PAI HOC QUOC GIA HA NQI PE THI TUYEN SINH VAO LOP 10
TRUONG DAI HQC KHOA HQC TY NHIEN TRUONG THPT CHUYEN KHTN NAM 2022

Peé chinh thirc

MON THI: TOAN (Vong IT)
Théi gian 1am bai: 150 phit (khéng ké thoi gian phat dé)
Ciu L. (3,5 diém)
1

1) Véi a, b, ¢ 12 nhimg sé thuc duong thoa man didu kién l+;+l=1. Chimg minh
a Cc

ring

1( 1 P 1 M 1 ) abc
2\a+bc b+ca c+ab (a+bc)b+ca)c+ab)
2) Giai h¢ phuong trinh

2x* +3xy+y' =6
3x+2y+1=2/2x+ y+6.

Caull. (2,5 dlem)
1) Tim tat ca cac cap sb nguyén duong (x, y) thoa man dénz th\m

(x+ y)5x+y) +x° =(3x+y) +x°y + ",
9) Véi a, b, ¢ la nhimg sé thuc duong thoa man cic diéu kién sau:

c<b<a<3, b*+2a<10, b’ +2a+2c<14,

{ (@ +1)(b* +1)+4ab<2a’ +2b° +2a+2b.
Tim gié tri 16n nhét cia biéu thirc
P=4a" +b* +2b° + 4.
Ciu IIL. (3 diém)
Cho tam giac 4BC nhon, khéng can, ndi tiép trong dudmg tron (0). Diém P nim trong
tam gidc ABC. Goi E, F lan luot 12 hinh chiéu vudng goc cia P trén cic canh C4. 4B.
Gia sur tir gidc BCEF ndi tiép trong dudmg tron (X).
1) Chimg minh ring AP vuéng goc BC.
2) Chimg minh ring AP = 20K.
3) Pudng thing qua P vudng goc voi AP cit dudmg tron (O) tai hai diém O vi R
Chimg minh ring duéng tron tim A4 ban kinh AP tiép xuc véi dudng ron ngogi tiép tam
gidc KQR.
Ciu IV. (1 diém)

Cho cic diém A, 4,,...,4,, theo thir tr nim trén mét dwomg thing sao cho dd dii cac
doan A4, bing k (don vi dai), véi k=12,..29. Ta 10 miu mdi doan thing
A A, AA,,..., Ay Ay, bOi 1 trong 3 mau (mdi doan duge t6 bai diing 1 mau). Chimg minh
ring véi moi cach té mau, ta luén chon duge 2 s6 nguvén duong 1< j<i<29 sao cho
hai doan 44,4 A4, , dugc td cung mau va i — j 1a binh phuong cia sd nguyvén duong.

HET
Can b6 coi thi khong gidi thich gi thém.
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Giai chi tiét dé thi Toan Chuyén trudng THPT

chuyén Khoa Hoc Tu Nhién
Nguyén Duy Khuong - Nguyén Hoang Viét - Trinh Dinh Trién - Truong Manh Tuén -
TQD - Nguyén Vin Hoang - Nguyén Khang

1 Caul
1 1 1

1) V6i a,b,c 1a nhitng s6 thuc duong thoéa man diéu kién — + 3 +-=1.
a C

Chiing minh rang:

1( 1 N 1 N 1 )_ abe
2\a+bc b+ca c+ab) \ (@+be)b+ca)c+ab)
2) Giai hé phuong trinh
2x% +3xy+y%>=6
3x+2y+1=2/2x+y+6
Loi giai.

1) Tfilg‘ié thiét suy ra ab + bc +ca = abe. Ta cé:
a a

a+bc:a2+abc:(a+b)(a+c) .
c

b+ca - (b+c)(b+a);c+ab - (c+a)c+b)

Tuong tu, ta co:

Tu do suy ra :
VT=a(b+c)+b(c+a)+c(a+b)_ abe 1)

2@ +b)(b+c)c+a) “(a+b)b+c)e+a)
Va :

VP = ab?c? B abc
VNV (@+b)2b+c)c+a)? (a+b)b+c)ec+a)
Tu (1),(2), ta suy ra diéu phai ching minh.

(doa,b,c>0)(2)

2) biéu kién: 2x+ y+6 = 0. Nhan 4 vao phuong trinh thi nhat ctia hé ta ¢é
4(2x% +3xy +y*)—24=0
Phuong trinh tha hai ctia hé tuong duong véi

3x+2y+1=0
Bx+2y+1)2-42x+y+6)=0
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Ta viét lai thanh hé méi

3x+2y+1=0(1)
4(2x%+3xy +y?) —24 = 0(2)
Bx+2y+1)?—4(2x+y+6)=0(3)

Lay phuong trinh (3) trit di phuong trinh (2), vé véi vé, ta thu dudc
(x-1P2=0=>x=1.
Mat khac do

=1
2x% +3xy+y*=6=>9*+3y-4=0> Y .
y=-

e Néux=1,y=1, d6i chiéu diéu kién 2x+y+6=0,3x+2y+1=0 ta thay

déu thoa.

e Neux=1,y=—-4tacé2x+y+6=4>0,3x+2y+1=-4<0, khong thoa

man diéu kién (1).

Vay chi ¢6 mot cap gia tri (x,y) =(1,1) la thoa man.

2 Caull
1) Tim tat ca céac cap sb6 nguyén duong (x,y) théa man dang thic
(x+y)Bx+y)> +xy2 = G+ )2 +x2y3 + xyt

2) Véi a,b,c 1a nhitng s6 thuc duong théa man cac diéu kién sau

c<b<a<3,b>+2a<10,b2+2a+2c<14
(@®+1) (b2 +1) +4ab < 2a® + 2b> + 2a + 2b.

Tim gi4 tri 16n nhat cta biéu thic
P =4a®+b* +2b% + 4c”.

Loi gidi
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1) Ta bién d6i nhu sau
(x +y)5x + y)° + x> = (5x + y)® + 22y + xy?.
o@x+y-1DGx+y)> =xy3(x+y-1).
Vi x,y 12 hai s6 nguyén duong nén x +y > 1. Do d6, ta suy ra
(5x +y)> = xys.

Do dé, ta suy ra x cling 1a lap phuong ctia mot s6 nguyén duong. Dt

x =23, ta cé
G522 +y)P =yl obl+y=zy o y(z-1) =525
Néu z =1 thi ta suy ra mau thuan. Xét z # 1. Khi d6, ta c6 z—1|52%. Vi
52=5 (mod z—1)

nén ta suy ra z—1|5. Tu day, ta tim dudc z € {2;6}. Suy ra

(z,y)€1{(2,40);(6,216)} = (x,y) € {(8,40);(216,216)}

2) Loi gidi (Trinh Dinh Trién).

Ta co:

(@®+1)(b%+1) +4ab—2a(a®+1)-2b(b*>+1) <0

o (a®+1-2b)(b*°+1-2a) <0 b’ +1<2a

Ta c6: P = (2a)® + (b2 +1)2 +(2¢)* - 1.

Do d6: P—76 =(2a —6)(2a +6) + (b2 —4)(b% + 6) + (2¢ — 4)(2¢ + 4)

=2a-02)(2a-6)+(b2-2¢+2)2a +b%-10)+(2c+4)(2a +2c +b%>-14) <0 do
do: P <76. Do do MaxP =176 véi (a,b,c) =(3,2,2).

3 Caulll

Cho tam giac gidc ABC nhon néi tiép (0), P thay d6i nam trong tam giéc sao

cho E,F la hinh chiéu ctia P 1én CA,AB thi BFEC ndi tiép duong tron (K).
1) Chiing minh rang: AP 1 BC.
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2) Chting minh rang: AP = 20K.

3) Pudng thing qua P vudng géc AP cat (O) tai Q,R. Ching minh rang:
(A;AP) tiép xtic (KQR).

Loi gidi(Nguyén Duy Khuong).

1) Do tt giac BFEC noi tiép dan dén: ZLAEF = /ABC dé ¥ rang: ZOAC =
90° — /B dan dén: OA L EF. Ta c6: ZOAC =90° - LAEF= /PAF(do AP
12 duong kinh cta (AEF)). Do d6 dan dén: ZPAB + /B = 90° suy ra:
AP 1 BC.

2) Goi (AEF) cat (0) tai diém thi hai la J. Goi S, T 1an lugt 1a trung diém
cua EC va FB ta c6: ZJFB =180°—- /ZJFA =180°- LJEA = Z/JEC déng
thoi ZJBF = /JCE do dé: tam giac JFB dong dang tam giac JEC dan
dén: tam giac JTF dong dang tam giac JES theo truong hdp canh géc
canh dan dén: Z/JTA = JSA do d6: J,T,S,A,K cung thudc 1 dudng tron.

4 06,6/2022



Giai chi tiét dé thi Toan Chuyén THPT Chuyén KHTN CLB Toan Lim

Dan dén: J,P,K thang hang va dudng thang nay di qua X 1a d6i xiing
cia A qua O. Do d6 dé y rang: PECX la hinh thang vuéng ma SK la
duong trung binh ctia hinh thang nay din dén: K 14 trung diém PX hay
la: AP =20K.

3) Goi G d6i xting P qua J.
Ta c6: ZAJP =90° dan dén: AG = AP hay G thudc (A;AP).

Ta c6: K 1a trung diém PX do d6: PX.PJ =2PK.PJ =PK.2PJ = PK.PG =
PQ.PR (do tit gidac JRXQ noéi tiép (0)). Suy ra: G thudc (KQR).

Bé' dé: Cho (O;R) ¢6 day cung AB. Puong tron (X) tiép xuc trong (0) tai
G va tiép xic AB tai P. Khi d6: GP di qua trung diém cung AB.

Bé dé nay va bé dé dao cia né kha hién nhién, cac ban tu ching minh
lai.

Ap dung b dé dao ctia bé dé trén cho dudng tron (KRQ) va dudng tron
(A;AP) v6i day cung RQ thi ta thu dudc: (A;AP) tiép xidc (KRQ) hay

diéu can ching minh.

4 CaulV

Cho cac diém A1, As,...,As theo thi tu ndm trén mét dudng thing sao cho
d6 dai cac doan A,Aj,; bang £ (don vi dai), véi & =1,2,...,29. Ta t6 mau mbi
doan thang A;A,,...,AsAs, béi 1 trong 3 mau (mdi doan dudce to bsi ding
mot mau). Ching minh rang véi moi cach t6 mau, ta luon chon dudc hai sb
nguyén duong 1< j<i =29 sao cho hai doan A;A;,; va A;A;; dudc to cung

mau va i — j 1a binh phuong cta s6 nguyén duong.

Loi gidi. (Truong Manh Tuén)

Goid; lamau A;A;,1;i=1,29;d; €{1,2,3}.

Phan ching d; #d,V |i - jl 1a s6 chinh phuong.

di#dir9,d; #dii16,d; #dir95,dis9 # diros5,dis16 # divos

Ma trong d;,d;.9,dis16,di+25 €O 2 86 bang nhau, nén d,.9 = d;,16Vi = 1.

Khoéng gidm tong quat gid st d; =1,de=2. Cé6 d1o#d1=1.
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e Néudip=3=di19=>d17=dir16=d1s9=d19=3.
dog #d17=3,ds #d1=1=>dgs = 2.
di1#dyp=3,di1#de=2=>dn =1
dor #dos =2,d27 #d11 =1=>dar =3=>d3=3.
dog=2=>d19=2,dy9=3=>d13=3.

Suy ra d13 = d17 (méu thuﬁn)

e Néudy=2=>doy=dir=d1=2
dos #d17=2,dos #d1=1=>dog=3=d19=d2.
Suyradii=1dodi1Zd12=38,d11Zd10=2.>dos=d1g=d11 = 1.
ds#dig,dsZdonénds=1=>dog#d3=1,dog #dog =2 nén dog = 3.

= dzg = d29 = d17 = dl() =3 nhIIng do dl() = 2, ta co dléu mau thuﬁn.

Vay ton tai i,; sao cho |i — j| 1a s6 chinh phuong va d; =d,.
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