DAI HOC QUOC GIA HA NOI DL THI TUYEN SINH VAO LOP 10
TRUONG PAI HOC KHOA HOC TU NHIEN TRUONG THPT CHUYEN KHTN NAM 2023

Dé chinh thire

MON THI: TOAN (Vong II)
Thoi gian 1am bai: 150 phit (khong ké thoi gian phat dé)

Cau L (3,5 diém)
1) Giai phuong trinh

2x+142v4x% +6x = 4y5x - 1.
2) Giai hé phuong trinh

xy(x+y)=30,
X +y =30+3Yx+y+120.
Cau Il. (2,5’diém)

1) Tim tat ca cac cip sd nguyén duong (x; y) théa mén
#+(1+3")(1+7) =27 (3 + 7 +2).
2) Vi x,y,z lanhimg s6 thuc duong, tim gia tri nho nhét ctia biéu thirc:
14 6 14 6 14 6
M x M- -z"+3
X =x"+3 PO e +3 1 & —2

M= 3 3 2.2 2.2 X
xy'+zx+zy Yz +xy+xz X +yz+)yx

Ciu 111 (3 di¢m)

Cho tam gidc ABC nhon v6i AB<AC ndi tiép trong dudong tron (O) c¢b tiép
tuyén tai 4 ctia (0) ¢it BC & T sao cho TB> BC. Goi P va E lan lugt a trung diém
cua 74 va TC.

1) Chirng minh ring ur gidc APEB noi tiép.
2) Goi giao diém thir hai cia AE véi (0) 1a F. Liy G thudc (O) sao cho FG song song

vii AC. Chirng minh ring ATG = TAF.

3) Goi / la tryc tam cua tam giac ABC, D la giao diém clia AH va BC. M latrung
diém BC. K ddi xtimg véi 4 qua BC. N thudc dudng thing AM sao cho KN song
song vai HM. Liay § thudc BC sao cho NS L NK. Dung R thuge tia AK sao cho
AR- Al = AD*. 0 la diém sao cho PQ L AS va SQ L AO. Chimg minh ring diém déi
ximg ciia 4 qua QR thudc duong tron duong kinh DN.

Cau IV. (1 di¢m)

Viét mot trim s6 nguyén duong dau tién 1,2,3,...,100 vao mdt bang 6 vudng kich
thude 10x10 mdt cach thy ¥ sao cho mdi 6 dugce viét diung mot $0. Chirng minh r?mg ton
tai hai 6 ké nhau (2 6 ¢6 canh chung) ma hai s6 viét & hai & nay co hiéu 16n hon hodc
bing 10.
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2. PHAN LOI GIAI

Cau 1: (3 diém)

1) Giai phuong trinh

Dx 4+ 14+2v/4x2 +6x = 4v/5x — »2.

2) Gidi hé phuong trinh

xy(x+y) =30,
2+y =30+ x+y+120.

Lo gidi.
1) biéukién: 0 < x < 5. Ta bién ddi phuong trinh thanh
X+ 2v/xV4x+ 6 +4x+6 = dx +4/xvV5—x+5—x.
St dung hing dang thiic, ta thu dugc

(VX4 VAx+6)? = (2v/x+V/5 —x)?

Suy ra \/x+v/4x+6 = 2,/x++/5 — x (do tiing vé déu khong am), hay

Vax4+6=+/x+5—x.
Binh phuong hai vé ctia phuong trinh nay ta c6

dx+6=x+5—x+2+/x(5—x)

hay 4x+ 1 = 2,/x(5 — x). Tiép tuc ta binh phuong hai vé véi diéu kién 4x + 1 > 0 (da thoa
man) dudc

16x> 4 8x+ 1 = 4x(5 — x).

1 | N R
Giai phuong trinh trén ta thu dugc x = 3 vax = 0 (déu thoa man diéu kién).
1 1

Vay, phuong trinh da cho c6 dung hai nghiém x = E,x =10

2) batS=x+y,P=xy. Tacé
Sy = (x4y)P = 3xy(x+y) =5 —38P.
Khi d6 hé phuong trinh tré thanh

SP =30,
§3—3SP =30+/S+120.
Thay SP = 30 vao phuong trinh thu hai ta c6

§3 =120+ /S + 120.
hay S 4+ S = (S + 120) + v/S+ 120. Ta nhan thay
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« Néu S > /S+120 thi S? > S+ 120, suy ra
348> (S+120)+ v/S+ 120,

loai.
« Néu S < v/S+120 thi S? < S+ 120, suy ra

S3+8 < (S+120)+ v/S+ 120,
loai.
Nhu viy ta c6 S = v/S+ 120, hay S> — S — 120 = 0. Gii phuong trinh ta thu dugc S = 5, khi

déP:?:dVéytacé
x+y =5,
xy =6.

Theo Vi-ét dao thi x,y l1a hai nghiém ctua phuong trinh
X*—5X+6=0.

Giai phuong trinh ta thu duge (x,y) = (2,3) hodc (3,2).
Viy, hé da cho c6 hai nghiém (x,y) la (2,3) va (3,2).
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Cau 2: (3 diém)

1) Tim tat c4 cdc cdp so nguyén duong (x;y) théa man

4+ (143)(1+7)=2"(F+7+2)

2) Viix,y,z Ia nhitng s thuc duong, tim gid tri nhé nhat ciia biéu thifc:

_ M43 yMyf43 43
x2y2+zx+zy Y22 4xy+az 2xP+yztyx

Loi giai.
1) Cach 1. Ta c6 céc bién d6i phuong trinh sau
4+ A+T) =253 +T4+2) 2% — 1424 F + 7421V =25 (3 + 7 +2)
S22 -1)3F+7+1-2) =217 (1)
Ta chiing minh ged(2* — 1,3+ 7Y + 1 —2%) = 1. That vay, néu ged (2* — 1,3V + 77 +1—2%) >
1 thi goi p 1a uéc nguyén t6 chung ctia 2* — 1,3 +7"+1—2%. Suyra p | 3¥+7". Chi y la

3%+ 7Y déu khong chia hét cho 3,7 nén p # 3,7. Lai c6 p | 217 nén p € {3,7} mau thuén.
Vay ged(2* — 1,37+ 7"+ 1 — 2¥) = 1. Ta xét hai trudng hgp sau

 Néu x 12 s6 chan thi 2* — 1 chia hét cho 3 va 3¥ +7Y 4+ 1 — 2¥ chia 3 du 1.
Khi do, tit phuong trinh (1) ta c6

2r—1=3>

RS Sy G, S
Suyra2*=3Y+1.Chiyla3’ =1,3 (mod 8) nén 3’ + 1 khong chia hét cho 8. Tt d6
x=2vay=1.Vay (x,y) = (2,1).

o Néu x1asd18thi 2*—1 chia 3 du 1 va 3V 4+ 7Y + 1 — 2% chia hét cho 3.
Khi do, tit phuong trinh (1) ta cé

2*—1 =7
PLP L2 =
Suy ra 2* =77 4+ 1. Vé phai chia 7 du 1 nén vé trdi chia 7 du 1. Tir d6 x = 3k, k € N* va
thay vao phuong trinh dugc
RF—1D)* 42k 1) =7

Viged(2K 1,226 42k 4-1) € {1,3} nén ged(2F — 1,22 + 2%k - 1) = 1. Vi2* 42k -1 >
Inén2f—1=1suyrak=1va7 =7nény=1vax=23k=3.Vay (x,y) = (3,1).

Vay tht c4 cdc cdp so (x,y) théaman 1a (2,1),(3,1).
Céch 2. Phuong trinh da cho c6 thé viét lai thanh
(25— 7 —1)2 =3 —1)=0.

Téi day gidi gidng hai trudng hop & trén.
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2) Tacéd 3(x!* —x0+3) = (3x! +4) =320 +5 > 7x0 — 3x° +5 = 4x® + 5 theo bét déng thiic
AM-GM. Lai c6 ciing theo bét dang thiic AM-GM, thi

4S5 =S+ D+ S +x0+ D) +3 >3+t +1) > 30 +242).

Suy ra
4 2

+2)° al

M > - -
- sz x2y? 4+ xz+yz

X
V2 4 xz7+yz

va dp dung bit dang thifc cong mau cho vé trai, ta c6

(2 +y*+22)2 +2(x+y+2)? S 3(x%y? +y?2% +22x%) + 6(xy + yz + 2x)
T2+ y2? 22 2(xy Fyztax) T X2y y22? 42202 + 2(xy + yz + 2x)

Déu bing xay ra khi va chi khi x = y = z = 1. Gia tri nhd nhit ctia M 1a 3.
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Cau 3: (3 diém)

Cho tam gidc ABC nhon véi AB < AC néi tiép trong duong tron (O) co tiép tuyén tai A
ctia (0) cit BC 6T sao cho TB > BC. Goi P va E lan Iuot Ia trung diém ctia TA va TC.

1) Chifng minh riang tif giic APEB noi tiép.

2) Goi giao diém thif hai cia AE vdi (0) 1aF. Lay G thuoc (O) sao cho FG song song
voi AC. Chiing minh rangATG TAF.

3) Goi H Ia truc tdm ciia tam gidc ABC,D Ia giao diém ciia AH va BC. M 13 trung diém
BC. K déi xiing voi A qua BC. N thudc duong thang AM sao cho KN song song vdi
HM. Liy S thudc BC sao choNS | NK. Dung R thudc tia AK sao choAR-AH = AD?.
Q Ia diém sao cho PQ | AS vaSQ 1 AO. Chifng minh rang diém doi xung ciia A qua
OR thuéc duong tron duong kinh DN .

Lui giai.
. 1
1) ViAT latiép tuyén ctia (O) nén ta dugc TA%> = TB-TC. Nhu vay, ta dugc TP-TA = 5TA2

1 ) £
ETB -TC=TB-TE vavi the ti gidc APEB la ti gidc n0i tiep.

2) Vi EP 1a dudng trung binh ctia ATAC, AFGC 1a hinh thang can va AT 1a tiép tuyén ctia
(O) nén ta thu dugc AEP = EAC = FAC = GCA = TAG va GAC = FCA = TAF = PAE.

AE AP
Nhu viy, ta dudc AAEP ~ AACG (g.g) va dan dén AC — AG Lai chu y ring AT = 2AP
AE 2AE 2AP AT
va AC = 2EP, tathu dugc — = —— = —— = —, K&t hop véi AEP = TAG ta thu dugc

EP AC AG AG’
NAEP ~ ATAG (c.g.c) va vi thé ATG = TAF.

3)
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Goi AY la duong kinh cta (O), L va Y la giao cia AY v6i OS va KN.

Theo tinh chét quen thudc ta c6 M 1a trung diém ctia HY nén theo bé dé hinh thang ta dudc
N 1a trung diém cua KY].

Vi SN L KY; va SD la trung truc AK nén S 1a tim ngoai tiép clia tam gidc AKY.

Vi 0S 1 AO nén AY; 1L SL ma S 1a tim (AKY;) nén L 1a trung diém AY;. Theo tinh chét
duong trung binh ta dugc DN || AO va NL || AD suy ra ti giac ADNL la hinh binh hanh. Goi
Z la giao ctia DL va AN thi ta dudc Z 1a trung diém AN va DL.

Goi A” 1a dbi xiing clia A qua R, X 1a giao ctia NL véi BC, A’ 1a giao ctia AX véi (R) thi
XA’ 1 A’A” nén A’ thudc dudng tron (DN).

Ap dung dinh Iy Thales ta dudc

AD AD AH AM AM
AA”  2AR 2AD 2AZ AN’

Theo dinh ly Thales déo ta suy ra NA” | DM nén NA” L DA” suy ra DXNA” 1a hinh chi
nhat va D, X,A” N thudc (DN).

Goi U,V lan lugt 1a giao ctia QS va QP v6i AH; W 1a giao ctia AO va BC.

Ta c6 AQUV ~ AAWS(g.g) (do 2 tam giac nay c6 cac cap canh tuong Ging vudng goc).
TuVkéVG L QOSviSQ| AT nén VG L AT.

Vi dudng qua T vudng géc v6i AS va dudng qua S vuong géc véi AT ddng quy tai truc tim
tam gidc ATS trén AH nén VG phéi di qua trung diém J ctia AS.

Mit khic JG || AL (cing vudng géc v6i QS nén G la trung diém LS.

Theo tinh chit dudng trung binh cia AANA”, ADLS ta dugc GZ || DS, RZ || NA” ma NA” || DS
nén G, Z R thang hang va GR L VU

Ta c6 VGU = WLS = 90° va VUG = LWS nén AVGU ~ ASLW (8.8)-

Vi LX va GR la hai duong cao tuong ting cua hai tam gidc nay nén theo tinh tuong dng cta

VR WX
dong dang ta dudc ty 1é thiic sau — =
RU XS

Tur day két hop véi AQUV ~ AAW S(g.g) ta dudc AQUR ~ AAWX (c.g.c) suy ra QR vudng
géc AX. Vi QR 1. AA’ ma R thudc trung truic AA’ nén A va A’ d6i xiing nhau qua QR.
Vay diém ddi xing ctia A qua QR 1a A’ thudc (DN).
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Cau 4: (1 diém)

Viét 100 sé nguyén duong dau tién 1,2, ...,100 vao mét bang 6 vuéng kich thudc 10 x 10
mot cich tuy y sao cho moi 6 vuéng duoc viét diing mot s6. Chiing minh rang ton tai hai
6 ké nhau (hai 6 co canh chung) ma hai s6 diugc viét & hai 6 nay co hiéu I6n hon hodc
bang 10.

Loi gidi. Cach 1. Ta giai bai toan tdng quat: Dién cic s6 1,2, ...,n> véi n > 1 vao cic 6 vudng
clia bang c¢d n x n. Khi d6 ton tai hai 6 vudng ké nhau (chung canh) chita hai sé x,y ma [x—y| > n.
Ki hiéu my, M, tuong ng 13 s6 nho nhit va s6 16n nhét ctia hang thi k v6i k = 1,2,...,n. Chi y
lamy,my,....my, My, My, ..., M, d6i mot phan biét. Dat

m = max(my,my,....,my) va M =min(M;,M,,....M,).
Xét hai truong hop

e Néum < M thita cé my < m < My v6i moi k = 1,2,...,n. Diéu nay suy ra véi hang k bat
ky thi ton tai hai s6 ay, by thudc hang d6 sao cho a; < m < by va véi mdi hang k ta chon
cip (ay,by) thudc hai 6 ké nhau & hang k. Vi by, b, ..., b, 16n hon m va cic s6 by, b, ..., b,
1a d6i mot phan biét nén ton tai k € {1,2,...,n} sao cho by > n+m va do d6

by—ar > (m+n)—m=n.

e Néum > M thi goi i,j € {1,2,...,n} 1a cdc chi s6 sao cho m; > M = M;. Khi d6 tai mbi
cot ludn ton tai cac sd khong vuot qua M (vi du nhu s6 hang j) va cac s6 16n hon M (vi
du nhu s6 & hang i). Khi d6 véi cot k bat ky ton tai ag, by sao cho ay < M < by va ay, by
thuoc hai & ké nhau ctia cot k. Tuong tu nhu trudng hop dau tién thi ta cling c6 ton tai
ke{l1,2,...n} maby > M+n. Suy ra

by —ai > (M+n)—M:n.

Trong moi tinh hudng ta déu c6 diéu phai chiing minh.

Cach 2. Pham Viét Hung Gia st phan chiing, ton tai cach dién dé€ khong ton tai x,y nhu vay.
Ta lan lugt dién cdc s bat du tir 1 vao bang 6 vudng, xét thoi diém dau tién ma ca n cot déu da
dugc dién sb. Ta xét hai trudng hop sau:

+ Néu ton tai cot nao d6 da dugce phd hoan toan, ta sé ddi vai tro clia hang va cot (xét thdi
diém dau tién ca n hang déu c6 sd). Néu khi d6 lai ton tai mot hang dugce phi hoan toan,
thi tiic 1 hai thoi diém dang xét tring nhau. Diéu nay 1a khong thé vi 6 vita dudc thém
phai 12 6 cudi cling ctia hang va cot d6, xét thdi diém ngay trude d6 cho ta tat ca cac hang
déu da duoc dién.

 Néu khong ton tai cot da phi hoan toan, do mbi cdt déu c6 6 da dién, ta ¢ thé chon ra &
cot thit i dugc cip 6 A;, B; ma A; dudc dién con B; thi chua.

Can c¢6 B; —A; < n— 1, kéo theo B; < max(Ay,As,...,A,) +n—1,Vi.
Ma céc s6 tf 1 dén max(A;) déu da dugc dién nén B; > max(A;), vo ly do n sé B; phan
biét.

Céc trudng hop cho ta gid st sai va ta ¢ diéu phai chting minh. ]
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