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Cau 1. (2,0 diém)

a) Giai phuong trinh x* +3x+5=(x+ 3)%

b) Cho hai s6 thuc a, b, ¢ théaman a+b—2¢ =0 va 2ab—bc—ca=0. Ching minh rang a =b =c.
Ciu 2. (2,0 diém)

a) Chirmg minh v&i moi sb nguyén duong n, sé 4=11"+7"—-2" -1 chia hét cho 15.

, ‘ 3(V11-3
b) Cho hai s6 nguyén duong m va n thdéa man J11 o Chung minh rang: \/ﬁ—ﬂ > Q
n n mn

Cau 3. (2,0 diém)

a) Cho da thirc P(x) voi hé sb thyc théa man P(1)=3 va P(3)=7. Tim da thirc du trong phép chia da thirc

P(x) cho da thic x* —4x+3.

b) Vé6i a, b, ¢ 1a cac s6 thuc khong am thoa man a + b+ ¢ + abc = 4, tim gia tri 16n nhat cua biéu thuc:
P=ab+bc+ca.

Cau 4. (3,0 diém)

Cho tam gidc ABC c6 ba goc nhon va AB < AC. Goi (I) 1a dudng tron ndi tiép tam gide ABC va K 1a thm

duong tron bang tiép trong gbc A cua tam gidc ABC. Goi D, E, F 1an luot 1a chan cac dudng vudng goc ké tir

diém I dén cac duong thang BC, CA, AB. Puong thang AD cat duong tron ([ ) tai hai diém phén biét D va

M. Puong thang qua K song song voi duong thang AD cat duong thang BC tai N.

a) Chung minh rang tam giac MFD ddng dang voi tam giac BNK.

b) Goi P 1a giao diém cua BI va FD.Chtng minh goc BMF bang gbc DMP.

¢) Chirmg minh dudng tron ngoai tiép tam giac MBC di qua trung diém cia doan thing KN.

Cau 5. (1,0 diém)

Cho mot bang 6 vudng kich thudc 6x7 (6 hang, 7 cot) duge tao bdi cac 6 vudng kich thudc 1x1. Mdi 6 vudng
kich thudc 1x1 duoc t6 bai mot trong hai mau den hoic tring sao cho trong moi bang 6 vudng kich thudc 2x3
hoac 3x2, co it nhét hai 6 vuong kich thuéc 1x1 dugce t6 mau den c6 chung canh. Goi m 1a ) vuong kich
thudc 1x1 dugc to mau den trong bang.

a) Chi ra mot cach t6 sao cho m = 20.

b) Tim gi4 tri nho nhat cua m.
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Cau 1.

a) Phuong trinh da cho ludn x4c dinh v6i moi x € R. Pat a =vx? +5 (a > 0), khi d6 phuong trinh ¢ thé viét
lai thanh @” +3x = (x+3)a, hay (a—x)(a—3)=0.

Do a=+x"+5 >Jx7:|x|2x nén tr day, ta c6 @ =3 hay Vx> +5 =3.

Twr do, ta c6 x =2 (thdéa man) hodc x =—-2 (théa man).

Vay phuong trinh da cho ¢6 hai nghiém la x=2 va x=-2.

b) Tir gia thiét thir nhat va thr hai, ta ¢6: 2ab=c(a+b)=2c’. Do d6 ab=c’.
Suyra: (a—c)(b—c)=ab—c(a+b)+c* =" =2 +* =0(1).

Ma: (a—b)' = (a+b) —4ab=(2¢) —4c* =0 (2).

Tu (1) va (2), suyra: a=b=c.

Cau 2.

a) Vi moi s6 nguyén a, b va sb tu nhién k ta co: (ak —bk)f(a —b).

Suy ra: a" —b" =(a—b)M véi M 1a s nguyén.

Taco: A=(11"-2")+(7"—1")=9C+6D =3(3C+2D):3 véi C, D la s6 nguyén.
Lai c6: A=(11"—=1")+(7"=2")=10C+5D =5(2P+Q):5 véi P, Q la s6 nguyén.
Suyra A:15.

b) V&i moi s6 nguyén a thi ¢® chia 11 du 0, 1, 3, 4, 5, 9.

Taco: V11— 04 112> —m® > 0. Néu 110> —m* =1 thi m* =10(mod11), méu thudn.
n

Suy ra: 11n° > m* + 2.

Bit dang thtrc can chimg minh twong duong:

\/ﬁan—l—@ (1)
s 11n* > m? +6(\/ﬁ—3>+@ (2).

m



o Néum>3 thi VB, <m+6(V11-3)+(vI1-3) =m* +2 <11, Bit ding thic (2) ding.

o Néum=1thi (1)< V11n>3V11-8< V11n+8>3V11. Do 11n22m2+2:n2\g nén (1) ding,
o Néum=2 thi (1) 2v11n>34/11-5. Do 11x? 2m2+2:>n2\/§ nén (1) ding.

Toém lai trong moi trudng hop ta c6 diéu phai chimg minh.

Ding thirc xay ra khi va chi khi m=3, n=1.

Cau 3.

a) Do x* —4x+3 co bac 1a 2 nén s6 du phép chia P(x) cho x* —4x+3 c6 dula ax+b.

bat P(x)= <x2 —4x+ 3) O(x)+ax+>b.

Ta co: {P<1):3 @{a+b:3 @{azz.
P(3)=7 |(3a+b=T7 |b=1

Vay da thirc du can tim 1 2x +1.

b) Ta chimg minh ab+ bc+ ca < a+ b+ ¢+ abe. That vay bét dang thirc can ching minh tuong dwong:

1—(a—i—b-|—c)-12 +(ab+bc+ca)-l—abc§1@(l—a)(l—b)(l—c)gl.

Khong mat tinh tong quét gia st a > b > c.

Tacd: 4=a+b+c+abc>3c+c’ =c<1.Ngodirad=a+b+c+abc<3a+a’ =a>1.

Khi d6 (1—a)(1—c)<0.

e Néub<l=1-b5>0.Khidé (I1—a)(1-b)(1—c)<0<1. Taco diéu phai chimg minh.
e Néu b>1, kéthop v6i ¢ >0 va ap dung bt dang thirc AM — GM, ta c6:

(l—a)(l—b)(l—c):(a—l)(b—l)(l—c)g(a—1)(b—1)§[a+§_2]2 g[“”’*c;‘”’c‘z L

Twdosuyra: ab+bc+ca<a+b+c+abc=4. Dodo P<4.

Ding thirc xay ra khi va chi khi a =b =2, ¢ =0 va cac hoan vi.

Vay gia tri nho nhét cia P 1a 4 dat duoc khi a =b=2, ¢ =0 va cac hoan vi.
Cau 4.

a) D& thay D, E, F 1a céc diém ctia () v6i cac canh BC, CA, AB do &6 BD = BF, két hop v6i ID = IF suy
ra Bl la trung tryc cia DF. Do d6 Bl L DF.

Ma BI, BK theo tht tu 1a phan giac trong va ngoai cua goc ABC nén BI | BK, tir d6 BK | DF.



Chlrng minh tuong ty, ta ciing ¢6 CK || DE L CI.

Ti BK || DF va KN || DM ta suy ra: FDM = NKB (1).

Mit khac ID | BC, IE 1 CA va IF 1 AB, suy ra: IDC = IEC = IEA = IFA = 90"
Do d6 IDCE va IEAF 1a cac tt giac noi tiép.

Lai céd I4, IB, IC 1a ba duong phan giac trong cua AABC, ta co:

o oo BAC  ACB_ ., ABC

2

90"

BAC — — —

Vi BK 1 BI vatit gisc DEMF 1di tiép nén: FMD = FED = 90" =~ =KBI - CBI = NBK (2).

T (1) va (2), suy ra tam gidac MFD ddng dang voi tam giac BNK.

b) Theo cau a) BI 1a trung truc cia DF nén BI vudng goc voi DF tai trung diém P cia DF.

Goi G 1a giao diém tht hai cia BM va dudng tron ([ ) D@ thay hai tam gidc BMF va BFG dong dang voi
BM  BF MF
BF BG FG

nhau nén . Suy ra:



BM_BM_BF_MF‘MF_MFZ(?’)
BG BF BG FG FG |FG ‘

2
Chimg minh tuong tu ta cling co: M _ |\ MD (4).
BG DG

FM _ DM
Tu (3) va (4 —=
u()va( )suyra G- DG

K¢ day cung GH cua ([ ) va song song véi DF thi tir gidc FDHG 1a hinh thang can.

FM FM DM DM
DH FG DG FH'

Suy ra: FH = DG va FG = DH. Khi do:
Do d6: FM-FH = DM -DH (5).

. x = MD-sin MDH
Goi x, y la cac khoang cach trt M dén HD, HF thi N .
y= MF-sin(180° —MFH) — MF -sin MDH

X Y
S —= 6
e MD MF( )

Tu (5) va (6), suy ra: Sp _ X FH_ ME-FIL e i di qua trung diém cta FD.
Sy, v-HD MD-DH

Tac 1a P e MH, do d6 BMF = GMF — DMH = DMP.

¢) Goi Q la trung diém ciia KN. Theo cdu a) thi AMFD ~ ABNK ma MP, BQ lan luot 14 trung tuyén cua hai
tam tac nay nén ADMP ~ AKQB.

—_—

Két hop véi cau b), ta co: BMF = DMP = KBQ bit a= BMF ta co: BON = QKB+ KBQ = QKB + «.

Tuong tu dat 5:6\475‘ thi ta cling c6 C,{QTV:Q/K\C%—ﬁ.

—_—

Suy ra: BOC = BON + CQON = QKB-I—a-I—QKC—i—ﬁ BKC—I—oz—i—ﬁ

Do BK || DF, CK || DE va ti giac DEMF i tiép nén:

BKC = EDF —180° — EMF — 180" —(W—FMH—E\/E)zISOO —(B/ARHLonrﬁ).
Suy ra BOC = BKC +a + 3 =180" — BMC hay BOC + BMC = 180"
Do d6 tir gisc BMQC noi tiép, tirc 1a duong tron ngoai tiép tam gidc BCM di qua trung diém Q cta KN.

Cau 5.

a) Céch t6 mau théa man m = 20.



b) Theo cach t6 ciia bang, ta thiy rang trong ba 6 vudng nam & cac vi tri trong hai dang dudi day c6 it nhat mot
0 duoc t6 den.

Tiép theo, ta xét cac 6 ndm & vi tri nhu hinh dudi day (phan c6 mau do trong hinh).

B D

E C F

Ta s€ ching minh réng trongcac 0 4, B, C, D co it nhét hai 6 duoc t6 mau den. That vay, gia st trong bdn 6 nay
chi c6 t6i da mot 6 duoc t6 mau den. Khi d6, theo nhan xét trén, ta ciing thiy ring trong cac 6 ndy c6 it nhit mot
0 mau den. Khong mat tinh tong quat, gid st 6 A dugc to maudenvad B, C, D dugc t6 trang.

Luc nay bang con 2x3 chircac 6 B, E, C, F,D khong c6 hai 6 t6 den nao nam canh nhau, mau thuén. Vay trong
bén 6 A4, B, C, D c6 it nhat hai 6 dugc t6 den. Tir déy, ta suy ra bat ctr bdn 6 ndo nam & vi tri gidng véi bdn 6
A, B, C, D trong hinh v& trén déu c6 it nhat hai 6 dugc t6 den.

Bay gio0, ta chia bang 6 vuong da cho thanh cac vung nhu hinh v€ bén dudi.




Tu cac két qua thu duoc, ta suy ra m >16. Vo1 m =16, ta thu dugc cach t6 mau thoa man sau:

Vay gié tri nho nhit ciia m 1a 16.




