PAI HOC QUOC GIA HA NOI PE THI TUYEN SINH VAO LGP 10
TRUONG PH KHOA HOC TU NHIEN TRUONG THPT CHUYEN KHTN NAM 2021

P& chinh thire

MON THI: TOAN (cho tit cé cdc thi sinh)
Thdi gian 1am bai: 90 phut (khéng ké thoi gian phét dd)

Ciu I. (2 diém) Giéi phuong trinh
1345 —x +18/x+8 = 61+ x+3,/(5- x)(x +8).

Ciu IL (2 diém) Giai hé phuong trinh

x4y +6x7y =1
x(x+p) =x-y
Ciu I1L (2 diém) Tim sb nguyén duong » nhé nhét, biét ring khi chia » cho 7, 9, 11, 13

ta nhén dugc céc sb du twong img 13 3, 4, S, 6.

Ciu IV. (3 diém) Cho tam gidc nhon ABC c6 diém P nim trong tam giic (P khéng nim
trén cdc canh). Goi J,K,L lin lugt 13 tim dudmg tron ndi tiép cdc tam gidc
PBC, PCA, PAB.
1) Chimg minh ring BJC +CKA+ ALB = 450".
2) Gid sit PB=PC vi PC<PA. Ggi X, Y, Z lin lugt 1 hinh chiéu vuéng géc ciia
J, K, L trén céc canh BC, C4, AB. Dyng hinh binh hanh XYWZ. Chimg minh ring W
ndm trén phan gidc BAC.
Ciu V. (1 didm) Cho tap A={1, 2, 3, ..., 2021}. Tim s6 nguyén duong k 16n nhét (k >2)

sao cho ta c6 thé chon dugc & sb phan biét tir tip 4 ma tong cuia hai sé phan biét bat ky

trong & s6 duge chon khong chia hét cho hiéu clia chiing.
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1. D@ thi

Bai 1 (2.0 diém). Giai phuong trinh
1345 —x + 18V/x + 8 = 61 + x + 3/(5—x)(x + 8).
Bai 2 (2.0 diém). Giai hé phuong trinh

Ayt eyt =1,
x(x+y)t=x-y.
Bai 3 (2.0 diém). Tim s& nguyén duong n nhd nhit, biét ring khi chia n cho 7, 9, 11, 13, ta
nhén dudc cac sé du tuong dngla 3. 4, 5, 6.

Bai 4 (3.0 diém). Cho tam gidc nhon A BC ¢4 diém P nim trong tam gidc (P khong nim trén
cic canh). Goi J, K, L lan lugt 1a tAm dudng tron ndi tiép cic tam gidc PBC, PCA, PAB.

a) Chiing minh ring Z/BJC 4+ ZCKA + ZALB = 450°.

b) Gid st PB = PC va PC < PA. Goi X, Y, Z lan luot 12 hinh chiéu vudng géc ctia
cic diém J, K, L trén cac canh BC, CA, AB clia tam gidc ABC. Dung hinh binh hanh
XY W Z. Chiing minh ring W nim trén phén gidc ctia géc BAC.

Bai 5 (1.0 diém). Chotap A = {1, 2, ..., 2021}. Tim s nguyén duong k > 2 16n nhit sao
cho ta c6 thé chon dugc k s6 phin biét tif tip A ma tdng clia hai s& phan biét bat ky trong k s6
duoc chon khong chia hét cho hiéu clia chiing.

2. Laoi giai va binh luan cac bai toan

Bai 1 (2.0 diém). Giai phuong trinh
132/5~ % + 1835 48 =61 4 54 366 —5)(%4-8).

Loi gidi. Piéukién —8<x<5.Pita = +/5 — x vab = /x + 8. Khidé, tacéa’>+b?> = 13
va x + 61 = b% + 53 = a® + 2b? + 40. Phuong trinh da cho c6 thé viét lai thanh

13a + 18b = a® + 2b% + 40 + 3ab,
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hay
(a+b)(a+2b)+40 =8(a +b) + 5(a + 2D).

Mot cach tuong duong, ta co
@+b-5@+2b-8)=0.
Suyraa + b = 5hodca + 2b = 8.

e Trudng hop 1: a + b = 5. Thay a = 5 — b vao dang thic a? + b? = 13, ta dugc
(5—5b)?+b%* =13, hay 2(b — 2)(b — 3) = 0. Tu d6, ta cé b = 2 (tuong Ung, x = —4)
hodic b = 3 (tuong ting, x = 1). Thif lai, ta thiy cdc gid trix = —4 vax = 1 déu Ia
nghiém cua phuong trinh da cho.

e Truong hop 2: a + 2b = 8. Thay a = 8 — 2b vao dang thic a® + b* = 13, ta dugc
(8 —2b)%> + b? = 13, hay (b —3)(5h — 17) = 0. Tit d6, tacé b = 3 (tuong ting, x = 1)
hojc b = Y (tuong tng, x = 52). Thit lai, ta thdy cic gid trix = 1 vax = 2 déu Ia
nghiém ctia phuong trinh da cho.

Vay phuong trinh da cho cé ba nghiémlax =1, x = —4vax = % d

Bai 2 (2.0 diém). Giai hé phuong trinh

x4yt 6Pyt =1,
x(x+y)4:x—y.

Lot giai. Tir hé phuong trinh, ta c6
x(x+ )= (0=t yt 46’y

hay
y(5x* + 10x2y% + yH = 0.

Néu y # 0 thi hi€n nhién 5x? 4+ 10x2y? + y* > 0, phuong trinh trén khong thé thda man. Do
do, ta phai c6 y = 0. Thay vao phuong trinh thi nhit cta hé, ta dude x* = 1, it do x = 1
hodc x = —1. Thit lai, ta thdy thoa man.

Vay hé phuong trinh da cho ¢6 hai nghiém (x, y)la (1, 0) va (—1, 0). O

Bai 3 (2.0 diém). Tim s6 nguyén duong n nho nhét, biét ring khi chia n cho 7, 9, 11, 13,
ta nhan dudc cic sb du tuong tng 1a 3, 4, 5, 6.

Loi giai. T gi thiét, d€ thiy 2n + 1 chia hét cho tit ca cac s6 7, 9, 11 va 13. Do d6 2n + 1
chia hét cho [7, 9, 11, 13] = 9009. Ma 2n + 1 1a s6 nguyén duong nén 2n + 1 > 9009, tic
n > 4504. Mit khéc, ta thdy n = 4504 thoa man yéu cau bai todn. VAy n = 4504 14 gid tri nhd
nhét can tim. O
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Bai 4 (3.0 diém). Cho tam gidc nhon ABC ¢6 diém P nam trong tam gidc (P khong nim
trén c4c canh). Goi J, K, L 1an Iuot 12 tim dudng trdn ndi tiép cic tam gidc PBC, PCA, PAB.

a) Ching minh ring /BJC + /CKA + ZALB = 450°.

b) Giast PB = PC va PC < PA.Goi X, Y, Z lan lugt 1 hinh chiéu vudng géc ciia
céc diém J, K, L trén cic canh BC, CA, AB cia tam gidc ABC. Dung hinh binh
hanh X Y WZ. Chiing minh ring W nim trén phén gidc ciia goc BAC.

Lai gidi. a) Taco

LZPBC /LPCB

ZBJC =180°—-ZJBC — ZJCB = 180° — > >

Tuong ty, ta cling c6 ZCKA=180° — £EC4 — £PAC vy /AL B =180° — £EAB — 28B4 Ty 46

/BJC + /CKA+ /ALB
(LPAB + ZPAC) + (/PBC + /PBA) + (/PCA+ /PCB)

2

_ syqe_ LBAC + ZABC + ZACB _ _, . 180

= 540° —

= 450°.

. o

b) Goi M, N theo thi tu 12 tiép diém ctia dudng tron (L) noi tiép tam gidc PAB véi cic canh
PB, PA. Hién nhién dudng tron (L) tiép xic véi dudng thang AB tai diém Z. Theo tinh chit
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tiép tuyén k8 tir mot diém t6i dudng tron, tacé BZ = BM, PM = PN va AN = AZ. Do d6

BZ+BM _AB—AZ+BP —PM _ AB+ BP —(AZ + PM)

BZ = BM = ; 5 :
_ AB+ AP — (AN + PN) BA+ BP — AP
- 2 N 9 '

Chiing minh tuong tu, ta cing co

_CA+CP—AP

cY
2

Bay gid, goi E, F theo thit ty 12 trung diém cla c4c canh AC va AB. Tacb

AC CA+CP—AP AP-CP

EY =CE-CY = > 5 >

Hoan toan tuong tu, ta cling cé
AP — BP

2
Ma BP = CP nén EY = 485CF = AP-BP — F7 Vi BP = CP nén X 1a trung diém ctia
BC. Theo tinh chét dudng trung binh, ta c6 tif gidc A EXF 1a hinh binh hanh.

Goi D, G lan ludt 1 tAm ctia cdc hinh binh hAinh XY WZ va AEXF thi D, G 1an luct 12 trung
diém ctia c4c doan thang X W va XA. Do dé DG || AW.

Goi U 1a trung diém ctia doan thang FY thi theo tinh chit dudng trung binh, ta cé DU || FZ,
GU | EY va DU = ££ = EL = GU. Suy ra tam gidc DUG can tai dinh U.

Kéo dai cac doan thang DG, DU cit dudng thang AC thi tu tai 7, V; goi H la giao di€ém clia
hai dudng thang DG va AB. Tacé

FZ =

LWAC = 4LDTV = £DGU = LGDU = ZAHT = ZWAB.

Do d6 AW la phan giac ctia goc BAC, hay W nam trén phén gidc ctia géc BAC. 0

Bai 5 (1.0 diém). Cho tap A = {1, 2, ..., 2021}. Tim s nguyén duong k > 2 16n nhit
sao cho ta ¢6 thé chon dudc k s6 phan biét tif tip 4 ma tdng cla hai s6 phan biét bt ky
trong k s& dudc chon khong chia hét cho hiéu ciia ching.

L&i gidi. Xét cic nhom sb {1, 2, 3}, {4, 5, 6}, ..., {2017, 2018, 2019}, {2020, 2021}. C6
tit ci 674 nhom. Ta thiy ring véi hai sd a, b phan biét thudc cing mot nhém sb thi hién nhién
a + b chia hét cho a — b. Do d6, 6 mdi nhom sd, ta chi dugc phép chon ti da mot sd. Suy ra
s0 s0 dugc chon tir tdp A ma thda man yéu cau dé bai phai khong vugt qua 674, tic k < 674.

Miit khdc, ta thiy cach chon 674 sb sau thdéa mén yéu cau: 1, 4, ..., 2020. Céc sé nay déu
cuing chia 3 du 1 nén hiéu cda hai s bat ky trong ching chia hét cho 3, con téng khong chia
hét cho 3. Vi thé, tdng hai s6 bat ky trong céc s6 nay khong chia hét cho hiéu cta chiing.

Tém lai, k = 674 1a gid tri 16n nhét can tim. O



