PAI HOC QUOC GIA HA NOI PE THI TUYEN SINH VAO LOP 10
TRUONG PH KHOA HQC TU NHIEN TRUONG THPT CHUYEN KHTN NAM 2023

Pé chinh thie

MON THI: TOAN (cho tét ca céc thf sinh)
Théi gian 1am bai: 120 phit (khéng ké thoi gian phat d@)
Cau L. (3,5 diém)
1) Giai phuong trinh
Jx? +6x+2023 +Vx+3 =+/x? +5x +2025 ++/5.
2) Giai h¢ phuong trinh
(x+6y)3x+2y)=12,
{2x3 +6y° +15x*y +19y*x + x+ 6y =12,

Cau I (2,5 diém)

1) Gia str n 13 s6 nguyén sao cho 3n* =1011 chia hét cho 1008. Ching minh ring
n—1 chia hét cho 48.

2) Véi a,b,c 1a céc s§ duong théa man didu kién ab+bc+ca=1. Chimg minh

(l+ 1 2)(1+ 1 ZJ(H 1 2)>4.
l+a 1+b l+c
Cau II1. (3 diém)

Cho hai dudng trdon (O) va (0") ¢b dinh cét nhau tai 4 va B sao cho O nim
ngodi (0') va O' ndm ngodi (0). Trén dudng tron (O) ldy diém P di chuyén sao cho P
ndm trong dudng tron (O'). Pudng thing AP cit (O') tai C khac A.

ring

1) Chirng minh ring hai tam gid&c OBP va O'BC ddng dang.

2) Goi Q la giao diém cia hai dudng thing OP va O'C. Ching minh ring
OBC + ABP =90".

3) L4y diém D thudc (O) sao cho 4D vubng géc O'C. Ching minh ring trung
diém cua doan thdng DQ lubn nim trén mot dudng tron ¢ dinh khi P thay ddi.

Céu IV. (1 diém)

Gia sir 4 1a tép hop con cia tip hgp gbm 30 s6 ty nhién déu tién {0,1,2,3,...,29}
sao cho vGi k nguyén bét ky, a,be A4 bit ky (c6 thé a=5b) thi a+b+30k khong Ia tich
ctia hai s6 nguyén lién tiép. Ching minh ring s6 phén tir cia tip hgp 4 nhd hon hodic bing
10.

HET

Cdn bg coi thi khdng gidi thich gi thém
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2. PHAN LOI GIAI

Cau 1: (3,5 diém)
1. Gidi phuong trinh
VX2 +6x+2023 4+ Vx+3 = /a2 + 5x+2025 + V5.
2. Giai hé phuong trinh

(x+6y) (3x+2y) =12
2x3 +6y° +15x%y + 19y’x + x + 6y = 12.

Lo gidi.
1. Piéu kién x4c dinh: x > —3.

Cach 1. Xét x > 2 thi vi (x> 4+ 6x +2023) — (x> +5x +2025) =x—2 >0 va (x+3) -5 =
x—2>0nénsuyra

Va2 4+ 6x+2023 + vVx+3 > Va2 +5x+2025 + V5.

Tuong tu néu —3 < x < 2 thi

Va2 +6x+2023 +vx+3 < Va2 +5x+2025 + /5.

Do d6, ta phai c6 x = 2 va nghiém niy thod man diéu kién x4c dinh. Viy x = 2 12 nghiém
duy nhit ctia phuong trinh

Cach 2. Phuong trinh da cho c6 thé viét lai thanh

Va2 +6x42023 — V5 = V/x2 +5x+ 2025 — Vx + 3.

Gia st hai vé cing dau, binh phuong hai vé va rit gon, ta dugc

/302 6x+2023) = /(32 + 5x+2025) (x + 3).
Binh phuong mot 1an nita, khai trién va rit gon, ta dudc
(x —2)(x* 4 5x+2020) = 0.

Vi x2 4 5x+2020 = 0 v6 nghiém nén x = 2 va nghiém nay thoa man.

Viy, phuong trinh da cho ¢6 nghiém duy nhit x = 2.
2. Bién ddi phuong trinh thi hai thanh

(x+6y)(2x* +3xy+y> +1) = 12.
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Két hop v6i phuong trinh thid nhét ta suy ra
(x+6y)(3x+2y) = (x+6y) (2" +3xy+y” + 1),
Ma ta thdy x + 6y # 0 nén chia c4 hai v& phuong trinh trén cho x + 6y ta dudc
2x2—|—3xy+y2 + 1 =3x+2y.
Bién d6i phuong trinh trén ta dudc

O:2x2—|—3xy—|—y2—3x—2y+1
= (2x+y)(x+y) = (2x+y) - (x+y)+1
=2x+y—1)(x+y—1)
nénsuyra2x+y—1=0hoacx+y—1=0.

e Néu2x+y—1=0thitacéy=1—2x. Thay vao phuong trinh thi nhét ta dugc

(x+6—12x)(3x+2 —4x) = 12.

28 —45
Giai phuong trinh ta thu dugc cac nghiém (x,y) = (0, 1), (ﬁ’ T) .
e Néux+y—1=0thitacéy=1—x. Thay voa phuong trinh thi nhit ta dudc

(x+6—6x)(3x+2—2x) =12.

-4 9
Giai phuong trinh ta thu dugc cac nghiém (x,y) = (0, 1), <?, §> .

28 —45 —4 9
Vay, hé da cho c6 ba nghiém (x,y) = (0, 1), (H’ T) , <?,§) .
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Cau 2: (2,5 diém)

1) Gid sitn Ia sé nguyén sao cho 3n> — 1011 chia hét cho 1008. Chifng minh ring n — 1
chia hét cho 48 .

2) Vdia,b,c Ia cic so duong théa man diéu kién ab + bc + ca = 1. Chifng minh rang

1 1 1
1 1 1 > 4.
(+5a) (4em) (ia)
Loi giai.

1. Tacé cdc bién ddi sau 1008 | 3n3 — 1011 = 3n> —3 — 1008 khi va chi khi 1008 | 3n —3 =
3(n® — 1) tuong ducng véi

336 [P —1=mn—-1)m*+n+1)=n*—n+n—1.

Vi 336 chia hét cho 16 ma n? +-n+ 1 =n(n+1)+ 118 nén n— 1 chia hét cho 16.

Ngoai ra vi 336 chia hét cho 3 ma n® —n = n(n—1)(n+ 1) tich ba sb nguyén lién tiép
chia hét cho 3 nén n — 1 chia hét cho 3.

Vi (3,16) = 1 nén n— 1 chia hét cho 3.16 = 48. Phép chiing minh hoan tit.

1 1 1
I+—— ) (14— ) [14+—— 4. 1
( +1+a2>< +1+b2)( +1+02>> M

Ta bién d6i tuong duong bit dang thic (1) nhu sau.
2+4a*\ (2407 (242
1)< 4
(1) <1+a2) <1+b2> <1+c2 ”
& (2+d) (2+6%) (2+%) >4 (1+a%) (14+6%) (1+7)
& 3 (abc)? (a2b2+b2c2+c2a2) <4
((ab+bc+ac)2—2abc(a+b—|—c)) <4

)
< 3 (abc)
& 3(abc)* +2(1 —2abc(a+b+c)) < 4
& 3(abc)* —4abe(a+b+c) < 2. 2)

2. Ta can ching minh

+2
2
abc)” +2

Theo bt déng thic AM — GM va gié thiét ta c6 1 = ab + be +ac > 3v/a2b*c? kéo theo
1 Z 2
3 (abc)* < g < 2. Suy ra bat dang thiic (2) ding va bai toan dugc chiing minh.
[
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Cau 3: (3 diém)

Cho hai dudng tron (O) va (O') cat nhau tai A va B sao cho O nam ngoai (0') va O' nam
ngoai (0). Trén duong tron (O) Idy diém P di chuyén sao cho P nam trong duong tron
(0'). Puding thing AP cat (0') tai C khdc A.

1) Chifng minh ring hai tam giic OBP va O'BC déng dang.
2) Goi Q Ia giao diém ciia hai duong thang OP va O'C. Chiing minh rang

OBC + ABP = 90°.

3) Ldy diém D thudc (O) sao cho AD vuéng goc voi O'C. Chifng minh rang trung diém
ctia doan thang DQ Iuén nam trén moét dudng tron c6 dinh khi P thay doi.

Lui gidi.
1. Ta ¢6 BOP = 2BAP = 2BAC = BO'C. Két hop véi 98 = 98 = 1, ta thu dugc AOBP ~
AO'BC.

2. Vi AOBP ~ AO'BC nén ta dugc OPB = O'CB, tit d6 kéo theo tif gidc BCQP noi tiép. Do
do, OBC = QPC = OPA. Hon nita, vi AOAP céan tai O nén ta dugc %AOP + OPA = 90°.
Nhu vay,

] —
QBC+ABP = OPA + 7 AOP = 90°.

3. Goi M 1a trung diém ctia DQ. Pit ADNO'C = E. Vi céc tit gidc BCOP va ADBP ndi tiép
nén ta dugc BQC = BPC = ADB = EDB, vi thé i giac BDEQ ndi tiép dudng tron dusng
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kinh DQ (v6i tam duong tron la M). Do do, ta dudc
BMO = 3 DMB = DEB = AEB.
Mat khéc, ta cling c6
BOM = 180° — %B/O\D: 180° — BAD = BAE.

Nhu vy, ta dugc AOBM ~ AABE (g.g). Goi F,X,Y lan lugt 1a trung diém ctia AB, 00', OB.
Khi d6, MY va EF 1a cic dudng trung tuyén tuong ting cia AOBM va AABE, vi thé ta
duge AOMY ~ AAEF. Két hop véi viée ti gide AEO'F ndi tiép (vi AEQ' = AFO' =
90°), XY la dudng trung binh cia AOBO' va st dung tinh d6i xiing, ta dudc

e~~~ _—

OMY = AEF = AO'F = A0'O = BO'O = OXY.

Nhu vay, td gidc OMXY ndi tiép. Mit khdc, vi, O, B, O’ 1a cac diém cb dinh nén X,Y ciing
la cac di€m cb dinh. Do vay, diém M ludn chay trén dudng tron (OXY) ¢b dinh.
]
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Cau 4: (1 diém)

Gid st tip A 1a tap con cua tip hop gom 30 sé tu nhién déu tién {0,1,2,...,29} sao cho
vOi k nguyén batky vaa,b € A bat ky (co thé'a = b) thi a+ b+ 30k khong Ia tich ctia hai
s6 nguyén lién tiép. Chiing minh rang s6 phan tif ciia tap hop A nhé hon hodc bang 10.

Loi giai. Ta trinh bay hai 16i giai
Cach 1. Trudc hét ta loai cc s6 ma ban than n6 khong thé xuét hién trong A, bao gdm:

n(n+1)

* Céc s6 c6 dang :0,1,3,6,10,15,24,28;

n(n+1)+30

* Céc s6 c6 dang - 16,18,25;

n(n+1)—30

1 13.
2

* Céc s6 c6 dang

Déi v6i cdc sd con lai, ta ghép cip chiing nhu sau:
(2,4),(5,7),(8,12),(9,11),(19,23),(20,22),(24,26),(27,29), 14,17.
(gdm 8 cip sb va 2 sb 1é khong trong cip nao). Ta thiy cac sb khong cing mot cip khong thé
cung thudc A, cho nén A chi chifa diing mot s6 trong méi cip. Do dé A chi c6 t6i da 10 phan ti.
Cach 2. V6i hai s6 nguyén lién tiép a,a+ 1, ta cé a(a+1) = 0,2,6,12,20,26 (mod 30). Véi
acA,xéth=avak=0tacé2akhong dong du vé6i 0,2,6,12,20,26 (mod 30) nén a khong
déng du véi 0,1,3,6,10,13,15,16,18,21,25,28 (mod 30). Suy ra
ACB={2,4,57,8,9,11,12,14,17,19,20,22,23,24,26,27,29}
va néu phan hoach B thanh 10 tap
{2,4},{5,7},{8,12},{11,9},{14,22},{17,19},{20},{23,27},{24,26},{29}

thi mdi tp con nay chifa nhiéu nhit mot phan ti ciia A. Do d6, A chifa tbi da 10 phan td.
Thuc ra ta c6 thé chiing minh dudc sb phan i cia A nhiéu nhit bang 10, chi can chon

A=1{2,53,11,14,17,20,23,26,29}.
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