DAI HOC QUOC GIA HA NOI PE THI TUYEN SINH VAO LOP 10
TRUONG PAI HOC KHOA HQC TU NHIEN TRUONG THPT CHUYEN KHTN NAM 2020

MON THI: TOAN (& thi danh cho tit ca cac thi sinh)
Thoi gian lam bai: 120 (khong ké thoi gian phat dé)

Cau 1.

X4y +xy=7

a) Giai hé phuong trinh: .
) P s 9x’ =xp* +70(x—y)

b) Gidi phuong trinh: 115 —x +8v2x—1=24+3,/(5—x)(2x—1).
Cau 2.
a) Tim x, y nguyén duong théa man: x*y* —16xy +99 = 9x* 4+ 36y° +13x + 26.
b) V6i a, b 1a nhiing s thuc dwong théa mén:
2<2a+3b<5 va8a+12b<2a’ +3b*>+5ab+10.
Chtng minh rang: 3a* +8b> +10ab < 21.
Cau 3.
Cho tam gidc ABC c6 BAC 1 goc nho nhat trong ba goc ciia tam giac va noi tiép duong tron (O) Piém D
thugc canh BC sao cho 4D la phan gidc cua BAC. Lay cac diém M, N thuoocj (0) sao cho cac duong thing
CM va BN cung song song voi duong thang AD.
a) Chig minh rang AM = AN.
b) Goi giao diém cua duong thing MN véi cac duong thing AC, AB lan luot 13 E, F. Ching minh rang bbn

diém B, C, E, F cung thudc mot duong tron.

¢) Goi P, O theo thir ty 1a trung diém ciia cac doan thang AM, AN. Chimg minh rang cic dudng thang EQ, FP
va AD dong quy.

Cau 4.
V6i a, b, ¢ 1a nhitng s6 thuc duong thoéa man a4 b+ ¢ = 3. Ching minh rang;

a(a+bc)2 b(b+ca)2 c(c+ab)2 -
b(ab—|—202) c<bc+2a2> a(ca+2b2)_

HET




LOI GIAI CHI TIET
Cau 1.
a) Phuong trinh thtr hai cia hé twong duong:
9x’ —xy? = 70(x— )
& 7(9x3 —xyz) = 7O(x—y)(x2 +xy+y2>
e x +x°—10y° =0
& (x—2y)(x" +2xp+5y) =0

x=2y
x=y=0
Ta c6: x =y =0 khong thoa hé.
g a2 y=1
Vo1 x=2y, taco: 7y" =7 & i
y==

Véi y=1, taco: x=2.
Vo1 y=—1, taco: x=-2.

Vay hé cho ¢6 hai nghiém (x;y)=(-2;—1), (2;1).
lﬂD@uh&n%SXSSJ%Ia:VS—Lb:nﬂx—lV&cLbZOVéhf+b%:9

Khi d6 phuong trinh da cho tré thanh:

1la+8b=24-+3ab
& 3(2a+b)+5(a+b)=15+2a* +b* =3ab
&3(2a+b)+5(a+b)=15+(2a+b)(a+b)
& (2a+b-5)(a+b-3)=0

2a+b=5
=

a+b=3

Truong hop 2a+b =5 két hop v6i 24> +b> =9, tacod: 2a* +(5—2a) =9 < (a—2)(3a—4)=0.
. . . 4 , 2

Vo1 a=2, taco: x=1. Voi azE, ta co: x:a

Trudng hop a+b =3 kéthop véi 2a* +b* =9, taco: 2a> +(3—a) =9 = ala—2)=0.

Voia=2,taco: x=1. V61 a=0, tacd: x=>5.

Vay phuong trinh da cho c6 ba nghiém x = %, x=1,x=5.



Cau 2.

a) Phuong trinh twong duong:
x¥y? +20xy +100 =9(x” +4xy + y* ) +13(x +2y) +1
& (xp+10)" =9(x+2y)" +13(x+2y)+1.

Pit x+2y =a, tacod: 9a*> +13a+1 1a sb chinh phuong véi a > 0.

Ma (3a+1) <9a® +13a+1<(3a+3)", dod6 9a* +13a+1=(3a+2) & a=3.

x+2y=3
Véi a=3, tac(){ Y= y=1.
xy=1

Vay hé cho c6 nghiém duy nhat (xy)=(L1).
b) Ta c6: 8a+12b < 2a* +3b* +5ab+10 < 4(2a+3b) < (2a+3b)(a+b)+10 (1).

bat x=2a+3b, y=a+b v6i 2<x<5. Taco: (1) tré thanh: 4x§xy—|—10<:)§+222.

x
Bét ddng thirc can ching minh tré thanh: x> —y* <21 x> +4 < y* +25.

Ta co:

2

251 — |>8425|1——|.
X X

2
Vros=42 4 B +25[1—iz]22[1+§
4 x X 2 x

Ta can chimg minh: 8+ 25 [1 —iz] > x* + 4. That vy bit diang thirc cAn chimg minh twong duong:
X

xt—29x* +100< 0 < (x—2)(x+2)(x—5)(x+5) <0.
Bit dang thtrc cudi ding do 2 < x <5.
Ping thirc xdy ra khi va chikhi x=35, y=2 hay a=b=1.
Viy ta c6 diéu phai ching minh.

Cau 3.



a) Do BN va CM cung song song véi AD két hop véi AD 1a phan giac EﬁI\C, ta co:

—_—

NBC = DAB = DAC = ACM.

Suy ra: NBC = ACM hay ZIN:@:AN:AM.

sdAM 2+ sdBN _ sdAN ;L sdBN _ Sd;B — ACB.

b) Ta co6: AFE =

Do d6 BCEF 1a ttr giac noi tiép.
¢) Goi S 1a giao diém cia EQ va 4D, K la giao diém cia 4D va EF.
Ap dung dinh 1y Menelaus cho tam gidc ANK c6 cat tuyén ESQ, ta co:

%.ﬂ.S_Kzl hay ﬂ-S—K:I do Q la trung diém AN.
ON EK SA EK SA4

EN S§4
Suyra: —=—.
EK SK

Goi S’ 1a giao diém cia FP va AD.

S'4 FM

Tuong ty ap dung dinh 1y Menelaus cho tam gidc AMK cé cat tuyén PS'F, ta dugc: 9K K

EN _FM  FM _FK

Ta can ching minh ay =
FK EN EK

. That vay, theo dinh ly Tales, ta co:

KM DC AC AF FK
KN DB AB AE EK’

FK KM FK+KM FM
EK KN EK+KN EN’

Suy ra:



, FM  FK FM EN
Dod6 —=—, hay —=—.
EN EK FK EK

/
Tur d6 ta co: ﬁ: S,A.
SK SK

Suyra S=S' hay EQ, FP va AD ddng quy.
Cau 4.

Ap dung bét dang thirc Cauchy — Schwars, ta co:

(a2 +abc)2 - (a2 +b* +¢? 4—3abc)2 [d4b+ —|—3abc]2
ab(ab—l—Zcz)_ Zab(ab+2c2) B ab+bc+ca

Z a(a —I—bc)2) :Z

b(ab +2¢?

2 2 2
a +b +c —|—3ab022.
ab-+bc+ca

Ta can chung minh:

Thét 4p dung dung bét dang thirc Schur két hop voi a+b+c =3, ta co:

9abc

a+b*+c* +3abc=a* +b* +F+——
at+b+c

> Z(ab +bc+ca).
Suy ra diéu phai ching minh. Dang thirc xay khi va chikhi a=b=c=1.
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