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Cau 1.

Cau 3.

3y o Thoi gian lam bai 150 phiit (khéng ké thoi gian phdt dé
(Dé thi c6 01 trang) & phut (khong gian phat de)

(2,00 diém) 7
a) Khong dung may tinh bo tui, tinh gia tri biéu thtc

\/5(1+\3/10+6\/§) \/5(1+\2/10—6\/§)
2x/5+\/2+\/§ ' 2&—\/2—\6 .

b) Véi moi s6 nguyén duong n, ching minh 4 = \/n2 +n*(n+1)* +(n+1)* 1a sé nguyén duong
nhung khong 13 s6 chinh phuong.

(2,00 diém)

Cho cac phuong trinh ( 4n x) ax’ —bx+c=0 (l) va ex’ —bx+a=0 (2) voi a,b,cla cac
s6 thyc duong théa man a—b+4c=0.

a) Chung minh cac phuong trinh (1) va (2) déu c6 hai nghiém duong phan biét.

b) Goi x;;x, 1a hai nghi¢m ctua phuong trinh (l) va x;;x, 1a hai nghiém cua phuong trinh (2) .
1 1 1
+ +

XXX, XXX, XXX, XXX,

Tim gié tri nho nhét cia biéu thue T =

(1,50 diém)
a) Phan tich da thuc P(x,y)=4x’—3xy*+)’ thanh nhan t&. Tt d6 ching minh

4x* +y* > 3xy* v&i moi s6 thuc x; y théaméin x+y>0.

b) Cho cac sb thuc x;;x,;...,x, théa man x;x,5...:%, =2 VA X +x3 +x5 +...+ x5 =12.
Chimg minh x, +x, +...+x,, <18

(3,00 diém)

Cho AABC vuéng tai 4. Cac duong tron (O)duong kinh 4B, va (I) dudng kinh AC cit
nhau tai diém tht hai 1a H(H # A4). Dudng thing (d) thay doi di qua 4 cdt duong tron (O)
tai M va cat duong tron (1 ) tai N ( 4 nam giita hai diém M va N).

a) Poan thang OI lan luot cat cac duong tron (O), ( 1) lan luot tai D, E . Ching minh OI 1a
duong trung truc ctia doan thaing AH va AB+ AC - BC = 2DE .

b) Ching minh giao diém S cua hai dudng thang OM va IN di chuyén trén mot duong tron cb
dinh khi duong thang (d) quay quanh#A.

c) Gia sir dudng thang MH cét duong trong (/) tai diém tht hai 1a 7 (7 # H). Chimg minh
rang ba diém N, I, T thang hang va ba duong thang MS, AT, NH dong quy.

(1,50 diém) o ,

a) Hai s6 tu nhién khac nhau dugc goi la "than thiét" néu tong binh phuong cia chung chia hét
cho 3. Héi tap hop X ={1;2;3;...;2021} c6 bao nhiéu cip s6 "than thiét" (khong phan biét thir
tw)?



b) Trong ky thi chon doi tuyén ning khiéu cta truong 7 c¢6 n mén (n€N,n>5), moi mon thi
déu c6 thi sinh tham gia va thoa man dong thoi cac diéu kién sau:

- C6 it nhat 5 mon c6 sd lugng thi sinh tham gia thi d6i mgt khac nhau;

- Vi 2 mon thi bat ki, ludn tim dwgc 2 mén thi khac c6 tong sd lwong thi sinh tham gia bang
véi tong so luong thi sinh cia 2 mon do. Hoi ky thi c6 it nhat bao nhiéu moén dugc to chic?

HET




HUONG DAN CHAM VA BIEU PIEM

Bai Y Pap an Piém

Khéng ding may tinh bé tii, tinh gid tri bidu thirc

\/5(1+\3/10+6\/§) ﬁ(1+%/10—6\/§) 1,00

= i 2
\/5(1+\3/10+6\/§) \/5(1+\3/10—6\/§)
T=

NP I N
2(1+%/10+6\/§) 2(1+\3/10—6\/§)
= -

4++J4+243 4-+4-23 0,25
Ja+23 = (\/§+1)2=\/§+1

Va-2J3 = (\3-1) =31

%/10+6\/§=,/(1+\/§)3=1+\/§

a) 0,25
Ciu 1 fr0-6v3 =3|(1-3) =1-3
(2,00 diém) Suy ra
2(1+1443) 2(1+1-43)
T= +
4+3+1  4-3+1
_4+2J§+4—2J§
_5+\/§ 5—\/3
(4+23)(5-43) (4-243)(5+3)
T (5+B)(5-3) | (5+B)(5-3) 0.50
_14+46V3 14-643
22 22
_28_14
22 11
VéyT:%
Vi moi 6 nguyén dwong n, chitng minh
b) A=\/nz+n2(n+1)2+(n+1)2ldsé'nguyéndu’(mg 1,00

nhung khéng phdi la sé chinh phwong.




A:\/nz+nz(n+l)2+(n+l)2

:\/n2+n2(n2+2n+1)+n2+2n+1

Nt 4nt 2 v nt 0t +2n+1

=\/n4+2n3+3n2+2n+1

2

=(n* +n+1) 0,75
Vi nduong nén n* +n+1>0

, 2 2 2
Do ddé A= (n +n+1) =n"+n+l.
Vi n nguyén duong nén 4 =n” +n+1 ciing 13 s nguyén
duong.
Vi n nguyén duong, ta co:
A=n>+n+1>n’

2 2 2
A=n*+n+1<n’+2n+1=(n+l) 0.25
=n*<d<(n+l)

Suyra A khong 1a mot sé chinh phuong.
Cho cic phwong trinh (dn x) ax’ —bx+c = 0(1) vd
ox’ —bx+a= 0(2) vé6i a,b,c la cdc sé thwe dwong théa
méan a—b+4c=0. 1,00
Chiing minh cic phwong trinh (1)va (2) déu cé hai
nghiém dwong phan biét.
a-b+4c=0=b=a+4c
A=A, =b —4ac:(a+4c)2 —4ac
Ciu 2 =a’ +4ac+16¢ :(a+20)2+12c2
2) 0,50
(2,00 diém) = A, >0,A,>0
Suy ra cac phuong trinh (1) va (2) déu c6 hai nghiém phan
biét.
Theo dinh 1y Vi-ét ta co:

b b
s=28=2,p=S,p=2

a c a c 0.50

Vi a,b,c1a cac s6 thuc duong nén S, S,, P, P, déu 16n hon
0.

Ta co:




A >0

S, > 0 = Phuong trinh (1) ¢6 hai nghiém duong phan
P >0

biét.

A, >0

S, >0 = Phuong trinh (2) ¢6 hai nghiém duong phan
P, >0

biét.

b)

Goi x,;x,la hai nghiém ciia phwong trinh (1), x;x,1a
hai nghiém cua phuong trinh (2) Tim gid tri nhé nhit
1 1 1 1

+ + +

cua biéu thire T = .
XX, Xy XXX, XXX, XXX,

1,00

Theo dinh ly Vi-ét ta co:

c a
X +X, =—XX, =—;X; + X, :Z,x3x4 :Z

0,25

1 1 1 1
+ + +

XXoXy X X3X, XXX, XXX,

T =

_ XX Xt

XX, XX,

b b
7_{_7

Qlwa‘mg
Qle‘Qq

0,25

a+4c a+4c
= +
a c
dc¢ a
=5+—+—
a c¢

0,25

Ap dung BPT AM-GM ta cé:

T=5+£+£25+2‘/£.2=9.
a C a ¢C

Dau “="xayra <> a=2c,b=6c.

Vay gié tri nho nhét ciia 714 9.

0,25

Cau 3
(1,50 diém)

Phin tich da thirc P(x,y)=4x" —3xy” + )’ thanh nhan

tit. Tir d6 chitng minh 4x° + y° > 3xy° véi moi s6 thuc

X,y théa man x+y=>0.

0,75




P(x,y) =4x’ -3xy* +y’
=4x° —4xy> +xp° + )’
= 4x()c2 —)/2)+y2 (x+y)

0,50
= 4x(x+y)(x—y)+y2 (x+y)
= (x+y)(4x2 —4xy+y2)
2
= (x+y)(2x—y)
Vi moi sb thuc X,y thoaman x+y >0, ta co:
(x+y)(2x—y)2 >0
S4x -3x°+y° 20
yry 0,25
& 4x’ +y° 230
% . x+y=0
Dau “=" xdy ra <
y=2x
Cho cic sé thue X,;x,;...;X,, théa man x;X,;...;x,, > 2
va X+ X, +...+ x5, =12. Chitng minh 0,75
X +x,+..+x, <18.
V6imoi i co giatritur 1 dén 21, ta co:
x+220
& (x,+2)(x, 1) 20
3 0,25
<X —3x,+220
& x +223x, (%)
Diu “=" xdy ra <> x, =1 hodc x, =-2.
b) Ap dung bat dang thuc (*) ta co:
X, +2>3x
X, +2>3x,
x5, +223x,,
Suy ra 0,50

3 3 3
XX et X +4223(x 4 x, + ot Xy, )
<:>54Z3(x1+x2+...+x21)
S X X, +.+x,, <18

Dau “=" xay ra khi c6 1 s6 bang —2 va 20 s6 con lai bang 1.
(khong chi ra diu “=” trir 0,25)




Cau 4
(3,00 diém)

Cho s ABC vuéng tgi A. Cic dwong tron (O)duong

kinh ABva (I)dwong kinh AC cit nhau tgi diém thiv
hai la H(H = A). DPuwong thing (d) thay déi di qua A cit
duong tron (O)tai M va cat dwong tron (I)tgi N (A

s 1,00
nam giwa M va N ).
Doan thing OI lan lwot cit cdc dwong tron (0) ,(I ) lan
luot tgi D,E. Chirng minh Ol la dwong trung truc ciia
dogn thang AH va AB+ AC — BC =2DE.
Ta co:
OA = OH (cing 14 ban kinh cta (O))
0,25
14 = IH (cung la ban kinh cta (I))
Suy ra OI 1a duong trung truc cta doan thing AH .
Ta co:
1 .
OD =0A4=0B=—AB = O latrung diém AB.
2 0,25
1 .
IE=1A=1IC =§AC:> Ila trung diém AC .
Xét aABC ta co:
O la trung diém AB
I 1a trung diém AC
0,25

Suy ra OI la duong trung binh cia A ABC

:OI:%BC.




DE:OD+IE—OI:%AB+%AC—%BC

< 2DE = AB+ AC-BC

0,25

b)

Chirng minh rang giao diém S ciia OM va IN di chuyén
trén mot dwong tron cé dinh khi dwong thing (d ) quay
quanh A.

1,00

Taco: LAHB = ZAHC =90° (gbc ndi tiép chan nira
duong tron)

Suyra ZBHC = ZAHB + ZAHC =90°+90° =180°
Suy ra B, H,C thang hang.

Laico LZAHB =90°= AH 1 BC.

0,25

AaABC vudng tai A = LABC + LACB =90°
ZNMH = ZABC (cung chan cung AH )

ZMNH = ZACB (cing chin cung AH )

Suyra ZMNH + ZNMH = ZABC + ZACB =90°
=aHMN vudng tai H = ZMHN =90°.

0,25

ZSNM = ZIAN = ZNHC

ZSMN = Z0OAM = ZBHM

Suy ra

ZSMN + ZSNM = ZCHN + ZBHM =180°—- ZMHN
=180°-90°=90°

=aSMN vuong tai § = LMSN =90° hay £ISO =90°

0,25

Suy ra § thugc duong tron duong kinh Of .

Ma Ova [ c¢6 dinh nén duong tron duong kinh O cb dinh.

Vay S di chuyén trén dudng tron duong kinh OI ¢b dinh
khi dudng thang (d ) quay quanh 4.

0,25

Gid sit MH cdt (I)tgi diém thir hai T (T # H ). Chiing
minh ba diém N, I,T thing hang va ba dwong thing
MS, AT, NH dong quy.

1,00




Tacd6 LMHN =90° = ZTHN =90° = TN la duong
kinh cua (I)

0,25
= N, I,T thing hang.
NT ladudngkinh cta (1) = ZNAT =90°=TALNM | 0,25
ZTHN =90°= NH L MT 025
ZMSN =90°= MS L NT ’
Xét AMNT tacd MS,NH, AT 1a ba duong cao.
0,25
Do d6 MS,NH , AT dong quy.
Hai sé tw nhién khdc nhau dwoc goi la “thén thiét” néu
tong binh phwong ciia chiing chia hét cho 3. Héi tip hop
X= {1; 2;..;202 1} ¢6 bao nhiéu cdp sé “thén thiét” 7
(khong phdn biét thir tu)?
Ta c6 nhan xét: Mot s6 chinh phuwong khi chia cho 3 s& ¢6
s du 1a 0 hogc 1.
Gia str @ va bla hai s6 “than thiét” = a® +5°13.
Ta s& chitng minh ca a va b déu chia hét cho 3.
Ciu’s a) That vay, gia st trong hai s6 @ va bcd mot sé khong chia
(1,50 diém) hét cho 3. Khong mat tinh tong quat, gia st s do1a a . 0,50
Suyra a” chia3 du 1.
Vi a®+b°:3va a® chia3 du 1 nén b°phai chia 3 du 2.
Diéu nay vo li vi b°khi chia cho 3 c6 s6 du 12 0 hodc 1.
Vay diéu gia str 1a sai. Do d6 néu a va b1a hai s6 “than
thiét” thi a va b déu chia hét cho 3.
2021 . .
Tap hop X co [ } = 673 s0 chia hét cho 3. 0,25




S6 cap sb “than thiét” 1a 673—;72 =226128.

b)

Trong ky thi chon dpi tuyén ning khiéu ciia trwong T cé
nmén (neN,n>5), moi mén thi déu cé thi sinh tham
gia va théa man dong thoi cdc diéu ki¢n sau:

- C6 it nhit 5 mén c6 sé lwong thi sinh tham gia d6i mot

khac nhau.

- Vi 2 mén thi bét ki, luén tim dwoc 2 mén thi khdc cé
tong so luwong thi sinh tham gia bang vdi tong so lugng thi
sinh ciia 2 mén do.

Hoi ky thi cé it nhit bao nhiéu mén dwoc to chive?

0,75

Goi n [i ] 13 s6 mon thi c6 s6 lwong thi sinh tham gia 1a
i(i,n[i]eN).
Goi S ={i|i>0,n[i]>0}.

Do c6 it nhit 5 mon c6 s6 lugng thi sinh tham gia d6i mot
khac nhau nén § c¢o it nhat 5 phan tu.

0,25

Gia str a,b(a > b) 1a 2 phan tir 16n nhit cia S va

d,e(d > e) 1a hai phan tir nho nhét ctia S .
R& rang n[a],n[b],n[d],n[e] déu 16n hon hoic bang 1.

Lay 1 mon c6 s6 lwong thi sinh tham gia 1a @ va 1 mon c6 s6
lugng thila b. Theo diéu kién 2, tdn tai hai mon khac c6
tong s6 lugng thi sinh tham gia la a+b. Vi a,b(a > b) la
2 phén tir 16n nhat cta S nén hai mén khac nay phai co 1
mon c6 sO lugng thi sinh 1a a, 1 mon c6 so lugng thi sinh
1a b, dandén n[a]>2,n[b]>2.

Lai 14y 2 mon c6 s6 lugng thi sinh tham gia 1a @ . Theo diéu
kién 2, ton tai hai mon khéac c6 téng s6 lugng thi sinh tham
giala 2a. Vi a la phan tir 16n nhat cua S nén hai mén

khéc nay phdi c6 s luong thi sinh 1a @, din dén n[a]>4.
Lap luan tuong tu ta cling 6 n[a’] > 2,n[e] >4,

Vi S c6 it nhat 5 phan tir nén ta lay truong hop it nhét, S c6
5phanttla a,b,c,d,e = n[c] >1.

Vay ky thi d6 c6 it nhat 4 +2+1+2+4 =13 mén thi.

Ta c6 thé chi ra mot truong hop 1a s thi sinh du thi cac
mon lanluotla 1,1, 1,1,2,2,3,4,4,5,5,5,5. (khong ldy
vi du trir 0,25)

0,50




