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PE CHiNH THOC

Bai 1. (1,0 diém) Cho a,b 14 céc sb thyc, b == 0 théa min diéu kién
2
a®+b = o +ava? +b°.
Ja? +5 +a
Tinh gi trj cua biéu thirc P = a® +b°.
Bai.2. (2,5 diém)

a) Giai phuong trinh: z = - 1+2Jz—2.
z—-

9y + 49
+z4+y=23
b) Gidi hé phuong trinh { z +y 4
2Nz +yfy = 7z +y)
Bai 3. (2,5 diém) Cho tam giéc ABC vudngtai A (AB < AC), ¢6 dudng cao AH . Dudng
trdn tam I ndi tiép tam gide ABC, tiép xic v6i cic canh BC,CA, AB lan lugt tai D, E, F.
Goi J 1a giao diém cua AJ vi DE; K 1atrung diém cia AB.

a) Chimg minh tir gidc BIJD ndi tiép.
b) Goi M 1a giao diém cua KI vd AC, N 14 giao diém cia AH va ED.

Chimgminh AM = AN.
c) Goi Q 14 giao diém cia DI vA EF, P l1atrung diém cia BC .

Chimg minh ba diém A, P,Q thing hang.
Bai 4. (2,0 diém) Cho céc s6 thyc duong z,y, z thda man \E- 4oy +2z+2y +2z=05.

| 1 2

a) Chimg minh + >
:2(21: +1)(2y+1) 22+1°3

: z+1  y+1 2243
. . - °
b) Tim gié trj nhé nhét cia biéu thic P = o L1 + 2 1+ Y

Bai 5. (1,0 diém) Cho dudng trdn tim O ndi tiép hinh thoi ABCD . Goi E, F,G,H la céc
diém IAn lugt thude cée canh AB, BC,CD, DA sao cho EF,GH cing tiép xéc véi (0).

a) Chimg minh CG.AH = AO.
b) Chimg minh EH songsong FG.
Bai 6. (1,0 diém) Xét céc sb nguyén a < b < ¢ thdéa man n = a® +b* + ¢’ —3abe 1A s6

nguyén td.
a) Chimg minh a <0.
b) Tim tt ca céc sé nguyén a,b,c (@ < b < ¢) sao cho n 1a mjt uéc cua 2023.

HET _
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LJi gidi tham khao dé thi tuyén sinh 10 chuyén
toan TPHCM 2023

Nguy@n Théi An - Nguydn Phi Bao Khang - Tran Minh Khéi

1 De thi
Bai 1. (1, 0 diém)
Cho a, b 1a s6 thuc b # 0 thod mén diéu kién
4p?
2 2 /
a+b = ———+tava*+ b2
Va*+b*+a
Tinh gi4 tri cta biéu thiic P = a® + b>.
Bai 2 (2, 5 diém)
5
a) Giai phuong trinh: x = — +2vx—2.
x_
9y +49

b) Giai hé phuong trinh: ¢ X+
x+y/y=T(Vx+/5) .

+x+y=23,

Bai 3 (2, 5 diém)

Cho tam giac ABC vudng tai A(AB < AC), c6 dudng cao AH. Pudng tron tam I noi tiép tam
gidc ABC, tiép xuc vé6i cac canh BC,CA,AB lan luot tai D, E,F. Goi J 1a giao diém ctia Al va
DE;K la trung diém cta AB.

a) Ching minh ti gidc BIJD noi tiép.
b) Goi M la giao diém ctia KI va AC, N la giao diém ctia AH va ED.
¢) Goi Q la giao diém cta DI va EF, P 1a trung di€ém cua BC.
Chiing minh ba diém A, P, Q thang hang.
Bai 4 (2,0 diém)
Cho céc sb thuc duong x,y,z thda man /T +4xy + 2x + 2y +2z = 5.
1 1 2
+ Z .
V(2x+1)(2y+1) 2z+17 3

x+1  y+1 2z43
2x+1  2y+1 4z+2

a) Ching minh

b) Tim gid tri nho nhét cla biéu thiic P =



2

Bai 5 (1,0 diém)

Cho dudng tron tAm O noi tiép hinh thoi ABCD. Goi E, F, G, H 1a cac diém lan lugt thuodc
cic canh AB, BC, CD, DA sao cho EF, GH cung tiép xiic vé6i (O).

a) Ching minh CG-AH = AO.
b) Ching minh EH song song F'G.

Bai 6 (1,0 diém)

Xét cac s6 nguyén a < b < ¢ théa min n = a® + b> + ¢* — 3abc 1a s6 nguyén t6.

a) Chung minh: a < 0.

b) Tim tt ca céac s6 nguyén duong a,b,c (a < b < ¢) sao cho n 1a udc ctia 2023.
2 Lai giai chi tiét

G

Cho a, b 1a s6 thuc b # 0 thoa man diéu kién

4b*
2, 12
A+ b= ——— +aya + b
va*+b2+a

Tinh gi4 tri ctia biéu thic P = a® + b°.

[’ Loi giai.

Do b # 0 nén va?+b* # a.

Tir gia thiét, ta bién d6i

452 (Va5 —a)
= +ava*+b* =4vVa? +b* —4a+ava*+ b

N (\/a2+b2—4) —a(\/m—4) ~0.

& (\/a2+b2—4) (\/a2+b2—a) =0.

va*t+b:=4

va*?+b*>=a (voly).

Viy P = a?> 4 b*> = 16.

Sat+ b=
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G2

5
a) Giai phuong trinh: x = — +2vx—2.
x_

9y +49

b) Gidi hé phuong trinh: { X+
X/xX+yyy=T(VE+ V).

+x+y=23,

[’ Loi giai.
a) Giai phuong trinh
5
xX=——+42vVx—2.
x—1
S x7#1
biéu kién xac dinh :
x> 2.
Ta co
5
Xx=-—— +2Vx=2
x_

Sx(x—1)=5+2(x—1)vx—-2.

SxP—x—2(x—1)V/x—2=5.

Sx—12-2(x—1)Vx—2+x—2=4.

S x—1—vx—-2)=4,

[ x—1—x—2=2
x—1—yx—-2=-2.

[ x—3=1x—-2 (x>=3)
L xFl=vx—-2 (x21).

_x2—7x—|—11 =0
¥ +x+3=0 (vdlyvi) > 0.

=

X = (nhan)

[ 7445
2
& 15
T2

X (loai).

Vay S = {7+2\/§}.
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b) Giai hé phuong trinh

9y+49
X+y

WEHI=T (Vi) ().

+x+y =23, (1)

x+y#0,
Diéu kién x4c dinh: { x > 0,
y=0.
T (2), ta co
Vx+y/y=T(Vx+ ).
& (VE+ ) (1= V543) =T (Vi +5).
Sx—xy+y=T7 Dox+y#0vax, y=>0nénx+,/y#0).
Tu (1), tacd
9y +49

X+y
&9y +49+ (x+y)? =23(x+y).

& (x4+y—7)"=09%x.

+x+y=23.

& xy = 9x.

& x=0hayy=09.

V6i x =0 =y =7 (nhan).
V6iy =9 = x =1 hay x =4 (nhan).
Vay (x.y) €{(0, 7), (1,9), (1, 4)}.

B i

Al va DE;K 1a trung diém clia AB.
a) Ching minh t gidc BIJD noi tiép.
b) Goi M la giao diém ctia KI va AC,N 1a giao diém ctia AH va ED.

¢) Goi Q la giao di€m ctia DI va EF, P 1a trung diém ctia BC.
Chitng minh ba diém A, P, Q thang hang.

Cho tam gidc ABC vuodng tai A(AB < AC), c¢6 duong cao AH. Pudng tron tdm I ndi tiép
tam giac ABC, tiép xiic véi cac canh BC,CA,AB lan luot tai D, E, F. Goi J 1a giao diém cia
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@ Ldi giai.

a) D& thay AJ va BI 1an ludt 1a trung truc cta EF va FD.
Ta ¢6: AJE = 90° — FED = 90° — FDB = IBD.

Suy ra t giac BIJD ndi tiép.

b) Do BIJD noi tiépnén F, J, D € (BI).

— ID || AN = AN = ‘%‘ ID.

Ta c6: AJB = 90° = 2JAB = JK 1 AB.

KM
= JK | AM = AM = == -ID.

= AN = AM (diéu phai chiing minh).

¢) Qua Q vé duong thang d || BC va cit AB tai X, AC tai Y.

Ta c6: IQY = IEY = 90° nén td gidc QEYT noi tiép, tuong ty ciing c6 tif gide IQXF noi tip.
= OXI = QFI = QEI = QY.

= Q la trung diém XY ma XY || BC nén A, P, Q thing hang.

Cho céc sb thuc duong x,y,z thda man /T +4dxy + 2x + 2y + 2z = 5.

1 1 2

- >
V2x+1)(2y+1) 2z+17 3

a) Ching minh

x+1 y+1 2z43
2x+1  2y+1 4z+42

b) Tim gid tri nho nhét cta biéu thic P =




[@ Loi giai. a) Tt gia thiét ta c6

Vx+1D)(2y+1)+2z=>5.

p P 1 1 4
Apd bat dang thic —+ - > ——, taco
p dung bat dang ca—|—b atb aco
1 1 4 4 2
+ > :—:—.
Vx+1)(2y+1) 2z+17 /(2x+1)(2y+1)+2z+1 6 3
b) Ta co
_x+1+y+1 2z+3
241 241 4742
nhan 2 vé cho 2 ta dudc
p_ B2 2 2243
241 241 2741
S RN
T 2x+1 0 241 27427
Ap dung bit dang thiic Cauchy va bat déng thiic & cu a), ta c6
1 1 2 2 2 2 4
+ + > + >2.2=2.
2x+1 2y+1 2742 \/(2x—|—1)(2y—|—1) 2z+1 3 3
Do do
13
WP>342=
+3 3
13
hay P > —
ay g

o a oo 13 . .
Viy gia tri nho nhat cua Pla —, dau =xayrakhix=y=z=1.

6
Cho dudng tron tAm O noi tiép hinh thoi ABCD. Goi E, F, G, H 1a cic diém lan ludt thudc
cac canh AB, BC, CD, DA sao cho EF, GH cung tiép xic vé6i (O).

a) Ching minh CG-AH = AO?.

b) Ching minh EH song song FG.
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@' Loi giai.

a) Goi I, J, Y 1a tiép diém AD, CD, HG véi (O).

Ta co: (70\6’: 60\Y+14/0\I:14/}I\0_900+@+14/-0\I:14/F1-\0.

= AAOH ~ ACGO = CG-AH = AO - OC = AO.

b) Goi K 1a giao diém HE va CB.

Tuong tu cau a) thi ta cling c6 AE -CF = AO?, do d6 AE -CF = AH - CG.

= AAEH ~ ACGF.

Miic khdc BAD = KBE (do AD || BC) va AEH = KEB nén AAEH ~ ABEK, do d6
= EH || FG (diéu phai ching minh).

Xét cac s6 nguyén a < b < ¢ théa man n = a* + b*> + ¢* — 3abc 1a s6 nguyén to.

a) Chung minh: a < 0.

b) Tim tit ca cac s6 nguyén duong a,b,c (a < b < c) sao cho n 1a udc ctia 2023.

[’ Loi giai.
a)Giasta>0thikhidé:0<a<b<ec.
Khi d6 ta c6 n = (a+b+c)(a® +b*+c* —ab — bc — ca) 1a s6 nguyén t0.



DEéyringa+b+c>1,va
1
a2+b2+cz—ab—bc—ca:§ [(@a—b)*+ (b—c)*+(c—a)?]

Do (a—b)?,(b—c)*,(c—a)>>0nén (a—b)?>+(b—c)*+(c—a)* >3 (c>b>a>0).
T d6 suy ra
1
a+b*+c*—ab—bc—ca> 5-3 > 1.

Vi s6 nguyén t6 phai c6 2 udc 1a 1 va chinh né nén dé thiy diéu trén 13 vo ly.

Vay diéu gia st 12 sai nén ta c6 dudc diéu phai chiing minh.

b) Tacén=a®+b>+c* —3abc = (a+b+c)(a* +b*+c® — ab — bc — ca) 1a s6 nguyén t6 va

nla ude cia 2023 =7.17° nénn € {7,17}.

Vi a®> 4+ b? +c? —ab — bc — ca > 1 nén ta xét cac trudng hop sau

Trudng hop 1: (a+b+c)(a® +b> +c* —ab — bc — ca) =17.

Khi d6 ta c6
a+b+c=1, (1)
a>+b*+c*—ab—bc—ca=1.(2)

Tu (2) ta cod
S a—b)+b—c)i+(c—a)i=14=1>+2>+3%

Doc>b>anénc—a, b—a, c—b >0 vac—alasd1én nhit trong 3 s6 c —a;b—a;c—b
suyrac—a=3,b—a=2vac—b=1,hayc—a=3,b—a=1vac—b=2.
Tu day ta c6 2 kha nang:
Néu
c=a+3;b=a+2;c—b=1,

£ 4
khi dé the vao (1) ta dugc 3a+5=1hay a = —3 (vO ly).
Néu
c=a+3;b=a+1l,c—b=2,

khi d6 thé vao (1) ta dudc 3a +4 = 1 hay
a=—-1;b=0;c=2.

Truong hop 2: a+b+c=1vaa*>+b*+c* —ab—bc—ca=17.
Khi d6 ta co
(a—bY?+(b—c)’+(c—a)?=34=0"4+3>45

Suy ra ton tai 2 sd trong 3 s6 a, b, ¢ bang nhau (v Iy do a < b < ¢).
Vay (a,b,c) = (—1;0;2).
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