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Thoi gian lam bai: 120 phit (khong ké thoi gian phat dé)
Bai 1. (2.0 diém)

a) Khong sir dung may tinh, hay tim gia trj ctia biéu thirc P = </7— +5V2 + \}/ 7-5V2.

b) Cho da thic P(x)=ax’ +bx+c (a#0). Chimg minh ring néu P(x) nhar gid tri
nguyén véi mdi sé nguyén x thi ba sé 2a.a+b, ¢ déu la nhimg s6 nguyén. Sau dé,
chimg 16 ring néu ba sb 2a,a+b, ¢ la nhimg s nguyén thi P(x) ciing nhan gi tri
nguyén véi mdi sd nguyén x.

Bai 2. (3,0 diém)

Cho tam gidc déu ABC ngoai tiép duomg tron (O). Cung nho OB cia duong tron
ngoai tiép tam giac OBC cit dudng tron (O) tai diém E. Tia BE cét duong tron (O) tai
diém thi hai F.

a) Chimg minh tia EO la tia phan giac cua goc CEF.

b) Chirng minh tir gidc 4BOF ndi tiép.

¢) Goi D la giao diém thir hai cia CE véi dudmg tron (O). Chimg minh ba diém
A,F.D thing hang.

Bai 3. (2,0 diém)
Cho a, b, ¢, d la cac s nguyén duong sao cho a.b = c.d. Chimg minh ring sb
N=aZ+b" +c

Bai 4. (2.0 diém)
Ta viét muoi s 0,1,2,...,9 vao mudi 6 tron trong

2022

2 +d* 1a hop sd.

hinh bén, méi s6 dugc viét dung mot lan. Sau dé, ta tinh
téng ba sé trén mdi mot doan thing dé nhan duge 6 tong.
C6 hay khong mot cach viét mudi sd nhu thé sao cho 6
tong nhan dugc la bang nhau? o
Bai 5. (1.0 di¢m)

a) Trong mat phing cho 5 diém sao cho khéng ¢ ba diém nao thing hang. Chimg
minh ring ton tai it nhat mot tam giac ta ¢6 cac dinh dugc lay tir 5 diém da cho.

b) Trong mat phing cho 2022 diém sao cho khéng c6 ba diém nao thing hang. Chimg
minh rdng ton tai it nhat 2018 tam gidc th ma mdi tam gidc th d6 ¢6 cac dinh duoc ldy tir
2022 diém da cho.

Hét



Giai chi tiét dé thi Toan chuyén Su Pham CLB Toén Lim

Giai chi tiét dé thi Toan chuyén truong THPT

chuyén Su Pham
Nguy&n Duy Khuong - Nguyén Vin Hoang - Nguyén Khang - Nguyén Hoang Viét

1 Caul

a) Khong st dung mdy tinh, hay tim gid tri biéu thic P = V7+5V2 +
3
7-5v2

b) Cho da thic P(x) = ax? + bx + ¢ (a # 0).Chiing minh rang néu P(x) nhan
gia tri nguyén véi méi s6 nguyén x thi ba s6 2a,a + b, ¢ déu la nhiing s6
nguyén. Sau dé ching té néu ba sb6 2a,a + b,c¢ 1a nhiing s6 nguyén thi

P(x) cling nhan gia tri nguyén véi méi s6 nguyén x.
Loi gidi.

a) Ta co:
P3=7+5V2+7-vV2+3(7+5V2)(7-5V2).P

o P3=14-3P
s P-2)(P?2+2P+T7)=0

MaP2+2P+7=(P+1)2+6=6>0
>P=2
Vay P =2

b) * Chiéu thuan:
Ta tinh: P(0O)=ceZ ;P(1)=a+b+ceZ;P(-1)=a-b+ce”Z
>a+b,a-be”Z
=>(@+b)+(a—-b)=2a€”Z
* Chiéu dao :
Ta bién d6i: P(x) = a(x®—x)+(a +b)x +c
Xét voi x € Z:
Taco: x2—x2, ma2aeZ=>akx®-x)eZ
Laicé:a+b,ceZ

Suy ra P(x)€ Z v6i moi € Z .
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2 Cau2

Cho tam gidc ABC déu ngoai tiép (0). Cung nhd OB cua dudng tron ngoai
tiép tam giac (OBC) cat dudng tron (0) tai E. Tia BE cat duong tron (0) tai
diém thit haila F.

a) Chiing minh rang: EO la tia phan giac géc CEF.

b) Chitng minh rang: ABOF la ti giac noi tiép.

¢) Goi D 1a giao diém th hai cia CE va duong tron (O). Chiing minh ring
A,F.D thang hang.

Loi gidi.

a) Ta c6: BEC =BOC = 120° do BEOC ndi tiép. Ta c6: FEC = 180°—120° = 60°
Ta lai c6: OEC = OBC = 30° din dén: OE 1a phan giac géc FEC.

b) OFE =OFB =OEF =0CB =30° = OAB. Do d6: AFOB 1a ti giéc noi tiép.
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¢) Ching minh tuong tu ¥ b) ta c6: AODC la ti giac néi tiép. Do d6: ODF =
OCA =30° dan dén tam gidc EFD déu. Suy ra: EFD +AFB = 60° +120° =
180° suy ra: A,F,D thang hang.

3 Caul

Cho a,b,c,d 1a cac sb nguyén duong sao cho ab = cd. Chiing minh rang sb
N = 2022 | 32022 2022 72022

12 hop s6.

Loi gidi. Ta chiing minh bai toan tong quat véi cung diéu kién,
N=a"+b"+c*+d*

12 hop s6 véi moi s6 nguyén dudng k.

That vay, dat m = ged(a,c) thi ton tai aq,c¢; € Z* sao cho a = may,c = me; véi

(a1,c1)=1.Tacoab=cd =>a1b=cid.

Suy ra a;bic;i ma (a,c1) = 1= bicy, lam tuong tu suy ra dia;.

Vay ta c6 thé tiép tuc dit b = ¢1b1,d = dia; v6i by,d; 1a cac s6 nguyén duong.

Tré 1a1 dél’lg thuce alb = Cld < a101b1 = cldlal = bl = dl =S.
Do do:

N=af+c*+b*+d*
= (mal)k + (mcl)k + (Clbl)k + (dlal)k
=m" (a® +c%) + 5" (c* +a%)
= (m"* +5%) (a% +c").
Mat khéc chd ¥ rang m,s,a,c; déu la cac sé6 nguyén duong tit d6 N luén 1a
hop s6 v6i moi & € Z*. (dpecm) ]

4 Cau4

Ta viét 10 86 0,1,...,9 vao mudi 6 tron trong hinh bén, méi s6 dudc viét dung

1 1an. Sau d6, ta tinh téng ba s6 trén mdi doan thang dé nhan dudgc 6 tong.
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C6 hay khong mot cach viét 10 s6 nhu thé sao cho 6 tong nhan dudc 14 bang
nhau.

Loi gidi.

Gia stt 6 tong nay bang nhau, ki hiéu cac diém nhu hinh bén dudi.
e Tong cac s6 trén doan OA 1A A+P +O0.
e Tong cac sb trén doan OB1la O +B+N.
e Tong céc s6 trén doan OC 1A O+ M +C
e Tong cac s6 trén doan AC 1A A+E +C.
e Tong cac s6 trén doan BC laB+D +C.
e Tong cac s6 trén doan AB 1a A +F +B.

Dan dén tong cac sb trén 6 doan1a S=3(A+B+C)+D+E+F+M+N+P va
s6 nay chia hét cho 6 do ching 1a bang nhau. Do d6:
Ta c6

S=A+B+C+D+E+F+M+N +P(mod 2)

ma S chia hét cho 2 nén tong cac sé trén ciing chia hét cho 2 dan dén vo ly

do tong cta ching 14 45 khong chia hét cho 2. Vay khong ton tai cach dién.
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5 Caub

a) Trong mat phang cho 5 diém sao cho khong c6 ba diém nao thang hang.
Ching minh rang ton tai it nhat mét tam gidc tu cé it nhat 3 dinh dugc
lay tit 5 diém da cho.

b) Trong mat phang cho 2022 diém sao cho khéong c6 ba diém nao thang
hang. Ching minh rang ton tai it nhat 2018 tam gidc tu ma méi tam
giac tu dé dudc lay tu 2022 diém da cho.

Lo gidi.

a) Trudc hét, ta thy riang néu ton tai 4 diém bat ki ma c¢6 moét diém nam
trong tam giac dudc tao béi 3 diém con lai, vi du nhu hinh sau

A

thi trong ba tam giac ABD,ACD,BCD sé c¢6 mot goc 16n hon 90°. Do do,
ta suy ra 5 diém de bai cho phai tao thanh mét ngii giac 16i. Lic nay thi

mot trong so 5 tam giac ¢6 hai canh bén lién ké nhau sé la tam giac tu.

b) Ta sé chitng minh quy nap két qua nay. Gia sit v6i n diém thi ton tai it

nhat n—4 tam giac tu. Ta sé chiing minh v6i n + 1 diém thi sé tao thanh
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n—3 tam giac tu.

Bay gio, cho trudc n +1 diém. Xét n diém bat ki trong n + 1 diém d6 thi
chi c¢6 n—4 tam giac tu dudc tao thanh. Xét mot diém X khong thudc n
diém d6. Bay gid, ta xét tap hdp cac tam gidc dudc tao thanh tir diém X

v6i 2 trong s6 n diém da cho, goi la Z.
e Néu & chita mot tam gidc tu thi két hop véi n —4 tam giac tu dude
tao thanh tit n diém trudc, ta suy ra diéu phai chiing minh.

e Néu 2 khong chita tam gidc tu nao thi béing cach ching minh tuong
tu véi n diém bat ki khéc, ta suy ra moi tam giac dudc tao thanh tu
cac diém trong 2022 diém nay déu la tam giac nhon, hién nhién v

Iy véi gia thiét quy nap.

Bai toan dudc chiing minh.
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