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HA NOI
DE CHINH THU'C Mén thi: TOAN (Chuyén Toén)
Ngay thi: 20/6/2022

Thai gian lam bai: 150 phat

Bai L. (2,0 diém)
1) Giai phwong trinh z° — 4z +2v/2z —1 +1 = 0.
2) Cho céc sb thuc a,b va ¢ théa man diéu kién ab + be + ca = 1. Tinh gi4 tri ctia biéu thic

a b I 2
— 2+ 2+ 2— .
l+a 1+ 14¢ a+b+c—abc

P

Bai II (2,0 diém)
1) Ching minh néu n la s6 ty nhién lé thi 3***' — 7 chia hét cho 20.

2) Tim tat ca ciip s6 nguyén duong (z,y) saocho y(z* +z+1) = (z + 1)(y* —1).

Bai 111 (2,0 diém)
m:’ n3 - ’ ’
va déu la cac s6 nguyén to.
m+n m-+n

2) Véi a,b va c 1a céc sb thuc khdng am thoa man didu kién a + b + ¢ = 3, tim gid trj 16n nhét cia

1) Tim hai s6 nguyén duong m va n sao cho

biéu thic P = ab + 2bc + 3ca — 3abe.

Bai IV (3,0 diém)
Cho tam gidc ABC nhon v6i AB < AC. Dudng tron (I) ndi tiép tam gide ABC, tiép xic véi ba

canh BC,CA va AB lan luot tai ba diém D,E va F.
1) Goi M I giao diém ctia hai dudng thing Al va DF. Chimg minh dudng thing CM vudng géc

véi duomg thing AL
2) Goi N la giao diém ctia hai dudng thing A7 va DE. Goi K la trung diém cua doan thing BC.

Chimng minh tam gidc KMN la tam giéc can.
3) Céc tiép tuyén tai M va N cua dudng tron (K;KM) cit nhau tai diém S. Chimg minh dudng
thing AS song song v&i dudng thing ID.

Bai V (1,0 diém)
Cho tap hop A gdm 70 sé nguyén duong khong vuot qua 90. Goi B la tap hgp gbm céc sb c6 dang
z+y v6i z € A va y € A (z,y khong nhit thiét phan biét).

1) Chirng minh 68 € B.
2) Chimg minh B chira 91 sb nguyén lién tiép.
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Giai chi tiét dé thi Toan Chuyén S& GD Ha Nbi 2022

Nguyén Duy Khuong - Nguyén Hoang Viét - Trinh Dinh Trién - Nguyén Vin Hoang

1 Caul

1) Giai phuong trinh: x? —4x+2v2x-1+1=0

2) Cho céc so6 thuc a,b,c théa man ab + be + ca = 1. Tinh gia tri biéu thiic:
a b c 2

P = + + —
1+a2 14062 1+4+c¢2 a+b+c—abc

Loi gidi
1) DKXD: x > %

Phuong trinh dé cho tuong dudng:

2 -2x+1=2x-1)-2vV2x—-1+1
os(x-12=(H2x-1-1)>
TH;:x—lzx/Zx—1—1©x:v2x—l

x?=2x-1 (x-12%=0 . .
o X o < x =1 (thoa man PKXD)
x=0 x=0
TH?:x—lzl—\/Zx—1©2—x:\/2x—1
2-x)P=2x—-1 x2—6x+5=0 . _
o 4 o < x =1 (thoa man DKXD)
2—x=0 x<2

Vay phuong trinh c6 nghiém duy nhat x =1

2) T gia thiét, ta bién doi:

a a B ab+ac
1+a2 ab+bc+ca+a? (a+b)b+c)c+a)
be+ba c ca+cb

Tuong tu ta co:

1+562 (ar,+b)(b+c)(c+a);1+c2 - (a+b)b+c)c+a)
2(ab+bc +ca) 2

:(a+b)(b+c)(c+a)_a+b+c—abc
Maab+bc+ca=1

(a+b)b+c)c+a)=(a+b+c)ab+bc+ca)—abc=a+b+c—abe
=>P=0
Vay P =0

1 20/06/2022
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2 Caull

1) Chiing minh rang véi n 14 s6 tu nhién 1é thi: 327" — 1 chia hét cho 20.
2) Tim cac cap s6 nguyén duong sao cho: y(x2+x+1) = (x + 1)(y% - 1).
Loi gidi
1) vin 1a s6 tu nhién 18, dit n =2k + 1(k €N)
=S =3t _7=8%+3_7=-81F27-7

Nhén thiy, 81 = 1(mod 20) = S = 1%.27 -7 =27 — 7 = 0(mod 20)
Hay S chia hét cho 20 (diéu phai ching minh).

2) Phuong trinh tuong duong vdi:
yx2+yx+y:xy2+y2—x—1<:»xy(x—y)+y(x—y)= —(x+y+1)

oylx+1D)x+1-y-1)=—(x+1+y).

bat a =x+1,a = 2. phuong trinh tuong duong véi
ay(y+1l—a)=a-+y.

Viay>0vaa+y>0nén y+1-a>0. Suyra y+1—a =1. Ta lai ¢
(a—l)(y—l)z1hayay2a+y—l>%(do a+y=3). Do d6, néu y+1-a =2
thi

ay(y+1l-a)>a+y, voly.
Do do, y+1—-a =1 hay y =a. Khi do, tu phuong trinh trén, ta ciing tim
ra dudc la a? = 2a hay a = 2. Nhu vay, (x,y) = (1,2).

Cdch 2: Ta bién d6i phuong trinh dudc:

xZy =(x+ 1)(y%—y—1)(1)

Do x,y>0y?—y—-1>0

Goid=@%x+1)eN* >dlx+1,x2=>dx*-1=>d|l=>d =1
Goie=(y,y’—y-1DeN*=>1lle=e=1

Tu (1) = x%yix+1,ma(x+1,22) =1 = yix +1(2)

Laitt (1) > (v —y-1Dx+1iy , ma(y,y> —y-1)=1=>x+1:y(3)
Do x,y>0, két hop (2),(3)=>x+1=y

2 20/06,2022
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Thay vao (1), tacod: x2=y>—y—-1=(x+1)>2-(x+1)-1
>x=1=>y=2
Vay (x;y) =(1;2)

3 Caulll

3 . n3

N . A ~ m X . A
1. Tim hai so nguyén duong m,n sao cho va déeu la cac so
m+n m+n

nguyén to.

2. V6i a,b,c 1a cac sb6 thuc khong am théa man diéu kién a +b + ¢ = 3, tim
gia tri 16n nhat ctia biéu thic
P=ab+2bc+3ca—-3abc.

Loi giai

m3 n?
1. bat =p, =q. Khi do¢, ta co
m+n m+n
md+n® 0
p+q= =m“—mn+n°.
m+n

Vi m®=p(m+n) nén p | m?3 hay p | m. Do d6, ta suy ra p?| p(m +n) hay

p2lm+nhay p|n. Do dé, ta suy ra

p|m2—mn+n2 = plp+g = plqg = p=q.
2
. , , m . ’ x <
Vip:qnéntasuyram:n.Kh1do,tac0p:q:?.Khldo,tadedang

chi ra p,q chila s6 nguyén t6 khi m=2. Vay m =n = 2.

2. Ta co
P=ab+2bc+3ca—3abc <2b(a+c)+3ca(l->).

e Néu b =1 thi

2
Pszb(a+c)sw:g.

e Néu0<b<1thitacé

201 _ —_hV2(1 _
Ps2b(a+c)+3(a+czl(1 b) :2b(3—b)+3(3 bi(l b)
27

-1 27
=—b(21-13b+3b%) + — < —.
4 4 4

27 _ 4 N ) 3 3
Do do, tasuyra P < = Dau bang xay ra khi (a,b,c) = ( )

=,0,=].
2" 72

3 20,/06,/2022
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4 CaulV

Cho tam gidc ABC ngoai tiép (I). (I) tiép xtc BC,CA,AB tai lan lugt cac
diém D,E . F.

1) Goi AI nDF = M. Chiing minh réng: CM 1 AI.
2) Goi AINDE =N. Chiing minh rang: DM =DN.

3) Céc tiép tuyén tai M,N cua (K;KM) cat nhau tai S. Ching minh rang
AS | ID.

Loi gidgi(Nguyén Duy Khuong).

1) Ta ¢6: MDC = FDB = 90° —B/2 = MIC. Do d6: IDMC la ti gidc noi tiép
suy ra: IMC =IDC =90° hay CM L AI.

2) Goi H 1a hinh chiéu ciia A lén BC. Goi T la trung diém AC. Ta cé:
MTA =180°-2IAC = 180°—A = KTA suy ra: M,K, T thang hang. Suy ra:

—— —— — ~

minh tuong tu thi: KN =KD. Do d6: KM =KN =KD.

—_ 6 . . A > - ™ Al A X
3) Ta c6: DMN = E(do IDMC noi tiép), dé y rang: AHMC noéi tiép dan
dén: HMA = HCA do d6: MD 1a phan gidc géc HMN. Tuong tu thi:

4 20,/06,/2022
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ND la phan giac géc HNM dan dén: D 1a tam noi tiép tam giac HMN.
Tuong tu y a) ta c6 BNA =90° dan dén: ABHN noi tiép suy ra: NHK =
% = NMK dan dén NHMK ndi tiép. Ta c6 SNKM 1a ti gidc ndi tiép. Do
do: S,H,N,K,M cung thudéc 1 duong tron. Vay ta c6: SHK = 90° do do:
S,H,A thang hang dan dén: AS || ID.

5 CauV
Cho tap hop A gom 70 s6 nguyén duong khong vust qua 90. Goi B 1a tap hop
cac s6 c6 dang x+y v6i x € A va y € A (x,y khong nhat thiét phan biét).
1. Chiing minh 68 € B.
2. Chiing minh B chita 91 s6 nguyén lién tiép.
Loi giai
1. Vi ¢6 70 s6 nam trong doan [1,90] nén c6 it nhat 40 s6 khéng nam trong

tap hop {34;68;69;...;90}. Xét 40 sb6 nay, theo nguyén 1i dirichlet, ton tai

hai s x,y nam trong cung mét b thudc mot trong cac bo sau
(1,67);(2,66);...;(33,35).
Khi do, ta ¢6 x + y =68 hay 68 € B.

2. Thuc hién tuong tu cach a, ta ching minh dudc {43;...;133} < B. That
vay, ta chiing minh céc s6 thudc tap nay thudc B.

e V6i s6 43 < ¢ <90. Khi dé, ta c6 EJ b6 (x,y) ma 1 <x,y <90 sao cho
x+y =¢. Khi d6, theo nguyén li Dirichlet, véi ¢t —21 s6 nam trong tap
tir 1 dén ¢ —1 thi ludn ton tai hai s6 ndm trong cung mot bo. Piéu
nay dung vi

t—21= {ﬂ +1
(ta lay ¢ —21 6 tit 1 dén ¢ — 1 vi khong xét dén 91 —¢ s6 tur ¢ dén 90)

e V6isb 91 < ¢ < 133 thi khi d6 ta c6 EJ —(t-91) b0 (x,y) mal<x,y<90

sao cho x+y = ¢. Khi d6, trong 161 —¢ s6 tit ¢ —90 dén 90 thi theo

5 20,/06,/2022
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nguyén li dirichlet, ton tai 2 s6 cing thudc mét bo. Diéu nay ding
vl
t t
161-¢= H ~(t-91)+169=> H
2 2

6 20/06,/2022
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