Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

KY THUAT SU DUNG BAT PANG THUC PHU TRONG
CHUNG MINH BAT PANG THUC

GIAO VIEN: TH.S PHAM VAN QUY - 0943.911.606
1. MOT SO BAT PANG THUC PHU THUONG SU DUNG

1) a®+b*+c’>ab+bc+ca, Va,b,ceR. "4p" "
4 = 10) 2 Zb z(a;bj 06i Va,b>0, neN*,

2
2) a.bs(—] va,b>0
(a+b+c)

11) a®+b*+c? > Va,beR.

12) (a+b+c) >3(ab+bc+ca),Va,beR

9 (a+b)(%+%)24, Va, b> 0

4
a+b

2

5)1+12 , va, b>0
a b

a’—ab+b* 1

17) = ~>=,Va,beR,a’+b* =0
a“+ab+b” 3
2 2 2 2
g 2 erb 2(a+bj VabeR. 18) (1+a)(1+b)2(1+\/ab) ,Va,b>0

3 3 3
gy &+b z(azb) v6i Vab>0.

2. CAC BAITOAN AP DUNG

Bai 1. Cho X, ¥, z>0. Chting minh rang; \/x2+xy+y2 +\/y2+yz+z2 N2+ X2+ X > J3(x+y+2)

Giai
2

38 , 3(a+b
+ Ta ludn c6 bat dang thire: a° +ab+b* > (a+b)

Va,b (*).
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

That vay (*) < 4a’+4ab+4b® 23(a’ +2ab+b’) < a’ —2ab+b* 20 < (a- b)’ >0 (ludn dung).

D4u “=" xay ra < a=h.

2
+ Ap dung (*) ta cé: \x* +xy +y? 21/3()(%}/) :g(x+ y)
T o [2 2 \/§ \ \/ﬁ \/§
wong tw ta c: |y’ +yz+2 27(y+z) va Nz’ + X+ X* 2 (2 +Xx)

2

Cong vé theo v& cac bat dang thiic trén ta c6:

N

\/x2+xy+ y? +\;’y2+yz+z2 22+ X2+ X 27(2x+2y+22)=«/§(x+ y+2), (dpem)

X=y
Dau “=" xay ra <{y=z<x=y=12
7=X

Bai 2. Cho a, b, ¢ >0 thoa §+%+§21. Chting minh rang:

Jb2+2ab+4a® +J4c2+6bc+9b2  /9a? +3ac +c2
+ + >3
ab bc ca

Giai

b’ +2ab+4a® |4c*+6bc+9b*  [9a®+3ac+c?
a’h? " bh?c? " c?a’

\/1 2 4 J4 6 9 \/9 3 1
- —2+—+—2+ —2+—+—2+ —2+—+—2
a- ab b b bc ¢ c° ac a

* Dit x=§;y=%;z:§:>x,y,z>0. Ta co: VT=\/x2+xy+y2 +\/y2+yz+z2 +VZ2 + X2+ X

OTaC()VT:\/

Theo bai 1 ta c: \/x2+xy+ y? +\/y2+yz+z2 N2+ X2+ % >3(x+y+2)

Mit khac v3(x+ y+z)=\/§(§+%+§j2\/§.1=\/§. Do d6 VT 243 =VP, (dpcm).
oy-z  [1o2.3 _

Dau “=" xayra <41 2 3 < a b c <:>1=E=§=1<:> b=6.
—+—+—-=1 1 2 3 a b c 3
a b c E+B+E:1 c=9
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

. 2 2 2 2
Bai 3. Cho X, Y, 2>0 va Xy + Yz + zXx=Xyz. Chtrng minh rang: \/y +2X +\/Z +2y +\/X2+222 >3
Xy yz X

Giai

A , A~ < 7 2 2 2 (a+b+C)2
¢ Ta ludn c6 bat dang thie: a° +b°+¢° > ———

Va,b (*).
Thatvay (*) <> 3a”+3b* +3¢” > (a’ +b’ +c” + 2ab+ 2bc + 2ca)

& (a®-2ab+b”)+(b*—2bc+c?)+(c’ —2ca+a’) 20« (a-b) +(b—c) +(c—a)" 20 (luon ding).

Ddu “=" xay ra <>a=b=c.

(y+x+x)°
+ Ap dung (*) ta c6: Y 423 Y’ +x°+x 5 3 _1y+2x_1yi+2x
Xy Xy Xy 3 oxy 3 oxyz
Twong ty ta co: VZ'+2y° 2izx+2yx va VX' +27° ZLX)HZZY
yz 3 xyz 2X 3 xyz

Cong vé theo vé& cac bat dang thiic trén ta cd:

2 2 2 2
\/y +2X +\/z +2y +\/x2+222 2i(yz+2xz+zx+2yx+xy+22y]_ 1 3(xy+yz+zx): 3xyz _ /3 (dpcm).

Xy yz X U xyz Xyz Xyz B Xyz J3.xyz
X=y
Al 2 y =7
Dau “=” xay ra < Ly S x=y=z=3.

XY + YZ + ZX = Xyz

Binh luin: Néu khong co gia thiét Xy + yz+ 22X =Xyz thi bat dang thiic tré thanh:

\/yz +2x° s \/22 +2y? s X2 +27° . «/§(xy+ yz + 2X)
Xy yz x Xyz
nhiéu bai todn mai rat thu vi.

. Dén day tuy theo sy sang tao cua nguoi ra dé ta co

1) Huwéng 1: Rat gon mau 6 2 vé& duoc bat dang thikc don gian.
3(Xy +Yyz + zX
2) Hué6ng 2: Bién ddi BOy+y ):ﬁ(1+1+1j.
Xyz X Yy z

7 1 11 9
3) Hudng 3: St dung bat dang thicc phu —+—+—2 ———
X YV 7 X+y+z

4) Huwong 4: Cho thém cac diéu kién nhw x+y+z21Lxyz<3;...
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

Bai 4. (Chuyén toan tinh Gia Lai 2020) Cho cédc sd duong X,y,z thoa 1,11 somo.

X+y Yy+Z Z+X

N .7 . 2 A, ” ) , 2+2X2 22+2 2 2 2
Tim gia tri nho nhat caa biéu thic: P:\/y 5 +\/ y y +«/x ;(22 '

Giai

¢ Taludn c6 bat dang thie: a° +b° +¢° 2 ~—=——

va,b (%)
That vay (*) < 3a?+3b% +3c® > (a2 +b?+c?+2ab+2bc + an)
< (a*—2ab+b*)+(b*—2bc+c’)+(c*—2ca+a’) 20« (a—h) +(b—c) +(c—a) =0 (ludén ding).

D4au “=" xay ra <> a=b=c.

« Apd Y ta O Y2 +2X2 = Y2+ X2+ X2 > = >_— N2
p dung (¥) ta co:y y 3 " X T 3

(y+x+x)" (y+2x) yi+2x2 1 y+2x \/5(1 2}

Chttng minh twong ty ta co:

NERTIER f(l 2} é@g(l 3]

yz 3\y z

:P2£(£+g+£+g+l+g]
Xy y z z X

3
éwﬁ(ﬁ 3, §]
3(Xx vy z
P>\/—£1 1 1) B
y z
Mit khéc 4p dung bat dang thitc §+%2%.Hayib %(§ ij dau “=" xay rakhi a=b ta

a+b
duwoc 2020 < 1 + ! + ! gl(£+l+l+1+l+lj
X+y y+z z+x 4\x y y z 7 X

< 2020< ! + ! + ! SE(E+E+EJ 1+1+1>4O40()
X+y y+z z+x 2\x Yy z X y z

Tl (1) va (2) = P>4040{3. Ddu "=" xay ra khi x:yzz:g
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

+ Vay gié tri nho nhét cua P 1a 404043, khi x=y=2= &;o .

Bai 5. Cho x,y,z>0. Chting minh rang: (x3+y3+z3)(%+i+%)zg[y+z+ z+x+x+yj'
X y z

+) Ta ludn c6 bt ding thize: a° +b* > ab(a+b), va,b >0 (*).
Thatvay (*) < (a+b)(a’—ab+b’)-ab(a+b)>0< (a+b)(a’—2ab+b*)>0
& (a+b)(a—b)" =0 (luon ding). Dau “=” xay ra < a=h.
+) Ap dung (*) ta c6: ¢ X* +y* > xy(x+Y)
s V1 >yz(y+12)
s P+ 2 xX(z2+X)

Cong vé theo vé& cac bat dang thiic trén ta co: 2(x3 +y 4+ 23) > xy(X+y) + yz(y + z) + 2x(z + X), (*%).

. 1
+) Ap dung bat dang thitc Cauchy ta c6: —+ —+—2>33 e e L (F**
) Ap dung g y RTI Y7 V2 xyz (***)
A ~ . , s 3 n(1 1 1 3
+) Nhan vé theo v& (**) va (***) ta c6: 2(x +y +12 ) F+F+? > —[xy(X+y)+yz(y +2) + 2X(z + X)]
Xyz
©<X3+y3+23)[%+%+%J2§(y+2+Z+X+X+YJ’ (dpem).
Xy oz 20 X y z
+) Dau “=” xay ra & X=y=1.
Bai 6. Cho X, y, z 1a cac sb thuc duong. Chimg minh rang:
1 1 1 1
+ + <
X+Y +Xxyz Y 4+2°+Xyz ZP+X+XyZ  Xyz

Giai
+) Ta ludn c6 bat ding thie: a° +b® > ab(a+b),va,b >0 (*).

Thatvay (*) < (a+b)(a’—ab+b’)-ab(a+b)>0< (a+h)(a”~2ab+b*)20

< (a+b)(a—b)2 >0 (ludn dang). Ddu “=" xay ra <>a=b=c.

+) Ap dung (*) ta co:
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

1 Z
AV XYz XY(X+Y+2Z)  XyzZ(X+Y+2Z)

e XY Hxyz 2 xy(X+ YY)+ xyz =xy(X+y+2) =

1
* Tuong tw ta co: ——— < X vl ——— < y
Y +Z7+Xyz  Xyz(X+y+2z)  Z7+X+Xxyz  Xyz(X+y+2)
e 1 1 1 X+Y+2 1
+) Khi d6 + + < = , (dpcm).

XY +xyz Y+ +xyz P+HX+Xxyz xyz(X+y+2z)  Xyz
+) Dau “=" xay ra & X=Yy=1.

Bai 7. Cho x,y,z la cac s6 thuc duong thoa mén diéu kién xyz = 1. Ching minh rang;

JX+y +1+\/y +7 +1+Jz + X +123\/§
Xy yz 7X

Giai

+) Ta lu6n c6 bt dang thize: @° +b® > ab(a+b), va,b >0 (*).

Thatvay (*) <> (a+b)(a’—ab+b’)-ab(a+b)>0< (a+b)(a’—2ab+b*)20

= (a+b)(a—b)2 >0 (ludn dang). Ddu “=" xay ra <>a=b=c.

+) Ap dung (*) ta co:
_ /x3+y3+1>\/xy(x+y)+1_\/xy(x+y)+xyz_\/xy(x+y+z)_a/x+y+z
Xy Xy Xy Xy Jxy

y3+z3+12\/x+y+z o \/z3+x3+12\/x+y+z
yz Jvz 7X J2x

» Twong tu ta co: \/

+) COng V& theo vé cac két qua trén ta co:

JEHY+L Y+ 4+l P4+l 1 1 1
o + v L > [x+y+z \/W+\/E+\/§

+) Mit khac 4p dung bat dang thirc Cauchy ta co:
1 1 1 1
Jx+y+z + + > \[33/xyz. 33/— =33, (dpcm).
Y («/xy Jyz \/zxj y ( xyzj P

+) Dau “=" xay ra < X=y=1.
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

Bai 8. Cho x,y,z>0 va thoa m5n1+£+1:4. Chirng minh rang: ! + ! + ! <1.
X y z 2X+Y+Z X+2y+Z X+y+22
Giai
A 1 2l ., 11 4 .
+) Ta ludn c6 bat dang thtee: —+—>——, Va, b >0 (¥).
a b a+b
A A * a+b 4 2 2 2 2 A ,
Thatvay()@—bZ—bQ(a+b) >4ab < a”—-2ab+b° >0« (a—b) 20, (luon dung).
al a—+
D4au “=" xay ra < a=h.
+) Ap dung (*) ta co: L = L =£. 4 Sl L + L .
2X+y+z (X+y)+(Xx+2) 4 (x+y)+(x+z) 4\ X+y XxX+2z

.A, . 1001 1 1( 4 4 1(1 1 1 1 1(2 1 1
Tiep tucap dung (*)taco: ~| —+—— |=—~| —+—— |[S—| —+—+—+= |=—| —+—+—
4\ X+y x+z) 16\{x+y x+z) 16\{x y x z) 16{x y z

Do dé 1 1[21 1(1 2 1 1 1

P —————<— —+—-|-1 . Twong tu ta co: ;S— —t+—+=|va———<—| —+—+—
2Xx+y+z 16 z X+2y+z 16({x y z X+y+2z 16

+) Cong vé€ theo vé cac bat déng thirc ta co: ! + ! + ! si ﬂ+ﬂ+ﬂ
2X+Yy+7 X+2y+z X+y+2z 16\x Yy z

= L + 1 + L Sl 1+£+1 , ma theo gia thiét: 1+1+l:4.Dod()tacéb?{t
2X+Y+2Z X+2y+7 X+y+2Z 4{x y 1z Xy z
dang thtc tré thanh: < 1 + ! + 1 <1, (dpcm).

2X+Y+Z X+2Yy+Z X+Yy+2z

Dau “=" xay ra <> X=Yy =1
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

Bai 9. Cho x,y,z>0. Ch&ngminhbé’tdéngtht’rc:E+E+§Z4[ 3 + 2 + 1 j

X y z X+Yy Y+Z Z+X
Giai
N 7 A, < 7 1 1 4
+) Ta ludn cé bat dang thitc: —+—=——, Va, b >0 (¥).
a b a+b
Ap <A a+b 4 2 2 2 2 A 3.
Thatvay(*)@—bZ—bQ(aer) >4ab < a”—-2ab+b° >0« (a—b)" >0, (luon dung).
a a+

Dau “=" xay ra <> a=h.

+) Ap dung (% ta 65 » — :%' : S%(EJFEJ

X+Yy X+y X Yy
2 2 4 2(1 1
* = — S_ — 4 —
y+z 4 y+z 4\y z

LM A . 3 2 1 3(1 1) 2(1 1) 1(1 1
Tte cac két qua trén ta co: 4 + + <Al —| —+— |+ —+= |+=| =+ —
X+y y+z Z+X 4\ x y) 4y z) 4\z X

<:>4( 3 + 2 + L S£+§+§,(dpcm).
X+y y+z z4+X) X Yy 1Z

Dau “=" xay ra <> X=Yy =1

Bai 10. (Chuyén toan tinh Binh Phwdc 2020)

a) Cho a,b>0. Chting minh rang; \/az—ab+3b2+12%(a+5b+2).

4 ~ 1 1 1 N .7 . 7 A, ? o« A? ’
b) Cho céc s6 thie duwong a,b,c  thoa man 2 + b + < <3 . Tim gid tri 16n nhat cta biéu thtrc:

1 1 1
P= + +
JaZ—ab+30%+1 +b?—bc+3c?+1 +Jc?—ca+3a’+1
Giai

a) Cho a,b>0. Chttng minh rf?mg: \/a2 —ab +3b? +12%(a+5b+2),(*).

Ta c6 (*) <:>16(a2 —ab+3b? +1) >(a+5b+2)" <15a% +230% —26ab—4a—20b +12>0.
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

=13(a-b)* +10(b-1)* +2(a-1)* >0 (ludn dung).
D4au “=" xay ra < a=b=1.

(o o1 11 Ny 1
b) Cho céc s6 thuec dwong a,b,c thoa man —+—+—<3 . Tim gia tri Ién nhat cua biéu thuc:

a b c
1 1 1
P= + +
JaZ—ab+30%+1 +b?—bc+3c?+1 +Jc?—ca+3a’+1
4 4 4

+ Ap dung bat ding thirc (*) ta cé: P< * "
P dung batdang thue (%) ta co: P < o 52 T casar2

. 1 1 4
¢ Ta ludn c6 bat dang thire: —+—2 ——, Vx, y >0 (**).
X y X+Yy

That vay (**) < Xy, 4 < (X+Y) 2 axy & X =2xy+ Y’ >0 < (X—y)? >0, (lubn ding).

Xy X+y
Dau “=" xay ra <> X=Y.

Ap dung bét dang thize (**) ta co:

4 1 1
< +— (1)
a+5b+2 a+b+2 4b
¢ 1t 1 2)
b+5c+2 b+c+2 4c
P S (3)
c+5a+2 c+a+2 4a
Tfr(l),(Z),(S)tacé:PS( 1,1 , 1 jg(&ggj (o)
a+b+2 b+c+2 c+a+2) 4la b c
Tiép tuc 4p dung bat dang thirc (**) ta c6:
SR Y (N S VY E W Y B
a+b+2 4la+b 2) 4|/4\a b) 2
LA ana g
b+c+2 4\b+c 2) 4|4\b c) 2
LA DA g
c+a+2 4\c+a 2 414 \c a) 2
Tir (***),(4),(5),(6) ta duoc: pg§(l+1+1j+§s§.3+§:§.
8la b ¢c) 8 8 8 2
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

Vay gia tri I6n nhat caa P la % dat dwoc khi a=b=c=1.

Bai 11. (Olympic 19-5 tinh Binh Phwdc nam 2016)
3(b+c) N 4a+3c +12(b—c)

Cho cac s6 duong a,b,c. Tim gia tri nho nhat ctia biéu thiec P =

2a 3 2a+3c
Giai
A 2 o114
¢ Ta ludn co6 bat dang thic: —+—2=2——, Vx, y >0 (¥).
X Yy X+y
That vay (** x+y_ 4 2 2 _ 2 Y Ny
at vay ( )@X—yZFyQ(X+y) 24Xy < X" =2xy+Yy 20 (X—Y) 20, (ludn dung).

Dau “=" xay ra <> X=Y.

+ Ta c6: P+11:(3b+3c +2j+(4a+3c +1)+(12b;120+8j
2a 3b 2a+3c

=(4a+3b+3c) i+i+ 4
2a 3b 2a-+4c

4 N 4
2a+3b 2a+3c

16 3
4a+3b+3c

+ Ap dung (*) ta co: P+112(4a+3b+3c)( ]2(4a+3b+3c) 16

Vay P nhé nhat bang 5, ddu bang xay ra chang han (a,b,¢) :(g,l,lj.

Bai 12. (Olympic 19-5 tinh Binh Phwéc nam 2017)

Cho cac s0 duong a,b,c thoa man abc =1. Tim gia tri nho nhat cta

a’+b? b®+c3 c+a’
=2 > T3 2T 2 2"
a‘+ab+b~ b°+bc+c® c“+ca+a

2 2

+ Ta ludn c6 bat dang thic: %ZE,VX; y;z>0 (%).
X“+xy+y. 3

2 2

X°—Xy+Yy >}

That vavy (* >
atvay () X+xy+y> 3

<:>3(x2 — Xy + yz)z X2 +xy+y? < 2(x—y)? 20, (ludn dung).

Dau “=" xay ra <> X=Y.
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Chuyén dé: Ky thuat st dl_mg bat ding thitc phu dé chitng minh bit dang thic

” a’+b® —ab+b?
¢ Apdung M tacd: ——— = a+b—_ a+b
p dung (1) Ziabibt A iy 3( )
b®+¢? 1 ct+a’ 1
TU’OH tu’tacéz —_— b+C Vé —_2>—(C+a).
&% b? +bc +c? 3( ) c’+ca+a’ (c+a)
3 3 3 3 3 3
Ttr cac két qua trén ta cd: P= Za +b >+ 2b e >+ ZC 4 2_2(a+b+c).
a‘+ab+b® b +bc+c® c+ca+a

Mt khac 4p dung bat dang thirc Cauchy ta co: %(a+ b+c)> %.3x3/ab = %33/21 =2=P2>2

a=b=c
Dau “=" xay ra < <a=b=c=1
abc=1

Vay minP =2 khi (a,b,c) = (1,1,1).

Bai 13. (Chuyén toan Hung Yén 2020) Cho a, b la cac s duong thoa man diéu kién ab <1.

Chting minh rang; %a + ﬁ +2020ab < 2021.

1
l+a 1+b 1+J_

» (-

+ Ta ludn c6 bat dang thikc:

That vay () < 2+a+h < 2 <:>(2+a+b)(1+\/5)£2(1+a)(l+b)

(1+a)(1+b) ~ 1++/ab
<:>2+2\/£+a+a«/£+b+b\/££2+2a+2b+2ab

@(2@—2ab)+(a ab —a)+(b@—b)£0
& (va—vb) (vab-1)<0 (luon diing vi a, b>0; ab<1).

+2020ab

* Ap dung (*) ta cé: = ﬁ + 1 +2020ab <

2
1+b 1++/ab

Dit vab =t (0<t<1).Ta can chitng minh % +2020t° < 2021
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

& (t-1)(2020t* + 4040t +2019) <0 (ludn diing)

Ddu "=" xay rakhi t=1hay a=b=1.

BAI TAP AP DUNG

Bai 14. Cho a, b, ¢ > 0. Chting minh bat dang thtkc sau: 1 + 1 + 1 > 3( L + 1 + 1
a b c a+2b b+2c c+2a

bc ac ab
2 2 + 2 2 + 2 21
ah+ac ba+bc ca+ch

Bai 15. Cho a ,b,c >0 thoa abc <1. Tim gia tri nho nhét caa P =

Bai 16. (Chuyén toan Ninh Binh 2020) Cho 3 s6 duwong a,b,c thoa man:

2 2 2
JaZ +0? ++/b% + ¢ ++/c? +a? = 2021. Chiing minh ring: a b, c 2;,&21.
b+c a+c a+b 2\ 2

Bai 17. (Chuyén toan Hai Phong 2020) Cho ba s6 dwong X, y,z thoa man: Xy +Yyz+2x=5.

X y 3z 2«/5

Chu inh <
ahe x/x2+5+\/y2+5+\/6(22+5)< 3

Bai 18. (Chuyén toan Phu Tho 2020)

Cho X, Y,z >0. Chitng minh bat dang thtic Py 1 2yz >2.

Xy
N RN N AR T

Bai 19. (Chuyén toan Ba Ria Viing Tau) Vi cac s6 thuc duwong a va b thay doi, hay tim gia tri 16n nhat

2 s A7 S — 1 1
cua biéu thtrc: S_(a+b)(\/a2—ab+2b2 +\/b2—ab+2a2).

Bai 20. (Chuyén toan Dong Nai)

1+a? N 1+b? 1+c? 6

Cho —1<a,b,CeR . Chttng minh 5 >+ >
3 1+3b+c® 1+3c+a” 1+3a+b” 5
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

ab bc ca 1
+ + <=(a+b+c)
a+b+2c b+c+2a c+a+2b 4

Bai 21. Cho céc s8 thuc duong a, b, c. Chitng minh rang;

Bai 22. Cho cac s6 duong a, b, ¢ thoa man: abc >1. Chting minh réng:

b C 3

a
\/b+\/5+\/c+«/£+\/a+ﬁ - \/IE

Bai 23. Cho cac s0 duong a, b, ¢ thoa man §+ % + % <3 . Tim gia tri nho nhat caa biéu thic:
1 1 1

P= + +
JaZ—ab+30%+1 +b>—bc+3c?+1 +Jc?—ca+3a’+1

Bai 24. Cho ba s8 thuc duwong a, b, ¢. Chting minh rang

a’ +b? +b2+c2 +c2+a2 <3(a2+b2+c"')
a+b b+c c+a = a+b+c

Bai 25. Cho x,Y,zla cac s6 thye dwong. Chiing minh réng

x° y? z° _Xty+z

2 2 + 2 2 * 2 2 - 5
\/8x +3y° +14xy \/8y +3z° +14yz \/82 +3x° +14xz

Bai 26. Cho cac s6 thue duong a,b,cthdéa man a+b+c <3. Tim gia tri nho nhat cua biéu thirc:

a’+4a+1 b*+4b+1 c’+4c+1
M = 2 2 + 2
a“+a b +b c-+cC
a’+bd b®+¢? cd+a’ 1

\ 1
Bai 27. Cho cac sO thuc a,b,c. Chitng minh rang: + + >4 4=
' & & ab(a2+b2) bc(b2+c2) ac(c2+a2) a b ¢

Bai 28. Cho a,b,c >0 thda man abc=1. Chting minh rang: — ab be ca <1l

+ +
a’+b°+ab b>+c’+bc c°+a’+ca

.. : , 4y x® y? 2 _1(1 1 1
Bai 29. Cho X,y,z >0 thoa xy+yz+zx=3xyz Chitng minh rang: + + ZE. —+—+—|.
: Z+

X Xx+y* y+7? X y z
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

Bai 30. Vi a, b, cla cac s6 thye duong thdéa man: ab +bc + ca + abc=2. Tim gia tri 16n nhét cta biéu

a+1 b+1 c+1

thitc: M =— +— += :
a‘+2a+2 b °+2b+2 c°+2x+2

2 2 2
+y +Z >1.
y+2 Z+2 X+2

Bai 31. Cho x, y, z 1a 3 s& duong thoa man x° + Yy’ +2z* =3xyz . Chiing minh:

Bai 32. Cho a, b, c dwong va théa man xy+yz+2zx =1 . Tim gid tri nho nhat cua biéu thic:

1 1 1
T2 T2 T2
AX°—yz+2 Ay —x+2 4z1°—Xy+2

Hét
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

KY THUAT SU DUNG BAT PANG THUC PHU TRONG CHUNG MINH
BAT PANG THUC

GIAO VIEN: TH.S PHAM VAN QUY - 0943.911.606

1. MOT SO BAT PANG THUC PHU THUONG SU DUNG
a’+b’>+c®>ab+bc+ca, Va,b,ceR. "y p" "
Da+b+ e, = 10) 2 ;b z(a;bj w6 Va,b>0, neN*,

2
2) a.bs(aTerj , Va,b>0

6) (a+b+c)(1+1+1j29, va, b, c>0

a’+b° >(a+b

3
> j i Va,b>0.

(a+b+c)’

11) a® +b*+c?> ,Va,beR.
a+b+c)’
3) abc< , Va,b>0 )
12) (a+b+c) >3(ab+bc+ca),va,beR
3 3
2 (a+b)(1+%j24, v b> 0 13) & +b*>ab(a+b),va,b>0
a
14) a* +b* > ab(a’ +b’),va,b>0
5) 1+12i, Va, b>0
a b a+b

15) a° +b° > a’h*(a+b),va,b =0

2

a b c 16) a2+ab+b223<a:b) ,Va,beR

7) 14—14—;2 J P Va,b>0 aZ_ab+b2 1

a b c a+b+c 17) ﬁZ—,Va,beR,a2+b2¢0
a“+ab+b” 3
2 2 2
g & +D z(“bj VabeR.. )

2 2 18) (1+a)(1+b)z(1+\/£) Va,b>0

19) (L+a)(L+b)(1+c) > (1+abe) , Vab,c>0

1 1

20) 5+ > =
l1+a° 1+b° 1+ab

,voi ab >1.
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

2. CAC BAI TOAN AP DUNG

Bai 1. Cho X, Y, Z > 0. Chting minh rang; \/x2+xy+y2 +\/y2+yz+z2 N2+ X2+ X2 >3(x+y+2)

Bai 2. Cho a, b, c>0 thoa §+%+§21. Chttng minh rang;

2 2 2 2 2 2
\/b +2ab+4a +\/4c +6bc +9b +\/9a +3ac+c 2\/5
ab bc ca

. 2 2 2 2
Bai 3. Cho X, Y, Z>0 va Xy + Yz + zXx=Xyz. Chtrng minh rang: \/y +2X +\/Z +2y +\/XZ+222 >3
Xy yz 2x

Bai 4. (Chuyén toan tinh Gia Lai 2020) Cho cac s6 duong X,Y,z thda L + L + L >2020. Tim

X+y Yy+zZ Z+X

=\i'y2+2x2 +\/22+2y2 +\/’x2+222 .
Xy yz zx

gia tri nho nhat cta bi€u thuic: P

Bai 5. Cho x,y,z>0. Chitng minh rang: (x3+y3+23)( o+ 3+%jz§(y+z+z+x+x+yj_
Xy oz 2( X y z

Bai 6. Cho X, y, z 1a céc s thuc duong. Chig minh rang:
1 1 1 1
3 3 + 3 3 + 3 3 -
Xy exyz YV +2P+xyz P+X XYz Xyz

Bai 7. Cho x,y, znla cac so thuc duong thoa min diéu kién xyz = 1. Ching minh rang;

A

JX+y +1+\/y +7 +1+\/z + X +123\/§

Xy yz ZX
Bai 8. Cho Xx,y,z>0 vathoa m5n1+£+1:4. Chirng minh rang: 1 + 1 + ! <1.
X y z 2X+Y+2Z X+2y+Z X+Yy+2z

Bai 9. Cho x,y,z>0. Cht’mgminhbé’tdéngthﬁfc:E+E+§Z4( 3 + 2 + L j
X y 2 X+Y Y+z Z+X

Bai 10. (Chuyén toan tinh Binh Phudc 2020)

a) Cho a,b>0. Chting minh rang; «/az—ab+3b2+12%(a+5b+2).

, .. 1 11 Ny L
b) Cho cac so thuc dwong a,b,c thoa man 2 + b + c <3 .Tim gia tri 1én nhat ctia biéu thtec:
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

_ 1 . 1 . 1
JaZ—ab+30%+1 +b?—bc+3c?+1 +Jc?—ca+3a’+1

Bai 11. (Olympic 19-5 tinh Binh Phwdc nam 2016) Cho cac s6 duwong a,b,c. Tim gia tri nho nhét cta
3(b+c) N 4a+3c +12(b—c)
2a 3b  2a+3c’

biéu thic P =

Bai 12. (Olympic 19-5 tinh Binh Phwédc nam 2017) Cho cac s& duong a,b,c thoa man abc =1. Tim gia

a®+b? b®+¢c? . c+a’

tri nhé nhat cia P=—; =+ ~+— > .
a‘+ab+b~ b +bc+c® c“+ca+a

Bai 13. (Chuyén toan Hung Yén 2020) Cho a, b la cac s duong thoa man diéu kién ab <1.

Chitng minh rang: ia + ﬁ +2020ab < 2021.

Be‘li14.Choa,b,c>0.Chl’rngminhbé'tdéngtht’rcsau:1+1+123( L + L + L j
a b c a+2b b+2c c+2a

bc ac ab
2 2 + 2 2 + 2 2l
a’b+a‘c ba+b°c c‘a+ch

Bai 15. Cho a ,b,c >0 thoa abc <1. Tim gia tri nho nhat cta P =

Bai 16. (Chuyén toan Ninh Binh 2020) Cho 3 sd duong a,b,c thoa man:

2 2 2
Ja? +b? +/b? +¢2 ++/c? +a’ = 2021. Chting minh rang: a b 4 C >l 2021
b+c atc a+b 2\ 2

Bai 17. (Chuyén toan Hai Phong 2020) Cho ba s6 dwong X, y,z thoa man: Xy +yz+zx=5.

y 3z 2\/6
\/x+5 \/y+5 \/62+5 '

Bai 18. (Chuyén toan Pha Tho 2020) Cho X, Y,z >0. Chitng minh bat dang thtic :

J_ 1 yz -
AR

Bai 19. (Chuyén toan Ba Ria Viing Tau) Véi cac s6 thuc duwong a va b thay doi, hay tim gia tri 16n nhat

Chttng minh

2 [N Lo — l 1
cua biéu thuc: 3 _(a+b)(x/a2—ab+2b2 +\/b2—ab+2a2 ]

1+a? 1+b? 1+c? 6
+ + >
1+3b+c® 1+3c+a® 1+3a+b®> 5

Bai 20. (Chuyén toan Pong Nai) Cho —% <a,b,ceR.Chtng minh:

ab bc ca 1(a+b+c)

Bai 21. Cho céc s8 thuc duong a, b, c. Chitng minh rang:
atbi2c bici2a ctat2b 4
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Chuyén dé: Ky thuat sit dung bat dang thitc phu dé€ chitng minh bat dang thitc

Bai 22. Cho cac s0 duong a, b, ¢ thoa man: abc >1. Chting minh réng:

a b C 3

\/b+\/5+\/c+«/£+\/a+ﬁ Zﬁ

\s o oo~ 111 Y SIS TPV S SR
Bai 23. Cho cac s6 duong a, b, c théa man —+ b +—<3 . Tim gia tri nho nhat cua biéu thtrc:
a C

1 1 1

P= + +
JaZ—ab+30%+1 +b>—bc+3c?+1 +Jc?—ca+3a’+1

Bai 24. Cho ba s8 thuc duong a, b, ¢. Chitng minh rang:

a’ +b? +b2+c2 +c2+a2 <3(a2+b2+c2)
a+b  b+c c+a  a+b+c
Bai 25. Cho x,y,z1a cac s8 thuc duong. Chttng minh rang:

x° y? z° _Xty+z

2 2 + 2 2 * 2 2 - 5
\/8x +3y° +14xy \/8y +3z° +14yz \/82 +3x° +14xz

Bai 26. Cho cac s6 thuc duong a,b,cthéa man a+b+c¢<3. Tim gia tri nhé nhat ctia biéu thiec:

_a’+4a+l b2+4b+1+cz+4c+l

M =
a’+a b*+b ¢’ +c
3 3 3 3 3 3
Bai 27. Cho céc s6 thuc a,b,¢. Ching minh ring: —2—2 40 *¢ _,_c+a 1. 1.1
ab(a’+b®) bec(b*+c’) ac(c’+a’) a b c
Bai 28. Cho a,b,c >0 thoéa man abc=1. Chl'fngminhréng: c a? +— b;; +— C? <1.
a’+b’>+ab b’>+c’+bc c’+a’+ca
3 3 3
Bai 29. Cho X,Y,z>0 thoa xy+yz+zx:3xyz.Chﬁ:ngminhréng: X >+ y >+ : 22£.(£+£+1J.
: Z+X° X+y® y+z© 2\x y z

Bai 30. Vdi a, b, c 1a cac s thue duwong thoa man: ab + bc + ca + abc =2. Tim gia tri I6n nhat ctia biéu
a+l b+1 c+1

thitc: M =—; += +— )
a“+2a+2 b°+2b+2 c +2x+2

2 2 2

N \ A~ 2 ~ , . X y YA
Bai 31. Cho x, v, z 14 3 s6 duong thoa man X° + y* + 22 =3xyz . Chiing minh: + + >1.
4 & y vz g m y+2 Z+2 X+2

Bai 32. Cho a, b, c duong va théa man xy+yz+zx=1. Tim gid tri nho nhat cua biéu thuic:

1 1 1

P=—s; +— +—
AX°—yz+2 A4Ay° —IX+2 A47°-Xy+2

Hét
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