DAI HOC QUOC GIA HA NOI PE THI TUYEN SINH VAO LOP 19
TRUONG PH KHOA HOC TU NHIEN TRUGNG THPT CHUYEN KHTN NAM 2922

Pé chinh thérc

MON THI: TOAN (cho tit ca cic thi sinh)
Théi gian lam bai: 120 phat (khong ké thoi gian phit 8€)
Ciu L (4 diém)

1) Giai hé phuong trinh

[6(xy+5)+ Py +525 =42

| X’ +5xy +6x+30y =42,
2) Giai phuong trinh

(¥Yx+6 +B-x)(2+3x+603-x))= 2.

Ciu IL (2 diém)

1) Tim tat ca cic c3p sO nguyén (x, y)théa min ding thirc
25y +354x + 60 = 36x* +305y+(5y —6x)™=.

2) Trén ban c6 8 hop rong (trong cic hop khong cb vién bi nao). Ngudi ta thuc
hién cac lan thém bi vao cac hop theo qui tic sau: mdi ln ta chon ra 4 hop bt ki
va bo vao mét hop 1 vién, mét hop 2 vién, hai hop con lai mbi hép 3 vién. Hoi sb
lan thém bi it nhat c6 thé dé nhan dugc sb bi ¢ 8 hop trén 1a 8 sb ny nhién lién
tiép?

Ciu II1. (3 diém)
Cho hinh chit nhat ABCD ( AB < AD) nbi tiép trong dudomg tron (0). Trén cznh
AD lay hai diém E va F (E,F khong trung vGi 4,D ) sao cho E nam giita A va
F, déng thoi A’zi+b’c?=%1}'o\c.

1) Chimg minh ring BE va CF cét nhau tai mét diém nam trén duémg tron (0).
2) Puong thing qua O song song véi BC cit BE, CF theo thir tu tai M, N.
Chimg minh ring 5;17!4»707\”%;0\[) =180".
3) Dung hinh chir nhat MNPQ sao cho NQ song song véi BD. dong thai MP
song song v&i AC. Chimg minh ring duong tron ngoai tiép hinh chir nhat MNPQ
tiép xic véi dudmg tron (0).
Cau IV. (1 diém)
Cho a, b, ¢ 1a nhimg s6 thyc duong. Chimg minh ring
2a a+b 6a+2c 4da+3b+c 32a
a+b ' a+c ' 3b+c " b+c - 2a+b+c




Giai chi tiét dé thi Toan Diéu Kién THPT Chuyén KHTN CLB Toan Lim

Giai chi tiét dé thi Toan diéu kién truong THPT

chuyén Khoa Hoc Tu Nhién
Nguyén Duy Khuong - Nguyén Hoang Viét - Trinh Dinh Trién - Khdi Ha - Nguyén
Vin Hoang - Nguyén Khang

1 Caul

1) Giai hé phuong trinh

6(xy+5)+x3y+5x2 =42
x3 +5x%y +6x + 30y = 42

2) Giai phuong trinh

(\3/x+6+ 3/3—x) (2+3€/(x+6)(3—x)) = 24.
Loi gidi.
1) Tru theo 2 vé phuong trinh cta hé, ta thu dudc
(x-5)(x*+6)(y-1)=0
Suy ra hoac x =5 hoac y = 1. Ta xét cac truong hop:
e Néu x =5, thay vao phuong trinh thi nhat ctia hé suy ra
6(5y+5)+5y+5-52=42,

hay la
155y +113=0=>y = 113
e A T4
e Néu y =1, thay vao phuong trinh th hai ctia hé suy ra
x° +5x” + 6x + 30 = 42,

dé nham dudc nghiém x = 1, tit d6 st dung ludc d6 Hoocner ta sé
phan tich dudc thanh

(x—1)(x* +6x+12) =0.
Mat khac x> +6x+9>0VxeR=>x=1.
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113
155

2) Pat Vx+6=a,vV3-x=b=>a’+b3=9hayla (a+b)a®—ab+b%)=09.
Theo dé bai ta c6

Két luan ta tim dudc 2 cip gia tri (x, y) théa man 1a (x,y) = (5, - ) ,(1,1).

(a+b)2+3ab)=24

Suy ra
(a+b)(a®—ab+b?) +(a+b)2+3ab)=33.

Hay la
(a+b)[(a+b)*+2] =33,

Patt=a+b=>t(t*+2)=33 o (t—-3)(t*+3¢+11) =0.
Laic6é t?+3t+11>0VtecR=¢t=3,haya+b=3.
Két hop (@ +b)(2+3ab)=24=2+3ab=8=ab=2.

Ta co
a+b=3
ab=2

Nén theo dinh li Viet dao, a,b la 2 nghiém cta phuong trinh bac 2:
X?2-3X+2=0oX=1X=2.

Xét hai truong hdp nhu sau:

Va+6=1
e Truong hop 1: a=1,b=2> 3x = x = -5.
V3—-x=2

e Trudng hop 2: a =2,b =1, dé dang tim dudc x = 2.

Tu hai truong hop ta c6 dude S = {2,-5}

2 Caull
1) Tim tat ca céc cap sb6 nguyén (x,y) théa man dang thiic:

25y + 354x + 60 = 36x2 + 305y + (5y — 6x)2%%2

2) Trén ban cé6 8 hop rong (trong cac hop khong cé vién bi nao). Ngudi ta

thuc hién cac 1an thém bi vao cac hop theo quy tac sau: moi lan chon ra
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4 hop bat ky va bd vao 1 hop 1 vién, 1 hop 2 vién, 2 hop con lai 3 vién.
Hoi s6 1an thém bi it nhat c6 thé dé nhan dudc s6 bi 6 8 hop trén 1a 8 s6

tu nhién lién tiép ?
Loi gidi.
1) Phan tich nhan ti gia thiét ta dudc:
(6x—5y+1)(6x+5y —60) + (6x — 5y)*°?%2 = 0(1)
Xét 2 truong hop:

a) Truong hop 1: 6x—-5y=0=>(6x—5y+1)(6x+5y—60)=0 = 6x+5y =60
Giai hé phuong trinh ta dude: x =5;y = 6 (théa man).
b) Truong hdp 2: 6x—5y #0
Khi nay, do x,y € Z nén (6x — 5y + 1)(6x + 5y — 60):(6x — 5y)29%2
Ma 6x—5y+1 va 6x—5y la 2 s6 nguyén lién tiép nén ching nguyén
t6 cung nhau.
Suy ra 6x +5y —60:(6x — 5y)2922
Dat 6x+ 5y —60 = (6x —5y)?°22.k(k € Z)
Khi nay, thay vao (1) ta dudc:

(6x—5y)22[k(6x -5y +1)+1]1=0

=>k(6x—-5y+1)=-1

Ma6x—-5yZ0=>6x—-5y+1#1

=>k=16x-5y+1=-1=>6x=5y—-2

=10y —62=22022 = 5 = 27+ 62

Dé dang nhan thay, 22022 =1 %6505.4 = 6.4 = 4(mod 10) = 22022 1 62 tan
cung 1a 6, khong chia hét cho 10.

Nén truong hdp nay khong c6 nghiém nguyén.

Vay x = 5;y = 6 1a nghiém nguyén duy nhéat ctia bai toan.

2) Goi s6 bi cac hop lién tiép 1an lugt la a,a +1,---,a + 7(a € N)
Khi nay, tong sb bi 8 hop 1a 4(2a + 7) vién.
Nhan thay, méi 14m thuc hién quy tic st dung 1+2+3+3 =9 vién bi
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nén 42a+7):9=>2a+79=>2-1):9=>a-1:9

MaaeN=>a-1=20=>a=>1

2 x n ¢ 1 a1 A2a+T
So 1an thuce hién quy tac luc do la%zél

D4u "=" xay ra khi a = 1. Khi nay, ta sé c6 4 lan thuc hién quy tac.

Ta sé chi ra ton tai 1 cach thuc hién théa man, nhu sau:

Lan 1 : Thém hop 1 (1 vién), hop 2 (2 vién), hop 3 (3 vién), hop 4 (3 vién).
Lan 2 : Thém hop 4 (1 vién), hop 8 (2 vién), hép 6 (3 vién), hop 7 (3 vién).
Lan 3 : Thém hop 6 (1 vién), hop 5 (2 vién), hop 7 (3 vién), hop 8 (3 vién).
Lan 4 : Thém hop 7 (1 vién), hop 6 (2 vién), hop 5 (3 vién), hop 8 (3 vién).

Nhu vay sau 4 1an, s6 vién bi tit hop 1 dén hép 8 ciing chinh bang cac

so tu nhién lién tiép tit 1 dén 8.

Vay s6 1an thuc hién it nhat 14 4, d€ théa man yéu cau dé bai.

3 Caulll

Cho hinh chit nhat ABCD (AB < AD) noi tiép trong dudng tron (0). Trén

canh AD lay hai diém E va F (E,F khong trung véi A,D) sao cho E nam
N 1

gilta A va F, dong thi ZABE + ZDCF = - /BOC.

1) Chiing minh rang BE cat CF tai mot diém nam trén dudng tron (O).

2) Pudng thang qua ? | BC cat BE,CF lan lugt tai M,N. Ching minh rang
ZDAM + ZADN + §LAOD =180°.

3) Dung hinh chit nhat MNPQ sao cho NQ | BD va MP || AC. Ching minh
rang duong tron (MNPQ) tiép xic véi (O).
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L&i gidi 1. (Khdi Ha)

Ne N /S N/ ‘

1) Goi BE cat (O) tai S khac E. Ta cé:
/DCS = %mos = %(LDOA ~/AOS)= %4300 — /ABE = /DCF.

Tu d6 suy ra C,F,S thang hang hay BE cat CF tai S nam trén dudng
tron (O).

2) Ta c6 OM la duong trung binh ctia hinh thang AECB nén M la trung
diém EB. Tuong tu N la trung diém CF. Ta cong géc nhu sau:

1
/DAM + /ADN + EAAOD =/AEM+ /DFN +(LABM + Z/DCN)

=(LAEM + ZABM)+(LDFN + ZDCN)
=90° +90° = 180°.

3) Goi MP cat NQ tai J thi J 1a tam ctia (MNPQ). Goi T d6i xtng véi S qua
MN. Vi MN di qua O nén T nam trén (O). Pong thoi /BAT = /BST =

5 05/6,/2022



Giai chi tiét dé thi Toan Diéu Kién THPT Chuyén KHTN CLB Toan Lim

/ABM = /BAM nén AM di qua T. Tuong tu ta suy ra T la giao diém
caa AM vaDN.Do JM | AO, JN || DO nén ta co:

LMJN = /AOD =2/ATD =2/MTN

Hay T nam trén (J). Cudi cung, ké tiép tuyén Tx cta dudng tron (O)
nhu hinh vé. Ta ¢6: /MTx =/ADT = /ZMNT hay Tx la tiép tuyén caa
(J). Vay (O) tiép xtc (J) tai T

L&i giai 2(Nguyén Duy Khuong).

1) Tt gia thiét ta c6: ABE + DCF = BAC. Goi BENCF =K ta c¢6: BKC =
180°—~EBC —FCD = 180° —(90° —EBA)— (90 - FCD) = ABE + FCD = BAC

suy ra: AKCB noéi tiép. Dan dén diéu can chiing minh.
2) Ta c6: OM la duong trung binh cua tam giac EBD va ON la duong
trung binh tam gidc AFC dan dén: M,N lan lugt 14 trung diém EB,FC.
_— __—_ AOD — o =
Do do: DAM + ADN + =AEM+DFN +ACD =KEF+KFE+BKC =
KEF +KFE + EKF = 180° hay diéu can chiing minh.
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3) Goi AMN(0)=A,J ta c6: MA = MB dan dén: KBJA 13 hinh thang can.
Do dé: AJ L MN. Dan dén: AJCD ciing la hinh thang can va J,N,D
thang hang. Goi T 1a trung diém NQ ta c6 g’]_}}é té}}rrj/l (MJX;’AQ). ](‘}4(}1) JB
cat (T) tai diem Q' ta c6: MQ' | AJ do do: Q7 : MR- MT - T do

do: NQ' | BD do do: @ trung @'. Do do: B,J,Q thang hang va tuong tu:

C,P,J thang hang.

Ké tiép tuyén Jx ctia (O) ta c6: xJB = BCJ = JPQ do d6: Jx tiép xtdc (T).
Dan dén: (T') tiép xtc (0O) hay diéu can chiing minh.

4 CaulV

Cho a,b,c 1a nhitng s6 thuc duong. Chiing minh rang

2a a+b 6a+2c 4a+3b+c 32a
+ + + > X
a+b a+c 3b+c b+c 2a+b+c

Loi gidi (Trinh Dinh Trién). S& dung bat déng thic AM —GM va Cauchy -

Schwarz:

2a+b+c+2a+b+c>4(2a+b+c)

3b+c 2(a+c¢) 8b+3c+2a
46a+b+c)(2a+b+c) >6a+b+c: N 4a
(8b+3c+2a)Ba+b+c) 2a+b+c 2a+b+c

2(2a+b+c)+ 3b =9 2Q2a+b+c) 2a
3b+c b+c b+c b+c

lai co

2a +2a+b+c>2 a(2a+b+c)
a+b 2@+c) (a+b)(a+c)

Coéng ba danh gia trén theo vé, két hop biéu thic ban dau, ta quy vé chiing
a(2a+b+c) 2a 4a 28a
2 +2 + +1z2 ——o
(a+b)(a+c) b+c b+c 2a+b+c
dang do

\/a(2a+b+c) \/a(2a+b+c) % §/2a2(2a+b+c)
+ >3

(a+b)(a+ec) (a+b)(a+c)+b+c_ (a+b)(b+c)(c+a)

minh:
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5 4a®(2a +b +c) __ 12a
2a(a+b)(b+c)(c+a) 2a+b+c
Ngoai ra thi

2a 2a 4a 8a
+1=2 =

>
b+c b+c /2a(b+c) 2a+b+c

Ta c6 dpcm. Pang thitc xay ra khia =b =c.
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