Suyra 2a+b+d=S.Matalaico a+b+c+d=S nénsuyra 2a+b+d=a+b+c+d=a=c

Ttedosuyra S,,, =Scup Va Sgen =S apu

do

Bai 32.
+ Diéu kién can: Gia s AA,BB,CC, dong quy, ta
“ , .. AB B A
can chttng minh ——. s . GA_
ACBA CB
Cach 1: Dé thay
SAABA1 =S,om + SAOBAI; SAACA1 =S,aoc * SAOCA1
S aasa, =%AH.AlB; S s0n.8 =%OI.BA1
Saaca, = ;AHA G Sycon, :%OI.CA
T d6 SAABA1 _ AlB . SAOAB _ A B nén A B SAABA SAOA B _ SAAAlB - _ SAOAB
SAACAl A1C SAOAC A C A C SAACA SAOA1C AAA,C T SAOAC
Tuong tw ta dwoc B,C = Saone . GA SAOAC Khi
BlA SAOAB C B SAOBC
A B B C C A SAAOB SABOC 'SAAOC — 1
A C B A C B SAAOC SAAOB SAOBC
N 1 a o en , AB BC CA " , . "
+Diéu kién du: Gia stt ta c6 ——.——.——=1. Can chiing minh AA,,BB,,CC, dong quy
AC BA CB
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~ That véy, goi O la giao diém cua AA ,BB, Tir Cké CO cat AB tai C'.

y .
" Theophan thudn taco 210 B1E€ €A1 Vi theo dau bai tacs 22 BiE GA
AC'BA CB AC'BA CB
' A .
Do d6 ta dwoc Sj_g = (élB = C =C,.Suyra AA BB, CC, dong quy
1

Bai 33. Trudc hét ta phat bi€u va chitng minh bo dé
sau: Néu trén cac canh BC, CA, AB ctia tam giac
ABC lay cac diéfm M, N, P va cac diém M, N, P,
[an lwot d6i xtng voi M, N, P qua trung diém
twong tng cua BC, CA, AB thi dién tich ctaia hai
tam gidc MNP va M,N,P, bang nhau.

That vay, goi a, b, c va x, y, z lan lwgt 1a d6 dai cua
BC, CA, AB va BM, CN, AP. Khi d6 ta c6
Sy  BMBP  x(c-z)

S,,c ABBC  ca
a—x z(b-
Hoan toan tuong tu ta dugc Saun _ y(2-) ; Sary _ (b-y)
ABC ab S ¢ bc
Do dé ta duoc Syne _ S asc ~Semp ~Scmn ~Sarn —1- X(C_Z) B Y(a_x) 3 Z(b_Y)
’ S ca ab bc

ABC
béy la cac diém M,, N,, P, lan luot d6i xtiing v6i M, N, P qua trung diém tuong Gng

cua BC, CA, AB nén ta dugc AP =BP; AN, =CN; BM = CM, nén hoan toan twong tu ta

cling tinh duoc

ABC

SMlNlPl zl_x(c—z)_y(a—x)_z(b—y)
ca ab bc

Do d6 ta dwoc S, = SMlNlPl . Vay bo dé dugc chitng minh.

Tro lai bai toan: Goi A; B,; C, theo thi tu la trung

A
diém ctia cac canh BC, CA, AB. Goi A,;B,;C, theo

tht tw 1a cac diém doi xtiing voi A,; B,; C, qua trung

diém ctia B,C,; C,A,; A,B, c B

007 )
Ap dung bs dé trén ta c6 S ABC, =Samc," ‘ v
Ta c6 AABC 0 AA B,C,, trén hai canh twong g BC
AB, AC B Mo A M C
va B,C, taco —2"= & BM v
A,C, AB, CM
B,C, BA, CN CA, CB, AP

Hoan toan tuong tu ta duoc
B A

2

BC, AN’ CB, CA, BP

0
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Do dé ta dwoc tam gidc A, B,C, twong ting véi tam giac MNP nén suy ra
AA,B,C, > AMNP
S 1

N A,B.C
nén ta duwgc ——1=—

4

S 1
\ 7 AZBZCZ — A =
Ttr d6 ta dwgc ——=~=—ma S ABC, — SAZBZCZ

MNP MNP

Tl d6 ta co ti sO dién tich ctia hai tam giac A,B,C, va MNP khong phu thudc vao vi tri

diém M, N, P.
Bai 34.
bat A
S, =S uem7 S, =Sppmi Sy = SCEM"S; = SAEM;SVZ = SCDM;Sé = Spem
Theo gia thiét ta duge S, +S,+5, =S, +S, +S, .
Lai dat S, +S, =x; S, +S, =y; S, +S, = z. S
Hai tam giac BMA va BMD c¢6 chung duong cao hé tir B '
nén ta co >, , :D—M.Tuongtuftaduqc >, , :%. J
S, +S, AM S5,+S, MA
Do d6 ta dwoc 3 >, 5, +5, Y

S,+S, S,+S, S +S +S,+S, z+x

Suyra S, = Xy ; S, = yz . Tuwong ty ta duoc S, = X ; S, = XY va
Z+X Z+X y+z zZ+y
5, = yz ;5'3= zX
X+y X+y
Khi d6 ta co

Sl+82+53:S'1+S'2+S'3<:>xy( L L J+yz( LI ]+zx( 11 J:O
X+z z+y y+z z+X Z+y X+y

Xy(y—X) N YZ(Z—Y) ZX(X—Z)

)y o) zen) re)xey)
x=y
<:>(x—y)(y—z)(z—x)(x+y+z)=0<:> yfz

Khong mat tinh tong quat ta c6 thé gid st x =z, khi d6 ta dwoc S, +S, =S, +S,
Doddétaco S, =S.,-Ké BI LAD; CJ L AD suy ra BI=C]J.

Do d6 hai tam giac IBD va JCD bang nhau, suy ra BD = CD hay AD la dudng trung tuyén.

Do d6 di€ém M nam trén duong trung tuyén AD.

Vay diém M nam trén it nhat mot duwong trung tuyén ctia tam giac da cho
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Bai 35. Vé HK vudng goéc voi DE tai K va AL

A
vuong goc voi ED tai L. Ta co AL_ AL Sy va
AH HK S,
ML P b
G_A _ SABC P |
GH S, y
Mat khac ta chitng minh dwgc AADE @ AABC va
AHDE > AHBC : S o
S S ’
Do @6 —ARE — _HDE _ (DEJ nén ta duoc
SABC SHBC BC
S ape _ S apc
SHDE SH'BC
Do d6 ta suy ra ﬂzGA: Al_H .
HI GH AG GH
Do PQ//BC nén theo dinh li Talet ta co 1P = Al = R = 1Q .Suyra IP=1Q.
GB GI GH GB
Mat khac cling tu Al = GA ta duoc IH+1A = HI
HI GH GH+GA HG

Ma ta c6 2MA = AH=IH+IA va 2GM = GH + GA nén ta duoc

2MA HI  MA HI GA GI 1 GA _g: GA.GH = GLGM

—— e ——=———1l=—-1=—=
2GM GI GM GI GM GH GM GH
Ma ta chitng minh dugc AGBH @ AGAC nén ta c6 GH.GH = GB.GC
Do d6 ta dwgc GL.GM = GB.GC nén hai tam giac vudng GBI va GMC d6ng dang véi nhau

Suy ra GBI = G/M\C, ma ta lai c6 GMC+GCM =90° nén ta duoc GBI +GCM = 90°

Goi F 1a giao diém cua BI véi MC, khi d6 tam giac BFC vuong tai F hay BI L BC

Tam gidc BCM c6 hai duong cao MG va BF cat nhau tai I nén I 1a triec tdm ctia tam giac
BMC.

Bai 36. Gia st c6 diém M trén doan AD théa man yéu

B c
cau bai toan. Goi a la d¢ dai canh hinh vuong. Dat
AE=x;DF=y;AM =z, AE-DF =n vdi E .
0<x,y,z<a;-a<n<a
Ta Cé SABCD _SNEMF = SAME + SDMF + SCNF + SBNE hay

A M D
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ca(a-y)+3a(a-x)

etar=laxilay-Txz-L(a-z)
187 37 eV TN
<a :6ax+3ay—9az—9a(a—z)
Thay x =n+y vao dang thtic trén ta dwoc
a’=6a(n+y)+3ay-9z(n+y)-9(a—z)y < a’ =6ax—9zn

Két hop voi diéu kién 0<z<a hay 0 S%(6—ij ta duoc %S n<a hodac —-a<n< —%
n
Pay chinh la cac diéu kién can tim.

U - . a
Nguoc lai, gia st co diéu kién ESnSa hoac —aSnS—g.

Trén tia AD 1dy diém M sao cho AM = %(6 —EJ .
n

Tt diéu kién trén ta ching minh duoc 0< AM <a, suy ra M ndm trén canh AD. Khi d6 ta

duwoc

SNEMF = SABCD - (SAME + SDMF + SCNF + SBNE)

Suy ra S, +Sour +Senr + Spnp = %[aZ (AE',2 -DF? )[AM2 233 \J:| - %az

NEMP ABCD

Do d6 ta duoc S :SS hay ?ﬂzé

9

ABCD

B D H M C

_ BC CA AB  BC? CA2 AB’ BC? CA2 N AB’

PH PI PK ~ BC PH PL CA PK.AB 2S ZSPC A 2S5,
Ap dung bat dang thiic Cauchy — Schwarz ta c6
2 2
2 2 2 (AB+BC+CA AB+BC+CA
=B CAT B, ) ) knong 6,
S S S S +Spc0 +5 S

PCA PAB PBC PCA PAB ABC
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(AB+BC+CA)’

Do d6 gia tri nhd nhat cua T la , ddu bang xdy ra khi va chi khi

ABC

BC_CA _AB _ BC _ CA __ AB
S S S BCPH CAPI ABPK

Hay P la giao diém ba duong phan gidc cua tam giac ABC.

< PH=PI=PK

PBC PCA PAB
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