SO GIAO DYC VA PAO TAO KY THI TUYEN SINH VAO LGP 10

NGHE AN TRUGNG THPT CHUYEN PHAN BOI CHAU
IR TRUONG THPT CHUYEN - TRUONG DH VINH
D¢ chinh thirc NAM HOQC 2021 - 2022
(Dé gom c6 01 trang) Moén thi: TOAN

Thoi gian: 150 phiit, khong ké thoi gian giao dé
Ciu 1 (6,0 diém).

) Gidi phuong trinh x* +2(2+x~1)=5x.

I+ =5+2xy+2x-2y

b) Gidi h¢ phuong trinh ;
2x’ + ' =10+2x-3y
Céu 2 (3,0 diém).
a) Tim x,y € N sao cho x’ =1993.3” +2021.

n-23

b) Tim s nguyén duong n dé 1 binh phuong ctia mdt s6 hitu ti dwong.

n+89
Ciu 3 (2,0 diém).
Cho céc sb duong a, b, ¢ thoa man ab + be + ca < 3abe . Tim gia tri nhd nhét cia bidu thic

3 q b Jb%c’ FM*
P: b b - e + - + i .
Vatbaybtetieta Nzﬁzb 2+2¢ 2+ 2a

Chu 4 (7,0 diém).
Cho dudmg tron (O) c6 ddy cung BC cb dinh va khong di qua tim 0. Goi A la diém di
dong trén dudmg tron (O) sao cho tam gide ABC nhon va AB< AC. Goi M la trung diém
cia canh BC va H la tryc tim tam gidc ABC. Tia MH cit dudng tron (O) tai K, dudmg
thing AH cét canh BC tai D va duomg thing AO cét duong tron (O) tai E (E khac A).
a) Chimg minh ring ti gidc BHCE 14 hinh binh hanh va HAHD = HK.HM .
b) Tia KD cit duomg tron (O) tai / (I khéc K), dudmg thing di qua I va vudng géc véi
duomg thing BC cit AM tgi J . Chimg minh ring céc dudng thiing AK, BC va HJ clng
di qua mot diém.
c¢) Mt dudmg tron thay ddi luon tiép xic v&i AK tai A va cit cic canh AB, AC lan lugt
tai P, Q phdn biét. Goi N Ia trung diém cia PQ. Chimg minh ring AN ludn di qua mét
diém c6 djnh.

Chu 5 (2,0 diém).

Cho 676 sb nguyén td khac nhau. Chimg minh ring c6 it nhit hai sé trong céc sé &% cho mé
hi¢u cia ching chia hét cho 2022.
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TAP CHI VA TU LIEU TOAN HOC VA A1K49 CHUYEN PHAN BO1 CHAU

NGAY 6 THANG 6 NAM 2021

Loi giai dé thi dugde thuc hién béi

(D) Nguyén Nhat Huy — THPT Chuyén Phan B6i Ch4u.

(2) Dodn Quang Tién — Dai hoc KHTN Thanh phé Hb Chi Minh.

(3) Phan Quang Pat — Dai hoc Su pham Ha Noi.

(4) Duong Quynh Chiu — Dai hoc Su pham Ha Noi.

(6) Nguyén Minh Tuin — THPT Binh Minh, Kim Son, Ninh Binh.
Moi ¥ kién déng gbp xin gti vé fanpage TAP CHI VA TU LIEU TOAN HOC.

CAM ON CAC BAN DA UNG HO VA THEO DOI!


https://www.facebook.com/OlympiadMathematical/
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Cau 1.
a) Gidi phuong trinh 22 + 2 (2 + z — 1) =

322 +y* =5+ 2xy + 2z — 2y

b) Giai hé phuong trinh
: L £ {2x2+y2:10+2x—3y

L&i giai.
a) Diéu kién xac dinh: z > 1.
Dit vz — 1 = y, véi diéu kién y > 0. Ta ¢6 = = y2 + 1, va phuong trinh d cho tré thanh
(P +1)°+224+9) =52 +1) < (¥ +1) (4 —4)+2(y+2)—0
S +1)(y-2)(y+2)+2(y+2)=0
& (y+2) [(v° +1) y—2)+2] =0
& y+2) (V¥ -2 +y) =0
S (y+2yly—-17°=0
Do diéu kién phép datlay > 0, ta dudc y = 0 hodc y = 1.
O V6iy = 0, ta ¢6 phuong trinh
Vei—1l=0er—1=0cx=1.
O V6i y = 1, ta c6 phuong trinh

ve—1=1zrx—-1=1x=2.

Pbi chiéu véi diéu kién xac dinh, ta két ludn tip nghiém clia phuong trinh 13 § = {1;2}.
b) Ta viét lai hé phuong trinh

322+ — 22y —204+2y—5=0 (1)
20 4y =22 +3y—10=0  (2)
Nhén d6i hai vé phuong trinh (1), rdi trit theo vé v6i phuong trinh (2), ta dudc
232 +y* =20y — 22 +2y—5) — (22° +y* — 20+ 3y —10) =0
sdr+ P —day—22+y=0
S Q2r—y’—Q2r—y) =0
& 2r—y)2r—y—1)=0

y =2z

<~ y=2zx-—1

O Véiy = 2z, thé vao phuong trinh (2), ta dudc

227 + (22)° =10+ 22 — 3- (2z) © 622 + 42 — 10 =0
20324 5)(z—1)=0
r=1 =y =
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O Véiy = 2z — 1, thé vao phuong trinh (2), ta dudc

2024+ (20 —1)° =104+20 —32z — 1) © 222 + 42° — 42+ 1 =10 + 22 — 62 + 3
& 617 —12=0
<:>6<x—\/§) (:c—l—\@):O
©6(2*-2)=0
xz—\/§ :>y:—2\/§—1

Nhu vay, hé phuong trinh di cho c6 tht ¢ 4 nghiém phan biét, bao gém

(1,2), (_g _g) (va2va-1).(~va-2v2-1)

Bai toan dudc gii quyét.
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Cau 2.

a) Tim z,y € N sao cho 2® = 1993 - 3V + 2021.

7 2 n - 23
b) Tim sO én duo de
) Tim s6 nguyén ng n de 189

13 binh phuong mdt sb hitu ti duong.

L&i giai.
a) Dua vao tinh chat da biét 2® = 0,1,8 (mod 9), ta cé cac danh gia
1993 -3 42021 =0,1,8 (mod 9)=4-3=3,4,5 (mod)9).
Ta xét cac truong hop ké trén.

O V6i 4.3 =3 (mod 9), ta dudc y = 1. Thay ngudc lai, ta tim ra = = 20.

O V6i 4.3V = 4 (mod 9), ta dugc y = 0. Thay ngudc lai, ta tim ra z = v/4041, khong la
SO nguyen.

O V6i 4.3V =5 (mod 9), ta khong tim dugc y nguyén duong thdéa man.

Nhu véy, cip sb (z,y) duy nhat thda man 13 (z,y) = (20,1).

N _2 N\ \ A A ~. ? A
b) Vi n n g la binh phuong mét s6 hitu ti duong nén n > 23.
n
Ldc na tacéthé’ciéltn_23 = <a>2 trong do a,b € N*, (a,b) = 1,a < b
y’ 0 n—|—89 - b ) g ) ’ ) - .

Vi (a,b) = 1 nén (a%,b%) = 1. Do d6, ton tai sb nguyén duong k sao cho

n—23=a’k, (1)
n+89 =0k, (2)

Trit tuong ting vé cta (1) cho (2), ta suy ra
(n+89) —(n—23)=*—a*)k < 112 = (b+a)(b—a)k.
Dua vao cac danh gia

O b+ avab— adéuli uéc duong clia 112,
O b+avab—acung tinh chin 1é,
Ob+a>b—a>0,

Ta 1ap dudgc bang gia tri sau

b+alb—a| k| b | a n = a’k + 23
28 4 116 |12 | loaivi (a,b) > 1
56 2 112927 752
14 8 1 111 3 32
14 4 219 |5 73
28 2 2 | 15|13 361
8 2 715 |3 86
14 2 4 | 8| 6 |loaivi(a,b) >1
4 2 14 3 |1 37
7 1 16| 4 | 3 167
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Két qua, c6 7 gia tri cha n théa man dé bai, gbm
n=32,n=37,n="73n=86,n=167,n=361,n = 752.

Bai toan dudc gidi quyét.
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Cau 3. Cho céac sb thuc duong a, b, ¢ théa man ab + be + ca < 3abe. Tim gi tri nhé nhét
cua biéu thic

2 b2 b2 2 2 2
Va+b+vb+c+Va+c— \/a+ +\/ e +\/C +a

2a + 2b 2b + 2c¢ 2c + 2a

e en- < 1 1 1 ,
Loi giai. Datx:—,y:g,z:—,tacox+y+z<3.
a c

Lic nay, ta cAn di tim gia tri nhé nhit ctia biéu thitc

r+y zZ+y Tr+z x2+y2 x? + 22 22+y2
P= + + — + )
xy 2y xz 2zy(x + y) 2ez(x + 2) 2zy(z +y)

Ap dung bét ddng thiic Cauchy — Schwarz, ta c6

A+ B<\2(A + B (1)

2 2 2
Trong (1), cho A = x+y,B:,/ :Uy,tadm_jc
r+y Tty
2?2 + 92 [ 2xy
+ <AV 2x +y),
\/ r+y T+y ( v)
2 2
5ty n 1 < x+y‘
2ey(z +y)  Vrty \ oay

Thiét 14p cac bat dang thic tuong tu rdi cong theo vé, ta dugde
2?2 + 92 x? + 22 22 42 1 1 1
— + + + +
2zy(z + y) 2ez(z + 2) 2zy(z +y) x4y y+z 4w 2

T+ + z Z+x
<\/ y+\/y n
Ty Yz 2x

Mit khac, ta co

hay la

VIFy+Vy+z+vVe+a<V6x+y—+2) <3V2 3
Két hop (3) véi viéc ap dung bit dang thitc Cauchy — Schwarz, ta suy ra

1 1 1 9 >3¢§

+ + > > 4
Vety Vy+z o Vzt+ax T Jrry+Jytz+vzta 2 )

Két hop (2) va (4), ta c6

Tty Z+y T+ 2z 2?2 + 92 r? + 22 22 4 y?
+ + S (Y i +
xy 2y Tz 2zy(z +y) 20z(x + 2) 2zy(z +y)
1 1 1 3V2

> + + >
T Vity Vytz Jarz 2

®
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3v2

Tu day, ta chitng minh dugc P > 5
DAu béng x4y ra khi va chi khi a = b = ¢ = 1. Nhu vay,

a’® + b? b + 2 2+ a? 3v2
i b+ b = _ V2
min | Vatb+ Vet vaste \/2a+2b+ 2 +2c \ 26+ 2a 2

Bai toan dugc gidi quyét. \Y

Nhan xét. Bai todn gbc 13 bai toan clia nudc Belgium dé xuét trong IMO Shortlist 2009,
va da dudc st dung trong rat nhiéu dé thi toan ctia moét so tinh é Viét Nam. -
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Cau 4. Cho dudng tron (O) ¢ diy cung BC ¢b dinh va khéng di qua tim O. Goi A 1a
diém di dong trén dudng tron (O) sao cho tam giac ABC nhon va AB < AC. Goi M la
trung diém ctia canh BC va H 1a truc tAm clia tam gidc ABC. Tia M H cat dudng tron
(O) tai K, duong thang AH cit canh BC tai D va dudng thang AO cat dudng tron (O)
tai £ (E khac A).

a) Ching minh rang tt gidc BHCFE 1a hinh binh hanh va HA.HD = HK.HM.

b) Tia KD cit dudng tron (O) tai I (I khac K), dudng thang di qua I va vubng goc véi
duong thang BC' cat AM tai J. Chiing minh rang cac duong thang AK, BC' va HJ
cung di qua mot diém.

¢) Mot dudng tron thay déi lubn tiép xic véi AK tai A va cit cac canh AB, AC 14n luot
tai P,Q phan biét. Goi N 1a trung diém ctia PQ. Chitng minh rang AN ludn di qua
mét diém cb dinh.

L&i giai.

a) Ta c6 AFE la duong kinh cta (O) nén ABE = ACE = 90°, suy ra BH || CE (cung vudng
goc AC) va CH || BE (cung vudng goc AB), tt d6 BHCFE la hinh binh hanh, diéu nay
din dén H, M, E thng hang, do d6 AK M = 90°, suy ra t@ gidc AK DM ndi tiép. Nhu viy

HA-HD=HK - -HM,
diéu phai chitng minh.
b) Goi X 1a giao diém ctia AD véi (O). D& thdy H dbi xing v6i X qua BC, suy ra
DMX = HMD = KAD = DIX
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DAan dén ti gidc DM X ndi tiép. Goi S la giao diém ctia IX va BC, K’ 1a giao diém khac
A ctaa AS vé6i (0). Tk giac DM X ndi tiép nén
SD-SM=SX-SI=SA-SK'

do dé tit gidc AK’ DM ndi tiép, diéu nay din dén K = K’. Nhu viy AK, BC, IX dbng quy
tai S. Bay gio ta sé di chitng minh H.J di qua S. Ta ¢6

JMB = SKI = 180° — AKT = 180° — AXT = 180° — DXI = SMI
Ma I.J vudng gbc v6i BC nén I, J dbi xting v6i nhau qua BC. Mit khac H va X dbi xting

v6i nhau qua BC nén H.J dbi xting véi X1 qua BC. Do vay, H.J di qua S, diéu phai chitng
minh.

c) Tacod A/QTD — SAP = @,m = B/@, do viy AAPQ ~ AKBC, ma M, N lan luot
1a trung diém BC, PQ nén suy ra

AAPN ~ AKBM = PAN = BKM = BKE = BAE = BAO
Suy ra A, N, O thing hang hay AN luén di qua diém O cb dinh.

Bai toan dudc gidi quyét. \Y%
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Cau 5. Cho 676 s6 nguyén tb khac nhau. Chting minh rang c6 it nhat hai sb trong cac
s0 da cho ma hiéu cua chung chia hét cho 2022.

Lo giai. Ta xét 674 s trong 676 sb, trong d6 mbi sb trong 674 sb nay déu khac 2 va 3. Suy ra
tAt ca cac sb nay déu 1é va déu chia 3 du 1 hoic 2.

Ta chia 674 s6 nay vao 2 tip, tdp A 1a cac sb chia 3 du 2, tip B 1a cac sb chia 3 du 1. Xét 2
truong hop:

Trudng hop 1. Néu 1 trong 2 tip (khéng mé‘t tinh t(“)’n,g quat, gia st B) c6 nhiéu hon 337 s6
thi theo nguyén 1i Dirichlet ton tai 2 so ¢é cung so du khi chia cho 337. Suy
ra hiéu cta ching chia hét cho 2.3.337 = 2022.

Trudng hop 2. Néu ca 2 tip déu c6 s6 luong phan tit 1a 337 thi ta xét tip A. Vi 337 ¢ A nén
cac sb trong tip A khéng chia hét cho 337. Do cac sb trong tdp A chi nhin
336 sb du khi chia cho 337 nén ton tai 2 sb ¢ cting du khi chia cho 337. Hiéu
2 sb nay chia hét cho 2.3.337 = 2022.

Tit ddy suy ra diéu phai chting minh. \%

HET
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