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Bai 1. (2,5 diém)
a) Chimg minh ring tich ciia bon s nguyén lién tiép cdng véi 1 1 binh phuong ctia mot
sd nguyén.
b) Tim céc cap sb nguyén (x : ») la nghi¢m cua hé phuong trinh:
2xy—x=10

{x +y+xy=11.
Bai 2. (3,0 diém)
a) Cho a, b la c4c s6 thyc khong am, ¢ 1a s6 thyc dwong théa man ding thic:

\/;—sja+b—c =\/5 +\/Z.
Chimg minh ring Ya + ¥b - ¥c =Ya+b—-c.

b) Tim céc sé nguyén duong a va b sao cho :‘g:—:%; 1a s6 hiru ti.

Bai 3. (2,5 diém)
Cho tam giac ABC. Pudng tron (/) ndi liép tam giac ABC lan lugt tiép xuc v&i cac canh
BC, CA, AB tai cac diém D, £, G. Hai duomg thang DE, DG lan lugt cat duéng phan gidc
ngoai cia géc BAC tai M, N. Hai duéng thing MG, NE cit nhau tai diém P. Chimg minh:
a) EG song song vl MN.
b) Piém P thudc dudmg tron ().
Bai 4. (1,0 diém)
Bay luc giac déu dugc sip xép va 16 mau bing hai mau
tring, den nhu & Hink 1. Mi lan cho phép chon ra mét
luc gidc déu, dbi mau cua luc gide dé va cua tat ca cac luc
gisc déu c6 chung canh véi lyc gidc d6 (tring thanh den
hogic den thanh tring). Chimg minh ring du ¢é thyc hién Hinh 1 Hinh 2
cach 1am trén bao nhiéu lan di niva, ciing khéng thé nhan
dugc céc luc gide déu duge 18 mau nhu & Hinh 2.
Bai 5. (1,0 diém)
Chimg minh ring t6n tai s6 nguycn duong 7 > 10%°2? sao cho 16ng it ¢a céc sé nguyén td
nhé6 hon 7 12 mét sé nguyén 16 cung nhau vai n.
----- Y /. MR ————
Ghi chi: Hoc sinh khong dwyc sie dyng tai li¢u, can by coi thi khing giai thich gi thém.
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LGOI GIAI DE THI TOAN VAO LGP 10 CHUYEN DHSP HA NOI — VONG 2

(1) Chitng minh rang tich ctia bon sb nguyén lién tiép céng véi 1 1 binh phuong clia
mot sO nguyen.

(2) Tim cac cip sb nguyén (z,y) 1a nghiém ctia hé phuong trinh
20y —x = 10
r+y+azy =11
L&i giai.
(@) Goi 4 sb nguyén lién tiép bAtky ld a,a + 1,a + 2,a + 3 v6i a € Z. Ta c6 cac bién ddi sau
afla+1)(a+2)(a+3)+1=(a’+3a)(a®+3a+2)+1
= (a2+3a)2+2(a2+3a) +1
= (a2+3a+1)2.
Vi (a® + 3a + 1) 1a mét s6 chinh phuong nén bai todn dudc chitng minh.
(2) Bang cac phép bién d6i ta dugc hé phuong trinh sau

{ 2zy — x =10 <@{( z(2y—1)=10

1
r+y+ay =11 r+1)(y+1) =12 (1

Vi 2,y nguyén nén x, 2y — 1 nguyén do dé 2y — 1 1a udc 1é caa 10. Ta xét cac truéng hop
sau.

O 2y—1=1suyray=1vaz =10 thay vao (1) khéng thda man.
O 2y—1=—1suyray=0vaz=—10 thay vao (1) ta thdy khéng théa man.
O 2y—1=5suyray=3vaz =2 thay vao (1) ta thdy théa mén.
O 2y—1=—5suyray=—2vaz = —2 thay vao (1) ta thiy khong thda man.

Viy cip sb nguyén (z,y) thda man duy nhét 14 (z,y) = (2,3).

n Cau 1a) 13 mét cdu quen thudc mang tinh chét cho diém cho cac thi sinh thi vong 2.



LGOI GIAI DE THI TOAN VAO LGP 10 CHUYEN DHSP HA NOI — VONG 2

a) Cho a,b 1a cac sb thuc khéng 4m, c 13 sb thuc duong théa min ding thic
va—va+b—c=Vb+ /e
Chitng minh rang ¢/a + Vb — /c = Va+ b — c.
b) Tim tét ca cac sb nguyén duong a, b sao cho sb

V3+a
V5 + Vb
13 sb hitu ty.
L&i giai.
a) Béng cac phép bién d6i biéu thitc két hop véi a, b khong 4m va ¢ thue duong, ta cd
Va—vVa+tb—c=Vb+eeVa—Vb=e+Va+b—c
=a+b—2Vab=a+b+2\/c(a+b—c)
s Vab++/cla+b—c)=0

ab=10 )
< (a+b—c)=0

\3’/5—1—\3/1—9— Ve=+va+b+ec.
Ta bién déi tuong ducng ding thiic nay két hop véi a, b khong 4m va ¢ thuc duong, ta 6

Va+Vo—e=Vatb—ce Jat Vb=Vc+Vat+tb—c
<©a+b+3<355+@€§>=a+b+3(3&m+b—cy+ﬁcm+b—cf>
<@<@E%+®E§>:(Sc%a+b—cy+ﬂcm+b—cf)

Pang thitc cubi ding véi diéu kién (x) nén dang thiic diu ding.
Bai toan dudc chling minh.

Ta can chiing minh

b) Léy o € Q sao cho

V3+va _
V5 + Vb
Viét lai phuong trinh duéi dang
Va—avb=aVvs— 3.

Binh phuong 2 vé ta ¢6
a+ b — 2avab = 502 + 3 — 2aV/15.

T d6 suy ra
Vab— V15 = € Q.
Binh phuong 2 vé ding thic vab = V15 + 3 ta dudc

©



LGOI GIAI DE THI TOAN VAO LGP 10 CHUYEN DHSP HA NOI — VONG 2

ab =15+ 2 4+ 2815 < 2615 = ab — 15 — /2.

Pang thitc cubi x4y ra khi va chi khi 8 = 0; tdc 13 ab = 15.
Xét tat ca kha nang co thé xay ra, ta dudc.

R V3+1 Loy aa s
Oa=1b=15,tlclaac = ———=—=1a1s0Voty.
VE+V15 V5 RS
s \ 2 \ A N
Oa:3,b:5,t1n:laa:£zﬁlalsovoty.
2v5 V6
0 a=5b—3thclao=Y3TY5 1131 sbhiu
V543
’ \ 3 \/15 A A L2
Oa:15,b:1,tuclaa:\/_+—:\/3,150V0ty.
V541

VAy tit ca cac cip (a,b) théaminlaa =50 = 3.

Cac ban ¢6 thé tham khao bai toan gbc clia ciu 2b) nhu sau.
Tim tat ca cac s6 nguyén duong a, b sao cho so

V2 ++/a
V3 + Vb

13 sb hitu ty.
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LGOI GIAI DE THI TOAN VAO LGP 10 CHUYEN DHSP HA NOI — VONG 2

Cho tam gidc ABC. Pudng tron (1) ndi tiép tam gidc ABC 1an ludt tiép xtic
v6i cac canh BC, C'A, AB tai cac diém D, E, F. Hai dudng thang MG, NE cit nhau tai
diém P. Chiing minh rang:

a) FG song song v6i M N.
b) Diém P thudc dudng tron (I).

L&i giai.

a) Vi AM la phan giac ngoai B/R‘, AT la phan giac trong goc Anén Al | AM ma GE 1 Al
nén EG || AM hay GE || M N. Bai toan dugc chiing minh.

b) Goi P, 1a giao cia NE va duong tron (I) thittt EG || M N, ta c6
ANP, = ANE = PEG = PGA
Do d6 tit gidc ANG P, ndi tiép két hop véi tit gide DG P, E ndi tiép, ta c6
PLEM = P,GD = NAP, = 180° — PLAM
Suy ra tit gidc M AP, E noi tiép két hop véi EG | M N va t giac ANG P, noi tiép, ta c6

GPM = AP M + AP.G = AEM + AP,G = DGE + AP,G = GNA + AP,G = 180°.

Do d6 ta dudc 3 diém @, P, M thang hang. Vi viy nén P, trung P. Néi cach khac MG, NE
cat nhau tai 1 diém P nam trén (7). Bai toan dudc chitng minh.

\%

®



LGOI GIAI DE THI TOAN VAO LGP 10 CHUYEN DHSP HA NOI — VONG 2

Bay luc gidc déu dugc sip xép va té6 mau bang hai mau tring, den nhu & Hinh
1. Mbi 14n cho phép chon ra mét luc giac déu, d6i mau ctia luc gidc dé va cha tt ca cac
luc gidc déu chung canh véi luc gidc d6 (tring thanh den va den thanh tring). Ching
minh riang du c6 thuc hién cach lam trén bao nhiéu 1an di nita, ciing khong thé nhin
dudc cac luc gide déu duge 6 mau nhu & Hinh 2.

Hirdy 1 Hinh 2

Lai gidi.
Cach 1. banh s6 vao cac hinh luc giac nhu hinh vé.

Ta xét mot hinh luc giac dude dién sb a; thi a; = b; (mod 2) trong d6 b; 13 téng cac sb dugc
dlen trong cac hinh luc giac chung canh véi hlnh luc glac dang xét. Do d6, khi d6i mau theo
dé bai thi s6 du trong phép chia cho 2 clia tong cac s6 trong cac hinh luc giac té den ludén
khéng déi.

Dbi v6i hinh 1 thi s6 du nay béng 1, con dbi v6i hinh 2 thi sb du nay bang 0 nén khéng thé
6 cach d6i mau nao bién hinh 1 thanh hinh 2.

Cach 2.



LGOI GIAI DE THI TOAN VAO LGP 10 CHUYEN DHSP HA NOI — VONG 2

Xét cac 6 2,3,5,6. Mbi bude ta d6i mau hai hodc cd bén 6 dé nén sb 6 den khéng thay déi
tinh chan, 1é. Ban dau trong bon 6 ndi trén c6 hai 6 den nén khong thé co6 trang thai trong
bon 6 do6 c6 ding mot 6 den. \Y4



LGOI GIAI DE THI TOAN VAO LGP 10 CHUYEN DHSP HA NOI — VONG 2

Chitng minh ring ton tai s6 nguyén duong n > 102°2 sao cho téng tit ca cac
s6 nguyén t6 nhé hon n 14 mét s6 nguyén tb cting nhau véi n.

L&i gidi. Xét mét sb nguyén tb p > 10202 va goi py, ..., px 12 tht ca cac s6 nguyén tb nhé hon
p (p1 < p2 < ... < pg). Xét hai kha ning

O Néu ged(pr +p2 + ... + pr,p) = 1 thichonn = ptaco diéu phai chitng minh.

p(p+1)

@) Néup]pl +po+ ..pp thitavietkp = py + ... + pp, < vli k € N*,

Suyrak < ]%1 Chon ¢ 14 sb nguyén t6 nhé nhét 16n hon p titc 14 p, ¢ 13 hai sb nguyén

tb lién tiép. Thé thi tng tit ca cac s6 nguyén tb nhd hon ¢ 1a
S=pi+ps+-+p+p=plk+1).

Chaylak+1< Z%1%—1 = 1%3 < ¢ nén ¢ nguyén tb cliing nhau véi p, k + 1 va do d6

(g,5) = 1. Chon n = ¢ ta c6 ngay diéu phai chitng minh.

\Y
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