DAI HOC QUOC GIA HA NOI PE THI TUYEN SINH VAO LOP 10
TRUONG PAI HOC KHOA HQC TU NHIEN TRUONG THPT CHUYEN KHTN NAM 2020
MON THI: TOAN (VONG 2)

Thoi gian 1am bai: 120 (khong ké thoi gian phat dé)

Cau 1.

(x+y)(x+1)=4

a) Giai hé phuong trinh: .
(3 +xy+x+y+5)(x +5° +12y+13) =243

b) Giai phuong trinh: (x—12)" +(2x—12)" +(24—3x)" =0.
Cau 2.

a) Tim tat ca cac s6 nguyén duong a, b, ¢ sao cho ca ba sé 4a’ +5b, 4b” +5c, 4c* +5a déu 1a binh phuong cua
mot s6 nguyén duong.

b) T mot bd bon sb thuc (a, b, c, d) ta xay dung bo $6 moi (a +b,b+c,c+d,d+ a) va lién tiép xay dung
cac bd s6 mai theo quy tic trén. Chirmg minh rang néu ¢ hai thoi diém khéc nhau ta thu duoc cing mot bd s6 (co
thé khéc thir tw) thi bd s6 ban dau phai c6 dang (a, —a, a, —a).

Cau 3.

Cho tam gidc ABC can tai co BAC <90°. Piém E thudc canh AC sao cho AEB >90°. Goi P la giao diém
cia BE vdi trung truc BC. Goi K 1a hinh chiéu vudng goc ctia P 1én AB. Goi Q 1a hinh chiéu vudng goc clia
E 1én AP. Goi giao diém cua EQ va PK 1a F.

a) Ching minh rang bén diém 4, E, P, F cung thudc mot dudng tron.

b) Goi giao diém ctia KQ va PE 1a L. Ching minh ring LA vudng goc véi LE.

¢) Goi giao diém ctia FL va AB 1a S. Goi giao diém ciia KE va AL 1a T. Lay R la diém d6i xing ciia A qua
L. Chung minh rang dudng tron ngoai tiép tam gidc AST va duong tron ngoai tiép tam gidc BPR tiép xtic nhau.
Cau 4.

Véi a, b, ¢ 1a nhitng s6 thuc dwong thoa man a + b+ ¢ = 3. Ching minh ring:

—+—+—|.

2
3[l+l+l—1] 1> 43
bc ca ab

a c abc

a b c]
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LOI GIAI CHI TIET
Cau 1.

a) V6i (x+y)(x+1)=4, taco:

Xy 12y +13=(x+y) =3xy(x+y)+12(y+1)+1
=(x+y) =3y (x+y)F3(x+1)(x+y)(y+1)+1
(x—l—y) —3(x—|—y)[xy—(x+l)(y—|—1)]—|—l

(x+2) +3(x+p)(x+y+1)+1
=(

x+y+1)
Ngoai ra:
VAw+x+y+5=+D)(x+y)+(x+1)(x+y)+1
=(x+y)(x+y+2)+1=(x+y+1).

Do d6 phuong trinh thir hai ciia hé twong dwong (x + y)5 =243 & x+y=2.
Tur d6 ta tim duge x =y =1.

Vay hé cho c6 nghiém duy nhét (x;y) = (1;1).

b) Dat a =x—12 va b= 2x—12. Khi d6 phuong trinh tr¢ thanh:

a +b —(a+b)7 :O(:)(a+b)<a6—a5b+a4b2 —a’b’ +a*b* —ab’ +b6>—(a+b)7

& (atb)|a’ —a’b+a'h’ — @b +a'b' —ab’ +b° ~(a+b)| =0
& (a+b)(~7a’b—14a'b* —21a’h* —14a’b* —Tab’) =0
& ab(a+b) <a2 —|—ab>2 +a’b’ —i—(ab—i—bzﬂ =0
a=0
Nhan thay a, b khong ddng thoi bang 0 nén phuong trinh tuong duong: ab(a + b) =0&(6=0
a+b=0

Véi a=0, tacd x=12.

Vo1 b=0, tacd x=6.

Véi a+b=0, taco x=28.

Thir lai thiy thoa man. Vy phuong trinh da cho c6 ba nghiém S = {6; 8; 12}.
Cau 2.

a) Khong mat tinh tong quat, gia st a 1a s6 16n nhét trong ba s6 a,b,c.



Khi d6, ta c6 4a® +5b > 4a* = (2a)* va 4a” +5b <4a’ +5a < 4a*> +8a+4 = (2a+2)>. Mada® +5b 1a sd
chinh phwong nén 4a* +5b = (2a +1)*, titc 5b = 4a +1.

Tur day, ta suy ra bchia 4 du 1. Do d6 b=4k+1voi k€ N. Mot cach tuong Ung, ta c6 a =5k +1. Xét cac
truong hop sau.

e Truong hop 1: b > c¢. Ching minh twong tu nhu trén, tir gia thiét 45° +5c¢ 1a sé chinh phuong, ta suy ra
Sc=4b+1=16k+5. Do d6 kchia hét cho 5, tic k=5nvéi neN. Khi do, ta c6
c=16n+1,b=20n+1va a=25n+1.

Vi két qua trén, ta co
4c* +5a=4(16n+1) +125n+5>4(16n+1)+4(16n+1)+1=(32n+3)>. (1)
Va
4c* +5a=4(16n+1)° =125n+5=032n+4) —(Bn—7) < (32n+4)".
Ma 4c¢” +5a 1a s6 chinh phuong nén 4¢* 4 5a = (32n+3)*. Suy ra, ddu ding thic trong bat ding thic
(1) phai xay ra, ttc n=0.Tu déo a=b=c=1.
e Truong hgp 2: ¢ > b. Trong truong hop nay, ta co

4b> 4 5¢ > 4b” +5(b+1)> (2b+1)°
Ma 4b* 4 5¢ 1a s6 chinh phuong nén 46> +5¢ > (2b+ 2)* . Do d6
5¢>8b+4=32k+12> 25k +5.
Suy ra ¢ > 5k +1 = a. méau thuin. Vay trudng hop nay khong thé xay ra.
Tém lai, c6 duy nhat mot bo sd (a;b;¢) thoa méin yéu cau 1a (1;1;1).
b) Goi (a,,b,,c,,d,) 1a bd bdn s6 thuc thu dugc sau lugt thir # . Khi dé, ta co
(ay,b,,c,,d,) = (a,b,c,d)
Va
a, ,+b, ,+c,.,=2a,+b,+c,+d,). VnecN.
Suy ra
a,+b,+c,+d,=2"(a,+b,+c,+d,)=2"(a+b+c+d).
Gia sir ton tai hai s6 nguyén duong m < k sao cho hai bo 6 (a,,.b,,c,,d,)va (a,,b,,c,,d,) 1amot (co thé khac
thtr tu). Khi do, ta ¢6 a, +b, +c, +d, =a, +b, +¢, +d, thc 2"(a+b+c+d)=2"(a+b+c+d).
Vi m<knén a+b+c+d=0.Bay gio, ta co chi1 y rang
+d2n+2

a +b* +ct

n+2 2 2
=(a,,+D,,) + (b, +c,.) + (e, +d,,) +(d
=2(a’
=2(a’
=2(a’

2
+ an+1)

n+l

+ d2n+1) + 2(an+1 + cn:l )(bn+1 + dn+1)

+d’ )+2(a,+b +c,+d )b, +d,.)

n+l
2
+ d n+l )

+b* 47

n+l n+l n+l

+b*  +c?

n+l n+l n+l

+b*  +¢?

n+l n+l n+l



Suyra a’, +b*, +c’ +d’, =2""(a’, +b’, +* +d*)VneN".
Vi hai bo 6 (a,,b,,c,,d,) va (a,,b,,c,,d,) 1a mot ( co thé khac tha ty) nén
a +b’ +c +d’, =a’, +b, +c +d,.
Hay
2" N a? + b7+ +d?) =2 (@ + b7+ P+ d).

Tuday,tacd a,=b, =c,=d, =0.Suyra b=-a,c=-b,d =—c, thc b s6 ban dau phai c6 dang (a,—a,a,—a). Ta
c6 diéu phai chimg minh.

Cau 3.

a) Vi tam gidc ABC can tai 4 nén trung truc cia BC di qua 4, hon nta AP 1a phan giac gbc BAC .
Do d6 ZPAE = ZPAK.
Ta gide AFKQ c¢6 ZAKF = ZAQF =90°nén AFKQ 1a ttr giac ndi tiép duong tron duong kinh AF..
Suy ra ZKAQ = ZKFQ.
Do d6 LPAE = ZPAK = ZQAK = ZQFK = ZPFE.
Do d6 tor gidc AEPF ndi tiép hay boén diém 4, E, P, F cung thudc mot duong tron.
b) Tur céc tr giac ndi tiép AFKQ va AEPF da chimg minh & cau a), ta suy ra
ZAQL = ZAFK=/AFP = ZAEL.

Suy ra t giac AQEL noi tiép. Ma ZAQE =90°nén LALE =90° hay LA L LE.



¢) Taco AL, KP, BC la ba dudng cao ciia tam gidc ABP nén chung dong quy tai tryc tim ma ta ky hiéu diém
d61a H. Trudc hét, vi P 14 truc tAm tam gidc ABH va A dbi xtmg R qua duong cao BL cia tam gidc ABR
nén Z/BRH =180° — ZBRA=180° — ZBAH = /BPH, suy ra ttt giac BPRH ndi tiép.

Tacd LPBH = /PAL = /PKL nén /LEF = Z/LKF. Suy ra t giac KFLE ndi tiép.

Do d6 ZALS =90° — ZELS =90° — /PKE = /SKT. T ddy, ta suy ra t giac SLTK ndi tiép.

Vi tir gidc BKLH noi tiép dudng tron duong kinh BH nén LLTS = /LKS = Z/LHB . Suyra ST || BH..

Puong thing EF cit ABtai M, KL cat ST tai N. Tacd AQ vira 1a phan giac vira 1a duong cao ciia tam giac
AEM nén AEM cantai A. Suyra QF =QOM . Két hop véi ST || EM (cung vudng voi AQ) nén theo dinh Iy
Thales, ta co6 N 1a trung diém ciia ST. Do d6 néu goi X 13 giao cia AN véi BC thi tir ST || BH ta ciing suy ra

X 1a trung diém cia BH. Goi G 1a hinh chiéu vudng goc ctia P 1én AX, v& duong kinh 44" cua dudng tron
ngoai tiép tam gidc ABH va goi G’ 1a ddi xtmg cia G qua X.

D@ thiy ZAG'A’'=90° nén nam trén dudng tron ngoai tiép tam gidc ABC va tir giac BPHA' 14 hinh binh hanh.
Hon nita A'G’|| PG nén PGA'G' 14 hinh binh hanh. Do d6 cac diém P, G dbi xting véi A', G' qua X. Ma tir
gidc BG'A'H ndi tiép nén tir gidc BPGH i tiép.
Tir céc tir gidc ndi tiép AKGL (ndi tiép dudng tron dudng kinh AP ) va KSLT, ta suy ra

NG-NA=NK-NL=NS-NT
Do d6, tir giac ASGT noi tiép. Mit khéc, ta lai co

LAGT = LAST = ZABH = ZAG'H = Z/GG'H = ZBGG'.

Suyra T, G, B thiang hang. Tuong tu, ta ciing ¢c6 H, G, S thing hang.

Tir ST || BH suy ra duong tron ngoai tiép hai tam giac GT'S va GBH tiép xtic v&i nhau tai G . Do d6 hai duong
tron ngoai tiép hai tam giac AST va BPR tiép xuc voi nhau tai G .

Cau 4.

Bit dang thtrc di cho viét lai thanh

2 2 2 2
3[l+1+1] —6[l+1+1]+42 b @A)

a b ¢ a b c abc abc
2 2 2 2
3 l+l+l 4> 4 +3(a +b +c +2ab—|—2bc—|—2ca): 31'
a b c abc abc abc
. 1 1 | . , 11 1 A s .
bat x=—,y=—,z=— thitac6 —+—+—=3 hay xy+ yz+ zx = 3xyz. Ta dua vé chung minh
a b c X y z

3(x+y+z)Y +4>31xyz
Dit p=x+y+2z,g=xy+yz+zx va r =xyz thitacd ¢ =23r.Tacan c6

3p2 +4>31r.



Theo bét ding thirc Co-si thi (x+ y+ z)(xy + yz+2x) >9xyz nén x+ y+z>3 hay p >3.
Ta c6 bat dang thic quen thudce
xyz2(x+y—z)(y+z—x)(z+x—y) nén
r>(p—2x)(p—2y)p—2z).
Khai trién ra ta dugc r > p* —2p*(x + y 4 z) + 4p(xy + yz + zx) — 8xyz hay

3

9 >—p’+12pr va P >r.
Z—p P 12p-9°

3

Ta dua vé chimg minh 3p° +4 > 123 lp

5’ quy ddng va khai trién, ta c6

(p—3)5p° —12p+12)>0, ding do p >3.

Vay bét ding thire dé cho 1a dung, ta c6 diéu phai chirng minh.
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