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PHAN DE BAI
Bdi s6 1. (1,5 diém)

1) Trong mit phang Oxy, cho hai diém A(2; —3) va B(7;7). Tim diém M thudc truc Ox dé€ ba
diém M, A, B thing hang.

2) Cho a la nghiém ctia phuong trinh 6x% + /3x — /3 = 0. Tinh gi4 tri ctia biéu thiic

T =124*—a%?+2a

Bdi $6 2. (2,0 diém)
1) Giai phuong trinh (\/x +5—vx— 2) (1 +Vx%2+3x — 10) =

x+y+z=6
2) Giai hé phuong trinh ¢ xy +yz + zx = 11
xXyz =6

Badi s6 3. (2,0 diém)

1) Tim tit ca cac nghiém (x; y; z) cia phuong trinh x(x2 + x 4+ 1) = z¥ — 1 théa man x, v 1a cac
sO nguyén va z la so nguyén to.

2) Tim cac s thuc x sao cho x + /2022 va ?_c — /2022 déu 1a sb nguyén.

Badi 6 4. (3,0 diém)

1) Cho dudng tron (O) c6 dusng kinh AB. Liy diém C thudc doan AO (C khac A, O). Vé dudng
tron (I) dudng kinh BC. Ve tiép tuyén AD va cét tuyén AEF v6i dudng tron (I) (E nam gitta
A va F) sao cho tia AO nam giita hai tia AD va AE. Pudng thang vuéng goc véi AB vé tit C
cit duong tron (O) tai hai diém, goi mét trong hai giao diém d6 1a N sao cho N va D thubc
hai ntta mit phiang dbi nhau bs AB. Goi § 1a giao diém cta hai dudng thang DI va NB. Goi
R 14 giao diém ctia hai dudng thang DN va AS. Goi | 1a trung diém ctia SD.

a) Chung minh AAND la tam giac can.

b) Goi L, T 14n luct 1a tAm dudng tron ngoai tiép ASBC va ASEF. Chiing minh ring ba
diém J, L, T thang hang.

2) Cho hinh vuéng ABCD c6 dién tich S. Tit gihc MNPQ c¢6 bén dinh M, N, P, Q 14n ludt thude
cac canh AB, BC, CD, DA cua hinh vuéng da cho va khong trung véi dinh cta hinh vuéng.
Chitng minh rang S < AC - PN A D I PR+ QM.




Badi s6 5. (1,5 diém)

1) Cho x,y,z la cac s6 thuc khong 4m thoa man x° + y® + 2> = 3. Tim gid tri nho nhét cta biéu
thic

3 3

_X Ly oz
S 3y+1 3z+1 3x+1

2) C6 10 ban hoc sinh tham gia thi dau bong ban. Hai ban bat ki déu phal d4u v6i nhau mét tran
ban nao cung phai gap dt 9 ddu thi ctia minh va khéng c6 trin ddu hoa. Chitng minh rang
c6 thé sip xép 10 ban nay thanh mét hang doc sao cho ban ditng truée thing ban diing ké sau.

HET

HUONG DAN

/ % Bais 1 }
1) Trong mit phang Oxy, cho hai diém A(2; —3) va B(7;7). Tim diém M thudc truc Ox dé ba
diém M, A, B thang hang.

2) Cho a 12 nghiém ctia phuong trinh 6x2 + v/3x — /3 = 0. Tinh gia tri ctia biéu thitc

_ 4 2
T=:12n a‘+ 2a /

1
Goi (d) : y = ax + b la dudng thang di qua hai diém A va B. Khi d6

3=2+b  [a=2 @)y =257
7="7a+b b=-7

Ba diém M, A, B thang hang < M € (d). Ma M € Ox nén M(k;0) va

O:Zk—7(:)k:;

Viy diém can tim 1a M (;, 0).
2)
Vi 2 1a nghiém cta phuong trinh 6x% + v/3x — v/3 = 0 nén

6a*> +v3a— V3 =0
= (6a)" = (/3 - V3a)?
& 36a* = 30> — 60+ 3
s12dt=a®>—2a+1
o120t —a’+2a=1

Vay T = 1.



/ % Bai s6 2 >

1) Gidi phuong trinh (vx+5— vx—2) (1+ v*2+3x—10) =

x+y+z=6
2) Giai hé phuong trinh ¢ xy + yz + zx = 11
xXyz ==6

1)
Xét phuong trinh (\/x+5 —Vx —2) (1 + Vx2+3x — 10) =7 (1). biéu kién x > 2.

Phuong trinh (1) c6 thé viét lai thanh

(Vx+5-vx—2) (1+vVx+5./x-2) =7

|
=
&)

+

(a > b > 0) thi a®> — b> = 7 va phuong trinh trén tré thanh

|
=
N

Dét{z
(a — b)(1 + ab) = a* — V?
S@—b(l+ab—a—-b)=0

S@—b(1—a)(1—b)=0

l—a=

1_b:0(wa>w

=

e Wil—-a=0&a=1,tacé vVx+5=1<% x = —4 (khong théa man dk).
e V6il—-b=0&b=1,tacéd/x—2=1<« x =3 (thdéa man).
Véy phuong trinh da cho cé nghiém duy nhit 1a x = 3.

2)
X+y+z==6 (i)
Xét hé phuong trinh ¢ xy +yz +zx =11 (ii) .
xyz =6 (iii)

Ti (i) suy ra x +y = 6 — z va tut (iii) suy ra xy = g Thay vao (i7) ta dudc

g+d6—@:1L®f—6¥+lu—6=0
& (z—1)(z—2)z=3)=0

Z2=1

S lag=2

g =3

s . =5 S o y
e VGiz=1,taco {x tY , suy ra x, y la hai nghiém cua phuong trinh

xy==6

2 B =2
t &+6—0®[t=3

Nhu vay (a, b) = (2,3) hoac (a,b) = (3,2).

x+y=4

5 , suy ra x,y la hai nghiém ctia phuong trinh
Xy =

. V()iz:z,tacé{

=1

2—- —
t°—4t+3 Oﬁ[t_e’
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Nhu vay (a, b) = (1,3) hoac (a,b) = (3,1).

* Voiz =3,tacd {x-{—y 2:3 , suy ra x, y la hai nghiém ctia phuong trinh
Xy =
2 . e |
t°=3t+2=0% b =2

Nhu vay (a,b) = (1,2) hoac (a,b) = (2,1).

Véy hé phuong trinh da cho ¢6 cac nghiém (x, v, z) 12 tat ca cac hoan vi ctia (1,2, 3).

/ % Baisb 3 )

1) Tim tit ca cac nghiém (x; y; z) clia phuong trinh x(x2 + x + 1) = z¥ — 1 théa mén x, y 1a cac
sO nguyén va z la s6 nguyén to.

2) Tim cac sb thuc x sao cho x + /2022 va % — /2022 déu 1 sb nguyén.

1)
Bién d6i gid thiét thanh (x2 + 1)(x +1) =2¥ (¥)._ , ,
Do x, y,z déu nguyén nén tit (x) suy ra x,y > 0. Dong thoi vi z 1a s0 nguyén to nén

{x2+1:z”

ol b (a,beZ;a>b>0)
¥ = &

Khidétacox2+1:x+1hay (x +1)(x —1)+2: x+1, din t6i
2:x+1=x€{0;1} (dox=>0)

* V6i x = 0, thay vao () ta c6 z¥ = 1 = y = 0 va z 1a s6 nguyén t6 bat ki.
e Vlix=1,thayvao(x)tacdzy =4=>y=2z=2.

Vay (x;y;z) = (1;2;2) hodc (x;y;z) = (0;0; k) véi k 1a s6 nguyén to bat ki.

2)
Giastt x +v2022 =a (a € Z). Khi d6 x = a — /2022 va
3 3
——v2022 = ———— — /2022
X a— /2022
3+ v2022)
T a2-2022 R
_ 3a ( 3 ) —
T a2 —2022 i a? — 2022 1 e
Vi%—\/ZOZZEZvéa € Z nén
3a
Z
=202 © &a=+45
2200 =0

Tir d6 ta c6 x = 45 — /2022 hodc x = —45 — /2022.
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Bai s6 4 }
/

A B

Cho dudng tron (O) ¢é dudng kinh AB. Liy diém C thudc doan AO (C khac A, O). Vé dudng
tron (I) dudng kinh BC. V@ tiép tuyén AD va cat tuyén AEF vé6i dudng tron (I) (E nam giita
A va F) sao cho tia AO nim giita hai tia AD va AE. Pudng thang vudng goc véi AB vé tit
C cat dudng tron (O) tai hai diém, goi mot trong hai giao diém dé 1a N sao cho N va D
thudc hai nita mit phang dbi nhau bs AB. Goi S 1a giao diém cta hai dudng thing DI va
NB. Goi R 1a giao diém ctia hai dudng thing DN va AS. Goi J la trung diém ctia SD.

a) Chiing minh AAND la tam giac can.

b) Goi L, T 1an lugt 1 tAm dudng tron ngoai tiép ASBC va ASEF. Chitng minh ring ba
diém J, L, T thing hang.

2) Cho hinh vuéng ABCD c¢6 dién tich S. Tit gidc MNPQ c6 bbén dinh M, N, P, Q 1an luot
thudc cac canh AB, BC, CD, DA cta hinh vudng da cho va khong trung véi dinh caa hinh
A g MN + NP + PQ + QM
vuong. Ching minh rang S < AC - .
N 4 o
i)
a)

Dé thay AADC -~ AABD(g.g) nén

AD _ AC

—_— — 2:
5 = ap = AD*=AB.AC (1)

Xét AANB vuéng tai N c6 NC la duong cao nén

AN? = AB.AC (2

Tt (1) va (2) suy ra AD?> = AN? hay AD = AN, do d6 AAND cén tai A.

b)

TacéXD\S:A/I\I\S:%"véA/D\N:A/N\Dnén

ADS — ADN = ANS — AND
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hay SDN — SND

Suy ra ASDN cén tai S hay SD = SN. Két hop v6i AD = AN (cmt) suy ra AS la dudng trung
truc cia DN. Tir day, xét AADS vuéng tai D c6 DR la dudng cao nén

AD? = AR.AS
Mait khéc, dé dang chiing minh dudc AD? = AC.AB = AE.AF nén
AR.AS = AC.AB = AE.AF

Suy ra cdc tit giac BCRS va EFSR noi tiép. Diéu nay chiing té cac dudng tron tAm L ngoai tiép
ASBC va tam T ngoai tiép ASEF cat nhau tai hai diém R va S. Do vy, I] 1a dudng trung truc ctia
RS.

Mt khac, ADRS vuéng tai R ¢6 R] la dudng trung tuyén né)n JR = JS = ] thudc dudng trung
truc ctia RS. Két hop véi két qua trén suy ra ba diém L, T, | thang hang.

2)
B N i
'@ By
P
M
ul 4
A Q D

Goi d6 dai canh hinh vuéng ABCD 1a x. Khi d6 AC = xv/2va S = x2. Do d6, diéu phai chiing
minh tuong duong véi

x2§x\/§_MN+NP:PQ+QM
hay MN + NP + PQ + QM > 2V/2x ()

Theo Pytago, ta co

MN? = BM? + BN? > = MN > v2(BM + BN)

(BM + BN)?
2
Tuong tu, ta chitng minh dudc

NP > v/2(CN + CP)
PQ > V2(DP + DQ)
QM > V2(AQ + AM)

Tir d6 suy ra
MN + NP + PQ + QM > v2(BM + BN + CN + CP + DP + DQ + AQ + AM) = 2V/2x

Nhu vdy, (+) dling va ta c6 diéu phai chitng minh.
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/ % Baisb 5 >

N

-

1) Cho x,y,z la cac s6 thuc khong 4m thda man x° 4 y® + z> = 3. Tim gi4 tri nhd nhét cta
biéu thic
3

3 3

e
3y+1 3z+1 3x+1

2) C6 10 ban hoc sinh tham gia thi déu béng ban. Hai ban bat ki déu pha1 d4u v6i nhau mot
tran, ban nao cung phai gip dt 9 diu thi clia minh va khéng c6 tran diu hoa. Chiing minh
rang c6 thé sap xép 10 ban nay thanh mot hang doc sao cho ban diing trudc thang ban ditng
ké sau. v,

1

Theo AM-GM, ta co

x+1—|—1>3\/x31 =3x=3x+1<x>+3
P+1+1>3P311=3y=3y+1<y°+3
B414+1>3VB11=32=>32+1<22+3

Do do

3 3

X v’ z

P>
=P 3 B3 B3

a=Xx

bit{b=1y> thiabc>0vaa+b+c=3, d("‘)ngth(‘)i

E=%
a b C
P>
_b+3+c+3+a+3
_ @ n b " c?
“ab+3a  bc+3b  ca+3c
(a+b+c)?
> —_
~ab+bc+ca+3(@+b+c) (Cauchy — Schwarz)
9
~ab+bc+ca+9
3 L4 z A 2 ’ Q (a+b+c)2 .
Mat khac, ta c6 bat dang thitc quen thudc ab + bec + ca < — = 3 nén
9 3
> — = =
P_3+9 4

Dang thitcxdyra<a=b=c=1hayx=y=z=1.

Viy gia tri nhé nhit ctia P 1a §, datdugctaix=y=z=1.

A

Cht y. C6 thé 1am theo huéng khac nhu sau
Theo Cauchy-Schwarz, ta c6

6 6 6

& LYz

T 38y +x3 3Pz +yd  3z3x+ 23
(3 + 2 +22)?

=

= 3(x3y + 1Pz + 28x) + (3 + 3 +23)
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9
- 3(xPy + Pz +23x) + 3
B 3
-~ xBy+ydz+23x

Bay gid, ta chitng minh T = x%y + 3z + 2%x < 4.
That vay, theo AM-GM ta c6

3 3
3 >3Y1511 = e T2 o By, T TE
yY+14+1>23y/y’11=3y=y< 3 = xy<x 3

Tuong tu va suy ra

< By + P8 + 283 +3(x3 + 2+ 23)
- 3

(P2

Mait khéc, x3y® + 1323 + 2323 < 5 =3, do do
TS3+3.3:4
3
3 3
THdétacoP > — > —.
dtacd P> >

2)

Vi khong ¢6 trdn ddu hoa nén ta luén xép duge 10 ban thanh mét hang doc sao cho ton tai k ban
lién tiép ma ban diing trude thing ban ké sau. R6 rang k > 2 va do sb cach xép 13 hitu han nén ton
tai gia tri 16n nhét cla k, gia st 13 ko va ta goi (ko) 1a day gom ko ban trong hang théa man yéu ciu
bai toan. Ta sé chitng minh ko = 10. Gia st ngudc lai, kg < 10. Khi d6, ton tai ban A khéng thudc
day (ko). C6 cac kha nang sau xay ra

* A thing ban dtmg dau cua day (ko) thi c6 thé xép A 1én diu day (ko) va ta c6 day gdbm kg + 1
ban théa man yéu cAu bai toan. Piéu nay mau thuln véi gia thiét vé k.

* A thua ban du’ng cu01 cta day (ko) thi c6 thé xép A vao cubi day (ko) va ta c6 day gbm ko + 1
ban théa man yéu ciu bai toan. Diéu nay mau thuln véi gia thiét vé k.

* A thing mét sb ban, ddng thoi cling thua mot sb ban trong day (ko). Khi dé, ton tai hai ban
B, C cua day (ko) ma B diing trén C va trong hai ban B va C ¢6 moét ban thang va mét ban
thua A.

- Néu A thua B va A thang C thi xep A vao gitta B va C ta thu dugc day gdm ko + 1 ban
théa man yéu cau bai toan. Diéu nay mau thuln véi gia thiét vé k.

— Néu A thing B nhung thua C. Lin ludt xét cac ban ditng phia trén B sé xuit hién 2 kha
nang
+ Ton tai hai ban lién tiép phia trén B (c6 thé gdbm B) ma ban & trén thing A déng
thoi ban ké dudi thua A. Dén day, ta lai c6 thé xép A vao gitta hai ban nay va din
t6i mau thuln véi gia thiét vé k.
+ A thing tit ca cic ban & phia trén B. Khi d6, ta lai ¢6 thé xép A 1én diu hang va
cling d4n t6i mau thuln véi gia thiét vé k.

Tom lai, gia st 1a sai va bai toan dudc chitng minh.



