SO GIAO DYC VAPAO TAO KY THI TUYEN SINH LOP 10 THPT

HA NOI NAM HQC 2021 - 2022
PE CHINH THUC Mén thi: TOAN (chuyén Toén)

Ngay thi: 14/6/2021
Théni gian lam bai: 150 phit
Bail (2,0 diém)

1) Gii phuong trinh z° +z+2-2Vz +1 = 0.

2) Cho ba s thyc a,b va ¢ théa man ab + be +ca = 1. Chimg minh

a-b b—c+c—a
1+¢" 1+4a® 140

Bai II (2,0 diém)
1) Tim tét ca c3p sd nguyén (z,y) théa mdn z* +5zy + 6y* + 2+ 2y -2 = 0.
2) Chimg minh véi mdi s6 nguyén n, sé n’ +n +16 khong chia hét cho 49.
Bai III (2,0 diém)
1) Cho sé thyc z khic 0 thoa min z+—> va z* déu Ia sé hiru i. Chimg minh z 14 s

I
hiru ti.
2) Cho céc sb thyc khéng 4m ab va ¢ thda min a+b+c=5 Chimg minh
2a + 2ab + abc < 18.
Bai IV (3,0 diém)

Cho tam giéc nhon ABC ndi tiép dudng tron (0), véi goc BAC = 60° va AB < AC.
Cac dudng thing BO,CO lin lugt cét cic doan thing AC,AB tai M,N. Ggi F la diém
chinh giira cia cung BC 16n.

1) Chimg minh nim diém A,N,0,M va F cung thudc mjt dudng tron.

2) Goi P,Q lin lugt la cic giao diém thir hai cia hai tia FN, FM véi dudng tron (0).

Goi J la giao diém cua dudng thing BC va dudng thing PQ. Chimg minh tia AJ 1a
tia phén giac cua goc BAC. . .

3) Goi K la giao diém cua duong thing OJ va dudmg thing CF. Ching minh AB

vudng goéc voi AK.

Bai V (1,0 diém)
Cho A 1a mot tap hop con c6 100 phin ti cua tip hop {1,2,3,...,178}.
1) Chimg minh A chira hai s ty nhién lién tiép.
2) Chimg minh v6i moi s8 ty nhién n thudc tap hop {2,3,4,...,22}, tdn tai hai phén i cia
A c6 hiéu biing n.



Giai dé thi Toan chuyén vao 10 THPT Chuyén S& GD TP Ha Noi CLB Toén Lim

Giai chi tiét de thi tuyén sinh vao 10 chuyén Toan
S& Giao Duc Ha Noi
Nguy&n Duy Khuong - Ha Huy Khéi - Tran Quang D6 - Nguyén Diic Toan - Nguyén
Van Hoang

1 Caul

1. Gidi phuong trinh x> +x+2-2vx+1=0

2. Cho ba s6 thuc a,b va ¢ théa man ab + be + ca = 1. Chitng minh:

a-b b-c¢ c-a

+ + =
1+c¢2 1+4+a?2 1+0b2

Loi gidi
1) Ta co:
+x+2-2Vx+1=0

o +vVrrl —2Vx+1+1=0
ox’+(Wx+1-172=0

x=0
o

vx+1=1
ox=0

Vay x = 0 12 nghiém duy nhéat théa man dé bai
2) Ta co:

l+a?=ab+bc+ca+a’=ba+c)+ala+c)=(a+b)a+c)
Lam tuong tu thi ta cing co:

1+b2=((b+a)b+c)

1+c%=(c+a)c+b)
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Ap dung vao ta dugc:

a—b+b—c+c—a_ a—b N b—c N c—a
1+¢2 1+a?2 1+b2 (c+a)c+b) (a+b)a+c) (b+a)b+c)
_(@®-bH+ % -cH)+(?-a?)

(a+b)b+c)c+a)

=0

2 Cau?2

1. Tim tat ca cac cip s6 nguyén (x,y) thoa man x2+5xy +6y% +x+2y—-2=0

2. Chiing minh rang véi mbi s6 nguyén n, s6 n2 +n + 16 khong chia hét cho
49
Lot giai
1. Xét phuong trinh:
x2+5xy+6y2+x+2y—2:0
Sx+2y)x+3y)+(x+2y)=2
Sx+2y)x+3y+1)=2

Ta c6 bang cac truong hdp nhu sau:

x+2y |1] 2 |-1]|-2
x+3y+1 | 2| 1 |-2|-1
X 1163 |-2

y 0/-2|-2,0

Vay cac cap (x,y) thoa man la:
(1;0);(6;-2);(3; -2);(-2;0)
2. Gia stt 3 n € Z sao cho:

n>+n+16:49
= 4n®+4n+64 49
=>@2n+1%+63:49 (1)
= (2n+1)2+63:7
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Ma63:7nén=> 2n+12:7 = 2n+1:7 = 2n+1)%2:49  (2)
T (1) va (2) suy ra 63 : 49 (Vo ly). Vay gia st sai hay V ne€ Z thi n?+n+16
khong chia hét cho 49.

3 Caul

4 2 N 21~ o , .
1. Cho so thuc x khéac 0 théoa man x+ =~ va x3 déu 1a so htru ti. Chiing minh
X

x 14 s6 hitu ti.
2. Cho cac s6 thuc khong am «,b va ¢ théa méan a + b + ¢ =5. Chiing minh:

2a +2ab+abc<18
Loi giadi.
.0 .« A ~ 2 N A N A ~ 3 »
1. Theo gia thiét, ta c6 x + — va x3 déu 1a so hitu ti (x khéc 0).
X

2
bat x+—=m (m€@Q). Suy ra
x

x% +2 9
=>x+2=mx

m =
X

Tuong tu, ta cing c6 x> =n (n € Q). Suy ra

x4:x3-x:nx

2 A ~ 2 N A
Mait khac P = «3- (x+—) = x* +2x? la so httu ti. Suy ra x* +2x%+4 la so
x

htru ti. Ta co:
x*+ 2% +4=nx+2x%2+2)=nx+2mx =(n +2m)x

Ma (n +2m) 1a s6 hitu ti va x* + 242 +4 > 0 nén n +2m khac 0. Nén x phai
12 s6 hitu ti.

(Néu x vo ti thi x*+2x%+4 1& s6 vo ti, vo 1y).

Ta c6 diéu phai chiing minh.

2. Theo gia thiét ta c¢6 a,b,c khong Am va a+b+c =5.

(x +y)?

Ta dé c6 (x+y)2 —4xy=(x—¥)?>=0. Suyraxy < v6i moi x,y € R.
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Ap dung bat déng thic nay, ta duo:

2a +2ab+abc=a(2+b(2+¢))

( (b+c+2)>?
<al|2+——
4
2
—(5-b-c) (2+M)
4
Pit ¢ = b +c¢ (¢ 20). Ta can ching minh:
t+2)?
(5—t)(2+( +2) )518
That vay, bat dang thic nay tuong dudng véi
2 2
(t—5) (2+(t+ ) )+1820
Hay,
(t-2)2%t+3)=0
Bat dang thic nay dung do (¢ = 0). Suy ra
t+2)?
2a +2ab+abc<(5-1t) (2+( *2) ) <18

D4u bing xay rakhi t=2,a=3,b=2 va ¢ = 0.
Vay ta c6 diéu phai ching minh.

4 Cau4

Cho tam gidc nhon ABC ndi tiép duong tron (0), c6 ZBAC =60° va AB < AC.
Cac duong thang BO,CO lan lugt cat cac doan thang AC,AB tai M,N. Goi F
1a diém chinh gitta cung BC 1én.

1. Chitng minh ndm diém A,N,0,M va F cung thudc mot duong tron.

2. Goi P,Q lan lugt 1a cac giao diém thi hai cta hai tia FN,FM véi dudng
tron (0).Goi J 1a giao diém cta dudng thang BC va duong thang PQ.
Chiing minh tia AJ la tia phan giac goc ZBAC.

3. Goi K la giao diém cua duong thang OJ va duong thang CF. Ching
minh AB vudéng goc vii AK.
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Ldi gidi.

1. Ta ¢6: ZMON = /BOC =2/BAC = 120° do do: A,M,0,N cung thuoc 1
dudng tron.

Tit d6: CM.CA = CO.CN va BM.BO = BN .BA.
CN.CO BM.BO
cA  VaBN=—p7

N CN BM
Nhu vay can co: CA-BA hay la: sin /ANO = sin ZAMO(dung).

2. T 1) ta c6: AFNB=AFMC do d6: NB=MC =FN =FM dan dén: AP ||
FB. Tuong tu: AQ | FC. Do dé: CQBP la hinh thang can.

Do do: CM = .Ta can: BN =CM.

Goi (COM)N(BON) = 0,J'. Ta ¢6: L0J'C+/0J'B=,/0OMA+/ONA =
180° do d6: J',B,C thang hang. Ta c¢6: ZCQM = /FBC = 60° = ZMOC
do dé: M,0,J',Q,C dong vién dan dén: /QJ'C = ZCMQ. Tuong tu thi:
/PJ'B=/FNA=/FMA =/CMQ suy ra: Q,J,P thang hang. Do d6: J
trung J'.

Lai c6: BN.BA = BO.BM = BJ .BC suy ra: ANJC ndi tiép dan dén: Z/JAB =
Z/0OCB. Tuong tu thi: JAC = ZOBC suy ra: AJ la phan giac goc BAC.
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3. Ta c6: LCOJ = 4B va LOJM = ZOCA suy ra: LCOJ + LZMJO =90° suy
ra: OC L JM. Tuong tu: OB L JN. Do d6: JO L. MN. Ta c6: LAPJ =
180° — ZACQ. Goi (AMN)NFC =X #F, ta c6: CX.CF =CO.CN =CJ.CB
dan dén: FXJB néi tiép suy ra: ZAXJ =120° - /FXA = 120° - /FNA
do d6: ZAPJ + /AXJ = 180° tic la: A,P,J,X dong vién. Cong géc don
gian ta c6: J,X,M thang hang. Tuong tu: J,Y,N thang hang véi Y =
(AMN)NFB#F.

Cung tit 2) ta c6: LZAJN = ZACO = /ZMJO dan dén: AJ di qua tam
cia FMN la L. Do d6: ZLAX = /LMJ = ZOJN = ZOBA = /CKdJ. Do
dé: A,K,X,J,P dong vién. Vay tic 1a: AKJP néi tiép dan dén: L/JKA =
/BNM(=180°- Z/APJ) dan dén: KA 1 AB.

Nhan xét. Trong qua trinh lam bai toan nay. Tac gia 161 giai c6 tim dudc
thém 1 vai két qua.

a) Ching minh réng: FQ cat JK trén (AFK).

b) Chitng minh rang: AJ cat FB trén (AFK).

¢) Ching minh réng: PX,CN,AJ dong quy.

Cach khac cho cau 4.
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/ZBOC

2. C6: /BFC = =60° => AFBC déu= /NPB=180°-/FCB =120° =
/BOC = Ti gidc NPBO noi tiép. Tuong tu, MCQO ndi tiép. Tu dé goi
(BON) cat (COM) tai J’ khéc O thi:

= J =J

/0J'C=/0OMA=/0ONB = J'e€BC
/0J'Q = /OMF = /ONP = J'e€PQ

Va: BM.BA = BO.BN = BJ.BC suy ra AMJB noi tiép suy ra ZJAM =
Z0BC. Tuong tu suy ra ZJAN = Z/0CB = Z0OBC = ZJAM (dpcm)

3. Goi JM cat CF tai X. Cé6 ZCJX = ZCOM = 60° nén ACJX déu =
/CXJ =60°=/CAF = AFXM nbi tiép, suy ra 6 diém A,M,O,N,F,X

dong vién.
=> LJKX=/CXJ-/KJX =60°-/0CA =/BAC-/0AC =Z0AB

ZO0AX =/0OMJ =/0CB=4NAJ =» LJAX =/Z0AB

Suy ra ZJAX = /JKX = AKXJ ndi tiép.
Ta c6: ACFB va ACFX déu nén FXJB la hinh thang can véi 2 day
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XJ | FB. Ma FN = FB nén AFBP cung la hinh thang can véi FB | AP.
Suy ra XJ | AP va XJPA 14 hinh thang can nén né néi tiép. Vay 5 diém
A,K,X,J,P dong vién = /JAK = /CXJ =60° = /BAK = /BAdJ +
ZJAK =30°+60°=90° > AK 1 AB (dpcm)

5 Caub

Cho A 14 mét tap hdp c6 100 phan ti caa tap hop {1,2,---,178}).
1. Chitng minh A chia hai s6 tu nhién lién tiép.

2. Chitng minh véi moi s6 tu nhién n thudc tap hop {2,3,4,---,22}, ton tai

hai phan ti cia A ¢6 hiéu bang n.
Lot giai.

1. bat X ={1,2;...;178}
Chia céc s6 trong X thanh 89 nhém (m6i nhém gom 2 sb tu nhién lién
tiép) nhu sau: (1;2);(3;4);...;(177;178)
Ta chia 100 s6 phan biét 6 tap A vao 89 nhém trén, theo nguyén ly
Dirichlet , ludn ton tai it nhat 1 nhém chia ca 2 s6 trong tap A. Nén 2

s6 d6 12 2 s6 tu nhién lién tiép trong tap A (diéu phai ching minh).
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