SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAOLOP 10
NGHE AN TRUONG THPT CHUYEN PHAN BOI CHAU
NAM HOC 2023 - 2024

Peé chinh thirc

Mon thi: TOAN
(Dé gom c6 01 trang) Thai gian: 150 phit, khing ké thai gian giao dé
Cau 1 (6,0 diém).
a) Giai phuong trinh x* -4x' +6x° -4x-3=0.
2x=\fx+y=\2p-x +2x

(2- vy Vo' +4 =23

b) Giai h¢ phuong trinh

Céu 2 (3,0 diém).
a) Tim x€R sao cho x + 2024 va 1 _ 3023 déuia céc s nguyén.
X

b) Tim s& nguyén duong @ nhé nhit sao cho 2a la sb lap phuomg va Sa la sb chinh phuong.
Ciu 3 (2.0 diém).
Cho cic sb thye @, b, ¢ théaman a, b, c21va @’ +4b” +¢* +2ab+12=3(a+5b+c). Tim gia trj

& ke AR a a
nho nhat cua bi¢u thire 7 = 7+ =
a+(a+b) a+c

Ciu 4 (7.0 diém).
Cho tam gidc ABC vuong tai A (AB < AC) néi tiép dudng tron tam O. Trén dudng ron (0) ldy
diém D khic phia A4 so véi duomg thing BC (BD > AC). Qua B ké duomg thing ¢ song song
véi CD. Duong thing d cit duomg thing AC tai E. cit duomg ron (0) tai F (F khac B).
a) Goi / la trung diém cua EC . Chimg minh ring 4 diém A, F,O.J ciung ndm trén mdt duomg
tron.
b) Duimg thing OF cit dudng thing AD tai /. Chimg minh ring /BA = BDA.
c) Trén tia BD lay di'f'm M sao cho BM = BA. Dudng thing AM ¢t duimg thang DC tai N,
dudng thing BN cit (O) wi K (K khic B). Goi H 1ahinh chiéu vudng goc cia A wén BC.
Pudmg thing BD cit cic duong thing NH, CK lan lugt 1ai P, Q.

T
= +—
PM MO BM

Chimg minh ring

Ciu 5 (2,0 diém).

Cho mdt da giac 16i c6 dién tich bing 2024cm® . Chimg minh ring bao gio ciing vé& dugc trong da
giac d6 mot tam gidc ¢o6 dién tich khong nhé hon 759%cm’.
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a) Giai phuong trinh 2% — 423 + 622 — 42 — 3 = 0.

- inh { 20~ VEIFY =2y —a7+ 2
b hé ph h '
) Giéi hé phuong trin { 2-VTFYVR2+4=2V3z

Lai giai.
a) Ta bién d6i phuong trinh nhu sau
vt 42 462 —dr —-3=0& (x2—2:13—1) (;132—2x+3) =0
1’20 -1=0MVia* -2 +3=(r—1)?+2>2>0)
ere{l+v2,1-v2}
Nhu vay, tp nghiém ctia phuong trinh da cho 1a S = {1 + v/2,1 — v/2}.

b) biéu kién xac dinh: z+y >0, 2y — 22 + 2x > 0.
Trudc heét ta c6 bién doi sau.
20 — Ty =2y —22+2r & 20 —Vr +y) =2y — 2+ 2z
Sda? —darYy+rty=2y—2*+2
&5 —doyr+y—(r+y)=0
& 5r(r —Vrt+y)+Vrtyler—vr+y) =0
& (z—Vo+y) Gz +vVa+y)=0.

Luc nay, ta xét hai truéng hgp sau.

O Truong hop 1. — /r +y=0suyraz = /z + y(z > 0).
Thay vao phuong trinh thi hai ctia hé, ta dugc
(2 —2)Val+4 =23z & (2 — 1)} (2® + 4) = 1222

& (27 —dx +4)(2* +4) = 1227
o ot 4 42? — 42 — 162 + 42° + 16 = 1222
oot — 42’ —42® — 160+ 16 =0
& (2? + 20 +2)(2* —6x+4) =0
S’ —6r+4=0viz*+22+2=(z+1)*+1>1>0)

sre{3-V53+V5)

DEydiéukibn 0 < 2 <2nénz =3+ 5 loaisuyraz =3 — /5.

Khi d6, thay vao biéu thitc ta dudge 3 — V5 = /3 — Vb +ysuyray = 11 — 5v/5.
Thtt lai, ta thay nghiém trén théa man.

O Truong hop 2. 5z + /r+y=0suyra+/z +y = —5z(x <0)
Thay vao phuong trinh dau cia hé, ta c6

Tx =2y — 22 + 2.

Tit day két hop = < 0 suy ra z = y = 0. Tht lai. ta thdy nghiém trén khéng thda.

Nhu véy, tit ca cic nghiém ctia hé phuong trinh 13 (z,y) = {3 — v/5,11 — 5v/5}.

@
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Cau 2
| . Aots o A A
a) Tim z € R sao cho = + /2024 va — — /2024 déu la cac s6 nguyén.
x

b) Tim sb6 nguyén duong « nhé nhét sao cho 2a 14 sb 1ap phuong va 5a 13 sb chinh
phuong.

L&i giai.

2 s A 7 o 1 N
a) Theo gia thiét ta c6 the dat nhu sau = + /2024 = a, — — v/2024 = b thia,b € Z.
x
Bang cac phép bién ddi ta dudc

(a — v/2024) (b + v/2024) = 1 & v/2024(a — b) = 2025 — ab.

Vi /2024 vO ty va a — b, 2025 — ab nguyén nén a = b va 2025 = ab suy ra a = b = +£45.
Khi d6 bang phép thé ta dudc

T4+ V2024 = a = +45 & x € {45 — /2024, —45 — /2024}.
VAy tit ca gid tri « thda man 1 = € {45 — /2024, —45 — /2024}.

b) Theo gia thiét 2a = b® (1) va 5a = ¢ (2) véi b, ¢ 14 cac s6 nguyén duong.
Tit (1) suy ra b chia hét cho 2, ma 2 1a s6 nguyén tb nén b chia hét cho 2.
Dat b = 2d, thay vao (1) dugc 2a = 8d3, hay la a = 4d® (3).
Tir (2) suy ra ¢2 chia hét cho 5, ma 5 14 s6 nguyén t6 nén c chia hét cho 5.
Dat ¢ = 5e, thay vao (2) dudc 5a = 25¢2, hay l1a a = 5¢* (4).
T (3) va (4) c6 a = 4d® = 5e? (5) v6i d, e 1a cac sb nguyén duong. Do 4 va 5 1a hai sb
nguyén tb cling nhau nén tit (5) thi d3 chia hét cho 5, suy ra d chia hét cho 5.
bit d = 5k, thay vao (5) dudc a = 5e2 = 500k3 véi k 14 s6 nguyén duong.
Tir d6 €2 = 100k* = 102k3. Diéu nay xdy ra v6i sb k nhd nhat1a k = 1,e = 10 va a = 500.
Lic do 2a = 1000 = 103 va 5a = 2500 = 502 théa man bai toan.
Vay sb6 nguyén duong a nhdé nhit thdéa méan 13 a = 500.

\Y

Bai toan sb hoc & cAu b 14 bai toan khéng méi ciing nhu khéng qua khé nhung la cac ban
c6 thé tham khao bai toan tuong tu nhu sau.
Tim so nguyén duong a nho nhat sao cho 2a la so chinh phuong va 3a la so ldp phuong.

Tap chi toan hoc tudi tré sb 505 )
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[:1kY Cho céc sb thuc a, b, c thda main a, b, ¢ > 1 va a>+4b?+c2+2ab+12 = 3(a+5b+c).

a’ a?

Tim gi4 tri nhd nhét cda biéu thicc T = + :
a+ (a+b)? a-+c?

L&i giai. Bang cac phép bién déi gia thiét, ta c6

3(a+b+c)=a®+4b* +c* +2ab+ 12 — 12b
= (a+b)?++30b—-22%> (a+b)>+

Bing bién d6i bat dealng thitc két hop cong mau, ta dugde

(a+b+c)?

3(at+b+c)=(a+b)?+c* > 5

Do d6 a + b+ c < 6suyra (a+b)% + 2 < 18. Khi d6, bing cac phép bién déi ta co

a’ a? a? a?
T = >
a+ (a+b)? * a+c " a+ (a+0b)? * a+ c?
4a?
>
20+ (a+b)2+ 2
4a? 2a? 20> a _ 1
= = = =- =T
20418 a+9 " 10a 57 5
\ A . 1 A M > PR 2 .
Tu day ta dudec MinT = e Dau bang xay ra khi va chi khi (a,b,¢) = (1,2, 3).
, . 2 A > ]-
Vay gia tri nho nhat cua 7' = v
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Cho tam gidc ABC vudng tai A(AB < AC) ndi tiép dudng tron tAm O. Trén
duong tron (0) lay diém D khac phia A so véi dIIOng thang BC(BD > AC). Qua B ké

dudng thang d song song v6i C'D. budng thing d cit dudng thang AC tai E, cat dudng
tron (O) tai F' (F khac B).

a) Goi J la trung diém ctia EC. Chitng minh rang 4 diém A, F, O, J cling nam trén mot
duong tron.

b) Pudng thing OF cit dudng thang AD tai /. Chting minh rang IBA = BDA.

¢) Trén tia BD lay d1em M sao cho BM = BA. budng thang AM cit dudng thang DC
tai N, duong thang BN cit (O) tai K (K khac B). Goi H 1a hinh chiéu vubng goc

cta A trén BC. budng thang BD cit cac dudng thing NH, CK 1An luot tai P, Q).

1 1
ht h
Chting min rang AL MQ + B

L&i giai.

a) Vi tit gidc AF BC ndi tiép, ta c6 dang thiic sau
—_— —_— —_— 1 —_—
180° — FAJ = FAF = FBC = §FOC'.

Vi JO la duong trung binh tam giac CBE nén JO || BF ma CF | BF suyra JO 1L BF.
Vi O thudc trung truc CF nén OJ la trung truc C'F nén

— 1 — —
FOJ = §FOC = 180° — FAJ.
T day ta c6 ngay tit gidc AJOF 14 tit gidc noi tiép.

®
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ID BD?
b) Goi T 1a giao diém ctia OF va AF. Truéc hét, ta chi ra — 1= gaz
That v4y, 4p dung dinh Iy Menelaus cho tam gidc AFD, cat tuyén /7O ta cé.
ID TA OF _1
IA TF OD

Tit day két hop OF = OD, AAEB ~ AFEC(g.g) va BD = CF, ta cb

ID TF EFsnFET EF smBEO EF CE (CF\® (BD\’
IA  TA EASnAET FEA smnCEO FEA BE \BA) \BA

Bang cac phép bién déi goc , ta dudc
OFA = OAF = 90° — ADF = 90° — ACF = AEF.

Do dé OF va OA la hai ti,ép tuy,én cua dudng tron (AEF).
Goi I’ 1a giao diém cua tiép tuyén tai B cta (O) v6i AD, ta co.

I'A I'B BA

I'B  I'D BD

@[’D:I’D‘I’B:BD2:£
I'A I'B I'A BA?2 [A

=7=1T.

AI'BA ~ AI'DB(g.9) =

Tir day ta dugc 1B 13 tiép tuyén cta (O) suy ra IBA = BDA.
Bai toan dudc chiing minh.

¢) Taco e -
DNM + DMN = BAM + CAN =90°, BAM = BMA

do d6 CAN = CNA hay tam giac CAN can tai C' suyra CA = C'N.
CN (B

2 2 X2
Theo hé thitc lugng ta c6 CA? = CH - CB nén CN? = CH - CB suy ra (JH N

Tu day ta dugc ACNH ~ ACBN(C g. c) din dén CHN = CNB = CQD
Do d6 ttt giac CQPH noi tiép, ta co cac bién déi sau

BP-BQ = BH -BC = BA?> & BM? = BP - BQ

- BM  BQ
BP BM
PM  MQ
BP  BQ

& PM.BQ = MQ - BM

& (MB+MQ)MP =MQ-MB
MB+MQ 1
MB-MQ MP
11 1

S up - Mo T MB

Vay bai toan dudc chiing minh.
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Cho mét da giac 16i ¢6 dién tich bang 2024¢m?. Chitng minh rang bao gid ciing
vé dudc trong da gidc d6 mot tam giac ¢é dién tich khéng nho hon 759¢m?.

Loi giai. Bai toan ta cAn cAn giai quyét tuong duong bai toan téng quat sau.

Cho moét da gidc l6i c6 dién tich bang S. Chung minh rang bao gio ciing vé dugc trong da gidc
dé mét tam gidc c¢6 dién tich khéng nho hon §S'

Goi a la duong théng chtta canh AB ctia da gidc. Goi C 13 dinh cda da giac cach xa AB nhit.
Qua C ké dlIOng thang b || a.

Ké duong thang d song song cach déu a va b, ké duong thang d; song song cach déu a va d,
ké dudng thang d» song song cach déu b va d. Goi h 13 khoang cach gifta a va b.

Goi giao diém ctia d; v6i bién ctia da giac 1a M va N. Kéo dai cac canh clia da gidc chtta M
va N cho cit a va d, ta duge mot hinh thang c6 dién tich bang M N - g

Goi giao diém ctia d, v6i bién ctia da giac 1a D va E. Kéo dai cac canh clia da giac chita D va
E cho cit b va d, ta dudc mot hinh thang cofing c6 thé 13 tam giac) c6 dién tich bang DE - g
Hai hinh thang néi trén pht toan b6 da giac nén tong cac dién tich ctia hai hinh thang 16n
hon hoic bang S, do d6: (M N + DE) - g > S.

Ta sé chiing minh rang mot trong hai tam gidc ADE va C M N 1a tam giac phai tim. Xét tong
dién tich hai tam giac do:

1 Sh 1 Sh 3h
3 h
—-—(DE+ MN) > -
4 2( + )2

cw;

e

A . A . %3 J4 PN 7 ’ o N 3 7 1) e
Ton tai moét trong hai tam giac ADFE, CM N c6 dién tich 16n hon hodc bang §S do la tam giac

cin tim. VAy bai toan dugc ching minh. \Y
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